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Abstract—Antenna arrays with discrete antenna elements
have been conventionally used in multiple-input multiple-output
(MIMO) communications. Improved spectral efficiency resulting
from more antenna elements has motivated the idea of packing
very large numbers of elements in an array, yielding continuous-
like antennas. This paper conducts a performance analysis of
continuous antennas, employing matched filtering. We derive
a gamma approximation for the instantaneous received signal-
to-noise ratio (SNR) under a Rician channel with a spatially-
correlated non-line-of-sight (NLoS) component. We also derive
the mean and an upper bound for achievable rate. Numerical
results demonstrate the accuracy of our approximations across
a range of parameters.

Index Terms—Continuous antenna, matched filtering.

I. INTRODUCTION

Antenna arrays have conventionally been modelled as a
fixed arrangement of discrete antenna elements. However, this
arrangement is challenged by several emerging trends such
as fluid/movable antennas, super wideband massive MIMO,
holographic MIMO etc. All these systems point towards an
array packed with an extremely large number of antenna
elements or a continuous-like antenna arrangement [1], [2].

Following these trends, it is now timely to consider the
capability of devices with continuous spatial processing across
the antenna aperture. Motivated by this, in this paper, we
perform an analysis for continuous antennas, based on the
assumption that signal processing occurs at all points on the
continuous antenna. This theoretical exercise is crucial to
understand the ultimate performance of such systems.

There has been progress in studying continuous antennas.
Matched filtering (MF) was used in [3] to study the spatial
degrees of freedom and capacity of a continuous surface
system for different settings of users, considering an infinitely
large surface and a line of sight (LoS) channel model. A
finite dimension continuous surface was considered in [4],
[5] with MF and the surface was split into sub-surfaces
corresponding to single-antenna users. Assuming an infinite
number of sub-surfaces, in [4], the uplink data rate of a
sub-surface was analyzed. Also with the same assumption
in [5], the uplink sum-rate distribution was approximated. In
[6], capacity analysis was performed for a one-dimensional
(1-D) continuous antenna, assuming a LoS channel model.
Nonetheless, the approaches in [3], [6] ignored the spatial
channel correlation and in [4], [5] only the correlation in the
interference channel was considered. The spatial channel cor-
relation across the continuous antenna needs to be considered
for accurate performance analysis, as considered in [7], [8] for
continuous antennas. As such, in [9] we considered a spatially

correlated Rayleigh channel across the continuous antenna and
derived analytical expressions for performance measures.

In this paper, we extend the work in [9] to the more
complete and more challenging case of Ricean channels.
We consider a single-antenna user communicating with a
receiver having a finite-dimension continuous antenna and de-
rive performance measures by employing MF, under a Rician
channel model with a spatially-correlated NLoS component.
We derive exact expressions for the mean SNR and SNR
variance. Hence, we develop a gamma approximation for the
instantaneous received SNR leading to outage results as well
as approximations and a bound on achievable rate. We also
present the 1-D continuous antenna as a special case. Our
numerical results illustrate that our approximation for the SNR
is an excellent fit, leading to accurate performance analysis
across a range of system parameters.

This work is complementary to the important work in [8]
on correlated Ricean fading. In [8], the mutual information is
modelled as Gaussian using the central limit theorem, for the
limiting regime of infinitely large continuous antennas at both
transmitter and receiver ends. The work in [8] has a complex
channel model so that asymptotic results are required. Hence,
we adopt a simpler, widely-used channel model so that some
exact results and tight approximations are possible in the finite-
dimensional case.

