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Abstract

The success of machine learning is due in part to the effectiveness of
scalable computational methods, like stochastic gradient descent or Monte
Carlo methods, that undergird learning algorithms. This thesis contributes
four new scalable methods for distinct problems that arise in machine
learning. It introduces a new method for gradient estimation in discrete
variable models, a new objective for maximum likelihood learning in the
presence of latent variables, and two new gradient-based differentiable
optimization methods. Although quite different, these contributions address
distinct, critical parts of a typical machine learning workflow. Furthermore,
each contribution is inspired by an interplay between the numerical problems
of optimization and integration, an interplay that forms the central theme
of this thesis.
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Chapter 1

Introduction

Machine learning enjoyed a series of high-profile achievements in, e.g., image classification
[140], speech recognition [118], automatic machine translation [269], speech synthesis
[253], and games playing [235]. These successes are enabled partly by software
packages that automate learning [245] [1, 200, [43]; partly by the use of expressive
black-box models and predictive accuracy as the metric for validating them [45]
147]; and partly by the unreasonable effectiveness of computational methods, like
stochastic gradient descent [37] or Monte Carlo methods [220], that undergird learning
algorithms.

This thesis contributes to the computational methodology of machine learning
through new methods for gradient estimation in discrete variable models (Chapter
, new objectives for maximum likelihood learning in the presence of latent variables
(Chapter[3), and gradient-based differentiable optimization (Chapters[d]&[f]). Although
quite distinct as methods, the problems of computing derivatives, defining objective
functions, and optimizing are all critical parts of a typical machine learning workflow.
Furthermore, each new method is thematically unified by an interplay between the

numerical problems of optimization and integration.

1.1 Integrals and Optima

Optimization and integration hide at the core of many machine learning methods.
Consider for example the maximum likelihood objective [79], which is one most
widely-used for fitting machine learning models [I78]. In all but the simplest models,
finding the maximum likelihood parameters requires an algorithm that searches over
the likelihood surface for an extreme point [86]. This is the problem of optimization,
and is usually accomplished using some kind of method for numerical optimization

[38]. Maximum likelihood in many graphical models requires computing marginal



distributions, which are essentially counts or volumes of high-dimensional spaces.
This is the problem of integration, and it is a well-studied topic for graphical models
[260].

At first, these two problems do not seem related. Integrals measure the volume
under a function’s surface taken over its domain. Integration is fundamentally an
accumulative process; small changes anywhere in a function’s surface will generally
lead to different values for its integral. Optima are the extreme points of a function’s
surface. Many changes to the surface would not change the location of its optima,
and for differentiable functions, these optima are completely characterized by local
properties. Thus, optima appear to be mostly local phenomena, while integrals appear
to be mostly global ones.

Yet, this apparent distinction is only superficial. On the one hand, in some settings
integration can be reduced to optimization through a variational approach [12§].
On the other hand, some optimization algorithms may be interpreted as numerical
integrators of ordinary differential equations [206, 238]. Consider a third specific
example in the problem of sampling from probability distributions, which is most
often used as a subroutine in the estimation of integrals via Monte Carlo estimation.
Markov chain Monte Carlo methods [46] are frequently used to solve this problem,
and they can be shown to reduce a real-valued objective function over probability
distributions [129] 221], i.e., to be performing optimization in the space of measures.
This view of sampling as optimization can be used to analyze rates [169] and design
methods [26, 262]. Each of the three contributions of this thesis are seeded by
an observation of this type. Chapter [2| is based on the Gumbel max trick, which
reduces random variate simulation to optimization. Chapter |3|is based on variational
inference, which reduces posterior inference to optimization. Chapters |4 and [5| are
inspired by continuous-time perspectives on optimization, which cast optimization
methods as numerical integrators of differential equations. We introduce each of

these contexts in turn.

1.2 Gradient Estimation and the Gumbel max trick

Software packages for automatic differentiation [245, (1], 200, 43] have been a driving
force in the deep learning revolution [I47], because they liberate practitioners to
explore quickly in the space of models and objectives, without requiring separate
derivative derivations. Therefore, expanding the class of objectives or models that

are amenable to automatic differentiation can have an outsized impact on practice.



An important class of objectives in machine learning are integrals whose density
is the parameter we wish to optimize over. A typical example are the objectives of
reinforcement learning, in which the density in the integrand represents a distribution
over actions and the aim is to maximize the expected reward over the action distribution
[242]. Another example, which we will cover in the next section, are variational
objectives over approximate posteriors in models with latent variables [137, 218]. For
objectives over densities in the integrand, gradient estimators [177, [I0] may be used in
lieu of exact gradients under the Robbins-Monro conditions [219]. In this section we
introduce two popular generic strategies for designing gradient estimators in machine
learning. We return to the interplay between optimization and integration at the end
of the section with the Gumbel max trick.

REINFORCE [264] and reparameterization tricks [I37, 218] are two of the most
widely-used gradient estimation techniques in machine learning. Let (7y)sern be a
family of probability distribution on R? (equipped with the Borel o-algebra B(R?))
parameterized by ¢ € R". Assume that each 7, admits a density p, with respect to
the Lebesgue measure dx. Suppose we are given a differentiable objective function
f : RY — R, then our goal is to approximate the following vector of first partial

derivatives for X ~ my:

VBl 0] = s | [ o) o] = (5| [ @m aa] )

The REINFORCE estimator [264], also known as the score function estimator [98], is
based on the following observation that (assuming that we may exchange derivatives

and integrals):

Vo [ F@po(w) do = [ £@0Vopata) do = [ Fe)Valogpu(ipata) dr. (12)

for p, differentiable and positive a.e. This suggests the REINFORCE estimator,
f(X)V 4logpys(X) for X ~ m,, which may be used a Monte Carlo estimator of
the true gradient. A sufficient condition guaranteeing that one can exchange the
derivative and integral in REINFORCE is that p, be continuously differentiable in ¢
(a.e. in z), f € L?, and |0Opy(x)/0¢;| < M;(z) (a.e. in z) for some M; € L? and all
¢ € R™ [10, Prop. 3.5 of Chap. 7].

Reparameterization tricks [137, 218 [225], also known as infinitesimal perturbation
analysis [90, [52], are based on a change of variables. We consider a simple example

to introduce the idea. Let X ~ N(¢,I) = 1, be a Gaussian random variable with



mean ¢ € R?. The observation driving the reparameterization tricks is the following

(assuming again that we may exchange derivatives and integrals):

Vo E[f(X)] = Vo E[f (¢ + €)] = E[V, [f(¢ + €)]], (1.3)

where € ~ N(0, I'). This suggests the reparameterization gradient estimator, V [f(¢ + €)].
More generally, these estimators can be derived when there exists a differentiable
change of variables g : R” x R™ — RY such that X 2 g(¢,€) for some random
variable € with range R™. The specific requirements on ¢ are that f(g(¢,¢€)) is
differentiable in ¢ (a.e. in €) and that f(g(¢,€)) satisfies a local Lipschitz condition
for some Lipschitz constant in L? [10, Prop. 2.3, Chap. 7]. The rediscovery of
reparameterization gradient estimators in machine learning [137, 2I8| revolutionized
probabilistic methods for deep learning, because these estimators are simple to implement
and generally lower variance than the REINFORCE estimator [§§].

Reparameterization tricks are not always readily available. Consider when the
base measure of is a counting measure and not Lebesgue. The REINFORCE
estimators are typically applicable, but these tend to have prohibitively high variance.
Control variates can be used to reduce the variance of REINFORCE [e.g., [172], but
one may prefer a reparameterization estimator. Discrete distributions admit a generic
change of variables (reparameterization), known in machine learning as the Gumbel
max trick [164], with a long history in random choice theory as the Plackett-Luce
model [205, 273, [158]. Let X ~ w4 be a discrete random variable whose range
X ={xe{0,1}": ), x; =1} are the vertices of the (n — 1)-dimensional simplex. If
Dg 1s its mass function and G; ~ Gumbel [I10] i.i.d., then

X £ arg max{z" (G + log py(2))}. (1.4)

Unfortunately, this reparameterization of X does not obviously get us closer to our
goal of deriving a reparameterization gradient estimator for E[f(X)]. The partial
derivatives in ¢; of the right hand side of are 0 almost surely, and the exchange
of derivative and integral cannot be justified.

Nevertheless, (1.4]) is the starting point of the first contribution of this thesis:
improved gradient estimators for discrete variable models (Chapter [2)). The Gumbel
max trick is also a return to our central theme. shows that simulating a
discrete random variable (an integration-type procedure) can be be accomplished by
optimizing a random function (an optimization-type procedure). Indeed, [164] 160]
show that this is not unique to counting measures. One can define a certain random
function whose optimum is distributed according to any given probability distribution,

and generalize the Gumbel max trick to continuous distributions.
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1.3 Maximum Likliehood via Variational Objectives

In section[I.2], we considered the problem of computing derivatives. A major application
of the gradient estimators of the previous section occurs in the development of
large, non-linear, black-box statistical models for high dimensional natural data.
For example, [253] designed an autoregressive model of audio waveform data, called
WaveNet. When fit to human speech, WaveNet is capable of simulating a novel,
realistic-sounding utterance in the voice of a given speaker, even famous celebrities.
Collectively called “generative modeling”, these machine learning techniques seek
to fit some parametric family of distribution to the empirical distribution of a given
dataset [137, 218, 67, 100} 196}, 248, [176]. Many of these models incorporate unobserved
latent variables, which poses a considerable challenge for methods like maximum
likelihood estimation. A set of scalable approaches [137, 218, 213], collectively called
variational autoencoders, based on variational inference (VI) [128] and amortized
inference have recently made these models trainable. Although VI has a long history
[32], our introduction will emphasize VI as seen from recent developments in statistical
deep learning. Furthermore, we will see that VI is another example of integration
reducing to optimization.

First, we define a typical maximum likelihood objective for latent variable models.
Denote the observations of a dataset by Y, a realization of an R%-valued random
variable. Let us assume that Y is jointly distributed with a random variable X € R9
with joint density pg(x,y) (with respect to the Lebesgue measure) for some parameter
0 € R". It is typical that py is specified via a parametric “prior” density ps(z) and a
conditional “likelihood” density py(y|x) parameterized by some parametric function
of x. The goal of maximum likelihood estimation (MLE) [79] is to recover § € R"

that maximizes the marginal log-likelihood,

log po(Y) = log (/pg(:}:,Y) dx) . (1.5)

In such generality, this model is not particularly new, e.g. mixture models are
captured in this family. It is the expressivity of the likelihood function (generally
computed by some neural network) that make such models suitable for complex
natural data and the likelihood is a point of major innovation, e.g., [55]. The
assumption that the observed data is actually distributed according to this distribution
for some 6 € R” is essentially never verified, but approaches that approximately
optimize the likelihood of these large, non-linear, black-box models tend to

work well in practice, e.g. [142].



Ideally, one would compute derivatives of the objective and run an optimization
routine to approximate the MLE. Unfortunately, even computing the derivative is
intractable, owing to the integral inside the logarithm. VI is a strategy for overcoming
this intractability [128] [I7]. Let g4(z|y) be a conditional density in some parametric
family, defined for all y in the support of py(z,-). The variational lower bound is

defined as the following objective,

£io.0) - [ [log %] w(]Y) dz < log po(¥) (1.6)

The bound is tight when g4(x|y) is the true conditional py(z|y) under the model
po. Assuming the parametric family of ¢ contains the true posteriors of p, the
joint optimum of in 6 and ¢ is the MLE. The EM algorithm [66] is a classical
algorithm used to optimize (L.6)), but the updates of the EM algorithm are generally
too expensive for the models considered in statistical deep learning.

There are two insights behind the variational autoencoder approach to using
to perform approximate MLE in deep, non-linear models. The first is that is in
the same form as and its gradients in ¢, # may be estimated with the approaches
of section [I.2] The second, is that a single, highly-expressive ¢, can approximate the
true conditional pg(x|y) over an entire dataset. The second insight is typically called
amortized inference, because the cost of inference is “amortized” in the learning of
the parameters ¢. In practice, in deep learning, this objective is then optimized with
some gradient-based optimization routine jointly over 6 and ¢ [137, 21§].

Returning now to the theme of the thesis, note that, when the variational bound
(1.6) is tight, the problem of integrating out the latent variables (computing the
marginal log-likelihood) can be cast as an optimization problem (maximizing over gy).
In Chapter |3, we design generalizations of specialized for sequential models.

1.4 Gradient-based Optimization and Momentum

In section[I.3we introduced variational objectives for maximum likelihood estimation,
and in section we introduced gradient estimators for such objectives. In this
section, we complete the picture by introducing the basics of gradient-based optimization.
We will consider a simplified scenario. Let f : R — R be a convex differentiable

function that is bounded below. We are interested in finding a minimizing argument,

Tmin = arg min f(x). (1.7)

zcRd



The gradient descent algorithm is one of the simplest algorithms for this problem.
It begins with the observation that the negative gradient (the vector of first partial
derivatives, Vf(x) = (0f(x)/0z™)) points in the direction of greatest instantaneous
decrease on the function’s surface. Given some initial point zo € R? and a step size

1/L > 0, the iterates of gradient descent are given by,

If the step size is small enough and the function smooth enough, the iterates of this
scheme will iteratively descend the function’s surface. Methods like gradient descent,
which only use the first-order derivatives [190] 207, 193], are among the most popular
in machine learning. This is partly due to their ease of implementation and scalability
[130]. One of the first questions to ask about any optimization scheme is, when can
one guarantee its convergence and at what rate? This is the topic of the final two
chapters of this thesis (Chapters [ & [5).

Smoothness and strong convexity are two typical conditions used to guarantee the
convergence of gradient descent. For smooth convex f, the iterates f(x;) — f(@min)
of gradient descent converge at a rate of O(1/i). For smooth, strongly convex f, the
iterates f(z;) — f(%mm) of gradient descent converge geometrically at a rate of O(\?)
for some 0 < A < 1. Smoothness is a condition that guarantees that f grows no faster
than a quadratic, and strong convexity is a condition that guarantees that f grows no
slower than a quadratic. Intuitively, smoothness guarantees a descent in f and strong
convexity guarantees a sufficient descent for fast convergence. See [190} 207, 193] for
these classical results.

Gradient-based optimizers are generally improved by incorporating momentum
into the dynamics of the iterates. Although there is flexibility in how it is implemented,
momentum adds a persistence of “motion” that improves convergence in directions of
persistent gradient signal. The first introduction of momentum is due to Boris Polyak

[206], and his iteration is given by,
Tiy1 = x; — oV f(x;) + Ba; — xi-1), (1.9)

where o, 5 > 0. Note that the only distinction between (|1.9)) and the gradient method
(1.8)) is the last term, which is exactly the term that produces a persistence of motion.
Polyak showed that is capable of achieving optimal local convergence rates (an
improvement over the gradient method) on twice-differentiable, smooth, and strongly

convex f. Nesterov’s celebrated accelerated gradient algorithms are another form of



momentum, and these achieve optimal global rates for smooth convex f and smooth,
strongly convex f [195].

In the final two chapters of this thesis we ask whether the momentum method
(Chapters {)) and the gradient method (Chapters [5)) can be generalized to converge
under conditions that generalize smoothness or strong convexity. As we show, this
generalization is possible, and the inspiration comes from the Monte Carlo literature
(another return to the central theme of the interplay between optiization and integration).

First, consider what happens to the sequence of iterates defined by asa — 0
and 5 = y/a(l —~) for 0 < v < 1. The iterates (under reasonable smoothness

conditions) approach solutions of the following ordinary differential equation [233].

/
Ty = Pt

. (1.10)
¢

= =V f(z:) —vp:

Very similar differential equations describe dynamics used in the Monte Carlo literature.

p

In particular, the Hamiltonian Monte Carlo algorithm (HMC) is one of the most
successful Monte Carlo methods for continuous distributions and it uses discretizations
of the Hamiltonian differential equations (below) to propose moves in a Metropolis-
Hastings scheme [I85],

xy, = Vk(pr)

Py = —Vf(z)

where k : R? — R is generally a convex differentiable function and f is the log-density

(1.11)

of the measure whose integrals we wish to approximate. The dynamics described by
are used in physics as a model of frictionless dynamics that preserve energy.
describes dynamics exposed to a constant source of friction, which dissipates
energy [165]. This dissipation is important for optimization, because otherwise the
system would fail to converge. Indeed, and describe the same system
when 7 = 0 and Vk(p) = p. Therefore, momentum optimizers may be seen as the
dissipative cousin of the dynamics used in HMC.

Drawing parallels between optimization and Monte Carlo methods can inspire
methodological progress. This is because some questions, more naturally posed in
one literature (Monte Carlo or optimization), may also be relevant for the other. For
example, the function k in is a free parameter that a user may design, and recent
work in the HMC literature [I149] argued that a sensible choice of k achieves Vi =~

(Vf)~!. This suggests considering following differential equation for optimization,
x, = Vk(p
f (b (1.12)
Py =—=Vf(z:) —vpe

8



where k£ : R? — R is a convex differentiable function designed by the user. The
natural question to ask of is, how should &k and f relate for the convergence of
discretizations of to the minimum of f?7 This is the starting point of Chapter
, and we find a rather satisfying answer; Vk should approximate (Vf)™! — xp, in a
sense made precise by conditions that are similar to smoothness and strong convexity.
In Chapter |5| we simplify these conditions to ones that exactly generalize smoothness
and strong convexity, and we present a version of non-linear preconditioning of the
gradient descent algorithm that exploits them. The conditions that we are arrive
at are closely related to, but distinct from, conditions recently introduced to study
mirror descent [16], [156].

1.5 Overview

This thesis presents four methodological contributions to distinct, complementary
parts of a standard machine learning workflow. It is an integrated thesis formed of
four chapters, each corresponding to a separate paper and presented in the form that
they were published or submitted. Two papers were published at machine learning

conferences, one is in review, and one is in preprint. * indicates joint first authorship.

1. Chris J. Maddison*, Dieterich Lawson®, George Tucker*, Nicolas Heess, Mohammad
Norouzi, Andriy Mnih, Arnaud Doucet, Yee Whye Teh. Filtering Variational

Objectives. In Advances in Neural Information Processing Systems, 2017.

2. Chris J. Maddison, Andriy Mnih, and Yee Whye Teh. The Concrete Distribution:
A Continuous Relaxation of Discrete Random Variables. In International Conference

on Learning Representations, 2017.

3. Chris J. Maddison*, Daniel Paulin*, Yee Whye Teh, Arnaud Doucet. Hamiltonian
Descent Methods. In Preprint, 2018.

4. Chris J. Maddison*, Daniel Paulin®, Yee Whye Teh, Arnaud Doucet. Dual

Space Preconditioning for Gradient Descent. In Review, 2019.
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THE CONCRETE DISTRIBUTION:
A CONTINUOUS RELAXATION OF
DISCRETE RANDOM VARIABLES

Chris J. Maddison'?, Andriy Mnih!, & Yee Whye Teh!
1DeepMind, London, United Kingdom

2University of Oxford, Oxford, United Kingdom
cmaddis@stats.ox.ac.uk

ABSTRACT

The reparameterization trick enables optimizing large scale stochastic computa-
tion graphs via gradient descent. The essence of the trick is to refactor each
stochastic node into a differentiable function of its parameters and a random vari-
able with fixed distribution. After refactoring, the gradients of the loss propa-
gated by the chain rule through the graph are low variance unbiased estimators
of the gradients of the expected loss. While many continuous random variables
have such reparameterizations, discrete random variables lack useful reparame-
terizations due to the discontinuous nature of discrete states. In this work we
introduce CONCRETE random variables—CONtinuous relaxations of disCRETE
random variables. The Concrete distribution is a new family of distributions
with closed form densities and a simple reparameterization. Whenever a discrete
stochastic node of a computation graph can be refactored into a one-hot bit rep-
resentation that is treated continuously, Concrete stochastic nodes can be used
with automatic differentiation to produce low-variance biased gradients of objec-
tives (including objectives that depend on the log-probability of latent stochastic
nodes) on the corresponding discrete graph. We demonstrate the effectiveness of
Concrete relaxations on density estimation and structured prediction tasks using
neural networks.

1 INTRODUCTION

Software libraries for automatic differentiation (AD) [1, 245] are enjoying broad use, spurred on by
the success of neural networks on some of the most challenging problems of machine learning. The
dominant mode of development in these libraries is to define a forward parametric computation, in
the form of a directed acyclic graph, that computes the desired objective. If the components of the
graph are differentiable, then a backwards computation for the gradient of the objective can be de-
rived automatically with the chain rule. The ease of use and unreasonable effectiveness of gradient
descent has led to an explosion in the diversity of architectures and objective functions. Thus, ex-
panding the range of useful continuous operations can have an outsized impact on the development
of new models. For example, a topic of recent attention has been the optimization of stochastic
computation graphs from samples of their states. Here, the observation that AD “just works” when
stochastic nodes! can be reparameterized into deterministic functions of their parameters and a fixed
noise distribution [137, 218], has liberated researchers in the development of large complex stochas-
tic architectures [106].

Computing with discrete stochastic nodes still poses a significant challenge for AD libraries. Deter-
ministic discreteness can be relaxed and approximated reasonably well with sigmoidal functions or
the softmax [104, 102], but, if a distribution over discrete states is needed, there is no clear solution.
There are well known unbiased estimators for the gradients of the parameters of a discrete stochas-
tic node from samples. While these can be made to work with AD, they involve special casing

"For our purposes a stochastic node of a computation graph is just a random variable whose distribution
depends in some deterministic way on the values of the parent nodes.

10



Published as a conference paper at ICLR 2017

and defining surrogate objectives [231], and even then they can have high variance. Still, reason-
ing about discrete computation comes naturally to humans, and so, despite the difficulty associated,
many modern architectures incorporate discrete stochasticity [271, 138].

This work is inspired by the observation that many architectures treat discrete nodes continuously,
and gradients rich with counterfactual information are available for each of their possible states.
We introduce a CONtinuous relaxation of disSCRETE random variables, CONCRETE for short, which
allow gradients to flow through their states. The Concrete distribution is a new parametric family
of continuous distributions on the simplex with closed form densities. Sampling from the Concrete
distribution is as simple as taking the softmax of logits perturbed by fixed additive noise. This
reparameterization means that Concrete stochastic nodes are quick to implement in a way that “just
works” with AD. Crucially, every discrete random variable corresponds to the zero temperature
limit of a Concrete one. In this view optimizing an objective over an architecture with discrete
stochastic nodes can be accomplished by gradient descent on the samples of the corresponding
Concrete relaxation. When the objective depends, as in variational inference, on the log-probability
of discrete nodes, the Concrete density is used during training in place of the discrete mass. At test
time, the graph with discrete nodes is evaluated.

The paper is organized as follows. We provide a background on stochastic computation graphs and
their optimization in Section 2. Section 3 reviews a reparameterization for discrete random vari-
ables, introduces the Concrete distribution, and discusses its application as a relaxation. Section 4
reviews related work. In Section 5 we present results on a density estimation task and a structured
prediction task on the MNIST and Omniglot datasets. When comparing the effectiveness of gra-
dients obtained via Concrete relaxations to a state-of-the-art-method (VIMCO) [175], we find that
they are competitive—occasionally outperforming and occasionally underperforming—all the while
being implemented in an AD library without special casing.

2 BACKGROUND

2.1 OPTIMIZING STOCHASTIC COMPUTATION GRAPHS

Stochastic computation graphs (SCGs) provide a formalism for specifying input-output mappings,
potentially stochastic, with learnable parameters using directed acyclic graphs (see [231] for a re-
view). The state of each non-input node in such a graph is obtained from the states of its parent
nodes by either evaluating a deterministic function or sampling from a conditional distribution.
Many training objectives in supervised, unsupervised, and reinforcement learning can be expressed
in terms of SCGs.

To optimize an objective represented as a SCG, we need estimates of its parameter gradients. We will
concentrate on graphs with some stochastic nodes (backpropagation covers the rest). For simplicity,
we restrict our attention to graphs with a single stochastic node X. We can interpret the forward
pass in the graph as first sampling X from the conditional distribution pg () of the stochastic node
given its parents, then evaluating a deterministic function fp(x) at X. We can think of fp(X) as a
noisy objective, and we are interested in optimizing its expected value L(0, ¢) = Ex ., (o) [fo(X)]
w.r.t. parameters 6, ¢.

In general, both the objective and its gradients are intractable. We will side-step this issue by esti-
mating them with samples from p(z). The gradient w.r.t. to the parameters 6 has the form

VoL (0, ¢) = VoExp, (o) [fo(X)] = Exrp, @) [VoSo(X)] M
and can be easily estimated using Monte Carlo sampling:
1 s s
VoL(0,6) = 5 > Vofo(X), @

where X® ~ pg(x) ii.d. The more challenging task is to compute the gradient w.r.t. the parameters
¢ of pg(x). The expression obtained by differentiating the expected objective,

VoL(0,0) =V [pola)fu()ds = [ fo(a)Vepalo) . 3

does not have the form of an expectation w.r.t.  and thus does not directly lead to a Monte Carlo
gradient estimator. However, there are two ways of getting around this difficulty which lead to the
two classes of estimators we will now discuss.

11
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2.2  SCORE FUNCTION ESTIMATORS

The score function estimator (SFE) [87], also known as the REINFORCE [264] or likelihood-ratio
estimator [98], is based on the identity V4pe(z) = pg(x)V ¢ log pg(x), which allows the gradient
in Eq. 3 to be written as an expectation:

VoL(0,9) = Exep, (@) [fo(X)Vglogpy(X)]. “)

Estimating this expectation using naive Monte Carlo gives the estimator

1
Vol(0,0) = 5 Z; fo(X*)V4logps(X®), (5)

where X°® ~ pg(x) i.i.d. This is a very general estimator that is applicable whenever log pg(x)
is differentiable w.r.t. ¢. As it does not require fg(x) to be differentiable or even continuous as a
function of x, the SFE can be used with both discrete and continuous random variables.

Though the basic version of the estimator can suffer from high variance, various variance reduction
techniques can be used to make the estimator much more effective [103]. Baselines are the most
important and widely used of these techniques [264]. A number of score function estimators have
been developed in machine learning [198, 213, 172, 247, 109], which differ primarily in the variance
reduction techniques used.

2.3 REPARAMETERIZATION TRICK

In many cases we can sample from py(x) by first sampling Z from some fixed distribution
q(%) and then transforming the sample using some function g4(z). For example, a sample
from Normal(y,o2) can be obtained by sampling Z from the standard form of the distribution
Normal(0, 1) and then transforming it using g,, »(Z) = p + 0Z. This two-stage reformulation of
the sampling process, called the reparameterization trick, allows us to transfer the dependence on ¢
from p into f by writing fp(z) = fo(g4(2)) for x = g4(z), making it possible to reduce the problem
of estimating the gradient w.r.t. parameters of a distribution to the simpler problem of estimating the
gradient w.r.t. parameters of a deterministic function.

Having reparameterized py (), we can now express the objective as an expectation w.r.t. ¢(z):
L(0,9) = Exwp,(@)[fo(X)] = Ezng(2)[fo(96(2))]- (©)

As q(z) does not depend on ¢, we can estimate the gradient w.r.t. ¢ in exactly the same way we
estimated the gradient w.r.t. # in Eq. 1. Assuming differentiability of fg(x) w.r.t. z and of g4 (=)
w.r.t. ¢ and using the chain rule gives

VL(0,0) = Ezeqx)[Vefo(96(2))] = Ezmgz) [f6(96(2))Vs96(Z)] - (7

The reparameterization trick, introduced in the context of variational inference independently by
[137], [218], and [246], is usually the estimator of choice when it is applicable. For continuous
latent variables which are not directly reparameterizable, new hybrid estimators have also been
developed, by combining partial reparameterizations with score function estimators [225, 179].

2.4  APPLICATION: VARIATIONAL TRAINING OF LATENT VARIABLE MODELS

We will now see how the task of training latent variable models can be formulated in the SCG
framework. Such models assume that each observation z is obtained by first sampling a vector
of latent variables Z from the prior py(z) before sampling the observation itself from py(z | 2).
Thus the probability of observation x is pg(x) = >, po(z)pe(z | z). Maximum likelihood train-
ing of such models is infeasible, because the log-likelihood (LL) objective L(6) = logpy(z) =
logE ;- (2)[Po( | Z)] is typically intractable and does not fit into the above framework due to the
expectation being inside the log. The multi-sample variational objective [50],

(o))
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exp(z/X)
> exp(zi/X)

(log a; | log ara | log 03) [G1 | Gs I ng (log ay | log iz | log Otg) [Gl | G I G3j

(a) Discrete(a) (b) Concrete(a, A)

Figure 1: Visualization of sampling graphs for 3-ary discrete D ~ Discrete(a) and 3-ary Con-
crete X ~ Concrete(a, A). White operations are deterministic, blue are stochastic, rounded are
continuous, square discrete. The top node is an example state; brightness indicates a value in [0,1].

provides a convenient alternative which has precisely the form we considered in Section 2.1. This
approach relies on introducing an auxiliary distribution g4(z | =) with its own parameters, which
serves as approximation to the intractable posterior pg(z | ). The model is trained by jointly max-
imizing the objective w.r.t. to the parameters of p and q. The number of samples used inside the
objective m allows trading off the computational cost against the tightness of the bound. For m = 1,
L(6, ¢) becomes is the widely used evidence lower bound (ELBO) [120] on log py(x), while for
m > 1, it is known as the importance weighted bound [50].

3 THE CONCRETE DISTRIBUTION

3.1 DISCRETE RANDOM VARIABLES AND THE GUMBEL-MAX TRICK

To motivate the construction of Concrete random variables, we review a method for sampling from
discrete distributions called the Gumbel-Max trick [273, 116, 164]. We restrict ourselves to a rep-
resentation of discrete states as vectors d € {0,1}" of bits that are one-hot, or >, _, d, = 1. This
is a flexible representation in a computation graph; to achieve an integral representation take the

inner product of d with (1,...,n), and to achieve a point mass representation in R™ take W d where
W e Rmx™,
Consider an unnormalized parameterization (a1, . . ., ay,) where oy, € (0, 00) of a discrete distribu-

tion D ~ Discrete(a)—we can assume that states with O probability are excluded. The Gumbel-
Max trick proceeds as follows: sample Uy ~ Uniform(0, 1) i.i.d. for each k, find & that maximizes
{log ay; — log(—log Uy,)}, set Dy, = 1 and the remaining D; = 0 for ¢ # k. Then
_ Mk

D1
In other words, the sampling of a discrete random variable can be refactored into a deterministic

function—componentwise addition followed by argmax—of the parameters log o, and fixed dis-
tribution — log(— log Uy,). See Figure 1a for a visualization.

€))

The apparently arbitrary choice of noise gives the trick its name, as — log(— log U) has a Gumbel
distribution. This distribution features in extreme value theory [110] where it plays a central role
similar to the Normal distribution: the Gumbel distribution is stable under max operations, and for
some distributions, the order statistics (suitably normalized) of i.i.d. draws approach the Gumbel
in distribution. The Gumbel can also be recognized as a — log-transformed exponential random
variable. So, the correctness of (9) also reduces to a well known result regarding the argmin of
exponential random variables.

3.2 CONCRETE RANDOM VARIABLES

The derivative of the argmax is 0 everywhere except at the boundary of state changes, where it is
undefined. For this reason the Gumbel-Max trick is not a suitable reparameterization for use in SCGs
with AD. Here we introduce the Concrete distribution motivated by considering a graph, which is
the same as Figure 1a up to a continuous relaxation of the argmax computation, see Figure 1b. This
will ultimately allow the optimization of parameters o, via gradients.

13
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@A=0 (b)A=1/2 ©N=1 (dr=2

Figure 2: A discrete distribution with unnormalized probabilities (a1, s, a3) = (2,0.5,1) and
three corresponding Concrete densities at increasing temperatures A. Each triangle represents the
set of points (y1,y2,y3) in the simplex A% = {(y1,y2,y3) | yx € (0,1),y1 +y2 + y3 = 1}. For
A = 0 the size of white circles represents the mass assigned to each vertex of the simplex under the
discrete distribution. For A € {2, 1,0.5} the intensity of the shading represents the value of p, x(y).

The argmax computation returns states on the vertices of the simplex A"~! = {x € R" |z, €
[0,1],>"7_, x) = 1}. The idea behind Concrete random variables is to relax the state of a discrete
variable from the vertices into the interior where it is a random probability vector—a vector of
numbers between 0 and 1 that sum to 1. To sample a Concrete random variable X € A"~ ! at
temperature A € (0, co) with parameters ay, € (0, 00), sample Gy, ~ Gumbel i.i.d. and set

exp((log oy, + G)/A)
>oiq exp((loga; + Gi) /)

The softmax computation of (10) smoothly approaches the discrete argmax computation as A — 0
while preserving the relative order of the Gumbels log ax + G. So, imagine making a series of
forward passes on the graphs of Figure 1. Both graphs return a stochastic value for each forward
pass, but for smaller temperatures the outputs of Figure 1b become more discrete and eventually
indistinguishable from a typical forward pass of Figure 1a.

X =

(10)

The distribution of X sampled via (10) has a closed form density on the simplex. Because there may
be other ways to sample a Concrete random variable, we take the density to be its definition.

Definition 1 (Concrete Random Variables). Let a € (0,00)" and A € (0,00). X € A" ! hasa
Concrete distribution X ~ Concrete(a, A) with location « and temperature J, if its density is:

—-A-1

pan(@) = (n— 1A ] (ZO;’“:”’“A) . (11)
k=1

i=1 Qi

Proposition 1 lists a few properties of the Concrete distribution. (a) is confirmation that our def-
inition corresponds to the sampling routine (10). (b) confirms that rounding a Concrete random
variable results in the discrete random variable whose distribution is described by the logits log ay,
(c) confirms that taking the zero temperature limit of a Concrete random variable is the same as
rounding. Finally, (d) is a convexity result on the density. We prove these results in Appendix A.

Proposition 1 (Some Properties of Concrete Random Variables). Ler X ~ Concrete(a, ) with
location parameters o € (0,00)™ and temperature A € (0, c0), then

exp((log ar+Gg)/N)
ST, exp({Tog ai +G1)/N)”

(a) (Reparameterization) If Gy, ~ Gumbel i.i.d., then X}, 4
(b) (Rounding) P (X}, > X; fori#k) = ax/(> i, o),
(c) (Zero temperature) P (limy_0 X = 1) = o/ (>0 ; vi),
(d) (Convex eventually) If A < (n — 1)71, then p, () is log-convex in .

The binary case of the Gumbel-Max trick simplifies to passing additive noise through a step func-

tion. The corresponding Concrete relaxation is implemented by passing additive noise through a
sigmoid—see Figure 3. We cover this more thoroughly in Appendix B.

14
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Figure 3: A visualization of the binary special case. (a) shows the discrete trick, which works by
passing a noisy logit through the unit step function. (b), (c), (d) show Concrete relaxations; the
horizontal blue densities show the density of the input distribution and the vertical densities show
the corresponding Binary Concrete density on (0, 1) for varying \.

3.3 CONCRETE RELAXATIONS

Concrete random variables may have some intrinsic value, but we investigate them simply as surro-
gates for optimizing a SCG with discrete nodes. When it is computationally feasible to integrate over
the discreteness, that will always be a better choice. Thus, we consider the use case of optimizing a
large graph with discrete stochastic nodes from samples.

First, we outline our proposal for how to use Concrete relaxations by considering a variational
autoencoder with a single discrete latent variable. Let P,(d) be the mass function of some n-
dimensional one-hot discrete random variable with unnormalized probabilities ¢ € (0,00)™ and
po(z|d) some distribution over a data point = given d € (0,1)™ one-hot. The generative model is
then pg (z,d) = po(z|d)P,(d). Let Q. (d|x) be an approximating posterior over d € (0,1)™ one-
hot whose unnormalized probabilities a(z) € (0,00)™ depend on z. All together the variational
lowerbound we care about stochastically optimizing is

i [log 2GDIPAD)]
D~Qa(dl) Qa(Dlx)

with respect to 6, a, and any parameters of «. First, we relax the stochastic computation
D ~ Discrete(a(x)) by replacing D with a Concrete random variable Z ~ Concrete(a(x), A1)
with density gax,(z|z). Simply replacing every instance of D with Z in Eq. 12 will re-
sult in a non-interpretable objective, which does not necessarily lowerbound log p(x), because
EZngo s, (alz)[—10g Qa(Z|z)/Pa(Z)] is not a KL divergence. Thus we propose “relaxing” the
terms P, (d) and Q (d|x) to reflect the true sampling distribution. Thus, the relaxed objective is:

L1(0,a,a) = (12)

L1(0,a,a) = 13
i ) Z~qa,n (2]2) qa,)\l(Z‘x) 1

where p, », (%) is a Concrete density with location a and temperature ;. At test time we evaluate
the discrete lowerbound £ (6, a, @).

Thus, the basic paradigm we propose is the following: during training replace every discrete node
with a Concrete node at some fixed temperature (or with an annealing schedule). The graphs are
identical up to the softmax / argmax computations, so the parameters of the relaxed graph and
discrete graph are the same. When an objective depends on the log-probability of discrete variables
in the SCG, as the variational lowerbound does, we propose that the log-probability terms are also
“relaxed” to represent the true distribution of the relaxed node. At test time the original discrete loss
is evaluated. This is possible, because the discretization of any Concrete distribution has a closed
form mass function, and the relaxation of any discrete distribution into a Concrete distribution has a
closed form density. This is not always possible. For example, the multinomial probit model—the
Gumbel-Max trick with Gaussians replacing Gumbels—does not have a closed form mass.

