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Abstract. For polynomial ODE models, we introduce and discuss the concepts of exact and approximate
conservation laws, which are the first integrals of the full and truncated sets of ODEs. For fast-slow
systems, truncated ODEs describe the fast dynamics. We define compatibility classes as subsets of
the state space, obtained by equating the conservation laws to constants. A set of conservation laws
is complete when the corresponding compatibility classes contain a finite number of steady states.
Complete sets of conservation laws can be used for model order reduction and for studying the
multistationarity of the model. We provide algorithmic methods for computing linear, monomial,
and polynomial conservation laws of polynomial ODE models and for testing their completeness.
The resulting conservation laws and their completeness are either independent or dependent on the
parameters. In the latter case, we provide parametric case distinctions. In particular, we propose
a new method to compute polynomial conservation laws by comprehensive Grébner systems and
syzygies.
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1. Introduction. Several important models in physics, chemistry, biology, ecology, eco-
nomics, and engineering can be written as systems of polynomial ODEs. Conservation laws
are first integrals of such models, i.e., quantities that are constant on any solution of the
ODEs. When they exist, they can be used for model order reduction [11]. A reduced model
can be more easily simulated and analyzed. For example, ODEs with n variables and n — 1
independent conservation laws are solvable by quadratures [3].
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The use of first integrals for eliminating variables is an exact model reduction method [11].
However, many model reduction methods are approximate. For instance, the quasi—steady
state approximation is an approximate model reduction method based on the elimination of
fast variables [21, 29, 31, 44, 56, 70]. This reduction method fails when the fast dynamics has
first integrals. We introduce here the approzimate conservation laws, a key concept for model
reduction by variable pooling used when the fast dynamics has first integrals [5, 21, 57].

Conservation laws are also used for studying the steady states of ODE models, for in-
stance in applications that deal with multistationarity [28]. In the case of linear conservation
laws, the set of steady states can be partitioned into stoichiometric compatibility classes [27]
that are characterized by fixed, different values of the linear conservation laws. Here we extend
this definition to polynomial conservation laws. Compatibility classes are invariant sets of the
ODE flow and, under some conditions that we call completeness, contain a finite number of
steady states. The completeness of approximate conservation laws is also important for model
reduction applications [21].

A lot of effort has been put into computing linear conservation laws of ODE models [59, 64].
Nonlinear conservation laws have been addressed using Darboux polynomials [16, 49, 50, 55].
Monomial first integrals were discussed in [32, 49]. For a thorough introduction to first inte-
grals and related computational methods, refer to Zhang’s book [74]. Polynomial first integrals
were used for formal proofs of hybrid systems safety in [63], where they were computed using
the method of undetermined coefficients.

In this paper, we propose a new method for computing polynomial conservation laws using
syzygies, which are relations among the polynomial right-hand side (r.h.s.) of the ODEs.
Furthermore, we use comprehensive Grobner bases techniques for partitioning the parameter
space into branches such that the syzygies (and hence, conservation laws) are invariant under
evaluation in each branch. We also propose algorithmic solutions for testing the independence
and the completeness of the computed conservation laws.

The structure of this paper is as follows. In the next section, we introduce the polyno-
mial ODE models. We show that any polynomial ODE model can be written as a chemical
reaction network (CRN) model. In section 3 we discuss exact and approximate conservation
laws, which are important in model reduction applications. In section 4 we provide methods
to test the independence and completeness of the conservation laws. Section 5 exposes extant
methods for computing linear conservation laws. Section 6.1 is dedicated to monomial con-
servation laws. In section 6.2 we present a new method to compute polynomial conservation
laws using syzygies.

2. Models. In this paper, we consider polynomial ODE models
(2.1) 1= filk,x), ..., Tp= fu(k,x),

whose r.h.s. are integer coefficient polynomials in the variables  and parameters k f;(k,x) €
Zlk, x| =Zlky,...,kr,x1,...,2,]. Up to a redefinition of parameters, the functions f; can be
considered homogeneous of degree one in k. We denote the vector of r.h.s. of (2.1) by

F(k,x)=(fi(k, ), f2(k,),.. '7fn(k7m))T'
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For certain applications we consider that the functions f; have the particular structure of
CRNs [2]:

(2.2) fl(k:,w) :ZSijkjwo‘j.
j=1

The monomials % = x{’'---x,’" appearing in the r.h.s. of (2.2) are defined by r multi-
indices a; = (ej1,...,05,) € N” and for each monomial the parameter k; represents a rate
constant. The parameters k = (k1,...,k,) take values in R and the integer coefficients S;;
form a matrix § = (5;;) € Z™*", which is called the stoichiometric matrix.

Mass action CRNs with n species Ajp,..., A, and concentrations & = (x1,...,x,) satisfy
(2.2). For a mass action reaction

ajlAr+ -+ ajnAp = BjlAr+ -+ BinAn

we have Sj; = Bj; — aj; and the reaction rate is k;z®, i.e., the stoichiometric coefficients
a; and the multi-indices aj coincide. This constraint leads to algebraic properties of CRNs
exploited in chemical reaction metwork theory, which was initiated by Horn, Jackson, and
Feinberg [26, 27]. However, this may not be the case in general, meaning that the multi-
indices a; and @&; in S;; = Bj; — &j; and k;x™ are not necessarily equal. As a matter of fact
the CRNs with monomial rate functions used here do not reduce the generality of polynomial
ODE models described by (2.1). This is shown by the following theorem.

Theorem 2.1. Any system of polynomial ODEs
.’1'31 = fl(k,a:), ey i‘n = fn(k,as),

where each fi(k,x) € Zlk,x] is an integer coefficient polynomial in k and x, homogeneous
of degree one in k= (k1,...,k.), can be written as (2.1), (2.2) for appropriate matriz S and
multi-indices a;.

Proof. A constructive proof is given by Algorithm 2.1. |

Remark 2.2. In many applications, parameters are not symbolic but given by their
numerical values, sometimes linearly dependent over the integers. In this case, the inde-
pendent parameters and the stoichiometric matrix are hidden behind these numbers. We
propose in Algorithm 2.2 a way to still obtain descriptions of the form (2.2), where the
k; are linearly independent over the integers and the stoichiometric coefficients are clearly
visible. For example, the ODE system %1 = 1.5z1x9, 2 = 2 + 3z129 is transformed into
T1 = ki1x129, 9 = koo + 2k1 2129 With the stoichiometric matrix

sz@ ?)

Remark 2.3. In chemical and biochemical applications CRN variables have positive values
and the ODE flow preserves the positive orthant. A sufficient condition for this property is
that inputs of Algorithm 2.1 satisfy

Biji > 0,whenever z;; <0,
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Algorithm 2.1. Smatrix.

Input: An ODE system whose r.h.s. are sums of rational monomials (meaning we also
allow negative powers) in k and x, homogeneous of degree one in k, with integer
coefficients:

T
& = fi(k, @) = Z zijhigal,
j=1

where z;; € Z, B;; € Z", kij ef{ki,.... k), for 1<i<n,1<j<mr.
Output: An integer coefficient matrix S and a set of multi-indices a1, ..., a, € N® such
that fi(k,x) = 29:1 Sijkjx® for all 1 <i<mn.
1: Compute a list of distinct monomials

n o r;
{Mj = ke 1< j<r}=J | J{kya""}.
i=1j=1

Two monomials kijwﬁw‘, ki/j/wﬁi’i’ are distinct if B;; # By, or kij # kirjr.
2: for i:=1to n do
3: for j:=1tordo

4: Sij=0

5: for [:=1 to r; do

6: if kjaPa = M; then
7 Sij = Sij + zil

8: end if

9: end for

10: end for

11: end for

where 3;;; is the ith coordinate of the vector 3;;. This condition ensures that rates of reactions
consuming a species x; tend to zero whenever the concentration of this species tends to zero.
The corresponding condition on the system (2.1) reads

Qi > 0, whenever Sz'j < 0.

However, these conditions can be lifted in other applications.

Remark 2.4. The advantage of the form (2.2) and the reason to use it even for nonchemical
applications is, as will be shown later in sections 5 and 6.1, that this form facilitates the
computation of linear and monomial conservation laws.

3. Exact versus approximate conservation laws. We start this section with a motivating
example.

Ezample 3.1. Let us consider the irreversible Michaelis-Menten mechanism, used as a
model of enzymatic reactions. We choose rate constants corresponding to the so-called quasi-
equilibrium, as done by Michaelis and Menten [51]. The reaction network for this model is
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Algorithm 2.2. CompareAndSplitCoefficients.

Input: An ODE system of the form #; = f;(k,x) = Z;n:l Bjjx®i, where a; € 2", By; € R,
m is the number of distinct o;.

Output: A set of incommensurate real numbers {ki,...,k,} and a set of integers
{#ij,1<i<n,1<j<r;} such that

filk,m) = zijkijas,
=1

where kjj € {k1,...,k}, for 1 <i<n, 1<j<r.
1: for h:=1 to m do
2 for i:=1ton do
3 for j:=1toido
4: if Bj, =0 then
5: Zin =1, kjn =0, zp :=sign(Bin), kin := Bin/zin
Bin = Cp, ﬁjh =Op

6: else if B;,/Bjj, € Z then
7 zip :=sign(Bin) | Bin/ Binls kin := Bin/zin, zjn :=sign(Bjn), kjn = Bjn/zjn
Bin =0, Bjp =y
8: else if Bj;/B;, € Z then
9: zjn = sign(Bjn)| Bjn/ Bin|, kjn = Bjn/zjn, zin :=sign(Bin), kin := Bin/zin
Bin =, By = oy,
10: else
11: Zih = sign(Bj ), kjh = th/zjh, Zih = sign(Bih), kih = Bih/zl-h
Bin = o, By = oy,
12: end if
13: end for
14: end for
15: end for

16: for i:=1 to n do
17: rii=m, j=1
18: while j <r; do

19: if kij =0 then

20: for h:-=jtor;—1do

21: /*re—indexing*/ Zij]{?ij$ﬁij = Zij+1k3i]’+1$ﬂij+1
22: end for

23: Zir ke, @Pri =0

24: rii=r; —1

25: end if

26: =j+1

27: end while

28: end for
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k1 )
S+Ek:ES—>E+P,

where S is a substrate, E is an enzyme, ES is an enzyme-substrate complex, and ki, ks, k3
are rate constants of the same order of magnitude. Here 0 < § < 1 is a small positive scaling
parameter, indicating that the third rate constant is small.

According to mass-action kinetics, the concentrations z1 = [S], o = [SE], and z3 = [F]
satisfy the system of ODEs

(3.1a) Ty = —ki1z123 + ko,
(31b) :E.Q == k1$1$3 - k‘2$2 - 5k3$2,
(310) T3 = —ki1x123 + koo + dk3xs.

We consider the truncated system of ODEs

(3.2a) T = —kiz123 + koo,
(3.2b) Ty = k1x133 — ko,
(3.2¢) z3 = —kiz123 + koo,

which is obtained by setting § = 0 in (3.1). If k;,1 < i < 3, are of order O(6%), then the
truncated system (3.2) describes the dynamics of the model on fast timescales of order O(&).

