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The sea of knowledge knows no bounds,
No shore’s in sight even if the sailor turns around.
Anonymous.
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To pursue the unlimited with the limited,
Is it not perilous?

Master Chong, Carving up an Oz.
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Remember not the gains and losses,
Nor the love and hatred.
Remember only the good old days,
Once we’re acquaintances.

Jim Wong, The Giant.
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Looking back at where the winds and rains began,
—I'll go home —
Now there’s no more wind, rain, nor sunshine therein.

So Sik, Calming the Winds and Waves.
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Abstract

This thesis studies derived equivalences between total spaces of vector bundles and dg-quivers.

A dg-quiver is a graded quiver whose path algebra is a dg-algebra. A quiver with superpotential is
a dg-quiver whose differential is determined by a “function” ®. It is known that the bounded derived
category of representations of quivers with superpotential with finite dimensional cohomology is a Calabi—
Yau triangulated category. Hence quivers with superpotential can be viewed as noncommutative Calabi—

Yau manifolds.

One might then ask if there are derived equivalences between Calabi—Yau manifolds and quivers with
superpotential. In this thesis, we answer this question and, generalizing Bridgeland [15], give a recipe

on how to construct such derived equivalences.

Let 7 : V — X be an anti-semiample vector bundle over a smooth projective variety X, i.e., S*VV is
globally generated for k > 0. Given a full exceptional sequence £ on D?(Coh (X)), under some cohomo-
logical vanishing conditions, we construct a dg-quiver Q¢ in terms of the dual exceptional sequence of £
such that D?(Coh (V)) = Dl} ,(Rep(Q¢)). Moreover, this equivalence restricts to an equivalence between
D%, (Coh (V)), the full subcategory containing complexes of compact support, and Dl}d(Rep(Qg)), the
full subcategory containing complexes with finite dimensional cohomology. If V' is non-compact Calabi—
Yau, we show that Q¢ is equipped with a superpotential ®, i.e., the differential on Q¢ is determined
by the “function” ®. In this case, the triangulated categories D% (Coh (V)) and Dl}d(Rep(Qg)) are both
Calabi-Yau.

We can also construct derived equivalences equivariantly. Suppose a finite group G acts on X and
this action lifts to V, endowing m : V' — X the structure of an equivariant vector bundle. Suppose
further that each object in the exceptional sequence £ is equipped with a G-linearization. Then we can
construct a quotient dg-quiver Q¢ /G from Qg, generalizing the construction of the McKay quiver, such
that D?(Coh©(V)) = D*(Rep;,(Qe/G)). If V is non-compact Calabi-Yau equivariantly, then Q¢ /G is

also equipped with a superpotential.

We also give a product construction for derived equivalences. Suppose we have vector bundles 7y :
V — X and my : W — Y, with full exceptional sequences & on D’(Coh (V)) (resp. F on D?(Coh (W))),
then we can construct a product dg-quiver Qg X Qr such that D?(Coh (V x W)) = D*(Rep , (Qs X QF)).
If both V and W are Calabi—Yau, then Q¢ X Q* is also equipped with a superpotential.

Using these constructions, we can produce a lot of beautiful pictures of quivers with superpotential
derived equivalent to the total spaces of vector bundles which are Calabi-Yau. Examples include Ty,
Kpn, and Opz(—1) & Opz(—2) etc.

Finally, we try to connect quivers with superpotential to the recent work by Pantev, Toén, Vaquié
and Vezzosi [58] and Ben-Bassat, Brav, Bussi and Joyce [4] on shifted symplectic structures. We outline
a strategy of proof for the existence of shifted symplectic structures in a standard ‘Darboux form’ on the

derived moduli stack of representations of quivers with superpotential.
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Introduction

In Calabi-Yau geometry, one important object is the category of coherent sheaves. Coherent sheaves
on m-Calabi—Yau manifolds enjoy a special form of Serre duality: for any coherent sheaves E and F,
Ext'(E, F) = Ext™ “(F, E)V. This property is writtenly solely in terms of the Ext groups and hence
can be axiomatised to a definition of Calabi—Yau abelian categories. As algebraic geometry progresses,
we soon know that it is more flexible to work in the derived category of coherent sheaves (which is a
triangulated category) rather than the abelian category. Kontsevich [46] later modified the definition of

Calabi—Yau abelian categories to give a notion of Calabi—Yau triangulated categories.

The earliest examples of Calabi—Yau categories other than coherent sheaves on Calabi—Yau manifolds
were probably given by physicists Berenstein and Douglas [5], Braun [12], Douglas and Moore [23] and
later by mathematicians Ginzburg [27] and Derksen, Weyman and Zelevinsky [22] as representations of
some quivers with relations coming from the derivatives of a linear sum of closed paths (the superpoten-
tial). One problem of this definition of quivers with superpotential, however, is that they do not always
produce Calabi-Yau categories. This problem was later solved by Ginzburg [27], Keller [41] and van
den Bergh [71] (see also van den Bergh [70]) by adding derived structures, i.e., considering dg-quivers
(graded quivers whose path algebra is endowed with the structure of dg-algebras) rather than quivers
with relations. This new definition of quivers with superpotential as dg-quivers always produces Calabi—
Yau categories and yields the old definition of quivers with superpotential as quivers with relations when

taking the zeroth cohomology of the dg-quiver.

As is well known, using the notion of exceptional sequences, one can construct derived equivalences
between varieties and quivers with relations. One then ask if there are derived equivalences between
Calabi—Yau varieties and quivers with superpotential. This thesis is a study on how to construct such
derived equivalences. There are three major difficulties. To start off, compact Calabi—Yau manifolds
do not have any exceptional sequences due to Serre duality and therefore, one cannot directly employ
exceptional sequences to construct such derived equivalences. Bridgeland [15] found a slick way of getting

around this problem by considering noncompact examples, namely, the total space of vector bundles,
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and pulling back exceptional sequences on the base manifolds to produce derived equivalences between

the total spaces of vector bundles with quivers with relations. This is essentially Corollary 5.2.9.

The second difficulty is to resolve quivers with relations by dg-quivers. This is done by using Ae-
Koszul duality. Any dg-quiver can be characterized as the Koszul dual of an augmented Ag,-category
(Aoo-category with m,, = 0 for n > 0). This construction sends an Ag,-category A to the quiver
constructed by taking the vertices to be Obj(A) and degree i edges between vertices u and v to be a
basis of A'~%(u,v)V, where A denotes the kernel of the augmentation map. The path algebra of the quiver
is then given by the Koszul dual dg-algebra E(A), with differential given by d = @ m,/. In Theorem
5.4.5, we produce an Ag,-category in terms of dual exceptional sequence and show that its Koszul dual
is the desired dg-quiver. Readers familiar with the theory of A,.-algebras would perhaps find it awkward
to work with Agy,-categories as the property of being Ag, is not invariant under homotopy perturbation.
Indeed, much of the trouble here is to show that we always end up with an Ag,-category rather than
just an A,,-category. This is done by considering an additional grading on the A, -category known as

the Adams grading.

The last difficulty is to show that the dg-quiver built this way is a quiver with superpotential. We use
the characterization that quivers with superpotential are precisely the Koszul dual of positively graded
augmented Ag,-categories with cyclic structure. We then show the existence of a cyclic structure on our
Agn-category by using a result of van den Bergh [70] characterizing a class of algebras known as exact

Calabi—Yau algebras. This is Proposition 5.5.2.

This yields the following theorem, which is the basis of this thesis and is essentially a generalization

of Bridgeland [15, Proposition 4.1].

Theorem A (Theorem 5.4.5 and Proposition 5.5.2). Let X be a smooth projective variety and w: V. — X
be an anti-semiample vector bundle, i.e., S¥V'V is globally generated for k> 0. Let & = (Ey,. .., E,) be

an exceptional sequence on D®(Coh (X)). Suppose the vanishing condition
Hom®(E;, B; ® S*VV) =0

is satisfied for all i,j,k and all £ > 1. Denote by F = (F,,...,Fy) the dual exceptional sequence to E.
Then there is an Agn-category Ag where Obj (Ag) = F and

A%(F;, Fy) = @ Hom ™ (F,;, F; @ A*V)
k>0

such that E(Ag) is cohomologically Noetherian and D?(Coh (V)) =2 D?cg(E(Ag)OP). Moreover, this equiv-

alence restricts to a derived equivalence D% (Coh (V)) = Dl}d(E(Ag)Op). Furthermore, if V' is noncompact



INTRODUCTION 3

Calabi—Yau, Ae has a cyclic structure.

Here, by cohomologically Noetherian, we mean that the algebra H®(FE(A)°P) is Noetherian. The de-
rived category Dl} 4(E(Ag)°P) denotes the full triangulated subcategory of DY(E(Ag)°P) consisting of com-
plexes whose cohomologies are finitely generated over H®(E(Ag)P); the derived category Dl} J(E(Ag)°P)
denotes the full triangulated subcategory of D?(E(Ag)°P) consisting of complexes whose cohomologies are
finite dimensional; and D%, (Coh (V')) denotes the full triangulated subcategory of D®(Coh (V)) consisting

of complexes whose cohomologies are compactly supported.

In other words, we can produce a dg-quiver derived equivalent to the total space of the vector bundle,
and in the case when the total space of the vector bundle is Calabi—Yau, the dg-quiver is equipped with a
superpotential. The underlying graded quiver can be described explicitly in terms of the dual exceptional
sequence and the vector bundle, although the differential (or the superpotential in the Calabi—Yau case)
is not readily known. However, in the Calabi—Yau examples of dimension no greater than 4, knowing
the classical quiver with relations derived equivalent to the vector bundle is enough to determine the
superpotential, since there are enough constraints. One can generalize Theorem A and remove the

vanishing condition. But then we no longer have a concrete description for the underlying graded quiver.

We can also construct derived equivalences equivariantly. Let G be a finite group and A an Agy,-
category, with G acting on A by strict Agy-isomorphisms. Then one can construct a quotient Agy-

category A/G. We have the following

Theorem B (Theorem 5.6.5). In the situation in Theorem A, suppose there is a finite group G act-
ing on X, and this action lifts to V. Assume further that each object E; € £ can be equipped with
a G-linearization. Then there is a G-action on Ag by strict Agp-isomorphisms and an equivalence
D¥(Coh (V) = Dl}g(E(Ag/G)Op). Furthermore, if Ky is trivial as an equivariant vector bundle, or

equivalently if det V = Kx equivariantly, then Ag/G also has a cyclic structure.

In other words, if we know the dg-quiver derived equivalent to V', we can construct the dg-quiver
derived equivalent equivariantly to V. The action of the differential (or the superpotential in the Calabi—
Yau case) on the equivariant dg-quiver is also determined. In fact, this quotient construction on quiver

is a generalization of the McKay quiver.

We also have the following recipe for products. Given two A..-algebras A and A’, there is an A-
tensor product A ® A’ defined by Amorim [2] which preserves cyclic structures in the sense that if both

A and A’ have cyclic structures, then so does A ® A’.

Theorem C (Theorem 5.7.3). Let my : V. — X and 7w : W — Y be anti-semiample vector bundles.

Let £ be an exceptional sequence on X and F be an exceptional sequence on'Y . Suppose they satisfy the
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vanishing conditions
Hom‘(E;, E; ® S*VV) =0 and Hom‘(F;, F; @ S*WV) =0

for all i,j,k and £ > 1. Then the Ao -structure on Ag ® Ar is Agn and there is an equivalence
D¥(Coh (V x W)) = Dl}g(E(Ag ® Az)°P). If both V and W are Calabi-Yau, then As ® Ar has a

cyclic structure.

In other words, if we know the dg-quivers derived equivalent to vector bundles, we also know the
dg-quiver derived equivalent to their product. However, the differential on this product quiver is not
uniquely determined as tensor product of A.,-categories are only defined up to A.,-quasi-isomorphisms.
In the case when one of the Ag,-category has m, = 0 for m > 3, then there is a natural choice of
Agn-structure on the tensor product, and hence a natural choice of differential on the product quiver. In
the Calabi—Yau case, this means that when one of the superpotentials is cubic, then there is a natural

choice of superpotential on the product quiver.

Using these three theorems, we can produce a lot of beautiful pictures of quivers with superpotential
derived equivalent to the total space of vector bundles which are Calabi-Yau. Examples include Tj%,

Kpn, and Opz2(—1) & Opz(—2) etc.

Quivers with superpotential also connect to the recent work by Pantev, Toén, Vaquié and Vezzosi [58]
and Ben-Bassat, Brav, Bussi and Joyce [4] on shifted symplectic structures in that the moduli space of
representations of quiver with superpotential seems to be equipped with a shifted symplectic structure
which is in a standard Darboux form. The precise statement is stated in Conjecture 7.4.1, and an
attempt to prove the conjecture is sketched in Section 7.4. The main difficulty here is finding a way to
describe symplectic forms on the moduli space, which is a quotient stack of a derived scheme by a linear
algebraic group, by invariant symplectic forms on the atlas. We propose a way to do this via Lie algebra

cohomology in Section 7.3.

A Guide to the Chapters

Chapter 1 is a review on noncommutative geometry.

In Section 1.1, we introduce quivers and their representations, and discuss how they can be thought

of as objects in noncommutative geometry.

Section 1.2 reviews some calculus on noncommutative space.
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Chapter 2 is a review on the theory of triangulated categories.
Section 2.1-2.3 define triangulated category, derived categories and t-structures.
Section 2.4 defines Serre functors and Calabi-Yau triangulated categories.

Section 2.5-2.7 give a brief review of different notions of compact generators, admissible subcategories

and mutation functors.

Section 2.8-2.9 define exceptional sequences and tilting objects, which are the main ingredients to

construct derived equivalences.

Chapter 3 is a survey on A,.-algebras and operations on them.

In section 3.1, we introduce A, .-algebras and other related notions such as minimal models, A..-

modules, and their derived categories.

Section 3.2 defines the notion of minimal A, -algebras, and discusses how to construct minimal models

by using homotopy perturbation.

Section 3.3 defines the notion of cyclic structure on A..-algebras and describes how it gives rise to

Calabi—Yau categories.

Section 3.4 defines the Koszul functor, which is essentially a way of producing dg-quivers from A.-
algebras. There are two versions of this functor: the completed one and the incomplete one. The
completed one is defined on A, -algebras and yields the completed path algebra of a dg-quiver. The
incomplete one is only defined on Ag,-algebras, and yields the incomplete path algebra of a dg-quiver.
The difference between the two versions is similar to the difference between power series and polynomials.
Admittedly, working with Ag,-algebras and hence the incomplete Koszul functor is awkward in the world
of A.-algebras, as being Ag, is not a homotopy invariant property. For example, the minimal model
of an Agy-algebra is not necessarily Ag,. However, as we will see in Chapter 5, the incomplete Koszul
functor is central to our problem of constructing derived equivalences between dg-quivers and total spaces

of vector bundles.

Section 3.5 defines the quotient of an A,.-algebra by a finite group, and the smash product of an A.-
algebra by a finite group. Although the definition of quotient construction is straightforward, it appears
to be new. This quotient construction is central to constructing derived equivalences equivariantly as
described in Section 5.6. We then prove a relation between the quotient construction and the smash
product, and shows how these two constructions commute with the Koszul dual functor, i.e., the Koszul
dual of the quotient (resp. smash product) of an Ag,-algebra is the quotient (resp. smash product) of
the Koszul dual of an Ag,-algebra. This section is inspired by the work of Bocklandt, Schedler, and
Wemyss [7].
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Section 3.6 surveys different constructions of A.-tensor product. Since A..-tensor products are only
unique up to As.-quasi-isomorphisms, there is in general no natural formulae for computing the ten-
sor product, although there is one in the case when one of the A, -algebras is As, i.e., a dg-algebra.
Particularly important to us is the tensor product constructed by Amorim and Tu [2], since their con-
struction preserves cyclic structures. We then prove that, under some local finiteness conditions, the
Koszul functor commutes with the tensor product, i.e., Koszul dual of tensor product of A..-algebras is

quasi-isomorphic to tensor product of Koszul duals of A, -algebras as dg-algebras.

Chapter 4 is devoted to the study of quivers with superpotential.

In section 4.1, we define quivers with superpotentials. Our definition of quivers with superpotential
is taken from van den Bergh [70], where the completed path algebra of a quiver with superpotential is

known as a deformed DG-preprojective algebra there.

Section 4.2 gives a correspondence between quivers with superpotential and the Koszul dual of Ag,,-
categories with cyclic structures. Using this correspondence, we define the notion of product of quivers

with superpotential and the notion of quotient of quivers with superpotential by finite groups.

In section 4.3, we follow van den Bergh [71] and prove that the path algebras of quivers with superpo-
tential are Calabi—Yau algebras, and hence the categories of representations of quivers with superpotential

are also Calabi—Yau.

Finally, Section 4.4 describes quivers with superpotential of dimensions 1 to 4. In particular, we
describe in dimension 3 how our definition of quivers with superpotential as dg-quivers is connected to
the old definition of quivers with superpotential as quivers with relations given by physicists Berenstein
and Douglas [5], Braun [12], Douglas and Moore [23] and later by mathematicians Ginzburg [27] and

Derksen, Weyman and Zelevinsky [22].

Chapter 5 is the heart of the thesis where we prove our main results.
Section 5.1 gives a review on equivariant sheaves.

In Section 5.2, we generalize a result by Bridgeland [15, Proposition 4.1] and show that if 7: V' — X
is an anti-semiample vector bundle on a smooth projective manifold with an exceptional poset £, then
under some cohomological vanishing conditions, the total space V is derived equivalent to an algebra Ag
which is the path algebra of a quiver with relations. If we remove the cohomological vanishing condition,

we end up with an Ag,-algebra rather than a quiver with relations.

Section 5.3 tries to resolve Ag, the path algebra of a quiver with relations (or more generally the

Agp-algebra) by a dg-quiver Qg.
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Section 5.4 gives a concrete description of the underlying graded quiver of the dg-quiver Q¢ in terms

of the dual exceptional poset of £.
Section 5.5 proves the existence of a superpotential on Q¢ when V' is noncompact Calabi—Yau.

Section 5.6 considers the G-equivariant situation and constructs from Qg a quotient quiver Qg/G,
generalizing the construction of the McKay quiver, which is derived equivalent to D?(Coh &(V)). In the

case when V' is equivariantly Calabi—Yau, Qg/G is also equipped with a superpotential.

Section 5.7 proves the product construction. We start with two dg-quivers Q¢ and @z derived
equivalent to vector bundles V' and W respectively, and construct a product quiver Q¢ X @ which is
derived equivalent to V' x W. When both V and W are Calabi-Yau, we show that the product quiver

Q¢ X QF is also equipped with a superpotential.

Chapter 6 is a list of examples illustrating theorems in Chapter 5.

Section 6.1 contains examples illustrating Theorem 5.2.9 which produces the quivers with relations

derived equivalent to total space of vector bundles.

Section 6.2 and 6.3 contain examples illustrating Theorem 5.4.5. Section 6.2 introduces a class of
algebras called Koszul algebras whose dg-resolution is particularly easy to describe. We also gives some

examples of vector bundles whose classical tilting algebras are Koszul.

Section 6.3 contains some worked out examples of derived equivalences between total spaces of vector
bundles and dg-quivers, and if the total spaces of vector bundles are Calabi—Yau, quivers with superpo-
tential. These examples are calculated by first determining the classical tilting algebras, then try to work
out the dg-resolutions to determine the dg-quiver. In Calabi—Yau examples of dimension no greater than

4, there are enough constraints and hence the classical tilting algebras determine their dg-resolutions.

Section 6.4 contains a list of examples by applying the product construction in Theorem 5.7.3. Since
the general formulae for the cyclic A-tensor product defined by Amorim and Tu [2] is not known, we

only work with the case when one of the A, -algebras is a classical algebra.

Section 6.5 contains a list of examples illustrating the quotient construction in Theorem 5.6.5.

Chapter 7 contains some unfinished work which aims to make a connection between quivers with
superpotential and the recent work on shifted symplectic structures by Pantev, Toén, Vaquié and Vezzosi

[58], and Ben-Bassat, Brav, Bussi and Joyce [4].

Section 7.1 reviews the theory on derived algebraic geometry developed by Téen and Vezzosi [64, 65,

66] and Pantev, Toén, Vaquié and Vezzosi [58].
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Section 7.2 develops the Lie algebra cohomology for dg-modules by modifying the usual Lie algebra

cohomology theory.

Section 7.3 defines the G-invariant de Rham complex of on a derived scheme Spec R by using the
Lie algebra cohomology developed in Section 7.2. We conjecture that the G-invariant de Rham complex

should describe forms and closed forms on the quotient stack [Spec R/G] and outline a strategy of proof.

Section 7.4 describes the moduli space of representations of quiver with superpotential, and outline
a strategy of proof on showing the existence of a shifted symplectic structure which is in a standard

Darboux form by using the G-invariant de Rham complex introduced in Section 7.3.

Chapter 8 discusses possible future research directions following the thesis.

Appendix A gives some cohomological formulae for computing examples in Chapter 6.
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Chapter 1

Noncommutative Geometry

This chapter is a review on noncommutative geometry. In Section 1.1, we introduce quivers and their
representations, and discuss how they can be viewed as objects in noncommutative geometry. Section

1.2 reviews some calculus on noncommutative space.

1.1 Quivers and Representations

We review the definition of quivers and their representations. The lecture notes by Crawley-Boevey [19]

are a good reference.
Definition 1.1.1 (Quiver). A finite Z-graded quiver @ consists of the following data:
e A finite set of vertices Vi;

e For any vertices v,w € Vg, a finite set of edges

Eq(v,w) =[] E§(v,w),
1€

Ifee Eé)(v,w)7 v and w are called the tail and head of e, denoted by t(e) and h(e) respectively, and 4

is called the degree of e, denoted by deg(e). Pictorially, we view e as an arrow going from v to w

Definition 1.1.2 (Path). A path p of length n in @ is a sequence of edges epe,_1 - - - eae; with t(e;41) =

h(e;) for 1 <i <n —1. The tail of p is t(p) = v and the head is h(p) = v,,. Pictorially, we view p as a
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sequence of arrows going from vy to v,

Un e, Un—1 V1 e1; Vo
0 — O — - i—0i—@
The degree of path is the sum of degrees of its component edges. Each vertex v will also be viewed as a

path of both length and degree 0 going from v to v.

Definition 1.1.3 (Path Category). Let K be a field. The path category of @ over K, denoted by KQ,

is the K-linear category defined by
e Obj(Q) =V, and
e KO(v,w) = K{paths going from v to w},
e the composition map o : KQ(u,v) x KQ(v, w) — KQ(u, w) is given by concatenation of paths, with
e the identity given by the empty path at each vertex.

Definition 1.1.4 (Path algebra). The path algebra of @ over K, denoted by K@), is the unital associative
K-algebra spanned over K by all paths of length k£ > 0, with multiplication of paths p and ¢ given by the
concatenation gp if h(p) = t(q) and zero otherwise. The identity is the sum of empty paths over the set

of vertices. The vector subspace spanned by all paths of length & > n is a two-sided ideal and is denoted

The path category and the path algebra are essentially the same thing, as from the path category
we can get the path algebra by taking the direct sum of all morphism spaces and define multiplication
to be composition if two morphisms are composable and zero otherwise. If we view the path algebra as
an algebra over the discrete K-algebra generated by the vertices, one can recover the path category by
defining the morphism space from v to w to be the vector space wKQuv and composition of morphism

by multiplication.

Definition 1.1.5 (Quiver with relations). A quiver with relation (@, I) is a quiver @ with a two-sided
ideal I in KQ with I C KQ(,). The path algebra of (@, I) is the unital associative algebra KQ/I.

Definition 1.1.6 (Differential-graded Quiver). A dg-quiver is a graded quiver together with a S-linear
differential d : KQ — K@ of degree 1.

Path algebras as tensor algebras. Let S be the discrete K-algebra over Vy, i.e., the path algebra of
the quiver with vertex set Vg and no edges, and KE( be the K-vector space spanned by Eg. Then KEq
is naturally a S-bimodule with scalar multiplication given by path multiplication and K@ is isomorphic

as a unital associative K-algebra to Ts(KEgq).
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Path categories as tensor categories. Analogously, path categories can be written in the form of

tensor categories [41, §3.5].

Definition 1.1.7 (Representation of Quiver). Let @ be a quiver. A finite dimensional representation
(W, p) of @ consists of finite dimensional K-vector spaces W, for each vertex v € Vi and linear maps
pe : Wiey = Wiy for each edge e € Eqg. A finite dimensional representation (W, p) of a quiver with
relations (@, I) is a finite dimensional representation of @ such that for all ¥ = > ac ...c;en---€1 € I
linear combinations of paths having common head and tail vertices, the corresponding linear maps are
trivial:

Z Qep,-e1Peyn © 70 O Pey = 0.

A morphism of representations ¢ : (W, p) — (U, o) consists of linear maps ¢,, : W,, — U, for each v € Vg

such that ¢j(e) © pe = 0¢ 0 @y(c) for all e € Eq.

Proposition 1.1.8. Let (Q,I) be a quiver with relations. The category of representations of (Q,I) is

equivalent to the category of finite dimensional left KQ/I-module.

Proof. Refer to [19]. [ |

Definition 1.1.9 (Representation of dg-quiver). A representation of a dg-quiver consists of chain com-
plexes W, for each vertex v and graded linear maps p, : Wy(e) — Wi for each edge e such that for any

m € W), the following identity holds:

dw, ., (pe(m)) = (dxqpe) (m) + (=1) pe(dw, ., m).

Proposition 1.1.10. The category of dg-representations of a dg-quiver (Q, d) is equivalent to the category
of dg-modules over (KQ,d).

Path algebra as noncommutative analogue of affine variety. One may view the path algebra
of a quiver as a noncommutative analogue of a polynomial algebra. For example, let () be a vertex
with 2 loops = and y, then KQ = K(z,y). Path algebra of a quiver with relations is then analogous to
finitegly generated commutative algebras, for instance, K(x,y)/I for some ideal I. Representations of
quivers are then the noncommutative analogue of coherent sheaves. Dg-quivers can be think of as the

noncommutative analogue of derived schemes.

1.2 Noncommutative Calculus

In this section, we review the tools of noncommutative calculus. Proofs in this section are omitted. For

proofs and further details, please refer to the paper by Crawley-Boevey, Etingof and Ginzburg [20], the
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lecture notes by Ginzburg [26] and the paper by van den Bergh [69].

Notation and Convention. We will work in the relative setting. Fix a ground field K. Let S be a
K-algebra, A be a Z-graded unital associative S-algebra and M, N be Z-graded A-bimodules. First, we
fix some notation and convention. Anything unadorned will always mean relative to the ground field K,
e.g., unadorned tensor product ® means ®g. The shifted module XM is defined by (XM)* = M+,
Throughout this thesis, the Koszul sign rule will be enforced: when moving an element a past another
element b, the sign (71)‘“”“ will appear. For example, the tensor product ¢ ® ¢ of two morphisms of

graded A-bimodule is defined as:

(¢ @ 9)(a®b) = (=1)"1*lp(a) @ 4(b).

We will employ the Sweedler’s notation [63] and write any element b € A® A as b = b’ @b instead of the
more accurate y . b, ®@b!. For instance, if © is a K-linear map with target in A® A, say © : A - A® A,
we will write O(a) = 0'(a) ® ©”(a). The outer and inner A-bimodule structure on the free A-bimodule

A ® A will be denoted respectively by

a(' @b")e = (ab') @ (V'c)

a * (b/ ® b//) fe— (_1)|a\\b/|+\c||a|+\c||b”\(b/c) ® (ab”).

If we denote the interchange operator a ® b — (71)|“”b‘b ® a by o, the two A-bimodule structures are
then related by
ola(V @b")e) =axa(V @V") *c.

The multiplication map a ® b — ab will always be denoted by m.

Definition 1.2.1 (Derivations). Let K be a field, S be a K-algebra, A be a Z-graded S-algebra and M
be an Z-graded A-bimodule. A S-linear derivation of degree n from A to M is a S-bimodule morphism

f:A— M of degree n which satisfy Leibnitz’s rule, i.e., for all a,b € A,

f(ab) = f(a)b+ (—=1)"*laf(b).

The set of all S-linear derivations from A to M is denoted by Derg(A, M). In the special case M = A® A
with its outer bimodule structure, such a derivation is said to be a S-linear double derivation of A. The

set of all S-linear double derivations of A is denoted by Derg(A).

Remark 1.2.2. In general, Derg(A, M) is only an abelian group. However, for double derivation, Der(A)

is still an A-bimodule due to the inner bimodule structure of A ® A. In other words, for any double
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derivation f and a,b € A, we define the double derivation afb by (afb)(—) =a* f(—) *b.

Example 1.2.3. To see how double derivations arise naturally, consider A = K@ for some quiver Q.

For any edge e in @), we can define a double derivation J, acting on any edge f by

hie) ® t(e if f=e
NS LCLICIE S

0 otherwise.

From the double derivation 0., one can define a derivation 97 : KQ — K@ by 05 = m oo o d.. This

derivation vanishes on commutators and hence descends to a derivation 92 : KQ/[KQ,KQ] — KQ.

Definition 1.2.4 (Noncommutative cotangent bundle). The A-algebra ©%(A) = Ta(Derg(A)) is called

the S-relative noncommutative cotangent bundle of A.

Definition 1.2.5 (Differential 1-form). The A-bimodule of noncommutative 1-forms relative to S, de-
noted by Q}(A), is the A-bimodule generated by symbols of the form da for any a € A, subject to the
relation

dar(ab) = (dara)b + a(dirb).
Proposition 1.2.6. The functor M ~ Derg(A, M) is representable by the A-bimodule Q%(A). In other
words, there are canonical isomorphisms
DerS(A, M) = HOHlA_BimOd(Q}g, M)
Proposition 1.2.7. The following sequence is exact:

0—Q54) 2 Ars A A0,

where p(da) =a®1—-1®a and m(a @ b) = ab.

Definition 1.2.8 (Noncommutative tangent bundle). The A-algebra Q%(A) = T4QL(A) is called the
S-relative noncommutative tangent bundle of A. The algebra Q%(A) is Z x Z-graded, with the first Z-
grading | — | coming from the Z-grading on A, and the second one || — || coming from the “form” degree,
i.e., the number of dyr’s appearing in the element. The Koszul sign rule will be enforced according
the following rule: when moving an element o € Q%(A) past another element § € Q¥%(A), the sign

(—=1)lellBI+IallAl will appear. For example, the commutator is defined as

[, B] = 0 — (—1)elBIHIelI) 34,
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Proposition 1.2.9. The de Rham differential map dar : A — Q§A extends to an S-linear derivation

dar : Q% (A) = Q%(A)of degree (0,1) which satisfies d3p =0 and

dar(aodqrar - - - dgrayn) = dgraodaras - - - daran.

Definition 1.2.10 (Noncommutative de Rham complex). The S-relative noncommutative de Rham

complex of A is the graded vector space defined by
DR3(4) = Q5(A4)/[25(A), 25 (A)].

Definition 1.2.11 (Contraction). Let © € Derg(A). The contraction map ig : Q5(A) — A® A defined

to be the A-bimodule morphism given by
i@(ddRa) = @(a)
This map extends to a derivation of degree (—1) ig : Q%(A) = QL (A) Q% (A). The reduced contraction

map 1o : QY (A) — Q¥ (A) is the degree (—1) derivation defined by 10 = moooig.

Definition 1.2.12 (Lie derivative). The Lie derivative Lg : Q%(A4) — Q%(A) @ Q% (A) is by the Cartan
formula

Lo = dgrie + iod4r.
The reduced Lie derivative Lg : Q%(A) = Q%(A) is defined by Lo =m oo o Le.

Proposition 1.2.13. Given any double derivation © € Der(A), the reduced contraction 1 : QY(A) —
Q% (A) descends to 1o : DRg(A) — Q% (A)

Definition 1.2.14 (Symplectic 2-form). A closed noncommutative 2-form w € DR%(A) is said to be

sympletic if the map 1, : Derg(A) — Q%(A) defined by © — 1gw is an isomorphism.

Definition 1.2.15 (Double Poisson bracket). A double Poisson bracket of degree n is a linear map

{— -3} :A®A— A® A of degree n which satisfies

fa, b = —(~ ) o ),
fa,bc} = {a,b}c+ (~1)IalFmllpgg 3.
and

0= {a, {b,c}} @ {b,c} + (=1)lalFmWblHeDrgp Lo o}V @ {e,a}}”
+ (_1)(|6\+n)(\a|+\b|)72{67 {a, b} } @ {a, b},
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where 7: AR A® A - A® A® A is the map sending a ® b® ¢ — (=1)Iel+PDldlec @ a @b, If A is a
dg-algebra, then a double Poisson bracket of degree n is a dg-double Poisson bracket of degree n if it
further satisfies

dfa,b} = {da,b} + (1)l fa, db}.

Remark 1.2.16. Note that a double bracket also satisfies
flab, ¢} = a* {b,c} + (—1)PIUFm fg B 5 b,

Proposition 1.2.17. Every symplectic 2-form w give rise to a double Poisson bracket.

Proof. For any a € A, let H, be the corresponding Hamiltonian double derivation, i.e., H, is the unique
double derivation satisfying

1H,W = ddRa.

Define {{a,b} = Hy(b) = in, (dard) = im, 10, w. [ |

Proposition 1.2.18 ([69] Proposition 1.4). A double Poisson bracket of degree n defines a Kontsevich
bracket of degree n

{=,=}=mo{—-}: AA—= A
which satisfy the following properties:

1. {—,—} is a derivation in the second argument, i.e.,
{a,bc} = {a,ble+ (—1)I2+™Plplg ¢},

2. {—, =} vanishes on commutators in the first argument and hence descends to map

{——}:A/[AJA]®@ A — A.

3. {—, =} satisfy the Jacobi identity

{a,{b,c}} = {{a,0}, ¢} + (- )DL {4, e},

4. {—,—} descends to a Lie bracket

{——}:AJ[A, Al ® A/[A, A] — A/[A, A].
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The double Poisson bracket and the Kontsevich bracket are related by the following

Proposition 1.2.19 ([69] Proposition 2.4.2). We have the following identity:

{a, {b,c}} = {{a. b}, e} + (=) {b, {a,c}}.



Chapter 2

Triangulated Categories

This chapter is a review of the theory on triangulated categories. Sections 2.1-2.3 define triangulated
category, derived categories and t-structures. Section 2.4 defines Serre functors and Calabi-Yau triangu-
lated categories. Sections 2.5-2.7 give a brief review of different notions of compact generators, admissible
subcategories, and mutation functors. Sections 2.8-2.9 define exceptional sequences and tilting objects,

which are the main ingredients to construct derived equivalences.

2.1 Triangulated Categories

We review the definition of triangulated categories. Further details can be found in Gelfand and Manin

[25].
Definition 2.1.1 (K-categories). Let K be a field. A K-category is a category A where for any X,V €
Obj A, A(X,Y) is endowed with the structure of a K-module such that the composition maps

AX,Y) x A(Y,Z) = A(X, Z)

are K-bilinear. A K-category A is said to be K-linear if A has a zero object and the product of any two

objects in A exists.

Definition 2.1.2 (Graded K-categories). A graded K-category (A, X) is a k-linear category A together

with an automorphism X of A. We define the graded Hom-sets by
AYX,Y) = A(A,X'B).

Definition 2.1.3 (Graded functors). A graded functor (F,n) : (A,X4) — (B,Xg) between graded

categories is a k-linear functor F': A — B together with a natural isomorphism 7n: F¥ 4 — YXgF.

17
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Definition 2.1.4 (Triangles). A triangle in a graded k-category (A, ¥) is a sequence A % B % C % S A.

A morphism between two triangles is a commutative diagram

! u B/ v C/ w ZAI

Definition 2.1.5 (Triangulated categories). A triangulated k-category is a graded k-linear category
(A, X)) equipped with a set of distinguished triangles which is stable under isomorphisms and satisfying

the following axioms:

TO. For any A € Obj A, the triangle

AL A4 —0—34
is distinguished.

T1. Any morphism ¢ : A — B can be completed to a distinguished triangle

A B0 -—3A

T2. A triangle
AL B-5L0-Y% %A

is distinguished if and only if the triangle

B0 yA ==Y vB

is distinguished.

T3. If there is a commutative diagram of distinguished triangles with vertical morphisms a : A — A’

and b: B = B’
A B C YA,
R
\
A’ B’ C’ YA

there exists a morphism ¢ : C' — C’ making the diagram commute.

T4. The triangles satisfy the octahedral axiom: Given distinguished triangles



CHAPTER 2. TRIANGULATED CATEGORIES 19

there exists a distinguished triangle

7Ly 4 x Iy

such that

{=gom, k=nof, h=3¥joi, iog=Xuon, foj=mou.

The name “octahedral axiom” comes from the fact that the above distinguished triangles can be

packed into an octahedron:

o

N
X o Z
\\ //
Y .
Remark 2.1.6. Note that we do not assume a priori that two morphisms in a distinguished triangle

Al BS% o xa compose to zero. However, it is a consequence of axioms T'1 and T3 that they do:

there exists a morphism h making the diagram commutes

A4 0 YA

h
Y

A-l.p_ . ¢ S A

i.e., the composition g o f factors through the zero object, and hence must be a zero morphism.

Remark 2.1.7. Axiom T2 postulates every morphism A 1, B fits into a distinguished triangle A EN
B — C — X A. Tt is a consequence of the axioms [25, Corollary IV.1.4] that the object C' is unique up
to non-unique isomorphism. This object C is called a cone of the morphism f. We can then rephrase

Axiom T4 in the following way: Let f, g be morphisms in a triangulated category A and C(f), C(g) and
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C(go f) be a cone of the morphism f, g and go f respectively. Then there exists a distinguished triangle

C(f) = Clge f) = Clg) = XC(f).

Definition 2.1.8 (Triangle Functor). Let (A,3 1) and (B, Xg) be triangulated k-categories. A triangle
functor is a graded k-linear functor (F,n) : (A,X4) — (B,3g) preserving distinguished triangles, i.e.,
for each distinguished triangle

A5 B L 02 x4,

the triangle

FALS pp B8 po 1™ s po

is also distinguished.

Remark 2.1.9. In general, (¥,idg2) is not a triangle functor. However, (X, —idg2) is a triangle functor.

—u YC

—>v —Xw

If A% B -5 C % YA is a distinguished triangle, by (72), so is $A ¥B ¥2A.

The following isomorphism of triangle

YA v P w2 w2y
idsa i —idsp i idsc l J{Zidgf;
TA_ZU wB_EU. w2 w2y

shows ¥A =% ¥B =% ©C 2% $2Ais a distinguished triangle. Hence (3, —idxz2) is a triangle functor.

Definition 2.1.10 (Morphism of triangle functors). Let (A, X 4), (B,X3) be triangulated category and
(F,¢), (G,¢) : (A, 4) = (B,XR) be triangle functors. A morphism of triangle functors o : (F,$) —

(G, 1) is a natural transformation a : F' — G such that for all X € Obj A, the following square commutes

rex o yrx

ale \LEOCX

GX X — YGX.

Definition 2.1.11 (Triangulated subcategory). A triangulated subcategory of a triangulated category A
is a subcategory B of A such that the inclusion functor i : B — A is a triangle functor. A triangulated
subcategory B is said to be thick if it is stable under taking direct summands, i.e., A@® B € Obj B implies
A, B € Obj B.

Definition 2.1.12 (Orthogonal Complement). Let B be a triangulated subcategory of a triangulated

category A. The right orthogonal complement of B is the full subcategory B* of A containing all objects
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A € Obj (A) such that Hom(B, A) = 0 for all B € Obj(B). Similarly, the left orthogonal complement of
B is the full subcategory +B of A containing all objects A € Obj(A) such that Hom(A4, B) = 0 for all
B € Obj (B).

2.2 Derived Categories

The main examples of triangulated categories come from deriving abelian categories as we will describe
in this section. We will only sketch the constructions. Readers are referred to Gelfand and Manin [25]
for details and proofs.

Let A be an abelian category. Denote by K(A) the homotopy category of A, whose objects are
chain complexes in A and morphisms are chain maps modulo chain homotopies. The collection of
quasi-isomorphisms in K(A), i.e., chain maps which induce isomorphisms between homology, forms a

multiplication system which satisfies the following three axioms:

1. All identity morphisms are quasi-isomorphisms and compositions of quasi-isomorphisms are quasi-

isomorphisms;

2. Ift: Z = Y is a quasi-isomorphism, then for any morphism ¢ : X — Y in K(A), there exists

f: W — Z and a quasi-isomorphism s : W — X making the diagram commutative

w

>

S

!
g

'.'<<TN

\
\
\
X ——
Similarly, if s : W — X is a quasi-isomorphism and f : W — Z any morphism in K(.A), there

exists g : X — Y and a quasi-isomorphism ¢ : Z — Y making the diagram commutative

W
X

3. If f,g: X — Y are morphisms in K(A), then the following two conditions are equivalent:

A
|
It
Y

- 2.y

(a) sf = sg for some quasi-isomorphism s,
(b) ft = gt for some quasi-isomorphism ¢.
The derived category D(A) is constructed from K (A) by formally inverting all quasi-isomorphisms:

Objects in D(A) are the same as K(A), i.e., chain complexes of objects in .A. Morphisms between an

object X and Y are given by equivalence classes of diagrams in the form X <~ Z — Y where s: 7 — X
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is a quasi-isomorphism and f : Z — Y is a chain map. Two diagrams X & Z Ly and X & w5y

are equivalent if there is a diagram W & U M 7 which fits into a commutative diagram

where
w-ltsy
\
| r t
Voo
U——Y

is a commutative diagram we get by Axiom 2, with r a quasi-isomorphism. One can check this definition

is well-defined. The set Homp4)(X,Y’) forms a vector space over K:

Lk (XEz2hy)=(x & 28 y) for any k € K;

2 (XEZIV+(x LW SY)=(x & 27 Y) where

w
|
X

is a commutative diagram we get by Axiom 2, with v and r = su = tv quasi-isomorphisms.

u

U-2»

|
|
v S
J ——

This shows D(A) is a K-linear category. A triangle X — Y — Z — XX in D(A) is said to be
distinguished if it is isomorphic to a triangle of the form A 4y B = cone (f) = X A. Equipped with this
class of distinguished triangles, D(.A) has the structure of a triangulated category. The bounded derived
category DY(A) is defined as the smallest triangulated subcategory of D’(A) containing all bounded

complexes.

Example 2.2.1. Let X be a variety. Then Coh (X) is an abelian category and D?(Coh (X)) is the
bounded derived category of coherent sheaves on X. We will denote by D%, (Coh (X)) the full triangulated

subcategory of D?(Coh (X)) consisting of complexes whose cohomologies are compactly supported.
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Example 2.2.2. Let A be a dg-algebra. We denote by D’(A) the bounded derived category of dg-
modules over A. We also denote by Dl} 4(A) the full subcategory of D?(A) consisting of complexes whose
cohomologies are finite dimensional. A dg-algebra A is called cohomologically Noetherian if H®(A) is
Noetherian. In this case, we denote by Dl]’cg(A) the full triangulated subcategory of D?(A) consisting
of complexes whose cohomologies are finitely generated modules over H*(A). When A is an ordinary
Noetherian algebra, the category of finitely generated A-modules A-mod is abelian, and we have an

equivalence D?(A-mod) = Dl}g (4).

2.3 t-structures

In this section, we discuss t-structures. We follow Manin [25, §IV.4]. It is known that two different abelian
categories might yield the same triangulated category. The formalism of ¢-structure was invented to see

different abelian subcategories inside a triangulated category.

Definition 2.3.1. Let 7 be a triangulated category. A t-structure on T is a pair of strictly full subcat-

egories (T=Y, 729) satisfying
1. T=0C T='and 72! C 729,
2. Hom(X,Y) =0 for X € ObjT=" and Y € Obj T=!,

3. For any X € ObjT there exists a distinguished triangle A — X — B — A[1] with A € Obj7=0
and B € Obj 72!, where T=" = T=%[—n] and T=" = T=°[—n].

The full subcategory 7=° N 7T =0 is called the heart of the t-structure.

Theorem 2.3.2. The heart of any t-structure on a triangulated category is an abelian category.

Proof. See [25, §IV.4, Theorem 4]. [ |
Remark 2.3.3. In general, given a triangulated category 7 with a t-structure whose heart is A, the
derived category D(A) might not be equivalent to 7. Moreover, in general, there is no obvious relation

of T with the category of complexes over A. This is caused by the non-functorality of the cone [25, §IV.4
Remark 13].

2.4 Serre Functors

We define Serre functors and Calabi—Yau triangulated categories. In this section, all triangulated cat-
egories are assumed to be K-linear and Hom-finite, i.e., all the morphism spaces are finite dimensional

over K. References for this section are the paper by Keller [45, §2] and the book by Huybrechts [34, §1].
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Definition 2.4.1 (Serre functor). A Serre functor on a Hom-finite triangulated category A is a triangle

autoequivalence (S,0) : A — A together with a family of isomorphisms
nx,y : A(X, Y) — A(Y, SX)\/
natural in both X and Y, such that the following diagram commutes:

AX,Y) 2 Ay, sx)Y L A(zy, 2sx)V

o

-3 NEX, Y

AX,)Y) —3 A(SX,3Y) ZE2A(8Y, S2X)V.