The success of Concrete relaxations will depend on the choice of temperature during training. It is
important that the relaxed nodes are not able to represent a precise real valued mode in the interior
of the simplex as in Figure 2d. If this is the case, it is possible for the relaxed random variable to
communicate much more than log,(n) bits of information about its « parameters. This might lead
the relaxation to prefer the interior of the simplex to the vertices, and as a result there will be a large
integrality gap in the overall performance of the discrete graph. Therefore Proposition 1 (d) is a
conservative guideline for generic n-ary Concrete relaxations; at temperatures lower than (n —1)~!
we are guaranteed not to have any modes in the interior for any « € (0, 00)™. Ultimately the best
choice of A and the performance of the relaxation for any specific n will be an empirical question.
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4 RELATED WORK

Perhaps the most common distribution over the simplex is the Dirichlet with density p,(z) o
IThy wg’“_l on x € A"!. The Dirichlet can be characterized by strong independence proper-
ties, and a great deal of work has been done to generalize it [61, 6, 215, 77]. Of note is the Logistic
Normal distribution [11], which can be simulated by taking the softmax of n — 1 normal random
variables and an nth logit that is deterministically zero. The Logistic Normal is an important dis-
tribution, because it can effectively model correlations within the simplex. To our knowledge the
Concrete distribution does not fall completely into any family of distributions previously described.
For A < 1 the Concrete is in a class of normalized infinitely divisible distributions (S. Favaro,
personal communication), and the results of [77] apply.

The idea of using a softmax of Gumbels as a relaxation for a discrete random variable was concur-
rently considered by [124], where it was called the Gumbel-Softmax. They do not use the density
in the relaxed objective, opting instead to compute all aspects of the graph, including discrete log-
probability computations, with the relaxed stochastic state of the graph. In the case of variational
inference, this relaxed objective is not a lower bound on the marginal likelihood of the observations,
and care needs to be taken when optimizing it. The idea of using sigmoidal functions with additive
input noise to approximate discreteness is also not a new idea. [85] introduced nonlinear Gaussian
units which computed their activation by passing Gaussian noise with the mean and variance spec-
ified by the input to the unit through a nonlinearity, such as the logistic function. [227] binarized
real-valued codes of an autoencoder by adding (Gaussian) noise to the logits before passing them
through the logistic function. Most recently, to avoid the difficulty associated with likelihood-ratio
methods [138] relaxed the discrete sampling operation by sampling a vector of Gaussians instead
and passing those through a softmax.

There is another family of gradient estimators that have been studied in the context of training neural
networks with discrete units. These are usually collected under the umbrella of straight-through
estimators [212]. The basic idea they use is passing forward discrete values, but taking gradients
through the expected value. They have good empirical performance, but have not been shown to be
the estimators of any loss function. This is in contrast to gradients from Concrete relaxations, which
are biased with respect to the discrete graph, but unbiased with respect to the continuous one.

5 EXPERIMENTS

5.1 PROTOCOL

The aim of our experiments was to evaluate the effectiveness of the gradients of Concrete relax-
ations for optimizing SCGs with discrete nodes. We considered the tasks in [175]: structured output
prediction and density estimation. Both tasks are difficult optimization problems involving fitting
probability distributions with hundreds of latent discrete nodes. We compared the performance
of Concrete reparameterizations to two state-of-the-art score function estimators: VIMCO [175] for
optimizing the multisample variational objective (m > 1) and NVIL [172] for optimizing the single-
sample one (m = 1). We performed the experiments using the MNIST and Omniglot datasets.
These are datasets of 28 x 28 images of handwritten digits (MNIST) or letters (Omniglot). For
MNIST we used the fixed binarization of [228] and the standard 50,000/10,000/10,000 split into
training/validation/testing sets. For Omniglot we sampled a fixed binarization and used the stan-
dard 24,345/8,070 split into training/testing sets. We report the negative log-likelihood (NLL) of the
discrete graph on the test data as the performance metric.

All of our models were neural networks with layers of n-ary discrete stochastic nodes with values on
the corners of the hypercube {—1, 1}10%2("). The distributions were parameterized by n real values
log o, € R, which we took to be the logits of a discrete random variable D ~ Discrete(a) with
n states. Model descriptions are of the form “(200V-200H~784V)”, read from left to right. This
describes the order of conditional sampling, again from left to right, with each integer representing
the number of stochastic units in a layer. The letters V and H represent observed and latent variables,
respectively. If the leftmost layer is H, then it was sampled unconditionally from some parameters.
Conditioning functions are described by {—, ~}, where “~” means a linear function of the previous
layer and “~” means a non-linear function. A “layer” of these units is simply the concatenation
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MNIST NLL Omniglot NLL

binary Test Train Test Train
model m  Concrete VIMCO Concrete VIMCO Concrete VIMCO Concrete VIMCO
(200H 1 107.3 104.4 107.5 104.2 118.7 115.7 117.0 112.2
—784V) 5 104.9 101.9 104.9 101.5 118.0 113.5 115.8 110.8

50 104.3 98.8 104.2 98.3 118.9 113.0 115.8 110.0
(200H 1 102.1 92.9 102.3 91.7 116.3 109.2 1144 104.8
—200H 5 99.9 91.7 100.0 90.8 116.0 107.5 113.5 103.6
—784V) 50 99.5 90.7 99.4 89.7 117.0 108.1 113.9 103.6
(200H 1 92.1 93.8 91.2 91.5 108.4 116.4 103.6 110.3
~784V) 5 89.5 914 88.1 88.6 107.5 118.2 101.4 102.3

50 88.5 89.3 86.4 86.5 108.1 116.0 100.5 100.8
(200H 1 87.9 88.4 86.5 85.8 105.9 111.7 100.2 105.7
~200H 5 86.3 86.4 84.1 82.5 105.8 108.2 98.6 101.1
~784V) 50 85.7 85.5 83.1 81.8 106.8 113.2 97.5 95.2

Table 1: Density estimation with binary latent variables. When m = 1, VIMCO stands for NVIL.

of some number of independent nodes whose parameters are determined as a function the previous
layer. For example a 240 binary layer is a factored distribution over the {—1,1}24° hypercube.
Whereas a 240 8-ary layer can be seen as a distribution over the same hypercube where each of the
80 triples of units are sampled independently from an 8 way discrete distribution over {—1,1}3. All
models were initialized with the heuristic of [97] and optimized using Adam [135]. All temperatures
were fixed throughout training. Appendix C for hyperparameter details.

5.2 DENSITY ESTIMATION

Density estimation, or generative modelling, is the problem of fitting the distribution of data. We
took the latent variable approach described in Section 2.4 and trained the models by optimizing the
variational objective £, (6, ¢) given by Eq. 8 averaged uniformly over minibatches of data points
x. Both our generative models pg(z, «) and variational distributions ¢4 (2 | ) were parameterized
with neural networks as described above. We trained models with £, (6, ¢) for m € {1,5,50} and
approximated the NLL with L5 000 (6, ¢) averaged uniformly over the whole dataset.

The results are shown in Table 1. In general, VIMCO outperformed Concrete relaxations for linear
models and Concrete relaxations outperformed VIMCO for non-linear models. We also tested the
effectiveness of Concrete relaxations on generative models with n-ary layers on the £5(6, ¢) ob-
jective. The best 4-ary model achieved test/train NLL 86.7/83.3, the best 8-ary achieved 87.4/84.6
with Concrete relaxations. The relatively poor performance of the §-ary model may be because
moving from 4 to 8 results in a more difficult objective without much added capacity. As a control
we trained n-ary models using logistic normals as relaxations of discrete distributions (with retuned
temperature hyperparameters). Because the discrete zero temperature limit of logistic Normals is a
multinomial probit whose mass function is not known, we evaluated the discrete model by sampling
from the discrete distribution parameterized by the logits learned during training. The best 4-ary
model achieved test/train NLL of 88.7/85.0, the best 8-ary model achieved 89.1/85.1.

5.3 STRUCTURED OUTPUT PREDICTION

Structured output prediction is concerned with modelling the high-dimensional distribution of the
observation given a context and can be seen as conditional density estimation. We considered the
task of predicting the bottom half z; of an image of an MNIST digit given its top half xo, as
introduced by [212]. We followed [212] in using a model with layers of discrete stochastic units
between the context and the observation. Conditioned on the top half x5 the network samples from
a distribution pg(z | x2) over layers of stochastic units z then predicts z; by sampling from a
distribution pg(z1 | z). The training objective for a single pair (z1,x2) is

b, ) = p E [108; (7}1 ;Pe(ﬂﬁ | ZJ)

i~py(z|m2)
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Continuous

binary Test NLL Train NLL ee Discrete oy
model m Concrete VIMCO Concrete VIMCO '." “.

1 58.5 61.4 54.2 59.3 0 K
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Figure 4: Results for structured prediction on MNIST comparing Concrete relaxations to VIMCO.
When m = 1 VIMCO stands for NVIL. The plot on the right shows the objective (lower is better)
for the continuous and discrete graph trained at temperatures A. In the shaded region, units prefer to
communicate real values in the interior of (—1, 1) and the discretization suffers an integrality gap.

This objective is a special case of L£,,, (0, ¢) (Eq. 8) where we use the prior py(z|x2) as the variational
distribution. Thus, the objective is a lower bound on log pg 4(x1 | z2).

We trained the models by optimizing L5 (0, ¢) for m € {1,5,50} averaged uniformly over mini-
batches and evaluated them by computing L5 (6, ¢) averaged uniformly over the entire dataset. The
results are shown in Figure 4. Concrete relaxations more uniformly outperformed VIMCO in this
instance. We also trained n-ary (392V-240H-240H-240H-392V) models on the L7 (8, ¢) objec-
tive using the best temperature hyperparameters from density estimation. 4-ary achieved a test/train
NLL of 55.4/46.0 and 8-ary achieved 54.7/44.8. As opposed to density estimation, increasing arity
uniformly improved the models. We also investigated the hypothesis that for higher temperatures
Concrete relaxations might prefer the interior of the interval to the boundary points 5{_1’ 1}. Figure
4 was generated with binary (392V-240H-240H-240H-392V) model trained on £ (6, ¢).

6 CONCLUSION

We introduced the Concrete distribution, a continuous relaxation of discrete random variables. The
Concrete distribution is a new distribution on the simplex with a closed form density parameterized
by a vector of positive location parameters and a positive temperature. Crucially, the zero temper-
ature limit of every Concrete distribution corresponds to a discrete distribution, and any discrete
distribution can be seen as the discretization of a Concrete one. The application we considered was
training stochastic computation graphs with discrete stochastic nodes. The gradients of Concrete
relaxations are biased with respect to the original discrete objective, but they are low variance un-
biased estimators of a continuous surrogate objective. We showed in a series of experiments that
stochastic nodes with Concrete distributions can be used effectively to optimize the parameters of
a stochastic computation graph with discrete stochastic nodes. We did not find that annealing or
automatically tuning the temperature was important for these experiments, but it remains interesting
and possibly valuable future work.
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A PROOF OF PROPOSITION 1

Let X ~ Concrete(a, A) with location parameters « € (0, 00)™ and temperature A € (0, o).

1. Let G}, ~ Gumbel i.i.d., consider

exp((log a + Gg) /)
>izi exp((log o + Gi)/A)
Let Z;, = log ay, + Gk, which has density

ay exp(—2z) exp(—ay, exp(—2zx))

Y, =
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‘We will consider the invertible transformation

F(Zlv'”vzn) :(ylt"'vyn—hc)

where
yr = exp(zp/N)c !
c= Y exp(zi/A
i=1
then

F™ y1, s yn—1,¢) = (Mlogyr +logc),..., A(log yn—1 +logc), A(log y, +log))
where y, = 1 — Z;:ll y;. This has Jacobian

Ayt 0 0 0 ... 0 Al
0 Ay; 0 0 0 et
0 0 Ayz ! 0 ... 0 At
Dt st At gt gt At

by adding y; /y,, times each of the top n— 1 rows to the bottom row we see that this Jacobian
has the same determinant as

Myrto0 0 0 ... 0 A!
0 Myt 0 0 ... 0 X!
0 0 Ayt 0 0 At
0 0 0 0 ... 0 Meyn)?t
and thus the determinant is equal to
X
c Hf:l yZ

all together we have the density
N TTh_, ar exp(—=Alog yi — Alog ¢) exp(—ay exp(—Alog yr, — Alogc))
c H?:1 Yi
with r = log ¢ change of variables we have density

A" [Treq ar exp(—Ar) exp(—ag exp(—Alogyx — Ar))

T, y !
AT -
}L_ILLOT exp(—nAr) exp(— > _ ajexp(—Alogy; — Ar)) =
| J i=1
letting v = log(>-_; akyk_A)
A" TTemy o

T Ty P +9) expl—exp(-Ar +7) =
i=1J%

integrating out r
A" T o (exp(—vn + v)F(N)> _
I, vt exp(y) A -
n—1 n
W (exp(~am)I(n)) =
-1 [Tios O‘kyki)\il
(O gy )"

(n—1)
d
Thus Y = X.
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2. Follows directly from (a) and the Gumbel-Max trick [160].
3. Follows directly from (a) and the Gumbel-Max trick [160].
4. Let A < (n — 1)1, The density of X can be rewritten as

n —
Ry
pan(@) o< []

n X
k=1 D1 @Y,

A(n—1)—1

_ ﬁ ALY
el Do Qi L4 vy

A—1

Thus, the log density is up to an additive constant C'

n

logpar(z) =Y (A(n—1) = Dlogy, —nlog | Y ax [[v} | +C
k=1 k=1 j#£k

If A\ < (n — 1)1, then the first n terms are convex, because — log is convex. For the
last term, — log is convex and non-increasing and [ | itk y? is concave for A < (n —1)7L.
Thus, their composition is convex. The sum of convex terms is convex, finishing the proof.

B THE BINARY SPECIAL CASE

Bernoulli random variables are an important special case of discrete distributions taking states in
{0,1}. Here we consider the binary special case of the Gumbel-Max trick from Figure 1a along
with the corresponding Concrete relaxation.

Let D ~ Discrete(a) for a € (0, 00)2 be a two state discrete random variable on {0, 1}2 such that
Dy + Dy = 1, parameterized as in Figure 1a by a1, ap > 0:

aq
P(Di=1)= —— 14
( ! ) o1 + Qo (14
The distribution is degenerate, because D; = 1 — Ds. Therefore we consider just D;. Under

the Gumbel-Max reparameterization, the event that D; = 1 is the event that {G; + loga; >
G4 + log as} where G, ~ Gumbel i.i.d. The difference of two Gumbels is a Logistic distribution

G1 — G2 ~ Logistic, which can be sampled in the following way, G; — G2 4 logU —log(1 —U)
where U ~ Uniform(0, 1). So, if & = a3 /as, then we have

P(D; =1)=P(Gy +logay > Gy +logas) =P(logU —log(1 —U) +loga > 0)  (15)

Thus, D; < H(log o +1log U — log(1 — U)), where H is the unit step function.

Correspondingly, we can consider the Binary Concrete relaxation that results from this process.
As in the n-ary case, we consider the sampling routine for a Binary Concrete random variable
X € (0,1) first. To sample X, sample L ~ Logistic and set

1

X =
1+ exp(—(loga+ L)/N)
We define the Binary Concrete random variable X by its density on the unit interval.

Definition 2 (Binary Concrete Random Variables). Let o € (0,00) and A € (0,00). X € (0,1)
has a Binary Concrete distribution X ~ BinConcrete(c, A) with location a and temperature A, if
its density is:

(16)

Aar™ N1 —x)~A !

Pan(@) = (ax=2 4+ (1 —x)~2)2" a7

We state without proof the special case of Proposition 1 for Binary Concrete distributions

Proposition 2 (Some Properties of Binary Concrete Random Variables). Let X —~
BinConcrete (o, A) with location parameter o € (0, 00) and temperature A € (0, c0), then
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(a) (Reparameterization) If L ~ Logistic, then X 4

1+exp(*(lég atLy/A)
(b) (Rounding) P (X > 0.5) = o/(1 + ),

(¢c) (Zero temperature) P (limy_,0 X = 1) = /(1 + «),

(d) (Convex eventually) If X < 1, then py () is log-convex in .

We can generalize the binary circuit beyond Logistic random variables. Consider an arbitrary ran-
dom variable X with infinite support on R. If & : R — [0, 1] is the CDF of X, then

P(H(X)=1)=1—-®(0)
If we want this to have a Bernoulli distribution with probability /(1 4+ «), then we should solve the
equation

«a

1-(0) =

This gives ®(0) = 1/(1 + «), which can be accomplished by relocating the random variable Y with
CDF®tobe X =Y — & 1(1/(1 + a)).

C EXPERIMENTAL DETAILS

The basic model architectures we considered are exactly analogous to those in [50] with Con-
crete/discrete random variables replacing Gaussians.

C.1 —vs~

The conditioning functions we used were either linear or non-linear. Non-linear consisted of two
tanh layers of the same size as the preceding stochastic layer in the computation graph.

C.2 n-ARY LAYERS

All our models are neural networks with layers of n-ary discrete stochastic nodes with log,(n)-
dimensional states on the corners of the hypercube {—1,1}°%2(") For a generic n-ary node
sampling proceeds as follows. Sample a n-ary discrete random variable D ~ Discrete(«) for
a € (0,00)™. If C'is the log, (n) x n matrix, which lists the corners of the hypercube {—1, 1}1°%2(")
as columns, then we took Y = CD as downstream computation on D. The corresponding Con-
crete relaxation is to take X ~ Concrete(a, \) for some fixed temperature A € (0,00) and set
Y = CX. For the binary case, this amounts to simply sampling U ~ Uniform(0, 1) and taking
Y = 2H(logU — log(1 — U) + loga) — 1. The corresponding Binary Concrete relaxation is
Y = 20((logU —log(1 — U) +loga) /) — 1.

C.3 BIAS INITIALIZATION

All biases were initialized to 0 with the exception of the biases in the prior decoder distribution over
the 784 or 392 observed units. These were initialized to the logit of the base rate averaged over the
respective dataset (MNIST or Omniglot).

C.4 CENTERING

We also found it beneficial to center the layers of the inference network during training. The activity
in (—1,1)? of each stochastic layer was centered during training by maintaining a exponentially
decaying average with rate 0.9 over minibatches. This running average was subtracted from the
activity of the layer before it was updated. Gradients did not flow throw this computation, so it
simply amounted to a dynamic offset. The averages were not updated during the evaluation.
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C.5 HYPERPARAMETER SELECTION

All models were initialized with the heuristic of [97] and optimized using Adam [135] with pa-
rameters 5; = 0.9, 8, = 0.999 for 107 steps on minibatches of size 64. Hyperparameters were
selected on the MNIST dataset by grid search taking the values that performed best on the val-
idation set. Learning rates were chosen from {10743 - 107% 107} and weight decay from
{0,1072,107%,1}. Two sets of hyperparameters were selected, one for linear models and one for
non-linear models. The linear models’ hyperparameters were selected with the 200H-200H-784V
density model on the L5(6, ¢) objective. The non-linear models’ hyperparameters were selected
with the 200H~200H~784V density model on the £5(f, ¢) objective. For density estimation, the
Concrete relaxation hyperparameters were (weight decay = 0, learning rate = 3 - 10~*) for linear
and (weight decay = 0, learning rate = 10~*) for non-linear. For structured prediction Concrete
relaxations used (weight decay = 1073, learning rate = 3 - 10~%).

In addition to tuning learning rate and weight decay, we tuned temperatures for the Concrete relax-
ations on the density estimation task. We found it valuable to have different values for the prior and
posterior distributions. In particular, for binary we found that (prior Ay = 1/2, posterior A; = 2/3)
was best, for 4-ary we found (prior Ay = 2/3, posterior A\; = 1) was best, and (prior Ao = 2/5,
posterior \; = 2/3) for 8-ary. No temperature annealing was used. For structured prediction we
used just the corresponding posterior A\; as the temperature for the whole graph, as there was no
variational posterior.

We performed early stopping when training with the score function estimators (VIMCO/NVIL) as
they were much more prone to overfitting.
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Abstract

When used as a surrogate objective for maximum likelihood estimation in latent
variable models, the evidence lower bound (ELBO) produces state-of-the-art results.
Inspired by this, we consider the extension of the ELBO to a family of lower bounds
defined by a particle filter’s estimator of the marginal likelihood, the filtering
variational objectives (FIVOs). FIVOs take the same arguments as the ELBO,
but can exploit a model’s sequential structure to form tighter bounds. We present
results that relate the tightness of FIVO’s bound to the variance of the particle filter’s
estimator by considering the generic case of bounds defined as log-transformed
likelihood estimators. Experimentally, we show that training with FIVO results
in substantial improvements over training the same model architecture with the
ELBO on sequential data.

1 Introduction

Learning in statistical models via gradient descent is straightforward when the objective function
and its gradients are tractable. In the presence of latent variables, however, many objectives become
intractable. For neural generative models with latent variables, there are currently a few dominant
approaches: optimizing lower bounds on the marginal log-likelihood [137, 218], restricting to a class
of invertible models [67], or using likelihood-free methods [100, 196, 248, 176]. In this work, we
focus on the first approach and introduce filtering variational objectives (FIVOs), a tractable family
of objectives for maximum likelihood estimation (MLE) in latent variable models with sequential
structure.

Specifically, let  denote an observation of an X’-valued random variable. We assume that the
process generating x involves an unobserved Z-valued random variable z with joint density p(z, 2)
in some family P. The goal of MLE is to recover p € P that maximizes the marginal log-likelihood,
logp(x) = log ([ p(w,z2) dz)l. The difficulty in carrying out this optimization is that the log-
likelihood function is defined via a generally intractable integral. To circumvent marginalization, a
common approach [137, 218] is to optimize a variational lower bound on the marginal log-likelihood
[128, 17]. The evidence lower bound L(x, p, q) (ELBO) is the most common such bound and is
defined by a variational posterior distribution ¢(z|z) whose support includes p’s,

p(z, 2)
o) { D

L(z,p, q) lower-bounds the marginal log-likelihood for any choice of ¢, and the bound is tight when
q is the true posterior p(z|z). Thus, the joint optimum of £(x, p, ¢) in p and g is the MLE. In practice,

Lla,p.q) = } — log p(x) — KL(g(z|z) || p(zl2)) < logp() . ()

“Equal contribution.
!We reuse p to denote the conditionals and marginals of the joint density.
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it is common to restrict ¢ to a tractable family of distributions (e.g., a factored distribution) and to
jointly optimize the ELBO over p and q with stochastic gradient ascent [137, 218, 213, 141]. Because
of the KL penalty from ¢ to p, optimizing (1) under these assumptions tends to force p’s posterior to
satisfy the factorizing assumptions of the variational family which reduces the capacity of the model
p. One strategy for addressing this is to decouple the tightness of the bound from the quality of q.
For example, [50] observed that Eq. (1) can be interpreted as the log of an unnormalized importance
weight with the proposal given by ¢, and that using N samples from the same proposal produces a
tighter bound, known as the importance weighted auto-encoder bound, or IWAE.

Indeed, it follows from Jensen’s inequality that the log of any unbiased positive Monte Carlo estimator
of the marginal likelihood results in a lower bound that can be optimized for MLE. The filtering
variational objectives (FIVOs) build on this idea by treating the log of a particle filter’s likelihood
estimator as an objective function. Following [174], we call objectives defined as log-transformed
likelihood estimators Monte Carlo objectives (MCOs). In this work, we show that the tightness
of an MCO scales like the relative variance of the estimator from which it is constructed. It is
well-known that the variance of a particle filter’s likelihood estimator scales more favourably than
simple importance sampling for models with sequential structure [53, 25]. Thus, FIVO can potentially
form a much tighter bound on the marginal log-likelihood than IWAE.

The main contributions of this work are introducing filtering variational objectives and a more
careful study of Monte Carlo objectives. In Section 2, we review maximum likelihood estimation via
maximizing the ELBO. In Section 3, we study Monte Carlo objectives and provide some of their basic
properties. We define filtering variational objectives in Section 4, discuss details of their optimization,
and present a sharpness result. Finally, we cover related work and present experiments showing that
sequential models trained with FIVO outperform models trained with ELBO or IWAE in practice.

2 Background

We briefly review techniques for optimizing the ELBO as a surrogate MLE objective. We restrict our
focus to latent variable models in which the model py(z, z) factors into tractable conditionals py(2)
and py(xz|z) that are parameterized differentiably by parameters . MLE in these models is then the
problem of optimizing log pp () in 6. The expectation-maximization (EM) algorithm is an approach
to this problem which can be seen as coordinate ascent, fully maximizing £(x, py, ¢) alternately in ¢
and 0 at each iteration [66, 268, 186]. Yet, EM rarely applies in general, because maximizing over ¢
for a fixed 6 corresponds to a generally intractable inference problem.

Instead, an approach with mild assumptions on the model is to perform gradient ascent following a
Monte Carlo estimator of the ELBO’s gradient [120, 213]. We assume that q is taken from a family of
distributions parameterized differentiably by parameters ¢. We can follow an unbiased estimator of the
ELBO’s gradient by sampling z ~ g4 (z|x) and updating the parameters by 8’ = 6 +nVglog pg(x, z)
and ¢/ = ¢ + n(logpg(x, z) — log qs(z|7)) Ve log qs(z|z), where the gradients are computed
conditional on the sample z and 7 is a learning rate. Such estimators follow the ELBO’s gradient in
expectation, but variance reduction techniques are usually necessary [213, 173, 174].

A lower variance gradient estimator can be derived if g4 is a reparameterizable distribution [137,
218, 88]. Reparameterizable distributions are those that can be simulated by sampling from a
distribution € ~ d(€), which does not depend on ¢, and then applying a deterministic transformation
z = fy(x,€). When pg, g4, and f, are differentiable, an unbiased estimator of the ELBO gradient
consists of sampling € and updating the parameter by (6', ¢) = (6, ¢)+1nV (9,4 (log po(, fo(x,€))—
log g4 (fs(x, €)|x)). Given e, the gradients of the sampling process can flow through z = fy(x, €).

Unfortunately, when the variational family of g4 is restricted, following gradients of
—KL(ge(2]x) || pe(2]x)) tends to reduce the capacity of the model py to match the assumptions
of the variational family. This KL penalty can be “removed” by considering generalizations of the
ELBO whose tightness can be controlled by means other than the closenesss of p and ¢, e.g., [50].
We consider this in the next section.
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3 Monte Carlo Objectives (MCOs)

Monte Carlo objectives (MCOs) [174] generalize the ELBO to objectives defined by taking the log
of a positive, unbiased estimator of the marginal likelihood. The key property of MCOs is that
they are lower bounds on the marginal log-likelihood, and thus can be used for MLE. Motivated
by the previous section, we present results on the convergence of generic MCOs to the marginal
log-likelihood and show that the tightness of an MCO is closely related to the variance of the estimator
that defines it.

One can verify that the ELBO is a lower bound by using the concavity of log and Jensen’s inequality,

p(:r,Z)] /p(x,Z)
E |log < log q(z|z) dz = logp(x). (@)
q(zx>[ q(z|z) q(z|z) (1) )

This argument only relies only on unbiasedness of p(z, z)/q(z|z) when z ~ ¢(z|z). Thus, we
can generalize this by considering any unbiased marginal likelihood estimator py (z) and treating
E[log pn ()] as an objective function over models p. Here N € N indexes the amount of computation
needed to simulate py (), e.g., the number of samples or particles.

Definition 1. Monte Carlo Objectives. Let py(z) be an unbiased positive estimator of p(z),
E[pn(z)] = p(x), then the Monte Carlo objective Lx(z, p) over p € P defined by py () is

Lx(z,p) = Eflogpn(2)] 3)

For example, the ELBO is constructed from a single unnormalized importance weight p(z) =
p(z, 2)/q(z|x). The IWAE bound [50] takes pn (x) to be N averaged i.i.d. importance weights,

1 & p(z, 2°)
log [ — - 4)
N & o)
We consider additional examples in the Appendix. To avoid notational clutter, we omit the arguments
to an MCO, e.g., the observations = or model p, when the default arguments are clear from context.

Whether we can compute stochastic gradients of Ly efficiently depends on the specific form of the
estimator and the underlying random variables that define it.

LN (@,pq) = B
a(=7])

Many likelihood estimators py (x) converge to p(x) almost surely as N — oo (known as strong
consistency). The advantage of a consistent estimator is that its MCO can be driven towards log p(z)
by increasing N. We present sufficient conditions for this convergence and a description of the rate:

Proposition 1. Properties of Monte Carlo Objectives. Let Ln(x,p) be a Monte Carlo objective
defined by an unbiased positive estimator py (x) of p(z). Then,

(a) (Bound) Lx(z,p) < log p(x).

(b) (Consistency) If log pn () is uniformly integrable (see Appendix for definition) and py ()
is strongly consistent, then Lx(x,p) — logp(z) as N — oc.

(c) (Asymptotic Bias) Let g(N) = E[(pn(x) — p(x))®] be the 6th central moment. If the Ist
1

inverse moment is bounded, lim sup y_, .o E[pn(2) 7] < oo, then

log(a) ~ o) = g v (2E)) 05T ®)

Proof. See the Appendix for the proof and a sufficient condition for controlling the first inverse
moment when py () is the average of i.i.d. random variables. O

In some cases, convergence of the bound to log p(x) is monotonic, e.g., IWAE [50], but this is not
true in general. The relative variance of estimators, var(py (z)/p(z)), tends to be well studied, so
property (c) gives us a tool for comparing the convergence rate of distinct MCOs. For example,
[53, 25] study marginal likelihood estimators defined by particle filters and find that the relative
variance of these estimators scales favorably in comparison to naive importance sampling. This
suggests that a particle filter’s MCO, introduced in the next section, will generally be a tighter bound
than IWAE.
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Algorithm 1 Simulating £V (z1.7, p, q)

L: FIVO(xl 1,04, N ) 10 if resampling criteria satisfied by {wi}Y ; then
2: Ewo} }{1— {1/¥}}d 11 {wf, 21,1, = rsamp({wf, 2{,}}Y ;)
ortc o .

12: return lo Z1:
4: foric{1,...,N}do gPn(@17)
5: 2~ (=T, 2, ) 13: RSAMP({w', 2}V ):
6: th—CONCAT(th 1>Zt) 14: fori e {1,...,N} do

. : i\ N

7 pe= (Z;VN‘G po (4, t)) 12 cyliw_(;%tegorlcal({wz =1
8 Pn(T14) = PN (T1:6-1)Pt ' 1N

17: return {+,y'}:L
o {wih, = {wian(h) Y v yhe

4 Filtering Variational Objectives (FIVOs)

The filtering variational objectives (FIVOs) are a family of MCOs defined by the marginal likelihood
estimator of a particle filter. For models with sequential structure, e.g., latent variable models of audio
and text, the relative variance of a naive importance sampling estimator tends to scale exponentially
in the number of steps. In contrast, the relative variance of particle filter estimators can scale more
favorably with the number of steps—Ilinearly in some cases [53, 25]. Thus, the results of Section 3
suggest that FIVOs can serve as tighter objectives than IWAE for MLE in sequential models.

Let our observations be sequences of T' X'-valued random variables denoted x1.7, where z;.; =
(xi,...,x;). We also assume that the data generation process relies on a sequence of 7" unobserved
Z-valued latent variables denoted z;.7. We focus on sequential latent variable models that factor as a

series of tractable conditionals, p(x1.7, z1.7) = p1(71, 21) HtT:2 (X, 2| T1:0—1, 21:0-1)-
A particle filter is a sequential Monte Carlo algorithm, which propagates a population of N weighted
particles for T’ steps using a combination of importance sampling and resampling steps, see Alg. 1.

In detail, the particle filter takes as arguments an observation z;.7, the number of particles N, the
model distribution p, and a variational posterior g(z1.7|x1.7) factored over ¢,

q(zrr|T1.T) = H Qe (2] T1:e, 21:0—1) - (6)

The particle filter maintains a population {w}_,,zi, ;}N ; of particles 28 .+—1 With weights wi_q.
At step ¢, the filter mdependently proposes an extension z} ~ ¢;(z¢|x1.4,2%.,_1) to each particle’s
trajectory 2%, ;. The weights w?_, are multiplied by the incremental importance weights,

Dt (e, Zﬂﬂflzt—h Z{:t—l)

Qt(Zﬂl"l;u Zi:t—l)

; )

at(zi:t) =

and renormalized. If the current weights w? satisfy a resampling criteria, then a resampling step is
performed and NV particles z{., are sampled in proportion to their weights from the current population

with replacement. Common resampling schemes include resampling at every step and resampling

if the effective sample size (ESS) of the population (3~ | (w#)2)~! drops below N/2 [68]. After

resampling the weights are reset to 1. Otherwise, the particles z]., are copied to the next step along
with the accumulated weights. See Fig. 1 for a visualization.

Instead of viewing Alg. 1 as an inference algorithm, we treat the quantity E[log pn(x1.7)] as an
objective function over p. Because py(z1.7) is an unbiased estimator of p(z1.7), proven in the
Appendix and in [63, 64, 8, 204], it defines an MCO, which we call FIVO:

Definition 2. Filtering Variational Objectives. Let log pn (z1.7) be the output of Alg. 1 with inputs
(z1.7,p,q, N), then LIV (z1.7,p, q) = E[log pn (z1.7)] is a filtering variational objective.

pn(z1.7) is a strongly consistent estimator [63, 64]. So if log p (x1.7) is uniformly integrable, then
LIV (z1:7,p,q) — logp(z1.7) as N — oo. Resampling is the distinguishing feature of L{V°; if
resampling is removed, then FIVO reduces to IWAE. Resampling does add an amount of immediate
variance, but it allows the filter to discard low weight particles with high probability. This has the
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resample {21,123 ~ w} propose z ~ qa(24|T1.4, 2}.3) gradients

Figure 1: Visualizing FIVO; (Left) Resample from particle trajectories to determine inheritance in next
step, (middle) propose with ¢; and accumulate loss log p;, (right) gradients (in the reparameterized
case) flow through the lattice, objective gradients in solid red and resampling gradients in dotted blue.

effect of refocusing the distribution of particles to regions of higher mass under the posterior, and in
some sequential models can reduce the variance from exponential to linear in the number of time
steps [53, 25]. Resampling is a greedy process, and it is possible that a particle discarded at step ¢,
could have attained a high mass at step 7. In practice, the best trade-off is to use adaptive resampling
schemes [68]. If for a given x1.7, p, ¢ a particle filter’s likelihood estimator improves over simple
importance sampling in terms of variance, we expect L1V to be a tighter bound than £ or LJ"".

4.1 Optimization

The FIVO bound can be optimized with the same stochastic gradient ascent framework used for
the ELBO. We found in practice it was effective simply to follow a Monte Carlo estimator of the
biased gradient E[V (g 4) log pn (x1.7)] with reparameterized z;. This gradient estimator is biased,
as the full FIVO gradient has three kinds of terms: it has the term E[Vy 4 log pn(21.7)], where
Vo,4log pn(x1.7) is defined conditional on the random variables of Alg. 1; it has gradient terms for
every distribution of Alg. 1 that depends on the parameters; and, if adaptive resampling is used, then
it has additional terms that account for the change in FIVO with respect to the decision to resample.
In this section, we derive the FIVO gradient when 2! are reparameterized and a fixed resampling
schedule is followed. We derive the full gradient in the Appendix.

In more detail, we assume that p and ¢ are parameterized in a differentiable way by 6 and ¢. Assume
that ¢ is from a reparameterizable family and that 2z} of Alg. 1 are reparameterized. Assume that we
use a fixed resampling schedule, and let I(resampling at step ¢) be an indicator function indicating
whether a resampling occured at step ¢. Now, £V depends on the parameters via log p (x1.7) and
the resampling probabilities wj, in the density. Thus, Vg 4 LKV =

) T N . pn (T i
E [V(o,¢)logpn(z1.7) + thl Zi:l I(resampling at step t) log I;N( 1:T) V.0 loguwi| (8)

N(T1:t)
Given a single forward pass of Alg. 1 with reparameterized 2, the terms inside the expectation form
a Monte Carlo estimator of Eq. (8). However, the terms from resampling events contribute to the
majority of the variance of the estimator. Thus, the gradient estimator that we found most effective
in practice consists only of the gradient Vg 4) log pn (21.7), the solid red arrows of Figure 1. We
explore this experimentally in Section 6.3.

4.2 Sharpness

As with the ELBO, FIVO is a variational objective taking a variational posterior g as an argument.
An important question is whether FIVO achieves the marginal log-likelihood at its optimal q. We can
only guarantee this for models in which z;.,_; and x; are independent given x1.;_1.

Proposition 2. Sharpness of Filtering Variational Objectives. Let LXV° (z1.7, D, ¢) be a FIVO, and
q*(z1.7,p) = argmax, LNV (z1.7, p, q). If p has independence structure such that p(z1.4—1|1.) =

p(z14-1|21:0—1) fort € {2,..., T}, then

¢ (z1.7,p)(21.17) = pzrrlzrr) and LGV (z1.7,0,¢" (1.7, D)) = log p(z1.7) -

Proof. See Appendix. O
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Most models do not satisfy this assumption, and deriving the optimal ¢ in general is complicated by
the resampling dynamics. For the restricted the model class in Proposition 2, the optimal ¢; does
not condition on future observations x;11.7. We explored this experimentally with richer models
in Section 6.4, and found that allowing g; to condition on x4 1.7 does not reliably improve FIVO.
This is consistent with the view of resampling as a greedy process that responds to each intermediate
distribution as if it were the final. Still, we found that the impact of this effect was outweighed by the
advantage of optimizing a tighter bound.

