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The frustrated pyrochlore magnet Yb2Ti2O7 has been proposed as a candidate

“quantum spin ice” material. This thesis reports extensive inelastic neutron scattering

measurements of the spin dynamics and complementary specific heat measurements

to map the phase diagram in magnetic fields applied along the cubic [001] direction,

not explored experimentally in detail before. The high quality of the single crystals

is evidenced by a sharp specific heat anomaly near 215 mK in zero field. In field heat

capacity measurements show that the heat capacity peak is completely suppressed

by very small magnetic fields (µ0Hint ∼ 0.018 T), and the opening of an excitation

gap upon increasing field in the form of a broad hump in the data. Inelastic neutron

scattering measurements at the highest magnetic fields probed (9 T), in addition to

dominant one-magnon excitations, also show a broad scattering continuum at higher

energies, not detected in previous neutron scattering studies, which is attributed to

two-magnon excitations. The evolution of the spectrum upon lowering field is char-

acterised in detail, showing how high-energy magnons decay when they overlap with

the high-energy continuum (B < 3 T) and the low-energy magnons have their disper-

sion bandwidth suppressed upon lowering field, and disappear altogether at zero field,

where the scattering spectrum consists of a gapless continuum extending over a broad

energy range. Through fits of the dispersion relations at high field a re-evaluation of

the spin Hamiltonian is proposed to consistently explain quantitatively all existing

spin dynamics data for different field directions. A theoretical mean-field calculation

indicates that the spin Hamiltonian is very close to a phase boundary line between

distinct magnetic orders, and this may be the reason for the unconventional magnetic

behaviour, where magnons cannot propagate coherently at any of the energy scales

probed.
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Chapter 1

Introduction

1.1 The Origin of Magnetic Moments in Insulators

In insulators, the electrons of the ions that form the materials exist in localised orbitals

with limited spatial extent. Ions with unfilled electronic orbitals can have permanent

magnetic moments, and interactions between these moments can give rise to a wide

variety of collective magnetic behaviours. The magnetic moments of ions have two

sources: the orbital angular momentum of the unpaired electrons of the ion, L, which

arises from the motion of the electrons within their orbitals, and the inherent spin

angular momentum of the electrons, S. The size of the spin and angular momentum

of the free ion is determined by Hund’s rules.

In the material of interest in this thesis, Yb2Ti2O7, the only ions in the material

with magnetic moments are the rare earth ions Yb3+, where the magnetic moment

arises from an unfilled 4f shell. In Yb3+, strong spin orbit coupling λL · S, which

arises due to interaction between the electron spin and the orbital part of the electron

wave function, means that L and S are strongly coupled, leading to a total angular

momentum J = L+S [1]. The magnetic moment due to the total angular momentum

is µJ = −gJµBJ, where the − sign comes about because the electron has negative

charge, and gJ = 3/2 + (S (S + 1)− L (L+ 1)) / (2J (J + 1)) is the Land$e g factor.

1



The electrons in the in partially filled 4f shell of Yb3+ are strongly influenced by

the electrostatic field of the surrounding O2− ions, which splits the 8-fold degenerate

free ion 2F7/2 ground state into four Kramers doublets. The lowest energy of these

doublets is energetically well separated from the next highest energy doublet (∆ ∼ 600

K), so that it can be treated as an effective spin−1/2, where the two states of the

doublet are treated as the up and down states of the spin−1/2. In order to make

this approximation, the anisotropy of the ground state doublet is abstracted into an

anisotropic g tensor, such that in the ground state doublet J ≡ gS/gJ . The crystal

field of Yb2Ti2O7, and the anisotropy of the ground state doublet are discussed in

greater detail in Ch. 1.8.4.

1.2 Magnetic Exchange Interactions

In most magnetic materials, the magnetic moments order below a temperature Tc,

when the thermal energy drops below the scale of the magnetic interactions. In some

of these materials the ordering temperature is much higher than can be reasonably

explained if the magnetic moments are interacting only via dipolar interactions, for

example elemental Iron has an ordering temperature of Tc ∼ 1000 K. It has been

shown that a combination of electrostatic repulsion and Pauli exclusion between elec-

trons in overlapping orbitals gives rise to an effective interactions between magnetic

moments, referred to as magnetic exchange [1]. The exchange interaction between

two spins S1 and S2 results in an effective interaction Hamiltonian

H = E0 − 2JS1 · S2, (1.1)

where J is an exchange integral, also referred to as an exchange energy. If J > 0, the

spins tend to align and the interaction is referred to as ferromagnetic, while if J < 0,

the spins anti-align and the interaction is referred to as antiferromagnetic. This

isotropic form of the exchange interaction involving the dot product of neighbouring

2



spins is referred to as Heisenberg exchange. Magnetic exchange is inherently short

ranged, as it relies on the overlap of electron orbitals, which are limited in extent.

The dominant form the exchange interaction expected between rare earth ions with

unpaired 4f electrons is superexchange, which relies on electrons hopping between

the orbitals of magnetic ions via an orbital of an intermediate non-magnetic ion. In

the case of Yb2Ti2O7, the intermediate ion is O2−.

Evidence of magnetic interactions in materials appears in the high temperature

magnetic susceptibility χ, where the presence of interactions modifies the suscepti-

bility from the free ion Curie form χ = C/T into the form χ = C
T−θCW

. Here θCW

is referred to as the Curie-Weiss temperature, and reflects the strength and sign of

the magnetic interactions. If θCW is positive, then the interactions between the mag-

netic moments are net ferromagnetic, while if θCW is negative, the interactions are net

antiferromagnetic. Take for example the 3D cubic ferromagnet, where the magnetic

moments occupy a the sites of a cubic lattice. In this case, the magnetic susceptibility

diverges as T tends towards θCW from above, and at T = θCW the system undergoes

a phase transition from a paramagnetic phase to a phase with spontaneous magnetic

order, where the magnetic moments break the rotational symmetry and spontaneously

select a direction along which they all align, so that the system develops a net mag-

netic moment. In this case the ordering temperature is θCW = 2zJS(S + 1)/3kB [1],

where S is the size of the spins on the lattice, z is the number of nearest neighbours

(in this case 6), and kB is Boltzmann’s constant. The direct proportionality of θCW

to J reflects how the magnetic interactions affect the ordering temperature of the

system.

1.3 Magnetic Order

As discussed in the previous section, as the temperature decreases, interactions be-

tween the magnetic moments can lead to the onset of spontaneous magnetic long

range order below a temperature on the scale of the magnetic interactions. A long
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range ordered state is one where the magnetic moments adopt a repeating pattern

that minimises the interactions. Figure 1.1 shows the repeating pattern that min-

imises the magnetic interactions of the square lattice antiferromagnet, described by

the exchange term −JSi · Sj for J < 0, where neighbouring spins Si and Sj want to

point anti-parallel. This state is referred to as the Néel state. In practise the sublat-

tice magnetization of the Néel state is reduced from the full saturated value S, by an

amount ∆S, due to zero point quantum fluctuations.

Figure 1.1: The N$eel mean-field ground state of the square lattice antiferromagnet,
where neighbouring magnetic moments are anti-aligned. The shaded square shows
the magnetic unit cell.

Magnetic long range order is characterised by an ordering wave vector Q that de-

scribes the periodicity of the repeating pattern made by the magnetic moments in the

ordered phase. The most common experimental method for studying magnetic order

is neutron diffraction, which probes the magnetic order in reciprocal space. In such

experiments magnetic long range order is revealed by the presence of intense Bragg

peaks in the neutron diffraction pattern, which reflect the periodicity of the magnetic

order. For example, the mean-field ground state on the square lattice antiferromagnet

shown in Fig. 1.1, has ordering wave vector Q = (1
2
, 1

2
), as the ordered pattern of the

magnetic moments has double the periodicity of the structural lattice. This means

the Bragg peaks will appear in elastic neutron scattering experiments at fractional
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coordinates in the first Brillouin zone. Ferromagnetic order on the other hand has

an ordering wave vector Q = 0, because it has the same periodicity as the structural

cell. This means that the magnetic Bragg peaks will occur below Tc, on top of the

structural Bragg peaks already present above Tc.

1.4 Mean-Field Theory

The transition to spontaneous magnetic order below a temperature Tc on the scale

of the interaction strength can be understood within the mean-field approximation.

It assumes that the effect of interactions between a central spin and its neighbours

is treated using an interaction field, the strength of which is based on the thermally

averaged values of the neighbouring magnetic moments [1]. This simplifies the prob-

lem from one with many body interactions to an effective single spin problem. The

average field is used to compute the thermal average of the moment of the central

spin, and the resulting problem is solved self consistently to determine the average

magnetic moments of all of the ions in the system. At T = Tc the net moment of

the system will be zero, but as the temperature decreases to zero, there are no longer

any thermal fluctuations, and the magnetic moments of the ions will saturate. The

resulting zero temperature mean field state of the magnetic moments will minimise

the magnetic interactions between the moments, thus providing a systematic method

for determining the lowest energy configuration of the magnetic moment, neglecting

the presence of any quantum fluctuations. One flaw in mean-field theory is that it

will always yield a finite value of Tc, due to the neglect of fluctuations in the mag-

netic moments, which in some materials can completely suppress magnetic long-range

order.
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1.5 Magnetic Frustration

In some materials it is impossible for the magnetic moments to simultaneously min-

imise all of their pairwise interactions. This is referred to a magnetic frustration.

Frustration can arise for different reasons, including competition between different

interactions present in the system, and combinations of the interactions and lattice

geometry of the system. The simplest example of the latter form of frustration is

the Ising antiferromagnet on the triangular lattice. On the square lattice, Ising anti-

ferromagnetism is not frustrated, as shown in Fig. 1.1, but by placing the spins on

the corners of a triangle, it becomes impossible to minimise the interaction energy

of all of the pairs of spins simultaneously. Figure 1.2(a) shows a single triangle from

the lattice, with three Ising spins located on its corners. The Ising nature of the

spins means they must point either up or down, and the presence of antiferromag-

netic exchange between the spins means that in order to minimise the interaction

energy neighbouring spins must point anti-parallel to each other. Starting with spin

1 in Fig. 1.2(a), it is possible to go around the triangle, aligning the spins such that

they are anti-parallel, until the bond between sites 3 and 1 is reached, where both

spins orientations have already been determined by other pairwise interactions, and

they are aligned parallel to each other. This will lead to the exchange interaction on

that bond being maximised, not minimised. If spin 1 is flipped, the unsatisfied bond

is simply moved, showing that it is impossible to simultaneously satisfy all of the

pairwise magnetic interactions. This leads to a 6-fold degeneracy of the possible spin

arrangements on the triangle that minimises the energy of the triangle. If this triangle

is then tiled to form a triangular lattice, the degeneracy of the ground state increases

even further. Fig. 1.2(b) shows the case of frustration due to competing interac-

tions, through the example of Ising antiferromagnetism on the square lattice (shown

by the solid bonds), which is not inherently frustrated, with next-nearest-neighbour

antiferromagnetic interactions. These additional interactions (indicated by dashed

bonds) are only satisfied if next-nearest-neighbour spins point in opposite directions,

which would break the N$eel state, causing the nearest-neighbour interactions to be
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unsatisfied.

The massive degeneracy of the ground state of a system that can arise due to

magnetic frustration leads to the breakdown of mean-field theory, as the system cannot

chose between these energetically equivalent states, so that the system never orders at

low temperature. Instead, the system enters a correlated paramagnetic phase, where

the system samples all of the energetically equivalent ground states.

1

2 3

a) b)

Figure 1.2: (a) An illustration of Ising antiferromagnetism on a triangle. The arrows
represent the direction of the magnetic moments on each corner of the triangle. The
line styles of the bonds linking the corners of the triangular indicate whether the
energy of Ising antiferromagnetic exchange is minimised (solid) or maximised (dashed)
on that bond. (b) The square lattice antiferromagnet with next-nearest-neighbour
interactions. The N$eel phase which minimises nearest-neighbour antiferromagnetic
exchange, with neighbouring spins pointing in opposite directions. The square lattice
bonds are solid to reflected this energetic minimisation. Antiferromagnetic next-
nearest-neighbour interactions (dashed bonds) are not satisfied by the N$eel state,
leading to frustration of the interactions.

1.6 Spin Ice

Another example of a model where magnetic frustration leads to exotic physics is spin

ice. In spin ice, the magnetic moments are local Ising-like, and sit on a lattice of corner

sharing tetrahedra (shown in Fig. 1.4(b)), where the local Ising directions are the

〈111〉 directions joining the centres of neighbouring tetrahedra. The local Ising nature
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of the magnetic moments combined with ferromagnetic nearest-neighbour exchange

is frustrated, and gives rise to a local energetic constraint on the orientations of the

magnetic moments on each tetrahedra, that the four moments on each tetrahedron

are configured such that two moments point into each tetrahedron and two moments

point out (see Fig. 1.3(a)). On a single tetrahedron, this gives rise to six energetically

equivalent configurations for the magnetic moments, when this constraint is applied to

a lattice of corner sharing tetrahedra, the ground state become extensively degenerate,

with a finite entropy at zero temperature. This set of constraints and the resulting

entropy is equivalent to the case of proton disorder in water ice, hence why this

magnetic phase is referred to as spin ice. Even though the ground state of spin

ice is not long range ordered, the local constraints on the magnetic moments give

rise to correlations, which are predicted to be manifested in the presence of pinch

points at certain wave vectors in quasi-elastic neutron scattering measurements on

these materials. The extensively degenerate spin ice ground state is also expected

to host exotic excitations. If a single spin in the spin ice state is flipped, it gives

rise to two tetrahedra that violate the two-in two-out energetic constraint, as shown

in Fig. 1.3(b). If we think of each magnetic moment as a dipole, with positive

magnetic charge on one of the moment, and a negative charge on the other, then in

the ground state of spin ice each tetrahedron has neutral charge (see Fig. 1.3(c)),

and the two tetrahedra the violate the spin ice constraints have net positive and net

negative charge respectively. These tetrahedra with net magnetic charge behave as

two fractional quasi-particles. Flipping additional spins allows the two defects to

separate spatially, as shown in Fig. 1.3(e), connected by a “Dirac string” of flipped

spins.

In classical spin ice materials, the monopole excitations do not propagate, they

separate only by thermal diffusion or move under the influence of external magnetic

fields. It has been theoretically proposed that if perturbations are added to the Hamil-

tonian such that they preserve the key properties of the ground state manifold, namely

the two-in two-out constraint, but allow for quantum spin flips between the in and out
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Figure 1.3: This figure is taken from Castelnovo et al. [2]. (a) The ground state of
spin ice on two neighbouring tetrahedra, two magnetic moments point into, and two
magnetic moments point out of both tetrahedra. (b) A spin flip excitation in the
ground state of spin ice, now one tetrahedron has three spins pointing in and one
out, and the other tetrahedron has three spins pointing out and one in. (c) and (d)
show the same magnetic configurations as (a) and (b), with the magnetic moments
replaced by dipoles with a negative magnetic charge on one end (blue) and a positive
magnetic charge (red) on the other. When the spin in (b) is flipped it gives rise to
a net magnetic moment in each tetrahedron. It is these net moments that behave
like magnetic monopoles. Flipping further spins allow the two monopoles to separate
spatially, being connected by a Dirac string of flipped spins, shown in (e).
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orientations of the magnetic moments, then an even more exotic magnetic phase could

arise, so called “quantum spin ice” [3]. In quantum spin ice the spin flip terms create

a quantum superposition of the degenerate classical spin ice states, and allow the

magnetic monopoles to coherently hop (propagate) through the lattice and acquire

a dispersion relation. Other even more exotic excitations have also been proposed

emerge in quantum spin ice: photon-like excitations that arise from ring fluctuations

between the degenerate spin configurations, which are expected to be gapless with

linear dispersion; and electric monopole or vison excitations [3]. Experimental ob-

servation of propagating magnetic monopoles and photon excitations would be very

exciting results, in particular evidence for propagating monopoles would constitute

the first physical observation of fractionalised quantum excitations in a fully three

dimensional real material.

The potential for the existence of such an exotic state in a real material is part of

the motivation for studying in detail the magnetism in Yb2Ti2O7. In the classical spin

ice materials, Ho2Ti2O7, Ho2Sn2O7, and Dy2Ti2O7 [4], the ground state doublet of the

crystal field does not allow for quantum spin flips between the up and down states of

the local Ising moments, these materials are too close to the Ising limit. In Yb2Ti2O7

the ground state doublet of the crystal field is not pure Ising, but rather XY-like

[5–8], allowing for quantum spin flips to occur. Additionally, the symmetry allowed

exchange Hamiltonian for Yb2Ti2O7 also contains terms that will drive quantum spin

flips (see Eqn. (6.3) in Ch. 6.1), making Yb2Ti2O7 one of the strongest candidates in

the literature to be a “real world” quantum spin ice.

1.7 The Pyrochlore Lattice

Yb2Ti2O7 belongs to a family of materials known as the rare earth pyrochlores, which

also includes the spin ice materials, described by the generic chemical formula A2B

2O7, where the A and B sites form interpenetrating lattices of corner sharing tetra-

hedra, as shown in Fig. 1.4(a). The crystal structure is described by the space group
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Fd3m In the case of Yb2Ti2O7, Yb3+ occupies the A site, while the B site is occupied

by non-magnetic Ti4+. Other members of this family substitute other rare earth ions

on to the A site, and different non-magnetic ions on the B site (e.g. Sn, Ge). The

lattice of corner sharing tetrahedra occupied by the A sites is shown in Fig. 1.4(b),

and can be constructed by attaching a tetrahedral sublattice to each site of an FCC

Bravais lattice. The positions of the sublattice sites relative to the FCC lattice sites

are r1 = a
8
(1, 1, 1), r2 = a

8
(−1,−1, 1), r3 = a

8
(−1, 1,−1), and r4 = a

8
(1,−1,−1).

Figure 1.4: (a) The pyrochlore lattice formed by compounds with the chemical formula
A2B 2O7. The A sites (red spheres) and B sites (blue spheres) form interpenetrating
lattices of corner sharing tetrahedra. The green spheres show the position of O2− ions.
(b) The lattice of corner sharing tetrahedra formed by the A site, occupied by the
Yb3+ ions in Yb2Ti2O7. The numbers show the sublattice indices used in Chapter 6.

1.8 Previous Work on Yb2Ti2O7

Yb2Ti2O7 is a material that has been studied starting with the work of Blöte et al. in

1969 [9]. This early work [9] reported the heat capacity and susceptibility of powder

samples, shown in Fig. 1.6(a), showing evidence of a first order phase transition at

Tc = 214 mK and a broad feature at T = 2 K, of unknown origin. This work began a

long line of papers [5–42] setting out to study the magnetic behaviour of this material,
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and asking questions about the low temperature phase of this material that have still

not been completely answered. This section seeks to give the reader an overview of

the current state of the study of Yb2Ti2O7. Rather than a chronological paper by

paper review, a themed overview will be provided, discussing various aspects of the

work that has been done on Yb2Ti2O7, and providing all of the references relevant to

that aspect of the investigation.

1.8.1 The Low Temperature Phase of Yb2Ti2O7

Early work on Yb2Ti2O7 by Blöte et al. [9] using heat capacity and magnetic sus-

ceptibility measurements on powder samples of Yb2Ti2O7 indicated the presence of a

sharp phase transition at Tc = 214 mK, and proposes net ferromagnetic interactions

between the Yb3+ ions based on a positive Curie-Weiss temperature (θCW) of 0.4

K. Estimating the magnitude of the exchange energies from both the heat capacity

and susceptibility they found that the predicted energy scales differed by an order

of magnitude (Tc � θCW), and thus provide the first indications that magnetic frus-

tration may be at play in this material. Ever since this work, researchers have been

attempting to explain the nature of the low temperature phase.

The first works on the low temperature phase by Hodges et al. [5, 15, 16] used

muon spin resonance (µSR), Mössbauer absorption, and neutron scattering to probe

the magnetism in Yb2Ti2O7 as a function of temperature, finding that at a tempera-

ture near the observed peak in the heat capacity, the fluctuation rate of the magnetic

moment observed slowed dramatically, but the spins did not long range order, as

indicated by the shape of µSR asymmetry measurements, with no detectable addi-

tional neutron intensity at Bragg peak positions in their elastic neutron scattering

measurements. This was surprising as it indicated that the low temperature phase

may be more exotic than a long range ordered magnetic state. Shortly after this work,

Yasui et al. [17] performed polarised neutron diffraction measurements on a single

crystal of Yb2Ti2O7, finding evidence of an increase in the temperature dependence
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of the intensity of several structural Bragg peaks at a temperature consistent with a

peak in the AC magnetic susceptibility, indicating that the transition was to some

kind of long range ordered state, which they suggested was ferromagnetic in nature,

though not a simple collinear ferromagnet. They also found that the magnetic in-

tensity did not achieve its maximum at low temperatures unless the sample was left

to equilibrate for times between 30 and 120 minutes, indicating that there was still

significant dynamics in this ordered phase. The difference between the observations

of Hodges et al. [5, 15, 16] and Yasui et al. [17] was the first example of what has

become a complex issue in the physics of Yb2Ti2O7, significant sample dependence in

the low temperature physics of this material. This issue will be addressed in Section

1.8.2. For now, the various findings on the low temperature phase of Yb2Ti2O7 will

be discussed.

Subsequent to the works of Hodges et al. [5, 15, 16] and Yasui et al. [17], many

other works have been published attempting to directly address the nature of the

low temperature phase of Yb2Ti2O7. These works can be split into two camps, those

who find evidence of persistent magnetic dynamics, and those that find evidence of

magnetic long range order.

Works Finding Evidence of No Magnetic Long Range Order at Low Tem-

perature

In the persistent dynamics camp, in additions to Refs. [5, 15, 16], we find the work

of Bonville et al. [18, 20], Gardner et al. [19], Dalmas de Rèotier et al. [21], Ross et

al. [22, 25], and D’Ortenzio et al. [36].

Bonville et al. [18, 20] provide a review of several of the experiments performed on

Yb2Ti2O7, along with some new AC susceptibility measurements which show evidence

of a glass-like irreversibility in the field cooled and zero-field cooled susceptibility.

They also present quasi-elastic neutron scattering measurements, which show evidence

of the development of anisotropic correlations upon cooling their sample below T = 25

K, with no development of magnetic Bragg peaks, or indeed any fundamental change
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in the quasi-elastic scattering at Tc ∼ 240 mK. Based on their review of previous

work, and these new measurements, they conclude that the low temperature phase of

Yb2Ti2O7 must be some kind of spin-liquid.

Inspired by the work of Yasui et al. [17], Gardner et al. [19] performed elastic neu-

tron scattering and neutron spin echo (NSE) experiments on polycrystalline samples

of Yb2Ti2O7, finding evidence of ferromagnetic correlation in the form of increasing

S(Q) as Q approaches zero, and increased intensity of the (111) Bragg peak below

Tc, but at the same time finding NSE signals, beam depolarisation effects, and lack

of increased intensity on other Bragg peaks, inconsistent with the presence of long

range ferromagnetic order.

Dalmas de Rèotier et al. [21] present additional µSR measurements that show

evidence of a magnetic environment that is very disordered and not obviously consis-

tent with magnetic long range order. The spectrum they measure is described by a

Gaussian broadened Gaussian model. In this model, the magnitude of the magnetic

field experienced by the implanted muons is described by a series of gaussians whose

mean values are described by a Gaussian distribution. This implies that the magnetic

moments in the system are static on the time scale that the muon probes, but not

long range ordered, as the muons do not experience a discrete number of fields due

to different implantation sites as would be expected for magnetic long range order.

The works of Ross et al. [22, 25] present quasi-elastic neutron scattering showing

rods of diffuse scattering intensity along the 〈111〉 directions in reciprocal space. They

attribute these rods to two dimensional correlations existing in the Kagome planes

that make up the lattice of corner sharing tetrahedra occupied by the Yb3+ ions in

Yb2Ti2O7. At temperatures below both of the observed peaks in the heat capacity

of their sample, they find that these rods have not completely condensed into Bragg

peaks, but have only coalesced into broad features around the Bragg peak locations,

indicating three dimensional correlations, but not magnetic long range order. Ross

et al. [25] fit cuts through the rods of scattering both along and across the rods, ex-

tracting from these cuts correlations lengths, which show that below the temperature
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of the phase transition the magnetic correlations in the system go from correlations

within a single Kagome star in one of the Kagome planes, to correlations over multiple

Kagome stars in one plane, and between planes. Ross et al. [25] also present heat

capacity measurements on powder and single crystal samples, shown in Fig. 1.6(b),

showing that the heat capacity of the single crystal is very different from that of the

stoichiometric powder. The single crystal used for the inelastic neutron scattering

shows a small peak (compared the the size of the peak found in the data collected

in the stoichiometric powder) at the same temperature (Tc = 265 mK) as the peak

found in measurements on the powder sample, along with a broad feature at T ∼ 190

mK. Another single crystal measured shows only the broad feature. This is the first

indication in the literature that single crystals may behave very differently from pow-

der samples of Yb2Ti2O7 at low temperatures, presenting a potential explanation for

the existence of so many contradictory set of data on Yb2Ti2O7. This issue will be

discussed further in Section 1.8.2.

D’Ortenzio et al. [36] present µSR measurements on both polycrystalline and

single crystal samples of Yb2Ti2O7. They find that even though the two types of

samples show very different behaviours in their heat capacities at mK temperatures,

they show similar features in their µSR signals in longitudinal field and transverse

fields, though they are not identical and the powder data shows more distinct features.

None of the observed signals are consistent with the presence of magnetic long range

order, but are interpreted to mean that there are no static magnetic moments on

the µSR time scale. It should be noted here that the existence of persistent low

temperature dynamics in frustrated magnetic systems, of which Yb2Ti2O7 is one, is

an outstanding issue in the field, as they appear in a great deal of these types of

materials. It is unclear to researchers whether these dynamics are the result of low

lying excitation that only µSR is capable of detecting, or whether this is some kind of

muon induced effect. This is an active field of investigation [43] so conclusions based

on µSR data along should not be taken as evidence of no long range order. However,

when combined with all of the measurements discussed above, they form a large body
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of evidence that in some samples of Yb2Ti2O7 the low temperature phase may not be

a long range ordered phase.

Works Finding Evidence of Magnetic Long Range Order at Low Temper-

ature

In the long range ordered camp, in addition to the work of Yasui et al. [17], and using

the same and similarly grown crystals, we find the recent works of Chang and collabo-

rators [33, 37, 39], and the work of Bhattacharjee et al. [41]. The first group of works

present evidence from polarised neutron scattering, magnetisation, susceptibility, heat

capacity, and µSR measurements on powders and single crystals of Yb2Ti2O7, that

the transition observed in their samples is a first order phase transition to a state

that is ferromagnetic in nature, while the other work uses ultrasound measurements

to indirectly probe the magnetism.

Based on the observation of a definite onset of magnetic scattering at Bragg peak

positions observed in polarised neutron scattering experiments that shows thermal

hysteresis, and the onset of neutron depolarisation near Tc ∼ 250 mK in a single

crystal of Yb2Ti2O7, Chang et al. [33] propose that their sample of Yb2Ti2O7 is fer-

romagnetically ordered at temperatures below the observed peak in the heat capacity.

Figure 1.5 shows the magnetic order Chang et al. [33] propose for this phase based on

mean-field calculations using the exchange Hamiltonian they refine based on quasi-

elastic neutron scattering. The supplemental material of Chang et al. [33] includes

heat capacity measurements, showing that their sample, which displays evidence of

magnetic long range order at low temperatures, also shows a single sharp peak in the

heat capacity, indicating the presence of a single phase transition in the sample at

Tc ∼ 195 mK (see Fig. 1.6(d).

Magnetisation measurements on single crystals and powders of Yb2Ti2O7 by L’Hotel

et al. [37] show thermal hysteresis and low temperature saturation at temperatures

slightly below an observed sharp peak in the heat capacity of the samples. AC sus-

ceptibility measurements on powder samples show a sharp peak in both the in-phase

16



and out-of-phase components at the same temperature as the transition observed in

the magnetisation [37]. It is notable that that transition temperature observed in the

AC susceptibility and magnetisation are slightly below that of the peak in the heat

capacity, corresponding to the temperature of a small shoulder observed in the data.

The peak in the heat capacity corresponds to a small shoulder in the magnetisation,

which they propose is due to sample inhomogeneity. The reason for this apparent

disconnect between the temperature of the transition visible in the heat capacity, and

the transition temperature inferred from magnetisation data is unclear.

The µSR measurements of Chang et al. [39] are consistent with static (though not

necessarily long range ordered [43]) magnetic moments in the low temperature phase.

a) b)

Figure 1.5: The nature of the ferromagnetic order in Yb2Ti2O7 proposed by Chang et
al. [33] based on mean-field calculations using their exchange Hamiltonian. (a) The
large arrows show the directions of the pseudo-spin−1/2s. (b) The large arrows show
the directions of the full magnetic moments. The thin red, green, and blue arrows
show the local z, x, and y directions respectively. Figure is taken from Ref. [33].

Bhattacharjee et al. [41] present results of ultrasound velocity and attenuation

measurement on single crystals of Yb2Ti2O7. The major outcome of this work is

that there is evidence of significant coupling between acoustic modes (phonons) and

magnetism in Yb2Ti2O7, suggesting that finite magnetoelastic coupling exists in this

material. This may have some impact on the results of work on Yb2Ti2O7 performed

in high magnetic fields. Additionally they find that below (above) the temperature
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of the broad peak in the heat capacity of their sample, the sound velocity and atten-

uation are monotonic (non-monotonic) as a function of applied magnetic field. The

high temperature non-monotonic behaviour is consistent with the in field polarisation

of a paramagnetic phase, where the observed minimum (maximum) in the ultrasound

velocity (attenuation) indicates the field at which the system crosses over from disor-

dered to polarised ferromagnet. The lack of any evidence of the onset of polarisation

below the temperature of the transition observed in the heat capacity is interpreted

to mean that below this temperature the system is already ferromagnetically ordered

and cannot be further polarised. Both quantities are also hysteretic below Tc, con-

sistent with the existent of a first order phase transition. Bhattacharjee et al. [41]

also report heat capacity measurements on their sample of Yb2Ti2O7, showing a peak

with similar magnitude to that of Chang et al. [33], but broader in temperature.

Overall, works that find evidence of magnetic long range order tend to be more

recent than works that find evidence of persistent magnetic disorder in the low tem-

perature phase of Yb2Ti2O7. More importantly, most of these works have been per-

formed on crystals grown in a consistent manner [33, 37, 39], or that have consistent

features in low temperature heat capacity measurements, which we shall see shortly,

is important in understanding the low temperature phase of Yb2Ti2O7.

1.8.2 Sample Dependence in Yb2Ti2O7

As discussed in the Section 1.8.1, Ross et al. [25] presented the first direct evidence of

significant sample dependence in the low temperature behaviour of Yb2Ti2O7. Given

the wide variety of experimental evidence supporting both ferromagnetically ordered

and disordered phases below the temperature of observed peaks in the heat capacity

of samples, some underlying cause must exist, and differences between the samples

appears to be a logical cause. This section will discuss the many works which have

subsequently explored this issue and the conclusions that have been drawn from them.

In addition to quasi-elastic neutron scattering and heat capacity results, Ross et al.
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[25] also show results of elastic neutron scattering on powder and crushed single crystal

samples. The data shows no indication of structural distortions, but the single crystal

data shows a higher background and broader Bragg peaks, as well as a larger lattice

parameter, indicating the presence of disorder and strain. This is the first indication

in the literature that disorder issues in single crystal samples can be associated with

differences in the low temperature behaviour of single crystal samples, specifically,

multiple peaks, or broad features at very low temperature in the heat capacity, as

shown in Fig. 1.6(b).

The work of Yaouanc et al. [26] presents further heat capacity measurements on

single crystal and powder samples of Yb2Ti2O7 shown in Fig. 1.6(c). One of the

single crystals used in the heat capacity measurements was previously used for the

measurements of Bonville et al. [18, 20], that found evidence of persistent magnetic

dynamics and no long range order in the low temperature phase. They also show

the heat capacity of a single crystal grown using the travelling flux method. All of

the single crystal samples measured by Yaouanc et al. [26] show broad features at

Tc ∼ 170 mK, as opposed to their powder sample, which shows a sharp peak at

Tc ∼ 250 mK. Based on these results, Yaouanc et al. suggest that any results from

measurements on single crystal samples of Yb2Ti2O7 should be examined cautiously.

This work adds further to the idea that samples which show broad features in the heat

capacity at mK temperatures show evidence of persistent magnetic dynamics and no

long range order at low temperatures.

Chang et al. [33], who as discussed previously, find evidence of long range order

in the low temperature phase of a single crystal sample of Yb2Ti2O7 present heat

capacity measurements on various single crystals in the supplementary material to

their work, as shown in Fig, 1.6(d). They find that the heat capacity of the single

crystal used in their neutron scattering measurements (the same sample used in Yasui

et al. [17]) shows a single sharp peak (though not as sharp as that of powders) at

Tc ∼ 195 mK. They also show that crystals grown using the same optical floating zone

(OFZ) method but with faster growth rates (the sample showing a single sharp peak
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Figure 1.6: Heat capacity measurements on various powder and single crystal samples
of Yb2Ti2O7 showing the degree of variation in results across the literature. (a) The
original results of Blöte et al. [9] where they found a single sharp peak at Tc = 214
mK. (b) The results of Ross et al. [25] showing the marked difference in the heat
capacity between powder and single crystal samples. (c) The results of Yaouanc et al.
[26] who found that all of their single crystal samples had much smaller and broader
peaks in their heat capacity compared to powder samples. (d) shows the results of
Chang et al. [33] showing the first single crystal samples to display a single sharp peak
in their heat capacity, along with samples that displayed no such peak. (e) shows the
results of Ross et al. [34] showing the heat capacity of as-grown single crystal samples,
and single crystal samples annealed under oxygen overpressure as compared to that
of a powder sample. (f) shows the results of D’Ortenzio et al. [36] who found that
their single crystal sample showed a broad peak at the same temperature as the sharp
peak in the crystal of Chang et al. [33]. All figures have been taken directly from the
cited works. Not included are heat capacity measurements reported by Robert et al.
[40], and L’Hotel et al. [37]. The results of Robert et al. [40] are similar to those of
Yaouanc et al. [26], while the results of L’Hotel et al. [37] are from measurements on
the same crystal as Chang et al. [33].
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was grown at the exceptionally slow rate of 1.5 mm/hr) or unstable melt regions do

not show sharp peaks, suggesting that growth conditions and method are important

to the cooperative magnetic behaviour, and showing that they have grown the first

single crystal in the literature to show behaviour similar to that of stoichiometric

powders. They also associated the heat capacity results with EXAFS (Extended X-

ray absorption fine structure) measurements which show that samples that have either

a reduced broadened feature (compared to the sharp peak observed in their primary

sample) or no feature in the heat capacity show evidence of increased vacancies,

primarily of the O2− ions in the centre of the Yb3+ tetrahedra, but also of Yb3+ and

Ti4+ in order to achieve charge neutrality.

Ross et al. [34] present the results of heat capacity measurements and of detailed

analysis of elastic neutron scattering measurements on powder and crushed single

crystal samples of Yb2Ti2O7, in an attempt to determine the nature of any structural

or chemical differences between the two. Their heat capacity measurements are shown

in Fig. 1.6(e), which shows that their powder sample displays a sharp single peak at

Tc ∼ 250 mK while the single crystals studied (one as grown using OFZ methods,

the other annealed in oxygen) show two peaks, one at the same temperature as the

peak in the powder sample heat capacity, the other at lower T . These results show

that oxygen annealing has little effect on the heat capacity of single crystal samples.

Reitveld refinement of the neutron scattering measurements shows that both the

powder and single crystal samples are described by the Fd3m pyrochlore structure,

but the single crystal has a slightly larger lattice parameter than the powder, and

shows evidence of Yb substitution on the Ti site (but not vice versa) at the level of

2.3%. Based on the results of all of their measurements, Ross et al. conclude that the

difference between stoichiometric powder and single crystals of Yb2Ti2O7 that show

different low temperature heat capacities is not Oxygen off-stoichiometry, as had been

assumed in the past, but substitution of Yb on to the Ti sites in the crystals. This is

not consistent with the findings of Chang et al. [33], but the sample of Chang et al.

[33] was grown in standard atmospheric conditions, while the sample of Ross et al.
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[34] was grown in an overpressure of oxygen, which may lead to a reduction in O2−

deficiencies.

They suggest they the substitution issues they uncover may explain the differences

observed between various samples of Yb2Ti2O7. At first glance a change in the local

structure of the crystal on the order of 2% does not seem like a reason for a large

change in the low temperature behaviour of Yb2Ti2O7 from one where magnetic long

range order is present to one where the is no obvious long range order, but as we

shall see later, work on the exchange Hamiltonian of Yb2Ti2O7 puts it very close to

a Quantum Phase Transition achieved by varying the symmetry allowed exchange

parameters, which could allow for a 2% change in the local structure of the crystal to

drive the system across this transition, or create strong quantum fluctuations.

D’Ortenzio et al. [36] present heat capacity measurements on single crystal and

polycrystalline samples of Yb2Ti2O7. The polycrystalline samples were previously

used in the µSR experiments of Dalmas de Rèotier et al. [21]. Figure 1.6(f) shows

the results of their heat capacity measurements; their polycrystalline samples show a

single sharp peak at Tc ∼ 265 mK, consistent with other powder samples of Yb2Ti2O7,

while their single crystal data shows a broad peak near Tc ∼ 185 mK. Given that they

state that their µSR measurements on these samples are not consistent with magnetic

long range order at low temperatures, the existence of a broad feature in the single

crystal heat capacity is consistent with other works.

Finally, Chang et al. [39] state that the heat capacity of their single crystal

samples is smaller than those of Yaouanc et al. [26] and D’Ortenzio et al. [36]

below the peak in the heat capacity, perhaps indicating that their sample is less

disordered magnetically at low temperatures. This is consistent with the finding of

that work, that µSR measurements on single crystal samples show evidence consistent

with magnetic long range order. The single crystal heat capacity results in this work

are not new, they are taken from L’Hotel et al. [37], but they compare them to the

results of Yaouanc et al. [26] and D’Ortenzio et al. [36].

Taken as a body, all of the works on sample dependence issues seem to indicate
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that samples with measurable levels of defects are more likely to show evidence of

persistent magnetic dynamics and a lack of magnetic long range order in the low

temperature phase. These samples show broad features in their low temperature heat

capacity, such features tend to be at lower temperatures compared to the sharp peaks

observed in polycrystalline (powder) samples, and some single crystals. Conversely,

single crystal samples with reduced defects compared to samples with broad features

in their heat capacity, as confirmed by techniques like EXAFS [33], tend to show

evidence of magnetic long range order at mK temperatures, and also show sharp peaks

in their low temperature heat capacity, consistent with a single first order transition.

This is important to note, as in this thesis, low temperature heat capacity is used to

position the sample used with respect to the rest of the literature.

1.8.3 The Exchange Hamiltonian of Yb2Ti2O7

In an effort to understand the physics behind the observed phase transition to the low

temperature phase of Yb2Ti2O7, several works have attempted to establish the nature

of the magnetic exchange Hamiltonian. This section will provide a brief summary

of the very early work on determining the nature of the magnetic interactions in

Yb2Ti2O7, and a more detailed discussion of recent works on the subject.

Early work on the heat capacity and susceptibility of Yb2Ti2O7 used fits to these

quantities to estimate the nature and magnitude of the exchange interactions in

Yb2Ti2O7. Blöte et al. [9] estimated that if the exchange interactions in Yb2Ti2O7

were isotropic, then the nearest-neighbour exchange would be ferromagnetic, with

an exchange energy of either J = 0.026 meV, estimated from susceptibility, or

J = 0.1 − 0.12 meV, estimated from the heat capacity. This was backed up by a

ferromagnetic Curie-Weiss temperature (the temperature axis intercept of a linear fit

to the inverse magnetic susceptibility) of θCW = 0.4 K, which indicated the presence

of net ferromagnetic interactions. Since this work, many others have reported values

of θCW [7, 14, 15, 17, 18, 33, 36, 40], varying between θCW = 0.4 K and θCW = 0.8
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K, confirming that the interactions in Yb2Ti2O7 are on the whole ferromagnetic in

nature.

Heisenberg ferromagnetism on the pyrochlore lattice is not frustrated, and so could

not explain the suppression of Tc compared to θCW. Furthermore, Blöte et al. [9] sug-

gested that the exchange interactions in Yb2Ti2O7 may be anisotropic, as they could

not obtain consistent values of J by fitting heat capacity and magnetic susceptibility

measurements. One aspect this early work neglected was the local symmetry of the

Yb3+ site in Yb2Ti2O7. As discussed in Section 1.8.4, the local environment of the

Yb3+ site leads to the magnetic moments of the Yb3+ ions preferring to lie in the local

easy plane, perpendicular to the local 〈111〉 directions at each corner of the tetrahedra

that make up the lattice of Yb3+ ions in Yb2Ti2O7. This tendency is reflected in the

anisotropic g tensor with g⊥ � g‖ (see Eqn. (1.4)).

Hodges et al. [5] and Yasui et al. [17] attempted to gain some insight into the

exchange interactions in Yb2Ti2O7 (while accommodating the local planar nature of

the ground state crystal field doublet), by fitting bulk magnetisation measurements.

Hodges et al. [5] found that taking into account crystal field effects was not sufficient

to fit their magnetisation measurements, so they incorporated an “interionic coupling

tensor” to their magnetisation model. This tensor is simply an estimate of the mean

magnetic field experienced by one Yb3+ ion due to interactions with its neighbours.

They state that it is likely that the coupling tensor should be anisotropic, but the

magnetisation does not provide sufficient information to determine the anisotropy, so

they assume it is isotropic. Both Hodges et al. [5] and Yasui et al. [17] include this

isotropic tensor, concluding that it is ferromagnetic in nature.

