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Latent variable models are a popular class of
models in statistics. Combined with neural networks
to improve their expressivity, the resulting deep
latent variable models have also found numerous
applications in machine learning. A drawback of
these models is that their likelihood function is
intractable so approximations have to be carried out
to perform inference. A standard approach consists of
maximizing instead an evidence lower bound (ELBO)
obtained based on a variational approximation of
the posterior distribution of the latent variables. The
standard ELBO can, however, be a very loose bound
if the variational family is not rich enough. A generic
strategy to tighten such bounds is to rely on an
unbiased low-variance Monte Carlo estimate of the
evidence. We review here some recent importance
sampling, Markov chain Monte Carlo and sequential
Monte Carlo strategies that have been proposed to
achieve this.

This article is part of the theme issue ‘Bayesian
inference: challenges, perspectives, and prospects’.

1. Latent variable models

We consider here that observation x € X € R% is a sample
from a probability density p*(x). We approximate p*(x) by
considering a parametric model py(x), with parameters
0 € © c RY, defined by

po(x) = L po(x,z)dz, (1.1)

where z€ZCR% is a latent variable. Such an implicit
distribution over x is very flexible. If z is discrete
and py(x|z) is a Gaussian distribution, then py(x) is
a Gaussian mixture. If z is continuous as considered
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here, py(x) is an infinite mixture of the py(x|z), thus more expressive than finite mixtures. We
use the term deep latent variable model (DLVM) to refer to a latent variable model py(x,z)
whose distribution is parameterized by neural networks. DLVMs include, in particular, the
deep latent Gaussian models (DLGMs) [1]—which encompass the popular variational auto-encoder
[2-4] described further. They have a wide range of applications, from generative modelling to
semi-supervised learning and representation learning.

DLGMs rely on py(x,z) = p(z)pe(x | z), where p(z) is a standard multivariate Gaussian prior
distribution over latent space and py(x | z) is the conditional distribution of the observation given
the latent variables (also referred to as the decoder). An advantage of DLGMs and more generally
DLVMs is that the marginal distribution pg(x) can be very complex, even if each factor (prior and
decoder) in the model is relatively simple. When considered as a function 6 — ps(x) for a given
x, po(x) is called the marginal likelihood or evidence—we sometimes omit ‘marginal’, when there
is no ambiguity. For a given value of x, pg(x) is the normalizing constant of the unnormalized
distribution z — py(x, z).

Given data x, we would like to maximize the log marginal likelihood £(9, x) =log pe(x). The
main difficulty of maximum-likelihood learning in complex latent variable models such as
DLVMs is that £(6, x) is intractable. This intractability is due to the integral (1.1) which must
be computed to obtain the model evidence. Because of this intractability, we cannot easily
differentiate and optimize these models according to their parameters. While Fisher’s identity
shows that

Vo l(6,x) :JVIogpg(x,z) po(z|x)dz, (1.2)

the posterior distribution pg(z | x) is itself intractable and importance sampling or Markov chain
Monte Carlo (MCMC) approximations of it are typically necessary.

The approach that has become prominent in the machine learning literature is to rely instead
on variational inference (VI). VI introduces a parametric family of distributions, the variational
family O = {q4, ¢ € ®}, which is parameterized by ¢ € ® C R? . The goal is to choose the parameter
¢ such that g4(z | x) approximates the true posterior py(z | x) for given x, 6, typically intractable for
DLVMs. The likelihood function is defined via a generally intractable integral. To circumvent
marginalization, a common approach is to optimize a variational lower bound on the log marginal
likelihood (often abusively referred to as the marginal log-likelihood); see [2,5,6].

£00,)= | 10g (2452 Y otz 1302 = 0, = Diw ot Ip ) (13)
1 ¢ (z | x)

where Dy, denotes the Kullback-Leibler divergence. This objective is thus always lower
than the marginal log-likelihood £(f,x) and is thus referred to as the evidence lower bound
(ELBO). The expressiveness of Q is essential for good performance; e.g. [7]. The maximization
of the ELBO implicitly solves two optimization problems concurrently: (i) maximizing the
log evidence logpy(x) and (ii) minimizing the divergence Dxr.(44(- | %)||po(- | x)) between the
variational posterior and the true posterior. Amortized variational inference [2] proposes to learn
one global mapping in x which maps each observation to a distribution in the latent space
that approximates z— pg(z | x). The parameters ¢ are thus shared among all the distributions
{96(-1x1),...,9¢(- 1 xn)}. This is useful as practically we typically have a large dataset x1,...,xn
and the resulting ELBO is a sum of N terms.