II. SYSTEM MODEL

We consider a receiver equipped with a continuous surface
antenna with width W and height A and a single antenna user
as a transmitter. The channel between the continuous antenna
and the user is denoted by h(z,y), with 0 <z < W and 0 <
y < H. The received signal at point (z,y) on the continuous
antenna is given by

r(x,y) = h(x,y)s+n(a:,y), (1)
where n(z,y) denotes the noise process and s is the transmit
symbol with E [|s|2] = FE,. The noise process is zero-mean
Gaussian with covariance structure E [n(z1,y1)n* (22, y2)] =
a?p(z1,y1, 2, y2) where the correlation function, p(-), satis-
fies |p(x1,y1,T2,y2)| < 1. We assume that the channel is a
Rician process and is defined with Rician K-factor, x, as

where a(z,y) is the deterministic LoS component with
la(z,y)| = 1 and u(z,y) ~ CN(0,1) denotes the NLoS
component. u(x,y) is a correlated Rayleigh process with cor-
relation function E [u(x1,y1)u*(x2,y2)] = c(x1,y1,T2,Y2)
where |c(.)| < 1. (8 is the fixed channel gain for all (x,y).




We assume that MF is performed at every point of the
continuous antenna as in [3], [6]. The aggregated output over
the continuous antenna is written as

2= [ w

where for ease of notatlon we have defined n =
fo fo |h(@, y|>dzdy and w —fo fo yn(x,y)drdy. Hence,
the instantaneous received SNR is

Vs = ES|77|2/]EH [|w\2] 4

Next, we conduct a performance analysis of this system.

r(z,y)dzdy = ns + w, 3)

III. PERFORMANCE ANALYSIS

In this section, we derive an accurate gamma approximation
for the SNR distribution by deriving an exact expression for
the signal power. First we simplify the SNR expression in (4)
by calculating the noise power as
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Simplification of (5) requires the noise correlation. For
simplicity, we assume a spatially white noise process,
so that p(xl,yl,xz,yg) = 5(|$1 - 332\ + |y1 - y2|),
where 4(-) is the delta function. This gives E, [|w]?] =

(e y TEnn(z, y)n® (2", )]

®)

o? fOH fOW |h(x,y)|>dzdy. Substituting this noise power and
7 into (4), the instantaneous received SNR in (4) is written as
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A. SNR Distribution

We now derive a gamma approximation for the distribution
of 7, in (6). Gamma approximations are used widely in com-
munications theory as a tool for performance analysis when an
intractable distribution is known to be non-negative, positively
skewed and uni-modal. In particular, a gamma approximation
is often very accurate when the underlying variable is a sum of
positive random variables, such as chi-squared variables (e.g.,
[10]-[12]). The gamma approximation provides a tool for per-
formance analysis of continuous antennas, with significantly
smaller computational burden compared to simulations.

Note that |h(z,y)|? in (6) has a scaled non-central chi-
squared distribution but the integral of a non-central chi-
squared process does not have a known distribution. However,
the integral is the limit of a sum and such sums can be
accurately approximated by a gamma variable [10], [11].
Motivated by this, we approximate v, with a gamma random
variable. We derive the first and second moments of 4 to
obtain the shape and scale parameters of the approximated
gamma variable. Note that the gamma approximation is the
first term in a Laguerre series expansion for the density. The
accuracy of the approximation can be improved by deriving
higher order moments and using more terms in the expansion

Eq
(z,y)|*dyds = ;n. (6)

[11]. However, numerical results in Sec. IV show that our
approximation using the first two moments is adequate.

We now proceed to compute the first and second moments
of 5. We compute the first moment as:

E[ys] = E.fWH /o2, (7

which follows from c¢(z,y,x,y) = 1. As expected, the mean
SNR is only a function of the area, W x H, of the array and
not the shape. The second moment is

2 (HHWew
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After some algebra and using E [|u(z, y)[*|u(z’,y')[*] = 1+
A(z,y,2',y'), (8) is written as
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Using the first moment and the second moment in (9) followed
by some algebra gives the variance as

E2 2w2H2
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Simplifying (10) requires a specific correlation model for
the NLoS component of the channel. Here, we consider a
correlation model that only depends on spatial separation,
ie., c(z,y1,22,92) = g(v/(x2 —21)> + (y2 — y1)?). The
analysis below covers any correlation model of this kind. For
numerical results, we adopt Clarke’s model g(x) = Jo(27x/\)
where ) is wavelength and Jj(.) is the k-th order Bessel func-
tion. This is consistent with channel modeling for continuous
antennas [7]. With this model, the first quadruple integral in
(10) is given in our previous work [9].