In other words, for any X, Y € Obj A, f € A(X,Y) and g € A(XY, SXX), we have

(nxy(f),5 " (ox 0 g9)) = —(nzxxv(Ef), 9)-

Proposition 2.4.2. Let (A,X 4) be a Hom-finite triangulated category and (S, o) be an autoequivalence.
Then S is a Serre functor if and only if there is a family of linear maps trx : A(X,SX) — k such that
the family of induced pairings A(X,Y) x A(Y,SX) — k given by (f,g) — trx(go f) are nondegenerate
and they satisfy

trx(go f) = try(Sf o g) (2.4.1)

and for all h : XX — S¥X
trx (X" (ox o h)) = —trsx (h). (2.4.2)

Proof. Suppose (S,0) is a Serre functor. Define trx = nx x(idx). By naturality of n, we have the

commutative diagram

A(X, X) A(X,Y) A(Y,Y)

WX,X\L inx,y lﬂy,y

\ \ \/'
AX,5X)Y — = A(Y.SX)¥ < A(Y.SY)

Then
trx(go f) = (g0 finx x(idx)) = (g, nx,v (f)) = (Sfog,nyy(idy)) = try(Sfog).

Also, from the above equation, we see that for a fixed f, trx(g o f) = 0 for all g implies nxy(f) =0
which in turn implies f = 0 since nx y is an isomorphism. Similarly, if for a fixed g, trx(go f) = 0 for

all f, then g = 0 since nx,y is an isomorphism and hence nx y (f) is arbitrary.
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For the second equality, by definition, for all A : XX — SY X, we have
(nx,x (idx), %" (ox 0 h)) = —(nsx,nx (Tidx), h)
which implies
trx(z_l((fx o h)) = —trgx(h).

Conversely, we define nxy : A(X,Y) — A(Y,SX)Y by nx,y(f) = trx(— o f). Since the induced
pairing is assumed to be non-degenerate and both vector spaces are finite dimensional, 7xy is an

isomorphism. Naturality of nx y in both X and Y is equivalent to the commutativity of the diagram

AZY) - oaAxyy) P oax,w)

nZ,Yl WX,YJV nX,WJ(

AY,S2)Y 7 Ay, sx)Y s AW, SX)V
for arbitrary W, Z € ObjA and h € A(X,Z) and k € A(Y,W). This is checked readily by unwinding
the definition: for all u € A(Z,Y)
((Sh)* enzy)(u) = trz(Sho —ou) =trx(—ouoh) =nxy(uoh) = (nxy oh")(u)

and for all v € A(X,Y),

(nx,w o k) (v) = nxw(kov) =trx(—okowv) = (kionxy)).
Also, by (2.4.2),

(nxy (f),2 ox 0g)) = trx (X" (ox 0g) o f)
=try (X Hox 0ogoXf))
= —tryx (g o Ef)

= —(nexzv(2f), 9)-

Remark 2.4.3. The negative sign in Equation (2.4.2) is explained by van den Bergh in [68, Remark
A42).

Definition 2.4.4 (Calabi—Yau triangulated category). A triangulated category is said to be d-Calabi—

Yau if (¥, —idg2)? is a Serre functor.
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Proposition 2.4.5. A triangulated K-category (A, X) is d-Calabi-Yau if and only if for each X € Obj A
there is a linear map trx : A(X,X%X) — K such that for all X,Y € ObjA, and integers p,q with
p+q =d, the induced pairings (-,-) : A(X,2XPY) x A(Y,29X) — K given by (f,g) — trx((XPg)o f) are

nondegenerate and they satisfy
trx ((57g) o f) = (=1)Ptry ((39f) 0 g).

Proof. Suppose (A,Y) is d-Calabi—Yau. Without loss of generality, we may assume the Serre functor is
given by (3, —id)? = (X4, (=1)4d). Thus (=1)%rx(37h) = —trsx(h) for any h: ©X — SYX, and

trx ((Z7f) 0 g) = trx (579(S?f o X7g))
= (=) H g, (Z9f 0 B4g) by equation (2.4.2) in Proposition 2.4.2
= (—1)PItrgax (X0 f 0 Xg)

= (—1)P%ry ((Zg) o f) by equation (2.4.1) in Proposition 2.4.2

We show the converse by showing equation (2.4.1) and (2.4.2) in Proposition 2.4.2. Equation (2.4.1) is
a special case for p = 0 and ¢ = d. For equation (2.4.2), given any h : ©X — 241X if we put p = —1
and ¢ = d+ 1, and view the identity map on X asidx : X — £71(XX), then equation (2.4.2) is verified:

trx (Z71((=1)%h)) = (-1 %rx (X thoidy)
= (—1)d+d+1trzx(zd+1idx o h)

= —tryx (h)

Example 2.4.6 (Serre duality). Let X be a smooth quasi-projective variety. Denote by D2 (Coh (X))
as the smallest full triangulated subcategory of D?(Coh (X)) which contains all complexes with compact
support. Then (—) ® Kx[dim X] : Db (Coh (X)) — D% (Coh (X)) is a Serre functor. In particular, if

Kx is trivial, D% (Coh (X)) is a Calabi-Yau triangulated category.

Example 2.4.7 ([45], Lemma 4.1). Let A be a dg-algebra which is homologically smooth, i.e., A €
Per(A°? ® A). Denote by Dl}d(A) as the full triangulated subcategory of D?(A) which contains all
complexes with finite dimensional cohomologies. Define the dualizing complex Q@ = RHom gorga (A, AP®
A). Then (—)® Q : Dg’cd(A) — Dlj’cd(A) is a Serre functor. In particular, if we have a isomorphism
= ¥~9A4 as objects in D(A°P ® A), then Dlj’cd(A) is d-Calabi-Yau.
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2.5 Compact Generators

This section surveys different notions of generators in a triangulated category and results that we will

be using in the remaining thesis. It is essentially a summary of Bondal and van den Bergh [9].

Definition 2.5.1 (Compact Objects). Let D be a triangulated category which admits arbitrary direct
sums. In general, for any object X € Obj (D), the functor Hom(X, —) only commutes with finite direct
sums. An object X is said to be compact if Hom(X, —) commutes with arbitrary direct sums. The full

subcategory containing all compact objects is denoted by D¢.

Example 2.5.2 ([9], Thm 3.1.1). Let X be a projective variety and G a finite group acting on X. The
compact objects in D(QCoh ¢(X)) are precisely the G-equivariant perfect complexes, i.e., complexes
that are locally quasi-isomorphic to a bounded complex of equivariant vector bundles. If X is smooth,

all complexes in D?(Coh @ (X)) are perfect, hence D(QCoh ¢(X))¢ = Db(Coh “(X)).

Example 2.5.3 ([42], Prop 8.3). Let A be a dg-algebra and D(A) the derived category of dg-modules
over A. Then D(A)¢ = Per(A), where Per(A) is the smallest thick subcategory in D(A) containing the

free dg-module A.

Definition 2.5.4 (Generators). A set of objects £ in D classically generates D if D is the smallest thick
subcategory in D containing £. We say £ generates D if £+ = 0. We say D is compactly generated if D

is generated by D°.

Theorem 2.5.5 ([9], Thm 2.1.2). Let D be a compactly generated triangulated category. Then a set of

compact objects in D classically generates D€ if and only if it generates D.

Example 2.5.6 ([9], Thm 3.1.1). Let X be a variety and G be a finite group acting on X. Then
D(QCoh (X)) is compactly generated.

Corollary 2.5.7. Let X be a smooth variety and G be a finite group acting on X by automorphisms.
Then a set of objects & in D?(Coh (X)) classically generates D?(Coh (X)) if and only if € generates
D(QCoh ¢(X)).

Proof. This is a consequence of Example 2.5.2, Theorem 2.5.5 and Example 2.5.6. |

2.6 Admissible Subcategories

Definition 2.6.1 (Admissible Subcategories). A full triangulated subcategory B C D is said to be left
admissible (resp. right admissible) if the inclusion functor B < D has a left (resp. right) adjoint. A full

triangulated subcategory is said to be admissible if it is both left and right admissible.
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Proposition 2.6.2 ([8], Lemma 3.1). Let B be a full triangulated subcategory of D. The following are

equivalent:
1. B and B+ classically generate D;

2. For any object X € D, there exists B € B and C € B+ and a distinguished triangle

B - X — C — BJ1];

3. B is right admissible, and the right adjoint q : D — B sends X to B;
4. Bt is left admissible, and the left adjoint p : D — B+ sends X to C.
There is of course the similar

Proposition 2.6.3. The following are equivalent:
1. +B and B classically generate D;

2. For any object X € D, there exists B € B and C € +B and a distinguished triangle

C—X—B—C[l];

3. B is left admissible, and the left adjoint p : D — B sends X to B;
4. Bt is right admissible, and the right adjoint q : D — +B sends X to C.

Corollary 2.6.4. Let B be a right (resp. left) admissible subcategory of D. Then B = D if and only if
Bt =0 (resp. tB=0).

2.7 Mutation Functors

This section defines mutation functors. We follow the convention of Bridgeland and Stern [16], which
differs from the more standard convention of Bondal and Kapranov [8, 10] by a shift functor, but it
simplifies some of our formulae.

Let B be an admissible full triangulated subcategory of D. By Propositions 2.6.2 and 2.6.3, there
are left adjoint p : D — B* to the inclusion i : B- — D, and right adjoint ¢ : D — B to the inclusion

j:+B—=D.
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Definition 2.7.1. The left mutation functor Lg : +B — Bt is defined to be Lg = po j. Similarly, the

right mutation functor Rp : B+ — 1B is defined to be Rg = qoi.

J P
—=\ =
1B D Bt
~— N~
q %

If E is an object in D, we define Lg = L(gy and Rg = R gy, where (E) is the smallest full triangulated

subcategory in D containing F.

Proposition 2.7.2. Let X € tB andY € B+. ThenY = Lp(X) if and only if there is an object B € B
and a triangle

B— X —Y — B[1].

Similarly, X = Rg(Y') if and only if there is an object B € B and a triangle
X —->Y —>B— X[l

The two mutation functors Lg and Rp are inverse to each other.

Proof. The first two claims are immediate from Proposition 2.6.2 and 2.6.3. The last claim follows from

the first two claims. [ ]

2.8 Exceptional Sequences

This section introduces the notion of exceptional poset in a K-linear triangulated category D. For any

objects A, B € D, we denote Hom" (A, B) = Hom(A, B[k]) for k € Z and

Hom* (A, B) = ) Hom" (4, B)[k] (2.8.1)
keZ

the chain complex of vector spaces with trivial differential.

Definition 2.8.1 (Exceptional Poset). An object E € D is said to be exceptional if
Hom*(E, E) = K.

Let (I, <) be a finite poset. A finite set of exceptional objects £ = {E;};cr in D indexed by (I, <) is an
exceptional poset if

Hom®(E;, Ej) = 0 unless i < j.
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If (I, %) is a totally ordered set, i.e., in the form ({1,...,n}, <), we say £ is an exceptional sequence. An

exceptional poset is said to be strong if
Hom"(E;, E;) = 0 for all k > 1 and all 4,5 € I.

It is said to be full if £ classically generates D, i.e., D is the smallest full triangulated category containing
E. We say an exceptional poset € has length n if it has n objects. For any j € I the subset {F; :i < j} C &
is also an exceptional poset and will be denoted by £.;. The exceptional poset £5; and £4; are similarly

defined.

Remark 2.8.2. Note that every poset (I, <) can be refined into a totally ordered set, i.e., there exists a
(non-unique) monotone bijection (I, <) — ({1,2,---,|I]}, <). Note also that if ¢ and j are incomparable
elements in I, then one can always find total order refinements ¢ and 1 such that ¢(i) < ¢(j) whilst
¥ (i) > (). Hence, by considering exceptional posets with all total order refinements, there is no loss of
generality by considering only exceptional sequences. However, since sometimes we have only a natural

partial order instead of a total order on I, we will stick to the notion of exceptional poset.

The following proposition tells us that the length of a full exceptional poset is an invariant of the

derived category.

Proposition 2.8.3 ([16], Lemma C.2). Let &£ be a full exceptional poset on D with length n. Then
[€] = {[Ei]}ier form a Z-linear basis of K (D). In particular, length & = rank K (D).

Proposition 2.8.4. The full triangulated subcategory (E) classically generated by an exceptional poset

& is admissible. Moreover, if E is an exceptional object, then Ly X is the cone of the evaluation map
Hom*(E,X)® F — X — LgX.
If € is an exceptional poset and ¢ : (I,<5) — ({1,...,n}, <) is a monotone bijection, then

Le =Lg --Lg

el »=1(n)"

Proof. Without loss of generality, we may assume £ is an exceptional sequence. We induct on the length
of exceptional poset £. Suppose n = 1 and £ = {E}. For any X € D, we have a natural evaluation map

Hom*®*(F,X)® F — X. Extending it to a triangle
Hom*(E,X)® F - X =»Y

and applying Hom(F, —), we get Y € (E)l By Proposition 2.6.2, (E) is right admissible and by Propo-
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sition 2.7.2, Y = LgX. Left admissibility of (F) is similarly proven. Now suppose & = {E1,...,E,}.
By induction assumption, (£>2) is admissible, and Le., = Lg, - - - Lg,. By Proposition 2.6.2, for any X,
there are triangles

A— XS Le X
Hom®(Ey, Le.,X) ® By — Le_, X 5 Ly, Le_, X

where A € (£>2). Applying Hom®(E;, —) to the second sequence, we get Lp, Le., X € (E;)* for all i

and hence in (£)*. Extend the map X fog Lg, Le., X to a triangle
B— X" Ly Le X

By the octahedral axiom, B € (£) and by Proposition 2.6.2 (£) is right admissible. By Proposition 2.7.2,
LeX =Lg Le.,X =Lg, -+ Lp,X. |

Proposition 2.8.5 (Dual Exceptional Poset). Let &€ = {E;}icr be a full exceptional poset. Then there

is a unique set of objects F = {F;};cror such that

K ifi=j,
HOIl’l‘(Ei, FJ) =
0  otherwise.

Moreover, the object F; is given by the formula F; = Le_,E;, and the set F is a full exceptional poset

which is called the full exceptional poset dual to £.

Proof. The proof is a simple modification of [16, Lemma 2.5]. First, we show existence: By the definition

of exceptional poset, E; € (£4;)", hence F; = Le_,(Ej) is well defined and we have a chain of inclusion
L L
Fj € (Ex)" C(E<;) € (Exi)

In particular,

whenever i < j or i # j, i.e., whenever i # j. By Proposition 2.7.2, there exists Y € (£;) and a triangle
Applying the exact functor Hom®(E;, —), since Hom®(E;,Y’) = 0, we conclude

HOIH.(E]',F]‘) = HOHl.(Ej,Ej) =K.
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To show F = {F;}icror is an exceptional poset, we have to show j # ¢ implies Hom®(F;, F;) = 0. Since
F; € (£xi), we are done if Hom®(Ey, F;) = 0 for all k < 4, which is true since j # ¢ and k < ¢ implies

j # k. For uniqueness, choose a nonzero map E; — F; and extend it to a triangle
Y = E; = F; —» Y[1].

Applying the functor Hom®(E;, —) shows Hom®(E;,Y) = 0 for all ¢ £ j and ¢ = j. Hence Y € (£4;).
Proposition 2.7.2 now shows F; = Le_, (Ej). u

Remark 2.8.6. Note that the partial order on F is reversed. Note also that in general, the dual

exceptional poset of a strong exceptional poset is NOT strong.

Example 2.8.7. Take P™ and the full strong exceptional sequence & = (O,...,O(n)). By computing

cohomologies using the Bott’s formula [11], one can check the dual full exceptional poset is given by
F=(Q"(n)[n], Q" (n - 1)[n—1]...,2'(1)[1], 0),

where O denotes the i-th wedge power of the cotangent sheaf.

Example 2.8.8. Take P! x P! and the full strong exceptional poset
E={0<0(1,0),0(0,1) < O(1,1)}.
By computing cohomologies, one can check the dual full exceptional poset is given by
F={0(-1,-1)[2] < O(0,-1)[1],0(-1,0)[1] < O}.

Remark 2.8.9. Exceptional posets do not exist on D?(Coh (X)) for any Calabi-Yau X. This is because
by Serre duality,
Hom*™ X (E, E) = Hom’(E, F)

which contains at least a copy of K, hence cannot vanish.

2.9 Tilting Objects

In the rest of this thesis, we will be working with algebraic triangulated categories in the sense of Keller
[43, §3.6]. The precise definition of an algebraic triangulated category will not bother us much, but let

me point out that, in Keller’s words, “ ‘all’ triangulated categories occuring in algebra and geometry are
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algebraic.” The main examples we have in our mind will be the derived category of equivariant sheaves

on smooth varieties and the derived category of dg-modules over dg-algebras.

Definition 2.9.1 (Tilting Object). An object T in an algebraic triangulated category D is said to be

tilting if it is
e compact, i.e., the functor Hom(7, —) commutes with arbitrary coproduct, and
e generating, i.e., the only object X with Hom® (7T, X) = 0 is the zero object.

A tilting object T is said to be classical if Hom" (T,T) =0 for all k£ #0.
Here is the main theorem of the section.

Theorem 2.9.2 ([42], Theorem 8.7). Let T be a tilting object in an algebraic triangulated category
D which admits all set-indexed coproducts. Then there is a dg-algebra RHom(T,T) with cohomology

Hom®(T,T) and a triangle equivalence
® : D — D(RHom(T,T)°P)
which takes T to the free module of rank one, and whose composition with cohomology is given by
H®o®:D — Grmod(Hom*(7T,7T)°?), X — Hom*(T, X).
Furthermore, this equivalence restrict to an equivalence between the perfect derived categories
® : Per(T) — Per(RHom(T, T)°P).

One way to construct tilting objects is from full exceptional posets.

Proposition 2.9.3. Let & = {E;};cr be a full exceptional poset of compact objects inD. Then E = @ F;
i€l

is a tilting object in D. If € is further assumed to be strong, then E is classical tilting.

Proof. Since & is an exceptional poset, (£) is admissible by Proposition 2.8.4, (£} = D if and only if

(E)* = 0. Hence E is tilting since € is full. If £ is strong, then Hom" (E;, E;) =0 for all £ > 1 and thus

E is classical tilting. |



Chapter 3

A~o-Algebras

This chapter is a survey on A..-algebras and operations on them.

In section 3.1, we introduce A, ,-algebras and other related notions such as minimal models, A..-

modules and their derived categories.

Section 3.2 defines the notion of minimal A,.-algebras, and discusses how to construct minimal models

by using homotopy perturbation.

Section 3.3 defines the notion of cyclic structure on A,-algebras and describes how it gives rise to

Calabi—Yau categories.

Section 3.4 defines the Koszul functor, which is essentially a way of producing dg-quivers from A.-
algebras. There are two versions of this functor: the completed one and the incomplete one. The
completed one is defined on A,-algebras and yields the completed path algebra of a dg-quiver. The
incomplete one is only defined on Ag,-algebras, and yields the incompleted path algebra of a dg-quiver.
The difference between the two versions is similar to the difference between power series and polynomials.
Admittedly, working with Ag,-algebras and hence the incomplete Koszul functor is awkward in the world
of A-algebras as being Ag, is not a homotopy invariant property. For example, the minimal model of an
Agn-algebra is not necessarily Ag,. However, as we will see in Chapter 5, the incomplete Koszul functor
is central to our problem of constructing derived equivalences between dg-quivers and total spaces of

vector bundles.

Section 3.5 defines the quotient of an A,-algebra by a finite group, and the smash product of an
Ao-algebra by a finite group. Although the definition of quotient construction is straightforward, it
seems to be new. This quotient construction is central to constructing derived equivalences equivariantly

as described in Section 5.6. We then prove a relation between the quotient construction and the smash

34
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product, and shows how these two constructions commute with the Koszul dual functor, i.e., the Koszul
dual of the quotient (resp. smash product) of an Ag,-algebra is the quotient (resp. smash product) of

its Koszul dual. This section is inspired by the work of Bocklandt, Schedler, and Wemyss [7].

Section 3.6 surveys different constructions of A,-tensor product. Since A,-tensor products are only
unique up to As.-quasi-isomorphisms, there is in general no natural formulae for computing the ten-
sor product, although there is one in the case when one of the A,-algebras is As, i.e., a dg-algebra.
Particularly important to us is the tensor product constructed by Amorim and Tu [2], since their con-
struction preserves cyclic structures. We then prove that, under some local finiteness conditions, the
Koszul functor commutes with the tensor product, i.e., Koszul dual of tensor product of A,.-algebras is

quasi-isomorphic to tensor product of Koszul duals of A..-algebras as dg-algebras.

3.1 A,-Algebras and A.-Modules

This section introduces As.-algebras. We follows the sign conventions of Lefévre-Hasegawa [48]. We

refer to Keller [44] for a short introduction and Lefevre-Hasegawa [48] for a comprehensive reference.

Definition 3.1.1 (A-algebras). Let K be a field and S be a semisimple algebra over K. An A..-algebra

over S is a Z-graded S-bimodule,

A=Ppa

S/

together with, for each n € N, an S-bimodule homomorphisms of degree 2 — n
my @ A®S" 5 A
satisfying the the A, -relations

Z (=1)* " mat11e 0 (1" @ my ©1d®°) = 0

a+b+c=n
b>1

The first few A.-relations read as follows:
e When n =1, we have mj omy =0, i.e., (4,m1) is a chain complex.

e When n = 2, we have mj; o mg = mg o (m; ® id +id ® my), i.e., my is a derivation with respect to

mao.

e When n = 3, we have

mao (id ® my — mo ®id) = my omzg +mzo (M1 ®idRid +id ® m; ® id +id ® id ® m4),
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i.e., my is associative up to homotopy given by ms.

A morphism f: A — B of Ay-algebras over S is a family of S-bimodule morphisms of degree 1 —n
fn: A®S™ 5 B,
satisfying the A..-relations

> D) faprreo (™ @my @1d™) =Y Y (<1)'mpo(fi, @ ® fi,),

a+b+c=n r=14i14-+i,.=n
b>1

where s = Z ((1 — iy sz> Composition of two morphisms f: B — C and g : A — B is defined
u=2 v=1

by
(fog)nzz Z (=1)°fro(giy ® - ®gi,)-

r=1 i1+ +ip=n
A morphism of A,-algebra is called strict if f, = 0 for n > 2. In this case, the A,-relations simplifies
to fimy, = my, o f2™. The identity morphism of an A..-algebra is the strict A,.-morphism with f; = id.
An A.-quasi-isomorphism f is an A,.-morphism whose f; induce isomorphism on the homology on the

chain complex (A, mq).

An A -algebra is strictly unital if there is an element 14 € A of degree 0 such that ma(1l4,a) =a =
ma(a,14) for all @ € A and my(aq, -+ ,a,) = 0 whenever n # 2 and one of the a; = 14. A morphism of
strictly unital A.-algebra f: A — B is strictly unital if f1(14) = 15 and f,(a1,--- ,a,) = 0 whenever
n # 1. Note that for any strictly unital A,.-algebra, there is a canonical strict morphism 7 : S — A
mapping 1g to 14. An A -algebra is augmented if it is strictly unital and there is a strictly unital
morphism € : A — S such that e oy = idg. A morphism of augmented A..-algebras is a strictly unital
morphism f: A — B such that egof = €4. When an A,-algebra is augmented, there is a decomposition

A=Sa@ A, where A = kere is called the augmentation ideal.

An A.-algebra is said to be Agy, if m; =0 for ¢ > 0. An A..-algebra is said to be A,, if m; = 0 for
all i > n. In particular, an A;-algebra is a chain complex, and an As-algebra is a dg-algebra. Morphisms
between chain complexes (resp. dg-algebras) are the same as strict Aso-morphisms between Aj-algebras
(resp. Ag-algebras). A morphism is said to be A, if f, =0 for » > n and is said to be Ag, if f =0 for

r > 0.

Definition 3.1.2 (A..-homotopy). Let A and B be two A.-algebras and f,g : A — B be Ay-

morphisms. An A,.-homotopy between f and g is a family of morphisms of degree —n

h,: A°" B
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satisfying the equation

o —9n = Z (1m0 (fi, @@ fi, 9hp @ gj, ® - ® g5,)
itttk
+j1+-Je=n
+ Y (1) R0 (1A% @ my @1d®),
jt+k+l=n

where

s=t+ Z(l—ja)(n—z —i—kZzu-l— Z (1 —1iq) ZZ“

1<a<t u>a 1<u<r 2<a<r u<a
Similarly, an A..-homotopy is said to be A,, if h, =0 for r > n and Ag, if h,. =0 for r > 0.
One of the salient features of A..,-algebras is that all A.,-quasi-isomorphisms are invertible up to

homotopy:
Theorem 3.1.3 ([48] Corollary 1.3.1.3). An A -quasi-isomorphism is an A -homotopy equivalence.
Definition 3.1.4 (A.-modules). An A..-right module over A is a Z-graded S-bimodule M, together
with a family of S-bimodule morphisms of degree 2 — n

mM M ®g A"t - M

satisfying the A..-relations

> (=n®reml o ((d¥ @my @id¥) + Y (—1)mih, o (m)! @id®) = 0.
a+bt+c=n b+c=n
a,b>1 b>1

Definition 3.1.5 (A,,-morphism). Let A be an A-algebra and M, N be As-modules. An A-

morphism f: M — N is a family of S-bimodule morphisms of degree 1 —n
frn: Mg A®" 1 5 N
which satisfy the equations

Z (=1)*F¢ fagite 0 (1% @ my, ©1d®°) = Z Mgy 0 (fr ®id®?).
a+g—>i-gl::n r+s=n

An A, .-morphism is said to be an Ay, -quasi-isomorphism if f; induces an isomorphism on cohomology.

An A-morphism is said to be strict if f; =0 for all i > 2.

Definition 3.1.6 (A.-homotopy). Let A be an A, -algebra and M, N be A, ,-modules. Let f,g: M —
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N be A,.-morphisms. An A..-homotopy between f and g is a family of morphisms of degree —n
hn: M®A®"1 5 N
satisfying the equations

fo=gn= > (“1mips(hy @id®) + > (=1) hap140(d® @ my @1d®).

r+s=n a+b+c=n
b>1

Theorem 3.1.7 ([48] Proposition 2.4.1.1). An A -quasi-isomorphism between Ao-modules is an Axo-

homotopy equivalence.

Derived Category of A,-modules. Recall that for an honest algebra A, the derived category D(A)
is obtained by localizing the homotopy category of A-modules K(.A) at the class of quasi-isomorphism.
One would like to define the derived category of an A.,-algebra in a similar way. Since by Theorem

3.1.7, A-quasi-isomorphisms are already homotopy equivalence, we have

Definition 3.1.8 (Derived category of A..-modules). The derived category Do (A) of an A-algebra A
is defined to be the homotopy category of A..-modules over A, i.e., objects in Dy, (A) are Ay-modules

over A and morphisms between two A,.,-modules M and N are A,.-morphisms modulo A..-homotopies.

Definition 3.1.9 (Perfect derived category). Let A be an A..-algebra. Then A can be regarded as an
A.-module over itself. The smallest triangulated category generated by the A-module A is called the

perfect derived category of A and is denoted by Pero,(4).

A.-categories
Definition 3.1.10. An A_,-category A consists of the following data:
1. a set of objects Obj (A),

2. for any X,Y € Obj(A), a Z-graded vector space

AXY) =P AX,Y),

S/

3. foreachn =1,2,3,..., and any Xy, ..., X,, € Obj(A), a linear map homogeneous of degree 2 —n

My @ -A(Xn—laXn) X -A(Xn—27 Xn—l) K- A(XOaXI) — A(XO,Xn),



CHAPTER 3. A,-ALGEBRAS 39

satisfying the equations

> (D) magge 0 (1d® @ my, ®1d¥°) = 0.
a+btc=n

If my = 0, then A is said to be minimal. An A,-category is said to be strictly unital if for each object
X € Obj A, there is ex € A(X, X) such that ma(ex ® b) = b, ma(a ® ey) = a for any a € A(Y, X) and
be A(X,Y), and mp(a, ® --- ® a1) = 0 whenever some a; = ex for some X. Let S be the discrete K-
category on Obj A, i.e., ObjS = Obj A and S(X, X) = K and S(X,Y) = 0 whenever X # Y. Then each
strictly unital Ay -category is endowed with an A.-functor € : S — A which sends each 1x € S(X, X)
to the identity element ex € A(X, X). If there is an As-functor 7 : A — S such that 7o e = ids, then
A is said to be augmented. An A -category is said to be finite if Obj(.A) is finite and for any objects
X,Y, A(X,Y) is finite dimensional.

Conventions. When the base algebra of an Ay.-algebra is in the form S = K", the data of an A.-
algebra is the same as an A..-category A with r objects: Let e; be the vector in S = K" with 1 in the
i-th place and zero elsewhere. Given an A..-algebra over S, we can define an A..-category A by taking
Obj (A) ={e1,..., e} and A(e;, e;) = e;Ae;. Conversely, given an A.-category with r objects, choose
a bijection between Obj (A) and {e1,...,e,} and take A = P, ; A(e;, e;). Each e; acts on left on A by
projecting to the vector subspace j A(e;, e;). This define a left S-module structure on A. Right action
is defined similarly. Since in this thesis we will only deal with A..-category with finite objects, we will

not distinguish A..-algebras and A..-categories and will use the two terminologies interchangeably.

3.2 Minimal Model

An A.-algebra is said to be minimal if m; = 0. In this case the multiplication map ms is associative.

By Kadeishvili’s theorem, every A,-algebra is quasi-isomorphic to a minimal one:

Theorem 3.2.1 (Kadeishvili [36], see also [48] Corollary 1.4.1.4). Let A be an A -algebra. Then the

cohomology H®(A) has a unique (up to isomorphism of Ax-algebras) Aso-structure such that
e my =0 and mo is induced by m3,
e there is an A -quasi-isomorphism i : H*(A) — A lifting the identity map on H®(A).

The A.-structure on the minimal model can be described more explicitly. The following construction
is given by Markl [54, §7] and is known as homotopy perturbation. Denote by B and Z the S-bimodule

of coboundaries and cocycles in A. Since S is semisimple, we can choose a splitting (S-subbimodule) H
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and L such that
Z=B®Hand A=Z®L=BdHDL,

where H(A) = H. Denote by p : A — H the projection map and by i : H — A the inclusion map. Define
a linear map h: A — Aby h=0o0n L ® H and h = (mf!|z)~! on B. It follows that hm{* (resp. m{'h)

is the projection to L (resp. B), and forms a homotopy from id4 to iop i.e., ida —iop = m’l“h + hm‘f.

hCAiH

Define a sequence of linear maps \,, : A®™ — A of degree (2 —n) for all n > 2 inductively as follow:

Take Ay = m3', and for n > 3, take
Ao =) (=10 mit o (ho Apy) @+ @ (ho Ar,)), (3.2.1)
where the sum is over the set
IT={(k,ri,- ,rp):2<k<n,ry,...rp > 1,711+ + 71, =n},

the sign is given by

O(ri,...,15) = Z ro(rg +1)

1<a<pB<lk

and hA; is defined formally to be id4. Now, define mi H*(A)®" — H*(A) of degree 2 —n by
mf.(A) =po A, 0i®"

These maps satisfy the A, -relations and H®(A) equipped with linear maps mf.(A) for all ¢+ > 2 is the

desired minimal model of A. The A,.-quasi-isomorphism ¢ : H*(A) — A is given by
in =hoM\,0i®"

Remark 3.2.2. As pointed out by Markl [54, §4], the recursive formula in Equation 3.2.1 can be
reformulated as a sum of trees: Let P, be the set of all rooted planar directed trees with n leaves and
each internal vertex has at least two incoming edges. For each T € P,, one can assign a linear map
Fp: A®" — A by interpreting each internal vertex with k& incoming edges by my, and each internal edge
by h. Next, we would like to define a number #(T'). Let v be an internal vertex of T with k incoming
edges. Denote by r; the number of paths going from any leaves of T" to the root of T" which passes through
the i-th edge of v. Define 0p(v) = 6(ry,--- ,rg) and let §(T) = > 01 (v). Then Equation 3.2.1

internal vertices
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can be rewritten as

3.3 Cyclic Structure

Let A be a minimal A,.-category whose morphism spaces are finite dimensional. A cyclic structure
of degree d on A consists of, for each X, Y € Obj.A4, a supersymmetric nondegenerate bilinear form
homogeneous of degree (—d)

(=, =)t AX,Y) x A(Y, X) = K

satisfying the Koszul sign rule
(mp(a1 @+ @ ap), ang) = (=1)rrlellaittlona i (0, @ - @ ap), ar).

In general, cyclic structure is not preserved by A..-quasi-isomorphisms, i.e., if A and A" are Ao-
quasi-isomorphic, and A has a cyclic structure, A’ might not have a cyclic structure. To preserve the
cyclic structure, we need a class of A,,-morphisms which respect the cyclic structure. This gives rise to

the notion of cyclic Aso-morphism, which was first defined by Kajiura [37, Definition 2.13].

Definition 3.3.1 (Cyclic Ay-morphism). Let A and A’ be cyclic algebras. An A,-morphism f: A — A’

is said to be cyclic if for all aq,...,a, € A,

<a1,a2>,4 - <f1(l11)a f1(02)>,4/
and for n >3

i=1 k—1
i+ 30 (i—L+D)]ael+ 35 (k=]
i=1 =it1

> (-1

1+j=n

fi Ay, aai)afj(ai+17"'7an)> =0

Following Keller [45, §5] , we describe a way of producing Calabi-Yau triangulated categories from
Aoo-categories with cyclic structure. We denote by D(A) the derived category of A..-module over A.
The perfect derived category per(.A) is the thick triangulated subcategory of D(A) generated by the
representable A..-modules A(—, X) for all X € Obj.A. In other words, per(A) is the smallest full
triangulated subcategory which is stable under taking direct summands which contains all representable
As-modules A(—, X). In case A is an ordinary K-algebra, then Per(.A) is the full subcategory of D(A)
formed by perfect complexes, i.e., those quasi-isomorphic to a bounded complex of finitely generated

projective modules.
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Proposition 3.3.2 ([45], §5). Let A be a Hom-finite minimal A -category with a cyclic structure of
degree d. Then Per(A) is Hom-finite d-Calabi—Yau triangulated category.

3.4 Koszul Functor

In this section, we will introduce the Koszul functor which produces quasi-free dg-algebras from A..-
algebras. There are potentially two ways to do this. The first one is to take the bar construction followed
by taking dual. The second one is to take dual followed by the cobar construction. If we start with an
Agn-algebra, then under some locally finiteness conditions, the two constructions end up giving the same

dg-algebra.

For our purpose, the second approach seems to be conceptually simpler and this is the road we will
take. In this case when our Ag,-algebra is finite dimensional, this is all good and product a dg-algebra
which is the path algebra of a dg-quiver. However, it runs into problem as soon as we consider algebras
which are not finite dimensional. This is because in general (V ® V)* and V* ® V* are not isomorphic,

and hence taking the dual of an A,,-algebra does not necessarily produce an A,,-coalgebra.

Following Lu, Palmieri, Wu and Zhang [51], it is useful to impose some local finiteness condition by
equipping A..-algebras with an additional grading, called the Adams grading, by an abelian group G.
We will write the degree of a bihomogeneous element a in the form dega = (deg; a,deg,a) € Z x G.
The (7, j)-th component of A will be denoted by A; Henceforth in this section, all A.-algebra will be
assumed to be locally finite in the sense that each (i, 7)-th component A; is finite dimensional. The
multiplication maps my,’s will be assumed to preserve the Adams grading, i.e., of degree (2 — n,0).
A-morphisms, A,-homotopies will also be assumed to preserve the Adams grading. The suspension

functor ¥ will only shift the first grading and ignore the Adams grading, i.e., (EA); = A;H.

For any Adams graded A,.-algebra, its minimal model H*(A) can be chosen to be Adams graded by
choosing the splitting A = B @® H @ L described in Section 3.2 to be Adams graded.

For any locally finite Z x G-graded vector space V = € Vf, one can take the graded dual V# =
@Hom(VfﬂK) = EB(Vj_l)* The graded dual is better behaved than the usual dual since they enjoy

the isomorphisms (V#)# =V and (V®")# = (V#)@n,

In what follows, we will assume all A..-algebras are augmented over the semiample algebra K™. The

kernel of the augmentation map will be denoted by A.
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Adams graded Ag,-algebras. We will say an Adams graded A, .-algebra Ag, if for any j € G in the

Adams grading, there is an 7; € N such that the j-th component of the map m,, i.e.,

e @ @ Ao e @A
i

U1seeyn J1tIn=]

is zero for m > r;. Similarly, for two A.-algebras Adams graded by the same abelian group G, an
Asc-morphism f : A — B is said to be Agy if for any j € G, there is an r; € N such that the j-th

component of the map f, is zero for n > r;. The notion of Ag,-homotopy is similarly defined.

Taking graded dual followed by cobar construction. Let A be an Adams graded A..-algebra.

Taking graded dual of the multiplication maps m,,’s, we get linear maps of degree (2 —n,0)

mit - A#_>(A®Sn)# I~ (A#)@sn'

n

Shifting degree, we define linear maps b,, of degree (1,0) via the following commutative diagram

(BA % (mAy#)Esn

oL e
#

A# D, (A#)@sn

Putting them together we get a linear map of degree (1,0)
d=[]v#: CAH* —[(EA)#)®s" = Ts(SA)*.
which extends to a (continuous) derivation
d:Ts(LA)#*—Ts(SA)*.

By the A, -relations of the m,,’s, the map d is a differential, i.e., d> = 0. We thus get a dg-algebra
Q(A#) = (T's(SA)#,d). This construction can also be applied to As-morphisms to get dg-algebra

morphisms. Thus, we have set up a functor, which we call the completed Koszul functor,
E: (locally finite A.-algebras)— (quasi-free dg-algebras)°P.

This functor sends A..-morphisms to dg-algebra morphisms and A..-homotopies to dg-homotopies.
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A variant of the Koszul functor. There is a variant of the Koszul functor for Ag,-algebras: instead

of taking product, we take direct sum of the b,’s to get a linear map of degree (1,0)
d= @@t : (CA*F— PN F = Ts(BA*,

which extends to a differential

d:Ts(BA)* —Tg(TA)*.

The component of d which maps ((XA)#)®?P — ((£A)#)®4 is given by

> id¥ @b @id®".

r+1+4+t=p
r4+s+t=q

This set up a functor
E : (locally finite Ag,-algebras)— (quasi-free dg-algebras)°?

which sends Ag,-morphisms to dg-algebra morphisms and Ag,-homotopies to dg-homotopies. For an
Agn-algebra, the difference between E(A) and E(A) is analogous to the difference between formal power

series and polynomials. The dg-algebra E(A) will be called the Koszul dual of A.

Koszul functor as a construction of dg-quiver. Recall that an A-category is said to be finite if A
has a finite set of objects and all morphism spaces are finite dimensional. Note that a finite Ag,-category
is characterised by the property m, = 0 for n > 0. When the Koszul functor is applied to a finite
augmented Agy,-category A, it can be viewed as a construction which produces a dg-quiver @ 4: Obj (A)
correspond to vertex set of @) 4; degree i edges between two vertices u and v correspond to a basis of the
vector space A'~%(u,v)V. Then KQ4 = F(A) and KQ4 = E(A) and the dg-structure on F(A) turns
Q 4 into a dg-quiver. We may sometimes abuse notation and denote @ 4 by E(A), i.e., we are identifying
a quiver with its path algebra.

Conversely, every dg-quiver can be constructed this way. Given a dg-quiver @, we construct an

augmented Agy,-category by taking
Obj (A) = {vertices in Q},
and for any vertices u, v, we take the augmentation ideal A to be

Al (u,v) = K{degree (1 — i) edges in Q}",
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or in other words,

Ko & K{degree (1 — i) edges in Q}¥ ifu=vandi=0,
Al(u,v) = K{degree (1 — i) edges in Q}" ifus#vandi=0,

K{degree (1 — ) edges in @}V if i # 0.

We then define the shifted higher multiplication maps b, by

bu(ey,...,en) = Z (Coefficient of e; - - - e, in de)e”,
e edges in @

bu(e),...,v,...,e.) =0 forn#2and

(=) by (e¥, v) = e¥

=
[\V]
—~
\’@
9]
<
~—
Il

where e; are edges in () and v are vertices in ). The higher multiplication maps m,, are then given by

v v v . .
mn(e), ... e)) = (=1) = Dleil++2leq_sl+les | Z (Coefficient of e; - - - e, in de)e”,
e edges in Q
mp(e),...,v,...,e)) =0 forn+#2 and

ma(v,eY) = ma(e’,v) =e".

The A-relations follows from d? = 0, and by construction we have E(A4) = KQ.

Bar construction followed by taking graded dual. As mentioned in the beginning of this section,
there is another approach to produce quasi-free dg-algebras from A,.-algebras. Shifting the degree of the

multiplication map m,,, we get a linear map b,, of degree (1,0) by the following commutative diagram

A®sn M -

A
lx‘@” iz
(A)®sn Py A

In other words, b, : (¥A)®s"—¥ 4 is the map which sends

a1 R @ ay — (_1)(’”71)0/1+-.~+2a"72+an71mn(a17 L an),
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where the sign comes from the Koszul sign rule. Putting them together, we get
b=EPbn: Ts(2A) = P(TA)®*"—3TA
which extends to a coderivation map
b:Ts(XA)—Ts(ZA).
whose component mapping (X A)®s9 — (L A)®sP is given by

> d*¥ @b, ®id®
r+1+4+t=p
r+s+t=q

By the A, -relations of m,,’s, this map is a codifferential, i.e., b*> = 0. We will denote this dg-coalgebra

by BA. Taking graded dual, we get a differential
b# . (BA)* —(BA)*
and a dg-algebra (BA)#.

Equivalence of the two constructions. Suppose A is Ag, and E(A) is locally finite. Then since

E(A)} is finite dimensional, the right hand side of

EAQL= P [EH*e--a(SA)*:
n>1 d1+-Fin=i
Jitetin=j

D @ (e omiy
n>1 i14-tin=i
it tin=j

is a finite sum. Hence

E(A)* = P Hom(E(A)!,K)

4,J n21 it Fin=i
Jite+in=J

-PD D Eale--eEa)]

i, n>1 i1t =i
gitetin=j
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Remark 3.4.1. Note that in general E(A)* 2% BA since for infinite sum, we have Hom(@@ V;, W) =
[T Hom(V;, W). Hence the assumption E(A) is locally finite is crucial.

Comparing the differential, we arrive at

Proposition 3.4.2. Let A be a locally finite Agyn-algebra. Suppose E(A) is also locally finite. Then
E(A) = (BA)*.

Proof. We have already shown E(A) = (BA)# as a vector space. To see the two maps b* and d are the

same, it suffices to compare their components mapping ((XA)#)®? — ((XA)#)®? and we are done. MW

Koszul duality. The following theorem justifies calling E(A) the Koszul dual of A.

Theorem 3.4.3 ([51], Theorem 2.4). 1. Let A be a locally finite Aan-algebra. Suppose E(A) is locally
finite. Then E(E(A)) is Ax-quasi-isomorphic to A.

2. Let A be a locally finite dg-algebra. Suppose E(A) is also locally finite. Then there is a quasi-
isomorphism of dg-algebras E(E(A)) — A.

Proof. Denote by € the cobar construction on dg-algebras. Then by definition, E(A) = Q(A#) for any
locally finite dg-algebras A. By Proposition 3.4.2, E(E(A)) = E((BA)#) = QBA. By [48, Lemma
2.3.4.3], QBA and A are A, -quasi-isomorphic and we are done.

Now if A is a dg-algebra, we have a quasi-isomorphism of dg-algebras QBA — A by [48, Lemma
1.3.2.3]. By Proposition 3.4.2, we are done. [ |

3.5 Quotient and Smash Product

In this section, we will fix a finite group G and an algebraically closed field K with char(K) t ord(G),
and try to construct a quotient A..-category. The reason for the assumption on the characteristic of K
is the following theorem which can be found in almost any standard textbooks on representation theory

of finite groups.

Theorem 3.5.1 (Maschke). Every finite dimensional representation over K of G is completely reducible,

i.e., every G-invariant subspace has a G-invariant complement.

Proof. Let V be a finite dimensional representation and W an invariant subspace. Choose a projection

m:V — W. Define a G-equivariant map g : V — W by

1 1
ma(v) = > gr(g o).

geG
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Take W+ = ker ¢ and we are done. [ ]

The set of all isomorphism classes of irreducible representations of G will be denoted by Irr (G), and

irreducible representations by Greek alphabets p, o, T etc.

Quotient construction. The quotient construction described below is essentially an incarnation of
the McKay quiver. Suppose G acts on an A,,-category A by fixing all objects of A4 and acting on the

morphism spaces by strict Aso-isomorphisms. One can construct a quotient A.-category A/G as follows:

Obj (A/G) =TIrr (G) x Obj(A)

(A/G)(p x u,0 x v) = Homg(p, A'(u,v) ® o)

To define the multiplication maps mi’€, observe that A (p x u,0 x v) = [Hom(p,0) @ A*(u,v)]¢. We

have natural maps of degree 2 — n
0 @m : [Hom(pu—1,pn) ® A(vn—1,v4)] ® - - & [Hom(po, p1) ® A(vo, v1)]—+Hom(po, pn) © A(vi, va)

(Ozn®an)®..~®(a1®a1)+—)(ano...oal)(g)mﬁ(an’... ,01)7

which satisfy the A -relations. Since G acts on A through strict A.-isomorphisms,

g-e@m)(an®an) @ (a1 ®a1)) =g [(ano-- o) @my(an, - ,a1)]
=[g~(ano---oa1)]®g~mﬁ(an,--~ L)
=[(g-an)o---o(g-a)]@my(g-an, - ,g-a1)

=(ec@my)(g- (an @an), -+ ,g- (1 ®ar)).