The steady state of the fast dynamics is obtained by equating to zero the r.h.s. of (3.2).
The resulting condition is called quasi-equilibrium (QE), because it means that the complex
formation rate kixixs is equal to the complex dissociation rate koxs. In other words, the
reversible reaction

k1
S+Ek:ES

is at equilibrium. The QE condition is reached only at the end of the fast dynamics and is
satisfied with a precision of order O(d) during the slow dynamics [33].

We introduce the linear combinations of variables x4 = 1 + 2 and x5 = x5 + =3, corre-
sponding to the total substrate and total enzyme concentrations, respectively. Addition of
(3.1b) and (3.1c) leads to #5 = 0, which means that for solutions of the full system, x5 is
constant for all times. We will call such a quantity an exact conservation law. The addition of

(3.2a) and (3.2b) leads to 24 = 0. This means that x4 is constant for solutions of the truncated
dynamics, valid at short times ¢t = O(6°). However, addition of (3.1a) and (3.1b) leads to

24 = —0kzxo,
meaning that x4 evolves slowly under the full dynamics. x4 is not constant at large times
t =0(671). We call such a quantity an approzimate conservation law. The quantity s is

both an exact and an approximate conservation law, because is conserved by both (3.2) and
(3.1) and therefore it is constant at all times.
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Remark 3.2. The exact and approximate conservation laws can be used as a new parameter
and as a slow variable of the model, respectively. Two extant variables can then be eliminated
as such zo = x4 — v1,23 = k4 + 1 — x4, where k4 = x5 is the new parameter. In the remaining
variables x1,x4 the full system reads

(3.3&) 1= —kix1 (k4 +x1 — :U4) + kQ(x4 — xl),
(3.3b) :ﬁ4 = —5]{53(5174 — 1‘1).

The transformed model (3.3) is typically a slow-fast system with z; the fast and x4 the slow
variable [29, 70] and can be further reduced using the quasi-steady state approximation. In
the transformed model the fast dynamics (3.3a) has a nondegenerate, hyperbolic steady state.
This was not the case for the fast dynamics (3.2) in the original formulation of the problem,
which has a degenerate steady state manifold. However, the foliations defined by hyperplanes
on which the two conservation laws are constant intersect transversally the degenerate state
manifold, resulting in nondegenerate steady states. This property, called completeness, will
be detailed in section 4.

More generally, let us assume that the r.h.s. of the system in (2.1) can be decomposed
into a sum of two terms, the first one dominating (being much larger than the second). This
decomposition can be obtained by rescaling the model variables and parameters by powers
of a small scaling parameter &, where 0 < § < 1. To this aim, we define k = (ky,...,k,) and

Z = (Z1,...,%) such that k; = §%k;, x; = 6%Z; and obtain
(3.4) filk,x) = £ (k,x) + £ (k. ),
where

F D,z = O (%z) and [ (k,a) = % 7O (k. 2,0)

with b; < b (for details see [21, 44]).

For a small parameter ¢, the terms (5b;fi(2)(l_<:,i, ) are dominated by the terms 5”1']?@-(1)(15,
&). This justifies introducing the truncated system as the system of ODEs obtained by keeping
only the lowest order, dominant terms of the system in (2.1), namely

(3.5) i = fOR2), ..., dn =D (K, 2).
We denote the vector of r.h.s. of the truncated system by
FO@K,z) = (f (k.2),.... [P (k,z)".
Remark 3.3. Depending on the application, the truncated system in (3.5) can consist of
fewer ODEs than the system in (2.1). For instance, in the case of model reduction of fast-slow

systems, only the ODEs corresponding to fast variables are included in the truncated system.
In this case, the truncated system describes the fast timescale dynamics.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.
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Definition 3.4.

(a) A function ¢(k,x) is a parametric exact conservation law if there exists a nonempty
semialgebraic set Viy CR!, such that for all k € Vi, ¢(k,x) is a first integral of the full
system in (2.1), i.e., if

VkeVy VreR} < gf(k,w)fi(k,w)ﬂ))-
i=1 O

(b) A function ¢(k,x) is a parametric approximate conservation law if there exists a
nonempty semialgebraic set Vi, CR', such that for all k € Vi, ¢(k,x) is a first integral
of the truncated system in (3.5), i.e., if

VkeV, VxeRY) <Z gf. (e, ) O () — o) :
i=1 "

(¢) A parametric exact (approximate) conservation law of the form
o(k,x)=ci(k)x1 + -+ cp(k)zy

with ¢;(k) € R[k] is called an exact (approximate) linear conservation law. If ¢; >0
for 1 <i<mn, the linear conservation law is called semipositive.

(d) A parametric exact (approximate) conservation law of the form ¢(k,x) = a(k)x™
- xp with m; € Z and a(k) € R[k] is called an exact (approximate) rational monomial
conservation law. If m; € Zy for 1 <i <mn, the conservation law is called monomial.
For simplicity, in this paper, we will call both types monomial.

(e) A parametric exact (approximate) conservation law of the form
S
SRy ag
i=1

with mj; € Z4 and a;(k) € R[k] is called a parametric exact (approximate) polynomial
conservation law.

Remark 3.5. In some applications we are interested in conservation laws ¢(z) that do not
depend on k. For instance, in model reduction of a fast-slow system, approximate conservation
laws that are not exact represent variables of the reduced model [5, 21, 33, 56, 57]. When
these conservation laws depend only on x, one can show that these approximate conservation
laws are always slower than the variables which compose them, a prerequisite for fast-slow
reduction [21]. Moreover this ensures, for CRN models, that the reduced model is obtained
by graph rewriting operations, i.e., by species and reactions pooling and pruning (see [56]).

Remark 3.6. Following Remark 3.5, in this paper, we use the following convention. An
unconditional conservation law is a function ¢(x) that does not depend on k and satisfies the
conditions of Definition 3.4, while a parametric conservation law is a function ¢(k,x) that
does depend on k.
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4. Independence and completeness. Some variables x; may not appear in a conservation
law ¢(k,x). This means, in the case of a linear conservation law, that some coefficients ¢;
may be zero or, in the case of a nonlinear conservation law, that some partial derivatives

y ) ) p
g—i(k, x) may vanish. If 7 is the number of all nonzero quantities g—i(k, x), then we say that
the conservation law depends on r variables.

Definition 4.1. An exact or approzimate conservation law depending on r variables is called
simple if it can’t be split into the sum or the product of two conservation laws such that at
least one of them depends on a number of variables ' with 1 <r' <r.

Definition 4.2. For k € R', a steady state x is a positive solution of F(k,xz) = 0. We
denote the steady state variety by Si. A steady state is degenerate or nondegenerate if the
Jacobian D F (k,x) is singular or regular, respectively.

Degeneracy of steady states implies that Sg is not discrete. Reciprocally, we have the
following result.

Theorem 4.3. Assume that for k € R",, S is a manifold. If the local dimension at a point
xg € Sk, is strictly positive, then xq is degenerate.

Proof. There is a neighborhood U C R of zero and a smooth function U — Sg, o +—
x(a) with x(0) = xy. By differentiating F(k,x(«)) = 0 with respect to o at 0 we get

DwF(k,mo)dfl&O) =0, and thus D4 F(k,x) is singular. [ ]

Definition 4.4. A set of s exact conservation laws defined by the vector

®(k,x) = (¢1(k,x),...,ps(k,x))T

1s called complete if the Jacobian matrix
Jr.¢(k,x) = Dy(F (k,x), ®(k,z))"

has rank n for any k € R’ ,x € R"}. The set is called independent if the Jacobian matriz
of ®(k,x)" with respect to x has rank s for any k € R,z € R’. In the case of a set
of approximate conservation laws defined by a vector ®(k,x), completeness is defined with

F(k,z) replaced by FUD(k,x).

Proposition 4.5. If a system has a complete set of conservation laws, then the intersection
of S, with {x | ®(k,x)=co} NR’, where co € R", is finite.

Proof. Suppose that the intersection is nonempty and contains x. Because the rank of
Jr¢(k,x) in x is n, the implicit function theorem implies that, for k and co, x is isolated
from other solutions of F(k,x) =0, ®(k,x)=cy. As F(k,x) is polynomial, the intersection
is finite. [ |

Remark 4.6. When ®(k, z) is linear in & and results from a stoichiometric matrix, the set
Ceo ={z | ®(k,x)=co} NR]

is called the stoichiometric compatibility class or reaction simplex [27, 72]. Stoichiometric
compatibility classes of systems with complete sets of linear conservation laws contain a finite
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number of steady states. We note that some authors call completeness of linear conservation
laws nondegeneracy [28]. Here, we extend these definitions and call compatibility classes all
sets of the type Ce,, even if ®(k,x) is a nonlinear conservation law. Compatibility classes of
polynomial conservation laws are semialgebraic sets.

Compatibility classes and the completeness of conservation laws have applications to the
study of multistationarity of models [28] and to model order reduction [21] (see also section 3
and Remark 3.2).

Remark 4.7. Since our concern is the number of positive solutions in « of F(k,x) = 0,
®(k, ) = co, it would be more natural to consider in Definition 4.4 the rank of J 4(k,x) on

SkN{z | ®(k,z)=co} NRY.

In fact, as this rank does not depend on ¢y, it is simpler and equivalent to impose its value
on S NRY.

Remark 4.8. The independent linear conservation laws
®(k,x) = (21 + 22,22 + x3)
of the truncated system in Example 3.1 are complete. More precisely, the Jacobian of
(F(k,z),®(k,x))",
where F(k,x) is the vector of the r.h.s. of (3.2), has a 3 x 3 minor
det(Dy(—kiz123 + koto, ®(k,x)) ") = —ky — k121 — k123

This minor cannot be zero for positive x, k on the steady state variety which is defined by
the single equation —kix1x3 4+ koxo = 0. Therefore the rank of JF,¢(:IZ, k) is 3.

Furthermore, all stoichiometric compatibility classes defined by x14x2 = cp1, T2 +x3 = cp2,
x > 0, contain a unique positive steady state

1= (k1(cor — co2) — ko + VA)/(2ky),
o = (k1(co1 + co2) + ko — VA)/(2ky),
5= (k1(coz — co1) — k2 + VA) /(2k1),

8

=

8

where A = (co1 — co2)?k? + k3 + 2k1ka(co1 + co2). This nondegenerate steady state is precisely
the one used for the quasi-steady reduction of the transformed model (see also Remark 3.2).

The notions of completeness and independence in Definition 4.4 are effective. Indeed,
Algorithms 4.2 and 4.3 below check for completeness and independence, respectively. Both
algorithms use a parametric rank computation (see in both cases line 1 with the call “Para-
metricRank”), which we are going to present first.

Let L, N, M € N and let R[v] be a polynomial ring in P indeterminates v = (v1,...,vr).
Furthermore, let A € R[v]¥*N be a matrix whose entries are polynomials in v. We are
interested in the rank of A in dependence of different values @ € RZ for the variables v.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Algorithm 4.1 (ParametricRank) provides a decomposition of the affine space R” into disjoint
semialgebraic subsets

Si,.... S

such that for each subset S; among the Si,...,Ss the rank of A(v) is constant for all points
v of S;. The output of the algorithm is organized as a set of pairs

R: {(Fl,rl), ey (F[,’I”[)}.

