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Abstract. For polynomial ODE models, we introduce and discuss the concepts of exact and approximate
conservation laws, which are the first integrals of the full and truncated sets of ODEs. For fast-slow
systems, truncated ODEs describe the fast dynamics. We define compatibility classes as subsets of
the state space, obtained by equating the conservation laws to constants. A set of conservation laws
is complete when the corresponding compatibility classes contain a finite number of steady states.
Complete sets of conservation laws can be used for model order reduction and for studying the
multistationarity of the model. We provide algorithmic methods for computing linear, monomial,
and polynomial conservation laws of polynomial ODE models and for testing their completeness.
The resulting conservation laws and their completeness are either independent or dependent on the
parameters. In the latter case, we provide parametric case distinctions. In particular, we propose
a new method to compute polynomial conservation laws by comprehensive Gr\"obner systems and
syzygies.
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1. Introduction. Several important models in physics, chemistry, biology, ecology, eco-
nomics, and engineering can be written as systems of polynomial ODEs. Conservation laws
are first integrals of such models, i.e., quantities that are constant on any solution of the
ODEs. When they exist, they can be used for model order reduction [11]. A reduced model
can be more easily simulated and analyzed. For example, ODEs with n variables and n - 1
independent conservation laws are solvable by quadratures [3].
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814 DESOEUVRES ET AL.

The use of first integrals for eliminating variables is an exact model reduction method [11].
However, many model reduction methods are approximate. For instance, the quasi--steady
state approximation is an approximate model reduction method based on the elimination of
fast variables [21, 29, 31, 44, 56, 70]. This reduction method fails when the fast dynamics has
first integrals. We introduce here the approximate conservation laws, a key concept for model
reduction by variable pooling used when the fast dynamics has first integrals [5, 21, 57].

Conservation laws are also used for studying the steady states of ODE models, for in-
stance in applications that deal with multistationarity [28]. In the case of linear conservation
laws, the set of steady states can be partitioned into stoichiometric compatibility classes [27]
that are characterized by fixed, different values of the linear conservation laws. Here we extend
this definition to polynomial conservation laws. Compatibility classes are invariant sets of the
ODE flow and, under some conditions that we call completeness, contain a finite number of
steady states. The completeness of approximate conservation laws is also important for model
reduction applications [21].

A lot of effort has been put into computing linear conservation laws of ODEmodels [59, 64].
Nonlinear conservation laws have been addressed using Darboux polynomials [16, 49, 50, 55].
Monomial first integrals were discussed in [32, 49]. For a thorough introduction to first inte-
grals and related computational methods, refer to Zhang's book [74]. Polynomial first integrals
were used for formal proofs of hybrid systems safety in [63], where they were computed using
the method of undetermined coefficients.

In this paper, we propose a new method for computing polynomial conservation laws using
syzygies, which are relations among the polynomial right-hand side (r.h.s.) of the ODEs.
Furthermore, we use comprehensive Gr\"obner bases techniques for partitioning the parameter
space into branches such that the syzygies (and hence, conservation laws) are invariant under
evaluation in each branch. We also propose algorithmic solutions for testing the independence
and the completeness of the computed conservation laws.

The structure of this paper is as follows. In the next section, we introduce the polyno-
mial ODE models. We show that any polynomial ODE model can be written as a chemical
reaction network (CRN) model. In section 3 we discuss exact and approximate conservation
laws, which are important in model reduction applications. In section 4 we provide methods
to test the independence and completeness of the conservation laws. Section 5 exposes extant
methods for computing linear conservation laws. Section 6.1 is dedicated to monomial con-
servation laws. In section 6.2 we present a new method to compute polynomial conservation
laws using syzygies.

2. Models. In this paper, we consider polynomial ODE models

\.x1 = f1(\bfitk ,\bfitx ), . . . , \.xn = fn(\bfitk ,\bfitx ),(2.1)

whose r.h.s. are integer coefficient polynomials in the variables \bfitx and parameters \bfitk fi(\bfitk ,\bfitx )\in 
\BbbZ [\bfitk ,\bfitx ] = \BbbZ [k1, . . . , kr, x1, . . . , xn]. Up to a redefinition of parameters, the functions fi can be
considered homogeneous of degree one in \bfitk . We denote the vector of r.h.s. of (2.1) by

\bfitF (\bfitk ,\bfitx ) = (f1(\bfitk ,\bfitx ), f2(\bfitk ,\bfitx ), . . . , fn(\bfitk ,\bfitx ))
T.
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POLYNOMIAL CONSERVATION LAWS 815

For certain applications we consider that the functions fi have the particular structure of
CRNs [2]:

fi(\bfitk ,\bfitx ) =

r\sum 
j=1

Sijkj\bfitx 
\bfitalpha j .(2.2)

The monomials \bfitx \bfitalpha j = x
\alpha j1

1 \cdot \cdot \cdot x\alpha jn
n appearing in the r.h.s. of (2.2) are defined by r multi-

indices \bfitalpha j = (\alpha j1, . . . , \alpha jn) \in \BbbN n and for each monomial the parameter kj represents a rate
constant. The parameters \bfitk = (k1, . . . , kr) take values in \BbbR \ast 

+ and the integer coefficients Sij

form a matrix \bfitS = (Sij)\in \BbbZ n\times r, which is called the stoichiometric matrix.
Mass action CRNs with n species A1, . . . ,An and concentrations \bfitx = (x1, . . . , xn) satisfy

(2.2). For a mass action reaction

\=\alpha j1A1 + \cdot \cdot \cdot + \=\alpha jnAn \rightarrow \beta j1A1 + \cdot \cdot \cdot + \beta jnAn

we have Sij = \beta ji  - \=\alpha ji and the reaction rate is kj\bfitx 
\=\bfitalpha j , i.e., the stoichiometric coefficients

\=\bfitalpha j and the multi-indices \bfitalpha j coincide. This constraint leads to algebraic properties of CRNs
exploited in chemical reaction network theory, which was initiated by Horn, Jackson, and
Feinberg [26, 27]. However, this may not be the case in general, meaning that the multi-
indices \bfitalpha j and \=\bfitalpha j in Sij = \beta ji  - \=\alpha ji and kj\bfitx 

\bfitalpha j are not necessarily equal. As a matter of fact
the CRNs with monomial rate functions used here do not reduce the generality of polynomial
ODE models described by (2.1). This is shown by the following theorem.

Theorem 2.1. Any system of polynomial ODEs

\.x1 = f1(\bfitk ,\bfitx ), . . . , \.xn = fn(\bfitk ,\bfitx ),

where each fi(\bfitk ,\bfitx ) \in \BbbZ [\bfitk ,\bfitx ] is an integer coefficient polynomial in \bfitk and \bfitx , homogeneous
of degree one in \bfitk = (k1, . . . , kr), can be written as (2.1), (2.2) for appropriate matrix \bfitS and
multi-indices \bfitalpha j.

Proof. A constructive proof is given by Algorithm 2.1.

Remark 2.2. In many applications, parameters are not symbolic but given by their
numerical values, sometimes linearly dependent over the integers. In this case, the inde-
pendent parameters and the stoichiometric matrix are hidden behind these numbers. We
propose in Algorithm 2.2 a way to still obtain descriptions of the form (2.2), where the
kj are linearly independent over the integers and the stoichiometric coefficients are clearly
visible. For example, the ODE system \.x1 = 1.5x1x2, \.x2 = x2 + 3x1x2 is transformed into
\.x1 = k1x1x2, \.x2 = k2x2 + 2k1x1x2 with the stoichiometric matrix

S =

\biggl( 
1 0
2 1

\biggr) 
.

Remark 2.3. In chemical and biochemical applications CRN variables have positive values
and the ODE flow preserves the positive orthant. A sufficient condition for this property is
that inputs of Algorithm 2.1 satisfy

\beta iji > 0,whenever zij < 0,

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

03
/1

9/
24

 to
 1

63
.1

.2
03

.7
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



816 DESOEUVRES ET AL.

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bftwo .\bfone . Smatrix.

\bfI \bfn \bfp \bfu \bft : An ODE system whose r.h.s. are sums of rational monomials (meaning we also
allow negative powers) in \bfitk and \bfitx , homogeneous of degree one in \bfitk , with integer
coefficients:

\.xi = fi(\bfitk ,\bfitx ) =

ri\sum 
j=1

zijkij\bfitx 
\bfitbeta ij ,

where zij \in \BbbZ , \bfitbeta ij \in \BbbZ n, kij \in \{ k1, . . . , kr\} , for 1\leq i\leq n, 1\leq j \leq ri.

\bfO \bfu \bft \bfp \bfu \bft : An integer coefficient matrix \bfitS and a set of multi-indices \bfitalpha 1, . . . ,\bfitalpha r \in \BbbN n such
that fi(\bfitk ,\bfitx ) =

\sum r
j=1 Sijkj\bfitx 

\bfitalpha j for all 1\leq i\leq n.

1: Compute a list of distinct monomials

\{ Mj = kj\bfitx 
\bfitalpha j ,1\leq j \leq r\} =

n\bigcup 
i=1

ri\bigcup 
j=1

\{ kij\bfitx \bfitbeta ij\} .

Two monomials kij\bfitx 
\bfitbeta ij , ki\prime j\prime \bfitx 

\bfitbeta i\prime j\prime are distinct if \bfitbeta ij \not =\bfitbeta i\prime j\prime or kij \not = ki\prime j\prime .

2: \bff \bfo \bfr i := 1 \bft \bfo n \bfd \bfo 
3: \bff \bfo \bfr j := 1 \bft \bfo r \bfd \bfo 
4: Sij = 0
5: \bff \bfo \bfr l := 1 \bft \bfo ri \bfd \bfo 
6: \bfi \bff kil\bfitx 

\bfitbeta il =Mj \bft \bfh \bfe \bfn 
7: Sij = Sij + zil
8: \bfe \bfn \bfd \bfi \bff 
9: \bfe \bfn \bfd \bff \bfo \bfr 
10: \bfe \bfn \bfd \bff \bfo \bfr 
11: \bfe \bfn \bfd \bff \bfo \bfr 

where \beta iji is the ith coordinate of the vector \bfitbeta \bfiti \bfitj . This condition ensures that rates of reactions
consuming a species xi tend to zero whenever the concentration of this species tends to zero.
The corresponding condition on the system (2.1) reads

\alpha ji > 0,whenever Sij < 0.

However, these conditions can be lifted in other applications.

Remark 2.4. The advantage of the form (2.2) and the reason to use it even for nonchemical
applications is, as will be shown later in sections 5 and 6.1, that this form facilitates the
computation of linear and monomial conservation laws.

3. Exact versus approximate conservation laws. We start this section with a motivating
example.

Example 3.1. Let us consider the irreversible Michaelis--Menten mechanism, used as a
model of enzymatic reactions. We choose rate constants corresponding to the so-called quasi-
equilibrium, as done by Michaelis and Menten [51]. The reaction network for this model is

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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POLYNOMIAL CONSERVATION LAWS 817

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bftwo .\bftwo . CompareAndSplitCoefficients.

\bfI \bfn \bfp \bfu \bft : An ODE system of the form \.xi = fi(\bfitk ,\bfitx ) =
\sum m

j=1Bij\bfitx 
\bfitalpha j , where \bfitalpha j \in \BbbZ n, Bij \in \BbbR ,

m is the number of distinct \bfitalpha j .
\bfO \bfu \bft \bfp \bfu \bft : A set of incommensurate real numbers \{ k1, . . . , kr\} and a set of integers

\{ zij ,1\leq i\leq n,1\leq j \leq ri\} such that

fi(\bfitk ,\bfitx ) =

ri\sum 
j=1

zijkij\bfitx 
\bfitbeta ij ,

where kij \in \{ k1, . . . , kr\} , for 1\leq i\leq n, 1\leq j \leq ri.
1: \bff \bfo \bfr h := 1 \bft \bfo m \bfd \bfo 
2: \bff \bfo \bfr i := 1 \bft \bfo n \bfd \bfo 
3: \bff \bfo \bfr j := 1 \bft \bfo i \bfd \bfo 
4: \bfi \bff Bjh = 0 \bft \bfh \bfe \bfn 
5: zjh := 1, kjh := 0, zih := sign(Bih), kih :=Bih/zih

\bfitbeta ih :=\bfitalpha h, \bfitbeta jh :=\bfitalpha h

6: \bfe \bfl \bfs \bfe \bfi \bff Bih/Bjh \in \BbbZ \bft \bfh \bfe \bfn 
7: zih := sign(Bih)| Bih/Bjh| , kih :=Bih/zih, zjh := sign(Bjh), kjh :=Bjh/zjh

\bfitbeta ih :=\bfitalpha h, \bfitbeta jh :=\bfitalpha h

8: \bfe \bfl \bfs \bfe \bfi \bff Bjh/Bih \in \BbbZ \bft \bfh \bfe \bfn 
9: zjh := sign(Bjh)| Bjh/Bih| , kjh :=Bjh/zjh, zih := sign(Bih), kih :=Bih/zih

\bfitbeta ih :=\bfitalpha h, \bfitbeta jh :=\bfitalpha h

10: \bfe \bfl \bfs \bfe 
11: zjh := sign(Bjh), kjh :=Bjh/zjh, zih := sign(Bih), kih :=Bih/zih

\bfitbeta ih :=\bfitalpha h, \bfitbeta jh :=\bfitalpha h

12: \bfe \bfn \bfd \bfi \bff 
13: \bfe \bfn \bfd \bff \bfo \bfr 
14: \bfe \bfn \bfd \bff \bfo \bfr 
15: \bfe \bfn \bfd \bff \bfo \bfr 
16: \bff \bfo \bfr i := 1 \bft \bfo n \bfd \bfo 
17: ri :=m, j = 1
18: \bfw \bfh \bfi \bfl \bfe j < ri \bfd \bfo 
19: \bfi \bff kij = 0 \bft \bfh \bfe \bfn 
20: \bff \bfo \bfr h := j \bft \bfo ri  - 1 \bfd \bfo 

21: /*re-indexing*/ zijkij\bfitx 
\bfitbeta ij := zij+1kij+1\bfitx 

\bfitbeta ij+1

22: \bfe \bfn \bfd \bff \bfo \bfr 

23: zirikiri\bfitx 
\bfitbeta iri := 0

24: ri := ri  - 1
25: \bfe \bfn \bfd \bfi \bff 
26: j:=j+ 1
27: \bfe \bfn \bfd \bfw \bfh \bfi \bfl \bfe 
28: \bfe \bfn \bfd \bff \bfo \bfr 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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818 DESOEUVRES ET AL.

S +E
k1

\rightleftharpoons 
k2

ES
k3\delta  - \rightarrow E + P,

where S is a substrate, E is an enzyme, ES is an enzyme-substrate complex, and k1, k2, k3
are rate constants of the same order of magnitude. Here 0< \delta < 1 is a small positive scaling
parameter, indicating that the third rate constant is small.

