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Abstract

Q-balls are an example of non-topological soliton that can appear in the spectrum

of scalar field theories. They are semi-classical states that minimise the energy for

a given Noether charge. If isolated from other sectors, these spherically symmetric

objects are kept absolutely stable by energy and Noether charge conservation. Though

the properties of Q-balls cannot be determined analytically in general, progress can

be made in two opposite limits: the thin-wall (large charge) limit; and the thick-wall

(small charge) limit. Q-balls are both interesting phenomenologically and as formal

objects in their own right, as evidenced by the large body of work on this subject.

This thesis represents a study on the formal properties of field theories, with the

aim to determine the subclass of models that admit Q-ball solutions. To that end, its

goals are two-fold. Firstly, to constrain the theories that possess stable Q-ball states

by: (i) determining the differential equations that govern the VEV of the constituent

scalar in the thin-wall limit, together with the physical properties of the resulting Q-

ball; (ii) constraining the small-field expansions that lead to stable thick-wall Q-balls

by demanding that the minimum of energy be classically stable against decay to the

underlying quanta of the scalar field. Secondly, to determine whether stable Q-balls,

in both the thick- and thin-wall limit, can form from scalar mesons, arising from the

breaking of an approximate chiral symmetry, in the SM and in a specific BSM theory.

We will not discuss the phenomenology of these theories in this thesis.

The content of this thesis is laid out in three parts. Part I is concerned with

Q-balls in theories possessing only one scalar field, and comprises Chapters 2 and 3,

whereas Part II is concerned with theories with multiple scalar fields, and comprises

Chapters 4-6. In these parts, we perform an analysis to determine the existence of

Q-ball states, and any constraints required by the theories that possess them. In

particular, in Part I, the thick-wall analysis presents us with necessary conditions,

whereas in Part II, the thick-wall analysis presents us with sufficient conditions. Fi-

nally, Part III analyses theories when the underlying scalars of the theory are pseudo-

Nambu-Goldstone bosons arising from the breaking of an approximate chiral sym-

metry, as in the Standard Model – this final part comprises Chapters 7 and 8. We

show that stable Q-balls are not part of the spectrum of the leading-order Chiral

lagrangian, but that they can arise in the class of BSM models we study.

The bulk of the original work of this thesis can be found in Refs. [18,19,100–102],

with the remaining work unpublished.
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Chapter 1

The Standard Model and Beyond

1.1 Introduction

Much like Newton unified the motions of the heavens with that of a terrestrial apple,

the aim of any mathematical model of physics is to unify many disparate phenomena

into a single, theoretical framework. Specifically, if the theory is to determine the

fundamental nature of the universe, then it must describe the matter contained within

it, together with the interactions between matter in its various guises.

The current paradigm of four, fundamental forces of nature, together with matter

formed from the quarks and leptons, and (fundamental) mass generation via the Higgs

mechanism, has been very successful in describing a wealth of universal phenomena –

from, for example, the anomalous magnetic moment of the electron and the running

of the coupling constants with energy scale, to the dynamics of black holes and the

expansion of the known universe. These phenomena are described by, not one but, two

theoretical frameworks: the Standard Model (SM) of Particle Physics, and General

Relativity (GR).

However, this is not believed to be the end of the story. Cracks in this structure

are known to exist, not least due to the fact that a compelling, single framework still

eludes us. Both theoretical inconsistencies and experimental puzzles have yet to be

definitively explained: for example, the masses of the neutrinos; the existence of a non-

luminous component of matter which holds galaxies together; the observed matter-

anti-matter asymmetry; the acceleration of the expansion of the known universe; the

hierarchy between the gravitational (Planck) and weak scales; a resolution to the

strong-CP problem; hierarchies in the Yukawa couplings; and whether or not the

gauge couplings unify.

This thesis will be concerned with one direction of theoretical progress in alleviat-

ing these issues, namely, in models Beyond-the-SM (BSM). Specifically, this is a thesis
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on the formal properties of theories of complex scalar fields invariant under groups of

symmetries that can exist in BSM theories, but not on their phenomenology. Con-

sequently, we open this chapter on a discussion of symmetries in field theories, with

a focus on the theorems associated to Noether and Goldstone. We then discuss the

theoretical structure of the SM, together with a subset of its known open theoretical

and experimental issues.1 We pay particular emphasis to the light meson sector of

the SM, as this will become highly relevant later in the thesis. We then introduce

the exotic object that will concern us for the rest of this thesis: Q-balls, which are

objects that can arise in extensions to the SM with scalar sectors. Finally, we close

this chapter by outlining the rest of this thesis.

1.2 The Theorems of Noether and Goldstone

As this thesis represents a study into the consequences of symmetries on the spectrum

of theories, it behooves us to discuss the theory of symmetry in the context of field

theories. In this section, we will review what is meant by a symmetry in a field

theory, along with the associated theorem affiliated to Noether. We will then discuss

Goldstone’s theorem which is associated to the spontaneous breaking of a symmetry

by the vacuum state of the theory. We will explore these in the context of scalar

fields, both for simplicity and because these are the main focus of the original work

in this thesis. It should be noted that the ideas of this section generalise to more

complex fields, such as vector or spinor fields.

1.2.1 Noether’s Theorem

A complex scalar field, Φ(~x, t), is a complex-valued function of spacetime coordinates

that transforms trivially under the Lorentz group of symmetries. A classical theory

of these scalar fields is described via an action, S, which is usually defined via another

functional, the Lagrangian density, L.2 For a theory of a single, complex scalar field,

these are related through

S =

∫
d4xL(∂µΦ∗, ∂µΦ,Φ∗,Φ), (1.1)

1Note, we will not discuss the structure of GR any further, except to mention it in passing when
discussing the unification of it with the framework of the SM.

2Quantum mechanically, the action appears as the exponent in the path integral formulation.
However, as the objects of study in this thesis – Q-balls – are described semi-classically, it will
suffice to only consider the classical action here. Moreover, some quantum field theories possessing
conformal symmetries do not have an action formulation, but this is very far out of the scope of this
thesis.
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where we have implicitly taken ~ = c = 1, as we will do for the rest of this thesis, and

we take the spacetime to be flat and in 3 + 1 dimensions, such that its isometries are

described by the Poincaré group of transformations. The integral is implicitly taken

over all of spacetime. The Lagrangian density, a functional of the degrees of freedom

of the model and their spacetime derivatives, can also be an explicit function of the

spacetime coordinates, however we will not consider this here. Classically, the action

is real-valued and, therefore, so must be the Lagrangian density.3 It is therefore clear

why both the field and its complex conjugate must be present in the Lagrangian

density – that we take these as separate degrees of freedom is customary and signifies

that a complex scalar field on its own has two (real) degrees of freedom.

The equation of motion, or, Euler-Lagrange equation, describing the evolution of

the complex scalar field is found by invoking the principle of least action, namely, that

first order variations of the action, associated to variations of the field that vanish at

spatial infinity, vanish. It can be proven that the Euler-Lagrange equation is then

given by

∂µ

(
∂L

∂(∂µΦ)

)
− ∂L
∂Φ

= 0, (1.2)

and similarly for the complex-conjugate of the scalar field.

A classical field theory is said to possess a symmetry if the action describing

it is invariant under a group of transformations.4 Note, it is sufficient for the La-

grangian density to be invariant under the group of transformations. However, some

symmetries, such as spacetime translation invariance, are only made manifest when

considering the action – if the Lagrangian density transforms by a total derivative,

the action is then left invariant. Since we will be concerned with symmetries of the

Lagrangian density throughout this thesis, we merely consider this sufficient condition

in what follows.

There is a deep theorem relating symmetries of a theory to its conserved quantities,

named after its discoverer: Noether’s theorem. If a theory is invariant under a group

of transformations, then associated to that symmetry is a conserved current density,

known as a Noether current density. For our theory of a complex scalar field, this is

defined as

jµ = lim
α→0

(
∂L

∂(∂µΦ)

δΦ

α
+

∂L
∂(∂µΦ∗)

δΦ∗

α

)
, (1.3)

3Quantum mechanically, this requirement can be relaxed as the path integral computes the
complex probability amplitude, and so the action does not need to be real.

4It should be noted that symmetries of the classical model do not necessarily translate to the
quantum model, whereby these classical symmetries can be broken by quantum effects, or, “anoma-
lies”.
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where δφ is the (leading-order) perturbation of the field under the transformation

associated to the symmetry. We see that

∂µj
µ = 0, (1.4)

by application of the Euler-Lagrange equations, given in Eq. (1.2). We implicitly

sum over repeated indices, and will continue to do so throughout this thesis. It is in

this sense that, by obeying this continuity condition, the current density is conserved.

Moreover, we may associate a conserved charge, Q, to the Noether current density,

defined through

Q ≡
∫

d3x j0, (1.5)

such that
dQ

dt
= 0, (1.6)

by virtue of the boundary conditions of the field theory, i.e., nothing is flowing out

or in through the boundary at spatial infinity.

1.2.2 Goldstone’s Theorem

A symmetry is said to be spontaneously broken if the vacuum of the theory, i.e.,

the global minimum of the potential,5 does not possess the symmetries of the model.

The classic example is of a theory with a “wine-bottle” potential – also known as the

linear sigma model – defined for a single complex scalar field as

L = ∂µΦ∗∂µΦ + µ2Φ∗Φ− λ(Φ∗Φ)2. (1.7)

This theory is invariant under a global U(1) symmetry, made manifest by the invari-

ance of the Lagrangian under the transformation

Φ→ eiα, (1.8)

where α ∈ R. The potential,

U(Φ∗,Φ) = −µ2Φ∗Φ + λ(Φ∗Φ)2, (1.9)

5If there is a process that breaks the symmetry to a local minimum, it is highly likely that there
would be a tunnelling process to the global minimum of the potential. However, if the local minimum
is long-lived, one can consider this a practical case of spontaneous symmetry breaking, even if it
doesn’t strictly adhere to the definition.
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also exhibits this symmetry about the field value Φ = 0. However, this stationary

point of the function represents a maximum. The global minimum of the potential is

a collection of points defined through

|Φ0| =
√
µ2

2λ
. (1.10)

The vacuum thus has the manifold structure of a circle. That the theory will naturally

want to be in its vacuum state means that the U(1) symmetry of the theory is

spontaneously broken. In this particular model, the vacuum of the theory does not

possess any residual, unbroken symmetry. However, in general, the symmetry can be

broken from one group to a smaller, non-trivial group.6

We now seek to shift the field such that it describes variations about the vacuum

of the theory, as opposed to the origin of symmetry. For simplicity, we recast the

complex scalar in terms of two real scalar degrees of freedom, φ1 and φ2, defining

Φ =
1√
2

(φ1 + iφ2), (1.11)

such that

L =
1

2
δij∂µφ

i∂µφj +
1

2
µ2δijφ

iφj − λ

4
λ(δijφ

iφj)2. (1.12)

Given that the vacuum manifold is that of a circle, we pick a direction such that

φi0 = (0, v) (1.13)

where

v =
µ√
λ
, (1.14)

as found above. Defining a set of shifted fields, π and σ, through

φi = (π, v + σ) (1.15)

the Lagrangian density of the theory now becomes

L =
1

2
∂µπ∂

µπ +
1

2
∂µσ∂

µσ − 1

2
(2µ2)σ2 −O(σ3, π2σ), (1.16)

where we ignore the terms cubic and higher in the fields as they do not concern

our discussion here. Note, only one of the fields possesses a mass (quadratic) term

when we consider the theory about its vacuum. That the other field is massless is

the essence of Goldstone’s theorem, which states, in general, that to each broken

6A smaller group here means one with fewer generators.
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generator of a symmetry group undergoing spontaneous symmetry breaking, there is

an associated massless scalar mode, referred to as a Nambu-Goldstone boson (NGB)

when considered from the point-of-view of particles. Explicitly, if the group G, with

NG generators, spontaneously breaks to the group H, with NH generators, then there

will be a number NG−NH of massless degrees of freedom associated to that breaking in

the theory. Moreover, these NGBs cannot acquire a mass from any order of quantum

corrections – for a discussion of this see, for example, Ref. [117].

There are two methods of evading the massless modes inherent in Goldstone’s

theorem. The first is to make the theory, and associated symmetry, more complex,

namely, to consider a local (gauge) symmetry, together with initially massless vector

(gauge) fields. In this scenario, the massless degrees of freedom associated to the

field that spontaneously breaks the gauge symmetry are “eaten” by the gauge fields.

These vector fields then gain a degree of freedom, promoting them to massive vector

(Proca) fields. This is precisely the mechanism associated to the Higgs boson found

in the SM.

The second is to simply have a symmetry that was only approximate, that is,

manifest only when some parameter is tuned to zero. If this parameter is sufficiently

small, the massless modes gain a small mass and are kept naturally light. This can

also be checked experimentally – if there are massive bosons discovered with the

structure of NGBs, then the explicit symmetry breaking term is small enough. In

this case, the NGBs are referred to as pseudo-NGBs (pNGBs). This is the mechanism

associated to the light mesons of the SM.

1.3 The Standard Model of Particle Physics

The Standard Model of Particle Physics is a renormalisable quantum field theory

in 3 + 1 dimensions. It is invariant under the SU(3)C × SU(2)W × U(1)Y gauge

group, where we use C, W , and Y to denote colour, weak-isospin, and hypercharge,

respectively.7 It mathematically describes the coupled dynamics of three sectors: left-

and right-handed chiral spinors, denoting matter; vector gauge bosons, mediating the

forces; and the Higgs scalar. Each of these states is charged under the overall gauge

group, though sometimes trivially. The latter of these – the Higgs – is introduced,

along with an appropriate potential, to spontaneously break SU(2)W × U(1)Y →
7In some sense, the SM describes “3/4” of nature, by virtue of describing three of the known

fundamental forces of nature, with the other “1/4” coming from the description of gravity in GR.
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U(1)EM , i.e., to the familiar electromagnetic interaction, and with Yukawa couplings

to generate a bare mass for those states that are massive.

This is summed up classically by the Lagrangian density – famously described as

fitting on a coffee mug – given by

L = −1

4
Fµν · F µν + iψ̄i /Dψi + yijψiH

cψj + h.c.+ |DµH|2 − V (H), (1.17)

where we have made judicious use of notation to hide the complexity of the model.

Below, we briefly outline the theoretical structure of the SM.8

1.3.1 The Gauge Structure

The gauge group structure can be roughly split into two parts: the strong and elec-

troweak sectors. The strong sector of quantum chromodynamics (QCD) is associated

to the group SU(3)C . The eight gauge bosons, or “gluons”, furnish the adjoint rep-

resentation of this gauge group and, due to the non-Abelian nature of the group,

self-interact at tree-level by virtue of terms in the field-strength tensor. The one-loop

beta function for QCD in the SM,

β0 =
∂g

∂µ
∝ −1

3

(
11− 2

3
nf

)
, (1.18)

where g is the QCD coupling strength, and µ is the energy scale. In QCD, nf = 6

is the number of flavours of quark, and so the beta function is negative. This means

that the gauge coupling strength reduces with growing energy and, consequently,

QCD is asymptotically free at high – ultra-violet (UV) – energies. Correspondingly,

the Landau pole of the theory is at low – infra-red (IR) – energies, which purportedly

leads to confinement of matter charged under QCD into “colour neutral states”.

The electroweak sector represents weak isospin (also known as the weak force) and

hypercharge, and is associated to the product group SU(2)W × U(1)Y . This gauge

group structure is spontaneously broken below the weak scale by the Higgs mechanism

– see below – to the subgroup U(1)EM . Through this process, the gauge field bosons

W± – associated with SU(2)W – together with the Z0 – an admixture of the W 0 of

SU(2)W and the B of U(1)Y – gain a mass. The need for this breaking comes from

the requirement of a gauge-invariant mass term for the weak bosons associated to the

theory. The remaining gauge boson, γ – also an admixture of the W 0 and the B –

remains massless and is the familiar photon of quantum electrodynamics. Due to the

8It shall have to remain brief as a full rundown of its structure would be far longer than a doctoral
thesis allows.
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Abelian nature of U(1)EM , the photon does not self-interact at tree-level, but can

do so at loop-level. Moreover, unlike QCD, the U(1) gauge groups possess a Landau

pole in the UV and so does not confine in the IR.9

1.3.2 The Matter States

The matter sector of the SM splits into two types of state: the quarks, which are

colour-charged, and the leptons, which are colour-neutral. Moreover, the matter

states are represented by chiral fermions owing completely to the fact that the weak

force only interacts with left-handed chiral fermions, thus rendering their right-handed

counterparts neutral under the weak force and therefore offering parity violation to

the SM. Curiously, the matter sector is repeated twice more – into three copies, or

“generations”, in total – with the only difference being their masses. As such, there

are: three flavours of “up-type” quark – up, charm, top; three flavours of “down-type”

quark – down, strange, bottom; three leptons charged under U(1)EM – electron, muon,

tau; and three leptons uncharged under U(1)EM – electron neutrino, muon neutrino,

tau neutrino.

If we define the notation, (C,W )Y , to denote the representations of the matter

states under colour, weak-isospin, and hypercharge, then the SM comprises three

copies of

q = (3, 2)1/6, uc = (3̄, 1)−2/3, dc = (3̄, 1)1/3, l = (1, 2)−1/2, ec = (1, 1)1,

(1.19)

where the index c denotes the charge conjugate of the state,10 and q, u, d, l, e refer to

the quark, up, down, lepton and electron states, respectively. Note, mass terms in

the SM are of Dirac form – see below when we discuss neutrino oscillations. These

terms mix left- and right-handed parts. Since neutrinos appears massless in the SM,

under the assumption that all mass terms are of Dirac form, the neutrino possesses

no right-handed state. However, this does not preclude the neutrino possessing a

Majorana mass term – see below.

The matter sector contains a wealth of global U(1) symmetries associated to

particle number. Specifically, overall quark number is conserved – named baryon

number, such that each quark has a baryon number of 1/3 – as are individual lepton

numbers associated to each SU(2)W doublet – electron number, muon number and

tau number.

9The weak gauge group does possess a Landau pole in the IR, but the Higgs mechanism takes
over at an energy higher than this and so it is not relevant.

10By convention, we use the charge conjugate here instead of the right-handed states.
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As stated above, the strong force confines at low energies such that only colour

singlets can be observed. As such, the quarks “hadronise” into colour neutral bound

states with the appropriate description no longer being the quark theory of the SM.

The effective theory most appropriate for the mesons of this sector is chiral pertur-

bation theory – we return to this below in Section 1.3.4.

The weak isospin quantum number, T3, is defined in analogy with quantum me-

chanical spin: to each doublet under SU(2), T3 = +1/2 is associated with one state –

the electron neutrino and up quark – and T3 = −1/2 is associated with the other state

– the electron and down quark. The quantum number, or electromagnetic charge,

associated to the representation under U(1)EM is then defined through

Q = T3 + Y, (1.20)

where Y is the hypercharge quantum number of the state.

The matter states gain fundamental masses through Yukawa interactions with the

Higgs doublet – see below. Similarly to the gauge bosons of the weak force, this was

needed in order to have gauge invariant mass terms. Associated to these interactions

are the Yukawa couplings, yij. In the quark sector of Eq. (1.17), we have hidden

an additional object in these couplings – the CKM matrix. This structure explains

the mixing of weak eigenstates of quarks into mass eigenstates.11 Furthermore, this

provides CP -violation to the SM, alongside the parity violation found in the weak

sector. The relative mixing angles of the CKM matrix, together with the individual

Yukawa couplings associated to each species, must be determined experimentally.

However, only a subset of these have thus far been measured in interactions between

the Higgs and the matter states. This structure – as far as we are aware – is not

present in the lepton sector. In the SM, the neutrino sector possesses vanishing

Yukawa couplings as they are massless.

1.3.3 The Higgs Sector

The final sector of the SM incorporates the Higgs mechanism. This facilitates the

spontaneous symmetry breaking of the gauge group SU(2)W × U(1)Y → U(1)EM by

introducing a complex scalar doublet, H = (1, 2)1/2, together with a potential whose

global minimum lies away from zero field,

V (H) = −µ2H†H + λ(H†H)2. (1.21)

11This mixing explicitly breaks the U(1) symmetries associated to individual quark numbers.
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The number of generators before and after the spontaneous symmetry breaking are

four and one, respectively. Thus, by Goldstone’s theorem, we might expect three

massless degrees of freedom. However, as stated above, in breaking a gauge symmetry

and coupling the scalar field to gauge fields through the covariant derivative,

DµH = (∂µ − igWW a
µ τ

a − i1
2
gYBµ)H, (1.22)

these massless degrees of freedom are “eaten”. Thus, the gauge fields – W± and Z0 –

pick up masses. As the Higgs is represented by a complex scalar doublet, it contains

four degrees of freedom. The final one remains massive, and this is the Higgs boson.

A key component of the Higgs mechanism is in the Yukawa interactions of the

Higgs with the matter states of the theory,

yijψiH
cψj + h.c.. (1.23)

When the Higgs gains a VEV, we can shift the field in the same way as in Section 1.2.2.

Loosely, we can set H = h + v in the above. We thus see that we obtain one set of

terms denoting the couplings between the matter states and the Higgs, and one set

of terms that become mass terms for the fundamental matter states. Thus, the Higgs

is the origin of fundamental mass.

Though the unambiguous observation of the Z0 in 1983 all but confirmed the

existence of the Higgs mechanism, the Higgs boson was finally discovered in 2012.

However, in order to fully confirm that this Higgs is the SM Higgs, it is necessary

to observe the direct coupling of the Higgs with each of the particles through its

Yukawa couplings and covariant derivative. As it stands, this Higgs represents the

only instance of a fundamental scalar particle in nature.

1.3.4 The Chiral Lagrangian

As a particular example of pNGBs that will concern us later in this thesis, we will

now consider in more detail the formal structure of the meson sector of the SM.

Discussions of chiral perturbation theory (ChPT) can be found in many textbooks.

We present a treatment which follows those given in Refs. [64, 127], as well as the

review given in Ref. [118].

In the massless limit, the left- and right-handed quarks lose their coupling through

the mass terms in the QCD Lagrangian:12

Lquarks = iq̄L /DqL + iq̄R /DqR, (1.24)

12The left- and right-handed quarks do still talk to each other via their gauge interactions, however.
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where q is in the fundamental representation of SU(Nf ), containing Nf quark flavours.

Note, we ignored the kinetic terms for the gauge fields above as they are irrelevant

for our discussion: we are only concerning ourselves with the quark content of QCD.

This Lagrangian is invariant under a global symmetry group

U(Nf )× U(Nf ) = SU(Nf )L × SU(Nf )R × U(1)V × U(1)A. (1.25)

The two U(1) symmetries are vector and axial symmetries, respectively. In particular,

U(1)V corresponds to baryon number conservation. In the full SM, containing weak

interactions, this is an anomalous symmetry, i.e., valid classically, but broken by

quantum effects. It is also trivially realised in the meson sector. We shall ignore this

in the present discussion. The U(1)A symmetry is always anomalous due to QCD,

and so we will ignore this, too. We shall thus presently focus on SU(Nf )L×SU(Nf )R.

The SU(Nf )L × SU(Nf )R symmetry is spontaneously broken when 〈q̄q〉 = Λ3
QCD,

that is, the quark condensate acquires a VEV and hadrons form below the confine-

ment scale. The symmetry breaks to the vector symmetry, SU(Nf )L × SU(Nf )R →
SU(Nf )V , with the axial symmetry, SU(Nf )A, being spontaneously broken. The vec-

tor symmetry rotates left- and right-handed fields in the same way, with the broken

axial symmetry not doing so. As such, it would seem that the dynamics of confine-

ment triggers chiral symmetry breaking, and so the chiral symmetry breaking scale,

Λχ, is parametrically similar to the confining scale in the SM: Λχ ∼ ΛQCD.13 Below

the Landau pole, therefore, the relevant states are those which are colour-neutral

and composite, with the chiral Lagrangian an effective theory valid up to the chiral

symmetry breaking scale.

The basic idea of ChPT is to build a low-energy effective field theory, valid below

the confinement scale, of composite states of quarks. The exact details of the spon-

taneous symmetry breaking are ignored, with only the symmetry breaking pattern,

SU(Nf )L × SU(Nf )R → SU(Nf )V , used. The theory is ordinarily constructed only

considering the above global symmetry; other local symmetries can be incorporated

in the standard way by promoting derivatives to covariant derivatives.

We consider a set of scalar fields, organised into a unitary matrix, Σij(x),

Σ(x) ≡ exp

(
2i
πa(x)τa

f

)
, (1.26)

where πa(x) are fields in the adjoint representation of SU(Nf ), τ
a are the generators,

and f is some dimensionful constant, chosen so that the πa(x) fields are canonically

13However, whether these are indeed separate dynamics or inherently linked in QCD is still an
area of research – see Ref. [51] and discussion therein.
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normalised. This is must be measured experimentally – in the SU(2) ChPT, this is

known as the pion decay constant. We take the Σ field to transform linearly under

SU(Nf )L × SU(Nf )R:

U → LUR†. (1.27)

Writing L = exp
(
iθaLτ

a
)

and R = exp
(
iθaRτ

a
)
, then, for infinitesimal transformations,

the πa fields transform as

πa → πa +
f

2
(θaL − θaR)− 1

2
fabc(θbL + θbR)πc + · · · , (1.28)

where fabc are the structure constants for the unbroken subgroup. Notice, for θaL = θaR,

the πa fields transform in the adjoint representation of the unbroken subgroup. Under

the axial transformations, θaL = −θaR, the πa fields transform non-linearly, shifting at

leading order. This shift symmetry forbids a mass term for the πa fields.

We now justify the leading-order chiral Lagrangian, which is a theory describing

the Σ fields. Any invariant term not containing any derivatives necessarily is a func-

tion of Σ†Σ = 1, and so does not contribute to the dynamics of the theory. All terms

must thus contain a derivative and, therefore, mass terms for the πa are forbidden,

which is consistent with πa being a NGB. Furthermore, by Lorentz invariance, each

term must have an even number of derivatives. The Lagrangian of O(p2) we may

write down, invariant under global SU(Nf )×SU(Nf ), charge conjugation and parity

is

Lχ =
f 2

4
tr
(
∂µΣ∂µΣ†

)
. (1.29)

This is the unique leading-order Chiral Lagrangian. Notice, the normalisation of the

first term is set in order to canonically normalise the πa fields.

As we stated above, the πa fields are pNGBs, so they require mass terms. To

embed these into the theory, we must return to the (massless) QCD Lagrangian and

employ the “spurion trick”. We modify this Lagrangian by coupling the massless

quarks to external, classical currents. These are fields that are non-dynamical (“spu-

rious fields” or “spurions”). This is particularly useful in modelling how the quarks

couple to external fields, such as the electroweak field. The usefulness to ChPT is that

we introduce mass terms in this way. This is reasonable, since fundamental masses

arise from coupling to the Higgs field. The trick is to demand that these currents

transform under SU(Nf ) × SU(Nf ) in such a way to keep the Lagrangian invariant

under the symmetry. In particular, the spurion from which the masses of the quarks

arise gains a VEV, thus explicitly breaking the remaining SU(Nf )V . This is similar
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in spirit to our discussion so far: we use symmetry breaking patterns, and fields in-

variant under the original symmetries, to build a theory valid below the symmetry

breaking scale.

As we are only seeking to determine the leading-order chiral Lagrangian, we will

only consider the spurious fields that allow us to write down a real mass term – other

spurious fields can be invoked to determine higher order terms in the chiral Lagrangian

or mass with an imaginary part. The modification to the massless Lagrangian is given

by

L = L0
QCD − q̄sq

= L0
QCD − q̄RsqL − q̄LsqR,

(1.30)

where L0
QCD is the massless QCD Lagrangian, and s is a classical Nf ×Nf Hermitian

matrix field known as a spurion. If qL → LqL and qR → RqR, then for this theory to

be invariant under SU(Nf )L × SU(Nf )R we require that this field transforms as

s→ RsL†. (1.31)

We may now construct a chiral Lagrangian that includes the contribution from this

spurion. Identifying the mass matrix M with s, we may write the chiral Lagrangian

of O(p2), invariant under global SU(Nf ) × SU(Nf ) chiral transformations, charge

conjugation and parity, as:

Lχ =
f 2

4
tr
(
∂µΣ∂µΣ†

)
+
B0f

2

2
tr
(
M(Σ† + Σ− 2)

)
. (1.32)

where B0 is a coefficient to be determined experimentally. It can be related to the

scale Λχ by Λ3
χ ∼ B0f

2. Note, with a view to the future of this thesis, we have

also scaled the mass term such that zero field corresponds to zero potential, as is

customary in Q-ball physics.

Note, in our section on Goldstone’s theorem, we stated the parameter that explic-

itly breaks a symmetry to produce pNGBs had to be small, but that this smallness

was defined observationally. It is found that, in the SM, the chiral Lagrangian is

valid for the up, down and strange quarks. If we include heavier quarks, it does not

reproduce what is observed, and thus we conclude that the masses of these heavier

quarks are too large.

1.4 The Problems with the Standard Model

Despite its success in describing a wide range of phenomena, it is believed that the

SM remains incomplete. In this section, we highlight some of the experimental and

theoretical concerns in order to justify the study of BSM physics.
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1.4.1 Experimental Puzzles

In this subsection, we describe a subset of the experimental results that disagree with

the predictions of the SM.

Neutrino Oscillations

In the SM, the neutrinos are massless. However, the observation that neutrinos

oscillate between species implies otherwise. This happens because of a mismatch

between the gauge eigenstates under the weak force, and the mass eigenstates. The

neutrinos travel in mass eigenstates – and so have different quantum mechanical

phase – but are measured through their interaction with the weak force, and so mix.

Previously, it was believed that three lepton numbers were individually conserved,

i.e., electron number, muon number and tau number. However, neutrino oscillations

explicitly break this conservation. An open question is whether the mass is of Dirac

form, which mixes left- and right-handed states,

mν̄ν = m(ν̄LνR + ν̄RνL), (1.33)

or of Majorana form,

1

2
m(ν̄cν + ν̄νc) =

1

2
m(ν̄cLνL + ν̄Lν

c
L), (1.34)

in which the neutrinos are their own antiparticle. Many plausible underlying UV

theories exist to imbue the neutrino with either of these masses.

Dark Matter

Perhaps the most tantalising hint of BSM physics comes from the hypothesised ex-

istence of dark matter (DM). The first evidence for a non-luminous component to

matter came from observations by Zwicky in the 1930s [145]. He found that the

Coma Cluster of galaxies contained more mass than was expected from its luminos-

ity. This observation was ignored for many decades before the now classic observation

of the rotation curves of the Andromeda galaxy in the 1970s by Rubin and Ford [121].

The orbital velocity of objects outside the main disk of the galaxy were measured as a

function of distance from the galactic centre. It was found that, instead of going like

r−1/2, the velocity curve was constant well outside of the galactic disk. This suggests
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an additional dark component to matter beyond the visible disk14 distributed as a

spheroidal “halo”, as evidence by lensing experiments (see, for example, [138]). To-

day, the observational evidence for DM on all scales is vast [56, 67] (see also [63, 105]

and references therein) and includes, but is not limited to, the rotation curves of

many galaxies [21], strong- and weak-gravitational lensing [39, 111, 137, 138], obser-

vations of the Bullet Cluster [28], large-scale structure [45], and anisotropies in the

CMB [20,79–81,129].