5 Related Work

The marginal log-likelihood is a central quantity in statistics and probability, and there has long
been an interest in bounding it [260]. The literature relating to the bounds we call Monte Carlo
objectives has typically focused on the problem of estimating the marginal likelihood itself. [107, 49]
use Jensen’s inequality in a forward and reverse estimator to detect the failure of inference methods.
IWAE [50] is a clear influence on this work, and FIVO can be seen as an extension of this bound.
The ELBO enjoys a long history [128] and there have been efforts to improve the ELBO itself. [214]
generalize the ELBO by considering arbitrary operators of the model and variational posterior. More
closely related to this work is a body of work improving the ELBO by increasing the expressiveness of
the variational posterior. For example, [217, 136] augment the variational posterior with deterministic
transformations with fixed Jacobians, and [229] extend the variational posterior to admit a Markov
chain.

Other approaches to learning in neural latent variable models include [35], who use importance
sampling to approximate gradients under the posterior, and [108], who use sequential Monte Carlo
to approximate gradients under the posterior. These are distinct from our contribution in the sense
that for them inference for the sake of estimation is the ultimate goal. To our knowledge the idea
of treating the output of inference as an objective in and of itself, while not completely novel, has
not been fully appreciated in the literature. Although, this idea shares inspiration with methods that
optimize the convergence of Markov chains [23].

We note that the idea to optimize the log estimator of a particle filter was independently and
concurrently considered in [180, 146]. In [180] the bound we call FIVO is cast as a tractable
lower bound on the ELBO defined by the particle filter’s non-parameteric approximation to the
posterior. [146] additionally derive an expression for FIVO’s bias as the KL between the filter’s
distribution and a certain target process. Our work is distinguished by our study of the convergence
of MCOs in IV, which includes FIVO, our investigation of FIVO sharpness, and our experimental
results on stochastic RNNs.

6 Experiments

In our experiments, we sought to: (a) compare models trained with ELBO, IWAE, and FIVO bounds
in terms of final test log-likelihoods, (b) explore the effect of the resampling gradient terms on FIVO,
(c) investigate how the lack of sharpness affects FIVO, and (d) consider how models trained with
FIVO use the stochastic state. To explore these questions, we trained variational recurrent neural
networks (VRNN) [58] with the ELBO, IWAE, and FIVO bounds using TensorFlow [1] on two
benchmark sequential modeling tasks: natural speech waveforms and polyphonic music. These
datasets are known to be difficult to model without stochastic latent states [82].

The VRNN is a sequential latent variable model that combines a deterministic recurrent neu-
ral network (RNN) with stochastic latent states z; at each step. The observation distri-
bution over x; is conditioned directly on z; and indirectly on z;.,_; via the RNN’s state
ht(zt—1,2+—1,ht—1). For a length T sequence, the model’s posterior factors into the condition-
als HZ;I pe(ze|he(ze—1, Tr—1, ht—1))ge(xt|2¢, he(2¢—1, T+—1, ht—1)), and the variational posterior
factors as Hle gt (z¢|he(zt—1, Tt—1, he—1), x¢). All distributions over latent variables are factorized
Gaussians, and the output distributions g, depend on the dataset. The RNN is a single-layer LSTM
and the conditionals are parameterized by fully connected neural networks with one hidden layer
of the same size as the LSTM hidden layer. We used the residual parameterization [82] for the
variational posterior.
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TIMIT
Bound 64 units 256 units

N Bound Nottingham JSB  MuseData  Piano-midi.de

ELBO 3.00 8.60 7.15 7.81
4 IWAE 2.75 -7.86 -7.20 -7.86 ELBO 0 10,438
FIVO -2.68 -6.90 -6.20 2176 4 IWAE -160 11,054
FIVO 5,691 17,822

ELBO 3.01 8.61 7.19 -7.83
8 IWAE -2.90 740 715 -7.84 ELBO 2,771 9.819
FIVO 277 -6.79 -6.12 -7.45 8 IWAE 3,977 11,623
FIVO 6,023 21,449

ELBO 3.02 8.63 7.18 -7.85
16 IWAE 2.85 741 713 2779 ELBO 1,676 9,918
FIVO -2.58 672 -5.89 -7.43 16 IWAE 3236 13,069

FIVO 8,630 21,536

Table 1: Test set marginal log-likelihood bounds for models trained with ELBO, IWAE, and FIVO.
For ELBO and IWAE models, we report max{ L, L1547, £75¢°}. For FIVO models, we report L57°.
Pianoroll results are in nats per timestep, TIMIT results are in nats per sequence relative to ELBO
with N = 4. For details on our evaluation methodology and absolute numbers see the Appendix.

For FIVO we resampled when the ESS of the particles dropped below N/2. For FIVO and IWAE we
used a batch size of 4, and for the ELBO, we used batch sizes of 4N to match computational budgets
(resampling is O (V) with the alias method). For all models we report bounds using the variational

posterior trained jointly with the model. For models trained with FIVO we report £755°. To provide

strong baselines, we report the maximum across bounds, max{ £, L1358, £55¥°}, for models trained

with ELBO and IWAE. Additional details in the Appendix.

6.1 Polyphonic Music

We evaluated VRNNS trained with the ELBO, IWAE, and FIVO bounds on 4 polyphonic music
datasets: the Nottingham folk tunes, the JSB chorales, the MuseData library of classical piano and
orchestral music, and the Piano-midi.de MIDI archive [40]. Each dataset is split into standard train,
valid, and test sets and is represented as a sequence of 88-dimensional binary vectors denoting the
notes active at the current timestep. We mean-centered the input data and modeled the output as a set
of 88 factorized Bernoulli variables. We used 64 units for the RNN hidden state and latent state size
for all polyphonic music models except for JSB chorales models, which used 32 units. We report
bounds on average log-likelihood per timestep in Table 1. Models trained with the FIVO bound
significantly outperformed models trained with either the ELBO or the IWAE bounds on all four
datasets. In some cases, the improvements exceeded 1 nat per timestep, and in all cases optimizing
FIVO with N = 4 outperformed optimizing IWAE or ELBO for N = {4, 8,16}.

6.2 Speech

The TIMIT dataset is a standard benchmark for sequential models that contains 6300 utterances
with an average duration of 3.1 seconds spoken by 630 different speakers. The 6300 utterances are
divided into a training set of size 4620 and a test set of size 1680. We further divided the training
set into a validation set of size 231 and a training set of size 4389, with the splits exactly as in
[82]. Each TIMIT utterance is represented as a sequence of real-valued amplitudes which we split
into a sequence of 200-dimensional frames, as in [58, 82]. Data preprocessing was limited to mean
centering and variance normalization as in [82]. For TIMIT, the output distribution was a factorized
Gaussian, and we report the average log-likelihood bound per sequence relative to models trained
with ELBO. Again, models trained with FIVO significantly outperformed models trained with IWAE
or ELBO, see Table 1.

6.3 Resampling Gradients

All models in this work (except those in this section) were trained with gradients that did not include
the term in Eq. (8) that comes from resampling steps. We omitted this term because it has an outsized
effect on gradient variance, often increasing it by 6 orders of magnitude. To explore the effects of this
term experimentally, we trained VRNNs with and without the resampling gradient term on the TIMIT
and polyphonic music datasets. When using the resampling term, we attempted to control its variance
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Figure 2: (Left) Graph of L75° over training comparing models trained with and without the
resampling gradient terms on TIMIT with N = 4. (Right) KL divergence from ¢(z1.7|x1.7) to
p(z1.7) for models trained on the JSB chorales with N = 16.

Bound Nottingham  JSB  MuseData  Piano-midi.de =~ TIMIT
ELBO -2.40 -5.48 -6.54 -6.68 0
ELBO+s -2.59 -5.53 -6.48 -6.77 -925
IWAE -2.52 -5.77 -6.54 -6.74 1,469
IWAE+s -2.37 -4.63 -6.47 -6.74 2,630
FIVO -2.29 -4.08 -5.80 -6.41 6,991
FIVO+s -2.34 -3.83 -5.87 -6.34 9,773

Table 2: Train set marginal log-likelihood bounds for models comparing smoothing (+s) and non-
smoothing variational posteriors. We report max{L, L1547, £754°} for ELBO and IWAE models
and L£755° for FIVO models. All models were trained with /N = 4. Pianoroll results are in nats per
timestep, TIMIT results are in nats per sequence relative to non-smoothing ELBO. For details on our
evaluation methodology and absolute numbers see the Appendix.

using a moving-average baseline linear in the number of timesteps. For all datasets, models trained
without the resampling gradient term outperformed models trained with the term by a large margin
on both the training set and held-out data. Many runs with resampling gradients failed to improve
beyond random initialization. A representative pair of train log-likelihood curves is shown in Figure
2 — gradients without the resampling term led to earlier convergence and a better solution. We stress
that this is an empirical result — in principle biased gradients can lead to divergent behaviour. We
leave exploring strategies to reduce the variance of the unbiased estimator to future work.

6.4 Sharpness

FIVO does not achieve the marginal log-likelihood at its optimal variational posterior ¢*, because the
optimal ¢* does not condition on future observations (see Section 4.2). In contrast, ELBO and IWAE
are sharp, and their ¢*s depend on future observations. To investigate the effects of this, we defined a
smoothing variant of the VRNN in which g takes as additional input the hidden state of a deterministic
RNN run backwards over the observations, allowing g to condition on future observations. We trained
smoothing VRNNSs using ELBO, IWAE, and FIVO, and report evaluation on the training set (to
isolate the effect on optimization performance) in Table 2 . Smoothing helped models trained with
IWAE, but not enough to outperform models trained with FIVO. As expected, smoothing did not
reliably improve models trained with FIVO. Test set performance was similar, see the Appendix for
details.

6.5 Use of Stochastic State

A known pathology when training stochastic latent variable models with the ELBO is that stochastic
states can go unused. Empirically, this is associated with the collapse of variational posterior
q(z|z) network to the model prior p(z) [41]. To investigate this, we plot the KL divergence from
q(z1.7|x1.7) to p(z1.7) averaged over the dataset (Figure 2). Indeed, the KL of models trained with
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ELBO collapsed during training, whereas the KL of models trained with FIVO remained high, even
while achieving a higher log-likelihood bound.

7 Conclusions

We introduced the family of filtering variational objectives, a class of lower bounds on the log
marginal likelihood that extend the evidence lower bound. FIVOs are suited for MLE in neural latent
variable models. We trained models with the ELBO, IWAE, and FIVO bounds and found that the
models trained with FIVO significantly outperformed other models across four polyphonic music
modeling tasks and a speech waveform modeling task. Future work will include exploring control
variates for the resampling gradients, FIVOs defined by more sophisticated filtering algorithms, and
new MCOs based on differentiable operators like leapfrog operators with deterministically annealed
temperatures. In general, we hope that this paper inspires the machine learning community to take a
fresh look at the literature of marginal likelihood estimators—seeing them as objectives instead of
algorithms for inference.
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Appendix to Filtering Variational Objectives

Proof of Proposition 1.

Let E[pn (z)] = p(x) and define Ly (x, p) = E[log pn ()] as the Monte Carlo objective defined by
ﬁN (I)

(a) By the concavity of log and Jensen’s inequality,
Ly (z,p) = Ellog pn (2)] < logE[pn(2)] = logp(z)
(b) Assume

* pn(z) is strongly consistent, i.e. pn (z) <2 p(z) as N — oo.

* log pn(x) is uniformly integrable. That is, let (2, F, i) be the probability space on
which log py () is defined. The random variables {log px (z)}%%_; are uniformly
integrable if E[|logpn (z)|] < oo and if for any € > 0, there exists ¢ > 0, such that
forall N and E € F, pu(E) < ¢ implies E[| log pn (2)|I(E)] < €, where I(E) is an
indicator function of the set E.

Then by continuity of log, logpy(z) converges almost surely to log p(z). By Vitali’s
convergence theorem (using the uniform integrability assumption), we get Ly (z,p) =
Ellog pn(z)] — log p(z) as N — oo.

(c) Let g(N) = E[(pn(x) — p(z))¥], and assume lim sup y_, . E[(Pn(x)) 1] < oo. Define
the relative error

A= pn(z) — p(z)

€))
p(z)
Then the bias log p(z) — Ly (z,p) = —E[log(1 + A)]. Now, Taylor expand log(1 + A)
about 0,
10(1+A)A—1N+/A L—1+ d (10)
& ST o \1+az v)
1 A a2
=A—--A? 11

2 +/0 <1 + x> de an
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and in expectation

—Ellog(1+ A)] = %N ~E

A 2
/O <1im> dz} (12)

Our aim is to show

A 2
x
E dr|| € O(g(N)? 13
| 155 el | € oty ) (13)
In particular, by Cauchy-Schwarz
A ) (A /2 A 1/2
x 1 4
IE/ < )dz <E / 72d:z: /xdx (14)
0 14+ 0 (1+$) 0
1/2 511/2
1 1/2 Aﬁ 1/2
=Elltsa| |5 (16)

and again by Cauchy-Schwarz

N | O

This concludes the proof.

Controlling the first inverse moment.

We provide a sufficient condition that guarantees that the inverse moment of the average of i.i.d.
random variables is bounded, a condition used in Proposition 1 (c). Intuitively, this is a fairly weak
condition, because it only requires that the mass in an arbitrarily small neighbourhood of zero is
bounded.

1

Lemma 3. Let w; be i.i.d. positive random variables and pn(v) = + Zfil wj. 1If there exist
M, C, e > 0such that P(w; < w) < Cw'* forw € [0, M), then E[py ()] < C2° + L

Proof. Let M, C, ¢ > 0 be such that P(w; < w) < Cw!*¢ forw € [0, M). We proceed in two cases.
If N =1, then

Elpn(z)™'] = /OOO P(w; ! > u) du
= /OOIP’(wl < 1/u) du
0

M oo
:/ Plw; < w) dw +/ P(w; < w) dw
0

w2 M w?
M 1+e€ %)
C 1
0 w M W
Me 1
—C -
€ + M

For N > 1, we show that E[py(x) 1] < E[p1(x) 1], so the same condition is sufficient for any N.
The AM-GM inequality tells us that

N N 1/N
w;
> 5= (1)

i=1
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SO

and by Lyapunov’s inequality, we have

This concludes the proof. O

Gradients of LV (z1.7, p, q)-

We formulate unbiased gradients of L{}V° (z1.7,p, q) by considering Algorithm 1 as a method for
simulating FIVO. We consider the cases when the sampling of z; is and is not reparameterized. We
also consider the case where we make adaptive resampling decisions.

First, we assume that the decision to resample is not adaptive (i.e., depends in some way on the
random variables already produced until that point in Algorithm 1), and are fixed ahead of time.
When the sampling 2} is not reparameterized there are three terms to the gradient: (1) the gradients
of log p (z1.7) with respect to the parameters conditional on the latent states, (2) gradients of the
densities ¢; with respect to their parameters, and (3) gradients of the resampling probabilities with
respect to the parameters. All together, the following is a gradient of FIVO,

. T N PN (17 i i
E V9,¢10gPN($1:T)+Zt:1 Zizl(bg FY Y ( ' ) Vg logqre(2i|z1e, 21.01) +
pN($1.t—1) (18)
P (z1T)

ﬁN(xl:t)

where I(A) is an indicator function. If 2! is reparameterized, then the first and third terms suffice for
an unbiased gradient,

I(resampling at step t) log Vo, log w%)}

T N . '
E {V‘W log pn (z1.7) + thl Zi:l I(resampling at step t) log %

In this work we only considered reparameterized ¢;s, and we dropped the terms of the gradient that
arise from resampling.

Vo, log wz} (19)

Second, when the decision to resample is adaptive, the domain of the random variables involved
in simulating log p (1.7) can be partitioned into 27 regions, over each of which the density is
differentiable. Between those regions, the density experiences a jump discontinuity. Thus, there
are additional terms to the gradient of L5V°(z1.7, p, ¢) that correspond to the change in the regions
of continuity as the parameters change. These terms can be written as surface integrals over the
boundaries of the regions. We drop these terms in practice.

Proof of Proposition 2.

Assume p(z1:¢—1|21:¢) = p(z1:0-1|21:4—1) forall t € {2, ..., T}. We will show LYVC (21.7,p, q) =
log p(z1.7) at q(z¢|z1.4-1, %1.t) = p(2¢|21.4—1, 21.¢). We will do this by induction, showing that
every particle has a constant weight and that pn (x1.7) = p(x1.7) is a constant. For ¢ = 1 we have

al(21) = pig((iﬁl)) = pi(z1) (20)
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Thus, all particles have the same weight and py = p1(x1). Now for any ¢ we have that the weights
must be 1/N since the particles all have the same weight and

pt(ﬂfu Zt|Z1:t—1, $1:t—1)

ai(z14) = 21
(1) p(2t|21:0—1, T1:¢) @l
— p(zl:hxl:t) (22)
P(Z1:t7175E1:t71)p(2t|21:t71,$1:t)
_ p(l'l:t) p(zl:t|$1:t)
= (23)
p(ﬂﬁl:t—l) p(zl:t—l‘xlzt—l)p(zt‘zl:t—h xl:t)
_ p(Ilzt) p(zl:t|$1:t) (24)
P(xlzt—l)p(let—l\flzt)p(zt|21:t—1,l“1:t)
_ p(xl:t) (25)
p(wl:tfl)
and thus,
T op(ene)
~ 1:t
T1.T) = x ——— = p(x1. 26
P (z1.7) = pa( 1)161;[2;0(%%71) p(x1.7) (26)

Implementation details

We initialized weights using the Xavier initialization [97] and used the Adam optimizer [135] with a
batch size of 4. During training, we did not truncate sequences and performed full backpropagation
through time for all datasets. For the results presented in Sections 6.1 and 6.2 we performed a grid
search over learning rates {3 x 1074, 1 x 107%,3 x 1075, 1 x 10~°} and picked the run and early
stopping step by the validation performance.

Evaluation and Comparison of Bounds

Comparing models trained with different log-likelihood lower bounds is challenging because calculat-
ing the actual log-likelihood is intractable. Burda et al. [50] showed that the IWAE bound is at least
as tight as the ELBO and monotonically increases with N. This suggests comparing models based on
the IWAE bound evaluated with a large N. However, we found that IWAE and ELBO bounds tended
to diverge for models trained with FIVO.

Although FIVO is not provably a tighter bound than the ELBO or IWAE, our experiments suggest
that this tends to be the case in practice. In Figure 3, we plotted all three bounds over training for
a representative experiment. All plots use the same model architecture, but the training objective
changes in each panel. For the model trained with IWAE, the FIVO and IWAE bounds are tighter than
their counterparts on the model trained with ELBO, suggesting that the model trained with IWAE is
superior. The ELBO bound evaluated on the model trained with IWAE, however, is lower than its
counterpart on the model trained with the ELBO. For the model trained with FIVO, both IWAE and
ELBO bounds seem to diverge, but the FIVO bound outperforms the FIVO bounds on both of the
other models. As in the figure, we generally found that the same model evaluated with FIVO, IWAE,
and ELBO produced values descending in that order.

We suspect that ¢ distributions trained under the FIVO bound are more entropic than those trained
under ELBO or IWAE because of the resampling operation. During training under FIVO, q is able to
propose state transitions that could poorly explain the observations because the bad states will be
resampled away without harming the final bound value. Then, when a FIVO-trained ¢ is evaluated
with ELBO or IWAE it proposes poor states that are not resampled away, leading to a poor final bound
value. Conversely, ¢s trained with ELBO and IWAE are not able to fully leverage the resampling
operation when evaluated with the FIVO bound.

Because of this behavior, we chose to optimistically evaluate models trained with IWAE and ELBO
by reporting the maximum across all the bounds. For models trained with FIVO, we reported only the
FIVO bound. We felt this evaluation scheme provided the strongest comparison to existing bounds.
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Figure 3: Comparison of ELBO, IWAE, and FIVO bounds. We plot the ELBO (L), IWAE (L53"),
and FIVO (L75%°) test log-likelihood lower bounds for a fixed model architecture trained with FIVO
(left), IWAE (middle), and ELBO (right). The models are VRNNS trained on the Nottingham dataset
with 64 units, N = 16, and learning rate 3 X 1075,

Evaluating TIMIT Log-Likelihoods

We reported log-likelihood scores for TIMIT relative to an ELBO baseline instead of raw log-
likelihoods. Previous papers (e.g., [58, 82]) report the log-likelihood of data that have been mean
centered and variance normalized, but it would be more proper to report the results on the un-
standardized data. Specifically, if the training set has mean ;. and variance o2 and the model outputs /i
and 62, then the un-standardized test data would be evaluated under a N'(fic + u, 520%) distribution.

Log-likelihoods produced by these approaches differ by a constant offset that depends on o. Because
the offset is a function of only training set statistics, it does not affect relative comparison between
methods. Because of this we chose to report log-likelihoods relative to a baseline instead of absolute
numbers. Absolute numbers calculated on standardized data are reported in Tables 3, 4, and 5 to
allow for comparisons with other papers.
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Chapter 4

Hamiltonian Descent

4.1 Abstract

We propose a family of optimization methods that achieve linear convergence using
first-order gradient information and constant step sizes on a class of convex functions
much larger than the smooth and strongly convex ones. This larger class includes
functions whose second derivatives may be singular or unbounded at their minima or
near infinity. Our methods are discretizations of conformal Hamiltonian dynamics,
which generalizes the classical momentum method to model the motion of a particle
with non-standard kinetic energy exposed to a dissipative force and the gradient field
of the function of interest. They are first-order in the sense that they require only
gradient computation. Yet, crucially the kinetic gradient map can be designed to
incorporate global information about the convex conjugate in a fashion that allows
for linear convergence on convex functions that may be non-smooth or non-strongly
convex. We study in detail one implicit and two explicit methods. For one explicit
method, we provide conditions under which it converges to stationary points of non-
convex functions. For all, we provide conditions on the convex function and kinetic
energy pair that guarantee linear convergence, and show that these conditions can
be satisfied by functions with power growth. In sum, these methods expand the
class of convex functions on which linear convergence is possible with first-order

computation.

4.2 Introduction

We consider the problem of unconstrained minimization of a differentiable function
f:RY = R,
min f(z), (4.1)

z€R4
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by iterative methods that require only the partial derivatives Vf(x) = (0f(x)/0z™) €
R? of f, known also as first-order methods [190} 207, [193]. These methods produce
a sequence of iterates z; € RY, and our emphasis is on those that achieve linear
convergence, i.e., as a function of the iteration ¢ they satisfy f(x;) — f(zmm) = O(A79)
for some rate A > 1 and 2., € R? a global minimizer. We briefly consider non-
convex differentiable f, but the bulk of our analysis focuses on the case of convex
differentiable f. Our results will also occasionally require twice differentiability of f.

The convergence rates of first-order methods on convex functions can be broadly
separated by the properties of strong convexity and Lipschitz smoothness. Taken
together these properties for convex f are equivalent to the conditions that the
following left hand bound (strong convexity) and right hand bound (smoothness)
hold for some p, L € (0,00) and all z,y € R,

Blle— ol < F0) — 1) — (Vi@ a -y < 2 eyl (42)

where (z,y) = S2¢_ 2(My™ is the standard inner product and |||, = +/(z,z)

is the Euclidean norm. For twice differentiable f, these properties are equivalent
to the conditions that eigenvalues of the matrix of second-order partial derivatives
V2 f(x) = (0*f(z)/02™M0z™) € R¥>? are everywhere lower bounded by u and
upper bounded by L, respectively. Thus, functions whose second derivatives are
continuously unbounded or approaching 0, cannot be both strongly convex and smooth.
Both bounds play an important role in the performance of first-order methods. On the
one hand, for smooth and strongly convex f, the iterates of many first-order methods
converge linearly. On the other hand, for any first-order method, there exist smooth
convex functions and non-smooth strongly convex functions on which its convergence
is sub-linear, i.e., f(x;) — f(Tmin) > O(i~?) for any first-order method on smooth
convex functions. See [190, 207, 193] for these classical results and [131] for other more
exotic scenarios. Moreover, for a given method it can sometimes be very easy to find
examples on which its convergence is slow; see Figure [4.1], in which gradient descent
with a fixed step size converges slowly on f(z) = [z + 2®]* + [ /2 — 2(2) /2]4
which is not strongly convex as its Hessian is singular at (0, 0).

The central assumption in the worst case analyses of first-order methods is that
information about f is restricted to black box evaluations of f and V f locally at
points x € R?, see [190, 193]. In this paper we assume additional access to first-order
information of a second differentiable function k& : R — R and show how Vk can be
designed to incorporate information about f to yield practical methods that converge

linearly on convex functions. These methods are derived by discretizing the conformal

39



Iterates Objective

‘."} N
o [}
o e o ¢ E Gradient descent
SI{.; .. A ° = Classical momentum
% ® o ED ® Hamiltonian descent
. ]
(]
L Aas
z(M) iteration ¢
Figure 4.1: Optimizing f(z) = [z + 2®]* + [z /2 — 22 /2]* with three methods:

gradient descent with fixed step size equal to 1/Ly where Ly = Amax(V? f(20)) is
the maximum eigenvalue of the Hessian V2f at xy; classical momentum, which is a
particular case of our first explicit method with k(p) = [(p)? + (p@)?]/2 and fixed
step size equal to 1/ Lo, and Hamiltonian descent, which is our first explicit method
with k(p) = (3/4)[(p™)*3 + (p®)*/3] and a fixed step size.

Hamiltonian system [165]. These systems are parameterized by f,k : R — R and
v € (0, 00) with solutions (4, p;) € R?¢,

= Vk’(pt)
29:5 = —Vf(xt) — VDt-

From a physical perspective, these systems model the dynamics of a single particle

(4.3)

located at z; with momentum p; and kinetic energy k(p;) being exposed to a force
field Vf and a dissipative force. For this reason we refer to k as, the kinetic energy,
and Vk, the kinetic map. When the kinetic map V& is the identity, VEk(p) = p,
these dynamics are the continuous time analog of Polyak’s heavy ball method [206].
Let fo(z) = f(x + Tmin) — f(@mn) denote the centered version of f, which takes its
minimum at 0, with minimum value 0. Our key observation in this regard is that
when f is convex, and k is chosen as k(p) = (fX(p) + fX(—p))/2 (where fi(p) =
sup{(x,p) — f.(z) : € R} is the convex conjugate of f.), these dynamics have
linear convergence with rate independent of f. In other words, this choice of k acts as
a preconditioner, a generalization of using k(p) = (p, A™'p) /2 for f(z) = (z, Az) /2.
Thus Vk can exploit global information provided by the conjugate f; to condition
convergence for generic convex functions.

To preview the flavor of our results in detail, consider the special case of optimizing
the power function f(x) = |z|°/b for x € R and b € (1, 00) initialized at xy > 0 using
system (4.3]) (or discretizations of it) with k(p) = |p|*/a for p € R and a € (1, 00).
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sub-linear f(T) = ‘.73|b/b
convergencel )y — |pla /g

1
1
|‘ in continuous time
\ .

\ linear convergence

s 3 \ T of 1st explicit method

\\ linear convergence

2 of 2nd explicit method
linear .\ quadratic suitable for
convergence [ )

. > . strongly convex and smooth
1 |in continuous time
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b

Figure 4.2: Convergence Regions for Power Functions. Shown are regions of distinct
convergence types for Hamiltonian descent systems with f(z) = |z|°/b, k(p) = |p|*/a
for x,p € R and a,b € (1,00). We show in Section convergence is linear in
continuous time iff 1/a + 1/b > 1. In Section we show that the assumptions
of the explicit discretizations can be satisfied if 1/a + 1/b = 1, leaving this as the
only suitable pairing for linear convergence. Light dotted line is the line occupied by
classical momentum with k(p) = p?/2.

FOr this choice of f, it can be shown that f*(p) = fX(—p) = k(p) when a = b/(b—1).
In line with this, in Section we show that exhibits linear convergence in
continuous time if and only if 1/a 4+ 1/b > 1. In Section we propose two explicit
discretizations with fixed step sizes; in Section we show that the first explicit
discretization converges if 1/a + 1/b = 1 and b > 2, and the second converges if
1/a+1/b=1and 1 < b < 2. This means that the only suitable pairing corresponds
in this case to the choice k(p) o f7(p)+f;(—p). Figure[4.2]summarizes this discussion.
Returning to Figure [4.I we can compare the use of the kinetic energy of Polyak’s
heavy ball with a kinetic energy that relates appropriately to the convex conjugate
of f(z) = [zW + 2@ 4 [2M) /2 — 2 /24,

Most convex functions are not simple power functions, and computing f*(p) +
f¥(—p) exactly is rarely feasible. To make our observations useful for numerical
optimization, we show that linear convergence is still achievable in continuous time
even if k(p) > amax{f!(p), fX(—p)} for some 0 < o < 1 within a region defined by
xo. We study three discretizations of , one implicit method and two explicit ones
(which are suitable for functions that grow asymptotically fast or slow, respectively).
We prove linear convergence rates for these under appropriate additional assumptions.
We introduce a family of kinetic energies that generalize the power functions to
capture distinct power growth near zero and asymptotically far from zero. We show

that the additional assumptions of discretization can be satisfied for this family of
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k. We derive conditions on f that guarantee the linear convergence of our methods
when paired with a specific choice of k from this family. These conditions generalize
the quadratic growth implied by smoothness and strong convexity, extending it to
general power growth that may be distinct near the minimum and asymptotically
far from the minimum, which we refer to as tail and body behavior, respectively.
Step sizes can be fixed independently of the initial position (and often dimension),
and do not require adaptation, which often leads to convergence problems; see [267].
Indeed, we analyze a kinetic map V k that resembles the iterate updates of some
popular adaptive gradient methods [75], 274) 90, [135], and show that it conditions the
optimization of strongly convex functions with very fast growing tails (non-smooth).
Thus, our methods provide a framework optimizing potentially non-smooth or non-
strongly convex functions with linear rates using first-order computation.

The organization of the paper is as follows. In the rest of this section, we cover
notation, review a few results from convex analysis, and give an overview of the related
literature. In Section , we show the linear convergence of under conditions
on the relation between the kinetic energy k and f. We show a partial converse that
in some settings our conditions are necessary. In Section [£.4] we present the three
discretizations of the continuous dynamics and study the assumptions under which
linear rates can be guaranteed for convex functions. For one of the discretizations, we
also provide conditions under which it converges to stationary points of non-convex
functions. In Section [4.5] we study a family of kinetic energies suitable for functions
with power growth. We describe the class of functions for which the assumptions of

the discretizations can be satisfied when using these kinetic energies.

4.2.1 Notation and Convex Analysis Review

We let (z,y) = Zizl ™y denote the standard inner product for z,y € R¢ and
x|, = \/{x,2) the Euclidean norm. For a differentiable function f : R? — R,
the gradient V f(x) = (0f(z)/0x™) € R? is the vector of partial derivatives at z.
For twice-differentiable f, the Hessian V2h(x) = (0%f(x)/0z™0z(™) € R4 is the
matrix of second-order partial derivatives at x. The notation x; denotes the solution
7y 2 [0,00) — R? to a differential equation with derivative in ¢ denoted z}. x; denotes
the iterates z; : {0,1,...} — R? of a discrete system.

Consider a convex function A : C' — R that is defined on a convex domain C' C R?
and differentiable on the interior int(C). The convex conjugate h* : RY — R is defined

W (p) = sup{(z,p) — h(z) : x € C} (4.4)
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and it is itself convex. It is easy to show from the definition that if g : C' — R is
another convex function such that g(z) < h(x) for all z € C, then h*(p) < g*(p)
for all p € R?. Because we make such extensive use of it, we remind readers of the

Fenchel-Young inequality: for € C' and p € R,

(z,p) < h(x) +h*(p), (4.5)

which is easily derived from the definition of h*, or see Section 12 of [222]. For
x € int(C') by Theorem 26.4 of [222],

(x, Vh(z)) = h(z) + h*(Vh(z)). (4.6)

Let y € R% ¢ € R\ {0}. If g(z) = h(z +y) — ¢, then g*(p) = h*(p) — (p,y) + ¢
(Theorem 12.3 [222]). If h(z) = |x[°/b for x € R and b € (1,0), then h*(p) = |p|*/a
where a = b/(b—1) (page 106 of [222]). If g(x) = ch(x), then g*(p) = ch*(p/c) (Table
3.2 [36]). For these and more on h*, we refer readers to [222], 42, 36].

4.2.2 Related Literature

Standard references on convex optimization and the convergence analysis of first-order
methods include [190], 207, 28, [42], 193, [47].

The heavy ball method was introduced by Polyak in his seminal paper [206]. In
this paper, local convergence with linear rate was shown (i.e., when the initial position
is sufficiently close to the local minimum). For quadratic functions, it can be shown
that the convergence rate for optimally chosen step sizes is proportional to the square
root of the conditional number of the Hessian, similarly to conjugate gradient descent
(see e.g., [216]). As far as we know, global convergence of the heavy ball method
for non-quadratic functions was only recently established in [91] and [148], see [111]
for an extension to stochastic average gradients. The heavy ball method forms the
basis of the some of the most successful optimization methods for deep learning, see
e.g., [240} [135], and the recent review [38]. Hereafter, classical momentum refers to
any first-order discretization of the continuous analog of Polyak’s heavy ball (with
possibly suboptimal step sizes).

Nesterov obtained upper and lower bounds of matching order for first-order methods
for smooth convex functions and smooth strongly convex functions, see [193]. In
Necoara et al. [I87], the assumption of strong convexity was relaxed, and under a
weaker quadratic growth condition, linear rates were obtained by several well known

optimization methods. Several other authors obtained linear rates for various classes
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of non-strongly convex or non-uniformly smooth functions, see e.g., [I88| 133, [73, 272,
78, 223].

In recent years, there has been interest in the optimization community in looking
at the continuous time ODE limit of optimization methods, when the step size tends
to zero. Su et al. [238, 239] have found the continuous time limit of Nesterov’s
accelerated gradient descent. This result improves the intuition about Nesterov’s
method, as the proofs of convergence rates in continuous time are rather elegant and
clear, while the previous proofs in discrete time are not as transparent. Follow-ups
have studied the continuous time counterparts to accelerated mirror descent [139] as
well as higher order discretizations of such systems [263, 266]. Studying continuous
time systems for optimization can separate the concerns of designing an optimizer
from the difficulties of discretization. This perspective has resulted in numerous
other recent works that propose new optimization methods, and study existing ones
via their continuous time limit, see e.g., [29] [7, R0, 126, [72], 83, [’4].

Conformal Hamiltonian systems are studied in geometry [165] [30], because
their solutions preserve symplectic area up to a constant; when v = 0 symplectic
area is exactly preserved, when v > 0 symplectic area dissipates uniformly at an
exponential rate [I65]. In classical mechanics, Hamiltonian dynamics (system (|4.3))
with v = 0) are used to describe the motion of a particle exposed to the force field
V f. Here, the most common form for k is k(p) = (p, p) /2m, where m is the mass,
or in relativistic mechanics, k(p) = c\/W where c is the speed of light, see
[99]. In the Markov Chain Monte Carlo literature, where (discretized) Hamiltonian
dynamics (again v = 0) are used to propose moves in a Metropolis—Hastings algorithm
[T70, 115, [74) [185], & is viewed as a degree of freedom that can be used to improve
the mixing properties of the Markov chain [93] [149]. Stochastic differential equations
similar to (4.3) with v > 0 have been studied from the perspective of designing &
[157, 237].

4.3 Continuous Dynamics

In this section, we motivate the discrete optimization algorithms by introducing their
continuous time counterparts. These systems are differential equations described by a
Hamiltonian vector field plus a dissipation field. Thus, we briefly review Hamiltonian
dynamics, the continuous dynamics of Hamiltonian descent, and derive convergence

rates for convex f in continuous time.
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Figure 4.3: A visualization of a conformal Hamiltonian system.

4.3.1 Hamiltonian Systems

In the Hamiltonian formulation of mechanics, the evolution of a particle exposed
to a force field V f is described by its location x; : [0,00) — R? and momentum
pe @ [0,00) — R? as functions of time. The system is characterized by the total

energy, or Hamiltonian,

/H(I‘,p) = ]{I(p) + f(l’) - f(xmin)a (47)

where ., is one of the global minimizers of f and k : R? — R is called the kinetic
energy. Throughout, we consider kinetic energies k that are a strictly convex functions
with minimum at k£(0) = 0. The Hamiltonian H defines the trajectory of a particle

x; and its momentum p, via the ordinary differential equation,

%’; = VpH(xtapt) = Vk(pt)

(4.8)
p; = —VxH(xt,pt) = _Vf<xt)-

For any solution of this system, the value of the total energy over time H; = H(x, p;)
is conserved as H;, = (Vk(p:),p,) + (Vf(x:),x;) = 0. Thus, the solutions of the

Hamiltonian field oscillate, exchanging energy from z to p and back again.

