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Abstract

This work investigates the interplay between partial differential equations (PDEs) and in-
teracting particle systems through the study of two classes of models. The first class is the
so called generalized Dean—Kawasaki equation, a stochastic PDE coming from diverse areas
like fluctuating hydrodynamics, mean-field theory and stochastic geometry. The second class
consists of a system of stochastic differential equations (SDEs) describing a network of in-
teracting neurons which covers many models from computational neuroscience, in particular
in the study of grid cells. For the first model we focus on the PDE side, which is where
we gave our contribution, and we briefly discuss the connection with particle systems and
related relevant results. For the second we concentrate instead on the particle side, where
we contributed the most, and again mention important results at the PDE level. For both
models we identify directions of current and future investigation. The work is organized so
that the two studies mirror each other. This highlights the interplay between particle systems

and PDEs and illustrates a range of techniques used in this area.
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Introduction

Partial Differential Equations (PDEs) and Interacting Particle Systems are fundamental math-
ematical modellings of real world phenomena. They allow to characterize the behavior and
the intrinsic randomness of the physical systems considered with an accuracy appropriate
for practical applications. The mathematics used mainly draws from analysis and proba-
bility. Applications cover several sciences: statistical mechanics, fluid dynamics, biology,
neuroscience, population dynamics, math finance, statistics and machine learning.

Almost every physical phenomenon can be modelled via PDEs or particle systems, often
both. Particle systems consider one or more equations for each microscopic constituent of the
phenomenon described, all coupled together. PDEs provide instead a macroscopic average
description involving only few continuum equations. In this sense, PDEs should be regarded
as the continuum average analogue of particle systems. It is indeed often the case that, as the
number of ‘microscopic constituents’ becomes very large, the average behavior of these parti-
cles is described by suitable PDEs. To account for the randomness of the system considered,
stochastic versions of both modellings include suitable noise terms into the equations.

Understanding the interplay between these two descriptions and the effect of randomness
yields a deeper comprehension of the physical phenomenon, with immediate applications, and
great advances in the mathematics. Features of interest typically include the aforementioned
convergence of the microscopic particle system toward an average PDE description, the occur-
rence and quantification of small fluctuations or even rare events drastically deviating from
this average and resulting in catastrophes, the long time behavior of the models, the numerical
aspects and simulations.

The aim of this thesis is to address some of these questions and investigate the interaction
between particle systems and PDEs through the study of two specific models. The first model

is the so called generalized Dean—Kawasaki equation

0 = Dd(p) =V - v(p) =V - (pV x p) = VeV - (a(p) o €) in Q x (0,T), (1)

a class of stochastic PDEs coming from diverse areas like fluctuating hydrodynamics, mean-
field theory, biology and stochastic geometry. Here @ is a suitable space domain, £ a space-
time noise, o a possibly irregular noise coefficient, v and V local and nonlocal interactions
respectively, and ¢ a possibly degenerate diffusion.

The second model is a system of Stochastic Differential Equations (SDEs) — a particle

system — describing a spatially extended network of interacting neurons

duir(t) = b(xs, t, wik, fy,ar) dt + o (@i, ik, fn,ar) AWir(t) — dlix(t),
‘ , 1 XM (2)
fOYZ:]....N,k:Z .M and fNM *W;Eé(%,ujm(t))etp(QXR)
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Here u;, denotes the activity level (i.e. essentially the firing rate) of the k" neuron in the
cluster at location z; € @ in the brain cortex ), b and ¢ are suitable drift and diffusion
terms possibly depending on the cortex location x; and the empirical measure fysn of the
network (i.e. on the behavior of the other neurons), W, are Brownian motions and ¢;, are
terms enforcing reflecting boundary conditions to keep activity levels non-negative. This SDE
system covers several models commonly used in computational neuroscience and it arises from
the study of grid cells, a specific type of neuron discovered in 2005 and worth the 2014 Nobel
prize in Medicine.

For the first model we focus on the PDE side, which is where we gave our contribution
through the works [Cli23b, CF23al, and we briefly discuss the connection with particle systems
and related relevant results. We also identify directions of current and future investigation. For
the second we concentrate instead on the particle system side, where we contributed with the
works [CCS23, Cli23a|, and again mention important results on the continuum counterpart.
Similarly, we discuss further directions of research. The work is organized so that the two
studies mirror each other. We hope that this highlights the interplay between particle systems

and PDEs, and showcases a range of techniques used in this area.

Structure of the thesis

The work is organized as follows. In Chapter 1 we first discuss the state of the art on the
Dean—Kawasaki equation (1) and then present the main contributions of the thesis. Chapter
2 contains the work from [Cli23b] and study the wellposedness and further properties of
rough path approximations to the Dean—Kawasaki equation. Chapter 3 contains the work
from [CF23a] and analyzes the small noise fluctuations of space-correlated versions of the
Dean—Kawasaki equation.

In Chapter 4 we similarly discuss the current theory on mathematical models in neuro-
science akin to (2) and then present the main contributions of the thesis. Chapter 5 contains
the work from [CCS23|: it establishes the wellposedness of the neuron network (2) and the
associated Fokker—Planck and McKean—Vlasov equations, and it rigorously proves the pas-
sage to the mean field limit. Chapter 6 contains the work from [Cli23a| and analyzes the

fluctuations of the network in the thermodynamic limit.
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Part 1

The generalized Dean—Kawasaki

equation



Chapter 1

Introduction

1.1 State of the art and open questions

The first part of this thesis is devoted to the study of the so called generalized Dean—Kawasaki
equation. Fokker—Planck type equations are evolution equations for the expected value of
macroscopic observables of particle systems (e.g. density or velocity or other properties of
particles) and stochastic variants of these equations aim to describe the random observable
itself.

In this context, ‘generalized Dean—Kawasaki equation’ is an umbrella term for a class of

conservative stochastic PDEs like

" = Do) =V ")+ "V ")+ T (oE). L

where n is to be regarded as the number of particles. It allows for degenerate diffusion ¢, local
v and nonlocal, possibly singular V' * p™ particle interaction, and noise term with o irregular
(e.g. o(p) = /p in the prototypical Dean-Kawasaki case) and £ a cylindrical Wiener process.

In this generality, it describes, in principle exactly, the evolution of the density field of a
wide variety of particle systems. Variants of this equation and systems can account for other

relevant observables such as momentum density or multiple species.

Informal derivation from particle systems.

The original form of the equation is

_ SF[p] :
o) = V- (Pl )V 55 ) 49 - (Vola 0€(0)
where F'[p] is the free energy functional, and it is due independently to Dean [Dea96] and

Kawasaki [Kaw98|.

Kawasaki’s argument proceeds from Dynamical Density Functional Theory (cf. the survey
[tVLW20]) as sketched below. Consider the microscopic description of a system of n interact-

ing particles. Particles’ position and momentum are denoted by {z;} and {p;}. The Liouville



equation governs the evolution of the phase space distribution function py,({z;}, {pi},t):
Orpn + {pn, H} = 0,

where {-, -} denotes the Poisson bracket and H is the Hamiltonian of the system.
Momentum variables are then integrated out to obtain a description in terms of positions

only
pul{ai) t) = j oul{ai), (i} ) dipi).

This is justified because the momentum relaxation time is much shorter than the position
relaxation time in dense fluids.

Within the framework of DDFT, we introduce a free energy functional F[p] that depends
on the density field p(x,t). The free energy functional typically includes an ideal gas term and
a term accounting for particle interactions. The time evolution of the density field is governed
by a continuity equation with velocity field expressed through the functional derivative of the

free energy:

duplz,t) = V - (p(x,t)v OF ] ) .

dp(,t)
To account for thermal fluctuations, a stochastic term § (x,t) representing Gaussian white

noise is introduced, leading the following SPDE for the density field

dupla,t) =V - (p(a:,t)v OF|p] > +V- <«/p(m,t)f(m,t)).

dp(z,t)

Dean’s derivation is instead based on It6 formula for the evolution of the density and a
smart replacement of the martingale term with a different process formally exhibiting the
same probabilistic behavior.

Specifically, consider a particle system in the overdamped regime obeying Langevin dy-

namics

X;(t) = V2dBi(t ii X, (1)) dt, (1.1.2)

for an interaction kernel V' and independent Brownian motions B;. Applying [t6 formula to the
empirical measure p, = %Z?:l dx,, one obtains the following equation in the distributional

sense
at,un :A,Un_v (,UnV*Mn +7V (Z(SXB>

To obtain a closed equation for u,, Dean replaces the martingale term with the following one

which formally exhibits the same same quadratic variation

2 )
@MZAM—V%MVHW+VZV«WmQ, (1.1.3)

where £ is now a space time white noise.



As already mentioned, analogous informal derivations apply to other situations like inertial
models [CSZ19b, CSZ19a|. In fact, the Dean-Kawasaki formalism originates an effective
framework capable of including further details on the modelling. For example, generalized
Dean—Kawasaki equations accounting for the effect of reflecting boundaries are considered by
Bressloff in [Bre23] and the effect of stochastic resetting of particle positions is considered in
[Bre24|. Dean—Kawasaki equations for multiple interacting species, including the possibility
of species switching driven by Poisson noise, are studied in [SM24|. The case of singular
interactions (e.g. Keller—Segel like), together with other features, is considered in [Chal0]. In
Chapter 4 we will discuss the possibility of applying this formalism to the neuron network

studied.

Wellposedness of the equation.

Already in its original form, the wellposedness of the Dean—Kawasaki equation is highly
debated and several negative results are known. Indeed, in the prototypical form (1.1.3),
the noise term V - (ﬁf) requires applying a singular nonlinearity to a solution which is in
principle only distribution-valued. Even in dimension 1, the equation is super-critical in the
frameworks of regularity structures [Hail4| and of paracontrolled calculus [GIP15], developed
to handle singular stochastic PDEs, and other theories are needed to make sense of the
equation.

A natural weak formulation of the equation is to consider the associated martingale prob-
lem. Namely, a measure valued process p;, with initial mass one, is considered a solution to

the equation
oF

(0%
— —Ap+V-[pV
orp 5 AP+ <p 5p

1) + 9 (V58) (1.1.4)

if, for each smooth test function ¢, the process

Mo = oo~ [ [ e+ (o Vo o] s

is a martingale with quadratic variation

LN = | (o VP ds. (1.15)

The series of works [KLvR19b, KLvR19a, KM23| shows that, for smooth potentials F', so-
lutions exist (and are unique) only when « € N and in that case they are precisely given
by the empirical measure u,, associated to the particle system (1.1.2) undergoing Langevin
dynamics.

Beyond the above notion of martingale solution, at the current state of the theory some
coloring of the noise seems necessary to make sense of the equation. Even in this case, the

well-posedness of space-correlated noise versions of the Dean—Kawasaki equation has been a



long standing open problem. The main difficulties in applying a classical concept of weak
solution are the nonlinear noise coefficient, possibly only 1/2-Hélder, and singular terms which
are not even known to be locally integrable.

The seminal paper [FG21b| proves the well-posedness of equation (1.1.1), with Stratonovich
noise, in the weak sense of stochastic kinetic solutions (cf. Defintion 3.2.19) for any porous
media diffusion ¢(p) = p™, m € (0,00) and rough noise coefficient including the prototypical
case o(p) = /p. The result is then extended to the case of nonlocal interactions, possibly
singular, up to the newtonian kernel excluded, in [WWZ24]|. In particular, stochastic kinetic

solutions satisfy the following pathwise contration property:

le('vt> - p2('7t)HL; S Hp1(70) - p2(70>HL310 Vt >0, almost surely. (116)

Exploiting this property, in [FGG22| they show that (1.1.1) generates of a random dynamical
system.

This notion of solution addresses the aforementioned issues by passing to the kinetic
formulation of the equation [CP03|: an equation in the original space and time variables and
in a new additional velocity variable, corresponding to the magnitude of the solution. Then, a
renormalization away from zero and infinity is introduced: solutions are required to satisfy the
PDE only after cutting out small and large values in order to enforce the local integrability and
further regularity of the nonlinear terms. In fact, when the equation coefficients are smooth
enough, this renormalization is not even needed and stochastic kinetic solutions satisfy the
equation in the usual weak sense.

Open question. In the case of very singular interactions, such as the newtonian potential
in the parabolic-elliptic Keller—Segel case

& = Ad(p) = x V- (VK * p) + jﬁv(a@)é), _AK =4, (1.1.7)

wellposedness, even locally in time, is completely open.

In this context, it is also worth mentioning the works [AvR10, vRS09|, where nontrivial
(i.e. not empirical measures) martingale solutions (1.1.4)-(1.1.5) are obtained in some specific
cases with singular potential.

We finally mention that, for the aforementioned inertial model also tracking momentum
density and again with regularized noise, a different well-posedness theory is developed via
the semigroup approach in [CSZ21|, where solutions are shown to exists with arbitrarily high

probability.

Rigorous connection with particle systems and small noise analysis.

Beyond the previous informal derivations, the connection with particle systems can be made

rigorous both for the case of full white noise, necessarily with numerical discretizations re-



moving the illposedness issues, and for colored noise. In both cases, the equation indeed
captures the fluctuations of the particle system asymptotically in the limit of large number n
of particles.

In the case of white noise, numerical discretization cures the singularities associated with
the stochastic term and the equation can be treated as if it admitted classical solutions. The
seminal works by Cornalba et al. [CFIR23, CF21| show that the discretized equation is indeed
capable of capturing mean and fluctuations of the associated particle system, with an error
dominated by machine precision. Similar results, but considering the martingale formulation
of the equation (1.1.4)-(1.1.5), are obtained by Perkowski et al. [DKP22].

curacy of the Dean-Kawasaki approach has been analyzed with numerical experiments
for several models: for example, in the context of fluid dynamics [DFVE14], social dynamics
[DCKD22, HDCD*21] and random matrix theory [TLDS23|. Other numerical experiments
include [JDI22, DCG*18, DOL*16].

Colored-noise versions of the equation are not artificial either and indeed can be analyti-
cally shown to provide continuous approximations to suitable particle systems.

The study of the small noise n — 00 behaviour of (1.1.1) has been initiated in [FG23] and
extended to nonlocal interactions in [WR23]. In the n — oo limit, stochastic kinetic solutions

converge to the solution of the corresponding noiseless equation

op =A¢(p) =V - (v(p) +pV = p). (1.1.8)

Furthermore they satisfy a large deviation principle in L} L. with rate function

Lo(p) = inf {g13; : Qo= Ad(p) = V- (W(p) + pV + p) + V- (0(p)g) , p(-,0) = po} . (1.1.9)

The non-equilibrium fluctuations are analyzed in [DFG20, CF23a|. The rescaled fluctuations
V"™ = +/n(p, — p) converge to the solution of the Langevin equation obtained by linearizing

(1.1.1) around the zero noise limit

Oy = A(qﬁ(ﬁ) v) = V- @(p)v+ oV xp+pVxv)+ V- <a(ﬁ) §> : (1.1.10)

The connection with particle systems is then made rigorous by comparing these results
with the corresponding statements for particles. In general, in the thermodynamic limit
the empirical measure pu,, of particle systems can be shown to converge to the solution p of
a diffusion equation like (1.1.8) and, in turn, the rescaled fluctuations /n (u, — p) can be
shown to converge to the solutions v of the associated Langevin SPDE (1.1.10), for suitable
coefficients ¢, V,v, 0. Finally, the particle system can be shown to satisfy a large deviation
principle with a rate function I that can often be identified with the expression (1.1.9).

For example, results of this kind are available for the zero-range process [FPV88, BKL95,
FG23|, for the simple exclusion process in the symmetric [Rav92, QRV99] and asymmetric
case [JM18]|, and for interacting systems like (1.1.2) in [WZZ23, Seol7, CG22, HHMT24].



Combining the results for the SPDE (1.1.1) and the particle system in the n — oo limit

gives the expansion

1
fn = ppdx + 0 <\/ﬁ> , (1.1.11)
which furnishes a continuum approximation to the particle system correct to order ﬁ and

exhibiting the same rare events because both p, and p, obey the same LDP (1.1.9).

Finally, we point out that one could also consider the simpler expansion

u" =pdx+\;ﬁv+o<\}ﬁ>. (1.1.12)

However p" := pdx + ﬁ v satisfies an LDP with rate function different from (1.1.9), given
by

(o) = int {9125 520 ) = Ao ~ ) ~ V- (5) (0~ ) (1.1.13)
SV (=P VstV s (p—p) -V (0(D)g)s o) =po},

as follows from Schilder’s theorem and a formal application of the contraction principle, and
hence it would predict incorrect rare events for the particle system.
In conclusion, we mention the recent result [GWZ24] which analyzes the higher order

corrections to (1.1.1) in the small noise limit n — o0 and establishes the expansion
K
Pn = Z pF = 4o (n_K/Q) : (1.1.14)
k=0

where p(*) are solutions to a recursive set of Langevin SPDEs.

Open question. Similarly, on the particle system side, there have been recent advances
[HCR23, CS21, ACR21] on higher order corrections to the empirical measure p,,, which yield
an expansion similar to (1.1.14). It would be interesting to see whether the Dean—Kawasaki
approximation holds beyond the first order and is capable of capturing these higher fluctua-
tions.

The connection with other regularized Dean—Kawasaki type equations is also available.
For example, the above mentioned regularized inertial Dean-Kawasaki equation is shown in
[CSZ19b, CSZ19a, CSZ21] to be solved by a mollified version of the empirical measure of the
particle system, where essentially particles are assigned a finite size € > 0. Similarly, particle

approximations to the regularized martingale problem (1.1.4) in 1D are considered in [Din22|.

Long-time behavior and stationary states.

Under suitable assumptions on the interaction potential V', one might expect ergodicity and
convergence to equilibrium for the particle system (1.1.2). At the SPDE level (1.1.1), in the

case of colored noise, the long time behavior has been analyzed in [FGG22]. Building upon the



stochastic kinetic formulation [FG21b]| and the contraction property (1.1.6), in the absence of
nonlocal interactions they prove existence and uniqueness of an invariant measure and strong
mixing.

Even more interesting is the effect of noise in the presence of singular nonlocal interactions
possibly leading to finite time blow-up. The underlying idea of regularization by noise |Flall]
is that the addition of a stochastic term might regularize solutions and prevent, or at least
delay, the blow-up.

Considering for example the prototypical Keller—Segel case (1.1.7), in [FGL21| they show
that a stochastic transport term V - (pn) with n a divergence-free space-time noise, formally
arising from common noise at the particle level [CF16], guarantees existence up to an arbitrary
time with arbitrarily high probability upon having strong enough noise. A similar stochastic
term is considered in [MT23|, extending the results for space independent n from [MST22],
again coming from common noise at the particle level. They establish blow-up criteria in
terms of the interaction strength y and the initial solution mass akin to the deterministic
case, which seem indeed to suggest a delayed blow-up effect by noise.

Open question. The addition of a rougher noise term like the prototypical Dean—
Kawasaki case V - (\/ﬁ §), arising instead from the independent noise terms sensed by each
particle in (1.1.2), is formally discussed in [Chal0|. The effect of such a term on the blow-up
scenario is still unclear. Preliminary estimates however suggest it should not prevent blow-up
beyond the classical Keller—Segel regime.

More generally, deterministic aggregation-diffusion equations, that is equation (1.1.1)
without noise, have received lots of attention [CCY19, GC24|. Even when the diffusion dom-
inates and global existence is known, the long time behavior is often unclear, where multiple
steady states or metastable behavior can occur. The effect of noise on these phenomena is
even more obscure.

Open question. We also mention the connection with the aforementioned large deviation
principles in the small noise limit. For example, in the setting of scalar conservation laws,
the seminal work [Mar(08| shows that vanishing noise can furnish a selection principle for
solutions. It is unclear whether the same phenomenon can occur for second order equations:
that is esentially an LDP identifying the physically meaningful solutions as those where the
LDP rate function is finite. Similarly, one might expect to relate the values of the rate function

to the metastability of the corresponding states.

Further properties of solutions and numerics.

Further properties of the solutions have also been considered. For example, although the
continuity of the noise-to-solution map is not to be expected in general, being typically false

even at the SDE level, suitable regularizations of the equation might recover this feature. The



rough path approximation to the Dean-Kawasaki equation discussed in [Cli23b] does indeed
satisfy this property and this has immediate consequences on the large deviations and support
properties of solutions (cf. Section 1.2 and Chapter 2).

Another important property expected from the physical interpretation of the equation
is preservation of mass and positivity of solutions. In the colored case, both properties are
shown for stochastic kinetic solutions in [FG21b].

Open question. When starting with a strictly positive initial data, strict positivity is
proved asymptotically with high probability in the small noise limit in [CF23a], but it is still
not clear whether the noise can actually drag the solution down to zero in some region.

Positivity is also crucial for numerical schemes. In the full white noise case, necessarily at
the discretized level where the equation singularity is resolved, this is however not satisfied
in general. Numerical discretizations of the equation are considered in the already mentioned
works [CFIR23, CF21]|. For the inertial Dean-Kawasaki model, in the regularized case where
particles are assigned a finite size, a numerical scheme is discussed in [CS23]. In both cases,
even for strictly positive initial data, the discrete solutions considered might get negative after
long times and suitable stopping times need to be introduced.

Multilevel Monte Carlo methods to reduce the computational cost of simulations have
been proposed and analyzed in [CF23b|. With the availability of large deviation principles,
another promising variance reduction technique is that of importance sampling. In the infinite
dimensional case, the approach has been recently considered for linear SPDEs with additive
noise or multiplicative noise with Lipschitz coefficient [SS17, BT17, GSS23|. In particular,
in the multiplicative noise case with nonlinear singular coefficients, the approach is yet to be

explored.

1.2 The contribution of this thesis

1.2.1 Chapter 2: wellposedness of rough path approximations

The main contribution of Chapter 2, containing the work [Cli23b], is the wellposedness of

stochastic porous media equations with Dirichlet boundary conditions of the form
Oru = A(Ju|™ ) + V- (A(z,u) odz)  in Q x (0,00),
u=0 on 0Q x (0,00), (1.2.1)
u = ug on @ x {0},

for a smooth bounded domain in Q@ < R?, for any diffusion exponent m € (0, c0), initial data

ug € L*(Q), and an n-dimensional a-Hélder geometric rough path z, covering in particular

the case of a Brownian motion. The matrix valued nonlinearity

Alz,u) : Q x R — R¥™



is assumed to be regular, with regularity dictated by the regularity of the rough path z.
In the context of this thesis, equation (1.2.1) is regarded as an approximation to generalized

Dean—Kawasaki equations

o = A(Ju|™ ) + V- (o(z,u) 0 €), (1.2.2)

for a d-dimensional space-time white noise £ and a possibly irregular nonlinearity o(z, u), for
example o(z,u) = y/u. Indeed, for each m € N we can take n = md, truncate the cylindrical
expansion £ = Y. e;(x)B}, for independent d-dimensional Brownian motions B} and an

orthonormal basis e;(x) of L?(Q), and set
Az, ) = om(z,0) [el(x)ld lea(x)ly |- | em(:z)Id], %= (BL,...,B™),

where [ denotes the identity matrix of dimension d and o, is a smooth approximation to o.
Then A(x,u) o dz = om(z,u) Y, €;(z) o dBj is indeed converging to o(z,u) o as m — .

The wellposedness of (1.2.1) is obtained in the sense of pathwise kinetic solutions (cf.
Definition 2.2.4), a notion based on the kinetic formulation of the equation [CP03] and akin
to the aforementioned stochastic kinetic solutions (cf. Definition 3.2.19), but which addresses
the problem in a completely pathwise analytic way thanks to the rough path approach. The
specific methods are discussed in Section 2.1.

The work extends to Dirichlet boundary conditions the periodic case presented in [FG19].
The imposition of vanishing boundary conditions, corresponding to absorbing boundaries at
the particle level, is a challenging problem. In the stochastic case, even in the simple linear
one-dimensional case dju = Oygu + (0yu) o Z, it is nontrivial [Kry03| and in fact not always
possible to enforce them in a classical sense. In our specific case, we obtain H!-regularity for
powers u'™ of the solution and impose their boundary trace to vanish.

The main results are summarized in the following theorems.

Theorem 1.2.1 (Theorem 2.1.2 and 2.1.3). For any m € (0,0), for an a-Holder geometric
rough path z and a suitably smooth noise coefficient A, for any ug € L?(Q) there exists a
unique pathwise kinetic solution to the Cauchy problem (1.2.1). If uy > 0, then u(t) = 0

for every t = 0. Finally, pathwise kinetic solutions satisfy the following pathwise contraction

property

Ju! = w?| Lo o,00psL1 (@) < 4 — ugliiq)- (1.2.3)

Despite the subsequent result [FG21b]|, which still requires smoothing of the white noise,
but not of the rough noise coefficient o, to obtain wellposedness of (1.2.2), the interest in the

approximation (1.2.1) is nonetheless retained as exemplified by the following results.
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Theorem 1.2.2 (Theorem 2.1.4). Under the above assumptions, equation (1.2.1) defines a

continuous random dynamical system on Li (Q). Namely, we have almost surely
u(ug, 5,t, 2.(w)) = u(ug, 0,t — 5, 2.45(w)) YO<s<t Yuge L2(Q),

where u(up, s,t, z.(w)) denotes the solution at time ¢ started at time s with initial data ug €
L?(Q) and driving signal z.(w). Moreover, the contraction principle (1.2.3) implies that the

dynamical system is continuous in L'(Q).

Theorem 1.2.3 (Theorem 2.1.5). Under the above assumption, let {2*}1cy be a sequence of

geometric rough paths such that
lim da(2%,2) =0

k—o0
in the a-Holder metric d, (cf. Section 2.5) and let {u*}ren and u denote the corresponding

pathwise kinetic solutions with the same initial data ug. Then we have
lim [Ju® — u : = 0.
Jim | Iz o121 (@))

In the case z; arises from the sample paths of a Brownian motion B; enhanced with its
iterated Stratonovich integrals, the continuity of the noise-to-solution map has immediate
consequences on the large deviations and support properties of solutions. For example, be-
cause of Schilder’s Theorem (in its version for rough paths [FV10, Theorem 13.42]) and the
contraction principle, the solutions of (1.2.1) satisfy a large deviation principle in L} L. with
rate function

T
I, (u) = inf {;L lg@®))?dt = o = Au™ + V - (A(z,u)g(t)), u(-,0) = uo} :

Similarly, one has that the random solution u is arbitrarily close with positive probability
to any solution u, of the Cauchy problem (1.2.1) where the rough path z induced by the

Brownian motion is replaced by a generic smooth path g (cf. Remark 2.1.6).

1.2.2 Chapter 3: fluctuations in the small noise limit

The main contribution of Chapter 3, containing the work [CF23a|, is to analyze the small
noise n — oo fluctuations of the colored-noise Dean—Kawasaki equation (1.1.1) as sketched in
the discussion (1.1.8)-(1.1.11).

The main results are summarized in the following theorem and proposition.

Theorem (Theorem 3.3.3 and 3.3.10). Under suitable assumptions on the coefficients and
along a suitable scaling regime where the colored noise £ — £ converges to space-time white
noise, the rescaled small noise fluctuations v/n(p™ — p) of the Dean—Kawasaki equation (1.1.1)
around the zero noise limit (1.1.8) converge to the solution v of the Langevin SPDE (1.1.10).
Namely,

V" = /n(p" — p) — v in L7([0,T]; HP(T%)) in probability,
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for any T'> 0, for 7 = 2 or 7 = o0, for any § > % or #>1+ %l respectively, with an explicit
rate of convergence which depends on 3, the equation coefficients and the space regularity of

the noise sequence £" — £.

A by-product of the techniques employed is the following strict positivity result with high

probability in the small noise limit.

Proposition 1.2.4 (Proposition 3.3.8). Under the same assumptions, stochastic kinetic so-

lutions to (1.1.1) with strictly positive initial data pg satisfy

V>0 P (pn > inf po — 5) >1-C, with C, =%, (1.2.4)

for a sequence C), depending on 4, inf pg, the equation coefficients and the space regularity
of the noise ™. In particular, solutions p™ are bounded away from zero with increasing

probability as n — oo.

We refer to Section 3.1.1 for a thorough discussion of the strategy adopted. We simply
mention that the main difficulties are due to the nonlinear coefficients, possibly singular or
degenerate, and the renormalization prescription for stochastic kinetic solutions (cf. Defini-
tion 3.2.19), which make it difficult to exploit equation (1.1.1) explicitly in the arguments.
To address this issue, we argue with regularized versions of the equation with coefficients
smoothed only near their singularities, which admit more classical solutions. Thanks to the
asymptotic strict positivity result (1.2.4) and the pathwise uniqueness (1.1.6), smoothed and
true solutions coincide with increasing probability in the small noise limit and we can pass

our arguments to the true equation.
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Chapter 2

Wellposedness of rough path

approximations

2.1 Introduction and main results

In this chapter we consider stochastic porous media and fast diffusion equations with nonlin-

ear, conservative noise of the form

dru = A(Ju/™ ) + V- (A(z,u) odz)  in Q x (0, 00),
u=0 on 0@ x (0,00), (2.1.1)
U = U on Q X {0},

for a diffusion exponent m € (0, c0), initial data ug € L?(Q), and an n-dimensional, a-Holder
continuous geometric rough path z, which in particular covers the case where z is an n-
dimensional Brownian motion. The domain Q is a smooth bounded domain in R%. The
matrix valued nonlinearity

Alz,€) : Q x R — R&™

is assumed to be regular, with regularity dictated by the regularity of the rough path z.

We establish path-by-path existence and uniqueness of (2.1.1) for positive initial data
up € L%(Q) in the full regime m € (0,00) (cf. Theorems 2.1.2 and 2.1.3), in terms of the
central notion of pathwise kinetic solution (cf. Definition 2.2.4). Moreover, we show the
solution map to (2.1.1) generates a random dynamical system associated to the equation (cf.
Theorem 2.1.4) and is a continuous function of the noise (cf. Theorem 2.1.5). This has
consequences on the support properties of the solution to (2.1.1) around the solution of its
deterministic version (2.1.7) (cf. Remark 2.1.6). Finally, the existence of solutions to (2.1.1) is
in fact proved for any signed data ug € L?(Q) and in the full regime m € (0,0) (cf. Theorem
2.1.3). In particular, when m = 1 or m € (2,0), all the aforementioned results extend to

general signed data (cf. Theorem 2.1.7).
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Stochastic porous media equations of this type arise, for example, as a continuum limit of
mean-field stochastic differential equations with common noise [CG19, KX99|, with notable
relation to the theory of mean field games [LLO7, LLO6|; or in the graph formulation of
the stochastic mean curvature and curve shortening flow [ESR12, DLN01, SY04]. Moreover,
equation (2.1.1) can be regarded as an approximate model for the fluctuating hydrodynamics
of the zero-range particle process around its hydrodynamic limit [DSZ15, FG23, FPV8§|, as
an approximation to the Dean-Kawasaki equation arising in fluid dynamics [MT99, Dea96,
Kaw98, CSZ19b, FG21b|, and as a model for thin films of Newtonian fluids with negligible
surface tension [GMROG6.

Our approach to (2.1.1) is crucially based on the work [FG19|, where Fehrman and Gess
proved analogous results for this equation posed on the d-dimensional torus with periodic
boundary conditions. In turn, this was motivated by the works of Lions, Perthame and
Souganidis |[LPS13, LPS14|, and Gess and Souganidis [GS14b, GS14a, GS16| on stochastic
conservation laws and simpler versions of (2.1.1). The method is essentially based on passing
to the equation’s kinetic formulation, introduced by Chen and Perthame |[CP03, Per02]|, for
which the noise enters as a linear transport, and then on analytic techniques and rough path
analysis.

The main difficulty with respect to the periodic case [FG19] is the handling of the Dirichlet
boundary conditions. The imposition of boundary conditions is a challenging problem. In the
stochastic case, even in the simple linear one-dimensional case dyu = Oypu + (0zu) o 2, it is
nontrivial [Kry03] and in fact not always possible to enforce them in a classical sense. The
conditions can be recast in a weak sense, but even in the deterministic case, this is notoriously
difficult for nonlinear equations.

In our case, depending on the diffusion exponent m € (0, 0), we obtain H'-regularity for
the power |u|™ 'u and impose the zero boundary conditions by requiring the trace of |u|™ 1u
to vanish. The behaviour of the noise at the boundary is controlled in terms of the Dirichlet
conditions imposed on the solution. This requires a sharp ad-hoc treatment depending on
the particular exponent m € (0,00) and the observation of crucial cancellations among the
boundary error terms.

The well-posedness of (2.1.1) has been an open question for long time, even in the proba-
bilistic (i.e. non patwhise) setting and even in the case z; is given by a Brownian motion B.

Generalized stochastic porous media equations of the form
du = A¢(u) dt + o(x,u) dBy

have attracted considerable interest and their well-posedness has been obtained for several
classes of nonlinearities ¢, noise coefficients o(z,u) and boundary conditions. We refer to the

monographs [BPR16, LR15], and to [FG21a, GH16, DHV16, BR17, BR14, BVW15] for recent
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contributions. To some extent, the case of a linear gradient noise, that is A(z,u) = h(z)u
in (2.1.1), could be treated with similar methods (cf. [DG17, RM16, T6118]). However, the
nonlinear structure of the gradient noise in (2.1.1) requires entirely different techniques.

The aforementioned works [LPS13, LPS14, GS14b, GS14a, GS16] started developing a ki-
netic approach to tackle scalar conservation laws and simplified versions of (2.1.1). The work
of Fehrman and Gess [FG19| was the first to prove similar results for (2.1.1) in the pathwise
context, at the cost of high regularity assumptions on the noise coefficient needed to over-
come the roughness of the signal (cf. assumption (2.1.3) below). Dareiotis and Gess [DG20)]
then managed to lower the regularity assumptions up to A € Cg('ﬂ‘d x R) and proved well-
posedness of (2.1.1) with periodic boundary conditions, in the probabilistic sense. Further-
more, Fehrman and Gess [FG21b| proved probabilistic well-posedness of (2.1.1) with periodic
boundary conditions, when z; is a Brownian motion and, for example, when A(z,u) = f(x)y/u
with f e CZ(T9).

Despite requiring higher regularity, the interest in pathwise results is nonetheless retained
and twofold. First, it is well-known that solutions to stochastic differential equations do
not depend continuously on the driving noise (see for instance |Lyo91]), and even more so
if the noise coefficient is a nonlinear function of the solution itself. However, the continuity
of the solution can be recovered by means of a finer rough path topology [Lyo98|. In the
same fashion, Theorem 2.1.5 below establishes the continuous dependence in the noise of the
solution map to (2.1.1).

Secondly, the pathwise nature of the existence and uniqueness Theorems 2.1.2 and 2.1.3
immediately implies the existence of a random dynamical system associated to (2.1.1), stated
in Theorem 2.1.4. This is a notoriously difficult problem (see e.g. [Fla95, MZZ08, Ges12|).
Even in the linear case m = 1, the existence of a random dynamical system for a nonlinear
SPDE with nonlinear z-dependent noise could not be proved before [FG19]. Indeed, all
the aforementioned works on (2.1.1) in the probabilistic setting could not obtain these two

consequences.

Structure of the chapter

The material is organized as follows. We first give an overview of the methods and arguments
employed in this chapter. In Section 2.1.1 we introduce our hypotheses and notations, and in
Section 2.1.2 we present the main results. In Section 2.2 we bring forward the kinetic formula-
tion of the equation; after analyzing the associated system of characteristics, we motivate and
present the definition of pathwise kinetic solution. In Section 2.3 we prove the uniqueness of
solutions to (2.1.1). Section 2.4 is devoted to the proof of existence of solutions to (2.1.1) and
of their continuous dependence on the driving noise. In Section 2.5 we present some stability

results from the theory of rough paths and we gather some estimates needed throughout the
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chapter.

Overview of the methods

The methods of this work build upon the kinetic approach put forward in [LPS13, LPS14,
GS14b, GSl14a, GS16, FG19, FG21a| for stochastic conservation laws and variants of the
stochastic porous media equation. The aim of Section 2.2 is to explain the pathwise and
kinetic approach to the (2.1.1), and to derive the central notion of pathwise kinetic solution.
First, we pass to the kinetic formulation of the PDE [CP03]. This is an equation in d + 2
variables: the time and space variables ¢t and z, and an additional wvelocity variable &, which
corresponds to the magnitude of the solution. The interest in such formulation of (2.1.1) is
that now the noise enters the equation as a linear transport. The transport is well-defined
for rough driving signals, when the underlying system is interpreted as a rough differential
equation.

Following the strategy used in [LPS13, LPS14, GS14b, GS14a, GS16, FG19, FG21a|, and
previously put forward in the theory of stochastic viscosity solutions [LS98b, LS98a, LS00a,
LS00b, LS02|, we test the kinetic equation against a restricted class of test functions only,
precisely test functions transported by an underlying conservative system of stochastic char-
acteristics. When testing against these functions, the terms involving the noise automatically
cancel out. Such test functions are simply obtained with the method of characteristics: namely
by flowing an arbitrary initial data back in time along the characteristic curves of the rough
differential equations prescribing the transport. Informally, this is of course the same as flow-
ing the kinetic solution forward in time along the characteristics. This restricted class of test
functions is nonetheless large enough to provide a comprehensive characterization of the solu-
tions to (2.1.1), or better to its kinetic version, which is sufficient to prove its well-posedness.
The precise notion of pathwise kinetic solution is given in Definition 2.2.4.

In comparison to [LPS13| and [FG21al, owing to the z-dependent gradient structure of the
noise, the characteristics’ equations cannot be solved explicitly. Therefore, the solutions need
to be controlled with the rough path estimates from Section 2.5. Moreover, as time passes,
the characteristics also move in space (cf. [FG19, LPS14]). With respect to [FG19, LPS14],
the introduction of Dirichlet boundary conditions further complicates the picture: as time
evolves the space characteristics might indeed escape the domain ), and the resulting test
functions flowed along these characteristics would not be compactly supported within @ if
too much time has passed. To overcome this difficulty, we make further assumptions on the
noise coefficient A(x,u) defining the system of rough characteristics (2.2.21) so as to directly
prevent the characteristics from escaping the domain @ (cf. (2.1.5) and (2.2.17)). These
assumptions simplify the handling of the boundary conditions and are fundamental in our

proofs. They are justified since we have in mind equation (2.1.1) as an approximate model
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for a noise term V - (o(z,u)n), with n a space-time white noise. Indeed, it is always possible
to find a cylindrical expansion of 7, which we then truncate at some order, such that the
aforementioned conditions are satisfied. See Remark 2.1.1 for details.

Section 2.3 is devoted to the proof of uniqueness. The formal proof of uniqueness follows
the same outline presented in [CP03] in the deterministic case. However, to justify the formal
computation, care must be taken to avoid the product of d-distributions. This is achieved with
a regularization in the space and velocity variables. Moreover, to cancel the noise from the
equation, we are allowed to use transported test functions only. Additional error terms arise
due to the transport of test functions along characteristics, which are handled using a time-
splitting argument that relies crucially on the conservative structure of the equation. In this
setting, the interaction between the z-dependent characteristics and the nonlinear diffusion
term further complicates the arguments: the error terms generated by the regularization
procedure need to be controlled with sharp estimates (cf. Proposition 2.3.6 and 2.3.9) for
singular moments of the parabolic defect measure (cf. Definition 2.2.4), especially in the case
of small diffusion exponents m € (0,1) u (1,2].

The imposition of Dirichlet boundary conditions makes the analysis even more difficult:
to keep everything compactly supported within the domain ) it is necessary to introduce a
cutoff function. This, combined with the displacement of the space characteristics, generates
new boundary layer error terms which are controlled with the zero-trace conditions imposed
on the solution u. Concretely, the decay at the boundary of u is quantified by means of

‘m—l

the H'-regularity of |u u prescribed by the nonlinear diffusion. In turn, this forces us
to choose the cutoff function ¢ = ¢(m) as a function of the particular exponent m € (0, c0).
Finally, besides the above estimates, the handling of both the interior and boundary error
terms relies on some fundamental cancellations among them. Indeed, the gradient structure
of the noise implies that the characteristics preserve the underlying Lebesgue measure, and
this is crucial both for the above mentioned time-splitting argument and to observe these
cancellations.

Finally, in Section 2.4 we prove the existence of pathwise kinetic solutions and their
continuous dependence on the noise in the rough path topology. This is obtained by proving
stable estimates for the solutions of smoothed PDEs approximating (2.1.1), and then using
weak convergence and compactness arguments to prove these solutions converge to a solution
of (2.1.1). The aforementioned estimates hold for the limiting solution as well. Furthermore,
they hold uniformly for solutions of (2.1.1) corresponding to rough signals {z]'},en close to each
other in rough path topology. Then, repeating the same weak convergence and compactness
arguments used to show existence, and combining them with the uniqueness of solutions, we

prove that the solution map to (2.1.1) depends continuously on the noise.

Concretely, we first prove stable estimates for singular moments of the parabolic defect
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measure of the approximating PDEs (2.2.2) totally akin to those used in the uniqueness proof
(cf. Proposition 2.4.3 and Proposition 2.3.6). Then we exploit these estimates to show that the
corresponding kinetic solutions are uniformly bounded in suitable fractional Sobolev spaces
Wfé for the space and velocity variables (cf. Proposition 2.4.5). Moreover, they have enough
regularity in time (cf. Proposition 2.4.4) to invoke the Aubin-Lions-Simons Lemma [Sim86]
and obtain strong convergence.

In this regard, it is worth mentioning that the weak convergence arguments developed in
[GS14Db)] for scalar conservation laws with z-dependent noise do not apply in the parabolic case
(2.1.1). Indeed, the corresponding class of pathwise entropy solutions is not closed under weak
convergence, since the second order structure of the equation cannot ensure the weak limiting
object actually is a solution. Therefore, in [GS16] the same authors introduced a strong
convergence method based on uniform BV-estimates to tackle the parabolic case. However,
these arguments are probably restricted to the z-independent case as a uniform BV -estimate

for solutions to (2.1.1) does not seem available.

2.1.1 Hypotheses and notations

The domain Q is a smooth bounded domain in R? with d > 1. The diffusion exponent is

m € (0,00), and for the signed power we shall use the shorthand

[m |m71u.

ulml = |y

We shall denote by L2 (Q) the closed subspace of L*-integrable functions which are a.e.
nonnegative. The noise is a geometric rough path: for n > 1 and a Holder exponent « € (0, 1),

foreach T'> 0
_ 1 n 0, . [lJ n
zt=(z,...,24)€C [0,T]; GLa(R™) ) , (2.1.2)

where C%*([0,T7; Gl (R™)) is the space of n-dimensional a-Hélder geometric rough paths
on [0,7]. We denote by d, the a-Holder metric defined on this space. See Section 2.5 for
references on rough path theory.

As regards the noise coefficient A(z, ), we assume it is smooth with bounded derivatives.

: 1
Precisely, for some v > - we assume

D A(z,€) € OJ PP (RE x R;R™) and 9cA(x,€) € O PP(RE x R;R™). (2.1.3)

This regularity is necessary in order to obtain the rough path estimates of Proposition 2.5.1.
In particular, as the regularity of the noise decreases, more regularity is required for the
coefficients.

We also need to impose conditions on A so as to control the direction of the characteristics.
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To start with, we assume the nonlinearity A(z,§) satisfies

d
V- A(@,0) = Y 05, A; (2,0) =0 for each z € R”. (2.1.4)
i=1
This assumption guarantees that the underlying stochastic characteristics preserve the sign
of the velocity variable. Even in the case of smooth driving signal, this condition is necessary
to ensure that the evolution of (2.1.1) does not increase the mass of the initial condition.
Next, we impose two conditions to govern the behaviour of the space characteristics near

the boundary. These assumptions are crucial in our arguments to impose Dirichlet boundary

conditions and are justified by Remark 2.1.1 below. Namely, we impose that A(z,§) satisfies

0eA(x,€) = Dp0cA(x,§) =0 on 0Q x R. (2.1.5)

As already mentioned in Section 2.1, the assumption 0¢Aj59xr = 0 ensures that, as time
evolves, the space characteristics never leave the domain (). This condition is necessary
to guarantee that the transport of a test function along the characteristics stays compactly
supported in @, and thus it is an admissible test function in the kinetic formulation of (2.1.1).
The further hypothesis D;0¢Ajggxr = 0 is slightly more technical and is needed to effectively
exploit the condition J¢Ajpgxr = 0 and further quantify the informal fact that the space
characteristics move slower as they start closer to the boundary. Intuitively, it means that
the strength of the transport term d¢ A(x, u)Vu o dz; featuring in (2.1.1) decreases more than
linearly in terms of the distance dist(z, 0Q)).

Remark 2.1.1. We stress that our main interest in (2.1.1) is to consider it as a space corre-

lated approximation to the, possibly ill-posed, stochastic porous media equation
o = Aul™ £V - (o(x,u) on),

where 7 is a d-dimensional space-time white noise and o(z, &) is a possibly nonsmooth non-
linearity with o(z,0) = 0 for every z € @Q, for example o(x,&) = /€. We observe that the
assumptions (2.1.4)-(2.1.5) are perfectly compatible with this strategy. Indeed, a standard
construction of the space-time white noise on Q x [0,00) is n = >~ | p;(z)dB{, where { B} }ien
are independent d-dimensional Brownian motions and {p;(x)}en is an orthonormal basis of
L?(Q). Now consider a basis such that p; € C°(Q) and such that p; = Dyp; = 0 on 0Q
for each i € N (for example, consider a spectral basis of L?(Q), contained in HZ(Q), for the

symmetric compact operator A~2). For each m € N, we can take n = md and set

A(z,8) = om(z,§) [m(a?)ld | p2()la || pm(m)ld], 2= (Bf,...,B"),
where I; denote the identity matrix of dimension d, and o,, is a smooth approximation to o
with oy, (2,0) = 0 for every x € Q. Then A(z,u) o dz; = op(z,u) Y, pi(z) 0 dB} is indeed
converging to o(xz,u)on as m — o0, and elementary computations show that A(z, &) satisfies

the assumptions (2.1.4)-(2.1.5).
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2.1.2 Main results

We now present the main results of the chapter. The precise notion of pathwise kinetic solution
is given in Definition 2.2.4 below. Our first result, proved in Section 2.3, is a contraction
principle for pathwise kinetic solutions with nonnegative initial data, which in particular

implies their uniqueness.

Theorem 2.1.2. Let m € (0,00) and let uj,u3 € L%(Q). Under the assumptions (2.1.3)-

(2.1.5), pathwise kinetic solutions u! and u? of (2.1.1) with initial data u} and u3 satisfy

1 2 1 2
It — | oo o,000:21(@)) < lluo — w61 (@)- (2.1.6)
In particular, pathwise kinetic solutions with nonnegative initial data are unique.

As already mentioned in Section 2.1, our uniqueness result heavily relies on sharp a pri-
ori estimates needed to tackle the nonlinear diffusion and take care of the zero boundary
conditions. In turn, these are coupled with other stable estimates for smoothed equations ap-
proximating (2.1.1) both in space and time. Then, using weak convergence and compactness
arguments, in Section 2.4 we prove the existence of pathwise kinetic solutions with a limit

procedure.

Theorem 2.1.3. Let m € (0,00) and let ug € L?(Q). Under the assumptions (2.1.3)-(2.1.5),
there exists a pathwise kinetic solution of (2.1.1) with initial data ug. Furthermore, if ug €

L%(Q), the corresponding solution stays nonnegative, that is
u(z,t) =0 almost everywhere in @ x [0, 0).

The pathwise nature of Theorem 2.1.2 and 2.1.3 immediately implies the existence of a
random dynamical systems associated to (2.1.1). Precisely, suppose that our driving noise
[0,00) 3t — 2z = z(w) arises from the sample paths of a stochastic process defined on a
probability space (€2, F,P), in such a way that z;(w) is indeed an a-Holder geometric rough

path for almost every w € 2. Then we have the following result.

Theorem 2.1.4. Assume the hypotheses (2.1.3)-(2.1.5) and let m € (0,0). When interpreted
in the sense of pathwise kinetic solutions, equation (2.1.1) defines a random dynamical system
on L2 (Q). Let u(ug, s,t,z.(w)) denote the solution at time ¢ to (2.1.1) started at time s with
initial data ug € L% (Q) and driving signal z.(w). Then, for almost every w € (Q,F,P), we
have

u(ug, s,t, 2.(w)) = u(ug, 0,t — 5,2.45(w)) V0 <s<tVYuye LL(Q).

Moreover, the contraction principle (2.1.6) implies this dynamical system is continuous when

considered with values in L*(Q).
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Next we present a result stating that the solution map is continuous with respect to the
driving noise. Indeed, all the aforementioned estimates needed for the existence theorem are
pathwise estimates and depend on the driving noise z; cosindered as a geometric rough path;
in particular, they are uniform for geometric rough paths close to each other in the a-Holder
metric d,. In Section 2.4, using the same compactness arguments as for the existence proof
and exploiting the uniqueness of solutions to (2.1.1), we prove the following continuity result.
Unfortunately, this method does not yield an explicit estimate quantifying the convergence of

solutions in terms of the convergence of the driving signals.

Theorem 2.1.5. Assume the hypotheses (2.1.3)-(2.1.5). Let m € (0,00) and ug € L2(Q).
For any T > 0, let {zF}ren and z be a sequence of n-dimensional a-Holder geometric rough
paths on [0,7"] such that

lim dq (2%, 2) = 0.

k—o0
Let {u*}reny and u denote the pathwise kinetic solutions to (2.1.1) on [0,7"] with initial data

ug and driving signals {z*}rcy and z respectively. Then we have
. k .
i u =l o,z @) = 0-

Remark 2.1.6. Theorem 2.1.5 has immediate consequences on the support properties of
the solutions to (2.1.1). For simplicity, let us suppose that our driving noise t — z; arises
from the sample paths of an n-dimensional Brownian motion B;(w) defined on a probability
space (Q, F,P), in the sense that the mapping ¢ — B (w) defines P almost surely an
a-Holder geometric rough path z;(w), where B denotes the Brownian motion enhanced
with its iterated Stratonovich integrals (see e.g. [FH14|). For P a.e. w € Q, let u(w) denote
the pathwise kinetic solution of (2.1.1) with initial data ug € L% (Q) and driving signal ¢ —
BJtat (w). Given any smooth path g : [0,00) — R™, let 4 denote the pathwise kinetic solution,

with the same initial data ug, of the deterministic porous media equation with convective term

oty = Aub™ + V- (A(z, 1) §), (2.1.7)

that is of equation (2.1.1) driven by the smooth path z; := g¢(¢) (cf. 2.5). In this setting,
Theorem 2.1.5 implies that the probability of u being arbitrarily close to the deterministic
solution 4 in L'-norm is always nonzero. Indeed, properties of the Stratonovich enhanced
Brownian motion ensure that P (da (]B%,Strat,g) < e) > 0 for any T > 0 and any € > 0 (cf.

[FV10, Chapter 13]). Theorem 2.1.5 immediately implies that, for any T > 0,
P (||u — ’lTLgHLl([&T];Ll(Q)) < 6) >0 Ve>0.

That is to say, the support of the law of w in L([0,7]; L'(Q)) contains the solution of
(2.1.7) for every smooth path g. In fact, since almost every sample path B.(w) arises as d,-

limit of smooth paths, we actually have that the support of the law of u is the closure of

{iiy | g smooth path} in L1([0,7]; LY(Q)).
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Finally, we notice that the methods of this chapter apply to general initial data in L?(Q)
provided the diffusion exponent satisfies m = 1 or m > 2. Indeed, the nonnegativity of the
solution, and thus of the initial data, is only required in the a-priori estimate presented in
Proposition 2.3.9. In turn, this estimate is only needed to tackle the case of small diffusion

exponents m € (0,1) U (1,2] (cf. Remark 2.3.2). As a consequence we get the following result.

Theorem 2.1.7. Let m = 1 or m > 2. Under the assumptions (2.1.3)-(2.1.5), for every
ug € L%(Q) there exists a unique pathwise kinetic solution of (2.1.1) and the analogous results

of Theorem 2.1.2 and Theorems 2.1.5 and 2.1.4 hold.

2.2 Definition and motivation of pathwise kinetic solutions

The aim of this section is to understand equation (2.1.1), and motivate and present the notion
of pathwise kinetic solution given in Definition 2.2.4. For this purpose, we shall first consider
a uniformly elliptic regularization of (2.1.1) driven by smooth noise. The assumption (2.1.2)
ensures that there exists a sequence of smooth paths {z¢ : [0,00) — R"}.c(,1) such that, for

each T > 0,
liI% do (2,2°) =0, (2.2.1)
€E—>

where d,, denotes the a-Holder metric on the space C%¢ ([0, T; GL/*/(R™)) of geometric rough
paths. In what follows, for € € (0,1), we will denote by z¢ the derivative of the smooth path.

Furthermore, it is necessary to introduce an n-perturbation by the Laplacian, for n € (0, 1),
in order to remove the degeneracy of the porous media diffusion. Therefore, for each n € (0, 1)

and € € (0,1), we consider the equation

oruc = AT L pAuT 4V - (A(z,u)z)  in Q x (0,0),

u =0 on 0Q x (0,00), (2.2.2)

u”c = g on @ x {0}.
We shall derive a formulation of the equation that is well-defined for singular driving signals.
Namely, we shall pass to the kinetic form of (2.2.2), where the noise enters as a linear transport,
and then derive a formulation that is well-defined even after passing to the limit with respect
to the regularization.

The following proposition establishes the well-posedness of (2.2.2) in the classical sense.

The proof is a small modification of [FG19, Proposition A.1|, and thus is omitted.

Proposition 2.2.1. For each n € (0,1), each € € (0,1), and each ug € L?(Q), there exists a

classical solution u™¢ of equation (2.2.2) such that
we H ([0, T]; H3(Q), H1(Q)), and ul™ ul"™ e 12 ([0,T]; H}(Q)) -
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We now pass to the kinetic form of (2.2.2), complete details of the following derivation are
given in [FG19, Appendix A|. This formulation is obtained by introducing the kinetic function
X :R? - {—1,0,1} defined by

1 if0 <& <w,
X(,€) =15 -1 ifv<&<0,

0 else.

We then define, for each n € (0,1) and € € (0, 1), for u the solution of (2.2.2), the composition

Xz, &, t) = x(u"(x,t),8). (2.2.3)

Proposition 2.2.2 below states that the kinetic function x™€ is a distributional solution of the

equation
Oex =ml€|" T Ay X 4D X+ (0e A, €)2f) - Vi X

= (Vo Az, §)]) Oex™ +0:(p™" + ")
in @ x R x (0,00), with Dirichlet boundary conditions and initial data x(uo(z),&). Here, the

(2.2.4)

measure p€ is the entropy defect measure

™ (@, &,t) = S0 (& — ™ (w, 1)) m [V uP(x, 1), (2.2.5)

and the measure "¢ is the parabolic defect measure

@7 (2,6, 1) = 0(€ — WP (x, t>>m4f1)2 V() 0| (2.2.6)

where dy denotes the one-dimensional Dirac mass centered at the origin. The sense in which

the kinetic function satisfies (2.2.4) is made precise by the following proposition. The proof

is again a small modification of [FG19, Proposition A.2| and is omitted.

Proposition 2.2.2. For each n € (0,1), € € (0,1), and ug € L*(Q), let u”€ be the solution
of (2.2.2) from Proposition 2.2.1. The associated kinetic function x"¢ defined in (2.2.3) is a
distributional solution of equation (2.2.4) in the sense that, for every t; < to € [0,00) and for
every 1 € CP(Q x R x [t1,t2]), we have

r=to
| e gmie g do de
QxR r=ty
to
= f J X" Opp dx d€ dr
t1JQ xR
ta
+f f (€™ + n) X Ayt da dE dr (2.2.7)
t1JQ %R

- j [ x4 (@A, €)2000) — 26 (e A, €)26)0)) dar e dr

QxR

ta
- f f (07 (2, £,7) + ¢ (2, £, 7)) Ged du d dr.
t1JQ xR
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The purpose of this section is to remove the dependency of equation (2.2.7) on the deriva-
tive of the noise, so as to get a formulation of (2.1.1) which is well-defined even for rough
driving signals. To achieve this, rather than testing equation (2.2.7) against arbitrary test
functions v, we shall limit ourselves to only use the solutions of the following transport equa-
tions, for any ¢ € [0, 1] and any initial data pp € CF(Q x R):

0rp = 0 A(,€)2f - Vop — (V- A(2, €))% dep in RY x R x (to, 0), (228)

p=po on R x R x {to}. B
Indeed, using such test functions p(z, &, t) in (2.2.7), the first and third term on the right-hand
side automatically cancel out.

Owing to assumption (2.1.3) on A and to the smoothness of the paths z¢, equation (2.2.8)
is a standard first-order PDE with smooth coefficients, and its solution is represented using the
associated characteristics, which we now analyze. The forward characteristic (Xféﬁfo’e, Efoofo’e)
associated to (2.2.8) beginning at time ¢y = 0 from (29, &) € R? x R is defined as the solution
of the system

Xigit™® = =0 A B2 in (to,0),
BP0 = (Vi A(XPR B E i (to, ), (2.2.9)

(XFofoe Z000) — (5, &).

The associated backward characteristic (Yfg?s’go’e, I 007’550’6) beginning at time 0 from (xg, &) €

RY x R and terminating at o, is simply defined as the forward characteristic (thﬁfo’e, Efoofo’ﬁ)

run backward in time. Namely, we define

YE0R0C = X000 and IO = E10R0 for s € [0, ). (2.2.10)

to,s to,to—s to,s *T “to,to—s

The forward and backward characteristics are mutually inverse, in the sense that, for each
(z,€) € R? x R, for each ty > 0 and t > tg, and for each sp > 0 and s € [0, s9], we have the

relation
(s ) (e S e S ). 22
Furthermore, for each tg > 0, we define the reversed path
2yt = 2y, for t €[0,t].

Yaroéo,e To ,£05€
)

toos tos. ) coincides with the
? )

It is then easy to check that the backward characteristic (

solution of the system

Vit = =0 A(Yay ™ I 2, i (0,80),

ﬂtxoofo,e _ (%.A(gﬂé?tyﬁoﬁ,Hfoofo,e))ztfo’t in (0,tp), (2.2.12)
(V20,80 TIZ060€) = (. &),

24



The solution of (2.2.8) is the transport of the initial data along the backward charac-
teristics (2.2.10). Precisely, for each pg € CF(Q x R), a direct computation proves that
00 (Ytﬁ’é’fo, Hfffto) is indeed the solution of (2.2.8). For each ¢ty = 0 and pp € CL(Q x R), we
shall use the notation

iy (0:€) = po(YESE TIZES ) (2:2.13)
for the solution of the transport equation (2.2.8).

Furthermore, as a consequence of (2.2.8), the characteristics preserve the Lebesgue mea-

sure on R? x R. That is, for every 0 < to < t; and 0 < s; < s, for every ¢ € L'(R? x R),
JRde ¥(x, &) dr d = . (XS ERGS) dd = . Y(YIEETITEE) dudE.  (2.2.14)
This property in turn comes from the conservative structure of the noise term in (2.2.2), and

it is essential to the proof of uniqueness in Section 2.3.

Finally, we analyze the consequences for the characteristics of the assumptions (2.1.4) and
(2.1.5) on the noise coefficient A(z,§). It is immediate from the second line of (2.2.9) and
(2.2.12) that the hypothesis V; - A(x,0) = 0 implies the characteristics preserve the sign of
the velocity variable. That is, for each (z,&) € R? x R, for each tg = 0 and t > tg, and for

each sp = 0 and s € [0, s9], we have

Effte =25 =0 ifand only if £ =0, and sgn(¢) = sgn(Efo’i’E) = sgn(MI%5°) if €#0. (2.2.15)

50,8

As regards the assumption dg A(7, §)|agxr = 0, the first line of (2.2.9) and (2.2.12) ensure

that space characteristics starting from the boundary do not move. That is, for any tg > 0,

to,s

if (z,€) € 0Q x R, then X;’Ft’e =Y®“ =gz forallt >0andall se [0,20]. (2.2.16)

The uniqueness of solutions then implies that the space characteristics cannot cross the bound-

ary 0@ and thus, when starting within @), they never leave the domain. That is, for any ¢y > 0,

if (,6)e@ xR, then Xfo’i’e €@ forallt >0, and Y;(fﬁf € Q for all s € [0, ] (2.2.17)

In fact, owing to the smoothness hypothesis (2.1.3), more is true: the closer to 0@ is the
space initial data z € RY, the slower the associated space characteristic moves. Rigorously

speaking, for any T' > 0 we have

z,§,€
’Xtmt — x‘ +

| x‘ < Cdist(z,0Q) V(r,&) e R xR Vio,te[0,T] Vse[0,t], (2.2.18)

for a constant C' = C(T, A, z) depending on the time T, the noise coefficient A(x,&) defin-
ing the systems (2.2.9) and (2.2.12), and the rough signal z, but uniform for all the paths
{Ze}ee(o,l)y which are close to the rough path z in the metric d,. This and other estimates are

proved in Appendix 2.5.
Finally, the assumption 65A(x,§)|anR = 0 has fundamental consequences on the trans-
ported functions (2.2.13). Indeed estimate (2.2.18) ensures that

if poeCe(Q x R), then pf ,(w,8)=po(Y55 T E5,) € Ce(QxRx[tg, T) VT = tg > 0. (2.2.19)
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That is, the transport along characteristics of a functions which is compactly supported within
@ x R stays compactly supported, and thus, in particular, is an admissible test function in
equation (2.2.7).

Now we go back to equation (2.2.7). The following corollary makes precise the idea of
testing the equation against functions transported along the inverse characteristics, so as to
get rid of the noise in the equation. The proof is an immediate consequence of the discussion
above, in particular equation (2.2.8), the representation (2.2.13) and property (2.2.19), and
Proposition 2.2.2.

Corollary 2.2.3. Let n,e € (0,1) and ug € L?(Q). The kinetic function x™¢ from Proposition
2.2.2 satisfies, for each to < t; € [0,00) and pg € CF(Q x R), for the solution pf ,.(z,§) :=
p(YE5E TI58€ ) of (2.2.8),

r,r—to? r,r—to

r=t
f (€, 7)o (0, €) dr dE
QxR r=to
t1
=f f (Il + 1) X (2, €,7) Mg, (2. €) dar d€ di (2.2.20)
toJ QxR

t1
- f f (07 (2. 6,7) + (2, €.7)) Gep, (0, €) d dE dir.
toJ QxR

The essential observation is that, in the passage to the singular limit ¢ — 0, the system
of characteristics (2.2.9) is well-posed for rough noise when interpreted as a rough differential
equation. In view of the representation (2.2.13), this implies the well-posedness of equation
(2.2.8) for rough signals as well. Precisely, for each (xg,&) € R x R and tg > 0, we define the

rough forward characteristic (Xé‘f;go, Efoﬂfo) as the solution of the rough differential equation

AX[050 = —0 AXTOR E(00) odzy  in (tg, ),
AR = (Vi A(XE, Z000)) o dzy i (t, ), (2.2.21)
(X0 Ze0) = (w0, o).

