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Abstract

This work investigates the interplay between partial differential equations (PDEs) and in-

teracting particle systems through the study of two classes of models. The first class is the

so called generalized Dean–Kawasaki equation, a stochastic PDE coming from diverse areas

like fluctuating hydrodynamics, mean-field theory and stochastic geometry. The second class

consists of a system of stochastic differential equations (SDEs) describing a network of in-

teracting neurons which covers many models from computational neuroscience, in particular

in the study of grid cells. For the first model we focus on the PDE side, which is where

we gave our contribution, and we briefly discuss the connection with particle systems and

related relevant results. For the second we concentrate instead on the particle side, where

we contributed the most, and again mention important results at the PDE level. For both

models we identify directions of current and future investigation. The work is organized so

that the two studies mirror each other. This highlights the interplay between particle systems

and PDEs and illustrates a range of techniques used in this area.
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Introduction

Partial Differential Equations (PDEs) and Interacting Particle Systems are fundamental math-

ematical modellings of real world phenomena. They allow to characterize the behavior and

the intrinsic randomness of the physical systems considered with an accuracy appropriate

for practical applications. The mathematics used mainly draws from analysis and proba-

bility. Applications cover several sciences: statistical mechanics, fluid dynamics, biology,

neuroscience, population dynamics, math finance, statistics and machine learning.

Almost every physical phenomenon can be modelled via PDEs or particle systems, often

both. Particle systems consider one or more equations for each microscopic constituent of the

phenomenon described, all coupled together. PDEs provide instead a macroscopic average

description involving only few continuum equations. In this sense, PDEs should be regarded

as the continuum average analogue of particle systems. It is indeed often the case that, as the

number of ‘microscopic constituents’ becomes very large, the average behavior of these parti-

cles is described by suitable PDEs. To account for the randomness of the system considered,

stochastic versions of both modellings include suitable noise terms into the equations.

Understanding the interplay between these two descriptions and the effect of randomness

yields a deeper comprehension of the physical phenomenon, with immediate applications, and

great advances in the mathematics. Features of interest typically include the aforementioned

convergence of the microscopic particle system toward an average PDE description, the occur-

rence and quantification of small fluctuations or even rare events drastically deviating from

this average and resulting in catastrophes, the long time behavior of the models, the numerical

aspects and simulations.

The aim of this thesis is to address some of these questions and investigate the interaction

between particle systems and PDEs through the study of two specific models. The first model

is the so called generalized Dean–Kawasaki equation

Btρ “ ∆ϕpρq ´ ∇ ¨ νpρq ´ ∇ ¨ pρV ˚ ρq ´
?
ϵ∇ ¨

´

σpρq ˝ 9ξ
¯

in Qˆ p0, T q, (1)

a class of stochastic PDEs coming from diverse areas like fluctuating hydrodynamics, mean-

field theory, biology and stochastic geometry. Here Q is a suitable space domain, ξ a space-

time noise, σ a possibly irregular noise coefficient, ν and V local and nonlocal interactions

respectively, and ϕ a possibly degenerate diffusion.

The second model is a system of Stochastic Differential Equations (SDEs) – a particle
system – describing a spatially extended network of interacting neurons

duikptq “ bpxi, t, uik, fN,M q dt` σpxi, t, uik, fN,M q dWikptq ´ dℓikptq,

for i “ 1 . . . N, k “ i . . .M and fN,M ptq “
1

NM

N
ÿ

j“1

M
ÿ

m“1

δpxj ,ujmptqq P P pQˆ Rq .
(2)
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Here uik denotes the activity level (i.e. essentially the firing rate) of the kth neuron in the

cluster at location xi P Q in the brain cortex Q, b and σ are suitable drift and diffusion

terms possibly depending on the cortex location xi and the empirical measure fM,N of the

network (i.e. on the behavior of the other neurons), Wik are Brownian motions and ℓik are

terms enforcing reflecting boundary conditions to keep activity levels non-negative. This SDE

system covers several models commonly used in computational neuroscience and it arises from

the study of grid cells, a specific type of neuron discovered in 2005 and worth the 2014 Nobel

prize in Medicine.

For the first model we focus on the PDE side, which is where we gave our contribution

through the works [Cli23b, CF23a], and we briefly discuss the connection with particle systems

and related relevant results. We also identify directions of current and future investigation. For

the second we concentrate instead on the particle system side, where we contributed with the

works [CCS23, Cli23a], and again mention important results on the continuum counterpart.

Similarly, we discuss further directions of research. The work is organized so that the two

studies mirror each other. We hope that this highlights the interplay between particle systems

and PDEs, and showcases a range of techniques used in this area.

Structure of the thesis

The work is organized as follows. In Chapter 1 we first discuss the state of the art on the

Dean–Kawasaki equation (1) and then present the main contributions of the thesis. Chapter

2 contains the work from [Cli23b] and study the wellposedness and further properties of

rough path approximations to the Dean–Kawasaki equation. Chapter 3 contains the work

from [CF23a] and analyzes the small noise fluctuations of space-correlated versions of the

Dean–Kawasaki equation.

In Chapter 4 we similarly discuss the current theory on mathematical models in neuro-

science akin to (2) and then present the main contributions of the thesis. Chapter 5 contains

the work from [CCS23]: it establishes the wellposedness of the neuron network (2) and the

associated Fokker–Planck and McKean–Vlasov equations, and it rigorously proves the pas-

sage to the mean field limit. Chapter 6 contains the work from [Cli23a] and analyzes the

fluctuations of the network in the thermodynamic limit.

vii



viii



Part I

The generalized Dean–Kawasaki

equation

1



Chapter 1

Introduction

1.1 State of the art and open questions

The first part of this thesis is devoted to the study of the so called generalized Dean–Kawasaki

equation. Fokker–Planck type equations are evolution equations for the expected value of

macroscopic observables of particle systems (e.g. density or velocity or other properties of

particles) and stochastic variants of these equations aim to describe the random observable

itself.

In this context, ‘generalized Dean–Kawasaki equation’ is an umbrella term for a class of

conservative stochastic PDEs like

Btρ
n “ ∆ϕpρnq ´ ∇ ¨ pνpρnq ` ρn V ˚ ρnq `

1
?
n
∇ ¨

´

σpρnq 9ξ
¯

, (1.1.1)

where n is to be regarded as the number of particles. It allows for degenerate diffusion ϕ, local

ν and nonlocal, possibly singular V ˚ ρn particle interaction, and noise term with σ irregular

(e.g. σpρq “
?
ρ in the prototypical Dean–Kawasaki case) and ξ a cylindrical Wiener process.

In this generality, it describes, in principle exactly, the evolution of the density field of a

wide variety of particle systems. Variants of this equation and systems can account for other

relevant observables such as momentum density or multiple species.

Informal derivation from particle systems.

The original form of the equation is

Btρpx, tq “ ∇ ¨

ˆ

ρpx, tq∇ δF rρs

δρpx, tq

˙

` ∇ ¨

´

a

ρpx, tq 9ξpx, tq
¯

where F rρs is the free energy functional, and it is due independently to Dean [Dea96] and

Kawasaki [Kaw98].

Kawasaki’s argument proceeds from Dynamical Density Functional Theory (cf. the survey

[tVLW20]) as sketched below. Consider the microscopic description of a system of n interact-

ing particles. Particles’ position and momentum are denoted by txiu and tpiu. The Liouville

2



equation governs the evolution of the phase space distribution function ρnptxiu, tpiu, tq:

Btρn ` tρn, Hu “ 0,

where t¨, ¨u denotes the Poisson bracket and H is the Hamiltonian of the system.

Momentum variables are then integrated out to obtain a description in terms of positions

only

ρnptxiu, tq “

ż

ρnptxiu, tpiu, tq dtpiu.

This is justified because the momentum relaxation time is much shorter than the position

relaxation time in dense fluids.

Within the framework of DDFT, we introduce a free energy functional F rρs that depends

on the density field ρpx, tq. The free energy functional typically includes an ideal gas term and

a term accounting for particle interactions. The time evolution of the density field is governed

by a continuity equation with velocity field expressed through the functional derivative of the

free energy:

Btρpx, tq “ ∇ ¨

ˆ

ρpx, tq∇ δF rρs

δρpx, tq

˙

.

To account for thermal fluctuations, a stochastic term 9ξpx, tq representing Gaussian white

noise is introduced, leading the following SPDE for the density field

Btρpx, tq “ ∇ ¨

ˆ

ρpx, tq∇ δF rρs

δρpx, tq

˙

` ∇ ¨

´

a

ρpx, tq 9ξpx, tq
¯

.

Dean’s derivation is instead based on Itô formula for the evolution of the density and a

smart replacement of the martingale term with a different process formally exhibiting the

same probabilistic behavior.

Specifically, consider a particle system in the overdamped regime obeying Langevin dy-

namics

dXiptq “
?
2 dBiptq `

1

n

n
ÿ

j“1

V pXiptq ´Xjptqq dt, (1.1.2)

for an interaction kernel V and independent Brownian motionsBi. Applying Itô formula to the

empirical measure µn :“ 1
n

řn
i“1 δXi , one obtains the following equation in the distributional

sense

Btµn “ ∆µn ´ ∇ ¨ pµnV ˚ µnq `

?
2

n
∇ ¨

˜

n
ÿ

i“1

δXi
9Bi

¸

.

To obtain a closed equation for µn, Dean replaces the martingale term with the following one

which formally exhibits the same same quadratic variation

Btµn “ ∆µn ´ ∇ ¨ pµnV ˚ µnq `

c

2

n
∇ ¨

´

?
µn 9ξ

¯

, (1.1.3)

where ξ is now a space time white noise.

3



As already mentioned, analogous informal derivations apply to other situations like inertial

models [CSZ19b, CSZ19a]. In fact, the Dean–Kawasaki formalism originates an effective

framework capable of including further details on the modelling. For example, generalized

Dean–Kawasaki equations accounting for the effect of reflecting boundaries are considered by

Bressloff in [Bre23] and the effect of stochastic resetting of particle positions is considered in

[Bre24]. Dean–Kawasaki equations for multiple interacting species, including the possibility

of species switching driven by Poisson noise, are studied in [SM24]. The case of singular

interactions (e.g. Keller–Segel like), together with other features, is considered in [Cha10]. In

Chapter 4 we will discuss the possibility of applying this formalism to the neuron network

studied.

Wellposedness of the equation.

Already in its original form, the wellposedness of the Dean–Kawasaki equation is highly

debated and several negative results are known. Indeed, in the prototypical form (1.1.3),

the noise term ∇ ¨

´

?
ρ 9ξ

¯

requires applying a singular nonlinearity to a solution which is in

principle only distribution-valued. Even in dimension 1, the equation is super-critical in the

frameworks of regularity structures [Hai14] and of paracontrolled calculus [GIP15], developed

to handle singular stochastic PDEs, and other theories are needed to make sense of the

equation.

A natural weak formulation of the equation is to consider the associated martingale prob-

lem. Namely, a measure valued process ρt, with initial mass one, is considered a solution to

the equation

Btρ “
α

2
∆ρ` ∇ ¨

ˆ

ρ∇δF

δρ
rρs

˙

` ∇ ¨ p
?
ρ 9ξq (1.1.4)

if, for each smooth test function φ, the process

Mtpφq :“ xφ, ρty ´

ż t

0

„

α

2
x∆φ, ρsy `

B

∇φ ¨ ∇ δF

δρs
rρss , ρs

Fȷ

ds

is a martingale with quadratic variation

rM.pφqst “

ż t

0

@

ρs, |∇φ|2
D

ds. (1.1.5)

The series of works [KLvR19b, KLvR19a, KM23] shows that, for smooth potentials F , so-

lutions exist (and are unique) only when α P N and in that case they are precisely given

by the empirical measure µn associated to the particle system (1.1.2) undergoing Langevin

dynamics.

Beyond the above notion of martingale solution, at the current state of the theory some

coloring of the noise seems necessary to make sense of the equation. Even in this case, the

well-posedness of space-correlated noise versions of the Dean–Kawasaki equation has been a

4



long standing open problem. The main difficulties in applying a classical concept of weak

solution are the nonlinear noise coefficient, possibly only 1{2-Hölder, and singular terms which

are not even known to be locally integrable.

The seminal paper [FG21b] proves the well-posedness of equation (1.1.1), with Stratonovich

noise, in the weak sense of stochastic kinetic solutions (cf. Defintion 3.2.19) for any porous

media diffusion ϕpρq “ ρm, m P p0,8q and rough noise coefficient including the prototypical

case σpρq “
?
ρ. The result is then extended to the case of nonlocal interactions, possibly

singular, up to the newtonian kernel excluded, in [WWZ24]. In particular, stochastic kinetic

solutions satisfy the following pathwise contration property:

}ρ1p¨, tq ´ ρ2p¨, tq}L1
x

ď }ρ1p¨, 0q ´ ρ2p¨, 0q}L1
x

@ t ě 0, almost surely. (1.1.6)

Exploiting this property, in [FGG22] they show that (1.1.1) generates of a random dynamical

system.

This notion of solution addresses the aforementioned issues by passing to the kinetic

formulation of the equation [CP03]: an equation in the original space and time variables and

in a new additional velocity variable, corresponding to the magnitude of the solution. Then, a

renormalization away from zero and infinity is introduced: solutions are required to satisfy the

PDE only after cutting out small and large values in order to enforce the local integrability and

further regularity of the nonlinear terms. In fact, when the equation coefficients are smooth

enough, this renormalization is not even needed and stochastic kinetic solutions satisfy the

equation in the usual weak sense.

Open question. In the case of very singular interactions, such as the newtonian potential

in the parabolic-elliptic Keller–Segel case

Btρ “ ∆ϕpρq ´ χ ∇ ¨ pρ∇K ˚ ρq `
1

?
n
∇¨

`

σpρq 9ξ
˘

, ´∆K “ δ, (1.1.7)

wellposedness, even locally in time, is completely open.

In this context, it is also worth mentioning the works [AvR10, vRS09], where nontrivial

(i.e. not empirical measures) martingale solutions (1.1.4)-(1.1.5) are obtained in some specific

cases with singular potential.

We finally mention that, for the aforementioned inertial model also tracking momentum

density and again with regularized noise, a different well-posedness theory is developed via

the semigroup approach in [CSZ21], where solutions are shown to exists with arbitrarily high

probability.

Rigorous connection with particle systems and small noise analysis.

Beyond the previous informal derivations, the connection with particle systems can be made

rigorous both for the case of full white noise, necessarily with numerical discretizations re-

5



moving the illposedness issues, and for colored noise. In both cases, the equation indeed

captures the fluctuations of the particle system asymptotically in the limit of large number n

of particles.

In the case of white noise, numerical discretization cures the singularities associated with

the stochastic term and the equation can be treated as if it admitted classical solutions. The

seminal works by Cornalba et al. [CFIR23, CF21] show that the discretized equation is indeed

capable of capturing mean and fluctuations of the associated particle system, with an error

dominated by machine precision. Similar results, but considering the martingale formulation

of the equation (1.1.4)-(1.1.5), are obtained by Perkowski et al. [DKP22].

curacy of the Dean–Kawasaki approach has been analyzed with numerical experiments

for several models: for example, in the context of fluid dynamics [DFVE14], social dynamics

[DCKD22, HDCD`21] and random matrix theory [TLDS23]. Other numerical experiments

include [JDI22, DCG`18, DOL`16].

Colored-noise versions of the equation are not artificial either and indeed can be analyti-

cally shown to provide continuous approximations to suitable particle systems.

The study of the small noise n Ñ 8 behaviour of (1.1.1) has been initiated in [FG23] and

extended to nonlocal interactions in [WR23]. In the n Ñ 8 limit, stochastic kinetic solutions

converge to the solution of the corresponding noiseless equation

Btρ̄ “ ∆ϕpρ̄q ´ ∇ ¨ pνpρ̄q ` ρ̄ V ˚ ρ̄q . (1.1.8)

Furthermore they satisfy a large deviation principle in L1
tL

1
x with rate function

Iρ0pρq “ inf
!

}g}2L2
t,x

: Btρ “ ∆ϕpρq ´ ∇ ¨ pνpρq ` ρV ˚ ρq ` ∇ ¨ pσpρqgq , ρp¨, 0q “ ρ0

)

. (1.1.9)

The non-equilibrium fluctuations are analyzed in [DFG20, CF23a]. The rescaled fluctuations

vn :“
?
n pρn ´ ρ̄q converge to the solution of the Langevin equation obtained by linearizing

(1.1.1) around the zero noise limit

Btv “ ∆
`

9ϕpρ̄q v
˘

´ ∇ ¨ p 9νpρ̄q v ` vV ˚ ρ̄` ρ̄V ˚ vq ` ∇ ¨

´

σpρ̄q 9ξ
¯

. (1.1.10)

The connection with particle systems is then made rigorous by comparing these results

with the corresponding statements for particles. In general, in the thermodynamic limit

the empirical measure µn of particle systems can be shown to converge to the solution ρ̄ of

a diffusion equation like (1.1.8) and, in turn, the rescaled fluctuations
?
n pµn ´ ρ̄q can be

shown to converge to the solutions v of the associated Langevin SPDE (1.1.10), for suitable

coefficients ϕ, V, ν, σ. Finally, the particle system can be shown to satisfy a large deviation

principle with a rate function I that can often be identified with the expression (1.1.9).

For example, results of this kind are available for the zero-range process [FPV88, BKL95,

FG23], for the simple exclusion process in the symmetric [Rav92, QRV99] and asymmetric

case [JM18], and for interacting systems like (1.1.2) in [WZZ23, Seo17, CG22, HHMT24].

6



Combining the results for the SPDE (1.1.1) and the particle system in the n Ñ 8 limit

gives the expansion

µn “ ρn dx` o
ˆ

1
?
n

˙

, (1.1.11)

which furnishes a continuum approximation to the particle system correct to order 1?
n

and

exhibiting the same rare events because both µn and ρn obey the same LDP (1.1.9).

Finally, we point out that one could also consider the simpler expansion

µn “ ρ̄ dx`
1

?
n
v ` o

ˆ

1
?
n

˙

. (1.1.12)

However ρ̄n :“ ρ̄ dx ` 1?
n
v satisfies an LDP with rate function different from (1.1.9), given

by

Īρ0pρq “ inf

"

}g}2L2
t,x

: Bt pρ´ ρ̄q “ ∆
`

9ϕpρ̄qpρ´ ρ̄q
˘

´ ∇ ¨ p 9νpρ̄q pρ´ ρ̄qq

´ ∇ ¨ ppρ´ ρ̄qV ˚ ρ̄` ρ̄V ˚ pρ´ ρ̄qq ` ∇ ¨ pσpρ̄q gq , ρp¨, 0q “ ρ0

*

,

(1.1.13)

as follows from Schilder’s theorem and a formal application of the contraction principle, and

hence it would predict incorrect rare events for the particle system.

In conclusion, we mention the recent result [GWZ24] which analyzes the higher order

corrections to (1.1.1) in the small noise limit n Ñ 8 and establishes the expansion

ρn “

K
ÿ

k“0

ρpkq n´k{2 ` o
´

n´K{2
¯

, (1.1.14)

where ρpkq are solutions to a recursive set of Langevin SPDEs.

Open question. Similarly, on the particle system side, there have been recent advances

[HCR23, CS21, ACR21] on higher order corrections to the empirical measure µn, which yield

an expansion similar to (1.1.14). It would be interesting to see whether the Dean–Kawasaki

approximation holds beyond the first order and is capable of capturing these higher fluctua-

tions.

The connection with other regularized Dean–Kawasaki type equations is also available.

For example, the above mentioned regularized inertial Dean–Kawasaki equation is shown in

[CSZ19b, CSZ19a, CSZ21] to be solved by a mollified version of the empirical measure of the

particle system, where essentially particles are assigned a finite size ϵ ą 0. Similarly, particle

approximations to the regularized martingale problem (1.1.4) in 1D are considered in [Din22].

Long-time behavior and stationary states.

Under suitable assumptions on the interaction potential V , one might expect ergodicity and

convergence to equilibrium for the particle system (1.1.2). At the SPDE level (1.1.1), in the

case of colored noise, the long time behavior has been analyzed in [FGG22]. Building upon the
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stochastic kinetic formulation [FG21b] and the contraction property (1.1.6), in the absence of

nonlocal interactions they prove existence and uniqueness of an invariant measure and strong

mixing.

Even more interesting is the effect of noise in the presence of singular nonlocal interactions

possibly leading to finite time blow-up. The underlying idea of regularization by noise [Fla11]

is that the addition of a stochastic term might regularize solutions and prevent, or at least

delay, the blow-up.

Considering for example the prototypical Keller–Segel case (1.1.7), in [FGL21] they show

that a stochastic transport term ∇ ¨ pρ ηq with η a divergence-free space-time noise, formally

arising from common noise at the particle level [CF16], guarantees existence up to an arbitrary

time with arbitrarily high probability upon having strong enough noise. A similar stochastic

term is considered in [MT23], extending the results for space independent η from [MST22],

again coming from common noise at the particle level. They establish blow-up criteria in

terms of the interaction strength χ and the initial solution mass akin to the deterministic

case, which seem indeed to suggest a delayed blow-up effect by noise.

Open question. The addition of a rougher noise term like the prototypical Dean–

Kawasaki case ∇ ¨
`?
ρ ξ

˘

, arising instead from the independent noise terms sensed by each

particle in (1.1.2), is formally discussed in [Cha10]. The effect of such a term on the blow-up

scenario is still unclear. Preliminary estimates however suggest it should not prevent blow-up

beyond the classical Keller–Segel regime.

More generally, deterministic aggregation-diffusion equations, that is equation (1.1.1)

without noise, have received lots of attention [CCY19, GC24]. Even when the diffusion dom-

inates and global existence is known, the long time behavior is often unclear, where multiple

steady states or metastable behavior can occur. The effect of noise on these phenomena is

even more obscure.

Open question. We also mention the connection with the aforementioned large deviation

principles in the small noise limit. For example, in the setting of scalar conservation laws,

the seminal work [Mar08] shows that vanishing noise can furnish a selection principle for

solutions. It is unclear whether the same phenomenon can occur for second order equations:

that is esentially an LDP identifying the physically meaningful solutions as those where the

LDP rate function is finite. Similarly, one might expect to relate the values of the rate function

to the metastability of the corresponding states.

Further properties of solutions and numerics.

Further properties of the solutions have also been considered. For example, although the

continuity of the noise-to-solution map is not to be expected in general, being typically false

even at the SDE level, suitable regularizations of the equation might recover this feature. The
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rough path approximation to the Dean–Kawasaki equation discussed in [Cli23b] does indeed

satisfy this property and this has immediate consequences on the large deviations and support

properties of solutions (cf. Section 1.2 and Chapter 2).

Another important property expected from the physical interpretation of the equation

is preservation of mass and positivity of solutions. In the colored case, both properties are

shown for stochastic kinetic solutions in [FG21b].

Open question. When starting with a strictly positive initial data, strict positivity is

proved asymptotically with high probability in the small noise limit in [CF23a], but it is still

not clear whether the noise can actually drag the solution down to zero in some region.

Positivity is also crucial for numerical schemes. In the full white noise case, necessarily at

the discretized level where the equation singularity is resolved, this is however not satisfied

in general. Numerical discretizations of the equation are considered in the already mentioned

works [CFIR23, CF21]. For the inertial Dean–Kawasaki model, in the regularized case where

particles are assigned a finite size, a numerical scheme is discussed in [CS23]. In both cases,

even for strictly positive initial data, the discrete solutions considered might get negative after

long times and suitable stopping times need to be introduced.

Multilevel Monte Carlo methods to reduce the computational cost of simulations have

been proposed and analyzed in [CF23b]. With the availability of large deviation principles,

another promising variance reduction technique is that of importance sampling. In the infinite

dimensional case, the approach has been recently considered for linear SPDEs with additive

noise or multiplicative noise with Lipschitz coefficient [SS17, BT17, GSS23]. In particular,

in the multiplicative noise case with nonlinear singular coefficients, the approach is yet to be

explored.

1.2 The contribution of this thesis

1.2.1 Chapter 2: wellposedness of rough path approximations

The main contribution of Chapter 2, containing the work [Cli23b], is the wellposedness of

stochastic porous media equations with Dirichlet boundary conditions of the form
$

’

’

’

’

&

’

’

’

’

%

Btu “ ∆p|u|m´1uq ` ∇ ¨ pApx, uq ˝ dztq in Qˆ p0,8q,

u “ 0 on BQˆ p0,8q,

u “ u0 on Qˆ t0u,

(1.2.1)

for a smooth bounded domain in Q Ă Rd, for any diffusion exponent m P p0,8q, initial data

u0 P L2pQq, and an n-dimensional α-Hölder geometric rough path z, covering in particular

the case of a Brownian motion. The matrix valued nonlinearity

Apx, uq : Qˆ R Ñ Rdˆn
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is assumed to be regular, with regularity dictated by the regularity of the rough path z.

In the context of this thesis, equation (1.2.1) is regarded as an approximation to generalized

Dean–Kawasaki equations

Btu “ ∆p|u|m´1uq ` ∇ ¨ pσpx, uq ˝ 9ξq, (1.2.2)

for a d-dimensional space-time white noise ξ and a possibly irregular nonlinearity σpx, uq, for

example σpx, uq “
?
u. Indeed, for each m P N we can take n “ md, truncate the cylindrical

expansion ξ “
ř8
i“1 eipxqBi

t, for independent d-dimensional Brownian motions Bi
t and an

orthonormal basis eipxq of L2pQq, and set

Apx, uq “ σmpx, uq

”

e1pxqId | e2pxqId | ¨ ¨ ¨ | empxqId
ı

, zt “ pB1
t , . . . , B

m
t q,

where Id denotes the identity matrix of dimension d and σm is a smooth approximation to σ.

Then Apx, uq ˝ dzt “ σmpx, uq
řm
i“1 eipxq ˝ dBi

t is indeed converging to σpx, uq ˝ 9ξ as m Ñ 8.

The wellposedness of (1.2.1) is obtained in the sense of pathwise kinetic solutions (cf.

Definition 2.2.4), a notion based on the kinetic formulation of the equation [CP03] and akin

to the aforementioned stochastic kinetic solutions (cf. Definition 3.2.19), but which addresses

the problem in a completely pathwise analytic way thanks to the rough path approach. The

specific methods are discussed in Section 2.1.

The work extends to Dirichlet boundary conditions the periodic case presented in [FG19].

The imposition of vanishing boundary conditions, corresponding to absorbing boundaries at

the particle level, is a challenging problem. In the stochastic case, even in the simple linear

one-dimensional case Btu “ Bxxu ` pBxuq ˝ 9z, it is nontrivial [Kry03] and in fact not always

possible to enforce them in a classical sense. In our specific case, we obtain H1-regularity for

powers um of the solution and impose their boundary trace to vanish.

The main results are summarized in the following theorems.

Theorem 1.2.1 (Theorem 2.1.2 and 2.1.3). For any m P p0,8q, for an α-Hölder geometric

rough path z and a suitably smooth noise coefficient A, for any u0 P L2pQq there exists a

unique pathwise kinetic solution to the Cauchy problem (1.2.1). If u0 ě 0, then uptq ě 0

for every t ě 0. Finally, pathwise kinetic solutions satisfy the following pathwise contraction

property

}u1 ´ u2}L8pr0,8q;L1pQqq ď }u10 ´ u20}L1pQq. (1.2.3)

Despite the subsequent result [FG21b], which still requires smoothing of the white noise,

but not of the rough noise coefficient σ, to obtain wellposedness of (1.2.2), the interest in the

approximation (1.2.1) is nonetheless retained as exemplified by the following results.
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Theorem 1.2.2 (Theorem 2.1.4). Under the above assumptions, equation (1.2.1) defines a

continuous random dynamical system on L2
`pQq. Namely, we have almost surely

upu0, s, t, z¨pωqq “ upu0, 0, t´ s, z¨`spωqq @ 0 ď s ď t @u0 P L2
`pQq,

where upu0, s, t, z¨pωqq denotes the solution at time t started at time s with initial data u0 P

L2pQq and driving signal z¨pωq. Moreover, the contraction principle (1.2.3) implies that the

dynamical system is continuous in L1pQq.

Theorem 1.2.3 (Theorem 2.1.5). Under the above assumption, let tzkukPN be a sequence of

geometric rough paths such that
lim
kÑ8

dαpzk, zq “ 0

in the α-Hölder metric dα (cf. Section 2.5) and let tukukPN and u denote the corresponding

pathwise kinetic solutions with the same initial data u0. Then we have

lim
kÑ8

}uk ´ u}L1pr0,T s;L1pQqq “ 0.

In the case zt arises from the sample paths of a Brownian motion Bt enhanced with its

iterated Stratonovich integrals, the continuity of the noise-to-solution map has immediate

consequences on the large deviations and support properties of solutions. For example, be-

cause of Schilder’s Theorem (in its version for rough paths [FV10, Theorem 13.42]) and the

contraction principle, the solutions of (1.2.1) satisfy a large deviation principle in L1
tL

1
x with

rate function

Iu0puq “ inf

"

1

2

ż T

0
| 9gptq|2dt : Btu “ ∆um ` ∇ ¨ pApx, uq 9gptqq, up¨, 0q “ u0

*

.

Similarly, one has that the random solution u is arbitrarily close with positive probability

to any solution ug of the Cauchy problem (1.2.1) where the rough path z induced by the

Brownian motion is replaced by a generic smooth path g (cf. Remark 2.1.6).

1.2.2 Chapter 3: fluctuations in the small noise limit

The main contribution of Chapter 3, containing the work [CF23a], is to analyze the small

noise n Ñ 8 fluctuations of the colored-noise Dean–Kawasaki equation (1.1.1) as sketched in

the discussion (1.1.8)-(1.1.11).

The main results are summarized in the following theorem and proposition.

Theorem (Theorem 3.3.3 and 3.3.10). Under suitable assumptions on the coefficients and

along a suitable scaling regime where the colored noise ξn Ñ ξ converges to space-time white

noise, the rescaled small noise fluctuations
?
npρn´ ρ̄q of the Dean–Kawasaki equation (1.1.1)

around the zero noise limit (1.1.8) converge to the solution v of the Langevin SPDE (1.1.10).

Namely,

vn :“
?
npρn ´ ρ̄q Ñ v in Lτ pr0, T s;H´βpTdqq in probability,
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for any T ą 0, for τ “ 2 or τ “ 8, for any β ą d
2 or β ą 1 ` d

2 respectively, with an explicit

rate of convergence which depends on β, the equation coefficients and the space regularity of

the noise sequence ξn Ñ ξ.

A by-product of the techniques employed is the following strict positivity result with high

probability in the small noise limit.

Proposition 1.2.4 (Proposition 3.3.8). Under the same assumptions, stochastic kinetic so-

lutions to (1.1.1) with strictly positive initial data ρ0 satisfy

@δ ą 0 P
´

ρn ą inf ρ0 ´ δ
¯

ě 1 ´ Cn with Cn
nÑ8
ÝÝÝÑ 0, (1.2.4)

for a sequence Cn depending on δ, inf ρ0, the equation coefficients and the space regularity

of the noise ξn. In particular, solutions ρn are bounded away from zero with increasing

probability as n Ñ 8.

We refer to Section 3.1.1 for a thorough discussion of the strategy adopted. We simply

mention that the main difficulties are due to the nonlinear coefficients, possibly singular or

degenerate, and the renormalization prescription for stochastic kinetic solutions (cf. Defini-

tion 3.2.19), which make it difficult to exploit equation (1.1.1) explicitly in the arguments.

To address this issue, we argue with regularized versions of the equation with coefficients

smoothed only near their singularities, which admit more classical solutions. Thanks to the

asymptotic strict positivity result (1.2.4) and the pathwise uniqueness (1.1.6), smoothed and

true solutions coincide with increasing probability in the small noise limit and we can pass

our arguments to the true equation.
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Chapter 2

Wellposedness of rough path

approximations

2.1 Introduction and main results

In this chapter we consider stochastic porous media and fast diffusion equations with nonlin-

ear, conservative noise of the form
$

’

’

’

’

&

’

’

’

’

%

Btu “ ∆p|u|m´1uq ` ∇ ¨ pApx, uq ˝ dztq in Qˆ p0,8q,

u “ 0 on BQˆ p0,8q,

u “ u0 on Qˆ t0u,

(2.1.1)

for a diffusion exponent m P p0,8q, initial data u0 P L2pQq, and an n-dimensional, α-Hölder

continuous geometric rough path z, which in particular covers the case where z is an n-

dimensional Brownian motion. The domain Q is a smooth bounded domain in Rd. The

matrix valued nonlinearity

Apx, ξq : Qˆ R Ñ Rdˆn

is assumed to be regular, with regularity dictated by the regularity of the rough path z.

We establish path-by-path existence and uniqueness of (2.1.1) for positive initial data

u0 P L2
`pQq in the full regime m P p0,8q (cf. Theorems 2.1.2 and 2.1.3), in terms of the

central notion of pathwise kinetic solution (cf. Definition 2.2.4). Moreover, we show the

solution map to (2.1.1) generates a random dynamical system associated to the equation (cf.

Theorem 2.1.4) and is a continuous function of the noise (cf. Theorem 2.1.5). This has

consequences on the support properties of the solution to (2.1.1) around the solution of its

deterministic version (2.1.7) (cf. Remark 2.1.6). Finally, the existence of solutions to (2.1.1) is

in fact proved for any signed data u0 P L2pQq and in the full regime m P p0,8q (cf. Theorem

2.1.3). In particular, when m “ 1 or m P p2,8q, all the aforementioned results extend to

general signed data (cf. Theorem 2.1.7).
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Stochastic porous media equations of this type arise, for example, as a continuum limit of

mean-field stochastic differential equations with common noise [CG19, KX99], with notable

relation to the theory of mean field games [LL07, LL06]; or in the graph formulation of

the stochastic mean curvature and curve shortening flow [ESR12, DLN01, SY04]. Moreover,

equation (2.1.1) can be regarded as an approximate model for the fluctuating hydrodynamics

of the zero-range particle process around its hydrodynamic limit [DSZ15, FG23, FPV88], as

an approximation to the Dean-Kawasaki equation arising in fluid dynamics [MT99, Dea96,

Kaw98, CSZ19b, FG21b], and as a model for thin films of Newtonian fluids with negligible

surface tension [GMR06].

Our approach to (2.1.1) is crucially based on the work [FG19], where Fehrman and Gess

proved analogous results for this equation posed on the d-dimensional torus with periodic

boundary conditions. In turn, this was motivated by the works of Lions, Perthame and

Souganidis [LPS13, LPS14], and Gess and Souganidis [GS14b, GS14a, GS16] on stochastic

conservation laws and simpler versions of (2.1.1). The method is essentially based on passing

to the equation’s kinetic formulation, introduced by Chen and Perthame [CP03, Per02], for

which the noise enters as a linear transport, and then on analytic techniques and rough path

analysis.

The main difficulty with respect to the periodic case [FG19] is the handling of the Dirichlet

boundary conditions. The imposition of boundary conditions is a challenging problem. In the

stochastic case, even in the simple linear one-dimensional case Btu “ Bxxu ` pBxuq ˝ 9z, it is

nontrivial [Kry03] and in fact not always possible to enforce them in a classical sense. The

conditions can be recast in a weak sense, but even in the deterministic case, this is notoriously

difficult for nonlinear equations.

In our case, depending on the diffusion exponent m P p0,8q, we obtain H1-regularity for

the power |u|m´1u and impose the zero boundary conditions by requiring the trace of |u|m´1u

to vanish. The behaviour of the noise at the boundary is controlled in terms of the Dirichlet

conditions imposed on the solution. This requires a sharp ad-hoc treatment depending on

the particular exponent m P p0,8q and the observation of crucial cancellations among the

boundary error terms.

The well-posedness of (2.1.1) has been an open question for long time, even in the proba-

bilistic (i.e. non patwhise) setting and even in the case zt is given by a Brownian motion Bt.

Generalized stochastic porous media equations of the form

d u “ ∆ϕpuq dt` σpx, uq dBt

have attracted considerable interest and their well-posedness has been obtained for several

classes of nonlinearities ϕ, noise coefficients σpx, uq and boundary conditions. We refer to the

monographs [BPR16, LR15], and to [FG21a, GH16, DHV16, BR17, BR14, BVW15] for recent
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contributions. To some extent, the case of a linear gradient noise, that is Apx, uq “ hpxqu

in (2.1.1), could be treated with similar methods (cf. [DG17, RM16, Töl18]). However, the

nonlinear structure of the gradient noise in (2.1.1) requires entirely different techniques.

The aforementioned works [LPS13, LPS14, GS14b, GS14a, GS16] started developing a ki-

netic approach to tackle scalar conservation laws and simplified versions of (2.1.1). The work

of Fehrman and Gess [FG19] was the first to prove similar results for (2.1.1) in the pathwise

context, at the cost of high regularity assumptions on the noise coefficient needed to over-

come the roughness of the signal (cf. assumption (2.1.3) below). Dareiotis and Gess [DG20]

then managed to lower the regularity assumptions up to A P C3
b pTd ˆ Rq and proved well-

posedness of (2.1.1) with periodic boundary conditions, in the probabilistic sense. Further-

more, Fehrman and Gess [FG21b] proved probabilistic well-posedness of (2.1.1) with periodic

boundary conditions, when zt is a Brownian motion and, for example, when Apx, uq “ fpxq
?
u

with f P C2
b pTdq.

Despite requiring higher regularity, the interest in pathwise results is nonetheless retained

and twofold. First, it is well-known that solutions to stochastic differential equations do

not depend continuously on the driving noise (see for instance [Lyo91]), and even more so

if the noise coefficient is a nonlinear function of the solution itself. However, the continuity

of the solution can be recovered by means of a finer rough path topology [Lyo98]. In the

same fashion, Theorem 2.1.5 below establishes the continuous dependence in the noise of the

solution map to (2.1.1).

Secondly, the pathwise nature of the existence and uniqueness Theorems 2.1.2 and 2.1.3

immediately implies the existence of a random dynamical system associated to (2.1.1), stated

in Theorem 2.1.4. This is a notoriously difficult problem (see e.g. [Fla95, MZZ08, Ges12]).

Even in the linear case m “ 1, the existence of a random dynamical system for a nonlinear

SPDE with nonlinear x-dependent noise could not be proved before [FG19]. Indeed, all

the aforementioned works on (2.1.1) in the probabilistic setting could not obtain these two

consequences.

Structure of the chapter

The material is organized as follows. We first give an overview of the methods and arguments

employed in this chapter. In Section 2.1.1 we introduce our hypotheses and notations, and in

Section 2.1.2 we present the main results. In Section 2.2 we bring forward the kinetic formula-

tion of the equation; after analyzing the associated system of characteristics, we motivate and

present the definition of pathwise kinetic solution. In Section 2.3 we prove the uniqueness of

solutions to (2.1.1). Section 2.4 is devoted to the proof of existence of solutions to (2.1.1) and

of their continuous dependence on the driving noise. In Section 2.5 we present some stability

results from the theory of rough paths and we gather some estimates needed throughout the
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chapter.

Overview of the methods

The methods of this work build upon the kinetic approach put forward in [LPS13, LPS14,

GS14b, GS14a, GS16, FG19, FG21a] for stochastic conservation laws and variants of the

stochastic porous media equation. The aim of Section 2.2 is to explain the pathwise and

kinetic approach to the (2.1.1), and to derive the central notion of pathwise kinetic solution.

First, we pass to the kinetic formulation of the PDE [CP03]. This is an equation in d ` 2

variables: the time and space variables t and x, and an additional velocity variable ξ, which

corresponds to the magnitude of the solution. The interest in such formulation of (2.1.1) is

that now the noise enters the equation as a linear transport. The transport is well-defined

for rough driving signals, when the underlying system is interpreted as a rough differential

equation.

Following the strategy used in [LPS13, LPS14, GS14b, GS14a, GS16, FG19, FG21a], and

previously put forward in the theory of stochastic viscosity solutions [LS98b, LS98a, LS00a,

LS00b, LS02], we test the kinetic equation against a restricted class of test functions only,

precisely test functions transported by an underlying conservative system of stochastic char-

acteristics. When testing against these functions, the terms involving the noise automatically

cancel out. Such test functions are simply obtained with the method of characteristics: namely

by flowing an arbitrary initial data back in time along the characteristic curves of the rough

differential equations prescribing the transport. Informally, this is of course the same as flow-

ing the kinetic solution forward in time along the characteristics. This restricted class of test

functions is nonetheless large enough to provide a comprehensive characterization of the solu-

tions to (2.1.1), or better to its kinetic version, which is sufficient to prove its well-posedness.

The precise notion of pathwise kinetic solution is given in Definition 2.2.4.

In comparison to [LPS13] and [FG21a], owing to the x-dependent gradient structure of the

noise, the characteristics’ equations cannot be solved explicitly. Therefore, the solutions need

to be controlled with the rough path estimates from Section 2.5. Moreover, as time passes,

the characteristics also move in space (cf. [FG19, LPS14]). With respect to [FG19, LPS14],

the introduction of Dirichlet boundary conditions further complicates the picture: as time

evolves the space characteristics might indeed escape the domain Q, and the resulting test

functions flowed along these characteristics would not be compactly supported within Q if

too much time has passed. To overcome this difficulty, we make further assumptions on the

noise coefficient Apx, uq defining the system of rough characteristics (2.2.21) so as to directly

prevent the characteristics from escaping the domain Q (cf. (2.1.5) and (2.2.17)). These

assumptions simplify the handling of the boundary conditions and are fundamental in our

proofs. They are justified since we have in mind equation (2.1.1) as an approximate model
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for a noise term ∇ ¨ pσpx, uqηq, with η a space-time white noise. Indeed, it is always possible

to find a cylindrical expansion of η, which we then truncate at some order, such that the

aforementioned conditions are satisfied. See Remark 2.1.1 for details.

Section 2.3 is devoted to the proof of uniqueness. The formal proof of uniqueness follows

the same outline presented in [CP03] in the deterministic case. However, to justify the formal

computation, care must be taken to avoid the product of δ-distributions. This is achieved with

a regularization in the space and velocity variables. Moreover, to cancel the noise from the

equation, we are allowed to use transported test functions only. Additional error terms arise

due to the transport of test functions along characteristics, which are handled using a time-

splitting argument that relies crucially on the conservative structure of the equation. In this

setting, the interaction between the x-dependent characteristics and the nonlinear diffusion

term further complicates the arguments: the error terms generated by the regularization

procedure need to be controlled with sharp estimates (cf. Proposition 2.3.6 and 2.3.9) for

singular moments of the parabolic defect measure (cf. Definition 2.2.4), especially in the case

of small diffusion exponents m P p0, 1q Y p1, 2s.

The imposition of Dirichlet boundary conditions makes the analysis even more difficult:

to keep everything compactly supported within the domain Q it is necessary to introduce a

cutoff function. This, combined with the displacement of the space characteristics, generates

new boundary layer error terms which are controlled with the zero-trace conditions imposed

on the solution u. Concretely, the decay at the boundary of u is quantified by means of

the H1-regularity of |u|m´1u prescribed by the nonlinear diffusion. In turn, this forces us

to choose the cutoff function ϕ “ ϕpmq as a function of the particular exponent m P p0,8q.

Finally, besides the above estimates, the handling of both the interior and boundary error

terms relies on some fundamental cancellations among them. Indeed, the gradient structure

of the noise implies that the characteristics preserve the underlying Lebesgue measure, and

this is crucial both for the above mentioned time-splitting argument and to observe these

cancellations.

Finally, in Section 2.4 we prove the existence of pathwise kinetic solutions and their

continuous dependence on the noise in the rough path topology. This is obtained by proving

stable estimates for the solutions of smoothed PDEs approximating (2.1.1), and then using

weak convergence and compactness arguments to prove these solutions converge to a solution

of (2.1.1). The aforementioned estimates hold for the limiting solution as well. Furthermore,

they hold uniformly for solutions of (2.1.1) corresponding to rough signals tznt unPN close to each

other in rough path topology. Then, repeating the same weak convergence and compactness

arguments used to show existence, and combining them with the uniqueness of solutions, we

prove that the solution map to (2.1.1) depends continuously on the noise.

Concretely, we first prove stable estimates for singular moments of the parabolic defect
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measure of the approximating PDEs (2.2.2) totally akin to those used in the uniqueness proof

(cf. Proposition 2.4.3 and Proposition 2.3.6). Then we exploit these estimates to show that the

corresponding kinetic solutions are uniformly bounded in suitable fractional Sobolev spaces

W ℓ,1
x,ξ for the space and velocity variables (cf. Proposition 2.4.5). Moreover, they have enough

regularity in time (cf. Proposition 2.4.4) to invoke the Aubin-Lions-Simons Lemma [Sim86]

and obtain strong convergence.

In this regard, it is worth mentioning that the weak convergence arguments developed in

[GS14b] for scalar conservation laws with x-dependent noise do not apply in the parabolic case

(2.1.1). Indeed, the corresponding class of pathwise entropy solutions is not closed under weak

convergence, since the second order structure of the equation cannot ensure the weak limiting

object actually is a solution. Therefore, in [GS16] the same authors introduced a strong

convergence method based on uniform BV -estimates to tackle the parabolic case. However,

these arguments are probably restricted to the x-independent case as a uniform BV -estimate

for solutions to (2.1.1) does not seem available.

2.1.1 Hypotheses and notations

The domain Q is a smooth bounded domain in Rd with d ě 1. The diffusion exponent is

m P p0,8q, and for the signed power we shall use the shorthand

urms :“ |u|m´1u.

We shall denote by L2
`pQq the closed subspace of L2-integrable functions which are a.e.

nonnegative. The noise is a geometric rough path: for n ě 1 and a Hölder exponent α P p0, 1q,

for each T ą 0

zt “ pz1t , . . . , z
n
t q P C0,α

´

r0, T s;Gt 1
α upRnq

¯

, (2.1.2)

where C0,α
`

r0, T s;Gt1{αupRnq
˘

is the space of n-dimensional α-Hölder geometric rough paths

on r0, T s. We denote by dα the α-Hölder metric defined on this space. See Section 2.5 for

references on rough path theory.

As regards the noise coefficient Apx, ξq, we assume it is smooth with bounded derivatives.

Precisely, for some γ ą 1
α we assume

DxApx, ξq P Cγ`2
b pRd ˆ R;Rdˆdˆnq and BξApx, ξq P Cγ`2

b pRd ˆ R;Rdˆnq. (2.1.3)

This regularity is necessary in order to obtain the rough path estimates of Proposition 2.5.1.

In particular, as the regularity of the noise decreases, more regularity is required for the

coefficients.

We also need to impose conditions on A so as to control the direction of the characteristics.
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To start with, we assume the nonlinearity Apx, ξq satisfies

∇x ¨Apx, 0q “

d
ÿ

i“1

BxiAi,¨px, 0q “ 0 for each x P Rd. (2.1.4)

This assumption guarantees that the underlying stochastic characteristics preserve the sign

of the velocity variable. Even in the case of smooth driving signal, this condition is necessary

to ensure that the evolution of (2.1.1) does not increase the mass of the initial condition.

Next, we impose two conditions to govern the behaviour of the space characteristics near

the boundary. These assumptions are crucial in our arguments to impose Dirichlet boundary

conditions and are justified by Remark 2.1.1 below. Namely, we impose that Apx, ξq satisfies

BξApx, ξq “ DxBξApx, ξq “ 0 on BQˆ R. (2.1.5)

As already mentioned in Section 2.1, the assumption BξA|BQˆR “ 0 ensures that, as time

evolves, the space characteristics never leave the domain Q. This condition is necessary

to guarantee that the transport of a test function along the characteristics stays compactly

supported in Q, and thus it is an admissible test function in the kinetic formulation of (2.1.1).

The further hypothesis DxBξA|BQˆR “ 0 is slightly more technical and is needed to effectively

exploit the condition BξA|BQˆR “ 0 and further quantify the informal fact that the space

characteristics move slower as they start closer to the boundary. Intuitively, it means that

the strength of the transport term BξApx, uq∇u ˝ dzt featuring in (2.1.1) decreases more than

linearly in terms of the distance distpx, BQq.

Remark 2.1.1. We stress that our main interest in (2.1.1) is to consider it as a space corre-

lated approximation to the, possibly ill-posed, stochastic porous media equation

Btu “ ∆urms ` ∇ ¨ pσpx, uq ˝ ηq,

where η is a d-dimensional space-time white noise and σpx, ξq is a possibly nonsmooth non-

linearity with σpx, 0q “ 0 for every x P Q, for example σpx, ξq “
?
ξ. We observe that the

assumptions (2.1.4)-(2.1.5) are perfectly compatible with this strategy. Indeed, a standard

construction of the space-time white noise on Qˆ r0,8q is η “
ř8
i“1 ρipxqdBi

t, where tBi
tuiPN

are independent d-dimensional Brownian motions and tρipxquiPN is an orthonormal basis of

L2pQq. Now consider a basis such that ρi P C8pQ̄q and such that ρi “ Dxρi “ 0 on BQ

for each i P N (for example, consider a spectral basis of L2pQq, contained in H2
0 pQq, for the

symmetric compact operator ∆´2). For each m P N, we can take n “ md and set

Apx, ξq “ σmpx, ξq

”

ρ1pxqId | ρ2pxqId | ¨ ¨ ¨ | ρmpxqId
ı

, zt “ pB1
t , . . . , B

m
t q,

where Id denote the identity matrix of dimension d, and σm is a smooth approximation to σ

with σmpx, 0q “ 0 for every x P Q. Then Apx, uq ˝ dzt “ σmpx, uq
řm
i“1 ρipxq ˝ dBi

t is indeed

converging to σpx, uq ˝ η as m Ñ 8, and elementary computations show that Apx, ξq satisfies

the assumptions (2.1.4)-(2.1.5).
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2.1.2 Main results

We now present the main results of the chapter. The precise notion of pathwise kinetic solution

is given in Definition 2.2.4 below. Our first result, proved in Section 2.3, is a contraction

principle for pathwise kinetic solutions with nonnegative initial data, which in particular

implies their uniqueness.

Theorem 2.1.2. Let m P p0,8q and let u10, u20 P L2
`pQq. Under the assumptions (2.1.3)-

(2.1.5), pathwise kinetic solutions u1 and u2 of (2.1.1) with initial data u10 and u20 satisfy

}u1 ´ u2}L8pr0,8q;L1pQqq ď }u10 ´ u20}L1pQq. (2.1.6)

In particular, pathwise kinetic solutions with nonnegative initial data are unique.

As already mentioned in Section 2.1, our uniqueness result heavily relies on sharp a pri-

ori estimates needed to tackle the nonlinear diffusion and take care of the zero boundary

conditions. In turn, these are coupled with other stable estimates for smoothed equations ap-

proximating (2.1.1) both in space and time. Then, using weak convergence and compactness

arguments, in Section 2.4 we prove the existence of pathwise kinetic solutions with a limit

procedure.

Theorem 2.1.3. Let m P p0,8q and let u0 P L2pQq. Under the assumptions (2.1.3)-(2.1.5),

there exists a pathwise kinetic solution of (2.1.1) with initial data u0. Furthermore, if u0 P

L2
`pQq, the corresponding solution stays nonnegative, that is

upx, tq ě 0 almost everywhere in Qˆ r0,8q.

The pathwise nature of Theorem 2.1.2 and 2.1.3 immediately implies the existence of a

random dynamical systems associated to (2.1.1). Precisely, suppose that our driving noise

r0,8q Q t ÞÑ zt “ ztpωq arises from the sample paths of a stochastic process defined on a

probability space pΩ,F ,Pq, in such a way that ztpωq is indeed an α-Hölder geometric rough

path for almost every ω P Ω. Then we have the following result.

Theorem 2.1.4. Assume the hypotheses (2.1.3)-(2.1.5) and let m P p0,8q. When interpreted

in the sense of pathwise kinetic solutions, equation (2.1.1) defines a random dynamical system

on L2
`pQq. Let upu0, s, t, z¨pωqq denote the solution at time t to (2.1.1) started at time s with

initial data u0 P L2
`pQq and driving signal z¨pωq. Then, for almost every ω P pΩ,F ,Pq, we

have

upu0, s, t, z¨pωqq “ upu0, 0, t´ s, z¨`spωqq @ 0 ď s ď t @u0 P L2
`pQq.

Moreover, the contraction principle (2.1.6) implies this dynamical system is continuous when

considered with values in L1pQq.
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Next we present a result stating that the solution map is continuous with respect to the

driving noise. Indeed, all the aforementioned estimates needed for the existence theorem are

pathwise estimates and depend on the driving noise zt cosindered as a geometric rough path;

in particular, they are uniform for geometric rough paths close to each other in the α-Hölder

metric dα. In Section 2.4, using the same compactness arguments as for the existence proof

and exploiting the uniqueness of solutions to (2.1.1), we prove the following continuity result.

Unfortunately, this method does not yield an explicit estimate quantifying the convergence of

solutions in terms of the convergence of the driving signals.

Theorem 2.1.5. Assume the hypotheses (2.1.3)-(2.1.5). Let m P p0,8q and u0 P L2
`pQq.

For any T ą 0, let tzkukPN and z be a sequence of n-dimensional α-Hölder geometric rough

paths on r0, T s such that
lim
kÑ8

dαpzk, zq “ 0.

Let tukukPN and u denote the pathwise kinetic solutions to (2.1.1) on r0, T s with initial data

u0 and driving signals tzkukPN and z respectively. Then we have

lim
kÑ8

}uk ´ u}L1pr0,T s;L1pQqq “ 0.

Remark 2.1.6. Theorem 2.1.5 has immediate consequences on the support properties of

the solutions to (2.1.1). For simplicity, let us suppose that our driving noise t ÞÑ zt arises

from the sample paths of an n-dimensional Brownian motion Btpωq defined on a probability

space pΩ,F ,Pq, in the sense that the mapping t ÞÑ BStrat
t pωq defines P almost surely an

α-Hölder geometric rough path ztpωq, where BStrat
t denotes the Brownian motion enhanced

with its iterated Stratonovich integrals (see e.g. [FH14]). For P a.e. ω P Ω, let upωq denote

the pathwise kinetic solution of (2.1.1) with initial data u0 P L2
`pQq and driving signal t ÞÑ

BStrat
t pωq. Given any smooth path g : r0,8q Ñ Rn, let ūg denote the pathwise kinetic solution,

with the same initial data u0, of the deterministic porous media equation with convective term

Btūg “ ∆ūrms
g ` ∇ ¨

`

Apx, ūgq 9g
˘

, (2.1.7)

that is of equation (2.1.1) driven by the smooth path zt :“ gptq (cf. 2.5). In this setting,

Theorem 2.1.5 implies that the probability of u being arbitrarily close to the deterministic

solution ūg in L1-norm is always nonzero. Indeed, properties of the Stratonovich enhanced

Brownian motion ensure that P
`

dα
`

BStrat
¨ , g

˘

ď ϵ
˘

ą 0 for any T ě 0 and any ϵ ą 0 (cf.

[FV10, Chapter 13]). Theorem 2.1.5 immediately implies that, for any T ě 0,

P
`

}u´ ūg}L1pr0,T s;L1pQqq ď ϵ
˘

ą 0 @ϵ ą 0.

That is to say, the support of the law of u in L1pr0, T s;L1pQqq contains the solution of

(2.1.7) for every smooth path g. In fact, since almost every sample path B¨pωq arises as dα-

limit of smooth paths, we actually have that the support of the law of u is the closure of

tūg | g smooth pathu in L1pr0, T s;L1pQqq.
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Finally, we notice that the methods of this chapter apply to general initial data in L2pQq

provided the diffusion exponent satisfies m “ 1 or m ą 2. Indeed, the nonnegativity of the

solution, and thus of the initial data, is only required in the a-priori estimate presented in

Proposition 2.3.9. In turn, this estimate is only needed to tackle the case of small diffusion

exponents m P p0, 1qYp1, 2s (cf. Remark 2.3.2). As a consequence we get the following result.

Theorem 2.1.7. Let m “ 1 or m ą 2. Under the assumptions (2.1.3)-(2.1.5), for every

u0 P L2pQq there exists a unique pathwise kinetic solution of (2.1.1) and the analogous results

of Theorem 2.1.2 and Theorems 2.1.5 and 2.1.4 hold.

2.2 Definition and motivation of pathwise kinetic solutions

The aim of this section is to understand equation (2.1.1), and motivate and present the notion

of pathwise kinetic solution given in Definition 2.2.4. For this purpose, we shall first consider

a uniformly elliptic regularization of (2.1.1) driven by smooth noise. The assumption (2.1.2)

ensures that there exists a sequence of smooth paths tzϵ : r0,8q Ñ RnuϵPp0,1q such that, for

each T ą 0,

lim
ϵÑ0

dα pz, zϵq “ 0, (2.2.1)

where dα denotes the α-Hölder metric on the space C0,α
`

r0, T s;Gt1{αupRnq
˘

of geometric rough

paths. In what follows, for ϵ P p0, 1q, we will denote by 9zϵ the derivative of the smooth path.

Furthermore, it is necessary to introduce an η-perturbation by the Laplacian, for η P p0, 1q,

in order to remove the degeneracy of the porous media diffusion. Therefore, for each η P p0, 1q

and ϵ P p0, 1q, we consider the equation
$

’

’

’

’

&

’

’

’

’

%

Bt u
η,ϵ “ ∆puη,ϵqrms ` η∆uη,ϵ `∇ ¨ pApx,uη,ϵq 9zϵt q in Qˆ p0,8q,

uη,ϵ “ 0 on BQˆ p0,8q,

uη,ϵ “ u0 on Qˆ t0u.

(2.2.2)

We shall derive a formulation of the equation that is well-defined for singular driving signals.

Namely, we shall pass to the kinetic form of (2.2.2), where the noise enters as a linear transport,

and then derive a formulation that is well-defined even after passing to the limit with respect

to the regularization.

The following proposition establishes the well-posedness of (2.2.2) in the classical sense.

The proof is a small modification of [FG19, Proposition A.1], and thus is omitted.

Proposition 2.2.1. For each η P p0, 1q, each ϵ P p0, 1q, and each u0 P L2pQq, there exists a

classical solution uη,ϵ of equation (2.2.2) such that

u P H1
`

r0, T s;H1
0 pQq, H´1pQq

˘

, and urms, urm`1{2s P L2
`

r0, T s;H1
0 pQq

˘

.
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We now pass to the kinetic form of (2.2.2), complete details of the following derivation are

given in [FG19, Appendix A]. This formulation is obtained by introducing the kinetic function

χ̄ : R2 Ñ t´1, 0, 1u defined by

χ̄pv, ξq :“

$

’

’

’

’

&

’

’

’

’

%

1 if 0 ă ξ ă v,

´1 if v ă ξ ă 0,

0 else.

We then define, for each η P p0, 1q and ϵ P p0, 1q, for uη,ϵ the solution of (2.2.2), the composition

χη,ϵpx, ξ, tq :“ χ̄puη,ϵpx, tq, ξq. (2.2.3)

Proposition 2.2.2 below states that the kinetic function χη,ϵ is a distributional solution of the

equation

Btχ
η,ϵ“m|ξ|m´1∆x χ

η,ϵ`η∆x χ
η,ϵ`pBξApx, ξq 9zϵt q¨∇x χ

η,ϵ

´p∇x ¨Apx, ξq 9zϵt q Bξχ
η,ϵ`Bξpp

η,ϵ ` qη,ϵq
(2.2.4)

in Qˆ R ˆ p0,8q, with Dirichlet boundary conditions and initial data χ̄pu0pxq, ξq. Here, the

measure pη,ϵ is the entropy defect measure

pη,ϵpx, ξ, tq :“ δ0pξ ´ uη,ϵpx, tqq η |∇ uη,ϵpx, tq|
2 , (2.2.5)

and the measure qη,ϵ is the parabolic defect measure

qη,ϵpx, ξ, tq :“ δ0pξ ´ uη,ϵpx, tqq
4m

pm` 1q2

ˇ

ˇ

ˇ
∇puη,ϵqrm`1

2 spx, tq
ˇ

ˇ

ˇ

2
, (2.2.6)

where δ0 denotes the one-dimensional Dirac mass centered at the origin. The sense in which

the kinetic function satisfies (2.2.4) is made precise by the following proposition. The proof

is again a small modification of [FG19, Proposition A.2] and is omitted.

Proposition 2.2.2. For each η P p0, 1q, ϵ P p0, 1q, and u0 P L2pQq, let uη,ϵ be the solution
of (2.2.2) from Proposition 2.2.1. The associated kinetic function χη,ϵ defined in (2.2.3) is a
distributional solution of equation (2.2.4) in the sense that, for every t1 ď t2 P r0,8q and for
every ψ P C8

c pQˆ R ˆ rt1, t2sq, we have
ż

QˆR
χη,ϵpx, ξ, rqψpx, ξ, rq dx dξ

ˇ

ˇ

ˇ

r“t2

r“t1

“

ż t2

t1

ż

QˆR
χη,ϵ Btψ dx dξ dr

`

ż t2

t1

ż

QˆR

`

m|ξ|m´1 ` η
˘

χη,ϵ ∆xψ dx dξ dr

´

ż t2

t1

ż

QˆR
χη,ϵp∇x¨ppBξApx, ξq 9zϵt qψq´Bξpp∇x¨Apx, ξq 9zϵt qψqq dx dξ dr

´

ż t2

t1

ż

QˆR
ppη,ϵpx, ξ, rq ` qη,ϵpx, ξ, rqq Bξψ dx dξ dr.

(2.2.7)
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The purpose of this section is to remove the dependency of equation (2.2.7) on the deriva-

tive of the noise, so as to get a formulation of (2.1.1) which is well-defined even for rough

driving signals. To achieve this, rather than testing equation (2.2.7) against arbitrary test

functions ψ, we shall limit ourselves to only use the solutions of the following transport equa-

tions, for any t0 P r0, t1s and any initial data ρ0 P C8
c pQˆ Rq:

$

’

&

’

%

Btρ “ BξApx, ξq 9zϵt ¨ ∇xρ´ p∇x ¨Apx, ξqq 9zϵt Bξρ in Rd ˆ R ˆ pt0,8q,

ρ “ ρ0 on Rd ˆ R ˆ tt0u.
(2.2.8)

Indeed, using such test functions ρpx, ξ, tq in (2.2.7), the first and third term on the right-hand

side automatically cancel out.

Owing to assumption (2.1.3) on A and to the smoothness of the paths zϵ, equation (2.2.8)

is a standard first-order PDE with smooth coefficients, and its solution is represented using the

associated characteristics, which we now analyze. The forward characteristic pXx0,ξ0,ϵ
t0,t

,Ξx0,ξ0,ϵt0,t
q

associated to (2.2.8) beginning at time t0 ě 0 from px0, ξ0q P Rd ˆR is defined as the solution

of the system
$

’

’

’

’

&

’

’

’

’

%

9Xx0,ξ0,ϵ
t0,t

“ ´BξApXx0,ξ0,ϵ
t0,t

,Ξx0,ξ0,ϵt0,t
q 9zϵt in pt0,8q,

9Ξx0,ξ0,ϵt0,t
“ p∇x ¨ApXx0,ξ0,ϵ

t0,t
,Ξx0,ξ0,ϵt0,t

qq 9zϵt in pt0,8q,

pXx0,ξ0,ϵ
t0,t0

,Ξx0,ξ0,ϵt0,t0
q “ px0, ξ0q.

(2.2.9)

The associated backward characteristic pY x0,ξ0,ϵ
t0,s

,Πx0,ξ0,ϵt0,s
q beginning at time 0 from px0, ξ0q P

RdˆR and terminating at t0, is simply defined as the forward characteristic pXx0,ξ0,ϵ
t0,t

,Ξx0,ξ0,ϵt0,t
q

run backward in time. Namely, we define

Y x0,ξ0,ϵ
t0,s

:“ Xx0,ξ0,ϵ
t0,t0´s and Πx0,ξ0,ϵt0,s

:“ Ξx0,ξ0,ϵt0,t0´s for s P r0, t0s. (2.2.10)

The forward and backward characteristics are mutually inverse, in the sense that, for each

px, ξq P Rd ˆ R, for each t0 ě 0 and t ě t0, and for each s0 ě 0 and s P r0, s0s, we have the

relation
ˆ

X
Y x,ξ,ϵ
t,t´t0

,Πx,ξ,ϵ
t,t´t0

,ϵ

t0,t
,Ξ

Y x,ξ,ϵ
t,t´t0

,Πx,ξ,ϵ
t,t´t0

,ϵ

t0,t

˙

“

ˆ

Y
Xx,ξ,ϵ

s0´s,s,Ξ
x,ξ,ϵ
s0´s,s,ϵ

s0,s ,Π
Xx,ξ,ϵ

s0´s,s,Ξ
x,ξ,ϵ
s0´s,s,ϵ

s0,s

˙

“ px, ξq. (2.2.11)

Furthermore, for each t0 ě 0, we define the reversed path

zϵt0,t :“ zϵt´t0 for t P r0, t0s.

It is then easy to check that the backward characteristic pY x0,ξ0,ϵ
t0,s

,Πx0,ξ0,ϵt0,s
q coincides with the

solution of the system
$

’

’

’

’

&

’

’

’

’

%

9Y x0,ξ0,ϵ
t0,t

“ ´BξApY x0,ξ0,ϵ
t0,t

,Πx0,ξ0,ϵt0,t
q 9zϵt0,t in p0, t0q,

9Πx0,ξ0,ϵt0,t
“ p∇x ¨ApY x0,ξ0,ϵ

t0,t
,Πx0,ξ0,ϵt0,t

qq 9zϵt0,t in p0, t0q,

pY x0,ξ0,ϵ
t0,t0

,Πx0,ξ0,ϵt0,t0
q “ px0, ξ0q.

(2.2.12)
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The solution of (2.2.8) is the transport of the initial data along the backward charac-

teristics (2.2.10). Precisely, for each ρ0 P C8
c pQ ˆ Rq, a direct computation proves that

ρ0pY x,ξ,ϵ
t,t´t0

,Πx,ξ,ϵt,t´t0
q is indeed the solution of (2.2.8). For each t0 ě 0 and ρ0 P C8

c pQ ˆ Rq, we

shall use the notation

ρϵt0,tpx, ξq :“ ρ0pY x,ξ,ϵ
t,t´t0

,Πx,ξ,ϵt,t´t0
q (2.2.13)

for the solution of the transport equation (2.2.8).

Furthermore, as a consequence of (2.2.8), the characteristics preserve the Lebesgue mea-

sure on Rd ˆ R. That is, for every 0 ď t0 ă t1 and 0 ď s1 ă s0, for every ψ P L1pRd ˆ Rq,
ż

RdˆR
ψpx, ξq dx dξ “

ż

RdˆR
ψpXx,ξ,ϵ

t0,t1
,Ξx,ξ,ϵt0,t1

q dx dξ “

ż

RdˆR
ψpY x,ξ,ϵ

s0,s1 ,Π
x,ξ,ϵ
s0,s1q dx dξ. (2.2.14)

This property in turn comes from the conservative structure of the noise term in (2.2.2), and

it is essential to the proof of uniqueness in Section 2.3.
Finally, we analyze the consequences for the characteristics of the assumptions (2.1.4) and

(2.1.5) on the noise coefficient Apx, ξq. It is immediate from the second line of (2.2.9) and
(2.2.12) that the hypothesis ∇x ¨ Apx, 0q ” 0 implies the characteristics preserve the sign of
the velocity variable. That is, for each px, ξq P Rd ˆ R, for each t0 ě 0 and t ě t0, and for
each s0 ě 0 and s P r0, s0s, we have

Ξx,ξ,ϵ
t0,t “ Πx,ξ,ϵ

s0,s “ 0 if and only if ξ “ 0, and sgnpξq “ sgnpΞx,ξ,ϵ
t0,t q “ sgnpΠx,ξ,ϵ

s0,s q if ξ ‰ 0. (2.2.15)

As regards the assumption BξApx, ξq|BQˆR ” 0, the first line of (2.2.9) and (2.2.12) ensure

that space characteristics starting from the boundary do not move. That is, for any t0 ě 0,

if px, ξq P BQˆ R, then Xx,ξ,ϵ
t0,t

“ Y x,ξ,ϵ
t0,s

“ x for all t ě 0 and all s P r0, t0s. (2.2.16)

The uniqueness of solutions then implies that the space characteristics cannot cross the bound-
ary BQ and thus, when starting within Q, they never leave the domain. That is, for any t0 ě 0,

if px, ξq P Qˆ R, then Xx,ξ,ϵ
t0,t P Q for all t ě 0, and Y x,ξ,ϵ

t0,s P Q for all s P r0, t0s. (2.2.17)

In fact, owing to the smoothness hypothesis (2.1.3), more is true: the closer to BQ is the
space initial data x P Rd, the slower the associated space characteristic moves. Rigorously
speaking, for any T ą 0 we have

ˇ

ˇ

ˇ
Xx,ξ,ϵ

t0,t ´ x
ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
Y x,ξ,ϵ
t0,s ´ x

ˇ

ˇ

ˇ
ď C distpx, BQq @px, ξq P Rd ˆ R @t0, t P r0, T s @s P r0, t0s, (2.2.18)

for a constant C “ CpT,A, zq depending on the time T , the noise coefficient Apx, ξq defin-

ing the systems (2.2.9) and (2.2.12), and the rough signal z, but uniform for all the paths

tzϵuϵPp0,1q, which are close to the rough path z in the metric dα. This and other estimates are

proved in Appendix 2.5.
Finally, the assumption BξApx, ξq|BQˆR ” 0 has fundamental consequences on the trans-

ported functions (2.2.13). Indeed estimate (2.2.18) ensures that

if ρ0 PCcpQˆ Rq, then ρϵt0,tpx, ξq“ρ0pY x,ξ,ϵ
t,t´t0 ,Π

x,ξ,ϵ
t,t´t0q P CcpQˆRˆrt0, T sq @T ě t0 ě 0. (2.2.19)
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That is, the transport along characteristics of a functions which is compactly supported within

Q ˆ R stays compactly supported, and thus, in particular, is an admissible test function in

equation (2.2.7).

Now we go back to equation (2.2.7). The following corollary makes precise the idea of

testing the equation against functions transported along the inverse characteristics, so as to

get rid of the noise in the equation. The proof is an immediate consequence of the discussion

above, in particular equation (2.2.8), the representation (2.2.13) and property (2.2.19), and

Proposition 2.2.2.

Corollary 2.2.3. Let η, ϵ P p0, 1q and u0 P L2pQq. The kinetic function χη,ϵ from Proposition

2.2.2 satisfies, for each t0 ď t1 P r0,8q and ρ0 P C8
c pQ ˆ Rq, for the solution ρϵt0,rpx, ξq :“

ρpY x,ξ,ϵ
r,r´t0

,Πx,ξ,ϵr,r´t0
q of (2.2.8),

ż

QˆR
χη,ϵpx, ξ, rqρϵt0,rpx, ξq dx dξ

ˇ

ˇ

ˇ

r“t1

r“t0

“

ż t1

t0

ż

QˆR

`

m|ξ|m´1 ` η
˘

χη,ϵpx, ξ, rq∆xρ
ϵ
t0,rpx, ξq dx dξ dr

´

ż t1

t0

ż

QˆR
ppη,ϵpx, ξ, rq ` qη,ϵpx, ξ, rqq Bξρ

ϵ
t0,rpx, ξq dx dξ dr.

(2.2.20)

The essential observation is that, in the passage to the singular limit ϵ Ñ 0, the system

of characteristics (2.2.9) is well-posed for rough noise when interpreted as a rough differential

equation. In view of the representation (2.2.13), this implies the well-posedness of equation

(2.2.8) for rough signals as well. Precisely, for each px0, ξ0q P RdˆR and t0 ě 0, we define the

rough forward characteristic pXx0,ξ0
t0,t

,Ξx0,ξ0t0,t
q as the solution of the rough differential equation

$

’

’

’

’

&

’

’

’

’

%

dXx0,ξ0
t0,t

“ ´BξApXx0,ξ0
t0,t

,Ξx0,ξ0t0,t
q ˝ dzt in pt0,8q,

dΞx0,ξ0t0,t
“ p∇x ¨ApXx0,ξ0

t0,t
,Ξx0,ξ0t0,t

qq ˝ dzt in pt0,8q,

pXx0,ξ0
t0,t0

,Ξx0,ξ0t0,t0
q “ px0, ξ0q.

(2.2.21)

The continuity properties of the Itô–Lyons map, summarized in Proposition 2.5.1, and the

smoothness assumptions (2.1.3) on Apx, ξq imply that, for each T ą 0,

lim
ϵÑ0

´

Xx,ξ,ϵ
t0,t

,Ξx,ξ,ϵt0,t

¯

“

´

Xx,ξ
t0,t
,Ξx,ξt0,t

¯

uniformly for t0 ď tPr0, T s and px, ξq P Rd ˆ R.

In analogy to the smooth case, we now list the properties of the rough characteristics. As

before, the rough inverse characteristic pY x0,ξ0
t0,s

,Πx0,ξ0t0,s
q is defined as the forward characteristic

run backward in time. Namely, we define

Y x0,ξ0
t0,s

:“ Xx0,ξ0
t0,t0´s and Πx0,ξ0t0,s

:“ Ξx0,ξ0t0,t0´s for s P r0, t0s.

As before, for each t0 ě 0, we define the reversed path zt0,t :“ zt´t0 for t P r0, t0s, and

the backward rough characteristic pY x0,ξ0,ϵ
t0,s

,Πx0,ξ0,ϵt0,s
q coincides with the solution of the rough
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differential equation
$

’

’

’

’

&

’

’

’

’

%

dY x0,ξ0
t0,t

“ ´BξApY x0,ξ0
t0,t

,Πx0,ξ0t0,t
q ˝ dzt0,t in p0, t0q,

dΠx0,ξ0t0,t
“ p∇x ¨ApY x0,ξ0

t0,t
,Πx0,ξ0t0,t

qq ˝ dzt0,t in p0, t0q,

pY x0,ξ0
t0,t0

,Πx0,ξ0t0,t0
q “ px0, ξ0q.

(2.2.22)

All the properties (2.2.11)-(2.2.19) of the smooth forward and backward characteristics

continue to hold for the limiting rough characteristics, just by deleting the symbol ϵ form the

formulas. The rough forward and backward characteristics are inverse of each other in the

sense of formula (2.2.11), and they preserve the Lebesgue measure as prescribed by (2.2.14).

The assumptions ∇x ¨Apx, 0q ” 0 still implies that the rough characteristics preserve the sign of

the velocity variable as in (2.2.15). Similarly, the assumption BξApx, ξq|BQˆR ” 0 guarantees

that the rough space characteristics do not move when starting from the boundary, and that,

when starting within Q, cannot leave the domain and move slower the closer they get to the

boundary, as specified by (2.2.16)-(2.2.18). These concepts are discussed in Section 2.5.

Finally, it follows from the well-posedness of the characteristic systems (2.2.21) and

(2.2.22) that the rough transport equation
$

’

&

’

%

Btρ “ pBξApx, ξq ˝ dztq ¨ ∇xρ´ pp∇x ¨Apx, ξqq ˝ dztq Bξρ in Rd ˆ R ˆ pt0,8q,

ρ “ ρ0 on Rd ˆ R ˆ tt0u,
(2.2.23)

is well-posed for any t0 ě 0 and any initial data ρ0 P C8pRd ˆ Rq. Indeed, in analogy with

(2.2.13), the solution is represented by the transport of the initial data along the inverse rough

characteristics (2.2.22). That is, for each t0 ě 0 and ρ0 P C8pRdˆRq, the solution of (2.2.23)

can be written as

ρt0,tpx, ξq :“ ρ0pY x,ξ
t,t´t0

,Πx,ξt,t´t0q. (2.2.24)

Then, as in the smooth case, the assumption BξApx, ξq|BQˆR ” 0 is fundamental to ensure that

the transport along rough characteristics of a function that is compactly supported within

Qˆ R stays compactly supported. Namely, estimate (2.2.18) implies that

if ρ0 PCcpQˆ Rq, then ρt0,tpx, ξq“ρ0pY x,ξ
t,t´t0

,Πx,ξt,t´t0qPCcpQˆRˆrt0, T sq @T ě t0 ě 0.

We are now prepared to present the definition of pathwise kinetic solution. Propo-
sition 2.4.3 below proves that the solutions uη,ϵ of (2.2.2) satisfy, for each T ą 0, for
C “ Cpm,Q, T,A, zq,

} uη,ϵ }2L8pr0,T s;L2pQqq̀

›

›

›
∇puη,ϵqrm`1{2s

›

›

›

2

L2pr0,T s;L2pQqq
`

›

›

›
η

1
2∇puη,ϵq

›

›

›

2

L2pr0,T s;L2pQqq
ď C

´

1 ` }u0}2L2pQq

¯

,

uniformly for η P p0, 1q and ϵ P p0, 1q. Using similar estimates, and weak convergence

and compactness arguments, we would expect the smooth solutions uη,ϵ to converge to some

limiting function u as we let η, ϵ Ñ 0. In turn, we would expect χη,ϵ “ χ̄puη,ϵ, ξq to converge to
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χ̄pu, ξq. Moreover, the definitions (2.2.5)-(2.2.6) of the entropy and parabolic defect measures

and the above estimate on their total mass immediately imply that pη,ϵ and qη,ϵ converge

weakly in the η, ϵ Ñ 0 limit. Finally, for each T ą 0, Proposition 2.5.1 ensures that, as ϵ Ñ 0,

Y x,ξ,ϵ
t,s Ñ Y x,ξ

t,s and Πx,ξ,ϵt,s Ñ Πx,ξt,s uniformly for s ď t P r0, T s and px, ξq P Rd ˆ R.

As a consequence, we would expect equation (2.2.20) to pass to the η, ϵ Ñ 0 limit as well.

This informal argument motivates the following definition.

Definition 2.2.4. Let u0 P L2pQq. A pathwise kinetic solution with initial data u0 is a

function u P L8
locpr0,8q;L2pQqq that satisfies the following properties.

(i) For each T ą 0,

urm`1
2 s P L2pr0, T s;H1

0 pQqq.

In particular, for each T ą 0, the parabolic defect measure

qpx, ξ, tq :“
4m

pm` 1q2
δ0pξ ´ upx, tqq

ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ

2
(2.2.25)

is finite on Qˆ R ˆ r0, T s.

(ii) For the kinetic function χpx, ξ, tq “ χ̄pupx, tq, ξq, there exists a nonnegative entropy

defect measure p on QˆRˆ r0,8q, which is finite on QˆRˆ r0, T s for each T ą 0, and

a subset N Ă p0,8q of Lebesgue measure zero such that, for every t0 ă t1 P r0,8qzN

and every ρ0 P C8
c pQˆ Rq, for ρt0,tpx, ξq defined by (2.2.24),

ż

QˆR
χpx, ξ, rqρt0,rpx, ξq dx dξ

ˇ

ˇ

ˇ

ˇ

r“t1

r“t0

“

ż t1

t0

ż

QˆR
m|ξ|m´1χpx, ξ, rq∆xρt0,rpx, ξq dx dξ dr

´

ż t1

t0

ż

QˆR
pppx, ξ, rq ` qpx, ξ, rqq Bξρt0,rpx, ξq dx dξ dr.

(2.2.26)

Moreover, the initial condition is enforced in the sense that, when t0 “ 0,
ż

QˆR
χpx, ξ, 0q ρ0,0px, ξq dx dξ “

ż

QˆR
χ̄pu0pxq, ξq ρ0px, ξq dx dξ.

Remark 2.2.5. We observe that in fact, as η Ñ 0, the entropy defect measures pη,ϵ converge

weakly to 0, owing to the regularity implied by the parabolic defect measures qη,ϵ. However,

due to the weak lower semicontinuity of the L2-norm, along a subsequence, the weak limit of

the parabolic defect measures qη,ϵ may lose mass in the limit, since the gradients ∇puη,ϵqrm`1{2s

will, in general, converge only weakly. The entropy defect measure appearing in Definition

2.2.4 is therefore necessary to account for this potential loss of mass. The complete details of

this phenomenon are given in the proof of Theorem 2.1.3 from Section 2.4.
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Remark 2.2.6. We remark that (2.2.26) is equivalent to requiring that the kinetic function
χ satisfies, for each φ P C8

c pr0,8qq, each t0 ď t1 P r0,8qzN and each ρ0 P C8
c pQ ˆ Rq, for

the solution ρt0,tpx, ξq of (2.2.23),
ż t1

t0

ż

QˆR
χpx, ξ, rq ρt0,rpx, ξq 9φprq dx dξ dr “

ż

QˆR
χpx, ξ, rqρt0,rpx, ξqφprq dx dξ

ˇ

ˇ

ˇ

ˇ

r“t1

r“t0

´

ż t1

t0

ż

QˆR
m|ξ|m´1χpx, ξ, rq∆xρt0,rpx, ξqφprq dx dξ dr

`

ż t1

t0

ż

QˆR
pppx, ξ, rq ` qpx, ξ, rqq Bξρt0,rpx, ξqφprq dx dξ dr.

Remark 2.2.7. An easy approximation argument shows that in fact we can test equation

(2.2.26) against the transport along characteristics of any ρ0 P C2pQ ˆ Rq as long as it has

bounded first and second derivatives and it satisfies ρ0 P CcpQ ˆ r´M,M sq for each M ą 0,

i.e. it is compactly supported in Q locally in ξ.

Finally, we observe that the regularity and zero-trace condition imposed by Definition

2.2.4.(i) imply that every pathwise kinetic solution satisfies the following integration by parts

formula. The proof is a small modification of [FG19, Lemma 3.6] and is omitted.

Lemma 2.2.8. Let u be a pathwise kinetic solution of (2.1.1) in the sense of Defintion 2.2.4
and let χpx, ξ, tq be the associated kinetic function. For each ψ P C8

c pQ ˆ R ˆ r0,8qq and
each t0 ě 0, we have

ż t0

0

ż

QˆR

m` 1

2
|ξ|

m´1
2 χpx, ξ, rq∇ψpx, ξ, rq dx dξ dr “ ´

ż t0

0

ż

Q

∇urm`1
2 s ψpx, upx, rq, rq dx dr. (2.2.27)

2.3 Uniqueness of pathwise kinetic solutions

In this section we prove that pathwise kinetic solutions are unique. In order to motivate and

give an overview of the actual proof, we sketch the uniqueness argument in the case of the

deterministic porous media equation
$

’

’

’

’

&

’

’

’

’

%

Btu “ ∆urms in Qˆ p0,8q,

u “ 0 on BQˆ p0,8q,

u “ u0 on Qˆ 0.

(2.3.1)

The corresponding kinetic formulation is
$

’

’

’

’

&

’

’

’

’

%

Btχ “ m|ξ|m´1∆xχ` Bξpp` qq in Qˆ R ˆ p0,8q,

χ “ 0 on BQˆ R ˆ p0,8q,

χ “ χ̄pu0; ξq on Qˆ R ˆ t0u,

(2.3.2)

where p ě 0 is the nonnegative entropy defect measure and q is the parabolic defect measure

defined by (2.2.25).
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In this setting, the following proof of uniqueness is due to Chen and Perthame [CP03].

Suppose that u1 and u2 are two kinetic solutions of (2.3.1) in the sense that the associated

kinetic functions χ1 and χ2 solve (2.3.2). Properties of the kinetic function yield the identity
ż

Q

ˇ

ˇu1 ´ u2
ˇ

ˇ dx “

ż

R

ż

Q

ˇ

ˇχ1 ´ χ2
ˇ

ˇ

2
dx dξ “

ż

R

ż

Q

ˇ

ˇχ1
ˇ

ˇ `
ˇ

ˇχ2
ˇ

ˇ ´ 2χ1χ2 dx dξ

“

ż

R

ż

Q
χ1sgnpξq ` χ2sgnpξq ´ 2χ1χ2 dx dξ.

(2.3.3)

Now we formally take the derivative in time of this equation and apply equation (2.3.2). Then

we integrate by parts in space. Using the distributional equalities

Bξχ
ipx, ξ, tq “ δ0pξq ´ δ0pξ ´ uipx, tqq and ∇xχ

i “ δ0pξ ´ uipx, tqq∇uipx, tq, (2.3.4)

for i “ 1, 2, and exploiting the zero boundary conditions we eventually get

Bt

ż

Q

|u1 ´ u2| dx “
16m

pm` 1q2

ż

R

ż

Q

δ0pξ ´ u1px, tqqδ0pξ ´ u2px, tqq∇pu1qrm`1
2 s∇pu2qrm`1

2 s

´ 2

ż

R

ż

Q

δ0pξ ´ u1px, tqq
`

p2px, ξ, tq ` q2px, ξ, tq
˘

´ 2

ż

R

ż

Q

δ0pξ ´ u2px, tqq
`

p1px, ξ, tq ` q1px, ξ, tq
˘

.

(2.3.5)

Applications of Hölder’s inequality and Young’s inequality, together with the definition

of the parabolic defect measure and the nonnegativity of the entropy defect measure, prove

the right-hand side of (2.3.5) is nonpositive. Integrating in time then completes the proof of

uniqueness.

The formal argument leading to (2.3.5) provides the outline for the proof of Theorem 2.1.2.

However, even to justify the formal computation, care must be taken to avoid the product

of δ-distributions and exploit the boundary conditions. This is achieved by regularizing the

sgn and kinetic functions in the space and velocity variables. Additional error terms arise due

to the transport of test functions by the inverse characteristics, which are handled using a

time-splitting argument that relies crucially on the conservative structure of the equation.

In this setting, the main difficulty with respect to the case with periodic boundary con-

ditions comes from the class of admissible test functions for which equation (2.2.26) actually

holds. Indeed, equation (2.2.26) shall play the same role as equation (2.3.2) in the outline

of the proof sketched above. Imposing Dirichlet boundary conditions implies that in (2.2.26)

the admissible test functions need to be compactly supported within the domain Q. In turn,

when writing down the rigorous version of the argument above, we shall need to introduce

a cutoff function so as to effectively exploit (2.2.26). To counter the effect of the transport

along characteristics imposed by (2.2.26), we consider a cutoff function that has already been

transported along the backward characteristics. Having introduced a cutoff, new boundary

error terms arise to avoid the product of δ-distributions. We shall have to choose the speed the

cutoff function is approaching the boundary with according to the diffusion regime m P p0,8q.
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This is needed to exploit the zero boundary conditions and the Sobolev regularity of urms (cf.