We now compute the quadruple integral in the second term
of (10). We denote the integrand by Q(W, H) for conve-
nience. The LoS signal at the continuous antenna is deter-
mined by 6 and ¢ defined respectively as the elevation angle
measured from the zenith and the azimuth angle measured
from broadside. Hence, for an arbitrary point (z,y) on the
antenna surface, the LoS component is given by a(z,y) =
eI 2/ M) (ysinOsin+acosb) Thys, we calculate Q(W, H) as

Q(W, H) / / / / (I2TAN(y2—yn)sindsing-+ (e —1)cos0)
(1D

9(/ (22 — 21)2 + (y2 — y1)2)dys dyo dzy dovs.




We use the change of variables v = yo — y1, s = 2 — 21,
t =41 and u = z; to rewrite (11) as

Q(WH):/_WV(Wf |v|)/_7H(H* et

g(Vv2 + s2)ds dv,
where m = 2wsinfsing/\ and b = 2mwcosf/A. For the
integral with respect to v, expressions |v| and g(v/v? + s2)
are even functions and e7(™*) = cos(mwv) + j sin(mw) where
sin(mw) is an odd function integrating to zero. Also, a similar
observation can be made for the integral with respect to s.
Hence, we rewrite (12) as

w H
Qw, H):/ o / (Wl Hfsleos(mo)eosts)
g(Vv?2 + s?)ds dv

W H
= 4/71:0 /s:O(W —v)(H — s) cos(mv) cos(bs)
g(Vv? + s?)ds dv.

This reduces the quadruple integral in Q(W, H) to the double
integral in (13). Finally, the quadruple integral in the first term
of Var[ys] in (10) can be written in terms of single integrals
using the results in our previous work [9]. Using these two
techniques, the variance of the SNR is given by

044E252{/H (r ){WH—(W—FH)T—F 2]dr
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The integrals in (14) are easily computed with standard
numerical methods as the integrands are smooth and bounded.

Using the mean and variance, our gamma approximation for
7, is defined by s ~ G(a,d) where o = (E [,])?/Var[ys]
and 06 = E[ys] /Var[ys]. The associated gamma probability
density function (PDF) is denoted p,_ (7).

8xE2[3?
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(14)

B. Achievable Rate: Upper Bound and Approximation
From Jensen’s inequality, we have the simple upper bound:
E{R} < R*™ = log(1+E{v,}) =log(1+E,SW H/o?). (15)
Next, using the approximated gamma distribution, p.,, (),
we derive the approximate mean of R as

E{R} = / logy (1 +7)py. (7)dy-
0
Substituting the gamma PDF into (16) and changing base gives

_ 0 > a—1_-—9§
B(R} = moiray ) e T an)

(16)

where the gamma function is denoted by T'(.). Finally, we
express (17) using the Meijer G function G(.) [13]

1 G1’3 l-a 1 1 1
In(2)L(a) 3?2 Lo )

where standard software packages are used to compute G(.).

E{R} = (18)

C. Special Case: One-dimensional Continuous Antenna

Following a similar process as in Sec. III, we derive the
SNR for a 1-D continuous antenna, by removmg dimension y

from the expressions. After MF, we have 7] = f% |h(z)|?dz.
For the noise we can write E, [|w]?] = |h(x)|?dx.
Thus, the instantaneous SNR for the 1-D case 1s
E, [V E
Fe = — h(z)|?de = ==7. 19
Gom o [ In@Pds = (19)
The first moment is E [7,] = Z28% since E [|h(2)[?] = 8.

Similar to the development of (8) and (9), we have
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In (20), we see that the a(-) functions in the second term are
sinusoidal so that considerable cancellation occurs over the
surface. Secondly, the first term contains squared correlations
which tend to be small beyond a half-wavelength spacing.
Hence, the integral has a small integrand over much of the
integration region. As a result, the first term is also small
relative to the mean SNR. The same trend occurs for the 2-D
array, but it is harder to see the pattern due to the complexity
of (14). Overall, the small variance relative to the mean shows
that channel hardening is occurring.