The continuity properties of the Ité—Lyons map, summarized in Proposition 2.5.1, and the

smoothness assumptions (2.1.3) on A(z, &) imply that, for each T' > 0,

lim (ng;ﬁvf, Ef(ff) — (ngﬁ, Efﬁ) uniformly for to<te[0,T] and (z,€) € R? x R.

e—0

In analogy to the smooth case, we now list the properties of the rough characteristics. As

before, the rough inverse characteristic (Ytgg?s’éo, Htxooﬁ’fo) is defined as the forward characteristic
run backward in time. Namely, we define

Ytﬁ?fo = Xf()%g{s and Hf(ifo = Ef(?,’tio—s for s € [0, o].
As before, for each tg > 0, we define the reversed path z:; := 2y, for t € [0,%9], and
the backward rough characteristic (Ytﬁ?s’&)’e, Hf&fo’e) coincides with the solution of the rough
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differential equation

Y5 = —0:A(Y™, Hfoo,fo) odztyr  in (0,20),

dILO5 = (V- AYE% TI050)) 0 dzyy i (0, t0), (2.2.22)
(Wé?t’f % Htxoo,%io) = (z0,%0)-

All the properties (2.2.11)-(2.2.19) of the smooth forward and backward characteristics
continue to hold for the limiting rough characteristics, just by deleting the symbol € form the
formulas. The rough forward and backward characteristics are inverse of each other in the
sense of formula (2.2.11), and they preserve the Lebesgue measure as prescribed by (2.2.14).
The assumptions V, - A(x,0) = 0 still implies that the rough characteristics preserve the sign of
the velocity variable as in (2.2.15). Similarly, the assumption 0¢A(7,§)ja0xr = 0 guarantees
that the rough space characteristics do not move when starting from the boundary, and that,
when starting within @), cannot leave the domain and move slower the closer they get to the
boundary, as specified by (2.2.16)-(2.2.18). These concepts are discussed in Section 2.5.

Finally, it follows from the well-posedness of the characteristic systems (2.2.21) and
(2.2.22) that the rough transport equation

0p = (0 A(x,€) 0 dz) - Vop — (V- A(2,€)) 0 dz) dgp in R x R x (tg, 0),

(2.2.23)
P = po on R x R x {to},

is well-posed for any ¢y > 0 and any initial data py € C®(R? x R). Indeed, in analogy with
(2.2.13), the solution is represented by the transport of the initial data along the inverse rough
characteristics (2.2.22). That is, for each tg > 0 and pg € C*(R? x R), the solution of (2.2.23)

can be written as
Prot (2, €) 1= po (Vi 1 T 4,)- (2.2.24)

Then, as in the smooth case, the assumption d¢ A(x, & )‘ soxr = 0 is fundamental to ensure that
the transport along rough characteristics of a function that is compactly supported within

@ x R stays compactly supported. Namely, estimate (2.2.18) implies that

if o€ Ce(Q x R), then py, o(z,€) = po(V5 1y T 1y) €Cel@Qx Rx[to, T1) VT > 1 > 0.

We are now prepared to present the definition of pathwise kinetic solution. Propo-
sition 2.4.3 below proves that the solutions u¢ of (2.2.2) satisfy, for each T > 0, for
C=C(m,Q,T,A,z),

2 . ‘

1 INE
ooy 1Y) <c(1+\|u0||§2(®),

P o syt [T <
™7, ([0, T;L2(Q)) (u™) L2([0.T]:L2(Q))

uniformly for n € (0,1) and € € (0,1). Using similar estimates, and weak convergence
and compactness arguments, we would expect the smooth solutions u”€ to converge to some

limiting function u as we let 17, e — 0. In turn, we would expect x"¢ = x(u", &) to converge to
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X(u, &). Moreover, the definitions (2.2.5)-(2.2.6) of the entropy and parabolic defect measures
and the above estimate on their total mass immediately imply that p¢ and ¢ converge

weakly in the 1, ¢ — 0 limit. Finally, for each T' > 0, Proposition 2.5.1 ensures that, as ¢ — 0,
Yfff’e — Yff and Hf’s‘é6 — Hff uniformly for s < t € [0,7] and (z,¢) € R? x R.

As a consequence, we would expect equation (2.2.20) to pass to the n,e — 0 limit as well.

This informal argument motivates the following definition.

Definition 2.2.4. Let ug € L*(Q). A pathwise kinetic solution with initial data ug is a

0
function u € L7,

([0,00); L?(Q)) that satisfies the following properties.

(i) For each T' > 0,

i

w3 e 22([0, T); HY Q).

In particular, for each T' > 0, the parabolic defect measure

4dm 2
(m+1)2

7n+1 ]

90(§ — u(z,t)) ‘Vu 2

q(z,&,t) == (2.2.25)

is finite on @ x R x [0, T7].

(ii) For the kinetic function x(z,&,t) = x(u(x,t),§), there exists a nonnegative entropy
defect measure p on @ x R x [0, 00), which is finite on @ x R x [0, 7] for each T" > 0, and
a subset N < (0,00) of Lebesgue measure zero such that, for every to < t1 € [0,00)\N
and every pp € CL(Q x R), for pyy +(x, &) defined by (2.2.24),

r=ty
f (€7 (2, €) s dE
QxR r=to
t1
[ e Ao, i d s (2.2.26)
tod @ xR

t1
- f f (P2, &,7) + a2, £.7)) depro (x, €) du dé dr.
toJQ xR

Moreover, the initial condition is enforced in the sense that, when tg = 0,

L N, €,0) poo(z,€) dz dé = [ x(uo(x).€) pol. €) d de.

xR QxR

Remark 2.2.5. We observe that in fact, as n — 0, the entropy defect measures p™€ converge
weakly to 0, owing to the regularity implied by the parabolic defect measures q"¢. However,
due to the weak lower semicontinuity of the L?-norm, along a subsequence, the weak limit of
the parabolic defect measures ¢ may lose mass in the limit, since the gradients V(u”’e)[m“/ 2]
will, in general, converge only weakly. The entropy defect measure appearing in Definition

2.2.4 is therefore necessary to account for this potential loss of mass. The complete details of

this phenomenon are given in the proof of Theorem 2.1.3 from Section 2.4.
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Remark 2.2.6. We remark that (2.2.26) is equivalent to requiring that the kinetic function
X satisfies, for each p € CX([0,0)), each ty < t1 € [0,0)\N and each py € CX(Q x R), for
the solution py, ¢(z, &) of (2.2.23),

T:tl

t1
f JQ (0. 607) i 0 €) 60) d d i = j X(@E,7)prg o, E)ip(r) d dE

QxR r=tg

t1
_J m|£|m71X(xa£77ﬂ) Azpto,r(xyf) SD(T) d.’Edde

QxR

t1
f f 2,6,7) + 4, €,7)) epug.r (@, €) o(r) dar dE .
to JQXR

Remark 2.2.7. An easy approximation argument shows that in fact we can test equation
(2.2.26) against the transport along characteristics of any pg € C?(Q x R) as long as it has
bounded first and second derivatives and it satisfies pg € C.(Q x [—M, M]) for each M > 0,
i.e. it is compactly supported in @ locally in &.

Finally, we observe that the regularity and zero-trace condition imposed by Definition
2.2.4.(1) imply that every pathwise kinetic solution satisfies the following integration by parts

formula. The proof is a small modification of [FG19, Lemma 3.6] and is omitted.

Lemma 2.2.8. Let u be a pathwise kinetic solution of (2.1.1) in the sense of Defintion 2.2.4
and let x(z,&,t) be the associated kinetic function. For each ¢ € C(Q x R x [0,00)) and

each ty = 0, we have

to to
J = 1 "'fo(x,s,r)w(x,@r)dwdde=*J J val (e, ula,r), vy de dr. (22.27)
0 JOxR 0 JaQ

2.3 Uniqueness of pathwise kinetic solutions

In this section we prove that pathwise kinetic solutions are unique. In order to motivate and
give an overview of the actual proof, we sketch the uniqueness argument in the case of the

deterministic porous media equation

o = Aul™in Q x (0,0),
u=0 on 0Q x (0,0), (2.3.1)
U = ug on Q) x 0.
The corresponding kinetic formulation is
Orx =mlE[™ T Ay +d(p+q)  in QxR x (0,00),
x=0 on 9Q x R x (0,0), (2.3.2)
X = X(uo;§) on @ x R x {0},
where p > 0 is the nonnegative entropy defect measure and ¢ is the parabolic defect measure

defined by (2.2.25).
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In this setting, the following proof of uniqueness is due to Chen and Perthame [CP03|.
Suppose that u! and u? are two kinetic solutions of (2.3.1) in the sense that the associated

kinetic functions x!' and x? solve (2.3.2). Properties of the kinetic function yield the identity

J ‘ul — u2| dr = J f ‘xl — X2|2 dx d€ = J J ‘X1| + ‘X2| — 2X1X2 dx d€
@ wle wle (2.3.3)
= fR f@ x'sgn(€) + x*sgn(€) — 2x' x> da dé.

Now we formally take the derivative in time of this equation and apply equation (2.3.2). Then

we integrate by parts in space. Using the distributional equalities

Oex'(,€,t) = 80(€) — So(€ — u'(z,t)) and VX' = do(€ — u'(z, 1)) V' (2, 1), (2.3.4)

for ¢ = 1,2, and exploiting the zero boundary conditions we eventually get

o [ 1ot =l =2 [ [ e al it e 0) VO o)
_zf J Sol€ — u @, 1) (P(2, £.1) + (2, E,1) (2.3.5)
RJQ

—2 JR JQ 8o (€ —u?(z, 1)) (pH(x, &, 1) + ¢*(x, &, 1)) .

Applications of Holder’s inequality and Young’s inequality, together with the definition
of the parabolic defect measure and the nonnegativity of the entropy defect measure, prove
the right-hand side of (2.3.5) is nonpositive. Integrating in time then completes the proof of
uniqueness.

The formal argument leading to (2.3.5) provides the outline for the proof of Theorem 2.1.2.
However, even to justify the formal computation, care must be taken to avoid the product
of d-distributions and exploit the boundary conditions. This is achieved by regularizing the
sgn and kinetic functions in the space and velocity variables. Additional error terms arise due
to the transport of test functions by the inverse characteristics, which are handled using a
time-splitting argument that relies crucially on the conservative structure of the equation.

In this setting, the main difficulty with respect to the case with periodic boundary con-
ditions comes from the class of admissible test functions for which equation (2.2.26) actually
holds. Indeed, equation (2.2.26) shall play the same role as equation (2.3.2) in the outline
of the proof sketched above. Imposing Dirichlet boundary conditions implies that in (2.2.26)
the admissible test functions need to be compactly supported within the domain Q. In turn,
when writing down the rigorous version of the argument above, we shall need to introduce
a cutoff function so as to effectively exploit (2.2.26). To counter the effect of the transport
along characteristics imposed by (2.2.26), we consider a cutoff function that has already been
transported along the backward characteristics. Having introduced a cutoff, new boundary
error terms arise to avoid the product of d-distributions. We shall have to choose the speed the

cutoff function is approaching the boundary with according to the diffusion regime m € (0, o).
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This is needed to exploit the zero boundary conditions and the Sobolev regularity of ul™ (cf.
Lemma 2.3.7 below) in order to control the derivatives of the cutoff.

We can now prove the uniqueness of pathwise kinetic solutions. Besides the aforementioned
regularization, time-splitting and cutoff procedures, the rigorous justification of the argument
above relies on sharp estimates for singular moments of the parabolic and entropy defect

measures. These estimates are postponed to Proposition 2.3.6 and 2.3.9 below.

Remark 2.3.1. For the remainder of the chapter, after applying the integration by parts
formula (2.2.27), we will frequently encounter derivatives of functions f(z,£,r) : @ x R x
[0,0) — R evaluated at £ = u(z,r). In order to simplify the notation, we make the convention

that
fo(x, U(SU, T‘), T) = fo(l', 3 T)K:u(x,r)a (236)

and analogous conventions for all possible derivatives. That is, in every case, the notation
indicates the derivative of f evaluated at (z,u(x,r),r) as opposed to the derivative of the full

composition.

Proof of Theorem 2.1.2.

The proof will proceed in 10 Steps. In Step 0 we introduce the notation and the machinery
needed in the proof. Step 1 presents the scheme for the rigorous justification of the formal
proof (2.3.3)-(2.3.5) outlined above, which consists of a time-splitting argument, a cutoff
procedure in space, and a regularization in the space and velocity variables. Step 2 analyzes
the terms of (2.3.3) involving the sgn function, and Step 3 considers the mixed term. In Step 4
we rigorously observe the cancellation coming from the parabolic defect measure we formally
noticed in (2.3.5). In Step 5 we justify the cancellation coming from the integration by parts
and the application of the zero boundary conditions formally performed in (2.3.4)-(2.3.5). In
Step 6 we make the point and gather the error terms produced by the rigorous computations
performed up to this point. In Step 7 we analyze the internal error terms coming from the
transport along characteristics of the sgn and kinetic functions. Step 8 tackles the boundary
error terms produced by the rigorous application of the integration by parts and the zero
boundary conditions. Finally, in Step 9, we pass to the limit with respect to the space and
velocity regularization first, the space cutoff second, and the time splitting third, and we

conclude the proof.

Step 0: Set up. Let u! and u? be two pathwise kinetic solutions with initial data u(l], u(% €

Li(Q) respectively. For each i = 1,2, we shall write x* for the corresponding kinetic function,
and p’ and ¢ for the corresponding entropy and parabolic defect measures. In order to simplify

the notation, for each (z,£,7) € @ x R x [0,00) we shall use

X;(l',f) = X(:Cafar)v pﬁ(az,ﬁ) = pi(.T,f,T), q:‘(x,f) = qi(liaé)r)'
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Moreover, we shall consider the transported kinetic functions
Rio(2:€) = XA(XPFLETY) for each (2,6,1,5) € @ x R x [0,00)%,

for the rough characteristics (2.2.21).

The proof will start with a time-splitting argument made possible by the conservative
structure of the equation. For i = 1,2, let N < (0,) be the null set corresponding to u’
from Definition 2.2.4, and define N' = Nt U N2 Let T € [0,0)\N be fixed, but arbitrary.
We shall consider arbitrary partitions P = {0 = tgp < t; < --- <ty = T} of [0,T], for any
N € N, with the constraint that P < [0, T]\N. We shall denote by |P| = max; |t;+1 — t;| the
diameter of the partition.

The imposition of the zero boundary conditions requires us to test the kinetic equation
(2.2.26) against compactly supported test functions only, and we thus need to introduce a
cutoff function. First, define the signed distance function dyg : R? - R by

doo () = dist(z, 0Q) if x e Q, 237)
—dist(z,0Q) if z € Q.
Since the domain Q is smooth, this defines a smooth function. Moreover, for z € R? close

enough to 0@, we have the identity

Vdsg(x) = —n(z), (2.3.8)

where n(z) denotes the extended unit outward normal to Q. Namely, for any z¢ € 0Q, let
n(xg) denote the actual unit outward normal to Q. For any x € R? close enough to dQ there
exists a unique pair (z*,t) € 0Q x R such that x = z* — tn(z*), precisely given by t = dsg(z)
and z* the (unique) closest point on 0@, and we set n(x) := n(z*). For each £ € (0,1), we

shall denote

Q' ={reQ|dog(x) <cit} and Qp:={reQ|dsg(x)>cit}, (2.3.9)

for a constant ¢; = ¢1 (T, A, z,Q,d, m) > 0, possibly changing throughout the proof, but only

depending on the parameters specified. It is then immediate from the definition that

meas (Q°) < C¢, (2.3.10)

for a constant C' = C(T, A, z,Q, m). Moreover, we point out the following property, which
is a simple consequence of estimate (2.5.8): for any (z,€) € @ x R and any s < ¢y € [0,T7,

possibly after enlargening the constant ¢; in (2.3.9),

if ;¢ @’ then z €@’ and viceversa. (2.3.11)

to,s
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Now, for each 3 € (0,1), we define a cutoff function ¢g = ¢3,, within @, whose shape
depends on the particular diffusion exponent m € (0,0). Precisely, set v, = (m +2) A 3 and

consider the piecewise linear function ¢; : R — [0, 1] given by

0 if s < g™,
Yg(s) =< gl (s—prm)  ifse B, B+ 5], (2.3.12)
1 if s> p+pm™.

Let p; : R — [0,1] be a standard 1-dimensional positive radial mollifier supported in the

unitary ball, and set
Pp(s) = p%ﬁvz Pg(s) for seR, (2.3.13)
where plé g denotes the mollifier rescaled at order % B7™. Finally, we define a cutoff function
¢s : RY — [0,1] by setting
op(x) == Yg(dag(x)). (2.3.14)

This definition guarantees that ¢g € C(Q) and it satisfies

3
1 if dog(y) > B + 55%,

d)ﬁ(y) = 1
0 if dsgly) < 557

Since 8 + %ﬁ”m ~ (3, recalling the notation (2.3.9), we shall write that ¢3 = 1 in Qg and
¢s =01in Q™. We also point out that, for k € N, for a constant C' = C(Q),

D*¢s=0 inQz and |DFgsl<CB™* inQ°. (2.3.15)

Moreover, we observe the following expression for the laplacian A¢g. The distributional

derivatives of 93 and the mollification imply that

dals) = ot (s = ) = 5 = (84 7). (2.3.16)

Then, the definition of ¢g and formula (2.3.8) yield

Adg = Va(dog (@) — 1hp(dag(2))V - in(). (2.3.17)

Finally, we shall need a regularization procedure. Let p; and pg be standard 1-dimensional
and d-dimensional positive radial mollifiers supported in the unitary ball. For each € € (0, 1),
denote by p{ and p§ their rescaling of order €. For i = 1,2, with the notation (2.3.9), for each
(y,m) € Qc x R and each ¢t < r € [0,00), we define the smoothed transported kinetic functions

X (1) == (Xt * P2P5) (y571) = f X (XS 0 )pa(e — y)pS (€ — ) da dE

@R (2.3.18)

= f@ . Xe(@, €)p(Yin, — y)p{ (e, — n) da dE,
X
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where, in the last inequality, we used the inverse
eqrefformula/inverse relation for smooth characteristics and conservative (2.2.14) properties

of characteristics. In particular, for each (y,7) € @ x R and t < r € [0, 0),
lim X45.(4, 1) = X (v, 7)-

To simplify the notation, for (z,%,£,1) € Q% x R? and t < r € [0,0), we shall write

P (@, 9,6m) 1= pa(V5S, — y)p (T, — ). (2.3.19)

According to (2.2.24), this represents the solution to the rough differential equation (2.2.23)
beginning at time ¢ with initial data p§(- — y)pi(- — 7). We observe that, for each fixed
(y,m) € Qe x R and t < t' € [0,00)\N, the kinetic equation (2.2.26) can be applied to (2.3.18).

In conclusion, we shall also consider the regularized transported sgn function, for (y,n) €
Qe xR and t <re[0,0),

Sgng (y,m) : = j@ S EES e~ e~ mdrds = [ st (rp & mdrds. (23.20)

In fact, formula (2.2.15) ensures that sgn, ,.(v,&) := sgn(Ef”f) = sgn(§), so that we find

séns (1) = jQ senl€)vita — ) (€ — ) dad = fngn@)pi(s—n) . (2321)

Thus sgng’T(y, n) = sgn®(n) is just the standard e-mollification of the sgn function and is inde-
pendent of t < r € [0,00) and y € Q. It will nevertheless be useful to consider this regularized

transported expression, since it will clarify important cancellations in the arguments to follow.

Step 1: Time splitting, cutoff and regularization. Let P = {0 = t;g < t; < -+ <
ty = T} be a partition of [0,T] with P < [0, T]\V. Properties of the kinetic function, the
definition of the cutoff ¢g and property (2.2.17), and the conservative (2.2.14) and inverse
(2.2.11) property of the characteristics imply that

J |U y’ 7“ y7 =
gs r=tit1
ZJ 7“ y? |dy
& r=t;;1
Z f i) = x| dy | _, (2.3.22)
AS r=tit1
:gLnZJ et () =X )| 0 Yoile ) dydn)|
& ~ r=t;41
zéLnZJ Xi, Xtryn|¢5 dydn |
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Moreover, unfolding the square and introducing the e-regularization, we get

J |U1(y,7’) - u2(y7T)
Q

i r=tit1
= lim Z f (Xt,,r580, , + X7, o580y, — 2K, o Xb o) 08(Y )dydn| (2.3.23)
B—0 4 QxR 3
€ ~2€ r=tiv
= Jim lim ZJ (Xe5sEng, , + Xe/5sB0g, , — 2% X0 ) 6s(y) dy dn|
xR =l
The next four steps are devoted to the analysis of the difference
(S sEnS L+ X sgnt , — 2%0° dydy[ " 2.3.24
ngti,rSgnti,r + Xt; rS8y; r Xt rXt fr)¢ﬁ( ) Yy 7] E ( 3. )
X 7

for any ¢ = 0,...,N — 1 and any ¢, 8 € (0,1), with ¢ « 5 and 8 « |P|. In Step 3 we consider
the sgn term )Z #sgng, . for j = 1,2, and in Step 4 we consider the mixed term Xt rth,

Finally, in Step 5 and 6 we shall observe crucial cancellations among these terms.

Step 2: The sgn terms. We will first analyze the term involving the sgn function in (2.3.24).
For the convolution kernel (2.3.19), we shall write (z,&) € @ x R for the integration variables
defining )Zifr and we shall write ptlfr for the corresponding convolution kernel. The kinetic

equation (2.2.26) and (2.3.21) imply that, with the notation from (2.3.18) and (2.3.19),

r= t7.+1

fot Sy, ) sgng, b5y )dydn

Jmf (f mlE™ X Aapy) ded£> sguy, dp(y) dy dndr(2.3.25)
QxR\JQxR

tit1
_j JQ R(JQ R(P}« + q;) 55,0%2.’; dx df) sgngi’rgbﬂ(y) dy dn dr.
7 X X

The first and second term in (2.3.25) will be handled separately. Observe that, from (2.3.19),
for each (x,y,&,n,7) € R2 x R? x [t;, 0),

1,e le )
Vepir = =Vypi, +(2,4,6,1) D:BK?,ET&—t,- anpt S(z,y,6m) V Hrr t; (2.3.26)

and
l,e l,e
afptz,r - Vypti,r(xa Y, 57 7]) Y;'r5 ti anpti,r(m7 Y, ga ) aﬁnrr ti® (2327)

For the first term on the right-hand side of (2.3.25), we use formula (2.3.26) and then integrate
by parts in the (y,n) variables to get

tit1
J f <f ml€™ X Aupy, Tdafdé) sgng, ,¢p(y) dy dn dr
QXR\JQ xR

tl+1
f J m|¢™ XLV - (f Vi sgng, ,05(y) dy dn) dz d€ dr
Q QxR

* (2.3.28)

t1+1
-[ mﬂmlxivz( j P (Vysans, D YS 4 0ysgns, VLIS t)dmdydn) drdédr
I3 QxR xR

R

i+1
f f mlem AV, ( f PN st V,05(y) DY S, dydn) da dé dr.
Qx QxR
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For the first term on the right-hand side of (2.3.28), it follows from deﬁnition (2.3.20) and the
computation (2.3.26) that, after adding and subtracting the terms D /YM’ ¢, and Vg Bike

rrt?

tit1
J m|£‘m—1 rv (J pt r(v Sgnt rD Y t+a Sgnt rv Hr’r ti )¢ded77> dxdfdr
§oTOxE (2.3.29)

i+1
- e f f@ €™ AV b Sgn(€) Vo, 65 (y) derda’ dydg d€'dndr,

3% R3
for the internal error term relative to the sgn term, omitting the integration variables,
[ Iy 3 €’
sgn m— / T, T
1E?* f nglﬁ\ Vo (p125sen(€)0s(y) Vol (DY55 =DV L) )

xR (2.3.30)

tir1
i f3m|£|m AV (s (1) 202 (VT VoI ),

xIR3
and where the last term of (2.3.29) vanishes after integrating by parts in the a’-variable.

That is,

ti+1
f fg R@gym*l XeVapi S sgn(€) Vo pp, dp(y) duda’ dydgde'dndr = 0. (2.3.31)
t X

For the second term of (2.3.28), we first rewrite

t1+1
f | gy ( | pkesens, Vaoawnais, dydn) da dé dr
@R @ (2.3.32)

tl+1
= BEE [ e T gl s, V0 0) DLV o dy d iy,
xR

for the boundary error term relative to the sgn term

tit1
BEfgnl’I:L L R2m|§|m XL oy sEng  Vyda(y)AYRS, dedydedndr.  (2.3.33)
i X

For the second term on the right-hand side of (2.3. 32) arguing as in (2.3.28)-(2.3.30), we use
formula (2.3.26), add and subtract the terms D,/ Y," ¥ and V1178

rr—t; r,r—t;?

and then integrate by
parts in the (y,n) variables to get

tit1
j |l S st 05 DY dy d e d e
X

tl+1
f JQ mlel "k ol ot san(@) (DY) D20s() DY) dedeldydede dndr (23.34)

3xR3

i+1
J fQ €I PV a2 50 (€)Y b () DoV, dude! dyd€dg'dndr + BE™?,

3« R3
for the boundary error term, omitting the integration variables,
TR 111, o ¢ e
sgnl, m— € 5 T, T
BES | T e ol sen€)V, 08 ) DY Vuptl (D DY)
t;

X (2.3.35)

i+1
e[ e s €905 DY 0 (VT V),
t; X

and where the second term in (2.3.34) vanishes after integrating by parts in the z’-variable,

tit+1
| 7Ll sl sen(€) Vs (DY, doda' s dndr = 0. (2:336)

36



We now consider the second term in (2.3.25). Using formula (2.3.27) and integrating by

parts in the (y,7n) variables, we obtain
fee 1, 1y 1
f f (J (pr + Gr) Ocpy) do d§> sgny, . $p(y) dy dndr
t; QXR\JQ xR
= BEEt? (2.3.37)
e o o
J f 2pr ;’_ qr pt N ¢ﬁ( )(vy5§n;,ra§Yr,;7ti+ anSQD:i,ra&Hr,’rfti) diC dy dg d77 dT‘,

for the boundary error term

i+1
BE®MS J J - (pr + qr) Pi{; sgng, . Vyds(y)0:Y, TT ¢, A dy d€ dn dr. (2.3.38)
X

For the second term on the right-hand side of (2.3.37), we use definition (2.3.20), add and

subtract the derivatives 0¢/Y. ’ét and (35/11 and recall formula (2.3.27) to write

r,r—t;)

i+1
f J2 pr +QT ptl (bﬁ( )( ysgn;,raf 7’7‘ t+ 0 Sgnt réfnrr t)dwdyd{dﬂd’f
t;

(2.3.39)
_ IEsgnl 2 J f | pr + qr pt < 55 pt . sgn(fl) ¢6(y) dxdx’ dy d§ df’ d7] dr,
for the internal error term, omitting the integration variables,
12, 2 ' ol
1EsE J f \ R]g)r + qr pt e osen(&) os(y) Vo (ﬁgY; r§ 1~ Oy, rrgt )
t; x (2.3.40)

i+1 /
f J;) pr + Qr pt ,T Sgn(fl) ¢ﬁ(y) 7710t r(aﬁnrr ti aglnr f t; )

3%R3

Moreover, after integrating by parts in the &’-variable and using the distributional equality

Jersgn (&) = 200(&’), the second term in (2.3.39) becomes

i+1
[ @ ok et sen€) 0ato) e dyde ! i
b (2.3.41)

141
—2f Jg p,«+qr P pr5 (2 y,0,m) $s(y) da da’ dy d€ dn dr.

Returning to (2.3.25), it follows from (2.3.28), (2.3.29), (2.3.31), (2.3.32), (2.3.34), (2.3.36),
(2.3.37), (2.3.39) and (2.3.41) that

~1l,e - e r=ti+1
Xe, (Y1) sgng, . &5(y) dy dn
QxR =1
:IEisgnl,l _ IE;gle + BEisgnl,l + BEngnl’Q o BEisgnl,3

ti+1

1,

+f ml&™ gy oo sen (&) (2.3.42)
t; Q3 xR3

tr((D Y2 VD26 5(y) D, Y5 t) dwda’ dyde de' dndr

i+1
_2J JS pT+QT pt Tpt r(l‘ yao 77)‘255( )da:dx/dydfdndr
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Furthermore, identical considerations with y! replaced by x? prove that, after swapping the

roles of (z,&) and (2/,¢'),

~2.€ ~ € r=tit1
Xeor (Y, 1) 880, . ¢p(y) dy dn
QxR r

2,1 2,2 2,1 2,2 2,3
— [EEL_ ppsen2? | gl ppeend? | ppeen
bit 1m—1_2 1l
+ ml&' "G by prsen(€) (2.3.43)
t; Q3 xR3
tr((D Y2 VD265 (y) Dy Y )dxdx’dydgdg’dndr

r,r—t; r,r—t

+1
—QJ fs pr+qr P oy (2, y,0,m) dp(y) da da’ dy de’ dndr,

sgn2,1 IEsgnQ 2 sgn2,1 BEsgn2 2

for internal error terms IE; and

BES®"%3  defined in exact analogy with 2.3.30), (2.3.40), and (2.3.33), (2.3.35) and (2.3.38
7 Y gy Y

, and boundary error terms BE;

respectively.

Step 3: The mixed term. We shall now analyze the mixed term in (2.3.24). For the
convolution kernel (2.3.19), we shall write (z,&) € @ x R for the integration variables defining
X% 7, and we shall write p;ﬁ; for the corresponding convolution kernel. We shall write (2/,¢’) €
@ x R for the integration variables defining )Zi_’fr, and p?fr for the corresponding convolution

kernel. The kinetic equation (2.2.26) implies that

fxt, (y,m) %225 (w5 m) D5y )dydn|

7+1
f f (f mle[™ 1! xp;;dzds)xtmmdydndr
oxrR\Joxr

lit1
f J <J (pr + ¢7) Oepy Sy da d£> X2 os(y) dy dn dr (2.3.44)
t; QxR\JQxR

141
f f (f mle ™12 xp?ida:dé)xii’fmﬁ(y)dydndr
QxR\JQxR

tit1
-] ( [ wearaets da:’ds’) 5 ba(y) dy diy dr.
t; QxR\JQxR

The first term in (2.3.44) is studied in analogy to (2.3.28)-(2.3.36). Precisely, we use formula
(2.3.26) and then integrate by parts in the (y,n) variables to write

ff (f mle™ X Al do:d§>x”¢ﬁ(>dydndr
QxR\JQxR

tig1
:f Qm!}gIm_lXin-( f p%’;(m? DY O VLTI t)¢5<y>dydn) drdgdr (2.3.45)
ti X

tiot
f JQ mlem N, (JQ P AN R dydn) da dé dr.
><

xR

For the first term on the right-hand side of (2.3.45), it follows from definition (2.3.18) and
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formula (2.3.26) that, after adding and subtracting the terms D,/Y,. ¢ and V,II%

rr—t; rrt?

tir1
f mlE[m XV, (f 1 (VXD DY, 5 4+ 0,%0 Vs Hf’fti)qba(y)dydn) dad¢dr
poOxE (2.3.46)

tt+1
= 1B - f JQ M€V 1 V) b5 (y) dada’ dyd€ € dndr,

3« R3

for the internal error term relative to the mixed term, omitting the integration variables,

) tit1

1,1, - ’

IE™ ‘:f f ml€" X Ve (Pt Xrds(y) V ypt +(Da Y?"ngt D /Y“"Et))
t; Q3 xR3

b1 (2.3.47)
_ 1,e 7%
]l (et 2yt (VI VL))

t; X

For the second term of (2.3.45), we first rewrite

tt+1
f J ml¢|" G Ve (J Pt rXt o Vyds(y)Da erft dydn) dx d€ dr
QxR QxR (2.3.48)

— BEm f f "V R V00 DY dody dEdndr,
2X2

for the boundary error term relative to the mixed term

. tit1
Bl =f JZ RZZn|g|m X o XS Vyds(y) AgY,5E dudydE dpdr. (2.3.49)
t X

For the second term on the right-hand side of (2.3.48), arguing as in (2.3.45)-(2.3.47), we use
formula (2.3.26), add and subtract the terms D,/Y,", ’ét and V117 €

r,r—t;?

and then integrate by
parts in the (y,n) variables to get

tit1
|l Ll R V05 ) DLV dy i d dr
ti xR

tit1
=J L%m X X3 05 Ttr((D Y55, ) D2s(y) D, Yfft) dada'dydgd€'dndr  (2.3.50)
X

t1+1 .
f L? mlE|™ X xE GV 0 V05 (y) Do Y5 dada’ dydgdg' dndr + BEF™?,

3xR3
for the boundary error term, omitting the integration variables,
12 tit1 L 2 1, ¢ ¢ g
BE; J JQ m|g|™ Xrert +Vyos(y) DL Y0 tvy/’t r(D Yo DYy o t)

3 «R3

o (2.3.51)
J JQ&TTQ§|m IX'I’ X72“ p% Erqusﬁ(y)DﬁY;f;’E—t anpt r(v Hff tiVWHrr t; )
X

In conclusion, using (2.3.45), (2.3.46), (2.3.48) and (2.3.50), we rewrite the first term on the
right-hand side of (2.3.44) as

i1
f [ ([ mlem=x Aol dode ) i oat) dwnar
QxR\JQxR
_ IElmlxl,l +BEwimlxl,l +BE;niX1’2

tit1
+ I o o (D27 Y Diosl) DoY) ddstdydsdg'dndr (5 5
i xR

tit1
- f UL iy Vil V() DY dndadydgdedndr
t xR

tit1
*f ml€|™ X2 Vapy S Ve 07, dp(y) deda’ dyd g dndr.
t; Q3 xR3
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Furthermore, after swapping the roles of x' and 2, identical considerations allow us to

rewrite the third term on the right-hand side of (2.3.44) as

i+1
J [ ([ mlereamis aas ) it osw dvdnar
QxR\JQxR
_ IE;mXZ,l +BE;mx2,1 +BE;niX2’2

tit1
+f mle X i P ((D Y ) D265 (y) Do Y,5E t) duda/dydgdg'dndr (g g 5y
t; JQ3xR3 ’ -

tit1
— f anlﬂglm_lxi XVt P2 Vs (y) D YO, dda! dydg de' dndr

tit1
— f nglfglm‘lxi X2Vapt Vaurpi dp(y)duds’ dydgdg ddr,
i xR

for internal and boundary error terms IEZ-Sgnz’l, BE;niXZ1 and BEZmiXZ’2 defined in exact
analogy to (2.3.47), (2.3.49) and (2.3.51) respectively.

We now treat the second and fourth term in (2.3.44) in analogy to (2.3.37)-(2.3.40). Using
formula (2.3.27) and integrating by parts in the (y,n) variables, we obtain

tit1
J f ( f (P + g1) el dxdé) 22 65 (y) dy d dr
QxR\JQxR

- (2.3.54)
- BElel f f 2p7]“R;|— qr ptl ¢5( )( yxii,iafy;x;‘f tl+ aUXt Taﬁnff ti )d.]? dy df dﬁ d?“,
for the boundary error term
mix1,3 . [ 1, 1\ le ~2¢ €
BEP e | U] O ) RV e dy ddnar. (2:355)
X

For the second term on the right-hand side of (2.3.54), we use definition (2.3.18), add and

subtract the derivatives 0g/Y, 7 and 011, and recall formula (2.3.27) to write

r,r—t; rrt’

i+1
f J 2 pr + qr pt T (z)ﬁ( )( yXf;,EraSY;ﬂa;:g—tﬁ_ aﬁXt raﬁnrr t; ) dx dy dg dT] dr

b (2.3.56)
ix1,2
=IE™ J f ) pr + qr pt T@g pt TX’/‘ ¢s(y) dedz’ dy d€ d&' dn dr,
for the internal error term, omitting the integration variables,
m1x1 2 bt 0 Y$7§ %
3y p'r +QT ptl, XT’ (bﬁ(y) yptl ( Edrr—t,— V¢ 7’7" tz)
Q3x (2.3.57)

1+1 ’
f f pr + QT pt ,T Xr ¢5( ) 77pt r(aﬁﬂrr ti aﬁlﬂr ,rf ti )
Q3 xR3

For the second term on the right-hand side of (2.3.56), the distributional equality

85/)(2(36',5', r) = 6o(€') — So(uP(2/,7) — &)  for (¢/,€,7) e Q x R x [0, 0),
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implies that

tit1
[ 0k ab) ol e sta) e da' dyg ' anar
t;
i+1 ,
f Jg pr +qr pt Tpt r(x y,0,m) ¢5(y) de dz’ dy d€ dn dr (2.3.58)

i+1
[T s A 6500 e dya anar,
X

Hence, returning to (2.3.54), it follows from (2.3.56) and (2.3.58) that

ti+1
1] (J (pi+qi)agp%;;dxd£> 2 85(y) dy di dr
t; QxR\JQxR

IEmlxl 2 + BEmlxl 3

i+1
[ ol o0 0500 o’ dydanar
X

(2.3.59)

1+1
[Tk st e ot)

Furthermore, after swapping the roles of x' and 2, virtually identical arguments prove that

tit1
J JQ R(L R(p? +q2) 55%?{3 dm’d§/> Xii’fr o5(y) dy dn dr
X X
=] Emix2,2 +B Emix2,3

i+1
J JQ3 %l;r + qr pt rpt r(x y70 77) ¢5( )dx d.%'/dydf/dndT
X

(2.3.60)

i+1
[T w st ost) ds ity g,

for internal and boundary errors IE;" 2.2 and BE" 23 Jefined in exact analogy to (2.3.57)

and (2.3.55) respectively.
We finally go back to (2.3.44), to complete the analysis of the mixed term:

JXt ) Xe5 () ds(y )dydn

1+1

ff (f g1y xptlidwd§>x”¢5()dydndr
QxR\JQxR

tit1 1 1,e ~2.€

J j (J pr+qr)6gpt;,rdwd£> Xi.r 98(y) dy dndr
QXR\JIQxR

i+1

f | (f I P2 A dwdf)xi;;m(y)dydndr
QxR\JQxR

i+1
- f f ( J (p%+q$>aep?;;dsc’d£’) L $(y) dy dn dr.
t; QXR\JIQxR

Using (2.3.52), (2.3.53), (2.3.59) and (2.3.60), and rearranging the terms gives
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r=tiy1

J, B s sy

=tq

2 2
Z IEmlxg 1 Emixj,? + 2 BE;nin’l-f— BE;nixj,2_ BE;ﬂixj,B
j=1

,_.

tiv1
f eI Pl 7 (DY) D) DTS ) e dydede
3 wR3

i+1
f e D ot o tr (DY) D20 () Dar VS ) devdadydé dg dndr

tit
f M€ X EXE ) Vi Vs (y) Do Y,55, dada’dydéde’ dndr
Q3 xR3

f e "IN NG Vapt 02 Vb (y) Do Vi, dada! dyde de' dndr (2.3.61)
Q3 xR3

f f (€7 16 )X Yl Vit ) doddydeas dndn

pg+qr P L@y, 0,m) ¢5(y) da da’ dy dé dn dr
xR

i+1
QS

i+1
J 3

i+1
J 3

pg +a7) % P (2,9, 0,m) d(y) da da’dy d€'dn dr
gg—’—qr pt rpt r(m Y, u ( )777)¢ﬁ(y)d$d$/dydfd77d7“

I
3
|
o,

tl+1
JQS gﬁqr P25 P (@, y,ut (1), n) ¢p(y) d d'dy €' dn dr.
X

Step 4: Internal term cancellation. Using (2.3.42), (2.3.43) and (2.3.61) in (2.3.24) gives

T':t1',+1

~le =2,
f (Re5seng, . + Xp5seng, . — 2% 5%0 5 ) 9 (y) dydn|
xR =t;

2
Z TESSP _ [prend2 _ o pmixil o pmixi:2

2
+ > BE®Y! 4 BEY? — BE®V? — 9BE — aBEM? 4 9BERI?

Jj=1

ti+1
+f ml€|™ (xrsgn (&) —2xix2) pi 0y
ti Q3 xR3

(D,

)YD2¢s(y) DY,E

gl t)dasda:’dydfdf’dndr

tit1
+f m|€'|™ 7 (x2sgn(€)—2x2x2) pi 0y
 Jos (2.3.62)

((D Y2 VD26 s(y) DY )dxdx’dydgdg’dndr

r,r—t; r,r—t

tiv1
w2 [l Vst VaoaD Y deds dydgde dnds
t; Q3 xR

it 1ot
w2 [l NV apl o Vs (DY dede'dydeds dndr
ti Q3 xR

it+1
+f JQ R]ﬁl””+\f’lm‘l)xivazpbiVm'p?;fr¢ﬁ(y)dwdm’dyd§d§’dndr
X

i+1
JQ (pr + ab) p5 P15 (2 y, w2, 7), ) G (y) da da’ dy d€ dn dr

J 3 xR?
i+1 1
<2 [ ) ol e ) ) 050 de
xR?

42



where we point out that the terms involving the convolution kernels evaluated at & = 0 or
¢ = 0 in equations (2.3.42) and (2.3.43) and equation (2.3.61) cancel out with each other.
The aim of this step is to observe an additional cancellation among the residual internal terms

n (2.3.62). Namely, among the last three lines of (2.3.62) denoted by
i+1
IR, —2f f (1617 4 1€)X Vs Vool 65(y) dada’ dydé e dndr
tis le 2. /
2] | ol ) ) o) e dy ey (2363

i+1
—2f fg pr+qr e oy (@, ut (2, 1), m) dp(y) do da’dy d'dn dr.

This cancellation is an effect of the integration by parts formula (2.2.27). The elementary

equality
(677" — 1177 ) " + 2067 )7 = et + 1€ for g€ e R
allows us to rewrite the first term of (2.3.63) as
2[NS os(a) o e

tit1
= 4m f €177 1€ 175 XN Vapt?, Vo b (y) dada’ dydg de' dndr (2.3.64)
Q3 xR3

tl+1 m— 7n € €
+2mJ f@3 (16177 ~ 16177 ) 2 Veokt, Vs 00(y) dede’dydede’ddr
t; X IR¢

For the first term on the right-hand side of (2.3.64), after applying the integration by parts

formula (2.2.27) both in the x variable and the 2’ variable, we have

+1 m—1 m—1 € €
JQ €172 1€ 2 XEXEVapy S Vapr S ¢ (y) deda’ dydgde' dndr

3xR3
16m [t m1 m1]
~m e | SOV @A 5 o, p,m) 6710 .m) 65 0) dodo'dydndr,
t; X

where, for j = 1,2 and (z,y,n,7) € Q* x R x [t;, ), we denote

ﬁ‘gfr (CU, 3/7 T’) = p;,r(mv U] ([I}, T), y7 77) (2365)
In turn, Cauchy’s inequality, the definition of the parabolic defect measure, and the nonneg-
ativity of the entropy defect measure prove that

ti+1 m— m—
4m f f T T X2 Vaph, Vg, 6 (y) dardadydé de dndr
3% R3

i+1
<2f f@g Py + ;) (@ y.&n) prS (& y,m) da(y) duda’ dydEdndr (2.3.66)

xR

1+1
+ ZJ st pﬂ§2+ ) 515 (@, y.m) o5 (2 y. € n) dp(y) dwda’ dyde dndr.
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Therefore, it follows from (2.3.64) and (2.3.66) that, for the internal residual term I R; defined
n (2.3.63),

limsup I R; < limsup I E{*", (2.3.67)

e—0 e—0

for the internal cancellation error term

tit1
[ES™ .= 2m f J (
ts Q3 xR3

Step 5: Boundary term cancellation. The aim of this step is to observe a crucial

m— 2
—1¢| Tl) XEX2Vapy Vo pp, dp(y) deda’ dydede dndr.  (2.3.68)

cancellation between the residual boundary terms on the right-hand side of (2.3.62). Namely,
between the third and fourth lines of (2.3.62), denoted by

tit1
BR? :J m|§|m_1(X71”Sgn(§) 2X’I”X’l‘)pt 67‘ pt N tl‘((D errg ti ) D§¢ ( )D err t)
i JQ3xR3

o2 (2.3.69)
+J m|gl|m71(X%Sgn(£) 2XrXr)pt rpt ,T tI‘((D /Yrr t; ) D§¢5(y) /err t)
ti Q3 xR3
and the fifth and sixth lines of (2.3.62), denoted by
tit1
BRP =2 J meLam XN PVt Vyds(y) Do Y,5E, duda’ dydéde' dndr
XK (2.3.70)

i+1
+2f | mlE NNl o Vs ) Do deda dydgag dnr
t X

We begin by analyzing the first term of BRP. First, we add and subtract [¢/|™~! and then
use the integration by parts formula (2.2.27) in the 2’ variable and formula (2.3.181) from
Lemma 2.3.7 below to get

tit1
2 | LB €] X P Va2 V() DV e dyd€de' dndr
ti X R

" (2.3.71)
:BEfanCBl - ZJ v (U ) ]Xr(x f)Ptl rptl Vyos(y)Da err t; dzdx'dyd&dndr,
t Q3 xR2
with the notation (2.3.65) for ﬁ?:r, for the boundary cancellation error term
ti1
BEZ.cancB1:=2J‘ J m (|§|m—1_ |§/|m—1)
b Jomms (2.3.72)

2 1l

XEXE Pt Vbl Vybs(y) DY, dudy’ dyded dndr.

For the second term in (2.3.71), recalling the definition (2.3.19) of the convolution kernels

tfr and the inverse property (2.2.11) of characteristics, we observe

hm?f fs u (% (@, )y @,y &)o@y, m) Vb (y) Do Y,5S , duda’ dydEdndr
@it (2.3.73)

2 f jv (! (@) Yy os(YE ) DY, dadr,

where we recall the convention (2.3.6). The analysis of the second line of (2.3.70) is virtually

identical tp (2.3.71)-(2.3.73), simply swapping the roles of u! and w2, and it produces a
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boundary error term BES*¢52 defined in exact analogy to (2.3.72). Then, using (2.3.71) and
(2.3.73), and the analogous formulas for the second line of (2.3.70), for the boundary residue
BRP defined in (2.3.70) we conclude that

limsup BR? < limsup BE{*<Ply ppranch?

e—0 e—0

ti+a / /
— 2f V)™ (o (2!, 1)) Vybp(YVirs,) Do Y, da'dr (2.3.74)
t; JQ

(3

tit1
—2 f V()2 (@, ul (1) Vydp(V5,) DYy, dudr.
ti JQ

We now consider the residual term BR;“, defined in (2.3.69). First of all, we notice that,
upon swapping the roles of the variables (z, ) and (2,¢’) in the second integral, this term is

rewritten as

BRA=[ [ g (o 9 sn(€) + X2 senl€) 2 O ) -2 0 €, )

ok ot (DS, ) D20 DY) dedal dydgdg dndr.

Then, recalling the definition (2.3.19) of the convolution kernels and the inverse property
(2.2.11) of the characteristics, and using properties of the kinetic function, we observe that
a_ [ ! 2 1 2
lim BR; :J leé“l’”’ (xr (2, ©)sgn(€) + X7 (z, §)sgn(§) —4xy (2, €)x7' (2, €))
€= t; xR
tr ((nyrf;g L) D26s(VEE VDY SE ti) do dé dr

tit1
:f f e M @, €) — (s )
t; QxR

(DY ) D20 (VS ) DY ) dadg dr

(2.3.75)

rr—t; 5 ror—t;

tit1
9 j €™ (o, €)X (2, €)
t;

QxR
tr ((Derf;g L) D26s(VEE )\ DYSE ti) du dé dr.

For the second term on the right-hand side of (2.3.75), performing an elementary computation,

we obtain

tit1
m— ) T ) ’
~2 f mlel"™ k@, X (. ) (DY) D20 (VS ) DS, ) de dg dr
t; QxR

- (2.3.76)
— BECmeAl_ g f I @ O ) Vi (Voo (Vi) DL do dé dr,
ts X
for the boundary cancellation error term
tit1
ncA,l _
BES AL zf QmﬂLgym @, X2 (2,€) Vybp(Yno, ) AYSS, dudedr.  (2.3.77)
t; X

Furthermore, for the second term in (2.3.76), using the integration by parts formula (2.2.27),
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Lemma 2.3.7 below and the product rule for derivatives, we have

tit1
2 | e e 0, Vi (T05(7E ) D) e d e

QxR
- 1 zut
—QL J " (@ (@) Vyda (Y, ) DY, de dr (2.3.78)
1+1
+ 2J f (‘7: UQ(xv 7’)) vy(ﬁB(Y;ﬂxrut )D Y;fcrut dx dr,

which is the exact opposite of the last two terms on the right-hand side of (2.3.74).
Finally, we analyze the first term on the right-hand side of (2.3.75). After adding and

subtracting the identity matrix I to D,Y." 28 twice, we obtain

ror—t;

U e @ ) — 2 e (DS, D20s(VEE, ) DY) dude d
. Qmﬂ‘§£| ’XT($’§) XT(‘T’&)‘ I‘( rr— t) y¢5( r,r— t) r,r—t; T § r

" tis1 (2.3.79)
2 _
= BE{™™ ’+J lel&él’” U, €) = X2 (2, 6)) Ayos(VEE, ) da dE dr,
i X
for the boundary error term
a2 [f 2
B it
' (2.3.80)

(DY 1) D20p (V5 ) DY D26 (VS (DY 1) da d dr.

ror—t; r,r—1t; r,r—1t; r,r—t

Heuristically, the second term in (2.3.79) should be mostly negative as it consists of posi-
tive terms multiplied by the laplacian of a cutoff function, and this is constantly equal to 1
within the domain Q and bends downward near the boundary decreasing up to 0. Rigorously,
recalling the explicit choice (2.3.14) of the cutoff, we use formulas (2.3.16)-(2.3.17) and the

nonnegativity of the convolution kernel p; in definition (2.3.13) to compute

tit1
f mlg[™ 7 |xy — X$|2 Ay¢5(erﬁti)dx dé dr
QxR

i

tit1 .

ti+1 .
+J mle[™ [t = 2| Da(doq (Vi) ) da dg dr
t; QxR
= BEet? (2.3.81)
fi m—1|.1 2|2
+J leﬁ\ IxXr — X7
ti
( Bpfﬁ Mdoq (Vi) =5 ~ ﬂpf”’”(daQ(YM L) - (B+B"*m))>dxd§dr
< BE_CancA,3+ BE(_:ancA,él

for the boundary error terms

Lit1
BE{™ 4% = — ft meHL£Im1 b =3I da(deq(Vies,)) Varn(VE,,) dedg dr, (2.3.82)

and

tiv1
. 5’Ym
BEP = [ eyt 2 ol (e (155 ) ddear. (2559
ti xR
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In conclusion, it follows from (2.3.74), (2.3.75), (2.3.76), (2.3.78), (2.3.79) and (2.3.81)
that, for the residual boundary terms BR# and BRP defined in (2.3.69) and (2.3.70) respec-
tively,

lim sup (BR?—%BR{B) lim sup ( Z BES™AR Z BEcanCBJ> (2.3.84)

e—0 e—0 j=1

Step 6: The final inequality. We now go back go (2.3.62). Using (2.3.63) and (2.3.67),
and (2.3.69) (2.3.70) and (2.3.84), we obtain that

r=tit+1

limsupf (Xt rsgnt T + Xt rsgnt T 2Xt rXt r)(bﬁ( )dy d77 et
xR

e—0 =t;

2
< lim sup (Z IEsgn], - E§gn],2 o 2IE;IHX],1 + QIE;nD(]Q

e—0

+ IE{
3

2
+ Y. BEFV! 4 BE®Y? — BEFY® — 9BE — oBE? 4 9B E
=1

j
4 2
Ak cancBj
+ Y BE?™ 1+ N BE J).
k=1

j=1
In turn, from this and (2.3.23) it follows that

r=T

f (g, ) — w3y, )

N—

1/ 2
< lim sup lim supZ Z TEEY _ [Eeni? _ orpiil o prixd?
B—0 e—0 =1

+ TEge (2.3.85)

+ ZBEsgn] 1 BEsgnj ,2 BE%gn] ,3 2B£;mlx]7 QBEmIXJ ,2 QBEnnxj ,3

4 2
+ Z BE;:ancA,k + Z BEicanch>’
k=1

j=1
for the internal, displacement and boundary error terms defined in the previous steps, and
where we recall that P = {0 =1ty <t; <--- <ty =T} < [0,T]\NV is an arbitrary partition.
Incidentally, we mention that, according to the relevant definitions, some of these error terms
are actually independent of € € (0,1). The aim of the next two steps is to provide estimates
for the internal and boundary errors respectively. These estimates shall depend on €, 3 € (0, 1)
and on the size |P| of the arbitrary partition, in such a way that, as we let € — 0 first, 5 — 0

then, and finally |P| — 0, the right-hand side of (2.3.85) vanishes, thus proving the theorem.

Step 7: The internal errors. In this step we analyze the internal error terms in (2.3.85).
We begin with the internal errors from Step 2 and Step 3. These are easily handled using the

stability estimates on the characteristics from Section 2.5 and the next crucial observation,
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which follows immediately from the definition (2.3.19) of the convolution kernels. For every
(x,8), («/,¢&) and (y,n) € @ x R and for every t; € P and r € [t;, 0),

Yl',ﬁ _ Yﬂﬂlaf/

r,r—t; r,r—t;

+

I I i ‘<26. (2.3.86)

rr—t; rr—t;

: 1, 1, 2,
lf pti,er (.1?, Y, 57 n)pti,ﬁrpt:r (‘Tla Y, 5/7 77) # 07 then

For the internal error IEZ-Sgnl’1 defined in (2.3.30), using the integration by parts formula

(2.2.27) and Lemma 2.3.7 we obtain, with the notation (2.3.65),
sgnl,l bt 1\ [m] 1. / 2,€ xz,ul ¢’
1E; = V (u') Pr.r580(E)Dp(Yy) Vypi,, (DY = DY,y
t; Q3 xR2
s 1\ [m] _1,e / 2,€ z,ul ntad
- \Y% (U ) Pti,rSgn(f )¢6 (y) aﬁpti,r (DxHr,rfti_DﬂC/Hr,Tfti)‘

t; Q3 xR2
The error term [E." L1 defined in (2.3.64) is transformed identically, integrating by parts
and using Lemma 2.3.7, and the specular terms I Efgﬂ’l and IE" 21 are handled in exact
analogy, swapping the roles of x! and x2. Since the functions ¢g, sgn and X’ are bounded,

and since there exists a constant C, only depending on the the standard mollifier p chosen in

Step 0, such that

[, [Torhe @l ol g < O (280
X

integrating the convolution kernels over the variables (y,n) and (2/,&’), using (2.3.86) com-

bined with the estimates (2.5.6), we get
sgny,1 mixj,1 fit1 i\ [m]
[TEZE™ | + [TEM™™ 7 < Cltiya —tz"af f ‘V(uﬂ) ‘dxdr, (2.3.88)
i JQ

for j = 1,2, for a constant C' = C(T, A, z).

The remaining error terms IEfgnl’Q, defined in (2.3.40), and IEimin’Q, defined in (2.3.57),
and the specular terms IEZ.SgnZ’2 and IEimiXQ’z, are treated in analogy to (2.3.88). Indeed, we
use the boundedness of @3, sgn and x?, formula (2.3.87), and formula (2.3.86) combined with

(2.5.6), and integrate the convolution kernels to estimate

[TESE™ 2| 4 |1 B2

tit1 ) )
< Cltias —1,]° f P, €) + gi(x,€) dededr,  (23.80)
ti QxR

for j = 1,2, for a constant C' = C(T), A, z). Finally, using (2.3.88) and (2.3.89), and summing

over the partition, we obtain the following estimate, for C = C(T, A4, z),

N-1 2 2
lim sup lim sup Z Z Z |IE§gn]’k| 4 |IE;mX]’k
i=0 j=1k=1

B—0 e—0
CI|P|* Z <J J }V (u)" ‘ dxdr—l—ff p}+q£dwd§dr> :
j=1 \Wo JQ 0JQxR

We now consider the error term coming from the internal cancellation in Step 4, namely

(2.3.90)

A

the internal error IE{*"¢ defined in (2.3.68). The analysis is broken down in three cases:

m=1,me (2,00) and me (0,1) u (1,2].
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Case m = 1. This case is trivial. Indeed, if m = 1, it follows automatically from definition
(2.3.68) that TES* = 0.
Case m € (2,00). We form a velocity decomposition of the integral. For each M > 1, let
Ky : R — [0,1] be a smooth function satisfying
1 if |¢] < M,

Ky (§) =
0 ife] <M+ 1.

Then, for each M > 1, we split

tit1 m—1\2
IES* = 2mJ. J 1-Kp (€ 172 ) X11”X72"v$p1}£,€rv$’pt2i’,€r bp(y)dxdr'dydEde dndr
Q

o (2.3.91)

tit1

m—1 m—1 2 € €
+2m QsKMS(E) (I&IT—Iﬁ’IT) XoXeVapy Vot 6p(y) duda’ dydg ' dndr
t; xR

For the first term on the right-hand side of (2.3.91) we write
firt yym=L 2,€ / /
o 1) Xk Va5 (v) dirda dy e dedndr
QJXRS

OJ J ‘§_§l|(mfl)/\2 \V/
IXRIN{|E—¢'|< ce}

tit1
*2J ff\a\m DA240 dy dr < Cltiy — t]eBrm™ =2

ce

2P| (Vo p?,| deda’dydede dndr - (2.3.92)

for a constant C' = C(M,m,Q, T, A,z). In the first passage we used the boundedness of

X/, observation (2.3.86) combined with estimate (2.5.4), and the local Lipschitz continuity,
if m > 3, or the Holder continuity, if m € (2,3), of the map R 3 { — ]§|m771 In the
second passage we exploited formula (2.3.26) for the derivatives of the convolution kernels,
the boundedness of the derivatives of the characteristics from Proposition 2.5.1 and formula
(2.3.87), and we changed variables by setting 6 = £ — &’. In the last passage we simply used
the boundedness of the domain Q.

For the second term on the right-hand side of (2.3.91) we use the following elementary

Cm—1 [2=2] m— 1/
- ] <
) = | e <

‘zmj L (1~ Kna(€)) (€177~ €177) XAV Vi (v) drda dy e dedr

3 xR3

inequality

G

Then we estimate

(€™ + 1€ 2) 1€ = €17 (2.3.93)

tiy1
CJ JI—KM (1™ =3 +1¢'1m2) € x| 3| |V

SxR3In{|§— E/\<CE}

t1+1 _9 tl+1
f f dx dr + J J ? do dr ,
Qn{lut|=M} Qm{|u2|>M ce}

for constants C' = C(m,T, A, z) and ¢ = ¢(T, A, z), independent of M > 1. In the first

P | duda’ dydSdg'dndr (2.3.94)

1,e
a:pt,i,r

passage we used (2.3.93), and (2.3.86) combined with (2.5.4). In the second passage we
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exploited properties of the kinetic function, and formula (2.3.26) combined with Proposition
2.5.1 and formula (2.3.87).
Finally, combining (2.3.91) with (2.3.92) and (2.3.94), and summing over the partition P,

we obtain

T
Z [IES™| < O eBrm—2 4.0y <ff decdr—i—f ‘u } ?dx dr) , (2.3.95)

Qn{lut[=M} Qo{lu?|=M—ce}

for constants C; = C1(M,m,Q,T,A,z), Cy = Cy(m,T,A,z) and ¢ = ¢(T,A,z). Since
m € (2,00) and by Definition 2.2.4 of kinetic solution we have u/ € L™ ([0, T]; L™*1(Q)), and
since the constant Cs is independent of M, Holder’s inequality and the dominated convergence
theorem prove that the last two terms on the right-hand side of (2.3.95) vanish in the limit
M — oo, uniformly for € € (0,1). Therefore, passing first to the limit ¢ — 0 and second to

the limit M — oo, formula (2.3.95) yields

N-1
lim sup Z |[TE2"¢| = 0. (2.3.96)
e~0 )

Case m € (0,1) U (1,2]. For this case the idea is to remove the singularity at the origin
and to exploit the full regularity of the solution implied by Proposition 2.3.9 below. Using the
integration by parts formula (2.2.27), which is justified exploiting an approximation argument

and Proposition 2.3.6 below, both in the (z,&) and the (2/,) variables, we write

i+l 1/o m —1/9 m+1
IEZpanc f J U 1’ / (ul)[ ’ 2‘ / ('LLQ)[ ) ]

B (g, ) (& g, ) b (y) dada dydn dr,

(2.3.97)

where we have defined
om(&.€) = 617 (77 1) fregeR (2398)
We notice that definition (2.3.65), observation (2.3.86) and estimate (2.5.4) imply that,
if ﬁi’;(:p,y,n)ﬁz’;(x’,y,n) # 0, then |z — 2| + |u1 — u2| < ¢, (2.3.99)
for a constant ¢; = ¢1(T, A, z). Moreover, we observe that
if € —¢&'| < cre, then |on(&,¢)| < Ce, (2.3.100)

for a constant C' = C'(c1, m). Indeed,if max{|¢|,|{'|} < 2c1€, then, recalling m € (0,1) u (1, 2],

a direct computation yields

om(€,€) = E1E1E172" + 20¢]21¢)2 + 1€ 2| % < Ce.
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Conversely, assume without loss of generality that || > 2¢1e with [£] >

¢ and [§ - ¢'| <
Thus, in particular, £ and £ have the same sign and [¢'| >

£1¢|. Then we compute

omlE, ) = |7 |7 (j 2

d9> < ClE|7r e < Ce.

C1lE€E.