According to mass-action kinetics, the concentrations x1 = [S], x2 = [SE], and x3 = [E]
satisfy the system of ODEs

\.x1 = - k1x1x3 + k2x2,(3.1a)

\.x2 = k1x1x3  - k2x2  - \delta k3x2,(3.1b)

\.x3 = - k1x1x3 + k2x2 + \delta k3x2.(3.1c)

We consider the truncated system of ODEs

\.x1 = - k1x1x3 + k2x2,(3.2a)

\.x2 = k1x1x3  - k2x2,(3.2b)

\.x3 = - k1x1x3 + k2x2,(3.2c)

which is obtained by setting \delta = 0 in (3.1). If ki,1 \leq i \leq 3, are of order O(\delta 0), then the
truncated system (3.2) describes the dynamics of the model on fast timescales of order O(\delta 0).

The steady state of the fast dynamics is obtained by equating to zero the r.h.s. of (3.2).
The resulting condition is called quasi-equilibrium (QE), because it means that the complex
formation rate k1x1x3 is equal to the complex dissociation rate k2x2. In other words, the
reversible reaction

S +E
k1

\rightleftharpoons 
k2

ES

is at equilibrium. The QE condition is reached only at the end of the fast dynamics and is
satisfied with a precision of order O(\delta ) during the slow dynamics [33].

We introduce the linear combinations of variables x4 = x1 + x2 and x5 = x2 + x3, corre-
sponding to the total substrate and total enzyme concentrations, respectively. Addition of
(3.1b) and (3.1c) leads to \.x5 = 0, which means that for solutions of the full system, x5 is
constant for all times. We will call such a quantity an exact conservation law. The addition of
(3.2a) and (3.2b) leads to \.x4 = 0. This means that x4 is constant for solutions of the truncated
dynamics, valid at short times t=O(\delta 0). However, addition of (3.1a) and (3.1b) leads to

\.x4 = - \delta k3x2,

meaning that x4 evolves slowly under the full dynamics. x4 is not constant at large times
t = O(\delta  - 1). We call such a quantity an approximate conservation law. The quantity x5 is
both an exact and an approximate conservation law, because is conserved by both (3.2) and
(3.1) and therefore it is constant at all times.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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POLYNOMIAL CONSERVATION LAWS 819

Remark 3.2. The exact and approximate conservation laws can be used as a new parameter
and as a slow variable of the model, respectively. Two extant variables can then be eliminated
as such x2 = x4 - x1, x3 = k4+x1 - x4, where k4 = x5 is the new parameter. In the remaining
variables x1, x4 the full system reads

\.x1 = - k1x1(k4 + x1  - x4) + k2(x4  - x1),(3.3a)

\.x4 = - \delta k3(x4  - x1).(3.3b)

The transformed model (3.3) is typically a slow-fast system with x1 the fast and x4 the slow
variable [29, 70] and can be further reduced using the quasi--steady state approximation. In
the transformed model the fast dynamics (3.3a) has a nondegenerate, hyperbolic steady state.
This was not the case for the fast dynamics (3.2) in the original formulation of the problem,
which has a degenerate steady state manifold. However, the foliations defined by hyperplanes
on which the two conservation laws are constant intersect transversally the degenerate state
manifold, resulting in nondegenerate steady states. This property, called completeness, will
be detailed in section 4.

More generally, let us assume that the r.h.s. of the system in (2.1) can be decomposed
into a sum of two terms, the first one dominating (being much larger than the second). This
decomposition can be obtained by rescaling the model variables and parameters by powers
of a small scaling parameter \delta , where 0 < \delta < 1. To this aim, we define \=\bfitk = (\=k1, . . . , \=kr) and
\=\bfitx = (\=x1, . . . , \=xm) such that ki = \delta ei\=ki, xi = \delta di \=xi and obtain

fi(\bfitk ,\bfitx ) = f
(1)
i (\bfitk ,\bfitx ) + f

(2)
i (\bfitk ,\bfitx ),(3.4)

where

f
(1)
i (\bfitk ,\bfitx ) = \delta bi \=f

(1)
i (\=\bfitk , \=\bfitx ) and f

(2)
i (\bfitk ,\bfitx ) = \delta b

\prime 
i \=f

(2)
i (\=\bfitk , \=\bfitx , \delta )

with bi < b\prime i (for details see [21, 44]).

For a small parameter \delta , the terms \delta b
\prime 
i \=f

(2)
i (\=\bfitk , \=\bfitx , \delta ) are dominated by the terms \delta bi \=f

(1)
i (\=\bfitk ,

\=\bfitx ). This justifies introducing the truncated system as the system of ODEs obtained by keeping
only the lowest order, dominant terms of the system in (2.1), namely

\.x1 = f
(1)
1 (\bfitk ,\bfitx ), . . . , \.xn = f (1)

n (\bfitk ,\bfitx ).(3.5)

We denote the vector of r.h.s. of the truncated system by

\bfitF (1)(\bfitk ,\bfitx ) = (f
(1)
1 (\bfitk ,\bfitx ), . . . , f (1)

n (\bfitk ,\bfitx ))T.

Remark 3.3. Depending on the application, the truncated system in (3.5) can consist of
fewer ODEs than the system in (2.1). For instance, in the case of model reduction of fast-slow
systems, only the ODEs corresponding to fast variables are included in the truncated system.
In this case, the truncated system describes the fast timescale dynamics.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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820 DESOEUVRES ET AL.

Definition 3.4.
(a) A function \phi (\bfitk ,\bfitx ) is a parametric exact conservation law if there exists a nonempty

semialgebraic set V\bfitk \subseteq \BbbR r
+ such that for all \bfitk \in V\bfitk , \phi (\bfitk ,\bfitx ) is a first integral of the full

system in (2.1), i.e., if

\forall \bfitk \in V\bfitk \forall \bfitx \in \BbbR n
+

\Biggl( 
n\sum 

i=1

\partial \phi 

\partial xi
(\bfitk ,\bfitx )fi(\bfitk ,\bfitx ) = 0

\Biggr) 
.

(b) A function \phi (\bfitk ,\bfitx ) is a parametric approximate conservation law if there exists a
nonempty semialgebraic set V\bfitk \subseteq \BbbR r

+ such that for all \bfitk \in V\bfitk , \phi (\bfitk ,\bfitx ) is a first integral
of the truncated system in (3.5), i.e., if

\forall \bfitk \in V\bfitk \forall \bfitx \in \BbbR n
+

\Biggl( 
n\sum 

i=1

\partial \phi 

\partial xi
(\bfitk ,\bfitx )f

(1)
i (\bfitk ,\bfitx ) = 0

\Biggr) 
.

(c) A parametric exact (approximate) conservation law of the form

\phi (\bfitk ,\bfitx ) = c1(\bfitk )x1 + \cdot \cdot \cdot + cn(\bfitk )xn

with ci(\bfitk ) \in \BbbR [\bfitk ] is called an exact (approximate) linear conservation law. If ci \geq 0
for 1\leq i\leq n, the linear conservation law is called semipositive.

(d) A parametric exact (approximate) conservation law of the form \phi (\bfitk ,\bfitx ) = a(\bfitk )xm1

1

\cdot \cdot \cdot xmn
n with mi \in \BbbZ and a(\bfitk )\in \BbbR [\bfitk ] is called an exact (approximate) rational monomial

conservation law. If mi \in \BbbZ + for 1 \leq i \leq n, the conservation law is called monomial.
For simplicity, in this paper, we will call both types monomial.

(e) A parametric exact (approximate) conservation law of the form

s\sum 
i=1

ai(\bfitk )x
m1i

1 \cdot \cdot \cdot xmni
n

with mji \in \BbbZ + and ai(\bfitk )\in \BbbR [\bfitk ] is called a parametric exact (approximate) polynomial
conservation law.

Remark 3.5. In some applications we are interested in conservation laws \phi (\bfitx ) that do not
depend on \bfitk . For instance, in model reduction of a fast-slow system, approximate conservation
laws that are not exact represent variables of the reduced model [5, 21, 33, 56, 57]. When
these conservation laws depend only on \bfitx , one can show that these approximate conservation
laws are always slower than the variables which compose them, a prerequisite for fast-slow
reduction [21]. Moreover this ensures, for CRN models, that the reduced model is obtained
by graph rewriting operations, i.e., by species and reactions pooling and pruning (see [56]).

Remark 3.6. Following Remark 3.5, in this paper, we use the following convention. An
unconditional conservation law is a function \phi (\bfitx ) that does not depend on \bfitk and satisfies the
conditions of Definition 3.4, while a parametric conservation law is a function \phi (\bfitk ,\bfitx ) that
does depend on \bfitk .
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POLYNOMIAL CONSERVATION LAWS 821

4. Independence and completeness. Some variables xi may not appear in a conservation
law \phi (\bfitk ,\bfitx ). This means, in the case of a linear conservation law, that some coefficients ci
may be zero or, in the case of a nonlinear conservation law, that some partial derivatives
\partial \phi 
\partial xi

(\bfitk ,\bfitx ) may vanish. If r is the number of all nonzero quantities \partial \phi 
\partial xi

(\bfitk ,\bfitx ), then we say that
the conservation law depends on r variables.

Definition 4.1. An exact or approximate conservation law depending on r variables is called
simple if it can't be split into the sum or the product of two conservation laws such that at
least one of them depends on a number of variables r\prime with 1\leq r\prime < r.

Definition 4.2. For \bfitk \in \BbbR r
+ a steady state \bfitx is a positive solution of \bfitF (\bfitk ,\bfitx ) = 0. We

denote the steady state variety by \scrS \bfitk . A steady state is degenerate or nondegenerate if the
Jacobian D\bfitx \bfitF (\bfitk ,\bfitx ) is singular or regular, respectively.

Degeneracy of steady states implies that \scrS \bfitk is not discrete. Reciprocally, we have the
following result.

Theorem 4.3. Assume that for \bfitk \in \BbbR r
+, \scrS \bfitk is a manifold. If the local dimension at a point

\bfitx 0 \in \scrS \bfitk is strictly positive, then \bfitx 0 is degenerate.

Proof. There is a neighborhood U \subset \BbbR of zero and a smooth function U \rightarrow \scrS \bfitk , \alpha \mapsto \rightarrow 
\bfitx (\alpha ) with \bfitx (0) = \bfitx 0. By differentiating \bfitF (\bfitk ,\bfitx (\alpha )) = 0 with respect to \alpha at 0 we get

D\bfitx \bfitF (\bfitk ,\bfitx 0)
d\bfitx (0)
d\alpha = 0, and thus D\bfitx \bfitF (\bfitk ,\bfitx 0) is singular.

Definition 4.4. A set of s exact conservation laws defined by the vector

\bfPhi (\bfitk ,\bfitx ) = (\phi 1(\bfitk ,\bfitx ), . . . , \phi s(\bfitk ,\bfitx ))
T

is called complete if the Jacobian matrix

\bfitJ \bfitF ,\bfitphi (\bfitk ,\bfitx ) =D\bfitx (\bfitF (\bfitk ,\bfitx ),\bfPhi (\bfitk ,\bfitx ))T

has rank n for any \bfitk \in \BbbR r
+,\bfitx \in \BbbR n

+. The set is called independent if the Jacobian matrix
of \bfPhi (\bfitk ,\bfitx )T with respect to \bfitx has rank s for any \bfitk \in \BbbR r

+,\bfitx \in \BbbR n
+. In the case of a set

of approximate conservation laws defined by a vector \bfPhi (\bfitk ,\bfitx ), completeness is defined with
\bfitF (\bfitk ,\bfitx ) replaced by \bfitF (1)(\bfitk ,\bfitx ).

Proposition 4.5. If a system has a complete set of conservation laws, then the intersection
of \scrS \bfitk with \{ \bfitx | \bfPhi (\bfitk ,\bfitx ) = \bfitc 0\} \cap \BbbR n

+, where \bfitc 0 \in \BbbR r, is finite.

Proof. Suppose that the intersection is nonempty and contains \bfitx . Because the rank of
\bfitJ \bfitF ,\bfitphi (\bfitk ,\bfitx ) in \bfitx is n, the implicit function theorem implies that, for \bfitk and \bfitc 0, \bfitx is isolated
from other solutions of \bfitF (\bfitk ,\bfitx ) = 0, \bfPhi (\bfitk ,\bfitx ) = \bfitc 0. As \bfitF (\bfitk ,\bfitx ) is polynomial, the intersection
is finite.

Remark 4.6. When \bfPhi (\bfitk ,\bfitx ) is linear in \bfitx and results from a stoichiometric matrix, the set

\scrC \bfitc 0
= \{ \bfitx | \bfPhi (\bfitk ,\bfitx ) = \bfitc 0\} \cap \BbbR n

+

is called the stoichiometric compatibility class or reaction simplex [27, 72]. Stoichiometric
compatibility classes of systems with complete sets of linear conservation laws contain a finite
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822 DESOEUVRES ET AL.

number of steady states. We note that some authors call completeness of linear conservation
laws nondegeneracy [28]. Here, we extend these definitions and call compatibility classes all
sets of the type \scrC \bfitc 0

, even if \bfPhi (\bfitk ,\bfitx ) is a nonlinear conservation law. Compatibility classes of
polynomial conservation laws are semialgebraic sets.

Compatibility classes and the completeness of conservation laws have applications to the
study of multistationarity of models [28] and to model order reduction [21] (see also section 3
and Remark 3.2).

Remark 4.7. Since our concern is the number of positive solutions in \bfitx of \bfitF (\bfitk ,\bfitx ) = 0,
\bfPhi (\bfitk ,\bfitx ) = \bfitc 0, it would be more natural to consider in Definition 4.4 the rank of \bfitJ \bfitF ,\bfitphi (\bfitk ,\bfitx ) on

\scrS \bfitk \cap \{ \bfitx | \bfPhi (\bfitk ,\bfitx ) = \bfitc 0\} \cap \BbbR n
+.

In fact, as this rank does not depend on \bfitc 0, it is simpler and equivalent to impose its value
on \scrS \bfitk \cap \BbbR n

+.

Remark 4.8. The independent linear conservation laws

\bfPhi (\bfitk ,\bfitx ) = (x1 + x2, x2 + x3)

of the truncated system in Example 3.1 are complete. More precisely, the Jacobian of

(\bfitF (\bfitk ,\bfitx ),\bfPhi (\bfitk ,\bfitx ))T,

where \bfitF (\bfitk ,\bfitx ) is the vector of the r.h.s. of (3.2), has a 3\times 3 minor

det(D\bfitx ( - k1x1x3 + k2x2,\bfPhi (\bfitk ,\bfitx ))T) = - k2  - k1x1  - k1x3.

This minor cannot be zero for positive \bfitx , \bfitk on the steady state variety which is defined by
the single equation  - k1x1x3 + k2x2 = 0. Therefore the rank of \bfitJ \bfitF ,\bfitphi (\bfitx ,\bfitk ) is 3.

Furthermore, all stoichiometric compatibility classes defined by x1+x2 = c01, x2+x3 = c02,
\bfitx > 0, contain a unique positive steady state

x1 = (k1(c01  - c02) - k2 +
\surd 
\Delta )/(2k1),

x2 = (k1(c01 + c02) + k2  - 
\surd 
\Delta )/(2k1),

x3 = (k1(c02  - c01) - k2 +
\surd 
\Delta )/(2k1),

where \Delta = (c01 - c02)
2k21 + k22 +2k1k2(c01+ c02). This nondegenerate steady state is precisely

the one used for the quasi-steady reduction of the transformed model (see also Remark 3.2).

The notions of completeness and independence in Definition 4.4 are effective. Indeed,
Algorithms 4.2 and 4.3 below check for completeness and independence, respectively. Both
algorithms use a parametric rank computation (see in both cases line 1 with the call ``Para-
metricRank""), which we are going to present first.