For each ¢ = 1,...,1, I'; is a conjunction of polynomial constraints in v, i.e., polynomial
equations and inequations in v with coefficients in R, and r; is an integer. The semialgebraic
sets S1,..., S from above are defined by I'y,...,I'; and r1,...,r; are the ranks of A on these
sets.

In order to determine the different ranks, the algorithm computes row echelon forms by
introducing case distinctions. Roughly speaking the algorithm works in the following way. For
a semialgebraic set S defined by a conjunction of polynomial constraints I' and for a matrix
A which is in row echelon form up to the pth row, the algorithm checks if there is an entry
Ajj in A, where p+1<i< M and p+1<j <N, which does not vanish for any point of S.
If A, is such an entry, then one swaps rows p + 1 with m and columns p + 1 with n. One
then uses the entry A,;1,41 in the new matrix as a pivot element to delete all subsequent
entries and introduces a new case consisting of the same set .9, i.e., the same I', but now with
the matrix in row echelon form up to row p + 1. If there is not such an entry, the algorithm
checks if there is an entry A;;, where 7, j runs as above, which does not vanish for all points
of S. If A, is such an entry, the algorithm introduces two new cases. Both cases consist
of the old matrix A in row echelon form up to row p. The difference is now that one case
consists of the semialgebraic set defined by I" A A,,, # 0 and the other one consists of the set
defined by I' A A, = 0. The new conditions guarantee the nonvanishing and the vanishing
of the entry A,,, in the respective case. If there is not an entry A,,, as described above, on
S the matrix A is in row echelon form and has rank p. The algorithm returns I' and p. The
algorithm processes a stack of cases in the way described above starting with the case which
consists of the semialgebraic set R” defined by I' = “true” and the matrix A in row echelon
form up to row p=0.

Technically, the algorithm uses a logical deduction procedure + to heuristically derive from
I' whether or not relevant entries vanish in R. The correctness of the algorithm requires only
two very natural assumptions on +:

(i) If 'k, then T entails 7 in R, i.e., I is sound.

(ii) y ATk, i.e., I can derive constraints 7 that literally occur on the Lh.s.

Of course, our notation in (ii) should be read modulo associativity and commutativity of the
logical conjunction operator. Notice that (ii) is easy to implement, and implementing only
(ii) is certainly sound.

Example 4.9. We consider the 3 x 3-matrix

0 U1 1
A0 = U1 032, —1+wvve w3
vy — 1 03+1+01U§ vg
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with polynomial entries in R[v] with v = (vy,v2,v3). Starting with (true, A 0) we find in
A©) the entry Ag??)) = 1 which clearly does not vanish on R3. We swap the first and third
columns and use 1 as a pivot to delete the entries v3 and vg’. We obtain

1 (% 0
AL = o v% -1 U1

0 v3+1 wv3—1
(1)
Z?]
in R3 such that Ag}j) vanishes. On the other hand, for each entry Aglj) with 2 <+¢,5 <3 there
is also at least one point in R3 such that Ag}j) does not vanish. We choose Aglg = v% —1 and
introduce the cases (v3 — 1 # 0,AM 1) and (v — 1 = 0,AM) 1). Continuing with the first
case, we trivially find that the entry A2}2 = v2 — 1 does not vanish on the semialgebraic set

{veR3 |13 —1#0} and we use it as a pivot to delete the entry v3 + 1. We obtain

and introduce (true, A1), 1). For each entry A} with 2 <4i,5 <3 there is at least one point

1 U1 0
AD =10 -1 vy
0 0 (1)3 - 1)2 — U1
and introduce (v3 —1# 0,A?) 2). Since the set {B € R? |52 — 1 # 0} contains points where
Ag?)) vanishes and points where Ai(f% does not vanish, we introduce the two cases

(v% —1#0A (v3—1)? #Ul,A(Q),2),
(W2 —1#40A (13—1)2=v1,A? 2).

In the first case, the entry Agf?)) clearly does not vanish on the semialgebraic set
{WeR3|T5 140 A (U3 — 1) #71}.

Since there is no entry left to delete with the pivot AS?)), we simply introduce the new case
(v3—1#0A (v3—1)2 £v1,A®)3),

which yields the output (v —1# 0 A (v — 1)? # v1,3). In the second case we have that
the entry Az(f% is zero on the constructed semialgebraic set and so the algorithm returns
(V2 —1#0A (v3—1)?=v1,2). Finally, we are coming back to the case (vZ —1=0, A1) 1). On
the semialgebraic set {v € R | 9% —1=0} the entries v3 — 1, v3 + 1, and v3 — 1 are zero while
there are points in this set where the entry Ag?)) = v; vanishes and points where it does not
vanish. We introduce the ca(sle;s (V3 —1=0Av;#0,A1 1) and (v3 —1=0 A v; =0,41) 1),

In the first case the entry Aj;4=wv; is nonzero on the semialgebraic set
{DeR? |52 —1=0 AT #0}

and so we obtain (v —1=0Av; £0, AWM, 2), which leads to the output (v3—1=0A vy #0,2).
In the second case all entries Ag}j) with 2 <4, 7 <3 are zero on the corresponding semialgebraic
set and therefore the algorithm returns (v —1=0 A v; =0,1).
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Algorithm 4.1. ParametricRank.

Input: An M x N-matrix A(v) with polynomial entries in parameters v.

Output: A set of pairs {(I'1(v),r1),...,(T7(v),rr)}, where each I';(v) is a conjunction of
polynomial equations and inequations and r; € {1,..., N}. For any real choice v of
parameters v there is one and only one i € {1,...,I} such that I';(9) holds in R. For
this 7 we have rank A(v) =r;.

1. I:=0
2: create an empty stack
3: push (true, 4,0)
4: while stack is not empty do
5. (T, A,p) :=pop
6: if '/ false then
7 if thereisme{p+1,.... M}, ne{p+1,...,N} sit. ' A4,,,, #0 then
8: in A, swap rows p + 1 with m and columns p+ 1 with n
9: in A, use row p+1 to obtain A, 9,11 =-=Apnp1=0
10: push (I A,p+ 1)
11: else if thereisme{p+1,..., M}, ne{p+1,...,N} s.t. T¥ A, =0 then
12: a:=Amn
13: push (' Aa#0,A4,p)
14: in A, set Ay :=0 optional optimization
15: push (' ANa=0,A4,p)
16: else A is in row echelon form modulo T’
17: I=I+1
18: (F[, r[) = (F,p)
19: end if
20:  end if
21: end while
22: return {(I'y,m1),...,(Tr,71)}

Remark 4.10. Similar approaches [62] do not necessarily yield disjoint parameter ranges
S; (see [6, section 5.3]).

Let us get back to checking for completeness and independence. We start with Algo-
rithm 4.2, which handles completeness.

On the grounds of Algorithm 4.1, we construct in lines 2—-3 in Algorithm 4.2 an equivalent
logic condition g, for rank J g (k,x) =n. In line 4 we construct v as a direct formalization
of the definition of completeness and in line 5 we finally test validity of « over the reals.
Technically we use a combination of various effective quantifier elimination procedures for the
theory of real closed fields (see [24, 67, 68] and the references there) combined with heuristic
simplification techniques [23] in the Redlog system [22, 42, 60]. Alternatively, one could use
satisfiability modulo theories solving over the logic QF_NRA [1, 7, 54]. Algorithm 4.3 proceeds
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Algorithm 4.2. IsComplete.

Input: 1. F(k,z)=(fi(k,x)),..., fu(k,x)); 2. ®(k,x) = (¢1(k,x),...0s(k,x));
3. k= (k1,...,kr); 4. &= (21,...,2n)
Output: “yes” if ® is complete according to Definition 4.4, “no” otherwise
. R:=ParametricRank(J g ¢(k,x))
R, ={(I,r)eR|r=n}
On = V(F,n)eRn r
v:=VkVz(k>0ANx>0A F(k,x)=0— 0,)
if R =~ then
return “yes”
else
return “no”
end if

Algorithm 4.3. IsIndependent.

Input: 1. F(k,z)=(fi(k,x)),..., fo(k,x)); 2. ®(k,x)=()1(k,x),...0s(k,x));
3. k= (k1,...,kr); 4. &= (21,...,20)
Output: “yes” if ® is independent according to Definition 4.4, “no” otherwise
: R :=ParametricRank(D,®(k,z)7T)
Ry:={(,r)eR|r=s}
Os = V(F,S)ERS r
L:=VkVx(k>0ANx>0A F(k,x)=0— o)
if Rj=¢ then
return “yes”
else
return “no”

end if

analogously to Algorithm 4.2 and tests for independence.

Example 4.11. We automatically process Example 3.1 with Algorithm 4.2, IsComplete.
Our input is

F(k,a:) = (—klxlxg + koxo, k1123 — koo, —k1x123 + kgxg),
®(k,x) = (1 + 22,22 + 73)

and k = (ki, k), ® = (z1,72,23). We obtain the parametric Jacobian

—kixz ko  —kim

kirxs  —ko  kixy

Jrg(k,x)= | —kirs ko —komy
1 1 0
0 1 1

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/19/24 to 163.1.203.7 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

POLYNOMIAL CONSERVATION LAWS 827

and compute in line 1 the parametric rank
R={(k1x1 + k1x3 + ko #0,3), (k11 + k1x3 + k2 =0,2) },
from which we select Rz = {(ki1x1 + k123 + k2 #0,3)} in line 2 and
03 = (k171 + k173 + k2 # 0)
in line 3. Completeness is straightforwardly formalized in line 4 by
y=VkVx(k>0ANx>0A kix123 — kowe =0 — kyx1 + k123 + ko #0),

where some redundant equations are automatically removed from F'(k,x) = 0 via the standard
simplifier described in [23]. Real quantifier elimination on - in line 5 equivalently yields “true,”
which confirms completeness, and we return “yes” in line 6.

Similarly, Algorithm 4.3, IsIndependent, computes

T (110
R={(true,2)}, Ry = R, and g2 = true. This yields
t=VkVx(k>0Ax>0A kiz1x3 — koxog =0 — true),

which by quantifier elimination is equivalent to “true,” and we return “yes.” Recall that any
implication with “true” on the r.h.s. holds already due to Boolean logic [61]. In our framework
here, this corresponds to the observation that completeness and independence hold whenever
we encounter full rank of the corresponding Jacobian for all choices of parameters. The
automatic computations described here take less than 0.01sec altogether.

The next example shows that there are models with degenerate steady states and no
complete set of conservation laws.

Example 4.12. One checks easily that the system
T1=1—21—29, To=z1+x2—1

has the linear conservation law ®(k, ) = z1 +x2 and that the Jacobian of (F(k,x), ®(k,x))T
is constant and has rank 1. Trivially the Jacobian has everywhere rank 1 and so ®(k,x) is
not complete. The explicit solutions of the ODE system are

.%'1(75) = (1 — Co)t +c1,

1‘2(75) = (Co — 1)t+ co—C1-
Thus, all invariant curves are of the form x1 + x2 = ¢g. We conclude that there are no further
first integrals and so the system has no complete set of conservation laws. We can also note

that the intersection of the steady state variety defined by z1 + 22 = 1 with a stoichiometric
compatibility class {x1 + x9 =cp,x1 > 0,22 > 0} is either empty or a line segment.
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In the absence of the parameters k Algorithm 4.2, IsComplete, computes the parametric
rank R = {(true,1)}. However, we have n =2, which yields Ry =0 and g = false. This gives
us

y=VkVa(true A x>0 A 21+ 22 — 1 =0— false),

9

which quantifier elimination identifies to be “false,” and the algorithm returns “no.” Notice

that ~ is equivalent to
\V/.’L'(QZ>O—>CC1+$2*17£0),

which illustrates that with deficient rank, completeness can hold formally only when there is
no steady state in the positive orthant.