The first works to attempt to take into account anisotropic interaction were by

Cao et al. [7, 23]. The work was based on measurements of the local susceptibility

of single crystal samples, and bulk susceptibility of powder samples. The local sus-

ceptibility is a quantity extracted from polarised neutron scattering measurements.

This is a local probe of the magnetic susceptibility, which avoids the problem that

bulk measurements of the magnetic susceptibility lose access to any anisotropy in
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the susceptibility due to averaging over the four 〈111〉 directions in Yb2Ti2O7 (shown

in Fig. 1.7), which define the local crystal field environments, and thus the local

magnetic environment. Using this data Cao et al. [7, 23] attempted to recursively

fit an anisotropic inter-ionic interaction tensor to the magnetic susceptibility using

a mean-field model. They found that the resulting tensor is anisotropic, but they

use a single sublattice model, which fails to respect the symmetry of the lattice [30].

Refs. [7, 23] do find that the exchange is local Ising-like, that is, the component of

the interionic-coupling tensor parallel to the local 〈111〉 direction is much larger than

the component perpendicular to the local 〈111〉 direction, the reversed anisotropy

compared to the g tensor of the ground state crystal field doublet. Malkin et al. [24]

attempted to use a model to fit the local susceptibility that respects the symmetry of

the lattice, but they found that the resulting exchange couplings were unphysical.

Figure 1.7: Figure depicting the four local 〈111〉 axes on a single tetrahedron in
Yb2Ti2O7. The blue spheres represent the four Yb3+ ions that make up the tetra-
hedron. The red arrow show the directions of the four 〈111〉 axes, while the green
planes show the local XY-planes. The lattice of corner sharing tetrahedra that the
Yb3+ ions in Yb2Ti2O7 occupy is constructed by placing tetrahedra like this at each
site of an FCC lattice.

All of the previous works to determine the magnetic interactions in Yb2Ti2O7 as-

sumed a simple anisotropy in the exchange interaction, assuming different exchanges
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for the components parallel and perpendicular to the local 〈111〉 directions. S. Curnoe

[44] introduced the concept of symmetry allowed nearest-neighbour interactions in rare

earth pyrochlore materials, showing that the most general exchange matrix between

nearest-neighbour sites has four independent interaction terms.To fully describe the

magnetic exchange interactions in Yb2Ti2O7, it is necessary to use a model that ac-

counts for all four of the symmetry allowed terms. These interactions can be expressed

in many linearly independent forms [27, 29, 45]. The currently most popular form of

expressing these interactions comes from McClarty et al. [46], and is expressed as:

HExchange =
∑
〈i,j〉

(
JzzS

z
iS

z
j − J±

(
S+
i S
−
j + S−i S

+
j

)
+ J±±

(
γijS

+
i S

+
j + γ∗ijS

−
i S
−
j

)
+ Jz±

[
Szi
(
ζijS

+
j + ζ∗ijS

−
i

)
+H.C.

])
, (1.2)

A detailed explanation of this Hamiltonian can be found in Chapter 6.1. Using this

form of the magnetic exchange interactions, the exchange Hamiltonian can be com-

pletely specified by the four exchange terms Je = {Jzz, J±, J±±, Jz±}.

Thompson et al. [29] was the first work to attempt to determine the strength

of the four symmetry allowed interaction terms in Yb2Ti2O7. They fit anisotropic

quasi-elastic neutron scattering originally presented by Bonville et al. [18] to Random

Phase Approximation calculations and demonstrated that the exchange interactions

in Yb2Ti2O7 are highly anisotropic. This work overestimated the magnitude of the

exchange interactions, as it failed to account for the presence of an Onsager reaction

field [47, 48], which leads to a significant correction to any quantity computed near

the mean-field ordering temperature of the Hamiltonian. The exchange energies de-

termined in Thompson et al. [29] were also used to calculate the local susceptibility

for comparison to the data of Cao et al. [7, 23], achieving sufficient agreement with

the experimental data [30], suggesting that local susceptibility is not a sufficiently

sensitive quantity to constrain the magnetic exchange interactions.

The next work to extract values for the four symmetry allowed exchange energies

was that of Ross et al. [27]. This work fitted spin wave dispersion relations observed
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in inelastic neutron scattering measurements on a single crystal in high magnetic

fields (”B”= 2 and 5 T) applied along the [110] direction, in order to extract values

of the exchange energies. They found that the application of high magnetic fields was

necessary as there are no sharp excitations of any kind visible in the zero field inelastic

neutron scattering of Yb2Ti2O7 [22, 27, 40]. The use of high magnetic fields in the

experiment necessitates the inclusion of a Zeeman term in the Hamiltonian used to

fit the data of the form:

HZeeman = −µ0µB

∑
µ

Hµ
∑
i,a

gµνa Sνia, (1.3)

where Hµ is the x, y, z component of the magnetic field, gµνa are the global Cartesian

components of the g tensor described in Section 1.8.4, which characterises the ground

state doublet of the crystal field states of the Yb3+ ion. The label a specifies the

tetrahedral sublattice site that the effective spin−1/2 operator Sia occupies. The

label i specifies the FCC lattice site to which the sublattice is attached. By fitting

the spin waves observed in an applied field of ”B”= 5 T, assuming fixed g⊥/g‖ = 2.4,

Ross et al. [27] extracted exchange energies of Jzz = 0.17(4) meV, J± = 0.05(1)

meV, J±± = 0.05(1) meV, and Jz± = −0.14(1) meV, along with a value for g‖ of 1.8.

The two dominant exchange terms are Jzz and Jz±. The mean-field phase diagram

of this Hamiltonian as a function of temperature and applied magnetic field has a

large region of ferromagnetic order (with a finite magnetisation along one the 〈100〉

directions), with Tc = 3.2 K in zero applied field. This mean-field phase diagram does

not agree with the observed physics of Yb2Ti2O7 at low temperatures, as discussed

previously. Ross et al. [27] then discuss the potential impact of significant quantum

fluctuations, driven by the XY nature of the ground state CEF doublet, and the

other three terms in the exchange Hamiltonian. The exchange Hamiltonian of Eqn.

1.2 is known to support a Quantum Spin Liquid state when J± and J±± are small and

Jz± = 0 [49]. This state is a quantum analog of classical spin ice, a state that supports

magnetic monopole like excitations in the form of single spin flips. This Quantum
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Spin Ice phase has been theoretically proposed to support rather exotic excitations,

such as so called magnetic monopoles (like classical spin ice, see Fig. 1.3), along

with dual electric monopoles, and photon-like excitations [27]. The exact exchange

parameters of Ross et al. [27] are outside the region of the {Jzz, J±, J±±, Jz±} phase

diagram that can be expected to support a quantum spin liquid phase based on a

perturbative approach (Jzz � J±, J±±, Jz), and rather would indicate the system

should be in a state in which the magnetic moments order with a net moment along

one of the 〈100〉 directions[27]. Ross et al. [27] suggest that the term Jz± may help

to stabilise the quantum spin liquid phase over larger areas of the phase diagram,

but this idea is not explored quantitatively. The fact that Jzz is among the strongest

terms in the exchange Hamiltonian of Ross et al. [27] has led to the proposal that

Yb2Ti2O7 could be a candidate “Quantum Spin Ice” material with exotic excitations

[31, 32, 38, 41, 50–52].

The ability of the exchange Hamiltonian of Ross et al. [27] to successfully com-

pute experimentally measured properties of Yb2Ti2O7 has been tested by two recent

works: Applegate et al. [32] and Hayre et al. [31]. These works use non-local cluster

methods to calculate the heat capacity, entropy, and magnetisation of a material with

the exchange Hamiltonian of Ross et al. [27]. Applegate et al. [32] computed the heat

capacity and entropy at high temperatures T > 700 mK, and found that the exchange

Hamiltonian of Ross et al. [27] gave a high temperature heat capacity in good agree-

ment with the data of Blöte et al. [9], yielding a broad feature centred around T = 2

K. This would indicate that if Yb2Ti2O7 is a Quantum Spin Ice, the high temperature

feature in the heat capacity is similar in origin to the broad feature observed in the

classical spin ice materials [53], which is well fitted by calculation based on classical

magnetic monopoles. Applegate et al. [32] also compute the high temperature heat

capacity based on the exchange Hamiltonian of Thompson et al. [29], finding that

it yields a broad feature in the heat capacity at T ∼ 1 K, which does not fit well

with experiments. Hayre et al. [31] compute the magnetisation, heat capacity, and

entropy of the exchange Hamiltonian of Ross et al. [27] using the same method as in
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Applegate et al. [32], adding in the ability to compute these quantities in an applied

magnetic field. Their results show that the exchange Hamiltonian of Ross et al. [27]

explains the high temperature (T > 1.8 K) magnetisation of Yb2Ti2O7 in zero field,

and in applied fields between 0.2 ≤ B < 5 T. They also performed calculations of the

heat capacity of Yb2Ti2O7 in applied magnetic fields in the range 0.2 ≤ B < 5 T.

These show a broad feature, the peak temperature of which shifts up in temperature

upon increasing the applied field.

Other aspects of the Hamiltonian model proposed by Ross et al. [27] have also been

explored theoretically. Savary et al. [54] explored the phase diagram of the exchange

Hamiltonian starting from a dominant Jzz interaction, exploring the effects of J± and

Jz± using gauge mean-field theory. They found that the phase diagram as a function

of these two additional interaction terms contains four phases: a ferromagnetic phase,

an antiferromagnetic phase, a “Coulomb Ferromagnet” phase, and a Quantum Spin

Liquid phase. The Coulomb Ferromagnet is an unconventional magnetic phase that

displays ferromagnetic long range order, but has deconfined spinon and photon-like

excitations. The spin liquid phase is that discussed in Ross et al. [27], which has

magnetic and electric monopole and photon excitations, but no long range magnetic

order. These two exotic phases persist only when Jz± < 0.5Jzz and J± < 0.3Jzz.

Lee et al. [55] expanded on the range of parameters explored in Savary et al. [54],

including finite values of J±±, which they find creates interactions between spinons.

In their analysis, Lee et al. [55] focused on the case of a non-Kramers ion, making

most of the investigation not particularly relevant to Yb2Ti2O7, as Yb3+ is a Kramers

ion.

Wan et al. [56] explored the nature of potential excitations in a system where Jzz is

the dominant term in the exchange Hamiltonian, and the other terms are treated per-

turbatively, assuming simplified lattice geometries. They find that in a system with a

checker board lattice with only Jzz interactions and an applied magnetic field, the ex-

citations are strings connecting pairs of magnetic monopoles, and the field introduces

hopping of these strings. In the case of the full pyrochlore lattice and the exchange
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Hamiltonian of Eqn. 1.2, under the constraint Jzz � gµBB � {Jz±, J±, J±±}, where

B is the strength of the magnetic field applied along [001], the excitations are similar

to those of the simpler checker board lattice problem. The additional terms in the

exchange Hamiltonian serve to generate hopping of the strings. Wan et al. [56] ac-

knowledge that the constraints they apply to the exchange energies are not consistent

with those of Yb2Ti2O7, but speculate that that quantum strings may persist if the

phase occupied by Yb2Ti2O7 is continuously connected to the magnetised state they

use as their ground state, which may be the case. Benton et al. [57] explored the

photon excitations expected in a Quantum Spin Ice material, based on a simplified

model where J±± = 0, and Jzz � J±, Jz±. They find that the photons evolve out of

the pinch points observed in classical spin ice materials, and develop a bandwidth of

∆E ∼ 4.0c/a0, were c = 0.6
(
12J3

±/J
2
zz

)
a0 is the speed of light (photon velocity) in

the material, and a0 is the cubic unit cell lattice parameter.

Yan et al. [58] explore the full coupling parameter space of Eqn. 1.2 (though using

a different convention for the exchange interactions) more fully, not using a perturba-

tive approach, but rather by minimising the exchange energy between classical spins.

They do restrict one of the interactions in their recast exchange Hamiltonian to be

zero, the Dzyaloshinskii-Moriya [59] interaction. Yan et al. [58] find that in their

three exchange parameter phase space, their are four stable q = 0 states that min-

imise the energy of classical spins, a ferromagnetic phase, and three phases referred to

as Ψ1,2,3. Ψ4 is an antiferromagnetic state where the spins lie in the local XY planes

at each corner of a single tetrahedron, and also in the same global plane, known as

the Palmer-Chalker phase [60]. Ψ3 is a second coplanar antiferromagnetic phase se-

lected via order-by-disorder from a manifold of classically equivalent states [61]. Ψ2

is again an antiferromagnetic phase where the magnetic moments lie in the local XY

planes, but they no longer share a global plane [62]. Within this classical phase di-

agram, Yan et al. [58] find that Yb2Ti2O7 lies in the ferromagnetic phase very close

to the phase boundary between the ferromagnetic phase and the Ψ3 phase. They

also propose an explanation for the dimensional reduction seen in the quasi-elastic
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neutron scattering of Refs. [18, 20, 22, 25, 29, 40], that it arises from dimensionally

reduced spin wave excitations related to the excitations of the Ψ3 phase. They also

comment that the quasi-elastic neutron scattering seen in samples of Yb2Ti2O7 that

do not show evidence of long range order appear to be more similar to the excitations

in their calculations very close of the FM/Ψ3 phase boundary, rather than the scat-

tering calculated using the Hamiltonian of Ross et al. [27]. Finally Yan et al. [58]

explore the effects of quantum fluctuations on their phase diagram, but do not find it

to especially impact on the case of Yb2Ti2O7. Jaubert et al. [42] continue on from the

work of Yan et al. [58], investigating the implications of the nearby Ψ3 phase on the

physics of Yb2Ti2O7. They find that thermal and quantum fluctuations due to the

close proximity of the Ψ3 phase resist ferromagnetic order, and for certain values of

the local Ising exchange term, multiple phase transitions as a function of temperature

are possible, with the system first entering the Ψ2 phase followed by a second phase

transition to ferromagnetic order as the temperature is decreased. Jaubert et al. [42]

state that this is consistent with the findings of L’Hotel et al. [37], making the ques-

tionable interpretation that a small bump in the magnetisation at the temperature of

the sharp peak in the heat capacity is a separate transition from the lower temper-

ature transition seen in magnetisation measurements with no coexisting peak in the

heat capacity. Even when thermal and quantum fluctuations are taken into account

at finite temperatures, the exchange coupling of Ross et al. [27] would seem to be

far enough from the phase boundary that this would not occur. They also find that

the application of a small magnetic field along an unspecified direction may increase

Tc as seen in L’Hotel et al. [37] due to the field stabilising ferromagnetic order and

destroying the Ψ2 phase. Overall, it is likely that the nearby phase boundary in the

magnetic exchange phase diagram is important to the physics of Yb2Ti2O7, but it is

not clear that the multiple phase transition picture is correct.

After the work of Ross et al. [27], other works have estimated the exchange

couplings in Yb2Ti2O7 from experimental measurements [33, 38, 40]. Chang et al.

[33] attempted to extract exchange parameters from quasi-elastic neutron scattering
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as was done by Thompson et al. [29], but suffered similar problems, in that they were

fitting correlations at a temperature quite close to the mean-field ordering temperature

(T = 0.3 K, Tc,RPA = 0.29 K in their case) of the Hamiltonian. This Hamiltonian

is discussed in the supplemental material of Applegate et al. [32], where it is shown

that non-local cluster heat capacity calculations based on this model place the high

temperature bump in the heat capacity at a much lower temperature than is observed

experimentally. It is also discussed in Hayre et al. [31], where they compute the

magnetisation based of Yb2Ti2O7 based on the Hamiltonian of Chang et al. [33],

finding that it reproduces experimental measurements poorly. Pan et al. [38] refine

the exchange interactions of Ross et al. [27] based on Q = 0 THz spectroscopy

measurements of the excitations in Yb2Ti2O7 as a function of applied field. The

only information they have to base this refinement on is the energy dependence of

the Q = 0 susceptibility (which can be extracted from THz measurements), which

is highly unlikely to be completely constraining on the Hamiltonian. Pan et al. [38]

search a region in exchange coupling space that spans twice the uncertainty in the

exchange interactions of Ross et al. [27], and find Jzz = 0.16 meV, J± = 0.065 meV,

J±± = 0.02 meV, and Jz± = −0.134 meV, very similar to the exchange interactions of

Ross et al. [27], which is to be expected based on constraints used in their research.

More interestingly Pan et al. [38] provide the first evidence of two magnon scattering

in Yb2Ti2O7, observing excitations whose energy increases at twice the rate of single

magnon excitations as a function of applied field, though these excitations are sharp

modes, and two magnon excitations should form a continuum of absorption, as the

energy from the THz field is distributed between a pair of magnons.

Very recently, Robert et al. [40] refit the ”B”= 2 T inelastic neutron scatter-

ing data of Ross et al. [27], along with their own quasi-elastic neutron scattering

measurements, collected at T = 0.05 K. They find that the inelastic data of Ross et

al. [27] is insufficiently constraining on the exchange Hamiltonian. They find that

fits to the inelastic neutron scattering allow for a continuum of exchange Hamiltoni-

ans that satisfactorily describe the broad features of the inelastic neutron scattering,
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with only small details of the excitation spectrum changing within their continuum

of solutions. Within this continuum they find that there is an approximate linear re-

lationship between the four terms in each set of exchange energies, allowing the space

of four exchange energies to be reduced to a single parameter. After this reduction

to a single variable problem, Robert et al. [40] perform calculations of the quasi-

elastic neutron scattering pattern, which they measured, as a function of this single

parameter and determine that a set of interactions equivalent to Jzz = 0.07 meV,

J± = 0.085 meV, J±± = 0.04 meV, and Jz± = −0.15 meV best fit their data. In this

parameterisation, Jzz is no longer the dominant exchange term, with Jz± now being

the exchange energy with the largest magnitude by a significant margin. Robert et

al. [40] discuss the implications of their exchange Hamiltonian in terms of the work

of Yan et al. [58] and Jaubert et al. [42] that place the exchange parameters of Ross

et al. [27] very near the line of Quantum Phase Transitions in the phase diagram

obtained by varying the energies associated with the four symmetry allowed exchange

terms. The exchange parameters of Robert et al. [40] appear on this phase diagram

even closer to this phase boundary, and they discuss the idea that competition be-

tween ferromagnetic order, predicted for the region of the phase diagram occupied by

Yb2Ti2O7, and the order in the nearby phase may explain the odd low temperature

behaviour of Yb2Ti2O7, its sample dependence, and even the strange continuum of

inelastic scattering observed in their work and Ross et al. [22]. Robert et al. [40]

also find that for their set of exchange parameters, the work of Yan et al. [58] and

Jaubert et al. [42] indicate that the system should undergo three different phase

transitions as a function of temperature in zero applied magnetic field. In addition to

extracting and studying an exchange Hamiltonian for Yb2Ti2O7 from experimental

data Robert et al. [40] find that the anisotropic quasi-elastic neutron scattering stud-

ied in Refs. [18, 20, 22, 25, 29], which Refs. [22, 25] find begins to condense around

Bragg peak locations, is unchanged at temperatures well below the temperature of

the phase transition, suggesting that its source is not dimensional reduction, or if

it is, this effect persists in the low temperature phase. Robert et al. [40] also find
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that the continuum of scattering in zero magnetic field, which extends in energy up

to 1.5 meV, persists at high temperatures (T = 2 K, the same temperature where a

broad feature is observed in the heat capacity [9]), and is not a unique feature of the

low temperature phase. They analyse this continuum based on the idea of splitting

it into quasi-elastic and inelastic components, but this interpretation is dubious, as

the energy ranges of the two components are similar. They attempt to explain the

continuum of scattering using both ferromagnetic spin waves and classical dynamics,

but neither provides a good fit to the data. They speculate that the continuum may

arise either from fractionalisation of excitations (made more likely by the possibility

of dimensional reduction) or from multi-magnon scattering, but do not explore either

option [40].

Finally, Onoda et al. [28] performed purely first principles investigation of the

exchange parameters in Eqn. 1.2 exploring the relative strengths of the four symmetry

allowed interactions on the pyrochlore lattice based on transfer integrals between

Oxygen and Ytterbium ion orbitals. As the sign and magnitude of these integrals

change, they provide a range of interactions as a function of the ratio of two transfer

integrals. This work does not fix the nature of the exchange interactions of Yb2Ti2O7,

but does provide a range of values for Hamiltonians extracted from experiments to

be compared to.

To summarise, a great deal of work has been done to determine the exchange

Hamiltonian that governs the interactions of the magnetic moments in Yb2Ti2O7. All

of this work focuses on pseudo-spin−1/2 models of the system due to Yb3+ being a

Kramers ion with a well isolated ground state doublet. There are currently competing

views on the nature of the exchange Hamiltonian, with two works finding very different

exchange Hamiltonians, one with a dominant local Ising exchange term with other

terms that would drive quantum fluctuations [27], and another that finds a term that

drives quantum fluctuations to be dominant [40]. The exchange Hamiltonian with

dominant Ising interactions has driven work on the idea of a Quantum Spin Ice being

the explanation for the strange behaviour of Yb2Ti2O7 [27, 54, 56], while other work
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has focused on the proximity to a phase boundary in the exchange space driving the

strange physics in Yb2Ti2O7 [42, 58].

1.8.4 The Crystal Field of Yb2Ti2O7

The magnetism in Yb2Ti2O7 is due to the presence of Yb3+ ions, neither the Ti4+, nor

the O2− ions in the system are magnetic. The valence electrons in the Yb3+ ion are

in a 4f 13 2F7/2 configuration, meaning that the ion has S= 1/2, L= 3, and J= 7/2,

with J being the good quantum number for the system. The magnetism of the Yb3+

ion will be strongly influenced by the surrounding ions in the crystal. In the case of

Yb2Ti2O7, the Yb3+ ions occupies the A site in the lattice, and is surrounded by a

cage of O2− ions in the form of a distorted cube, compressed along the local [111]

axis, as shown in Fig. 1.8. This gives the local environment of the Yb3+ ion D3d point

group symmetry [12]. The electric field resulting from the surrounding O2− ions will

split the 2F7/2 eight-fold degenerate ground state. As Yb3+ has an odd number of

valence electrons (half integer total spin), it is a Kramers ion. This means that the

CEF states of the ion will be split into a series of doublets (there must be eight states

in total as Jz spans the range 7/2 . . .− 7/2).

Determining the nature of these doublets with respect to their Jz character, es-

pecially the nature of the lowest energy doublet, is important to the low energy

magnetism that is of interest in this system. Many works have sought to quantify the

crystal field (CEF) of the Yb3+ ion in Yb2Ti2O7, as the crystal field plays a key part

in the magnetism of this material. Early works [11, 63] used an incorrect description

of the local environment of the Yb3+ ion. The local environment of the Yb3+ is D3d,

and thus six Stevens Operator Equivalents [64] are required to correctly describe the

crystal field Hamiltonian of the Yb3+ ion [12], Townsend et al. [63] and Dunlap et

al. [11] used too few parameters. The next work on the CEF states, Sengupta et

al. [12], used the correct set of crystal field parameters, but concluded based on the

available data that the ground state doublet had an Ising-like character and consisted
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Figure 1.8: The oxygen environment of a Yb3+ ion in Yb2Ti2O7. The light blue sphere
represents the Yb3+ ion, and the red spheres are O2− ions. The blue vector represents
the crystallographic [111] axis.

mainly of mJ = ±3/2, which is inconsistent with a large body of more recent works

[5, 6, 8, 13, 15, 17, 23] that find the ground state to be XY-like in character and to

consist mainly of mJ = ±1/2. All of these works find that the lowest energy doublet

is separated from the next excited doublet by an energy gap of 600− 900 K (50− 80

meV). This means that for the temperature and energy ranges of interest in this work,

only the ground state doublet will be significantly populated at low temperatures.

As only the lowest energy doublet is important for the magnetism, the degrees of

freedom can be described using an effective spin-1/2 model, where the two states in

the doublet are treated as the spin-up and spin-down states of an effective spin-1/2.

In order to use this description we must incorporate the magnetic anisotropy present

in the ground state doublet via an anisotropic g tensor, which is defined by J ≡ gS/gJ ,

where the equivalence holds for the projection of J onto the ground state doublet. J is

the total angular momentum, S is the effective spin-1/2, and gJ is the land$e g-factor,

which is 8/7 in the case of Yb3+. The quantisation axis z of J in zero field is set as the

local 〈111〉 axis at each corner of the tetrahedral sublattice. This direction changes for

each Yb3+ ion, but if g is defined in terms of the local coordinates, it remains the same
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for each Yb3+ ion. In this form, the g tensor is diagonal, and has only two components,

the local z component, g‖, and the local xy component, g⊥. These components are

defined as g‖ = 2gJ〈Ψ1
0|Jaz |Ψ1

0〉 and g⊥ = 2gJ〈Ψ1
0|Jax|Ψ2

0〉 = i2gJ〈Ψ1
0|Jay|Ψ2

0〉, where Ψ1,2
0

are the two states that make up the ground state doublet of the crystal field, and Jaα

are the local Cartesian components of the total angular momentum on sublattice site

a. Using these two components, in local coordinates, the g tensor is written as:

g =


g⊥ 0 0

0 g⊥ 0

0 0 g‖

 . (1.4)

Table 1.1 gives the g tensor components estimated from the most recent works

on the ground state doublet. The average values of Table 1.1 are g‖ = 2.1(3) and

g⊥ = 4.0(2), where the uncertainty is the standard deviation of the values. These

indicate that the ground state doublet in all of these studies is XY-like in nature. All

of the work in this thesis uses the effective spin-1/2 model of Yb2Ti2O7. The XY-

like nature of the ground state doublet is significant as it is responsible for a great

deal of the current interest in Yb2Ti2O7, as an XY-like ground state double allows

for quantum fluctuations between the spin-up and spin-down states of the effective

spin-1/2, as opposed to the Ising-like ground state doublet seen in the classical spin

ice materials Ho2Ti2O7 and Dy2Ti2O7 where quantum fluctuations are suppressed.

The ability for the system to support quantum fluctuations allows for the possibility

of unconventional magnetic behaviour in this material.

1.8.5 Other Works on Yb2Ti2O7

In addition to all of the works previously discussed in this chapter, there have been

several recent works on Yb2Ti2O7, the results of which do not fit in with the previous

sections. These include further work by Pan et al. [51] where they attempt to extract

monopole inertia from THz and microwave cavity measurements on a single crystal

37



Table 1.1: Anisotropic g tensor components (g‖ and g⊥), in the local [111] frame, of
the ground state CEF doublet from various works. All of these works find that the
the ground state doublet is local planar in nature, with g⊥ > g‖.

Publication g‖ g⊥

Hodges et al. [5, 15] 1.79 4.27

Yasui et al. [17] 2.6 3.9

Malkin et al. [6] 1.836 4.282

Cao et al. [23] 2.24 3.98

Gaudet et al. [8] 1.85± 0.10 3.62± 0.15

sample of Yb2Ti2O7. The model they fit to their measurements purports to show that

monopoles describe the dynamic susceptibility at low temperatures in zero field, but a

large peak in the real part, and a crossover in the imaginary part, of the AC magnetic

conductivity, the most obvious features of their model, occur in large frequency gaps

in their experimental data, making the analysis questionable.

Two works on thermal conductivity in single crystal samples of Yb2Ti2O7 by Shi-

moyama et al. [52] and Li et al. [50] have also been published. Shimoyama et al.

[52] find evidence of strong magnon-phonon coupling, and that the thermal conduc-

tivity drops suddenly at the same temperature that a phase transition is observed

in the heat capacity. They also find that large applied magnetic fields enhance the

thermal conductivity, likely due to the field reducing magnetic disorder which reduces

phonon scattering. At very low temperatures, in weak applied magnetic fields, the

thermal conductivity is observed to decrease before increasing in the high field regime.

The authors speculate that this is due to magnetic monopoles carrying heat at low

temperatures, and these monopoles being suppressed in applied field, but there is no

direct evidence for this being the source of the observed behaviour. Li et al. [50] see

similar results to Shimoyama et al. [52], again observing a sharp drop in the thermal

conductivity at Tc. Li et al. [50] find that at low temperatures, the thermal con-

ductivity of Yb2Ti2O7 increases with temperature as T 2, not consistent with phonon

based thermal conductivity, which is expected to scale as T 3. They propose that the
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reduction of the scaling of the thermal conductivity as a function of temperature is

likely due to magnetic effects, and that these effects are stronger in Yb2Ti2O7 than

in Dy2Ti2O7. In large applied magnetic fields Li et al. [50] find that the thermal

conductivity scales as T 2.5, an effect also observed in Shimoyama et al. [52]. An open

question is why even at high fields the thermal conductivity does not increase as T 3.

In magnetic fields applied along the [001] direction, Li et al. [50] find no evidence of a

phase transition for fields greater than 0.1 T, and in weak fields along this direction,

the thermal conductivity behaves differently to other applied field directions where

the thermal conductivity decreases before increasing. In weak fields applied along

[001], the thermal conductivity immediately increases, likely due to spin polarisation

and the gapping out of low lying excitations [50].
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Chapter 2

Heat Capacity

This chapter will provide a brief introduction to the concept of heat capacity, and its

relation to other thermodynamic quantities and material properties. The usefulness

of heat capacity for mapping out phase diagrams in materials and indirectly probing

excitations will be discussed. Additionally, the theory behind the AC measurement

technique used for the measurements reported in this work, the design and construction

of the apparatus used, and the methods used to analyse the data will be discussed.

Finally test measurements on a material with a well characterised low temperature

magnetic transition, Cs2CoCl4, will be shown, and a correction factor to account for

the apparatus configuration will be determined for application to the other heat capacity

measurements in this thesis.

2.1 Introduction

This thesis seeks to understand the magnetic phase diagram of the frustrated py-

rochlore Yb2Ti2O7, as probed by thermodynamic measurements. One key aspect of

the study of that phase diagram is ensuring the high quality of the single crystal

sample, manifested in a sharp transition into a low temperature phase below ∼ 230

mK. As shown in Chapter 1, the heat capacity of single crystal samples is a good

indicator of their quality. In addition, heat capacity measurements will be used to
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probe the temperature-magnetic field phase diagram of Yb2Ti2O7, and the nature

of its excitations in very small fields. The ability of this technique to address all of

these different questions makes the heat capacity a very versatile technique, and an

important one for this work.

2.2 Theory

The heat capacity C is defined as the ratio between the amount of heat dQ absorbed

by a system, and the resulting rise in temperature dT ,

C =
dQ

dT
. (2.1)

As will be shown, the heat capacity of a material can depend on many external

parameters, and is thus very useful for providing insight into the phase diagrams of

materials as a function of those parameters.

2.2.1 The First Law of Thermodynamics

The first law of thermodynamics explains how measurement conditions can affect

the heat capacity of systems. The first law states that within a system, energy is

conserved, and heat and work are forms of energy. The only way to change the

internal energy of the system (U) is to either supply (or remove) heat (Q) to (from)

the system, or do (or allow the system to do) work (W ). The change in internal

energy can be written [65] ∆U = ∆Q + ∆W , where ∆Q is the heat supplied to the

system, and ∆W is the work done on the system. For a differential change in internal

energy dU , this can be rewritten as [65]

dU = d̄W +d̄Q, (2.2)
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where d̄ represents an inexact differential. Equation (2.2) can then be rearranged to

show how the heat capacity of a system is dependent on both the internal energy of

the system, and any work taking place during the measurement, resulting in

dQ

dT
=
dU

dT
− dW

dT
. (2.3)

In the case of magnetic solids, pressure (P ), volume (V ), magnetic field (H), and

magnetisation (M) are the experimentally accessible quantities that must be included

in the work term, resulting in [66]

d̄Q = dU + PdV + µ0MdH. (2.4)

The third term is an external energy that comes from the magnetic field applied to the

system. In order to internalise this energy a new quantity is defined U ′ = U +µ0MH

[66], accounting for the magnetic energy of the system. Using this new internal energy

U ′,

d̄Q = dU ′ + PdV − µ0HdM. (2.5)

In this form, the second term can be neglected because in all of the experiments in this

thesis, P = 0 as the experiments are performed in a vacuum. Under these conditions,

two heat capacities that can be defined [66]

CM =

(
∂Q

∂T

)
M

, (2.6)

CH =

(
∂Q

∂T

)
H

, (2.7)

the heat capacity at constant magnetisation, CM , and the heat capacity at constant

magnetic field, CH , respectively. As the magnetisation of the sample is not some-

thing that can be easily controlled in experiment, the second quantity, CH , is the

experimental quantity measured in this work.
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2.2.2 The Second Law of Thermodynamics and Entropy

The second law of thermodynamics leads to the definition of a quantity S known as

entropy. The entropy is related to the reversibility of thermodynamic processes: the

entropy of a system and its environment remains constant during a reversible process,

and otherwise always increases. Assuming a quasi-static process where the system is

always in thermal equilibrium with its environment,

d̄Q = TdS, (2.8)

where dS is the change in the entropy of the system. This definition allows the heat

capacity to be recast in terms of changes to the entropy of the system in question via

the first law. If C = dQ/dT , then the heat capacity can be expressed in terms of the

entropy as

Cx = T

(
∂S

∂T

)
x

, (2.9)

where x is a property being fixed during the measurement of C, e.g. P, V,M,H.

This results in the heat capacity being a very useful tool for probing the phase

diagram of materials, due to the behaviour of the entropy at phase boundaries. Phase

transitions exist in many forms, primarily classified as first order or continuous [65].

First order transitions are those which have an associated latent heat, while contin-

uous transitions have no latent heat. For a first order transition, the entropy (the

first derivative of the free energy of the system) as a function of the temperature is

discontinuous as shown in Fig. 2.1(a). As the heat capacity can be expressed as a

derivative of the entropy, this results in a large sharp singularity in the heat capacity

as the system crosses the phase boundary (see Fig. 2.1(a)). In the case of continu-

ous transitions, the heat capacity can also show signatures of phase transitions. For

example, in the Landau (mean-field) picture of a continuous transition, where the

entropy is continuous, but its derivative is not (more correctly the second derivative

of the free energy is not continuous), the heat capacity will show a discontinuity at the
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phase boundary. In reality, critical fluctuations not accounted for in Landau theory

will mask the discontinuity and the heat capacity will have a peak at the temperature

of the phase transition, as shown in Fig. 2.1(b). These features make the heat ca-

pacity a very useful quantity in the study of phase diagrams. In this work, the phase

diagram of Yb2Ti2O7 will be probed as a function of temperature and magnetic field

using temperature sweeps at constant applied field to study the field evolution of such

features.

S

T T

C

Tc Tc

a b

ΔS = L/T

Figure 2.1: Column (a) shows the entropy S and heat capacity C as a function of
temperature across a first order phase transition at T = Tc. The discontinuity in S
at Tc, ∆S, due to the latent heat of transition L, leads to a singularity in C. Column
(b) shows the entropy and heat capacity of a typical continuous phase transition as
a function of temperature. The entropy shows a kink at the transition temperature,
which leads to a peak in the heat capacity as the derivative of the entropy is not
smooth. The singularity in the heat capacity associated with the first order phase
transition, and the peak associated with the continuous transition are both easily
detected experimentally.

2.2.3 Entropy and Statistical Mechanics

Another very useful aspect of the entropy is that it has a basis in statistics, where it

can be defined as [65]

S = kB ln Ω, (2.10)
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where kB is Boltzmann’s constant, and Ω is the number of microstates in the macrostate

occupied by the system. If we do not know the exact state of the system in question

only the probability, then the entropy can be computed from the partition function

Z as

S =
∂

∂T
(kBT lnZ) , (2.11)

where

Z =
∑
i

exp

(
− Ei
kBT

)
, (2.12)

where, i indexes all of the available states of the system with energies Ei, and T is

the temperature of the system.

This relationship between the heat capacity and the energies of the various states

of the system means that excitations in a system have an impact on the heat capacity.

The heat capacity is not nearly as direct a probe of excitations as techniques such

as neutron scattering, but some properties of the excitations can be extracted. One

specific example that will be useful in the analysis of the heat capacity of Yb2Ti2O7 is

the Schottky anomaly [67], a peak in the heat capacity that arises due to the presence

of gapped excitations in the system. The origin of this peak in the heat capacity can

be seen by looking at the relationship between the entropy and the partition function

of the system.

If we consider a simple two level system, with degeneracies n0 for the ground state,

and n1 for the excited state at an energy gap ∆, then the partition function is given

by

Z = n0 + n1 exp

(
− ∆

kBT

)
. (2.13)

Using this form of the partition function it is possible to derive the heat capacity due

to the excited states [67]

CSchottky = NAkB

(
∆

kBT

)2
n0

n1

exp
(

∆
kBT

)
(

1 + n0

n1
exp

(
∆
kBT

))2 , (2.14)
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where NA is Avogadro’s number. This leads to a peak in the heat capacity, as shown

in Fig. 2.2. Such features are observed in the heat capacity of Yb2Ti2O7 in finite

applied magnetic field, and will be discussed in Ch. 3.

Figure 2.2: The feature, known as a Schottky anomaly, that arises in the heat capacity
as a function of temperature in a two level system with an energy gap of ∆ = 1.0 K.
For this plot, the degeneracy of the ground state and excited state are one.

2.3 Methods

As discussed in the previous section, measuring the heat capacity of a material is a

matter of measuring the amount of heat that must be supplied to a sample to change

its temperature by a measurable amount. This typically involves attaching a heater

and thermometer to a thermally isolated sample. The heater supplies a controlled

amount of heat to the sample, while the thermometer measures the resulting change

in temperature. There are various methods in the literature for performing these

measurements including the adiabatic method [68], the relaxation time method [69],

and the AC method [70]. In this thesis all measurements will be preformed using the

AC method.
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2.3.1 AC Calorimetry

The AC method of measuring the heat capacity of materials presents several advan-

tages when compared to the other available methods. First, it has less need for thermal

isolation of the sample, as a reasonable relaxation time for the sample temperature is

actually a requirement of the method, as opposed to the adiabatic method, where any

thermal connections to the surroundings must be kept to an absolute minimum. This

allowance for finite thermal connections between the sample and its surroundings also

allows for stronger sample supports, which can be necessary when measuring strongly

anisotropic magnetic samples in large magnetic fields, where significant torques can

result, to ensure that the sample remained fixed in position. This consideration was

not necessary for the experiments in this work, but it is desirable in principle for future

experiments. The periodic nature of the measurement also allows the use of modern

signal processing methods to maximise the signal to noise ratio of the measure, and

also allows for continuous measurements as a function of changing temperature or

other variable, unlike other methods, where the heat capacity is probed via discrete

heat pulses.

The theory behind AC heat capacity measurements can be understood by consid-

ering the simple model shown in Fig. 2.3(a), where a sample, with heat capacity Cs

and temperature Ts, is connected to a thermal bath (with temperature Tb), heater

(with heat capacity Ch and temperature Th), and thermometer (with heat capacity

Cθ and temperature Tθ), via heat conductances Kb, Kh, and Kθ. If a current through

the heater is used to generate an oscillating amount of heat Q̇ = Q̇0

(
cos
(

1
2
ωt
))2

, and

the variations in Th, Ts, and Tθ are small, then the steady state solution for Tθ is given

by [70]

Tθ = Tb +
1

2
Q̇0

(
1

Kb

+
1− δ
ωC

cos (ωt− α)

)
, (2.15)

where C = Cs +Ch +Cθ, and α is a phase offset. Focusing on the third term of Eqn.

(2.15) the relationship

T̃θ =
Q̇0

2ωC
(1− δ) cos (ωt− α) (2.16)
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emerges, which shows that the oscillating component of the temperature of the ther-

mometer is inversely proportional to the heat capacity of the system. By isolating

this term in experiments, the heat capacity can be probed.

The quantity 1− δ is a frequency dependent normalisation term. If we define the

relaxation times

τs = C/Kb,

τθ = Cθ/Kθ, (2.17)

τh = Ch/Kh,

and place the conditions on the system that i) Ch, Cθ � Cs, ii) that the sample, heater

and thermometer come to equilibrium with a time constant � 1/ω (more specifically

ω2 (τθ + τh)
2 � 1), and iii) the frequency is much larger than the inverse of the sample

to bath relaxation time such that ωτs � 1, then 1− δ can be simplified to [70]

1− δ =
1(

1 + (ωτs)
−2 + ω2 (τ 2

θ + τ 2
h)
)− 1

2

(2.18)

to first order in (ωτs)
−2 and ω2 (τ 2

θ + τ 2
h). The general frequency dependence of this

normalisation factor is shown in Fig. 2.3(b), where it can be seen that the function has

a plateau as a function of frequency where its value is ∼ 1. Therefore, the frequency of

the temperature oscillations used to perform an AC heat capacity experiment should

be tuned to lie in this plateau. The phase α in this term can be related to the various

properties of the system, but is not of particular interest in the determination of the

heat capacity [70].

In real experiments, the sample has finite thermal conductivity, meaning that

it takes a finite amount of time for the temperature of the sample to equilibrate

throughout its volume, and this must be taken into account to properly understand

the temperature oscillations of the system. To understand the effect of finite thermal

conductivity, we consider a slab sample of thickness L, cross sectional area A, thermal
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Figure 2.3: (a) Schematic diagram of a sample with heat capacity Cs and temperature
Ts connected to a thermal bath (with temperature Tb), heater (with heat capacity Ch
and temperature Th), and thermometer (with heat capacity Cθ and temperature Tθ)
via thermal conductances Kb, Kh, and Kθ respectively. (b) a plot showing (red)
the behaviour of the frequency dependent normalisation factor 1 − δ, described by
Eqn. (2.18), for τs = 200 s and τ 2

h + τ 2
θ = 1.0 s, and (blue) Eqn. (2.21) with

2Kb/3Ks = 0.5. The purpose of the blue curve is to illustrate the effect of the
finite thermal conductivity of a real sample on the correction factor. (c) The same
schematic diagram as in (a), but for a sample of finite thickness L, density ρ, thermal
conductivity κ, and heat capacity per unit mass c. This figure is inspired by Sullivan
and Seidel [70].

conductivity κ, heat capacity per unit mass c, and density ρ, as illustrated in Fig.