Let L, N , M \in \BbbN and let \BbbR [\bfitv ] be a polynomial ring in P indeterminates \bfitv = (v1, . . . , vL).
Furthermore, let A \in \BbbR [\bfitv ]M\times N be a matrix whose entries are polynomials in \bfitv . We are
interested in the rank of A in dependence of different values \=\bfitv \in \BbbR L for the variables \bfitv .
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POLYNOMIAL CONSERVATION LAWS 823

Algorithm 4.1 (ParametricRank) provides a decomposition of the affine space \BbbR L into disjoint
semialgebraic subsets

S1, . . . , SI

such that for each subset Si among the S1, . . . , SI the rank of A(\=\bfitv ) is constant for all points
\=\bfitv of Si. The output of the algorithm is organized as a set of pairs

R= \{ (\Gamma 1, r1), . . . , (\Gamma I , rI)\} .

For each i = 1, . . . , I, \Gamma i is a conjunction of polynomial constraints in \bfitv , i.e., polynomial
equations and inequations in \bfitv with coefficients in \BbbR , and ri is an integer. The semialgebraic
sets S1, . . . , SI from above are defined by \Gamma 1, . . . ,\Gamma I and r1, . . . , rI are the ranks of A on these
sets.

In order to determine the different ranks, the algorithm computes row echelon forms by
introducing case distinctions. Roughly speaking the algorithm works in the following way. For
a semialgebraic set S defined by a conjunction of polynomial constraints \Gamma and for a matrix
A which is in row echelon form up to the pth row, the algorithm checks if there is an entry
Aij in A, where p+ 1\leq i\leq M and p+ 1\leq j \leq N , which does not vanish for any point of S.
If Amn is such an entry, then one swaps rows p+ 1 with m and columns p+ 1 with n. One
then uses the entry Ap+1,p+1 in the new matrix as a pivot element to delete all subsequent
entries and introduces a new case consisting of the same set S, i.e., the same \Gamma , but now with
the matrix in row echelon form up to row p+ 1. If there is not such an entry, the algorithm
checks if there is an entry Aij , where i, j runs as above, which does not vanish for all points
of S. If Amn is such an entry, the algorithm introduces two new cases. Both cases consist
of the old matrix A in row echelon form up to row p. The difference is now that one case
consists of the semialgebraic set defined by \Gamma \wedge Amn \not = 0 and the other one consists of the set
defined by \Gamma \wedge Amn = 0. The new conditions guarantee the nonvanishing and the vanishing
of the entry Amn in the respective case. If there is not an entry Amn as described above, on
S the matrix A is in row echelon form and has rank p. The algorithm returns \Gamma and p. The
algorithm processes a stack of cases in the way described above starting with the case which
consists of the semialgebraic set \BbbR L defined by \Gamma = ``true"" and the matrix A in row echelon
form up to row p= 0.

Technically, the algorithm uses a logical deduction procedure \vdash to heuristically derive from
\Gamma whether or not relevant entries vanish in \BbbR . The correctness of the algorithm requires only
two very natural assumptions on \vdash :

(i) If \Gamma \vdash \gamma , then \Gamma entails \gamma in \BbbR , i.e., \vdash is sound.
(ii) \gamma \wedge \Gamma \vdash \gamma , i.e., \vdash can derive constraints \gamma that literally occur on the l.h.s.

Of course, our notation in (ii) should be read modulo associativity and commutativity of the
logical conjunction operator. Notice that (ii) is easy to implement, and implementing only
(ii) is certainly sound.

Example 4.9. We consider the 3\times 3-matrix

A(0) =

\left(  0 v1 1
v1 v23  - 1 + v1v2 v3

v3  - 1 v3 + 1+ v1v
3
3 v33

\right)  

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

03
/1

9/
24

 to
 1

63
.1

.2
03

.7
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



824 DESOEUVRES ET AL.

with polynomial entries in \BbbR [\bfitv ] with \bfitv = (v1, v2, v3). Starting with (true,A(0),0) we find in

A(0) the entry A
(0)
1,3 = 1 which clearly does not vanish on \BbbR 3. We swap the first and third

columns and use 1 as a pivot to delete the entries v3 and v33. We obtain

A(1) =

\left(  1 v1 0
0 v23  - 1 v1
0 v3 + 1 v3  - 1

\right)  
and introduce (true,A(1),1). For each entry A

(1)
i,j with 2 \leq i, j \leq 3 there is at least one point

in \BbbR 3 such that A
(1)
i,j vanishes. On the other hand, for each entry A

(1)
i,j with 2\leq i, j \leq 3 there

is also at least one point in \BbbR 3 such that A
(1)
i,j does not vanish. We choose A

(1)
2,2 = v23  - 1 and

introduce the cases (v23  - 1 \not = 0,A(1),1) and (v23  - 1 = 0,A(1),1). Continuing with the first

case, we trivially find that the entry A
(1)
2,2 = v23  - 1 does not vanish on the semialgebraic set

\{ \bfitv \in \BbbR 3 | v23  - 1 \not = 0\} and we use it as a pivot to delete the entry v3 + 1. We obtain

A(2) =

\left(  1 v1 0
0 v23  - 1 v1
0 0 (v3  - 1)2  - v1

\right)  
and introduce (v23  - 1 \not = 0,A(2),2). Since the set \{ \bfitv \in \BbbR 3 | v23  - 1 \not = 0\} contains points where

A
(2)
3,3 vanishes and points where A

(2)
3,3 does not vanish, we introduce the two cases

(v23  - 1 \not = 0 \wedge (v3  - 1)2 \not = v1,A
(2),2),

(v23  - 1 \not = 0 \wedge (v3  - 1)2 = v1,A
(2),2).

In the first case, the entry A
(2)
3,3 clearly does not vanish on the semialgebraic set

\{ \bfitv \in \BbbR 3 | v23  - 1 \not = 0 \wedge (v3  - 1)2 \not = v1\} .

Since there is no entry left to delete with the pivot A
(2)
3,3, we simply introduce the new case

(v23  - 1 \not = 0 \wedge (v3  - 1)2 \not = v1,A
(2),3),

which yields the output (v23  - 1 \not = 0 \wedge (v3  - 1)2 \not = v1,3). In the second case we have that

the entry A
(2)
3,3 is zero on the constructed semialgebraic set and so the algorithm returns

(v23 - 1 \not = 0 \wedge (v3 - 1)2 = v1,2). Finally, we are coming back to the case (v23 - 1 = 0,A(1),1). On
the semialgebraic set \{ \bfitv \in \BbbR 3 | v23  - 1 = 0\} the entries v23  - 1, v3 +1, and v3  - 1 are zero while

there are points in this set where the entry A
(1)
2,3 = v1 vanishes and points where it does not

vanish. We introduce the cases (v23  - 1 = 0 \wedge v1 \not = 0,A(1),1) and (v23  - 1 = 0 \wedge v1 = 0,A(1),1).

In the first case the entry A
(1)
2,3 = v1 is nonzero on the semialgebraic set

\{ \bfitv \in \BbbR 3 | v23  - 1 = 0 \wedge v1 \not = 0\} 

and so we obtain (v23 - 1 = 0 \wedge v1 \not = 0,A(1),2), which leads to the output (v23 - 1 = 0 \wedge v1 \not = 0,2).

In the second case all entries A
(1)
i,j with 2\leq i, j \leq 3 are zero on the corresponding semialgebraic

set and therefore the algorithm returns (v23  - 1 = 0 \wedge v1 = 0,1).
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POLYNOMIAL CONSERVATION LAWS 825

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bffour .\bfone . ParametricRank.

\bfI \bfn \bfp \bfu \bft : An M \times N -matrix A(\bfitv ) with polynomial entries in parameters \bfitv .
\bfO \bfu \bft \bfp \bfu \bft : A set of pairs \{ (\Gamma 1(\bfitv ), r1), . . . , (\Gamma I(\bfitv ), rI)\} , where each \Gamma i(\bfitv ) is a conjunction of

polynomial equations and inequations and ri \in \{ 1, . . . ,N\} . For any real choice \=\bfitv of
parameters \bfitv there is one and only one i\in \{ 1, . . . , I\} such that \Gamma i(\=\bfitv ) holds in \BbbR . For
this i we have rankA(\=\bfitv ) = ri.

1: I := 0
2: create an empty stack
3: push (true,A,0)
4: \bfw \bfh \bfi \bfl \bfe stack is not empty \bfd \bfo 
5: (\Gamma ,A, p) := pop
6: \bfi \bff \Gamma \nvdash false \bft \bfh \bfe \bfn 
7: \bfi \bff there is m\in \{ p+ 1, . . . ,M\} , n\in \{ p+ 1, . . . ,N\} s.t. \Gamma \vdash Amn \not = 0 \bft \bfh \bfe \bfn 
8: in A, swap rows p+ 1 with m and columns p+ 1 with n
9: in A, use row p+ 1 to obtain Ap+2,p+1 = \cdot \cdot \cdot =AM,p+1 = 0
10: push (\Gamma ,A, p+ 1)
11: \bfe \bfl \bfs \bfe \bfi \bff there is m\in \{ p+ 1, . . . ,M\} , n\in \{ p+ 1, . . . ,N\} s.t. \Gamma \nvdash Amn = 0 \bft \bfh \bfe \bfn 
12: a :=Amn

13: push (\Gamma \wedge a \not = 0,A, p)
14: in A, set Amn := 0 optional optimization
15: push (\Gamma \wedge a= 0,A, p)
16: \bfe \bfl \bfs \bfe A is in row echelon form modulo \Gamma 
17: I := I + 1
18: (\Gamma I , rI) := (\Gamma , p)
19: \bfe \bfn \bfd \bfi \bff 
20: \bfe \bfn \bfd \bfi \bff 
21: \bfe \bfn \bfd \bfw \bfh \bfi \bfl \bfe 
22: \bfr \bfe \bft \bfu \bfr \bfn \{ (\Gamma 1, r1), . . . , (\Gamma I , rI)\} 

Remark 4.10. Similar approaches [62] do not necessarily yield disjoint parameter ranges
Si (see [6, section 5.3]).

Let us get back to checking for completeness and independence. We start with Algo-
rithm 4.2, which handles completeness.

On the grounds of Algorithm 4.1, we construct in lines 2--3 in Algorithm 4.2 an equivalent
logic condition \varrho n for rank\bfitJ \bfitF ,\bfitphi (\bfitk ,\bfitx ) = n. In line 4 we construct \gamma as a direct formalization
of the definition of completeness and in line 5 we finally test validity of \gamma over the reals.
Technically we use a combination of various effective quantifier elimination procedures for the
theory of real closed fields (see [24, 67, 68] and the references there) combined with heuristic
simplification techniques [23] in the Redlog system [22, 42, 60]. Alternatively, one could use
satisfiability modulo theories solving over the logic QF NRA [1, 7, 54]. Algorithm 4.3 proceeds
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826 DESOEUVRES ET AL.

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bffour .\bftwo . IsComplete.

\bfI \bfn \bfp \bfu \bft : 1. \bfitF (\bfitk ,\bfitx ) = (f1(\bfitk ,\bfitx )), . . . , fn(\bfitk ,\bfitx )); 2. \bfPhi (\bfitk ,\bfitx ) = (\phi 1(\bfitk ,\bfitx ), . . . \phi s(\bfitk ,\bfitx ));
3. \bfitk = (k1, . . . , kr); 4. \bfitx = (x1, . . . , xn)

\bfO \bfu \bft \bfp \bfu \bft : ``yes"" if \Phi is complete according to Definition 4.4, ``no"" otherwise
1: R := ParametricRank(\bfitJ \bfitF ,\bfitphi (\bfitk ,\bfitx ))
2: Rn := \{ (\Gamma , r)\in R | r= n\} 
3: \varrho n :=

\bigvee 
(\Gamma ,n)\in Rn

\Gamma 

4: \gamma := \forall \bfitk \forall \bfitx (\bfitk > 0 \wedge \bfitx > 0 \wedge \bfitF (\bfitk ,\bfitx ) = 0 - \rightarrow \varrho n)
5: \bfi \bff \BbbR | = \gamma \bft \bfh \bfe \bfn 
6: \bfr \bfe \bft \bfu \bfr \bfn ``yes""
7: \bfe \bfl \bfs \bfe 
8: \bfr \bfe \bft \bfu \bfr \bfn ``no""
9: \bfe \bfn \bfd \bfi \bff 

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bffour .\bfthree . IsIndependent.

\bfI \bfn \bfp \bfu \bft : 1. \bfitF (\bfitk ,\bfitx ) = (f1(\bfitk ,\bfitx )), . . . , fn(\bfitk ,\bfitx )); 2. \bfPhi (\bfitk ,\bfitx ) = (\phi 1(\bfitk ,\bfitx ), . . . \phi s(\bfitk ,\bfitx ));
3. \bfitk = (k1, . . . , kr); 4. \bfitx = (x1, . . . , xn)

\bfO \bfu \bft \bfp \bfu \bft : ``yes"" if \Phi is independent according to Definition 4.4, ``no"" otherwise
1: R := ParametricRank(D\bfitx \bfPhi (\bfitk ,\bfitx )T )
2: Rs := \{ (\Gamma , r)\in R | r= s\} 
3: \varrho s :=

\bigvee 
(\Gamma ,s)\in Rs

\Gamma 

4: \iota := \forall \bfitk \forall \bfitx (\bfitk > 0 \wedge \bfitx > 0 \wedge \bfitF (\bfitk ,\bfitx ) = 0 - \rightarrow \varrho s)
5: \bfi \bff \BbbR | = \iota \bft \bfh \bfe \bfn 
6: \bfr \bfe \bft \bfu \bfr \bfn ``yes""
7: \bfe \bfl \bfs \bfe 
8: \bfr \bfe \bft \bfu \bfr \bfn ``no""
9: \bfe \bfn \bfd \bfi \bff 

analogously to Algorithm 4.2 and tests for independence.

Example 4.11. We automatically process Example 3.1 with Algorithm 4.2, IsComplete.
Our input is

\bfitF (\bfitk ,\bfitx ) = ( - k1x1x3 + k2x2, k1x1x3  - k2x2, - k1x1x3 + k2x2),

\bfPhi (\bfitk ,\bfitx ) = (x1 + x2, x2 + x3)

and \bfitk = (k1, k2), \bfitx = (x1, x2, x3). We obtain the parametric Jacobian

\bfitJ \bfitF ,\bfitphi (\bfitk ,\bfitx ) =

\left(      
 - k1x3 k2  - k1x1
k1x3  - k2 k1x1
 - k1x3 k2  - k2x1

1 1 0
0 1 1

\right)      

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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POLYNOMIAL CONSERVATION LAWS 827

and compute in line 1 the parametric rank

R= \{ (k1x1 + k1x3 + k2 \not = 0,3), (k1x1 + k1x3 + k2 = 0,2)\} ,

from which we select R3 = \{ (k1x1 + k1x3 + k2 \not = 0,3)\} in line 2 and

\varrho 3 = (k1x1 + k1x3 + k2 \not = 0)

in line 3. Completeness is straightforwardly formalized in line 4 by

\gamma = \forall \bfitk \forall \bfitx (\bfitk > 0 \wedge \bfitx > 0 \wedge k1x1x3  - k2x2 = 0 - \rightarrow k1x1 + k1x3 + k2 \not = 0),

where some redundant equations are automatically removed from \bfitF (\bfitk ,\bfitx ) = 0 via the standard
simplifier described in [23]. Real quantifier elimination on \gamma in line 5 equivalently yields ``true,""
which confirms completeness, and we return ``yes"" in line 6.