If the density of g¢(-|x) is available in closed form, then the Q is called explicit.
Explicit models allow straightforward estimation of the VI target, but often result in reduced
flexibility, which limits their overall performance. For example, the mean-field VI [8] requires
restrictive independence assumptions among the latent variables of interest: Q ={g¢(-|x)=
N(pg(x), diag(az(x)))}, where N(u, X) denotes the d-dimensional normal distribution with mean
w and covariance X. In that case, the model is the very popular variational autoencoder (VAE)
[2-4]. Normalizing flows (NFs) [1,4,9,11] provide an alternative family of explicit density models
that have improved power compared with mean-field alternatives. These methods push samples
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from a simple base distribution (typically Gaussian) through parameterized diffeomorphisms to
produce complex density models. NFs have proven useful; e.g. [9,10,12,13] where flows have
been shown to improve ELBO tightness. Although NFs can directly improve the expressiveness
of mean-field VI schemes, their inherent bijectivity impose limitations, see [14-16].

We focus here on a complementary approach to obtain tight ELBOs that builds upon Monte
Carlo methods and can be traced back to Mnih & Rezende [17]. This general framework is
described in §2 where a basic importance sampling approach is introduced for illustration. We
then explain how one can generalize this approach to state-of-the-art Monte Carlo estimates of the
evidence including annealed importance sampling (AIS) and more general sequential importance
sampling (SIS) schemes in §3. Finally, sequential Monte Carlo are discussed in §4.

2. Monte Carlo for variational inference

We first note that the standard ELBO (1.3) can be thought of as the expectation w.r.t. to g¢(z | x) of
a one sample unbiased importance sampling estimate of pg(x)

144 (X, Z)
p(z %)
However, as pointed out by Mnih & Rezende [17], there is no need to limit ourselves to such
an estimate. As long as we have access to a positive unbiased estimate pg(x, 1) of pg(x) where u
represents all the random variables of density g(1)! necessary to compute this estimate then we
can also define an ELBO through

Po(x,z) :=wpp(z) and wye(z)= (2.1)

L6, p)= Jlog po(x, 1) g(u) du <log (J Po(x, u)g(u) du) =£(9,x), (2.2)

where we have used first Jensen’s inequality then the unbiasedness of the evidence estimate. This
approach is interesting as a Taylor expansion shows that

(2.3)

£60,9)~(0,2) ~ yvar, [Mx,u)}

po(x)
e.g. [16,18,19]. So if one can obtain an unbiased estimate of the evidence which has a small
variance relative to pp(x)?, then the resulting ELBO will be tight.

As a first illustration of this principle, consider the case where we compute an estimate of the
evidence using not one but K samples; i.e. u = (z1,...,2z), gu) = ]—If:1 g¢(zx | x) and

K
po(x,u):= % > " wop(z)- (2.4)
k=1

The resulting ELBO (2.2) denoted L;w (6, ¢) is known as the importance weighted ELBO (IW-
ELBO). It was proposed by Burda et al. [20], who showed that it is monotonically increasing with
K and converges asymptotically to £(¢, x) under mild assumptions.