This shows o ® m;* descends to the G-invariant part to linear maps of degree 2 —n
M/ (A)G)(pn—1 X Vp1s pr X 0n) @ (A/G)(po X vo, p1 X v1) = (A/G)(po X Vo, pn X vp)

satisfying the A..-relations.

Thus we obtained a new A..-category A/G. Note that the quotient construction preserves most
properties of the original A..-category: if A is finite dimensional/A,, / Ag, /unital/augmented /connected,
then so is A/G. If A has a G-invariant cyclic structure of degree m, then so does A/G: the bilinear
forms on A

(= =) 4t Alu,v) @ Av,u) — K
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induce bilinear forms
(=, =) : [Hom(p, #) © A(u, v)] & [Hom(a, p) @ A(v, u)] — K

(a®a)® (B®D) — tr(af){a,b)

which restricts to the G-invariant part
(= =)asq (A/G)(p X u,0 xv) @ (A/G)(0 x v, pxu) = K.
These bilinear forms are also non-degenerate and cyclically invariant since the trace maps tr are.

A variant of the quotient construction. There is a variant of the quotient construction. Given an
A-algebra A over a semisimple algebra S = K", on which G acts by strict A.-isomorphism, one can
define an A,.-algebra over S ® KG as follows. The underlying Z-graded S ® KG-bimodule is given by
Homg (KG, A ® KG), with S ® KG acting on the left and right by

((u® g)p(v @ h))(=) = up(=g)(v @ h).

The multiplication maps m,, are defined similarly as in A/G. Since KG = @@ pPI™7 we see that
p€lrr (G)

Homg(KG, A® KG) = @ Homg (p, A ® ¢)@(dime)(dimo),
p,oclir (G)
i.e., this construction is a variant of .4/G which takes into account the multiplicity of each irreducible
representation in the regular representation of G. Note that when G is abelian, the two constructions
coincide since every irreducible representation of G are 1-dimensional. In general, the two constructions
are related by a Morita functor. Recall that by Maschke’s theorem, KG is a semisimple algebra. In
fact, KG = @ Endp canonically as an algebra. Denote by e, the matrix in Endp with 1 in the
(1,1)-entry aﬁra(ii all other entries. Then p = KGe, and all the e,’s are orthogonal idempotents, i.e.,
(e,)*> =€, and e e, = 0 if p # 0. The element e = Y. ¢, € KG is an idempotent element which is
full in the sense that KGeKG = KG. Moreover, the gfgherb(rcg Sa = eKGe is commutative and is spanned
by all the e,’s. Since é = (1s ® e) is also a full idempotent in the semisimple algebra S @ KG with

(S ®KG)é =S5 ® Sg, we have the following
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Theorem 3.5.2 (Morita Equivalence, [7] Lemma 2.2). The functor
F : Bimod (S ® KG) — Bimod (S ® Sg)
M — eMe

is an equivalence which commutes with tensor product in the sense that

FIM ® N)=FM) ® F(N)
S®KG S®Sa

are naturally isomorphic through the isomorphism

ém ® mn)é—eémé ® éne.
S®KG S®Sa
Since the Morita functor F : Bimod S ® KG — Bimod S ® Sg commutes with tensor product, the
(S ® S¢)-bimodule F(Homg(KG, A ® KG)) has an Ao-structure given by F(m,,).

Proposition 3.5.3. The Ay -algebras F(Homg(KG, A® KQG)) and A/G are strictly As-isomorphic.

Proof. This follows by observing that

F(Home(KG, A2 KG)) = @ Homeg (KGe,, A ® KGe,) = @ Hom(p,A® o) =A/G

p,o€lr (G) p,0€lrr (G)

and that the m,,’s of the two A, -algebras are defined in the same way. [ ]

Quotient of minimal model. We show that if G acts on A by strict A..-isomorphisms, then it also
acts on its minimal model H*(A) by strict A,-isomorphisms and moreover, they give A, -isomorphic
quotient. Recall that in the construction of minimal model (Proposition 3.2.1), one has to choose a
splitting

Z=B®Hand A=ZadL=B&H®L. (3.5.1)

Since the group action commutes with ms!, the space of cocycles and coboundaries Z and B are G-
subrepresentations. If we choose the splitting equivariantly, which is possible by the Maschke Theorem

3.5.1, we get the diagram

h A*p>H
C <~
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(A)

where all maps are equivariant. Since the A..-structure on H®(A) is given by mf. =po A, o0i®",

where )\, is defined inductively by Ay = ms' and equation 3.2.1

we see that G also acts on H*(A) by strict As-isomorphisms. Hence we can form the quotient H*(A)/G.
We show that one can choose an A..-structure on H*(A/G) which is strictly Ao-isomorphic to H*(A)/G.

Recall that mf‘/ “ is the restriction of

id @ mft @ Hom(p,0) @ A — @ Hom(p,0) @ A

p,o€lrr (G) p,0€Irr (G)

to its G-invariant part. Hence if we choose the same equivariant splitting (equation 3.5.1), the space of

cocycles and coboundaries of (A/G, mf‘/ G) are

Z/G = @ Homg(p,o ® Z) and B/G= @ Homeg(p, 0 ® B)
p,0€lrr (G) p,0€lrr (G)

respectively. Similarly, if we denote

H/G = @ Homg(p,c ® H) and L/G= @ Homg(p,0 ® L),
p,o€lrr (G) p,o€lrr (G)

we have splittings
Z/G=B/G®H/G and A/G=7Z/G®L/G=B/G® H/G® L/G

and a diagram
(id®p)®
(id®h)® g A/G H/G
(id®19)“
satisfying
id/q — ([d @)% o (id@p)® =m0 (id@h)® + (id® h)E o my/C.

We then have as in Equation 3.5.1 a family of linear maps A, : (4/G)®" — A/G. One can then show

by induction that X\, is the restriction of the linear maps

RXn

OR Ay : @ Hom(p,0) ® A — @ Hom(p,0) ® A

p,o€lr (G) p,o€lr (G)
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to its G-invariant part. Hence mf.(A/G) is the restriction of o ® mf.(A) ie., mg.(A/G) = mf.(A)/G.

We have thus proved the following

Proposition 3.5.4. Let A be an Ay -category on which a finite group G acts by Aso-isomorphisms. Then
one can choose a minimal model H*(A) of A on which G acts by A -isomorphisms, and a minimal model

H*(A/G) of A/G, such that there is an As-isomorphism H®(A)/G = H*(A/G).

Smash product. Suppose G acts on an A, ,-algebra A over S = K" by strict A,,-isomorphisms. One
can construct the smash product A..-algebra A#G as follows. As a vector space, A#G = A ® KG.
There is a (S ® KG)-bimodule structure on A ® KG by

(u®g)(a®z)(v®h) =u(ga)v @ gzh,

for any u,v € S4, g,h € G and = € KG. The multiplication maps m;*#¢ are defined by, for g; € G,

mﬁ#a(m @ G1seesln @ gn) = mﬁ(ahglaQagngaBa e g1 Gn—10n) @ g1 G

Using the isomorphism

(AR KG)¥sere™ 5 A" @ KG

(a1 ®791)®...0 (A ®gn) = (A1 ®G1A2® ... ® g1 Gn-1an) @ g1 - * Gn,

we have the commutative diagram

(AQKG)®seren =5 A®sn g KG . (3.5.2)
m;’;\#ci lmf@idg

Again, the smash product preserves most properties of the original A..-algebra: if A is finite

dimensional/ A /unital /augmented/connected/cyclic of degree m, then so is A#G.

Proposition 3.5.5. The two dg-algebras E(A#G) and E(A)#G are isomorphic. The two algebras
H*(E(A#QG)) and H*(E(A))#G are isomorphic.

Proof. The first claim comes from the commutative diagram (3.5.2). Taking cohomology of the first
claim, we have H®(E(A#G)) = H*(E(A)#G). Since the functor (—) ® KG is exact, and hence preserves
cohomologies, we have H®*(E(A)#G) = H*(E(A))#G and the second claim follows. [ ]
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Relation between Quotient and Smash Product. The following proposition relates the smash

product and the quotient construction with multiplicities.
Proposition 3.5.6. The Ay, -algebras Homg(KG, AQKG) and (A°P#G)°P are strictly As-isomorphic.

Proof. Observe that Homg(KG, A ® KG) =2 A ® KG as an S4 ® KG-bimodule via the map ¢ — ¢(1),
with inverse given by sending a ® g € A® KG to the map (h — ha® hg) for all h € G. We wish to write
down the induced A.-structure on A ® KG under this isomorphism. To do this, we first write down
explicitly the map h +— ha ® hg € Homg(KG, A ® KG) as an element in [A ® Hom(KG, KG)]Y. Define
the K-linear map ¢} : KG — KG by

kg ifh=k

0  otherwise.

Then the map h — ha ® hg correspond to the element > ka ® ¢f. We will need the following simple
keG
lemma for computation.

Lemma 3.5.7. 1. The group G acts on @i by {- i = ¢f, .

2. Compositions are given by

hg 3 A
2 if k ={(h
PrO P =
0 otherwise.

Now we can compute the induced m:*®¥¢ on A ® KG. Since

Z mn(knan®¢gz,...,k1a1®<p,‘ii): Z mn(knan,...,k1a1)®@k:o-..OgOii
ki,....kn€G ki,....kn€G
= Z mﬁ(klgl"'gn—la’nv""kla’l)®S0z1.“gn
ki€G
— k/, A . g19n
- 1m (g1 gn,lan,...7a1)®<pkl ,
ki€G

we conclude that

mﬁ®KG(an ®gn7 ceey @1 ®gl) = mﬁ(gl o gn—10n, - . .,Cl1) ® (91 t gn)

Now observe that (A°P#G)°P has the same objects and morphism spaces as A ® KG, with A.-
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structure given by

mglep#G)op (an ® gn,-.. a1 ®g1) = mﬁ"”#c(al @Gy Uy @ Gn)
A°P
=m;  (a1,0102,...,91" " Gn—10n) @ (g1 gn)
- mf(gl T 9n—10n, - .- aal) & (91 o 'gn)
which is the same as that of A ® KG, as desired. -

Corollary 3.5.8. The Ay -algebras A/G and F((A°P#G)P) are strictly A -isomorphic.

Proof. This is immediate since A/G = F(Homg(KG, A ® KG)) by Proposition 3.5.3. [ |

Proposition 3.5.9. The two dg-algebras E(A/G) and E(A)/G are isomorphic. The two A -algebras
H*(E(A/QG)) and H*(E(A))/G are A -quasi-isomorphic.

Proof. By Corollary 3.5.8, E(A/G) =2 E(F((A°P#G)°P)). Since the Morita equivalence functor F in
Theorem 3.5.2 commutes with tensor product, it also commutes with the Koszul functor F, and we
have E(F((AP#@G)°P)) =2 F(E(A°P#G)°P). By Proposition 3.5.5, E(A°P#G)°P = (E(A)°P#G)°P. By
Corollary 3.5.8 again, F((E(A)°P#G)°?) = E(A)/G and we arrive at the first claim. Taking coho-
mology, we conclude H*(E(A/G)) and H*(E(A)/G) are As-quasi-isomorphic. By Proposition 3.5.4,
H*(E(A)/G) and H*(E(A))/G are A-quasi-isomorphic and we are done. u

3.6 Tensor Product

In this section, we give a review on how to construct tensor product of A,.-algebras. Except Proposition

3.6.1, this is essentially a summary of Amorim and Tu [2].

Tensor product of a dg-algebra with an A,.-algebra Before looking at the general case, let us
look at the special case where one of them is only a dg-algebra rather than a full-fledged A..-algebra.

When both of them are dg-algebras, this is well-known and we take

/

m‘f®A/ =mf®idy +idg @m?  and m’24®A/ =my @ mj (3.6.1)

If A is a dg-algebra and A’ is an A..-algebra, there is a natural generalization:

m®Y =m @idy +ida@m{" andforn>2 mi®Y =mfo(mfo(mio () emy . (3.6.2)

n — 1 iterations
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For simplicity, we will denote the n-th iteration of m4 by (m4')°". Direct computation using chain rule

on A and the A.-relations on A’ shows the above definition of mA®4" satisfies the Ao-relations:

btc, ARA’ mAeA’
Z (—D)**remg B o (dA®A’ ® ®1dA®A’)
a+b+c=n
=m0 md®A ST (1) o (1058, @ miOY @id5e . )
at+c=n—1
ARA’ ARA’
+ > (_1)ab+cma-§1+co<ldA®A’®m “ ®1dA®A)
a+b+c=n
2<b<n—1
= Y (miemd)™ = (mf) o (105 @il ®id5)) @ mi
at+c=n—1
Y ) e (i o (45 @ mit @id§))
at+c=n—1
> P e (ma o (af e mit @idg)
a+b+c=n
2<b<n—1

Tensor product of A, -algebras. For general A, -algebras, there is no natural way to define tensor
product. There are various ways to construct an A..-structure on A® A’ which are A,,-quasi-isomorphic
to each other, but in general not strictly A..-quasi-isomorphic. In the following, we describe some of the
constructions. Saneblidze and Umble [61] were the first to construct an A,-structure on A ® A" whose
ARA’

ms, are given by a closed formula in terms of mf and mj‘/ where j < n. Markl and Shnider [55] later

reformulated their construction as a diagonal map on the A.-operad A..: Given a chain complex (4, d),

there is an associated operad End4. Any A,.-structure m,‘;‘

on A with m{' = d can then be described
as an operad homomorphism p : Ao, — End4. Now, given any two chain complexes A and A’, there is
a natural map of operads End4 ® Endy — Endgga/. The problem of constructing an A.-structure on
A ® A’ then becomes the problem of constructing a “canonical” diagonal A : Ay, — Ay @ A For if

such a diagonal exists, one can simply take the composition
PARA’ - Ao —).A ® Aso pag pAI EndA®EndA/—>EndA®Ax

to give an Aoo-structure on A® A’. Amorim [1] also reformulated the Saneblidze-Umble construction in
terms of dg-algebras: For every A..-algebra A, one can construct a dg-algebra Hom(A, A) whose space
of cycles are the A,.-endomorphisms of A and whose homology are A..-endomorphisms of A up to Aeo-
homotopy. This dg-algebra Hom(A, A) is A-quasi-isomorphic to A. One then forms the tensor product
dg-algebra Hom(A, A) ® Hom(A’, A’) and uses homology perturbation to transfer the dg-structure on
Hom(A, A) ® Hom(A’, A’) to an A-structure on A ® A’. All A,-structure on tensor products defined
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above are A..-quasi-isomorphic.

Tensor product for Adams-graded A.,-algebras. In the case of Adams-graded A..-algebras, the
tensor product A..-structure also preserves the tensor product Adams-grading on A ® A’ as m,f@A, are

given by a closed formula in terms of m;‘ and m;‘/ where j < n.

Cyclic structure. Given two cyclic A-algebras A and A’, there is a natural inner product on A® A’
defined by

|041Ha2|<

(a1 ® 1,02 @ ag) g ur = (—1) a1, az) 4 (o1, 2) 4. (3.6.3)

One might ask whether the tensor product constructions described above are cyclic with respect to this
natural inner product. In the special case where one of the A,,-algebra is a dg-algebra, it can be checked
directly that the natural tensor product structure given by Equation 3.6.2 is cyclic. However, for full-
fledged A..-algebras, all the tensor product constructions described above do not preserve cyclicity in
general. As Tradler pointed out in [67], m?®A/ in the Saneblidze-Umble construction is already not
cyclic. The first construction of tensor product of cyclic Ay-algebras which respect the natural inner
product as in Equation 3.6.3 seems to be given by Amorim and Tu in [2]. There, they constructed a
cyclic diagonal on the A,.-operad and showed that any tensor product A..-structure defined by a cyclic

diagonal are cyclically A.-quasi-isomorphic to each other. As the A.-structure is constructed by a

ARA’

diagonal, the m},

can in principle be written as a sum of tensor products and compositions of mf

ARA’

- up ton =4 and

and mf/ for j < n. However, Amorim and Tu only gave explicit formulae for m

stated that the general formulae appeared to be a very complicated combinatorial problem.

Convention. As all A, -structures on tensor products we described above are A..-quasi-isomorphic,
in principle it makes no difference to which one uses. Hence we will not distinguish them and only write
A® A’ to denote Ao-tensor product. However, the two constructions given by Amorim and Tu [2] and
Amorim [1] would be the most important in this thesis as the first one preserves cyclic structures and

the second one reduces tensor product of A..-algebras to tensor product on dg-algebras.

Koszul functor and tensor product. The following proposition essentially says that under some
locally finite conditions, the Koszul functor commutes with the A.-tensor product. Recall the bar

construction functor B sending A..-algebras to dg-coalgebras defined in Section 3.4.

Proposition 3.6.1. 1. Let A and A’ be two Ax-algebras. Then there is a quasi-isomophism of dg-
algebras

B(A® A)# — B(A)* @ B(A")#
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and an A -quasi-isomorphism of A -algebras
H*(B(A® A"#) = H*((BA)*) @ H*((BA")¥).

2. Let A and A’ be locally finite Adams graded Agn-algebras. Suppose one of the A -tensor product
structure on A® A’ is Agn and that E(A), E(A") and E(A® A') are all locally finite. Then there

18 a quasi-isomorphism of dg-algebras
E(A A) 2 E(A) o E(A")
and an Ay -quasi-isomorphism of Ay -algebras
H*(E(A® A)) = H*(E(A)) @ H*(E(A")).

Proof. Using Amorim’s version of A..-tensor product which reduces As-tensor product to dg tensor

product in [1], it suffices to prove the proposition when both A and A’ are dg-algebras. Both
B(A)@ A9 B(AY® A - Sy ®Sa and BARA) AR A — Sp® Sar

are semi-free resolution of S4 ® Sa/. Hence there is a chain homotopy equivalence between

I
B(AA)Y@ A A’ “B(A)® A B(A)® A’ .
g9

Now

BA®A)=BA® A)® (A® A) aga(Sa® SY)

and similarly

B(A)®@ B(A") = (B(A) @ A® B(A') @ A") g (Sa ® S).
Hence we have a chain homotopy equivalence

f®idagar
B(A® A') —= B(A)® B(A') .

-
g®id 4 ar

By MacLane [53, Chapter X, Theorem 12.2], the map g ® idaga’ is given by inclusion maps followed by
the shuffle product on B(A ® A’)

B(A)® B(A') 5> B(A® A)@ BA® A') 24 B(Ag A)
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a®d —~ @) (1®d)— (a®1)*(1®ad)

which is a coalgebra map. Taking dual, we obtain a dg-algebra morphism
¢:B(A® A)* = B(A)¥ @ B(A)*

which is a quasi-isomorphism. By homology perturbation, we have the following chain of A.,-quasi-

isomorphisms
H*(B(A® A#)= B(A® A")# =~ BA* @ BA'# =~ H*(BA%) @ H®*(BA'").

The second statement follows from the observation that under the assumptions, we have E(A) =

(BA)#, E(A") = (BA)* and E(A® A’) = (B(A® A’))# as dg-algebras by Proposition 3.4.2. |



Chapter 4

Quivers with Superpotential

This chapter is devoted to the study of quivers with superpotential.

In section 4.1, we define quivers with superpotentials. Our definition of quivers with superpotential
is taken from van den Bergh [70], where the completed path algebra of a quiver with superpotential is

known as a deformed DG-preprojective algebra there.

Section 4.2 gives a correspondence between quivers with superpotential and the Koszul dual of Ag,-
categories with cyclic structures. Using this correspondence, we define the notion of product of quivers

with superpotential and the notion of quotient of quivers with superpotential by finite groups.

In section 4.3, we follow van den Bergh [71] and prove that the path algebras of quivers with superpo-
tential are Calabi—Yau algebras, and hence the categories of representations of quivers with superpotential

are also Calabi—Yau.

Finally, Section 4.4 describes quivers with superpotential of dimensions 1 to 4. In particular, we
describe in dimension 3 how our definition of quivers with superpotential as dg-quivers is connected to
the old definition of quivers with superpotential as quivers with relations given by physicists Berenstein
and Douglas [5], Braun [12], Douglas and Moore [23] and later by mathematicians Ginzburg [27] and

Derksen, Weyman and Zelevinsky [22].

4.1 Quivers with Superpotential

In this section, we introduce the notion of quiver with superpotential. The presentation here essentially

follows van den Bergh [70, 71].

59
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Notations and Conventions. We will fix a field K of characteristic zero. By a cycle in a quiver @,
we will mean a closed path forgetting the starting and ending points, or more precisely, a closed path as
an element in the vector space KQ/[KQ, KQ)]. For simplicity, we will write KQcy. = KQ/[KQ, KQ)]. For
any edge e in a graded quiver ), we will denote by J, : KQ — KQ ® K@ the double derivation of degree

le| acting on any edge f in Q by

B.f = hie)@t(e) ife=f

0 otherwise.

We will also denote by 972 : KQ — K@ the derivation m o o o 0., where m is the multiplication map
in KQ and o : KQ ® KQ is the interchange operator sending a ® b + (—1)1¢’lb ® a. This derivation
vanishes on commutators and hence descends to a derivation 97 : KQ.y. — KQ. For other notions in
noncommutative calculus such as noncommutative symplectic form and double Poisson bracket, please

refer to Chapter 1.

Construction of Quivers with Superpotential. Let Q be a graded quiver with degree of all edges
lying in the interval [2 — m, 0]. Suppose Q is equipped with a pairing (=, —) of degree 2 — m on the set
of edges in Q such that

* (aa b) = 7(71)|a”b‘(b7 CL)
e (a,b) = 0 unless t(a) = h(b) and t(b) = h(a)
e the matrix {(a,b)} is invertible.

Let (—, —) denote the dual quadratic form, i.e., the pairing on the dual space of the set of edges in Q such
that the matrix {{a¥,b")} is given by the inverse of {(a,b)}. Then there is a noncommutative symplectic

2-form of degree 2 —m

1

w = 5 Z <.’L’v,yv>ddR.’EddRy.

z,y edges in Q

Proposition 4.1.1. The 2-form w is a noncommutative symplectic form.

Proof. We show the map ¢, : Derg(KQ4) — Q}g(KQA) defined by © — 1gw is an isomorphism by
exhibiting an inverse. For any edge a € Q A,
1 [e] al|lxr o
W) =ww=5 Y (@) (@) dary + (=) dura(03y)

z,y edges in Q4

= > (a",y")dary.

y edges in Q4
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By direct calculation, one can see that the inverse of i, is given by

ddRCL — Z (a,b)@b.

b edges in QA

The symplectic form w induces a Poisson double bracket {—, —} : KQ @ KQ — KQ ® KQ.

Proposition 4.1.2. For any edge a € Q, we have the formula

fa.-3= Y (ab)o

b edges in Q

Proof. By definition of the double bracket, this follows from

Z (a,b)rg,w

b edges in (:?

1
3 > 5@’ y) (Gn)dary + (~1) M dira(65y)
b edges in Q z,y edges in Qa
1
=3 > (an) @,y )dary + (a.y)(y", 2" )dare

z,y edges in Q4

= Z (aax)<xv7yv>ddRy

z,y edges in Q

= ddRa.
]

The double Poisson bracket induces the Kontsevich bracket (c.f. Section 1) {—, =} : KQ ® KQcye —
KQ, which descends to a Lie bracket {-,-}: KQCyC ® KQCyC — KQCyC. Let ® € KQCyC be a sum of
cycles of degree 3 — m which satisfies the master equation {®,®} = 0 in KQCyC. Then one can define

d:KQ — KQ by d={®,—}.

Proposition 4.1.3. The linear map d is a differential of degree 1. For any edge a in Q, we have

da = (=1)"FFm N (a,b)059.
b edges in Q
Proof. Since ® is of degree 3 —m and {—, —} is of degree m — 2, d is a map of degree 1. Now, by Jacobi
identity,
1
dZ(a) ={2,{®,a}} = 5{{¢)’ ®},at =0.
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Hence d is a differential. For any edge a, we have

{®,a} = mo &, a} = —(~1) 20 g, ) = (-1 ST (0,555
b edges in QA

where the last equality is by Proposition 4.1.2. |

This differential d on KQ is compatible with the double Poisson bracket.

Proposition 4.1.4. The double Poisson bracket {—,—} is a dg-double Poisson bracket of degree m —2,
i.e.,

d{a,b} = {da,b} + (—1)1*F™=2a db}.

Proof. The proposition follows readily from Proposition 1.2.19 and the definition d = {®, —}. |

Let @ be the quiver constructed from Q by adding to each vertex v in @ a loop v* of degree 1 — m.

Define a differential on K@ by

d(v*) =vlv for any vertex v, where £ = Z (¥, yV)ay,
z,y edges in Q

d(a) = {a,®} for any edge a with degree a <2 — m.

The following lemma shows that we have indeed defined a differential on K@Q.
Lemma 4.1.5. d?(v*) = 0.

Proof. Tt suffices to show df = 0, for then d?(v*) = d(vfv) = v(df)v = 0. Using Proposition 4.1.3,

dt = Z (¥, y") ((dx)y + (—1)‘z|xdy)

z,y edges in Q

= o (iRl V) (@, 0) (05 @)y + (D) HYIEY V) (y, b)a(05 @)
b,z,y edges in Q

= Y ey - 3 @)

y edges in Q x edges in Q
= (sum of all cyclic permutations of ®) — (sum of all cyclic permutations of ®)

=0.

The dg-quiver @ built in this way is called a quiver with superpotential ® of dimension m.

Definition 4.1.6. A quiver with superpotential of dimension m is a dg-quiver @ together with an element

® € KQcyc of degree 3 —m in the following form:
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1. The degrees of all the edges of @ lie in the interval [1 — m, 0], i.e.,

EéQ:@ unless 1 —m <7 <0.

2. For each vertex v there is exactly 1 loop v* of degree 1 —m at the vertex v, and there are no other

edges of degree 1 —m, i.e.,

Eé_m = H Eé_m(v,v) with Eé_m(v,v) = {v*}.
veVg

3. For any i € [2 — m, 0], there is a pairing
. i 2—m—1i
(=, —): Eh x EX™ 5K

between edges of degree ¢ and edges of degree 2 — m — i such that
e (a,b) = —(-1)llll(b, a)
e (a,b) = 0 unless t(a) = h(b) and ¢(b) = h(a)
e the matrix {(a,b)} is invertible.

4. For any edge a with dega € [2 —m, 0], the differential is given by

da = {®,a}.

5. For any degree 1 —m loop v*,

\% \%
dv* =wv E (¥, y)zy | v,
z,y edges in Q
deg z,deg y€[2—m,0]

where (—, —) is the dual pairing of (—, —).

Remark 4.1.7. Note that the above definition automatically implies that the superpotential ® satisfies
the master equation {®, ®} = 0in KQcyc as d*(a) = {®, {®,a}} = 1 {{®, ®},a} = 0 implies 9{®, @} =0
for all edges a in ). Hence the data of the subquiver Q together with the antisymmetric pairing (—, —)
and the superpotential ® satisfying the master equation {®, ®} = 0 in KQ.y. uniquely determine the

quiver with superpotential () by the above construction.
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4.2 Characterisation of Quivers with Superpotential

In this section, we would like to characterize quivers with superpotential in terms of Ag,-algebras. Recall
from Section 3 that for any dg-quiver @, its path algebra K@ is isomorphic to F(A) for a unique (up to
strict Ayo-isomorphism) Agy,-algebra A. We would like to show that for a quiver with superpotential @,
the corresponding Agy-algebra is equipped with a cyclic structure. Conversely, given any Ag,-algebra

with cyclic structure, its Koszul dual E(A) is the path algebra of a quiver with superpotential.

All Ag,-algebras in this section will be assumed to be augmented, finite (it has finite number of
objects and finite dimensional morphism space) and positively graded (.;l‘ =0 for i < 0, where A is the

kernel of the augmentation map).

Let @ be a quiver with superpotential. Recall the Ag,-category A such that KQ = E(A) is con-

structed by
Obj (A) = {vertices in Q}.

Kuv ifi=0andv=w
Al (v, w) = K{degree (1 — i) edges in @ from v to w}¥ ifi>1
0 otherwise.

with the A.-structure given by
my : A(v,v) @ A'(v,w) = A(v,w) v®ara

my : A (v, w) ® A (w,w) = A'(v,w) a@w—a
My 2 A (Up_1,00) @ -+ @ A (v, v1) — ALTFint27n 40 4 ) for ij >1

v v N . X
al @ @ay — (—1)nDlanl+F2lazl+as | Z (Coefficient of a,, - --a; in da)a"
a edges in Q

and zero otherwise. For any edge a € @Q, denote by |aY| the degree of aV in the A-category, i.e.,

la¥| =1 — |a|. Define a pairing (—, —) 4, : A® A — K of degree m by

(@v,0") = (=)l 1(a¥ bY).
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Then for ag,...,a, edges in Q,

<mn(a\n/,a ey ai/)v a?)/>A

= (=1)(=Dlagl+-+2lag |+ | Z (Coefficient of a, -~ a1 in da)(a”,ag) 4
a edges in Q
Z (—1)("_1)|“X|+”'+2|a§|+|a¥‘+|av‘+1+|a|+m(a, b)(Coefficient of a,, - --a; in 9 ®){(a”, ay)
a,b edges in Q

= (—1)(n=Dlayl+-+2lag|+lay [ +(m+1)(laol+1) (Coefficient of ap - - - a; in i)

= (1) Dlagl+-+2lag|+az [ +m+1) (a0 +1) ( Coefficient of agay, - - - a1 in @)

\ v Y . . F
= (_1)(n_1)‘anl+'”+2|a3 H“a2 |+1+‘a0‘+m(COefﬁClent Of Ay -+ - Q100 1N (:D)7

where & = sum of all cyclic permutations of ®. Similarly,

(mp(ay_1,...,a8),a0) 4 = (—1) (= Dlan—af+-t2lazl+lar[+m+1)(anl+1) (Coefficient of ay, - - - ajag in ®).
Since ® has degree 3 —m, we have (my(a,,,...,ay),ay) 4 = (mn(ay_1,...,a3),a) 4 = 0 unless |a,| +

coo+lagl =3 —=m. If |ay| + - + |ag| = 3 — m, using |a¥| =1 — |a|, we can verify that

Y

ntlay|(Jan—1|+-+lay|) (mnlal_ ... a)), al) 4.

(mn(ay,...,af),a5) 4 = (-1)
Hence (—, —) 4 is a cyclic structure. Recall that an A..-category is said to be finite if Obj (A) is finite
and A(u,v) is finite dimensional for all u,v € Obj (A). Also, an augmented A,.-category A is said to be

positively graded if A* = 0 for all i < 0. Summarizing, we have

Proposition 4.2.1. Let Q be a dg-quiver. Then there exists a finite and positively graded Agy,-category
A such that KQ = E(A). If Q is a quiver with superpotential of dimension m, then there is a cyclic

structure of degree m on A.

Next, we would like to prove the converse of Proposition 4.2.1. Let us start with a finite and positively
graded Ag,-category A with a cyclic structure of degree m. Recall from Section 3 that one can construct
from A a quiver @ as follows: take the vertex set of @ to be Obj(A) and for any vertices u, v, the set
of degree i edges from u to v is given by a fixed basis of A'~%(u,v). We will denote elements in the
chosen basis of A by a", and its dual basis (as elements in Q) by a. The degrees of @ and a" are related
by |a| = 1 —|aY|. By the cyclic structure of degree m on A, we have A* =2 A™~% Since A is positively
graded, we conclude that the degree of all edges in @ lies in the interval [1 — m,0], for each vertex v

there is exactly one loop v* of degree 1 — m, and that these are precisely all the degree 1 — m edges in

Q. The cyclic structure (—, —) 4 on A determines a super-antisymmetric pairing (—, —) of degree 2 —m
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on the set of edges of @) by defining its dual pairing (—, —) to be
(a¥,0") = (1)1 {a",bY) 4.

Let Q be the subquiver of @ which contains all vertices of @ and all edges in Q with degree in the interval
[2 —m,0]. Proposition 4.1.1 then shows
1
w=3 > (zV,y")darrdary

x,y edges in Q

defines a noncommutative symplectic form on @, and the corresponding double Poisson bracket {-,-}
is given by Proposition 4.1.2. It remains to show that the differential on @ is in the form of a quiver
with superpotential. Denote by b,, the shift of the A, -structure m,, on A. By the cyclic invariance of

(=, —) 4> we conclude that the quadratic form (—, —) is invariant under cyclic symmetry:

(bn(ay, .- an),anpq) = (bnlag,. .. ayy), af).

Define

<bn(a}/, e ,aX),ax_,_ﬁ

n21gy,...,any1 edges in Q
which is a finite sum of closed paths of since A is Agy, hence b, = 0 for n > 0. Note that ® is of degree

3—m.
Proposition 4.2.2. We have the following descriptions on the differential d on KQ:

1. For any edge a in Q, we have

da = (—1)"tm N (a,b)05 9.
b edges in Q

2. The differential can be written in terms of the Kontsevich bracket by
d={o,-}.
3. The differential d is a Hamiltonian vector field with Hamiltonian ®, i.e.,

ddR(I) = idw.
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Proof. Denote by (—, —) the inverse quadratic form of (—, —). Then

a= Z (baa)<_ab\/>‘

b edges in Q

By definition,

da = Zb#(a)

=> 3 (ba)balaY.....a)),0)ar - an

neN b,ai,...,an
edges in Q

e bo(ay,...,ar),bY) .,
=Y (e 8D (b, 0) (1n+1) )P (ay - - and)

b7alv~"yan~
edges in Q

= Z (—1)mIblF1+lallbl (g pYoed
b edges in Q

= Y. (pHrr@nge,
b edges in Q
where we have used that (a,b) # 0 if and only if |a|] = |b| + m mod 2. The third equality perhaps
requires more explanation. If the loop has cyclic symmetry of degree n + 1, i.e., aj ---a,b = e™t! for
some edge e, then 92(e"*!) = (n + 1)e™. Up to cyclic permutation, there is only one such loop in the
sum in the third line hence the (n + 1) factor in the denominator is cancelled. If the loop has no cyclic
symmetry, then up to cyclic permutation, there are n + 1 such loops in the sum and hence the n + 1
factor in the denominator is also cancelled. In the general case where a loop has a cyclic symmetry of
degree k, then we can write a; - - - a,b = p*, where p has no cyclic symmetry. Up to cyclic permutation

there are (n 4 1)/k such loop in the sum, and ¢ (p*) = k(8 p)p*~1(d,p). Hence the n + 1 factor in the

denominator is also cancelled. This proves (a). Now, for any edge a, we have

{®,a} =mo {®,a} = —(—1)lalF2=mUCIF2=m)y o 50, BY = (—1) ot Z (a, )0, ® = da,
b edges in Q

where the second last equality is by part (a) of the statement and Proposition 4.1.2. Since both {®, —}
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and d are derivations, we conclude that d = {®,—}. This proves part (b). For part (c), we have

idw =

Y. (@) ((de)(dary) + (-1)T N (dare) (dy))

z,y edges in Q

N | =

=5 Y =yl Y oY) (dary) (da) + (=1, YY) (dare) (dy)

N —

x,y edges in Q

= Z (—D)Hel @Y YV (dape)(dy)

z,y edges in Q

=3 (— R Y )V (4 ) (dag) 05 D

b,x,y edges in Q

= > (dapx)03®

y edges in Q

= dyp®.

It remains to describe the action of the differential on K@ on the degree 1 —m loops attached to each

vertex. For this purpose, we first prove the following

Lemma 4.2.3. Let A be an Ay -category with a cyclic structure of degree m. Then for all n > 3,

degmy (a1, -+ ,a,) = m implies m,(ay, - ,a,) =0.

Proof. For any v € A° and n > 3,

(mp(ai,...,a,),v) 4, = £(mp(v,a1...,00-1),a,) 4 =0
since mpy(v,a1...,a,-1) = 0. Since (—, —) 4 is nondegenerate, we conclude my(a1,...,a,) = 0. [ |
Proposition 4.2.4. Let v* be the degree 1 — d loop at the vertex v in Q. Then
dv* = vlv  where (= Z (xV,y")ry.
z,y edges in Q
Proof. Write t = > v*. It suffices to show dt = ¢, for then dv* = d(vtv) = v(dt)v = vlv. We

v vertices in Q
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have

dt= Y )

v vertices in Q neN

= > S Y wbalal. . a))ar - an

v vertices in Q a1,...,a, edges in Q NEN

= > ST wYiba(a),aY))araz

v vertices in @ a1,a2 edges in Q

= > Y (@Y. ba(ay,0"))aras

v vertices in Q a1,a2 edges in Q

= Z (a),ay)aiaz

ai,as edges in Q

=/
where in the third equality, we have used Lemma 4.2.3. |

Remark 4.2.5. Note here that £ is an element homogeneous of degree 2 — m.
Summarizing, we have proven the converse of Proposition 4.2.1 and arrived at

Proposition 4.2.6. A dg-quiver Q is a quiver with superpotential if and only if KQ = E(A) for a finite

positively graded cyclic Agn-category A.

With the characterisation of quivers with superpotential by Ag,-categories with cyclic structure, we

can define products and quotients of quivers with superpotential.

Products of Quivers. Products of quiver are not always defined. But as we will see in Chapter 5,
they are always defined for quivers arising from exceptional sequences. Recall from Chapter 3 that for
every dg-quiver (Q, one can construct an Agy-algebra augmented over the discrete K-algebra spanned by
the vertices of @, such that KQ = E(A). For any two quivers () and their associated Agy-algebras A and
A’, one can form the A..-tensor product A ® A’. In general, this tensor product is not Ag,. If it is, one
can define the product dg-quiver of @ and Q' to be the dg-quiver arising from A ® A’. In other words,
even if the product is well-defined, the product dg-quiver is only defined up to quasi-isomorphism. The

underlying product quiver is given by

{Degree i edge in Q x Q'} = {a ® v : a degree i edges in Q and v vertex in Q'}
U{a®b:aedgein @ and b edge in Q' with dega + degb — 1 =i}

U{u®b:u vertex in Q" and b degree i edge in Q'}
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The differential, however, is not uniquely determined. If both quivers ) and @’ admit superpotentials,
then Amorim’s construction of tensor product of A,,-algebras shows that one can choose a differential
on @ x Q' which comes from a superpotential. In general, to write down the product superpotential, one
has to know an explicit formula for the cyclic tensor product A..-structure. Unfortunately, the author
does not know of such a general formula. When one of the superpotentials is cubic, i.e., one of the
Aso-algebras involved is Ag, i.e., m, = 0 for n > 3, one can use the formula given by Equation (3.6.2).

Examples of product quivers are given in Chapter 6.

Quotients of Quivers. Let G be a finite group and @ be a dg-quiver. Suppose G acts on KQ by dg-
isomorphisms. Write KQ = E(A) for an Ag,-algebra. Then G acts on A by strict Agy-isomorphisms and
hence one can form the quotient A/G. The quotient quiver Q/G is by definition the quiver associated to
A/G. Now suppose @ is a quiver with superpotential and the antisymmetric pairing on ) is G-invariant,
then the cyclic structure on A is also G-invariant. Thus A/G also inherits a cyclic structure, making
Q/G a quiver with superpotential. Examples of quotients of quiver with superpotential can be found in

Chapter 6.

4.3 Quivers with Superpotential are n-Calabi—Yau

In this section, we would like to show that the path algebra of a quiver with superpotential is Calabi—Yau,

and that as a consequence, its derived category is Calabi—Yau.

Calabi—Yau Algebras. Following Kontsevich, Ginzburg defined in [27, §3] the notion of Calabi—Yau
algebras which arise naturally in the geometry of Calabi—Yau manifolds to transplant most of traditional

Calabi—Yau geometry to the noncommutative setting.

Recall that in Example 2.4.7, for a homologically smooth dg-algebra A, we have the notion of dualizing
complex: Denote by D?(A) the bounded derived category of dg-modules over A and Dl]’cd(A) the full
subcategory of D?(A) consisting of those dg A-modules whose homology is of finite total dimension.
Define the dualizing complex 2 = RHom gopg 4 (A4, AP ® A). Then (—)®Q : D?‘d(A) — Dl}d(A) is a Serre
functor. In particular, if we have an isomorphism © = ¥ =94 as objects in D(A° ® A), then Dé’cd(A) is

d-Calabi—Yau. This motivates the following definition:
Definition 4.3.1 (Calabi—Yau algebras). A dg-algebra A is said to be m-Calabi—Yau if

e A is homologically smooth, i.e., A € Per(A® A), and
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e there is a quasi-isomorphism of A-bimodules
n: RHomA,Bimod(A, AR® A) — XA,

In the original definition, Ginzburg requires in addition that n is self dual, but it was later shown by

van den Bergh [70, Prop. C.1] that this is automatic. We have the following

Proposition 4.3.2. If A is an m-Calabi—Yau dg-algebra, then Di’cd(A) is @ m-Calabi-Yau triangulated

category.

Proof. See [41, Lemma 3.4] and [45, Lemma 4.1]. u

Let @ be a quiver with superpotential of dimension m. Our proof that K@ is m-Calabi-Yau is a
direct adaptation of van den Bergh’s proof [71] in the 3-Calabi—Yau case. First, we show that KQ is

homologically smooth.

Proposition 4.3.3. Let Q be a quiver and S be the discrete K-algebra on the vertices of Q. The exact

sequence

0— Q5(KQ) 3 KQ s KQ B KQ — 0,

where p(dp) =p®s1—1®sp and m(p®s q) = pq, s a resolution of KQ by modules in Per(KQ @ KQ).

In other words, KQ is homologically smooth.

Proof. The sequence in the proposition is exact by Proposition 1.2.7. Let F be the K-vector space

spanned by all edges in ) and Ej;, the K-vector space spanned by all edges from k to j. Then

KQeERKQ= B KQi®EjeKQ
i,9,k,£EVg

P KQivEi0KQe P KQioE)eKQ
i,LEVqQ i#j or k#L

~*KQes EesKQo P KQi® Ej @ (KQ

i#j or k#L

~KQ) e P KQiw Ej @ KQ
i#j or k#(

1%

Hence Qf is a summand of the free KQ-bimodule KQ® FQKQ, i.e., Q4 (KQ) € Per(KQ®KQ). Similarly,
KQ®KQ = P KQi @ jKQ =KQi 2 iKQ o PKQi @ jKQ = KQ @5 KQ © HKQi @ jKQ
1,jeV i#£] 17

shows KQ ®s KQ is in Per(KQ ® K@Q). Since Per(KQ ® K@) is closed under extension, K@ is also in
Per(KQ ® KQ), i.e., KQ is homologically smooth. [ |
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If we define
droosko : KQ @s KQ - KQ ®sKQ, a®sb— d(a)®sb+ (—1)1%a®g d(b),

doyxq) - 25(KQ) = Q5(KQ),  dqykg)(dara) = dar(da),

and assign a grading on Q4 (KQ) by |ddRa|Qqs(KQ) = |a|kg, then dkggsko and doy (k) are differentials
of degree (—1) on both spaces, and the resolution becomes a dg-bimodule resolution, i.e., both ¢ and m

are morphisms of dg-bimodules.

Cofibrant replacement of K(@Q. Denote the subquiver of @) consisting of all edges of degree in the
interval [2 —m, 0] by Q. Let v* be the degree 1 —m loop at vertex v and ¢ be the sum of all degree 1 —m

loops. The resolution of K@ in Proposition 4.3.3 shows [25, Prop. II1.3.5] K@ is quasi-isomorphic to

P = cone(yp)
=KQ ®5 KQ @ £QL(KQ) (4.3.1)

=KQ ®5 KQ ® B(KQ ®xq 25(KQ) @g KQ)) @ B(KQ @5 Q5(S[H])) @5 KQ),

which is in Per(KQ®KQ). Hence P is a cofibrant replacement of KQ as a KQ-bimodule. The differential

of the cone dp is given by

dp — drQwKQ 0

Yy Edﬂé (KQ)
Observe that |a ® b|p = |a|kg + |blkg and |d4¢ralp = |alkg — 1 for any a € KQ. To avoid too many
subscripts, in what follows, the subscript in dkggrg and dﬂls @) Will be suppressed, but, to avoid
confusion, the subscript P in dp is always written.

Since P is a cofibrant replacement of K@, we have
RHomgg-Bimod (KQ, KQ ® KQ) = Homgkg-Bimod (P, KQ ® KQ).
Hence to construct a quasi-isomorphism
n : RHomg-Bimod (KQ, KQ ® KQ) — £ "KQ,
it suffices to construct an isomorphism of dg-modules

Homgg-Bimod (P, KQ ® KQ) = X™™P.
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This is done by constructing a nondegenerate pairing of bimodules in the following sense:

Pairing of Bimodules. We follow the conventions of van den Bergh [71]. A pairing of degree n

between A-bimodules M and N is a bilinear homogeneous map of degree n
(== MxN-—->A®A

such that ((p, —)) is linear for the outer bimodule structure on A ® A and {(—, ¢)) is linear for the inner

bimodule structure on A ® A, i.e.,

{apd, ¢) = ()M x (p, g)) + b

{(p, agb)) = (=) IUPH a(p )b,

If M and N modules in Per(A ® A), we say the pairing is nondegenerate if the map
M — ZnI—IOI’nA—BimOd (N7 A ® A)7 p= <<p7 _>>

is an isomorphism. If A is a dg-algebra and M, N are dg-bimodules, then a dg-pairing is a pairing which
satisfy Leibniz’s rule

&(p, a) = (€p.q) + (—1)PH(p, £q)).