Similarly, Algorithm 4.3, IsIndependent, computes

D\bfitx \bfPhi (\bfitk ,\bfitx )T =

\biggl( 
1 1 0
0 1 1

\biggr) 
,

R= \{ (true,2)\} , R2 =R, and \varrho 2 = true. This yields

\iota = \forall \bfitk \forall \bfitx (\bfitk > 0 \wedge \bfitx > 0 \wedge k1x1x3  - k2x2 = 0 - \rightarrow true),

which by quantifier elimination is equivalent to ``true,"" and we return ``yes."" Recall that any
implication with ``true"" on the r.h.s. holds already due to Boolean logic [61]. In our framework
here, this corresponds to the observation that completeness and independence hold whenever
we encounter full rank of the corresponding Jacobian for all choices of parameters. The
automatic computations described here take less than 0.01 sec altogether.

The next example shows that there are models with degenerate steady states and no
complete set of conservation laws.

Example 4.12. One checks easily that the system

\.x1 = 1 - x1  - x2, \.x2 = x1 + x2  - 1

has the linear conservation law \Phi (\bfitk ,\bfitx ) = x1+x2 and that the Jacobian of (\bfitF (\bfitk ,\bfitx ),\Phi (\bfitk ,\bfitx ))T

is constant and has rank 1. Trivially the Jacobian has everywhere rank 1 and so \Phi (\bfitk ,\bfitx ) is
not complete. The explicit solutions of the ODE system are

x1(t) = (1 - c0)t+ c1,

x2(t) = (c0  - 1)t+ c0  - c1.

Thus, all invariant curves are of the form x1+x2 = c0. We conclude that there are no further
first integrals and so the system has no complete set of conservation laws. We can also note
that the intersection of the steady state variety defined by x1 + x2 = 1 with a stoichiometric
compatibility class \{ x1 + x2 = c0, x1 > 0, x2 > 0\} is either empty or a line segment.
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828 DESOEUVRES ET AL.

In the absence of the parameters \bfitk Algorithm 4.2, IsComplete, computes the parametric
rank R= \{ (true,1)\} . However, we have n= 2, which yields R2 = \emptyset and \varrho 2 = false. This gives
us

\gamma = \forall \bfitk \forall \bfitx (true \wedge \bfitx > 0 \wedge x1 + x2  - 1 = 0 - \rightarrow false),

which quantifier elimination identifies to be ``false,"" and the algorithm returns ``no."" Notice
that \gamma is equivalent to

\forall \bfitx (\bfitx > 0 - \rightarrow x1 + x2  - 1 \not = 0),

which illustrates that with deficient rank, completeness can hold formally only when there is
no steady state in the positive orthant.

5. Computing linear conservation laws. Throughout this section we consider that the
polynomial ODE system (2.1) has the structure given by (2.2). If the model is a CRN this
is automatically true; otherwise we can always bring the system to this form by using Algo-
rithms 2.1 and 2.2.

By definition a vector \bfitc = (c1, . . . , cn)\in \BbbR n defines an exact linear conservation law

\Phi (\bfitk ,\bfitx ) =

n\sum 
i=1

cixi

of the system in (2.1) with velocity field satisfying (2.2) if

n\sum 
i=1

cifi(\bfitk ,\bfitx ) =

r\sum 
j=1

(\bfitc \bfitS )jkj\bfitx 
\bfitalpha j = 0

for all \bfitk , \bfitx . Exact linear conservation laws of the system in (2.1) can be obtained from the
matrix \bfitS , as the following theorem shows.

Theorem 5.1. Assume that all monomial reaction rates with the same multi-index have
different rate constants, i.e., \bfitalpha j = \bfitalpha j\prime with j \not = j\prime implies kj \not = kj\prime . This condition is always
fulfilled in our setting (see the Remark 2.2). Let r\bfitS be the rank of the matrix \bfitS . Then there is
a full rank matrix \bfitC with n - r\bfitS rows such that \bfitC \bfitS = 0. Furthermore, \bfitC can be chosen such
that its rows form a set of independent, simple, exact linear conservation laws unconditional
on \bfitk . Finally, all \bfitc = (c1, . . . , cn) defining unconditional, exact linear conservation laws are
linear combinations of the rows of \bfitC .

Proof. As a direct consequence of the rank-nullity theorem, there is a matrix \bfitC with n - r\bfitS 
independent rows such that \bfitC \bfitS = 0. If \bfitc = (c1, . . . , cn) defines an exact, unconditional linear
conservation law, we then have that

r\sum 
j=1

(\bfitc \bfitS )jkj\bfitx 
\bfitalpha j = 0

for all \bfitk , \bfitx . If i \not = j one has \bfitalpha i \not =\bfitalpha j or ki \not = kj . It follows that kj\bfitx 
\bfitalpha j are linearly independent

in \BbbR [\bfitk ,\bfitx ] and \bfitc \bfitS = 0. Therefore, \bfitc is a linear combination of rows of \bfitC . Those rows of \bfitC that

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

03
/1

9/
24

 to
 1

63
.1

.2
03

.7
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



POLYNOMIAL CONSERVATION LAWS 829

are not simple can be decomposed as a sum of simple linear conservation laws. The resulting
conservation laws form a generating set for the vector space of linear conservation laws and
therefore this set contains a basis. The n  - r\bfitS elements of this basis can be chosen as the
simple rows of \bfitC . Here, the unconditionality of \bfitc results from the fact that \bfitS and therefore
\bfitc do not depend on \bfitk .

Remark 5.2. Since Sij \in \BbbZ , the coefficients ci can be chosen to be integers. For con-
servative CRNs linear conservation laws can be chosen semipositive, that is, all ci \geq 0 (see
[59]). Semipositive linear conservation laws are important, because their existence implies
that concentrations of some species are bounded at all times. Also, semipositive conservation
laws allow easy interpretation in terms of pools of chemical species. An algorithm to compute
semipositive linear conservation laws can be found in [59]. We must emphasize that it is not
always possible to transform complete systems of linear conservation laws into semipositive
linear conservation laws. As an example, one may consider the formation of a heterodimer
described by \.x1 =  - k1x1x2 + k2x3, \.x2 =  - k1x1x2 + k2x3, \.x3 = k1x1x2  - k2x3. This system
has the complete system of linear conservation laws \bfPhi = (x1  - x2, x1 + x2  - 2x3) that cannot
be transformed into a semipositive system. Of course, semipositiveness is not relevant for
nonchemical application, except for population dynamics models used in ecology.

Remark 5.3. In Example 4.12 we have seen that n - r\bfitS independent linear conservation
laws may not form a complete system. The system in this example satisfies (2.2), although it
is not a mass action network.

Theorem 5.4. Consider the Jacobian matrix \bfitJ (\bfitk ,\bfitx ) = D\bfitx \bfitF (\bfitk ,\bfitx ) and the matrix \bfitC in-
troduced in Theorem 5.1. The rows of \bfitC provide a complete set of linear conservation laws if
for all \bfitk \in \BbbR r

+, \bfitx \in \BbbR n
+ with \bfitF (\bfitk ,\bfitx ) = \bfzero the following conditions hold:

(i) rk(\bfitJ (\bfitk ,\bfitx )) = rk(\bfitS ) = r\bfitS ,
(ii) no row of the product J(\bfitk ,\bfitx )\bfitS is zero.

Proof. We check that the assumptions imply the conditions in Definition 4.4. From (i) it
follows that \bfitJ (\bfitk ,\bfitx ) has r\bfitS independent rows. Moreover, from (ii) we obtain that these rows
are not in the left kernel of \bfitS , which is spanned by the n - r\bfitS rows of \bfitC . Thus the matrix
(\bfitJ (\bfitk ,\bfitx ),\bfitC )T has rank n.

The CRN in Example 4.12 has no complete set of linear conservation laws. This model
fails to satisfy condition (ii) of the theorem, but it fulfills (i). The network is not a mass action
CRN, so one may ask whether mass action CRNs automatically satisfy both (i) and (ii). The
answer to this question is no, as shown by the following example.

Example 5.5. The CRN

\.x1 = - k1x1  - k2x1  - 2k3x
2
1, \.x2 = 2k3x

2
1 + 2k2x1, \.x3 = k3x

2
1 + k1x1

is a mass action network described by the reactions

A1
k1 - \rightarrow A3, A1

k2 - \rightarrow 2A2, 2A1
k3 - \rightarrow 2A2 +A3.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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830 DESOEUVRES ET AL.

Its stoichiometric matrix is

\bfitS =

\left(   - 1  - 1  - 2
0 2 2
1 0 1

\right)  
and one easily checks that it has rank two. There is a single linear conservation law, namely
\phi (\bfitk ,\bfitx ) = 2x1 + x2 + 2x3. The Jacobian matrix of the system is

J(\bfitk ,\bfitx ) =

\left(   - k1  - k2  - 4k3x1 0 0
2k2 + 4k3x1 0 0
k1 + 2k3x1 0 0

\right)  ,

which clearly has rank one. Therefore, this model does not satisfy condition (i) of Theo-
rem 5.4, whereas (ii) is fulfilled. Furthermore, the equations \bfitF (\bfitk ,\bfitx ) = 0, \phi (\bfitk ,\bfitx ) = c0, which
define the intersection of \scrS \bfitk with the stoichiometric compatibility class, have degenerate so-
lutions x1 = 0, x2 = c0  - 2x3 and so the conservation law is not complete.

In [28], sufficient conditions were found for mass action CRNs to be ``injective"", meaning
to have a unique steady state in any stoichiometric compatibility class (see Theorems 5.6 and
9.1 of [28]). The same conditions also imply completeness of any n - r\bfitS independent, linear
conservation laws.

6. Computing nonlinear conservation laws. Nonlinear conservation laws, i.e., first inte-
grals, of polynomial systems of ODEs have been approached by means of a variety of methods.
For example, simple conservation laws, i.e., expressions composed of polynomials, logarithms,
and exponentials, can be obtained by Darboux polynomials [16, 55]. The bottleneck of this
method is the computation of all Darboux polynomials of the ODE system. This problem
has been approached in computational algebra by using Gr\"obner bases [50]. For particular
models, for instance, Lotka--Volterra models, Darboux polynomials and conservation laws of
a specific kind can be obtained with the methods described in [49].

In this section we restrict ourselves to polynomial conservation laws. We show that polyno-
mial conservation laws are obtained from syzygies, which are easier to compute than Darboux
polynomials. Our methods are more general and apply to models not covered in [49]. How-
ever, we do not cope with parametric exponential conservation laws existing in Lotka--Volterra
models.

We also discuss monomial and rational monomial conservation laws that can be effec-
tively computed without syzygies or Darboux polynomials. We show that the computation of
monomial conservation laws can be reduced to the computation of linear conservation laws.
Finally we use the databases BioModels [15] and ODEbase [47] to study the scalability of our
methods.

6.1. Computing monomial conservation laws. The following proposition establishes a
link between linear and monomial conservation laws (see Theorem 1 of [32] for a similar
result).

Proposition 6.1. Let E be a system of ODEs given by

\.x1 = f1(\bfitk ,\bfitx ), . . . , \.xn = fn(\bfitk ,\bfitx )
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POLYNOMIAL CONSERVATION LAWS 831

and let E\prime be the system of ODEs given by

\.x1 =
f1(\bfitk ,\bfitx )

x1
, . . . , \.xn =

fn(\bfitk ,\bfitx )

xn
.

Then E admits a monomial conservation law if and only if E\prime admits a linear conservation law
with integer coefficients. Moreover, if the linear conservation law for E\prime is m1x1+ \cdot \cdot \cdot +mnxn,
then the monomial conservation law for E is xm1

1 \cdot \cdot \cdot xmn
n . The linear conservation laws of E\prime 

are simple if and only if the corresponding monomial conservation laws of E are simple.

Proof. Let M = xm1

1 \cdot \cdot \cdot xmn
n be a monomial. Then the derivative of M is

\.M =

\Biggl( 
n\sum 

i=1

mi
\.xi
xi

\Biggr) 
M.

The equivalences

\.M = 0\Leftarrow \Rightarrow 
n\sum 

i=1

mi
\.xi
xi

= 0\Leftarrow \Rightarrow 
n\sum 

i=1

mi
fi(\bfitk ,\bfitx )

xi
= 0

prove the first part of the proposition.
Let \phi = m1x1 + \cdot \cdot \cdot + mnxn be the linear conservation law of E\prime corresponding to the

monomial conservation law M of E. Assume that M is not simple, say, M = M1M2 with
Mk = xmk1

1 \cdot \cdot \cdot xmkn
n and \.Mk = 0 for k \in \{ 1,2\} . Then by the first part

\.Mk = 0\Leftarrow \Rightarrow 
n\sum 

i=1

mki
\.xi
xi

= 0

for k \in \{ 1,2\} . Thus, \phi = \phi 1+\phi 2, where \phi k =mk1x1+ \cdot \cdot \cdot +mknxn are linear conservation laws
of E\prime for k \in \{ 1,2\} . This means that the linear conservation for E\prime is not simple. The reverse
follows from the same reasoning.

We consider that E\prime has the structure given by (2.2) with a stoichiometric matrix \bfitS \prime . This
is always possible, eventually after using the Algorithm 2.1.

Remark 6.2. Proposition 6.1 holds even when the r.h.s. of E\prime are sums of rational monomi-
als, which can be the case when E is a system as in (2.1) and some of the polynomials fi(\bfitk ,\bfitx )
are not a multiple of xi. In this case, a stoichiometric matrix \bfitS \prime can still be associated to E\prime 

using Algorithm 2.1 and the linear conservation laws of E\prime can be computed from the matrix
\bfitS \prime . This procedure is summarized in Algorithm 6.1.

Example 6.3. The model

\.x1 = x1(x2  - x1) - \delta x1,

\.x2 = x2(x1  - x2)

is a mass action network and is described by the reactions

A1 +A2
1 - \rightarrow 2A2, A1 +A2

1 - \rightarrow \emptyset , A2 +A2
1 - \rightarrow \emptyset , A1

\delta  - \rightarrow \emptyset .

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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832 DESOEUVRES ET AL.

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bfsix .\bfone . StoichiometricMonomialConservation.

\bfI \bfn \bfp \bfu \bft : Polynomial ODE system E written as in (2.1).
\bfO \bfu \bft \bfp \bfu \bft : Integer coefficient matrix \bfitC whose rows define monomial conservation laws \bfitx \bfitC i

for E.
1: Compute E\prime by dividing each ODE in E by xi.
2: \bfitS \prime =Smatrix(E\prime ).
3: Find \bfitC such that \bfitC \bfitS \prime = 0 and \bfitC has n - r\bfitS simple, independent rows, where

r\bfitS = rk(\bfitS \prime ).