The matter discrepancy cannot be baryonic in nature, due to limits from Big

Bang Nucleosynthesis (BBN) [112]. Specifically, the relative abundance of the light

elements (D, 3He, 4He, and 7Li) are constrained by very well understood SM processes

in the early universe [141]. It is now known that if DM exists as some new mass state,

it comprises 26.8% of the energy content of the observable universe, with ordinary

(baryonic) matter only comprising 4.9% [5]. The mass of this state is rather uncon-

strained. A conservative upper bound of mDM . 100M� comes from looking at the

disruption of wide binaries [144]. A lower bound comes merely from the demand that

it form halos. If it is bosonic in nature, the DM can be packed into the same point in

phase space and so can be treated as a classical field that acts as DM on lengthscales

above the de Broglie wavelength, leading to a lower bound of mboson & 10−22 eV [78].15

Finally, DM is believed to have been produced in the early universe, as must be

the case if it is the seed of large-scale structure. At the time at which galactic-size

perturbations entered the horizon (T ∼ keV), the dominant component of DM is

thought to have been non-relativistic, and is thus classified as cold. As DM is still

abundant today, it is clear that it must be either stable or have a lifetime much greater

than the age of the universe. It is observed to be gravitationally attractive. However,

there is currently no evidence that it is charged under the other three fundamental

forces [114].

Dark Energy

The observable universe has been shown to have an accelerating expansion, as opposed

to merely slowing down as was originally thought for a universe containing only

baryonic matter and cold DM. This acceleration is easily accommodated within the

14An alternative explanation for the flattening of the velocity curves is a modification to Newton’s
laws at galactic scales [108]. This MOdified Newtonian Dynamics (MOND) model works well at the
scale of galaxies, without any need for DM, but it fails at larger scales [52], including cosmological
scales [128], without the inclusion of DM. A potential covariant generalisation of MOND, the Tensor-
Vector-Scalar (TeVeS) model [16], also fails without the inclusion of DM [52].

15If the DM is fermionic in nature, this leads to a much higher lower bound of mfermion &
0.7 keV [77].
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framework of GR, either by a geometric cosmological constant or a component of

the energy similar to a vacuum energy, which does not become more diffuse as the

universe accelerates.16 The origins of either, or both, of these is, however, a mystery.

The measured energy density associated to this accelerated expansion is of order

(10−3 eV)4, whereas contributions from the SM are calculated to be at least (GeV)4.

The Matter-Anti-Matter Asymmetry

It is now incontrovertible that, at least in our patch of the universe, there is an

overabundance of matter over anti-matter. The evidence for this is simply that we

do not see a proliferation of annihilation events when matter comes into contact with

its anti-matter counterparts, and the fact that matter structures were able to form in

the early universe at all. In order for a mechanism to produce an overabundance of

matter over anti-matter, it must adhere to the Sakharov conditions [125]:17

1. furnish a departure from thermal equilibrium;

2. have sufficient C and CP violation;

3. violate the U(1) charge conservation.

The early universe could provide the conditions for these. However, it is not known

if the early universe ever departed far enough from equilibrium and whether it was

even hot enough for effective B and L number violation – in the SM, for example,

there is not enough B and L violation. Thus, this remains an open question.

1.4.2 Theoretical Concerns

In this subsection, we describe a subset of the theoretical concerns with the structure

of the SM.

The Hierarchy Problem

The hierarchy problem finds its origin in the question “why is gravity so much weaker

than the other forces?”, but is often formulated as “why is the Higgs so light?” As

shown above, the Higgs couples to all states with a fundamental mass in the SM. If

there exists BSM physics at a higher energy scale, presumably this will couple new

16This additional energy makes up the remaining energy budget of the universe not already taken
by ordinary matter and DM.

17This is not limited to baryon number. Any overabundance of charge associated to a global U(1)
symmetry must follow these conditions.
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mass states to the Higgs. These new mass states will introduce inescapable one-loop

corrections to the Higgs mass squared that are proportional to the mass squared of

the new states. If the new scale is particularly heavy, this will pull the Higgs mass up

towards it. One could counter this argument by merely positing that no new physics

exists at a higher energy scale – the “desert” hypothesis. However, the Planck scale

represents the energy where GR breaks down, as we will discuss below. Given that a

new theory must take over, why isn’t the Higgs mass pulled up towards this scale?

It is helpful to think of the hierarchy problem in a different way, in terms of a

fine-tuning problem. A hierarchy problem exists only in theories with at least two

distinct physical scales. The renormalisation group connects the physics at these

different scales, offering a phase space of flows (trajectories) between various fixed

points. If we consider a flow from a theory in the UV to an IR scale, the trajectory

linking the SM to the UV theory is not generic. The Higgs mass operator itself

perturbs the location of the SM theory away from an IR fixed point representing a

(conformal) theory with the SM gauge group, where the masses and couplings are set

to zero. This perturbation pushes the flow towards another fixed point of a theory

characterised by the SU(3)× U(1) gauge group, i.e., with SU(2) broken. For a flow

to represent the symmetry breaking pattern observed in the SM, it must spend most

of its time in the vicinity of first fixed point before heading towards the second. That

a generic flow from the UV passes through the SM is thus unlikely, and the true

trajectory seen in nature is thus finely-tuned. It would be more likely – less fine-

tuning – if the SM were at a scale closer to the UV scale. The hierarchy problem is

thus defined as the question: what allows the separation of the UV scale and the SM,

given that the trajectory linking them both is fine-tuned?

Proposed solutions to the hierarchy problem often come with new dynamics at

around the weak scale. It should be noted, however, that these new dynamics have

yet to be discovered.

The Coleman-Mandula Theorem

The Coleman-Mandula theorem [33] is a no-go theorem that effectively states that

there is no Lie group symmetry that combines the internal symmetries of the SM, to-

gether with the Poincaré group of spacetime isometries, that is anything other than a

product group of the two sets of symmetries. Thus, it is impossible to unify internal

symmetries with spacetime symmetries using the established structures. However,

the theorem contains a loophole, namely that the unified group of symmetries need
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not be associated to a Lie algebra, but can in fact be associated to a Lie super-

algebra, whereby the algebra is defined by anti-commutators alongside the familiar

commutators. This framework is referred to as supersymmetry (SUSY).

SUSY relates the bosonic and fermionic states of the Poincaré group and therefore

generically includes “superpartners” to the states of the SM. These are identical to

the original states except that they differ in fundamental spin by half a unit and, in

particular, the matter fermions have associated scalar superpartners. Clearly, super-

symmetry is not a symmetry of our world as we do not observe these superpartners

at the same mass scales as those in the SM. Thus, if it is to exist, it must be broken

at some scale. If this scale of breaking occurs at around the weak scale, this offers a

solution to the hierarchy problem mentioned above by cancelling the quantum cor-

rections to the Higgs, and even includes candidates for DM via the superpartners.

However, this is yet to be observed.

The Flavour Puzzle

In the SM, the Yukawa couplings, and associated CKM matrices, are free parameters

to be measured by experiment. However, these are vastly different in value, as can

be seen in the hierarchy of masses of SM particles. For example, the top quark has a

mass of 173 GeV, whereas the electron has a mass of 511 keV. The question, therefore,

is is there an origin for this hierarchy of masses given that there is no reason for it to

exist in the first place? A closely related question is why are there three generations

of fermion families?

The Strong-CP Problem

A term consistent with all SM symmetries is the “theta-term”,

L =
θ

32π2
εµνρλG

µνGρλ. (1.35)

This term arises from the QCD vacuum structure and so we cannot just omit it from

the SM structure. It also violates CP in the strong sector of the SM. Through mea-

surements of the electric dipole moment of the neutron, the parameter θ is bound

to be smaller than 10−9. The strong-CP problem is then the question, why is this

parameter so small?18 Many solutions to this problem exist which predominantly

introduce new symmetries (including the theory of the axion). However, no experi-

mental evidence yet exists to solve this problem.

18One can be more general in including the weak interactions here. Diagonalising the quark mass
matrix involves adding an extra term to the theta parameter. Thus, the question is then why is a
parameter with origins in the strong and weak sectors so small?
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Grand Unified Theories

Is the SM a small part of a larger symmetry structure? A Grand Unified Theory

(GUT) is defined as a renormalisable, quantum field theory in four dimensions, in-

variant under a gauge group, G, such that

SU(3)× SU(2)× U(1) ⊂ G. (1.36)

As such, the gauge groups of the SM are unified into a single gauge group. Fur-

thermore, it is also required that the representations of G, which house the matter

states, contain the degrees of freedom of the SM. Finally, it is also required that some

Higgs-like mechanism exists which breaks the larger symmetry group, G, down to

the SM gauge group. The smallest group that can consistently house the SM gauge

group is SU(5) [65], but other gauge groups have been considered. Ubiquitously in

these models, the proton is found to decay. Thus far, no evidence has been found of

this. Conversely, these theories offer up explanations for experimental parameters in

the SM, most notably the Weinberg angle. Moreover, the addition of supersymmetry

to GUT theories introduces an additional (light) Higgs state, which in turn lowers

the mass of the broken bosons which has the effect of improving the prediction of the

Weinberg angle [48,49].

A tantalising prospect of these models comes from considering the running of the

SM couplings. If we consider the SU(5) GUT,19 together with weak-scale supersym-

metry, then the gauge couplings unify at a scale of ∼ 1016 GeV. This is theoretically

satisfying, as instead of the GUT gauge group just taking over at the relevant energy

scale, the gauge couplings tend towards the same unified value, after which the GUT

takes over. This effect has been shown for other GUT groups, however, without the

inclusion of supersymmetry, only two of the three coupling constants unify. Thus,

supersymmetry seems to be a necessary component to this unification.

Quantum Gravity

GR is a classical theory that identifies as equivalent all observers linked by the

Poincaré group of local transformations. That it also be a theory that describes

the gravitational interaction – by noting the equivalence of gravitational and inertial

mass – is the key genius of its creator, Einstein. Gravitational energy, and thus,

information, is now known to be transported via gravitational waves [3]. These ten-

sor modes would quantum mechanically be described by a spin-2 state. Given this,

19Specifying the GUT is necessary as it sets the normalisation of hypercharge which, due to its
Abelian nature, is not intrinsically normalisable.
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Figure 1.1: Examples of a 2-D slice of two potentials, U(φ), where φ represents
the magnitude of Φ, and the corresponding function U/φ2. The dotted line on the
left-hand side represents U = φ2, whereas the dotted line on the right-hand side
represents U/φ2 = 1, where we have set m2 = 1 in both instances. Both potentials
have a corresponding minimum in the associated function U(φ)/φ2. However, the
potential in blue is the only one to admit Q-ball solutions.

one might naively expect that it would therefore be simple to write down the quan-

tum field theory associated to this state, which has GR as its limit. However, this

leads to a theory with an infinite number of higher-dimensional terms and so is non-

renormalisable. GR is therefore only considered an effective field theory, valid up to

some scale – the Planck scale, MPl ∼ 1.6× 1019 GeV – above which quantum effects

can no longer be ignored. Furthermore, the SM, in the absence of any gauge unifi-

cation, is also believed to only be valid up to this scale, above which gravitational

effects cannot be ignored from its structure. It is believed that there exists some new

framework – some theory of quantum gravity, or even a “theory of everything” – that

will supersede the current paradigm. Though many attempts exist at constructing

this framework, there is, as of yet, no experimental evidence for any of them.

1.5 Q-balls

With the discovery of a fundamental scalar in the Higgs boson, it is reasonable to

ask whether any other fundamental scalars exist in nature, alongside their composite
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cousins in the meson sector. Given that many extensions to the SM contain scalar

states, it is important to understand the structures that can form in such a sector.

Stable soliton-like solutions exist in a wide variety of quantum field theories in

3 + 1, and other, spacetime dimensions. Broadly speaking, solitons may be charac-

terised as either topological or non-topological solitons. Topological solitons have their

stability guaranteed by the conservation of a suitable topological ‘charge’ or winding

number. For example, ‘t Hooft-Polyakov monopoles in spontaneously broken non-

Abelian (3+1)-dimensional gauge theories are characterised by the second homotopy

group of the vacuum manifold and the associated winding numbers. Alternatively,

for non-topological-solitons stability is commonly ensured by other means (see, for

example, [98] and references therein).

Q-balls [31] are examples of non-topological solitons which are comprised ex-

clusively of scalars.20 These spherically symmetric, extended states arise when a

symmetry preserving potential admits stable mass states, whose masses (for a given

charge) are smaller than the total mass of the individual quanta. We can thus think

of Q-balls as the most energy-efficient method for a scalar theory to store charge.

Canonically, these Q-balls have been analytically studied in two limits: spatially-large

“thin-walled” Q-balls, appropriate for objects with large charge and whose interior is

homogeneous and referred to as “Q-matter”; and spatially small, “thick-walled” Q-

balls, appropriate for objects with small charge. More recently, work has been done

to extend the thin-wall analysis to smaller charges [75], which is particularly useful

in theories that possess no thick-wall limit and, thus, no small charge limit.

The simplest theory that admits Q-ball solutions is a U(1)-invariant theory of a

complex scalar field

L = ∂µΦ∗∂µΦ− U (Φ∗,Φ) , (1.37)

where U (Φ∗,Φ) is a U(1)-invariant potential, where it is assumed that the leading

order term is quadratic in the field Φ, i.e., there are no linear or inverse powers of

Φ, and that the potential vanishes for vanishing field – we will analyse this theory in

detail for Q-ball solutions in Chapter 2, but give a heuristic discussion here. Mass

terms in Lagrangians are quadratic in the fields. If the potential is to be symmetry-

preserving, the mass term must go like ∼ |Φ|2. We thus find that the mass of the

excitations found by perturbing about the origin are

µ2 ≡ ∂2U

∂Φ∗∂Φ

∣∣∣∣∣
Φ=0

=
U

|Φ|2
∣∣∣∣
Φ=0

. (1.38)

20Though Q-balls are formed from scalar states, analogous objects could be formed from vector
states.
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We will show in the technical introduction to Q-balls – Chapter 2 – that the function

on the right-hand side can possess a minimum away from Φ = 0 that is deeper than

µ2,

min
Φ6=0

[
U

|Φ|2
]
< µ2. (1.39)

The solutions to this condition are Q-balls, and these have a lower mass (for a given

charge) than for the individual quanta of mass µ. In Fig. 1.1, we plot two examples

of potentials: one which satisfies this condition and admits Q-ball solutions, and a

second which does not. This function on the left-hand side may have many local

minima, each of which satisfy the above condition. In this thesis, we usually assume

that only one such minimum exists and thus the Q-ball solution is unique.

The only renormalisable potential, which is left invariant by the U(1) symmetry,

we can write down for this system is

U (Φ∗,Φ) = a (Φ∗Φ) + b (Φ∗Φ)2 . (1.40)

This potential will not admit Q-ball solutions, as b must be non-negative to ensure a

stable theory. We are left with three options:

1. we have a non-analytic term, such as c (Φ∗Φ)3/2;

2. we consider higher-dimensional terms, such as with an effective theory;

3. we consider a more complex system, such as with multiple scalar fields.

In this thesis, we’ll first consider a system of a single scalar field, before generalising

to multiple fields. We will find, in the case of single-field thick-wall Q-balls, that

non-analytic terms are a necessity for their stability.

The canonical Q-ball analysis has been extended to accommodate a number of

contexts including: Abelian [31] and non-Abelian [122, 123] global symmetries; and

multi-field contexts including coupling the charged scalars to uncharged scalars [57],

supersymmetric theories [13, 90], and mirror-world like models [18, 19].21 They have

also been studied in theories of higher dimensions: if the dimensions are non-compact,

the analysis simply generalises by virtue of using the Laplacian and integration mea-

sure appropriate for the given dimension [107, 136]; in theories where the extra di-

mensions are compact, the Q-balls form an infinite tower of states [4, 40].

21One could extend these ideas to other BSM scenarios in which the SM Higgs is realised as a
pNGB.
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The stabilising symmetry can be gauged [74, 96]. These Q-balls are stable when

the electrostatic energy of the Q-ball is smaller than the other energies of the Q-ball,

that is, if the electrostatic cost of bringing together a charge Q – in units where the

gauge coupling has been factored out – over an extended object is smaller than the

reduction of energy from arranging the quanta into a Q-ball. The repulsive nature

of the Coulombic force sets an upper bound on the charge, and thus, the size of

the Q-ball. The component of the mass due to surface effects of a Q-ball are more

important for smaller Q, and thus the binding energy of small Q-balls is consequently

lower. As such, the addition of a Coulombic component can render smaller Q-balls

unstable. Since the surface effects become more negligible with increasing Q, this

implies a lower bound on the charge. If Qmax < Qmin, no stable gauged Q-balls exist.

For Q-balls that are large compared to the Compton wavelength of the gauge field,

the charge is pushed to the surface of the Q-ball. It resides in a shell with a thickness

of order the size of the Compton wavelength of the gauge field. In this way, the Q-ball

acts as a U(1) superconductor.

The analysis has been extended to even more exotic objects. In higher dimensions,

“Q-branes” have been theorised, in which a brane is stabilised by a combination of

energy and Noether charge [4]. Q-balls with an extra topological charge, referred to

as Q-lumps, have also been studied [99, 113]. It has also been shown that potentials

that admit Q-balls also admit diffuse, spherically symmetric configurations, without

well-defined edges, referred to as Q-clouds [8]. These Q-clouds have a total mass

smaller than a configuration of the quanta of the theory, but are unstable. In the

gauged case, the resulting radial profile need not be that of a ball, and can in fact

take the form of a thin shell [12, 76,116,135].

Q-balls are kept stable by conservation of charge and energy. The stability of ordi-

nary matter relies on conservation of particle number. Here, the charge Q plays that

role. As the Q-ball solution minimises U/|Φ|2 for a given Q, it is impossible for the

Q-ball to decay to other particles by conservation of energy and charge. One could

could also consider quantum tunnelling: treating the Q-matter as a false vacuum,

quantum fluctuations can produce a bubble of true vacuum, by tunnelling through

the potential, which then classically grows. This is referred to as “spontaneous cavi-

tation”, but it is not possible as quantum tunnelling conserves both E and Q. Thus,

in the simplest scenario, the Q-ball is absolutely stable. There are, however, ways to

render Q-balls unstable. If the constituent quanta of the Q-ball have decay channels,

this can lead to decay of the Q-ball [29]. In particular, if the channel is to fermions,

as is the case in supersymmetric theories, then the decay is surface area limited –
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the Q-balls can be said to “evaporate”. This has its origins in the exclusion principle

– spontaneous cavitation within the bulk of the Q-ball cannot happen if the decay

mode is to fermions, as they saturate the states allowed within the cavity by the

exclusion principle. If the decay channel is bosonic, however, then the decay happens

throughout the bulk as no such problem exists with the exclusion principle. Further

instances that may destabilise a Q-ball include gravitational effects and the collapse

into black holes [124,133,134], thermal effects in the early universe [95], or symmetry

breaking effects [85].

Q-balls that are absolutely stable, or quasi-stable with cosmological lifetimes, have

been studied as a potential candidate for DM [68, 93, 94]. In order for Q-balls to be

a major component of DM, they must have been produced in high abundance in the

early universe. The Affleck-Dine mechanism [6] has long been studied as a possi-

ble source for baryogenesis in the early universe. This mechanism exploits baryon-

number-violating flat-directions – directions in field space which grow no faster than

quadratically – usually in supersymmetric extensions of the SM [42,43], during an in-

flationary phase in the early universe to produce a net baryon number. This is a highly

efficient process which can give an O(1) asymmetry in baryon number. The Affleck-

Dine mechanism may also be used to create any net U(1) charge by exploiting any

symmetry-violating22 flat direction, and hence Q-balls. In this case, a Q-condensate

is formed when the flat direction is lifted and the underlying field, displaced from its

minimum during the inflationary phase, coherently oscillates as it returns to equilib-

rium. This condensate later fragments into Q-balls [50, 93] as it is unstable due to

quantum fluctuations during inflation leading to non-uniformities. Other production

methods in the early universe include “solitogenesis” [47,58,70], whereby Q-balls are

formed in a phase transition in the early universe, and “solitosynthesis” [59, 69, 88],

whereby Q-balls are formed through fusion, but these seem unlikely to be able to

produce Q-balls with a large enough charge to survive to the present day in the most

conventional supersymmetric models. Given work on Hawking radiation of extended

objects in Ref. [82], one could conceive of a situation whereby an initial population

of black holes in the early universe could seed an abundance of Q-balls, similarly to

the mechanism discussed in Refs. [9,103] for particle-like DM. However, it seems that

the rate of emission of Q-balls – or other extended objects – of size & fm, i.e., greater

than the size of nucleons, would be highly suppressed [73], and so the resulting Q-

balls will not be distinguishable from existing particle-like states in direct detection

experiments.

22This symmetry violation could, for example, come from an underlying UV theory.
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There are a number of existing experiments which can be used to detect Q-

balls as DM, such as Super Kamiokande [11, 91, 132], by using proton absorption,

or MACRO [10, 91], which can directly detect charged Q-balls. DM direct detection

experiments can also be used if the Q-balls interact with the SM, as extended DM

states can leave an explicit signature [62]. Specifically, the extended nature of the

Q-ball allows it to coherently scatter with the particles in the detector, which intro-

duces a form factor that is strongly peaked at low energies, i.e., towards the lower

energy threshold of the experiment. One could also envisage detecting gravitational

waves from the fragmentation of an early universe Affleck-Dine Q-condensate [92].

There has also been work on utilising laser interferometers as detectors for (heavy)

extended states [71]. Atomic clocks can also be used to study DM which is formed of

an extended object [41].

1.6 The Rest of This Thesis

This thesis represents a study on the formal properties of field theories to determine

which class of theories admit Q-ball solutions. Consequently, its goals are two-fold:

• To constrain the theories that possess stable Q-ball states by: (i) determining

the differential equations that govern the VEV of the constituent scalar in the

thin-wall limit, together with the physical properties of the resulting Q-ball; (ii)

constraining the small-field expansions that lead to stable thick-wall Q-balls by

demanding that the minimum of energy be classically stable against decay to

the underlying quanta of the scalar field;

• To determine whether stable Q-balls, in both the thick- and thin-wall limit,

can form from scalar mesons arising from the breaking of an approximate chiral

symmetry in the SM and in a specific BSM theory.

We will not discuss the phenomenology of these theories in this thesis.

The content of this thesis is laid out in three parts. Part I is concerned with

Q-balls in theories possessing only one scalar field, and comprises Chapters 2 and 3,

whereas Part II is concerned with theories with multiple scalar fields, and comprises

Chapters 4-6. Finally, Part III analyses theories when the underlying scalars of the

theory are pNGBs arising from the breaking of an approximate chiral symmetry, as

in the SM – this final part comprises Chapters 7 and 8. We outline the content of

each individual chapter below.
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In Chapter 2, we reproduce the classic mathematical analyses of theories for Q-

ball solutions, introducing the formal theory of Q-balls as we go. Specifically, we

study a class of theories of a single, complex scalar field, invariant under a single

U(1) symmetry, with potentials that are only composed of terms that are each power

laws of the field. We refer to these as “canonical Q-ball solutions”. We focus on

the analytic limits of the theory, that is, the thin- and thick-wall limits of the Q-

ball solutions. This is reproduced from the existing literature, most notably from

Coleman’s classic thin-wall analysis in Ref. [31] and Kusenko’s thick-wall analysis in

Ref. [89]. We show that there is an additional restriction on theories that possess

an energetically stable thick-wall limit that doesn’t also apply to the thin-wall limit.

This is a result known in the literature, and can be found in Refs. [115,119]. We prove

this result in a novel way, and this will be the basis of much of the following chapters.

This original work, performed solely by the author, can be found in Ref. [101].

With the basic Q-ball analysis established in Chapter 2, we then seek to modify the

underlying theory in the following chapters, with each chapter introducing a separate

modification. In Chapter 3, we modify the theory by allowing the potential to contain

terms that couple to the derivatives of the field. More precisely, only terms containing

two derivatives of the field will be studied. We find that a thin-wall limit exists in

these theories, and that the thick-wall limit is similarly restricted as in the canonical

case. This latter result is particularly interesting since the functional dependence on

the variables of the theory are fundamentally different to the canonical case. This

original work, performed solely by the author, can be found in Ref. [101].

In Chapter 4, we return to the canonical theory and modify it to include more

than one field, but still only a single symmetry, and no terms that couple the field

to its derivatives. The thin-wall analysis of this class of theory can be found in the

literature in Refs. [57, 90]. Due to the added complexity caused by the additional

fields, it is not possible to proceed in the thick-wall limit analytically without some

further simplification – we assume that the fields have the same shape of spatial profile

inside the Q-balls, as was assumed in Refs. [18, 119]. With this assumption, we find

a set of sufficient conditions on the existence of stable thick-wall Q-balls in certain

situations, notably in the case that all additional fields are uncharged. Furthermore,

in the case that the additional fields are massive, the thick-wall Q-balls are only

energetically stable if enough charge has built up. The thick-wall analysis of theories

possessing one charged field and an arbitrary number of uncharged fields is original

work, performed solely by the author, and can be found in Ref. [100]. The remaining

original work, performed solely by the author, remains unpublished.

26



We modify the multi-field theory of the previous chapter to include multiple sym-

metries in order to study multi-charged Q-balls in Chapter 5. Specifically, we consider

the special case where each scalar field in the theory transforms under its own U(1).

As in the previous chapter, we perform the thin- and thick-wall analyses. We find, in

the thin-wall case, that the scalar field takes on a charge-dependent value inside the

Q-ball, which is in contrast to all previous cases in which it is charge-independent.

With the same assumption on the spatial profiles of the fields as in the previous chap-

ter, we also find that the theories that allow energetically stable thick-wall Q-balls

to form are always restricted as in Chapters 2 and 3. This original work, performed

solely by the author, can be found in Ref [102].

In Chapter 6, we introduce a new type of object: a cored Q-ball. The example

given is from a theory with multiple fields and multiple symmetries. Thin-wall Q-

balls are characterised by an approximately homogeneous core, and so provide a

homogeneous background for any object travelling through it. If the object passing

through is another scalar that couples to the background field, it is reasonable to

ask whether the trapped scalar can form a small Q-ball that settles in the core (by

the symmetry of object), and whether this total object is energetically stable. We

determine the conditions for this stability. This original work, performed solely by

the author, can be found in Ref. [102].

In Chapter 7, we explore the SM for Q-ball solutions. As the Higgs potential will

not allow for Q-balls, we focus on the only remaining scalars in the theory, namely the

light mesons. These pseudoscalars are the pNGBs associated to the breaking of the

approximate chiral symmetry in the quark sector of the SM. They are mathematically

described by the chiral Lagrangian. To leading order, this was already studied for

thin-wall Q-balls in Ref. [44]. We present an original thick-wall analysis, which is

adapted from the appendix given in Ref. [18], performed by the author alongside

Bishara, Johnson, and March-Russell. Our analysis suggests that no Q-ball states

are allowed in the leading order chiral Lagrangian.

Given that no Q-balls can exist in the leading order chiral Lagrangian as it is in

the SM, we investigate a hidden sector with slightly modified dynamics in Chapter 8.

We assume that we have an almost exact copy of the SM in some hidden sector that

only interacts with our world via a portal coupling with the Higgs boson. The light

bosons of the theory are the pseudoscalar mesons of the hidden sector and the Higgs

boson. Together, these form stable Q-balls and we investigate the thin- and thick-

wall sectors of the theory. This original work by the author was published in a paper,
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written with Bishara, Johnson, and March-Russell, in Ref. [18], and another with

Bishara in Ref. [19].

Finally, we note that one other paper was written by the author, together with

collaborators, during the writing of this thesis in Ref. [103]. However, we do not

include this as it is not the focus of this thesis.
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Part I

Single-Field Q-balls
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Chapter 2

The Canonical Q-ball Solutions

2.1 Introduction

Q-balls are objects that can exist within scalar field theories that are invariant under

a group of transformations. For a scalar field whose quanta possess unit charge, a Q-

ball represents a semi-classical, coherent state of Q quanta – in some sense, these can

be thought of as a bound state of these particles.1 These objects are the state within

the theory that minimises the energy for a given charge, i.e., they are the most energy

efficient way for a scalar theory to store charge. However, finding the extremum of

the energy is not analytically tractable in the most general of scenarios, but analytic

limits do exists. Specifically, these are referred to as the thin- and thick-wall limits,

valid in the limit of large and small charge, respectively. More recently, work has been

done in Ref. [75] to analytically extend the thin-wall limit in theories that possess no

thick-wall limit, but we shall not comment on this work further.

This chapter acts as a technical introduction to the formal theory of Q-balls. In

particular, we review what we call the “canonical” Q-ball solutions. These represent

the Q-balls, in the thin- and thick-wall limits, found in theories of a single, complex

scalar field, invariant under a group of U(1) transformations, whose potential is only

a function of powers of the scalar field, and not its derivatives. These represent the

classic works of Coleman [31] and Kusenko [89].

Specifically, in Section 2.2, we set out the procedure for determining the solution

that minimises the energy for a fixed charge. This involves introducing a Lagrange

1Though the underlying states of the theory are quantum mechanical – i.e., bosonic (spin-one)
particles of unit charge – we will describe their collective phenomena as solutions of a classical field
theory. This is valid when enough of the quanta accumulate such that quantum fluctuations are
“small” in some sense – we briefly discuss this at the end of this chapter. Though a description of
the quantum nature of Q-balls is desirable – as it is for any fundamental understand of a physical
object – quantum mechanics is a theory of point-particles, and so a quantum description is lacking.

30



multiplier, as in Ref. [90], to set the fixed charge constraint. Moreover, we show

that this Lagrange multiplier can be interpreted as a chemical potential for the Q-

balls. The resulting functional cannot be minimised analytically. In Section 2.3,

we review the thin-wall limit, showing that the physical properties of the Q-ball are

well-described by those of its homogeneous core. We derive the differential equation

governing the VEV of the scalar field inside the core and solve it for a specific class

of potential. We then derive the physical properties of a Q-ball in the case that the

energy of the core vanishes, as in the case of certain special potentials. In Section 2.4,

we review the case of thick-wall Q-balls. A theory that possesses a thin-wall limit

does not generically possess a stable thick-wall limit. We, thus, constrain the theories

that admit stable thick-wall Q-balls by demanding that the minimum of the energy

be classically stable against decay to individual quanta of the field.

The bulk of this chapter is a review of the background literature on canonical Q-

ball solutions. However, the proof that stable thick-wall Q-balls only exist in specific

theories – namely, those with a potential whose small-field expansion is given by

U(Φ∗,Φ) ≈ m2Φ∗Φ− cp
Λp−4

(Φ∗Φ)p/2 , (2.1)

where 2 < p < 10/3, cp,Λ > 0 – is original. However, the result was already known,

and proven via other means, in the literature [115, 119]. We give this here as it will

be the basis of many studies throughout this thesis.