2.3(c). The sample is uniformly heated on one side (x = 0), and connected to the

thermal bath (with temperature Tb) on the opposite side (x = L) via a thermal

conductance Kb. The same condition as used in the ideal model, ω2 (τθ + τh)
2 � 1, is

imposed, which means that the thermometer and heater are very well coupled to the

sample. It is also useful to define the following quantities [70]: the thermal diffusivity

n = κ/ρc, the characteristic length l0 = (2n/ω)1/2, and its inverse k = 1/l0.

Under these conditions it is possible to solve for the oscillating component of the

temperature at x = L (the location of the thermometer). If, as in the ideal case, the

condition that ωτs = 2k2κLA/Kb � 1 is imposed, as well as kL � 1 (the sample

thickness is small compared to the characteristic length), then [70]

T̃ (L, t) =
−iQ̇0e

iωt

2ωC

(
1 +

1

ω2τ 2
s

+ ω2τ 2
int +

2Kb

3Ks

)−1/2

, (2.19)

where τs is the same quantity as in Eqn. (2.17), while τint = L2/ (90)1/2 n is associated
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with the time it takes for the sample to reach internal thermal equilibrium. Comparing

the term in brackets in Eqn. (2.19) to Eqn. (2.18) shows that they are functionally

equivalent, with the only difference being a frequency independent term 2Kb

3Ks
. Figure

2.3(b) shows that the effect of this term is to lower the peak value of 1− δ from ∼ 1

in the ideal frequency plateau. The value of this new term can be estimated from the

relation 2Kb

3Ks
= 2L2

3nτs
. Reference [70] gives typical values at low temperature for the

relevant quantities of n = 104 cm2/sec, τs = 1 s, and L = 1 cm, yielding a value for

this term of < 10−4, which should have no impact on 1− δ.

Finally, it is useful to cast Eqn. (2.19) in terms of time invariant quantities [70]

| T̃ (L, t) |= Q̇0

2ωC
(1− δ) , (2.20)

where | T̃ (L, t) |, the temperature at the thermometer, and Q̇0, the amplitude of the

AC heat, are experimentally measurable and controllable respectively, allowing direct

access the the heat capacity C by inverting Eqn. (2.20). The only unknown in Eqn.

(2.20) is the value of

1− δ =

(
1 +

1

(ωτs)
2 + (ωτint)

2 +
2Kb

3Ks

)− 1
2

, (2.21)

but performing a measurement where the frequency of the oscillating heat is varied

while all other quantities remain the same, then a plot of ω | T̃ (L, t) | will allow for

the determination of the optimal value of ω for the experiment.

2.4 Experiment Design

As discussed in Section 2.3, measuring the heat capacity of a sample involves supplying

a known amount of heat to a thermally isolated sample and measuring the resulting

change in its temperature. The AC method allows for a finite thermal link to a

heat bath, but the basic requirements of the experiment remain unchanged: a way to

thermally isolate the sample from its surroundings save only for a small heat link, a
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heater and thermometer thermally connected to the sample of interest, an electrical

connection to the thermometer to record its temperature, and an electrical connection

to the heater to supply it with energy.

Measuring the heat capacity without changing any parameters of the system, such

as temperature or magnetic field is not particularly interesting. In order to vary the

temperature of the sample, the experiment required a heater on the thermal bath

in order to vary the background temperature of the experiment, and the apparatus

was placed in the bore of a 16 T superconducting magnetic, in order to probe the

heat capacity in applied magnetic fields. The desire to apply large magnetic fields

to the sample in specific orientations also imposed conditions on the design of the

apparatus: that it must be capable of maintaining the orientation of the sample, even

when subject to external torques. The design of the apparatus used to meet these

requirements followed that of Rost [71]. An overview of its design and construction

will be given in the following section, along with the configuration of the electronics

used for the experiment.

2.4.1 Sample Environment

Before the heat capacity of the sample could measured, it first had to be cooled to

the temperature range of interest. In this thesis, all measurements were performed

at millikelvin temperatures by connecting the heat capacity apparatus to an Oxford

Instruments Kelvinox 25 dilution refrigerator. A dilution refrigerator uses the process

of transporting 3He across a phase boundary within a mixture of 3He and 4He, be-

tween a 3He rich phase and a 3He poor phase. This process has an associated latent

heat of mixing, which provides the cooling power of the system. This is the only con-

tinuous cooling method that can access temperatures of < 300 mK. A more thorough

explanation of the mechanism behind the operation of a dilution refrigerator can be

found in Pobell [72].

There were two aspects of the operation of the dilution refrigerator that were
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important to the construction of the heat capacity apparatus that was used in this

thesis [71]. The first was that the sample space of the dilution fridge was under high

vacuum, due to the requirement that the mixing chamber must be thermally isolated

from its surroundings. This was convenient for the construction of the heat capacity

apparatus, as it meant any thermal contacts between the sample and its surroundings

would not come from the atmosphere, only physical connections.

Second, the cooling power of a dilution fridge occurs in a volume called the mixing

chamber. In this thesis the heat capacity of Yb2Ti2O7 was measured both in zero field,

and in applied fields of up to 1.5T, made possible by the fact that the dilution fridge

used was fitted with a 16T superconducting magnet. The heat capacity apparatus

must be centred in the homogeneous field region of the magnet. The mixing chamber

of the dilution refrigerator was located outside of the bore of the magnet, due to size

constraint issues. This meant that the apparatus needed to be thermally linked to

the cooling power of the mixing chamber by a device known as a coldfinger, a length

of thermally conductive material that supported the apparatus and allowed it to cool.

Following Rost [71], the coldfinger was constructed from a 4 mm diameter Oxygen

Free High Conductivity Copper (OFHC) rod surrounded by a 10 mm thin walled

stainless steel (SS) tube to provide structural support. The ends of the OFHC rod

and SS tube were terminated in OFHC copper plates, one of which was anchored to

the mixing chamber, while the other was anchored to the heat capacity apparatus,

ensuring thermal contact. This design provided structural rigidity while minimising

the electrically conducting cross sectional area, and thus the effects of eddy current

heating in a changing magnetic field. The coldfinger connecting the mixing chamber

and the heat capacity apparatus is shown in Fig. 2.4. Not shown is a thin copper shell

placed around the heat capacity apparatus to eliminate any possibility of radiative

heating of the sample from the 4.2 Kelvin surface of the vacuum can that surrounded

the experiment.
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Figure 2.4: Labelled photograph of the AC capacity setup, showing in addition, the
supporting coldfinger, and the mixing chamber of the dilution fridge.

2.4.2 Apparatus Design

Figure 2.5(a) shows the layout of the apparatus used to perform the heat capacity

measurements, along with a photograph of the key components of the apparatus,

while Fig. 2.5(b) is a simplified view of the experiment showing the fundamental

components and thermodynamic links. The desire to maximise (minimise) the thermal

conductivity of the heat links shown in black (red), along with minimising the heat

capacity of the sample platform and other components connected to the sample (the

addenda), determined the choice of materials for various components of the heat

capacity apparatus.

The design of the apparatus began with a circular OFHC thermal bath. Within the

ring of the thermal bath, a silver sample platform was suspended via Kevlar threads.

On the underside of this platform, a thin film strain gauge was mounted to act as a

heater. The top side of the platform was reserved for the sample, on top of which

was mounted a small resistive thermometer. This configuration is different from that

of Rost [71], with the positions of the heater and thermometer being reversed. The

impact of this configuration on the relationship between the theory of Sullivan and

Seidel [70], and the experiment was not fully comprehended at the time, but through

experiments shown later, it will be shown that the effect of this change is a rescaling

of the size of the measured temperature oscillations with respect to the amount of
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heat supplied to the system. Finally, the sample platform was linked to the thermal

bath by a Pt wire which acted as a tunable thermal link. In this section the reasoning

behind each of these components and their relevant properties is discussed.

The thermal bath acted as a heat sink for the experiment, and set the background

temperature for the measurements. It was strongly thermally linked to the mixing

chamber of the dilution fridge via the coldfinger, and four cylindrical OFHC supports

shown in Fig. 2.4. The tunable thermal link between the bath and the sample

platform meant that the temperature of the bath was the “DC” temperature of the

experiment onto which the AC oscillations were superimposed. The temperature of

the thermal bath was controlled via two resistive heaters, shown in Fig. 2.5(a). These

heaters were used to vary the background temperature of the experiment from its base

temperature (∼ 100 mK). The heaters used for this purpose were NiCr foil strain

gauges.

The other major physical component of the apparatus was a 5 mm × 5 mm ×

150µm 99.99% pure Silver platform. This material was chosen as it had relatively high

thermal conductivity at low temperatures [66, 72], could be worked using standard

machine tools allowing for easy cutting and shaping, and did not deform easily [71].

It also allowed for the easy smoothing of edges, which was important as sharp edges

may have cut the threads suspending the platform.

The sample platform was suspended in space by a series of Kevlar threads passing

through the sample platform and thermal bath. This design minimised the thermal

connection to the bath due to the support structure, so that the thermal link between

the platform and the bath could be controlled via a tunable Platinum wire. The

arrangement of the Kevlar threads is shown in Fig. 2.5(a). Two threads were used,

with each thread forming a loop that made four connections between the platform and

the thermal bath, passing through two phosphor bronze springs, the thermal bath,

and holes drilled in the sample platform. The tension on the threads fixed the position

of the platform in the centre of the thermal bath, and kept the platform from twisting

due to any external forces. Resistance to twisting forces was the reason for the use of
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Figure 2.5: (a) Diagram and photographs showing the design and layout of the AC
heat capacity apparatus with the key components labelled. (b) A simplified experi-
mental layout showing the key components along with the thermal links (zig-zag lines)
between them. The thermal links in black are the links for which it is desirable to
have the highest possible thermal conductivity. The red thermal links arise due to
the wires necessary to supply heat to the system and measure the temperature of the
thermometer, their thermal conductivity should be minimised. The green thermal
link is the tunable link that controls the optimal frequency of the thermal oscillations
in the experiment.
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Kevlar for the supporting threads, instead of more traditional materials such as nylon

fishing line or dental floss. In some experimental configurations, the sample can exert

a significant torque on the sample platform in the presence of an applied magnetic

field (e.g. the Ising ferromagnet in transverse magnetic field, which can generate a

sufficient torque to bend entire dilution fridge inserts). The resulting twisting action

has the potential to stretch or snap the supporting threads, thus Kevlar was chosen

for its enhanced strength. The Kevlar thread used (AR305722 Polyaramid Fibre)

consisted of ∼ 70 strands of 17 µm diameter. In order to fit through the holes in

the sample platform and apparatus, and to further minimise its thermal conductivity,

the thread was thinned to ∼ 35 strands. The arrangement of the Kevlar threads also

allowed for the platform to be fixed in place without the use of any adhesives on the

sample platform, which would add to its heat capacity. One undesirable aspect of

Kevlar is that it has a negative coefficient of thermal expansion [73], meaning that

it expands when cooled. This expansion necessitated the use of leaf springs made

from bent sheets of Phosphor Bronze. These springs ensure that the Kevlar threads

remained tensioned at all temperatures.

With the physical structure of the apparatus in place, all that remained was to

attach the sample, heater, and thermometer to the apparatus. As illustrated in Fig.

2.5(a), the sample was attached to the top of the silver platform, with the thermometer

placed on top of the sample. In order to obtain good thermal contact between the ther-

mometer, sample, and platform, while still allowing for the sample and thermometer

to be removed without undue strain, Apiezon N grease was used for these connections.

This material is a viscous fluid at room temperature, but freezes at T = 289 K, giving

it sufficient structural integrity to hold the components of the system together. Rost

[71] used Apiezon N grease to connect the thermometer to the apparatus, but used

silver epoxy to the connect the sample to the platform. As expressed in Schink and

Lohneysen [74], considerations of ease of use vs. structural integrity were more im-

portant than bonding materials possessing relatively higher thermal conductivity, as

boundary resistances between the materials being linked dominate the thermal con-
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ductivity at very low temperatures. Rost [71] used epoxy to mount samples, as the

experiments carried out there involved large forces on the sample in applied magnetic

fields. In the present setup, the heater was connected to the bottom of the sample

platform using GE 7031 varnish, a common low temperature adhesive. This material

was chosen as it has good thermal conductivity at low temperatures, is commonly

available, and is easy to work with. It dries at room temperature, but can be easily

removed using the correct solvent, allowing for changes to be made to the apparatus

if necessary.

In order to measure the resistance of the thermometer, and apply heat using the

heater, it was necessary to make electrical connections to these components, allowing

them to be connected to the experimental electronics. Each of these components was

contacted using two twisted pairs of wires, allowing for the application of current

and simultaneous measurement of the voltage across the component. The ends of

the twisted pairs not connected to the heater and thermometer were heat sunk to

the thermal bath using contact pads. These wires form a thermal link between these

components and the thermal bath. In order to minimise this link, 30 µm diameter

Manganin wire was used. Manganin is an alloy of Copper, Manganese, and Nickel

noted for its relatively low thermal conductivity for a metal [72]. In the case of the

heater, these wires were simply soldered to the contacts of the heater, using a very

small amount of Lead-Tin solder. The connection to the thermometer required a

more complex approach, in order to avoid any unnecessary heating of the thermome-

ter, which would change the resistance to temperature relation of the thermometer.

The thermometer was contacted using 10 µm gold wires which were attached to the

thermometer using ultrasonic wire bonding. A small amount of Silver epoxy was then

applied to the contacts to provide additional structural support. The gold wires con-

nected to the two contacts on the thermometer were then connected to the Manganin

twisted pairs via Lead-Tin solder. A pair of tweezers acted as a heat sink for the

gold wires, to protect the thermometer from the heat of the soldering iron. From

the thermal bath, the twisted pairs were connected to 30 µm wires heat sunk to the
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mixing chamber of the dilution fridge, before being connected to the wiring travelling

up and out of the fridge.

Thermometer

The thermometer used to measure the temperature of the sample was a Lakeshore RX-

102A-BR RuO2 thermometer. Such thermometers consist of a film of RuO2 embedded

in lead silicate glass on top of a polycrystalline Al2O3 substrate. The resistance of

the RuO2 film changes as a function of temperature, so by measuring its resistance,

the temperature of the thermometer can be determined. RuO2 thermometers are the

preferred thermometer for mK temperatures because their resistance changes almost

exponentially as a function of temperature at low temperatures, as shown in Fig.

2.6. This exponential increase in the resistance with decreasing temperature is due

to the conduction mechanism within the glass, variable-range electron hopping in 3D

between the RuO2 embedded in the glass matrix [72]. The large change in resistance

with small changes in temperature at low temperatures make these chips very sensitive

thermometers below ∼ 1 K.

Figure 2.6: Typical resistance curves of Lakeshore RuO2 thermometers as a function
of temperature. The resistor model used in this work is RX-102A. Figure is taken
from Ref. [75].

The overall dimensions of the thermometer chip used were 1.45 mm × 1.27 mm

× 0.65 mm. The chip used in the experiments is shown in the top right image in
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Fig. 2.5(b). One problem with the chip was that Al2O3 has a very low thermal

conductivity. In order to ensure a short time constant between the temperature of

the sample and the temperature of the thermometer, the thermometer was thinned

from 650 µm to 140 µm, leaving ∼ 100 µm of Al2O3 to provide structural integrity to

the chip. Rost [71] pointed out that the polishing process can introduce mechanical

stress to the chip, which can have an impact on the reproducibility of the resistance

temperature curve of the thermometer. Rost [71] and Goodrich et al. [76] showed

that thermal cycling of the chip can remove these stresses, and after sufficient (∼ 100)

cycles between room temperature and 4.2 K, the resistance of the RuO2 thermometer

at 4.2 K does not change between cycles. Based on these findings, the thermometer

chips used for this experiment were cycled between 300 K and 4.2 K 100 times, using

a Quantum Designs PPMS as a cryostat. Resistance as a function of cycle plots are

not available, as the electrical contacts on the thermometers used during this cycle

were not stable, and subsequently had to be replaced with the method discussed

previously. After this thermal cycling the thermometers were calibrated as a function

of temperature and applied magnetic field. This calibration process is described in

Appendix A, and the resulting Resistance to Temperature Conversion functions are

given in.

The heater attached to the sample platform was a Kyowa KFL-05-120-C1-11 foil

strain gauge. This device was made from a NiCr alloy foil, attached to a Polyimide

base. The grid of wires formed by the NiCr foil was 0.5 mm × 1.4 mm in size, and gave

the gauge a resistance of ∼ 120 Ω. The resistance of the heater was measured during

the heating process, via a four wire measurement, ensuring that any variation in the

resistance of the heater was accounted for in the calculation of the heat capacity. The

Polyimide base of the strain gauge was originally 3.3 mm × 2.7 mm, but was trimmed

to minimise the amount of excess material contributing to the addenda heat capacity.
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Tunable Thermal Link

The final physical aspect of the construction of the heat capacity apparatus is the

thermal link between the bath and the sample platform, constructed from a length

of 25 µm Pt wire. The thermal conductivity of this link sets τs, which must, in

combination with the frequency of the temperature oscillations, meet the condition

ωτs � 1. Equation (2.17) shows the relationship between τs, the heat capacity of the

sample, and the thermal conductivity of the tunable link. This form of τs requires

some modification, to account the heat capacity of the addenda in the experiment

and the other heat links between the platform and the bath due to the Kevlar and

Manganin wires, resulting in

τs =
C + Caddenda

Kb +Kaddenda

, (2.22)

where C is the heat capacity of the sample, Caddenda is the heat capacity of the other

components in the system, and Kaddenda is the thermal conductance of the support

structure and measurement leads. Rost [71] performed a detailed analysis of the heat

capacity of the addenda, accounting for contributions from the Silver sample platform,

the RuO2 thermometer, the Manganin wires, and the various amorphous solids used

to connect the various components. The only fundamental difference between the

components used in the apparatus and that of Rost [71] was the use of GE 7031

varnish in the place of other adhesives. The low temperature heat capacity of GE

7031 varnish is reported by Pobell [72], and is very similar to that of Apiezon N

grease and the Stycast Epoxy used by Rost [71], consisting of terms linear and cubic

in T . The use of this component was not expected to change the analysis of Rost

significantly. In order to set the thermal conductivity of the Pt link, 1 K was chosen as

a reference temperature at which to set the heat capacities and thermal conductivities

of the various components. At this temperature, the heat capacity of the 6.25 mg

sample platform, computed based on the heat capacity of Silver measured and fitted

by Martin et al. [77] was 5.17× 10−7 J K−1. Rost [71] estimated the remainder of the
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addenda including the Manganin wires, adhesives, and thermometer to contribute an

additional 1× 10−7 J K−1 to the addenda. Algra [78] gives the heat capacity of the

test material, Cs2CoCl4, as ∼ 2.83 J K−1 mol. The sample used in the experiment has

a mass of 6.2 mg, resulting in a heat capacity of approximately 3.76× 10−5 J K−1,

two orders of magnitude larger than the addenda heat capacity.

Now the thermal link, Kb, necessary to achieve ωτs � 1 can be computed. Rost

[71] estimated the contributions to this thermal link from the Kevlar support threads

and Manganin twisted pairs as 3.1× 10−8 and 3.6× 10−8 W K−1 respectively at 1 K.

The thermal link used in the apparatus was a 1 cm length of 25 µm Pt wire. Pobell

[72] gives the thermal conductivity of Pt as 0.33 W cm−1 K at 1 K. For a wire of

diameter 25 µm and length 1 cm, the thermal conductance will be 1.62× 10−6 W K−1.

Combining this thermal conductance with those of the Manganin wires and Kevlar

threads, and using the previously given sample and addenda heat capacity yields

τs = 23 s. Assuming a typical operating frequency for the experiment of 1× 10−2 Hz,

then ωτs = 1.45 marginally satisfies the condition ωτs � 1. This condition can be

better satisfied using a higher operating frequency, but it will be shown later that the

actual value of τs realised in the experiment is much larger than ∼ 23 s, allowing for

an operating frequency of 1× 10−2 Hz. The increase in τs is likely due to boundary

thermal resistances at the ends of the heat link, which are not accounted for in these

calculations, decreasing its thermal conductance.

With the thermal link in place, the design of the heat capacity apparatus was

complete. The next section will discuss the electronics involved in the measurement,

necessary to apply current to the heater, measure the resulting voltage, and measure

the resistance of the RuO2 thermometer.

2.4.3 Experimental Electronics and Control

Figure 2.7 shows the basic layout of the electronics and equipment used to operate

the heat capacity apparatus in this work. The operating controls for the dilution
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Figure 2.7: Schematic diagram of the instruments and connections necessary for low
temperature AC heat capacity measurements showing the dilution fridge, supercon-
ducting magnet, heat capacity apparatus, measurement electronics, and control com-
puter.
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fridge (represented by the blue rectangle) and superconducting magnet are omitted

from this diagram, as they were controlled independently of the experiment. The

dilution fridge was cooled to its base temperature, and all variation in temperature

was performed by using heaters attached to the thermal bath of the heat capacity

experiment. The upper temperature limit was determined by the temperature at

which the dilution fridge lost stability, ∼ 700 mK. Figure 2.7 also omits the path

of the measurement wires down the dilution fridge insert. In the actual experiment,

the fine wires from the experiment (shown as fine black lines forming twisted pairs

in Fig. 2.7) ran up the dilution fridge insert, being heat sunk at various points. At

the top of the dilution fridge, they were passed through a vacuum tight fitting, and

each wire was passed through a pi filter (Tusonix 4209-003LF) which acted as low

pass filters to prevent high frequency noise from reaching the bottom of the dilution

fridge, as this noise would cause undesirable heating.The box containing the pi filters

was grounded to the shield of a lab cable made up of shielded twisted pairs. The

twisted pairs in the cable are represented by single heavy black lines in Fig. 2.7. Just

before the wires reached the experimental electronics, represented by grey boxes, they

were broken out from the single heavy cable and run via coaxial cables for ease of use.

From the heat capacity apparatus to the measurement electronics, the wires were run

as twisted pairs whenever possible, in order to help minimise any noise in the signal

due to magnetic flux passing through the wire loops formed by the leads. As for the

superconducting magnet, the magnetic field was only varied between heat capacity

measurements, not during measurements, so those electronics are not fundamental to

the experiment. For reference purposes, the magnet used was an Oxford Instruments

16 T superconducting magnet, but the maximum field used during these experiments

was 1.5 T.

The primary component of the AC heat capacity experiment was the thermometer

placed on the sample, used to measure the temperature oscillations in the sample. In

this work, the resistance of the thermometer was measured using a four wire measure-

ment performed by a combination of a custom made optically isolated current source
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and a Stanford Research SR830 Lock-in Amplifier. This combination of measurement

electronics was chosen over the use of an AC resistance bridge as it allowed for more

frequent measurements of the resistance, which was important for the sampling of the

temperature oscillation waveform.

A Lock-in Amplifier works by multiplying an input voltage signal by a reference

signal, with a frequency equal to that of the oscillating signal of interest. The multi-

plied signal is then time averaged, and due to the orthogonality of sinusoidal functions,

all components of the signal which do not share the same frequency as the reference

signal will average to zero, leaving only the desired signal. This allows for very ac-

curate measurements of the amplitude of the oscillation. As the AC heat capacity

measurement relied on accurate measurements of the amplitude of temperature oscil-

lations, it would seem obvious to set the frequency of the reference signal to that of

the temperature oscillation, and use the Lock-in Amplifier to directly and very accu-

rately measure the amplitude of the voltage oscillations across the thermometer that

result from the temperature oscillations of the sample. Unfortunately this was made

impossible by the very low frequency of the temperature oscillations used, on the or-

der of 10−2 Hz, too low for the Lock-in amplifier to operate. Instead the thermometer

resistance was measured at a much higher frequency, 13.4 Hz. This frequency was

used in order to avoid contamination of the measurement by line noise. The use of

a much higher frequency than that of the temperature oscillations allowed for the

oscillations to be recorded as a function of time for later analysis.

The purpose of the optically isolated current source was to prevent the existence

of ground loops in the measurement of the resistance of the thermometer. This was

important as an accurate measurement of the resistance of the thermometer was key

to an accurate measurement of the temperature. The optically isolated current source

generated a 13.4 Hz triangle wave AC current with a defined amplitude between 3

nA and 100 µA. The power for the current source came from a 9 V battery, and it

sent a timing pulse to the Lock-in Amplifier, which set the frequency of the reference

signal, via optical fibre. The combination of battery power supply and optical fibre
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timing pulse eliminated any possibility of an electrical loop being formed between the

current source electronics and any of the other equipment in the lab via the mains

ground. The current from the current source passed down a pair of leads to the RuO2

chip thermometer. A second pair of leads connected to the thermometer were used

to probe the voltage drop across the sample generated by the current. These leads

were also connected to the optically isolated current source, where the voltage signal

was amplified by a factor of 1000. After this amplification, the AC signal was passed

to the Lock-in amplifier. The very low currents generated by the optically isolated

current source were necessary to avoid self heating of the thermometer. Passing a

current through the sample generates power P = I2R, which, due to the very high

resistance of the RuO2 thermometer at base temperature (∼ 25 kΩ), can have a

significant effect on the temperature of the thermometer, even if the sample and

other components are at a lower temperature. The current amplitude was tuned to

minimise noise in the measured resistance while at the same time minimising self

heating of the thermometer.

Oscillations in the temperature measured by the RuO2 thermometer were gener-

ated by passing a very low frequency sinusoidal current through the heater connected

to the sample platform. This current was generated by a Keithley 6221 programmable

current source. Typical currents used in experiments were of the order of 10 µA. The

current supplied had frequency f , while the temperature oscillations will had fre-

quency 2f , as the power generated by a heater is given by P = I2R, and the product

of two sine waves of frequency f , is a sinusoid with frequency 2f , along with a con-

stant offset that can be neglected. As previously mentioned, the frequency of the

temperature oscillations used was of the order of 10−2 Hz.

In order to be able to determine exactly how much heat was added to the sample-

heater-thermometer-platform system, a voltmeter was connected across the heater on

the sample platform, such that a four wire measurement of the resistance of the heater

was performed at the same time the heat was applied to the system. This allowed

the heat added to the system to be easily calculated via the relation P = IV , where
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I is the amplitude of the current sine wave and V is the amplitude of the voltage sine

wave. This meant that any variation in the resistance of the heater as a function of

temperature or magnetic field did not lead to inaccuracies in the calculated amount

of heat entering the system.

In order to vary the temperature of the apparatus, current was passed through the

heaters connected to the thermal bath. This was done using a simple programmable

DC current source (Keithley 224). This current source was used to generate a

smoothly ramping current as a function of time, which lead to a steadily increas-

ing power generated by the thermal bath heater, leading to a smooth increase in the

temperature of the experiment.

All of the electronics used in the experiment were connected to a control com-

puter running the Fridge Control package, created by various members of the Coldea

Group for the primary purpose of running heat capacity experiments. This Python

based software allowed for the simultaneous control and readout of multiple different

experimental components. It allowed for the generation of oscillating heat using the

AC current source, whilst simultaneously recording the resistance of the RuO2 ther-

mometer via the optically isolated current source and Lock-in amplifier, and changing

the background temperature of the experiment by slowly varying the current supplied

by the DC current source. All of the inputs to and outputs from the electronics were

then stored to a time indexed text file for later processing.

2.5 Analysis Procedure and Test Measurement on

Cs2CoCl4

This section will discuss the data collected during a heat capacity experiment, and how

it is analysed to determine the heat capacity of a sample via zero field measurements

on a single crystal sample of Cs2CoCl4, a quasi-1D XY antiferromagnet with a phase

transition near 220 mK. First, the various variables controlled and measured during
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the experiment are discussed, and how they are converted into the physical quantities

necessary to compute the heat capacity of the sample from the experimental data.

Then the calculated heat capacity are compared to literature values, and a scaling

factor necessary to account for the experiment construction will be determined.

2.5.1 Analysis Procedure

The variables recorded during a heat capacity experiment were: voltage across the

RuO2 thermometer, voltage across the sample heater, the amplitude of the AC current

through the heater, and the frequency of the AC current through the heater. These

values were recorded as a function of time by the Fridge Control package for later

analysis.

In order to convert these into physically relevant quantities, several steps were

taken. Figure 2.8 shows the data collected during a heat capacity experiment, and

the various steps involved in converting that data into a value for the sample heat

capacity. The first step was to convert the voltage signal measured by the Lock-in

Amplifier into resistance, by dividing by the current supplied by the optically isolated

current source. The resulting signal as a function of time is shown in Fig. 2.8(a). The

inset of Fig. 2.8(a) shows a small section of the signal, revealing oscillations in the

resistance due to oscillations in the temperature of the sample. These oscillations are

due to the AC current applied to the heater attached to the sample platform. Figure

2.8(b) shows a typical voltage oscillation in the sample heater due to the applied

current. The red line in Fig. 2.8(b) is a least squares fit to the voltage, performed

in order to determine the amplitude of the voltage oscillations. Using this fitted

amplitude, along with the amplitude of the applied current, the power applied to

the system was determined without relying on the assumption that the heater has

a constant resistance as a function of temperature and applied magnetic field. This

power was a key component in computing the heat capacity via Eqn. (2.20).

Once the thermometer voltage was converted into resistance, each resistance value
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Figure 2.8: Figure showing the raw data collected during a heat capacity experiment
and how it is converted into a value for the heat capacity. (a) shows the resistance
of the RuO2 thermometer resistance as a function of time, obtained by dividing the
voltage measured with the Lock-in Amplifier by the applied current. The inset shows
oscillations in the resistance superimposed on the steadily decreasing background. (b)
shows a typical oscillation in the voltage across the heater, the heat supplied to the
system will behave as the square of this signal. (c) shows the resistance in (a) con-
verted into temperature. (d) shows a small portion of the data in (c), corresponding
to the same time window as in (b) showing the temperature oscillations, illustrating
that their frequency is double that of the current/voltage oscillations in the heater. (e)
shows the amplitude of the temperature oscillations plotted against the background
temperature, showing a sharp drop in the amplitude of the oscillations at Tc = 227(2)
mK, which corresponds to a peak in the heat capacity, shown in (f). The red lines in
(b) and (d) represent least squares fits to the data.
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can be equated to a temperature via the resistance to temperature conversion func-

tions in Appendix A. This created a temperature signal as a function of time, shown

in Fig. 2.8(c). This signal shows a steadily increasing average temperature as a

function of time. The increasing temperature was achieved by the application of a

smoothly increasing current to the heaters connected to the thermal bath of the heat

capacity apparatus. Figure 2.8(d) shows a small portion of the temperature signal

from Fig. 2.8(c), showing the small oscillations in temperature superimposed on the

increasing background temperature. These oscillations lead to the finite width of the

data plot in Fig. 2.8(c). The highlighted “narrow” point in the data, indicates the

point in time where the amplitude of the oscillations is minimised. As the heat ca-

pacity is inversely related to the heat capacity, this minimum corresponds to a peak

in the heat capacity, indicating the presence of a phase transition. A comparison of

Figs. 2.8 (b) and (d), showing the voltage and temperature oscillations in the same

time window respectively confirms that the frequency of the temperature oscillations

is twice that of the applied current oscillations, as expected given the relationship

between the applied current, voltage, and the resulting power from the heater.

The red line in Fig. 2.8(d) is a least squares fit to the temperature signal. The

fitting function is given by

f = A sin (ωt+ φ) +Bt+ C, (2.23)

where A, φ, B, and C are free parameters, ω is the frequency of the oscillation, and

t is time. A is the amplitude of the temperature oscillations, while Bt + C at the

mid-point of the fitted signal determines the background temperature. These two

values are plotted, with the amplitude of the oscillations plotted as a function of

the background temperature, in Fig. 2.8(e). The minimum in the amplitude of the

temperature oscillations is clearly seen, at Tc = 227(2) mK. Using the amplitude

of the temperature oscillations, the power applied to the sample by the heater, and

the frequency of the temperature oscillations, the heat capacity of the sample was
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determined, as shown in Fig. 2.8(f), where the calculated heat capacity has been

normalised by the number of moles of Cs2CoCl4.

Optimal Frequency Determination

In order to determine the optimal frequency for the heat capacity measurement, to

maximise 1−δ (from Eqns. (2.20) and (2.21)), a frequency sweep at base temperature

was performed before each experiment. To perform such a sweep, a constant ampli-

tude oscillating current was applied to the sample heater, and the frequency of the

oscillations was varied. By measuring the amplitude of the temperature oscillations

at fixed temperature as a function of frequency, it was possible to compute a value

proportional to 1− δ. By inverting Eqn. (2.20) one obtains

ω· | T̃ |= Q̇0

2C
(1− δ) ∝ 1− δ, (2.24)

where Q̇0/2C forms a proportionality constant if the experiment is performed at fixed

temperature. Figure 2.9(a) shows the results of such a frequency sweep, indicating

that 10−2 Hz is an acceptable frequency for the heat capacity experiment.

The frequency dependence of the data in Fig. 2.9(a) provides some insight into

the effects of the changes to the heater-thermometer geometry in the experimental

apparatus. There does not appear to be any new effect on the frequency dependence

of the correction factor, with the frequency dependence matching that of Eqn. (2.21).

Based on the frequency dependence, the only effect of the altered apparatus geometry

is likely to be a scaling factor applied to the temperature oscillation amplitude. This

scaling factor will arise because the heat supplied by the heater can escape through

the thermal link before it reaches the sample and the thermometer. By comparing the

raw heat capacity data to values in the literature, it should be possible to determine

this scaling factor. Another possibility is a rescaling of the internal relaxation time

τint, as this is defined by the thermal links between the components of the system,

but as long as the condition ωτint � 1 is maintained, the sample, platform, heater,
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and thermometer will be in thermal equilibrium.

Figure 2.9: (a) shows the results of frequency sweep measurements using the AC heat
capacity apparatus at approximately constant temperature. The plateau as a function
of increasing frequency of the temperature oscillations indicates the optimal frequency
for the heat capacity measurements. The frequency chosen for the experiments was
10−2 Hz. (b) shows the raw results of heat capacity measurements on Cs2CoCl4
compared to the literature values from Refs. [78, 79].

2.5.2 Test Measurement: Cs2CoCl4

Cs2CoCl4 is a spin−1/2 Quasi-1D XY -like antiferromagnet [80]. Its main property

of interest for the purposes of this work is the sharp peak in its heat capacity at

Tc = 222 ± 5 mK [78], due to the onset of three dimensional long range magnetic

order. This is well within the accessible temperature range of the heat capacity

apparatus, making it an ideal test material for the apparatus, by ensuring that it

would reproduce known results before using it to test new materials. Additionally,

high quality samples of this material were readily available.

The sample used for these measurements was grown from solution by Dr. Zbigniew

Tylczynski of Adam Mickiewicz University, Pozna, Poland. The sample used had a

mass of 6.2(1) mg, with dimensions 2.0 mm ×1.75 mm ×533µm, and was cut so

that the orthorhombic a axis of the crystal was perpendicular to the large face of the

sample.

Figure 2.9(b) shows raw heat capacity data for Cs2CoCl4, composed of the data
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shown in Fig. 2.8(f), combined with data from additional temperature sweeps. For

this plot, the heat capacity of the silver sample platform, taken from de Nobel and du

Chatenier [81] was subtracted from the data. Even with the main contribution from

the addenda removed from the data, it can clearly be seen that the heat capacity

of the sample of Cs2CoCl4 was significantly overestimated. As previously discussed,

this was due to the geometry of the thermometer-sample-platform-heater arrangement

used to perform the experiment. As the thermal link between the sample platform and

the thermal bath was between the heater and the sample-thermometer component of

the system, some portion of the heat supplied by the heater escaped via the thermal

link, rather than affecting the sample temperature. This lead to reduced temperature

oscillation amplitudes compared to those expected based on the actual heat capacity

of the sample and the amount of heat supplied by the heater.

Fortunately, the two sources in the literature reporting the low temperature heat

capacity of Cs2CoCl4, show a temperature range (290 − 500 mK) where the heat

capacity of Cs2CoCl4 is consistent between the two data sets. By scaling the measured

heat capacity of Cs2CoCl4 to match the literature values in this range, it was possible

to determine the ratio of the heat that enters the sample and affects its temperature

to the heat supplied by the heater, which was found to be 0.674(8). In Ch. 3, it will be

shown that this scaling factor also results in good agreement between measurements of

the high temperature heat capacity of Yb2Ti2O7 and results reported in the literature.

Figure 2.10(a) show the results of this scaling on the heat capacity data, achieving

good agreement between the experimental and literature values of the heat capacity

of Cs2CoCl4 in the temperature range 290 − 500 mK. In addition to this improved

agreement in the magnitude of the heat capacity of Cs2CoCl4, two other significant

features in the heat capacity of Cs2CoCl4 can be observed in Fig. 2.10(a). The AC

heat capacity measurements show a very sharp peak in the heat capacity of Cs2CoCl4

at Tc = 227(2) mK. This feature is consistent with transition temperatures reports in

by Algra et al. [78] and Breunig et al. [79] of Tc = 222(5) mK and Tc = 220(5) mK

respectively. The peak observed in the AC heat capacity measurements was much
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sharper than that observed in either of the two peaks from the literature. Algra et

al. [78] assign this phase transition to the family of transitions known as lambda

anomalies, continuous infinite order transitions, while Breunig et al. [79] suggest

that their heat capacity experiments contain evidence that the phase transition may

be first order. For either type of phase transition, a high resolution heat capacity

measurement can be expected to show an extremely sharp anomaly, consistent with

the anomaly observed here, suggesting that these measurements were more sensitive

than the previous measurements of the transition. The literature values of the heat

capacity of Cs2CoCl4 below the phase transition are not consistent between the two

measurements, so no comment can be made on the inconsistency of the new measure-

ments with the previous results. Also observed in the AC heat capacity measurements

is the broad maximum in the heat capacity of Cs2CoCl4 reported by Algra et al. [78],

indicative of the presence of a Schottky anomaly. This anomaly is associated with

exchange interactions within the Quasi-1D chains [78].

Figure 2.10: (a) shows the results of frequency sweep measurements using the AC heat
capacity with variations in sample temperature fully accounted for, and corrected for
loss of heat to the thermal link before reaching the sample. (b) shows the corrected
results of heat capacity measurements on Cs2CoCl4 compared to the literature values
from Refs. [78, 79], showing good agreement.

Figure 2.10(b) shows the effect of the scaling factor on the correction factor in Eqn.

(2.20), 1− δ. The quantity 2ω | T̃ | C/Q̇0 is equivalent to 1− δ via Eqn. (2.20). By

computing this quantity using the recorded temperature during the frequency sweep

shown in Fig. 2.8(a), and the computed heater capacity, a plateau as a function of
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frequency should be recovered, which should peak at an amplitude of 0.674(8) due

to the scaling factor. Examining Fig. 2.10 the peak of the correction factor is found

to be 0.669(3), indicating that excepting the reversed geometry of the heat capacity

apparatus, all of the requisite conditions on the various thermal conductivities within

the apparatus have been met. The values for τint and τs used for the fit to the data

are 5(1) s and ∼ 220(20) s respectively. The high uncertainty in τs is due to the fact

that the high frequency fall off in 1−δ is not well characterised. It is notable that the

value of τs is much greater than that expected based the on calculations in Section

2.4.2. As the value of τs is increased, not decreased, this is not a problem, as it serves

to ensure that the condition ωτs � 1 is more rigorously enforced.

2.6 Conclusions

This chapter has given an overview of the thermodynamics behind heat capacity

and its measurement. Its has also given a brief overview of the theory behind the

experimental design, and a brief description of both the apparatus design, and the

electronics used to perform the measurement. Finally, test measurements on Cs2CoCl4

have been described, and their success in reproducing previous experimental results

discussed. With the ability of the apparatus to measure heat capacities established,

it is now possible to move on to the measurements of interest in this thesis, the heat

capacity of Yb2Ti2O7.
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Chapter 3

Low Temperature Heat Capacity of

Yb2Ti2O7

This chapter presents the results of heat capacity measurements on a single crystal

sample of Yb2Ti2O7. Measurements in zero applied magnetic field show a single sharp

peak in the heat capacity at Tc = 214(2) mK, indicating that this is a high quality

sample. Heat capacity measurements performed in applied magnetic fields of up to 1.5

T along the [001] direction show that very small internal magnetic fields (µ0Hint ∼

0.018 T) completely suppress the peak in the heat capacity. This is consistent with

the low temperature phase of Yb2Ti2O7 having a net moment along one of the 〈001〉

directions, so that when the magnetic field polarises the paramagnetic phase along one

of those directions, the transition is replaced by a crossover. The in field heat capacity

is also used as an indirect probe of the excitations of the system. By fitting a broad

hump observed in the data using a simple two level model, a nominal energy gap to

the lowest energy excitation is extracted for varying applied magnetic fields.

3.1 Introduction

This chapter studies the heat capacity of Yb2Ti2O7 in order to place the sample

used in context with respect to the large body of literature on this material. As
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discussed in Chapter 1, the low temperature magnetic behaviour of single crystals of

Yb2Ti2O7 varies between samples, with some showing evidence of magnetic long range

order [17, 33, 37, 39, 41], while others show evidence of persistent magnetic dynamics

[5, 15, 16, 18, 20–22, 25, 36, 40]. Similarly, the low temperature heat capacity of single

crystal samples varies widely, as shown in Fig. 3.1, with different crystals showing very

different peaks in their heat capacity, both in terms of the temperature at which the

peak occurs, and the shape of the peak. In contrast, recent measurements on powder

samples of Yb2Ti2O7 consistently show an extremely sharp peak in the heat capacity

near T ∼ 265 mK (an early measurement of the heat capacity of a powder found

a single sharp peak at 214 mK). The differences in the low temperature magnetic

behaviour and heat capacity of single crystal samples appear to be correlated, as shown

in Table 3.1. Samples with small broad features tend to show evidence of persistent

magnetic dynamics, while samples with larger sharper anomalies (more like those

found in powder samples of Yb2Ti2O7), show evidence of long range magnetic order.