In this case, we have

K
_ _ wo,¢(zx)
V@ﬂiw(0,¢):Eq|: w}g’ Vlogpg(x,zk)i| and w];’ ="
Z ¢ ¢ Y1 wep(21)

k=1
This shows that an unbiased gradient of this ELBO w.r.t. 8 can be obtained by building
a normalized importance sampling approximation ps(z|x)= Z,Ile ZZJ§,¢32,( of po(z|x) and
integrating Vy logps(x,z) w.rt. it. The exact same gradient estimator would be obtained by
replacing po(z | x) in place of pg(z | x) in Fisher’s identity (1.2). This shows that the biased gradient
approximation of the true log-likelihood ¢(6, x) obtained by importance sampling is nothing but
an unbiased gradient of Ly (@, ¢). The ELBO interpretation is more fruitful as it shows the exact
objective one optimizes when using stochastic gradient ascent. Additionally, it also allows us

(2.5)

19(u) can depend on 6, ¢ and x but this is notationally omitted.
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to optimize the algorithmic parameter ¢. However, standard gradient estimates of this ELBO
for ¢ have poor properties as K increases due to the fact that £;y (0, $) becomes then almost
independent of ¢ (because of the convergence of the ELBO to the true log marginal likelihood),
and thus decreasingly strongly the signal-to-noise ratio of the estimator of Vi Liw (6, ¢) [21]. One
can remedy this behaviour by using a ‘sticking the landing’ variance reduction approach [22] or
by doubly reparameterizing the gradient estimates of Vg Liw (6, ¢) [23].

In this section, we have presented a generic way to obtain an ELBO from any unbiased
positive estimate of the evidence. However, we have so far limited ourselves practically to a basic
importance sampling estimate of the evidence which performs poorly in high dimension. In the
next sections, we discuss more sophisticated Monte Carlo techniques.

3. Annealed and sequential importance sampling

The problem of standard importance sampling techniques is that it is difficult to build a ‘good’
proposal distribution in high-dimensional spaces. A popular approach addressing this problem
is AIS, an approach pioneered by Crooks [24] and Neal [25] based on early work by Jarzynski
[26]. Despite having been introduced over 20 years ago, this approach remains one of the ‘gold
standard’ techniques to estimate the evidence unbiasedly and can thus be used to define an ELBO
[27,28]. However, as detailed below, it is difficult to obtain low-variance gradient estimators of this
ELBO so a generalized version of the AIS estimate based on SIS [29,30] has been instead favoured
[14-16,31,33].

For ease of presentation, we avoid here measure-theoretic notation but some of the Markov
kernels discussed here do not necessarily admit a density w.rt. Lebesgue measure; e.g.
Metropolis-Hastings kernels admit an atomic component. We refer the reader to Thin et al. [27]
for a rigorous presentation.

(a) Evidence estimate using sequential importance sampling

The first ingredient of these techniques is to define a sequence of T+ 1 unnormalized
density functions yy, . . ., yr bridging smoothly an easy-to-sample distribution yy(z) = g4(z | x) (the
dependency in x is omitted to avoid overloading the notation) to the unnormalized target of
interest y7(z) = po(x, z). Typically one selects

i(2)
[v(@)dz’

for an annealing schedule 0=y <--- <y =1. Typically, either the (;S)tT=0 are learned, or
following Grosse et al. [34], we can select them as B = Bt — Bo/(Br — Po), with Bt =c (82t — T)),
where § can be fixed or optimized and o is the sigmoid function. The second ingredient of these
techniques is to define a sequence of forward Markov transition kernels m;(z;_1, z¢), designed to
“move” samples towards ;. The most common choice is to select m; as a MCMC kernel leaving ;
invariant. However, it is not necessary that n; be exactly invariant for 7;: it is perfectly possible to
use a kernel that leaves m; “approximately” invariant. As a result m; depends on 6, ¢ and x but this
is not emphasized notationally for simplicity. Finally, we present here for simplicity our results
for distributions admitting densities w.r.t. the Lebesgue measure, but the reasoning in itself does
not depend on this assumption, see [16,27] for a more general presentation.