The truncated system

\.x1 = x1(x2  - x1),

\.x2 = x2(x1  - x2)

has the steady state variety x1 = x2 and the Jacobian matrix is singular on it. After truncation
and elimination of the factors x1, x2 we obtain the system

\.x1 = x2  - x1,

\.x2 = x1  - x2,

which has the linear simple conservation law \phi l(x1, x2) = x1+x2. We conclude that the model
has the monomial simple approximate conservation law \phi m(x1, x2) = x1x2. The monomial
conservation law is complete, since the 2\times 2 minor

det(D\bfitx (x1(x2  - x1), x1x2)
T) = - 2x21

of the Jacobian matrix does not vanish for x1 > 0. For c0 \in \BbbR + the intersection of the steady
state variety with the compatibility class defined by \phi m(x1, x2) = c0 and x1, x2 > 0 is the point
x1 = x2 =

\surd 
c0.

Example 6.4. A model by Volpert (see [49]) is described by the mass action network

A1 +A2
1 - \rightarrow 2A2, A2 +A3

1 - \rightarrow 2A3, A3 +A1
1 - \rightarrow 2A1,

and the ODEs

\.x1 = x1(x3  - x2),

\.x2 = x2(x1  - x3),

\.x3 = x3(x2  - x1)

have the steady state variety x1 = x2 = x3. Moreover, the stoichiometric matrix

\bfitS =

\left(   - 1 0 1
1  - 1 0
0 1  - 1

\right)  
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POLYNOMIAL CONSERVATION LAWS 833

has rank r\bfitS = 2 and its left kernel is generated by \bfitc = (1,1,1). The stoichiometric matrix of
the system obtained after elimination of the factors x1, x2, x3 is

\bfitS \prime =

\left(  0  - 1 1
1 0  - 1
 - 1 1 0

\right)  
and has rank r\bfitS = 2. Moreover, its left kernel is also generated by \bfitc = (1,1,1). Thus
the model has two approximate conservation laws, one linear \phi l(\bfitx ) = x1 + x2 + x3 and one
monomial \phi m(\bfitx ) = x1x2x3. Both conservation laws are complete. Indeed, the Jacobian
D\bfitx (F1, F2, F3, \phi m)T has a nonvanishing 3\times 3 minor

det(D\bfitx (x1(x3  - x2), x2(x1  - x3), x1x2x3)
T) = x21x2x3 + x1x

2
2x3 + x1x2x

2
3.

Moreover, the Jacobian D\bfitx (F1, F2, F3, \phi l)
T has a 3\times 3 minor

M =det(D\bfitx (x1(x3  - x2), x2(x1  - x3), x1 + x2 + x3)
T)

= - (x1  - x2)
2 + 2x1x3 + 2x2x3  - x23.

On \scrS \bfitk \cap \BbbR 3
+ we have x1 = x2 = x3 and so M = 3x21 does not vanish there.

However, the two conservation laws are not independent on \scrS \bfitk \cap \BbbR 3
+. Indeed, for x1 =

x2 = x3 we have

D\bfitx (\phi l, \phi m)T =

\biggl( 
1 1 1
x21 x21 x21

\biggr) 
.

We want to point out that in this example we have used a special choice of the rate
constants. Parameter dependent monomial conservation laws can be computed with meth-
ods presented in [32]. In particular, monomial conservation laws with parameter dependent
exponents are reported in [49].

6.2. Computing polynomial conservation laws from syzygies. In this section, we are
going to compute parametric polynomial conservation laws. To this end, we will use results
and techniques from computational algebra, that is, from Gr\"obner bases theory. Our algorithm
will be based on the computation of parametric syzygies for the polynomial r.h.s. in \BbbQ [\bfitx ,\bfitk ]
of (2.1). Since these r.h.s. depend on the parameters \bfitk , we will compute a comprehensive
Gr\"obner system (CGS) and compute for each branch the parametric syzygies. The CGS will
give us a decomposition of the parameter space into semialgebraic sets such that evaluating
the parameters \bfitk at every point of such a semialgebraic set, the syzygies of the respective
Gr\"obner basis will still be syzygies but with entries in \BbbQ [\bfitx ]. Vector calculus will then tell
us which syzygies are the gradients of polynomial functions in \BbbQ [\bfitk ,\bfitx ] defining parametric
conservation laws.

In the first subsection, we introduce the concept of syzygies for a polynomial system, and
in the second subsection, we explain CGSs. The next subsection is devoted to establishing
a connection between syzygies, conservative vector fields, and conservation laws. We also
explain there why we need to consider the set of syzygies as a \BbbQ -vector space instead of a
\BbbQ [\bfitx ,\bfitk ]-module. Having this connection, in the next subsection, we develop our algorithm.
Finally, in the last subsection, we present the results and discuss our benchmark.
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834 DESOEUVRES ET AL.

6.2.1. The \BbbQ -vector space of syzygies. In this section \BbbQ [\bfitx ] denotes a polynomial ring in
the indeterminates \bfitx = (x1, . . . , xn) over the field of rational numbers \BbbQ . For m polynomials

F = (f1, . . . , fm)

of \BbbQ [\bfitx ] we consider the ideal I of \BbbQ [\bfitx ] generated by the polynomials in F .

Definition 6.5. A syzygy of I with respect to the basis F = (f1, . . . , fm) is an element
\bfitg = (g1, . . . , gm)\in \BbbQ [\bfitx ]m such that

g1f1 + \cdot \cdot \cdot + gmfm = 0.

A syzygy of the form

\bfitg = (0, . . . ,0, fj ,0, . . . ,0, - fi,0, . . . ,0),

where fj is the ith and  - fi is the jth entry of \bfitg , is called a trivial syzygy. The set of all
syzygies for F is denoted by Syz(F ).

In the definition of a syzygy, some authors require F = (f1, . . . , fm) to be a minimal
generating set of the ideal I (for example, [25]). However, for the purpose of this paper, we
do not require such a condition on the generators. Moreover, it is well-known that Syz(F )
form a \BbbQ [\bfitx ]-submodule of \BbbQ [\bfitx ]m.

Remark 6.6. In this section, for computational purposes, we consider only polynomials over
the rational numbers, that is, polynomials in \BbbQ [\bfitx ]. Note that since \BbbQ \subset \BbbR all computations
are also valid over \BbbR and so all results can be considered as polynomials in \BbbR [\bfitx ] making them
applicable to CRNs.

Example 6.7. Consider the ideal I = \langle x1, x2\rangle \subseteq \BbbQ [x1, x2]. Since

( - x2)x1 + (x1)x2 = 0,

the vector \bfitg = ( - x2, x1) \in \BbbQ [x1, x2]
2 is a trivial syzygy of the ideal I with respect to F =

\{ x1, x2\} . One can easily see that the \BbbQ [x1, x2]-module Syz(F ) is generated by \bfitg , that is, every
syzygy is a multiplication of \bfitg by a polynomial in \BbbQ [x1, x2].

Syzygies have been extensively studied in commutative algebra and algebraic geometry.
Buchberger's algorithm for computing Gr\"obner bases [10, 14] leads to an algorithm which
computes a basis of a syzygy module (see Schreyer's results in [9, 58]). One can also obtain
a basis of the syzygy module of I with respect to a generating set F as a by-product of
computing a Gr\"obner basis of I via signature-based algorithms [30, 36, 71]. Many computer
algebra systems such as Singular, CoCoA, etc., include implementations for syzygy computa-
tions. For more on syzygies and in particular on algorithms, we refer to the books of Becker,
Weispfenning, and Kredel [8] and Cox, Little, and O'Shea [17, Chapter 5.3].

Above we mentioned that Syz(F ) is a \BbbQ [\bfitx ]-module. It is clear that Syz(F ) is a \BbbQ -vector
space. We will need to consider here the structure of Syz(F ) as a vector space instead of a
module since for the computation of conservation laws we need to restrict to syzygies with
a specific property which is only respected by the \BbbQ -vector space structure and not by the
\BbbQ [\bfitx ]-module structure, as we will see in subsections 6.2.3 and 6.2.4.
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POLYNOMIAL CONSERVATION LAWS 835

Lemma 6.8. Let G be a Gr\"obner basis for the \BbbQ [\bfitx ]-module Syz(F ) and denote the set of
monomials in \BbbQ [\bfitx ] by [\bfitx ]. Consider Syz(F ) as a vector space over \BbbQ . Then

Gen(Syz(F )) := \{ u\bfitg | \bfitg \in G, u\in [\bfitx ]\} 

is a generating set for the \BbbQ -vector space Syz(F ).

Proof. Let \bfits \in Syz(F ) be a syzygy. Since G = \{ \bfitg 1, . . . ,\bfitg r\} is a Gr\"obner basis for the
\BbbQ [\bfitx ]-module Syz(F ), there are h1, . . . , hr \in \BbbQ [\bfitx ] such that

\bfits =

r\sum 
i=1

hi\bfitg i.

For each hi there are monomials uij with j = 1, . . . , ri with some ri \in \BbbN and constants cij \in \BbbQ 
such that

hi =

ri\sum 
j=1

cijuij .

We conclude that

\bfits =

r\sum 
i=1

hi\bfitg i =

r\sum 
i=1

ri\sum 
j=1

cijuij\bfitg i

is a \BbbQ -linear combination of elements of \{ u\bfitg | \bfitg \in G, u\in [\bfitx ]\} .
Remark 6.9. If we choose a nonnegative integer d\in \BbbN , then the syzygies

Syz(F )d := \{ \bfitg = (g1, . . . , gm)\in Syz(F ) | deg(gi)\leq d, 1\leq i\leq m\} 

of degree at most d form a finite dimensional \BbbQ -vector subspace of Syz(F ). By the proof of
Proposition 4, Chapter 9, section 3 in [18], if G is a Gr\"obner basis with respect to a degree
ordering, then the set

Gen(Syz(F )d) := \{ u\bfitg \in Gen(Syz(F )) | deg(ugi)\leq d, 1\leq i\leq m\} 

is a finite generating set for Syz(F )d. Furthermore, those elements of Gen(Syz(F )d) whose
leading terms are different form a basis for the vector space Syz(F )d. Alternatively, one can
use Gaussian elimination to determine a basis of Syz(F )d from Gen(Syz(F )d).

6.2.2. Comprehensive Gr\"obner systems. To compute parametric conservation laws from
syzygies for CRNs we need to handle polynomial equations whose coefficients are again poly-
nomials in the parameters, that is, polynomials

F = (f1(\bfitk ,\bfitx ), . . . , fm(\bfitk ,\bfitx ))

in the ring \BbbQ [\bfitk ][\bfitx ] in the indeterminates \bfitx = (x1, . . . , xn) over the coefficient ring \BbbQ [\bfitk ] in the
indeterminates \bfitk = (k1, . . . , kr). The respective tool from computational algebra is the notion
of a CGS.

A specialization of \BbbQ [\bfitk ] is a homomorphism \sigma :\BbbQ [\bfitk ]\rightarrow \BbbQ . Every element \bfitalpha \in \BbbQ r defines a
specialization \sigma \bfitalpha by evaluating \bfitk at \bfitalpha and it can be canonically extended to a specialization

\sigma \bfitalpha :\BbbQ [\bfitk ][\bfitx ]\rightarrow \BbbQ [\bfitx ].
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836 DESOEUVRES ET AL.

Definition 6.10. Let F and G1, . . . ,Gl be finite subsets of \BbbQ [\bfitk ][\bfitx ]. Further let A1, . . . ,Al be
semialgebraic sets of \BbbQ r and let S \subseteq \BbbQ r such that S \subset A1 \cup \cdot \cdot \cdot \cup Al. A finite set

\scrG = \{ (A1,G1), . . . , (Al,Gl)\} 

is called a CGS on S for F if for all i = 1, . . . , l the set \sigma \bfitalpha (Gi) is a Gr\"obner basis for the
ideal \langle \sigma \bfitalpha (F )\rangle \subset \BbbQ [\bfitx ] for every \bfitalpha \in Ai. Each (Ai,Gi) is called a branch of \scrG . The generic
branch corresponds to the semialgebraic set that assumes all leading coefficients are nonzero
and ignores the other cases. If S =\BbbQ r, then \scrG is called a CGS for F .

CGSs were introduced by Weispfenning in 1992 in [73]. Independent of Weispfenning,
Kapur introduced the same concept in [39], calling it parametric Gr\"obner bases. Today in the
literature there are many publications dealing with the theory and algorithmics of CGSs, for
example, [19, 35, 40, 41, 45, 52, 69], only mentioning a few. For a survey paper on this topic
see [46]. Moreover, several computer algebra systems provide implementations of algorithms
to compute CGSs, such as Reduce [37, 38, 66] and Singular [20].

Lemma 6.11 (cf. Lemma 3.7, Chapter 5.3 in [17]). Let \{ (A1,G1), . . . , (Al,Gl)\} be a CGS of
the ideal in \BbbQ [\bfitk ,\bfitx ] generated by

F = (f1(\bfitk ,\bfitx ), . . . , fn(\bfitk ,\bfitx )).

For every i, 1 \leq I \leq l, there exists a linear map that converts a basis of the syzygy modules
Syz(F ) to a basis of the syzygy module Syz(Gi). Also, there exists a map that converts a basis
of the syzygy module Syz(Gi) into a basis of the parametric syzygies for F only valid on the
semialgebraic sets Ai.

Proof. Consider a branch (Ai,Gi) of the given CGS. In the following, we mean by Gi the
vector of elements of the Gr\"obner basis Gi instead of the set Gi. One can use the algorithms
described in [17, Chapter 5.3] to compute a basis of the \BbbQ [\bfitk ,\bfitx ]-module Syz(Gi) of the ideal
generated by the elements of Gi. If \bfitg \in Syz(Gi), then for every \bfitalpha \in Ai, the specialization
\sigma \bfitalpha (\bfitg ) will be a syzygy of the ideal generated by \sigma \bfitalpha (Gi). Following [17, Chapter 5.3, Lemma
3.7], there exist matrices B1,i and B2,i such that

GiB
1,i = F T and FB2,i =GT

i .

We obtain that for every \bfitg \in Syz(Gi) the product (B2,i\bfitg T )T is a syzygy of F . On the other
hand for every \bfitf \in Syz(F ) we have (B1,i\bfitf T )T \in Syz(Gi). The linear map B1,i between the
syzygy modules Syz(F ) and Syz(Gi) is not necessarily one-to-one, and one may not obtain a
basis for Syz(F ) by converting a basis of Syz(Gi) via B2,i. However, the kernel of B1,i will
give us the missing elements of a basis of Syz(F ). Moreover, we have

Gi\bfitg 
T = (B2,i)TF T\bfitg T = (B2,i)TF TB1,i\bfitf T = F T\bfitf 

since F T =GiB
1,i = (B2,i)TF TB1,i. Applying \bfitsigma \bfitalpha to the equation we obtain

0 =\bfitsigma \bfitalpha (Gi)\bfitsigma \bfitalpha (\bfitg ) =\bfitsigma \bfitalpha (F )\bfitsigma \bfitalpha (\bfitf ),
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POLYNOMIAL CONSERVATION LAWS 837

and therefore, \bfitsigma \bfitalpha (\bfitf ) is a syzygy of \bfitsigma \bfitalpha (F ) for every \bfitalpha \in Ai. Hence, having computed a CGS
of the ideal generated by F with branches (Ai,Gi) and bases of the syzygy modules Syz(Gi),
we obtain bases of the parametric syzygies for F only valid on the semialgebraic sets Ai by
applying the conversion matrices described above to the bases elements of Syz(Gi).