2.2 Minimising the Energy in a Sector of Fixed

Charge

Q-balls represent the state in a scalar field theory that minimises the energy for a

given Noether charge. In this section, we outline the specific class of theory we study

in this chapter, and the minimisation procedure for determining the Q-ball solutions

in that theory.

2.2.1 The Minimisation Procedure

We will consider the theory of a single complex scalar field, Φ(~x, t), and its complex

conjugate, governed by the Lagrangian density

L = ∂µΦ∗∂µΦ− U(Φ∗,Φ). (2.2)

The function U(Φ∗,Φ) is a potential that we leave generic for the time being – we only

stipulate that it is a function of the fields Φ∗ and Φ only, and not their derivatives,
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and, without loss of generality, that the zero of the potential occurs with vanishing

field. We further assume that the leading order term in the potential is quadratic

in the fields, i.e., there are no terms linear or inverse in powers of the fields. The

Euler-Lagrange equation for this theory is given by

∂µ∂
µΦ +

∂U

∂Φ∗
= 0, (2.3)

with a similar equation governing the evolution of Φ∗.

We require that this theory be invariant under some global U(1) symmetry, made

manifest by the invariance of the Lagrangian under the transformation

Φ→ eiαΦ, α ∈ R, (2.4)

with the transformation for the complex conjugate field being the complex conjugate

of this transformation. Due to the Abelian nature of this global symmetry, we are free

to normalise charges as we please – we have implicitly set the charges of individual

quanta of the field Φ to be unity, with the complex conjugate field being assigned the

same charge with opposite sign. To this invariance is associated a conserved Noether

current density,

jµ = lim
α→0

(
∂L

∂(∂µΦ)

δΦ

α
+

∂L
∂(∂µΦ∗)

δΦ∗

α

)

= i (Φ∂µΦ∗ − Φ∗∂µΦ) ,

(2.5)

which satisfies

∂µj
µ = 0, (2.6)

by application of the Euler Lagrange equations given in Eq. (2.3). This symmetry

fixes the potential to be a function of the product of the fields only,

U(Φ∗,Φ) = U(Φ∗Φ). (2.7)

We wish to analyse this theory for Q-ball solutions. These are the states that

minimise the energy per unit Noether charge. The Hamiltonian, coincident with the

energy, for this theory is

H =

∫
d3x

[
∂L
∂Φ̇

Φ̇ +
∂L
∂Φ̇∗

Φ̇∗ − L
]

=

∫
d3x

[
Φ̇∗Φ̇ + ~∇Φ∗ · ~∇Φ + U(Φ∗Φ)

]
.

(2.8)
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To determine the states with the lowest energy for a given charge, we employ the

method of Ref. [90]. We introduce a Lagrange multiplier, ω, and minimise the func-

tional given by

Eω = H + ω

(
Q−

∫
d3x j0

)
, (2.9)

where j0 is the zero-component of the Noether current density. Note that minimi-

sation of this functional with respect to the Lagrange multiplier yields the charge of

the configuration. In our theory, this functional evaluates to

Eω = ωQ+

∫
d3x

[∣∣∣Φ̇− iωΦ
∣∣∣
2

− ω2Φ∗Φ + ~∇Φ∗ · ~∇Φ + U(Φ∗Φ)

]
, (2.10)

where we have completed the square on the terms with explicit time-dependence. The

solution Φ = 0 corresponds to a configuration with Q = 0, and so we infer that a

configuration with finite charge must have a profile that differs from zero over some

finite domain.

The first term under the integral is positive semi-definite and is minimised when

it vanishes, i.e., if

Φ̇− iωΦ = 0. (2.11)

This can be readily solved to give

Φ(~x, t) = eiωtφ(~x), (2.12)

where φ(~x) is, without loss of generality, a real-valued function of the spatial coordi-

nates. This functional form is generic to Q-ball solutions: they are said to rotate in

field space with an angular velocity ω. Given this prescription, the Euler-Lagrange

equation governing the shape of the spatial potential, derived from Eq. (2.3), is thus

∇2φ =
1

2

d

dφ

(
U(φ)− ω2φ2

)
, (2.13)

where U(φ) is the potential derived from U(Φ∗Φ) where Φ∗Φ → φ2. Notice, the

full function in brackets defines a new effective potential function under which φ is

determined. This differential equation is the well-studied bounce equation associated

to the creation of bubbles of true vacua in the early universe [22, 30, 32] for the

potential given in brackets on the right-hand side. This differential equation is not

possible to solve in general. However, analytic expressions can be found in certain

limits:
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• Q is very large, and the energy is dominated by the volume: these are the

thin-wall Q-balls attributed to Ref. [31];2

• Q is small, and surface effects are an important energy contribution: these are

the thick-wall Q-balls first appearing in Ref. [89].

These will be the subject of Section 2.3 and Section 2.4 of this chapter, respectively.

What is known, however, is that the lowest energy configuraton is always spherically

symmetric [32], i.e.,

φ(~x) = φ(r). (2.14)

This differential equation is then solved with the following boundary conditions:

lim
r→0

φ = φ0, lim
r→0

dφ

dr
= 0, lim

r→∞
φ = 0, lim

r→∞

dφ

dr
= 0, (2.15)

where φ0 ∈ R is some constant. These boundary conditions will ensure that the

configuration does indeed differ from zero over some finite range, and that the energy

remains finite.

Given the spherical symmetry of the Q-ball, we may now readily write the Euler-

Lagrange equation for the spatial profile as

1

r2

d

dr

(
r2 dφ

dr

)
=

1

2

dU

dφ
− ω2φ. (2.16)

The charge of this configuration is given by

Q = 8πω

∫
dr r2φ2, (2.17)

and the energy is similarly found to be

E = 4π

∫
dr r2

[
ω2φ2 +

(
dφ

dr

)2

+ U

]

= ωQ+ 4π

∫
dr r2

[(
dφ

dr

)2

− ω2φ2 + U

]
,

(2.18)

where we have used Eq. (2.17) in determining the final line. We will use these ex-

pressions to derive two results below.

2As Coleman himself noted in the added proof of his paper, there was already some literature on
Q-balls and Q-ball-like solutions found in Refs. [97, 109,110,120,142].
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2.2.2 The Lagrange Multiplier as a Chemical Potential

Before we discuss the two analytic limits mentioned above, we first explore two general

implications of Eq. (2.12). For this subsection, we follow a presentation similar to that

found in Ref. [75]. Firstly, we show that the Lagrange multiplier can be interpreted

as a chemical potential for the Q-ball [57]. Taking a derivative of the energy given in

Eq. (2.18) with respect to the Lagrange multiplier ω yields

dE

dω
= ω

dQ

dω
+Q+ 8π

∫
dr r2

[
dφ

dr

d

dω

(
dφ

dr

)
− ωφ2 +

(
1

2

dU

dφ
− ω2φ

)
dφ

dω

]
. (2.19)

We recognise the second integrated term as −Q, and so this cancels. We perform an

integration by parts on the first term under the integral, ignoring a surface term by

the boundary conditions stipulated above, to give

dE

dω
= ω

dQ

dω
+ 4π

∫
dr r2

[
− d

dr

(
r2 dφ

dr

)
+

1

2

dU

dφ
− ω2φ

]
dφ

dω
. (2.20)

The term in the square brackets vanishes by the Euler-Lagrange equation for the

spatial profile given in Eq. (2.16), so we are left with the result

dE

dω
= ω

dQ

dω
. (2.21)

This result is universal and holds for all Q-balls. Furthermore, for a non-vanishing

derivative of Q with respect to ω, we note that

dE

dQ
= ω. (2.22)

Recall, for field quanta of unit charge, Q also indexes the number of constituent

scalars forming the Q-ball. Thus, not only can we interpret the Lagrange multiplier

as an angular velocity in field space, but here it takes the form of a chemical potential:

• If dQ/dω > 0, it is energetically favourable for the Q-ball to decrease in size

via ejection of quanta;

• If dQ/dω < 0, it is energetically favourable for the Q-ball to increase in size via

absorption of quanta;

We now show that we may rewrite the energy of a Q-ball that makes manifest the

energy of the bulk volume and the surface of a Q-ball [96]. Consider the Lagrangian

of the system in light of Eqs. (2.12) and (2.14),

L = 4π

∫
dr r2

[
−
(

dφ

dr

)2

+ ω2φ2 − U(φ)

]
. (2.23)

35



We make a change of variables of r → χρ, so

L = 4π

∫
dρ ρ2

[
−χ
(

dφ

dρ

)2

+ χ3ω2φ2 − χ3U(φ)

]
. (2.24)

We now consider variations of this Lagrangian with respect to χ, noting that there is

explicit dependence on χ and implicit dependence through φ(r)→ φ(χρ),

δL = δLimplicit + δLexplicit. (2.25)

First, we analyse the implicit variation, which evaluates to

δLimplicit = 8φ

∫
dρ ρ3 dφ

dρ

[
− 1

ρ2

d

dρ

(
ρ2 dφ

dρ

)
− 1

2

dU

dφ
+ ω2φ

]
δχ. (2.26)

When χ → 1, i.e., ρ → r, the term in brackets vanishes by Eq. (2.16). We must

similarly demand that the explicit variation vanish in this same limit. This implies

that

4π

∫
dr r2

[
−ω2φ2 + U(φ)

]
= −4π

3

∫
dr r2

(
dφ

dr

)2

. (2.27)

This allows us to rewrite Eq. (2.18) as

E = ωQ+
8π

3

∫
dr r2

(
dφ

dr

)2

. (2.28)

We can loosely interpret the first term as the energy of the bulk volume, and the

second term as the energy of the surface: this assignment becomes exact in the thin-

wall case explored below.

2.3 Thin-Wall Q-balls

In this section, we review the thin-wall Q-ball solution from Coleman’s classic paper

on the subject.

2.3.1 Coleman’s Q-balls

Thin-wall Q-balls correspond to the large volume limit, whereby the energy of the

Q-ball is dominated by a large, homogeneous core of “Q-matter”,3 and a spatially

3Q-matter is so named due to the scaling of the mass, derived soon, of the Q-ball with Q. This
is similar to nuclear matter, which scales approximately with N . It should be further noted that
Q-matter represents a state that spontaneously breaks the global symmetry which stabilises the
Q-ball, in a manner similar to superfluids. The resulting NGB modes – phonons – are massless in
the infinite volume limit, but pick up a mass in the finite volume limit, and represent the lightest
excitation modes of the Q-ball.
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thin wall that interpolates between the VEV in the core, φ0, and the vacuum of the

theory, φ = 0. This approximation scheme was first studied in Ref. [31]. In this limit,

we approximate the spatial profile by

φ(r) ≈ φ0Θ(R− r), (2.29)

where φ0 ∈ R and R is the radius of the core. This ansatz is consistent with the

boundary conditions given in Eq. (2.15). As the core is homogeneous, we infer from

Eq. (2.28) that

E = ω0Q, (2.30)

as the derivatives only contribute over the thin-wall of the Q-ball. We will show below

that this latter term is indeed subdominant in this case.

To determine an expression for ω0, we reconsider the functional given in Eq. (2.10),

which in this limit becomes

Eω ≈ ω0Q+ V
[
−ω2

0φ
2
0 + U(φ0)

]
, (2.31)

where

V =
4π

3
R3, (2.32)

is the volume of the core of the Q-ball. This function must be minimised with respect

to ω0, V and φ0. For stability, the value at the minimum must be less than Qmφ, as

otherwise it would be energetically favourable for the Q-ball to classically decay to Q

quanta of the scalar field. Minimisation with respect to ω0 yields

Q = 2ω0φ
2
0V, (2.33)

which is expected – this is precisely Eq. (2.17) in the thin-wall limit. The Lagrange

multiplier was, after all, initially introduced in order to fix the charge of the Q-ball.

Reinserting this, we obtain the energy of the core of the Q-ball

E =
Q2

4φ2
0V

+ U(φ0)V. (2.34)

To determine the volume of the core, we minimise this expression with respect to the

volume to obtain

V 2 =
Q2

4φ2
0U(φ0)

. (2.35)

Once more, reinserting yields the rest mass of the Q-ball

mQ = Q

√
U(φ0)

φ2
0

, (2.36)
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where we read off

ω0 =

√
U(φ0)

φ2
0

. (2.37)

This is not an unexpected result – this expression for ω0 inside the core of the thin-

wall Q-ball is consistent with Eq. (2.16) governing the spatial profile of φ when the

profile is constant.

Finally, the energy must be minimised with respect the to field value, subject to

the constraint ω0 < mφ for classical stability. This yields

dU(φ0)

dφ0

= 2
U(φ0)

φ0

. (2.38)

This constrains the potentials that can admit Q-ball solutions. We will consider an

example of a potential that admits Q-ball solutions below. However, we must first

show that the energy of the surface is indeed subdominant and can be safely ignored.

In determining the contribution to the Q-ball rest mass due to the surface energy,

we approximate ω = ω0 throughout. The energy due to the volume is given by

Evolume = ω0Q = 8πω2
0

∫
dr r2φ2 =

8π

3
ω2

0φ
2
0R

3. (2.39)

The final equality implicitly defines the radius of the Q-ball, which is somewhat

arbitrary due to the fuzziness of the surface. The energy due to the surface, using

Eq. (2.28), is then given by

Esurface =
8π

3

∫
dr r2

(
dφ

dr

)2

. (2.40)

In the case of a thin-wall Q-ball, in which the field only varies through a thin-shell,

this integral will be tightly peaked at the surface, so we approximate this as

∫
dr r2

(
dφ

dr

)2

≈ R2

∫
dr

(
dφ

dr

)2

. (2.41)

We wish to rewrite this integral without explicit dependence on the r-coordinate such

that we may associate it with the surface tension of the Q-ball.

Consider now the bounce equation as given in Eq. (2.16). In the large volume

limit, we drop the term proportional to 1/r in the vicinity of the surface, such that

d2φ

dr2
=

1

2

d

dφ

(
U(φ)− ω2

0φ
2
)
. (2.42)

We may integrate this over φ,
∫ φ

0

dφ
d2φ

dr2
=

∫ φ

0

dφ
1

2

d

dφ

(
U(φ)− ω2

0φ
2
)
. (2.43)
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Integrating the term on the left-hand side by parts, and applying the boundary con-

ditions for the Q-ball solution, yields

(
dφ

dr

)2

= U(φ)− ω2
0φ

2. (2.44)

We finally find that

Esurface =
8π

3
R2

∫
dφ
√
U(φ)− ω2

0φ
2. (2.45)

We can now associate this integral to a surface tension that does not explicitly depend

on the radial coordinate. Thus, we see that, in the large-volume limit, the surface

energy is indeed subdominant to the energy contained within the core due to its

scaling with a lower power than for the volume energy.

Upon including gravity, thin-wall Q-balls may not have arbitrarily large charge.

One can see above that the radius grows more slowly with charge than the mass. As

such, there will come a charge when the radius becomes smaller than the Schwarzschild

radius of the Q-ball, and it will thus collapse into a black hole [124, 133, 134]. De-

manding that RQ < 2mQ/M
2
Pl sets an upper bound on the charge,

Q <

√
3

8π

φ0

U(φ0)
M3

Pl. (2.46)

This is turn sets an upper bound on the mass,

mQ <

√
3

8π

M3
Pl√

U(φ0)
, (2.47)

and radius of a thin-wall Q-ball to be

R <
1

41/3

√
3

2π

MPl√
U(φ0)

. (2.48)

These quantities are clearly theory-dependent.

The most straightforward example of a classical potential that admits thin-wall

Q-balls is

U(Φ∗,Φ) = m2
φΦ∗Φ− cp

Λp−4
(Φ∗Φ)p/2 +

cq
Λq−4

(Φ∗Φ)q/2, (2.49)

where cp, cq > 0 are constant coefficients, Λ is some mass scale, and q > p > 2.

Upon insertion of the Q-ball ansatz in Eq. (2.12), and taking the thin-wall limit, this

becomes

U(φ0) = m2
φφ

2
0 −

cp
Λp−4

φp0 +
cq

Λq−4
φq0, (2.50)
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The condition given in Eq. (2.38) tells us that

φq−p0 =

(
p− 2

q − 2

)
cp
cq

Λq−p. (2.51)

The volume of the resultant Q-ball is given by

V =
1

2Λ2mφ

(
q − 2

p− 2

cq
cp

)2/(q−p)

1− cp

(
p− 2

q − 2

cp
cq

)(p−2)/(q−p)(
q − p
q − 2

)
Λ2

m2
φ



−1/2

(2.52)

and the rest mass is

mQ = Qmφ


1− cp

(
p− 2

q − 2

cp
cq

)(p−2)/(q−p)(
q − p
q − 2

)
Λ2

m2
φ




1/2

. (2.53)

This is less than Qmφ for all q, p ∈ R such that q > p > 2, and so the resultant

Q-balls are classically stable against decay into Q quanta of the field Φ.4

2.3.2 Surface-Dominated Thin-Wall Q-balls

Notice, there is a special case in Eq. (2.53). If

cp

(
p− 2

q − 2

cp
cq

)(p−2)/(q−p)(
q − p
q − 2

)
Λ2

m2
φ

= 1, (2.54)

the energy apparently vanishes, and the volume diverges. This is the case where the

potential has two minima such that U(φ) = 0, and so the vacuum of the theory is

degenerate. This theory can still produce Q-balls, but the core does not contribute to

the overall mass of the Q-ball. The surface, however, still does. This is the example

of thin-wall Q-balls that are surface energy dominated, as studied in Ref. [130]. We

summarise this here.

We note that the energy of a Q-ball configuration may be written

E =
Q2

16π
∫

dr r2φ2
+ 4π

∫
dr r2

[(
dφ

dr

)2

+ U(φ)

]
. (2.55)

4In Coleman’s original paper, given in Ref. [31], a stronger statement was proven in that if the
potential satisfies some technical conditions, then stable Q-balls that minimise the energy exist, i.e.,
that the infimum of the energy (rest mass) are at a given charge are Q-balls that satisfy: mQ < mφQ.
Here, we have just shown that the energy of the objects derived satisfy the condition given, and not
that this is associated to the infimum of the energies of all objects with this charge. Thus, what we
give here is not a statement of stability in the mathematical sense, but is sufficient for our purposes
in physics.
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We define φ0 as the location in field space of the minimum of U(φ) degenerate with

U(0) = 0. We define, implicitly, the radius of the Q-ball through

4π

3
R3φ2

0 = 4π

∫
dr r2φ2, (2.56)

thus allowing us to write the energy of the configuration as

E =
3Q2

16πR3φ2
0

+ 4π

∫
dr r2

[(
dφ

dr

)2

+ U(φ)

]
. (2.57)

The integral in this expression will only contribute over the surface. It is impossible

to solve, but we can approximate our ignorance by considering the average quantities

over the surface. We define the thickness of the surface as δ, and introduce two

dimensionless parameters, α and β, such that

(
dφ

dr

)2

∼ α

(
φ0

δ

)2

and U(φ) ∼ βm2
φφ

2
0. (2.58)

The energy is thus

E =
3Q2

16πR3φ2
0

+
(
4πR2δ

)
[
α

(
φ0

δ

)2

+ βm2
φφ

2
0

]
. (2.59)

This is expression must be separately minimised with respect to δ and R. This gives

us that

δ =
1

mφ

√
α

β
and R =

(
9Q2

256π2

1

φ4
0

1

mφ(αβ)1/2

)1/5

. (2.60)

From this, we can calculate two quantities of interest. Firstly, the ratio of the wall

thickness to the radius is

δ

R
∼
(

256π2

9

α3

β2

)1/5(
φ0

mφ

)4/5
1

Q2/5
. (2.61)

We see that the limit δ � R, i.e., the thin-wall limit, corresponds to the large Q

limit.5 The mass of the resultant Q-ball is

mQ = 5

(
π

6

)1/5

(αβ)3/10φ
2/5
0 m

3/5
φ Q4/5. (2.62)

The energy here scales differently compared to the standard thin-wall limit, when the

rest mass is dominated by the volume. We thus see that this class of Q-balls is not

composed of Q-matter.

5This is not strictly true. We could have that φ0 � mφ, but this corresponds to a very specific
potential shape, and so is not a generic statement.
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Finally, we note that

mQ

mφQ
∝
(
δ

R

)1/2

. (2.63)

In the thin-wall limit, therefore, these Q-balls are classically stable against decay into

the constituent scalar particles. It should be noted that these results generalise to the

case where we have almost degenerate minima in U(φ), such that the contribution

of the volume to the rest mass of the thin-wall Q-balls is dominated by the surface

effects.

2.4 Thick-Wall Q-balls

We found in the previous section that for large Q, Q-balls are well-described by the

thin-wall limit. In this section, we review the opposite limit, i.e., Q-balls for small Q,

otherwise known as thick-wall Q-balls.

2.4.1 The Bounce Potential

We now seek other analytic Q-ball solutions. To find these, it is illuminating to take

a step back and analyse the form of the bounce potential and subsequent solutions

to the bounce equation for different values of ω – see Fig. 2.1 for examples. The

forthcoming discussion is based on that given in Ref. [89].

When viewed from the point of view of a Euclidean bounce, the bounce action

describes the tunnelling of a field from a metastable vacuum to one of greater (or

equal) stability. This tunnelling process can only occur if there exists two minima in

the bounce potential, such that the minimum for φ > 0 satisfies U(φ) ≤ U(0), and if

there is a potential barrier separating both minima from each other.

At the conclusion of this tunnelling process, the field will exit the barrier with a

value φexit that is the smallest non-zero solution of

U(φexit) = U(0) = 0. (2.64)

In the language of Q-balls, this value of the field denotes the characteristic VEV of

the field inside the Q-ball. The further away from φ = 0 the exit point of the bounce

potential lies, the larger the values in field space the Q-ball probes.

The bounce potential is of the form

Uω(φ) = U(φ)− ω2φ2. (2.65)

42



0.2 0.4 0.6 0.8 1.0 1.2 1.4
ϕ

0.05

0.10

0.15

0.20
U(ϕ)-ω2ϕ2

0.2 0.4 0.6 0.8 1.0 1.2 1.4
ϕ

0.02

0.04

0.06

0.08

0.10

U(ϕ)-ω2ϕ2

0.2 0.4 0.6 0.8 1.0 1.2 1.4
ϕ

0.1

0.2

0.3

0.4

0.5

0.6

U(ϕ)-ω2ϕ2

0.2 0.4 0.6 0.8 1.0 1.2 1.4
ϕ

0.02

0.04

0.06

0.08

0.10
U(ϕ)-ω2ϕ2

Figure 2.1: Examples of the bounce potential for different values of ω. Here, we
consider the potential U(φ) = m2φ2 − Aφp + λφq, where q > p > 2. Clockwise from
the top left: (i) the case ω < ω0 – the second minimum of the bounce potential, away
from φ = 0, is not more stable than the origin, and so no tunnelling occurs; (ii) the
thin-wall case ω = ω0 – the two minimum are equally stable; (iii) the thick-wall case
ω0 < ω < mφ – the second minimum of the bounce potential, away from φ = 0, is
more stable than the origin, and tunnelling occurs to φ = φexit; (iv) the case ω ≥ mφ

– there exists no barrier in the bounce potential, and so no tunnelling occurs.
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As stated above, it is key for the existence of Q-ball solutions that U(φ) contain terms

to form a second minimum in the bounce potential, and to stabilise the potential

at large field value. There also necessarily must be a barrier in this potential. At

quadratic order in the bounce potential, only the mass term and the term proportional

to ω2 appear. If this term is overall negative – i.e., if m ≤ ω – then there exists no

potential barrier between the origin and the rest of field space. Therefore, the barrier

in this function only exists if, at quadratic order in the bounce potential,

m2φ2 − ω2φ2 > 0, (2.66)

or if ω < mφ. To reiterate, if ω ≥ mφ, we have no barrier in the bounce potential, and

thus no Q-ball solution. Similarly, there is no exit point for the tunnelling trajectory

if

U(φ)− ω2φ2 > 0, (2.67)

for all values of φ > 0, i.e., if

ω2 <
U(φ)

φ2
. (2.68)

Thus, we see that in order to have solutions to the bounce equation valid for Q-balls,

we require that, for some φ,
U(φ)

φ2
≤ ω < mφ. (2.69)

Notice, the limiting case in the lower bound is precisely the thin-wall limit discussed in

the previous section. This occurs when the bounce potential has degenerate minima,

such that the exit point after the barrier occurs at the minimum away from zero field.

We now consider the other limiting case of this bound on ω, namely ω → m−φ , first

studied in Ref. [89]. As ω tends to this bound from below, the barrier in the bounce

potential becomes smaller such that the exit point post-barrier is at relatively small

field value. Thus, this limit is equivalent to the limit of small field excursion – as it is

mathematically the opposite limit to the thin-wall approximation, and surface effects

are taken into account, the resulting Q-balls are often referred to as “thick-wall”

Q-balls.6

6One might wonder what happens when we remove the barrier by setting ω = mφ. This is
equivalent to setting Q = 0, i.e., no stable Q-ball exists. In this limit, the Q-balls completely
dissolve into their respective quanta. In practice, one wouldn’t even use a Q-ball description when
very close to this limit – when the charge of the Q-ball is small, the quantum fluctuations are such
that a semi-classical description is no longer appropriate, and a quantum mechanical description of
the quanta and their interactions would be more so.
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2.4.2 Q-balls in the Small-Field Limit

As we are working in the small-field limit, we approximate the bounce potential by

an expansion in its lowest order terms, i.e., those that are most relevant,

Uω(φ) ≈
(
m2
φ − ω2

)
φ2 − cp

Λp−4
φp +

cq
Λq−4

φq, (2.70)

where cp, cq > 0 are constant coefficients, Λ is some mass scale, and q > p > 2.

The signs in this potential are fixed in order to allow for a Q-ball solution to exist –

the negative sign on the second term allows for the second minimum in the bounce

potential to exist, and the positive sign on the final term lifts and stabilises the

potential. We will ignore the final term for now in our analysis, but will return to

it later. For now, we assume that the quadratic and next-to-quadratic terms are of

roughly equal importance within the Q-ball, i.e., that the VEV is such that they are

approximately equal – this sets the VEV to be precisely the exit point of the bounce

potential when all higher order terms are negligible.

Before we proceed, notice that this small-field expansion corresponds exactly to

a theory with a potential defined by Eq. (2.50). We found above that this potential

generically allows for stable thin-wall Q-balls to exist within its spectrum of states.

It is therefore interesting to know whether this potential allows stable Q-balls with a

small charge to form. We consider this below.

To find stable Q-ball solutions, we once more study the functional given in Eq. (2.10),

i.e.,

Eω = ωQ+

∫
d3x

[
~∇φ · ~∇φ+ (m2

φ − ω2)φ2 − cp
Λp−4

φp
]
. (2.71)

In what follows, we will constrain the value of p that allows for stable Q-balls of this

type to exist. The result can be found in the literature in Refs. [115, 119], but we

prove it in a novel way – this new proof can be found in Ref. [101]. In what follows,

we prove this result in 3 + 1-dimensions. Defining the dimensionless variables,

ϕ ≡
[
cp

Λp−4

]1/(p−2)
φ

(m2
φ − ω2)1/(p−2)

and ξi ≡ (m2
φ − ω2)1/2xi, (2.72)

leads to

Eω = ωQ+ (m2
φ − ω2)(6−p)/(2p−4)

[
Λp−4

cp

]2/(p−2)

Sϕ, (2.73)

where Sϕ is the dimensionless integral

Sϕ =

∫
d3ξ
[
~∇ξϕ · ~∇ξϕ+ ϕ2 − ϕp

]
, (2.74)
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whose precise value will not concern us here – for numerical values of this integral

for different values of p, see Ref. [104], with the general trend being that the value

is positive and increases for increasing p. It should be noted that for p ≥ 6, this

cannot be extremised and so the thick-wall limit is not a good approximation [115].

However, we keep p general for now for, as we will see, p ≥ 6 fails for other reasons.

Minimisation with respect to ω yields

ε = Ω
(
1− Ω2

)(10−3p)/(2p−4)
, (2.75)

where Ω ≡ ω/mφ is a dimensionless parameter and

ε ≡
Qm

(2p−8)/(p−2)
φ

Sϕ

[
p− 2

6− p

] [
cp

Λp−4

]2/(p−2)

(2.76)

is a dimensionless number. In principle, this expression can give Ω in terms of ε.

Notice, since Ω < 1, we must have that ε > 0 in order for a valid solution to exist.

Thus, for p > 6, we must have that Sϕ < 0 to maintain this sign assignment. However,

this would seem to contravene the general trend of Ref. [104] for which Sϕ > 0 – it

should be noted, however, that the case for p = 6 has not been determined. We, thus,

will simply ignore p > 6 here, though it will turn out to not matter below. Recognise

also that we have implicitly assumed that p 6= 6 – in this case, the Q-balls would need

to have zero charge and thus cannot exist.

Instead of solving this for Ω in terms of ε, we reinsert the expression into Eω to

give

Eω = mQ

[
Ω +

[
p− 2

6− p

]
(1− Ω2)

Ω

]
. (2.77)

For stable Q-balls to exist, we necessarily require that this expression be less than

mφQ, or that

Ω +

[
p− 2

6− p

]
(1− Ω2)

Ω
< 1, (2.78)

which can be rewritten as

2(4− p)
6− p Ω2 − Ω +

p− 2

6− p < 0. (2.79)

Notice already that p = 4 implies that Ω > 1, which is in contradiction with our

starting assumption that Ω < 1. Assume now that p 6= 4 such that our requirement

is given by

(Ω− 1)

(
Ω− p− 2

2(4− p)

)
< 0. (2.80)
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We thus see that this is only satisfied if Ω lies between the two roots of the equation.

However, recognise that if p > 10/3, the second root is greater than unity, and so

Ω lies outside of its assumed range, with the limiting case of p = 10/3 leading to

Ω = 1, which is also forbidden. We conclude that stable Q-balls may only be formed

in potentials where 2 < p < 10/3, and so the only integer p that allows for thick-wall

Q-balls is p = 3, i.e., the case of study in Ref. [89].

2.4.3 A Worked Example: p = 3

Setting p = 3, we see that our expressions above become

Eω = ΩmφQ+
m3
φSϕ

A2
(1− Ω2)3/2, (2.81)

where we have defined A = cpΛ, and Sϕ is numerically minimised to be approximately

38.8 [104]. A first derivative of Eω, and requiring it vanish for an extremum, yields

the condition

ε = Ω(1− Ω2)1/2, (2.82)

where

ε ≡ QA2

3Sϕm2
φ

. (2.83)

We may solve this equation to give

Ω2 =
1±
√

1− 4ε2

2
. (2.84)

As Ω is constrained to be real, we require that ε ≤ 1/2. A second derivative of Eω,

and requiring that it be positive for a minimum, yields the condition

−3Sϕmφ
1− 2Ω2

(1− Ω2)1/2
> 0, (2.85)

which sets the sign in the solution for Ω2 to be positive, and also that ε < 1/2.