Based on these two ingredients, we can build the following proposal distribution on the path
space zo.7 € 11

1@ =g4z 10 Ppe(x, 2" and m(z)= (3.1)

T

q(zor) =qp(z0 | X) [ [ me(ze-1,20). (3.2)
t=1

By construction, the Tth marginal gr(z1) = [ §(zo.T) dzo.7—1 is expected to be close to py(z | x) for T
large enough and MCMC kernels mixing fast enough. If we were able to evaluate this marginal
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density pointwise, then we could compute the following unbiased importance sampling estimate

of the evidence
pe(x,zT)

qr(zr)
However, the expression of this marginal density is generally not available. To bypass this issue,
we introduce another unnormalized density on the path space

wy g (21) = (3.3)

T-1
p(x, z0r) =po(x, z1) [ | li(ze41,2¢), (34)
=0
where Ii(z¢41,2z¢) is a sequence of auxiliary backward Markov transition kernels; i.e.
f I(zt4+1,2zt) dz¢ = 1. These kernels will also depend typically on 6,¢ and x but this is omitted
notationally. By construction, we thus have [ pg(x, zo.r) dzo.7—1 = pa (x, z7).
Having now defined both a proposal (3.2) and an extended target (3.4) on path space, we can
define the following SIS estimate of the evidence [29,30]

p(x, zo:T) ve(zo)l—1(zt, 2¢-1)
wSlS 7
o (e0T) = q(zo.T) l_[ Vi1 @e—1)m(ze—1,2¢)

(3.5)

This is a special case of the general framework introduced in §2 where u = zg.1, q(u) = 4(zo.7) and
Polx,u):= wSIS (zo 7). As in §2, we can further average over N samples of §(zo.7).

(b) Settings

In practice, we need to select appropriately the forward and backward kernels.

(i) Annealed importance sampling

The standard AIS approach makes the following choice. First one selects m1; to be MCMC kernels
of invariant distribution r;; e.g. Metropolis—Hastings. Then we select the corresponding backward
kernel [;_q as the reversal of m;, i.e.

mp(ze—1)mi(ze-1, 2t) = w(z1) i1 (21, 2e-1), (3.6)

so in particular we have l;_1 = m; if m; is reversible w.r.t. ;. Implicitly, the reversal of n; means
the kernel associated with the time-reversed process of that with transition dynamics given by m,
that begins in stationarity. When (3.6) is satisfied, we can easily check that the evidence estimate
equation (3.5) simplifies and becomes equal to

Zp_
-1,
This estimate is elegant but it is unfortunately difficult to obtain a low-variance estimate of the
gradient of this ELBO. This is due to the fact that the transition kernels m; will typically involve
accept/reject steps.

Consider for example that m; is a Metropolis—-Hastings type kernel. We follow here the
derivation by Thin et al. [16]. If we use a reparameterized proposal then we can write

m(er-1,2) = | e, 1), 208(0) i, 63)
where g(u) is typically a standard multivariate normal and

ne((ze—1, 1), 2t) = (211, U)8s,(z,_y ) (2) + {1 — ar(ze—1, 1)}z, (21), (3.9)

where §,(z') denotes the Dirac delta function, and S¢(z;—1, 1) denotes the Metropolis—-Hastings
proposal from point z;_; with noise u (sampled from the distribution g). For example, if
we consider m(z;_1,z) a random walk Metropolis algorithm of proposal N(z';z;_1,02I) then
we would have Si(z;—1,u) =zi_1 + o and o(zs—1, u) =min(l, y¢(Se(zi—1, 1))/ ye(zi—1)), with g
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the standard multivariate normal. With the convention wy(z;_1,u) = oetl(zt_l,u), 1—o(zi-q,u)=
oz?(zt_l, u), S}(zt_l,u) = S¢(z4—1,u) and S?(zt_l, u) = z;_1, we can thus rewrite

1
ni(@-1,u),z) =Y of' (z-1, U3t 1y (Z)- (3.10)

a;=0

Piecing the T steps together, it thus follows that the proposal in equation (3.2) can be
summarized as first draw the noise for the T steps from g(u1.7) = 1—[th1 g(uy), and sequentially for
1<t <T, (i) conditionally upon uy.r, draw the Bernoulli r.v.s a; with P(a; = v | zg, u1:4—1,41:t—1) =
af (zi—1,us) for v € {0, 1} and, (ii) given zo, u1., a1.t, compute the state z; given by

zt = ®1(z0, U1, A1) = S (ze—1, ur) = Sy (Pr—1(20, U1:4—1, A1:4—1), Ut) (3.11)

with ®@¢(zp, 11.0,41:0) = Z0. Then, the joint distribution of the accept/reject binary random variables

apr is given by Blavr | zo, ur:1) = [1f_1 @ (D4_1(20, U1:4-1,a1:0-1), ). The proposal §(zo.r) in
equation (3.2) is thus equal to

q¢(z0 | X) J - J Y gur)Bavr | 2o, urT)

a1re{0,1}7
T

X l_[ 65‘?(¢I(ZO/M1:I—1ral:t—l)rut)(xt) dur.t, (3.12)
t=1

and finally the ELBO corresponding to the AIS estimate in equation (3.7) can be rewritten as
ais