For the NLoS component, we consider a correlation model
that only depends on spatial separation, i.e., ¢(x1,x2) =
c15(|x1 —z2|). With this assumption we calculated the double
integral in the first term of (20) in [9]. We now calculate
the double integral in the second term of (20). Denote by
¢ the phase of the LoS signal as it hits the continuous
antenna at point 2’. Then we have a(z’) = €/¢ and a(z) =
6j¢+]2ﬂ'(x —z)sind which glVCS a ( )a(a:’) _ efj27r|a:’793\sin9,
where 6 denotes the azimuth angle of the LoS signal measured
from broadside. We calculate the double integral in the second
term of (20) as

wew , o~
/ / 67.]271"1) 7:b|smecls(‘zl .
0 Jo
w w . ’ Y
2/ / e—]27r(ac —x) smecls(x/ _ .Z‘)dl‘/ dr.
r=0Jz'>x

For the special case, c15(x) = Jo(2mz/\), we rewrite the
expression in (21), after some algebra, as

2/;2(“/

where t = 2’ — x. Therefore we have the second term of (20)
using (22) and we use the results in [9] to compute the first

x|)dz' dz =
21

— t)ed2mtsing g (9nt ) \)dt (22)



term of (20). Finally, we give the variance of 75 as follows:

~ E2p? 9 11 3 -
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t=0

(23)
where o F3 denotes the hypergeometric function. The single
integral in (23) is easily computable with software. Finally,
we can compute the shape and scale parameters of our gamma
approximation for 7, using the mean and variance.

IV. NUMERICAL RESULTS

In this section, we show numerical examples to illustrate
the accuracy of our derived approximations and to analyse the
performance of continuous antenna systems. For simulations,
the standard Riemann sum method is adopted to simulate the
integral representations of 7, and 7s. Thus, the continuous
antenna is divided into discrete points where the number of
points is large enough so that the simulated integral converges.
To have concise legends for the figures in this section, we use
Sim. and Ana. in the legends as abbreviations for simulated
and analytical results.

Figs. 1 and 2 show the cumulative distribution function
(CDF) of the instantaneous received SNR, ~, and 7, respec-
tively, for a 2-D continuous surface and a 1-D continuous
antenna, along with our approximated gamma distributions.
The length of the 1-D continuous antenna and the area of the
continuous surface antenna are fixed. Two frequencies 0.5 GHz
and 28 GHz are used and the values in dB in the legend show
the K-factor. As can be seen, our gamma approximations for
both cases are excellent fits to the simulation across different
frequencies and for different Rician K-factors.

For 28 GHz, with a smaller wavelength compared to 0.5
GHz, the spatial fading correlation in the NLoS component
of the channel is smaller. Therefore, the channel values are
less correlated, which leads to a better averaging over the
continuous antenna and smaller SNR variation, making the
CDFs more centered around the mean. Also, as seen for the
larger Rician K-factor of 13 dB, the CDFs are more centered
around the mean as the LoS component which is deterministic
is stronger, resulting in smaller variances.

Fig. 3 shows the mean achievable rate and its upper bound
obtained by simulations as well as our derived expressions
in Sec. ITI-B. As seen, our approximation of the SNR leads
to accurate achievable rate values. Also, the upper bound is
almost exact for 28 GHz due to smaller spatial correlation
and better averaging across the continuous antenna. Note that
Jensen’s inequality is tight for massive MIMO [14] and this
property carries over to continuous antennas.