Given Ω, we may now expand Eω in powers of ε to give the mass of the Q-ball,

mQ = mφQ

(
1− 1

6
ε2 −O

(
ε4
))

. (2.86)

As expected, we see that mQ < mφQ, and so the resulting Q-ball is indeed stable to

decay to quanta of the field Φ. To determine the characteristic radius, R, and VEV

of the field, 〈φ〉, we note that these are given when ξ ∼ 1 and ϕ ∼ 1, and so

R−1 ∼ εmφ

(
1 +O

(
ε2
))

and 〈φ〉 ∼
ε2m2

φ

A

(
1 +O

(
ε2
))
. (2.87)
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We thus see that this Q-balls are large compared to the Compton wavelength of the

constituent scalars, and that the field inside the Q-ball is indeed small in some sense.

This analysis rested on two assumptions, namely, that the higher order term that

stabilises the potential be small in comparison to the cubic and quadratic terms inside

the Q-ball, and that Eω has a minimum in the range 0 < ω < mφ. These conditions

lead to constraints on the allowed charge of the thick-wall Q-ball solution. Using the

characteristic VEV given above, we demand that

A〈φ〉3 � cq
Λq−4

〈φ〉q, (2.88)

which leads to the constraint on Q,

Q� 116.4mφ

[
Λq−4A10−3q

cq

]1/(2q−6)

. (2.89)

Demanding this for the quadratic term leads to the same constraint. The second

condition on Q arises from rearranging the condition ε < 1/2,

Q < 58.2
m2
φ

A2
. (2.90)

The fact that these constraints place an upper bound on the charge of these Q-balls

shows us that this is the appropriate description for Q-balls with small charge. If both

of these conditions are strongly violated, then the thin-wall approximation should be

used.

There is no classical lower bound on the charge, but this is a semi-classical object:

for the description to be appropriate, quantum effects cannot be large. The fractional

fluctuation of the field φ will go like 1/
√
N , where N is the number of φ quanta within

a volume λ3. Here, λ represents how extended the wavefunctions of the φ quanta are

within the Q-ball, with a maximum size being that of the Q-ball itself. When this

number, N , is much greater than unity, the quantum fluctuations remain small in

some sense. For N & 10, this should be fine – the choice is predominantly down to

taste.

2.5 Summary

In this chapter, we have reviewed the so-called “canonical” Q-ball analysis, that is,

we have derived the physical properties of thin- and thick-wall Q-balls in theories

of a single, complex scalar field, invariant under a group of U(1) symmetries whose
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potential is a function of powers of the field. In the thick-wall case, by arguing that

the minimal energy solution be classically stable against decay into the individual

quanta of the field, we constrained the theories that possess a thick-wall limit to

those whose small-field expansion is given by

U(Φ∗,Φ) ≈ m2Φ∗Φ− cp
Λp−4

(Φ∗Φ)p/2 , (2.91)

where 2 < p < 10/3 and cp,Λ > 0.

This analysis shows that for theories in which p > 10/3, that possess a thin-wall

limit, there is a minimum amount of charge that must aggregate before the resulting

Q-ball is classically stable. The value of this minimum charge in general theories is a

topic for future research. This has further important phenomenological consequences

in the scenario that real-world Q-balls are formed via solitosynthesis, i.e., through

fusion of the underlying quanta in the early universe. In this case, the timescale

of formation must be much less than the timescale of dissolution. Whether these

theories can produce Q-balls in this scenario is a topic for future research.

We use this analysis as the basis of the work presented in the rest of this thesis.

Each chapter will bring a different modification to the canonical analysis, namely: the-

ories with non-canonical kinetic terms; multiple fields, both charged and uncharged;

multiple independent symmetries; and Q-balls expanded in the background of another

field.
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Chapter 3

Q-balls in Theories with
Non-Canonical Kinetic Terms

3.1 Introduction

In the last chapter, we considered the Q-ball solutions arising in theories with canoni-

cal kinetic terms and potentials containing only terms that are powers of the complex

scalar field. Though this covers a multitude of theories, it is not the general case.

Theories, particularly effective field theories such as chiral perturbation theory, can

have more complex structures that couple the field to its derivatives.1

In this chapter, we seek to perform the same analysis as before – for theories of

a single, complex scalar field invariant under the group of U(1) transformations –

but with terms that couple the field to its derivative. We will consider terms with

two derivatives only – one could extend the analysis to even higher derivatives. The

addition of these non-canonical kinetic terms fundamentally changes the dependence

of the resulting expressions on the Lagrange multiplier, ω, and so warrants study.

Work has been performed before on examples of such theories, primarily in chiral

perturbation theory, but this is done in an ad-hoc manner [18, 19, 44]. We seek, at

least in the single-field case, to study this class of theory in general.

Specifically, in Section 3.2 we introduce the class of model of study. We begin

the minimisation procedure as in the previous chapter. We note here that the spatial

profile obeys a differential equation that differs from a bounce. However, the offending

terms are subleading in the thin- and thick-wall limits and so we progress as usual.

In Section 3.3, we perform the thin-wall analysis, deriving the differential equation

1It should be noted that chiral perturbation theory is a multi-field theory with non-canonical
kinetic terms, and so this analysis does not strictly cover that model. We return to this issue in
Chapters 7 and 8.
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governing the VEV of the scalar field inside the Q-ball as well as the resultant physical

parameters of the Q-ball. In Section 3.4, we perform the thick-wall analysis, noting

that if all terms containing a derivative are subleading to those without, we recover

the analysis in the previous chapter. We determine the subclass of theories that

admit a thick-wall state by demanding that the minimum of energy be classically

stable against decay into the quanta of the field.

The work contained within this chapter is original and can be found in Ref. [101].2

3.2 Minimising the Energy in a Sector of Fixed

Charge

We consider a theory modified from the one of the previous chapter. We now incor-

porate a coupling between the field and its derivative,

L =
(
1 + f(Φ∗,Φ)

)
∂µΦ∗∂µΦ− U(Φ∗,Φ). (3.1)

The function U(Φ∗,Φ) is once more a potential, and f(Φ∗,Φ) is a function that

denotes the coupling between the field and its derivative. Note, as f modifies the time

derivative – the kinetic energy – terms in the Lagrangian density, this furnishes a non-

canonical kinetic term. We leave both of these functions generic for the time being,

demanding only that both be functions of the fields only, and not their derivatives,

and that, for simplicity, they vanish for vanishing field.3 The Euler-Lagrange equation

for this theory is given by

(1 + f)∂µ∂
µΦ +

(
∂µΦ∂µΦ

) ∂f
∂Φ

+
∂U

∂Φ∗
= 0, (3.2)

with an analogous equation governing the behaviour of Φ∗.

We require that this theory be invariant under some U(1) symmetry, in the same

way as in Eq. (2.4). We once more set the charges of the quanta of the field Φ to be

unity. The Noether current density associated to the U(1) symmetry in this theory

is then

jµ = i(1 + f) (Φ∂µΦ∗ − Φ∗∂µΦ) . (3.3)

2After this thesis was submitted to the examiners, Ref. [106] appeared which also studied these
non-canonical Q-balls in the thin-wall limit in an inflationary scenario. The corresponding expres-
sions between both works completely agree.

3Generally, f would tend to some constant as φ → 0. However, with field redefinitions, we can
make sure that the coefficient of the kinetic term is still unity in this limit. We thus assume, for
simplicity, that this has already been done.
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This symmetry also fixes the potential and coupling function to be functions of the

product of the fields,

U(Φ∗,Φ) = U(Φ∗Φ) and f(Φ∗,Φ) = f(Φ∗Φ). (3.4)

The Hamiltonian for this theory is given by

H =

∫
d3x

[
(1 + f)

(
Φ̇∗Φ̇ + ~∇Φ∗ · ~∇Φ

)
+ U(Φ∗Φ)

]
. (3.5)

We seek Q-ball solutions, which are the configurations of the field that minimise the

energy for a fixed charge. We once more introduce a Lagrange multiplier, ω, to fix

the charge of the configuration, and analyse the functional

Eω = ωQ+

∫
d3x

[
(1 + f)

(∣∣∣Φ̇− iωΦ
∣∣∣
2

− ω2Φ∗Φ + ~∇Φ∗ · ~∇Φ

)
+ U(Φ∗Φ)

]
. (3.6)

We note that, for this theory to not contain tachyons or negative probability states,

the function f cannot change the sign on the kinetic terms. We thus demand that

f > −1. We see that, as in the canonical case, the term that contains explicit

time-dependence is positive semi-definite and is minimised if

Φ(~x, t) = eiωtφ(~x), (3.7)

where φ(~x) is some real-valued function of the spatial coordinates. Recall, in the last

chapter, we showed that the Euler-Lagrange equation governing φ(~x) was a bounce

equation. However, in this case, the Euler-Lagrange equation in this theory is now

(1 + f)∇2φ+
1

2

df

dφ
(~∇φ · ~∇φ) =

1

2

d

dφ

(
U − ω2(1 + f)φ2

)
. (3.8)

This equation is not in the form of a bounce equation, and so we cannot state that, in

general, the lowest energy configuration of the field is spherically symmetric. However,

consider the offending terms

f ∇2φ and
1

2

df

dφ
(~∇φ · ~∇φ). (3.9)

We note that the function f(φ) must be dimensionless, and thus must be suppressed

by some mass scale. Furthermore, these terms will be subleading to all other terms in

the regime where φ is slowly varying. Recall, the thin-wall limit is characterised by a

core of constant field; the thick-wall limit describes small Q-balls in which the “wall”

is a large component of their size. We thus posit that we can treat this equation as
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a bounce equation in these limits and solve it with the boundary conditions given

in Eq. (2.15) to give the properties of a spherically symmetric solution. Of course,

in the thick-wall case in particular, it will need to be checked that this assumption

holds a posteriori in any specific theory. Since we will be speaking in general terms,

we will forthwith assume that this holds – when we study a particular theory with

non-canonical kinetic terms in Chapter 8, we will check this assumption.

The structure of the bounce potential is analogous to that of Eq. (2.65), and so

our analysis in Sec. 2.4.1 holds. Specifically, the bounce potential in the thin- and

thick-wall limits is given by

Uω(φ) = U − ω2(1 + f)φ2. (3.10)

We earlier stated, for simplicity, that f → 0 when φ→ 0, and so the bounce potential

vanishes at zero field. We find, therefore, that we still seek Q-ball solutions in the

range ω0 . ω < mφ, where the thin-wall case is given by ω = ω0 and the thick-wall

case corresponds to ω → m−φ .

3.3 The Thin-Wall Limit

We assume once more that the Q-ball rest mass is dominated by a spherical, homo-

geneous core of volume V . The value of the field inside the core is given by φ0. We

thus find that

Eω ≈ ωQ+ V
[
−
(
1 + f(φ0)

)
ω2

0φ
2
0 + U(φ0)

]
. (3.11)

This function must be minimised with respect to the Lagrange multiplier, volume and

field such that the resulting rest mass be less than Qmφ to ensure classical stability

against decay to quanta of the field. Minimisation with respect to ω0 yields

Q = 2
(
1 + f(φ0)

)
ω0φ

2
0V, (3.12)

as expected from Eq. (3.3). Eliminating ω0 and subsequently minimising with respect

to the volume yields

V 2 =
Q2

4
(
1 + f(φ0)

)
φ2

0U(φ0)
. (3.13)

Reinserting this expression finally gives us an expression for the rest mass,

mQ = Q

√
U(φ0)(

1 + f(φ0)
)
φ2

0

. (3.14)
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Notice that this expression is expected from the structure of the bounce potential

given in Eq. (3.8) since, for thin-wall Q-balls, mQ = Qω0. Furthermore, we see that

f(φ0) > −1 is a necessary condition for the existence of these Q-balls. However, this

was also a necessary condition for our theory, and so this is automatically satisfied.

To determine the value of the field inside the Q-ball, we minimise the rest mass

with respect to the field to give

(
1 + f(φ0)

) dU(φ0)

dφ0

= 2
U(φ0)

φ0

(
1 + f(φ0)

)
+ U(φ0)

df(φ0)

dφ0

. (3.15)

This constrains the forms of f(φ0) and U(φ0).

Consider the following example. Let U(φ0) = m2
φφ

2
0. This is a potential that

clearly does not allow Q-ball solutions in the canonical case given in Chapter 2.

However, in the case presented here, Q-ball solutions exist for a φ0 6= 0 if

df(φ0)

dφ0

= 0. (3.16)

The rest mass of these Q-balls are then given by

mQ = Qmφ
1√

1 + f(φ0)
, (3.17)

which is less than Qmφ if f(φ0) > 0. We thus see that terms coupling the field to

its derivatives can allow for Q-ball solutions to exist even when the potential without

these couplings does not.

3.4 The Thick-Wall Limit

As discussed in Chapter 2, the properties of thick-wall Q-balls are determined in

the small field-limit. The bounce potential in this scenario contains two separate

functions of φ,

Uω(φ) = U(φ)−
(
1 + f(φ)

)
ω2φ2 (3.18)

Expanding each function to its lowest order term after the quadratic gives

Uω(φ) ≈
(
m2
φφ

2 − cp
Λp−4

φp
)
−
(

1 +
cq
Λq
φq
)
ω2φ2, (3.19)

where cp, cq ∈ R, p > 2 and q > 0 and Λ is some mass scale. As ever, we assume that

there is some higher order term that stabilises the potential at large φ. There exists

three regimes we can study:
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• Case One: p < q+2, and so the term coming from the function f(φ) is irrelevant

in the small field limit. The appropriate analysis is that found in the canonical

case in Chapter 2, provided that cp > 0, otherwise no thick-wall Q-balls can

exist in this potential.

• Case Two: p > q + 2, and so the term coming from the potential U(φ) is

irrelevant in the small field limit. It is plausible that Q-balls can exist provided

that cq > 0; if cq < 0, then the bounce potential doesn’t contain a barrier, and

thus no Q-ball solution exists.

• Case Three: p = q+ 2, and so both terms are of the same order in φ. However,

this is only the case if
cp
cp
∼
(
ω

Λ

)2

∼
(
mφ

Λ

)2

, (3.20)

where we have used the fact the ω → m−φ in the thick-wall limit in the final

approximation. If this is not true, then either Case One or Case Two is a more

appropriate description for any resulting objects. Stable Q-balls are a possibility

if

cpΛ
2 + cqω

2 > 0, (3.21)

as otherwise no barrier exists in the bounce potential. Since, in the thick-wall

limit, ω → m−φ , we can rewrite this inequality as

cpΛ
2 + cqm

2
φ > 0, (3.22)

where the signs of cp and cq are not set, apart from the fact that they cannot

both be negative.

We study both Case Two and Case Three below, noting that Case Three is equiv-

alent to Case Two in the limit cp → 0 and cq > 0. The bounce potential is thus given

by

UΩ(φ) ≈ m2
φ(1− Ω2)φ2 −

m2
φ

Λp−2

(
λ+ cqΩ

2
)
φp, (3.23)

where, for notational convenience, we have defined Ω ≡ ω/mφ and λ ≡ cpΛ
2/m2

φ. The

functional we wish to study for thick-wall Q-balls is then

Eω = mφQΩ +

∫
d3x

[
~∇φ · ~∇φ+m2

φ(1− Ω2)φ2 −
m2
φ

Λp−2

(
λ+ cqΩ

2
)
φp

]
. (3.24)
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We may render the integral dimensionless by introducing the dimensionless variables

ϕ =

[
λ+ cqΩ

2

1− Ω2

]1/(p−2)
φ

Λ
and ξi = mφ(1− Ω2)1/2xi, (3.25)

such that

Eω = mφQΩ +
Λ2

mφ

(1− Ω2)(6−p)/(2p−4)

(
λ+ cqΩ2

)2/(p−2)
Sϕ, (3.26)

where

Sϕ =

∫
d3ξ
[
~∇ξϕ · ~∇ξϕ+ ϕ2 − ϕp

]
(3.27)

is a dimensionless integral, whose precise value is irrelevant for the current discussion

– this integral has been calculated for some values of p in Ref. [104], and, for those

calculated, been found to be positive and increasing in value for increasing p.

Minimisation of this expression with respect to Ω yields the condition

ε = Ω
(1− Ω2)(10−3p)/(2p−4)

(
λ+ cqΩ2

)p/(p−2)

(
cq +

6− p
4

λ− cq
p− 2

4
Ω2

)
, (3.28)

where

ε ≡ p− 2

4

Q

Sϕ

m2
φ

Λ2
. (3.29)

Note, as p > 2, we see that ε > 0. In Eq. (3.28), the term in brackets could plausibly

be negative for certain values of p. For now, we take this term to be positive and

return to this point later. We cannot solve this expression for Ω as a function of ε for

any p > 2. However, we can find values of p that plausibly lead to Q-balls.

Reinserting this expression into Eq. (3.26) yields

Eω = mφQ


Ω +

p− 2

4

1

Ω

(1− Ω2)
(
λ+ cqΩ

2
)

cq +
6− p

4
λ− cq

p− 2

4
Ω2


 . (3.30)

In order for Q-balls to form that are classically stable against decay into the quanta of

the scalar field, we require the term in brackets to be less than unity. This translates

into the condition

(1−Ω)

[
cq

(
p− 2

2

)
Ω3 + cq

(
p− 2

4

)
Ω2 + Ω

(
p− 4

2
λ− cq

)
+
p− 2

4
λ

]
< 0. (3.31)

The first term in brackets is always positive for 0 < Ω < 1. The term in square

brackets is a cubic polynomial in Ω whose shape is defined by the parameters cq, λ

and p > 2.
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Notice, for Ω = 0, the final term is only negative if λ < 0. However, this is

perfectly allowed for all λ and cq – the true lower bound on Ω is Ω0, as found in the

thin-wall case. In order to constrain p, we thus only need to show that this expression

is negative for Ω→ 1−, as this is the vicinity in which thick-wall Q-ball solutions lie.

The constraint then reduces to

(
λ+ cq

)(3p− 10

4

)
< 0. (3.32)

By the assumption given in Eq. (3.22), the first term in brackets is always positive.

So we are left with the requirement 2 < p < 10/3, which is exactly the same as in the

case for theories that do not couple the field to its derivative. Notice, for Case Two,

where λ→ 0 and cq > 0, we have the exact same condition arising.

Focussing now on the case p = 3, our minimisation condition given in Eq. (3.28)

becomes

ε = Ω
(1− Ω2)1/2

(
λ+ cqΩ2

)3

(
cq +

3

4
λ− cq

4
Ω2

)
, (3.33)

where

ε =
1

4

Q

Sϕ

m2
φ

Λ2
. (3.34)

Recall above that we required that the term in the bracket be positive in order for

this condition to be valid. We may rewrite this condition as

cq(4− Ω2) + 3λ > 0 (3.35)

If both cq > 0 and λ > 0, this is certainly true. For cq = −|cq| < 0 and λ > 0, we

find that

Ω2 > 4

(
1− 3

4

λ

|cq|

)
. (3.36)

Note, if λ → 0, this condition fails, as we would expect in this scenario. We require

that λ > |cq| by Eq. (3.22) in this case. However, this is not enough to make the

right-hand side negative, such that this condition would hold generically. Thus, this

is a condition on these theories and sets a lower bound on Ω. However, from the

analysis above, we noted that Ω > Ω0, where Ω0 is found from the thin-wall analysis,

and so this condition is only relevant if

4

(
1− 3

4

λ

|cq|

)
> Ω2

0. (3.37)
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For λ = −|λ| < 0 and cq > 0, we find that

Ω2 < 4

(
1− 3

4

|λ|
cq

)
. (3.38)

Note, if cq → 0, this condition fails, as we would expect in this scenario. We know

that Ω < 1. The right-hand side of this condition is greater than unity if cq > |λ|.
However, this is required by Eq. (3.22), and so this condition holds generically in this

case.

Though the function given in Eq. (3.33) is unbound in the range 0 < Ω < 1, it

is bound in the range Ω0 < Ω < 1, where Ω0 is found from considering the thin-wall

limit. When Ω = 1, ε = 0 and thus Q = 0, i.e., no Q-ball forms, which is expected.

The upper bound on ε is found when Ω = Ω0, though one would expect a thick-wall

description to break down before that bound is reached. Denoting the upper bound

in ε to be ε0, we can conservatively state that this description is valid for

Q� 155.2

(
Λ

mφ

)2

ε0, (3.39)

where we have used that Sϕ ≈ 38.8 for the case q + 2 = 3 [104]. It should be noted

that this upper bound is model-dependent.

3.5 Summary

In this chapter, we have studied a class of theory with terms coupling the field to its

derivative – specifically those that couple the field to two derivatives of said field –

for Q-ball solutions. We have determined the physical properties of the Q-balls in

the thin-wall limit. By demanding that the minimum of the energy be energetically

stable against decay to the quanta of the field, we determine the subclass of theories

possessing Q-balls in the thick-wall limit. It is interesting that, despite the differ-

ence in functional form with respect to ω, the bounce potential still has the same

requirements with regards to allowed terms that lead to stable thick-wall Q-balls. To

reiterate, for a theory of a single, complex scalar field, thick-wall Q-balls can only

exist if the bounce potential, in the limit of small field, has the form

Uω(φ) = (m2
φ − ω2)φ2 −

(
cpΛ

2 + cqω
2
) φp

Λp−2
, (3.40)

where 2 < p < 10/3, and cp, cq ∈ R and cpΛ
2 + cqω

2 > 0. If both cp and cq are

negative semi-definite, Q-balls cannot form in the low Q limit. This has ramifications

for production mechanisms in real-world scenarios, particularly for solitosynthesis.
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We have only studied a subclass of single-field theories that possess terms coupling

the field to its derivative. It would be interesting to repeat the above analysis for

theories that couple the field to a higher number of derivatives. At least in the thick-

wall case, it would reduce to our analysis given in this chapter if the terms with two

derivatives are present in the theory, since terms with higher derivatives will likely be

further suppressed by some higher mass scale.
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Part II

Multi-Field Q-balls
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Chapter 4

Canonical Q-balls in the
Multi-Field Case

4.1 Introduction

In the previous part of this thesis, we studied theories containing only a single, com-

plex scalar. We now consider theories containing a multitude of scalar fields. Specifi-

cally, in this chapter we study the case of multiple scalar fields, both real and complex,

under one stabilising symmetry – this is the multi-field version of the canonical case.

We perform a similar analysis as in both previous chapters – we seek the physical

properties of the thin-wall case, and constrain the theories that allow a stable thick-

wall limit.

In Section 4.2, we perform the minimisation procedure appropriate for the multi-

field case. In Section 4.3, we unify the works of Ref. [90] and Ref. [57], which consid-

ered thin-wall Q-balls of multiple charged scalars, and one charged scalar with a real

scalar, respectively, into one framework. Note, real scalars do not carry charge. How-

ever, a Q-ball may contain uncharged fields if the overall mass-to-charge ratio of the

configuration is less than that of the individual quanta of the charged scalar. In this

section, we determine the differential equations that govern the VEV of the complex

and real scalars within the resulting thin-wall Q-balls, together with their physical

properties of mass and volume. In Section 4.4, we analyse the thick-wall limit in the

approximation scheme that the fields all have the same spatial profile up to a positive

normalisation – this is a necessity to make analytic progress. In reality, the spatial

profiles of the fields might differ, but this extra freedom in the minimisation process

can only further lower the Q-ball energy. Thus, any constraints found under this

approximation scheme are sufficient to show the existence of thick-wall Q-balls, but

are not strictly necessary, as in the previous chapters. With this in mind, we show the
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existence of thick-wall Q-balls in a class of theories by demanding that the minimum

be energetically stable against classical decay into the quanta of the charged scalar

fields. We fully solve a special case – one complex scalar with an arbitrary number

of massless (or very light) scalars. Work with this assumption on the spatial profiles

has been done in an ad-hoc manner in Refs. [18,119].

This chapter is largely a review of existing literature, albeit presented slightly

differently. However, much of Section 4.4, aside from the assumption on the spatial

profile of the fields, is original. The work on theories containing a single charged

scalar and an arbitrary number of uncharged scalars can be found in Ref. [100], with

the rest of the original work of this chapter remaining unpublished.

4.2 Minimising the Energy in a Sector of Fixed

Charge

We consider a theory of N complex scalars, Φi(~x, t), and M real scalars, Ψj(~x, t). The

Lagrangian density we consider is

L =
N∑

i

∂µΦi∂
µΦ∗i +

1

2

M∑

j

∂µΨj∂
µΨj − U(Φi,Φ

∗
i ,Ψj), (4.1)

where U(Φi,Φ
∗
i ,Ψj) is some potential that we leave generic for now, stipulating only

that it be a function of the fields, and not their derivatives, and that it vanish for

vanishing field. The Euler-Lagrange equations for this theory are

∂µ∂
µΦi +

∂U

∂Φ∗i
= 0 and ∂µ∂

µΨj +
∂U

∂Ψj

= 0, (4.2)

with a similar equation governing the dynamics of Φ∗i .

We demand that the theory be invariant with respect to a single global U(1) group

of transformations defined through

Φi → eiqiαΦi and Ψj → Ψj, (4.3)

where α ∈ R and the charges of the individual complex scalars are given by qi, with

the real scalars uncharged. Associated to this symmetry is a Noether current density

given by

jµ = i

N∑

i

qi (Φi∂
µΦ∗i − Φ∗i∂

µΦi) . (4.4)

This symmetry doesn’t place any further functional constraints on the potential as

in the single-field case, beyond demanding that it be invariant overall. The case that
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the potential be a function of the absolute value of the complex fields is only true

when we have one complex scalar and an arbitrary number of real scalars.

A Q-ball is the state in a theory which minimises the energy for a fixed, non-zero

Noether charge. The Hamiltonian for this theory is

H =

∫
d3x




N∑

i

(
Φ̇iΦ̇

∗
i + ~∇Φi · ~∇Φ∗i

)

+
1

2

M∑

j

(Ψ̇jΨ̇j + ~∇Ψj · ~∇Ψj) + U(Φi,Φ
∗
i ,Ψj)


 .

(4.5)

To determine if this system admits Q-ball solutions, we introduce a Lagrange mul-

tiplier ω, as in Ref. [90], that enforces charge conservation upon minimisation with

respect to it:

Eω = H + ω

(
Q−

∫
d3xj0

)
, (4.6)

where j0 is the zeroth component of the Noether current density given in Eq. (4.4).

Thus, the functional we wish to analyse is given by

Eω = ωQ+

∫
d3x




N∑

i

(
Φ̇iΦ̇

∗
i − iqiωΦ̇∗iΦi + iqiωΦ∗i Φ̇i + ~∇Φi · ~∇Φ∗i

)

+
1

2

M∑

j

(Ψ̇jΨ̇j + ~∇Ψj · ~∇Ψj) + U(Φi,Φ
∗
i ,Ψj)


 .

(4.7)

We may complete the square on the first term to give

Eω = ωQ+

∫
d3x




N∑

i

(∣∣∣Φ̇i − iqiωΦi

∣∣∣
2

− ω2q2
i Φ
∗
iΦi + ~∇Φi · ~∇Φ∗i

)

+
1

2

M∑

j

(Ψ̇jΨ̇j + ~∇Ψj · ~∇Ψj) + U(Φi,Φ
∗
i ,Ψj)


 .

(4.8)

The terms containing derivatives with respect to time are the only terms with explicit

time dependence. These are positive semi-definite and are minimised if they vanish.

Thus, we require that

Φi(~x, t) = eiqiωtφi(~x) and Ψj(~x, t) = ψj(~x), (4.9)
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where φi(~x) and ψj(~x) are functions purely of the spatial coordinate which we take,

without loss of generality, to be real-valued. The energy functional is then

Eω = ωQ+

∫
d3x




N∑

i

(
~∇φi · ~∇φi − ω2q2

i φ
2
i

)

+
1

2

M∑

j

(~∇ψj · ~∇ψj) + U(φi, ψj)


 .

(4.10)

Notice that spatial profiles for the fields φi that vanish everywhere lead to a config-

uration of zero charge. Thus, a configuration of non-zero charge must have spatial

profiles for the charged fields that differs from zero in some finite domain – this is not

the case for the uncharged fields, which can be vanishing inside a multi-field Q-ball.

The spatial profiles satisfy the equations

∇2φi =
1

2

∂

∂φi

(
U(φi, ψj)− ω2q2

i φ
2
i

)
, ∇2ψj =

∂U(φi, ψj)

∂ψj
. (4.11)

These differential equations take the form of a bounce equation [22, 30, 32], with

bounce potentials defined by U(φi, ψi) − ω2q2
i φ

2
i and U(φi, ψi), respectively. The

lowest energy configurations are known to be spherically symmetric [32], under the

boundary conditions of the field vanishing at spatial infinity, and being constant at

the coordinate origin, and the first derivative vanishing at spatial infinity and the

coordinate origin.

These highly-coupled differential equations cannot in general be solved analyti-

cally. However, under certain assumptions, analytic progress can be made.

4.3 Thin-Wall Q-balls

The thin-wall limit for multi-field Q-balls was first considered in Ref. [90] for the case

of multiple charged scalars and in Ref. [57] for the case of one complex scalar and one

real scalar. In this limit, the properties of the Q-ball are well-approximated by the

properties of a spherical core of homogeneous Q-matter. We have that

Eω ≈ ωQ+ V


U(φi, ψj)− ω2

N∑

i

q2
i φ

2
i


 , (4.12)

where V is the volume of the spherical core of the Q-ball. Minimisation with respect

to the Lagrange multiplier yields

Q = 2ωV
N∑

i

q2
i φ

2
i , (4.13)
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as we would expect from the Noether current density given in Eq. (4.4). Eliminating

ω from Eω yields

E =
Q2

4V




N∑

i

q2
i φ

2
i



−1

+ U(φi, ψj)V. (4.14)

Minimising with respect to the volume gives us

V 2 =
Q2

4U(φi, ψj)




N∑

i

q2
i φ

2
i



−1

, (4.15)

which, when eliminated, finally gives us an expression for the rest mass of a multi-field

Q-ball:

mQ = Q

√√√√√U(φi, ψj)




N∑

i

q2
i φ

2
i



−1

. (4.16)

This expression must be minimised such that the resulting Q-ball is stable against

decay to the quanta of any of the fields φi, i.e., that

mQ

Q
<
mi

qi
(4.17)

where mi is the mass of the quanta of the field φi. This condition must be separately

satisfied for each field. The minimisation procedure with respect to the field content

leads to the conditions on the potentials that

∂U(φi, ψj)

∂φk
= 2q2

kφk




N∑

i

q2
i φ

2
i



−1

U(φi, ψj) and
∂U(φi, ψj)

∂ψk
= 0. (4.18)

A straightforward example of a potential that allows for multi-field Q-balls is the

following:

U(Φ∗,Φ,Ψ) = m2Φ∗Φ− AΨΦ∗Φ + λ(Φ∗Φ)2 + λ′Ψ4, (4.19)

where Φ is a massive, charged field (with charge set to unity) and Ψ is a massless,

uncharged field. The coefficients, m2, A, λ, λ′, are all taken positive, such that the

sign assignment of each term is explicit. The Q-ball ansatz, given in Eq. (4.9), means

that we can rewrite this as

U(φ, ψ) = m2φ2 − Aψφ2 + λφ4 + λ′ψ4. (4.20)

The thin-wall conditions above yield the field values

φ =
1

4

A

(λ3λ′)1/4
and ψ =

1

4

A

(λλ′)1/2
. (4.21)
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The resulting Q-ball has a mass given by

mQ = Q

√
m2 − 1

8

A2

(λλ′)1/2
, (4.22)

which is clearly smaller than Q amounts of the mass of the charged scalar, m. Thus,

this theory allows for stable, multi-field Q-balls. As in the single-field case, there is

special point where
1

8

A2

(λλ′)1/2
= m2. (4.23)

As before, the core of the thin-wall Q-ball does not contribute to the overall mass of

the object – it will all come from the wall.