Lais = EE](ZO:T) [log Wy 4 (zo)] = E%(Zo |x)g(u1.T)B(arT|z0,u1.T) [log wzt; (zo)], (3.13)

where the states zy.r are fully deterministic functions of zg,uy.1,41.7, denoted zi.7=
D (2o, u1.T,a1.7). It follows that the gradient of this ELBO w.r.t. ¢, 6 is given by

VLais = VLG + VLS, (3.14)
where
VL) =E[Vlog wp (2o, P (20, u1:T,41.7))], 15
2 . )
and Vﬁgi; =E[Vlog B(ar.T | zo, u1T) - log wp'y (zo, (20, u1:T, a1.7))]-

The first term Vﬁ(alii can typically be estimated with low variance but the second term Vﬁ(azi; has
a higher variance estimate due to the gradient estimate for the accept/reject discrete random
variables Vlog B(a1.T | zo, u1.T) [35], see [27] for a further discussion. In [28], the second term is
neglected, which introduces a bias that is difficult to quantify. In [16], a control variate technique
inspired by Mnih & Rezende [17, Section 2.5.3] is developed to reduce the variance of the second
term but it remains high.

(ii) Annealed importance sampling with unadjusted proposals

While the standard AIS estimate can be used to obtain an ELBO, we have seen that the resulting
ELBO is difficult to optimize as AIS typically relies on MCMC kernels using accept/reject
steps. To bypass this issue, it is possible instead to use unadjusted samplers such as the
unadjusted Langevin algorithm (ULA) [16,28,36] and the unadjusted Hamiltonian algorithm
(UHA) [28,31,33-37].

We start by considering the use of ULA transition kernels; i.e. we let

m(zi-1,2t) = N(zt; i1 + 8V log my(z;1), 28 1d). (3.16)

The resulting proposal equation (3.2) can thus be thought of as an Euler-Maruyama discretization
of the following time-inhomogeneous Langevin diffusion on the time interval [0, Tg] for § = Ty/T

dzs = V log 75(z5) ds + +/2 dBs, (3.17)
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where (Bs)se[o,1,] is @ multivariate Brownian motion. We slightly abuse notation here as 7; in
(3.16) corresponds to my5 in continuous time. Since the continuous-time homogeneous Langevin
diffusion is known to be reversible, a reasonable choice for the backward kernel is to select
li_1 =my, as suggested in [27,28,36]. However, as m; is not exactly m;-reversible, we need to
rely on the general expression given in (3.5) for the evidence estimate. As this proposal can be
easily reparameterized as a function of the Gaussian random variables used to sample from 1,
we can apply the reparameterization trick to compute low-variance gradient estimates of the
corresponding ELBO. It was shown in [16] that, compared with a standard AIS estimate using
Metropolis-adjusted Langevin kernels, the ELBO computed using ULA kernels was not as tight
but it was much easier to optimize.

Instead of having a proposal arising from the time-discretization of an overdamped Langevin
diffusion (3.17), we can instead build a proposal by discretizing an underdamped Langevin
diffusion initialized at zg ~ g4 (- | x), po ~ N(0, M)

dys=M"'psds and dps = Vlogms(zs) ds — nps ds + /2nM"/2 dBs. (3.18)

Here ps € R% is a momentum variable, M a positive definite mass matrix and » >0 a friction
coefficient. If we had 75 = then the invariant distribution of this diffusion would be given by
m(z)N(p; 0, M). This underdamped Langevin diffusion corresponds to a continuous-time version
of Hamiltonian dynamics for which the momentum component is continuously refreshed using
an Ornstein-Ulhenbeck process. In this case, we can use the following integrator to discretize the
diffusion equation (3.18)