Similar to the above lemma, one can use [17, Proposition 3.8, Chapter 5.3] in order to
construct a matrix that converts Gr\"obner bases for Syz(Gi) into a Gr\"obner basis for Syz(F ),
respecting the relevant specializations.

Example 6.12. We consider here the ideal generated by the polynomials

F (\bfitk ,\bfitx ) = ( - k1x1, - k2x2, (k1 + k2)x1x2).

Computing a CGS of the ideal generated by F (\bfitk ,\bfitx ) we obtain the four branches

A1 = V (\langle 0\rangle ) \setminus V (\langle k1k2\rangle ), G1 = (k2x2, k1x1),

A2 = V (\langle k2\rangle ) \setminus V (\langle k1\rangle ), G2 = (k1x1),

A3 = \{ V (\langle k2, k1\rangle ) \setminus V (\langle 1\rangle )\} , G3 = (0),

A4 = V (\langle k1\rangle ) \setminus V (\langle k2\rangle ), G4 = (k2x2).

We only look at the first branch, which is the generic branch. We compute the conversion
matrices

B1,1 =

\biggl( 
0  - 1 x1(k1 + k2)/k2
 - 1 0 0

\biggr) 
and B2,1 =

\left(  0  - 1
 - 1 0
0 0

\right)  ,

which satisfy G1B
1,1 = F T and FB2,1 = GT

1 . The Syzygy module of G1 is generated by
\bfitg = ( - k1x1, k2x2). Computing (B2,1\bfitg T )T , one obtains the syzygy \bfitf 1 = ( - k2x2, k1x1,0) of F .
The kernel of the matrix B1,1 gives us the additional syzygy \bfitf 2 = (0, k1x1 + k2x1, k2) of F .
The syzygy module of F is generated by \bfitf 1 and \bfitf 2. Alternatively, one can find the whole
generating set of Syz(F ) using [17, Proposition 3.8]

Syz(F ) = \langle Asij ,\bfitg 1, . . . ,\bfitg m\rangle .

Example 6.13. We consider the system

F (\bfitk ,\bfitx ) = (f1, f2, f3)(x2 + x1, x2 + x1 + 1, k1x2).

This example shows how the system and its syzygies change in the different branches. We
have here two branches. In the second branch, we have k1 = 0 and so we only find the trivial
syzygy \bfitf = ( - f2, f1,0). In the generic branch, the parameter has to satisfy k1 \not = 0. Here we
find more and nontrivial syzygies, namely

\bfitf 1 = ( - k1x1  - k1, k1x1,1) and \bfitf 2 = ( - k1x2, k1x2, - 1).

Example 6.14. We consider the system

F (\bfitk ,\bfitx ) = (x1 + k1x2 + k2, k1x1 + x2 + k2).
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838 DESOEUVRES ET AL.

As in the example above we want to see how the system and its syzygies change in the
different branches. In the first branch, that is, the generic one, the parameters have to
satisfy k1 \not = 0, k2 \not = 0 and we find that the syzygy module is generated by the trivial syzygy
\bfitg = (k1x1+x2+k2, - x1 - k1x2 - k2). In the second branch the parameters are k1 = - 1, k2 \not = 0
and so the system reduces to

F (\bfitk ,\bfitx ) = (x1  - x2 + k2, - x1 + x2 + k2).

Again we only find the nonzero trivial syzygy here. In the third branch, the parameters have
values k1 = 1, k2 = 0, which reduces our system to

F (\bfitk ,\bfitx ) = (x1 + x2, x1 + x2).

Here the syzygy module will be generated by \bfitf = (1, - 1).

6.2.3. The connection between syzygies and conservation laws. In this section, we
consider system (2.1), that is, the system of ODEs of the form

\.x1 = f1(\bfitk ,\bfitx ), . . . , \.xn = fn(\bfitk ,\bfitx )\in \BbbZ [\bfitk ,\bfitx ].

We will explain how a parametric conservation law of this ODE system leads to a syzygy
of the ideal generated by F = (f1(\bfitk ,\bfitx ), . . . , fn(\bfitk ,\bfitx )) and how one can obtain parametric
conservation laws from specific elements of Syz(F ).

We recall that the curl of the vector field \bfitg = (g1(\bfitk ,\bfitx ), . . . , gn(\bfitk ,\bfitx )) is defined as the
antisymmetric tensor field \bfnabla \times \bfitg with entries

\partial gi(\bfitk ,\bfitx )

\partial xj
 - \partial gj(\bfitk ,\bfitx )

\partial xi
with 1\leq i, j \leq n.

Definition 6.15.
1. For the dynamical system 2.1 and its r.h.s. F we define the set of conservative syzygies

as

Syz\bfnabla (F ) := \{ \bfitg \in Syz(F ) | \bfnabla \times \bfitg = 0\} .

2. For a positive integer d\in \BbbN we define the set of conservative syzygies of degree at most
d as

Syz\bfnabla (F )d := \{ \bfitg \in Syz(F )d | \bfnabla \times \bfitg = 0\} .

3. We define \scrC (F )\subset \BbbQ [\bfitk ,\bfitx ] to be the set of polynomial conservation laws of F .

Proposition 6.16. There is a one-to-one correspondence between conservation laws and
conservative syzygies:

\varphi 1 : \scrC (F )\rightarrow Syz\bfnabla (F ), \phi (\bfitk ,\bfitx ) \mapsto \rightarrow \bfnabla \phi (\bfitk ,\bfitx ) and \varphi 2 : Syz\bfnabla (F )\rightarrow \scrC (F ), \bfitg \mapsto \rightarrow 
\int 

\bfitg ,

with \varphi 1\circ \varphi 2 = id\mathrm{S}\mathrm{y}\mathrm{z}\bfnabla (F ) and \varphi 2\circ \varphi 1 = id\scrC (F ), where
\int 
\bfitg denotes the potential of a conservative

vector field \bfitg \in Syz\bfnabla (F ).

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

03
/1

9/
24

 to
 1

63
.1

.2
03

.7
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



POLYNOMIAL CONSERVATION LAWS 839

Proof. First, we show that \varphi 1 is well-defined. Let \phi (\bfitk ,\bfitx ) \in \scrC (F ), that is, let \phi (\bfitk ,\bfitx ) \in 
\BbbQ [\bfitk ,\bfitx ] be a parametric exact polynomial conservation law for (2.1) with semialgebraic set V\bfitk 

for the parameters \bfitk . We fix this semialgebraic set throughout the proof and ignore k. By
Definition 3.4, we have

n\sum 
i=1

\partial \phi 

\partial xi
(\bfitk ,\bfitx )fi(\bfitk ,\bfitx ) = 0 \forall \bfitk \in V\bfitk , \forall \bfitx \in \BbbR n,

which implies that \biggl( 
\partial \phi 

\partial x1
(\bfitk ,\bfitx ), . . . ,

\partial \phi 

\partial xn
(\bfitk ,\bfitx )

\biggr) 
\in Syz(F ).

In other words, this means that the gradient

\bfnabla \phi (\bfitk ,\bfitx ) =

\biggl( 
\partial \phi 

\partial x1
(\bfitk ,\bfitx ), . . . ,

\partial \phi 

\partial xn
(\bfitk ,\bfitx )

\biggr) 
of a parametric polynomial conservation law \phi (\bfitk ,\bfitx ) is a syzygy of the ideal generated by F
when \bfitk \in V\bfitk . Moreover, by well-known identities of gradient and curl, we have that

\bfnabla \times (\bfnabla \phi ) = 0

and so \bfnabla \phi \in Syz\bfnabla (F ). This shows that \varphi 1 is well-defined.
Second, we show that \varphi 2 is well-defined. Assume that \bfitg = (g1, . . . , gn) \in Syz\bfnabla (F ) is a

parametric syzygy of the ideal generated by F with semialgebraic set V\bfitk obtained from the
CGS described at the end of subsection 6.2.2. Therefore,

f1(\bfitk ,\bfitx )g1(\bfitk ,\bfitx ) + \cdot \cdot \cdot + fn(\bfitk ,\bfitx )gn(\bfitk ,\bfitx ) = 0

for points \bfitk \in V\bfitk .
It is well-known in vector calculus that a potential function \phi for \bfitg as a vector field is

well-defined in a simply connected domain \scrD \subset \BbbR n if and only if \bfnabla \times \bfitg = 0 everywhere in \scrD ,
i.e., only when \bfitg defines a conservative (or irrotational) vector field in \scrD (see [65]). In this
case, \phi satisfies

\bfnabla \phi (\bfitk ,\bfitx ) = \bfitg .

By the well-known vector calculus method, one can integrate \bfitg along a suitable path to
obtain the corresponding potential function. For the sake of self-containedness, we explain
one possible integration below. Consider the differential form d\bfitg = g1dx1 + \cdot \cdot \cdot + gndxn and
take a piecewise smooth curve connecting the origin with \bfitx , for instance,

\scrC = \{ (sx1,0, . . . ,0) | s\in [0,1]\} 
\cup \{ (x1, sx2,0, . . . ,0) | s\in [0,1]\} \cup \cdot \cdot \cdot \cup \{ (x1, . . . , xn - 1, sxn) | s\in [0,1]\} .

Integrating the differential form d\bfitg along the curve \scrC yields\int x1

0
g1(\cdot ,0, . . . ,0)dx1 +

\int x2

0
g2(x1, \cdot ,0, . . . ,0)dx2 + \cdot \cdot \cdot +

\int xn

0
gn(x1, . . . , xn - 1, \cdot )dxn,(6.1)
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840 DESOEUVRES ET AL.

where the constant of the integration is assumed to be zero. We denote this integration (with
constant being zero) by

\int 
\bfitg . Denote that if \bfnabla \times \bfitg \not = 0, the result of the integration depends

on the path \scrC and there is no function \phi (\bfitk ,\bfitx ) satisfying \bfnabla \phi (\bfitk ,\bfitx ) = \bfitg for all \bfitx \in \BbbR n.
Therefore, if \bfitg \in Syz\bfnabla (F ), then integration implies that

\int 
\bfitg is an element of \scrC (F ) as we

showed above. This shows that the definition of the map \varphi 2 is correct.
Having shown that both \varphi 1 and \varphi 2 are well-defined, we just need to show that \varphi 1 and \varphi 2

are inverse to each other. The identity \varphi 2 \circ \varphi 1 = id\scrC (F ) follows from
\int 
\bfnabla \phi = \phi . Moreover,

since \bfnabla 
\int 
\bfitg = \bfitg , we have \varphi 1 \circ \varphi 2 = id\mathrm{S}\mathrm{y}\mathrm{z}\bfnabla (F ).

Remark 6.17. In vector calculus, there are other standard methods to compute from a
conservative syzygy \bfitg = (g1(\bfitk ,\bfitx ), . . . , gn(\bfitk ,\bfitx )), the corresponding conservation law \phi (\bfitk ,\bfitx ).
One can first start with integrating gn with respect to xn, obtaining

\phi (\bfitk ,\bfitx ) =

\int 
xn

gn(\bfitk ,\bfitx )dxn + cn - 1(\bfitk , x1, . . . , xn - 1),

where the integration constant cn - 1(\bfitk , x1, . . . , xn - 1) is in \BbbQ [\bfitk , x1, . . . , xn - 1]. Let pn :=\int 
xn

gn(\bfitk ,\bfitx )dxn where we choose the integration constant to be zero. Then in order to compute

cn - 1(\bfitk , x1, . . . , xn - 1), one can use the fact that \partial \phi (\bfitk ,\bfitx )
\partial xn - 1

= gn - 1(\bfitk ,\bfitx ) and obtain an equation

for \partial cn - 1(\bfitk ,x1,...,xn - 1)
\partial xn - 1

, namely

\partial \phi (\bfitk ,\bfitx )

\partial xn - 1
=

\partial pn(\bfitk ,\bfitx )

\partial xn - 1
+

\partial cn - 1(\bfitk , x1, . . . , xn - 1)

\partial xn - 1
.

Replacing \partial \phi (\bfitk ,\bfitx )
\partial xn - 1

with gn - 1(\bfitk ,\bfitx ) one obtains

gn - 1(\bfitk ,\bfitx ) =
\partial pn(\bfitk ,\bfitx )

\partial xn - 1
+

\partial cn - 1(\bfitk , x1, . . . , xn - 1)

\partial xn - 1
.

As we know the polynomials gn - 1(\bfitk ,\bfitx ) and
\partial pn

\partial xn - 1
, one can obtain equations for the coefficients

of \partial cn - 1(\bfitk ,x1,...,xn - 1)
\partial xn - 1

. Continuing the above procedure by taking partial derivative of \phi (\bfitk ,\bfitx )

with respect to the variable xn - 2, replacing it with gn - 2(\bfitk ,\bfitx ), one can obtain more equations
for the coefficients of the integration constant cn - 1(\bfitk , x1, . . . , xn - 1). As \bfitg (\bfitk ,\bfitx ) is a conserva-
tive syzygy, the existence of a conservation law \phi (\bfitk ,\bfitx ) such that \bfnabla \phi (\bfitk ,\bfitx ) = \bfitg (\bfitk ,\bfitx ) is guar-
anteed, which implies that the equations obtained for the coefficients of cn - 1(\bfitk , x1, . . . , xn - 1)
yields a unique solution.

An alternative method for integration is considering the integration

\phi =

\int 
g1dx1 + . . .

\int 
gndxn +C,(6.2)

and then removing the duplicated terms that show up in the integrals.

Example 6.18. Consider the trivial syzygy \bfitg = ( - x2, x1) for the ideal in \BbbQ [x1, x2] generated
by F = (x1, x2). As the vector field arising from this particular syzygy is not irrotational, i.e.,
\bfnabla \times \bfitg \not = 0, one cannot obtain a parametric polynomial conservation law from this syzygy. But
there are generators of the same ideal with a trivial syzygy which is the gradient of a parametric
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POLYNOMIAL CONSERVATION LAWS 841

conservation law. For example, consider the generators F = (x1, - x2) with the trivial syzygy
\bfitg = (x2, x1). Then \bfnabla \times \bfitg = 0, which means that the trivial syzygy is irrotational and so it is
the gradient of a parametric conservation law, which is x1x2  - c, where c is a constant.

Example 6.19 (linear conservation laws). Assume that F admits a degree zero syzygy \bfitg . As
the entries of a degree zero syzygy are constants, we have\bfnabla \times \bfitg = 0 and so a degree zero syzygy
is conservative. This means that Syz\bfnabla (F )0 = Syz(F )0. Conservation laws corresponding to
degree zero syzygies are the well-known linear conservation laws.

Example 6.20. A syzygy of the form \bfitg = (x\alpha 1

1 , . . . , x\alpha n
n ) is obviously conservative and leads

to the conservation law

\phi (\bfitx ) = \alpha  - 1
1 x\alpha 1+1

1 + \cdot \cdot \cdot + \alpha  - 1
n x\alpha n+1.

Remark 6.21.
1. First we want to point out that \scrC (F ) is not necessarily an ideal in the ring \BbbQ [\bfitk ,\bfitx ].