Outliers to this trend do exist, for example the heat capacity of the sample of Ross

et al. [25], which has been shown to display evidence of magnetic correlations but

no long range order at low temperatures, shows two features: one very similar to the

peak seen in the heat capacity of the powder sample used to synthesise the crystal

and the other similar to peaks in the heat capacities of samples that show evidence of

persistent magnetic dynamics at low temperatures. The sample of Bhattacharjee et

al. [41] shows indirect evidence of ferromagnetic order at low temperature, but while

large, the peak in the heat capacity of the sample used is quite broad. It should also

be noted that the sample of Bhattacharjee et al. [41] was produced in a manner much

closer to that used to produce the samples of Ross et al. [25] and Yaouanc et al. [26],

which show evidence of persistent magnetic dynamics.

The sample used in this work was grown using similar methods to those of Yasui

et al. [17], described in Appendix B. This method was used because the sample used

in the works of Yasui et al. [17], Chang et al. [33, 39], and L’Hotel et al. [37] shows a

single sharp peak in its heat capacity, most similar to those of stoichiometric powder
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Figure 3.1: The heat capacity of single crystal samples taken from the literature. The
samples of Ross et al. [25], Yaouanc et al. [26], D’Ortenzio et al. [36], and Robert
et al. [40] show weak features in the heat capacity at low temperatures (the sample
of Ross et al. [25] includes a second, sharp peak). The samples of Chang et al. [33]
and Bhattacharjee et al. [41] show larger features in their heat capacity, though the
feature of Bhattacharjee et al. [41] is quite broad. The heat capacity of Robert et al.
[40] is not included in as they do not make any measurements that probe whether or
not the sample shows magnetic long range order.

samples when compared to the heat capacity of any other single crystal sample in the

literature. The sample of Yasui et al. [17] and Chang et al. [33] also consistently

shows evidence of ferromagnetic long range order below that peak. That crystal has

also been shown via EXAFS measurements to have fewer defects and deficiencies than

a sample studied in the same work [33] produced using similar methods to the samples

of Ross et al. [25] and Yaouanc et al. [26], and which was found to have a smaller

broader peak in its heat capacity than that of the primary sample of Chang et al.

[33], similar to peaks seen in those works. In order to confirm that this new crystal

exhibits a single sharp peak in its heat capacity, the heat capacity of the sample has

been measured in the temperature range 100− 700 mK.
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Table 3.1: Heat capacity features of single crystal samples of Yb2Ti2O7, catalogued
from the literature, along with the low temperature magnetic behaviour observed in
those crystals.

Reference Feature Type T (mK) Magnetism Evidence

Chang
et al. [33]

Sharp Peak 196 LRO
Neutron scattering
[33], magnetisation
[37], and µSR [39]

Bhattacharjee
et al. [41]

Large Broad Peak 170 LRO
Ultrasound velocity
and attenuation
measurements

Ross
et al. [25]

Sharp Peak
Broad Feature

265
190

Persistent
Dynamics

Neutron scattering

Yaouanc
et al. [26]

Small Broad Peak 160
Persistent
Dynamics

Neutron scattering,
µSR, and Mössbauer
measurements [20]

D’Ortenzio
et al. [36]

Broad Feature 185
Persistent
Dynamics

µSR measurements

3.2 Sample

The sample used for the heat capacity measurements was cut from the end of the single

crystal described in Appendix B before performing the inelastic neutron scattering

measurements described in Ch. 5. The resulting sample is a thin square of dimensions

2.09(1) mm × 2.03(1) mm in cross section, a thickness of 1.01 mm, and a mass of

9.7(1) mg. This geometry was chosen to ensure good thermal coupling of the sample

to the sample platform and thermometer used for the heat capacity measurements.

Before the sample was cut, it was aligned such that one of the cubic axes of the crystal

was perpendicular to the large flat face of the crystal to within 1◦. This was done

using the back-reflection Laue method, discussed in Appendix C.

3.3 Zero Field Measurements

Figure 3.2(a) shows the results of heat capacity measurements on the single crystal

sample described in Section 3.2 in zero field, compared to the zero field heat capacity of
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the single crystal sample of Chang et al. [33]. The C(T ) measurements were performed

after the sample had been cooled to base temperature in zero field. Following this,

a magnetic field of 0.5 T was then applied to the sample, after which the magnetic

field was then reduced to the desired field value for the measurement. 0.5 T is much

larger than the field required to suppress the transition observed in the magnetisation

of single crystal samples [37], so this field should be sufficiently large to uniformly

polarise any domains in the low temperature phase. Figure 3.2(a) shows that the

peak in the heat capacity of the sample used in this work is larger (by a factor of

approximately ×1.5) and sharper (no low temperature shoulder is visible in the heat

capacity of the new sample) than the peak in the heat capacity observed by Chang

et al. [33]. The peak occurs at Tc = 214(2) mK, compared to Tc = 195 mK for

the sample of Chang et al. [33]. These features make this crystal the most similar

to stoichiometric powders in terms of low temperature heat capacity of any single

crystal sample produced to date. In fact, the transition temperature of this crystal is

the same as that of the powder sample of Blöte et al. [9], but not of more recently

grown powder samples [21, 25].

Figure 3.2(b) shows the quantity 2ω | T̃ | C/Q̇ (parameters as defined in Ch.

2.3.1) computed using the heat capacity shown in Fig. 3.2(a) and the frequency sweep

data used to determine the optimal frequency for performing the measurements. As

discussed in Chapter 2, this quantity should be equivalent to the frequency dependent

correction factor 1−δ, which should have a maximum of ∼ 1, but due to the correction

factor discussed in Ch. 2, is expected to have a maximum amplitude of 0.674(8). In

the case of these measurements, the peak correction factor is 0.666(3), within the

uncertainty of the theoretical value, at a frequency of 3.9× 10−3 Hz. The times

constants used to generate the theoretical curve for 2ω | T̃ | C/Q̇ in Fig. 3.2(b)

are τint = 5.4(5) s and τs = 180(20) s, which are similar to those found for the

frequency sweep performed during the test measurements on Cs2CoCl4. τs is slightly

smaller, but not significantly. The frequency of the temperature oscillations used for

the experiment was 5× 10−3 Hz based on this frequency sweep. The use of the same

79



correction factor for the amplitude of the temperature oscillations, to account for

the experiment geometry, is confirmed by the excellent agreement between the high

temperature (T > 0.45 K) heat capacity of this sample, the sample of Chang et al.

[33], and the powder sample of Ross et al. [25] shown in Fig. 3.2(a).

These measurements confirm that by following the growth method of Chang et

al. [33], a single crystal sample has been produced that is of as good, if not better,

quality than the crystal of Chang et al. [33], based on the fact that it has a larger

sharper peak in its heat capacity at T = 214(2) mK than that sample, and the trends

in heat capacity vs. sample quality reported in that work. This single sharp peak

also makes this the single crystal most similar to powder samples in terms of low

temperature heat capacity, though the observed peak is still not as sharp as that

observed in stoichiometric powders, as shown in the inset of Fig. 3.2(a).

Figure 3.2: (a) Heat capacity measurements on a single crystal of Yb2Ti2O7 compared
to previously published measurements on a single crystal samples by Chang et al. [33].
Inset compares the heat capacity of this sample to the heat capacity of a powder taken
from Ross et al. [25]. (b) Frequency sweep showing the amplitude of 2ω | T̃ | C/Q̇ as
a function of the frequency of the temperature oscillations induced in the sample via
AC heating. The green line is an approximation to the expected behaviour based on
Eqn. (2.21) and an additional scaling factor derived from test measurements.
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3.4 Measurements in Applied Field

In addition to characterising the sample to determine its quality with respect to other

crystals, heat capacity is useful for studying the temperature-magnetic field phase

diagram of Yb2Ti2O7. This was done by performing heat capacity measurements in

various applied magnetic fields of up to 1.5 T along the [001] axis of the sample. All of

the measurements were performed in the same manner as the zero field measurement,

with a 0.5 T magnetic field being applied to the sample at base temperature, before the

field was reduced to the field at which the measurement was performed. The results

of these measurements are shown in Fig. 3.3(a). The frequency of the temperature

oscillations used for the in field measurements varied slightly from those of the zero

field measurements, but the resulting change in the frequency dependent correction

factor is small, and has been accounted for using scaling factors determined from the

data in Fig. 3.2(b).

Figure 3.3(a) clearly shows that increasing the applied field along [001] results

in a rapid suppression of the sharp peak in the heat capacity at T = 214(2) mK

(indicated by the dashed red line in Fig. 3.3, with the peak decreasing in amplitude

upon increasing the applied field, before disappearing completely in an applied field

of 0.125 T. This is equivalent to an average magnetic field within the sample, after

correcting for demagnetisation effects (see Appendix D), of µoHint = 0.036 T. The

temperature of the peak does not change within error bars in increasing field.

In other works on Yb2Ti2O7, this peak has been associated with a first order phase

transition to a ferromagnetically ordered phase at low temperatures, based on ther-

mal hysteresis of magnetisation measurements [37] and polarised neutron scattering

measurements [33]. The results reported here cannot indicate whether the observed

transition is first order or continuous, as the thermal hysteresis of the transition has

not been studied, and the fact that the AC heat capacity technique uses oscillations in

the temperature of the system would likely lead to any such hysteresis being smeared

away. The temperature oscillations will also lead to some suppression of the sharp-
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Figure 3.3: (a) Heat capacity measurements on Yb2Ti2O7 in applied magnetic fields
of 0−1.5 T (0−1.37 T internal field) along the [001] direction. The results show that
very small magnetic fields along this direction completely suppress the observed phase
transition, and introduce a Schottky-like anomaly that shifts to higher temperature
upon increasing the applied magnetic field. The zero field transition temperature
(214(2) mK) is indicated by the dashed red line. (b) A temperature-magnetic field
phase diagram created based on the peak in the heat capacity at low fields. The
blue points mark the temperature and internal field of measured peaks in the heat
capacity. The fields values used are the average internal field of the sample after
correcting for demagnetisation effects. The solid red line is a guide to the eye. FM and
PM correspond to “spontaneous ferromagnetic order” and paramagnetism. Strictly
speaking, the FM label should only apply at µ0Hint = 0 T and T ≤ Tc. represents the
phase boundary between the high temperature correlated paramagnetic phase and
the low temperature ordered phase for the fields at which a peak in the heat capacity
is observed. The dashed red line represents the field range between the largest field
at which the a peak in the heat capacity is observed, and the next measured internal
field, where the peak is no longer present.

ness of the peak, making differentiation between first order and continuous transitions

difficult.

In the proposed scenario for the low temperature phase of Yb2Ti2O7 of Chang

et al. [33], the ferromagnetic phase has six possible domains, corresponding to a

net magnetic moment along each of the 〈001〉 directions. An applied field along

[001] will select one domain, removing the necessity for a phase transition as the

symmetry of the high temperature paramagnetic phase has already been polarised by

the field, breaking the symmetry of the paramagnet, so that the phase transition will

be replaced by a crossover. If the phase transition is first order, it can be expected to

survive to finite field, but this field is very small. Alternatively, the persistence of the
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peak in finite fields may simply be due to the fact that the magnetic field inside the

sample is not uniform, and much smaller internal fields may be sufficient to suppress

the transition if they are uniform in the sample.

Griffiths [82] studied the case of a ferromagnet in an applied field, finding that the

applied field results in the studied phase transition being rapidly suppressed, with the

peak in the heat capacity being broadened and reduced in amplitude upon increasing

the field, similar to the effect shown in Fig. 3.3(a). The case of Yb2Ti2O7 is not

identical to that studied by Griffiths [82], as that work studied a ferromagnet that

undergoes a continuous phase transition, whereas in the case of Yb2Ti2O7 the phase

transition has been proposed to be first order [33, 37]. The two situations may still

be comparable because for the C(T ) scans in Fig. 3.3(a), the field has been applied

along one of the directions along which the ordered phase is expected to have a net

moment.

Using the peak as an indication of the presence of a phase boundary, a simple

temperature-magnetic field phase diagram for Yb2Ti2O7 in a magnetic field along

[001] can be constructed, as shown in Fig. 3.3(b). The magnetic field values used

in the phase diagram are the average internal magnetic field of the sample, after

correcting for demagnetisation effects. The phase diagram is empirical, and is not

intended to differentiate between points in the phase diagram where the peak in the

heat capacity represents a first order phase transition versus a crossover.

The only other work in the literature to present measurements of the heat capacity

in applied magnetic fields is that of Robert et al. [40]. They found that applying a

magnetic field to a single crystal of Yb2Ti2O7 of unknown orientation resulted in the

temperature of the transition being increased significantly (an applied field of 100

mT lead to a peak temperature of ∼ 300 mK, as opposed to 175 mK in zero field),

while the size of the peak is reduced in increasing field. This result is consistent

with the magnetisation measurements of L’Hotel et al. [37] in a field applied along

the [110] direction of a single crystal sample, who found that a field applied in that

direction leads to an increased temperature for the transition observed in the magnetic
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susceptibility.

3.5 Schottky-Like Anomaly

In addition to the sharp peak seen in the heat capacity in Fig. 3.3(a), in the presence

of even the smallest applied field, a second distinct feature in the heat capacity can

be seen, a broad hump, the peak of which increases in temperature with increasing

applied magnetic field. As discussed in Ch. 2.2.3, such peaks are usually due to the

presence of a gap to excited states in the system, and are referred to as Schottky

anomalies. The fact that such a feature does not exist in the zero field heat capacity

implies that in zero field the magnetic excitations are either gapless or have a very

small gap.

Figure 3.4 shows the measured heat capacity of Yb2Ti2O7 for applied fields µ0H =

B ≥ 0.125 T along [001]. Lower fields are not shown as the heat capacity at those

fields includes two features (the sharp peak and the broad hump) and it is difficult to

separate the contributions of the two. The heat capacity shown is only the magnetic

component of the heat capacity, obtained by subtracting the high field (B = 1.5 T)

heat capacity from the data; this high field data is considered to have a minimal

magnetic contribution as the large applied field has shifted the hump completely out

of the temperature range measured. Extrapolating based on the change in the peak

temperature as a function of field at low fields leads to a peak temperature of ∼ 3

K, while estimates based on the spin wave spectrum measured by neutron scattering

(See Fig. 5.2(f) in Ch. 5.2.1) give a peak temperature of ∼ 2 K, both of which are

well outside the temperature window studied. In order to subtract the high field data

from the other data sets, a linear fit was used to parametrise the data, and this fit

was subtracted from the lower field data sets.

The obvious excitations to expect in a ferromagnetically ordered system are magnons,

as discussed in Chapter 6. Using the exchange Hamiltonian of Ch. 6, based on fits

to high field magnon dispersions, the heat capacity resulting from the magnon dis-
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Figure 3.4: (a-e) Magnetic heat capacity of Yb2Ti2O7, along with (solid green lines)
calculations of the spin wave heat capacity, based on the results of fits to neutron
scattering, and (solid red lines) the result of fits to the data using a two level Schottky
anomaly model (See Eqn. (2.14)). The inset in (d) shows ln (CT 2) vs 1/T , computed
using the heat capacity data from (d). The dashed red line in the inset shows the
linear fit used to determine the gap ∆ between the ground and excited states of the
model. The red lines in (a-e) are based on these fits. (f) The values of the excitation
gap ∆ extracted from fits to ln (CT 2) vs 1/T as a function of the internal magnetic
field of the sample, showing a non-linearly increasing gap in increasing applied field,
the dashed line is guide to the eye.

85



persion relations shown in Fig. 6.10 at low fields (computed by Dr. Paul McClarty)

are shown as solid green lines in Fig. 3.4(a-e), compared to the measured magnetic

heat capacity. From this comparison it can be seen that the magnon heat capacity is

a poor description of the hump in the heat capacity for all of the fields measured up

to µ0Hint = 0.39 T, though the fit does appear to be improving at µ0Hint = 0.39 T.

In an attempt to determine what type of excitations lead to the observed hump in

the heat capacity, various excitation density of states were used to attempt to fit the

observed hump in C(T ), but none of the proposed excitation spectra provided a good

description. Instead, a simplified model has been used to parametrise the data and

and extract a notional physical parameter that characterises the excitations, namely

∆ the energy gap to the lowest energy excited state. The simplified model used is a

two level system with a non-dispersive excitation. The heat capacity of this model is

described by Eqn. (2.14). The established method in the literature [67] for extracting

an energy gap for the excitation based on this model from heat capacity data is to

fit a straight line to ln (CT 2) as a function of 1/T below the peak of the Schottky

anomaly. If kBT � ∆, then Eqn. (2.14) can be approximated as

CSchottky ≈ NAkB

(
∆

kBT

)2

exp

(
− ∆

kBT

)
, (3.1)

assuming non-degenerate ground and excited states. Taking the logarithm of Eqn.

(3.1) multiplied by T 2 results in

ln
(
CT 2

)
≈ ln

(
NAkB

(
∆

kB

)2
)
− ∆

kBT
(3.2)

≈ a− b 1

T
(3.3)

which shows that for temperatures sufficiently below the excitation gap, there is a

simple linear relationship between ln (CT 2) and 1/T , and the slope of the resulting fit

will be the excitation gap in units of temperature. The inset of Fig. 3.4(d) shows such

a fit, performed using the heat capacity data measured in an average internal field of
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µ0Hint = 0.194 T, shown in the main panel of Fig. 3.4(d) to Eqn. (3.3) (varying a

and b parameters).

The excitation energy gap determined from fitting the data shown in Fig. 3.4(a-e)

is shown at the top of each panel and plotted as a function of the internal magnetic

field of the sample in Fig. 3.4(f). The results of using these fitted energy gaps in Eqn.

(2.14) to compute the heat capacity are shown as solid red lines in Fig. 3.4(a-e). It can

be seen that for temperatures much less than the peak temperature of the hump in the

data, the Schottky anomaly is a reasonable approximation of the data, though the fit

breaks down at and above the temperature of the peak of the hump. This is expected

due to oversimplification of the model, in that it only considers two non-dispersing

energy levels. Examining low field inelastic neutron scattering measurements shown

in Fig. 5.2, it is clear that the observed excitations are not only a single non-dispersing

excitation, though the lower bound of the scattering along (h, 0, 0) is dominated by

an intense non-dispersing mode in small applied magnetic fields. The existence of an

intense non-dispersing mode lends some credence to the use of the simple two level

model with a non-dispersing excitation to fit the hump in the heat capacity, while the

existence of the higher energy continuum scattering may explain the discrepancies at

temperatures above the peak of the hump. The notional excitation gaps extracted

from the heat capacity data will be compared to energy gaps extracted directly from

neutron scattering measurements in Chapter 6.

Examining Fig. 3.4(f), it can be seen that the gap increases non-linearly as a

function of the internal magnetic field. The rate of increase at very low fields is

particularly sharp, as the zero field data shows no evidence of a hump, implying that

in zero field, the magnetic excitations are gapless within error. It will be shown in Ch.

5 that inelastic neutron scattering also finds that the zero field magnetic excitations

are essentially gapless (within error).
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3.6 Conclusions

In this chapter is has been shown that the heat capacity of the single crystal sample

of Yb2Ti2O7 used in this work shows a single sharp peak at Tc = 214(2) mK in

zero field. This feature is consistent with, even sharper and at occurring at slightly

higher temperature, compared to the peak observed by Chang et al. [33] in their

single crystal produced using similar methods. This single sharp peak means that

the sample used in this work is of very good quality, based on the work of Chang et

al. [33], who showed that samples with sharper single peaks in their heat capacity

had reduced vacancies of Yb3+, Ti4+, and O2− ions compared to samples with smaller

peaks in their heat capacities.

Additionally, it has be shown that applying a very small magnetic field (µ0Hint ∼

0.018 T) along the [001] direction rapidly suppresses the peak observed in the heat

capacity. This peak is associated with a first order phase transition into a ferromag-

netically ordered low temperature phase [37], with a net moment along one of the

〈100〉 crystallographic directions. The applied field has no significant effect on the

temperature of the transition, only reducing the size of the peak observed in the heat

capacity. This behaviour is consistent with the phase transition being to a phase with

a net moment along [001], as the magnetic field polarises the high temperature param-

agnetic phase, rapidly turning the phase transition into a crossover as in the presence

of the applied field there is no longer any spontaneous symmetry breaking occurring,

i.e. the high temperature paramagnet already has a field induced polarisation along

the field direction.

Finally, the observed hump in the finite field heat capacity of Yb2Ti2O7 has been

fit using a simple two level Schottky anomaly model, in order to extract a notional

energy gap to the lowest energy excitation in the system. The extracted gap increases

in applied magnetic field, and will be compared to the energy gap in the inelastic

neutron scattering in applied magnetic field, shown in Chapter 5.
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Chapter 4

Neutron Scattering

This chapter provides an overview of why neutron scattering is a useful technique for

condensed matter physics, and how neutrons probe structural and magnetic order, and

magnetic excitations. The properties of neutrons that make them particularly useful

for probing condensed matter systems are discussed, followed by a description of how

the quantity measured in experiment, the number of neutrons scattered into a solid

angle per unit time is related to how neutrons interact with ionic nuclei and magnetic

moments. In particular the theory of how the magnetic moments present in a system

give rise to both elastic and inelastic neutron scattering is discussed. After this, a

brief description of the technique behind time of flight neutron spectrometers operate is

provided, as all of the neutron scattering measurements in this thesis were performed

using this technique. The production of neutrons for scattering is also discussed,

along with the relatively new technique of performing “Horace” scans, multi-sample-

orientation scans that allow for the construction of four dimensional (three reciprocal

space dimensions and energy) data sets that have several advantages over traditional

single orientation inelastic neutron scattering data sets.

89



4.1 Introduction

Neutron scattering is a very versatile tool in the investigation of condensed matter

systems, and magnetic systems in particular. There are several aspects of neutrons

that make them particularly suited for this purpose, which are laid out very well

in Squires [83]. The first such property is that the mass of the neutron leads to a

de Broglie wavelength for thermal neutrons that is on the order of the inter-atomic

distance in solids and liquids, that is, Angstroms. This means that interference can

occur between the wave functions describing the neutrons being scattered by the

ions in a material, yielding information about the material’s structure. The second

important property is that neutrons do not possess a charge. This allows the neutrons

to penetrate into the bulk of materials, unlike charged particles, which would be

scattered by interaction with the charged particles (protons and electrons) in the

atoms that make up the material being studied and only penetrate a small distance

under the surface. For the same reason, the lack of a charge on the neutron means

that it it can closely approach the nuclei and interact with the nucleus via nuclear

forces rather than than electromagnetic forces. This results in the scattering cross

section for neutrons of various nuclei being different from that for x-ray scattering,

allowing neutrons to probe the structures of materials where x-rays cannot. Another

useful property of neutrons is that the energy of thermal neutrons is similar to that

of the excitations in materials, meaning that neutrons are ideally suited to probe

these excitations. Finally, neutrons possess a magnetic moment, which allows them

to weakly interact with unpaired electrons in materials. This makes neutrons useful

for obtaining information about the spins and spatial distributions of the electrons

in materials, and it means that information about magnetic excitations in materials

can be gained through the measurement of inelastic neutron scattering, which is the

primary use of neutrons in this thesis. This chapter will provide a basic overview of

the key aspects of the theory of neutron scattering by magnetic materials, which are

explained in detail in Squires [83] and Lovesey [84].
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4.2 Scattering Theory

The quantity which is measured in a neutron scattering experiment is the number of

neutrons scattered per second by a sample into a detector. Fig. 4.1 shows the basic

layout of such an experiment. In order to derive any understanding about the system

being studied, it is necessary to understand how this scattering arises.

To begin, the scattered intensity in neutrons per second for neutrons scattered

into a detector with energy detection range ∆E ′ and solid angle detection range ∆Ω

is defined as

I = Φη
dσ2

dE ′dΩ
∆E ′∆Ω, (4.1)

where Φ is the incident neutron flux (number of neutrons incident on the sample

per second), and η is the efficiency of the detector. The quantity dσ2

dE′dΩ
is called the

partial differential cross-section, and gives the fraction of incident neutrons with some

incident energy E scattered within the solid angle range dΩ and in the energy range

E ′ to E ′ + dE ′ [84].

k

-k'
Q

2ϴ

k

k'

Detector
ΔΩ

Sample

Neutron
Source

Φ

Figure 4.1: Schematic diagram of the geometry of a basic neutron scattering exper-
iment, showing incident and scattered neutrons, the neutron source, and detector.
Also shown is the scattering triangle the reciprocal space vectors k, k′ and Q.

The neutrons incident on the sample are defined by their wave-vector k and spin

state σ, and when they are scattered, leave the system with wave-vector k′ and spin

state σ′. Together, these two variables define the state of the neutron, and can be
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expressed as the state |kσ〉 for the incident state, and |k′σ′〉 for the scattered state.

The state of the sample is defined as |λ〉 before the scattering event and |λ′〉 afterwards.

If we treat the neutron and sample as one system, they are described by the product

states |λkσ〉 and |λ′k′σ′〉 before and after the scattering of the neutron respectively.

If the potential via which the neutron interacts with the sample, V , is assumed to be

weak enough to be treated as a perturbation to the system, then the scattering rate

can be computed using Fermi’s Golden Rule giving [83, 84]

Wkσλ→k′σ′λ′ =
2π

~
ρk′|〈k′σ′λ′|V |kσλ〉|2, (4.2)

where ρk′ is the density of scattered states per unit energy. Using the functional form

of ρk′ and normalising Wkσλ→k′σ′λ′ by the flux of incident neutrons gives [84]

dσ

dΩkσλ→k′σ′λ′
=
k′

k
|〈k′σ′λ′|V |kσλ〉|2. (4.3)

If the energy of the scattering system is allowed to change, that is Eλ 6= Eλ′ , then

d2σ

dΩdE ′ kσλ→k′σ′λ′
=
k′

k

( m

2π~2

)2

|〈k′σ′λ′|V |kσλ〉|2δ(~ω + Eλ − Eλ′), (4.4)

where the delta function ensures that the energy of the total neutron sample system

is conserved. ~ω is the energy transferred from the neutron to the sample, and is

defined as

~ω =
~2

2m
|k′2 − k2|, (4.5)

where m is the mass of the neutron.

Finally if Eqn. (4.4) is summed over all of the initial and final states of the

scattering system, and the initial and final spin states of the neutron, the partial

differential cross-section is obtained [84]:

d2σ

dΩdE ′
=
k′

k

( m

2π~2

)2∑
λ,λ′

ρλ
∑
σ,σ′

ρσ|〈k′σ′λ′|V |kσλ〉|2δ(~ω + Eλ − Eλ′). (4.6)
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Here ρλ is the probability of the scattering system being in a state λ when the

neutron is scattered, and ρσ is the probability that the incident neutron has spin σ.

It should be noted that the neutron is spin half, so that the sum over σ is over only

two states.

In order to proceed any further in understanding the theory behind the scattering

of neutrons by any system, it is necessary to define the scattering potential, V , which

varies depending on the type of scattering system. The next two sections will discuss

two different types of scattering: nuclear scattering and magnetic scattering. Before

introducing a specific form of scattering potential, there is one further step that can be

taken. If the scattering potential is not dependent on the momentum of the incident

neutron, k, which is true for all of the forms of scattering discussed in this work, then

the Fourier transform of the scattering potential can be taken without specifying the

form of V . This is useful as it gives the partial differential cross-section as a function

of Q = k − k′, the quantity which neutron scattering is traditionally plotted as a

function of. The Fourier transformed potential is defined as:

V (Q) =

∫
V (R) exp(iQ ·R)d3R. (4.7)

This gives the final form of the partial differential cross-section:

d2σ

dΩdE ′
=
k′

k

( m

2π~2

)2∑
λ,λ′

ρλ
∑
σ,σ′

ρσ|〈σ′λ′|V |σλ〉|2δ(~ω + Eλ − Eλ′), (4.8)

where the k,k′ dependence of the expectation value of the potential operator has

been removed, as the potential is by definition not dependent on the momentum of

the neutron.

4.2.1 Nuclear Scattering

The partial differential cross-section for scattering of neutrons via the interaction with

the atomic nuclei in materials is a useful quantity, as it allows neutrons to be used to
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gather information about the crystal structure of materials.

The interaction potential for nuclear scattering is given by [83]:

Vj (Q) =
2π~2

m
bj. (4.9)

Here m is once again the mass of the neutron, and bj is the scattering length of the

j th nucleus. The scattering length is an abstraction of the ability of a nucleus to

scatter neutrons. b varies strongly on an element by element basis.

Neutron scattering based on this form of interaction potential takes two forms,

referred to as coherent and incoherent scattering [83]:

d2σ

dΩdE ′
=

(
d2σ

dΩdE ′

)
coh

+

(
d2σ

dΩdE ′
.

)
inc

(4.10)

By using the potential form in Eqn. (4.9) and changing the delta function in Eqn.

(4.8) to its integral form, these two terms can be expressed as [83]:

(
d2σ

dΩdE ′

)
coh

=
σcoh
4π

k′

k

1

2π~
∑
j,j′

∫ ∞
−∞
〈exp{−iQ ·Rj′(0)} exp{iQ ·Rj(t)}〉 exp(iωt)dt,

(4.11)

and

(
d2σ

dΩdE ′

)
inc

=
σinc
4π

k′

k

1

2π~
∑
j

∫ ∞
−∞
〈exp{−iQ ·Rj(0)} exp{iQ ·Rj(t)}〉 exp(iωt)dt.

(4.12)

In these forms, the sum over the states λ, and λ′ are contained in the statistical

average 〈. . .〉, and the sum over the neutron polarisation is dropped, as the nuclear

scattering potential has no spin dependence. The two scattering cross-sections, σcoh,

and σinc are defined as [83]

σcoh = 4π(b)2, (4.13)

and

σinc = 4π{b2 − (b)2}, (4.14)
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where the overline indicates an average over all the nuclei in the scattering system.

The important features to note are that the coherent scattering in Eqn. (4.11) arises

from scattering from nuclei at different positions Rj and R′j at different times in

addition to the same nucleus at different times when j = j′, leading to interference

effects, which can provide information about the physical structure of the systems

[83]. The incoherent term comes only from the same nucleus at different times, and

cannot generate interference terms, only a flat background [83].

4.2.2 Magnetic Scattering

The partial differential cross-section of most relevance to this thesis is the cross section

for magnetic scattering. The origin of this scattering is the interaction of the magnetic

dipole moment of the neutron with magnetic fields present in the sample. These

magnetic fields have two sources, the spin of unpaired electrons in ionic orbitals, and

the angular momentum of the orbitals of those same electrons. The magnetic field

arising from the moments of unpaired spins is given by [83]:

BS = ∇×A, (4.15)

where

A =
µ0

4π

µe × R̂

R2
. (4.16)

Here µe is the electron magnetic moment, R is the vector that describes an electrons

position relative to the nucleus, and R̂ is a unit vector along the direction of R.

The magnetic field in the sample arising from the orbital angular momentum of the

unpaired electrons is given by [83]:

BL =
−µBµ0

2π

p× R̂

R2
, (4.17)

where µB is the Bohr magneton, and p is the momentum of the electron in its orbital.

If we combine these two fields into the quantity B = BS + BL, then the potential
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describing the interaction of the neutrons magnetic moment with the magnetic fields

inside the sample is given by [83]:

V = µn ·B, (4.18)

where µn is the magnetic moment of the neutron, equal to −γµNσ. γ = 1.913 is the

gyromagnetic ratio, µN is the nuclear magneton, and σ is the Pauli spin operator for

the neutron [83].

In this work, the system of interest is one where the magnetism has both spin and

orbital angular momentum components, with large spin orbit coupling. The electronic

configuration of Yb3+ (the magnetic ion in Yb2Ti2O7) is 4f 13, with a single hole in

the valence orbital [12]. The ground state manifold of this state is 2F7/2, so J = 7/2

is the good quantum number which describes the system. This means both terms in

in B must be kept in the calculation of the magnetic cross-section.

In order to proceed further, certain assumptions about the electrons in the system

must be made. In this work, the magnetism of interest is due to localised moments.

Based on this, it can be assumed that the electrons are localised in position near their

associated atomic nuclei. For simplicity, it is assumed that these nuclei are located

in a crystal on a Bravais lattice (Yb2Ti2O7 has an additional sublattice structure,

but this does not fundamentally change the neutron scattering). Additionally, the

presence of spin-orbit coupling is assumed, so that the electron and orbital angular

momenta combine to form total spin and orbital angular momenta, L and S, which

combine to form the total angular momentum J = L + S [83]. In order to obtain a

simple form for the magnetic scattering due to magnetic moments described by J , the

dipole approximation [83, 84] is used, which requires that |Q|−1 is large compared to

the mean radius of the electron orbitals. Finally, for simplicity, it is assumed that all

of the magnetic ions in the system are identical. Using all of these assumptions and

approximations,and inserting the magnetic scattering potential given in Eqn. (4.18)

into Eqn. (4.8), the resulting partial differential cross-section for unpolarised neutrons
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is given by [83]:

d2σ

dΩdE ′
=

(
γµ0e

2

4πme

)2
k′

k
exp(−2W )

g2
J

4
|F (Q)|2

∑
α,β

(
δαβ − Q̂αQ̂β

)
Sαβ (Q, ω) . (4.19)

Here me is the mass of the electron, and α and β represent the Cartesian directions

x, y, z. gJ = (3J(J + 1) + S(S + 1)− L(L+ 1)) / (2J(J + 1)) is the Land$e g-factor,

equal to 8/7 for a free Yb3+ ion. F (Q) is the magnetic form factor, which is the Fourier

transform of the spatial density of the unpaired electrons in the system [83]. This term

is responsible for a decrease in the intensity of the magnetic scattering with increasing

|Q|. The term exp(−2W ) is referred to as the Debye-Waller term, and accounts for

thermal motion of the ions in the system. W is Q dependent, so this term has a

similar effect the the magnetic form factor. W is also temperature dependent, such

that this term has less and less effect on the intensity of the scattered neutrons as the

temperature of the scattering system is lowered. As such it is neglected in this work,

as all of the neutron scattering measurements in this work take place at millikelvin

temperatures and at small Q (where magnetic scattering is strong). Q̂α represents

the α component of the unit vector Q̂ in the direction of Q.

The most important features of Eqn. (4.19) are the term
(
δαβ − Q̂αQ̂β

)
, which

indicates that the neutron can only couple to magnetic correlations perpendicular

to Q, and the quantity Sαβ (Q, ω), which is the magnetic correlation function and

contains the information about the magnetic structure and excitations in the system

that are accessible in neutron scattering experiments. In a manner analogous to that

used for the nuclear scattering, the magnetic correlation function can be expressed in

terms of the total angular momentum as [83]:

Sαβ (Q, ω) = N
∑
j

exp (iQ ·Rj)
1

2π~

∫ ∞
−∞
〈Jα0 (0)Jβj (t)〉 exp(−iωt)dt, (4.20)

where Jj(t) is the time dependent total angular momentum operator for lattice site

j, and α = x, y, z specify the Cartesian components of that operator. 〈. . .〉 is the

average over the occupation of the various states of the scattering system. The term
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〈Jα0 (0)Jβj (t)〉 can be split into two parts, its value at t =∞ and a time varying term

[83], where the t = ∞ component gives rise to elastic magnetic scattering, and the

time varying term gives rise to inelastic magnetic scattering.

A more useful form for the magnetic correlation function is [84]:

Sαβ(Q, ω) =
∑
λ,λ′

ρλ〈λ|Jα(Q)|λ′〉〈λ′|Jβ(Q)|λ〉δ(Eλ − Eλ′ + ~ω), (4.21)

where ρλ is the probability that the scattering system is in the state λ, the delta

function ensures the conservation of energy in the neutron + sample system, and

Jα(Q) is the lattice Fourier transform of the α component of the magnetic moment

J. This quantity is defined as [84]:

Jα(Q) =
∑
j

e−iQ·RjJαj , (4.22)

where the sum is over all j magnetic ions, whose positions in the lattice are given by

Rj. The form of Jαβ(Q, ω) in Eqn. (4.21) is convenient for the calculation of inelastic

neutron scattering arising from linear spin wave theory, which will be discussed later

in this work.

A final aspect to discuss about magnetic neutron scattering is the relationship

between magnetic long range order and elastic neutron scattering. As mentioned

previously, elastic magnetic scattering arises from the t = ∞ limit of Eqn. (4.20).

Analogous to the discussion in Section 4.2.1, if the magnetic moments are on a regular

lattice, and form some kind of order (Ferromagnetic, Anti-ferromagnetic, etc.), it gives

rise to a series of magnetic Bragg peaks in the elastic neutron scattering. The partial

differential cross-section for elastic magnetic scattering can be expressed as [83, 84]:

(
dσ

dΩ

)
el

=

(
γµ0e

2

4πme2µB

)2

|Q̂× {M(Q)× Q̂}|2. (4.23)

Here, M(Q) is the Fourier transform of M(r), the magnetisation density operator,

which includes both spin and orbital components. The series of cross products with
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the wave vector transfer Q indicates that, as previously noted, only magnetic correla-

tions perpendicular to Q are coupled to the neutron. If we consider a single domain

Ferromagnetic crystal, where all the magnetic moments are ordered in one direction,

then M(r) is periodic with the unit cell of the crystal. This means that it is possible

to write [83]:

M(Q) =

∫
M(r) exp(iQ · r)dr = F(Q)

∑
j

exp(iQ ·Rj), (4.24)

where

F(Q) =

∫
cell

M(r) exp(iQ · r)d3r. (4.25)

The
∫

cell
indicates that the integral takes places over a single unit cell, as this is the

volume over which M(r) is periodic, and after this, the integral over all space is just a

sum over the number of unit cells. F(Q) is the magnetic unit cell structure factor [84],

which contains all of the information about the spatial structure of the magnetisation

in the system. By inserting Eqn. 4.24 into Eqn. 4.23, it is possible to obtain [83]:

(
dσ

dΩ

)
el

=

(
γµ0e

2

4πme2µB

)2

N
(2π)3

v0

exp(−2W )
∑
τ

δ(Q− τ )|τ̂ ×{F(τ )× τ̂}|2, (4.26)

where v0 is the volume of the unit cell, N is the number of unit cells in the sample,

and τ are the reciprocal lattice vectors of the crystal lattice of the system being

probed. From this it can be seen that the elastic neutron scattering that arises from

magnetic order in a Ferromagnetic system results in peaks in the number of neutron

being scattered at the reciprocal lattice vector locations, the same locations were the

coherent nuclear scattering also has peaks in the intensity of the scattered neutrons.

In the case of Antiferromagnetic systems, where one must consider a larger unit cell

than the structural unit cell, and M(r) becomes the staggered magnetisation, peaks

occur at reciprocal lattice vectors for the larger unit cell, in positions not occupied by

peaks in the coherent nuclear scattering.
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4.3 Time of Flight Neutron Spectroscopy

All of the neutron scattering experiments in this work were performed using the

direct time of flight inelastic neutron spectrometer LET at the ISIS neutron source

[85]. Furrer et al. [86] provides a basic introduction to how time of flight spectrometry

works, a brief description will be provided here.

Time of flight spectrometers work with fixed incident (direct geometry), or scat-

tered (indirect geometry) energy neutrons. For direct geometry the incident beam

energy is defined by a series of beam choppers (referred to as monochromators) that

filter neutrons by energy. On LET, these monochromators take the form of pairs

of counter rotating disks coated in neutron absorbing material placed in the beam.

These disk each have a small window that allow neutrons to pass through when it

crosses the beam. By controlling the relative phase of two pairs of counter rotating

disks, the energy of the incident neutrons may be selected.

If the energy of the neutron in some section of the scattering path is fixed (in the

direct geometry case, this is the incident energy), then the total time the neutron

spends traversing the instrument, along with the angle at which the neutron is scat-

tered is sufficient to fix the vector momentum and energy of the neutron on the side

of the experiment where it is not fixed. Using this relationship, the arrival time of

scattered neutrons relative to the arrival time of a short pulse of incident neutrons

at some specified point in the instrument is used to work out the wave-vector of the

scattered neutron (k′) and how much energy it gained from or lost to excitations in

the sample. Figure 4.2 shows a basic schematic diagram of the instrument, specific

details can be found in Bewley et al. [85].

To work out the arrival time, and scattering angle, the scattered neutrons are

detected by position sensitive detectors. These detectors take the form of long steel

tubes, filled with a combination 3He and other gasses, with a long wire running down

the centre of the tube. When a neutron passes through the tube, if it impacts a 3He
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Figure 4.2: Schematic diagram of a direct geometry time of flight spectrometer show-
ing the basic geometry of the experiment. Incident neutrons are produced by the
neutron source, then a series if choppers select neutrons with a specific energy. The
neutrons then interact with a sample placed in the beam, and are scattered into an
array of position sensitive detectors.

atom, the following reaction takes place [86]:

1
0n + 3

2He→ 3
1H + 1

1H + 0.77MeV. (4.27)

The resulting hydrogen nuclei are charged and ionise the surrounding gas. By applying

a large voltage between the tube (cathode) and the wire running down the tube

(anode), the electrons released by ionisation can be detected as a current pulse in

the central wire. The gasses used are chosen so that many electrons (up to 105 [86]

per event) are produced per 3He ionisation, making the detection of single neutrons

possible. If the central wire has a finite resistance, the relative arrival time of this

current pulse at the two ends of the wire can be used to determine where in the tube

the ionisation occurred, making the detector position sensitive along its length. On

LET, these tubes are arranged side by side, with their long axis vertical, into a wide

angle array, such that when the instrument is complete the detectors will span a 180◦

arc. The electrical pulse arrival time provides vertical position sensitivity, while the

position of the tube in which the neutron was detected in provides the horizontal
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position.

Due to the curved nature of the detector banks, being circularly symmetric around

the sample, the path traced by Q = k−k′ will also be curved, as shown in Fig. 4.2. In

addition to this curvature due to the shape the detector banks, the Q surface traced

through reciprocal space by the detector will be curved due to the reduced energy of

the scattered neutrons, which is related to the length of the scattering wave vector

by k =
√

2mnE/~2. This means that for a neutron scattering data set collected with

a single sample orientation, plotted in the typical way where the value of Q is set

at zero energy transferred to the system from the neutron, the value of Q at finite

energy transfer will not be the same as for elastic scattering.