We now form a velocity decomposition of the integral. For each ¢ € (0,1), let K% : R —
[0, 1] denote a smooth cutoff function satisfying

. 2
5 Lt el <6 or 2 < e,
K°(§) = ) (2.3.101)
0 if20<[¢ < 5
Returning to (2.3.97), consider the decomposition
JECane_ JtHT u u |u |*1/2 ( ) m ( 2)[m2+1]
’ m + 1 Q3 XR
pe @y, )P (2 y,m) b (y) dada’ dydidr
| o (2.3.102)
1=y [252] ), 212 N
[ e @) e )
po @,y ) (@ y,m) b (y) davdae' dy dnydr
where, for each § € (0,1), the functions 02,59, : R? — R are defined by
(6.€) = (K*(©) + K*(¢) = KK () om(6.€) (2.3.103)
and

5(6,€) = (1= K°©)) (1= K()) om(&,€).

We start with the second term in (2.3.102). It follows from (2.3.98), (2.3.101) and the local
Lipschitz continuity of the map R 3 & — |£] 2

"7 on the set {6 < |€] < 2} that, for C = C(m, )

50.(6.€)

<Cle-¢”

(2.3.104)
Moreover, recalling observation (2.3.99) and the definition (2.3.19) and (2.3.65) of the kernels
ﬁ{;;, we point out that

f pi % (., y.m)py S (2 y, ) da’dy dny = J pi % (., y,m) Py (2 y, ) da’dy dy
Q2xR {z'eQ| |lz—x'|<c1e} x QxR

<Cet, (2.3.105)

for a constant C' = C(d, ¢1) depending on the constant ¢; = ¢1(7, 4, z) from (2.3.99). Then
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for the second term of (2.3.102), we compute, for a constant C' = C(§, m,d, T, A, z),

tiy
- 1]—1Y2 21—1/2 2 [m2 ] € —2.€
' m+ 1) f prRu u? ’u ’ ( ) ‘u | V(u ) pt Pt Tgbgdxdac dydndr

<o ([
'(Limf@ax!;f"l )41
(J fQ £ dxd&dr) U JQ €| P (o, €) da'de’ dr)é

\062 (1+ ||u0|\L2(Q)).

Jj=1

In the first passage we used Holder’s inequality and (2.3.99) and (2.3.104). In the second

N

m,+1] 2

(@Hl"=

PPt b5 (y )dxdx’dydndr>

1
2

2
PP sy )dxdx’dydndr> (2.3.106)

passage we exploited (2.3.105) and the definition of parabolic defect measure. The last passage
follows from Proposition 2.3.9 below.

We now consider to the first term in (2.3.102). It follows immediately from (2.3.100),
(2.3.101) and (2.3.103) that

if |¢ — €| < cre, then ’afn(g,g’) <Ce (2.3.107)

for C = C(m,c1), and that, for e < § € (0, 1), with € small enough depending on ¢; and 4§,

1
if |€—¢|<cre and ol (€,€)#0, then 0 < |¢],]¢'] <36 or % < €1, 1€ (2.3.108)

Then, for the first term of (2.3.102), first using Holder’s inequality and observations (2.3.99),(2.3.107)
and (2.3.108), and then using observation (2.3.105) and the definition of parabolic defect mea-

sure, we compute

e 11— Y2 1 [m+1] 2 [m ] € =2,
‘ (m +1)? f JQs ]Ru )l | V() V(w?)" gyt b dardal dy dndr
X

W=

tl+1 m+1
( f J a1V @) p g oty )dxdx’dydndr)
i U1><U2><Q><]R
1 (2.3.109)
2—1 Q[M]z_le_Qs / ’
f f |V @) i p 05 (y) dudadydndr
U1><U2><Q><]R
2
<oy (f e dxdfdr) ,
.: U]
for a constant C' = C(m,d, T, A, z), where we have defined, for r € [0, o),
. 4 . 1 .
Ul =UL(r) := {:L’ €eQ ' 0 < |/ (x,r)| <36 or % < |u? (z,7)] } (2.3.110)

In conclusion, summing over the partition P, the splitting (2.3.102) and estimates (2.3.106)
and (2.3.109) imply that, for each 6 € (0,1), for C = C(m,d, T, A, z),

R

hmsup Z |[TE77¢) < C’Z JJ |7 gl (2, €) daz dE dr-. (2.3.111)
U5><
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The dominated convergence theorem, Proposition 2.3.9 below and (2.3.110) imply that the
right-hand side of (2.3.111) vanishes in the 6 — 0 limit. Therefore, we deduce

N—-1
limsup ) [TE{*| = 0. (2.3.112)
0 2o

This concludes the analysis of the internal error terms.

Step 8: The boundary errors. In this step we analyze the boundary error terms in
(2.3.85). We begin with the errors produced in Step 2 and Step 3. These are handled using
the estimates on the behaviour of the characteristics near the boundary from Section 2.5,
properties (2.3.15) of the gradient V¢g, observation (2.3.86), and the following crucial fact.
Namely, with the notation (2.3.9), it follows from (2.3.11), (2.3.15) and (2.3.19) that, for any
e < Be(0,1), for any (z,y,¢,1) € Q*> x R? and any t; < r e [0,T], for j = 1,2,

it Vyba(y)pl(z,y,6m) # 0, then y, V5% ze Q. (2.3.113)

For the boundary error term B]Eisgnl’1 defined in (2.3.33), for a constant C' = C(T, A, z,Q),

we compute

1,e | ~ €
pti,r Sgnti,r r,r—t;

BEsgnl,l < bit1 m—1],1
7 =~ . 0 m’é.‘ |Xr’

2 wR2

IV, 5] ‘AIYx’E ] dz dy d¢ dn dr
tit+1
<Cltin— 6™ [ et ] ddg ar
t; QBXR
tit1
<C|ti+1—ti|°‘ﬁ‘1f j ‘(ul)[m]’dxdr
t; JOB

T f ]v( ! [m]’
< Cltizr — t; u') dx dr.
t; JQP

In the second inequality we used observation (2.3.113), estimates (2.3.15) and (2.5.5), and the
boundedness of sgn®, and we integrated the mollifier. In the third passage we simply used
properties of the kinetic function. In the last passage we exploited the Sobolev regularity
(u)lml e Wol’pm (Q) from Lemma 2.3.7 below, which in particular implies that (u!)" vanishes
on the boundary, and we used the mean value theorem applied to points = € Q?, which
therefore satisfy dist(z, 0Q) < CS.

An identical analysis holds for BEZ-Sgnz’l, simply replacing x! and u!' with x? and «?, and
for the analogous error terms BE;" 71 defined in (2.3.49), for j = 1,2, simply replacing sgn;, .

with x;,, which is bounded as well. Precisely, we have
sgnj,1 mixj,1 bt i\ [m]
‘BEig i )+ ’BEZ. 2 ]s Oltisn —ti|"‘J f ’V(uj) ‘dxdr, (2.3.114)
t; JQB
for j = 1,2, for a constant C' = C(T, A, z, Q).
Next we analyze the boundary error terms BE®""? and BE™'?| defined in (2.3.35) and

2.3.51) respectively, and the specular terms BE®"*? and BE™**?. Observations (2.3.86
1 7
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and (2.3.113) combined with estimate (2.5.5) imply that, for C' = C(T, A4, 2),

if Vyos pr p2, # 0, then |DY5S, — Do Y,5 S, |4 (VIS Vo IlE S, | <Cltipr —ti|%. (2.3.115)

ti,r rr—t; rr—t; rr—t;
1,2
Then, for BE;*""*, for a constant C' = C(T\ A, z,Q), we compute

17

tit1
BER?] < Cltu — tilep™ | mlel™ ! | phs
t;

(QF)°xR

< Cltisr — "8 jtiﬂf ‘(ul)[m]’ dx dr
i 7 " 0

)

27
+ ‘anptii‘

27
(‘Vyﬂt;r

< C|t —t‘a i lv( 1 [m]’
< i+l — b U ) dx dr.
ti JQP

In the first passage we used the boundedness of Dﬁ”}ff_ti from Proposition 2.5.1 and of the sgn
function, estimate (2.3.15), and observations (2.3.113) and (2.3.115). In the second passage
we integrated the mollifiers over the variables (y,n) and (2/,¢’), recalling estimate (2.3.87),
and then used properties of the kinetic function. In the last passage we used the Sobolev
regularity (u')™ e I/VO1 Pm(Q) from Lemma 2.3.7 and applied the mean value theorem to
points z € QP.

Virtually identical analyses and estimates hold for BE"? and for BE™™? for j = 1,2.

Precisely, we have
sgnj,2 mixj,2 bt i [m]
‘BEig Ji ‘+ ‘BEi J: ‘<C|ti+1 —tﬂ“f f ‘V(uj) ‘da:dr, (2.3.116)
ti JQP

for j=1,2and C = C(Q,T, A, z).
In conclusion, we sum estimates (2.3.114) and (2.3.116) over the partition P to conclude

that, for C = C(Q, T, A, z),

2 2 N-1 2 T
>33 [BEE 4 [BEFE < o P Y, jJ v ()™ dzar. (2.3.117)
j=1k=1 i=0 j=170JQ7°

Finally, we analyze the boundary errors BEZ®"'® and BE™!? defined in (2.3.38) and
(2.3.55) respectively, and the specular terms BEisgnz3 and BE" 23 simply obtained by
swapping the roles of ! and u?. For BEfgnl’g, we use the boundedness of sgny, ,., we exploit
estimate (2.3.15), and estimate (2.5.11) combined with observation (2.3.86), and then we
integrate the mollifier to obtain, for C' = C(T, A4, z),

tir1
< [ b ok Vy6a(0)0eVE | di dy de dn dr
i X

rr—t;

~.~ €
|Sgntz‘ﬂ"

- (2.3.118)
< Cltiv1 — tiyaf J (P! + ¢?) dx dé dr.
ti QB xR

Virtually identical analyses hold for BE;‘gnQ’3 and for BE}" ixj’?’, for j = 1,2. Summing over

the partition, we conclude that, for C' = C (T, A, z),

2 N-1 ) o 2 T ) )
M ’BEfgnJ’?" + )BE;W"" <CPI* )] f J (P} + ) da d€ dr. (2.3.119)
j=1 i=0 j=1J0JQF xR
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) [m]

In conclusion, combining estimates (2.3.117) with the integrability of V (uj from
Lemma 2.3.7, and estimate (2.3.119) with the finiteness of the parabolic and entropy de-
fect measures over @ x R x [0, 7], and exploiting the dominated convergence theorem, for the
boundary error terms produced in Step 2 and Step 3, we conclude that

N—1

3 ‘BEfgnj’k’ + ’BElmin’k‘ ~ 0. (2.3.120)
i

2 3 —
lim sup lim sup Z 2
p=0 =0 Doy im0

Now we analyze the boundary cancellation error terms produced in Step 5. First we
observe that (2.3.11) combined with (2.3.15), for k = 1 or k = 2, implies that

‘Dj@] < OB, and that, if DFgs(Y,58, ) #0, then z, Y%, € Q°. (2.3.121)

r,r—t; » T rr—

Then, for the error term B]E?Z.CZJ‘HCA’1 defined in (2.3.77), we compute for C = C(T, A, z, Q)

A1 bt [m]
BE?™ 4| < Cltisn —ti|"‘ﬁ_1f J (@)™ dadr
t; QP
. (2.3.122)
< Cltig1 — ti|af J ‘V (ul)[m]‘ dx dr
t; Qs

In the first passage we used use observation (2.3.121) and estimate (2.5.5), and then we
exploited the boundedness of |x?| and integrated |x!| (or viceversa). In the second passage

we used (ul)[m] € VVO1 Pm(Q) and applied the mean value theorem to points = € QF.
The error term BES™? defined in (2.3.80) is handled almost identically. Indeed, we
use the boundedness of D,Y"*,  and observation (2.3.121) for k = 2 combined with esti-

r,r—t;?
) [m]

mate (2.5.12), then we integrate the kinetic functions, and finally we exploit again (uj €

Wol’pm(Q) and the mean value theorem to compute, for C' = C(T}, A, z,Q),
ti+1
‘BE?“C“) < CL JQ Rm|g|W1 (I + b)) ‘qusg(}fff_ti)‘ ’Dwaf_ti fld‘ dz d€ dr

i X
g [ N[ |2yl

< Cltis1 —4|*B ‘(u ) ‘+ ‘(u ) ’ dz dr (2.3.123)

t; QP

e [ 1y[m] 2 [m]

< Cltipr — t V(') + |V (u?) | dadr.

t; QB

In conclusion, we sum estimates (2.3.122) and (2.3.123) over the partition P to conclude

that, for C = C(Q,T, A, z),

NZ_l‘BEfaf‘“A’l + ‘BE;“CA’Q’ <C|P|° fTJ ) ‘V(ul)[m]‘ + ‘v(qﬁ)[m]‘ dedr.  (2.3.124)
i=0 0 Jo

We now consider the error term BES™3 defined in (2.3.82). First, for the function daq

defined in (2.3.7) and g defined in (2.3.13), recalling (2.3.11), we observe that

‘wﬂ(s)‘ <B7l'V¥seR and, if ¢5(daQ (Yfﬁtz)) # 0, then x,YﬂE’5 e QP. (2.3.125)

r,r—t;
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We also mention that we have a uniform bound |V - 7| < C for some constant C' = C(Q), for

the extended unit outward normal to () defined in (2.3.8). Then we compute

cancA,3
BE;

tit1 .
<[] mler = P (e ()19 Al do de
ti QxR
—1 bt m—1 1 2
<cpt [l (] + ) dedgar
ti QP xR
t;
= Cﬂ_lj HJ ’(ul)[m]‘ + ‘(ug)[m]‘ dx dr
t; QP
<cf”1f V()™ + |9 )™ do dr
t; Q8

for a constant C' = C(Q, T, A, z). In the second inequality we used observation (2.3.125), the
boundedness of V - 7i and properties of the kinetic function. In the last inequality we used
(uj )[m] € VVO1 Pm(@Q) and the mean value theorem. In conclusion, we sum over the partition

to estimate, for C' = C(Q, T, A, z),

N-1 2 T
> [BEgner? <C’ZJ f V(@)™ + v (@)™ dz ar. (2.3.126)
i=0 j=170 JQF

Finally we consider the error term BEfanCA’4 defined in (2.3.83). First, we make the

1gvm

following observation. Namely, for the standard 1-dimensional convolution kernel pfm in-
troduced in (2.3.12)-(2.3.13), rescaled at order 187 with v, = (m+2) v 3, recalling (2.3.11),
we notice that

1
Eﬁ"{m

13vm
Pi <2877 and, if pfm (daQ (ﬁff_tz) —B%”> # 0, then x Yot 4 € Q7. (2.3.127)

L rr—

Then we compute
tit1 -
’BE;‘,anCAA) _ f + f m‘€|7n—1 |X,,1,. _ X?}Q B—lp%ﬂw (de (Y’j?,;,itl) _B'Ym) de dé‘ dT‘
ti QxR
tit1
<cpipm f f mle™ Y (x| + |¥2]) de dé dr
t; QPT™ xR
_ g 1+7m) e 1\ [m] 2\ [m]
=Cp @)™+ | @)
ti ngm

L tit1
<Cp~
ﬂ Ll JQ&’Ym

for a constant C' = C(T, A, z). In the first inequality we used observation (2.3.127) and

(2.3.128)
dx dr

()™ + |V ()™ do dr,

properties of the kinetic function. In the last inequality we used the Sobolev regularity
(uj )[m] € WO1 Pm(Q) and the mean value theorem applied to points = € Q%™ , which satisfy
dist(z, 0Q) < CBT™.

Next, we sum estimate (2.3.128) over the partition, then we apply Holder’s inequality com-

bined with Lemma 2.3.7, prescribing the higher integrability ¥V (u?) (ml e pom ([0,T]; LP(Q)),
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and observation (2.3.10), and we recall that v, = (m+2) v 3 and p,, = mH A 2, to estimate

N-1 2 7 ‘

ZE) ‘BEicanCAA‘ <cp! lejo ijm ‘V(uj)[m]‘ dx dr

i= j=

pm -1 i Hv(uj)[m]
j=1

— Cﬁm ZQZ Hv(uj)[m]
j=1

cpt(B7m)

me([O,T];me (Q,mm)) (2.3.129)

)

Lpm ([O,T];me (QBWm ))

for a constant C' = C(Q, T, A, z).
In conclusion, combining estimates (2.3.124), (2.3.126) and (2.3.129) with Lemma 2.3.7,

it follows from the dominated convergence theorem that

N—
lim sup lim sup Z Z ‘ CanCA k
k=1 i=0

4 N-1
= limsup Z Z ‘BEfa“CA’k’ —0. (2.3.130)

We conclude this step by analyzing the last boundary error terms, namely the boundary
cancellation errors BES"P7 defined in (2.3.72), for j = 1,2. The analysis is broken down in
three cases: m =1, m € (1,00) and m € (0, 1).

Case m = 1. This case is trivial. Indeed, if m = 1, it follows automatically from definition
(2.3.72) that BES%7 = 0,

Case m € (1,00). We form a velocity decomposition of the integral. For each M > 1, let

Ky : R — [0, 1] be a smooth function satisfying

1 iflgl<M

)

Ky(§) =
0 if €] < M + 1.

Then, for each M > 1, we split

tit1
BE§ el = 2mf Kar(©) (6= 1€ 1) xox? o1y Vi 025 V05 () Da Y5,
@ (2.3.131)

tit1
wam | (0 ) (7 1) i ok Ve Vs DY
Q3 xR3
For the first term on the right-hand side of (2.3.131) we write

tiy1

‘27” Qf(%g@) (1™ =€) X031 Vo 075 Vb3 (y) Do Y55 darda’ dydS g/ dndr
t; X

tit1
<cp f € — ¢/|tmmDAL ppe,
(@) xR3{|€—€'|< ce} ’

-1 —1J fﬁf 101040 dy dr < C [ti41 — £ =D
Q —ce

for a constant C' = C(M,m,Q, T, A,z). In the first passage we used the boundedness of

2,€
VI'pti,r

dxdx’ dydéde dndr (2.3.132)

Ky, X7 and D YM5 +,» Observation (2.3.15) and (2.3.113), observation (2.3.86) combined with
estimate (2.5.4), and the local Lipschitz continuity, if m € (2,00), or the Holder continuity,
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if m e (1,2), of the map R 3 ¢ ~ (/™. In the second passage we exploited formula
(2.3.26) for the derivatives of the convolution kernels, the boundedness of the derivatives of
the characteristics from Proposition 2.5.1, and then we integrated the convolution kernels,
recalling observation (2.3.87) and changing variables by setting § = £ —¢’. In the last passage
we simply used formula (2.3.10).

For the second term on the right-hand side of (2.3.131) we use the following elementary

inequality

'3
g™t =11 = U (m — 1)9[m21d9’ <(m—1)(Jgm 2+ g™ 2) |- ¢ (2.3.133)
é‘l
Then we estimate
tit1
‘ f 1K) (|2 1€ ™) XX o1V p7, Yy D Y,5E, dada dyde de' dndr
3><]R

tit1
f(@f*l_KM ) (€121 2) e Xt N3] oty |V ot

IXRIA{|E—¢'|< e}

f J ldxdr—o-f J 2nlldsc’dr ,
Qﬁm{\u1\>M} Qﬁn{|u2|>M ce}

for constants C' = C(8,m,T, A, z) and ¢ = ¢(T, A, z), independent of M > 1. In the first
passage we used (2.3.133), (2.3.86) combined with (2.5.4), and (2.3.15). In the second passage

dvda'dyd€dg'dndr — (2.3.134)

we used observation (2.3.87) and integrated the convolution kernels in the (2/,¢") and (y,n)
|m 1

variables, when hitting |£/™ !, and in the (x,&) and (y,7) variables, when hitting |£’

and then we used properties of the kinetic function.
Finally, combining (2.3.131) with (2.3.132) and (2.3.134), and summing over the partition

P, we obtain

T
Z ’BECE"“CBl} <O em iy, (f f ul " %ixdr—kf f ‘uz‘m_ld:v'dr) ,  (2.3.135)
Q 0JQ

m{\u1\>M} ~{|u?|=M—ce}

for constants Cy = C1(M,m,Q,T,A,z), Cy = Co(8,m,Q,T,A,z) and ¢ = ¢(T, A, z). An
inequality virtually identical to (2.3.135) holds for BEZ»CanCB2, swapping u' and u?. Since
m € (1,00) and by Definition 2.2.4 of kinetic solution we have v/ € L™([0,T]; L™*1(Q)),
and since the constant Cs is independent of M > 1, Holder’s inequality and the dominated
convergence theorem prove that the last two terms on the right-hand side of (2.3.135) vanish
in the limit M — oo, uniformly for € € (0,1). Therefore, passing first to the limit ¢ — 0 and
second to the limit M — oo, formula (2.3.135) yields

N—-1 2

limsup Y ) ‘BE"&“CB]’ —0. (2.3.136)
=0 =0 j=1

Case m € (0,1). For this case the idea is to remove the singularity at the origin and

to exploit the full regularity of the solution implied by Proposition 2.3.9 below. Using the
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integration by parts formula (2.2.27) in the (2/,¢’) variable, which is justified exploiting an

approximation argument and Proposition 2.3.6 below, we write

BEGmeBI_ sz fngg € |€|f—1|§| Xixfpif Varpr Vb DoY,55, duda'dyde de'dndr

et

~<L{2f;1(§u2)€l o 2V, 80(5)D Yﬁftdxdydgdn)dx’dr
xR

] (2.3.137)

where we recall the notation (2.3.65) for ﬁi’; (z',y,m), and where we have defined

om(€,€) = E|21E) 7 — €2 |¢[' 7% for &, e R. (2.3.138)

Observation (2.3.86) and estimate (2.5.4) prove that, for ¢; = ¢1(T, A4, z),

if pii’;(:):,y,f,n)ﬁfi’;(x', y,m) # 0, then ’x — x” + ’5 — u2’ < cre. (2.3.139)

Moreover, we observe that

if € —¢&'| < cre, then {Um (&, {)’ Ce, (2.3.140)

for a constant C' = C(c1,m). Indeed,if max{||, |{'|} < 2ci€, recalling m € (0, 1), the result is
immediate from (2.3.138). Conversely, assume without loss of generality that |{| > 2¢1e with
€] = ¢ and |€ — €| < cre. Thus, in particular, ¢ and ¢ have the same sign and [¢'| > $[¢].

Then, using £ ~ £, we compute
m m S
om(&,€) = ' F e E L(m — Doy < Clg — €| < Ce

We now form a velocity decomposition of the integral. For each ¢ € (0,1), let K : R —
[0,1] denote a smooth cutoff function satisfying
1] <o,
K°(€) =

0 if ¢] = 26.

Returning to (2.3.137), consider the decomposition

J J'| 2| m+1]
m+1

( f o (§u) 16]% TP Vb () DYSE dxdydgdn)dm'dr

cancB1__
BE; =—

o . (2.3.141)
), e
~ ( f 78 (6:0%) 1Al 2 W) D dxdydfdn>dm ar,
where, for each § € (0, 1), the functions 02,53, : R? — R are defined by
o0 (6:€) = (K°() + K°(§) = KK (€)) om(&,€), (2.3.142)
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and

=0 A g O (¢t /

5h(6.8) = (1= K°©) (1- K°(€)) om(e. ). (2:3.143)
We start with the second term in (2.3.141). It follows from (2.3.139), (2.3.140) and (2.3.143)
that, for a constant C' = C(m, T, A, 2), for any (z,2",y,&,1,7) € Q3 x R? x [t;,00),

if p;i’;(sr:,y,f,77)ﬁ,i’fr(yc',yJ])&gT (§7u2) # 0, then [¢], |u2| > 6§ and |6fn (f,u2)| < Ce. (2.3.144)

Then, for a constant C = C(6, 3, m, T, A, z), we compute

tit1 ma1
‘ f fdx ] o) ot (6u) e F ol t 0a DY S td:cdydédn‘
m+1 QZXRZ

gcj J |u2|7§ v u2) (2]
ti Q

it it
< CEJ ’u2’ 2
t; Q

In the first passage we used (2.3.144), (2.3.15) and the boundedness of y! and D,Y"*

rar—t;*

(J ele]z 1yl pif, ﬁie dmdydfdn) dx’dr (2.3.145)
Q2xR2n{|§]=6}

\Y4 (uz) [#] dz'dr.

In the second passage we recalled m € (0,1), so that ¥ —1 < 0 and |§|%71 <6271 and

integrated the convolution kernels.

We now consider the first term in (2.3.141). It follows from (2.3.139), (2.3.140) and
(2.3.142) that, for a constant C = C'(m, T, A, z), for any e < ¢ € (0,1), with € small enough
depending on C' and 6, and any (x,2',y,£,1,7) € Q% x R? x [t;,0),

it o5 (2, &)t (g mad, (€, u”) # 0, then €], [u’] < 36 and |07, (¢,u%)| < Ce.  (2.3.146)

Moreover, the definition (2.3.19) of the convolution kernels implies that, for any (z',r) €
Q X [t’m OO))
o 5p (@ y,m) dedydn < ¢ 2.3.147
. Rpti,r(xvy,f,n)pti,r(%ym) rdydn < e . (2.3.147)
X

Then, for the first term of (2.3.141), we compute

m+1
’ f fdx ] ) Q]JJ% (6 w*) 61500150 P Vg DY davdy dé dy
m+1 Q2 xR2

tit1

gc |u2|7§

tit1 1
<05%f J w?| 72 |V (u®
i JQ

for a constant C' = C(8,m,T, A, z), independent of § € (0,1). In the first passage we
used observation (2.3.146), (2.3.15) and the boundedness of x! and D,Y,> , . In the second

ror—t;*

30
f lg| %1 <f €p Dy d:cdydn) d¢ da’ dr (2.3.148)
—36 Q

2xR
[=3+]

dx'dr,

passage we applied observation (2.3.147).
Finally, combining the splitting (2.3.141) with estimates (2.3.145) and (2.3.148), summing

over the partition and applying Holder’s inequality, we obtain

N-1

T
izg) ‘BE;:ancBl‘ < <Cl€+02 5%) (LJQ }U2’_1
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UQ)[ 2

1
2
da;’dr) , (2.3.149)




for constants C1 = C1(d, 8, m,Q,T, A, z) and Co = Co(B,m,Q, T, A, z). An inequality virtu-
ally identical to (2.3.149) holds for the specular errors BEiCa“CB 2 simply swapping the roles
of u' and u?. Proposition 2.3.9 below ensures that the right-hand side of (2.3.149) is finite.
Since the constant Cs is independent of § and €, passing first to the limit € — 0 and then to
the limit 6 — 0, formula (2.3.149) and its analogue version for j = 2 yield

N—-1 2
limsup > Y ‘BE;’”CB]‘ — 0. (2.3.150)
=0 20 j=1

This concludes the analysis of the boundary error terms.

Step 9: The conclusion. We are finally ready to conclude the proof. Returning to inequality
(2.3.85), we use estimates (2.3.90), (2.3.96) and (2.3.112), (2.3.120), (2.3.130), and (2.3.136)
and (2.3.150), to deduce

1 2 r=T : ’ N
u'(z,r) —u?(z,r)| dz| <CIP|” (J f v (u)"™

for a constant C' = C(T, A, z). Definition 2.2.4 of pathwise kinetic solution and Lemma
2.3.7 guarantee that the right-hand side of (2.3.151) is finite. Recalling from Step 0 that the
partition P < [0, T\ is arbitrary, we let |P| — 0 and from (2.3.151) we conclude that

f lut(z,T) — u?(z,T)| do < f |up(z) — u%(x)‘ dx.
Q Q

T
d:cdr+ff P+ drdedr |, (2.3.151)
0JOxR

This completes the uniqueness proof.

O

Remark 2.3.2. We observe that in the proof of Theorem 2.1.2 the positivity of the initial data
was exploited only in Step 7, to handle the error terms I E{*"¢ in the case m € (0,1) u (1, 2],
and in Step 8, to handle the error terms BEiCanCBj in the case m € (0,1). Namely, we relied on
the positivity of the initial data through the application of Proposition 2.3.4 and 2.3.9 below.
The remaining arguments of this chapter are obtained for general initial data in L?(Q). This

completes the proof of Theorem 2.1.7.

Repeating the proof of Theorem 2.1.2 with uo = 0, we get the following estimate for the

L'-norm of pathwise kinetic solutions with any arbitrary initial data.

Corollary 2.3.3. Let m € (0,00) and let ug € L?(Q) be arbitrary. Suppose that u is a

pathwise kinetic solution of (2.1.1) with initial data wug, then

lull oo o, 11;1 (@) < lwollzr(o)-

Proof. Let up € L?*(Q) be arbitrary and let u be a pathwise kinetic solution of (2.1.1) with
initial data ug. Repeating the proof of Theorem 2.1.2 with x? = 0 implies that

|ull oo qo,;01 @)y = = Ol oo (o,77:21 (@) < lwo — Ol L1 (@) = lluollzr(@)-
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Indeed, if x? = 0, in the final inequality (2.3.85) the error terms I ES*¢, defined in (2.3.68),
and BE; ancBj , for j = 1,2, defined in (2.3.72), are identically zero. In particular, as observed
in Remark 2.3.2, these errors are the only terms requiring the positivity of the initial data to
tackle the regime m € (0,1) U (1,2]. Thus, when u? = 0, the proof works in the full regime
m € (0, 0) regardless of the sign of u. O

We conclude this section with a few auxiliary results. The following proposition ensures
that kinetic solutions with positive initial data stay positive, and it is crucial to obtain Propo-

sition 2.3.9 below.

Proposition 2.3.4. Let u be a pathwise kinetic solution with nonnegative initial data wug €
L% (Q). Then we have u(x,t) > 0 almost everywhere in Q x [0,00). Moreover, for almost

every t € [0,00) we have that [u(-,t)]|L1(qg) = [uolL1 ()

Proof. Suppose ug € L%(Q) and let u be a pathwise kinetic solution to (2.1.1) with initial
data ug, kinetic function x and exceptional set N. Let P = {0 =tg <t; <--- <ty =T} be
an arbitrary partition of [0,7] with P < [0, T]\V. By repeating the same argument leading
from (2.3.22) to (2.3.23), it follows that

r=tit+1

(2.3.152)

)

N-1
jQ oy sen_(n)dydn| = tim Tim 5 fQ o) (), 63(0)
=0 X

<R B—0e—0

=t;

where sgn_(§) := sgn(§) A 0, and (;g\n—_/)z . is defined as in (2.3.20)-(2.3.21) with sgn_
replacing sgn. As regards the second term in the sum, the same reasoning leading from
(2.3.25) to (2.3.42), with sgn_ (') replacing sgn(¢’), show that

r=t;y1

f X?i,r(% n) (sgn_),, . s(y)dydn

r=t;

_ IEsgnl 1 - IEsgnl ,2 + BEsgnl 1 + BEsgnl ,2 B BEsgnl ,3
fie 111
m— ,€ !
+J gglfﬂg}g Xopi) 5 Prsgn_ (&) (2.3.153)
t; X

(D55 ) D20 (y)DLYEE ) duda dydgdg!dndr

it+1
- ZJ JQ pr + qr pt rpt r( /7ya Oa 7]) ¢5(y) d(l? dxl dydfdﬁdT7
3xR2
for error terms I_Els-gnl’l, ﬁ??gnl’z, B_Efgnl’l, B_Ejgnl’2 and B_Ejgm’3 defined simply by setting
u! = u and replacing sgn(¢’) with sgn_(¢’) in definition (2.3.30), (2.3.40), (2.3.33), (2.3.35)
and (2.3.38) respectively. For the second to last term in (2.3.153), we first notice that
tit1

lim | dr | mle™ kot o sen (€) (D55, ) D20s(y) DY) duda'dydgdedn
e~V Q3 xR3

tit1
= f dr Qnﬂyam—lxisgn,(@ (DY) D20s (VS ) DY S ) dode.
i X

(2.3.154)

Then, observing that |£|™ !ylsgn_ (&) is always nonnegative and mimicking the arguments
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leading from (2.3.79) to (2.3.83), we conclude that

ti+1
f I Utsen_ () (DY, DRes (VS ) DS, dedgdr
t;

QxR (2.3.155)

cancA,3 S cancA, 4

<BE.(:ancA2_'_BE. +BE

for error terms BEcanCA 2 BEcanCA 3 and BEcanCA4 defined simply by replacing |£ |m_1| xi —

x2|? with |€|™ y,sgn_(&) in definition (2.3.80), (2.3.82) and (2.3.83) respectively.

We now go back to (2.3.152). Owing to the nonnegativity of the entropy and parabolic
defect measure, we drop the last term in (2.3.153), and then we exploit (2.3.154) combined
with (2.3.155) to obtain

N-1

r=T
J. Xr(y, m)sen_(n) dy dn < lim sup lim sup Z (IESg]rll b IEsgn1 2
QxR r=0 B—0 e—0
+ BE,sgnl 1 + BEsgnl ,2 . BEsgnl ,3
+ BEcancA 2 + ‘BiE‘EancA,B + .BEfanCAA) .

Arguments virtually identical to those in Step 8 ensure that the sum of the boundary terms
B_Eignl’l, B_Ejgnm, B_Ejgnl’s, B_Efanc’q’z7 B_E?’LMA’3 and B_EfanCAA vanishes in the limit as
e — 0 first and 8 — 0 next. Finally, recalling that the partition P < [0,T]\\V is arbitrary,
arguments completely analogous to those in Step 7 and Step 9 prove that the sum of the
internal errors I_Els-gnl’1 and I—E?gnl,Q goes to 0 as we let € — 0 first, § — 0 next, and then also

|P| — 0. Putting everything together, we conclude that

0< [ A@&Tsem ©dede< [ o), €sen (©)dudg <0
QxR QxR
Here, the first inequality follows from the definition of the kinetic function and the last
inequality follows from the nonnegativity of ug. Therefore we deduce that, if ug € Li(Q),
then u > 0 almost everywhere on @ x [0, c0).

To prove the second assertion, we test the kinetic equation against the cutoff ¢g, we then
let B — 0 and we exploit the nonnegativity of the solution. An approximation argument shows
that we can take po(z,&) := ¢g(x) in equation (2.2.26). For any ¢ € [0,00)\ N, applying the
integration by parts formula (2.2.27), we obtain

f N, €7 (YIS
QxR

r=t
= 7 2 ] z,u
r=0 m+1jj jul "= “vul Vybs (Y51 ) DY, dodr

(2.3.156)

Jf (pr + 4r)Vyda(Y,58)0e Y55 dadE dr.
QxR

The first term on the right-hand side of (2.3.156) vanishes as we let 5 — 0. Indeed, we exploit
observation (2.3.121), the Sobolev regularity ul™3] e H}(Q) and the mean value theorem
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applied to points = € Q?, and the definition of the parabolic defect measure to estimate

<cp! |u|1 7HV1L 5]
0

| f a7 ul 19, 65 (V)Y Vi ddr
]

(

C’ff lu|~™ 1‘Vu [#+] ’ dzxdr (2.3.157)
Q"

= -1
— CL JQﬁXR €17 q(z, &, r) dedEdr,

for a constant C = C(Q, m,T, A, z). Since we know that u is nonnegative, Proposition
2.3.9 below and the dominated convergence theorem ensure that, as § — 0, the last line of
(2.3.157) vanishes. Returning to (2.3.156), virtually the same estimate as (2.3.118)-(2.3.119)
shows that the second term on the right-hand side of (2.3.156) vanishes in the 5 — 0 limit.
Finally, the dominated convergence theorem implies that, as 8 — 0, the left-hand side of
(2.3.156) converges to SQxRx(x,f,r) dxd€ :(t) = Ju(, 1)1 (@) — luolz1(g)- This completes
the proof. O

Next, we present a result on the higher integrability of the parabolic and entropy defect
measures in a neighbourhood of the origin. In turn, this result will help us to improve the
H'-regularity of ul™3] prescribed by the definition of pathwise kinetic solution, and obtain
Sobolev regularity for ul™ in Lemma 2.3.7. We shall need the following estimate, which

follows immediately from Poincaré inequality.

Lemma 2.3.5. Let v : Q — R be a measurable function such that v[™""2] e H(Q). Then,
for C = C(Q), we have
2

m+1 _ H .
L2(Q)

HU Lm+1

<C HV@[WTH]

L2(Q)
Proposition 2.3.6. Let ug € L?(Q) and § € (0, 1] be arbitrary. Suppose that u is a pathwise

kinetic solution of (2.1.1) with initial data ug. Then, for each T > 0, for a constant C' =
C(m7 Q7 T? A? Z)7

146 6— 1 1+0 2
”uHLoc [0,T];L1+5(Q)) J’_(SJ Q’E.]‘R p + Q> drdfdr < (HUOHL1+6(Q) + HUOHLQ(Q)) : (23158)

Proof. Let 6 € (0,1] be arbitrary. Let u be a pathwise kinetic solution with initial data
up € L?(Q). We shall write x for its kinetic function, p and ¢ for its entropy and parabolic
defect measure respectively, and N' < (0,00) for its null set. The proof is based on an
iterative argument along a suitably fine partition of [0,7"] and on the idea of formally testing
the kinetic equation (2.2.26) against the function R 3 £ — ¢lol. Consider a partition P =
{to = 0 < t1--- <ty = T} with the constraints that P < [0,7]\N and that the diameter
|P| = max; |t;+1—t;] is suitably small, as specified by conditions (2.3.174) and (2.3.178) below.
For each f € (0,1), consider the cutoff ¢3 € C°(Q) introduced in (2.3.14). We stress that we

consider this particular cutoff only to ease the referencing to follow, but its peculiar shape is
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not needed in this proof and any cutoff of scale 5 would work. According to Lemma 2.5.3,

there exists a positive constant, which we denote by Cr > 1, such that

CrlE) < ’Hif < Crlé|, for each (z,6) e R x R and s < t € [0,T]. (2.3.159)

For each 6 € (0,1), we shall consider an approximation to the function R 3 £ — ¢ [9] with

bounded derivatives. Namely, we introduce the piecewise C' function gg : R — R defined by

5 (Cp0)°~1 if ¢ < Crb
¢
90(&) :=J go(n)dn, —and  go(&) = { 61¢[°~? if Cro < €| < Cpo~',  (2.3.160)
0

0 else.

The following properties follow immediately

0< go(&) <8 (CrH)°~ ! for each 6 € (0,1), and go(&) 1 6/¢1° " as 6 — 0, VE e R. (2.3.161)

Similarly, we have
l9a(€)] < C2.07° for each # € (0,1), and éin{l}gg(f) — bl veeRr. (2.3.162)

Now, for each i@ = 0,...,N — 1 and each 0,3 € (0,1), we test the kinetic equation (2.2.26)
of u against the transport along characteristics, started from time ¢; € P, of the function
op(z)ge(§) € C(Q x R). An approximation argument shows that ¢g(x)ge(§) is indeed an
admissible test function. For any t € [t;,t;41]\N, after using the integration by parts formula

(2.2.27), the kinetic equation becomes

r=t
o=f 3o (0, )03 (YEE o (IS, ) e
Q

xR r=t;

t
J (bﬂ( r‘r t) ( rr t)afﬂrr t; (pT+QT) dwdédT—’_BEzYel (23163)

m+1JJ|U| vl ] os(Y;, ryr— t)ge(HT;Lt)V o t dx dr + BE;®*,

for the boundary velocity error relative to the interval [¢;, t;11]

BE} i~ J j@ YRy¢B rr 1, )0V gl ge(Hf,’iti) (pr + qr) dxd€dr, (2.3.164)
X

and the boundary space error relative to the interval [t;, t;11]

space ,__
BE™ .=

m+1”|“‘ Pl 05 (V5 DY, go (I, ) dodr. (2.3.165)

Now the idea is to let 5 — 0 first and § — 0 next, and to show that (2.3.163) yields the
desired inequality (2.3.158) in the interval [t;,t;11]. Then, an iteration argument along the

partition P completes the proof.
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Let us first show that the boundary errors vanish in the § — 0 limit. The boundary
velocity error term is handled with the same arguments (2.3.118)-(2.3.119) as for the error
terms BEf'gnl’3 in the uniqueness proof. Namely, using (2.3.121) with k£ = 1, estimate (2.5.11),
and the bound (2.3.162) for gy with 6 fixed, we conclude that

lim [BEY®| = 0. (2.3.166)
B—0

For the boundary space error, we start by splitting the integral according to the parameter

6 e (0,1):

BEispace =m + 1J‘ J >0 [%H]Vy(bﬁ(y?rut )D 'r‘r t gG(Hrr t; )dxdr
890 {lul=6} (2.3.167)
m=1 m+l T,u z,u
(] I e ) DY (T dar
Nu|<
For the first term in (2.3.167) we compute
2m m+1
lm+1jJQ { |>0}’ z Vu[ ]V ¢5( rr t)DﬂCY;"Q,Ur”litige( rr t)dl‘dr
Ny|uw
i+1 m
CJ f —1‘ = ‘Vu ]| g1 da dr (2.3.168)
QP n{Ju|=0}
i+1 m 1
<CJ J ‘VuT dx dr,
ti JQP{u[>0}

for a constant C' = C(6,6,m,Q, T A, z) independent of B € (0,1). In the first passage we
used (2.3.121), (2.3.162) and |u| "z o< Y| ™2 2. In the second passage we used the Sobolev
regularity u[m2+ ] e HO(Q) and the mean value theorem applied to points z € Q°. For the
second term in (2.3.167), we preliminarily observe that, for any (z,£) € Q x [t;,T],

if |u| < 0, then |go(II7, )| < 5C30°~ |ul. (2.3.169)

r,r—t;

Indeed, when |u| < 6, Lemma 2.5.3 guarantees that [II;", | < Crlu| < Cr, and in turn

r,r—t;

definition (2.3.160) implies that ‘ go (I )! 505 lpo—1 ’H . Then we calculate

T,r—1t; r,r—t;
2m ftf m—1 m+1
[l = Vul "I 00 (VDY s (T, ) davdr
’m +1Jt,JQn{ul<6) “ “ s
141 m
CJ f ‘ 5t ‘Vu : (2.3.170)
QP ~{|ul<0}
t1+1 1
<C j ‘Vu T2 dwdr,
QP {|ul<0}

for a constant C = C(0,6,m,Q,T, A, z) independent of § € (0,1). In the first passage

we used observation (2.3.121) and observation (2.3.169). In the second passage we used
m+1

ul™] e H}(Q) and the mean value theorem applied to points z € QP. In conclusion,
combining the splitting (2.3.167) with (2.3.168) and (2.3.170), the Sobolev regularity ul™= ] e
L*([0,T]; H}(Q)) and the dominated convergence theorem yield

lim |BE,| = 0. (2.3.171)
B0
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This concludes the analysis of the error terms.

We now consider the remaining terms in (2.3.163). For the first term on the right-hand side
of (2.3.163), owing to the integrability u € L®([0,T]; L*(Q)) from Definition 2.2.4, properties
of the kinetic function, definition (2.3.160) and the proportionality (2.3.159), we apply the
dominated convergence theorem and then use again formula (2.3.159) to get

r=t r=t

li li s 7‘7" rr dx d
Jim Jim, QxxRﬂﬁ/a( 090075, da dg

=LRmnn]M%

r=t;

r=t; (2.3.172)
C’;lj lu(z, t)|*H0dx — CTJ lu(z, ;)| o d.
Q Q

For the second term in (2.3.163), we first make the following observation. Namely, Propo-
sition 2.5.1 and the equality ﬁgﬂi’g = 1VY(z,&7) € R x R x [0,00) imply there exists a
suitably small value, which we denote by t* > 0, such that, for any (z,¢) € R? x R and any
s<rel0,T],

if s <t*, then OcIIyg /z (2.3.173)
Therefore, if the partition P satisfies the condition

|7)| = max |ti+1 — ti| < t*, (23174)

then observation (2.3.173) and the nonnegativity of the terms integrated yield

f ¢5( rr t) ( rr t)agnrr t; (pr_’_qr) dﬂ?dde
@R ; (2.3.175)
4J ¢5< 7’7‘ t,) (Hrf tl) (pr+qr) dl’d{d?"
QxR

For the fourth term on the right-hand side of (2.3.163), using (2.3.159) and (2.3.161), we

preliminarily notice that

0<90(qu ) C5 1| ‘6 1 V(.’E T’)EQ x [t“T] (23176)

rr—t;

Then we compute, for a constant C* = C*(m, Q, T, A, z),

' 2m JJ\M = vul™
m+1

<C*J J|u| 2 7"7 t|g€ :;L—t,)%
(=]

g0 (v, o (T, YV, IIE", dadr

¢ﬁ( rr t) ( rr t) ¢ﬂ( T;«uf)zdﬂjd’r’

m+5 1 x.u m
<cwﬂrmwfﬁm%wwﬂn;> z\% )6 (Y, ) dodr

<cple (s j'thm+5dxdr+J‘J; IS D0V o, €)dr
<0ww(qumwﬂmiJL TM¢MMQMMWW)
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In the second passage we used (2.3.176) and (2.5.3). The third passage follows from Holder’s
inequality and the definition of parabolic defect measure. In the last passage we controlled
the first term with Holder’s inequality and Lemma 2.3.5.

Therefore, if the partition P satisfies the further condition, for the constant C* from

(2.3.177),

C*|P| < (2.3.178)

»MH

then, for the second and fourth term in (2.3.163), combining (2.3.175) and (2.3.177), the
monotone convergence theorem, property (2.3.161) and the proportionality (2.3.159) yield

et

hmmfhmme YM5 +,)90 (I, M ¢ )é’gHM ¢, (pr + @) dod€ dr
QX]R
m+1ff|u| 2 VU 2 ] ( rr t)gg(Hr:f t)v rr ts dI]CdT‘
> lim lim ” >4, gg(H z6 ) (or + @) ded§dr — — (f f qr dxd&dr)
6—05—0 4 QXR Q

'm+1
505 1ff €1°7Y (o + gr) d:rd§dr—(fj quxdgdr> .
QxR QxR

We now conclude the proof with an iterative argument along the partition P. Let us first

consider the case § = 1. Passing to the limit § — 0 first and § — 0 next in equation
(2.3.163), using (2.3.166), (2.3.171), (2.3.172), and (2.3.179) with § = 1, and recalling that
t € [ti, ti+1]\W is arbitrary, we obtain

tit1
1||u||LoC [t:,ti1]:L2(Q)) J fogr + QT dl‘ dé dr < CTHU( )”%2(@)

Then, arguing iteratively first in the interval [0,¢;], then in [t1,¢2], and so forth up to

[tn—1,T], we conclude that

HuHLoo [0.71:22(Q)) T J JQ pr+¢q) drdfdr < C||u0\|L2 (2.3.180)

for a constant C' = C'(m, @, T, A, z) depending on the constant Cr from (2.3.159) and on the
cardinality of the partition P, that is on the conditions (2.3.174) and (2.3.178).

Finally, let us consider any arbitrary 6 € (0,1]. Taking again the limit 5 — 0 first and
6 — 0 next in equation (2.3.163), using (2.3.166), (2.3.171), (2.3.172) and (2.3.179), and
recalling that ¢ € [t;,t;41]\N is arbitrary, we obtain

) tit1
1y 146 0 51 51
HUHLOC ([to,tir1 LI 2(Q)) 2CT LZ Q><|]1§| (pr + qr) dzd&dr

146 i+1 %
< Crlu(-,t )HLTM <J JQ q]de dx d¢ dr) .

In conclusion, arguing iteratively over the intervals [¢;, ;+1], and then using Young’s inequality
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and the newly found estimate (2.3.180), we deduce

m+4d

T m+1
242, T]?“”(Q”ML Q‘fgfl(pr + qr) dedédr < C [|uol 1125, +5(J L;];%a:dﬁdr>

< C (Juoll ;s ) + luol32( )

for a constant C' = C(m, @, T, A, z) depending on Cp from (2.3.159) and on the cardinality
of P. O

As anticipated, we now exploit the above proposition to prove that, if u is a pathwise
kinetic solution, the power ul™ lies in a suitable Sobolev space VVO1 Pm(Q), for an exponent
Pm depending on the diffusion regime m. In particular, we can pass the vanishing boundary
conditions at the level of ul™. We used this property in the proof of Theorem 2.1.2 to
handle the error terms coming from the cutoff procedure. Namely, Proposition 2.3.6 and a

straightforward modification of [FG21a, Lemma A.1| prove the following.

Lemma 2.3.7. Let ug € L?(Q) and suppose that u is a pathwise kinetic solution of (2.1.1)

with initial data ug. Then, for p,, := (WTH A 2), for any T' > 0 we have

2m

ulml ¢ ppm ([O,T];W&’pm(Q)> with vu[m]:m+ |5 vul e

(2.3.181)

In particular ™ has vanishing trace, and we have the estimate, for C' = C (m,Q,T),

[ gozpw om iy < € (1+ o132 ) -

Finally, we extend Proposition 2.3.6 to the case § = 0 and establish a bound on the first
singular moment of the defect measures. This result is used in the proof of uniqueness for

diffusion exponents m € (0,1) U (1,2]. Informally, it implies the local L*-integrability of Vuz .

Remark 2.3.8. We require the nonnegativity of the initial data, and indeed Proposition 2.3.9
is false for signed data. Consider for simplicity the case d = m = 1 and A(x,§) = 0. Suppose
that ug(z) = x in a neighbourhood of the origin. Then, since the heat flow preserves the
linear behaviour of the initial data locally in time, the failure of Proposition 2.3.9 manifests

as the non-integrability of the map R 3 2 — 1/jz| in a neighbourhood of the origin.

Proposition 2.3.9. Suppose that ug € L2 (Q) and let u be a pathwise kinetic solution of
(2.1.1) with initial data ug. Then, for each T > 0, there exists C' = C(m, @, T, A, z) such that

J fR €7 (p + q) da d€ dr < (1+Hu0H%2(Q)). (2.3.182)

Proof. The proof is essentially the same as for Proposition 2.3.6, except that now § = 0 and

the idea is to formally test the kinetic equation against the function & — log(£). We stress
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that in order for this to work, that is in order to find an approximation of £ — log(§) whose
derivative is bounded below and increases to the function & + |¢]7!, so as to justify the
analogous of the monotone convergence passage (2.3.179), it is crucial to consider positive
values of £ only. In other words, it is crucial that the kinetic solution u is nonnegative, as
ensured by Proposition 2.3.4.

We now sketch the relevant modifications. With the notation from the proof of Proposition
2.3.6, fix a partition P satisfying conditions (2.3.174) and (2.3.178). The approximation
go : R — R is now defined by

Cplo™t if 0 < &< Opf,
¢
go(§) = f go(n)dn, and ge(&) = £ if Cro < &< Cpft, (2.3.183)

0 if&E<0or Cppt <&,

The properties (2.3.161) and (2.3.162) are replaced respectively by
0< gp(&) < C'07! for each 6 € (0,1), and go(¢) 1 €] F as 6 — 0, V€= 0

and by
lgg| < C'log(Cr0~1) for each 6 € (0,1), and éirr(l)gg(g) = log(&), V¢ = 0. (2.3.184)

Testing the kinetic equation against ¢g(z)ge(§) € C(Q x R) we still get equation (2.3.163),
with the only difference that gg is now defined by (2.3.183). The error term BE) el still defined
by (2.3.164), is handled exactly as before, simply using (2.3.184) in place of (2.3.162). For
the error term BE;™*, still defined by (2.3.165), we consider again the splitting (2.3.167).
The first term in (2.3.167) is handled exactly as in (2.3.168), simply using (2.3.184) in place
of (2.3.162). The only difference is that, for the second term in (2.3.167), we now compute

u "7 vul 1,05 (V" ) DY, g (I, ) da dr
= S DY o)

i+1
CJ f u m+1
QP n{lul<0}

tit1
f u m+1
QP n{|ul<0}

B m=1 g m=L,(
< CJ f |g]m+1 T Gmit Y g, (2, €) da dE dr,
i JQPXRN{|¢|<0}

7rL+ 1

7n+1 ]

‘Vu | 51 d dr

(2.3.185)
m+1

Vu[ 2 ] dx dr

for a constant C = C(0,m,Q, T, A, z) independent of 5 € (0,1). In the first passage we used
observation (2.3.121) and (2.3.184). In the second passage we used the Sobolev regularity
ul™s] € H}(Q) and the mean value theorem. The last passage follows from the definition
of parabolic defect measure. Now, formulas (2.3.167), (2.3.168), and (2.3.185) coupled with

Proposition 2.3.6, if m € (0,1), or simply with the finiteness of the measure ¢, if m € [1, ),

70



and the dominated convergence theorem yield
lim |BE;| = 0. (2.3.186)
B—0

For the first term on the right-hand side of (2.3.163), the integrability u € L*([0,T]; L*(Q)),
the nonnegativity of u, which follows from Proposition 2.3.4, the integrability of £ — log(§)
near 0 and its growth at infinity, properties of the kinetic function, the proportionality

(2.3.159) and the dominated convergence theorem imply that

r=tit1

lim 1 : wa drd
01—{[(13,8% Q?S]R(x §)¢ﬁ( rr t) ( rr— t) x 5

r=tit1
:J Xr($7§) IOg( rr t; )dl’dﬁ
r—t;  Joxe rmti (2.3.187)

<C (14 Juldr sy 2200

for a constant C' = C(T, A, z). The second and fourth term in (2.3.163) are handled with
the same arguments as in (2.3.175)-(2.3.179), except that gy is now given by (2.3.183) and

estimate (2.3.176) is replaced by
0<go(I7"y,) < Cp'ful ™ ¥(w,r) € Q x [t T).

r,r—t;

In turn, the final inequality becomes

tit1
hmlnfhmlnff gbﬁ( 7'7" t)ge( rr t)afnrr t; (pTJqu) dwdfdr
t

6—0 £B—0 QxR
m Lit1 " -
m + 1 ’u‘ 2 vu[ 2 ](ﬁﬁ( 7‘7’ t)ga(Hrr t; )V Hrr t; dmdr (23188)

1 L tit1 ) 1 Tit1 fTEnY
> Cr 7 (o + ) dwdﬁdrw(f fQ qrdmdfdr> .

ti QxR xR

In conclusion, passing to the limit as § — 0 first and 6 — 0 then in (2.3.163), using (2.3.166),
(2.3.186), (2.3.187) and (2.3.188), we obtain that

t¢+1 tit1 #
J |£| 1 pr + qr) dx d€ (1 + Hu“Lw([t tir1]L2(Q)) + <j J qr dz df d’l“> ), (23189)
QxR QxR

for a constant C' = C(T,A,z). Iterating (2.3.189) over the partition P, using Young’s
inequality and estimate (2.3.180), we obtain formula (2.3.182). O

2.4 Existence of pathwise kinetic solutions

In this section we establish the existence of pathwise kinetic solutions to equation (2.1.1).
For this, we consider the setting outlined in Section 2.2 and derive stable estimates for the
regularized equation (2.2.2), defined for each n € (0,1) and € € (0, 1).

Let up € L?(Q) and let i, ¢ € (0, 1) be fixed but arbitrary. Recall that z€ : [0, 0) — R" are
smooth paths converging to z with respect to the a-Holder metric on the space of geometric

rough paths C%% ([0, T'; Gl (R™)), for each T' > 0. Let u* be the solution of (2.2.2) from
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Proposition 2.2.1 and let x7(z,&,t) := x(u(x,t), &) be its kinetic function and p”¢ and g
the associated entropy and parabolic defect measures. In Proposition 2.2.2 we established the
kinetic function is a distributional solution of equation (2.2.4). In Corollary 2.2.3 we got rid of
the noise in the equation by the testing it against test functions transported along the smooth
backward characteristics (2.2.12) and showed the kinetic function solves equation (2.2.20).

The idea is now to establish stable estimates for the solutions u”¢ and the associated
kinetic functions x¢, that allow us to pass to the limit n,e — 0 and find a coherent limit for
the functions u¢ and the equations (2.2.20).

As in Section 4, consider for motivation to the kinetic formulation (2.3.2) of the deter-
ministic porous media equation. Following [CP03]|, estimates for the solution are obtained by
testing the equation against the maps R 3 £ — sgn(€) and R 3 £ — £. In the first case, owing

to the positivity of the parabolic and entropy defect measures, we informally get

HUHLOO([O,oo);Ll(Q)) = HXHLO@([O,oo);Ll(QxR)) < HX(UOaf)HLl(QxR) = HUOHLI(Q)~

In the second case, we informally observe the estimate

1 ®© 1
5”“”%00([0,00);[,2(Q)) + f f (p(x,&,7) +q(z, & 7)) dedSdr < 5”“0“%2(@)-
0 JRxQ

Remark 2.4.1. In the discussion to follow, we will first establish estimates and the existence
of pathwise kinetic solutions for initial data ug € CF(Q). The general results will follow by

density, repeating the arguments presented.

In Proposition 2.4.2 we obtain the analogue of the L'-estimate, and in Proposition 2.4.3
we obtain the analogue of the L?-estimate and the estimate for the defect measures. The
argument for Proposition 2.4.2 is just a small modification of the relevant details of Corollary
2.3.3. The proof of Proposition 2.4.3 is essentially identical to that of Proposition 2.3.6. We

therefore omit the details.

Proposition 2.4.2. For each ug € L*(Q), n € (0,1) and € € (0, 1), the solution u”€ of (2.2.2)

from Proposition 2.2.1 satisfies

™z qo.coyr@) < luollzi@)-

Proposition 2.4.3. For each ug € L%(Q), n € (0,1) and € € (0,1), let u”¢ be the so-
lution of (2.2.2) from Proposition 2.2.1. Let § € (0,1). For each T' > 0, there exists
C=C(m,Q,T,A,z) such that

e

T
%OO([O,T];LQ(Q))—’_J J (1 + 5|€|5—1)(pn,e + qn,e) d$d§d7‘ < C (]. + ”UOH%Q(Q)) .
0 JRxQ

In general, we do not expect to obtain a stable estimate in time for the solutions u™*.

However, we can obtain some regularity for the time derivative of the transported kinetic
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functions x¢, defined by

X2 6, t) = XPXGPC B for (2,6,8) € Q x R x [0, 00). (24.1)

In practice, the transport cancels the oscillations introduced by the noise. The following
proposition proves the functions ;"¢ are uniformly bounded in the negative Sobolev space

H~%, for s big enough.

Proposition 2.4.4. For each ug € L*(Q), n € (0,1) and € € (0,1), consider the transported
kinetic function (2.4.1). For each T' > 0, for any Sobolev exponent s > % + 1, there exists

C =C(m,zQ,T,s) such that

[0ex™

’Ll([O,T];H*S(Qx]R)) < (1 + HUOH%P(Q)) :

Proof. For any py € CX(Q x R) denote pf,.(z,&) = po (Kf;g’g,ﬂff’5>. Take any ¢ €
CX([0,00)). Testing equation (2.2.7) against ¥(z,§,t) := pf,.(z,€)p(t) and exploiting the
cancellations coming from the transport of py along the characteristics, for any a < b € [0, o0),
we get

t=b

=a

[ xeepbatone) dwag o= 04,0t e )
QxR QxR
—f fQ R(ﬂ”blélm_1 + 1) X (@, €, 8) D pf 4 (2, €) dar dE (t) dt

b
+jf (72, £,8) + QP (2, €. ) e (o €) i dE o (8) dit
aJQ xR

Using the conservative property (2.2.14) of the characteristics and integrating by parts the

second term on the right-hand side of the equation, we obtain
t=b

b
jf T (€, Dypol, €) da dE (t) dt = f X €100 (2, €) e dE (1)
aJ@QxR Q t=a

xR

fj7n+ﬂ"ﬂ

+fj~ (D7 (2, £,8) + QO (2, €. ) e (. €) i dE o(8) dit
aJ@Q xR

v (v u"")prat(x, u”)dxp(t)dt

Since ¢ € CP([0,00)) is arbitrary, this shows that, for any pg € C°(Q x R), the mapping

[t()? OO) 3t — X”vf(x’g’t)po(x7€) dx df

QxR
has a weak derivative given by
[mwﬁtH—J<mWﬂwaWN@qHNﬂﬂ%%Mwwmx
Q m+1 ’
J, ) ) i€ e e
X

The embedding theorem for Sobolev spaces ensures that for any s > % + 1, for C' =

C(Q,s), llplwre@xr) < Clpol ms(@xr)- Then we use this bound, Cauchy’s inequality and
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the definition of the parabolic defect measure to estimate

KOeX™ po)l < C {n + JQ e YO g J (P + (1 + g™ ) a"€) da dé} ol = (@xm)y,

QxR
for C' = C(m, 2,Q,s). Finally, we use the density of C.(Q x R) in Hj(Q x R) and then we

integrate in time to get

T
0 L n-wcqeny < € [t {ns [ el o [ (e (1 jem 1) ) e
X

< C(1+ Jluolr2q)) »
for C = C(m,z,Q,T,s). In the last inequality we used Lemma 2.3.5, Proposition 2.4.3, and

Young’s and Holder’s inequalities. O

It remains to establish the regularity of the kinetic functions with respect to the spatial
and velocity variables. Actually, we shall consider the transported kinetic functions, since
these are the ones we proved regularity in time for. Straightforward modifications to [FG19,
Corollary 5.5] prove the following estimate in the fractional Sobolev space W“(Q x R), for £

suitably small.

Proposition 2.4.5. For each ug € L*(Q), n € (0,1) and € € (0,1), consider the transported
kinetic function (2.4.1). For each 7" > 0 and for each ¢ € (0, miﬂ A 1), there exists C =
C(m,Q,T,?) such that

I 2 qorpwen@uey < C (1+ luolag)) -

We can now establish the existence of pathwise kinetic solutions with initial data ug €
L?(Q). The proof is a consequence of Propositions 2.4.3, 2.4.4 and 2.4.5, and the Aubin-
Lions-Simon Lemma [Sim86]. We remark that the necessity of an entropy defect measure
in Definition 2.2.4 arises from the fact that, after passing to a subsequence, the gradients
V(u”’e)[m“/ 2] will converge only weakly in the €, 77 — 0 limit. Due to the weak lower semicon-
tinuity of the norm, the limit of the parabolic defect measures q7:¢ may therefore overestimate
the energy of the signed power of the limiting solution. The total mass of the entropy defect

measure quantifies this loss.

Proof of Theorem 2.1.3.

Let ug € L?(Q) be arbitrary. For any 7, e € (0,1), let u”¢ be the solution of the regularized
equation (2.2.2) with initial data wg, with transported kinetic function X, entropy defect
measure p7¢ and parabolic defect measure . We recall that, for each ¢ € (0, miﬂ A 1) and
each R > 0, the embedding of W*!(Q x [~ R, R]) into L'(Q x [~ R, R]) is compact, and that
LY(Q x [~ R, R]) embeds continuously into H~*(Q x R) for s > ¢ + 1. Then, Propositions
2.4.4 and 2.4.5, the Aubin-Lions-Simon Lemma [Sim86| and a diagonal argument needed to
control the tail of () x R show that, for each T" > 0, the family

{)2”’6}”766(071) is precompact in Ll([O,T]; Ll(Q x R)).
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The conservative property of the characteristics (2.2.14) then implies that, for each T > 0,
the family

{X"}s,ce(0,1) is precompact in Ll([O,T]; LI(Q x R)).