5. Computing linear conservation laws. Throughout this section we consider that the
polynomial ODE system (2.1) has the structure given by (2.2). If the model is a CRN this
is automatically true; otherwise we can always bring the system to this form by using Algo-
rithms 2.1 and 2.2.

By definition a vector ¢ = (cy,...,c,) € R" defines an exact linear conservation law

n

(I)(k, $) = Z CiT;

i=1
of the system in (2.1) with velocity field satisfying (2.2) if

n T

> cifilk,x) =) (c8)kjz™ =0

i=1 j=1

for all k, . Exact linear conservation laws of the system in (2.1) can be obtained from the
matrix S, as the following theorem shows.

Theorem 5.1. Assume that all monomial reaction rates with the same multi-index have
different rate constants, i.e., aj = oy with j # j' implies kj # kj. This condition is always
fulfilled in our setting (see the Remark 2.2). Let rg be the rank of the matrixz S. Then there is
a full rank matriz C with n —rg rows such that CS =0. Furthermore, C can be chosen such
that its rows form a set of independent, simple, exact linear conservation laws unconditional
on k. Finally, all ¢ = (c1,...,¢,) defining unconditional, exact linear conservation laws are
linear combinations of the rows of C.

Proof. As a direct consequence of the rank-nullity theorem, there is a matrix C with n—rg
independent rows such that CS =0. If ¢= (¢y,...,c¢,) defines an exact, unconditional linear
conservation law, we then have that

T

> (e8)jkjz™ =0

J=1

for all k, z. If i # j one has a; # o or k; # kj. It follows that k;xz® are linearly independent
in R[k,z] and ¢S = 0. Therefore, c is a linear combination of rows of C. Those rows of C' that
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are not simple can be decomposed as a sum of simple linear conservation laws. The resulting
conservation laws form a generating set for the vector space of linear conservation laws and
therefore this set contains a basis. The n — rg elements of this basis can be chosen as the
simple rows of C. Here, the unconditionality of ¢ results from the fact that S and therefore
¢ do not depend on k. |

Remark 5.2. Since Sj; € Z, the coefficients ¢; can be chosen to be integers. For con-
servative CRNs linear conservation laws can be chosen semipositive, that is, all ¢; > 0 (see
[59]). Semipositive linear conservation laws are important, because their existence implies
that concentrations of some species are bounded at all times. Also, semipositive conservation
laws allow easy interpretation in terms of pools of chemical species. An algorithm to compute
semipositive linear conservation laws can be found in [59]. We must emphasize that it is not
always possible to transform complete systems of linear conservation laws into semipositive
linear conservation laws. As an example, one may consider the formation of a heterodimer
described by x'l = —klxlxg + k2563, i?g = —klxll‘z + k‘ng, ig = klxll‘g - k‘QIg. This system
has the complete system of linear conservation laws ® = (r1 — x2, 21 + x2 — 223) that cannot
be transformed into a semipositive system. Of course, semipositiveness is not relevant for
nonchemical application, except for population dynamics models used in ecology.

Remark 5.3. In Example 4.12 we have seen that n — rg independent linear conservation
laws may not form a complete system. The system in this example satisfies (2.2), although it
is not a mass action network.

Theorem 5.4. Consider the Jacobian matriz J(k,x) = Do F(k,x) and the matriz C in-
troduced in Theorem 5.1. The rows of C provide a complete set of linear conservation laws if
for all ke R, x € R with F(k,x)=0 the following conditions hold:

(i) rk(J(k,xz)) =1k(S)=rg,

(ii) no row of the product J(k,x)S is zero.

Proof. We check that the assumptions imply the conditions in Definition 4.4. From (i) it
follows that J(k,x) has rg independent rows. Moreover, from (ii) we obtain that these rows

are not in the left kernel of S, which is spanned by the n — rg rows of C. Thus the matrix
(J(k,z),C)T" has rank n. [ ]

The CRN in Example 4.12 has no complete set of linear conservation laws. This model
fails to satisfy condition (ii) of the theorem, but it fulfills (i). The network is not a mass action
CRN, so one may ask whether mass action CRNs automatically satisfy both (i) and (ii). The
answer to this question is no, as shown by the following example.

Example 5.5. The CRN

jjl = —klml — k2$1 — 2/4331,‘%, :iz = 2]63(6% + 2]432%1, .fg = k3$% + kl:L‘l

is a mass action network described by the reactions

A En s A P04, 24, B 04, 1A,
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Its stoichiometric matrix is
-1 -1 -2
S = 0 2 2
1 0 1

and one easily checks that it has rank two. There is a single linear conservation law, namely
¢(k,x) =21 + x2 + 223. The Jacobian matrix of the system is

—]{71 — k‘g — 4]?3(131 0 0
J(k, ZE) = 2ko + 4ksxq 0 0],
k1 + 2ksxq 0 0

which clearly has rank one. Therefore, this model does not satisfy condition (i) of Theo-
rem 5.4, whereas (ii) is fulfilled. Furthermore, the equations F(k,x) =0, ¢(k,x) = ¢y, which
define the intersection of Sg with the stoichiometric compatibility class, have degenerate so-
lutions 1 =0, x9 = ¢y — 223 and so the conservation law is not complete.

In [28], sufficient conditions were found for mass action CRNs to be “injective”, meaning
to have a unique steady state in any stoichiometric compatibility class (see Theorems 5.6 and
9.1 of [28]). The same conditions also imply completeness of any n — rg independent, linear
conservation laws.

6. Computing nonlinear conservation laws. Nonlinear conservation laws, i.e., first inte-
grals, of polynomial systems of ODEs have been approached by means of a variety of methods.
For example, simple conservation laws, i.e., expressions composed of polynomials, logarithms,
and exponentials, can be obtained by Darbouz polynomials [16, 55]. The bottleneck of this
method is the computation of all Darboux polynomials of the ODE system. This problem
has been approached in computational algebra by using Grobuner bases [50]. For particular
models, for instance, Lotka—Volterra models, Darboux polynomials and conservation laws of
a specific kind can be obtained with the methods described in [49].

In this section we restrict ourselves to polynomial conservation laws. We show that polyno-
mial conservation laws are obtained from syzygies, which are easier to compute than Darboux
polynomials. Our methods are more general and apply to models not covered in [49]. How-
ever, we do not cope with parametric exponential conservation laws existing in Lotka—Volterra
models.

We also discuss monomial and rational monomial conservation laws that can be effec-
tively computed without syzygies or Darboux polynomials. We show that the computation of
monomial conservation laws can be reduced to the computation of linear conservation laws.
Finally we use the databases BioModels [15] and ODEbase [47] to study the scalability of our
methods.

6.1. Computing monomial conservation laws. The following proposition establishes a
link between linear and monomial conservation laws (see Theorem 1 of [32] for a similar
result).

Proposition 6.1. Let E be a system of ODEs given by
1':1 :fl(k7$)7 7xn:fn(kaa3)
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and let E' be the system of ODEs given by
fi(k, ) . folk,z)

1= =

ooy Ty .
1 Tn

Then E admits a monomial conservation law if and only if E' admits a linear conservation law
with integer coefficients. Moreover, if the linear conservation law for E' is mix1+ -+ +mpTn,

then the monomial conservation law for E is x{"* ---x'. The linear conservation laws of E'

are simple if and only if the corresponding monomial conservation laws of EE are simple.

Proof. Let M =" -z’ be a monomial. Then the derivative of M is
M= = | M.

The equivalences
n . n
M =0+ — =0+ ——=0
Z s Z "
=1 i=1
prove the first part of the proposition.
Let ¢ = myxy + -+ + myux, be the linear conservation law of E’ corresponding to the

monomial conservation law M of E. Assume that M is not simple, say, M = MyM> with
My, =™ - -z and My =0 for k € {1,2}. Then by the first part

n .
. X;
My, =0+ — =
k kaz z 0
=1

for k € {1,2}. Thus, ¢ = ¢1 + ¢2, where ¢ = my121 + - - - + My, T, are linear conservation laws
of E’ for k € {1,2}. This means that the linear conservation for E’ is not simple. The reverse
follows from the same reasoning. |

We consider that £’ has the structure given by (2.2) with a stoichiometric matrix S’. This
is always possible, eventually after using the Algorithm 2.1.

Remark 6.2. Proposition 6.1 holds even when the r.h.s. of E’ are sums of rational monomi-
als, which can be the case when F is a system as in (2.1) and some of the polynomials f;(k,x)
are not a multiple of z;. In this case, a stoichiometric matrix S’ can still be associated to E’
using Algorithm 2.1 and the linear conservation laws of E’ can be computed from the matrix
S’. This procedure is summarized in Algorithm 6.1.

Ezample 6.3. The model

il = 331(:62 — .731) — (5.1:1,

By = x2(T1 — 12)
is a mass action network and is described by the reactions

Al 4+ Ay 5245, A+ A 50, As+ A L0, A 0.
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Algorithm 6.1. StoichiometricMonomialConservation.

Input: Polynomial ODE system F written as in (2.1).
Output: Integer coefficient matrix C' whose rows define monomial conservation laws x
for E.
1: Compute E’ by dividing each ODE in E by x;.
2: S’ = Smatrix(E").
3: Find C such that CS’ =0 and C has n — rg simple, independent rows, where
rs =rk(S’).

C;

The truncated system
iy = x1(22 — 71),
Ty = wa(11 — 12)

has the steady state variety 1 = x5 and the Jacobian matrix is singular on it. After truncation
and elimination of the factors x1, 2 we obtain the system

T1=T9 — X1,
To =T1 — T2,

which has the linear simple conservation law ¢;(z1,z2) = 1 +x2. We conclude that the model
has the monomial simple approximate conservation law ¢,,(z1,22) = x129. The monomial
conservation law is complete, since the 2 X 2 minor

det(Dg(z1 (22 — 21), 2120) ) = —222

of the Jacobian matrix does not vanish for xy > 0. For ¢y € R the intersection of the steady
state variety with the compatibility class defined by ¢y, (z1,x2) = ¢p and 21, z2 > 0 is the point

T 2562:\/5.