4.3.2 Continuously Descending the Hamiltonian

The solutions of a Hamiltonian system remain in the level set {(x, p¢) : Hy = Hp}. To
drive such a system towards stationary points, the total energy must reduce over time.
Consider as a motivating example the continuous system z} = —V f(x;) — vz}, which

describes Polyak’s heavy ball algorithm in continuous time [206]. Letting z} = p;, the
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heavy ball system can be rewritten as
Ty =Py
) (4.9)
py = =V f(z) = vpr.
Note that this system can be viewed as a combination of a Hamiltonian field with
k(p) = (p,p) /2 and a dissipation field, i.e., (z},p}) = F(xt,p:) + G(xs,pt) where
F(z¢,pt) = (pr, —Vf(z:)) and G (2, p) = (0, —ypt), see Figure [£.3]for a visualization.
This is naturally extended to define the more general conformal Hamiltonian system

[165],
zy = Vk(p:)

pg = —Vf(xt) — VDt-

with v € (0,00). When £ is convex with a minimum £(0) = 0, these systems descend

(4.3 revisited)

the level sets of the Hamiltonian. We can see this by showing that the total energy
H; is reduced along the trajectory (x;, p;),

Hy = (VE(pe), ) + (Vf(20), 21) = =7 (VE(pe), o) < —vk(pe) <0, (4.10)

where we have used the convexity of k, and the fact that it is minimised at £(0) = 0.
The following proposition shows some existence and uniqueness results for the
dynamics (4.3). We say that H is radially unbounded if H(x, p) — oo when ||(z, p)||, —

00, e.g., this would be implied if f and k& were strictly convex with unique minima.

Proposition 4.3.1 (Existence and uniqueness). If Vf and Vk are continuous, k is
convez with a minimum k(0) = 0, and H is radially unbounded, then for every x,p €
R?, there exists a solution (x¢,p;) of (4.3)) defined for everyt > 0 with (xq,po) = (,p).

If in addition, Vf and Vk are continuously differentiable, then this solution is unique.

Proof. First, only assuming continuity, it follows from Peano’s existence theorem
[201] that there exists a local solution on an interval ¢t € [—a,a] for some a > 0.
Let [0, A) denote the right maximal interval where a solution of satisfying that
ro = x and py = p exist. From , it follows that H; < 0, and hence H; < Hy
for every t € [0,A). Now by the radial unboundedness of #H, and the fact that
H; < Hy, it follows that the compact set {(z,p) : H(z,p) < Ho} is never left by
the dynamics, and hence by Theorem 10.1 of [I14] (page 140), we must have A =
oo. The uniqueness under continuous differentiability follows from the Fundamental

Existence-Uniqueness Theorem on page 74 of [202]. O

As shown in the next proposition, (4.10) implies that conformal Hamiltonian

systems approach stationary points of f.
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Proposition 4.3.2 (Convergence to a stationary point). Let (x,p;) be a solution
to the system (4.3) with initial conditions (xg,po) = (x,p) € R?? f continuously
differentiable, and k continuously differentiable, strictly conver with minimum at 0

and k(0) = 0. If f is bounded below and H is radially unbounded, then ||V f(z¢)||, — 0.

Proof. Since f is bounded below, H; > 0. Since H is radially unbounded, the set
B = {(x,p) € R* : H(x,p) < H(wo,po) + 1} is a compact set that contains (xg, po)
in its interior. Moreover, by , we also have (x;,p;) € B for all t > 0. Consider
the set M = {(xt,p:) : H; = 0} N B. Since k is strictly convex, this set is equivalent
to {(x,pt) © ||pel]l, = 0} N B. The largest invariant set of the dynamics inside
Mis I = {(x,p) € R*: |p|l, = 0,||Vf(z)|l, = 0} N B. By LaSalle’s principle [145],
all trajectories started from B must approach [. Since f is a continuous bounded
function on the compact set B, there is a point =, € B such that f(z.) < f(z) for
every x € B (i.e. the minimum is attained in B) by the extreme value theorem (see
[224]). Moreover, due to the definition of B, z, is in its interior, hence ||V f(z,)|l, =0
and therefore (z,,0) € I. Thus the set [ is non-empty (note that I might contain

other local minima as well). ]

Remark 4.3.3. This construction can be generalized by modifying the —yp; component
of to a more general dissipation field —yD(p;). If the dissipation field is
everywhere aligned with the kinetic map, (Vk(p), D(p)) > 0, then these systems
dissipate energy. We have not found alternatives to D(p) = ~yp that result in linear

convergence in general.

4.3.3 Continuous Hamiltonian Descent on Convex Functions

In this section we study how k can be designed to condition the system (4.3) for
linear convergence in log(f(x;) — f(Zmi)). Although the solutions x;,p; of (4.3
approach stationary points under weak conditions, to derive rates we consider the

case when f is convex. To motivate our choice of k, consider the quadratic function
f(x) = (x, Ax) /2 with k(p) = (p, A~'p) /2 for positive definite symmetric A € R?*?,

Now ([4.3]) becomes,

z, = A"lp,
' (4.11)
/
py = — Az — pr.
By the change of variables v; = A™!p,, this is equivalent to
=
f (4.12)
Ut = —Ty — Y,
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which is a universal equation and hence the convergence rate of is independent
of A. Although this kinetic energy implements a constant preconditioner for any f,
for this specific f k is its convex conjugate f*. This suggests the core idea of this
paper: taking k related in some sense to f* for more general convex functions may
condition the convergence of . Indeed, we show in this section that, if the kinetic
energy k(p) upper bounds a centered version of f*(p), then the convergence of
is linear.

More precisely, define the following centered function f, : R — R,

fe(x) = f(@ + Zmin) — f(Tmin)- (4.13)

The convex conjugate of f. is given by f*(p) = f*(p) — (Tmin, p) + f(ZTmin) and is
minimized at fX(0) = 0. Importantly, as we will show in the final lemma of this
section, taking a kinetic energy such that k(p) > amax(f*(p), fi(—p)) for some
a € (0, 1] suffices to achieve linear rates on any differentiable convex f in continuous
time. The constant « is included to capture the fact that & may under estimate f
by some constant factor, so long as it is positive. If a does not depend in any fashion
on f, then the convergence rate of is independent of f. In Section we also
show a partial converse — for some simple problems taking a k not satisfying those
assumptions results in sub-linear convergence for almost every path (except for one

unique curve and its mirror).

Remark 4.3.4. There is an interesting connection to duality theory for a specific choice

of k. In a slight abuse of representation, consider rewriting the original problem as

min f(x) = min <(F(x) + /()

zc€R4 zcRd

The Fenchel dual of this problem is equivalent to the following problem after a small

reparameterization of p (see Chapter 31 of [222]),

The Fenchel duality theorem guarantees that for a given pair of primal-dual variables

(z,p) € R?, the duality gap between the primal objective f(z) and the dual objective
(—f*(p) — f*(—p))/2 is positive. Thus,

f@) = (=" (p) = [ (=p)/2 = f(2) = [ (@min) + (f*(p) + /" (=))/2 + [ (Zmin)
= f() = f(@min) + (fZ(p) + f2(=D))/2 2 0.
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Thus, for the choice k(p) = (f(p) + fX(—p))/2, which as we will show implies linear
convergence of (4.3)), the Hamiltonian #H(x, p) is exactly the duality gap between the

primal and dual objectives.

Linear rates in continuous time can be derived by a Lyapunov function V : R¥>*? —
[0,00) that summarizes the total energy of the system, contracts exponentially (or
linearly in log-space), and is positive unless (z4,p;) = (Zmin,0). Ultimately we are
trying to prove a result of the form V; < —\V; for some rate A > 0. As the energy
‘H; is decreasing, it suggests using H; as a Lyapunov function. Unfortunately, this
will not suffice, as H; plateaus instantaneously (H; = 0) at points on the trajectory
where p, = 0 despite x; possibly being far from z.;,. However, when p, = 0, the
momentum field reduces to the term —V f(z;) and the derivative of (x; — Zyin, py) in
t is instantaneously strictly negative — (zy — Zmin, V.f(2:)) < 0 for convex f (unless
we are at (Tmin, 0)). This suggests the family of Lyapunov functions that we study in

this paper,

V(z,p) = H(z,p) + B (T — Tuin, D) , (4.14)

where 8 € (0,7) (see the next lemma for conditions that guarantee that it is non-
negative). As with #, V), is used to indicate V(zy,p;) at time t along a solution to
(4.3). Before moving on to the final lemma of the section, we prove two technical
lemmas that will give us useful control over )V throughout the paper.

The first lemma describes how [ must be constrained for V' to be positive and
to track H closely, so that it is useful for the analysis of the convergence of H and

ultimately f.

Lemma 4.3.5 (Bounding the ratio of H and V). Let x € R?, f : R? — R convex with
unique minimum T, k : R4 — R strictly convex with minimum k(0) =0, a € (0, 1]
and f € (0, a.
If p € R? is such that k(p) > af(—p), then
H(x,p
(&~ asnot) = — (K)o (@) — S 2 — 0B (415)

(07

=89(z,p) < V(z,p)- (4.16)

If p € R? is such that k(p) > afi(p), then

(& — o p) < k(D)0 + (@) — Flamm) < D), (4.17)

V(z,p) < L2 (x,p). (4.18)
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Proof. Assuming that k(p) > af*(—p), we have
k(p)/a+ felx = Zmin) 2 f2(=p) + fo(2 — Tmin)

2 <:E — Lmin; _p> - fc(m - xmin) + fc(x - xmin)

= - <5U - mminap> )

hence we have (4.15]). (4.16]) follows by rearrangement. The proof of (4.17)) and (4.18))

is similar. O

Lemma constrains f§ in terms of a. For a result like V; < —AV, | we will
need to control § in terms of the magnitude v of the dissipation field. The following

lemma provides constraints on  and, under those constraints, the optimal 3. The
proof can be found in Section of the Appendix.

Lemma 4.3.6 (Convergence rates in continuous time for fixed «). Given v € (0,1),
f : RT = R differentiable and conver with unique minimum Ty, k : R4 — R
differentiable and strictly convex with minimum k(0) = 0. Let z;,p; € R? be the value
at time t of a solution to the system such that there exists o € (0,1] where

k(pe) > afi(—=p:). Define

(4.19)

e, B.7) = min (av —af — By (- 7)) '

a— 3 " 1-8
If B € (0, min(a, )], then
Vi, < =XMa, 8,7)Vs.
Finally,
1. The optimal B € (0, min(c,y)], f* = argmaxg Ao, 8,7) and \* = X«, 5%,7)

are given by,

ﬁ*=ﬁ<a+g—\/(1—v)a2+1—2)v (4.20)

L((l_y)a_kg—\/(l—y)a?—i—“’;) for0<a <1,

A= ’Y(QL';Y) et (4.21)
2. If B € (0,ay/2], then
Ma, 8,7) = 6(1%_/37), and (4.22)
- (7 - ﬁ - 72(1 - 7)/4) k<pt> - ny <xt - Q:rnin7pt> - B <xt — Tmin, vf(xt»
< =B =7)(k(pe) + fze) = [(@min) + B (Tt — Tmnin, Pr))- (4.23)
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These two lemmas are sufficient to prove the linear contraction of V and the
contraction f(z;) — f(@min) < 575 Hoexp(—A*t) under the assumption of constant
a and (. Still, the constant «, which controls our approximation of f may be
quite pessimistic if it must hold globally along z;, p; as the system converges to its
minimum. Instead, in the final lemma that collects the convergence result for this
section, we consider the case where o may increase as convergence proceeds. To
support an improving «, our constant 8 will now have to vary with time and we will
be forced to take slightly suboptimal 8 and A given by of Lemma . Still,
the improving a will be important in future sections for ensuring that we are able to
achieve position independent step sizes.

We are now ready to present the central result of this section. Under Assumptions
We show linear convergence of . In general, the dependence of the rate of linear

convergence on f is via the function « and the constant C, , in our analysis.

Assumption A. A.1 f:R? — R differentiable and convex with unique minimum

Lmin -

A.2 k: R — R differentiable and strictly convex with minimum k(0) = 0.
A3 ve(0,1).

A.4 There exists some differentiable non-increasing convex function « : [0,00) —
(0,1] and constant C,., € (0,7] such that for every p € R?,

k(p) = a(k(p)) max(fZ(p), f(=p)) (4.24)

and that for every y € [0, 00)

—Cond(y)y < a(y). (4.25)

In particular, if k(p) > a, max(f(p), fX(—p)) for a constant o, € (0,1], then

[

the constant function a(y) = a, serves as a valid, but pessimistic choice.

Remark 4.3.7. Assumption [A.4] can be satisfied if a symmetric lower bound on f is

known. For example, strong convexity implies
f( > 2 2
T+ Tmin) = f(@min) > b |5 -

This in turn implies £(p) < ||p|l3 /(21). Because k(p) = ||p|l3 /(2u) is symmetric, it
satisfies [A.4] which explains why conditions relating to strong convexity are necessary

for linear convergence of Polyak’s heavy ball.
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Theorem 4.3.8 (Convergence bound in continuous time with general ). Given f,
k, v, a, Cq satisfying Assumptions . Let (x4, pi) be a solution to the system
with initial states (zg,po) = (,0) where v € R Let o, = a(3Hy), N = %,
and W : [0,00) — [0,00) be the solution of

Wt/ =—\- Oé(QWt)Wt,

with Wy == Ho = f(20) — f(Tmin). Then for every t € [0, 00), we have
f(@) = f(Tmin) < 2Hoexp (—)\/ a(QWt)) < 2Hgexp (—Aayt) . (4.26)
0

Proof. By (4.24) in assumption [A.4] the conditions of Lemma hold, and by
(4.15) and (4.17)) we have

H,
a(k(pr))

Instead of defining the Lyapunov function V; exactly as in (4.14) we take a time-
dependent [3;. Specifically, for every ¢ > 0 let V; be the unique solution v of the

| (2t = @min, o) | < K(pe) [k (pr)) + f(20) = f(min) < (4.27)

equation

Coy0(20)
2

in the interval v € [H;/2,3H;/2]. To see why this equation has a unique solution in

v € [Hy/2,3H,/2], note that from (4.27) it follows that

v = Ht + <It - :L'min)pt> (428)

H
| (20) (@1 — Trnin, Pr) | < Hy for every v > 7'5,

and hence for any such v, we have

M, <H 1 Ca 0 (2v)

3
9 5 (Tt — Tin, Pr) < §Ht- (4.29)

This means that for v = %, the left hand side of ([4.28) is smaller than the right hand

side, while for v = 3—72“, it is the other way around. Now using (4.25]) in assumption

and (4.27)), we have

o/(2Vt)2Vt

‘Ca,'ya/ (zvt) <xt - xminaptH S Oé<2Vt>

Cory <1, (4.30)

Thus, by differentiation, we can see that (4.30)) implies that

0
0 (U —H, — C‘;”a(%) (x) — «Tminapt>> >0,
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which implies that (4.28) has a unique solution V; in [%#, 3] Let a, = «(2V),) and

B, = C‘;’”a (2V;). By the implicit function theorem, it follows that V; is differentiable

in t. Morover, since

Ca;\/Oé(QVt)

Vi =H,+ 5

(T4 = Tonin, Pt) (4.31)
for every t > 0, by differentiating both sides, we obtain that
Vi = —(v = Bt) (VE®:), pr) — By (Tt — Tmin, Pe) — B (Tt — Train, V. (21))

+ Bzi <xt - xminapt>

The first three terms are equivalent to the temporal derivative of V; with constant
B = Bt Since ap < a(k(p:)) and B; < 7, the assumptions of Lemma are satisfied

locally for ay, B; and we get

Vé S _)‘<05t: ﬁtv ’Y>Vt + 5; <$t - ajminapt> = _)‘(Oéta Btv ’}/)Vt + Ca,’yoé <xt - xmimpt> Vt/

Using (4.22)) of Lemma {4.3.6|for ay, B;, we have A(ay, Bi, ) = 'Btl(i—gj) > 6y(1 —~) and

Vi < —B(1 = 9)Vs + Cory ) (T4 — Tonin, D) V.-

Using (4.30) we have V] < —wl&. Notice that Vy = H since we have assumed
that po = 0, and the claim of the lemma follows by Gronwall’s inequality. The final
inequality (4.26]) follows from the fact that «(2V;) > a(3Hy) = .. O

4.3.4 Partial Lower Bounds

In this section we consider a partial converse of Proposition [4.3.8 showing in a simple
setting that if the assumption k(p) > amax(f*(p), fX(—p)) of is violated, then
the ODE contracts sub-linearly. Figure [4.4] considers the example f(z) = 2*/4.
If k(p) = |p|*/a, then assumptions [A| cannot be satisfied for small p unless b > 4/3.
Figure shows that an inappropriate choice of k(p) = p?/2 leads to sub-linear
convergence both in continuous time and for one of the discretizations of Section [4.4]
In contrast, the choice of k(p) = 3p*/3 /4 results in linear convergence, as expected.
Let b,a > 1 and v > 0. For d = 1 dimension, with the choice f(z) := |z|°/b and

k(p) := |p|*/a, (4.3) takes the following form,

|~ sign(py),

Py = —a|"" sign(ae) — ype.

/
Ty = |p
(4.32)
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Figure 4.4: Importance of Assumptions [A] Solutions z; and iterates z; of our first
explicit method on f(x) = 2*/4 with two different choices of k. Notice that f(p) =
3p*/?/4 and thus k(p) = p?/2 cannot be made to satisfy assumption

Since f(z) takes its minimum at 0, (x4, p;) are expected to converge to (0,0) as
t — oo. There is a trivial solution: x; = p; = 0 for every ¢t € R. The following Lemma

shows an existence and uniqueness result for this equation. The proof is included in

Section of the Appendix.

Lemma 4.3.9 (Existence and uniqueness of solutions of the ODE). Let a,b,v €
(0,00). For every to € R and (z,p) € R?, there is a unique solution (z¢,p;)ier of
the ODE with x4, = ©, p, = p. Fither v, = p, = 0 for every t € R, or
(21, pt) # (0,0) for every t € R.

Note that if (2, p¢) is a solution, and A € R, then (z;1a,pi+a) is also a solution
(time translation), and (—z;, —p;) is also a solution (central symmetry).

Note also that f*(p) = f*(—p) = |p|" /b* for b* := (1 — $)~*. Hence if a < b*,
or equivalently, if % + % > 1, the conditions of Proposition are satisfied for

some « > 0 (in particular, if @ = b*, then o = 1 independently of zg,py). Hence in
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Figure 4.5: Solutions to the Hamiltonian descent system with f(z) = x*/4 and k(p) =
22/2. The right plots show a numerical approximation of (z\", p{") and (—z\", —pg M.
The left plots show a numerical approximation of (x,ﬁa),pf’) ) and (— a:§9), —pt ) for

0 =n+ 0 € R, which represent typical paths.

such cases, the speed of convergence is linear. For a > b*, lim, ;o f*(( )) = 0, so the
conditions of Proposition [4.3.8] are violated.

Now we are ready to state the main result in this section, a theorem characterizing
the convergence speeds of (x4, p;) to (0,0) in this situation. The proof is included in

Section of the Appendix.

Proposition 4.3.10 (Lower bounds on the convergence rate in continuous time).
Suppose that + —|— < 1. For any 6 € R, we denote by (xt ),pt ) the unique solution

of (4.32 wzth o = 0,p9 = 0. Then there exists a constant n € (0,00) depending on a

and b such that the path (xg pi ) and its mirrored version (x; (=) (= 77)) satisfy that

|x§_’7)| — |x§’7)| < O(exp(—at)) for every a < y(a—1) as t — 0.

For any path (x,p;) that is not a time translation of (x o py )> r(z 57"),p§’")), we

have
=

1
|zt = O(tri=<) as t — oo,
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so the speed of convergence is sub-linear and not linearly fast.

Figure illustrates the two paths where the convergence is linearly fast for
a = 2,b = 4. The main idea in the proof of Proposition is that we establish the
existence of a class of trapping sets, i.e. once the path of the ODE enters one of them,
it never escapes. Convergence rates within such sets can be shown to be logarithmic,
and it is established that only two paths (which are symmetric with respect to the

origin) avoid each one of the trapping sets, and they have linear convergence rate.

4.4 Optimization Algorithms

In this section we consider three discretizations of the continuous system , one
implicit and two explicit. For these discretizations we must assume more about the
relationship between f and k. The implicit method defines the iterates as solution of
a local subproblem. The first and second explicit methods are fully explicit, and we
must again make stronger assumptions on f and k. The proofs of all of the results in
this section are given in Section of the Appendix.

4.4.1 TImplicit Method

Consider the following discrete approximation (x;, p;) to the continuous system, making

the fixed € > 0 finite difference approximation, == = zj and 2=+ = p} which
approximates the field at the forward points.
Tiy1 — X
Tl Ty k(pit1)
€ (4.33)
Pit1 — Di

c = —YPi+1 — vf(xi—l-l)'

Since V k*(V k(p)) = p, this system of equations corresponds to the stationary
condition of the following subproblem iteration, which we introduce as our implicit
method.

Method 1 (Implicit Method). Given f,k:R? — R, ¢,v € (0,00), xg, po € RY.
Let § = (14 ve)~! and
Tip1 = argmin {ek*(=2) + 0 f(z) — 6 (p;, ) }
rere (4.34)
Pit1 = Op; — €5Vf(33i+1)-

The following lemma shows that the formulation (4.34)) is well defined. The proof
is included in Section of the Appendix.
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Lemma 4.4.1 (Well-definedness of the implicit scheme). Suppose that f and k satisfy
assumptions [A. 1] and[A.9, and e, € (0,00). Then [4.34) has a unique solution for

every z;, p; € R, and this solution also satisfies (4.33)).

As this discretization involves solving a potentially costly subproblem at each

iteration, it requires a relatively light assumption on the compatibility of f and k.

Assumption B. B.1 There exists C;, € (0,00) such that for all z,p € R?,
[ (Vf(2), VE(p)) | < CriH(z,p). (4.35)

Remark 4.4.2. Smoothness of f implies 1 IVf(@)l5 < Lf(x) = f(2min)) (see (2.1.7) of
Theorem 2.1.5 of [193]). Thus, if f is smooth and k(p) = 3 [p|l3, then the assumption
can be satisfied by Cj = max{1, L}, since

[(Vf(@), VE@) | < 5 IIVF@)5 + 5 IVE@)Il; < L(f(2) = f(@mn)) + Ep).
The following proposition shows a convergence result for the implicit scheme.

Proposition 4.4.3 (Convergence bound for the implicit scheme). Given f, k, v, «,
Cony, and Cyy, satisfying assumptions |A| and @ Suppose that € < ﬁ&kl) Let
a, = a(3Ho), and let Wy = f(xo) — f(@min) and for i >0,

Wit1 = Wi [l 4 €Cor (1 — v — 2C 1 6)(2W;) /4]
Then for any (xqg,po) with po = 0, the iterates of (4.33)) satisfy for every i >0,
f(@:) = f(@min) < 2Wi <2W[1 + €0y (1 — v — 2C 16) v /4] 7

Remark 4.4.4. Proposition 4.4.3] means that we can fix any step size 0 < € <
ﬁgm,l) independently of the initial point, and have linear convergence with contraction
rate that is proportional to «(3H,) initially and possibly increasing as we get closer
to the optimum. In Section we introduce kinetic energies k(p) that behave like
|p||5 near 0 and HpH;4 in the tails. We will show that for functions f(z) that behave
like || — Zmin|| near their minima and ||z — Zy |y in the tails the conditions of
assumptions |Bf are satisfied as long as é + % =1 and % + % > 1. In particular, if we
choose k(p) = \/|Ipll5 + 1 — 1 (relativistic kinetic energy), then a = 2 and A = 1, and
assumptions [B] can be shown to hold for every f that has quadratic behavior near its

minimum and no faster than exponential growth in the tails.
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4.4.2 First Explicit Method, with Analysis via the Hessian
of f

The following discrete approximation (z;, p;) to the continuous system makes a similar

finite difference approximation, “*—= = z} and 2+t = p for € > 0. In contrast to
the implicit method, it approximates the field at the point (x;, p;11), making it fully

explicit without any costly subproblem,

Tit1l — T4

= Vk(pit1)
Di+1 — Pi
% = —YPi+1 — Vf(l’i)-

This method can be rewritten as our first explicit method.

Method 2 (First Explicit Method). Given f,k: R4 — R, €,y € (0,00), g, po € RL.
Let 6 = (1 + €)™ and

Dit1 = Op; — €5Vf(i€i)

(4.36)
Tiy1 = X4 + €Vk(pi+1).

This discretization exploits the convexity of k by approximating the continuous
dynamics at the forward point p;;1, but is made explicit by approximating at the
backward point x;. Because this method approximates the field at the backward
point x; it requires a kind of smoothness assumption to prevent f from changing
too rapidly between iterates. This assumption is in the form of a condition on the
Hessian of f, and thus we require twice differentiability of f for the first explicit
method. Because the accumulation of gradients of f in the form of p; are modulated

by k, this condition in fact expresses a requirement on the interaction between Vk
and V2f, see assumption [C.3]|

Assumption C. C.1 There exists C), € (0,00) such that for every p € R4,

(VE(p),p) < Crk(p). (4.37)

C.2 f: R — R conver with a unique minimum at Tmi, and twice continuously
differentiable for every x € R\ {@min}-

C.8 There exists Dy, € (0,00) such that for every p € RY, x € R\ {xmin},

(Vk(p), V*f(x)Vk(p)) < Dyra(3H(z,p))H(z,p). (4.38)
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Remark 4.4.5. If f smooth and twice differentiable then (v, V2f(x)v) is everywhere
bounded by L for v € R? such that |[v|l, = 1 (see Theorem 2.1.6 of [193]). Thus,
using k(p) = 1 I[p||3, this allows us to satisfy assumptionwith Dy = max{1,2L},
since

(VE(p), V*f(x)Vk(p)) < LIIVE(p)l5 = 2Lk(p) < f(2) = f(2min) + 2Lk(p).

Assumption is clearly satisfied in this case by C} = 2.

The following lemma shows a convergence result for this discretization.

Proposition 4.4.6 (Convergence bound for the first explicit scheme). Given f, k,
¥, @, Capy, Crr, Ck, Dy satisfying assumptions [A], [B, and [, and that 0 < € <

. 1— Ca, _ .
2max(cf,k+6gf,k/ca,w,1)7 1ocf,k+gwck>' Let oo = a(3Ho), Wo == [f(20) — f(%min),
and for i >0, let

1min

C. -
Wiii =W, <1 + % [1 -y — 26(Cf,k + 6Df,k/0a,,y)] a(ZWz)) .

Then for any (xqg,po) with po = 0, the iterates (4.36|) satisfy for every i >0,

Ch B
f(xz) - f(xmin) S 2Wz S 2)/VO (]- + ‘ 4 — [1 -7 = 2€<Of,k + 6Df,k/0a,7)] Oé*) .

Remark 4.4.7. Similar to Remark [4.4.4] Proposition [£.4.6] implies that, under suitable
assumptions and position independent step sizes, the first explicit method can achieve
linear convergence with contraction rate that is proportional to «(3Hy) initially
and possibly increasing as we get closer to the optimum. In particular, again as
remarked in Remark , for f(x) that behave like || — Zy |5 near their minima
and || — Tyl in the tails the conditions of assumptions |[C| can be satisfied for
kinetic energies that grow like ||p[|; in the body and ||10||;4 in the tails as long as
é + % =1, % + % > 1. The distinction here is that for the first explicit method we
will require b, B > 2.

4.4.3 Second Explicit Method, with Analysis via the Hessian
of k

Our second explicit method inverts relationship between f and k from the first. Again,
it makes a fixed € step approximation = x} and @ = p;. In contrast to

the implicit (4.33) and first explicit (4.36)) methods, it approximates the field at the
point (41, ;).

Tit1—Ti
€
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Method 3 (Second Explicit Method). Given f,k : R = R, €,v € (0,00), 2o, o €

R?. Let,
Tip1 = x5 + eVE(p;) (4.39)
pi+1 = (L —ey)p;i — eV f(2it1).

This discretization exploits the convexity of f by approximating the continuous
dynamics at the forward point z;,q, but is made explicit by approximating at the
backward point p;. As with the other explicit method, it requires a smoothness
assumption to prevent k from changing too rapidly between iterates, which is expressed
as a requirement on the interaction between Vf and V2, see assumption . These
assumptions can be satisfied for k that have quadratic or higher power growth and

are suitable for f that may have unbounded second derivatives at their minima (for
such f, Assumptions |C| can not hold).

Assumption D. D.1 k:R? — R strictly convex with minimum k(0) = 0 and twice
continuously differentiable for every p € R4\ {0}.

D.2 There exists Cy € (0,00) such that for every p € R?,

(VE(p),p) < Crk(p). (4.40)

D.3 There exists Dy, € (0,00) such that for every p € R?\ {0},
{p, V?k(p)p) < Dik(p). (4.41)
D.J There exists Ey, Fy, € (0,00) such that for every p,q € R4,
k(p) = k(q) < Exk(q) + Fx (VE(p) = VE(q),p = q) - (4.42)
D.5 There exists Dy, € (0,00) such that for every x € R%, p € R?\ {0},
(Vf(2), V’k(p)Vf(x)) < Dyra(3H(x, p))H(z, p). (4.43)

Remark 4.4.8. Smoothness of f implies 1 IV ()5 < LOf(x) = f(Zmin)) (see (2.1.7) of

Theorem 2.1.5 of [193]). Thus, if f is smooth and k(p) = 3 |[p|l5, then the assumption

can be satisfied by Dy, = max{1,2L}, since V?k(p) = I and

(VI (), V@)V (2)) = [Vf(@)5 < 2L(f (@)= f (@) < 2L0f (@)= f (@min))+5(p).

The k-specific assumptions and can clearly be satisfied with Cy, = D, =2 in
this case. We show that [D.4] can be satisfied in Section .5l
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Figure 4.6: Importance of discretization assumptions. Solutions z; and iterates x; of
our first explicit method on f(x) = x*/4. With an inappropriate choice of kinetic

energy, k(p) = p®77/8, the continuous solution converges at a linear rate but the
iterates do not.

Proposition 4.4.9 (Convergence bound for the second explicit scheme). Given f,
k, v, a, Cap, Cri, Cr, Di, Dyy, Ey, Fy, satisfying assumptions [A] [B, and [D), and

that
/ 1
+ 12’)/004777 6’72Dka .

L 1—vy Cory
(Ctr+6Dfi/Cap) 8Di(1 4 Ex)" 6(5Csx + 27Cy)

0 < e<mi
€ min (2

Let v, = a(3Ho), Wo := f(x0) — f(Tmin), and fori >0, let

Wiy =W, (1 —

€Cay

[1 -y — QE(nyk + 6Df7k/0a77)] Oé(QWZ)) .

Then for any (xqg,po) with po = 0, the iterates (4.39)) satisfy for every i >0,

F(@) = f(@min) < 2W; <20 - (1 _ ET

C,

a7’y

[1 i 26(Cf7k + 6Df7k/00w)] CY*) .

Remark 4.4.10. Similar to Remark[4.4.4] Proposition[4.4.9implies that, under suitable
assumptions and for a fixed step size independent of the initial point, the second

explicit method can achieve linear convergence with contraction rate that is proportional

to «(3Hp) initially and possibly increasing as we get closer to the optimum.

In

particular, again as remarked in Remark for f(z) that behave like ||z — T |5
near their minima and ||z — xmian in the tails the conditions of assumptions El can
be satisfied for kinetic energies that grow like [|p|3 in the body and |[p||3" in the tails

as long as % + % =1, % + % > 1. The distinction here is that for the second explicit
method we will require b, B < 2.
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To conclude the analysis of our methods on convex functions, consider the example
f(x) = 2*/4 from Figure[d.4 If we take k(p) = |p|*/a, then assumption requires
that a < 4/3. Assumptions [Bf and |C| cannot be satisfied as long as a < 4/3, which
suggests that k(p) = f*(p) is the only suitable choice in this case. Indeed, in Figure
4.6, we see that the choice of k(p) = p®77/8 results in a system whose continuous
dynamics converge at a linear rate and whose discrete dynamics fail to converge.
Note that as the continuous systems converge the oscillation frequency increases

dramatically, making it difficult for a fixed step size scheme to approximate.

4.4.4 First Explicit Method on Non-Convex f

We close this section with a brief analysis of the convergence of the first explicit
method on non-convex f. A traditional requirement of discretizations is some degree
of smoothness to prevent the function changing too rapidly between points of approximation.
The notion of Lipschitz smoothness is the standard one, but the use of the kinetic
map Vk to select iterates allows Hamiltonian descent methods to consider the broader
definition of uniform smoothness, as discussed in [277, 13, 278] but specialized here
for our purposes.

Uniform smoothness is defined by a norm ||-|| and a convex non-decreasing function
o :[0,00) — [0, 00] such that o(0) = 0. A function f : R? — R is g-uniformly smooth,
if for all z,y € RY,

fly) < fl@) + (V@) y —2) + o(lly — ). (4.44)

t2, and generally speaking there exist

non-trivial uniformly smooth functions for o(t) = +t* for 1 < b < 2, see, e.g., [192,

b
277, 13, 278).

Lipschitz smoothness corresponds to o(t) =

N|—=

Assumption E. E.1 f:R? — R differentiable.
E.2 v € (0,00).

E.3 There exists a norm ||-]| on RY, b € (1,00), Dy € (0,00), Dy € (0,00), o :
[0,00) — [0, 00] non-decreasing convex such that o(0) = 0 and o(ct) < Po(t)
for c,t € (0,00); for all p € R,

o([IVE(p)|) < Dik(p); (4.45)
and for all z,y € R4,
) < fly) + (Vf(@),y — x) + Dyo(lly — =) (4.46)
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Lemma 4.4.11 (Convergence of the first explicit scheme without convexity). Given

Il f, &k, v, b, Dy, Dy, o satisfying assumptions@ and. If e € (0, */v/DsDyl,
then the iterates (4.36)) of the first explicit method satisfy

His1 — Hi < (€ DDy — ev)k(pia) <0, (4.47)
and ||V f(z;)||, = 0.

Remark 4.4.12. L-Lipschitz continuity of the gradients ||V f(z) — Vf(y)|l, < L ||z —y|,
for L > 0 with Euclidean norm ||-||, implies both f(y) < f(y) + (Vf(z),y — x) +
%Hy—xlli and %HVf(JC)H; < L(f(z) = f(zmn)). Thus, if f,k are Ly, Ly smooth,

respectively, then the condition for convergence simplifies to € < /L;Ly.

4.5 Kinetic Maps for Functions with Power Behavior

In this section we design a family of kinetic maps Vk suitable for a class of functions
f that exhibit power growth, which we will describe precisely as a set of assumptions.
This class includes strongly convex and smooth functions. However, it is much
broader, including functions with possibly non-quadratic power behavior and singular
or unbounded Hessians. First, we show that this family of kinetic energies satisfies
the k-specific assumptions of Section Then we use the generic analysis of Section
to provide a specific set of assumptions on fs and their match to the choice of
k. As a consequence, this analysis greatly extends the class of functions for which
linear convergence is possible with fixed step size first order computation. Still, this
analysis is not meant to be an exhaustive catalogue of possible kinetic energies for
Hamiltonian descent. Instead, it serves as an example of how known properties of f
can be used to design k. Note that, with a few exceptions, the proofs of all of our
results in this section are deferred to Section of the Appendix.

4.5.1 Power Kinetic Energies

We assume a given norm ||z|| and its dual ||p||, = sup{{(x,p) : ||z]| < 1} for z,p € R

Define the family of power kinetic energies k,

S [

— = for t € [0,00) and a, A € [1, 00).
(4.48)
For a = A we recover the standard power functions, ¢%(t) = t*/a. For distinct

a # A, we have (p2)(t) ~ t4~! for large t and (p2)(t) ~ t~! for small t. Thus,

k(p) = i (Ipll,) where o7(t) = § (t* + 1)a — &
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Figure 4.7: Power kinetic energies in one dimension.

k(p) ~ Il /A as |Ipll, 1 oo and k(p) ~ |IpllY /a as [[p]l. | 0. See Figure 1.7 for

examples from this family in one dimension.

Broadly speaking, this family of kinetic energies must be matched in a conjugate
fashion to the body and tail behavior of f. Informally, for this choice of k we will
require conditions on f that correspond to requiring that it grows like ||z — 2y ” in
the body (as || — Zmin| — 0) and ||z — 2| ” in the tails (as ||z — @] — 00) for
some b, B € (1,00). In particular, our growth conditions in the case of f “growing
like” ||z||3 = (z,z) everywhere will be necessary conditions of strong convexity and
smoothness. More generally, a, A, b, B will be well-matched if 1 /a+1/b = 1/A+1/B =
1, but other scenarios are possible. Of these, the conjugate relationship between a
and b is the most critical; it captures the asymptotic match between f and k as
(i, pi) = (Tmin, 0), and our analysis requires that 1/a+1/b = 1. The match between
A and B is less critical. In the ideal case, B is known and A = B/(B—1). In this case,
the discretizations will converge at a constant fast linear rate. If B is not known, it
suffices for 1/A 4+ 1/B > 1. The consequence of underestimating A < B/(B — 1) will
be reflected in a linear, but non-constant, rate of convergence (via o of Assumption
IA.4), which depends on the initial xy and slowly improves towards a fast rate as
the system converges and the regime switches. We present a complete analysis and
set of conditions on f for two of the most useful scenarios. In Proposition [4.5.8 we
consider the case that f grows like ¢ (|2 — Tpyin||) where b, B > 1 are exactly known.
In this case convergence proceeds at a fast constant linear rate when matched with
k(p) = ¢2(||p|l,) where a = b/(b — 1) and A = B/(B — 1). In Proposition
we consider the case that f grows like 2 (|| — mi||) where B > 2 is unknown.
Here, the convergence is linear with a non-constant rate when matched with the

relativistic kinetic energy k(p) = @3(||p||,). The case covered by relativistic kinetic
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f(z) grows like @}’ ([|z) appropriate k(p) = ¢ ([lpl,)

method powers known? body power b tail power B body power a tail power A
implicit known b>1 B>1 a=b/(b—1) A=B/(B—-1)
unknown b=2 B>2 a=2 A=1
1st explicit  known b>2 B>2 a=0b/(b—1) A=B/(B-1)
unknown b=2 B>2 a=2 A=1
2nd explicit known 1<b<2 1<B<2 a=b/(b—1) A=B/(B-1)

Table 4.1: A summary of the conditions on f and power kinetic k considered in this

section that satisfy the assumptions of Section [£.4] Here “grows like” is an imprecise

term meaning that fs growth can be bounded in an appropriate way by ¢Z(||z]]) (o2

is defined in (4.48))). The full precise assumptions on f are laid out in Propositions
[4.5.8 and [£.5.10] In particular, b = B = 2 corresponds to assumptions similar in
spirit to strong convexity and smoothness. Other combinations of b, B and a, A are
possible.