Lemma 2.3.7 below) in order to control the derivatives of the cutoff.

We can now prove the uniqueness of pathwise kinetic solutions. Besides the aforementioned

regularization, time-splitting and cutoff procedures, the rigorous justification of the argument

above relies on sharp estimates for singular moments of the parabolic and entropy defect

measures. These estimates are postponed to Proposition 2.3.6 and 2.3.9 below.

Remark 2.3.1. For the remainder of the chapter, after applying the integration by parts

formula (2.2.27), we will frequently encounter derivatives of functions fpx, ξ, rq : Q ˆ R ˆ

r0,8q Ñ R evaluated at ξ “ upx, rq. In order to simplify the notation, we make the convention

that

∇xfpx, upx, rq, rq “ ∇xfpx, ξ, rq|ξ“upx,rq, (2.3.6)

and analogous conventions for all possible derivatives. That is, in every case, the notation

indicates the derivative of f evaluated at px, upx, rq, rq as opposed to the derivative of the full

composition.

Proof of Theorem 2.1.2.

The proof will proceed in 10 Steps. In Step 0 we introduce the notation and the machinery

needed in the proof. Step 1 presents the scheme for the rigorous justification of the formal

proof (2.3.3)-(2.3.5) outlined above, which consists of a time-splitting argument, a cutoff

procedure in space, and a regularization in the space and velocity variables. Step 2 analyzes

the terms of (2.3.3) involving the sgn function, and Step 3 considers the mixed term. In Step 4

we rigorously observe the cancellation coming from the parabolic defect measure we formally

noticed in (2.3.5). In Step 5 we justify the cancellation coming from the integration by parts

and the application of the zero boundary conditions formally performed in (2.3.4)-(2.3.5). In

Step 6 we make the point and gather the error terms produced by the rigorous computations

performed up to this point. In Step 7 we analyze the internal error terms coming from the

transport along characteristics of the sgn and kinetic functions. Step 8 tackles the boundary

error terms produced by the rigorous application of the integration by parts and the zero

boundary conditions. Finally, in Step 9, we pass to the limit with respect to the space and

velocity regularization first, the space cutoff second, and the time splitting third, and we

conclude the proof.

Step 0: Set up. Let u1 and u2 be two pathwise kinetic solutions with initial data u10, u20 P

L2
`pQq respectively. For each i “ 1, 2, we shall write χi for the corresponding kinetic function,

and pi and qi for the corresponding entropy and parabolic defect measures. In order to simplify

the notation, for each px, ξ, rq P Qˆ R ˆ r0,8q we shall use

χirpx, ξq :“ χpx, ξ, rq, pirpx, ξq :“ pipx, ξ, rq, qirpx, ξq :“ qipx, ξ, rq.
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Moreover, we shall consider the transported kinetic functions

χ̃it,spx, ξq :“ χispX
x,ξ
t,s ,Ξ

x,ξ
t,s q for each px, ξ, t, sq P Qˆ R ˆ r0,8q2,

for the rough characteristics (2.2.21).

The proof will start with a time-splitting argument made possible by the conservative

structure of the equation. For i “ 1, 2, let N i Ď p0,8q be the null set corresponding to ui

from Definition 2.2.4, and define N “ N 1 Y N 2. Let T P r0,8qzN be fixed, but arbitrary.

We shall consider arbitrary partitions P “ t0 “ t0 ă t1 ă ¨ ¨ ¨ ă tN “ T u of r0, T s, for any

N P N, with the constraint that P Ď r0, T szN . We shall denote by |P| “ maxi |ti`1 ´ ti| the

diameter of the partition.

The imposition of the zero boundary conditions requires us to test the kinetic equation

(2.2.26) against compactly supported test functions only, and we thus need to introduce a

cutoff function. First, define the signed distance function dBQ : Rd Ñ R by

dBQpxq “

$

&

%

distpx, BQq if x P Q̄,

´ distpx, BQq if x P Qc.
(2.3.7)

Since the domain Q is smooth, this defines a smooth function. Moreover, for x P Rd close

enough to BQ, we have the identity

∇dBQpxq “ ´ñpxq, (2.3.8)

where ñpxq denotes the extended unit outward normal to BQ. Namely, for any x0 P BQ, let

npx0q denote the actual unit outward normal to BQ. For any x P Rd close enough to BQ there

exists a unique pair px˚, tq P BQˆR such that x “ x˚ ´ tnpx˚q, precisely given by t “ dBQpxq

and x˚ the (unique) closest point on BQ, and we set ñpxq :“ npx˚q. For each ℓ P p0, 1q, we

shall denote

Qℓ :“ tx P Q | dBQpxq ď c1ℓu and Qℓ :“ tx P Q | dBQpxq ą c1ℓu, (2.3.9)

for a constant c1 “ c1pT,A, z,Q, d,mq ą 0, possibly changing throughout the proof, but only

depending on the parameters specified. It is then immediate from the definition that

meas
`

Qℓ
˘

ď Cℓ, (2.3.10)

for a constant C “ CpT,A, z,Q,mq. Moreover, we point out the following property, which

is a simple consequence of estimate (2.5.8): for any px, ξq P Q ˆ R and any s ď t0 P r0, T s,

possibly after enlargening the constant c1 in (2.3.9),

if Y x,ξ
t0,s

P Qℓ, then x P Qℓ, and viceversa. (2.3.11)
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Now, for each β P p0, 1q, we define a cutoff function ϕβ “ ϕβ,m within Q, whose shape

depends on the particular diffusion exponent m P p0,8q. Precisely, set γm “ pm` 2q ^ 3 and

consider the piecewise linear function ψ˝
β : R Ñ r0, 1s given by

ψ˝
βpsq “

$

’

’

’

&

’

’

’

%

0 if s ď βγm ,

β´1 ps´ βγmq if s P rβγm , β ` βγms ,

1 if s ě β ` βγm .

(2.3.12)

Let ρ1 : R Ñ r0, 1s be a standard 1-dimensional positive radial mollifier supported in the

unitary ball, and set

ψβpsq :“ ρ
1
2
βγm

1 ˚ ψ˝
βpsq for s P R, (2.3.13)

where ρ
1
2
βγm

1 denotes the mollifier rescaled at order 1
2β

γm . Finally, we define a cutoff function

ϕβ : Rd Ñ r0, 1s by setting

ϕβpxq :“ ψβpdBQpxqq. (2.3.14)

This definition guarantees that ϕβ P C8
c pQq and it satisfies

ϕβpyq “

$

’

&

’

%

1 if dBQpyq ą β `
3

2
βγm ,

0 if dBQpyq ă
1

2
βγm .

Since β ` 3
2β

γm » β, recalling the notation (2.3.9), we shall write that ϕβ ” 1 in Qβ and

ϕβ ” 0 in Qβγm . We also point out that, for k P N, for a constant C “ CpQq,

Dkϕβ ” 0 in Qβ and |Dkϕβ| ď Cβ´k in Qβ. (2.3.15)

Moreover, we observe the following expression for the laplacian ∆ϕβ . The distributional

derivatives of ψ˝
β and the mollification imply that

:ψβpsq “
1

β
ρ

1
2
βγm

1

`

s´ βγm
˘

´
1

β
ρ

1
2
βγm

1

`

s´ pβ ` βγmq
˘

. (2.3.16)

Then, the definition of ϕβ and formula (2.3.8) yield

∆ϕβ “ :ψβpdBQpxqq ´ 9ψβpdBQpxqq∇ ¨ ñpxq. (2.3.17)

Finally, we shall need a regularization procedure. Let ρ1 and ρd be standard 1-dimensional

and d-dimensional positive radial mollifiers supported in the unitary ball. For each ϵ P p0, 1q,

denote by ρϵ1 and ρϵd their rescaling of order ϵ. For i “ 1, 2, with the notation (2.3.9), for each

py, ηq P Qϵ ˆR and each t ď r P r0,8q, we define the smoothed transported kinetic functions

χ̃i,ϵt,rpy, ηq :“
`

χ̃iti,r ˚ ρϵdρ
ϵ
1

˘

py, ηq “

ż

QˆR
χirpX

x,ξ
t,r ,Ξ

x,ξ
t,r qρϵdpx´ yqρϵ1pξ ´ ηq dx dξ

“

ż

QˆR
χirpx, ξqρϵdpY x,ξ

r,r´t ´ yqρϵ1pΠx,ξr,r´t ´ ηq dx dξ,

(2.3.18)
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where, in the last inequality, we used the inverse

eqrefformula/inverse relation for smooth characteristics and conservative (2.2.14) properties

of characteristics. In particular, for each py, ηq P Qˆ R and t ď r P r0,8q,

lim
ϵÑ0

χ̃i,ϵt,rpy, ηq “ χ̃it,rpy, ηq.

To simplify the notation, for px, y, ξ, ηq P Q2 ˆ R2 and t ď r P r0,8q, we shall write

ρϵt,rpx, y, ξ, ηq :“ ρϵdpY x,ξ
r,r´t ´ yqρϵ1pΠx,ξr,r´t ´ ηq. (2.3.19)

According to (2.2.24), this represents the solution to the rough differential equation (2.2.23)

beginning at time t with initial data ρϵdp¨ ´ yqρϵ1p¨ ´ ηq. We observe that, for each fixed

py, ηq P Qϵ ˆR and t ď t1 P r0,8qzN , the kinetic equation (2.2.26) can be applied to (2.3.18).

In conclusion, we shall also consider the regularized transported sgn function, for py, ηq P

Qϵ ˆ R and t ď r P r0,8q,

˜sgnϵ
t,rpy, ηq : “

ż

QˆR
sgnpΞx,ξ

t,r qρϵdpx´ yqρϵ1pξ ´ ηq dx dξ “

ż

QˆR
sgnpξqρϵt,rpx, y, ξ, ηq dx dξ. (2.3.20)

In fact, formula (2.2.15) ensures that ˜sgnt,rpx, ξq :“ sgnpΞx,ξt,r q “ sgnpξq, so that we find

˜sgnϵt,rpy, ηq “

ż

QˆR
sgnpξqρϵdpx´ yqρϵ1pξ ´ ηq dx dξ “

ż

R
sgnpξqρϵ1pξ ´ ηq dξ. (2.3.21)

Thus ˜sgnϵt,rpy, ηq “ sgnϵpηq is just the standard ϵ-mollification of the sgn function and is inde-

pendent of t ď r P r0,8q and y P Q. It will nevertheless be useful to consider this regularized

transported expression, since it will clarify important cancellations in the arguments to follow.

Step 1: Time splitting, cutoff and regularization. Let P “ t0 “ t0 ă t1 ă ¨ ¨ ¨ ă

tN “ T u be a partition of r0, T s with P Ď r0, T szN . Properties of the kinetic function, the
definition of the cutoff ϕβ and property (2.2.17), and the conservative (2.2.14) and inverse
(2.2.11) property of the characteristics imply that

ż

Q

ˇ

ˇu1py, rq ´ u2py, rq
ˇ

ˇ dy
ˇ

ˇ

ˇ

r“T

r“0

“

N´1
ÿ

i“0

ż

Q

ˇ

ˇu1py, rq ´ u2py, rq
ˇ

ˇ dy
ˇ

ˇ

ˇ

r“ti`1

r“ti

“

N´1
ÿ

i“0

ż

QˆR

ˇ

ˇχ1
rpy, ηq ´ χ2

rpy, ηq
ˇ

ˇ

2
dy dη

ˇ

ˇ

ˇ

r“ti`1

r“ti

“ lim
βÑ0

N´1
ÿ

i“0

ż

QˆR

ˇ

ˇχ1
ti,rpy, ηq ´ χ2

ti,rpy, ηq
ˇ

ˇ

2
ϕβpY y,η

r,r´tiq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti

“ lim
βÑ0

N´1
ÿ

i“0

ż

QˆR

ˇ

ˇχ̃1
ti,rpy, ηq ´ χ̃2

ti,rpy, ηq
ˇ

ˇ

2
ϕβpyq dy dη

ˇ

ˇ

ˇ

r“ti`1

r“ti
.

(2.3.22)
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Moreover, unfolding the square and introducing the ϵ-regularization, we get
ż

Q

ˇ

ˇu1py, rq ´ u2py, rq
ˇ

ˇ dy
ˇ

ˇ

ˇ

r“T

r“0

“ lim
βÑ0

N´1
ÿ

i“0

ż

QˆR

`

χ̃1
ti,r ˜sgnti,r ` χ̃2

ti,r ˜sgnt,i,r ´ 2χ̃1
ti,rχ̃

2
ti,r

˘

ϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti

“ lim
βÑ0

lim
ϵÑ0

N´1
ÿ

i“0

ż

QˆR

`

χ̃1,ϵ
ti,r ˜sgnϵ

ti,r ` χ̃2,ϵ
ti,r ˜sgnϵ

ti,r ´ 2χ̃1,ϵ
ti,rχ̃

2,ϵ
ti,r

˘

ϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti
.

(2.3.23)

The next four steps are devoted to the analysis of the difference
ż

QˆR

`

χ̃1,ϵ
ti,r

˜sgnϵti,r ` χ̃2,ϵ
ti,r

˜sgnϵti,r ´ 2χ̃1,ϵ
ti,r
χ̃2,ϵ
ti,r

˘

ϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti
, (2.3.24)

for any i “ 0, . . . , N ´ 1 and any ϵ, β P p0, 1q, with ϵ ! β and β ! |P|. In Step 3 we consider

the sgn term χ̃j,ϵti,r ˜sgnϵti,r for j “ 1, 2, and in Step 4 we consider the mixed term χ̃1,ϵ
ti,r
χ̃2,ϵ
ti,r

.

Finally, in Step 5 and 6 we shall observe crucial cancellations among these terms.

Step 2: The sgn terms. We will first analyze the term involving the sgn function in (2.3.24).

For the convolution kernel (2.3.19), we shall write px, ξq P Qˆ R for the integration variables

defining χ̃1,ϵ
ti,r

and we shall write ρ1,ϵti,r for the corresponding convolution kernel. The kinetic

equation (2.2.26) and (2.3.21) imply that, with the notation from (2.3.18) and (2.3.19),
ż

QˆR
χ̃1,ϵ
ti,r

py, ηq ˜sgnϵti,rϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti

“

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
m|ξ|m´1χ1

r ∆xρ
1,ϵ
ti,r

dx dξ

˙

˜sgnϵti,rϕβpyq dy dη dr

´

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
pp1r ` q1r q Bξρ

1,ϵ
ti,r

dx dξ

˙

˜sgnϵti,rϕβpyq dy dη dr.

(2.3.25)

The first and second term in (2.3.25) will be handled separately. Observe that, from (2.3.19),

for each px, y, ξ, η, rq P R2d ˆ R2 ˆ rti,8q,

∇xρ
1,ϵ
ti,r

“ ´∇yρ
1,ϵ
ti,r

px, y, ξ, ηqDxY
x,ξ
r,r´ti

´ Bηρ
1,ϵ
ti,r

px, y, ξ, ηq∇xΠ
x,ξ
r,r´ti

, (2.3.26)

and

Bξρ
1,ϵ
ti,r

“ ´∇yρ
1,ϵ
ti,r

px, y, ξ, ηq BξY
x,ξ
r,r´ti

´ Bηρ
1,ϵ
ti,r

px, y, ξ, ηq BξΠ
x,ξ
r,r´ti

. (2.3.27)

For the first term on the right-hand side of (2.3.25), we use formula (2.3.26) and then integrate
by parts in the py, ηq variables to get

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
m|ξ|m´1χ1

r ∆xρ
1,ϵ
ti,r dx dξ

˙

˜sgnϵ
ti,rϕβpyq dy dη dr

“

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

r∇x ¨

ˆ
ż

QˆR
∇xρ

1,ϵ
ti,r ˜sgnϵ

ti,rϕβpyq dy dη

˙

dx dξ dr

“

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

r∇x ¨

ˆ
ż

QˆR
ρ1,ϵti,r

`

∇y ˜sgnϵ
ti,rDxY

x,ξ
r,r´tì Bη ˜sgnϵ

ti,r∇xΠ
x,ξ
r,r´ti

˘

ϕβdydη

˙

dxdξdr

`

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

r∇x ¨

ˆ
ż

QˆR
ρ1,ϵti,r ˜sgnϵ

ti,r∇yϕβpyqDxY
x,ξ
r,r´ti dy dη

˙

dx dξ dr.

(2.3.28)
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For the first term on the right-hand side of (2.3.28), it follows from definition (2.3.20) and the
computation (2.3.26) that, after adding and subtracting the terms Dx1Y x1,ξ1

r,r´ti
and ∇x1Πx

1,ξ1

r,r´ti
,

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

r∇x ¨

ˆ
ż

QˆR
ρ1,ϵti,r

`

∇y ˜sgnϵ
ti,rDxY

x,ξ
r,r´tì Bη ˜sgnϵ

ti,r∇xΠ
x,ξ
r,r´ti

˘

ϕβdydη

˙

dxdξdr

“ IEsgn1,1
i ´

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r∇xρ

1,ϵ
ti,rsgnpξ1q∇x1ρ2,ϵti,r ϕβpyq dxdx1dydξdξ1dηdr,

(2.3.29)

for the internal error term relative to the sgn term, omitting the integration variables,

IEsgn1,1
i :“

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r∇x ¨

´

ρ1,ϵti,rsgnpξ1qϕβpyq∇yρ
2,ϵ
ti,r

`

DxY
x,ξ
r,r´tí Dx1Y x1,ξ1

r,r´ti

˘

¯

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r∇x ¨

´

ρ1,ϵti,rsgnpξ1qϕβpyq Bηρ
2,ϵ
ti,r

`

∇xΠ
x,ξ
r,r´tí ∇x1Πx1,ξ1

r,r´ti

˘

¯

,

(2.3.30)

and where the last term of (2.3.29) vanishes after integrating by parts in the x1-variable.

That is,
ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r∇xρ

1,ϵ
ti,r

sgnpξ1q∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr “ 0. (2.3.31)

For the second term of (2.3.28), we first rewrite
ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

r∇x ¨

ˆ
ż

QˆR
ρ1,ϵti,r ˜sgnϵ

ti,r∇yϕβpyqDxY
x,ξ
r,r´ti dy dη

˙

dx dξ dr

“ BEsgn1,1
i `

ż ti`1

ti

ż

Q2ˆR2

m|ξ|m´1χ1
r∇xρ

1,ϵ
ti,r ˜sgnϵ

ti,r∇yϕβpyqDxY
x,ξ
r,r´tidx dy dξ dη dr,

(2.3.32)

for the boundary error term relative to the sgn term

BEsgn1,1
i “

ż ti`1

ti

ż

Q2ˆR2

m|ξ|m´1χ1
r ρ

1,ϵ
ti,r

˜sgnϵti,r∇yϕβpyq∆xY
x,ξ
r,r´ti

dx dy dξ dη dr. (2.3.33)

For the second term on the right-hand side of (2.3.32), arguing as in (2.3.28)-(2.3.30), we use
formula (2.3.26), add and subtract the terms Dx1Y x1,ξ1

r,r´ti
and ∇x1Πx

1,ξ1

r,r´ti
, and then integrate by

parts in the py, ηq variables to get
ż ti`1

ti

ż

Q2ˆR2

m|ξ|m´1χ1
r∇xρ

1,ϵ
ti,r ˜sgnϵ

ti,r∇yϕβpyqDxY
x,ξ
r,r´ti dy dη dx dξ dr

“

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r ρ

1,ϵ
ti,rρ

2,ϵ
ti,rsgnpξ1q tr

´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβpyqDxY
x,ξ
r,r´ti

¯

dxdx1dydξdξ1dηdr

´

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r ρ

1,ϵ
ti,r∇x1ρ2,ϵti,rsgnpξ1q∇yϕβpyqDxY

x,ξ
r,r´ti dxdx

1dydξdξ1dηdr `BEsgn1,2
i ,

(2.3.34)

for the boundary error term, omitting the integration variables,

BEsgn1,2
i :“

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r ρ

1,ϵ
ti,rsgnpξ1q∇yϕβpyqDxY

x,ξ
r,r´ti∇yρ

2,ϵ
ti,r

`

DxY
x,ξ
r,r´tí Dx1Y x1,ξ1

r,r´ti

˘

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r ρ

1,ϵ
ti,rsgnpξ1q∇yϕβpyqDxY

x,ξ
r,r´tiBηρ

2,ϵ
ti,r

`

∇xΠ
x,ξ
r,r´tí ∇x1Πx1,ξ1

r,r´ti

˘

,

(2.3.35)

and where the second term in (2.3.34) vanishes after integrating by parts in the x1-variable,
ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r ρ

1,ϵ
ti,r

∇x1ρ2,ϵti,rsgnpξ1q∇yϕβpyqDxY
x,ξ
r,r´ti

dxdx1dydξdξ1dηdr “ 0. (2.3.36)
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We now consider the second term in (2.3.25). Using formula (2.3.27) and integrating by
parts in the py, ηq variables, we obtain

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
pp1r ` q1rq Bξρ

1,ϵ
ti,r dx dξ

˙

˜sgnϵ
ti,rϕβpyq dy dη dr

“ BEsgn1,3
i

`

ż ti`1

ti

ż

Q2ˆR2

pp1r ` q1rqρ1,ϵti,r ϕβpyq
`

∇y ˜sgnϵ
ti,rBξY

x,ξ
r,r´ti` Bη ˜sgnϵ

ti,rBξΠ
x,ξ
r,r´ti

˘

dx dy dξ dη dr,

(2.3.37)

for the boundary error term

BEsgn1,3
i :“

ż ti`1

ti

ż

Q2ˆR2

pp1r ` q1r q ρ1,ϵti,r ˜sgnϵti,r∇yϕβpyqBξY
x,ξ
r,r´ti

dx dy dξ dη dr. (2.3.38)

For the second term on the right-hand side of (2.3.37), we use definition (2.3.20), add and

subtract the derivatives Bξ1Y x1,ξ1

r,r´ti
and Bξ1Πx

1,ξ1

r,r´ti
, and recall formula (2.3.27) to write

ż ti`1

ti

ż

Q2ˆR2

pp1r ` q1r qρ1,ϵti,r ϕβpyq
`

∇y ˜sgnϵti,rBξY
x,ξ
r,r´ti

` Bη ˜sgnϵti,rBξΠ
x,ξ
r,r´ti

˘

dx dy dξ dη dr

“ IEsgn1,2
i ´

ż ti`1

ti

ż

Q3ˆR3

pp1r ` q1r q ρ1,ϵti,r Bξ1ρ2,ϵti,r sgnpξ1qϕβpyq dxdx1 dy dξ dξ1 dη dr,

(2.3.39)

for the internal error term, omitting the integration variables,

IEsgn1,2
i :“

ż ti`1

ti

ż

Q3ˆR3

pp1r ` q1r q ρ1,ϵti,r sgnpξ1qϕβpyq∇yρ
2,ϵ
ti,r

`

BξY
x,ξ
r,r´ti

´ Bξ1Y x1,ξ1

r,r´ti

˘

`

ż ti`1

ti

ż

Q3ˆR3

pp1r ` q1r q ρ1,ϵti,r sgnpξ1qϕβpyq Bηρ
2,ϵ
ti,r

`

BξΠ
x,ξ
r,r´ti

´ Bξ1Πx
1,ξ1

r,r´ti

˘

.

(2.3.40)

Moreover, after integrating by parts in the ξ1-variable and using the distributional equality

Bξ1sgnpξ1q “ 2δ0pξ1q, the second term in (2.3.39) becomes

´

ż ti`1

ti

ż

Q3ˆR3

pp1r ` q1r q ρ1,ϵti,r Bξ1ρ2,ϵti,r sgnpξ1qϕβpyq dx dx1 dy dξ dξ1 dη dr

“ 2

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1r q ρ1,ϵti,r ρ
2,ϵ
ti,r

px1, y, 0, ηqϕβpyq dx dx1 dy dξ dη dr.

(2.3.41)

Returning to (2.3.25), it follows from (2.3.28), (2.3.29), (2.3.31), (2.3.32), (2.3.34), (2.3.36),

(2.3.37), (2.3.39) and (2.3.41) that
ż

QˆR
χ̃1,ϵ
ti,r

py, ηq ˜sgnϵti,r ϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti

“ IEsgn1,1
i ´ IEsgn1,2

i `BEsgn1,1
i `BEsgn1,2

i ´BEsgn1,3
i

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r ρ

1,ϵ
ti,r
ρ2,ϵti,rsgnpξ1q

¨ tr
´

`

DxY
x,ξ
r,r´ti

˘T
D2
yϕβpyqDxY

x,ξ
r,r´ti

¯

dxdx1dydξdξ1dηdr

´ 2

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1r q ρ1,ϵti,r ρ
2,ϵ
ti,r

px1, y, 0, ηqϕβpyq dx dx1 dy dξ dη dr.

(2.3.42)
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Furthermore, identical considerations with χ1 replaced by χ2 prove that, after swapping the

roles of px, ξq and px1, ξ1q,

ż

QˆR
χ̃2,ϵ
ti,r

py, ηq ˜sgnϵti,r ϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti

“ IEsgn2,1
i ´ IEsgn2,2

i `BEsgn2,1
i `BEsgn2,2

i ´BEsgn2,3
i

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ1|m´1χ2
r ρ

1,ϵ
ti,r
ρ2,ϵti,rsgnpξq

tr
´

`

Dx1Y x1,ξ1

r,r´ti

˘T
D2
yϕβpyqDx1Y x1,ξ1

r,r´ti

¯

dxdx1dydξdξ1dηdr

´ 2

ż ti`1

ti

ż

Q3ˆR2

pp2r ` q2r q ρ2,ϵti,r ρ
1,ϵ
ti,r

px, y, 0, ηqϕβpyq dx dx1 dy dξ1 dη dr,

(2.3.43)

for internal error terms IEsgn2,1
i , IEsgn2,2

i , and boundary error terms BEsgn2,1
i , BEsgn2,2

i and

BEsgn2,3
i , defined in exact analogy with (2.3.30), (2.3.40), and (2.3.33), (2.3.35) and (2.3.38)

respectively.

Step 3: The mixed term. We shall now analyze the mixed term in (2.3.24). For the

convolution kernel (2.3.19), we shall write px, ξq P QˆR for the integration variables defining

χ̃1,ϵ
ti,r

, and we shall write ρ1,ϵti,r for the corresponding convolution kernel. We shall write px1, ξ1q P

Qˆ R for the integration variables defining χ̃2,ϵ
ti,r

, and ρ2,ϵti,r for the corresponding convolution

kernel. The kinetic equation (2.2.26) implies that

ż

QˆR
χ̃1,ϵ
ti,r

py, ηq χ̃2,ϵ
ti,r

py, ηqϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti

“

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
m|ξ|m´1χ1

r ∆xρ
1,ϵ
ti,r

dx dξ

˙

χ̃2,ϵ
ti,r

ϕβpyq dy dη dr

´

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
pp1r ` q1r q Bξρ

1,ϵ
ti,r

dx dξ

˙

χ̃2,ϵ
ti,r

ϕβpyq dy dη dr

`

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
m|ξ1|m´1χ2

r ∆x1ρ2,ϵti,r dx
1dξ1

˙

χ̃1,ϵ
ti,r

ϕβpyq dy dη dr

´

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
pp2r ` q2r q Bξ1ρ2,ϵti,r dx

1dξ1

˙

χ̃1,ϵ
ti,r

ϕβpyq dy dη dr.

(2.3.44)

The first term in (2.3.44) is studied in analogy to (2.3.28)-(2.3.36). Precisely, we use formula
(2.3.26) and then integrate by parts in the py, ηq variables to write

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
m|ξ|m´1χ1

r ∆xρ
1,ϵ
ti,r dx dξ

˙

χ̃2,ϵ
ti,r ϕβpyq dy dη dr

“

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

r∇x ¨

ˆ
ż

QˆR
ρ1,ϵti,r

`

∇yχ̃
2,ϵ
ti,rDxY

x,ξ
r,r´tì Bηχ̃

2,ϵ
ti,r∇xΠ

x,ξ
r,r´ti

˘

ϕβpyqdydη

˙

dxdξdr

`

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

r∇x ¨

ˆ
ż

QˆR
ρ1,ϵti,r χ̃

2,ϵ
ti,r∇yϕβpyqDxY

x,ξ
r,r´ti dy dη

˙

dx dξ dr.

(2.3.45)

For the first term on the right-hand side of (2.3.45), it follows from definition (2.3.18) and
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formula (2.3.26) that, after adding and subtracting the terms Dx1Y x1,ξ1

r,r´ti
and ∇x1Πx

1,ξ1

r,r´ti
,

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

r∇x ¨

ˆ
ż

QˆR
ρ1,ϵti,r

`

∇yχ̃
2,ϵ
ti,rDxY

x,ξ
r,r´tì Bηχ̃

2,ϵ
ti,r∇xΠ

x,ξ
r,r´ti

˘

ϕβpyqdydη

˙

dxdξdr

“ IEmix1,1
i ´

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
rχ

2
r∇xρ

1,ϵ
ti,r∇x1ρ2,ϵti,r ϕβpyq dxdx1dydξdξ1dηdr,

(2.3.46)

for the internal error term relative to the mixed term, omitting the integration variables,

IEmix1,1
i :“

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r∇x ¨

´

ρ1,ϵti,rχ
2
rϕβpyq∇yρ

2,ϵ
ti,r

`

DxY
x,ξ
r,r´tí

Dx1Y x1,ξ1

r,r´ti

˘

¯

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r∇x ¨

´

ρ1,ϵti,rχ
2
rϕβpyq Bηρ

2,ϵ
ti,r

`

∇xΠ
x,ξ
r,r´tí

∇x1Πx
1,ξ1

r,r´ti

˘

¯

.

(2.3.47)

For the second term of (2.3.45), we first rewrite
ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

r∇x ¨

ˆ
ż

QˆR
ρ1,ϵti,r χ̃

2,ϵ
ti,r ∇yϕβpyqDxY

x,ξ
r,r´ti dy dη

˙

dx dξ dr

“ BEmix1,1
i `

ż ti`1

ti

ż

Q2ˆR2

m|ξ|m´1χ1
r∇xρ

1,ϵ
ti,r χ̃

2,ϵ
ti,r ∇yϕβpyqDxY

x,ξ
r,r´tidx dy dξ dη dr,

(2.3.48)

for the boundary error term relative to the mixed term

BEmix1,1
i “

ż ti`1

ti

ż

Q2ˆR2

m|ξ|m´1χ1
r ρ

1,ϵ
ti,r

χ̃2,ϵ
ti,r

∇yϕβpyq∆xY
x,ξ
r,r´ti

dx dy dξ dη dr. (2.3.49)

For the second term on the right-hand side of (2.3.48), arguing as in (2.3.45)-(2.3.47), we use
formula (2.3.26), add and subtract the terms Dx1Y x1,ξ1

r,r´ti
and ∇x1Πx

1,ξ1

r,r´ti
, and then integrate by

parts in the py, ηq variables to get
ż ti`1

ti

ż

Q2ˆR2

m|ξ|m´1χ1
r∇xρ

1,ϵ
ti,rχ̃

2,ϵ
ti,r∇yϕβpyqDxY

x,ξ
r,r´ti dy dη dx dξ dr

“

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ρ

1,ϵ
ti,rρ

2,ϵ
ti,r tr

´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβpyqDxY
x,ξ
r,r´ti

¯

dxdx1dydξdξ1dηdr

´

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r∇x1ρ2,ϵti,r∇yϕβpyqDxY

x,ξ
r,r´ti dxdx

1dydξdξ1dηdr `BEmix1,2
i ,

(2.3.50)

for the boundary error term, omitting the integration variables,

BEmix1,2
i :“

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
rρ

1,ϵ
ti,r∇yϕβpyqDxY

x,ξ
r,r´ti∇yρ

2,ϵ
ti,r

`

DxY
x,ξ
r,r´tí Dx1Y x1,ξ1

r,r´ti

˘

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r∇yϕβpyqDxY

x,ξ
r,r´tiBηρ

2,ϵ
ti,r

`

∇xΠ
x,ξ
r,r´tí ∇x1Πx1,ξ1

r,r´ti

˘

.

(2.3.51)

In conclusion, using (2.3.45), (2.3.46), (2.3.48) and (2.3.50), we rewrite the first term on the
right-hand side of (2.3.44) as

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
m|ξ|m´1χ1

r ∆xρ
1,ϵ
ti,r dx dξ

˙

χ̃2,ϵ
ti,r ϕβpyq dy dη dr

“ IEmix1,1
i `BEmix1,1

i `BEmix1,2
i

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r ρ

2,ϵ
ti,r tr

´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβpyqDxY
x,ξ
r,r´ti

¯

dxdx1dydξdξ1dηdr

´

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ∇yϕβpyqDxY

x,ξ
r,r´tidxdx

1dydξdξ1dηdr

´

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr.

(2.3.52)
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Furthermore, after swapping the roles of χ1 and χ2, identical considerations allow us to
rewrite the third term on the right-hand side of (2.3.44) as

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
m|ξ1|m´1χ2

r ∆x1ρ2,ϵti,r dx
1dξ1

˙

χ̃1,ϵ
ti,r ϕβpyq dy dη dr

“ IEmix2,1
i `BEmix2,1

i `BEmix2,2
i

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ1|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r ρ

2,ϵ
ti,r tr

´

`

Dx1Y x1,ξ1

r,r´ti

˘T
D2

yϕβpyqDx1Y x1,ξ1

r,r´ti

¯

dxdx1dydξdξ1dηdr

´

ż ti`1

ti

ż

Q3ˆR3

m|ξ1|m´1χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ρ

2,ϵ
ti,r ∇yϕβpyqDx1Y x1,ξ1

r,r´tidxdx
1dydξdξ1dηdr

´

ż ti`1

ti

ż

Q3ˆR3

m|ξ1|m´1χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr,

(2.3.53)

for internal and boundary error terms IEsgn2,1
i , BEmix2,1

i and BEmix2,2
i defined in exact

analogy to (2.3.47), (2.3.49) and (2.3.51) respectively.

We now treat the second and fourth term in (2.3.44) in analogy to (2.3.37)-(2.3.40). Using
formula (2.3.27) and integrating by parts in the py, ηq variables, we obtain

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
pp1r ` q1rq Bξρ

1,ϵ
ti,r dx dξ

˙

χ̃2,ϵ
ti,rϕβpyq dy dη dr

“ BEmix1,3
i `

ż ti`1

ti

ż

Q2ˆR2

pp1r ` q1rqρ1,ϵti,r ϕβpyq
`

∇yχ̃
2,ϵ
ti,rBξY

x,ξ
r,r´ti` Bηχ̃

2,ϵ
ti,rBξΠ

x,ξ
r,r´ti

˘

dx dy dξ dη dr,

(2.3.54)

for the boundary error term

BEmix1,3
i :“

ż ti`1

ti

ż

Q2ˆR2

pp1r ` q1r q ρ1,ϵti,r χ̃
2,ϵ
ti,r

∇yϕβpyqBξY
x,ξ
r,r´ti

dx dy dξ dη dr. (2.3.55)

For the second term on the right-hand side of (2.3.54), we use definition (2.3.18), add and

subtract the derivatives Bξ1Y x1,ξ1

r,r´ti
and Bξ1Πx

1,ξ1

r,r´ti
, and recall formula (2.3.27) to write

ż ti`1

ti

ż

Q2ˆR2

pp1r ` q1r qρ1,ϵti,r ϕβpyq
`

∇yχ̃
2,ϵ
ti,r

BξY
x,ξ
r,r´ti

` Bηχ̃
2,ϵ
ti,r

BξΠ
x,ξ
r,r´ti

˘

dx dy dξ dη dr

“ IEmix1,2
i ´

ż ti`1

ti

ż

Q3ˆR3

pp1r ` q1r q ρ1,ϵti,r Bξ1ρ2,ϵti,r χ
2
r ϕβpyq dxdx1 dy dξ dξ1 dη dr,

(2.3.56)

for the internal error term, omitting the integration variables,

IEmix1,2
i :“

ż ti`1

ti

ż

Q3ˆR3

pp1r ` q1r q ρ1,ϵti,r χ
2
r ϕβpyq∇yρ

2,ϵ
ti,r

`

BξY
x,ξ
r,r´ti

´ Bξ1Y x1,ξ1

r,r´ti

˘

`

ż ti`1

ti

ż

Q3ˆR3

pp1r ` q1r q ρ1,ϵti,r χ
2
r ϕβpyq Bηρ

2,ϵ
ti,r

`

BξΠ
x,ξ
r,r´ti

´ Bξ1Πx
1,ξ1

r,r´ti

˘

.

(2.3.57)

For the second term on the right-hand side of (2.3.56), the distributional equality

Bξ1χ2px1, ξ1, rq “ δ0pξ1q ´ δ0pu2px1, rq ´ ξ1q for px1, ξ1, rq P Qˆ R ˆ r0,8q,
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implies that

´

ż ti`1

ti

ż

Q3ˆR3

pp1r ` q1r q ρ1,ϵti,r Bξ1ρ2,ϵti,r χ
2
r ϕβpyq dx dx1 dy dξ dξ1 dη dr

“

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1r q ρ1,ϵti,r ρ
2,ϵ
ti,r

px1, y, 0, ηqϕβpyq dx dx1 dy dξ dη dr

´

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1r q ρ1,ϵti,r ρ
2,ϵ
ti,r

px1, y, u2px1, rq, ηqϕβpyq dx dx1 dy dξ dη dr.

(2.3.58)

Hence, returning to (2.3.54), it follows from (2.3.56) and (2.3.58) that

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
pp1r ` q1r q Bξρ

1,ϵ
ti,r

dx dξ

˙

χ̃2,ϵ
ti,r

ϕβpyq dy dη dr

“IEmix1,2
i `BEmix1,3

i

`

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1r q ρ1,ϵti,r ρ
2,ϵ
ti,r

px1, y, 0, ηqϕβpyq dx dx1 dy dξ dη dr

´

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1r q ρ1,ϵti,r ρ
2,ϵ
ti,r

px1, y, u2px1, rq, ηqϕβpyq dx dx1 dy dξ dη dr.

(2.3.59)

Furthermore, after swapping the roles of χ1 and χ2, virtually identical arguments prove that

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
pp2r ` q2r q Bξ1ρ2,ϵti,r dx

1dξ1

˙

χ̃1,ϵ
ti,r

ϕβpyq dy dη dr

“IEmix2,2
i `BEmix2,3

i

`

ż ti`1

ti

ż

Q3ˆR2

pp2r ` q2r q ρ2,ϵti,r ρ
1,ϵ
ti,r

px, y, 0, ηqϕβpyq dx dx1dy dξ1dη dr

´

ż ti`1

ti

ż

Q3ˆR2

pp2r ` q2r q ρ2,ϵti,r ρ
1,ϵ
ti,r

px, y, u1px, rq, ηqϕβpyq dx dx1dy dξ1dη dr,

(2.3.60)

for internal and boundary errors IEmix2,2
i and BEmix2,3

i defined in exact analogy to (2.3.57)

and (2.3.55) respectively.

We finally go back to (2.3.44), to complete the analysis of the mixed term:

ż

QˆR
χ̃1,ϵ
ti,r

py, ηq χ̃2,ϵ
ti,r

py, ηqϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti

“

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
m|ξ|m´1χ1

r ∆xρ
1,ϵ
ti,r

dx dξ

˙

χ̃2,ϵ
ti,r

ϕβpyq dy dη dr

´

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
pp1r ` q1r q Bξρ

1,ϵ
ti,r

dx dξ

˙

χ̃2,ϵ
ti,r

ϕβpyq dy dη dr

`

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
m|ξ1|m´1χ2

r ∆x1ρ2,ϵti,r dx
1dξ1

˙

χ̃1,ϵ
ti,r

ϕβpyq dy dη dr

´

ż ti`1

ti

ż

QˆR

ˆ
ż

QˆR
pp2r ` q2r q Bξ1ρ2,ϵti,r dx

1dξ1

˙

χ̃1,ϵ
ti,r

ϕβpyq dy dη dr.

Using (2.3.52), (2.3.53), (2.3.59) and (2.3.60), and rearranging the terms gives
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ż

QˆR
χ̃1,ϵ
ti,rpy, ηq χ̃2,ϵ

ti,rpy, ηqϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti

“

2
ÿ

j“1

IEmixj,1
i ´ IEmixj,2

i `

2
ÿ

j“1

BEmixj,1
i `BEmixj,2

i ´BEmixj,3
i

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r ρ

2,ϵ
ti,r tr

´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβpyqDxY
x,ξ
r,r´ti

¯

dxdx1dydξdξ1dηdr

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ1|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r ρ

2,ϵ
ti,r tr

´

`

Dx1Y x1,ξ1

r,r´ti

˘T
D2

yϕβpyqDx1Y x1,ξ1

r,r´ti

¯

dxdx1dydξdξ1dηdr

´

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ∇yϕβpyqDxY

x,ξ
r,r´tidxdx

1dydξdξ1dηdr

´

ż ti`1

ti

ż

Q3ˆR3

m|ξ1|m´1χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ρ

2,ϵ
ti,r ∇yϕβpyqDx1Y x1,ξ1

r,r´tidxdx
1dydξdξ1dηdr

´

ż ti`1

ti

ż

Q3ˆR3

m
`

|ξ|m´1 ` |ξ1|m´1
˘

χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr

´

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1rq ρ1,ϵti,r ρ
2,ϵ
ti,rpx1, y, 0, ηqϕβpyq dx dx1 dy dξ dη dr

´

ż ti`1

ti

ż

Q3ˆR2

pp2r ` q2rq ρ2,ϵti,r ρ
1,ϵ
ti,rpx, y, 0, ηqϕβpyq dx dx1dy dξ1dη dr

`

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1rq ρ1,ϵti,r ρ
2,ϵ
ti,rpx1, y, u2px1, rq, ηqϕβpyq dx dx1 dy dξ dη dr

`

ż ti`1

ti

ż

Q3ˆR2

pp2r ` q2rq ρ2,ϵti,r ρ
1,ϵ
ti,rpx, y, u1px, rq, ηqϕβpyq dx dx1dy dξ1dη dr.

(2.3.61)

Step 4: Internal term cancellation. Using (2.3.42), (2.3.43) and (2.3.61) in (2.3.24) gives
ż

QˆR

`

χ̃1,ϵ
ti,r ˜sgnϵ

ti,r ` χ̃2,ϵ
ti,r ˜sgnϵ

ti,r ´ 2χ̃1,ϵ
ti,rχ̃

2,ϵ
ti,r

˘

ϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti

“

2
ÿ

j“1

IEsgnj,1
i ´ IEsgnj,2

i ´ 2IEmixj,1
i ` 2IEmixj,2

i

`

2
ÿ

j“1

BEsgnj,1
i `BEsgnj,2

i ´BEsgnj,3
i ´ 2BEmixj,1

i ´ 2BEmixj,2
i ` 2BEmixj,3

i

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1
`

χ1
rsgnpξ1q´2χ1

rχ
2
r

˘

ρ1,ϵti,rρ
2,ϵ
ti,r

¨ tr
´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβpyqDxY
x,ξ
r,r´ti

¯

dxdx1dydξdξ1dηdr

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ1|m´1
`

χ2
rsgnpξq´2χ1

rχ
2
r

˘

ρ1,ϵti,rρ
2,ϵ
ti,r

¨ tr
´

`

Dx1Y x1,ξ1

r,r´ti

˘T
D2

yϕβpyqDx1Y x1,ξ1

r,r´ti

¯

dxdx1dydξdξ1dηdr

` 2

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ∇yϕβpyqDxY

x,ξ
r,r´tidxdx

1dydξdξ1dηdr

` 2

ż ti`1

ti

ż

Q3ˆR3

m|ξ1|m´1χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ρ

2,ϵ
ti,r ∇yϕβpyqDx1Y x1,ξ1

r,r´tidxdx
1dydξdξ1dηdr

` 2

ż ti`1

ti

ż

Q3ˆR3

m
`

|ξ|m´1 ` |ξ1|m´1
˘

χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr

´ 2

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1rq ρ1,ϵti,r ρ
2,ϵ
ti,rpx1, y, u2px1, rq, ηqϕβpyq dx dx1 dy dξ dη dr

´ 2

ż ti`1

ti

ż

Q3ˆR2

pp2r ` q2rq ρ2,ϵti,r ρ
1,ϵ
ti,rpx, y, u1px, rq, ηqϕβpyq dx dx1dy dξ1dη dr,

(2.3.62)
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where we point out that the terms involving the convolution kernels evaluated at ξ “ 0 or

ξ1 “ 0 in equations (2.3.42) and (2.3.43) and equation (2.3.61) cancel out with each other.

The aim of this step is to observe an additional cancellation among the residual internal terms

in (2.3.62). Namely, among the last three lines of (2.3.62) denoted by

IRi :“2

ż ti`1

ti

ż

Q3ˆR3

m
`

|ξ|m´1 ` |ξ1|m´1
˘

χ1
r χ

2
r ∇xρ

1,ϵ
ti,r

∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr

´ 2

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1r q ρ1,ϵti,r ρ
2,ϵ
ti,r

px1, y, u2px1, rq, ηqϕβpyq dx dx1 dy dξ dη dr

´ 2

ż ti`1

ti

ż

Q3ˆR2

pp2r ` q2r q ρ2,ϵti,r ρ
1,ϵ
ti,r

px, y, u1px, rq, ηqϕβpyq dx dx1dy dξ1dη dr.

(2.3.63)

This cancellation is an effect of the integration by parts formula (2.2.27). The elementary

equality

´

|ξ|
m´1

2 ´ |ξ1|
m´1

2

¯2
` 2|ξ|

m´1
2 |ξ1|

m´1
2 “ |ξ|m´1 ` |ξ1|m´1 for ξ, ξ1 P R

allows us to rewrite the first term of (2.3.63) as

2

ż ti`1

ti

ż

Q3ˆR3

m
`

|ξ|m´1 ` |ξ1|m´1
˘

χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr

“ 4m

ż ti`1

ti

ż

Q3ˆR3

|ξ|
m´1

2 |ξ1|
m´1

2 χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr

` 2m

ż ti`1

ti

ż

Q3ˆR3

´

|ξ|
m´1

2 ´ |ξ1|
m´1

2

¯2

χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr.

(2.3.64)

For the first term on the right-hand side of (2.3.64), after applying the integration by parts

formula (2.2.27) both in the x variable and the x1 variable, we have

4m

ż ti`1

ti

ż

Q3ˆR3

|ξ|
m´1

2 |ξ1|
m´1

2 χ1
r χ

2
r ∇xρ

1,ϵ
ti,r

∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr

“
16m

pm` 1q2

ż ti`1

ti

ż

Q3ˆR
∇pu1qrm`1

2 s∇pu2qrm`1
2 sρ̄1,ϵti,rpx, y, ηq ρ̄2,ϵti,rpx

1, y, ηqϕβpyqdxdx1dydηdr,

where, for j “ 1, 2 and px, y, η, rq P Q2 ˆ R ˆ rti,8q, we denote

ρ̄j,ϵti,rpx, y, ηq :“ ρϵti,rpx, u
jpx, rq, y, ηq. (2.3.65)

In turn, Cauchy’s inequality, the definition of the parabolic defect measure, and the nonneg-

ativity of the entropy defect measure prove that

4m

ż ti`1

ti

ż

Q3ˆR3

|ξ|
m´1

2 |ξ1|
m´1

2 χ1
r χ

2
r ∇xρ

1,ϵ
ti,r

∇x1ρ2,ϵti,r ϕβpyq dxdx1dydξdξ1dηdr

ď2

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1r q ρ1,ϵti,rpx, y, ξ, ηq ρ̄2,ϵti,rpx
1, y, ηqϕβpyq dxdx1dydξdηdr

` 2

ż ti`1

ti

ż

Q3ˆR2

pp2r ` q2r q ρ̄1,ϵti,rpx, y, ηq ρ2,ϵti,rpx
1, y, ξ1, ηqϕβpyq dxdx1dydξ1dηdr.

(2.3.66)
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Therefore, it follows from (2.3.64) and (2.3.66) that, for the internal residual term IRi defined

in (2.3.63),

lim sup
ϵÑ0

IRi ď lim sup
ϵÑ0

IEcanc
i , (2.3.67)

for the internal cancellation error term

IEcanc
i :“ 2m

ż ti`1

ti

ż

Q3ˆR3

´

|ξ|
m´1

2 ´ |ξ1|
m´1

2

¯2

χ1
r χ

2
r ∇xρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr. (2.3.68)

Step 5: Boundary term cancellation. The aim of this step is to observe a crucial
cancellation between the residual boundary terms on the right-hand side of (2.3.62). Namely,
between the third and fourth lines of (2.3.62), denoted by

BRA
i “

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1
`

χ1
rsgnpξ1q´2χ1

rχ
2
r

˘

ρ1,ϵti,r ρ
2,ϵ
ti,r tr

´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβpyqDxY
x,ξ
r,r´ti

¯

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ1|m´1
`

χ2
rsgnpξq´2χ1

rχ
2
r

˘

ρ1,ϵti,r ρ
2,ϵ
ti,r tr

´

`

Dx1Y x1,ξ1

r,r´ti

˘T
D2

yϕβpyqDx1Y x1,ξ1

r,r´ti

¯

,

(2.3.69)

and the fifth and sixth lines of (2.3.62), denoted by

BRBi “2

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r

∇x1ρ2,ϵti,r∇yϕβpyqDxY
x,ξ
r,r´ti

dxdx1dydξdξ1dηdr

` 2

ż ti`1

ti

ż

Q3ˆR3

m|ξ1|m´1χ1
r χ

2
r ∇xρ

1,ϵ
ti,r

ρ2,ϵti,r∇yϕβpyqDx1Y x1,ξ1

r,r´ti
dxdx1dydξdξ1dηdr.

(2.3.70)

We begin by analyzing the first term of BRBi . First, we add and subtract |ξ1|m´1 and then
use the integration by parts formula (2.2.27) in the x1 variable and formula (2.3.181) from
Lemma 2.3.7 below to get

2

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
r χ

2
r ρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ∇yϕβpyqDxY

x,ξ
r,r´tidxdx

1dydξdξ1dηdr

“BEcancB1
i ´ 2

ż ti`1

ti

ż

Q3ˆR2

∇
`

u2
˘rms

χ1
rpx, ξqρ1,ϵti,rρ̄

2,ϵ
ti,r ∇yϕβpyqDxY

x,ξ
r,r´tidxdx

1dydξdηdr,

(2.3.71)

with the notation (2.3.65) for ρ̄2,ϵti,r, for the boundary cancellation error term

BEcancB1
i :“2

ż ti`1

ti

ż

Q3ˆR3

m
`

|ξ|m´1´ |ξ1|m´1
˘

¨ χ1
r χ

2
r ρ

1,ϵ
ti,r ∇x1ρ2,ϵti,r ∇yϕβpyqDxY

x,ξ
r,r´tidxdx

1dydξdξ1dηdr.

(2.3.72)

For the second term in (2.3.71), recalling the definition (2.3.19) of the convolution kernels
ρj,ϵti,r and the inverse property (2.2.11) of characteristics, we observe

lim
ϵÑ0

2

ż ti`1

ti

ż

Q3ˆR2

∇
`

u2
˘rms

χ1
rpx, ξqρ1,ϵti,rpx, y, ξ, ηqρ̄2,ϵti,rpx1, y, ηq∇yϕβpyqDxY

x,ξ
r,r´tidxdx

1dydξdηdr

“ 2

ż ti`1

ti

ż

Q

∇pu2qrms χ1
rpx1, u2px1, rqq∇yϕβ

`

Y x1,u2

r,r´ti

˘

Dx1Y x1,u2

r,r´tidx
1dr,

(2.3.73)

where we recall the convention (2.3.6). The analysis of the second line of (2.3.70) is virtually

identical tp (2.3.71)-(2.3.73), simply swapping the roles of u1 and u2, and it produces a
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boundary error term BEcancB2
i defined in exact analogy to (2.3.72). Then, using (2.3.71) and

(2.3.73), and the analogous formulas for the second line of (2.3.70), for the boundary residue

BRBi defined in (2.3.70) we conclude that

lim sup
ϵÑ0

BRBi ď lim sup
ϵÑ0

BEcancB1
i `BEcancB2

i

´ 2

ż ti`1

ti

ż

Q
∇pu2qrms χ1

rpx
1, u2px1, rqq∇yϕβ

`

Y x1,u2

r,r´ti

˘

Dx1Y x1,u2

r,r´ti
dx1dr

´ 2

ż ti`1

ti

ż

Q
∇pu1qrms χ2

rpx, u
1px, rqq∇yϕβ

`

Y x,u1

r,r´ti

˘

DxY
x,u1

r,r´ti
dxdr.

(2.3.74)

We now consider the residual term BRAi , defined in (2.3.69). First of all, we notice that,
upon swapping the roles of the variables px, ξq and px1, ξ1q in the second integral, this term is
rewritten as

BRA
i “

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1
`

χ1
rpx, ξq sgnpξ1q ` χ2

rpx, ξq sgnpξ1q´2χ1
rpx, ξqχ2

rpx1, ξ1q´2χ1
rpx1, ξ1qχ2

rpx, ξq
˘

¨ ρ1,ϵti,r ρ
2,ϵ
ti,r tr

´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβpyqDxY
x,ξ
r,r´ti

¯

dxdx1dydξdξ1dηdr.

Then, recalling the definition (2.3.19) of the convolution kernels and the inverse property
(2.2.11) of the characteristics, and using properties of the kinetic function, we observe that

lim
ϵÑ0

BRA
i “

ż ti`1

ti

ż

QˆR
m|ξ|m´1

`

χ1
rpx, ξqsgnpξq ` χ2

rpx, ξqsgnpξq´4χ1
rpx, ξqχ2

rpx, ξq
˘

¨ tr
´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβ
`

Y x,ξ
r,r´ti

˘

DxY
x,ξ
r,r´ti

¯

dx dξ dr

“

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
rpx, ξq ´ χ2

rpx, ξq
ˇ

ˇ

2

¨ tr
´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβ
`

Y x,ξ
r,r´ti

˘

DxY
x,ξ
r,r´ti

¯

dx dξ dr

´ 2

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

rpx, ξqχ2
rpx, ξq

¨ tr
´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβ
`

Y x,ξ
r,r´ti

˘

DxY
x,ξ
r,r´ti

¯

dx dξ dr.

(2.3.75)

For the second term on the right-hand side of (2.3.75), performing an elementary computation,
we obtain

´2

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

rpx, ξqχ2
rpx, ξq tr

´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβ
`

Y x,ξ
r,r´ti

˘

DxY
x,ξ
r,r´ti

¯

dx dξ dr

“ BEcancA,1
i ´ 2

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

rpx, ξqχ2
rpx, ξq∇x ¨

´

∇yϕβ
`

Y x,ξ
r,r´ti

˘

DxY
x,ξ
r,r´ti

¯

dx dξ dr,

(2.3.76)

for the boundary cancellation error term

BEcancA,1
i :“ 2

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

rpx, ξqχ2
rpx, ξq∇yϕβ

`

Y x,ξ
r,r´ti

˘

∆xY
x,ξ
r,r´ti

dx dξ dr. (2.3.77)

Furthermore, for the second term in (2.3.76), using the integration by parts formula (2.2.27),
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Lemma 2.3.7 below and the product rule for derivatives, we have

´2

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

rpx, ξqχ2
rpx, ξq∇x ¨

´

∇yϕβ
`

Y x,ξ
r,r´ti

˘

DxY
x,ξ
r,r´ti

¯

dx dξ dr

“2

ż ti`1

ti

ż

Q
∇

`

u1
˘rms

χ2
rpx, u

1px, rqq∇yϕβ
`

Y x,u1

r,r´ti

˘

DxY
x,u1

r,r´ti
dx dr

` 2

ż ti`1

ti

ż

Q
∇

`

u2
˘rms

χ1
rpx, u

2px, rqq∇yϕβ
`

Y x,u2

r,r´ti

˘

DxY
x,u2

r,r´ti
dx dr,

(2.3.78)

which is the exact opposite of the last two terms on the right-hand side of (2.3.74).

Finally, we analyze the first term on the right-hand side of (2.3.75). After adding and

subtracting the identity matrix Id to DxY
x,ξ
r,r´ti

twice, we obtain
ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
rpx, ξq ´ χ2

rpx, ξq
ˇ

ˇ

2
tr

´

`

DxY
x,ξ
r,r´ti

˘T
D2
yϕβ

`

Y x,ξ
r,r´ti

˘

DxY
x,ξ
r,r´ti

¯

dx dξ dr

“ BEcancA,2
i `

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
rpx, ξq ´ χ2

rpx, ξq
ˇ

ˇ

2
∆yϕβ

`

Y x,ξ
r,r´ti

˘

dx dξ dr,

(2.3.79)

for the boundary error term

BEcancA,2
i :“

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
r ´ χ2

r

ˇ

ˇ

2

¨ tr
´

`

DxY
x,ξ
r,r´tí Id

˘T
D2

yϕβ
`

Y x,ξ
r,r´ti

˘

DxY
x,ξ
r,r´tì D2

yϕβ
`

Y x,ξ
r,r´ti

˘̀

DxY
x,ξ
r,r´tí Id

˘

¯

dx dξ dr.

(2.3.80)

Heuristically, the second term in (2.3.79) should be mostly negative as it consists of posi-
tive terms multiplied by the laplacian of a cutoff function, and this is constantly equal to 1

within the domain Q and bends downward near the boundary decreasing up to 0. Rigorously,
recalling the explicit choice (2.3.14) of the cutoff, we use formulas (2.3.16)-(2.3.17) and the
nonnegativity of the convolution kernel ρ1 in definition (2.3.13) to compute

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
r ´ χ2

r

ˇ

ˇ

2
∆yϕβ

`

Y x,ξ
r,r´ti

˘

dx dξ dr

“ ´

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
r ´ χ2

r

ˇ

ˇ

2 9ψβ

`

dBQ

`

Y x,ξ
r,r´ti

˘˘

∇x ¨ñ
`

Y x,ξ
r,r´ti

˘

dx dξ dr

`

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
r ´ χ2

r

ˇ

ˇ

2 :ψβ

`

dBQ

`

Y x,ξ
r,r´ti

˘˘

dx dξ dr

“ BEcancA,3
i

`

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
r ´ χ2

r

ˇ

ˇ

2

¨

ˆ

1

β
ρ

1
2β

γm

1

´

dBQ

`

Y x,ξ
r,r´ti

˘

´βγm

¯

´
1

β
ρ

1
2β

γm

1

´

dBQ

`

Y x,ξ
r,r´ti

˘

´pβ ` βγmq

¯

˙

dx dξ dr

ď BEcancA,3
i `BEcancA,4

i ,

(2.3.81)

for the boundary error terms

BEcancA,3
i :“ ´

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
r ´ χ2

r

ˇ

ˇ

2 9ψβ
`

dBQ

`

Y x,ξ
r,r´ti

˘˘

∇x ¨ñ
`

Y x,ξ
r,r´ti

˘

dx dξ dr, (2.3.82)

and

BEcancA,4
i :“

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
r ´ χ2

r

ˇ

ˇ

2 1

β
ρ

1
2
βγm

1

´

dBQ

`

Y x,ξ
r,r´ti

˘

´βγm
¯

dx dξ dr. (2.3.83)
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In conclusion, it follows from (2.3.74), (2.3.75), (2.3.76), (2.3.78), (2.3.79) and (2.3.81)

that, for the residual boundary terms BRAi and BRBi defined in (2.3.69) and (2.3.70) respec-

tively,

lim sup
ϵÑ0

´

BRAi `BRBi

¯

ď lim sup
ϵÑ0

ˆ 4
ÿ

k“1

BEcancA,k
i `

2
ÿ

j“1

BEcancBj
i

˙

. (2.3.84)

Step 6: The final inequality. We now go back go (2.3.62). Using (2.3.63) and (2.3.67),

and (2.3.69) (2.3.70) and (2.3.84), we obtain that

lim sup
ϵÑ0

ż

QˆR

`

χ̃1,ϵ
ti,r

˜sgnϵti,r ` χ̃2,ϵ
ti,r

˜sgnϵti,r ´ 2χ̃1,ϵ
ti,r
χ̃2,ϵ
ti,r

˘

ϕβpyq dy dη
ˇ

ˇ

ˇ

r“ti`1

r“ti

ď lim sup
ϵÑ0

˜

2
ÿ

j“1

IEsgnj,1
i ´ IEsgnj,2

i ´ 2IEmixj,1
i ` 2IEmixj,2

i

` IEcanc
i

`

2
ÿ

j“1

BEsgnj,1
i `BEsgnj,2

i ´BEsgnj,3
i ´ 2BEmixj,1

i ´ 2BEmixj,2
i ` 2BEmixj,3

i

`

4
ÿ

k“1

BEcancA,k
i `

2
ÿ

j“1

BEcancBj
i

¸

.

In turn, from this and (2.3.23) it follows that
ż

Q

|u1py, rq ´ u2py, rq| dy
ˇ

ˇ

ˇ

r“T

r“0

ď lim sup
βÑ0

lim sup
ϵÑ0

N´1
ÿ

i“0

˜

2
ÿ

j“1

IEsgnj,1
i ´ IEsgnj,2

i ´ 2IEmixj,1
i ` 2IEmixj,2

i

` IEcanc
i

`

2
ÿ

j“1

BEsgnj,1
i `BEsgnj,2

i ´BEsgnj,3
i ´2BEmixj,1

i ´2BEmixj,2
i `2BEmixj,3

i

`

4
ÿ

k“1

BEcancA,k
i `

2
ÿ

j“1

BEcancBj
i

¸

,

(2.3.85)

for the internal, displacement and boundary error terms defined in the previous steps, and

where we recall that P “ t0 “ t0 ă t1 ă ¨ ¨ ¨ ă tN “ T u Ď r0, T szN is an arbitrary partition.

Incidentally, we mention that, according to the relevant definitions, some of these error terms

are actually independent of ϵ P p0, 1q. The aim of the next two steps is to provide estimates

for the internal and boundary errors respectively. These estimates shall depend on ϵ, β P p0, 1q

and on the size |P| of the arbitrary partition, in such a way that, as we let ϵ Ñ 0 first, β Ñ 0

then, and finally |P| Ñ 0, the right-hand side of (2.3.85) vanishes, thus proving the theorem.

Step 7: The internal errors. In this step we analyze the internal error terms in (2.3.85).
We begin with the internal errors from Step 2 and Step 3. These are easily handled using the
stability estimates on the characteristics from Section 2.5 and the next crucial observation,
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which follows immediately from the definition (2.3.19) of the convolution kernels. For every
px, ξq, px1, ξ1q and py, ηq P Qˆ R and for every ti P P and r P rti,8q,

if ρ1,ϵti,rpx, y, ξ, ηqρ1,ϵti,rρ
2,ϵ
ti,rpx1, y, ξ1, ηq ‰ 0, then

ˇ

ˇ

ˇ
Y x,ξ
r,r´ti ´ Y x1,ξ1

r,r´ti

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
Πx,ξ

r,r´ti ´ Πx1,ξ1

r,r´ti

ˇ

ˇ

ˇ
ď 2ϵ. (2.3.86)

For the internal error IEsgn1,1
i defined in (2.3.30), using the integration by parts formula

(2.2.27) and Lemma 2.3.7 we obtain, with the notation (2.3.65),

IEsgn1,1
i “´

ż ti`1

ti

ż

Q3ˆR2

∇
`

u1
˘rms

ρ̄1,ϵti,rsgnpξ1qϕβpyq∇yρ
2,ϵ
ti,r

`

DxY
x,u1

r,r´tí
Dx1Y x1,ξ1

r,r´ti

˘

´

ż ti`1

ti

ż

Q3ˆR2

∇
`

u1
˘rms

ρ̄1,ϵti,rsgnpξ1qϕβpyq Bηρ
2,ϵ
ti,r

`

DxΠ
x,u1

r,r´tí
Dx1Πx

1,ξ1

r,r´ti

˘

.

The error term IEmix1,1
i defined in (2.3.64) is transformed identically, integrating by parts

and using Lemma 2.3.7, and the specular terms IEsgn2,1
i and IEmix2,1

i are handled in exact

analogy, swapping the roles of χ1 and χ2. Since the functions ϕβ , sgn and χj are bounded,

and since there exists a constant C, only depending on the the standard mollifier ρ chosen in

Step 0, such that
ż

QˆR
|∇yρ

j,ϵ
ti,r

px1, y, ξ1, ηq| ` |Bηρ
j,ϵ
ti,r

px1, y, ξ1, ηq| dx1 dξ1 ď Cϵ´1, (2.3.87)

integrating the convolution kernels over the variables py, ηq and px1, ξ1q, using (2.3.86) com-

bined with the estimates (2.5.6), we get

|IEsgnj,1
i | ` |IEmixj,1

i | ď C|ti`1 ´ ti|
α

ż ti`1

ti

ż

Q

ˇ

ˇ

ˇ
∇

`

uj
˘rms

ˇ

ˇ

ˇ
dx dr, (2.3.88)

for j “ 1, 2, for a constant C “ CpT,A, zq.

The remaining error terms IEsgn1,2
i , defined in (2.3.40), and IEmix1,2

i , defined in (2.3.57),

and the specular terms IEsgn2,2
i and IEmix2,2

i , are treated in analogy to (2.3.88). Indeed, we

use the boundedness of ϕβ , sgn and χj , formula (2.3.87), and formula (2.3.86) combined with

(2.5.6), and integrate the convolution kernels to estimate

|IEsgnj,2
i | ` |IEmixj,2

i | ď C|ti`1 ´ ti|
α

ż ti`1

ti

ż

QˆR
pjrpx, ξq ` qjrpx, ξq dx dξ dr, (2.3.89)

for j “ 1, 2, for a constant C “ CpT,A, zq. Finally, using (2.3.88) and (2.3.89), and summing

over the partition, we obtain the following estimate, for C “ CpT,A, zq,

lim sup
βÑ0

lim sup
ϵÑ0

N´1
ÿ

i“0

2
ÿ

j“1

2
ÿ

k“1

|IEsgnj,k
i | ` |IEmixj,k

i |

ď C|P|α
2

ÿ

j“1

ˆ
ż T

0

ż

Q

ˇ

ˇ

ˇ
∇

`

uj
˘rms

ˇ

ˇ

ˇ
dx dr `

ż T

0

ż

QˆR
pjr ` qjr dx dξ dr

˙

.

(2.3.90)

We now consider the error term coming from the internal cancellation in Step 4, namely

the internal error IEcanc
i defined in (2.3.68). The analysis is broken down in three cases:

m “ 1, m P p2,8q and m P p0, 1q Y p1, 2s.
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Case m “ 1. This case is trivial. Indeed, if m “ 1, it follows automatically from definition

(2.3.68) that IEcanc
i “ 0.

Case m P p2,8q. We form a velocity decomposition of the integral. For each M ą 1, let

KM : R Ñ r0, 1s be a smooth function satisfying

KM pξq “

$

&

%

1 if |ξ| ď M,

0 if |ξ| ď M ` 1.

Then, for each M ą 1, we split

IEcanc
i “ 2m

ż ti`1

ti

ż

Q3ˆR3

p1´KM pξqq

´

|ξ|
m´1

2 ´|ξ1|
m´1

2

¯2

χ1
rχ

2
r∇xρ

1,ϵ
ti,r∇x1ρ2,ϵti,r ϕβpyqdxdx1dydξdξ1dηdr

2̀m

ż ti`1

ti

ż

Q3ˆR3

KM pξq

´

|ξ|
m´1

2 ´|ξ1|
m´1

2

¯2

χ1
rχ

2
r∇xρ

1,ϵ
ti,r∇x1ρ2,ϵti,rϕβpyqdxdx1dydξdξ1dηdr

(2.3.91)

For the first term on the right-hand side of (2.3.91) we write
ˇ

ˇ

ˇ

ˇ

2m

ż ti`1

ti

ż

Q3ˆR3

KM pξq

´

|ξ|
m´1

2 ´|ξ1|
m´1

2

¯2

χ1
rχ

2
r∇xρ

1,ϵ
ti,r∇x1ρ2,ϵti,rϕβpyqdxdx1dydξdξ1dηdr

ˇ

ˇ

ˇ

ˇ

ď C

ż ti`1

ti

ż

Q3ˆR3Xt|ξ´ξ1|ď cϵu

|ξ ´ ξ1|pm´1q^2
ˇ

ˇ

ˇ
∇xρ

1,ϵ
ti,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
∇x1ρ2,ϵti,r

ˇ

ˇ

ˇ
dxdx1dydξdξ1dηdr

ď Cϵ´2

ż ti`1

ti

ż

Q

ż cϵ

´cϵ

|θ|pm´1q^2dθ dy dr ď C|ti`1 ´ ti|ϵ
p3^mq´2,

(2.3.92)

for a constant C “ CpM,m,Q, T,A, zq. In the first passage we used the boundedness of

χj , observation (2.3.86) combined with estimate (2.5.4), and the local Lipschitz continuity,

if m ě 3, or the Hölder continuity, if m P p2, 3q, of the map R Q ξ ÞÑ |ξ|
m´1

2 . In the

second passage we exploited formula (2.3.26) for the derivatives of the convolution kernels,

the boundedness of the derivatives of the characteristics from Proposition 2.5.1 and formula

(2.3.87), and we changed variables by setting θ “ ξ ´ ξ1. In the last passage we simply used

the boundedness of the domain Q.

For the second term on the right-hand side of (2.3.91) we use the following elementary

inequality

´

|ξ|
m´1

2 ´|ξ1|
m´1

2

¯2
“

ˇ

ˇ

ˇ

ˇ

ż ξ

ξ1

m´ 1

2
θrm´3

2 sdθ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

m´ 1

2

ˇ

ˇ

ˇ

ˇ

2
`

|ξ|m´3 ` |ξ1|m´3
˘

|ξ ´ ξ1|2. (2.3.93)

Then we estimate
ˇ

ˇ

ˇ

ˇ

2m

ż ti`1

ti

ż

Q3ˆR3

p1 ´KM pξqq

´

|ξ|
m´1

2 ´|ξ1|
m´1

2

¯2

χ1
rχ

2
r∇xρ

1,ϵ
ti,r∇x1ρ2,ϵti,rϕβpyqdxdx1dydξdξ1dηdr

ˇ

ˇ

ˇ

ˇ

ď C

ż ti`1

ti

ż

Q3ˆR3Xt|ξ´ξ1|ď cϵu

p1 ´KM pξqq
`

|ξ|m´3 ` |ξ1|m´3
˘

ϵ2
ˇ

ˇχ1
r

ˇ

ˇ

ˇ

ˇχ2
r

ˇ

ˇ

ˇ

ˇ

ˇ
∇xρ

1,ϵ
ti,r

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
∇x1ρ2,ϵti,r

ˇ

ˇ

ˇ
dxdx1dydξdξ1dηdr

ď C

˜

ż ti`1

ti

ż

QXt|u1|ěMu

ˇ

ˇu1
ˇ

ˇ

m´2
dx dr `

ż ti`1

ti

ż

QXt|u2|ěM´cϵu

ˇ

ˇu2
ˇ

ˇ

m´2
dx1dr

¸

,

(2.3.94)

for constants C “ Cpm,T,A, zq and c “ cpT,A, zq, independent of M ě 1. In the first

passage we used (2.3.93), and (2.3.86) combined with (2.5.4). In the second passage we
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exploited properties of the kinetic function, and formula (2.3.26) combined with Proposition

2.5.1 and formula (2.3.87).

Finally, combining (2.3.91) with (2.3.92) and (2.3.94), and summing over the partition P,

we obtain

N´1
ÿ

i“0

|IEcanc
i | ď C1 ϵ

p3^mq´2`C2

˜

ż T

0

ż

QXt|u1|ěMu

ˇ

ˇu1
ˇ

ˇ

m´2
dx dr`

ż T

0

ż

QXt|u2|ěM´cϵu

ˇ

ˇu2
ˇ

ˇ

m´2
dx1dr

¸

, (2.3.95)

for constants C1 “ C1pM,m,Q, T,A, zq, C2 “ C2pm,T,A, zq and c “ cpT,A, zq. Since

m P p2,8q and by Definition 2.2.4 of kinetic solution we have uj P Lm`1pr0, T s;Lm`1pQqq, and

since the constant C2 is independent of M , Hölder’s inequality and the dominated convergence

theorem prove that the last two terms on the right-hand side of (2.3.95) vanish in the limit

M Ñ 8, uniformly for ϵ P p0, 1q. Therefore, passing first to the limit ϵ Ñ 0 and second to

the limit M Ñ 8, formula (2.3.95) yields

lim sup
ϵÑ0

N´1
ÿ

i“0

|IEcanc
i | “ 0. (2.3.96)

Case m P p0, 1q Y p1, 2s. For this case the idea is to remove the singularity at the origin

and to exploit the full regularity of the solution implied by Proposition 2.3.9 below. Using the

integration by parts formula (2.2.27), which is justified exploiting an approximation argument

and Proposition 2.3.6 below, both in the px, ξq and the px1, ξ1q variables, we write

IEcanc
i “

4m

pm` 1q2

ż ti`1

ti

ż

Q3ˆR
σmpu1, u2q

ˇ

ˇu1
ˇ

ˇ

´1{2 ∇
`

u1
˘rm`1

2 s ˇ

ˇu2
ˇ

ˇ

´1{2 ∇
`

u2
˘rm`1

2 s

¨ ρ̄1,ϵti,rpx, y, ηqρ̄2,ϵti,rpx
1, y, ηqϕβpyqdxdx1dydηdr,

(2.3.97)

where we have defined

σmpξ, ξ1q :“ |ξ|
2´m

2 |ξ1|
2´m

2

´

|ξ|
m´1

2 ´ |ξ|
m´1

2

¯2
for ξ, ξ1 P R. (2.3.98)

We notice that definition (2.3.65), observation (2.3.86) and estimate (2.5.4) imply that,

if ρ̄1,ϵti,rpx, y, ηqρ̄2,ϵti,rpx
1, y, ηq ‰ 0, then

ˇ

ˇx´ x1
ˇ

ˇ `
ˇ

ˇu1 ´ u2
ˇ

ˇ ď c1ϵ, (2.3.99)

for a constant c1 “ c1pT,A, zq. Moreover, we observe that

if |ξ ´ ξ1| ď c1ϵ, then
ˇ

ˇσmpξ, ξ1q
ˇ

ˇ ď C ϵ, (2.3.100)

for a constant C “ Cpc1,mq. Indeed,if maxt|ξ|, |ξ1|u ď 2c1ϵ, then, recalling m P p0, 1q Y p1, 2s,

a direct computation yields

σmpξ, ξ1q “ |ξ|
m
2 |ξ1|

2´m
2 ` 2|ξ|

1
2 |ξ1|

1
2 ` |ξ|

2´m
2 |ξ1|

m
2 ď C ϵ.
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Conversely, assume without loss of generality that |ξ| ą 2c1ϵ with |ξ| ě |ξ1| and |ξ´ ξ1| ď c1ϵ.

Thus, in particular, ξ and ξ1 have the same sign and |ξ1| ě 1
2 |ξ|. Then we compute

σmpξ, ξ1q “ |ξ|
2´m

2 |ξ1|
2´m

2

ˆ
ż ξ

ξ1

m´ 1

2
θrm´3

2 sdθ

˙2

ď C|ξ|´1ϵ2 ď Cϵ.

We now form a velocity decomposition of the integral. For each δ P p0, 1q, let Kδ : R Ñ

r0, 1s denote a smooth cutoff function satisfying

Kδpξq “

$

’

&

’

%

1 if |ξ| ď δ or
2

δ
ď |ξ|,

0 if 2δ ď |ξ| ď
1

δ
.

(2.3.101)

Returning to (2.3.97), consider the decomposition

IEcanc
i “

4m

pm` 1q2

ż ti`1

ti

ż

Q3ˆR
σδ
mpu1, u2q

ˇ

ˇu1
ˇ

ˇ

´1{2 ∇
`

u1
˘rm`1

2 s ˇ

ˇu2
ˇ

ˇ

´1{2 ∇
`

u2
˘rm`1

2 s

¨ ρ̄1,ϵti,rpx, y, ηqρ̄2,ϵti,rpx1, y, ηqϕβpyqdxdx1dydηdr

`
4m

pm` 1q2

ż ti`1

ti

ż

Q3ˆR
σ̃δ
mpu1, u2q

ˇ

ˇu1
ˇ

ˇ

´1{2 ∇
`

u1
˘rm`1

2 s ˇ

ˇu2
ˇ

ˇ

´1{2 ∇
`

u2
˘rm`1

2 s

¨ ρ̄1,ϵti,rpx, y, ηqρ̄2,ϵti,rpx1, y, ηqϕβpyqdxdx1dydηdr,

(2.3.102)

where, for each δ P p0, 1q, the functions σδm, σ̃δm : R2 Ñ R are defined by

σδmpξ, ξ1q “

´

Kδpξq `Kδpξ1q ´KδpξqKδpξ1q

¯

σmpξ, ξ1q, (2.3.103)

and

σ̃δmpξ, ξ1q “

´

1 ´Kδpξq

¯ ´

1 ´Kδpξ1q

¯

σmpξ, ξ1q.

We start with the second term in (2.3.102). It follows from (2.3.98), (2.3.101) and the local

Lipschitz continuity of the map R Q ξ ÞÑ |ξ|
m´1

2 on the set tδ ď |ξ| ď 2
δ u that, for C “ Cpm, δq,

ˇ

ˇ

ˇ
σ̃δmpξ, ξ1q

ˇ

ˇ

ˇ
ď C |ξ ´ ξ1|2. (2.3.104)

Moreover, recalling observation (2.3.99) and the definition (2.3.19) and (2.3.65) of the kernels
ρ̄j,ϵti,r, we point out that

ż

Q2ˆR
ρ̄1,ϵti,rpx, y, ηqρ̄2,ϵti,rpx1, y, ηq dx1dy dη “

ż

tx1PQ| |x´x1|ďc1 ϵuˆQˆR
ρ̄1,ϵti,rpx, y, ηqρ̄2,ϵti,rpx1, y, ηq dx1dy dη ď C ϵ´1, (2.3.105)

for a constant C “ Cpd, c1q depending on the constant c1 “ c1pT,A, zq from (2.3.99). Then,
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for the second term of (2.3.102), we compute, for a constant C “ Cpδ,m, d, T,A, zq,
ˇ

ˇ

ˇ

ˇ

4m

pm` 1q2

ż ti`1

ti

ż

Q3ˆR
σ̃δ
mpu1, u2q

ˇ

ˇu1
ˇ

ˇ

´1{2 ∇
`

u1
˘rm`1

2 sˇ

ˇu2
ˇ

ˇ

´1{2 ∇
`

u2
˘rm`1

2 s
ρ̄1,ϵti,rρ̄

2,ϵ
ti,rϕβdxdx

1dydηdr

ˇ

ˇ

ˇ

ˇ

ď Cϵ2

˜

ż ti`1

ti

ż

Q3ˆR

ˇ

ˇu1
ˇ

ˇ

´1
ˇ

ˇ

ˇ

ˇ

∇
`

u1
˘rm`1

2 s
ˇ

ˇ

ˇ

ˇ

2

ρ̄1,ϵti,rρ̄
2,ϵ
ti,rϕβpyqdxdx1dydηdr

¸
1
2

¨

˜

ż ti`1

ti

ż

Q3ˆR

ˇ

ˇu2
ˇ

ˇ

´1
ˇ

ˇ

ˇ

ˇ

∇
`

u2
˘rm`1

2 s
ˇ

ˇ

ˇ

ˇ

2

ρ̄1,ϵti,rρ̄
2,ϵ
ti,rϕβpyqdxdx1dydηdr

¸
1
2

ď Cϵ

ˆ
ż ti`1

ti

ż

QˆR
|ξ|´1q1rpx, ξq dx dξ dr

˙

1
2

ˆ
ż ti`1

ti

ż

QˆR
|ξ1|´1q2rpx1, ξ1q dx1dξ1dr

˙

1
2

ď C ϵ
2

ÿ

j“1

´

1 ` }uj0}2L2pQq

¯

.

(2.3.106)

In the first passage we used Hölder’s inequality and (2.3.99) and (2.3.104). In the second

passage we exploited (2.3.105) and the definition of parabolic defect measure. The last passage

follows from Proposition 2.3.9 below.

We now consider to the first term in (2.3.102). It follows immediately from (2.3.100),

(2.3.101) and (2.3.103) that

if |ξ ´ ξ1| ď c1ϵ, then
ˇ

ˇ

ˇ
σδmpξ, ξ1q

ˇ

ˇ

ˇ
ď C ϵ, (2.3.107)

for C “ Cpm, c1q, and that, for ϵ ă δ P p0, 1q, with ϵ small enough depending on c1 and δ,

if |ξ ´ ξ1| ď c1ϵ and σδmpξ, ξ1q ‰ 0, then 0 ă |ξ|, |ξ1| ă 3δ or
1

2δ
ă |ξ|, |ξ1|. (2.3.108)

Then, for the first term of (2.3.102), first using Hölder’s inequality and observations (2.3.99),(2.3.107)
and (2.3.108), and then using observation (2.3.105) and the definition of parabolic defect mea-
sure, we compute
ˇ

ˇ

ˇ

ˇ

4m

pm` 1q2

ż ti`1

ti

ż

Q3ˆR
σδ
mpu1, u2q

ˇ

ˇu1
ˇ

ˇ

´1{2 ∇
`

u1
˘rm`1

2 sˇ

ˇu2
ˇ

ˇ

´1{2 ∇
`

u2
˘rm`1

2 s
ρ̄1,ϵti,rρ̄

2,ϵ
ti,rϕβdxdx

1dydηdr

ˇ

ˇ

ˇ

ˇ

ďCϵ

˜

ż ti`1

ti

ż

U1
δ ˆU2

δ ˆQˆR

ˇ

ˇu1
ˇ

ˇ

´1
ˇ

ˇ

ˇ

ˇ

∇
`

u1
˘rm`1

2 s
ˇ

ˇ

ˇ

ˇ

2

ρ̄1,ϵti,rρ̄
2,ϵ
ti,rϕβpyqdxdx1dydηdr

¸
1
2

¨

˜

ż ti`1

ti

ż

U1
δ ˆU2

δ ˆQˆR

ˇ

ˇu2
ˇ

ˇ

´1
ˇ

ˇ

ˇ

ˇ

∇
`

u2
˘rm`1

2 s
ˇ

ˇ

ˇ

ˇ

2

ρ̄1,ϵti,rρ̄
2,ϵ
ti,rϕβpyqdxdx1dydηdr

¸
1
2

ďC
2

ÿ

j“1

˜

ż ti`1

ti

ż

Uj
δ ˆR

|ξ|´1qjrpx, ξq dx dξ dr

¸

,

(2.3.109)

for a constant C “ Cpm, d, T,A, zq, where we have defined, for r P r0,8q,

U jδ “ U jδ prq :“

"

x P Q

ˇ

ˇ

ˇ

ˇ

0 ă |ujpx, rq| ă 3δ or
1

2δ
ă |ujpx, rq|

*

. (2.3.110)

In conclusion, summing over the partition P, the splitting (2.3.102) and estimates (2.3.106)

and (2.3.109) imply that, for each δ P p0, 1q, for C “ Cpm, d, T,A, zq,

lim sup
ϵÑ0

N´1
ÿ

i“0

|IEcanc
i | ď C

2
ÿ

j“1

ż T

0

ż

Uj
δ ˆR

|ξ|´1qjrpx, ξq dx dξ dr. (2.3.111)
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The dominated convergence theorem, Proposition 2.3.9 below and (2.3.110) imply that the

right-hand side of (2.3.111) vanishes in the δ Ñ 0 limit. Therefore, we deduce

lim sup
ϵÑ0

N´1
ÿ

i“0

|IEcanc
i | “ 0. (2.3.112)

This concludes the analysis of the internal error terms.

Step 8: The boundary errors. In this step we analyze the boundary error terms in

(2.3.85). We begin with the errors produced in Step 2 and Step 3. These are handled using

the estimates on the behaviour of the characteristics near the boundary from Section 2.5,

properties (2.3.15) of the gradient ∇ϕβ , observation (2.3.86), and the following crucial fact.

Namely, with the notation (2.3.9), it follows from (2.3.11), (2.3.15) and (2.3.19) that, for any

ϵ ă β P p0, 1q, for any px, y, ξ, ηq P Q2 ˆ R2 and any ti ď r P r0, T s, for j “ 1, 2,

if ∇yϕβpyqρj,ϵti,rpx, y, ξ, ηq ‰ 0, then y, Y x,ξ
r,r´ti

, x P Qβ. (2.3.113)

For the boundary error term BEsgn1,1
i defined in (2.3.33), for a constant C “ CpT,A, z,Qq,

we compute
ˇ

ˇ

ˇ
BEsgn1,1

i

ˇ

ˇ

ˇ
ď

ż ti`1

ti

ż

Q2ˆR2

m|ξ|m´1
ˇ

ˇχ1
r

ˇ

ˇ

ˇ

ˇ

ˇ
ρ1,ϵti,r

ˇ

ˇ

ˇ

ˇ

ˇ ˜sgnϵti,r
ˇ

ˇ |∇yϕβ|

ˇ

ˇ

ˇ
∆xY

x,ξ
r,r´ti

ˇ

ˇ

ˇ
dx dy dξ dη dr

ď C|ti`1 ´ ti|
αβ´1

ż ti`1

ti

ż

QβˆR
m|ξ|m´1

ˇ

ˇχ1
r

ˇ

ˇ dx dξ dr

ď C|ti`1 ´ ti|
αβ´1

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ

`

u1
˘rms

ˇ

ˇ

ˇ
dx dr

ď C|ti`1 ´ ti|
α

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ
∇

`

u1
˘rms

ˇ

ˇ

ˇ
dx dr.

In the second inequality we used observation (2.3.113), estimates (2.3.15) and (2.5.5), and the

boundedness of ˜sgnϵ, and we integrated the mollifier. In the third passage we simply used

properties of the kinetic function. In the last passage we exploited the Sobolev regularity

pu1qrms P W 1,pm
0 pQq from Lemma 2.3.7 below, which in particular implies that pu1qrms vanishes

on the boundary, and we used the mean value theorem applied to points x P Qβ , which

therefore satisfy distpx, BQq ď Cβ.