Fig. 4 shows the impact of changing the dimensions of a 2-
D continuous antenna on the CDF of the SNR, when its area is
fixed. From (7), the mean SNR is only a function of area, while
(14) shows that the variance depends on both the width, W,
and height, H, of the array. The figure shows that even if the
area is fixed, changing the dimensions changes the distribution
of the SNR due to the change in the variance. When the
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Fig. 1. CDF of SNR +; for a continuous surface antenna for W = 600 mm,
H = 400 mm, 8 = 40°, ¢ = 30°, with two values of x shown in the legend
in dB and BEs/0? is set so that E [ys] = 5 dB.
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Fig. 2. CDF of SNR 7, for a 1-D continuous antenna and for a fixed length

W = 600 mm, § = 40°, with two values of x shown in the legend in dB
and BEs/o? is set so that E [¥s] = 5 dB.

dimensions are changed, there are two effects. The first effect
is that longer, thinner antennas have greater spacings and this
causes more averaging of the scattered components and less
variance. Hence, the CDF for W = 4800 mm, H = 50 mm, is
sharper than the CDF when W = 600 mm, H = 400 mm. The
second effect is due to the change in the LoS structure when
the array dimensions are altered. This is more complex as the
LoS components are sinusoidal and effects are not necesarily
monotonic. This is seen in a comparison of the W = 600
mm, H = 400 mm layout and the W = 300 mm, H = 800
mm layout. The second layout is less compact and has greater
spacings. Hence, the scattered part is averaged more, reducing
the variance. However, the LoS effect dominates in this case
and the variance is actually greater.

It is interesting to compare the performance of a traditional
discrete array with the continuous antenna discussed here.
Such a comparison is problematic as the typical model of
an array is a set of discrete points with no area. Hence,
a direct comparison will not compare like with like. For
example, it will not correctly cater for the differences in
channel correlations or captured energy. One could artificially
scale the SNR of the channel for a discrete antenna array to
make the received mean SNR equal to that of a continuous
antenna. This compensates for the smaller captured energy by
the discrete antenna array, so that any differences are due to
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Fig. 3. Mean Rate for a continuous antenna for 8 = 1, W = 600 mm,
H = 400 mm, 6 = 40° and ¢ = 30°. Also « is shown in the legend in dB.
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Fig. 4. SNR for a continuous antenna with a fixed aperture size, 6=40°,
$=30°, k=6dB, frequency 0.5 GHz and BE; /o2 is set so that E[ys]=5dB.
the structure of the array rather than any power advantage.
If this is done, the key advantage of the continuous array is
in outage reduction. To understand this, note that a severe
outage in a discrete array only requires the channel to be
poor at a finite number of antenna positions. However, for
a continuous array, a severe outage requires poor channels
across the whole surface. This is much less likely and is the
reason why continuous arrays have the property of removing
outages.

Here, we propose an alternative, more consistent approach
to such a comparison, where a single continuous antenna
is compared to a square lattice of spatially separated sub-
surfaces (each constituting a continuous antenna). In particular,
Fig. 5 compares the CDFs of the SNR, ~, for a single 2-D
continuous antenna and 4 x4 and 8 x8 sub-surface layouts that
capture less energy as they are spatially separated. The total
areas of the 4x4 and 8x8 layouts are respectively 69% and
44% of the area of the continuous antenna, giving a 1.58 dB
and 3.52 dB drop in mean SNR which is proportional to total
area. The dominant effect is simply the captured energy which
shifts the CDFs. The effects on the shape of the distribution,
for example through changes in variance, are very minor.

V. CONCLUSION

We derived gamma approximations for the distribution
of the instantaneous received SNR for continuous antennas,
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Fig. 5. CDF of SNR ~; for a continuous antenna and discrete antenna arrays,
for W = 800 mm, H = 800 mm, 6 = 40°, ¢ = 30°, with k = 6 dB,
BEs/o? = 10 dB and frequency 0.5 GHz. The separation between sub-
surfaces is half the width of each sub-surface of the 88 layout.

employing MF. We adopted a Rician channel model with a
spatially correlated NLoS component. We also calculated an
approximation for the mean achievable rate and provided its
upper bound. Our numerical results for different frequencies
and K-factors show that the SNR CDFs and rate approxima-
tions match simulated results in all cases to great accuracy.
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