A dg-pairing which is nondegenerate induces an isomorphism of dg-modules
M = ¥"HomA_Bimod (N, A ® A).

In the special case M = N, a pairing is said to be (super)-symmetric if
(p,a) = (1) HPDCFD g (g p)).

Example 4.3.4. Let @ be a quiver and S be the discrete K-algebra on the vertices of (). Then
KQ ®s KQ € Per(KQ ® KQ) by Proposition 4.3.3. Define a pairing

IMKQ ®s KQ) x (KQ ®s KQ) — KQ ® KQ

by
(1®s1,1®s1) = Z VR .

Then it is a nondegenerate pairing of degree n. To see this, observe that any KQ-bimodule morphism
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v : X"KQ ®s KQ) — KQ ® KQ is determined on its value on 1 ®g 1. Let (1 ®¢ 1) = @’ ® a’’. Then
P(1®s 1) = Z o(v®gv) = Z vp(l ®g 1)v = Z va' @ a’v=a" % Z v | xa.
veVg veVg veVQ veVqg
In other words, ¢ = {(a” (1 ®g 1)a’, —)).

Now, we return to our proof of that path algebra of quiver with superpotential are Calabi—Yau. Recall
from Equation (4.3.1) that P = cone ¢ is a cofibrant replacement of KQ. We define a symmetric pairing
(=, =) : P x P —KQ ®KQ of degree —m by defining on generators

(darv*,1®g 1))
(1®s1,dapv™)) = (-1)"v®@v (4.3.2)

(dara, darb) = (—1)1%7l fa, b}

(-D)™Mv®wv

for all a, b edges in ]KQ and assigning the value zero for all other combinations. Note that the first two

equations of Equation (4.3.2) is equivalent to

<<dth, 1®g 1>> = (—l)m Z VRV

veVg
(1®s1,dart) = (=1)™ Z VU
veVg
by linearity of the pairing.
Proposition 4.3.5. The pairing {(—,—)) is a symmetric nondegenerate dg-pairing of degree —m.

Proof. First, we check symmetry:

(dt,1@g1) = (1) Y vev=(-1)Ieste=mdlr=m o1 g1, dt)
veVg

since |dgrt|p = |tlkg — 1 = —m.

(dara, dagb)) = (—1)1%mel> fq b}

— ,(,1)|ddRa|P+(|a|u<Q*m+2)(|b\KQ*m+2)J{{b7 a}

= (_1)(|ddRa|P*m)(|dde\P*m)a«dde, dara).

since \ddRa|p + (|CL|KQ -—m+ 2)(|b|KQ —-m+ 2) + 1+ |dde|p = (|ddRa‘p — m)(|dd3b‘p — m) mod 2.
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Next we show the pairing is nondegenerate. Since for any edge a,

(dara, =) = (=11 o, =} = > ()" (a,0)d,

b

we see that the pairing is nondegenerate on Qé(KQ) Since KQ ®g5 Q5(S[t]) ®s KQ = KQ ®5 KQ,
together with Example 4.3.4, this shows the pairing is nondegenerate on P.

It remains to check the compatibility of {(—, —)) with dp, i.e., we have the Leibnitz’s rule

d{(p.a) = (dpp,a) + ()P~ (p, dpq)).

This is a direct calculation divided into six cases.

1. We have
d{(dart, dart) =0,
(dpdart,dart) = (t ®s 1 —1®gt — darl, dart)
=tx* <<]- ®s 1, dth>> - <<1 ®s 1,dth>> *t

=(-n" Z (v®t, —t, @)

v vertices in Q

and

<<dth, dpdth» = <<dd3t, t ®S 1-1 ®S t— dd3f>>
= t<<dth, 1®g ].>> — <<dth, 1®g 1>>t

=(-n" Z (ty @V — vV ty)

v vertices in Q

Hence

d{(dgrt, dart) = (dpdagt, dagt) + (—1)14artr=m (d ot dpdggt).

2. We have for any a € KQ,
d<<ddRaa dth» = 07

(dpdira,dart)) = (a ®s1—1®s a — dar(da), d4rt)
=ax* (1®g1,dart)) — (1 ®s1,dart)) xa

=(-1)™ Z (v®av —va @ v)

v vertices in Q

= (=1)"(t(a) ® a — a ® h(a))
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and
<<ddRa, dpdth>> = <<ddRa, t ®S 1-1 ®S t— ddR€>>
= —((dara, darl))
= (—1)lanalr=1fq, 0}
Now
fa. 0} = D (a,b)dt
b edges in Q
= Z (av b)<xv7 yv>8b(xy)
b,x,y edges in Q
= ) (@)@, y")h@) @ty + (1) (e, y) Y,y )eh(y) @ ty)
xz,y edges in Q
=t(a) ®a—a® h(a).
Hence
d{(dara, dart) = (dpdara, dart) + (—1)*=> =" (dypt, dpdara).
3. We have
£(dt,1®51) =0,
(Epdt,1®s1) = (t®s1—1®gt—dl,1®g1) =0
and

(dt,{(1 @5 1)) = 0.
Hence Leibnitz’s rule is verified.

4. For a € KQ,
d((ddRa, 1®g 1>> =0= <(ddRa, d(l ®s 1)>>

and

{(dp(dgra),1 ®s 1) = (a®s 1 —1®g a—d(d4ra),1 @5 1)) = 0.
Hence Leibnitz’s rule is verified.

5. The case

d(1®s1,1®s 1) = (dp(1 ®s1),1®s 1) + (- (1 @5 1,dp(1 @5 1))
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is trivial since all terms are zero.

6. We have for a,b € KQ, since {—, —} is a double dg-bracket,

d{(dgra, dgrb)) = (—1)l%arelr 44 b}
— (_1)\ddRa\P {{dw b}} + (_1)\ddRa\P+\a\KQ+7n{a’ db}}

= (=1)/ 47217 fda, b} + (~1)**" o, db.

{(dpdira,dard) = (a ®s 1 —1®s a — dgr(da),darbd))
= —(—1)ldandelr feq, b}
= (~D)ldanelr fea, b}

and

(dara,dpdqrd)) = (dara,b®s1—1®gb— dgr(db))
= —(—1)ldaralr L4 ap}.

Hence

d((ddRa,dde» = <<dpddRa, dde>> + (*1)|ddRa‘Pim<<ddRa,dpdde>>.

Theorem 4.3.6. KQ is a m-Calabi-Yau dg-algebra.

Proof.

RHom(KQ, KQ ® KQ) = Hom(P, KQ ® KQ)
~y-mp

=T KQ,

where the first and third isomorphisms hold since P is a cofibrant replacement for K@ and the second

isomorphism is induced by the nondegenerate dg-pairing ((—, —). [ |

Theorem 4.3.7. The bounded derived category Dl}d(KQ) with its standard t-structure is a m-Calabi-
Yau triangulated category whose heart is equivalent to the category of finite dimensional modules over

HO(KQ).

Proof. By Proposition 4.3.2, D'}d(KQ) is an m-Calabi-Yau triangulated category. The heart of the

standard t-structure on Dl}d(KQ) consists of finite dimensional dg K@Q-modules concentrated at degree
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0. We show that the action of K@ on such K@Q-modules factors through H°(KQ). For any a € (KQ)*,
d(am) = (da)m + (—1)!*ladm implies (da)m = 0 since the other two terms are of degree (—1) and vanish
automatically. This shows d(KQ)! acts trivially, and hence the action factors through H°(K(Q). This

gives a finite dimensional H°(KQ)-module and yields the required equivalence. |

Calabi—Yau algebras not coming from quivers with superpotential. We have shown that every
quiver with superpotential produces a Calabi-Yau algebra. One might be interested in the converse, i.e,
if all Calabi-Yau algebras arise in this way. Davison [21] has shown that fundamental group algebras of
compact hyperbolic manifolds of dimension greater than one are Calabi—Yau algebras which do not arise
in this way. Thus it is not true that every Calabi—Yau algebra comes from a quiver with superpotential.
In fact, van den Bergh [70] has defined a class of Calabi-Yau algebras, which he called exact Calabi—
Yau algebras, using cyclic and Hochschild homology, and characterized them as Calabi—Yau algebras
which are quasi-isomorphic to quivers with superpotential (which he called deformed dg-preprojective

algebras).

4.4 Quivers with Superpotential of Low Dimensions

In this section, we describe quivers with superpotential of dimensions 1 to 4.

Quivers with Superpotential of Dimension 1. Quivers with superpotential of dimension 1 are

given by a finite number of vertices, and for each vertex v, a loop v* of degree 0, with trivial differential.

Quivers with Superpotential of Dimension 2. Quiver with superpotential @) of dimension 2 are
in the following form: for each vertex v, there is a loop v* of degree —1, and these are all the degree —1
edges in Q. There is an antisymmetric nondegenerate pairing on degree 0 edges (—, —). The symplectic

form on KQ reads

w= % Z (e¥, fV)daredarf.

e,f edges of degree 0

The differential reads

d(e) =0 for any degree 0 edge e;

d(v*) =vlv for any degree —1 loop v*, where ¢ = Z (e¥, fV)ef.

Quivers with Superpotential of Dimension 3. We will put quivers with superpotential of di-
mension 3 into a standard form and show that they are precisely the Ginzburg algebras introduced by
Ginzburg in [27]. There is an anti-symmetric nondegenerate pairing between degree 0 edges and degree

—1 edges. By changing basis if necessary, we may assume that for each degree 0 edge e, there is a degree
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—1 edge e* in the opposite direction, such that the pairing is given by (e, f*) = d.f. The symplectic
form on KQ then reads
w= Z diredare”,

e edges of degree 0 in Q
and the superpotential ® is of degree 0, i.e., only depends on the degree 0 edges e’s. The differential
d : KQ — KQ reads

d(e) =0 for any degree 0 edge ¢;
d(e*) = —0.P; (4.4.1)

d(v*) = vlv for any degree —2 loop v*, where ¢ = Z[e, e*].

In particular, the dg-quiver @ is determined by its degree 0 sub-quiver @* and the superpotential ®
which is an element in KQ7,. as follow: Given Q* and ®, one can construct a 3-Calabi-Yau quiver with
superpotential @ by first adding to Q* a reversed arrow e* of degree —1 for each arrow e and define a
degree 1 map d : KQ — K@ as in equation 4.4.1 using ®. The map d such defined is a differential as
{®, ®} has degree 1, hence the master equation {®, ®} = 0 is empty. This reverse construction is exactly
the one given by Ginzburg in [27]. Thus our definition of quiver with superpotential is a generalization of
the Ginzburg construction. Note that HO(KQ, ®) = KQ*/( 0.® : e edges in Q*) is the so called Jacobi
algebra of (Q*, ®). Theorem 4.3.7 then readily yields

Theorem 4.4.1. The bounded derived category Dl}d(KQ) with its standard t-structure is a 3-Calabi-
Yau triangulated category whose heart is equivalent to the category of finite dimensional modules over

the Jacobi algebra KQ*/( 0.P : e edges in Q*).

Quivers with Superpotential of Dimension 4. We give a standard form for 4-Calabi—Yau quiver
with superpotential and a Ginzburg algebra-like construction for dimension 4.

There is an anti-symmetric nondegenerate pairing between degree 0 edges and degree —2 edges. By a
change of basis if necessary, we may assume that for each degree 0 edge e, there is a reversed degree —2
edge e*, such that the pairing is given by (e, f*) = d.y. There is a symmetric nondegenerate quadratic

form ¢ on the degree —1 edges. The symplectic form on ]KQ 4 then reads

1
w = Z dgredgre” + 5 Z q(r, S)ddRTddRS.

e edges in degree 0 r, s edges of degree —1

and the superpotential ® is of degree —1, i.e., only depends on the degree 0 edges e’s and the degree —1

edges r’s. If we denote by A, = dr for degree —1 edges r, then the superpotential ® can be written in
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the form

o = Z s(05®) = Z (u,r)(r¥,s")s02® = Z q(r,s)sA,.

s edges of degree —1 u,s,r edges of degree —1 r,s edges of degree —1

The differential d : KQ — KQ reads

d(e) =0 for any degree 0 edge ¢;
d(r) = A
d(e”) = 0. P; (4.4.2)

d(v*) = vlv for any degree —3 loop v*, where

L= Z le,e*] + Z q(r, s)rs.

e edges of degree 0 r,s edges of degree —1

The condition d2e* = 0 gives rise to an equation:

82 Z Q(Ta S)ATAS

r,s edges of degree —1

= > q(r,5)(0) Ar) AS(0LA,) + g(r, ) (9 As) An (DL A,)

r,s edges of degree —1

=d > q(r, 5)(0¢ Ar)s(0cAr) + q(r, 5)(07 As)r(0.As)

r,s edges of degree —1

= 2d0? Z q(r,s)Ays

r,s edges of degree —1

=2d0°® = 2d*(e*) = 0

Since this is true for all degree 0 edges e in ), we conclude

Z q(r,s)ArAs = 0 in KQqye, 1., modulo cyclic permutation.

r, s edges of degree —1

Note that the above equation is the equation {®, ®} = 0 written out in coordinates. Now, if we take Q*
to be the subquiver of @) consisting of all vertices and all degree 0 edges in ), R to be the set of degree

—1 edges, we get the following data:
1. A finite quiver Q*,
2. A finite set R (of indices),

3. Maps h: R — Vg« and t : R — V« (heads and tails),
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4. A map A: R — KQ such that A, = A(r) € h(r)KQ*t(r),
5. A symmetric function g : R x R — K with the following properties:

(a) q(r,s) =0 unless h(r) = t(s) and h(s) = t(r),
(b) ¢ is nondegenerate in the sense that the matrix {q(r, s)}, ser is invertible,

(¢) > q(r,s)ArAs =0 mod [KQ*,KQ*].
rsER
Conversely, if one starts with the above data, one can reverse the construction and produce a quiver
with superpotential @) of dimension 4 as follows: Take @) to be the quiver constructed by adding to Q* a
degree —1 edge r from (r) to h(r) for each element r € R, a degree —2 edge e* in the reverse direction
for each edge e in @*, and a degree —3 loop v* for each vertex v in Q*. Let ® € KQcy. denotes the
element ZT’SGRQ(T, s)Ays. Define a degree 1 map d : KQ — K@ by Equation (4.4.2). This map d is a

differential as we have assume our data satisfy the master equation

{2, 2} = > q(r,s)A. A, =0 mod [KQ*, KQ"].

r,sSER

Then @ is a quiver with superpotential of dimension 4 with superpotential ® and a super-antisymmetric

pairing (—, —) on the subquiver Q containing all vertices and all edges with degree 0, —1, —2 given by
(e,e*) =1
(r,s) =q(r,s)
(e",e)—1

and zero otherwise. Since H°(KQ) = KQ*/(A, : r € R), Theorem 4.3.7 readily yields

Theorem 4.4.2. The bounded derived category Di’cd(KQ) with its standard t-structure is a 4-Calabi-
You triangulated category whose heart is equivalent to the category of finite dimensional modules over

the algebra KQ*/(A, : r € R).



Chapter 5

Derived Equivalences between

Vector Bundles and DG-Quivers

This chapter is the heart of the thesis where we prove our main results.
Section 5.1 gives a review on equivariant sheaves.

In Section 5.2, we generalize a result by Bridgeland [15, Proposition 4.1] and show that if 7: V' — X
is an anti-semiample vector bundle on a smooth projective manifold with an exceptional poset £, then
under some cohomological vanishing conditions, the total space V is derived equivalent to an algebra Ag
which is the path algebra of a quiver with relations. If we remove the cohomological vanishing condition,

we end up with an Ag,-algebra rather than a quiver with relations.

Section 5.3 tries to resolve Ag, the path algebra of a quiver with relations (or more generally the

Agn-algebra) by a dg-quiver Qg¢.

Section 5.4 gives a concrete description of the underlying graded quiver of the dg-quiver Q¢ in terms

of the dual exceptional poset of £.
Section 5.5 proves the existence of a superpotential on Q¢ when V is noncompact Calabi—Yau.

Section 5.6 considers the G-equivariant situation and constructs from Q¢ a quotient quiver Qg /G,
generalizing the construction of the McKay quiver, which is derived equivalent to D?(Coh @ (V)). In the

case when V' is equivariantly Calabi—Yau, Q¢/G is also equipped with a superpotential.

Section 5.7 proves the product construction. We start with two dg-quivers Q¢ and Qr derived

equivalent to vector bundles V' and W respectively, and construct a product quiver Q¢ X @ which is

82
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derived equivalent to V' x W. When both V and W are Calabi—Yau, we show that the product quiver

Qs X QF is also equipped with a superpotential.

5.1 Equivariant Sheaves

In this section, we define G-equivariant sheaves. We will fix a finite group G acting on a smooth variety
X of finite type over K by automorphisms, with |G| t char(K). We will denote the multiplication map
on G by u: G x G — G and the group action map by ¢ : G x X — X. We will also need the projection

map 7x : G X X — X and the map mo3 : G X G x X — G x X projecting onto the last two factors.

Definition 5.1.1 (G-linearization). A G-linearization of a quasi-coherent sheaf F on X is an isomor-

phism AP : % E — o* E satisfying the cocycle condition
(uxidx)*A =migA o (idg X o)*A.

This amounts to the following data: For each g € G, there is an isomorphism A, : £ — ¢g*F, satisfying

the cocycle condition Af, = g* (M) o AY.

Definition 5.1.2 (Equivariant sheaves). A G-equivariant quasi-coherent sheaf (resp. coherent sheaf) on
X is a quasi-coherent sheaf (resp. coherent sheaf) E on X together with a G-linearization \¥. If (E, \F),
(F,A") are G-equivariant sheaves, then G acts on Homx (E, F) by g-¢ = (\l-1)7" o (¢7") @0 Al
The Hom space in the categories QCoh “(X) and Coh %(X) are given by the G-equivariant maps, i.e.,
Homg(E, F) = [Homx (FE, F)]9. In other words, a morphism ¢ : E — F is equivariant if for all g € G
we have a commutative diagram
E———F
b b
7 E-L% gF
By Grothendieck [30, Proposition 5.1.2], QCoh ¢(X) has enough injectives. Hence we can resolve
any equivariant sheaf by equivariant injective resolution. Moreover, since X is projective and G is
finite, one can find a G-invariant ample line bundle on X, and hence every G-equivariant sheaf has a
G-equivariant locally free resolution. There is a forgetful functor U : QCoh ¢(X) — QCoh (X) which
sends an equivariant sheaf (E,\F) to its underlying sheaf E and a equivariant morphism f to itself,
now regarded as a morphism between sheaves. Clearly, the forgetful functor also restricts to a functor
U : Coh(X) — Coh (X).

Next, we would like to review how to derive the Hom¢ functor.

Proposition 5.1.3. The functor [~]¢ : G-Mod — K-Mod taking G-invariant part is exact.



CHAPTER 5. DERIVED EQUIVALENCES BETWEEN VECTOR BUNDLES AND DG-QUIVERS 84

Proof. Let 0 — U — V — W be an exact sequence of G-representations. By Maschke’s theorem, we

have a decomposition

0-UaU VeV - WeaW -0
where each summand is a subrepresentation. Thus taking G-invariant part yields an exact sequence. W

Corollary 5.1.4. For any (E,\F), (F,\F') € D(QCoh “(X)), we have
RHomg ((E, A7), (F,\')) = RHom(E, F)©.
Proof. Write Homg = [~]% o Hom o U. The corollary follows from exactness of [—]¢. [ |

Should there be no confusion, from now on we will, by abusing notation, denote an equivariant sheaf

(E, \F) by only its underlying sheaf E.

5.2 Tilting Objects on Equivariant Vector Bundles

In this section, we will be working over the following setting: Let G be a finite group and K be a field
with ord (G) 1 char(K). Let X be a smooth projective variety over K with G acting by automorphisms.
Let 7 : V — X be a G-equivariant vector bundle. Unless otherwise stated, throughout this section,

& = {E;}ier will denote a full exceptional poset on D?(Coh “(X)). We will also write E = @, E;.
Lemma 5.2.1. 1. The map ©* is exact.

2. The map m, is ezxact.

*

3. The functor m.7* is naturally isomorphic to — ® S°VV.

4. The functor m,m* preserves injectives.

Proof. Statement 1 follows from flatness of . For statement 2, by Hartshorne [31, §Ex. 11.5.17] and that
m is affine, the map 7, defines an equivalence between the category of quasi-coherent Oy -modules and the
category of quasi-coherent 7,y -modules, which is a subcategory of quasi-coherent O x-modules. Thus
T, is exact. Statement 3 follows from projection formula: For any Ox-modules M, we have functorial

isomorphisms

T M = (m*"M @ Oy) = M @ 1.0y = M ® S*VY.

Statement 4 follows from statement 3 since for any injective I and any O x-modules M,

Ext!(M, m,7*I) = Ext'(M,I @ S*VV) = Ext'(M @ S°*V,I) =0
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whenever i # 0. |

Bridgeland pointed out in [15, Prop. 4.1] (see also [16, Thm. 3.6]) that one can construct tilting

objects on vector bundles by pulling back tilting objects on the base variety.
Lemma 5.2.2. If T is a tilting object in D(QCoh ¢ (X)), then n*T is a tilting object in D(QCoh ¢ (V)).

Proof. By the adjunction 7* - ., we have Hom}, (7*T, F) = Hom% (7, 7. F) for all objects F. In

particular, for an arbitrary coproduct @, I3,

Homy, (7" T, @ F;) = Hom% (T, 7. @ F) = EBHom;( (T, m F;) = @ Hom}, (7*T, F;)
i€l i€l i€l i€l
and hence 7*T is compact. To show 7*T is generating, suppose F' has the property Hom{, (7*T, F') = 0.
Then Hom$% (T, 7. F) = 0 and hence 7. F = 0. Since 7, is exact, it preserves cohomologies and this

implies F' has no cohomologies, i.e., FF = 0 as desired. |

Lemma 5.2.3. Suppose a finite set of objects & = {E;}ie; in D*(Coh % (X)) classically generates
DP?(Coh (X)), then the finite set of objects m*E = {n*E;}icr classically generates D(Coh @(V)).

Proof. By Example 2.5.2, £ are compact objects in D(QCoh (X)). By Corollary 2.5.7, £ classically
generates D?(Coh “(X)) if and only if £ generates D(QCoh ¢(X)). Thus E = @,; E; is a tilting object
in D(QCoh 9(X)). By Lemma 5.2.2, 7*F is a tilting object in D(QCoh ¢(V)). By Corollary 2.5.7 again,
the set 7*€ classically generates D®(Coh & (V)). |

The following theorem is a generalization of Bridgeland and Stern [16, Thm. 3.6] and is essentially

an application of Theorem 2.9.2.

Theorem 5.2.4. Let X be a smooth projective variety together with an action by a finite group G.
Let m : V. — X be a G-equivariant vector bundle and €& = {E;}icr be a full exceptional poset on
D?(Coh “(X)). Write E = @ E;. Then there is a dg-algebra R whose underlying chain complex repre-

iel
sents RHomg (E, m,m*F) = RHomg(E, E ® S*VV) and an equivalence

T : DY(Coh ¢(V)) — Per(R°P)

which after composing with the forgetful functor U : Per(R°?) — D(K) yields RHomg (E, m(—)), i.e.,
U oW =RHomg(F,m(—)).

Proof. For each i € I, choose a G-equivariant injective resolution I, for E;. Write Ip = @, ; IE,.

iel

Define a dg-algebra R = Homg(Ig, I ® S*VV) as follows: As a chain complex, the i-th graded piece is
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given by

R =Hom(Ip, Ip ® S*VY) = (P Home (Ih, I;7* @ S°VY),
pEZ

with differential
dr(f) = (di, ®idgeyv)o f— (=1)"fody,.

The multiplication map on R is given by composing morphisms followed by symmetric product on the
S*VV factor, i.e.,

R'®@ R — R
f®g— (id; @m)(g ®@idgevv) o f,

where the map m : S*VY ® S*VV — S*VV is the symmetric product.
The underlying chain complex of R represents RHom(E, E ® S°VV): Since — ® S*VV is exact,

Hom(E, — ® S°*VV) is a left exact functor. Hence the right derived functor is given by
RHOmg(E, EF® S.V\/) = RHOIHG(IE, EF® S.VV) = ’Homg(IE,IE & S.Vv)

since Ig is an injective resolution of E.
Next, we define a functor

¥ : DY(Coh “(V)) — D(R°P-Mod).

>~

Recall that by the natural isomorphism 7, 7* = — ® S*V" in Lemma 5.2.1, we have an isomorphism

R = Hom(Ig, 7. m*Ig) as a dg-algebra. For any M € D?(Coh % (V)), choose an injective resolution Is.

The chain complex Homeg(Ig, m«Ipr) has a right dg-module structure over R given by
Homg(IE, W*IM) ® HOTTLG(IE, 7T*7T*IE) — ’7"[07”11(;([15'7 W*IM)

(9, f) = (IE Ly ot Iy Y mont Iy 2w Oy @ mly W*IM> ,

where pps 1 Oy ® Iy — Ipy is the Oy -module structure map on Iy;.
We then define
\I/(M) = Homg(IE, W*I]y[)

UM L NY 5 (Home (I, muar) ™ Home (I, maIy)).

This functor is exact since it is the composition of the following four exact functors:

I:D%(Coh®(V)) = K(Coh©(V)), M w— Iy
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7, : DY(Coh ©(V)) — D®(Coh (X))
Home(Ip, —) : K(Coh ¢(X)) — K(R°P-Mod)

and the natural projection functor
Q : K(R°?-Mod) — D(R°"-Mod).

By the same reason as R represents RHom(F, E ® S*V"), we see that U o ¥ = RHom(F, 7.(—)). Next,

we show U is fully faithful. Recall that by Lemma 5.2.1, m.7* preserves injectives. For any F;, E; € £,

Homp con @ (vy) (7" By, 7 Ej)
= Homps (con o (x)) (Bi, T Ej)
= Homy con o (x)) (g, T IE;)
= H(Home(Ig,, mn*Ig,))
= Homp(Homa(Ip, 7" Ig,), Homg(Ig, m.m* I, ))/{homotopy equivalence}
= Homg (ger-mod) (Homa(Ig, mm* g, ), Homag(Ip, 77" IEg;))

= Homp(gor-mod) (¥ (7" E;), U(1" Ej))

By Lemma 5.2.3, the set {m*E;};c; classically generates D?(Coh ¢(V)). Hence ¥ is fully faithful. The
essential image is the triangulated category classically generated by ¥ (7*E;). Since each ¥(n*E;) is
a direct summand of W(7*E) = R, the essential image of ¥ is the triangulated category classically

generated by R, i.e., Per(R°P). Hence we have our desired equivalence ¥ : D*(Coh ¢(V')) — Per(R°P). B

By homology perturbation, we have
Corollary 5.2.5. Let w: V — X be a G-equivariant vector bundle and £ a full exceptional collection
on D®(Coh ©(V)), then there is a minimal Agy-algebra
A¢ = Hom{,(E, E® S°VY)
and an equivalence
@ : D?(Coh “(V)) — Peroo (AP”).

Proof. Since the underlying chain complex of R represents RHom(E, E® S*V"), its cohomology is given
by
Aeg = Hom&(E,E® S*VY).
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By Theorem 3.2.1, there is a minimal A..-structure on A¢ making it quasi-isomorphic to R as an A..-
algebra. Lemma 5.3.4 below shows that this A, -stucture is indeed Agy,. Since D(R°P) 2 D, (R°P), and
this equivalence restricts to an equivalence between perfect derived categories, we have an equivalence

D?(Coh ©(V)) = Per(R°P) 2 Pero, (AZ") as desired. [ |
Definition 5.2.6. Let 7 : V' — X be a G-equivariant vector bundle. A full exceptional poset &€ = {FE; }ier
on D?(Coh &(X)) is said to be if Homf,(E;, E; ® S*VY) =0 for all k # 0 and all 4, € I.

Remark 5.2.7. Note that a V-geometric exceptional poset is necessarily strong.

Remark 5.2.8. When G is trivial and V' = Kx is the canonical bundle, a K x-geometric full exceptional
collection is the same as a geometric helix defined in Bridgeland and Stern [16]. This is where our

terminology comes from.

Corollary 5.2.9. Let 7:V — X be a G-equivariant vector bundle which is anti-semiample i.e., SFVV
is globally generated for k > 0. Let € be a full V-geometric exceptional poset on D*(Coh % (V)). Then

Ag is an ordinary algebra which is Noetherian and there is an equivalence
® : D?(Coh (V) — DY, (A),

where Dl}g(Agp) is the full triangulated subcategory obe(Agp) consisting of complexes whose cohomologies

are finitely generated AZ”-modules.

Proof. Since £ is V-geometric, A¢ is an ordinary algebra. It remains to show Ag is Noetherian and of
finite global dimension, for then Per(Ag”) = D*(Ag"-mod) = D} (Ag”). Since S¥VV is globally generated

for k£ > 0, we have an exact sequence
O®H'(X,S*VY) = S*VY =0

Taking dual, we see that SV — O ® H°(X, S*VV)Y embeds S*V into a trivial bundle as a subbundle.

Now choose, k,¢ > 0 and coprime. Then we have an embedding
Ve SV e stV 0 (H(X, S VY)Y @ HY(X,S'VY)Y)
of V into a trivial bundle. Composing this embedding with the map

0@ (H'(X,S"VY)Y & H'(X,SVY)Y) — H*(X, S"VY)" @ HO(X,S‘VY)Y
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which projects the trivial bundle to its fiber yields a projective morphism
V= H(X,5*VY) @ H(X,5VY)".

Thus V is projective over an affine scheme of finite type. The algebra A¢ = Endy (7*E) is then a finitely
generated module over a finitely generated algebra, thus itself Noetherian. By Hille and van den Bergh

[32, Thm 7.6], Ag has finite global dimension as desired. [ |

Corollary 5.2.10. The above equivalence restricts to an equivalence
& : DY (Coh“(V)) — Db, (AL).
Proof. 1f M € D%, (Coh ¢(V)), then Hom®(7*E, M) is finite dimensional. As
H*(®(M)) = Hom®(Ag, ®(M)) = Hom®* (7" E, M),

we conclude ®(M) € Dl}d(Azp). Now suppose ®(M) € Dl}d(Agp). Then by assumption, Hom®(7*E, M)
is finite dimensional. Since M lies in the thick category generated by 7* E, we conclude that Hom® (M, M)

is also finite dimensional. Via the multiplication map

S*HY(X,S"VY) @ S*HO(X,S'VY) - P H(X,5"VY) = H'(V,0v),
>0
Hom® (M, M) becomes a finite dimensional module over S®*H%(X,S*VV) ® S*H(X,S*VV), and thus
it is supported in finitely many points {pi,...,p,} on H°(X,S*VV)V @ H(X,SVV)V. Recall that
we have a projective morphism ¢ : V — H°(X,S*VV)V @ H°(X,SVV)V. We would like to show
suppM C ¢~ *({p1,...,p}). If this is true, supp M would be compact as ¢ is a proper morphism.
Let ¢ € ¢~ '({p1,...,pr}) be a K-point on the vector bundle V. Then ¢(q) ¢ supp Hom®(M, M).
Since supp Hom® (M, M) is defined by the annihilator ideal of Hom®(M, M), this means there exists
f e S HYX,S*VV) @ S*HO (X, SVY) with f -idy = 0 but f(é(q)) # 0. In particular, we see that
the identity map on M localizes to the zero map at the point q. Hence M must be supported in

¢~ '({p1,...,pr}) as desired. =

Tilting algebra as quiver with relations. As pointed out by Bridgeland and Stern [16], in the case
when Ag is an ordinary algebra, one can construct a quiver with relations (Q,I) whose path algebra
is isomorphic to Ag. The vertex set of @) corresponds to the full exceptional poset £, while the edges

between two vertices v and w corresponding to exceptional object E,, F,, € £ is given by a basis of the
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cokernel of the map

P Hom(E,, E; ®S*VY) @ Hom(E;, E, ® S*V") — Hom(E,, E,, @ S*V"Y).

E,€&:
E,<E;SEw

There is then a natural surjective map ¢ : KQ — Ag and we can take our desired quiver with relations
to be (Q, ker ¢).

The following examples are applications of Corollary 5.2.9.

Example 5.2.11. Let X = SpecK and V = K". Then £ = Ox is a V-geometric exceptional collection
on D?(Coh (SpecK)). The classical tilting algebra is given by

Ag = Hom* (0,0 ® S*VY) = S*VY =K[xy,...,2,]

and the classical tilting quiver is given by one vertex with n loops x;, with relations given by z;z; = x;;.

Example 5.2.12. If we take V to be the zero vector bundle, we recover the tilting quiver for X. In the

case X = P", with the full exceptional collection (O, O(1),---,O(n)), we have the Beilinson quiver
alo a0 ano
_—
° ° : @ s ° : °
vo v1 v2 Un—1 —— > Un
ain azn Ann

with relations a;41 ;@i = @i+14a;;. The vertex v; corresponds to the bundle O(i), and the arrows a;;
correspond to Hom(O(i), O(j)) = H°(P",O(1)), i.e, the homogeneous coordinates on P". This also
explain the relations a;y1;41a:;; = @s41;0;541: they correspond to the relation Z;Z, = Z,Z; in the

homogeneous coordinate ring.

More examples will be given in Section 6.1.

5.3 Quasi-free Resolution of Tilting Algebra

In this section, we will resolve the tilting A..-algebra Ag by an augmented quasi-free dg-algebra.

To simplify notations, we will drop the subscript £ and write A = Ag. The idea is to use Koszul
duality, which is not new and has been explored by Keller [40], Lu, Palmieri, Wu and Zhang [50], Segal
[62], and van den Bergh [70]. By Koszul duality, if F(A) is locally finite, then E(E(A)) is Ao-quasi-
isomorphic to A. However, since E(A) is a very large dg-algebra, E(E(A)) cannot be a minimal dg
model of A. To make it smaller, we take its cohomology H*(E(A)) and transfer the dg-structure on
E(A) to an Aso-structure on H®(FE(A)). It turns out that H*(F(A)) = Ext} (S, .5) is finite dimensional
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and E(Ext}(S5,S)) would be the desired quasi-free dg-algebra resolving A. Making all of these rigorous
involves an Adams grading on A. In the following, we will denote by S the semisimple algebra K", where
n is the length of £. Recall that there is no loss of generality to choose a total order refining the partial

order on &, so we will assume further that £ is in fact an exceptional sequence.

Lemma 5.3.1. Let £ = {Fy,...,E,} be a full exceptional sequence on D®(Coh%(X)). The tilting

Aso-algebra

A:é@ é P Homg(E:, E; @ S¥VY)

k=0 ¢€Z a=—n j—i=a
is Adams graded by (a,k) € Z x Z, and is a locally finite augmented algebra over Ao = S. The Adams

grading of the augmentation ideal A is supported in
J={(a,b) €ZXxZ:—(n—-1)<a<n—1andb>1}U{(a,0)€ZxZ:1<a<n-—1}.

Proof. The tilting algebra A is locally finite since Af;yk = @ Homb (E;, E;®S"V") is finite dimensional.
j—i=a
The rest follows from the fact that (Ey,..., F,) is an exceptional sequence. |

A partition of j € J is a way of writing j as a finite sum of elements in J. Denote by p(j) the number

of such partitions.
Lemma 5.3.2. The number p(j) is finite.

Proof. A general partition of j = (a,b) € J is in the form
(CL,b) = (G;l,bl) + -+ (almbk?) + (01,0) +--- 4+ (C£7O)7
where —n < a; < n, b; > 1 and ¢; > 1. Rewriting, we have

b="by+---+ b

a—ay—--—ag=c1+---+c

which are both partitions of natural numbers. Since 0 <a—ay —---—ar <a+(n—1)k <a+(n—1)b,

we conclude

p(j) = p(a,b) < (number of partitions of b)(number of partitions of a + (n — 1)b).



CHAPTER 5. DERIVED EQUIVALENCES BETWEEN VECTOR BUNDLES AND DG-QUIVERS 92

Lemma 5.3.3. Let A and A’ be augmented Adams graded Ao, -algebras Adams graded by 7. x Z.. Suppose

their augmentation ideals are both supported in J. Then

1. A and A’ are both Ag,.
2. Any Adams-graded Aoo-morphism f: A — A’ is Agy.
3. Any Adams-graded As-homotopy h: A — A’ between Ao,-morphisms f,g: A — A’ is Agay.

4. The Adams-graded minimal model H®*(A) is Agn and is Agn-homotopic to A.

Proof. For statement 1, since m,. preserves the Adams degree, for any fixed j € J,

can be nonzero ounly if j = j; + -+ + j,, with j,j1,...,j, € J. By Lemma 5.3.2, there can be only a
finite number of partitions of j. Hence the j-th component of m, vanishes for r > 0, i.e., A is Ag,. The
other second and third statement are proven similarly.

For the last statement, observe that the Adams grading on A induce an Adams grading on H*(A),
and recall that by choosing a spliting respecting the Adams grading in Section 3.2, one can get an A.-
structures on H*®(A) preserving the induced Adams grading , and which is A,,-quasi-isomorphic to A.
By Theorem 3.1.3, H*(A) is A-homotopic to A. By statement 3, this A..-homotopy is Ag, and we are

done. [ ]

Lemma 5.3.4. The Ay -structure on A is in an Agy-structure, i.e., m, = 0 for r > 0.

Proof. This is a special case of Lemma 5.3.3. [ |

The Adams grading on A induces an Adams grading on its Koszul dual E(A), and the combinatorial

Lemma 5.3.2 is crucial in showing the following lemma describing the Adams grading on E(A).

Lemma 5.3.5. 1. The dg-algebra E(A) is a Z X Z-graded locally finite algebra augmented over S.

The Z x Z-grading of its augmentation ideal is supported in J.
2. The same also holds for the dg-algebra E(E(A)).

Proof. The j-th component of the augmentation ideal of F(A) is

DUEHF =P D [(EN] es- o5 [(SHF]

m m Lyt ALy =L
JiteFim=J
ji€J

—® @ (ENhes-esEh)

m L+l =L
Jit-tim=J
Ji€J
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If j € J, the direct sum on the right hand side is a finite sum since the number of partitions of j € J
is finite. Since A is locally finite, each Aj, is finite dimensional and hence the j-th component of the
augmentation ideal of E(A) is also finite dimensional.

If j ¢ J, we would like to show the j-th component vanishes, which is equivalent to the vanishing of
each vector space Aj, ®g - ®g Aj, whenever j; + -+ + j,, & J. We show the case when m = 2, i.e.,
A; ®s Ar = 0 whenever j+k ¢ J. The proof for general m is similar. Write j = (j,5”) and k = (k', k").
Note that j + k & J is equivalent to j' + k' ¢ [—(n — 1),n — 1], where n is the length of the exceptional

sequence £. Now

Nosho= @ Hom(By, By V") @5 Hom(Ep, By © V)
0<i,i+j'<n
0<L,6+K <n
= @ HOII](EZ', Ei+j/ X Sj“Vv) KRg Hom(EH_j/, Ei+j’+k’ ® Skuv\/).

0<i,itj’ it+j'+k'<n

If j/+k >n,theni+j +k >nforali=1,...,n If j/ +k < —n, then i + 7/ + k" < 0 for all
i=1,...,n. Hence Aj ®g A, = 0. In particular, the support of the augmentation ideal lies in J and we
have proven the first statement.

Now, in proving the first statement, we have only used the fact that A is locally finite with Adams
grading of its augmented ideal supported in J. Since this is also true for F(A), the same also holds for

E(E(A)). n

Lemma 5.3.6 ([52] Lemma 11.1). H*(E(A)) = Ext} (S5, S).

Proof. By Lemma 5.3.5 and Koszul duality (Theorem 3.4.3), E(E(A)) = QBA is a dg-algebra which
is Aso-quasi-isomorphic to A. By Lemma 5.3.3, they are Ag,-homotopic. Since the Koszul functor E
sends Agy-homotopies to dg-homotopies, E(QQBA) is dg-homotopic to F(A) and hence H*(E(Q2BA)) =
H*(E(A)). By [48, Lemma 2.3.4.4 and 2.4.2.3], we have an equivalence D(QBA) 2 Dy, (A) which sends
S+ S[—1]. Hence Ext}(S,S) = Extgpa(S,S). Thus, passing to QBA if necessary, we may assume A
is a dg-algebra. Since E(A) is locally finite, E(A) = (BA)#. Now, by [24, Prop. 19.2], B(A) ®s A is a

semi-free resolution of the right A-module S. Then

RHom(S, S) = Homy (BA ®s A, S) = Homg(BA, S) = (BA)* = E(A).

Taking cohomologies on both sides, we are done. |

Lemma 5.3.7. Any A -structure on the Yoneda algebra Ext}(S,S) preserving the Adams grading is
Agn. In particular, the Agy-structure obtained on Ext} (S, S) by taking minimal model of E(A) is turns

Ext} (S, 5) into an augmented Agy,-algebra over S which is Agn-homotopic equivalent to E(A).
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Proof. This is a consequence of Lemma 5.3.3 and 5.3.6. |

Henceforth the Yoneda algebra will always be equipped with this natural Ag,-structure coming from

taking minimal model of E(A).
Proposition 5.3.8. 1. There is a Agy-quasi-isomorphism E(Ext} (S, S)) = A.

2. If A is a classical algebra, then there is a quasi-isomorphism
B(Ext} (S, 5)) — H°(B(Ext}(S,5))) = A,

i.e., E(Ext}(S,S)) is a quasi-free dg-algebra resolving A.

Proof. By Lemma 5.3.7, Ext} (S, S) is Ag,-homotopic equivalent to E(A). Since the Koszul functor F
sends Ag,-homotopies to dg-homotopies, E(Ext}(S,5)) is dg-homotopic to E(E(A)). Now E(E(A)) is
Ao-quasi-isomorphic to A by Koszul duality (Theorem 3.4.3), and hence Ag,-quasi-isomorphic to A by
Lemma 5.3.3 and 5.3.5. This proves the first statement.

If A is a classical algebra, by the same argument, F(Ext}(S,S5)) is dg-homotopic to E(E(A)). By
Koszul duality of dg-algebras (Theorem 3.4.3), there is a quasi-isomorphism of dg-algebras E(FE(A)) — A.

Hence there is a quasi-isomorphism as desired. |

5.4 Computing Extj_(S5,5)

In this section, we compute Ext}_(S5,S) in terms of the dual exceptional sequence to £ and the vector

bundle V.

When Ag is an algebra rather than an A.-algebra, which happens for example when & is V-geometric,
we can compute Ext} . (S,8) in terms of the dual exceptional sequence F of £. Among all modules
over Ag, the following projective modules and simple modules are of utmost importance for us as they
correspond to objects in & and F. Let P; = Homg(F, E; ® S*VY). Then P; is a right module over
Ag which is a direct summand of Ag. Let S; = Homg(FE;, E; ® S°VY) = Homg(E;, E;) = K. Then
S; is a simple right module over Ag. When we write Ag in the form of a quiver with relations (Q, I),
then P; corresponds to the vector space of all paths starting at the vertex i, and S; corresponds to

the 1-dimensional vector space sitting at the vertex i. We will denote S = @,_;S;. Then Ag is an

i€l
Agp-algebra augmented over S.
The following proposition describes the preimage of the modules P; and S; under the isomorphism

@ : DY(Coh ©(V)) — Per(A).
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Proposition 5.4.1 ([16], Lemma 3.7). Let 7 : V — X be a G-equivariant vector bundle. Let & = {E;}ier
be a full V-geometric exceptional poset on D*(Coh (X)) and F = {F,}icrov be the dual exceptional poset
of €. The equivalence ® : D?(Coh & (V)) — Per(AZ”) sends

O(n*E;) =P, and ®(s.F;) =S5,

where s : X — V is the zero section.

Proof. The equivalence W : D*(Coh “(V)) — Per(R°P) in Theorem 5.2.4 sends
\I/(EZ) = Hom(IE, IE,L (9 S.Vv).

Now

H*(Hom(Ig, Ip, ® S*VY)) = Hom®*(E, E; ® S*V").

Hence ®(n*E;) = P;.

Next, we choose an injective resolution I, for Fj. Then s.Ir, is an injective resolution for s, F}
and hence V(s F}) = Hom(Ig, m«s:1F;) = Hom(Ig, IF;). Taking cohomology, we conclude ®(s,Fj) =
Hom®(E, F;) = S; as vector spaces. To show they are isomorphic as Ag-modules, it suffices to show
that Hom(E, E ® S*¥VV) acts trivially on ®(s,F;) whenever k > 1. The action of R on ¥(s,F}) factors
through the map S*VV®I F; — Ip; which in turns comes from the pushforward under 7 of the Oy -module
structure on s, F;. This shows that the action of SEVY on Ip,;, and hence the action of Hom(Ig, I ®
S*VV) on Hom(Ig, IF,) is trivial for k > 1. Taking cohomology, we see that Hom(E, E @ S*VV) also

acts trivially on ®(s,F;) whenever k > 1, as desired. u

Remark 5.4.2. This proposition is the only place where we need Ag¢ to be an algebra rather than an
A-algebra in order to calculate Ext}, (S,S) in terms of the dual exceptional collection of £. In the
general A,-algebra case, we do not know if the higher multiplication maps acts trivially, and hence we

do not know if ®(s,.F;) = S;.