An identical analysis holds for BEsgn2,1
i , simply replacing χ1 and u1 with χ2 and u2, and

for the analogous error terms BEmixj,1
i defined in (2.3.49), for j “ 1, 2, simply replacing ˜sgnϵti,r

with χ̃¨,ϵ
ti,r

, which is bounded as well. Precisely, we have

ˇ

ˇ

ˇ
BEsgnj,1

i

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
BEmixj,1

i

ˇ

ˇ

ˇ
ď C|ti`1 ´ ti|

α

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ
∇

`

uj
˘rms

ˇ

ˇ

ˇ
dx dr, (2.3.114)

for j “ 1, 2, for a constant C “ CpT,A, z,Qq.
Next we analyze the boundary error terms BEsgn1,2

i and BEmix1,2
i , defined in (2.3.35) and

(2.3.51) respectively, and the specular terms BEsgn2,2
i and BEmix2,2

i . Observations (2.3.86)
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and (2.3.113) combined with estimate (2.5.5) imply that, for C “ CpT,A, zq,

if ∇yϕβ ρ
1,ϵ
ti,r ρ

2,ϵ
ti,r ‰ 0, then |DxY

x,ξ
r,r´ti ´Dx1Y x1,ξ1

r,r´ti |`|∇xΠ
x,ξ
r,r´ti´∇x1Πx1,ξ1

r,r´ti |ďC|ti`1´ti|
αϵ. (2.3.115)

Then, for BEsgn1,2
i , for a constant C “ CpT,A, z,Qq, we compute

ˇ

ˇ

ˇ
BEsgn1,2

i

ˇ

ˇ

ˇ
ď C |ti`1 ´ ti|

αϵβ´1

ż ti`1

ti

ż

pQβq
3

ˆR3

m|ξ|m´1
ˇ

ˇχ1
r

ˇ

ˇ

ˇ

ˇ

ˇ
ρ1,ϵti,r

ˇ

ˇ

ˇ

´ˇ

ˇ

ˇ
∇yρ

2,ϵ
ti,r

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
Bηρ

2,ϵ
ti,r

ˇ

ˇ

ˇ

¯

ď C |ti`1 ´ ti|
αβ´1

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ

`

u1
˘rms

ˇ

ˇ

ˇ
dx dr

ď C |ti`1 ´ ti|
α

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ
∇

`

u1
˘rms

ˇ

ˇ

ˇ
dx dr.

In the first passage we used the boundedness of DxY
x,ξ
r,r´ti

from Proposition 2.5.1 and of the sgn

function, estimate (2.3.15), and observations (2.3.113) and (2.3.115). In the second passage

we integrated the mollifiers over the variables py, ηq and px1, ξ1q, recalling estimate (2.3.87),

and then used properties of the kinetic function. In the last passage we used the Sobolev

regularity pu1qrms P W 1,pm
0 pQq from Lemma 2.3.7 and applied the mean value theorem to

points x P Qβ .

Virtually identical analyses and estimates hold for BEsgn2,2
i and for BEmixj,2

i , for j “ 1, 2.

Precisely, we have
ˇ

ˇ

ˇ
BEsgnj,2

i

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
BEmixj,2

i

ˇ

ˇ

ˇ
ď C |ti`1 ´ ti|

α

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ
∇

`

uj
˘rms

ˇ

ˇ

ˇ
dx dr, (2.3.116)

for j “ 1, 2 and C “ CpQ,T,A, zq.

In conclusion, we sum estimates (2.3.114) and (2.3.116) over the partition P to conclude

that, for C “ CpQ,T,A, zq,

2
ÿ

j“1

2
ÿ

k“1

N´1
ÿ

i“0

ˇ

ˇ

ˇ
BEsgnj,k

i

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
BEmixj,k

i

ˇ

ˇ

ˇ
ď C |P|α

2
ÿ

j“1

ż T

0

ż

Qβ

ˇ

ˇ

ˇ
∇

`

uj
˘rms

ˇ

ˇ

ˇ
dx dr. (2.3.117)

Finally, we analyze the boundary errors BEsgn1,3
i and BEmix1,3

i , defined in (2.3.38) and

(2.3.55) respectively, and the specular terms BEsgn2,3
i and BEmix2,3

i , simply obtained by

swapping the roles of u1 and u2. For BEsgn1,3
i , we use the boundedness of ˜sgnϵti,r, we exploit

estimate (2.3.15), and estimate (2.5.11) combined with observation (2.3.86), and then we

integrate the mollifier to obtain, for C “ CpT,A, zq,
ˇ

ˇ

ˇ
BEsgn1,3

i

ˇ

ˇ

ˇ
ď

ż ti`1

ti

ż

Q2ˆR2

pp1r ` q1r q

ˇ

ˇ

ˇ
ρ1,ϵti,r

ˇ

ˇ

ˇ

ˇ

ˇ ˜sgnϵti,r
ˇ

ˇ

ˇ

ˇ

ˇ
∇yϕβpyqBξY

x,ξ
r,r´ti

ˇ

ˇ

ˇ
dx dy dξ dη dr

ď C|ti`1 ´ ti|
α

ż ti`1

ti

ż

QβˆR
ppjr ` qjrq dx dξ dr.

(2.3.118)

Virtually identical analyses hold for BEsgn2,3
i and for BEmixj,3

i , for j “ 1, 2. Summing over

the partition, we conclude that, for C “ CpT,A, zq,

2
ÿ

j“1

N´1
ÿ

i“0

ˇ

ˇ

ˇ
BEsgnj,3

i

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
BEmixj,3

i

ˇ

ˇ

ˇ
ď C |P|α

2
ÿ

j“1

ż T

0

ż

QβˆR
ppjr ` qjrq dx dξ dr. (2.3.119)
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In conclusion, combining estimates (2.3.117) with the integrability of ∇
`

uj
˘rms from

Lemma 2.3.7, and estimate (2.3.119) with the finiteness of the parabolic and entropy de-

fect measures over QˆRˆ r0, T s, and exploiting the dominated convergence theorem, for the

boundary error terms produced in Step 2 and Step 3, we conclude that

lim sup
βÑ0

lim sup
ϵÑ0

2
ÿ

j“1

3
ÿ

k“1

N´1
ÿ

i“0

ˇ

ˇ

ˇ
BEsgnj,k

i

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
BEmixj,k

i

ˇ

ˇ

ˇ
“ 0. (2.3.120)

Now we analyze the boundary cancellation error terms produced in Step 5. First we

observe that (2.3.11) combined with (2.3.15), for k “ 1 or k “ 2, implies that

ˇ

ˇ

ˇ
Dk
y ϕβ

ˇ

ˇ

ˇ
ď Cβ´k, and that, if Dk

y ϕβ
`

Y x,ξ
r,r´ti

˘

‰ 0, then x, Y x,ξ
r,r´ti

P Qβ. (2.3.121)

Then, for the error term BEcancA,1
i defined in (2.3.77), we compute for C “ CpT,A, z,Qq

ˇ

ˇ

ˇ
BEcancA,1

i

ˇ

ˇ

ˇ
ď C|ti`1 ´ ti|

αβ´1

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ

`

u1
˘rms

ˇ

ˇ

ˇ
dx dr

ď C|ti`1 ´ ti|
α

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ
∇

`

u1
˘rms

ˇ

ˇ

ˇ
dx dr

(2.3.122)

In the first passage we used use observation (2.3.121) and estimate (2.5.5), and then we

exploited the boundedness of |χ2| and integrated |χ1| (or viceversa). In the second passage

we used
`

u1
˘rms

P W 1,pm
0 pQq and applied the mean value theorem to points x P Qβ .

The error term BEcancA,2
i defined in (2.3.80) is handled almost identically. Indeed, we

use the boundedness of DxY
x,ξ
r,r´ti

, and observation (2.3.121) for k “ 2 combined with esti-
mate (2.5.12), then we integrate the kinetic functions, and finally we exploit again

`

uj
˘rms

P

W 1,pm
0 pQq and the mean value theorem to compute, for C “ CpT,A, z,Qq,

ˇ

ˇ

ˇ
BEcancA,2

i

ˇ

ˇ

ˇ
ď C

ż ti`1

ti

ż

QˆR
m|ξ|m´1

`
ˇ

ˇχ1
r

ˇ

ˇ `
ˇ

ˇχ2
r

ˇ

ˇ

˘

ˇ

ˇ

ˇ
D2

yϕβ
`

Y x,ξ
r,r´ti

˘

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
DxY

x,ξ
r,r´ti ´ Id

ˇ

ˇ

ˇ
dx dξ dr

ď C |ti`1 ´ ti|
αβ´1

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ

`

u1
˘rms

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

`

u2
˘rms

ˇ

ˇ

ˇ
dx dr

ď C |ti`1 ´ ti|
α

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ
∇

`

u1
˘rms

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
∇

`

u2
˘rms

ˇ

ˇ

ˇ
dx dr.

(2.3.123)

In conclusion, we sum estimates (2.3.122) and (2.3.123) over the partition P to conclude

that, for C “ CpQ,T,A, zq,

N´1
ÿ

i“0

ˇ

ˇ

ˇ
BEcancA,1

i

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
BEcancA,2

i

ˇ

ˇ

ˇ
ď C |P|α

ż T

0

ż

Qβ

ˇ

ˇ

ˇ
∇

`

u1
˘rms

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
∇

`

u2
˘rms

ˇ

ˇ

ˇ
dx dr. (2.3.124)

We now consider the error term BEcancA,3
i defined in (2.3.82). First, for the function dBQ

defined in (2.3.7) and ψβ defined in (2.3.13), recalling (2.3.11), we observe that

ˇ

ˇ

ˇ

9ψβpsq
ˇ

ˇ

ˇ
ď β´1 @s P R and, if 9ψβ

`

dBQ

`

Y x,ξ
r,r´ti

˘˘

‰ 0, then x, Y x,ξ
r,r´ti

P Qβ. (2.3.125)
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We also mention that we have a uniform bound |∇ ¨ ñ| ď C for some constant C “ CpQq, for

the extended unit outward normal to Q defined in (2.3.8). Then we compute

ˇ

ˇ

ˇ
BEcancA,3

i

ˇ

ˇ

ˇ
ď

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
r ´ χ2

r

ˇ

ˇ

2
ˇ

ˇ

ˇ

9ψβ
`

dBQ

`

Y x,ξ
r,r´ti

˘˘

ˇ

ˇ

ˇ
|∇ ¨ ñ| dx dξ dr

ď C β´1

ż ti`1

ti

ż

QβˆR
m|ξ|m´1

`
ˇ

ˇχ1
r

ˇ

ˇ `
ˇ

ˇχ2
r

ˇ

ˇ

˘

dx dξ dr

“ C β´1

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ

`

u1
˘rms

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

`

u2
˘rms

ˇ

ˇ

ˇ
dx dr

ď C

ż ti`1

ti

ż

Qβ

ˇ

ˇ

ˇ
∇

`

u1
˘rms

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
∇

`

u2
˘rms

ˇ

ˇ

ˇ
dx dr,

for a constant C “ CpQ,T,A, zq. In the second inequality we used observation (2.3.125), the

boundedness of ∇ ¨ ñ and properties of the kinetic function. In the last inequality we used
`

uj
˘rms

P W 1,pm
0 pQq and the mean value theorem. In conclusion, we sum over the partition

to estimate, for C “ CpQ,T,A, zq,

N´1
ÿ

i“0

ˇ

ˇ

ˇ
BEcancA,3

i

ˇ

ˇ

ˇ
ď C

2
ÿ

j“1

ż T

0

ż

Qβ

ˇ

ˇ

ˇ
∇

`

u1
˘rms

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
∇

`

u2
˘rms

ˇ

ˇ

ˇ
dx dr. (2.3.126)

Finally we consider the error term BEcancA,4
i defined in (2.3.83). First, we make the

following observation. Namely, for the standard 1-dimensional convolution kernel ρ
1
2
βγm

1 in-

troduced in (2.3.12)-(2.3.13), rescaled at order 1
2β

γm with γm “ pm`2q_3, recalling (2.3.11),

we notice that
ˇ

ˇ

ˇ

ˇ

ρ
1
2
βγm

1

ˇ

ˇ

ˇ

ˇ

ď 2β´γm and, if ρ
1
2
βγm

1

´

dBQ

`

Y x,ξ
r,r´ti

˘

´βγm
¯

‰ 0, then x, Y x,ξ
r,r´ti

P Qβ
γm
. (2.3.127)

Then we compute

ˇ

ˇ

ˇ
BEcancA,4

i

ˇ

ˇ

ˇ
“

ż ti`1

ti

ż

QˆR
m|ξ|m´1

ˇ

ˇχ1
r ´ χ2

r

ˇ

ˇ

2
β´1ρ

1
2β

γm

1

´

dBQ

`

Y x,ξ
r,r´ti

˘

´βγm

¯

dx dξ dr

ď Cβ´1β´γm

ż ti`1

ti

ż

Qβγm ˆR
m|ξ|m´1

`
ˇ

ˇχ1
r

ˇ

ˇ `
ˇ

ˇχ2
r

ˇ

ˇ

˘

dx dξ dr

“ Cβ´p1`γmq

ż ti`1

ti

ż

Qβγm

ˇ

ˇ

ˇ

`

u1
˘rms

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ

`

u2
˘rms

ˇ

ˇ

ˇ
dx dr

ď Cβ´1

ż ti`1

ti

ż

Qβγm

ˇ

ˇ

ˇ
∇

`

u1
˘rms

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
∇

`

u2
˘rms

ˇ

ˇ

ˇ
dx dr,

(2.3.128)

for a constant C “ CpT,A, zq. In the first inequality we used observation (2.3.127) and

properties of the kinetic function. In the last inequality we used the Sobolev regularity
`

uj
˘rms

P W 1,pm
0 pQq and the mean value theorem applied to points x P Qβ

γm , which satisfy

distpx, BQq ď Cβγm .

Next, we sum estimate (2.3.128) over the partition, then we apply Hölder’s inequality com-

bined with Lemma 2.3.7, prescribing the higher integrability ∇
`

uj
˘rms

P Lpmpr0, T s;LpmpQqq,
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and observation (2.3.10), and we recall that γm “ pm` 2q _ 3 and pm “ m`1
m ^ 2, to estimate

N´1
ÿ

i“0

ˇ

ˇ

ˇ
BEcancA,4

i

ˇ

ˇ

ˇ
ď Cβ´1

2
ÿ

j“1

ż T

0

ż

Qβγm

ˇ

ˇ

ˇ
∇

`

uj
˘rms

ˇ

ˇ

ˇ
dx dr

ď Cβ´1 pβγmq
pm´1
pm

2
ÿ

j“1

›

›

›
∇

`

uj
˘rms

›

›

›

Lpmpr0,T s;LpmpQβγm qq

“ Cβ
1

2_pm`1q

2
ÿ

j“1

›

›

›
∇

`

uj
˘rms

›

›

›

Lpmpr0,T s;LpmpQβγm qq
,

(2.3.129)

for a constant C “ CpQ,T,A, zq.

In conclusion, combining estimates (2.3.124), (2.3.126) and (2.3.129) with Lemma 2.3.7,

it follows from the dominated convergence theorem that

lim sup
βÑ0

lim sup
ϵÑ0

4
ÿ

k“1

N´1
ÿ

i“0

ˇ

ˇ

ˇ
BEcancA,k

i

ˇ

ˇ

ˇ
“ lim sup

βÑ0

4
ÿ

k“1

N´1
ÿ

i“0

ˇ

ˇ

ˇ
BEcancA,k

i

ˇ

ˇ

ˇ
“ 0. (2.3.130)

We conclude this step by analyzing the last boundary error terms, namely the boundary

cancellation errors BEcancBj
i defined in (2.3.72), for j “ 1, 2. The analysis is broken down in

three cases: m “ 1, m P p1,8q and m P p0, 1q.

Case m “ 1. This case is trivial. Indeed, if m “ 1, it follows automatically from definition

(2.3.72) that BEcancBj
i “ 0.

Case m P p1,8q. We form a velocity decomposition of the integral. For each M ą 1, let

KM : R Ñ r0, 1s be a smooth function satisfying

KM pξq “

$

&

%

1 if |ξ| ď M,

0 if |ξ| ď M ` 1.

Then, for each M ą 1, we split

BEcancB1
i “ 2m

ż ti`1

ti

ż

Q3ˆR3

KM pξq
`

|ξ|m´1´|ξ1|m´1
˘

χ1
rχ

2
r ρ

1,ϵ
ti,r∇x1ρ2,ϵti,r∇yϕβpyqDxY

x,ξ
r,r´ti

`2m

ż ti`1

ti

ż

Q3ˆR3

p1 ´KM pξqq
`

|ξ|m´1´|ξ1|m´1
˘

χ1
rχ

2
r ρ

1,ϵ
ti,r∇x1ρ2,ϵti,r∇yϕβpyqDxY

x,ξ
r,r´ti .

(2.3.131)

For the first term on the right-hand side of (2.3.131) we write
ˇ

ˇ

ˇ

ˇ

2m

ż ti`1

ti

ż

Q3ˆR3

KM pξq
`

|ξ|m´1´|ξ1|m´1
˘

χ1
rχ

2
r ρ

1,ϵ
ti,r∇x1ρ2,ϵti,r∇yϕβpyqDxY

x,ξ
r,r´ti dxdx

1dydξdξ1dηdr

ˇ

ˇ

ˇ

ˇ

ď Cβ´1

ż ti`1

ti

ż

pQβq
3ˆR3Xt|ξ´ξ1|ď cϵu

|ξ ´ ξ1|pm´1q^1 ρ1,ϵti,r

ˇ

ˇ

ˇ
∇x1ρ2,ϵti,r

ˇ

ˇ

ˇ
dxdx1dydξdξ1dηdr

ď Cβ´1ϵ´1

ż ti`1

ti

ż

Qβ

ż cϵ

´cϵ

|θ|pm´1q^1dθ dy dr ď C |ti`1 ´ ti| ϵ
pm´1q^1,

(2.3.132)

for a constant C “ CpM,m,Q, T,A, zq. In the first passage we used the boundedness of

KM , χj and DxY
x,ξ
r,r´ti

, observation (2.3.15) and (2.3.113), observation (2.3.86) combined with

estimate (2.5.4), and the local Lipschitz continuity, if m P p2,8q, or the Hölder continuity,
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if m P p1, 2q, of the map R Q ξ ÞÑ |ξ|m´1. In the second passage we exploited formula

(2.3.26) for the derivatives of the convolution kernels, the boundedness of the derivatives of

the characteristics from Proposition 2.5.1, and then we integrated the convolution kernels,

recalling observation (2.3.87) and changing variables by setting θ “ ξ´ ξ1. In the last passage

we simply used formula (2.3.10).

For the second term on the right-hand side of (2.3.131) we use the following elementary

inequality

ˇ

ˇ|ξ|m´1´|ξ1|m´1
ˇ

ˇ “

ˇ

ˇ

ˇ

ˇ

ż ξ

ξ1

pm´ 1qθrm´2sdθ

ˇ

ˇ

ˇ

ˇ

ď pm´ 1q
`

|ξ|m´2 ` |ξ1|m´2
˘

|ξ ´ ξ1|. (2.3.133)

Then we estimate
ˇ

ˇ

ˇ

ˇ

2m

ż ti`1

ti

ż

Q3ˆR3

p1´KM q
`

|ξ|m´1´|ξ1|m´1
˘

χ1
rχ

2
r ρ

1,ϵ
ti,r∇x1ρ2,ϵti,r∇yϕβDxY

x,ξ
r,r´tidxdx

1dydξdξ1dηdr

ˇ

ˇ

ˇ

ˇ

ď C

ż ti`1

ti

ż

pQβq
3ˆR3Xt|ξ´ξ1|ď cϵu

p1 ´KM pξqq
`

|ξ|m´2`|ξ1|m´2
˘

ϵ
ˇ

ˇχ1
r

ˇ

ˇ

ˇ

ˇχ2
r

ˇ

ˇ ρ1,ϵti,r

ˇ

ˇ

ˇ
∇x1ρ2,ϵti,r

ˇ

ˇ

ˇ
dxdx1dydξdξ1dηdr

ď C

˜

ż ti`1

ti

ż

QβXt|u1|ěMu

ˇ

ˇu1
ˇ

ˇ

m´1
dx dr `

ż ti`1

ti

ż

QβXt|u2|ěM´cϵu

ˇ

ˇu2
ˇ

ˇ

m´1
dx1dr

¸

,

(2.3.134)

for constants C “ Cpβ,m, T,A, zq and c “ cpT,A, zq, independent of M ě 1. In the first

passage we used (2.3.133), (2.3.86) combined with (2.5.4), and (2.3.15). In the second passage

we used observation (2.3.87) and integrated the convolution kernels in the px1, ξ1q and py, ηq

variables, when hitting |ξ|m´1, and in the px, ξq and py, ηq variables, when hitting |ξ1|m´1,

and then we used properties of the kinetic function.

Finally, combining (2.3.131) with (2.3.132) and (2.3.134), and summing over the partition
P, we obtain

N´1
ÿ

i“0

ˇ

ˇBEcancB1
i

ˇ

ˇ ď C1 ϵ
pm´1q^1`C2

˜

ż T

0

ż

QXt|u1|ěMu

ˇ

ˇu1
ˇ

ˇ

m´1
dxdr`

ż T

0

ż

QXt|u2|ěM´cϵu

ˇ

ˇu2
ˇ

ˇ

m´1
dx1dr

¸

, (2.3.135)

for constants C1 “ C1pM,m,Q, T,A, zq, C2 “ C2pβ,m,Q, T,A, zq and c “ cpT,A, zq. An

inequality virtually identical to (2.3.135) holds for BEcancB2
i , swapping u1 and u2. Since

m P p1,8q and by Definition 2.2.4 of kinetic solution we have uj P Lm`1pr0, T s;Lm`1pQqq,

and since the constant C2 is independent of M ě 1, Hölder’s inequality and the dominated

convergence theorem prove that the last two terms on the right-hand side of (2.3.135) vanish

in the limit M Ñ 8, uniformly for ϵ P p0, 1q. Therefore, passing first to the limit ϵ Ñ 0 and

second to the limit M Ñ 8, formula (2.3.135) yields

lim sup
ϵÑ0

N´1
ÿ

i“0

2
ÿ

j“1

ˇ

ˇ

ˇ
BEcancBj

i

ˇ

ˇ

ˇ
“ 0. (2.3.136)

Case m P p0, 1q. For this case the idea is to remove the singularity at the origin and
to exploit the full regularity of the solution implied by Proposition 2.3.9 below. Using the
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integration by parts formula (2.2.27) in the px1, ξ1q variable, which is justified exploiting an
approximation argument and Proposition 2.3.6 below, we write

BEcancB1
i “2m

ż ti`1

ti

ż

Q3ˆR3

σmpξ, ξ1q|ξ|
m
2 ´1|ξ1|

m
2

´1

χ1
rχ

2
rρ

1,ϵ
ti,r∇x1ρ2,ϵti,r∇yϕβDxY

x,ξ
r,r´tidxdx

1dydξdξ1dηdr

“´
4m

pm` 1q

ż ti`1

ti

ż

Q

ˇ

ˇu2
ˇ

ˇ

´ 1
2 ∇

`

u2
˘rm`1

2 s

¨

ˆ
ż

Q2ˆR2

σmpξ, u2q|ξ|
m
2 ´1χ1

rρ
1,ϵ
ti,rρ̄

2,ϵ
ti,r∇yϕβpyqDxY

x,ξ
r,r´tidxdydξdη

˙

dx1dr,

(2.3.137)

where we recall the notation (2.3.65) for ρ̄2,ϵti,rpx
1, y, ηq, and where we have defined

σmpξ, ξ1q :“ |ξ|
m
2 |ξ1|1´m

2 ´ |ξ1|
m
2 |ξ|1´m

2 for ξ, ξ1 P R. (2.3.138)

Observation (2.3.86) and estimate (2.5.4) prove that, for c1 “ c1pT,A, zq,

if ρ1,ϵti,rpx, y, ξ, ηqρ̄2,ϵti,rpx
1, y, ηq ‰ 0, then

ˇ

ˇx´ x1
ˇ

ˇ `
ˇ

ˇξ ´ u2
ˇ

ˇ ď c1ϵ. (2.3.139)

Moreover, we observe that

if |ξ ´ ξ1| ď c1ϵ, then
ˇ

ˇσmpξ, ξ1q
ˇ

ˇ ď C ϵ, (2.3.140)

for a constant C “ Cpc1,mq. Indeed,if maxt|ξ|, |ξ1|u ď 2c1ϵ, recalling m P p0, 1q, the result is

immediate from (2.3.138). Conversely, assume without loss of generality that |ξ| ą 2c1ϵ with

|ξ| ě |ξ1| and |ξ ´ ξ1| ď c1ϵ. Thus, in particular, ξ and ξ1 have the same sign and |ξ1| ě 1
2 |ξ|.

Then, using ξ » ξ1, we compute

σmpξ, ξ1q “ |ξ|1´m
2 |ξ1|1´m

2

ż ξ

ξ1

pm´ 1qθrm´2s dθ ď C|ξ ´ ξ1| ď Cϵ.

We now form a velocity decomposition of the integral. For each δ P p0, 1q, let Kδ : R Ñ

r0, 1s denote a smooth cutoff function satisfying

Kδpξq “

$

&

%

1 if |ξ| ď δ,

0 if |ξ| ě 2δ.

Returning to (2.3.137), consider the decomposition

BEcancB1
i “´

4m

pm` 1q

ż ti`1

ti

ż

Q

ˇ

ˇu2
ˇ

ˇ

´ 1
2 ∇

`

u2
˘rm`1

2 s

¨

ˆ
ż

Q2ˆR2

σδ
m

`

ξ, u2
˘

|ξ|
m
2 ´1χ1

rρ
1,ϵ
ti,rρ̄

2,ϵ
ti,r∇yϕβpyqDxY

x,ξ
r,r´tidxdydξdη

˙

dx1dr

´
4m

pm` 1q

ż ti`1

ti

ż

Q

ˇ

ˇu2
ˇ

ˇ

´ 1
2 ∇

`

u2
˘rm`1

2 s

¨

ˆ
ż

Q2ˆR2

σ̃δ
m

`

ξ, u2
˘

|ξ|
m
2 ´1χ1

rρ
1,ϵ
ti,rρ̄

2,ϵ
ti,r∇yϕβpyqDxY

x,ξ
r,r´tidxdydξdη

˙

dx1dr,

(2.3.141)

where, for each δ P p0, 1q, the functions σδm, σ̃δm : R2 Ñ R are defined by

σδmpξ, ξ1q “

´

Kδpξq `Kδpξ1q ´KδpξqKδpξ1q

¯

σmpξ, ξ1q, (2.3.142)
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and

σ̃δmpξ, ξ1q “

´

1 ´Kδpξq

¯ ´

1 ´Kδpξ1q

¯

σmpξ, ξ1q. (2.3.143)

We start with the second term in (2.3.141). It follows from (2.3.139), (2.3.140) and (2.3.143)
that, for a constant C “ Cpm,T,A, zq, for any px, x1, y, ξ, η, rq P Q3 ˆ R2 ˆ rti,8q,

if ρ1,ϵti,rpx, y, ξ, ηqρ̄2,ϵti,rpx1, y, ηqσ̃δ
m

`

ξ, u2
˘

‰ 0, then |ξ|,
ˇ

ˇu2
ˇ

ˇ ě δ and
ˇ

ˇσ̃δ
m

`

ξ, u2
˘
ˇ

ˇ ď Cϵ. (2.3.144)

Then, for a constant C “ Cpδ, β,m, T,A, zq, we compute
ˇ

ˇ

ˇ

ˇ

4m

pm` 1q

ż ti`1

ti

dr

ż

Q

dx1
ˇ

ˇu2
ˇ

ˇ

´ 1
2∇

`

u2
˘rm`1

2 s
ż

Q2ˆR2

σ̃δ
m

`

ξ, u2
˘

|ξ|
m
2 ´1χ1

rρ
1,ϵ
ti,rρ̄

2,ϵ
ti,r∇yϕβDxY

x,ξ
r,r´tidxdydξdη

ˇ

ˇ

ˇ

ˇ

ď C

ż ti`1

ti

ż

Q

ˇ

ˇu2
ˇ

ˇ

´ 1
2

ˇ

ˇ

ˇ

ˇ

∇
`

u2
˘rm`1

2 s
ˇ

ˇ

ˇ

ˇ

˜

ż

Q2ˆR2Xt|ξ|ěδu

ϵ |ξ|
m
2 ´1χ1

r ρ
1,ϵ
ti,r ρ̄

2,ϵ
ti,r dxdydξdη

¸

dx1dr

ď Cϵ

ż ti`1

ti

ż

Q

ˇ

ˇu2
ˇ

ˇ

´ 1
2

ˇ

ˇ

ˇ

ˇ

∇
`

u2
˘rm`1

2 s
ˇ

ˇ

ˇ

ˇ

dx1dr.

(2.3.145)

In the first passage we used (2.3.144), (2.3.15) and the boundedness of χ1 and DxY
x,ξ
r,r´ti

.

In the second passage we recalled m P p0, 1q, so that m
2 ´ 1 ă 0 and |ξ|

m
2

´1 ď δ
m
2

´1, and

integrated the convolution kernels.
We now consider the first term in (2.3.141). It follows from (2.3.139), (2.3.140) and

(2.3.142) that, for a constant C “ Cpm,T,A, zq, for any ϵ ă δ P p0, 1q, with ϵ small enough
depending on C and δ, and any px, x1, y, ξ, η, rq P Q3 ˆ R2 ˆ rti,8q,

if ρ1,ϵti,rpx, y, ξ, ηqρ̄2,ϵti,rpx1, y, ηqσδ
m

`

ξ, u2
˘

‰ 0, then |ξ|,
ˇ

ˇu2
ˇ

ˇ ď 3δ and
ˇ

ˇσδ
m

`

ξ, u2
˘
ˇ

ˇ ď Cϵ. (2.3.146)

Moreover, the definition (2.3.19) of the convolution kernels implies that, for any px1, rq P

Qˆ rti,8q,
ż

Q2ˆR
ρ1,ϵti,rpx, y, ξ, ηq ρ̄2,ϵti,rpx

1, y, ηq dx dy dη ď ϵ´1. (2.3.147)

Then, for the first term of (2.3.141), we compute
ˇ

ˇ

ˇ

ˇ

4m

pm` 1q

ż ti`1

ti

dr

ż

Q

dx1
ˇ

ˇu2
ˇ

ˇ

´ 1
2∇

`

u2
˘rm`1

2 s
ż

Q2ˆR2

σδ
m

`

ξ, u2
˘

|ξ|
m
2 ´1χ1

rρ
1,ϵ
ti,rρ̄

2,ϵ
ti,r∇yϕβDxY

x,ξ
r,r´tidxdydξdη

ˇ

ˇ

ˇ

ˇ

ď C

ż ti`1

ti

ż

Q

ˇ

ˇu2
ˇ

ˇ

´ 1
2

ˇ

ˇ

ˇ

ˇ

∇
`

u2
˘rm`1

2 s
ˇ

ˇ

ˇ

ˇ

ż 3δ

´3δ

|ξ|
m
2 ´1

ˆ
ż

Q2ˆR
ϵ ρ1,ϵti,r ρ̄

2,ϵ
ti,r dxdydη

˙

dξ dx1dr

ď Cδ
m
2

ż ti`1

ti

ż

Q

ˇ

ˇu2
ˇ

ˇ

´ 1
2

ˇ

ˇ

ˇ

ˇ

∇
`

u2
˘rm`1

2 s
ˇ

ˇ

ˇ

ˇ

dx1dr,

(2.3.148)

for a constant C “ Cpβ,m, T,A, zq, independent of δ P p0, 1q. In the first passage we

used observation (2.3.146), (2.3.15) and the boundedness of χ1 and DxY
x,ξ
r,r´ti

. In the second

passage we applied observation (2.3.147).

Finally, combining the splitting (2.3.141) with estimates (2.3.145) and (2.3.148), summing

over the partition and applying Hölder’s inequality, we obtain

N´1
ÿ

i“0

ˇ

ˇBEcancB1
i

ˇ

ˇ ď

´

C1 ϵ` C2 δ
m
2

¯

˜

ż T

0

ż

Q

ˇ

ˇu2
ˇ

ˇ

´1
ˇ

ˇ

ˇ

ˇ

∇
`

u2
˘rm`1

2 s
ˇ

ˇ

ˇ

ˇ

2

dx1dr

¸
1
2

, (2.3.149)
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for constants C1 “ C1pδ, β,m,Q, T,A, zq and C2 “ C2pβ,m,Q, T,A, zq. An inequality virtu-

ally identical to (2.3.149) holds for the specular errors BEcancB2
i , simply swapping the roles

of u1 and u2. Proposition 2.3.9 below ensures that the right-hand side of (2.3.149) is finite.

Since the constant C2 is independent of δ and ϵ, passing first to the limit ϵ Ñ 0 and then to

the limit δ Ñ 0, formula (2.3.149) and its analogue version for j “ 2 yield

lim sup
ϵÑ0

N´1
ÿ

i“0

2
ÿ

j“1

ˇ

ˇ

ˇ
BEcancBj

i

ˇ

ˇ

ˇ
“ 0. (2.3.150)

This concludes the analysis of the boundary error terms.

Step 9: The conclusion. We are finally ready to conclude the proof. Returning to inequality
(2.3.85), we use estimates (2.3.90), (2.3.96) and (2.3.112), (2.3.120), (2.3.130), and (2.3.136)
and (2.3.150), to deduce
ż

Q

ˇ

ˇu1px, rq ´ u2px, rq
ˇ

ˇ dx
ˇ

ˇ

ˇ

r“T

r“0
ď C |P|

α
2

ÿ

j“1

˜

ż T

0

ż

Q

ˇ

ˇ

ˇ
∇

`

uj
˘rms

ˇ

ˇ

ˇ
dx dr `

ż T

0

ż

QˆR
pjr ` qjr dx dξ dr

¸

, (2.3.151)

for a constant C “ CpT,A, zq. Definition 2.2.4 of pathwise kinetic solution and Lemma

2.3.7 guarantee that the right-hand side of (2.3.151) is finite. Recalling from Step 0 that the

partition P Ď r0, T szN is arbitrary, we let |P| Ñ 0 and from (2.3.151) we conclude that
ż

Q

ˇ

ˇu1px, T q ´ u2px, T q
ˇ

ˇ dx ď

ż

Q

ˇ

ˇu10pxq ´ u20pxq
ˇ

ˇ dx.

This completes the uniqueness proof.

Remark 2.3.2. We observe that in the proof of Theorem 2.1.2 the positivity of the initial data

was exploited only in Step 7, to handle the error terms IEcanc
i in the case m P p0, 1q Y p1, 2s,

and in Step 8, to handle the error terms BEcancBj
i in the case m P p0, 1q. Namely, we relied on

the positivity of the initial data through the application of Proposition 2.3.4 and 2.3.9 below.

The remaining arguments of this chapter are obtained for general initial data in L2pQq. This

completes the proof of Theorem 2.1.7.

Repeating the proof of Theorem 2.1.2 with u2 “ 0, we get the following estimate for the

L1-norm of pathwise kinetic solutions with any arbitrary initial data.

Corollary 2.3.3. Let m P p0,8q and let u0 P L2pQq be arbitrary. Suppose that u is a

pathwise kinetic solution of (2.1.1) with initial data u0, then

}u}L8pr0,T s;L1pQqq ď }u0}L1pQq.

Proof. Let u0 P L2pQq be arbitrary and let u be a pathwise kinetic solution of (2.1.1) with

initial data u0. Repeating the proof of Theorem 2.1.2 with χ2 “ 0 implies that

}u}L8pr0,T s;L1pQqq “ }u´ 0}L8pr0,T s;L1pQqq ď }u0 ´ 0}L1pQq “ }u0}L1pQq.
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Indeed, if χ2 “ 0, in the final inequality (2.3.85) the error terms IEcanc
i , defined in (2.3.68),

and BEcancBj
i , for j “ 1, 2, defined in (2.3.72), are identically zero. In particular, as observed

in Remark 2.3.2, these errors are the only terms requiring the positivity of the initial data to

tackle the regime m P p0, 1q Y p1, 2s. Thus, when u2 “ 0, the proof works in the full regime

m P p0,8q regardless of the sign of u.

We conclude this section with a few auxiliary results. The following proposition ensures

that kinetic solutions with positive initial data stay positive, and it is crucial to obtain Propo-

sition 2.3.9 below.

Proposition 2.3.4. Let u be a pathwise kinetic solution with nonnegative initial data u0 P

L2
`pQq. Then we have upx, tq ě 0 almost everywhere in Q ˆ r0,8q. Moreover, for almost

every t P r0,8q we have that }up¨, tq}L1pQq “ }u0}L1pQq.

Proof. Suppose u0 P L2
`pQq and let u be a pathwise kinetic solution to (2.1.1) with initial

data u0, kinetic function χ and exceptional set N . Let P “ t0 “ t0 ă t1 ă ¨ ¨ ¨ ă tN “ T u be
an arbitrary partition of r0, T s with P Ď r0, T szN . By repeating the same argument leading
from (2.3.22) to (2.3.23), it follows that

ż

QˆR
χrpy, ηqsgn´pηq dy dη

ˇ

ˇ

ˇ

r“T

r“0
“ lim

βÑ0
lim
ϵÑ0

N´1
ÿ

i“0

ż

QˆR
χ̃ϵ
ti,rpy, ηq Čpsgn´q

ϵ

ti,r
ϕβpyq dy dη

ˇ

ˇ

ˇ

r“ti`1

r“ti
, (2.3.152)

where sgn´pξq :“ sgnpξq ^ 0, and Čpsgn´q
ϵ

ti,r
is defined as in (2.3.20)-(2.3.21) with sgn´

replacing sgn. As regards the second term in the sum, the same reasoning leading from
(2.3.25) to (2.3.42), with sgn´pξ1q replacing sgnpξ1q, show that

ż

QˆR
χ̃ϵ
ti,rpy, ηq Čpsgn´q

ϵ

ti,r
ϕβpyq dy dη

ˇ

ˇ

ˇ

r“ti`1

r“ti

“ ĎIE
sgn1,1
i ´ ĎIE

sgn1,2
i ` ĚBE

sgn1,1
i ` ĚBE

sgn1,2
i ´ ĚBE

sgn1,3
i

`

ż ti`1

ti

ż

Q3ˆR3

m|ξ|m´1χ1
rρ

1,ϵ
ti,rρ

2,ϵ
ti,rsgn´pξ1q

¨ tr
´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβpyqDxY
x,ξ
r,r´ti

¯

dxdx1dydξdξ1dηdr

´ 2

ż ti`1

ti

ż

Q3ˆR2

pp1r ` q1rq ρ1,ϵti,r ρ
2,ϵ
ti,rpx1, y, 0, ηqϕβpyq dx dx1 dy dξ dη dr,

(2.3.153)

for error terms ĎIE
sgn1,1
i , ĎIE

sgn1,2
i , ĚBE

sgn1,1
i , ĚBE

sgn1,2
i and ĚBE

sgn1,3
i defined simply by setting

u1 “ u and replacing sgnpξ1q with sgn´pξ1q in definition (2.3.30), (2.3.40), (2.3.33), (2.3.35)
and (2.3.38) respectively. For the second to last term in (2.3.153), we first notice that

lim
ϵÑ0

ż ti`1

ti

dr

ż

Q3ˆR3

m|ξ|m´1χ1
rρ

1,ϵ
ti,rρ

2,ϵ
ti,rsgn´pξ1q tr

´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβpyqDxY
x,ξ
r,r´ti

¯

dxdx1dydξdξ1dη

“

ż ti`1

ti

dr

ż

QˆR
m|ξ|m´1χ1

rsgn´pξq tr
´

`

DxY
x,ξ
r,r´ti

˘T
D2

yϕβpY x,ξ
r,r´tiqDxY

x,ξ
r,r´ti

¯

dxdξ .

(2.3.154)

Then, observing that |ξ|m´1χ1
rsgn´pξq is always nonnegative and mimicking the arguments
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leading from (2.3.79) to (2.3.83), we conclude that

ż ti`1

ti

ż

QˆR
m|ξ|m´1χ1

rsgn´pξq tr
´

`

DxY
x,ξ
r,r´ti

˘T
D2
yϕβpY x,ξ

r,r´ti
qDxY

x,ξ
r,r´ti

¯

dxdξdr

ď ĚBE
cancA,2
i ` ĚBE

cancA,3
i ` ĚBE

cancA,4
i ,

(2.3.155)

for error terms ĚBE
cancA,2
i , ĚBE

cancA,3
i and ĚBE

cancA,4
i defined simply by replacing |ξ|m´1|χ1

r ´

χ2
r |
2 with |ξ|m´1χrsgn´pξq in definition (2.3.80), (2.3.82) and (2.3.83) respectively.

We now go back to (2.3.152). Owing to the nonnegativity of the entropy and parabolic
defect measure, we drop the last term in (2.3.153), and then we exploit (2.3.154) combined
with (2.3.155) to obtain

ż

QˆR
χrpy, ηqsgn´pηq dy dη

ˇ

ˇ

ˇ

r“T

r“0
ď lim sup

βÑ0
lim sup

ϵÑ0

N´1
ÿ

i“0

ˆ

ĎIE
sgn1,1
i ´ ĎIE

sgn1,2
i

` ĚBE
sgn1,1
i ` ĚBE

sgn1,2
i ´ ĚBE

sgn1,3
i

` ĚBE
cancA,2
i ` ĚBE

cancA,3
i ` ĚBE

cancA,4
i

˙

.

Arguments virtually identical to those in Step 8 ensure that the sum of the boundary terms
ĚBE

sgn1,1
i , ĚBE

sgn1,2
i , ĚBE

sgn1,3
i , ĚBE

cancA,2
i , ĚBE

cancA,3
i and ĚBE

cancA,4
i vanishes in the limit as

ϵ Ñ 0 first and β Ñ 0 next. Finally, recalling that the partition P Ď r0, T szN is arbitrary,

arguments completely analogous to those in Step 7 and Step 9 prove that the sum of the

internal errors ĎIE
sgn1,1
i and ĎIE

sgn1,2
i goes to 0 as we let ϵ Ñ 0 first, β Ñ 0 next, and then also

|P| Ñ 0. Putting everything together, we conclude that

0 ď

ż

QˆR
χpx, ξ, T qsgn´pξq dx dξ ď

ż

QˆR
χ̄pu0pxq, ξqsgn´pξq dx dξ ď 0.

Here, the first inequality follows from the definition of the kinetic function and the last

inequality follows from the nonnegativity of u0. Therefore we deduce that, if u0 P L2
`pQq,

then u ě 0 almost everywhere on Qˆ r0,8q.

To prove the second assertion, we test the kinetic equation against the cutoff ϕβ , we then
let β Ñ 0 and we exploit the nonnegativity of the solution. An approximation argument shows
that we can take ρ0px, ξq :“ ϕβpxq in equation (2.2.26). For any t P r0,8qzN , applying the
integration by parts formula (2.2.27), we obtain

ż

QˆR
χpx, ξ, rqϕβpY x,ξ

r,r q dxdξ
ˇ

ˇ

ˇ

r“t

r“0
“ ´

2m

m` 1

ż t

0

ż

Q

|u|
m´1

2 ∇urm`1
2 s∇yϕβpY x,u

r,r qDxY
x,u
r,r dxdr

´

ż t

0

ż

QˆR
ppr ` qrq∇yϕβpY x,ξ

r,r qBξY
x,ξ
r,r dxdξdr.

(2.3.156)

The first term on the right-hand side of (2.3.156) vanishes as we let β Ñ 0. Indeed, we exploit
observation (2.3.121), the Sobolev regularity urm`1

2 s P H1
0 pQq and the mean value theorem
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applied to points x P Qβ , and the definition of the parabolic defect measure to estimate
ˇ

ˇ

ˇ

ˇ

ż t

0

ż

Q

|u|
m´1

2 ∇urm`1
2 s∇yϕβpY x,u

r,r q∇xY
x,u
r,r dxdr

ˇ

ˇ

ˇ

ˇ

ď Cβ´1

ż t

0

ż

Qβ

|u|´1
ˇ

ˇ

ˇ
urm`1

2 s
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ
dxdr

ď C

ż t

0

ż

Qβ

|u|´1
ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ

2

dxdr

“ C

ż t

0

ż

QβˆR
|ξ|´1qpx, ξ, rq dxdξdr,

(2.3.157)

for a constant C “ CpQ,m, T,A, zq. Since we know that u is nonnegative, Proposition

2.3.9 below and the dominated convergence theorem ensure that, as β Ñ 0, the last line of

(2.3.157) vanishes. Returning to (2.3.156), virtually the same estimate as (2.3.118)-(2.3.119)

shows that the second term on the right-hand side of (2.3.156) vanishes in the β Ñ 0 limit.

Finally, the dominated convergence theorem implies that, as β Ñ 0, the left-hand side of

(2.3.156) converges to
ş

QˆR χpx, ξ, rq dxdξ
ˇ

ˇ

ˇ

r“t

r“0
“ }up¨, tq}L1pQq ´ }u0}L1pQq. This completes

the proof.

Next, we present a result on the higher integrability of the parabolic and entropy defect

measures in a neighbourhood of the origin. In turn, this result will help us to improve the

H1-regularity of urm`1
2 s prescribed by the definition of pathwise kinetic solution, and obtain

Sobolev regularity for urms in Lemma 2.3.7. We shall need the following estimate, which

follows immediately from Poincaré inequality.

Lemma 2.3.5. Let v : Q Ñ R be a measurable function such that vrm`1{2s P H1
0 pQq. Then,

for C “ CpQq, we have

}v}
m`1
Lm`1pQq

“

›

›

›
vrm`1

2 s
›

›

›

2

L2pQq
ď C

›

›

›
∇vrm`1

2 s
›

›

›

2

L2pQq
.

Proposition 2.3.6. Let u0 P L2pQq and δ P p0, 1s be arbitrary. Suppose that u is a pathwise

kinetic solution of (2.1.1) with initial data u0. Then, for each T ą 0, for a constant C “

Cpm,Q, T,A, zq,

}u}
1`δ
L8pr0,T s;L1`δpQqq̀

δ

ż T

0

ż

QˆR
|ξ|δ´1pp` qq dxdξdr ď C

´

}u0}
1`δ
L1`δpQq

` }u0}2L2pQq

¯

. (2.3.158)

Proof. Let δ P p0, 1s be arbitrary. Let u be a pathwise kinetic solution with initial data

u0 P L2pQq. We shall write χ for its kinetic function, p and q for its entropy and parabolic

defect measure respectively, and N Ď p0,8q for its null set. The proof is based on an

iterative argument along a suitably fine partition of r0, T s and on the idea of formally testing

the kinetic equation (2.2.26) against the function R Q ξ ÞÑ ξrδs. Consider a partition P “

tt0 “ 0 ă t1 ¨ ¨ ¨ ă tN “ T u with the constraints that P Ď r0, T szN and that the diameter

|P| “ maxi |ti`1´ti| is suitably small, as specified by conditions (2.3.174) and (2.3.178) below.

For each β P p0, 1q, consider the cutoff ϕβ P C8
c pQq introduced in (2.3.14). We stress that we

consider this particular cutoff only to ease the referencing to follow, but its peculiar shape is
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not needed in this proof and any cutoff of scale β would work. According to Lemma 2.5.3,

there exists a positive constant, which we denote by CT ą 1, such that

C´1
T |ξ| ď

ˇ

ˇ

ˇ
Πx,ξt,s

ˇ

ˇ

ˇ
ď CT |ξ|, for each px, ξq P Rd ˆ R and s ď t P r0, T s. (2.3.159)

For each θ P p0, 1q, we shall consider an approximation to the function R Q ξ Ñ ξrδs with

bounded derivatives. Namely, we introduce the piecewise C1 function gθ : R Ñ R defined by

gθpξq :“

ż ξ

0
9gθpηq dη, and 9gθpξq “

$

’

’

’

&

’

’

’

%

δ pCT θq
δ´1 if |ξ| ď CT θ,

δ|ξ|δ´1 if CT θ ď |ξ| ď CT θ
´1,

0 else.

(2.3.160)

The following properties follow immediately

0 ď 9gθpξq ď δ pCT θq
δ´1 for each θ P p0, 1q, and 9gθpξq Ò δ|ξ|δ´1 as θ Ñ 0, @ξ P R. (2.3.161)

Similarly, we have

|gθpξq| ď CδT θ
´δ for each θ P p0, 1q, and lim

θÑ0
gθpξq “ ξrδs, @ξ P R. (2.3.162)

Now, for each i “ 0, . . . , N ´ 1 and each θ, β P p0, 1q, we test the kinetic equation (2.2.26)

of u against the transport along characteristics, started from time ti P P, of the function

ϕβpxqgθpξq P CpQ ˆ Rq. An approximation argument shows that ϕβpxqgθpξq is indeed an

admissible test function. For any t P rti, ti`1szN , after using the integration by parts formula

(2.2.27), the kinetic equation becomes

0 “

ż

QˆR
χrpx, ξqϕβpY x,ξ

r,r´ti
qgθpΠ

x,ξ
r,r´ti

q dx dξ

ˇ

ˇ

ˇ

ˇ

r“t

r“ti

`

ż t

ti

ż

QˆR
ϕβpY x,ξ

r,r´ti
q 9gθpΠ

x,ξ
r,r´ti

qBξΠ
x,ξ
r,r´ti

ppr ` qrq dx dξ dr `BEvel
i

`
2m

m` 1

ż t

ti

ż

Q
|u|

m´1
2 ∇urm`1

2 sϕβpY x,u
r,r´ti

q 9gθpΠ
x,u
r,r´ti

q∇xΠ
x,u
r,r´ti

dx dr `BEspace
i ,

(2.3.163)

for the boundary velocity error relative to the interval rti, ti`1s

BEvel
i :“

ż t

ti

ż

QˆR
∇yϕβpY x,ξ

r,r´ti
qBξY

x,ξ
r,r´ti

gθpΠ
x,ξ
r,r´ti

q ppr ` qrq dx dξ dr, (2.3.164)

and the boundary space error relative to the interval rti, ti`1s

BEspace
i :“

2m

m` 1

ż t

ti

ż

Q
|u|

m´1
2 ∇urm`1

2 s∇yϕβpY x,u
r,r´ti

qDxY
x,u
r,r´ti

gθpΠ
x,u
r,r´ti

q dx dr. (2.3.165)

Now the idea is to let β Ñ 0 first and θ Ñ 0 next, and to show that (2.3.163) yields the

desired inequality (2.3.158) in the interval rti, ti`1s. Then, an iteration argument along the

partition P completes the proof.
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Let us first show that the boundary errors vanish in the β Ñ 0 limit. The boundary

velocity error term is handled with the same arguments (2.3.118)-(2.3.119) as for the error

terms BEsgn1,3
i in the uniqueness proof. Namely, using (2.3.121) with k “ 1, estimate (2.5.11),

and the bound (2.3.162) for gθ with θ fixed, we conclude that

lim
βÑ0

ˇ

ˇBEvel
i

ˇ

ˇ “ 0. (2.3.166)

For the boundary space error, we start by splitting the integral according to the parameter
θ P p0, 1q:

BEspace
i “

2m

m` 1

ż t

ti

ż

QXt|u|ěθu

|u|
m´1

2 ∇urm`1
2 s∇yϕβpY x,u

r,r´tiqDxY
x,u
r,r´tigθpΠx,u

r,r´tiq dx dr

`
2m

m` 1

ż t

ti

ż

QXt|u|ăθu

|u|
m´1

2 ∇urm`1
2 s∇yϕβpY x,u

r,r´tiqDxY
x,u
r,r´tigθpΠx,u

r,r´tiq dx dr.

(2.3.167)

For the first term in (2.3.167) we compute
ˇ

ˇ

ˇ

ˇ

2m

m` 1

ż t

ti

ż

QXt|u|ěθu

|u|
m´1

2 ∇urm`1
2 s∇yϕβpY x,u

r,r´ti
qDxY

x,u
r,r´ti

gθpΠ
x,u
r,r´ti

q dx dr

ˇ

ˇ

ˇ

ˇ

ď C

ż ti`1

ti

ż

QβXt|u|ěθu

θ´1
ˇ

ˇ

ˇ
urm`1

2 s
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ
β´1 dx dr

ď C

ż ti`1

ti

ż

QβXt|u|ěθu

ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ

2
dx dr,

(2.3.168)

for a constant C “ Cpθ, δ,m,Q, T,A, zq independent of β P p0, 1q. In the first passage we

used (2.3.121), (2.3.162) and |u|
m´1

2 ď θ´1|u|
m`1

2 . In the second passage we used the Sobolev

regularity urm`1
2 s P H1

0 pQq and the mean value theorem applied to points x P Qβ . For the

second term in (2.3.167), we preliminarily observe that, for any px, ξq P Qˆ rti, T s,

if |u| ď θ, then
ˇ

ˇgθpΠ
x,u
r,r´ti

q
ˇ

ˇ ď δCδT θ
δ´1|u|. (2.3.169)

Indeed, when |u| ď θ, Lemma 2.5.3 guarantees that
ˇ

ˇΠx,ur,r´ti

ˇ

ˇ ď CT |u| ď CT θ, and in turn

definition (2.3.160) implies that
ˇ

ˇgθpΠ
x,u
r,r´ti

q
ˇ

ˇ ď δCδ´1
T θδ´1

ˇ

ˇΠx,ur,r´ti

ˇ

ˇ. Then we calculate
ˇ

ˇ

ˇ

ˇ

2m

m` 1

ż t

ti

ż

QXt|u|ăθu

|u|
m´1

2 ∇urm`1
2 s∇yϕβpY x,u

r,r´ti
qDxY

x,u
r,r´ti

gθpΠ
x,u
r,r´ti

q dx dr

ˇ

ˇ

ˇ

ˇ

ď C

ż ti`1

ti

ż

QβXt|u|ăθu

ˇ

ˇ

ˇ
urm`1

2 s
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ
β´1 dx dr

ď C

ż ti`1

ti

ż

QβXt|u|ăθu

ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ

2
dx dr,

(2.3.170)

for a constant C “ Cpθ, δ,m,Q, T,A, zq independent of β P p0, 1q. In the first passage

we used observation (2.3.121) and observation (2.3.169). In the second passage we used

urm`1
2 s P H1

0 pQq and the mean value theorem applied to points x P Qβ . In conclusion,

combining the splitting (2.3.167) with (2.3.168) and (2.3.170), the Sobolev regularity urm`1
2 s P

L2pr0, T s;H1
0 pQqq and the dominated convergence theorem yield

lim
βÑ0

|BEi| “ 0. (2.3.171)
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This concludes the analysis of the error terms.
We now consider the remaining terms in (2.3.163). For the first term on the right-hand side

of (2.3.163), owing to the integrability u P L8pr0, T s;L2pQqq from Definition 2.2.4, properties
of the kinetic function, definition (2.3.160) and the proportionality (2.3.159), we apply the
dominated convergence theorem and then use again formula (2.3.159) to get

lim
θÑ0

lim
βÑ0

ż

QˆR
χr ϕβpY x,ξ

r,r´tiqgθpΠx,ξ
r,r´tiq dx dξ

ˇ

ˇ

ˇ

ˇ

r“t

r“ti

“

ż

QˆR
χr pΠx,ξ

r,r´tiq
rδs dx dξ

ˇ

ˇ

ˇ

ˇ

r“t

r“ti

ě C´1
T

ż

Q

|upx, tq|1`δdx´ CT

ż

Q

|upx, tiq|1`δdx.

(2.3.172)

For the second term in (2.3.163), we first make the following observation. Namely, Propo-

sition 2.5.1 and the equality BξΠ
x,ξ
r,0 ” 1 @px, ξ, rq P Rd ˆ R ˆ r0,8q imply there exists a

suitably small value, which we denote by t˚ ą 0, such that, for any px, ξq P Rd ˆ R and any

s ď r P r0, T s,

if s ď t˚, then BξΠ
x,ξ
r,s ě

3

4
. (2.3.173)

Therefore, if the partition P satisfies the condition

|P| “ max
i

|ti`1 ´ ti| ď t˚, (2.3.174)

then observation (2.3.173) and the nonnegativity of the terms integrated yield

ż t

ti

ż

QˆR
ϕβpY x,ξ

r,r´ti
q 9gθpΠ

x,ξ
r,r´ti

q BξΠ
x,ξ
r,r´ti

ppr`qrq dxdξdr

ě
3

4

ż t

ti

ż

QˆR
ϕβpY x,ξ

r,r´ti
q 9gθpΠ

x,ξ
r,r´ti

q ppr`qrq dxdξdr.

(2.3.175)

For the fourth term on the right-hand side of (2.3.163), using (2.3.159) and (2.3.161), we

preliminarily notice that

0 ď 9gθpΠ
x,u
r,r´ti

q ď δ Cδ´1
T |u|δ´1 @px, rq P Qˆ rti, T s. (2.3.176)

Then we compute, for a constant C˚ “ C˚pm,Q, T,A, zq,
ˇ

ˇ

ˇ

ˇ

2m

m` 1

ż t

ti

ż

Q

|u|
m´1

2 ∇urm`1
2 sϕβpY x,u

r,r´tiq 9gθpΠx,u
r,r´tiq∇xΠ

x,u
r,r´ti dx dr

ˇ

ˇ

ˇ

ˇ

ď C˚

ż t

ti

ż

Q

|u|
m´1

2

ˇ

ˇ∇xΠ
x,u
r,r´ti

ˇ

ˇ 9gθpΠx,u
r,r´tiq

1
2

¨ ϕβpY x,u
r,r´tiq

1
2

ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ
9gθpΠx,u

r,r´tiq
1
2ϕβpY x,u

r,r´tiq
1
2 dx dr

ď C˚|ti`1 ´ ti|
α

ż t

ti

ż

Q

|u|
m`δ

2 δ
1
2ϕβpY x,u

r,r´tiq
1
2

ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ
9gθpΠx,u

r,r´tiq
1
2ϕβpY x,u

r,r´tiq
1
2 dx dr

ď C˚|P|α
ˆ

δ

ż t

ti

ż

Q

|u|m`δdx dr `

ż t

ti

ż

QˆR
9gθpΠx,ξ

r,r´tiqϕβpY x,ξ
r,r´tiqqrpx, ξq dx dr

˙

ď C˚|P|α

¨

˝δ

ˆ
ż t

ti

ż

QˆR
qr dx dξ dr

˙

m`δ
m`1

`

ż t

ti

ż

QˆR
9gθpΠx,ξ

r,r´tiqϕβpY x,ξ
r,r´tiqqrpx, ξq dx dr

˛

‚.

(2.3.177)
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In the second passage we used (2.3.176) and (2.5.3). The third passage follows from Hölder’s

inequality and the definition of parabolic defect measure. In the last passage we controlled

the first term with Hölder’s inequality and Lemma 2.3.5.

Therefore, if the partition P satisfies the further condition, for the constant C˚ from

(2.3.177),

C˚|P| ă
1

4
, (2.3.178)

then, for the second and fourth term in (2.3.163), combining (2.3.175) and (2.3.177), the
monotone convergence theorem, property (2.3.161) and the proportionality (2.3.159) yield

lim inf
θÑ0

lim inf
βÑ0

ż t

ti

ż

QˆR
ϕβpY x,ξ

r,r´tiq 9gθpΠx,ξ
r,r´tiqBξΠ

x,ξ
r,r´ti ppr ` qrq dx dξ dr

`
2m

m` 1

ż t

ti

ż

Q

|u|
m´1

2 ∇urm`1
2 sϕβpY x,u

r,r´tiq 9gθpΠx,u
r,r´tiq∇xΠ

x,u
r,r´ti dx dr

ě lim
θÑ0

lim
βÑ0

2

4

ż t

ti

ż

QˆR
ϕβpY x,ξ

r,r´tiq 9gθpΠx,ξ
r,r´tiq ppr ` qrq dx dξ dr ´

δ

4

ˆ
ż t

ti

ż

QˆR
qr dx dξ dr

˙

m`δ
m`1

ě
1

2
δ Cδ´1

T

ż t

ti

ż

QˆR
|ξ|δ´1 ppr ` qrq dx dξ dr ´

δ

4

ˆ
ż t

ti

ż

QˆR
qr dx dξ dr

˙

m`δ
m`1

.

(2.3.179)

We now conclude the proof with an iterative argument along the partition P. Let us first

consider the case δ “ 1. Passing to the limit β Ñ 0 first and θ Ñ 0 next in equation

(2.3.163), using (2.3.166), (2.3.171), (2.3.172), and (2.3.179) with δ “ 1, and recalling that

t P rti, ti`1szN is arbitrary, we obtain

C´1
T }u}2L8prti,ti`1s;L2pQqq `

1

4

ż ti`1

ti

ż

QˆR
ppr ` qrq dx dξ dr ď CT }up¨, tiq}2L2pQq.

Then, arguing iteratively first in the interval r0, t1s, then in rt1, t2s, and so forth up to

rtN´1, T s, we conclude that

}u}2L8pr0,T s;L2pQqq `

ż T

0

ż

QˆR
ppr ` qrq dx dξ dr ď C}u0}2L2pQq, (2.3.180)

for a constant C “ Cpm,Q, T,A, zq depending on the constant CT from (2.3.159) and on the

cardinality of the partition P, that is on the conditions (2.3.174) and (2.3.178).

Finally, let us consider any arbitrary δ P p0, 1s. Taking again the limit β Ñ 0 first and

θ Ñ 0 next in equation (2.3.163), using (2.3.166), (2.3.171), (2.3.172) and (2.3.179), and

recalling that t P rti, ti`1szN is arbitrary, we obtain

C´1
T }u}

1`δ
L8prti,ti`1s;L1`δpQqq

`
δ

2
Cδ´1
T

ż ti`1

ti

ż

QˆR
|ξ|δ´1 ppr ` qrq dx dξ dr

ď CT }up¨, tiq}
1`δ
L1`δpQq

`
δ

4

ˆ
ż ti`1

ti

ż

QˆR
qr dx dξ dr

˙

m`δ
m`1

.

In conclusion, arguing iteratively over the intervals rti, ti`1s, and then using Young’s inequality
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and the newly found estimate (2.3.180), we deduce

}u}
1`δ
L8pr0,T s;L1`δpQqq̀

δ

ż T

0

ż

QˆR
|ξ|δ´1ppr ` qrq dxdξdr ď C

¨

˝}u0}
1`δ
L1`δpQq̀

δ

ˆ
ż T

0

ż

QˆR
qrdxdξdr

˙

m`δ
m`1

˛

‚

ď C
´

}u0}
1`δ
L1`δpQq

` }u0}2L2pQq

¯

,

for a constant C “ Cpm,Q, T,A, zq depending on CT from (2.3.159) and on the cardinality

of P.

As anticipated, we now exploit the above proposition to prove that, if u is a pathwise

kinetic solution, the power urms lies in a suitable Sobolev space W 1,pm
0 pQq, for an exponent

pm depending on the diffusion regime m. In particular, we can pass the vanishing boundary

conditions at the level of urms. We used this property in the proof of Theorem 2.1.2 to

handle the error terms coming from the cutoff procedure. Namely, Proposition 2.3.6 and a

straightforward modification of [FG21a, Lemma A.1] prove the following.

Lemma 2.3.7. Let u0 P L2pQq and suppose that u is a pathwise kinetic solution of (2.1.1)

with initial data u0. Then, for pm :“ pm`1
m ^ 2q, for any T ą 0 we have

urms P Lpm
´

r0, T s;W 1,pm
0 pQq

¯

with ∇urms “
2m

m` 1
|u|

m´1
2 ∇urm`1

2 s. (2.3.181)

In particular urms has vanishing trace, and we have the estimate, for C “ Cpm,Q, T q,

}urms}
Lpm pr0,T s;W 1,pm

0 pQqq
ď C

´

1 ` }u0}2L2pQq

¯

.

Finally, we extend Proposition 2.3.6 to the case δ “ 0 and establish a bound on the first

singular moment of the defect measures. This result is used in the proof of uniqueness for

diffusion exponents m P p0, 1qYp1, 2s. Informally, it implies the local L2-integrability of ∇u
m
2 .

Remark 2.3.8. We require the nonnegativity of the initial data, and indeed Proposition 2.3.9

is false for signed data. Consider for simplicity the case d “ m “ 1 and Apx, ξq “ 0. Suppose

that u0pxq “ x in a neighbourhood of the origin. Then, since the heat flow preserves the

linear behaviour of the initial data locally in time, the failure of Proposition 2.3.9 manifests

as the non-integrability of the map R Q x ÞÑ 1{|x| in a neighbourhood of the origin.

Proposition 2.3.9. Suppose that u0 P L2
`pQq and let u be a pathwise kinetic solution of

(2.1.1) with initial data u0. Then, for each T ą 0, there exists C “ Cpm,Q, T,A, zq such that

ż T

0

ż

RˆQ
|ξ|´1pp` qq dx dξ dr ď C

´

1 ` }u0}2L2pQq

¯

. (2.3.182)

Proof. The proof is essentially the same as for Proposition 2.3.6, except that now δ “ 0 and

the idea is to formally test the kinetic equation against the function ξ ÞÑ logpξq. We stress
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that in order for this to work, that is in order to find an approximation of ξ ÞÑ logpξq whose

derivative is bounded below and increases to the function ξ ÞÑ |ξ|´1, so as to justify the

analogous of the monotone convergence passage (2.3.179), it is crucial to consider positive

values of ξ only. In other words, it is crucial that the kinetic solution u is nonnegative, as

ensured by Proposition 2.3.4.

We now sketch the relevant modifications. With the notation from the proof of Proposition

2.3.6, fix a partition P satisfying conditions (2.3.174) and (2.3.178). The approximation

gθ : R Ñ R is now defined by

gθpξq :“

ż ξ

1
9gθpηq dη, and 9gθpξq “

$

’

’

’

&

’

’

’

%

C´1
T θ´1 if 0 ď ξ ď CT θ,

|ξ|´1 if CT θ ď ξ ď CT θ
´1,

0 if ξ ď 0 or CT θ´1 ă ξ.

(2.3.183)

The properties (2.3.161) and (2.3.162) are replaced respectively by

0 ď 9gθpξq ď C´1
T θ´1 for each θ P p0, 1q, and 9gθpξq Ò |ξ|´1 as θ Ñ 0, @ξ ě 0,

and by

|gθ| ď C logpCT θ
´1q for each θ P p0, 1q, and lim

θÑ0
gθpξq “ logpξq, @ξ ě 0. (2.3.184)

Testing the kinetic equation against ϕβpxqgθpξq P CpQ ˆ Rq we still get equation (2.3.163),

with the only difference that gθ is now defined by (2.3.183). The error term BEvel
i , still defined

by (2.3.164), is handled exactly as before, simply using (2.3.184) in place of (2.3.162). For

the error term BEspace
i , still defined by (2.3.165), we consider again the splitting (2.3.167).

The first term in (2.3.167) is handled exactly as in (2.3.168), simply using (2.3.184) in place

of (2.3.162). The only difference is that, for the second term in (2.3.167), we now compute
ˇ

ˇ

ˇ

ˇ

2m

m` 1

ż t

ti

ż

QXt|u|ăθu

|u|
m´1

2 ∇urm`1
2 s∇yϕβpY x,u

r,r´ti
qDxY

x,u
r,r´ti

gθpΠ
x,u
r,r´ti

q dx dr

ˇ

ˇ

ˇ

ˇ

ď C

ż ti`1

ti

ż

QβXt|u|ăθu

|u|
m´1
m`1

ˇ

ˇ

ˇ
urm`1

2 s
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ
β´1 dx dr

ď C

ż ti`1

ti

ż

QβXt|u|ăθu

|u|
m´1
m`1

ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ

2
dx dr

ď C

ż ti`1

ti

ż

QβˆRXt|ξ|ăθu

|ξ|
m´1
m`1

^0 θ
m´1
m`1

_0 qrpx, ξq dx dξ dr,

(2.3.185)

for a constant C “ Cpθ,m,Q, T,A, zq independent of β P p0, 1q. In the first passage we used

observation (2.3.121) and (2.3.184). In the second passage we used the Sobolev regularity

urm`1
2 s P H1

0 pQq and the mean value theorem. The last passage follows from the definition

of parabolic defect measure. Now, formulas (2.3.167), (2.3.168), and (2.3.185) coupled with

Proposition 2.3.6, if m P p0, 1q, or simply with the finiteness of the measure q, if m P r1,8q,
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and the dominated convergence theorem yield

lim
βÑ0

|BEi| “ 0. (2.3.186)

For the first term on the right-hand side of (2.3.163), the integrability u P L8pr0, T s;L2pQqq,
the nonnegativity of u, which follows from Proposition 2.3.4, the integrability of ξ ÞÑ logpξq

near 0 and its growth at infinity, properties of the kinetic function, the proportionality
(2.3.159) and the dominated convergence theorem imply that

lim
θÑ0

lim
βÑ0

ż

QˆR
χrpx, ξqϕβpY x,ξ

r,r´tiqgθpΠx,ξ
r,r´tiq dx dξ

ˇ

ˇ

ˇ

ˇ

r“ti`1

r“ti

“

ż

QˆR
χrpx, ξq logpΠx,ξ

r,r´tiq dx dξ

ˇ

ˇ

ˇ

ˇ

r“ti`1

r“ti

ďC
´

1 ` }u}2L8prti,ti`1s;L2pQqq

¯

,

(2.3.187)

for a constant C “ CpT,A, zq. The second and fourth term in (2.3.163) are handled with

the same arguments as in (2.3.175)-(2.3.179), except that gθ is now given by (2.3.183) and

estimate (2.3.176) is replaced by

0 ď 9gθpΠ
x,u
r,r´ti

q ď C´1
T |u|´1 @px, rq P Qˆ rti, T s.

In turn, the final inequality becomes

lim inf
θÑ0

lim inf
βÑ0

ż ti`1

ti

ż

QˆR
ϕβpY x,ξ

r,r´ti
q 9gθpΠ

x,ξ
r,r´ti

q BξΠ
x,ξ
r,r´ti

ppr ` qrq dx dξ dr

`
2m

m` 1

ż ti`1

ti

ż

Q
|u|

m´1
2 ∇urm`1

2 sϕβpY x,u
r,r´ti

q 9gθpΠ
x,u
r,r´ti

q∇xΠ
x,u
r,r´ti

dx dr

ě
1

2
C´1
T

ż ti`1

ti

ż

QˆR
|ξ|´1 ppr ` qrq dx dξ dr ´

1

4

ˆ
ż ti`1

ti

ż

QˆR
qr dx dξ dr

˙

m
m`1

.

(2.3.188)

In conclusion, passing to the limit as β Ñ 0 first and θ Ñ 0 then in (2.3.163), using (2.3.166),
(2.3.186), (2.3.187) and (2.3.188), we obtain that

ż ti`1

ti

dr

ż

QˆR
|ξ|´1 ppr ` qrq dx dξ ď C

˜

1 ` }u}2L8prti,ti`1sL2pQqq `

ˆ
ż ti`1

ti

ż

QˆR
qr dx dξ dr

˙

m
m`1

¸

, (2.3.189)

for a constant C “ CpT,A, zq. Iterating (2.3.189) over the partition P, using Young’s

inequality and estimate (2.3.180), we obtain formula (2.3.182).

2.4 Existence of pathwise kinetic solutions

In this section we establish the existence of pathwise kinetic solutions to equation (2.1.1).

For this, we consider the setting outlined in Section 2.2 and derive stable estimates for the

regularized equation (2.2.2), defined for each η P p0, 1q and ϵ P p0, 1q.

Let u0 P L2pQq and let η, ϵ P p0, 1q be fixed but arbitrary. Recall that zϵ : r0,8q Ñ Rn are

smooth paths converging to z with respect to the α-Hölder metric on the space of geometric

rough paths C0,α
`

r0, T s;Gt1{αupRnq
˘

, for each T ą 0. Let uη,ϵ be the solution of (2.2.2) from
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Proposition 2.2.1 and let χη,ϵpx, ξ, tq :“ χ̄puη,ϵpx, tq, ξq be its kinetic function and pη,ϵ and qη,ϵ

the associated entropy and parabolic defect measures. In Proposition 2.2.2 we established the

kinetic function is a distributional solution of equation (2.2.4). In Corollary 2.2.3 we got rid of

the noise in the equation by the testing it against test functions transported along the smooth

backward characteristics (2.2.12) and showed the kinetic function solves equation (2.2.20).

The idea is now to establish stable estimates for the solutions uη,ϵ and the associated

kinetic functions χη,ϵ, that allow us to pass to the limit η, ϵ Ñ 0 and find a coherent limit for

the functions uη,ϵ and the equations (2.2.20).

As in Section 4, consider for motivation to the kinetic formulation (2.3.2) of the deter-

ministic porous media equation. Following [CP03], estimates for the solution are obtained by

testing the equation against the maps R Q ξ ÞÑ sgnpξq and R Q ξ ÞÑ ξ. In the first case, owing

to the positivity of the parabolic and entropy defect measures, we informally get

}u}L8pr0,8q;L1pQqq “ }χ}L8pr0,8q;L1pQˆRqq ď }χpu0, ξq}L1pQˆRq “ }u0}L1pQq.

In the second case, we informally observe the estimate

1

2
}u}2L8pr0,8q;L2pQqq `

ż 8

0

ż

RˆQ
pppx, ξ, rq ` qpx, ξ, rqq dx dξ dr ď

1

2
}u0}2L2pQq.

Remark 2.4.1. In the discussion to follow, we will first establish estimates and the existence

of pathwise kinetic solutions for initial data u0 P C8
c pQq. The general results will follow by

density, repeating the arguments presented.

In Proposition 2.4.2 we obtain the analogue of the L1-estimate, and in Proposition 2.4.3

we obtain the analogue of the L2-estimate and the estimate for the defect measures. The

argument for Proposition 2.4.2 is just a small modification of the relevant details of Corollary

2.3.3. The proof of Proposition 2.4.3 is essentially identical to that of Proposition 2.3.6. We

therefore omit the details.

Proposition 2.4.2. For each u0 P L2pQq, η P p0, 1q and ϵ P p0, 1q, the solution uη,ϵ of (2.2.2)

from Proposition 2.2.1 satisfies

}uη,ϵ }L8pr0,8q;L1pQqq ď }u0}L1pQq.

Proposition 2.4.3. For each u0 P L2pQq, η P p0, 1q and ϵ P p0, 1q, let uη,ϵ be the so-

lution of (2.2.2) from Proposition 2.2.1. Let δ P p0, 1q. For each T ą 0, there exists

C “ Cpm,Q, T,A, zq such that

}uη,ϵ }2L8pr0,T s;L2pQqq̀

ż T

0

ż

RˆQ

`

1 ` δ|ξ|δ´1
˘

ppη,ϵ ` qη,ϵq dxdξdr ď C
´

1 ` }u0}2L2pQq

¯

.

In general, we do not expect to obtain a stable estimate in time for the solutions uη,ϵ.

However, we can obtain some regularity for the time derivative of the transported kinetic
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functions χ̃η,ϵ, defined by

χ̃η,ϵpx, ξ, tq :“ χη,ϵpXx,ξ,ϵ
0,t ,Ξx,ξ,ϵ0,t , tq for px, ξ, tq P Qˆ Rd ˆ r0,8q. (2.4.1)

In practice, the transport cancels the oscillations introduced by the noise. The following

proposition proves the functions Btχ̃
η,ϵ are uniformly bounded in the negative Sobolev space

H´s, for s big enough.

Proposition 2.4.4. For each u0 P L2pQq, η P p0, 1q and ϵ P p0, 1q, consider the transported

kinetic function (2.4.1). For each T ą 0, for any Sobolev exponent s ą d
2 ` 1, there exists

C “ Cpm, z,Q, T, sq such that

}Btχ̃
η,ϵ}L1pr0,T s;H´spQˆRqq ď

´

1 ` }u0}2L2pQq

¯

.

Proof. For any ρ0 P C8
c pQ ˆ Rq denote ρϵ0,rpx, ξq :“ ρ0

´

Y x,ξ,ϵ
r,r ,Πx,ξ,ϵr,r

¯

. Take any φ P

C8
c pr0,8qq. Testing equation (2.2.7) against ψpx, ξ, tq :“ ρϵ0,rpx, ξqφptq and exploiting the

cancellations coming from the transport of ρ0 along the characteristics, for any a ď b P r0,8q,
we get
ż b

a

ż

QˆR
χη,ϵpx, ξ, tqρϵ0,tpx, ξq dx dξ 9φptq dt“

ż

QˆR
χη,ϵpx, ξ, tqρϵ0,tpx, ξq dx dξ φptq

ˇ

ˇ

ˇ

t“b

t“a

´

ż b

a

ż

QˆR

`

m|ξ|m´1 ` η
˘

χη,ϵpx, ξ, tq∆xρ
ϵ
0,tpx, ξq dx dξ φptq dt

`

ż b

a

ż

QˆR
ppη,ϵpx, ξ, tq ` qη,ϵpx, ξ, tqq Bξρ

ϵ
0,tpx, ξq dx dξ φptq dt.

Using the conservative property (2.2.14) of the characteristics and integrating by parts the
second term on the right-hand side of the equation, we obtain
ż b

a

ż

QˆR
χ̃η,ϵpx, ξ, tqρ0px, ξq dx dξ 9φptq dt“

ż

QˆR
χη,ϵpx, ξ, tqρϵ0,tpx, ξq dx dξ φptq

ˇ

ˇ

ˇ

t“b

t“a

`

ż b

a

ż

Q

´

2m

m` 1
|uη,ϵ|

m´1
2 ∇ puη,ϵqrm`1

2 s
` η∇ uη,ϵ

¯

∇xρ
ϵ
0,tpx, u

η,ϵqdxφptqdt

`

ż b

a

ż

QˆR
ppη,ϵpx, ξ, tq ` qη,ϵpx, ξ, tqq Bξρ

ϵ
0,tpx, ξq dx dξ φptq dt.

Since φ P C8
c pr0,8qq is arbitrary, this shows that, for any ρ0 P C8

c pQˆ Rq, the mapping

rt0,8q Q t ÞÑ

ż

QˆR
χ̃η,ϵpx, ξ, tqρ0px, ξq dx dξ

has a weak derivative given by

rt0,8q Q t ÞÑ ´

ż

Q

´

2m

m` 1
|uη,ϵ|

m´1
2 ∇ puη,ϵqrm`1

2 s ` η∇ uη,ϵ
¯

∇xρϵ0,tpx,uη,ϵq dx

´

ż

QˆR
ppη,ϵpx, ξ, tq ` qη,ϵpx, ξ, tqq Bξρ

ϵ
0,tpx, ξq dx dξ.

The embedding theorem for Sobolev spaces ensures that for any s ą d
2 ` 1, for C “

CpQ, sq, }ρ}W 1,8pQˆRq ď C}ρ0}HspQˆRq. Then we use this bound, Cauchy’s inequality and

73



the definition of the parabolic defect measure to estimate

|xBtχ̃
η,ϵ, ρ0y| ď C

"

η `

ż

Q

|uη,ϵ|
pm´1q_0

dx`

ż

QˆR

`

pη,ϵ `
`

1 ` |ξ|m´1^0
˘

qη,ϵ
˘

dx dξ

*

¨ }ρ0}HspQˆRq,

for C “ Cpm, z,Q, sq. Finally, we use the density of CcpQ ˆ Rq in Hs
0pQ ˆ Rq and then we

integrate in time to get

}Btχ̃
η,ϵ}L1pr0,T s;H´spQˆRqq ď C

ż T

0

dt

"

η `

ż

Q

|uη,ϵ|
pm´1q_0

dx`

ż

QˆR

`

pη,ϵ `
`

1 ` |ξ|m´1^0
˘

qη,ϵ
˘

dx dξ

*

ď C
`

1 ` }u0}L2pQq

˘

,

for C “ Cpm, z,Q, T, sq. In the last inequality we used Lemma 2.3.5, Proposition 2.4.3, and

Young’s and Hölder’s inequalities.

It remains to establish the regularity of the kinetic functions with respect to the spatial

and velocity variables. Actually, we shall consider the transported kinetic functions, since

these are the ones we proved regularity in time for. Straightforward modifications to [FG19,

Corollary 5.5] prove the following estimate in the fractional Sobolev space W ℓ,1pQˆRq, for ℓ

suitably small.

Proposition 2.4.5. For each u0 P L2pQq, η P p0, 1q and ϵ P p0, 1q, consider the transported

kinetic function (2.4.1). For each T ą 0 and for each ℓ P p0, 2
m`1 ^ 1q, there exists C “

Cpm,Q, T, ℓq such that

}χ̃η,ϵ}L1pr0,T s;W ℓ,1pQˆRqq ď C
´

1 ` }u0}2L2pQq

¯

.

We can now establish the existence of pathwise kinetic solutions with initial data u0 P

L2pQq. The proof is a consequence of Propositions 2.4.3, 2.4.4 and 2.4.5, and the Aubin-

Lions-Simon Lemma [Sim86]. We remark that the necessity of an entropy defect measure

in Definition 2.2.4 arises from the fact that, after passing to a subsequence, the gradients

∇puη,ϵqrm`1{2s will converge only weakly in the ϵ, η Ñ 0 limit. Due to the weak lower semicon-

tinuity of the norm, the limit of the parabolic defect measures qη,ϵ may therefore overestimate

the energy of the signed power of the limiting solution. The total mass of the entropy defect

measure quantifies this loss.

Proof of Theorem 2.1.3.

Let u0 P L2pQq be arbitrary. For any η, ϵ P p0, 1q, let uη,ϵ be the solution of the regularized

equation (2.2.2) with initial data u0, with transported kinetic function χ̃η,ϵ, entropy defect

measure pη,ϵ and parabolic defect measure qη,ϵ. We recall that, for each ℓ P p0, 2
m`1 ^ 1q and

each R ą 0, the embedding of W ℓ,1pQˆ r´R,Rsq into L1pQˆ r´R,Rsq is compact, and that

L1pQ ˆ r´R,Rsq embeds continuously into H´spQ ˆ Rq for s ą d
2 ` 1. Then, Propositions

2.4.4 and 2.4.5, the Aubin–Lions–Simon Lemma [Sim86] and a diagonal argument needed to

control the tail of Qˆ R show that, for each T ą 0, the family

tχ̃η,ϵuη,ϵPp0,1q is precompact in L1pr0, T s;L1pQˆ Rqq.
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The conservative property of the characteristics (2.2.14) then implies that, for each T ą 0,

the family

tχη,ϵuη,ϵPp0,1q is precompact in L1pr0, T s;L1pQˆ Rqq.

In turn, the definition of kinetic function immediately shows that, for each T ą 0, the family

tuη,ϵuη,ϵPp0,1q is precompact in L1pr0, T s;L1pQqq.

Furthermore, Proposition 2.4.3 and the Riesz–Markov Theorem imply that the sequence of

measures

tppη,ϵ, qη,ϵquη,ϵPp0,1q is weakly precompact in CcpQˆ R ˆ r0, T sq˚,

and that the family

tpuη,ϵqrm`1
2 suη,ϵPp0,1q is weakly precompact in L2pr0, T s;H1

0 pQqq.

After passing to a subsequence tpηk, ϵkqukPN with limkÑ8pηk, ϵkq “ p0, 0q, it follows that

there exists a function u such that u P L1pr0, T s;L1pQqq for any T ą 0, and such that as

k Ñ 8

uηk,ϵkÑ u strongly in L1pr0, T s;L1pQqq (2.4.2)

and

puηk,ϵkqrm`1{2sá urm`1{2s weakly in L2pr0, T s;H1
0 pQqq. (2.4.3)

Furthermore, there exist positive measures pp1, q1q such that as k Ñ 8, for any T ą 0,

ppη,ϵ, qη,ϵq á pp1, q1q weakly in CcpQˆ R ˆ r0, T sq˚. (2.4.4)

Recalling the definition (2.2.6) of the parabolic defect measure, it follows from the strong

convergence (2.4.2) and the weak lower semicontinuity of the Sobolev norm that, in the sense

of measures,

δ0pξ ´ upx, tqq
4m

pm` 1q2

ˇ

ˇ

ˇ
∇urm`1

2 spx, tq
ˇ

ˇ

ˇ

2
ď q1px, ξ, tq for px, ξ, tq P Qˆ R ˆ r0,8q. (2.4.5)

To see this, let ψ P CcpQ ˆ R ˆ r0, T sq be an arbitrary nonnegative function. The strong

convergence (2.4.2) implies that as k Ñ 8

a

ψpx, uηk,ϵkpx, tq, tq Ñ
a

ψpx, upx, tq, tq strongly in L2pQˆ r0, T sq.

In turn, this and the weak convergence (2.4.3) yield

a

ψpx, uηk,ϵk , tq∇ puηk,ϵkqrm`1
2 s Ñ

a

ψpx, u, tq∇urm`1
2 s weakly in L2pQˆ r0, T sq.
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Therefore, the weak convergence (2.4.4), the definition of the measures qηk,ϵk and the weak
lower semicontinuity of the L2-norm prove that

4m

pm` 1q2

ż T

0

ż

Q

ψpx, u, tq
ˇ

ˇ

ˇ
∇urm`1

2 s
ˇ

ˇ

ˇ

2

ď lim inf
kÑ8

4m

pm` 1q2

ż T

0

ż

Q

ψpx, uηk,ϵk , tq
ˇ

ˇ

ˇ
∇ puηk,ϵkq

rm`1
2 s

ˇ

ˇ

ˇ

2

“ lim inf
kÑ8

ż T

0

ż

Q

ż

R
ψpx, ξ, tq qηk,ϵk

“

ż T

0

ż

Q

ż

R
ψpx, ξ, tq q1.

Since ψ was arbitrary, this establishes the inequality (2.4.5).

Now we define the parabolic defect measure by the usual formula (2.2.25), and, since

(2.4.5) implies that q1 ´ q is nonnegative, we define a positive entropy defect measure

p :“ p1 ` q1 ´ q ě 0 on Qˆ R ˆ r0,8q.

Finally, the regularity assumptions (2.1.3), the convergence (2.2.1) of the paths zϵ and Propo-

sition 2.5.1 implies that, for each T ą 0 and each k “ 0, 1, 2,

lim
ϵÑ0

ˇ

ˇ

ˇ
Dk

px, ξq
Y x,ξ,ϵ
t0,t

´Dk
px, ξq
Y x,ξ
t0,t

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
Dk

px, ξq
Πx,ξ,ϵt0,t

´Dk
px, ξq

Πx,ξt0,t

ˇ

ˇ

ˇ
“ 0, (2.4.6)

uniformly for px, ξq P RdˆR and t0 ď t P r0, T s.