Pre1~N(hpy, (1 —h)M)  and  (ze41, pre1) = LEi(zt, Praa), (3.19)

with h = exp(—n8) and LF; is the leapfrog integrator for 7ts. So we have forward transition kernels
of the form

me1((zt, P), Pr41, 2041, Pi41)) = N(Pry1s bpr, (1 — hz)M)BLFf(z[,ﬁtﬂ)(ZHl/Pt+1)- (3.20)
We are also selecting backward transition kernels of the form
1(@er1, pra), (Praa, 20 P = Sy p1(o,, oy Bt PN (P By, (1 — 12)M). (3.21)
Considering now the extended proposal and target
T-1
d(zo:7, poT, P11) =490 | IN(po; O, M) | | mesa (G, pe), (Pran, 2e41, i), (322
t=0
and
T-1
p(x, zo.1, po:t, pr1) = po (%, z0)N(pr; 0, M) [ | 1e(@es1, prar), Beat 21, 1), (3.23)
t=0

the resulting SIS unbiased evidence estimate is given by

P, Z0.1, po:T, Pr.T)

wsls 7z
bole0) = 9(zo.1, Po.1, P1:T)

_ ﬁ Vi1 (24 )N Pri1; 0, ML (2641, Pes1), (Prs, 2 Pr))
o t@ONpe 0, Mymi 1 (e, pr), (Pret, 2641, Pit1))

_ po(x,zr)N(pr; 0, M) 1—[1 N(ps;0, M)
" gp(z0 | Y)N(po; 0, M) 1 1 N(p114;0, M)’

where we have used the fact that as LF; is a symplectic integrator, it is volume preserving and thus
JLE,(z,p)l =1, and that N(ps; O, M)N(Pt41; hpt, (1 — B*)M) = N(pr41; 0, M)N(pi; hpi1, (1 — B)M). As
for ULA, itis possible to easily reparameterize the proposal in terms of standard Gaussian random
variables. This leads to low-variance estimates of the gradients of the ELBO. Doucet et al. [38]

sndeaaz sty 05 o sund g e sosansindaposeior [



provides an empirical comparison of UHA-type and ULA-type proposals in a limited Monte
Carlo experiment. The performance is slightly better for UHA than for ULA, but the difference
is rather small. This finding is somewhat consistent with the results of Bou-Rabee & Eberle [37],
which show that the mixing time of UHA is better than that of ULA. However, we are far from
having a clear theoretical guarantee of the relative advantage of using UHA compared with ULA
in the context of AIS, which is very complex.

(iii) Optimizing backward Markov kernels

In the schemes previously described, the backward Markov kernels are selected as the reversals or
approximate reversals of the forward kernels. However, it was realized early on in the literature
[29] that this choice is suboptimal and the optimal backward kernels were identified. Indeed from
the law of total variance, we have

varg (e (W55 (20)] = varg ) [whg' (21)]

+ Egrzr) [Vargegg 1z [wzii, (zo.m)1], (3.24)

where wg";r(zT) is defined in (3.3) and the second term on the rh.s. is null for p(zo.7—1 | z1,X) =

4(zo.T—1 | z¢). So using the backward decomposition of §(zo.r) shows that the optimal backward
kernels lfpt satisfy
qe(ze)me(zt, z¢41)

t
1P (21, 20) =
! ’ qr+1(ze41)

(3.25)
where g¢(z) is the marginal of z; under §(zo.r). While this expression is interesting, it is
unclear how one could come up with an approximation of these optimal backward kernels as
the marginals g¢(z;) are intractable. However, inspired by recent developments in generative
modelling [39], it was recently realized in [38] that it is possible to come up with sensible
approximations to these optimal kernels for ULA and UHA proposals. We restrict ourselves here
to ULA proposals and refer the reader to Doucet ef al. [38] for UHA proposals. Recall that the ULA
proposal we consider can be thought of as the time-discretization of the time-inhomogeneous
Langevin diffusion equation (3.17). The time-reversed process (zs) = (z7,—s)se[0,T,] is also a
diffusion given by

dzs = {—Vlog r,—s(zs) + 2V log qr,—s(Zs) } ds + V2dBs and Zp~ qt,, (3.26)

where (Bs) is another Brownian motion and gs denotes the law of x; under equation (3.17). The
so-called score terms V log g5 are intractable but this expression suggests that one should consider
parameterized backward Markov transition kernels of the form