In turn, the definition of kinetic function immediately shows that, for each T' > 0, the family
{u”},, ce(0,1) 18 precompact in Ll([O,T]; Ll(Q)).

Furthermore, Proposition 2.4.3 and the Riesz—Markov Theorem imply that the sequence of

measures

{(P™,a") }p,ec(0,1) is weakly precompact in Ce(Q x R x [0,T])*,

and that the family
{(u”’e)[mTH] Yn,ee(o,1) s weakly precompact in L2([0,T]; HY(Q)).

After passing to a subsequence {(ng, €x) }reny With limg o (7%, €x) = (0,0), it follows that
there exists a function u such that u € L([0,T]; L*(Q)) for any T > 0, and such that as

k — o

u™ %y strongly in L'([0,T]; L'(Q)) (2.4.2)

and

()2 2] weakly in L2([0, T); H3(Q)). (2.4.3)

Furthermore, there exist positive measures (p/, ¢’) such that as k — oo, for any 7' > 0,

(", q7) = (p',q") weakly in Ce(Q x R x [0,T])". (2.4.4)

Recalling the definition (2.2.6) of the parabolic defect measure, it follows from the strong
convergence (2.4.2) and the weak lower semicontinuity of the Sobolev norm that, in the sense

of measures,

m4+m1)2 val™# (@0 < ¢(@,60) for (2,6,6) e @ x Rx [0,0). (2.4.5)

To see this, let ¥ € C.(Q x R x [0,T]) be an arbitrary nonnegative function. The strong

d0(§ — u(z,1))

convergence (2.4.2) implies that as &k — o

w0, 1) — /@ a0 strongly in 1(Q  [0,T]),
In turn, this and the weak convergence (2.4.3) yield

+1 +1

W(x, utkcke t)V (u”kek)[T] — /Y(x,u,t) vul ™21 weakly in L*(Q x [0,T7).
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Therefore, the weak convergence (2.4.4), the definition of the measures ¢"*>* and the weak

lower semicontinuity of the L?-norm prove that

[=]]?
<liminf J J Pz, uw™ % 1) |V (w2

k—o0 m +

B h/?iiogfﬁ) fQ JR P(x, &, 1) g
= LT f@ J}R (@, t) ¢

Since 1) was arbitrary, this establishes the inequality (2.4.5).
Now we define the parabolic defect measure by the usual formula (2.2.25), and, since
(2.4.5) implies that ¢’ — ¢ is nonnegative, we define a positive entropy defect measure

p=p +q¢d —q=>0 onQ@QxRx[0,0).

Finally, the regularity assumptions (2.1.3), the convergence (2.2.1) of the paths z¢ and Propo-
sition 2.5.1 implies that, for each T' > 0 and each k =0, 1, 2,

k S k b
lim | DF Yiod© — DF Y

,€) E0,t

k S k b
+ ’me)nfo?te B l)(w,E)Hfoyft = 0’ (2'4'6>

uniformly for (z,€) € R xR and to<t € [0,T].
For the kinetic function y of u, the convergence (2.4.2) proves that, for a subset N’ < (0, 0)

of measure zero, for each t € [0,00)\ N,

T 7% (-, 8) = ul-,8)] 11 ) = 0.

This and the additional convergences (2.4.3), (2.4.4) and (2.4.6) imply that, for every ¢y <
t1 € [0,00)\ N and every py € CL(Q x R), we can pass to the limit in equation (2.2.20) and
get

t1
” I X (2, €, ) D prg () i dE

QxR

fQ 3 (@€, 7)pro (3,

xR

t1
- f f (p(ﬂf,g,?”) + q(ﬂ;f,?”)) afptoﬂ”(‘r)f) dx df dT,
toJ @ xR

where py, ¢, given by (2.2.24), is the solution of (2.2.23) with initial data py. Moreover, when
to = 07

|| x(@0) ol &) dods = fim | 0t (0,6.0) pro(e O dode = | x(uo(e).€) po(s,€) dode.
QxR k= JoxRr QxR
This completes the proof that u is a pathwise kinetic solution. O

Finally, we show that pathwise kinetic solutions depend continuously on the driving noise.
The proof will follow from a compactness argument relying on the estimates used in the
proof of Theorem 2.1.3, the rough path estimates of Proposition 2.5.1, and the uniqueness of
solutions from Theorem 2.1.2. Unfortunately, we remark that these methods do not yield an
explicit estimate quantifying the convergence of the solutions in terms of the convergence of

the noise.
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Proof of Theorem 2.1.5.
Let ug € L2(Q) and T > 0. Let {z"}nen and z be a-Hélder continuous geometric rough paths
on [0, 7] satisfying

lim d,(2",2) = 0.

n—o0

This ensures that we can find Ry = 0 such that condition (2.5.2) from Section A holds.

For each n € N, let u" denote the solution of (2.1.1) constructed in Theorem 2.1.3 with
initial data up and driving signal 2™ respectively. It follows from (2.5.2) and Proposition 2.5.1
that the solutions u" satisfy the estimates of Propositions 2.4.2, 2.4.3, 2.4.4 and 2.4.5 on the
interval [0,T] for a constant that is independent of n € N.

A repetition of the proof of Theorem 2.1.3 proves that, after passing to a subsequence
{u }ren, there exists a pathwise kinetic solution w of (2.1.1) with initial condition wy and
driving noise z such that

Jim |w"™ =l Ly jo.ry,01(@)) = O

However, since it follows from Theorem 2.1.2 that u is the unique solution of (2.1.1) with
initial condition up and driving noise z, we conclude that lim [u" — ullpi(jo7);01(@)) = 0
n—>00 D

along the full sequence. O

2.5 Rough path estimates

In this section we present some stability results for rough differential equations. Then we
apply these results to the systems of characteristics (2.2.9) and (2.2.21) to obtain several
properties and estimates needed throughout the chapter. We refer the reader to Friz and
Hairer [FH14| and Friz and Victoir [FV10]| for detailed expositions of the theory of rough
paths, originally introduced by Lyons |Lyo98].

Ford > 1, T > 0 and 8 € (0,1), we denote by CO’B([O,T];GW*BJ(R")) the space of -
Holder continuous geometric rough paths, and by dg the associated S-Holder metric defined
on this space (cf. [FV10, Definition 7.41]). For each x € R? and z € C%4([0, T]; GL7?/(R™)),
let X*# be the solution of the rough differential equation

dX;* =V(X;*)odz on (0,0),

(2.5.1)
Xg’z = x.

The collection (2.5.1) defines a flow map * : R? x [0,T] — R? by the rule
Yi(x) = XP® for (z,t) e RT x [0, 7).

The next proposition encodes the regularity of the flow map with respect to the initial condi-

tion and the driving signal. The regularity is inherited from the nonlinearity V', which must
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be sufficiently regular to overcome the roughness of the noise. A proof of the proposition is
given in [CDFO13, Lemma 13]. In the statement below, we shall write e =1®0®--- PO to

denote the signature of the zero path.

Proposition 2.5.1. Fix T > 0, g € (0,1), v > % > 1, and k € N. Assume V €
C’fJW(Rd;RdX”). For any R > 0 there exist constants C' = C(R, ||V k+v) > 0 and M =
b

M (R, |V sr+~) > 0 such that, for any 2!, 22 € C%# ([0, T]; GI/?I(R™)) with
b
dg(2',e) <R fori=1,2,

the following properties hold. Here | - | is the standard Hélder norm in C?([0, T]; RY) for

some N € N.

i) For every 0 < j <k,

D (v’ —vi") (@), + | DA () = () ) @), < (" 2.

sup
zeRd

ii) For every 0 < j <k,

sup
zeR4

D (v ) @)| |+ D) ") (@)], < M.
Now we consider the setting outlined in Sections 2.1.1 and 2.2, and apply this regularity

result to the rough differential equations (2.2.9) and (2.2.21) defining the characteristics.

Remark 2.5.2. In the setting of Section 2.1.1 and 2.2, the assumption that, for each T' > 0,
the smooth paths 2¢ converge to 2 in the metric d, on C%([0,T]; GL/*/(R™)), ensures that

we can find Ry = 0 such that

do(z,€) + sup do(2%€) < Ro. (2.5.2)
e€(0,1)

Therefore, all the consequences of Proposition 2.5.1 holds uniformly for z¢, for any € € (0, 1),
and for z, with the same constants. That is, they hold uniformly for the smooth characteristics
(2.2.9), for any € € (0,1), and for the rough characteristics (2.2.21). In the remainder of the
section we shall consider the path z and the system (2.2.21). We remark that the exact same

arguments work for z¢ and the system (2.2.9), just inserting ¢ where needed.

First we present a lemma which asserts that the velocity characteristics are locally in time

comparable to their initial condition. The proof is given in [FG19, Lemma B.2].

Lemma 2.5.3. For each T" > 0 there exists C = C(T,A, Ry) = 1 such that, for each
(z,6) e R x R and t < tg € [0, 7],

c7el < g < clel.
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Furthermore, there exists C = C(T, A, Ry) > 0 such that, for each (2,£) € R? x R and
t<tpe [0, T],

’vxnf(ft <Cto(g] A1), (2.5.3)

We now exploit Proposition 2.5.1 to study the continuity of the characteristics with respect
to the initial data. First, recalling (2.2.11), we observe that for each (z,&), (2/,¢') € R? x R,
each T' > 0 and each s < tg € [0,T7,

z,§ 17%,€ o’ g el e
|IL' _ x/| _ XY;O’S’Htms o XthO,s 7" r,s
— |“Hto—ssto to—s,to
Y z,§ z'.g Y1 z,§ z' ¢
< Sup ’Dtho—Svto‘ Y;fms B Yto,s + Sup ‘677Xt0—87t0‘ Htms B Hto,s :

(y,meRIXR (y,meRIxR

An identical estimate holds for |£ — &'|. Therefore, assumption (2.1.3) and Proposition 2.5.1
with & = 1 imply that, for a constant C' = C(T, A, Ry),

to,s to,s to,s to,s

o -2+l - gl < C (vl - vif

+ ‘szg _ Hxlvgl

) . (2.5.4)

In turn, we can use this bound to estimate the difference between derivatives of the
characteristics starting from distinct points in terms of the characteristics themselves. First,
: " 2 Y _ 2 Y _ : : :
notice that the equalities D(ym)YtO,0 =0 and D(y,n)Hto,o = 0, which follow immediately from

the initial conditions, and Proposition 2.5.1 with k = 2 imply that, for C' = C(T, A, Ry),

2 €
Diee)Ye

to,s

2 s
+|DE, o

sup < Cls|* Vs<tye[0,T]. (2.5.5)

zeR9 £eR

Then, for the same constant C', we compute
IDeYips = DeYig £ 1< swp  (IDJYRE] + [0, DY) (o = 'l + I =€)
yeR neR
< Cls|*(Jz — 2" + [ = €])
< Ols|® (‘Y”“vf—yi"vé“

to,s to,s to,s to,s

n ‘Ha:’g _H$/7€I

).

£ and Hfo’i and we conclude that,

Identical computations holds for the other derivatives of Y,

for C = C(T, A, Ry),

DY = Dy VS| 4 06V — 00 Y8 | + [VIIES, — Vo TIE | 4 |0 TIES, — 00 TIE S| (2.5.6)

t(),S |

to,s to,s to,s to,s to,s to,s to,s
a z,§ ' &’ T, ' &
g CV|S| ( }/1&0,8_1/;0,5 + Ht07S_HtQ,S :

We conclude this section by examining the consequences of the conditions dgAjpgxr =0
and D;0¢Ajpgxr = 0. Then we exploit the continuity properties from Proposition 2.5.1 to
obtain information on the behaviour of the space characteristics near the boundary. These
estimates are crucial in the proof of Theorem 2.1.2 to tackle the boundary error terms coming

from the introduction of the cutoff and the transport along characteristics.
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The assumption d¢ A(7, §)jagxr = 0, combined with the first line of (2.2.21) and (2.2.22),
ensures that space characteristics starting from the boundary do not move. That is, for each

to = 0,

if (z,6)€0Q xR, then X/§ = Y;"$ =z for all t > 0 and all s € [0, to). (2.5.7)

to,s

The uniqueness of solutions then guarantees that space characteristics cannot cross the bound-

ary. Thus, when starting from x € () they never leave the domain. That is, for every ¢y = 0,
if (2,6)e@QxR, then X[5eQ forallt>0, and Y;"5eQ for all s € [0,t].

In fact, owing to the smoothness hypothesis (2.1.3) and Proposition 2.5.1 with k£ = 1, more
is true: the closer to 0Q is the space initial data x € R%, the slower the associated space
*| —

characteristic moves. Rigorously, given any = € R? let 2* € 0Q be such that |z — z

dist(x, Q). Then, for any £ € R, any 7' > 0 and any s < tg € [0,T], for C = C(T, A, Ry), we

compute
A I R R L i
(y:meRIxR

< Clx —2¥| = Cdist(z, 0Q).

Here we used Yfé? = z* from (2.5.7). An identical computation holds for X;‘;’i.

The constancy of the space characteristics along the boundary has consequences on their
velocity and space derivatives. Indeed, the smoothness of characteristics combined with (2.5.7)
implies that the &-derivative of space characteristics vanishes on the boundary. Namely, for

each tg € [0, 00),

if (x,8) € 0Q x R, then ¢ X5 = 85}”’5 =0 forallt>0and all se€|0,t]. (2.5.9)

to,s
Moreover, Proposition 2.5.1 allows us to derive (2.2.22) with respect to =, and to show

that, for any (z¢,&) € R? x R, the derivative Dthﬁf’f‘) solves the rough differential equation

dD, Y7o = — (DmégA(Yw°’507 II;080) D, Yoo o+ 02 A (Y205, H“ff’)vwnwo’f(]) odzy,,s in (0,tg),

to,s to,s to,s to,s to,s to,s to,s

DY =14

When zy € 0Q, we have Ytg(f?fo = g for all s € [0,%9]. Then, using 0¢Ajsgxr = 0, which
trivially implies also §§A|5QX]R = 0, and the further assumption D,0¢Ajagxr = 0 from (2.1.5),

the previous equation simply reduces to
dD, Y2 =01in (0,t0), DY = 1.
We conclude that, for each ¢ty = 0,

if (20,&) € 0Q x R, then D,Y;"% =1, for every s € [0, to]. (2.5.10)

to,s
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Finally, we use these results and the stability properties from Proposition 2.5.1 with k = 2
to obtain estimates on the derivatives of the space characteristics near the boundary. Given
any z € R%, let 2* € 0Q be such that |z — 2*| = dist(z, 0Q). Then, using (2.5.5) and (2.5.9),

for any £ e R, any 7' > 0 and any s < tg € [0, 7], we compute for the the {-derivative

< sup Dx(?thgﬁ |z — z*|
yeRe (2.5.11)

< C'|s|*dist(z, 0Q),

‘agY“””f

to,s

*
— |oeviet - aevt

for a constant C' = C(T, A, Ry). As regards the z-derivative, the same argument using (2.5.5)
and (2.5.10) implies that, for C' = C(T, A, Ry),

to,s to,s to,s

nymf _ Id‘ _ ‘nyw,ﬁ N DxYx*,E <C |S|adiSt(:U, aQ) (2_5.12)
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Chapter 3

Fluctuations in the small noise limit

3.1 Introduction and main results

In this chapter we study the small noise fluctuations of nonnegative solutions p¢ to conserva-

tive, stochastic PDEs of the type

0upt = Ao(p )=V - v(pF) = VeV - (a(p) 0£°) in T4 x (0,7),

(3.1.1)
p(-,0) = po in T4 x {0},
about their zero noise limit p solving the equation
op = Ad(p)—V -v(p) in T? x (0,7), p(-,0) = po in T¢ x {0}. (3.1.2)

We prove that the fluctuations e 2 (p© — p) converge in probability, in a space of distributions,

to the solution of the linearized Langevin equation

o = A($(p)v) — V- (u(p)v +0(p) og') in T? x (0,7), wv(-,0) =0 in T¢ x {0}, (3.1.3)

which is the linearization of (3.1.1) around p.

The assumptions on the noise sequence £¢, which can converge to a space-time white noise
or some other cylindrical noise £ as € — 0, on the initial data py and on the nonlinearities
¢, v and o are given in Section 3.2.1, and include a range of relevant stochastic PDEs (see
Example 3.2.11). In particular, they apply to the full range of porous media diffusions, that
is ¢(z) = 2™ for every m € (0,00), and to degenerate convective terms ¢ and v, including the
square root o(z) = 4/z, and hence to the nonlinear version of the Dean-Kawasaki equation

with correlated noise
Ot = A(p )" = eV - (ViF o €).

Equations of type (3.1.2) and (3.1.1) arise in the fluctuating hydrodynamics of particle sys-

tems, to describe respectively the limiting behavior and the nonequilibrium fluctuations of
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particle systems, in the context of mean field theory with common noise and in the area of
stochastic geometric PDEs. Applications to particle systems are discussed in Section 3.1.1.

The wellposedness of (3.1.1) has been a long-standing open problem. In the case the noise
&¢ has sufficient space correlation, existence and uniqueness for (3.1.1) have been established
only recently in [FG21b], through the concept of stochastic kinetic solution (cf. Definition
3.2.19 and Theorem 3.2.21 below).

The study of the small noise behaviour of (3.1.1) has been initiated in [FG23|. The authors
proved that, in the ¢ — 0 limit, solutions of (3.1.1) converge to solutions of the zero-noise

limit (3.1.2):
lim [ = ll 1 o, (r4yy = O in probability. (3.1.4)

Furthermore they satisfy a large deviation principle in L'([0, T]; L'(T%)) with rate function

Loy (p) = inf{HgH%Q(de[O,T])d op = Ad(p) =V -v(p) = V- (a(p)g), p(-,0) = po} . (3.1.5)

Finally the authors rigorously identified the rate function (3.1.5) with that governing the large
deviations of the zero range particle process (cf. [FG23, Theorem 6.8 and 8.6]), first studied
in [BKL95|, formalizing the connection between the particle system and the above SPDEs.
The contribution of this work is to complete the picture above by proving a central limit
theorem characterizing the fluctuations of (3.1.1) around its deterministic limit (3.1.2). See

Section 3.1.1 for an overview of the relevant literature and related results. Precisely, consider

the normalized fluctuations v¢ := e~ "2 (p© — p), which are readily seen to solve

o = A (e (0(0) = 6(9)) ) =V - (72 (w(p) = v(p)) + o (p) 0£°) in T x (0,7),
v¢(-,0) = 0 on T? x {0}.

(3.1.6)

Since p¢ — p and & — £ (cf. Assumption 3.2.4) as € — 0, one formally deduces that v¢
should converge to the solution of the Langevin equation (3.1.3). The main result of the

present work is to make this ansatz rigorous.

Theorem (Theorem 3.3.3 and 3.3.10 below). Let (£¢)c~0 satisfy Assumption 3.2.4. Let ¢, v, o
satisfy Assumption 3.2.6 and 3.2.8. Let py € L®(;(0,0)) be an Fy-measurable random
constant bounded away from zero, so that p(z,t) = pg solves (3.1.2). For each € > 0, let p¢ be
the stochastic kinetic solution to (3.1.1) with initial data pg, in the sense of Definition 3.2.19.
Let v e L2(Q x [0,T]; H=%(T¢)) be the solution of (3.1.3) with noise £ = lim,_,o &¢, for any
a > %l. For any T' > 0, for 7 = 2 or 7 = oo, for any > % or f>1+ % respectively, we have

the following results.

i) Along a suitable scaling regime where ¢ — 0 and £° — &, explicitly given in (3.3.11),

the nonequilibrium fluctuations satisfy
v = e (pf —p) » v in L7([0,T]; H?(T%)) in probability, (3.1.7)
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with an explicit rate of convergence, given in (3.3.47), which depends on §, T, the

coefficients ¢, v, o, the initial data pg, and the space regularity of the noise sequence &°.

ii) In addition, if the coefficients ¢, v, o also satisfy Assumption 3.2.9, along the same scaling

regime (3.3.11), we have

v — v in L2(Q; L7([0,T]; H?(T%)), (3.1.8)

with an explicit rate of convergence, given in (3.3.10), which depends on §, T, the

coefficients ¢, v, o, the initial data pg, and the space regularity of the noise sequence &°.

The results of this work and [FG23] have immediate consequences on the simulation of
several particle systems. Indeed, upon choosing the right coefficients ¢, v and ¢ according to
the hydrodynamics of the particle process considered, equation (3.1.1) provides a continuum
model which correctly captures the fluctuations of the particle system up to order one and

exhibits the same nonequilibrium large deviations. This is discussed in detail in Section 3.1.1.

Structure of the chapter

The work is organized as follows. We end this section with a discussion of the applications
to particle systems, followed by an overview of our methods and of the relevant literature.
In Section 3.2 we first lay out our notations and assumptions; then we present the solution
theory for the equations involved: the zero noise limit (3.1.2), the stochastic PDE (3.1.3) for
the asymptotic fluctuations and the original SPDE (3.1.1). In Section 3.3 we finally prove our
central limit theorem. First we prove the stronger version (3.1.8) for coefficients satisfying the
extra Assumption 3.2.9; then we extend this to rougher coefficients only satisfying Assumption

3.2.8 and prove the central limit theorem in probability (3.1.7).

3.1.1 Applications to particle systems, methods and relevant literature

Applications to particle systems.

A byproduct of the above results is that the SPDE (3.1.1) provides a continuum model
correctly simulating the fluctuations of several conservative particle systems up to order one
and exhibiting the same nonequilibrium large deviations. Consider for example a symmetric
zero range process on the torus with mean local jump rate ¢ and slowly varying initial state
po- As the number n of particles increases, the parabolically rescaled empirical measure
u" converges in probability, weakly in the sense of measure, to its hydrodinamic limit: the

deterministic measure pdx solving

05 = Ag(p) in T¢ x (0,T), p(-,0) = po in T x {0}. (3.1.9)
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In this way, solutions to the porous media equation (3.1.9) describe the dynamics of the
particle process up to order zero (see e.g. [KL99, Chapter 5|).

In order to reach higher order continuum approximations, it is necessary to incorporate the
fluctuations present in p'*. A detailed study of the nonequilibrium central limit fluctuations

is presented in [KL99, Chapter 11|, where it is shown that the measures

m"” = \/n(u" — pdr) (3.1.10)

converge as n — o0 to the solution of the linear stochastic PDE
om = A(¢(p)m) — V- (W(g) o g’) in T¢ x (0,7), m(-,0)=0 in T x {0}, (3.1.11)

for £ a space-time white noise and p solving (3.1.9). Since solutions to (3.1.11) are not
function-valued the convergence is in the sense of distributions. Furthermore, the results of
[BKL95| and [FG23] prove that the non-equilibrium large deviations of u™ are described in

terms of the rate function

Lo(p) = 0 {19132 napo.zpa + Oup = D6(p) =V - (62(p) g) and p(-,0) = po} . (31.12)

Consider now the the nonlinear stochastic PDE

_1
N

for suitable approximations {"},en of an R%valued space-time white noise (cf. Assumption

o = 26" — =V (9 0 €), (,0) = po (3.1.13)

3.2.4). Our main result Theorem 3.3.10 ensures that, as n — o0, the small noise fluctuations

v/n(p™ — p) converge to the solution m of (3.1.11). Therefore, this and (3.1.10)-(3.1.11) give

n_”d_ki
pt=ptdrrol o),

which now correctly captures the fluctuations of u™ up to order one. Furthermore p” also

us the expansion

features the same large deviation rate function (3.1.12) of u", as demonstrated by (3.1.5) from
[FG23, Theorem 6.8].

Equation (3.1.13) is an approximation for the formal nonlinear SPDE

_ \}ﬁv (8% 0€). (3.1.14)

The approximation is needed because of the irregularity of the space-time white noise &.

op" = Ae(p")

Indeed, equation (3.1.14) is supercritical in the language of regularity structures [Hail4|; its
intrinsic ill-posedness and negative results have been discussed in the seminal work [KLvR19a].
In fact, it can also be argued (see e.g. [GLP99, Section 3|) that the microscopic particle system
comes with a typical correlation length for the noise, like the grid size, which leads to consider

equation (3.1.13) for some space correlated noise " instead of equation (3.1.14).
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Finally, it is worth pointing out that one could also consider the simpler first order expan-
sion

”‘d+1+ !
=pdr+ —m+o| —
gz Vn vn)’

which follows immediately from (3.1.10)-(3.1.11). However p" := pdx + %m exhibits a rate
function different from (3.1.12), given by

Loy (p) = inf {HQHi%de[O,T])d d(p—p)=A (&(ﬁ)(ﬂ - ﬁ)) -V (¢1/2(ﬁ) g) ; p(+,0) = Po},
as follows from Schilder’s theorem and a formal application of the contraction principle. There-
fore this expansion does not capture the large deviations of p™ and yields an imprecise ap-
proximation.

In conclusion we remark that completely analogous results hold for more general zero range
processes and exclusion processes. Essentially the results hold for all the particle processes
whose fluctuations can be described through SPDEs falling in the framework above. We refer

the reader to the monographs [KL99, Spol12| and the surveys [GLP99] for results in this sense.

Overview of the methods.
As mentioned above, a concept of solution for (3.1.1) with an actual white noise seems to
be out of hand. If the noise {¢ has some space correlation (cf. Assumption 3.2.2), the
well-posedness of equation (3.1.1) is proved in [FG21b]. The main difficulties in applying a
classical concept of weak solutions are due to nonlinearities that are possibly only 1/2-Holder
continuous and singular terms which are not even known to be locally integrable. These
issues are addressed by the the notion of stochastic kinetic solution (cf. Definition 3.2.19).
After rewriting the Stratonovich equation (3.1.1) in the equivalent 1t6 form, the equation is
recast in its kinetic formulation: an equation in the original space and time variables and in
a new additional velocity variable, corresponding to the magnitude of the solution. Then a
renormalization away from zero and infinity is introduced: solutions are required to satisfy the
PDE only after cutting out small and large values in order to enforce the local integrability
and further regularity of the nonlinear terms. In fact, when the equation coefficients are nice
enough, this renormalization is not even needed and stochastic kinetic solutions satisfy the
equation in a classical weak sense (cf. Definition 3.2.17 and Proposition 3.2.25). Furthermore,
stochastic kinetic solutions depend continuously on the equation coefficients in a suitable sense
(cf. Proposition 3.2.23). These two properties will be crucial in our arguments. We refer the
reader to [FG21b, Section 1.1] for more details on their methods.

The small noise large deviations of (3.1.1) are analyzed in [FG23]. Schilder’s Theorem and
a formal application of the contraction principle lead to guess the rate function (3.1.5). After a
careful analysis of the energy critical PDE featuring in the definition of I,,, this ansatz is made

rigourous via the so-called weak approach to large deviations [DE97, BDMO08, BD19, BDS19].
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We finally come to the criticalities and the methods of this work. A first difficulty is that
the compactness of the noise-to-solution map of (3.1.1) is not enough to show convergence
of the fluctuations v¢ = e~ 7?(p¢ — p). Indeed, although it is true that p¢ — j in a suitable
sense, the previous arguments yield no information about the convergence rate; whereas we
need to quantify this to compensate for the blowing up factor e~72. Moreover, the high
nonlinearity and degeneracy of the equation hinder the application of Fourier analysis. Finally,
the renormalization away from small and large values in the kinetic formulation of the equation
and the possible lack of regularity coming from the degeneracy of the diffusion make it difficult
to exploit the equation for p¢ in our computations. The picture is further complicated by the
irregularity and unboundedness of the noise coefficient o.

To address these issues, we consider approximating versions of equation (3.1.1) with
smoothed coefficients ¢", v, 0" indexed by a parameter n € (0, 1), for which a stronger no-
tion of solution is available (cf. Definition 3.2.17). We always work with the corresponding
solutions p®", which have enough regularity to justify our computations, and then pass the
results to the true solutions p¢ either with Fatou’s Lemma or with probabilistic arguments
based on analytical estimates.

We begin with the stronger version (3.1.8) of the CLT for coefficients satisfying the addi-
tional Assumption 3.2.9. This already applies to the model case ¢(z) = 2™, o(2) = 2% in the
regime m € [2,00), or to the linear case ¢(z) = z for suitable noise coefficients o.

First we obtain estimates on the L"-norm of the fluctuations v¢, for some h big enough
depending on the nonlinearities involved. Since v€ is converging to v, which is only distribution
valued, we expect these estimates to blow up as € — 0 and we want to quantify the explosion
rate in terms of the small parameter e. Formally, this is achieved by applying Itd formula
to the power |v€\h and exploiting the equation satisfied by v¢. Equipped with these moment
estimates, we estimate the Fourier coefficients of v —v and show that v — || e (o 19,15 (14))
vanishes in L?(f2) as € — 0.

To consider even rougher coefficients, including o(z) = 1/z and ¢(z) = 2™ for every
m € (0,00), some extra work is needed. With a Moser iteration argument, adapted from
[DFG20], we show that the solutions p¢ of (3.1.1) are bounded from below by the minimum
of the positive initial data py with increasing probability as e — 0 (cf. Proposition 3.3.8 and
Corollary 3.3.9). In particular, solutions p¢ stay away from the irregularities at zero of ¢, v,
o on the events w of a certain subset Q¢ < € where they satisfy p(x,t,w) € [inf pg — 0, 00) for
a.e. z and t. A refinement of the pathwise uniqueness result for (3.1.1) shows that on Q€ the
solution p¢ must coincide with the solution p*" of the smoothed version of equation (3.1.1)
with coefficients ¢", v, 0" that match the true coefficients ¢, o, n sufficiently away from the
irregularity points (cf. Propositition 3.3.6). For such solutions p*”7 we have the above CLT

in L2() at our disposal and with standard probabilistic arguments we pass this to a CLT in
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probability for the true solutions p®.

Overview of the literature.

Linear and nonlinear diffusion equation with different kinds of noise terms have received a
lot of attention, from several point of view. We refer to [FG21b| for a detailed overview of
the literature and we mention only the most recent results on the equation considered here
|[CFIR23, FGG22, DKP22, Cli23b, WWZ24]. Similarly, we refer to the introduction of [FG23|
for the literature on large deviations principles on related SPDEs.

We collect here instead some results concerning central limit theorems for SPDEs. Namely,
central limit theorems for stochastic heat equations or stochastic wave equations with Lip-
schitz continuous noise coefficients have been obtained in [CKNP22, HNV20, HNVZ19| and
in [DVNZ20] respectively. A central limit theorem for the heat equation driven by non-
linear gradient noise with Hélder continuous coefficient has been proved by Dirr, Gess and
the second author in [DFG20|. Finally, central limit theorems for primitive equations, a
specific type of semilinear evolution equation, in low dimension have been established in

[Sla21, ZZG19, HLW18].

3.2 Preliminaries and solution theory

3.2.1 Hypotheses and notations

In this section we present our assumptions and notations, and we remark that they apply to
a range of relevant cases (see Example 3.2.5 and 3.2.11). We first take care of the randomness
in the equation. We fix a probability space (Q, (Ft)i=0 ,IP’) with a complete right-continuous
filtration F; and supporting a countable sequence of R?%-valued independent Brownian motions
(BF) reny and the random initial condition po.

As regards the initial condition we require the following.

Assumption 3.2.1 (Assumptions on the initial data). The initial data po € L'(2; L' (T%))
is nonnegative, Fg-measurable and satisfies one of the following hypotheses, for p > 2 and

m > 1 given in Assumption 3.2.6 below:
(i) po € LP(Q; LP(TY)) A LPT™=1(Q; LY(T?));

(i) po € LPT™=1(Q;(0,00)) with p = r > 0 a.e. for some r € (0,0), i.e. the initial data is a

random positive constant.

We now define the noise sequence £°. For each € > 0, let F© = (f;),y be a family of

continuously differentiable functions on T% and define the noise

¢ =) JiBf.

keN
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It then follows that the Stratonovich equation (3.1.1) is formally equivalent to the It6 equation

= Aol )t =V -vlp) = VeV (o) dE) + 5 3V - (oY (fie () ). (3:21)
which can be written in the form
dp* = Ad(pF)dt =V - v(pF) = VeV-(o(p°) dg) + SV-(Ff (6(p)) Vi + (") (o) Fs ) dt. (3:2.2)

for Ff : T — R and F§ : T? — R defined by

o0

= RUEP() and Fila) = 3, fi@)VHi(o)

k=1

We make the following assumptions on the noise.

Assumption 3.2.2 (Assumptions on the noise). For each ¢ > 0, we assume that the sums

{F’l’e}izl,Q,iB defined by

e¢] e¢] o0
1
= 2, (f)? and F5 =2 > V(f)* and F5 = |Vfi[*
2
k=1 k=1 k=1
are continuous on T — where the finiteness of Ff and F§ implies the absolute convergence of

F5 — and assume that the divergence of F§ vanishes:

1
V. Ff = JAFf =0, (3.2.3)

Remark 3.2.3. Condition (3.2.3) is equivalent to the noise being probabilistically stationary
in the sense that it has the same law at every point in space, a property satisfied by space-time
white noise and all of its standard approximations, such as those presented in Example 3.2.5

below.

As mentioned above, in our analysis of the small noise behaviour of (3.1.1) we let the noise

terms &€ converge to some noise £ as € — 0. Precisely, we make the following assumption.

Assumption 3.2.4 (Assumptions on the noise sequence). For each € > 0 the family F*°
satisfies Assumption 3.2.2 and there exists a family of functions F = F° = (f,,)men S L2(T9)

such that, for some C > 0,

o0
. i 3aray < Cllulagay Yue LA(TY) Ve >0,
m=1
and such that .
lg% Z_l(fm - f:n7u)%2(']rd) =0 VYue Lz(Td)

Example 3.2.5 (Applicability of the noise assumptions). Assumption 3.2.4 serves to deal

with cylindrical Wiener processes for which the space L?(T¢) is too small to live in (see e.g.
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[DPZ92, Chapter 4|) and for which the Dean-Kawasaki equation (3.1.1) might be ill-posed.
For example, this is the case for a space-time white noise ¢ on L?(T%), which admits the

spectral representation
e¢]
§= Y fml@)B}",
m=1

for any orthonormal basis (fn)men of L2(T?). In this setting, important examples of the
approximating sequence of noise terms include spatial convolutions £ = & * ¢, that is fS, =
fm * ¢ for a suitable mollifier ¢; ultraviolet cut-offs like
55 _ Z ei27rk~x Bf,
keZ4, |k|< M.

for any arbitrary sequence (M¢)e~o increasing to infinity as € — 0, where for simplicity we
used the orthonormal basis of complex exponentials, and we have ff = 2™ if |k| < M, and
fi = 0 otherwise; and weighted expansions like

a® _ Z a €i27rk~:c Bk

k to
keZd

for coefficients a = (af)eza satisfying Y, 7a [k|*ag|> < o0 and lime,paf = 1. Indeed, an

explicit computation gives, for the mollification,

1 1
Fi= L [ e ay, Fs=0, = o [ 196 dy and D) (St = ol
T T
|m|=0

for the ultraviolet cut-off,

M. M. 0 o0
= > ful@)?, Fs(@ ZV f)?, Fs(a)= Y |V @) and Y. (fi = fE,w)ia= ) (frru)ia;
|k]=0 |k| 0 [k|=0 |k|=0 k| > M.
and for the weighted expansion,
Fi' =) ol B3 =0, "= |ml*la,[* and Y (fm = fw)ie = 3 lag = 1P (fmow)is
mezZd mezZd meZd meZd

Finally we collect our assumptions on the coefficients ¢, v, o, and discuss their meaning and
applicability. The following set of assumptions coincides exactly with [FG21b, Assumption 4.1
and 5.2]. Together with Assumption 3.2.1 and 3.2.2 on the initial data and the noise, it
guarantees the well-posedness of equation (3.2.1) in the sense of stochastic kinetic solutions

(see Theorem 3.2.21).

Assumption 3.2.6 (Assumptions on the coefficients for the well-posedness of the equation).

Let ¢,0 € C([0,0)) n Col((0,0)) and v € C([0,90))% A CLL((0,00))%, let p € [2,00) and

m € [1,00), and for every ¢ > 2 let ©,, € C([0,90)) n C1((0,00)) be the unique function
satisfying

N[

Opg(0) =0 and Oy4(2) = 2% ((2))". (3.2.4)

Assume that the following eight conditions are satisfied.

90



(i) We have ¢(0) = o(0) = 0 and ¢ > 0 on (0, c0).
(ii) There exists c € (0,00) such that

¢(z) < c(l+2™) for every z e [0,00).

(iii) There exists ¢ € (0,00) such that

2
: o“(z
lim sup (2) <c,
z—0t z

which in particular implies that o(0) = 0.

(iv) There exists ¢ € (0,00) such that

sup 0%(2) < c(1+ 2z + 0?(2)) for every z e [0, ).
z'€[0,z]

(v) There exists ¢ € (0,00) such that

sup v2(2)) <c(1+ 2+ v%(2)) for every z e [0,00).
2'€[0,z]

(vi) For ©4,, defined in (3.2.4), either there exists ¢ € (0,00) and v € [0, 1/2] such that

(®¢7p(z)> < c¢z7 for every z € (0,00), (3.2.5)

or there exists ¢ € (0,00) and ¢ € [1,00) such that, for every z, 2z’ € [0, 0),
|2 — 2T < c|®pp(z) — @¢7p(z')|2 . (3.2.6)
(vil) For ©42 and O ) defined in (3.2.4), there exists ¢ € (0, 00) such that, for every z € [0, ),

o?(z) <ec (1+z+ @35,2(2)) and 2P720%(z) < ¢ (1+z+ @ip(z)) .

(viii) For every d € (0, 1) there exists ¢s € (0, 0) such that, for every z € (9, o0),

+(0(2)6(2))? + [v(2)] + 6(2) < c5 (1+2+ 03 ,(2)) -

Remark 3.2.7. With regards to Assumption 3.2.6, in Condition (i) the assumption ¢(0) =0
is just a normalization, whereas the assumption o(0) = 0 is crucial to prevent the noise from
dragging solution p° towards negative values. Condition (ii) amounts to polynomial growth
of ¢ at infinity. Condition (iii) requires that o(z) goes to zero as z — 0 at least as fast as
v/z. Condition (iv) amounts to an assumption on the magnitude of the oscillations of o at
infinity, regardless of their frequency (see Example 3.2.11 below). For example, it is satisfied
if o2 is monotone or if o2 grows linearly at infinity or if the oscillations of o grow linearly at

infinity. Identical considerations holds for the analogous condition (v) on v. Condition (vi),
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both in the form (3.2.5) or (3.2.6), corresponds to a regularity assumption on ¢: specifically,
Hélder continuity of the inverse of the resulting function ©4,. Condition (vii) amounts to a
growth condition at infinity on o, with the aim that one of the convective terms, or better
one of the resulting Itd correction convective terms, is somehow dominated by the diffusion,
namely by O, . Similarly, Condition (viii) is a hypothesis on the growth away from zero of
the convective terms, either the deterministic term v or other It6 correction terms involving

g.

Assumption 3.2.6 on the coefficients, together with Assumption 3.2.1 and 3.2.2 on the
initial data and the noise, is sufficient to guarantee existence and uniqueness for equation
(3.2.2). To establish the CLT in probability (3.1.7) we just need some more control on the

coefficients at infinity, regardless of their behaviour near the irregularity at zero.

Assumption 3.2.8 (Assumptions on the coefficients for the CLT in probability). We assume
that ¢, v, o satisfy the following, for p € [2,00) given in Assumption 3.2.6.

(i) For some k€ [0,0 v %], for every § > 0 there exists ¢s € (0,00) such that

lo(2)] <es (1+ 25 and  |6(2)] < e (1+2F) YV ze (6,0).

(ii) We have ¢,v € C2_((0,00)) and there exists g € [0,0 v ﬁ — 2] such that, for every

d > 0 there exists ¢s € (0,00) such that
6(2)| + |(2)| < cs (L+29) ¥ ze (5,0).

To establish the stronger version (3.1.8) of the CLT, we will replace Assumption 3.2.8 with
the following stronger version. It is essentially the requirement that Assumption 3.2.8 holds
uniformly on (0,00) up to the irregularity at zero. We stress that this assumption is NOT

needed for the general CLT in probability (3.1.7).

Assumption 3.2.9 (Assumptions on the coefficients for the CLT in L?(£2)). We assume that

¢, v, o satisty the following, for some constant ¢ > 0, for p € [2,00) given in Assumption 3.2.6.
(i) For some 0 € (0, %) and some k € [0,0 v 1%4], for all z € (0, 00),
lo(2)| <c(1+2"Y), |6(2) <c(l+20+2F) and |o(2)d(2)] < (1 + 22F1).

(i) We have ¢,v € C?((0,00)) and there exists g € [0,0 v ﬁ — 2] such that, for all

z € (0,0),

[6(2)] + [5(2)] < e (L +29).

92



Remark 3.2.10. Assumption 3.2.8(i) or 3.2.9(i) serves to control the convective term V-
(o(p) 0 £°), so that it is dominated by the diffusion, and indeed it might be replaced by the
somewhat more explicit conditions |o(2)| < ¢ (14 ¢7%(2)) and |6(2)| < ¢ (1 + (67?)'(2)) for all
z € (0,00). Assumption 3.2.8(ii) or 3.2.9(ii) corresponds to polynomial growth at infinity, and
also regularity near zero for 3.2.9(ii), of the diffusion nonlinearity ¢ and of the deterministic
convective term v. It is needed to recast the diffusive term A(¢(p) — ¢(p)), or the convective
term respectively, of the nonequilibrium fluctuation v€ in (3.1.6) in terms of the fluctuation

v¢ itself.

Example 3.2.11 (Applicability of the coefficient assumptions). In the porous media case
¢(z) = z™0 all the conditions involving ¢ in Assumption 3.2.6 and 3.2.8 are verified in the full
regime mg € (0,00). In this case, the function O, defined in (3.2.4) is given for a constant
Cp.mo € (0,00) by

mo+p—1
Opp(2) = Cpmo 2~ 2

The conditions are satisfied by taking m = 1, p = 2, ¢ = k = 0 and choosing option (3.2.5)
with v = 1*% when mg € (0,1), and by taking m = mg, any p > 4v m3, k =0v mOT*Z,
g =0 v mg — 2 and choosing option (3.2.6) with ¢ = mg + p — 1 when mg € [1, ).

In the important model case ¢(z) = 2™, o(2) = ¢"?(z) = 22, with v = 0 for simplicity,
all the conditions in Assumption 3.2.6 and 3.2.8 are verified for any mg € [1,00) with the
choices of m, p, k, g given above.

In fact, Assumption 3.2.8 and all the conditions in Assumption 3.2.6 except for condition
(iii) are verified also for mg € (0, 1), with the corresponding choices of m, p, k, g, 7. Only
condition (iii) in Assumption 3.2.6 breaks down. Indeed, already to prove well-posedness of
(3.1.1) we need the noise coefficient o to be %—Hélder near the irregularity point zero.

We also comment on Assumption 3.2.6(iv) on the oscillations of o. An interesting example
satisfying all the conditions in Assumption 3.2.6 and 3.2.8, is given by 02(z) = 2™ + zsin (zh)
for every mg, h € [1,00). That is, condition (iv) imposes a condition on the growth of the
magnitude of the oscillations of ¢2 at infinity, but not on the growth of the frequency of the
oscillations.

Finally the stronger Assumption 3.2.9 for the CLT in L?(Q), together with Assumption
3.2.6, applies to the model case ¢(z) = 2™, o(z) = 22 in the regime myg € [2,0), or to
the linear case ¢(z) = z provided we consider a different noise coefficient o satisfying the

assumptions, for example o(z) = 25 for some s € 0,2).

3.2.2 The zero noise limit and the generalized Ornstein—Uhlenbeck process

In this section we collect some well-established results on the well-posedness of the limiting

equations (3.1.2) and (3.1.3). As regards the deterministic limit (3.1.2) we have the following
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classical theory. We refer the reader to standard monographs like [Vaz07] or [Lie96].

Definition 3.2.12. A weak solution of (3.1.2) is a function p € L'([0,T]; L'(T%)) such that
#(p),v(p) € L*([0,T]; L*(T?)) and such that, for any ¢ € [0,7] and any v € C®(T%),

ng(x,t)q/)(a:) dx :f dx+f (z,5) Av(z) dz ds +fﬁrd (z,8) Voo (z) dz ds.

Theorem 3.2.13. Under Assumption 3.2.6, for any nonnegative py € L?(T%) bounded away
from zero, there exists a unique weak solution p of (3.1.2) in the sense of Definition 3.2.12.

Furthermore the solution satisfies p € L2([0, T]; L?(T%)) and ¢(p) € L2([0,T]; H'(T9)).

Remark 3.2.14. Except for the initial data pg, which can be random, equation (3.1.2) is
purely deterministic. Furthermore, one immediately see that for py € (0,00) a (possibly

random) constant, the solution is simply the constant p(x,t,w) = po(w).

We now consider the stochastic equation
0w =A(av)—V- (bv + c§> in T¢ x (0,T), wv(-,0) =0 in T¢ x {0}, (3.2.7)

for some Fp-measurable random variables a,b € L°(Q;R) with a > 7 > 0 a.e. for some
€ (0,0), and ¢ € L?(2;R), and for the noise & = lim,_,q &€ specified in Assumption 3.2.4.
First of all, we make precise our notion of solution, here o« = 0 depends on the regularity of

the noise &, which satisfies Assumption 3.2.4.

Definition 3.2.15. A weak solution in H~%(T¢) of equation (3.2.7) is a predictable process
ve L2(Qx (0,T); H%(T%)) such that, for every ¢ € [0,T] and every w € H**2(T%), P-almost

surely we have

s=t t t
(v(s), w(s)) " L(v(r),aAw(r) + bVw(r)ydr + JO JTd cVw(z,r)dE.

We have the following well-posedness result. This can be proved for example via semigroup

methods (see e.g. [DPZ92, Chapter 5|) or Fourier analysis (see e.g. [DFG20]).

Theorem 3.2.16. Let ¢ satisfies Assumption 3.2.4. There exists a unique weak solution
ve L3Q x (0,T); H=*(T%)) of equation (3.2.7) for any o > %. Furthermore, if a, — a and
b, — b almost surely, with a,, = r > 0 for every n € N, and ¢, — ¢ in L?(Q;R), as n — o,
and we denote by v, and v the corresponding solutions of (3.2.7), then we have v, — v in

L2(Q x (0,T); H=*(T%)) for any a > .

3.2.3 The generalized Dean—Kawasaki equation

In this section we summarize the solution theory to equation (3.1.1), interpreted in its Ito
formulation (3.2.2), as put forward in [FG21b|. In particular, we introduce the notions of

weak solution and of stochastic kinetic solution and we collect some of their properties.
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The notion of weak solution is classical.

Definition 3.2.17. Let py € L'(€; L'(T?)) be nonnegative and Fop-measurable. A weak
solution to (3.2.2) with initial data pg is an F;-adapted nonnegative continuous L!(T%)-valued

process p € LY(Q x [0,T]; L'(T¢)) such that almost surely
P, 6" (p),o(p) € L*([0,T]; H'(TY)), &(p) € L*([0,T]; L*(T%)) and v(p) € L' ([0, T7; L'(T)),

and such that almost surely, for every ¢ € C*(T?) and every t € [0, T,

| plativ@de = | i) vic)do
Td ']Td

w] |, At d(p) e, de ds

0 JTd

+ f Vi(x)v(p)(x,s)drds (3.2.8)
0 Jrd

t
i \&J‘ Td Vi (z) o(p)(z, s) d€°
0
¢
€ ' ‘

B 2f _VY@(Fo(p)Va(p) + #(p)o(p) F5) du ds.

0
When the coefficients of the equation are sufficiently smooth, weak solutions exist and are

unique.

Theorem 3.2.18 (Theorem 5.20 in [FG21b|). Let pg satisfy Assumption 3.2.1(i), let £€ satisfy
Assumption 3.2.2 and let ¢, v and ¢ satisfy Assumption 3.2.6. Suppose furthermore that ¢, o

satisfy the additional assumptions:
(i) ¢(z) = ¢ >0 for all z € (0,00), for some ¢ € (0, 0);
(ii) o€ C([0,20)) n C*((0,00)) with ¢ € CF([0,0)).
There exists a unique weak solution to equation (3.2.2) in the sense of Definition 3.2.17.

Despite being quite natural, the notion of weak solution is often doomed to fail when
o is not smooth enough. Indeed, as discussed in Section 3.1.1, already in the prototypical
Dean—Kawasaki case 0(z) = 4/, it is not clear how to interpret some of the terms featuring
in (3.2.8). To handle rougher coefficients a wider solution theory is needed.

Namely, given a nonnegative function p : T¢ x [0,7] — R, one introduces an additional

variable z € R and consider the kinetic function x : R x T¢ x [0,T] — {0,1} of p defined by
X(Za x, t) = 2(27 p(ﬂ?7 t)) = 1{0<Z<p(m,t)}7

for x(2,v) = lyo<z<y} — L{y<z<0}- The velocity variable z essentially corresponds to the
magnitude of the solution p. A formal computation presented in [FG21b|, based on the

fundamental identity

S(pl, 1)) = fRs'(z)x(z,x,t) dz,
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for every smooth function S : R — R with S(0) = 0, motivates the notion of stochastic kinetic

solution.

Definition 3.2.19. Let pg € L'(Q; L'(T%)) be nonnegative and Fy-measurable. A stochastic
kinetic solution of (3.2.2) is a nonnegative, a.s. continuous L!'(T?)-valued Fi-predictable

function p € LY(Q x [0, T]; L'(T¢)) that satisfies the following three properties.

(i) Preservation of mass: a.s. for every t € [0, 7],
lpC, ) Lreray = lpolLrray-
(ii) Integrability of the flux: we have that
o(p) e L*(; L*(T¢ x [0,T])) and v(p) e LY(Q; L*(T? x [0, T]; RY)).
(iii) Local regularity: for every K € N,
[(p ~ K) v Y] € L2(9; L2([0, T]; H' (T)).

Furthermore, there exists a kinetic measure ¢, that is a map ¢ from 2 to the space of nonneg-
ative, locally finite measures on T% x (0, c0) x [0, T] such that, for every 1 € C*(T? x (0, x0)),

the process

¢
Qx[0,7] 3 (w,t) — J f ¥(x, &) dg(w) is Fi-predictable,
0 JR JTd
that satisfies the following three properties.

(iv) Regularity: almost surely as nonnegative measures,
b0z — P)S(2)| Vol < q on T x (0,0) x [0,T].
(v) Vanishing at infinity: we have that

lim IE[ (T x [M, M + 1] x [O,T])] ~ 0. (3.2.9)

M—o0

(vi) The equation: almost surely, for every 1 € CX(T? x (0,0)) and every ¢ € [0, T],

JR er x(x, z, t)(z, 2) = JR Ld X(po)v(z, z) — ft . (Vo - (V) (z,p)  (3.2.10)

- ef er F{[6(p))*Vp - (Vi)(z, p) f f VE; - (VY)(, p)

JJ Td&zl/}xz dg + = JJ P)Vp - F2+F§02(p))(62w)(:v,p)
- L » Y(z, p)V - v(p)dt — xﬁfo er W(x, p)V - (a(p) dE°).
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Remark 3.2.20. (i) We write (V¢)(z, p(2,t)) = Vi(,2)[,_ ) to mean the gradient
of V,i(z, z) evaluated at the point (z, p(x,t)) as opposed to the full gradient of the
composition ¥ (z, p(x,t)).

(ii) For F-adapted processes g; € L*(Q x [0,T]; L*(T%)) and h; € L*(Q x [0,T]; H'(T%))

and for ¢ € [0,T'], we write

t 0 t t
JJ gsV-(hsd£5)=Z <JJ gsf,ths-dBerJf gshSVf,g-dB§>,
0 Jd i1 \Jo Jrd 0 J1d

where the integrals are interpreted in the It6 sense.

The upshot of the kinetic formulation of (3.2.2) is of course that stochastic kinetic solutions

exist and are unique for a much wider class of coefficients ¢ and o.

Theorem 3.2.21 (Theorem 5.29 in [FG21b]). Let pg satisfy Assumption 3.2.1(i), let &€
satisfy Assumption 3.2.2, and let ¢, v and o satisfy Assumption 3.2.6. There exists a unique
stochastic kinetic solution p to (3.2.2) in the sense of Definition 3.2.19. Furthermore, for p > 2

and m > 1 given in Assumption 3.2.6, for n = 2 and n = p, it satisfies

. T
sup E [ﬁrd |p(a:,t)\”da:} + ir;f o(2)E [L ﬁrd Ip|" 2|V p|? dx dt] (3.2.11)

te[0,T7]

d m m-+n— n
< C(1+ € F5ll) 3™ (14 B [ pol it + ool ey )

for a constant C' = C(T,¢,v,0) depending on ¢, v and o only through the constants c

appearing in Assumption 3.2.6.

Weak and stochastic kinetic solutions are obviously related. First of all, when they exist,

weak solutions are stochastic kinetic solutions.

Proposition 3.2.22 (Proposition 5.21 in [FG21b|). Let po satisfy Assumption 3.2.1(i), let &
satisfy Assumption 3.2.2 and let ¢, v, o satisfy Assumption 3.2.6 and the additional assump-
tions (i)-(ii) in Theorem 3.2.18. Let p be the unique weak solution of (3.2.2) in the sense of
Definition 3.2.17, then p is also a stochastic kinetic solution in the sense of Definition 3.2.19

and its kinetic measure is given by q = &o(z — p)d(2)|V p|2dz dt.

The following statement asserts that stochastic kinetic solutions, and thus also weak so-
lutions thanks to the previous proposition, depend continuously on the coefficients of the
equation, and it will be crucial in our arguments. The proof is a straightforward adaptation

of the final part of the proof of [FG21b, Theorem 5.29|.

Proposition 3.2.23. Let pg satisfy Assumption 3.2.1(i), let £€ satisfy Assumption 3.2.2 and
let ¢, v, o satisfy Assumption 3.2.6. For n € (0,1), let ¢"7, 0", 6" be a sequence of coefficients

such that:
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(i) ¢", v, 0" satisfy Assumption 3.2.6 uniformly in 7 € (0,1);
(ii) ¢7 — ¢, v — v and 0" — o in Clec([0,0)) N CL_((0,90)) as n — 0.

For each n € (0, 1), let p" be the unique stochastic kinetic solution of

Ao A6 (p M)t = V-1 (p ) dt = Ve V(o7 () dE°) (3:2.12)
+ 5V (FL @) Vo 467 )0 (0 5 ) at
pem<_70) = po,

and let p¢ be the stochastic kinetic solution of (3.2.2) with initial data pg, in the sense of
Definition 3.2.19. Then we have

’,]7.1_1';[%) Hpe’n — pCHLl([O,T];Ll(Td)) = 0 in probablhty

For the sake of completeness, we end this section by establishing that, if the stochastic
convective term ¢ is more regular near zero and somewhat dominated by the diffusion, we
have the converse of Proposition 3.2.22: stochastic kinetic solutions are weak solutions. Since
we will not need this fact in the following, we only sketch the main details. The proof is based
on the following proposition, which establishes the H'-regularity of the nonlinear term ¢ 2(p)

imposed by the diffusion.

Proposition 3.2.24 (Corollary 5.31 in [FG21b]). Let po satisfy Assumption 3.2.1, let &€
satisfy Assumption 3.2.2 and let ¢, v and o satisfy Assumption 3.2.6. Let p be the unique

stochastic kinetic solution to equation (3.2.2). Assume furthermore the following:
(i) there exists ¢ € (0,00) such that |o(2)| < c$*(2) for every z € [0, 0);
(ii) there exists ¢ € (0,00) such that

(2)| + ¢(2) < ¢ (1+ 2+ ¢(2)) for every z € [0,0);

(iii) the map z — log(¢(z)) is locally integrable on [0, o).

Then for the unique function ¥, € C([0,%0);R) n C1((0,0); R) satisfying ¥4(0) = 0 and
Uy (z) = log(é(z)), for a constant C = C(T, ¢, v, o) depending on ¢, v and o only through
the constants ¢ appearing in Assumption 3.2.6 and in the further hypotheses (i)-(iii) above,
IE[ sup f Uy (p(x,t)) —I—IE[
Td

2 + inf JJ 1 (p)
te[0,T] ( )‘ ] z>(]¢ {p>0} 7/ pr ‘ |
i m+1 m
<c (1 e F oo + e F5 |5 >) (1 +E [lpmw) an q/¢<po>]) .

We can now prove the following.

we have

(3.2.13)

98



Proposition 3.2.25. In the setting of Proposition 3.2.24, assume furthermore that, for some

c> 0,

lo(z)] < ¢ (qﬁi/?)(z) and |6(2)?P<c(1+z+¢(2) Vze (0,0). (3.2.14)

Then the stochastic kinetic solution p of (3.2.2) satisfies the weak formulation (3.2.8) of the

equation.

Proof. The idea is to test the kinetic formulation (3.2.10) of the equation against functions
of the form v (z, z) = o(z)Ks(2) for arbitrary ¢ € C*(T%) and for a smooth cut-off Ks: R —
[0,1] such that
Ks(z) = 1 if z € [26, Vs],
0 if z€[0,60] U [?%s,0),
and then let § — 0 and show that, along a suitable subsequence 4, — 0, the resulting
expression coincides with the weak formulation (3.2.8).

Except for the term involving the kinetic measure, each of the integrals in (3.2.10) is shown
to converge to the corresponding quantity in (3.2.8) or to zero by dominated convergence. This
is justified using Assumption 3.2.6, the regularity estimates (3.2.11) and (3.2.13), the further
hypotheses (i)-(iii) in Proposition 3.2.24, and the hypothesis (3.2.14), which together with

(3.2.13) implies that ¢(p) € L2([0,T]; L*(T¢)) and o(p) € L?([0,T]; H*(T%)) with
Vo(p)l < C|V6"(p)]

The term involving the kinetic measure is shown to converge to zero along a subsequence §,, —
0 using property (3.2.9) and the following property, which is proved in [FG21b, Proposition
4.6],

lim inf <5_1q(Td x [5/2, 8] x [O,T])> - 0.

3.3 The central limit theorem for fluctuations

3.3.1 The central limit theorem in L?(Q) for more regular coefficients

This section is devoted to the proof of our central limit theorems: Theorem 3.3.3 and 3.3.10.
In the first part we obtain the stronger version (3.1.8) of the CLT, for coefficients satisfying
Assumption 3.2.6 and the stronger Assumption 3.2.9. In the second part we extend the result
to rougher coefficients satisfying Assumption 3.2.6 and Assumption 3.2.8 only.

The nonlinearity of the diffusion ¢ makes it difficult to apply standard Fourier analysis
and we have to accompany this with some moment estimates. Our ansatz is that v¢ converge

to v, solving (3.1.3), which can be distribution valued. Therefore we expect the norm of v*
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in any function space to blow up as ¢ — 0. After an approximation lemma, the following
proposition quantifies this explosion.

Lemma 3.3.1. Let ¢,v,0 € W21 ([0,00)) n C1((0,0)) with ¢(0) = (0) = 0 and ¢(z) > 0

loc

for every z € (0,00). There exists a sequence of approximations (¢, ", "), 1) such that

(i) ¢" — ¢, v" —> v and 07 — o in C}.

(0,00) N Cloe([0,0)) as n — 0;

(ii) ¢, v, 0" satisfy Assumption 3.2.6, 3.2.8, 3.2.9 and Assumption (i)-(ii) in Theorem
3.2.18.

Furthermore, if ¢, v and o satisfy Assumption 3.2.6, 3.2.8, 3.2.9 or Assumption (i) or (ii) in
Theorem 3.2.18, then ¢, v, 0" satisfy Assumption 3.2.6, 3.2.8, 3.2.9 or Assumption (i) or (ii)
in Theorem 3.2.18, respectively, uniformly in 7 € (0, 1).

Proof. A standard smoothing procedure by convolution and cut-off. O

Proposition 3.3.2. Let pg satisfy Assumption 3.2.1(ii), let £¢ satisfy Assumption 3.2.2 and
let ¢, v, o satisfy Assumption 3.2.6 and 3.2.9, for some p > 2 and m > 1. Let p° be the
stochastic kinetic solution to (3.2.2) with initial data pg, let p = pg be the solution of (3.1.2)

and define v¢ = € ?(p¢ — p). Then, for any T € [0,00) and any h € [1, (k’%l)], we have

€ e € 2 m m+p—
E 10" o ryrn ] < CIFSIEQ + el Fs 1) 200 (14 E [l 350" + loolfen ]) o (3:31)

for a constant C' = C(T, ¢,v,0,p) depending on ¢, v and o only through the constants ¢
featuring in Assumption 3.2.6 and 3.2.9.

Proof. Consider the sequence (¢, v, 0"),¢ (1) of approximations given by Lemma 3.3.1. Let
p=" be the corresponding weak solution of (3.2.12), whose existence is guaranteed by Theorem
3.2.18, and let p = pg be the unique solution of d;p = A¢"(p) — V-v"(p) with initial data
po. It follows that the fluctuations v = €~ 2(p>" — p) are a weak solution, in the sense of

Definition 3.2.17, to

Aot = A (e 2(§7(p) = 97(p))) dt = 7 - (72 (01(p) = v7(p))) dt = V(0" (p°7) dE°)
HYEV - (F{67 () Vo (p°7) + 67 (p7)o™ (p) F)

ven(-,0) = 0.
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Applying 1td’s formula, in the version proved in Krylov [Kry12|, yields:
t
[ oftae == [ [ nth— 1ol 2 9o (e (@1(57) - (3) ) o ds
Td 0 Jra

t
+ f h(h = 1) |v""(x, t)|h_2 Vo e 2 (V"(p"") — v"(p)) dx ds
0 Jra

t
_J f R e (@, 8) "7 0TV - (0 (pST)dEC)
']I‘d
J h(h = 1) [0 (@, £)|"2 Vo
’ﬂ‘d
(Fya(poM)Va(p) + ¢ (pM) o (p©") Fs) dx ds
+ ff h(h — 1) v (z, )" 2
2 0 Td
(190" () F +207(5") Vo (5 F5 + (0" (o))" F ) da ds.