4.4 Neutron Sources

The neutrons used for inelastic scattering experiments can be produced by different

methods, the two commonly used methods being nuclear fission, and nuclear spal-

lation. Nuclear fission is the process that occurs inside nuclear reactors where an

incident neutron impacts a nucleus, typically 235U, causing the nucleus to decay into

multiple fission products including multiple neutrons, some of which are allowed to

leave the reactor and are channelled into various experiments [86]. In the case of spal-

lation sources (the type of neutron source used at ISIS), the neutrons are produced

by bombarding a target with high energy protons whose de Broglie wavelength is less

than the size of the target nucleus. The effect of the incident proton on the nucleus

is to leave the nucleus in a highly excited state, at which point it begins to evaporate

neutrons [86], and it is these neutrons which leave the target and can be used in scat-

tering experiments. The total process from proton impact to neutron escape from the

target takes ∼ 10−15s, making the time dependence of the emitted neutrons mainly a

function of the form of the incident proton pulse. The low energy part of the energy

distribution of the emitted neutrons from a spallation source is very similar in form

to the spectrum of the neutrons emerging from a fission source, which is given by a
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maxwellian distribution [86]:

φ(v) ∝ v3 exp

(
−1

2

mv2

kBT

)
, (4.28)

where φ(v)dv is the flux of neutrons with velocities in range dv in units of neu-

trons/area/second.

When the neutrons leave the spallation source, they have a characteristic temper-

ature of ∼ 300 K, and are referred to as thermal neutrons. Neutrons leaving a fission

source have a much much higher characteristic temperature, and must be moderated

to be used as thermal neutrons. The neutrons used to probe the inelastic scattering

of materials in this thesis are cold neutrons, whose characteristic temperature is near

25 K. The temperature of the Maxwellian distribution can be varied by passing the

neutrons leaving the source through a moderator, a volume of material which strongly

scatters neutrons, kept at the temperature of the desired Maxwellian distribution of

the neutrons. Cold neutrons are necessary in this work as the magnetic excitations

being probed have very low energies (E < 10 meV).

4.5 Horace Scans

In addition to data sets collected with the sample in a fixed orientation, it is possible

to collect multiple data sets where the orientation of the sample is changed between

each data set. These data sets can then be combined into a 4-dimensional volume of

data in (Q, E) (3 momentum components and energy) space. At the ISIS neutron

source, such data sets are referred to as Horace scans [87]. The constituent runs of a

Horace scan are usually counted for a much shorter time than single angle data sets.

By combining the multiple data sets, it is possible to achieve neutron count statistics

approximately equivalent to those of single angle data sets counted for a much longer

time.

The advantages of these scans are that they avoid the problem of (Q, E) coupling
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discussed in Sec. 4.3 by collecting the inelastic scattering over a volume of (Q, E)

space. The data obtained from such scans also helps to eliminate the issue of the path

through reciprocal space by the detectors at zero energy transfer being curved. By

integrating over a small interval in the two directions in reciprocal space perpendicular

to a given direction of interest, a plot of the neutron scattering as a function of energy

for a straight line through reciprocal space can be obtained. Additionally, the new

ability to look at the neutron scattering at fixed energy but varying Q is possible.

Several such Horace scans were collected in this work, and proved very useful as

they provided simultaneous access to the (Q, E) dependence of magnetic excitations

along many non-symmetry equivalent reciprocal directions in space.
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Chapter 5

Inelastic Neutron Scattering

Measurements of the Magnetic

Excitations in Yb2Ti2O7

This chapter presents the results of inelastic neutron scattering measurements on a

single crystal sample of Yb2Ti2O7 performed using the inelastic neutron spectrometer

LET at the ISIS neutron source. The sample mount, alignment, and environment,

which allowed the sample to be cooled to T ∼ 145 mK and magnetic fields of up

to 9 T ‖ [001] to be applied are discussed, along with the details of the instrument

configuration used to perform the measurement. The inelastic scattering data along

(h, 0, 0) collected in high fields (B ≥ 3 T) shows four sharp magnon modes, and a

broad continuum of scattering at higher energies. The bandwidth of the continuum

scattering and the behaviour of its low energy boundary upon changing the magnetic

field are consistent with the continuum being due to two magnon scattering processes.

For fields of B < 3 T, the continuum and the highest energy magnon mode overlap in

energy, and the magnon mode is significantly broadened, likely due to magnon decay

processes. The remaining three sharp modes have their bandwidth suppressed upon

decreasing magnetic field, appearing to collapse into a single degenerate mode at the

low energy boundary of the scattering continuum in magnetic fields of B < 0.75 T.
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The zero field scattering spectrum is a continuum with no sharp features and no ev-

idence of a gap down to the smallest measured energies, extending in energy up to

∼ 1.5 meV. The existence of this continuum indicates that at zero field magnons

cannot propagate coherently, and instead decay into some more fundamental excita-

tion. The large energy range of the zero field continuum (much higher than expected

based on indications of the exchange energy) indicates that the continuum must be due

to dispersing excitations of some kind, made up of clusters of spins, or more exotic

coherently propagating quasi-particles. Properties of the inelastic neutron scattering

over the full Brillouin zone at select fields are also presented and discussed.

5.1 Experimental Details

This section will go over the details of the sample and instrument configuration used

in the inelastic neutron scattering works discussed in this thesis. First, the sample

orientation and mount will be discussed, followed by the configuration of the time-of-

flight neutron spectrometer LET, and finally the sample environment.

5.1.1 Sample Alignment and Mount

The sample used in these experiments was a large section of the crystal described

in Appendix B. The crystal was cylindrical in shape, with an average diameter of

7.33(1) mm, a length of 21.84(1) mm, and a mass of 6.3 g. The crystal is shown in

Figure 5.1(a) attached to the sample mount used in the experiment.

The sample was aligned such that in the experiment, the magnetic field could be

applied along the [001] axis of the crystal, as shown in Figure 5.1(b). The sample

mount was machined from Oxygen Free High Conductivity (OFHC) Copper to ensure

good thermal conductivity at millikelvin temperatures. An OFHC Copper rod was

also incorporated into the mount, which ran up the side of the sample, as shown in

Fig. 5.1(b), serving as sample support and an additional cooling path. The crystal
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[001]
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Figure 5.1: (a) Image Furnace grown single crystal of Yb2Ti2O7 used in the inelastic
neutron scattering experiments, attached to an OFHC Copper mount using plasticine.
(b)Sample adhered to the copper mount using GE varnish, with a side copper rod
in place. The primary axes of the crystal are indicated by the arrows. (c) The
sample mount in its final configuration, wrapped in OFHC Copper foil and anchored
using OFHC wire, attached to a dilution refrigerator cold finger. Cadmium has been
wrapped around the base of the sample mount to mask scattering from the sample
mount.

was placed on the mount such that when the sample rotates about the centre of the

[001] axis, the centre of mass of the sample is stationary, and the sample remains in

the centre of the neutron beam. The sample was attached to the mount using GE

1076 varnish. OFHC Copper sheeting and OFHC copper wire were then wrapped

around the sample to provide further cooling pathways. Figure 5.1(c) shows the fully

mounted sample, including a cadmium sheet wrapped around the base of the sample

to minimise the amount of spurious signal that could come from neutrons scattering

off the sample mount.

The final alignment of the sample in the experiment, determined using nuclear

Bragg peak positions with respect to the LET instrument reference frame, was such

that the [001] crystallographic axis was almost vertical, tilted only by angle of θ =

1.03◦ away from the vertical axis of the instrument. The projection of the tilted c∗

axis in the XY plane of the instrument defines an angle φ = 56.465◦ with the nominal

(un-tilted) [100] axis.
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5.1.2 Sample Environment

The sample environment used in these inelastic neutron scattering experiments con-

sists of an Oxford Instruments Kelvinox dilution refrigerator mounted inside a 9 T

superconducting magnet. The superconducting magnet was used to apply fields along

the [001] axis of the crystal, perpendicular to the horizontal principal scattering plane

of the instrument. The magnet, made by Oxford Instruments, was capable of gener-

ating magnetic fields of up to 9 T, and has a 90◦ opening in the scattering plane, and

a ±15◦ opening out of the scattering plane of the instrument, allowing access to a

wide range of scattering angle 2Θ in the horizontal plane and significant out-of-plane

scattering. In this experiment the magnet was positioned such that scattering could

be measured for 0◦ . 2θ . 90◦. The configuration of the magnet and the sample al-

lowed scattering to be measured primarily in the (h, k, 0) plane, and for a small range

along l (out-of-plane). The dilution refrigerator was capable of a base temperature

of ∼ 30 mK at the mixing chamber under no load. A thermometer mounted on the

OFHC Copper rod that connects the sample to the mixing chamber of the dilution

refrigerator read T ∼ 145 mK during our experiments, the increase being due to the

thermal load and beam heating. This temperature is well below the temperature of

the sharp peak in the heat capacity of the sample T = 214(2) mK (see Fig. 3.2), so

our sample was well within the low temperature phase. To ensure that the sample

contained only one domain in the low temperature ordered phase, the sample was

cooled in an applied field of 0.21 T.

5.1.3 Instrument Configuration

The basic design and layout of the inelastic neutron time-of-flight spectrometer LET

was discussed in Chapter 4.3. This section will describe the specific configuration

parameters used during the experiment. The user configurable parameters of LET

are the energy of the incident neutrons, and the rotation rates of two sets of choppers

(f1 and f2) that define the resolution of the instrument.
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For certain chopper phases and frequencies, multiple monochromatic neutron

pulses can arrive in the same time frame without overlap. This is called multi-

repetition mode. For example, with the instrument configured for a “principal” pulse

of 2.5 meV neutrons, secondary pulses of monochromatic 1.34 and 6.3 meV neutrons

were also present (see Table 5.1) and produced useful data.

Table 5.1: The energy and chopper frequency configurations of LET used in this work.
The last column gives the measured energy resolution (Full Width Half Maximum
FWHM) of the elastic line.

Principal Pulse f1 f2 Monochromatic Energy Peaks Resolution

Energy in Multi-Repetition Mode (FWHM)

(meV) (Hz) (Hz) (meV) (meV)

1.34 0.0231(1)

2.5 160 80 2.5 0.0555(3)

6.3 0.2198(6)

4.0 200 100 2.0 0.0942(3)

5.2 Neutron Scattering Data

Several data sets were collected using both of the configurations in Table 5.1 where

the sample was kept in a fixed orientation with respect to the incident beam direction.

For these data sets, the sample was oriented such that the Q vectors were primarily

along the (h, 0, 0) direction at zero energy transfer. These single angle runs were

counted for an average time of 2.5 hours (at an average proton current of 40µA) to

ensure that the uncertainties in the intensity were smaller than the amplitude of any

features of interest. Single angle data sets were collected in applied magnetic fields of

0.0− 9.0 T. Representative plots are shown in Fig. 5.2.

In addition to fixed orientation data sets, four Horace scans were performed, for

a selection of applied magnetic fields (0, 0.21, 1.5, and 5 T). These scans spanned

angular ranges of 106◦ for 5 T, 121◦ for 1.5 T, 133◦ for 0.21 T and 130◦ for 0.0 T.

These scans allow access to one quadrant of the (h, k, 0) plane, which is symmetry
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equivalent to the other four quadrants in the (h, k, 0) plane due to the four-fold ro-

tational symmetry about the [001] axis. All of these scans were collected in 1◦ steps,

with each angle counted for approximately 7 minutes. These data sets were then

combined into an S(h, k, l, E) object using the Horace software, from which slices and

scans were extracted.

5.2.1 Evolution of Magnetic Excitations in [001] Magnetic

Field

Figure 5.2 shows all of the 2.5 meV single orientation data collected during our ex-

periment as a function of applied magnetic field. The data has had an estimate of the

non-magnetic background subtracted from it. This “background” has been created by

assembling the energy ranges of data where no magnetic inelastic signal is expected to

be present (See Appendix E). The data has also been corrected for neutron absorption

effects, which are significant for low energy neutrons (the linear attenuation coefficient

of Yb2Ti2O7 at 1.0 meV is 3.38 cm−1) using the method outlined in Appendix F.

The data in Fig. 5.2 shows a dramatic evolution of the magnetic excitations as

a function of applied magnetic field. In large fields (B ≥ 3 T) there are four sharp

dispersing modes observed, consistent with magnon excitations. In the pyrochlore

lattice, the magnetic Yb3+ ions form an FCC lattice with with a four site tetrahedral

sublattice. Each corner of the tetrahedron is a distinct magnetic site and gives rise

to a distinct magnon mode. Starting from 9 T, the energy of these excitations de-

creases with decreases upon lowering the field, as expected due to a reduction in the

the Zeeman energy. For applied fields below 3 T, the uppermost sharp mode in the

data can be seen to broaden compared to the same mode in the B = 3 T data in the

range −2.0 ≤ h ≤ −1.5, as shown in Figs. 5.2(g,h). As the field is decreased further,

this mode continues to broaden, eventually evolving into a continuum of scattering

above the sharp modes. The other three modes are squeezed together in energy, be-

coming less and less dispersive, appearing to be mostly non-dispersive and almost
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Figure 5.2: Overview of the evolution of magnetic excitations as a function of ap-
plied magnetic field. Data was collected using monochromatic incident neutrons with
energy 2.5 meV and is integrated over −0.5 ≤ l ≤ 0.5.
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degenerate by 1.0 T (except for a small region around Q = (−2, 0, 0)) and completely

non-dispersive and degenerate by 0.75 T. This suppression of the one-magnon dis-

persion bandwidth is likely related to the interactions with high-energy two-magnon

continuum, which will be discussed later. Finally at zero field the excitations are

dominated by a broad continuum of scattering down to the lowest probed energies.

Figure 5.3 shows scans in energy generated by integrating the data in Fig. 5.2(a-h)

over the range −2.1 ≤ h ≤ 0.0. In Fig. 5.3(g,h) it can clearly be seen that when

the applied magnetic field is lowered from 3 T to 2 T, the uppermost magnon mode

becomes significantly broadened. Figure 5.3((g) and (d)) show that the other three

sharp modes move closer in energy and overlap into an apparent single sharp mode

as the field is lowered from 2 T to 0.75 T. Below this field, the continuum begins

to encroach on this remaining sharp mode such that at 0 T is becomes impossible

to distinguish a clear sharp mode from the continuum that now extends all the way

down to the lowest measured energies.

Figure 5.4(a) shows energy scans at 0, 0.21 T, and 9 T data. The 9 T data points

serve to illustrate the quality of the background subtraction, as at this high field, the

magnetic scattering has been pushed to much higher energies, as shown in Fig. 5.6(c)

and Appendix E. The overplot of the 0 T and 0.21 T data shows several significant

features: the continuum of scattering is quite broad, extending up to E ∼ 1.5 meV;

and the low energy part of the continuum has unusual properties in zero field, and

undergoes a dramatic change in a small magnetic field. The broad energy range of the

continuum is surprising as this approximately twenty times the highest experimentally

observed Curie-Weiss temperature of this material, which is taken as an indication of

the scale of the exchange energies in the system. It is also approximately thirty times

larger than the resolution of the instrument for this measurement. This implies that

the continuum is due to magnetic excitations involving not simply a single spin flip,

but a very large number of spin flips.

Fig. 5.4 shows the very unusual property of the of continuum at low energies,

that in zero applied field, the continuum extends down to the lowest measured energy
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Figure 5.3: Magnetic inelastic scattering energy scans for applied magnetic fields
between 0 T and 3 T. Scans are obtained from the colour intensity maps in Fig.
5.2(a-h) by integrating over −2.1 ≤ h ≤ 0.0.
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Figure 5.4: (a) Overplots of energy scans (from the data in Fig. 5.3) at 0, 0.21 T,
and 9 T, integrated over −2.1 ≤ h ≤ 0 and −0.5 ≤ l ≤ 0.5. The lowest energy
shown is 0.07 meV (the elastic line resolution for this incident energy is 0.0555(3)
meV), the background subtraction become unreliable below this energy, due to the
strong incoherent scattering in the elastic line. (b,c) The same energy scans for 0 (for
reference), 0.5, 0.75 and 1 T (b) and 0, 1.5 and 2 T (c). These scans serve to illustrate
how the shape of the high energy continuum is not affected by applied magnetic fields
of 0 − 1 T, and is only weakly effected for 1.5 and 2 T. The dashed lines in (b,c)
are guides to the eye. All data in this figure has been background subtracted and
absorption corrected.

transfer, 0.07 meV, with no evidence of a spin gap (below 0.07 meV contamination

by the elastic line makes the data unusable). As we shall see in Chapter 6, spin wave

calculations based on a ferromagnetically ordered ground state, as found by Chang

et al. [33], predict gapped excitations above 0.21 meV. This means that even though

we see strong evidence for multi-magnon scattering in Yb2Ti2O7 (see Fig. 5.6, and

for multi-magnon decay, the continuum at zero field cannot be described by a simple

magnon continuum as a weak perturbation on top of well defined sharp spin waves,

as the predicted sharp spin waves are absent. Conspicuously, there is a “bump” in

intensity at finite energy transfer, E = 0.149(5) meV, but this feature is quite broad

and not characteristic of a sharp excitation, moreover it cannot be separated from the

continuum. By examining Fig. 5.2(a) it can be seen that this feature exists mainly

near Q = 0, away from this position, the broad “bump” fades in intensity, and the

continuum is even more uniform. We note that that very recent polarised neutron

scattering reported by Robert et al. [40] also showed evidence for a continuum of

scattering at ∼ 2 K, suggesting that the origin of the dominant excitation continuum

is the same as at base temperature (145 mK) as at 2 K.
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It is useful to compare the zero field continuum to the excitations in a small but

finite magnetic field. An applied field on the sample of 0.21 T is equivalent to an

average internal field of µ0Hint = 0.17 T (see Table D.2). Fig. 5.4 shows that the

application of such a small field (equivalent energy 0.02 meV for a g factor of 2)

has a very large impact on the form of the magnetic scattering at low energies. The

application of the weak magnetic field opens a clear gap to the lower bound of the

magnetic scattering, and gives rise to a single distinct non-dispersing sharp mode with

energy E = 0.229(3) meV at the lower boundary of of the continuum scattering.

Figure 5.2 shows this gap to be almost non-dispersive along (h, 0, 0), though the

intensity of the mode fades near (−1, 0, 0). It is also interesting to note that while

the weak applied magnetic field has a significant effect on the magnetic scattering

for E ≤ 0.6 meV, with the sharp peak being separated from the continuum by a

dip in intensity. Above this energy, the continuum appears to be unaffected by this

small applied field. This lack of effect of applied magnetic on the upper bound of

the continuum can be seen up to applied fields of 1 T (equivalent to µ0Hint = 0.95

T), as shown by Fig. 5.4(b) though the energy range that is unaffected by the field

decreases in increasing field. For applied fields of 1.5 and 2 T, the form of the upper

bound of the continuum scattering is affected by the applied field, but only weakly,

leading to a slight increase in the high energy intensity, and the upper bound of the

continuum (see Fig. 5.4(c)). For B ≥ 3 T, the form of the continuum changes more

fundamentally, as it no longer overlaps with the single magnon modes. As discussed

previously, 1 T is also the applied field at which the observed sharp modes appear to

become degenerate and non-dispersive along (h, 0, 0) (see Fig. 5.2(e,f)). This would

seem to confirm the idea of a change in the nature of the excitations above and below

1 T, especially since a sharp non-dispersing magnon mode would give rise to a sharp

flat band of multi-magnon scattering, not the observed broad continuum.

Fig. 5.5 shows higher energy data (6.3 meV neutron energy) for applied magnetic

fields between 2 T and 9 T. The use of higher incident energy neutrons allows access

to much higher energy transfer and higher flux so weaker features at high energies
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become visible. The resolution of this setting is insufficient to separate the four modes

seen in the 2.5 meV data, but Fig. 5.5(i) shows the dispersion of the most intense

modes. The intensity scale in Fig. 5.5(a-h) has been set so that the single magnon

scattering is saturated and appears as an intense band through the data. This has

been done in order to enhance a weak flat band of scattering at higher energies. This

band is featureless, and its overall energy appears to increase at twice the rate of the

energy of the single magnon scattering.

Figure 5.5: (i) 6.3 meV neutron scattering showing the single single magnon dispersion
at 9 T, originally shown in Fig. 5.2(n). The higher incident energy neutrons allow
access to a larger energy transfer range, making the entire dispersion visible. The lower
resolution of the data means that only the most intense modes are visible, appearing
as a single dispersion. The intensity threshold of panels (a-h) is lowered to enhance
weak continuum scattering at high energies. The intensity of this scattering increases
while its energy decreases in decreasing magnetic field. The slices were created by
integrated over −0.5 ≤ l ≤ 0.5.

Fig. 5.6(a) shows an energy scan through the data in Fig. 5.5(b-h), generated by

integrating over the range −4.0 ≤ h ≤ 0.0. These scans show the evolution of this

continuum of scattering as a function of applied magnetic field. Fig. 5.6(b) shows a

fit to the continuum in order to determine the upper and lower energy bounds of the
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continuum. The basic fit function is shown by the green line, and is a quadrilateral

with the lower bound defined by a Heaviside function, the top and upper edge are

sloping lines. This shape is an empirical parameterisation. This profile was convolved

with an energy profile estimated from the line shape of the sharp single magnon

scattering and fitted to the data. The resulting shape is shown as a solid blue line

in Fig. 5.6(b). The fitted boundaries of the continuum, 2.42(3) meV and 3.74(4)

meV, are shown by the magenta arrows. This fitting was performed on energy scans

through the data for applied magnetic fields in the range 2T ≤ B ≤ 9T, though for

fields less than 4 T, only the upper bound could be fit, as due to the coarse energy

resolution of the 6.3 meV data set, there is no clear boundary between the continuum

scattering and the single magnon scattering below 4 T. It can be seen in the 2.5 meV

data (Fig. 5.3(h)) that the continuum has not actually overlapped with the single

magnon scattering at 3 T, as it is a distinct weak feature near E= 1.5 meV. Below 2

T, the upper bound of the continuum scattering was extracted from 2.5 meV incident

energy neutron data by fitting to a single linear slope convolved with the instrumental

energy resolution extracted from the line-shape of single magnon modes. The results

of the fits to the continuum boundaries from 6.3 meV data are shown by the dashed

lines in Fig. 5.6(a), and to all of data sets in Fig. 5.6(c). It should be noted that the

energies in Fig. 5.6(c) are plotted as a function of the internal field of the sample,

which is different from the applied field and takes into account demagnetisation effects

(see Appendix D). Figure 5.6(d) shows an energy integrated slice through 5 T 6.3

meV Horace data showing that the continuum intensity is modulated in the (h, k, 0)

plane, with a rod of high intensity along the [1̄10] direction, and a region of low

intensity around the FCC Brillouin zone centre at (−2, 0, 0). This slice was created

by integrating the data in the ranges −0.2 ≤ l ≤ 0.2 and 2.1 ≤ E ≤ 3.0. This

energy range encompasses the highest intensity portion of the high field continuum

scattering.

Fig. 5.6(c) also shows the field dependence of the one magnon dispersion, deter-

mined by Gaussian fits to energy scans through the single magnon scattering in the
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Figure 5.6: (a)Energy scans generated by integrating the data in Fig. 5.5 over the
range −4.0 ≤ h ≤ 0.0. These scans have been offset to show each field clearly, the
magnetic inelastic signal is indicated by the shaded area under the points. (b) 6 T
scan from (a) along with the fit function used to determine the boundaries of the
continuum, both convolved with the energy resolution (blue) and in its un-convolved
form (green). The boundaries of the continuum are indicated by vertical magenta
arrows. (c) Summary of the field dependence of the boundaries of the continuum,
along with the results of fitting the bandwidth of the single magnon scattering. The
dashed lines show linear fits to the lower bounds of the single magnon and continuum
scattering. (d) Energy integrated slice through 5 T, 6.3 meV Horace data showing
the modulation of the two magnon continuum intensity in the (h, k, 0) plane, with
a rod of high intensity along [1̄10] and a minimum in the intensity at (−2, 0, 0),
the antiferromagnetic Brillouin zone centre. The slice is generated by integrating
over −0.2 ≤ l ≤ 0.2 and 2.1 ≤ E ≤ 3.0 meV, which encompasses the two magnon
continuum at this field. The black lines show the FCC Brillouin zone boundaries in
the (h, k, 0) plane. All data has had a non-magnetic background subtracted and has
been absorption corrected.
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2.5 meV and 4.0 meV inelastic neutron data. By fitting the energy of the maximum

and minimum energy modes, the bandwidth of the single magnon scattering can be

determined. From Fig. 5.2(g-n) it is apparent the the minimum in the one magnon

dispersion is reached near h→ 0 (the theoretical model to be discussed in Ch. 6 also

confirms this), however the region very close to h = 0 is not accessible in the data at

high energies, so the dispersion in this region needs to be extrapolated from the region

nearby. Two methods were used to estimate the minimum energy of the mode based

on the available data. The first method, used for fields in the range 1 T ≤ B ≤ 6 T

was to assume that the low energy dispersion of the mode would be quadratic in | Q |

near the minimum, so the modes energy was fit to a function linear in |Q|2 to deter-

mine the energy of the mode at | Q |= 0. At higher fields (6 T ≤ B ≤ 9 T), where

the data available was not in a Q range where the dispersion could be considered to

be quadratic, the available dispersion points were fitted to a linear spin wave model

(Ch. 6) and the minimum gap energy was then taken to be the value predicted by

this model at Q = 0. For applied fields below 1 T, the dispersion of the lowest sharp

mode is very small, so the energy of this mode at the closest point to Q = 0 is used

as an estimate for the the minimum energy gap.

As can be seen in Fig. 5.2, as the applied magnetic field is increased, the energy

of both the single magnon dispersion and high energy continuum scattering increase,

though at different rates. By comparing the energy dependence of the low energy

boundary of the single magnon and continuum scattering it is possible to gain insight

into the nature of the higher energy continuum scattering. The dashed lines in Fig.

5.6(c) show the result of fitting straight lines to the lower bounds of the single magnon

scattering and the continuum as a function of the internal field of the sample (see

Appendix D). The extent of the dashed lines shows the points that were included in

the fit. For the continuum scattering, only points for B ≥ 5 T were included in the

fit, because below this field, an upturn in the upper boundary of the continuum can

be seen. This upturn in the upper bound indicates that the lower bound may deviate

from linear behaviour below this field as well. The exact cause this upturn in the
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upper bound of the continuum scattering is unknown, but it may be an indication of

an avoided crossing of the continuum scattering and single magnon scattering.

A linear fit to the rate of change of the lower bound of the single magnon modes

as a function of internal field yields 0.1757(6) meV/T, and a linear fit to the rate of

change of the minimum energy boundary of the continuum scattering as a function

of internal field yields 0.35(1) meV/T. The ratio between these two rates of change is

2.02(8). It is also possible to compute the bandwidth of the single magnon scattering

and the continuum scattering for comparison. By computing the bandwidth of the

single magnon and continuum scattering based on the fitted points at 5, 6, and 9 T

(the only field for which upper and lower bounds exist for both forms of scattering),

the bandwidth ratios are found to be 2.0(1), 2.09(8), and 2.13(8), respectively, with an

average of 2.08(10). The fact that both the ratio of the bandwidths of the two sets of

scattering, and the ratio of their change in minimum energy as a function of internal

field as two to within uncertainties provides strong evidence that the continuum of

scattering we observed is due to two magnon scattering.

Two magnon scattering is inelastic neutron scattering where the incident neutron

excites two magnon excitations at the same time, sharing the energy and momentum

transfer, giving rise to a continuum of allowed final states as illustrated for the one

dimensional case in Fig. 5.7 The one magnon dispersion relation is shown in red.

The arrows show two selected (Q,E) points on the magnon dispersion, (k1,E1) and

(k2,E2). Combining these two points, leads to a third point (blue arrow), which makes

up one point in the continuum. By shifting k1 to the left while moving k2 to the right

by the same amount, it is possible to vary the energy of the blue point without chang-

ing its Q value, thus giving rise to a continuum of scattering as a function of energy

and fixed Q. The green points show the results of a random sampling of pairs of

points on the one magnon dispersion to construct the two magnon continuum. In lin-

ear spin wave theory, two-magnon scattering arises from terms in Szz(Q, ω), meaning

that the two magnon continuum scattering arises from longitudinal fluctuations in the

magnetic moments. This scattering can only occur if longitudinal, zero-point quan-

120



tum fluctuations are present in the ground state of the system, i.e. the semi-classical

ground state is not an exact eigenstate of the Hamiltonian. Such terms can arise

when the ground state of the system contains non-collinear quantisation directions,

or when the exchange Hamiltonian contains off-diagonal exchange, both of which are

known to be present in Yb2Ti2O7 [27, 33].

Figure 5.7: Illustration of how the energy and wave vector of two magnon scattering
is related to single magnon dispersion. The single magnon dispersion (red line) is
given by E(Q) = ∆ + D (1 + cos(2πQ)). E1 and E2 are the energies of one magnon
excitations at the points k1 and k2 (black arrows). The combination of the these two
(Q,E) points will lead to a point in the continuum (blue arrow). The green points
are a numerical sampling of the possible two magnon events.

Now to address the broadening of the highest energy single magnon mode for

applied magnetic fields of B ≤ 2 T. The physical picture suggested by the data is

that when the one magnon dispersion overlaps with the two magnon continuum, the

one magnon line shape broadens as the one magnon dispersion overlaps with the

two magnon continuum, then the line shape broadens as the one magnon excitations

decay into two magnons. This can happen generically if the Hamiltonian allows matrix

elements for decay. As will be discussed in Ch. 6, the sharp magnon modes in the data

can be well described by linear spin wave theory. In this framework the decay of one

magnon into two magnons is allowed by the presence of terms of the α†,m1

q′ α†,m2

q−q′α
m3
q ,

where one magnon at q decays into two magnons at q′ and q − q′. α† and α are
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creation and annihilation operators for magnon modes mn = 1, 2, 3, 4. Such terms

can arise through terms in the exchange Hamiltonian of the form Szi S
±
j , which lead to

three operator terms after the diagonalising Bogolubov transformation is applied to

the Hamiltonian. Szi S
±
j can occur either due to anisotropic exchange, or through non-

collinear quantisation directions, which would allow isotropic Heisenberg exchange to

support such terms. Both sources of such decay terms are present in Yb2Ti2O7:

the exchange Hamiltonian of Yb2Ti2O7 contains explicit terms of the form Szi S
±
j ,

where the z and ± components of the spin Si are defined locally, and while in large

applied magnetic fields, the magnetic moments of Yb2Ti2O7 are expected to be largely

collinear, in decreasing field, they will deviate away from this leading to the splayed

ferromagnetic phase of Chang et al. [33], which has different quantisation directions

for each tetrahedral sublattice site. In order for these terms to lead to the decay of

one magnon into two magnons, it must be possible for the decay process to conserve

energy. This means that Em3,q = Em1,q′ + Em2,q−q′ must be satisfied, which can only

happen if the lower bound of the two magnon continuum is lower than the energy of

the mode m3 at wave vector q. As can be seen in Fig. 5.6(c), this energy condition

is satisfied for B ≤ 2 T, which, along with the existence of non-collinear quantisation

directions, and Szi S
±
j terms in the exchange Hamiltonian, make a strong case for

multi-magnon decay being the source of the observed broadening in this data.

All of these various features of the low and high field data combine to give a

picture of changing excitations as a function of applied magnetic fields. At high fields,

the excitations are sharp magnon modes, and our data also reveals a two magnon

continuum at higher energies, originating from zero point quantum fluctuations in

the size of the ordered moment. As the field decreases, the two magnon continuum

increases in intensity and decreases in energy. The the one and two magnon scattering

overlap, decay occurs, and the low energy magnons have their dispersions suppressed,

and eventually disappear all together at 0 T, where the excitations form a broad

continuum.
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5.2.2 Dynamical Correlations in the Full Brillouin Zone at

Representative Magnetic Fields

As previously discussed, in addition to single angle data, Horace scans were collected

at 0, 0.21, 1.5 and 5 T. Figure 5.8 shows three high symmetry slices through the

2.5 meV data sets collected at each of these fields. These slices are generated by

integrating two out of the four (Q, E) dimensions (three reciprocal space and one

energy) of the Horace data. In the case of Fig. 5.8, the data is integrated over

two directions in reciprocal space, l, and the direction perpendicular to the displayed

data. This integration generates a slice showing the inelastic neutron scattering as a

function of energy along a specific direction in reciprocal space. Figure 5.10(a) shows

the directions of these slices in the (h, k, 0) plane. In the high field 5 T data, it can be

seen that sharp magnon excitations are present and well defined in all directions in

the (h, k, 0) plane. The measured dispersion relations will be used in the next chapter

to extract an exchange Hamiltonian for Yb2Ti2O7. The 1.5 T data (Fig. 5.8(d-f))

shows non-dispersing excitations below a broad continuum along the [100] direction,

but along the the diagonal [1̄10] direction there is a sharp mode, which disperses

strongly and remains sharp up to much higher energies (E ∼ 0.9 meV).

The slices through the 0.21 T data, shown in Fig. 5.8(g-i) show that at this field,

the magnetic excitations are gapped all over the (h, k, 0) plane, with the sharp low

energy mode being non-dispersing along all of the directions shown, and that there

are no sharp modes in the continuum at higher energies. The low energy continuum

shows some modulation in the Q dependence of its intensity. In both the 0.21 T

and the 0 T data (Fig. 5.8(j-l), the highest intensity of the continuum is along the

diagonal [1̄10] direction. This is shown in Figs. 5.8(h,i,k,l). Figures 5.8(h,k) show

that the continuum along the [1̄10] direction is much stronger than along the [100]

direction. Figures 5.8(i,l) show scans across this high intensity rod, showing the drop

in continuum intensity away from the (−ξ, ξ, 0) direction. It is notable that this

direction of highest continuum intensity coincides with the direction along which the
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largest magnon dispersion is observed in the 1.5 T data.

Figure 5.9 shows slices though 1.34 meV Horace data along the [1̄10] direction for

applied fields of 0, 0.21, and 1.5 T. This data demonstrates that the intensity near

Q = 0 in the zero field slices of Fig. 5.8(j,k) is not a sharp feature that may indicate

the existence of a sharp excitation mode, but simply at region of high intensity, much

broader than the sharp modes in the 0.21 T and 1.5 T data.

In addition to slices generated by integrating Horace data over two directions

in reciprocal space, it is also possible to generate slices at constant energy showing

the (h, k, 0) dependence of the scattered neutron intensity in a plane in reciprocal

space. Figure 5.10 shows three such slices, showing the dependence of the intensity of

the zero field continuum. Figure 5.10(a) shows a slice generated by integrating over

−0.2 ≤ l ≤ 0.2 and low energies (0.06 ≤ E ≤ 0.4 meV), while Fig. 5.10(b) shows the

same slice in l but at intermediate energies (0.4 ≤ E ≤ 0.8 meV), and Fig. 5.10(c) is

at high energies (0.8 ≤ E ≤ 1.5 meV). As previously mentioned, the dashed arrows

in Fig. 5.10(a) show the directions of the slices in Fig. 5.8. Figure 5.10(a) clearly

shows that at low energies, the zero field continuum contains a rod of high intensity

along the [−1, 1, 0] direction. This modulation is similar to the modulation seen in

the high energy two magnon continuum scattering in Fig. 5.6(d). This similarity in

the intensity modulation is notable as there is no indication that the excitations in

zero and high field are related.

This intensity modulation is reminiscent of the excitation spectrum observed in

Herbertsmithite [88]. In that material, a spin−1/2 Kagome lattice antiferromagnet,

the zero field excitation spectrum is a gapless continuum with significant Q modula-

tion. Theoretical work on this material [89] has shown that the dynamical structure

factor of a Z2 spin liquid can explain some aspects of the scattering quite well. This

model explains the modulation of scattering intensity in the Kagome plane quite well,

though it does require the existence of a finite gap in the excitation spectrum. Punk

et al. [89] suggest that the fact that this gap is not observed in experiment may be

due to impurity effects, which are not expected to be significant in the case of the
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Figure 5.8: Representative slices through 2.5 meV Horace scans for applied fields of
0, 0.21, 1.5 and 5 T. These slices are generated by integrating over the range over the
ranges −0.2 ≤ l ≤ 0.2 for all of the slices and −0.2 ≤ k ≤ 0.2 for the (h, 0, 0) slices,
and an equivalent range perpendicular to the slice direction for the others. All of the
data in this figure has been background subtracted and absorption corrected. Figure
5.10(a) shows the positions of the three slices in reciprocal space.
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Figure 5.9: Slices through 1.34 meV Horace data for applied fields of (a) 0 T, (b) 0.21
T, and (c) 1.5 T showing that the feature near Q = 0 in the 0 T data is not sharp
compared to the sharp mode at the bottom edge of the continuum in the 0.21 T data,
and the dispersing mode in the 1.5 T data. The weak dispersing feature below 0.2
meV at high | Q | is a remnant of the scattering from the superconducting magnet
tails. The integration ranges used to generate these slices are −0.2 ≤ l ≤ 0.2 and
±0.2 in the direction perpendicular to the slice direction in the (h, k, 0) plane.

measurements in this work, but it may be possible to construct such a model where

the gap is < 0.04 meV, and is simply impossible to resolve. The existence of such

a spin liquid state is not consistent with the ordered state in zero field proposed by

Chang et al. [33] based on polarised elastic neutron scattering measurements, and

would require the existence of a phase transition as a function of applied field along

[001]. The heat capacity measurements in Ch. 3 show evidence for the suppression

of the phase transition that occurs in zero applied field when a small magnetic field

(0.036 T) is applied along the [001] axis, but there is no direct evidence of a phase

transition as a function of magnetic field along [001].

In addition to generating two dimensional slices through the Horace data sets by

integrating over two of the available four (Q, E) dimensions, it is possible to generate

one dimensional scans by integrating over three of the four free dimensions. Figure

5.11 shows scans in energy generated by integrating over the three reciprocal space

directions (h, k, l). The scans shown in Fig. 5.11(a) show scans through 0 and 0.21

T 2.5 meV Horace scans generated by integrating over all of the surveyed (h, k, l)

volume. These scans show that the behaviour of the low field scattering as a function

of energy is not significantly different in regions of reciprocal space away from the

(h, 0, 0) direction shown in the scans in Figs. 5.3 and 5.4. This scan has much smaller
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Figure 5.10: Panels (a), (b), and (c) show energy integrated slices through reciprocal
space of the 0 T, 2.5 meV data. These slices were generated by integrating over
the range −0.2 ≤ l ≤ 0.2, and the energy ranges (a) 0.06 ≤ E ≤ 0.4 meV, (b)
0.4 ≤ E ≤ 0.8 meV, and (c) 0.8 ≤ E ≤ 1.5 meV. The arrows in (a) indicate the
locations of the slices through the Horace data shown in Fig. 5.8. The solid black
lines mark FCC Brillouin zone boundaries.

error bars than the scans in Fig. 5.4(a) and shows that the 0 T data shows no evidence

of a gap in the excitation spectrum down to 0.0875 meV, while the 0.21 T data shows

evidence of a sharp mode at low energies with a finite energy gap of 0.229(3) meV.

Figure 5.11(b) shows similar energy scans through the 1.34 meV Horace data sets

in applied fields of 0, 0.21, and 5 T data sets generated using the reciprocal space

integration range of −0.4 ≤ h ≤ 0.4, −0.4 ≤ k ≤ 0.4, and −0.4 ≤ l ≤ 0.4. The 5

T data shows that there is no non-magnetic scattering, as for this field the magnetic

excitations are outside of the energy range shown in Fig. 5.11(b). The 1.34 meV data

has much better energy resolution (The FWHM of the elastic line is 0.0231(1) meV

for the 1.34 meV data, as opposed to 0.0555(3) for the 2.5 meV data), allowing better

determination of the existence or non-existence of a gap in the excitation spectrum

at low energies. Figure 5.11(b) clearly shows that down to the lowest energy plotted

(0.037 meV), the zero field data shows no evidence of a gap in the excitation spectrum,

whereas the 0.21 T data shows that the magnetic scattering intensity goes to zero at

the lowest accessible energy.
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Figure 5.11: (a) Energy scan through the 0 and 0.21 T 2.5 meV Horace scans generated
by integrating over all of the (h, k, 0) plane, and the range −0.5 ≤ l ≤ 0.5. (b) shows
a scan in energy through the 0, 0.21, and 5 T 1.34 meV Horace data sets generated
by integrating over the ranges −0.4 ≤ h ≤ 0.4, −0.4 ≤ k ≤ 0.4, and −0.4 ≤ l ≤ 0.4.