For the kinetic function χ of u, the convergence (2.4.2) proves that, for a subset N Ă p0,8q

of measure zero, for each t P r0,8qzN ,

lim
kÑ8

}uηk,ϵkp¨, tq ´ up¨, tq}L1pQq “ 0.

This and the additional convergences (2.4.3), (2.4.4) and (2.4.6) imply that, for every t0 ď

t1 P r0,8qzN and every ρ0 P C8
c pQ ˆ Rq, we can pass to the limit in equation (2.2.20) and

get
ż

QˆR
χpx, ξ, rqρt0,rpx, ξq dx dξ

ˇ

ˇ

ˇ

ˇ

r“t1

r“t0

“

ż t1

t0

ż

QˆR
m|ξ|m´1 χη,ϵpx, ξ, rq∆xρt0,rpx, ξq dx dξ dr

´

ż t1

t0

ż

QˆR
pppx, ξ, rq ` qpx, ξ, rqq Bξρt0,rpx, ξq dx dξ dr,

where ρt0,t, given by (2.2.24), is the solution of (2.2.23) with initial data ρ0. Moreover, when
t0 “ 0,

ż

QˆR
χpx, ξ, 0q ρ0,0px, ξq dx dξ “ lim

kÑ8

ż

QˆR
χηk,ϵkpx, ξ, 0q ρ0,0px, ξq dx dξ “

ż

QˆR
χ̄pu0pxq, ξq ρ0px, ξq dx dξ.

This completes the proof that u is a pathwise kinetic solution.

Finally, we show that pathwise kinetic solutions depend continuously on the driving noise.

The proof will follow from a compactness argument relying on the estimates used in the

proof of Theorem 2.1.3, the rough path estimates of Proposition 2.5.1, and the uniqueness of

solutions from Theorem 2.1.2. Unfortunately, we remark that these methods do not yield an

explicit estimate quantifying the convergence of the solutions in terms of the convergence of

the noise.
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Proof of Theorem 2.1.5.

Let u0 P L2
`pQq and T ą 0. Let tznunPN and z be α-Hölder continuous geometric rough paths

on r0, T s satisfying
lim
nÑ8

dαpzn, zq “ 0.

This ensures that we can find R0 ě 0 such that condition (2.5.2) from Section A holds.

For each n P N, let un denote the solution of (2.1.1) constructed in Theorem 2.1.3 with

initial data u0 and driving signal zn respectively. It follows from (2.5.2) and Proposition 2.5.1

that the solutions un satisfy the estimates of Propositions 2.4.2, 2.4.3, 2.4.4 and 2.4.5 on the

interval r0, T s for a constant that is independent of n P N.

A repetition of the proof of Theorem 2.1.3 proves that, after passing to a subsequence

tunkukPN, there exists a pathwise kinetic solution u of (2.1.1) with initial condition u0 and

driving noise z such that
lim
kÑ8

}unk ´ u}L1pr0,T s;L1pQqq “ 0.

However, since it follows from Theorem 2.1.2 that u is the unique solution of (2.1.1) with

initial condition u0 and driving noise z, we conclude that lim
nÑ8

}un ´ u}L1pr0,T s;L1pQqq “ 0

along the full sequence.

2.5 Rough path estimates

In this section we present some stability results for rough differential equations. Then we

apply these results to the systems of characteristics (2.2.9) and (2.2.21) to obtain several

properties and estimates needed throughout the chapter. We refer the reader to Friz and

Hairer [FH14] and Friz and Victoir [FV10] for detailed expositions of the theory of rough

paths, originally introduced by Lyons [Lyo98].

For d ě 1, T ě 0 and β P p0, 1q, we denote by C0,β
`

r0, T s;Gt1{βupRnq
˘

the space of β-

Hölder continuous geometric rough paths, and by dβ the associated β-Hölder metric defined

on this space (cf. [FV10, Definition 7.41]). For each x P Rd and z P C0,β
`

r0, T s;Gt1{βupRnq
˘

,

let Xx,z be the solution of the rough differential equation
$

’

&

’

%

dXx,z
t “ V pXx,z

t q ˝ dzt on p0,8q,

Xx,z
0 “ x.

(2.5.1)

The collection (2.5.1) defines a flow map ψz : Rd ˆ r0, T s Ñ Rd by the rule

ψzt pxq “ Xx,z
t for px, tq P Rd ˆ r0, T s.

The next proposition encodes the regularity of the flow map with respect to the initial condi-

tion and the driving signal. The regularity is inherited from the nonlinearity V , which must
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be sufficiently regular to overcome the roughness of the noise. A proof of the proposition is

given in [CDFO13, Lemma 13]. In the statement below, we shall write e “ 1 ‘ 0 ‘ ¨ ¨ ¨ ‘ 0 to

denote the signature of the zero path.

Proposition 2.5.1. Fix T ě 0, β P p0, 1q, γ ą 1
β ě 1, and k P N. Assume V P

Ck`γ
b pRd;Rdˆnq. For any R ě 0 there exist constants C “ CpR, }V }

Ck`γ
b

q ą 0 and M “

MpR, }V }
Ck`γ

b
q ą 0 such that, for any z1, z2 P C0,β

`

r0, T s;Gt1{βupRnq
˘

with

dβpzi, eq ď R for i “ 1, 2,

the following properties hold. Here } ¨ }β is the standard Hölder norm in Cβpr0, T s;RN q for

some N P N.

i) For every 0 ď j ď k,

sup
xPRd

›

›

›
Dj
x

´

ψz
1

t ´ψz
2

t

¯

pxq

›

›

›

β
`

›

›

›
Dj
x

´

`

ψz
1

t

˘´1
´

`

ψz
2

t

˘´1
¯

pxq

›

›

›

β
ď Cdβpz1, z2q.

ii) For every 0 ď j ď k,

sup
xPRd

›

›

›
Dj
x

´

ψz
1

t

¯

pxq

›

›

›

β
`

›

›

›
Dj
x

´

`

ψz
1

t

˘´1
¯

pxq

›

›

›

β
ď M.

Now we consider the setting outlined in Sections 2.1.1 and 2.2, and apply this regularity

result to the rough differential equations (2.2.9) and (2.2.21) defining the characteristics.

Remark 2.5.2. In the setting of Section 2.1.1 and 2.2, the assumption that, for each T ą 0,

the smooth paths zϵ converge to z in the metric dα on C0,α
`

r0, T s;Gt1{αupRnq
˘

, ensures that

we can find R0 ě 0 such that

dαpz, eq ` sup
ϵPp0,1q

dαpzϵ, eq ď R0. (2.5.2)

Therefore, all the consequences of Proposition 2.5.1 holds uniformly for zϵ, for any ϵ P p0, 1q,

and for z, with the same constants. That is, they hold uniformly for the smooth characteristics

(2.2.9), for any ϵ P p0, 1q, and for the rough characteristics (2.2.21). In the remainder of the

section we shall consider the path z and the system (2.2.21). We remark that the exact same

arguments work for zϵ and the system (2.2.9), just inserting ϵ where needed.

First we present a lemma which asserts that the velocity characteristics are locally in time

comparable to their initial condition. The proof is given in [FG19, Lemma B.2].

Lemma 2.5.3. For each T ą 0 there exists C “ CpT,A,R0q ě 1 such that, for each

px, ξq P Rd ˆ R and t ď t0 P r0, T s,

C´1|ξ| ď

ˇ

ˇ

ˇ
Πx,ξt0,t

ˇ

ˇ

ˇ
ď C|ξ|.
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Furthermore, there exists C “ CpT,A,R0q ą 0 such that, for each px, ξq P Rd ˆ R and

t ď t0 P r0, T s,
ˇ

ˇ

ˇ
∇xΠx,ξt0,t

ˇ

ˇ

ˇ
ď C tαp|ξ| ^ 1q. (2.5.3)

We now exploit Proposition 2.5.1 to study the continuity of the characteristics with respect

to the initial data. First, recalling (2.2.11), we observe that for each px, ξq, px1, ξ1q P Rd ˆ R,

each T ě 0 and each s ď t0 P r0, T s,

|x´ x1| “

ˇ

ˇ

ˇ

ˇ

ˇ

X
Y x,ξ
t0,s

,Πx,ξ
t0,s

t0´s,t0
´X

Y x1,ξ1

t0,s
,Πx1,ξ1

t0,s

t0´s,t0

ˇ

ˇ

ˇ

ˇ

ˇ

ď sup
py,ηqPRdˆR

ˇ

ˇDyX
y,η
t0´s,t0

ˇ

ˇ

ˇ

ˇ

ˇ
Y x,ξ
t0,s

´ Y x1,ξ1

t0,s

ˇ

ˇ

ˇ
` sup

py,ηqPRdˆR

ˇ

ˇBηX
y,η
t0´s,t0

ˇ

ˇ

ˇ

ˇ

ˇ
Πx,ξt0,s ´ Πx

1,ξ1

t0,s

ˇ

ˇ

ˇ
.

An identical estimate holds for |ξ ´ ξ1|. Therefore, assumption (2.1.3) and Proposition 2.5.1

with k “ 1 imply that, for a constant C “ CpT,A,R0q,

|x´ x1| ` |ξ ´ ξ1| ď C
´ˇ

ˇ

ˇ
Y x,ξ
t0,s

´ Y x1,ξ1

t0,s

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
Πx,ξt0,s ´ Πx

1,ξ1

t0,s

ˇ

ˇ

ˇ

¯

. (2.5.4)

In turn, we can use this bound to estimate the difference between derivatives of the

characteristics starting from distinct points in terms of the characteristics themselves. First,

notice that the equalities D2
py,ηq

Y y,η
t0,0

“ 0 and D2
py,ηq

Πy,ηt0,0 “ 0, which follow immediately from

the initial conditions, and Proposition 2.5.1 with k “ 2 imply that, for C “ CpT,A,R0q,

sup
xPRd,ξPR

ˇ

ˇ

ˇ
D2

px,ξqY
x,ξ
t0,s

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
D2

px,ξqΠ
x,ξ
t0,s

ˇ

ˇ

ˇ
ď C|s|α @s ď t0 P r0, T s. (2.5.5)

Then, for the same constant C, we compute

|DxY
x,ξ
t0,s

´Dx1Y x1,ξ1

t0,s
| ď sup

yPRd,ηPR

`
ˇ

ˇD2
y Y

y,η
t0,s

ˇ

ˇ `
ˇ

ˇBηDyY
y,η
t0,s

ˇ

ˇ

˘

p|x´ x1| ` |ξ ´ ξ1|q

ď C|s|αp|x´ x1| ` |ξ ´ ξ1|q

ď C|s|α
´ˇ

ˇ

ˇ
Y x,ξ
t0,ś

Y x1,ξ1

t0,s

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
Πx,ξt0,ś Πx

1,ξ1

t0,s

ˇ

ˇ

ˇ

¯

.

Identical computations holds for the other derivatives of Y x,ξ
t0,s

and Πx,ξt0,s and we conclude that,
for C “ CpT,A,R0q,

|DxY
x,ξ
t0,s ´Dx1Y x1,ξ1

t0,s | ` |BξY
x,ξ
t0,s ´ Bξ1Y x1,ξ1

t0,s | ` |∇xΠ
x,ξ
t0,s ´ ∇x1Πx1,ξ1

t0,s | ` |BξΠ
x,ξ
t0,s ´ Bξ1Πx1,ξ1

t0,s |

ď C|s|α
´

ˇ

ˇ

ˇ
Y x,ξ
t0,ś Y x1,ξ1

t0,s

ˇ

ˇ

ˇ
`

ˇ

ˇ

ˇ
Πx,ξ

t0,ś Πx1,ξ1

t0,s

ˇ

ˇ

ˇ

¯

.

(2.5.6)

We conclude this section by examining the consequences of the conditions BξA|BQˆR ” 0

and DxBξA|BQˆR ” 0. Then we exploit the continuity properties from Proposition 2.5.1 to

obtain information on the behaviour of the space characteristics near the boundary. These

estimates are crucial in the proof of Theorem 2.1.2 to tackle the boundary error terms coming

from the introduction of the cutoff and the transport along characteristics.
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The assumption BξApx, ξq|BQˆR ” 0, combined with the first line of (2.2.21) and (2.2.22),

ensures that space characteristics starting from the boundary do not move. That is, for each

t0 ě 0,

if px, ξq P BQˆ R, then Xx,ξ
t0,t

“ Y x,ξ
t0,s

“ x for all t ě 0 and all s P r0, t0s. (2.5.7)

The uniqueness of solutions then guarantees that space characteristics cannot cross the bound-

ary. Thus, when starting from x P Q they never leave the domain. That is, for every t0 ě 0,

if px, ξq P Qˆ R, then Xx,ξ
t0,t

P Q for all t ě 0, and Y x,ξ
t0,s

P Q for all s P r0, t0s.

In fact, owing to the smoothness hypothesis (2.1.3) and Proposition 2.5.1 with k “ 1, more

is true: the closer to BQ is the space initial data x P Rd, the slower the associated space

characteristic moves. Rigorously, given any x P Rd, let x˚ P BQ be such that |x ´ x˚| “

distpx, BQq. Then, for any ξ P R, any T ě 0 and any s ď t0 P r0, T s, for C “ CpT,A,R0q, we

compute
ˇ

ˇ

ˇ
Y x,ξ
t0,s

´ x
ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ
Y x,ξ
t0,s

´ x˚
ˇ

ˇ

ˇ
` |x˚ ´ x| “

ˇ

ˇ

ˇ
Y x,ξ
t0,s

´ Y x˚,ξ
t0,s

ˇ

ˇ

ˇ
` |x˚ ´ x|

ď sup
py,ηqPRdˆR

ˇ

ˇDxY
y,η
t0,s

ˇ

ˇ |x´ x˚| ` |x´ x˚|

ď C |x´ x˚| “ C distpx, BQq.

(2.5.8)

Here we used Y x˚ξ
t0,s

” x˚ from (2.5.7). An identical computation holds for Xx,ξ
t0,t

.

The constancy of the space characteristics along the boundary has consequences on their

velocity and space derivatives. Indeed, the smoothness of characteristics combined with (2.5.7)

implies that the ξ-derivative of space characteristics vanishes on the boundary. Namely, for

each t0 P r0,8q,

if px, ξq P BQˆ R, then BξX
x,ξ
t0,t

“ BξY
x,ξ
t0,s

“ 0 for all t ě 0 and all s P r0, t0s. (2.5.9)

Moreover, Proposition 2.5.1 allows us to derive (2.2.22) with respect to x, and to show
that, for any px0, ξ0q P Rd ˆ R, the derivative DxY

x0,ξ0
t0,s

solves the rough differential equation
$

’

&

’

%

dDxY
x0,ξ0
t0,s “´

´

DxBξApY x0,ξ0
t0,s ,Πx0,ξ0

t0,s qDxY
x0,ξ0
t0,s `B2

ξApY x0,ξ0
t0,s ,Πx0,ξ0

t0,s q∇xΠ
x0,ξ0
t0,s

¯

˝dzt0,s in p0, t0q,

DxY
x0,ξ0
t0,0

“ Id.

When x0 P BQ, we have Y x0,ξ0
t0,s

“ x0 for all s P r0, t0s. Then, using BξA|BQˆR ” 0, which

trivially implies also B2
ξA|BQˆR ” 0, and the further assumption DxBξA|BQˆR ” 0 from (2.1.5),

the previous equation simply reduces to

dDxY
x0,ξ0
t0,s

“ 0 in p0, t0q, DxY
x0,ξ0
t0,0

“ Id.

We conclude that, for each t0 ě 0,

if px0, ξ0q P BQˆ R, then DxY
x0,ξ0
t0,s

” Id for every s P r0, t0s. (2.5.10)
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Finally, we use these results and the stability properties from Proposition 2.5.1 with k “ 2

to obtain estimates on the derivatives of the space characteristics near the boundary. Given

any x P Rd, let x˚ P BQ be such that |x ´ x˚| “ distpx, BQq. Then, using (2.5.5) and (2.5.9),

for any ξ P R, any T ě 0 and any s ď t0 P r0, T s, we compute for the the ξ-derivative
ˇ

ˇ

ˇ
BξY

x,ξ
t0,s

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
BξY

x,ξ
t0,s

´ BξY
x˚,ξ
t0,s

ˇ

ˇ

ˇ
ď sup

yPRd

ˇ

ˇ

ˇ
DxBξY

y,ξ
t0,s

ˇ

ˇ

ˇ
|x´ x˚|

ď C |s|αdistpx, BQq,

(2.5.11)

for a constant C “ CpT,A,R0q. As regards the x-derivative, the same argument using (2.5.5)

and (2.5.10) implies that, for C “ CpT,A,R0q,

ˇ

ˇ

ˇ
DxY

x,ξ
t0,s

´ Id
ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
DxY

x,ξ
t0,s

´DxY
x˚,ξ
t0,s

ˇ

ˇ

ˇ
ď C |s|αdistpx, BQq. (2.5.12)
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Chapter 3

Fluctuations in the small noise limit

3.1 Introduction and main results

In this chapter we study the small noise fluctuations of nonnegative solutions ρϵ to conserva-

tive, stochastic PDEs of the type
$

’

&

’

%

Btρ
ϵ “ ∆ϕpρϵq´∇ ¨ νpρϵq ´

?
ϵ∇ ¨

´

σpρϵq ˝ 9ξϵ
¯

in Td ˆ p0, T q,

ρϵp¨, 0q “ ρ0 in Td ˆ t0u,
(3.1.1)

about their zero noise limit ρ̄ solving the equation

Btρ̄ “ ∆ϕpρ̄q´∇ ¨ νpρ̄q in Td ˆ p0, T q, ρ̄p¨, 0q “ ρ0 in Td ˆ t0u. (3.1.2)

We prove that the fluctuations ϵ´ 1
2 pρϵ´ ρ̄q converge in probability, in a space of distributions,

to the solution of the linearized Langevin equation

Btv “ ∆
`

9ϕpρ̄q v
˘

´ ∇ ¨

´

9νpρ̄q v ` σpρ̄q ˝ 9ξ
¯

in Td ˆ p0, T q, vp¨, 0q “ 0 in Td ˆ t0u, (3.1.3)

which is the linearization of (3.1.1) around ρ̄.

The assumptions on the noise sequence ξϵ, which can converge to a space-time white noise

or some other cylindrical noise ξ as ϵ Ñ 0, on the initial data ρ0 and on the nonlinearities

ϕ, ν and σ are given in Section 3.2.1, and include a range of relevant stochastic PDEs (see

Example 3.2.11). In particular, they apply to the full range of porous media diffusions, that

is ϕpzq “ zm for every m P p0,8q, and to degenerate convective terms σ and ν, including the

square root σpzq “
?
z, and hence to the nonlinear version of the Dean–Kawasaki equation

with correlated noise

Btρ
ϵ “ ∆pρϵqm ´

?
ϵ∇ ¨

´?
ρϵ ˝ 9ξϵ

¯

.

Equations of type (3.1.2) and (3.1.1) arise in the fluctuating hydrodynamics of particle sys-

tems, to describe respectively the limiting behavior and the nonequilibrium fluctuations of
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particle systems, in the context of mean field theory with common noise and in the area of

stochastic geometric PDEs. Applications to particle systems are discussed in Section 3.1.1.

The wellposedness of (3.1.1) has been a long-standing open problem. In the case the noise

ξϵ has sufficient space correlation, existence and uniqueness for (3.1.1) have been established

only recently in [FG21b], through the concept of stochastic kinetic solution (cf. Definition

3.2.19 and Theorem 3.2.21 below).

The study of the small noise behaviour of (3.1.1) has been initiated in [FG23]. The authors

proved that, in the ϵ Ñ 0 limit, solutions of (3.1.1) converge to solutions of the zero-noise

limit (3.1.2):

lim
ϵÑ0

}ρϵ ´ ρ̄}L1pr0,T s;L1pTdqq “ 0 in probability. (3.1.4)

Furthermore they satisfy a large deviation principle in L1pr0, T s;L1pTdqq with rate function

Iρ0pρq “ inf
!

}g}2L2pTdˆr0,T sqd

ˇ

ˇ

ˇ
Btρ “ ∆ϕpρq ´ ∇ ¨ νpρq ´ ∇ ¨ pσpρqgq , ρp¨, 0q “ ρ0

)

. (3.1.5)

Finally the authors rigorously identified the rate function (3.1.5) with that governing the large

deviations of the zero range particle process (cf. [FG23, Theorem 6.8 and 8.6]), first studied

in [BKL95], formalizing the connection between the particle system and the above SPDEs.

The contribution of this work is to complete the picture above by proving a central limit
theorem characterizing the fluctuations of (3.1.1) around its deterministic limit (3.1.2). See
Section 3.1.1 for an overview of the relevant literature and related results. Precisely, consider
the normalized fluctuations vϵ :“ ϵ´1{2 pρϵ ´ ρ̄q, which are readily seen to solve

$

’

&

’

%

Btv
ϵ “ ∆

´

ϵ´1{2

´

ϕpρϵq ´ ϕpρ̄q

¯¯

´∇ ¨

´

ϵ´1{2 pνpρϵq ´ νpρ̄qq ` σpρϵq ˝ 9ξϵ
¯

in Td ˆ p0, T q,

vϵp¨, 0q “ 0 on Td ˆ t0u.
(3.1.6)

Since ρϵ Ñ ρ̄ and ξϵ Ñ ξ (cf. Assumption 3.2.4) as ϵ Ñ 0, one formally deduces that vϵ

should converge to the solution of the Langevin equation (3.1.3). The main result of the

present work is to make this ansatz rigorous.

Theorem (Theorem 3.3.3 and 3.3.10 below). Let pξϵqϵą0 satisfy Assumption 3.2.4. Let ϕ, ν, σ

satisfy Assumption 3.2.6 and 3.2.8. Let ρ0 P L8pΩ; p0,8qq be an F0-measurable random

constant bounded away from zero, so that ρ̄px, tq ” ρ0 solves (3.1.2). For each ϵ ą 0, let ρϵ be

the stochastic kinetic solution to (3.1.1) with initial data ρ0, in the sense of Definition 3.2.19.

Let v P L2pΩ ˆ r0, T s;H´αpTdqq be the solution of (3.1.3) with noise ξ “ limϵÑ0 ξ
ϵ, for any

α ą d
2 . For any T ą 0, for τ “ 2 or τ “ 8, for any β ą d

2 or β ą 1 ` d
2 respectively, we have

the following results.

i) Along a suitable scaling regime where ϵ Ñ 0 and ξϵ Ñ ξ, explicitly given in (3.3.11),

the nonequilibrium fluctuations satisfy

vϵ :“ ϵ´1{2pρϵ ´ ρ̄q Ñ v in Lτ pr0, T s;H´βpTdqq in probability, (3.1.7)
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with an explicit rate of convergence, given in (3.3.47), which depends on β, T , the

coefficients ϕ, ν, σ, the initial data ρ0, and the space regularity of the noise sequence ξϵ.

ii) In addition, if the coefficients ϕ, ν, σ also satisfy Assumption 3.2.9, along the same scaling

regime (3.3.11), we have

vϵ Ñ v in L2pΩ;Lτ pr0, T s;H´βpTdqqq, (3.1.8)

with an explicit rate of convergence, given in (3.3.10), which depends on β, T , the

coefficients ϕ, ν, σ, the initial data ρ0, and the space regularity of the noise sequence ξϵ.

The results of this work and [FG23] have immediate consequences on the simulation of

several particle systems. Indeed, upon choosing the right coefficients ϕ, ν and σ according to

the hydrodynamics of the particle process considered, equation (3.1.1) provides a continuum

model which correctly captures the fluctuations of the particle system up to order one and

exhibits the same nonequilibrium large deviations. This is discussed in detail in Section 3.1.1.

Structure of the chapter

The work is organized as follows. We end this section with a discussion of the applications

to particle systems, followed by an overview of our methods and of the relevant literature.

In Section 3.2 we first lay out our notations and assumptions; then we present the solution

theory for the equations involved: the zero noise limit (3.1.2), the stochastic PDE (3.1.3) for

the asymptotic fluctuations and the original SPDE (3.1.1). In Section 3.3 we finally prove our

central limit theorem. First we prove the stronger version (3.1.8) for coefficients satisfying the

extra Assumption 3.2.9; then we extend this to rougher coefficients only satisfying Assumption

3.2.8 and prove the central limit theorem in probability (3.1.7).

3.1.1 Applications to particle systems, methods and relevant literature

Applications to particle systems.

A byproduct of the above results is that the SPDE (3.1.1) provides a continuum model

correctly simulating the fluctuations of several conservative particle systems up to order one

and exhibiting the same nonequilibrium large deviations. Consider for example a symmetric

zero range process on the torus with mean local jump rate ϕ and slowly varying initial state

ρ0. As the number n of particles increases, the parabolically rescaled empirical measure

µn converges in probability, weakly in the sense of measure, to its hydrodinamic limit: the

deterministic measure ρ̄ dx solving

Btρ̄ “ ∆ϕpρ̄q in Td ˆ p0, T q, ρ̄p¨, 0q “ ρ0 in Td ˆ t0u. (3.1.9)
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In this way, solutions to the porous media equation (3.1.9) describe the dynamics of the

particle process up to order zero (see e.g. [KL99, Chapter 5]).

In order to reach higher order continuum approximations, it is necessary to incorporate the

fluctuations present in µn. A detailed study of the nonequilibrium central limit fluctuations

is presented in [KL99, Chapter 11], where it is shown that the measures

mn :“
?
n pµn ´ ρ̄ dxq (3.1.10)

converge as n Ñ 8 to the solution of the linear stochastic PDE

Btm “ ∆
`

9ϕpρ̄q m
˘

´ ∇ ¨

´

ϕ
1{2pρ̄q ˝ 9ξ

¯

in Td ˆ p0, T q, mp¨, 0q “ 0 in Td ˆ t0u, (3.1.11)

for ξ a space-time white noise and ρ̄ solving (3.1.9). Since solutions to (3.1.11) are not

function-valued the convergence is in the sense of distributions. Furthermore, the results of

[BKL95] and [FG23] prove that the non-equilibrium large deviations of µn are described in

terms of the rate function

Iρ0pρq “ inf
!

}g}2L2pTdˆr0,T sqd
: Btρ “ ∆ϕpρq ´ ∇ ¨

´

ϕ
1{2pρq g

¯

and ρp¨, 0q “ ρ0

)

. (3.1.12)

Consider now the the nonlinear stochastic PDE

Btρ
n “ ∆ϕpρnq ´

1
?
n
∇ ¨

´

ϕ
1{2pρnq ˝ 9ξn

¯

, ρnp¨, 0q “ ρ0, (3.1.13)

for suitable approximations tξnunPN of an Rd-valued space-time white noise (cf. Assumption

3.2.4). Our main result Theorem 3.3.10 ensures that, as n Ñ 8, the small noise fluctuations
?
npρn ´ ρ̄q converge to the solution m of (3.1.11). Therefore, this and (3.1.10)-(3.1.11) give

us the expansion

µn “ ρn dx` o
ˆ

1
?
n

˙

,

which now correctly captures the fluctuations of µn up to order one. Furthermore ρn also

features the same large deviation rate function (3.1.12) of µn, as demonstrated by (3.1.5) from

[FG23, Theorem 6.8].

Equation (3.1.13) is an approximation for the formal nonlinear SPDE

Btρ
n “ ∆ϕpρnq ´

1
?
n
∇ ¨

´

ϕ
1{2pρnq ˝ 9ξ

¯

. (3.1.14)

The approximation is needed because of the irregularity of the space-time white noise ξ.

Indeed, equation (3.1.14) is supercritical in the language of regularity structures [Hai14]; its

intrinsic ill-posedness and negative results have been discussed in the seminal work [KLvR19a].

In fact, it can also be argued (see e.g. [GLP99, Section 3]) that the microscopic particle system

comes with a typical correlation length for the noise, like the grid size, which leads to consider

equation (3.1.13) for some space correlated noise ξn instead of equation (3.1.14).
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Finally, it is worth pointing out that one could also consider the simpler first order expan-

sion

µn “ ρ̄ dx`
1

?
n

m ` o
ˆ

1
?
n

˙

,

which follows immediately from (3.1.10)-(3.1.11). However ρ̄n :“ ρ̄ dx ` 1?
n
m exhibits a rate

function different from (3.1.12), given by

Īρ0pρq “ inf
!

}g}2L2pTdˆr0,T sqd

ˇ

ˇ

ˇ
Bt pρ´ ρ̄q “ ∆

´

9ϕpρ̄qpρ´ ρ̄q

¯

´∇ ¨

´

ϕ
1{2pρ̄q g

¯

, ρp¨, 0q “ ρ0

)

,

as follows from Schilder’s theorem and a formal application of the contraction principle. There-

fore this expansion does not capture the large deviations of µn and yields an imprecise ap-

proximation.

In conclusion we remark that completely analogous results hold for more general zero range

processes and exclusion processes. Essentially the results hold for all the particle processes

whose fluctuations can be described through SPDEs falling in the framework above. We refer

the reader to the monographs [KL99, Spo12] and the surveys [GLP99] for results in this sense.

Overview of the methods.

As mentioned above, a concept of solution for (3.1.1) with an actual white noise seems to

be out of hand. If the noise ξϵ has some space correlation (cf. Assumption 3.2.2), the

well-posedness of equation (3.1.1) is proved in [FG21b]. The main difficulties in applying a

classical concept of weak solutions are due to nonlinearities that are possibly only 1{2-Hölder

continuous and singular terms which are not even known to be locally integrable. These

issues are addressed by the the notion of stochastic kinetic solution (cf. Definition 3.2.19).

After rewriting the Stratonovich equation (3.1.1) in the equivalent Itô form, the equation is

recast in its kinetic formulation: an equation in the original space and time variables and in

a new additional velocity variable, corresponding to the magnitude of the solution. Then a

renormalization away from zero and infinity is introduced: solutions are required to satisfy the

PDE only after cutting out small and large values in order to enforce the local integrability

and further regularity of the nonlinear terms. In fact, when the equation coefficients are nice

enough, this renormalization is not even needed and stochastic kinetic solutions satisfy the

equation in a classical weak sense (cf. Definition 3.2.17 and Proposition 3.2.25). Furthermore,

stochastic kinetic solutions depend continuously on the equation coefficients in a suitable sense

(cf. Proposition 3.2.23). These two properties will be crucial in our arguments. We refer the

reader to [FG21b, Section 1.1] for more details on their methods.

The small noise large deviations of (3.1.1) are analyzed in [FG23]. Schilder’s Theorem and

a formal application of the contraction principle lead to guess the rate function (3.1.5). After a

careful analysis of the energy critical PDE featuring in the definition of Iρ0 , this ansatz is made

rigourous via the so-called weak approach to large deviations [DE97, BDM08, BD19, BDS19].

86



We finally come to the criticalities and the methods of this work. A first difficulty is that

the compactness of the noise-to-solution map of (3.1.1) is not enough to show convergence

of the fluctuations vϵ “ ϵ´1{2pρϵ ´ ρ̄q. Indeed, although it is true that ρϵ Ñ ρ̄ in a suitable

sense, the previous arguments yield no information about the convergence rate; whereas we

need to quantify this to compensate for the blowing up factor ϵ´1{2. Moreover, the high

nonlinearity and degeneracy of the equation hinder the application of Fourier analysis. Finally,

the renormalization away from small and large values in the kinetic formulation of the equation

and the possible lack of regularity coming from the degeneracy of the diffusion make it difficult

to exploit the equation for ρϵ in our computations. The picture is further complicated by the

irregularity and unboundedness of the noise coefficient σ.

To address these issues, we consider approximating versions of equation (3.1.1) with

smoothed coefficients ϕη, νη, ση indexed by a parameter η P p0, 1q, for which a stronger no-

tion of solution is available (cf. Definition 3.2.17). We always work with the corresponding

solutions ρϵ,η, which have enough regularity to justify our computations, and then pass the

results to the true solutions ρϵ either with Fatou’s Lemma or with probabilistic arguments

based on analytical estimates.

We begin with the stronger version (3.1.8) of the CLT for coefficients satisfying the addi-

tional Assumption 3.2.9. This already applies to the model case ϕpzq “ zm, σpzq “ z
m
2 in the

regime m P r2,8q, or to the linear case ϕpzq “ z for suitable noise coefficients σ.

First we obtain estimates on the Lh-norm of the fluctuations vϵ, for some h big enough

depending on the nonlinearities involved. Since vϵ is converging to v, which is only distribution

valued, we expect these estimates to blow up as ϵ Ñ 0 and we want to quantify the explosion

rate in terms of the small parameter ϵ. Formally, this is achieved by applying Itô formula

to the power |vϵ|h and exploiting the equation satisfied by vϵ. Equipped with these moment

estimates, we estimate the Fourier coefficients of vϵ´v and show that }vϵ´v}L8pr0,T s;H´βpTdqq

vanishes in L2pΩq as ϵ Ñ 0.

To consider even rougher coefficients, including σpzq “
?
z and ϕpzq “ zm for every

m P p0,8q, some extra work is needed. With a Moser iteration argument, adapted from

[DFG20], we show that the solutions ρϵ of (3.1.1) are bounded from below by the minimum

of the positive initial data ρ0 with increasing probability as ϵ Ñ 0 (cf. Proposition 3.3.8 and

Corollary 3.3.9). In particular, solutions ρϵ stay away from the irregularities at zero of ϕ, ν,

σ on the events ω of a certain subset Ωϵ Ď Ω where they satisfy ρϵpx, t, ωq P rinf ρ0 ´ δ,8q for

a.e. x and t. A refinement of the pathwise uniqueness result for (3.1.1) shows that on Ωϵ the

solution ρϵ must coincide with the solution ρϵ,η of the smoothed version of equation (3.1.1)

with coefficients ϕη, νη, ση that match the true coefficients ϕ, σ, η sufficiently away from the

irregularity points (cf. Propositition 3.3.6). For such solutions ρϵ,η we have the above CLT

in L2pΩq at our disposal and with standard probabilistic arguments we pass this to a CLT in
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probability for the true solutions ρϵ.

Overview of the literature.

Linear and nonlinear diffusion equation with different kinds of noise terms have received a

lot of attention, from several point of view. We refer to [FG21b] for a detailed overview of

the literature and we mention only the most recent results on the equation considered here

[CFIR23, FGG22, DKP22, Cli23b, WWZ24]. Similarly, we refer to the introduction of [FG23]

for the literature on large deviations principles on related SPDEs.

We collect here instead some results concerning central limit theorems for SPDEs. Namely,

central limit theorems for stochastic heat equations or stochastic wave equations with Lip-

schitz continuous noise coefficients have been obtained in [CKNP22, HNV20, HNVZ19] and

in [DVNZ20] respectively. A central limit theorem for the heat equation driven by non-

linear gradient noise with Hölder continuous coefficient has been proved by Dirr, Gess and

the second author in [DFG20]. Finally, central limit theorems for primitive equations, a

specific type of semilinear evolution equation, in low dimension have been established in

[Sla21, ZZG19, HLW18].

3.2 Preliminaries and solution theory

3.2.1 Hypotheses and notations

In this section we present our assumptions and notations, and we remark that they apply to

a range of relevant cases (see Example 3.2.5 and 3.2.11). We first take care of the randomness

in the equation. We fix a probability space
`

Ω, pFtqtě0 ,P
˘

with a complete right-continuous

filtration Ft and supporting a countable sequence of Rd-valued independent Brownian motions
`

Bk
t

˘

kPN and the random initial condition ρ0.

As regards the initial condition we require the following.

Assumption 3.2.1 (Assumptions on the initial data). The initial data ρ0 P L1pΩ;L1pTdqq

is nonnegative, F0-measurable and satisfies one of the following hypotheses, for p ě 2 and

m ě 1 given in Assumption 3.2.6 below:

(i) ρ0 P LppΩ;LppTdqq X Lp`m´1pΩ;L1pTdqq;

(ii) ρ0 P Lp`m´1pΩ; p0,8qq with ρ ě r ą 0 a.e. for some r P p0,8q, i.e. the initial data is a

random positive constant.

We now define the noise sequence ξϵ. For each ϵ ą 0, let F ϵ “ pf ϵkqkPN be a family of

continuously differentiable functions on Td and define the noise

ξϵ “
ÿ

kPN
f ϵkB

k
t .

88



It then follows that the Stratonovich equation (3.1.1) is formally equivalent to the Itô equation

dρϵ “ ∆ϕpρϵqdt´ ∇ ¨ νpρϵq ´
?
ϵ∇¨pσpρϵq dξϵq `

ϵ

2

8
ÿ

k“1

∇ ¨

´

f ϵk 9σpρϵq∇
`

f ϵkσpρϵq
˘

¯

dt, (3.2.1)

which can be written in the form

dρϵ “ ∆ϕpρϵqdt´ ∇ ¨ νpρϵq ´
?
ϵ∇¨pσpρϵq dξϵq `

ϵ

2
∇¨

´

F ϵ
1 p 9σpρϵqq

2 ∇ρϵ ` 9σpρϵqσpρϵqF ϵ
2

¯

dt, (3.2.2)

for F ϵ1 : Td Ñ R and F ϵ2 : Td Ñ Rd defined by

F ϵ1pxq “

8
ÿ

k“1

pf ϵkq2pxq and F ϵ2pxq “

8
ÿ

k“1

f ϵkpxq∇f ϵkpxq.

We make the following assumptions on the noise.

Assumption 3.2.2 (Assumptions on the noise). For each ϵ ą 0, we assume that the sums

tF ϵi ui“1,2,3 defined by

F ϵ1 “

8
ÿ

k“1

pf ϵkq2 and F ϵ2 “
1

2

8
ÿ

k“1

∇pf ϵkq2 and F ϵ3 “

8
ÿ

k“1

|∇f ϵk|
2

are continuous on Td – where the finiteness of F ϵ1 and F ϵ3 implies the absolute convergence of

F ϵ2 – and assume that the divergence of F ϵ2 vanishes:

∇ ¨ F ϵ2 “
1

2
∆F ϵ1 “ 0. (3.2.3)

Remark 3.2.3. Condition (3.2.3) is equivalent to the noise being probabilistically stationary

in the sense that it has the same law at every point in space, a property satisfied by space-time

white noise and all of its standard approximations, such as those presented in Example 3.2.5

below.

As mentioned above, in our analysis of the small noise behaviour of (3.1.1) we let the noise

terms ξϵ converge to some noise ξ as ϵ Ñ 0. Precisely, we make the following assumption.

Assumption 3.2.4 (Assumptions on the noise sequence). For each ϵ ą 0 the family F ϵ

satisfies Assumption 3.2.2 and there exists a family of functions F “ F 0 “ pfmqmPN Ď L2pTdq

such that, for some C ą 0,

8
ÿ

m“1

pf ϵm, uq2L2pTdq
ď C }u}2L2pTdq

@u P L2pTdq @ϵ ě 0,

and such that

lim
ϵÑ0

8
ÿ

m“1

pfm ´ f ϵm, uq2L2pTdq
“ 0 @u P L2pTdq.

Example 3.2.5 (Applicability of the noise assumptions). Assumption 3.2.4 serves to deal

with cylindrical Wiener processes for which the space L2pTdq is too small to live in (see e.g.
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[DPZ92, Chapter 4]) and for which the Dean–Kawasaki equation (3.1.1) might be ill-posed.

For example, this is the case for a space-time white noise ξ on L2pTdq, which admits the

spectral representation

ξ “

8
ÿ

m“1

fmpxqBm
t ,

for any orthonormal basis pfmqmPN of L2pTdq. In this setting, important examples of the

approximating sequence of noise terms include spatial convolutions ξϵ “ ξ ˚ φϵ, that is f ϵm “

fm ˚ φϵ for a suitable mollifier φ; ultraviolet cut-offs like

ξϵ “
ÿ

kPZd, |k|ďMϵ

ei2πk¨xBk
t ,

for any arbitrary sequence pMϵqϵą0 increasing to infinity as ϵ Ñ 0, where for simplicity we

used the orthonormal basis of complex exponentials, and we have f ϵk “ ei2πk¨x if |k| ď Mϵ and

f ϵk “ 0 otherwise; and weighted expansions like

ξa
ϵ

“
ÿ

kPZd

aϵk e
i2πk¨xBk

t ,

for coefficients a “ paϵkqkPZd satisfying
ř

kPZd |k|2|aϵk|2 ă 8 and limϵÑ0 a
ϵ
k “ 1. Indeed, an

explicit computation gives, for the mollification,

F ϵ
1 “

1

ϵd

ż

Td

|φpyq|2 dy, F ϵ
2 “ 0, F ϵ

3 “
1

ϵd`2

ż

Td

|∇φpyq|
2
dy and

8
ÿ

|m|“0

pfm ´ f ϵm, uq2L2 “ }u´ u ˚ φϵ}L2 ;

for the ultraviolet cut-off,

F ϵ
1 pxq“

Mϵ
ÿ

|k|“0

fkpxq2, F ϵ
2 pxq“

1

2

Mϵ
ÿ

|k|“0

∇ pfkq
2
, F ϵ

3 pxq“

Mϵ
ÿ

|k|“0

|∇fkpxq|2 and
8
ÿ

|k|“0

pfk ´ f ϵk, uq2L2 “

8
ÿ

|k|ąMϵ

pfk, uq2L2 ;

and for the weighted expansion,

F aϵ

1 “
ÿ

mPZd

|aϵm|2, F aϵ

2 “ 0, F aϵ

3 “
ÿ

mPZd

|m|2|aϵm|2 and
ÿ

mPZd

pfm ´ f ϵm, uq2L2 “
ÿ

mPZd

|aϵm ´ 1|2pfm, uq2L2 .

Finally we collect our assumptions on the coefficients ϕ, ν, σ, and discuss their meaning and

applicability. The following set of assumptions coincides exactly with [FG21b, Assumption 4.1

and 5.2]. Together with Assumption 3.2.1 and 3.2.2 on the initial data and the noise, it

guarantees the well-posedness of equation (3.2.1) in the sense of stochastic kinetic solutions

(see Theorem 3.2.21).

Assumption 3.2.6 (Assumptions on the coefficients for the well-posedness of the equation).

Let ϕ, σ P Cpr0,8qq X C1,1
loc pp0,8qq and ν P Cpr0,8qqd X C1,1

loc pp0,8qqd, let p P r2,8q and

m P r1,8q, and for every q ě 2 let Θϕ,q P Cpr0,8qq X C1pp0,8qq be the unique function

satisfying

Θϕ,qp0q “ 0 and 9Θϕ,qpzq “ z
q´2
2

´

9ϕpzq

¯
1
2
. (3.2.4)

Assume that the following eight conditions are satisfied.
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(i) We have ϕp0q “ σp0q “ 0 and 9ϕ ą 0 on p0,8q.

(ii) There exists c P p0,8q such that

ϕpzq ď c p1 ` zmq for every z P r0,8q.

(iii) There exists c P p0,8q such that

lim sup
zÑ0`

σ2pzq

z
ď c,

which in particular implies that σp0q “ 0.

(iv) There exists c P p0,8q such that

sup
z1Pr0,zs

σ2pz1q ď c p1 ` z ` σ2pzqq for every z P r0,8q.

(v) There exists c P p0,8q such that

sup
z1Pr0,zs

ν2pz1q ď c p1 ` z ` ν2pzqq for every z P r0,8q.

(vi) For Θϕ,p defined in (3.2.4), either there exists c P p0,8q and γ P r0, 1{2s such that

´

9Θϕ,ppzq

¯´1
ď c zγ for every z P p0,8q, (3.2.5)

or there exists c P p0,8q and q P r1,8q such that, for every z, z1 P r0,8q,

ˇ

ˇ z ´ z1
ˇ

ˇ

q
ď c

ˇ

ˇΘϕ,ppzq ´ Θϕ,ppz
1q

ˇ

ˇ

2
. (3.2.6)

(vii) For Θϕ,2 and Θϕ,p defined in (3.2.4), there exists c P p0,8q such that, for every z P r0,8q,

σ2pzq ď c
`

1 ` z ` Θ2
ϕ,2pzq

˘

and zp´2σ2pzq ď c
`

1 ` z ` Θ2
ϕ,ppzq

˘

.

(viii) For every δ P p0, 1q there exists cδ P p0,8q such that, for every z P pδ,8q,

r 9σpzqs4

9ϕpzq
` pσpzq 9σpzqq2 ` |νpzq| ` 9ϕpzq ď cδ

`

1 ` z ` Θ2
ϕ,ppzq

˘

.

Remark 3.2.7. With regards to Assumption 3.2.6, in Condition (i) the assumption ϕp0q “ 0

is just a normalization, whereas the assumption σp0q “ 0 is crucial to prevent the noise from

dragging solution ρϵ towards negative values. Condition (ii) amounts to polynomial growth

of ϕ at infinity. Condition (iii) requires that σpzq goes to zero as z Ñ 0 at least as fast as
?
z. Condition (iv) amounts to an assumption on the magnitude of the oscillations of σ at

infinity, regardless of their frequency (see Example 3.2.11 below). For example, it is satisfied

if σ2 is monotone or if σ2 grows linearly at infinity or if the oscillations of σ grow linearly at

infinity. Identical considerations holds for the analogous condition (v) on ν. Condition (vi),
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both in the form (3.2.5) or (3.2.6), corresponds to a regularity assumption on ϕ: specifically,

Hölder continuity of the inverse of the resulting function Θϕ,p. Condition (vii) amounts to a

growth condition at infinity on σ, with the aim that one of the convective terms, or better

one of the resulting Itô correction convective terms, is somehow dominated by the diffusion,

namely by Θϕ,p. Similarly, Condition (viii) is a hypothesis on the growth away from zero of

the convective terms, either the deterministic term ν or other Itô correction terms involving

σ.

Assumption 3.2.6 on the coefficients, together with Assumption 3.2.1 and 3.2.2 on the

initial data and the noise, is sufficient to guarantee existence and uniqueness for equation

(3.2.2). To establish the CLT in probability (3.1.7) we just need some more control on the

coefficients at infinity, regardless of their behaviour near the irregularity at zero.

Assumption 3.2.8 (Assumptions on the coefficients for the CLT in probability). We assume

that ϕ, ν, σ satisfy the following, for p P r2,8q given in Assumption 3.2.6.

(i) For some k P r0, 0 _
p´4
4 s, for every δ ą 0 there exists cδ P p0,8q such that

|σpzq| ď cδ p1 ` zk`1q and | 9σpzq| ď cδ p1 ` zkq @ z P pδ,8q.

(ii) We have ϕ, ν P C2
locpp0,8qq and there exists g P r0, 0 _

p
2pk`1q

´ 2s such that, for every

δ ą 0 there exists cδ P p0,8q such that

| :ϕpzq| ` |:νpzq| ď cδ p1 ` zgq @ z P pδ,8q.

To establish the stronger version (3.1.8) of the CLT, we will replace Assumption 3.2.8 with

the following stronger version. It is essentially the requirement that Assumption 3.2.8 holds

uniformly on p0,8q up to the irregularity at zero. We stress that this assumption is NOT

needed for the general CLT in probability (3.1.7).

Assumption 3.2.9 (Assumptions on the coefficients for the CLT in L2pΩq). We assume that

ϕ, ν, σ satisfy the following, for some constant c ě 0, for p P r2,8q given in Assumption 3.2.6.

(i) For some θ P p0, 12q and some k P r0, 0 _
p´4
4 s, for all z P p0,8q,

|σpzq| ď c p1 ` zk`1q, | 9σpzq| ď c p1 ` z´θ ` zkq and |σpzq 9σpzq| ď c p1 ` z2k`1q.

(ii) We have ϕ, ν P C2pp0,8qq and there exists g P r0, 0 _
p

2pk`1q
´ 2s such that, for all

z P p0,8q,

| :ϕpzq| ` |:νpzq| ď c p1 ` zgq.
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Remark 3.2.10. Assumption 3.2.8(i) or 3.2.9(i) serves to control the convective term ∇ ¨

pσpρϵq ˝ ξϵq, so that it is dominated by the diffusion, and indeed it might be replaced by the

somewhat more explicit conditions |σpzq| ď c p1`ϕ1{2pzqq and | 9σpzq| ď c p1` pϕ1{2q1pzqq for all

z P p0,8q. Assumption 3.2.8(ii) or 3.2.9(ii) corresponds to polynomial growth at infinity, and

also regularity near zero for 3.2.9(ii), of the diffusion nonlinearity ϕ and of the deterministic

convective term ν. It is needed to recast the diffusive term ∆
`

ϕpρϵq ´ϕpρ̄q
˘

, or the convective

term respectively, of the nonequilibrium fluctuation vϵ in (3.1.6) in terms of the fluctuation

vϵ itself.

Example 3.2.11 (Applicability of the coefficient assumptions). In the porous media case

ϕpzq “ zm0 all the conditions involving ϕ in Assumption 3.2.6 and 3.2.8 are verified in the full

regime m0 P p0,8q. In this case, the function Θϕ,p defined in (3.2.4) is given for a constant

cp,m0 P p0,8q by

Θϕ,ppzq “ cp,m0 z
m0`p´1

2 .

The conditions are satisfied by taking m “ 1, p “ 2, g “ k “ 0 and choosing option (3.2.5)

with γ “ 1´m0
2 when m0 P p0, 1q, and by taking m “ m0, any p ě 4 _ m2

0, k “ 0 _ m0´2
2 ,

g “ 0 _m0 ´ 2 and choosing option (3.2.6) with q “ m0 ` p´ 1 when m0 P r1,8q.

In the important model case ϕpzq “ zm0 , σpzq “ ϕ1{2pzq “ z
m0
2 , with ν “ 0 for simplicity,

all the conditions in Assumption 3.2.6 and 3.2.8 are verified for any m0 P r1,8q with the

choices of m, p, k, g given above.

In fact, Assumption 3.2.8 and all the conditions in Assumption 3.2.6 except for condition

(iii) are verified also for m0 P p0, 1q, with the corresponding choices of m, p, k, g, γ. Only

condition (iii) in Assumption 3.2.6 breaks down. Indeed, already to prove well-posedness of

(3.1.1) we need the noise coefficient σ to be 1
2 -Hölder near the irregularity point zero.

We also comment on Assumption 3.2.6(iv) on the oscillations of σ. An interesting example

satisfying all the conditions in Assumption 3.2.6 and 3.2.8, is given by σ2pzq “ zm0 `z sin
`

zh
˘

for every m0, h P r1,8q. That is, condition (iv) imposes a condition on the growth of the

magnitude of the oscillations of σ2 at infinity, but not on the growth of the frequency of the

oscillations.

Finally the stronger Assumption 3.2.9 for the CLT in L2pΩq, together with Assumption

3.2.6, applies to the model case ϕpzq “ zm0 , σpzq “ z
m0
2 in the regime m0 P r2,8q, or to

the linear case ϕpzq “ z provided we consider a different noise coefficient σ satisfying the

assumptions, for example σpzq “ z
1
s for some s P p0, 2q.

3.2.2 The zero noise limit and the generalized Ornstein–Uhlenbeck process

In this section we collect some well-established results on the well-posedness of the limiting

equations (3.1.2) and (3.1.3). As regards the deterministic limit (3.1.2) we have the following
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classical theory. We refer the reader to standard monographs like [Vaz07] or [Lie96].

Definition 3.2.12. A weak solution of (3.1.2) is a function ρ̄ P L1pr0, T s;L1pTdqq such that

ϕpρ̄q, νpρ̄q P L1pr0, T s;L1pTdqq and such that, for any t P r0, T s and any ψ P C8pTdq,
ż

Td

ρ̄px, tqψpxq dx “

ż

Td

ρ0pxqψpxq dx`

ż t

0

ż

Td

ϕpρ̄qpx, sq∆ψpxq dx ds`

ż t

0

ż

Td

νpρ̄qpx, sq∇ψpxq dx ds.

Theorem 3.2.13. Under Assumption 3.2.6, for any nonnegative ρ0 P L2pTdq bounded away

from zero, there exists a unique weak solution ρ̄ of (3.1.2) in the sense of Definition 3.2.12.

Furthermore the solution satisfies ρ̄ P L2pr0, T s;L2pTdqq and ϕpρ̄q P L2pr0, T s;H1pTdqq.

Remark 3.2.14. Except for the initial data ρ0, which can be random, equation (3.1.2) is

purely deterministic. Furthermore, one immediately see that for ρ0 P p0,8q a (possibly

random) constant, the solution is simply the constant ρ̄px, t, ωq ” ρ0pωq.

We now consider the stochastic equation

Btv “ ∆ pa vq ´ ∇ ¨

´

b v ` c 9ξ
¯

in Td ˆ p0, T q, vp¨, 0q “ 0 in Td ˆ t0u, (3.2.7)

for some F0-measurable random variables a, b P L0pΩ;Rq with a ě r ą 0 a.e. for some

r P p0,8q, and c P L2pΩ;Rq, and for the noise ξ “ limϵÑ0 ξ
ϵ specified in Assumption 3.2.4.

First of all, we make precise our notion of solution, here α ě 0 depends on the regularity of

the noise ξ, which satisfies Assumption 3.2.4.

Definition 3.2.15. A weak solution in H´αpTdq of equation (3.2.7) is a predictable process

v P L2pΩˆ p0, T q;H´αpTdqq such that, for every t P r0, T s and every w P Hα`2pTdq, P-almost

surely we have

xvpsq, wpsqy

ˇ

ˇ

ˇ

s“t

s“0
“

ż t

0
xvprq, a∆wprq ` b∇wprqy dr `

ż t

0

ż

Td

c∇wpx, rq dξ.

We have the following well-posedness result. This can be proved for example via semigroup

methods (see e.g. [DPZ92, Chapter 5]) or Fourier analysis (see e.g. [DFG20]).

Theorem 3.2.16. Let ξ satisfies Assumption 3.2.4. There exists a unique weak solution

v P L2pΩ ˆ p0, T q;H´αpTdqq of equation (3.2.7) for any α ą d
2 . Furthermore, if an Ñ a and

bn Ñ b almost surely, with an ě r ą 0 for every n P N, and cn Ñ c in L2pΩ;Rq, as n Ñ 8,

and we denote by vn and v the corresponding solutions of (3.2.7), then we have vn Ñ v in

L2pΩ ˆ p0, T q;H´αpTdqq for any α ą d
2 .

3.2.3 The generalized Dean–Kawasaki equation

In this section we summarize the solution theory to equation (3.1.1), interpreted in its Itô

formulation (3.2.2), as put forward in [FG21b]. In particular, we introduce the notions of

weak solution and of stochastic kinetic solution and we collect some of their properties.
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The notion of weak solution is classical.

Definition 3.2.17. Let ρ0 P L1pΩ;L1pTdqq be nonnegative and F0-measurable. A weak

solution to (3.2.2) with initial data ρ0 is an Ft-adapted nonnegative continuous L1pTdq-valued

process ρ P L1pΩ ˆ r0, T s;L1pTdqq such that almost surely

ρ, ϕ
1{2pρq, σpρq P L2pr0, T s;H1pTdqq, 9σpρq P L2pr0, T s;L2pTdqq and νpρq P L1pr0, T s;L1pTdqq,

and such that almost surely, for every ψ P C8pTdq and every t P r0, T s,
ż

Td

ρpx, tqψpxq dx “

ż

Td

ρ0pxqψpxq dx

`

ż t

0

ż

Td

∆ψpxqϕpρqpx, sq dx ds

`

ż t

0

ż

Td

∇ψpxq νpρqpx, sq dx ds

`
?
ϵ

ż t

0

ż

Td

∇ψpxqσpρqpx, sq dξϵ

´
ϵ

2

ż t

0

ż

Td

∇ψpxqpF ϵ1 9σpρq∇σpρq ` 9σpρqσpρqF ϵ2q dx ds.

(3.2.8)

When the coefficients of the equation are sufficiently smooth, weak solutions exist and are

unique.

Theorem 3.2.18 (Theorem 5.20 in [FG21b]). Let ρ0 satisfy Assumption 3.2.1(i), let ξϵ satisfy

Assumption 3.2.2 and let ϕ, ν and σ satisfy Assumption 3.2.6. Suppose furthermore that ϕ, σ

satisfy the additional assumptions:

(i) 9ϕpzq ě c ą 0 for all z P p0,8q, for some c P p0,8q;

(ii) σ P Cpr0,8qq X C8pp0,8qq with 9σ P C8
c pr0,8qq.

There exists a unique weak solution to equation (3.2.2) in the sense of Definition 3.2.17.

Despite being quite natural, the notion of weak solution is often doomed to fail when

σ is not smooth enough. Indeed, as discussed in Section 3.1.1, already in the prototypical

Dean–Kawasaki case σpzq “
?
z, it is not clear how to interpret some of the terms featuring

in (3.2.8). To handle rougher coefficients a wider solution theory is needed.

Namely, given a nonnegative function ρ : Td ˆ r0, T s Ñ R, one introduces an additional

variable z P R and consider the kinetic function χ : R ˆ Td ˆ r0, T s Ñ t0, 1u of ρ defined by

χpz, x, tq “ χ̄pz, ρpx, tqq “ 1t0ăzăρpx,tqu,

for χ̄pz, vq :“ 1t0ăzăvu ´ 1tvăză0u. The velocity variable z essentially corresponds to the

magnitude of the solution ρ. A formal computation presented in [FG21b], based on the

fundamental identity

Spρpx, tqq “

ż

R
9Spzqχpz, x, tq dz,
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for every smooth function S : R Ñ R with Sp0q “ 0, motivates the notion of stochastic kinetic

solution.

Definition 3.2.19. Let ρ0 P L1pΩ;L1pTdqq be nonnegative and F0-measurable. A stochastic

kinetic solution of (3.2.2) is a nonnegative, a.s. continuous L1pTdq-valued Ft-predictable

function ρ P L1pΩ ˆ r0, T s;L1pTdqq that satisfies the following three properties.

(i) Preservation of mass: a.s. for every t P r0, T s,

}ρp¨, tq}L1pTdq “ }ρ0}L1pTdq.

(ii) Integrability of the flux : we have that

σpρq P L2pΩ;L2pTd ˆ r0, T sqq and νpρq P L1pΩ;L1pTd ˆ r0, T s;Rdqq.

(iii) Local regularity : for every K P N,

rpρ^Kq _ 1{Ks P L2pΩ;L2pr0, T s;H1pTdqqq.

Furthermore, there exists a kinetic measure q, that is a map q from Ω to the space of nonneg-

ative, locally finite measures on Td ˆ p0,8q ˆ r0, T s such that, for every ψ P C8pTd ˆ p0,8qq,

the process

Ω ˆ r0, T s Q pω, tq ÞÑ

ż t

0

ż

R

ż

Td

ψpx, ξq dqpωq is Ft-predictable,

that satisfies the following three properties.

(iv) Regularity : almost surely as nonnegative measures,

δ0pz ´ ρq 9ϕpzq|∇ρ|2 ď q on Td ˆ p0,8q ˆ r0, T s.

(v) Vanishing at infinity : we have that

lim
MÑ8

E
”

qpTd ˆ rM,M ` 1s ˆ r0, T sq

ı

“ 0. (3.2.9)

(vi) The equation: almost surely, for every ψ P C8
c pTd ˆ p0,8qq and every t P r0, T s,

ż

R

ż

Td

χpx, z, tqψpx, zq “

ż

R

ż

Td

χpρ0qψpx, zq ´

ż t

0

ż

Td

9ϕpρq∇ρ ¨ p∇ψqpx, ρq

´
ϵ

2

ż t

0

ż

Td

F ϵ1 r 9σpρqs2∇ρ ¨ p∇ψqpx, ρq ´
ϵ

2

ż t

0

ż

Td

σpρq 9σpρqF ϵ2 ¨ p∇ψqpx, ρq

´

ż t

0

ż

R

ż

Td

Bzψpx, zq dq `
ϵ

2

ż t

0

ż

Td

`

σpρq 9σpρq∇ρ ¨ F ϵ2 ` F ϵ3 σ
2pρq

˘

pBzψqpx, ρq

´

ż t

0

ż

Td

ψpx, ρq∇ ¨ νpρqdt´
?
ϵ

ż t

0

ż

Td

ψpx, ρq∇ ¨ pσpρq dξϵq .

(3.2.10)
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Remark 3.2.20. (i) We write p∇ψqpx, ρpx, tqq “ ∇ψpx, zq|z“ρpx,tq to mean the gradient

of ∇xψpx, zq evaluated at the point px, ρpx, tqq as opposed to the full gradient of the

composition ψpx, ρpx, tqq.

(ii) For Ft-adapted processes gt P L2pΩ ˆ r0, T s;L2pTdqq and ht P L2pΩ ˆ r0, T s;H1pTdqq

and for t P r0, T s, we write

ż t

0

ż

Td

gs∇ ¨ phs dξϵq “

8
ÿ

k“1

ˆ
ż t

0

ż

Td

gsf
ϵ
k∇hs ¨ dBk

s `

ż t

0

ż

Td

gshs∇f ϵk ¨ dBk
s

˙

,

where the integrals are interpreted in the Itô sense.

The upshot of the kinetic formulation of (3.2.2) is of course that stochastic kinetic solutions

exist and are unique for a much wider class of coefficients ϕ and σ.

Theorem 3.2.21 (Theorem 5.29 in [FG21b]). Let ρ0 satisfy Assumption 3.2.1(i), let ξϵ

satisfy Assumption 3.2.2, and let ϕ, ν and σ satisfy Assumption 3.2.6. There exists a unique

stochastic kinetic solution ρ to (3.2.2) in the sense of Definition 3.2.19. Furthermore, for p ě 2

and m ě 1 given in Assumption 3.2.6, for n “ 2 and n “ p, it satisfies

sup
tPr0,T s

E
„

ż

Td

|ρpx, tq|n dx

ȷ

` inf
z

9ϕpzqE
„

ż T

0

ż

Td

|ρ|n´2|∇ρ|2 dx dt

ȷ

ď C p1 ` ϵ }F ϵ3}8q
d
2

pp`mq
´

1 ` E
”

}ρ0}
m`n´1
L1pTdq

` }ρ0}nLnpTdq

ı¯

,

(3.2.11)

for a constant C “ CpT, ϕ, ν, σq depending on ϕ, ν and σ only through the constants c

appearing in Assumption 3.2.6.

Weak and stochastic kinetic solutions are obviously related. First of all, when they exist,

weak solutions are stochastic kinetic solutions.

Proposition 3.2.22 (Proposition 5.21 in [FG21b]). Let ρ0 satisfy Assumption 3.2.1(i), let ξϵ

satisfy Assumption 3.2.2 and let ϕ, ν, σ satisfy Assumption 3.2.6 and the additional assump-

tions (i)-(ii) in Theorem 3.2.18. Let ρ be the unique weak solution of (3.2.2) in the sense of

Definition 3.2.17, then ρ is also a stochastic kinetic solution in the sense of Definition 3.2.19

and its kinetic measure is given by q “ δ0pz ´ ρq 9ϕpzq|∇ρ|2dx dt.

The following statement asserts that stochastic kinetic solutions, and thus also weak so-

lutions thanks to the previous proposition, depend continuously on the coefficients of the

equation, and it will be crucial in our arguments. The proof is a straightforward adaptation

of the final part of the proof of [FG21b, Theorem 5.29].

Proposition 3.2.23. Let ρ0 satisfy Assumption 3.2.1(i), let ξϵ satisfy Assumption 3.2.2 and

let ϕ, ν, σ satisfy Assumption 3.2.6. For η P p0, 1q, let ϕη, νη, ση be a sequence of coefficients

such that:
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(i) ϕη, νη, ση satisfy Assumption 3.2.6 uniformly in η P p0, 1q;

(ii) ϕη Ñ ϕ, νη Ñ ν and ση Ñ σ in Clocpr0,8qq X C1
locpp0,8qq as η Ñ 0.

For each η P p0, 1q, let ρϵ,η be the unique stochastic kinetic solution of

$

’

’

’

&

’

’

’

%

dρϵ,η “∆ϕηpρϵ,ηqdt´ ∇ ¨ νηpρϵ,ηq dt´
?
ϵ∇¨pσηpρϵ,ηq dξϵq

`
ϵ

2
∇ ¨

´

F ϵ1 p 9σηpρϵ,ηqq
2∇ρϵ,η ` 9σηpρϵ,ηqσηpρϵ,ηqF ϵ2

¯

dt,

ρϵ,ηp¨, 0q “ ρ0,

(3.2.12)

and let ρϵ be the stochastic kinetic solution of (3.2.2) with initial data ρ0, in the sense of

Definition 3.2.19. Then we have

lim
ηÑ0

}ρϵ,η ´ ρϵ}L1pr0,T s;L1pTdqq “ 0 in probability.

For the sake of completeness, we end this section by establishing that, if the stochastic

convective term σ is more regular near zero and somewhat dominated by the diffusion, we

have the converse of Proposition 3.2.22: stochastic kinetic solutions are weak solutions. Since

we will not need this fact in the following, we only sketch the main details. The proof is based

on the following proposition, which establishes the H1-regularity of the nonlinear term ϕ1{2pρq

imposed by the diffusion.

Proposition 3.2.24 (Corollary 5.31 in [FG21b]). Let ρ0 satisfy Assumption 3.2.1, let ξϵ

satisfy Assumption 3.2.2 and let ϕ, ν and σ satisfy Assumption 3.2.6. Let ρ be the unique

stochastic kinetic solution to equation (3.2.2). Assume furthermore the following:

(i) there exists c P p0,8q such that |σpzq| ď c ϕ1{2pzq for every z P r0,8q;

(ii) there exists c P p0,8q such that

|νpzq| ` 9ϕpzq ď c p1 ` z ` ϕpzqq for every z P r0,8q;

(iii) the map z ÞÑ logpϕpzqq is locally integrable on r0,8q.

Then for the unique function Ψϕ P Cpr0,8q;Rq X C1pp0,8q;Rq satisfying Ψϕp0q “ 0 and
9ΨΦpzq “ logpϕpzqq, for a constant C “ CpT, ϕ, ν, σq depending on ϕ, ν and σ only through
the constants c appearing in Assumption 3.2.6 and in the further hypotheses (i)-(iii) above,
we have

E
„

sup
tPr0,T s

ż

Td

Ψϕpρpx, tqq

ȷ

` E

«

ż T

0

ż

Td

ˇ

ˇ

ˇ
∇ϕ1{2pρq

ˇ

ˇ

ˇ

2
ff

` inf
zą0

9ϕpzqE

«

ż T

0

ż

Td

1tρą0u

ϕ1pρq

ϕpρq
|∇ρ|

2

ff

ď C

ˆ

1 ` }ϵ F ϵ
1}8 ` }ϵ F ϵ

3}
d
2 pm`1q

8

˙ ˆ

1 ` E
„

}ρ0}mL1pTdq `

ż

Td

Ψϕpρ0q

ȷ˙

.

(3.2.13)

We can now prove the following.
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Proposition 3.2.25. In the setting of Proposition 3.2.24, assume furthermore that, for some

c ą 0,

| 9σpzq| ď c 9`

ϕ1{2
˘

pzq and | 9σpzq|2 ď c p1 ` z ` ϕpzqq @ z P p0,8q. (3.2.14)

Then the stochastic kinetic solution ρ of (3.2.2) satisfies the weak formulation (3.2.8) of the

equation.

Proof. The idea is to test the kinetic formulation (3.2.10) of the equation against functions

of the form ψpx, zq “ φpxqKδpzq for arbitrary φ P C8pTdq and for a smooth cut-off Kδ : R Ñ

r0, 1s such that

Kδpzq “

$

&

%

1 if z P r2δ, 1{δs,

0 if z P r0, δs Y r2{δ,8q,

and then let δ Ñ 0 and show that, along a suitable subsequence δn Ñ 0, the resulting

expression coincides with the weak formulation (3.2.8).

Except for the term involving the kinetic measure, each of the integrals in (3.2.10) is shown

to converge to the corresponding quantity in (3.2.8) or to zero by dominated convergence. This

is justified using Assumption 3.2.6, the regularity estimates (3.2.11) and (3.2.13), the further

hypotheses (i)-(iii) in Proposition 3.2.24, and the hypothesis (3.2.14), which together with

(3.2.13) implies that 9σpρq P L2pr0, T s;L2pTdqq and σpρq P L2pr0, T s;H1pTdqq with

|∇σpρq| ď C
ˇ

ˇ

ˇ
∇ϕ1{2pρq

ˇ

ˇ

ˇ
.

The term involving the kinetic measure is shown to converge to zero along a subsequence δn Ñ

0 using property (3.2.9) and the following property, which is proved in [FG21b, Proposition

4.6],

lim inf
δÑ0

´

δ´1qpTd ˆ rδ{2, δs ˆ r0, T sq

¯

“ 0.

3.3 The central limit theorem for fluctuations

3.3.1 The central limit theorem in L2pΩq for more regular coefficients

This section is devoted to the proof of our central limit theorems: Theorem 3.3.3 and 3.3.10.

In the first part we obtain the stronger version (3.1.8) of the CLT, for coefficients satisfying

Assumption 3.2.6 and the stronger Assumption 3.2.9. In the second part we extend the result

to rougher coefficients satisfying Assumption 3.2.6 and Assumption 3.2.8 only.

The nonlinearity of the diffusion ϕ makes it difficult to apply standard Fourier analysis

and we have to accompany this with some moment estimates. Our ansatz is that vϵ converge

to v, solving (3.1.3), which can be distribution valued. Therefore we expect the norm of vϵ
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in any function space to blow up as ϵ Ñ 0. After an approximation lemma, the following

proposition quantifies this explosion.

Lemma 3.3.1. Let ϕ, ν, σ P W 1,1
loc pr0,8qq X C1pp0,8qq with ϕp0q “ σp0q “ 0 and 9ϕpzq ą 0

for every z P p0,8q. There exists a sequence of approximations pϕη, νη, σηqηPp0,1q such that

(i) ϕη Ñ ϕ, νη Ñ ν and ση Ñ σ in C1
locp0,8q X Clocpr0,8qq as η Ñ 0;

(ii) ϕη, νη, ση satisfy Assumption 3.2.6, 3.2.8, 3.2.9 and Assumption (i)-(ii) in Theorem

3.2.18.

Furthermore, if ϕ, ν and σ satisfy Assumption 3.2.6, 3.2.8, 3.2.9 or Assumption (i) or (ii) in

Theorem 3.2.18, then ϕη, νη, ση satisfy Assumption 3.2.6, 3.2.8, 3.2.9 or Assumption (i) or (ii)

in Theorem 3.2.18, respectively, uniformly in η P p0, 1q.

Proof. A standard smoothing procedure by convolution and cut-off.

Proposition 3.3.2. Let ρ0 satisfy Assumption 3.2.1(ii), let ξϵ satisfy Assumption 3.2.2 and
let ϕ, ν, σ satisfy Assumption 3.2.6 and 3.2.9, for some p ě 2 and m ě 1. Let ρϵ be the
stochastic kinetic solution to (3.2.2) with initial data ρ0, let ρ̄ ” ρ0 be the solution of (3.1.2)
and define vϵ “ ϵ´1{2pρϵ ´ ρ̄q. Then, for any T P r0,8q and any h P

“

1, p
pk`1q

‰

, we have

E
”

}vϵ}hLhpr0,T s;Tdq

ı

ď C }F ϵ
3}

h{2
8 p1 ` ϵ }F ϵ

3}8q
d
2 pp`mq

´

1 ` E
”

}ρ0}
m`p´1
L1pTdq

` }ρ0}
p
LppTdq

ı¯

, (3.3.1)

for a constant C “ CpT, ϕ, ν, σ, pq depending on ϕ, ν and σ only through the constants c

featuring in Assumption 3.2.6 and 3.2.9.

Proof. Consider the sequence pϕη, νη, σηqηPp0,1q of approximations given by Lemma 3.3.1. Let

ρϵ,η be the corresponding weak solution of (3.2.12), whose existence is guaranteed by Theorem

3.2.18, and let ρ̄ ” ρ0 be the unique solution of Btρ̄ “ ∆ϕηpρ̄q ´ ∇ ¨νηpρ̄q with initial data

ρ0. It follows that the fluctuations vϵ,η “ ϵ´1{2pρϵ,η ´ ρ̄q are a weak solution, in the sense of

Definition 3.2.17, to

$

’

’

’

’

&

’

’

’

’

%

dvϵ,η “ ∆
`

ϵ´1{2
`

ϕηpρϵ,ηq ´ ϕηpρ̄q
˘˘

dt´ ∇ ¨
`

ϵ´1{2
`

νηpρϵ,ηq ´ νηpρ̄q
˘˘

dt´ ∇¨pσηpρϵ,ηq dξϵq

`
?
ϵ
2 ∇ ¨ pF ϵ1 9σηpρϵ,ηq∇σηpρϵ,ηq ` 9σηpρϵ,ηqσηpρϵ,ηqF ϵ2q dt,

vϵ,ηp¨, 0q “ 0.
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Applying Itô’s formula, in the version proved in Krylov [Kry12], yields:
ż

Td

|vϵ,ηpx, tq|
h
dx “ ´

ż t

0

ż

Td

hph´ 1q |vϵ,ηpx, tq|
h´2 ∇vϵ,η∇

´

ϵ´1{2 pϕηpρϵ,ηq ´ ϕηpρ̄qq

¯

dx ds

`

ż t

0

ż

Td

hph´ 1q |vϵ,ηpx, tq|
h´2 ∇vϵ,ηϵ´1{2

`

νηpρϵ,ηq ´ νηpρ̄q
˘

dx ds

´

ż t

0

ż

Td

h |vϵ,ηpx, tq|
h´2

vϵ,η∇ ¨ pσηpρϵ,ηqdξϵq

´

?
ϵ

2

ż t

0

ż

Td

hph´ 1q |vϵ,ηpx, tq|
h´2 ∇vϵ,η

¨ pF ϵ
1 9σηpρϵ,ηq∇σηpρϵ,ηq ` 9σηpρϵ,ηqσηpρϵ,ηqF ϵ

2 q dx ds

`
1

2

ż t

0

ż

Td

hph´ 1q |vϵ,ηpx, tq|
h´2

¨

´

|∇σηpρϵ,ηq|
2
F ϵ
1 ` 2σηpρϵ,ηq∇σηpρϵ,ηqF ϵ

2 ` pσηpρϵ,ηqq
2
F ϵ
3

¯

dx ds.

Rearranging the terms, and using that ∇vϵ,η “ ϵ´1{2∇ρϵ,η since ρ̄ ” constant, the smoothness
of ϕη, νη, ση, and the regularity properties of ρϵ,η guaranteed by Theorem 3.2.18, we obtain

ż

Td

|vϵ,ηpx, tq|
h
dx`

ż t

0

ż

Td

hph´ 1q |vϵ,ηpx, sq|
h´2 ∇vϵ,η∇

´

ϵ´1{2 pϕηpρϵ,ηq ´ ϕηpρ̄qq

¯

dx ds

“

ż t

0

ż

Td

hph´ 1q |vϵ,ηpx, sq|
h´2 ∇vϵ,ηϵ´ 1

2

`

νηpρϵ,ηq ´ νηpρ̄q
˘

dx ds

´

ż t

0

ż

Td

h |vϵ,ηpx, sq|
h´2

vϵ,η∇ ¨ pσηpρϵ,ηqdξϵq

`
1

2

ż t

0

ż

Td

hph´ 1q |vϵ,ηpx, sq|
h´2

σηpρϵ,ηq∇σηpρϵ,ηq ¨ F ϵ
2 dx ds

`
1

2

ż t

0

ż

Td

hph´ 1q |vϵ,ηpx, sq|
h´2

pσηpρϵ,ηqq
2
F ϵ
3 dx ds.

(3.3.2)

The first term on the right-hand side of (3.3.2) is identically zero because of integration by

parts and the rewriting
ż

Td

hph´ 1q |vϵ,ηpx, sq|
h´2∇vϵ,η ϵ´1{2

`

νηpρϵ,ηq ´ νηpρ̄q
˘

dx

“

ż

Td

hph´ 1q∇ ¨

˜

ż ρϵ,η

0

ˇ

ˇ

ˇ

ˇ

z ´ ρ̄
?
ϵ

ˇ

ˇ

ˇ

ˇ

h´2

ϵ´1{2
`

νηpzq ´ νηpρ̄q
˘

dz

¸

dx “ 0.

(3.3.3)

Similarly, the third term on the right-hand side of (3.3.2) vanishes because of the assumption
∇ ¨ F ϵ2 “ 0 and the integration by parts

ż

Td

|vϵ,ηpx, sq|
h´2

σηpρϵ,ηq∇σηpρϵ,ηq ¨ F ϵ
2 dx “´

ż

Td

˜

ż ρϵ,η

0

ˇ

ˇ

ˇ

ˇ

z ´ ρ̄
?
ϵ

ˇ

ˇ

ˇ

ˇ

h´2

σηpzq 9σηpzq dz

¸

∇ ¨ F ϵ
2 dx. (3.3.4)

Furthermore, the second term on the right-hand side of (3.3.2) is a true martingale vanish-
ing at time zero, thanks to Remark 3.2.20(ii), Assumption 3.2.2 and Assumption (i)-(ii) in
Theorem 3.2.18, and the regularity of ρϵ,η. Therefore, applying the expectation to (3.3.2) and
further integrating over t P r0, T s yields:

E
”

}vϵ,η}
h
Lhpr0,T s;Tdq

ı

` E

«

ż T

0

ż

Td

hph´ 1q |vϵ,ηpx, tq|
h´2

|∇vϵ,η|
2 9ϕηpρϵ,ηq pT ´ sq dx ds

ff

“
1

2
E

«

ż T

0

ż

Td

hph´ 1q |vϵ,ηpx, tq|
h´2

pσηpρϵ,ηqq
2
F ϵ
3 pT ´ sq dx ds

ff

.

(3.3.5)
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We now estimate the right-hand side of (3.3.5) as follows. Assumption 3.2.9(i) on σ and

Lemma 3.3.1 ensure that

|σηpzq| ď C
´

1 ` |z|k`1
¯

, (3.3.6)

for a constant C “ Cpσq independent of η P p0, 1q. Thus, applying Hölder’s inequality,

Young’s inequality and formula (3.3.6), noticing that hpk ` 1q ď p, yields:

1

2
E

„
ż T

0

ż

Td

hph´ 1q |vϵ,ηpx, sq|
h´2

pσηpρϵ,ηqq
2 F ϵ3 pT ´ sq dx ds

ȷ

ď C }F ϵ3}8 E
„

ż T

0

ż

Td

|vϵ,η|
h dx ds

ȷ

h´2
h

E
„

ż T

0

ż

Td

pσηpρϵ,ηqq
h dx ds

ȷ

2
h

ď
1

2
E

”

}vϵ,η}
h
Lhpr0,T s;Tdq

ı

` C }F ϵ3}
h{2
8

ˆ

1 ` E
„

ż T

0

ż

Td

pρϵ,ηqpdx ds

ȷ˙

,

(3.3.7)

for a constant C “ Cpσ, p, T q independent of η P p0, 1q. Going back to (3.3.5), we use (3.3.7)

and we absorb the first term on the right hand side of (3.3.7) into the corresponding term on

the left hand side of (3.3.5), thanks to the factor 1
2 in front, to obtain

E
”

}vϵ,η}
h
Lhpr0,T s;Tdq

ı

ď C }F ϵ3}
h{2
8

ˆ

1 ` E
„

ż T

0

ż

Td

pρϵ,ηqpdx ds

ȷ˙

, (3.3.8)

for a constant C “ Cpσ, p, T q independent of η.

Now we recall that Lemma 3.3.1 ensures that ϕη, νη, ση satisfy Assumption 3.2.6 and 3.2.9

uniformly in η P p0, 1q, since these are satisfied by ϕ, ν, σ. Therefore estimate (3.2.11) holds

for a constant C “ Cpϕ, ν, σ, p, T q independent of η P p0, 1q. Using estimate (3.2.11) with

n “ p in (3.3.8), we obtain

E
”

}vϵ,η}
h
Lhpr0,T s;Tdq

ı

ď C }F ϵ3}
h{2
8 p1 ` ϵ }F ϵ3}8q

d
2

pp`mq
´

1 ` E
”

}ρ0}
m`p´1
L1pTdq

` }ρ0}
p
LppTdq

ı¯

,

(3.3.9)

for a constant C “ Cpσ, ν, ϕ, p, T q independent of η. Finally, Proposition 3.2.23 ensures that

lim
ηÑ0

}ρϵ,η ´ ρϵ}L1pr0,T s;L1pTdqq “ 0 in probability.

Therefore, upon passing to a subsequence ηn Ñ 0, we have ρϵ,ηn Ñ ρϵ for a.e. px, t, ωq P

Td ˆ r0, T s ˆ Ω. Letting ηn Ñ 0 in (3.3.9) and applying Fatou’s Lemma eventually yield

formula (3.3.1).

We are now ready to estimate the difference between the actual fluctuations vϵ and their

asymptotic description v, and obtain the CLT in L2pΩq.

Theorem 3.3.3 (Central limit theorem in L2pΩq). Let ρ0 satisfy Assumption 3.2.1(ii) and
let ϕ, ν, σ satisfy Assumption 3.2.6 and 3.2.9, for some p ě 2 and m ě 1. Let ξ “ limϵÑ0 ξ

ϵ,
where pξϵqϵą0 satisfy Assumption 3.2.4, and let v be the corresponding solution of the Langevin
equation (3.1.3). For any ϵ ą 0, let ρϵ be the stochastic kinetic solution to the generalized
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Dean–Kawasaki equation (3.2.2) with initial data ρ0, let ρ̄ ” ρ0 be the solution of the zero
noise limit(3.1.2) and let vϵ “ ϵ´1{2pρϵ ´ ρ̄q. Then, for any T P r0,8q, for τ “ 2 or τ “ 8, for
any β ą d

2 or β ą d
2 ` 1 respectively, we have

E
”

}vϵptq´vptq}
2
Lτ pr0,T s;H´βpTdqq

ı

ď C
´

ϵ p|F ϵ
1 |8`|F ϵ

3 |8q
2

`ϵ
1{2|F ϵ

3 |
1{2
8

¯

p1`ϵ |F ϵ
3 |8q

g` d
2 pp`mq

´

1`E
”

}ρ0}
m`p´1
L1pTdq

` }ρ0}
p
LppTdq

ı¯

` C
ÿ

nPZd

np2´ 4
τ q´2β

ÿ

k

ż T

0

ˇ

ˇ

ˇ

ˇ

ż

Td

ei2πnx pf ϵk ´ fkq dx

ˇ

ˇ

ˇ

ˇ

2

ds, (3.3.10)

for a constant C “ CpT, ρ̄, ϕ, ν, σ, p, βq depending on ϕ, ν and σ only through the constants

c featuring in Assumption 3.2.6 and 3.2.9.

In particular, along a scaling regime where ϵ Ñ 0 and ξϵ Ñ ξ such that

lim
ϵÑ0

?
ϵ

´

}F ϵ1}8` }F ϵ2}8 ` }F ϵ3}8

¯

“ 0, (3.3.11)

the nonequilibrium fluctuations vϵ converge to v in L2pΩ;Lτlocpr0,8q;H´βpTdqqq with rate of

convergence (3.3.10).

Proof. Consider the sequence of approximations pϕη, νη, σηqηPp0,1q given in Lemma 3.3.1, let

ρϵ,η be the solution of (3.2.12), let ρ̄ ” ρ0 be the solution of (3.1.2) and let vϵ,η “ ϵ´1{2pρϵ,η´ ρ̄q

be the corresponding fluctuations. Finally let vη be the solution of

dvη “ ∆
`

9ϕηpρ̄q vη
˘

dt´ ∇ ¨ p 9νpρ̄q vηq dt´ ∇ ¨ pσηpρ̄q dξq, vηp¨, 0q “ 0,

as given in Theorem 3.2.16. The difference vϵ,η ´ vη is a weak solution of
$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

dpvϵ,η ´ vηq “∆
´

ϵ´1{2
`

ϕηpρϵ,ηq ´ ϕηpρ̄q
˘

´ 9ϕηpρ̄qvη
¯

dt,

´ ∇ ¨

´

ϵ´1{2
`

νηpρϵ,ηq ´ νηpρ̄q
˘

´ 9νηpρ̄qvη
¯

dt´ ∇¨
`

σηpρϵ,ηq dξϵ ´ σηpρ̄q dξ
˘

`
ϵ1{2

2
∇ ¨

´

F ϵ
1 p 9σηpρϵ,ηqq

2 ∇ρϵ,η ` 9σηpρϵ,ηqσηpρϵ,ηqF ϵ
2

¯

dt,

vϵ,ηp¨, 0q “ 0.

Using the fundamental theorem of calculus, this is rewritten as

dpvϵ,η ´ vηq “∆

ˆ

9ϕηpρ̄qpvϵ,η ´ vηq `

ż 1

0

ż 1

0

:ϕηpρ̄` λµpρϵ,η ´ ρ̄qqλ dλdµ pvϵ,ηq2 ϵ
1{2

˙

dt

´ ∇ ¨

ˆ

9νηpρ̄qpvϵ,η ´ vηq `

ż 1

0

ż 1

0

:νηpρ̄` λµpρϵ,η ´ ρ̄qqλ dλdµ pvϵ,ηq2 ϵ
1{2

˙

dt

`
ϵ1{2

2
∇ ¨

˜

F ϵ
1 ∇

ż ρϵ,η

0

p 9σηpzqq2 dz ` 9σηpρϵ,ηqσηpρϵ,ηqF ϵ
2

¸

dt

´ ∇¨
`

pσηpρϵ,ηq ´ σηpρ̄qq dξϵ ` σηpρ̄q dpξϵ ´ ξq
˘

.