Indeed, let \phi (\bfitk ,\bfitx ) \in \scrC (F ), \phi (\bfitk ,\bfitx ) \not = 0, and h \in \BbbQ [\bfitk ,\bfitx ]. Then by the chain rule, we
have

\bfnabla (h\phi ) = h\bfnabla \phi (\bfitk ,\bfitx ) + \phi (\bfitk ,\bfitx )\bfnabla h.

Since \phi (\bfitk ,\bfitx ) is a conservation law, that is, \bfnabla \phi (\bfitk ,\bfitx ) \cdot F = 0, we obtain that

\bfnabla (h\phi (\bfitk ,\bfitx )) \cdot F = (h\bfnabla \phi + \phi (\bfitk ,\bfitx )\bfnabla h) \cdot F = \phi (\bfitk ,\bfitx )(\bfnabla h \cdot F )

and \bfnabla h \cdot F is in general not zero as the following example shows. In Example 6.18,
for the generating set F = (x1, - x2), we found the conservation law \phi (\bfitx ) = x1x2. One
easily checks that the product x1\phi (\bfitx ) is not a conservation law.

2. The set Syz\bfnabla (F ) is not necessarily a \BbbQ [\bfitk ,\bfitx ]-submodule of the \BbbQ [\bfitk ,\bfitx ]-module Syz(F ).
Indeed, for h\in \BbbQ [\bfitk ,\bfitx ] and \bfitg \in Syz\bfnabla (F ) we obtain that

\bfnabla \times (h\bfitg ) = h(\bfnabla \times \bfitg ) +\bfnabla h\times \bfitg ,

where we mean by \bfitu \times \bfitv for two vectors \bfitu = (u1, . . . , un) and \bfitv = (v1, . . . , vn) the
vector with entries

uivj  - ujvi with 1\leq i, j \leq n, i \not = j.

As \bfitg \in Syz\bfnabla (F ), we have that \bfnabla \times \bfitg = 0, however, not necessarily \bfnabla h \times \bfitg = 0
as the example at the end shows. Therefore, Syz\bfnabla (F ) is not necessarily closed under
multiplication by the elements of\BbbQ [\bfitk ,\bfitx ], which implies that Syz\bfnabla (F ) is not necessarily
a \BbbQ [\bfitk ,\bfitx ]-submodule of Syz(F ).
As a counterexample, consider again the generating set F = (x1, - x2) in Example 6.18.
It yields the conservative syzygy \bfitg = (x2, x1). However, one easily checks that the
product x1\bfitg is not a conservative syzygy, that is, \bfnabla \times (x1\bfitg ) \not = 0.

Remark 6.22. We want to point out that by Remark 6.21, remark 2, it is not sufficient
to check only the elements of a basis of the syzygies module Syz(F ) to be conservative to
obtain from the ones which are conservative all of Syz\bfnabla (F ), since Syz\bfnabla (F ) does not have the
structure of a \BbbQ [\bfitk ,\bfitx ]-module.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

03
/1

9/
24

 to
 1

63
.1

.2
03

.7
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



842 DESOEUVRES ET AL.

Proposition 6.23. The set Syz\bfnabla (F ) is a \BbbQ -vector space.

Proof. It is easy to check that the operator \bfnabla \times (\cdot ) is \BbbQ -linear, that is, for c \in \BbbQ and \bfitg 1,
\bfitg 2 \in \BbbQ [\bfitk ,\bfitx ]n we have

\bfnabla \times (c\bfitg 1 + \bfitg 2) = c\bfnabla \times \bfitg 1 +\bfnabla \times \bfitg 2.

Thus, if \bfitg 1, \bfitg 2 \in Syz\bfnabla (F ), then \bfnabla \times (c\bfitg 1 + \bfitg 2) = 0 and so Syz\bfnabla (F ) is a \BbbQ -vector space.

We will use the \BbbQ -vector space structure of Syz\bfnabla (F ) for computing conservation laws.
Apart from this, the conservation laws form an algebra. Although this is well-known in the
literature on first integrals (e.g., see Arnold's book [4, section 10.3]), we present it here and
detail the proof, not only for the sake of self-containedness, but also because we will refer
to the algebra structure of conservation laws and discuss its generators when we present our
benchmark results.

Proposition 6.24. The set \scrC (F ) is a \BbbQ -subalgebra of \BbbQ [\bfitk ,\bfitx ].

Proof. Let \phi 1(\bfitk ,\bfitx ), \phi 2(\bfitk ,\bfitx ) \in \scrC (F ) be two conservation laws. The chain rule implies
that

\bfnabla (\phi 1(\bfitk ,\bfitx )\phi 2(\bfitk ,\bfitx )) = \phi 2(\bfitk ,\bfitx )\bfnabla \phi 1(\bfitk ,\bfitx ) + \phi 1(\bfitk ,\bfitx )\bfnabla \phi 2(\bfitk ,\bfitx ).

Moreover, since \phi 1(\bfitk ,\bfitx ), \phi 2(\bfitk ,\bfitx ) are conservation laws, we have that \bfnabla \phi 1(\bfitk ,\bfitx ) \cdot F =
\bfnabla \phi 2(\bfitk ,\bfitx ) \cdot F = 0 and so we obtain

\bfnabla (\phi 1(\bfitk ,\bfitx )\phi 2(\bfitk ,\bfitx )) \cdot F = (\phi 2\bfnabla \phi 1(\bfitk ,\bfitx ) + \phi 1(\bfitk ,\bfitx )\bfnabla \phi 2(\bfitk ,\bfitx )) \cdot F
= (\phi 2(\bfitk ,\bfitx )\bfnabla \phi 1(\bfitk ,\bfitx ) \cdot F ) + (\phi 1(\bfitk ,\bfitx )\bfnabla \phi 2(\bfitk ,\bfitx ) \cdot F )

= 0+ 0.

So the product of two conservation laws is again a conservation law. Since \bfnabla is additive,
\phi 1(\bfitk ,\bfitx ) + \phi 2(\bfitk ,\bfitx ) is again a conservation law. Finally, for c\in \BbbQ we have

\bfnabla (c\phi 1(\bfitk ,\bfitx )) \cdot F = c(\bfnabla \phi 1(\bfitk ,\bfitx ) \cdot F ) = 0,

that is, c\phi 1(\bfitk ,\bfitx ) is again a conservation law. This implies that \scrC (F ) is a \BbbQ -subalgebra of
\BbbQ [\bfitk ,\bfitx ].

6.2.4. Computing conservation laws from syzygies. As pointed out in Remark 6.22,
conservative syzygies do not form a \BbbQ [\bfitk ,\bfitx ]-module, and hence, conservative syzygies cannot
be generated by the conservative elements of a basis for the syzygy module. However, we
have seen in Proposition 6.23 that conservative syzygies form a \BbbQ -vector space. Restricting
to conservative syzygies up to degree d, one can compute a finite basis for the vector space
Syz\bfnabla (F )d via a basis of the syzygy module Syz(F )d by the \BbbQ -linearity of \bfnabla \times (\cdot ).

Proposition 6.25.
1. The set

V\bfnabla (F ) = \{ \bfnabla \times \bfitf | \bfitf \in Syz(F )\} 

is a \BbbQ -vector space.
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POLYNOMIAL CONSERVATION LAWS 843

2. The curl induces a surjective \BbbQ -linear map

\bfnabla \times (\cdot ) : Syz(F )\rightarrow V\bfnabla (F ), \bfitf \mapsto \rightarrow \bfnabla \times \bfitf 

with

ker(\bfnabla \times (\cdot )) = Syz\bfnabla (F ).

Proof.
1. Since Syz(F ) is a \BbbQ -vector space and \bfnabla \times (\cdot ) is a \BbbQ -linear operator, its image is a

\BbbQ -vector space.
2. The map \bfnabla \times (\cdot ) is clearly \BbbQ -linear and surjective. Obviously every element of

ker(\bfnabla \times (\cdot )) is an element of Syz\bfnabla (F ) and every syzygy \bfitg with \bfnabla \times \bfitg = 0 lies in the
kernel.

We recall that a basis for the \BbbQ -vector space of syzygies up to a given degree bound d\in \BbbN 
can be computed as in Remark 6.9. Then one can apply the curl operator and compute its
kernel in order to obtain a basis for the conservative syzygies up to degree d.

We now combine our results into Algorithm 6.2, which computes for the r.h.s. F (\bfitk ,\bfitx ) of
an ODE system a basis of the \BbbQ -vector space of parametric conservation laws up to a given
degree d.

Remark 6.26. In line 14 of Algorithm 6.2 one needs to determine the intersection Ai\cap \BbbQ r
+,

where Ai is the semialgebraic set computed via comprehensive Gr\"obner basis in line 3. The
set Ai is described by equations and inequalities in \BbbQ [\bfitk ]. By adding to them the inequalities
k1 > 0, . . . , kr > 0, which represent the positive orthant, one obtains a set of equations and
inequalities describing V\bfitk ,i. By applying the cylindrical algebraic decomposition, implemented
in, e.g., QEPCAD [12], to the latter set of equations and inequations one may obtain another
(though not necessarily better) representation of V\bfitk ,i. The program SLFQ (Simplifying Large
Formulas with QEPCAD) [13] can be used once QEPCAD is applied to obtain such a simplified
version.

Remark 6.27. Let \{ \phi 1(\bfitk ,\bfitx ), . . . , \phi s(\bfitk ,\bfitx )\} \subseteq \scrC (F )i) be a set of s parametric polynomial
conservation laws with respect to the semialgebraic set V\bfitk ,i returned by Algorithm 6.2. Then
their Jacobian matrix \left(    

\partial \phi 1(\bfitk ,\bfitx )
\partial x1

. . . \partial \phi 1(\bfitk ,\bfitx )
\partial xn

...
...

\partial \phi s(\bfitk ,\bfitx )
\partial x1

. . . \partial \phi s(\bfitk ,\bfitx )
\partial xn

\right)    
has rank s. Indeed, the conservation laws stem from \BbbQ -linearly independent syzygies, that
is, there are \BbbQ -linearly independent syzygies \bfitg 1, . . . ,\bfitg s such that \bfnabla \phi i = \bfitg i for all 1 \leq i \leq s.
Thus the Jacobian has rank s. Note that the conservation laws \phi 1(\bfitk ,\bfitx ), . . . , \phi s(\bfitk ,\bfitx ) are
not necessarily algebraically independent over \BbbQ . One can check \phi 1(\bfitk ,\bfitx ), . . . , \phi s(\bfitk ,\bfitx ) for
algebraic independence using Gr\"obner bases [18, Chapter 9, section 5] or linear algebra.

Remark 6.28. By Definition 3.4 parametric conservation laws depend on the rate constants
\bfitk , whereas unconditional conservation laws are independent of \bfitk . If \phi is an unconditional
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844 DESOEUVRES ET AL.

\bfA \bfl \bfg \bfo \bfr \bfi \bft \bfh \bfm \bfsix .\bftwo . ParametricPolynomialConservationLawsViaSyzygies.

\bfI \bfn \bfp \bfu \bft : A polynomial ODE system F (\bfitk ,\bfitx ) = (f1(\bfitk ,\bfitx ), . . . , fn(\bfitk ,\bfitx )) whose r.h.s. fi(\bfitk ,\bfitx )
are polynomials in \BbbQ [\bfitk ,\bfitx ] and a degree bound d.

\bfO \bfu \bft \bfp \bfu \bft : A set of pairs

\scrS = \{ (V\bfitk ,1,\scrC (F )1), . . . , (V\bfitk ,l,\scrC (F )l)\} ,

where V\bfitk ,i \subseteq \BbbQ r
+ is a semialgebraic set and \scrC (F )i is a basis of the vector space of parametric

polynomial conservation laws of degree at most d valid for all \bfitk \in V\bfitk ,i.
1: \scrS := \emptyset 
2: I := Ideal(f1(\bfitk ,\bfitx ), . . . , fn(\bfitk ,\bfitx )) in \BbbQ [\bfitk ,\bfitx ]
3: Compute a CGS \scrG := \{ (A1,G1), . . . , (Al,Gl)\} of I
4: \bff \bfo \bfr i= 1, . . . , l \bfd \bfo 
5: \scrC (F )i := \emptyset 
6: Compute a basis B(Syz(Gi)) of the syzygy module Syz(Gi) of Gi.
7: Convert B(Syz(Gi)) into a basis B(Syz(F )) of the parametric syzygies

Syz(F ) of F valid for Ai.
8: Compute a basis B(Syz(F )d) of the generating set

Gen(Syz(F )d) = \{ u\bfitg | u\in [\bfitk ,\bfitx ], \bfitg \in B(Syz(F )), deg(ugi)\leq d\} 

of the \BbbQ -vector space Syz(F )d.
9: Use B(Syz(F )d) to compute a basis B of the kernel of the restriction of

\bfnabla \times (\cdot ) to Syz(F )d.
10: \bff \bfo \bfr \bfitb = (b1, . . . , bn)\in B \bfd \bfo 
11: \phi (\bfitk ,\bfitx ) :=

\int 
\bfitb 

12: \scrC (F )i := \scrC (F )i \cup \{ \phi (\bfitk ,\bfitx )\} 
13: \bfe \bfn \bfd \bff \bfo \bfr 
14: Compute V\bfitk ,i :=Ai \cap \BbbQ r

+

15: \scrS := \scrS \cup \{ (V\bfitk ,i,\scrC (F )i)\} 
16: \bfe \bfn \bfd \bff \bfo \bfr 
17: \bfr \bfe \bft \bfu \bfr \bfn \scrS .

conservation law, then it can be seen as a parametric conservation law as well, hence, \phi must
be obtained from a syzygy that does not contain variables \bfitk . Therefore, in order to compute
unconditional conservation laws, we need to find those syzygies of the ideal generated by
F (\bfitk ,\bfitx ) that only depend on the variables \bfitx and not on \bfitk . To this end, we compute directly
a basis of the syzygy module of F (\bfitk ,\bfitx ) without the detour of the CGS using the elimination
property of Gr\"obner bases. We fix a block term order on the variables \bfitk , \bfitx with \bfitk > \bfitx . If G
is a Gr\"obner basis for Syz(F ) with respect to the block order, then G \cap \BbbQ [\bfitx ]m is a Gr\"obner
basis for Syz(F ) \cap \BbbQ [\bfitx ]m; see [43, Theorem 3.4.5]. This means that in order to compute
unconditional conservation laws, one can modify Algorithm 6.2 by adding a computation of
G \cap \BbbQ [\bfitx ]m. Also in order to compute a generating set for Syz(F )d \cap \BbbQ [\bfitx ]m one needs to
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POLYNOMIAL CONSERVATION LAWS 845

multiply the elements of the Gr\"obner basis G\cap \BbbQ [\bfitx ]m with the monomials only in \bfitx .

Remark 6.29. In the context of CRNs, some authors work with the ring \BbbQ (\bfitk )[\bfitx ] without
specializing \bfitk , while in Algorithm 6.2, we work with the ring \BbbQ [\bfitk ,\bfitx ], considering case distinc-
tions done for CGS computation, as \bfitk can be specialized in \BbbQ r

+. One can see that a Gr\"obner
basis G of the ideal generated by F (\bfitk ,\bfitx ) in \BbbQ (\bfitk )[\bfitx ] corresponds to the Gr\"obner basis in the
generic branch of a CGS in the ring \BbbQ [\bfitk ,\bfitx ]. This fact about the generic branch has been
considered in [53], and a new algorithm for computing CGS has been presented based on this.
Details on how to obtain the semialgebraic set of the generic branch from G can be found
in [53].