Rearranging the terms, and using that Vo© = ¢~ 2V p&" since p = constant, the smoothness

of ¢", v, ¢ and the regularity properties of p©" guaranteed by Theorem 3.2.18, we obtain
| v o+ f | 1= 1) [0 )2 90 (e (00 - 67(9))) dds
T4 Td
= f J h(h — 1) |v""(z, s)|" 2 Vole s (V") — v"(p)) d ds
0 Jre
t
- f f h|v“ (@, s)[" 20V - (07 (p%7)dE7) (3.3.2)
0 Jrd
1 t
b5 | [ 0= )tV () - B s ds
0 Jra
1 K €n h—2 n( €N\\2 e
+ - h(h — 1) v (x, $)|" " (a"(p™™))" F5 dx ds.
2 0 JT4d

The first term on the right-hand side of (3.3.2) is identically zero because of integration by

parts and the rewriting

J h(h —1) [v"(x, s)|h_2 Vool ¢ 2 (V"(pe’”) — V"(ﬁ)) dx
Td

Jneve ([

Similarly, the third term on the right-hand side of (3.3.2) vanishes because of the assumption

(3.3.3)

-2
e (V(z) = v"(p)) dz) dx = 0.

V - F§ = 0 and the integration by parts

e _\h—2
=P o"(z) 6" (z) dz> V- Fsdx. (3.3.4)

NG

Furthermore, the second term on the right-hand side of (3.3.2) is a true martingale vanish-

P
[0 (, )" 72 0" (95 Vo (p7) - F5 da = ‘f (J
Td

0

Td

ing at time zero, thanks to Remark 3.2.20(ii), Assumption 3.2.2 and Assumption (i)-(ii) in
Theorem 3.2.18, and the regularity of p©". Therefore, applying the expectation to (3.3.2) and
further integrating over t € [0, T'] yields:

T
E [HUEWH}LL’%([O,T];T‘{)] +E U J-Td h(h —1) |ue,n(g;,t)|h—2 |VU6,77‘2 d"(p=M) (T — s) dx ds]
0
(3.3.5)

—E |:[) JTd h(h — 1) |U€a7l($7t)|h72 (O.n(pﬁ,ﬁ))Q F3€ (T _ S) dr d3‘| .
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We now estimate the right-hand side of (3.3.5) as follows. Assumption 3.2.9(i) on ¢ and
Lemma 3.3.1 ensure that

() < (1+12/), (3.3.6)

for a constant C' = C(o) independent of n € (0,1). Thus, applying Holder’s inequality,
Young’s inequality and formula (3.3.6), noticing that h(k + 1) < p, yields:

[ ' [t = 0ot )2 ) 5 (7~ ) s
< C|F5| E UOT er | da ds] - E UDT Ld (o (p""M)" da: ds} i (3.3.7)

1 enh €|h/2 T €,
< iE [Hv n”Lh([O’T];Td)] + C |F5| .5 <1 +E [L TUl(p MPdxds| |,

for a constant C' = C(o,p,T') independent of n € (0,1). Going back to (3.3.5), we use (3.3.7)

and we absorb the first term on the right hand side of (3.3.7) into the corresponding term on
the left hand side of (3.3.5), thanks to the factor 3 in front, to obtain

T
€ h €
E [Hv M g0 1719 ] < C|FS|L (1 +E UO Ld(p VP g dsD , (3.3.8)

for a constant C' = C(o, p,T) independent of 7.

Now we recall that Lemma 3.3.1 ensures that ¢", ", 0" satisfy Assumption 3.2.6 and 3.2.9
uniformly in 7 € (0, 1), since these are satisfied by ¢, v, 0. Therefore estimate (3.2.11) holds
for a constant C' = C(¢,v,0,p,T) independent of n € (0,1). Using estimate (3.2.11) with
n = pin (3.3.8), we obtain

h h 4 1
E | 1o qo.rymey | < CIFSIE (1 + €l B510) 27 (14 E [lpol 72! + ool ey ] )
(3.3.9)
for a constant C' = C(o,v, ¢, p,T) independent of 7. Finally, Proposition 3.2.23 ensures that
”]7.1_1116 Hpe’n — pEHLl([O,T];Ll(Td)) = 0 in probablhty

Therefore, upon passing to a subsequence 7, — 0, we have p©T" — p¢ for a.e. (x,t,w) €
T x [0,T] x Q. Letting 1, — 0 in (3.3.9) and applying Fatou’s Lemma eventually yield
formula (3.3.1). O

We are now ready to estimate the difference between the actual fluctuations v¢ and their

asymptotic description v, and obtain the CLT in L?(Q).

Theorem 3.3.3 (Central limit theorem in L?(£2)). Let po satisfy Assumption 3.2.1(ii) and
let ¢, v, o satisfy Assumption 3.2.6 and 3.2.9, for some p = 2 and m > 1. Let £ = lim._,¢ &°,
where ()0 satisfy Assumption 3.2.4, and let v be the corresponding solution of the Langevin

equation (3.1.3). For any € > 0, let p be the stochastic kinetic solution to the generalized
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Dean—Kawasaki equation (3.2.2) with initial data pg, let p = po be the solution of the zero
noise limit(3.1.2) and let v = ¢~ 2(p¢ — p). Then, for any T € [0, ), for 7 = 2 or 7 = oo, for

any 3 > % or B > % + 1 respectively, we have
€ 2
E [0 () = 0@} oy oy |
1 € 4 m
< C((F Lo +1F5len)+ €1 F5 1 ) (e | Fs o) 20 ™ (14 | ool 8 + ool ) |)

4O Y neb- wzf 2

ds, (3.3.10)
nezd

f sznac e fk ) dx

for a constant C' = C(T, p, ¢, v, 0,p, ) depending on ¢, v and o only through the constants
¢ featuring in Assumption 3.2.6 and 3.2.9.

In particular, along a scaling regime where € — 0 and £¢ — & such that

tim e (1P Lo+ 175l + 1Pl ) = 0, (3.3.11)

the nonequilibrium fluctuations v¢ converge to v in L*(€; LT ([0, 00); H~#(T9))) with rate of

convergence (3.3.10).

Proof. Consider the sequence of approximations (¢",v",0"),c,1y given in Lemma 3.3.1, let
pS" be the solution of (3.2.12), let 5 = pg be the solution of (3.1.2) and let v = e~ 2(p" — p)

be the corresponding fluctuations. Finally let v" be the solution of

dv” = A(¢"(p) v") dt = V - (2(p) v") dt — V - (6" (p) d€), v"(-,0) =0,
as given in Theorem 3.2.16. The difference v — v" is a weak solution of

A" = 07) = (") = (7)) — (o)

=V (VW) = 1(p)) = ()" ) dE = V- (o7 () A — 07(p) )

1/2
GV (B @ (00M) VT 4+ 67 (oMo (0 F )

ve7(-,0) = 0.

Using the fundamental theorem of calculus, this is rewritten as

Ao — ) = (w ) (" — o) f jléwmu(pw—p))AdAdu(vevWelﬂ)dt

— o _ 1)77 Vn P ] 261/2

v ( ?) ff (5 + Ao — 7)) Addp (v°) )dt .
/2
SV < VL (G7(2)2 dz 1 6 () )F;) dt

= V-((@"(p™") = 0"(p)) dE° + 0" (p) A(§° = €)).

Using (3.3.12), recalling that VFf = 2F5 and integrating by parts several times, we

compute the Fourier coefficients of v©" — v”. Namely, for each n € Z%, for e,(z) := 2™
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and 0" — Oy = (W& — 0" ey,

1 1
Ao =) = [ Aen) (¢"<p><va" o+ [l = ) A a2 /) da dt

101
+ | Veu(z) (V’(p)(ve”7 — o) + f J P+ Au(p®" — p)) AdAdp (ve")? 61/2> dz dt
0 Jo
pEJ]

Td
61/2 € € hd € - € €
+ 2 ) (Ae, Fy + VBHZFQ)J0 (6"(2))2 dz — Ve, Fsa" (p¢")a (p*") da dt

" L Ven()((0"(p") — 0" (p)) dE° + o™(p) d(£° — €)).

This is an SDE for 95" — 9y, which is readily solved by variation of constants:
oy "(t) — o (t)
¢ .
_ J o(—4m2n247 () +i2mni (7)) (t—s)
0

- ( | 2e| 1 | (14 Mlp™ — §)) + (5 + Mo — p)) A (67, s>>2dx) ds

1 t .
n 62/2Je(—47r2n2¢"’(p)+’i27rnu'"’(p))(t—s) (3.3.13)
0

e
. Ae, Fy + Ve, 2F5 6"(2))? dz —=Ven, FSa (p©M)a (p©") dx | ds
1 2 2
Td 0

N Lte(47r2n2d‘)n(p)+i27rn[/"(p))(ts) Ven(a:)((a”(pe’") _ O'n(ﬁ)) dfe + O'n(ﬁ) d(fe _ 5))

Td

We now estimate each term on the right hand side of (3.3.13) separately. We first consider

the case 7 = 2. For the first term we compute, for a constant C' = C (T, p, ¢, 0, v, p),

T rt , _ 1pl 2
E [J f e(—47r2n2¢ﬂ+i27rnu7)(t—s) 61/2 (J Aenfj- ((bn + l/n))\d)\d/,b (Ue,n)de) ds dt]
o IJo Td 0Jo
T/ (ot .
<cE J ( f e<—4w2n2¢"<p)+z’2mv"(p>><t—s>d8>
0 \Jo
t 2, 20, - 1 1 . 2
: f el—am n " +izmni)(t=s) (J AenJ f (¢" + ") X dAdp (UE’")de> ds | dt
0 T4 o Jo
T [ T o g
f f (A2 () +i2mni (7)) (1) gy
0 s
1l 2
. (J.TdAenL Jo (" + ") A dAdp (vs’"(a:,s))zd:E) ds}
c T 1,1 )
<C—E U J |Aen|2f J (6" + ") "N dAdp (ve’”)“dxds}
n 0 Jrd o Jo

T ) 29
< CeE J J (1 + |p| + 65|v67”|> (v*N)* dz ds
0 Jra

4 m m+p—
< CelFsl% (1+ el File)* 2™ (14 E [0l 7520 + ol niray ) -

(3.3.14)

L1(T4)
In the first passage we used Holder’s inequality and in the second passage we estimated the

first time integral and used Fubini’s theorem to swap remaining time integrals. In the third
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passage we estimated again the time integral of the exponential and then applied Hélder’s
inequality several times. The fourth passage follows from Ve, = i27wne, and Assumption

3.2.9(ii). The last passage follows from Hélder’s inequality, Proposition 3.3.2 and 2g+4 < 25 +1

in Assumption 3.2.9(ii).

For the second term on the right hand side of (3.3.13) we compute, for a constant C' =
C(Ta D, ¢) g, v, ﬁ)a

T , ot )
E J ( f o (— 4720237 (p) +i2mni" (5) (t—5)
0 0
2

1/2 pe’n
e ( J (Ae, Ff + Ve, 2F%) f (6"(2))? d= Veaned"(pe’")U"(pe’")d:E) d5> dt]
Td

2 0

T
€ € €
<C—E U L;meu + [Venl)® (1Fflo + |F5|on)?

e,n 2
: ( f (67(2))% dz + c'r%pe’")a"(pe’"n) da ds}

(3.3.15)

0

€ (|Ffleo + | F5loo lf J 1+ o240 4 | pon 4+ 2dy ds}

€ € 2 € 5 m m
€ (1Fflo + 1F5lo)® (14 €l F5lo) 200 (14 E [Iool 75520 + ool e | ) -

In the first passage we used Hoélder’s inequality and Fubini’s theorem for the time inte-
grals, and then estimated the integrals involving the exponential. The second passage follows
from Ve, = i2mne, and Assumption 3.2.9(i) on o. The last passage follows from Hoélder’s
inequality, estimate (3.2.11), and 6 € [0, }/2) and 4k + 4 < p in Assumption 3.2.9(i).

We finally consider the last term on the right hand side of (3.3.13). We first use It6

isometry, then Fubini’s theorem and finally estimate the time integral of the exponential and
use Assumption 3.2.4 to obtain, for a constant C = C(T, ¢, p),

E UT( [[ etmimtnrnt e [ e, @) (07 - o7 agt + o ale —s»)Zdt}
_ U J (—872n2" (p) +idmni (5)) (t—s)

; < 2) ds dt}

)

2

j Ve (0" (p°") — 0"(p)) 15, da
Td

# ||, Voo @)~ ) o
(3.3.16)

T T i
=F f j e(—8ﬂ2n2¢”(p)+i4rmﬁ(p))(t—s) An2n2 dt
0 s

3 |
B| | ' | 1ot = )P + ) ' | eao @7 = f)da

j (0" (0°) — " (D)) £, d
’]I‘d

¥ ‘ | eno" @)= ) o

2
ds} .
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In turn, for the first term on the right hand side of (3.3.16), for a constant C' = C(T', p, ¢, o, v, p),

T
EU | IU"(Pe’”)U"(ﬁ)FdedS]
0 Jra
T Y2 T p&7 2 V2
E f J |p€’"—p|2dxds] E f f (J (d"(z))2d2> dzds
0 Jra 0 Jrd \Jp (3.3.17)
1/2 T 1/2
oot | oon] [ L]
b 0 Jrd

Q m m
<O (14 )7 (1 (Lol 8" + loolfuces ])

The first passage follows from Hélder’s inequality and the fundamental theorem of calculus.
In the second passage we used the definition of v*", Assumption 3.2.9(i) on ¢ and Young’s
inequality. In the last passage we used Proposition 3.3.2, Holder’s inequality with 2(2k+1) < p
from Assumption 3.2.9 and the LP-estimate (3.2.11).

In conclusion, combining (3.3.13) with the estimates (3.3.14), (3.3.15), (3.3.16) and (3.3.17),
we obtain, for a constant C = C(T, p, p, ¢, 0,v),

E [nvww — (O oy cray
f > log"(t) )|n2ﬁdt1
nezd
J - fm) dl‘

<cxovzf
e ( N n26> (e (1Fflo + IFslec)® + €| F5]22)

2
ds (3.3.18)

neze
nezd

4 m
1+ elFslo) 2 (14 E ool 1) + ool |) -

We now let n — 0, keeping € € (0,1) fixed, and use Fatou’s Lemma in (3.3.18) to obtain
formula (3.3.10) in the case 7 = 2.

The estimate for 7 = o is obtained similarly, estimating E [SUPte[o,T] [0S (t) — 07 (t)] n‘zﬁ]
for each Fourier mode via the expression (3.3.13) and using computations completely anal-
ogous to (3.3.14)-(3.3.16), where we simply replace Sg dt by supyefor7- The only differences
are that in the first passage of (3.3.16) we use Doob’s maximal inequality for stochastic con-
volutions (cf. [DPZ92|) instead of the Itd isometry, and that in the respective computations
(3.3.14)-(3.3.16) we pick up a factor n? on the right hand side of each estimate since this is no
more compensated by the time integral of the exponential. This forces us to require 5 > g +1
in this case. Then we conclude identically to (3.3.17)-(3.3.18).

Finally we argue that v — v along the scaling regime (3.3.11). Ideed, since 8 > %, or
8 > g + 1 respectively, the first term on the right hand side of (3.3.10) vanishes along the
prescribed scaling regime. The second term vanishes thanks to Assumption 3.2.4 on the noise

sequence and dominated convergence. O
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3.3.2 The central limit theorem in probability for rougher coefficients

In this subsection we extend the CLT to rougher coefficients satisfying Assumption 3.2.6 and
Assumption 3.2.8 only.

In the following, for n € (0,1), we consider smoothed coefficients ¢", 1" o" satisfying
further assumptions, but obtained by smoothing the original coefficients ¢, v, o only near

zero. Namely, a standard smoothing procedure yields the following lemma.

Lemma 3.3.4. Consider coefficients ¢, v, o satisfying Assumption 3.2.6 and 3.2.8. There
exists a sequence of approximating coefficients {gb”,u",a"}ne(()’l) that satisfies Assumption
3.2.6 and 3.2.8 uniformly in 7 € (0,1), and Assumption 3.2.9 and Assumption (i)-(ii) in

Theorem 3.2.18, not necessarily uniformly in 7, and such that, defining

Oy :i=1inf{d = 0] ¢"(2) = ¢(2), V" (2) = v(2), 0"(2) = o(2) Yz € [, 0)}, (3.3.19)
we have that 9, decreases to zero as 7 decreases to zero. That is lim, o d, = 0.

Given the stochastic kinetic solution p“" to equation (3.2.12) with these smoothed coeffi-

cients ¢", V", ¢", we denote

en . s €,1
Qe {w € Q| 1?dssx[l()r};];) > 577}.

Furthermore, given any initial data pg satisfying Assumption 3.2.1(ii), we denote

£ := ess-inf py.
QxTd

The following two results establish stronger uniqueness both for the zero-noise limit and
for the generalized Dean—Kawasaki equation. The first is an immediate application of the

maximum principle and the uniqueness for the deterministic equation (3.1.2).

Lemma 3.3.5. Let p and p” be the solutions of equation (3.1.2) and of its smoothed version
op! = Ag"(p") — V-u"(p"), both with initial data py satisfying Assumption 3.2.1(ii), i.e. a
random positive constant. Let n € (0,1) be small enough so that d,, < ¢, that is so that the
smoothed coefficients match the true coefficients on [¢,00). Then we have p = p" for a.e.

(w,z,t) € Q x T¢ x [0, 0).

A straightforward adaptation of the uniqueness proof in [FG21b, Theorem 4.7, which just
amounts to restricting all the arguments to a smaller probability subset 2y < €2, establishes

the following.

Lemma 3.3.6 (Enhanced pathwise uniqueness). For i = 1,2, let p’ be the stochastic kinetic

solution to the equation

o' = Adi(p') = V- vi(p) — VeV - (ai(p) 0 €) in T (0,T),  p(-,0) = py in T x {0},
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with noise £ satisfying Assumption 3.2.2, coefficients ¢;, v; and o; satisfying Assumption
3.2.6, and initial data pf) satisfying Assumption 3.2.1. Let Qy <  be a measurable subset
such that

i) pi(z,w) = p3(z,w) for every x € T4, for a.e. w € Qp;

ii) for some 0 > 0, for a.e. w € Qy,

P1(2) = Pa(2), v1(2) = v2(2), 01(2) = 02(2) Vze ( essinf p' — 4§, ess-sup p' + 5>.
T4x[0,T]x Q0 T4 % [0,T]x Q0

Then we have that

sup [ 0" (- t) = p*(,t) | L2 epay < 06 — pollr(ray  almost surely on Q.
te[0,T]
The two previous Lemmas, the convergence (3.1.4) from [FG23, Theorem 6.6] and Theorem

3.3.3 from the previous section immediately yield the following.

Corollary 3.3.7. Let po, (). and ¢,v, o satisfy Assumption 3.2.1(ii), Assumption 3.2.4,
and Assumption 3.2.6 and 3.2.8 respectively. Consider the smoothed coefficients from Lemma
3.3.4 and let n € (0,1) be small enough so that 6, < £. Let p“" be the stochastic kinetic
solution to the smoothed equation (3.2.12). We have, keeping 7 fixed,

21_1)% Hpe’n - /3HL1([07T];L1(T4)) = 0 in probability.
Furthermore, keeping 7 fixed and letting € — 0 along the scaling regime (3.3.11), we have

o = (P~ p) > u in L Lo ([0, o) HP(T),

loc

for 7 = 2 or 7 = o0, for any 8 > % or B>1+ % respectively, with rate of convergence given

in formula (3.3.10). Finally, for every € € (0,1) and every n € (0,1) small enough, we have

pf = p" and v =" for a.e. (x,t) € T? x [0,T7], for every w e Q.

We now present the main ingredient to establish the central limit theorem in probability.
Corollary 3.3.7 implies that the sets Q%" satisfy Q%™ 2 Q¢ for every 1 < n2 € (0,1) and
every € € (0,1). The following proposition essentially establishes that the measure of Q"7 < Q
increases to 1 as € — 0.

The proposition is adapted from [DFG20] to the nonlinear diffusion case and we state it
on its own, since the result is interesting per se and it holds for any stochastic kinetic solution
of equation (3.2.1) provided the coefficients satisfy Assumption 3.2.6 and the diffusion is

nondegenerate.
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Proposition 3.3.8 (Moser iteration argument). Fix € > 0. Let pp satisfy Assumption 3.2.1,
let £€ satisfy Assumption 3.2.2 and let ¢, v, o satisfy Assumption 3.2.6. Furthermore, suppose
that inf ¢ > 0. Let p¢ be the stochastic kinetic solution to (3.2.2) and let £ := ess-inf py. For

QxTd
every T = 0, we have
= Lo
(142 J
E [[(6° = Ol oraxory | < ¢ PILE
where ¢* is a numeric constant, and R, and the exponent ( are given by
4(1 + 2/a)? if Re > 1

R i= o (nf §) 2 [l Fi o + €1 Fillc), €
e—d(d+1)(1/2 + l/d) if R, € (07 1)?

for a constant Cy = Cy(T,d, ¢, ¢, 0,v) depending on the coefficients ¢, v, o only through the

constants ¢ featuring in Assumption 3.2.6.

Proof. For n € (0,1) consider smoothed coefficients ¢, v, ¢" obtained from the original
coefficients ¢, v, 0 thanks to Lemma 3.3.1. They satisfy Assumption 3.2.6 and also Assumption
(i) in Theorem 3.2.18, since ¢ is nondegenerate, uniformly in 7. In particular we require
inf gf)" = inf(b > 0. Let p" be the weak solution to equation (3.2.12) with coefficients
¢, v, 0" and the same noise £¢ and initial data pg. Finally let £ := es(,;s—i%}if 00-

For any a € [1,0), consider the function f(2) := (z — £)*T! = (0 v (£ —2))**+!. Applying

Ito’s formula in the form proved in Krylov [Kry12] yields

| o =yt f | ata+ )6 = 00t V5 s ar

_ Jo Ld(a + 1) (pS" = )2V - (V(p°")) dx dr
— 61/2 t o en _ p\a (o7 . N
Jo er( +1)(p" = OV - (0 (p7) dE°) (3.3.20)
w5 |, [ata =02t Ve o) F e
5 [ [otos 0687 02t @) Fanar

We note that that the integral at time » = 0 on the left hand side of (3.3.20) vanishes because
(po — £)— = 0 by definition of ¢. Furthermore, arguing as in (3.3.3)-(3.3.4), using integration
by parts and the periodic boundary conditions or the assumption V - F5 = 0, shows that
the second and the fourth term on the right hand side of (3.3.20) are identically zero. We
integrate by parts the third term on the right hand side of (3.3.20), then we use the identity

+1 a+1

V(o = S (07 vpT
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to rewrite the first and the third term on the right hand side, and finally we rearrange the

terms to obtain

2

€N pa+l ! da 11 ( €M € _ QTH
(py" = O dr + (o) |V (p" = 4) 2 | dxdr
Td 0 JTe & + 1
) t a—1 a+1
= G/QJ f 200 (p" — 0)_2 V(pS" — )2 o"(po") dE* (3.3.21)
0 Jrd

t
+ o J fa(a + 1) (p" — 02 (o (p5™))? F dex dr-.
2 0 JTd

Since p©"7 = 0 always, we have |(p®" — £)_|» < ¢. Moreover, the assumption o €

Cloc([0,00)) implies that there exists C' = C'(¢, o) independent of 1 € (0,1) such that

[ (p"™) Li(pem—)_20y] < C. (3.3.22)

Hence, for the second term on the right hand side of (3.3.21), we have, for a constant C' =

C(¢,0) independent of n,e € (0,1) and of a > 1, almost surely for every t € [0, 7],

¢ t
g L Jﬂgz(a + 1)(/7;’77 _ 5)2_1 (gn(pe,n))Q FBE dx dr < Ca?e HFSEHWL ‘[W(p;,n . g)(i—l da dr. (3.3.23)

Given an arbitrary bounded stopping time 7 < T, we now evaluate (3.3.21) at ¢t = 7. After

taking the expectation, so that the martingale term vanishes, using estimate (3.3.23) and
multiplying both sides by (inf ¢)~!, we obtain, for a constant C = C(f,¢) independent of
n,e€ (0,1) and o > 1,

a+1

V(pp" =)=

], L.

2 . g
dx dr] < Ca?(infg) te |F§|OOIE[J J (pS" — 0 tdrdr|. (3.3.24)
0 Jrd

For the martingale term in (3.3.21), given an arbitrary bounded stopping time 7 < T,

we compute, for a constant C' = C(¢,T,0) independent of n,e € (0,1) and o = 1, for any
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da € (0,0),

0471 a+1
¢ f [ 2ato5m =0 9o - 0" 077 ae
Td

|

<CetaE l( [ ( fw 20557 0 T - 0 000 0) ) o) ar) 1/2]

0 k=1
at1|2 2
V(pim — )2 dx) dr)

<Ce”aE l(ﬁ: (Jw(p?” — 0)* 7o (p" )2 Ff dw) (Ld

1/2
<Ca 61/2”Fl HVZ l sup (J (P:m - 5)2_1(1{06»"% —6a} T l{p“"ﬂ&u})d:r)
T

te[0,7] d
T 2 1/2
<J J \V4 dxdr)
o Jrd

1/
< (Co? | F{ )" (63-1 + .78 s [ (- é)““dx])

te[0,7]
AL Lo
0 JTd

<(Ca*elril) o B[ | | Ve
+ (Ca® €| Ff|l) 65 ”E[ sup f (pi" = “*W f f
Jr 0JTd

tG[O‘r
<(C’a26|Ff|oo)l/2( st 4 E J- er dxdr])

1
- €n _ pya+l
+ 2E[ sup L(pt 0)e d:c]

te[0,7]JTd

[ sup
te[0,7]

a+1
0

at1
0)_2

2 Yz
dxr dr]

(3.3.25)
2

a+1l

n_ )2

dx dr] v

2

a+1
2

dz dr] v

a+
2

1 T
+§(C’a26\|Ff||w)5;2E[JJ ‘v (oo — 0)°F dwdr]
0JTd

1
<E[ sup J (pg’"—ﬁ)fﬂdaz]
2 | tef0,7] Jra

+ (Ca’e| Fi|lo) V607

+ (Cat 6220t ) (@ e +63/2Ff|§/5)IF§||oo)lE[ j j (e = 0 dwdr|

In the first passage we used the Burkholder-Davis-Gundy inequality and the form of the
noise term. The second passage follows from Holder’s inequality. In the third passage we used
(3.3.22) and we took the supremum in time and then split the first space integral according to
the values of p&". The fourth passage follows again from Holder’s inequality and the splitting
introduced. The fifth and sixth passage follows from convexity and Holder’s inequality. The
last passage follows from (3.3.24).

Now, given an arbitrary bounded stopping time 7 < 7', combining (3.3.21) with (3.3.23)
and (3.3.25) yields, for a constant C' = C(¢, T, 0) independent of n,e € (0,1) and a > 1, for
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any 04 € (0,4),
T A at1 ]2
E[ N AR f j e [V - 0
t€[0,7] Te @+ 1
[S“p ¢ f f 20 (07— O)°F V(o —0)F o"(p ) de*
te[0,7] Td
+E[5 [ [atas e - 0 000 B o
2 0 Td

1
< E[ sup J (pi’"—ﬁ)f“dw]
te[0,7] JTd

dx dr]

|

(3.3.26)

+ (Cat 6208 ) (@ 1P ol F oo + € 15 o)

<5a 'y EU Ld )2 1dxdr])

In turn, absorbing the first term on the right hand side of (3.3.26) into the left hand side,
thanks to the factor l in front, and then multiplying both sides by max {inf (é)_l, 1} yields,
for a fized constant ¢ = ¢(T, 0,£) independent of n,e € (0,1) and a > 1,

IE[ sup J (py O‘de—!—‘[ J
tef0,7] Td
< (Ea4 6.2 (inf ¢) 2 (€ |Ff o] Fslloo + € HF§HOO)> (53_1+E[j J (pS" — ) tda dr}).
0 Jrd

In particular we notice that, upon possibly enlarging the constant ¢ by a factor (1+7'), when
a =1 formula (3.3.27) reduces to

E[ sup J derJ 07 dzdr]
te[0,T7] (3.3.28)

< (et 8720t )2 (2 IFY o | Fille + € IF5]) ).
Since the stopping time 7 in (3.3.27) is arbitrary, it follows from [RY99, Chapter IV,

Proposition 4.7 and Exercise 4.30] that, for any a > 1, for the same constant ¢ = ¢(T, o, ()
introduced in (3.3.27) and independent of 1, e € (0,1) and of o > 1, for any d, € (0,1),

T atl 2 %ﬂ
E < sup f (py" — 0 dx + J J V(pe" — 6)7‘ dx dr>
tef0,7] J1d 0 Jrd

(x+1
2

E dr] (3.3.27)

1
Oé+]. at+l o\ ——= [ _ . I\ — € € € ﬁ
< DT (00727 (2 (inf )2 L L i e+ 1F5 1)) ™ (3.3.29)
a+1

l(&a ! L JW ) 1dxdr)al+1].

We are now ready to conclude the proof using a Moser iteration argument. To ease the
notation, let us define ¥ := (p©" — ¢)_. Using that (z + y)"* < 2" + ¢ for h > 1 and
x,y = 0, and Holder’s inequality with exponent a—fl in (3.3.29) gives, for the constant ¢

introduced in (3.3.27), for any a > 1 and any J, € (0,1),

1
atl a+1
B[ (101510 + 199 2ss) |

1
a+ 1)+t P . . . T
< 7(1_ )1 (a*5,2) =+ (c(lnf¢) 2(e? \|F1||Oo||F3HOO+e\|F3||OO)) B (3.3.30)
a+1

a=1 a=1
. (5§+1 +E[H¢HL¢:*1L‘;*1] a+1> .
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We first use interpolation and Sobolev inequalities to deduce that for

2 2+ d)(a+1)
A= gy mda= d ’

we have that, for a fized constant ¢ = ¢(7T', d) independent of 7, e € (0,1) and o > 1,

1-X

o rotoary < Wl mqoryaeraron WL, sy

2(1=X))
a+1 af1

A o+l
= Pl omnzen oo [0 oo o ey

(3.3.31)

2(1-2)

a+1
mmmww)) '

Now Hoélder’s inequality, the inequality (z + y)? < 2(2? + y?) for all z,y € [0,00), the fact
that A € (0,1), « € [1,00), and (3.3.30) prove that, for the constant Cy := ¢¢, for ¢ and ¢
introduced in (3.3.27) and (3.3.31), independent of €, € (0,1) and a > 1,

< Wl qo,ryzos cway (& (0155 o rppossaay + [V4°F

IE[ HwHL‘J(TdX[OaT])]

1 1=
a+1
H@ﬂHWQ ]

e u+1
< E[||/I/JHLCD([O7T];LD(+1(Td))] l(c ||1/}”L;1 0 T La+1 ’]I‘d)) + C va

a+1 ~ at1 |2 atl
Yl o, r3;0 1 () +CHV1/1 z La([0. ;L3 (T4)) (3.3.32)
1
a4+ 1)+t P o . . . Lo
<= _L (018;2) 7 (Co (0 ) 2(€ 1Pl | e + €1 Fl)) ™
a+1

a—1 a=1
: (5£+1 “I’E[”w”L?flLo;fl] u+1> .

Furthermore, thanks to (3.3.28), when o = 1 we can replace the last factor on the right hand
side of (3.3.32) simply with 1.

We now iterate inequality (3.3.32) along a suitable sequence of exponents ay tending to
infinity and small parameters d; = d,, for £ € N. Namely, mimicking the relation between

the exponents ¢, & and o — 1 in formula (3.3.32), which holds for any « € [1, o), we define

2+d

7 = —(ap_1+2) and Br=oap_1+1 VkeN* ag=0. (3.3.33)

A =
This gives
ap=(d+2)(1+%2)* =1) and Br=(d+2)((1+2)" " —1)+1 VkeN*. (3.3.34)

We also introduce the shorthand

1
= k e N*
Uug,, ,Bk 1 Vke
Let us now define
k k
) Bi—1 . Bi—1
;= inf =1 1). 3.3.35
7 1?;2112,81'-{-1 kl—I}c}oEBiﬁ-le(O’ ) ( )



It is shown in (3.3.39) below that indeed v > 0. In turn we define
6 =k~ VkeN* (3.3.36)
Finally, let us also introduce the shorthand

Re := G (inf ) 72 (¢* | F{ |oo | F5 oo + €| F5 o). (3.3.37)

Iterating inequality (3.3.32) over the sequence ay, using the inequality (z+y) 7" < z'/" 45/
for h = 1 and =,y > 0 at each step, yields

7u B—1 Bp—1
4u 2ug ug Br+1
E[WHL%WX[O,T])] 5 75, T R <5ﬁk+l +E[H¢||L% 1(Td x [OT])] * )
—UBk B —1
lufku B4u5k 6_2u8k Rugk65:+1
—u k 7U/3k 1 B +1
uﬂké_guBkRuBk Bk 1 4uﬁk 16 2uﬁk 1Ru3k 1
1 —ug 6’“ k ‘ 1—ug, , T—ug k-

—1

Br—1-1 Brg—1—1 ﬁk+1
Bl—1+1 Br_1+1
: (%ff +E[H¢HL“’€*2(’]N><[O,T])] ' )

Bi—1

k —ug, || BiF1 " " -1
Hf:- . U 4u —2u Diu—jlus TTizy
< Z 5]_ §EFT 1_[ B Bl By (5 By x R J( =141 B +1)-

We remark that in the last passage of the iteration, from «; to g, we do not pick up any
integral of 1 since by construction ag = 0 (cf. formula (3.3.28) and the comment after formula

(3.3.32)). Finally, recalling (3.3.35)-(3.3.36), we estimate

k B;—1
Zl “5 H1 I+1 BL 1
E[”'w”L“k(de[OT ] (Z 5] RN )
k Bi—1 (3.3.38)
—'LL i=l+1 1
X sup ﬁ i ! dug, e X sup ﬁéﬁuﬁl M gl:
kene g \ 1 —ug, ! keN® 1

We now analyze the limit of the infinite sum and products in (3.3.38). As anticipated in
(3.3.35) we have v € (0,1). Indeed, passing to logarithms, using that log(l — z) > —(1 + d)z

for z < I_%d and the expression (3.3.34), we find

1og<ﬂﬁ’_ > Zlo (1—1>>_

In particular the series 22021 5]7 < o0 converges since J; = j=7. Furthermore, for every

I < ke N* we have

(3.3.39)

Bz+1

Yup S ug H

i=[+1
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Therefore, by (3.3.34) and (3.3.39) and dominated convergence, for every j € N* the following

limit exists and satisfies the inequality

0 k 0
S < 3 (o 11 557) = 3 (o0 11 557) < B <
1= 1=

i=l+1 i=l+1

In particular we have the estimate, for every j € N*,
Bi—1 w
RZZ (s T 55) < max{l,R?—l“ﬂl}. (3.3.40)

Furthermore, the first supremum on the right hand side of (3.3.38) is finite since we compute,
recalling the expression (3.3.34),

B;—1

k —ug, H =Il+1 B; +1
uﬁl ﬂ4uﬁl
log —— 0
lUl 1= ug,

Bi—1 1
511 <ﬁl 1 log(B; + 1) + log(1 + Yg,) +

5zi . 10g(5l)>

Similarly, the second supremum on the right hand side of (3.3.38) is finite since we compute,
recalling also (3.3.35)-(3.3.36),

k —2ug, H?:Hl %
log n 0, Z 2ug, n

=1 i=l+1

(3.3.41)

Q\»P

k
Bﬁllog ;

We now let & — o0 in (3.3.38) and, by formulas (3.3.39)-(3.3.41) and dominated conver-
gence, we obtain, for a numeric constant ¢* > 0 only depending on the sequences chosen in
(3.3.33)-(3.3.36),

E[1(0° = )| qraxiory| = Jim E[J(57 - eLHWMO,ﬂ)]

i Zz J H‘—L+1 g ;i) (3342)

In particular, thanks to (3.3.40), if R, — 0 then the right hand side of (3.3.42) vanishes
by dominated convergences. In fact, formula (3.3.33)-(3.3.36) and tedious, but elementary,
estimates with geometric series and logarithms allow to further quantify the exponent hitting

R, in (3.3.42), and yield the estimate, for the same numeric constant c*,

R+ if R > 1,

0
E| ] (o o <c* - 3.3.43
(1607 =0 lieaoay | < o 339° REPA DO+ 46 b (g 1] o

Jj=1

In conclusion, we note that the constant Cj introduced in (3.3.32) and featuring in the
definition (3.3.37) of R, is independent of n € (0,1). Therefore we pass to the limit n — 0
and use Proposition 3.2.23 and Fatou’s Lemma in (3.3.43) to obtain an identical estimate for

the solution p° of the original equation. This concludes the proof. O
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We now go back to the the central limit theorem. Applying Proposition 3.3.8 to the
solution p®" of (3.2.12) with the smoothed coefficients ¢", v, ¢" given in Lemma 3.3.4 and

using Markov’s inequality we readily obtain the following.

Corollary 3.3.9. In the setting of Corollary 3.3.7, for every €,n € (0,1) and every § € [0, /),

we have

* o0
P (ess—mf P < 5) =P (ess—sup (5" —0)_ > —5) Z % (1+2a)™

Tx[0,T] Td % [0,T]
where ¢* € (0,00) is a numeric constant and where
Reyy = Co (inf ¢") 72 (€ | Ff oo | F5 o0 + € |5 o).
2(1 + 2/a)? if Re > 1, (3.3.44)
e~ M+ (15 4 1/g)  if R € (0,1),

for a constant Cy = Cy(7T',d, ¢, 0, v, ¢) independent of €, € (0,1).

In turn, Corollary 3.3.7 and the definition of Q%" yield that, for every € € (0,1) and every
n € (0,1) small enough,

Td % [0,T] T x[0,77]

]P’(ess—sup |v€ — 0| O) = P(ess sup |p© — p"| # )
3.3.45
1 (3:3.45

7

(o)) <

In particular we remark that, as we keep 7 € (0,1) fixed and we let € — 0 along the scaling
regime (3.3.11), the right hand side of (3.3.45) vanishes by dominated convergence.

We finally establish our main result.

Theorem 3.3.10 (Central limit theorem in probability). Let pg satisfy Assumption 3.2.1(ii),
i.e. a random positive constant, let (£)e~¢ satisfy Assumption 3.2.4, and let ¢, v, o satisfy
Assumption 3.2.6 and 3.2.8, for some p > 2 and m > 1. For every € > 0, let p¢ be the
stochastic kinetic solution to the generalized Dean—-Kawasaki equation (3.2.2) with initial
data po and let p = po be the solution to the zero noise limit (3.1.2). Let v be the solution to
the Langevin equation (3.1.3) with noise £ = lim,,¢ £¢. Along a scaling regime where € — 0
and £° — £ such that
tim /e (1Pt 1Bl + [l ) =0,

for the nonequilibrium fluctuations we have
v =€ (p°—p) > v in LT .([0,00); HP(T?))) in probability,

for 7 =2 or 7 = oo, for any 8 > % or f>1+ % respectively, with explicit rate of convergence

given in (3.3.47) below.
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Proof. We fix ng € (0,1) small enough. For any a > 0, using formula (3.3.45) and Markov’s

inequality we estimate
P(HUE = 0|70,y H-5(Tay) > Cl)

<P <|v6 — || L7 (fo,17: -8 (1)) > @, ess-sup [v° — v # O)
Td x [0,T7]

+ P v =l T > qa, ess-sup |[v¢ — v =0
< - @oyarsrey) > a ess-sup | | ) (3.3.46)

<P <ess-sup o — v % o) + B (|0 — vl (o ry-scray > @)
T4 x [0,T]

N|=

1
<P <ess-sup [0 — "] 0) 4 2B |07 = ol o ooy |
Td % [0,T] a Y

We keep np fixed and we let ¢ — 0. The first term on the right hand side of (3.3.46)
vanishes because of formula (3.3.45), the scaling regime chosen and dominated convergence.
The second term vanishes because of the scaling regime and Corollary 3.3.7. Since a > 0 is

arbitrary, we conclude that v — v in probability.

To obtain an explicit convergence rate, we consider again the last line of formula (3.3.46).
The constant ¢, defined in (3.3.19) decreases to zero as n — 0, and therefore is eventually
smaller than 42 for any n € (0,n], for a suitable ny which only depends on ¢, the original
coefficients ¢, 7, o and the approximation procedure employed in Lemma 3.3.4. Fixed such an
no € (0,1), we can explicitly compute the constant C' appearing in formula (3.3.10). Indeed,
the constant depends on this fixed 79 only through the original coefficients ¢, v, o and the
approximation procedure used in Lemma 3.3.4. Furthermore, the definition of R, in (3.3.44)
depends on this fixed 7y only through inf (]'57107 and we can require this to be greater than some
positive number, say 43. Applying this reasoning and plugging (3.3.10) and (3.3.45), with
this 7, into the last line of (3.3.46) we obtain, for arbitrary a > 0,

(0" = vl o 11200y > )

e} .
1 € € . e+ (1 4 2/5)1
<C Z 72 (€ 1Ff oo Fs oo + €] F5 o)
j=1

C € € €
+ (€(|F1 oo + |F5leo)” + €| F 3/5) (3.3.47)
2 m m4p—
1+ el Bl 20 (1 B ool + ool )

Oy n(zﬁ)zazf
a 0

nezd k

2
ds,

| e thi - o da
Td

for a constant C' = C (¢, ¢,v,0,T,d, p, 3, p) depending only on the initial data and the original
coefficients, which can be computed explicitly in terms of ¢ = ess-infpy and the constants ¢

featuring in Assumption 3.2.6 and 3.2.8. O
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Part 11

An SDE system for interacting

neurons
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Chapter 4

Introduction

4.1 State of the art and open questions

Grid cells and mathematical models in neuroscience

Grid cells are a particular type of neuron in the brain of mammals discovered in 2005
[HFM™05], see also the review [MMM17, RRMM16]|. These neurons fire at regular intervals as
an animal moves across an area, storing information such as position, direction and velocity,
and thus enabling it to understand its movement in space. In a nutshell, the regular firing
of grid cells creates characteristic activation patterns in the brain cortex, typically hexago-
nal lattices for 2D [CWZ"13, RRMM16] and Face-Centered-Cubic lattices for 3D navigation
[KM19, YU13|, encoding the mapping of the space.

Since their discovery, there has been extensive research to understand the precise behavior
of grid cells (cf. [RRMM16, MMM17, Brell| and the references therein). Mathematically,
their network is commonly described by deterministic continuous attractor-network dynamics
through a system of neural field models [ET10, MBJ*T06, BF09, CWZ" 13|, based on the
seminal papers [WC72, WC73, Ama77] and [PBST96]| (see also the review [BSH18]).

In particular, as the brain is inherently noisy [RD10, ET10, Brel4|, understanding how
the grid cell network is affected by noise is one of the currently open challenges in the field
[RRMM16|. This question has recently been addressed from several directions [Brel9, BF12,
BAC19, KE13, MB20, Toul2, CHS22, CRS23a|.

In this second part of the thesis we study the following SDE system, based on the neuron
network models from [BF09, CWZ"13]| (see also the reviews in [Brel4, BSH18|). Given space
points z1,...,zy € Q in a region () of the neural cortex, we have the interaction among N M
neurons stacked in N columns at locations z; with M neurons each. The activity level u;, (a

quantity of use in neuroscience akin to the firing rate and defined by the following equation)

119



of the k" neuron at location z; evolves according to
dulk(t) T, = O'dWik(t) — dfzk(t)

1 YoM (4.1.1)
+ (—uik(t) + ¢<B(mi,t) + ¥z Z Z K(z; — wj)ujm(t))> dt,

j=1m=1

where £, is a reflecting term (Skorokhod problem) ensuring the activity level stays positive,

as physically meaningful, rigorously defined as the finite variation process

¢
Ca(t) = _‘Eik‘(t)v | () = Jo Lws (r)=0} d‘&k‘(?")-

For simplicity we consider @ = [0, 1]d, but most of the results extend to any bounded open
subset Q < R, for any d > 1. For integers k = 1,..., M, we have i.i.d. families of random
initial conditions {u;;(0)}i=1,. .~ for each space point z; in the cortex Q.

For integers ¢ = 1,...,N and k = 1,..., M, the Brownian motions W;;, possibly cor-
related, represent the noise on the system. The modelling choice of Brownian noise instead
of Poisson is formally justified in [ET10, Brel4| and is essentialy due to the wide variety of
uncorrelated random stimula received by neurons (opening/closing of ion channels, release of
neurotransmitters, asynchronous firing of other neurons etc).

The nonlinear function ¢ : R — R represents the firing rate of neurons in the network,
typically a Lipschitz function like a ReLU function. The external input B : @ x [0,0) — R
and the interaction kernel K : R? — R are only required to be locally bounded functions
and Holder continuous in the x variable. The interaction kernel takes into account the in-
hibitory /excitatory effect on nearby neurons and a typical choice in computational neuro-
science is the Mexican hat function. The typical relaxation times are indicated by 7; and for
simplicity we will take 7, = 1 in this introduction.

In the modelling of grid cells, one often considers families of neurons with orientation
preference 8 = 1,...,d,, typically d, = 4 or 6 for the spatial directions in 2D or 3D navigation
respectively. The above equations extend to a system where the vector w;;, = (u%k, . ,ulﬁk)
tracks the activity level for the various orientations and one can also consider orientation
dependent coefficients B?, ¢?, Wi etc. We use vectorial notation in this exposition but avoid
the index ( for simplicity.

We will sometime refer to the network (4.1.1) as a spatially extended SDE system. Indeed,
it is more accurate to regard (4.1.1) as a collection of N mean field systems with M particles
each, one for each column of neurons, interacting among themselves, rather than a classical
mean field system with M N particles. The main consequence of this dependence on z € @) in
the system is the loss of exchangeability: neurons wu;; are exchangeable in the index k, tracking
the position within the column, but not on the index ¢, tracking the location in the cortex.

This feature reflects into specific scaling regimes between the number N of clusters and the
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number M of neurons per cluster needed to observe coherent effects in the thermodynamic
limit.
We note that the argument of the firing rate ¢ in (4.1.1) can be rewritten as
1
w7 O > K(mi =z ujm(t) = K(z; —y)u fym(t, dy, du),
j=1m=1 QxR

for the empirical measure fx s of the particle system

N M
1
Inwm(t,dy, du) = N 2 Z O(z;u;m(t)) Tegarded as a measure on @ x R%.  (4.1.2)
j=1m=1

Applying Ito formula to the empirical measure and formally passing to the thermodynamic
limit M, N — oo, the probability distribution f of the activity level u € R% at location z
should satisfy the Fokker—Planck equation

Ocf (t,xu)+ Vo - (f(t,x,u) (—u—|—¢(B(m,t)+ K(x —y)vf(t,dy,dv)) ))

QxRetv (4.1.3)

2
= % Auf(tvx7u)a
with the no-flux boundary conditions, coming from the reflecting boundaries at the SDE

level,

flt, z,u) (—u + ¢(B(x7t)+ K(x — y)vf(t,dydv)) ) - %QVuf(t,:mu) =0. (4.1.4)

QxRv u=0

In particular, we remark the meaning of the modelling: at each time t € R, space patterns

Q 3z — f(t,x,u) correspond to the animal’s mapping of the space in the brain. However,

the specific correspondence between points x € @) in the cortex and points in physical space
is not clear yet [BF09, SSS*12].

Similarly, formally passing to the thermodynamic limit in (4.1.1) gives the following

McKean—Vlasov equation

da(z,t) =odW(z,t) — dl(x,t)
1 (4.1.5)
+ —’L_LE(:E,T)+¢<B($,’I")+* K(:L‘—y)vf(t,dy,dv)) dt,
4 QXRdU
where f(t,dz,du) = Law(u(t)) solves the above Fokker—Planck equation and is independent
of e. The parameter ¢, related to the space correlation of the noise, deserves particular care
and is discussed in detail in the next subsection.

In this thesis, the SDE system (4.1.1) is generalized and rewritten in the form

du(t) = b(xi, t, ui(t), fnm(t)) dt + o (@i, t, i (t), fun(t) dWi(t) — dl(t)  (4.1.6)

for general drift and diffusion terms, Lipschitz in the activity level variable u and a-Holder

in the space variable z, depending on the empirical measure (4.1.2) in the form

b(x,t,u, f) = bo(x,t,u) + ¢ <JQ bi(z,y,t,u,v) f(dy,dv)) (4.1.7)

xRdv
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for suitable coefficients by, b1 and nonlinearity ¢, and similarly for o.
Again a formal passage to the thermodynamic limit M, N — o yields the McKean—Vlasov

equation

da‘(x,t) = b(z, t, u(z,t), f(t)) dt + o (@, t,a(x,t), f(t)) AW (z,t) — dl(z, 1), (4.1.8)

and the associated Fokker—Planck equation

O (t, 2, u) +Vy - (b(a:,t,u,f(t))f(t,a:,u)) - %Au (a(:z,t, u,f(t))2f(t,x,u)), (4.1.9)

again with no-flux boundary conditions at u = 0 analogous to (4.1.4).

In this generality the system covers other models for grid cells [AB20, BF12| and, more
broadly, several other network models for interacting neurons [BFFT12, THF12, FTC09,
Toull, CT18|]. In particular, simply removing the noise o = 0, it covers the classical formu-

lation of the Amari model [Ama77, FI15]
vt o) = —u(t.) + | K(a.y) Glult.y) dy
Q

We also mention the growing interest in stochastic versions of continuous neural field equations
(cf. |FI15, Breld, Brell| and the references therein). Many of these are covered by model
(4.1.8) after introducing environmental noise, as discussed later on.

More generally, beyond computational neuroscience, there is increasing interest in these
spatially extended SDE systems analogous to (4.1.6), for example in PDEs on graphs [Fan21,
EPSS21]|, where space locations correspond to nodes of the graph, or stochastic gradient
descent algorithms in machine learning [SS20, GGK22, WPC*20|, where space points track

the sub-batches of data considered for parameter optimization.

The modelling of the noise

The parameter € featuring in (4.1.5) and (4.1.8) deserves particular care and we discuss the
main aspects. First, we stress that we will always keep € > 0 fixed in the following, although
letting ¢ — 0 in the thermodynamic limit can also be explored and we quickly discuss this
below.

The noise W¢(z, t) featuring in (4.1.8) is a suitable mollified rescaled version of space-time
white noise on @ x [0,00). From the modelling point of view, at any discrete step M, N € N
we want each neuron of the network (4.1.6) to be perturbed by a standard Brownian motion
Wig. To formalize this mathematically, we consider a sequence of actual space-time white
noise terms {Wy(z,)}reny in @ x [000). The white noise terms Wy, are taken independent of
each other, but other modelling choices like a constant sequence Wy, = W, essentially resulting

in environmental noise, are possible (cf. the next subsection and Remarks 5.1.3 and 6.1.2).

122



Then, for any € > 0, we define

1y -1
Wi(x,t) = CE €2 (Wi, pe(- — x)) with C,= (J;Rd p(z)zdz> , (4.1.10)

where p. is the standard e-rescaling of a mollifier p : R* — [0, 1] supported in the unitary

ball. Equivalently, Wy : @ x [0, 00) is a Gaussian random field with zero mean and covariance
B Wi OWE (9] = (¢ 5 5) Cye [z = )oulz =) .

Setting Wi (t) := W (x;,t) gives the desired Brownian motions.

The choice of the modelling is dictated by the following considerations. First, we want each
neuron in (4.1.1) to sense noise with a given fixed strength modulated only by o, whereas
considering a mollified white noise W€ := W % p, without the ¥? rescaling would lead to
stronger and stronger noise as € decreases. Similarly, the goal of the noise perturbed network
(4.1.1) introduced in [CCS23] was the recover the diffusion enhanced Fokker—Planck equation
(4.1.3) first proposed in [CHS22|, whereas considering the noise W¢ would give increasing
diffusion e o2

The law f(-,z,du) := Lawc o rpra) (4°(2,-))) of a single ‘McKean-Vlasov particle’ at
location x € @, and thus the Fokker—Planck equation (4.1.9), is independent of the noise
correlation radius € because in (4.1.7)-(4.1.8) the interaction between two neurons u‘(z,t)
and u(y,t) happens only through their law f as single random variables, so that we do not
get a BBGKY hierarchy. Other models, like the stochastic Amari model (4.1.12) below, do
not exhibit this feature and the one particle distribution does depend on the noise correlation.
In fact, the dependence on the correlation radius is recovered as soon as we consider the joint
law f€(x,y, du,dv) = Law(uf(x,-),u(y,)) of two or more particles. For example, this aspect
will be apparent when analyzing the fluctuations of the network (4.1.17)-(4.1.18) and will also
give issues when trying to apply a ‘Dean—Kawasaki approach’ to approximate the system.

Next we discuss fixing € > 0 versus letting e — 0 along a suitable scaling regime as
as M, N — 0. The choice of fixing € > 0 is dictated by the modelling consideration that
closeby neurons x ~ y in the cortex should sense correlated noise, with a typical correlation
radius e. Indeed, the choice (4.1.10) implies that, although constant at microscopic scales,
the strength of the noise on macroscopical scales — i.e. testing with ‘space observables’ of the
form (o, W¢) = SQ o(x) We(x,t) dx — vanishes as the correlation € — 0.

Similarly to what happens for the law of McKean—Vlasov particles, the effect of the cor-
relation radius is not seen at order zero in the mean field limit. As stated in (4.2.1) (cf. the
theorems in Section 4.2), the convergence fysny — f in the mean field limit holds also if we
let € — 0 at the same time.

As anticipated, the effect of € is instead visible when analyzing the fluctuations of the

network (4.1.17)-(4.1.18). Indeed, if we let ¢ — 0 as M, N — oo, the martingale term MM~
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featuring in (4.1.16) vanishes in the limit and the Langevin equation (4.1.17) giving the first
order corrections simply becomes a linear PDE with random initial data 79 (which vanishes
too in case of deterministic initial data, leading to trivial first order correction).

Finally, we briefly discuss the option of considering a mollified white noise W€ := W * p,
not rescaled by the extra factor €?2, ignoring the aforementioned modelling choices. For
brevity we simply consider the effect of letting e = 0 directly in the McKean—Vlasov equation.

For white noise, considering the case (4.1.8) or the stochastic Amari model (4.1.12) below
to fix ideas, even for additive noise ¢ = constant or ¢ a bounded Lipschitz nonlinearity,
the typical drift term considered in neuroscience does not provide enough smoothing for the
stochastic integral to exist in a function space and obtain function valued solutions [DPZ92|,
and we would need to make sense of the nonlinear part of the drift applied to the distributional

solution.
On the other hand, in the specific case of (4.1.5) or the Amari model (4.1.12) with G(u) = u

respectively, with additive noise, this is doable and one has the weak formulation for the
—dfa~

McKean-Vlasov equation u(x,t) € L? (Q x [0,T]; Hy ), for test functions 1,

@ u(t)) = <, u(0)) = L@, —u(s) + ¢ (B(x, s) + E[(u(s) « K)(2)]))ds + o (¢, W), (4.1.11)

or the same with E[(u(s) = K)(z)] replaced by (u(s) * K)(z) respectively.

In this case, considering a suitable scaling regime between M, N — o and ¢ — 0 and
adapting the arguments from Chapter 5, it might actually be possible to prove that the
network (4.1.1) with noise W;y, := W{(x;) converges to the solution of (4.1.11).

Wellposedness, mean field limit and environmental noise.

The wellposedness of the generalized network (4.1.6) is obtained in [CCS23|, adapting classical
arguments for the treatment of reflecting boundary conditions (Skorokhod problem) |LS84,
Szn84b|.

As for the Fokker—Planck equations, systems of the form (4.1.3) are challenging to analyse
because of the non-local nonlinear drift and the nonlinear Robin-like boundary condition, so
that standard well-posedness theory for parabolic equations with smooth initial data does not
apply. The wellposedness of the generalized McKean—Vlasov equation (4.1.8) and Fokker—
Planck PDE (4.1.9), in the weak sense, is instead obtained with a contraction argument in
suitable functional spaces in the work [CCS23] , again adapting the approach from [Szn84b].

For the specific Fokker—Planck equation (4.1.3), wellposedness of classical solutions have
later been proved in [CRS23b|: building on methods developed for other nonlinear Fokker—
Planck PDEs arising in neuroscience, a change of variables transforms the equation into a
Stefan-like free boundary problem for which solutions can be represented via Green functions

and local or global-in-time existence can be probed with explicit estimates.
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Concerning the thermodynamic limit M, N — o0, as already mentioned, it is more accurate
to regard the spatially extended network (4.1.1) as a collection of N mean field systems with
M particles each, one for each column of neurons, interacting among themselves, rather
than a classical mean field system with M N particles. This feature makes particles u;; not
exchangeable in the index 4 for space location z € @ and in turn reflects into the specific
scaling regimes between the number N of clusters and the number M of neurons per clusters
needed to observe coherent effects(cf. the statements in Section 4.2).

The passage to the mean field limit is rigorously proved in [CCS23|: the network (4.1.6)
converges to the McKean—Vlasov SDE (4.1.8) and its empirical measure converges to the
solution of the Fokker—Planck PDE (4.1.9).

Finally, we note that from the modelling point of view it makes sense that neurons in the
same cluster also sense similar noise, possibly besides their own specific noise, and this similar
noise adds a coherent stochastic term at the PDE level. There is indeed growing interest in
considering stochastic versions of continuous neural field equations (cf. [FI15, Brel4, Brell]

and the references therein), for example stochastic Amari models

du(x,t) = <—u(x, t) + fQ K(z,y)G(u(y,t)) dy) dt + 0(x,u(x,t)) dé(z,t), (4.1.12)

where £ is a suitable cylindrical Wiener process in @ x [0, o), studied in [FI15, KT19, KR14].
Stochastic PDEs of this kind essentially arise as mean field limit of networks subjected to
common noise and we quickly discuss this. Consider for example the following network, akin

to (4.1.6) and further subjected to environmental noise,

duip(t) = bz, t, uik(t), fun) dt + o dWig(t) + 0(xi, wig(t)) dé(z4,t), (4.1.13)

where for simplicity we removed the reflecting term ¢;;, and where &(x, t) is the above Wiener

process (or a suitable regularization). Following classical arguments [CF16], the empirical

Fr ]

measure conditioned with respect to the noise £

~ 1 N M
fMN =E 'W Zlhz 5(zi,uih)
i=1h=1

formally solves the stochastic Fokker—Planck

0 (1w, u) + V- (b, b, F(8) it 2,0) )

- %Au(((ﬂ + 0, u)?)F (2, u)) — V- (0w Flt, 2, (2, 1))

and converges, in the M, N — oo limit, to the conditional law f = Lawgpa (u(ac, t) |.7-"f) of the
McKean—Vlasov SDE

du(z,t) = b(z, t,u(z,t), f)dt + o dW(x,t) + 0(z,u(x,t)) dé(z, t).
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In particular, taking o = 0 and b(z,t,u, f) == —u + SQXR K(z,y) G(v) f(dy, dv) recovers the
Amari model (4.1.12). Extensions with common noise depending also on the activity level
u € R are of course possible and implemented simply by replacing the last term in (4.1.13) with
cylindrical expansions in @ x R x [0,0) like Y772 6;(;, ui) & (i, t) for suitable sequences 6;
and &;.

Long time behavior and phase transition.

We remark that space patterns Q 3 x — f(¢,z,u) in the distribution of activity levels cor-
respond to mapping of space in the mammal’s brain. Stationary states are therefore of rel-
evant importance, where space homogeneous ones correspond to complete absence of any
understanding of space navigation. Intuitively, we expect these space homogeneous states to
become more and more attractive as the noise strength ¢ increases.

For the discrete network (4.1.1), under suitable assumptions on the coefficients and es-
sentially regardless of the noise strength o > 0, one obtains existence and uniqueness of
stationary states by solving the associated linear Fokker—Planck equation. Furthermore, one
can often prove convergence to equilibrium as t — 00. For example, in the simplest case where
|o|Lipll K |0 < 1, the evolution semigroup p — P;* 1 associated to (4.1.1) is readily seen be an
exponential contraction in Wasserstein 2 distance.

In the continuum limit, where the Fokker—Planck equation is nonlinear, the situation is
more complex. The long time behavior of (4.1.3) has been investigated in the series of papers
[CHS22, CRS23a, CRS23b|.

Considering the the 1D case for simplicity (no preferred neuron orientations), under the as-
sumption of constant external input B, setting the left hand side of (4.1.3) to zero, integrating

in v and using the no-flux boundary conditions (4.1.4), the stationary states satisfy

00uf(z,u) = —(u— (K = f(x) + B)) f(z,u),

where we denoted the average activity level
B +00
f(z) :=J uf(z,u)du.
0
Therefore the stationary states must solve
1 (_(u—@(K*f(:z:)—i—B)F)

flaw) = 7 e .

(4.1.14)

for the normalization

- (_ (u—®(K * f(z) + B))2> du.

Zy = meaS(Q)J 5

0
Under suitable assumptions on the coefficients, in [CHS22| they prove existence and

uniqueness of space homogeneous stationary states for any noise strength ¢ > 0 and that
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these states are linearly asymptotically stable for noise strong enough depending on the co-
efficients. As o decreases, multiple continuous bifurcations of other stationary states arise
from the space homogeneous branch and their form is characterized locally in [CRS23al. Fi-
nally, under suitable assumptions, in [CRS23b| the above linear stability is upgraded to full
asymptotic stability for any stationary state.

Numerical simulations from [CHS22, CRS23a] confirm the analytical results and high-
light new phenomena. There is numerical evidence that the PDE admits the characteristic
hexagonal-pattern stationary states, more and more blurred as the noise increases, besides
the always present space homogeneous states. The space homogeneous states eventually lose
asymptotic stability as the noise o decreases. Both continuous and discontinuous phase transi-
tion away from the homogeneous state are observed: stationary states continuously bifurcating
from the homogeneous one (as demonstrated analytically) do not feature hexagonal patterns
(as indeed expected from heuristic arguments), while hexagonal-pattern steady states arise
discontinuously as the noise o decreases, giving rise to hysteresis.

Open question. A full characterization of stationary states to (4.1.3) is not available
beyond the fixed point problem (4.1.14). Moreover, the commutation of the thermodynamic
limit M, N — o and the long-time ¢ — oo limit is not clear. One might expect the absence
of phase transition at the continuum level to be related to propagation of chaos uniformly in
time for the particle system (cf. the results for classical particle systems e.g. with gradient
structure [DGPS23, CD22|). In particular, analyzing the thermodynamic limit of the discrete
network’s steady states could shed light on the picture at the PDE level and the bifurcation

phenomena.