(3.3.12)

Using (3.3.12), recalling that ∇F ϵ1 “ 2F ϵ2 and integrating by parts several times, we
compute the Fourier coefficients of vϵ,η ´ vη. Namely, for each n P Zd, for enpxq :“ ei2πn¨x
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and v̂ϵ,ηn ´ v̂ηn :“ xvϵ,η ´ vη, eny,

dpv̂ϵ,ηn ´ v̂ηnq “

ż

Td

∆enpxq

ˆ

9ϕηpρ̄qpvϵ,η ´ vηq `

ż 1

0

ż 1

0

:ϕηpρ̄` λµpρϵ,η ´ ρ̄qqλ dλdµ pvϵ,ηq2 ϵ
1{2

˙

dx dt

`

ż

Td

∇enpxq

ˆ

9νηpρ̄qpvϵ,η ´ vηq `

ż 1

0

ż 1

0

:νηpρ̄` λµpρϵ,η ´ ρ̄qqλ dλdµ pvϵ,ηq2 ϵ
1{2

˙

dx dt

`
ϵ1{2

2

ż

Td

p∆enF
ϵ
1 ` ∇en2F ϵ

2 q

ż ρϵ,η

0

p 9σηpzqq2 dz ´ ∇enF ϵ
2 9σηpρϵ,ηqσηpρϵ,ηq dx dt

`

ż

Td

∇enpxq
`

pσηpρϵ,ηq ´ σηpρ̄qq dξϵ ` σηpρ̄q dpξϵ ´ ξq
˘

.

This is an SDE for v̂ϵ,ηn ´ v̂ηn, which is readily solved by variation of constants:

v̂ϵ,ηn ptq ´ v̂ηnptq

“ ϵ
1{2

ż t

0

ep´4π2n2 9ϕη
pρ̄q`i2πn 9νη

pρ̄qqpt´sq

¨

ˆ
ż

Td

∆en

ż 1

0

ż 1

0

`

:ϕηpρ̄` λµpρϵ,η ´ ρ̄qq ` :νηpρ̄` λµpρϵ,η ´ ρ̄qq
˘

λ dλdµ pvϵ,ηpx, sqq2dx

˙

ds

`
ϵ1{2

2

ż t

0

ep´4π2n2 9ϕη
pρ̄q`i2πn 9νη

pρ̄qqpt´sq

¨

˜

ż

Td

p∆enF
ϵ
1 ` ∇en2F ϵ

2 q

ż ρϵ,η

0

p 9σηpzqq2 dz ´∇enF ϵ
2 9σηpρϵ,ηqσηpρϵ,ηq dx

¸

ds

`

ż t

0

ep´4π2n2 9ϕη
pρ̄q`i2πn 9νη

pρ̄qqpt´sq

ż

Td

∇enpxq
`

pσηpρϵ,ηq ´ σηpρ̄qq dξϵ ` σηpρ̄q dpξϵ ´ ξq
˘

.

(3.3.13)

We now estimate each term on the right hand side of (3.3.13) separately. We first consider
the case τ “ 2. For the first term we compute, for a constant C “ CpT, p, ϕ, σ, ν, ρ̄q,

E

«

ż T

0

ˇ

ˇ

ˇ

ˇ

ż t

0

ep´4π2n2 9ϕη
`i2πn 9νη

qpt´sq ϵ
1{2

ˆ
ż

Td

∆en

ż 1

0

ż 1

0

`

:ϕη ` :νη
˘

λ dλdµ pvϵ,ηq2dx

˙

ds
ˇ

ˇ

ˇ

ˇ

2

dt

ff

ď ϵE

«

ż T

0

ˆ
ż t

0

ep´4π2n2 9ϕη
pρ̄q`i2πn 9νη

pρ̄qqpt´sqds

˙

¨

˜

ż t

0

ep´4π2n2 9ϕη
`i2πn 9νη

qpt´sq

ˆ
ż

Td

∆en

ż 1

0

ż 1

0

`

:ϕη ` :νη
˘

λ dλdµ pvϵ,ηq2dx

˙2

ds

¸

dt

ff

ď C
ϵ

n2
E

«

ż T

0

˜

ż T

s

ep´4π2n2 9ϕη
pρ̄q`i2πn 9νη

pρ̄qqpt´sqdt

¸

¨

ˆ
ż

Td

∆en

ż 1

0

ż 1

0

`

:ϕη ` :νη
˘

λ dλdµ pvϵ,ηpx, sqq2dx

˙2

ds

ff

ď C
ϵ

n4
E

«

ż T

0

ż

Td

|∆en|2
ż 1

0

ż 1

0

`

:ϕη ` :νη
˘2
λ2 dλ dµ pvϵ,ηq4 dx ds

ff

ď C ϵE

«

ż T

0

ż

Td

´

1 ` |ρ̄| ` ϵ
1
2 |vϵ,η|

¯2g

pvϵ,ηq4 dx ds

ff

ď C ϵ |F ϵ
3 |28 p1 ` ϵ|F ϵ

3 |8q
g` d

2 pp`mq
´

1 ` E
”

}ρ0}
m`p´1
L1pTdq

` }ρ0}
p
LppTdq

ı¯

.

(3.3.14)

In the first passage we used Hölder’s inequality and in the second passage we estimated the

first time integral and used Fubini’s theorem to swap remaining time integrals. In the third
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passage we estimated again the time integral of the exponential and then applied Hölder’s

inequality several times. The fourth passage follows from ∇en “ i2πnen and Assumption

3.2.9(ii). The last passage follows from Hölder’s inequality, Proposition 3.3.2 and 2g`4 ď
p

k`1

in Assumption 3.2.9(ii).

For the second term on the right hand side of (3.3.13) we compute, for a constant C “

CpT, p, ϕ, σ, ν, ρ̄q,

E

«

ż T

0

ˆ
ż t

0

ep´4π2n2 9ϕη
pρ̄q`i2πn 9νη

pρ̄qqpt´sq

¨
ϵ1{2

2

˜

ż

Td

p∆enF
ϵ
1 ` ∇en2F ϵ

2 q

ż ρϵ,η

0

p 9σηpzqq2 dz ´∇enF ϵ
2 9σηpρϵ,ηqσηpρϵ,ηq dx

¸

ds

¸2

dt

fi

fl

ď C
ϵ

n4
E

«

ż T

0

ż

Td

p|∆en| ` |∇en|q
2

p|F ϵ
1 |8 ` |F ϵ

2 |8q
2

¨

˜

ż ρϵ,η

0

p 9σηpzqq2 dz ` | 9σηpρϵ,ηqσηpρϵ,ηq|

¸2

dx ds

fi

fl

ď C ϵ p|F ϵ
1 |8 ` |F ϵ

2 |8q
2 E

«

ż T

0

ż

Td

1 ` |ρϵ,η|2´4θ ` |ρϵ,η|4k`2dx ds

ff

ď C ϵ p|F ϵ
1 |8 ` |F ϵ

2 |8q
2

p1 ` ϵ|F ϵ
3 |8q

d
2 pp`mq

´

1 ` E
”

}ρ0}
m`p´1
L1pTdq

` }ρ0}
p
LppTdq

ı¯

.

(3.3.15)

In the first passage we used Hölder’s inequality and Fubini’s theorem for the time inte-

grals, and then estimated the integrals involving the exponential. The second passage follows

from ∇en “ i2πnen and Assumption 3.2.9(i) on σ. The last passage follows from Hölder’s

inequality, estimate (3.2.11), and θ P r0, 1{2q and 4k ` 4 ď p in Assumption 3.2.9(i).

We finally consider the last term on the right hand side of (3.3.13). We first use Itô
isometry, then Fubini’s theorem and finally estimate the time integral of the exponential and
use Assumption 3.2.4 to obtain, for a constant C “ CpT, ϕ, ρ̄q,

E

«

ż T

0

ˆ
ż t

0

ep´4π2n2 9ϕη
`i2πn 9νη

pt´sq

ż

Td

∇enpxq ppσηpρϵ,ηq ´ σηpρ̄qq dξϵ ` σηpρ̄q dpξϵ ´ ξqq

˙2

dt

ff

“ E

«

ż T

0

ż t

0

ep´8π2n2 9ϕη
pρ̄q`i4πn 9νη

pρ̄qqpt´sq

¨
ÿ

m

˜

ˇ

ˇ

ˇ

ˇ

ż

Td

∇enpσηpρϵ,ηq ´ σηpρ̄qqf ϵm dx

ˇ

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ

ˇ

ż

Td

∇enσηpρ̄qpf ϵm ´ fmq dx

ˇ

ˇ

ˇ

ˇ

2
¸

ds dt

ff

“ E

«

ż T

0

˜

ż T

s

ep´8π2n2 9ϕη
pρ̄q`i4πn 9νη

pρ̄qqpt´sq 4π2n2 dt

¸

¨
ÿ

m

˜

ˇ

ˇ

ˇ

ˇ

ż

Td

enpσηpρϵ,ηq ´ σηpρ̄qqf ϵm dx

ˇ

ˇ

ˇ

ˇ

2

`

ˇ

ˇ

ˇ

ˇ

ż

Td

enσ
ηpρ̄qpf ϵm ´ fmq dx

ˇ

ˇ

ˇ

ˇ

2
¸

ds

ff

ď C E

«

ż T

0

ż

Td

|σηpρϵ,ηq ´ σηpρ̄q|2dx`
ÿ

m

ˇ

ˇ

ˇ

ˇ

ż

Td

enσ
ηpρ̄qpf ϵm ´ fmq dx

ˇ

ˇ

ˇ

ˇ

2

ds

ff

.

(3.3.16)
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In turn, for the first term on the right hand side of (3.3.16), for a constant C “ CpT, p, ϕ, σ, ν, ρ̄q,

E

«

ż T

0

ż

Td

|σηpρϵ,ηq ´ σηpρ̄q|2dxds

ff

ď CE

«

ż T

0

ż

Td

|ρϵ,η ´ ρ̄|2dx ds

ff1{2

E

»

–

ż T

0

ż

Td

˜

ż ρϵ,η

ρ̄

p 9σηpzqq2dz

¸2

dxds

fi

fl

1{2

ď C ϵ
1{2E

”

}vϵ,η}2L2
t,x

ı1{2

˜

1 ` E

«

ż T

0

ż

Td

|ρϵ,η|p2k`1q2dx ds

ff¸1{2

ď C ϵ
1{2|F ϵ

3 |
1{2
8 p1 ` ϵ|F ϵ

3 |8q
d
2 pp`mq

´

1 ` E
”

}ρ0}
m`p´1
L1pTdq

` }ρ0}
p
LppTdq

ı¯

.

(3.3.17)

The first passage follows from Hölder’s inequality and the fundamental theorem of calculus.

In the second passage we used the definition of vϵ,η, Assumption 3.2.9(i) on 9σ and Young’s

inequality. In the last passage we used Proposition 3.3.2, Hölder’s inequality with 2p2k`1q ď p

from Assumption 3.2.9 and the Lp-estimate (3.2.11).

In conclusion, combining (3.3.13) with the estimates (3.3.14), (3.3.15), (3.3.16) and (3.3.17),
we obtain, for a constant C “ CpT, ρ̄, p, ϕ, σ, νq,

E
”

}vϵ,ηn ptq ´ vηnptq}2L2pr0,T s;H´βpTdqq

ı

“ E

«

ż T

0

ÿ

nPZd

|v̂ϵ,ηn ptq ´ v̂ηnptq|n´2βdt

ff

ď C
ÿ

nPZd

n´2β
ÿ

m

ż T

0

ˇ

ˇ

ˇ

ˇ

ż

Td

en pf ϵm ´ fmq dx

ˇ

ˇ

ˇ

ˇ

2

ds

` C

˜

ÿ

nPZd

n´2β

¸

´

ϵ p|F ϵ
1 |8 ` |F ϵ

3 |8q
2

` ϵ
1{2|F ϵ

3 |
1{2
8

¯

¨ p1 ` ϵ |F ϵ
3 |8q

g` d
2 pp`mq

´

1 ` E
”

}ρ0}
m`p´1
L1pTdq

` }ρ0}
p
LppTdq

ı¯

.

(3.3.18)

We now let η Ñ 0, keeping ϵ P p0, 1q fixed, and use Fatou’s Lemma in (3.3.18) to obtain

formula (3.3.10) in the case τ “ 2.

The estimate for τ “ 8 is obtained similarly, estimating E
”

suptPr0,T s |v̂ϵ,ηn ptq ´ v̂ηnptq|n´2β
ı

for each Fourier mode via the expression (3.3.13) and using computations completely anal-

ogous to (3.3.14)-(3.3.16), where we simply replace
şT
0 dt by suptPr0,T s. The only differences

are that in the first passage of (3.3.16) we use Doob’s maximal inequality for stochastic con-

volutions (cf. [DPZ92]) instead of the Itô isometry, and that in the respective computations

(3.3.14)-(3.3.16) we pick up a factor n2 on the right hand side of each estimate since this is no

more compensated by the time integral of the exponential. This forces us to require β ą d
2 `1

in this case. Then we conclude identically to (3.3.17)-(3.3.18).

Finally we argue that vϵ Ñ v along the scaling regime (3.3.11). Ideed, since β ą d
2 , or

β ą d
2 ` 1 respectively, the first term on the right hand side of (3.3.10) vanishes along the

prescribed scaling regime. The second term vanishes thanks to Assumption 3.2.4 on the noise

sequence and dominated convergence.
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3.3.2 The central limit theorem in probability for rougher coefficients

In this subsection we extend the CLT to rougher coefficients satisfying Assumption 3.2.6 and

Assumption 3.2.8 only.

In the following, for η P p0, 1q, we consider smoothed coefficients ϕη, νη, ση satisfying

further assumptions, but obtained by smoothing the original coefficients ϕ, ν, σ only near

zero. Namely, a standard smoothing procedure yields the following lemma.

Lemma 3.3.4. Consider coefficients ϕ, ν, σ satisfying Assumption 3.2.6 and 3.2.8. There

exists a sequence of approximating coefficients tϕη, νη, σηuηPp0,1q that satisfies Assumption

3.2.6 and 3.2.8 uniformly in η P p0, 1q, and Assumption 3.2.9 and Assumption (i)-(ii) in

Theorem 3.2.18, not necessarily uniformly in η, and such that, defining

δη :“ inftδ ě 0 | ϕηpzq “ ϕpzq, νηpzq “ νpzq, σηpzq “ σpzq @z P rδ,8qu, (3.3.19)

we have that δη decreases to zero as η decreases to zero. That is limηÑ0 δη “ 0.

Given the stochastic kinetic solution ρϵ,η to equation (3.2.12) with these smoothed coeffi-

cients ϕη, νη, ση, we denote

Ωϵ,η :“
!

ω P Ω
ˇ

ˇ ess-inf
Tdˆr0,T s

ρϵ,η ą δη

)

.

Furthermore, given any initial data ρ0 satisfying Assumption 3.2.1(ii), we denote

ℓ :“ ess-inf
ΩˆTd

ρ0.

The following two results establish stronger uniqueness both for the zero-noise limit and

for the generalized Dean–Kawasaki equation. The first is an immediate application of the

maximum principle and the uniqueness for the deterministic equation (3.1.2).

Lemma 3.3.5. Let ρ̄ and ρ̄η be the solutions of equation (3.1.2) and of its smoothed version

Btρ̄
η “ ∆ϕηpρ̄ηq ´ ∇¨νηpρ̄ηq, both with initial data ρ0 satisfying Assumption 3.2.1(ii), i.e. a

random positive constant. Let η P p0, 1q be small enough so that δη ă ℓ, that is so that the

smoothed coefficients match the true coefficients on rℓ,8q. Then we have ρ̄ “ ρ̄η for a.e.

pω, x, tq P Ω ˆ Td ˆ r0,8q.

A straightforward adaptation of the uniqueness proof in [FG21b, Theorem 4.7], which just

amounts to restricting all the arguments to a smaller probability subset Ω0 Ď Ω, establishes

the following.

Lemma 3.3.6 (Enhanced pathwise uniqueness). For i “ 1, 2, let ρi be the stochastic kinetic

solution to the equation

Btρ
i “ ∆ϕipρ

iq ´ ∇ ¨ νipρ
iq ´

?
ϵ∇ ¨

´

σipρ
iq ˝ 9ξϵ

¯

in Td ˆ p0, T q, ρip¨, 0q “ ρi0 in Td ˆ t0u,
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with noise ξϵ satisfying Assumption 3.2.2, coefficients ϕi, νi and σi satisfying Assumption

3.2.6, and initial data ρi0 satisfying Assumption 3.2.1. Let Ω0 Ď Ω be a measurable subset

such that

i) ρ10px, ωq “ ρ20px, ωq for every x P Td, for a.e. ω P Ω0;

ii) for some δ ą 0, for a.e. ω P Ω0,

ϕ1pzq “ ϕ2pzq, ν1pzq “ ν2pzq, σ1pzq “ σ2pzq @z P

ˆ

ess inf
Tdˆr0,T sˆΩ0

ρ1 ´ δ, ess-sup
Tdˆr0,T sˆΩ0

ρ1 ` δ

˙

.

Then we have that

sup
tPr0,T s

}ρ1p¨, tq ´ ρ2p¨, tq}L1pTdq ď }ρ10 ´ ρ20}L1pTdq almost surely on Ω0.

The two previous Lemmas, the convergence (3.1.4) from [FG23, Theorem 6.6] and Theorem

3.3.3 from the previous section immediately yield the following.

Corollary 3.3.7. Let ρ0, pξϵqϵą0 and ϕ, ν, σ satisfy Assumption 3.2.1(ii), Assumption 3.2.4,

and Assumption 3.2.6 and 3.2.8 respectively. Consider the smoothed coefficients from Lemma

3.3.4 and let η P p0, 1q be small enough so that δη ă ℓ. Let ρϵ,η be the stochastic kinetic

solution to the smoothed equation (3.2.12). We have, keeping η fixed,

lim
ϵÑ0

}ρϵ,η ´ ρ̄}L1pr0,T s;L1pTdqq “ 0 in probability.

Furthermore, keeping η fixed and letting ϵ Ñ 0 along the scaling regime (3.3.11), we have

vϵ,η “ ϵ´1{2pρϵ,η ´ ρ̄q Ñ v in L2pΩ;Lτlocpr0,8q;H´βpTdqqq,

for τ “ 2 or τ “ 8, for any β ą d
2 or β ą 1 ` d

2 respectively, with rate of convergence given

in formula (3.3.10). Finally, for every ϵ P p0, 1q and every η P p0, 1q small enough, we have

ρϵ “ ρϵ,η and vϵ “ vϵ,η for a.e. px, tq P Td ˆ r0, T s, for every ω P Ωϵ,η.

We now present the main ingredient to establish the central limit theorem in probability.

Corollary 3.3.7 implies that the sets Ωϵ,η satisfy Ωϵ,η1 Ě Ωϵ,η2 for every η1 ă η2 P p0, 1q and

every ϵ P p0, 1q. The following proposition essentially establishes that the measure of Ωϵ,η Ď Ω

increases to 1 as ϵ Ñ 0.

The proposition is adapted from [DFG20] to the nonlinear diffusion case and we state it

on its own, since the result is interesting per se and it holds for any stochastic kinetic solution

of equation (3.2.1) provided the coefficients satisfy Assumption 3.2.6 and the diffusion is

nondegenerate.
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Proposition 3.3.8 (Moser iteration argument). Fix ϵ ą 0. Let ρ0 satisfy Assumption 3.2.1,

let ξϵ satisfy Assumption 3.2.2 and let ϕ, ν, σ satisfy Assumption 3.2.6. Furthermore, suppose

that inf 9ϕ ą 0. Let ρϵ be the stochastic kinetic solution to (3.2.2) and let ℓ :“ ess-inf
ΩˆTd

ρ0. For

every T ě 0, we have

E
”

}pρϵ ´ ℓq´}L8pTdˆr0,T sq

ı

ď c˚

8
ÿ

j“1

1

j2
R ζ p1`2{dq´j

ϵ ,

where c˚ is a numeric constant, and Rϵ and the exponent ζ are given by

Rϵ :“ C0 pinf 9ϕq´2
`

ϵ2 }F ϵ1}8}F ϵ3}8 ` ϵ }F ϵ3}8

˘

, ζ :“

$

’

&

’

%

d
2p1 ` 2{dq2 if Rϵ ě 1,

e´dpd`1qp1{2 ` 1{dq if Rϵ P p0, 1q,

for a constant C0 “ C0pT, d, ℓ, ϕ, σ, νq depending on the coefficients ϕ, ν, σ only through the

constants c featuring in Assumption 3.2.6.

Proof. For η P p0, 1q consider smoothed coefficients ϕη, νη, ση obtained from the original

coefficients ϕ, ν, σ thanks to Lemma 3.3.1. They satisfy Assumption 3.2.6 and also Assumption

(i) in Theorem 3.2.18, since ϕ is nondegenerate, uniformly in η. In particular we require

inf 9ϕη ě inf 9ϕ ą 0. Let ρϵ,η be the weak solution to equation (3.2.12) with coefficients

ϕη, νη, ση and the same noise ξϵ and initial data ρ0. Finally let ℓ :“ ess-inf
ΩˆTd

ρ0.

For any α P r1,8q, consider the function fpzq :“ pz ´ ℓqα`1
´ “ p0 _ pℓ´zqqα`1. Applying

Itô’s formula in the form proved in Krylov [Kry12] yields

ż

Td

pρϵ,ηr ´ ℓqα`1
´ dx

ˇ

ˇ

ˇ

r“t

r“0
“ ´

ż t

0

ż

Td

αpα ` 1qpρϵ,ηr ´ ℓqα´1
´

9ϕηpρϵ,ηq|∇ρϵ,ηr |2 dx dr

´

ż t

0

ż

Td

pα ` 1qpρϵ,ηr ´ ℓqα´∇ ¨ pνηpρϵ,ηqq dx dr

´ ϵ
1{2

ż t

0

ż

Td

pα ` 1qpρϵ,ηr ´ ℓqα´ ∇ ¨ pσηpρϵ,ηq dξϵq

`
ϵ

2

ż t

0

ż

Td

αpα ` 1qpρϵ,ηr ´ ℓqα´1
´ σηpρϵ,ηq∇σηpρϵ,ηqF ϵ2 dx dr

`
ϵ

2

ż t

0

ż

Td

αpα ` 1qpρϵ,ηr ´ ℓqα´1
´ pσηpρϵ,ηqq

2 F ϵ3 dx dr.

(3.3.20)

We note that that the integral at time r “ 0 on the left hand side of (3.3.20) vanishes because

pρ0 ´ ℓq´ ” 0 by definition of ℓ. Furthermore, arguing as in (3.3.3)-(3.3.4), using integration

by parts and the periodic boundary conditions or the assumption ∇ ¨ F ϵ2 “ 0, shows that

the second and the fourth term on the right hand side of (3.3.20) are identically zero. We

integrate by parts the third term on the right hand side of (3.3.20), then we use the identity

∇ pρϵ,ηq
α`1
2 “

α ` 1

2
pρϵ,ηq

α´1
2 ∇ρϵ,η
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to rewrite the first and the third term on the right hand side, and finally we rearrange the

terms to obtain

ż

Td

pρϵ,ηt ´ ℓqα`1
´ dx`

ż t

0

ż

Td

4α

α ` 1
9ϕηpρϵ,ηr q

ˇ

ˇ

ˇ

ˇ

∇pρϵ,ηr ´ ℓq
α`1
2

´

ˇ

ˇ

ˇ

ˇ

2

dx dr

“ ϵ
1{2

ż t

0

ż

Td

2α pρϵ,ηr ´ ℓq
α´1
2

´ ∇pρϵ,ηr ´ ℓq
α`1
2

´ σηpρϵ,ηq dξϵ

`
ϵ

2

ż t

0

ż

Td

αpα ` 1qpρϵ,ηr ´ ℓqα´1
´ pσηpρϵ,ηqq

2 F ϵ3 dx dr.

(3.3.21)

Since ρϵ,η ě 0 always, we have |pρϵ,η ´ ℓq´|8 ď ℓ. Moreover, the assumption σ P

Clocpr0,8qq implies that there exists C “ Cpℓ, σq independent of η P p0, 1q such that

|σηpρϵ,ηq1tpρϵ,η´ℓq´‰0u| ď C. (3.3.22)

Hence, for the second term on the right hand side of (3.3.21), we have, for a constant C “

Cpℓ, σq independent of η, ϵ P p0, 1q and of α ě 1, almost surely for every t P r0, T s,

ϵ

2

ż t

0

ż

Td

αpα ` 1qpρϵ,ηr ´ ℓqα´1
´ pσηpρϵ,ηqq

2
F ϵ
3 dx dr ď C α2 ϵ }F ϵ

3}8

ż t

0

ż

Td

pρϵ,ηr ´ ℓqα´1
´ dx dr. (3.3.23)

Given an arbitrary bounded stopping time τ ď T , we now evaluate (3.3.21) at t “ τ . After
taking the expectation, so that the martingale term vanishes, using estimate (3.3.23) and
multiplying both sides by pinf 9ϕq´1, we obtain, for a constant C “ Cpℓ, σq independent of
η, ϵ P p0, 1q and α ě 1,

E
„

ż τ

0

ż

Td

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

ˇ

ˇ

ˇ

2

dx dr

ȷ

ď C α2 pinf 9ϕq´1 ϵ }F ϵ
3}8E

„
ż τ

0

ż

Td

pρϵ,ηr ´ ℓqα´1
´ dx dr

ȷ

. (3.3.24)

For the martingale term in (3.3.21), given an arbitrary bounded stopping time τ ď T ,
we compute, for a constant C “ Cpℓ, T, σq independent of η, ϵ P p0, 1q and α ě 1, for any
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δα P p0, ℓq,

E
„

sup
tPr0,τs

ˇ

ˇ

ˇ

ˇ

ϵ
1{2

ż t

0

ż

Td

2α pρϵ,ηr ´ ℓq
α´1
2

´ ∇pρϵ,ηr ´ ℓq
α`1
2

´ σηpρϵ,ηq dξϵ
ˇ

ˇ

ˇ

ˇ

ȷ

ďCϵ
1{2αE

«

ˆ
ż τ

0

8
ÿ

k“1

´

ż

Td

2pρϵ,ηr ´ ℓq
α´1
2

´ ∇pρϵ,ηr ´ ℓq
α`1
2

´ σηpρϵ,ηq fkpxq dx
¯2

dr

˙1{2
ff

ďCϵ
1{2αE

«

ˆ
ż τ

0

´

ż

Td

pρϵ,ηr ´ ℓqα´1
´ σηpρϵ,ηq2F ϵ

1 dx
¯ ´

ż

Td

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

´

ˇ

ˇ

ˇ

2

dx
¯

dr

˙1{2
ff

ďCα ϵ
1{2}F ϵ

1}
1{2
8 E

«

sup
tPr0,τs

ˆ
ż

Td

pρϵ,ηt ´ ℓqα´1
´

`

1tρϵ,ηąℓ ´δαu ` 1tρϵ,ηďℓ ´δαu

˘

dx

˙1{2

¨

ˆ
ż τ

0

ż

Td

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

´

ˇ

ˇ

ˇ

2

dx dr

˙1{2
ff

ď pCα2 ϵ}F ϵ
1}8q

1{2

ˆ

δα´1
α ` δ´2

α E
”

sup
tPr0,τs

ż

Td

pρϵ,ηt ´ ℓqα`1
´ dx

ı

˙1{2

¨ E
„

ż τ

0

ż

Td

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

´

ˇ

ˇ

ˇ

2

dx dr

ȷ1{2

ď pCα2 ϵ}F ϵ
1}8q

1{2δ
α´1
2

α E
”

ż τ

0

ż

Td

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

´

ˇ

ˇ

ˇ

2

dx dr
ı1{2

` pCα2 ϵ}F ϵ
1}8q

1{2δ´1
α E

”

sup
tPr0,τs

ż

Td

pρϵ,ηt ´ ℓqα`1
´ dx

ı1{2

E
”

ż τ

0

ż

Td

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

´

ˇ

ˇ

ˇ

2

dx dr
ı1{2

ď pCα2 ϵ}F ϵ
1}8q

1{2

ˆ

1

2
δα´1
α `

1

2
E

”

ż τ

0

ż

Td

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

´

ˇ

ˇ

ˇ

2

dx dr
ı

˙

`
1

2
E

”

sup
tPr0,τs

ż

Td

pρϵ,ηt ´ ℓqα`1
´ dx

ı

`
1

2
pCα2 ϵ}F ϵ

1}8qδ´2
α E

”

ż τ

0

ż

Td

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

´

ˇ

ˇ

ˇ

2

dx dr
ı

ď
1

2
E

„

sup
tPr0,τs

ż

Td

pρϵ,ηt ´ ℓqα`1
´ dx

ȷ

` pCα2ϵ}F ϵ
1}8q

1{2 δα´1
α

`

´

Cα4 δ´2
α pinf 9ϕq´1

`

ϵ2}F ϵ
1}8 ` ϵ

3{2}F ϵ
1}

1{2
8

˘

}F ϵ
3}8

¯

E
„

ż τ

0

ż

Td

pρϵ,ηr ´ ℓqα´1
´ dx dr

ȷ

.

(3.3.25)

In the first passage we used the Burkholder-Davis-Gundy inequality and the form of the

noise term. The second passage follows from Hölder’s inequality. In the third passage we used

(3.3.22) and we took the supremum in time and then split the first space integral according to

the values of ρϵ,η. The fourth passage follows again from Hölder’s inequality and the splitting

introduced. The fifth and sixth passage follows from convexity and Hölder’s inequality. The

last passage follows from (3.3.24).

Now, given an arbitrary bounded stopping time τ ď T , combining (3.3.21) with (3.3.23)
and (3.3.25) yields, for a constant C “ Cpℓ, T, σq independent of η, ϵ P p0, 1q and α ě 1, for
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any δα P p0, ℓq,

E
„

sup
tPr0,τs

ż

Td

pρϵ,ηt ´ ℓqα`1
´ dx`

ż τ

0

ż

Td

4α

α ` 1
9ϕηpρϵ,ηr q

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

ˇ

ˇ

ˇ

2

dx dr

ȷ

ď E
„

sup
tPr0,τs

ˇ

ˇ

ˇ

ˇ

ϵ
1{2

ż t

0

ż

Td

2α pρϵ,ηr ´ ℓq
α´1
2

´ ∇pρϵ,ηr ´ ℓq
α`1
2

´ σηpρϵ,ηq dξϵ
ˇ

ˇ

ˇ

ˇ

ȷ

` E
„

ϵ

2

ż τ

0

ż

Td

αpα ` 1qpρϵ,ηr ´ ℓqα´1
´ pσηpρϵ,ηqq

2
F ϵ
3 dx dr

ȷ

ď
1

2
E

„

sup
tPr0,τs

ż

Td

pρϵ,ηt ´ ℓqα`1
´ dx

ȷ

`

´

Cα4 δ´2
α pinf 9ϕq´1

`

ϵ2 }F ϵ
1}8}F ϵ

3}8 ` ϵ }F ϵ
3}8

˘

¯

¨

ˆ

δα´1
α ` E

„
ż τ

0

ż

Td

pρϵ,ηr ´ ℓqα´1
´ dx dr

ȷ˙

.

(3.3.26)

In turn, absorbing the first term on the right hand side of (3.3.26) into the left hand side,
thanks to the factor 1

2 in front, and then multiplying both sides by max tinfp 9ϕq´1, 1u yields,
for a fixed constant c̄ “ c̄pT, σ, ℓq independent of η, ϵ P p0, 1q and α ě 1,

E
„

sup
tPr0,τs

ż

Td

pρϵ,ηt ´ ℓqα`1
´ dx`

ż τ

0

ż

Td

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

ˇ

ˇ

ˇ

2

dx dr

ȷ

ď

´

c̄ α4 δ´2
α pinf 9ϕq´2

`

ϵ2 }F ϵ
1}8}F ϵ

3}8 ` ϵ }F ϵ
3}8

˘

¯

ˆ

δα´1
α `E

„
ż τ

0

ż

Td

pρϵ,ηr ´ ℓqα´1
´ dx dr

ȷ˙

.

(3.3.27)

In particular we notice that, upon possibly enlarging the constant c̄ by a factor p1`T q, when
α “ 1 formula (3.3.27) reduces to

E
„

sup
tPr0,T s

ż

Td

pρϵ,ηt ´ ℓq2´dx`

ż τ

0

ż

Td

|∇pρϵ,ηr ´ ℓq|
2
dx dr

ȷ

ď

´

c̄ α4 δ´2
α pinf 9ϕq´2

`

ϵ2 }F ϵ
1}8}F ϵ

3}8 ` ϵ }F ϵ
3}8

˘

¯

.

(3.3.28)

Since the stopping time τ in (3.3.27) is arbitrary, it follows from [RY99, Chapter IV,
Proposition 4.7 and Exercise 4.30] that, for any α ě 1, for the same constant c̄ “ c̄pT, σ, ℓq

introduced in (3.3.27) and independent of η, ϵ P p0, 1q and of α ě 1, for any δα P p0, 1q,

E

«

ˆ

sup
tPr0,T s

ż

Td

pρϵ,ηt ´ ℓqα`1
´ dx`

ż T

0

ż

Td

ˇ

ˇ

ˇ
∇pρϵ,ηr ´ ℓq

α`1
2

ˇ

ˇ

ˇ

2

dx dr

˙
1

α`1

ff

ď
pα ` 1q

1
α`1

1 ´ 1
α`1

`

α4δ´2
α

˘
1

α`1

´

c̄ pinf 9ϕq´2
`

ϵ2 }F ϵ
1}8}F ϵ

3}8 ` ϵ }F ϵ
3}8

˘

¯
1

α`1

¨ E

«

ˆ

δα´1
α `

ż T

0

ż

Td

pρϵ,ηr ´ ℓqα´1
´ dx dr

˙
1

α`1

ff

.

(3.3.29)

We are now ready to conclude the proof using a Moser iteration argument. To ease the
notation, let us define ψ :“ pρϵ,η ´ ℓq´. Using that px ` yq

1{h ď x1{h ` y1{h, for h ě 1 and
x, y ě 0, and Hölder’s inequality with exponent α`1

α´1 in (3.3.29) gives, for the constant c̄
introduced in (3.3.27), for any α ě 1 and any δα P p0, 1q,

E
„

´

}ψ}
α`1

L8
t Lα`1

x
` }∇ψ

α`1
2 }2L2

tL
2
x

¯
1

α`1

ȷ

ď
pα ` 1q

1
α`1

1 ´ 1
α`1

`

α4δ´2
α

˘
1

α`1

´

c̄ pinf 9ϕq´2
`

ϵ2 }F ϵ
1}8}F ϵ

3}8 ` ϵ }F ϵ
3}8

˘

¯
1

α`1

¨

ˆ

δ
α´1
α`1
α `E

“

}ψ}Lα´1
t Lα´1

x

‰

α´1
α`1

˙

.

(3.3.30)
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We first use interpolation and Sobolev inequalities to deduce that for

λ “
2

2 ` d
and q “

p2 ` dqpα ` 1q

d
,

we have that, for a fixed constant c̃ “ c̃pT, dq independent of η, ϵ P p0, 1q and α ě 1,

}ψ}LqpTdˆr0,T sq ď }ψ}
λ
L8pr0,T s;Lα`1pTdqq }ψ}

1´λ

Lα`1pr0,T s;L
2˚
2

pα`1q
pTdqq

“ }ψ}
λ
L8pr0,T s;Lα`1pTdqq

›

›

›
ψ

α`1
2

›

›

›

2p1´λq

α`1

L2pr0,T s;L2˚ pTdqq
.

ď }ψ}
λ
L8pr0,T s;Lα`1pTdqq

ˆ

c̃

ˆ

}ψ}
α`1
2

L8pr0,T s;Lα`1pTdqq
`

›

›

›
∇ψ

α`1
2

›

›

›

L2pr0,T s;L2pTdqq

˙˙

2p1´λq

α`1

.

(3.3.31)

Now Hölder’s inequality, the inequality px ` yq2 ď 2px2 ` y2q for all x, y P r0,8q, the fact
that λ P p0, 1q, α P r1,8q, and (3.3.30) prove that, for the constant C0 :“ c̄c̃, for c̄ and c̃

introduced in (3.3.27) and (3.3.31), independent of ϵ, η P p0, 1q and α ě 1,

E
”

}ψ}LqpTdˆr0,T sq

ı

ďE
”

}ψ}L8pr0,T s;Lα`1pTdqq

ıλ

E

«

ˆ

c̃ }ψ}
α`1
L8pr0,T s;Lα`1pTdqq ` c̃

›

›

›
∇ψ

α`1
2

›

›

›

2

L2pr0,T s;L2pTdqq

˙
1

α`1

ff1´λ

ďE

«

ˆ

c̃ }ψ}
α`1
L8pr0,T s;Lα`1pTdqq ` c̃

›

›

›
∇ψ

α`1
2

›

›

›

2

L2pr0,T s;L2pTdqq

˙
1

α`1

ff

ď
pα ` 1q

1
α`1

1 ´ 1
α`1

`

α4δ´2
α

˘
1

α`1

´

C0 pinf 9ϕq´2
`

ϵ2 }F ϵ
1}8}F ϵ

3}8 ` ϵ }F ϵ
3}8

˘

¯
1

α`1

¨

ˆ

δ
α´1
α`1
α `E

“

}ψ}Lα´1
t Lα´1

x

‰

α´1
α`1

˙

.

(3.3.32)

Furthermore, thanks to (3.3.28), when α “ 1 we can replace the last factor on the right hand

side of (3.3.32) simply with 1.

We now iterate inequality (3.3.32) along a suitable sequence of exponents αk tending to

infinity and small parameters δk “ δαk
for k P N. Namely, mimicking the relation between

the exponents q, α and α ´ 1 in formula (3.3.32), which holds for any α P r1,8q, we define

αk “
2 ` d

d
pαk´1 ` 2q and βk “ αk´1 ` 1 @ k P N˚, α0 “ 0. (3.3.33)

This gives

αk “ pd` 2q
`

p1 ` 2{dqk ´ 1
˘

and βk “ pd` 2q
`

p1 ` 2{dqk´1 ´ 1
˘

` 1 @ k P N˚. (3.3.34)

We also introduce the shorthand

uβk :“
1

βk ` 1
@ k P N˚.

Let us now define

γ :“ inf
kě2

k
ź

i“2

βi ´ 1

βi ` 1
“ lim

kÑ8

k
ź

i“2

βi ´ 1

βi ` 1
P p0, 1q. (3.3.35)
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It is shown in (3.3.39) below that indeed γ ą 0. In turn we define

δk :“ k´2{γ @ k P N˚. (3.3.36)

Finally, let us also introduce the shorthand

Rϵ :“ C0 pinf 9ϕq´2
`

ϵ2 }F ϵ1}8}F ϵ3}8 ` ϵ }F ϵ3}8

˘

. (3.3.37)

Iterating inequality (3.3.32) over the sequence αk, using the inequality px`yq
1{h ď x1{h`y1{h

for h ě 1 and x, y ě 0 at each step, yields

E
”

}ψ}Lαk pTdˆr0,T sq

ı

ď
u

´uβk
βk

1 ´ uβk

β
4uβk

k δ
´2uβk

k R
uβk
ϵ

˜

δ
βk´1

βk`1

k ` E
”

}ψ}Lαk´1 pTdˆr0,T sq

ı

βk´1

βk`1

¸

ď
u

´uβk
βk

1 ´ uβk

β
4uβk

k δ
´2uβk

k R
uβk
ϵ δ

βk´1

βk`1

k

`
u

´uβk
βk

1 ´ uβk

β
4uβk

k δ
´2uβk

k R
uβk
ϵ

¨

˝

u
´uβk´1
βk´1

1 ´ uβk´1

β
4uβk´1

k´1 δ
´2uβk´1

k´1 R
uβk´1
ϵ

˛

‚

βk´1

βk`1

¨

˜

δ

βk´1´1

βk´1`1

k´1 ` E
”

}ψ}Lαk´2 pTdˆr0,T sq

ı

βk´1´1

βk´1`1

¸

βk´1

βk`1

ď

k
ÿ

j“1

δ

śk
i“j

βi´1

βi`1

j ˆ

k
ź

l“j

˜

u
´uβl

βl

1 ´ uβl

β
4uβl

l δ
´2uβl

l

¸

śk
i“l`1

βi´1

βi`1

ˆ R

řk
l“j

´

uβl

śk
i“l`1

βi´1

βi`1

¯

ϵ .

We remark that in the last passage of the iteration, from α1 to α0, we do not pick up any
integral of ψ since by construction α0 “ 0 (cf. formula (3.3.28) and the comment after formula
(3.3.32)). Finally, recalling (3.3.35)-(3.3.36), we estimate

E
”

}ψ}Lαk pTdˆr0,T sq

ı

ď

˜

k
ÿ

j“1

δγj R

řk
l“j

´

uβl

śk
i“l`1

βi´1

βi`1

¯

ϵ

¸

ˆ sup
kPN˚

k
ź

l“1

˜

u
´uβl

βl

1 ´ uβl

β
4uβl

l

¸

śk
i“l`1

βi´1

βi`1

ˆ sup
kPN˚

k
ź

l“1

δ
´2uβl

śk
i“l`1

βi´1

βi`1

l .

(3.3.38)

We now analyze the limit of the infinite sum and products in (3.3.38). As anticipated in

(3.3.35) we have γ P p0, 1q. Indeed, passing to logarithms, using that logp1 ´ zq ě ´p1 ` dqz

for z ď d
1`d and the expression (3.3.34), we find

log

˜

k
ź

i“2

βi ´ 1

βi ` 1

¸

“

k
ÿ

i“2

log

ˆ

1 ´
2

βi ` 1

˙

ě ´2p1 ` dq

8
ÿ

i“1

1

βi ` 1
ą ´8. (3.3.39)

In particular the series
ř8
j“1 δ

γ
j ă 8 converges since δj “ j´2{γ. Furthermore, for every

l ď k P N˚, we have

γ uβl ď uβl

k
ź

i“l`1

βi ´ 1

βi ` 1
ď uβl .
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Therefore, by (3.3.34) and (3.3.39) and dominated convergence, for every j P N˚ the following
limit exists and satisfies the inequality

γ
8
ÿ

l“j

uβl
ď lim

kÑ8

k
ÿ

l“j

˜

uβl

k
ź

i“l`1

βi ´ 1

βi ` 1

¸

“

8
ÿ

l“j

˜

uβl

8
ź

i“l`1

βi ´ 1

βi ` 1

¸

ď

8
ÿ

l“j

uβl
ă 8.

In particular we have the estimate, for every j P N˚,

R

řk
l“j

´

uβl
śk

i“l`1
βi´1

βi`1

¯

ϵ ď max

"

1, R
ř8

l“1 uβl
ϵ

*

. (3.3.40)

Furthermore, the first supremum on the right hand side of (3.3.38) is finite since we compute,
recalling the expression (3.3.34),

log

¨

˚

˝

k
ź

l“1

˜

u
´uβl

βl

1 ´ uβl

β
4uβl

l

¸

śk
i“l`1

βi´1

βi`1

˛

‹

‚

“

k
ÿ

l“1

k
ź

i“l`1

βi ´ 1

βi ` 1

ˆ

1

βl ` 1
logpβl ` 1q ` logp1 ` 1{βlq `

4

βl ` 1
logpβlq

˙

À

8
ÿ

l“1

1 ` logpβlq

βl
ă 8.

Similarly, the second supremum on the right hand side of (3.3.38) is finite since we compute,
recalling also (3.3.35)-(3.3.36),

log

˜

k
ź

l“1

δ
´2uβl

śk
i“l`1

βi´1

βi`1

l

¸

“

k
ÿ

l“1

2uβl

k
ź

i“l`1

βi ´ 1

βi ` 1
logpδ´1

l q ď

k
ÿ

l“1

4

γ

logplq

βl ` 1
ă 8. (3.3.41)

We now let k Ñ 8 in (3.3.38) and, by formulas (3.3.39)-(3.3.41) and dominated conver-
gence, we obtain, for a numeric constant c˚ ě 0 only depending on the sequences chosen in
(3.3.33)-(3.3.36),

E
”

}pρϵ,η ´ ℓq´}L8pTdˆr0,T sq

ı

“ lim
kÑ8

E
”

}pρϵ,η ´ ℓq´}Lαk pTdˆr0,T sq

ı

ď c˚

8
ÿ

j“1

j´2 R

ř8
l“j

´

uβl

ś8
i“l`1

βi´1

βi`1

¯

ϵ .
(3.3.42)

In particular, thanks to (3.3.40), if Rϵ Ñ 0 then the right hand side of (3.3.42) vanishes

by dominated convergences. In fact, formula (3.3.33)-(3.3.36) and tedious, but elementary,

estimates with geometric series and logarithms allow to further quantify the exponent hitting

Rϵ in (3.3.42), and yield the estimate, for the same numeric constant c˚,

E
”

}pρϵ,η ´ ℓq´}L8pTdˆr0,T sq

ı

ď c˚

8
ÿ

j“1

j´2

$

’

&

’

%

R
d{2p1`2{dq2´j

ϵ if Rϵ ě 1,

R
expp´dpd`1qq1{2p1`2{dq1´j

ϵ if Rϵ P p0, 1s.
(3.3.43)

In conclusion, we note that the constant C0 introduced in (3.3.32) and featuring in the

definition (3.3.37) of Rϵ is independent of η P p0, 1q. Therefore we pass to the limit η Ñ 0

and use Proposition 3.2.23 and Fatou’s Lemma in (3.3.43) to obtain an identical estimate for

the solution ρϵ of the original equation. This concludes the proof.
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We now go back to the the central limit theorem. Applying Proposition 3.3.8 to the

solution ρϵ,η of (3.2.12) with the smoothed coefficients ϕη, νη, ση given in Lemma 3.3.4 and

using Markov’s inequality we readily obtain the following.

Corollary 3.3.9. In the setting of Corollary 3.3.7, for every ϵ, η P p0, 1q and every δ P r0, ℓq,

we have

P
ˆ

ess-inf
Tdˆr0,T s

ρϵ,η ă ℓ

˙

“ P

˜

ess-sup
Tdˆr0,T s

pρϵ,η ´ ℓq´ ą ℓ´δ

¸

ď
c˚

ℓ´δ

8
ÿ

j“1

1

j2
R ζ p1`2{dq´j

ϵ,η ,

where c˚ P p0,8q is a numeric constant and where

Rϵ,η :“ C0 pinf 9ϕηq´2
`

ϵ2 }F ϵ1}8}F ϵ3}8 ` ϵ }F ϵ3}8

˘

,

ζ :“

$

’

&

’

%

d
2p1 ` 2{dq2 if Rϵ ě 1,

e´dpd`1qp1{2 ` 1{dq if Rϵ P p0, 1q,

(3.3.44)

for a constant C0 “ C0pT, d, ϕ, σ, ν, ℓq independent of ϵ, η P p0, 1q.

In turn, Corollary 3.3.7 and the definition of Ωϵ,η yield that, for every ϵ P p0, 1q and every
η P p0, 1q small enough,

P
ˆ

ess-sup
Tdˆr0,T s

|vϵ ´ vϵ,η| ‰ 0

˙

“ P
ˆ

ess-sup
Tdˆr0,T s

|ρϵ ´ ρϵ,η| ‰ 0

˙

ď P
´

pΩϵ,ηq
c

¯

ď
c˚

ℓ´δη

8
ÿ

j“1

1

j2
R ζ p1`2{dq

´j

ϵ,η .

(3.3.45)

In particular we remark that, as we keep η P p0, 1q fixed and we let ϵ Ñ 0 along the scaling

regime (3.3.11), the right hand side of (3.3.45) vanishes by dominated convergence.

We finally establish our main result.

Theorem 3.3.10 (Central limit theorem in probability). Let ρ0 satisfy Assumption 3.2.1(ii),

i.e. a random positive constant, let pξϵqϵą0 satisfy Assumption 3.2.4, and let ϕ, ν, σ satisfy

Assumption 3.2.6 and 3.2.8, for some p ě 2 and m ě 1. For every ϵ ą 0, let ρϵ be the

stochastic kinetic solution to the generalized Dean–Kawasaki equation (3.2.2) with initial

data ρ0 and let ρ̄ ” ρ0 be the solution to the zero noise limit (3.1.2). Let v be the solution to

the Langevin equation (3.1.3) with noise ξ “ limϵÑ0 ξ
ϵ. Along a scaling regime where ϵ Ñ 0

and ξϵ Ñ ξ such that

lim
ϵÑ0

?
ϵ

´

}F ϵ1}8` }F ϵ2}8 ` }F ϵ3}8

¯

“ 0,

for the nonequilibrium fluctuations we have

vϵ “ ϵ´1{2pρϵ ´ ρ̄q Ñ v in Lτlocpr0,8q;H´βpTdqqq in probability,

for τ “ 2 or τ “ 8, for any β ą d
2 or β ą 1` d

2 respectively, with explicit rate of convergence

given in (3.3.47) below.
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Proof. We fix η0 P p0, 1q small enough. For any a ą 0, using formula (3.3.45) and Markov’s
inequality we estimate

P
´

}vϵ ´ v}Lτ pr0,T s;H´βpTdqq ą a
¯

ďP

˜

}vϵ ´ v}Lτ pr0,T s;H´βpTdqq ą a, ess-sup
Tdˆr0,T s

|vϵ ´ vϵ,η0 | ‰ 0

¸

` P

˜

}vϵ ´ v}Lτ pr0,T s;H´βpTdqq ą a, ess-sup
Tdˆr0,T s

|vϵ ´ vϵ,η0 | “ 0

¸

ďP

˜

ess-sup
Tdˆr0,T s

|vϵ ´ vϵ,η0 | ‰ 0

¸

` P
`

}vϵ,η0 ´ v}Lτ pr0,T s;H´βpTdqq ą a
˘

ďP

˜

ess-sup
Tdˆr0,T s

|vϵ ´ vϵ,η0 | ‰ 0

¸

`
1

a
E

”

}vϵ,η0 ´ v}2Lτ pr0,T s;H´βpTdqq

ı
1
2

.

(3.3.46)

We keep η0 fixed and we let ϵ Ñ 0. The first term on the right hand side of (3.3.46)

vanishes because of formula (3.3.45), the scaling regime chosen and dominated convergence.

The second term vanishes because of the scaling regime and Corollary 3.3.7. Since a ą 0 is

arbitrary, we conclude that vϵ Ñ v in probability.
To obtain an explicit convergence rate, we consider again the last line of formula (3.3.46).

The constant δη defined in (3.3.19) decreases to zero as η Ñ 0, and therefore is eventually
smaller than ℓ{2 for any η P p0, η0s, for a suitable η0 which only depends on ℓ, the original
coefficients ϕ, η, σ and the approximation procedure employed in Lemma 3.3.4. Fixed such an
η0 P p0, 1q, we can explicitly compute the constant C appearing in formula (3.3.10). Indeed,
the constant depends on this fixed η0 only through the original coefficients ϕ, ν, σ and the
approximation procedure used in Lemma 3.3.4. Furthermore, the definition of Rϵ,η0 in (3.3.44)
depends on this fixed η0 only through inf 9ϕη0 , and we can require this to be greater than some
positive number, say ℓ{3. Applying this reasoning and plugging (3.3.10) and (3.3.45), with
this η0, into the last line of (3.3.46) we obtain, for arbitrary a ą 0,

P
´

}vϵ ´ v}Lτ pr0,T s;H´βpTdqq ą a
¯

ďC
8
ÿ

j“1

1

j2
`

ϵ2 }F ϵ
1}8}F ϵ

3}8 ` ϵ }F ϵ
3}8

˘ e´dpd`1q
p1`2{dq

1´j

`
C

a

´

ϵ p|F ϵ
1 |8 ` |F ϵ

3 |8q
2

` ϵ
1{2|F ϵ

3 |
1{2
8

¯

¨ p1 ` ϵ |F ϵ
3 |8q

g` d
2 pp`mq

´

1 ` E
”

}ρ0}
m`p´1
L1pTdq

` }ρ0}
p
LppTdq

ı¯

`
C

a

ÿ

nPZd

np2´ 4
τ q´2β

ÿ

k

ż T

0

ˇ

ˇ

ˇ

ˇ

ż

Td

ei2πnx pf ϵk ´ fkq dx

ˇ

ˇ

ˇ

ˇ

2

ds,

(3.3.47)

for a constant C “ Cpℓ, ϕ, ν, σ, T, d, p, β, ρ̄q depending only on the initial data and the original

coefficients, which can be computed explicitly in terms of ℓ “ ess-infρ0 and the constants c

featuring in Assumption 3.2.6 and 3.2.8.
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Part II

An SDE system for interacting

neurons
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Chapter 4

Introduction

4.1 State of the art and open questions

Grid cells and mathematical models in neuroscience

Grid cells are a particular type of neuron in the brain of mammals discovered in 2005

[HFM`05], see also the review [MMM17, RRMM16]. These neurons fire at regular intervals as

an animal moves across an area, storing information such as position, direction and velocity,

and thus enabling it to understand its movement in space. In a nutshell, the regular firing

of grid cells creates characteristic activation patterns in the brain cortex, typically hexago-

nal lattices for 2D [CWZ`13, RRMM16] and Face-Centered-Cubic lattices for 3D navigation

[KM19, YU13], encoding the mapping of the space.

Since their discovery, there has been extensive research to understand the precise behavior

of grid cells (cf. [RRMM16, MMM17, Bre11] and the references therein). Mathematically,

their network is commonly described by deterministic continuous attractor-network dynamics

through a system of neural field models [ET10, MBJ`06, BF09, CWZ`13], based on the

seminal papers [WC72, WC73, Ama77] and [PBS`96] (see also the review [BSH18]).

In particular, as the brain is inherently noisy [RD10, ET10, Bre14], understanding how

the grid cell network is affected by noise is one of the currently open challenges in the field

[RRMM16]. This question has recently been addressed from several directions [Bre19, BF12,

BAC19, KE13, MB20, Tou12, CHS22, CRS23a].

In this second part of the thesis we study the following SDE system, based on the neuron

network models from [BF09, CWZ`13] (see also the reviews in [Bre14, BSH18]). Given space

points x1, . . . , xN P Q in a region Q of the neural cortex, we have the interaction among NM

neurons stacked in N columns at locations xi with M neurons each. The activity level uik (a

quantity of use in neuroscience akin to the firing rate and defined by the following equation)
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of the kth neuron at location xi evolves according to

duikptq τi “σdWikptq ´ dℓikptq

`

˜

´uikptq ` ϕ
´

Bpxi, tq `
1

NM

N
ÿ

j“1

M
ÿ

m“1

Kpxi ´ xjqujmptq
¯

¸

dt,
(4.1.1)

where ℓik is a reflecting term (Skorokhod problem) ensuring the activity level stays positive,

as physically meaningful, rigorously defined as the finite variation process

ℓikptq “ ´
ˇ

ˇℓik
ˇ

ˇptq,
ˇ

ˇℓik
ˇ

ˇptq “

ż t

0
1tuikprq“0u d

ˇ

ˇℓik
ˇ

ˇprq.

For simplicity we consider Q “ r0, 1sd, but most of the results extend to any bounded open

subset Q Ď Rd, for any d ě 1. For integers k “ 1, . . . ,M , we have i.i.d. families of random

initial conditions tuikp0qui“1,...,N for each space point xi in the cortex Q.

For integers i “ 1, . . . , N and k “ 1, . . . ,M , the Brownian motions Wik, possibly cor-

related, represent the noise on the system. The modelling choice of Brownian noise instead

of Poisson is formally justified in [ET10, Bre14] and is essentialy due to the wide variety of

uncorrelated random stimula received by neurons (opening/closing of ion channels, release of

neurotransmitters, asynchronous firing of other neurons etc).

The nonlinear function ϕ : R Ñ R represents the firing rate of neurons in the network,

typically a Lipschitz function like a ReLU function. The external input B : Q ˆ r0,8q Ñ R

and the interaction kernel K : Rd Ñ R are only required to be locally bounded functions

and Hölder continuous in the x variable. The interaction kernel takes into account the in-

hibitory/excitatory effect on nearby neurons and a typical choice in computational neuro-

science is the Mexican hat function. The typical relaxation times are indicated by τi and for

simplicity we will take τi “ 1 in this introduction.

In the modelling of grid cells, one often considers families of neurons with orientation

preference β “ 1, . . . , dv, typically dv “ 4 or 6 for the spatial directions in 2D or 3D navigation

respectively. The above equations extend to a system where the vector uik “ pu1ik, . . . , u
β
ikq

tracks the activity level for the various orientations and one can also consider orientation

dependent coefficients Bβ , ϕβ , W β
ik etc. We use vectorial notation in this exposition but avoid

the index β for simplicity.

We will sometime refer to the network (4.1.1) as a spatially extended SDE system. Indeed,

it is more accurate to regard (4.1.1) as a collection of N mean field systems with M particles

each, one for each column of neurons, interacting among themselves, rather than a classical

mean field system with MN particles. The main consequence of this dependence on x P Q in

the system is the loss of exchangeability : neurons uik are exchangeable in the index k, tracking

the position within the column, but not on the index i, tracking the location in the cortex.

This feature reflects into specific scaling regimes between the number N of clusters and the

120



number M of neurons per cluster needed to observe coherent effects in the thermodynamic

limit.

We note that the argument of the firing rate ϕ in (4.1.1) can be rewritten as

1

NM

N
ÿ

j“1

M
ÿ

m“1

Kpxi ´ xjqujmptq “

ż

QˆRdv

Kpxi ´ yqu fN,M pt, dy, duq,

for the empirical measure fN,M of the particle system

fN,M pt, dy, duq “
1

NM

N
ÿ

j“1

M
ÿ

m“1

δpxj ,ujmptqq regarded as a measure on Qˆ Rdv . (4.1.2)

Applying Ito formula to the empirical measure and formally passing to the thermodynamic
limit M,N Ñ 8, the probability distribution f of the activity level u P Rdv at location x

should satisfy the Fokker–Planck equation

Btfpt, x, uq` ∇u ¨

˜

fpt, x, uq

ˆ

´u` ϕ
´

Bpx, tq`

ż

QˆRdv

Kpx´ yq v fpt, dy, dvq

¯

˙

¸

“
σ2

2
∆ufpt, x, uq,

(4.1.3)

with the no-flux boundary conditions, coming from the reflecting boundaries at the SDE
level,

fpt, x, uq

ˆ

´u` ϕ
´

Bpx, tq`

ż

QˆRdv

Kpx´ yq v fpt, dy, dvq

¯

˙

´
σ2

2
∇ufpt, x, uq

ˇ

ˇ

ˇ

u“0
“ 0. (4.1.4)

In particular, we remark the meaning of the modelling: at each time t P R, space patterns

Q Q x ÞÑ fpt, x, uq correspond to the animal’s mapping of the space in the brain. However,

the specific correspondence between points x P Q in the cortex and points in physical space

is not clear yet [BF09, SSS`12].

Similarly, formally passing to the thermodynamic limit in (4.1.1) gives the following

McKean–Vlasov equation

dūϵpx, tq “σ dW ϵpx, tq ´ dℓ̄px, tq

`

˜

´ ūϵpx, rq ` ϕ
´

Bpx, rq `
1

4

ż

QˆRdv

Kpx´ yq v fpt, dy, dvq

¯

¸

dt,
(4.1.5)

where fpt, dx, duq “ Lawpūptqq solves the above Fokker–Planck equation and is independent

of ϵ. The parameter ϵ, related to the space correlation of the noise, deserves particular care

and is discussed in detail in the next subsection.

In this thesis, the SDE system (4.1.1) is generalized and rewritten in the form

duikptq “ bpxi, t, uikptq, fN,M ptqq dt` σpxi, t, uikptq, fN,M ptqq dWikptq ´ dℓikptq (4.1.6)

for general drift and diffusion terms, Lipschitz in the activity level variable u and α-Hölder

in the space variable x, depending on the empirical measure (4.1.2) in the form

bpx, t, u, fq “ b0px, t, uq ` ϕ

ˆ
ż

QˆRdv

b1px, y, t, u, vq fpdy, dvq

˙

(4.1.7)
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for suitable coefficients b0, b1 and nonlinearity ϕ, and similarly for σ.

Again a formal passage to the thermodynamic limit M,N Ñ 8 yields the McKean–Vlasov

equation

dūϵpx, tq “ bpx, t, ūϵpx, tq, fptqq dt` σpx, t, ūϵpx, tq, fptqq dW ϵpx, tq ´ dℓ̄px, tq, (4.1.8)

and the associated Fokker–Planck equation

Btfpt, x, uq`∇u ¨

´

bpx, t, u, fptqqfpt, x, uq

¯

“
1

2
∆u

´

σpx, t, u, fptqq2fpt, x, uq

¯

, (4.1.9)

again with no-flux boundary conditions at u “ 0 analogous to (4.1.4).

In this generality the system covers other models for grid cells [AB20, BF12] and, more

broadly, several other network models for interacting neurons [BFFT12, THF12, FTC09,

Tou11, CT18]. In particular, simply removing the noise σ “ 0, it covers the classical formu-

lation of the Amari model [Ama77, FI15]

Btupt, xq “ ´upt, xq `

ż

Q
Kpx, yqGpupt, yqq dy.

We also mention the growing interest in stochastic versions of continuous neural field equations

(cf. [FI15, Bre14, Bre11] and the references therein). Many of these are covered by model

(4.1.8) after introducing environmental noise, as discussed later on.

More generally, beyond computational neuroscience, there is increasing interest in these

spatially extended SDE systems analogous to (4.1.6), for example in PDEs on graphs [Fan21,

EPSS21], where space locations correspond to nodes of the graph, or stochastic gradient

descent algorithms in machine learning [SS20, GGK22, WPC`20], where space points track

the sub-batches of data considered for parameter optimization.

The modelling of the noise

The parameter ϵ featuring in (4.1.5) and (4.1.8) deserves particular care and we discuss the

main aspects. First, we stress that we will always keep ϵ ą 0 fixed in the following, although

letting ϵ Ñ 0 in the thermodynamic limit can also be explored and we quickly discuss this

below.

The noise W ϵpx, tq featuring in (4.1.8) is a suitable mollified rescaled version of space-time

white noise on Q ˆ r0,8q. From the modelling point of view, at any discrete step M,N P N

we want each neuron of the network (4.1.6) to be perturbed by a standard Brownian motion

Wik. To formalize this mathematically, we consider a sequence of actual space-time white

noise terms tWkpx, tqukPN in Q ˆ r08q. The white noise terms Wk are taken independent of

each other, but other modelling choices like a constant sequence Wk ” W , essentially resulting

in environmental noise, are possible (cf. the next subsection and Remarks 5.1.3 and 6.1.2).
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Then, for any ϵ ą 0, we define

W ϵ
kpx, tq :“ C

1
2
ρ ϵ

d
2 xWt, ρϵp¨ ´ xqy with Cρ “

ˆ
ż

Rd

ρpzq2 dz

˙´1

, (4.1.10)

where ρϵ is the standard ϵ-rescaling of a mollifier ρ : Rd Ñ r0, 1s supported in the unitary

ball. Equivalently, W ϵ
k : Qˆ r0,8q is a Gaussian random field with zero mean and covariance

E rW ϵ
kpx, tqW ϵ

kpy, sqs“pt^ sqCρ ϵ
d

ż

Rd

ρϵpz ´ xqρϵpz ´ yq dz.

Setting Wikptq :“ W ϵ
kpxi, tq gives the desired Brownian motions.

The choice of the modelling is dictated by the following considerations. First, we want each

neuron in (4.1.1) to sense noise with a given fixed strength modulated only by σ, whereas

considering a mollified white noise W̃ ϵ :“ W ˚ ρϵ without the ϵd{2 rescaling would lead to

stronger and stronger noise as ϵ decreases. Similarly, the goal of the noise perturbed network

(4.1.1) introduced in [CCS23] was the recover the diffusion enhanced Fokker–Planck equation

(4.1.3) first proposed in [CHS22], whereas considering the noise W̃ ϵ would give increasing

diffusion ϵ´dσ2.

The law fp¨, x, duq :“ LawCpr0,T s;Rdv q pūϵpx, ¨qqq of a single ‘McKean–Vlasov particle’ at

location x P Q, and thus the Fokker–Planck equation (4.1.9), is independent of the noise

correlation radius ϵ because in (4.1.7)-(4.1.8) the interaction between two neurons ūϵpx, tq

and ūϵpy, tq happens only through their law f as single random variables, so that we do not

get a BBGKY hierarchy. Other models, like the stochastic Amari model (4.1.12) below, do

not exhibit this feature and the one particle distribution does depend on the noise correlation.

In fact, the dependence on the correlation radius is recovered as soon as we consider the joint

law f ϵpx, y, du, dvq “ Lawpūϵpx, ¨q, ūϵpy, ¨qq of two or more particles. For example, this aspect

will be apparent when analyzing the fluctuations of the network (4.1.17)-(4.1.18) and will also

give issues when trying to apply a ‘Dean–Kawasaki approach’ to approximate the system.

Next we discuss fixing ϵ ą 0 versus letting ϵ Ñ 0 along a suitable scaling regime as

as M,N Ñ 0. The choice of fixing ϵ ą 0 is dictated by the modelling consideration that

closeby neurons x „ y in the cortex should sense correlated noise, with a typical correlation

radius ϵ. Indeed, the choice (4.1.10) implies that, although constant at microscopic scales,

the strength of the noise on macroscopical scales – i.e. testing with ‘space observables’ of the

form xφ,W ϵy “
ş

Q φpxqW ϵpx, tq dx – vanishes as the correlation ϵ Ñ 0.

Similarly to what happens for the law of McKean–Vlasov particles, the effect of the cor-

relation radius is not seen at order zero in the mean field limit. As stated in (4.2.1) (cf. the

theorems in Section 4.2), the convergence fMN Ñ f in the mean field limit holds also if we

let ϵ Ñ 0 at the same time.

As anticipated, the effect of ϵ is instead visible when analyzing the fluctuations of the

network (4.1.17)-(4.1.18). Indeed, if we let ϵ Ñ 0 as M,N Ñ 8, the martingale term MMN
t
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featuring in (4.1.16) vanishes in the limit and the Langevin equation (4.1.17) giving the first

order corrections simply becomes a linear PDE with random initial data η0 (which vanishes

too in case of deterministic initial data, leading to trivial first order correction).

Finally, we briefly discuss the option of considering a mollified white noise W̃ ϵ :“ W ˚ ρϵ

not rescaled by the extra factor ϵd{2, ignoring the aforementioned modelling choices. For

brevity we simply consider the effect of letting ϵ “ 0 directly in the McKean–Vlasov equation.

For white noise, considering the case (4.1.8) or the stochastic Amari model (4.1.12) below

to fix ideas, even for additive noise σ ” constant or σ a bounded Lipschitz nonlinearity,

the typical drift term considered in neuroscience does not provide enough smoothing for the

stochastic integral to exist in a function space and obtain function valued solutions [DPZ92],

and we would need to make sense of the nonlinear part of the drift applied to the distributional

solution.
On the other hand, in the specific case of (4.1.5) or the Amari model (4.1.12) withGpuq “ u

respectively, with additive noise, this is doable and one has the weak formulation for the
McKean–Vlasov equation upx, tq P L2

`

Ω ˆ r0, T s;H
´d{2

´

x

˘

, for test functions ψ,

xψ, uptqy ´ xψ, up0qy “

ż t

0

xψ,´upsq ` ϕ pBpx, sq ` Erpupsq ˚Kqpxqsqy ds` σ xψ,Wty, (4.1.11)

or the same with Erpupsq ˚Kqpxqs replaced by pupsq ˚Kqpxq respectively.

In this case, considering a suitable scaling regime between M,N Ñ 8 and ϵ Ñ 0 and

adapting the arguments from Chapter 5, it might actually be possible to prove that the

network (4.1.1) with noise Wik :“ W̃ ϵ
kpxiq converges to the solution of (4.1.11).

Wellposedness, mean field limit and environmental noise.

The wellposedness of the generalized network (4.1.6) is obtained in [CCS23], adapting classical

arguments for the treatment of reflecting boundary conditions (Skorokhod problem) [LS84,

Szn84b].

As for the Fokker–Planck equations, systems of the form (4.1.3) are challenging to analyse

because of the non-local nonlinear drift and the nonlinear Robin-like boundary condition, so

that standard well-posedness theory for parabolic equations with smooth initial data does not

apply. The wellposedness of the generalized McKean–Vlasov equation (4.1.8) and Fokker–

Planck PDE (4.1.9), in the weak sense, is instead obtained with a contraction argument in

suitable functional spaces in the work [CCS23] , again adapting the approach from [Szn84b].

For the specific Fokker–Planck equation (4.1.3), wellposedness of classical solutions have

later been proved in [CRS23b]: building on methods developed for other nonlinear Fokker–

Planck PDEs arising in neuroscience, a change of variables transforms the equation into a

Stefan-like free boundary problem for which solutions can be represented via Green functions

and local or global-in-time existence can be probed with explicit estimates.
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Concerning the thermodynamic limitM,N Ñ 8, as already mentioned, it is more accurate

to regard the spatially extended network (4.1.1) as a collection of N mean field systems with

M particles each, one for each column of neurons, interacting among themselves, rather

than a classical mean field system with MN particles. This feature makes particles uik not

exchangeable in the index i for space location x P Q and in turn reflects into the specific

scaling regimes between the number N of clusters and the number M of neurons per clusters

needed to observe coherent effects(cf. the statements in Section 4.2).

The passage to the mean field limit is rigorously proved in [CCS23]: the network (4.1.6)

converges to the McKean–Vlasov SDE (4.1.8) and its empirical measure converges to the

solution of the Fokker–Planck PDE (4.1.9).

Finally, we note that from the modelling point of view it makes sense that neurons in the

same cluster also sense similar noise, possibly besides their own specific noise, and this similar

noise adds a coherent stochastic term at the PDE level. There is indeed growing interest in

considering stochastic versions of continuous neural field equations (cf. [FI15, Bre14, Bre11]

and the references therein), for example stochastic Amari models

d upx, tq “

ˆ

´upx, tq `

ż

Q
Kpx, yqGpupy, tqq dy

˙

dt` θpx, upx, tqq dξpx, tq, (4.1.12)

where ξ is a suitable cylindrical Wiener process in Qˆ r0,8q, studied in [FI15, KT19, KR14].

Stochastic PDEs of this kind essentially arise as mean field limit of networks subjected to

common noise and we quickly discuss this. Consider for example the following network, akin

to (4.1.6) and further subjected to environmental noise,

duikptq “ bpxi, t, uikptq, fMN q dt` σ dWikptq ` θpxi, uikptqq dξpxi, tq, (4.1.13)

where for simplicity we removed the reflecting term ℓik and where ξpx, tq is the above Wiener

process (or a suitable regularization). Following classical arguments [CF16], the empirical

measure conditioned with respect to the noise ξ

f̄MN “ E

«

1

MN

N
ÿ

i“1

M
ÿ

h“1

δpxi,uihq

ˇ

ˇ

ˇ

ˇ

Fξ
t

ff

formally solves the stochastic Fokker–Planck

Btf̄pt, x, uq ` ∇u¨

´

bpx, t, u, f̄ptqq f̄pt, x, uq

¯

“
1

2
∆u

`

pσ2 ` θpx, uq2qf̄pt, x, uq
˘

´ ∇u ¨

´

θpx, uqf̄pt, x, uq ξpx, tq
¯

,

and converges, in the M,N Ñ 8 limit, to the conditional law f̄ “ LawRd

`

upx, tq |Fξ
t

˘

of the

McKean–Vlasov SDE

dupx, tq “ bpx, t, upx, tq, f̄q dt` σ dW ϵpx, tq ` θpx, upx, tqq dξpx, tq.
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In particular, taking σ “ 0 and bpx, t, u, fq :“ ´u`
ş

QˆRKpx, yqGpvq fpdy, dvq recovers the

Amari model (4.1.12). Extensions with common noise depending also on the activity level

u P R are of course possible and implemented simply by replacing the last term in (4.1.13) with

cylindrical expansions in Qˆ R ˆ r0,8q like
ř8
l“1 θlpxi, uikq ξlpxi, tq for suitable sequences θl

and ξl.

Long time behavior and phase transition.

We remark that space patterns Q Q x ÞÑ fpt, x, uq in the distribution of activity levels cor-

respond to mapping of space in the mammal’s brain. Stationary states are therefore of rel-

evant importance, where space homogeneous ones correspond to complete absence of any

understanding of space navigation. Intuitively, we expect these space homogeneous states to

become more and more attractive as the noise strength σ increases.

For the discrete network (4.1.1), under suitable assumptions on the coefficients and es-

sentially regardless of the noise strength σ ą 0, one obtains existence and uniqueness of

stationary states by solving the associated linear Fokker–Planck equation. Furthermore, one

can often prove convergence to equilibrium as t Ñ 8. For example, in the simplest case where

}ϕ}Lip}K}8 ă 1, the evolution semigroup µ ÞÑ P˚
t µ associated to (4.1.1) is readily seen be an

exponential contraction in Wasserstein 2 distance.

In the continuum limit, where the Fokker–Planck equation is nonlinear, the situation is

more complex. The long time behavior of (4.1.3) has been investigated in the series of papers

[CHS22, CRS23a, CRS23b].

Considering the the 1D case for simplicity (no preferred neuron orientations), under the as-

sumption of constant external input B, setting the left hand side of (4.1.3) to zero, integrating

in u and using the no-flux boundary conditions (4.1.4), the stationary states satisfy

σBufpx, uq “ ´pu´ ΦpK ˚ f̄pxq `Bqqfpx, uq,

where we denoted the average activity level

f̄pxq :“

ż `8

0
ufpx, uqdu.

Therefore the stationary states must solve

fpx, uq “
1

Zf
exp

ˆ

´
pu´ ΦpK ˚ f̄pxq `Bqq2

2σ

˙

(4.1.14)

for the normalization

Zf “ measpQq

ż `8

0
exp

ˆ

´
pu´ ΦpK ˚ f̄pxq `Bqq2

2σ

˙

du.

Under suitable assumptions on the coefficients, in [CHS22] they prove existence and

uniqueness of space homogeneous stationary states for any noise strength σ ą 0 and that
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these states are linearly asymptotically stable for noise strong enough depending on the co-

efficients. As σ decreases, multiple continuous bifurcations of other stationary states arise

from the space homogeneous branch and their form is characterized locally in [CRS23a]. Fi-

nally, under suitable assumptions, in [CRS23b] the above linear stability is upgraded to full

asymptotic stability for any stationary state.

Numerical simulations from [CHS22, CRS23a] confirm the analytical results and high-

light new phenomena. There is numerical evidence that the PDE admits the characteristic

hexagonal-pattern stationary states, more and more blurred as the noise increases, besides

the always present space homogeneous states. The space homogeneous states eventually lose

asymptotic stability as the noise σ decreases. Both continuous and discontinuous phase transi-

tion away from the homogeneous state are observed: stationary states continuously bifurcating

from the homogeneous one (as demonstrated analytically) do not feature hexagonal patterns

(as indeed expected from heuristic arguments), while hexagonal-pattern steady states arise

discontinuously as the noise σ decreases, giving rise to hysteresis.

Open question. A full characterization of stationary states to (4.1.3) is not available

beyond the fixed point problem (4.1.14). Moreover, the commutation of the thermodynamic

limit M,N Ñ 8 and the long-time t Ñ 8 limit is not clear. One might expect the absence

of phase transition at the continuum level to be related to propagation of chaos uniformly in

time for the particle system (cf. the results for classical particle systems e.g. with gradient

structure [DGPS23, CD22]). In particular, analyzing the thermodynamic limit of the discrete

network’s steady states could shed light on the picture at the PDE level and the bifurcation

phenomena.

Fluctuations, large deviations and ‘Dean–Kawasaki framework’.

The aforementioned mean field limit (cf. Section 4.2) yields the formal expansion, as elements

of PpQˆ Rdvq,

fMN “ f `O

ˆ

1
?
M

`
1

Nα{d

˙

as M,N Ñ 8. (4.1.15)

The effect of the noise at the particle level, beyond the simple diffusion, has been ana-

lyzed in [Cli23a]. The rescaled fluctuations ηMN
t :“

?
MpfMN ´ fq admit a semimartingale

decomposition

ηMN
t “ ηMN

0 `

ż t

0
LrpfMN , fq˚rηMN

r s dr `MMN
t , (4.1.16)

and in the thermodynamic limit they converge to the solution of the Langevin SPDE

ηϵt “ η0 `

ż t

0
Ltpf, fq˚rηϵrs dr `Gϵt, (4.1.17)

where the operator L pf, fq˚ is essentially the adjoint of the linearization of the generator

of the McKean–Vlasov SDE around the mean field limit f , and η0 and Gϵt are a suitable
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Gaussian r.v. and Gaussian process, uniquely characterized by their covariance and quadratic

variation respectively.

In the spirit of (4.1.15), this yields the first order expansion, in the sense of distributions,

fMN “ f `
1

?
M
ηϵt ` o

ˆ

1
?
M

`
1

Nα{d

˙

as M,N Ñ 8 and
?
MN´α{d Ñ 0, (4.1.18)

where we remind that the specific scaling regime between M and N is due to the ‘spatial

structure’ of the network.

Open question. As already mentioned in Section 1.1 when discussing the small noise

fluctuations of the Dean–Kawasaki equation, we point out the recent advances on higher

order corrections to the empirical measure µn of particle systems in the thermodynamic limit,

beyond the first order Gaussian fluctuations [HCR23, CS21, ACR21]. In the same spirit of

(4.1.18), these give an expansion in the number n of particles

µn “

K
ÿ

k“0

µpkq n´k{2 ` o
´

n´K{2
¯

,

where µpkq are solutions to a recursive set of Langevin equations. It would be interesting to

develop the same framework for spatially dependent SDE systems (4.1.2).

The noise induced rare events in the neuron network can also be studied. Considering

additive noise for simplicity, the ‘weak approach to large deviations’ developed in [BDF12]

allows to formally identify the following large deviation principle for the empirical measure

fM,N P Cpr0, T s;PpQˆ Rdqq of (4.1.6):

P pfMN “ gq » e´MIpgq as M,N Ñ 8,
?
MN´α

d Ñ 0,

for the rate function

Ipgq “ inf
w

#

1

2
EΩ̃

ż T

0

ż

Q

|wpx, tq|2dx dt : the McKean-Vlasov SDE

dũϵpx, tq “ bpx, t, ũϵ, gptqq dt` σ dW ϵpx, tq

` σC
1
2
ρ ϵ

d
2 ρϵ˚wpx, tq dt´ dℓ̃px, tq

is such that gpt, x, duq “ Lawpũpx, tqq

+

,

(4.1.19)

where w P L2pΩ̃ ˆQˆ r0, T sq varies over all the possible stochastic bases Ω̃ supporting such

a ‘controlled’ McKean–Vlasov SDE. That is, the cost of a given profile g deviating from the

mean field limit f is (the exponential of the infimum of) the L2 energy of a stochastic drift w

forcing the profile g instead of f .

Open question. As in Section 1.1, we mention again the connection between large

deviation principles and stationary or metastable states. In particular, because of their mod-

elling relevance, in the concrete case (4.1.3) it would be worth investigating whether these
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can furnish a selection criterion for the aforementioned multiple steady states or characterize

metastability.

In conclusion, we discuss the difficulties in applying a ‘Dean–Kawasaki framework’ as

discussed in Chapter 1: that is finding a suitable stochastic PDE enclosing all the information

(4.1.18)-(4.1.19) gathered on the system (4.1.6), whose solution ρM captures the fluctuations

fMN “ ρM ` o

ˆ

1
?
M

`
1

N
α
d

˙

as M,N Ñ 8 and
?
MN´α

d Ñ 0,

and exhibits the same large deviations of the network in the small noise limit.

As already discussed in (1.1.12)-(1.1.13) in Section 1.1, the naive approximation fMN »

f ` 1?
M
ηϵ furnished by the fluctuation analysis (4.1.18) would miss the rare events (4.1.19)

of the network.

On the other hand, the large deviation principle as conjectured formally in (4.1.19) does

not seem to immediately suggest a suitable stochastic PDE exhibiting the same rare events.

Indeed, extracting a Fokker–Planck equation for the test profile g from the controlled McKean–

Vlasov equation in (4.1.19) involves in principle the joint law of the controlled McKean–Vlasov

particle ũ and the control w. In this sense, it would be worth trying to express a large deviation

principle via the classical approach by Dawson and Gärtner [DG87].

Finally, Dean’s trick (1.1.2)-(1.1.3) – i.e. replacing the martingale term in Ito formula for

the empirical measure – does not seem to help either because of the nonzero space correlation

ϵ ą 0 retained in the thermodynamic limit. Namely, one would conjecture the following

stochastic Fokker–Planck

BtρM pt, x, uq ` ∇u¨

´

bpx, t, u, ρM ptqq ρM pt, x, uq

¯

“
σ2

2
∆uρM pt, x, uq ´

1
?
M

∇u ¨

´

σ
a

ρM pt, x, uq ξϵpt, x, uq

¯

,

where the noise ξϵ is white in the time t and the activity level u, and has the same rescaling

and mollification as in (4.1.10) in the x variable. However, regardless of rare events, in this

case we have problems with the fluctuations. Indeed a formal computation shows that the

fluctuations of the solution
?
MpρM ´ fq in the small noise limit M Ñ 8 converge to a

Langevin SPDE

dη̃ϵt “ Ltpf, fq˚rη̃ϵt s dt` dG̃ϵt,

with a Gaussian process G̃ϵt different (different quadratic variation) from the process Gϵt fea-

turing in (4.1.17).

Numerical aspects

We finally quickly discuss simulations and numerical aspects. In general, numerical sim-

ulations of neural networks and continuous neural fields are widespread. We refer to the
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monographs [Izh07, GKNP14] for an overview of the models and related references and to the

reviews [GMM11, RRMM16] specifically for grid cells.

The network (4.1.1) has been simulated e.g. in [BF09, CWZ`13, MBJ`06], giving numeri-

cal evidence that the model is indeed able to reproduce the characteristic hexagonal activation

patterns observed in the mammalian brain cortex.

In the presence of noise, the Fokker–Planck equation (4.1.3) and its long time behavior

have been studied numerically in [CHS22, CRS23a]. As discussed in the subsection on the

long time behavior, the simulations confirm the analytical results available and highlight a

whole range of new phenomena, such as continuous and discontinuous phase transition, yet

to be rigorously understood.

Open question. As regards simulations of the noisy neuron network (4.1.1), variance re-

duction techniques are crucial for rare event sensitive observables. In particular, there has been

recent advances in importance sampling techniques for SDE systems [dRST23, RHAPT22b,

RHAPT22a] and it would be worth extending these to the spatially extended case.

4.2 The contribution of this thesis

4.2.1 Chapter 5: wellposedness and mean field limit

The main contribution of Chapter 5 is to establish the well-posedness framework for the

particle system (4.1.6), the McKean–Vlasov SDE (4.1.8) and Fokker–Planck PDE (4.1.9),

and to rigorously prove the mean field limit as discussed previously.

The approach is essentially an adaptation of Sznitman’s coupling method [Szn91], account-

ing for the reflecting boundary conditions [Szn84b, Szn84a] and most importantly for the lack

of exchangeability of particles due to the spatial dependence of the SDE system (4.1.6). For

the convergence of the empirical measure in the mean field limit we also use optimal results

for the approximation of empirical measures by i.i.d. samples obtained in [FG13].

The results are summarized in the following two theorems.

Theorem (Theorems 5.2.3, 5.2.4 and 5.2.5). Consider coefficients b, σ Lipschitz in u P

Rdv and α-Hölder in x P Q. There exists a pathwise unique solution of the SDE system

(4.1.6). For any initial data f0 P CαpQ;P2pRdvqq, there exists a unique weak solution

f P Cα
`

Q;P2

`

Cpr0, T s;Rdvq
˘˘

of the Fokker–Planck PDE (4.1.9). For any correlation ra-

dius ϵ ą 0 and for initial data up¨, 0q P CαpQ;L2pΩqq, there exists a pathwise unique solution

ūϵ P CαpQ;L2pΩ;Cpr0, T s;Rdvqqq of the McKean–Vlasov equation (4.1.8) with colored noise

W ϵ. Furthermore, the single particle law fp¨, x, duq :“ LawCpr0,T s;Rdv q pūϵpx, ¨qqq is indepen-

dent of ϵ ą 0 and is uniquely characterized as the solution of the Fokker–Planck PDE.

Theorem (Theorems 5.2.6 and 5.2.7). Under the same assumptions, we have the follow-
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ing estimate for the difference between the network (4.1.6), with N clusters at locations

x1, . . . , xN P Q with M neurons each, and the ‘McKean–Vlasov neurons’ (4.1.8) at those

locations xi

E

«

sup
rPr0,ts

|uϵikprq ´ ūϵikprq|2

ff1{2

ď C t

ˆ

1

N
α
d

`
1

M
1
2

˙

˜

1 ` sup
xPQ

E
“

|ukpx, 0q|2
‰1{2

¸

,

for any i “ 1, . . . , N , k “ 1, . . . ,M and t P r0, T s, where C “ CpT, b, σ, rup¨, 0qsαq and rup¨, 0qsα

denotes the Hölder seminorm of the initial data.

Furthermore, as M,N Ñ 8, and possibly but not necessarily as ϵ Ñ 0, the empirical

measure (4.1.2) of the network converges to the solutions of the Fokker–Planck equation

(4.1.9) with the following rate

sup
tPr0,T s

E
”

W1pQˆ Rdvqpf ϵN,M ptq, fptqq

ı

ď C

ˆ

1

N
α
d

`
1

M
1
2

`
1

M
1
4

˙

, (4.2.1)

for any T ą 0, for a constant C “ CpT, b, σ, up¨, 0q, Qq.

We remark that the decay rate
`

1{N
α
d ` 1{M

1
2

˘

instead of the usual 1{pMNq
1{2, as typically

expected for MN particles, is due to the spatial dependence of the SDE system (4.1.6) and

the lack of exchangeability. The same phenomenon yields the rate (4.2.1), which is in general

optimal [FG13], and the specific scaling regime betweenM and N needed to observe nontrivial

fluctuations discussed below.

4.2.2 Chapter 6: fluctuations in the large number of particles limit

The main contribution of Chapter 6, containing the work [Cli23a], is to analyze the fluctuations

of the generalized neuron network (4.1.6) in the thermodynamic limit as sketched in the

discussion (4.1.15)-(4.1.18).

The results are summarized in the following theorem.

Theorem (Theorem 6.3.12). Fix a correlation radius for the noise ϵ ą 0, along a scaling

regime M,N Ñ 8 such that
?
MN´α{d Ñ 0, where α is the Hölder spatial regularity of the

coefficients, the fluctuations ηMN
t “

?
MpfMN ´ fq of the empirical measure fMN of the

particle system (4.1.6) around the deterministic limit f , that is the solution of the Fokker–

Planck equation (4.1.9), satisfy

ηMN
t Ñ ηϵt in law in C pr0, T s;Hq.