I(ze1,2t) = N(zt; 2041 — 8V log mpy1(ze11) + 2859 (t + 1, 2441), 281), (3.27)

where s is a neural network approximating the scores (Vq;)!_;. The parameters of this network
can be obtained by maximizing the ELBO which coincides with a denoising score matching loss
[40]. This approach can improve experimentally over the standard backward Markov kernels
for both ULA and UHA proposals [38] for the estimation of the normalizing constant in these
contexts. While it had been previously proposed to use backward Markov kernels of the form
I1(zi11,2t) = N(zt; g (ze41), Zp(ze41)) [30,41], where the functions pg, Xy are parameterized by
neural networks, this parameterization does not exploit the structure of optimal backward kernels
and performs poorly in simulations [16].

(iv) Combining stochastic proposals and normalizing flows

It is well known that adding some deterministic moves to the stochastic transition kernels can
further improve the performance of SIS/AIS type algorithms. In practice, we simply interleave
stochastic transitions with deterministic invertible transitions of the form m;(z;_1, zt) = 81,(z,_,)(2t)
with corresponding backward kernel I;_1(z¢, z;—1) = (STt_l(Zt)(zt,l)‘ This was proposed early on by
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Vaikuntanathan & Jarzynski [42]; see also [43]. In [28], these deterministic moves T; are built using
NFs whose parameters are learned by maximizing the ELBO.

(v) Limitations

The main limitation of the methods is that the unadjusted samplers considered here can be much
more unstable than their Metropolis-adjusted counterparts. They also suffer from high memory
consumption as they require storing the whole simulated Markov chain. As a result, one is limited
to use short chains which limit their performance.

4. Further extensions

(a) Sequential Monte Carlo

For SIS-type methods, degeneracy of importance weights typically occurs. SMC samplers,
originally proposed by Del Moral et al. [29], introduce additional resampling, either at each
step or adaptively using a non-degeneracy criterion for importance weights to mitigate this
problem. The resampling has the effect of providing an unweighted cloud of particles distributed
approximately according to m;. Note, however, that using resampling steps for estimating
normalizing constants is not always beneficial; see [29, Section 4.2.3.2]. As SMC samplers provide
also an unbiased evidence of the evidence [44], they can be used to provide an ELBO. This was
noted by Maddison et al. [19], Le et al. [45] and Naesseth et al. [46]. However, the resulting
ELBO is difficult to maximize. Indeed, the resampling steps of SMC involve sampling discrete
distributions. Hence, the variance of the gradient estimates is very large as we have to use
REINFORCE gradient estimates, similarly to (3.14). Hence it was proposed in [19,45,46] to use
biased gradient estimates which neglect the terms resorting to a REINFORCE gradient estimate.
Unfortunately, as established by Corenflos et al. [47], this can introduce some very substantial
bias. To address this problem, differentiable resampling procedures have been introduced; e.g.
[47,48]. In these approaches, resampling is replaced by solving a regularized optimal transport
problem. These methods perform well but are computationally quite expensive and have only
been demonstrated for low-dimensional filtering problems where d, is moderate. In the DLVM
settings where d, can be of the order of a hundred, it is not expected that they will fare well. One
way to get around these issues is to abandon the ELBO for alternative loss functions.

In [49], the authors consider a SMC sampler combined with NFs. A NF is introduced after
each resampling step to push particles towards the next target distribution. To learn these NFs, it
is proposed to minimize

T
> DkuIT} miallme], (4.1)

t=1

where Tf m¢—1 denotes the push-forward of ;_1; see also [50]. This criterion and its gradient can
be estimated using the particle approximation of 7;_1. A stop gradient operator is used to avoid
differentiating through the SMC procedure, thus avoiding the increase in variance caused by the
approximation of the differentiation through the resampling steps. Using a challenging example
from lattice field theory and VAEs, the method has been shown to outperform alternatives such
as the schemes proposed in [28,51]. The advantage of this method is that, unlike [19,45,46], it does
not require differentiation of the SMC process.