Fluctuations, large deviations and ‘Dean—Kawasaki framework’.

The aforementioned mean field limit (cf. Section 4.2) yields the formal expansion, as elements

of 2(Q x R%),

1 1
fMN:f+O<\/M+Na/d> as M, N — o0. (4.1.15)

The effect of the noise at the particle level, beyond the simple diffusion, has been ana-
lyzed in [Cli23a]. The rescaled fluctuations nM¥ := /M (fyn — f) admit a semimartingale

decomposition
W =N+ [ £ TN+ 21, (1116
and in the thermodynamic limit they converge to the solution of the Langevin SPDE
t
= m+ | AT+ G (1.1.17)

where the operator Z(f, f)* is essentially the adjoint of the linearization of the generator

of the McKean-Vlasov SDE around the mean field limit f, and 7y and Gj are a suitable
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Gaussian r.v. and Gaussian process, uniquely characterized by their covariance and quadratic
variation respectively.

In the spirit of (4.1.15), this yields the first order expansion, in the sense of distributions,

fun = f+ —Lm +o (Nﬁ Nw) as M,N — o0 and VMN " -0, (4118

where we remind that the specific scaling regime between M and N is due to the ‘spatial
structure’ of the network.

Open question. As already mentioned in Section 1.1 when discussing the small noise
fluctuations of the Dean—Kawasaki equation, we point out the recent advances on higher
order corrections to the empirical measure , of particle systems in the thermodynamic limit,
beyond the first order Gaussian fluctuations [HCR23, CS21, ACR21|. In the same spirit of

(4.1.18), these give an expansion in the number n of particles

K
n= Z pF =2 4o (n*Kh) ,

k=0
where u(k) are solutions to a recursive set of Langevin equations. It would be interesting to
develop the same framework for spatially dependent SDE systems (4.1.2).
The noise induced rare events in the neuron network can also be studied. Considering
additive noise for simplicity, the ‘weak approach to large deviations’ developed in [BDF12]

allows to formally identify the following large deviation principle for the empirical measure

fun € C0, T]; P(Q x RY)) of (4.1.6):

IP)(fjw]\/:g):e_ﬂlz(g) as M,N—)(X), \/MN_%HO,

for the rate function
I(g) = mf{ J J |w(z,t)|*dz dt : the McKean-Vlasov SDE

dac(x,t) = b(x,t,a%, g(t))dt + o dW*e(x, ) (4.1.19)

+ aCée%pE*w(x, t)dt — dlf(z, t)

is such that g(¢,z,du) = Law(ﬂ(m,t))},

where w e L2(2 x Q x [0,T7]) varies over all the possible stochastic bases Q supporting such
a ‘controlled” McKean—Vlasov SDE. That is, the cost of a given profile g deviating from the
mean field limit f is (the exponential of the infimum of) the L? energy of a stochastic drift w
forcing the profile g instead of f.

Open question. As in Section 1.1, we mention again the connection between large
deviation principles and stationary or metastable states. In particular, because of their mod-

elling relevance, in the concrete case (4.1.3) it would be worth investigating whether these
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can furnish a selection criterion for the aforementioned multiple steady states or characterize
metastability.

In conclusion, we discuss the difficulties in applying a ‘Dean—Kawasaki framework’ as
discussed in Chapter 1: that is finding a suitable stochastic PDE enclosing all the information
(4.1.18)-(4.1.19) gathered on the system (4.1.6), whose solution pps captures the fluctuations

1 1 _a
fMN:pM‘i‘O(\/M—FJVQ) asM,N—>ooandeN d—>0,

d

and exhibits the same large deviations of the network in the small noise limit.

As already discussed in (1.1.12)-(1.1.13) in Section 1.1, the naive approximation fy/y =~
f+ ﬁne furnished by the fluctuation analysis (4.1.18) would miss the rare events (4.1.19)
of the network.

On the other hand, the large deviation principle as conjectured formally in (4.1.19) does
not seem to immediately suggest a suitable stochastic PDE exhibiting the same rare events.
Indeed, extracting a Fokker—Planck equation for the test profile g from the controlled McKean—
Vlasov equation in (4.1.19) involves in principle the joint law of the controlled McKean—Vlasov
particle u and the control w. In this sense, it would be worth trying to express a large deviation
principle via the classical approach by Dawson and Gértner [DG87].

Finally, Dean’s trick (1.1.2)-(1.1.3) — i.e. replacing the martingale term in Ito formula for
the empirical measure — does not seem to help either because of the nonzero space correlation
€ > 0 retained in the thermodynamic limit. Namely, one would conjecture the following
stochastic Fokker—Planck

o (t, x,u) + Vi (b(x, tyu, par(t)) pas(t, o, u))
o? 1
= ?AupM(t,x,u) - \/—Mvu . (a Vom(t, x,u) §€(t,m,u)),
where the noise £€ is white in the time ¢ and the activity level u, and has the same rescaling
and mollification as in (4.1.10) in the x variable. However, regardless of rare events, in this
case we have problems with the fluctuations. Indeed a formal computation shows that the

fluctuations of the solution v M (pps — f) in the small noise limit M — oo converge to a
Langevin SPDE

dij; = Zi(f, f)* el dt + G,
with a Gaussian process G different (different quadratic variation) from the process G§ fea-
turing in (4.1.17).
Numerical aspects

We finally quickly discuss simulations and numerical aspects. In general, numerical sim-

ulations of neural networks and continuous neural fields are widespread. We refer to the
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monographs [Izh07, GKNP14] for an overview of the models and related references and to the
reviews [GMM11, RRMM16]| specifically for grid cells.

The network (4.1.1) has been simulated e.g. in [BF09, CWZ*13, MBJ*06], giving numeri-
cal evidence that the model is indeed able to reproduce the characteristic hexagonal activation
patterns observed in the mammalian brain cortex.

In the presence of noise, the Fokker—Planck equation (4.1.3) and its long time behavior
have been studied numerically in [CHS22, CRS23a]. As discussed in the subsection on the
long time behavior, the simulations confirm the analytical results available and highlight a
whole range of new phenomena, such as continuous and discontinuous phase transition, yet
to be rigorously understood.

Open question. As regards simulations of the noisy neuron network (4.1.1), variance re-
duction techniques are crucial for rare event sensitive observables. In particular, there has been
recent advances in importance sampling techniques for SDE systems [dRST23, RHAPT22b,
RHAPT22a] and it would be worth extending these to the spatially extended case.

4.2 The contribution of this thesis

4.2.1 Chapter 5: wellposedness and mean field limit

The main contribution of Chapter 5 is to establish the well-posedness framework for the
particle system (4.1.6), the McKean—Vlasov SDE (4.1.8) and Fokker-Planck PDE (4.1.9),
and to rigorously prove the mean field limit as discussed previously.

The approach is essentially an adaptation of Sznitman’s coupling method [Szn91], account-
ing for the reflecting boundary conditions [Szn84b, Szn84a| and most importantly for the lack
of exchangeability of particles due to the spatial dependence of the SDE system (4.1.6). For
the convergence of the empirical measure in the mean field limit we also use optimal results
for the approximation of empirical measures by i.i.d. samples obtained in [FG13].

The results are summarized in the following two theorems.

Theorem (Theorems 5.2.3, 5.2.4 and 5.2.5). Consider coefficients b,o Lipschitz in u €
R% and a-Holder in € Q. There exists a pathwise unique solution of the SDE system
(4.1.6). For any initial data fy € CY(Q;P5(R%)), there exists a unique weak solution
feC(Q; P25 (C([0,T];R™))) of the Fokker-Planck PDE (4.1.9). For any correlation ra-
dius € > 0 and for initial data u(-,0) € C%(Q; L?(£2)), there exists a pathwise unique solution
uc € C*(Q; L*(Q; C([0,T]; R™))) of the McKean—Vlasov equation (4.1.8) with colored noise
We¢. Furthermore, the single particle law f(-,z,du) := Lawg([o rpra) (4€(2,-))) is indepen-

dent of € > 0 and is uniquely characterized as the solution of the Fokker—Planck PDE.
Theorem (Theorems 5.2.6 and 5.2.7). Under the same assumptions, we have the follow-
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ing estimate for the difference between the network (4.1.6), with N clusters at locations
Z1,...,xN € Q with M neurons each, and the ‘McKean—Vlasov neurons’ (4.1.8) at those

locations z;

1/2
_ 1 1 1/2
E| sup |u$(r) — aS.(r))? <Ct< a—l—) 1 + supE [|ug(z,0)|? ,
s [ () — >|] 5 ) (1 s e 0]

foranyi=1,...,N,k=1,...,M and t € [0,T], where C = C(T,b, 0, [u(-,0)]s) and [u(-,0)]q
denotes the Holder seminorm of the initial data.

Furthermore, as M, N — o0, and possibly but not necessarily as ¢ — 0, the empirical
measure (4.1.2) of the network converges to the solutions of the Fokker-Planck equation

(4.1.9) with the following rate

1
N

sup B [Wa(@ x R*) (00 £0)] < € (

1
te[0,T] M3  Mi

e

for any T' > 0, for a constant C' = C(T', b, o, u(-,0), Q).

We remark that the decay rate (1/N% + 1/M%) instead of the usual 1/(MN)"2, as typically
expected for M N particles, is due to the spatial dependence of the SDE system (4.1.6) and
the lack of exchangeability. The same phenomenon yields the rate (4.2.1), which is in general
optimal [FG13], and the specific scaling regime between M and N needed to observe nontrivial

fluctuations discussed below.

4.2.2 Chapter 6: fluctuations in the large number of particles limit

The main contribution of Chapter 6, containing the work [Cli23a], is to analyze the fluctuations
of the generalized neuron network (4.1.6) in the thermodynamic limit as sketched in the

discussion (4.1.15)-(4.1.18).

The results are summarized in the following theorem.

Theorem (Theorem 6.3.12). Fix a correlation radius for the noise ¢ > 0, along a scaling
regime M, N — oo such that v/ MN~%% — 0, where « is the Holder spatial regularity of the
coefficients, the fluctuations nMY = /M (fayn — f) of the empirical measure fysn of the
particle system (4.1.6) around the deterministic limit f, that is the solution of the Fokker—
Planck equation (4.1.9), satisfy

nMN ¢ inlaw in C ([0, T]; H).

Here H is a suitable Hilbert space of distributions on @ x R% and 7§ is the unique solution

of the Langevin SDPE

t
7 =m0+ L L(f F)* [ dr + G
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where the operator Z(f, f)* is essentially the adjoint of the linearization of the generator of
the McKean-Vlasov SDE (4.1.8) around the mean field limit f, and ny and G§ are suitable
Gaussian r.v. and process, uniquely characterized by their covariance and quadratic variation

respectively.

The methods adopted are deeply based on the approach to fluctuations put forward in Fer-
nandez and Méléard [FM97]|, Bezandry, Ferland, Fernique and Giroux [BFG93, FFG92| and
Hitsuda and Mitoma [HMS86|. Our situation presents additional difficulties: unboundedness
of the coefficients, the reflecting boundary conditions and of course the ‘space extension’,
i.e. interaction between different mean-field families of coupled neurons across the cortex,
ultimately resulting in the lack of exchangeability.

The fluctuations nMY = /M (farn — f) are random signed measures in the path space
over Q x R%. A first problem is to find a distribution space C ([0, T]; H) in which both n¥
and its limit belong, where H is essentially a vector valued Sobolev space taking values in
another weighted Sobolev space of functions satisfying suitable no-flux boundary conditions.

The strategy then revolves around the semimartingale equation (4.1.16) satisfied by nM*.
Suitable estimates on 7" and its martingale part, in different nested distribution spaces, are
obtained with martingale arguments. These estimates are then translated into tightness in
path space of the processes involved thanks to compact embeddings of the above distribution
spaces and to Aldous-like criteria.

A fine analysis based on Sznitman’s coupling method [Szn84a| shows that the quadratic
variation of the martingale term MM?¥ is converging to a deterministic limit, thus uniquely
identifying a limiting Gaussian process G§. An adaptation of the classical Lévy central limit
theorem proves the convergence of the initial data 17(])\/[ N We conclude passing to the limit in

equation (4.1.16) and using the well-posedness of the Langevin SPDE (4.1.17).
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Chapter 5

Wellposedness and mean field limit

5.1 Introduction

The discovery of a type of neurons in the brain named grid cells in 2005 [HFM™105] led to
a breakthrough in the understanding of the navigational system in mammalian brains, see
[MMM17] for an extensive review. These neurons fire as an animal moves around in an open
area, enabling the animal to understand its position in space. The grid cell network has
commonly been described by deterministic continuous attractor network dynamics through
a system of neural field models [ET10, MBJ06, BF09, CWZ*13], which are based on the
classical papers [WC72, WCT73, Ama77|. The models can fairly accurately predict what can
be observed in experiments. However, the question of how the grid cell network is affected by

noise, posed as a challenge in [RRMM16], has been left open.

In [BF12| fundamental limits on how information dissipates in attractor networks of noisy
neurons were derived. A different direction pursuing further understanding of the effect of
noise on grid cell networks was made in [CHS22| by studying a system of Fokker—Planck-like
partial differential equations (PDEs). The system of PDEs was derived by adding noise to
the attractor network models in [BF09, CWZ*13] and formally taking the mean field limit.
In the present work this limit is rigorously proved. In addition, we derive the limit for more
general noise terms, which covers the models considered in [BF12, AB20].

The mean field limit of interacting particle systems has lately received lots of attention in
mathematical biology [BCnC11, FI15, CS18|, see [JW17| for a survey. The closest result to
the analysis presented in this work, shows the mean field limit of a stochastic delayed set of
interacting neurons |[Toul2]. The system of stochastic differential equations (SDEs) describ-
ing interacting grid cells in this work introduces different challenges: boundary conditions
imposing positivity of the activity level of the neurons, non-linearity of the firing rate, and
coupling between different families of neurons.

The neural model under consideration, which is based on the model in [BF09|, can be
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described as follows. Given space points x1,...,xny € @ in a region ) of the neural cortex,
we will consider the following model for the interaction among NM neurons stacked in N
columns at locations x; with M neurons each, where ufk represents the activity level with

orientation § of the k" neuron at location z;:

U (07 =7 u (0) + o WL() = £,(1)
+ 5 1 4 N M
+ J —up, (r) + ¢( B (x;,7) + K (z; — zj)ul,, (r) ) dr, (5.1.1a)
(o (e iy R R S i)
1
Gty = — )0, @) = fo Lt oyl ) for B=1,2,3,4. (5.1.1b)

For simplicity, we consider @ = [0,1]¢. The results in this work are easily extended to any
bounded open subset @ < R¢, for any d > 1. Here, for integers k = 1,..., M, we have i.i.d.
families of random initial conditions {w;;(0)};—1,. n for each space point z; in the cortex
Q. Moreover, for integers ¢ = 1,...,N and k = 1,..., M, we have 4-dimensional Brownian

motions (Wzi)5:1,273’4, which can also be correlated.

The nonlinear function ¢ : R — R, representing the firing rate of neurons in the network,
is globally Lipschitz, whereas the external inputs B? : Q x R — R and the interaction kernels
KB :R¥ — R for § = 1,2,3,4 are only required to be locally bounded functions and a-
Holder continuous in the z variable for some a € (0,1]. The interaction kernels takes into
account the inhibitory /excitatory effect on nearby neurons. A typical choice of the interaction
kernel in computational neuroscience [BF09] is given by the so-called Mexican hat function.

B B

The relaxation times 7;" satisfy the condition 0 < inf; g Tiﬁ <sup; g7; < 400,

Finally, for each 4, k and 3, the term E?k is a finite variation process defined by (5.1.1b)
which prevents the activity level ufk from taking negative values. Namely, as we can see in
its definition, at each time ¢ this process equals the opposite of its total variation Efk(t) =
—|€fk|(t). In turn, the total variation stays constant when uzﬁk > 0 and it increases in the form
|€Zﬁk|(t) = Sé 1{ufk(r):0}d|€iﬁk|(T) when ufk =0, so as to push ufk away from zero which is being
dragged by the other terms at the right hand side of (5.1.1a). The introduction of such terms
and constraints is therefore known as imposing reflecting boundary conditions and ffk is called
a reflection term. The existence and uniqueness of such a term need of course to be proved
and this process is often referred to as the Skorokhod problem. Precise details concerning the

well-posedness and the construction of the reflection term in our setting are all presented in

the seminal papers [L.S84, Szn84b| by Lions and Sznitman.
Going back to (5.1.1a), we notice that the argument of ¢ in (5.1.1a) can be rewritten as
| 4 N M 1 4
7 0 2 K)o s )
~=1j=1m=1 QxR = 41
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by considering the empirical measure associated to these particles, that is

v (r, dy, du) = Z Z (¢jum(r)) Tegarded as a measure on @ x R*. (5.1.2)
j 1m=1

Concerning the initial conditions and the form of the noise term in (5.1.1a), from a mod-
elling point of view it is reasonable to assume that, for £ € N, we have i.i.d. families of initial
conditions (uk(x,O))IEQ for each space point x in the cortex (). Similarly, we assume that,
for k € N, we have independent 4-dimensional space-time white noise terms (Wk (, t)) 020"
Naively, W,f (z,t) is a centered Gaussian random field indexed by ke N, § =1,2,3,4, x € Q

and ¢ € [0, 00) with covariance

E [W;f(w, HWy (v, S)] = (t A 8)do(k — h) 6o (8 —7) oz — y)- (5.1.3)

Then we can just choose points zi,...,zy € @ and set u;(0) = ug(z;,0) and Wig(t) =
Wi (x;,t). As long as we work in a countable setting, this naive construction can be made
rigorous upon taking a suitable modification of the W;;’s via the Kolmogorov continuity
theorem. We also point out that the way we choose the cloud of points x1,...xnx € Q is not
that important if we are only concerned with the discrete model for fixed M and N. However,
to get a nice limiting behaviour as N, M — o0, it is useful to take these points to be the nodes

of a grid of ) whose mesh tends to zero. Precise details on this are given in Section 5.5.

Remark 5.1.1. One should not expect the initial data (ug(x,0))zeq to be independent for
different values of z, nor to be equidistributed. Indeed, from the point of view of modelling
in neuroscience, ug(x,0) should be close to ug(y,0) for z close to y. This fact will have
consequences both on the exchangeability properties of the particles u;;, which are expected
to be exchangeable in the index k£ only, and on the rate of convergence towards the limiting
behavior.

As we let M, N — oo the limiting behaviour should be described by independent copies,
in the column index k, of solutions to an associated mean field McKean—Vlasov equation.

Namely, the activity level of any neuron located at a point x € () should satisfy an equation
like

ﬂﬁ(x,t)Tﬁ(m) = T'B(x)uﬁ(gm()) + UWﬁ(x t) — 56( t)
) +L (uﬁ(x r)JrgZ)(Bﬁ x,r) 4112 QX[;Z x —y)u f(r, y,du)dy)> dr, (5.1.4)
gﬁ(x t 7|€ﬂ ’(t)a wﬂ(l‘a )’(t) = L 1{113($,T):0}d|gﬂ(xa )’(7’) for ﬁ = 17 27 3a4a

where we have set f(t,y, du) := Lawga(t(y,t)) considered as a measure on R* depending on
t € [0,00) and y € Q. Notice that in turn this induces a probability measure f(¢,dz,du) on
Q x R* defined by integration as

J o(z,u) f(t,de, du) = f J o(z,u) f(t,z,du) dx for any ¢ € Cy(Q x R*). (5.1.5)
QxR4 Q Jr4
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For each fixed 2 € Q and § = 1,2, 3, 4, the finite variation process £°(x, ) is again the reflection
term coming from the Skorokhod problem (see the explanation after equation (5.1.1)) and it
ensures that @”(z,t) = 0 for every z, t and . We refer the reader to [Szn84b] for the details

about such a process in the context of a classical McKean—Vlasov equation.

Remark 5.1.2. The McKean—Vlasov equation (5.1.4) suffers from a major technical issue.
Indeed, formula (5.1.3) does define an R-valued Gaussian random field. However, it is well-
known that such a random field cannot be jointly measurable in the x variable and the sample
w. This reflects into lack of z-measurability of the particles @” (z,t) and, in turn, into that
of the law f(¢,x, du), which we need to be Lebesgue integrable. In this work, we resolve this
issue by considering e-correlated noise.

Another approach, coming from the theory of mean field games, is to address the issue
by introducing a “Fubini extension” of the product probability space @ x €2. We refer the
reader to [ACL21| and the references therein. However, this approach did not seem to fit
our modelling purposes. It allows to regain the z-measurability only with respect to a bigger
o-algebra, strictly containing the Lebesgue measurable sets. In turn, the space integral in
(5.1.4) would not be taken with respect to the Lebesgue measure, but instead with respect to

some exotic extension of this.

A formal application of the It6 formula shows that f, the joint distribution of the activity

levels ©? in the four directions 3, satisfies the nonlinear Fokker—Planck equation

2 4
o
Ot f(t, @, u) ?Z )2 uﬁuﬁf(tmu)

b

in the weak sense, with initial condition f(0,z,du) = Lawga(u(z,0)) and subjected to the

(5.1.6)

( ft z,u) B+¢(Bﬁ(x’t)+ii K”(m—y)v”f(t,%dv)dy))),

1 QXR4

no-flux boundary conditions, for 8 = 1,2, 3,4,

4 2
¢(B’8($c,t)+ - K (x — y)v’yf(uy,dv)dy)f(t,x,u) — 027_ﬂ1(x)8iﬂf(t,x,u)

=0,
4 =1 QxR4

uP =0

which come from the reflecting boundary conditions at the SDE level.

Remark 5.1.3. It is worth pointing out that equation (5.1.6) would arise as the law of u(z,t)
even if we set W(x,t) = By for every x € @ for a single Brownian motion By, that is if all
the particles were affected by the same noise. The same holds for many other choices of
W (z,t), and follows immediately from the It6 formula: the effect of the term W (z,t) is only
to generate diffusion in the w variable, for fixed x. The choice of noise to consider in (5.1.1a)

and (5.1.4) is therefore dictated by modelling purposes only.

Remark 5.1.4. We notice that for each 8 = 1,2,3,4, integrating equation (5.1.6) in R3

over the remaining variables u” for v # 8 and exploiting the boundary conditions, we get the
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equation satisfied by the marginal distribution f?(r,y,du®) = Lawg(@®(y,r)). Namely, we

obtain
2 62 B
ufP ) = G s e (tan?)
1 (5.1.7)
_Mauﬁéﬁ(txauﬁ)( B-Hb(Bﬂ (x,t)+ Z Q.g; x =y (¢, vy, dv”)dy)))

In particular, we stress the fact that each marginal f# satisfies an equation involving only
the other marginals f7, and not the full joint distribution f. On the other hand, if we sum
equation (5.1.7) over 5 = 1,2, 3,4, then we get back equation (5.1.6) above for the decoupled
distribution f := H%Zlfﬁ. Thus equation (5.1.6) and the system of equations (5.1.7) for
B8 = 1,2,3,4 are completely equivalent, at least for decoupled initial data fy = H%Zl foﬁ .
Finally, Theorem 5.2.5 below asserts we have existence and uniqueness for equation (5.1.6).
The previous argument then shows that, if we start with decoupled initial data, this structure
is preserved: the corresponding solution satisfies f(¢) = Ilgzf?(t) for all + > 0. Notice that
(5.1.7) is the model formally introduced in [CHS22].

The structure of the work is as follows. The next section introduces the notation and the
setting needed for the results. We finish the section by stating the main theorems concerning
the mean field limit of (5.1.1) and its extensions. Sections 5.3 and 5.4 focus on the existence
and uniqueness of the particle systems, and the associated McKean—Vlasov equations and
Fokker—Planck type PDEs. The main core of this work is found in Section 5.5, where we
rigorously prove the mean field limit. Section 5.6 adapts previous results on empirical measure
error estimates [FG13| to the present setting to provide rates of convergence for the associated

empirical measure.

5.2 Preliminaries and main results

5.2.1 Hypotheses and notation

In this section we introduce the hypotheses we assume for our problem. First, we point out

that the results presented extend to the more general particle system

wan(t) = uin (0) + fobm, ruik(r), e () dr

+ J o (@i, rywin(r), fna (1)) dWin(r) — Lig(), (5.2.1)

0

t
0 = =110, 110 = | 150G for 8= 12,3,

for N columns of M neurons each, located at z1,...,xy, with general drift term b and dif-

fusion term o. Here fy ar(r, dy, du) is again the empirical measure associated to the particles

137



(5.2.1), given by (5.1.2). As before, ffk is the the reflection term coming from the Skorokhod
problem [LS84] forcing ul’gk (t) = 0 for every t = 0.

The precise details on the shape and hypotheses on b and o are given here below and they
are simply deduced from the properties of the concrete model (5.1.1).

Let 2(Q x R*) denote the set of probability measures on Q x R*, for 8 = 1,2,3,4 we
assume that bg, o5 : @ x Rt x R* x 2(Q x R*) — R take the forms

bg(z,r,u, f) = bg(a:,r, u) + P, (JQ iy bf(x,y,r,u, v) f(dy,dv)) , (5.2.2)
ool f) = e +on, ([ oflen o) fdya)). (5.2

Having in mind the concrete model (5.1.1a), we suppose b’B,O'O Q xR x R* > R are
measurable, locally bounded, Lipschitz in « € R* uniformly in z,7 € Q x R*, and a-Hélder

in 2 € Q uniformly in u,r € R* x RT. That is

’bg(x,r,u)—bﬂ(ac ru' ‘4—}00 :Uru)—agx r)| <L (lo =%+ ju—d]), (5.2.4)
|bﬁmru’+|00 (z,r,u)| < C(1+ Ju]), (5.2.5)

for all , 2, u,u’,r € Q% x (R4)2 x R*, for suitable constants L and C. Furthermore we take
the functions ¢p,, @5, : R — R to be globally Lipschitz functions, and thus with sublinear
growth. Similarly, the mappings bf , af 1Q x Q x Rt x R* x R* — R are measurable, locally
bounded, Lipschitz in w,v € R* uniformly in z,y,r € Q> x RT, and a-Hoélder in z,y € Q

uniformly in u,v,r € (R4)2 x R*. That is,

107 (2, y, 7,y 0) — 0 (2, y, 7,0, o)
+|ot (@, y,mu,0) — of (z,y, 70 o N<L(lz—=a/ 1+ ly—y|*+|u—u|+v=21), (526)

|b my,ruv‘%—}q (z,y,r,u,v)| < C(1+ Ju| + |v]), (5.2.7)
for all z,y, 2, vy, u,v,u, v, re Q* x (R4)4 x R*, for suitable constants L and C.

Remark 5.2.1. With the notation just introduced, the starting model (5.1.1a) is recovered
by setting

()P (x, 7, u, f) = —u’ +¢ (Bﬁ(x T Z K7 (z — )u”f(dy,du)) , P (x)o(z,ru, f)=0o

Y QxR

We now consider the limiting McKean—Vlasov system. Taking into account the measura-
bility issues pointed out in Remark 5.1.2, we consider instead equation (5.1.4) with a suitably
rescaled e-correlated noise, for some € > 0. In the setting of the general particle system (5.2.1),
the equation reads:

(2, 1) :u(x,O)—l—J b(x,r,ﬂe(x,r),f(r))dr+J o (7, T (2,7), £(r)) AW (@, 1) — Uz, 1),
0 0 (5.2.8)

¢
0Pz, t) = —|0P(z,)|(t), |P(x,)|(t) = fo L{(a)8 (2,r)=0} d|eP(z,)|(r) for B =1,2,3,4,
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where f(r,y,du) = Lawga(a€(y,r)) is viewed as a measure on R*, and f(r) = f(r,dz, du) the
induced probability measure defined by (5.1.5) on @ x R*. Similarly, the reflection term /(z, t)
still ensures (€)% (z,t) = 0 for each z, ¢t and 3 (see again [Szn84b|). Here W€ : Q x R x R* —
R* is a 4-dimensional Gaussian random field with independent components 8 = 1,2, 3, 4, zero
mean and covariance

—1

E[WP(z, )W (y,s)]=(t A 5) C, edJ p(z)QdZ) , (5.2.9)

R

pe(z — 2)pe(z —y)dz, for C, = (J
d R

d

where p : RY — [0,1] is a radial mollifier supported in the unitary ball, and p. the e-rescaled
version. Such a process W can for example be obtained by convolution and rescaling from
a “mathematically rigorous” space-time white noise (see e.g. [DPZ92]). That is, a distribution
valued process W : Q x RT — &'(R?) such that, for ¢ € S(R?), the processes (W;, ) are

jointly Gaussian with covariance

E (W ) (W )] = (£ 1 5) fRd o(2) (2) dz.

Then, for 8 = 1,2, 3,4 and independent copies of such a white noise, one defines

WeB(z,t) = C2 €2 (W, pe(- — @) (5.2.10)

For future reference, we highlight some of the properties of W€. First, from (5.2.9) we have
that E[We8 (z, )W (z,5)] = do(B — )t A s. Thus, for fixed z, the process t —> W€(x, 1) is

a 4-dimensional Brownian motion. Similarly, from sup(p) < B(0, 1) it follows that
E Wz, t)W(y,s)] =0 if |z —y| > 2e.

Hence the processes W€(x,t) and W¢(y,t) are independent for |« — y| > 2¢. Furthermore,

using (5.2.9) one computes
E[IW(e,t) = Wiy, 5)*]| < CE[IW (. 8) = W*(a, ) + [W(w,5) = Wy, 5)]’]

<C <|t — 5| +5C, e fRd (pe(z — ) — pe(z —y))? dz)

2
<c<u-g+”2m>,
€

for a constant C = C(p). Similar estimates hold for any higher moment p > 2 and the
Kolmogorov continuity theorem ensures the existence of a suitable modification of W€ with
continuous trajectories in both x and t. In particular, we have that W€ is jointly measurable in
(z,t) € RYxR* and in the sample path w € . Finally, for any =,y € R%, a direct computation

shows that the quadratic variation of the martingale W8 (x,t) — W8 (y, t) satisfies

[We ) =W = Gt | (e =) = pelz=0)*

lz —y|?

e

(5.2.11)
<tC
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for a constant C' = C(p).
Finally, f(r,y,du) = Lawgs(a(y,r)) should solve the associated nonlinear Fokker—Planck

equation with no-flux boundary conditions,

4 2
8055 (ot O 0) = 5 3 G (ot SO ).
0

Bt 2,10 £ ()t 0)— 5 5
in the weak sense.

Let us now see how (5.2.2)—(5.2.3) and the assumptions (5.2.4)—(5.2.7) translate into
Holder, Lipschitz and sublinear growth properties of the actual drift and diffusion terms.

First, notice that for any fixed f € 2(Q x R*) the mappings

QxR xR* >R | x,r,u— bg(x,r,u, f), og(x,r,u, f), (5.2.13)

are easily seen to be a-Hdlder in x, Lipschitz and with sublinear growth in w«, uniformly in r.
Next, given a Banach space X with norm |- |x and a positive integer m € N, let us denote by
P m(X) the space of probability measures on X with finite mth moments, endowed with the
mth order Wasserstein distance (see e.g. [Vil03]),

1

Wi (X) (P, Py) = wel‘[lrg . {f |z — y|% 7(dz dy)}m , (5.2.14)

where II( Py, P,) denotes the set of probability measures on X x X with marginals P; and P.
When X is clear from the context we write Wy, (P1, P2). Let L%(Q; Z (X)) be the space of
measurable functions f: Q — #,,(X) such that

1
|flre(Q:2m(x)) = Sup J z[™ f (.%dx)) " <o,
endowed with the distance

dLOO(Q,ym(X))(fv g) = Sug Wm(X) (f(ya de‘),g(y, dZL‘))
ye

Assume f,g € LP(Q; Zn(R*)). Then we can identify them as elements in Z(Q x R?) by

their actions on test functions
| vt = | | v fedndy e @ r,
QxR4 Q Jr4

and similarly for g. Now, using the structure (5.2.2)—(5.2.3), the Holder, Lipschitz and sublin-
ear growth properties of bf and O'z-ﬁ for ¢ = 0,1, and Holder’s inequality, it is straightforward
to prove the following lemma.
Lemma 5.2.2. In the setting outlined above, and under the assumptions on b and o,
’bﬁ(.ﬁU, ru, f) _bﬂ(x/7 T, u/7 f/)"HU/B(.T, r,u, f) —O'ﬂ(CC/, T, u/> f/>’
<L (|l = 2% + lu — |+ dpou2,,®an (f, 1) 5

‘bﬁ(l’,?“,u, f)‘ + ’U[g(.%’,?",u,f” <C (1 + ’u‘ + ’f‘Lw(Q;e@m(R‘l))) >
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for all z,z’, u,u’,r € Q* x (R4)2 x R* and all f, f’' € L®(Q; 2, (R*)), for suitable constants
L and C.

5.2.2 Main results

We now present the main results of this work. The theorems are stated for the general models
(5.2.1), (5.2.8), and (5.2.12). First we present a result on existence and uniqueness of the

particle systems, which is proved in Section 5.3.

Theorem 5.2.3 (Strong existence and uniqueness for the particle systems). Assume that
the initial data satisfies sup;<;<n supi<p<is E[Juir(0)[*] < +c0. Then, under assumptions
(5.2.2)—(5.2.7) on the coefficients, there exists a pathwise unique solution of the particle system

(5.2.1).

Next we state the theorems on well-posedness of the McKean—Vlasov equations and the

associated PDE. The following two results are proved in Section 5.4.

Theorem 5.2.4 (Strong existence and uniqueness of the McKean—Vlasov equation). Under
the assumptions (5.2.2)—(5.2.7) on the coefficients, for any initial data u(-,0) € L°(Q; L*()),
and for any € > 0, there exists a pathwise unique solution u¢ € L*(Q; L?(2; C([0, T]; R%))) of
the McKean—Vlasov equation (5.2.8). Moreover, for every T' < o0,
supE [ sup |u(z,t)]?| < C (1 + supE[|u(:E,0)|2]> , (5.2.15)
zeQ te[0,T'] e
for a constant C = C(T,b,0). Finally, if the initial data satisfies u(-,0) € C%(Q; L?(f2)) for
some « € (0,1), then u¢ € CY(Q; L?(; C ([0, T]; R*))).

Theorem 5.2.5 (Well-posedness of the non-linear Fokker-Planck equation). Under the as-
sumptions (5.2.2)-(5.2.7) on the coefficients, for any initial data fo(z,du) € L®(Q; Z2(R%)),
there exists a weak solution f(z,t,du) € L®(Q; C([0,0); Z5(R*))) of the non-linear Fokker—
Planck equation (5.2.12). If |o(z,t,u,g)| = ¢ > 0 for every z,t,u and g, the solution is also
unique. The map f is uniquely characterized as f (¢, x, du) = Lawga (a(z,t)) for any arbitrary
€ > 0. Moreover, for each fixed z € @ and for any time 7' > 0, the restriction f(z,t, du)|ie[0,1]
can be seen as a probability measure on the space C([0,7];R?*) of continuous paths, and it

satisfies
supf sup |v(t)]? f(z,dv) < C <1 + SupIE[|u(x,0)|2]> , (5.2.16)
zeQ JC([0,T];R4) te[0,T] z€Q

for a constant C' = C(T,b,0), where v € C([0,T];R*). Finally, if fy € C%(Q; £2(R*)), then
fec” (Q; Py (C([O,T];R4))), that is to say

W2 (C<[0? T];R4)) (f(xa ')v f(yv )) <C |.%' - y|a V.CL‘, ye Q7 (5.2.17)

for a constant C' = C(T, b, 0, fo).
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We finally present two statements concerning the convergence of the particle system to-
wards the limiting model as M, N — oo. The setting is the following. For k£ € N, let
(Wk(,1t))zeq,t=0 be independent 4-dimensional space-time white noise terms over @ x [0, c0),
which we then convolve and rescale to obtain W as in formula (5.2.10). Similarly, let
ug(-,0) € C*(Q; L*(Q)) be ii.d. families of random initial conditions along the cortex @,
and let them be independent of all the white noise terms. Finally, let X; for i = 1,..., N be
points on a equispaced grid on @, with squares of sidelength N . More details on the setting

and the proofs of the results are given in Sections 5.5 and 5.6.

Theorem 5.2.6 (Mean squared error estimates for actual particles vs. McKean—Vlasov
particles). In the setting outlined above and in Theorems 5.2.3 and 5.2.4, for any N, M € N,
let uf, (-) be the solution of the particle system (5.2.1), with initial data u,(0) = uk(X;,0)
and noise terms Wi, (t) == Wi (X;,t). For each k € N, let @j(x,t) be the solution of the
McKean—Vlasov equation (5.2.8), with initial data (ug(z,0))zeq and rescaled e-correlated

noise (Wg(x,t))zeq,t=0. For each i € N, denote @, (t) := uf,(X;,t). Then, for any 7' > 0,

1/2

1 1

E| sup |u$,(r) — a5 (r))?| <Ct ( = + 1> 1+SupE[|uk(x,0)|2]1/2 , (5.2.18)
rel0,] Na M2 zeQ

forany i = 1,...,N, k = 1,...,M and t € [0,T], where C = C(T,p,b,0,[u(-,0)]s) and

[u(+,0)]a denotes the Holder seminorm of w(-,0).

We notice that the decay has rate (1/N% + M3 ) instead of the usual 1/(MN)"2, as we might
expect according to classical results in mean field theory [Szn91| since we have M N particles.
As anticipated in Remark 5.1.1, this phenomenon goes back to the fact that the particles u;x
are exchangeable in the second index only. Hence, what we will get is a mean field limit in the
column index k, but a Riemann sum type convergence in the space index . This phenomenon
will be made clear when we perform the computations in Section 5.5.

We also remark that the ratio between € and N~¢ in Theorem 5.2.6, that is between the
correlation radius of the noise and the distance among the neuron locations z;, is completely
arbitrary and the decay rate in (5.2.18) is independent of this. The choice of this ratio is
purely dictated by modelling arguments, namely by the correlation strength we want for the
noise sensed by two nearby neurons, which for example can be taken to be zero.

Finally we translate the previous result about convergence of particles to the level of laws.

Theorem 5.2.7 (Rate of convergence for the empirical measure). In the setting of Theorem

5.2.6, let
1 N M
it o, du) = 3 ;1 mZ:f(Xj,u;m(t))

be the empirical measure on @ x R* associated with the particle system (5.2.1). Let f(t,x, du)
be the unique solution of the Fokker—Planck equation (5.2.12) and consider the induced prob-
ability measure f(¢,dx, du) on Q x R* given by (5.1.5). Then, as M, N — o0, and possibly but
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not necessarily as € — 0, f§ ,,(t, dz, du) converges to f(t,dz,du) in the Wasserstein distance

in the sense

Sup E[WI(QXR4)(fJEV7M(t)af(t))]<C(1+supIE[uk(m,O)|2]é)( LIS >’

te[0,T] zeQ

for any T' > 0, for C' = C(T, p,b, 0, [u(-,0)]a, Q).

5.3 Strong existence and uniqueness for the particle systems

In this section we establish strong existence and uniqueness for the particle system (5.2.1),
thus proving Theorem 5.2.3. The proof is based on a classical contraction argument and a

crucial observation about the reflection term £;;.

Proof of Theorem 5.2.3. Fix N,M € N. Take a probability space (€, F,P) supporting
the initial conditions u;x(0) : Q@ — R* and the 4-dimensional Brownian motions Wy (t) for
i=1,...,Nand k=1,..., M. Suppose E[]uzk(0)|2] < oo for all 7 and k. For any T > 0 let
us define the Banach space

< oo} . (5.3.1)

, and then consider the product space

HZ = {continuous adapted processes Y; : Q@ —» R* with E l sup |Y;|?
te[0,T7]

(ST

endowed with the norm Y| := E[Supte[O,T] Y%
(H2Z)NM equipped with the product norm.

Define F : (H2)NM — (H2)NM by sending an element vz € (H2)MM to the pathwise
solutions ¥;; of the SDEs with reflecting boundary conditions, for ¢ = 1,...,N and k =

1,..., M,

t

ﬁMﬂﬂ%@+LM%h%WJMNWW

! | ol nelr). S () dWislr) = (o). (5.32)

), 10\t = JO Lo rr—oy I (1) for B =1,2,3,4.

B () = — |05

\

where we define
1 NoM
() = w37 Zl 21 Oayvjm(®)-
=1 m=
Under the hypotheses (5.2.2)—(5.2.7) on b and o, and by straightforward modifications
of the setting and the proofs in [Szn84b, LS84|, strong existence and uniqueness can be
established for the SDEs (5.3.2) with initial data with bounded second moments. Moreover,

for initial data with E[|u2k(0)|2] < o0 and data vy, € HZ, the solutions @, belong to HZ.
We want to find T' small enough so that the map F' is a contraction. Take two elements

Uik, Vi € (H%)NM, and consider @;; = F(u;) and 0 = F(v;,). We apply Ito formula to
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|, — Dix|> and exploit the respective equations (5.3.2) to get
|k () — aw ()|

= 2J0 (ke (r) = i (1)) (b(a, 7wk (1), S 2 (1)) = bl@i, 7 0i (r), fX (1)) dr

¢ (5.3.3)
+2 L (@i (1) = Oir (1)) (0 (2o, 7, win (r), f3v s (1)) = o (@5, 7, ik (1), fRr (1)) dWir ()
+ 2JO (alk - /le)(dgfk(r) - dg?k(r)) + JO (U(IED Ty Uik, fli\L/',M) - J(‘ria T, Vik, f]%,M))2 d7”7

Exploiting the very definition of the reflection terms £} and /) shows that the third term on
the right hand side of (5.3.3) is negative. Indeed, we use the second line in (5.3.2) to expand

this term as

t
[, @ = #0110

Jt(ﬁik — Oig) (A}, (r) — Al (1)) = 2 (

0 ,8:1

t
+ f (5, = i) Lz () =0y 157 (r)>-

Since the reflecting boundary conditions ensure that &iﬁk, @iﬁk > 0, we see that all the integrals

in the sum on the right hand side are negative, since the integrands are.
Now we drop the third term in (5.3.3), take the supremum in time and apply the expec-
tation to get

El sup |ax (t) —ﬁik(t)|21
te[0,T7]

T
< (J E[ [ — O] |b(ws, r, win (1), f,ar (1) = 0@, m,vine(r), fi 0 (r)] ] dr
0
(5.3.4)

HELSE&PT](E(M — k) (0 (@i, ry win (r), [ ar (7)) =0 (@i, 7, 0ik (1), fRr a0 (7)) dWik(r))]

+ fTE[ |U(miv ik (1), N (1) — o(@i,r, vik(r), ff\}r,M(T))}Q] dr).

0

The second term on the right hand side is handled with the Burkholder-Davis—Gundy in-
equality and with Holder’s inequality:

E[ sup (f(ﬂz‘k — Oite) (0 (i, 7y wi (), a0 (1) = 0/ (i, 7, 0k (r), fR 00 (7)) sz‘k(ﬂ)]

te[o,7] NJo

<E T|ﬂ'ik - f}ik‘Q }U(mi’ T uik(r)a f]l\Lf,M(r)) - J(xiv T 'Uik(r)ﬂ fXI,M(T))’Q dr '
l

=

T
< E[ sup [~ il [ lotos ruan(r), S (1) = oo ) £ () dr)
te[0,T] 0

] (5.3.5)
1 - -2
< E[ sup |k — Ok ]
2 te[0,T]
1 [(* u v 2
+§E J ‘0($i7rauik(r)afN7M(r))_U(-riaravik(r)v N7M(r))| dr|.
0

Then we absorb the first term on the right hand side of (5.3.5) into the left hand side of
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(5.3.4) to get, for C' a numeric constant,

E [t sup |k (t) — f’ik(t)|2]

€[0,T]

T
<C JOE[ @i, — Vik| |b(i, 7, ik (r), firar (1)) = b, ry v (r), froar(r))] ] dr (5.3.6)
T
+ JO IE[ o (i, win (1), f (1)) — o (@i, 7, v (r), f&M(T))}z] dr).

Now, we use the structure (5.2.2)—(5.2.3) and the Lipschitz properties (5.2.4)—(5.2.6) of
b and o, the definition of f},, and f},5, and applications of Holder’s inequality to get, for
C =C(b,o):

E [ sup | (t) — O (t)]?
te[0,T]

E [ sup | (t) — o (t))?
te[0,T]

1 N M )
< Tcm Z ZzzlE [ sup ’ujm(t) - Ujm(t)| ] :

Finally we sum over ¢ = 1,...,N and k = 1,..., M. In conclusion, by taking another time
T* < T small enough with respect to C = C(T,b,0), we find that the map F : (H2,)NM —
(H2,)NM is indeed a contraction. The unique fixed point w, = F(u;) € H2, is then the
(pathwise unique) solution on [0, 7*]. We conclude by gluing solutions on subsequent intervals

[nT*, (n + 1)T*] up to [0, ). O

5.4 Well-posedness of the limiting McKean—Vlasov SDEs and
PDE

In this section we analyze the limiting model for the particle system (5.2.1), that is the
McKean—Vlasov equation (5.2.8) and the nonlinear Fokker—Planck equation (5.2.12). In par-
ticular, Theorems 5.2.4 and 5.2.5 about existence and uniqueness for these equations will be
proved using a contraction argument.

Let us define the functional setting for the contraction argument. The Banach space
H2 = L*(Q is defined as in (5.3.1). For any T > 0 we shall also consider the complete metric
space C% := C([0,T]; P2(R?)) of continuous functions with values in the complete metric

space (P9(R*), Wy(R?)), where Wy is the Wasserstein distance (5.2.14), endowed with the
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supremum distance dc%(f,g) = SuPyefo,r] W2(f(t), g(t)). Finally, we will employ the Banach

space L*(Q; H%) of bounded measurable maps Q — H? endowed with the norm

2

||y 0 ez == sup |u(z, )| gz = supE | sup |u(z,t)|?
L#(QHT) z€Q Az zeQ te[0,T7]

Similarly, we also make use of the space L (Q; C%). Notice that despite CZ = C([0, T]; 22(R%))
not being a vector space, it still makes sense to say that a function f: Q — C’% is bounded by
taking an arbitrary point Py € C% and imposing SUP4eq dc% (f(x), Py) < . For simplicity,
we take Py(t) = g the function (in ¢) identically equal to dy € P5(R?*) — the Dirac mass
centered at zero. With abuse of notation, we denote

1
flioeo.c2y == supdgq2 (f(x),dp) = sup sup J o2 f(t,z,dv) ) 7.
flue(op) = supdeg (7). o) =sup sup (| 1o f(t.,dv))

Then L*(Q; C2T) is a complete metric space endowed with the distance dLoo(Q;CgF)(f,g) =
SUPgzeQ dC’% (f(x)v g(.%’))

Let us now introduce the maps yielding the contraction. We are interested in the compo-
sition

L*(Q: C}) = L#(Q HE) 5 L9(Q: CF). (5.4.1)

The map L sends an element u € L®(Q; H2,) to its bounded-in-space and continuous-in-time
law on R*. That is to say L[u](x,-) € C([0,T]; 22(R%)) is given by L[u](z,t) = Lawga (u(z,t))
for each z € @Q and t € [0,T]. A direct computation gives

sup dez (L[u](z), 60) = sup sup Wa(L[u(z,t),do)
zeQ z€Q te[0,T]

Nl
=

=sup sup E[|u(z,t)]*]® < SupEl sup |u(ac,t)21 = |ulp=(quz) < ©,
zeQ te[0,T] zeQ te[0,T]
and L[u] is indeed an element of L®(Q; C3.).
The map S€ is defined by sending an element f € L®(Q; C%) to the solutions (S¢[f](z,t))t=0
of the following SDEs with reflecting boundary conditions: for each fixed z € Q

t

S[f1(, 1) = u(z,0) +f b(x,r, S[f1(z,r), f(r)) dr

0

i f o(,r, SLf ), ), £(r)) AW (a, £) — €[f](z, 1),
0 (5.4.2)
Pl t) = — [Pf)( ) (0),

11, ) () = j Lse 1110y I LF1(, )| (), B =1,2,3.4,

where u(-,0) € L®(Q; L*(2) is the initial condition for the McKean—Vlasov equation. Notice
that we slightly abuse notation since we identify an element f € L®(Q;C2) with the time

dependent probability measure f(t,dx,du) on Q x R* defined by

f o(z,u) f(t,de, du) = f f o(z,u) f(t,z,du) dx for any € Cy(Q x RY).
QxR4 Q Jr4
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Standard theory of SDEs with reflecting boundary conditions [Szn84b| ensures that, for each
fixed z € @, equation (5.4.2) has a pathwise unique solution. Indeed, owing to the conditions
(5.2.2)~(5.2.7) on b and o, for fixed z € Q and f € L*(Q; C2) the drift b(r,u) == b(z, r,u, f(r))
and diffusion &(r, u) := o(z,r,u, f(r)) terms can be verified to satisfy the needed assumptions.
The measurability of x — S°[f](z,-) € H% then immediately follows from that of the initial
data u(x,0) and of the noise W€(z,t), using a Picard iteration representation of the solution
of the SDEs (5.4.2). The fact that the map S is well-defined, i.e. that S¢[f](x, ) is indeed an
element of H#% uniformly bounded in x € Q, is the subject of Lemma 5.4.1.

By definition, for every f € L®(Q; C%) we have (LoS)[f](x,t) = Lawga(S¢[f](z,t)) for all
z € @ and t € [0,T], but in fact we can say that (Lo S)[f](z,-) = Lawcjo,rra) (S [f1(z;)),
since it is the law of the SDE (5.4.2). That is, (L o S°)[f](x,-) can be seen as a probability
measure on the space of continuous paths C([0,T]; R?*). Furthermore, if f € L®(Q;C%) is a
fixed point of L o S¢, namely f(z,t) = Lawga(S[f](z,t)) for all z € Q and t € [0,7T], then
f(@,-) = Lawgo,ryre) (S f1(=, ).

Lemma 5.4.1 (A priori estimates on moments). Given f € L®(Q;C3), the pathwise unique

solution (S°[f](z,t))zeq, =0 to (5.4.2) satisfies

S0 . =supE | sup [S[f](z,t)?
IS e iy = 09 Lm]| [£]( )

<C (1 + supE [|u(z,0)] J supJ lu|? f(t, x, du) dt) (5.4.3)
z€Q 0 zeQ JR4

<C (1 +supE [\u(m,0)|2] + |f|i°0(Q;CQT)> ,
ze@

for a constant C' = C(T,b,0). In particular, S¢[f] € L*(Q;H3), and the map S¢ and the

composition L o S¢ are well defined. Moreover, if f € L*(Q;C3) is a fixed point of L o S¢,

then f(z,-), as a probability measure on the space of continuous paths C([0,T]; R?), satisfies

the stronger bound

sup sup [v(t)]? f(z,dv) = [S[f] 0 m2y < C(1 +supE [|u(z,0)]). (5.4.4
sup L([OTLR4)HO,T]|<>| (2, dv) = |V quz) < C( up’E Ju 1) (5.4.4)

Proof. Fix any f € L®(Q;C3), we want to estimate |S[f](z,t)|>. Owing to the structure
(5.2.2)-(5.2.3) and the sublinear growth properties (5.2.5)-(5.2.7) of the drift and diffusion

terms, we have

|b(z,r,u, f(r))| + |o(z,ru, f(r)] <C <1 + |u| + supf |v] f(r,y,dv)) . (5.4.5)
ye@ JR4
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Then, using Holder’s inequality one gets

1

sup ol £(rydo) < sup (| 0P £, )
yeQJRA yeQ “JR4 (5.4.6)

1
<sup sup (| o ) = [fluoqon,
YeQ re[0,T] \JR4

Moreover, the explicit details in [Szn84b] on the construction of the reflection term ¢ in the

SDE (5.4.2) imply that we can control it as follows:

T T

u(:zc,O)—i—Jb(:vm, Sg[f](x,r),f(r))dr—i—JOo(:L‘,r, Sf], fAWe(z, 7). (5.4.7)

0

[eLf1(z, t)] < sup
7€[0,t]

Squaring both sides of the SDE (5.4.2), controlling the reflection term with the estimate
(5.4.7), applying convexity inequalities, taking the supremum over ¢ € [0,7] and then the
expectation, and finally handling the deterministic integral with Holder’s inequality and the

stochastic integral with It6 isometry, we obtain

T
E [ sup ]Se[f](x,t)\Ql < C(E [u(z,0)%] + E [j b(x,r, S[f](x,7), f(r))? dr] dt

te[0,T7] 0

+E U " oar S, F))? dr)} )

0

for a numeric constant C. In turn, using the sublinear growth estimates (5.4.5)—(5.4.6), we

get
E [ sup |S°[f](z,t)|?

te[0,T7]
T
| B
0

for a constant C' = C(T',b,0). Then we exploit Gronwall’s Lemma to get rid of the third term

<C (1 +E[u(x,0)?]

T
sup SE[f](ZL',’I“)|2] dt +L sup jR4 lul? f(t,y, du) dt) , (5.4.8)

re[0,¢] ye@

on the right hand side of the inequality in (5.4.8). Eventually, by taking the supremum over
x € @ and using (5.4.6) again, we deduce the inequalities (5.4.3).

Suppose now that f is a fixed point of L o S¢. Since f(t,y) = Lawga(S[f](y,t)), we
readily verify that

T T T
| s | P st = | B[S0 0P de < | supE [ sup [S°1/](v r>|2] .
0 ye@ JR4 0 ye@ 0 ye@ re[0,¢]

Then we exploit this bound and again use Gronwall’s Lemma in the first inequality (5.4.3) to

get rid of the third term at the right hand side and obtain (5.4.4) in the statement. O

Now, assuming that the composition LoS€ is a contraction in L (Q; CQT), we first show how
to conclude the strong existence and uniqueness for the McKean—Vlasov equation (5.2.8). Let

f € L®(Q; C2) be the unique fixed point of LoS¢: since S[f] solves (5.4.2) and LoS[f] = f,

148



we obtain that S¢[f] solves the McKean—Vlasov equation (5.2.8) on our stochastic basis with
initial data (u(x,0))zeq. Conversely, let (u(x,t))zeQ,t=0 be a strong solution of (5.2.8) on
our stochastic basis with these initial data, then L[u] € L®(Q;C2) is a fixed point of L o S¢
and thus we must have L[u] = f, the unique fixed point; but then, since we have strong
uniqueness for the SDEs (5.4.2) defining the map S¢ and since u(x, t) solves these SDEs with
this data f, we conclude that (u(x,t))zeQ, =0 = S°[f].

Proof of Theorem 5.2.4. We show that the mapping Lo0.S€ is a strict contraction and then
apply the Banach fixed point theorem. Take f,g € L*(Q; C2). By definition of the map S°

we have

S (@, t) :u(x,O)—i—L bz, r, Sf], f) dr+LU(x,r,Se[f],f)dVVe(a:,r)—E[f](x,t), (5.4.9)

t t

b, , 5[], g) dr + J o(x,r, gl ) AW (a,r) — lgl(x, ). (5.4.10)

Slg](z,t) = u(z,0) +J

0
Then, by definition of the map L, we have that (S°[f](z,t), S[g](x,t)) is an admissible
coupling for (Lo S[f](x,t), LoS[g](z,t)) and we can use it to estimate Wa(LoS¢[f](z,t), Lo
S[g)(z,1)).
We take the difference of equations (5.4.9) and (5.4.10) and use the It formula to get

S, ) — S[g) (=, )

=2 [ (S ar) — SLg)w. 1)) (o SU11. ) = bl S )

0

t
+ ZJ(SE[f](m’T)SE[g](x, T)) (0'(33,7“, Se[f]v f)*a(lia T, Se[g]vg)) dWe(va) (5.4.11)

0

+ ZJ (SLf1(, 7) = S[g)(, 7)) (de[g) () — de[f](x, 7))

0

+ J(U(ﬂfﬂ“, SUf)(, 1), £() = o7, S[g)(x,7), 9(r)))* dr.

0

We now argue analogously to (5.3.3)—(5.3.6) in the proof of Theorem 5.2.3. First, as in (5.3.4)
the third the second term on the right hand side of (5.4.11) is negative, and we drop it. Then
we take the supremum in time and apply the expectation, we control the first deterministic in-
tegral with Holder’s inequality and the stochastic integral with the Burkholder—Davis—Gundy
and Holder’s inequality, and finally we absorb the necessary terms on the left hand side of

(5.4.11) to get

E| sup |S[f](z,7) — S[g](z,7)|?
re[0,t]

< CEH(W,r, Sf1, f) = bz, $[g]. 9))* dr

0

+ J (0(93,7’, Sf], f) —o(x,r, S€[g],g))2 dr},

0

for a numeric constant C'. Now we exploit the Lipschitz properties of the drift and diffusion
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terms stated in Lemma 5.2.2 and we obtain, for C = C(b, o),

E | sup |S[f](z,7) — S[g](z,r)|?
re(0,t]

< c( f E[|S°f](z, ) — Sg)(w, )] dr

0

t
o supw2<f<r,y,du>,g<r,y,du>>2dr).
0 ye@

Using Gronwall’s Lemma we get rid of the first term on the right hand side at the ex-
pense of a larger constant C' = C(T,b,0). Moreover, we have Wa(f(r,y,du), g(r,y,du)) <
sup,efo,r] Wa(f (1,9, du), g(r,y,du)) for any r € [0,T], and we conclude that

E sup |S€[f]($,t) - Se[g]($,t)|2 <CT sup sup WZ(f(Tvyadu)7g(ra Y, du))27 (5412)
te[0,T] yeQ re[0,T]

for a constant C' = C(T,b,0). Finally, since the right hand side is independent of z, we take
the supremum over z € @) on the left hand side of (5.4.12).

In conclusion, recalling that (S¢[f](z,t), S¢[g](z,t)) is a coupling for (L o S¢[f](x,t), L o
S€g](x,t)), we obtain

dLW(Q;CgF)(LOSc[f]aLoSe[g])2 = Sup sup W2(LOSe[f](xat)vLOSE[Q](Iat))2
zeQ te[0,T]

<sup sup E[[S[f](z,t) - S[g](z,t)]*]
z€Q te[0,T]

<supE | sup |S[f](x,t) — S°[g](z, 1)
zeQ te[0,T7]

< C T sup sup Wy(f(x,t),9(z,1))> = C T dpnqiez)(f,9)°,
z€Q te[0,T]

for C = C(T,b,0). This constant C' is increasing in T". Therefore, upon possibly working in
L*(Q; C2,) for some smaller T* < T, we can assume that CT < 1. That is to say, if T > 0
is small enough, we have a contraction in L%(Q; C?F) In turn this implies that we have a
pathwise unique solution to (5.2.8) over [0,7']. Repeating the same argument over [T, 27,
[2T,3T'] and so on, and exploiting the uniqueness, we can show there exists a pathwise unique

solution defined over all [0, 00).

Now, assume in addition that u(z,0) € C*(Q; L*(€2)). The following argument proves that
in this case, for any f € L®(Q;C%), we have S¢[f] € C%(Q; L*(€; C([0, T];R?))). In particu-
lar, the solution of the McKean equation (5.2.8) satisfies u¢(z, ) € C%(Q; L?(€; C([0, T]; RY))).
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Given z,y € ), we manipulate the equations (5.4.2) for S°[f](z) and S¢[f](y) to write

S, t) = SUf1, 1) = (u(z,0) — u(y,0))
+ fo(b(%h S, ), f(r) = bla,r, S[f1(y. 7). (1)) dr

+ J (o(@,r, SLf1(@,7), f(r) =0y, r, S[f1(y. 7). () AW (2, 7)

0

+ La(ym Sy, ), £(r)) (W2, 1) — AW (y, 7))

+ (LA, 7) = £Lf1 (7).

Applying the It6 formula to the squared power yields

|SLf1(, 1) = S[f1(y, )
+ (u(,0) - u(y,0))?

+ QJ(SE[J‘](%T) = SUf1(y, ) (b=, 7, S°[f], £) — b=, 7, S[f], £)) dr

0

+ 2f(56[f](x, T)_S€[f](ya T')) (U(iL’,?", S€[f]v f)—a(y, T, Se[f]a f)) dWe(x7T)

0

+ 2L(S€[f](x, r) =S [f(y, 7")) o(y,r, S[f], f) (AW<(z,7) — AW (y, 7)) (5.4.13)

+ 2] (S°Lf 1, ) = SLf 1y, ) (ALf](y, ) — dlLf](z,7))

0

" fo (o, S (@), £()) — oy, STy ), £r))) dr
" fo oy, SN ), F()2 AW (2, 7) — We(y )]

For the first stochastic integral, the Burkholder-Davis—-Gundy inequality and Hélder’s in-

|

equality yield

L(Sé[f](a:,r)—Se[f](y,r)) (O’(l‘,’l‘, Se[f],f)—()'(y,’l“, Se[f]’ f)) dWE(x,T)

E[ sup
te[0,T]

<E [t sup |S[f](z,t)—S[f](y. 1) (L(U(x,r, SUf], f)—o(y.r Se[fo)sz) ] (5.4.14)

€[0,T7]

<5El sup |S€[f](x7t)56[f](y,t)|21
te[0,T]

1 r 2
+5E U (a(z,r, S[f], f)=o(y,r, S[f], f) dr] )
0

where § > 0 shall be chosen small enough so as to absorb the first term on the right hand
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side. Similarly, for the second stochastic integral we find

L(Se[f](w, r)=S[f1(y, 7)) oy, r, SLfA(y, ), f(r)) (AW (2, 7) — dW(y,7)

|

E[ sup
te[0,T]

- [O (S°Lf1(.r) =S [f1w.7)) oy, 7. SUF. ) AW r) - Wf(y,m) ]
O (5.4.15)

<JIE l sup |Sé[f]($,t)—Se[f](yvt)F]

te[0,T]

+ %E UOU(:W“, S We (=, 7) — We(yvr)]] ;

where again ¢ > 0 shall be chosen small enough to absorb the first term on the right hand
side.