Proposition 5.4.3. Let s: X — V be the zero section. Then for all E € D(QCoh (X)),

rank V' k
Ls's.E= P \V'kl@E=S(V[-1)'aE.
k=0

Proof. Consider X as a subvariety of V' via the zero section. Then X is given by the zero locus of the

tautological section ¢ of the tautological vector bundle 7*V on V. The sheaf s,Ox can be resolved by
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the Koszul complex

rank V'
0— /\ (T V)Y = = (7*V)Y = Oy — 5.0x — 0,

where the maps are given by contraction with the section . In other words, we have a quasi-isomorphism
A (m*V)Y =2 5,0x. Since \*(7*V)V is locally free, its derived pullback under s is the same as the un-
derived pullback, i.e., restriction to X. Since the maps in the complex A®*(7*V)V is given by contraction

with o, they restrict to zero on X. This yields
. . rank V' k

§%8,0x & 8*(/\(7T*V)\/) = /\(77 V)Y @ /\Vv

The general case follows from

s*s, E = m.5,8%s.F (rs =idx)
= T (8.0x ® s, F) (Projection formula)

= TS4(s*5.0x ® E)  (Projection formula)

rank V
= @& ANVKeE
k=0
= S(V[-1])V®E.
|
Corollary 5.4.4.
rank V' rank V'
Homg, (5. E, s, F) = @ @ Hom% (AFVV[k] ® E, F) @ Hom¢ (E, F ® S*(V[-1]))
07 k=0 k=0

Proof. The first equality is by the adjunction s* - s,, the second by Proposition 5.4.3, the third by

locally-freeness of V. |

We therefore arrived at the following

Theorem 5.4.5. Let X be a smooth G-variety and m : V. — X be a G-equivariant anti-semiample
vector bundle. Suppose & = {E;}icr is a full V-geometric exceptional poset on DY(Coh @ (X)) with dual

exceptional poset F = {F;}icroo. Then there is an Aay-structure on

rank V'

Ag_@@ EB Hom& " (F;, Fj @ AFV),

i,j€l L€Z k=0
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making it a finite dimensional Agn-algebra augmented over S, such that E(Ag) is a dg-algebra re-
solving Ag and hence D®(Coh (V) = DS’cg(E(Ag)Op), where Dl}g(E(Ag)Op) denotes the full triangu-
lated subcategory of DP(E(Ag)°P) consisting of complexzes whose cohomologies are finitely generated over

H*(E(Ag)°P). Moreover, this equivalence restricts to an equivalence Db, (Coh @ (V)) = Dl]’cd(E(Ag)OP).

Proof. Theorem 5.2.9 gives an Agy-algebra Ag¢ and a derived equivalence D?(Coh & (V)) = Dlj’eg(Agp).
Proposition 5.3.7 and 5.3.8 shows there is an Agy-structure on H®(E(Ag)) = Ext}(S,S) such that
E(Ext}, (S, 5)) is Agn-isomorphic to Ag. By Proposition 5.4.1 and 5.4.4,

Ext}, (S, S) = @Hom{;(s*Fi, s Fj) = Ag
,J
as graded S-bimodules. Transferring the Ag,-structure on Ext}, (S, S) to Ag, we have derived equiva-

lences

D(Coh (V) = D}, (Ag") = DY, (E(Ext}, (S, 5))°7) = D, (E(Ae)°P).

The fact that this equivalence restrict to an equivalence D2 (Coh (V) = Dl} 4(E(Ag)°P) follows from

Corollary 5.2.10. [ |

Remark 5.4.6. One can also transfer the Adams grading on Ext}_(S,S) to Ag. A natural guess for
this Adams grading on A¢ would be given by (j — i, k). Since we will not need this explicit description,

we will not prove the statement.

Recall E(Ag) is the path algebra of a dg-quiver Q¢. Hence we have shown that V' is derived equivalent

to a dg-quiver.

Corollary 5.4.7. Let X be a smooth G-variety andw : V — X be a G-equivariant vector bundle. Suppose
E = {E;}icr is a full V-geometric exceptional poset on DY(Coh @ (X)), then there exists a dg-quiver Qg
such that D?(Coh ¢ (V)) = Dl}g(Qg) and D%, (Coh (V) = Dl;cd(Qg).

Example 5.4.8. Let X = P2 and V = 0. Let £ = (0,0(1),0(2)) be the Beilinson sequence. The

classical tilting quiver is given by

aop bo
° a—= e b—> @ (5.4.1)
Vg ar v1 bo Vo

with relations b;a; = bja;. Using the cohomology formula in the Appendix (Section A.2), the A-

category Ag is given by

C ifl=0
A(vg, vo) = Hom®(Q2(2)[2], Q2(2)[2]) = H (P2, 0) =

0  otherwise.
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C® ife=1
A (vg,v1) = Hom*(Q2(2)[2], Q(1)[1]) = H 7 (P?,Q(2)) =
0 otherwise.
C3 ifr=2
A(vo, v2) = Hom®(Q%(2)[2],0) = H**(P*,0(1)) =
0 otherwise.

Al (v1,v9) = Hom (1)[1], Q*(2)[2]) = HF (B, T(-2)) = 0

C ifl=0
Al (vy,v1) = Hom“(Q(1)[1], Q()[1]) = HY (P2, T @ Q) =

0  otherwise.

C? ifr=1
Al (v1,v2) = Hom*(Q(1)[1], ©) = H*H(P?, T(-1)) =

0 otherwise.
A (vy,v0) = Hom* (0, Q2(2)[2]) = H2(P?,0(-1)) = 0.
A (vg,v1) = Hom* (0, Q(1)[1]) = HH(P?,Q(1)) = 0.
C ifr=0

Al (vg,v2) = Hom* (0, 0) = H'(P?,0) =
0  otherwise.

Hence the dg-quiver is given by

%I}x
L] [ ] [ ]
Vo a v1 b V2

where black edges are of degree 0 and red edges are of degree —1. Next, we would like to determine
the differential. Since H°(KQ) is the classical tilting quiver in Equation (5.4.1), by a change of basis if

necessary, we may assume the differential sends
dp; = biy1a;42 — biy2a;41, da; =0, db; =0.

More examples will be given in Section 6.3.

5.5 Superpotential

In this section, we construct a superpotential on the dg-tilting quiver Q)¢ in the case when the total space

of V' is Calabi—Yau.



CHAPTER 5. DERIVED EQUIVALENCES BETWEEN VECTOR BUNDLES AND DG-QUIVERS 99

Serre Functor on Equivariant Derived Category We describe how to obtain equivariant Serre
duality on a equivariant vector bundle V', which the author learnt from Bridgeland-King-Reid [14]. Since
X is projective and G is finite, one can find a G-invariant ample line bundle Ox (1) on X. Consider the
embedding i : V < P(V @ Ox(1)). Then i, embeds D%, (Coh % (V)) into D2 (Coh “P(V @ Ox(1))) as a
full subcategory. The Serre functor (—) ® Kpvaoy (1))[dim V] on D (Coh “P(V & Ox(1))) then restricts
to a Serre functor (—) ® Ky [dim V] on D% (Coh ©(V)). In particular, if Ky is trivial as a G-equivariant

vector bundle, D%, (Coh “(V)) becomes a Calabi-Yau category.

Proposition 5.5.1. Let 7 : V — X be a G-equivariant vector bundle. Then Ky is trivial as an
equivariant vector bundle if and only if det V = Kx as an equivariant vector bundle. In particular, when

G s trivial, V is (non-compact) Calabi—Yau if and only if det V = Kx.

Proof. We have a short exact sequence
07"V >TV 5 7"TX — 0.

We have therefore

det TV =det 7"V @ det 7T X = 7*(det V ® KY).

If det V = Kx, then det TV = 7*Ox which is trivial. If V' is Calabi-Yau, we have
Ox = Ole = F*(detV®K‘¥(>|X =detV ®K_>/(
Hence detV = Kx. [ |

Pairing on Ag. If V is noncompact Calabi-Yau, there is a pairing on Ag as follows: consider the

composition map
Hom' % (E, F © AFV) @ HomT™ Xt~ B o Ak V=ky) o Hom 3™ X (B, E @ det V)

f®g— (d®A)o(g®idary)o f

Since V is Calabi—Yau, det V = Kx. Composing with the trace map of Serre duality
Hom"™ X (E,E @ Kx) — K,
we obtain a pairing on Ag¢ of degree dim V'

Ag @ Ag™V T 5 K.
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One might ask whether the Ag,-structure on Ag comes from a cyclic structure. The following theorem

answers the question:

Proposition 5.5.2. Let w7 : V — X be an anti-semiample vector bundle which is m-Calabi—Yau. Let
£ be a V-geometric exceptional poset on D?(Coh (X)). Then Ag has a cyclic structure of degree m and

hence E(A) has a superpotential, i.e., V is derived equivariant to a quiver with superpotential.

Proof. The tilting object @ 7* F; is classical since

Hom(r*E,n*E) = €D Hom" (" E;, 7 E;) = Hom*(E;, E; ® S*VY) =0
ijel
By [45, Prop. 3.3.1], A¢ is an Calabi-Yau algebra. Now, since Ag is graded, by [70, Corollary 9.3,

Theorem 12.1], Ag is equipped with a cyclic structure. |

Examples of quivers with superpotential constructed this way will be given in Section 6.4.

5.6 Quotient Construction

In the last section, we have shown that if V' — X is an anti-semiample vector bundle over a smooth
projective variety, and £ is a V-geometric exceptional poset on D’(Coh (X)), then there exists a dg-
quiver Q¢ such that D?(Coh (X)) = D']’cg (Qg). In this section we study the following problem: Suppose
there is a finite group G acting on X by automorphisms, and the group action lifts to an action on
the vector bundle V' and the exceptional poset £. We ask if we can construct a new quiver Q¢/G such
that D?(Coh ©(V)) = Dl}g(Qg/G). Theorem 5.6.5 answers this affirmatively: recall the Q¢ is the Koszul
dual of an Ag,-algebra Ag. The correct construction for Qg /G is to apply the quotient construction
of A.-algebras to Ag and take its Koszul dual, i.e., Q¢/G = E(Ag/G). This quotient construction

generalizes the McKay quiver.

Proposition 5.6.1. Let & = {E;}ic; be a finite poset of objects on DY(Coh“ (X)) whose underlying
objects form a full exceptional poset on D?(Coh (X)). Then € @ Irr (G) = {E; ® p}icr penr (G), With the
partial order E;® p < E; @0 if and only if i < j, is a full exceptional poset on D?(Coh %(X)). Moreover,
if € is strong, then so is € @ Irr (GQ).

Proof. From
Homlé(Ei ®p,EiQ0)= [Homl)ﬁ( (Bi®p,E;® a)}G = [Homl)c( (E;, E;) ® Hom(p, a)]G,

and Schur’s lemma, we see that each object E; ® p is exceptional, and that Hom®(E; ® p, E; ® 0)

vanishes unless ¢ < j, hence £ ® Irr (G) is an exceptional poset. Also, if £ is strong, then so is £ ®
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Irr (G). Tt remains to show & ® Irr (G) classically generates D®(Coh (X)) if € classically generates
D?(Coh 9(X)). Let F € D(QCoh (X)) be such that Hom (E; ® p, F) =0 for all i € I and p € Irr (G).
Then Homg (p, Hom®(E;, F)) = [p* ® Hom®(E;, F)]¢ = Homl(E; ® p,F) = 0. Now, decomposing
Hom*(F;, F) into a direct sum of irreducible representations of G, we see that Hom®(E;, F) = 0 for all

i € 1. Since & is full, this shows F = 0. Hence £ ® Irr (G) generates D’(Coh ¢ (X)). [ |

Proposition 5.6.2. Let F be the dual sequence to £ in D(Coh (X)). Then F has a natural lift to
D?(Coh 9(X)) and F @ Irr (G) is the dual sequence to € ® Irr (G) in D?(Coh ¢(X)).

Proof. Without loss of generality, we may assume & is an exceptional sequence. Recall that by Proposition
2.8.5, F; = L¢_,E; = Lg, -+~ Lp, , E;. Hence to show Fj has a natural lift to D’(Coh ¢(X)), it suffices
to show that if any F, X € D¥(Coh (X)) lift to D¥(Coh “(X)), then so does Ly X. This follows from

G-equivariance of the evaluation map Hom®(E,X) ® E — X. Since F; = Lg¢_, E;, we have a triangle
A— FE; —» F;, — A[l]

where both maps are equivariant and A € (£.;). Applying Hom®(FE;, —), we see that Hom®(F}, F;) =
Hom®(FE;, E;) = K is the trivial representation. Hence
Hom{,(E; ® p, F; ® 0) = [Hom®(E;, F;) ® Hom(p, 7)]“
Homg(p,0) ifi=j
0 otherwise,
K ifi=jand p=o0o

0 otherwise.

By uniqueness of dual exceptional sequence in Proposition 2.8.5, F ® Irr (G) is the dual exceptional

sequence to £ ® Irr (G). u

Corollary 5.6.3. Let € be a finite poset of objects in DY(Coh @ (V). Suppose the underlying objects of
£ in D?(Coh (V) form a V-geometric full exceptional poset on D®(Coh (V)), then £ @ Irr (GQ) is a full

V-geometric exceptional poset on D?(Coh ¢ (V).

Proof. Tt suffices to show Homg (E; ® p, E; ® 0 ® S¥V*) vanishes for all £ > 1, k > 0 and all p, o € Irr (G).

This follows immediately since

Homf (E; ® p, E; ® 0 @ S¥V*) = [Hom(p, o) ® Hom% (E;, E; @ S*V*)]C.
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Proposition 5.6.4. Let 7 : V — X be a G-equivariant vector bundle and £ be a finite poset of objects
in DY(Coh @ (X)) such that the underlying objects in Db(Coh (X)) form a full exceptional poset. Then

there exists an Agn-structure on Ag such that
1. there is an equivalence ® : D*(Coh (V) & Perq (AYY).

2. If M, N € D*(Coh (V) lift to D*(Coh & (V')), then G acts on ®(M) and ®(N) and the isomorphism
® : Hom(M, N) 2 Hom(®(M), P(N)) is equivariant.

3. The finite group G acts on Ae by strict Ao-isomorphisms, and there is a derived equivalence

D*(Coh “(V')) = Peros((Ae/G)).

4. If € is V-geometric and V'V is semiample, there is an equivalence D*(Coh & (V)) = Dl]’cg((Ag/G)Op).

Moreover, this equivalence restricts to an equivalence D8, (Coh @ (V)) = D?cd((Ag/G)Op).

Proof. Statement 1 is the content of Proposition 5.2.4. For statement 2, recall that in Theorem 5.2.4,
we constructed a dg-algebra R = Hom(Ig, [ ® S*VV), I is a G-equivariant injective resolution for E,

and an equivalence ¥ : D?(Coh (V)) 2 Per(R°P) by setting
\I/(M) = HOTTL(IE, W*IM)

UM S N) = (Hom(Ig, modns) " Hom(Ig, 1)),

where I, and Iy are G-equivariant injective resolution for M and N respectively. Since Ip and Ips
are both equipped with a G-linearization, ¥(M) = Hom(Ig,mIp) is equipped with a G-action. We
will choose all maps equivariantly: for example, we will choose the lifting I am to be )\éM etc. For any
¢ € Hom(M, N),

M
Ay—1

U(g- (M — N)) =¥(M —*—

(ORI

—1yx* -
(71" M L5 (g7 N = N)

sends the map h € Hom(Ig,m.Ipr) to the morphism in Hom(Ig, 7. In) given by

el Tal _
AM Tl (g—1yny Nt

h 1
IE — 7T*IM —g> W*I(g—l)*M _— W*I(g—1)*N g—> 7T*IN.

On the other hand, g - V(M 2, N) sends h € Hom(Ig,mIpr) to the morphism in Hom(Ig, m.Iy) given
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by
g 'h Tl NP gh ey mly
g(IE_—>7T*IM—>7T*IN):g(IE—>g IE—)g T pr Tl pr W*IN)
ka—l (=" I)\E h (9_1)*1(%%)71 L
=g —— (g ")Vlg ——> Ipg S mdy ——— (g7 )'mdu
I onNy-1

—1 ol p
Lo )meds, (g Iy —2— m.IN)

Loyt

(971)*1,&(%\4)71 -
(g ) 7T*IN4>7T*IN)

—Ty*r,
:(IEi)’/T*IM—>(g_1)*7T*IM —>(g ) Li)

I)\]\/I 1y il OGN H-1
- ¢
(IE—>7T*I]\/[—>7T*I(g 1) ]V[—>7T*I(g 1yx N—>7T*IN)

since everything is equivariant. Hence the isomorphism ¥ : Hom(M, N) = Hom (¥ (M), U(N)) is equiv-
ariant. Taking cohomology, we arrive at statement 2. For statement 3, choose G-invariant injective
resolution Ig, for each E;. Then for any p € Irr (G), Ig, ® p is an injective resolution for F; ® p. Write
Ig = @,c; Ip, and let R =Hom(Ig,Ip ® S*VY). Then

R/G= @B Homc(Ig®p Iz S5 VY®o0)
p,o€lrr (G)
and by Theorem 5.2.4 and Corollary 5.6.3, there is an equivalence D?(Coh @ (V)) = Per((R/G)°P).
By Proposition 3.5.4, we can choose minimal models of R/G and R such that there are A..-quasi-

isomorphisms

R/G = H*(R/G) = H*(R)/G = A¢ /G

and we have the desired equivalence. For statement 4, by Proposition 5.2.9, A¢ is an algebra. It suffices
to show Ag/G has finite global dimension, for then Per((Ag/G)°P) = D¥((Ag/G)°P). By Proposition
5.2.9, A¢ has finite global dimension. By [3, III Theorem 4.4], the global dimension of AZ°#G is the same
as that of AZ”, which is the same as that of Ag , hence also finite. Now by Theorem 3.5.2 and Proposition
3.5.8, (AZP#G)°P and Ag/G are Morita equivalent, and hence have the same global dimension. Thus

Ag /G has finite global dimension. u

G-action on A, -category. We would like to show G acts on

rank V'

Ae= P P P Homg " (F, F; @ AFV)

i,j€I L€Z k=0

by strict A.o-isomorphisms. Recall the Ag,-structure on Ag comes from Ext} (S, .S). Since by Proposition
5.6.4, the isomorphism A¢ = Hom}, (S, S) = Ext*(S,.S) is equivariant, it suffices to show that G acts on

Ext} (S, S) by strict Aso-isomorphisms. Now, G acts on Ag by isomorphisms. By the construction of the
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Koszul functor, G acts on E(Ag) by dg-algebra isomorphisms. By homology perturbation Proposition
3.5.4, G acts on H*(E(Ag)) by strict Aoo-isomorphisms. Since H*(E(Ag)) = Ext} (S, .S) equivariantly,

we are done.

Theorem 5.6.5. Let X be a smooth G-variety and m : V. — X be a G-equivariant anti-semiample
vector bundle. Suppose £ is a finite set of objects in DP(Coh (X)) such that the underlying objects
form a full exceptional poset on D’(Coh (X)). Then G acts on Ag by strict Ag,-isomorphisms and
DY(Coh G(V)) = DY, (E(Ag /G)°P).

Proof. By Proposition 5.6.4, D?(Coh ¢(V)) = Dl])cg((Ag/G)Op). Now by Corollary 3.5.9 and Proposition
3.5.4, H*(FE(As/G)) = H*(E(Ag))/G = Ag/G. Hence E(Ag/G) is quasi-isomorphic to Ag/G and we
have D*(Coh @ (V)) = D?-Q(E(Ag/G)Op). [ |

Examples illustrating this section will be given in Section 6.5.

5.7 Product Construction

In this section we study the following problem: Suppose we have vector bundles 7wy : V' — X and
mw : W —= Y, together with exceptional poset £ on X and F on Y which are respectively V-geometric
and W-geometric. Then we can construct dg-quivers Qg = E(Ag) and Qr = E(Ax) which are derived
equivalent to V' and W respectively. We ask if there is a product construction of dg-quivers such that
the product vector bundle my Xy : V. x W — X X Y is derived equivalent to Q¢ X @+. Theorem 5.7.3
answers this question. The correct product construction should be applied at the A..-algebra level: We

should set Q¢ x Qr = E(As ® AF).

Note in the following that the projection map from X x Y to both X and Y are flat, hence pullback

by both maps are exact.

Proposition 5.7.1. Let X and Y be smooth projective varieties and € = {E;};er and F = {F;}jecs be
full exceptional posets on X and Y respectively. Then ERYF = {E; X Fj}rxg is a full exceptional poset
on X XY, where the partial order on I x J is given by (i,7) < (¢/,5") if and only if i < ¢’ and j < j'. If
both £ and F are strong, then so is £ X" F.
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Proof. Using the Kiinneth formula

RHom(E; K" F}, E; X" Fj) = RI' (X x Y,RHom(E; ®" F;, E; ®" F}.))
=RI(X x Y, (E; ®" Ey)" ®" (F) ®" Ej/))
=RI(X,E/ ®" Ey)) @ RT (Y, F) @" Fy)
= RT (X,RHom(E;, Eir)) @ RT (Y,RHom(F}', Fj:))

= RHOIH(EZ, EZ/) & RHom(Fj, Fj/),

we have
Hom' .y (E; R" Fj, By ®" Fy) = @) Hom% (E;, Ey) ® Hom{ (Fj, Fjr).
pta=¢
Hence £X F is an exceptional poset. Also, if both £ and F are strong, then so is X" F. Next, we show
& )Y F generates D(QCoh (X)). The following proof is given by Bondal and van den Bergh [9, Lemma

3.4.1]. Write E = P, Ei and F' = P, ; Fj. Let A € D(QCoh (X)) be such that Hom®(EX:F, A) = 0.

Let mx and 7y be projections of X X Y on the first and second factor. We have a commutative diagram

e
X

Since

0 = RHom(E K" F, A) = RHom(n% E, RHom(n} F, A))) = RHom(E, Rrx.RHom(r3 F, A))

and E generates D(QCoh (X)), we have Rrx . RHom(n3 F, A) = 0. This implies that

0 = RI' (X, Rrx.RHom(n} F, A)) = RHom(n} F, A) = RHom(F, Rmy . A)

and hence Rmy, A = 0 since F generates D(QCoh (Y)). Now, from

RI' (X x Y, A) = RT (Y, Ry, A) =0,

we conclude A = 0 and hence £ K" F generates D(QCoh (X x Y)). u

Proposition 5.7.2. Let £ and F be full exceptional posets and M and N be their dual exceptional
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posets. Then M XY N is the dual exceptional poset of £ X" F.

Proof. This follows from the Kunneth theorem

RHom(E; K" F;, M}, X* N;) = RHom(E;, M},) @ RHom(F}, Ny).

Theorem 5.7.3. Let my : V — X and mw : W — Y be vector bundles. Let £ be a V-geometric full
exceptional poset on D?(Coh (X)) and F be a W -geometric full exceptional poset on'Y. Then &€ X F is

V' x W-geometric, the tensor product As-structure on Ag @ Ax is Agyn, and there is an equivalence
D’(Coh (V x W)) = D4 (E(As ® AF)°P).

Proof. Since

Hom®(E; X" Fj, By RY Fjy @ S*(V x W)Y) = Hom*(E; R" F}, By K" Fj @ S*VY R S*WVY)

= HOIH.(Ei,Ei/ & S.Vv) (39 HOI’H.(FJ‘,F]'/ ® S.WV)

we conclude that £ X F is V x W-geometric and Aggr = Ae ® Ax as graded algebras.
By Lemma 5.3.5, Ag, Ar and Aggr = Ag ® A are all locally finite. Hence by Proposition 3.6.1, we

have a chain of A,.-quasi-isomorphisms
Asrr 2 H*(E(Aemrp)) 2 H* (E(Ae @ Ax)) 2 H*(E(Ag)) @ HY(E(Ax)) = Ae ® AF.

To see that the tensor product A..-structure on A¢ ® Ax is Agn, observe that since Ae ® A is isomorphic
to AgmF as vector spaces, Ag ® Ax inherits the same Adams grading on Agxr (which in turns is inherited
from the algebra Ext}___(S,5)). Since the tensor product As-structure is given by a finite sum of tensor
products and compositions of the two A,.-structures, the tensor product A..-structures also preserves

the Adams grading and by Lemma 5.3.7, the tensor product A..-structure is also Agy,. |

Examples illustrating this theorem will be given in Section 6.4.



Chapter 6

Examples

This chapter is a list of examples illustrating theorems in Chapter 5.

Section 6.1 contains examples illustrating Theorem 5.2.9 which produces quivers with relations derived

equivalent to total spaces of vector bundles.

Section 6.2 introduces a class of algebras called Koszul algebras whose dg-resolution is particularly
easy to describe. We also gives some examples of vector bundles whose classical tilting algebras are

Koszul.

Section 6.3 contains some worked out examples illustrating Theorem 5.4.5, constructing derived
equivalences between total spaces of vector bundles and dg-quivers, and if the total space of vector bundles
are Calabi—Yau, quivers with superpotential. These examples are calculated by first determining the
classical tilting algebras, then try to work out the dg-resolutions to determine the dg-quiver. In Calabi-
Yau examples of dimension no greater than 4, there are enough constraints and hence the classical tilting

algebras determine their dg-resolutions.

Section 6.4 contains a list of examples by applying the product construction in Theorem 5.7.3. Since
the general formulae for the cyclic Ao-tensor product defined by Amorim and Tu [2] are not known, we

only work with the case when one of the A,.-algebras is an honest algebra.

Section 6.5 contains a list of examples illustrating the quotient construction in Theorem 5.6.5.

Unless otherwise specified, all cohomological formulae can be found in the Appendix.

107
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6.1 Classical Tilting Quivers

Example 6.1.1. Take X = P", the full exceptional collection & = (0, 0(1),---,0(n)) and V = Ty,.

Write W = C"*1. The Euler exact sequence
0-0—-W(@Q1)—TIpr -0
induces a short exact sequence via Koszul resolution [35, 12.12] for all k > 1
0— SFW(k —1) = S*W(k) — S*Tpn — 0. (6.1.1)

Tensoring the above sequence with O(j — i) and using the vanishing H*(P", O(p)) = 0 whenever i > 1

and p > —n, we conclude that forall k > 0,¢{>1and 0< 4,5 <n
Extsn (O(i), 0(j) @ S¥Tpn) = HY(P™, S¥Tpn (j — 7)) = 0.

Hence & is Tp,-geometric. Since Tpn is ample, by Corollary 5.2.9, we have a derived equivalence

D?(Coh (T3,)) = DP(AZP), where

Ag = EnB Hom(O(i), O(j) @ S*Tpn).

4,7=0

We claim that Ag is isomorphic to the path algebra of the quiver

aio a20 ano

QA1n a2n Ann
o bio o bao ° hd bno o
vV NYY———— V] S~ — vy Unp—1 S— ———— Un

bin ban

with relations
n n
2 aijhi; =0 2 bijai; =0
=0 =0
Qig1 kQij = Gix10ik  Dijr1bip1 = bibiy1 11

bit1 @ik = a;—1kbij.

First, we show that Ag is generated as a @ Hom(O(3), O(i)) algebra by the vector space
=0

U = @ Hom(O(i — 1), 0(i)) ® Hom(O(i), O(i — 1) @ Tpn).
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We will need the following lemma.

Lemma 6.1.2. The multiplication map
HO(P", S¥Tpn (0)) @ HO(P", S* Tpn (£)) — HO(P", S¥HF Tpn (€ + £))

s surjective if k+4£ >0 and k' + ¢ > 0.

Proof. Twisting the short exact sequence (6.1.1) by O(¢), we get a short exact sequence
0— S*TW(k —140) = S*W(k +£) = S¥Tpa (£) — 0.
By naturality, we have the following commutative diagram

HO(P™, S*W (k + £)) @ HO(P™, S¥ W (k' +0')) — HO(P", S* " W (k + k' +(+ 1))

i |

HO(P", S¥Tpn (£)) @ HO(P", S* Tpn (') ————— HO(P™, S¥TF Tpu (€ + £)).

The top horizontal map is surjective since both
S*W @ SFW — S*F W and  HO(P™,O(k + 0)) @ HO(P", Ok + ') — H(P", Ok + K + (+ ()
are surjective maps. The two vertical maps are also surjective since, as k + £ > 0,

H'(P", S" W (k =1+ 0) = S*'W @ H'(P",O(k — 1+ 6)) =0.

Hence the bottom horizontal map is also surjective.

With the lemma, we can show that A¢ is generated by U. We separate the problem into three cases.

Case 1 i = j. By the lemma,

HO(P",0(1)) @ H*(P™, Tpn (—1)) — HO(P™, Tpn)

is surjective, and hence so is the multiplication map

Hom(O(i), 03 + 1)) @ Hom(O(i + 1), Tpn (—1)) — Hom(O(4), O(i) @ Tpn).
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Again by the lemma, the map

HO(P", S*Tpn) @ HO (P, Tpn ) — HO(P", S¥+H1Tpn)

is surjective, and hence so is
Hom(O(i), O(i) ® S*Tpn) @ Hom(O(i), O(i) @ Tpn ) — Hom(O(i), O(i) @ ST 1Tpn).
This shows the vector subspace Hom(O(i), O(i) ® S¥Tpn) is generated by U.
Case 2 i < j. Surjectivity of
HO(P", SkTpn) @ HO(P™, O(j — 1)) — HO(P™, S*Tpn (j — 1))
implies surjectivity of
Hom(O(i), 0(j)) ® Hom(O(j), O(j) & $*Ten) — Hom(O(i), O(j) @ S*Tn).

Since both Hom(O(i), O(j)) and Hom(O(5), O(j) ® S¥Tpn) are generated by U, so is Hom(O(i), O(j) ®
SkTPn).

Case 3 i > j. Since
Hom(O(i), 0(j) ® S*Tp.) = HO(P", S* Ty (j — 1)) = 0,
we may assume k > i — j. If K =14 — j, surjectivity of
HOP", S* 1T (—k 4+ 1)) @ HO(P", Tpn (—1)) — HO(P™, S*Tpn (—k))
implies surjectivity of
Hom(O(i), O(j + 1) @ S¥Tpn) @ Hom(O(j + 1), O(j§) @ Tpn ) — Hom(O(i), O(j) @ S¥Tpn).
Hence Hom(O(i), O(j) ® S*Tpn) is generated by U. For general k > i — j, surjectivity of

HO(P", 8" Tpn (j — 1)) @ HO(P™, S¥= " Tpn) — HO(P", S*Tpn @ O(j — 1))
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implies surjectivity of
Hom(O(3), O(5) @ S Tpn) @ Hom(O(5), O(j) ® S~ Tpn) — Hom(O(i), O(j) @ S*¥Tpn).

This implies Hom(O(3), O(j) ® S¥Tpn) is generated by U.

Example 6.1.3. Let us look at the special case X = P? and V = T2, which is Calabi-Yau 4. The

tilting quiver becomes

ag co
— a1 — o\
——a— 49—
az c2
° . .
Vo Nbo/ v1 ‘Mdo/ v2
h— —h—
b2 d2

with relations

2 2
Zajbjzo ijaj:()
Jj=0 j=0

2 2
ZdeJZO ZdejZO
Jj=0 Jj=0

Cj41G5 = CjQj41 bj+1dj = bjdj+1
ajbk = dij.
2
The relations listed above are not all independent: the relations a;b, = dirc; and ) a;b; = 0 together

Jj=0

2
imply > djc; = 0.
§=0

Example 6.1.4. Take X = P", the full strongly exceptional collection & = (O, 0O(1),---,O(n)) and

p
V=6 O(-a), where 0 < a; <--- < ay,. Since
m=1

P
Skyv = @ (’)(kaam> forall ¢ >1,k>0and 1<i,j<n,
S km=k

km >0

m=1
the exceptional collection £ is V-geometric:

Ext’(0(0),0(j) © S"VY)= @ H(P",0( —i+ Zp: kmam)) = 0.

S km=k
km >0

Since a,, > 0, VV is globally generated. Hence by Corollary 5.2.9, we have a derived equivalence
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DP(Coh (V)) = D4 (AZ), where

Ae = @5 Hom(0O(i),0(j) @ S*VY)
i,j=0

B @Hom< (®O<Zkzmam)>.

Ki,...y km>01,7=0 m=1

Note that Ag is Z x ZP-graded by (j —4, k1, ..., kp). Now, let ¢ be such that a; < -+ <a, <n < age1 <

- < a,. We claim that Ag is generated as a @ Hom(O(i), O(7)) algebra by the vector subspace
i=1

U= @Hom @ Hom(O(n), 0®O(ay) @@ EBHom O(j—am) @ O(am))-

m=q-+1 m=1j=am,

First, observe that the multiplication map,

Hom(O( ) ® @ Hom(O(5), O(j) @ O(an))®*" — Hom (0@), 00> kmam))

m=1

which corresponds to multiplication of homogeneous polynomials, is surjective.

Now, Hom(O(i), O(j)) is generated by @!", Hom(O(i — 1), O(i)). For a,, > n, the map
Hom(O(5), O(n)) ® Hom(O(n), 0 ® O(a)) — Hom(O(j), O(j) @ O(anm))
is surjective, and for a.,, < n, the map
Hom(O(j), O(j — a) ® O(a)) ® Hom(O(j — a), O(a)) — Hom(O(j), O(j) ® O(a))

is surjective. Hence A¢ is generated by U.

Example 6.1.5. Let us consider the special case V' = Opn(—a) over P*, where a > 0.

Case 1 a > n. The tilting quiver is

aio @20 ano
— gL T
a a a
° in ° 2n P PY nn °
Vo V1 V2 Un—1 Un



CHAPTER 6. EXAMPLES 113

with relations ;11 j+1ai; = a;41;0; 41 The vertex v; correspond to O(i), the arrows a;; corresponds to

Hom(O(i), O(i 4+ 1)), and the arrows b; correspond to Hom(O(n), O ® O(a)).

Case 2 0 < a <n. The tilting quiver is

aio aio ano
— 0 —
a a A,
° in @ e e Y in ® - ° nn o,
" WQH S~ . o o
ba ba+1 b2a 2a+1 bn—l b

that is, n + 1 arrows from v; to v;41 and one arrow from v; to v;—,. The vertex v; correspond to O(i),
the arrows a;; corresponds to Hom(O(i), O(i + 1)), and the arrows b; correspond to Hom(O(i), O(i —
a) ® O(a)).

The general case V = é O(—ayy,) is then given by the superposition of the tilting quivers corre-

m=1

sponding to O(—aq), -+ ,O(—ap).

Example 6.1.6. Consider the special case V = Opn(—n — 1) = Kpn. The tilting quiver becomes

aio az0 ano
— X
a, a Ay
° in ° 2n @ e ° nn °
Vo v1 V2 Un—1 Un
\i/
Antlin

with relations Qit1kGij = Qit1 jQik-

Example 6.1.7. Consider the Hirzebruch surface F, = P(Op:1 @ Op:1 (r)). It is a toric surface defined by
the complete fan in R? given by u; = (—1,7), uz = (0,1), uz = (1,0), ug = (0,—1). Denote by D; the
divisor defined by u;. Then D; and D3 are both linearly equivalent to the divisor defined by the fiber of
the projection F, — P!. The divisor Dy is the exceptional divisor P(O(n)) and Dj is linearly equivalent
to the divisor defined by P(O). We have the linear relation O(D;) = O(D3) and O(D3) = O(D4 —1rDs3).
The picard group Pic (F,.) is thus the free abelian group generated by O(Ds3) and O(Dy). A line bundle
O(as,aq) = O(azD3 + a4Dy) is globally generated (resp. ample) if and only if a; > 0 (resp. a; > 0) for

i = 3,4. From the generalized Euler sequence

4
0— 0% - HO(D;) - Tk, -0,

i=1
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we see that

KF—f = O(D;1 + Dy + D3 + Dy) = O(2 —1,2).

For all s > —1,

(0,0(1,0),0(s +1,1),0(s + 2,1))

is a strongly full exceptional sequence [33]. In particular, when s = —1, we have the strongly full
exceptional sequence

£ =(0,0(1,0),0(0,1),0(1, 1)).

We claim that £ is geometric with respect to the vector bundle V = @ O(—am, —by,), where
@y, by, > 0. In particular, it is geometric with respect to Kr,, Ky, and Kp,. Indeed the vanishing of

higher Ext groups are reduced to the following vanishing of cohomology of line bundles.
Lemma 6.1.8. For ¢ > 1, H*(F,,O(a,b)) = 0 whenever a,b > —1.

Proof. The case a,b > 0 follows from Demazure vanishing theorem [18, Theorem 9.2.3]. The case

—1 < a,b <0 follows from Batyrev-Borisov vanishing theorem [18, Theorem 9.2.7]. [ |

We will draw explicitly the tilting quiver of V.= O(—1,—1). It is given by

Example 6.1.9. In [38], Kapranov constructed a strongly full exceptional sequence for Grassmannians.
Let G = Gr(k,n) denote the Grassmannian of k-dimensional subspace in a complex vector space W of
dimension n. Denote by U the tautological vector bundle of rank k on G and by Y, the set of Young
diagrams inscribed in a rectangle of size k x (n — k). Note that Y} ,, is partially ordered by inclusion.
The set & = {Z*UY : X\ € Y.} is a full strongly exceptional collection on G. In the case G = Gr(2,4),
the sequence (O,UY,¥20UV, $LiyY ¥21pVv v220V) = (O,UY,S?UY,0(1),UY(1),0(2)) is full and

strongly exceptional, with tilting quiver

7\
TN

M



CHAPTER 6. EXAMPLES 115

Example 6.1.10. Take the vector bundle V. = @ O(—a;) over Gr(k,n), where a; > 0. Since O(1)
i=1
defines the plucker embedding, it is ample. Hence V'V is globally generated. To calculate the Ext group,

we need

Lemma 6.1.11. Ifn—k>a; >--->0and 81 > -+ > B >0, then for all £ > 1,
Ext‘(zeUY,2PUY) = 0.

Proof. Let & = (a1 — ap, -+ ,a1 — @2,0). Then LU @ YUY = 20UV @ YUY @ O(—a;). By the
Littlewood-Richardson rule, 22U ® 28UV can be decomposed into a direct sum of vector bundles of
the form X¥UY, where v; > &; = a1 — agy1—;. Now, for any such UV, we have XUV ® O(—a1) =

y—erwm=a) gV Since v; —ay > —(n—k), by [38, Lemma 3.2], H*(Gr(k,n), S —a1va—e)yVy =

0 for all £ > 1 and we get the required vanishing.

Then

Ext‘(S°UY, UV @ S VY)= @ Ext!(ToUY,nPrtrken St kel Yy <
k1, km >0

Hence & = {3* : X € Y.} is V-geometric. In particular, it is compatible with the canonical bundle

KGr(k,n) = O(—n)

6.2 Koszul Algebras

In section 5.4, we produced an Ag,-structure on A = Ext} (S, S) such that E(A) is a quasi-free model of
A. This Agy-structure is not readily known in general. In this section, we introduce a class of algebras,
called Koszul algebras, whose Ag,-structure on A are readily computable. A good introduction is given

by Martinez-Villa [56].

Definition 6.2.1. A Z-graded algebra A over a semisimple algebra S = K" is called Koszul if there is

a linear graded projective resolution of S, i.e., an exact sequence of A-modules
o= Py =P P Ph— S5 —0,

where each P; is projective and concentrated in degree 3.

It is known that Koszul algebras are always quadratic, so Koszulness is in fact a rather restrictive

property. Below are the main examples of vector bundles producing Koszul algebras we have in mind:
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Proposition 6.2.2. Let X be a smooth projective variety whose K;(l is semi-ample. Let € be a Kx-

geometric full exceptional collection on DY(Coh (X)). If length & = dim X + 1, then Ag¢ is Koszul.
Proof. By Proposition 2.8.3, length & = rank D?(Coh (X)). The rest follows from [15, Proposition 4.2].
|

Remark 6.2.3. Examples of varieties with full exceptional collection £ whose lengthé = dim X + 1
include projective spaces, odd-dimensional quadrics [39] and certain Fano threefolds [57].

Koszul algebras are stable under taking tensor products and quotients.
Proposition 6.2.4. 1. If both A and A are Koszul, then so is AQ A’.

2. A°P is Koszul.

3. A#G is Koszul.

4. AJG is Koszul.

Proof. For the first claim, one takes the total complex of the tensor product of the two linear graded
resolutions. The proof for the second statement can be found in Woodcock’s paper [73]. For the third
claim, one smashes the whole linear resolution of S by G. Since tensoring by KG is an exact functor,
this produces a linear resolution of S®KG. The last follows from Corollary 3.5.8 by applying the Morita
functor in Theorem 3.5.2 to the linear resolution of that of (A°P#G)°P to get a linear resolution for A/G.

As aresult, if vector bundles V' and W produce Koszul algebras, then so does VIXIW. If V is equipped
with a G-action making it G-equivariant, then its corresponding tilting algebra is also Koszul.

Here is the main proposition which makes the Agy-structure on Ext} (S, .S) simple.

Proposition 6.2.5. If A is a Koszul algebra, then any A -structure on Ext} (S, S) which preserve the

grading induced by A is an ordinary algebra structure, i.e., m, =0 for n # 2.

Proof. Each component of Ext’, (S, S) is a Z-graded A-module. By the definition of Koszulness, Ext’ (S, S)
is concentrated in degree i, i.e., Ext’ (S, S) = [Ext (S, S)];. Since by assumption m,, preserve the grading

induced by A, it must map
my, : [Exty (S, 5)]i;, @ -~ @ [Exty (S, 9)]i, = [Exty t 27 (8, 8)]i; 1 g4, -
Hence m,, must vanish since the right hand side is zero unless n = 2. |

Now, we can determine the Ag,-structure in Theorem 5.4.5.



CHAPTER 6. EXAMPLES 117

Theorem 6.2.6. Let X be a smooth projective variety and w: V. — X be an anti-semiample vector bun-
dle. Suppose & = {E;}icr is a full V-geometric exceptional poset on D®(Coh (X)) with dual exceptional
poset F = {F;}icron. If the classical tilting algebra
Ae = @ HOm(Ei,Ej & S.V\/)

ijel
is Koszul, then the Agy-algebra

rank V'

Ae =P P Hom' *(F;, Fy @ AbY)

i,j€l k=0

given in Theorem 5.4.5 is an ordinary algebra, i.e., m,, = 0 for n # 2, with my given by composition of

maps.
Proof. This follows from Theorem 5.4.5 and Proposition 6.2.5. |
We can describe the algebra Ag = Ext} (S, S) more explicitly. Recall that we can write A as a path

algebra with relations KQ/I. If A is Koszul, then I is homogeneous and is generated by Io = I N (KQ)2.
Define a pairing (—, —) : (KQ)2 x (KQ°P); — K by

1 ifa=0b
<a7bop> =

0 ifa#b

where a and b are paths of length 2 in (). The orthogonal subspace of I is defined to be
I3+ = {b e (KQ°)2 : {a,b) = 0 for all a € I}.

We have the following

Theorem 6.2.7 ([29] Theorem 2.2). Let KQ/I be a Koszul algebra. Then the Yoneda algebra Ext} (S, S)
of A is isomorphic to KQ°P/(I5").

Example 6.2.8. Let @ be the quiver with one vertex and n loops. Then KQ = K(z1,...,z,). Let I be
the ideal generated by elements in the form z;z; —x;z; for all 1 <i,j < n. Then KQ/I = K[z1,...,z,].
The orthogonal subspace I, is spanned by elements in the form z;z; + zjz; and 27 for all 1 <4,j < n.

Hence KQ°P/(I5P) = A\®*K". The standard Koszul resolution

O%K[xl,...,zn}%K[zl,...,xn](@K"%~-~HK[$1,...,IH]®/\K"%K,
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where the first n maps are given by wedging with the vector (z1,...,z,) and the last map given by
evaluation of polynomials at zero, shows that K[z1,...,x,] is Koszul. Hence Extgq (K, K) = A" K"
The Aso-structure is given by m; = 0 for ¢ # 2, and mqy by the Yoneda product, which is the wedge

product on A°K".

6.3 DG-Tilting Quivers

In this section, we compute some examples illustrating Theorem 5.4.5 and Proposition 5.5.2. All formulae

for cohomologies can be found in the Appendix A.

Example 6.3.1. Let X = SpecK and V = K™. Then £ = Ox is a V-geometric exceptional collection
on D?(Coh (SpecK)). The classical tilting algebra is given by Ag = K[z1,...,,] and the classical tilting
quiver is given by one vertex with n loops x;, with relations given by x;x; = z;2;. By Example 6.2.8,
Aﬁ = /\e K" with my given by the wedge product and all other m,, = 0. Below is the quasi-free dg-quiver
derived equivalent to K™ for n = 1,2, 3.

When n = 1, the quasi-free dg-quiver is given by

.Qw

with degx = 0 and dz = 0.

When n = 2, we have
e @wy
=~

with degx = degy = 0, degt = —1, de = dy = 0 and dt = zy — yx.

When n = 3, we have

t
e
I*’y* 72*@ y @xﬁl’z

with degx = degy = degz = 0, dega™ = degy™ = degz* = —1, degt = —2 and dz = dy = dz = 0,
da* = yz — zy, dy* = zox — xz, dz* = 2y — yx, and dt = [z, 2*] + [y, y*] + [z, 2*]. This dg-quiver has a
superpotential given by ® = zyz — zzy.