V k is particularly valuable, as it covers a large class of globally non-smooth, but
strongly convex functions. Table summarizes this, and throughout the remaining
subsections we flesh out the details of these claims.

For these kinetic energies to be suitable in our analysis, they must at minimum
satisfy assumptions[A.2] [C.T} [D.1] [D.3]| and [D.4 Assumptions and are clearly
satisfied by k(p) = |p|*/a for p € R with constants Cy, = a and Dy = a(a —1). In

the remainder of this subsection, we provide conditions on the norms and a, A under

which assumptions like these hold for ¢ with multiple power behavior in any finite
dimension.

In general, the problematic terms of Vk(p) and V?k(p) that arise in high dimensions
involve the gradient and Hessian of the norm. The gradient of norm can be dealt with
cleanly, but our analysis requires additional control on the Hessian of the norm. To
control terms involving V2 ||p||, we define a generalization of the maximum eigenvalue
induced by the norm ||-||. Let Alil; : R?¢ — R be the function defined by

A (M) = sup{ (v, Mv) : v € R, ||v]| = 1}. (4.49)

max

For symmetric M € R™? and Euclidean ||-|| this is exactly the maximum eigenvalue

of M. Now we are able to state our lemma analyzing power kinetic energies.
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Lemma 4.5.1 (Verifying assumptions on k). Given a norm ||p||, on p € R?, a, A €
[1,00), and @2 in (4.48). Define the constant,

B-b

O s = ( ~(a=yda g (f;ll)ﬁii>_ _ (4.50)

k(p) = o2(|lpll,) satisfies the following.

1. Convexity. Ifa > 1 or A > 1, then k is strictly convexr with a unique minimum
at 0 € R,

2. Congugate. For all x € R, k*(x) = (o2)*(||z]))-

3. Gradient. If ||pl|, is differentiable at p € R\ {0} and a > 1, then k is
differentiable for all p € R, and for all p € R,

(VE(p),p) < max{a, A}k(p), (4.51)
()" (IVE@)[) < (max{a, A} — 1)k(p). (4.52)
Additionally, if a, A > 1, define B=A/(A—1), b=a/(a—1), and then
wy (IVE(D)]) < Coa(max{a, A} — 1k(p). (4.53)
Additionally, if a, A > 2, then for all p,q € RY,

k(p) < (Vk(q),q) + (VE(p) — Vk(q),p — q) - (4.54)

4. Hessian. If ||p|, is twice continuously differentiable at p € R\ {0}, then k is
twice continuously differentiable for all p € R\ {0}, and for all p € R®\ {0},

{p,V’k(p)p) < max{a, A}(max{a, A} — 1)k(p). (4.55)

Additionally, if a, A > 2 and there exists N € [0, 00) such that ||p||, AM;(VQ Ipll,) <
N for p € R\ {0}, then for all p € R\ {0}

Il (o2
CR (m;;ff} Bl N) < (max{a, A}~ 2hp).  (450)

Remark 4.5.2. (4.51)), (4.54), and (4.55]) together directly confirm that these k satisfy
[C.1][D.3] and [D.4] with constants Cy = max{a, A}, Dy = max{a, A}(max{a, A} — 1),

Er = max{a, A} — 1, and Fy = 1. The other results (4.52), (4.53)), and (4.56]) will

be used in subsequent lemmas along with assumptions on f to satisfy the remaining

assumptions of discretization.
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The assumption that [|p]|, )\M;}(VQ Ipll,) < N in Lemma |4.5.1] is satisfied by b-
norms for b € [2,00), as the following lemma confirms. It implies that if ||p|[. = |[p]s
for b > 2, we can take N =b— 1 in (4.56]).

Lemma 4.5.3 (Bounds on Mk (V2||p||,) for b-norms). Given b € [2,00), let ||z||, =
1/b
<Zi:1 |x(”)]b> for x € RY. Then for x € R4\ {0},

[, ALl (V2 Hbe) <@®-1).

max

The remaining assumptions and involve inner products between
derivatives of f and k. To control these terms we will use the Fenchel-Young inequality.

To this end, the conjugates of ¢ will be a crucial component of our analysis.

Lemma 4.5.4 (Convex conjugates of p2). Given a, A € (1,00) and ¢2 in (4.43)).
Define B=A/(A—1),b=a/(a—1). The following hold.

1. Near Conjugate. ©B upper bounds the conjugate (p2)* for all t € [0, 00),

CARCER 0} (457
2. Conjugate. For allt € [0,00),
(6)1) = ghi0). (4.5
(61" (1) = {: Cerh teey (4.59
= {1000 e (60

(1) (t) = {0 reloa) - (4.61)

4.5.2 Matching power kinetic Vi with assumptions on f

In this subsection and the next we study assumptions on f that imply the suitability
of k(p) = @2(||pll,) with the discretizations of Section . The preceding subsection
is an analysis that verifies that such & satisfy the k-specific assumptions [A] [C] and
[D] We now consider the remaining assumptions of [A] [B], [C| and [D] which require an
appropriate match between f and k. This includes the derivation of o and control
of terms of the form (Vf(x), Vk(p)) and (Vk(p), V2f(x)Vk(p)) by the total energy
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Gradient descent k(p) = 90% () k(p) = <P§ (p)
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Figure 4.8: Optimizing f(z) = ¢3 s7(x) with three different methods with fixed step
size: gradient descent, classical momentum, and our second explicit method. Because
the second derivative of f is infinite at its minimum, only second explicit method with
k(p) = p3(p) is able to converge with a fixed step size.

H(z,p). Here we consider the case that f exhibits power behavior with known, but
possibly distinct, powers in the body and the tails.

To see a complete example of this type of analysis, take the case f(x) = |2|°/b and
k(p) = |p|*/a with x,p € R, b > 2, a < 2, and 1/a + 1/b = 1. For « the strategy will
be to find a lower bound on f that is symmetric about f’s minimum. The conjugate
of the centered lower bound can be used to construct an upper bound on f; with
which the gap between k& and f} can be studied. In this case it is simple, as we have
fX(p) = k(p) and a« = 1. The strategy for terms of the form (Vf(z), Vk(p)) and

(VE(p), V2f(2)Vk(p)) will be a careful application of the Fenchel-Young inequality.
Using a —1 = a/b, the conjugacy of b and b/(b—1), and the Fenchel-Young inequality,

[(V (), V) | = |2 pl/" < 552 ()5 + H(Ipl*")! = (b — 1) (2) + (a — 1)k(p)
< (max{a,b} — 1)H(z,p).

Finally, using the conjugacy of b/2 and b/(b — 2) and again the Fenchel-Young
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inequality,

(b o\ b _ a/br b
(Vk(p), V2 f(z)Vk(p)) = (b — 1)]x|~2[p|?/> < CE2) (|4 b=2y52 4 LoD2()p)20/0)3

= (b= =2)f(z) +2(b—1)(a = 1)k(p)
< (b—1)max{b—2,2(a — 1) }H(z,p).

Along with Lemma [£.5.1], this covers Assumptions [A] [B] and [C] Thus, we can justify
the use of the first explicit method for this f, k. All of the analyses of this section

essentially follow this outline.

Remark 4.5.5. These strategies apply naturally when f is twice differentiable and
smooth. In this case, we have 1 ||V (2)||2 < L(f(2) = f(2min)) and Mk (V2f(2)) < L.
Thus, using k(p) = 1 Ip|l5 is appropriate and (Vf(x), VE(p)) < max{L, 1}H(x,p) and

(Vk(p), V2f(x)VE(p)) < 2LE(p).

We are now ready to consider the case of f growing like ¢ (|| — Zmin||) matched
with k(p) = 2(||p|l,) for 1/a+1/b = 1/A+1/B = 1. Assumptions , below, will
be used in different combinations to confirm that the assumptions of the different
discretizations are satisfied. Assumptions [F.1} [F.2] [F.3] and are required for all
methods. The explicit methods each require an additional assumption: for the
first explicit method and for the second. Thus, for f : R? — R and k(p) =

es(|lpll,), Proposition can be summarised as

FEIAFAAEIAED = AIAB]
EIANEAANEIANEAANED = [AIABIAKC
EIANFAANEIAFEAAEG = AIABIAD

Note, that Lemma implies that the power kinetic energies are themselves examples
of functions satisfying Assumptions [F] Figure illustrates a consequence of this
proposition; f(z) = 3 s7(x) for € R is a difficult function to optimize with a first
order method using a fixed step size; the second derivative grows without bound as
z — 0. As shown, Hamiltonian descent with the matched k(p) = p2(p) converges,

while gradient descent and classical momentum do not.

Assumption F. F.1 f: R? — R differentiable and convex with unique minimum

Lmin -

F.2 ||pll, is differentiable at p € R®\ {0} with dual norm ||z|| = sup{(z,p) : ||p|l, =

1.
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F3B=A/(A-1),andb=a/(a—1).
F.J There exist u, L € (0,00) such that for all x € R?

F@) = f(@min) = 10y (17 = rin] )

4.62
AUVF@IL) < LU @) — f(rmm). (462)

F5b>2and B> 2 f:R*— R is twice continuously differentiable for all
x € RI\{zmin} and there exists Ly, Dy € (0,00) such that for all z € R\ {Zmin }

( 3/2)* (A'A;ax(vv(x))

Yo/ I ) < Dp(f(2) = f(@min)). (4.63)

F.6 b<2and B <2. ||p||, is twice continuously differentiable at p € R*\ {0}, and
there exists N € (0,00) such that )\‘III;!;(V2 Ipll) < Np|l.* for all p € R4\ {0}.

Remark 4.5.6. Assumption can be read as the requirement that f is bounded
above and below by ¢, and in the b = B = 2 case it is a necessary condition of

strong convexity and smoothness.

Remark 4.5.7. Assumption[F.5|generalizes a sufficient condition for smoothness. Consider
for simplicity the Euclidean norm case ||| = |||, and let Ayax(M) be the maximum

eigenvalue of M € R™? If b= B = 2, then (gpl%z)* is finite only on [0, 1] where it is

zero. Moreover, simpliﬁes to there existing L; € (0, 00) such that A\ (V2f(z)) <

Ly everywhere, the standard smoothness condition. When b > 2, B = 2, (905/22)* is
finite on [0, 1] where it behaves like a power b/(b — 2) function for small arguments.
Thus, can be satisfied in the Fuclidean norm case by a function whose maximum
eigenvalue is shrinking like ||z — xmian*Q as T — Tmin; the balance of where the
behavior switches can be controlled by L;. When b = 2, B > 2, the role is switched
and can be satisfied by a function whose maximum eigenvalue is bounded near
the minimum and grows like ||z — :Umian*Q as ||z — Tmin|ly = 00. When b, B > 2, this
can be satisfied by a function whose maximum eigenvalue shrinks like ||z — xmin”g_z

in the body and grows like ||z — T2 > in the tail.

Proposition 4.5.8 (Verifying assumptions for f with known power behavior and
appropriate k). Given a norm |-, satisfying[F.9 and a, A € (1,00), take

k(p) = w2 (Ilpll,)-

with 2 defined in (4.48)). The following cases hold with this choice of k on f : R — R

conver.
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Gradient descent k(p) = ||p\|ﬁ/3
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Figure 4.9: Dimension dependence on f(z) = ||z||3 /2 initialized at 2o = (2,2, ...,2) €
RY. Left: Gradient descent with fixed step size equal to the inverse of the smoothness
coefficient, L = 3. Right: Hamiltonian descent with k(p) = ||p||421/3 /2 and a fixed
step size (same for all dimensions). Gradient descent convergences linearly with rate
A = 3/(3 — 1/v/d) while Hamiltonian descent converges with dimension-free linear
rates.

1. For the implicit method (4.33)), assumptions @ hold with constants
o = min{p* ", p*t 1} Cany =7 Cpr=max{a—1,A—1,L}, (4.64)

if fya, A, u, L, |||, satisfy assumptions[F.1], [F.3, [F.3§, [F.4

2. For the first explicit method (4.36]), assumptions and@ hold with constants
(4.64) and

Cy = max{a, A} Dy = Lya ' max {Dy, 2C, a(max{a, A} — 1)}, (4.65)

if foa, A, u, L, Ly, Dy, |||, satisfy assumptions[F. 1, [F. 4, [F.3, [F.4], cmd.
3. For the second explicit method , assumptions @ and @ hold with
constants and
Cy = max{a, A} D), = max{a, A}(max{a, A} — 1)
Ey = max{a, A} — 1 Fp,=1 (4.66)
Diy = o '(max{a, A} — 1+ N)max {2L,a — 2, A — 2},
if fya, A, u, L, N, |||, satisfy assumptions[F.1], [F.9, [F.3, [F.4], and .

We highlight an interesting consequence of Proposition for high dimensional

problems. For many first-order methods using standard gradients on smooth f,

linear convergence can be guaranteed by the Polyak-Lojasiewicz (PL) inequality,
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IVF(@)|5 /2 > p(f(z) — f(@mn)), see e.g., [I33]. The rates of convergence generally
depend on p and the smoothness constant L. Unfortunately, for some functions
the constant L or the constant p may depend on the dimensionality of the space.
Although smoothness and the PL inequality can be defined with respect to non-
Euclidean norms, this does not generally overcome the issue of dimension dependence
if standard gradients are used, see [131], 191] for a discussion and methods using non-
standard gradients. The situation is distinct for Hamiltonian descent. If f is smooth
with respect to a non-Euclidean norm ||-||, then, by taking k(p) = ||p||> /2, Proposition
4.5.8| may guarantee, under appropriate assumptions, dimension independent rates
when using standard gradients (dependence on the dimensionality is mediated by the
constant N). For example, consider f(z) = ||lz||2 /2 = (32¢_,(z()*)'/2/2 defined for
d-dimensional vectors x € R?. It is possible to show that f is smooth with respect to
-], with constant L = 3 (our Lemma together with an analysis analogous to
Lemma 14 in Appendix A of [232] and the fact that ||z]|, < |lz]|,) and that f satisfies
the PL inequality with . = 1/v/d (the fact that Ha:|]4/3 < Vd||z|5 and Lemma [4.5.1)).

The iterates of a gradient descent algorithm with fixed step size 1/L on this f will

therefore satisfy the following,

flasn) = f(a) < —5 IVT @I < ——=f ()

1
3Vd
From which we conclude that gradient descent converges linearly with rate A = 3/(3—
1/ \/3), worsening as d — oo. Figure illustrates this, along with a comparison to
Hamiltonian descent with k(p) = ||p| /3> which enjoys dimension independence as
N = 3.

4.5.3 Matching relativistic kinetic Vk with assumptions on f

The strongest assumption of Proposition [4.5.8] is that the power behaviour of f
captured in the constant b is exactly known. This is generally not the case and usually
hard to determine. The only possible exception is b = 2, which can be guaranteed by
lower bounding the eigenvalues of the Hessian. In our second analysis, we consider
a kinetic energy generically suitable for such strongly convex functions that may not
be smooth. Crucially, less information needs to be known about f for this kinetic
energy to be applicable. The cost imposed by this lack of knowledge is a non-constant

rate of linear convergence, which begins slowly and improves towards a faster rate as

(xivpi) — (xmim 0)

72



In particular, we consider the use of the relativistic kinetic energy,

k(p) = ea(llpll) =/ lIplls +1 -1,

which was studied by Lu et al. [I57] and Livingstone et al. [149] in the context of
Hamiltonian Monte Carlo. Consider for the moment the Euclidean norm case. In

this case, we have
p

——
\/ ||p||2 +1

As noted by Lu et al. [I57], this kinetic map resembles the iterate updates of popular

VEk(p) =

adaptive gradient methods [75], 274] 90, [135]. Because the iterate updates ;1 — z;
of Hamiltonian descent are proportional to Vk(p) from some p € R?, this suggests
that the relativistic map may have favorable properties. Notice that ||[VE(p)|3 =
Ipll5 /(lplls + 1) < 1, implying that ||z;4, — 2], < € uniformly and regardless of
the magnitudes of Vf. The fact that the magnitude of iterate updates is uniformly
bounded makes the relativistic map suitable for functions with very fast growing tails,
even if the rate of growth is not exactly known.

More precisely, we consider the case of f growing like o2 (|| — Zmin||) matched
with k(p) = @i(||pll,) for B > 2. Assumptions |G| below, will be used in different
combinations to confirm that the assumptions of the different discretizations are
satisfied. Assumptions [G.1], [G.2] [G.3], and are required for all methods. The
first explicit method requires additional assumptions for B > 2 and for
B = 2. We do not include an analysis for the second explicit method. Thus, for

f:RY— R and k(p) = vi(||pll,), Proposition 4.5.10| can be summarised as

CIANGC2ANGINGA = AIAD
CINGANGINGCANGH = AIABIAKC
CINGANGINGCANG.E = [AIABIAKC

Figure illustrates a consequence of this proposition; f(z) = i(z) for z € R is
a difficult function to optimize with a first order method using a fixed step size; the
second derivative grows without bound as |z| — oco. Thus if the initial point is taken
to be very large, gradient descent must take a very conservative choice of step size.
As shown, Hamiltonian descent with the matched k(p) = ¢3 /7(p) converges quickly
and uniformly, while gradient descent with a fixed step size suffers a very slow rate
for |xo| > 0. In the middle panel, the relativistic choice converges slowly at first, but
speeds up as convergence proceeds, making it a suitable agnostic choice in cases such

as this.
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Gradient descent k(p) = ob(Ipl) k(p) = 05" (p)
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Figure 4.10: f(x) = ¢§(z) with three different methods: gradient descent with the
optimal fixed step size, Hamiltonian descent with relativistic kinetic energy, and
Hamiltonian descent with the near dual kinetic energy.

Assumption G. G.1 f:R? = R differentiable and convex with unique minimum

Lmin -

G.2 |Ipll, is differentiable at p € R\ {0} with dual norm ||z|| = sup{(z,p) : ||p||, =
1}.

G.3 Be[2,00) and A= B/(B —1).

G.4 There exist i, L € (0,00) such that for all x € R?

F(@) = f(@min) > 107 (£ — rin )

(4.67)
pa(IVF(@)l,) < L(f(2) = f(zmin))-
G.5 B > 2. Define
(1) = 0 0<t<1 1.68)
YO=Vlsd g 1<t “
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f: R — R is twice continuously differentiable for all x € R\ {zmin} and there
exists Ly € (0,00) such that for all z € R\ {xmm}

Bo1 (L o2 p(y
v <§—90 (%}f”)) <3(F@) ~ fwn)). (469

G.6 B=2. f:RY— R is twice continuously differentiable for all x € R?\ {Zmin}
and there exists Ly € (0,00) such that for all x € R\ {Zyin}

AL (V2 f(2)) < Ly. (4.70)

max

Remark 4.5.9. Assumptions [G] hold in general for convex functions f that grow

quadratically at their minimum, and as power B in the tails, for some B > 2.

We include the proof of this proposition below, as it highlights every aspect of our

analysis, including non-constant a.

Proposition 4.5.10 (Verifying assumptions for f with unknown power behavior and
relativistic k). Given a norm ||-||, satisfying[G.9, take

k(p) = e5(llpll,)

with o7t in ([4.48). The following cases hold with this choice of kinetic energy k on
f:R* = R conver.

1. For the implicit method (4.33), assumptions @ hold with constants
Caqy =1 Crr = max{1, L}, (4.71)
and o non-constant, equal to

a(y) = min{p* ™" p, Dy + 1), (4.72)

if £, B, u, L, ||-||, satisfy assumptions|G.1}, |G.2, |G.5, |G.4}

2. For the first explicit method (4.36]), assumptz'ons @ and @ hold with constants
[ET), o equal to (E72), and
3Ly
min{pA=1, 4, 1}

if f,B . L, Ly, ||||, satisfy assumptions[G.1][G.4 [G.3 [G-4 and[G.3

Cik=2  Dypy= (4.73)
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3. For the first explicit method (4.36)), assumptz’ons and @ hold with constants
@7, o equal to (T73), and
6L,
Cy =2 Dip=——"—
: 7 in 1)

if f,B, 1, L, Ly¢, |||, satisfy assumptions|G.1|G. 2, |G.5, |G.4, and .
Proof of Proposition[4.5.10. First, by Lemmal[4.5.T] this choice of k satisfies assumptions
and with constant Cj, = 2. We consider the remaining assumptions of [A] [B]
and

(4.74)

1. Our first goal is to derive a. By assumption we have pupZ(||z|) < f.(z).
Lemma [Ap.4.2/in Appendix implies that 2! (p~'t) < max{u=2, u=4} 2 (t)

for t > 0. Since (ppZ(||-IN)* = u(ef)* (=" |-]l,) by Lemmald.5.1/and the results
discussed in the review of convex analysis, we have by assumption and

Lemma [4.5.4]
) < (@) (M ipll,) < ped (w pll,) < max{p", w' =Yg ([Ip]),)-

Since 4(0) = 3(0), any « satisfies ([4.24]) for p = 0. Assume p # 0. First, for

y € [0,00), we have by rearrangement and convexity,

w3 ((p2) () = sy + )" = § <yly+ )4

o=

Thus,

o) k(p) O Ak(p) o
AP0~ P oD k)~ G+ )i—1 = R DT

From this we conclude

k(p) = (k(p) + 1) 02 (Ipll,) = alk(p))f(p)-

Since k is symmetric, we have of assumption To see that « satisfies
the remaining conditions of assumption , note that (y+1)'~4 is convex and
decreasing for A > 1; (y+1)'~“ is non-negative and (0) = min{p4=1, u, 1} < 1.
Finally, implies 1 < A < 2, for which,

—a/(y)y = min{p*", p, 1HA -1y + 1)y < (A—Daly) < aly). (4.75)

So we can take Co, = 7 and a satisfies assumptions [A] This implies that
k satisfies assumptions [A] Assumption is the same as assumption [A.T]
therefore f and k satisfy assumptions [A]
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Now by Fenchel-Young, the symmetry of norms, Lemma [4.5.1], and assumption

G4
[(VE(®), V(@) | < (¢2)" (IVEDI) + 2 (IVf(@)],) < Crat(z,p),

where Cyj, = max{1, L} for assumptions [B]

. Assume B > 2, so that A < 2. The analysis of case [} follows and therefore
assumptions [A| and Bl hold along with the constants just derived. (4.75]) implies

la(y)y] = (y)y +aly) =o' (y)y + (2 — A)a(y) + (A - 1a(y) > (2 - A)a(y).

B-1
Thus, ((y +1)*>4 — 1) < a(y)y. Since 2 — A = 8=2 and B=Lp P2 (y) is the
inverse function of (y + 1)2~4 — 1, it would be enough to show for p € R? and

r € R\ {2} that

B-1 23|
PR (HVk(p)H Ea)((wﬂx))) < SH(e.p),

for assumptions [C| to hold with constant Dy = 3L;/ min{u?~1, u, 1}. First,
for ¢ in note that for ¢t € [0,1),

V() = 21— 1)"2 — 2, (4.76)

and that ¥*((¢3) (¢)?) = 2p3(t). Furthermore, by Lemma of Appendix
Ap.4] we have that ||Vk:( )| = (4,02) (llpll,) < 1. Lemma in Appendix

Ap.4] implies that goB 2(615) < el ( ) for € < 1 and ¢ > 0. All together this

implies,

UJ

oy

) ¥1 Lf

B=1 (| (2
< VKO Fgel (—Am"(Lff( >)>

Bt (Il (o2 (y
<V (IVE@)[*) + ¥ <%%B - (W))

B-1 [l 2
< 20(p >+w< o (%ﬂ)) < M),

= (\IVk(p)\IQA@LLX(VQf(QJ)))
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3. For B = 2, the analysis of case[I] follows and therefore assumptions [A] and [B]

hold along with the constants just derived.. Here « is equal to

min(u, 1)

aly) = |

(4.77)

Considering that z/(1 — z) is the inverse function of y/(y + 1) for z € [0, 1), it
would be enough to show for p € R and x € R? \ {z,;,} that

IVE@I M (V£ @) g
2Ly — |[VE@)[* Amax(V2F () —

for assumptions |C| to hold with constant Dy = 6L;/ min{yp, 1}. Indeed, taking
¥, ¢* from ([4.68) and ([4.76]), we have again ¥*((pl)'(t)?) = 2p3(t). Again, by

Lemma of Appendix [Ap.4} we have that [|[Vk(p)|| = (#})'(lpll,) < 1.
Moreover z/(2L — z) < 1 for z < L. All together,

VRO Noasl( V2 (@) e A2 ()
2L; — ||Vk(p)||* Muax (V2f (2)) 2L; — Mo (V2f ()

o2y
sw*<||v1<:<p>||2>+w( Anax V(@) )

2L; — Mane(V2f(2))
< 2k(p) < 3H(x, p).

4.6 Conclusion

The conditions of strong convexity and smoothness guarantee the linear convergence
of most first-order methods. For a convex function f these conditions are essentially
quadratic growth conditions. In this work, we introduced a family of methods, which
require only first-order computation, yet extend the class of functions on which linear
convergence is achievable. This class of functions is broad enough to capture non-
quadratic power growth, and, in particular, functions f whose Hessians may be
singular or unbounded. Although our analysis provides ranges for the step size and
other parameters sufficient for linear convergence, it does not necessarily provide the
optimal choices. It is a valuable open question to identify those choices.

The insight motivating these methods is that the first-order information of a
second function, the kinetic energy k, can be used to incorporate global bounds on the

convex conjugate f* in a manner that achieves linear convergence on f. This opens
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a series of theoretical questions about the computational complexity of optimization.
Can meaningful lower bounds be derived when we assume access to the first order
information of two functions f and k? Clearly, any meaningful answer would restrict
k—otherwise the problem of minimizing f could be solved instantly by assuming
first-order access to k = f* and evaluating Vk(0) = V f*(0) = 2. Exactly what
that restriction would be is unclear, but a satisfactory answer would open yet more
questions: is there a meaningful hierarchy of lower bounds when access is given to the
first-order information of N > 2 functions? When access is given to the second-order
information of N > 1 functions?

From an applied perspective, first-order methods are playing an increasingly important
role in the era of large datasets and high-dimensional non-convex problems. In these
contexts, it is often impractical for methods to require exact first-order information.
Instead, it is frequently assumed that access is limited to unbiased estimators of
derivative information. It is thus important to investigate the properties of the
Hamiltonian descent methods described in this paper under such stochastic assumptions.
For non-convex functions, the success of adaptive gradient methods, which bear a
resemblance to our methods using a relativistic kinetic energy, suggests there may be
gains from an exploration of other kinetic energies. Can kinetic energies be designed
to condition Hamiltonian descent methods when the Hessian of f is not positive semi-
definite everywhere and to encourage iterates to escape saddle points? Finally, the
main limitation of the work presented herein is the requirement that a practitioner
have knowledge about the behavior of f near its minimum. Therefore, it would be
valuable to investigate adaptive methods that do not require such knowledge, but

instead estimate it on-the-fly.
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Chapter 5

Dual Space Preconditioning for
Gradient Descent

5.1 Abstract

The conditions of relative smoothness and relative strong convexity were recently
introduced for the analysis of Bregman gradient methods for convex optimization. In
this chapter, we introduce a fully explicit descent scheme with relative smoothness
in the dual space between the convex conjugate of the objective function and a
designed dual reference function. For Legendre type convex functions under this
dual relative smoothness, our scheme naturally remains in the interior of the domain,
despite being fully explicit. We obtain linear convergence under dual relative strong
convexity with a condition number that is invariant under horizontal translations.
Our method is a non-linear preconditioning of gradient descent that can improve the
conditioning of explicit first-order methods on problems with non-smooth or non-
strongly convex structure. We show how this method can be applied to p-norm

regression and exponential penalty function minimization.

5.2 Introduction

We study the minimization of a proper, lower semi-continuous (Isc), strictly convex,
and differentiable function f : R? — {R, oo},

min f(x), (P)

z€dom f

where dom f = {x € R? : f(z) < oo}. Our primary focus is on functions f with
Legendre structure: int(dom f) # 0 and ||Vf(z;)|| — oo for z; converging to the

boundary of dom f. For such functions, a global minimizer x,,;,, if it exists, is unique
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Algorithm 2.1 Dual preconditioned gradient descent.

Given f : R? — {R, 00} Legendre convex, k : R? — {R, 00} Legendre convex with
Vf(int(dom f)) C int(dom k) and 0 = arg min,« k(z*), 2o € int(dom f), and L* > 0.
For all «+ > 0,

and in int(dom f). We introduce an iterative first-order method (Algorithm for
(P). Iterative first-order methods produce a sequence of iterates z; € int(dom f)
converging to Zpy;, using only the ability to compute f(x) or the gradient vector
V f(zx) of first partial derivatives at any point = € int(dom f). Our method may be
seen as a non-linear preconditioning of the classical gradient descent method. We
show that the convergence of our method is guaranteed under a generalization of the
standard Lipschitz continuity condition on V f, and develop two applications that
show how this generalization can be used in practice.

In the analysis of first-order methods, it is standard to assume that the derivatives
of f at some order are globally bounded by constants. For example, consider the
classical gradient descent method, whose iterates satisfy

Tip1 = igﬁ;l{(W(%%@ + & e —mil*}, (5.1)
where L > 0 and zy € int(dom f). A classical analysis shows that the iterates of
gradient descent converge linearly in i, i.e., f(z;) — f(ZTmin) = O(X") for A\ =1 — u/L,
when f is assumed to be p > 0 strongly convex and V f is assumed to be L-Lipschitz
continuous (traditionally called smoothness). Taken together for twice continuously
differentiable f, these conditions are equivalent to the conditions that the eigenvalues
of the Hessian matrix of second-order partial derivatives V2f(z) are everywhere lower
bounded by the constant p > 0 (strong convexity) and upper bounded by the constant
L > 0 (smoothness),

pl < V2f(z) < LI for all z € int(dom f), (5.2)

where < indicates the partial order of positive semi-definite matrices. Under these
classical assumptions, closely matching lower and upper bounds are available on the
number of gradient evaluations needed for a certain level of precision (see, e.g., [194]).

Analyses of first-order methods using only non-constant models of the derivatives
of f have recently been discovered [16], 244 [156] 153]. In particular, [16] studied the

following generalized gradient method that takes a designed Legendre convex reference
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function h : RY — {R, 00} with int(dom f) C int(domh). Given zy € int(dom f),
this method’s iterates satisfy

xip1 = argmin {(Vf(z;),x) + LDy(z, z;)} (5.3)

z€dom f

where L > 0, (-,-) is the Euclidean inner product, and Dy(z,y) = h(z) — h(y) —
(Vh(y),z —y) for x,y € int(domh). (5.3)) is due to [I89] and falls in a family of
so-called Bregman proximal gradient methods. A standard analysis (see, e.g., [19])
of (5.3) makes the “absolute” assumptions that f is Lipschitz continuous and that
h is strongly convex. In contrast, Bauschke, Bolte, and Teboulle [16] show that

the following relative smoothness condition between f and h is sufficient for the

convergence of (5.3)),
V2f(x) = LV?h(z) for all x € int(dom f). (5.4)

It is possible for to hold for f and h that are both non-smooth. For example,
[16] study a Poisson inverse problem f whose derivatives of all orders are unbounded
as ¢ — 0. They design an appropriate h, whose Hessian is also unbounded at
0, but which satisfies (5.4). [244] [156] extend the analysis of to show that
lower bounding the Hessian of f(z) with the Hessian of uh(z) for p > 0 (relative
strong convexity) is sufficient for the linear convergence of f(z;) — f(Zmm). To
summarize, generalizes smoothness and admits optimization methods for non-
smooth differentiable f provided that the kind of non-smoothness can be captured
by and that has a solution that can be efficiently computed.

In this paper we introduce a method (Algorithm that exploits an application
of relative smoothness in the dual space through a Legendre convex dual reference
function k : R? — {R, oo} with Vf(int(dom f)) C int(dom k) and 0 = arg min,~ k(z*).
The method is a generalization of gradient descent, in which the update direction
of the iterates is preconditioned by V k. In section [5.5| we consider in detail the
conditions under which we can provide convergence rates for Algorithm 2.1 The

central condition is the existence of L* > 0 such that
V2f(z) = L*[V*(Vf(x))]* for all z € int(dom f). (5.5)

Under this condition we show that along the iterates of Algorithm 2.1} k(V f(x;)) —
k(0) converges sub-linearly with rate O(i™') (and thus z; — Z, for Legendre f).
When the lower bound analog of (5.5)) holds up to a constant factor p* > 0, we show

that f(z;)— f(2mmn) converges linearly with rate \* = 1—p*/L*. As we show in section
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, is a relative smoothness condition in the dual space. It relates the growth
of the second derivatives of f to the growth of the first derivatives of f, modulated
by the choice of preconditioner Vk. In contrast to the primal application of relative
smoothness (5.4), the class of f satisfying for a fixed k is closed under horizontal
translations. With the exception of quadratic k or h, and are generally not
equivalent conditions and u # p*, L # L*. Thus, the global information encoded in
the dual reference function £ is distinct from the information encoded in the reference
function h. In section we design ks and globally convergent methods for p-norm
regression (see [48] 2] and references therein) and exponential penalty functions (see,
e.g., [60, BI]).

5.3 Related literature

Dual preconditioned gradient descent requires of f only the ability to evaluate V f
locally. The complexity of optimization under such assumptions is well-understood
within the local oracle model of computation [190], which restricts access to information
about f. First-order methods are those that use only local evaluations of f or V f
(see 18| 194] for excellent and recent introductions). [190] first derived sub-linear
lower bounds for first-order methods, i.e., f(z;) — f(Zmin) > Q(:72), within the class of
smooth convex functions. Shortly thereafter [I95] obtained upper bounds of matching
order.

The recent works on relative smoothness [16], [156] [113] derive first-order methods
that do not require classical smoothness. As far as we know these conditions were
first studied in [31] and rediscovered multiple times, e.g. [256]. Bauschke et al. [10]
provided a general analysis of mirror descent under these generalized smoothness
conditions for first-order methods. [I56] provided the proof of linear convergence of
the primal gradient and dual averaging schemes under both relative strong convexity
and smoothness. Analyses of first-order methods under relative smoothness have
been extended to non-convex f [34, [69], and an analogous notion of relative Lipschitz
continuity has been developed for continuous convex optimization [I53]. Accelerated
versions of the primal schemes have been proposed in [113] and [I12]. Relative
smoothness has been used in the analysis of stochastic composite least-squares problems
[81], symmetric non-negative matrix factorization [69], and the Sinkhorn algorithm
[T71]. These results do not contradict the classical lower bounds [I90], because relative

smoothness is a global condition that provides non-black-box information about f.
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Dual preconditioned gradient descent extends linear preconditioning of gradient
descent (see, e.g., [42, sect. 9.4]). Linear preconditioning improves dual gradient
methods [94, 95], and is a classical tool in the study of iterative methods for linear
systems [255, Chap. 13]. Non-linear preconditioning methods have recently been
shown to stabilize Euler discretization schemes of stochastic differential equations
[122] 226]. In fact, the non-linear preconditioning of [122] is the same as the one
we consider for exponential penalty functions. We discuss the relationship of dual

preconditioned gradient descent to existing methods in more detail in section

5.4 Convex analysis background

5.4.1 Convex conjugate and Legendre functions

In this section we review some basic facts of convex analysis that will be used
throughout. Let h : R? — {R, 00} be a proper, lsc, convex function with domain
domh = {x : R?: h(z) < co}. To indicate dom h = R¢, we simply define h : R? — R
as ranging only over the reals. Let ||-|| and (-,-) indicate the Euclidean norm and
inner product, respectively, unless otherwise specified. The convex conjugate h* :

R? — {R, 00} of a proper, Isc convex function h is given by
h*(x*) = sup{{x,x*) — h(z) : € dom h}. (5.6)

h* is also a proper, lsc, convex function, and (h*)* = h [222, Cor. 12.2.1]. If ¢ :
R? — {R, 00} is another proper, lsc, convex function and g(x) < h(x) for all z € R,
then h*(x*) < g*(z*) for all z* € R? follows by definition. For h differentiable on
int(dom h), we have by [222] Thm. 26.4] for x € int(dom h),

(@, Vi(z)) = h(z) + h*(Vh(z)). (5.7)

For more on h*, we refer readers to [222} 42, 30].
We make heavy use of Legendre type convex functions [222, Chap. 25]. Intuitively,
these functions can be thought of as generalizations of positive definite quadratics and

their gradient maps as generalizations of positive definite linear maps.

Definition 1 (Legendre convex functions). Let h: RY — {R, 00} be proper, Isc, and

convex. h is Legendre, if

1. int(domh) # 0,
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2. h is differentiable on int(dom h), with |[Vh(x;)| — oo for every sequence x; €
int(dom h) converging to a boundary point x € d(dom h),

3. h is strictly convex on int(dom h).