We now go back to (5.4.13). As in (5.3.3), the third term on the right hand side is always
negative and we drop it. Then we take the supremum in time and we apply the expectation, we
handle the first deterministic integral with Holder’s inequality and we use estimates (5.4.14)
and (5.4.15) for the stochastic integrals, absorbing the necessary terms on the left hand side

by choosing § small enough. We obtain, for a numeric constant C,

E| sup [S[f](z,1) —SE[f](yvt)F] < C<E[IU(%0)—U(%0)I2]

te[0,T]
+[ B[l - s @

o B [, S A b, 511 )P dr

0

—|—LTE [|U(x,r, SUf, f)—oly,r, Se[f]»f)|2] dr

+E Ua(ym Sy, ), £(r))? d[WE(%T)—WE(y,T)]] )

0

Now we recall formula (5.2.11) for the quadratic variation of W¢(x,t) — W¢(y,t), we use the
Lipschitz and Holder properties (5.2.13) of b and o and convexity inequalities to get

E[ sup Se[f](x,t)—Se[f](y,t)F]

te[0,T7]

< C(E [lu(e,0) — u(y,0)] + J E (18001, m) = ST dr + e =P (5.4.16)

e oty 501 7] dr>,
for a constant C' = C(T,b,0,p). We get rid of the second term on the right hand side of
(5.4.16) with Gronwall’s Lemma, at the price of a larger constant C' = C(T,b,0). The first
term is handled with the assumption u(-,0) € C%(Q; L?(Q2). We control the last term with
the sublinear growth property (5.2.13) of o and the a priori estimate (5.4.3). In conclusion
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we obtain

E| sup [S[f](z, ) =SLf](y O | < Clao —y*

te[0,T]

(5.4.17)

|z —y|?
+C = 1+ igg]E [lu(z,0)] + |f\im(Q;c%) ’

for a constant C' = C(T,b,0,p,[u(-,0)],). Since z,y € @ are arbitrary, this concludes the
proof that S¢[f] € C*(Q; L*(Q; C([0, T]; RY))). O

We end this section by proving the existence and uniqueness of solutions to the associated

Fokker—Planck equation.

Proof of Theorem 5.2.5. The result is a consequence of the It6 formula, the same fixed
point argument as for the McKean—Vlasov equation and the uniqueness statement for the
linear version of the Fokker—Planck type equation. Given any admissible initial condition
fo(z,du) € L®(Q; P2(R?)), standard probability theory ensures that we can find a proba-
bility space (€2, F,P) supporting a 4-dimensional space-time white noise (W (z,t))ze0 =0 and
a family of random variables u(z,0) € L®(Q; L?(2)) independent of the noise W (z,t) with
Lawga(u(z,0)) = fo(x,du) for every x € (. Given any € > 0, we convolve and rescale
the white noise to obtain W€(z,t) as in (5.2.10). With this stochastic basis and initial
data, let (u(x,t) € L®(Q; H%) be the solution of the e-correlated McKean—Vlasov equa-
tion (5.2.8), whose existence is guaranteed by Theorem 5.2.4, and let us denote f(z,t,du) =
Lawpga (u€(z,t)) € L*(Q; C2). We claim that f¢ is a weak solution of equation (5.2.12).

Take any ¢ € C2(Ry x R%) satisfying the Neumann boundary condition
Vaud(t, u) - nagey(u) =0 for all t,ue R x o(RY), (5.4.18)

where np1 y(u) denotes the unit outward normal at u. An application of the It6 formula

yields

gb(t’ ﬂ6($7 t)) :Qs(()? ﬂ(:(}, O))
—|—f0<9t¢(r, u(x,r))dr —I—fo Vud(r,u(x,r)) - b(x,r,a(x,r), f(r))dr

—i—J Vuo(r,a(x,r)) - o(z,r,a(x,r), f(r)) dW(x,r)
0 (5.4.19)

+ 4
n jo S B, 8, 1) Tggess ory—op 1 (2, )| (1)
B=1

tl 4 02 . e ¢ 2d
+J0 2;1 uﬁuﬁ(b(rvu (IIZ,T)) (UIB(J,',T’,U (.@,T),f (7’))) T

The fifth term on the right hand side is identically zero thanks to the condition (5.4.18) on ¢.
Now we apply the expectation on both sides. The fourth term on the right hand side vanishes
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by the martingale property of the stochastic integral. Recalling that u(z,t) takes values in
Rﬂlr only, we get

t
o(t,u)fe(t, x,du) = JR4 (0, u) fo(x, du) + L » Ord(ryu) f€(r, x, du) dr

R

+ J Vud(r,u) - bla,ryu, f€(r)) f(r, z, du) dr (5.4.20)

f Jw B Z 02 s d(r,u) (op(z,7,u, fe(r)))Qfe(nx,du) dr.
=1

This is nothing but the weak formulation of (5.2.12) subjected to the no-flux boundary
conditions. Since for every T > 0 we have 4‘(z,-) € H# and since it satisfies the bound
(5.2.15), we conclude that f€(x,t) = Lawpa(a(z,t)) is a weak solution of (5.2.12) with initial
condition fo(x,du), that it lies in the space L®(Q;C([0,00); Z5(R*))) and that it actually
satisfies the stronger bound (5.2.16).

Conversely, let g € L®(Q; C([0, 0); 25(R*))) be a weak solution of the non-linear Fokker—
Planck equation (5.2.12) with the same initial data fo. We claim that g = f€. First, we can
solve the family of standard SDEs with reflecting boundary conditions for the chosen g, for

x e Q:

-

t t

b(r,xz,S(g](z,r),g(r))dr +fa(r, x,Sgl, gdW*(x,r) — £[g](x, 1),

0

S9UMgl(z,t) = u(x, 0)+J

0

1 Clgl(z,t) = = |[g] (,)(1),

t
W[Q](xa )|(t) :L 1{Sﬁ[g]ﬁ(x,r)=0}d|£ﬂ[g](xﬂ )|(T) for #=1,2,3,4.

\

Arguing as in (5.4.19)—(5.4.20), we see that h := Lo S[g] now solves the linear Fokker—Planck
equation with this fixed ¢ and with the same initial data fj:

Oth(t, z,u) + Vy - (b(x,t,u,g(t)) (t,z,u)) =

w\»—‘

Z B 05 r,t,u g(t))Qh(t,x,u)),
p=1 (5.4.21)

=0 forB=1,234.

ub=0

Vo (xz,t,u, g(t))h(t, z,u) — ; 986 (UB(J: t,u g(t))2h(t,x,u))

This linear equation is readily verified to satisfy uniqueness by a duality argument: indeed,
for fixed x € @, it suffices to test it against arbitrary functions ¢(t,u) satisfying the so-called

backward Kolmogorov equation with Neumann boundary conditions on ]Ri. That is,

-

4

2
Z og(z,t,u,g(t))) 65ﬁuﬁcp =0 on (0,tp) x R%,
=1

3
Vaup(t,u) - na(Ri)( u) =0 on (0,t9) x ARY) ,

| =

Orp + Vyup - bz, t,u,g(t)) +

L(,p(to,u) = ®(u) on {to} x Ri,

where we let ¢p € Rt and ® € C%(R}) be arbitrary. Such an equation is always solvable

since we have the right sign of the diffusion term (see [HR96] for details). Going back to
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(5.4.21), we know that g as well is a solution of this equation and thus we must conclude
that ¢ = L o S[g]. Now let T > 0 be small enough so that the composition map L o S¢
is a contraction in L®(Q;C%). This implies that g € L®(Q;C2) is a fixed point of L o S
and hence it must coincide with f€ over [0,7"]. Applying the same argument over subsequent
intervals [T, 2T, [2T,3T] and so forth proves the uniqueness statement.

In particular, given any two ¢,é > 0, we take ¢ = f¢ and we conclude that f¢ = f€.
That is to say f(z,t) := Lawga(u(x,t)) is independent of € and is the unique solution of the
nonlinear Fokker—Planck equation.

Finally, we assume that fy € C%(Q; 22(R*)) and we show that the corresponding solution
satisfies f € C%(Q; Z2(C[0,T];R*)). The theory of Wasserstein distances (see e.g. [Vil03])
ensures that we can find a stochastic basis supporting the white noise W and random variables
u(z,0) € C(Q; L?(2)) such that Lawga(u(z,0)) = fo(z,du) for every z € Q. We fix € = 1
and we consider the iteration maps (5.4.1) defined via this stochastic basis and with these

initial data. In particular we have L o S¢[f] = f, and thus for any =,y € Q) we obtain

Wy (C ([0, T;RY)) (f(x,-), f(y,") <E i 1SS, t) — S[f1(y, 1)

This and formula (5.4.17) with € = 1 show that f € C*(Q; Z5(C[0,T]; RY)). O

5.5 Error estimates between the particle system and the limit-

ing model

In this section we rigorously show that the limiting behaviour of the particle system (5.2.1)
as M, N — oo is described by the McKean—Vlasov equation (5.2.8) as stated in Theorem
5.2.6 by obtaining an error estimate. We will use the so-called Sznitman coupling method (cf.
[Szn91]).

First, we lay out the right setting so as to get the convergence result. We fix a probability
space (2, F,P) and assume it supports all the random variables listed below. First, for each
k € N, let {Wy(x,t)}ken be independent 4-dimensional space-time white noise terms over
Q x [0, ).

For any € > 0 we then convolve and rescale the noise terms to obtain the e-correlated noise
Wg as in formula (5.2.9). For h € N, we assume i.i.d. families of random initial conditions
up(z,0) € CYQ;L*(Q)) on the sheet Q. Moreover, we require them to be independent
of the white noise terms {Wjy(x,t)}ren. Finally, as noted in Section 5.1, we take points
X1,...,Xn € Q in the center of the squares of an equispaced grid on @ = [0,1]¢ with side
length N~7. We denote by QZN the square with center X;, and we notice that meas(Q%V) = %
and diam(QY) = VdAN~a.
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We finally introduce the particles for the coupling method. For ¢ = 1,...,N and k =
1,...,M, let uf, (t) be the solution of the particle system (5.2.1) with initial data u(0) =
ur(X;,0) and Brownian motions W (t) = W(X;,t). Let uj(x,t) be the solution of the
McKean—Vlasov equation with initial data wuy(x,0) and correlated noise Wi (z,t), and for
i=1,...,N define u§ (x,t) = ug(X;,1).

Owing the i.i.d. properties of the initial data and the noise terms, we have the following.

Lemma 5.5.1. For fixed i, the particles uS, () are exchangeable for k = 1,..., M. Moreover,

for fixed i, the particles S, (t) are i.i.d. for k € N.

We point out that this is not the case for the index ¢, both for the particles uj, and us,.
Indeed, the laws of uf, and u?k, or uf, and 1, respectively, might differ as a result of the x
dependence of their defining equations. Furthermore, even if the points X;, X; € @ are far
from each other, namely if | X; — X;| > 2¢, so that their noise terms W (X;,t) and W (X;,1)
are independent, the particles might still be correlated as a result of their initial data. In fact,
from the point of view of modelling in neuroscience, we expect ug(x,0) to be close to ug(y,0)
for x close to y.

We are finally ready to prove the convergence result of Theorem 5.2.6. We first stress the

following.

Remark 5.5.2. As mentioned in Section 5.2.2, we point out that we do not need to impose
any constraint on the ratio between the correlation radius € of the noise and the minimum
distance VAN~ between two grid points X;,X; € Q. The choice of the scaling regime
(e, N), with N — o0 and € — 0 or possibly also € = ¢y a constant, is purely arbitrary and
dictated by modelling arguments only. One might impose ¢ N i< V/d so that all the particles
sense independent noise, or choose to impose a certain ratio € NV i> V/d, so that neurons
at locations close enough to each other sense correlated noise. The results and the proof of

Theorem 5.2.6 are unchanged.

Proof of Theorem 5.2.6. For any ¢ = 1,...,N and k£ = 1,..., M, take the difference
|us,, — 1S, | between actual particles and McKean—Vlasov particles. Applying the It6 formula
and exploiting the respective equations (5.2.1) and (5.2.8), we get

t

Juge () — a5 (D] = QL (s (r) = a5 (r)) (0(X, 7wy (), figw (7)) = B(X, r, w55 (r), f(r))) dr

+2 J(ufk(r) - azé'k(r)) (U(Xi7 r, uze'kv fJEwN) - U(Xia T, l_l‘slm f)) dWe(Xm T‘)
Ot (5.5.1)
+92 J (uS () — 05 (1)) (i () — Al ()

0

" L(«f(Xi, FouSu (), Foan (1) — o (Koo, 05 (r), 1)) dr

Now we argue as in (5.3.3)-(5.3.6). First we drop the third term in (5.5.1), which is always

negative owing to the definition of the reflection terms ¢;;, and ¢;;,. Then we take the supremum
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in t € [0,7] and apply the expectation. Next we use the Burkholder-Davis—Gundy and
Holder’s inequality, we absorb the necessary terms into the left hand side and finaly we

exploit Gronwall’s Lemma. We eventually obtain, for C' = C(T)),

E| sup |ug(t) — g (t)
te[0,7]

< C(J‘ E [|b(Xi7r, uik?f]s\/[N) - b(Xi,T, azelw f)|2] dr
0
(5.5.2)

+ f E [|U(X,~7r7 Sy frun) — o(Xg,m, ﬂf»k,f)|2] dr).

0

In order to split the terms on the right hand side of the inequality (5.5.2) and exploit the
particular structure of the drift and diffusion terms, we introduce the following probability

measure on Q x R*:

N M
1
fMN(t dy,dv Mi Z ZI 5(Xj7ﬂ§m(t)) € @(Q X R4>. (5.5.3)

This measure is just the empirical measure associated to the collection of McKean—Vlasov

particles (X, u5,,(t)). We have

|b(XZ7 r, u:]w f]va) - b(X’L7 r, ﬂgk’ f)‘ < ’b(X’Lv T, ugkv f]EWN) - b(XZ7 r, ﬁilm f]€\4N)|
+ ’b(XiHT’ﬂgk’fJE\/[N)*b(XivraazE'kvfje\/[N” (5'5'4)
+ ’b(le ) T ﬂgkv J?IG\/IN) - b(Xi7 T, ﬂze'lw f)|
Due to the structure of the drift term (5.2.2) and its Lipschitz properties (5.2.4)—(5.2.6), and

owing to the definition of f§,\(r) in (5.5.3), we get the following estimates for terms on the
right hand side of (5.5.4):

|b(XivT7 u;kvfje\ﬂ\i) - b(Xivrv ﬂze’lcvf]ebe)| < C |U§;C(7') - ﬂ;k(r)‘,

|b(X’i’r’ a:kvaC\/IN) - b(Xivrv ﬂze‘k’f;/IN)’ <C J;? - bl(Xi7y7T7 ﬂgk,ﬂ)fwa(T, dy,dv)
X

_ j by (Xi, 7, W) P (r dy, dv)
QxR4

<O e 3D ) — (0. (5.5.5)

|b(XZ‘,’/’, a:ka fTJGWN) - b(Xi7T7 ﬂfk%f)’ <C

f by(Xs,y, 7, S, 0) fogw (. dy, do)
QxR4

- J bl(Xiayvrv ’U/Ek,v)f(’l", dyvdv)
QxR4

(bl(X Xy, 7y s (1), U5 (1))

- bl(Xi7y7r7 ﬁgmv)f(ﬁ dy7d7j)>

)
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for a constant C' = C'(b) only depending on the Lipschitz constants of b. An identical
splitting (5.5.4) holds for the term (o (X, r, u, fi;n) —0(Xi, 7, G5, f)) and using the Lipschitz
properties (5.2.4)—(5.2.6) of o we obtain analogous estimates to (5.5.5).
Going back to (5.5.2), we exploit (5.5.4) and (5.5.5). After standard convexity inequalities
we obtain, for C' = C(T,b,0),

E| sup Jug,(t) — ag (1) <C{J [y, (r) — @y, (r)[?] dr
te[0,7]
—€ 2
i 2 Ellu) = ()] dr
Jm=1
N,M
”MNij(mgaxan@M@m> (5.56)
7ym=1
2
Jbl(Xi,y,r,ﬂfk,v)f(r,dy,dv)) ]dr}
QxR4
- 1 N,M
EUW '21 <0'1(X17X]7T7 uzk7 jm)
Jm=

fo-l (Xl7 Yy, 7, ,L_Lle'k:? U)f(’l“, dya dv))

QxR4

1W}

Averaging (5.5.6) over i = 1,...,N and k = 1,..., M, and then using Gronwall’s Lemma to
get rid of the first two terms on the right hand side, we obtain

1 N M 1 N M - ,
— E| sup |u$(t) — us — JRi t) + Rj.(t) dt, 5.5.7
MN;;‘gﬁko k<] PN RCEEAT (557

(bl (X X .2 uzk (t)7 U‘]m( )) _Jle]](Qi(i’ Y, t, ﬂfk (t)7 U)f(t7 Y, d’()) dy)

|
|

which are the arguments of the last two integrals on the right hand side of (5.5.6). Heuristi-

( (X3, X t,ulk(t)vujm(t))—JQmﬂng,yyt,ﬂik(t),v)f(t,y,dv)dy)

j=1m=1

cally, the error terms Rfk and R should be small in view of the weak law of large numbers.
Indeed, upon conditioning on #,, for each fixed j = 1,..., N, we are essentially taking the
average of the i.i.d. terms by (X;, Xj,t, u$,(t), ﬂ;m(t)) form =1,..., M, and then subtracting
their common expectation SQXR4 bi(Xs,y,r, us, (t),v) f(t,y,dv) dy.

In order to control the term to the right in (5.5.7), we need the following estimate whose

proof is postponed for the sake of the reader. For any T > 0, we have

1 1
sup |RY.(1)| + |R%.(1)] < C | 1+ supE [|ug(z,0)|? ( + — ) , 5.5.8
te[(ml k()] + [R (8] < sup (2 0] ) { 57 e (5.5.8)
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for a constant C' = C(T,b, 0, p, [u(+,0)]n), for every i =1,..., N and k = 1,..., M. Plugging
(5.5.8) into (5.5.7) we obtain, for C' = C(T,b,0, p, [u(-,0)]a),

M Z Z sup |ug (t) — g, (£)]?

i=1k=1 [t€[0,7]

<C (1 + supE [uk(:c,o)ﬁ]) <]\14 + N1> . (559

QR

We can now finally prove Theorem 5.2.6. We go back to (5.5.6), and get rid of the first
term on the right hand side with Gronwall’s Lemma. We control the second term on the right
hand side with (5.5.9) and the last two terms with (5.5.8). This yields formula (5.2.18) and

concludes the proof.

O

Proof of estimate (5.5.8). We prove the estimate for Rb Identical computations replacing

b with o prove the analogous result for R.. Recalling that meas(QN ) = ]{[, we split

21

3|
-
S

Il
—

(b1 (X Xt 080 (8, (1)

Ry(t) = EU

o
|
].

For the first term of (5.5.10), the estimate is proved similarly to the weak law of large

m

J

- [t 0,0 o) )
QxR4

(b1 (X2 X5 1,50, 5,0 (1))
1

<
Il
—

3~
N
e

(5.5.10)
—J b1 (X, Xy, t, usy (1), v) f(t, X, dv))
R4

i (JNJ‘]RJ)I X X t’ulk(t) )f(thjﬂdv)

Jj=1

_J;Rlil (X“ Y, t7 /U’zek (t)7 U)f(t7 Y, d’U) dy)

numbers. Indeed, for C' = C(T,b,0), we compute

1 N M 2
]EUMNJZm; (025, X5, 1,15, (0), 5, ))—JRbl(X X 51, 0) [ (1, X ) ]
1 N 1 M
<N;1Elez_ll (bl(X Xty 5y, (t), Wy, (1)) (5.5.11)
2
_bel(X Xt (6), )t X dv)) 1
N M
%Z 12 Z El(le X t?“’zk? ]ml) JRbl(X X t,ulk, )f(t,XJ,dU))
mo=1
(bl(X X t?“zk? ]TVLQ) Jbl(XivXjatvﬂgkav)f(taXj7dv)>1
R4
1 1 X 2
= Nj; ]\4’2ElEl(bl(X“X]7t’uz€k?u§m) _JRQI(Xi7Xjat7u§k7U)f(t,Xj,d’U)) ]
< % C (1 + itelgE [|uk(x,0)|2]> :
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In the first passage we used a convexity inequality. In the last passage we used the sublinear
growth properties (5.2.7) of by and the a priori estimate (5.2.15) for McKean—Vlasov parti-
cles. In the second passage we unfolded the square, and in the third we noticed that, after
conditioning with respect to S, (t), only the “diagonal terms” survive in the sum, i.e. those
with m; = mg. Namely, when m; # mg the corresponding term in (5.5.11) is identically
zero. Indeed, under this condition, assuming by symmetry my # k, we have that aj,, (t) is

independent of uj,,, (t) and g, (t). Hence we compute

E[(bl(Xivvataﬂ§k7ﬂ§m1) —Jbl(Xi,Xj,t7ﬂ§kaU)f(t»XjadU))
R4
: (bl(XiaXj’taﬁ;k’ﬂ;mg)_ngl(XivXjataaiﬁ'kav)f(tv Xj7dv))1
= ElE[(bl(leXjatvﬂzskaa_;ml) 7J\b1<X77XJ7t7 ’l_l,fk,U)f(t7X],dU)>
R4

(60X 5 05— [ 01X X5 02, 0)
R4

- ” (5.5.12)

= E[E[(bl(Xianatvuau;ml) —Jbl(Xi,Xj,t,U,U)f(t,Xj,dU)>]
R4

_qe
U=y

.E[<b1(Xi,Xj,t, u;k,u;mz)—fbl (X, Xj by, 0) (1, X, dv) )
R4

]

= 0.

In the second passage we conditioned on u; and in the third passage we used standard
properties of the conditional expectation (see e.g. [DPZ92, Chapter 2|). Finally we used that
Eb1 (X3, Xj,t,u,u5,,)] = §pa 01(Xs, Xj,t,u,v) f(t, Xj, dv) by definition of f(t, X}, dv).

»am

For the second term second term on the right hand side of (5.5.10), we first compute

J‘R‘?I (Xl? Xj? t? ﬂ’gk(t% 'U) f(ta Xj7 d'l)) _J]Réll (le Y, t? ﬂgk (t)v U)f(t7 Y, d'l))

< f( 4)2|b1(Xi,Xj,t,ﬁ§k(t),v)—bl(Xi,y,t, us,(t), w)| mo(Xj,y, dv, dw)
R
<C f X, — ™ + o — w] 70(X;, g, dv, duw) (5.5.13)
(R#)2
<C |X] - y|a + Wl (R4) (f(ta Xj,d?)),f(t,y,dﬂ))

<C|X; —yl*

for a constant C' = C(T, b, o, p, [u(-,0)]»). In the second passage we took any optimal pairing
70(Xj,y, dv, dw) for Wi (f(t, X;,dv), f(t,y,dv)), in the third we used the Lipschitz and Hélder
properties (5.2.6) of by, and in the last we used the ordering W; < Wy of Wasserstein
distances and the Hoélder continuity (5.2.17) of f in Wj. Then, using (5.5.13) and recalling
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that meas(Qé-V) = + and diam(Q;V) = N"4, we compute

%
o

< Cdiam(Q ;V)

J Jbl X, X;,t, 05, (1), )f(t,Xj,dv)—Jbl(Xi7y,t,ﬂf-k(t),v)f(t,y,dv) dy)
N R4 RAL

21

2
] (5.5.14)

f CIX, — gl dy

—CN-~ 7“
for a constant C' = C(T,b, 0, p, [u(-,0)]a)-

In conclusion, combining (5.5.10) with estimates (5.5.12) and (5.5.14) we obtain the esti-
mate (5.5.8). O

5.6 Convergence of empirical measures

In this last section, we further analyze the limiting behaviour of the particle system as we let
M, N — o0 and prove Theorem 5.2.7. In the same setting outlined in Section 5.5, we show

that the time dependent empirical measure

Fiaw (b d,du) = Z Z X, ) € 2(Q xRY),

associated to the particle system (5.2.1), located at the grid points Xi,..., Xy, converges in
Wasserstein distance W1 (Q x R*) to the measure f(t,dx,du), obtained from the solution of
the Fokker-Planck equation (5.2.12) via formula (5.1.5). The key step towards the result is

to split the Wasserstein distance:

Wi(Q x RY)(firn (8), F(£)) < Wilfiun (1), Farn (8) + WilFiun (), fn (8) + Wi(Fn (1), f(1)). (5.6.1)

Here ffVIN = ﬁ Zjv=1 Z%zl O(x;ac_(t)) 1s the empirical measure of the associated McKean—
sWim

Vlasov particles as in Section 5.5, and

fn(t, dx, du) =

||M2

X ®f t X],du)

an auxiliary measure, can be viewed as a Riemann sum approximation for the measure
f(t,dx,du). Then Theorem 5.2.7 is an immediate consequence of the splitting (5.6.1) and
Lemma 5.6.1, 5.6.4 and 5.6.5 below. The first term in (5.6.1) is readily handled with Theorem
5.2.6 as follows.

Lemma 5.6.1. In the setting above, for any 7' > 0 we have

sup E [W1(Q x R4)(f]€\/[N(t)af]E\/1N(t))] <C (1 +supE[uk(:n,0)|2]é> < 1 + 1 >’

te[0,T] z€Q

for a constant C' = C(T, p, b, o, [u(-,0)]a)-

161



Proof. It suffices to notice that
1 N M
T = N ; Z‘ ). X0, (1))

is an admissible pairing for f§,;5(t) and f$;y(t). Then, by definition of the Wasserstein

distance,

B 1 N M
Wi(fun (8), fun®) < | |z —yl + |u—v| dmo = WZ Z — W, (£)]-
j=1m=1

(QxR*)?
Next we apply E at both sides of the inequality and use Holder’s inequality to get

1

E[ Wi (firn(®); Farn(t) SN - Z Z m(t) = Wi ()]
1 ; ]; 1 (5.6.2)
< 5w 2 2 Bl (®) — @50
j=1m=1
Now we conclude by plugging (5.2.18) into (5.6.2). O

Let us now turn to the second term in the splitting (5.6.1). To start with, in a weak law

of large numbers manner, we get the following lemma.

Lemma 5.6.2. In the setting above, for every N € N and every € > 0, for any ¢ > 0,
]Vl[im W1(Q x RY(fi (1), fn(t)) =0  in probability.
—00

Proof. The key observation is the following: if p(x,v) € C(Q xR*) has linear growth in v, that
is |¢(z,v)] < Ly(1 + |v]) for some constant L, > 0, then we have (o, farn(t)) — {p, fn(t))
in L?(Q2) as M — oo, uniformly in N € N. Indeed, with the same arguments as in the proof

of Lemma 5.5.8, we have, for a constant C' = C(T, b, o) independent of ¢,

|<§07 fMN )> <90’ fN )>‘ ]
N M 2
N Z l M Z X, jm(t))*fRél @(va v)f(t, X, dv)) 1
=N 32:1 jml#mZ]E l(@(XJ:Ujml (t) fRf(va )f(t, X, d )) (5.6.3)

: <<p(X]7 ﬂ;7%z (t)) _fRf(Xj7 U)f(tv Xja d’()))]

Loy

< — L2 C(T,b,0) {1+ supE[|u(z,0)?] ).
zEQ

We now collect some auxiliary facts and then use these observations to complete the proof. Since
Q xR* is a Polish space, it embeds continuously in the compact space [0, 1] endowed with the distance
n(z,y) == Y1 5% |Te — k|- Let @ x R* denote the closure of (the image of) @ x R? in [0,1]V. Let
U,(Q x R*) denote the space of function ¢ : Q x R* — R which are bounded and uniformly continuous

with respect to the distance 7 restricted to @ x R*. By the continuous extension theorem we have

162



that U,(Q xR*) = C), (QTR‘*), that is to say each bounded uniformly continuous function on Q x R*
extends uniquely to a bounded continuous function on Q x R* and conversely each such function
restricts to a bounded uniformly continuous function on @ x R*. The space Up(Q x R%) is separable,
since Q x R* is compact. Let {¥n}nen be a dense countable subset and set v, := mwn for every
n.

Given measures i, 1 € Z(Q x R*), the Portmanteau theorem implies that p; — p as j — oo if
and only if {p, u; — py — 0 for every ¢ € U, (Q x R*). Defining the distance § on 2(Q x R*) by

5(1,0) 1= Y 5l = ),
neN

we immediately see that, as j — o0,

pi = = 6(pj, 1) = 0.

Finally, we recall that the convergence in Wasserstein distance of order 1 is equivalent to weak con-

vergence combined with convergence of first moments (see e.g. [Vil03, Chapter 7]), i.e.

6(pj, ) — 0,

WiQ < B0 0
| Jat e tuldns = | Jal+ fuld
QxR4 QxR4

(5.6.4)

We now conclude the proof. Using the definitions of the measures fy;n and fy, convexity in-
equalities and (5.6.3), we compute, for every M, N € N and € > 0,

0

E[5(far, )2 < Y o
k=1
1

o [[<tw, fraunw — )]

(5.6.5)
< MC’(T, b, o) <1 + itglgE“u(a:,O)F]) .

Analogously we have, for every M, N € N and € > 0,

| |[, e i = [ o+ e
QxR QxR4

Given any arbitrary subsequence M} — o0, using (5.6.5)—(5.6.6) and a diagonal argument, we find

2
1 < %C(T, b, o) (1 + itelQpE[lu(%O)F]) - (5.6.6)

a sub-subsequence M}, — o0 such that

YNeN 6(fym, ,fn) —0 and J |z| + Ju| (dfyar, —dfy) — 0  almost surely.
J QXR4 J

The result now follows from (5.6.4) and the relation between almost sure convergence and convergence

in probability. O

Remark 5.6.3. It is possible to improve the result of the previous lemma with elementary

cut-off techniques and show that

lim E[W1(Q x RY(fi;n (), fn(t))] =0 for every t =0, N € N and € > 0.

M—0
However, this method does not retain any information about the precise rate of convergence
to 0, which in principle also depends on N. To keep track of this, we need to rely on a more
sophisticated result by Fournier and Guillin [FG13] about the convergence of empirical laws

of i.i.d particles towards their actual law.
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Lemma 5.6.4. In the setting above, for any 7' > 0 and any N € N,

[NIE

sup E[Wi(Q x R (fin(t), In()] < C (1 +sup E [[ug(2,0) ] ) 1;7
te[0,T7] zEQ M+

for a constant C' = C(T,b,0, Q).

Proof. The explicit expressions for ffw N and fn and the convexity of the Wasserstein distance
yield
E [W1(Q x RY)(fisn (2), fw))]

N

Z W1Q><]R<4< 25( ),5Xj®f(t,Xj,dv)>]
Jj=1

N

Z W1R4< 25 tX],dv)>]

Now, observe that for each fixed j, the particles ﬂ;m(t) for m = 1,...,M are i.i.d. with

2 \

(5.6.7)

Z\H

common law f(t, X;,dv). A direct application of Theorem 1 in [FG13|, with p = 1, ¢ = 2 and
d = 4, implies

IS

< CE[|as,,(t)]*] M5 (5.6.8)

W1R4< 25 t)ftX],dv)>

We conclude using the a priori estimates (5.2.15) and plugging formula (5.6.8) into (5.6.7).
O

Finally we consider the last term in (5.6.1). For this deterministic term we have the

following.

Lemma 5.6.5. In the setting above, for any T" = 0,

sup Wi(Q x BY(fw(t), f(1) < O
te[0,T7] Na

for a constant C' = C(T, p, b, 0, [u(-,0)]a)-
Proof. For every t € [0,T], we consider the following pairing 7(¢) defined by integration as
| eleu) wt.de,dy. du,dv)
(QxR*)?

B Z f N JRLL)? Xjy,u,0) mo(t, Xj,y, du,dv)dy - Ve Gy ((Q x RY)?),

where (¢, X;,y, du, dv) is a chosen optimal pairing for W1 (R?)(f(¢, X;, du), f(t,y,dv)). Re-
calling that meas(QéV ) = /N, an elementary check shows that 7(¢) is indeed a pairing. Taking

o(z,y,u,v) = |r—y|+|u—v|, using the definition of 7 (t) and m (¢, X;,y), and recalling formula
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(5.2.17) we compute

Wi(fn(t), f(t) < J [z —y| + |u—v|7(t, dz, dy, du, dv)
(@xR4)?
N
= Z J J |XJ - y| + |U - U‘ TF[)(t,Xj,y,d’LL, d’U) dy
j=1 N R4 2
< diam QN —&-ZJ J lu —v|mo(t, X;,y, du, dv) dy
N

= diam(Q}') + Z WIRY)(f(t, Xj, du), f(t,y, dv)) dy
QN
< diam(Qé-V) + Z J Cl|X;—y|*dy
=17}
< diam(Qé-V) + C’diam(Qj»V)a,

1

for a constant C' = C(T, p,b, 0, [u(-,0)]s). Recalling that diam(QéV) = N4 concludes the
proof. O
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Chapter 6

Fluctuations in the large number of

particles limit

6.1 Introduction and main results

In this chapter we continue the analysis of the particle system introduced in Chapter 5 to
model the grid cell network and we study the fluctuations around the mean field limit. Grid
cells are a particular type of neuron in the brain of mammals discovered in 2005 [HFM™05]
(see also the review [MMM17]). These neurons fire at regular intervals as an animal moves
across an area, storing information such as position, direction and velocity, and thus enabling
it to understand its movement in space.

Since their discovery, there has been extensive research to understand the precise behav-
ior of grid cells, see [RRMM16, MMM17, Brell| and the references therein. Mathematically,
their network is commonly described by deterministic continuous attractor network dynam-
ics through a system of neural field models [ET10, MBJ*06, BF09, CWZ" 13|, based on
the classical papers [WCT72, WCT73, Ama77|. In particular, as the brain is inherently noisy,
understanding how the grid cell network is affected by noise is one of the currently open
challenges in the field. This question has recently been addressed from several directions
[Brel9, BF12, BAC19, KE13, MB20, Toul2, CHS22, CRS23a].

The work presented here, published in [Cli23a], is the continuation of [CCS23| (discussed
in Chapter 5), along the direction initiated in [CHS22]. In [CHS22| the authors studied
a system of Fokker—Planck PDEs derived by adding noise to the attractor network models
in [BF09, CWZ*13] and formally taking the mean field limit. The PDE has been further
analyzed in [CRS23a]. The passage to the mean field limit has been rigorously proved in
|[CCS23|, where the authors derive the limit for a generalized model, covering diverse concrete
models commonly proposed (cf. [AB20, BF09, BF12, CWZ%13] and the review [Brell]).

The aim of the present work is to analyze the fluctuations of the empirical measure of the
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generalized noisy network model around its deterministic mean field limit and prove a central
limit theorem (cf. Theorem 6.3.12 below).

Precisely, we consider the following model (already introduced in Chpater 5) for the inter-
action among N M neurons stacked along N columns, with M neurons each, at the locations
Z1,...,TN € Q in a region @ of the neural cortex.

The behavior of neurons is characterized via their activity level, a quantity similar to the
firing rate and derived from this through a defining equation (6.1.1). In concrete cases, the
firing rate would explicitly appear on the right hand side of (6.1.1) (see example (6.2.3) below).

The k" neuron at location z; has an activity level ufk for each possible orientation g =

1,...,d,, corresponding to spatial directions (typically d, = 4). The total activity level

e (1 u‘jlg) evolves according to the system
t
wrlt) = () + [ ¥ (). fvan(r) dr (6.1.1a)
0
t
) + J o (i, 7, wik(r), [N (r) dWir(r) — i (t),
0

t

AR CAORAIOR f

) 1{ufk(r):0}d|€fk|(r) for B=1,...,d,. (6.1.1D)
For simplicity, we take the cortex to be @ = [0,1]¢ and we extend everything periodically out
of @, since the network of neurons is commonly considered to have toroidal connectivity. The
results in this work are easily extended to any bounded open subset Q < R%, for any d > 1.

In particular, we stress that we make no assumptions on the way the brain cortex is
mapped onto the physical space i.e. the way points x € ) correspond to points in the area the
animal is moving into. One can take ) to be a domain mapped via the identity function to
physical space as in the original work [BF09] or any other domain mapped via some nontrivial
function. Our result are indeed independent of this modelling choice.

For integers k = 1,..., M, we have ii.d. families {w;;(0)};=1,. n of random initial con-
ditions for each space point z; in the cortex Q. Moreover, for integers ¢ = 1,..., N and
k =1,...,M, we have d,-dimensional Brownian motions (Wﬁf) B=1,....dy,Which can also be
correlated.

The properties and the modelling interpretation of the coefficients b and o are given in
Section 6.2.1 and are deduced from those of the concrete models considered, briefly reported
in Section 6.2.1 (see also the introduction of [CCS23|). We also denoted fy s the empirical

measure associated to these particles, that is

N M
1
Inm(r, dy, du) = NI Z Z O(z;u;m(r)) Tegarded as a measure on @ X R% .
j=1m=1

Finally, for each i, k and 3, the term ka is a finite variation process defined by (6.1.1b)

which prevents the activity level ufk from taking negative values. Namely, as we can see in
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its definition, at each time ¢ this process equals the opposite of its total variation Zi’gk(t) =
f|€iﬁk|(t). In turn, the total variation stays constant when ulﬁk > 0 and it increases in the form
|€Zﬁk|(t) = Sé 1{ufk(r):0}d|£iﬁk|(r) when ufk =0, so as to push ulﬁk away from zero which is being
dragged by the other terms on the right hand side of (6.1.1a). The introduction of such terms
and constraints is therefore known as imposing reflecting boundary conditions and ffk is called
a reflection term. The existence and uniqueness of such a term need of course to be proved
and this process is often referred to as the Skorokhod problem. Precise details concerning the

well-posedness and the construction of the reflection term in our setting are all presented in

the seminal papers [LS84, Szn84a| by Lions and Sznitman.

Remark 6.1.1. Rather than being a classical mean field system with M N particles, it is
more accurate to regard the model (6.1.1) as a collection of N mean field systems with M
particles, one for each column of neurons, interacting among themselves. Different neurons
in the same column are subjected to independent sources of noise and are initiated with i.i.d.
data. However, due to our continuum formalism in the space variable, we have to require
some continuity of initial data and noise sources in the variable x € @) to avoid technical
issues. So that two ‘extremely close’ columns of neurons could sense correlated noise. This
will have consequences in some technical arguments: we will not be able to use independence
arguments and will rely instead on the continuity of the quantities involved.

However, this is not a fault in the modelling: we can let this correlation radius be smaller
than any finite size, e.g. smaller than the size of a neuron, after which our continuum formalism
loses any meaning (see also Remark 6.1.3). From the point of view of the modelling, one should
think of this continuous quantities as some interpolation of the actual quantities corresponding
to the space discrete columns of neurons.

This feature is well-analyzed in [CCS23| (see Chapter 5) and results in the convergence
rate 1/vM + /N4 for the mean field limit M, N — oo (cf. Theorem 6.2.8 below) in contrast to
the usual decay rate 1/vMN for a mean field problem with M N particles. In turn, this aspect
will have consequences on the correct scaling regime needed to see a nontrivial behavior of

the fluctuations (cf. Remark 6.3.5 and Theorem 6.3.12 below).

Remark 6.1.2. We point out that another good modelling choice is to have the same noise
hitting all the neurons in a given column, and possibly varying in different columns. That is,
having terms dW; (without the ‘column’ index k) on the right hand side of (6.1.1a). In this
case, the empirical measure of the neuron network still converges to the law of the McKean—
Vlasov SDE (6.1.2), but it also directly solves a stochastic version of the Fokker—Planck
equation (6.1.4) below and the noise does not cancel out in the mean field limit. We refer to

the seminal paper [CF16] for a prototypical case of this situation with no space interaction.

Under suitable assumptions, strong existence and uniqueness for (6.1.1) is proved in
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[CCS23, Theorem 2.3| (see Chapter 5). In turn, the authors rigorously analyze the mean
field limit of (6.1.1) as the number of columns N and the number of neurons per column M
go to infinity. It is shown (cf. Theorem 6.2.8 below) that the particles converge to the solution
of the family of McKean—Vlasov SDEs, for x € @,

( t

a(z,t) =u(z,0) + Jo b(x,r,a(x,r), f(r))dr (6.1.2a)
4 +f o(x,r,a(x,r), f(r) dW(z,r) — {(z,1),
0
B, 1.0 [P0 [y AP0 # =1, doe 6120

Here we have a family of random initial data (u(z,0))zeq for each point z in the cortex. The
term W¢€(x,t) denotes a Gaussian noise term, white in time and e-correlated in space. The
space correlation is needed since equation (6.1.2a) would be ill-posed for an actual space-
time white noise, and in fact it is also meaningful from the modelling point of view (cf.
[CCS23, Remark 1.2] and Remark 6.1.3 below). The precise definition and further properties
of W¢(z,t) are given in Section 6.2.1.

The coefficients b and o are the same as in (6.1.1), but here we have set f(t,y,du) =
Lawga, (@(y,t)), considered as a measure on R% depending on ¢ € [0,00) and y € Q. This in

turn induces a probability measure f(t,dz,du) on Q x R% defined by integration as

J o(z,uw) f(t,dz, du) = J f o(z,uw) f(t,z,du) dzx for any ¢ € Cy(Q x R™). (6.1.3)
Q xRdv Q JRdwv

Finally, for each fixed € Q and 8 = 1,...,d,, the finite variation process £°(z,t) defined
in (6.1.2b) is again the reflection term coming from the Skorokhod problem (see the expla-
nation after equation (6.1.1)) and it ensures that (a¢)®(z,t) > 0 for each z, t and 3. We
refer the reader to [Szn84a] for the details about such a process in the context of a classical

McKean—Vlasov equation.
A formal application of Itd formula shows that the law f(t,x, du) := Lawga, (a€(x,t)) is a

weak solution of the Fokker—Planck equation with no-flux boundary conditions

dy 2
0t w1 (bt SOV () = £ ) = (oo, ) (12, w)), (61.4)
B=1

ba(t, o, u, f(£)f(t,2,u)— %auiﬁ(aﬂ(x,t,u,f(t))zf(t,x,u)) ’uﬁfoo for f=1,....dy. (6.1.4b)

The meaning of the boundary conditions (6.1.4b) is that the PDE (6.1.4a) is satisfied in the
weak sense when tested against any sufficiently smooth function ¢ with V¢ (u) - nopde = 0.
Under suitable assumptions, Theorems 2.4 and 2.5 in [CCS23| (see Chapter 5) ensure
strong existence and uniqueness for the McKean—Vlasov equation (6.1.2) and that the law
f(t,z,du) = Lawga, (a(z,t)) is the unique weak solution of the Fokker—Planck PDE (6.1.4).
One of the key features of the model is that equation (6.1.4) has a unique solution indepen-

dent of € > 0. That is to say, the law f(¢, z, du) = Lawpga, (a(y, t)) of a single McKean—Vlasov
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particle is independent of the noise correlation radius e. This is because in (6.1.2) the inter-
action between two neurons u¢(z,t) and u(y,t) happens only through their law f as single
random variables. In fact we will see that the dependence on the correlation radius is recov-
ered as soon as we consider the joint law f(z,y,t,,du, dv) = Lawpad, (u¢(z,t), u(y,t)) of two
or more particles (cf. Remark 6.2.9).

We also remark that the Fokker—Planck PDE (6.1.4), in the case of diffusion term o = o
constant, has been further analyzed in [CHS22, CRS23a|. Under particular assumptions on
the drift term, it is shown that for every noise strength oy > 0 there exists a unique stationary
space homogeneous solution (from the modelling point of view this corresponds to the animal
completely loosing track of its position in space). This state is asymptotically stable for
noise oy big enough, but phase transition with multiple bifurcations, whose shape is also
characterized locally, occurs as oy decreases.

Finally, in [CCS23] (cf. Chapter 5) it is shown that the empirical measure fasny of the
particle system (6.1.1) converges in a suitable sense (see Theorem 6.2.11 below) to the weak
solution f of the Fokker—Planck equation (6.1.4). Informally, this yields the zeroth order

expansion, as elements of Z22(Q x R%),

1
VM N

The aim of the present work is to sharpen this picture by proving a central limit theorem

fMNf+O< ) as M, N — o0. (6.1.5)

for the fluctuations of the empirical measure around the deterministic limit f. Precisely, we
consider the rescaled fluctuations MY := /M (fyn — f). Proposition 6.3.1 below proves

that, for suitable test functions v, the fluctuations admits the semimartingale expression

™ oy = (! ,¢0+J7mMN=$ (fs fam) W]y dr + MMN (1)), (6.1.6)

where

M) = YIS S [ o s o), ) )

zzkl

is a martingale term coming from the stochasticity of farn and Z(f, fun) is a suitable
differential operator, essentially the linearization of the generator of the SDE (6.1.1) around
f. The aforementioned result already ensures that fa;ny — f as M, N — oco. A formal central
limit theorem argument suggests also that né\/[ N pg for some Gaussian random variable in
a suitable distribution space. Finally, by analyzing the quadratic variation of the martingale
MMN (cf. Proposition 6.3.2 below) we expect this to converge to some Gaussian process G¢
in a suitable distribution space. In turn, from (6.1.6), we conjecture that n/"V converges to

the solution of the Langevin SPDE (in integral form)

t
ﬁ=m+L$mﬁWﬂW+®, (6.1.7)
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where the operator .Z,.(f, f) is basically the linearization of the generator of the McKean—
Vlasov SDE (6.1.2) around f, and 7y and G§ are the above mentioned Gaussian terms. The
aim of this paper is to make this ansatz rigorous. Here a € (0, 1] denotes the Holder regularity

in space of the coefficients b and o in (6.1.1) (cf. Section 6.2.1).

Theorem (Theorem 6.3.12 below). For every e > 0 fixed, along a scaling regime M, N — o0
such that vV MN~%* — 0, the fluctuations nM~N = /M (fan — f) of the empirical measure
farn of the particle system (6.1.1) around its deterministic limit, the solution f of the Fokker—

Planck equation (6.1.4), satisfy
nMN ¢ in law in C ([0, T]; 1),

where 7§ is the unique solution of the Langevin SDPE (6.1.7) and H is a suitable Hilbert

space of distributions on @ x Ri”.

The decay involving M~72, related to the mean field interaction along columns, and
N~ related to the correlation between different columns, already appears in the mean
field expansion (6.1.5). The rescaling factor /M in front of the fluctuations corresponds
to the classical convergence rate for a mean field problem with M particles subjected to
independent sources of noise and is needed so that the fluctuations do not to vanish in the
limit (cf. [HM86, FFG92, BFG93, FM97|). However, as discussed in Remark 6.1.1, we actually
have N correlated ‘M-particle mean field clusters’ interacting among themselves with strength
N~ The scaling regime v/ MN~% — 0 serves to prevent these clusters from resonating
and resulting in yet unbounded fluctuations (cf. Remark 6.3.5).

In the same fashion as (6.1.5), the theorem above yields the first order expansion

Ffun =+ as M, N — oo and VMN~" 0.  (6.1.8)

o (G w)
This is particularly relevant from the simulation point of view: in order to understand the
behavior of a large number of grid cells obeying the model (6.1.1), simulating the continuous
model f + M_l/an is numerically much cheaper than simulating M N interacting SDEs. On
the other hand, our main interest is the effect of noise on grid cells. The zero order term f
alone completely loses track of the noise present at the particle level, which is instead retained

by the first order expansion (6.1.8) thus furnishing a sharper description.

Remark 6.1.3. We point out that we could also let € = ¢(M, N) vary with the number of
neurons and consider a joint scaling regime M, N — o0 and ¢(M, N) — €. Aslong as € > 0, all
the results of the paper hold with virtually identical proofs. Some results and estimates also
extend to the case e(M, N) — 0, possibly after imposing some constraint on the scaling regime
between ¢(M, N) — 0 and N — oo. However, the point is that in the case (M, N) — 0, the

limiting objects for the fluctuations and, even before, the supposed mean field limit (6.1.2)
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for the SDE system (6.1.1) is mathematically ill-posed. For e = 0 the noise W*¢(z, t) featuring
in the McKean—Vlasov equation (6.1.2) makes sense only as a distribution (see e.g. [DPZ92,
Chapter 4]) and in turn the equation, even in the simpler case o(x,t,u, f) = oy constant,
involves applying the drift nonlinearity b(...) to a distribution. It is not clear whether it
is even possible to give a meaning to equation (6.1.2) for € = 0 (see also [CCS23, Remark
1.2]) and in turn to the joint law f2€, introduced in (6.2.20) below, featuring in the definition
(6.3.10) of the quadratic variation of the fluctuation limit n;.

Overview of the methods.

The methods of this paper are deeply based on the approach to fluctuations put forward in
Fernandez and Méléard [FM97|, Bezandry, Ferland, Fernique and Giroux [BFG93, FFG92| and
Hitsuda and Mitoma [HM86|. Our situation presents additional difficulties: unboundedness of
the coefficients, boundary conditions imposing positivity of the activity level of the neurons,
and interaction between different mean-field families of coupled neurons across the cortex.

The fluctuations M = /M (fyn — f) are random signed measures in the path space
over @ x R%  whose space part is independent both of the time and the stochasticity. The first
problem is to find a distribution space in which both ¥ and its limit belong. In Theorem
6.3.12 we prove that, along the scaling regime v/ M N ~%* — 0, the fluctuations converge in law
in C([0,T); Hy ca yp= K202 ). The spaces HE %Y introduced in Section 6.2.1, are vector
valued Sobolev spaces taking values in other weighted Sobolev spaces with suitable boundary
conditions needed to account for the reflecting boundary conditions at the SDE level, which
reduce the class of admissible test functions, and the space interaction among neurons. The
particular exponents e, k and 6, given in (6.2.17), depend on the dimension of the spaces
Q < R? and R% to furnish suitable Sobolev embeddings. It will appear from the proofs
that the space H cd g2 i optimal and provides the minimal Hilbert space in which to
embed the fluctuations (cf. Remark 6.2.4).

Our strategy revolves around the semimartingale equation (6.1.6) for n~. Estimates on
the norm of MMM are readily obtained with martingale arguments (cf. Proposition 6.3.3).
Here the main difficulty is that the operator Z(f, fasrn) featuring in (6.1.6) is a second order
differential operator and thus not bounded in any particular space of the form HZ A
since it reduces the regularity of the test functions. Hence we cannot use equation (6.1.6)
and Grénwall’s Lemma to estimate the norm of n¥. To circumvent this problem, we work
between two nested spaces Hgi 1202 < fee g0 where the operator Z(f, farn) results
bounded (cf. Lemma 6.3.6) and we obtain the needed estimates on n}? (cf. Lemma 6.3.4 and
Proposition 6.3.7). It is the combination of the estimates for MMY and nM¥ that imposes
the particular scaling regime v MN~%¢ — 0 (cf. Remark 6.3.5).

These estimates are readily translated into tightness of the processes MMY and pM¥N
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thanks to the compactness of the embedding H, ;g H"202 < Heo z7%19 and martingale meth-
ods (cf. Proposition 6.3.8). A fine analysis based on Sznitman’s coupling method [Szn84al
shows that the quadratic variation of the martingale term MM?Y is converging to a deter-
ministic limit (cf. Proposition 6.3.2) and this uniquely identifies a Gaussian process G such
that MMY — G$ (cf. Proposition 6.3.10). An adaptation of the standard Lévy central limit
theorem shows the convergence of the initial data n}’" (cf. Lemma 6.3.11). Theorem 6.3.12

follows from passing to the limit in equation (6.1.6) and the well-posedness of the Langevin

SPDE (6.1.7).

Structure of the work.

The work is structured as follows. In the next section we first present our hypotheses and
notation and deduce some immediate consequences for later convenience. Then we lay out the
precise setting for our results and we collect some auxiliary results needed in our arguments.
In Section 6.3 we establish our central limit theorem following the strategy discussed above.

In Section 6.4 we collect the proofs of the results.

6.2 Preliminaries and auxiliary results

6.2.1 Hypotheses and notation

In this section we introduce our hypotheses and notations. We first take care of the random
objectes: the initial data and the noise terms in the McKean—Vlasov equation (6.1.2). The
specific filtered probability space supporting all of these random variables is introduced rig-
orously in Setting 2.4 below. The initial data and the noise in the particle system (6.1.1) will
then be given by the corresponding quantities at the locations x; € Q (cf. Setting 6.2.5). As

regards the initial data, we will consider random families (u(z,0))zeq such that
a 4 » 40 dy dy
u(-,0) € C*(Q; L*(Q)) n L*(Q; L***()) for some a € (0,1] and 6; >1+5+max 2, 5[ (6.2.1)

The Holder continuity in space is needed to control the interaction among columns at different
locations and is motivated by the modelling, as we expect the randomness to be somewhat
continuous along the cortex. The moments will serve to obtain bounds for the fluctuations in

the dual space of suitably regular function spaces (cf. (6.2.16)).
As regards the noise, we consider a Gaussian random field W€ : Q x R x R, — R% with

independent components 8 = 1...d,, zero mean and covariance
—1
E [WE”B(:B, HweP(y, s)|=@tns)C, e Jpe(z —2)pe(z—y)dz, for C, = (J p(2)? dz) , (6.2.2)
R R4
where p : RY — [0,1] is a radial mollifier supported in the unitary ball and p. is its the e-
rescaled version. Such a process can be obtained for example from convolution and rescaling

of independent copies W# of an actual distribution valued space-time white noise (see e.g.
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[DPZ92, Chapter 4]), by setting

WeB(a,1) == CF €3 (Wi, pe(- — 2)).
As mentioned in Remark 6.1.3, the e-correlation in space is needed to avoid mathematical
issues and in fact, as for the initial data, is strongly motivated by the modelling.
For future reference, we highlight some of the properties of W€. First, from (6.2.2) we
have that E[WP(z, )W (z,s)] = 6z, t A 5. Thus, for fixed x, the process t — W¢(z,1) is
a dy,-dimensional Brownian motion. Similarly, from sup(p) < B(0, 1) it follows that

E[Wz, t)W(y,s)] =0 if |z —y| > 2e.

Hence the processes W€(x,t) and W€(y,t) are independent for |z — y| > 2e. Furthermore,

using (6.2.2), we compute

E|IW(2,t) = Wy, s)P| < CE| W, 1) = W, )] + [W(a,5) = Wy, )P |
<C <|t — 8| +5C,€ JRd (pe(z — ) — pe(z —y))? dz)

2
<C<|t—s|+|$ 2y| )
€

for a constant C = C(p). Similar estimates hold for any higher moment p > 2 and the

Kolmogorov continuity theorem ensures the existence of a suitable modification of W€ with
continuous trajectories in both x and ¢. In particular, we have that W€ is jointly measurable in
(z,t) e RxR* and in the sample path w € Q. Finally, for any 2,y € R%, a direct computation
shows that the quadratic variation of the martingale W5 (x,t) — W8 (y, t) satisfies

_ 2
Wt =Wy, 0) = 1Cyet (=) = e =) s < 102
R4

€
for a constant C' = C(p).

Next we present the assumptions on the coefficients of the equations. We remark that
the specific shape and properties of the generalized coefficients are deduced from those of the

concrete model analyzed in [CCS23]

dufy, (t) =0 AW, (t) — de;, (1)

4 N M
+ <—ufk(t) + " (B (i) + 4]\}M ;1;1,; K7 (a, —mj)u;m(t))> dt.

The nonlinearities ¢? : R — R represent the firing rate of neurons in the network, typically

(6.2.3)

a sigmoid or a ReLU function. The external input is represented by B? : Q x R — R. The
interaction kernels K? : R% — R take into account the inhibitory /excitatory effect on nearby
neurons. A typical choice for these [BF09] is the so-called Mexican hat function.

We consider coefficients b,0 : Q x RT x R% x 2(Q x R%) — R% of the form

bﬁ(a:,r, U, ) = bg(az, rou) + #° (J bf(m,y,r, u,v) u(dy, dv)> ,
Q

x Rdv

(6.2.4)
B _ B B B
o (a:,r,u,,u) - UO (%,T, U) + (b <f 01 (xvyﬂ”,uﬂ)) :U’(dy)dv)> bl
QxRdv
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for suitable functions by, 0 : @ x Rt x R%™ — R% and by, 0y : Q? x Rt x R2% — R%  and

$: R — R,

Remark 6.2.1. In order simplify the exposition and the computations, we shall assume the

coefficients are the same for every direction. That is to say, for every 8 =1,...,d,,

b’B(Z',T, 'LL,,U) = 50(3377’7 'LL) + ¢ (J 51(337%7“,“77)) /L(dy,d'l))) )
QxRdv

and similarly for the coefficients o, for suitable functions by, b1, 0o, 01 and ¢ satisfying the
assumptions below. We stress that all the results hold identically with identical proofs for
general direction dependent coefficients %, o” and ¢ satisfying the assumptions below for

each single 8. Furthermore, to ease the notation, we will also use the shorthand

bi(w,t,u, p) 1= f bi(w,y,t,u,v) u(dy, dv),
QxRdv

(6.2.5)
Jl(xvtauhu) = J Ul(l‘)y7tu ’LL,U) /,L(dy,d?))
Q

xRdv

We assume the nonlinearity ¢ is smooth with bounded derivatives. Precisely we assume

that
g
dzi
In particular ¢ is globally Lipschitz and with sublinear growth. We assume that by and o

P el®R) Vji>1. (6.2.6)

are smooth in the z and u variables, uniformly a-Holder continuous in the x-variable (for
€ (0,1] given in (6.2.1)) and with u-derivatives bounded uniformly in z and ¢. That is to
say, for every h, k € N, for suitable constants C,
| DR DE g (2, t,u)| <
Vm,x', tbue@Q* xRy x R%, (6.2.7)
‘D bo(x,t,u) — DMbo(2, tu‘ Clz —
and analogously for og. In particular this implies Lipschitzianity and sublinear growth in w.
That is, for every h, k € N, for suitable constants C,
Db (,t w)| < C(1L+ Jul), y
Vo, t,u,u € Q x Ry x R,

‘DZDﬁbo(x,t,u) — D'DFb(z,t,u')| < Clu — /),
and analogously for og. Similarly, we assume that b; and o; are smooth in the z,y and u,v
variables, uniformly a-Hélder in the x, y-variable and with u, v-derivatives bounded uniformly

in z,y and ¢t. That is, for every h, k € N, for suitable constants C, for every x,z’, 3,3/, t,u,v €
Q* x Ry x R,

\Dh DkHbl(:U y,t,u,v)| < C,

Dgybl(:p,y,t, U, v) — Dnybo(m’,y’,t,u,v) <Clz —2'|* + |y — |9,
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and analogously for 1. In particular this implies Lipschitzianity and sublinear growth in
uw and v. That is, for every h,k € N, for suitable constants C, for every xz,y,t,u,u’,v,v" €

Q? x Ry x R¥dv,

D2 i,y 0)| < C(1+ [l + [o),
(6.2.8)
‘Dh Dk bl(l’, Y, l,u, U) - D;L,quljﬂ)bl(l" Y, t, U/, U/) < O(|U - U,‘ + |’U - U/Dv
and analogously for o;.

The shape (6.2.4) of the coefficients and assumptions (6.2.6)-(6.2.8) immediately translate

into the following properties of b and o.

Lemma 6.2.2. The coefficients b0 : Q x R x R% x #(Q x R%) — R are smooth in the
x and u variables. Furthermore we have, for every h, k € N, for suitable constants C' > 0, for

every ,x’, t,u, v, ju, i € Q% x Ry x R?% x 22(Q x R%)?,
|DEDS b(, 8 u, )| < C,

Dbt 0, )| < C (1 #lul+ [ rvwdy,dw) |
QxR (6.2.9)

|DEDEb(,t, u, 1) — DPDEb(2 8,0, 1)
O (o= a'|" + Ju = o + W@ x B*) (g, 1)+ Wi(Q x B*) (1))
and analogously for o, where WV denotes the Wasserstein distance (see formula (6.2.10) below).

We now introduce the function spaces needed to state our results. First of all, given a
Banach space X, we consider the space &,,(X) of probability measures on X with finite mth

moment, which is a Polish space when endowed with the m!* order Wasserstein distance

]‘/’"L
Wi (X)(P, Q) := inf {J |x — y|™dmr | 7 pairing between P and Q} . (6.2.10)
X2

Next we introduce the following weighted Sobolev spaces with no flux boundary conditions.
We denote by VVllf)f the space of distributions having the first k derivatives locally p-integrable.
For any integer k > 2 and any 6 > 0, we define

k0 ._ k.2 rmpdy
H ._{¢erOC(R ) | Vib(u) - mpga, =0, ZLUHM% du<oo},

. 1/2
| Dl ()2 du) _

which are Hilbert spaces when endowed with the norm || , 6 = (Z?:o SRdv T4 [u20
+

Similarly, we will also consider the Banach spaces

L .
D]
Wkl .= e Wlk OO(Rd”) | Vi(u) - n iy = =0, sup | Dup(w) ,
o¢ dy “ 1+ \u|9
ueRYY j=0
i - ko D)
endowed with the analogous norm ||| k0.6 = SUD, o 2.j=0 Tl
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Remark 6.2.3. These spaces are particularly adapted to our needs because of the no-flux
condition Vi (u) - Nogds = 0. This ensures that 1 is an admissible test function for the
Fokker-Planck equation (6.1.4) according to our definition of weak solution. Furthermore it
ensures that, when applying It6 formula to ¥ (u;x(t)) for u; solving (6.1.1) or to ¥ (uc(x,t))

for u€(x,t) solving (6.1.2) respectively, the resulting reflection term
t t
[ o) ) = = | Foin(r)) - ng 14 ) = 0
or Sé Vip(us(x,r))dl(x,r) = 0 respectively, is identically zero.

Classical embedding results extend to these particular Sobolev spaces (see e.g. [AF03]).

In particular, we will make use of the following continuous inclusions

) . d
Y ar R/ R T S 5” Vji=0V0=0, (6.2.11)
and the following compact inclusions
AR s gpIOTB s dyfa VB> dufa V=0 VO > 0.

Given a Hilbert space V' we will also consider the vector valued Holder and Sobolev spaces,
for some e = 0,

COV = COQiV), HLV = WA(Q V).

In particular, HSV is a Hilbert spaces with the usual Sobolev norm (cf. Remark 6.2.4 below).
We will need the following vector valued versions of Sobolev embeddings (see e.g. [Ama00]).