When n = 4, we have
t

T

where the black edges are of degree 0, red edges are of degree —1, blue edges are of degree —2 and brown

edges are of degree —3. We will denote the four degree 0 (resp. degree —2) edges by x; (resp. by z7),
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where 1 < ¢ < 4 and the six degree —1 edges by 7;; where 1 <14 < j < 4. If i > j, by r;; we will mean

—r;;. The pairing of degree —1 edges is then given by

1 if (i,7,k,¢) is an even permutation of (1,2,3,4)
(rij,Tie) = €ijke = 4 =1 if (4, k, £) is an odd permutation of (1,2,3,4)

0 otherwise,

with superpotential given by

b= ZEijk[(xi{Ej — (Ejl'i)’f’]d.

Example 6.3.2. Consider X = P! and V = Kp: which is Calabi-Yau 2. Take the exceptional sequence
€ = (0,0(1)) which is Kpi-geometric. The classical tilting quiver is given by
€o

(5}

i

s —un
~—

f1
with relations fje; = fie; and e; f; = e; f;.
The corresponding A..-category is given by
A*(vo,v0) = Hom* (O, ©) @ Hom* (0,0 @ Kp1)
— H'(P!,0) & H'(P',0(~2))
C ife=0,1

0  otherwise.

A (vg,v1) = Hom*(0, 0(1)) ® Hom* (0, 0(1) @ Kp)
= 0P, 0(1)) @ H (P, 0(-1))
C ifr=1
0  otherwise.
Al (v1,v9) = Hom“(O(1), 0) & Hom* "1 (0(1),0 @ Kp)
= H'(P',0(-1)) ® H'(P',0(-3))
C? ife=1

0 otherwise.
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Af(v1,v1) = Hom“(O(1), 0(1)) ® Hom* ™1 (O(1),0(1) @ Kp1)
= H'(P',0) & H'(P',0(-2))
C if¢=0,1
0  otherwise.
Thus the dg-tilting quiver is given by

€o

—

—~ /Z\ —

f

(e e )
A RIS T g
———

f1

where black edges are of degree 0 and brown edges are of degree —1. Since H? of the dg-tilting quiver

gives the classical tilting quiver, by a change of basis if necessary, we may assume the differential sends
dvy = fieo — foer, dvi =eifo—eof1 and de; =df; =0.
The A,o-structure is given by
ma(vo, fi) = ma(fi,v1) = fi ma(vi,e;) = ma(ei, vo) = e;

ma(fi,e0) = —ma(fo,e1) =v5 ma(er, fo) = —maleo, f1) = v]
ma(vo, v5) = ma(vh,ve) =v§ ma(vr,v]) = ma(vi,v1) =0
and zero otherwise.

Example 6.3.3. Consider X = P! and V = O(—1)%? which is Calabi-Yau 3. Take the exceptional

sequence £ = (0, O(1)) which is V-geometric. The classical tilting quiver is given by

with relations e fjeq = eo fje1 and fie; fo = foe; fi.
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The corresponding A..-category is given by
A(vo, vo) = Hom*(Q(1)[1], 2(1)[1]) & Hom =1 (Q(1)[1], Q(1)[1] ® V) & Hom ~2(Q(1)[1], Q(1)[1] ® A%V)
= HYP,0) s HYP, 0(-1)%%) & H2(P!, 0(-2))

C itt=0,3

0  otherwise.

A(vg, v1) = Hom"(Q(1)[1], 0) ® Hom" ™ (Q(1)[1], 0 ® V) & Hom*~*(Q(1)[1], 0 ® A*V')
= HYPLO®) @ H 2P, 092 @ H3(PY, O(-1))
C? ifr=1,2
0 otherwise.
A(v1,v0) = Hom* (0, Q(1)[1]) ® Hom* (0, Q(1)[1] ® V) & Hom‘~2(0, Q(1)[1] ® A?*V)
= H(PL,O(-1)) ® HY (P, 0(-2)%%) @ H L (P, O(-3))
C? ifl=1,2
0 otherwise.
A(vy,v1) = Hom* (0, 0) @ Hom* 10,0 ® V) & Hom‘~2(0, 0 @ A?V)
= HYPY,0)® HY(P, O(-1)%%) & H2(PL, 0(-2))
C? if¢=0,3
0 otherwise.

Thus the dg-quiver is given by

Yo | h ~—— ® ) 1
7 vo - v1
\f/

*

Since H® of the dg-quiver gives back the classical tilting quiver, by a change of basis, we may assume

de1 = foeofi — fieofo, deg = fre1fo — foerfr,

df1 = e1foeo — eofoe1, dfo = eofier —e1fieo.

The superpotential is thus given by ® = freqgfoe1 — fie1 foeo-
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Example 6.3.4. Consider X = P?, V = Kp= which is Calabi-Yau 3, with exceptional sequence £ =
(0,0(1),0(2)) which is Kp2-geometric. The classical tilting quiver is given by

with relations bi+1ai = biaiH, Ci+1bi = Cin_l, and Ai41C; = A3Ci41-
The corresponding Agy,-category is given by
A*(vo,v0) = Hom(Q%(2)[2], %(2)[2]) ® Hom" ™1 (Q%(2)[2], 2%(2)[2] ® Kp=)

= HY(P?,0) o H (P2, 0(-3))
H°(P?%,0) if¢=0

=4 H*(P?,0(-3)) if¢=3
0 otherwise
C ife=0,3

0  otherwise.

A’(vo, v1) = Hom (2%(2)[2], 2(1)[1]) & Hom ™ (2%(2)[2], 2(1)[1] © Kpz)
= HY(P?,Q(2) @ H 2(P?,Q(-1))
= H"Y(P?,Q(2))
C3 ifr=1
0  otherwise.
A*(vg, v2) = Hom® (Q2(2)[2], ©) ® Hom’~*(22(2)[2], O ® Kp=2)
= H'2(P2,0(1)) @ H' 3 (P2, 0(-2))
= H'72(P?,0(1))
c3 ife=2

0 otherwise.
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A’ (v1,v0) = Hom" (Q(1)[1], 2%(2)[2]) © Hom" ™ (Q(1)[1], 2%(2)[2] © Kp2)
= H€+1(P27T(_2)) D HK(P27T(_5))

= H(P%, T(-5))

C? ifr=2
0 otherwise.

A’ (w1, 01) = Hom"(Q(1)[1], (1)[1]) & Hom™ (Q(1)[1], 2(1)[1] ® K2)
=H'P,ToQ) o H (P, T o 0-3))

HO(P2, T ® () if =0

H2(P2, T @ Q(-3)) ifl=3

0 otherwise
C ifr=0,3
0  otherwise.
Aé(vl, vg) = Homé(Q(l)[l]7 0)® Homé_l(Q(l)[l], O ® Kp2)

= H'"Y(P?, T(—1)) @ H 2(P?, T(—4))

= BN, T(-1))

c? ife=1
0 otherwise.

A (v, 10) = Hom* (0, 0%(2)[2]) ® Hom ™ 1(0,0%(2)[2] ® Kp2)
= H'2(P?, 0(-1)) @ H™Y(P?, 0(—4))

= BB, 0(-4))

C?® ife=2
0 otherwise.

Al (vy,v1) = Hom“ (0, Q(1)[1]) @ Hom* ™1 (O, Q(1)[1] ® Kp2)
= H€+1(P27 Q(l)) & He(]P)Qa Q(_Q))

= H'(P?,Q(-2))

C? ife=2
0 otherwise.
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A (vg,v3) = Hom* (0, 0) @ Hom" (0, 0 @ Kp2)
= HY(P*,0) @ H "1 (P?,0(-3))

HO(P2,0) if0=0

H?(P?,0(-3)) ift=3

0 otherwise
C ife=0,3

0  otherwise.

The quiver with superpotential is given by

U1
)
\ )

g (6.3.1)
v1
(&
Y
vo

b*
o
Ve Vo N
\ v )
\_ N
v ‘ ()

0 *
C

where black edges are of degree 0, blue edges are of degree —1, brown loops are of degree —2. Since H°
of the quiver must be isomorphic to the quiver with relation in (6.3.4), by a change of basis if necessary,

we may assume the differential d sends

* * *
da; = bip1Cit2 — biyacit1  db] = Ci110542 — Ciyo0,41  de; = aip1biqpa — ai42bi4 1.

2
Thus the superpotential is given by ® = >~ a;(biy1¢i+2 — bit2Cit1)-
i=0

Example 6.3.5. Consider V = Opz(—1) ® Op2(—2) over P? which is Calabi-Yau 4. The classical tilting

quiver is given by

u v
TN e,
ag b()
° a1—> @ b—> @
w
with relations
;U = Ubi aH_lwbi = aiwbi_ﬂ

b,;_Hai = biai_,_l wbﬂ} = ua;w.
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We calculate its A,.-category:

Al (vg,v0) = Hom (Q2(2)[2], 2%(2)[2]) @ Hom ™1 (Q2(2)[2], Q%(2)[2] ® V)
@ Hom 2(02(2)[2], Q%(2)[2] @ A?V)

= H'(P?,0) ® H" ' (P?,0(-1) © O(-2)) ® H *(P*,O(-3))
B C ife=0,4
0  otherwise.
Al(vg, v1) = Hom' (22(2)[2], 2(1)[1]) & Hom’ " (22(2)[2], 2(1)[1] © V)

@® Hom*~2(0%(2)[2], Q(1)[1] ® A?V)

= H'(P*,Q2) @ H 2 (P*, Qe Q1) @ B3 (P2, Q(-1))

C3 ife=1
=4C if¢=3
0 otherwise.

Al (vg,v2) = Hom (Q2(2)[2], ©) & Hom’ 1 (Q%(2)[2], © ® V) & Hom*2(Q2(2)[2], © ® A?V)

= H'-2(P?,0(1)) & H'3(P?,0 & O(~1)) ® H*(P*, 0(-2))

C® ife=2
=4C if¢=3
0 otherwise.

A’(v1,v0) = Hom"(Q(1)[1], ©%(2)[2]) © Hom"™H(Q(1)[1], @*(2)[2] & V)
@® Hom~2(Q(1)[1], Q2(2)[2] ® A?*V)
= H"™ (P2, T(-2)) & H'(P?, T (-3) & T(—4)) & H "' (P?, T(-5))
C ifr=1
=qC3 ifr=3

0 otherwise.
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A (v1,v1) = Hom*(Q(1)[1], 2(1)[1]) ® Hom*~*((1)[1], 2(1)[1] ® V) @ Hom " 2(Q(1)[1], (1)[1] ® A%V)

=H'P ToQaoH ' PLTo-1)0TQ-2) e H 2P, T 2 Q(-3))

C if£=0,4
=qC8¢ if¢=2
0 otherwise.

Al (vy,v3) = Hom*(Q(1)[1], ©) & Hom* 1 (Q(1)[1], © ® V) & Hom*2(Q(1)[1], 0 @ A%V)

= H'7/(P2, T(-1) & H' (B2, T(~2) & T(=3)) & H' (B2, T(~4))

c? ife=1
=4C if /=3
0 otherwise.

A (vy,v0) = Hom“ (0, Q2(2)[2]) ® Hom’ ™ (0, Q%(2)[2] ® V) @ Hom*2(0, Q2(2)[2] ® A%V)

= H*2(P2,0(-1)) @ H (P2, 0(~2) @ O(~3)) ® H (P2, O(~4))

C ife=1
=4C ifr=2
0 otherwise.

A*(vg,v1) = Hom* (O, Q(1)[1]) @ Hom* (0, Q(1)[1] ® V) ® Hom‘~2(0, Q(1)[1] ® A?V)

_ H€+1(P27Q(1)) ® HZ(EDQ’Q D Q(—l)) b He—l(]PQ’Q(—Z))

C ifé=1
=qC3 if¢=3
0 otherwise.

Al (vg,v3) = Hom“ (0, 0) & Hom* 1 (0,0 ® V) & Hom* " 2(0, 0 @ A?*V)

= HY(P?,0)a HY(P?,0(-1) @ O(-2)) & H2(P%,0(-3))

C ifl=0,4
0  otherwise.
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The underlying graded quiver of E(Ag) is given by

where black edges are of degree 0, red edges are of degree —1, blue edges are of degree —2 and brown
edges are of degree —3. Since H(E(Ag)) = Ag, by a linear change of basis if necessary, we may assume

the differential d in E(Ag) is given by

dp; = a;u — vb; dg; = ajrowbit1 — ajp1whiqo

d’l"i = ’LUbZ"U — ua;w dSZ = bi+2ai+1 — bi+1ai+2,
where i € Zs. Hence the only nonvanishing maps in the form m,, : A' ® --- ® A" — A? are
ma(ai,u) = pi, ma(v,b;) = —pi, ma(aire, w,biv1) = ¢, Mma(ait1, w,bire) = —q;

ma(w,bi,v) =1i,  ma(u,a;,w) = —ri,  ma(bite, aiv1) = si,  ma(bit1, air2) = —si.

Next, we would like to calculate the cyclic structure (—, —) : A% ® A2 — C. Recall that the pairing is

cyclic: (mp(e1,...,en),ens1) = (=D)UlFD(e; m, (eq,.. ., enq1)). We have

(pi, qj) = (ma(ai, u), mg(ajp2, w,bjr1)) = (a;, ma(u, ms(ajyo, w,bj11))) = —(ai, ma(rjt2,bj41))

= —((ma(ai,rj+2),bj4+1) = (bj+1,ma(ai, rj42)) = (Ma(bjr1,a:),7j42) = 0ij(Sit2,Tit2)-

In particular, this implies (p;, q;) = (s;,7;) for all ¢, and

(pi, pj) = (m2(ai, u), ma(aj, u)) = (a;, ma(u, ma(aj,u))) = (a;, ma(ma(u,a;),u)) = 0.

(¢i,q5) = (m3(aiz2, w,bit1), m3(aj42, w,bj41)) = £(ait2, ma(w, bip1, m3(ajy2,w,bj41))).

By the A-relation for n = 5, we get

ma(w, biy1, m3(ajr2,w,bj41)) = Tma(w, ma(biy1, aj42), w,bj41))
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since all other terms vanish. Then

(gi»q5) = E{aiyo, ma(w, ma(bit1,a542),w,b41))) = £(ma(biy1, ajq2), ma(w, bjy1, aip2,w)) = 0.

This shows that the only (possibly) nonvanishing pairings are (p;,q;) = (s;,7;). Since the pairing is

nondegenerate, we may normalize this number to 1. Thus the superpotential is given by

D = (ajpowbit1 — ajpr1whigr2)p; + (@iu — ;) g + (big2ai41 — bix1a,42)7; + (Whv — uaw)s;.

Example 6.3.6. Consider X = P? and V = Ty, which is Calabi-Yau 4. The classical quiver is given by

vo Nbo/ v1 \d_o/ V2
bh— <=h—
b2 d2

with relations

2 2

> ajb; =0 > bja; =0
j=0 j=0

2 2

> cid; =0 > djc; =0
j=0 j=0

Ci+1aj = ¢jajy1 bjpad; = bjdja
ajbk = dij.

2
The relations listed above are not all independent: the relation a;by = dic; and > ajb; = 0 together
=0

2
implies ) djc; = 0.
§=0

Next, we would like to calculate Ag. Recall the dual sequence to £ is given by

F=(2*(2)[2,21)[1],0) = (0(-1)[2],2(1)[1], 0).

We have
A(vo, vo) = Hom*(0%(2)[2], 2*(2)[2]) & Hom ™" (Q2%(2)[2], 2*(2)[2] ® T3%)
@ Hom®2(Q%(2)[2], 22(2)[2] ® A2Tph)
= H(P?,0)® H' "1 (P2, Q) @ H2(P?, O(-3))
C if¢=0,24

0  otherwise.
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A(vo,v1) = Hom*(Q%(2)[2], (1)[1]) @ Hom " (Q2(2)[2], Q(1)[1] ® Tp%)
® Hom ~2(Q%(2)[2], Q(1)[1] @ A*T3%)

= H7Y(P%,Q(2) @ H (P2, Q@ Q(2)) @ H 3(P%,Q(-1))
c? if¢r=1,3
0 otherwise.
A’ (v, v2) = Hom*(Q%(2)[2], ©) ® Hom "1 (Q%(2)[2], 0 @ Tps) @ Hom " 2(0Q%(2)[2], © @ A*T%)

= H'72(P?, 0(1)) @ H3(P*,Q(1)) @ H'~*(P?, 0(-2))

C3 ifr=2
0 otherwise.

A(v1,v9) = Hom"(Q(1)[1], 2%(2)[2]) & Hom ™ (Q(1)[1], 2°(2)[2] ® T3%)
@® Hom " 2(Q(1)[1], Q3(2)[2] ® A*Tp)

= HN(P?, T(-2)) @ H'(P*, T © Q(-2)) © H ' (P*, T(-5))
B C3 if¢=1,3
0 otherwise.
A vy, 01) = Hom®(Q(1)[1], 2(1)[1]) & Hom" ™ (2(1)[1], 2(1)[1] @ Tp2)

@ Hom’~2(Q(1)[1], Q(1)[1] ® A?*T3%)

=H'PLTeQoH T (PLTeQeQ) e H (P T ® Q(-3))

C if¢=0,4
=qC1 ifr=2
0 otherwise.

Al(v1,v9) = Hom®(Q(1)[1], ©) & Hom ™ (Q(1)[1], 0 ® Tp4) ® Hom*2(Q(1)[1], O @ A2T}%)

= BN (P, T(-1) @ H' (P, T @ Q(-1) @ H (P, T(—4))

c® ife=1,3
0 otherwise.
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A*(vg,v9) = Hom* (0, Q%(2)[2]) ® Hom* (0, 0%(2)[2] ® TVP?) @ Hom"2(0,0%(2)[2] ® A*TVP?)
= H'"2(P?,0(-1)) @ H(P%,Q(-1)) @ H (P?, O(—4))
C3 ife=2
0 otherwise.
A (vg,v1) = Hom* (0, Q(1)[1]) @ Hom* (0, Q(1)[1] ® T3>) & Hom®~2(0, Q(1)[1] ® A2Ty%)
= HY(P?, Q1) @ HY (P2, Q@ Q1)) @ H (P, Q(-2))
C3 ifr=1,3
0  otherwise.
Al (vg,v3) = Hom‘ (0, 0) & Hom* (0, 0 ® TVP?) & Hom‘ 2(0, 0 @ A*TVP?)
= H'(P?,0) o H' "\ (P?,Q) ® H"2(P?, 0(-3))
C ifr=0,2,4
0  otherwise.

The underlying graded quiver of the dg-quiver E(Ag) is thus given by

p

Vo _ m g
N @Qr)@ N
( \ a c [ )
N o ./
= e ° o =

<4v0 2 —r—"
g

where black edges are of degree 0, red edges are of degree —1, blue edges are of degree —2 and brown

edges are of degree —3. The 10 loops at v; will be labelled by 7;; for 1 < 4,57 < 3 and ¢t. Abusing
notation, we will denote an edge e in the quiver and its corresponding element in the A..-category Ag
by the same symbol e, instead of the more correct e”. Since Ty, is noncompact 4-Calabi-Yau, Ag has a

cyclic structure of degree 4. By a linear change of basis if necessary, we may assume
ma(a*,a) =v5, ma(b*,b) = ma(c*,c) =v], ma(d",d) =vj.

Since H°(E(Ag)) = Ag, by a linear change of basis if necessary, we may assume the differential d in
E(Ag) sends

dp; = Cit20i41 — Ci+1Q542, do; = bjyodiy1 — bi+ldi+2

2 2 2
dr = Zbiai, dt = Zalbz +d;c;, ds= chdl
=0 =0 1=0
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dTij = aibj — djci.

Hence the only nonvanishing maps in the form m,, : A' ® --- ® A — A? are

m2(ci+27ai+1) = Pi, m2(ci+17ai+2) = —Pi,

ma(biyo,dip1) = 05,  ma(biy1,dip2) = —0y,
ma(bs,a;) =, ma(ci,d;) = s,
ma(ai, bj) = Tij + 0i5t,  ma(dy,c;) = —Tij + dit

where d;; is the Kronecker delta, i.e., §;; = 1if ¢ = j and §;; = 0 if ¢ # 3.
We would like to calculate the cyclic structure (—, —) : A% ® A? — C. Recall that the pairing is

cyclic: (mp(e1,...,en);eni1) = (=1)UelFD e m (e, ... eni1)). Ifi # 7,

2(t, 7ij) = (malag, by) + ma(dy, cx), Tij)
= (ma(ak, bx), ma(a;, b;)) — (ma(dy, cx), m2(d;, ¢;))
= (ag, ma(ma(by, a;), b)) — (di, ma(ma(ck, d;), c;))
)

by choosing k # i and k # j. Also,

4(t, i) = (ma(ak, bx) +ma(dr, cx), ma(a;, b;) —ma(d;, c;))

= (ma(ag, br), ma(as, b;)) + (ma(dy, cx), ma(ai, b;))
— (ma(a, br), m2(di, ¢;)) — (ma(dy, k), ma(ds, ci))
(@i, ma(r, b)) — (di, ma(s,c;)) ifk=1
(dit1,ma(pit2,bi)) — (@it1,ma(0ira,ci)) fhk=i+1
—(r,ma(bi, a:)) + (s,ma(ci, d;)) if k=i
—(pir2, ma(bi,diy1)) + (iy2, ma(ci,aipr))  ifk=i+1
—(r,r) + (s,5) if k=i
—(pit2,0i42) + (0iy2,pit2) Hhk=i+1
—(r,r) 4+ (s,s) ifk=1

0 itk=i+1

I
—_—— —— ——
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Since k is arbitrary, (t,7;;) = 0 for all 4,5 and (r,r) = (s, s).

For ¢ # j and k # £,

(Tij, The) = (ma(as, by), ma(ak, be)) = (as, 0jema(r,be)) = =0,k (r,ma(be, a;)) = —;10:(r,7)

For i # j,

2(Tij, Trk) = (Tij, ma(ak, by) — ma(di, cr)) = (ma(ai, bj), ma(ar, by)) + (ma(d;, c;), ma(dy, ci))

= djiai, ma(r, b)) + din(dj, ma(s, cr)) = =0k (1, 7) — 010k (s, 8) = —28;,0:(r,7) =0

since i # j. We have

i, 7j5) = (ma(as, b)) — ma(di, ¢;), ma(az, b;) — ma(d;, c;))

= (ma(ai, bi), ma(a;, bs)) — (ma(ds, i), ma(ay, bs))

— (ma(as, bi), ma(d;, ¢;)) + (ma(di, ¢;), ma2(d;, c;))

= (ai, ma(ma(bi,a;),b;)) — (di, ma(ma(ci, a;),bj))
— (as, ma(ma(bi, dj), ;) + (di, ma(m2(ci, d;), ¢;))
—(ma(bi, ai), ma(bi, ai)) — (ma(ci, di), ma(ci, di)) ifj=i
= (ma(ci; aiv1), ma(bivr, i) + (ma(bs, dit1), ma(cir,a:)) i j=i+1
(ma(ci, ai—1),ma(bi—1,d;)) + (ma(bi,di—1),ma(ci—1,a;))  ifj=i—1
—=(r,r) = (s,s) ifj=1
=V (= piv2,0i2) + (= Oig2, pire) Hfj=i+1
(Pit1, —0it1) + (i1, —pit1) ifj=i-1
—2(r,7) it =i

= ~2piy2,0i12) ifj=i+1

—2(piy1,041) fj=i—-1

AL, t) = (ma(aj1,bjt1) + ma(djra, ¢jr1), ma(ay, bj) + ma(d;, ;)
= (aj+1,m2(m2(bj1,a5),b;)) + (a1, ma(ma(bjr1, dj), ;)
(djy2,ma(ma(cipr, aj),b5)) + (djr1,ma(malcjpi, dj), i)

=0+ (aj41,m2(05+2,¢5)) + (dj+1,m2(pjt2, b)) + 0

= —2(pj12,0542)
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(pi,05) = (ma(Cit2, Gir1), m2(bjr2,djq1))

= (civ2, ma(air1, ma(bjy2, dji1)))

= (Cit2, ma(ma(ait1, bjt2), djt1)))
(Civa,ma(Tit1,iv2, diy1)) ifi=j
=4 (Ciya, ma(Tizr1,i, dig2))) ifi=j5-1
(cj,ma(Tjya,j42 +t,dig2))) ifi=j+1
<Ti+1,i+27 Ti+2,i+1> if ¢ = J
=9 (Tig1i, —Tit2,42 +t)  Hfi=j—-1

(Tjr2 42 +t,—Tjj41) Hi=j+1

—(ryr) ifi=j
=40 ifi=j—1
0 ifi=j+1

Summarizing, we conclude
<T’ ’/‘> = <$75> = _2<t’t> = —<,0i70'i> = —<(7i’ﬁz‘>’

<Tij7Tji> = _<T’ T> for 1 7é j7
(Tiis Tia) = (&1, (Tiis Tiv1i+1) = (Tit1,i41, Tar) = — (6, 1)

and all other pairings are zero. Since the pairing is nondegenerate, we conclude (¢,t) # 0. Normalizing

if necessary, we may assume (t,¢) = 1. Then the pairing is given by
<tat> = 17 <T, T> = <3a3> = _27 <pi70'i> = <Uiapi> =2
(Tij i) =2, for i # 4, (o, Tia) = 1, (T Tig1,i41) = (Tig1,i41, Ts) = —1

and all other pairings are zero. Thus the superpotential is given by

2
o = Z ((aibi +dici)t — 2 (bia;) r —2(cid;) s + 2 (Cip2aip1 — Cig10i42) 03 + 2 (bigadip1 — bip1diy2) pi

i=0
+2(aibit1 — dix16i) Tiit1 + 2 (asbi—1 — dic1¢) Tii—1 + (aibi — dici) (T — Tix1,i41 — Ti—l,i—1)>~

The remaining examples are calculated using the same method. We will skip the calculations and
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simply state the answers.

Example 6.3.7. Take X = P! x P!, V = Kpiyp = O(—2,—2), which is Calabi-Yau 3, and & =
(0,0(0,1),0(1,0),0(1,1)). The classical tilting quiver is given by

with relations

€ij+1b; = €ijbjv1,  eiy15di = € jdiya,
Ci€ji+1 = Ci41€jis  Qit1€5 = Qi€it1j,

bjai = diCj,
where the four edges e are indexed by subscript e;;, edges a, b, ¢, d indexed by a;, b;, ¢;, d;, with 0 < 4,5 < 1.

The quiver with superpotential is given by

with superpotential

@ = ego(boag — doco) + eo1(brag — docr) + ero(boar — dico) + er1(brar — dicr).

Example 6.3.8. Take X = P2 x P!, V = Kpa,p: which is Calabi-Yau 4, with exceptional sequence
£ =(0,0(0,1),0(1,0),0(1,1),0(2,0),0(2,1)). The classical tilting quiver is given by

c d
[} [ ) [ ]
Vo1 V11 V21
e J g9
h @/
//a b
[ ] L) [ ]
Voo V10 V20

with relations
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bit1ai42 = biy20iy1, dit1Civ2 = digacita,
hiog1 = hi190, eohi1 = e1hqo,
Ci€q = faaia difa = gabi’

hivi,adive = hiyo adit1, Qit1hiy2.0 = Gigohiti a,
where 0 <i<2and 0 < a < 1.

The dg-quiver is given by

Vo1

i @ MR
Voo - V10 = V20

Yoo V20
v

ag

where black edges are of degree 0, red edges of degree —1, blue of degree —2, and brown of degree —3.
Since by H? of the dg-tilting quiver is the classical tilting quiver, by a change of basis if necessary, we

may assume the differential reads

dr; = dz‘+1C¢+2 - di+201'+1, dpi = eph;1 — e1hyo,

ds; = biy10;42 — bit2a,41, do; = hiog1 — hiigo,

dpio = cieq — fati, ddin = hi+1,a+1di+2 - hi+2,a+1di+la

dgia = difo — gabi, dVia = Gix1Nig2,a41 — Git2hit1,a41,

The pairing on degree —1 (red) edges is given by

(riypi) = (si,00) =1 and  (pia, bia) = (Gias Yia) = (—1)*T!
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and zero otherwise. Hence the superpotential is given by

2
d = Zﬂ(eohm —e1hio) + pi(diyicite — digaciy) + si(hiogr — hingo) + 0i(bit1ai42 — biyoaitq)

i=0
2 1
Y Y (D) M pialhitrandive — hiyaaridigr) + (=1 dia(cica — faas)
i=0 a=0
2 1
+ Z Z(*l)aﬂ%a(aiﬂhwz,aﬂ — @is2hit1ar1) + (=D i (di fo — gabi).
i=0 a=0

6.4 Product Construction
In this section, we compute some examples illustrating the product construction given in Proposition
5.7.3. The first example is of course the simplest case:

Example 6.4.1. Take V = C™ and W = C™, both regarded as vector bundle over the point Spec C.
By Example 6.3.1, the A.,-category corresponding to V and W are respectively given by A®*V and
A*W with wedge product as the only nonvanishing A, -structure. The A,-category corresponding to

VXWXV @W =C"™ is given by A*(V & W). This verifies our product construction since

AN (VeW) XAV &AW

as algebras.

Example 6.4.2. Take X = P! x P! and V = 0. This example can be viewed as the product of the zero
vector bundle over P! with itself. Take the exceptional sequence £ = (O, O(1)) on D®(Coh (P')). The
product sequence is then E K € = (0,0(0,1),0(1,0),O(1,1)) which is strong and full. The dg-tilting
quiver for P! is given by

.é..

Uo U1

The corresponding A..-category A for P! is given by

Ao(uo,uo) = span c{uop}, Ao(u1,u1) = span c{u1 }, Al(uo,ul) = spanc{eq, e1}.

and zero otherwise; with the only nonvanishing A..-structure given by

mz(uhei) = mz(ei,uo) = €4, m2(uiaui) = Uj.

We will use the following naming scheme:

Vij =u; Q@uy, a;=e;Quy, bi=ur®e, ¢ =uy®e;, di=e;Qui, Ty =e®e;
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The product dg-tilting quiver, i.e., the dg-tilting quiver for P! x P!, is thus given by

.$.

Vo1 / V11
1

@ r

1~

e —————— o

Voo V1o

where black edges are of degree 0, red edges are of degree —1. Since A has only nonvanishing ms, so is

A ® A. The only nonvanishing ms : (A® A)! ® (4@ A)! — (A® A)? is given by
ma(bj,a;) = —ma(ur, e;) @ ma(ej, ug) = €; @ e; = —15,

mg(di, Cj) = mg(ei,uo) X mg(ul, ej) = €; (29 ej = T'ij.

Thus the differential d is given by
d’l“ij = diCj — bjai and dai = Clbz = dCi = ddz =0.

The classical tilting quiver is given by

Vo1 V11
CW b,H
a
e —————— o
Voo v10

with relations b;a; = d;c;.

Example 6.4.3. Consider X = P! and V = Op @ Op1 @ Op1(—2) which is Calabi-Yau 4. Then
V can be viewed as the product of the trivial bundle C?> — SpecC over a point and the canonical
bundle Kp1 — P* over the projective line. Take the exceptional sequences Ogpecc on D?(Coh (C?)) and
(Op1, Op1 (1)) on D?(Coh (P')). Recall from Examples 6.3.1 and 6.3.2 that the quivers with superpotential

derived equivalent to C and Kp: are respectively

'
(T [ J x
N7y

with degxg = degx; =0, degu* = —1, dz; = 0 and du* = x1x9 — xox1; and
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where black edges are of degree 0 and brown edges are of degree —1, with differential given by

de — f1€0 _ f0617 d’UT = elfO — 60f1 and de; = de =0.

Using the A..-categories corresponding to C2 and Kp1 given in Examples 6.3.1 and 6.3.2, we calculate

the tensor product category A. We will use the following naming scheme for simplicity:

W, =uRv;, 6=,V di=z;Qv, a;=ue, b =u f;

* * * *
ro=u"®vy, TI=uRVy, So=uU Vi, S1=uRV], Dij=T;iQe€j, ¢j=2;QFf;
* * * * * * * * * * *
a; =u" ® fiy1, b =u"®eir1, ¢ =xip1Quy, di =iy @], w; =u" Q.

Thus the dg-tilting quiver is given by

where black edges are of degree 0, red of degree —1, blue of degree —2 and brown of degree —3.

Since m,, = 0 for all n # 2 for both A,,-category, m,, of their tensor product also vanishes for n # 2.
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The action of my : A ® A — A? is given by

ma(c1,co) = ma(x1, 20) ® ma(vo,v0) = u* ® vy = 1o,
ma(co, c1) = ma(zo, 1) ® ma(vo,vg) = —u* ® v = —To,
ma(bo, a1) = ma(u,u) ® ma(fo,e1) = —u®@ vy = —ry,

ma(b1, ap) = ma(u,u) @ ma(f1,e0) = u @ vy = ry,

ma(dy,do) = ma(x1,x0) ® ma(vy,v1) = u* ® vy = sg,
ma(do, d1) = ma(xo,z1) ® ma(vy,v1) = —u* ® v1 = —so,
m2(a0ub1) = m?(uau) ®m2(607f1) = _u®v>1k = —S1,

ma(at,bo) = ma(u,u) ® ma(er, fo) = u ® vy = s1,
ma(a;, ¢;) = —ma(u, ;) @ ma(e;, vo) = —x; @ €; = —pji,
ma(d;, a;) = ma(z;, u) ® ma(v1,€;) = z; ® ¢; = pji,
ma(ci, bj) = ma(zi, u) @ ma(vo, fj) = 2 ® f; = qij,

ma(bj, d;) = —mo(u, z;) @ ma(fj,v1) = =2 @ f; = —qij.
and zero otherwise. Hence the differential in the dg-quiver sends
drg = cicg — cpcy, dri = biag — bpaq,
dsg = didg — dody, dsy = a1by — agb1,

dpij = diaj — a;C, dqij = Cibj — bjdi.

The cyclic structure on the tensor product (—, —) : A2 ® A% — C is given by

(Dijs qee) = (Qres Pij) = (T @ fo,; @ €5) = —(Tp, i) (fo, €5)
1 if (7:7.].7 k7£) = (170’ 05 1) Or (07 17170)
=q-1 if (i,4,k ¢) = (0,0,1,1) or (1,1,0,0)

0 otherwise.

(r1,7m0) = (ro,r1) = (u*, u)(vo,v5) =1, (s1,50) = (S0, 81) = (u*,u)(vy,vy) =1

(ro,mo) = (u*,u")(vg,v0) =0, (S0, 80) = (u*,u")(vy,v1) =0

<T17T1> = <ua 7.L><”US,’US> = 07 <31781> = <U7U><Ufavf> =0
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and zero otherwise.

Hence the superpotential is given by

O = ro(brap — boar) + ri(cico — coc1) + so(arby — aobr) + s1(dido — dody)
+ po1(c1bo — bodi) + qio(doar — aico) + pro(cobr — bido) + qo1(diag — apcy)

— poo(c1br — bid1) — qu1(diar — arcr) — pr1(cobo — bodo) — qoo(doao — apco)-

Taking HC of the dg-quiver, we see that the classical tilting quiver is given by

ao
—

X
ay
c1((co @ ® do)dy
UO'&()O/UI
~——
by

with relations
a0b1 = a1b0 dodl = d1d0

boar = biag coe1 = cicg
aic; = dja;  c;bj = bjd;,
where 0 < 4,5 < 1.
The remaining examples are calculated using the same method. We will skip the calculations and

simply state the answers.

Example 6.4.4. Consider the vector bundle Op2 & Op2 (—3) which is Calabi—Yau 4. The classical tilting

quiver is given by

[ ] [ ]
CUO ’ U2Q
Uz

Uuo

with relations
bit1a; = biaj41  ciuz = uopc;

Ciy1bi = cibip1 auo = wma;
iy1C; = QiCiy1  biur = ugb;.
Now, we construct a quasi-free resolution of the quiver. Observe that Opz @ Op2(—3) = C x Op2(—3).

Hence the dg-quiver for Opz @ Opz2(—3) is the product of dg-quivers C and Opz(—3) in Examples 6.3.1

and 6.5.1, which is given by
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where black edges are of degree 0, red edges are of degree —1, blue edges are of degree —2 and brown

edges are of degree —3. The differential sends

dr; = bi+2ai+1 - bi+1ai+2 dt; = ciup — upc;
dpi = Cit2biy1 — Civab; dr; = a;up — u1a;

do; = Giy2Cit1 — Qip1Ciy2  dS; = bjur — uab;

and the symmetric pairing on degree —1 edges is given by
(i, ti) = (si,00) = (pi, i) = 1.
The superpotential is given by

¢ = Z ((bi+2az‘+1 = bit1ai42)t; + (ciuz — uocy)m;

=1

+ (Ciyabip1 — cipabi)ri + (aug — u1ra;)p;
+ (@ir2Civ1 — iy1Ciy2)s; + (biug — u2bi)0i>'
Example 6.4.5. Take P* x P!, V = T, which is Calabi-Yau 4. We can view V as the product of

canonical bundle on P! with itself. Take the exceptional sequence & = (O, O(1)) on D?(Coh (P!)). Then
EX = (0,0(0,1),0(1,0),0(1,1)). The tilting quiver is



CHAPTER 6. EXAMPLES

142

with relations
bja; = dicj, gjhi = eifj,
cje; = hiby,  fid; = aigj,
aje; = ae;, €ja; = e;aj,
bjfi =bifj,  fibi = fibj,
Cig; = Cigj,  9;Ci = giCj,

djh; = d;h;, h;d; = hid;,

where 0 < 7,7 < 1. The dg-tilting quiver is given by

Uo1 h* Y11
/\.O D W\

)
& ° N
Uuo1 w11

fl|
woo u1o
@ -
e v10 \
S U
10

w10

with differential given by
dpij = bja; —dic;  dgij = gjhi — i f;
drij = cje; — hib; dsi; = fidi — a;g;
dugo = e1ag — egar  dwoep = g1¢o — GoC1
dugr = c1go — cog1  dwor = hido — hody
duyo = f1bo — fob1  dwig = areg — ager

duii = dihg —doh1  dwir =bifo —bof1

The pairing on degree —1 edges is given by

(Piit1, Gir1,6) = (Tiit1s Sit1,i) = (Ui, wiz) = 1,

<piiaQi+1,i+l> = <7"u‘, 3i+1,i+1> =-1
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and zero otherwise, where we treat ¢ € Z/2Z. Thus the superpotential is given by

® = ugo(g1c0 — goc1) + woo(e1ao — epar) + w1 (h1do — hod1) + woi(c1go — cogr)

+ u10(areo — ager) + wio(fibo — fob1) + w1 (b1 fo — bof1) +wii(diho — dohy)
1

+ Z (pi,i+1(gihi+1 - ei+1fi) + Qi+i,i(bi+1ai - diCi+1)
i=0

+ riiv1(fidig1 — aiv19i) + sip1i(cipre; — hibi+1))

1
-3 (pii<gi+1hi+1 = eit1fit1) + ditri+1(biai — dici)
i=0

+ 7 (fir1digr — Gix19it1) + Sip1,iv1(cie; — hibi))-

Example 6.4.6. Take X = P2 x P! and V = 0. It can be view as the product of the zero vec-
tor bundle on P? and the zero vector bundle on P!. Take & = (O,0(1),0(2)) an exceptional se-
quence on D?(Coh (P?)) and F = (O, 0(1)) an exceptional sequence on D?(Coh (P')). Then £ K F =
(0,0(0,1),0(1,0),0(1,1),0(2,0),0(2,1)). The dg-tilting quiver is given by

where black edges are of degree 0, red edges are of degree —1, blue edges are of degree —2. We will index

edges p, ¢, u bY Pai, Gai, Yai, Where 0 < ¢ < 2 and 0 < o < 1. The differential is given by

dea = dfa = dga = 0, dai = de = dCZ‘ = ddl = 0,
dpoci = Ci€q — faa/iy dQ(xi = difa - gabi7

dr; = dij1¢i42 — digacCiy1, ds;i = bip1ai42 — bitoai41,

due; = dig1Paiv2 — ditoDa,it1 + Ga,it10i4+2 — Ga,i+20i+1 + JaSi — Ti€q.



CHAPTER 6. EXAMPLES 144

The classical tilting quiver is thus given by

c d
[ ] [ ) [ ]
V01 V11 v21
e f g
a b
[ ] [ ) [ ]
Voo V10 V20

with relations
bjai = bia]’, djci = diCj,

Cia = fali, difa = gab,

where 0 < 4,7 <2and 0 < o, < 1.

6.5 Quotient Construction

In this section, we compute some examples illustrating the quotient construction given by Proposition

5.6.5.

Example 6.5.1. Consider V = Opn(—n—1) = Kp» and X = P". By Example 6.1.6, the classical tilting

quiver 18
aio @20 ano
— o T
° ain ° azn @ e ° Ann °
vo V1 V2 Un—1 Un
W
An+4+1n

with relations a;41xa:; = ai4+1ja:,. Note that this quiver with relations has path algebra isomorphic to
Clzo, ..., Tp|#Zny1, with Z, 1 acting on each variable by multiplying w™!, where w = en+1 is an n-th
root of unity. Hence its corresponding A..-algebra is A..-isomorphic to &b Homgz, , (p, A\* K"'®
o€l Z,
o), which is cyclic since /\' K"*1! is. This corresponds to the fact that pri is C+allabi—Yau. This example
is an incarnation of the McKay correspondence as given by Bridgeland, King and Reid [14]: Kpn —
K"+ /Z, .1 is a crepant resolution and we have D?(Coh (Kpx)) = Db(Coh Zn+1 (K" +1)).
The group Z,+1 has n + 1 irreducible representations pg, ..., pn, where p; is the one dimensional
representation on which Z, ;1 acts by multiplication by w®. We will denote by ¢; a basis for p;. We will
o("") o

also choose a basis uy,...,u,1 for K" For any 0 < £ < n + 1, we have isomorphisms P; =~

AK™ @ p;ip via the sum of the following maps:

J . fpen+1
Ty iyt Py — A'K ® Pi+e, Cj > Uy VARERIVAN U, (9 Cj+e
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where 1 <4 <ig < -+ <iypp1 <n+ 1.

Hence the dg-quiver of Kp» has n + 1 vertices vy, ..., vn+1 and (”?1) arrows of degree 1 — ¢ from

vertex v; to vj4¢, where we think of j € Z, ;. If we extend the definition of le , toall 1 <ip <n+1

1
J

i (1) bae) where « is the permutation such that i) < ... < iy if all

by setting x] , = (sgna)x

the indices i), are distinct and setting xglml

;, = 0 if two indices iy are equal, then we can describe the
A.-structure by

s .

J J W)

J—i
M (L) ey Ty i) = Ty gy oy

and all other m,,’s are zero.

When n = 2, we recover the quiver with superpotential in (6.3.1):

V1
™\

/ )

\ F

.

v1
b

b

C
o
v )

(6.5.1)

(
a

o
-~ @
e
(" wo

N v \\«/
v ‘ Vo

0 * 2

c

where black edges are of degree 0, blue edges are of degree —1, brown loops are of degree —2, with

2
superpotential ® = > a;(b;y1¢it2 — bit2Cit1)-
i=0

When n = 3, the dg-tilting quiver is given by

Here, the black edges are of degree 0, red edges of degree —1, blue edges of degree —2 and brown edges
of degree —3. We will label the red edges by (i, j), where 0 < ¢ < j < 3. The differential in the dg-quiver

sends
dpij = biaj — bjai, dqij = diCj — djci

d’l“z'j = Cibj — Cjbi, dSij = aidj — &jdi.
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The symmetric pairing between the red (degree —1) edges is given by

1 if (i,5,k,£) is an even permutation of (1,2,3,4)
(Dijy Qre) = (rijy $ke) = €ijie = § —1if (4,4, k, £) is an odd permutation of (1,2,3,4)

0 otherwise.

The superpotential is given by

o = Z €ijke (qz'j(bkaz — beay) + pij(drce — decy) + sij(cube — coby) + 7ij(arde — aedk)>-
i,7,k, 0

47i/3 on homogeneous coordinate.

Example 6.5.2. Suppose Z3 = Z/37Z acts on P? by multiplication of e
This Zg-action lifts to O(1) and turn O(1) into a Zg-bundle which will be denoted by E. Let pj be the
irreducible representation of Zz corresponding to multiplication of e?7%/3. The sequence £ = (O, E, E®?)

is a sequence of Zjz-sheaves whose underlying sequence form an full strong exceptional sequence. To

calculate the corresponding A..-category, we need the following
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Lemma 6.5.3.

p
g E2,0)={"
0
B3
P
H'(P,01) ={""
0
D3
p
H'(P*,02) =4
0
pEBB
B2, T(-1))={
0
p
HYE2 ) ="
0
D3
P
HP2,T(-1) =4
0
P
HE0) ="
0
P
HPLTea)={""
0
p@?)
H(P, ToQ(-1)={""
0

Proof. Tt suffices to show the lemma for the nonvanishing cases.

if =0

otherwise.

if =0

otherwise.

if =0

otherwise.

if =0

otherwise.

ife=1

otherwise.

if =0

otherwise.

ifl=1

otherwise.

if =0

otherwise.

ifl=1

otherwise.