Ezample 6.4. A model by Volpert (see [49]) is described by the mass action network
A1+A2i>2A2, A2+A3i>2143, A3+A1i>2A1,
and the ODEs

:i)l = .CC1(:L’3 — 51:2),
.%"2 = 332(.%'1 — xg),
T3 =x3(r2 — 71)
have the steady state variety x1 = x2 = x3. Moreover, the stoichiometric matrix

-1 0 1
S

I
—_
|
[
@)
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has rank rg =2 and its left kernel is generated by ¢ = (1,1,1). The stoichiometric matrix of
the system obtained after elimination of the factors x1, zo, x3 is

0 -1 1

and has rank rg = 2. Moreover, its left kernel is also generated by ¢ = (1,1,1). Thus
the model has two approximate conservation laws, one linear ¢;(x) = x1 + z2 + z3 and one
monomial ¢,,(x) = zyxexs3. Both conservation laws are complete. Indeed, the Jacobian
Dy (Fy, Fy, F3,¢,,)" has a nonvanishing 3 x 3 minor

det(Dg(z1(z3 — x2), z2(21 — 23), xlxgxg)T) = .’E%ﬂfgl‘g + xlmgﬂcg + $1x2$§.
Moreover, the Jacobian Dy (Fi, Fy, F3,¢;)" has a 3 x 3 minor

M =det(Dg(z1(x3 — 22),x2(x1 — T3), 21 + T2 + xg)T)
=—(r1 — 1‘2)2 + 2x123 + 22073 — :L'%

On SN Ri we have 21 = 19 = 23 and so M = 3z? does not vanish there.
However, the two conservation laws are not independent on Sk N Ri. Indeed, for z; =

T9 = x3 we have
1 1 1
D T= .
m((ma ¢m) <x% x% JI2>

We want to point out that in this example we have used a special choice of the rate
constants. Parameter dependent monomial conservation laws can be computed with meth-
ods presented in [32]. In particular, monomial conservation laws with parameter dependent
exponents are reported in [49].

6.2. Computing polynomial conservation laws from syzygies. In this section, we are
going to compute parametric polynomial conservation laws. To this end, we will use results
and techniques from computational algebra, that is, from Grébner bases theory. Our algorithm
will be based on the computation of parametric syzygies for the polynomial r.h.s. in Q[z, k]
of (2.1). Since these r.h.s. depend on the parameters k, we will compute a comprehensive
Grobner system (CGS) and compute for each branch the parametric syzygies. The CGS will
give us a decomposition of the parameter space into semialgebraic sets such that evaluating
the parameters k at every point of such a semialgebraic set, the syzygies of the respective
Grobner basis will still be syzygies but with entries in Q[x]. Vector calculus will then tell
us which syzygies are the gradients of polynomial functions in Q[k,x] defining parametric
conservation laws.

In the first subsection, we introduce the concept of syzygies for a polynomial system, and
in the second subsection, we explain CGSs. The next subsection is devoted to establishing
a connection between syzygies, conservative vector fields, and conservation laws. We also
explain there why we need to consider the set of syzygies as a Q-vector space instead of a
Q[z, k]-module. Having this connection, in the next subsection, we develop our algorithm.
Finally, in the last subsection, we present the results and discuss our benchmark.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/19/24 to 163.1.203.7 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

834 DESOEUVRES ET AL.

6.2.1. The Q-vector space of syzygies. In this section Q[x| denotes a polynomial ring in
the indeterminates @ = (z1,...,,) over the field of rational numbers Q. For m polynomials

F:(fla"'afm)

of Q[x] we consider the ideal I of Q[x] generated by the polynomials in F.

Definition 6.5. A syzygy of I with respect to the basis F' = (fi,...,fm) is an element
g= (gla s 7gm) S Q[$]m such that

Grfi+ -+ gmfm =0.
A syzygy of the form
g:(07"'707fj707'"707_fi707"'70)7

where f; is the ith and —f; is the jth entry of g, is called a trivial syzygy. The set of all
syzygies for F is denoted by Syz(F).

In the definition of a syzygy, some authors require F' = (fi,..., f;) to be a minimal
generating set of the ideal I (for example, [25]). However, for the purpose of this paper, we
do not require such a condition on the generators. Moreover, it is well-known that Syz(F')
form a Q[x]-submodule of Q[x]™.

Remark 6.6. In this section, for computational purposes, we consider only polynomials over
the rational numbers, that is, polynomials in Q[x]. Note that since Q C R all computations
are also valid over R and so all results can be considered as polynomials in R[] making them
applicable to CRNs.

Ezample 6.7. Consider the ideal I = (x1,22) C Q[x1,z2]. Since

(=w2)z1 + (21)22 =0,
the vector g = (—x2,71) € Q[z1,72)? is a trivial syzygy of the ideal I with respect to F =
{z1,72}. One can easily see that the Q[x1,z2]-module Syz(F) is generated by g, that is, every

syzygy is a multiplication of g by a polynomial in Q[z1,z3].

Syzygies have been extensively studied in commutative algebra and algebraic geometry.
Buchberger’s algorithm for computing Grobner bases [10, 14] leads to an algorithm which
computes a basis of a syzygy module (see Schreyer’s results in [9, 58]). One can also obtain
a basis of the syzygy module of I with respect to a generating set F' as a by-product of
computing a Grobner basis of I via signature-based algorithms [30, 36, 71]. Many computer
algebra systems such as Singular, CoCoA, etc., include implementations for syzygy computa-
tions. For more on syzygies and in particular on algorithms, we refer to the books of Becker,
Weispfenning, and Kredel [8] and Cox, Little, and O’Shea [17, Chapter 5.3].

Above we mentioned that Syz(F') is a Q[z]-module. It is clear that Syz(F') is a Q-vector
space. We will need to consider here the structure of Syz(F') as a vector space instead of a
module since for the computation of conservation laws we need to restrict to syzygies with
a specific property which is only respected by the Q-vector space structure and not by the
Q[x]-module structure, as we will see in subsections 6.2.3 and 6.2.4.
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Lemma 6.8. Let G be a Grébner basis for the Q[x]-module Syz(F') and denote the set of
monomials in Q[z] by [x]. Consider Syz(F') as a vector space over Q. Then

Gen(Syz(F)) :=={ug|g € G, u€[z]}
is a generating set for the Q-vector space Syz(F).

Proof. Let s € Syz(F') be a syzygy. Since G = {g;,...,9,} is a Grobner basis for the
Q[z]-module Syz(F'), there are hy, ..., h, € Q[z] such that

'
s= Z hig;.
i=1

For each h; there are monomials u;; with j=1,...,7; with some r; € N and constants c¢;; € Q
such that

Ti
hz‘ = Z Cij Uiy -
j=1
We conclude that
T roor;
B WIS 9
i=1 i=1 j=1
is a Q-linear combination of elements of {ug | g € G, u € [z]}. [ ]
Remark 6.9. If we choose a nonnegative integer d € N, then the syzygies
Syz(F)a:={g=(g1,---,9m) € Syz(F) | deg(g;) <d, 1<i<m}

of degree at most d form a finite dimensional Q-vector subspace of Syz(F'). By the proof of
Proposition 4, Chapter 9, section 3 in [18], if G is a Grobner basis with respect to a degree
ordering, then the set

Gen(Syz(F)q) := {ug € Gen(Syz(F)) | deg(ug;) <d, 1 <i<m}

is a finite generating set for Syz(F')y. Furthermore, those elements of Gen(Syz(F')y) whose
leading terms are different form a basis for the vector space Syz(F')4. Alternatively, one can
use Gaussian elimination to determine a basis of Syz(F')y from Gen(Syz(F')g).

6.2.2. Comprehensive Grobner systems. To compute parametric conservation laws from
syzygies for CRNs we need to handle polynomial equations whose coefficients are again poly-
nomials in the parameters, that is, polynomials

F= (fl(k7w)7"'7fm(k7w))

in the ring Q[k|[x] in the indeterminates x = (x1,...,xy) over the coefficient ring Q[k] in the
indeterminates k = (k1,..., k). The respective tool from computational algebra is the notion
of a CGS.

A specialization of Q[k] is a homomorphism o : Q[k] — Q. Every element v € Q" defines a
specialization o, by evaluating k at « and it can be canonically extended to a specialization

oo : Qlk][z] = Qlz].
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Definition 6.10. Let F' and G1,...,G; be finite subsets of Q[k|[x]. Further let Ay,...,A; be
semialgebraic sets of Q" and let S CQ" such that S C Ay U---UA;. A finite set

G={(41,G1),...,(A;,G))}

is called a CGS on S for F if for all i =1,...,1 the set 0o(G;) is a Grébner basis for the
ideal (0o(F)) C Q[x] for every a € A;. Each (A;,G;) is called a branch of G. The generic
branch corresponds to the semialgebraic set that assumes all leading coefficients are nonzero
and ignores the other cases. If S=Q", then G is called a CGS for F.

CGSs were introduced by Weispfenning in 1992 in [73]. Independent of Weispfenning,
Kapur introduced the same concept in [39], calling it parametric Grébner bases. Today in the
literature there are many publications dealing with the theory and algorithmics of CGSs, for
example, [19, 35, 40, 41, 45, 52, 69], only mentioning a few. For a survey paper on this topic
see [46]. Moreover, several computer algebra systems provide implementations of algorithms
to compute CGSs, such as Reduce [37, 38, 66] and Singular [20].

Lemma 6.11 (cf. Lemma 3.7, Chapter 5.3 in [17]). Let {(A1,G1),...,(A;,Gi)} be a CGS of
the ideal in Q[k,x] generated by

F= (fl(k,a:),...,fn(k,a:)).

For every i, 1 < I <, there exists a linear map that converts a basis of the syzygy modules
Syz(F') to a basis of the syzygy module Syz(G;). Also, there exists a map that converts a basis
of the syzygy module Syz(G;) into a basis of the parametric syzygies for F only valid on the
semialgebraic sets A;.

Proof. Consider a branch (A;, G;) of the given CGS. In the following, we mean by G; the
vector of elements of the Grobner basis G; instead of the set G;. One can use the algorithms
described in [17, Chapter 5.3] to compute a basis of the Q[k, x]-module Syz(G;) of the ideal
generated by the elements of G;. If g € Syz(G;), then for every e € A;, the specialization
oa(g) will be a syzygy of the ideal generated by o4(G;). Following [17, Chapter 5.3, Lemma
3.7], there exist matrices B and B*' such that

G;BY" =FT and FB* =GT.

We obtain that for every g € Syz(G;) the product (B%'g”)” is a syzygy of F. On the other
hand for every f € Syz(F) we have (BYfT)T € Syz(G;). The linear map B between the
syzygy modules Syz(F') and Syz(G;) is not necessarily one-to-one, and one may not obtain a
basis for Syz(F) by converting a basis of Syz(G;) via B>, However, the kernel of B%' will
give us the missing elements of a basis of Syz(F'). Moreover, we have

GigT _ (BQ,Z')TFTQT _ (BQ,Z')TFTBl,ifT _ FTf
since FT = G;BY = (B>)TFT B, Applying o4 to the equation we obtain

0= o'a(Gi)o'a(g) = Ua(F)O'a(f),
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and therefore, oo (f) is a syzygy of oo (F) for every a € A;. Hence, having computed a CGS
of the ideal generated by F' with branches (4;,G;) and bases of the syzygy modules Syz(G;),
we obtain bases of the parametric syzygies for F' only valid on the semialgebraic sets A; by
applying the conversion matrices described above to the bases elements of Syz(G;). |

Similar to the above lemma, one can use [17, Proposition 3.8, Chapter 5.3] in order to
construct a matrix that converts Grobner bases for Syz(G;) into a Grobner basis for Syz(F),
respecting the relevant specializations.