Here H is a suitable Hilbert space of distributions on Q ˆ Rdv and ηϵt is the unique solution

of the Langevin SDPE

ηϵt “ η0 `

ż t

0
Lrpf, fq˚rηϵrs dr `Gϵt,
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where the operator L pf, fq˚ is essentially the adjoint of the linearization of the generator of

the McKean–Vlasov SDE (4.1.8) around the mean field limit f , and η0 and Gϵt are suitable

Gaussian r.v. and process, uniquely characterized by their covariance and quadratic variation

respectively.

The methods adopted are deeply based on the approach to fluctuations put forward in Fer-

nandez and Méléard [FM97], Bezandry, Ferland, Fernique and Giroux [BFG93, FFG92] and

Hitsuda and Mitoma [HM86]. Our situation presents additional difficulties: unboundedness

of the coefficients, the reflecting boundary conditions and of course the ‘space extension’,

i.e. interaction between different mean-field families of coupled neurons across the cortex,

ultimately resulting in the lack of exchangeability.

The fluctuations ηMN
t “

?
MpfMN ´ fq are random signed measures in the path space

over QˆRdv . A first problem is to find a distribution space C pr0, T s;Hq in which both ηMN
t

and its limit belong, where H is essentially a vector valued Sobolev space taking values in

another weighted Sobolev space of functions satisfying suitable no-flux boundary conditions.

The strategy then revolves around the semimartingale equation (4.1.16) satisfied by ηMN
t .

Suitable estimates on ηMN
t and its martingale part, in different nested distribution spaces, are

obtained with martingale arguments. These estimates are then translated into tightness in

path space of the processes involved thanks to compact embeddings of the above distribution

spaces and to Aldous-like criteria.

A fine analysis based on Sznitman’s coupling method [Szn84a] shows that the quadratic

variation of the martingale term MMN
t is converging to a deterministic limit, thus uniquely

identifying a limiting Gaussian process Gϵt. An adaptation of the classical Lévy central limit

theorem proves the convergence of the initial data ηMN
0 . We conclude passing to the limit in

equation (4.1.16) and using the well-posedness of the Langevin SPDE (4.1.17).
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Chapter 5

Wellposedness and mean field limit

5.1 Introduction

The discovery of a type of neurons in the brain named grid cells in 2005 [HFM`05] led to

a breakthrough in the understanding of the navigational system in mammalian brains, see

[MMM17] for an extensive review. These neurons fire as an animal moves around in an open

area, enabling the animal to understand its position in space. The grid cell network has

commonly been described by deterministic continuous attractor network dynamics through

a system of neural field models [ET10, MBJ`06, BF09, CWZ`13], which are based on the

classical papers [WC72, WC73, Ama77]. The models can fairly accurately predict what can

be observed in experiments. However, the question of how the grid cell network is affected by

noise, posed as a challenge in [RRMM16], has been left open.

In [BF12] fundamental limits on how information dissipates in attractor networks of noisy

neurons were derived. A different direction pursuing further understanding of the effect of

noise on grid cell networks was made in [CHS22] by studying a system of Fokker–Planck-like

partial differential equations (PDEs). The system of PDEs was derived by adding noise to

the attractor network models in [BF09, CWZ`13] and formally taking the mean field limit.

In the present work this limit is rigorously proved. In addition, we derive the limit for more

general noise terms, which covers the models considered in [BF12, AB20].

The mean field limit of interacting particle systems has lately received lots of attention in

mathematical biology [BCnC11, FI15, CS18], see [JW17] for a survey. The closest result to

the analysis presented in this work, shows the mean field limit of a stochastic delayed set of

interacting neurons [Tou12]. The system of stochastic differential equations (SDEs) describ-

ing interacting grid cells in this work introduces different challenges: boundary conditions

imposing positivity of the activity level of the neurons, non-linearity of the firing rate, and

coupling between different families of neurons.

The neural model under consideration, which is based on the model in [BF09], can be
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described as follows. Given space points x1, . . . , xN P Q in a region Q of the neural cortex,
we will consider the following model for the interaction among NM neurons stacked in N

columns at locations xi with M neurons each, where uβik represents the activity level with
orientation β of the kth neuron at location xi:

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

uβikptqτβi “ τβi u
β
ikp0q ` σW β

ikptq ´ ℓβikptq

`

ż t

0

˜

´uβikprq ` ϕ
´

Bβpxi, rq `
1

4NM

4
ÿ

γ“1

N
ÿ

j“1

M
ÿ

m“1

Kγpxi ´ xjquγjmprq

¯

¸

dr,

ℓβikptq “ ´
ˇ

ˇℓβik
ˇ

ˇptq,
ˇ

ˇℓβik
ˇ

ˇptq “

ż t

0

1
tuβ

ikprq“0u
d

ˇ

ˇℓβik
ˇ

ˇprq for β “ 1, 2, 3, 4.

(5.1.1a)

(5.1.1b)

For simplicity, we consider Q “ r0, 1sd. The results in this work are easily extended to any

bounded open subset Q Ď Rd, for any d ě 1. Here, for integers k “ 1, . . . ,M , we have i.i.d.

families of random initial conditions tuikp0qui“1,...,N for each space point xi in the cortex

Q. Moreover, for integers i “ 1, . . . , N and k “ 1, . . . ,M , we have 4-dimensional Brownian

motions pW β
ikqβ“1,2,3,4, which can also be correlated.

The nonlinear function ϕ : R Ñ R, representing the firing rate of neurons in the network,

is globally Lipschitz, whereas the external inputs Bβ : QˆR Ñ R and the interaction kernels

Kβ : RdQ Ñ R for β “ 1, 2, 3, 4 are only required to be locally bounded functions and α-

Hölder continuous in the x variable for some α P p0, 1s. The interaction kernels takes into

account the inhibitory/excitatory effect on nearby neurons. A typical choice of the interaction

kernel in computational neuroscience [BF09] is given by the so-called Mexican hat function.

The relaxation times τβi satisfy the condition 0 ă infi,β τ
β
i ď supi,β τ

β
i ă `8.

Finally, for each i, k and β, the term ℓβik is a finite variation process defined by (5.1.1b)

which prevents the activity level uβik from taking negative values. Namely, as we can see in

its definition, at each time t this process equals the opposite of its total variation ℓβikptq “

´
ˇ

ˇℓβik
ˇ

ˇptq. In turn, the total variation stays constant when uβik ą 0 and it increases in the form
ˇ

ˇℓβik
ˇ

ˇptq “
şt
0 1tuβikprq“0u

d
ˇ

ˇℓβik
ˇ

ˇprq when uβik “ 0, so as to push uβik away from zero which is being

dragged by the other terms at the right hand side of (5.1.1a). The introduction of such terms

and constraints is therefore known as imposing reflecting boundary conditions and ℓβik is called

a reflection term. The existence and uniqueness of such a term need of course to be proved

and this process is often referred to as the Skorokhod problem. Precise details concerning the

well-posedness and the construction of the reflection term in our setting are all presented in

the seminal papers [LS84, Szn84b] by Lions and Sznitman.

Going back to (5.1.1a), we notice that the argument of ϕ in (5.1.1a) can be rewritten as

1

4NM

4
ÿ

γ“1

N
ÿ

j“1

M
ÿ

m“1

Kγpxi ´ xjqu
γ
jmprq “

ż

QˆR4

1

4

4
ÿ

γ“1

Kγpxi ´ yquγfN,M pr, dy, duq,
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by considering the empirical measure associated to these particles, that is

fN,M pr, dy, duq “
1

NM

N
ÿ

j“1

M
ÿ

m“1

δpxj ,ujmprqq regarded as a measure on Qˆ R4. (5.1.2)

Concerning the initial conditions and the form of the noise term in (5.1.1a), from a mod-

elling point of view it is reasonable to assume that, for k P N, we have i.i.d. families of initial

conditions
`

ukpx, 0q
˘

xPQ
for each space point x in the cortex Q. Similarly, we assume that,

for k P N, we have independent 4-dimensional space-time white noise terms
`

Wkpx, tq
˘

tě0,xPQ
.

Naively, W β
k px, tq is a centered Gaussian random field indexed by k P N, β “ 1, 2, 3, 4, x P Q

and t P r0,8q with covariance

E
”

W β
k px, tqW γ

h py, sq
ı

“ pt^ sq δ0pk ´ hq δ0pβ ´ γq δ0px´ yq. (5.1.3)

Then we can just choose points x1, . . . , xN P Q and set uikp0q :“ ukpxi, 0q and Wikptq :“

Wkpxi, tq. As long as we work in a countable setting, this naive construction can be made

rigorous upon taking a suitable modification of the Wik’s via the Kolmogorov continuity

theorem. We also point out that the way we choose the cloud of points x1, . . . xN P Q is not

that important if we are only concerned with the discrete model for fixed M and N . However,

to get a nice limiting behaviour as N,M Ñ 8, it is useful to take these points to be the nodes

of a grid of Q whose mesh tends to zero. Precise details on this are given in Section 5.5.

Remark 5.1.1. One should not expect the initial data pukpx, 0qqxPQ to be independent for

different values of x, nor to be equidistributed. Indeed, from the point of view of modelling

in neuroscience, ukpx, 0q should be close to ukpy, 0q for x close to y. This fact will have

consequences both on the exchangeability properties of the particles uik, which are expected

to be exchangeable in the index k only, and on the rate of convergence towards the limiting

behavior.

As we let M,N Ñ 8 the limiting behaviour should be described by independent copies,
in the column index k, of solutions to an associated mean field McKean–Vlasov equation.
Namely, the activity level of any neuron located at a point x P Q should satisfy an equation
like

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

ūβpx, tqτβpxq “ τβpxquβpx, 0q ` σW βpx, tq ´ ℓ̄βpx, tq

`

ż t

0

˜

´ ūβpx, rq ` ϕ
´

Bβpx, rq`
1

4

4
ÿ

γ“1

ż

QˆR4

Kγpx´ yquγfpr, y, duqdy
¯

¸

dr,

ℓ̄βpx, tq “ ´
ˇ

ˇℓ̄βpx, ¨q
ˇ

ˇptq,
ˇ

ˇℓ̄βpx, ¨q
ˇ

ˇptq “

ż t

0

1tūβpx,rq“0ud
ˇ

ˇℓ̄βpx, ¨q
ˇ

ˇprq for β “ 1, 2, 3, 4,

(5.1.4)

where we have set fpt, y, duq :“ LawR4pūpy, tqq considered as a measure on R4 depending on

t P r0,8q and y P Q. Notice that in turn this induces a probability measure fpt, dx, duq on

Qˆ R4 defined by integration as
ż

QˆR4

φpx, uqfpt, dx, duq :“

ż

Q

ż

R4

φpx, uqfpt, x, duq dx for any φ P CbpQˆ R4q. (5.1.5)
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For each fixed x P Q and β “ 1, 2, 3, 4, the finite variation process ℓ̄βpx, tq is again the reflection

term coming from the Skorokhod problem (see the explanation after equation (5.1.1)) and it

ensures that ūβpx, tq ě 0 for every x, t and β. We refer the reader to [Szn84b] for the details

about such a process in the context of a classical McKean–Vlasov equation.

Remark 5.1.2. The McKean–Vlasov equation (5.1.4) suffers from a major technical issue.

Indeed, formula (5.1.3) does define an R-valued Gaussian random field. However, it is well-

known that such a random field cannot be jointly measurable in the x variable and the sample

ω. This reflects into lack of x-measurability of the particles ūβpx, tq and, in turn, into that

of the law fpt, x, duq, which we need to be Lebesgue integrable. In this work, we resolve this

issue by considering ϵ-correlated noise.

Another approach, coming from the theory of mean field games, is to address the issue

by introducing a “Fubini extension” of the product probability space Q ˆ Ω. We refer the

reader to [ACL21] and the references therein. However, this approach did not seem to fit

our modelling purposes. It allows to regain the x-measurability only with respect to a bigger

σ-algebra, strictly containing the Lebesgue measurable sets. In turn, the space integral in

(5.1.4) would not be taken with respect to the Lebesgue measure, but instead with respect to

some exotic extension of this.

A formal application of the Itô formula shows that f , the joint distribution of the activity
levels uβ in the four directions β, satisfies the nonlinear Fokker–Planck equation

Btfpt, x, uq ´
σ2

2

4
ÿ

β“1

1

τβpxq2
B2
uβuβfpt, x, uq

“

4
ÿ

β“1

1

τβpxq
Buβ

˜

fpt, x, uq

´

´uβ`ϕ
´

Bβpx, tq`
1

4

4
ÿ

γ“1

ż

QˆR4

Kγpx´ yqvγfpt, y, dvqdy
¯¯

¸

,

(5.1.6)

in the weak sense, with initial condition fp0, x, duq “ LawR4pupx, 0qq and subjected to the
no-flux boundary conditions, for β “ 1, 2, 3, 4,

ϕ
´

Bβpx, tq`
1

4

4
ÿ

γ“1

ż

QˆR4

Kγpx´ yqvγfpt, y, dvqdy
¯

fpt, x, uq ´
σ2

2

1

τβpxq

B

Buβ
fpt, x, uq

ˇ

ˇ

ˇ

uβ“0
“ 0,

which come from the reflecting boundary conditions at the SDE level.

Remark 5.1.3. It is worth pointing out that equation (5.1.6) would arise as the law of ūpx, tq

even if we set W px, tq ” Bt for every x P Q for a single Brownian motion Bt, that is if all

the particles were affected by the same noise. The same holds for many other choices of

W px, tq, and follows immediately from the Itô formula: the effect of the term W px, tq is only

to generate diffusion in the u variable, for fixed x. The choice of noise to consider in (5.1.1a)

and (5.1.4) is therefore dictated by modelling purposes only.

Remark 5.1.4. We notice that for each β “ 1, 2, 3, 4, integrating equation (5.1.6) in R3
`

over the remaining variables uγ for γ ‰ β and exploiting the boundary conditions, we get the
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equation satisfied by the marginal distribution fβpr, y, duβq “ LawRpūβpy, rqq. Namely, we
obtain

Btf
βpt, x, uβq ´

σ2

2

1

τβpxq2

B2fβ

pBuβq2
pt, x, uβq

“
1

τβpxq
Buβ

˜

fβpt, x, uβq

´

´uβ`ϕ
´

Bβpx, tq`
1

4

4
ÿ

γ“1

ż

QˆR4

Kγpx´ yqvγfγpt, y, dvγqdy
¯¯

¸

.

(5.1.7)

In particular, we stress the fact that each marginal fβ satisfies an equation involving only

the other marginals fγ , and not the full joint distribution f . On the other hand, if we sum

equation (5.1.7) over β “ 1, 2, 3, 4, then we get back equation (5.1.6) above for the decoupled

distribution f̃ :“ Π4
β“1f

β . Thus equation (5.1.6) and the system of equations (5.1.7) for

β “ 1, 2, 3, 4 are completely equivalent, at least for decoupled initial data f0 “ Π4
β“1f

β
0 .

Finally, Theorem 5.2.5 below asserts we have existence and uniqueness for equation (5.1.6).

The previous argument then shows that, if we start with decoupled initial data, this structure

is preserved: the corresponding solution satisfies fptq “ Πβf
βptq for all t ě 0. Notice that

(5.1.7) is the model formally introduced in [CHS22].

The structure of the work is as follows. The next section introduces the notation and the

setting needed for the results. We finish the section by stating the main theorems concerning

the mean field limit of (5.1.1) and its extensions. Sections 5.3 and 5.4 focus on the existence

and uniqueness of the particle systems, and the associated McKean–Vlasov equations and

Fokker–Planck type PDEs. The main core of this work is found in Section 5.5, where we

rigorously prove the mean field limit. Section 5.6 adapts previous results on empirical measure

error estimates [FG13] to the present setting to provide rates of convergence for the associated

empirical measure.

5.2 Preliminaries and main results

5.2.1 Hypotheses and notation

In this section we introduce the hypotheses we assume for our problem. First, we point out
that the results presented extend to the more general particle system

$

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

%

uikptq “uikp0q `

ż t

0

bpxi, r, uikprq, fN,M prqq dr

`

ż t

0

σpxi, r, uikprq, fN,M prqq dWikprq ´ ℓikptq,

ℓβikptq “ ´ |ℓβik|ptq, |ℓβik|ptq “

ż t

0

1
tuβ

ikprq“0u
d|ℓβik|prq for β “ 1, 2, 3, 4,

(5.2.1)

for N columns of M neurons each, located at x1, . . . , xN , with general drift term b and dif-

fusion term σ. Here fN,M pr, dy, duq is again the empirical measure associated to the particles
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(5.2.1), given by (5.1.2). As before, ℓβik is the the reflection term coming from the Skorokhod

problem [LS84] forcing uβikptq ě 0 for every t ě 0.

The precise details on the shape and hypotheses on b and σ are given here below and they

are simply deduced from the properties of the concrete model (5.1.1).

Let PpQ ˆ R4q denote the set of probability measures on Q ˆ R4, for β “ 1, 2, 3, 4 we

assume that bβ, σβ : Qˆ R` ˆ R4 ˆ PpQˆ R4q Ñ R take the forms

bβpx, r, u, fq “ bβ0 px, r, uq ` ϕbβ

ˆ
ż

QˆR4

bβ1 px, y, r, u, vq fpdy, dvq

˙

,

σβpx, r, u, fq “ σβ0 px, r, uq ` ϕσβ

ˆ
ż

QˆR4

σβ1 px, y, r, u, vq fpdy, dvq

˙

.

(5.2.2)

(5.2.3)

Having in mind the concrete model (5.1.1a), we suppose bβ0 , σ
β
0 : Q ˆ R` ˆ R4 Ñ R are

measurable, locally bounded, Lipschitz in u P R4 uniformly in x, r P Q ˆ R`, and α-Hölder

in x P Q uniformly in u, r P R4 ˆ R`. That is

ˇ

ˇbβ0 px, r, uq ´ bβ0 px1, r, u1q
ˇ

ˇ `
ˇ

ˇσβ0 px, r, uq ´ σβ0 px1, r, u1q
ˇ

ˇ ď L
`

|x´ x1|α ` |u´ u1|
˘

,
ˇ

ˇbβ0 px, r, uq
ˇ

ˇ `
ˇ

ˇσβ0 px, r, uq
ˇ

ˇ ď C p1 ` |u|q ,

(5.2.4)

(5.2.5)

for all x, x1, u, u1, r P Q2 ˆ
`

R4
˘2

ˆ R`, for suitable constants L and C. Furthermore we take
the functions ϕbβ , ϕσβ : R Ñ R to be globally Lipschitz functions, and thus with sublinear
growth. Similarly, the mappings bβ1 , σ

β
1 : QˆQˆ R` ˆ R4 ˆ R4 Ñ R are measurable, locally

bounded, Lipschitz in u, v P R4 uniformly in x, y, r P Q2 ˆ R`, and α-Hölder in x, y P Q

uniformly in u, v, r P
`

R4
˘2

ˆ R`. That is,

ˇ

ˇbβ1 px, y, r, u, vq ´ bβ1 px, y, r, u1, v1q
ˇ

ˇ

`
ˇ

ˇσβ
1 px, y, r, u, vq ´ σβ

1 px, y, r, u1, v1q
ˇ

ˇ ď L
`

|x´ x1|α ` |y ´ y1|α ` |u´ u1| ` |v ´ v1|
˘

,
ˇ

ˇbβ1 px, y, r, u, vq
ˇ

ˇ `
ˇ

ˇσβ
1 px, y, r, u, vq

ˇ

ˇ ď C
`

1 ` |u| ` |v|
˘

,

(5.2.6)

(5.2.7)

for all x, y, x1, y1, u, v, u1, v1, r P Q4 ˆ
`

R4
˘4

ˆ R`, for suitable constants L and C.

Remark 5.2.1. With the notation just introduced, the starting model (5.1.1a) is recovered
by setting

τβpxqbβpx, r, u, fq“´uβ`ϕ

˜

Bβpx, rq`
1

4

4
ÿ

γ“1

ż

QˆR4

Kγpx´ yquγfpdy, duq

¸

, τβpxqσpx, r, u, fq” σ.

We now consider the limiting McKean–Vlasov system. Taking into account the measura-
bility issues pointed out in Remark 5.1.2, we consider instead equation (5.1.4) with a suitably
rescaled ϵ-correlated noise, for some ϵ ą 0. In the setting of the general particle system (5.2.1),
the equation reads:

$

’

’

’

&

’

’

’

%

ūϵpx, tq “upx, 0q `

ż t

0

bpx, r, ūϵpx, rq, fprqq dr `

ż t

0

σpx, r, ūϵpx, rq, fprqq dW ϵpx, rq ´ ℓ̄px, tq,

ℓ̄βpx, tq “ ´ |ℓ̄βpx, ¨q|ptq, |ℓ̄βpx, ¨q|ptq “

ż t

0

1tpūϵqβpx,rq“0u d|ℓ̄βpx, ¨q|prq for β “ 1, 2, 3, 4,

(5.2.8)
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where fpr, y, duq “ LawR4pūϵpy, rqq is viewed as a measure on R4, and fprq “ fpr, dx, duq the
induced probability measure defined by (5.1.5) on QˆR4. Similarly, the reflection term ℓ̄px, tq

still ensures pūϵqβpx, tq ě 0 for each x, t and β (see again [Szn84b]). Here W ϵ : ΩˆRdˆR` Ñ

R4 is a 4-dimensional Gaussian random field with independent components β “ 1, 2, 3, 4, zero
mean and covariance

E
“

W ϵ,βpx, tqW ϵ,βpy, sq
‰

“pt^ sqCρ ϵ
d

ż

Rd

ρϵpz ´ xqρϵpz ´ yq dz, for Cρ “

ˆ
ż

Rd

ρpzq2 dz

˙´1

, (5.2.9)

where ρ : Rd Ñ r0, 1s is a radial mollifier supported in the unitary ball, and ρϵ the ϵ-rescaled

version. Such a process W ϵ,β can for example be obtained by convolution and rescaling from

a “mathematically rigorous” space-time white noise (see e.g. [DPZ92]). That is, a distribution

valued process W : Ω ˆ R` Ñ S 1pRdq such that, for φ P SpRdq, the processes xWt, φy are

jointly Gaussian with covariance

E rxWt, φy xWs, ψys “ pt^ sq

ż

Rd

φpzqψpzq dz.

Then, for β “ 1, 2, 3, 4 and independent copies of such a white noise, one defines

W ϵ,βpx, tq :“ C
1
2
ρ ϵ

d
2 xWt, ρϵp¨ ´ xqy. (5.2.10)

For future reference, we highlight some of the properties of W ϵ. First, from (5.2.9) we have

that ErW ϵ,βpx, tqW ϵ,γpx, sqs “ δ0pβ ´ γq t ^ s. Thus, for fixed x, the process t ÞÑ W ϵpx, tq is

a 4-dimensional Brownian motion. Similarly, from suppρq Ď Bp0, 1q it follows that

E rW ϵpx, tqW ϵpy, sqs “ 0 if |x´ y| ą 2ϵ.

Hence the processes W ϵpx, tq and W ϵpy, tq are independent for |x ´ y| ą 2ϵ. Furthermore,

using (5.2.9) one computes

E
”

|W ϵpx, tq ´W ϵpy, sq|
2
ı

ď C E
”

|W ϵpx, tq ´W ϵpx, sq|
2

` |W ϵpx, sq ´W ϵpy, sq|
2
ı

ď C

ˆ

|t´ s| ` sCρ ϵ
d

ż

Rd

pρϵpz ´ xq ´ ρϵpz ´ yqq
2 dz

˙

ď C

ˆ

|t´ s| `
|x´ y|2

ϵ2

˙

,

for a constant C “ Cpρq. Similar estimates hold for any higher moment p ě 2 and the

Kolmogorov continuity theorem ensures the existence of a suitable modification of W ϵ with

continuous trajectories in both x and t. In particular, we have that W ϵ is jointly measurable in

px, tq P RdˆR` and in the sample path ω P Ω. Finally, for any x, y P Rd, a direct computation

shows that the quadratic variation of the martingale W ϵ,βpx, tq ´W ϵ,βpy, tq satisfies

”

W ϵ,βpx, ¨q ´W ϵ,βpy, ¨q
ı

t
“ t Cρ ϵ

d

ż

Rd

pρϵpz ´ xq ´ ρϵpz ´ yqq
2 dz,

ď t C
|x´ y|2

ϵ2
,

(5.2.11)
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for a constant C “ Cpρq.
Finally, fpr, y, duq “ LawR4pūϵpy, rqq should solve the associated nonlinear Fokker–Planck

equation with no-flux boundary conditions,
$

’

’

&

’

’

%

Btfpt, x, uq`∇u ¨

´

bpx, t, u, fptqqfpt, x, uq

¯

“
1

2

4
ÿ

β“1

B2

BuβBuβ

´

σβpx, t, u, fptqq2fpt, x, uq

¯

,

bβpt, x, u, fptqqfpt, x, uq´
1

2

B

Buβ

´

σβpx, t, u, fptqq2fpt, x, uq

¯
ˇ

ˇ

ˇ

uβ“0
“ 0 for β “ 1, 2, 3, 4,

(5.2.12)

in the weak sense.

Let us now see how (5.2.2)–(5.2.3) and the assumptions (5.2.4)–(5.2.7) translate into

Hölder, Lipschitz and sublinear growth properties of the actual drift and diffusion terms.

First, notice that for any fixed f P PpQˆ R4q the mappings

Qˆ R` ˆ R4 Ñ R
ˇ

ˇ x, r, u ÞÑ bβpx, r, u, fq, σβpx, r, u, fq, (5.2.13)

are easily seen to be α-Hölder in x, Lipschitz and with sublinear growth in u, uniformly in r.

Next, given a Banach space X with norm | ¨ |X and a positive integer m P N, let us denote by

PmpXq the space of probability measures on X with finite mth moments, endowed with the

mth order Wasserstein distance (see e.g. [Vil03]),

WmpXqpP1, P2q :“ inf
πPΠpP1,P2q

"
ż

X
|x´ y|mX πpdx, dyq

*
1
m

, (5.2.14)

where ΠpP1, P2q denotes the set of probability measures on X ˆX with marginals P1 and P2.

When X is clear from the context we write WmpP1, P2q. Let L8pQ;PmpXqq be the space of

measurable functions f : Q Ñ PmpXq such that

|f |L8pQ;PmpXqq “ sup
yPQ

´

ż

X
|x|m fpy, dxq

¯
1
m

ă 8,

endowed with the distance

dL8pQ;PmpXqqpf, gq “ sup
yPQ

WmpXq
`

fpy, dxq, gpy, dxq
˘

.

Assume f, g P L8pQ;PmpR4qq. Then we can identify them as elements in PpQ ˆ R4q by

their actions on test functions
ż

QˆR4

ψpy, sq fpdy, dsq :“

ż

Q

ż

R4

ψpy, sq fpy, dsq dy @ψ P CbpQˆ R4q,

and similarly for g. Now, using the structure (5.2.2)–(5.2.3), the Hölder, Lipschitz and sublin-

ear growth properties of bβi and σβi for i “ 0, 1, and Hölder’s inequality, it is straightforward

to prove the following lemma.

Lemma 5.2.2. In the setting outlined above, and under the assumptions on b and σ,
ˇ

ˇbβpx, r, u, fq´bβpx1, r, u1, f 1q
ˇ

ˇ`
ˇ

ˇσβpx, r, u, fq´σβpx1, r, u1, f 1q
ˇ

ˇ

ďL
`

|x´ x1|α ` |u´ u1|`dL8pQ;PmpR4qqpf, f
1q

˘

,
ˇ

ˇbβpx, r, u, fq
ˇ

ˇ `
ˇ

ˇσβpx, r, u, fq
ˇ

ˇ ď C
`

1 ` |u| ` |f |L8pQ;PmpR4qq

˘

,
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for all x, x1, u, u1, r P Q2 ˆ
`

R4
˘2

ˆ R` and all f, f 1 P L8pQ;PmpR4qq, for suitable constants

L and C.

5.2.2 Main results

We now present the main results of this work. The theorems are stated for the general models

(5.2.1), (5.2.8), and (5.2.12). First we present a result on existence and uniqueness of the

particle systems, which is proved in Section 5.3.

Theorem 5.2.3 (Strong existence and uniqueness for the particle systems). Assume that

the initial data satisfies sup1ďiďN sup1ďkďM Er|uikp0q|2s ă `8. Then, under assumptions

(5.2.2)–(5.2.7) on the coefficients, there exists a pathwise unique solution of the particle system

(5.2.1).

Next we state the theorems on well-posedness of the McKean–Vlasov equations and the

associated PDE. The following two results are proved in Section 5.4.

Theorem 5.2.4 (Strong existence and uniqueness of the McKean–Vlasov equation). Under

the assumptions (5.2.2)–(5.2.7) on the coefficients, for any initial data up¨, 0q P L8pQ;L2pΩqq,

and for any ϵ ą 0, there exists a pathwise unique solution uϵ P L8pQ;L2pΩ;Cpr0, T s;R4qqq of

the McKean–Vlasov equation (5.2.8). Moreover, for every T ă 8,

sup
xPQ

E

«

sup
tPr0,T s

|uϵpx, tq|2

ff

ď C

˜

1 ` sup
xPQ

Er|upx, 0q|2s

¸

, (5.2.15)

for a constant C “ CpT, b, σq. Finally, if the initial data satisfies up¨, 0q P CαpQ;L2pΩqq for

some α P p0, 1q, then uϵ P CαpQ;L2pΩ;Cpr0, T s;R4qqq.

Theorem 5.2.5 (Well-posedness of the non-linear Fokker–Planck equation). Under the as-

sumptions (5.2.2)–(5.2.7) on the coefficients, for any initial data f0px, duq P L8pQ;P2pR4qq,

there exists a weak solution fpx, t, duq P L8pQ;Cpr0,8q;P2pR4qqq of the non-linear Fokker–

Planck equation (5.2.12). If |σpx, t, u, gq| ě c ą 0 for every x, t, u and g, the solution is also

unique. The map f is uniquely characterized as fpt, x, duq “ LawR4 pūϵpx, tqq for any arbitrary

ϵ ą 0. Moreover, for each fixed x P Q and for any time T ą 0, the restriction fpx, t, duq|tPr0,T s

can be seen as a probability measure on the space Cpr0, T s;R4q of continuous paths, and it

satisfies

sup
xPQ

ż

Cpr0,T s;R4q

sup
tPr0,T s

|vptq|2 fpx, dvq ď C

˜

1 ` sup
xPQ

Er|upx, 0q|2s

¸

, (5.2.16)

for a constant C “ CpT, b, σq, where v P Cpr0, T s;R4q. Finally, if f0 P CαpQ;P2pR4qq, then

f P Cα
`

Q;P2

`

Cpr0, T s;R4q
˘˘

, that is to say

W2

`

Cpr0, T s;R4q
˘

pfpx, ¨q, fpy, ¨qq ď C |x´ y|α @x, y P Q, (5.2.17)

for a constant C “ CpT, b, σ, f0q.
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We finally present two statements concerning the convergence of the particle system to-

wards the limiting model as M,N Ñ 8. The setting is the following. For k P N, let

pWkpx, tqqxPQ,tě0 be independent 4-dimensional space-time white noise terms over Qˆ r0,8q,

which we then convolve and rescale to obtain W ϵ
k as in formula (5.2.10). Similarly, let

ukp¨, 0q P CαpQ;L2pΩqq be i.i.d. families of random initial conditions along the cortex Q,

and let them be independent of all the white noise terms. Finally, let Xi for i “ 1, . . . , N be

points on a equispaced grid on Q, with squares of sidelength N
1
d . More details on the setting

and the proofs of the results are given in Sections 5.5 and 5.6.

Theorem 5.2.6 (Mean squared error estimates for actual particles vs. McKean–Vlasov

particles). In the setting outlined above and in Theorems 5.2.3 and 5.2.4, for any N,M P N,

let uϵikp¨q be the solution of the particle system (5.2.1), with initial data uikp0q :“ ukpXi, 0q

and noise terms Wikptq :“ W ϵ
kpXi, tq. For each k P N, let ūϵkpx, tq be the solution of the

McKean–Vlasov equation (5.2.8), with initial data pukpx, 0qqxPQ and rescaled ϵ-correlated

noise pW ϵ
kpx, tqqxPQ,tě0. For each i P N, denote ūϵikptq :“ ūϵkpXi, tq. Then, for any T ą 0,

E

«

sup
rPr0,ts

|uϵikprq ´ ūϵikprq|2

ff1{2

ď C t

ˆ

1

N
α
d

`
1

M
1
2

˙

˜

1 ` sup
xPQ

E
“

|ukpx, 0q|2
‰1{2

¸

, (5.2.18)

for any i “ 1, . . . , N , k “ 1, . . . ,M and t P r0, T s, where C “ CpT, ρ, b, σ, rup¨, 0qsαq and

rup¨, 0qsα denotes the Hölder seminorm of up¨, 0q.

We notice that the decay has rate
`

1{N
α
d ` 1{M

1
2

˘

instead of the usual 1{pMNq
1{2, as we might

expect according to classical results in mean field theory [Szn91] since we have MN particles.

As anticipated in Remark 5.1.1, this phenomenon goes back to the fact that the particles uik
are exchangeable in the second index only. Hence, what we will get is a mean field limit in the

column index k, but a Riemann sum type convergence in the space index i. This phenomenon

will be made clear when we perform the computations in Section 5.5.

We also remark that the ratio between ϵ and N´1{d in Theorem 5.2.6, that is between the

correlation radius of the noise and the distance among the neuron locations xi, is completely

arbitrary and the decay rate in (5.2.18) is independent of this. The choice of this ratio is

purely dictated by modelling arguments, namely by the correlation strength we want for the

noise sensed by two nearby neurons, which for example can be taken to be zero.

Finally we translate the previous result about convergence of particles to the level of laws.

Theorem 5.2.7 (Rate of convergence for the empirical measure). In the setting of Theorem

5.2.6, let

f ϵN,M pt, dx, duq “
1

MN

N
ÿ

j“1

M
ÿ

m“1

δ`
Xj ,uϵjmptq

˘

be the empirical measure on QˆR4 associated with the particle system (5.2.1). Let fpt, x, duq

be the unique solution of the Fokker–Planck equation (5.2.12) and consider the induced prob-
ability measure fpt, dx, duq on QˆR4 given by (5.1.5). Then, as M,N Ñ 8, and possibly but
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not necessarily as ϵ Ñ 0, f ϵN,M pt, dx, duq converges to fpt, dx, duq in the Wasserstein distance
in the sense

sup
tPr0,T s

E
“

W1pQˆ R4qpf ϵN,M ptq, fptqq
‰

ď C

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|2
‰

1
2

˙ ˆ

1

N
α
d

`
1

M
1
2

`
1

M
1
4

˙

,

for any T ą 0, for C “ CpT, ρ, b, σ, rup¨, 0qsα, Qq.

5.3 Strong existence and uniqueness for the particle systems

In this section we establish strong existence and uniqueness for the particle system (5.2.1),

thus proving Theorem 5.2.3. The proof is based on a classical contraction argument and a

crucial observation about the reflection term ℓik.

Proof of Theorem 5.2.3. Fix N,M P N. Take a probability space pΩ,F ,Pq supporting
the initial conditions uikp0q : Ω Ñ R4 and the 4-dimensional Brownian motions Wikptq for
i “ 1, . . . , N and k “ 1, . . . ,M . Suppose E

“

|uikp0q|2
‰

ă 8 for all i and k. For any T ą 0 let
us define the Banach space

H2
T :“

$

&

%

continuous adapted processes Yt : Ω Ñ R4 with E

«

sup
tPr0,T s

|Yt|
2

ff
1
2

ă 8

,

.

-

, (5.3.1)

endowed with the norm }Y¨} :“ E
“

suptPr0,T s |Yt|
2
‰
1
2 , and then consider the product space

pH2
T qNM equipped with the product norm.

Define F : pH2
T qNM Ñ pH2

T qNM by sending an element vik P pH2
T qNM to the pathwise

solutions ṽik of the SDEs with reflecting boundary conditions, for i “ 1, . . . , N and k “

1, . . . ,M ,
$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

ṽikptq “uikp0q `

ż t

0
bpxi, r, vikprq, fvN,M prqq dr

`

ż t

0
σpxi, r, vikprq, fvN,M prqq dWikprq ´ ℓvikptq,

ℓv,βik ptq “ ´ |ℓv,βik |ptq, |ℓv,βik |ptq “

ż t

0
1tṽikprq“0ud|ℓv,βik |prq for β “ 1, 2, 3, 4.

(5.3.2)

where we define

fvN,M ptq “
1

NM

N
ÿ

j“1

M
ÿ

m“1

δpxj ,vjmptqq.

Under the hypotheses (5.2.2)–(5.2.7) on b and σ, and by straightforward modifications

of the setting and the proofs in [Szn84b, LS84], strong existence and uniqueness can be

established for the SDEs (5.3.2) with initial data with bounded second moments. Moreover,

for initial data with E
“

|uikp0q|2
‰

ă 8 and data vik P H2
T , the solutions ṽik belong to H2

T .
We want to find T small enough so that the map F is a contraction. Take two elements

uik, vik P pH2
T qNM , and consider ũik “ F puikq and ṽik “ F pvikq. We apply Itô formula to
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|ũik ´ ṽik|2 and exploit the respective equations (5.3.2) to get

|ũikptq ´ ṽikptq|2

“ 2

ż t

0

pũikprq ´ ṽikprqq
`

bpxi, r, uikprq, fuN,M prqq ´ bpxi, r, vikprq, fvN,M prqq
˘

dr

` 2

ż t

0

pũikprq ´ ṽikprqq
`

σpxi, r, uikprq, fuN,M prqq ´ σpxi, r, vikprq, fvN,M prqq
˘

dWikprq

` 2

ż t

0

pũik ´ ṽikq
`

dℓvikprq ´ dℓuikprq
˘

`

ż t

0

`

σpxi, r, uik, f
u
N,M q ´ σpxi, r, vik, f

v
N,M q

˘2
dr,

(5.3.3)

Exploiting the very definition of the reflection terms ℓuik and ℓvik shows that the third term on

the right hand side of (5.3.3) is negative. Indeed, we use the second line in (5.3.2) to expand

this term as
ż t

0
pũik ´ ṽikq

`

dℓvikprq ´ dℓuikprq
˘

“

4
ÿ

β“1

ˆ
ż t

0
pũβik ´ ṽβikq1tũikprq“0ud|ℓu,βik |prq

`

ż t

0
pṽβik ´ ũβikq1tṽikprq“0ud|ℓv,βik |prq

˙

.

Since the reflecting boundary conditions ensure that ũβik, ṽ
β
ik ě 0, we see that all the integrals

in the sum on the right hand side are negative, since the integrands are.
Now we drop the third term in (5.3.3), take the supremum in time and apply the expec-

tation to get

E

«

sup
tPr0,T s

|ũikptq ´ ṽikptq|2

ff

ď

˜

ż T

0

E
“

|ũik ´ ṽik|
ˇ

ˇbpxi, r, uikprq, fuN,M prqq ´ bpxi, r, vikprq, fvN,M prqq
ˇ

ˇ

‰

dr

`E
„

sup
tPr0,T s

´

ż t

0

pũik ´ ṽikq
`

σpxi, r, uikprq, fuN,M prqq´σpxi, r, vikprq, fvN,M prqq
˘

dWikprq

¯

ȷ

`

ż T

0

E
”

ˇ

ˇσpxi, r, uikprq, fuN,M prqq ´ σpxi, r, vikprq, fvN,M prqq
ˇ

ˇ

2
ı

dr

¸

.

(5.3.4)

The second term on the right hand side is handled with the Burkholder–Davis–Gundy in-
equality and with Hölder’s inequality:

E
„

sup
tPr0,T s

´

ż t

0

pũik ´ ṽikq
`

σpxi, r, uikprq, fuN,M prqq ´ σpxi, r, vikprq, fvN,M prqq
˘

dWikprq

¯

ȷ

ď E
„

´

ż T

0

|ũik ´ ṽik|
2 ˇ

ˇσpxi, r, uikprq, fuN,M prqq ´ σpxi, r, vikprq, fvN,M prqq
ˇ

ˇ

2
dr

¯
1
2

ȷ

ď E
„

sup
tPr0,T s

|ũik ´ ṽik|

´

ż T

0

ˇ

ˇσpxi, r, uikprq, fuN,M prqq ´ σpxi, r, vikprq, fvN,M prqq
ˇ

ˇ

2
dr

¯
1
2

ȷ

ď
1

2
E

„

sup
tPr0,T s

|ũik ´ ṽik|
2

ȷ

`
1

2
E

„
ż T

0

ˇ

ˇσpxi, r, uikprq, fuN,M prqq ´ σpxi, r, vikprq, fvN,M prqq
ˇ

ˇ

2
dr

ȷ

.

(5.3.5)

Then we absorb the first term on the right hand side of (5.3.5) into the left hand side of
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(5.3.4) to get, for C a numeric constant,

E

«

sup
tPr0,T s

|ũikptq ´ ṽikptq|2

ff

ď C

ˆ
ż T

0
E

“

|ũik ´ ṽik|
ˇ

ˇbpxi, r, uikprq, fuN,M prqq ´ bpxi, r, vikprq, fvN,M prqq
ˇ

ˇ

‰

dr

`

ż T

0
E

”

ˇ

ˇσpxi, r, uikprq, fuN,M prqq ´ σpxi, r, vikprq, fvN,M prqq
ˇ

ˇ

2
ı

dr

˙

.

(5.3.6)

Now, we use the structure (5.2.2)–(5.2.3) and the Lipschitz properties (5.2.4)–(5.2.6) of

b and σ, the definition of fuMN and fvMN , and applications of Hölder’s inequality to get, for

C “ Cpb, σq:

E

«

sup
tPr0,T s

|ũikptq ´ ṽikptq|2

ff

ď C

ˆ
ż T

0
E

“

|ũikprq ´ ṽikprq|2
‰

dr

`
1

MN

N
ÿ

j“1

M
ÿ

m“1

ż T

0
E

“

|ujmprq ´ vjmprq|2
‰

dr

˙

.

Then, we exploit Grönwall’s lemma to get, for C “ CpT, b, σq:

E

«

sup
tPr0,T s

|ũikptq ´ ṽikptq|2

ff

ď C
1

MN

N
ÿ

j“1

M
ÿ

m“1

ż T

0
E

“

|ujmprq ´ vjmprq|2
‰

dr

ď TC
1

MN

N
ÿ

j“1

M
ÿ

m“1

E

«

sup
tPr0,T s

|ujmptq ´ vjmptq|2

ff

.

Finally we sum over i “ 1, . . . , N and k “ 1, . . . ,M . In conclusion, by taking another time

T ˚ ă T small enough with respect to C “ CpT, b, σq, we find that the map F : pH2
T˚qNM Ñ

pH2
T˚qNM is indeed a contraction. The unique fixed point uik “ F puikq P H2

T˚ is then the

(pathwise unique) solution on r0, T ˚s. We conclude by gluing solutions on subsequent intervals

rnT ˚, pn` 1qT ˚s up to r0,8q.

5.4 Well-posedness of the limiting McKean–Vlasov SDEs and

PDE

In this section we analyze the limiting model for the particle system (5.2.1), that is the

McKean–Vlasov equation (5.2.8) and the nonlinear Fokker–Planck equation (5.2.12). In par-

ticular, Theorems 5.2.4 and 5.2.5 about existence and uniqueness for these equations will be

proved using a contraction argument.

Let us define the functional setting for the contraction argument. The Banach space

H2
T :“ L2pΩ is defined as in (5.3.1). For any T ą 0 we shall also consider the complete metric

space C2
T :“ Cpr0, T s;P2pR4qq of continuous functions with values in the complete metric

space pP2pR4q,W2pR4qq, where W2 is the Wasserstein distance (5.2.14), endowed with the
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supremum distance dC2
T

pf, gq “ suptPr0,T s W2pfptq, gptqq. Finally, we will employ the Banach

space L8pQ;H2
Tq of bounded measurable maps Q Ñ H2

T endowed with the norm

|u|L8pQ;H2
Tq :“ sup

xPQ
|upx, ¨q|H2

T
“ sup

xPQ
E

«

sup
tPr0,T s

|upx, tq|2

ff
1
2

.

Similarly, we also make use of the space L8pQ;C2
Tq. Notice that despite C2

T “ Cpr0, T s;P2pR4qq

not being a vector space, it still makes sense to say that a function f : Q Ñ C2
T is bounded by

taking an arbitrary point P0 P C2
T and imposing supxPQ dC2

T
pfpxq, P0q ă 8. For simplicity,

we take P0ptq ” δ0 the function (in t) identically equal to δ0 P P2pR4q — the Dirac mass

centered at zero. With abuse of notation, we denote

|f |L8pQ;C2
Tq :“ sup

xPQ
dC2

T
pfpxq, δ0q “ sup

xPQ
sup
tPr0,T s

´

ż

R4

|v|2 fpt, x, dvq

¯
1
2
.

Then L8pQ;C2
Tq is a complete metric space endowed with the distance dL8pQ;C2

Tqpf, gq :“

supxPQ dC2
T

pfpxq, gpxqq.

Let us now introduce the maps yielding the contraction. We are interested in the compo-

sition

L8pQ;C2
Tq

Sϵ

ÝÑ L8pQ;H2
Tq

L
ÝÑ L8pQ;C2

Tq . (5.4.1)

The map L sends an element u P L8pQ;H2
Tq to its bounded-in-space and continuous-in-time

law on R4. That is to say Lruspx, ¨q P Cpr0, T s;P2pR4qq is given by Lruspx, tq “ LawR4pupx, tqq

for each x P Q and t P r0, T s. A direct computation gives

sup
xPQ

dC2
T

pLruspxq, δ0q “ sup
xPQ

sup
tPr0,T s

W2pLruspx, tq, δ0q

“ sup
xPQ

sup
tPr0,T s

E
“

|upx, tq|2
‰

1
2 ď sup

xPQ
E

«

sup
tPr0,T s

|upx, tq|2

ff
1
2

“ |u|L8pQ;H2
Tq ă 8,

and Lrus is indeed an element of L8pQ;C2
Tq.

The map Sϵ is defined by sending an element f P L8pQ;C2
Tq to the solutions pSϵrf spx, tqqtě0

of the following SDEs with reflecting boundary conditions: for each fixed x P Q
$

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

%

Sϵrf spx, tq “upx, 0q`

ż t

0

bpx, r, Sϵrf spx, rq, fprqq dr

`

ż t

0

σpx, r, Sϵrf spx, rq, fprqq dW ϵpx, tq ´ ℓrf spx, tq,

ℓβrf spx, tq “ ´ |ℓβrf spx, ¨q|ptq,

|ℓβrf spx, ¨q|ptq“

ż t

0

1tSϵrfsβpx,rq“0ud|ℓβrf spx, ¨q|prq, β “ 1, 2, 3, 4,

(5.4.2)

where up¨, 0q P L8pQ;L2pΩq is the initial condition for the McKean–Vlasov equation. Notice

that we slightly abuse notation since we identify an element f P L8pQ;C2
Tq with the time

dependent probability measure fpt, dx, duq on Qˆ R4 defined by
ż

QˆR4

φpx, uqfpt, dx, duq :“

ż

Q

ż

R4

φpx, uqfpt, x, duq dx for any φ P CbpQˆ R4q.
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Standard theory of SDEs with reflecting boundary conditions [Szn84b] ensures that, for each

fixed x P Q, equation (5.4.2) has a pathwise unique solution. Indeed, owing to the conditions

(5.2.2)–(5.2.7) on b and σ, for fixed x P Q and f P L8pQ;C2
Tq the drift b̃pr, uq :“ bpx, r, u, fprqq

and diffusion σ̃pr, uq :“ σpx, r, u, fprqq terms can be verified to satisfy the needed assumptions.

The measurability of x ÞÑ Sϵrf spx, ¨q P H2
T then immediately follows from that of the initial

data upx, 0q and of the noise W ϵpx, tq, using a Picard iteration representation of the solution

of the SDEs (5.4.2). The fact that the map S is well-defined, i.e. that Sϵrf spx, ¨q is indeed an

element of H2
T uniformly bounded in x P Q, is the subject of Lemma 5.4.1.

By definition, for every f P L8pQ;C2
Tq we have pL˝Sϵqrf spx, tq “ LawR4pSϵrf spx, tqq for all

x P Q and t P r0, T s, but in fact we can say that pL ˝Sϵqrf spx, ¨q “ LawCpr0,T s;R4qpS
ϵrf spx, ¨qq,

since it is the law of the SDE (5.4.2). That is, pL ˝ Sϵqrf spx, ¨q can be seen as a probability

measure on the space of continuous paths Cpr0, T s;R4q. Furthermore, if f P L8pQ;C2
Tq is a

fixed point of L ˝ Sϵ, namely fpx, tq “ LawR4pSϵrf spx, tqq for all x P Q and t P r0, T s, then

fpx, ¨q “ LawCpr0,T s;R4qpS
ϵrf spx, ¨qq.

Lemma 5.4.1 (A priori estimates on moments). Given f P L8pQ;C2
Tq, the pathwise unique

solution pSϵrf spx, tqqxPQ, tě0 to (5.4.2) satisfies

|Sϵrf s|2L8pQ;H2
Tq

“ sup
xPQ

E

«

sup
tPr0,T s

|Sϵrf spx, tq|2

ff

ď C

˜

1 ` sup
xPQ

E
“

|upx, 0q|2
‰

`

ż T

0
sup
xPQ

ż

R4

|u|2 fpt, x, duq dt

¸

ď C

˜

1 ` sup
xPQ

E
“

|upx, 0q|2
‰

` |f |2L8pQ;C2
Tq

¸

,

(5.4.3)

for a constant C “ CpT, b, σq. In particular, Sϵrf s P L8pQ;H2
Tq, and the map Sϵ and the

composition L ˝ Sϵ are well defined. Moreover, if f P L8pQ;C2
Tq is a fixed point of L ˝ Sϵ,

then fpx, ¨q, as a probability measure on the space of continuous paths Cpr0, T s;R4q, satisfies

the stronger bound

sup
xPQ

ż

Cpr0,T s;R4q

sup
tPr0,T s

|vptq|2 fpx, dvq “ |Sϵrf s|2L8pQ;H2
Tq

ď C
´

1 ` sup
xPQ

E
“

|upx, 0q|2
‰

¯

. (5.4.4)

Proof. Fix any f P L8pQ;C2
Tq, we want to estimate |Sϵrf spx, tq|2. Owing to the structure

(5.2.2)–(5.2.3) and the sublinear growth properties (5.2.5)–(5.2.7) of the drift and diffusion

terms, we have

|bpx, r, u, fprqq| ` |σpx, r, u, fprqq| ď C

˜

1 ` |u| ` sup
yPQ

ż

R4

|v| fpr, y, dvq

¸

. (5.4.5)
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Then, using Hölder’s inequality one gets

sup
yPQ

ż

R4

|v| fpr, y, dvq ď sup
yPQ

´

ż

R4

|v|2 fpr, y, dvq

¯
1
2

ď sup
yPQ

sup
rPr0,T s

´

ż

R4

|v|2 fpr, y, dvq

¯
1
2
“ |f |L8pQ;C2

Tq.

(5.4.6)

Moreover, the explicit details in [Szn84b] on the construction of the reflection term ℓ in the
SDE (5.4.2) imply that we can control it as follows:

|ℓrf spx, tq| ď sup
τPr0,ts

ˇ

ˇ

ˇ

ˇ

upx, 0q`

ż τ

0

bpx, r, Sϵrf spx, rq, fprqq dr`

ż τ

0

σpx, r, Sϵrf s, f dW ϵpx, rq

ˇ

ˇ

ˇ

ˇ

. (5.4.7)

Squaring both sides of the SDE (5.4.2), controlling the reflection term with the estimate

(5.4.7), applying convexity inequalities, taking the supremum over t P r0, T s and then the

expectation, and finally handling the deterministic integral with Hölder’s inequality and the

stochastic integral with Itô isometry, we obtain

E

«

sup
tPr0,T s

|Sϵrf spx, tq|2

ff

ď C

ˆ

E
“

upx, 0q2
‰

` E
„

ż T

0
bpx, r, Sϵrf spx, rq, fprqq2 dr

ȷ

dt

` E
„

ż T

0
σpx, r, Sϵrf spx, rq, fprqq2 drq

ȷ ˙

,

for a numeric constant C. In turn, using the sublinear growth estimates (5.4.5)–(5.4.6), we

get

E

«

sup
tPr0,T s

|Sϵrf spx, tq|2

ff

ď C

˜

1 ` E
“

upx, 0q2
‰

`

ż T

0
E

«

sup
rPr0,ts

|Sϵrf spx, rq|2

ff

dt`

ż T

0
sup
yPQ

ż

R4

|u|2 fpt, y, duq dt

¸

,
(5.4.8)

for a constant C “ CpT, b, σq. Then we exploit Grönwall’s Lemma to get rid of the third term

on the right hand side of the inequality in (5.4.8). Eventually, by taking the supremum over

x P Q and using (5.4.6) again, we deduce the inequalities (5.4.3).

Suppose now that f is a fixed point of L ˝ Sϵ. Since fpt, yq “ LawR4pSϵrf spy, tqq, we

readily verify that

ż T

0
sup
yPQ

ż

R4

|u|2 fpt, y, duq dt “

ż T

0
sup
yPQ

E
“

|Sϵrf spy, tq|2
‰

dt ď

ż T

0
sup
yPQ

E

«

sup
rPr0,ts

|Sϵrf spy, rq|2

ff

dt.

Then we exploit this bound and again use Grönwall’s Lemma in the first inequality (5.4.3) to

get rid of the third term at the right hand side and obtain (5.4.4) in the statement.

Now, assuming that the composition L˝Sϵ is a contraction in L8pQ;C2
Tq, we first show how

to conclude the strong existence and uniqueness for the McKean–Vlasov equation (5.2.8). Let

f P L8pQ;C2
Tq be the unique fixed point of L˝Sϵ: since Sϵrf s solves (5.4.2) and L˝Sϵrf s “ f ,
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we obtain that Sϵrf s solves the McKean–Vlasov equation (5.2.8) on our stochastic basis with

initial data pupx, 0qqxPQ. Conversely, let pupx, tqqxPQ, tě0 be a strong solution of (5.2.8) on

our stochastic basis with these initial data, then Lrus P L8pQ;C2
Tq is a fixed point of L ˝ Sϵ

and thus we must have Lrus “ f , the unique fixed point; but then, since we have strong

uniqueness for the SDEs (5.4.2) defining the map Sϵ and since upx, tq solves these SDEs with

this data f , we conclude that pupx, tqqxPQ, tě0 “ Sϵrf s.

Proof of Theorem 5.2.4. We show that the mapping L˝Sϵ is a strict contraction and then
apply the Banach fixed point theorem. Take f, g P L8pQ;C2

Tq. By definition of the map Sϵ

we have

Sϵrf spx, tq “ upx, 0q `

ż t

0

bpx, r, Sϵrf s, fq dr `

ż t

0

σpx, r, Sϵrf s, fq dW ϵpx, rq ´ ℓrf spx, tq,

Sϵrgspx, tq “ upx, 0q `

ż t

0

bpx, r, Sϵrgs, gq dr `

ż t

0

σpx, r, Sϵrgs, gq dW ϵpx, rq ´ ℓrgspx, tq.

(5.4.9)

(5.4.10)

Then, by definition of the map L, we have that pSϵrf spx, tq, Sϵrgspx, tqq is an admissible

coupling for pL˝Sϵrf spx, tq, L˝Sϵrgspx, tqq and we can use it to estimate W2pL˝Sϵrf spx, tq, L˝

Sϵrgspx, tqq.

We take the difference of equations (5.4.9) and (5.4.10) and use the Itô formula to get

|Sϵrf spx, tq ´ Sϵrgspx, tq|2

“ 2

ż t

0

`

Sϵrf spx, rq ´ Sϵrgspx, rq
˘`

bpx, r, Sϵrf s, fq ´ bpx, r, Sϵrgs, gq
˘

dr

` 2

ż t

0

`

Sϵrf spx, rq´Sϵrgspx, rq
˘`

σpx, r, Sϵrf s, fq´σpx, r, Sϵrgs, gq
˘

dW ϵpx, rq

` 2

ż t

0

`

Sϵrf spx, rq ´ Sϵrgspx, rq
˘`

dℓrgspx, rq ´ dℓrf spx, rq
˘

`

ż t

0

`

σpx, r, Sϵrf spx, rq, fprqq ´ σpx, r, Sϵrgspx, rq, gprqq
˘2
dr.

(5.4.11)

We now argue analogously to (5.3.3)–(5.3.6) in the proof of Theorem 5.2.3. First, as in (5.3.4)

the third the second term on the right hand side of (5.4.11) is negative, and we drop it. Then

we take the supremum in time and apply the expectation, we control the first deterministic in-

tegral with Hölder’s inequality and the stochastic integral with the Burkholder–Davis–Gundy

and Hölder’s inequality, and finally we absorb the necessary terms on the left hand side of

(5.4.11) to get

E

«

sup
rPr0,ts

|Sϵrf spx, rq ´ Sϵrgspx, rq|2

ff

ď C E
„

ż t

0

`

bpx, r, Sϵrf s, fq ´ bpx, r, Sϵrgs, gq
˘2
dr

`

ż t

0

`

σpx, r, Sϵrf s, fq ´ σpx, r, Sϵrgs, gq
˘2
dr

ȷ

,

for a numeric constant C. Now we exploit the Lipschitz properties of the drift and diffusion
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terms stated in Lemma 5.2.2 and we obtain, for C “ Cpb, σq,

E

«

sup
rPr0,ts

|Sϵrf spx, rq ´ Sϵrgspx, rq|2

ff

ď C

ˆ
ż t

0
E

“

|Sϵrf spx, rq ´ Sϵrgspx, rq|2
‰

dr

`

ż t

0
sup
yPQ

W2pfpr, y, duq, gpr, y, duqq2 dr

˙

.

Using Grönwall’s Lemma we get rid of the first term on the right hand side at the ex-

pense of a larger constant C “ CpT, b, σq. Moreover, we have W2pfpr, y, duq, gpr, y, duqq ď

suprPr0,T s W2pfpr, y, duq, gpr, y, duqq for any r P r0, T s, and we conclude that

E

«

sup
tPr0,T s

|Sϵrf spx, tq ´ Sϵrgspx, tq|2

ff

ď C T sup
yPQ

sup
rPr0,T s

W2pfpr, y, duq, gpr, y, duqq2, (5.4.12)

for a constant C “ CpT, b, σq. Finally, since the right hand side is independent of x, we take

the supremum over x P Q on the left hand side of (5.4.12).

In conclusion, recalling that pSϵrf spx, tq, Sϵrgspx, tqq is a coupling for pL ˝ Sϵrf spx, tq, L ˝

Sϵrgspx, tqq, we obtain

dL8pQ;C2
TqpL ˝ Sϵrf s, L ˝ Sϵrgsq2 “ sup

xPQ
sup

tPr0,T s

W2pL ˝ Sϵrf spx, tq, L ˝ Sϵrgspx, tqq2

ď sup
xPQ

sup
tPr0,T s

E
“

|Sϵrf spx, tq ´ Sϵrgspx, tq|2
‰

ď sup
xPQ

E

«

sup
tPr0,T s

|Sϵrf spx, tq ´ Sϵrgspx, tq|2

ff

ď C T sup
xPQ

sup
tPr0,T s

W2pfpx, tq, gpx, tqq2 “ C T dL8pQ;C2
Tqpf, gq2,

for C “ CpT, b, σq. This constant C is increasing in T . Therefore, upon possibly working in

L8pQ;C2
T˚q for some smaller T ˚ ă T , we can assume that CT ă 1. That is to say, if T ą 0

is small enough, we have a contraction in L8pQ;C2
Tq. In turn this implies that we have a

pathwise unique solution to (5.2.8) over r0, T s. Repeating the same argument over rT, 2T s,

r2T, 3T s and so on, and exploiting the uniqueness, we can show there exists a pathwise unique

solution defined over all r0,8q.

Now, assume in addition that upx, 0q P CαpQ;L2pΩqq. The following argument proves that

in this case, for any f P L8pQ;C2
Tq, we have Sϵrf s P CαpQ;L2pΩ;Cpr0, T s;R4qqq. In particu-

lar, the solution of the McKean equation (5.2.8) satisfies uϵpx, tq P CαpQ;L2pΩ;Cpr0, T s;R4qqq.
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Given x, y P Q, we manipulate the equations (5.4.2) for Sϵrf spxq and Sϵrf spyq to write

Sϵrf spx, tq ´ Sϵrf spy, tq “
`

upx, 0q ´ upy, 0q
˘

`

ż t

0

`

bpx, r, Sϵrf spx, rq, fprqq ´ bpx, r, Sϵrf spy, rq, fprqq
˘

dr

`

ż t

0

`

σpx, r, Sϵrf spx, rq, fprqq´σpy, r, Sϵrf spy, rq, fprqq
˘

dW ϵpx, rq

`

ż t

0
σpy, r, Sϵrf spy, rq, fprqq pdW ϵpx, rq ´ dW ϵpy, rqq

`
`

ℓrf spy, rq ´ ℓrf spx, rq
˘

.

Applying the Itô formula to the squared power yields

|Sϵrf spx, tq ´ Sϵrf spy, tq|2

` pupx, 0q ´ upy, 0qq2

` 2

ż t

0

`

Sϵrf spx, rq ´ Sϵrf spy, rq
˘`

bpx, r, Sϵrf s, fq ´ bpx, r, Sϵrf s, fq
˘

dr

` 2

ż t

0

`

Sϵrf spx, rq´Sϵrf spy, rq
˘`

σpx, r, Sϵrf s, fq´σpy, r, Sϵrf s, fq
˘

dW ϵpx, rq

` 2

ż t

0

`

Sϵrf spx, rq´Sϵrf spy, rq
˘

σpy, r, Sϵrf s, fq pdW ϵpx, rq ´ dW ϵpy, rqq

` 2

ż t

0

`

Sϵrf spx, rq ´ Sϵrf spy, rq
˘`

dℓrf spy, rq ´ dℓrf spx, rq
˘

`

ż t

0

`

σpx, r, Sϵrf spx, rq, fprqq ´ σpy, r, Sϵrf spy, rq, fprqq
˘2
dr

`

ż t

0
σpy, r, Sϵrf spy, rq, fprqq2 d rW ϵpx, rq ´W ϵpy, rqs .

(5.4.13)

For the first stochastic integral, the Burkholder–Davis–Gundy inequality and Hölder’s in-
equality yield

E

«

sup
tPr0,T s

ˇ

ˇ

ˇ

ˇ

ż t

0

`

Sϵrf spx, rq´Sϵrf spy, rq
˘`

σpx, r, Sϵrf s, fq´σpy, r, Sϵrf s, fq
˘

dW ϵpx, rq

ˇ

ˇ

ˇ

ˇ

ff

ď E

»

–

˜

ż T

0

`

Sϵrf spx, rq´Sϵrf spy, rq
˘2`
σpx, r, Sϵrf s, fq´σpy, r, Sϵrf s, f

˘2
dr

¸
1
2

fi

fl

ď E

»

– sup
tPr0,T s

ˇ

ˇSϵrf spx, tq´Sϵrf spy, tq
ˇ

ˇ

˜

ż T

0

`

σpx, r, Sϵrf s, fq´σpy, r, Sϵrf s, f
˘2
dr

¸
1
2

fi

fl

ď δ E

«

sup
tPr0,T s

ˇ

ˇSϵrf spx, tq´Sϵrf spy, tq
ˇ

ˇ

2

ff

`
1

δ
E

«

ż T

0

`

σpx, r, Sϵrf s, fq´σpy, r, Sϵrf s, f
˘2
dr

ff

,

(5.4.14)

where δ ą 0 shall be chosen small enough so as to absorb the first term on the right hand
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side. Similarly, for the second stochastic integral we find

E

«

sup
tPr0,T s

ˇ

ˇ

ˇ

ˇ

ż t

0

`

Sϵrf spx, rq´Sϵrf spy, rq
˘

σpy, r, Sϵrf spy, rq, fprqq pdW ϵpx, rq ´ dW ϵpy, rq

ˇ

ˇ

ˇ

ˇ

ff

ď E

»

–

˜

ż T

0

`

Sϵrf spx, rq´Sϵrf spy, rq
˘2
σpy, r, Sϵrf s, fq2 d rW ϵpx, rq ´W ϵpy, rqs

¸
1
2

fi

fl

ď δ E

«

sup
tPr0,T s

ˇ

ˇSϵrf spx, tq´Sϵrf spy, tq
ˇ

ˇ

2

ff

`
1

δ
E

«

ż T

0

σpy, r, Sϵrf s, fq2d rW ϵpx, rq ´W ϵpy, rqs

ff

,

(5.4.15)

where again δ ą 0 shall be chosen small enough to absorb the first term on the right hand

side.

We now go back to (5.4.13). As in (5.3.3), the third term on the right hand side is always
negative and we drop it. Then we take the supremum in time and we apply the expectation, we
handle the first deterministic integral with Hölder’s inequality and we use estimates (5.4.14)
and (5.4.15) for the stochastic integrals, absorbing the necessary terms on the left hand side
by choosing δ small enough. We obtain, for a numeric constant C,

E

«

sup
tPr0,T s

|Sϵrf spx, tq ´ Sϵrf spy, tq|2

ff

ď C

˜

E
“

|upx, 0q ´ upy, 0q|2
‰

`

ż T

0

E
”

|Sϵrf spx, rq ´ Sϵrf spy, rq|
2
ı

dr

`

ż T

0

E
”

ˇ

ˇbpx, r, Sϵrf s, fq´bpy, r, Sϵrf s, f
˘
ˇ

ˇ

2
ı

dr

`

ż T

0

E
”

|σpx, r, Sϵrf s, fq´σpy, r, Sϵrf s, fq|
2
ı

dr

`E

«

ż T

0

σpy, r, Sϵrf spy, rq, fprqq2 d rW ϵpx, rq´W ϵpy, rqs

ff ¸

.

Now we recall formula (5.2.11) for the quadratic variation of W ϵpx, tq ´W ϵpy, tq, we use the
Lipschitz and Hölder properties (5.2.13) of b and σ and convexity inequalities to get

E

«

sup
tPr0,T s

|Sϵrf spx, tq ´ Sϵrf spy, tq|2

ff

ď C

˜

E
“

|upx, 0q ´ upy, 0q|2
‰

`

ż T

0

E
”

|Sϵrf spx, rq ´ Sϵrf spy, rq|
2
ı

dr ` |x´ y|2α

`
|x´ y|2

ϵ2

ż T

0

E
“

|σpy, r, Sϵrf s, fq|2
‰

dr

¸

,

(5.4.16)

for a constant C “ CpT, b, σ, ρq. We get rid of the second term on the right hand side of
(5.4.16) with Grönwall’s Lemma, at the price of a larger constant C “ CpT, b, σq. The first
term is handled with the assumption up¨, 0q P CαpQ;L2pΩq. We control the last term with
the sublinear growth property (5.2.13) of σ and the a priori estimate (5.4.3). In conclusion
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we obtain

E

«

sup
tPr0,T s

|Sϵrf spx, tq´Sϵrf spy, tq|2

ff

ď C |x´ y|2α

` C
|x´ y|2

ϵ2

ˆ

1 ` sup
zPQ

E
“

|upz, 0q|2
‰

` |f |2L8pQ;C2
Tq

˙

,

(5.4.17)

for a constant C “ CpT, b, σ, ρ, rup¨, 0qsαq. Since x, y P Q are arbitrary, this concludes the

proof that Sϵrf s P CαpQ;L2pΩ;Cpr0, T s;R4qqq.

We end this section by proving the existence and uniqueness of solutions to the associated

Fokker–Planck equation.

Proof of Theorem 5.2.5. The result is a consequence of the Itô formula, the same fixed

point argument as for the McKean–Vlasov equation and the uniqueness statement for the

linear version of the Fokker–Planck type equation. Given any admissible initial condition

f0px, duq P L8pQ;P2pR4qq, standard probability theory ensures that we can find a proba-

bility space pΩ,F ,Pq supporting a 4-dimensional space-time white noise pW px, tqqxPQ,tě0 and

a family of random variables upx, 0q P L8pQ;L2pΩqq independent of the noise W px, tq with

LawR4pupx, 0qq “ f0px, duq for every x P Q. Given any ϵ ą 0, we convolve and rescale

the white noise to obtain W ϵpx, tq as in (5.2.10). With this stochastic basis and initial

data, let pūϵpx, tq P L8pQ;H2
T q be the solution of the ϵ-correlated McKean–Vlasov equa-

tion (5.2.8), whose existence is guaranteed by Theorem 5.2.4, and let us denote f ϵpx, t, duq “

LawR4pūϵpx, tqq P L8pQ;C2
Tq. We claim that f ϵ is a weak solution of equation (5.2.12).

Take any ϕ P C2
c pR` ˆ R4q satisfying the Neumann boundary condition

∇uϕpt, uq ¨ nBpR4
`qpuq “ 0 for all t, u P R` ˆ BpR4

`q, (5.4.18)

where nBpR4
`qpuq denotes the unit outward normal at u. An application of the Itô formula

yields

ϕpt, ūϵpx, tqq “ϕp0, ūpx, 0qq

`

ż t

0
Btϕpr, ūϵpx, rqq dr `

ż t

0
∇uϕpr, ūϵpx, rqq ¨ bpx, r, ūϵpx, rq, f ϵprqq dr

`

ż t

0
∇uϕpr, ūϵpx, rqq ¨ σpx, r, ūϵpx, rq, f ϵprqq dW ϵpx, rq

`

ż t

0

4
ÿ

β“1

Buβϕpr, ūϵpx, rqq 1tūϵ,βpx,rq“0u d|ℓβpx, ¨q|prq

`

ż t

0

1

2

4
ÿ

β“1

B2
uβuβϕpr, ūϵpx, rqq

`

σβpx, r, ūϵpx, rq, f ϵprqq
˘2
dr.

(5.4.19)

The fifth term on the right hand side is identically zero thanks to the condition (5.4.18) on ϕ.
Now we apply the expectation on both sides. The fourth term on the right hand side vanishes
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by the martingale property of the stochastic integral. Recalling that ūϵpx, tq takes values in
R4

` only, we get
ż

R4
`

ϕpt, uqf ϵpt, x, duq “

ż

R4
`

ϕp0, uqf0px, duq `

ż t

0

ż

R4
`

Btϕpr, uqf ϵpr, x, duq dr

`

ż t

0

ż

R4
`

∇uϕpr, uq ¨ bpx, r, u, f ϵprqqf ϵpr, x, duq dr

`

ż t

0

ż

R4
`

1

2

4
ÿ

β“1

B2
uβuβϕpr, uq

`

σβpx, r, u, f ϵprqq
˘2
f ϵpr, x, duq dr.

(5.4.20)

This is nothing but the weak formulation of (5.2.12) subjected to the no-flux boundary

conditions. Since for every T ą 0 we have ūϵpx, ¨q P H2
T and since it satisfies the bound

(5.2.15), we conclude that f ϵpx, tq “ LawR4pūϵpx, tqq is a weak solution of (5.2.12) with initial

condition f0px, duq, that it lies in the space L8pQ;Cpr0,8q;P2pR4qqq and that it actually

satisfies the stronger bound (5.2.16).

Conversely, let g P L8pQ;Cpr0,8q;P2pR4qqq be a weak solution of the non-linear Fokker–

Planck equation (5.2.12) with the same initial data f0. We claim that g “ f ϵ. First, we can

solve the family of standard SDEs with reflecting boundary conditions for the chosen g, for

x P Q:
$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

Sϵrgspx, tq “upx, 0q`

ż t

0
bpr, x, Sϵrgspx, rq, gprqq dr `

ż t

0
σpr, x, Sϵrgs, g dW ϵpx, rq ´ ℓrgspx, tq,

ℓβrgspx, tq “ ´ |ℓβrgspx, ¨q|ptq ,

|ℓβrgspx, ¨q|ptq“

ż t

0
1tSϵrgsβpx,rq“0ud|ℓβrgspx, ¨q|prq for β “ 1, 2, 3, 4.

Arguing as in (5.4.19)–(5.4.20), we see that h :“ L˝Sϵrgs now solves the linear Fokker–Planck
equation with this fixed g and with the same initial data f0:

$

’

’

’

’

&

’

’

’

’

%

Bthpt, x, uq ` ∇u ¨
`

bpx, t, u, gptqqhpt, x, uq
˘

“
1

2

4
ÿ

β“1

B2
uβuβ

`

σβpx, t, u, gptqq2hpt, x, uq
˘

,

bβpx, t, u, gptqqhpt, x, uq ´
1

2

B

Buβ
`

σβpx, t, u, gptqq2hpt, x, uq
˘

ˇ

ˇ

ˇ

uβ“0
“ 0 for β “ 1, 2, 3, 4.

(5.4.21)

This linear equation is readily verified to satisfy uniqueness by a duality argument: indeed,

for fixed x P Q, it suffices to test it against arbitrary functions φpt, uq satisfying the so-called

backward Kolmogorov equation with Neumann boundary conditions on R4
`. That is,

$

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

%

Btφ` ∇uφ ¨ bpx, t, u, gptqq `
1

2

4
ÿ

β“1

`

σβpx, t, u, gptqq
˘2

B2
uβuβφ “ 0 on p0, t0q ˆ R4

`,

∇uφpt, uq ¨ nBpR4
`qpuq “ 0 on p0, t0q ˆ BpR4

`q ,

φpt0, uq “ Φpuq on tt0u ˆ R4
`,

where we let t0 P R` and Φ P C2
c pR4

`q be arbitrary. Such an equation is always solvable

since we have the right sign of the diffusion term (see [HR96] for details). Going back to
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(5.4.21), we know that g as well is a solution of this equation and thus we must conclude

that g “ L ˝ Sϵrgs. Now let T ą 0 be small enough so that the composition map L ˝ Sϵ

is a contraction in L8pQ;C2
T q. This implies that g P L8pQ;C2

T q is a fixed point of L ˝ Sϵ

and hence it must coincide with f ϵ over r0, T s. Applying the same argument over subsequent

intervals rT, 2T s, r2T, 3T s and so forth proves the uniqueness statement.

In particular, given any two ϵ, ϵ̃ ą 0, we take g “ f ϵ̃ and we conclude that f ϵ “ f ϵ̃.

That is to say fpx, tq :“ LawR4pūϵpx, tqq is independent of ϵ and is the unique solution of the

nonlinear Fokker–Planck equation.

Finally, we assume that f0 P CαpQ;P2pR4qq and we show that the corresponding solution

satisfies f P CαpQ;P2pCr0, T s;R4qq. The theory of Wasserstein distances (see e.g. [Vil03])

ensures that we can find a stochastic basis supporting the white noise W and random variables

upx, 0q P CαpQ;L2pΩqq such that LawR4pupx, 0qq “ f0px, duq for every x P Q. We fix ϵ “ 1

and we consider the iteration maps (5.4.1) defined via this stochastic basis and with these

initial data. In particular we have L ˝ Sϵrf s “ f , and thus for any x, y P Q we obtain

W2

`

C
`

r0, T s;R4
˘˘

pfpx, ¨q, fpy, ¨qq ď E

«

sup
tPr0,T s

|Sϵrf spx, tq ´ Sϵrf spy, tq|2

ff

.

This and formula (5.4.17) with ϵ “ 1 show that f P CαpQ;P2pCr0, T s;R4qq.

5.5 Error estimates between the particle system and the limit-

ing model

In this section we rigorously show that the limiting behaviour of the particle system (5.2.1)

as M,N Ñ 8 is described by the McKean–Vlasov equation (5.2.8) as stated in Theorem

5.2.6 by obtaining an error estimate. We will use the so-called Sznitman coupling method (cf.

[Szn91]).

First, we lay out the right setting so as to get the convergence result. We fix a probability

space pΩ,F ,Pq and assume it supports all the random variables listed below. First, for each

k P N, let tWkpx, tqukPN be independent 4-dimensional space-time white noise terms over

Qˆ r0,8q.

For any ϵ ą 0 we then convolve and rescale the noise terms to obtain the ϵ-correlated noise

W ϵ
k as in formula (5.2.9). For h P N, we assume i.i.d. families of random initial conditions

uhpx, 0q P CαpQ;L2pΩqq on the sheet Q. Moreover, we require them to be independent

of the white noise terms tWkpx, tqukPN. Finally, as noted in Section 5.1, we take points

X1, . . . , XN P Q in the center of the squares of an equispaced grid on Q “ r0, 1sd with side

length N´ 1
d . We denote by QNi the square with center Xi, and we notice that measpQNi q “ 1

N

and diampQNi q “
?
dN´ 1

d .
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We finally introduce the particles for the coupling method. For i “ 1, . . . , N and k “

1, . . . ,M , let uϵikptq be the solution of the particle system (5.2.1) with initial data uikp0q :“

ukpXi, 0q and Brownian motions W ϵ
ikptq :“ W ϵ

kpXi, tq. Let ūϵkpx, tq be the solution of the

McKean–Vlasov equation with initial data ukpx, 0q and correlated noise W ϵ
kpx, tq, and for

i “ 1, . . . , N define ūϵikpx, tq :“ ūϵkpXi, tq.

Owing the i.i.d. properties of the initial data and the noise terms, we have the following.

Lemma 5.5.1. For fixed i, the particles uϵikptq are exchangeable for k “ 1, . . . ,M . Moreover,

for fixed i, the particles ūϵikptq are i.i.d. for k P N.

We point out that this is not the case for the index i, both for the particles uϵik and ūϵik.

Indeed, the laws of uϵik and uϵjk, or ūϵik and ūϵik respectively, might differ as a result of the x

dependence of their defining equations. Furthermore, even if the points Xi, Xj P Q are far

from each other, namely if |Xi ´Xj | ą 2ϵ, so that their noise terms W ϵ
kpXi, tq and W ϵ

kpXj , tq

are independent, the particles might still be correlated as a result of their initial data. In fact,

from the point of view of modelling in neuroscience, we expect ukpx, 0q to be close to ukpy, 0q

for x close to y.

We are finally ready to prove the convergence result of Theorem 5.2.6. We first stress the

following.

Remark 5.5.2. As mentioned in Section 5.2.2, we point out that we do not need to impose

any constraint on the ratio between the correlation radius ϵ of the noise and the minimum

distance
?
dN´1{d between two grid points Xi, Xj P Q. The choice of the scaling regime

pϵ,Nq, with N Ñ 8 and ϵ Ñ 0 or possibly also ϵ ” ϵ0 a constant, is purely arbitrary and

dictated by modelling arguments only. One might impose ϵN
1
d ă

?
d so that all the particles

sense independent noise, or choose to impose a certain ratio ϵN
1
d ą

?
d, so that neurons

at locations close enough to each other sense correlated noise. The results and the proof of

Theorem 5.2.6 are unchanged.

Proof of Theorem 5.2.6. For any i “ 1, . . . , N and k “ 1, . . . ,M , take the difference
|uϵik ´ ūϵik| between actual particles and McKean–Vlasov particles. Applying the Itô formula
and exploiting the respective equations (5.2.1) and (5.2.8), we get

|uϵikptq ´ ūϵikptq|2 “ 2

ż t

0

`

uϵikprq ´ ūϵikprq
˘`

bpXi, r, u
ϵ
ikprq, f ϵMN prqq ´ bpXi, r, ū

ϵ
ikprq, fprqq

˘

dr

` 2

ż t

0

`

uϵikprq ´ ūϵikprq
˘`

σpXi, r, u
ϵ
ik, f

ϵ
MN q ´ σpXi, r, ū

ϵ
ik, fq

˘

dW ϵpXi, rq

` 2

ż t

0

`

uϵikprq ´ ūϵikprq
˘`

dℓ̄ikprq ´ dℓikprq
˘

`

ż t

0

`

σpXi, r, u
ϵ
ikprq, f ϵMN prqq ´ σpXi, r, ū

ϵ
ikprq, fprqq

˘2
dr.

(5.5.1)

Now we argue as in (5.3.3)–(5.3.6). First we drop the third term in (5.5.1), which is always
negative owing to the definition of the reflection terms ℓik and ℓ̄ik. Then we take the supremum
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in t P r0, τ s and apply the expectation. Next we use the Burkholder–Davis–Gundy and
Hölder’s inequality, we absorb the necessary terms into the left hand side and finaly we
exploit Grönwall’s Lemma. We eventually obtain, for C “ CpT q,

E

«

sup
tPr0,τs

|uϵikptq ´ ūϵikptq|2

ff

ď C

˜

ż τ

0

E
“

|bpXi, r, u
ϵ
ik, f

ϵ
MN q ´ bpXi, r, ū

ϵ
ik, fq|2

‰

dr

`

ż τ

0

E
“

|σpXi, r, u
ϵ
ik, f

ϵ
MN q ´ σpXi, r, ū

ϵ
ik, fq|2

‰

dr

¸

.

(5.5.2)

In order to split the terms on the right hand side of the inequality (5.5.2) and exploit the

particular structure of the drift and diffusion terms, we introduce the following probability

measure on Qˆ R4:

f̄ ϵMN pt, dy, dvq “
1

MN

N
ÿ

j“1

M
ÿ

m“1

δpXj ,ūϵjmptqq P PpQˆ R4q. (5.5.3)

This measure is just the empirical measure associated to the collection of McKean–Vlasov

particles pXj , ū
ϵ
jmptqq. We have

|bpXi, r, u
ϵ
ik, f

ϵ
MN q ´ bpXi, r, ū

ϵ
ik, fq| ď |bpXi, r, u

ϵ
ik, f

ϵ
MN q ´ bpXi, r, ū

ϵ
ik, f

ϵ
MN q|

` |bpXi, , r, ū
ϵ
ik, f

ϵ
MN q ´ bpXi, r, ū

ϵ
ik, f̄

ϵ
MN q|

` |bpXi, , r, ū
ϵ
ik, f̄

ϵ
MN q ´ bpXi, r, ū

ϵ
ik, fq|.

(5.5.4)

Due to the structure of the drift term (5.2.2) and its Lipschitz properties (5.2.4)–(5.2.6), and
owing to the definition of f̄ ϵMN prq in (5.5.3), we get the following estimates for terms on the
right hand side of (5.5.4):

ˇ

ˇbpXi, r, u
ϵ
ik, f

ϵ
MN q ´ bpXi, r, ū

ϵ
ik, f

ϵ
MN q

ˇ

ˇ ď C
ˇ

ˇuϵikprq ´ ūϵikprq
ˇ

ˇ,

ˇ

ˇbpXi, r, ū
ϵ
ik, f

ϵ
MN q ´ bpXi, r, ū

ϵ
ik, f̄

ϵ
MN q

ˇ

ˇ ď C

ˇ

ˇ

ˇ

ˇ

ˇ

ż

QˆR4

b1pXi, y, r, ū
ϵ
ik, vqf ϵMN pr, dy, dvq

´

ż

QˆR4

b1pXi, y, r, ū
ϵ
ik, vqf̄ ϵMN pr, dy, dvq

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
1

MN

N
ÿ

j“1

M
ÿ

m“1

ˇ

ˇuϵjmprq ´ ūϵjmprq
ˇ

ˇ,

ˇ

ˇbpXi, r, ū
ϵ
ik, f̄

ϵ
MN q ´ bpXi, r, ū

ϵ
ik, fq

ˇ

ˇ ď C

ˇ

ˇ

ˇ

ˇ

ˇ

ż

QˆR4

b1pXi, y, r, ū
ϵ
ik, vqf̄ ϵMN pr, dy, dvq

´

ż

QˆR4

b1pXi, y, r, ū
ϵ
ik, vqfpr, dy, dvq

ˇ

ˇ

ˇ

ˇ

ˇ

“ C

ˇ

ˇ

ˇ

ˇ

ˇ

1

MN

N
ÿ

j“1

M
ÿ

m“1

ˆ

b1pXi, Xj , r, ū
ϵ
ikprq, ūϵjmprqq

´

ż

QˆR4

b1pXi, y, r, ū
ϵ
ik, vqfpr, dy, dvq

˙

ˇ

ˇ

ˇ

ˇ

ˇ

,

(5.5.5)
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for a constant C “ Cpbq only depending on the Lipschitz constants of b. An identical

splitting (5.5.4) holds for the term pσpXi, r, u
ϵ
ik, f

ϵ
MN q´σpXi, r, ū

ϵ
ik, fqq and using the Lipschitz

properties (5.2.4)–(5.2.6) of σ we obtain analogous estimates to (5.5.5).

Going back to (5.5.2), we exploit (5.5.4) and (5.5.5). After standard convexity inequalities

we obtain, for C “ CpT, b, σq,

E

«

sup
tPr0,τ s

|uϵikptq ´ ūϵikptq|2

ff

ďC

#

ż τ

0
E

“

|uϵikprq ´ ūϵikprq|2
‰

dr

`

ż τ

0

1

MN

N,M
ÿ

j,m“1

E
“

|uϵjmprq ´ ūϵjmprq|2
‰

dr

`

ż τ

0
E

«

ˇ

ˇ

ˇ

ˇ

1

MN

N,M
ÿ

j,m“1

ˆ

b1pXi, Xj , r, ū
ϵ
ik, ū

ϵ
jmq

´

ż

QˆR4

b1pXi, y, r, ū
ϵ
ik, vqfpr, dy, dvq

˙ˇ

ˇ

ˇ

ˇ

2
ff

dr

+

`

ż τ

0
E

«

ˇ

ˇ

ˇ

ˇ

1

MN

N,M
ÿ

j,m“1

ˆ

σ1pXi, Xj , r, ū
ϵ
ik, ū

ϵ
jmq

´

ż

QˆR4

σ1pXi, y, r, ū
ϵ
ik, vqfpr, dy, dvq

˙
ˇ

ˇ

ˇ

ˇ

2
ff

dr

+

.