1#@%0(@){”
0
D3
H (B2, 0(—4)) = {pl
0
D3
HE? T(-5) =4
0
D3
HEE,0(-2) = {
0
w73 ={"
0
D3
H%WAN%){%
0
H (B2, T(-3)) = {’”’
0

HYP?, T ®Q(-3)) =

HY P2, T @ Q(-2)) =

if 0 =2
otherwise.
if 0 =2
otherwise.
if 0 =2
otherwise.
if =2
otherwise.
ifl=1
otherwise.
if 0 =2
otherwise.
ifl=1
otherwise.
po  ifl=2
0 otherwise.
oS ife=1

0 otherwise.

Since O is trivial Zs-equivariantly,

H°(P?,0) = py. By Serre duality, H?(P?,0(-3)) = H°(P?2,0)Y = py. By the definition of the Zs-

action on P2, HO(P?, O(1)) = pJ®. By Serre duality, H?(P%,O(—4)) = H(P?,0(1))Y = (p5*)" = p{3.

Since P? = P(H°(P?,0(1))V), we have the short exact sequence

0—Q2) —0(1)®  H(P?,0(1)) = O(2) — 0,

and hence the exact sequence

0— H(P?,Q(2)) — H°(P?,0(1)) @ H(P?,0(1)) — H°(P?,0(2)) — 0.
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By the isomorphisms
H(P?,0(2) = S?H°(P?,0(1)) and H°(P?, O(1))@H°(P?, 0(1)) = S2H(P?, O(1))®A2H°(P?, 0(1)),
we conclude HO(P?,Q(2)) = A2ZHO(P2,0(1)) = p*®. By Serre duality, we have
HO(P2, T(=5)) = p§*.
From the short exact sequence
0— O(-1) - 0 H(P*,0(1))Y = T(~1) =0
we conclude HO(P?, T (—1)) = HO(P?,0(1))Y = pP®. By Serre duality, we have
H?(P?,Q(-2)) = HO(P?, T(—1))" = pJ3.
From the short exact sequence
0—Q— 0(-1)® H(P?,0(1)) - O =0,
we have an isomorphism H!(P% Q) = H°(P?,0) = py. By Serre duality, we have
HY' (P2, T(-3)) = H(P?, 0)V = py.
Twisting the Euler sequence with Q(k), we have a short exact sequence
0— Qk)— H'P*,01)@Qk+1) =T @ Q(k) — 0.
We have isomorphisms H°(P?2, T ® Q) = H'(P?2,Q) = po and
HY(P*, T ©Q(-1)) = H°(P?,0(1))" ® H'(P*,Q) = pi* ® po = pi°.
By Serre duality, we have

H*(P?2, T ®(-2))=H' (P2, T =py and H' (P T@Q(-2))=H' (P>, T2 Q(-1))" = p3*>.



CHAPTER 6. EXAMPLES

149

We calculate its Ayo-category:

A" (000 vog) = Homg(Q*(2)[2] ® pa, *(2)[2] @ ps) = [Hom(pa, ps) ® H*(P?,0)]°
C ifa=pfandf=0

0  otherwise.

A (vga, v15) = Homg (2°(2)[2] © pa, Q1)[1] @ pg) = [Hom(pa, ps) © H ' (B?,Q(2))]¢
C? ifa—1=fandl=1

0 otherwise.

A (0, v25) = Hom5(Q2(2)[2] @ pa, O © pg) = [Hom(pa, ps) @ H'~2(P2, O(1))]¢
C® fa+l=pBandl=2
=4C ifa=pand £ =3

0 otherwise.

Al (v10,v08) = Homg(Q(1)[1] © pa, Q3(2)[2] @ pp) = [Hom(pa, ps) © H T (P2, T(-2))] = 0.

AL (010, v15) = Homb(Q(D)[1] & pas AL)[1L] @ p3) = [Hom(pa, ps) © H (B2 T © Q)|°
C ifa=fFandl=0

0  otherwise.
Al(v1a, v25) = HomE(Q1)[1] © pa, O © ps) = [Hom(pa, ps) © H~ (B2, T(~1))|
C® iff=a—-landl=1
0 otherwise.
A’ (v2a, v08) = Homg (0 @ pa, 2*(2)[2] © pg) = [Hom(pa, ps) © H(P?, O(~1))] = 0
A’ (v2a,v15) = Homg (O @ pa, A1)[1] @ pg) = [Hom(pa, ps) @ H (P2, (1)) = 0.
A (030, v35) = Hom5(O @ pa, O @ pg) = [Hom(pa, p) & HY(P2, 0)]C

C ifa=pandl=0

0  otherwise.
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Vo2 a2 v11 b1 v20
S1

° ° °

01 @ V10 bo V22
S0

[} [ ] [ ]

V00 ao V12 ba v21

with differential dsq,; = ba—1,i+10a,i+2 — ba—1,i+20a,i+1. Here the vertex v;; corresponds to the bundle
E®'® p;. Note that this quiver is a disjoint union of three Beilinson quivers of P? (Example 5.2.12).

This corresponds to the fact that CohZ3(P2) = Coh (P?)®? since Zs is acting trivially on P2

Example 6.5.4. Following Example 6.5.2, we take the vector bundle V = EY @& EV®2, which is Calabi-
Yau 4. Since the underlying bundle of E is O(—1)®O(—2). This example is the Zz-equivariant version of
Example 6.3.5. Since the underlying sequence of £ is compatible with O(—1) & O(—2), the Z3-exceptional

sequence £ ® Irr (G) is Zs-compatible with V. Using Lemma 6.5.3, we calculate its A, -category:

A (t00, v05) = Homs (2(2)[2] @ pa, 2(2)[2] @ ps) ® Homs™ ((2)[2] © pa, P2(2)[2] © ps © V)
® Homy 2(Q2(2) @ pa[2), 2(2)[2) © ps © A*V)
— [Hom(pa, ps) @ H'(B%, 0)]° & [Hom(pa, ps) ® H ' (B, 0(~1) & O(~2))|°
& [Hom(pa, ps) ® H'"2(F%, O(~3))|°
C ifa=pBand =04

0  otherwise.

A (Vg0 v15) = Hom(Q2(2)[2) © pa, Q1L)[1] © pg) ® Homfs 1 (22(2)[2lpa. 2AV)[1] @ ps @ V)
® Homg ?(Q%(2)[2] © pa, AD)[1] ® ps @ A*V)
= [Hom(pa, ps) ® H 1 (P?,9(2))] @ [Hom(pa, ps) © H > (P2, Q ® Q(1))]¢
® [Hom(pa, pg) @ H' =3 (P2, Q(=1))|¢
C3 fa—1=Bandl=1
={C ifa=fandl=3

0 otherwise.
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A" (V00 v25) = Homg(2*(2)[2] © pa, O ® pg) & Homg  (Q%(2)[2] © pa, O @ pg @ V)
@® Hom% 2(Q%(2)[2] ® pa, O @ ps A2 V)
= [Hom(pa, pg) © H?(P*,0(1))]“ @ [Hom(pa, ps) @ H 73 (P*, 0 @ O(-1))|°
® [Hom(pa, pg) @ H'~*(P?,0(-2))]“
C3 ifa+l=pandl=2
=4C ifa=pBand (=3

0 otherwise.

A (v1a,v08) = Homg((D)[1] ® pa, 9°(2)[2] © pg) & Homg  (1)[1] ® pa, ¥ (2)[2] @ pp @ V)
& Homls 2(Q()[1] © po, P(2)[2) © ps © A2V)
= [Hom(pa, ps) ® H (P, T(=2))| ® [Hom(pa, ps) @ H' (P, T(=3) & T(—4))|°
® [Hom(pa, ps) © H ™' (P2, T(=5))]¢
C ifa=fandl=1
=qC% ifa+l=pandl=3

0 otherwise.

A (010, v15) = Hom (U1)[1] © pas A1 @ ps) @ Homls  (Q1)[1] © por, AV[1] @ ps & V)
® Homg (Q(1)[1] @ pa, AV)[1] @ pg @ A*V)
= [Hom(pa, pg) ® H*(P?, T ® Q)]
@ [Hom(pa, ps) @ H LB T @ Q(-1) & T ® Q(~2))|°
@ [Hom(pa, ps) @ H 2 (B*, T @ Q(-3))]¢
C ifa=pand (=04
=4 iff=2andf=a+lorf=a—1

0 otherwise.
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A (v1a,v25) = Homg(QD)[1] @ pa, O @ pg) & Homeg (1)1 ® pa, O @ pg @ V)
@ Hom5 2 (Q(1)[1] ® pa, O @ ps @ A2V)
= [Hom(pa, ps) © H (P, T(=1))] © [Hom(pa, ps) ® H*(P*, T (=2) & T(-3))“
® [Hom(pa, pg) @ H (P2, T(~4))]¢
C® ifB=a—1landl=1
={C ifa=Bandl=3

0 otherwise.

A (v20,v08) = Homg (O & pa, 0(2)[2] ® pg) & Homg ' (O @ pa, 2*(2)[2] @ ps @ V)
@ Hom&5 % (0 @ pa, 3(2)[2] ® ps @ A?V)
= [Hom(pa, pg) @ H*(P?,0(~1))|° ® [Hom(pa, ps) @ H (P2, 0(=2) ® O(-3))]¢
@ [Hom(pa, pg) @ H(P*, O(—4))|°
C ifa=fandl=1
=49C3 ifB=a—-1land/l=2

0 otherwise.

A" (v3a, v15) = Homg (O @ pa, A1)[1] @ pg) & Homg; (O & pa, A1)[1] @ pg @ V)
& Hom{ (0 ® pa, U1)[1] @ pg @ A2V)
= [Hom(pa, pg) © H (P2, Q(1))]¥ & [Hom(pa, pg) ® H' (P*, Q& Q(—1))]¢
® [Hom(pa, ps) @ H' ™' (P?,Q(-2))]“
C fa=pFand =1
=qC3 iff=a+landl=3

0 otherwise.

A" (v30,v25) = Homg (O & pa, O ® pg) ® Homg (O ® pa, O @ pg @ V)
@ Hom5 %(0 @ pa, O @ ps @ A2V)
= [Hom(pa, pg) © H'(P?, 0)]¢ & [Hom(pa, pg) © H ' (P*,0(~1) & O(-2))|°
® [Hom(pa, pg) @ H' (P2, 0(-3))]“
C ifa=fBandl=0,4

0  otherwise.
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The tilting quiver is

where the top and bottom row are identified. The differential sends
dSa,i = ba—1,i+10a,i+2 — ba—1,i+20a,i+1 ATai = Wa—10iVq — Ua—1b;wq

dpa,i = Ga,ila — Va—1bai  dGai = Ga—1,i+2Wa—1ba,i+1 — Ga—1,i+1Wa—1ba,it2-

The pairing on degree —1 edges is given by

(Sa,irTa+1,i) = (PayirGa—1,) =1

and zero otherwise. Thus the superpotential is given by

2
¢ = E (Ga—2,i+2Wa—2ba—1,it1 — Ga—2,i+1Wa—2ba—1,i+2)Pa,i + (Ga+1,iUat+1 — Vaba+1.i)qa,i

a,1=0

+ (ba—2,i4+10a-1,i+2 — ba—2,i+20a—1,i4+1)Ta,i + (WabiVat1 — uabiwat1)sai-
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Example 6.5.5. This example is essentially the dg version of Example 5.5 in Bocklandt, Schedler and

Wemyss [7]. Let G = (a, bla” =% =1, ab~! = b~1a?). This group has five irreducible representations:
1. po the trivial one dimensional representation.
2. p1 the one dimensional representation where a acts as identity and b by multiplication by = ¢27%/3.

3. p2 the one dimensional representation where a acts as identity and b by multiplication by n? =

eAmi/3.

4. ps the three dimensional representation with

a=10 w? 0 |andb=]0 0 1],

where w = €27/7.

5. p4 the three dimensional representation with

wb 0 0 01 0
a=|0 w* 0| adb=]0 0 1],
0 w3 1 00

where w = €27/7.

Now we suppose G acts on C? through ps. Denote C® with this G-action by V. Then V = py,

A2V = p3 and A3V = py. We would like to calculate its quiver by the quotient construction. We have

decompositions
P4 & po = p4 P3 & po = p3
P4 p1 = P4 p3 Q p1 = p3
Pa & p2 = P4 pP3 & p2 = p3
ps® p3 = po D p1 D p2 D p3 D pa P3 @ p3 = p3Dps D pa

Pa® ps = p3Dp3Dpa P3 @ ps = poDp1®p2®psDps



CHAPTER 6. EXAMPLES 155

We then have

ifi=jand £=0,3
ifj=3and =1
ifi=3and £ =2

ifi=4and /=1
(A/G)e(pza p]) = HomG(pia /\KV ® pj) =

a a o a a

ifj=4and /=2
C? ifi=3,j=4andl=1

C2 ifi=4,j=3and (=2

0 otherwise.

The underlying graded quiver is then given by

Next we would like to calculate the superpotential. For this, we need the following explicit isomor-
phisms of representations. Denote by ¢; a basis element for the 1-dimensional representation p;, where
0 <1 <2, let uy,ug,us be the standard basis for ps, and vy, vs,v3 be the standard basis for ps. Then

pa = py @ p; for 0 < i < 2 via the G-equivariant map

Tyi P P4 — P4 P, Vj = ﬂfijvj ® ¢
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Meanwhile, pg @ p1 @ p2 @ p3 D pa = ps ® ps via the sum of the G-equivariant maps
3

Xiz i = Pa @ p3, CiHZnijUJ'@up for 0 <i <2,
i=1

x33:p3 — pa® p3, U; > Vj @ujy1, where j € Z/37Z,
T4z P4 — P2 D p3, U — V41 Quy, where j € Z/3Z.

Also, p3 & p3 D ps = psy ® py via the sum of the G-equivariant maps
xé4 D p3 = pa® Py, Ui Vi1 Qvi—1, wherei€ Z/37,

x§4 Dp3 = Pa® Py, Ui Vi—1 ®Viy1, wherei€ Z/37,
Xgq i Py — Pa R pa, Vi Vi1 Vi1, where i€ Z/3Z.

Since A*V is Ay, ie., m,, =0 for n > 3, Homeg(p;, p; ® A*V) is also As. Thus the superpotential on
the quiver is cubic.

3 3

ma (o3, T40) : P2 — /\2V®pg, v = v; ® ¢ Zvj R v @ ug > Zvj A v ® ug
k=1 k=1

3 3

1

ma (X34, ma(To3, Tao)) = (vj — Zvj A v @ up —> Zvj A Vg A Vg1 @ Vg—1 = V; Avj41 AVjpa @ vj>
k=1 k=1

Thus
(34, ma(203, T40)) = tr (05 = (Vj, V41 A Vj42)v; = ;) =3
3 3
mg(x§4,m2(x03,x40)) = (vj > Zvj AV @ U — Zvj AUg A Ug—1 @ Up1 =Vj AVj_1 AVj_2 ® Uj)
k=1 k=1
Thus
(234, ma (203, Ta0)) = tr (v; = (vj,v;1 Avj_2)vj = —v;) = =3

3
mQ(IElg, 51341) L Pg — /\2V X P3, (’Uj g ’I]ijl)j X c1 — Zﬂki]’l)j A Vi K Uk>
k=1

3
ma (3, ma(T13, 241)) = (vj — an*jvj AV @ Uk = MU; AVjp1 AVjpa ® vj>
k=1
(w30, ma2(213, 241)) = tr(v; = nuj) = 3n

3
2 k—j 1
ma(x5,, ma(T13,T41)) = (vj — g N v Aok @ up =T v Avji—1 Avj_g @ vj>

k=1
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(234, ma(z13, 741)) = tr(v; = —n 'v;) = =3n~ ! = —3n?

3
Mo (23, 2a2) : p2 — NV @ ps,  vj 0 oy @cp e > P v Av @y
k=1
3

Mo (w34, Ma(T23, T42)) = (vj — Znﬂk*j)vj AUk @ ug = 720 AVjs1 AVjra @ vj>
k=1

(284, ma(T23, T42)) = tr (v; = nv;) = 3n?

3

ma (3., Mo (723, T42)) = (vj — ZnZ(k_j)vj Avg @ ug = 0 20; Avj_1 Avj_a ® vj>

k=1

(234, M2 (223, T42)) = tr (v; > —n %)) =

my(233,743) 1 pa = APV @ p3,  (vj = Vi1 @ uj = V41 AV @ ujp1)

mg(x§4,m2(m33,x43)) = (v = Vj31 AV Q@ Ujy1 > Vjg1 AVj A Ujq2 ® ;)
(234, M2 (233, 243)) = tr(v; = —v;) = =3
Mo (3, Mo (T3, T43)) = (Vj = Vg1 AV @ Ujp1 — Vjg1 AVj AV ®Ujpe =0)=0
(234, ma2 (w33, 243)) = 0

Mo (43, T44) : ps — A*V ® p3, (vj = V1 ®Vj_1 = Vj_1 AV Quj_q)

ma (8, ma (a3, Ta4)) = (V; = V1 AV; @ uj_1 — V1 AV AVj ®Vj_g =0) =0
(234, Mo (743, 744)) = 0
Mo (3, ma (T3, aa)) = (v = Vi1 Avj @ uj_1 = vj_1 Avj Avj_g @ v))
(34, Mo (243, 244)) = tr(vj > v;) =3
ma(z33,x33) 1 p3 = NV @ p3, () = 0 @ Ujr = 05 Avj11 @ Ujpa)
ma (233, Mo (233, 33)) = (uj = v; AVj11 @ Ujqo = Vj AVjy1 AVjyo @ uj)
(w33, ma(xss, T33)) = tr(u; — u;) =3

Mo (244, Ta4) : pa — N2V @ pa, (vj = Vj—1 ®Vj_1 = Vj_1 AVj_2 ®V;j_2)

mg(x44,m2(x44,x44)) = (’Uj U1 AV 2 ®Vj_ 2 = V1 ANVj_2 AV; & Uj)
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<5L‘44, m2($4471'44)> =tr (’Uj — —Uj) =-3

Therefore the superpotential is given by

1 2 1 2,2 2.1 2
b= 3{E34$031‘40 — 31‘34!)303(E40 + 37’]1’341‘131‘41 — 377 T34L13T41 + 377 T34L23T42 — 37’]£U34£L‘23.T42
1 2
— 3x34%33%43 + 3T34T43% 44 + T33T33T33 — T44L44T 44
1 2 1 2 1 2
= 3w03210(34 — T34) + INT13741 (T34 — NT34) + 3NT23Ta2(n234 — T54)

1 2
— 3234033743 + 3T34 43044 + T33733T33 — T44L44T44.

The classical quiver is thus given by the HY of the dg-quiver:

Zo3 O

[ ]
*13 P3
23
i
[ ] L] [ ) T3y T43
Po P1 P2
T42
T41
°
T40 Pa

T4

with relation
1 _ 2 1 _ 2 1 _ 2
T40L34 = T40T34 L41T34 = NL41T34  T)T42L34 = L4234

1 _ .2 1 02 1 )
L34T03 = T34T03 L34L13 = NL34L13 T T34L23 = L3423
_ 1 .2
T33T33 = T43L34 L44T44 = T34T43
2 2
T03%40 T NT13%41 + 1) XT23T42 = T33%43  T03T40 + 1) T13%T41 + NT23%42 = T43T44

Example 6.5.6. The action of G on C? induce an action of G on P? and an equivariant action on O(1).
Take the exceptional sequence & = (O, O(1),0(2)) on D?(Coh (P?)) and take V = O(—3) = Kpz, which

is the canonical bundle on P? equipped with an G-equivariant action.
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Lemma 6.5.7.
ps if€=0 ps  if L =2
HY(P?,0(1)) = H(P?,0(—4)) =
0 otherwise. 0 otherwise.
H'(P?,9(2)) = H' (P, T(-5)) =
0 otherwise. 0 otherwise.
HY P, T(-1)) = H(P?,Q(-2)) =
0 otherwise. 0 otherwise.

Proof. Tt suffices to show the lemma for all the nontrivial cases. Since G acts on P? through V = py,

HO(B,0(1)) = p = ps.

By Serre duality,
H?*(P?,0(—4)) = H(P?,0(1))" = py = pa.

From the short exact sequence

0—Q2)—-01) VY= 0(2)—0,

we have an exact sequence

0— H(P?2,Q(2)) — H'(P2,01)) @ VY — H°(P?,0(2)) — 0.

Since HO(P?,0(1)) @ VV = p3 @ p3, HO(P?,0(2)) = S?VY = S?p3, and p3 ® p3 = A%p3 @ S%p3, we
conclude HO(P2,Q(2)) = A2p3 = py. By Serre duality, we have

H?(P?,T(-5)) = H°(P?,Q(2))" 2 ps.

From the short exact sequence

0=->0(-1) =0V =>T(-1) =0,

we conclude

HO(B2, T(~1)) =V = p,.
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By Serre duality,
H?(P?,Q(-2)) = H(P*, T(-1))" = ps

(A/G)* (voi, v1;) = Homg (2*(2)[2] @ pi, 2(1)[1] @ p;) & Homg ' (2*(2)[2] @ pi, Q1) [1] @ p; © Kp2)
= [Hom(p;, pj) ® H' ™ (P*,9(2))]“ & [Hom(pi, p;) ® H*(P?, Q(-1))]¢
= [Hom(ps, p;) © H ™ (P?,9(2))]“
Homeg(pi, pa @ p;) if £ =1

0 otherwise.
C ifj=3and =1
C fi=4and =1

C2 ifi=3,j=4and (=1

0 otherwise.

(A/G) (voi, v25) = Hom& (22(2)[2] @ pi, O © pj) @ Homf (Q%(2)[2] @ pi, O ® pj @ Kp2)
 [Hom(pi,py) & HY2(P2, 0(1))]° & [Hom(ps, p;) © HE3(B%, 0(~2))]°
= [Hom(p;, pj) @ H'~*(P*, O(1))]“

Homeg (pi, p3 @ pj) if€=2

0 otherwise.

C ifi=3andl=2

C ifj=4andl=2

C? ifi=4,j=3and (=2

0 otherwise.
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(A/G) (v15, v05) = Homg(Q1)[1] @ ps, *(2)[2] @ p;) & Homg  (Q1)[1] ® pi, 2*(2)[2] © p; ® Kpz)
= [Hom(pi, p;) @ H™ (P*, T(=2))]“ & [Hom(p;, p;) © H*(P*, T(=5))]“
= [Hom(p;, pj) ® H'(P?, T(~5)))°

Homg (p;i, p3 @ p;)  if £ =2

0 otherwise.

C ifi=3and £ =2

C ifj—dand /=2

C2 ifi—4,j—3andl=2

0 otherwise.

(A/G) (v14, v25) = Homg (1)[1] ® ps, © ® p;) & Homg  (Q1)[1] @ ps, O ® p; @ Kp2)
~ [Hom(pi, p5) ® H (B2, T(—1))]C & [Hom(pi, py) @ H'2(P2, T(4))|°
= [Hom(pi, p;) @ H ' (P*, T(-1))]“
Homeg(pi, pa ® pj) ifl=1

0 otherwise.
C ifj=3andl=1
C ifi=4and /=1

C? ifi=3,j=4andl=1

0 otherwise.
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(A/G)"(vai,v05) = Homg (O @ p;, 2°(2)[2] @ p;) © Homg (O @ ps, Q*(2)[2] © p; @ Kp2)
— [Hom(py, py) ® H'F2(P2, O(~1))]€ & [Hom(pi, p;) & H (P, 0(—4))|
= [Hom(p;, p;) ® H*** (B2, O(—4))]¢

Homg(pi, pa ® pj) if£=1

0 otherwise.

C ifj=3andl=1

C ifi=4andl=1

C? ifi=3,j=4andl=1

0 otherwise.

(A/G) (125, 015) = Hom§z (0 @ pi, AD)[1]  p;) & Homls™ (O ® pi, Q1)[1] © p; © Kp2)
= [Hom(pi, p;) ® H'T' (B, 2(1))]¢ & [Hom(ps, p;) @ H' (%, 2(~2))]°
= [Hom(p;. pj) ® H'(P*, Q(~2))|°

Homg (pi, ps @ p;)  if £ =2

0 otherwise.
C ifi=3and £ =2
C ifj=4and { =2

C? ifi=4,j=3and (=2

0 otherwise.
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The dg-quiver is given by
() () () ()
N/ N/ N/ N/

Vo4 V14 V24 Vo4

where the vertices on the left and that on the right in the same row are identified. We will use the
following scheme to label the edges: the black (degree 0) edges going from vertex v;; to vy will be
denoted by @ ke. In case there are two arrows, we will denote by x}; ,, ©7; 1, The blue (degree —1)
arrows going from vy, to v;; is denoted by x;‘j7ke. The brown (degree —2) loops at vertex v;; will be
denoted by vj;.
The superpotential is given by
o= Z 3xi07(i+1)3x(i+2)4710(x%i+1)3,(i+2)4 - x%i+1)3,(i+2)4)

1€ZL3

+ 30231, (14132 (424,01 (T(i11)3, (14204 — (i1 1)3,(i42))

+ 377xi2,(i+1)3$(i+2)4,i2(nx%i+1)3,(i+2)4 - x%i+1)3,(i+2)4)

- 355113,(i+1)4x(i+2)3,i3x(i+1)4,(i+2)3 + 337?3,(z‘+1)4x(i+2)4,i3x(i+1)4,(i+2)4

+ Ti3,(i4+1)3% (i+2)3,i3L (i+1)3,(i4+2)3 — Lid, (i+1)4L (i+2)4,id L (i+1)4,(i+2)4-
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The classical quiver is given by

[ ] [ ] [ ) [ )
Vo4 V14 V24 Vo4
[ ] [ ] [ ] [ ]
Vo3 V13 V23 Vo3
[ ] [ ] L) ®
Vo2 V12 V22 Vo2
[ ] [ ] [ ) [ )
Vo1 V11 V21 Vo1
[ ] [ ] [ ] [ ]
Voo v10 V20 Voo

where the vertices on the left and that on the right in the same row are identified, with relations
1 _ 2 1 _ 2
T(i+2)4,(+1)0T(i41)3,i4 — L(i+2)4,6+1)0T(i41)344  T(i+2)4,6+D1T(i41)344 = TP(42)4,(i+1)17(41)3,i4
1 _ 2 1 _ 2
T (i42)4,(i+1)2T (341)3,i4 = T(i42)4,(i+1)2T(i41)3,i4  L(i+2)3,(i+1)aT(i+1)0,i8 = L(342)3,(;+1)4T (i+1)0,i3

— 2 _ 2
‘T(li+2)3,(i+1)4x(i+1)1ai3 = MT(i42)3,(i+1)4% (i+1) 1,43 775”(1¢+2)3,(i+1)4x(i+1)27i3 = T(i42)3,(i+1)a L (i+1)2,i3
T(i42)3,(i4+1)3T(i41)3,i3 = x(i+2)4,(i+1)3x%i+1)37i4 T(i4-2)4,(i4+1)4T (i4+1)4,i4 = x%i+2)3,(i+1)4x(i+1)4,i3
T(542)0,(i+1)3L(i+1)4,i0 T NT(+2)1,(i+1)3T (i+1)4,i1 T 7721'(1'+2)2,(i+1)3x(i+1)4,1‘2 = L(442)3,(i+1)3L(i4+1)4,i3

Z(i+2)0,(i4+1)3% (i+1)4,i0 T 772w(i+2)1,(i+1)39€(i+1)4,i1 T NT(i42)2,(i+1)3T(i+1)4,i2 = L(i+2)4,(i+1)3T (i+1)4,i4-



Chapter 7

Shifted Symplectic Structures on

Moduli Spaces

This chapter contains some unfinished work which aims to make a connection between quivers with
superpotential and the recent work on shifted symplectic structures by Pantev, Toén, Vaquié and Vezzosi

[58], and Ben-Bassat, Brav, Bussi and Joyce [4].

Section 7.1 reviews the theory on derived algebraic geometry developed by Téen and Vezzosi [64, 65,

66] and Pantev, Toén, Vaquié and Vezzosi [58].

Section 7.2 develops the Lie algebra cohomology for dg-modules by modifying the usual Lie algebra

cohomology theory.

Section 7.3 defines the G-invariant de Rham complex of on a derived scheme Spec R by using the
Lie algebra cohomology developed in Section 7.2. We conjecture that the G-invariant de Rham complex

should describe forms and closed forms on the quotient stack [Spec R/G] and outline a strategy of proof.

Section 7.4 describes the moduli space of representations of quiver with superpotential, and outline
a strategy of proof on showing the existence of a shifted symplectic structure which is in a standard

Darboux form by using the G-invariant de Rham complex introduced in Section 7.3.

7.1 Derived Schemes

The section is an outline of the theory of derived algebraic geometry needed to state the results in the

next section, and is essentially a summary of Brav, Bussi and Joyce [13, §3]. For our purpose, we would

165
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not need the general definition of derived stacks. The main point here is that an affine derived scheme

is essentially a commutative dg-algebra, in other words, there is a functor
Spec : {commutative dg-algebra}°® — {derived stacks}.

For any derived Artin stack X, Toen and Vezzosi constructed a triangulated category Lgcon(X) with a
t-structure whose heart is the category of quasi-coherent sheaves on X and defined a cotangent complex
Lx in Lgeon(X). If f: X — Y is a morphism of derived Artin stacks, they constructed a morphism
Ly : f*Ly — Lx in Lgeon(X) and a relative cotangent complex Lx/y which fits into a distinguished
triangle

f*Ly —Lx — LX/Y — f*]Ly[l]

In the case when X is an affine derived scheme, i.e., X = Spec R for some commutative dg-algebra R,
we have a derived equivalence Lgycon(X) = D(R-mod) which identifies Lx = Lg. If R is further assumed
to be quasi-free, then the Kéhler differential (2r gives a model for L. Next, we introduce the notion of
p-forms, closed p-forms, and symplectic forms on a affine derived scheme defined by Toén and Vezzossi,
reinterpreted in the case for quasi-free affine derived scheme as per Brav, Bussi and Joyce [13, §5].

The grading on the dga R induces a grading on Ok, and we denote by (Q%)* the k-th piece. The de
Rham algebra of R is defined to be a doubled graded algebra

DR(4) = A2k = P (A",
p,kEZ

where each summand A” Q}, is of ‘form degree’ p. There are two differential on the de Rham algebra:

the differential induced by the differential on the dg-algebra R

and the de Rham differential d;r
p+1

P
dar : (\Q)F = (N Q)

Definition 7.1.1. A p-form of degree k on Spec R is an element in H*(A? Q4,d). In other words, a p-

form of degree k can be represented by an element w € (A QL)* with dw = 0. Two such representatives

w and w’ are equivalent if there exists a € (A" Q%)*~! such that w — w’ = da.

Definition 7.1.2. A closed p-form is an element in Hk(]_[i20 INas QL[—i],d + dgr). In other words, a

closed p-form of degree k can be represented by an sequence w = (w°,w!,w?,...) with w? € (A**™ QL )kt
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for i =0,1,2,... satisfying the equations

P
dw® =0 in (/\ QR)F and
ptitl
dgrw’ + dwtt =0 in (A Q)" foralli >0.
Two such representations w,w’ are equivalent if there exists a = (a2, a!,...) with o € (A"™" QL )k—i-l
satisfying
P
W — W =da’ in (/\ Q%) and
p+i+1
wt — W' = dypat 4 dat Tt in ( /\ QR for all i > 0.

Definition 7.1.3. A closed 2-form w = (w°,w?,...) of degree k is called k-shifted symplectic if w° is a

nondegenerate 2-form of degree k.

7.2 Lie Algebra Cohomology

This section develops the Lie algebra cohomology theory on dg-modules and is essentially an adaptation

of the usual Lie algebra cohomology discussed, for instance, in Weibel [72, Chapter 7).

Let G be a linear algebraic group of finite type over K and (R, dg) be a dg-algebra over K together

with a G-action which is compatible with the dg-algebra structure in the sense that
deg(gm) = degm,
g(rr') = (gr)(gr'), and

dr(gr) = g(drr)

for any g € G, r,7’ € R. Let M be an R-module together with a G-action which is compatible with the
dg-module structure in the sense that
deg gm = degm,
g(rm) = (gr)(gm), and

dn(gm) = g(dpm)

for any g € G, r € R, m € M. Then the Lie algebra g also acts on M as a derivation (Lie derivative)
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which satisfies

dyi(x-m) =x-dy(m)

z-(rm)=(z-r)m+r(x-m)

for any z € g, r € R and m € M. We will introduce the Chevalley—Eilenberg double-complex
Homg (A®g, M) with two anticommuting differentials

5M+ : HOHI]K(/\”Q,M) — HomK(/\n+lga M)

n+1

@ f) @,y tarn) = D (D) wif(@n, . Fire Tt

i=1

+ Z(—l)i+jf<[l‘i, mj],xl, AN ,.fi, .

sy Ly
1<j

e ,$n+1)
and

Sar— : Homg (A™g, M) — Homg (A" g, M)

f= (=1)"das o f.

Proposition 7.2.1. (Homg(A®g, M), dn+,00m—) is double complez.
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Proof. First, we show that 62 = 0.

(512\/I+f)(x17 s ’xn+2)

n+2
iz 2+1 6+f)(:1”,’1, s Tp+2 +Z Z+] 5 f ([$¢,$j],l‘1,...,fi,...,fj,...,$n+2)
1<J
= Z(—l)i+1+j+1l‘i$jf($1, NN 71¢ja e ,,fi, e ,ZIJn+2)

1<i

+Z(—l)i+l+jl‘il‘j‘f($1,...,J?i,...,ij,...,l‘n_,_z)
1<J

+ Z <— 1+1+]+k f([x],xk] xl,...fj,...,fk,...,fi,...,anrz)
j<k<i

+ Z (— Z+1+]+k 1 f([x]7:vk] 1‘1,...ij,...7,fi,...,fk7...,$n+2)
j<i<k

+ Z (—1)i+1+j_1+k_1$if([$j,.’Ek],(El,...{EAZ',...,fj,...7fk,...,xn+2)
i<j<k

+Z(_l)iJrj[xhxj]f(xla"'7fi7"'7fj7"'axn+2)
i<j

+ Z (fl)i+j+k+2xkf([x¢,xj],1:1,...,fk...,:Ei,...,fj,...,xn_,_g)
k<i<j

+ Z (—1)i+j+k+11‘kf([$i,$j],.731,...,ZI?Z‘...,fk,...,fj,...,xn+2)
i<k<j

+ Z (—1)i+j+kxkf([xi,xj],x1,...,x}...,afj,...,afk,...,xn_,_g)
i<j<k

+ 3 (O (g @) a] @ B B T Tg)
k<i<j

+ 3 O (g, ), @) w1 F e T Ty Tng2)
i<k<j

+ ) (TR (g @) ak] @ B T Taga)
i<j<k

+ Z Z+J+k+1+z+1f([$k,l'g],[.’Ei,.’Ej],.’El,...,fk,...,.’f@,...,.’fi,...,fj,...,xn+2)
k<t<i<j

+ Z Z+J+k+1+zf([xk,l’g],[%i,‘%j],xl,...,fk,...,.’fi,...,fg,...,fj,...,$n+2)
k<i<e<j

+ Z Z+J+k+1+[ 1f([l‘k,l’g],[J?,;,J?j},l‘l,...,fk,...,fi,...,:fj,...,fg,...,l’n_,_z)
k<i<j<t

+ Z Z+J+k+£ 1f([1‘k,1‘g],[Z‘i,l‘j},l‘l,...,.fi,...,Jfk,...,ﬂfj,...,fg,...,xn_,_Q)
<k<j<t

+ Z 1+J+k+£f([.%‘k,l‘g],[Jﬁi,xj],l‘l,...,fi,...,fk,...,.fg,...,.fj,...,xn+2)
<k<t<j

+ Z 1+J+k 1+e= 1f([$k,$g],[xi,.ﬁj],xl,...,fi,...,fj,...,.fk,...,f@,...,$n+2)
<j<k<tl

207
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where we have used the Jacobi identity, antisymmetry of f, and that z;(z;m) — z;(z;m) = [x;, z;]m for
any x;,x; € g and m € M in the last step.

Next, we would like to show d and ¢ anticommute. For any f € Hom(A™g, M) and z; € g,

(6M,§M+f)(x1, N ,{En+1)

n+1
= Z(il)n+1+l+1dM (xif(xlv cee 7fi7 e 7In+1))
i=1

+ Z(_l)n+1+i+de (f([‘rla mj]wrla oo 75(?757 cee 7fj> e 7$n+1))
i<j
n+1 )
=- Z(_l)HanidM (f(z1, oy @iy Tngr))
i=1

— Z(—l)iJerrndM (f([ﬂft, Qj‘j},]}l, . ,.fi, . ,.fj, ey J}n+1))

i<j

= —(6m+0m—f)(1,. . Tnt1)

Hence dp;—6pr4+ + Opr4+90— = 0. The last condition 512\47 = 0 follows immediately from d?w = 0 and

hence (Homg (A®g, M), dar+4,n—) is double complex. [ |

The total complex of the double complex (Homg (A®g, M), dp+,0—) computes the Lie algebra co-
homology H*(g, M). The total differential of the double complex will be denoted by dus, ie., dpy =

Oy +Om—.

7.3 G-invariant de Rham Complex

This section aims to define the notion of G-invariant de Rham complex on a derived scheme Spec R,
where R is a quasi-free dg-algebra equipped with a G-action. Towards the end of this section, we outline
a strategy to prove that the G-invariant de Rham complex should describe forms and closed forms on

the quotient stack [Spec R/G].

G-invariant sections. A generalized G-invariant section of degree k of the module M is an element in
the Lie algebra cohomology [a] € H*(g, M). A generalized G-invariant section [a] is thus represented by
an element o of degree k in (Hom(A®g, M), ), henceforth called the complex of G-invariant sections
of M, which satisfies dpra0 = (dpr4+ + dpr— ) = 0. If we decompose « into homogeneous terms and write

a=a’+...+a¥™m9 where o' € Homg(A'g, M*~%), then the condition dy; = 0 becomes the system
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of equations
Sp—a® =0 in Homg(A%g, M*1) = MF1 and
Sprpad + 6y =0 in Homg(A™g, M*~%) for i = 0,1,..., dimg.

From these equations, we can see that in the case when M is concentrated in degree 0 and when k = 0,
Hg,M)=M%={me M:a-m=0forall a € g},
i.e., a generalized G-invariant section is an honest G-invariant section.

G-invariant functions. When M = R, we can endow an associative product structure on the vector
space Hom(A®g, R), turning it into a dg-algebra, and regard it as the complex of G-invariant functions
on Spec R. To construct such a product, recall that there is a coproduct structure A on A®g, which is

the dual of the wedge product on A®g¥, defined by
A:Ng— NgRA°g,

Al A Axy) = Z Z (sgno) (1) A AZo(i) @ (To(ig1) Ao A To(ivk))s
k=0 0€Shk n_k

where Shy, ,—i denote the set of all (k,n — k)-shuffles. We then define a product on Hom(A®g, R) by
Hom(A®g, R) ® Hom(A®g, R) — Hom(A®g, R)

fog:ng S Atge e 12 Re R—R,

where R ® R — R is the product on R. The product so defined is associative since the product
on R is associative, and the coproduct A is coassociative. Explicitly, when f € Hom(A’g, R/) and

g € Hom(A"g, , their product f - g € om(A° g, ‘ is defined by
H kg, RY), thei d f H ithg RitHt defined b,

(f : g) (1'1, B xi+k) = (_1)jk Z (SgIl U)f(mo(l)v BRRE) xo(i))g(xa(i-i-l)v cee 7xa(i+k))'
oc€Sh; i

Proposition 7.3.1. (Hom(A®g, R),dr) is a dg-algebra.

Proof. Tt remains to check the Leibniz’s rule dg(f - g) = (0rf) g+ (=1)"T7 f - (6rg). Since Hom(A®g, R)

is generated by Hom(g, R) as an algebra, it suffices to show Leibniz’s rule holds when i = 1, for the
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general case follows from induction on 1.

(5fﬂ+(j"g))(xlv"'7irk+2)
k42

_Z D"y (f - 9) (@1, oy @y e oy Tg2)

+ Z (=D)"T(f - 9) ([T To ), T1y - oy Ty e e vy Loy ooy Thot2)

1<u<v<k+2
k+2
= (szu u+vf( ) ($1,...,fv7...,fu,...,Ik+2))
u=1lv<u
k+2
3N wl (D) (@) g(@, - B By Trg2))
u=1lv>u
+ Z (_1)u+vf([$U5$U])g(x17'",:EAua"wfva"'axk+2)
1<u<v<k+2
+ Z (_1)u+v+wf(xw)g([xu7xv]axh'"7wa7"'7xAu7"'a'fva---7xk+2)
1<w<u<v<k+2
+ S (D) (@) g ([T Tl T T Ty Ty Thy2)
1<u<w<v<k+2

+ Z (_1)u+v+wf($w)g([$u,xv],1‘1,...,fu,...,fv,...,Z‘Aw,...,.’Ek_;,_Q)
1<u<v<w<k+2

(Oref) g1, o 2y2)

= (—1)7* S (U T OR ) (@ )G (@1, By Fy o Thy2)
1<u<v<k+2

= (—1)* Z ()" Nz f(20) — o f(@0) — F([2u, ©6])) (@15 -y Ty ey Ty oo oy Thog2)

1<u<v<k+2
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(f - Or+9)) (w1, Thy2)
k+2
“’“*”Z ) () Ore @) (@1, - T Thta)

k+2
k+1) + ~ ~
J( E g VTV f(20)T0g(T1, ooy Ty e oy Loy v o vy Thot2)

u=lv<u
k+2
u+v 1 ~ N
+ E E A € 2 T S R |
u=1u<v

+ Z (=)L (2 ) g ([T, Tw)y T1y -y Loy e vy Trgy e vy Ty v v vy Thop2)
1<v<w<u<k+2

+ Z (_1)u+v+wf($u)g([xv,.’1,'w],Z‘]_,...,.fu,...7l¢v,...,l‘Aw,...,.’I?k_;,_Q)
1<u<v<w<k+2

+ Z (=)L (2 ) g ([T, Tl T1y oy Loy e vy Trgy vy Ty v v vy Thop2)
1<v<w<u<lk+2

Hence g+ (f - g) = (Or+f) - g+ (=) f - (6p+g). On the other hand,

(Or-(f-9) (@1, Tht1)

k+1
Jk+1+kz Ve g (f(xn)g(xy, .o Puse e Thg1))
k+1 ;
]k+1+k Z de($u)) (xla N 7xAu7 cee 7xk+1) + (_1)]f(x“)dR(g(x1’ e 7:1?“7 o 71'k+1)))

—((dro f)-g)(w1,. ., T14k) + (—1)1+j+k(f (drog))(x1,-- s T11k)

= ((6r-f) - 9) (@1, s 2p1) + (D) (f - Or-9)) (@1, Tht1)-

Hence Leibniz’s rule holds. [ |

If R is graded commutative and we endow a grading on Hom(A®g, R) by declaring f € Hom(A‘g, R?)

has total degree ¢ + j, then the product on Hom(A®g, R) is also graded commutative, i.e.,

frg=(~1)HIEH0g. 1

since the coproduct A is cocommutative and the product on R is graded commutative.
The complex of G-invariant sections of M also acquire a structure of Hom(A®g, M )-module through

the map

Hom(A®g, R) ® Hom(A®g, M) — Hom(A%g, M),
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f-m:A°g A>/\‘g@)/\‘gfoﬁ?R®M—>M,
where the map R ® M — M is given by the R-module structure on M.

G-invariant Kahler differentials. Next, we would like to describe the Kéhler differentials of the
dg-algebra Hom(A®g, R), i.e., the complex of G-invariant functions. If we regard G-invariant functions
on R as “functions” on the stack [Spec R/G], then G-invariant Kéhler differentials should correspond to
Kihler differentials on the stack [Spec R/G]. Denote the Kéhler differentials on R by QL. Recall that
since R is a g-module and g acts on R by derivation, the map R — Hom(g, R) sending r — (a — a - 1)
is a derivation which factorizes to a R-linear map « : Q) — Hom(g, R) by the universal property of QL.
Both R-modules Q% and Hom(g, R) have a natural g action which turns « into a g-module morphism:
g acts on the O}, component by

x - ddRT = ddR(iL' . T’)

and on the Hom(g, R) component by enforcing the Leibniz rule:

(- f)y) =z (f(y) — f([x,y]).

Both g-action commutes with the internal differential on the two R-modules, and « is a g-module

morphism since for all z,y € g and r € R, we have

oz - darr)(y) — (v - a(darr))(y) =y - (x-7r) =2 (y- 7))+ [z,y] -7 = 0.

The atlas ¢ : Spec R — [Spec R/G] is a principal G-bundle. Hence the relative cotangent complex is

given by Ligpec r/c) = 8¥ ® R = Hom(g, R). We have a distinguished triangle in D(R-mod)

@*L[Spec R/G] — Lgr E> Hom(g7 R) - L)O*]L[Spec R/G] [1]

Since R is assumed to be quasi-free, the Kihler differentials QL gives a model for L. Thus a model
for ¢*Lspec R/ 18 given by conea[—1]. Recall the cone of the map a[—1] is given by the R-module

cone a[—1] = Q}, @ Hom(g, R)[—1] together with the differential

dcone = dﬂ}% 0
@ _dHom(g,R)

where dijom(g,r) is the differential on Hom(g, R) which maps f + dgr o f. The direct sum g-module

structure on cone a[—1] is compatible with the internal differential deone since dglR s dHom(g,r) and «
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all commutes with g-action. We are going to construct a universal derivation dgr : Hom(A®g, R) —

Hom(A®g, cone a[—1]). Consider the following two maps
dgry : Hom(A'g, R) — Hom(A'g, QL)

f (=1)'dar o f,
dgr_ : Hom(A'g, R) — Hom(A*~1g, Hom(g, R)[-1]),

(dap—f)(x1,...;20-1) = (@ = —f(x,21,...,T0-1)) .