Example 6.12. We consider here the ideal generated by the polynomials
F(k,a:) = (—klxl, —koxs, (k)l + kz)IL’lCEQ).
Computing a CGS of the ideal generated by F(k,x) we obtain the four branches

VIO \V((kiks)), G1= (kaxa, k171),
Az =V (k) \V({k1)), G2=(k1z1),
Az ={V ((k2,k1)) \ V((1))}, Gz =(0),
Ay =V (k1)) \V((k2)), Ga= (kaw2).
We only look at the first branch, which is the generic branch. We compute the conversion
matrices
0 -1

BM:<01 o xl(klzk”/’”) and B> = | ~1 0
0 0

)

which satisfy G;BY! = FT and FB?*! = GT. The Syzygy module of Gy is generated by
g = (—kiz1, kaxs). Computing (B%>'gT)7, one obtains the syzygy f; = (—kaxa,k121,0) of F.
The kernel of the matrix B! gives us the additional syzygy fo = (0,k121 + ka1, k2) of F.
The syzygy module of F' is generated by f; and f,. Alternatively, one can find the whole
generating set of Syz(F') using [17, Proposition 3.8]

SyZ(F) = <Asij7gla o 7gm>
Ezample 6.13. We consider the system
F(k,z) = (f1, f2, f3) (w2 + w1, 22 + 21 + 1, k122).

This example shows how the system and its syzygies change in the different branches. We
have here two branches. In the second branch, we have k1 =0 and so we only find the trivial
syzygy f = (—fo2, f1,0). In the generic branch, the parameter has to satisfy k; # 0. Here we
find more and nontrivial syzygies, namely

Fi=(—kiz1 — k1, k1z1,1) and fy = (—k122, k122, —1).
Example 6.14. We consider the system

F(k,x)=(z1 + k122 + ko, k121 + 22 + k2).
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As in the example above we want to see how the system and its syzygies change in the
different branches. In the first branch, that is, the generic one, the parameters have to
satisfy k1 # 0, ko # 0 and we find that the syzygy module is generated by the trivial syzygy
g = (k1x1 + 2+ ko, —x1 — k122 — k2). In the second branch the parameters are k1 = —1, ko #0
and so the system reduces to

F(k,x)=(x1 —x2 + ko, —x1 + 22 + k2).

Again we only find the nonzero trivial syzygy here. In the third branch, the parameters have
values k1 =1, ko =0, which reduces our system to

F(k,x)=(z1+ z2,21 + z2).

Here the syzygy module will be generated by f = (1,—1).

6.2.3. The connection between syzygies and conservation laws. In this section, we
consider system (2.1), that is, the system of ODEs of the form

Ty :fl(k7w)7 SRR xn:fn(k7w) GZ[k,ZU]

We will explain how a parametric conservation law of this ODE system leads to a syzygy
of the ideal generated by F = (fi(k,x), ..., fn(k,x)) and how one can obtain parametric
conservation laws from specific elements of Syz(F).

We recall that the curl of the vector field g = (g1(k,x),...,gn(k,x)) is defined as the
antisymmetric tensor field V x g with entries

9gi(k,x)  0Og;(k,x)
6l'j 8:62

with 1 <4,j <n.

Definition 6.15.
1. For the dynamical system 2.1 and its r.h.s. I we define the set of conservative syzygies
as

Syzy (F) :={g € Syz(F') | V x g =0}.

2. For a positive integer d € N we define the set of conservative syzygies of degree at most
d as

Syzy (F)a:={g € Syz(F)q |V x g =0}.

3. We define C(F') C Q[k,x] to be the set of polynomial conservation laws of F.

Proposition 6.16. There is a one-to-one correspondence between conservation laws and
conservative syzygies:

01:C(F) = Syzg (F), ¢(k,x)— Vo(k,x) and ¢o:Syzg(F)—C(F), gb—)/g,

with ¢10 @o =idgy,_(r) and @201 =ide(r), where | g denotes the potential of a conservative
vector field g € Syzy (F).
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Proof. First, we show that o1 is well-defined. Let ¢(k,x) € C(F'), that is, let ¢(k,x) €
Q[k, ] be a parametric exact polynomial conservation law for (2.1) with semialgebraic set Vj
for the parameters k. We fix this semialgebraic set throughout the proof and ignore k. By
Definition 3.4, we have

"0
yf(k,w)fi(k,m)zo Vk € Vi, Y € R",
i=1 "

which implies that
(5o tk@). s 52 (b2 ) €Syalr)

0x1 T Oy,
In other words, this means that the gradient
0¢ 0¢
kx)=-—(k ooy, —(k
Votka) = (52 ko). 2 (k)

of a parametric polynomial conservation law ¢(k,x) is a syzygy of the ideal generated by F'
when k € Vi,. Moreover, by well-known identities of gradient and curl, we have that

V x(V¢)=0

and so V¢ € Syzy (F'). This shows that ¢ is well-defined.

Second, we show that 9 is well-defined. Assume that g = (g1,...,9n) € Syzy(F) is a
parametric syzygy of the ideal generated by F' with semialgebraic set V3 obtained from the
CGS described at the end of subsection 6.2.2. Therefore,

fl(k7m)gl(k7m) + 4t fn(k,m)gn(k,if) =0

for points k € V.

It is well-known in vector calculus that a potential function ¢ for g as a vector field is
well-defined in a simply connected domain D C R if and only if V x g =0 everywhere in D,
i.e., only when g defines a conservative (or irrotational) vector field in D (see [65]). In this
case, ¢ satisfies

Vo(k,x)=g.

By the well-known vector calculus method, one can integrate g along a suitable path to
obtain the corresponding potential function. For the sake of self-containedness, we explain
one possible integration below. Consider the differential form dg = gidxy + - - - 4+ gndz, and
take a piecewise smooth curve connecting the origin with @, for instance,

C ={(s21,0,...,0)|s€[0,1]}
U{(z1, sx2,0,...,0)|s€[0,1]}U---U{(x1,...,2n-1,52,) | s €[0,1]}.

Integrating the differential form dg along the curve C yields

T T2 Tn
(6.1) / gl(-,O,...,O)dacl—l—/ gg(xl,-,O,...,O)dx2+---—l—/ In(T1, - Tp—1,)dTn,
0 0 0
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where the constant of the integration is assumed to be zero. We denote this integration (with
constant being zero) by [ g. Denote that if V x g # 0, the result of the integration depends
on the path C and there is no function ¢(k,x) satisfying Vé(k,x) =g for all x € R™.

Therefore, if g € Syzy (F), then integration implies that [ g is an element of C(F') as we
showed above. This shows that the definition of the map ¢ is correct.

Having shown that both ¢ and @9 are well-defined, we just need to show that 1 and o
are inverse to each other. The identity @2 o @1 = ide(py follows from | V¢ = ¢. Moreover,
since V [ g =g, we have (1 0 @y = sy, (F)- |

Remark 6.17. In vector calculus, there are other standard methods to compute from a
conservative syzygy g = (g1(k,x),...,gn(k,x)), the corresponding conservation law ¢(k,x).
One can first start with integrating g, with respect to x,,, obtaining

¢(k7w):/ gn(k,x)dxy + cr_1(k,21,...,Tn-1),

n

where the integration constant c¢,—1(k,z1,...,2n—1) is in Q[k,z1,...,2p—1]. Let p, :=

[, gn(k,x)dx, where we choose the integration constant to be zero. Then in order to compute

cn—1(k,z1,...,2,-1), one can use the fact that %kf) = gn—1(k,x) and obtain an equation

acn—l(kuwlv'wxn—l)
al‘n—l

for , namely

0p(k,x)  Opp(k,x) n Ocp—1(k,z1,...,2n-1)

0rn_1 0rn_1 0rn_1

Replacing %kf) with g,,—1(k, ) one obtains

8pn(k7aﬁ +_acn—1(k7x17“'7xn—1)
81’n_1 81'71—1 '

gn—l(kvw) =
Opn

As we know the polynomials g,,—1(k,x) and 9> one can obtain equations for the coefficients

of ac"‘l(kil_"l'"r"‘l). Continuing the above procedure by taking partial derivative of ¢(k,x)

with respect to the variable x,_9, replacing it with g,_2(k, ), one can obtain more equations
for the coefficients of the integration constant ¢,—1(k,z1,...,2,—1). As g(k,x) is a conserva-
tive syzygy, the existence of a conservation law ¢(k,x) such that Vo(k,x) = g(k,x) is guar-
anteed, which implies that the equations obtained for the coefficients of ¢,—1(k,z1,...,25-1)
yields a unique solution.

An alternative method for integration is considering the integration

(6.2) ¢:/g1dx1+.../gndxn+0,

and then removing the duplicated terms that show up in the integrals.

Ezample 6.18. Consider the trivial syzygy g = (—x2, 1) for the ideal in Q[z1,x2] generated
by F' = (x1,22). As the vector field arising from this particular syzygy is not irrotational, i.e.,
V x g # 0, one cannot obtain a parametric polynomial conservation law from this syzygy. But
there are generators of the same ideal with a trivial syzygy which is the gradient of a parametric
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conservation law. For example, consider the generators F' = (1, —x2) with the trivial syzygy
g = (z2,21). Then V x g =0, which means that the trivial syzygy is irrotational and so it is
the gradient of a parametric conservation law, which is x1x9 — ¢, where ¢ is a constant.

Ezample 6.19 (linear conservation laws). Assume that F' admits a degree zero syzygy g. As
the entries of a degree zero syzygy are constants, we have V x g =0 and so a degree zero syzygy
is conservative. This means that Syzy (F')o = Syz(F')p. Conservation laws corresponding to
degree zero syzygies are the well-known linear conservation laws.

Example 6.20. A syzygy of the form g = (z{",...,z%") is obviously conservative and leads

to the conservation law
—1_a1+1 -1, .a,+
¢(:]3) al 1xll O‘nlzC " 1'

Remark 6.21.
1. First we want to point out that C(F') is not necessarily an ideal in the ring Q[k, x].
Indeed, let ¢(k,x) € C(F), ¢(k,x) # 0, and h € Q[k,x]. Then by the chain rule, we
have

V(h¢) =hV p(k,x)+ ¢(k,x)Vh.
Since ¢(k,x) is a conservation law, that is, V¢ (k,x) - F' =0, we obtain that
V(ho(k,x)) - F = (1Yo + (k,2)Vh) - F = o(k, x)(Vh - F)

and Vh - F is in general not zero as the following example shows. In Example 6.18,
for the generating set F'= (z1, —x2), we found the conservation law ¢(x) =z1z2. One
easily checks that the product x1¢(x) is not a conservation law.

2. The set Syzy (F') is not necessarily a Q[k, z]-submodule of the Q[k, z]-module Syz(F).
Indeed, for h € Q[k,x] and g € Syzy (F') we obtain that

V x (hg)=h(V xg)+Vhxg,

where we mean by u x v for two vectors u = (u1,...,uy,) and v = (vy,...,v,) the
vector with entries

uv; —ujv; with 1 <4,5 <n, i#j.

As g € Syzy(F'), we have that V x g = 0, however, not necessarily Vh x g = 0
as the example at the end shows. Therefore, Syzy (F') is not necessarily closed under
multiplication by the elements of Q[k, ], which implies that Syzy (F') is not necessarily
a Q[k, z]-submodule of Syz(F).