5.3 Conclusions

In this chapter, inelastic neutron scattering measurements on a single crystal sample

of Yb2Ti2O7 at very low temperatures (T ∼ 145 mK, well within the low tempera-

ture phase of Yb2Ti2O7 in a wide range of applied magnetic fields (0T ≤ B ≤ 9 T

‖ [001]) were presented and discussed. In large applied magnetic fields (B ≥ 3 T) the

magnetic excitation spectrum is found to take the form of four sharp magnon modes,

along with a weak band at twice the energy of the magnon modes. Based on the

ratio of the bandwidth of the magnon modes and this band of scattering, and the

ratio of the rate of change of the lower energy bound of the magnon scattering and

the high energy continuum band as a function of the magnetic field, the continuum of

scattering was identified as being due to two magnon scattering processes. When the

applied magnetic field was lowered below 3 T, the highest energy single magnon dis-

persion overlaps with the low energy boundary of the two magnon continuum, and the

sharp mode then broadens and becomes part of the continuum. The remaining lower-

energy three sharp magnon modes are observed to have their dispersions suppressed

as the applied magnetic field is decreased, and appear to collapse into a single, almost

dispersion-less mode for fields of B . 0.75 T. Finally, in zero field, no sharp modes are

observed in the magnetic scattering and at all probed energies the magnetic scatter-
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ing takes the form of a very broad continuum (width ∼ 1.5 meV) with no observable

gap even at the highest resolutions used in the experiments. Applying a very small

magnetic field, equivalent to an internal field of µ0Hint = 0.17 T is sufficient to open

a finite gap to the lowest energy excitation. The absence of sharp modes in the zero

field is indicative of the strong zero-point quantum fluctuations in the ground state

which prevent coherent propagation of single-spin-flip magnons down to the lowest

probed energies (0.03 meV). Instead single spin flip excitations created in a neutron

scattering process decay into other types of excitations. The very broad extent of

the continuum, almost an order of magnitude larger than the scale of the largest ex-

change interaction (see Ross et al. [27]), suggests that the corresponding excitations

involve multiple spin flips, which could have a non-local character and occur in a cor-

related multi-spin clusters, or be due to coherently propagating quasi-particles, like

the monopole excitations in quantum spin ice states [31, 32, 54].
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Chapter 6

Effective Spin Half Linear Spin

Wave Description of the One and

Two Magnon Excitations in

Yb2Ti2O7 in Applied Magnetic

Field

This chapter describes fits to high field magnon dispersions from Ch. 5, performed to

determine a nearest-neighbour effective spin−1/2 Hamiltonian for Yb2Ti2O7. The fits

are performed against four different data sets: magnon dispersions along many direc-

tions in the (h, k, 0) plane extracted from 5 T ‖ [001] Horace data, magnon dispersions

extracted from 9 T ‖ [001] single angle data, the high field magnetisation of a single

crystal sample of Yb2Ti2O7 in a [001] field, and dispersion points extracted from the

inelastic neutron scattering in a [11̄0] field of Ross et al. [27]. In order to perform

this fit, a nearest-neighbour exchange Hamiltonian is defined, and linear spin wave

(LSW) theory on the pyrochlore lattice is outlined, along with how this theory is used

to compute neutron scattering cross sections. The process of extracting one magnon

dispersion relations from experimental data is described, and the details of the least
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squares minimisation process to determine the optimal Hamiltonian for Yb2Ti2O7 are

discussed. The resulting exchange parameters are used to compute the one and two

magnon spectra for comparison to the experimental data, finding good agreement with

the single magnon dispersion, and the energy boundaries of the two magnon scattering

at high fields (B ≥ 3 T), but underestimating the weight of the two magnon contin-

uum. At low fields (B < 3 T) LSW theory is found to break down when the one and

two magnon scattering overlap, likely due to magnon interactions and magnon decay

processes. In addition to comparing the neutron scattering spectra to LSW theory, the

neutron excitation gap is compared to the gap parameter extracted from the in-field

heat capacity measurements of Ch. 3, showing that the gap extracted from the heat

capacity at very low fields is much lower than the gap observed in neutron scattering

measurements. The exchange Hamiltonian is also used to compute a mean field phase

diagram in zero field, showing the optimal exchange parameters lie very close to a

phase boundary in exchange space, which may provide an explanation of the exotic

excitation spectrum observed in zero field. Mean field calculations of the ground state

in applied field show that upon increasing the field, the effective spins become more

and more polarised along the field.

6.1 Linear Spin Wave Theory

The fits to high field magnon dispersions in this chapter are based on comparing

linear spin wave (LSW) theory to experimental data. The linear spin wave theory

(LSWT) for the pyrochlore Yb2Ti2O7 has been developed by Dr. Paul McClarty,

who also obtained the final exchange parameters based on fits to the experimental

dispersion points extracted from the neutron scattering data. He was also responsible

for calculations of the mean-field magnetisation, and the generation of the mean-field

phase diagram. The general outline of the principles behind the LSW description of

magnetic excitations as relevant to Yb2Ti2O7 is discussed below for completeness, and

follows the method outlined in Refs. [27, 90].
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To start, it is useful to write the general magnetic Hamiltonian in the form:

H = HExchange +HZeeman, (6.1)

where the first term describes (the nearest-neighbour) exchange interactions between

the Yb3+ magnetic moments in Yb2Ti2O7, and the second term describes the inter-

action of the Yb3+ moments with an external applied magnetic field.

As discussed in Ch. 1.8.4, the crystal field configuration of the Yb3+ ions allows

for the treatment of the magnetic moments using an effective spin−1/2 approxima-

tion where the excited crystal field doublets are neglected and the two states in the

low energy doublet are treated as an effective spin−1/2. In this approximation the

exchange portion of the Hamiltonian is obtained to leading order in the exchange by

projecting the exchange between the full J moments on to the low energy crystal field

doublet. This means that the Hamiltonian used here inhabits a subspace of all of the

possible exchange interactions between the full J moments. The exchange portion of

the Hamiltonian is also restricted to nearest-neighbour interactions between the ef-

fective spin−1/2 moments. The long range dipolar interaction between the magnetic

moments is neglected because the strength of this interaction in Yb2Ti2O7, calculated

using the Ewald summation method, is 0.0016 meV for nearest-neighbour spins [91],

which is an order of magnitude smaller than any of the interaction energies determined

by Ross et al. [27].

The nearest-neighbour exchange Hamiltonian contains all of the symmetry allowed

nearest-neighbour bi-linear exchange terms for the space group Fd3̄7 (O7
h) and point

group Oh, which describe the symmetry of the pyrochlore lattice. Using group theory

it is possible to show that this symmetry allows only 4 linearly independent nearest-

neighbour exchange terms [91]. If the spin−1/2 operators for each sublattice site are

expressed as column vectors in terms of global Cartesian coordinates, then the matrix

that defines the exchange between spins on sublattice sites 1 and 2 (Table 6.1) is given
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by [27]:

J1,2 =


J2 J4 J4

−J4 J1 J3

−J4 J3 J1

 , (6.2)

where Jn=1,2,3,4 are the energies associated with the four symmetry allowed exchange

interactions, and the interaction between the two spins is ST1 J1,2S2, where S1,2 are

effective spins in global Cartesian coordinates. These four interaction terms are lin-

early independent, and invariant under the symmetry operations of Oh, so any linear

combination of these interactions will also be invariant under Oh and can be used to

express the nearest-neighbour exchange Hamiltonian. Here we choose to write the

exchange Hamiltonian in terms of spin components in the local Ising frame [27]:

HExchange =
∑
〈i,j,a,b〉

(
JzzS

z
iaS

z
jb − J±

(
S+
iaS
−
jb + S−iaS

+
jb

)
+ J±±

(
γabS

+
iaS

+
jb + γ∗abS

−
iaS
−
jb

)
+ Jz±

[
Szia
(
ζabS

+
jb + ζ∗abS

−
ia

)
+
(
Szia
(
ζabS

+
jb + ζ∗abS

−
ia

))†])
, (6.3)

where the sum is over all 〈i, j, a, b〉 nearest-neighbour pairs of Yb3+ ions, where i, j

specify FCC lattice sites, and a, b specify tetrahedral sublattice sites. Sia are effective

spin−1/2 operators that define the degrees of freedom in the crystal field ground state

doublet of the Yb3+ ions, as explained in Ch. 1.8.4. In this form the interactions are

expressed in terms of Szia, S
+
ia, S

−
ia, the local z, raising, and lowering spin operators for

the effective spin−1/2 respectively, where the local z directions are defined in Tab.

6.1. The terms γab and ζab are 4 × 4 matrices that define phases that depend on

which tetrahedral sublattice sites the pairs of effective spin−1/2 operators occupy.

The precise form of these phase factors depends in part on the choice of coordinate

frame assigning the local za directions in the 〈111〉 directions given in Tab. 6.1. In
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this case the phase factors are given by [27]:

ζ =



0 −1 eiπ/3 e−iπ/3

−1 0 e−iπ/3 eiπ/3

eiπ/3 e−iπ/3 0 −1

e−iπ/3 eiπ/3 −1 0


, (6.4)

and

γ = −ζ∗. (6.5)

In this form, the indices a, b of ζ and γ in Eqn. (6.3) index the rows and columns of the

matrix. Using this form of the magnetic exchange interactions, the exchange Hamilto-

nian can be completely specified by the four exchange terms Je = {Jzz, J±, J±±, Jz±}.

Table 6.1: The local quantisation directions ẑa for the four tetrahedral sublattice sites,
along the local x̂a directions, taken from Ross et al. [27]. The local ŷa directions are
defined by ẑa × x̂a.

Lattice Site Position Local ẑa Local x̂a

1 a
8
(1, 1, 1) 1√

3
(1, 1, 1) 1√

6
(−2, 1, 1)

2 a
8
(−1,−1, 1) 1√

3
(1,−1,−1) 1√

6
(−2,−1,−1)

3 a
8
(−1, 1,−1) 1√

3
(−1, 1,−1) 1√

6
(2, 1,−1)

4 a
8
(1,−1,−1) 1√

3
(−1,−1, 1) 1√

6
(2,−1, 1)

For simplicity, the exchange Hamiltonian can be written as:

HExchange =
∑
〈i,j,a,b〉

J αβ
ia,jbS

α
iaS

β
jb, (6.6)

where Sia are the effective spin operators, and J is a matrix containing all of the

nearest-neighbour exchange interactions. In this form, the sum over all of the mag-

netic lattice sites is explicit,while the sum over the α, β = z,+,− components of the

spin−1/2 operators are implicit. Implicit summation over components of matrices

and vectors sharing the same index will be used throughout this chapter.
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The Zeeman exchange term is defined as:

HZeeman = −µ0µBH
µ
∑
i,a

gµνa Sνia. (6.7)

Hµ are components of the applied magnetic field in global Cartesian coordinates (the

lab frame). gµνa are the global Cartesian components of the g tensor described in

Ch. 1.8.4, which characterises the ground state doublet of the CEF states of the

Yb3+ ion. The form of g when expressed in terms of global Cartesian coordinates

changes depends on the sublattice site a. When expressed in the local 〈111〉 frame g

is diagonal and has two independent terms, g‖ and g⊥ (Eqn. (1.4)), that describe the

local Ising and XY anisotropy of the full magnetic moment respectively. The diagonal

nature of the g tensor allows the use of a single index to denote the diagonal elements

in the local 〈111〉 frame. These components are included as free parameters in the fit

to the spin Hamiltonian, along with the Je exchange terms.

In the limit of infinite field and an isotropic g tensor, all effective spins (and

magnetic moments) in the system are aligned along the applied field direction. For

an anisotropic g tensor, the effective spins tilt away from perfect parallel alignment

to reflect the local g tensor anisotropy and reduce their Zeeman energy, resulting

in an overall magnetic arrangement with slightly canted moments with the overall

periodicity of the FCC lattice, i.e. Q = 0 magnetic structure defined by four spins

on a tetrahedron. The presence of finite exchange terms affects the local tilts of

the magnetic moments but leaves the overall periodicity unchanged. Experiment

suggests that is also true in zero field [33]. For each applied field, the zero temperature

mean-field ground state of the Hamiltonian (Eqn. (6.1)) was found using an iterative

numerical algorithm to determine the minimum energy arrangement of the effective

spins with the constraint Q = 0. The Hamiltonian is then recast in terms of the local

equilibrium effective spin directions by rotating the spin operators from the local [111]

frame to a local quantisation frame via matrices R̄µα
a , where µ is the quantisation

frame index, α is the local [111] frame index, and a specifies the sublattice site.
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This matrix is constructed from column vectors of the local quantisation Cartesian

directions ûa, v̂a, ŵa expressed in the local [111] frame, where ŵa is a unit vector

in the direction of the equilibrium effective spin direction, ûa = (ŵa × (1, 1, 1)) / |

ŵa × (1, 1, 1) | and v̂a = ŵa × ûa. All quantities expressed in the quantisation frame

are denoted by a tilde.

Within the local quantisation basis, the spin−1/2 operators for each sublattice

site, S̃wa , S̃+
a , and S̃−a , can be expressed in terms of Holstein-Primakoff bosons, and

then expanded in powers of 1/S, yielding:

S̃wa = S − c†aca, (6.8)

S̃+
a = S̃ua + iS̃va =

√
2S − c†acaca ≈

√
2Sca, (6.9)

S̃−a = S̃ua − iS̃va = c†a

√
2S − c†aca ≈

√
2Sc†a. (6.10)

Here c†a and ca are creation and annihilation operators for Holstein-Primakoff bosons

on the sublattice site a. These operators satisfy the commutation relations:

[ca, c
†
b] = δab. (6.11)

All other commutators are zero.

By replacing the effective spin−1/2 operators in H with their Holstein-Primakoff

boson expansion, the Hamiltonian becomes:

H = H(0) +H(1) +H(2) + . . . , (6.12)

where the superscript (n) denotes the power of boson operators in that term. LSWT

keeps only terms up to H(2). The ellipses represents terms of cubic and higher order

in the boson operators. For the equilibrium mean-field ground state H(1) is zero.
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In this expansion, the first term in the Hamiltonian is given by:

H(0) = S(S + 1)
∑
〈i,j,a,b〉

J αβ
ia,jbw

α
aw

β
b , (6.13)

where wαa are the α = x, y, z components of ŵa in the local [111] frame. The sum is

the same as in Eqn. (6.3). This term gives the classical energy of the ground state

with S(S+1) replaced by S2. Eqn. (6.13) also includes a term linear in S that strictly

arises from symmetrising H(2), but has been included in H(0) for simplicity.

The first step in dealing with the quadratic term H(2) is to Fourier transform the

Holstein-Primakoff bosons, to obtain the operators

c†ak =
1√
N

∑
Ri

c†a exp (−ik · (Ri + ra)) , (6.14)

and

cak =
1√
N

∑
Ri

ca exp (ik · (Ri + ra)) , (6.15)

where k is a vector in the first Brillouin zone, Ri is an FCC lattice position, and ra

is a tetrahedral sublattice position. Performing this Fourier transform results in the

interaction matrix:

J αβ
abk =

1

N

∑
〈i,j〉

J αβ
ia,jb exp (ik · (Ri −Rj + ra − rb)) , (6.16)

where Ri is the position of the FCC lattice site i, and ra is the relative position of

the tetrahedral sublattice site a. This interaction matrix is converted into the local

quantisation frame as J̃ µν
abk = R̄µα

a R̄νβ
b J

αβ
abk.

The quadratic term H(2) in the Hamiltonian will describe the harmonic spin wave

excitations of the Hamiltonian. It is helpful to define the boson operators:

σ̃uk ≡
√
S

2

(
c†k + c−k

)
, (6.17)
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and

σ̃vk ≡ i

√
S

2

(
c†k − c−k

)
, (6.18)

where ck stands for the operator column vector (c1k, c2k, c3k, c4k)T. By introducing

these vectors, it is possible to rewrite the quadratic Hamiltonian in matrix form as:

H(2) =
∑
k

(
(σ̃uk)† (σ̃vk)†

) P u
k Qk

Q∗k P v
k


 (σ̃uk)

(σ̃vk)



=
∑
k

(
(σ̃uk)† (σ̃vk)†

)
H

 (σ̃uk)

(σ̃vk)

 , (6.19)

where the sum is over all k in the first Brillouin zone.

In this form, the components of the 4× 4 matrices P u
k , P v

k , and Qk are given by:

P u
abk = Raδab + J̃ uu

abk +
µ0µB

2
HαRβα

a gβR̄zβ
a δab (6.20)

P v
abk = Raδab + J̃ vv

abk +
µ0µB

2
HαRβα

a gβR̄zβ
a δab (6.21)

Qabk = J̃ uv
abk, (6.22)

where:

Ra = −
∑
c

J̃ ww
ac,k=0, (6.23)

gβ are diagonal components of the g tensor in the local [111] coordinate frame, and

Hα are components of the applied magnetic field in the global Cartesian frame. Rαβ
a

is a rotation from the global Cartesian reference frame to the local [111] reference

frame, where β is the global frame index, α is the local [111] frame index, and a

specifies the sublattice site. This matrix has components Rxβ
a = x̂a · êβ, Ryβ

a = ŷa · êβ,

and Rzβ
a = ẑa · êβ, where êβ are the global Cartesian axes, and x̂a, ŷa, ẑa are the local

coordinates, which are defined in Tab. 6.1.

In order to determine the excitation spectrum of the Hamiltonian, it is necessary

to diagonalise the matrix H. The diagonalisation process must respect the boson
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commutation relations:

[σ̃αk ,
(
σ̃βk

)†
] = Sηαβ, (6.24)

where

η ≡

 0 −iI

−iI 0

 , (6.25)

and I is a 4× 4 identity matrix.

Using this formulation of the commutation relations, the magnon energies for the

mode m, ωmk, are the positive semi-definite eigenvalues of the matrix 2ηH. The right

eigenvectors vmk of the matrix ηH are the magnon wave-functions in the a,k basis

and preserve the commutation relation among the σ operators provided v†ηv = d,

where d = diag(1,−1). By periodicity, the spectrum at a general wave vector Q is

the same as at the reduced wave vector K = Q−G, where G is the nearest Brillouin

zone centre of the FCC lattice.

As explained in Chapter 4, the inelastic neutron scattering intensity is given by:

I (Q, ω) ∝
∣∣∣∣12F (Q)

∣∣∣∣2∑
α,β

(
δαβ − Q̂αQ̂β

)
Sαβ (Q, ω) , (6.26)

where Q = ki − kf is the wave vector transfer defined in Chapter 4. ki and kf are

the incident and scattered wave vectors of the neutron. F (Q) is the magnetic form

factor of the Yb3+ ion, Q̂ is a unit vector in the direction of Q, and the indices α, β

are Cartesian components in the lab frame.

The inelastic component of the dynamical correlation function Sαβ (Q, ω) is given

by:

Sαβinelastic (Q, ω) =
∑
a,b

∑
m

〈0|Jαa (−Q)|m〉〈m|Jβb (Q)|0〉δ (ω − ωmQ) , (6.27)

where α and β are components in the global Cartesian reference frame, and m indexes

the magnon modes as before. To connect this to the dynamical correlation function
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based on the effective spin−1/2 model, we relate the full magnetic moment Ja to the

effective spin−1/2 object by direct projection via the g tensor, so that the global

Cartesian components of Ja are given by:

Jαa = Rβα
a gβR̄γβ

a S̃γa. (6.28)

Using this relationship, the one-magnon inelastic scattering cross-section becomes:

Sαβinelastic,1−magnon (Q, ω) =
S

2

∑
a,b

∑
µ,ν=u,v

Γαµa Γβνb
∑
m

vµ†am,−Kvνbm,K exp (−iG · rab) ,

(6.29)

where Γαγa = Rβα
a gβR̄γβ

a , vµamK are the transverse µ = u, v components of the eigen-

vectors vmK for sublattice site a in the local quantisation frame, and rab = rb − ra.

The scattering wave vectors Q = K + G, where K is a wave vector inside the first

Brillouin zone, and G is an FCC reciprocal lattice vector.

6.2 One Magnon Dispersion Points

Dispersion data points in (Q, E) space were extracted from the experimental data

for comparison to LSW calculations, in order to find optimal values for the exchange

energies and g tensor components. The data points have been extracted from two

different data sets. The first data set is the 2.5 meV Horace scan collected at 5

T. Figure 6.1(a) shows a typical scan in energy through the Horace data, used to

determine the energy of a single intense mode at Q = (−1.5, 0, 0). The energy of the

fitted mode is 1.305(3) meV where the error includes the uncertainty in the position of

the elastic line zero energy. Figure 6.1(b) shows the results of fits to multiple energy

scans at fixed Q along the (h, 0, 0) direction in reciprocal space. Figure 6.1(c) shows

a map of all of the directions in the (h, k, 0) plane in reciprocal space along which

(Q, E) points were extracted from the 5 T data. A total of 354 dispersion points were

extracted from the Horace data set for use in the fit.
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Figure 6.1: (a)Energy scan through the 2.5 meV, 5 T Horace data set at Q =
(−1.5, 0, 0), generated by integrating over the ranges −1.55 ≤ h ≤ −1.45, −0.1 ≤
k ≤ 0.1, −0.1 ≤ l ≤ 0.1. The solid blue line shows a Gaussian fit to the single visible
mode in the data, centred at 1.305(3) meV for the one intense mode visible in the
data. (b) Slice along the (h, 0, 0) direction in reciprocal space showing the results of
picking the energy position of the most intense modes in the data for multiple points
along (h, 0, 0) as white dots. The point in (a) is marked by a magenta triangle. (c)
Schematic diagram of the (h, k, 0) reciprocal plane showing directions (dashed red
lines) along which (Q, E) points have been extracted from the volume (Horace) data
set. Solid black lines show Brillouin zone boundaries of the FCC structural cell.
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In addition to the 5 T Horace data, dispersion points were extracted from the 9

T single angle, 4.0 meV data set. Figure 6.2(a) shows a scan in energy through this

data, along with a fit to the intense magnon mode in the data, near h = −1.5, giving

a peak centred at 2.110(3) meV. The exact point in reciprocal space of this point is

actually (h, k, 0) = (−1.5,−0.31, 0), because the detector positions in reciprocal space

change as a function of energy transfer, as discussed in Ch. 4. Figure 6.2(b) shows

all of the single angle data, along with the results of the Gaussian fits to the magnon

mode energies. This data contributed 35 points to the least squares fit data set.

Figure 6.2: (a) Energy scan through the 4.0 meV, 9 T single angle data set at h = −1.5
, generated by integrating over the ranges −1.55 ≤ h ≤ −1.45, −0.2 ≤ l ≤ 0.2. The
solid blue line shows a Gaussian fit to the single visible mode in the data, resulting
in an energy of 2.110(3) meV for the one intense mode visible in the data. (b)
Slice along the (h, 0, 0) direction in reciprocal space showing the location of picked
dispersion points (white circles) and the data point in (a) (magenta triangle). This
slice was generated by integrating over −0.5 ≤ l ≤ 0.5.

In order to use all of these dispersion points, each one has to be uniquely assigned

to one of the four magnon modes expected to be present at each Q. At each Q the

modes were labelled in order of increasing energy. At reciprocal space positions where

all four modes had finite intensity this process was straight forward, but for positions

where not all of the modes have sufficient intensity to be detected in the experiment,

mode numbers were assigned using continuity arguments based on comparison to

neighbouring points in reciprocal space where the modes have finite intensity. Com-

parison to the theoretical predictions of the model Hamiltonian proposed in Ross et
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al. [27] which in general reproduced the correct energy ordering of the intense modes

was also used, even though it could not account quantitatively for the actual values

of the mode energies in our experiments.

6.3 Determining the Optimised Exchange Hamil-

tonian

A least squares minimisation was carried out to find the optimal values of the six free

parameters in the Hamiltonian in Eqn. (6.1), Je = {Jzz, J±, J±±, Jz±}, and the two

symmetry allowed free parameters of the g tensor, g‖ and g⊥. This determination of

the optimal Hamiltonian parameters was necessary as it will be shown later (see Figs.

6.5 and 6.6) that the previous exchange Hamiltonian for Yb2Ti2O7 in the literature,

determined using the same principle of fitting magnon dispersions (in a [11̄0] field)

by Ross et al. [27], does not accurately describe the magnon dispersions observed in

[001] fields when used in linear spin wave calculations.

To be sufficiently constraining four different data sets were used: the magnon

dispersion points in a field of 5 T ‖ [001] (2.5 meV Horace data set), the magnon

dispersion points at 9 T ‖ [001] (4.0 meV single angle data), dispersion points at 5

T ‖ [11̄0] from Ross et al. [27], and the value of the magnetisation in an applied

field of 7 T ‖ [001]. The magnetisation data is discussed in Appendix D. The least

squares minimisation process was performed by starting with several thousand sets

of randomly generated initial parameter sets, in order to fully explore the parameter

space and ensure that the minimisation yielded a global, not a local, minimum of χ2.

The fitting procedure was first tested by reproducing the analysis in Ross et al. [27],

which yielded exchange parameters in agreement with those found in that work, up

to the uncertainty.

Initial least squares fits to the 5 T ‖ [001] data alone showed that this data was not

sufficient to uniquely constrain all six parameters (specifically the two components
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of the g tensor) in the Hamiltonian. In other words, the minimisation procedure

using the 5 T ‖ [001] data set without a constraint on the g tensor components

leads to degenerate solutions with different sets of parameters. In order to add more

constraints, dispersion points at 9 T ‖ [001], points extracted from the dispersion at

5 T ‖ [11̄0] of Ross et al. [27], and 7 T magnetisation data were included in the

fit. Combining all of these data sets did provide sufficient constraints to the model

to find a global minimum in χ2, that fits all of the dispersion points well (see Fig.

6.3(a)). The weights of the different data points were assigned based on the energy

uncertainty of the dispersion points, whereas the magnetisation data, being only a

single point, was weighted more heavily than indicated by its uncertainty in order

to give it a more balanced weight in the fit compared to the other data sets (which

constituted 354 dispersion points). The uncertainty of the points extracted from the

data of Ross et al. [27] was set to ±0.02 meV (as the points were extracted by

mouse clicks over a digitised figure), and the uncertainty in the magnetisation was

0.004 µB/T compared to a magnetisation per Yb3+ moment of 1.695 µB/T . In order

to obtain reasonable values of χ2 per degree of freedom in the fit, it was necessary to

increase the uncertainty of the dispersion points extracted from the 5 T ‖ [001] and

9 T ‖ [001] dispersion points to ±0.01 meV. This reduced the minimum χ2 from ∼ 5

to ∼ 2.4.

The resulting Hamiltonian parameters that lead to the global minimum in χ2 are

shown in the first column of Table 6.2. These parameters will be used for all of the

calculations based on spin wave theory in this work. It is helpful to visualise the

robustness of the fit by a plot of χ2 in the plane of parameters (Jzz, Jx±), as in Fig.

6.3(b), as these were proposed to be the dominant interactions by Ross et al. [27].

The global minimum does have nearby local minima, one of which is better illustrated

by the plot in Fig. 6.3(c) showing the χ2 dependence along the dashed white line in

Fig. 6.3(b), which passes through the global minimum (star) and the nearby local

minimum, and shows that the global minimum is significantly deeper.

The uncertainties in the optimal parameters given in Table 6.2 have been deter-
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Table 6.2: The optimised exchange parameters compared to those of Ross et al. [27]
and Robert et al. [40].

Parameterisation This Work Ross et al. [27] Robert et al. [40]

Jzz (meV) 0.0339± 0.0025 0.17± 0.04 0.07

J±± (meV) 0.0462± 0.0014 0.05± 0.01 0.04

J± (meV) 0.0717± 0.0011 0.05± 0.01 0.085

Jz± (meV) −0.1618± 0.0013 −0.14± 0.01 −0.15

g‖ 2.11± 0.02 1.80 2.06

g⊥ 4.05± 0.01 4.32 4.09

mined by using the uncertainty estimates for the dispersion energies, and magneti-

sation. These uncertainties were sampled using a Gaussian distribution to generate

10000 virtual sets of data points was generated, where the data points in each set

were shifted from the original values by an amount within the uncertainty of each

given point. The least squares minimisation process was carried out on each of these

virtual data sets, and the distribution of the resulting set of global minima was used

to determine the uncertainty of the optimised parameters. The resulting uncertainties

are likely underestimated, as they only take into account energy uncertainty in the

magnon dispersions, and the small magnetisation uncertainty, and do not account for

any potential systematic errors in the measurements, though these errors have been

minimised.

The existence of parameter sets that fit some reduced part of the data almost

as well as the optimal set is due to correlations between various parameters in the

Hamiltonian, as shown in Fig. 6.3(d). In principal, none of these parameters are

truly independent, because the shape of the dispersion is due to all of the terms in the

Hamiltonian. In particular, the orientation of the of he moments depends on the field,

exchange, and g tensor combined together. Moreover the hopping terms that affect

the bandwidth of the excitations also depend on the effective spin orientations and

on all of the exchange terms in HExchange. Strong correlations (∼ 1) arise between g‖

and g⊥ due to the strong coupling to the field introduced by including magnetisation
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Figure 6.3: (a) Experimental magnon dispersion energies, used in the least squares fit,
plotted against LSW dispersion energies, showing the level of agreement achieved by
the optimised Hamiltonian parameters. The green line represents perfect agreement.
Dispersion points for ”B”‖ [001] (blue dots) and ”B”‖ [1̄10] (red dots) are shown.
(b) Map of χ2 generated by fixing the values of Jzz and Jz± and optimising the other
four free parameters using a least squares routine. The red star shows the position
of the optimised Hamiltonian, the magenta triangle shows the position of the fitted
parameters of Ross et al. [27]. (c) χ2 along the dashed line in (b) showing that
the minimum containing the optimised Hamiltonian parameters (red star) is deeper
than the nearby local minimum by a significant amount. (d) Absolute values of the
correlation coefficients of the different free parameters in the Hamiltonian. (e) 10000
(g⊥, g‖) points (red circles) used to estimate the uncertainty in the optimised values
of g‖ and g⊥, showing that there is a strong linear relationship between g‖ and g⊥,
the source of the strong correlation between g‖ and g⊥ in (d). The dashed blue line
indicates g‖/g⊥ = 1.8, the constraint used by Ross et al. [27], which would make it
impossible to obtain the optimised values of g‖ and g⊥. The black arrows show the
directions of maximum and minimum constraint on g‖ and g⊥. The inset shows a
close-up of the (g‖, g⊥) points, highlighting the linear relationship between g‖ and g⊥,
along with an ellipse indicating the FWHM of the distribution of the points around
their optimised values. The strong correlation between and constraint on g‖ and g⊥ is
due to constraints imposed by the inclusion of the magnetisation in the least squares
fit.

146



measurements in the fit. This is illustrated in Fig. 6.3(e), which shows the 10000

(g‖, g⊥) used to estimate the uncertainties in those two parameters. These points

show that g⊥ and g‖ are strongly linearly correlated, leading to the correlation value

of ∼ 1. This correlation is perpendicular to the direction of maximum constraint (a

linear combination of g⊥ and g‖, indicated by the black arrow perpendicular to the

cluster of points) the slope of which is imposed by the global z component of the full

magnetic moment. These points also show that the constraint g‖/g⊥ = 1.8, used by

Ross et al. [27], would have made it impossible to obtain the optimised values of g⊥

and g‖. If the magnetisation constraint is not included, the correlation between g‖ and

g⊥ is reduced, and Jzz and g‖ are strongly correlated as they have similar effects on

the dispersion. When the magnetisation is included, these two terms are decoupled

somewhat. These correlations also demonstrate that determining the correct exchange

parameters to describe the magnon dispersions in Yb2Ti2O7 is not a simple process

of fitting certain features of the data to determine each parameter, as the value of

all of the free parameters significantly impact all of the other parameters, with none

of the fitted parameters being completely independent. This is in contrast to the

case of isotropic Heisenberg exchange and an isotropic g tensor, where the dispersion

bandwidth is simply the Fourier transform of the exchange shifted by the Zeeman

energy, so the exchange and g tensor are almost completely decoupled [92].

As discussed in Section 5.1.1, the final orientation of the sample in the neutron

scattering instrument was found have the crystallographic [001] axis tilted away from

the field axis of the superconducting magnet by an angle of 1.03◦. The least squares

fit was performed both with and without this tilting of the applied field, and the

resulting changes in the optimised parameters were found to be within the quoted

uncertainties in Table 6.2.

All of the magnetic fields used in the spin wave and mean-field magnetisation

calculations in the least squares fit were the internal field of the sample, taking into

account demagnetisation effects, as discussed in Appendix D. Ross et al. [27] did

not account for demagnetisation effects, so the magnetic field used to compute the
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spin waves for comparison to those data points was allowed to vary in an attempt to

account for demagnetisation effects. The internal field along the [11̄0] direction that

lead to the best fit to their data was µ0H = 4.93 T, a small reduction compared to

the applied field of 5 T.

Figure 6.4 shows the results of calculations of ∆S, the leading order reduction in

the ordered spin moment from the maximum available value of 1/2, computed using

LSWT as follows:

∆S ≡ 1

4N

∑
i,a

〈c†iacia〉 =
1

4N

∑
k

∑
a,m

Λ∗amkΛamk, (6.30)

where i and a index the FCC lattice sites, and tetrahedral sublattice sites respectively.

In the second form of ∆S, k is a vector in the first Brillouin zone, m indexes mode

number, and N is the number of FCC lattice sites. Λmk are rotated eigenvectors, with

elements defined by:

Λamq ≡
1

2
(vuamk − ivvamk) . (6.31)

In an applied field of 7 T, the calculated reduction in the ordered moment due to zero

point fluctuations is less than 1%, compared to a reduction in zero field of 17%. This

means that 7 T is sufficiently close to the saturated limit for the mean-field calculated

value of the magnetisation per Yb3+ moment to be fitted to the experimental value.

Figure 6.4: LSW calculation of ∆S, the leading order quantum reduction in the
ordered spin moment from its maximum possible value of 1/2 as a function of applied
field, which shows that the quantum fluctuations in an applied field of 7 T are small.
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The set of optimised parameters resulting from this least squares fit is quite differ-

ent from that of the previous fit to high field magnon dispersions of Ross et al. [27]. In

that work, it was found that both Jzz and Jz± were significant terms in the exchange

Hamiltonian. In this work, we find that Jzz is much smaller than Jz±, in fact Jz± ap-

pears to be the dominant exchange term. This would indicate that any theory based

on perturbing away from a dominant Jzz theory, as done in Refs. [27, 49, 56, 57, 93]

will likely not be applicable to the physics of Yb2Ti2O7. Our optimal exchange pa-

rameters are very similar to those of Robert et al. [40], which recently appeared in the

literature. The parameters of Robert et al. [40] were determined by fits to the data

of Ross et al. [27] in an applied field of 2 T, and zero field quasi-elastic scattering.

The g tensor parameters resulting from the least squares fit are very similar to those

determined experimentally in the work of Cao et al. [23], where the two parameters

in the g tensor were found to be g‖ = 2.24 and g⊥ = 3.98.

6.4 One Magnon Dispersions: Data and Spin Wave

Calculations

Figures 6.5 and 6.6 show comparisons of all of the slices through the 5 T ‖ [001], 2.5

meV data to LSW calculations based on the optimised Hamiltonian in Table 6.2, and

the parameters determined by Ross et al. [27]. The white dots in all of the plots

show the energies of the empirically extracted dispersion points that were used in the

least squares optimisation. It can clearly be seen that the optimised parameters give

a much better fit to the observed dispersion than the parameters of Ross et al. [27],

which do not describe the dispersion of several intense modes in the data, see Fig.

6.5(i-l,v-x) and Fig. 6.6(i,w). It is this inability of the Hamiltonian determined by

Ross et al. [27] to described the dispersions observed in the 5 T ‖ [001], 2.5 meV

Horace data that necessitated the re-determination of the Hamiltonian. The plots of

the spin wave calculations wave were generated by convolving the model dispersions

with a Gaussian line shape with a FWHM of 0.047 meV, assumed constant as a
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function of energy transfer. The simulations have also been integrated over the same

ranges in reciprocal space that were used to generate the experimental data figures. It

should be noted that all of the LSW calculations in applied field presented in this work

are performed using the demagnetisation corrected internal fields given in Appendix

D for the specified experimental applied field.

Figure 6.7 shows a comparison of LSW dispersions computed using the optimised

Hamiltonian parameters and the 9 T ‖ [001], 4.0 meV single angle data. Figure 6.7(a)

shows the experimental data, along with the extracted dispersion points, while Fig.

6.7(b) shows the LSW dispersions. It can be seen that the spin wave Hamiltonian

captures very well the dispersion of all the modes. The finite width of the magnon

modes in Fig. 6.7(b) is a result of convolving the LSW calculations with a resolution

profile matched to the line shape of the magnon modes in the 2.5 meV 5 T ‖ [001]

Horace data, and an estimated resolution line shape of the 4.0 meV elastic line. This

line shape has an effective FWHM of 0.227 meV. The convolution is performed by

Monte Carlo sampling of the inelastic line shape, and applying this to the inelastic

modes. The simulation is integrated over the same range in reciprocal space as the

data.

Figure 6.8 shows the 5 T ‖ [11̄0] magnon dispersion data of Ross et al. [27],

along with calculations of the same data based on the optimised Hamiltonian of this

work, and the Hamiltonian of Ross et al. [27]. This figure shows that the optimised

Hamiltonian of this work can reproduce the significant features of the dispersion

observed in Ross et al. [27] at least as well as the set of Hamiltonian parameters

proposed in that work. The simulations in Fig. 6.8 do not included any integration

of the scattering data in reciprocal space, as the integration ranges used by Ross et

al. [27] are not given, and integrating the dispersion simulations over small ranges

perpendicular to the slice direction was not found to have a significant impact on the

appearance of the dispersions. The LSW dispersions in Fig. 6.8 have been convolved

with a Gaussian with a FWHM of 0.089 meV.

Figure 6.9 shows a comparison of a scan through the 5 T ‖ [001], 2.5 meV single
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Figure 6.5: Slices through the 2.5 meV 5 T Horace data. Panels (a-d,m-p) show
experimental data, while panels (e-h,q-t) show spin wave calculations for the optimised
parameter set, and panels (i-l,u-x) show spin wave calculations for the model of Ross
et al. [27]. The white dots represent the (Q, E) points used to constrain the fitted
Hamiltonian. The directions of these slices in the (h, k, 0) plane are shown in the
diagram in Fig. 6.1(c). The slices have been generated by integrating over the range
−0.1 ≤ l ≤ 0.1, and −0.1 ≤ h ≤ 0.1 (r.l.u.) for panel (a,e,i) and equivalent ranges
perpendicular to the slice directions of the other panels.

151



Figure 6.6: Slices through the 2.5 meV 5 T Horace data. Panels (a-d,m-p) show
experimental data, while panels (e-h,q-t) show spin wave calculations for the optimised
parameter set, and panels (i-l,u-x) show spin wave calculations for the model of Ross
et al. [27]. The white dots represent the (Q, E) points used to constrain the fitted
Hamiltonian. The directions of these slices in the (h, k, 0) plane are shown in the
diagram in Fig. 6.1(c). The slices have been generated by integrating over the range
−0.1 ≤ l ≤ 0.1, and −0.1 ≤ h ≤ 0.1 (r.l.u.) for panels (m,q,u) and equivalent ranges
perpendicular to the slice directions of the other panels.
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Figure 6.7: (a) 9 T ‖ [001], 4.0 meV inelastic neutron data, and the dispersion points
(white circles) used in the least squares fit. (b) LSW simulations of the data set,
computed using the optimised Hamiltonian parameters, compared to the dispersion
points used in the least squares fit. The integration ranges used to generate these
slices are the same as those used in Fig. 6.2(b).

angle data to show the quantitative agreement of the optimised LSW calculations with

the 5 T ‖ [001], 2.5 meV data. The 2.5 meV single angle data set is used instead of

the Horace data, as the statistics of single angle data are better than the Horace data.

Figure 6.9(a) shows the 5 T ‖ [001], 2.5 meV data set, while Fig. 6.9(b) shows the

LSW simulation of the same data set. The spin wave calculations have been convolved

with a line shape based on fitting the magnon line shape of the 5 T ‖ [001], 2.5 meV

Horace data, consisting of multiple Gaussians with an effective FWHM of 0.214 meV.

The overall intensity of the LSW scattering is a free parameter that has been fixed

to the intensity of the most intense mode. Figure 6.9(c) shows the 5 T ‖ [001] data,

along with the spin wave calculation of the same data, and 9 T data, showing the non-

magnetic background. The comparison between the model and the data shows that

the model fits the two most intense modes very well, but underestimates somewhat

the intensity of the weakest modes. The energy of the highest energy magnon mode

is also slightly underestimated. These are regarded as very small differences between

the data and model, and the fit could probably be improved further by allowing more

terms in the exchange Hamiltonian beyond nearest-neighbour, but since the effect is
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Figure 6.8: Spin wave spectra in [11̄0] field: left column shows data from Ross et
al. [27], middle column shows spin wave calculations for the optimised Hamiltonian
parameters, right column shows spin wave calculations for the parameters of Ross et
al. [27].
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very small (1% difference), it is beyond the scope of the present work.

Figure 6.9: (a) shows 2. meV, 5 T single angle inelastic neutron data. This slice
was generated using an integration range of −0.5 ≤ l ≤ 0.5 (r.l.u.). (b) shows spin
wave calculations of the same data, generated by convolving LSW calculations with
an elastic line shape with a FWHM of 0.214 meV. The dashed lines in panels (a) and
(b) show the h integration range (−1.8 ≤ h ≤ −1.4) used to generate the scans in
(c). (c) shows scans in energy through the experimental data and simulations, along
with a 9 T non-magnetic background.

Figure 6.10 shows the 2.5 meV single angle data of Fig. 5.2 compared to spin wave

calculations performed in the same manner as for the 5 T data. Examining the data,

it can be seen that for applied fields of B ≥ 3 T, the LSW model and the experimental

data are very similar. For fields below 3 T, LSWT does not describe the observed

excitations, this will be discussed in Section 6.6.

Figure 6.11 shows a direct comparison of the one and two magnon bandwidth as

determined by experiment and calculated by LSWT. This figure shows that for high

fields (B > 3 T), the spin wave model agrees with the one and two magnon bandwidths

quite well. At 3 T, the experimental data indicates that the one and two magnon

scattering are very close to cross over (See Fig. 5.3(h)), and it can be seen in Fig.

6.11 that at this field the behaviour of the experimental data and LSW calculations

deviate. The behaviour at this and lower fields will be discussed in Section 6.6.
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Figure 6.10: Overview of the magnetic excitations as a function of applied field (top
rows) compared with LSWT predictions (bottom rows). The spin wave plots are
generated using the same method as Fig. 6.9.
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Figure 6.11: Comparison of experimental (filled circles) and LSW model bandwidths
(lines) as a function of applied field. The calculated one magnon lower and upper
bound of the dispersion correspond to the lowest and highest spin wave energies at
Q = 0. The two magnon bounds correspond to twice the lower and upper bounds of
the one magnon dispersion.