The direct sum of these two maps defines a map
dar = dagt ® dar— : Hom(A®g, R) — Hom(A®g, cone a[—1])

of degree 1 satisfying the Leibnitz’s rule which graded-commutes with the internal differentials:

Proposition 7.3.2. The map dgr : Hom(A®g, R) — Hom(A®g, cone a[—1]) is a derivation which satisfies

darér = —dcone ddR-

Proof. First, we check Leibnitz’s rule:

(dar—(f-9) (@1, Tigr—1)
= (330 — —(f . g)(wo, Tlyen- ,.’L‘iJrk,l))

= xo'—>—(—1)jk Z (Sgna)f(xa(o)7~-~,$a(i71))9(%(i),~--,xa(i+k71))
ocSh; k

= $0'—>—(—1)jk Z (Sgna)f(anxa(l)a---7'770(1'71))9(330(1‘)7--~7xa(i+k71))

oc€Shi_1,k

=+ xo'—>—(—1)i+jk Z (Sgna)f(%u),-~-,$a(i))9($o,$a(i+1),~--7$a(i+k71))
o€Sh; k—1

= ([dar-f) 9) (@1, wipr) + (1) (f - (dar-9)) (@1, .. igr),
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(dar+(f-9))(x1,. .-,

= (=1 *dp (

— (_1)i+k+jk Z

Tiyk)

Z (sgn o) f(To(1), -+ s To(i)9(To(it1), - - - ,Ia(i+k))>

oc€Sh; i

+ (_1)i+k+jk+j

og€Sh;
(Sgn U) (dde(ma(l)v s 7x0(i)))g(‘ra(i+1)a v 7xa(i+k))
Z (Sgn O—)f(xo(l)ﬂ s 7xa(i))ddR(g(xo(i+l)7 s 7xa(i+k)))

oc€Shi i

= ((dar+f) - 9) (1, .- -,

Tivk) + (=" (f - (dart9)) (@1, Tigr)-

Hence dgg is a derivation. The equation dgrdr = —dcone dgr @amounts to three equations

dar+ORr— + dir—ORy =

dir+0Rr+ = —0cone +ddR+,

- (5cone +ddR— + 5c0ne — ddR+ )a and

ddR—§R— = _5c0ne—ddR—-
Given f € Hom(A‘g, R),
(dar+0r+ (w1, Trg1)
041
= Z D g (i (f (e, iy 2e))
+Z D dam (F([w, 5], @1y e o By oy @y ey Tg1)
1<j
0+1
:—Z 7+1 ddR+f)(x1,...,afi,...,xg+1))
= O gy (i) 2 )
1<J
= _(5c0ne +ddR+f)(3317 cee 7117é+1)7
(dir-Or—f)(®1, ..., m0-1) = — (= (Op-f)(z,21,.. ., T4-1))
—(z—= Op-f)(z,21,...,20-1))
- (m — (—1)edR(f(ac,x1, ... ,xg,l)))
= (_1)éildconc ($ — f(xaxla o axffl))
= *(*l)fildcone ((ddR—f)(xh D) 17@_1))

(dgri0p_f)(w1,...,20) =

= (_5cone—ddR—f)(x17 cee amé—l),

(darodro f)(z1,...,20),
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(ddR,(sRJrf)(.’L‘l, ey a’,‘g)

— (w0 = (Op+f)(wo, 21, .., 7))

= — Z‘O'—)Z l‘lf xo,xl,...,afi,...,xg)+ Z (—l)i”f([xi,xj],xo,...,afi,...,afj,...,xg)

0<i<j<L
On the other hand,
- (5cone+ddef)($1a oo ,SUg)
Z .
= — Z(—1)1+1$i((dd1{,f)($1, ey fi, e ,S(}g))

i=1

— > (0T dar- (@i i) w1, Fy T @)
1<i<j<e

¢
= Z(—l)”lxi (xo = f(zo, 21, .., Eiy. .. 2p))

=1

1)i+ 5 -
+ | zo— E Y f (@0, [Ti, 5], @1, ooy iy e ooy Doy T0)
1<z<]</

14
= Z(—l)i+1 (:L‘o — Z,Eif(il}(), RN 7:fi7 e ,{Eg) — f([xi,x0]7x1, e 7,fi, A ,.’L‘g))

=1
— | zo— Z — 1) f([2i,25], 0y« ooy By e e ey Tjyee ey T0)
1<i<j<t
= — .TOHZ $Zf$0,...7.’fi,...,$g)+ Z (—1)i+jf([l‘i,l‘j],.’170,...,fi7...,fj7...,,CE()
0<i<j<t

_(6cone—ddR+f)(x1a cee 7552) = —dcone (ddR(f(an cee axé))
— (Z‘o = T - f(ml, e ,xe)) — dQ}?(ddR(f(xl, . ,xg))
— (Io — X9 - f(acl, L. ,xg)) + ddR(dR(f(fL'l, - 7.’);‘())

Hence ddRJr(SRf + dde(SRJr = _(6cone +ddR7 + 6conefddR+)- u

Proposition 7.3.3. The Kdihler differentials (Qom(neg,r), d) of the dg-algebra Hom(A®g, R) is iso-

morphic to (Hom(A®g, cone a[—1]), dcone )-

Proof. Let d; : Hom(A®g, R) = Qom(neg,r) denote the universal derivation. Since
dR g (A®*g,R)
Hom(A%g, R) = A*gY ® R and Q. v = A°g" @ g"[-1],

Q11{011r1(/\'g,R) = Q}\’g\/@R = /\.gv ® gv[_l} ®R® /\Og\/ ® Q}Q = Hom(/\'g, Q}% D HOl’Il(g, R)[_l])
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as a Hom(A®g, R)-module. Explicitly, for
f € Hom(g,K) C Hom(g,R) and r € R=Hom(K,R)C Hom(A%g, R),

the isomorphism

® : Qltymreg.r) = Hom(A*g, O} & Hom(g, R)[-1)

sends
"rf = (k= kf) € Hom(K, Hom(g, R)[-1]) and d,gr + (k+— kdgrr) € Hom(K, Q}).
Since Hom(A®g, R) is generated as an algebra by elements of the form
f € Hom(g,K) C Hom(g,R) and r € R=Hom(K,R)C Hom(A®g, R),

the square

/

dar
1
QHom(/\'g7R)

lé

)
Hom(A®g, R) dar Hom(A®g, cone a[—1])

Hom(A®g, R

commutes. Finally, we would like to show ® commutes with the internal differentials of Qhom( A*G.R) and
Hom(A®g, cone a[—1]): For any u € Hom(A®g, R),

‘I)dQI{Iom(A'g-,R) (dfmu) = _(I)d:jR((SRU) = —ddR(5Ru) = —5cone ddRu = 5cone @d&Ru.
Hence (Qom(aeg,r); da) is isomorphic to (Hom(A®g, cone a[—1]), dcone ) as desired. [ |

We will call (Hom(A®g, cone a[—1]), dcone ) the complez of G-invariant 1-forms. Taking the n-th wedge

product, we get the complex of G-invariant n-forms

Hom(A®g, A"cone a[—1]) = @ Hom(A®g, Hom(S7g, AFQL)[—4]).
jt+k=n

G-invariant de Rham complex. We would like to extend the de Rham differential to all G-invariant

forms. We define

dir+ : Hom(A*g, Hom(S7g, A*QL)[—j]) —— Hom(A’g, Hom(S7g, A¥+1QL)[—3])

dary : Hom(A'g ® S7g, \"Qp[—j]) ——— Homg (Ag @ S7g, AFT1QL[—7])
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fr= (=Dfggo f

where here dgr : AFQL — AFFLIQL is the de Rham differential on the complex A*Qk,

dar— : Hom(A*g, Hom(S7g, AFQL)[—4]) —— Hom(A*~1g, Hom(S7*1g, AKQL)[—j — 1])

dar— : Hom(A'g ®@ S7g, AFQ}[—j]) ———— Hom(A " tg @ S7H1g, AFQR[—j — 1))

it
(ddR—f)(mla sy Tp—1,Y1, - - - 7yj+1) = Zf(yi7x17' sy Lp—15Y1, - - - ayAiP .. 7yj+1)'
=1

Proposition 7.3.4. (Hom(A®g, Hom(S*g, A*Q%)[—*]), dar+,dar—) is a double complex.

Proof. d3p, = 0 since d2, = 0 on A*Q}. Given f € Hom(A‘g ® S7g, AFQL[—]),

(d?inf)(mh sy Lp—2,Y1y .- 7yj+2)
j+2
- Z(ddR—f)(yuaxla ey Tp—2,Y1, - qua e ayj+2)

u=1

- E f(yznyumxla"-;xé—Qaylw"agu7~-~,yva---7yj+2)
1<u<v<j+2

+ Z f(y’uayu7x17-"axf—vala"'aZij"')yAuv"'7yj+2)
1<v<u<j+2

=0

since f is antisymmetric in the first two variables.

Jj+1

(ddR-i-ddR—f)(xl)' <oy Le—15Y15 - - 'ayj-'rl) = (_1)eddR <Z f(yiaxla s Te—1,Y15 - - - 72-}% s ayj-‘rl))

i=1
Jj+1

= - Z(_l)gilddfi(f(yiaxla ey Tp—1,Y1, - - - 7gia .. 'ayj-‘rl))
1=1

= —(dap—dar+f)(@1, . =1, Y1, -, Yjt1)-

Hence the dgr+ and dgr— anticommute.

The total complex of

(Hom(A®g, A®cone a[—1]), dgr+,dar—) = (Hom(A®g, ®S™ g, /\‘Q}%[,*])’ dar+,dar—)

is called the G-invariant de Rham complex and the total differential dgg is called the de Rham differential.
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There is a wedge product on the de Rham complex
A : Hom(A®g, A®cone a[—1]) ® Hom(A®g, A®cone a[—1]) — Hom(A®g, A®cone a[—1])
defined by
fAg:Ng 2, Ng® A°g 1% A®cone a[—1] ® A*cone a—1] -2 A®cone a[—1].
Under the isomorphism

A"cone a[—1] = @ Hom(Sjg,/\kQ}z)[_ﬂ)v
Jj+k=n

the wedge product on A®cone a[—1] is given by

Hom(57g, A*Q)[—j] @ Hom(Sg, A" Q) [—€] — Hom(57 T g, ¥ QL) [—j — £]
FAg: Sty A sige 8hg 129 AkQL @ Amal, L ARTmQL
where A’ is the coproduct on S*g. Hence, when
f € Hom(Alg ® S7g, AFQL[—j]) = Hom(A'g, Hom(S7g, A*QL)[—4]) € Hom(Alg, ATEQL)
and
g € Hom(Afg ® S™g, A"QL[—m]) = Hom(A‘g, Hom(S™g, A"Q%)[—m]) € Hom(A'g, A" Q%)
their wedge product f A g € Hom(A"fg® S7+mg, (A*QL)F7"[—j — m]) is explicitly given by
(fAG (@1, Tige, Y1y Yjrm)

= (_1)ke Z Z (Sgn J)f(xo(l)a e To(i)y Yr(1)y - - ayT(j))

Ueshi,( TEShj,"L

A g(‘ra(i-‘rl)a o To(idk) Yr(+1)y - - - 7y'r(j+m))'

If we endow a grading on Hom(A®g, A®cone a[—1]) by declaring
f € Hom(Alg ® S7g, (A°*Q%)*[—4]) € Hom(Alg, (A®cone a[—1])7+F)

and

g € Hom(Afg ® S™g, (A*Q%)"[—m]) € Hom(A‘g, (A®cone a[—1])™™)
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has total degree i + 2j 4+ k and ¢ + 2m + n respectively, then the wedge product is graded commutative:
f Ag= (_1)(i+2j+k)(€+2m+n)g A f

Proposition 7.3.5. The de Rham differential satisfies the Leibniz’s rule

dar(f N g) = (darf) A g+ (—1)"TF* £ A (darg).

Proof.
(dap—(f NG (@1, Tito—1,Y1, -+ s Yjbmt1)
Jj+m+1
= Z (f A g)(y’lMxl? .o 7$i+571,y17 ... 7y/\’u7 .. 7yj+m+1)
u=1
= (_1)u Z Z (sgno)f yT 1) Lo)s -+ s Ta(i—1)1Yr(2)y - - - 7y‘r(j+1))
0€Sh;i_1,TEA
NI(Toiys o s To(igt—1)s Yr(j+2)s - - - Yr(j+m+1))
+ (_1)k2 Z Z Sgl’lJ ( 0(1)7"'7$0(i)7y7(1)7~~'7y7'(j))
c€Sh; -1 TEB
g(yf(j+l)7 Lo(i41)s -+ To(i+l—1) Yr(j+2)) - - - 7y‘r(j+m+l))7
where
A={reSjtmt1: 7)<~ 7@+ Dand 7(j +2) <--- <7(j+m+1)}, (7.3.1)
B={re€Sjym1:7(1)<---7(j)and 7(j +2) <--- <7(j +m+1)}, (7.3.2)

with Sj4m41 denoting the symmetric group on j +m + 1 letters.

((ddef) A g)(xlu ey Li4l—15Y1y - - - 7yj+m+1)

= (_l)ké Z Z (Sgn U)(ddef)(:ra(l)v e To(i—1)s Yr(1)s - - - 1yT(j+1))

0€Shi 1 TESh 11.m

NG(To(i)y s To(idt—1)> Yr(j4+2)s - - - > Yr(j+m+1))
j+1
= (-1)* Z Z (Sgna)Zf(y’r(u)axo'(l)a-'-axa(ifl)vy‘r(l)v'-'7:&7'(71)7'-'ay'r(j+1))
o€Shi_1¢TEShjt1,m u=1
NG(To(iys - s To(itt—1)s Yr(j+2)s - - - » Yr(j+m+1))

= (=DM 3T (5800) F(Ur(1)s Ta(1)s -+ > Talim1)s Yr(2)s - s Gr(uys - Yr (1)
oc€Sh;_1,¢TEA

NG(To(iys s To(itt—1)s Yr(j+2)s - - = » Yr(j+m+1))
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(f A (ddeg)>($1a sy L l—15Y15 - - - yj+m+l)

= (_1)k(é_1) Z Z (Sgno)f(xa'(l)w"amo(i)7y7'(1)7‘"7y7'(j))

O’EShi’471 TEShj,erl

A (dar—9)(To(it1)s - - s To(itt—1) Yr(j+1)s - - - > Yr(j+m+1))
J+m—+1
= (_1)k(e_1) Z Z Z (Sgn O')f(xa(l)7 s Ta(i)s Yr(1)y - - - 7y‘r(g))

oc€Shi g1 TEShj my1 u=j+1

A g(y‘r(u)v Lo(it1l)s s Lo(i+l—1)s Yr(j+1)s - - - 7@7’(11,)7 s 7y‘r(j+m+1))

= (—1)kED Z ZbgﬂU (To(1)s -+ s To(i)s Yr(1)s - - - » Yr(5))

oc€Sh; ¢—1 TEB
N G(Yr(i41)> To(it1)s - - s To(itt—1) Yr(j+2)s - - - > Yr(j4m+1))

Hence dgr—(f A g) = (dar—f) A g+ (=1)2Fk f A (dgr—g).
Also,

(ddR+(f /\g))(mb e il Y1y - - 7yj+m)

= ( )Z+£ddR( Z Z bgna xo’(l)v s 7x0'(i)7 yT(l)a s 7y7'(]))

o€Shi ¢ T€Shj m

N G(To(ig1ys - Ta(ire)s Yr(+1)s - - - 7y'r(j+m)>

= ( 1 H_Z—de < Z Z Sgl’lJ 0’(1)7 e To(i)y Yr(1)y - - 7y'r(j)))

0€Shi e TESh;m

A g(xa(i—i-l)v sy Lo (i4-£)s Yr(G41)s - - -5 Yr(G4m)

+ (_1)i+€+k+k€ Z Z (Sgna)f(xa(l)a e To(i)y Yr(1)y - - 7y7'(j))
aeShM TEShj’m,

Ndar (g(fﬁa(i+1), s T (i) Yr (1) - - - 7y‘r(j+m)>

= (((ddR+f) Ag)+ (*UHQH}C}C A ddR+9) (T1,. s Tige, Y1, - - - 7yj+m)'

Hence we have the Leibniz’s rule.

The internal differential dcone on Hom(A®g, cone a[—1]) also extends to the G-invariant de Rham

complex Hom(A®g, A®cone a[—1]) by imposing the Leibniz’s rule
6cone (.27 A y) = (§cone il') A Y + (_1)|l‘x A 5cone Y.

Proposition 7.3.6. The de Rham differential dgr commutes with the internal differential of the de

Rham complex, i.c., dcone dgr + darOcone = 0.
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Proof. This follows from Leibniz’s rule and Proposition 7.3.3. |

We arrive at the following definition, motivated by Pantev, Toén, Vaquié and Vezzosi [58].

Definition 7.3.7 (G-invariant de Rham complex). The double complex

(Hom(A®g, A®cone a[—1]), dcone , ddr)

is called the G-invariant de Rham differential complex on Spec R. A G-invariant differential p-form of
degree k on Spec R is an element in the cohomology group H”(g, APcone a[—1], 6cone ). In other words,

it is represented by an element

dim g
w* € @ Hom(A'g, (APcone a[—1])F7%)  satisfying  deone w® = 0.
i=0
Two such representations w®,w’® are equivalent if there exists o such that w* — w'* = feone .

A G-invariant closed differential p-form of degree k is an element in the cohomology

Hk (gv H (/\p+jconc O‘[_l})[_j]v 6cone + ddR)~

Jj=0
In other words, it is represented by a sequence w = (w°, w?, ...), where
dim g
w! € ED Hom(A'g, (AP cone a[—1])*77)
i=0

satisfying (dcone + dar)w = 0. Equivalently, the sequence w satisfies the system of equations

dim g
Sconew’ =0 in @ Hom(A’g, (APcone a[—1])F~"1), and
i=0
dim g
darw® + Seone w1 =0 in @ Hom(A'g, (AP cone oz[—l])k_i_j'H) for all k& > 0.
i=0

Two such representations are equivalent if there exists a = (a°, al,...) such that

dim g
W — W = Geone ° in @ Hom(A'g, (AP™cone a[—1])*7*77), and
=0
dim g
W — W = dypak 4 Geone @t in @ Hom(A'g, (APTH cone a[—1])* 77T for all i > 0.
=0

A G-invariant closed 2-form w = (w°, w?,...) of degree k is a G-invariant k-shifted symplectic form if w°

is a nondegenerate G-invariant 2-form of degree k.
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Relations between G-invariant forms and forms on quotient stacks. We conjecture the G-
invariant forms and G-invariant closed forms in Definition 7.3.7 are equivalent to forms and closed forms
on the stack [Spec R/G] in the sense of Pantev, Toén, Vaquié and Vezzosi [58] (c.f. Section 7.1, Definitions
7.1.1 and 7.1.2). A possible way of showing this equivalence is to use the language of simplicial schemes
in the sense of Pridham [59] to describe derived stacks. Presumably the quotient stack [Spec R/G] can

be described as the simplicial scheme

—_— —_ —_— 84313 o
~—— G™ x Spec R <—— <— G x G x Spec R Piz= G x Spec R <o0— Spec R |,
N : : 6 0; Hal
2
where
(92, -+ Gn, T) ifi=0,

0i(g1s -+, gn, ) = (g1, 9iGit1s s Gn,x) f1<i<n-—1,
(gla“'agn—l;gnx) if i = n, and

Ui(gh' ..,gn,fﬂ) = (gla"'gi7lvgi+17"'7gn7x)‘

Pridham [59, Definition 7.7] then gives a chain complex which represents the cotangent complex Lgyec r/c

which we expect to be quasi-isomorphic to the G-invariant de Rham complex in Definition 7.3.7.

7.4 Moduli Spaces of Representations of Quivers with Super-
potential

In this section, we study the moduli space of representations of a quiver with superpotential, and outline
a strategy of proof of the existence of a shifted symplectic form which is in a standard Darboux form on

the moduli space.

Let @ be a dg-quiver. A dg-representation of @ consists of chain complexes W, for each vertex v
in @ and linear maps pe : W) — Wiy of degree i for each degree i edge e in Q. Let S denote the
K-algebra spanned by the vertices of (). Then a dg-representation of @ is the same as a chain complex
(W, dw) over S together with a morphism K@ — End%(V) of dg-algebras over S, where the differential
on End% (W) is given by

df = dwf — (—1)%8/ fdy,.

Thus given a fixed chain complex (W, dw ) over S, we can write down a moduli functor for dg-
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representations of Q:

Repyy (@) : {commutative dg-algebras}—{Sets},

C+— Homdga/g(KQ, End:g(W) ® C)

Berest, Khachatryan and Ramadoss proved in [6, Theorem 2.1] that this functor is representable.
In the special case when @) is quasi-free and the chain complex W is concentrated in degree 0 with
dimension vector d, the commutative dg-algebra R representing Repy, (Q) can be explicitly described:

the underlying graded algebra of R is the coordinate algebra of the graded vector space [6, Theorem 2.8]:

@ Hom(Wi(ey, Whe))[deg e].

e edges in Q

In other words, for each edge e in @), there is an associated dy(.) X dj,(e) matrix M, = (eij), and

R = ® K[Me] = ® K[eij]u

e edges in @ e edges in Q

where each e;; has degree dege. If p = e;---e, is a path in Q, we write M, = M., --- M., where the
product on the right hand side is the matrix product. For general p € K@, we extend bilinearly as usual

to define M,,. Then the differential on R can be described as
dM, = M.
Note also that the differential on R defines a cohomological vector field on the graded vector space

@ HOHI(VVt(e)7 Wh(e))[deg e],
e edges in Q
and turns it into a dg-manifold.
The moduli stack of dg-representations of () concentrated in degree 0 and with dimension vector

d = (d(v)) is then given by

Repy(Q) = P Hom(Wie), Wi)ldegeld | /[ GL(@w)

e edges in Q v vertices in Q

= SpecR/ [[ <L),

v vertices in Q

where GL (d(v)) acts on each vector space W, by conjugation. Notice here that although representa-

tions are concentrated in degree 0, the higher degree edges do not act trivially in the moduli functor,
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hence the higher degree edges are not redundant. For simplicity, we will denote the product group
11 GL (d(v)) by G and write elements in G in the form g = (g,). In local coordinates, the
v vertices in Q

G-action on R is described by

g- M, = g;:(le)Megt(e)-

The associated g-action on R is then given by, for any £ = (&,) € [[gl(d(v)) = g,
§ Mo = —EpeyMe + Me&y(e)-

Now, suppose our dg-quiver admits @) a superpotential ®. Then Pantev, Toen, Vaquié and Vezzosi
[58, p.9-10] claimed without proof that Repy(Q) admits a shifted symplectic structure. We outline a
strategy of proof by explicitly writing down a G-invariant shifted symplectic form.

Recall that a quiver with superpotential (@, ®) of dimension m has a dg-subquiver Q such that KQ
has a noncommutative symplectic 2-form and that @ can be constructed from Q by adding a degree

1 — m loop on each vertex on Q. Then Q correspond to a dg-subalgebra

e edges in Q
and we have a diagram

i=Spect ©

Spec R Spec R ————— = Repy(Q) -

Let us choose some good models for the cotangent complexes for these three spaces.

Models for cotangent complexes. The atlas Spec R - Rep,(Q) is a principal G-bundle. Hence the

relative cotangent complex Lgpec r/Repy(Q) = gV ® R. We thus have a distinguished triangle in D(R-mod)
¢ LRep,(q) = Lr = 8" ® R = ©*Lyep, (o) [1]-
On the other hand, we also have a distinguished triangle
i'Lg = Lr = Lg/ g = i"Lg[1].

Since Q and Q are both dg-quivers, both R and R are quasi-free as commutative dg-algebras. Hence
the Kahler differentials Q}, (resp. Q}%) gives a model for L (resp. Ly). For each edge e in @, we will

denote the matrix of 1-forms dqrM. = (dqre;;).
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The cone of a[—1] : Q[—1] = g¥ ® R[—1] then gives a model for ¢*Lgep,(q)- Recall that

1 \% . . . dQl 0
cone(a[—1]) = Qp @ (g ® R[-1]), with differential deope(a[-1]) = R

« d® dR[—l]
The map « comes from the G-action on R as follows: The G-action on R induces a linear map g® R — R,
£ ® 1 — £-r which satisfies Leibniz rule £ - (rirs) = (£ r1)r2 +r1(€ - 72). The dual map R — g¥ ® R =
Homg(g, R), r + (€ — & - r) is a derivation, hence it factorizes into a linear map a : Q% — g¥ ® R. In

local coordinates, the map « is given by

dapMe — —ap@eyMe + Meay(e),

where for any vertex v, the (i, j)-th element (a,);; of the matrix a, denotes the linear map in gl(d(v))"
which projects a d(v) x d(v) matrix to its (¢, j)-th element.
The g-module structure on cone a[—1] can be described as follows: Let & = (&,) € [Jgl(d(v)) = g.

Then g acts on conea[—1] = QL @ g¥ ® R[—1] by

£ darMe = —Ep(e)(darMe) + (darMe)Ey(e)

f cQy = *gvav + av€v~

Symplectic form on Spec R. The noncommutative symplectic form w = > (x,y)darxdiry
z,y edges in Q
on K@ induces a shifted symplectic form wp = (w%, 0,...) on Spec R by

> (@Y, yY)te(darMedarM,)
z,y edges in Q
1
=3 Z <Iv7yv>2(ddR$ijddRyjz’)7

z,y edges in Q ij

T
| —

where dgrM, denotes the matrix of 1-form (dgr;;).

The superpotential ® on @ also induces a function ®p = tr(Mg) which satisfy the equation
. 0 _
zdwR = ddR(I)R-

With these models for the cotangent complexes, we can proceed to write down some symplectic forms.

Symplectic form on Lge,,). Recall G =[] GL (d(v)), where d(v) is the dimension of

v vertices in Q

the vector space at the vertex v, and gl(d(v)) is given by all d(v) x d(v) matrices. Let (a,);; denote the

linear map in Hom(gl(d(v)), R) which maps a d(v) x d(v) matrix to its (¢, j)-th element. Let a, denote
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a matrix whose (i, j)-th element is given by (a,);;. Define

0 W T
w‘ﬁ*]LRepd(Q) o wR + tr(avddRMv*)

v vertices in Q

1
=5 Z <xvvyv>tr(ddRMzddRMy) + Z tr(avddRMv*).

xz,y edges in Q v vertices in Q

Now

)

0 _ 0
5*w90*H4Repd<Q) = doone <w‘P*H‘Repd(Q))

= dQ}%w% +a(wg) + Z tr (avdg}%ddRMv*)

v vertices in @

—alwp)t Y S @y audan(M,M,)

v vertices in Q x,y edges in Q

1
S Z (¥ yV)tr ((_ah(z)Mw + Myay(y)) dar My + (=1l dgrM, (—anw My + Myat(y)))

xz,y edges in Q

+

(]

<.CEV7 yv>t1' (ah(gc)ddR(MxMy))
z,y edges in Q

(1 + (71)\w\+1+|w\|y|+1+\z|(|y\+1))<x\/, yv>tr ((7ah(9:)Mm + Mmat(x)) ddRMy)

(]

1
= > )
z,y edges in Q

+

(]

<.’£v, yv)tr (ah(x)ddR(MzMy))

z,y edges in Q

= Z <xv7 y\/)tr ((_ah(z)Mz + Mzat(m)) ddRMy + QAp(x) (ddRMz)My + ah(m)MmddRMy)

z,y edges in Q

=0

since |z| + 1+ |z|ly| + 1 + |z|(Jy] + 1) =0 mod 2. For any ¢ € g,

5+w<p*]LRepd(Q) (6) = g : w‘P*]LRepd(Q)

1
== > @y tr(darMedarM,) + Y tr(avdag M)

2 - —
z,y edges in Q v vertices in Q
1 \% \%
=3 Z (7, y" ) er((=Ep(@)dar My + dar My (z))dar M,y)

z,y edges in Q

1
+3 > (@Y y)te(darMa(=EnyydarnMy + darMySyy)))

z,y edges in Q

+ Y t((Gaw + anb)darMy) + Y tr(ay(—&udar My + dgrMyeEy))

v vertices in Q v vertices in Q

=0.
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_ _ 0 . X . _
Hence dwerLy,,, @) = (0— + 04 )WLy, @ = 0 and WorLpep () 1S 2 G-invariant 2-form. The sequence

(Q)

— (0 ; E i sed 2-
W Liep @) = (w@*LRepd(Q)O, 0,...) is then a G-invariant closed 2-form as

ddRWW*LRepd(m = ddR*WW]Lnepd@) + ddRerW*LRepd(Q) =0.

. 0 . _ . . . .
Since WorLpep (@) 15 non-degenerate, WerLpep,y @) = 0,0,...) is a G-invariant symplectic form.

0
W, %
(@ ( #*LRepgy (@)’

Assuming our definition of G-invariant symplectic forms in Definition 7.3.7 is equivalent to the defi-

nition of symplectic forms on Lgep, (@) in the sense of Pantev, Toén, Vaquié and Vezzosi [58], W Liep (@)

o On Repgy(Q) and

on Spec R differ only by a term. A natural guess would be that this extra term would drop out and

is then a shifted symplectic structure on Rep4(@). Observe that the 2-form WS;*]LR ot
epd

0

“r

the two 2-forms would be equal when both are pulled back to Spec R. The shifted symplectic structure
would then be in the Darboux form described by Ben-Bassat, Brav, Bussi and Joyce [4, Theorem 2.10]

as follows:

Conjecture 7.4.1 (Shifted symplectic structure). The moduli space Repy(Q) of representations of a

quiver with superpotential QQ of dimension m has a (2 — m)-shifted symplectic structure w, such

“LRepg (@)

that ¢* (w, ) = i*wp, where i : Spec]% — Spec R is the inclusion map. Moreover, Spec R and w

"LRepg(Q)
are in a standard Darboux form in the sense of Ben-Bassat, Brav, Bussi and Joyce [{, Theorem 2.10]
described as follows:

1. The degree 0 part R° is a smooth algebra of dimension Z d(t(e))d(h(e)) generated by

degree 0 edges in Q
the entries of the matrices M., where dege = 0, and that entries in dgpgM. form a basis of Q}zo

over RY.

2. R is freely generated over R° by the entries of the matrices M, with dege = —1,...,1 —m, and

L .* 1
(i*wp)’ = i* (W) = 3 Z (z¥,y"Vtr(dgrMydarM,).
z,y edges in C:',)

3. The superpotential on @ induces a function ®r = tr(Me) which satisfies the equation known as

the classical master equation {®gr, Pr} = 0, with differential d on R given by
da;; = (1)1 (a,b)0y,, PR,

where a;; denotes the (i, j)-th entry of the matriz M, for any edge a in Q.



Chapter 8

Future Directions

This chapter discusses several future research directions.

One possible direction is to generalize Theorem 5.4.5 by removing the vanishing condition (or equiv-

alently the assumption that the exceptional poset £ is V-geometric):

Conjecture 8.0.2. Let X be a smooth variety and 7w : V — X be a vector bundle. Let £ be an exceptional

poset on D?(Coh (X)) with dual exceptional poset F. Then there is a natural Agy-structure on

rank V'

Ag = @ @ @ Homgik(Fi,Fj ® /\kV),

ijEI LT k=0
making it a finite dimensional Agy-algebra augmented over S, such that D®(Coh (V)) = Per(E(Ag)).

In fact, in Chapter 5, although not explicitly stated, we have already proven a derived equivalence

D?(Coh (X)) = Per(E(Ext}(S,5))). However, we do not know if Ext} (S, S) = Ag (see Remark 5.4.2).

In another direction, we might be able to generalize the quotient construction (Theorem 5.6.5) by
relaxing the assumption that each object in the exceptional sequence admits a G-linearization. First,
we outline a way to generalize the quotient construction for A, -categories in Section 3 by allowing G
to permute the objects in A. Let G be a finite group and A be an A, -category with a finite set of
objects. Suppose G acts on Obj (A) and for each g € G, the action ¢ : A(u,v) — A(g-u,g-v) is a strict
Aso-isomorphism. Then Obj (A) is partitioned into G-orbits [u], [v], [w], ... etc. Denote by Stab (u) the

stabilizer group of the orbit [u]. A candidate for the quotient A..-category A/G would be given by
Obj (A/G) = {([u], p) : [u] is a G-orbit in Obj (A) and p is a representation of Stab (u)},

A/G<([u]a P), ([ULU)) = HomG(pv A(u7v) ® J)v

190
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with Ag-structures induced from that of A in a way similar to that described in Section 3. With
this, suppose H is a normal subgroup of G, then we should also have (A/H)/(G/H) = A/G strictly
Ao-isomorphic. On the geometry side, we assume that the finite group G permutes the objects in the
exceptional poset £ and partitions £ into disjoint G-orbits &, = {E,,, -+ , Ey, } where u = (ug, ..., ux).

Let By =E,, ®---® E,,. Then E, is equipped with a natural G-linearization. Let

E/G={Ey®p:&, is a G-orbit of £ and p is a representation of Stab (€y)}.

Then we should be able to define on £/G a partial order by declaring

E, < E, if and only if Homg(Fy, Ey) #0 and u # v,

making /G an exceptional poset on D’(Coh (X)). We should be able to prove:

Conjecture 8.0.3. Let G be a finite group, X be a smooth variety with G acting by automorphisms,
and ™ : V. — X an equivariant vector bundle. Let £ be an exceptional poset on D?(Coh (X)) and
suppose the action of G on X induces a permutation on the objects in £. Then there is an equivalence
D?(Coh ©(V)) = Per(E(Ag/G)). Furthermore, when V is anti-semiample and Hom(E;, E;® S*VV) = 0,
then the above equivalence becomes D®(Coh @(V)) = DP(E(As/G)).

Thus in this situation, if we know the dg-quiver derived equivalent to D’(Coh (V)), we would also
know the dg-quiver derived equivalent to D?(Coh ¢(V)) by applying the quotient construction. Moreover,
this quotient construction could be factorized: if there is a normal subgroup H in G, we can compute

the quotient by first taking quotient by H, followed by taking quotient by G/H.

One might also try to remove the vanishing condition for the product construction (Theorem 5.7.3).

To do this, recall that in Theorem 5.2.4, we have constructed from the exceptional poset £ a dg-algebra

Re = Hom(IE,IE (24 S.Vv),

where E = @ E; and Iy is an injective resolution for E. In the product situation, one starts with two
exceptional posets £ and F and ends up with two dg-algebras Re¢ and Rx. For the product construction
to work without the vanishing condition, one needs to prove Rg @ Rr = Rexr as a dg-algebra. One
possible way to do this is to show that Iy X I'r is an injective resolution for £ X F'. However, we do not

know how to do this.

The above directions are more or less straightforward generalizations on the results of this thesis. A

more ambitious direction is perhaps the following. Pantev, Toén, Vaquié and Vezzosi has shown in [58,
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Theorem 2.9] that if we have an n-shifted symplectic derived stack (X,w) together with Lagrangians
fi: Ly = X, for i = 1,2, then the derived fiber product L; X x Lo has an (n — 1)-shifted symplectic
structure. Suppose Conjecture 7.4.1 is true, then quivers with superpotential correspond to shifted
symplectic derived stacks via the moduli construction. One might then ask if one can define a similar
notion of “Lagrangian” and “fiber product” in the quiver picture, which should be in the following form:
Let (@, ®) be a quiver with superpotential of dimension n. A Lagrangian should be given by a quiver
Q; with some additional structures encoding homotopy information, together with a morphism of dg-
algebras f; : KQ — KQ@; satisfying some compatibility conditions. The “fiber product” Q1 X(q,¢) Q2
should be a quiver with superpotential of dimension n — 1, whose path algebra is given by the “tensor
product” K@ ®xg KQ2. All these constructions, after taking moduli, should yield their corresponding

counterparts in the derived stack picture.



Appendix A

Some Cohomological Formulae

This chapter computes some cohomological formulae for computing examples in Chapter 6.

A.1 Cohomologies of Tangent and Cotangent Sheaf of P”

In this section, we calculate some sheaf cohomologies for the tangent sheaf 7 and cotangent sheaf € of

P* =P(V), where V is an (n + 1)-dimensional vector space. We will write 77 = APT and P = APQ).

Lemma A.1.1. Let 0 - L - U — W — 0 be a sequence of vector bundles with rank L = 1. Then for

p > 1 we have an exact sequence
p—1 p P
0L AW A\U—= AW =0 (A.11)

Proof. Taking wedge product of the exact sequence, and since L is a line bundle, we have an exact

sequence

p—2 p—1 p p
~-~—>L®2®/\U—>L®/\U—>/\U—>/\W—>0.

We claim that this exact sequence factorizes into the short exact sequence (A.1.1). We induct on p. The
case p = 1 holds tautologically. For general p, by induction assumption and twisting with L, we have an
exact sequence

p—1

p—2 p—1
0L AW—Leo N\U=Le \W-=o.
The map L® AP~ U — AP U vanishes on L®2® AP~> W and thus descends to form an exact sequence

p—1 P p

Lo AW—=A\U—- AW =0

193
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To show the above exact sequence is also exact on the left, it suffices to show

P P p—2 p—1 p—1
ker (/\U%/\W) = coker <L®2® ANU—=Le /\U) Lo A\ W

This follows since by induction assumption

p—2 p—1 p—1
coker (L@/\U—> /\U) :/\W

Proposition A.1.2. The following sequence of vector bundles on P™ is exact:
P
0= TP (k) > AV O(p+k) = TP(k) = 0.

Proof. Apply Lemma A.1.1 to the Euler exact sequence 0 - O -V ® O(1) - T — 0.

Lemma A.1.3. For2<g<n-1,
HYP", TP(k)) = HI"Y(P", TP (k).
Proof. We have an exact sequence

/p\ Ve HTY P, O(p+k)) — HIYWP, TP(k)) — HIP", TP 1(k)) — ;\ Ve HIP",O(p+k)).

For 2 < ¢ <n — 1, the flanking terms vanish and we have the isomorphism as desired.

Lemma A.1.4. Forn>2 andp #n—1, HY(P", T?(k)) =0 for all k.

Proof. We may assume 0 < p <n. For 0 < p <n — 2, applying Lemma A.1.3 repeatedly, we obtain

HY(P", T?(k)) = HPT(P",0(k)) = 0.

Forp=n—-1,
H'(P", T"(k)) = H'(P",O(n+1+k)) = 0.
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Lemma A.1.5. Forn > 2,

(TER) (MY 0 <p <, k> —p,

hO(B", TP(K) = < 1 ifp=n,k=-n-—1,

0 otherwise.

Proof. For p =0,
("M itk >0,
h(P", O(k)) =

0 otherwise.

For p =n,

(IR k> —n -1

RO(P", T (k) = hO(P",O(n+ 1+ k)) =
0 otherwise.

For 1 <p<n-—1, HY(P",7P~1(k)) = 0 by Lemma A.1.4. Hence we have short exact sequences

0— HOP", TP 1 (k) — /p\v ® HO(P",O(p + k)) — H(P", TP(k)) — 0.

If k < —p, we have H°(P", TP(k)) = 0. If k > —p, we use the equation

hO(B", TP (k)) = (dim /p\V> hO(P", O(p + k)) = h°(B", TP (k)

_ (n+ 1) (n+p+ k) O T ()

p p+k

to induct on p and obtain the desired formula.

Lemma A.1.6. Forn > 2,

e B C ifk=-n-—1,
HY (P, T" (k) =

0 otherwise.

Proof. We have short exact sequences

0— H'(P", T" (k) — /n\ V@ H)Y(P",O(n+k)) — H (P", T"(k)) — H*(P", 7" (k)) — 0.
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If k < —n, we have H°(P",O(n + k)) = 0 and hence

C ifk=-n-1
Hl(Pn,Tn_l(k)) — HO(PTL,T"U{?)) — HO(]PW,O(TL-F 14+ k)) —
0 iftk<-—n-1

If £ > —n, using Lemma A.1.5, we have

R (P, T (k) = hO (", T (k (dlm /n\ ) hO(P", O(n + k) + h°(P", T"~*(k))

2n+1+k n+1\ /2n+k n+k 2n + k
n n+k n—1+k n—1
=0.

|
Lemma A.1.7. For1<q¢g<n-—1,
C ifp+gq=nandk=-n-1,
HY(P", TP (k) =
0  otherwise.
Proof. This holds by Lemma A.1.3, A.1.4 and A.1.6. [ |

Lemma A.1.8.

n

(—n—k—2) (—k:pp—l> f0<p<n, k<-n-—p-2

0 otherwise.

Proof. By the vanishing H"=2(P",O(p + k)) = 0 and H"*1(P", TP~ 1(k)) = 0 (since dimP" = n), we

have exact sequences
0— H" Y P", TP(k)) — H™(P", TP~ (k)) — /\V ®@ H"(P™,O(p + k)) — H"(P",T?(k)) — 0.

Ifk>-n—p, H*(P",O(p +k)) =0, hence H"(P",T?(k)) = 0.
If k< —n—1—p, then H* 1 (P", TP(k)) = 0. We then have the equation

W, TPk <m/\ )h (B, O(p+ k) — " (B, 77~ (k)

|4
( 1)( Ppkflir) —h @, TP (R)
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and induction on p gives us the desired formula.

Putting Lemmas A.1.5, A.1.7 and A.1.8 together, we obtain

Proposition A.1.9.

(CED (P ifg=0,0<p<n, k> —p,
1 ifp+q=n,0<pqg<n, k=-n-1,
hI(P", TP (k) =
(CPER (R ifg=n, 0<p<n k< -n-p-2,

n—p

0 otherwise.

By the isomorphism 7P =2 7" @ Q" P = Q" P(n+ 1), one can calculate the cohomologies of exterior

powers of cotangent sheaf of P".

Proposition A.1.10.

(nﬂzzip)(k;l) ifg=0,0<p<n,k>p+1,
1 if0<p=q<n, k=0,
hI(P™ QP (k)) =

(M GEN ifa=n0<p<n k<p-n-1,

0 otherwise.

A.2 Cohomologies of Tangent and Cotangent Sheaf of P?

In this section, we specialize to P2. Let V be a three dimensional vector space over C. Denote by Q and

T the cotangent and tangent sheaf on P(V) = P2. From the last section, we have the formulae

s(k+1)(k+2) ifg=0andk>0

WP 0k) =3 L(k+1)(k+2) ifg=2andk< -3

N[

otherwise.

o

(k+2)(k+4) ifg=0andk>-1
1 ifg=1and k= -3
h (P, T (k) =
(k+2)(k+4) ifg=2and k< -5

0 otherwise.
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(k+1)(k—1) ifg=0and k>2
1 ifg=land k=0
h1(B2,Q(k)) =
(k+1)(k—1) ifg=2and k< -2

0 otherwise.

Proposition A.2.1.

2k +6k+1 ifq=0andk >0

3 ifg=1andk=-1ork=-2
hi(P?, T ® Q(k)) =
2k +6k+1 ifg=2andk < -3

0 otherwise.
Proof. We have a long exact sequence

0— H(P*,Q(k)) —» Vo HY(P?,Q(k+ 1)) — H° (P2, T @ Q(k))
— HY(P%,Q(k) = Vo HY(P?,Q(k + 1)) = HY(P?, T ® Q(k))

— H*(P?,Q(k)) = V @ H*(P?,Q(k + 1)) — H*(P?, T @ Q(k)) — 0.

For k > 1, from the vanishing H*(P?,Q(k)) = H*(P?,Q(k + 1)) = 0, we immediately have the vanishing
H{(P?, T @ Q(k)) =0 for i > 1. Also, we have

RO(P%, T @ Q(k)) = 3R°(P%, Q(k + 1)) — h°(P%, Q(k)) = 2k + 6k + 1.
For k = 0, from H!(P?,§(1)) = 0 for all i, we have

) , C ifi=0
HI(B%, T Q) = B+ (P%,0) =
0  otherwise.

For k = —1, from H*(P%,Q(—1)) = 0 for all 4, we have

. , C? ifi=1
H P, ToQ(-1)=VeH P Q) =
0 otherwise.

The rest follows from Serre duality

WP, T @ Q(k)) = h271(P2, Q@ T(—k) ® O(=3)) = h27{(P%, T @ Q(-3 — k).
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Using the isomorphism 7 2 Q(3), we also have

2k24+6k+1 ifg=0and k>3

3 ifg=1landk=1ork=2
(P2, Q@ Qk)) = h1(P2, T @ Q(k — 3)) =
2k 4+ 6k+1 ifg=2and k<0

0 otherwise.

Twisting and dualizing the FEuler sequence again, we get short exact sequences
0-TRQRQUKL) =2V TQUk-1) =T k) =0

02000k 2VeRAQUE+1) > T2 Q(k) — 0.

Proposition A.2.2.

C0  jfg=1
(P2, T RO =
0 otherwise.

Proof. This follows from the long exact sequence

0 H'P2Q00) - Ve HPLQ2Q(1) - H(PL T Q)
- H' P00 - Ve H(PL02Q01) - H (P2, T2 Q)

- H*(PPQ2Q) - Ve H (PO Q1) - H* P To0®0Q) =0
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