As a counterexample, consider again the generating set F' = (21, —x2) in Example 6.18.
It yields the conservative syzygy g = (x2,21). However, one easily checks that the
product z1g is not a conservative syzygy, that is, V x (z1g) # 0.

Remark 6.22. We want to point out that by Remark 6.21, remark 2, it is not sufficient
to check only the elements of a basis of the syzygies module Syz(F') to be conservative to
obtain from the ones which are conservative all of Syzy (F), since Syzy (F') does not have the
structure of a Q[k, z]-module.
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Proposition 6.23. The set Syzy (F) is a Q-vector space.

Proof. Tt is easy to check that the operator V x (-) is Q-linear, that is, for c € Q and g;,
gs € Q[k,z]™ we have

V X (cgy+g2) =¢cV x g, +V X gs.

Thus, if g,, g9 € Syzy (F), then V x (cg; + g5) =0 and so Syzy (F') is a Q-vector space. M

We will use the Q-vector space structure of Syzy (F') for computing conservation laws.
Apart from this, the conservation laws form an algebra. Although this is well-known in the
literature on first integrals (e.g., see Arnold’s book [4, section 10.3]), we present it here and
detail the proof, not only for the sake of self-containedness, but also because we will refer
to the algebra structure of conservation laws and discuss its generators when we present our
benchmark results.

Proposition 6.24. The set C(F') is a Q-subalgebra of Q[k, x].
Proof. Let ¢1(k,x), ¢2(k,x) € C(F') be two conservation laws. The chain rule implies
that
V(¢1(k,$)¢2(k5, m)) = ¢2(k7 m)v¢1(kv w) + & (k,iB)Vga(k, m)

Moreover, since ¢1(k,x), ¢2(k,x) are conservation laws, we have that Voi(k,x) - F =
Voa(k,x) - F =0 and so we obtain

V(1(k,x)p2(k,x)) - F = (¢2Vh1(k, ) + ¢1(k, ) Vo (k,x)) - F
—0+0.

So the product of two conservation laws is again a conservation law. Since V is additive,
¢1(k,x) + ¢2(k,x) is again a conservation law. Finally, for ¢ € Q we have

V(cpr(k,x)) - F=c(Voi(k,x) - F)=0,
that is, co1(k, ) is again a conservation law. This implies that C(F) is a Q-subalgebra of
Qlk, x]. [ |

6.2.4. Computing conservation laws from syzygies. As pointed out in Remark 6.22,
conservative syzygies do not form a Q[k,x]-module, and hence, conservative syzygies cannot
be generated by the conservative elements of a basis for the syzygy module. However, we
have seen in Proposition 6.23 that conservative syzygies form a Q-vector space. Restricting
to conservative syzygies up to degree d, one can compute a finite basis for the vector space
Syzy (F)q via a basis of the syzygy module Syz(F')y by the Q-linearity of V x (-).

Proposition 6.25.
1. The set

Vo (F)={V x f| f €Syz(F)}

is a Q-vector space.
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2. The curl induces a surjective Q-linear map
V x (-):Syz(F) = Vg (F), f—»V xf
with
ker(V x (+)) =Syzy (F).

Proof.

1. Since Syz(F') is a Q-vector space and V x (-) is a Q-linear operator, its image is a
Q-vector space.

2. The map V x (-) is clearly Q-linear and surjective. Obviously every element of
ker(V x (+)) is an element of Syzy (F') and every syzygy g with V x g =0 lies in the
kernel. |

We recall that a basis for the Q-vector space of syzygies up to a given degree bound d € N
can be computed as in Remark 6.9. Then one can apply the curl operator and compute its
kernel in order to obtain a basis for the conservative syzygies up to degree d.

We now combine our results into Algorithm 6.2, which computes for the r.h.s. F(k,x) of
an ODE system a basis of the Q-vector space of parametric conservation laws up to a given
degree d.

Remark 6.26. In line 14 of Algorithm 6.2 one needs to determine the intersection 4; NQ",
where A; is the semialgebraic set computed via comprehensive Grobner basis in line 3. The
set A; is described by equations and inequalities in Q[k]. By adding to them the inequalities
k1 > 0,...,k. > 0, which represent the positive orthant, one obtains a set of equations and
inequalities describing V}, ;. By applying the cylindrical algebraic decomposition, implemented
in, e.g., QEPCAD [12], to the latter set of equations and inequations one may obtain another
(though not necessarily better) representation of Vi ;. The program SLFQ (Simplifying Large
Formulas with QEPCAD) [13] can be used once QEPCAD is applied to obtain such a simplified

version.

Remark 6.27. Let {¢1(k,x),...,¢s(k,x)} CC(F);) be a set of s parametric polynomial
conservation laws with respect to the semialgebraic set V4 ; returned by Algorithm 6.2. Then
their Jacobian matrix

8¢1 (k,fl:) 8¢1 (k,il})
0z, T 0Ty,
0. (k) 96, ()
0x, T ox,

has rank s. Indeed, the conservation laws stem from Q-linearly independent syzygies, that
is, there are QQ-linearly independent syzygies g;,...,g, such that V¢; = g, for all 1 <i <.
Thus the Jacobian has rank s. Note that the conservation laws ¢ (k,x),...,¢s(k,x) are
not necessarily algebraically independent over Q. Omne can check ¢;(k,x),...,¢s(k,x) for
algebraic independence using Grobner bases [18, Chapter 9, section 5] or linear algebra.

Remark 6.28. By Definition 3.4 parametric conservation laws depend on the rate constants
k, whereas unconditional conservation laws are independent of k. If ¢ is an unconditional
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Algorithm 6.2. ParametricPolynomialConservationLawsViaSyzygies.

Input: A polynomial ODE system F'(k,x)= (fi(k,x),..., fn(k,x)) whose r.h.s. f;(k,x)
are polynomials in Q[k,x] and a degree bound d.

Output: A set of pairs

S={(Vi,1,C(F)1), -+, Va1, C(F)1)},

where Vi, ; C Q' is a semialgebraic set and C(F'); is a basis of the vector space of parametric
polynomial conservation laws of degree at most d valid for all k € V4 ;.

1: S:=0

2: I:=1deal(fi(k,x),..., fn(k,2)) in Qlk,x]

3: Compute a CGS G:={(A41,G1),...,(A;,G))} of T

4: fori=1,...,l do

6: Compute a basis B(Syz(G;)) of the syzygy module Syz(G;) of G;.

7:  Convert B(Syz(G;)) into a basis B(Syz(F)) of the parametric syzygies

Syz(F') of F valid for A;.
8:  Compute a basis B(Syz(F)4) of the generating set

Gen(Syz(F)g) ={ug|u€ [k,z], g € B(Syz(F)), deg(ug;) <d}

of the Q-vector space Syz(F)g.

9:  Use B(Syz(F')q) to compute a basis B of the kernel of the restriction of
V x () to Syz(F)g4.

10: for b= (by,...,b,) € B do

11: o(k,z):= [b
12: C(F);:=C(F); U{o(k,x)}
13: end for

14: Compute Vi ;:=A; N Q"
15: S:=SU{(Vk,:,C(F);)}
16: end for

17: return S.

conservation law, then it can be seen as a parametric conservation law as well, hence, ¢ must
be obtained from a syzygy that does not contain variables k. Therefore, in order to compute
unconditional conservation laws, we need to find those syzygies of the ideal generated by
F(k,x) that only depend on the variables & and not on k. To this end, we compute directly
a basis of the syzygy module of F'(k,x) without the detour of the CGS using the elimination
property of Grobner bases. We fix a block term order on the variables k,  with k> x. If G
is a Grobner basis for Syz(F') with respect to the block order, then G N Q[z]|™ is a Grébner
basis for Syz(F) N Q[x]™; see [43, Theorem 3.4.5]. This means that in order to compute
unconditional conservation laws, one can modify Algorithm 6.2 by adding a computation of
G N Q[z]™. Also in order to compute a generating set for Syz(F)g N Q[x]™ one needs to
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multiply the elements of the Grobner basis G N Q[x]™ with the monomials only in .

Remark 6.29. In the context of CRNs, some authors work with the ring Q(k)[x] without
specializing k, while in Algorithm 6.2, we work with the ring Q[k, x|, considering case distinc-
tions done for CGS computation, as k can be specialized in Q' . One can see that a Grobner
basis G of the ideal generated by F'(k,z) in Q(k)[x] corresponds to the Grobner basis in the
generic branch of a CGS in the ring Q[k,x]. This fact about the generic branch has been
considered in [53], and a new algorithm for computing CGS has been presented based on this.
Details on how to obtain the semialgebraic set of the generic branch from G can be found
in [53].

We implemented Algorithm 6.2 in a Singular library called polconslaw.lib. Our imple-
mentation uses the grobcov library for computing CGSs. We also implemented the approach
in Remark 6.29 for computing polynomial conservation laws corresponding to the generic
branch of a CGS in a Singular library, called genpolconslaw.1ib, by just computing the con-
servation laws considering Q(k)[x]. Therefore, this approach is much faster than computing
the whole CGS and picking up the generic branch. Our Singular libraries polconslaw.lib
and genpolconslaw.lib are available from Zenodo' and GitHub.”

We present a series of examples clarifying our computational methods.

Ezample 6.30. For the system
1= X2, T3 = T1, T3 = T1T2,
the syzygy module has the basis

{(0,22,-1), (21, —22,0)}.

Multiplying these two syzygies by all monomials in the variables x1, x2, 3 up to degree three
including also the monomial 1, that is by the elements of the set

2 2 2
{1, 21,29, 23,271, ..., 2501, T3%2, T123%2 },

we obtain 40 Q-linearly independent syzygies. We compute for these syzygies the images
under the map V x () and then the Q-linear dependencies between the results. We obtain
that the kernel of the linear map V x (-) has a basis formed by the elements

fl = (073727 _1)7 f2 = (O,JE% - 2$2$3, —~T% + 2$3), f3 = (:1:17 _1:270)7

Fa= (2} —22123,0, —2% + 223), f5= (v321 — 27123, Tiw9 — 23, —1F + 213),
that is, fq,...,f5 span the Q-vector space of all syzygies up to degree three with curl zero.
Integration leads to the five unconditional conservation laws

2 2 2

T 1 T T 1

2 4 2 2 1 2 4 2 2
1=——2x3, 3= —-T5 — To5L3+ T 3=—=— =, Q4 =-T] —TiT3+ T
¢ 92 7¢ 4 2 2 37¢ ) 27¢ 4 1 1 3

1 1
o5 = 590%90% — ng — x%xg + :c%

"https://zenodo.org/record/7474523.
https://github.com/oradules/polynomial_conservation laws.
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Note that f; and f5 are the generators of the syzygy module, and they are both con-
servative, hence, they are integrated to the conservation laws ¢; and ¢2. One can see
that the three other conservation laws obtained above are actually in the algebra gener-
ated by ¢ and ¢2. The syzygy f, is the product (z3 — 2x3) f1 = 2¢1fs, f4 is the
product (2?2 — 2x3)(Ff; + f3) = 2(é1 + ¢3)(f1 + F3), and the syzygy fs is the product
(27 — 23) f1 + (23 — 223) 5 = 2(d1 + 63) f1 =201 f 5.