A key consequence of property [2 of Legendre convex functions is that they can
only be minimized in their interior. We confirm this in Lemma below.

Lemma 5.4.1. Let h : R? — {R, 0o} be a Legendre convex function with a minimum

at Tyin € dom h. Ty, is unique and furthermore xyy, € int(domh).

Proof. First, we argue that x,,;, cannot be found on the boundary by contradiction.
Suppose that xn;, is a boundary point. Since int(domh) # ), by convexity there
exists a line segment connecting the boundary point z,;, and any other interior point
a. However, by [222] Lem. 26.2], we know that the directional derivative converges
to —oo as we tend towards the boundary point on this line segment, hence x,;, could
not be a minimum of h. Thus we conclude that 2, € int(dom(h)). By property [3],

Legendre functions are strictly convex on their interior, and thus x,;, is unique. [J

Property [2| together with Lemma implies that Legendre convex functions grow
without bound for sequences x; € R? where ||z; — || — o0o. We present a
specialization of this fact in Lemma [5.4.2] which will be used in our analysis to

show that the dual reference function k is radially unbounded.

Lemma 5.4.2. Let h : R? — {R, 00} be a Legendre convex function achieving its
minimum at 0 € dom h. Then h is radially unbounded, i.e., if x; € R? is a sequence

such that ||x;|| — oo, then h(x;) — oc.

Proof. First, by Lemma it follows that 0 € int(domh) and it is the unique
minimum of h. Thus, we can define the sphere S = {x € R : ||z|| = r} for some
r > 0 such that S € int(dom h). By continuity of A in the interior of its domain, and
the uniqueness of the minimum at zero, we have inf,cs h(xz) > h(0). Now, assume
without loss of generality that |z;|| > r. By strict convexity of Legendre functions,

property [3, we have

h(0) + ] <h < e ) . h(O)) < h(0) + (h(x:) — h(0)) (5.8)

r el
and thus

h(z;) > h(0) + Hi—ZH (uelg h(z) — h(O)) : (5.9)
Our result follows by taking i — oo. m
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A second key consequence of Legendre structure is that the gradient map Vh is
invertible and given by (Vh)™' = VhA*, which also gives a characterization of the
inverse of V2h(x). We summarize both of these properties in Lemma m

Lemma 5.4.3. Let h : R — {R,00} be a Legendre convex function, then h* is
also Legendre. The gradient map V h is one-to-one and onto from the open set
int(dom h) onto the open set int(dom h*), continuous in both directions, and for all
x € int(dom h)

Vh*(Vh(z)) = . (5.10)

If h is twice continuously differentiable on an open set containing x, then
V2h*(Vh(z))V2h(x) = V2h(2)V?R*(Vh(z)) = 1. (5.11)

Proof. For the first part see Rockafellar [222] Thm. 26.5]. For (5.11]), note that, by
the inverse function theorem, VA* is continuously differentiable at VA(x) under the
assumption that Vh is continuously differentiable on an open set containing x. The

remainder follows by the chain rule applied to (5.10]). O]

5.4.2 Relative smoothness and relative strong convexity

Analyses of first-order methods for differentiable optimization typically require that
V f is Lipschitz continuous (smooth). Recently [16] 156] discovered that certain so-
called Bregman proximal gradient methods (mirror descent due to [I89] is the first
such method) require a generalized “relative” smoothness condition, which admits
f that have non-Lipschitz V f. These relative smoothness conditions generalize the
classical smoothness condition and are defined via the Bregman divergence [44] of a
given a proper, lsc, convex function h : R? — {R oo} that is differentiable on the
interior of its domain. The Bregman divergence (see [15] for a review) is defined
Va € dom h,Vy € int(dom h),

Du(x,y) = h(x) = h(y) = (VA(y), = —y). (5.12)

In the special case of h(x) = ||z||2 /2, Dy is the classical Euclidean distance squared.
The relative conditions of relative strong convexity and relative smoothness [16, [156]

relate two convex functions via their respective Bregman divergences.

Definition 2 (Relative smoothness and strong convexity). Let g, h : R — {R, 00} be

proper, lsc, convex functions that are differentiable on the interior of their domains.
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g is L-smooth relative to h on a convex set @ if @ C int(dom h) N int(dom g), and
there exists L > 0 such that for every x,y € Q,

Dg<x>y) < LDh(-Tay)-

g is p-strongly convez relative to h on a convex set @ if Q C int(dom g) Nint(dom h),
and there exists > 0 such that for every x,y € @,

Dy(z,y) > uDp(z,y).

Here, again, the special cases of relative strong convexity and smoothness with respect
to h(z) = ||z /2 are exactly the classical conditions of strong convexity and smoothness,
the first-order equivalents of (5.2). Lemma (a re-statement of [156, Prop. 1.1])
below describes a variety of equivalent definitions for relative strong convexity and

smoothness.

Lemma 5.4.4. (Equivalent definitions of relative conditions [I56, Prop. 1.1]). Let
g,h : R — {R oo} be proper, lsc, convexr functions that are differentiable on the

interior of their domains. The following are equivalent

1. g is L-smooth relative to h on Q).

2. Lh — g is convex on Q).

5. (Vg(z) = Vg(y),x —y) < L{Vh(z) — Vh(y),z —y) for all z,y € Q.
The following are equivalent

1. g is p-strongly convex relative to h on Q).

2. g — ph is convex on Q.

3. u(Vh(z) — Vh(y),z —y) < (Vg(r) — Vg(y),z —y) for all v,y € Q.

Just as Lipschitz continuity of Vg can be characterized by a bound on V?g, relative
smoothness and strong convexity can be characterized by the second derivatives of
g and h. In particular, Lh(z) — g(x) is convex if and only if LV?h(x) — VZg(z)
is positive semi-definite for all . In this way, it is clear how relative smoothness
generalizes classical smoothness (the V2h(z) = I case). We present the second-order
characterization of the relative conditions in Lemma [5.4.5] generalized slightly to
allow the bound to fail at a single point. This is useful for cases in which V?f is
not continuous at x,,;,. Typically, it is easiest to prove relative smoothness or strong

convexity via these second-order equivalents.
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Lemma 5.4.5 (Second-order characterizations of relative conditions). Let g, h : RY —
{R, 00} be proper, lsc, convex functions that are differentiable on the interior of their
domains. Let g, h be twice continuously differentiable at all x € Q \ {z} for z € Q C
int(dom g) N int(dom h).

1. g is L-smooth relative to h on @ iff AL > 0,

Vig(x) < LV?h(z)  VzeQ\{z}.

2. g 1is p-strongly convex relative to h on Q iff 3u > 0,
pVPh(z) < Vig(z)  VzeQ\{z}.

Proof. For relative smoothness, (=) follows directly from part one of [194, Thm.
2.1.4] applied to f(x) = Lh(z)—g(x). For (<), we have f(z) = Lh(z) — g(x) convex.
Now, let x,y € @ and t € [0, 1] and define x; = y + t(x — y). There can be at most
one time a € [0, 1] such that z, = z. Take a to be that time, if it exists, or some

arbitrary a € [0, 1], otherwise. We have
(LVh(z) — Vg(x) — LVh(y) + Vg(y),z — y)
= (Vf(z) = Vf(y),z—y)
Llim (Vf(2) = Vf (), = y) +lim (Vf () =V (9),2 )

T

1
Q lim/ (x =y, V2f(x)(z —y)) dt +lim | (z—y, V2 f () (x —y)) dt >0,

Tla 0

(a) follows by the continuity of Vf and (b) by the fundamental theorem of calculus.

The relative strong convexity result follows analogously. O

The analyses of Bregman proximal gradient methods under relative smoothness
rely on some standard manipulations of Bregman divergences. In Lemma [5.4.6| we

summarize the ones used in our analysis.
Lemma 5.4.6. Let h: R? — {R 0o} be a convex Legendre function.

1. (Dual divergence) For all z,y € int (dom h),
Dy(z,y) = Dp«(Vh(y), Vh(z)).
2. (Three-point property) [54, Lem. 3.1] For all z,y, z € int (dom h),
Dy(z,y) = Dp(z,2) + Di(2,y) — (x — 2, Vh(y) — Vh(z)).
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3. (Bregman prozimal inequality) [54, Lem. 3.2] Given a proper, lsc, convexr ¢ :
R? — {R, 00} with int(dom h) C dom ¢, and for y € int(dom h),

Zmin = aIrg min ){¢(Z) + Dh(’Z?y)}'

z€int(dom h

Then for all x € int(dom h)

Qb(l‘) + Dh(l'v y) 2 gb(zmin) + Dh(zmina ?J) + Dh(il?, zmin)-
Proof. For the dual divergence property,

h(z) — h(y) — (Vh(y),z —y)
Y _p*(Vh(z)) + b (Vh(y)) — (Vh(y) — Vh(z), z)
Y * (Vh(y)) — b*(Vh(x)) — (VA*(Vh(z)), Vh(y) — Vh(z)) ,

Here (a) follows from (5.7]) and (b) follows from Lemma The other two properties
are given in [54, Lem. 3.1, Lem. 3.2]. O

5.5 Analysis of the dual preconditioned scheme

5.5.1 Motivation

Relative smoothness (Def. |2) is the key condition under which [16] 244] [156] analyzed
the convergence of Bregman proximal gradient methods. In this section we show that
the dual space preconditioned gradient descent method (Algorithm ) converges
under a distinct relative smoothness condition. To motivate this, we consider two
idealizations: one of the Bregman proximal gradient method and another of the dual
space preconditioned gradient method.

First, consider the Bregman proximal gradient method update (5.3), which can
be rewritten in the following form.

zi1 = arg min {(Vf(z;) — LVh(x;),z) + Lh(x)} (5.13)

r€dom f

In this form, it is clear that, if A = f and L = 1, then the iteration would converge in
a single step. This is an idealization, because a single iteration would be as expensive
to compute as the original problem. The spirit behind relative smoothness is that the
condition h = f can be relaxed to admit h for which the update is efficiently

solvable and the iterates still converge.
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Now, consider the case that f is Legendre convex with a minimum at z;,, and
let fr(xz*) = f*(x*) — (x*, Tmin) for 2* € RL Notice that V f#(V f(x)) = T — Tumin
by Lemma and that Algorithm with & = f* and L; = 1 would converge in
a single step. Thus, in analogy to relative smoothness analysis of [16] in the primal
space, the spirit behind our analysis under relative smoothness in the dual space is
that the requirement k£ = f} can be relaxed while maintaining the convergence of
Algorithm In particular, the essential features of f} that we require of k are that

it is minimized at 0 and smooth relative to f*.

5.5.2 Relative conditions in the dual space

Our analysis guaranteeing the convergence of the dual preconditioned method uses the
relative smoothness (Def. [2)) of k relative to f*. We call this condition dual relative
smoothness, to contrast it with the typical application of relative smoothness [16], 156,
244], which we henceforth call primal relative smoothness. Similarly, we distinguish
dual relative strong convexity from the condition of relative strong convexity applied

in [156, 244] (henceforth called primal relative smoothness).

Definition 3 (Dual relative smoothness and dual relative strong convexity). Let
fik:RT— {R, 00} be Legendre convex functions. We say f is dual L*-smooth (dual
w-strongly convex, resp.) relative to k on Q C int (dom f), if k is L*-smooth (u*-
strongly convex, resp.) relative to f* on V f(Q) C int(dom f*). We abbreviate this

condition to dual relative smoothness (dual relative strong convezity, resp.).

Our dual relative conditions are defined via the convex conjugate f*, which is
generally inaccessible. Lemma below gives equivalent definitions of dual relative

smoothness and strong convexity in terms of objects that are more accessible.

Lemma 5.5.1 (Equivalent definitions of dual relative conditions). Let f,k : RY —

{R, 00} be Legendre convex functions. The following are equivalent.
1. f is dual L*-smooth relative to k on int(dom f).

2. For all z,y € int(dom f),
Di(Vf(y),Vf(x)) < L*Ds(x,y).
3. For all x,y € int(dom f),

(VE(V[f(2) = VE(VI (), VI(z) = V[(y)) < L*(Vf(z) = V[(y),z—y).
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The following are equivalent.
1. f is dual p*-strongly convex relative to k on int(dom f).

2. For all x,y € int(dom f),
W Dy(x,y) < De(Vf(y), Vf(x)).
3. For all z,y € int(dom f),

P V() = Vi), z —y) < (VE(Vf(2) = VE(VI (), VI(z) = V()

Proof. We prove the relative smoothness results, and the relative strong convexity
ones follow similarly. First, notice that that V f(int(dom f)) = int(dom f*) by Lemma
.43} So, by definition of dual relative smoothness we can apply relative smoothness
in the dual space over int (dom f*). For (] = [2), we have by Lemma that for
all z*, y* € int(dom f*),

Dy(y*,z*) < L*Dyg«(y*, z¥). (5.14)

By Lemmas [5.4.3| and |5.4.6 this implies

Di(Vf(y), VI(x)) < L'Dp(Vf(y), Vf(x)) = L Dys(,y), (5.15)

for all z,y € int(dom f). For (2 = [3), simply sum over a permutation of z,y in 2|
For (3| = [1), we have by Lemma for all z*,y* € int(dom f*),

(VEk(z*) = VE(y"), 2" —y*) < L*(Vf*(a") = Vf*(y"), 2" — y*) (5.16)

This is equivalent to k being L*-smooth relative to f* on int(dom f*) by Lemma

b.44 O

The dual relative conditions have a natural second-order characterization, which
reveals the structure of the difference between them and primal relative conditions.
Again, typically it is easiest to prove dual relative smoothness (or strong convexity)

via these second-order conditions.

Lemma 5.5.2 (Second-order characterizations of dual relative conditions). Let f :

R? — {R, 00} be Legendre convex, minimized at Ty, € int(dom f), and twice continuously
differentiable at all x € int(dom f)\ {zmin}. Let k: R? — {R, 00} be Legendre convez,
and twice continuously differentiable at all x* € int (dom f*) \ {0}.
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1. f is dual L*-smooth relative to k on int(dom f) iff IL* > 0,

V2f(x) = L*[V*(Vf(z))]™" Va € int(dom f) \ {Zmin}-

2. fis dual p*-strongly convex relative to k on int(dom f) iff Iu* > 0,

WV f ()] 2 V() Vo € int(dom f) \ {2}

Remark 5.5.3. 1t is well-known that the primal and dual relative conditions are
equivalent in the case of V2h(z) = I = V?k(z*) (see, e.g., [278, 232, 132, 276]).
In particular, if f is p-strongly convex and L-smooth on int(dom f), then its convex
conjugate f* is (1/L)-strongly convex and (1/u)-smooth on int(dom f*). In fact,
for twice continuously differentiable f, the equivalence is a simple consequence of
Lemmas [5.4.5 and However, this is equivalence is not true in general.

Given a Legendre convex g : R — {R, 00} define the following sets of functions

Fy={f: f is smooth and strongly convex relative to g}, (5.17)

Fy =1{f: f is dual smooth and dual strongly convex relative to g}. (5.18)

Let k(xz*) = |2*]7/q for z* € R and 1 < ¢ < 2. A simple argument by contradiction
shows that .Z} ¢ %, for all twice continuously differentiable h : R — R, implying

that the primal and dual relative conditions are not equivalent in general. Consider

folw) = |z = b /p, (5.19)

for p = 4 and x € R. First f, € F; for all b, which follows from [k”(f;(2))]™" =
(p— 1)z —bjP~? = f/(r) and Lemma On the other hand, suppose there is
some twice continuously differentiable h : R — R such that f, € .%;, for all b. Then
there exists > 0 such that ph”(b) < f//(b) = 0 for all b. This implies that h”(x) =0
and thus h(x) = 0. However, this leads to a contradiction, because smoothness is

violated: f/(b+¢€) > 0= Lh"(x) for any L,e > 0.

Proof of Lemma[5.5.3 Again, we prove the relative smoothness result, and the relative
strong convexity one follows similarly. By Lemma [5.4.3] if V f is continuously
differentiable for x € int(dom f) \ {Zwmin}, then V f* is continuously differentiable
for 2* € int(dom f*) \ {0} by the inverse function theorem. Thus, by Lemma

relative smoothness in the dual space is equivalent to: for all z* € int(dom f*) \ {0},
VZk(x*) =< L*V2f*(z%). (5.20)
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By (.11 of Lemma [5.4.3] these matrices are invertible (and thus positive definite).
Thus, (5.20)) is equivalent to for all x € int(dom f) \ {Zmin},

ViR(V(2)) X L[V f ()] (5.21)

Since A=! < B! is equivalent to B < A for positive definite matrices, we are
done. O

As Remark shows, the primal relative conditions (Def. and the dual
relative conditions (Def. [3)) are not generally equivalent concepts. One major difference
is the fact that dual relative conditions are invariant under horizontal translations of
f. To see why, let f,k satisfy the dual relative smoothness condition (Def. with
constant L* on int(dom f). Define g(z) = f(x — 2) for = € R% Then, by Theorem
12.3 of [222], g*(z*) = f*(«*) + (z,z*). First, note that dom ¢* = dom f*. Bregman
divergences of functions that differ only in affine terms are identical [15], so we have
for all z*, y* € int(dom g*) = int(dom f*)

Dy(x*,y") < L*Dyg-(2*,y") = L* Dy (x*, y"). (5.22)

Thus g is dual L*-smooth relative to k£ on int(dom g). Invariance under horizontal
translation is clearly easy to violate in the case of primal relative smoothness (see
previous remark).

Even if h is allowed to translate with f, the primal and dual relative conditions

can lead to distinct conditioning. Given a positive definite A > 0, let
fla)= Az =b"/p,  h(z)=|z—AT"/p, k(") =llz"]"/a,  (5.23)

for 1/p+1/q =1 and p > 2. It is not hard to show that f satisfies both the dual
(with respect to k) and primal (with respect to h) relative conditions. Nonethless,

the condition numbers are distinct. A simple calculation reveals that for this choice
of k and h,

where o, and o, are the smallest and largest singular values of A, respectively.
Thus, the primal condition number is larger than the dual number (since 4 —q = 3 —
(p—1)7' < pwhen p > 2). Similarly, the example f(z) = ||Az—0b||}/4+]||Cx—d||3/2 of
[156, p. 339] can be shown to have better conditioning under the dual preconditioned
method than under the Bregman proximal gradient method.

To close this subsection, we consider a natural sufficient condition for dual relative

smoothness: the Lipschitz continuity of the composition Vk o Vf.
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Lemma 5.5.4. Let f : R — {R, 00} be a proper function with int(dom f) # () that
is twice continuously differentiable on int(dom f). Let k : R — {R, 00} be Legendre
convex and twice continuously differentiable on V f(int(dom f)). If Vko V f is L*-
Lipschitz continuous, then for all x € int(dom f),

V2f(x) = L*[VZ(Vf(z))] " (5.25)

In particular, if f is Legendre convex, then f is dual L*-smooth relative to k on
int(dom f).

Proof. Let x € int(dom f), v € RY, K(x) = V2k(Vf(x)), and F(z) = V*f(z). Note
that Vk is continuously differentiable at V f(z). Hence, K(z) is invertible and thus
positive definite by (5.11)) of Lemma By L*-Lipschitz continuity we also have

t—0 t

Thus, ||K(z)F(x)|| < L* for the induced matrix norm. Now,

L. 26)

(v, [K (@) 2 F (@) [K ()] ?0) < p([K ()] F (@) [K ()] /) [|o]|*
= p(K (x)F(2)) |o||” (5.27)
< K (@) F ()|l |lo]* < L* Jo||”

where p(A) is the spectral radius of A. The result follows because BY/2ABY2 < |
implies A < B! for positive definite B. O

5.5.3 Convergence rates under dual relative smoothness

In this subsection we provide conditions under which convergence rates for Algorithm
can be established for Legendre convex f. The first key ingredient is the condition
of dual relative smoothness between f and k£ with constant L*, developed in the
previous section. The second is the requirement that 0 = argmin,« k(z*). In this
case, we find that k&(Vf(z;))) — k(0) converges with rate O(i~!). When f is also dual
w* > 0 strongly convex relative to k, we find that f(z;) — f(#min) converges with rate

O((1 — p*/L*)?). Both of these results are derived from the following descent lemma.

Lemma 5.5.5 (Descent lemma). Given f : R? — {R, 00} Legendre convez, k : R —
{R, o0} Legendre conver with 0 = arg ming«cgomx k(z*), and xo € int(dom f). If
f is dual L*-smooth relative to k on int(dom f), then for all i > 0, the iterates of
Algorithm satisfy

1. x; € int(dom f),
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2. for all z € int(dom f),
k(Vf(z:)) < k(Vf(2)) = Dp(Vf(x), VI (2i1)) + L Dyp(xio1, ) = L* Dy, ). (5.28)
In particular, we have for i > 0,
3. k(Vf(x:) + L*Dy(ws, wiy) < k(Vf(2i1)),
4. L*Dy(xi, Tmin) + Di(Vf(2;),0) + Di(0, Vf(2i-1)) < L*Dy(2i1, Tunin)-

Proof. First, note int(dom f*) C int(dom k) by relative smoothness. Thus, by Lemma
we have Vf(z) € int(dom k) for all = € int(dom f).
We proceed by induction. For i = 0 we have 2y € int(dom f) by assumption.

Now, for ¢ > 0, assume the induction hypothesis for z;_;. First, define
Ty = T — %vuv Fli) (5.29)
for A > 0. Because x;_; € int(dom f) # (), the following set is not empty,
S={A>L":x, €int(dom f)}. (5.30)
Let 2} | = Vf(x;—1) and z} = Vf(x,) for all A € S. By Lemma [5.4.3] we have
VS (a3) = V(i) - VHL) (531)

Therefore x} satisfies the stationary condition of the following subproblem,

: 1 * * * * *
o AS(ORGe —)eDpaf 63)
From the Bregman proximal inequality of Lemma applied with h = f*, ¢(z*) =
T {Vk(z;_)), 2" —2]_y), v =%, y = 2]_, and 2y, = 3, we have

(VE(z}_y),2" — a_y) + ADp (2", 2]_y) >

(5.33)
(VE(xi 1), 2} — 2i_1) + ADp (23, 27_y) + AD (27, 23).

Putting everything together, we have for all z* € int(dom f*)

5
—~~
&
o
N—
INE

k(xy_ )+ <Vk(5’7;11)737§ - 33';11> + L*Df* (x), 2;_4)

INE

*
k(x;_
%

i

D)+ (Ve ), 2 — zj_)) + ADp (3, 2} _)

INZ

—~
S
=

(
k(z_y) + (Vk(z}_)), 2" — 2}_) + ADp (2", 2}_y) — ADy- (2", 23}
(

IA

k(") = Di(a", @iy) + AD g (27, wi_y) = ADp- (27, 23). (5.34)

96



(a) follows from dual L*-smoothness, (b) from L* < X and the non-negativity of the
Bregman divergence, (¢) from (5.33)), and (d) by definition and simple algebra. Taking

x* = z;_; and recalling the definition of x} ; and z} reveals that
E(Vf(@2)) + AD s (Vf(xi1), VI(2r)) < kE(Vf(2i1)). (5.35)

Now, our goal is to show that x; = zy« € int(dom f) by showing that L* € S. We
proceed by contradiction, so suppose L* ¢ S. Then xz- € R?\ int(dom f). Hence we
can find A > L* such that z, € d(dom f). Now take a sequence A\; — A such that
A; > A. By the above discussion for all j > 0 we have k(Vf(zy,)) < k(Vf(zi-1)). k
being minimized at 0 means it satisfies Lemma and thus is radially unbounded.
This implies that HV f (x,\J)H < C for some C > 0 and all j > 0. But this contradicts
the requirement from property [2| of Legendre functions that HV f (x,\J)H — 00 since
Ty, — za € O(dom f) by assumption. This completes the proof that r; = - €
int(dom f). Since L* € S, along with the dual divergence property of Lemma
[5.4.6] ensures that [2] holds. Taking = x;_1 in[2l ensures that [3] holds while [4]
follows by taking x = xy;,. O

We are ready to analyze the convergence rates of the dual preconditioned gradient

descent method.

Theorem 5.5.6. Given f : R — {R 0o} Legendre convez, Ty, = argmin, f(x),
k:R?— {R, 00} Legendre convez, 0 = arg minyedoms k(p), and zy € int(dom f). If f
is dual L*-smooth relative to k on int(dom f), then for all i > 0 and x € int(dom f)
the iterates of Algorithm satisfy

k(V (i) = k(0) < —(f(20) = f(@umin))- (5.36)

In particular, V f(x;) — 0. If additionally f is dual p*-strongly convex relative to k
on int(dom f) with p* > 0, then for all i > 0 the iterates of Algorithm satisfy

*

) = Som) < (1= ) () = fam) (537

Remark 5.5.7. Ensuring that k is minimized at 0 is not difficult. Let [ satisfy the
requirements on k in Theorem and 0 € int(dom!), but with a minimum other
than 0. Then k(p) = I(p) — (VI(0), p) will suffice for Theorem [5.5.6}
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Proof of Theorem[5.5.6, First, we have x; € int(dom f) and k(Vf(z;)) is non-increasing
by [} and[3] of the Descent Lemma [5.5.5] Thus, by 2| of the same lemma, for all
x € int(dom f) and i > 0

i(k(Vf(z)) — k(Vf(z))) < ; k(Vf(wi)) = k(Vf(2)) (5.38)

< L*Df(xo, Q?) — L*Df(l'i, 33')

Dropping the negative term on the right hand side, dividing by ¢, and taking x =
Tmin gives our first result. This implies that £(V f(x;)) — k(0), which implies that
Vf(xz;) — 0 by continuity and the uniqueness of k’s minimum. Now, assume that f
is dual p*-strongly convex relative to k£ on int(dom f) with p* > 0. For all 7 > 0,

(@)

L*(f(zi) = f(@min)) < L*(f(zi-1) = f(Zmin)) — Dx(0, Vf(2i-1))

(b)
= L*(f(xz—l) - f(xmin)) - /L*(f($z—1) - f(xmin)>a
where (a) follows as an implication of [4 in the Descent Lemma and (b) follows

from dual relative strong convexity. This inequality implies our desired result. O

(5.39)

Theorem [5.5.6| guarantees the convergence of the iterates of Algorithm under
the assumption that dual relative smoothness hold globally for a fixed L*. Unfortunately
it may be difficult to to derive a tight bound on L* or small L* may be appropriate
locally. In this case, it may be useful to use a line search to choose L*. Consider the
following generalization of the update rule of Algorithm [2.1]

oo = 15 — %Vk(Vf(xi)) (5.40)

7

where L} > 0 is allowed to depend on the iteration. The next proposition shows that,
under suitable assumptions, ([5.40|) converges with rates analogous to Theorem m

Proposition 5.5.8 (Adaptive step sizes). Given f: R? — {R, 00} Legendre convez,
k:R?— {R, 00} Legendre convexr with 0 = arg ming-cqom k(2*), and zy € int(dom f).
If, for all i > O the iterates defined by (5.40) satisfy

1. x; € int(dom f),
2. k(Vf(z;)) < k(Vf(xii1)),

8. k(Vf(x;)) — k(0) < Li_y (f(ziz1) — f(2)),
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then we have

*
maXxop<j<i—1 Lj

k(Vf(z:) = k(0) < (f (o) — f(2min))- (5.41)

1
Remark 5.5.9. In practice, a possible choice of step sizes is

L7 |, =min{2",r € Z: 1., 2., and 3. of Proposition [5.5.8| are satisfied}.  (5.42)

If L* is the smallest real number such that f is dual L*-smooth relative to k (see
Lemma for an equivalent condition), then this scheme satisfies that L} ; < 2L*
for every i > 0 (hence we are making steps that are almost as large or larger as if we
would use the smallest possible fixed L*, without knowing the value of L* in advance).
The search through the set in for finding L} can be initialized at L} ;.

Proof of Proposition [5.5.8. The proof follows similar lines as in the previous case.

First, by summing up the inequalities from [3| we obtain that

> k(VE(xy) < > L (fmicr) = f(@:) < (f(@0) = f(@min)) max L,

0<j<i—1
1<5<e 1<5<i

and using ., it follows that >, ;[k(V f(z;)) — k(0)] > i(k(V f(z;)) — k(0)). The
result follows directly. O

An important question that we do not address in this section is whether the sub-
linear convergence of k(V f(z;)) — k(0) implies specific rates of convergence of other
quantities of interest. These might be, for example, ||x; — Zmil|| or f(x;) — f(@Xmin)-
Rates for these will likely depend on both f and k.

5.6 Applications

5.6.1 Exponential Penalty Functions

Consider the following linear programming problem.

min{c’z : Av < b}, (LP)

zeR4

where ¢ € R%, b € R™, and A € R™*¢. Associate with this linear program the following

relaxation into an unconstrained problem: min,cga f;(x) for

frix)=clo+7 Z exp(( b;)/T), (5.43)
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where 7 > 0 and A; is the ith row of A (a row vector). This approximation of
with exponential penalty functions was studied by several authors (see [251] [60} 209
12]) and is directly useful in the machine learning literature for boosting (see, e.g.,
[167]). Derivatives of all orders for this problem are unbounded as ||z| — oo, and
analyses of optimization methods, which rely on global smoothness constants, do not
provide global convergence rates. In this section we design a dual reference function

for f, under the following assumptions on (LP]).

Assumption H. Suppose that the following hold for problem .
1. ||Ail| =1 for 1 <i<n.
2. A€ R is of full rank d < n.

3. P={x € R": Ax < b} is a polytope, which is contained in a FEuclidean ball of

radius R > 0 and contains a Euclidean ball of radius r > 0.

The dual reference function will be designed so that f, is dual smooth relative
to it and Algorithm [2.1] with appropriate step-size choices, converges with global
guarantees.

Define the dual reference function & : R — R,
k(x") = |27 — log(/[=*]| + 1). (5.44)

This behaves like a quadratic ||z*||*/2 near its minimum z* = 0 and like ||z*||, i.e.,
grows linearly, at infinity. It is also possible to verify that k is Legendre convex.
Furthermore, we have:

* I s kT
*x—’ ng(l‘*) = * - * 7 2 *|] "
¥ + 1 (| 1 (=]l + )2 {|]

Vk(z*) = (5.45)

Hence, [V2k(z*)]™! = (1 + ||z*||)I. From Lemma and this inequality it follows
that the fact that f is dual L*-smooth relative to k is implied by

V2 (2) L L*[1+ ||Vf(2)|] I Vo €RL (5.46)

This is the strategy of the following theorem, which shows that f, is dual smooth to

this choice of k£ under our assumptions.

Proposition 5.6.1. Under Assumptz’on@for fr defined in (5.43) and k defined in
(5.44)), we have that

V2f.(z) = LXV?k(Vf(2)]™' Vo eRY (5.47)
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where the dual relative smoothness constant is given by

2R ||AT A
;= —u(n + [lel])- (5.48)
Here, ATAH 1s the induced matriz norm, and

1= sup A7) < VA7) (5.9)

Because f. and k are Legendre convex, f is dual smooth relative to k and Theorem
implies that Algom'thm converges with k(V f(x;)) converging at a rate O(1/17).

Remark 5.6.2. From Theorem [5.5.6, we have

< Lx(fr(xo) — fr($min))'

k(Vf(2)) < - (5.50)

This suggests that, if we can start from an initial point within the polytope, then we
can reach a point where ||V f.(z)]| is significantly less than ||¢|| (which is expected to
be near the minimum) in polynomial amount of steps, depending on the conditioning
R/r and the value of 7. The step-size 1/L} can also be chosen adaptively, as explained
in Proposition [5.5.8) Near the minimum, both f,(z) and k(z*) behave like quadratic
functions, so local linear convergence rates hold. We believe that this iterative scheme
is reasonably efficient for high dimensional well-conditioned polytopes, but in other
less well conditioned instances it is outperformed by existing algorithms such as
multiplicative weights [9] or [59], which is based on Newton’s method (hence uses

second-order information).

Proof of Proposition[5.6.1. Note that 1 < n < n, because ||4;|| = 1. Let a(z) =
max;cp,] (A;x — b;). Then a(x) < 0 inside the polytope and «(x) > 0 outside of it. By

differentiation, we have

Vi (x) = ZAi exp((Aix — b;)/7) + ¢, (5.51)
V2, (x) = Z AiAi exp((Aiz — b;) /7). (5.52)

Note that f; is defined everywhere and differentiable. Furthermore, under our assumption

that rank(AT A) = rank(A) = d, it is evidently strictly convex and therefore Legendre.
The Hessian of f, satisfies

AT A HATAH

= <exp (afa)/7) 1

V2f.(z) = exp(a(z)/T) I (5.53)
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Because n > 1, it is clear that the claim of the theorem holds for every x where
a(xz) <0 (i.e. inside the polytope or on its boundary). From now on we will assume
that z is such that a(z) > 0 (outside of the polytope). Let x. be a minimizer of o(z)
(at least one exists since the polytope is compact and «(z) is a continuous function),
then using the assumption ||A;|| = 1 it follows that a(z.) = —r < 0. Hence x # z..
We are going to need an upper bound on ||z — z.||, which we will obtain as follows.
By the definitions, we have A;z. < —r+b; and A;x = A;x — b+ b; < a(x) +b;, hence

T r a(z)
Ailzet ———@—2) | = A+ ——Aix.
(I +oz(x)+r(x I)) a(z)+r x+a(x)+r v
r a(x)
< - N N = b
S +T(a(m)+bz) + a(x)+r( r+b;) = b
Therefore z. + ;o5 (v — ) € P C By (2R), so
a(z)+r 1 r 1
— <2——— — > b4
0< |l —2x < R and |z -z > NEETT, (5.54)
Let Z={i € [n]; Az —b; >0}, T ={i € [n]; Aix —b; <0}, and
Gr(z) =Y eraby, Gylw) = erAabig, (5.55)

i€l eJ
Then Vf.(z) = Gz(z) + G7(x) 4+ c. We have
Gz(x)" (x — )

-1 LA, z—b;
|Gr(a)| 2 ZE 2 = =l Y e A — )
¢ i€l

(a) _1 a(x)

> |lz =z e (afx) + 1)
® r a@

> ¢ .

= 9R"

Here, (a) follows from the facts that there is a j € Z such that A;(x — z.) = a(x) +
bj — Ajz. > afx) + r and the fact that A;(x — z.) > b; +r — b; > 0 holds for every

i € Z. (b) follows from ([5.54). From (5.53]) we obtain that

) 1] TAH
Vife(z) 2 exp (afz)/7) ——
2R|[|ATA
== ” H |Gz(2)| 1 (5.56)
2R ATA
= ” H UIVE@) + G (@) + [l
Hence ((5.46]) follows from the facts that |Gz (x)|| < n and n+ ||c[| > 1. As discussed
(5.47) follows from [V2k(z*)]™! = (1 + [|z*|)1. -
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5.6.2 p-norm Regression
Consider the following p-norm regression problem,
: P
min | Az — bl (pnorm)

where A € R™? d < n, b € R", and p > 1. This problem is a useful abstraction for
some important graph problems, including Lipschitz learning on graphs [143] and /,-
norm minimizing flows [4]. Algorithms specialized for p-norm regression have recently
been studied in the theoretical computer science literature by several authors (see,
e.g., [48, 2] and references therein). In this subsection, we design an appropriate dual
reference function for (pnorm| under the following assumptions. Let A; denote the

rows of A (as row vectors).

Assumption 1. Suppose that the following hold for problem .

1. 2 <p<o0.

2. A is full rank d, and for all x € RY there is a subset 1(z) C [n] such that
Ajx #b; for alli € I(x), and span{A; : i € I(z)} = R%.

3. cqg = iansH:l ||AS||§ > 0.

4. ey = 1inf, yepaju)=r o<1 Dope |[AiulP " (A0)% > 0.

Remark 5.6.3. Although these assumptions seem restrictive, we can show that, if
n > 2d —1 and (4;)1<i<n and (b;)1<i<n are chosen as independent random variables
with densities that are absolutely continuous with respect to the Lebesgue measure
on R% and R, then the assumptions hold with probability 1. Assumption 2 is implied
by the stronger assumption that any d rows of A define a full rank d matrix, and the
maximal number of equalities A;x = b; that hold for any x is no more than d. This
stronger version of Assumption 2, and Assumption 3 holds with probability 1 under
the random allocation due to the fact that the set of real valued d x d matrices with
determinant 0 has Lebesgue-measure 0 in R¥? (due to the fact that the determinant
is a multivariate polynomial of the entries, and the zero set of such polynomials
has Lebesgue measure zero unless they are constant 0, see [51]). The minimum in
Assumption 4 is achieved for some u,;, and vy;, due to continuity and compactness
of the unit sphere. Since any d rows of A form an independent basis with probability
1, it follows that u and v can be orthogonal to at most d — 1 of them, respectively,
so using n > 2d — 1 there exists an ¢ in the sum ). | |A,~umin|"”72 (Ajvmin)? that is

non-zero, hence Assumption 4 holds.

103



Consider the dual reference function k : R¢ — R,

N

k(™) =L (Jla")* +1)2 = L, (5.57)

for g = -2 (hence %%—% = 1). This behaves like a quadratic ||2*||?/2 near its minimum
x* = 0 and like ||2*]|7/q at infinity. For this k, we have

Vk(z®) = (1 + [|z*]) 7 (5.58)

As the next theorem shows dual relative strong convexity and smoothness of (pnorm))

relative to this k£ hold under our assumptions.