For any Hilbert space V' we have the continuous embedding
HV — CyV Ve>a+d.
For any compact embedding V <> V{ of Hilbert spaces, we have the compact embedding
HE'V s HVy Ve >0, (6.2.12)

where we denoted e™ := e 4 ~ for any arbitrary v > 0.
In particular, combining (6.2.11)-(6.2.12) we obtain the following embeddings, which we

collect here for later convenience,

, 4 d dy .
HS HFHI0 CQ?‘W]’OO’G continuously Ve > 5 +a Vk> 5 V45,0 =0, (6.2.13)
Ry e i 048 dy .
H "7« HE compactly Ve=0 VEk,5 > 5 V4,0 = 0. (6.2.14)

Remark 6.2.4. The spaces HS %0 are introduced for the sole reason of working with sub-
spaces of C*(Q; A ”’9) possessing a Hilbert space structure so as to simplify many arguments

in the following. In fact, results completely analogous to those presented could be obtained
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by working directly in the Banach spaces C*(Q; 7 ”’9). However, having no Hilbert space
structure at disposal, the methods of this paper need to be carefully adapted by introducing
several technicalities which, in the author’s opinion, would not improve drastically the results
stated. To start with, even to state the results, we would have to introduce the theory of

stochastic integration in Banach spaces, put forward only in recent years (see e.g. [VNVW15]).

Finally, we introduce the following ‘evaluation operators’ and we estimate their norm for
later use. Namely, for any j € N and any (z,u), (y,v) € @ % R‘i”, for a = (d”jj_l), we define

Vi : Cow 720 > R[4 > Dlh(, u), (6.2.15)

Vit  CE#TT00 B[ (D) = Dy, 0).

Using the definition of the spaces #7% we compute

| Dy, v)|

V0¥l = | Ditp(ar, u)| < sup = o]? (1 + [ul’) < [Wlogpame (L + [ul®),

y7/U 1

and similarly

VI oyl < Dtb(au) — Dig(y, w)| + | Dl (y, w) — Dib(y, v)|

(zu),(yv)
| Dl (z, w) — Di(y, w)| 0
< 1
< sup e (1 + [ul”)
pitl
+ sup M (1 + |ul? + |v|?) Ju— v
weuth Lt |w]

< [Wlogwsrroesle = yl* (@ + [ul’) + [Wlcgmsrons (L + ul® + o)) u —ol.

That is, we have bounds for H‘/('Z:M)H(ng/j,oo,e)* and |H/(2ii;(y7v)H(C%y/j+l,oo,6)*. Combining this
with the embeddings (6.2.13) immediately yields the estimates, for suitable constants C,

j 0
Vi lie o-ine < C (L +Jul)”,

. d dy .
VIS o lire sp-esssno < C (L Jul + [o])? Ve> S +avk> V00, (62.16)

. (|.r_y|04 + |U’_U|)7
6.2.2 Setting and auxiliary results

In this section we first lay out the precise setting for our results and then we collect some

auxiliary results for later convenience.

Notation. To ease the formulas for the function spaces involved, we will use the shorthands:

K1 := 1+al—er Ko := K1+ max 2 d—v+ e —a—i—g

1:= 9 ) 2 = K1 X "\ 9 ) a = 9
dy\ " do\ "

01 := 02+max{2, <2) }, 0 = (1 + 2> ,

where for any 3 € R we denote 31 := 3 + ~ for any arbitrary v > 0.

(6.2.17)
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This choice of Sobolev exponents and weights will give us the needed embeddings of type

(6.2.13) and (6.2.14), and the needed bounds of type (6.2.16).

Setting 6.2.5. We fiz a filtered probability space (2, (Fi)i=0,P) satisfying the usual conditions
and we assume it support the following random variables. First, for each k € N, it supports
independent adapted d,-dimensional space time white noise terms {Wy(x,t)}gen. Secondly,
for h € N, it supports i.i.d. families of Fo-measurable random initial conditions up(x,0) €
c” (Q, L4(Q)) NL* (Q, L0 (Q)) on the sheet Q, which are also independent of the noise terms
{Wi(z,t)}ken. Indeed, we can take Fy to be the filtration generated by the initial data and the
noise. For each fixed € > 0 we can then convolve the white-noise terms Wy and obtain the
Gaussian processes Wi discussed in formula (6.2.2).

Next, for each N € N we take points x1,...,xx € Q in the center of the squares of an
equispaced grid on Q = [0, 1]% with side length N—i. We denote by va the square with center
z;, and we notice that meas(QY) = % and diam(QN) = VAN~ Finally, for every N, M €
N, we introduce the particles for the coupling method. For i =1,....N andk =1,..., M,
let u5,.(t) be the solution of the particle system (6.1.1) with initial data u;,(0) = ug(z;,0)
and Brownian motions WS (t) == W((x;,t). For each k € N, let uj(x,t) be the solution of
the McKean—Vlasov equation (6.1.2) with initial data u,(x,0) and noise Wi(z,t), and for

i=1,...,N define u (x,t) :== uj(x;,1).

In this setting, Theorems 2.3, 2.4 and 2.5 in [CCS23| ensure the systems (6.1.1) and
(6.1.2) are well-posed and that f(z,t,du) = Lawga, (af,(x,t)) is the unique weak solution of
the Fokker-Planck PDE (6.1.4) with initial data fo(z,du) = Lawgad, (ug(z,0)).

We now collect some auxiliary results either new or taken from [CCS23] we will need in
the following. First of all, owing the i.i.d. properties of the initial data and the noise terms,

we have the following.

Lemma 6.2.6. The collections of particles {u$,(t)}i=1,.. N are exchangeable families for k =

1,..., M. Moreover, the collections of particles {u, (t)}i=1,.. n areii.d. for ke N.

We point out that this is not the case for the index 4, both for the particles uj, and
us, = ug(x;,-). Indeed, the laws of uf, and u;-k, or i, and uj, respectively, might differ
as a result of the x dependence of their defining equations. Furthermore, even if the points
x;, x; € Q are far from each other, namely if |z; — 2| > 2¢, so that their noise terms W (z;,1t)
and Wy (x;,t) are independent, these particles might still be correlated as a result of their
initial data. In fact, from the point of view of modelling in neuroscience, we expect ug(z,0)
to be close to ug(y, 0) for = close to y. This is essentially the issue we pointed out in Remark
6.1.1.

We have the following uniform moment estimates both for the true particles u§, and for
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the McKean—Vlasov particles @,. The case p = 2 is proved in [CCS23, Theorem 2.3-4] (see

Chapter 5) and the case of a general p > 1 is proved almost identically.

Proposition 6.2.7 (Uniform moment estimates). In the Setting 6.2.5 above, for every T' = 0

and every p = 1, we have

+supE | sup |ug(x,t)|P
e te[0,T]

<C (1 + sup E[|u(z, 0) |p]> , (6.2.18)

supE [ sup. [ [? p
xe

i,k te[0,T°]
for a constant C' = C(T, p,b,0) independent of M, N and e.
Furthermore, we have the following estimates for the error between the true and the

McKean—Vlasov particles. The case p = 2 is proved in [CCS23, Theorem 2.6| (see Chapter 5)

and the case p = 4 is a straightforward adaptation.

Theorem 6.2.8 (Mean squared error estimates for actual particles vs. McKean—Vlasov

particles). In the Setting 6.2.5 above, for p = 2,4 and for any T' > 0, we have

supE | sup |uf () — i, (6)]7
ik te[0,T7

1 1
<C ( + 1) (1 +supE[|uk(1:,O)|p]1/p> . (6.2.19)
M2 zeQ

for a constant C = C(T,b,0,[u(-,0)]s), where [u(-,0)]o denotes the Holder seminorm of
u(-,0) € C*(Q; LP()).

We now consider empirical and actual measures associated to the true and McKean—
Vlasov particles. In [CCS23| (see Chapter 5) it is established that the solution f(z,t,du) =
Lawpga, (a¢(z,t)) of the Fokker—Planck PDE (6.1.4) is independent of € and it is a-Holder con-
tinuous as a function of  with values in &2, (C([0,T]; R%)) endowed with the 2-Wasserstein
metric whenever u(-,0) € C%(Q; L?(£2)). Furthermore it is proved that fi;y — f in Wasser-
stein distance of order 1, in expectation.

In the following we will need analogous results for the joint law of two McKean—Vlasov

particles
2z, y, t, du, dv) := Lawgea, (@(x,t), 0 (y,1)), (6.2.20)

which is a measure on R?* depending on z,y € Q, t € RT and € > 0, inducing a measure on
Q? x R?®% via integration as in (6.1.3), and for the joint empirical measure associated to the

actual particles

1

f]%/[N(ta dxa dy7 d’LL, d'l)) = MN2 .

D=

M
o kz_:l(S(xi,mj,ugk,u;k) IS4 <Q2 > RQd’J) '

)]

Remark 6.2.9. As anticipated in the introduction, the joint law f2¢(x,y,t, du,dv) does

depend on the correlation radius € > 0, in contrast with the case of the single law f(z,t,du).
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Indeed, the independence on € of f is an artefact of the specific type of interaction among

particles, which takes the form, highlighting the drift term only,
dae(x7t) =+ ¢ (J bl(xv yataag(mvt)a U)f(yvtu d’U) dy) dt + ...
QxRdv
=409 <J Efb1(z,y,t, w0 (Y, )] yme ) dy> dt + ...
Q

That is to say, the particle af(x,t) interacts with the particle a“(y,t) only through its law
f(y,t,dv). Therefore the correlation radius of the noise sources W€ (z,t) and W¢(y, t) affecting
the particles plays no role since each of these terms behaves individually as a Brownian motion,
regardless of the value of €. Accordingly, the effect of € is recovered as soon as we consider
the joint law of u¢(z,t) and u‘(y,t).

We mention that other commonly proposed models (see e.g. [Ama77, KR14, FI15] and the
review [Brell, Section 6|) consider a different type of interaction, where a¢(z,t) does interact
with u¢(y,t) directly and not only through its law, so that the dependence on € is retained

already at the level of the single law Lawga, (a(x,)).

We promote f and f2€ to measures on C([0,T];R%) and C([0,T]; R?%) respectively by

setting f(z,-) = Lawc(jo,rprav) (U (2, -)) and 2(z,y,") = Law ¢ (jo,rpr2de ) (U (2, ), Uk (y, -))-
Then, from [CCS23, Theorem 2.5|(see Chapter 5), or straightforward adaptations of its argu-

ments in the cases of p = 4 and of the joint measure, we have the following.

Proposition 6.2.10 (Holder continuity of the single and joint empirical measure). In the
Setting 6.2.5 above, for p = 2,4, we have f € C¢ (Q; P, (C’([O,T];Rd”))) and f%€ e
C* (Q% 2, (C([0,T];R*™))) with the following estimates
WP (C([O,T]JRd“)) (f(.’l?, ')a f(.]?/, )) <C (1 + supEHu(m, O)lp]l/p> |$ - m/|oz Vl‘,.’L‘/ € Qa
re@
WP C O T RQd )(f(xay7 '>7f(x/7y/7 ))

L _ /+ _/
<0 (1 supBute o1 ) (oo -y 4 T ey e

zeQ €

for a constant C' = C(T, p,b, 0, [u(-,0)]s), where [u(-,0)], denotes the Holder seminorm of
u(-,0) € C*(Q; LP(2)).

Finally, we establish the convergence for the empirical measure. We recall that a space
dependent measure g(z,du) € Z(R%) induces a measure on Q x R% via formula (6.1.3)
and similarly for a measure g(z,y,du, dv) € 2 (R?*¥) inducing a measure on Q% x R4, A

straightforward adaptation of [CCS23, Theorem 2.7| (see Chapter 5) proves the following.

Theorem 6.2.11 (Convergence of the single and joint empirical measure). In the Set-
ting 6.2.5 above, we have fyyny — f and f]%/[N —  f%€ in Wasserstein distance W, in

expectation with convergence rates, for every T' > 0 and every ¢ > 2, for a constant
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C =C(T,q,p,b,o,[u(-,0)]a),

sup E[Wg (Q x R™) (fMN(t)vf(t))2:|

te[0,T7]

2
1 1
<C 1+ supE[|u(x,0 2) (—l—)
(1+ 5Bl 0]) (= + 5o
M_1/2 + M—(q—2)/q if 2 > d,U/Q and q £ 47
+C (1 + SupIE[|U(m,O)|q]2/q> M~"log(14+ M)+ M /s if 2 =dufa and q # 4,

zeQ
M_2/dv + M7<Q72)/q if2e (07 dy 2) and q #* %7

sup E[Wz (Q? x B2 (frw (1), f“(ﬂ)g]

te[0,T7]

1 1 1)’
2
<C (1+21618E[|u(x,0) ]) <m+ N + eNl/d>

M=+ M P if2>d, and q # 4,

+C (1 + sugE[|u(x,0)|q]2/q) M~"log(1+ M)+ M~/ if 2 =d, and q # 4,
xTe

M—Yiv 4 M~ jfo e (0,d,) and ¢ # dfil'

6.3 The central limit theorem

In this section we prove our main result following the strategy sketched in the introduction.

We will always consider the Setting 6.2.5.

We want to find an equation satisfied by the rescaled fluctuations 7} = cyn(farv — f),
for some scaling parameter ¢y, and pass this to the limit as M, N — o0. We anticipate that
the right scaling for the fluctuations is cyry = v/M along a suitable scaling regime M, N — o0,
namely vMN —%4 _ (. However, we choose to keep the scaling factor ¢y implicit so as
to highlight why this is the only possible choice in order to obatin a nontrivial limit for the
fluctuations (cf. Remark 6.3.5 below).

Let ¢ : @ x R% — R be sufficiently smooth with V., (z,u) - n.pa, = 0, for example
+
Vv e Hye FL01 Testing furn against ¢, applying It6 formula and using the boundary
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conditions on 1 we obtain

(un(t),4) = (i, uy,(0))

&
£
=

i‘.-\
=

T
naE

@
Il
_

Vqﬂ/)(%y u;k(r)) b(ﬂj‘“ u:lm r, fMN) dr

S
-

Il
—
™
Il
—

n
S
- 3-
1=
M=

Ay, uy (1) o (s, uly, r, frun)? dr

=1
M=

@
Il
—_
bl
Il
—_

+
S
<

(6.3.1)

V(i ugy (1)) o (@4, wly, vy frn) AW (r)

_l’_
=
' M= =
Th=
S

~
I
—
e
Il
—_

=

=
M=
M=

S

o

+

Vu (i, ufy (1)) - naRiv dl,(r)

—Caan (00,0 + | Car (), Lo (faan (P[] dr + —— MMV (),
0 CMN

S

for the martingale term

N M 4t
MMN(y) = X}?} Z,;fo Vb (@5, win (1)) o (x4, 7, wig (1), farn) dWik(r), (6.3.2)

and the differential operator L, (fasn(r)), depending on fasn(r, dz, du) € 2(Q x R%) and on
the time r, defined for any v : Q x R% — R sufficiently smooth by

Le(0)[¥] (2, u) := Vot (z,u) bz, r,u, 1) + Autp(z,u) o(z,r,u, p)* Ve 2(Q xR™).  (6.3.3)

Similarly we test v, which is admissible because of the boundary conditions, against the
weak solution f(t,z,du) of the Fokker—Planck PDE (6.1.4), which is regarded as an element
of 2(Q x R%) via formula (6.1.3). We obtain

@), ) = {f(0),9) + L<f(?“, dx, du), Ly (f(r))[¥])dr, (6.3.4)

where L,.(f(r)) is the differential operator (6.3.3) evaluated on f(r,dxz,du) € 2(Q x R%).
Combining (6.3.1) and (6.3.4) yields

)y = ™ ) + JO emn ((Farn (), L (farw)[W1) = (F(r), Le(F)[WD) dr + MM (9). (6.3.5)

Finally we rewrite

enny ((arn (), LB [8]) = (£ ). Lo (£)[D)

(6.3.6)
= N (dy, dv), L (fun (1), () [$](y,v))
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for the linear differential operator .%;(u, ), depending on p,v € 2(Q x R%), defined by
2 v)[$](y, v)
= Li(w)[¥](y, v)
1
+ <1/(dx, du), Vi (z,u)by (z,y,t, u,v) (J & (1= Ny (,t,u, v) + Aby (¢, , u, 1)) d)\>>
0
+ <V(d(E, du)v Au¢($» ?)01 (LC, Y, ta u, U)QUO (.’IJ, tv U) (637)
. (J‘ ¢((1 - A)0-1('r72‘:71/['a1/) + )‘O'l(xvtauvu)) dA)>
0

+ <u(dm, du), At (z, u)o1 (2, y, t,u,v) (o1 (2, t,u,v)) + ¢(o1(x, t,u, 1))
. (Lcﬁ (1 = Noi(x,t,u,v) + Aoy (z, t,u, 1)) d)\>>,

where we used the shorthand (6.2.5) for bi(x,t,u, ) and the analogous terms. Equation
(6.3.6) is justified by direct computation simply by plugging in the expression (6.3.7) for
ZL(fun, f), which is essentially the linearization of L(fan) — L(f) around f. Combining
(6.3.5) and (6.3.6) we have proved the following.

Proposition 6.3.1. For any ¢ € HS %1% the process (g™, 1)) is a real valued continuous

semimartingale with decomposition

™y = (g™ 9y + f N, Lo (faan, D] dr + MMY (). (6.3.8)

The next step is to understand the behavior of the martingale term MMM (v)) in the
M, N — oo limit. We start by analyzing its quadratic variation. For any ¢, € H;> A0

from the expressions (6.3.2) and (6.2.2), we compute:

(MM (p), MMN(#)»

2 pt N M
_ CMN € € €
= M MN2 2]2:1 kgl u‘p Ty, U zk (1‘,‘,7‘, uikvfMN)) (vuw($jaujk)o-(xjara ujk)?fMN))
. (J p(z + e Mz —x5))p(2) dz Cp) dr
R4
_c 6.3.9
MR J‘ J uSD €, ’LL :E rvumeN)) ( )
2« R2dy

(Va0 (y,v)o(y, r,v, fun)) R (x — ) df iy (7, da, dy, du, dv) dr
=S [ (Vupleadoesrn fors) (Va0 )o(0er, v, fo) B (x — ),

df 3y (1, dz, dy, du, dv)> dr,

where we have defined

=0, fRd plz + e 12)p(2) dz.

The expression (6.3.9) and the convergence fyny — f and f2,5 — f2€ from Theorem 6.2.11
suggest that the quadratic variation (MMM (), MMN (4))) converges to the deterministic
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finite variation function

silow) = | || (Vs wote. 1) (Tu0l 0ol rv. )

- R(z — ) df><(r, dx, dy, du, dv) dr
( ) ( ) (6.3.10)

_ f (Tl o (@, o, £)) (Vb (g, 0)o 0, ) R (2 — 9),
df*<(r, dx, dy, du, dv)> dr.

The next proposition establishes this rigorously.

Proposition 6.3.2. For any ¢, € HS> 292 for any T = 0 we have

Mljl\[m sup E|:)<(Vu90<x7 U)O'(.TC, r,u, fMN)) (vuw(?ﬁ ’U)O'(y, r,v, fMN)) Re(‘r - y>7
YN =90 1e[0,71]

fi x5 (r,dx, dy, du, dv)>
— ((Vue(@,wo (@, 7. ) (Vur(y,0)o (g, 7,0, £) B (@ = ),

24r, dz, dy, du, dv)>’] =0.

In particular we have

lm B | sup \<M?4N<so>,MtMN<w>>—gﬁ(so,th)\]=0. (6.3.11)
N=0 | efo,1]

Given an admissible test function v, standard probability theory ensures there exists a
(unique in law) Gaussian martingale Gf§(¢)) having the increasing function gf(v,) as its
quadratic variation. Proposition 6.3.2 hints that MM¥ (1) converges to the process G¢(1)).
In turn, assuming that »% has some limit 7§, the convergence fy;n — f suggests that we

pass to the limit in equation (6.3.8) and obtain the following expression

> ) = <o, ) + JO<77§7 Ze(f(r), f(r)[W]) dr + GE(Y). (6.3.12)

The remaining part of this section is devoted to making this argument rigorous. The missing
ingredient is essentially the tightness of the processes involved.

First of all, we pass everything to the level of distributions. We start with the martingale
term. Indeed, it is not hard to see that, for a fixed time ¢, the association HS* 00 5 Y —
MMN (1) defines an H;; ¢ 5~ "%1_yalued random variable MM~ We have the following

result.

Proposition 6.3.3. The process MM is an H ® 5~ #1.91_valued continuous square in-
tegrable martingale. Its quadratic variation is the H ® JZ~ r1,01 ®H, ¢ ™ A9 valued
process ( MMN defined by

(M), ) 1= (M (), MY ().
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For every T' > 0, for a constant C = C(T,b,0), we have

sup E| sup [MMY]7

2
CMN 201 +2
—ea ppni0, | < Csup <1+supE |u(x,0)]7" ) (6.3.13)
M\N  |tefo,T] T M [ |

M,N zeQ

Next we want to study the fluctuation process n/N € 2(Q x R¥) < H_ ® ¢~ K10
obtain bounds on its norm and pass (6.3.8) to an equation at the distributional level. This

will be done in two steps, working between the nested spaces H;ct 202 HSe o k101

Lemma 6.3.4. For every T' > 0, for a constant C' = C(T,b,0), we have

2

2
sup sup E[|nMN|3_.. . < C su (CMN + MN ) <1+su E[|u(z, 0)[*% ) 6.3.14
i B 17l F—— s\ Tar T N sup [Ju(z, 0" ] ). ( )

Remark 6.3.5. Lemma 6.3.4 implies that, in order to keep the fluctuations bounded in a

2 2
¢ c
suitable distribution space, we have to impose the constraint lim sup MN_ NéN < 0.
M,N—0 M N ofd
On the other hand, estimate (6.3.13) implies that, in order for the martingale term not to
vanish, which would imply ¥ — 0 and result in a suboptimal expansion (6.1.8) for the
empirical measure, we have to impose cyn = VM. The requirements on the scaling regime

are therefore cyn ~ vV M and limsup v M N < . In fact, we will see that the convergence
M,N—0

of the initial data n}!™ further requires Mlzivrgoo VMN~ = 0.

We can make sense of these constrair;ts as follows. As explained in Remark 6.1.1, our
situation essentially corresponds to N classical mean field problems with M particles each,
one for each column of M neurons at location x;, interacting among themselves. The decay
rate v/M is the usual decay rate for a standard mean field setting with M particles subjected to
independent noise sources W (x;,t) for k = 1,..., M. Therefore, if we want to see a nontrivial
behavior of the rescaled fluctuations cyn(farn — f) and also to keep these bounded, we have
to choose cyn = VM.

However, we have N such mean field clusters interacting with each other and two different
columns at nearby locations x;, x; are initiated with possibly correlated initial data and sense
correlated sources of noise {W¢(x;,t)} k1.0 and {W(z;,t)}k=1..a with correlation strength
proportional to |z; — x;|* ~ N~¥% The condition limsupvVMN~** < oo serves therefore
to prevent these correlated random clusters from interacting constructively and making the

v/M-rescaled fluctuations yet unbounded.

We can obtain better estimates for the process n” by exploiting the semimartingale
decomposition (6.3.8). For this, we first need the following lemma on the norm of the operators

Zi(u,v) defined in (6.3.7).

Lemma 6.3.6. The linear operators % (farn, f) and Z(f, f) define two maps HE #72%2 —
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Hee 7% and two maps HE %2 729272 _, [ea yr2.92 gatisfying the bounds,

up. sup ess-Sup|-Z(farns )l gse pnts sase s
te[0,T] M,N  weQ

1/2
+ Sup ”g(f, f)HH;O‘ %K)2,927H;a '-%anl,el < C(]. + SupE [‘U(IL’, O>‘4+291] > ,
te[0,T] z€Q

(6.3.15)

sup sup ess-sup | L (fun, )l gea ypma +2.00 2 prea ypra 02
te[0,T] M,N  weQ

1/2
+ sup |-Z(f, f)HHga 2 +2.02 -2 pea yorg by S C(l +supE [|u(q:70)’4+201]> 7
te[0,T] ) ze@

for a constant C' = C(T, b, 0,d,, d, @) independent of the event w € .

Using these bounds, we now obtain a semimartingale expression for )" in the bigger

space H ¢ s~ "2 o H— e yp= b1

Proposition 6.3.7. The process nM" is an H ¢ J#~ #2:%2_yalued continuous square inte-

grable semimartingale with decomposition

t
MV = N fo L (Farws PP dr + MY, (6.3.16)

where 2, (fun, f)* + H ® Y A H_ ¢ 277292 ig the adjoint operator of Z.(fun, f).
For every T' = 0, for a constant C = C(T,b,0,d,d,, ), we have

2

cuN?
sup]E[ sup [In/" N3 .. %Nz,ez] < Csup ( 1\]/{; + ]\%l:/d> (1 +SupE[|u($70)|401]>. (6.3.17)
MN te[0,T] zeQ

In order to pass to the limit in the expression (6.3.16) we exploit the tightness of the
terms involved. This is proved with the previous estimates, the compactness of the embedding

H; e g~ "% < H—ca g7~ %292 and the Aldous criterion (see e.g. [JMS86]).

Proposition 6.3.8. For M, N € N the random variables MM" e C([0, «0]; H;% 7~ r2.02 )
are tight. Furthermore, the random variables nM~ e C ([0, w|; H O ) are tight along

a scaling regime such that limsup VM N ¥ < 0.
M,N—o0

Next we use Prokhorov’s theorem and the convergence (6.3.11) of the quadratic variation
(MMN5(p,9) to establish that MMY does have a unique limit in C([0,T]; H, ca g K202 ).
The first step is to identify uniquely this limit. The following lemma is proved similarly to

estimate (6.3.13).

Lemma 6.3.9. The association HZ* A0 5 0,0 — g5(p, 1) defines a deterministic in-

creasing positive definite function g§ with values in H o s~ "0 @ H ¢ 7~ 101,

Thus gf is an admissible covariation function in H .~ *1:%1 and standard probability
theory (see e.g. [DPZ92, Chapter 3]) ensures there exists a unique-in-law H ¢ s~ "0

valued Gaussian martingale G§ with quadratic variation gj.
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The uniform bound (6.3.13), Proposition 6.3.8 and Prokhorov’s theorem imply that, along
subsequences, the process MM converges both in law in C([O,T];H; & “2’02) and
weakly in the Hilbert space ./\/l% (Hzea Y ks ) of square integrable continuous martingales
to (possibly different) limit martingales. In addition, Proposition 6.3.2 implies that along any
such subsequence we have (MMNY(p, 1) — g5(p,v) for every ¢, € HSe 27292 Hence,
along any subsequence, the limit martingale must be G§{ and a sub-subsequence argument
readily proves that the whole sequence M¥ is converging to G§. Hence we have proved the

following.

Proposition 6.3.10. We have limy y_o0c MMY = G in law in C([O,T];H; ey~ r2b2 ),

with no constraints on the scaling regime for M, N — oo.

Finally we exploit the tightness of n® and the convergence fi;ny — f and MMN — G to
pass to the limit in equation (6.3.16) and show that the fluctuations n% have a unique limit.
We first establish the convergence of the initial data né\/[ N This is obtained with adaptations

of the standard argument for Lévy’s classical central limit theorem.

Lemma 6.3.11. Consider a scaling regime M, N — oo such that lim vMN~4 = 0, then we

have
M . . — —
0 N 0 i 1 i F[x €q % K2 ,92 ,

where 79 ~ N(0, Q) is a Gaussian r.v. in H, ® 7~ "% with mean zero and covariance
Qo) = E| || ol un(2.0) - Blota, s 0.0))] o)
Q
([ w000 = Bl 001 )|

N Lg? ><]R2d1;<<p(z7 u) 7JR;UP($’ w) fo(x, dw)>
| (w(y,v)—fwlf(%w)fo(y,dw)> 12y, du, dv) di dy.

(6.3.18)

In particular 7o is independent of € since fo(x,du) = Lawga, (ug(z,0)) and f2(z,y, du, dv) =

Lawgad, (ug(x,0), uk(y,0)) are.

Finally we establish our main result: a central limit theorem for the whole fluctuation
process niMN . Here below, the well-posedness of equation (6.3.19) is guaranteed by classical

stochastic analysis in infinite dimension (see e.g. [DPZ92, Chapter 5|).

Theorem 6.3.12. Consider the Setting 6.2.5. For every € > 0 fixed, as M, N — o with
scaling regime lim v MN~* = 0, we have

77iMN —n; in law in C([O,T];Hw—ef; 2,02 )’

where 7 is the unique weak solution in H ®* (24202 =2 o the Langevin SPDE
t
g =Mo + L L (f f)*[ne] dr + Gy (6.3.19)
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6.4 Proof of the results

Proof of Proposition 6.3.2. By polarization it is sufficient to prove the result when ¢ = 9.

We introduce the following random time dependent probability measures on Q2 x R?%:
f]%/[N(t) N2 ZlkZ Tz @y, ()0 (t)) and fN - 2 Zl 6(9: JZ;5) ®f (‘riaxjvtaduvdv)'
©,J = ,J

We consider the splitting

(Futblw, wo(w, v, fr13)) (Tutb(y, 0)o (7,0, farn)) RE@ = y), dfion (r, de, dy, du, dv) )
— ((Vuta.wyo (@, ryu, £)) (Vut(y, 0)o (.m0, 1)) B @ = y), 2, do, dy, du,dv) )
=(Vabla, woe,r,u, farn)) (Vutb(y, 0) 0y, 7.0, farn) = 0y, r,0. ) B =), Fiun )
+ ((Vuta@w)(o(@,ru, farw) = ol 1)) (Vatb(y, v)o(y, v, ) B@ = y), Sy ) o)
+ (Vb woa,r.u, 1) (Vat(y, 0)o (.10, ) B2 = y), Firw = Fan )
+ ((Vuta wyo (@, ru, £)) (Vut(y, 0)o @m0, ) B@ = y), fow = )
+ (Vuta@ wyol@,ryu, £)) (Vo (y, v)o (.m0, ) Be@ = y), i = 1)
=E; + E2+ E2 + E! + E}.

We consider each term E! separately and we show that they satisfy SUP,e[0,7] []E |]

For the first term we compute, for a constant C' = C(T,b,0),

up E[|E!]
re[0,T]

< swp E[ Vb w)] o, o Far)| [Vato(y, )
ref0,1] L J@2xRr2dv

oy, v, far) = oy, v, F)] Bz — )] dffm]

<csupEUQ (91220 ez (1l P11+ o) (W1 (@ x dv)(fMN,f»“dffm] 642

re[0,T] 2 xR2dv

1/2
< O sen penos SUD E“ L Juft% 42 1 o[+ df;im]
Q

re[0,T] 2 xR2dv

- sup E[(V\h(@ X Rd”)(fMN,f))z]a/2

re[0,T]
1/2 af2
< Cllige spomas (1+supE[|uk<x o>|492+2]) sup E|(Wa(@ x B*)(fun. )|

zeQ re[0,T]

In the second passage we used the embedding (6.2.13) to bound |V,|, the linear growth
and Lipschitz properties (6.2.9) of o and the boundedness of R¢. The third passage follows
from several application of Hélder’s and Young’s inequality. In the last passage we used the
definition of f3;5 and the moment estimates (6.2.18).

Swapping the roles of (z,u) and (y,v) and of fy;n and f in (6.4.2), we obtain an identical
estimate for the second term E2. In particular, we notice that the right hand side of (6.4.2)

vanishes as M, N — oo thanks to Theorem 6.2.11.
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For the third term in (6.4.1) we compute, for a constant C = C (T, b, 0),

wﬂ\kmpijZ(wwmmm> V(s )|

ij=1k=1
o (@i, ugy, r, [)Vuth(zg, ufpo(zs, ufy, 7, f)]
+ [Vuip (@i, wiy )l |o (i, uiy, r, f) — o (@i, Ui, r, f)
AVt (@), ufy)o(zj, ufy, m, £
+ IVt (@, wip)lo (@i, @iy, 7, £
AVt (@, ufy) — Vup(zg, ufe)lo (@, ufe, v, £
+ [Vutp (@i, wip,)||o (2, wgy, 7, f)

: |Vu1/)(.%'j,’ll§k)||0'(l‘j, u;’kv T, f) - U(xj7a;k7r7 f)|)

(6.4.3)

MWZZlﬂwW%wg

i,j=1k=1

30, +1 _ _
)" (|u§k_u§k‘+|u§k_u§k|)

(1 Jugy | + Jag | + [ufe| + [Ty,
In the first passage we unfolded the term E? using the definition of f]%4 N and f]%/[ ~» and then
we added and subtracted several mixed term. In the second passage we used the Lipschitz
and linear growth properties (6.2.9) of o, the definition of the operators V(lx’u) and Vé’fi;)f,(ym)
and the estimates (6.2.16) on their norms, and several applications of Holder’s and Young’s
inequality.
We now take the expectation and the supremum in time of (6.4.3), and then we apply
the Cauchy—Schwarz inequality and the moment estimates (6.2.18) to obtain, for a constant
C=0C(T,b,o0),

1 1/-
sup E[|EZ|]<C(1+ H¢HHCQ pra0s) (1 + sup E||ug (z, 0)[6° 2] /2) sup sup E[|usy,(r) — a5, (r)[?] /2
re[0,T] zeQ i,k re[0,T]

The right-hand side of this inequality vanishes in the M, N — oo limit thanks to Theorem
6.2.8.
For the fourth term in (6.4.1) we compute, for a constant C' = C(T, b, o),

sup E[|E}[?]
re[0,T]

| X
<C— sup E ’
N2 7,,]§=:1 TG[O,T] l

M
2( (Vute, wola, r.u. ) (Vut(y, v)o(y. v, /)

= \

- Vu¢($» ’LL)O'(:L’, Ty U, f)) (Vuw(yv U)U(yv v, f)) f2,e(7,7 Tjy Ly, duv d’l)))

R2dv

21

%

<C’|\1/;|\Hea o 92N2M2 Z Z supIE[lHu |462+4+|u |402 +4

i,j=1k= ITE

|u

405 +2+|U‘402 +4df2,€(,r7 xi7xj):|
R2dv

memﬁﬁﬂgmw@wwﬂu
e
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In particular, we note that the last line vanishes in the M, N — oo limit. In the first
passage we used convexity inequalities. In the second passage we used that for fixed indices
7,7 =1,..., N the couples {(ﬂfkvﬁjk)}kﬂ,---,M are i.i.d. with law fQ’G(xi,mj, t,du,dv), so that
only diagonal terms survive when expanding the square of the sum over the index k. In
the third passage we used the definition of the operator V(;u) and the estimate (6.2.16) on
its norms, the linear growth properties (6.2.9) of o and several applications of Holder’s and
Young’s inequality. The last line follows from the moment estimates (6.2.18).

We finally consider the fifth term in (6.4.1), which is deterministic. We start with the
splitting:

N
E? :Z Re(l‘l - x]) Vu¢(£ia U)U(xia u)Vu¢(xJ, ’U)O'(.’,Uj, U)f27€(r7 Ly Lj, d’U,, d’U)
QNXQN R2dvy

ij=1

- RE((E - y) va(x7 ’U,)O'(ﬁE7 u)vﬂw(yv ’U)O'(y, ’U)f27€ (’I", z, y7 du7 d’l})) d(E dy

R2dy

=X @) - Ry

N N
0,j=1"Q: XQ;

4.4
: vuw(l‘i7u)a($i7’U,)vu¢(xj,’l])0'($j,’U)fQ’G(T, xi,l‘j,du,dv) dl’dy (6 )

R2dv

N
+ Z R(x—vy) ( J}R Vb (i, u)o(zi,u) V(2 v)0 (24, v)

i,j=1 QﬁVXQ;\’ 2dy yR2dw
— Vuth(z,u)o(z, u) Vb (y, v)o(y,v) m (2, z;, 2, y, du, dv, du’, dv’)) dx dy

= B+ B

where 7, (z;, 2, 2,y, du,dv,du’,dv’) denotes an optimal pairing in Wa(R?¥) between the
measures f2¢(r, z;, xj,du,dv) and f%<(r,x,y,du, dv), and where we have used the shorthand
o(z,w) =o(z,r,w, f).

For the first term in (6.4.4) we compute, for a constant C' = C(T,b, 0, p),

B <c ZJN IR

i,j=1 xQj'

J]RQdu

< 1ol s (14 sUDE[Jus (. 0024 +2] ) N,
zeQ

2 ca ypraa (L+ [u2P2 72 4 [v]202¥2) f2(r, 24, 3, du, dv) dz dy (6.4.5)

In the first inequality we used the estimate (6.2.16) on V(}v,u)’ the linear growth (6.2.9) of o
and several applications of Holder’s and Young’s inequality. In the second passage we used

the moment estimates (6.2.18), the Lipschitzianity of R¢, namely
R(z) — =C J p(#e+ z) — p(Ye + 2))p(z) dz $min{y 1}
€

and the fact that diam(QiV) ~ NV and meas(QZN) = %
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For the second term in (6.4.4) we compute, for a constant C = C(T',b,0),

’E52‘<Z jdxdyfdm (zi, 25,2, y)

NXQN
. <|Vu’l/}(l'i,u)—vuw($,ul)|O'(IEZ‘,’U/7T7 f)vuw<mja ’U)O’((L‘j,U,T, f)|

+ |v1ﬂp(x7 U/)HO'(Z‘Z‘, U, Tv f) - O'(J), u/7 T7 f)HV’U«w(xJ’ ’U)U(.ﬁj, U7 ’I", f)‘
+ |Vt (z, Yo (z,u', 7, PIVud(zj,0) — Vuib(y,v')||o(x), v, 7, f)

+ |Vu¢(937 u’)a(x, u/a T, f)Vuiﬁ(y, U)”U(xj’ v, T, f) - U(y, Ulv T, f))

6.4.6
ey Joy [ (10 s 4 )06 ol 1007 (0.4
1,7=1
(g — 2|+ oy =y + Ju— ]+ o =) 7 (2, 25, @, y, du, do, o’ du')

12
(]‘ + W”Hea R, 92) <]. + SugE[|uk($,0)|492 +4]>
xEe

2 f . Q}\\Ixi — 2|+ |z — Y|+ W (R (f2(r, 24, 2;5), f24(r,2,y)) dedy
i,j=1 X

c(1+ W”i]jﬂ 03 (1 + supIE[|uk(a:,0)|4ez +4]> (N—a/d L N_l/de_l).
zeQ

In the first line we simply used the boundedness of R and added and subtracted several
mixed terms. In the second passage we used the Lipschitz and linear growth properties

(6.2.9) of o, the operators V(}t’u) and Vé’ydlj)f,(y’v) and the estimates (6.2.16) on their norms, and

several applications of Holder’s and Young’s inequality. In the third passage we used Holder’s
inequality, the fact that 7 is an optimal pairing and the moment estimates (6.2.18). In the
last passage we used Proposition 6.2.10 and that diam(QN) ~ N and meas(QY) = %

Combining (6.4.4), (6.4.5) and (6.4.6), we have that sup |E?| — 0 as M, N — oo. This
re[0,T]
concludes the proof. O

Proof of Proposition 6.3.3. Consider a Hilbert basis {p}p>1 of H* A% we compute,
for a constant C = C(T,b,0),

MM

sup E[ sup || —ca %pm,el]

M,N | tefo,1]

< supE[ S sup MtMWp)?]
M7N le tE[O,T]

<Csups| T,

) p=1

M N T (6.4.7)
OMN 1 € \|2 € €
<C;JURTMN2 ];11'3‘2—1»[0 ]E|:p221|vuwp(xwuzk)| ‘a(mhuikvrvfMN)‘ dr R ( _xj)
M N
< Csup Chw 1 Z Z JTI + E[|ug, | 2] dr
mn M MN == Jo

N
Q
z
=5
Q
zm
/—\

1+ sup [|uk(x,0)|201 +2]).
TEQ
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In the first passage we simply used Parseval identity and in the second passage we used the
Burkholder-Davis-Gundy inequality. In the third passage we used the definition (6.3.9) of the

quadratic variation and the Cauchy—Schwarz inequality. In the fourth passage we used the
Parseval identity

”Vzli,ugk HH;ea - 101 = Z |vu1/}p(xiauz€‘k)|2

p=1

together with the estimates (6.2.16), the sublinear growth (6.2.9) of o and the boundedness

of R°. In the last passage we used the uniform moment estimates (6.2.18)

We now show the continuity of the trajectories. By (6.4.7) and Chebyshev’s inequality we
find a subset of full probability Qg < €2 such that

Vwe Qo YM,NeNVs§>03K = K(M,N,w,?)

sup |[M{MY (4p) (W) < 6, (6.4.8)
sztE[O,T]

and such that 7 — MMM (¢),,)(w) is continuous for each p € N. Now for any w € €y and any
s,t € [0,T], we compute

HMtMN - MsMNHH;ea S0 T Z |MtMN(1/’p) - MsMN(l[}p)‘Z
p=1
K-1

|MMN<¢> MMN ()2 +2 >0 sup [MYMN ()

6.4.9
p>K ’I‘E[O T] ( )
K-1
Z MM () — MY (3,)]% + 26
Continuity follows since r — MMM (1p) is continuous for each p € N and w € Qg O

Proof of Proposition 6.3.4. We start with the splitting

™ = enn(fun — fuw) + enn(Fun — fv) + ean(Fv = 1),

for the measures

m]’ﬂjk) and fy(t,dz,du) =

_ 1 X
fun(t,de,du) = UN - Z

HME

N
Z 0z; @ f(t, j, du).

For a Hilbert basis of {t,},>1 of HS* %”"‘1’91, Parseval identity and convexity inequalities
yield, for a numeric constant C'

[ N L rze semron < C Y Comn(fun = fuw), p)?

p=1

(6.4.10)
+ (emn(fun = n) p)? + Semn (Fv — ), p)®

We handle each sum in (6.4.10) separately. The result will follow from (6.4.10) and
estimates (6.4.11), (6.4.12) and (6.4.13) below. For the first one we compute, for a constant
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C=C(T,b,0),

E[ Z (emn(fmn — fAfN)7¢p>2]

p=1

[\v]

N
Q
=|2
= z
agk
b=

E[ 2 [P (24, u$y) iﬁp(xi»ﬂ?k”z]

p=1

[v)

N
Q
SE
= z
1=
=

(6.4.11)

Odf 2
E[| (a:“; NE TR )” —Ca gp— K1, 91]

N
Q
=|g
2%
e
M=

s
Il
kR

—_
Il

E[fus, — a5 [*] E[1 + [ug|* + |ag, 4]

2
< C ey’ <\ﬁ N“/d) (1 + ilelg]E[|Uk(x70)\4el] /2).

In the first passage we used the definition of fi;n and fusn and convexity properties. In the

—

VO Ldif

second passage we used the definition (6.2.15) of (s 7 ) and Parseval identity. In the

Ui ) (@0,

third passage we exploited the estimate (6.2.16) on its norm and used the Cauchy—Schwarz
inequality. Finally in the last passage we used the error estimates (6.2.19) and the moment
estimates (6.2.18).

We now consider the second term in (6.4.10). For a constant C' = C(T',b, o), we compute

E[ 2 <CMN(fMN - fN)7¢p>2]

p=1

N 2
1
< CMTNZ 2 [Z Z% T, USy,) f (4, 0) f(z4,t, dv) ]
i=1 p=1! k=1
cMN? N 2
<ML N B D (i, 75) J%MJMMM
) ile "~ (6.4.12)
CM N 4.
<C N Z Z W’p i, Ugy,)
NatlL
CMN2 1 N
<O 7 BBV e i o ]

-
Il
—

2
<o (1 + supE[|uk(m,0)|201]>.
zeQ

In the first passage we used the definition of fy;y and fy and convexity. In the second
passage we used that for each fixed i = 1,..., N the particles {uf }r—1,.. v are iid. with
law f(z;,t,dv), so that only diagonal terms survive when expanding the square of the sum
over the index k. In the third passage we used (a — b)? < 2a® + 20, Hélder’s inequality and
again that the uf, are i.i.d. with law f(x;,¢,dv). In the fourth passage we used the definition
(6.2.15) of oni s, and Parseval identity. In the fifth passage we exploited the estimate (6.2.16)
on its norm and the moment estimates (6.2.18).

Finally we consider the third term in (6.4.10). For every x,y € @, let m(x;,y, du, dv) de-
note an optimal pairing between f(z,t,u) and f(y,t,v) for the Wasserstein distance W4(R%).
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For this deterministic term we compute, for a constant C' = C(T, b, o),

D lemn(fn = ) )

p=1

= Z cMN> <§] J Yp(zi,u) — Yy, v) (20, Y, du, dv) dy)2

p=1 i—1YQ) JR2
N
2
C’CMNQ ZJ. J 2 |1/}p T, U ’(/Jp(yu )| Wt(xu%d%dv) dy
fv R2dv p=1

(6.4.13)

~.

. (Ixz— — y[** + WaR™)(f (i, 8, du), f(y’t’d”)))lhdy

< Ccun’? (1 + sugEHuk(x, 0)|491]1/2)N_2“/d.
xre

In the first passage we simply used the definitions of fy, f and m(x;,y) and that meas(QY) =

I3

1/N. In the second passage we used Parseval identity for the quantity ||V((;dg) (o) | = ea yp—r1.01

and estimate (6.2.16). In the third inequality we used Holder’s inequality and the choice of
7¢. In the last passage we used Proposition 6.2.10, the moment estimates (6.2.18) and the

fact that diam(QN) ~ N~Y4. O

Proof of Proposition 6.3.6. We prove the first bound in (6.3.15), the other bounds are
proved almost identically. To streamline the proof, we consider two prototypical terms in
the expression (6.3.7) for the operator .Z(fan, f), namely the second and the fourth. The
remaining terms are treated analogously, and are simpler since they involve less derivatives
n (x,u) or (y,v) and less ‘unbounded products’ of terms involving b, o and .

For the second term in (6.3.7), using the linear growth properties (6.2.9) of the coefficient

o and its derivative, we compute, for a constant C = C(T, 0,d, d,),

HAviﬂ Y, U) U(ya v, 1, fMN)2Hi[;O4 r1:91

-2 ZJ |, DD @ vet) P+ o2y o

j=0h=0
ea K1 ea ki
gcf f (Z 3 D]Dh”w‘ )(Z 3 |pjpto 2‘ )(1+v|)291dydv
QJR% \ ;20 p—0 =0 h=0
eq K1 +2
<022ff 1—1—\1) v dy
J=0 h=0

= C”@bHHga R +2,00 -2 S CW’HH;Q Hr2:92 -

195



Similarly for the fourth term in (6.3.7), we compute, for a constant C = C (T, 0,d,, d),

J Ayt(z,w)or(x,y, t, u,v)200(x, t,u)
Q

xRdv
2

. (J $((1 = Now(z.t,u, ) + )\al(x,t,u,f]\,m))dA)f(t, dz, du)

Hze s%1:01

(o3 . h 2
CZ Z foRduJ.Q |A (2, u) ‘D;Dvdl(:c,y,t’u’q)”

=0 h=0 xRdv

. |ao(x,t7u)\2\q5|go(1 + o)) 20 f(t, d, du) dy dv
<Ol e (L ) O )22 (e o du) dy o
QxRdv JQ xR )

<C HwHHea 2,02 (1 + SggE“uk(x, 0)|4+292])_
x

In the first passage we simply used the definition of the norm | - HH;Q 01, differentiated
under the integral sign and applied Holder’s inequality. In the second passage we used the
boundedness of ¢, the linear growth assumptions (6.2.7)-(6.2.8) on oy and o1 and the embed-
ding (6.2.13) to bound A,t. In the last passage, the integral in the variable v is finite since
2(0; —1) > d,, and we applied the moment estimates (6.2.18) in the u variable. O

Proof of Proposition 6.3.7. We already know that nM~ takes values in H~ ¢« 7~ "% <
Hy® s~ *2% and that for every 1) € He 219 the process (pMN 1)) is a real coninuous
semimartingale with decomposition (6.3.12). We are left with showing the bound (6.3.17)
and the continuity of the trajectories in H, ® ¢~ #2:92  The decomposition (6.3.16) at the
distribution level then follows immediately from the decomposition (6.3.12) and from the
estimate (6.3.15), which implies that the integral in (6.3.16) is well-defined. For the bound
(6.3.17), we consider a Hilbert basis {t,},>1 of HS s#"*%2. For any M, N € N we compute,
for a constant C = C(T,b,0,d,, d),

E| sup |7 ]
|:te[0,T] It A0

<E[ ¥ s (68, 0)P]

p=1 te[0,T7]

< (B[ By | HE[IME V]
T
+J E[Hfr(fMN,f) [ MN]H2 o Nzh]dr) (6.4.14)
0
< (B[ By ] + B[]

+ sup ess-sup| L (fun, £)* g ca s r101 g ca pp-ra0n SUD E[Hn N2 —ca - h1,91]>
re[0,T]  w re[0,T)

2 2
. CMN CMN . 491]
<cam (5 + i) (e ageleore])

In the first passage we used Parseval identity. In the second passage we exploited the decomposition

(6.3.12) for each v, convexity and Holder’s inequality, and again several applications of the Parseval

identity. In the last passage we simply inserted the estimates (6.3.13), (6.3.14) and (6.3.15).
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k2,02

The continuity of the trajectories in HS 57~ now follows from (6.4.14) using the exact same

argument as in(6.4.8)-(6.4.9), with nM~ and H¢ 7~ "% replacing MMN and HE ¢~ "0, O

Proof of Proposition 6.3.8. We first take care of the martingale term. Thanks to the
Ascoli-Arzela criterion for compactness, we have to show that MM satisfies the following

conditions.

(C1) For every t in a dense subset of R* the laws of the r.v. MM are tight in H ca b2,
(C2) For every T' > 0 and every 3, A > 0, there exists § > 0 such that

limsup]P’( sup | MMN _ ppMN | o, - ﬁ) -\
M,N—w0 t,s€[0,T], [t—s|<é ! s Hy > s~ r2:02

Condition (C1) is readily verified. Indeed, the compact embedding H, ¢ .72~ w101 o,
H, ea 27" which follows from (6.2.14), ensures that balls of H, ¢~ "% are compact

in H ea 77" Iy turn, the uniform estimate (6.3.13) and Chebyshev’s inequality yield, for
C=0C(T,b,0),

, C
P (MY i > B) < s | s Py < s

R2 t€[0,T]
Condition (C2) is verified using the well-known Aldous criterion (see e.g. [JM86, Theorem
2.2.2]). In our context, it establishes that condition (C2) is implied by the following condition.

(A) For every T' > 0 and every [, \ > 0, there exist § > 0 and K € N such that, for every

sequence Ty N of Fi-stopping times satisfying 7y;n < T almost surely, we have

sup supP (MY, — MY > ) <A

M,N>K 0<6 TMN _ea o Ko ,00

Condition (A) follows immediately from the next inequality. Let {1,},>1 be a Hilbert basis
of HS~ 252%  We compute, for a constant C' = C(T,b,0,dy,d),

MN
(H TMN+9 MTMN H _ex S0 r2:02 - 6)

355 3 ML et~ ML 6

Zf

p=1JTMN

TMN +

4
C CMN [ J 2 R2d(|vuwp(x’u)|2 + |vap(yav)‘2)

(1 |u))( + |v)) fin(r, da, dy, du, dv) dr]

C 2
< & E[é sup [ L o4 fz%m(hd%dy,dwdv)]
g M rE[O 1] JQ2 xRr240

o 26, +2
520 sup M (1+i161QpE[|uk(3c 0)] ])

In the first line we used Parseval identity and Chebyshev’s inequality. In the second line we
used the Burkholder-Davis-Gundy inequality and the expression (6.3.9) for the quadratic vari-
ation, and then the Cauchy—Schwarz inequality, the linear growth (6.2.9) of o and the bound-

edness of R°. In the third passage we used Parseval identity for the norm [V}, | y—ca - 52.05

197



and the bound (6.2.16) and Young’s and Holder’s inequality. In the last passage we used the

definition of f2,5 and the moment estimates (6.2.18).

We now prove the tightness of the fluctuations 1/"V. For this, we prove that each term
of the semimartingale decomposition (6.3.16) is tight. We have just proved that the term
MMN s tight in C([0, o0); ngect 202 ). Furthermore, as in (6.4.8), condition (C1) holds
for N thanks to the compact embedding H; ¢ .72~ 01 «s H- ea 77" and to estimate
(6.3.14). In particular, condition (C1) holds for n}?" and in turn also for the integral term in
(6.3.16). Since the initial data is independent of time, condition (C2) is automatically satisfied
and n)! is tight. To conclude, we just have to show that the integral term in (6.3.16) satisfies
condition (C2). For this we compute, for a constant C = C (T, b,0),

f.ﬁ«(fMN,f)*[UyN] dTHH;ez Ao 262 >B>

]P’( sup ‘
|s—t|<é

t
<P ( sup J |- (farws f)HHia HF2:02 HS® 751,01 HnyNHH;% o= K1,01 dr > 6)
S

|s—t|<é

T 1/2
<P (51/2 sup ess-sup|Z; (fun, f)| gee SR2.02 FSo ppr1.01 (f H777MNH2 — o gpm w101 dr) > ﬂ)
te[0,T] weQ 0 *

T
[

T Hi]:cn S~ k1,01 dr:|

6
< S5 Sup eSS'SupH"%(fMNy f)”i]ja Hr2:02 HSo ,}f’“lvgl]E[j
te[0,T] wen i T 0

i ( 2 MN |2
< 5 sup | sup ess-sup| L (fun, f)llgea spnoa goa yorren T SUD E[n (A '
RN te[0,T]  we P INHE An2 02, He AmL0 re[0.T] r o lH—ca sp—r1.01

Now condition (C2) follows by using the estimates (6.3.15) and (6.3.14) and choosing ¢
suitably small. O

Proof of Proposition 6.3.11. By Proposition 6.3.8 we know that 73/ = cyn(faun(0) —
f(0)) is tight in H ca g~ 202 For any 1 € HS 292 we consider the splitting

CMN M 1 N
= Z <N2w(xi,uk(a:i,0)) — P(x4,v) fo(l’iadv)>

Rdv (6.4.15)

1
(J;R% v(wi,v) folwi,dv) — | (@) fole, dv)) dx

Rdv

We claim that Y5 — 0 as M, N — o along the scaling cyn N=%% — 0. Indeed we
compute, for m(z;, x, du, dv) an optimal pairing in Wa(R%) between fo(x;, du) and fo(z, dv),
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for a constant C' = C(fp),
V2| < eun Z J f Y(xi,u) — (z,v)| w(x;, z, du, dv) da
i1 N R2dy

< Cly|

0
HEE poraoa CMN le JQN f@i—k lu| + [v])72(|x; — 2| + |u — v|) 7(z;, z, du, dv) dx
1= 7

1/2
< Cly| (1 + sup E[Juy, (, 0)|2‘92]) (6.4.16)
QR

Hajfnze

2] [ ol Wl o, o)
i—1JQY
20 v —a
<Ot e (150 E . O]} oy N
In the second passage we used the estimate (6.2.16) on the operator V(?Cd;f) (@) In the third
passage we used Holder’s inequality, the definition of 7 and the moment estimates (6.2.18).
In the last passage we used the Holder continuity of fy and that diam(QZN ) ~ N — and
meas(QY) = +.

We now consider the first term in (6.4.15). We claim that its characteristic function

satisfies

2
Q(v,¥)
Mljlvrgoo Elexp(itY1)] = - . (6.4.17)

Combining this with (6.4.15) and (6.4.16) implies that, along a scaling regime such that

VMN=Y* -0,
™ 4y — N(0,Q(¢, %)) in law for every ¢ € HE> %202,
Hence, using the tightness of /" in H a %2.92 we conclude that

N N(0,Q) inlaw in Hes b,

We prove (6.4.17). Recalling that the collections {uj(z;,0)}i=1,.. N are iid. for k =

1,..., M, we compute

E[exp(itY;)] = (E[\/itﬂjifiw(xi,uk(xi,O)) ~ (w4, v) fo(xi,dv)])M

12 1 2 —1/2
=exp | — §]E (N Zz 1¢($Z,Uk xlv S]Rd J;w f()(l‘“d’l))) :| + O(M ) y

where the expression O(M *1/2) depends on ¢ and (ug(z,0))zeq, but is uniform in N € N

since

N
[ 2 0w 0) = [ (w0 folas ) < sup oo (w,0) = | wta0) fofedo)]” o> 1.
i=1 v

zEQ Rdv

Therefore formula (6.4.17) will follow if we prove that

]\}E)ﬂooEK% SV (@i, we(@,0)) — §pa, (i,0) fo(wi, dv)>2]
— 5[ (5 s a(.0)) = f, ¥(a20) folasdo) ) | = Qw0
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This follows from the next inequality. For m(z;,z,du,dv) an optimal pairing in Wy (R®)
between fo(x;, du) and fo(z,dv), for a constant C' = C(fy, d,d,), we compute

1Y )
E[‘NZ(w(mi,wc(xi,o)) 1/)($i,v)f0(:vi,dv))(JQw(ac,uk(x,O)) w(x,v)fo(x,dv)dx)”

Rdv Rdv

2
0,dif 0,dif
Z;J du E[ Vw Juk(24,0)), (Luk(z}o))(w) + JRM V(z Juk (24,0)), (z,uk(w,o))(w) W(xi,x,du,dv)‘ ]

< ClY] e sma-oo (1 + SUSE[luk(x,O)\Q"z]l/z)
e

< C‘W“Hia H12,02

N
. Z J — 2|+ Efjus(,0) — u(z, 0[] + WaR™)(fo(:), folx)) d

1+ sup E||ug(z 0)\292]1/2) N4,
zeQ

The first inequality follows from convexity. In the second passage we first used the estimate
(6.2.16) on the operators VOdif and then used Holder’s inequality, the definition of 7w and
the moment estimates (6.2.18). In the last passage we used the Holder continuity of fy €
C*(Q;Py(R%) and ug(-,0) € C(Q;L*(Q)), and that diam(QN) ~ N~ and meas(QY) =

1

-
Proof of Theorem 6.3.12. By Proposition 6.3.8 the fluctuations M form a tight sequence
in C([0,T]; Hy S - #2.92) = Consider any subsequence (My, Ni), which we relabel (M, N),
such that nM¥ is converging in law to some limit element 7°. By Theorem 6.2.11 and
Proposition 6.3.10 and 6.3.11, the sequences n}!™, nMN  MMN | f1,x and f3x are converging
in law to 7o, n°, GS, f and f>€ in the space
X =Hj "% xC ([0, T); Hy ° o~ "%’
x C([0,T]; Z2(Q x R™)) x C([0,T]; 22(Q* x R*™)).

Using Skorokhod’s representation theorem, we find another probability space Q and random

sequences and limit elements supported in there such that

™, 7N MMN | fyn, fan) = Gio, 7, G, f, £2€) in X, almost surely in Q,  (6.4.18)

and such that each term has the same law as the corresponding term supported in €. In
particular, 7 is a Gaussian r.v. with mean zero and covariance Q given in (6.3.18), G§ is a
Gaussian process with mean zero and covariance function gf given in (6.3.10) and f, f>€ are
the previous deterministic measures.

Fatou’s lemma and estimate (6.3.17) yield I[?l[suprE 0,71 HnTH it e nrn ] < . In par-
ticular, thanks to (6.3.15), the integral SO +(f, £ ns dr is well- deﬁned Furthermore, we still

have the equation, written in weak form for ¢ € H ca gy +2.602 ~2 for every t € [0, T], almost

surely in €,
MN f GV, 2 (Faae, AT dr = GV, ) + (UMY ), (6.4.19)
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We claim that, along sub-subsequences, equation (6.4.19) passes to the limit M, N — oo and

converges to
t
i — L Lo f, )T dr = i + G (6.4.20)

That is, it converges to the Langevin SPDE (6.3.19) written in Q.

Assume the claim (6.4.19)-(6.4.20). It follows that 77f must be the unique-in-law weak solu-
tion in C([0,T]; H, ooy~ (K2 +2).02 ~2) of the Langevin SPDE (6.4.20). Since by construction
n° and 75 have the same law in C([0,T]; H; ca g~ 2%2) and since nMN — n® in law, we

conclude that along the initial subsequence 71"V

is converging in law to the solution of the
SPDE (6.3.19). Since the converging subsequence (My, Ni) was arbitrary, we conclude that
the whole sequence 7"V is converging to the solution of (6.3.19) and the theorem is proved.
We now prove the claim (6.4.19)-(6.4.20). By (6.4.18) we know that 7}/ — 7y and
]\;[tM N G§ almost surely. Hence the right-hand side of (6.4.19) does converge to the right-
hand side of (6.4.20).
We consider the left-hand side of the equations (6.4.19)-(6.4.20). Thanks to estimate

(6.3.15), for every v € H;g 72120272 and t € [0,T], we have a continuous map
¢
—et —K
Ry C(0.TY By 8 o0 — R | FYQ) = G = [ 4000

Since we know that 7MY — 7€ almost surely in C([0,T]; H Ca #2,62) and Fé is contin-
uous, we obtain that Fi(f;_MN ) — th}(ﬁ.ﬁ) almost surely. Hence the claim is proved upon

showing that, almost surely along sub-subsequences,

f< Z(fains f) >dr—f<nMN.$ I dr 0.

For this, we compute

Ujm, (Faan D] dr — j<nMN$ 1]y dr

1/2 1 y (6.4.21)
2 2
<E[TS[‘S,"T]'” 1%] [ =1t ) - 2t 0 ",

HS 72,02

where we can drop the * symbols and go back to working in 2 because of the equality in

law. The first term on the right-hand side of (6.4.21) is bounded uniformly in M, N by the
estimates (6.3.17) and we finally show that integrand in the second term vanishes uniformly
in time as M, N — oo.

This fact is proved almost identically to Lemma 6.3.6. We show how to handle one

of the terms in | (% (funs f) — 2 (f, f))[w]‘Hea R
Namely, for the difference of the second terms in the expression (6.3.7) for £ (famn, f) and

the others are treated analogously.

Z.(f, f), using the linear growth and Lipschitz properties (6.2.9), we compute, for a constant
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C=(T,b,0,d,dy),

]E[HAM/)(% U) J(ya v, 1, fJV[N)2 - Av'll](yv ’U) U(ya v, t, f)2|
<CE 33 Di Dh+2 2)
|:J‘Q J;Rdv(jzo };0 | Y w|

' ( Za Z |DIDE (o (y, v, t, faw)® — oy, v, 8, )] ) (1+ Jv])"*%dy dv]

7=0h=0

2
H:;O‘ OR2 ;02 ]

<CE[£»L%(§3fiM%Dﬁ”wf)(Mh«QxR¢»UMNu»fu»fuw4mP”%wdﬂ

7=0h=0

< Ol s e +20n B[ (Wa(Q x R®) (farw (1), £(1)))?]

Now Theorem 6.2.11 ensures the last line vanishes uniformly in ¢t € [0,7] as M, N — 0. [
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