4.4 Thick-Wall Q-balls

We now analyse multi-field Q-balls in the thick-wall limit. In order to analytically

progress further, we must make an assumption about the spatial profile of the fields.

Armed with this, we can begin to constrain the theory space to those which plausibly

allow Q-balls to exist.

4.4.1 The Spatial Profile Problem

Though the small-field limit offers up the simplification that only the next-to-quadratic

order in the potential is relevant, this is not enough to make analytic progress. The

complication is purely due to the number of fields.

In Refs. [18, 119], this was circumvented by assuming that all spatial profiles of

the fields were the same up to a positive semi-definite normalisation constant for each

field, with the resulting expressions minimised with respect to these normalisation

constants.1 The purpose of this ansatz is to provide sufficient conditions for the

existence of thick-wall Q-balls in a class of multi-field theories, as well as to provide

approximate values for the Q-ball properties. In reality, the spatial profiles of the fields

might differ, but this extra freedom in the minimisation process can only further lower

the Q-ball energy. To provide necessary conditions for a thick-wall limit, we must

pursue a dedicated numerical analysis of the true spatial profiles of all individual

fields, and this is the topic of future work. This would also allow us to see how

accurate the analytic Q-ball properties are. Moreover, given that we have effectively

1In some sense, this is borrowing from the thin-wall analysis, whereby the field profiles are ignored
apart from their homogeneous core values which differ only by a positive normalisation constant.

66



reduced our multi-field system into one of a single-field, we expect to find results

similar to those in Section 2.4.

In the previous section, we found that thin-wall Q-balls were stable if ω < mi/qi

for all species of complex scalar. In the set of these ratios, {mi/qi}, there is a minimum

value. We let this minimum value be associated to the field φ1, and it is this field

that we take to be the reference field. By our assumption, we may write

φi = αiφ1, ψj = βjφ1, (4.24)

where α1 = 1, by definition. The equations governing the spatial profiles are now

given by

αi∇2φ1 =
1

2

∂U

∂φi
− ω2q2

i αiφ1, βj∇2φ1 =
∂U

∂ψj
. (4.25)

Whether or not these equations are satisfied in general, and what it means for the

properties of the Q-ball calculated, is the subject of future work. Nevertheless, we

progress.

4.4.2 The Thick-Wall Analysis

The full bounce potential can now be written as

Uω(φ1, αi, βj) ≈




N∑

i

(
m2
i − q2

i ω
2
)
α2
i +

1

2

M∑

j

m2
jβ

2
j


φ2

1 − g(αi, βj)φ
p. (4.26)

The coefficient of the quadratic term is clearly positive for ω < mi/qi. The function

g(αi, βj) is model-dependent and so is left general for now, but it is assumed that it

is positive definite, as otherwise there would be no Q-ball solution. The energy in

Eq. (4.10) is then

Eω = ωQ+

∫
d3x







N∑

i

α2
i +

1

2

M∑

j

β2
j


 ~∇φ1 · ~∇φ1

+




N∑

i

(
m2
i − q2

i ω
2
)
α2
i +

1

2

M∑

j

m2
jβ

2
j


φ2

1 − g(αi, βj)φ
p
1


 .

(4.27)
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Consider the substitutions

ξi =



∑N

i

(
m2
i − q2

i ω
2
)
α2
i + 1

2

∑M
j m2

jβ
2
j∑N

i α
2
i + 1

2

∑M
j β2

j




1/2

xi,

ϕ =


 g(αi, βj)∑N

i

(
m2
i − q2

i ω
2
)
α2
i + 1

2

∑M
j m2

jβ
2
j




1/(p−2)

φ1.

(4.28)

Then,

Eω = ωQ

+

(∑N
i α

2
i + 1

2

∑M
j β2

j

)3/2 [∑N
i

(
m2
i − q2

i ω
2
)
α2
i + 1

2

∑M
j m2

jβ
2
j

](6−p)/(2p−4)

g(αi, βj)2/(p−2)
Sϕ,

(4.29)

where Sϕ is a dimensionless integral given by

Sϕ =

∫
d3ξ
[
~∇ξϕ · ~∇ξϕ+ ϕ2 − ϕp

]
. (4.30)

For different values of p, this has been numerically minimised in Ref. [104], with the

general trend being that Sϕ increases for increasing p. Our expression for the energy

must be minimised with respect to αi, βj and ω. To proceed further, we must specify

the theory and therefore g(αi, βj). However, we can restrict the types of theories that

could plausibly lead to stable thick-wall Q-balls.

Consider the first derivative with respect to ω. Requiring that this vanishes leads

to the condition

ε = Ω




N∑

i

(
µ2
i − q2

i Ω
2
)
α2
i +

1

2

M∑

j

β2
jµ

2
j




(10−3p)/(2p−4)

, (4.31)

where we have assumed that p 6= 6, since this leads to a Q-ball with vanishing charge,

and

ε ≡ Q

Sϕ

[
p− 2

6− p

]
g(αi, βj)

2/(p−2)

[∑N
i α

2
i + 1

2

∑M
j β2

j

]3/2 [∑N
i q

2
i α

2
i

]
(
m1

q1

)(2p−8)/(p−2)

, (4.32)

and we define the dimensionless parameters,

µi ≡
q1

m1

mi and Ω ≡ q1

m1

ω, (4.33)
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and similarly for the masses of the real scalars, which are denoted by the index j.

Note, 0 < Ω < 1, as ω < m1/q1, by definition. Also, notice that is p > 6 then ε < 0.

However, ε is strictly positive and so this cannot be true. Thus, p < 6.2 From this

condition, we can rewrite Eω as

Eω = Q
m1

q1

[
Ω +

1

Ω

(
p− 2

6− p

)(
κ− Ω2

)
]
, (4.34)

where

κ =

∑N
i µ

2
iα

2
i + 1

2

∑M
j β2

jµ
2
j∑N

i q
2
i α

2
i

. (4.35)

Note, κ > 0 and is related to the mass to charge ratio of the configuration. We

will find that its size denotes regimes for which we can constrain the theories with

a thick-wall limit. We can see that in the single-field limit, κ = 1, and so we would

expect this value to have a similar condition as found in previous chapters. This will

be the limiting value that splits parameter space.

For stable Q-balls to form, we require that Eω < Qm1/q1. Thus,

Ω +
1

Ω

(
p− 2

6− p

)(
κ− Ω2

)
< 1, (4.36)

which can be rewritten as

2(4− p)
6− p Ω2 − Ω +

p− 2

6− pκ < 0. (4.37)

Notice, if Ω → 0, this condition is violated for 2 < p < 6 and κ > 0. However, since

ω0 < ω < m1/q1, this is acceptable. Notice, if κ = 1 this reduces to

(Ω− 1)

(
2(4− p)

6− p Ω− p− 2

6− p

)
< 0, (4.38)

which is precisely the condition for single-field Q-balls, i.e., that 0 < p < 10/3. As

stated above, the single-field case is an example of a theory for which κ = 1, and so

this was expected. We must therefore now consider theories for which κ 6= 1.

For κ 6= 1 and Ω → 1−, the condition given in Eq. (4.37) must be satisfied.

Considering Ω = 1, this leads to

p− 2

6− p(κ− 1) < 0. (4.39)

2It was shown in Ref. [115] that, at least in the single-field case, that Q-balls cannot exist in
theories that p ≥ 6 as Sϕ cannot be extremised, so this is consistent.
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We thus see that for any κ < 1, we have classical stability for all Q > 0 when

2 < p < 6. This is therefore a model-dependent condition that depends on the

minimisation with respect to αi and βj.

We now consider the case of κ > 1. Our requirement is broken at both Ω→ 0 and

Ω→ 1. As such, if any stable Q-balls were to form, there would be a minimum charge

required to reach stability. In order to determine if this can be the case, we require

that both the roots of the quadratic given in Eq. (4.37) lie in the range 0 < Ω < 1.

The roots of this polynomial are

Ω± =
6− p

4(4− p) ±
6− p

4(4− p)

√
1− 8

(4− p)(p− 2)

(6− p)2
κ. (4.40)

For Ω ∈ (0, 1), it is a necessary requirement that the first term on the right-hand side

be in the range (0, 1), which leads to the condition

2 < p < 10/3. (4.41)

Requiring that the roots exist at all – the term under the square root be positive –

leads to a κ-dependent condition for p,

1− 8
(4− p)(p− 2)

(6− p)2
κ > 0. (4.42)

The function on the left-hand side is a monotonically decreasing function of κ if

2 < p < 10/3. Taking, therefore, the limit κ → ∞ shows us that both roots always

exist. Furthermore, the larger κ is, the smaller the difference between the roots, and

so the smaller the range of values which allow for a stable Q-ball.

To understand these requirements, consider a theory with a single complex scalar

and an arbitrary number of real scalars. We find that

κ = 1 +
1

2

M∑

j

β2
j

m2
j

m2
1

≥ 1, (4.43)

with equality only coming when either mj = 0 or βj = 0. Thus, we cannot form a

stable Q-ball for all Q > 0 unless the j-th species is either massless (or very light) or

βj = 0 for the species. We study a theory of this type (κ = 1) in Chapter 8 – which

was also the subject of Ref. [18] – whereby one real scalar is taken to be effectively

massless, and the other has β = 0.

In the case that κ > 1, we find that we have a lower bound on the charge of these Q-

balls for them to be stable. This makes sense here – the real scalars increase the mass
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of the Q-ball without increasing the charge of the Q-ball. Classical stability requires

that the mass to charge ratio of the Q-balls be less than that of the constituent scalars.

Thus, in the presence of real scalars, the Q-ball must accumulate enough charge to

offset this increase in mass. This is therefore the origin of the requirements given

above: as κ gets larger, more charge must be accumulated.

4.4.3 A Worked Example: Arbitrary Number of Massless
Real Scalars

As stated above, the minimisation with respect to the αi and βj is model-dependent

and cannot be completed in general. As an example that can be fully worked out

analytically, consider a simple theory of one complex scalar Φ with unit charge and

M massless scalars Ψj defined through the Lagrangian

L = ∂µΦ∂µΦ∗ +
1

2

M∑

j

∂µΨj∂
µΨj

−


m2 −

M∑

j

AjΨj


Φ∗Φ−O

(
Ψ4, (Φ∗Φ)2,Φ∗ΦΨ2

)
.

(4.44)

Notice, we have taken the leading order interaction between the real and complex

scalars to be cubic3 – this is because we are in the regime where κ = 1, and so

2 < p < 10/3. We seek stable thick-wall Q-balls, and assume that all spatial profiles

are, up to some positive semi-definite normalisation, the same. The functional in

Eq. (4.29) is then given by

Eω = ΩmQ+m3

(
1 + 1

2

∑M
j β2

j

)3/2 (
1− Ω2

)3/2

(∑M
j Ajβj

)2 Sϕ, (4.45)

where Sϕ ≈ 38.8 after numerical minimisation [104]. This expression must be min-

imised with respect to all βj and Ω. First, we minimise with respect to all βj. This

process leads to the condition

3

4
βk = Ak

(
1 + 1

2

∑M
j β2

j

)

(∑M
j Ajβj

) . (4.46)

3Note, we could have also written down a term cubic in only the real scalars as it is not forbidden
by the U(1) symmetry. This class of term will only render the Q-ball more unstable as it will
increase the energy (rest mass) of the configuration without increasing the charge. We omit this for
simplicity here, but it is important to note.
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If the k-th species of real scalar does not have a coupling to the complex scalar that

is cubic in the fields, it does not contribute to the Q-ball.4 Taking Ak to therefore be

non-vanishing, we find

βk
Ak

=
4

3

(
1 + 1

2

∑M
j β2

j

)

(∑M
j Ajβj

) . (4.47)

This expression holds for each species of real scalar, but the right-hand side is a

constant for each species, and so we can we can then relate all species through

βk
Ak

=
βl
Al
. (4.48)

We can use this to eliminate all but a single β from the above condition since

M∑

j

β2
j =

(
βl
Al

)2 M∑

j

A2
j and

M∑

j

Ajβj =
βl
Al

M∑

j

A2
j . (4.49)

We then find that

βl =
2Al(∑M
j A2

j

)1/2
. (4.50)

Minimisation with respect to Ω yields

ε = Ω(1− Ω2)1/2, (4.51)

where

ε =
4Q

35/2Sϕm2

M∑

j

A2
j , (4.52)

where we have eliminated all the βi by invoking the above condition. Notice, this has

the same functional form as the single-field case given in Section 2.4. Thus, we may

simply read off the solution that

Ω2 =
1 +
√

1− 4ε2

2
, (4.53)

where ε < 1/2. Given this, we may now expand Eω in powers of ε to give the mass of

the Q-ball,

mQ = mφQ

(
1− 1

6
ε2 −O

(
ε4
))

. (4.54)

4If a real scalar has a coupling to the complex scalar that is greater than cubic in the fields, it
should contribute. However, this contribution to the properties of the Q-ball would be subleading
to those calculated from only considering from the cubic coupling.
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We see that mQ < mφQ, and so the resulting Q-ball is indeed classically stable against

decay to quanta of the field Φ. The characteristic radius, R, and VEV of the field,

〈φ〉, are given when ξ ∼ 1 and ϕ ∼ 1, and so

R−1 ∼ εmφ√
3

(
1 +O

(
ε2
))

and 〈φ〉 ∼
ε2m2

φ

2
(∑M

j A2
j

)1/2

(
1 +O

(
ε2
))
. (4.55)

We thus see that these Q-balls are large compared to the Compton wavelength of the

constituent complex scalars, and that the field inside the Q-ball is indeed small in

some sense.

This analysis rested on two assumptions, namely, that the higher order term that

stabilises the potential be small in comparison to the cubic and quadratic terms inside

the Q-ball, and that Eω has a minimum in the range 0 < ω < mφ. These conditions

lead to constraints on the allowed charge of the thick-wall Q-ball solution. Assuming

that this stabilising term comes in at order q (as opposed to the minimal 4 given in

the Lagrangian for this theory) and using the characteristic VEV given above, we

demand that 


M∑

j

Ajβj


 〈φ〉3 � cq

Λq−4
〈φ〉q, (4.56)

which leads to the constraint on Q,

Q� 604.8mφ

[
Λq−4

cq

]1/(2q−6)

2




M∑

j

A2
j




1/2



(10−3q)/(2q−6)

. (4.57)

Demanding this for the quadratic term leads to the same constraint. The second

condition on Q arises from rearranging the condition ε < 1/2,

Q < 151.2
m2
φ∑M

j A2
j

. (4.58)

Again, as in the single-field case, the upper bounds on the charge of these object

imply that these are small Q-balls.

4.5 Summary

In this chapter, we reviewed canonical Q-ball solutions in the multi-field case, with

only one stabilising symmetry. We found the physical parameters associated with

the thin-wall Q-balls in this class of theory. For the thick-wall limit, we presented
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a sufficient constraint for the existence of thick-wall Q-balls by assuming that all

spatial profiles of the fields are the same up to a positive semi-definite normalisation

constant. To reiterate, a sufficient condition on the existence of stable thick-wall

Q-balls is governed by a positive definite parameter κ, defined in Eq. (4.35) – in

summary:

• 0 < κ < 1 – then 2 < p < 6;

• κ ≥ 1 – then 2 < p < 10/3,

where p denotes the index of the next-to-quadratic term.

The key part of the thick-wall analysis was the assumption that all fields have the

same spatial shape. However, as we noted in the main text, this isn’t necessarily valid

from the point of view of the field equations. It is expected that the additional freedom

afforded by the multitude of spatial profiles would allow for a lower energy solution

to exist, and this is the fundamental reason for our work to represent sufficient, but

not necessary, conditions. This assumption must be checked and verified numerically,

with the necessary conditions for a stable thick-wall limit derived – this will be the

subject of future work.
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Chapter 5

Multi-Charged Q-balls

5.1 Introduction

In all that we have done so far, we have only considered a single stabilising symmetry

in our Lagrangian density. As such, the resulting Q-balls have only been labelled by

a single charge and the corresponding analysis only involves a single constraint to

fix this charge. We now generalise to the case of multiple symmetries and, as such,

multiple constraints to be satisfied. This introduces many Lagrange multipliers into

the analysis and this extra complexity is worthy of study.

In Section 5.2, we outline the class of theory of study. The most straightforward

example is a multi-field theory in which each scalar transforms non-trivially under

its own symmetry, and is a singlet under all others – in some sense, this is similar to

multiple copies of a single-field theory. The key to this analysis is then the requirement

that the potential associated to a single field does not admit Q-ball solutions, and that

stability is only achieved due to the couplings between the fields. We then perform

the minimisation procedure analogously to the previous chapters. In Section 5.3,

we perform the thin-wall analysis. We determine the differential equation governing

the value of the VEV of the fields inside the resultant Q-ball. Contrary to each of

the previous chapters, we find that this condition is dependent on the total number

of each of the quanta that comprise the Q-ball – previously, these equations have

been charge-independent. In Section 5.4, we perform the thick-wall analysis, once

again making use of the assumption that all fields have the same spatial profile up to

a positive semi-definite normalisation constant. Under this assumption, we produce

sufficient constraints on the theories that may possess a thick-wall limit. Interestingly,

despite the added complexity in the analysis, we again find the same result – that

the next-to-quadratic term must have have an index p such that 2 < p < 10/3. This
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result certainly adds to the idea that this scenario is similar to multiple copies of a

single field theory.

The work presented in this chapter is original and can be found in Ref. [102].

5.2 Minimising the Energy in a Sector of Fixed

Charge

We consider a theory of N complex scalars, Φi(~x, t). The Lagrangian density describ-

ing the theory is given by

L =
N∑

i

∂µΦi∂
µΦ∗i − U(Φi,Φ

∗
i ), (5.1)

where U(Φi,Φ
∗
i ) is some generic potential that is a function of the fields only, and not

their derivatives, and vanishes for vanishing field. The Euler-Lagrange equations for

this theory are

∂µ∂
µΦi +

∂U

∂Φ∗i
= 0, (5.2)

with a similar equation governing the dynamics of Φ∗i .

We demand that the theory be invariant under an N -fold global symmetry,

U(1)N = U(1)1 × U(1)2 × · · · × U(1)N , (5.3)

that is, N independent U(1) symmetries. We consider here the special case that each

field Φi is charged under its own independent U(1) symmetry and is uncharged under

all other U(1) symmetries. For each U(1), its corresponding field transforms as

Φi → eiqiαΦi, (5.4)

where α ∈ R and qi is the charge of the i-th species of complex scalar under the

i-th U(1) symmetry. Associated to each U(1) symmetry is a Noether current density

given by

jµi = iqi (Φi∂
µΦ∗i − Φ∗i∂

µΦi) . (5.5)

This symmetry places the constraint on the potential that it be a function of the

absolute value of the individual fields,

U(Φi,Φ
∗
i ) = U(Φ∗iΦi). (5.6)

We further demand that potential does not support Q-balls if all but one of the

fields vanish: otherwise, this system reduces to that of the single-field case discussed
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in Chapter 2.1 We thus assume that the field content is the minimal set of fields,

greater than a single field, required to support a Q-ball state.

A Q-ball is the state in a theory which minimises the energy per unit charge. The

Hamiltonian for this theory is

H =

∫
d3x




N∑

i

(
Φ̇iΦ̇

∗
i + ~∇Φi · ~∇Φ∗i

)
+ U(Φi,Φ

∗
i )


 . (5.7)

To determine if this system admits Q-ball solutions, we introduce a set of Lagrange

multipliers, {ωk}, similar to Ref. [90], that each enforce charge conservation upon

minimisation with respect to them:

Eω = H +
K∑

k

ωk

(
Qk −

∫
d3xj0

k

)
, (5.8)

where j0
k is the zeroth component of the Noether current density associated to the

k-th U(1) symmetry given in Eq. (5.5), and Qk is the total charge associated to the

configuration of the field Φk. Thus, the functional we wish to analyse is given by

Eω =
N∑

i

ωiQi

+

∫
d3x




N∑

i

(
Φ̇iΦ̇

∗
i − iωiqi

(
ΦiΦ̇

∗
i − Φ∗i Φ̇i

)
+ ~∇Φi · ~∇Φ∗i

)
+ U(Φi,Φ

∗
i )


 .

(5.9)

We may complete the square on the first two terms under the integral to give

Eω =
N∑

i

ωiQi

+

∫
d3x




N∑

i

(∣∣∣Φ̇i − iωiqiΦi

∣∣∣
2

+ ~∇Φi · ~∇Φ∗i − ω2
i q

2
i Φ
∗
iΦi

)
+ U(Φi,Φ

∗
i )


 .

(5.10)

The terms containing derivatives with respect to time are the only terms with explicit

time dependence. These are positive semi-definite and are minimised if they vanish.

Thus, we require, for each species of scalar, that

Φi(~x, t) = eiωiqitφi(~x), (5.11)

1The additional charged fields could in principle pick up expectation values of their own and thus
lower the energy of the Q-ball in that way. We discuss the case of a Q-ball in the background of
another field in the next chapter.
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where φi(~x) are functions purely of the spatial coordinate which we take, without loss

of generality, to be real-valued. The energy functional is then

Eω =
N∑

i

ωiQi +

∫
d3x




N∑

i

(
~∇φi · ~∇φi − ω2

i q
2
i φ

2
i

)
+ U(φi)


 . (5.12)

Notice that spatial profiles for the φi that vanish everywhere lead to a configuration

of zero charge. Thus, a configuration of non-zero charge must have spatial profiles for

the charged fields that differs from zero in some finite domain. The spatial profiles

satisfy the equations

∇2φi =
1

2

∂

∂φi

(
U(φi)− ω2

i q
2
i φ

2
i

)
. (5.13)

These differential equations take the form of a bounce equation [22,30,32], under the

potentials given by U(φi, ψi) − ω2q2
i φ

2
i . The lowest energy configurations are known

to be spherically symmetric [32], under the boundary conditions of the field vanishing

at spatial infinity, and being constant at the coordinate origin, and the first derivative

vanishing at spatial infinity and the coordinate origin.

These coupled differential equations cannot in general be solved analytically. How-

ever, under certain assumptions, analytic progress can be made.

5.3 Thin-Wall Q-balls

Q-balls in the thin-wall limit are characterised by a spherical core of homogeneous

Q-matter and a thin-shell through which the field returns to its vacuum value. The

Q-ball properties are then well-approximated by those of the core. However, each field

does not need to have a core of the same size a priori. In principle, therefore, we need

to introduce a different volume for each field, Vi, and must assume a hierarchy of sizes

in order to progress mathematically. However, this calculation is rather cumbersome

in general. We thus first assume that all volumes correspond to the same volume, V .

We then present the result for a two-field system where V1 > V2.

In the thin-wall regime where each field is contained within a coincident volume

V , we have that

Eω ≈
N∑

i

ωiQi + V


U(φi)−

N∑

i

ω2
i q

2
i φ

2
i


 . (5.14)

Minimisation of this expression with respect to each of the ωk yields

Qk = 2ωkV q
2
kφ

2
k, (5.15)
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as would be expected from the Noether current density given in Eq. (5.5). Eliminating

the Lagrange multipliers from the energy yields

E =
1

4V

N∑

i

Q2
i

q2
i φ

2
i

+ U(φi)V. (5.16)

Minimisation with respect to the volume gives us that

V 2 =
1

4U(φi)

N∑

i

Q2
i

q2
i φ

2
i

, (5.17)

which, upon substitution, finally gives us that

mQ =

√√√√U(φi)
N∑

i

Q2
i

q2
i φ

2
i

. (5.18)

This expression must be minimised with respect to the field content subject to the

condition

mQ <
N∑

i

Qi

qi
mi, (5.19)

where mi are the masses of the quanta associated to the field φi. This ensures that

these Q-balls are classically stable against evaporation into the field content. The

result of this minimisation is the constraint on the potential:

∂U(φi)

∂φk

N∑

i

Q2
i

q2
i φ

2
i

= 2
Q2
k

q2
kφ

3
k

U(φi). (5.20)

Since this must be true for all k, we therefore find that

∂U(φi)

∂φj

q2
jφ

3
j

Q2
j

=
∂U(φi)

∂φk

q2
kφ

3
k

Q2
k

(5.21)

Unlike in all cases thus far, the VEV of the fields inside of a thin-wall Q-ball in this

theory depend on the charge of the Q-ball, or, the total number of quanta that are

part of the Q-ball structure (as Ni = Qi/qi). However, we must see if this is merely

an artefact of our earlier assumption.

Consider now a two-field system with potential

U(φ1, φ2) = f(φ1) + g(φ2) + h(φ1, φ2). (5.22)

We assume that the field φ1 is contained within a volume V1, and the field φ2 is

contained within a volume V2. For definiteness, and without loss of generality, we
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further assume that V1 > V2. Then, following the same procedure as before, we find

that

V 2
1 =

Q1

4q2
1φ

2
1f(φ1)

and V 2
2 =

Q2

4q2
2φ

2
2[g(φ2) + h(φ1, φ2)]

, (5.23)

and that rest mass of the configuration is

mQ = Q1

√
f(φ1)

q2
1φ

2
1

+Q2

√
g(φ2) + h(φ1, φ2)

q2
2φ

2
2

. (5.24)

Thus far, this looks a lot like two copies of the single-field case. However, though the

VEV of the second field obeys a differential equation much like the single field case,

∂

∂φ2

[
g(φ2) + h(φ1, φ2)

]
=

2

φ2

[
g(φ2) + h(φ1, φ2)

]
, (5.25)

the VEV of the first field obeys a more complex differential equation,

Q1

f(φ1)q2
1φ

2
1

[
∂f(φ1)

∂φ1

− 2
f(φ1)

φ1

]
+

Q2

[g(φ2) + h(φ1, φ2)]q2
2φ

2
2

∂h(φ1, φ2)

∂φ1

= 0. (5.26)

We thus see that the VEV of the field in the larger volume obeys a differential equation

that is dependent on the charges of both fields. If the roles were reversed and V2 > V1,

then the field φ2 would be the one dependent on the charges of both fields. Thus,

the situation in which both fields are contained within exactly the same volume is

indeed special – it is where all fields have a VEV dependent on the total charge of

the configuration.

Intriguingly, this seems that suggest that theories with multiple charges and

scalars can possess Q-balls with cores. This, in part, motivates the heuristic dis-

cussion of the next chapter, though the scenario will be different to the one given

above.

5.4 Thick-Wall Q-balls

We now consider the thick-wall limit of this theory. As in the multi-field case with

only a single symmetry, this theory suffers from the fact that it is not analytically

tractable due to the number of fields. As before, this problem must be circumvented

by assuming that all the spatial profiles of the fields are the same up to some positive-

definite normalisation constant – we must then minimise the energy with respect to

each of these normalisation constants. We thus write that

φi = αiφ, (5.27)
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where φ ∈ {φi} is some reference field – it does not affect the analysis in this case

which field is used. Given this, the full bounce potential can be written in the small

field limit as

Uω(φ, αi) ≈




N∑

i

α2
im

2
i (1− Ω2

i )


φ2 − g(αi)φ

p, (5.28)

where p > 2 and, as usual, we have defined

Ωi ≡
qiωi
mi

, (5.29)

with Ωi ∈ (0, 1), such that the coefficient of the quadratic term is always positive.

The function g(αi) is model-dependent and we leave it general apart from the fact

that it must be positive definite for the potential to allow Q-ball solutions. We have

omitted the next term in the series, but it is assumed that it is positive definite and

stabilises the potential at high field values. The energy in Eq. (5.12) is then

Eω =
N∑

i

miΩi
Qi

qi
+

∫
d3x




N∑

i

α2
i

(
~∇φ · ~∇φ+m2

i (1− Ω2
i )φ

2
)
− g(αi)φ

p


 . (5.30)

We wish to render the integral dimensionless. To do so, we define the dimensionless

variables

ϕ ≡ φ

[
g(αi)∑N

i α
2
im

2
i (1− Ω2

i )

]1/(p−2)

and ξi ≡ xi

[∑N
i α

2
im

2
i (1− Ω2

i )∑N
i α

2
i

]1/2

. (5.31)

The functional of study is then given by

Eω =
N∑

i

miΩi
Qi

qi
+

Sϕ
g(αi)2/(p−2)




N∑

i

α2
i




3/2 


N∑

i

α2
im

2
i (1− Ω2

i )




(6−p)/(2p−4)

, (5.32)

where Sϕ is a dimensionless integral, defined as

Sϕ =

∫
d3ξ
[
~∇ξϕ · ~∇ξϕ+ ϕ2 − ϕp

]
. (5.33)

For different values of p, this has been numerically minimised in Ref. [104], with

the general trend being that Sϕ increases for increasing p. This expression must be

minimised with respect to the {Ωi} and {αi}. Without specifying the model, it is

difficult to make progress. However, as in previous chapters, we can place limits on

the theories that can house Q-ball states.
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We minimise the above function in Eq. (5.32) with respect to some Ωk. This yields

the condition

Qk

qkα2
kmkΩk

=
Sϕ

g(αi)2/(p−2)

[
6− p
p− 2

]


N∑

i

α2
i




3/2 


N∑

i

α2
im

2
i (1− Ω2

i )




(10−3p)/(2p−4)

.

(5.34)

Notice, the left hand-side is k-dependent, but the right-hand side is not. Since this

condition holds for all k, we can readily write

Qk

qkα2
kmkΩk

=
Qi

qiα2
imiΩi

(5.35)

for all k, i ∈ {1, · · · , N}. Given that α = 1 for, say, the field φ1, we can readily write

α2
k =

q1

Q1

Qk

qk

m1

mk

Ω1

Ωk

, (5.36)

and so α is now defined for all fields in the theory.

Using our above condition for minimisation, we can rewrite Eq. (5.32) as

Eω =
N∑

i

miΩi
Qi

qi
+

Qk

qkα2
kmkΩk

[
p− 2

6− p

]


N∑

i

α2
i




3/2 


N∑

i

α2
im

2
i (1− Ω2

i )


 . (5.37)

At its minimum, this expression must satisfy

Eω <
N∑

i

Qi

qi
mi (5.38)

in order for the resulting Q-balls to be classically stable against decay to the con-

stituent quanta of the complex scalar fields. From Eq. (5.35), we see that we can

write
N∑

i

miΩi
Qi

qi
=

Qk

qkα2
kmkΩk

N∑

i

α2
im

2
iΩ

2
i , (5.39)

and
N∑

i

Qi

qi
mi =

Qk

qkα2
kmkΩk

N∑

i

α2
im

2
iΩi. (5.40)

Thus, our condition on the minimum becomes

N∑

i

α2
im

2
i

[
Ω2
i +

(
p− 2

6− p

)
(1− Ω2

i )− Ωi

]
< 0. (5.41)

For this condition to hold, we necessarily require that that term in brackets be nega-

tive for some i in the range Ω ∈ (0, 1). However, this is nothing more than the same

requirement on the canonical single-field case found in Section 2.4. We thus infer that,

for stable thick-wall Q-balls to form in this theory, we must have that 2 < p < 10/3.
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5.5 Summary

In this chapter, we studied a subclass of multi-field and multi-symmetry theories for

Q-ball solutions. Specifically, we consider a theory of N complex scalar fields, each

charged under their own U(1) symmetry. Thus, the stabilising symmetry is an N -fold

U(1) symmetry. In this scheme, we studied both the thin- and thick-wall limits, using

the standard multi-field approximation of similar spatial profiles in order to progress

analytically.