The computations for this example can be performed automatically using our Singular
library genpolconslaw.lib, in the corresponding files example6_29.sg, in our GitHub and
Zenodo repositories.

Ezample 6.31. We apply Algorithm 6.2 to the system

T =—kix1,
To = —kaxa,
T3 = (kl + kg)zle

only considering the generic branch of a comprehensive Grébner basis, which is given by the
semialgebraic set defined by k1 # 0 and ke # 0. For the generic branch a basis of the syzygy
module is

{(.’I]Q,$1, l)a (_k2x2a klxlvo)}'

From the above generating set, one obtains 20 syzygies that form a basis for the Q-vector
space of syzygies up to degree three, out of which only two elements are conservative. One
conservative syzygy is (x2,21,1), which is integrated to the unconditional conservation law

¢1=m172 + T3.
The other conservative syzygy
2 2
(125 + x9T3, 27T + T 123, T 122 + T3)

leads to the degree three conservation law

1 1
P9 = §x%x§ + x12923 + §x§

One can easily see that ¢ = %d)%, hence the two conservation laws computed are algebraically
dependent. One can check that the second element of the module basis is not conservative,
because

V x (—kag,klacl,O) = < (9

872(—%2362) - i(k1961) =—(k1 + kg),o,()) #0.

81’1

Note that

{((k1 + k2)x2,0,k1), (—kox2, k121,0)}
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is another basis of the syzygy module of the generic branch, in which both elements have
nonzero curl, but the linear combination of the basis elements

((k1 4+ k2)x2,0,k1) + (—kozo, k121,0) = k1 (22, 21,1)

has zero curl and it is the only one of degree two and up to multiplication. Computations
for all branches of the dynamical system in this example were carried out using our Singular
library polconslaw.lib. The reader can use example6_30.sg, available in our GitHub and
Zenodo repositories, in order to carry on the computations automatically.

Ezample 6.32 (BIOMDO0000000629 [48]). The ODEs corresponding to biomodel 629 in the
ODEbase repository [48] are the following:

¥ = —kow1w3 + k32,
Zo = kox123 — k3xo — kyxoxy + k525,
T3 = —kow1w3 + k3w2,
Ty = —kywowy + k55,

.%:5 = k4x2$4 - k5$5.

Computations for generic branch using our Singular library polconslaw.lib can be
found in the file gbm629.txt, and computations for all branches using the Singular library
genpolconslaw.lib can be carried on automatically via the file bm629.sg, which is avail-
able in our GitHub and Zenodo repositories. A CGS for the steady state ideal consists of 10
branches. We consider first the generic branch and after that one nongeneric branch. One
easily checks that the semialgebraic set of the generic branch of the comprehensive Grobner
basis consists of {ks # 0ks4 # 0}, and the corresponding polynomial set consists of the five
polynomials in the r.h.s. of the ODE system. The syzygy module has a basis

{fl = (_170’1a070)a f2 = (Oa -1,-1, 130)a f3 = (070707 171)7
fa= (ko3 — kawozy — k3zo + ksws, ka3 — k3x2,0,0,0)}.

Obviously, f;, fo, f3 are conservative, and integrating them leads to the linearly independent
unconditional conservation laws

o1(k, ) = —x1 + 3, p2(k,x) = —x2 — 3 + 24, P3(k, ) =24 + T5.

The syzygy fi(k,x) is not conservative as V x f, # 0. Multiplying f,, ..., f, with all
monomials such that the degree of the products is at most two, we obtain an 18-dimensional
Q-vectors space of syzygies and find nine conservation laws, where the six newly found de-
gree two conservation laws can be expressed as linear combinations of ¢1(k,x), ¢2(k,x) and
¢3(k,x) with coefficients in Q[x,k|. Enlarging the degree by one gives us a 64-dimensional
Q-vector space of syzygies. Our algorithm finds here 10 new conservation laws of degree
three. Again these conservation laws are in the algebra generated by ¢ (k,x), ¢2(k,x), and
¢3(k,x). One may assume that it is enough to check the generators of the syzygy module to
be conservative and that all further conservation laws can be obtained as a linear combination
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of the generators that are conservative over Q[k,x]. But the last paragraph of Example 6.31
shows that this is not true.

As discussed earlier in Remark 6.28 one can compute unconditional conservation laws
from the syzygy module by an additional Grobner basis computation. On the other hand,
unconditional conservation laws up to a given degree bound can be computed via ansatz, i.e.,
guessing the conservation laws with undetermined coefficients, and then obtaining coefficients
by imposing the definition of first integrability. This method has been discussed in [34] for
computing polynomial first integrals of dynamical systems and it has been implemented in
the automated prover tool Pegasus [63].

Computations based on an ansatz avoid Grobner basis (and syzygy) computations in
the ring Q[k,x]. However, computing polynomial conservation laws via ansatz would not
necessarily lead to a basis in Q[k,x] for the syzygy module, but rather to a basis for the
R-vector space of conservative syzygies up to a given degree. Moreover, the ansatz method
cannot be used to compute branches of parametric conservation laws. Finally, using syzygies
brings an algebraic structure to the problem of first integral computation. Since this paper is
the first step in this particular research direction, we are confident that there exists ample room
for exploration regarding the algebraic characteristics of the conservation laws. In particular,
we could anticipate the possibility of finding directly a basis for the algebra of conservation
laws, rather than computing a Q-vector space basis for syzygies and subsequently filtering
them via curl operator.

6.2.5. Testing syzygy computation on a biochemical models database. We have sys-
tematically tested Algorithm 6.2 using the models of the ODEbase repository [48]. Selected re-
sults and some interpretations based on the benchmark table are presented below, whereas the
comprehensive report of the results is provided as supplementary materials (M154401_01.pdf
[local/web 364KB]).

In Table 1, we present the result of our computations up to degree four for four biomodels
from the ODEbase, including model 629 considered in Example 6.32. Running times are in
seconds, with a limit of 4 hours. Columns n and r represent the number of variables and
parameters in the model, respectively. While computations for model 629 have finished in
quite a short time, for models 710 and 1053, we were only able to finish the computations
for a few branches, and for model 1054, computations for none of the branches finished in
four hours. This is due to several reasons. First of all, comprehensive Grobner bases are
known to be hard to compute, due to the huge number of branches that they may pro-
duce. Also syzygy computations can be hard as their computation is equivalent to computing
Grobner bases. Moreover, computing a vector space basis for the syzygies has exponential
complexity.

An interesting point in this table is that in several rows, the numbers of linear and polyno-
mial conservation laws are related. This is because most of the polynomial conservation laws
computed are in the algebra generated by the linear conservation laws. As noted in Proposi-
tion 6.24, conservation laws form an algebra, hence, for algebraically independent conservation
laws ¢1,...,¢m, every polynomial of the form ¢7'¢52 ... ¢, where ny,...,n, € Nis a con-
servation law. There are (m;d) — 1 many such polynomials of degree at most d. For d =4 and
m =1,2,3,4,5,6, this number is 4, 14,34, 69,125,209, respectively. We obtain exactly those
numbers (in the column “# cons. laws” that presents the total number of conservation laws)
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Table 1

Conservation laws in branches of CGS.

Running Branch  # cons.  # lin. cons.  # pol. cons.

Biomodel n r time # branches number laws laws laws
629 5 8 872 10 1 34 3 31
2 34 3 31

3 69 4 65

4 69 4 65

5 125 5 120

6 34 3 31

7 69 4 65

8 34 3 31

9 69 4 65

10 34 3 31

710 7 18 14401 5891 3 4 1 3
4 4 1 3

5 14 2 12

6 14 2 12

7 34 3 31

8 34 3 31

9 34 3 31

10 69 4 65

11 125 5 120

12 125 5 120

1053 6 7 14401 28 3 4 1 3
4 69 4 65

5 125 5 120

6 209 6 203

7 209 6 203

8 4 1 3

9 4 1 3
e [ .
11 34 3 31

12 69 4 65

13 69 4 65

15 4 1 3

19 4 1 3

1054 712 14401 1379

in all rows, except for the gray rows that include more polynomial conservation laws. Those
are polynomial conservation laws that are algebraically independent of the linear conservation

laws.

Similarly, in Examples 6.30 and 6.31 one can see that the polynomial conservation laws
are generated by the lowest degree (not necessarily linear) conservation laws. This suggests
that the Q-algebra of polynomial conservation laws is finitely generated and that the gener-
ators include curl-zero elements of a minimal basis of the syzygy module. Furthermore, the
generators other than those coming from a basis of the syzygy module are rare. This subject

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/19/24 to 163.1.203.7 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

850 DESOEUVRES ET AL.

Table 2
Computations for Syzygy module basis (generic branch).

Running # syzygy mod. # lin. cons. # pol. cons.
Biomodel n r time basis # cons. laws laws laws
629 5 8 1 4 3 3 0
710 7 18 1 28 0 0 0
1053 6 7 1 15 0 0 0
1054 7 12 1 21 2 2 0
4
10 — —
i n
Syz module
n
3 cons module
10F x n . E
Syz vspace ]
(%)) n X
2 cons vspace .
S % x . 3
C [ ]
- 10+ ¥ . * ;
N [ ]
> X X °
o .
c g : " ° °
X e, 08"
1 e 8 8 s ° ° °
10 g : . s . ;
[ [ 3 [ ] [ ]
X ¥ x5, .
® [ ] [ ] [ ] [ ] [ ] [ ]
[ ] [ ] [ ] [ ] o 00 [ ] [ ]
[ ] [ ] [ ] [ ] LN J
0
10 5 T 2
10 10 10
n
var

Figure 1. Computation of polynomial conservation laws arising from the generic branch of CGS for CRN
models from the BioModel database by two methods: from the generators of the syzygy module and from the
basis of Q-vector space of syzygies. Nyar s the number of variables and ODEs in the CRN model. The number
of syzygies and polynomial conservation laws increases with the number of variables. When the computation of
the Q-vector space basis succeeds, the number of computed polynomial conservation laws is sensitively larger.

will be further developed elsewhere.

The discussion above leads us to consider computing only conservation laws that arise
from conservative generators of a Grobner basis of the syzygy module, as a heuristic. Such
computations would naturally be much faster than computing a basis for syzygies as a vector
space. Moreover, considering only the generic branch and using the trick mentioned in Re-
mark 6.29, one avoids computing a comprehensive Grobner basis, which further speeds up the
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computations. The latter heuristic has been considered in Table 2, carrying on computations
for the same biomodels as in Table 1. The computations took only one second per model,
and we found two linear conservation laws for model 1054, for which we had run out of time
during previous computations.

Figure 1 illustrates how the number of computed syzygies and conservation laws increases
with respect to the number of variables of the model. As expected, the Q)-vector space basis
calculation fails more often, but when successful it leads to much more polynomial conservation
laws, while syzygy module basis calculation produces algebraically independent conservation
laws much faster.

Availability. ODEbase is available at https://www.odebase.org/. The Singular libraries
polconslaw.lib and genpolconslaw.lib are available at Zenodo under the record https://
zenodo.org/record /7474523 and through GitHub at https://github.com/oradules/polynomial_
conservation_laws.
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