Proposition 5.6.4. Let f(z) = || Az — b||} be the p-norm objective. Under Assumption
[ for k defined in (5.57), there exists p*, L* > 0 such that

pVPR(Vf(2)] ™ 2 Vf(2) 2 L[VPR(V(2)] " Yz eR” (5.59)

See (5.69)) and (5.70) for the definitions of pu* and L*. Because f and k are Legendre
convex, f is dual smooth and dual strongly convex relative to k and Theorem

implies that Algorithm converges with f(x;) — f(zmn) converging at a linear rate
O((1 — p/L7)").

To test the empirical performance of this method, we have implemented it with
A;, b, and zy ii.d. as standard normals for power p = 4, d € {10% 10% 10},
and n = 10d. The inverse step-size L; was chosen to be Lj = 1 initially, and
multiplied by 2 if the function value would increase due to too large steps (hence
this was chosen adaptively in the beginning, but L} was never decreased later on).
As Figure [5.1] shows, empirically our method seems to be performing well, with
high precision achieved after 50-80 gradient evaluations, and the convergence rate
seems to be mostly unaffected by the dimension d. Hence in this random setting
dual space preconditioning is indeed very efficient, and competitive with previous
works [48], 2, 4] which had dimension dependent convergence rates. We think that
based on Proposition [5.6.4} it can be shown that with high probability, dimension-
free convergence rates hold in this random scenario when the number of vectors n
tends to infinity (the proof would be based on concentration inequalities for empirical
processes, see e.g. [39] for an overview of such inequalities). Note however that
we do not believe this always to be the case for general non-random A and b, and
there could be instances of very poor conditioning (such as when n ~ d) where the
homotopy method of [48] or the IRLS method of [3] could perform better. The proof

of Proposition [5.6.4] is based on the following two lemmas.
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n=103,d = 10? n=10%d=103 n=10°,d = 10}

10310(f(-771) - f(-rmin))

0 2 10 60 80 0 2 10 60 80 0 20 10 60 80
iteration ¢ iteration ¢ iteration ¢

Figure 5.1: Convergence rates for p-norm regression are mostly unaffected by the
dimension d for these random instances with p = 4.

Lemma 5.6.5 (Bounds on the gradient). Let f(x) = [[Az — bl be the p-norm
objective for . Under Assumptian@ we have

Lell|P™" = Ce < IVf(@)ll < Usllzl”™" + De (5.60)

for all x € R?, with constants

n (r—1)/
Lg =27 eq =277 inf || As Cq = b;|P cl/p7
c i, sl o= (3o :

Proof. By differentiation, we have

Usg=2""(p+1) sup |Asll?, D =2""%(p (Zlb Ip)

i=1
thus
IVF@) =p | [Ai — b (A — ;) A;
i=1

> max I HZ’A r=b"? (A )Axo)

= max ﬁ Z |:|A1I - bi|p_2 (A»LCL’ - bz>2 + |AZ.T - bi‘p_Q (Azl’ - bz)bz} ,0)

> max Iz ”Z |Aiz — |A$_b|p1|b’) )

now by Young’s inequality |A;z — b;|P" |bs| < |Aix — by[? ijl +

2max<H ”Z |A;x — —16:7), )

|b; |”

= hence
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p
using the fact that |a + b" < (|a| + |b])P = (M) < 27 1(Jal? +|b") by convexity
(this is so-called the C, inequality), so |A;x — b;|” + [b;|" > 27T |A;z|", hence

> max (ﬁ Z (277 | AP — 2(b;]P) ,O)
i=1

2 b;
Z max (2—p+1 me ||AS||p:| : ||‘,E||p_1 Zﬁ 1||| | ) )7

and the lower bound follows from Assumption [[| by straightforward rearrangement.

For the upper bound, notice that

IVf(2)|| < p sup Zle—blp HAwl

[[o]=1

< 2P psupz (JAiP~ [Aw] + b7 |Aw))

[[ol=1

n

<oy [nxup—l S (Al )+ s 1A

l[sl=1,llvll=1 %=1 llvll=1

by Fenchel-Young, and rearrangement

1
<22 |22 sup ||As||p+—2|b 4
Dsll=t p
hence the result follow. O
Lemma 5.6.6 (Bounds on the Hessian). Let f(x) = [Az —0bl||} be the p-norm
objective. Suppose that Assumption[] holds, and let
n 1/(p—2)
Ry = || |b:P72 AT 4; J(eg2 P2, (5.62)
i=1
= inf Ay (V? inf -1 A — b P2 (Aw)?. (563
PH = SR (Vf(z)) = e 11? p );! [ (Asu) (5.63)
Then py > 0, and we have
(Lg||z||P~ + Op)I = V2f(x) = (Ugl||z||P~2 + Dg)I (5.64)
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for all x € RY, with constants

. o PH

Ly = min (p(p —1)277 ey, —2) ,
2RY;
CH = min <p7H7p(p - 1)2_p_1CHR€I_2> 3
Uy = 2p*3p(p —1) sup \Aiu]p_z (Aiv)Q,
llull=1,][v][=1 "=

Dy =p(p— 12" || b 2AT A,
i=1

Proof. We have by differentiation

Vif(z) =pp—1) Zn: (A — ;P2 AT A, (5.65)

i=1

Notice that using the fact that |a — b|P~2 + [b|P~2 > 2=~V |a|P~2, we have

V2f(x) =plp—1) Z | Az — b2 AT A
i=1

=p(p—1) ) (277D A — b 77) AT A;

=1

" AT A,
> b2 Ad

i=1
Let Ry be as in (5.62)), then using the above bound, we can see that for ||z|| > Ry,

we have

= p(p— 12" " Veg|lalP~* — p(p — 1)

V2 f(x) = plp — 1)2 Peg||z|P*1
= p(p— D277 ey ||z||P? + p(p — D277 ey RY

Since the minimum of the continuous function Ay, (V? f(z)) is achieved on the

(5.66)

compact set Bg,, and by the second part of Assumption [I it cannot be zero, and
hence py > 0 and V2f(x) = pyl for every z € Bp,. The lower bound in (5.64)
follows by combining this with . For the upper bound, using the inequality
la+ b[P=2 < 2P73(|alP~2 + |b|P~2), we obtain that

V2 f(z) < p(p—1)2r~? Sup

Zn: bl AT A;

i=1

3 il

D AP AT A;

=1

+p(p — 1)2°73
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Now we are ready to prove our main result in this section.

Proof of Proposition |5.6.4. First, both f and k are Legendre convex in this case. This
is easy to verify for k, and evidently f is differentiable everywhere. To verify strict
convexity of f, note that V2f(z) = 0 under part two of Assumption [[| Since both f
and k are twice differentiable, by Lemma it suffices to check that holds
for the linear convergence of Algorithm 2.1 We have by differentiation,

V2(z*) = (1+ |27 T 1+ (g — 2)(1 + ||2*]]2) = 2*z*7. (5.67)

Now it is easy to see that for p € [2,00), we have ¢ = p/(p — 1) € (1,2] and it is not
difficult to verify that V2k satisfies that for all z* € R,

(14 [&*|2)25 1T = [V2h(z)] " = (p— 1)(1 + [Ja*]2) 251 1. (5.68)

The claim of the theorem now follows by some straightforward rearrangement using

Lemmas and with constants

' = min Cu ) L —veo T | (5.69)
20 =1)(2+2D¢) 4(p — 1)Uép )/(p-1)
. U Co (r=2)/(p=1)
L™ = min <(LG/2)(p2)/(p1)>4UH (L_G) +2Dg | . (5.70)

]

5.7 Discussion

5.7.1 Special cases and related methods

Algorithm is closely related to a number of existing methods, some of which
are subject to the analysis we provide. The most notable of these is the method of
steepest descent with respect to a given norm ||-|| (now not necessarily Euclidean).
Here we follow the exposition of Boyd and Vandenberghe [42] sect. 4.9]. The steepest
descent iteration is given by

1
Tiv1 = X; + 17 IV f(x)]l, d, where d € argmax (—V f(x;), x), (5.71)

ll=]|<1
and [|z*]|, = supj,<; (z,2%) is the dual norm of [|-[|. It is possible to verify the
following equivalencies for all z* € R
* * * * (12 *
2", arg max{ (z*, ) « [Jo]| <1} = {z: (27, 2) = |27, [J«] = [[«"].}

5.72
= ([l="13 /2) 7
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where Ok(x*) is the subdifferential of & at z*. In this form it is clear to see that for
strictly convex and differentiable ||-||,, the steepest descent method is a special
case of dual preconditioned gradient descent with k(z*) = ||z*||> /2. Our analysis does
not apply in the case of other norms or normalized steepest descent [42], although
they may be seen as close relatives of Algorithm 2.1}

Algorithm also generalizes some recent work in machine learning. Using the
identity V& = (VE*)~! and the fact that k* is Legendre iff k is Legendre, the iterations

of dual preconditioned gradient descent may be written as

Tip1 = T; — Lin(Vf(xl)) = arg gﬁin{(Vf(xi),x) + Lik"‘(L,(wZ —x))}. (5.73)
S
In this form it is clear that the rescaled gradient descent method studied in [265,
sect. 2.2] is a special case of Algorithm H with k(z*) = 2 (z*, Bilx*>q/2 /q where B
is a positive definite, self-adjoint linear operator and 1 < ¢ < oo with p = ¢/(¢ — 1)
an integer. [265] study the convergence of this method under smoothness conditions
that require bounds on the derivatives of all orders up to p. In contrast, our analysis
under dual relative smoothness requires only a relationship between the derivatives of
first and second order and is applicable to rescaled gradient descent. To summarize,
Algorithm may be seen as a generalization of the steepest descent method to
general convex regularizers or a generalization of polynomial rescalings of gradient
descent.
Dual preconditioning is more distantly related to the dual gradient methods [249,
21]. Dual gradient methods are suitable for the following composite model.

min f(z) +g(z), (primal)

where f : RY — {R, 00} is proper, Isc, and strongly convex and g : R — {R, oo}
is proper, lsc, and convex (see [I8, Chap. 12] for a more general model and review).
The observation motivating the dual gradient methods is that the dual formulation,

min f*(z*) + ¢*(—z"), (dual)

z*cRd

admits gradient [249] and accelerated gradient methods [20], because f* is smooth
when f is strongly convex. Similarly, dual preconditioned gradient descent can be seen
as a move to the dual space, in which a dual problem k(z*) ~ f*(z*) — (2%, Zmin) (dual
to f(x)+0,=s, .. (7)) is minimized by a Bregman gradient method. Thus, dual gradient

methods and dual preconditioning are most easily applied when the dual structure is
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relatively more benign to model than the primal structure, e.g., when f has super-
quadratic growth (and thus fF has sub-quadratic growth). Both of the applications
considered in this paper are of this kind. However, the two methods differ in terms
of what is assumed to be cheap to compute; dual gradient methods assume that it is
cheap to find points in Jf*(z*), whereas dual preconditioning explicitly avoids this
with two ideas: by designing a dual objective function k(z*) with a minimum at 0

“reference function”

whose gradient map is cheap to compute and by using f* as the
in a dual Bregman gradient scheme. When f is Legendre convex and k is relatively
smooth in the dual space to f*, the primal iterates are cheap to compute and the

analysis over the dual iterates closely follows recent work on relative smoothness
[16], 156, 244].

5.7.2 Conclusions

In this paper we introduced a non-linear preconditioning scheme for gradient descent
on Legendre convex functions f that converges under generalizations of the standard
Lipschitz assumption on V f. There are at least two interpretations of this method.
The first is as a generalization of gradient descent in which the update direction
is preconditioned by the gradient map V k of a designed dual reference, Legendre
convex function k. The second interpretation is as a Bregman gradient method
in the dual space, which minimizes the designed k while the conjugate f* plays
the role of the “reference function”, see section The choice of k affects the
conditioning of our method, which is made explicit in our analysis through a dual
relative smoothness condition between f and k. The dual relative conditions admit
non-smooth f and k, and are provably distinct dual cousins of the relative smoothness
conditions introduced by [16]. In the first interpretation of dual preconditioning, dual
relative smoothness is as a requirement that Vk o Vf is Lipschitz continuous. In the
second, k serves as a model of the convex conjugates f* in a certain problem class. In
section [5.6] we show how this method can be applied to exponential penalty functions
(see, e.g., [60, 59]) and p-norm regression (see [48] 2] and references therein) with
global convergence rate guarantees.

There are natural questions that arise from this work. First, it may be useful to
pursue the analogy with dual gradient methods further and to design methods for
the general composite model that exploit dual relative smoothness. Second,
it is natural to wonder whether dual relative smoothness can be exploited by an
accelerated method, which should be optimal in the class of functions dual smooth

relative to a fixed k. [I56] raised this question for primal relative smoothness, and
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Bregman methods converging at accelerated rates under primal relative smoothness
have been designed [113| 112]. Unfortunately, recent work suggests that it is not
possible to accelerate mirror descent under the generalized relative conditions [71].
Finally, some caution is warranted. There is no free lunch and the central difficulty
of this method is in the design of k. Still, the dual relative conditions studied in this
work provide new avenues for improving the conditioning of optimizers via hard-won

domain-specific knowledge.
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Chapter 6

Conclusions

We introduced four new methods that address distinct parts of the machine learning
workflow: designing objectives, computing gradients, and gradient-based optimization.
Future work is discussed in the conclusion sections of each chapter. To conclude, we
review the major contributions in turn.

In Chapter [2| we introduced biased gradient estimators for stochastic optimization
in the presence of discrete random variables. This is a challenging problem, and the
previous unbiased methods generally suffer from high variance. We took a different
tack, introducing bias to decrease variance. Our estimators are reparameterization-
based, but of a relaxed approximation to the discrete model. The primary advantage
of such estimators is that they are easy to implement and computationally inexpensive.
We showed improved performance on multiple benchmarks in statistical deep learning.

In Chapter |3| we introduced variational objectives for sequential models, called
filtering variational objectives (FIVOs). FIVO is a lower bound on the marginal log-
likelihood, constructed by taking the logarithm of a particle filter’s estimator for the
normalizing constant of the model. We showed that the tightness of FIVO is related
to the variance of the estimator from which it is constructed, suggesting that improved
bounds may be designed from more sophisticated normalizing constant estimators.
We developed a reparameterization scheme for estimating gradients of FIVO. We
showed that optimizing FIVO uniformly outperforms baseline objectives on a variety
of deep learning benchmarks.

In Chapter 4 we studied the impact of the choice of kinetic energy on the convergence
of mometum-based optimizers. We studied conformal Hamiltonian systems, which we
called Hamiltonian descent systems, and showed that the kinetic energy acts as a non-
linear preconditioner. We studied Hamiltonian descent systems in continuous time
and presented three discretization schemes. The choice of kinetic energy in all of

these schemes modifies the conditioning of the system to allow linear convergence on
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strictly convex functions, even for functions that may be non-smooth or non-strongly
convex. In a rough sense, the conditions that we study require that the kinetic
energy approximate the curvature of the convex conjugate of the function of interest,
a generalization of strong convexity and smoothness. We proved partial lower bounds
for simple one-dimensional power functions, showing that when these conditions are
not satisfied the Hamiltonian descent system fails to converge linearly. We designed
and analyzed kinetic energies for functions with power growth.

In Chapter 5] we presented a non-linear preconditioning scheme for gradient descent.
This scheme is closely related to the work of Chapter 4] but its analysis is considerably
simpler. We called our scheme dual space preconditioning, and showed that it
converges under conditions (related to the conditions studied for Hamiltonian descent)
that are related to recent work on relative smoothness and strong convexity [16, [156].
We presented two applications to p-norm regression and exponential barrier functions.
We showed how our conditions may be satisfied in practice on these examples.

The central theme of this thesis is on the interplay between the problems of
numerical optimization and numerical integration. Although apparently distinct
problems, their methodology, analysis, and study are complementary, and there is

a productive research agenda at their intersection.
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Appendix A

Appendix to Hamiltonian Descent

Ap.1 Proofs for convergence of continuous systems

Lemma 4.3.6 (Convergence rates in continuous time for fixed «). Given v € (0, 1),
f : R = R differentiable and conver with unique minimum Ty, k @ R — R
differentiable and strictly convex with minimum k(0) = 0. Let z;, p; € R? be the value
at time t of a solution to the system such that there exists o € (0,1] where

k(pe) > afi(=p:). Define
AMa, 8,7) = min (

If B € (0, min(a, )], then

ay —aff — By ﬁ(1—7)>' (4.19)

a—pf T 1-8

Vz: S —)\(Oé, B7 W)Vt

Finally,

1. The optimal B € (0, min(c, )], f* = argmaxg Ao, 8,7) and \* = A«, 5%,7)

are given by,

ﬁ*:ﬁ<&+%—\/(l—’y)a2+1—2), (4.20)
3 = <(1—’y)a—|—1 — \/(1—7)042—1-“/7‘2) for0<a<1, (4.21)
(2 fora=1,
2. If B € (0,ay/2], then
Ma, 8,7) = 5(11 /37), and (4.22)
— (v =B—=2(1=)/4) k(p) — By (¢ — Tmin, Pe) — B (Tt — Tmin, V.f (1))
< =B =7)(k(pe) + fze) = [(@min) + B (Tt — Tmnin, Pr))- (4.23)
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Proof.

V) = - <Vk(pt>>pt> + 3 <Vk(pt>7pt> - By <$t - Iminapt> - <xt — Tmin, Vf(%))
—(v - 5) <Vk(pt)7pt> — By <It - xminupt> -0 <$t — ZLmin; Vf(xt»
—(v = B)k(pe) — By (&t — Trin, pe) — B(f (@) — f(@min))

by convexity and 8 < 7. Our goal is to show that V," < —\V; for some A > 0, which
would hold if

—(v = B)k(pe) — By (&t — Trin, pe) —B(f(21) — [(@min)) <
— AE(pe) + (1) = [(@min) + B (2t — Tmin, Pr))

which is equivalent by rearrangement to

=By = A) (@1 = Zanin, pr) < (v = B = Nk(pe) + (B = M) (f (1) = f(@min)).  (Ap.1)

Assume that A <. By assumption on f, k, and « we have (4.15)), which implies by
rearrangement that k(p;) > —a (s — Tmin, pr) — a(f(2) — f(Zmin)), SO

By = A) (@1 — T pr) < 2 = (= k() + alf(ze) = f(@min))), (Ap.2)

and k(p;) > 0 and f(z;) — f(Zmin) > 0, hence it is enough to have = (fy A <~v—=F—=A
and B(y—A) < f— A for showing (Ap.1)). Thus we need A < min(y, ** aa_ﬂﬂ By, 6(11—6 )).
Here %(1 — ) <y for 0 < 8 <~ <1, therefore V' < —\(«, 3,7)V; for

ay —af — By 5(1—7)>
a—pf T1-p )

In order to obtain the optimal contraction rate, we need to maximize A(«, 3,7) in .

AMa, 5,7) = min <

Without loss of generality, we can assume that 0 < g < 0”7, and it is easy to see

Bl—y)
1-8
monotone increasing. Therefore, the maximum will be taken when the two terms are

that on this interval, %_6567 is strictly monotone decreasing, while is strictly

equal. This leads to a quadratic equation with two solutions

One can check that 5, > a'y , while 0 < f_ < a'y , hence

max A(a, 3,7) = Ma, B-,7) = % ((1 —y)a+ % — \/(1 —y)a? + Vz)

B€[0,a]
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for & < 1. For o = 1, we obtain that §* = f_ =, and \* = 7(21 el
v

Now assume 3 € (0,a7/2]. Since we have shown that A, vy, 5) = B(l

) for
f < P it is enough to show that 5_ > a7/2 to get our result. Notice that B_ as a

function of v, B_(7), is strictly concave with 8_(0) =0, and B_(1) = £, thus

Bo=Bo() > 8- (1) = e 2 28

Finally, the proof of (4.23) is equivalent by rearrangement to showing that for A\ =

=By =N (@ = Tain, 1) < (v = B=7 (1 =7) /4= NE(p) + (B =X (f(21) = f(Zin)),
(Ap.3)

hence by (Ap.2) it suffices to show that we have £(y — \) <y —~42(1 —~)/4 —

and G(y — A) < f — A. The latter one was already verified in the previous section,

and the first one is equivalent to

—B—)\—g('y—)\)272(1—7)/4f0revery0<’y<1,0<a§1,0<ﬁ§a7/2.

It is easy to see that we only need to check this for f = a7/2, and in this case by
minimizing the left hand side for 0 < o < 1 and using the fact that A = (1 — )3, we

obtain the claimed result. O

Ap.2 Proofs for partial lower bounds

In this section, we present the proofs of the lower bounds. First, we show the existence

and uniqueness of solutions.

Lemma 4.3.9 (Existence and uniqueness of solutions of the ODE). Let a,b,y €
(0,00). For every ty € R and (z,p) € R?, there is a unique solution (z¢,p;)ier of
the ODE with xy, = x, py, = p. FEither v, = p, = 0 for every t € R, or
(a1, pt) # (0,0) for every t € R.

l , then H; > 0 and

Proof. Let H; :=

Hy = |z, " sign(ay)x) + [p]* " sign(p)p; = —7|p|*

so 0 > H; > —vaH,;. By Gronwall’s inequality, this implies that for any solution of
(#.3),

H; < Hg for t > 0, and (Ap.4)
H, < Hoexp(—rat) for t < 0. (Ap.5)
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The derivatives 2/, p’ are continuous functions of (z,p), and these functions are
locally Lipschitz if © # 0 and p # 0. So by the Picard-Lindel6f theorem, if x;, # 0,
P, # 0, then there exists a unique solution in the interval (o — €,y + €) for some
e > 0.

Now we will prove local existence and uniqueness for (z,ps,) = (2,0) with
xo # 0, and for (4, pr,) = (0,po) with py # 0. Because of the central symmetry, we
may assume that xo > 0 and py > 0, and we may also assume that t, = 0.

First let xg = 0 and py > 0. We take ¢ close enough to 0 so that p, > 0. Then
o, =p¢t > 0 and p, = —|z|* " 'sign(z;) — yp;. Then p; = ¢(z;) for some function

¢: (—e€,€) = Ry, where t is close enough to 0. Here ¢(0) = py and p, = ¢'(z¢)x}, so

Py 1. a
¢/($t) = x_l’t = —(|1Ut|b ! 81gn(xt) + 7]%)]3%
t

= —(]xt‘b_l sign(x;) + ’Y¢($t))¢(xt)l_a>

and hence

¢'(u) = —(|ul"" sign(u) +yd(u))p(u)' ™ and  $(0) = po.

This ODE satisfies the conditions of the Picard-Lindelof theorem, so ¢ exists and
is unique in a neighborhood of 0. Then zy = 0 and 7}, = ¢(x;)* !, so for the
Picard-Lindelof theorem we just need to check that u — ¢(u)*~! is Lipschitz in a
neighborhood of 0. This is true, because ¢ is C! in a neighborhood of 0. So x; exists
and is unique when ¢ is near 0, hence p, = ¢(x;) also exists and is unique there.
Now let zop = zo > 0 and py = 0. We take ¢ close enough to 0 so that z; > 0.

b—1

o~ tsign(p;) and p, = —x;"' — yp; < 0 for ¢ close enough to 0. Then

Then x} = |p,
xy = P(p¢) for some function ©: (—e, €) — Ry, where ¢ is close enough to 0. Here

¥(0) = zg and x}, = ¢'(p)p}, so

W (py) = T |pe|“ " sign(p) . |pe|*~ 1 sign(py)
t - - - )
Pt x4 e V(p)>t + py
and thus L
() = LS 4 0) = .

P(u)~! +yu
This ODE satisfies the conditions of the Picard-Lindelof theorem, so 1 exists and is
unique in a neighborhood of 0. Then py = 0 and p, = —(p;)*~! — vpy, so for the
Picard-Lindelof theorem we just need to check that u — —(u)*~! — yu is Lipschitz
in a neighborhood of 0. This is true, because v is C! in a neighborhood of 0. So p;

exists and is unique when ¢ is near 0, hence x; = 9 (p;) also exists and is unique there.

118



Let [0, tmax) and (—tmin, 0] be the longest intervals where the solution exists and
unique. If ¢,,x < 00 Or ty, < 00, then by Theorem 3 of [202], page 91, the solution

would have to be able to leave any compact set K in the interval [0, tax) O (—tmax, 0],

respectively. However, due to the (Ap.4) and (Ap.5)), the energy function H; cannot

converge to infinity in finite amount of time, so this is not possible. Hence, the

existence and uniqueness for every ¢ € R follows. 0
Before proving Theorem |4.3.10] we need to show a few preliminary results.

Lemma Ap.2.1. If (x,p) is not constant zero, then lim;_,_ o, H; = oo and limy_,oo Hy =

im0 ¢ = limy_00 pr = 0.

Proof. The limits of H exist, because H} = —v|p¢|* < 0. First suppose that lim; , ., H; =

M < oo. Then H; < M for every t, so x and p are bounded functions, therefore z’

sign(p:)p}
is also bounded, so H' is Lipschitz. This together with lim;_,_., H; = M € R implies

and p’ are also bounded by the differential equation. Then H, = —~a|p,|*~!

that lim; o H;, = 0. So lim;_,_ p; = 0. Then we must have lim;_, ., z; = x¢ for
some 7o € R\ {0}. But then lim, ., p, = —|zo|* ' sign(zo) # 0, which contradicts
lim;_._ o p; = 0. So indeed lim;_,_,, H; = <.

Now suppose that lim; ,., H; > 0. For t € [0,00) we have H; < Ho, so for t > 0
the functions x and p are bounded, hence also z/, p’, H', H"” are bounded there.
So limy,o Hy € R, and H' is Lipschitz for ¢ > 0, therefore lim; ,., H; = 0, thus
lim; oo p = 0. Then we must have lim; .o, 2y = o for some zo € R\ {0}. But
then lim;_, p} = —|z0[* ! sign(zg) # 0, which contradicts lim;_,.. p; = 0. So indeed

lim;_,o Hy = 0, thus lim;_, x; = limy_, pr = 0. ]
From now on we assume that % + % < 1.

Lemma Ap.2.2. If (z4,p;) is a solution, then for every ty € R there is at < ty such
that p; = 0.

Proof. The statement is trivial for the constant zero solution, so assume that (x,p)

is not constant zero. Then lim;, . H; = oo. Suppose indirectly that p; < 0 for

every t < to. Then o, = —|p|* 1 < 0 for t < to. If limy, ooy = T o < 00O,
then lim;_,_., p; = —o0, because lim;_,_, H; = co. Then z — z_ € R and 2/ =
—|p|*! = —oo when t — —oo, which is impossible. So lim;_, o, #; = 0o, hence there
is a t; < tg such that p; < 0 < x; for every t < t;. Let Gy |pt‘ — vy, then for

t < t; we have

G = —Ipel*?pf — vy = "2 = ylpe)) + Al = Ipe P2t > 0.

119



So Gy < G(ty) for every t < t;. Thus
Il < ((a = D(yz+ G(1) 7T = (Az, + B)7 T,

for t < t;, where A > 0. For big enough = we have (Az + B)ﬁ < %mbil, because

L < b —1, since ba > b+ a. So there is a t, < t; such that p, < 0 < x

a—1

and |py| < %xf’l for every t < to. Then p, = —al™' —qp, < 0, s0 p, < 0 is
monotone decreasing for ¢ € (—oo,ty], hence p_o, = lim;,_pr € R. But then
P = —a?7t — yp; = —o0 when t — —oo, which together with p_., € R is impossible.
This contradiction shows that indeed there is a t < t; such that p, > 0. Applying
this for (—x, —p), we get that there is a t < ¢, such that p, < 0. So by continuity,

there is a t < ty such that p, = 0. O

For A > le let £(A) = ((Jf‘lﬁa)m and

Ra:={(z,p) €ER%; 0 <z < &(A), —Az"" < p <0}, (Ap.6)

Lemma Ap.2.3. Let A > % If (x,p) is a solution, ty € R and (4, ps,) € Ra, then
(x4, pr) € Ra for every t > to.

Proof. Suppose indirectly that there is a t > to such that (x;,p;) & Ra. Let T be
the infimum of these t’s. Then T' > to, and (z(7),p(T)) is on the boundary of the
region R4. We cannot have (z(T),p(T")) = (0,0), because (0,0) is unreachable in
finite time. Since 2, = —|p|*™" < 0 for t € [ty,T), we have x(T) < z;, < £(A). So
we have 0 < x(T) < £(A) and either p(T) = 0 or p(T) = —Ax(T)>1.

Suppose that p(T) = 0. Then p/(T) = —z(T)*"! < 0, so if t € (to,T) is close
enough to T, then p; > 0, which contradicts (z;,p;) € Ra. So p(T) = —Ax(T)"~L.
Let U, := py + Az?™'. Then U(T) = 0, and by the definition of T, we must have
U'(T) < 0. Using |[p(T)| = Az(T)"* we get

0>U/(T)=p(T)+ (b—1)Ax(T)"22'(T)
=[p(T)| = (7)™ = (b~ 1) Az(T)"*|p(T)|"~"
= x(T)b_l(’}/A —1— (b _ 1)AalL‘(T)ba_b_a)7

so&(T) = (@Aﬁ)baiw < x(T) < &(T). This contradiction proves that (x;, p;) € Ra
for every t > t. O]

The following lemma characterises the paths of every solution of the ODE in terms

of single parameter 6.
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Lemma Ap.2.4. There is a constant n > 0 such that every solution (x;,p;) which
is not constant zero is of the form (in)A,pgi)A) for ezactly one 6 € [—n,n] \ {0} and
A eR.

Proof. For u > 0 let us take the solution (x¢,p;) with (x¢,,py,) = (—u,0) for some
to € R. Then p; = ub=t > 0, so p;, < 0 if t < tg is close enough to to. By
Lemma [Ap.2.2] there is a smallest 7 (u) € Ry such that p(ty — 7(u)) = 0. We
may take to = 7 (u), and call this solution (X (¢), P®™(t)). Then ng‘()u) = —u,
Pﬂ(;&) = Péu) =0, and P < 0 for t € (0,7 (u)). Let g(u) = Xéu). Here g(u) # 0,
because we cannot reach (0,0) in finite time due to (Ap.4)-(Ap.5). We cannot have
g(u) < 0, because then P’ (0) = —|g(u)|*~!sign(g(u)) > 0. So g(u) > 0, thus we have

defined a function g: R.y — R.g. For u > 0 let us take the continuous path
Cu = {(X, PM); t € [0, T(w)]}.

Note that this path is below the z-axis except for the two endpoints, which are on
the z-axis. If 0 < u < v, then C, NC, = @, so we must have g(u) < g(v) (otherwise

the two paths would have to cross). So g is strictly increasing. Let
n = lim g(u) € Rxo.
u—0 -

If 0 <u<wvand z € (g(u),g(v)), then going forward in time after the point (z,0),
the solution must intersect the z-axis first somewhere between the points (—v,0) and
(—u,0), thus z is in the image of 7. So n: Ry — (n,00) is a strictly increasing
bijective function. We have g(u) > u for every u > 0, because if g(u) < u, then
for the solution (X, P we have Hy < H(T(u)) and H, = —|P™|* < 0 for
t € (0,7 (u)), which is impossible.

Let A > % and 0 < z < {(A), and take the solution (z, p;) with (z9,po) = (2,0).
Then pfy, < 0, so (z¢,pr) € Ra for t > 0 close enough to 0, and then by Lemma ,
(x4, pr) € R4 for every t > 0. So z is not in the image of 7, hence n > £(A) > 0.

Let (z¢,p;) be a solution, which is not constant zero. Let S = {t € R; p, = 0}.
This is a closed, nonempty subset of R. Suppose that sup(S) = oco. Since limy_,, x; =
0, this means that there are infinitely many ¢ € R such that p;, = 0 and |z;| € (0,7).
This is impossible, since there can be only one such ¢. So sup(S) = max(S) =T € R.
We may translate time so that T = 0. Then py = 0 and p; # 0 for every t > 0. If
|zo| > n, then later we again intersect the z-axis, so we must have 0 < |zo| < n. So
the not constant zero solutions can be described by their last intersection with the

x-axis, and this intersection has its z-coordinate in [—n,n] \ {0}. O
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By symmetry, we have xﬁ_e) = —xt ) and pt = —pge). We now study the

solutions(xg ,pt)f0r0<9<77andt>0 Thenpt <O<xt fort > 0

and ()} < 0 and lim;_, 29 =0, s0 2 € € (0,0) for t > 0. So we can write

p” = =@ ("), where ¢@: (0,0) — Rug and lim, 0 ¢(2) = lim, 6@ (2) = 0.
Let

1
O = {9 € (0,7]; (z,—¢'”(2)) € Ra for some A > 5 and z € (0,9)} .

The following lemmas characterize this set.

Lemma Ap.2.5. If6 € (0,n]\ ©, then

Proof. By the definition of ¢(*)

(@) 4700 @) = (07) = () @) (@), s0
(67) () = 67 () (39" (2) = 2" 7).
Because the orbits are disjoint for different 6’s, we have ¢ (2) < ¢(%)(z) for 0 <

01 < 0y, <mand z € (0,6,). If (20,90 (2)) € Ra for some z, € (0,6), then by
Lemma [Ap.2.3 (z,—¢¥(2)) € R4 for every z € (0, 2]. So

_ Vo i f 21D 1 (0)
0= {9 € (0,7); hgn_glfz P (2) < oo}.
If 0 < 6, < 6 and 6, € O, then #; € O too, since ¢ (2) < ¢ (2) for z € (0,6,).
If A> % and 0 < £(A), then (2 p!”) € Ry for t > 0, so (z,—¢@(2)) € Ry for
€ (0,0). So (0,&(A)) € © for every A > ;. Let
F(2) =7 (= 1) 90 () — 2
then lim, o F'(2) = 0, and

(6 ()
100 (27

so lim,_o F’'(z) = 0, because lim,_,q 2 ?¢®) (2) = oo, since # ¢ ©. Then for every
€ > 0 thereis a § > O such that F' is e-Lipschitz in (0,0), and then |F(z)| < ez for
€ (0,9). =0. O

F'(2) = 1= _7—1(21—%(9)(2))_1’

Lemma Ap.2.6. © = (0,7).
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Proof. Suppose indirectly that n € ©. Then there is an A > %y and a z € (0,n) such
that (2, —¢,(2)) € Ra. Then for e > 0 small enough we have (2, —¢,(2) —€) € Ra
too. Let (z,p) be the solution with (zq,po) = (2, —¢,(z) — €). By Lemma [Ap.2.2]
there is a 7' < 0 such that p(T) = 0 and p; < 0 for ¢t € (7,0]. Then z; < 0 for
t € (T,0]. Since this orbit cannot cross {(u, —¢®(u)); v € (0,1)}, we must have
x(T) > n. However (xg,po) € Ra, so (x4, p;) € R4 for every t > 0 by Lemma .
So (z(T),0) is the last intersection of the solution (z,p) with the z-axis, hence x(T')
is not in the image of 1, so n < z(T") < n. This contradiction proves that n ¢ ©.

Now suppose indirectly that there is a § € (0,1) \ ©. Let us write ¢ = ¢, and
P = ¢ for simplicity. We have

W(2) = ¥(2) " (yi(z) = 2"71) > 0

for z > 0 close enough to 0, because lim,_,q fb(—fz = 00, since n ¢ O©. So ¥ has an

inverse function 1! near 0. So we can define a function G(z) = ' (¢(z2)) for
€ (0,c¢), for some ¢ > 0. We have 1(z) < ¢(z) for every z € (0,6), so G(z) > z for
€ (0,¢). Then

P(2)" " (yp(z) — 271
D(G(2) (v (G(z)) — G(2)P1)

G'(2) =v'(G(2)) ¢/ (2) =

_9(z) —
v9(2) = G(2)"1

Let h(z) = G(z) — z for z € (0,¢), then h(z) > 0, lim, o h(z) = 0, and

2+ h(z))" a0
FeRCE i o ]
If 2 — 0, then ¢(2)* ' ~ (2 ) ~ v(a—1)z by Lemma[Ap.2.5] Since G(z) — 0, we
also have 7(@ — 1)z ~ ¢(2)* ( (2))* ! ~ ~v(a—1)G(z2). So lim, Giz) =1 and
= 0. Then ¢(2)/G(z ) ~ (Y(a=1)7 1271 ¢ s lim. o 70(2)/G ()"

0, because aT1 < b—1. Therefore

14 221 g h 1
( z ) sz_l(b—l)"y_l (Z) . :CZ/\_lh(Z),

(4 sz—l
" 79(2) 2 (y(a—1)z)eT

where C'= (b — 1)y }(y(a — 1))_ﬁ >0and A =b—1— - > 0 are constants.

We know that ng( ) ~ (v(a — 1))ﬁzﬁ = 1. Note that & < b —1, so

lim, 0 v¢(2)/G(2)""1 = co. We also have lim, g k =0 and (1+2C ))b L1~ (-
1) S0 ' (z) ~ ﬁzb 2-a1h(2). Thus h’( ) ~ Cz*th(z), where C' > 0 and
y(a—1))a-1
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A=0b—2——-+1> 0, because ba—b—a > 0. Solog(h(z))' = M) Lot = (222

h(z) A
Applying L’Hospital’s rule, we get
log(h(z))’ log(h
1 =lim M = lim ogé 2)) = —00.
z—0 <XZ>\)/ z—0 XZ)\
This contradiction proves that © = (0, 7). O

Now we are ready to prove our lower bound.