In the thin-wall case, we determined the physical properties of the Q-ball, together

with the differential equation that governs the VEV of the fields inside the Q-ball.

In sharp contrast to all previous studies, we have found that the VEVs depend upon

the charge of the Q-ball itself. The differential equation must then be solved for each

charge configuration, independently. It would be interesting to solve this in future

work in, say, the “doubly-charged” case.

In the thick-wall case, we performed a similar analysis to all previous chapters.

By demanding that the minimum of energy be classically stable against decay into

constituent quanta of the fields, we gave sufficient constraints on the theories that

possess a thick-wall limit. The general set up of the theory was such that we had, in

some sense, N copies of the single-field case, and so it comes to no surprise that the

restriction of theories is the same as in previous chapters, namely, that 2 < p < 10/3,

where p denotes the index of the next-to-quadratic term in the bounce potential.
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Chapter 6

Cored Q-balls

6.1 Introduction

We close out this part of the thesis with a predominantly heuristic discussion of a new

structure within multi-field theories: a cored Q-ball. We envisage a thin-wall Q-ball

in one field which possesses a core composed of a thick-wall Q-ball of another field

that is stabilised precisely in the homogeneous VEV of the larger Q-ball.12 Each field

is stabilised by its own global U(1) symmetry, and so this structure is in principle

stable.

In Section 6.2, we first consider the scenario whereby one field exists in the back-

ground VEV of another. We seek Q-ball solutions that are stabilised precisely due

to this background VEV. We perform both the thick- and thin-wall analyses in this

scenario, but we note that the calculation proceeds precisely as it would for the

single-field case. We merely include these calculations here for completeness and for

introducing the notation in the rest of the chapter. In Section 6.3, we consider the

case when the background VEV is provided by a large, thin-wall Q-ball. We then

merely seek to see whether a cored Q-ball is a stable structure. This leads to two

inequalities to be satisfied: the first arises from the requirement that the Q-ball be sta-

ble against decay into the individual quanta of both fields; the second arises from the

1In principle, these objects are a subclass of “speckled” Q-balls, whereby the larger Q-ball is
populated by many smaller ones throughout its core – this is beyond this thesis, but is an interesting
avenue of research for the future. This is an interesting addition to the consideration of Q-balls that
interact with other fields. This line of thinking has obvious similarities to theories with multiple
vacua in the early universe such that the vacuum bubbles develop “barnacles” of other vacua – see
Refs. [14, 38, 126]. Moreover, non-spherically symmetric, composite Q-balls, referred to as “charge
swapping Q-balls”, also possess core-like structures, as discussed in Refs. [35, 143].

2In principle, the core could be composed of a thin-wall Q-ball. However, presumably, the larger
VEVs in the core would then have a larger knock on effect on the VEVs in the Q-ball that houses
it. We therefore stick with the simpler, heuristic example of the thick-wall core in this chapter.
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demand that the core be smaller than the Q-ball that houses it. These requirements

are model-dependent.

This chapter represents original work and can be found in Ref. [102].

6.2 Q-balls in the Background of Another Field

A key component of this chapter is the idea of a Q-ball stabilised in the background of

another field. In this section, we formulate this idea for a background VEV extending

over all space.

6.2.1 The Minimisation Procedure

We consider a theory of two complex scalars, Φ1(~x, t) and Φ2(~x, t). Let each of these

scalars be charged under their own global U(1) symmetry, which we label U(1)1 and

U(1)2, respectively. The symmetry is realised by the invariance of the Lagrangian

describing the theory under the independent transformations

Φ1 → eiq1αΦ1 and Φ2 → eiq2βΦ2, (6.1)

where α, β ∈ R, and q1 denotes the charge of Φ1 under the U(1)1 symmetry, and

similarly for q2. It is understood that Φ1 is uncharged under U(1)2, and similarly for

Φ2 under U(1)1. We will consider the following Lagrangian,

L = ∂µΦ1∂
µΦ∗1 + ∂µΦ2∂

µΦ∗2 + U(Φ1,Φ2), (6.2)

where U(Φ1,Φ2) is some potential invariant under U(1)1 × U(1)2. We write this

potential as

U(Φ1,Φ2) = f(Φ1) + g(Φ2) + h(Φ1,Φ2), (6.3)

where it is understood that h contains all terms that couple the two fields together.

Without loss of generality, we take U(0, 0) = 0.

We assume that the field Φ1 acquires some constant VEV – in this section, we

leave the method of acquisition of this VEV open, but in the next section, we will

assume that it comes after the formation of a thin-wall Q-ball. We thus seek Q-ball

solutions for the field Φ2 in this constant background. Furthermore, this constant

background will merely change the coefficients of the field Φ2 by constant amounts,

and so this analysis will proceed exactly as for a single-field system. Despite the

repetition of previous chapters, we perform the analysis below.
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The energy of a configuration of Φ2 in the background of φ̄1 is

H =

∫
d3x

[
Φ̇2Φ̇∗2 + ~∇Φ2 · ~∇Φ∗2 + g(Φ2) + h(φ̄1,Φ2)

]
. (6.4)

A Q-ball is a state that minimises the energy for a given charge and so we introduce

a Lagrange multiplier, ω2, that ensures charge conservation upon minimisation with

respect to it. The functional we wish to analyse is then

Eω = H + ω2

(
Q2 −

∫
d3xj0

2

)
, (6.5)

where j0
2 is the zeroth component of the Noether current density associated to the

U(1)2 symmetry,

j0
2 = iq2

(
Φ̇∗2Φ2 − Φ∗2Φ̇2

)
. (6.6)

We may thus rewrite our functional of study as

Eω =

∫
d3x

[∣∣∣Φ̇2 − iω2q2Φ2

∣∣∣
2

+ ~∇Φ2 · ~∇Φ∗2 + g(Φ2) + h(φ̄1,Φ2)− ω2
2q

2
2Φ∗2Φ2

]

+ ω2Q2.

(6.7)

Note, the term containing explicit time-dependence is positive semi-definite. This is

therefore minimised when it vanishes, i.e., if

Φ2(~x, t) = eiω2q2tφ2(~x), (6.8)

where we take the spatial profile to be real-valued, without loss of generality. Rein-

sertion of this into the functional of study leads to

Eω = ω2Q2 +

∫
d3x

[
~∇φ2 · ~∇φ2 + g(φ2) + h(φ̄1, φ2)− ω2

2q
2
2φ

2
2

]
. (6.9)

Minimisation with respect to the spatial profile yields a differential equation governing

a “bounce” solution associated to the formation of vacuum bubbles during phase

transitions [22, 30, 32]. These equations are well-studied and, for a set of boundary

conditions appropriate for Q-balls, are known to yield spherically symmetric solutions

for the lowest energy configurations.

6.2.2 The Thick-Wall Limit

We now pursue the thick-wall limit of this analysis, which is also known as the small

field limit.3 To proceed, we expand φ2 to its lowest order terms. As stated above,

3We note that “small-field” here only relates to φ2, as it is from this that this Q-ball is being
formed.
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this analysis is essentially identical to a single field case and so is bound by the

requirement that the next-to-quadratic term must be cubic in the bounce potential.

We thus assume that this term exists. We therefore have, in the small-field limit,

that

g(φ2) + h(φ̄1, φ2) ≈
(
µ2 + h2(φ̄1)

)
φ2

2 −
(
h3(φ̄1)− A

)
φ3

2, (6.10)

where h2(φ̄1) and h3(φ̄1) are the components, functionally dependent on φ̄2, of the

terms quadratic and cubic in φ2 contained within h(φ̄1, φ2), respectively, and similarly

for µ2 and A in g(φ2). We assume that some positive definite term of a higher order

exists to stabilise the potential at large field. In this scenario, a Q-ball may only

form if the coefficients of the quadratic and cubic terms are positive and negative,

respectively:

µ2 + h2(φ̄1) > 0 and h3(φ̄1)− A > 0. (6.11)

However, recall that we demanded that the pure Φ2 potential could not support Q-ball

solutions. This sets A ≥ 0, hence the sign assignment on the cubic term.

For notational purposes, we will write the effective quadratic and cubic couplings

in the background as

µ2
eff(φ̄1) ≡ µ2 + h2(φ̄1) and Aeff(φ̄1) ≡ h3(φ̄1)− A, (6.12)

noting that both of these new parameters are positive definite. The bounce potential

can now be written in the familiar form,

Uω(φ̄1, φ2) ≈ (µ2
eff − ω2

2q
2
2)φ2

2 − Aeffφ
3
2. (6.13)

For a barrier to form, and thus for a bounce solution to exist, we see that

ω2
2 <

µ2
eff

q2
2

, (6.14)

which is the familiar requirement of Q-ball solutions. The thick-wall limit is thus

equivalent to the limit ω2q2 → µ−eff .

We redefine the spatial coordinate and field by choosing

ξi =
(
µ2

eff − ω2
2q

2
2

)1/2
xi

ψ =
(
µ2

eff − ω2
2q

2
2

)−1
Aeffφ2.

(6.15)

Our functional of study thus reduces to

Eω = µ3
eff

(
1− Ω2

)3/2

A2
eff

Sψ + ω2Q2, (6.16)

87



where we have defined Ω ≡ ω2q2/µeff and

Sψ =

∫
d3ξ
[
~∇ξψ · ~∇ξψ + ψ2 − ψ3

]
(6.17)

is a dimensionless integral that may be minimised numerically. This has been found

to be 38.8 [104].

A stable Q-ball in the background of φ̄1 is found when minimising this expression

with respect to Ω under the constraint that Ω2 < 1. If this constraint is not satisfied,

it is more energetically favourable for the quanta of Φ2 to remain seperate within the

background of φ̄1. This requirement leads us to the condition

ε = Ω(1− Ω2)1/2, (6.18)

where we define

ε ≡ 1

3Sϕ

Q2

q2

A2
eff

µ2
eff

. (6.19)

The solution to this condition is that

Ω2 =
1 +
√

1− 4ε2

2
, (6.20)

where 0 < ε < 1/2. The mass of the resulting Q-ball is then given by

mQ = µeff
Q2

q2

(
1− 1

6
ε2 +O(ε4)

)
. (6.21)

We note that

mQ < µeff
Q2

q2

, (6.22)

which is precisely the requirement for classical stability of this Q-ball within the

background of φ̄1. The radius of the resulting Q-ball is given by ξ ∼ 1, and so

R−1 ∼ εµeff

(
1 +O

(
ε2
))
. (6.23)

This solution is also subject to the constraint that ε < 1/2, which translates to

the requirement on the charge that

Q2

q2

< 58.2
µeff

A2
eff

. (6.24)

The solution is also subject to the constraint that the higher order term that stabilises

the potential is indeed small enough inside the Q-ball to ignore in our analysis – see

Section 2.4 for details.

88



6.2.3 The Thin-Wall Limit

For completeness, we now include the thin-wall analysis, despite not using the results

in what remains of this chapter. A thin-wall Q-ball’s physical properties are well-

described by those of its homogeneous core. We thus write

Eω ≈ ω̄2Q2 + V
[
g(φ̄2) + h(φ̄1, φ̄2)− ω̄2

2q
2
2φ̄

2
2

]
, (6.25)

where V is the volume of the core, and we use bars to represent values of variables

within the core. Minimisation of this with respect to the Lagrange multiplier yields,

as expected, the expression for the charge of this configuration,

Q2 = 2ω̄2q
2
2φ̄

2
2V. (6.26)

Eliminating ω̄2 and minimising with respect to the volume leads to

V 2 =
Q2

2

4q2
2φ̄

2
2

1[
g(φ̄2) + h(φ̄1, φ̄2)

] . (6.27)

Finally, upon elimination of the volume, we obtain the rest mass of the configuration

mQ = Q2

√
g(φ̄2) + h(φ̄1, φ̄2)

q2
2φ̄

2
2

, (6.28)

which is completely expected from the single-field theory, since U(φ̄2) = g(φ̄2) +

h(φ̄1, φ̄2). For the resultant Q-ball to be stable in the background of the VEV of Φ1,

we must have that

mQ < µeff
Q2

q2

, (6.29)

where µeff(φ̄1) is defined as in the previous section. The VEV of φ̄2 must obey the

differential equation given by

∂g

∂φ̄2

+
∂h

∂φ̄2

= 2

(
g

φ̄2

+
h

φ̄2

)
. (6.30)

This concludes the thin-wall analysis of this theory.

6.3 Cored Q-balls

We assume that the potential f(Φ1) admits Q-balls composed of the field Φ1. In the

thin-wall limit, these Q-balls are spherically-symmetric, extended objects comprised

of a large core of homogeneous “Q-matter”, and a thin shell which interpolates be-

tween the core and the vacuum of the theory. The VEV in the core is therefore the
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origin of the VEV of Φ1 in the previous section. The physical properties of the Q-ball

– it’s mass and volume – are well-approximated by the properties of the core in this

limit. Inside the Q-ball, where the field is homogeneous, Φ1 takes on the well-known

functional form

Φ1(t) = eiq1ωtφ̄1, (6.31)

where φ̄1 ∈ R. The rest mass and volume of the Q-ball are then given by

mQ = Q1

√
f(φ̄1)

q2
1φ

2
1

and V =
Q1

2
√
q2

1φ̄
2
1f(φ̄1)

, (6.32)

where φ̄1 must satisfy
∂f(φ̄1)

∂φ̄1

=
2f(φ̄1)

φ̄1

, (6.33)

such that E/Q1 must be less than the mass per unit charge of individual quanta of

the Φ1 field. It is in this way that these Q-balls are said to be classically stable.

We assume that, if anything, h(Φ1,Φ2) provides, at most, a small perturbation to

this Q-ball solution. For definiteness, we assume that g(Φ2) does not admit Q-ball

solutions in isolation from Φ1, and we further assume, for simplicity, that U(Φ1,Φ2)

does not admit Q-balls charged under both symmetries when all terms are considered.

Now, consider a configuration where a thin-wall Q-ball composed of Φ1 is sur-

rounded by quanta of the field Φ2. The potential h(Φ1,Φ2) defines how these entities

interact. Let us consider an attractive potential such that the quanta of Φ2 become

bound within the Q-ball. We will only consider a small amount entering the Q-ball

such that the value of φ̄1 is still consistent with that defined above. Though the core

of the Q-ball is, in principle, homogeneous, the presence of the new quanta slightly

breaks this homogeneity, and we expect these to settle in the core of the Q-ball as

this is the symmetric point of the Q-ball.4

If enough quanta are collected, it is reasonable to ask whether a Q-ball composed

of Φ2, in the background of φ̄1, can form. Moreover, if this Q-ball does not get too

large, such that the terms in h(Φ1,Φ2) greatly perturb the Q-ball background, it

should not greatly affect the value of φ̄1. We will assume that the core is a thick-wall

Q-ball, as this is more consistent with our assumption that the new Q-ball does not

overly affect the value of φ̄1, since the VEV is smaller. We can take the results directly

from the previous section.

4We could also consider the case that many thick-wall Q-balls form within the homogeneous
background of the thin-wall Q-ball. However, we do not consider this “speckled” Q-ball here.
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We require that the whole system be energetically stable against classical decay

to quanta of both fields. The total mass of the cored Q-ball is

Etot =
Q1

q1

√
f(φ̄1)

φ̄2
1

+
Q2

q2

µeff

(
1− 1

6
ε2
)
. (6.34)

For this to be classically stable against decay to the quanta of both of the fields, we

require that

Etot <
Q1

q1

m+
Q2

q2

µ, (6.35)

where m is the mass of quanta of the field Φ1 and, as before, µ is the mass of the

quanta of the field Φ2 in the vacuum of the theory, Φ1 = 0. Note that, the first term

of the total energy is less than the first term of this constraint. If µeff < µ, then this

constraint is satisfied. If this is not true, then a sufficient condition is for5

µeff

(
1− 1

6
ε2
)
< µ. (6.37)

This constraint, in terms of the charge of the thick-wall Q-ball, evaluates to

Q2

q2

> 201.6
√
h2(φ̄1)

µeff

A2
eff

. (6.38)

This implies that, for this structure to be classically stable, there is a minimum

charge that must accumulate in the thick-wall core. For this to be compatible with

Eq. (6.24), we require that

11h2 < µ. (6.39)

We thus see that we require that the coupling between the two fields not be too large.

If this is satisfied, then it is sufficient to prove that this structure is classically stable

over some range of charge. The total system is therefore adequately described as a

thin-wall Q-ball, stabilised by the conservation of some charge, with a core composed

of a thick-wall Q-ball, stabilised by the conservation of some other charge, over the

background field of the thin-wall Q-ball. This is because the field φ2 will remain

“small” and thus will not overly affect the background field, φ̄1.

5The necessary condition is that the the binding energy of the thin-wall Q-ball is greater than
any energy cost that the thick-wall Q-ball expanded in the background of φ̄1 brings over the vacuum
of the theory,

Q1

q1


m−

√
f(φ̄1)

φ̄2
1


 >

Q2

q2

[
µeff

(
1− 1

6
ε2
)
− µ

]
. (6.36)

This is a model-dependent condition, so we say nothing more of this here.
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By definition, a Q-ball is the state that minimises the energy per unit charge of a

sector of a theory. Thus, the combination of energy and Noether charge conservation

implies that this configuration is more stable than emitting the individual quanta of

Φ2 outside the Q-ball formed from Φ1. One could also question whether a Q-ball

composed of Φ1 and Φ2 could be emitted as a decay channel. However, the ability for

the potential defined through g(Φ2) and h(Φ1,Φ2) in the background of φ̄1 to house

stable Q-ball solutions does not imply that the full potential U(Φ1,Φ2) will allow for

stable “doubly-charged” Q-balls to exist in isolation. In the absence of this decay

mode, the cored Q-ball is indeed stable.

We also require that the Q-ball in the core be smaller than the thin-wall Q-ball it

resides in, as otherwise we cannot assume the results of the previous section. From

the sizes of the respective Q-balls given in Eqs. (6.23) and (6.32), together with the

definition for ε given in Eq. (6.19), we find that

36π(Sϕ)3 q
3
2

Q3
2

µ3
eff

A6
eff

� Q1

2
√
q2

1φ̄
2
1f(φ̄1)

, (6.40)

which is a model-dependent condition which relates the charge accumulation of both

Q-balls.

6.4 Summary

In this chapter, we heuristically studied a new type of object that we called a “cored

Q-ball”. This is a thin-wall Q-ball whose homogeneous interior acts as a stabilising

background VEV for a thick-wall Q-ball composed of another field. In this work, we

merely concerned ourselves with the question of stability of these objects. Realistic

theories that lead to the formation of these objects is a direction for future work.

Specifically, a phenomenological analysis is required in which all timescales are taken

into account, together with a mechanism for the release of the additional energy.

Moreover, one could also extend the ideas here to the case where a stable, “doubly-

charged” Q-ball can exist – see the previous chapter. This would open up the decay

channel whereby a mixed Q-ball is emitted, leaving behind a pure thin-wall Q-ball.

Intriguingly, these objects could be important in DM experiments. Consider the

case that the Q-ball at the core is charged under the SM, whereas the larger thin-wall

Q-ball is not directly coupled to the SM. If this object were to pass through a direct

detection experiment, we would only see the core, and not the Q-ball at large. This

would cause a misidentification of the DM until experiments are sensitive enough
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to determine the other component, which could indirectly couple to the SM via the

cored field.
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Part III

Q-balls from Chiral Symmetry
Breaking in the Standard Model

and Beyond
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Chapter 7

Q-balls in the Standard Model

7.1 Introduction

Within the theoretical structure of the SM, there exists two classes of scalar. The

first, the Higgs, cannot house stable Q-ball solutions by virtue of its potential: each

piece of the potential comes with a positive-definite coefficient, which we know cannot

allow for Q-ball solutions to exist. Moreover, there is no global Higgs charge once

the Yukawa couplings are included. The other class of scalar in the SM are the

mesons which arise from chiral symmetry breaking. We analyse the latter sector in

this chapter.

As we saw in Section 1.3.4, ChPT is a low-energy effective theory of the inter-

actions of the pseudoscalar mesons in the SM. The theory incorporates the breaking

of an approximate, global chiral symmetry: SU(Nf )L × SU(Nf )R → SU(Nf )V . This

symmetry is only approximate as the quark masses explicitly break it, mixing the

left- and right-handed components of the quark degrees of freedom. The pseudoscalar

mesons are realised as pNGBs in the theory, with the approximate chiral symmetry

the reason for their relative lightness.

The degrees of freedom of ChPT are pseudoscalars, and this sector can pos-

sess global symmetries. For example, SU(3) ChPT contains an approximate global

strangeness symmetry in the limit that we ignore strangeness-violating decays me-

diated through the massive weak bosons. If the Q-ball background kinematically

forbids these decays, much like the stability of neutrons in the nucleus, then we can

describe Q-balls in the usual way. Thus, it is a reasonable to question whether Q-balls

can be present in this type of sector. This is a particularly interesting question in

ChPT because the scalars in the theory are composite objects.

In this chapter, we analyse the “pure” ChPT for Q-balls, that is, the unmodified

ChPT as found in the SM and discussed in Section 1.3.4. We will focus on the two-
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flavour case: SU(2) ChPT.1 We perform the minimisation procedure in Section 7.2,

with the thick-wall analysis following in Section 7.3 and the thin-wall analysis in

Section 7.4. This analysis is relevant for both the SM and hidden sectors containing

a copy of QCD. We will consider a certain hidden sector in the next chapter.

ChPT has already been analysed for thin-wall Q-balls in [44]. The thick-wall

analysis, however, is original. It can be found in the appendix of Ref. [18]. It should

be noted that ChPT represents a multi-field theory with non-canonical kinetic terms,

and so the analyses of previous chapters cannot be used here.

7.2 Minimising the Energy in a Sector of Fixed

Charge

In the SM, there are three quarks that possess masses small enough – below the

chiral symmetry breaking scales – such that their low energy effective theory is well-

described by the SU(3) chiral Lagrangian. By Goldstone’s theorem, the sponta-

neously broken chiral symmetry SU(3)L× SU(3)R to the diagonal subgroup SU(3)V

possesses eight massless NGBs that parameterise the coset space SU(3)L×SU(3)R/SU(3)V .

These NGBs are, in fact, massive (and referred to as pNGBs) as the chiral symmetry

is only approximate – it is explicitly broken by the mass matrix, M . The mass matrix

further breaks the surviving SU(3)V symmetry if it is not proportional to the identity

matrix: the surviving global symmetry is then U(1)× U(1) – in general, U(1)Nf−1.

Given the non-trivial nature of the potential contained within the chiral La-

grangian, and the existence of a global symmetry, it is reasonable to question whether

this theory admits Q-ball states. This was first performed in Ref. [44]. In this paper,

the kaon SU(2) subgroup of the chiral Lagrangian was examined together with the

surviving U(1) symmetry of strangeness. This is mathematically equivalent to study-

ing the SU(2) chiral Lagrangian from the offset and not associating the surviving

U(1) symmetry with electromagnetism, as would be the case in the pion sector of the

SM. In this case, the pions of the theory, related to Σ through Eq. (1.26), will take

1As mentioned below, we discuss this case as it it simpler mathematically and has the exact same
results as for the SU(3) case. However, it should be noted that, in the SM, Q-balls formed from
the charged pions are charged under electromagnetism, and thus are more properly considered as
gauged Q-balls. However, considerations of the electromagnetic force would only render them more
unstable. Since, in the absence of electromagnetism, they are not stable in the first place, as we
shall see, we omit this from our discussion. Moreover, these Q-balls would decay as the charged
pions themselves are unstable – they decay to, primarily, muons. As discussed in Chapter 1, these
decays would be surface-area limited as this a fermionic decay channel.

96



the form of the usual Q-ball ansatz,

π±(~x, t) = e±iωtπ(r) and π0(~x, t) = π0(r), (7.1)

where the spatial profiles obey a bounce equation. We will present this form of the

analysis here due, in part, to Chapter 8 in which we study a hidden sector containing

pions for Q-ball states. The mathematics is simpler if we perform the analysis with

the Σ field and so we proceed from this point of view.

As discussed in Section 1.3.4, the unitary matrix field Σ transforms under the

vectorial symmetry as

Σ→ exp(−iαX)Σ exp(iαX), (7.2)

where X is Hermitian and traceless, and α ∈ R. For small α, this transformation is

Σ→ Σ + iα [Σ, X] +O(α2), (7.3)

where [·, ·] denotes the commutator of two matrices. The Noether current density

associated to this transformation is then

jµ = lim
α→0

tr

(
∂L

∂(∂µΣ)

δΣ

α
+

∂L
∂∂(∂µΣ†)

δΣ†

α

)

= i
f 2

4
tr
(
∂µΣ†[Σ, X] + ∂µΣ[Σ†, X]

)
.

(7.4)

For generic diagonal M , this transformation is a symmetry when X is diagonal – it

is this matrix that generates the surviving global U(1) symmetry of the theory. We

fix this to X = σ3/2, without loss of generality.

Q-balls represent the states of a theory that possess the lowest energy for a

given charge. The Hamiltonian associated to the leading order chiral Lagrangian,

in Eq. (1.32), is given by

H =

∫
d3x

[
tr

(
∂L
∂Σ̇

Σ̇ +
∂L
∂Σ̇†

Σ̇†
)
− L

]

=

∫
d3x

[
f 2

4
tr
(

Σ̇Σ̇† + ~∇Σ · ~∇Σ†
)
− B0f

2

2
tr
(
M(Σ + Σ† − 2)

)]
.

(7.5)

To analyse this Hamiltonian for Q-ball states, we introduce a Lagrange multiplier, ω,

that fixes the charge, as in Ref. [90]. We thus analyse the functional given by

Eω = H + ω

(
Q−

∫
d3xj0

)
, (7.6)
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where j0 is the 0-th component of the Noether current density associated with the U(1)

symmetry given in Eq. (7.4). Strictly, there is an additional component to the energy

– the pions are composite particles made up of quark/anti-quark pairs. The pion

wavefunctions cannot overlap arbitrarily as there is a Fermi repulsion. However, as

this would only add to the energy of the Q-balls, we omit this from the current analysis

since Q-balls cannot form in this theory even in the absence of Fermi repulsion. We

will come back to this component of the energy when we study a hidden sector

containing pions in the next chapter.

The functional described above evaluates to

Eω = ωQ+

∫
d3x

[
f 2

4
tr

(∣∣∣Σ̇− iω[Σ, X]
∣∣∣
2

+ ~∇Σ† · ~∇Σ− ω2[Σ, X][X,Σ†]

)

−B0f
2

2
tr
(
M(Σ + Σ† − 2)

)]
.

(7.7)

The first term under the integral is the sole term with explicit time-dependence. This

term is positive semi-definite, and so is minimised if it vanishes, i.e., if

Σ(~x, t) = exp(−iωXt)Σ(~x) exp(iωXt). (7.8)

As stated above, the spatial profiles of the underlying pion fields obey a bounce

equation [22, 30, 32], and so we can assume that the profile is spherically symmetric.

As ever, we now continue analytically by studying the thick- and thin-wall limits.

7.3 Thick-Wall Analysis

Here we show that thick-wall Q-balls cannot exist within the leading order SU(2)

chiral Lagrangian – this analysis is original and was presented in Ref. [18]. To do

this, we need to show that the functional in Eq. (7.7), together with the ansatz given

in Eq. (7.8), has no minima for Q 6= 0 in the small field limit. Substituting Eq. (7.8)

into Eq. (7.7) and expanding Σ to the next-to-quadratic order in the constituent pion

field, while choosing X = σ3/2, we find

Eω =

∫
d3x

[(
1

2
~∇π0 · ~∇π0 + ~∇π+ · ~∇π−

)(
1− 1

3f 2

(
π0π0 + 2π+π−

))

+
1

6f 2

(
π0~∇π0 + π+~∇π− + π−~∇π+

)2

+
1

2
m2
ππ

0π0 + (m2
π − ω2)π+π−

− m2
π

24f 2
(π0)4 − 1

6f 2
(m2

π − 2ω2)(π0π0)(π+π−)− 1

6f 2

(
m2
π − 4ω2

)
(π+π−)2

]

+ ωQ, (7.9)
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where we have defined m2
π ≡ B0trM , and expanded Σ to quartic order in the π fields

on account that there are no cubic terms in the chiral Lagrangian. As is usual in the

thick-wall analysis, we ignore higher-order terms, which will stabilise the potential.

The quartic terms containing derivatives are suppressed relative to the kinetic

terms by a factor of f 2 and to the other quartic terms by spatial gradients, which are

small. We will hence ignore these terms.

Notice that in the limit ω → mπ, i.e., the thick-wall or small-field limit, the last

two quartic terms have positive coefficients. In order for a potential barrier to exist

(and, therefore, a bounce solution to exist), we require that the overall contribution

of all three quartic terms be negative. Consequently, the VEV of the neutral pion in

the centre of the Q-ball must be large relative to that of the charged pions, but since

this will contribute a large amount of mass to the Q-ball without contributing to its

charge, we might expect that no stable Q-balls exist.

To see this quantitatively, we relate the profiles of the pion fields as in Chapter 4:

π0(x) = βπ(x) and π±(x) = π(x). We thus find that

Eω =

∫
d3x

[(
1 +

1

2
β2

)
~∇π · ~∇π +m2

π

(
1 +

1

2
β2 − Ω2

)
π2 − λ(Ω, β)π4

]

+ ΩQmπ,

(7.10)

where Ω ≡ ω/mπ, and

λ(Ω, β) ≡ m2
π

6f 2

[
β4

4
− β2(2Ω2 − 1)− (4Ω2 − 1)

]
(7.11)

is the quartic coupling, which must be positive. Choosing

ξi = mπ

(
1 +

1

2
β2

)−1/2(
1 +

1

2
β2 − Ω2

)1/2

xi,

ψ =
1

mπ

(
1 +

1

2
β2 − Ω2

)−1/2

λ(Ω, β)1/2 π,

(7.12)

we may transform Eω to

Eω = mπ

(
1 + β2/2

)3/2 (
1 + β2/2− Ω2

)1/2

λ(Ω, β)
Sψ,4 + ΩQmπ, (7.13)

where

Sψ,4 =

∫
d3ξ
[
~∇ξψ · ~∇ξψ + ψ2 − ψ4

]
(7.14)

is a positive, dimensionless number [104], whose precise value will not concern us in

the following.
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Now Eω must be minimised with respect to Ω and β. Minimising with respect to

Ω yields

0 =
∂Eω
∂Ω

=
7m3

πSψ,4Ω

6f 2λ(Ω, β)2

(1 + β2/2)5/2

(1 + β2/2− Ω2)1/2

(
1 +

1

2
β2 − 4

7
Ω2

)
+Qmπ. (7.15)

This is positive semidefinite for Ω ∈ [0, 1], vanishing only when Q = 0 and Ω = 0. As

such, there is no Q-ball solution.