We implemented Algorithm 6.2 in a Singular library called polconslaw.lib. Our imple-
mentation uses the grobcov library for computing CGSs. We also implemented the approach
in Remark 6.29 for computing polynomial conservation laws corresponding to the generic
branch of a CGS in a Singular library, called genpolconslaw.lib, by just computing the con-
servation laws considering \BbbQ (\bfitk )[\bfitx ]. Therefore, this approach is much faster than computing
the whole CGS and picking up the generic branch. Our Singular libraries polconslaw.lib

and genpolconslaw.lib are available from Zenodo1 and GitHub.2

We present a series of examples clarifying our computational methods.

Example 6.30. For the system

\.x1 = x2, \.x2 = x1, \.x3 = x1x2,

the syzygy module has the basis

\{ (0, x2, - 1), (x1, - x2,0)\} .

Multiplying these two syzygies by all monomials in the variables x1, x2, x3 up to degree three
including also the monomial 1, that is by the elements of the set

\{ 1, x1, x2, x3, x21, . . . , x23x1, x23x2, x1x3x2\} ,

we obtain 40 \BbbQ -linearly independent syzygies. We compute for these syzygies the images
under the map \bfnabla \times (\cdot ) and then the \BbbQ -linear dependencies between the results. We obtain
that the kernel of the linear map \bfnabla \times (\cdot ) has a basis formed by the elements

\bfitf 1 = (0, x2, - 1), \bfitf 2 = (0, x32  - 2x2x3, - x22 + 2x3), \bfitf 3 = (x1, - x2,0),

\bfitf 4 = (x31  - 2x1x3,0, - x21 + 2x3), \bfitf 5 = (x22x1  - 2x1x3, x
2
1x2  - x32, - x21 + 2x3),

that is, \bfitf 1, . . . ,\bfitf 5 span the \BbbQ -vector space of all syzygies up to degree three with curl zero.
Integration leads to the five unconditional conservation laws

\phi 1 =
x22
2

 - x3, \phi 2 =
1

4
x42  - x22x3 + x23, \phi 3 =

x21
2

 - x22
2
, \phi 4 =

1

4
x41  - x21x3 + x23,

\phi 5 =
1

2
x21x

2
2  - 

1

4
x42  - x21x3 + x23.

1https://zenodo.org/record/7474523.
2https://github.com/oradules/polynomial conservation laws.
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846 DESOEUVRES ET AL.

Note that \bfitf 1 and \bfitf 3 are the generators of the syzygy module, and they are both con-
servative, hence, they are integrated to the conservation laws \phi 1 and \phi 2. One can see
that the three other conservation laws obtained above are actually in the algebra gener-
ated by \phi 1 and \phi 2. The syzygy \bfitf 2 is the product (x22  - 2x3) \bfitf 1 = 2\phi 1\bfitf 2, \bfitf 4 is the
product (x21  - 2x3)(\bfitf 1 + \bfitf 3) = 2(\phi 1 + \phi 3)(\bfitf 1 + \bfitf 3), and the syzygy \bfitf 5 is the product
(x21  - 2x3)\bfitf 1 + (x22  - 2x3)\bfitf 3 = 2(\phi 1 + \phi 3)\bfitf 1 = 2\phi 1\bfitf 3.

The computations for this example can be performed automatically using our Singular
library genpolconslaw.lib, in the corresponding files example6 29.sg, in our GitHub and
Zenodo repositories.

Example 6.31. We apply Algorithm 6.2 to the system

\.x1 = - k1x1,

\.x2 = - k2x2,

\.x3 = (k1 + k2)x1x2

only considering the generic branch of a comprehensive Gr\"obner basis, which is given by the
semialgebraic set defined by k1 \not = 0 and k2 \not = 0. For the generic branch a basis of the syzygy
module is

\{ (x2, x1,1), ( - k2x2, k1x1,0)\} .

From the above generating set, one obtains 20 syzygies that form a basis for the \BbbQ -vector
space of syzygies up to degree three, out of which only two elements are conservative. One
conservative syzygy is (x2, x1,1), which is integrated to the unconditional conservation law

\phi 1 = x1x2 + x3.

The other conservative syzygy

(x1x
2
2 + x2x3, x

2
1x2 + x1x3, x1x2 + x3)

leads to the degree three conservation law

\phi 2 =
1

2
x21x

2
2 + x1x2x3 +

1

2
x23.

One can easily see that \phi 2 =
1
2\phi 

2
1, hence the two conservation laws computed are algebraically

dependent. One can check that the second element of the module basis is not conservative,
because

\bfnabla \times ( - k2x2, k1x1,0) =

\biggl( 
\partial 

\partial x2
( - k2x2) - 

\partial 

\partial x1
(k1x1) = - (k1 + k2),0,0

\biggr) 
\not = 0.

Note that

\{ ((k1 + k2)x2,0, k1), ( - k2x2, k1x1,0)\} 
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POLYNOMIAL CONSERVATION LAWS 847

is another basis of the syzygy module of the generic branch, in which both elements have
nonzero curl, but the linear combination of the basis elements

((k1 + k2)x2,0, k1) + ( - k2x2, k1x1,0) = k1(x2, x1,1)

has zero curl and it is the only one of degree two and up to multiplication. Computations
for all branches of the dynamical system in this example were carried out using our Singular
library polconslaw.lib. The reader can use example6 30.sg, available in our GitHub and
Zenodo repositories, in order to carry on the computations automatically.

Example 6.32 (BIOMD0000000629 [48]). The ODEs corresponding to biomodel 629 in the
ODEbase repository [48] are the following:

\.x1 = - k2x1x3 + k3x2,

\.x2 = k2x1x3  - k3x2  - k4x2x4 + k5x5,

\.x3 = - k2x1x3 + k3x2,

\.x4 = - k4x2x4 + k5x5,

\.x5 = k4x2x4  - k5x5.

Computations for generic branch using our Singular library polconslaw.lib can be
found in the file gbm629.txt, and computations for all branches using the Singular library
genpolconslaw.lib can be carried on automatically via the file bm629.sg, which is avail-
able in our GitHub and Zenodo repositories. A CGS for the steady state ideal consists of 10
branches. We consider first the generic branch and after that one nongeneric branch. One
easily checks that the semialgebraic set of the generic branch of the comprehensive Gr\"obner
basis consists of \{ k2 \not = 0k4 \not = 0\} , and the corresponding polynomial set consists of the five
polynomials in the r.h.s. of the ODE system. The syzygy module has a basis

\{ \bfitf 1 = ( - 1,0,1,0,0), \bfitf 2 = (0, - 1, - 1,1,0), \bfitf 3 = (0,0,0,1,1),

\bfitf 4 = (k2x1x3  - k4x2x4  - k3x2 + k5x5, k2x1x3  - k3x2,0,0,0)\} .

Obviously, \bfitf 1, \bfitf 2, \bfitf 3 are conservative, and integrating them leads to the linearly independent
unconditional conservation laws

\phi 1(\bfitk ,\bfitx ) = - x1 + x3, \phi 2(\bfitk ,\bfitx ) = - x2  - x3 + x4, \phi 3(\bfitk ,\bfitx ) = x4 + x5.

The syzygy \bfitf 4(\bfitk ,\bfitx ) is not conservative as \bfnabla \times \bfitf 4 \not = 0. Multiplying \bfitf 1, . . . , \bfitf 4 with all
monomials such that the degree of the products is at most two, we obtain an 18-dimensional
\BbbQ -vectors space of syzygies and find nine conservation laws, where the six newly found de-
gree two conservation laws can be expressed as linear combinations of \phi 1(\bfitk ,\bfitx ), \phi 2(\bfitk ,\bfitx ) and
\phi 3(\bfitk ,\bfitx ) with coefficients in \BbbQ [\bfitx ,\bfitk ]. Enlarging the degree by one gives us a 64-dimensional
\BbbQ -vector space of syzygies. Our algorithm finds here 10 new conservation laws of degree
three. Again these conservation laws are in the algebra generated by \phi 1(\bfitk ,\bfitx ), \phi 2(\bfitk ,\bfitx ), and
\phi 3(\bfitk ,\bfitx ). One may assume that it is enough to check the generators of the syzygy module to
be conservative and that all further conservation laws can be obtained as a linear combination
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of the generators that are conservative over \BbbQ [\bfitk ,\bfitx ]. But the last paragraph of Example 6.31
shows that this is not true.

As discussed earlier in Remark 6.28 one can compute unconditional conservation laws
from the syzygy module by an additional Gr\"obner basis computation. On the other hand,
unconditional conservation laws up to a given degree bound can be computed via ansatz, i.e.,
guessing the conservation laws with undetermined coefficients, and then obtaining coefficients
by imposing the definition of first integrability. This method has been discussed in [34] for
computing polynomial first integrals of dynamical systems and it has been implemented in
the automated prover tool Pegasus [63].

Computations based on an ansatz avoid Gr\"obner basis (and syzygy) computations in
the ring \BbbQ [\bfitk ,\bfitx ]. However, computing polynomial conservation laws via ansatz would not
necessarily lead to a basis in \BbbQ [\bfitk ,\bfitx ] for the syzygy module, but rather to a basis for the
\BbbR -vector space of conservative syzygies up to a given degree. Moreover, the ansatz method
cannot be used to compute branches of parametric conservation laws. Finally, using syzygies
brings an algebraic structure to the problem of first integral computation. Since this paper is
the first step in this particular research direction, we are confident that there exists ample room
for exploration regarding the algebraic characteristics of the conservation laws. In particular,
we could anticipate the possibility of finding directly a basis for the algebra of conservation
laws, rather than computing a \BbbQ -vector space basis for syzygies and subsequently filtering
them via curl operator.

6.2.5. Testing syzygy computation on a biochemical models database. We have sys-
tematically tested Algorithm 6.2 using the models of the ODEbase repository [48]. Selected re-
sults and some interpretations based on the benchmark table are presented below, whereas the
comprehensive report of the results is provided as supplementary materials (M154401 01.pdf
[local/web 364KB]).

In Table 1, we present the result of our computations up to degree four for four biomodels
from the ODEbase, including model 629 considered in Example 6.32. Running times are in
seconds, with a limit of 4 hours. Columns n and r represent the number of variables and
parameters in the model, respectively. While computations for model 629 have finished in
quite a short time, for models 710 and 1053, we were only able to finish the computations
for a few branches, and for model 1054, computations for none of the branches finished in
four hours. This is due to several reasons. First of all, comprehensive Gr\"obner bases are
known to be hard to compute, due to the huge number of branches that they may pro-
duce. Also syzygy computations can be hard as their computation is equivalent to computing
Gr\"obner bases. Moreover, computing a vector space basis for the syzygies has exponential
complexity.

An interesting point in this table is that in several rows, the numbers of linear and polyno-
mial conservation laws are related. This is because most of the polynomial conservation laws
computed are in the algebra generated by the linear conservation laws. As noted in Proposi-
tion 6.24, conservation laws form an algebra, hence, for algebraically independent conservation
laws \phi 1, . . . , \phi m, every polynomial of the form \phi n1

1 \phi n2

2 . . . \phi nm
m , where n1, . . . , nm \in \BbbN is a con-

servation law. There are
\bigl( 
m+d
d

\bigr) 
 - 1 many such polynomials of degree at most d. For d= 4 and

m = 1,2,3,4,5,6, this number is 4,14,34,69,125,209, respectively. We obtain exactly those
numbers (in the column ``\# cons. laws"" that presents the total number of conservation laws)
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POLYNOMIAL CONSERVATION LAWS 849

Table 1
Conservation laws in branches of CGS.

Running Branch \# cons. \# lin. cons. \# pol. cons.
Biomodel n r time \# branches number laws laws laws

629 5 8 872 10 1 34 3 31
2 34 3 31
3 69 4 65
4 69 4 65
5 125 5 120
6 34 3 31
7 69 4 65
8 34 3 31
9 69 4 65

10 34 3 31

710 7 18 14401 5891 3 4 1 3
4 4 1 3
5 14 2 12
6 14 2 12
7 34 3 31
8 34 3 31
9 34 3 31

10 69 4 65
11 125 5 120
12 125 5 120

1053 6 7 14401 28 3 4 1 3
4 69 4 65
5 125 5 120
6 209 6 203
7 209 6 203
8 4 1 3
9 4 1 3

10 21 2 19
11 34 3 31
12 69 4 65
13 69 4 65
15 4 1 3
19 4 1 3
21 17 2 15
22 38 3 35

1054 7 12 14401 1379

in all rows, except for the gray rows that include more polynomial conservation laws. Those
are polynomial conservation laws that are algebraically independent of the linear conservation
laws.

Similarly, in Examples 6.30 and 6.31 one can see that the polynomial conservation laws
are generated by the lowest degree (not necessarily linear) conservation laws. This suggests
that the \BbbQ -algebra of polynomial conservation laws is finitely generated and that the gener-
ators include curl-zero elements of a minimal basis of the syzygy module. Furthermore, the
generators other than those coming from a basis of the syzygy module are rare. This subject
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850 DESOEUVRES ET AL.

Table 2
Computations for Syzygy module basis (generic branch).

Running \# syzygy mod. \# lin. cons. \# pol. cons.
Biomodel n r time basis \# cons. laws laws laws

629 5 8 1 4 3 3 0
710 7 18 1 28 0 0 0
1053 6 7 1 15 0 0 0
1054 7 12 1 21 2 2 0

10
0

10
1

10
2

10
0

10
1

10
2

10
3

10
4

n
var

n sy
z, n

co
ns

 

 

n
syz module

n
cons module

n
syz vspace

n
cons vspace

Figure 1. Computation of polynomial conservation laws arising from the generic branch of CGS for CRN
models from the BioModel database by two methods: from the generators of the syzygy module and from the
basis of \BbbQ -vector space of syzygies. nvar is the number of variables and ODEs in the CRN model. The number
of syzygies and polynomial conservation laws increases with the number of variables. When the computation of
the \BbbQ -vector space basis succeeds, the number of computed polynomial conservation laws is sensitively larger.

will be further developed elsewhere.
The discussion above leads us to consider computing only conservation laws that arise

from conservative generators of a Gr\"obner basis of the syzygy module, as a heuristic. Such
computations would naturally be much faster than computing a basis for syzygies as a vector
space. Moreover, considering only the generic branch and using the trick mentioned in Re-
mark 6.29, one avoids computing a comprehensive Gr\"obner basis, which further speeds up the
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POLYNOMIAL CONSERVATION LAWS 851

computations. The latter heuristic has been considered in Table 2, carrying on computations
for the same biomodels as in Table 1. The computations took only one second per model,
and we found two linear conservation laws for model 1054, for which we had run out of time
during previous computations.

Figure 1 illustrates how the number of computed syzygies and conservation laws increases
with respect to the number of variables of the model. As expected, the Q-vector space basis
calculation fails more often, but when successful it leads to much more polynomial conservation
laws, while syzygy module basis calculation produces algebraically independent conservation
laws much faster.

Availability. ODEbase is available at https://www.odebase.org/. The Singular libraries
polconslaw.lib and genpolconslaw.lib are available at Zenodo under the record https://
zenodo.org/record/7474523 and through GitHub at https://github.com/oradules/polynomial
conservation laws.
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