6.5 High Energy Two-Magnon Continuum Scat-

tering: Data and Calculations

As discussed in Chapter 5.2.1, evidence of two magnon scattering is also found in

the high field data. It is possible to compute two-magnon scattering using spin wave

theory. As discussed, the lowest order term in spin wave theory that contains two

magnon inelastic terms arises in the longitudinal components (rather than the trans-

verse components, where the single magnon scattering arises) of the effective spin−1/2

objects. The longitudinal component of the dynamical correlation function, in local

quantisation coordinates, written in terms of effective spin−1/2 operators, is given by

[84]:

S̃wweff,ab (Q, ω) ≡
∑
e

〈0|S̃wa (−Q)|e〉〈e|S̃wb (Q)|0〉δ (ω − ωe) , (6.32)

where e labels states of the system, including excited states that contain pairs of

magnon excitations, which will have finite matrix elements for S̃wb (Q); and ωe =

(Ee − E0) /~, where Ee is the energy of the state e and E0 is the energy of the ground
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state of the system. The Fourier transformed w (local quantisation frame z) spin−1/2

operator written in terms of Holstein-Primakoff boson operators (Eqn. (6.8)) is:

S̃wa (Q) =
√
NSδK,0 exp (−iG · ra)

− 1√
N

∑
q,k

δ (K− (q− k)) c†q,ack,a exp (−iG · ra) , (6.33)

where Q = K + G. The delta functions are evaluated with respect to the shifted

Q. q and k are wave vectors inside the first Brillouin zone of the FCC lattice, and

N is the number of FCC lattice sites. Terms in Eqn. (6.32) when expanded using

Eqn. (6.33) containing S and S2 contribute to magnetic Bragg scattering associated

with long range magnetic order. Terms in the expansion containing S0 are inelastic,

and ultimately describe the creation of pairs of magnons, giving rise to finite matrix

elements for excited states containing pairs of magnons. The inelastic component of

the longitudinal dynamical correlation function is given by:

S̃wweff ab,2−magnon (Q, ω) =
1

N

∑
q,k

∑
m≥n

δ (K− q− k) δ (ω − ωmq − ωnk)

× exp (−iG · rab) Ω∗q,k,amnΩq,k,bmn (6.34)

where m,n index single magnon modes. The quantity Ωq,k,amn is defined as:

Ωq,k,amn ≡ ΛamqΛ̄ank + Λ̄amqΛank

(
1−

(
2−
√

2
)
δmnδ (k− q)

)
. (6.35)

where Λamq are elements of the rotated eigenvectors defined in Eqn. (6.31), and Λ̄amq

are elements of the rotated eigenvectors Λ̄mk, with elements

Λ̄amq ≡
1

2
(vuamk + ivvamk) . (6.36)

The effective spin−1/2 two magnon scattering, in global Cartesian components,
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can be used to compute the full moment (J) two magnon scattering via the relation:

Sαβ2−magnon (Q, ω) =
∑
a,b

Γα,za Γβ,zb S̃
ww
eff ab,2−magnon (Q, ω) . (6.37)

The sum in Eqn. (6.35) over q,k is performed using Monte-Carlo methods.

Figure 6.12 shows a comparison of LSW calculations of both the one and two

magnon scattering in an applied field of 7 T (equivalent to an internal field in the

sample of µ0Hint = 6.93 T) to experimental data. The spin wave calculations have

been convolved with an inelastic line shape based on an estimate of the magnon line

shape of the Horace data. In the 7 T data (red circles), the high energy band of

scattering (2.7 - 4.0 meV) is a genuine magnetic scattering signal, not present in

at low fields, as indicated by the 0.21 T data (black circles). Looking at the spin

wave calculations, it can be seen that the single magnon scattering is fit quite well

by the model, with only one free parameter, that being the overall intensity of the

scattering. The two magnon scattering based on LSWT appears to fit the bounds of

the experimental scattering well, but underestimates the intensity of the two magnon

scattering. The dashed line shows the two magnon calculation scaled up by a factor

Z = 3.9, to match the total intensity of the continuum, showing that the line-shape

of the two magnon continuum scattering is reproduced reasonably well by the spin

wave calculations.

Figure 6.13(a-g) shows the 6.3 meV single angle continuum scattering data, along

with LSW calculations for applied fields between 3 T and 9 T. There it can be seen

that non-interacting spin wave theory underestimates the weight of the two magnon

continuum scattering for all fields where the two magnon scattering can be differenti-

ated from the one magnon scattering (for 3 T, the one and two magnon scattering can

be differentiated in the 2.5 meV data, but not in the 6.3 meV data, due to the coarser

resolution in the latter case). It is interesting to note that the energy dependence of

the two magnon line-shape is similar in shape to the spin wave calculations at high

fields, but as the field is lowered below 6 T, more weight builds up at the lower bound-
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Figure 6.12: Energy scan at 7 T: the low energy set of unresolved peaks peaks are
due to one magnon scattering and the high energy continuum band is due to two
magnon scattering. For ease of visualisation, the data above 2.3 meV (dashed red
line) has been scaled up by ×15 to make the continuum visible on the scale of the
strong one magnon peaks. The solid blue line shows LSW calculations of the one
and two magnon scattering. The dashed green line shows the two magnon scattering
calculation scaled up by an empirical factor of Z = 3.9 to match the total intensity of
the data. These scans were generated by integrating 6.3 meV single angle data over
−4.0 ≤ h ≤ 0.0 and −0.5 ≤ 0.5. The LSW calculations were generated by convolving
calculated spectra with an experimentally derived line shape. 0.21 T data is provided
to show the non-magnetic background in the energy range where the two magnon
scattering is present.

ary of the continuum. The origin of the change in the two magnon continuum might

be related to magnon-magnon interactions, which are generically expected to become

more relevant as the magnetic field is decreased, and may have more effect on the low

energy part of the continuum scattering. Figure 6.13(h) shows a plot of the total two

magnon scattered intensity in the energy scans of Fig. 6.13 as a function of applied

field, for all fields where the two magnon scattering can be clearly differentiated from

the single magnon scattering in the experimental data. Also shown is the two magnon

intensity from LSWT, multiplied by a scaling factor of Z = 3.9. The total intensity

is based on summing the scattered intensity as a function of energy over the energy

range of the continuum. This data shows that LSWT does correctly compute the field

dependence of the intensity, only being off by an overall scale factor. The scaling fac-

tor Z has been applied to the spin wave calculations in Fig. 6.13(a-g) (green dashed
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lines). After the application of this scaling factor, the spin wave calculations repro-

duce the two magnon continuum scattering line-shape and intensity well for fields of

B ≥ 7 T, as was seen in Fig. 6.12. This would suggest that the ordered moments of

the Yb3+ ions may be smaller than LSWT would indicate, even in high fields, leading

to the discrepancy in the intensities, as the two magnon scattering arises from fluc-

tuations in the ordered moment, and a reduced ordered moment would allow for for

greater longitudinal fluctuations.

One possible way to estimate the increase in the longitudinal fluctuations is using

the neutron scattering sum rules. The overall neutron scattering sum rule is given by:

1

N

∑
q,α

∫
dωSααeff (q, ω) = S(S + 1), (6.38)

where Seff is the scattering cross section for the effective spin−1/2 moments, whose

components are in global coordinates, N is the number of lattice sites, and q is a

vector inside the first Brillouin zone. This sum rule means that the total of all of the

neutron scattering at all energies and wave vectors inside the first Brillouin zone by

the effective spins is S(S + 1), similarly, if the Hamiltonian were expressed in terms

of total angular momentum J, then the total neutron scattering would be J(J + 1).

For spin−1/2 moments, there are also neutron scattering sum rules for each of the

components of the spin in the local quantisation directions:

1

N

∑
q

∫
dωS̃ααeff (q, ω) =

1

3
S(S + 1), (6.39)

where α = u, v, w, the quantisation frame components of the spin−1/2. Table 6.3

shows that all of these sum rules are approximately satisfied by LSW calculations

based on the optimised Hamiltonian, despite the fact that LSWT is not required by

construction to satisfy these rules. The satisfaction of the total scattering sum rule is

shown in the sum of all the contributions to the neutron scattering (labelled Total).

For scattering from a spin−1/2 system, this sum should be equal to 0.75, with the

actual total overestimating the scattering by < 1%. The local sum rules are shown in
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Figure 6.13: Comparison of energy scans through the two magnon continuum to spin
wave calculations for fields of 3 T ≤ B ≤ 9 T. Spin wave calculations (solid blue lines)
underestimate the intensity of the continuum at all fields, but the same calculations
multiplied by a factor Z = 3.9 (dashed green lines) reproduce the intensity and energy
dependence of the continuum well at high fields B ≥ 7 T. Z is the ratio of the total
experimental two magnon continuum scattering intensity to the total two magnon
spin wave calculation intensity for fields of 5− 9 T. These two quantities are plotted
in (h), showing the good agreement achieved using the scaling factor Z = 3.9. The
scans are generated by integrating over the reciprocal space ranges −4.0 ≤ h ≤ 0.0
and −0.5 ≤ 0.5. The spin wave calculations have been resolution convolved with a
6.3 meV magnon line shape.
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Tab. 6.3 via the one magnon scattering intensity, and the combination of the elastic

and two magnon scattering intensity. The component sum rules are only true for

the local quantisation directions u, v, w, not the global Cartesian coordinates used for

the calculations in Tab. 6.3. It is still possible to extract the local sum values from

the calculations as in LSWT, the scattering from S̃wweff contributes only to the elastic

scattering and two magnon scattering, as the first arises from the ordered moments,

and the two magnon scattering arises from longitudinal fluctuations of the moments,

while the local transverse scattering S̃uueff and S̃vveff contribute only to the one magnon

scattering. This means that the sum of the elastic and two magnon scattering should

be equal to 0.25 and the total one magnon scattering should be 0.5. Table 6.3 shows

that both the S̃wweff sum rule and the S̃uueff + S̃vveff are overestimated by < 1%.

Table 6.3: Components of the total moment sum rule at 9 T. The elastic contributions
is (S −∆S)2 with ∆S = 0.0034 computed at 9 T. The one magnon and two magnon
contributions were computed using the integral in Eqn. (6.38), replacing Seff with the
effective spin scattering cross section for the two forms of scattering. The final two
entries are the value of the total sum rule (Eqn. (6.38)), and the local z (defined as
w) sum rule, which is the sum of the elastic and two magnon scattering intensities.

Elastic One Magnon Two Magnon Total Longitudinal

0.2467 0.5025 0.0056 0.7548 0.2523

Using these sum rules, it is possible to estimate what value of ∆S would lead to

the correct total intensity for the two magnon scattering. This can be done using the

relation:

2 magnon intensity (experiment)

1 magnon intensity (experiment)
≈ 0.0056× 3.9

0.5025
=

∆S (1−∆S)

0.5
, (6.40)

where the relationship between the total two magnon intensity is derived from the

relationship S(S + 1)/3 − (S −∆S)2 = ∆S(1 − ∆S). This assumes that all of the

longitudinal fluctuations are accounted for by the two magnon scattering, which is

expected to be approximately true, as at 9 T the system should be approaching the

fully polarised phase where LSWT is exact, so higher order terms should be small.

163



Solving Eqn. (6.40) yields ∆S = 0.0222, an increase of∼ 6.5×, with the new ∆S being

4.4% of S. This result is much larger than the < 1% of S found for ∆S directly from

the LSW fit to the data, but does show that it would require only a small reduction

in the ordered moment to lead to a large increase in the two magnon scattering.

This increased ∆S does not invalidate the fit performed using LSWT and zero

temperature mean-field theory, as the two magnon scattering intensity is a higher

order effect in spin wave theory, that is not expected to be captured perfectly by

the model. It has been shown previously that magnon interactions, accounted for

in higher order spin wave theory, are important in this material and have a signif-

icant impact on the two magnon scattering at lower fields. At infinite order in the

Holstein-Primakoff boson operators, where these effects are fully accounted for, spin

wave theory is exact and must reproduce the relative intensities of the various scat-

tering terms. Magnon interactions will redistribute intensity between the elastic, one

magnon, and two magnon scattering. At high fields, the number of extra terms neces-

sary to improve the agreement between the experimental and calculated two magnon

intensity should not be excessive as the experimental conditions approach the infinite

field limit where LSWT is exact. Additionally, when the magnetisation constraint,

the constraint most likely to be affected by a change in ∆S is not included in the least

squares fit, there is still a global minimum in χ2 near the optimised parameter set in

Tab. 6.2, the magnetisation constraint serves mainly to better define the values of g‖

and g⊥.

It is possible that the ordered moment of the Yb3+ moments in high field is smaller

than is predicted by this model compared to the free ion ordered moment, allowing for

more substantial fluctuations of the longitudinal part of the moment, and thus more

intense two magnon scattering. In order to determine if this is the case, the field

dependence of the elastic magnetic scattering would need to be determined, which

is not possible using the data in this work. Comparing the high field magnetisation

to the mean-field magnetisation computed using the optimised Hamiltonian will not

reveal any information about a reduction in the ordered moment compared to the
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model, as the magnetisation is a constraint in the fit, though it can be seen in Fig.

D.2 that in the low field regime, the mean-field approach does not correctly predict

the ordered moment, overestimating the zero field moment by ∼ 50%.

One aspect of the high field two magnon continuum that LSWT appears to cap-

ture, other than the energy bounds, is the intensity modulation in (h, k, 0) plane.

Figure 6.14 shows a comparison of the LSW calculation of the total intensity of the

two magnon continuum in the (h, k, 0) plane in an applied field of 5 T ‖ [001], com-

pared to the constant energy slice originally shown in Fig. 5.6(d). The intensity of

the LSW two magnon scattering has be multiplied by a factor of Z = 3.9 to put it

on the same scale as the experimental data. Both panels of Fig. 6.14 clearly show a

minimum in the two magnon intensity around Q = (−2, 0, 0).

6.6 Magnon Interaction and Decay at Intermedi-

ate Applied Fields

As discussed in Chapters 5 and 6.4, for applied magnetic fields below 3 T, the single

magnon modes and two magnon continuum intersect, with the uppermost magnon

mode having the same energy as the lower boundary of the two magnon continuum. In

this field range LSW calculations fail to capture significant aspects of the experimental

data. Starting at 2 T, the most significant aspect of the experimental data that LSW

calculations fail to capture is the broadening of the highest energy magnon mode

when it overlaps with the continuum, as discussed in Ch. 5.2.1. This feature can be

attributed to decay of the single magnon mode into two magnon excitations. The

other disagreement between the data and LSW calculations at 2 T is near h = −1.5

for an applied field of 2 T (see Fig. 6.10(k,o)), the second mode, in order of increasing

energy, is concave down in the LSW calculations, whereas it is flat or even concave up

in the experimental data. Below 2 T (Fig. 6.10(a-j,m,n)), the experimental data shows

three sharp excitations below a continuum of scattering, which is a combination of the
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Figure 6.14: Energy integrated slice through the 5 T Horace Scan, 6.3 meV Horace
data in the (h, k, 0) plane (a), along with the same slice generated using LSWT (b).
The slices were generated by integrating over the range −0.2 ≤ l ≤ 0.2, and the
energy range 2.1 ≤ E ≤ 3.0 meV, which encompasses the continuum scattering at
this field. The LSW calculated intensities have been scaled up by a constant factor
of Z = 3.9.
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uppermost magnon mode and two magnon scattering. As the field is decreased, the

three sharp modes flatten (become less dispersive) and appear to become degenerate,

with only a single sharp mode visible below the continuum at very low fields. None

of this behaviour is captured by the LSW calculations.

As previously discussed, Fig. 5.3 shows that at 3 T, the upper bound of the single

magnon modes and the lower bound of the two magnon continuum scattering are

very close together, with the bottom boundary of the continuum scattering being

unresolvable in 6.3 meV data (see Fig. 6.13). Figure 6.11 shows that for LSW

calculations, there is also a very small gap between the single magnon upper bound

and the lower boundary of the two magnon continuum. There is some disagreement

between LSW calculations and experiment at this field: the upper bound of the

two magnon continuum is at higher energy than predicted by LSWT, possibly due

to avoided crossing of the sharp modes and continuum, as previously discussed in

Section 5.2.1. Below 3 T, the inability of the LSW calculations to describe the upper

bound of the magnetic continuum continues down to zero field. At these fields, it is

not possible to determine the boundary between one and two magnon scattering, only

the upper and lower bounds of the magnetic scattering can be seen in experiment.

As discussed, below 2 T, LSW calculations do not reproduce the sharp modes in the

magnetic scattering. If the continuum scattering at these fields can still be thought of

as a two magnon continuum arising from combinations of these sharp modes, then the

inability of LSW calculations to reproduce the single magnon modes means that LSW

calculations of the two magnon continuum will not describe the energy boundaries of

the continuum scattering well.

In zero applied field, there are two major differences between the LSW calcula-

tions and the experimental neutron scattering spectrum: the most obvious is the fact

that the experimental zero field spectrum is a continuum, while the zero field LSW

spectrum shows distinct modes (Fig. 6.10(a,e)); the other is that the predicted LSW

excitations are gapped all along (h, 0, 0), while multiple data sets (Figs. 5.3, 5.4, and

5.11) confirm that there is no gap to within the resolution of the experiments, down
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to 0.04 meV. The existence of a gap in the LSW calculations in zero applied field is a

predetermined feature of the model, as it is based on excitations from a discrete set

of symmetry related ordered ground states, which must have an energy gap associ-

ated with its excitations. Figure 6.15 shows a scan in energy through the 0 T data,

along with the same scan generated using LSWT, clearly showing the energy gap to

the lowest energy excitation in the LSW spectrum, and the lack of any gap in the

experimental data.

Figure 6.15: scans in energy generated by integrating the experimental 2.5 meV single
angle data over the ranges −2.1 ≤ h ≤ 0 and −0.5 ≤ l ≤ 0.5. The model plot shows
the result of convolving the 0 T LSW spectrum with a line shape based on fitting
the inelastic mode shape of the 2.5 meV Horace data and integrating over the same
ranges in reciprocal space. The 9 T points illustrate the quality of the background
subtraction.

All of this evidence combines to show that the LSW method of calculating the

excitation spectrum of the Hamiltonian breaks down for applied fields of < 3 T. So

long as magnons are indeed the excitations associated with the ground state of the

magnetic system, exact spin wave theory (i.e. not restricted to order 1/S) should be

able to describe the observed excitation spectrum. These higher order terms repre-

sent magnon interactions, which will be significant in low fields, where the spins are

not polarised by the field. The mean-field ground state for all fields is an ordered

ferromagnetic phase, so magnons should be the correct description of the excitations

in the system, and it should be possible to improve the agreement between the exper-
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imental magnon dispersions and calculations at these low fields by including terms to

higher order in 1/S in the calculations. The zero field mean-field order is similar to

that proposed by Chang et al. [33] to explain their observed magnetic Bragg peaks.

Any applied magnetic field along [001] reinforces the broken symmetry of the mean-

field ground state, making it even more likely that the mean-field ground state is the

correct description of the system in an applied field. This means that magnons are

likely the correct description of the excitations in all fields, so higher order terms in

spin wave theory are likely to account for the differences between the experimental

scattering and LSW calculations.

As discussed, when the energy ranges of the one and two magnon scattering over-

lap, the highest energy single magnon mode is significantly broadened. The likely

mechanism for this broadening is the spontaneous decay of the single magnon excited

by the incident neutron into two magnons, as this is energetically allowed once the one

and two magnon phase space overlap. This is the leading contribution, and is allowed

at order 1/S, without including higher order terms. For the optimised exchange pa-

rameters in Table 6.2, the semi-classical magnetic order is non-collinear over the entire

field range explored in this work. This non-collinearity means that, in the local quan-

tisation frame, an exchange Hamiltonian with isotropic (Heisenberg) exchange will

contain terms that couple S̃u at one site to S̃w of another site. These exchange terms

will then lead to cubic terms when expanded in Holstein-Primakoff bosons, which

annihilate one magnon, and produce another two. In the case of Yb2Ti2O7, these

terms arise due to non-collinear local quantisation frames, but also due to explicit

anisotropic exchange terms like Jz±S
z
iaS
±
jb.

The decay rate of one magnon into two magnons via three boson terms is given

by Fermi’s golden rule [94]:

Γk ∝
∑
q

| V3 (q,k) |2 δ (Ek − Eq − Ek−bq) , (6.41)

where Γk is the decay rate for one magnon at wave vector k inside the first brillouin
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zone into two magnons of mode at wave vectors q and k− q. The sum over q is over

the first Brillouin zone. The original magnon has energy Ek, while the resulting two

magnons have energies Eq and Ek−q. V3 (q,k) is the potential energy of the three

boson interaction where two bosons are created and one is destroyed [94].

Initial calculations based on Eqn. (6.41) show that in LSWT, 3 T ‖ [001] is

a threshold applied field in terms of magnon decay. For applied fields of 3 T and

above along [001], there is no decay, while below this field, there is a finite density

of states for decay, which increases with decreasing field. This is consistent with

observations in the experimental data, which shows that for applied fields below 3

T, the uppermost magnon mode is significantly broadened, eventually evolving into

a broad continuum of scattering. The other three sharp magnon modes appear to be

significantly re-normalised, becoming less dispersive and appearing to merge into a

single flat mode at very low applied fields. Investigations of magnon decay and other

effects are ongoing.

One aspect of Fig. 6.11 that should be discussed with regards to magnon interac-

tions is that, for all finite applied fields, LSW calculations describe the lower bound

of the magnetic scattering quite well. This is confusing, given the inability of LSW

calculations to describe other properties of the magnon dispersions for fields < 3 T.

The addition of magnon interactions is expected to lower the energies of the magnon

modes [83]. This means that magnon interactions that will help to improve agreement

between LSW calculations and the experimental dispersions can be expected at lowest

order to reduce the agreement between LSW calculation and the experimental lower

boundary of the magnetic scattering.

When one carries out higher order spin wave theory, one expects to obtain broad-

ened, re-normalised excitations modes [94], not the continuum of scattering observed

in zero field, with no obvious modes. In Section 5.2.2 the Q modulation of the intensity

of the continuum scattering in zero field was compared to the scattering observed in

the Kagome antiferromagnet Herbertsmithite. In this material, an apparently gapless

continuum of inelastic scattering is observed, with strong intensity modulations [88].
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A proposed theory to explain this scattering is that the low temperature magnetism

in Herbertsmithite is described by a Z2 spin liquid [89], though this model has some

distinct differences from experiment, namely the continuum of excitations for such a

magnetic phase is gapped, though it is possible that the gap is quite small. For such

an explanation to apply to the zero field continuum observed in our measurements,

a phase transition out of the ordered ferromagnetic phase would be required at low

temperature (T < 215 mK) and very low fields along [001] (µ0Hint < 0.036 T). All of

the inelastic neutron scattering measurements were collected in applied fields equiva-

lent to an internal field greater than this, so it is possible that the zero field data may

require a fundamentally different method of computing the excitation spectrum from

the finite field measurements. This makes some sense, as only at zero field do all of

the sharp excitation modes in the inelastic spectrum disappear.

6.7 Comparison of Heat Capacity and Neutron Scat-

tering Energy Gaps

The heat capacity measurements of Ch. 3 in small applied magnetic fields can be

used to shed further light on the low field excitation spectrum. Figure 6.16 shows the

notional energy gap extracted from fitting the Schottky-like anomaly that arises in

the heat capacity of Yb2Ti2O7 in small applied magnetic fields along [001], compared

to the lower bound of the magnetic inelastic neutron scattering spectrum, and the

energy of the lowest energy spin wave mode in linear spin wave calculations. In Fig.

6.16 it can be seen that the gap extracted from the heat capacity is much lower than

lower bound of the inelastic neutron scattering spectrum. This is consistent with the

scattering at low fields being a continuum of scattering resulting from the incident

neutron creating an excitation that immediately decays into other lower energy ex-

citations. In inelastic neutron scattering measurements, the incident neutron excites

the system by flipping a spin. If the fundamental excitations are not associated with

a spin flip, the spin flip can decay into more fundamental excitations resulting in a
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continuum of scattering, similar to the case of a neutron exciting two magnons, dis-

cussed in Ch. 5.2.1, and illustrated in Fig. 5.7. If this is the case, then the energy gap

obtained from the heat capacity may represent the fundamental minimum excitation

energy, while the lower bound of the neutron scattering spectrum may represent some

multiple of this fundamental energy. It is also notable that as the internal magnetic

field of the sample is increased, the agreement between the gap extracted from the

heat capacity, and the gap extracted from the inelastic neutron scattering measure-

ments approach each other. This is consistent with the low field excitations evolving

into magnons that are well described by LSW theory.

As discussed in the previous section, magnon interactions can lead to a reduction

of the energy of the magnon modes. It may be that higher order spin wave theory for

the model proposed for Yb2Ti2O7 may lead to an energy gap consistent with the gap

extracted from heat capacity measurements. If this is the case, it is inconsistent that

inelastic neutron scattering shows no evidence of the lower energy magnons. Alterna-

tively, the fundamental excitations at low field may be some more exotic excitations,

such as those associated with a Z2 spin liquid, though if that were the case, it should

only apply for fields below those used in the heat capacity measurements as no phase

transition is observed in any of the measured fields. If such a phase transition as

a function of field did occur, the cross over behaviour exhibited by the energy gap,

where the heat capacity excitation energy agrees better and better with the neutron

and LSW energy gap in increasing field would not be expected, as the excitation in

finite field phase should already reflect the properties of the high field phase.

6.8 Curie-Weiss Temperature

The Curie-Weiss Temperature (θCW) of a magnetic material is a reflection of the

overall scale of all of the magnetic interactions present between the moments in the

system. Chapter 1 discussed some of the early works on Yb2Ti2O7 [5, 9, 14] where this

quantity was used in an attempt to quantify the magnetic interactions in Yb2Ti2O7,
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Figure 6.16: A comparison of the gap to the lowest energy excitation extracted from
inelastic neutron scattering for fields of ≤ 3 T ‖ [001] to the energy gap extracted
from heat capacity measurements for fields of ≤ 0.5 T ‖ [001] and linear spin wave
calculations of the minimum excitation gap. The gap extracted from the heat capacity
measurements is similar to the neutron scattering gap around 0.5 T, but trends to
zero in decreasing field, a very different behaviour from the neutron scattering and
spin wave gaps.

finding them to be net ferromagnetic in nature. Many different works [7, 14, 15, 17,

18, 33, 36, 40] have extracted values for this parameter, all of which fall within the

range θCW = 0.4− 0.8 K. Ross et al. [27] showed that θCW can be computed for the

effective nearest-neighbour exchange Hamiltonian as

θCW =
−1

2kB

(
2g2
⊥ + g2

‖

) (2g2
‖Jzz − 4g2

⊥ (J± + 2J±±)− 8
√

2g⊥g‖Jz±

)
(6.42)

Using Eqn. (6.42) to compute θCW for the optimised exchange parameters deter-

mined in this work yields θCW = 780 mK (equivalent to 0.067 meV), within the range

of values determined experimentally from susceptibility data.
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6.9 Mean-Field Phase Diagram

The semi-classical ground state associated with the optimised exchange parameters

in Table 6.2 is ferromagnetic in nature, with an ordering wave vector of Q = 0. The

ordered magnetic moments are not collinear, being splayed towards the local [111]

directions.

Figure 6.17: Phase diagram in the space of exchange energies Je = {Jzz, J±, J±±, Jz±}
computed using zero temperature mean-field theory plus leading order corrections to
1/S, which are necessary to lift classical degeneracies in the Ψ2 and Ψ3 regions of the
phase diagram. The origin of the phase diagram is Je = (0.458, 0.229, 0.114,−0.1618),
a Coulomb phase at the classical level. Four long-ranged ordered phases appear in
the vicinity of the Coulomb phase: a splayed ferromagnet with a net ferromagnetic
moment spontaneously chosen along one of the cubic directions, the Ψ4 or Palmer-
Chalker antiferromagnetic state, and two related ground states Ψ2 and Ψ3. These
states are order by disorder states, arising from a degenerate Γ5 manifold when quan-
tum fluctuations are taken into account. All these phases have ordering wave-vector
Q = 0, and can be described by the spin orientations on a single tetrahedron, as
shown to the right of the the phase diagram. The two points marked on the phase
diagram correspond to the exchange parameters found by Ross et al. [27] (blue
circle) and the optimised parameters found in this chapter (red square). The axes
X1 = {−0.914,−0.394,−0.092, 0} and X2 = {0.354,−0.702,−0.516, 0.340}, defined
in terms of Je, are chosen so that the phase diagram includes both of these points.

Figure 6.17 shows a semi-classical phase diagram in the vicinity of the optimised

exchange parameters determined in this chapter, and those of Ross et al. [27]. This

phase diagram was generated by choosing a highly symmetric point in exchange
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coupling space Je =
{
Jzz = 1, J± = 0.5, J±± = 0.25, Jz± = −1/

√
8
}

that supports a

Coulomb phase at the classical level [95]. This Coulomb phase is similar to the

Coulomb phase in the spin ice materials, where the ground state has extensive degen-

eracy, but where each configuration of the system must satisfy a local constraint: in

the absence of excitations, the spins on a single tetrahedron of the pyrochlore lattice

must have a “2-in-2-out” configuration [96], which gives rise to “pinch point” features

in the quasi-elastic neutron scattering [97]. The local constraint on the Coulomb phase

of Benton et al. [95] is not as easily expressed as that of the spin ice materials, but it

gives rise to “pinch lines” in the quasi-elastic neutron scattering. These couplings are

then rescaled so that Jz± matches the value in the optimised exchange parameters.

Using this rescaled point, the optimised exchange energies, and the exchange energies

of Ross et al. [27], a plane in exchange energy space is defined, and the phase diagram

was computed in this plane, as shown in Fig. 6.17.

Within the plane of Fig. 6.17 it can be seen that the optimised exchange energies

lie in the splayed ferromagnetic phase, along with the exchange energies of Ross et

al. The principal difference between these two sets of the exchange parameters is

the strength of the Jzz interaction, which is much smaller in the optimised exchange

parameters compared to the exchange parameters of Ross et al. [27]. The effect of this

reduced Jzz in the phase diagram is that the optimised exchange energies lie closer to

the phase boundary between the ferromagnetically ordered state and the Γ5 manifold

of degenerate states. The much reduced Jzz means that Quantum Spin Ice models

based on perturbing away from a Hamiltonian where this term is dominant [54, 56],

will not be applicable for a model based on the optimised exchange parameters.

The close proximity of the phase boundary between the splayed FM state and

the Γ5 manifold in the phase diagram may provide an explanation for the unusual

excitation spectrum observed in zero magnetic field. Refs. [98, 99] found for the Anti-

ferromagnetic Kagome model with further neighbour interactions, degeneracy of two

competing ground states along a phase boundary provides the necessary conditions

for a chiral spin liquid to emerge as the new ground state of the system in the region
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of the phase boundary. A similar phenomenon at the phase boundary between the

splayed FM state and the Γ5 manifold is not completely without foundation, as both

the Kagome lattice and the pyrochlore lattice are made up of corner sharing triangles,

and the nearest-neighbour exchange Hamiltonian contains chiral terms.

Figure 6.18: Magnetic field dependence of the effective spin−1/2 (top row) and pro-
jected full moment (bottom row) directions on a single tetrahedron in the splayed
ferromagnetic phase for a magnetic field of 0 − 9 T along the [001] direction. The
red arrow indicates the direction of the applied magnetic field. In zero field, the spins
point between the local [111] direction for each sublattice site (see Tab. 6.1) and the
global [001] direction, such that the tetrahedron has a net moment along the [001]
direction. As the field increases, the spins tilt toward the [001] direction, eventually
tilting past the [001] direction towards the local XY plane, due to the presence of
the anisotropic g tensor in the Zeeman term of the Hamiltonian. Throughout this
process the spins remain in the plane defined by the local [111] and [001] directions.
The full magnetic moments include the g tensor anisotropy, so even in zero field, they
are tilted in the local [111]-[001] plane towards the local XY direction. As the applied
magnetic field increases, the moments tilt further toward the local XY plane. No new
symmetry is broken in increasing field, with the net moment of the single tetrahe-
dron always pointing along the [001] direction, and the effective spins and magnetic
moments rotating continuously.

Figure 6.18 shows the evolution of the splayed ferromagnetic phase as a function

of applied magnetic field from 0 − 9 T ‖ [001]. In zero field, the effective spins are

aligned between the local [111] direction for each sublattice site (see Tab. 6.1) and the

[001] direction, such that the tetrahedron has a net moment along the [001] direction.

Upon applying an increasing magnetic field along the [001] the effective spins rotate

continuously in a plane defined by the local [111] direction for each sublattice site and

the [001] direction. In all applied fields the net moment on the single tetrahedron
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is along the [001] direction. For high enough applied field, all of the spins point

along the [001] direction, after which they rotate “past” the [001] direction, towards

the local XY plane due to the effect of the anisotropic g tensor. As the spins rotate

continuously as a function of the applied field, and the net moment of the tetrahedron

does not change direction, the symmetry of the system does not change and there is

no phase transition. The projected full magnetic moments are simply the effective

spins multiplied by the anisotropic g tensor. They start out in the local [111]-[001]

plane, aligned between the [001] direction and the local XY plane, forming an angle

with the [001] direction of 1.4◦ away from the local [111] direction, again so that the

net moment of the single tetrahedron is along [001]. In increasing applied magnetic

field the magnetic moments rotate further towards the local XY plane.

6.10 Conclusions

In this chapter, mean-field methods and linear spin wave theory were used to compute

the spin wave spectrum and magnetisation of Yb2Ti2O7 respectively, based on a most

general symmetry allowed effective spin−1/2 nearest-neighbour exchange model with

six parameters. These calculations were compared to magnon dispersion relations

extracted from inelastic neutron data collected in applied magnetic fields of 5 and

9 T along the [001] direction, as well as single crystal magnetisation in an applied

field of 7 T ‖ [001], and magnon dispersion points for an applied field of 5 T ‖ [11̄0],

extracted from the work of Ross et al. [27]. The fitted Hamiltonian parameters

included the four symmetry allowed exchange terms Je = {Jzz, J±, J±±, Jz±} and the

two terms that make up the anisotropic g tensor, g‖ and g⊥. By including all of these

distinct data sets, a global minimum in χ2 was found, associated with an optimal

set of exchange parameters and g tensor components. These optimal parameters

differ from the earlier parameterisation based on B ‖ [11̄0] data and fixed g‖/g⊥ ratio

[27] in that the Jzz exchange is now found to be a sub-leading term compared to

Jz±. In Ross et al. [27] both Jzz and Jz± were found to be the dominant exchanges,
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giving rise to a picture of Yb2Ti2O7 as a “Quantum Spin Ice” due to significant local

Ising exchange. The optimised parameters determined here find a much smaller value

for Jzz, leaving Jz± as the dominant exchange term, meaning that Quantum Spin Ice

models [54, 56] based on dominant Jzz will not be applicable to this Hamiltonian. The

optimised exchange Hamiltonian places the model very close to a phase boundary

in the semi-classical phase diagram in exchange energy space. Spin wave theory

calculations using the optimised exchange Hamiltonian are shown to fit the intensities

and dispersions of the single magnon modes at high fields; and the energy bounds

and intensity modulation in the (h, k, 0) plane of the two magnon continuum in large

applied magnetic fields quite well, but underestimate the weight of the continuum

scattering even at the highest fields measured. Calculations of the neutron scattering

sum rule and the mean-field magnetisation suggests that these methods over estimate

the ordered magnetic moment in zero field. As the first order terms giving rise to

the two magnon continuum are longitudinal fluctuations in the effective moment, this

overestimation of the ordered moment may be responsible for the underestimation

of the overall weight of the two magnon continuum. In small applied fields (B ≤ 3

T) it is found that linear spin wave theory breaks down as the single magnon modes

overlap in energy with the two magnon continuum, and the high-energy magnon peaks

broaden and become part of the continuum.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

The objective of this thesis has been to shed further light on the nature of the low

temperature magnetic phase in the rare earth pyrochlore material Yb2Ti2O7. This

material has been of interest to the condensed matter physics community for almost

50 years, ever since a phase transition was observed in heat capacity measurements

on a powders sample at Tc ≈ 214 mK. Yb2Ti2O7 has recently attracted much more

attention, due to the potential that the unusual physics of the low temperature phase

in this material (T . 250 mK) may be related to proximity to a quantum spin ice

phase, a quantum paramagnetic phase with dispersing magnetic monopole excita-

tions, photon-like excitations, and dual electric monopoles [3], or another strongly

fluctuating cooperative magnetic state.

Because of previously reported variation in magnetic properties between different

samples, one of the key aspects of this work in this thesis has been to confirm high

quality of the single crystal samples used in the experiments via heat capacity mea-

surements. The zero field heat capacity of the single crystal sample of Yb2Ti2O7 used

in this work shows a single sharp peak at Tc = 214(2) mK in zero field. This peak is

even sharper and occurs at even higher temperatures than observed by Chang et al.

[33] for their best single crystal with Tc = 195 mK. The sharpness of the transition
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and higher value of Tc is generally accepted as a clear indication of high sample quality

with a fully coherent, and representative of the limit of minimal structural disorder.

Our specific heat characterisation shows that the single crystal of Yb2Ti2O7 used for

the heat capacity and inelastic neutron scattering measurements in this work is of

very high quality.

The first set of new results reported in this thesis concern the phase diagram in

magnetic field along a cubic axis, mapped using heat capacity measurement. The

data showed that applying a very small magnetic field, equivalent to an internal field

in the sample of µ0Hint ∼ 0.018 T rapidly suppresses the phase transition into the low

temperature phase. The magnetic field has no significant effect on the temperature of

the transition, only reducing the size of the peak observed in the heat capacity. This

behaviour is consistent with the transition being to a phase with a net moment along

[001], as the magnetic field polarises the high temperature paramagnetic phase, turn-

ing the phase transition into a crossover as the polarisation of the paramagnetic phase

removes the need for spontaneous polarisation via symmetry breaking. Magnetisation

[37] and polarised neutron diffraction [33] measurements on other high quality samples

with evidence of a sharp peak in the specific heat have provided evidence that this

phase transition is of first order, to a phase with ferromagnetic Bragg peaks. As the

transition to the low temperature phase with spontaneous ferromagnetic polarisation

is first order with a finite jump in the magnetization at Tc, in a small applied field

there can still be a transition with a small magnetization jump, but a crossover is

expected for sufficiently large fields. The in field heat capacity measurements suggest

that the transition does not survive above an internal field of µ0Hint = 0.018 T, a

very small field indeed.

In addition to heat capacity measurements, the primary result of this work is the

characterisation of the magnetic excitations in applied magnetic fields of up to 9 T

along [001], at T ∼ 145 mK, well within the low temperature phase of the crystal

(Tc = 214(2) mK). Previous studies [27] of the excitations in this phase have found

sharp magnon modes in large applied magnetic fields (B = 5 T ‖ [11̄0]), while in
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zero field the inelastic neutron scattering showed a continuum of scattering, but it

was left unclear how the continuum scattering evolves into the sharp magnon modes

upon increasing applied field.

In relatively large applied magnetic fields (B ≥ 3 T) the magnetic excitation spec-

trum was found to take the form of four sharp dispersive magnon modes, along with a

weak band of continuum scattering at twice the energy of the magnon modes. Based

on the bandwidth ratio between the magnon dispersions and the high energy contin-

uum scattering, and the rate of change of the energy bounds in varying magnetic field,

the continuum scattering has been identified as being due to neutron scattering via

creating two magnons. This is the first direct observation of two magnon processes in

Yb2Ti2O7 via inelastic neutron scattering, though high energy excitations associated

with two magnon states have been suggested in THz measurements [38].

For applied magnetic fields of B < 3 T, the highest energy magnon dispersion

overlaps with the high energy continuum, and the sharp mode then broadens and

becomes part of the continuum, likely due to magnon decay processes. The three re-

maining lower-energy magnon modes are observed to have their dispersions suppressed

as the applied magnetic field is decreased, and appear to collapse into a single, almost

dispersion-less mode for fields of 0.21 ≤ B ≤ 0.75 T. In zero field, no sharp modes are

observed in the inelastic magnetic scattering, only a very broad continuum extending

up to ∼ 1.5 meV, with no observable gap even at the highest resolutions used in the

experiments. Applying a very small magnetic field, equivalent to an internal field

of µ0Hint = 0.17 T is sufficient to open a finite gap to the lowest energy excitation.

The absence of sharp modes in zero field is indicative of strong zero-point quantum

fluctuations in the ground state which prevent coherent propagation of single-spin-flip

magnons down to the lowest probed energies (0.03 meV). Instead spin flip excitations

created in a neutron scattering process decay into other types of excitations. The very

broad extent of the continuum, almost an order of magnitude larger than the scale of

the largest exchange interaction suggesting that the corresponding excitations involve

multiple spin flips, which could occur in a correlated multi-spin clusters, or be due to

181



coherently propagating quasi-particles, such as the monopole excitations in quantum

spin ice states or other related states [31, 32, 54]. The lack of any measurable gap

in the zero field excitation spectrum is surprising, given that the mean field ground

state has cubic broken symmetry, with a net magnetic moment along one of the 〈001〉

cubic directions of the crystal and linear spin wave theory predicts a gap of 0.2 meV.

Clearly the data shows excitations well below this threshold, showing that spin flips

do not propagate coherently at these energies, but decay into other more elementary

quasi-particles.