7.4 Thin-Wall Analysis

The absence of a thick-wall limit does not necessarily preclude the existence of thin-

wall Q-balls in the spectrum of the theory. However, it was shown in Ref. [44] that

this theory still does not include thin-wall Q-balls. We present this analysis here.

A thin-wall Q-ball is characterised by a core of a homogeneous state, named Q-

matter, and a thin outer shell. The mass of the thin-wall Q-ball is dominated by this

core. We let Σ(r) = Σ0 be a constant spatial profile of the field inside the core of the

Q-ball, such that Eq. (7.7), together with the ansatz given in Eq. (7.8), becomes

Eω ≈ ωQ− ω2f
2

4
tr
(

[Σ0, X][X,Σ†0]
)
V − B0f

2

2
tr
(
M(Σ0 + Σ†0 − 2)

)
V (7.16)

where V is the volume of the core of the Q-ball.

To determine the mass of the resulting Q-ball, this expression must be minimised

with respect to the field content, as well as the volume and the Lagrange multiplier.

To proceed further, we take advantage of the fact that Σ0 ∈ SU(2),

Σ0 = exp (iϕn̂ · σ) = cosϕ+ i (n̂ · σ) sinϕ, (7.17)

where it is understood that cosϕ multiplies a unit 2× 2 matrix, and n̂ = (n1, n2, n3)

is a unit vector, n̂2 = 1. In what follows, we explicitly take X = σ3/2. Under this

specification, the traces evaluate to

tr
(

[Σ0, X][X,Σ†0]
)

= 2 sin2 ϕ(1− n2
3),

tr
(
M(Σ0 + Σ†0 − 2)

)
=− 2(1− cosϕ)tr (M) .

(7.18)

Inserting these into Eq. (7.16) yields

Eω = ωQ− ω2f
2

2
sin2 ϕ(1− n2

3)V +m2
πf

2(1− cosϕ)V (7.19)
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where we define the pion mass in the usual way, m2
π ≡ B0tr (M). Minimising this

expression with respect to the Lagrange multiplier yields

Q = f 2ω(1− n2
3) sin2 ϕV . (7.20)

This expression corresponds precisely to the one for the charge as determined from

Eq. (7.4). We use this to eliminate ω, giving

E =
Q2

2f 2(1− n2
3) sin2 ϕV

+m2
πf

2(1− cosϕ)V. (7.21)

The only dependence on the direction of the VEV of Σ is the factor n3 in the first

term. The energy of the Q-ball is minimized for n3 = 0, which corresponds to zero

VEV for the neutral pions. This behaviour is expected since a neutral pion VEV

inside the Q-ball contributes to its mass but not to its charge. Therefore, it increases

the mass per unit charge of the Q-ball which is the opposite of the desired behaviour.

Minimising the energy with respect to the volume yields

V =
Q√

2m2
πf

4 sin2 ϕ(1− cosϕ)
. (7.22)

Reinserting this expression into the formula for E yields

E = Qmπ

√
2(1− cosϕ)

sin2 ϕ
. (7.23)

Minimising this expression with respect to ϕ yields the condition

sin4(ϕ/2)

sin3 ϕ

√
1 + cosϕ = 0. (7.24)

However, this requires that ϕ = 2nπ, where n ∈ Z, which returns precisely the

vacuum of the theory, Σ0 = 1. Thus, we infer that no thin-wall Q-balls can exist in

the chiral Lagrangian, at least to leading order.

7.5 Summary

The only known scalar fields in nature, aside from the Higgs boson, are the pseu-

doscalar mesons of ChPT. The Higgs boson does not possess a potential that allows

Q-balls to form. Given the complexity of the potential in the chiral Lagrangian, it is

reasonable to ask whether this sector possesses Q-ball solutions. In this chapter, we

have performed this analysis on the leading order chiral Lagrangian and found that

neither thin- nor thick-wall Q-balls can form.
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Since we have only studied the leading terms in the theory, it would be interesting

to study the next-to-leading order to determine whether these additional pieces allow

Q-ball states to form. In Ref. [44], it was claimed that this was plausible with certain

parameter values. However, this was performed over 30 years ago and the parameters

of the model are now determined to a higher precision. Thus, it would be useful to

return to this study and update it. If it is found that the next-to-leading terms allow

thin-wall Q-balls to form, we expect the thick-wall analysis to still be valid. This is

because the additional terms are suppressed relative to the leading-order terms, and

so in the small-field limit should still be irrelevant.
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Chapter 8

Higgs Assisted Q-balls from
Pseudo-Nambu-Goldstone Bosons

8.1 Introduction

In most studies of Q-ball solutions, the scalar fields making up the Q-ball are explicitly

or implicitly assumed to be elementary. In this chapter we show that Q-balls can exist

in theories where the charged scalar fields that make up the Q-ball are not elementary

but rather composite states, with non-perturbative dynamics leading to a low-energy

effective theory described by light pion-like pNGBs carrying a U(1) global quantum

number. In particular, with an eye towards future possible applications to BSM

and DM physics, we consider theories which contain a strongly-interacting hidden

sector at TeV-scales or above, and which feature a spontaneous breaking of a non-

Abelian global symmetry similar to that of the chiral symmetry breaking of QCD,

but occurring at f ∼ TeV energies or greater, rather than the scale f ∼ 100 MeV as

for QCD. When small explicit breaking of the original global symmetry is included,

the previously massless NGBs acquire small masses. Importantly, these, now pseudo-

NGBs, can be much lighter than all other mass scales associated with the strongly-

coupled sector, and so we can treat their low-energy dynamics separately from all

other degrees of freedom originating from the strongly-coupled theory.

As we saw in the previous chapter, these pNGBs alone were found to not form Q-

ball states, despite the complexity of their potential. Fortunately, in the situation we

study in this chapter, the pNGBs are not the only relevant light fields. In general the

SM Higgs field is even lighter than the hidden pNGBs and, as we show in Section 8.2,

interacts with them in a particular way via a Higgs-portal interaction. The form of the

resulting pNGB-Higgs interactions is not arbitrary, but constrained by the breaking

of scale symmetry [27, 139, 140]. This then leads to an interacting system of both
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charge-carrying and charge-neutral scalar fields that we show in Sections 8.4 and 8.5

possesses Q-ball solutions for a range of underlying parameter values.

Before turning to the details of our particular model and the existence of Q-ball so-

lutions, we emphasise that the underlying UV strong-coupling dynamics plays almost

no role in the analysis,1 the existence and detailed properties of the Q-ball solutions

depending solely on the leading-order low-energy effective Lagrangian interactions

between the pNGBs themselves and with the Higgs. We therefore expect that simi-

lar Q-ball solutions will occur in a wide range of effective field theories described by

the Callan-Coleman-Wess-Zumino coset construction [23, 34] supplemented by Higgs

interactions. In particular it would be interesting to study the possible existence of

stable or metastable Q-balls in models where the Higgs doublet itself is realised as a

pNGB, along with other light pNGB fields [7, 17,46,66,83,84].

The contents of this chapter are original. The work was split between two papers:

Ref. [18] contains work performed alongside Johnson, Bishara and March-Russell;

Ref. [19] contains work performed alongside Bishara. Specifically, the numerical simu-

lations contained within these papers, and, consequently, this chapter, were performed

by Bishara.

8.2 The Hidden Sector

We assume that there are two sectors: the SM and a hidden sector (HS). As described

in the Introduction, the HS possesses a spontaneously broken almost-exact global

symmetry, which gives rise to pNGBs. The HS also possesses an unbroken global

U(1), under which some of these pNGBs transform. In this section we describe the

origin of the Higgs coupling to the HS pions resulting in the Lagrangian in Eq. (8.20).

8.2.1 Structure of the hidden sector

For definiteness, we consider a HS with a QCD-like SU(Nc) Yang-Mills theory with

Nf flavours of HS ‘quarks’ in the fundamental of SU(Nc). This theory possesses an

SU(Nf )L × SU(Nf )R chiral flavour symmetry which is spontaneously broken to the

diagonal subgroup SU(Nf )V .2 Then, by Goldstone’s theorem, there will be N2
f − 1

massless NGBs that parameterise the coset space SU(Nf )L × SU(Nf )R/SU(Nf )V .

1The exception being the presence or otherwise of a Fermi repulsion term depending on the
fermion or boson nature of the underlying matter degrees of freedom in the UV theory.

2We ignore the fact that the symmetry group is generally U(Nf )L × U(Nf )R since the one non-
anomalous U(1) from the U(Nf )L × U(Nf )R, that in the SM case corresponds to baryon number,
acts trivially on the pNGBs, so it is not of interest to us here.
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Furthermore, the HS quark mass matrix, M , explicitly breaks the chiral symmetry,

which becomes only approximate in this limit. The NGBs will therefore acquire a

non-zero mass, i.e., they become pNGBs. The mass matrix M also breaks SU(Nf )V

if it is not proportional to the unit matrix: in the situation that no two HS quark

masses are equal, the surviving global symmetry acting on the pNGBs is U(1)Nf−1,

in the absence of other interactions.

As usual, we can describe the light pNGBs transforming under the non-linearly

realised SU(Nf )L×SU(Nf )R symmetry by a unitary matrix field of unit determinant

built from the N2
f − 1 pNGBs, πa:

Σ = exp
(
iπaT a/f

)
. (8.1)

Then, under the global vectorial symmetry, Σ transforms as

Σ→ Σ′ = V ΣV †, (8.2)

where V is in general given by V = exp(−iαX) with X Hermitian and traceless. The

Noether current density associated to this transformation is

jµ = i
f 2

4
tr
(

[Σ†, X]∂µΣ + [Σ, X]∂µΣ†
)
, (8.3)

where we have assumed the usual leading order chiral Lagrangian

L =
f 2

4
tr
(
∂µΣ∂µΣ†

)
+
B0f

2

2
tr
(
M(Σ + Σ† − 2)

)
. (8.4)

For generic diagonal M , the transformation Eq. (8.2) is a symmetry when X is one of

the possible Nf−1 diagonal matrices. The pseudoscalar sector can both possess global

symmetries, and have a non-trivial potential given by the second term in Eq. (8.4),

but as we have seen in Chapter 7, this theory as it is cannot house Q-ball states.

However, in this scenario, we need to be more specific about the coupling of this HS

to the SM, and also about the HS itself, as well as the exact form of the global U(1)

that we will be using.

For concreteness, suppose that the HS is very similar in form to the SM itself,

but with the analogue of U(1)Y ungauged. Thus we take the HS gauge group to

be SU(3)′× SU(2)′ with, minimally, one ‘generation’ of matter fermions in the same

SU(3)′×SU(2)′ representations as the SM matter fields. This guarantees the anomaly

freedom of the matter content with respect to these two symmetries. We also require

the HS quarks to acquire bare masses, so the HS must also have an SU(2)′-doublet

scalar state, S, which acquires a VEV, analogous to the Higgs doublet in the SM
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Figure 8.1: Spectrum of hidden sector states.

sector. This scalar doublet is coupled via Yukawa interactions to HS chiral quarks

which acquire a mass upon the spontaneous breaking of SU(2)′. The Yukawa terms

in our HS Lagrangian are

LHS ⊃ yijQL,iSqR,j + h.c., (8.5)

where Q (q) are the doublet (singlet) HS quarks and yij are Yukawa couplings.

The SU(3)′ is asymptotically free and confines at low energies with a correspond-

ing confinement scale Λhs
χ . We require the HS quarks of the first generation to be

light relative to Λhs
χ and assume that any additional generations beyond the first are

heavy.3 The light HS quarks will then hadronise into a massive but light triplet of

HS pions as a consequence of chiral symmetry breaking – see Fig. 8.1 for a schematic

of the spectrum.

To ensure that the HS pions are absolutely stable in the presence of SU(2)′ inter-

actions, the HS ‘leptons’ – minimally one generation – must have masses above the

HS pion masses.

8.2.2 Coupling the two sectors

The leading interaction between the two sectors is due to a Higgs-portal interaction.

Specifically, the scalar potential for the SM Higgs and the HS doublet is given by

V (H,S) = −µ2
hH
†H + λh(H

†H)2 − µ2
sS
†S + λs(S

†S)2 + λp(H
†H)(S†S) . (8.6)

3This setup has obvious similarities with Mirror World [54, 55, 87] and Twin Higgs [24–26] sce-
narios, and in particular the Fraternal Twin Higgs models [36, 37, 53, 60, 61], although in our case
we are taking the HS SU(3)′ dynamical scale Λhs

χ & 1 TeV rather than the few GeV appropriate for
the Twin Higgs models.
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This potential induces spontaneous symmetry breaking in both sectors. We write the

VEV of S as 〈S〉 = vs/
√

2 and the VEV of H as 〈H〉 = vh/
√

2, with vh = 246 GeV

the electroweak VEV.

We introduced a portal term in the above Lagrangian with a coupling λp. This is

a marginal operator which can arise from integrating out heavier degrees of freedom

and is allowed by the symmetries of the two sectors. The portal coupling results in the

mixing of the SM and HS Higgs gauge eigenstates h′ and s′ into the mass eigenstates

h and s.

The scalar potential given in Eq. (8.6) is generically minimised when both |H|
and |S| acquire non-zero VEVs. Expanding around these VEVs and diagonalising

the resulting quadratic terms in the potential gives the masses mh and ms of the light

and heavy scalar mass eigenstates of the theory. These can be read-off directly from

Ref. [15]. We have

m2
h = λhv

2
h + λsv

2
s −
√
D (8.7)

m2
s = λhv

2
h + λsv

2
s +
√
D, (8.8)

where

D =
(
λhv

2
h − λsv2

s

)2
+ λ2

pv
2
hv

2
s . (8.9)

The two scalar mass eigenstates h and s are related to the gauge eigenstates h′ and

s′ by the rotation that enacts the aforementioned diagonalisation. That is to say,

(
h′ s′

)
·M2 ·

(
h′

s′

)
=
(
h s

)
· M̂2 ·

(
h
s

)
(8.10)

where M̂ = diag(mh,ms) and

(
h
s

)
=

(
cos θ − sin θ
sin θ cos θ

)(
h′

s′

)
, (8.11)

We identify the lightest scalar mass eigenstate, h, as the SM Higgs. It is the coupling of

the pions to this particle that is of most interest to us, on account that it can mediate

a long-range attractive force between the pions by virtue of its relative lightness.

Given that it is the HS gauge eigenstate s′ which couples to the pions, it is necessary

to find an expression for the mixing angle θ. We have

tan(2θ) =
λpz

λsz2 − λh
, (8.12)
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where z is defined as ratio of the VEVs, z ≡ vs/vh. For z large, assuming λh and λs

are comparable in size, we can write the mixing angle in Eq. (8.12) in terms of the

small parameter ζ ≡ z−1,

tan(2θ) =
λpζ

λs − λhζ2
=
λp
λs
ζ +O(ζ3). (8.13)

In this limit, the small angle approximation for θ is also valid and we find that

θ ≈ λpvh
2λsvs

. (8.14)

Finally, we can write the SM Higgs cubic coupling λvh in terms of the couplings in

the scalar potential. We have

λvh = λhvh cos3 θ − λsvs sin3 θ +
λp
2

(
vh cos θ sin2 θ − vs sin θ cos2 θ

)
, (8.15)

and so

λ ≈ λh −
λ2
p

4λs
. (8.16)

In the small mixing angle limit, θ � 1, s′ can be written in terms of the mass

eigenstates as

s′ ≈ s− θh ≈ s− λpvh
2λsvs

h. (8.17)

Furthermore, when the HS pions are heavier than the lightest mass eigenstate h, the

form of the couplings of h to the HS pions is fully determined by the breaking of

scale symmetry in the HS theory. In particular, following the work of Voloshin and

Zakharov [139,140], later explicated by Chivukula et al. [27], we may first write down

the effective chiral Lagrangian for the interactions with the HS gauge eigenstate s′,

which is given at leading order by

L =

(
1 +

4nh
3β0

s′

vs

)
f 2

4
tr
(
∂µΣ∂µΣ†

)

+

(
1 +

[
1 +

2nh
β0

]
s′

vs

)
B0f

2

2
tr
(
M(Σ + Σ† − 2)

)
.

(8.18)

Here, nh is the number of heavy flavours – i.e., the number of quarks q with mq > Λhs
χ

– and β0 is the one-loop beta function in the HS, given for general SU(Nc) with n`

light flavours by

β0 =
1

3
(11CA − 4TFn`) , (8.19)

where CA = Nc and TF = 1/2 sets the normalisation of the generators. In all that

follows, we assume that n` = 2, and so we consider the SU(2) chiral Lagrangian.
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The additional terms in Eq. (8.18) that couple s′ to the HS pions originate either

from integrating out heavy quarks (terms proportional to nh) or via the Yukawa

terms in Eq. (8.5) – for details of the numerical coefficients, see Ref. [27]. Finally,

the Lagrangian in Eq. (8.18) can be rewritten in favour of h/vs using the relation in

Eq. (8.17) as

L =

(
1− θ2η

3

h

vs

)
f 2

4
tr
(
∂µΣ∂µΣ†

)

+

(
1− θ (1 + η)

h

vs

)
B0f

2

2
tr
(
M(Σ + Σ† − 2)

)

+
1

2
∂µh∂

µh− U(h),

(8.20)

where we have defined η ≡ 2nh/β0 (and neglected interactions with the scalar s on

the grounds that it is much heavier than the other scalar states), and we have now

included the Higgs potential,

U(h) =
1

2
m2
hh

2 + λvhh
3 +

1

4
λh4. (8.21)

We will show in the following sections that the field theory defined by the Lagrangian

Eq. (8.20) admits thick- and thin-wall Q-ball solutions for some values of the param-

eters.

8.3 Minimising the Energy in a Sector of Fixed

Charge

A Q-ball is the state with minimum energy for a given charge in a theory of scalar

fields. The Hamiltonian for the theory defined by Eq. (8.20) is given by

H =

∫
d3x

(
1− θ2η

3

h

vs

)
f 2

4
tr
(

Σ̇Σ̇† +∇Σ · ∇Σ†
)

−
(

1− θ (1 + η)
h

vs

)
B0f

2

2
tr
(
M(Σ + Σ† − 2)

)

+
1

2

(
ḣ2 +∇h · ∇h

)
+ U(h).

(8.22)

This yields the energy of a configuration according to the low energy description of the

theory. However, since the scalar fields are composites of fermions, their wave func-

tions cannot arbitrarily overlap due to Fermi repulsion. This will add a component to

the total energy of the Q-ball, which we denote EF . The average energy contributed to
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the Q-ball per constituent fermion, derived by considering the occupancy of a phase

space volume,4 is
3

5
EF =

3

10mf

(3π2n)2/3 (8.23)

where EF is the Fermi energy, n is the number density of a fermionic species, and

mf is the dressed quark mass, i.e., the mass of an excitation with the same quantum

numbers as a quark, within the Q-ball medium. Typically, mf ∼ ΛHS
χ , which is not

set in our theory and so can in principle be large relative to other scales.5 The total

energy contributed to the Q-ball is thus

EF =
1

5mf

(
243π4Q

5

V 2

)1/3

, (8.24)

where V is the volume of the Q-ball, and Q the total charge.

To determine the state with the lowest energy for a given charge, we introduce a

Lagrange multiplier, ω, to the Hamiltonian to enforce charge conservation, as per the

analysis given in Ref. [90]. Combining the above elements, the functional we wish to

study is given by

Eω = H + EF + ω

(
Q−

∫
d3x j0

)
, (8.25)

where minimisation with respect to the Lagrange multiplier yields the definition of

the charge Q for a given field configuration. The mass of the Q-ball is determined

through minimisation with respect to the field content of the theory.6 The charge

functional is found by considering the 0-th component of the Noether current density,

jµ, associated to the transformation

Σ→ exp(−iαX)Σ exp(iαX) and h→ h, (8.26)

where X = X†. In what follows, we will take X = σ3/2, but we leave it as X at

present for notational convenience. The charge functional is given by

∫
d3x j0 = i

∫
d3x

(
1− θ2η

3

h

vs

)
f 2

4
tr
(

Σ̇[Σ, X] + Σ̇†[Σ†, X]
)
. (8.27)

4See, for example, Ref. [86], for a full derivation and discussion of the origin of the Fermi energy.
5If the chiral symmetry breaking scale is sufficiently high, one might wonder if it might give rise to

unnaturally large corrections to the Higgs mass through pion loops. The cubic Higgs-pion coupling
gives rise to corrections that are logarithmic in Λhs

χ /mπ, however, and therefore naturalness is not a
problem in this case.

6The field configuration Σ(~r, t) = 1 and h(~r, t) = 0 leads to Q = 0. Thus, a configuration with
non-zero charge must differ from 0 in some domain.
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We can isolate the explicit time-dependence by rewriting Eq. (8.25) as

Eω =

∫
d3x

(
1− θ2η

3

h

vs

)
f 2

4
tr
(
|Σ̇− iω[Σ, X]|2 − ω2[Σ, X][X,Σ†] +∇Σ · ∇Σ†

)

−
(

1− θ (1 + η)
h

vs

)
B0f

2

2
tr
(
M(Σ + Σ† − 2)

)

+
1

2

(
ḣ2 +∇h · ∇h

)
+ U(h)

+ ωQ+ EF .
(8.28)

The two terms with explicit time-dependence are minimised if they vanish, and so

Σ(~r, t) = exp(−iωXt)Σ(~r) exp(iωXt) and h(~r, t) = h(~r). (8.29)

Though written in favour of a matrix representation, the earlier choice of X = σ3/2

reproduces the well-known fact about Q-balls: the charged constituent scalars (here

π±) rotate in field space with angular speed proportional to ω and their respective

charge under the symmetry.

As usual, upon reinsertion of the Q-ball ansatz into the energy functional, what

remains is impossible to solve analytically for Q-balls in general. However, progress

can be made in the thick- and thin-wall limits. We present both of these limits in

the forthcoming sections. These are original work and can be found in Ref. [18] and

Ref. [19], respectively.

8.4 Thick-Wall Q-balls

We will show in this section that thick-wall Q-balls formed from the light scalars

of the theory (the HS pions and the SM Higgs) can exist. We will present two

cases: an analytic example with no heavy quarks in the HS, and a numerical example

with arbitrarily many heavy quarks. As found in the previous chapter, the chiral

Lagrangian alone, i.e., with no coupling to the Higgs field, does not admit thick-wall

Q-balls.

8.4.1 The Thick-Wall Analysis

The thick-wall Q-ball limit corresponds to the limit in which the field values at the

centre of the Q-ball are small such that terms quartic (and higher) in the fields can be

neglected [89]. In what follows, we will neglect the contribution to the energy of the

Fermi repulsion and will consider that effect separately below. We take, without loss
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of generality, the U(1) symmetry of the Chiral Lagrangian to act on the underlying

pNGBs as

π± → e±iαπ± and π0 → π0. (8.30)

The labels on the pions thus refer to their charge under this U(1) symmetry, not to

their electromagnetic charge.

Expanding Σ in the functional given in Eq. (8.28), using Eq. (8.1), and including

terms involving the Higgs alone gives, to cubic order,

Eω =

∫
d3x

[(
1− θ2η

3

h

vs

)(∣∣π̇+ − iωπ+
∣∣2 +

1

2
π̇0π̇0

)
+

1

2
ḣ2

+

(
1− θ2η

3

h

vs

)(
~∇π+ · ~∇π− +

1

2
~∇π0 · ~∇π0

)
(8.31)

+
1

2
~∇h · ~∇h+ Û(~π, h)

]

+ ωQ,

where

Û(~π, h) =m2
π

(
1− θ (1 + η)

h

vs

)(
π+π− +

1

2
π0π0

)
+

1

2
m2
hh

2 + λvhh
3

−
(

1− θ2η

3

h

vs

)
ω2π+π−.

(8.32)

The only explicit time dependence of Eω has been isolated in the first line of

Eq. (8.31). This integral is positive semidefinite, and to minimise its contribution to

the energy the fields must have the following time dependence:

π±(x, t) = e±iωtπ±(x), π0(x, t) = π0(x), h(x, t) = h(x). (8.33)

Our problem now involves four real degrees of freedom: π±(x), π0(x), and h(x).

To proceed, we assume that the spatial profile of each of the fields has, up to normal-

isations, the same form:

π±(x) = π(x), π0(x) = βπ(x), h(x) = απ(x) , (8.34)

where we allow for α and/or β to be zero. This ansatz is sufficient for the purpose

of demonstrating the existence of Q-balls; in reality, the spatial profiles of the fields

might differ, but this extra freedom in the minimisation process can only further

lower the Q-ball energy. With these proportionality relations, we can write Eω solely
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in terms of the field π(x). In addition to the gradient-squared and field-squared terms,

we also have the cross-term

−θ2η

3

α

vs

(
1 +

1

2
β2

)
π(~∇π)2. (8.35)

This term can be dropped to leading order in a self-consistent approximation scheme

for the Q-ball solution. This is because it is suppressed relative to the (~∇π)2 term

by the mixing angle and 〈π〉/vs, where 〈π〉 is the maximum value of the pion VEV

inside the Q-ball, and to the π3 term in Eq. (8.32) by spatial gradients, which we will

a posteriori check to be small. This term is also exactly absent when η ∝ nh = 0.

It now remains to minimise the energy functional with respect to the function

π(x) and the three variables α, β, and ω. To do this, it is useful to redefine the fields

and the coordinates in Eq. (8.31) in order to isolate them in a dimensionless integral:

ξi = mπ

(
1 +

1

2
β2 +

1

2

m2
h

m2
π

α2 − Ω2

)1/2

(
1 +

1

2
β2 +

1

2
α2

)1/2
xi,

ψ = α

mπ

vs
θ(1 + η)

(
1 +

1

2
β2 − 2η

3(1 + η)
Ω2

)
− λvh
mπ

α2

mπ

(
1 +

1

2
β2 +

1

2

m2
h

m2
π

α2 − Ω2

) π.

(8.36)

After these redefinitions, the energy functional becomes

Eω
Qmπ

=
Sψ
Qα2

(
1 +

1

2
β2 +

1

2

m2
h

m2
π

α2 − Ω2

)3/2(
1 +

1

2
β2 +

1

2
α2

)3/2

(
mπ

vs
θ(1 + η)

[
1 +

1

2
β2 − 2η

3(1 + η)
Ω2

]
− λvh
mπ

α2

)2 + Ω, (8.37)

where Ω ≡ ω/mπ and Sψ is given by

Sψ =

∫
d3ξ
(
~∇ξψ · ~∇ξψ + ψ2 − ψ3

)
, (8.38)

where ξ and ψ are the spatial coordinate and field in dimensionless units, defined in

Eq. (8.36). This has the same form as the bounce action for an analogous Euclidean

tunnelling problem in three dimensions, and so we can make use of previous results

on this subject [22, 30, 32]. In particular, the integral is minimised when the field
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is spherically symmetric, and thus we expect all Q-ball solutions to be spherically

symmetric. The value of Eq. (8.38) when minimised is approximately 38.8 [104].

A global minimum with Eω/Qmπ < 1 corresponds to a classically stable Q-ball

solution. After minimisation with respect to ω, which enforces the fixed-charge con-

straint, and α and β, the Q-ball has a mass MQ = Eω. The radius, RQ, of the Q-ball

is ∼ 1 in terms of the dimensionless coordinate ξ. Translated into the parameters of

the model, it is given by

R−1
Q ∼ mπ

(
1 +

1

2
β2 +

1

2

m2
h

m2
π

α2 − Ω2

)1/2

(
1 +

1

2
β2 +

1

2
α2

)1/2
. (8.39)

We will minimise Eω in two cases: first, we will analytically study the case that

there are no additional quarks with masses above the chiral symmetry breaking scale

in the HS, and with the Higgs acting as a massless mediator; second, we will numeri-

cally study the case that there are arbitrarily many heavy quarks in the HS, allowing

the Higgs mass and self-coupling to be non-zero.

The qualitative dependence of the energy functional on α and β is shown in

Fig. 8.2, for typical parameter choices. Physically we expect that, for m2
h/m

2
π � 1,

β will be zero for the following reason. The neutral pion has no cubic interactions

with the charged pions, unlike the Higgs, and thus no direct way to lower the energy

of the Q-ball. It does, however, have a cubic interaction with the Higgs, which will

acquire a VEV at the centre of the Q-ball along with the charged pions, and this

cubic interaction may favour the neutral pion acquiring a VEV of its own. However,

since this interaction is quadratic in the neutral pion, the Higgs VEV in the Q-ball

must be sufficiently large that this term dominates the neutral pion mass term. We

hence expect that for pions much heavier than the Higgs, the neutral pion will have

a VEV of precisely zero. We will see that this is so in both the analytic and the

numerical analysis of the subsequent two sections.

8.4.2 An analytic example: no heavy quarks

In order to determine the conditions for the existence of Q-balls in this theory, as

well as the nature of the Q-balls should they exist, we must minimise the energy

functional given in Eq. (8.37) with respect to Ω, α, and β. This is not possible to

do analytically in the general case: minimising with respect to Ω requires finding the

roots of a sixth-order polynomial. The barrier to analyticity comes from the term
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Figure 8.2: The schematic behaviour of the dimensionless energy functional Eω/Qmπ

in Eq. (8.37) as a function of α and β, for typical choices of parameters. It can be
seen that the formation of a Higgs VEV inside the Q-ball is energetically favoured,
whilst the formation of a neutral pion VEV is not.

proportional to Ω in the denominator of Eω. Thus, to gain an analytic understanding

of the Q-ball, we assume that there are no heavy quarks in the HS: this sets η = 0 and

therefore removes the problematic term.7 To make the results more straightforward

and illuminating, we will also take the Higgs mass and cubic self-coupling to zero; it is

possible to analytically study the system without this assumption, but at the expense

of making the results more opaque. This assumption is valid provided the pion mass

terms and the cubic coupling of the pions to the Higgs dominate the aforementioned

terms in the Lagrangian; that is,

1

2

m2
h

m2
π

α2 � 1 and
λvhvs
θm2

π

α2 � 1. (8.40)

We will leave a more general discussion of this type of hidden sector until Section 8.4.3,

where we relax this assumption and the assumption that nh = 0 with a numerical

minimisation of the Q-ball energy, scanning over the parameters of the model.

Setting η = 0 and mh = λ = 0 in Eq. (8.37), we first minimise with respect to α

to obtain α2 = 4 + 2β2. Substituting this back into the energy functional, we observe

that, for Ω2 > 0, the expression is a strictly increasing function of β, and hence is

7Notice that η → 0 removes all couplings of the field to its derivative in Eq. (8.31). Thus, the
results of Chapter 4 hold. Since the potential contains terms that are cubic in the field, it is plausible
that thick-wall Q-balls exist. Moreover, this theory includes two massive real scalars. Thus, the Q-
ball has a lower bound of accumulated charge for stability unless either the VEV of these real scalars
vanish inside the Q-ball or the mass is much smaller than the mass of the charged pions.
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minimised when β = 0 (as argued in the previous section). Thus

α = 2 and β = 0. (8.41)

The energy of the Q-ball is minimised when the VEV of the neutral pion inside the

Q-ball is zero, whilst the VEV of the Higgs is double that of the charged pions.