Midgley et al. [52] propose an alternative approach to train a normalizing g4 flow to
approximate a target u. Instead of using the mode seeking reverse KL to train the flow, one
minimizes the variance of the importance weight py(z | x)/q4(z). This criterion and its gradient
w.r.t. ¢ is approximated using a standard Metropolis-adjusted AIS sampler targeting the optimal
importance distribution 7 (z) o pg (z | x)? /¢ (z)—an SMC sampler would also be applicable. A stop
gradient operator is used to avoid differentiating through the AIS procedure.
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(b) Alternative unbiased estimates of the evidence

While most work on marginal likelihood estimation (to construct a valid ELBO) has focused on
importance sampling methods and its variants, other approaches have recently been proposed.
Building on the work of Rotskoff & Vanden-Eijnden [53], Thin et al. [54], for example, have
proposed a novel unbiased estimate of evidence based on deterministic trajectories starting
from points sampled by an importance distribution g¢(z|x). Starting from a well-chosen

transformation T (typically a conformal Hamiltonian dynamics), the estimator wy'(z) is given

by

K
We,p (2) = kZ @k(@)wo¢(T'(2)), 42)
=0

where the weights @y(z) =4 (T @) | X))+ (2)/ {Zf:ikk 9 (T7(2) | x)J1-i(z)} ensure unbiasedness
of the estimator wgle(; (z) when z~gg(-|x). This estimator can be easily applied with the
reparameterization trick [2] and leads to a differentiable ELBO. It has been successfully used by
Thin et al. [54] to perform inference for a variety of latent variable models.

(c) Other related works

We have mainly focused on variational SIS based approaches compared with other classical
homogeneous MCMC methods which do not provide an estimate of the evidence. Hoffman [1]
considers another type of DLGM learnt with Hamiltonian Monte Carlo (HMC), by decoupling
the ELBO, optimizing it in ¢ while approximating (1.2) using an HMC chain initialized at zg ~
4¢ (- | x). This method, however, differs from the ones presented above, as the effective variational
distribution built cannot be cast into a single objective maximization. Another related approach
is the Hamiltonian VAE [55], which improves the variational family using a well-designed flow
inspired by Hamiltonian dynamics. It is, however, more closely related to NFs than to MCMC
samplers. Another relevant direction of work is unbiased and biased-reduced estimation of the
gradient of the log-likelihood (1.2), as investigated in [56,57]. Both works extend the IWAE
methodology by writing an iterated Sampling Importance Resampling scheme (i-SIR [58,59])
to re-interpret the INAE ELBO on an extended space and use either coupled Markov chains
methodology to obtain unbiased estimates of (1.2) or biased reduction techniques to improve
on the IWAE’s methodology, viewing (2.5) as a self normalized importance sampling estimate.

5. Discussion

The marginal likelihood /evidence for deep latent variable models is intractable but low-variance
and unbiased Monte Carlo estimates of the evidence can be used to define a tight ELBO. However,
because we are interested in maximizing such bounds with respect to both the model parameters
0 and the variational parameters ¢, it is also necessary to have access to low-variance gradient
estimates of this ELBO. Unfortunately, most standard procedures used in the statistics literature,
such as AIS and SMC, provide high variance gradient estimates because they are based on
accept/reject steps and/or resampling steps. To address this problem, variants of AIS based on
general SIS have been proposed based on unadjusted samplers such as ULA and UHA. These
provide low-variance gradient estimates through the trick of reparameterization, but at the cost of
a loss of numerical stability compared with their Metropolis-adjusted counterparts. Differentiable
estimators of the evidence and the ELBO have also been proposed for SMC, but these are limited
to low-to-medium dimension latent variables. For high dimensional scenarios, SMC estimators of
ELBO remain difficult to optimize and it may be better to use alternative criteria.
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