At high fields, where the dominant excitations are well defined sharp magnons,

mean-field and linear spin wave theory have been used to compute the spin wave

spectrum based on the most general symmetry allowed nearest-neighbour exchange

model for Yb2Ti2O7, with six free parameters (4 exchange and 2 g tensor compo-

nents). These calculations were compared to magnon dispersion relations extracted

from inelastic neutron data collected in applied magnetic fields of 5 and 9 T along

the [001] direction, as well as single crystal magnetisation in an applied field of 7

T ‖ [001], and already published magnon dispersion points for an applied field of 5

T ‖ [11̄0], extracted from the work of Ross et al. [27]. By performing a compre-

hensive search in parameter space with no constraints and comparing the computed

spin wave spectrum to the experimental results, the strengths of the four symmetry

allowed exchange terms Je = {Jzz, J±, J±±, Jz±}, and the two terms that make up the

anisotropic g tensor, g‖ and g⊥, which describes the anisotropic nature of the ground

state crystal field doublet, were extracted. This re-evaluation of the Hamiltonian

was prompted by the fact that the previous proposals for the magnetic interactions

in Yb2Ti2O7, by Ross et al. [27] (with Jzz = 0.17 meV one of the largest exchange

terms, along with Jz± = −0.14 meV), could not reproduce features observed in the ex-

perimental magnon dispersions when for fields along [001]. The optimal Hamiltonian

found in the extensive fitting, which explains all available experimental data so far

has Jzz = 0.034(2) meV which is approximately one quarter of the Jz± = −0.162(1)

meV value. This puts into question treatments of Yb2Ti2O7 as a quantum spin ice as
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this term is expected to drive quantum fluctuations, and the local Ising exchange ex-

pected to enforce the two-in two-out spin ice rule is no longer dominant. Instead, the

re-evaluated exchange Hamiltonian places the model very close to a phase boundary

in the semi-classical phase diagram in exchange energy space between two distinct

magnetic phases [40]. It is interesting to speculate if the proximity to this phase

boundary may be responsible for the strongly fluctuating nature of the the ground

state, and the complete failure of mean-field theory to capture the spin dynamics in

zero field.

Linear spin wave theory calculations of the high field magnon modes using the op-

timised exchange Hamiltonian fit the intensities and dispersions of the single magnon

modes at high fields very well. The energy bounds and intensity modulation in the

(h, k, 0) plane of the two magnon continuum in large applied magnetic field are also

well captured, but the weight of the continuum scattering even at the highest fields

measured is underestimated by the linear spin wave theory approach. Calculations of

the neutron scattering sum rule and the mean-field magnetisation suggests that these

methods overestimate the ordered magnetic moment in zero field. As the first order

terms giving rise to the two magnon continuum are longitudinal fluctuations in the

effective moment, this overestimation of the ordered moment may be responsible for

the underestimation of the overall weight of the two magnon continuum.

In terms of describing the one magnon states, it was found that linear spin wave

theory breaks down at intermediate fields (B = 3 T) as the highest energy single

magnon mode overlaps in energy with the high energy continuum scattering, and the

high energy magnon mode broadens and becomes part of the continuum. Linear spin

wave theory also predicts the existence of a finite energy gap to the lowest energy

magnon at zero field, in stark disagreement with the inelastic neutron scattering

data. In fact, linear spin wave theory breaks down completely in zero field, unable

to capture the key observation that magnons do not propagate at any of the energy

scales probed.

In small applied magnetic fields, B ≤ 0.5 T ‖ [001], the heat capacity measure-
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ments provided some additional insight into the nature of the excitations that give rise

to the observed continuum in the inelastic neutron scattering. These measurements

show a broad hump, whose peak in temperature increases upon increasing applied

magnetic field. This hump was fit using a simplified two-level Schottky anomaly,

in order to extract a notional energy gap to the lowest energy excitation. The ex-

tracted gap increases in applied magnetic field, but is significantly smaller than the

gap observed in the inelastic neutron scattering at the same fields. This smaller gap

extracted from the heat capacity data may represent the gap to the lowest energy

fundamental excitation that gives rise to the multi-particle continuum of scattering

observed in zero field.

All of these results combine to give a picture of the low temperature magnetism in

Yb2Ti2O7 where in high magnetic fields, the physics is well captured by a mean-field

approach where magnetic moments are largely polarised by the applied field and the

excitations are coherently propagating magnons, but where longitudinal fluctuations

in the magnetic moments still give rise to two magnon scattering processes, observable

at higher energies.

At finite but intermediate fields (B ≈ 0.75 T) magnon interactions and decay

processes destroy the ability of the magnons to coherently propagate, leaving only a

continuum of scattering above a sharp dispersionless mode. Already in this interme-

diate field range linear spin wave theory fails to explain the nature of the excitations,

which may be strongly interacting magnons, or may be some more exotic excitation.

In zero field, the excitations are essentially gapless and give rise to only a broad contin-

uum of scattering in the inelastic neutron scattering, indicating quantum fluctuations

dominate the system, and spin flips decay into some more fundamental excitations.

Specific heat measurements showed a rapid suppression of the transition between

the high temperature paramagnetic phase and the low temperature phase with fer-

romagnetic order, and there was no evidence of a transition between zero field and

the high field phase, suggesting that the change in the ground state between these

regimes is consistent with a crossover (at least above µ0Hint = 0.018 T).
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7.2 Future Work

The disagreement between linear spin wave theory calculations of the overall weight of

the two magnon scattering in Yb2Ti2O7 at all probed fields suggests that longitudinal

fluctuations of the magnetic moments may be more significant than can be captured

by linear spin wave theory. At low field, fluctuations of the magnetic moments are

expected to be the dominant physics, as linear spin wave theory completely fails to

explain the inelastic neutron scattering spectrum. The failure of linear spin wave

theory could be made more quantitative by a direct measurement of the full ordered

moment 〈J〉 in near zero field (high enough field to put the sample into a single

ferromagnetic domain). This would require polarised neutron diffraction in applied

field to measure both ferromagnetic and antiferromagnetic peaks (e.g. Q = (2, 0, 0))

to extract the full ordered moment value and see how close the ground state is to the

mean-field prediction.

Additionally, further insight into the change in the nature of the magnetic exci-

tations in applied fields of less than 3 T could be gained from performing polarised

inelastic neutron scattering measurements. These experiments could provide insight

into what portion of the low field continuum is made up of longitudinal fluctuations

(as is primarily the case for the two magnon continuum) versus transverse fluctuations

(the fluctuations that give rise to magnons in linear spin wave theory). Experiments

of this type have been reported by Robert et al. [40] in zero field at paramagnetic

temperatures (T & 2.0 K), showing some differentiation between the polarisation

channels. Measurements at base temperature and small fields may provide additional

insight, but will be complicated by the non-collinear quantisation directions of the

four sublattice sites in the material which will lead to mixing of the longitudinal and

transverse fluctuations in the polarisation channels.

The in field behaviour of the heat capacity of Yb2Ti2O7 for fields along [001] also

suggests measurements that would be complementary to this work. The dilution

fridge used to perform the heat capacity measurements in this work limited the easily
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accessible temperature range for the measurements to T < 700 mK. This limited

temperature range meant that for B > 0.5 T, the hump in the heat capacity arising

from the excitations in the system was pushed to temperature well above 700 mK,

so that heat capacity measurements in greater fields did not yield any information

about the excitations. If a different cooling method, that allowed access to higher

temperatures, were to be used, then the hump in the heat capacity could be measured

for applied fields greater than 0.5 T. This measurement would be of interest as it was

shown in Ch. 6 that linear spin wave calculations come close to capturing the low

temperature part of the hump in the heat capacity at µ0Hint = 0.39 T, and the

expectation is that at high enough fields (B > 3 T), when magnon dispersions are

well captured by linear spin wave theory, the spin wave description may be adequate

to describe the heat capacity as well. High field high temperature measurements of

this feature would allow for the confirmation of this trend.

These three different sets of measurements could help to better understand the

evolution of the magnetic excitations in Yb2Ti2O7 upon increasing the applied mag-

netic field, and provide insight into the relationship between the zero field magnetic

phase and the high field polarised phase, which appear to have very different associ-

ated excitations, despite there being no evidence of a phase transition as a function

of applied magnetic field.
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Appendix A

RuO2 Thermometer Calibration

This appendix describes the methods used to measure and parametrise the relation-

ship between the resistance of the RuO2 thermometer used to perform the heat ca-

pacity experiments in this work and its temperature. This calibration is performed

in both zero and finite applied magnetic field.

A.1 Zero Field Calibration

In order to convert the thermometer resistances measured during heat capacity exper-

iments into temperatures, it is necessary to measure and parametrise the relationship

between the temperature of the thermometer and its resistance. In zero applied mag-

netic field, this was accomplished by thermally anchoring a calibrated Lakeshore RX-

102B-CB RuO2 thermometer, and an uncalibrated RX-102A-BR RuO2 thermometer

directly to the mixing chamber of the dilution fridge. The fridge was then cooled to

base temperature and allowed to warm slowly to high temperatures multiple times.

The temperature of the calibrated RX-102B-CB was measured using a Lakeshore 370

AC resistance bridge, while the resistance of the uncalibrated thermometer was mea-

sured using a Stanford Research SR830 lock-in amplifier connected to an optically

isolated AC current source and amplifier. The resulting temperature-resistance curve

is shown in the main plot of Fig. A.1(a).
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The standard method of parametrising such a curve is to use a series of Cheby-

shev polynomials [100] to fit the temperature as a function of resistance. Chebyshev

polynomials are defined as

tn = cos (n arccos (X)) , (A.1)

where n is an integer. Using these functions, the temperature as a function of the

parameter X is given by [100]

T (X) =
∑
n

antn (X) , (A.2)

where an (starting at n = 0) are scalar coefficients that define the fit. The parameter

X is related to the measured resistance by [100]

X =
(k − kL)− (kU − k)

(kU − kL)
, (A.3)

where k = log (R), and kL and kU are the lower and upper bounds of range of k

to be fit. It is necessary to construct this variable from the resistance, as Chebyshev

polynomials are only normalised to have magnitude ≤ 1 in the interval [−1, 1]. Figure

A.1(a) shows that the resistance vs. temperature curve from very low to very high

temperature has been fit by four different series of Chebyshev polynomials (panels i-

iv). This was necessary to ensure a good fit to the data without requiring an excessive

number of terms in Eqn. (A.2). These ranges overlap, which was necessary as the

polynomial fits to the data are poor near the ends of the intervals. Figure A.1(b)

shows the fit to the four temperature ranges as a function of the variable X. These

fits are performed using the Numpy Chebyshev fitting package, which returns a series

of coefficients an, with nmax = 7. The uncertainty of the fitted parameters will define

the uncertainty in the temperature extracted from resistance measurements in the

experiment via bootstrap calculations.
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Figure A.1: Temperature as a function of resistance calibration in zero field of the
Ruthenium Oxide thermometer used for the heat capacity measurements. (a) shows
the resistance temperature data (blue points) used to parametrise the relationship
between the resistance of the thermometer and its temperature, along with the four
part Chebyshev polynomial fit to the data. The insets (i-iv) show close-ups of the
four ranges fit with Chebyshev polynomials. (b) shows the same parameterisations as
a function of the variable X, defined in Eqn. (A.3).

A.2 Finite Field Calibration

In addition to measurements in zero field, several experiments were performed in

finite magnetic field, which has an impact on the resistance temperature relationship

of the RuO2 thermometer [101]. In large applied magnetic fields, the magnetic field

dependence of the resistance can be well described as proportional to B1/2 [101], but

this approximation breaks down at low fields. In order to construct a function that

can determine the temperature of the thermometer as a function of resistance in an

applied magnetic field, a function of two variables must be constructed.

Other approximations are available, but for ease of use, and the ability to fit

measured (T,R,B) curves, a series of two dimensional Chebyshev polynomials was

used:

T (X,Z) =
∑
m,n

am,ntm (X) tn (Z) , (A.4)

where tm (X) and tn (Z) are one dimensional Chebyshev polynomials, and am,n are

a series of coefficients defined by fitting a series of (R,B) curves at fixed T . The
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experimental (T,R,B) curves, shown in Fig. A.2, were obtained by stabilising the

heat capacity apparatus with no attached sample at a fixed temperature and slowly

ramping the applied magnetic field to minimise eddy current heating. These sweeps

were combined with the temperature sweep data in Fig. A.1(a). The definition of X

is the same as in Eqn. (A.3), while Z is defined as

Z =
(B −Bmin)− (Bmax −B)

(Bmax −Bmin)
, (A.5)

where B is the applied magnetic field amplitude and Bmin and Bmax are the minimum

and maximum magnetic fields used (0 and ∼ 1.5 T respectively).

The results of fitting Eqn. (A.4) with mmax = 7 and nmax = 3, leading to a 32

parameter fit, are shown in Fig. A.2(a). The gaps in the (T,R,B) curves used in the fit

are due to heat pulses that arise in the sample environment when the superconducting

magnet was energised. Figure A.2(b) shows the same fit to the calibration data as

a function of X and Z. Unlike the zero temperature data, only a single series of

Chebyshev polynomials was necessary to parametrise this data, as the temperature

range fitted was much smaller (T < 700 mK). Once again, the uncertainty of the fitted

parameters will define the uncertainty in the temperature extracted from resistance

measurements in the experiment via bootstrap calculations. Figure A.2(c) shows a

constant field (B = 0.75 T) cross section, showing the degree of fit to the calibration

data achieved by the 2D Chebyshev polynomial for a temperature sweep in fixed

applied field, the type of sweep performed in this thesis. Figure A.2(d) shows a

constant temperature cross section (T = 85 mK) through the calibration data and

the 2D chebyshev polynomial for the same temperature. The fit to the data is not

perfect, due to the use of only Chebyshev polynomials of up to n = 3 for the field

dependence. This was necessary due to the previously discussed gaps in the data;

adding higher order terms lead to unphysical oscillations in these empty regions. The

level of fit achieved decreases the field induced error in the thermometer from 12.6%

(∼ 11 mK) to 1.1% (< 1 mK) at B = 1.3 T, a significant improvement.
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Figure A.2: Temperature as a function of resistance and applied magnetic field of
the Ruthenium Oxide thermometer. (a) The experimental data points describing the
relationship between thermometer resistance, temperature, and magnetic field, along
with a two dimensional Chebyshev polynomial fit to the data. (b) The same data
points and fit in terms of the reduced variables X and Z. (c) Constant field cross
section through (a) showing the quality of the fit to the resistance as a function of
temperature in finite applied magnetic field. (d) Constant temperature cross section
through the data in (a) showing the fit to the resistance as a function of applied
magnetic field. The green line illustrates how poor the fit to the data would be if the
resistance of the the thermometer was constant in applied magnetic field.

These two sets of calibrations were used to generate all of the temperature values

used in the heat capacity measurements in this work.
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Appendix B

Sample Growth

The single crystal samples of Yb2Ti2O7 used in this work were grown using a com-

binations of the methods of Chang et al. [33] and Prabhakaran and Boothroyd [102]

by Dr. Dharmalingam Prabhakaran at the University of Oxford. At the time of the

growth of the crystals used in this work, Chang et al. [33] was the only work to

present evidence of a single crystal sample of Yb2Ti2O7 with a single sharp peak in

the heat capacity, evidence interpreted to mean that it was the best single crystal

grown to date. The method used to grow single crystals by Chang et al. [33] was to

first combine stoichiometric quantities of Yb2O3 and TiO2, which were mixed, pressed

into rods and sintered at a temperature of 1150 ◦C. A rod produced this way was then

placed in an optical floating zone furnace in air, and grown into a single crystal at a

rate of 1.5 mm/hr.

In the case of the sample used in this work, high purity (> 99.99%) Yb2O3 and

TiO2 were combined using the standard solid state reaction technique in air. A

mixed powder of these two chemicals was sintered at temperatures between 1200◦C

and 1300◦C for 48h, with intermediate grinding, following the method Prabhakaran

and Boothroyd [102]. This single phase powder was then compressed in the form of

cylindrical rod of diameter 10mm and length 140mm and sintered at 1250C for 6h.

Using this rod, a single crystal was grown in a four-mirror optical floating-zone

furnace (Crystal System Inc.) in argon rich atmosphere with a growth rate of 1-
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2mm/h. Due to the argon atmosphere, the as-grown crystal was oxygen deficient and

dark in colour. In order to improve the oxygen stoichiometry, the as-grown crystal

was annealed at 1200◦C for 72h under oxygen flow atmosphere and the crystal become

transparent as shown in Fig. 5.1.

The crystal produced in the growth had an average diameter of 7.33(1) mm, and

was transparent, with a yellow tint. The portion of the crystal used for inelastic

neutron scattering measurements had a mass of 6.3 g. The crystal was confirmed to

be a single crystal by neutron diffraction. Fig. B.1(a) shows the (4, 0, 0) structural

Bragg peak in the (4, k, l) plane of reciprocal space. The fact that there is only a

single peak indicates that the sample is a single crystal. Figure B.1(b) shows a scan

along the vertical (4, 0, l) direction, showing a cross section of the peak perpendicular

to the (h, 0, 0) direction. The vertical direction was used to study the cross section

of the peak due to the increased instrumental resolution in that direction. From the

fitted width of the scan, an effective upper bound on the mosaicity of the crystal

is estimated to be 0.6◦ (FWHM). This value incorporates the actual mosaicity of

the sample, along with the neutron beam divergence of the instrument, and other

instrumental effects, so that actual mosaicity of the sample will be lower than the

combined effect. The lattice parameters used in Fig. B.1, and in the rest of the thesis

are a = b = c = 10.023Å.
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Figure B.1: (a) Slice showing the (4, 0, 0) Bragg peak in the (4, k, l) diffraction plane.
This slice was obtained by integrating white-beam diffraction data collected on the
neutron instrument LET at T ∼ 300 K over the range 3.8 < h < 4.2. (b) A scan
along the (4, 0, l) direction through the Bragg peak, showing a fitted Gaussian cross
section of the peak. The scan was generated by integrating over 3.8 < h < 4.2 and
−0.1 < k < 0.1 in reciprocal space.
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Appendix C

Laue Alignment

All of the samples used in this work were aligned using a back-scattering Laue diffrac-

tometer. In this instrument the crystal is placed in a white beam of x-rays (x-rays

with a continuum of wavelengths), and an x-ray camera is placed between the sample

and the x-ray source (with a path through the camera for the x-rays).

The beam of x-rays is diffracted by the crystal, leading to a series of Bragg peaks

on the camera when the Laue equations [103]:

a ·Q = 2πh, (C.1)

b ·Q = 2πk, (C.2)

c ·Q = 2πl, (C.3)

are satisfied. Q = ki − kf is the scattering wave vector, a,b, c are primitive lattice

vectors, and h, k, l are reciprocal lattice indices. The use of a white beam of x-rays

allows Eqns. (C.1)-(C.3) to be satisfied simultaneously for multiple values of h, k, l

because ki, does not have a fixed length in reciprocal space, due to the presence of

multiple wavelengths of x-rays. The angle between ki and kf can vary, allowing Q

to change in length and direction, sampling a large volume of reciprocal space and

producing many structural Bragg peaks in the x-ray camera.

Figure C.1 is a sample Laue camera image of the Bragg peaks generated when
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ki is parallel to the [001] axis of the crystal and the [100] axis is horizontal in the

figure. By matching the pattern of spots in this and similar images to calculations,

the orientation of the sample can be determined and refined. The software used in

this work to simulate the pattern of Bragg peaks is QLaue [104].

Figure C.1: Laue snapshot of a crystal of Yb2Ti2O7 with the [001] axis is pointing out
of the camera plane. The large dark spot in the middle of the image is the shadow
where the x-ray guide tube passes through the x-ray camera panel. Note the 4-fold
symmetry around the out-of-plane direction, as expected for cubic symmetry.
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Appendix D

Magnetisation Measurements and

Demagnetisation Corrections

D.1 Magnetisation Measurements

D.1.1 Introduction

To provide additional constraints on the least squares fit in Ch. 6, the magnetisa-

tion of a small sample of Yb2Ti2O7 was measured in a Quantum Designs Magnetic

Properties Measurement System (MPMS). This Appendix will provide a very brief

summary of how a Superconducting Quantum Interference Device (SQUID) Magne-

tometer functions, and give results of the magnetisation measurements and mean-field

magnetisation calculations. Demagnetisation effects for the samples used in all of the

experiments in this work will also be calculated.

D.1.2 The SQUID Magnetometer

The magnetometer in the Quantum Designs MPMS is based on the use of a Ra-

dio Frequency (RF) SQUID, a loop of superconducting material containing a single

Josephson junction. A Josephson junction is small insulating barrier through which
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the Cooper pairs of the superconductor can tunnel. To use this device as a magne-

tometer, it is inductively coupled to an RF tank circuit, which is driven with an RF

current. The resulting RF voltage of the tank circuit is modulated by any magnetic

flux passing through the SQUID [105]. This modulation has periodicity of one quan-

tum of flux φ0 = h
2e

= 2.067 × 10−15 Wb. Using amplifiers, it is possible to resolve

this modulation to better than one flux quantum, allowing sensitivities to external

fields of 10−15 T [106].

In the MPMS, the sample is passed through a series of superconducting pickup

coils inside a superconducting magnet. The moment of the sample passing through

the coils generates a time varying magnetic field, which generates a current in the

pickup coils. This current is then passed through a second set of coils inductively

coupled to the SQUID, which is isolated from the sample and applied magnetic field

[106]. The response of the SQUID to the inductive field is proportional to the sample

magnetisation.

D.1.3 Sample

The magnetisation measurements were performed on a single crystal sample of Yb2Ti2O7.

The sample mass was 28.2(1) mg and it was cut from the same sample of Yb2Ti2O7

that was used the neutron scattering and heat capacity experiments. The geometry

of the sample was a flat plate with one end tapering towards the edge, measuring

2.09(1) mm by 1.81(1) by 1.01(1) mm thick. The magnetisation was measured with

the large face perpendicular to the applied field. This is not an ideal geometry for

demagnetisation corrections, but was necessary because as the flat face is known to

be perpendicular to the [100] direction of the crystal, ensuring the the magnetic field

geometry is the same as that used in all of the other experiments in this work. The

sample was mounted in the MPMS by fixing it between two pieces of Teflon, which

were placed inside a plastic pill capsule inside a plastic straw, the standard method

for mounting samples in the MPMS.
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D.1.4 Demagnetisation Correction

It is important to take into account demagnetisation effects when measuring the

magnetisation of a sample. These effects arise due to the requirement that ∇ · B =

0 [1]. The magnetic field B can be made up of two quantities, H, the Auxiliary

Field, and M, the Magnetisation, via the relationship B = µ0 (H + M), µ0 is the

permeability of free space. In a magnetised sample, M is finite, while outside of the

sample it is zero, leading to a divergence in M. In order to ensure the condition that

∇ ·B = 0, then it must be true that ∇ ·H = −∇ ·M, leading to a finite divergence

of the H. This finite divergence of H at the surface of the sample acts like a source

of counteracting field Hd, the demagnetising field. It acts to reduce the size the field

in the sample (Hint) via the relationship:

Hint = Happ + Hd, (D.1)

where Happ = B/µ0 is the applied field outside the sample. When reporting magneti-

sation results, it is correct to report the magnetisation as a function of this internal

field, Hint, as this is the field the magnetic moments in the sample actually experience.

The size of the demagnetising field is related to the geometry of the sample and its

magnetisation. If the sample has finite susceptibility, the field can also vary as a func-

tion of position throughout the sample. The simplest case is that of a ferromagnetic

ellipsoid, where the demagnetising field is given by [1]

Hd = −NM, (D.2)

where N is the demagnetisation tensor. If the external magnetic field is applied along

one of the principal axes (x̂, ŷ, ẑ), then this tensor is diagonal, and the resulting

demagnetising field becomes:

Hd = −(NxMxx̂ +NyMyŷ +NzMzẑ). (D.3)
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In experiments samples are not elliptical in cross-section. In these cases the de-

magnetisation can be computed numerically, which can be quite computationally

intensive, or certain assumptions can be made to simplify the problem. The assump-

tion made here is that the susceptibility of the sample is zero, which means that the

magnetisation of the sample is uniform. We also deal only with the volume average

(magnetometric) demagnetisation factor, as all of the quantities of interest in this

thesis are measured over the whole volume of the sample.

For the two sample geometries encountered in this work (rectangular prism and

cylinder), the volume average demagnetisation factor for χ = 0 has been worked out

in the literature. Chen et al. [107] present an analytic form for the volume average

demagnetisation factor of a square prism of size 2a × 2b × 2c with the field applied

along the c direction [107]:

Nm =
2

π
arctan

(
ab

c
√
a2 + b2 + c2

)
+

1

3πabc
(F2 + F3)

+
1

2πabc
(Fm(a, b, c) + Fm(b, a, c)− Fm(c, a, b)− Fm(c, b, a)) . (D.4)

Here, the terms F2, F3, and Fm are defined as [107]:

F2 = a3 + b3 − 2c3 + (a3 + b3 − 2c3)
√
a2 + b2 + c2, (D.5)

F3 = (2c2 − a2)
√
a2 + c2 + (2c2 − b2)

√
b2 + c2 − (a2 + b2)3/2, (D.6)

and

Fm(u, v, w) = u2v ln

(
(u2 + w2)(u2 + 2v2 + 2v

√
u2 + v2)

u2(u2 + 2v2 + w2 + 2v
√
u2 + v2 + w2)

)
. (D.7)

This demagnetisation factor is relevant to both the magnetisation and heat capacity

measurements.

For the magnetisation measurements, the geometry of the sample has been ap-

proximated as a rectangular prism for the purposes of demagnetisation correction.

Using Eqns. (D.4)-(D.7), the demagnetisation factor for the sample is found to be
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Nm ∼ 0.486. Any effect of the uncertainty of the sample dimensions on this value will

be far outweighed by the error introduced by treating the sample as a rectangular

prism. This value is substituted into the equation

Hz
d = −Nm

16

(10.023Å)3
µBµ0Ms (D.8)

to obtain the average demagnetising field. There, Nm is the demagnetisation factor,

and Ms is the magnetisation of the sample in units of Bohr magnetons per magnetic

ion. The prefactor 16/(10.023Å)3 represents the number of Yb3+ magnetic moments

in the unit cell of Yb2Ti2O7, divided by the volume of the unit cell. The resulting

values of Hz
d are used in Eqn. (D.1) to determine the average magnetic field inside

the sample.

D.1.5 Results

Figure D.1 shows the results of a magnetisation measurement performed at T = 2.0

K, corrected for demagnetisation effects. This plot shows the positive field portion of

a hysteresis loop measurement. No hysteresis was observed, which is expected as 2.0

K is well above the transition temperature of Yb2Ti2O7. The maximum applied field

in the experiment was 7 T, which gave a maximum internal field of 6.86 T, and a

magnetic moment at this field of 1.695(4)µB/T. This value was used as a constraint

in our determination of the exchange energies in Ch. 5.

D.2 Mean-Field Magnetisation for Least Squares

Fit

The µ0Hint = 6.86 T single crystal magnetisation at T = 2 K was used in the least

squares minimisation to determine the free parameters in the nearest neighbour ex-

change Hamiltonian. Figure D.2 shows zero temperature mean-field magnetisation
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Figure D.1: Magnetisation measurements on a single crystal sample of Yb2Ti2O7

collected at T = 2.0 K. The data has been corrected for demagnetisation effects, and
the field was applied along the [100] axis of the crystal.

computed using the optimised exchange parameters determined by the least squares

fit, along with high (2 K, present data) and low (90 mK, extracted from L’Hotel et

al. [37]) temperature single crystal magnetisation. For the highest magnetic fields,

µ0Hint ≥ 6 T, the mean-field calculations reproduces the experimental magnetisation

reasonably well, but for lower fields, the mean-field calculation overestimates the sam-

ple magnetisation. Some of this overestimation may be due to the neglect of thermal

fluctuations in the mean-field calculations, but measurements performed at T = 90

mK should be well within the ordered phase of Yb2Ti2O7, where these effects should

be small, which would imply that the reduced magnetisation seen in experiment is

due to zero point quantum fluctuations not accounted for in mean-field theory.

D.3 Demagnetisation Corrections for Neutron Scat-

tering and Heat Capacity Measurements

D.3.1 Introduction

It is also necessary to perform demagnetisation corrections for the heat capacity and

neutron scattering data to ensure that quantities extracted from both data sets as
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Figure D.2: Zero temperature mean-field magnetisation calculations compared to
single crystal magnetisation at 90 mK and 2 K with the field applied along [001]. The
90 mK data comes from L’Hotel et al. [37].

a function of magnetic field are correctly compared. As both the heat capacity and

inelastic neutron scattering experiments were carried out at very low temperatures,

it is necessary to use magnetisation measurements collected at very low temperatures

to perform the demagnetisation correction. Since we did not have the necessary

equipment available to perform the necessary measurements, the data reported by

L’Hotel et al. [37], as shown in Fig. D.3, was used for this analysis.

D.3.2 Heat Capacity Demagnetisation Correction

The largest applied field used in the heat capacity experiments was ”B”= 1.5 T,

so the data of L’Hotel et al. [37] is sufficient to determine the average internal field

experienced by the sample. This was done using the same method as in Section D.1.4.

The sample geometry used in the heat capacity experiment was a thin flat square plate

with dimensions 2.09(1) mm by 2.03(1) mm by 1.01(1) mm thick. The measurements

were performed with the large face of the sample perpendicular to applied field. Again,

this is not an ideal geometry for demagnetisation effects, but was necessary to have

the [001] axis of the crystal parallel to the applied field, and to ensure good thermal

coupling to the sample. The volume average demagnetisation factor for this sample

is Nm ∼ 0.5. This value was used to determine the average internal field experienced
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by the sample for each external field used in the experiment. The largest effect on

the field inside the sample occurs in very low fields, where the applied field can be

reduced by a factor of ∼ 1.75.

One subtle point that should be mentioned is that in order to compute the average

internal magnetic field experienced by the heat capacity sample, Eqn. (D.1) must be

inverted. Using the demagnetisation factor of our sample, 0.5, the equivalent external

field can be computed from the values of M and Hint provided by L’Hotel et al. [37].

By performing a linear interpolation to the average internal field as a function of the

computed external field it is possible to convert applied fields into the average internal

field experienced by the magnetic moments in the sample. The values of the internal

field for the applied fields used in the heat capacity experiments in Ch. 3 are given

in Table D.1.

B (T) 0.05 0.075 0.1 0.125 0.15 0.21 0.30 0.5 1.5

µ0Hint (T) 0.004 0.006 0.018 0.036 0.057 0.11 0.194 0.385 1.37

Table D.1: Values of Hint for corresponding values of the applied magnetic field for
heat capacity measurements performed in this work.

D.3.3 Inelastic Neutron Scattering Demagnetisation Correc-

tion

Correcting for demagnetisation effects in the sample used in neutron scattering ex-

periment has two different complications: some of the measurements were performed

in fields well above the field range available in the data of L’Hotel et al. [37], and

the sample used for the inelastic neutron scattering experiments is a tilted cylinder.

Simple formulae exist for computing the demagnetisation factor of a cylinder with the

long axis parallel and perpendicular to an applied magnetic fields, but if the cylinder

is tilted away from either of these two cases, computing the effect of demagnetisation

becomes more complex.
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In order to address the problem that the single crystal data in L’Hotel at al. [37]

extends up to only 4 T, and neutron data was collected in applied fields of up to

”B”= 9 T, a series of data combinations and extrapolations were necessary. In order

to extend the range of magnetisation data that can be used to compute the internal

field, the low temperature data was combined with the data collected at T = 2 K for

µ0Hint > 5 T. L’Hotel et al. [37] find that for B & 5 T, the powder magnetisation

measured at T = 2 K and T = 90 mK are equal, making this combination justified.

Based on this, when computing the internal field for neutron scattering measurements,

the magnetisation used is a combination of 90 mK data from L’Hotel et al. [37] below

µ0Hint = 4 T, a linear interpolation between the 90 mK and 2 K magnetisation

between µ0Hint = 4 and 5 T, and T = 2 K between µ0Hint = 5 and 6.86 T.

For fields greater than µ0Hint = 6.86 T an extrapolation must be made to esti-

mate the sample magnetisation at higher fields so that the demagnetisation correction

can be computed. This has been done by numerically computing the susceptibil-

ity (dM/dHint) for the T = 2 K data and performing a linear fit to the high field

(5.5 > µ0Hint < 6.86 T) susceptibility. Using this fit to the susceptibility, the mag-

netisation can be extrapolated iteratively using the formula:

Mext = M0 + ∆Hint
dM

dHint

, (D.9)

with M0 being one of the measured magnetisation points. This method will lead to

a slight underestimation of the magnetisation at high fields, but when compared to

a linear extrapolation of the magnetisation, which would overestimate the magneti-

sation, the difference in the resulting internal field was in the fourth decimal place,

which is negligible when compared to the overall magnitude of the field. The results

of the extrapolation based on a linear fit to the susceptibility are shown in Fig. D.3.

The sample used in the neutron scattering experiments is a cylinder of length

21.84(1) mm and diameter 7.33(1) mm. There are some small deviations in the sides of

the crystal away from a perfect cylinder, but we treat the sample as a perfect cylinder.
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Figure D.3: Magnetisation measurements from Fig. D.1, along with data collected
using a single crystal at T = 90 mK with the field applied along [001] by L’Hotel et
al. [37], and the magnetisation for fields above ”B”= 7 T, based on a linear fit to the
high field susceptibility.

The cylinder was tilted with respect to the applied magnetic field by an angle of 31.6◦

away from vertical, as measured by a computer controlled measurement device. This

was necessary to align the [001] axis of the crystal with the applied magnetic field.

The equation for the volume average demagnetisation of a finite length cylinder

with the field applied along the long axis of the cylinder is given by Chen et al. [108]:

Nm = 1− 2lLs
µ0πa2

, (D.10)

where a is the diameter of the cylinder, and l is the length of the cylinder divided

by two, and Ls is is the self inductance of solenoid representing the surface of the

cylinder, which is defined as [108]:

Ls =

(
2µ0

3l2

){(
a2 + l2

)1/2 ·
(
F (ks)l

2 + E(ks)(a
2 − l2)

)
− 3a3

}
. (D.11)

F (ks) and E(ks) are complete elliptic integrals of the first and second kind respectively,

and k2
s = a2/(a2 + l2).

Using Eqns. (D.10) and (D.11) the longitudinal demagnetisation factor of the
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sample is Nm,z = 0.12855 using the relationship Nx+Ny+Nz = 1, which is true when

the field is applied along one of the primary axes of the sample, the perpendicular

demagnetisation factor is Nm,(x,y) = 0.435725. This second term is necessary due to

the tilt of the cylinder with respect to the applied magnetic field.

In order to account for the cylinder being tilted, it is necessary to take into account

both the longitudinal and perpendicular demagnetisation factors, in the following way:

the magnetisation along the direction of the applied field is determined from the data

in Fig. D.3. This magnetisation is then split into two components associated with the

principle axes of the cylinder:

Mx = Ms sin θ, (D.12)

Mz = Ms cos θ. (D.13)

Mx and Mz are then substituted into Eqn. (D.8), using Nm,z and Nm,(x,y) respectively

instead of Nm, to obtain Hd,x and Hd,z respectively. These two demagnetising field

components are then recombined to determine the size of the demagnetising field

parallel to the applied field:

Hd = Hd,z cos θ +Hd,(x,y) sin θ. (D.14)

The component of the demagnetising field perpendicular to the applied field, which

occurs because in this geometry the demagnetisation tensor is not diagonal, is ne-

glected. Using Hd, the internal field of the sample is determined as a function of

applied field, by inverting Eqn. (D.1). The resulting internal fields are given in Table

D.2.

B (T) 0.21 0.5 0.75 1.0 1.5 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0

µ0Hint (T) 0.166 0.45 0.698 0.946 1.44 1.94 2.94 3.94 4.94 5.93 6.93 7.93 8.93

Table D.2: Values of µ0Hint for corresponding values of the applied magnetic field for
neutron scattering experiments in this work.
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Appendix E

Background Subtraction

In order to extract the purely magnetic scattering contribution to the inelastic neutron

scattering data, especially in the case of continuum scattering, it is essential to sub-

tract an estimate of the non-magnetic background from the data. This was especially

important for the 1.34 meV and 2.5 meV data, where the removal of the elastic line

allows the use of the inelastic neutron scattering signal down to energies of 0.037 meV

and 0.07 meV respectively. The background was constructed by combining energy

ranges from various data sets where no magnetic signal is expected to be present.

The area in Fig. E.1(a-c) where magnetic scattering is present has been determined

by fitting the maximum and minimum energies of magnetic scattering in the data (see

Ch. 5) These fitted boundaries are shown by the blue points, magenta lines show the

energy ranges used to “construct backgrounds” for the 1.34 meV, 2.5 meV, and 6.3

meV data.

Some of the energy ranges used to construct the “background” can be seen to

overlap (Fig. E.1(b,c)) with the magnetic scattering. This overlap is within the un-

certainty of the magnetic boundary for these data sets. Also, the magnetic scattering

in these energy ranges is continuum scattering that is very weak, and tapers to zero

gradually, so the effect of any overlap will be minimal. This has been confirmed

by comparing these energy ranges to other data sets where no magnetic scattering

is present and confirming that the neutron scattering intensities in these ranges are
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Figure E.1: (a), (b), and (c) show the energy ranges of data sets collected at different
fields used to construct a representation of the non-magnetic backgrounds for the 1.34
meV, 2.5 meV, and 6.3 meV data sets respectively. The magenta lines indicate the
energy ranges taken from single angle data sets for each field. The red lines in panels
(b) and (c) indicate the energy ranges extracted from a high temperature T > 900 mK
data set. The dashed line in panel (c) indicates an energy range where interpolated
data was used to form the background. All of these data sets were combined then
smoothed to form a representation of the non-magnetic background. The shaded blue
area in each panel shows the energy ranges containing magnetic scattering,the blue
points are the data points used to determine the boundaries of of this area.
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within each others uncertainty. The data files have also been checked for any evidence

of over-subtraction after the background has been removed.

For energy ranges where no data was available that was free of magnetic scattering,

two different solutions were used. In some cases, high temperature data (T > 900 mK)

was used, where magnetic scattering will be diffused throughout the Brillouin zone,

and diffused in energy by thermal excitations. The energy ranges where high tempera-

ture data was incorporated into the 2.5 meV and 6.3 meV backgrounds are indicated

by red lines in Fig. E.1(b,c). For energy ranges where even the high temperature

data contained magnetic scattering it was necessary to interpolate the background so

that it smoothly connected the background above and below the energy window. The

energy range where this was necessary is shown by a dashed line near zero field and

2 meV in Fig. E.1(c).

Using the data ranges shown in Fig. E.1, background data sets were constructed

for each of the three incident neutron energies used in the experiments (1.34, 2.5, and

6.3 meV) by combining the data from runs at each field in the energy ranges shown,

weighted according to the counting time. Afterwards, the resulting background was

smoothed between neighbouring energy bins and detectors to ensure that the statistics

of the data sets were not made worse when the background was subtracted. These

resulting backgrounds are shown in Fig. E.2. The obvious features in the data

are the intense band of elastic scattering around E= 0 meV, the elastic line, which

results from elastic scattering from the sample and parts of the instrument, and the

sharp quadratically dispersing feature in all of the data sets, which comes from elastic

scattering from the tails of the superconducting magnet used during the experiment.

Since this is a relatively sharp feature compared to the underlying smooth background,

the pixels near this feature were not averaged, but were kept as originally measured

in the contributing data sets. The quality of the background subtraction can be seen

in Fig. 5.2(m,n), note the very clean region with no signal up to the Zeeman energy

gap above 1.5 meV. In particular note that the quadratic dispersive feature seen in

Fig. E.2(b) is completely absent in the background subtracted data. Also note in Fig.
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5.4(a), all of the high field data points below 1.7 meV are indistinguishable from zero

energy with their uncertainty, giving confidence to the idea that all of the low field

intensity is genuine magnetic scattering. This “background” was subtracted from all

data sets to obtain the purely magnetic scattering.

Figure E.2: Slices showing the (a) 1.34 meV, (b) 2.5 meV, and (c) 6.3 meV non-
magnetic background.
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Appendix F

Neutron Absorption Correction

Absorption correction of the inelastic neutron scattering data was necessary as several

of the data sets showed strong absorption effects. This occurred in two situations, the

1.34 meV data showed significant effects for all energies, as the energy of the incident

neutrons is quite low, and at higher energy transfers in all of the inelastic data sets,

due to the scattered neutrons having very low energies.

The attenuation of a beam of neutrons through a material is given by:

I = I0 exp (−µl) , (F.1)

where I0 is the incident neutron intensity, I is the intensity of the neutrons after

passing through the material, µ is the linear attenuation coefficient for the material,

and l is the distance through the material travelled by the neutron. For simplicity,

the absorption factor is defined as α ≡ exp (−µl). The linear attenuation coefficient

has two contributions, absorption by nuclei, and incoherent scattering, which are

characterised by σabs, the absorption cross section, and σinc, the incoherent scattering

cross section. These two cross sections are given for all of the elements in Yb2Ti2O7

in Table F.1. The incoherent scattering cross section is independent of the energy of
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the neutron, while the absorption cross section has energy dependence:

σabs (E) = σ0,abs

√
E0

E
, (F.2)

where E0 = 25.299 meV.

Table F.1: The absorption and incoherent scattering cross sections of the elements in
Yb2Ti2O7. σ0,abs is given for thermal neutrons with energy E0 = 25.299 meV.

Element σ0,abs (10−24 cm2) σinc (10−24 cm2)

Yb 34.803 4.00

Ti 6.091 2.87

O 0.0 0.001

The linear attenuation coefficient is defined in terms of σinc and σabs as:

µ (E) =
N

v0

∑
a=Yb,Ti,O

na (σinc,a + σabs,a (E)) (F.3)

which has units of cm−1. v0 is the volume of the cubic unit cell of Yb2Ti2O7, N = 8

is the number of formula units in the unit cell, a indexes all of the elements in the

material, and na is the number of times an element appears in the chemical formula.

For inelastic neutron scattering the energy of the neutron passing through the

material will be different before and after the scattering event. This is accounted for

by setting:

α = exp (−µ1l1 − µ2l2) , (F.4)

where µ1 and µ2 are the attenuation coefficients, and l1 and l2 are the distances

travelled through the sample, of the neutron before and after scattering respectively.

µ1 and µ2 are computed using the energy of the neutron before and after scattering

respectively. The absorption coefficient depends on the the energy transfer, the de-

tector position, and the sample orientation, therefor the absorption coefficient was

calculated individually for each sample orientation, detector, and energy bin in the

data. The absorption coefficient was computed by Monte Carlo sampling l1 and l2
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over the volume of the sample to calculate the average 〈α〉. All intensities, after

background subtraction, were then divided by the resulting absorption coefficient.
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