With these substitutions, we have an energy functional of the same form, as a

function of Ω, as that given in [89]. We can therefore translate those results across

to our case. The energy functional is minimised with respect to Ω if

ε ≡ 4

9
√

3Sψ

Qθ2m2
π

v2
s

= Ω
(
1− Ω2

)1/2
, (8.42)

which has a solution for Ω provided 0 < ε < 1/2. The expression for Ω at the

minimum is

Ω =

(
1 +
√

1− 4ε2

2

)1/2

. (8.43)

Substituting this back into the energy functional and expanding in ε yields

MQ

Qmπ

= 1− 1

6
ε2 −O(ε4), (8.44)

where MQ is the energy of the Q-ball. The expression on the right-hand side is clearly

less than unity for ε > 0. Thus, this solution is (classically) stable for Q > 0.8

From Eq. (8.39) we find that the radius of the Q-ball is given by

R−1
Q ∼

εmπ√
3

(
1 +

1

2
ε2 +O

(
ε4
))

. (8.45)

This characteristic (inverse) length scale is proportional to the small parameter ε, thus

justifying our earlier assertion that spatial derivatives are suppressed in the thick-wall

case.

Finally, the maximal value of the charged pion VEV occurs in the centre of the

Q-ball and takes the value

〈π(0)〉 ∼
(
1− Ω2

) vs
2θ
∼
(
2× 10−5

)
Q2θ3

(
mπ

vs

)3

mπ. (8.46)

8If the Higgs mass is appreciable compared to that of the pions, there is a lower bound on the
charge Q due to the fact that the Higgs provides an unfavourable contribution to the mass-to-charge
ratio of the Q-ball – see below. Note also that the charge needs to be sufficiently large that quantum
fluctuations are under control and the semiclassical approximation is valid. Here we take this to
imply Q & 10.
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This solution is subject to the following theoretical constraints. Firstly, we require

the charge to be sufficiently small that the thick-wall analysis is valid. Secondly, we

must check that the Q-ball number density is not so large that the Fermi degeneracy

pressure due to the quarks which constitute the pions becomes important. Finally,

the fact that the Higgs is actually massive introduces a lower bound on the charge

aggregated to form a stable Q-ball.

Thick-wall validity

The thick-wall analysis is only valid in the low charge regime. This is represented by

the condition that ε < 1/2, which can be rearranged to give

Q . 76

(
vs
θmπ

)2

. (8.47)

We have assumed that the quartic terms in the energy functional are small compared

to the quadratic and cubic terms, which are approximately equal in size in the centre

of the Q-ball. There are two types of quartic term we need to consider: the π4 term

and the h4 term.9 Demanding that the Higgs quartic is indeed negligible when the

pion VEV is given by its maximum value, Eq. (8.46), yields

Q� 150
vs

θmπ

√
λ
. (8.48)

Demanding that the pion quartics are negligible likewise gives the constraint

Q� 430
vsf

θm2
π

. (8.49)

Note that these constraints merely place limits on the validity of the thick-wall anal-

ysis, not on the existence of a Q-ball of any description. If these constraints are

strongly violated, then stable Q-balls are best described using the thin-wall analy-

sis [31,90]. We will return to the issue of existence and properties of thin-wall Q-balls

in this class of hidden sector models in the next section. In the intermediate charge

region, we expect that stable Q-balls will still exist, though these will be of neither

thick- nor thin-wall type.

9In principle, there is also an h2π2 term, but this arises due to a dimension-six operator suppressed
by an independent mass scale. This scale can naturally be much larger than Λhs

χ , thus decoupling
this quartic interaction.
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Fermi degeneracy pressure

Another important consideration arises due to the fact that the scalars from which

these Q-balls are built are in fact composites of fermions, the HS quarks. If the density

of pions in the Q-ball is too high, Fermi degeneracy pressure due to these quarks can

become significant. In this case, we expect that the radius of the Q-ball will increase

to counteract this pressure and reduce the contribution to the Q-ball energy from

the filled Fermi sphere. Nevertheless, we can put a conservative upper bound on the

charge of the Q-ball by demanding that, for the Q-ball radius as calculated above,

such energy contributions are lower than the binding energy.

In the non-relativistic limit, the average additional energy contributed to the Q-

ball per constituent fermion is

E =
3

5
EF =

3

10mf

(3π2n)2/3, (8.50)

where mf is the fermion mass and n its number density. We will demand that

2QE < Qmπ −MQ. (8.51)

This leads to

Q . 0.1

(
mf

mπ

)3/2

. (8.52)

We hence see that Fermi degeneracy pressure can be quite significant. Given that

the pions are pseudo-Nambu-Goldstone bosons of an approximate spontaneously-

broken chiral flavour symmetry, we expect them to be relatively light compared to

the other scales in the theory. In particular, the appropriate masses of the constituent

(dressed) quarks should be of order the chiral symmetry breaking scale, Λhs
χ . This

is undetermined and can in principle be arbitrarily high; as such, we will not worry

further about this constraint.

The Higgs Mass

In Chapter 4, we remarked that if a thick-wall Q-ball is partially composed of a

massive real scalar, then there will be a lower bound on the charge for the Q-ball to

be stable. This is because the mass of the real scalar only contributes to the energy

of the Q-ball without an increase in charge, and thus enough charge must accumulate

for the system to be stable. Given that the Higgs is assumed as having a small

mass relative to the HS pions, we may approximate this lower bound by perturbing
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about the analytic solution given here. Specifically, we consider Eq. (8.37), under the

constraint
Eω
mπQ

< 1, (8.53)

with the parameter values η → 0, λ→ 0, α → 2, β → 0, and Ω given by Eq. (8.43).

We find that the approximate lower bound on the charge due to the Higgs mass is

Q > 186.8
mhv

2
s

θ2m3
π

, (8.54)

which, as expected, vanishes in the limit that mh/mπ → 0. Moreover, we would also

expect a bound due to the Higgs cubic, as this similarly provides the Q-ball with

additional mass without a corresponding increase to the charge. However, we do not

include this here.

8.4.3 A numerical example: arbitrarily many heavy quarks

The task of analytically minimising the energy functional, Eq. (8.31), is intractable in

the general case, but can be done numerically. In this section we present the results

of a numerical minimisation of the energy functional with respect to α, β, and Ω for

various choices of nh, scanning over the parameters in Eq. (8.31). Across the entirety

of parameter space we find that the energy functional is minimised when β = 0. This

is in line with the heuristic argument presented in Section 8.4.2 that the neutral pion

should not acquire a VEV inside the Q-ball.

The results are almost entirely independent of the number of heavy quarks. This is

perhaps to be expected, since the number of heavy quarks enters only through a small

modification to the denominator of Eq. (8.37). Consequently, we have chosen to use

nh = 4 as an illustrative example of the full numerical analysis; the most important

differences between the analytic and numerical results arise from neglecting the Higgs

mass and cubic coupling in the former case. We therefore also present a numerical

analysis where we take nh = 0, mh/mπ → 0 and λ→ 0; this ‘minimal’ case is meant

as a cross-check against the analytic example discussed in Section 8.4.2.

The parameters were randomly sampled uniformly on a logarithmic scale. They

are listed, along with their lower and upper bounds used for the scan, in Table 8.1.

A set of randomly chosen parameters was rejected if it resulted in an energetically

unfavourable solution – i.e., if Eq. (8.31) had no minimum such that Eω/Qmπ < 1.

The Higgs cubic coupling λ was treated as an independent parameter since it is poorly

constrained by LHC Higgs measurements [1, 2].

119



Parameter Range Distribution

Q [1, 108] log-uniform
vs [TeV] [1, 10] log-uniform
mπ [TeV] [0.5, 2vs] log-uniform

θ [10−4, 0.1] log-uniform
λ [10−6, 10−1] log-uniform

Table 8.1: Scan parameters and their ranges. Log-uniform means uniformly dis-
tributed on a logarithmic scale.

In the following figures, the solutions are clustered in cells and the cell brightness is

directly proportional to the number of solutions it contains; the lighter (more yellow)

the cell, the larger the number of solutions contained in it. In each figure, the left

(right) panel shows the results for the minimal (full) case.

Figure 8.3 shows the result of the scan for the fractional binding energy, 1 −
MQ/Qmπ, versus the total Q-ball charge. The figure shows that thick wall Q-balls

exist for a wide range of charges (indeed, across the entire range of charges scanned

over), with (for small charges) there being a preference for larger binding energy the

larger the charge. This is consistent with the expression Eq. (8.44) in the analytic

example. When the Higgs mass is appreciable, there is some preference for larger

binding energy, across a range of charges. This can be attributed to the fact that

the Higgs mass results in an unfavourable contribution to the Q-ball energy, and so

favourable contributions from the other terms in the energy functional are required

to be larger to offset this. The typical scale of the binding energy is thus increased.

Figures 8.4 and 8.5 show the behaviour of the physical Q-ball parameters, namely

its mass and radius, with respect to the charge of the Q-ball. In Fig. 8.4 there is

a strong linear correlation between the mass and charge of the Q-ball in both the

minimal case and the full case. This is consistent with expression Eq. (8.44) in the

analytic example, which predicts a linear relation between the mass and charge, to

leading order.

Figure 8.5 shows that, for a given charge, there are Q-ball solutions with radii

ranging from around 10−3 fm to around 1 fm in the minimal case. The radius (for

small charges) tends to be larger on average for smaller Q; this is consistent with the

expression Eq. (8.45) in the analytic example. We also note that the radius is bounded

above by about 10−2 fm in the full case, when the Higgs mass is accounted for. This

effect can be traced back to Eq. (8.39), with mh acting to reduce the radius of the

Q-ball. Indeed, if we take the limit Ω → 1, then whilst the Q-ball gets arbitrarily
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Figure 8.3: Number of Q-ball solutions with different fractional binding energies for
different choices of Q-ball charge. The shade of a given cell corresponds to the number
of solutions in that cell; a lighter (more yellow) shade corresponds to more solutions.
The left and right panels show the result of the scan for the minimal case and the full
case respectively.

large in the minimal case, its radius is bounded above by ∼ mh/mπ in the full case.

Physically we expect a lighter Higgs to yield a longer range attractive force, in turn

stabilising bigger Q-balls.

Figure 8.6 shows the relationship between the Q-ball fractional binding energy

and radius, in units of the pion mass. In the minimal case there is an exact relation

between these two quantities; note that Eq. (8.44) and Eq. (8.45) are both functions

solely of ε. To leading order this relation is linear with gradient −2. In the full case

there is no such fixed relation, but nevertheless the binding energy is bounded above

for a given radius, with there being a preference for binding energies close to this

bound.

8.5 Thin-Wall Q-balls

A thin-wall Q-ball is characterised by a core of a homogeneous state, named Q-matter,

and a thin outer shell. The mass of a thin-wall Q-ball is dominated by this core.10

We let Σ(~r) = Σ0 and h(~r) = h0 be constant spatial profiles of the fields inside the

10This statement holds apart from in the case where the underlying fields comprising the Q-ball
take on configurations such that the potential energy vanishes inside the homogeneous core (see
Ref. [130]). In this case, the mass of the resulting Q-ball is dependent only on its surface energy.
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Figure 8.4: The distribution of Q-ball solutions in the mass-charge plane. See caption
of Fig. 8.3 for more details.

core of the Q-ball, such that

Eω ≈− ω2

(
1− θ2η

3

h0

vs

)
f 2

4
tr
(

[Σ0, X][X,Σ†0]
)
V

−
(

1− θ (1 + η)
h0

vs

)
B0f

2

2
tr
(
M(Σ0 + Σ†0 − 2)

)
V

+ U(h0)V + ωQ+ EF ,

(8.55)

where V is the volume of the core of the Q-ball.

To determine the mass of the resulting Q-ball, this expression must be minimised

with respect to the field content, as well as the volume and the Lagrange multiplier.

As we are working in the regime that there are two light quarks, we take advantage

of the fact that Σ0 ∈ SU(2) to proceed further,

Σ0 = exp (iϕn̂ · σ) = cosϕ+ i (n̂ · σ) sinϕ, (8.56)

where it is understood that cosϕ multiplies a unit 2× 2 matrix, and n̂ = (n1, n2, n3)

is a unit vector, n̂2 = 1.

For convenience, we introduce a small parameter, ε, defined as,

ε ≡ θ
h0

vs
. (8.57)

Here, we recall that θ is the mixing angle between the SM and HS Higgses and is less

than unity following our choice to work in the small angle limit. Furthermore, the
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Figure 8.5: The distribution of Q-ball solutions in the radius-charge plane. See
caption of Fig. 8.3 for more details.

ratio of VEVs h0/vs must also be small otherwise the effective field theory describing

our system is not valid. Therefore, we also have that ε� 1. Minimising with respect

to the Lagrange multiplier, ω, yields

Q =

(
1− 2η

3
ε

)
f 2ω(1− n2

3) sin2 ϕV . (8.58)

This expression corresponds precisely to the one for the charge as determined from

Eq. (8.27). We use this to eliminate ω, giving

E =
Q2

2

(
1− 2η

3
ε

)
f 2(1− n2

3) sin2 ϕV

+
(
1− (1 + η) ε

)
m2
πf

2(1− cosϕ)V

+ U(h0)V +
1

5mf

(
243π4Q

5

V 2

)1/3

.

(8.59)

The only dependence on the direction of the VEV of Σ is the factor n3 in the first

term. The energy of the Q-ball is minimized for n3 = 0, which corresponds to zero

VEV for the neutral pions. This behaviour is unsurprising since a neutral pion VEV

inside the Q-ball contributes to its mass but not to its charge – unlike the SM Higgs,

the neutral pion does not offer a way to reduce the mass of the resulting Q-ball for a

given charge.

We further note that, in the expression that must be minimised, E/Q, the volume

and charge of the Q-ball always appear in the form V/Q. Thus, we infer that V
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scales linearly with Q for thin-wall Q-balls, even in the presence of Fermi degeneracy

pressure. This is in contrast with the thick-wall case, where V ∼ Q−3, for small

Q [18, 89].

Before we continue, we note the complications in proceeding analytically. Due

to the non-trivial dependence on V , it is not feasible to analytically minimise the

energy of the Q-ball with respect to the volume exactly. This is entirely due to the

presence of the Fermi degeneracy pressure. Furthermore, the presence of nh heavy

quarks in Eq. (8.59) does not qualitatively affect the Q-ball solution since it only

contributes an additional (and slightly larger) coupling between the HS Higgs and

pions. Therefore, in the following, we will set nh = 0 to simplify our expressions – we

will reintroduce this parameter in our numerical results. The Higgs potential is also

a barrier to obtaining exact analytical expression. We will discuss this as we proceed

below.

For notational convenience, let us define the dimensionless variables,

Ê ≡ E

mπQ
and ν ≡ mπ f

2 V

Q
, (8.60)
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together with the dimensionless parameters

A ≡ (243π4)1/3

5

(
f 4

m3
f mπ

)1/3

(8.61)

B ≡ 1

4

λ

θ4

v4
s

m2
π f

2
(8.62)

C ≡ θ
vh
vs

(8.63)

These parameters effectively control the size of the contribution to the Q-ball mass

due to the presence of Fermi degeneracy pressure, and the SM Higgs potential. Note

that C is not entirely independent of B – they are related through

BC4 =
λ

4

v4
h

m2
πf

2
. (8.64)

This relation is always satisfied for some parameter values in each theory. Moreover,

by Eq. (8.14), we see that C ∝ θ2, and so it is related to the mixing between the SM

and the HS. Thus, we see that C is naturally small.

Consider the example of mπ ∼ f ∼ 4vh and λ ∼ 0.1, then BC4 ∼ 10−4. Since, in

the small angle approximation, θ . 10−1, we also have that

B & 103

(
vs
f

)4

, C . 10−1

(
vh
vs

)
,

λp
λs

(
vh
vs

)
. 10−1, (8.65)

where the final inequality comes from the definition of θ in Eq. (8.14). If there is

no hierarchy between the two parameters λp and λs, then we see that C . 10−2 and

B & 104, which in turn requires that vs & f – this latter constraint is consistent with

the idea that the “heavy Higgs” is massive enough that we need not include it in our

effective theory. Realistically, the parameters can be different from these assignments,

but we use values similar to these in our numerical study below.

Q-ball stability requires, at the minimum of the energy, that Ê < 1; that is, the

mass of the Q-ball must be less than the product of the total charge and the HS

pion mass such that it cannot classically decay into pions. With these definitions, the

energy of the Q-ball reads,

Ê =
1

2 sin2 ϕν
+ (1− ε)(1− cosϕ) ν +B

(
4C2ε2 + 4Cε3 + ε4

)
ν +

A

ν2/3
, (8.66)

where we have set η = 0, as discussed above. Minimising this expression with respect

125



to ε, ϕ and ν yields, respectively,

4B
(
2C2ε+ 3Cε2 + ε3

)
= (1− cosϕ)

(1− ε)ν2 =
cosϕ

(1− cos2 ϕ)2

(1− ε)(1− cosϕ) +B
(
4C2ε2 + 4Cε3 + ε4

)
=

1

2(1− cos2 ϕ)ν2
+

2

3

A

ν5/3
.

(8.67)

It is not possible to simultaneously solve these equations analytically due to the

combination of the terms proportional to ν−2 and ν−5/3, as well as the Higgs self-

interactions.11 We must therefore proceed numerically obtaining, at best, analytical

approximations in certain limits.

Naively, we might expect that, since they represent contributions to the Q-ball

energy without a corresponding contribution to the charge, the parameters A, B and

C, defined in Eqs. (8.61), (8.62), and (8.63), should be as small as possible for a stable

Q-ball to form. However, note that if we set B → 0 in the above, then ϕ→ 0. This

represents the vacuum solution, i.e., no stable Q-ball forms. Thus, counterintuitively,

the Higgs potential is a necessary component in the stabilisation of these Q-balls; it

is not enough for the Higgs to merely couple linearly to the pNGBs.

In the limit of A→ 0 and C → 0, with B non-zero, these equations can be readily

solved for a stable Q-ball solution. We find that, to leading order,

ϕ2 ≈ 8Bε3, ν ≈ 1

8Bε3
and ε ≈ 1

(8B)1/2
. (8.68)

The resulting physical properties of the Q-balls are given by

mQ ≈ mπQ

(
1− 1

8

1

(2B)1/2

)
and V ≈ Q

mπf 2
(8B)1/2. (8.69)

We see that the resulting Q-balls are stable, provided that B > 1/128. In fact,

B > O(1) since the expansion is in terms of ε � 1, and so this condition is always

satisfied whenever the expansion in ε is valid.

For the resulting Q-balls to be well-approximated by this idealised solution, we

require that A � 1 and that the Higgs potential be well-defined by its quartic term

in the centre of the Q-ball, i.e., that 4C � ε. Considering the definition of C and ε

given above, this translates to vh � h0, and so the VEV of the Higgs inside the Q-ball

must be much greater than its VEV outside it. This occurs if the separation between

11One might naively expect that, in the large volume limit, we might ignore the term proportional
to ν2, however, this becomes equivalent to the limits, either ε → 1, φ → 0, or ν → 0, which are all
inconsistent with our assumptions (ε < 1) or the requirements for a stable Q-ball solution (φ 6= 0
and ν > 0).
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Figure 8.7: The C vs. ε plane. Each line corresponds to a family of Q-ball solutions
for different values of the parameter A each given on their respective line. The dotted
line denotes C = ε. The excluded zone is the region where the binding energy goes
negative – this corresponds with C � ε, as discussed in the main text.

the scale of the Higgs and the scale of the HS pNGBs is large. To corroborate this,

we examine this inequality in terms of the solution above,

8
√

2B1/2C � 1, (8.70)

which, in terms of the fundamental parameters of the theory, is

v2
s

mπf
� 1, (8.71)

where we have assumed that no hierarchy exists between the parameters λs and λp,

and taken λ ∼ 0.1. Thus, we see that, for this limit to be realistic, we require a hier-

archy between the scale of the pNGBs and the VEV of the heavier HS Higgs. More-

over, since we ignored the HS Higgs from our analysis, for this to be self-consistent,

we would require a large splitting between mπ and f . We thus see that this limit is

highly idealised (and is contrary to our realistic parameter values discussed above).

A realistic analysis, however, must consider non-zero A and C. And, regarding

the latter, for A positive definite, there is a maximum value of C beyond which

the Q-ball becomes unbound because large values of C make the contribution of

the Higgs potential to the Q-ball mass large. For a given value of A and B, we

can numerically determine the relationship between ε and C by solving the set of

equations in Eq. (8.67) simultaneously. These contours are shown in Fig. 8.7. The

shaded region in the figure delineates where the Q-ball solutions become unstable
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because C becomes too large.12 Note that for the case where A = 0, the Q-ball

solutions are always bound for any value of C up to its asymptotic value.

The vertical asymptotes13 on the right of the plot represent the case that C → 0.

For A→ 0, this corresponds to the idealised case given above. When C is appreciable

with respect to ε – when the curve differs slightly from the vertical asymptote – we

find that

ε ≈ 1

(8B)1/2
− C. (8.72)

Given that 1− Ê ∼ ε, we thus see that the binding energy of the Q-balls is reduced,

which is as expected – though the Higgs is a necessary component for the stability

of these Q-balls, the Higgs self-interactions only increase the mass without increasing

the charge, and so the turning on of additional terms in the potential should always

relatively reduce the binding energy. For A & 1, we find that the asymptotes are

given by

ε ≈ 3

64AB2/3
. (8.73)

In these cases, 1−Ê ∼ ε once more, and so we see that the binding energy of these Q-

balls reduces quickly with increasing A or, equivalently, the greater the contribution

the Fermi repulsion has, the less bound the Q-ball is.

We now turn our attention to the Fermi repulsion, its corresponding parameter,

A, and the properties of realistic Q-balls. In Figs. 8.8 and 8.9, we plot the fractional

binding energy, 1− Ê, and the resulting Q-ball radius, as functions of A for different

values of B and C – we use the fact that B and C are related through Eq. (8.64). We

see that there are two limiting regimes. For A� 1 – the Fermi repulsion provides a

negligible component to the energy – there is no dependence of the physical parame-

ters on A: for C → 0, this regime corresponds to our idealised scenario above. In the

high A regime, the binding energy and radius scales as

mQ ≈ mπQ

(
1− 9

1024

1

AB2/3

)
and V ≈ Q

mπf 2

(
32

3

)3

A3B. (8.74)

As we can see in the latter case, together with the plots in Figs. 8.8 and 8.9, the

effect of the Fermi repulsion is profound on the physical properties of the Q-ball.

The binding energy reduces quickly with increased A and the Q-ball radius increases

12In this plane, this can be thought of as the region where ε� C – this is equivalent to the limit
h0 � vh, i.e., that the Higgs VEV inside the Q-ball is negligible. As noted above, the Higgs is a
necessary component to the stability of these Q-balls, and so it is expected that this limit would not
produce a meaningful solution.

13The asymptotes in the shaded region are unphysical, and so we do not mention them further.
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Figure 8.8: The fractional binding energy with no heavy quarks (left panel) and three
heavy quarks (right panel). The three curves correspond to different values of the
constant B; see text for details. The thick grey lines behind each curve (left panel)
are obtained from the analytic expressions in the two limits of large and small A.

quickly with increased A. Note, when C ∼ ε, we obtain a function of A that is almost

parallel to the case of C → 0. When C > ε, we see that as A gets larger, it becomes

too large of a component of the energy of the Q-ball, and it renders it unstable. There

is thus a maximum value of A that allows for stable Q-balls to form – this maximum

can only be found numerically and is model-dependent, and so we do not state any

values here.

We also include in these plots the binding energy curve for non-zero heavy quarks.

Here, we choose nh = 4 to mimic the SM. We find that the shape of the curves are

unchanged by the addition of the heavy quarks and they merely introduce a shift

to the curve towards higher binding energy. This behaviour is consistent with our

earlier discussion, namely that the addition of heavy quarks effectively introduces an

additional, slightly larger, coupling between the HS Higgs and pions.

Finally, we comment on the phenomenology of these Q-balls if they form a compo-

nent of the observed DM abundance. In order to give an analytic understanding, we

consider the idealised scenario of A→ 0 and C → 0 in what follows. Upon including

gravity, Q-balls may not have arbitrarily large charge [124, 133, 134]. A constraint

on the maximum charge of Q-balls comes from demanding that the radius is always

larger than the corresponding Schwarzschild radius, RQ > 2MQ/M
2
Pl. This gives a
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constraint on the charge to be

Q <

[
3
√

2

16π

]1/2
M3

Pl

m2
πf
B1/4. (8.75)

Since both the volume and energy of the Q-balls we studied scale with the charge,

this in turn sets an upper bound on the mass and volume of these Q-balls before they

collapse into black holes:

mQ <

[
3
√

2

16π

]1/2
M3

Pl

mπf
B1/4 (8.76)

and

RQ <
1

2

[
54
√

2

π3

]1/6
MPl

mπf
B1/4. (8.77)

For some typical values for the idealised case of mπ ∼ TeV, f ∼ 10TeV, vs ∼ 5TeV,

θ ∼ 0.01 and λ ∼ 0.1, this sets an upper bound of ∼ 10 cm! These Q-balls can

therefore be phenomenologically relevant, far below their upper bound in size, in

DM experiments seeking direct detection, as they are in principle distinguishable

from point-like particle states due to form factor suppression at moderately-high

momentum transfer. The question, therefore, is how can such large Q-balls be formed

in the early Universe? The build-up of Q-balls from collisions with constituent quanta,

coined ‘solitosynthesis’ [59, 69], is unlikely to result in such large Q-balls, or even Q-

balls that are large enough to be distinguished phenomenologically. This question is

the subject of ongoing study.
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8.6 Summary

In this work we have demonstrated, by both analytic and numerical methods, the ex-

istence of Q-ball solutions in an interacting, hidden sector pNGB-Higgs boson system.

The specific class of low-energy effective Lagrangians we study, Eq. (8.20), are simple

generalisations of the usual chiral Lagrangian to hidden sector QCD-like strong dy-

namics, supplemented by Higgs-portal-mediated interactions with the (lighter) phys-

ical Higgs boson. We find that both thick- and thin-wall Q-balls exist in this sector,

subject to certain constraints given throughout the chapter. We emphasise that we

have shown that Q-balls can exist in theories where the global charge-carrying states

are composite, rather than elementary, scalars.

Such Q-ball solutions may be relevant to DM properties in a variety of BSM

theories, in particular those of asymmetric dark matter and pNGB-Higgs theories.

To assess whether this is the case requires a dedicated study of Q-ball production

dynamics in the early Universe. Naively, there is no analogue of a decay of an Affleck-

Dine condensate [50, 93] as applies in supersymmetric Q-ball models of dark matter.

Thus we are left with solitosynthesis and aggregation build up along the lines of [59,

69, 72] as the likely dominant mechanism, though the details are different, or even a

new mechanism altogether. This is the subject of future work.
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Chapter 9

Concluding Remarks and Future
Prospects

To reiterate Chapter 1, this thesis represented a study on the formal properties of field

theories to determine which class of theories admit Q-ball solutions. Consequently,

its goals were two-fold:

• To constrain the theories that possess stable Q-ball states by: (i) determining

the differential equations that govern the VEV of the constituent scalar in the

thin-wall limit, together with the physical properties of the resulting Q-ball; (ii)

constraining the small-field expansions that lead to stable thick-wall Q-balls by

demanding that the minimum of energy be classically stable against decay to

the underlying quanta of the scalar field;

• To determine whether stable Q-balls, in both the thick- and thin-wall limit,

can form from scalar mesons arising from the breaking of an approximate chiral

symmetry in the SM and in a particular BSM theory.

We did not discuss the phenomenology of these theories in this thesis. We addressed

the first point in Parts I and II, and the second point in Part III.

We have studied a wide class of theories and characterised the requirements for

stable Q-balls to form. Specifically, we have studied: single-field theories possessing a

single stabilising symmetry whose potential possesses interactions that are powers of

the field, and for theories with non-canonical kinetic terms; and multi-field theories

with either a single or multiple symmetries. Specifically, in the class of single-field

theories we studied, we obtained necessary conditions for stable thick-wall Q-balls

to exist. In our studies of multi-field theories, we only obtained sufficient conditions

for stable thick-wall Q-balls to exist. We have also introduced a new class of object:
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cored Q-balls, in which a larger Q-ball possesses another Q-ball, composed of another

field, in its core.

As an example of a multi-field theory with non-canonical kinetic terms, we studied

ChPT both in the SM and in a new hidden sector. We found that, to leading order,

the SM does not admit Q-ball states. However, we found that a particular hidden

sector, with mirror-world-like properties, could house Q-ball states that are stabilised

by the SM Higgs.

There is still much work to be done. Firstly, a common result in our analyses of

thick-wall Q-balls was that the next-to-quadratic term had to have an index p, such

that 2 < p < 10/3. That this same result appeared time and again would imply

something deeper about thick-wall Q-balls in general. Whether or not this is the

case is worthy of study. However, this could just be an artefact of our assumptions

throughout – we often reduced the complexity of the system by making it as close to

a single-field theory as possible, and so one could have predicted the results found.

Given that theories that violate this bound on p possess a thin-wall limit – in-

cluding the theory whose potential contains terms with indices that are 2-4-6, which

is often studied – it is implied that there exists a minimum charge in order for stable

Q-balls to exist. The value of this charge is important to know, particularly in the

scenario that realistic Q-balls are formed through aggregation of charge in the early

universe. The requirement here is that, until this minimum charge is reached, the

timescale of formation must be much less than the timescale of dissolution of the

unstable thick-wall state.

The analysis of theories contained in this thesis can be generalised to more complex

theories. This includes theories which couple the field to higher derivatives, or a more

complex scenario involving multiple fields and a product group of symmetries.

A key component of the study of multi-field theories in the thick-wall limit was the

assumption that the spatial profiles only differ by a positive normalisation constant.

This must be tested numerically to see whether the properties of the Q-balls found

are accurate or at least approximately so. It should be emphasised that relaxing this

assumption should only make the true binding energy greater, and thus the Q-balls

are more likely to form over a wider range of parameter space.

Much of this thesis has been concerned with characterising the types of theories

that possess Q-ball states. We are physicists and we care about real-world theories

that describe known phenomena. It would therefore be beneficial – if not crucial –

to find actual theories that allow these Q-balls to exists, particularly in the case of

multi-charged and cored Q-balls.
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On the subject of realistic theories, ChPT contains terms beyond the leading order

piece studied in this thesis. It is important to understand whether the addition of

these terms leads to stable Q-ball states in the SM itself.

The Higgs-assisted Q-balls studied here are stable. As such, they can be relevant

DM candidates. A dedicated study is required in order to determine their viability,

as well as the formation properties in the early universe.

In his 1876 article, On Waves, Lord Rayleigh states that [131]:

“Airy, in his treatise on Tides and Waves, still probably the best authority on the

subject, appears not to recognize anything distinctive in the solitary wave.”

We hope that this thesis has shown that solitons, specifically Q-balls, are distinc-

tive and of much interest with still so much to learn about them, from their formal

properties in field theories to whether our universe allows them to exist at all.
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