(5.5.6)

Averaging (5.5.6) over i “ 1, . . . , N and k “ 1, . . . ,M , and then using Grönwall’s Lemma to

get rid of the first two terms on the right hand side, we obtain

1

MN

N
ÿ

i“1

M
ÿ

k“1

E

«

sup
tPr0,τ s

|uϵikptq ´ ūϵikptq|2

ff

ďC
1

MN

N
ÿ

i“1

M
ÿ

k“1

ż τ

0
Rbikptq `Rσikptq dt, (5.5.7)

for another constant C “ CpT, b, σq. Here we have defined

Rb
ikptq“E

«

ˇ

ˇ

ˇ

ˇ

1

MN

N
ÿ

j“1

M
ÿ

m“1

´

b1pXi, Xj , t, ū
ϵ
ikptq, ūϵjmptqq´

ż

QˆR4

b1pXi, y, t, ū
ϵ
ikptq, vqfpt, y, dvq dy

¯

ˇ

ˇ

ˇ

ˇ

2
ff

,

Rσ
ikptq“E

«

ˇ

ˇ

ˇ

ˇ

1

MN

N
ÿ

j“1

M
ÿ

m“1

´

σ1pXi, Xj , t, ū
ϵ
ikptq, ūϵjmptqq´

ż

QˆR4

σ1pXi, y, t, ū
ϵ
ikptq, vqfpt, y, dvq dy

¯

ˇ

ˇ

ˇ

ˇ

2
ff

,

which are the arguments of the last two integrals on the right hand side of (5.5.6). Heuristi-

cally, the error terms Rbik and Rσik should be small in view of the weak law of large numbers.

Indeed, upon conditioning on ūϵik, for each fixed j “ 1, . . . , N , we are essentially taking the

average of the i.i.d. terms b1pXi, Xj , t, ū
ϵ
ikptq, ūϵjmptqq for m “ 1, . . . ,M , and then subtracting

their common expectation
ş

QˆR4 b1pXi, y, r, ū
ϵ
ikptq, vqfpt, y, dvq dy.

In order to control the term to the right in (5.5.7), we need the following estimate whose

proof is postponed for the sake of the reader. For any T ą 0, we have

sup
tPr0,T s

|Rbikptq| ` |Rσikptq| ď C

˜

1 ` sup
xPQ

E
“

|ukpx, 0q|2
‰

¸

ˆ

1

M
`

1

N
α
d

˙

, (5.5.8)
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for a constant C “ CpT, b, σ, ρ, rup¨, 0qsαq, for every i “ 1, . . . , N and k “ 1, . . . ,M . Plugging
(5.5.8) into (5.5.7) we obtain, for C “ CpT, b, σ, ρ, rup¨, 0qsαq,

1

MN

N
ÿ

i“1

M
ÿ

k“1

E

«

sup
tPr0,τs

|uϵikptq ´ ūϵikptq|2

ff

ďC

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|2
‰

˙ ˆ

1

M
`

1

N
α
d

˙

. (5.5.9)

We can now finally prove Theorem 5.2.6. We go back to (5.5.6), and get rid of the first

term on the right hand side with Grönwall’s Lemma. We control the second term on the right

hand side with (5.5.9) and the last two terms with (5.5.8). This yields formula (5.2.18) and

concludes the proof.

Proof of estimate (5.5.8). We prove the estimate for Rbik. Identical computations replacing
b with σ prove the analogous result for Rσik. Recalling that measpQNj q “ 1

N , we split

Rb
ikptq “ E

«

ˇ

ˇ

ˇ

ˇ

1

MN

N
ÿ

j“1

M
ÿ

m“1

´

b1pXi, Xj , t, ū
ϵ
ikptq, ūϵjmptqq

´

ż

QˆR4

b1pXi, y, t, ū
ϵ
ikptq, vqfpt, y, dvq dy

¯

ˇ

ˇ

ˇ

ˇ

2
ff

ď E

«

ˇ

ˇ

ˇ

ˇ

1

MN

N
ÿ

j“1

M
ÿ

m“1

´

b1pXi, Xj , t, ū
ϵ
ikptq, ūϵjmptqq

´

ż

R4

b1pXi, Xj , t, ū
ϵ
ikptq, vqfpt,Xj , dvq

¯

ˇ

ˇ

ˇ

ˇ

2
ff

` E

«

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

´

ż

QN
j

ż

R4

b1pXi, Xj , t, ū
ϵ
ikptq, vq fpt,Xj , dvq

´

ż

R4

b1pXi, y, t, ū
ϵ
ikptq, vqfpt, y, dvq dy

¯

ˇ

ˇ

ˇ

ˇ

2
ff

.

(5.5.10)

For the first term of (5.5.10), the estimate is proved similarly to the weak law of large
numbers. Indeed, for C “ CpT, b, σq, we compute

E

«

ˇ

ˇ

ˇ

ˇ

1

MN

N
ÿ

j“1

M
ÿ

m“1

´

b1pXi, Xj , t, ū
ϵ
ikptq, ūϵjmptqq´

ż

R4

b1pXi, Xj , t, ū
ϵ
ikptq, vqfpt,Xj , dvq

¯

ˇ

ˇ

ˇ

ˇ

2
ff

ď
1

N

N
ÿ

j“1

E

«

ˇ

ˇ

ˇ

ˇ

1

M

M
ÿ

m“1

´

b1pXi, Xj , t, ū
ϵ
ikptq, ūϵjmptqq

´

ż

R4

b1pXi, Xj , t, ū
ϵ
ikptq, vqfpt,Xj , dvq

¯

ˇ

ˇ

ˇ

ˇ

2
ff

“
1

N

N
ÿ

j“1

1

M2

M
ÿ

m1“1
m2“1

E

«

´

b1pXi, Xj , t, ū
ϵ
ik, ū

ϵ
jm1

q ´

ż

R4

b1pXi, Xj , t, ū
ϵ
ik, vqfpt,Xj , dvq

¯

¨

´

b1pXi, Xj , t, ū
ϵ
ik, ū

ϵ
jm2

q´

ż

R4

b1pXi, Xj , t, ū
ϵ
ik, vqfpt,Xj , dvq

¯

ff

“
1

N

N
ÿ

j“1

1

M2

M
ÿ

m“1

E

«

ˆ

b1pXi, Xj , t, ū
ϵ
ik, ū

ϵ
jmq ´

ż

R4

b1pXi, Xj , t, ū
ϵ
ik, vqfpt,Xj , dvq

˙2
ff

ď
1

M
C

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|2
‰

˙

.

(5.5.11)
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In the first passage we used a convexity inequality. In the last passage we used the sublinear
growth properties (5.2.7) of b1 and the a priori estimate (5.2.15) for McKean–Vlasov parti-
cles. In the second passage we unfolded the square, and in the third we noticed that, after
conditioning with respect to ūϵikptq, only the “diagonal terms” survive in the sum, i.e. those
with m1 “ m2. Namely, when m1 ‰ m2 the corresponding term in (5.5.11) is identically
zero. Indeed, under this condition, assuming by symmetry m1 ‰ k, we have that ūϵjm1

ptq is
independent of ūϵjm2

ptq and ūϵikptq. Hence we compute

E

«

´

b1pXi, Xj , t, ū
ϵ
ik, ū

ϵ
jm1

q ´

ż

R4

b1pXi, Xj , t, ū
ϵ
ik, vqfpt,Xj , dvq

¯

¨

´

b1pXi, Xj , t, ū
ϵ
ik, ū

ϵ
jm2

q´

ż

R4

b1pXi, Xj , t, ū
ϵ
ik, vqfpt,Xj , dvq

¯

ff

“ E

«

E
„

´

b1pXi, Xj , t, ū
ϵ
ik, ū

ϵ
jm1

q ´

ż

R4

b1pXi, Xj , t, ū
ϵ
ik, vqfpt,Xj , dvq

¯

¨

´

b1pXi, Xj , t, ū
ϵ
ik, ū

ϵ
jm2

q´

ż

R4

b1pXi, Xj , t, ū
ϵ
ik, vqfpt,Xj , dvq

¯

ˇ

ˇ

ˇ

ˇ

ūϵik

ȷ

ff

“ E

«

E
„

´

b1pXi, Xj , t, u, ū
ϵ
jm1

q ´

ż

R4

b1pXi, Xj , t, u, vqfpt,Xj , dvq

¯

ȷ

u“ūϵ
ik

¨ E
„

´

b1pXi, Xj , t, ū
ϵ
ik, ū

ϵ
jm2

q´

ż

R4

b1pXi, Xj , t, ū
ϵ
ik, vqfpt,Xj , dvq

¯

ˇ

ˇ

ˇ

ˇ

ūϵik

ȷ

ff

“ 0.

(5.5.12)

In the second passage we conditioned on ūϵik and in the third passage we used standard

properties of the conditional expectation (see e.g. [DPZ92, Chapter 2]). Finally we used that

Erb1pXi, Xj , t, u, ū
ϵ
jmqs “

ş

R4 b1pXi, Xj , t, u, vqfpt,Xj , dvq by definition of fpt,Xj , dvq.

For the second term second term on the right hand side of (5.5.10), we first compute

ˇ

ˇ

ˇ

ˇ

ż

R4

b1pXi, Xj , t, ū
ϵ
ikptq, vq fpt,Xj , dvq´

ż

R4

b1pXi, y, t, ū
ϵ
ikptq, vqfpt, y, dvq

ˇ

ˇ

ˇ

ˇ

ď

ż

pR4q2
|b1pXi, Xj , t, ū

ϵ
ikptq, vq´b1pXi, y, t, ū

ϵ
ikptq, wq| π0pXj , y, dv, dwq

ď C

ż

pR4q2
|Xj ´ y|

α
` |v ´ w| π0pXj , y, dv, dwq

ď C |Xj ´ y|α ` W1

`

R4
˘

pfpt,Xj , dvq, fpt, y, dvqq

ď C |Xj ´ y|α

(5.5.13)

for a constant C “ CpT, b, σ, ρ, rup¨, 0qsαq. In the second passage we took any optimal pairing
π0pXj , y, dv, dwq for W1pfpt,Xj , dvq, fpt, y, dvqq, in the third we used the Lipschitz and Hölder
properties (5.2.6) of b1, and in the last we used the ordering W1 ď W2 of Wasserstein
distances and the Hölder continuity (5.2.17) of f in W2. Then, using (5.5.13) and recalling
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that measpQNj q “ 1
N and diampQNj q “ N´ 1

d , we compute

E

«

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

´

ż

QN
j

ż

R4

b1pXi, Xj , t, ū
ϵ
ikptq, vq fpt,Xj , dvq´

ż

R4

b1pXi, y, t, ū
ϵ
ikptq, vqfpt, y, dvq dy

¯

ˇ

ˇ

ˇ

ˇ

2
ff

ď E

«

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

ż

QN
j

C|Xj ´ y|α dy

ˇ

ˇ

ˇ

ˇ

2
ff

ď C diampQN
j q2α

“ C N´ 2α
d ,

(5.5.14)

for a constant C “ CpT, b, σ, ρ, rup¨, 0qsαq.

In conclusion, combining (5.5.10) with estimates (5.5.12) and (5.5.14) we obtain the esti-

mate (5.5.8).

5.6 Convergence of empirical measures

In this last section, we further analyze the limiting behaviour of the particle system as we let

M,N Ñ 8 and prove Theorem 5.2.7. In the same setting outlined in Section 5.5, we show

that the time dependent empirical measure

f ϵMN pt, dx, duq “
1

MN

N
ÿ

j“1

M
ÿ

m“1

δpXj ,uϵjmptqq P PpQˆ R4q,

associated to the particle system (5.2.1), located at the grid points X1, . . . , XN , converges in
Wasserstein distance W1pQ ˆ R4q to the measure fpt, dx, duq, obtained from the solution of
the Fokker–Planck equation (5.2.12) via formula (5.1.5). The key step towards the result is
to split the Wasserstein distance:

W1pQˆ R4qpf ϵMN ptq, fptqq ď W1pf ϵMN ptq, f̄ ϵMN ptqq ` W1pf̄ ϵMN ptq, f̄N ptqq ` W1pf̄N ptq, fptqq. (5.6.1)

Here f̄ ϵMN “ 1
MN

řN
j“1

řM
m“1 δpXj ,ūϵjmptqq is the empirical measure of the associated McKean–

Vlasov particles as in Section 5.5, and

f̄N pt, dx, duq :“
1

N

N
ÿ

j“1

δXj b fpt,Xj , duq,

an auxiliary measure, can be viewed as a Riemann sum approximation for the measure

fpt, dx, duq. Then Theorem 5.2.7 is an immediate consequence of the splitting (5.6.1) and

Lemma 5.6.1, 5.6.4 and 5.6.5 below. The first term in (5.6.1) is readily handled with Theorem

5.2.6 as follows.

Lemma 5.6.1. In the setting above, for any T ą 0 we have

sup
tPr0,T s

E
“

W1pQˆ R4qpf ϵMN ptq, f̄ ϵMN ptqq
‰

ď C

˜

1 ` sup
xPQ

E
“

|ukpx, 0q|2
‰
1
2

¸

ˆ

1

M
1
2

`
1

N
α
d

˙

,

for a constant C “ CpT, ρ, b, σ, rup¨, 0qsαq.
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Proof. It suffices to notice that

π0 “
1

MN

N
ÿ

j“1

M
ÿ

k“1

δpXj ,uϵjkptq,Xj ,ūϵjkptqq,

is an admissible pairing for f ϵMN ptq and f̄ ϵMN ptq. Then, by definition of the Wasserstein

distance,

W1pf ϵMN ptq, f̄ ϵMN ptqq ď

ż

pQˆR4q2
|x´ y| ` |u´ v| dπ0 “

1

MN

N
ÿ

j“1

M
ÿ

m“1

|uϵjmptq ´ ūϵjmptq|.

Next we apply E at both sides of the inequality and use Hölder’s inequality to get

E
“

W1pf ϵMN ptq, f̄ ϵMN ptqq
‰

ď
1

MN

N
ÿ

j“1

M
ÿ

m“1

E
“

|uϵjmptq ´ ūϵjmptq|
‰

ď
1

MN

N
ÿ

j“1

M
ÿ

m“1

E
“

|uϵjmptq ´ ūϵjmptq|2
‰
1
2 .

(5.6.2)

Now we conclude by plugging (5.2.18) into (5.6.2).

Let us now turn to the second term in the splitting (5.6.1). To start with, in a weak law

of large numbers manner, we get the following lemma.

Lemma 5.6.2. In the setting above, for every N P N and every ϵ ą 0, for any t ě 0,

lim
MÑ8

W1pQˆ R4qpf̄ ϵMN ptq, f̄N ptqq “ 0 in probability.

Proof. The key observation is the following: if φpx, vq P CpQˆR4q has linear growth in v, that
is |φpx, vq| ď Lφp1 ` |v|q for some constant Lφ ě 0, then we have xφ, f̄MN ptqy Ñ xφ, f̄N ptqy

in L2pΩq as M Ñ 8, uniformly in N P N. Indeed, with the same arguments as in the proof
of Lemma 5.5.8, we have, for a constant C “ CpT, b, σq independent of φ,

E
“

|xφ, f̄ ϵMN ptqy ´ xφ, f̄N ptqy|2
‰

ď
1

N

N
ÿ

j“1

E

«

ˇ

ˇ

ˇ

ˇ

1

M

M
ÿ

m“1

´

φpXj , ū
ϵ
jmptqq´

ż

R4

φpXj , vqfpt,Xj , dvq

¯

ˇ

ˇ

ˇ

ˇ

2
ff

“
1

N

N
ÿ

j“1

1

M2

ÿ

m1‰m2

E

«

ˆ

φpXj , ū
ϵ
jm1

ptqq´

ż

R4

φpXj , vqfpt,Xj , dvq

˙

¨

ˆ

φpXj , ū
ϵ
jm2

ptqq´

ż

R4

φpXj , vqfpt,Xj , dvq

˙

ff

ď
1

M
L2
φ CpT, b, σq

ˆ

1 ` sup
xPQ

E
“

|upx, 0q|2
‰

˙

.

(5.6.3)

We now collect some auxiliary facts and then use these observations to complete the proof. Since

QˆR4 is a Polish space, it embeds continuously in the compact space r0, 1sN endowed with the distance

ηpx, yq :“
ř8

k“1
1
2k

|xk ´ yk|. Let ĞQˆ R4 denote the closure of (the image of) Q ˆ R4 in r0, 1sN. Let

UηpQˆR4q denote the space of function ψ : QˆR4 Ñ R which are bounded and uniformly continuous

with respect to the distance η restricted to Q ˆ R4. By the continuous extension theorem we have
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that UηpQˆR4q “ Cb

`

ĞQˆ R4
˘

, that is to say each bounded uniformly continuous function on QˆR4

extends uniquely to a bounded continuous function on ĞQˆ R4 and conversely each such function

restricts to a bounded uniformly continuous function on Qˆ R4. The space UηpQˆ R4q is separable,

since ĞQˆ R4 is compact. Let tφnunPN be a dense countable subset and set ψn :“ 1
}φn}8`1φn for every

n.

Given measures µj , µ P PpQ ˆ R4q, the Portmanteau theorem implies that µj á µ as j Ñ 8 if

and only if xφ, µj ´ µy Ñ 0 for every φ P UηpQˆ R4q. Defining the distance δ on PpQˆ R4q by

δpµ, νq :“
ÿ

nPN

1

2n
|xψn, µ´ νy|,

we immediately see that, as j Ñ 8,

µj á µ ðñ δpµj , µq Ñ 0.

Finally, we recall that the convergence in Wasserstein distance of order 1 is equivalent to weak con-

vergence combined with convergence of first moments (see e.g. [Vil03, Chapter 7]), i.e.

W1pQˆ R4qpµj , µq Ñ 0 ðñ

$

’

&

’

%

δpµj , µq Ñ 0,
ż

QˆR4

|x| ` |u| dµj Ñ

ż

QˆR4

|x| ` |u| dµ.
(5.6.4)

We now conclude the proof. Using the definitions of the measures f̄MN and f̄N , convexity in-

equalities and (5.6.3), we compute, for every M,N P N and ϵ ą 0,

E
“

δpf̄MN , f̄N q2
‰

ď

8
ÿ

k“1

1

2k
E

“

|xψk, f̄MN ´ f̄N y|2
‰

ď
1

M
CpT, b, σq

ˆ

1 ` sup
xPQ

E
“

|upx, 0q|2
‰

˙

.

(5.6.5)

Analogously we have, for every M,N P N and ϵ ą 0,

E

«

ˇ

ˇ

ˇ

ˇ

ż

QˆR4

|x| ` |u| df̄MN ´

ż

QˆR4

|x| ` |u| df̄N

ˇ

ˇ

ˇ

ˇ

2
ff

ď
1

M
CpT, b, σq

ˆ

1 ` sup
xPQ

E
“

|upx, 0q|2
‰

˙

. (5.6.6)

Given any arbitrary subsequence Mk Ñ 8, using (5.6.5)–(5.6.6) and a diagonal argument, we find

a sub-subsequence Mkj
Ñ 8 such that

@N P N δpf̄NMkj
, f̄N q Ñ 0 and

ż

QˆR4

|x| ` |u| pdf̄NMkj
´ df̄N q Ñ 0 almost surely.

The result now follows from (5.6.4) and the relation between almost sure convergence and convergence

in probability.

Remark 5.6.3. It is possible to improve the result of the previous lemma with elementary

cut-off techniques and show that

lim
MÑ8

ErW1pQˆ R4qpf ϵMN ptq, f̄N ptqqs “ 0 for every t ě 0, N P N and ϵ ą 0.

However, this method does not retain any information about the precise rate of convergence

to 0, which in principle also depends on N . To keep track of this, we need to rely on a more

sophisticated result by Fournier and Guillin [FG13] about the convergence of empirical laws

of i.i.d particles towards their actual law.

163



Lemma 5.6.4. In the setting above, for any T ą 0 and any N P N,

sup
tPr0,T s

E
“

W1pQˆ R4qpf̄ ϵMN ptq, f̄N ptqq
‰

ď C

˜

1 ` sup
xPQ

E
“

|ukpx, 0q|2
‰
1
2

¸

1

M
1
4

,

for a constant C “ CpT, b, σ,Qq.

Proof. The explicit expressions for f̄ ϵMN and f̄N and the convexity of the Wasserstein distance

yield

E
“

W1pQˆ R4q
`

f ϵMN ptq, f̄N ptq
˘‰

ď
1

N

N
ÿ

j“1

E

«

W1pQˆ R4q

˜

1

M

M
ÿ

m“1

δpXj ,ūϵjmq, δXj b fpt,Xj , dvq

f̧f

“
1

N

N
ÿ

j“1

E

«

W1pR4q

˜

1

M

M
ÿ

m“1

δūϵjm , fpt,Xj , dvq

¸ff

.

(5.6.7)

Now, observe that for each fixed j, the particles ūϵjmptq for m “ 1, . . . ,M are i.i.d. with

common law fpt,Xj , dvq. A direct application of Theorem 1 in [FG13], with p “ 1, q “ 2 and

d “ 4, implies

E

«

W1pR4q

˜

1

M

M
ÿ

m“1

δūϵjmptq, fpt,Xj , dvq

¸ff

ď C E
“

|ūϵjmptq|2
‰

M´ 1
4 . (5.6.8)

We conclude using the a priori estimates (5.2.15) and plugging formula (5.6.8) into (5.6.7).

Finally we consider the last term in (5.6.1). For this deterministic term we have the

following.

Lemma 5.6.5. In the setting above, for any T ě 0,

sup
tPr0,T s

W1pQˆ R4qpf̄N ptq, fptqq ď C
1

N
α
d

,

for a constant C “ CpT, ρ, b, σ, rup¨, 0qsαq.

Proof. For every t P r0, T s, we consider the following pairing πptq defined by integration as
ż

pQˆR4q2
φpx, y, u, vqπpt, dx, dy, du, dvq

“

N
ÿ

j“1

ż

QN
j

ż

pR4q2
φpXj , y, u, vqπ0pt,Xj , y, du, dvq dy @φ P Cb

`

pQˆ R4q2
˘

,

where π0pt,Xj , y, du, dvq is a chosen optimal pairing for W1pR4qpfpt,Xj , duq, fpt, y, dvqq. Re-

calling that measpQNj q “ 1{N, an elementary check shows that πptq is indeed a pairing. Taking

φpx, y, u, vq “ |x´y|`|u´v|, using the definition of πptq and π0pt,Xj , yq, and recalling formula
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(5.2.17) we compute

W1pf̄N ptq, fptqq ď

ż

pQˆR4q2
|x´ y| ` |u´ v|πpt, dx, dy, du, dvq

“

N
ÿ

j“1

ż

QN
j

ż

pR4q2
|Xj ´ y| ` |u´ v|π0pt,Xj , y, du, dvq dy

ď diampQNj q `

N
ÿ

j“1

ż

QN
j

ż

pR4q2
|u´ v|π0pt,Xj , y, du, dvq dy

“ diampQNj q `

N
ÿ

j“1

ż

QN
j

W1pR4qpfpt,Xj , duq, fpt, y, dvqq dy

ď diampQNj q `

N
ÿ

j“1

ż

QN
j

C |Xj ´ y|α dy

ď diampQNj q ` C diampQNj qα,

for a constant C “ CpT, ρ, b, σ, rup¨, 0qsαq. Recalling that diampQNj q “ N´ 1
d concludes the

proof.
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Chapter 6

Fluctuations in the large number of

particles limit

6.1 Introduction and main results

In this chapter we continue the analysis of the particle system introduced in Chapter 5 to

model the grid cell network and we study the fluctuations around the mean field limit. Grid

cells are a particular type of neuron in the brain of mammals discovered in 2005 [HFM`05]

(see also the review [MMM17]). These neurons fire at regular intervals as an animal moves

across an area, storing information such as position, direction and velocity, and thus enabling

it to understand its movement in space.

Since their discovery, there has been extensive research to understand the precise behav-

ior of grid cells, see [RRMM16, MMM17, Bre11] and the references therein. Mathematically,

their network is commonly described by deterministic continuous attractor network dynam-

ics through a system of neural field models [ET10, MBJ`06, BF09, CWZ`13], based on

the classical papers [WC72, WC73, Ama77]. In particular, as the brain is inherently noisy,

understanding how the grid cell network is affected by noise is one of the currently open

challenges in the field. This question has recently been addressed from several directions

[Bre19, BF12, BAC19, KE13, MB20, Tou12, CHS22, CRS23a].

The work presented here, published in [Cli23a], is the continuation of [CCS23] (discussed

in Chapter 5), along the direction initiated in [CHS22]. In [CHS22] the authors studied

a system of Fokker–Planck PDEs derived by adding noise to the attractor network models

in [BF09, CWZ`13] and formally taking the mean field limit. The PDE has been further

analyzed in [CRS23a]. The passage to the mean field limit has been rigorously proved in

[CCS23], where the authors derive the limit for a generalized model, covering diverse concrete

models commonly proposed (cf. [AB20, BF09, BF12, CWZ`13] and the review [Bre11]).

The aim of the present work is to analyze the fluctuations of the empirical measure of the
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generalized noisy network model around its deterministic mean field limit and prove a central

limit theorem (cf. Theorem 6.3.12 below).

Precisely, we consider the following model (already introduced in Chpater 5) for the inter-

action among NM neurons stacked along N columns, with M neurons each, at the locations

x1, . . . , xN P Q in a region Q of the neural cortex.

The behavior of neurons is characterized via their activity level, a quantity similar to the

firing rate and derived from this through a defining equation (6.1.1). In concrete cases, the

firing rate would explicitly appear on the right hand side of (6.1.1) (see example (6.2.3) below).

The kth neuron at location xi has an activity level uβik for each possible orientation β “

1, . . . , dv, corresponding to spatial directions (typically dv “ 4). The total activity level

uik “ pu1ik, . . . , u
dv
ik q evolves according to the system

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

uikptq “uikp0q `

ż t

0
bpxi, r, uikprq, fN,M prqq dr

`

ż t

0
σpxi, r, uikprq, fN,M prqq dWikprq ´ ℓikptq,

ℓβikptq “ ´ |ℓβik|ptq, |ℓβik|ptq “

ż t

0
1

tuβikprq“0u
d|ℓβik|prq for β “ 1, . . . , dv.

(6.1.1a)

(6.1.1b)

For simplicity, we take the cortex to be Q “ r0, 1sd and we extend everything periodically out

of Q, since the network of neurons is commonly considered to have toroidal connectivity. The

results in this work are easily extended to any bounded open subset Q Ď Rd, for any d ě 1.

In particular, we stress that we make no assumptions on the way the brain cortex is

mapped onto the physical space i.e. the way points x P Q correspond to points in the area the

animal is moving into. One can take Q to be a domain mapped via the identity function to

physical space as in the original work [BF09] or any other domain mapped via some nontrivial

function. Our result are indeed independent of this modelling choice.

For integers k “ 1, . . . ,M , we have i.i.d. families tuikp0qui“1,...,N of random initial con-

ditions for each space point xi in the cortex Q. Moreover, for integers i “ 1, . . . , N and

k “ 1, . . . ,M , we have dv-dimensional Brownian motions pW β
ikqβ“1,...,dv ,which can also be

correlated.

The properties and the modelling interpretation of the coefficients b and σ are given in

Section 6.2.1 and are deduced from those of the concrete models considered, briefly reported

in Section 6.2.1 (see also the introduction of [CCS23]). We also denoted fN,M the empirical

measure associated to these particles, that is

fN,M pr, dy, duq “
1

NM

N
ÿ

j“1

M
ÿ

m“1

δpxj ,ujmprqq regarded as a measure on Qˆ Rdv .

Finally, for each i, k and β, the term ℓβik is a finite variation process defined by (6.1.1b)

which prevents the activity level uβik from taking negative values. Namely, as we can see in
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its definition, at each time t this process equals the opposite of its total variation ℓβikptq “

´
ˇ

ˇℓβik
ˇ

ˇptq. In turn, the total variation stays constant when uβik ą 0 and it increases in the form
ˇ

ˇℓβik
ˇ

ˇptq “
şt
0 1tuβikprq“0u

d
ˇ

ˇℓβik
ˇ

ˇprq when uβik “ 0, so as to push uβik away from zero which is being

dragged by the other terms on the right hand side of (6.1.1a). The introduction of such terms

and constraints is therefore known as imposing reflecting boundary conditions and ℓβik is called

a reflection term. The existence and uniqueness of such a term need of course to be proved

and this process is often referred to as the Skorokhod problem. Precise details concerning the

well-posedness and the construction of the reflection term in our setting are all presented in

the seminal papers [LS84, Szn84a] by Lions and Sznitman.

Remark 6.1.1. Rather than being a classical mean field system with MN particles, it is

more accurate to regard the model (6.1.1) as a collection of N mean field systems with M

particles, one for each column of neurons, interacting among themselves. Different neurons

in the same column are subjected to independent sources of noise and are initiated with i.i.d.

data. However, due to our continuum formalism in the space variable, we have to require

some continuity of initial data and noise sources in the variable x P Q to avoid technical

issues. So that two ‘extremely close’ columns of neurons could sense correlated noise. This

will have consequences in some technical arguments: we will not be able to use independence

arguments and will rely instead on the continuity of the quantities involved.

However, this is not a fault in the modelling: we can let this correlation radius be smaller

than any finite size, e.g. smaller than the size of a neuron, after which our continuum formalism

loses any meaning (see also Remark 6.1.3). From the point of view of the modelling, one should

think of this continuous quantities as some interpolation of the actual quantities corresponding

to the space discrete columns of neurons.

This feature is well-analyzed in [CCS23] (see Chapter 5) and results in the convergence

rate 1{
?
M ` 1{Nα{d for the mean field limit M,N Ñ 8 (cf. Theorem 6.2.8 below) in contrast to

the usual decay rate 1{
?
MN for a mean field problem with MN particles. In turn, this aspect

will have consequences on the correct scaling regime needed to see a nontrivial behavior of

the fluctuations (cf. Remark 6.3.5 and Theorem 6.3.12 below).

Remark 6.1.2. We point out that another good modelling choice is to have the same noise

hitting all the neurons in a given column, and possibly varying in different columns. That is,

having terms dWi (without the ‘column’ index k) on the right hand side of (6.1.1a). In this

case, the empirical measure of the neuron network still converges to the law of the McKean–

Vlasov SDE (6.1.2), but it also directly solves a stochastic version of the Fokker–Planck

equation (6.1.4) below and the noise does not cancel out in the mean field limit. We refer to

the seminal paper [CF16] for a prototypical case of this situation with no space interaction.

Under suitable assumptions, strong existence and uniqueness for (6.1.1) is proved in
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[CCS23, Theorem 2.3] (see Chapter 5). In turn, the authors rigorously analyze the mean

field limit of (6.1.1) as the number of columns N and the number of neurons per column M

go to infinity. It is shown (cf. Theorem 6.2.8 below) that the particles converge to the solution

of the family of McKean–Vlasov SDEs, for x P Q,
$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

ūϵpx, tq “upx, 0q `

ż t

0
bpx, r, ūϵpx, rq, fprqq dr

`

ż t

0
σpx, r, ūϵpx, rq, fprqq dW ϵpx, rq ´ ℓ̄px, tq,

ℓ̄βpx, tq“´ |ℓ̄βpx, ¨q|ptq, |ℓ̄βpx, ¨q|ptq“

ż t

0
1tpūϵqβpx,rq“0u d|ℓ̄βpx, ¨q|prq β “ 1, . . . , dv.

(6.1.2a)

(6.1.2b)

Here we have a family of random initial data pupx, 0qqxPQ for each point x in the cortex. The

term W ϵpx, tq denotes a Gaussian noise term, white in time and ϵ-correlated in space. The

space correlation is needed since equation (6.1.2a) would be ill-posed for an actual space-

time white noise, and in fact it is also meaningful from the modelling point of view (cf.

[CCS23, Remark 1.2] and Remark 6.1.3 below). The precise definition and further properties

of W ϵpx, tq are given in Section 6.2.1.
The coefficients b and σ are the same as in (6.1.1), but here we have set fpt, y, duq :“

LawRdv pūpy, tqq, considered as a measure on Rdv depending on t P r0,8q and y P Q. This in
turn induces a probability measure fpt, dx, duq on Qˆ Rdv defined by integration as

ż

QˆRdv

φpx, uqfpt, dx, duq :“

ż

Q

ż

Rdv

φpx, uqfpt, x, duq dx for any φ P CbpQˆ Rdv q. (6.1.3)

Finally, for each fixed x P Q and β “ 1, . . . , dv, the finite variation process ℓ̄βpx, tq defined

in (6.1.2b) is again the reflection term coming from the Skorokhod problem (see the expla-

nation after equation (6.1.1)) and it ensures that pūϵqβpx, tq ě 0 for each x, t and β. We

refer the reader to [Szn84a] for the details about such a process in the context of a classical

McKean–Vlasov equation.
A formal application of Itô formula shows that the law fpt, x, duq :“ LawRdv pūϵpx, tqq is a

weak solution of the Fokker–Planck equation with no-flux boundary conditions
$

’

’

’

’

&

’

’

’

’

%

Btfpt, x, uq`∇u ¨

´

bpx, t, u, fptqqfpt, x, uq

¯

“
1

2

dv
ÿ

β“1

B2

BuβBuβ

´

σβpx, t, u, fptqq2fpt, x, uq

¯

,

bβpt, x, u, fptqqfpt, x, uq´
1

2

B

Buβ

´

σβpx, t, u, fptqq2fpt, x, uq

¯
ˇ

ˇ

ˇ

uβ“0
“ 0 for β “ 1, . . . , dv.

(6.1.4a)

(6.1.4b)

The meaning of the boundary conditions (6.1.4b) is that the PDE (6.1.4a) is satisfied in the

weak sense when tested against any sufficiently smooth function ψ with ∇uψpuq ¨ n
BRdv

`

” 0.

Under suitable assumptions, Theorems 2.4 and 2.5 in [CCS23] (see Chapter 5) ensure

strong existence and uniqueness for the McKean–Vlasov equation (6.1.2) and that the law

fpt, x, duq :“ LawRdv pūpx, tqq is the unique weak solution of the Fokker–Planck PDE (6.1.4).

One of the key features of the model is that equation (6.1.4) has a unique solution indepen-

dent of ϵ ą 0. That is to say, the law fpt, x, duq “ LawRdv pūϵpy, tqq of a single McKean–Vlasov
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particle is independent of the noise correlation radius ϵ. This is because in (6.1.2) the inter-

action between two neurons ūϵpx, tq and ūϵpy, tq happens only through their law f as single

random variables. In fact we will see that the dependence on the correlation radius is recov-

ered as soon as we consider the joint law fpx, y, t, , du, dvq “ LawR2dv pūϵpx, tq, ūϵpy, tqq of two

or more particles (cf. Remark 6.2.9).

We also remark that the Fokker–Planck PDE (6.1.4), in the case of diffusion term σ ” σ0

constant, has been further analyzed in [CHS22, CRS23a]. Under particular assumptions on

the drift term, it is shown that for every noise strength σ0 ą 0 there exists a unique stationary

space homogeneous solution (from the modelling point of view this corresponds to the animal

completely loosing track of its position in space). This state is asymptotically stable for

noise σ0 big enough, but phase transition with multiple bifurcations, whose shape is also

characterized locally, occurs as σ0 decreases.

Finally, in [CCS23] (cf. Chapter 5) it is shown that the empirical measure fMN of the

particle system (6.1.1) converges in a suitable sense (see Theorem 6.2.11 below) to the weak

solution f of the Fokker–Planck equation (6.1.4). Informally, this yields the zeroth order

expansion, as elements of PpQˆ Rdvq,

fMN “ f `O

ˆ

1
?
M

`
1

Nα{d

˙

as M,N Ñ 8. (6.1.5)

The aim of the present work is to sharpen this picture by proving a central limit theorem

for the fluctuations of the empirical measure around the deterministic limit f . Precisely, we

consider the rescaled fluctuations ηMN
t :“

?
MpfMN ´ fq. Proposition 6.3.1 below proves

that, for suitable test functions ψ, the fluctuations admits the semimartingale expression

xηMN
t , ψy “ xηMN

0 , ψy `

ż t

0
xηMN
r ,Lrpf, fMN qrψsy dr `MMN

t pψq, (6.1.6)

where

MMN
t pψq “

?
M

MN

N
ÿ

i“i

M
ÿ

k“1

ż t

0
∇uψpxi, uikprqqσpxi, r, uikprq, fMN q dWikprq

is a martingale term coming from the stochasticity of fMN and L pf, fMN q is a suitable

differential operator, essentially the linearization of the generator of the SDE (6.1.1) around

f . The aforementioned result already ensures that fMN Ñ f as M,N Ñ 8. A formal central

limit theorem argument suggests also that ηMN
0 Ñ η0 for some Gaussian random variable in

a suitable distribution space. Finally, by analyzing the quadratic variation of the martingale

MMN
t (cf. Proposition 6.3.2 below) we expect this to converge to some Gaussian process Gϵt

in a suitable distribution space. In turn, from (6.1.6), we conjecture that ηMN
t converges to

the solution of the Langevin SPDE (in integral form)

ηϵt “ η0 `

ż t

0
Lrpf, fq˚rηϵrs dr `Gϵt, (6.1.7)
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where the operator Lrpf, fq is basically the linearization of the generator of the McKean–

Vlasov SDE (6.1.2) around f , and η0 and Gϵt are the above mentioned Gaussian terms. The

aim of this paper is to make this ansatz rigorous. Here α P p0, 1s denotes the Hölder regularity

in space of the coefficients b and σ in (6.1.1) (cf. Section 6.2.1).

Theorem (Theorem 6.3.12 below). For every ϵ ą 0 fixed, along a scaling regime M,N Ñ 8

such that
?
MN´α{d Ñ 0, the fluctuations ηMN

t “
?
MpfMN ´ fq of the empirical measure

fMN of the particle system (6.1.1) around its deterministic limit, the solution f of the Fokker–

Planck equation (6.1.4), satisfy

ηMN
t Ñ ηϵt in law in C pr0, T s;Hq,

where ηϵt is the unique solution of the Langevin SDPE (6.1.7) and H is a suitable Hilbert

space of distributions on Qˆ Rdv` .

The decay involving M´1{2, related to the mean field interaction along columns, and

N´α{d, related to the correlation between different columns, already appears in the mean

field expansion (6.1.5). The rescaling factor
?
M in front of the fluctuations corresponds

to the classical convergence rate for a mean field problem with M particles subjected to

independent sources of noise and is needed so that the fluctuations do not to vanish in the

limit (cf. [HM86, FFG92, BFG93, FM97]). However, as discussed in Remark 6.1.1, we actually

have N correlated ‘M -particle mean field clusters’ interacting among themselves with strength

N´α{d. The scaling regime
?
MN´α{d Ñ 0 serves to prevent these clusters from resonating

and resulting in yet unbounded fluctuations (cf. Remark 6.3.5).

In the same fashion as (6.1.5), the theorem above yields the first order expansion

fMN “ f `
1

?
M
ηϵt ` o

ˆ

1
?
M

`
1

Nα{d

˙

as M,N Ñ 8 and
?
MN´α{d Ñ 0. (6.1.8)

This is particularly relevant from the simulation point of view: in order to understand the

behavior of a large number of grid cells obeying the model (6.1.1), simulating the continuous

model f ` M´1{2ηϵt is numerically much cheaper than simulating MN interacting SDEs. On

the other hand, our main interest is the effect of noise on grid cells. The zero order term f

alone completely loses track of the noise present at the particle level, which is instead retained

by the first order expansion (6.1.8) thus furnishing a sharper description.

Remark 6.1.3. We point out that we could also let ϵ “ ϵpM,Nq vary with the number of

neurons and consider a joint scaling regime M,N Ñ 8 and ϵpM,Nq Ñ ϵ̄. As long as ϵ̄ ą 0, all

the results of the paper hold with virtually identical proofs. Some results and estimates also

extend to the case ϵpM,Nq Ñ 0, possibly after imposing some constraint on the scaling regime

between ϵpM,Nq Ñ 0 and N Ñ 8. However, the point is that in the case ϵpM,Nq Ñ 0, the

limiting objects for the fluctuations and, even before, the supposed mean field limit (6.1.2)
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for the SDE system (6.1.1) is mathematically ill-posed. For ϵ “ 0 the noise W ϵpx, tq featuring

in the McKean–Vlasov equation (6.1.2) makes sense only as a distribution (see e.g. [DPZ92,

Chapter 4]) and in turn the equation, even in the simpler case σpx, t, u, fq ” σ0 constant,

involves applying the drift nonlinearity bp. . . q to a distribution. It is not clear whether it

is even possible to give a meaning to equation (6.1.2) for ϵ “ 0 (see also [CCS23, Remark

1.2]) and in turn to the joint law f2,ϵ, introduced in (6.2.20) below, featuring in the definition

(6.3.10) of the quadratic variation of the fluctuation limit ηϵt .

Overview of the methods.

The methods of this paper are deeply based on the approach to fluctuations put forward in

Fernandez and Méléard [FM97], Bezandry, Ferland, Fernique and Giroux [BFG93, FFG92] and

Hitsuda and Mitoma [HM86]. Our situation presents additional difficulties: unboundedness of

the coefficients, boundary conditions imposing positivity of the activity level of the neurons,

and interaction between different mean-field families of coupled neurons across the cortex.

The fluctuations ηMN
t “

?
MpfMN ´ fq are random signed measures in the path space

over QˆRdv , whose space part is independent both of the time and the stochasticity. The first

problem is to find a distribution space in which both ηMN
t and its limit belong. In Theorem

6.3.12 we prove that, along the scaling regime
?
MN´α{d Ñ 0, the fluctuations converge in law

in C
`

r0, T s;H´ e`
α

x H ´κ2,θ2
˘

. The spaces He
x H κ,θ, introduced in Section 6.2.1, are vector

valued Sobolev spaces taking values in other weighted Sobolev spaces with suitable boundary

conditions needed to account for the reflecting boundary conditions at the SDE level, which

reduce the class of admissible test functions, and the space interaction among neurons. The

particular exponents e, κ and θ, given in (6.2.17), depend on the dimension of the spaces

Q Ď Rd and Rdv to furnish suitable Sobolev embeddings. It will appear from the proofs

that the space H´ e`
α

x H ´κ2,θ2 is optimal and provides the minimal Hilbert space in which to

embed the fluctuations (cf. Remark 6.2.4).

Our strategy revolves around the semimartingale equation (6.1.6) for ηMN
t . Estimates on

the norm of MMN
t are readily obtained with martingale arguments (cf. Proposition 6.3.3).

Here the main difficulty is that the operator L pf, fMN q featuring in (6.1.6) is a second order

differential operator and thus not bounded in any particular space of the form He
x H κ,θ,

since it reduces the regularity of the test functions. Hence we cannot use equation (6.1.6)

and Grönwall’s Lemma to estimate the norm of ηMN
t . To circumvent this problem, we work

between two nested spaces He`
α
x H κ2,θ2 Ď Heα

x H κ1,θ1 where the operator L pf, fMN q results

bounded (cf. Lemma 6.3.6) and we obtain the needed estimates on ηMN
t (cf. Lemma 6.3.4 and

Proposition 6.3.7). It is the combination of the estimates for MMN
t and ηMN

t that imposes

the particular scaling regime
?
MN´α{d Ñ 0 (cf. Remark 6.3.5).

These estimates are readily translated into tightness of the processes MMN
t and ηMN

t

172



thanks to the compactness of the embedding He`
α
x H κ2,θ2 Ď Heα

x H κ1,θ1 and martingale meth-

ods (cf. Proposition 6.3.8). A fine analysis based on Sznitman’s coupling method [Szn84a]

shows that the quadratic variation of the martingale term MMN
t is converging to a deter-

ministic limit (cf. Proposition 6.3.2) and this uniquely identifies a Gaussian process Gϵt such

that MMN
t Ñ Gϵt (cf. Proposition 6.3.10). An adaptation of the standard Lévy central limit

theorem shows the convergence of the initial data ηMN
0 (cf. Lemma 6.3.11). Theorem 6.3.12

follows from passing to the limit in equation (6.1.6) and the well-posedness of the Langevin

SPDE (6.1.7).

Structure of the work.

The work is structured as follows. In the next section we first present our hypotheses and

notation and deduce some immediate consequences for later convenience. Then we lay out the

precise setting for our results and we collect some auxiliary results needed in our arguments.

In Section 6.3 we establish our central limit theorem following the strategy discussed above.

In Section 6.4 we collect the proofs of the results.

6.2 Preliminaries and auxiliary results

6.2.1 Hypotheses and notation

In this section we introduce our hypotheses and notations. We first take care of the random
objectes: the initial data and the noise terms in the McKean–Vlasov equation (6.1.2). The
specific filtered probability space supporting all of these random variables is introduced rig-
orously in Setting 2.4 below. The initial data and the noise in the particle system (6.1.1) will
then be given by the corresponding quantities at the locations xi P Q (cf. Setting 6.2.5). As
regards the initial data, we will consider random families pupx, 0qqxPQ such that

up¨, 0q P Cα
`

Q;L4pΩq
˘

X L8
`

Q;L4 θ1pΩq
˘

for some α P p0, 1s and θ1 ą1`
dv
2

`max

"

2,
dv
2

*

. (6.2.1)

The Hölder continuity in space is needed to control the interaction among columns at different

locations and is motivated by the modelling, as we expect the randomness to be somewhat

continuous along the cortex. The moments will serve to obtain bounds for the fluctuations in

the dual space of suitably regular function spaces (cf. (6.2.16)).
As regards the noise, we consider a Gaussian random field W ϵ : ΩˆRd ˆR` Ñ Rdv with

independent components β “ 1 . . . dv, zero mean and covariance

E
“

W ϵ,βpx, tqW ϵ,βpy, sq
‰

“pt^ sqCρ ϵ
d

ż

Rd

ρϵpz ´ xqρϵpz ´ yq dz, for Cρ “

ˆ
ż

Rd

ρpzq2 dz

˙´1

, (6.2.2)

where ρ : Rd Ñ r0, 1s is a radial mollifier supported in the unitary ball and ρϵ is its the ϵ-

rescaled version. Such a process can be obtained for example from convolution and rescaling

of independent copies W β of an actual distribution valued space-time white noise (see e.g.
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[DPZ92, Chapter 4]), by setting

W ϵ,βpx, tq :“ C
1
2
ρ ϵ

d
2 xWt, ρϵp¨ ´ xqy.

As mentioned in Remark 6.1.3, the ϵ-correlation in space is needed to avoid mathematical

issues and in fact, as for the initial data, is strongly motivated by the modelling.

For future reference, we highlight some of the properties of W ϵ. First, from (6.2.2) we

have that ErW ϵ,βpx, tqW ϵ,γpx, sqs “ δβγ t ^ s. Thus, for fixed x, the process t ÞÑ W ϵpx, tq is

a dv-dimensional Brownian motion. Similarly, from suppρq Ď Bp0, 1q it follows that

E rW ϵpx, tqW ϵpy, sqs “ 0 if |x´ y| ą 2ϵ.

Hence the processes W ϵpx, tq and W ϵpy, tq are independent for |x ´ y| ą 2ϵ. Furthermore,

using (6.2.2), we compute

E
”

|W ϵpx, tq ´W ϵpy, sq|
2
ı

ď C E
”

|W ϵpx, tq ´W ϵpx, sq|
2

` |W ϵpx, sq ´W ϵpy, sq|
2
ı

ď C

ˆ

|t´ s| ` sCρ ϵ
d

ż

Rd

pρϵpz ´ xq ´ ρϵpz ´ yqq
2 dz

˙

ď C

ˆ

|t´ s| `
|x´ y|2

ϵ2

˙

,

for a constant C “ Cpρq. Similar estimates hold for any higher moment p ě 2 and the

Kolmogorov continuity theorem ensures the existence of a suitable modification of W ϵ with

continuous trajectories in both x and t. In particular, we have that W ϵ is jointly measurable in

px, tq P RdˆR` and in the sample path ω P Ω. Finally, for any x, y P Rd, a direct computation

shows that the quadratic variation of the martingale W ϵ,βpx, tq ´W ϵ,βpy, tq satisfies
@

W ϵ,βpx, t´W ϵ,βpy, tq
D

“ t Cρ ϵ
d

ż

Rd

pρϵpz ´ xq ´ ρϵpz ´ yqq
2 dz ď t C

|x´ y|2

ϵ2
,

for a constant C “ Cpρq.
Next we present the assumptions on the coefficients of the equations. We remark that

the specific shape and properties of the generalized coefficients are deduced from those of the
concrete model analyzed in [CCS23]

duβikptq “σ dW β
ikptq ´ dℓβikptq

`

˜

´uβikptq ` ϕβ
´

Bβpxi, rq `
1

4NM

4
ÿ

γ“1

N
ÿ

j“1

M
ÿ

m“1

Kγpxi ´ xjquγjmptq
¯

¸

dt.
(6.2.3)

The nonlinearities ϕβ : R Ñ R represent the firing rate of neurons in the network, typically

a sigmoid or a ReLU function. The external input is represented by Bβ : Q ˆ R Ñ R. The

interaction kernels Kβ : RdQ Ñ R take into account the inhibitory/excitatory effect on nearby

neurons. A typical choice for these [BF09] is the so-called Mexican hat function.

We consider coefficients b, σ : Qˆ R` ˆ Rdv ˆ PpQˆ Rdvq Ñ Rdv of the form

bβpx, r, u, µq “ bβ0 px, r, uq ` ϕβ
ˆ

ż

QˆRdv

bβ1 px, y, r, u, vqµpdy, dvq

˙

,

σβpx, r, u, µq “ σβ0 px, r, uq ` ϕβ
ˆ

ż

QˆRdv

σβ1 px, y, r, u, vqµpdy, dvq

˙

,

(6.2.4)
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for suitable functions b0, σ0 : Q ˆ R` ˆ Rdv Ñ Rdv and b1, σ1 : Q2 ˆ R` ˆ R2dv Ñ Rdv , and

ϕ : R Ñ Rdv .

Remark 6.2.1. In order simplify the exposition and the computations, we shall assume the

coefficients are the same for every direction. That is to say, for every β “ 1, . . . , dv,

bβpx, r, u, µq “ b0px, r, uq ` ϕ

ˆ
ż

QˆRdv

b1px, y, r, u, vqµpdy, dvq

˙

,

and similarly for the coefficients σ, for suitable functions b0, b1, σ0, σ1 and ϕ satisfying the

assumptions below. We stress that all the results hold identically with identical proofs for

general direction dependent coefficients bβ , σβ and ϕβ satisfying the assumptions below for

each single β. Furthermore, to ease the notation, we will also use the shorthand

b1px, t, u, µq :“

ż

QˆRdv

b1px, y, t, u, vqµpdy, dvq,

σ1px, t, u, µq :“

ż

QˆRdv

σ1px, y, t, u, vqµpdy, dvq.

(6.2.5)

We assume the nonlinearity ϕ is smooth with bounded derivatives. Precisely we assume

that
djϕ

dzj
pzq P L8pRq @ j ě 1. (6.2.6)

In particular ϕ is globally Lipschitz and with sublinear growth. We assume that b0 and σ0

are smooth in the x and u variables, uniformly α-Hölder continuous in the x-variable (for

α P p0, 1s given in (6.2.1)) and with u-derivatives bounded uniformly in x and t. That is to

say, for every h, k P N, for suitable constants C,

|Dh
xD

k`1
u b0px, t, uq| ď C,

ˇ

ˇ

ˇ
Dh
xb0px, t, uq ´Dh

xb0px1, t, uq

ˇ

ˇ

ˇ
ď C|x´ x1|α,

@x, x1, t, u P Q2 ˆ R` ˆ Rdv , (6.2.7)

and analogously for σ0. In particular this implies Lipschitzianity and sublinear growth in u.

That is, for every h, k P N, for suitable constants C,
ˇ

ˇ

ˇ
Dh
xb0px, t, uq

ˇ

ˇ

ˇ
ď Cp1 ` |u|q,

ˇ

ˇ

ˇ
Dh
xD

k
ub0px, t, uq ´Dh

xD
k
ub0px, t, u1q

ˇ

ˇ

ˇ
ď C|u´ u1|,

@x, t, u, u1 P Qˆ R` ˆ R2dv ,

and analogously for σ0. Similarly, we assume that b1 and σ1 are smooth in the x, y and u, v

variables, uniformly α-Hölder in the x, y-variable and with u, v-derivatives bounded uniformly

in x, y and t. That is, for every h, k P N, for suitable constants C, for every x, x1, y, y1, t, u, v P

Q4 ˆ R` ˆ R2dv ,

|Dh
x,yD

k`1
u,v b1px, y, t, u, vq| ď C,

ˇ

ˇ

ˇ
Dh
x,yb1px, y, t, u, vq ´Dh

x,yb0px1, y1, t, u, vq

ˇ

ˇ

ˇ
ď C|x´ x1|α ` |y ´ y1|α,
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and analogously for σ1. In particular this implies Lipschitzianity and sublinear growth in

u and v. That is, for every h, k P N, for suitable constants C, for every x, y, t, u, u1, v, v1 P

Q2 ˆ R` ˆ R4dv ,
ˇ

ˇ

ˇ
Dh
x,yb1px, y, t, u, vq

ˇ

ˇ

ˇ
ď Cp1 ` |u| ` |v|q,

ˇ

ˇ

ˇ
Dh
x,yD

k
u,vb1px, y, t, u, vq ´Dh

x,yD
k
u,vb1px, y, t, u1, v1q

ˇ

ˇ

ˇ
ď Cp|u´ u1| ` |v ´ v1|q,

(6.2.8)

and analogously for σ1.

The shape (6.2.4) of the coefficients and assumptions (6.2.6)-(6.2.8) immediately translate

into the following properties of b and σ.

Lemma 6.2.2. The coefficients b, σ : Q ˆ R` ˆ Rdv ˆ PpQ ˆ Rdvq Ñ R are smooth in the

x and u variables. Furthermore we have, for every h, k P N, for suitable constants C ě 0, for

every x, x1, t, u, u1, µ, µ1 P Q2 ˆ R` ˆ R2dv ˆ PpQˆ Rdvq2,

|Dh
xD

k`1
u bpx, t, u, µq| ď C,

|Dh
xbpx, t, u, µq| ď C

ˆ

1 ` |u| `

ż

QˆRdv

|v|µpdy, dvq

˙

,

|Dh
xD

k
ubpx, t, u, µq ´Dh

xD
k
ubpx

1, t, u1, µ1q|

ď C
´

|x´ x1|α ` |u´ u1| ` W1pQˆ Rdvqpµ, µ1qα ` W1pQˆ Rdvqpµ, µ1q

¯

,

(6.2.9)

and analogously for σ, where W denotes the Wasserstein distance (see formula (6.2.10) below).

We now introduce the function spaces needed to state our results. First of all, given a

Banach space X, we consider the space PmpXq of probability measures on X with finite mth

moment, which is a Polish space when endowed with the mth order Wasserstein distance

WmpXqpP,Qq :“ inf

"
ż

X2

|x´ y|m dπ | π pairing between P and Q
*1{m

. (6.2.10)

Next we introduce the following weighted Sobolev spaces with no flux boundary conditions.

We denote by W k,p
loc the space of distributions having the first k derivatives locally p-integrable.

For any integer k ě 2 and any θ ě 0, we define

H k,θ :“

#

ψ P W k,2
loc pRdv` q | ∇ψpuq ¨ n

BRdv
`

” 0,
k

ÿ

j“0

ż

Rdv
`

|Dj
uψpuq|2

1 ` |u|2θ
du ă 8

+

,

which are Hilbert spaces when endowed with the norm }ψ}H k,θ “

´

řk
j“0

ş

Rdv
`

|Dj
uψpuq|2

1`|u|2θ
du

¯1{2

.

Similarly, we will also consider the Banach spaces

W k,8,θ :“

$

&

%

ψ P W k,8
loc pRdv` q | ∇ψpuq ¨ n

BRdv
`

” 0, sup
uPRdv

`

k
ÿ

j“0

|Dj
uψpuq|

1 ` |u|θ
ă 8

,

.

-

,

endowed with the analogous norm }ψ}W k,8,θ “ sup
uPRdv

`

řk
j“0

|Dj
uψpuq|

1`|u|θ
.
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Remark 6.2.3. These spaces are particularly adapted to our needs because of the no-flux

condition ∇ψpuq ¨ n
BRdv

`

” 0. This ensures that ψ is an admissible test function for the

Fokker-Planck equation (6.1.4) according to our definition of weak solution. Furthermore it

ensures that, when applying Itô formula to ψpuikptqq for uik solving (6.1.1) or to ψpūϵpx, tqq

for ūϵpx, tq solving (6.1.2) respectively, the resulting reflection term
ż t

0
∇ψpuikprqq dℓikprq “ ´

ż t

0
∇ψpuikprqq ¨ n

BRdv
`

1
tuikPBRdv

` u
d|ℓik|prq “ 0,

or
şt
0∇ψpūϵpx, rqqdℓpx, rq “ 0 respectively, is identically zero.

Classical embedding results extend to these particular Sobolev spaces (see e.g. [AF03]).

In particular, we will make use of the following continuous inclusions

H k`j,θ ãÑ W j,8,θ @ k ą
dv
2

@ j ě 0 @ θ ě 0, (6.2.11)

and the following compact inclusions

H k`j,θ ããÑ H j,θ`β @ k ą dv{2 @β ą dv{2 @ j ě 0 @ θ ě 0.

Given a Hilbert space V we will also consider the vector valued Hölder and Sobolev spaces,

for some e ě 0,

Cαx V :“ CαpQ;V q, He
xV :“ W e,2pQ;V q.

In particular, He
xV is a Hilbert spaces with the usual Sobolev norm (cf. Remark 6.2.4 below).

We will need the following vector valued versions of Sobolev embeddings (see e.g. [Ama00]).

For any Hilbert space V we have the continuous embedding

He
xV ãÑ Cαx V @ e ą α ` d{2.

For any compact embedding V ããÑ V0 of Hilbert spaces, we have the compact embedding

He`

x V ããÑ He
xV0 @ e ě 0, (6.2.12)

where we denoted e` :“ e` γ for any arbitrary γ ą 0.

In particular, combining (6.2.11)-(6.2.12) we obtain the following embeddings, which we

collect here for later convenience,

He
x H k`j,θ ãÑ CαxW j,8,θ continuously @e ą

d

2
` α @ k ą

dv
2

@j, θ ě 0,

He`

x H k`j,θ ããÑ He
x H j,θ`β compactly @e ě 0 @ k, β ą

dv
2

@j, θ ě 0.

(6.2.13)

(6.2.14)

Remark 6.2.4. The spaces He
x H κ,θ are introduced for the sole reason of working with sub-

spaces of CαpQ;H κ,θq possessing a Hilbert space structure so as to simplify many arguments

in the following. In fact, results completely analogous to those presented could be obtained
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by working directly in the Banach spaces CαpQ;H κ,θq. However, having no Hilbert space

structure at disposal, the methods of this paper need to be carefully adapted by introducing

several technicalities which, in the author’s opinion, would not improve drastically the results

stated. To start with, even to state the results, we would have to introduce the theory of

stochastic integration in Banach spaces, put forward only in recent years (see e.g. [vNVW15]).

Finally, we introduce the following ‘evaluation operators’ and we estimate their norm for

later use. Namely, for any j P N and any px, uq, py, vq P Qˆ Rdv` , for a “

´

dv`j´1
j

¯

, we define

V j
px,uq

: CαxW j,8,θ Ñ Ra
ˇ

ˇψ ÞÑ Dj
uψpx, uq,

V j,dif
px,uq,py,vq

: CαxW j`1,8,θ Ñ Ra
ˇ

ˇψ ÞÑ
`

Dj
uψpx, uq ´Dj

uψpy, vq
˘

.

(6.2.15)

Using the definition of the spaces W j,8,θ we compute

|V j
px,uq

ψ| “ |Dj
uψpx, uq| ď sup

y,v

|Dj
uψpy, vq|

1 ` |v|θ
p1 ` |u|θq À }ψ}Cα

x W j,8,θ p1 ` |u|θq,

and similarly

|V j,dif
px,uq,py,vq

ψ| ď |Dj
uψpx, uq ´Dj

uψpy, uq| ` |Dj
uψpy, uq ´Dj

uψpy, vq|

À sup
w

|Dj
uψpx,wq ´Dj

uψpy, wq|

1 ` |w|θ
p1 ` |u|θq

` sup
wP

ÝÑuv

|Dj`1
u ψpy, wq|

1 ` |w|θ
p1 ` |u|θ ` |v|θq |u´ v|

À }ψ}Cα
x W j`1,8,θ |x´ y|αp1 ` |u|θq ` }ψ}Cα

x W j`1,8,θp1 ` |u|θ ` |v|θq|u´ v|.

That is, we have bounds for }V j
px,uq

}pCα
x W j,8,θq˚ and }V j,dif

px,uq,py,vq
}pCα

x W j`1,8,θq˚ . Combining this
with the embeddings (6.2.13) immediately yields the estimates, for suitable constants C,

}V j
px,uq

}H´e
x H ´pk`jq,θ ď C p1 ` |u|q

θ
,

}V j,dif
px,uq,py,vq

}H´e
x H ´pk`j`1q,θ ď C p1 ` |u| ` |v|q

θ

¨
`

|x´ y|α ` |u´ v|
˘

,

@e ą
d

2
` α @k ą

dv
2

@j, θ ě 0. (6.2.16)

6.2.2 Setting and auxiliary results

In this section we first lay out the precise setting for our results and then we collect some

auxiliary results for later convenience.

Notation. To ease the formulas for the function spaces involved, we will use the shorthands:

κ1 :“

ˆ

1 `
dv
2

˙`

, κ2 :“ κ1 `max

#

2,

ˆ

dv
2

˙`
+

, eα “ α `
d

2
,

θ1 :“ θ2 `max

#

2,

ˆ

dv
2

˙`
+

, θ2 :“

ˆ

1 `
dv
2

˙`

,

(6.2.17)

where for any β P R we denote β` :“ β ` γ for any arbitrary γ ą 0.
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This choice of Sobolev exponents and weights will give us the needed embeddings of type

(6.2.13) and (6.2.14), and the needed bounds of type (6.2.16).

Setting 6.2.5. We fix a filtered probability space pΩ, pFtqtě0,Pq satisfying the usual conditions

and we assume it support the following random variables. First, for each k P N, it supports

independent adapted dv-dimensional space time white noise terms tWkpx, tqukPN. Secondly,

for h P N, it supports i.i.d. families of F0-measurable random initial conditions uhpx, 0q P

Cα
`

Q;L4pΩq
˘

XL8
`

Q;L4 θ1pΩq
˘

on the sheet Q, which are also independent of the noise terms

tWkpx, tqukPN. Indeed, we can take Ft to be the filtration generated by the initial data and the

noise. For each fixed ϵ ą 0 we can then convolve the white-noise terms Wk and obtain the

Gaussian processes W ϵ
k discussed in formula (6.2.2).

Next, for each N P N we take points x1, . . . , xN P Q in the center of the squares of an

equispaced grid on Q “ r0, 1sd with side length N´ 1
d . We denote by QNi the square with center

xi, and we notice that measpQNi q “ 1
N and diampQNi q “

?
dN´1{d. Finally, for every N,M P

N, we introduce the particles for the coupling method. For i “ 1, . . . , N and k “ 1, . . . ,M ,

let uϵikptq be the solution of the particle system (6.1.1) with initial data uikp0q :“ ukpxi, 0q

and Brownian motions W ϵ
ikptq :“ W ϵ

kpxi, tq. For each k P N, let ūϵkpx, tq be the solution of

the McKean–Vlasov equation (6.1.2) with initial data ukpx, 0q and noise W ϵ
kpx, tq, and for

i “ 1, . . . , N define ūϵikpx, tq :“ ūϵkpxi, tq.

In this setting, Theorems 2.3, 2.4 and 2.5 in [CCS23] ensure the systems (6.1.1) and

(6.1.2) are well-posed and that fpx, t, duq “ LawRdv pūϵkpx, tqq is the unique weak solution of

the Fokker–Planck PDE (6.1.4) with initial data f0px, duq “ LawRdv pukpx, 0qq.

We now collect some auxiliary results either new or taken from [CCS23] we will need in

the following. First of all, owing the i.i.d. properties of the initial data and the noise terms,

we have the following.

Lemma 6.2.6. The collections of particles tuϵikptqui“1,...,N are exchangeable families for k “

1, . . . ,M . Moreover, the collections of particles tūϵikptqui“1,...,N are i.i.d. for k P N.

We point out that this is not the case for the index i, both for the particles uϵik and

ūϵik “ ūϵkpxi, ¨q. Indeed, the laws of uϵik and uϵjk, or ūϵik and ūϵik respectively, might differ

as a result of the x dependence of their defining equations. Furthermore, even if the points

xi, xj P Q are far from each other, namely if |xi ´xj | ą 2ϵ, so that their noise terms W ϵ
kpxi, tq

and W ϵ
kpxj , tq are independent, these particles might still be correlated as a result of their

initial data. In fact, from the point of view of modelling in neuroscience, we expect ukpx, 0q

to be close to ukpy, 0q for x close to y. This is essentially the issue we pointed out in Remark

6.1.1.

We have the following uniform moment estimates both for the true particles uϵik and for
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the McKean–Vlasov particles ūϵik. The case p “ 2 is proved in [CCS23, Theorem 2.3-4] (see

Chapter 5) and the case of a general p ě 1 is proved almost identically.

Proposition 6.2.7 (Uniform moment estimates). In the Setting 6.2.5 above, for every T ě 0

and every p ě 1, we have

sup
i,k

E

«

sup
tPr0,T s

|uϵik|p

ff

` sup
xPQ

E

«

sup
tPr0,T s

|ūϵkpx, tq|p

ff

ď C

˜

1 ` sup
xPQ

Er|upx, 0q|ps

¸

, (6.2.18)

for a constant C “ CpT, p, b, σq independent of M,N and ϵ.

Furthermore, we have the following estimates for the error between the true and the

McKean–Vlasov particles. The case p “ 2 is proved in [CCS23, Theorem 2.6] (see Chapter 5)

and the case p “ 4 is a straightforward adaptation.

Theorem 6.2.8 (Mean squared error estimates for actual particles vs. McKean–Vlasov

particles). In the Setting 6.2.5 above, for p “ 2, 4 and for any T ą 0, we have

sup
i,k

E

«

sup
tPr0,T s

|uϵikptq ´ ūϵikptq|p

ff1{p

ď C

ˆ

1

N
α
d

`
1

M
1
2

˙

˜

1 ` sup
xPQ

E r|ukpx, 0q|ps
1{p

¸

, (6.2.19)

for a constant C “ CpT, b, σ, rup¨, 0qsαq, where rup¨, 0qsα denotes the Hölder seminorm of

up¨, 0q P Cα
`

Q;LppΩq
˘

.

We now consider empirical and actual measures associated to the true and McKean–

Vlasov particles. In [CCS23] (see Chapter 5) it is established that the solution fpx, t, duq “

LawRdv pūϵpx, tqq of the Fokker–Planck PDE (6.1.4) is independent of ϵ and it is α-Hölder con-

tinuous as a function of x with values in P2

`

Cpr0, T s;Rdvq
˘

endowed with the 2-Wasserstein

metric whenever up¨, 0q P CαpQ;L2pΩqq. Furthermore it is proved that fMN Ñ f in Wasser-

stein distance of order 1, in expectation.

In the following we will need analogous results for the joint law of two McKean–Vlasov

particles

f2,ϵpx, y, t, du, dvq :“ LawR2dv pūϵpx, tq, ūϵpy, tqq , (6.2.20)

which is a measure on R2dv depending on x, y P Q, t P R` and ϵ ą 0, inducing a measure on

Q2 ˆ R2dv via integration as in (6.1.3), and for the joint empirical measure associated to the

actual particles

f2MN pt, dx, dy, du, dvq :“
1

MN2

N
ÿ

i,j“1

M
ÿ

k“1

δpxi,xj ,uϵik,u
ϵ
jkq P P

´

Q2 ˆ R2dv
¯

.

Remark 6.2.9. As anticipated in the introduction, the joint law f2,ϵpx, y, t, du, dvq does

depend on the correlation radius ϵ ą 0, in contrast with the case of the single law fpx, t, duq.
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Indeed, the independence on ϵ of f is an artefact of the specific type of interaction among

particles, which takes the form, highlighting the drift term only,

dūϵpx, tq “ ¨ ¨ ¨ ` ϕ

ˆ
ż

QˆRdv

b1px, y, t, ūϵpx, tq, vqfpy, t, dvq dy

˙

dt` . . .

“ ¨ ¨ ¨ ` ϕ

ˆ
ż

Q
E rb1px, y, t, u, ūϵpy, tqqsu“ūϵpx,tq dy

˙

dt` . . .

That is to say, the particle ūϵpx, tq interacts with the particle ūϵpy, tq only through its law

fpy, t, dvq. Therefore the correlation radius of the noise sourcesW ϵpx, tq andW ϵpy, tq affecting

the particles plays no role since each of these terms behaves individually as a Brownian motion,

regardless of the value of ϵ. Accordingly, the effect of ϵ is recovered as soon as we consider

the joint law of ūϵpx, tq and ūϵpy, tq.

We mention that other commonly proposed models (see e.g. [Ama77, KR14, FI15] and the

review [Bre11, Section 6]) consider a different type of interaction, where ūϵpx, tq does interact

with ūϵpy, tq directly and not only through its law, so that the dependence on ϵ is retained

already at the level of the single law LawRdv pūϵpx, tqq.

We promote f and f2,ϵ to measures on Cpr0, T s;Rdvq and Cpr0, T s;R2dvq respectively by

setting fpx, ¨q “ LawCpr0,T s;Rdv qpūkpx, ¨qq and f2,ϵpx, y, ¨q “ LawCpr0,T s;R2dv qpūkpx, ¨q, ūkpy, ¨qq.

Then, from [CCS23, Theorem 2.5](see Chapter 5), or straightforward adaptations of its argu-

ments in the cases of p “ 4 and of the joint measure, we have the following.

Proposition 6.2.10 (Hölder continuity of the single and joint empirical measure). In the
Setting 6.2.5 above, for p “ 2, 4, we have f P Cα

`

Q;Pp

`

Cpr0, T s;Rdvq
˘˘

and f2,ϵ P

Cα
`

Q2;Pp

`

Cpr0, T s;R2dvq
˘˘

with the following estimates

Wp

´

Cpr0, T s;Rdv q

¯

pfpx, ¨q, fpx1, ¨qq ď C

ˆ

1 ` sup
xPQ

Er|upx, 0q|ps
1{p

˙

|x´ x1|α @x, x1 P Q,

Wp

´

Cpr0, T s;R2dv q

¯

pfpx, y, ¨q, fpx1, y1, ¨qq

ď C

ˆ

1 ` sup
xPQ

Er|upx, 0q|ps
1{p

˙ ˆ

|x´ x1|α ` |y ´ y1|α `
|x´ x1| ` |y ´ y1|

ϵ

˙

@x, x1, y, y1 P Q,

for a constant C “ CpT, ρ, b, σ, rup¨, 0qsαq, where rup¨, 0qsα denotes the Hölder seminorm of

up¨, 0q P Cα
`

Q;LppΩq
˘

.

Finally, we establish the convergence for the empirical measure. We recall that a space

dependent measure gpx, duq P PpRdvq induces a measure on Q ˆ Rdv via formula (6.1.3)

and similarly for a measure gpx, y, du, dvq P PpR2dvq inducing a measure on Q2 ˆ R2dv . A

straightforward adaptation of [CCS23, Theorem 2.7] (see Chapter 5) proves the following.

Theorem 6.2.11 (Convergence of the single and joint empirical measure). In the Set-
ting 6.2.5 above, we have fMN Ñ f and f2MN Ñ f2,ϵ in Wasserstein distance W2 in
expectation with convergence rates, for every T ě 0 and every q ą 2, for a constant
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C “ CpT, q, ρ, b, σ, rup¨, 0qsαq,

sup
tPr0,T s

E
„

W2

`

Qˆ Rdv
˘

pfMN ptq, fptqq2
ȷ

ďC

ˆ

1 ` sup
xPQ

Er|upx, 0q|2s

˙ ˆ

1
?
M

`
1

Nα{d

˙2

` C

ˆ

1 ` sup
xPQ

Er|upx, 0q|qs
2{q

˙

$

’

’

’

’

&

’

’

’

’

%

M´1{2 `M
´pq´2q{q if 2 ą dv{2 and q ‰ 4,

M´1{2 logp1 `Mq `M´pq´2q{q if 2 “ dv{2 and q ‰ 4,

M´2{dv `M´pq´2q{q if 2 P p0, dv{2q and q ‰ dv

dv´2 ,

sup
tPr0,T s

E
„

W2

`

Q2 ˆ R2dv
˘

pf2MN ptq, f2,ϵptqq2
ȷ

ďC

ˆ

1 ` sup
xPQ

Er|upx, 0q|2s

˙ ˆ

1
?
M

`
1

Nα{d
`

1

ϵN 1{d

˙2

` C

ˆ

1 ` sup
xPQ

Er|upx, 0q|qs
2{q

˙

$

’

’

’

’

&

’

’

’

’

%

M´1{2 `M
´pq´2q{q if 2 ą dv and q ‰ 4,

M´1{2 logp1 `Mq `M´pq´2q{q if 2 “ dv and q ‰ 4,

M´1{dv `M´pq´2q{q if 2 P p0, dvq and q ‰ dv

dv´1 .

6.3 The central limit theorem

In this section we prove our main result following the strategy sketched in the introduction.

We will always consider the Setting 6.2.5.

We want to find an equation satisfied by the rescaled fluctuations ηMN
t “ cMNpfMN ´ fq,

for some scaling parameter cMN, and pass this to the limit as M,N Ñ 8. We anticipate that

the right scaling for the fluctuations is cMN “
?
M along a suitable scaling regime M,N Ñ 8,

namely
?
MN´α{d Ñ 0. However, we choose to keep the scaling factor cMN implicit so as

to highlight why this is the only possible choice in order to obatin a nontrivial limit for the

fluctuations (cf. Remark 6.3.5 below).

Let ψ : Q ˆ Rdv Ñ R be sufficiently smooth with ∇uψpx, uq ¨ n
BRdv

`

” 0, for example

ψ P Heα
x H κ1,θ1 . Testing fMN against ψ, applying Itô formula and using the boundary
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conditions on ψ we obtain

xfMN ptq, ψy “
1

MN

N
ÿ

i“1

M
ÿ

k“1

ψpxi, u
ϵ
ikp0qq

`

ż t

0

1

MN

N
ÿ

i“1

M
ÿ

k“1

∇uψpxi, u
ϵ
ikprqq bpxi, u

ϵ
ik, r, fMN q dr

`

ż t

0

1

MN

N
ÿ

i“1

M
ÿ

k“1

∆uψpxi, u
ϵ
ikprqqσpxi, u

ϵ
ik, r, fMN q2 dr

`
1

MN

N
ÿ

i“1

M
ÿ

k“1

ż t

0
∇uψpxi, u

ϵ
ikprqqσpxi, u

ϵ
ik, r, fMN q dW ϵ

ikprq

`
1

MN

N
ÿ

i“1

M
ÿ

k“1

ż t

0
∇uψpxi, u

ϵ
ikprqq ¨ n

BRdv
`

dℓϵikprq

“xfMN p0q, ψy `

ż t

0
xfMN prq, LrpfMN prqqrψsy dr `

1

cMN
MMN
t pψq,

(6.3.1)

for the martingale term

MMN
t pψq “

cMN

MN

N
ÿ

i“i

M
ÿ

k“1

ż t

0
∇uψpxi, uikprqqσpxi, r, uikprq, fMN q dWikprq, (6.3.2)

and the differential operator LrpfMN prqq, depending on fMN pr, dx, duq P PpQˆRdvq and on
the time r, defined for any ψ : Qˆ Rdv Ñ R sufficiently smooth by

Lrpµqrψspx, uq :“ ∇uψpx, uq bpx, r, u, µq ` ∆uψpx, uqσpx, r, u, µq2 @µ P PpQˆ Rdv q. (6.3.3)

Similarly we test ψ, which is admissible because of the boundary conditions, against the

weak solution fpt, x, duq of the Fokker–Planck PDE (6.1.4), which is regarded as an element

of PpQˆ Rdvq via formula (6.1.3). We obtain

xfptq, ψy “ xfp0q, ψy `

ż t

0
xfpr, dx, duq, Lrpfprqqrψsy dr, (6.3.4)

where Lrpfprqq is the differential operator (6.3.3) evaluated on fpr, dx, duq P PpQˆ Rdvq.

Combining (6.3.1) and (6.3.4) yields

xηMN
t , ψy “ xηMN

0 , ψy `

ż t

0

cMN pxfMN prq, LrpfMN qrψsy ´ xfprq, Lrpfqrψsyq dr `MMN
t pψq. (6.3.5)

Finally we rewrite

cMN

´

xfMN prq, LrpfMN qrψsy ´ xfprq, Lrpfqrψsy

¯

“ xηMN
r pdy, dvq,LrpfMN prq, fprqqrψspy, vqy

(6.3.6)
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for the linear differential operator Ltpµ, νq, depending on µ, ν P PpQˆ Rdvq, defined by

Ltpµ, νqrψspy, vq

“ Ltpµqrψspy, vq

`

B

νpdx, duq,∇uψpx, uqb1px, y, t, u, vq

ˆ
ż 1

0

9ϕ pp1 ´ λqb1px, t, u, νq ` λb1px, t, u, µqq dλ

˙F

` xνpdx, duq,∆uψpx, uqσ1px, y, t, u, vq2σ0px, t, uq

¨

ˆ
ż 1

0

9ϕ pp1 ´ λqσ1px, t, u, νq ` λσ1px, t, u, µqq dλ

˙F

`

B

νpdx, duq,∆uψpx, uqσ1px, y, t, u, vq
`

ϕpσ1px, t, u, νqq ` ϕpσ1px, t, u, µqq
˘

¨

ˆ
ż 1

0

9ϕ pp1 ´ λqσ1px, t, u, νq ` λσ1px, t, u, µqq dλ

Ḟ

,

(6.3.7)

where we used the shorthand (6.2.5) for b1px, t, u, µq and the analogous terms. Equation

(6.3.6) is justified by direct computation simply by plugging in the expression (6.3.7) for

L pfMN , fq, which is essentially the linearization of LpfMN q ´ Lpfq around f . Combining

(6.3.5) and (6.3.6) we have proved the following.

Proposition 6.3.1. For any ψ P Heα
x H κ1,θ1 the process xηMN

t , ψy is a real valued continuous

semimartingale with decomposition

xηMN
t , ψy “ xηMN

0 , ψy `

ż t

0
xηMN
r ,LrpfMN , fqrψs y dr `MMN

t pψq. (6.3.8)

The next step is to understand the behavior of the martingale term MMN
t pψq in the

M,N Ñ 8 limit. We start by analyzing its quadratic variation. For any φ,ψ P Heα
x H κ1,θ1 ,

from the expressions (6.3.2) and (6.2.2), we compute:

xMMN
t pφq,MMN

t pψqy

“
cMN

2

M

ż t

0

1

MN2

N
ÿ

i,j“1

M
ÿ

k“1

p∇uφpxi, u
ϵ
ikqσpxi, r, u

ϵ
ik, fMN qq

`

∇uψpxj , u
ϵ
jkqσpxj , r, u

ϵ
jk, fMN q

˘

¨

´

ż

Rd

ρpz ` ϵ´1pxi ´ xjqqρpzq dz Cρ

¯

dr

“
cMN

2

M

ż t

0

ż

Q2ˆR2dv

p∇uφpx, uqσpx, r, u, fMN qq

¨ p∇uψpy, vqσpy, r, v, fMN qqRϵpx´ yq df2MN pr, dx, dy, du, dvq dr

“
cMN

2

M

ż t

0

A

p∇uφpx, uqσpx, r, u, fMN qq p∇uψpy, vqσpy, r, v, fMN qqRϵpx´ yq,

df2MN pr, dx, dy, du, dvq

E

dr,

(6.3.9)

where we have defined

Rϵpxq :“ Cρ

ż

Rd

ρpz ` ϵ´1xqρpzq dz.

The expression (6.3.9) and the convergence fMN Ñ f and f2MN Ñ f2,ϵ from Theorem 6.2.11
suggest that the quadratic variation xMMN

t pφq,MMN
t pψqy converges to the deterministic
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finite variation function

gϵt pφ,ψq :“

ż t

0

ż

Q2ˆR2dv

p∇uφpx, uqσpx, r, u, fqq p∇uψpy, vqσpy, r, v, fqq

¨Rϵpx´ yq df2,ϵpr, dx, dy, du, dvq dr

“

ż t

0

xp∇uφpx, uqσpx, r, u, fqq p∇uψpy, vqσpy, r, v, fqqRϵpx´ yq,

df2,ϵpr, dx, dy, du, dvq
D

dr.

(6.3.10)

The next proposition establishes this rigorously.

Proposition 6.3.2. For any φ,ψ P Heα
x H κ2,θ2 , for any T ě 0 we have

lim
M,NÑ8

sup
rPr0,T s

E
„

ˇ

ˇ

ˇ

A

p∇uφpx, uqσpx, r, u, fMN qq p∇uψpy, vqσpy, r, v, fMN qqRϵpx´ yq,

f2MN pr, dx, dy, du, dvq

E

´

A

p∇uφpx, uqσpx, r, u, fqq p∇uψpy, vqσpy, r, v, fqqRϵpx´ yq,

f2,ϵpr, dx, dy, du, dvq

E
ˇ

ˇ

ˇ

ȷ

“0.

In particular we have

lim
M,NÑ8

E

«

sup
tPr0,T s

ˇ

ˇxMMN
t pφq,MMN

t pψqy ´ gϵpφ,ψqptq
ˇ

ˇ

ff

“ 0. (6.3.11)

Given an admissible test function ψ, standard probability theory ensures there exists a

(unique in law) Gaussian martingale Gϵtpψq having the increasing function gϵtpψ,ψq as its

quadratic variation. Proposition 6.3.2 hints that MMN
t pψq converges to the process Gϵtpψq.

In turn, assuming that ηMN
t has some limit ηϵt , the convergence fMN Ñ f suggests that we

pass to the limit in equation (6.3.8) and obtain the following expression

xηϵt , ψy “ xη0, ψy `

ż t

0
xηϵr,Lrpfprq, fprqqrψsy dr `Gϵtpψq. (6.3.12)

The remaining part of this section is devoted to making this argument rigorous. The missing

ingredient is essentially the tightness of the processes involved.

First of all, we pass everything to the level of distributions. We start with the martingale

term. Indeed, it is not hard to see that, for a fixed time t, the association Heα
x H κ1,θ1 Q ψ ÞÑ

MMN
t pψq defines an H´ eα

x H ´κ1,θ1-valued random variable MMN
t . We have the following

result.

Proposition 6.3.3. The process MMN
t is an H´ eα

x H ´κ1,θ1-valued continuous square in-

tegrable martingale. Its quadratic variation is the H´ eα
x H ´κ1,θ1 bH´ eα

x H ´κ1,θ1-valued

process xMMN
t y defined by

xMMN
t ypφ,ψq :“ xMMN

t pφq,MMN
t pψqy.
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For every T ě 0, for a constant C “ CpT, b, σq, we have

sup
M,N

E

«

sup
tPr0,T s

}MMN
t }2

H´ eα
x H ´ κ1,θ1

ff

ď C sup
M,N

cMN
2

M

ˆ

1`sup
xPQ

E
“

|upx, 0q|2 θ1 `2
‰

˙

. (6.3.13)

Next we want to study the fluctuation process ηMN
t P PpQ ˆ Rdvq Ď H´ eα

x H ´κ1,θ1 ,

obtain bounds on its norm and pass (6.3.8) to an equation at the distributional level. This

will be done in two steps, working between the nested spaces He`
α
x H κ2,θ2 Ď Heα

x H κ1,θ1 .

Lemma 6.3.4. For every T ě 0, for a constant C “ CpT, b, σq, we have

sup
MN

sup
tPr0,T s

E
“

}ηMN
t }2H´ eα H ´ κ1,θ1

‰

ď C sup
M,N

ˆ

cMN
2

M
`

cMN
2

N 2α{d

˙ ˆ

1 ` sup
xPQ

E
“

|upx, 0q|4 θ1
‰

˙

. (6.3.14)

Remark 6.3.5. Lemma 6.3.4 implies that, in order to keep the fluctuations bounded in a

suitable distribution space, we have to impose the constraint lim sup
M,NÑ8

ˆ

cMN
2

M
`

cMN
2

N 2α{d

˙

ă 8.

On the other hand, estimate (6.3.13) implies that, in order for the martingale term not to

vanish, which would imply ηMN
¨ Ñ 0 and result in a suboptimal expansion (6.1.8) for the

empirical measure, we have to impose cMN Á
?
M . The requirements on the scaling regime

are therefore cMN »
?
M and lim sup

M,NÑ8

?
MN´α{d ă 8. In fact, we will see that the convergence

of the initial data ηMN
0 further requires lim

M,NÑ8

?
MN´α{d “ 0.

We can make sense of these constraints as follows. As explained in Remark 6.1.1, our

situation essentially corresponds to N classical mean field problems with M particles each,

one for each column of M neurons at location xi, interacting among themselves. The decay

rate
?
M is the usual decay rate for a standard mean field setting withM particles subjected to

independent noise sources W ϵ
kpxi, tq for k “ 1, . . . ,M . Therefore, if we want to see a nontrivial

behavior of the rescaled fluctuations cMNpfMN ´ fq and also to keep these bounded, we have

to choose cMN “
?
M .

However, we have N such mean field clusters interacting with each other and two different

columns at nearby locations xi, xj are initiated with possibly correlated initial data and sense

correlated sources of noise tW ϵ
kpxi, tquk“1...M and tW ϵ

kpxj , tquk“1...M with correlation strength

proportional to |xi ´ xj |
α » N´α{d. The condition lim sup

?
MN´α{d ă 8 serves therefore

to prevent these correlated random clusters from interacting constructively and making the
?
M -rescaled fluctuations yet unbounded.

We can obtain better estimates for the process ηMN
t by exploiting the semimartingale

decomposition (6.3.8). For this, we first need the following lemma on the norm of the operators

Ltpµ, νq defined in (6.3.7).

Lemma 6.3.6. The linear operators LtpfMN , fq and Ltpf, fq define two maps He
x H κ2,θ2 Ñ
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Heα
x H κ1,θ1 and two maps He

x H κ2 `2,θ2 ´2 Ñ Heα
x H κ2,θ2 satisfying the bounds,

sup
tPr0,T s

sup
M,N

ess-sup
ωPΩ

}LtpfMN , fq}Heα
x H κ2,θ2 ,Heα

x H κ1,θ1

` sup
tPr0,T s

}L pf, fq}Heα
x H κ2,θ2 ,Heα

x H κ1,θ1 ď C

ˆ

1 ` sup
xPQ

E
”

|upx, 0q|4`2 θ1
ı

˙1{2

,

sup
tPr0,T s

sup
M,N

ess-sup
ωPΩ

}LtpfMN , fq}Heα
x H κ2 `2,θ2 ´2,Heα

x H κ2,θ2

` sup
tPr0,T s

}L pf, fq}Heα
x H κ2 `2,θ2 ´2,Heα

x H κ2,θ2 ď C

ˆ

1 ` sup
xPQ

E
”

|upx, 0q|4`2 θ1
ı

˙1{2

,

(6.3.15)

for a constant C “ CpT, b, σ, dv, d, αq independent of the event ω P Ω.

Using these bounds, we now obtain a semimartingale expression for ηMN
t in the bigger

space H´ eα
x H ´κ2,θ2 Ě H´ eα

x H ´κ1,θ1 .

Proposition 6.3.7. The process ηMN
t is an H´ eα

x H ´κ2,θ2-valued continuous square inte-

grable semimartingale with decomposition

ηMN
t “ ηMN

0 `

ż t

0
LrpfMN , fq˚rηMN

r s dr `MMN
t , (6.3.16)

where LrpfMN , fq˚ : H´ eα
x H ´κ1,θ1 Ñ H´ eα

x H ´κ2,θ2 is the adjoint operator of LrpfMN , fq.
For every T ě 0, for a constant C “ CpT, b, σ, d, dv, αq, we have

sup
MN

E
„

sup
tPr0,T s

}ηMN
t }2H´ eα H ´ κ2,θ2

ȷ

ď C sup
M,N

ˆ

cMN
2

M
`

cMN
2

N 2α{d

˙ ˆ

1 ` sup
xPQ

E
“

|upx, 0q|4 θ1
‰

˙

. (6.3.17)

In order to pass to the limit in the expression (6.3.16) we exploit the tightness of the

terms involved. This is proved with the previous estimates, the compactness of the embedding

H´ eα
x H ´κ1,θ1 Ď H´ eα

x H ´κ2,θ2 and the Aldous criterion (see e.g. [JM86]).

Proposition 6.3.8. For M,N P N the random variables MMN
t P C

`

r0,8s;H´e`
α

x H ´κ2,θ2
˘

are tight. Furthermore, the random variables ηMN
t P C

`

r0,8s;H´e`
α

x H ´κ2,θ2
˘

are tight along

a scaling regime such that lim sup
M,NÑ8

?
MN

´α{d ă 8.

Next we use Prokhorov’s theorem and the convergence (6.3.11) of the quadratic variation

xMMN
t ypφ,ψq to establish that MMN

t does have a unique limit in C
`

r0, T s;H´ e`
α

x H ´κ2,θ2
˘

.

The first step is to identify uniquely this limit. The following lemma is proved similarly to

estimate (6.3.13).

Lemma 6.3.9. The association Heα
x H κ1,θ1 Q φ,ψ ÞÑ gϵtpφ,ψq defines a deterministic in-

creasing positive definite function gϵt with values in H´ eα
x H ´κ1,θ1 bH´ eα

x H ´κ1,θ1 .

Thus gϵt is an admissible covariation function in H´ eα
x H ´κ1,θ1 and standard probability

theory (see e.g. [DPZ92, Chapter 3]) ensures there exists a unique-in-law H´ eα
x H ´κ1,θ1-

valued Gaussian martingale Gϵt with quadratic variation gϵt .
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The uniform bound (6.3.13), Proposition 6.3.8 and Prokhorov’s theorem imply that, along

subsequences, the process MMN
t converges both in law in C

`

r0, T s;H´ e`
α

x H ´κ2,θ2
˘

and

weakly in the Hilbert space M2
T

`

Heα
x H ´κ1,θ1

˘

of square integrable continuous martingales

to (possibly different) limit martingales. In addition, Proposition 6.3.2 implies that along any

such subsequence we have xMMN
t ypφ,ψq Ñ gϵtpφ,ψq for every φ,ψ P Heα

x H κ2,θ2 . Hence,

along any subsequence, the limit martingale must be Gϵt and a sub-subsequence argument

readily proves that the whole sequence MMN
t is converging to Gϵt. Hence we have proved the

following.

Proposition 6.3.10. We have limM,NÑ8 MMN
t “ Gϵt in law in C

`

r0, T s;H´ e`
α

x H ´κ2,θ2
˘

,

with no constraints on the scaling regime for M,N Ñ 8.

Finally we exploit the tightness of ηMN
t and the convergence fMN Ñ f and MMN

t Ñ Gϵt to

pass to the limit in equation (6.3.16) and show that the fluctuations ηMN
t have a unique limit.

We first establish the convergence of the initial data ηMN
0 . This is obtained with adaptations

of the standard argument for Lévy’s classical central limit theorem.

Lemma 6.3.11. Consider a scaling regime M,N Ñ 8 such that lim
?
MN´α{d “ 0, then we

have

ηMN
0 Ñ η0 in law in H´ e`

α
x H ´κ2,θ2 ,

where η0 „ N p0,Qq is a Gaussian r.v. in H´ eα
x H ´κ1,θ1 with mean zero and covariance

Qpφ,ψq “ E
„

´

ż

Q

φpx, ukpx, 0qq ´ Erφpx, ukpx, 0qqs dx
¯

¨

´

ż

Q

ψpy, ukpy, 0qq ´ Erψpy, ukpy, 0qqs dy
¯

ȷ

“

ż

Q2ˆR2dv

ˆ

φpx, uq´

ż

Rdv

φpx,wqf0px, dwq

˙

¨

ˆ

ψpy, vq´

ż

Rdv

ψpy, wqf0py, dwq

˙

f20 px, y, du, dvq dx dy.

(6.3.18)

In particular η0 is independent of ϵ since f0px, duq “ LawRdv pukpx, 0qq and f20 px, y, du, dvq “

LawR2dv pukpx, 0q, ukpy, 0qq are.

Finally we establish our main result: a central limit theorem for the whole fluctuation

process ηMN
t . Here below, the well-posedness of equation (6.3.19) is guaranteed by classical

stochastic analysis in infinite dimension (see e.g. [DPZ92, Chapter 5]).

Theorem 6.3.12. Consider the Setting 6.2.5. For every ϵ ą 0 fixed, as M,N Ñ 8 with

scaling regime lim
?
MN´α{d “ 0, we have

ηMN
t Ñ ηϵt in law in C

`

r0, T s;H´ e`
α

x H ´κ2,θ2
˘

,

where ηϵ is the unique weak solution in H´ eα
x H ´pκ2 `2q,θ2 ´2 of the Langevin SPDE

ηϵt “ η0 `

ż t

0
Lrpf, fq˚rηϵrs dr `Gϵt. (6.3.19)
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6.4 Proof of the results

Proof of Proposition 6.3.2. By polarization it is sufficient to prove the result when φ “ ψ.
We introduce the following random time dependent probability measures on Q2 ˆ R2dv :

f̄2MN ptq “
1

MN2

N
ÿ

i,j“1

M
ÿ

k“1

δ`
xi,xj ,ūϵ

ikptq,ūϵ
jkptq

˘ and f̄2N ptq “
1

N2

N
ÿ

i,j“1

δpxi,xjq b f2,ϵpxi, xj , t, du, dvq.

We consider the splitting
A

p∇uψpx, uqσpx, r, u, fMN qq p∇uψpy, vqσpy, r, v, fMN qqRϵpx´ yq, df2MN pr, dx, dy, du, dvq

E

´

A

p∇uψpx, uqσpx, r, u, fqq p∇uψpy, vqσpy, r, v, fqqRϵpx´ yq, f2,ϵpr, dx, dy, du, dvq

E

“

A

p∇uψpx, uqσpx, r, u, fMN qq p∇uψpy, vqpσpy, r, v, fMN q ´ σpy, r, v, fqqqRϵpx´ yq, f2MN

E

`

A

p∇uψpx, uqpσpx, r, u, fMN q ´ σpx, r, u, fqqq p∇uψpy, vqσpy, r, v, fqqRϵpx´ yq, f2MN

E

`

A

p∇uψpx, uqσpx, r, u, fqq p∇uψpy, vqσpy, r, v, fqqRϵpx´ yq, f2MN ´ f̄2MN

E

`

A

p∇uψpx, uqσpx, r, u, fqq p∇uψpy, vqσpy, r, v, fqqRϵpx´ yq, f̄2MN ´ f̄2N

E

`

A

p∇uψpx, uqσpx, r, u, fqq p∇uψpy, vqσpy, r, v, fqqRϵpx´ yq, f̄2N ´ f2,ϵ
E

“E1
r ` E2

r ` E3
r ` E4

r ` E5
r .

(6.4.1)

We consider each term Eir separately and we show that they satisfy suprPr0,T s E
“

|Eir|
‰

Ñ 0.
For the first term we compute, for a constant C “ CpT, b, σq,

sup
rPr0,T s

E
“

|E1
r |

‰

ď sup
rPr0,T s

E
„

ż

Q2ˆR2dv

|∇uψpx, uq| |σpx, r, u, fMN q| |∇uψpy, vq|

¨ |σpy, r, v, fMN q ´ σpy, r, v, fqq| |Rϵpx´ yq| df2MN

ȷ

ď C sup
rPr0,T s

E
„

ż

Q2ˆR2dv

}ψ}2Heα
x H κ2,θ2 p1 ` |u|θ2 `1qp1 ` |v|θ2q

`

W1pQˆ Rdv qpfMN , fq
˘α
df2MN

ȷ

ď C }ψ}2Heα
x H κ2,θ2 sup

rPr0,T s

E
„

ż

Q2ˆR2dv

1 ` |u|4 θ2 `2 ` |v|4 θ2 df2MN

ȷ1{2

¨ sup
rPr0,T s

E
”

`

W1pQˆ Rdv qpfMN , fq
˘2

ıα{2

ď C }ψ}2Heα
x H κ2,θ2

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|4 θ2 `2
‰

˙1{2

sup
rPr0,T s

E
”

`

W2pQˆ Rdv qpfMN , fq
˘2

ıα{2

.

(6.4.2)

In the second passage we used the embedding (6.2.13) to bound |∇uψ|, the linear growth

and Lipschitz properties (6.2.9) of σ and the boundedness of Rϵ. The third passage follows

from several application of Hölder’s and Young’s inequality. In the last passage we used the

definition of f2MN and the moment estimates (6.2.18).

Swapping the roles of px, uq and py, vq and of fMN and f in (6.4.2), we obtain an identical

estimate for the second term E2
r . In particular, we notice that the right hand side of (6.4.2)

vanishes as M,N Ñ 8 thanks to Theorem 6.2.11.
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For the third term in (6.4.1) we compute, for a constant C “ CpT, b, σq,

|E3
r | ď

C

MN2

N
ÿ

i,j“1

M
ÿ

k“1

ˆ

|∇uψpxi, u
ϵ
ikq ´ ∇uψpxi, ū

ϵ
ikq|

¨ |σpxi, u
ϵ
ik, r, fq∇uψpxj , u

ϵ
jkσpxj , u

ϵ
jk, r, fq|

` |∇uψpxi, ū
ϵ
ikq||σpxi, u

ϵ
ik, r, fq ´ σpxi, ū

ϵ
ik, r, fq|

¨ |∇uψpxj , u
ϵ
jkqσpxj , u

ϵ
jk, r, fq|

` |∇uψpxi, ū
ϵ
ikq||σpxi, ū

ϵ
ik, r, fq|

¨ |∇uψpxj , u
ϵ
jkq ´ ∇uψpxj , ū

ϵ
jkq||σpxj , u

ϵ
jk, r, fq|

` |∇uψpxi, ū
ϵ
ikq||σpxi, ū

ϵ
ik, r, fq|

¨ |∇uψpxj , ū
ϵ
jkq||σpxj , u

ϵ
jk, r, fq ´ σpxj , ū

ϵ
jk, r, fq|

˙

ď
C

MN2

N
ÿ

i,j“1

M
ÿ

k“1

`

1 ` }ψ}3Heα
x H κ2,θ2

˘

¨
`

1 ` |uϵik| ` |ūϵik| ` |uϵjk| ` |ūϵjk|
˘3 θ2 `1`

|uϵik´ūϵik| ` |uϵjk´ūϵjk|
˘

.

(6.4.3)

In the first passage we unfolded the term E3
r using the definition of f2MN and f̄2MN , and then

we added and subtracted several mixed term. In the second passage we used the Lipschitz

and linear growth properties (6.2.9) of σ, the definition of the operators V 1
px,uq

and V 1,dif
px,uq,py,vq

and the estimates (6.2.16) on their norms, and several applications of Hölder’s and Young’s

inequality.
We now take the expectation and the supremum in time of (6.4.3), and then we apply

the Cauchy–Schwarz inequality and the moment estimates (6.2.18) to obtain, for a constant
C “ CpT, b, σq,

sup
rPr0,T s

E
“

|E3
r |

‰

ďC
`

1 ` }ψ}3Heα
x H κ2,θ2

˘

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|6 θ2 `2
‰1{2

˙

sup
i,k

sup
rPr0,T s

E
“

|uϵikprq ´ ūϵikprq|2
‰1{2

.

The right-hand side of this inequality vanishes in the M,N Ñ 8 limit thanks to Theorem

6.2.8.
For the fourth term in (6.4.1) we compute, for a constant C “ CpT, b, σq,

sup
rPr0,T s

E
“

|E4
r |2

‰

ď C
1

N2

N
ÿ

i,j“1

sup
rPr0,T s

E

«

ˇ

ˇ

ˇ

ˇ

1

M

M
ÿ

k“1

ˆ

p∇uψpx, uqσpx, r, u, fqq p∇uψpy, vqσpy, r, v, fqq

´

ż

R2dv

p∇uψpx, uqσpx, r, u, fqq p∇uψpy, vqσpy, r, v, fqq f2,ϵpr, xi, xj , du, dvq

˙
ˇ

ˇ

ˇ

ˇ

2
ff

ďC}ψ}4Heα
x H κ2,θ2

1

N2M2

N
ÿ

i,j“1

M
ÿ

k“1

sup
rPr0,T s

E
„

1`|ūϵik|4 θ2 `4`|ūϵjk|4 θ2 `4

`

ż

R2dv

|u|4 θ2 `2`|v|4 θ2 `4df2,ϵpr, xi, xjq

ȷ

ď
C

M
}ψ}4Heα

x H κ2,θ2

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|4 θ2 `4
‰

˙

.
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In particular, we note that the last line vanishes in the M,N Ñ 8 limit. In the first

passage we used convexity inequalities. In the second passage we used that for fixed indices

i, j “ 1, . . . , N the couples tpūϵik, ū
ϵ
jkquk“1,...,M are i.i.d. with law f2,ϵpxi, xj , t, du, dvq, so that

only diagonal terms survive when expanding the square of the sum over the index k. In

the third passage we used the definition of the operator V 1
px,uq

and the estimate (6.2.16) on

its norms, the linear growth properties (6.2.9) of σ and several applications of Hölder’s and

Young’s inequality. The last line follows from the moment estimates (6.2.18).

We finally consider the fifth term in (6.4.1), which is deterministic. We start with the
splitting:

E5
r “

N
ÿ

i,j“1

ż

QN
i ˆQN

j

ˆ

Rϵpxi ´ xjq

ż

R2dv

∇uψpxi, uqσpxi, uq∇uψpxj , vqσpxj , vqf2,ϵpr, xi, xj , du, dvq

´Rϵpx´ yq

ż

R2dv

∇uψpx, uqσpx, uq∇uψpy, vqσpy, vqf2,ϵpr, x, y, du, dvq

˙

dx dy

“

N
ÿ

i,j“1

ż

QN
i ˆQN

j

pRϵpxi ´ xjq ´Rϵpx´ yqq

¨

ż

R2dv

∇uψpxi, uqσpxi, uq∇uψpxj , vqσpxj , vqf2,ϵpr, xi, xj , du, dvq dx dy

`

N
ÿ

i,j“1

ż

QN
i ˆQN

j

Rϵpx´ yq

ˆ
ż

R2dv ˆR2dv

∇uψpxi, uqσpxi, uq∇uψpxj , vqσpxj , vq

´ ∇uψpx, uqσpx, uq∇uψpy, vqσpy, vq πrpxi, xj , x, y, du, dv, du
1, dv1q

˙

dx dy

“ E5.1
r ` E5.2

r ,

(6.4.4)

where πrpxi, xj , x, y, du, dv, du1, dv1q denotes an optimal pairing in W2pR2dvq between the

measures f2,ϵpr, xi, xj , du, dvq and f2,ϵpr, x, y, du, dvq, and where we have used the shorthand

σpz, wq “ σpz, r, w, fq.

For the first term in (6.4.4) we compute, for a constant C “ CpT, b, σ, ρq,

ˇ

ˇE5.1
r

ˇ

ˇ ď C
N
ÿ

i,j“1

ż

QN
i ˆQN

j

|Rϵpxi ´ xjq ´Rϵpx´ yq|

¨

ż

R2dv

}ψ}2Heα
x H κ2,θ2

`

1 ` |u|2 θ2 `2 ` |v|2 θ2 `2
˘

f2,ϵpr, xi, xj , du, dvq dx dy

ď C}ψ}2Heα
x H κ2,θ2

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|2 θ2 `2
‰

˙

N´α{dϵ´1.

(6.4.5)

In the first inequality we used the estimate (6.2.16) on V 1
px,uq

, the linear growth (6.2.9) of σ

and several applications of Hölder’s and Young’s inequality. In the second passage we used

the moment estimates (6.2.18), the Lipschitzianity of Rϵ, namely

Rϵpxq ´Rϵpyq “ Cρ

ż

Rd

`

ρ
`

x{ϵ ` z
˘

´ ρ
`

y{ϵ ` z
˘˘

ρpzq dz À min

"

x´ y

ϵ
, 1

*

,

and the fact that diampQNi q » N 1{d and measpQNi q “ 1
N .
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For the second term in (6.4.4) we compute, for a constant C “ CpT, b, σq,

ˇ

ˇE5.2
r

ˇ

ˇď

N
ÿ

i,j“1

ż

QN
i ˆQN

j

dx dy

ż

R4dv

dπrpxi, xj , x, yq

¨

ˆ

|∇uψpxi, uq´∇uψpx, u1q||σpxi, u, r, fq∇uψpxj , vqσpxj , v, r, fq|

` |∇uψpx, u1q||σpxi, u, r, fq ´ σpx, u1, r, fq||∇uψpxj , vqσpxj , v, r, fq|

` |∇uψpx, u1qσpx, u1, r, fq||∇uψpxj , vq ´ ∇uψpy, v1q||σpxj , v, r, fq|

` |∇uψpx, u1qσpx, u1, r, fq∇uψpy, vq||σpxj , v, r, fq ´ σpy, v1, r, fq|

˙

ď C
N
ÿ

i,j“1

ż

QN
i ˆQN

j

dx dy

ż

R4dv

`

}ψ}2Heα
x H κ2,θ2 ` 1

˘`

1 ` |u| ` |v| ` |u1| ` |v1|
˘2 θ2 `2

¨
`

|xi ´ x|α ` |xj ´ y|α ` |u´ u1| ` |v ´ v1|
˘

πrpxi, xj , x, y, du, dv, du
1, dv1q

ď C
`

1 ` }ψ}2Heα
x H κ2,θ2

˘

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|4 θ2 `4
‰

˙1{2

¨

N
ÿ

i,j“1

ż

QN
i ˆQN

j

|xi ´ x|α ` |xj ´ y|α ` W2pR2dv qpf2,ϵpr, xi, xjq, f2,ϵpr, x, yqq dx dy

ď C
`

1 ` }ψ}2Heα
x H κ2,θ2

˘

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|4 θ2 `4
‰

˙

`

N´α{d `N´1{dϵ´1
˘

.

(6.4.6)

In the first line we simply used the boundedness of Rϵ and added and subtracted several

mixed terms. In the second passage we used the Lipschitz and linear growth properties

(6.2.9) of σ, the operators V 1
px,uq

and V 1,dif
px,uq,py,vq

and the estimates (6.2.16) on their norms, and

several applications of Hölder’s and Young’s inequality. In the third passage we used Hölder’s

inequality, the fact that π is an optimal pairing and the moment estimates (6.2.18). In the

last passage we used Proposition 6.2.10 and that diampQNi q » N 1{d and measpQNi q “ 1
N .

Combining (6.4.4), (6.4.5) and (6.4.6), we have that sup
rPr0,T s

|E5
r | Ñ 0 as M,N Ñ 8. This

concludes the proof.

Proof of Proposition 6.3.3. Consider a Hilbert basis tψpupě1 of Heα
x H κ1,θ1 , we compute,

for a constant C “ CpT, b, σq,

sup
M,N

E
„

sup
tPr0,T s

}MMN
t }2

H´ eα
x H ´ κ1,θ1

ȷ

ď sup
M,N

E
„

ÿ

pě1

sup
tPr0,T s

|MMN
t pψpq|2

ȷ

ď C sup
M,N

E
„

ÿ

pě1

xMMN
T pψpqy

ȷ

ď C sup
M,N

C2
MN

M

1

MN2

M
ÿ

k“1

N
ÿ

i,j“1

ż T

0

E
„

ÿ

pě1

|∇uψppxi, u
ϵ
ikq|2|σpxi, u

ϵ
ik, r, fMN q|2

ȷ

dr Rϵpxi ´ xjq

ď C sup
M,N

C2
MN

M

1

MN

M
ÿ

k“1

N
ÿ

i“1

ż T

0

1 ` E
“

|uϵik|2 θ1 `2
‰

dr

ď C sup
M,N

C2
MN

M

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|2 θ1 `2
‰

˙

.

(6.4.7)
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In the first passage we simply used Parseval identity and in the second passage we used the

Burkholder-Davis-Gundy inequality. In the third passage we used the definition (6.3.9) of the

quadratic variation and the Cauchy–Schwarz inequality. In the fourth passage we used the

Parseval identity

}V 1
xi,uϵik

}H´ eα
x H ´ κ1,θ1 “

ÿ

pě1

|∇uψppxi, u
ϵ
ikq|2

together with the estimates (6.2.16), the sublinear growth (6.2.9) of σ and the boundedness

of Rϵ. In the last passage we used the uniform moment estimates (6.2.18).

We now show the continuity of the trajectories. By (6.4.7) and Chebyshev’s inequality we

find a subset of full probability Ω0 Ă Ω such that

@ω P Ω0 @M,N P N @δ ą 0 DK “ KpM,N,ω, δq s.t.
ÿ

pěK

sup
tPr0,T s

|MMN
t pψpqpωq|2 ă δ, (6.4.8)

and such that r ÞÑ MMN
r pψpqpωq is continuous for each p P N. Now for any ω P Ω0 and any

s, t P r0, T s, we compute

}MMN
t ´MMN

s }H´ eα
x H ´ κ1,θ1 “

ÿ

pě1

|MMN
t pψpq ´MMN

s pψpq|2

ď

K´1
ÿ

p“1

|MMN
t pψpq ´MMN

s pψpq|2 ` 2
ÿ

pěK

sup
rPr0,T s

|MMN
r pψpq|2

ď

K´1
ÿ

p“1

|MMN
t pψpq ´MMN

s pψpq|2 ` 2δ.

(6.4.9)

Continuity follows since r ÞÑ MMN
r pψpq is continuous for each p P N and ω P Ω0.

Proof of Proposition 6.3.4. We start with the splitting

ηMN
t “ cMNpfMN ´ f̄MN q ` cMNpf̄MN ´ f̄N q ` cMNpf̄N ´ fq,

for the measures

f̄MN pt, dx, duq :“
1

MN

N
ÿ

j“1

M
ÿ

k“1

δpxj ,ūϵjkq and f̄N pt, dx, duq :“
1

N

N
ÿ

j“1

δxj b fpt, xj , duq.

For a Hilbert basis of tψpupě1 of Heα
x H κ1,θ1 , Parseval identity and convexity inequalities

yield, for a numeric constant C,

}ηMN
t }Heα

x H κ1,θ1 ď C
ÿ

pě1

xcMNpfMN ´ f̄MN q, ψpy2

` xcMNpf̄MN ´ f̄N q, ψpy2 ` xcMNpf̄N ´ fq, ψpy2.

(6.4.10)

We handle each sum in (6.4.10) separately. The result will follow from (6.4.10) and
estimates (6.4.11), (6.4.12) and (6.4.13) below. For the first one we compute, for a constant
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C “ CpT, b, σq,

E
„

ÿ

pě1

xcMNpfMN ´ f̄MN q, ψpy2
ȷ

ď C
cMN

2

MN

N
ÿ

i“1

M
ÿ

k“1

E
„

ÿ

pě1

|ψppxi, u
ϵ
ikq ´ ψppxi, ū

ϵ
ikq|2

ȷ

ď C
cMN

2

MN

N
ÿ

i“1

M
ÿ

k“1

E
„

}V 0,dif
pxi,uϵ

ikq,pxi,ūϵ
ikq

}2
H´ eα

x H ´ κ1,θ1

ȷ

ď C
cMN

2

MN

N
ÿ

i“1

M
ÿ

k“1

E
“

|uϵik ´ ūϵik|4
‰1{2E

“

1 ` |uϵik|4 θ1 ` |ūϵik|4 θ1
‰1{2

ď C cMN
2

ˆ

1
?
M

`
1

Nα{d

˙2 ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|4 θ1
‰1{2

˙

.

(6.4.11)

In the first passage we used the definition of fMN and f̄MN and convexity properties. In the

second passage we used the definition (6.2.15) of V 0,dif
pxi,uϵikq,pxi,ūϵikq

and Parseval identity. In the

third passage we exploited the estimate (6.2.16) on its norm and used the Cauchy–Schwarz

inequality. Finally in the last passage we used the error estimates (6.2.19) and the moment

estimates (6.2.18).

We now consider the second term in (6.4.10). For a constant C “ CpT, b, σq, we compute

E
„

ÿ

pě1

xcMNpf̄MN ´ f̄N q, ψpy2
ȷ

ď C
cMN

N

N
ÿ

i“1

1

M2
E

„

ÿ

pě1

ˇ

ˇ

ˇ

ˇ

M
ÿ

k“1

ψppxi, ū
ϵ
ikq ´

ż

Rdv

ψppxi, vqfpxi, t, dvq

ˇ

ˇ

ˇ

ˇ

2ȷ

ď C
cMN

2

N

N
ÿ

i“1

1

M
E

„

ÿ

pě1

ˇ

ˇ

ˇ

ˇ

ψppxi, ū
ϵ
ikq ´

ż

Rdv

ψppxi, vqfpxi, t, dvq

ˇ

ˇ

ˇ

ˇ

2ȷ

ď C
cMN

2

M

1

N

N
ÿ

i“1

E
“

ÿ

pě1

ˇ

ˇψppxi, ū
ϵ
ikq

ˇ

ˇ

2‰

ď C
cMN

2

M

1

N

N
ÿ

i“1

E
“

}V 0
xi,ūϵ

ik
}2
H´ eα

x H ´ κ1,θ1

‰

ď C
cMN

2

M

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|2 θ1
‰

˙

.

(6.4.12)

In the first passage we used the definition of f̄MN and f̄N and convexity. In the second

passage we used that for each fixed i “ 1, . . . , N the particles tūϵikuk“1,...,M are i.i.d. with

law fpxi, t, dvq, so that only diagonal terms survive when expanding the square of the sum

over the index k. In the third passage we used pa ´ bq2 ď 2a2 ` 2b2, Hölder’s inequality and

again that the ūϵik are i.i.d. with law fpxi, t, dvq. In the fourth passage we used the definition

(6.2.15) of V 0
xi,ūϵik

and Parseval identity. In the fifth passage we exploited the estimate (6.2.16)

on its norm and the moment estimates (6.2.18).

Finally we consider the third term in (6.4.10). For every x, y P Q, let πtpxi, y, du, dvq de-
note an optimal pairing between fpx, t, uq and fpy, t, vq for the Wasserstein distance W4pRdvq.
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For this deterministic term we compute, for a constant C “ CpT, b, σq,

ÿ

pě1

xcMNpf̄N ´ fq, ψpy2

“
ÿ

pě1

cMN
2

ˆ N
ÿ

i“1

ż

QN
i

ż

R2dv

ψppxi, uq ´ ψppy, vqπtpxi, y, du, dvq dy

˙2

ď C cMN
2

N
ÿ

i“1

ż

QN
i

ż

R2dv

ÿ

pě1

|ψppxi, uq ´ ψppy, vq|
2
πtpxi, y, du, dvq dy

ď C cMN
2

N
ÿ

i“1

ż

QN
i

ż

R2dv

p1 ` |u| ` |v|q2 θ1p|xi ´ y|2α ` |u´ v|2qπtpxi, y, du, dvq dy

ď C cMN
2

N
ÿ

i“1

ż

QN
i

ˆ
ż

Rdv

1 ` |u|4 θ1 ` |v|4 θ1πtpxi, y, du, dvq

˙1{2

¨

´

|xi ´ y|4α ` W4pRdv qpfpxi, t, duq, fpy, t, dvqq

¯1{2

dy

ď C cMN
2

´

1 ` sup
xPQ

E
“

|ukpx, 0q|4 θ1
‰1{2

¯

N´2α{d.

(6.4.13)

In the first passage we simply used the definitions of f̄N , f and πtpxi, yq and that measpQNi q “

1{N. In the second passage we used Parseval identity for the quantity }V 0,dif
pxi,uq,py,vq

}2
H´ eα

x H ´ κ1,θ1

and estimate (6.2.16). In the third inequality we used Hölder’s inequality and the choice of

πt. In the last passage we used Proposition 6.2.10, the moment estimates (6.2.18) and the

fact that diampQNi q » N´1{d.

Proof of Proposition 6.3.6. We prove the first bound in (6.3.15), the other bounds are

proved almost identically. To streamline the proof, we consider two prototypical terms in

the expression (6.3.7) for the operator L pfMN , fq, namely the second and the fourth. The

remaining terms are treated analogously, and are simpler since they involve less derivatives

in px, uq or py, vq and less ‘unbounded products’ of terms involving b, σ and ψ.

For the second term in (6.3.7), using the linear growth properties (6.2.9) of the coefficient

σ and its derivative, we compute, for a constant C “ CpT, σ, d, dvq,

›

›∆vψpy, vqσpy, v, t, fMN q2
›

›

2

Heα
x H κ1,θ1

:“
eα
ÿ

j“0

κ1
ÿ

h“0

ż

Q

ż

Rdv

ˇ

ˇDj
yD

h
v

`

∆v ψσ
2
˘
ˇ

ˇ

2
p1 ` |v|q´2 θ1dy dv

ď C

ż

Q

ż

Rdv

ˆ eα
ÿ

j“0

κ1
ÿ

h“0

ˇ

ˇ

ˇ
Dj
yD

h`2
v ψ

ˇ

ˇ

ˇ

2
˙ˆ eα

ÿ

j“0

κ1
ÿ

h“0

ˇ

ˇ

ˇ
Dj
yD

h
vσ

2
ˇ

ˇ

ˇ

2
˙

p1 ` |v|q´2 θ1dy dv

ď C
eα
ÿ

j“0

κ1 `2
ÿ

h“0

ż

Q

ż

Rdv

ˇ

ˇ

ˇ
Dj
yD

h
vψ

ˇ

ˇ

ˇ

2
p1 ` |v|q´2pθ1 ´2qdv dy

“: C}ψ}Heα
x H κ1 `2,θ1 ´2 ď C}ψ}Heα

x H κ2,θ2 .
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Similarly for the fourth term in (6.3.7), we compute, for a constant C “ CpT, σ, dv, dq,
›

›

›

›

ż

QˆRdv

∆uψpx, uqσ1px, y, t, u, vq2σ0px, t, uq

¨

´

ż 1

0

9ϕ
`

p1 ´ λqσ1px, t, u, fq ` λσ1px, t, u, fMN q
˘

dλ
¯

fpt, dx, duq

›

›

›

›

2

Heα
x H κ1,θ1

ď C
eα
ÿ

j“0

κ1
ÿ

h“0

ż

QˆRdv

ż

QˆRdv

|∆uψpx, uq|2|Dj
yD

h
vσ1px, y, t, u, vq|2

¨ |σ0px, t, uq|2| 9ϕ|28p1 ` |v|q´2 θ1fpt, dx, duq dy dv

ď C

ż

QˆRdv

ż

QˆRdv

}ψ}2Heα
x H κ2,θ2 p1 ` |u|q4`2 θ2p1 ` |v|q2´2 θ1fpt, dx, duq dy dv

ď C }ψ}2Heα
x H κ2,θ2

´

1 ` sup
xPQ

E
“

|ukpx, 0q|4`2 θ2
‰

¯

.

In the first passage we simply used the definition of the norm } ¨ }Heα
x H κ1,θ1 , differentiated

under the integral sign and applied Hölder’s inequality. In the second passage we used the

boundedness of 9ϕ, the linear growth assumptions (6.2.7)-(6.2.8) on σ0 and σ1 and the embed-

ding (6.2.13) to bound ∆uψ. In the last passage, the integral in the variable v is finite since

2pθ1 ´1q ą dv and we applied the moment estimates (6.2.18) in the u variable.

Proof of Proposition 6.3.7. We already know that ηMN
t takes values in H´ eα H ´ κ1,θ1 Ď

H´ eα
x H ´ κ2,θ2 and that for every ψ P Heα

x H κ1,θ1 the process xηMN
t , ψy is a real coninuous

semimartingale with decomposition (6.3.12). We are left with showing the bound (6.3.17)
and the continuity of the trajectories in H´ eα

x H ´κ2,θ2 . The decomposition (6.3.16) at the
distribution level then follows immediately from the decomposition (6.3.12) and from the
estimate (6.3.15), which implies that the integral in (6.3.16) is well-defined. For the bound
(6.3.17), we consider a Hilbert basis tψpupě1 of Heα

x H κ2,θ2 . For any M,N P N we compute,
for a constant C “ CpT, b, σ, dv, dq,

E
„

sup
tPr0,T s

}ηMN
t }2

H´ eα
x H ´ κ2,θ2

ȷ

ď E
„

ÿ

pě1

sup
tPr0,T s

|xηMN
t , ψpy|2

ȷ

ď C

ˆ

E
”

}ηMN
0 }2

H´ eα
x H ´ κ2,θ2

ı

` E
”

}MMN
T }2

H´ eα
x H ´ κ2,θ2

ı

`

ż T

0

E
”

}LrpfMN , fq˚rηMN
r s}2

H´ eα
x H ´ κ2,θ2

ı

dr

˙

ď C

ˆ

E
”

}ηMN
0 }2

H´ eα
x H ´ κ1,θ1

ı

` E
”

}MMN
T }2

H´ eα
x H ´ κ1,θ1

ı

` sup
rPr0,T s

ess-sup
ω

}LrpfMN , fq˚}H´ eα
x H ´ κ1,θ1 ,H´ eα

x H ´ κ2,θ2 sup
rPr0,T s

E
“

}ηMN
r }2

H´ eα
x H ´ κ1,θ1

‰

˙

ď C sup
M,N

ˆ

cMN
2

M
`

cMN
2

N 2α{d

˙ ˆ

1 ` sup
xPQ

E
”

|upx, 0q|4 θ1
ı

˙

.

(6.4.14)

In the first passage we used Parseval identity. In the second passage we exploited the decomposition

(6.3.12) for each ψp, convexity and Hölder’s inequality, and again several applications of the Parseval

identity. In the last passage we simply inserted the estimates (6.3.13), (6.3.14) and (6.3.15).
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The continuity of the trajectories in He
x H ´ κ2,θ2 now follows from (6.4.14) using the exact same

argument as in(6.4.8)-(6.4.9), with ηMN
t and He

x H ´ κ2,θ2 replacing MMN
t and He

x H ´ κ1,θ1 .

Proof of Proposition 6.3.8. We first take care of the martingale term. Thanks to the

Ascoli–Arzelà criterion for compactness, we have to show that MMN
t satisfies the following

conditions.

(C1) For every t in a dense subset of R` the laws of the r.v. MMN
t are tight inH´ e`

α
x H ´κ2,θ2 .

(C2) For every T ě 0 and every β, λ ą 0, there exists δ ą 0 such that

lim sup
M,NÑ8

P
ˆ

sup
t,sPr0,T s, |t´s|ďδ

}MMN
t ´MMN

s }
H

´ e`
α

x H ´ κ2,θ2
ą β

˙

ă λ.

Condition (C1) is readily verified. Indeed, the compact embedding H´e
x H ´κ1,θ1 ããÑ

H´ e`
α H ´ κ2,θ2

x , which follows from (6.2.14), ensures that balls of H´e
x H ´κ1,θ1 are compact

in H´ e`
α H ´ κ2,θ2

x . In turn, the uniform estimate (6.3.13) and Chebyshev’s inequality yield, for
C “ CpT, b, σq,

sup
M,N

P
´

}MMN
t }H´ eα

x H ´ κ1,θ1 ě R
¯

ď
C

R2
sup
M,N

E
„

sup
tPr0,T s

}MMN
t }2

H´ eα
x H ´ κ1,θ1

ȷ

ď
C

R2
sup
M,N

cMN
2

M
.

Condition (C2) is verified using the well-known Aldous criterion (see e.g. [JM86, Theorem

2.2.2]). In our context, it establishes that condition (C2) is implied by the following condition.

(A) For every T ě 0 and every β, λ ą 0, there exist δ ą 0 and K P N such that, for every

sequence τMN of Ft-stopping times satisfying τMN ď T almost surely, we have

sup
M,NěK

sup
θďδ

P
´

}MMN
τMN`θ ´MMN

τMN
}
H

´ e`
α

x H ´ κ2,θ2
ą β

¯

ă λ.

Condition (A) follows immediately from the next inequality. Let tψpupě1 be a Hilbert basis
of Heα

x H κ2,θ2 . We compute, for a constant C “ CpT, b, σ, dv, dq,

P
´

}MMN
τMN`θ ´MMN

τMN
}
H

´ e
`
α

x H ´ κ2,θ2
ą β

¯

ď
1

β2
E

„

ÿ

pě1

ˇ

ˇMMN
τMN`θpψpq ´MMN

τMN
pψpq

ˇ

ˇ

2
ȷ

ď
C

β2

cMN
2

M
E

„

ÿ

pě1

ż τMN`θ

τMN

ż

Q2ˆR2dv

`

|∇uψppx, uq|2 ` |∇vψppy, vq|2
˘

¨ p1 ` |u|qp1 ` |v|q f2MN pr, dx, dy, du, dvq dr

ȷ

ď
C

β2

cMN
2

M
E

„

δ sup
rPr0,T s

ż

Q2ˆR2dv

1 ` |u|2 θ2 `2 ` |v|2 θ2 `2 f2MN pr, dx, dy, du, dvq

ȷ

ď
δ

β2
C sup

M,N

cMN
2

M

´

1 ` sup
xPQ

E
“

|ukpx, 0q|2 θ2 `2
‰

¯

.

In the first line we used Parseval identity and Chebyshev’s inequality. In the second line we

used the Burkholder-Davis-Gundy inequality and the expression (6.3.9) for the quadratic vari-

ation, and then the Cauchy–Schwarz inequality, the linear growth (6.2.9) of σ and the bound-

edness of Rϵ. In the third passage we used Parseval identity for the norm }V 1
x,u}H´ eα

x H ´ κ2,θ2
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and the bound (6.2.16) and Young’s and Hölder’s inequality. In the last passage we used the

definition of f2MN and the moment estimates (6.2.18).

We now prove the tightness of the fluctuations ηMN
t . For this, we prove that each term

of the semimartingale decomposition (6.3.16) is tight. We have just proved that the term
MMN
t is tight in Cpr0,8q;H´ e`

α
x H ´κ2,θ2

˘

. Furthermore, as in (6.4.8), condition (C1) holds
for ηMN

t thanks to the compact embedding H´e
x H ´κ1,θ1 ããÑ H´ e`

α H ´ κ2,θ2

x and to estimate
(6.3.14). In particular, condition (C1) holds for ηMN

0 and in turn also for the integral term in
(6.3.16). Since the initial data is independent of time, condition (C2) is automatically satisfied
and ηMN

0 is tight. To conclude, we just have to show that the integral term in (6.3.16) satisfies
condition (C2). For this we compute, for a constant C “ CpT, b, σq,

P
ˆ

sup
|s´t|ďδ

›

›

›

ż t

s

LrpfMN , fq˚rηMN
r s dr

›

›

›

H
´ e

`
α

x H ´ κ2,θ2
ą β

˙

ď P
ˆ

sup
|s´t|ďδ

ż t

s

}LrpfMN , fq}Heα
x H κ2,θ2 ,Heα

x H κ1,θ1 }ηMN
r }H´ eα

x H ´ κ1,θ1dr ą β

˙

ď P
ˆ

δ
1{2 sup

tPr0,T s

ess-sup
ωPΩ

}LtpfMN , fq}Heα
x H κ2,θ2 ,Heα

x H κ1,θ1

´

ż T

0

}ηMN
r }2

H´ eα
x H ´ κ1,θ1

dr
¯1{2

ą β

˙

ď
δ

β2
sup

tPr0,T s

ess-sup
ωPΩ

}LtpfMN , fq}2Heα
x H κ2,θ2 ,Heα

x H κ1,θ1E
”

ż T

0

}ηMN
r }2

H´ eα
x H ´ κ1,θ1

dr
ı

ď
δ

β2
sup
MN

ˆ

sup
tPr0,T s

ess-sup
ωPΩ

}LtpfMN , fq}2Heα
x H κ2,θ2 ,Heα

x H κ1,θ1T sup
rPr0,T s

E
„

}ηMN
r }2H´ eα H ´ κ1,θ1

ȷ˙

.

Now condition (C2) follows by using the estimates (6.3.15) and (6.3.14) and choosing δ

suitably small.

Proof of Proposition 6.3.11. By Proposition 6.3.8 we know that ηMN
0 “ cMNpfMN p0q ´

fp0qq is tight in H´ e`
α

x H ´κ2,θ2 . For any ψ P Heα
x H κ2,θ2 , we consider the splitting

xηMN
0 , ψy “ cMN

ˆ

1

MN

N
ÿ

i“1

M
ÿ

k“1

ψpxi, ukpxi, 0qq ´

ż

Q

ż

Rdv

ψpx, vq f0px, dvq

˙

“
cMN

M

M
ÿ

k“1

ˆ

1

N

N
ÿ

i“1

ψpxi, ukpxi, 0qq ´

ż

Rdv

ψpxi, vq f0pxi, dvq

˙

` cMN

N
ÿ

i“1

ż

QN
i

ˆ
ż

Rdv

ψpxi, vq f0pxi, dvq ´

ż

Rdv

ψpx, vq f0px, dvq

˙

dx

“Y1 ` Y2.

(6.4.15)

We claim that Y2 Ñ 0 as M,N Ñ 8 along the scaling cMNN
´α{d Ñ 0. Indeed we

compute, for πpxi, x, du, dvq an optimal pairing in W2pRdvq between f0pxi, duq and f0px, dvq,
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for a constant C “ Cpf0q,

|Y2| ď cMN

N
ÿ

i“1

ż

QN
i

ż

R2dv

|ψpxi, uq ´ ψpx, vq|πpxi, x, du, dvq dx

ď C}ψ}
H

e
`
α

x H κ2,θ2
cMN

N
ÿ

i“1

ż

QN
i

ż

R2dv

p1 ` |u| ` |v|qθ2p|xi ´ x|α ` |u´ v|qπpxi, x, du, dvq dx

ď C}ψ}
H

e
`
α

x H κ2,θ2

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|2 θ2
‰

˙1{2

¨ cMN

N
ÿ

i“1

ż

QN
i

|xi ´ x|α ` W2pRdv qpf0pxiq, f0pxqq dx

ď C}ψ}
H

e
`
α

x H κ2,θ2

ˆ

1 ` sup
xPQ

E
“

|ukpx, 0q|2 θ2
‰

˙1{2

cMNN
´α{d.

(6.4.16)

In the second passage we used the estimate (6.2.16) on the operator V 0,dif
pxi,uq,px,vq

. In the third

passage we used Hölder’s inequality, the definition of π and the moment estimates (6.2.18).

In the last passage we used the Hölder continuity of f0 and that diampQNi q » N´1{d and

measpQNi q “ 1
N .

We now consider the first term in (6.4.15). We claim that its characteristic function

satisfies

lim
M,NÑ8

ErexppitY1qs “ e´ t2

2
Qpψ,ψq. (6.4.17)

Combining this with (6.4.15) and (6.4.16) implies that, along a scaling regime such that
?
MN´α{d Ñ 0,

xηMN
0 , ψy Ñ N

`

0,Qpψ,ψq
˘

in law for every ψ P Heα
x H κ2,θ2 .

Hence, using the tightness of ηMN
0 in H´ e`

α
x H ´κ2,θ2 , we conclude that

ηMN
0 Ñ N

`

0,Q
˘

in law in H´ e`
α

x H ´κ2,θ2 .

We prove (6.4.17). Recalling that the collections tukpxi, 0qui“1,...,N are i.i.d. for k “

1, . . . ,M , we compute

ErexppitY1qs “

ˆ

E
„

it
?
M

1

N

N
ÿ

i“1

ψpxi, ukpxi, 0qq ´

ż

Rdv

ψpxi, vq f0pxi, dvq

ȷ˙M

“ exp

ˆ

´
t2

2
E

”
´

1
N

řN
i“1 ψpxi, ukpxi, 0qq ´

ş

Rdv
ψpxi, vq f0pxi, dvq

¯2ı

`O
`

M´1{2
˘

˙

,

where the expression O
`

M´1{2
˘

depends on ψ and pukpx, 0qqxPQ, but is uniform in N P N
since

ˇ

ˇ

ˇ

1

N

N
ÿ

i“1

ψpxi, ukpxi, 0qq ´

ż

Rdv

ψpxi, vq f0pxi, dvq

ˇ

ˇ

ˇ

p

ď sup
xPQ

ˇ

ˇ

ˇ
ψpx, ukpxi, 0qq ´

ż

Rdv

ψpx, vq f0px, dvq

ˇ

ˇ

ˇ

p

@p ě 1.

Therefore formula (6.4.17) will follow if we prove that

lim
NÑ8

E
„

´

1
N

řN
i“1 ψpxi, ukpxi, 0qq ´

ş

Rdv ψpxi, vq f0pxi, dvq

¯2
ȷ

“ E
„

´

ş

Q ψpx, ukpx, 0qq ´
ş

Rdv ψpx, vq f0px, dvq dx
¯2

ȷ

“ Qpψ,ψq.
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This follows from the next inequality. For πpxi, x, du, dvq an optimal pairing in W2pRdvq

between f0pxi, duq and f0px, dvq, for a constant C “ Cpf0, d, dvq, we compute

E
„

ˇ

ˇ

ˇ

1

N

N
ÿ

i“1

´

ψpxi, ukpxi, 0qq ´

ż

Rdv

ψpxi, vq f0pxi, dvq

¯

´

´

ż

Q

ψpx, ukpx, 0qq ´

ż

Rdv

ψpx, vq f0px, dvq dx
¯

ˇ

ˇ

ˇ

2
ȷ

ď

N
ÿ

i“1

ż

QN
i

dx E
„

ˇ

ˇ

ˇ
V 0,dif

pxi,ukpxi,0qq,px,ukpx,0qq
pψq `

ż

R2dv

V 0,dif
pxi,ukpxi,0qq,px,ukpx,0qq

pψq πpxi, x, du, dvq

ˇ

ˇ

ˇ

2
ȷ

ď C}ψ}Heα
x H κ2,θ2

´

1 ` sup
xPQ

E
“

|ukpx, 0q|2 θ2
‰1{2

¯

¨

N
ÿ

i“1

ż

QN
i

|xi ´ x|α ` E
“

|ukpxi, 0q ´ ukpx, 0q|2
‰1{2

` W2pRdv qpf0pxiq, f0pxqq dx

ď C}ψ}Heα
x H κ2,θ2

´

1 ` sup
xPQ

E
“

|ukpx, 0q|2 θ2
‰1{2

¯

N´α{d.

The first inequality follows from convexity. In the second passage we first used the estimate

(6.2.16) on the operators V 0,dif and then used Hölder’s inequality, the definition of π and

the moment estimates (6.2.18). In the last passage we used the Hölder continuity of f0 P

CαpQ;P2pRdvq and ukp¨, 0q P CpQ;L2pΩqq, and that diampQNi q » N´1{d and measpQNi q “

1
N .

Proof of Theorem 6.3.12. By Proposition 6.3.8 the fluctuations ηMN
t form a tight sequence

in Cpr0, T s;H
´ e`

α
x H ´ κ2,θ2q. Consider any subsequence pMk, Nkq, which we relabel pM,Nq,

such that ηMN
t is converging in law to some limit element η8

t . By Theorem 6.2.11 and
Proposition 6.3.10 and 6.3.11, the sequences ηMN

0 , ηMN
t , MMN

t , fMN and f2MN are converging
in law to η0, η8

t , Gϵt, f and f2,ϵ in the space

X “H
´ e`

α
x H ´ κ2,θ2 ˆC

`

r0, T s;H
´ e`

α
x H ´ κ2,θ2

˘2

ˆ C
`

r0, T s;P2pQˆ Rdv q
˘

ˆ C
`

r0, T s;P2pQ2 ˆ R2dv q
˘

.

Using Skorokhod’s representation theorem, we find another probability space Ω̃ and random

sequences and limit elements supported in there such that

pη̃MN
0 , η̃MN

t , M̃MN
t , f̃MN , f̃

2
MN q Ñ pη̃0, η̃

8
t , G̃

ϵ
t, f, f

2,ϵq in X, almost surely in Ω̃, (6.4.18)

and such that each term has the same law as the corresponding term supported in Ω. In

particular, η̃0 is a Gaussian r.v. with mean zero and covariance Q given in (6.3.18), G̃ϵt is a

Gaussian process with mean zero and covariance function gϵt given in (6.3.10) and f , f2,ϵ are

the previous deterministic measures.

Fatou’s lemma and estimate (6.3.17) yield E
”

suprPr0,T s }η̃ϵr}
2

H
´ e`

α
x H ´ κ2,θ2

ı

ă 8. In par-

ticular, thanks to (6.3.15), the integral
şt
0 Lrpf, fq˚η̃ϵr dr is well-defined. Furthermore, we still

have the equation, written in weak form for ψ P He`
α H κ2 `2,θ2 ´2, for every t P r0, T s, almost

surely in Ω̃,

xη̃MN
t , ψy ´

ż t

0
xη̃MN
r ,Lrpf̃MN , fqrψs y dr “ xη̃MN

0 , ψy ` xM̃MN
t , ψy. (6.4.19)
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We claim that, along sub-subsequences, equation (6.4.19) passes to the limit M,N Ñ 8 and

converges to

η̃ϵt ´

ż t

0
Lrpf, fq˚rη̃ϵrs dr “ η̃ϵ0 ` G̃ϵt. (6.4.20)

That is, it converges to the Langevin SPDE (6.3.19) written in Ω̃.

Assume the claim (6.4.19)-(6.4.20). It follows that η̃ϵt must be the unique-in-law weak solu-

tion in Cpr0, T s;H´ e`
α

x H ´pκ2 `2q,θ2 ´2q of the Langevin SPDE (6.4.20). Since by construction

η8
t and η̃ϵt have the same law in Cpr0, T s;H´ e`

α
x H ´κ2,θ2q and since ηMN

t Ñ η8
t in law, we

conclude that along the initial subsequence ηMN
t is converging in law to the solution of the

SPDE (6.3.19). Since the converging subsequence pMk, Nkq was arbitrary, we conclude that

the whole sequence ηMN
t is converging to the solution of (6.3.19) and the theorem is proved.

We now prove the claim (6.4.19)-(6.4.20). By (6.4.18) we know that η̃MN
0 Ñ η̃0 and

M̃MN
t Ñ G̃ϵt almost surely. Hence the right-hand side of (6.4.19) does converge to the right-

hand side of (6.4.20).

We consider the left-hand side of the equations (6.4.19)-(6.4.20). Thanks to estimate

(6.3.15), for every ψ P He`
α
x H κ2 `2,θ2 ´2 and t P r0, T s, we have a continuous map

F tψ : Cpr0, T s;H´ e`
α

x H ´κ2,θ2q Ñ R | F tψpζq “ xζ, ψy ´

ż t

0
xζ,Lrpf, fqrψs y dr.

Since we know that η̃MN
¨ Ñ η̃ϵ¨ almost surely in Cpr0, T s;H´ e`

α
x H ´κ2,θ2q and F tψ is contin-

uous, we obtain that F tψpη̃MN
¨ q Ñ F tψpη̃ϵ¨ q almost surely. Hence the claim is proved upon

showing that, almost surely along sub-subsequences,

ż t

0
xη̃MN
r ,Lrpf̃MN , fqrψs y dr ´

ż t

0
xη̃MN
r ,Lrpf, fqrψs y dr Ñ 0.

For this, we compute

E

«

ˇ

ˇ

ˇ

ˇ

ż t

0

xη̃MN
r ,Lrpf̃MN , fqrψs y dr ´

ż t

0

xη̃MN
r ,Lrpf, fqrψs y dr

ˇ

ˇ

ˇ

ˇ

ff

ď E
„

sup
rPr0,T s

}ηMN
r }2

H´ eα
x H ´ κ2,θ2

ȷ1{2 ż t

0

E
”

›

›pLrpfMN , fq ´ Lrpf, fqqrψs
›

›

2

Heα
x H κ2,θ2

ı1{2

dr,

(6.4.21)

where we can drop the ˜̈ symbols and go back to working in Ω because of the equality in

law. The first term on the right-hand side of (6.4.21) is bounded uniformly in M,N by the

estimates (6.3.17) and we finally show that integrand in the second term vanishes uniformly

in time as M,N Ñ 8.

This fact is proved almost identically to Lemma 6.3.6. We show how to handle one
of the terms in

›

›pLrpf̃MN , fq ´ Lrpf, fqqrψs
›

›

2

Heα
x H κ2,θ2

, the others are treated analogously.
Namely, for the difference of the second terms in the expression (6.3.7) for LrpfMN , fq and
Lrpf, fq, using the linear growth and Lipschitz properties (6.2.9), we compute, for a constant
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C “ pT, b, σ, d, dvq,

E
”

›

›∆vψpy, vqσpy, v, t, fMN q2 ´ ∆vψpy, vqσpy, v, t, fq2
›

›

2

Heα
x H κ2,θ2

ı

ď CE
„

ż

Q

ż

Rdv

ˆ eα
ÿ

j“0

κ2
ÿ

h“0

ˇ

ˇDj
yD

h`2
v ψ

ˇ

ˇ

2
˙

¨

ˆ eα
ÿ

j“0

κ2
ÿ

h“0

ˇ

ˇDj
yD

h
v pσpy, v, t, fMN q2 ´ σpy, v, t, fqq2

ˇ

ˇ

2
˙

p1 ` |v|q´2 θ2dy dv

ȷ

ď CE
„

ż

Q

ż

Rdv

ˆ eα
ÿ

j“0

κ2
ÿ

h“0

ˇ

ˇDj
yD

h`2
v ψ

ˇ

ˇ

2
˙

`

W1pQˆ Rdv qpfMN ptq, fptqq
˘2

p1 ` |v|q2´2 θ2dy dv

ȷ

ď C}ψ}Heα
x H κ2 `2,θ2 ´1E

”

`

W2pQˆ Rdv qpfMN ptq, fptqq
˘2

ı

.

Now Theorem 6.2.11 ensures the last line vanishes uniformly in t P r0, T s as M,N Ñ 8.

202



Bibliography

[AB20] Haggai Agmon and Yoram Burak. A theory of joint attractor dynamics in the

hippocampus and the entorhinal cortex accounts for artificial remapping and

grid cell field-to-field variability. eLife, 9:e56894, 2020.

[ACL21] Alexander Aurell, Rene Carmona, and Mathieu Lauriere. Stochastic graphon

games: Ii. the linear-quadratic case. Preprint, 2021.

[ACR21] Mario Ayala, Gioia Carinci, and Frank Redig. Higher order fluctuation

fields and orthogonal duality polynomials. Electronic Journal of Probability,

26(none):1 – 35, 2021.

[AF03] R. Adams and J. Fournier. Sobolev Spaces. Elsevier, 2003.

[Ama77] Shun-ichi Amari. Dynamics of pattern formation in lateral-inhibition type neu-

ral fields. Biol. Cybernet., 27(2):77–87, 1977.

[Ama00] Herbert Amann. Compact embeddings of vector valued sobolev and besov

spaces. Glasnik Matematicki; Vol.35 No.1, 35, 01 2000.

[AvR10] Sebastian Andres and Max-K von Renesse. Particle approximation of the

wasserstein diffusion. Journal of Functional Analysis, 258(11):3879–3905, 2010.

[BAC19] Áine Byrne, Daniele Avitabile, and Stephen Coombes. Next-generation neural

field model: The evolution of synchrony within patterns and waves. Physical

Review E, 99(1):012313, 2019.

[BCnC11] F. Bolley, J. A. Cañizo, and J. A. Carrillo. Stochastic mean-field limit: non-

Lipschitz forces and swarming. Math. Models Methods Appl. Sci., 21(11):2179–

2210, 2011.

[BD19] Amarjit Budhiraja and Paul Dupuis. Analysis and approximation of rare events,

volume 94 of Probability Theory and Stochastic Modelling. Springer, New York,

2019. Representations and weak convergence methods.

203



[BDF12] Amarjit Budhiraja, Paul Dupuis, and Markus Fischer. Large deviation proper-

ties of weakly interacting processes via weak convergence methods. The Annals

of Probability, 40(1):74 – 102, 2012.

[BDM08] Amarjit Budhiraja, Paul Dupuis, and Vasileios Maroulas. Large deviations for

infinite dimensional stochastic dynamical systems. The Annals of Probability,

36(4):1390 – 1420, 2008.

[BDS19] Amarjit Budhiraja, Paul Dupuis, and Michael Salins. Uniform large deviation

principles for Banach space valued stochastic evolution equations. Trans. Amer.

Math. Soc., 372(12):8363–8421, 2019.

[BF09] Y. Burak and I.R. Fiete. Accurate path integration in continuous attractor

network models of grid cells. PLoS Comput. Biol., 5(2):e1000291, 2009.

[BF12] Y. Burak and I. Fiete. Fundamental limits on persistent activity in networks

of noisy neurons. PNAS, 109:17645–17650, 2012.

[BFFT12] Javier Baladron, Diego Fasoli, Olivier Faugeras, and Jonathan Touboul. Mean-

field description and propagation of chaos in networks of hodgkin-huxley and

fitzhugh-nagumo neurons. The Journal of Mathematical Neuroscience, 2:1–50,

2012.

[BFG93] Paul Hubert Bezandry, Xavier Fernique, and Gaston Giroux. A functional

central limit theorem for a nonequilibrium model of interacting particles with

unbounded intensity. Journal of Statistical Physics, 72(1-2):329–353, July 1993.

[BKL95] O. Benois, C. Kipnis, and C. Landim. Large deviations from the hydrodynam-

ical limit of mean zero asymmetric zero range processes. Stochastic Processes

and their Applications, 55(1):65–89, January 1995.

[BPR16] Viorel Barbu, Giuseppe Da Prato, and Michael Röckner. Stochastic Porous

Media Equations, volume 2163 of Lecture Notes in Mathematics. Springer,

2016.

[BR14] Viorel Barbu and Michael Röckner. An operatorial approach to stochastic

partial differential equations driven by linear multiplicative noise. Journal of

the European Mathematical Society, 17, 02 2014.

[BR17] Viorel Barbu and Michael Röckner. Nonlinear fokker-planck equations driven

by gaussian linear multiplicative noise. Journal of Differential Equations, 08

2017.

204



[Bre11] Paul Bressloff. Spatiotemporal dynamics of continuum neural fields. Journal

of Physics A: Mathematical and Theoretical, 45:033001, 12 2011.

[Bre14] Paul C Bressloff. Stochastic neural field theory. Neural Fields: Theory and

Applications, pages 235–268, 2014.

[Bre19] Paul Bressloff. Stochastic neural field model of stimulus-dependent variability

in cortical neurons. PLoS Comput Biology, 01 2019.

[Bre23] Paul C Bressloff. A generalized dean-kawasaki equation for an interacting brow-

nian gas in a partially absorbing medium. arXiv preprint arXiv:2312.06294,

2023.

[Bre24] Paul C Bressloff. Global density equations for interacting particle systems with

stochastic resetting: From overdamped brownian motion to phase synchroniza-

tion. Chaos: An Interdisciplinary Journal of Nonlinear Science, 34(4), 2024.

[BSH18] Daniel Bush and Christoph Schmidt-Hieber. Computational models of grid cell

firing. Hippocampal Microcircuits: A Computational Modeler’s Resource Book,

pages 585–613, 2018.

[BT17] Evelyn Buckwar and Andreas Thalhammer. Importance sampling techniques

for stochastic partial differential equations. 2017.

[BVW15] Caroline Bauzet, Guy Vallet, and Petra Wittbold. A degenerate parabolic-

hyperbolic Cauchy problem with a stochastic force. Journal of Hyperbolic Dif-

ferential Equations, 12(03):501–533, September 2015.

[CCS23] José A. Carrillo, Andrea Clini, , and Susanne Solem. The mean field limit of

stochastic differential equation systems modeling grid cells. SIAM Journal on

Mathematical Analysis, 55(4):3602–3634, link, 2023.

[CCY19] José A. Carrillo, Katy Craig, and Yao Yao. Aggregation-Diffusion Equations:

Dynamics, Asymptotics, and Singular Limits, pages 65–108. Springer Interna-

tional Publishing, 08 2019.

[CD22] Louis-Pierre Chaintron and Antoine Diez. Propagation of chaos: A review of

models, methods and applications. 2. applications. Kinetic and Related Models,

15(6):1017, 2022.

[CDFO13] D. Crisan, J. Diehl, P. K. Friz, and H. Oberhauser. Robust filtering: Correlated

noise and multidimensional observation. The Annals of Applied Probability,

23(5), Oct 2013.

205

https://doi.org/10.1137/21M1465640


[CF16] Michele Coghi and Franco Flandoli. Propagation of chaos for interacting

particles subject to environmental noise. The Annals of Applied Probability,

26(3):1407 – 1442, 2016.

[CF21] Federico Cornalba and Julian Fischer. The dean-kawasaki equation and the

structure of density fluctuations in systems of diffusing particles, 2021.

[CF23a] Andrea Clini and Benjamin Fehrman. A central limit theorem for nonlinear

conservative SPDEs. arXiv preprint, link, 2023.

[CF23b] Federico Cornalba and Julian Fischer. Multilevel monte carlo methods for

the dean-kawasaki equation from fluctuating hydrodynamics. arXiv preprint

arXiv:2311.08872, 2023.

[CFIR23] Federico Cornalba, Julian Fischer, Jonas Ingmanns, and Claudia Raithel. Den-

sity fluctuations in weakly interacting particle systems via the dean-kawasaki

equation, 2023.

[CG19] Michele Coghi and Benjamin Gess. Stochastic nonlinear fokker–planck equa-

tions. Nonlinear Analysis, 2019.

[CG22] Chenyang Chen and Hao Ge. Sample-path large deviation principle for a 2-

d stochastic interacting vortex dynamics with singular kernel. arXiv preprint

arXiv:2205.11013, 2022.

[Cha10] Pierre-Henri Chavanis. A stochastic keller–segel model of chemotaxis. Commu-

nications in Nonlinear Science and Numerical Simulation, 15(1):60–70, 2010.

[CHS22] José A. Carrillo, Helge Holden, and Susanne Solem. Noise-driven bifurcations in

a neural field system modelling networks of grid cells. J. Math. Biol., 85(4):Pa-

per No. 42, 30, 2022.

[CKNP22] Le Chen, Davar Khoshnevisan, David Nualart, and Fei Pu. Central limit theo-

rems for parabolic stochastic partial differential equations. Annales de l’Institut

Henri Poincaré, Probabilités et Statistiques, 2022.

[Cli23a] Andrea Clini. On the fluctuations of an SDE system modelling grid cells. to

appear on Annales de l’Institut Henri Poincaré, Probabilités et Statistiques,

arXiv preprint, link, 2023.

[Cli23b] Andrea Clini. Porous media equations with nonlinear gradient noise and dirich-

let boundary conditions. Stochastic Processes and their Applications, 159:428–

498, link, 2023.

206

https://arxiv.org/abs/2310.19924
https://arxiv.org/abs/2302.05764
https://www.sciencedirect.com/science/article/pii/S0304414923000340?via%3Dihub


[CP03] Gui-Qiang Chen and Benoit Perthame. Well-posedness for non-isotropic de-

generate parabolic-hyperbolic equations. Annales de l’Institut Henri Poincaré,

Analyse Non Linéaire, 20:645–668, 07 2003.

[CRS23a] José A. Carrillo, Pierre Roux, and Susanne Solem. Noise-driven bifurcations in

a nonlinear fokker–planck system describing stochastic neural fields. Physica

D: Nonlinear Phenomena, 449:133736, 2023.

[CRS23b] José Antonio Carrillo, Pierre Roux, and Susanne Solem. Well-posedness and

stability of a stochastic neural field in the form of a partial differential equation.

arXiv preprint arXiv:2307.08077, 2023.

[CS18] Young-Pil Choi and Samir Salem. Propagation of chaos for aggregation equa-

tions with no-flux boundary conditions and sharp sensing zones. Math. Models

Methods Appl. Sci., 28(2):223–258, 2018.

[CS21] Joe P. Chen and Federico Sau. Higher-order hydrodynamics and equilibrium

fluctuations of interacting particle systems. Markov Processes and Related

Fields, 27(3):339–380, 2021.

[CS23] Federico Cornalba and Tony Shardlow. The regularised inertial dean–kawasaki

equation: discontinuous galerkin approximation and modelling for low-density

regime. ESAIM: Mathematical Modelling and Numerical Analysis, 57(5):3061–

3090, 2023.

[CSZ19a] Federico Cornalba, Tony Shardlow, and Johannes Zimmer. From weakly inter-

acting particles to a regularised dean–kawasaki model, 2019.

[CSZ19b] Federico Cornalba, Tony Shardlow, and Johannes Zimmer. A regularized dean-

kawasaki model: Derivation and analysis. SIAM J. Math. Anal., 51:1137–1187,

2019.

[CSZ21] Federico Cornalba, Tony Shardlow, and Johannes Zimmer. Well-posedness for

a regularised inertial dean–kawasaki model for slender particles in several space

dimensions. Journal of Differential Equations, 284:253–283, 2021.

[CT18] Tanguy Cabana and Jonathan D Touboul. Large deviations for randomly con-

nected neural networks: I. spatially extended systems. Advances in applied

probability, 50(3):944–982, 2018.

[CWZ`13] Jonathan J Couey, Aree Witoelar, Sheng-Jia Zhang, Kang Zheng, Jing Ye,

Benjamin Dunn, Rafal Czajkowski, May-Britt Moser, Edvard I Moser, Yasser

207



Roudi, et al. Recurrent inhibitory circuitry as a mechanism for grid formation.

Nature neuroscience, 16(3):318–324, 2013.

[DCG`18] Pierre-Michel Déjardin, Yann Cornaton, Pierre Ghesquière, Cyril Caliot, and

R Brouzet. Calculation of the orientational linear and nonlinear correlation

factors of polar liquids from the rotational dean-kawasaki equation. The Journal

of Chemical Physics, 148(4), 2018.

[DCKD22] Nataša Djurdjevac Conrad, Jonas Köppl, and Ana Djurdjevac. Feedback loops

in opinion dynamics of agent-based models with multiplicative noise. Entropy,

24(10):1352, 2022.

[DE97] Paul Dupuis and Richard Ellis. A weak convergence approach to the theory of

large deviations. Wiley Series in Probability and Statistics: Probability and

Statistics. John Wiley & Sons, Inc., New York, 1997.

[Dea96] David S Dean. Langevin equation for the density of a system of interact-

ing langevin processes. Journal of Physics A: Mathematical and General,

29(24):L613–L617, Dec 1996.

[DFG20] Nicolas Dirr, Benjamin Fehrman, and Benjamin Gess. Conservative stochastic

pde and fluctuations of the symmetric simple exclusion process, 2020.

[DFVE14] Aleksandar Donev, Thomas G Fai, and Eric Vanden-Eijnden. A reversible meso-

scopic model of diffusion in liquids: from giant fluctuations to fick’s law. Journal

of Statistical Mechanics: Theory and Experiment, 2014(4):P04004, 2014.

[DG87] Donald A Dawsont and Jürgen Gärtner. Large deviations from the mckean-

vlasov limit for weakly interacting diffusions. Stochastics: An International

Journal of Probability and Stochastic Processes, 20(4):247–308, 1987.

[DG17] Konstantinos Dareiotis and Benjamin Gess. Supremum estimates for degener-

ate, quasilinear stochastic partial differential equations. Annales de l’Institut

Henri Poincaré, Probabilités et Statistiques, 55, 12 2017.

[DG20] Konstantinos Dareiotis and Benjamin Gess. Nonlinear diffusion equations with

nonlinear gradient noise. Electronic Journal of Probability, 25, 02 2020.

[DGPS23] Matías G Delgadino, Rishabh S Gvalani, Grigorios A Pavliotis, and Scott A

Smith. Phase transitions, logarithmic sobolev inequalities, and uniform-in-

time propagation of chaos for weakly interacting diffusions. Communications

in Mathematical Physics, 401(1):275–323, 2023.

208



[DHV16] Arnaud Debussche, Martina Hofmanova, and Julien Vovelle. Degenerate

Parabolic Stochastic Partial Differential Equations: Quasilinear case. Annals

of Probability, 44(3):1916–1955, 2016.

[Din22] Hao Ding. A new particle approximation to the diffusive dean-kawasaki equa-

tion with colored noise. arXiv preprint arXiv:2204.11309, 2022.

[DKP22] Ana Djurdjevac, Helena Kremp, and Nicolas Perkowski. Weak error analysis

for a nonlinear spde approximation of the dean-kawasaki equation, 2022.

[DLN01] Nicolas Dirr, Stephan Luckhaus, and Matteo Novaga. A stochastic selection

principle in case of fattening for curvature flow. Calculus of Variations, 13:405–

425, 12 2001.

[DOL`16] Jean-Baptiste Delfau, Hélène Ollivier, Cristóbal López, Bernd Blasius, and

Emilio Hernández-García. Pattern formation with repulsive soft-core interac-

tions: Discrete particle dynamics and dean-kawasaki equation. Physical Review

E, 94(4):042120, 2016.

[DPZ92] Guiseppe Da Prato and Jerzy Zabczyk. Stochastic Equations in Infinite Dimen-

sions. Encyclopedia of Mathematics and its Applications. Cambridge University

Press, 1992.

[dRST23] Gonçalo dos Reis, Greig Smith, and Peter Tankov. Importance sampling for

mckean-vlasov sdes. Applied Mathematics and Computation, 453:128078, 2023.

[DSZ15] Nicolas Dirr, Marios Georgios Stamatakis, and Johannes Zimmer. Entropic

and gradient flow formulations for nonlinear diffusion. Journal of Mathematical

Physics, 57, 08 2015.

[DVNZ20] Francisco Delgado-Vences, David Nualart, and Guangqu Zheng. A Central

Limit Theorem for the stochastic wave equation with fractional noise. Annales

de l’Institut Henri Poincaré, Probabilités et Statistiques, 56(4):3020 – 3042,

2020.

[EPSS21] Antonio Esposito, Francesco S Patacchini, André Schlichting, and Dejan

Slepčev. Nonlocal-interaction equation on graphs: gradient flow structure and

continuum limit. Archive for Rational Mechanics and Analysis, 240(2):699–760,

2021.

[ESR12] Abdelhadi Es-Sarhir and Max Renesse. Ergodicity of stochastic curve shorten-

ing flow in the plane. SIAM J. Math. Analysis, 44:224–244, 01 2012.

209



[ET10] G. Bard Ermentrout and David H. Terman. Mathematical Foundations of Neu-

roscience, volume 35 of Interdisciplinary Applied Mathematics. Springer, New

York, 2010.

[Fan21] Wai-Tong Louis Fan. Stochastic pdes on graphs as scaling limits of discrete

interacting systems. Bernoulli, 27(3):1899–1941, 2021.

[FFG92] Reńe Ferland, Xavier M. Fernique, and Gaston Giroux. Compactness of the

fluctuations associated with some generalized nonlinear boltzmann equations.

Canadian Journal of Mathematics, 44:1192 – 1205, 1992.

[FG13] N. Fournier and A. Guillin. On the rate of convergence in wasserstein distance

of the empirical measure. Probability Theory and Related Fields, 162:707–738,

2013.

[FG19] Benjamin Fehrman and Benjamin Gess. Well-posedness of nonlinear diffusion

equations with nonlinear, conservative noise. Archive for Rational Mechanics

and Analysis, 233, 07 2019.

[FG21a] Benjamin Fehrman and Benjamin Gess. Path-by-path well-posedness of non-

linear diffusion equations with multiplicative noise. Journal de Mathématiques

Pures et Appliquées, 148, 01 2021.

[FG21b] Benjamin Fehrman and Benjamin Gess. Well-posedness of the Dean–Kawasaki

and the nonlinear Dawson–Watanabe equation with correlated noise, 2021.

[FG23] Benjamin Fehrman and Benjamin Gess. Non-equilibrium large deviations and

parabolic-hyperbolic pde with irregular drift. Inventiones mathematicae, pages

1–64, 2023.

[FGG22] Benjamin Fehrman, Benjamin Gess, and Rishabh S. Gvalani. Ergodicity and

random dynamical systems for conservative spdes, 2022.

[FGL21] Franco Flandoli, Lucio Galeati, and Dejun Luo. Delayed blow-up by trans-

port noise. Communications in Partial Differential Equations, 46(9):1757–1788,

2021.

[FH14] Peter K. Friz and Martin Hairer. A Course on Rough Paths. Universitext.

Springer, 2014.

[FI15] O. Faugeras and J. Inglis. Stochastic neural field equations: a rigorous footing.

J. Math. Biol., 71(2):259–300, 2015.

210



[Fla95] Franco Flandoli. Regularity theory and stochastic flows for parabolic SPDEs.

Volume 9 of Stochastic Monographs. Gordon and Breach Science Publishers,

1995.

[Fla11] Franco Flandoli. Random Perturbation of PDEs and Fluid Dynamic Models:

École d’été de Probabilités de Saint-Flour XL–2010, volume 2015. Springer

Science & Business Media, 2011.

[FM97] Begoña Fernandez and Sylvie Méléard. A hilbertian approach for fluctua-

tions on the mckean-vlasov model. Stochastic Processes and their Applications,

71(1):33–53, 1997.

[FPV88] Pablo A. Ferrari, Errico Presutti, and M. E. Vares. Non equilibrium fluctua-

tions for a zero range process. Annales de l’I.H.P. Probabilités et statistiques,

24(2):237–268, 1988.

[FTC09] Olivier D Faugeras, Jonathan D Touboul, and Bruno Cessac. A constructive

mean-field analysis of multi population neural networks with random synaptic

weights and stochastic inputs. Frontiers in computational neuroscience, 3:323,

2009.

[FV10] Peter Friz and Nicolas Victoir. Multidimensional Stochastic Processes as Rough

Paths: Theory and Applications. Cambridge Studies in Advanced Mathematics

(120). Cambridge University Press, 2010.

[GC24] David Gómez-Castro. Beginner’s guide to aggregation-diffusion equations.

SeMA Journal, pages 1–57, 2024.

[Ges12] Benjamin Gess. Random attractors for degenerate stochastic partial differential

equations. Journal of Dynamics and Differential Equations, 25, 06 2012.

[GGK22] Benjamin Gess, Rishabh S Gvalani, and Vitalii Konarovskyi. Conservative

spdes as fluctuating mean field limits of stochastic gradient descent. arXiv

preprint arXiv:2207.05705, 2022.

[GH16] Benjamin Gess and Martina Hofmanová. Well-posedness and regularity for

quasilinear degenerate parabolic-hyperbolic spde. Annals of Probability, 46, 11

2016.

[GIP15] Massimiliano Gubinelli, Peter Imkeller, and Nicolas Perkowski. Paracontrolled

distributions and singular pdes. In Forum of Mathematics, Pi, volume 3,

page e6. Cambridge University Press, 2015.

211



[GKNP14] Wulfram Gerstner, Werner M Kistler, Richard Naud, and Liam Paninski. Neu-

ronal dynamics: From single neurons to networks and models of cognition. Cam-

bridge University Press, 2014.

[GLP99] Giambattista Giacomin, Joel Lebowitz, and Errico Presutti. Deterministic and

stochastic hydrodynamic equations arising from simple microscopic model sys-

tems. In Mathematical Surveys and Monographs, pages 107–152. American

Mathematical Society, nov 1999.

[GMM11] Lisa M Giocomo, May-Britt Moser, and Edvard I Moser. Computational models

of grid cells. Neuron, 71(4):589–603, 2011.

[GMR06] Günther Grün, Klaus Mecke, and Markus Rauscher. Thin-film flow influenced

by thermal noise. Journal of Statistical Physics, 122:1261–1291, 01 2006.

[GS14a] Benjamin Gess and Panagiotis Souganidis. Long-time behavior, invariant mea-

sures, and regularizing effects for stochastic scalar conservation laws. Commu-

nications on Pure and Applied Mathematics, 70, 11 2014.

[GS14b] Benjamin Gess and Panagiotis Souganidis. Scalar conservation laws with mul-

tiple rough fluxes. Communications in Mathematical Sciences, 13, 06 2014.

[GS16] Benjamin Gess and Panagiotis E. Souganidis. Stochastic non-isotropic degener-

ate parabolic–hyperbolic equations. Stochastic Processes and their Applications,

127:2961–3004, 2016.

[GSS23] Ioannis Gasteratos, Michael Salins, and Konstantinos Spiliopoulos. Importance

sampling for stochastic reaction–diffusion equations in the moderate deviation

regime. Stochastics and Partial Differential Equations: Analysis and Compu-

tations, pages 1–70, 2023.

[GWZ24] Benjamin Gess, Zhengyan Wu, and Rangrang Zhang. Higher order fluctuation

expansions for nonlinear stochastic heat equations in singular limits. arXiv

preprint arXiv:2406.17892, 2024.

[Hai14] M. Hairer. A theory of regularity structures. Inventiones mathematicae,

198(2):269–504, mar 2014.

[HCR23] Elias Hess-Childs and Keefer Rowan. Higher-order propagation of chaos in l2

for interacting diffusions. arXiv preprint arXiv:2310.09654, 2023.

[HDCD`21] Luzie Helfmann, Nataša Djurdjevac Conrad, Ana Djurdjevac, Stefanie Winkel-

mann, and Christof Schütte. From interacting agents to density-based modeling

212



with stochastic pdes. Communications in Applied Mathematics and Computa-

tional Science, 16(1):1–32, 2021.

[HFM`05] T. Hafting, M. Fyhn, S. Molden, M.-B. Moser, and E. I. Moser. Microstructure

of a spatial map in the entorhinal cortex. Nature, 436:801–806, 2005.

[HHMT24] Jasper Hoeksema, Thomas Holding, Mario Maurelli, and Oliver Tse. Large

deviations for singularly interacting diffusions. Ann. Inst. H. Poincaré Probab.

Statist., 60(1):492–548, 2024.

[HLW18] Shulan Hu, Ruinan Li, and Xinyu Wang. Central limit theorem and moderate

deviations for a class of semilinear spdes. arXiv: Probability, 2018.

[HM86] Masuyuki Hitsuda and Itaru Mitoma. Tightness problem and stochastic evo-

lution equation arising from fluctuation phenomena for interacting diffusions.

Journal of Multivariate Analysis, 19(2):311–328, 1986.

[HNV20] Jingyu Huang, David Nualart, and Lauri Viitasaari. A central limit theorem

for the stochastic heat equation. Stochastic Processes and their Applications,

130(12):7170–7184, 2020.

[HNVZ19] Jingyu Huang, David Nualart, Lauri Viitasaari, and Guangqu Zheng. Gaussian

fluctuations for the stochastic heat equation with colored noise. Stochastics and

Partial Differential Equations: Analysis and Computations, 8:402–421, 2019.

[HR96] T. Frank H. Risken. The Fokker-Planck equation: methods of solution and

applications. Springer series in synergetics. Springer, 2nd edition, 1996.

[Izh07] Eugene M Izhikevich. Dynamical systems in neuroscience. MIT press, 2007.

[JDI22] Marie Jardat, Vincent Dahirel, and Pierre Illien. Diffusion of a tracer in a dense

mixture of soft particles connected to different thermostats. Physical Review

E, 106(6):064608, 2022.

[JM86] Anatole Joffe and Michel Métivier. Weak convergence of sequences of semi-

martingales with applications to multitype branching processes. Advances in

Applied Probability, 18:20 – 65, 1986.

[JM18] Milton Jara and Otávio Menezes. Non-equilibrium fluctuations of interacting

particle systems. arXiv preprint arXiv:1810.09526, 2018.

[JW17] Pierre-Emmanuel Jabin and Zhenfu Wang. Mean field limit for stochastic par-

ticle systems. In Active particles. Vol. 1. Advances in theory, models, and appli-

213



cations, Model. Simul. Sci. Eng. Technol., pages 379–402. Birkhäuser/Springer,

Cham, 2017.

[Kaw98] Kyozi Kawasaki. Microscopic analyses of the dynamical density functional equa-

tion of dense fluids. Journal of Statistical Physics, 93:527–546, 11 1998.

[KE13] Zachary P. Kilpatrick and Bard Ermentrout. Wandering bumps in stochastic

neural fields. SIAM J. Appl. Dyn. Syst., 12(1):61–94, 2013.

[KL99] C. Kipnis and C. Landim. Scaling Limits of Interacting Particle Systems.

Springer, 1999.

[KLvR19a] Vitalii Konarovskyi, Tobias Lehmann, and Max von Renesse. On

dean–kawasaki dynamics with smooth drift potential. Journal of Statistical

Physics, 178(3):666–681, nov 2019.

[KLvR19b] Vitalii Konarovskyi, Tobias Lehmann, and Max-K. von Renesse. Dean-

Kawasaki dynamics: ill-posedness vs. triviality. Electronic Communications

in Probability, 24(none):1 – 9, 2019.

[KM19] Misun Kim and Eleanor A Maguire. Can we study 3d grid codes non-invasively

in the human brain? methodological considerations and fmri findings. Neu-

roImage, 186:667–678, 2019.

[KM23] Vitalii Konarovskyi and Fenna Müller. Dean-kawasaki equation with initial con-

dition in the space of positive distributions. arXiv preprint arXiv:2311.10006,

2023.

[KR14] Christian Kuehn and Martin Riedler. Large deviations for nonlocal stochastic

neural fields. Journal of mathematical neuroscience, 4:1, 04 2014.

[Kry03] N. V. Krylov. Brownian trajectory is a regular lateral boundary for the heat

equation. SIAM J. Math. Anal., 34(5):1167–1182, 2003.

[Kry12] Nicolai Krylov. A relatively short proof of itô’s formula for spdes and its appli-

cations. Stochastic Partial Differential Equations: Analysis and Computations,

1, 08 2012.

[KT19] Christian Kuehn and Jonas M Tölle. A gradient flow formulation for

the stochastic amari neural field model. Journal of mathematical biology,

79(4):1227–1252, 2019.

[KX99] Thomas Kurtz and Jie Xiong. Particle representations for a class of nonlinear

spdes. Stochastic Processes and their Applications, 83, 05 1999.

214



[Lie96] Gary M. Lieberman. Second order parabolic differential equations. World Sci-

entific, 1996.

[LL06] Jean-Michel Lasry and Pierre-Louis Lions. Jeux à champ moyen. i – le cas

stationnaire. Comptes Rendus Mathematique - C R MATH, 343:619–625, 11

2006.

[LL07] Jean-Michel Lasry and Pierre-Louis Lions. Mean field games. Japanese Journal

of Mathematics, 2:229–260, 03 2007.

[LPS13] Pierre Louis Lions, Benoît Perthame, and Panagiotis E. Souganidis. Scalar

conservation laws with rough (stochastic) fluxes. Stochastics and Partial Dif-

ferential Equations: Analysis and Computations, 1(4):664–686, November 2013.

[LPS14] Pierre Louis Lions, Benoît Perthame, and Panagiotis E. Souganidis. Scalar

conservation laws with rough (stochastic) fluxes; the spatially dependent case.

Stochastics and Partial Differential Equations: Analysis and Computations,

2(4):517–538, December 2014.

[LR15] Wei Liu and Michael Röckner. Stochastic Partial Differential Equations: an

Introduction. Universitext. Springer, 2015.

[LS84] P. Lions and A.S. Sznitman. Stochastic differential equations with reflect-

ing boundary conditions. Communications on Pure and Applied Mathematics,

37:511–537, 1984.

[LS98a] Pierre-Louis Lions and Panagiotis E. Souganidis. Fully nonlinear stochastic

partial differential equations. Comptes Rendus de l’Académie des Sciences -

Series I - Mathematics, 326:1085–1092, 1998.

[LS98b] Pierre-Louis Lions and Panagiotis E. Souganidis. Fully nonlinear stochastic

partial differential equations: non-smooth equations and applications. Comptes

Rendus de l’Académie des Sciences - Series I - Mathematics, 327:735–741, 1998.

[LS00a] Pierre-Louis Lions and Panagiotis Souganidis. Fully nonlinear stochastic pde

with semilinear stochastic dependence. Comptes Rendus de l’Académie des

Sciences - Series I - Mathematics, 331:617–624, 2000.

[LS00b] Pierre-Louis Lions and Panagiotis Souganidis. Uniqueness of weak solutions

of fully nonlinear stochastic partial differential equations. Comptes Rendus de

l’Académie des Sciences - Series I - Mathematics, 331:783–790, 2000.

215



[LS02] P. Lions and Panagiotis Souganidis. Viscosity solutions of fully nonlinear

stochastic partial differential equations. Sūrikaisekikenkyūsho Kōkyūroku, 1287,
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