Proposition 4.3.10 (Lower bounds on the convergence rate in continuous time).
Suppose that * + < 1. For any 6 € R, we denote by (xt ,pt ) the unique solution
of (4.32] - wzth xg = 0,po = 0. Then there ezists a constant n € (0,00) depending on a

and b such that the path (xt ,pﬁ’”) and its mirrored version (x; (= ”),p§ 77)) satisfy that

’3;?5*’7)‘ — ’xgn)’ < O(exp(—at)) for every a < vy(a — 1) as t — oo.

) () (=n) (—n))

For any path (xy,p;) that is not a time translation of (xt" o) or (xy Vopy ), we

have
=

1
|zt = O(t==) as t — oo,

so the speed of convergence is sub-linear and not linearly fast.

Proof. First let 6 € (0,n). Then # € © by Lemma , so thereisan A > L and a
o e R SUCh that ($t ),pt ) € Ry for t > to. Then z\” > 0 and (xge)), - _|p§%|a*1 >
—A* 1( )(blalfort>t0 Here (b—1)(a —1) > 1, so

()~ Ca=b=a)y — _(ba — b — a) (")~ DD () < (ba — b — a) A2~

for t > to. Let K := (ba—b—a)A“ L then (z{”))~®a=t=0) < Kt 4 L for t > t, and

some L € R. So (xf’))—l = O(tbafbfa) when t — oo, therefore the convergence is not

linear.
By Lemma | we have pt —(v(a — ):L‘E" )ail when ¢ — oco. So (z™)) =
—[p{"|et ~ —’V(a 1), hence <log<xt">>> —y(a = 1) = (—v(a — 1)t)’, when

t — co. So by L'Héspital’s rule, log(z{”) ~ —y(a — 1)t, thus |2\”| = O(e~**) when
t — oo, for every a@ < v(a — 1). Then also |p§n)| = O(e ) when t — oo, for every
B < 7. So the convergence is linear.

So up to time translation there are only two solutions, (z, p™) and (=2, —pM),

where the convergence to (0,0) is linear. O
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Ap.3 Proofs of convergence for discrete systems

Ap.3.1 Implicit Method

Firstly, we show the well-definedness of the implicit scheme.

Lemma 4.4.1 (Well-definedness of the implicit scheme). Suppose that f and k satisfy
assumptz’ons and and €,y € (0,00). Then (4.34) has a unique solution for

every x;,p; € RY, and this solution also satisfies (4.33)).

Proof. The proof is based on Theorem 26.3 of [222]. We start by introducing some
concepts from [222] that are useful for dealing with convex functions on R"™ taking
values in [—o0,00]. We say that g : R" — [—00,00] is convez if the epigraph of g,
{(z,p) : p > g(x),z € R, € [—00,00]} is convex. A convex function g : R* —
[—00, 00] is called proper convez if g(x) # —oco for every & € R", and there is at least
one x € R" where g(z) < co. We say that g : R" — [—00, 00] is lower-semicontinuous
if im,, . g(z;) > g(x) for every sequence x; — x such that lim,, ,, g(x;) exists. The
relative interior of a set S C R", denoted by ri S, is the interior of the set within
its affine closure. We define the essential domain of a function g : R” — [—o0, 00,
denoted by dom g, as the set of points x € R™ where g(x) is finite. We call a proper
convex function g : R" — [—o0, 00] essentially smooth if it satisfies the following 3

conditions for C' = int(dom g):
(a) C is non-empty
(b) g is differentiable throughout C'

(¢) lim; oo || Vg(x;)|| = +00 whenever xy, o, ... is a sequence in C' converging to a

boundary point of C.

Let dg(x) denote the subdifferential of g at = (which is the set of subgradients of g
at x), and denote dom dg := {z|0g(z) # 0}. We say that a proper convex function
g : R" = [—00, 00| is essentially strictly convez if g is strictly convex for every convex
subset of dom 0g.

By assumption[A.2] k is differentiable everywhere, and it is strictly convex, hence it
is both essentially smooth and essentially strictly convex (since its domain is dom k =
R™). Moreover, since k is a proper convex function, and it is lower semicontinuous
everywhere (hence closed, see page 52 of [222]), it follows from Theorem 12.2 of
[222] that (k*)* = k. Therefore, by Theorem 26.3 of [222], it follows that k* is both

essentially strictly convex and essentially smooth. Since f is convex and differentiable
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everywhere in R", based on the definitions and the assumption €,v € (0,00), it is

straightforward to show that
F(z) = k™ () +ed f(x) — 0 (pi, x)

is also essentially strictly convex and essentially smooth. Now we are going to show
that its infimum is reached at a unique point in R™. First, using the convexity of f,
it follows that f(z) > f(z;) + (Vf(x;),z — x;), hence

F(x) > ek™ (=) + €6 (Vf(z:i), 2 — 23) — 6 (pis v — 23) — § {ps, 3) + €0 f ()
using the definition ([5.6)) of the convex conjugate k*

> (p,x —x;) — k(p) + €6 (Vf(xi),x — 23) — 0 (pi & — 15) — 6 (ps, 73) + €6 f ()
= (p+ 6V f(x;) = 6pi, v — x;) — k(p) —  (pi, xi) + €6 f (x3),

for any p € R". By setting p = Hi:i:\\ — (e6Vf(x;) — op;) for ||z — x;]| > 0, and
p = —(edVf(z;) — dp;) for ||x — ;|| = 0, using the continuity and finiteness of k, it
follows that F(x) > ||z — ;|| — ¢ for some ¢ < co depending only on €, §, x; and p;.
Together with the lower semicontinuity of F', this implies that there exists at least
one y € R™ such that F(y) = inf,cgn F(z), and —oco < inf,ern F(z) < 00.

It remains to show that this y is unique. First, we are going to show that it falls
within the interior of the domain of F. Let C' := int(dom F'), then using the essential
smoothness of F, it follows that C' C dom F' C clC' is a non-empty convex set (cl
refers to closure). If y would fall on the boundary of C, then by Lemma 26.2 of [222],
F(y) could not be equal to the infimum of F'. Hence every such y falls within C. By
Theorem 23.4 of [222], ri(dom F') C dom OF C dom F'. Since C' is a non-empty open
convex set, C' = intdom F' = ri(dom F'), therefore from the definition of essential
strict convexity, it follows that F'is strictly convex on C'. This means that there the
infimum inf,cge F'(x) is achieved at a unique y € R™, thus is well-defined.

Finally, we show the equivalence with . First, note that using the fact that
k is essentially smooth and essentially convex, it follows from Theorem 26.5 of [222]
that V(k*)(z) = (Vk)~'(x) for every = € int(dom k*). Since F is differentiable in the
open set C' = int(dom F'), and the infimum of F' is taken at some y € C, it follows
that VF(y) = 0. From the fact that f(x) and (p;,x) are differentiable for every

z—
€

x € R", it follows that for every point z € C, =% € int(dom k*). Thus in particular,

using the definition x;,1 = y, we have

V(K" (

u) + 0V f(2ip1) — dpi = 0,

€
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which can be rewritten equivalently using the second line of (4.34]) as

V(k*) (—$¢+1 — x,,) = Pi+1-

€

Using the expression V(k*)(z) = (Vk)™!(z) for # = *#== ¢ int(dom k*), we obtain
that (V)™ (¥2==) = p;41, and hence the first line of ([£.33) follows by applying

€

Vk on both sides. The second line follows by rearrangement of the second line of
(4.34)). O

The following two lemmas are preliminary results that will be used in deriving
convergence results for both this scheme and the two explicit schemes in the next

sections.

Lemma Ap.3.1. Given f, k, v, a, Cq, and Cyy, satisfying Assumptions [A] and [B,

and a sequence of points x;,p; € R? fori > 0, we define H; = f(2;) — f(Tmin) + k(ps)

. Then the equation

Can
2

has a unique solution in the interval v € [H;/2,3H;/2|, which we denote by V;. In

addition, let

U:'Hi‘i‘

a(2v) (T; — Trnin, Pi) - (Ap.7)

Ca7’y

B = 5 a(2V;), (Ap.8)
then V; = H; + Bi (x; — Tmin, pi) and the differences Viy1 — V; can be expressed as
Vier =V
= Hit1 — Hi + Bit1 (Tit1 — Tmin, Pis1) — Bi (Ti = Trmin, Pi) (Ap.9)
=Hit1 — Hi + Bi((Tis1 — Tmin, Pit1) — (Ti — Tmin, Pi)) + (Biv1 — Bi) (Tit1 — Tunins Pi1)

(Ap.10)
=Hir1 — Hi + Bir1((Tiv1 — Tmin, Pit1) — (Ti — Tmin, Pi)) + (Bir — Bi) (Ti — Tanin Pi) -
(Ap.11)

Proof. Similarly to (4.27)), we have by Lemma m,
(= i) | € R f0kp)) + F0) = famin) € s (Ap12

For every i > 0, we define V; as the unique solution v € [H;/2,3H,;/2| of the equation

v="H;+ C;’Va(Qv) (i — Tmin, Pi) - (Ap.13)

The existence and uniqueness of this solution was shown in the proof of Theorem
4.3.8. The fact that V; = H; + B; (x; — Zmin, pi) immediately follows from equation

(Ap.13), and (Ap.10)-(Ap.11) follow by rearrangement. O
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Lemma Ap.3.2. Under the same assumptions and definitions as in Lemma [Ap.5.1],

if in addition we assume that for some constants C1,Cy > 0, for every i > 0,

Vigr — Vi < —6(7 - 5z‘+1 - 01€)k?(pi+1) - 675z‘+1 (Ii+1 - $min,Pi+1> - €5i+1(f($z‘+1) - f(ﬁﬂmin))

+ Co*Bir1Vigr + (Bis1 — Bi) (T — Tuin, pi) , and (Ap.14)
Vigi — Vi < —6(7 - Bi — Cle)k(pi—i-l) —evB; <iUz'+1 - xminapi+l> - G@(f(%ﬂ) - f(xmin))
+ 02625¢Vz‘+1 + (@'H - 62) <$z‘+1 - fL‘misz’H) ) (AP-15)

2 —_ .
then for every 0 < € < min (15—27, %), for every i > 0, we have

Similarly, if in addition to the assumptions of Lemma we assume that for

some constants Cy,Cy > 0, for every i > 0,

Vier = Vi < —€(v = Big1 — Cre)k(pi) — €Biv1 (Ti — Tmin, Di) — €Bit1 (f (i) — f(Zmin))

+ Co® B Vi + (Biv1 — Bi) (i — Tmin, ps) , and (Ap.17)
Vigr = Vi < —6(’)’ - Bi — Cle)k(pi) — € (1'@ - xminapi> - Eﬁi(f(xi) - f(xmin))
+ Coe’ BV, + (Bit1 — Bs) (Tit1 — Trmin, Dit1) (Ap.18)

201
then for every 0 < € < min (10_—27, %), we have

Vie1 <1 —€Bi(1 —v—eCy) /2] V. (Ap.19)
Proof. First suppose that assumptions (Ap.14) and (Ap.15) hold. Using (4.23)) of

Lemma 4.3.6| with o = a(2V;41) and § = (41, it follows that for € < 72;1_0—17),

- 6(’7 — Bit1 — 016)k<pi+1> - €5z’+1(f($7;+1) - f(xmln)) — €Biq1Y <$i+1 - Imin;pi+1>
< —€Bix1(1 —7)Viga,

and by combining the terms in (Ap.14)), we have
Vier = Vi < —€5i+1[1 -7 = GCZ]ViJrl + (5i+1 - B@) <$z - $min,pi> . (AP-20)

Now we are going to prove that V,;; < V; under the assumptions of the lemma. We
argue by contradiction, suppose that V;;1 > V;. Then by the non-increasing property
of o, and the definition B; = %O&(ZVZ'), we have ;11 < ;. Using the convexity of
a, we have a(y) — a(x) < d/(y)(y — ) for any z,y > 0, hence we obtain that

Ca
1Biv1 — Bil = Bi — Biy1 = —2

(a(2Vi) — a(2Vi1)) < Coy (Vi1 — Vi) (= (2V)),
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and by (Ap.12) and assumption we have
2V;
i1 — Bil @i — Zoin, 0i)| < Cay(Vig1 — Vi) (—d/ (V) —~
Bre1 = (55 = i )] < Coy (Vo = V(=0 (2V)
Combining this with (Ap.20) we obtain that V;y; — V; < Vii1 — Vi, which is a
contradiction. Hence we have shown that V;,; < V;, which implies that £;.1 > ;.
Using (4 of Lemma with a = «(2V;) and 8 = f;, it follows that for

(1 )
O<e<740 ,

<Viqy1 — Vi

(V Bi — Cie)k (pi—i—l) - Eﬁz‘(f(xz‘ﬂ) - f(xmin)) — efiy <$z‘+1 - xminupi+1>
_651( ) i+1

and hence by substituting this to (Ap.15)), it follows that
Vier = Vi < —€Bi[l —v = eCo)Vip1 + (Biv1 — Bi) (Tiv1 — Tanin, Pit1) - (Ap.21)
Now using the convexity of «, and the fact that £;.1 > (;, we have
[Bivr = Bil = Bivs = Bi = 7 (2(DVisr) = a(2)) < Cay (Vi = Vi) (=0 (2Vign)),

and by (Ap.12) and assumption we have

2V,
|Biv1 — Bil {Zix1 — Tmin, Pit1)| < Cay (Vi — Vi+1)(—a,(2Vi+1))—+l < Vi = Vij1.
a(2Vit1)
By combining this with (Ap.21)), we obtain that
Vigr — Vi < —ﬂ[l — 7 — €Co]Viq,

and the first claim of the lemma follows by rearrangement and monotonicity.

The proof of the second claim based on assumptions (Ap.17) and (Ap.18) is as
follows. As previously, in the first step, we show that V;,; < V; by contradiction.

Suppose that V; 1 > V;, then 5,41 < f;. Using (4.23)) of Lemma with a = a(2V)
and = 311 < B; < &, it follows that for € < 721(11—0_17),

- 6(7 — Big1 — 01€)k<pi+1) - 65z’+1(f($7;+1) - f(xmln)> — eBi1y <$i+1 - l‘min;pi+1>
< —€Biy1(1 = 7)Viga,

and by combining the terms in (Ap.17), we have
Vier = Vi < —eBina[l =7 — €G]V + (Biv1 — Bi) (i — Tomin, i) - (Ap.22)

The rest of the proof follows the same steps as for assumptions (Ap.14]) and m

hence it is omitted.
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Now we are ready to prove the main result of this section.

Proposition 4.4.3 (Convergence bound for the implicit scheme). Given f, k, 7, «,
Cay, and Cyy, satisfying assumptions |A| and @ Suppose that € < ﬁgﬂl) Let
a, = a(3Hy), and let Wy = f(x¢) — f(2min) and for i >0,

Wiii =W, [1 + eC,m(l -y — 2Cf7k€)a(2wi)/4]_1 .
Then for any (xqg, po) with po = 0, the iterates of (4.33)) satisfy for every i >0,
f(:cl) — f(:cmin) S QWQ S 2W0[1 + ECa;y(l -7 — QCﬂkE)Oé*/Zl]ii.

Proof. We follow the notations of Lemma and the proof is based on Lemma
Ap.3.2l By rearrangement of the (4.33)), we have

ZT; — T = EVk’ i
+1 (P +1) (Ap.23)
Pi+1 — Pi = —Y€Pi+1 — GVf(xi+1)

For the Hamiltonian terms, by the convexity of f and k, we have

Hit1 —Hi < <Vk<pi+1)7pi+1 - pi> + <Vf(95i+1)a Lit+1 — :v2>
= (VE(pir1), —vepiy1 — €V f(2i1)) + € (VF(2i1), VE(pir1))  (Ap.24)
= —v€e (VE(pit1), pis1) (Ap.25)

For the inner product terms, we have
(Ti1 = Tmin; Piv1) — (T — Tmin, Pi)
= (Tit1 — Tmin, Pir1) = (Tiv1 = Tmin — (Tig1 — i), Piy1 — (Piy1 — Di))
= (Tit1 — Tmin, Pir1) — (Tit1 — Tmin — €EVE(Pit1), Div1 + €1 + €V f(2441))
= (e + 7€) (pir1, VEDir1)) — € (Tip1 — Tanin, V(2i11))
— €Y (Tis1 = Tamin, Div1) + € (VE(Dir1), Vf(@i41))

and by assumption we have
(VE(pit1), Vf(zit1)) < CriHivr < 2C1pVisa, (Ap.26)

and hence

<$i+1 - Imin7pi+1> - <$z - ﬂﬁmimpz‘) < (6 + 762) <pi+1, Vk(pi+1)> — € ($i+1 — Zmin, Vf($i+1)>
(Ap.27)

— €y (Tiy1 — Tmin, Piv1) + ZEQCf,kVi—Q—l‘
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By assumption [A.4{ on C,, we have 8;41 < 3, and using the condition € < 2(C—1f_k'7;—7)
of the lemma, we have
7 (1=9) 7
— Dit1 — i1 >y = — ——7= > 0. Ap.28
Y = Big1 — €Biy1 = B 2y 72 (Ap.28)

By (Ap.11)), (Ap.25)), (Ap.27), we have

Vi1 — Vi
< —6(7 — Big1 — G’Yﬁi-i-l) <Vk<pi+1)api+1> —€Bin (Ii+1 — ZTmin, Vf(l‘z‘ﬂ))
— €YBit <$i+1 - xmin,Pi+1> + 262Cf,kﬁi+1vz‘+1 + (5i+1 - @') <$z - xminapi>

using the convexity of f and k, and inequality (Ap.28))

< —e(y = Biv1 — €yBir1)k(pir1) — €Bir1(f (wiv1) — f(Tmin)) — €¥Bit1 {Tix1 — Tumin, Pit1)
+ 2620f,kﬂi+1vi+1 + (Bix1 — i) (Ti — Tanin, Di) -

Using the fact that £;11 < C‘;” < 7, it follows that (Ap.14) holds with C; = 122 and
02 - QCYf’]g
By (Ap.10), (Ap.25), (Ap.27), it follows that

Vier = Vi <
Hiv1 — Hi + Bi((Tir1 — Tmin, Pic1) — (T5 — Tain, Pi)) + (Bir1 — Bi) (Tig1 — Tmin, Dit1)

< =9 (VE(pit1), piv1) + Bi({Tiv1 — Tmin, Piv1) — (¥ — Tanin, Pi)) + (Biv1 — Bi) (Tix1 — Tanin, Pis1)
< =y (VE(Dis1), pis1) + (Bivr — Bi) (Tis1 — Tanin, Dis1) + (Bi€ + Bive®) (pig1, VE(pis1))

— Bie (Tiy1 — Trin, V. (Ti11)) — Bi€y (Tiy1 — Tumin, Pig1) + QﬁiGZCf,kViJrl
using the convexity of f and k, and inequality (Ap.28|)

< —€(y = Bi — eyBi)k(pit1) — €67 (Tiy1 — Tmin, Pit1) — €6i(f (Tit1) — f(Zmin))
+ 2€2Cf,kﬁiv7;+1 + (Bix1 — Bi) (Tit1 — Tmin, Pit1)

implying that (Ap.15)) holds with C = % and Cy = 2C}y. The claim of the Lemma
now follows from Lemma [Ap.3.2] O

Ap.3.2 First Explicit Method

The following lemma is a preliminary result that will be useful for proving our

convergence bounds for this discretization.
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Lemma Ap.3.3. Given f, k, v, o, Cory, Cpp, Cr, Dy satisfying assumptz’ons@
@ and@ and 0 < e < 10(7::%7 the iterates (4.36)) satisfy that for every v > 0,

<Vf(.1'z+1) - Vf(xl), Tiy1 — .%'1> S 362Df7k mln(a(B'Hl), @(3Hi+1>>%i+l- (Ap29)

(®)

Proof. Let z,}; := ;11 —teVk(p;11) and ’Hz(le = "H(xz(»fgl,piﬂ). Using the assumptions

that f is 2 times continuously differentiable, and assumption [C.3], we have
1
(Vf(xig1) = Vf(2:), 201 — 25) = / <:L’7;+1 — 25, V2 f (@341 — (i1 — 23)) (Tig1 — $z)> dt
t=0
! 1
— 2 / <Vk(pi+1)a V2 f(xgﬂl)vzc(pm)> dt < €Dy / a(3HY ) HY dt, (Ap.30)
t

=0 t=0

where we have used the fundamental theorem of calculus, which is applicable since

<Vk(pi+1), V2 f (xl(?l)Vk(pi+1)> is piecewise continuous by assumption [C.2l We are

going to show the following inequalities based on the assumptions of the Lemma,

0 <1 4
My < 1) - L= <Cra Ap.32
a<3Hz+1) — a(3Hl+1) 1 — €Cf7k:(1 4+ 1/00177)7 ( p3 )
1—e(2C C
a(3HY,) < a(3H,) 207 + 7] (Ap.33)

1= €Cra(2 4 3/Cag) + 701+ 1/Ca)]
The claim of the lemma follows directly by combining these 3 inequalities with (Ap.30)

and using the assumptions on e.

First, by convexity and assumption [B.I] we have

HE = Hipr = fal)) = flain) < - <Vf($§f21), t€V7€(Pz’+1)> < teCriHY,,

and (Ap.31) follows by rearrangement. In the other direction, by convexity and
assumption [B.1], we have

Hit = = F@in) = F@h) < (Vi) 1eVE(pig)) < teCpiMisn,
so by rearrangement, it follows that

Mo — MY, < oLk

( e LN VION
= tECfJg i

Using this, and the convexity of «, and Assumption [A.4] we have

teC'
O(BH) = a(3Hor) < =30/ (S (o — H) < o/ (33U 1
1 teCp (t)
) 3 \
>~ C,a’,7 1 — tCCf7ka< Hz—l—l)?
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and (Ap.32) follows by rearrangement. Finally, using the convexity of f and k, we

have

H; — 7‘[521 = k(pi) — k(piy1) + f(25) — f(fgzﬂ

< (VK T2+ V() )+ (T o), 1 = )T

using Assumptions and

< veCyk(pi) + €Crpti + €Cr(k(piv1) + f(2i) — f(Tmin))
< 6[(2ka + ’}/Ck)H + Cf kHerl]

By rearrangement, this implies that

€(3Cx +vCh) (t)

Hi — Hz—l—l =71_ (2ka +’YCk) BRAES N

Using this, the convexity of a, and Assumption [A.4] we have

€(3Ct5 +Cy)

) / (®) (t
a(BH)) — a(B3H,) < =30/BH)(H —Hy) < —o' BRI )IHY, - o T 100e

1 . 6(30]0,1C + ~Ck)
- Oa/y 1-— <2Of,k + ’Yck)e

04(37’[,521),

and (Ap.33) follows by rearrangement. O
Now we are ready to prove our convergence bound for this discretization.

Proposition 4.4.6 (Convergence bound for the first explicit scheme). Given f, k,
¥, @, Capy, Cir, Ck, Dy satisfying assumptions [A], [B, and [C, and that 0 < € <

1—~ Ca, .
min (Qmax(Cf x 16D 5 /Caryl)? 10CT, kJF’YS)'YCk)' Let o, = O‘(?{HO) Wo = f(xo) f(xmln)

and for i >0, let

€Coy

—1
Wit =W, <1 + [1 -y — QE(Cf,k + 6Df’k/Ca,7)] Oé(QWz)) .

Then for any (xo, po) with po = 0, the iterates (4.36|) satisfy for every i >0,

f(xi) — f(zmin) < 2W,; <2W, <1 + 11—~ —2e(Cpp+ 6Dy s/Con)l Oé*) _ .
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Proof. We follow the notations of Lemma and the proof is based on Lemma
Ap.3.2l For the Hamiltonian terms, by the convexity of f and k, we have

Hiyr —Hs

= f(xiy1) = f(@:) + k(pir1) — k(p:) (Ap.34)
<A(Vf(it1), Tig1 — 25) + (VE(Dig1), Div1 — Pi)

= (Vf(zi), zir1 — z) + (VE(piv1), pis — pi) + (Vf(@ig1) — VI (@), 21 — 23)

= e(Vf(:), VE(pir1)) — € (VE(pi1), V(i) + ypiv1) + (VF(@ip1) = VI(@), 21 — 1)
= =€ (VE(pis1), piv1) + (V[ (@i1) = V(i) 2ip1 — 23) (Ap.35)

for any € > 0. Note that by convexity and assumption [B.I], we have

—f(@:) = = f(xiy1) + f(vig1) — f(2:) < = f(@is1) + €(Vf(2i1), VE(Dis1))
< —f(@iy1) +eCrpHizn < —f(wi1) +2eCrpViga.

For the inner product terms, using the above inequality and convexity, we have

(Tiv1 = Tmin, Pi1) — (Ti — Trmin, Pi)

= (Tit1 — Tmin, Piv1) — (Ti = Tmin; Pic1) + (L5 — Tmin, Pi1) — (¥ — Tunin, Pi)
= e (VE(pis1), pir1) — €{T — Tuin, V(1)) — Y€ (Ti — Trnin, Dis1)

= (€ + 7€) (VE(pit1), Pis1) — € (T — Trnin, V(7)) — V€ (Tit1 — Tmins Pit1)
< (€ + 7€) (VE(pir1), 1) — e(f () = f(Tmin)) = 7€ (Tix1 = Tanin, Div1)

< (6 + 762) <Vk(pi+1)api+l> - E(f(xi—i-l) - f(xmin)) — Y€ <iUz'+1 - xminapi+1> + 2€2Cf,kvi+1-
(Ap.36)

A

Since C,, < 7, it follows that 8,11 = %a(ZV@-H) < 7, and using the assumption

on €, we have

v o l=7 7
Y — Bit1 — €YBit1 =¥ — 5 775 > 0. (Ap.37)
By (Ap.11)), (Ap.35)), and (Ap.36)), it follows that

Vie1r — Vi

= Hit1 — Hi + Bis1((Tit1 — Tmin, Piv1) — (Ti — Dmin, Pi)) + (Bix1 — Bi) (¥ — Tunin, Pi)

< =€ (VE(pis1), piv1) + (Vf(@ir1) = VI (2:), Tig1 — i) + (Biv1 — Bi) (i — Train, i)

+ Biv1 ((6 + ’762) <Vk(pi+l)>pi+1> - E(f(33i+1) - f($min)) s <$i+1 - xmin,pz‘H) + 2620f,kvi+1)
< —€(y = Bir1 — €¥Bit1) (VE(Dit1), Piv1) — €Biv1 f(Tiv1) — €Bin1 (Tiv1 — Tmin, Div1)

+ 262Bi+10f,kvi+1 + <Vf(xi+1) - Vf(%’)a Tip1 — l‘z) + (5z‘+1 - 5i) <$z - xminvPi)

134



which can be further bounded using (Ap.37)), the convexity of k, and Lemma
as

2
< —5(7 — Biy1 — 6%)k(pz‘+1) — By <1’z‘+1 - «Tminupi+1> - 56i+1(f<$i+1) - f<$min))
+26*(C 1 4 6D 1 /Cor)Biz1Vier + (Bis1 — Bi) (i — Toain, Pi)

implying that (Ap.14) holds with C; = 2 and Cy = 2(Cyj + 6D 4/Ca).
Since H; < 2V; < 3H;, and by applying Lemma it follows that

8 D
<Vf(l’z+1) — Vf([L’Z), Liy1 — $Z> S 662Df7k Cﬁ Hi+1 S 1262 nyk ﬁiVi—&-l- (Ap38)

a?’y a7’y

By (Ap.10), (Ap.35)), (Ap.36)), and assumption , we have

Visn = Vi

= Hiv1 — Hi + Bi{Tit1 — Tmins Piv1) — (Ti — Tuin, Pi)) + (Bivr — Bi) (Tix1 — Tmin, Pig1)
< =€ (VE(Dit1), piv1) + (VI (@is1) — V(@i), ziv1 — i) + (Biv1 — Bi) (Tiv1 — Tumin, Pit1)
+ (Bie + 75162) (VE(Dit1), pit1) — Bie(f(@iy1) — f(@min)) — VBi€ (Tit1 — Trin, Pis1)

+ 26 6:Cr Vi

using (Ap.38)) and the convexity of f and k

< —€ (7 - Bi — 6%) k(pi+1) — By <$z’+1 - xminupi+1> - 6Bi<f(«ri+1) - f(xmm))

+264(Crp + 6D/ Car) BiVig1 + (Bir1 — Bi) (Tig1 — Tanins Piv1)

implying that (Ap.15)) holds with C} = g and Cy = 2(Cy i + 6Dy /Cq~). The claim
of the lemma now follows by Lemma [Ap.3.2] O
Ap.3.3 Second Explicit Method

The following preliminary result will be used in the proof of the convergence bound.

Lemma Ap.3.4. Given f, k, v, a, Cop, Cpi, Ci, Dy satisfying assumptions[A] B,

. Cla, . .
and@ and 0 < € < min (6(5%”270:)“270&’“ 672;)@), the iterates (4.39) satisfy
that for every i > 0,

(VE(piz1) — VE®Di), piv1 — pi) < €Cmin(a(3H,;), a(3Hi1))Hi + € Dk(p;), (Ap.39)

where
C =3Dyy, D = 2v*Dy(1 + Ey). (Ap.40)
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Proof. For 0 <t <1, let

pgt) = pi + t(pi — pi) = (1 — ext)pi — @V f(@i1), (Ap-41)
’HE” =H (xi+17pz(t)> = f(zi+1) = [(@min) + K (pz@) ) (Ap.42)
Piiy1 = (VEk(piz1) — VE(pi), i1 — pi) - (Ap.43)

Note that by rearrangement we have p; = <p(t) + etVf (a:iﬂ)) /(1 — evt), and hence

7

pf»t) — D —67]91 — Evf(ﬂfzﬂ)

t 1 —evt

(2

Using assumption [D.1} it follows that <pi+1 —pi, V2k (p(t)> (pit1 — pz)> is piecewise

continuous, hence by the fundamental theorem of calculus, we have

Piiv1 = /tzlo <pz‘+1 pi, V’k ( )> (pit1 — pz)> dt

1 1
= m/ <€’)/p§t) -+ EVf(SCiJrl), V2k <p§t)) (E’ypz + EVf(Z'Z+1>> dt
t=0

< (12_523;—)2 /tzl <pl ,V2k< )pz(t)> +%/;0 <Vf(xi+1),v2k: (p?)) Vf(Ii+1)>dt

(Ap.45)

For the first integral, using Assumptions [D.3], the convexity of k, and then [D.4] we

have

1
Dy,
/ (o 72k (b)) 9"} at < Dy / (1) dt < 5 (k(pi) + k(i)
t=0

For the second integral, using Assumption [D.5], we have

1 1
/ <Vf(xi+1), V2K (p§t>) Vf(:ci+1)> dt < Dy / HOaBH YAt (Ap.4T)
t=0 t=0

We are going to show the following 3 inequalities based on the assumptions of the

Lemma.
1 —ey
HD < “H,, Ap.48
© S T e(y+ 20y (Ap-48)
1 —_
a(3HY) < a(3H4) - (Craet7)e (Ap.49)

1-— (Cﬁk + v+ Cﬁk/COM/)E7
1-— 6(20f7k + 7Ck>

1)y < 3.
) = QB 6 27 8/Cu) TG+ 1/Ca)]

(Ap.50)
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The claim of the lemma follows from substituting these bounds into (Ap.47), and
then substituting the bounds (|Ap.46|) and (Ap.47)) into (Ap.45H) and rearranging.

First, by the convexity of f and Assumption [B.1], we have

i) = f(2:) < (Vf (i), VEP) < eCpalf (@inn) = f(2min) + k(1))
= GCﬂk((f(xiJrl) - f(%)) + HZ)

so by rearrangement it follows that

C
f(@iv1) = flx) < 16_—6%@7]{ - Hi, (Ap.51)
and similiarly
f(z:) = f(zi1) < —e(V[(2:), VE(pi)) < eCiHi (Ap.52)

Using (Ap.51)), and the convexity of k, we have
Hgt) —Hi = f(xig1) — f(ws) + K <pz('t)> — k(p:)

< 1i0—;0k}k -H; + <Vk (p,gt)> St (piv1 — pz)>

now using (Ap.44)), and then Assumption

(®)
_Crk gy Y i+ V(i)
<t 625<Vk(pi ). —

GOf,k Eka

Bt LA VRNt L V0N
T 1—-eCyp +1—67 !

and inequality (Ap.48|) follows by rearrangement.
By the convexity of k, and using (Ap.44|) for ¢ = 1, we have

Hiq — Hgt) = k(piy1) — k (pgt)) < <Vk(pi+1>7pi+l - pgt)>

€y €
= (ThCpran) (1= it = ) =~ = ) (Thlpiad). T piss + Vo))
using Assumption [B.]
C
S Lk : Hi-i—la
1 — e
so by rearrangement,
Hiq —HY < Crx HO. (Ap.53)



Using this, the convexity of a, and Assumption [A.4] we have

ECﬁk
1= (Crr+7)e

a(3H) — a(3Hi11) < =3¢/ BH) M1 — H) < —a'(3H)3HL -
S 1 ) ECﬁk
Ca;y 1-— (Cf,k + ’)/)6
and (Ap.49) follows by rearrangement. Finally, using inequality (Ap.52)), we have
Hi— Hz@ = f(wi) = f(xig1) + k(pi) — k (pz('t))
< €CraHi+ (VE(p), —t(pis1 — pi))
< eCriHi+ et (VE(pi), vpi + Vf(2it1))
now using Assumptions and [D.2]

< e(CppHi +7Cek(pi) + Crik(pi) + Cri(f(it1) — f(Tmin))
< (2015 + YO H; + CppHY),

’ &(3Hz(t))7

and by rearrangement this implies that

(3Cf7k + ’)/Ck)e Cy®
1-— (2Cf7k + ’YCk)E ’

Using this, the convexity of a, and Assumption [A.4] we have

", —HY <

(Ap.54)

O N o N N P (s N O B G\ O Ve e ()
a(3H;”) — a(BH;) < =3 (3H,;”)(H: — H; ') < —a'(3H,;)3H, 1= (20 n +7Ch)e

o L eBC+C)
- Ca{y 1_(20f,k+70k>€

and (Ap.50) follows by rearrangement. O

Now we are ready to prove the convergence bound.

a(SH(t)),

i

Proposition 4.4.9 (Convergence bound for the second explicit scheme). Given f,
k, v, a, Cap, Cri, Cr, Di, Dyy, Ey, Fy, satisfying assumptions [A], [B, and [D), and
that

, 1—7 1—7 Can [ 1 )
0 < € < min , , : , .
(Q(Cﬁk + 6Df7k/CaW) 8Dk(1 + Ek) 6(5Cf7k + 2’)/Ck) + 12700477 6’)/2Dka

Let o, = a(3Ho), Wo := f(z0) — f(Zmin), and for i >0, let
€Coy

Wi—i—l = WZ (1 - [1 i QE(Cf,k + 6Df,k/C’aﬁ)] Oé(QWZ)) .

Then for any (xqg, po) with po = 0, the iterates (4.39)) satisfy for every i >0,

C., '
F(@:) = f (@) < 2W; < 2W, - (1 - % [1—~—2¢(Cpp +6Dsi/Cas)l a*) .
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Proof. We follow the notations of Lemma and the proof is based on Lemma
Ap.3.2l For the Hamiltonian terms, by the convexity of f and k, we have

Hiv1 — Hi = f(vir1) — fzi) + k(piv1) — k(pi)
< (Vf(@ir1), Tigr — ) + (VE(Dis1), Div1 — i)
= (Vf(@i11), Tiv1 — i) + (VE(pi), piv1 — pi) + (VE(piy1) — VE(pi), piv1 — pi)
= e (Vf(zin), VE(p)) — € (VE(:), VI (@is1) +p:i) + (VE(Dis1) — VED), pisa — pi)
= —ye (Vk(pi), pi) + (VE(piv1) — VE(Di), Div1 — pi) (Ap.55)

for any € > 0. For the inner product terms, we have

(Tit1 = Tmin, Pi1) — (Ti — Trmin, Pi)

= <Ii+1 - xmin;pi+1> - <$i+1 - Imin,pi> + <Iz’+1 - xminupi> - <xz - xmin,pi>

= (Tit1 — Tmin, —€YD; — V[ (Ti1)) + (Tiy1 — i, pi)

= —e(Vf(@i41), Tit1 — Tmin) — €Y (Tit1 — Tmin — (Tig1 — i), pi) + (1 — €7) (@ip1 — 24, i)
= —€(Vf(Zi41), Tit1 — Tmin) + (1 — €7) (VE(ps), pi) — €7 (i — Tmin, i) - (Ap.56)

Note that from assumption and the convexity of f it follows that

= (f(winr) = f(wmin)) < =(F(@:) = f(@min)) + f(2:) = f(2i11)

< —(f(xi) = f(@min)) +(Vf(2:5), —eVE(p:)) < —(f(zi) = f(Tmin)) + €CrxHi.
(Ap.57)

By combining (Ap.11)), (Ap.55)), and (Ap.56)), it follows that

Vier = Vi =Hiy1 — Hi + Bi1((Tiv1 — Tmin, Piv1) — (Ti — Tmin, i) + (Biv1 — Bi) (Ti — Tunin, Pi)
< —ve(Vk(pi), pi) + (VE(piv1) — VE(Di), piv1 — pi) + (Bix1 — Bi) (Ti — Tuin, Di)
+ B (= (VI (@i41), Tit1 — Tain) + (1 = €7) (VE(pi), i) — 7 (%7 — Tanin, i)
< —e(y = Big1) (VE(pi), pi) — €Biv1 (Vf (Tiv1), Tis1 — Tmin) — €YBiv1 (T — Tonin, i)
+ (VE(pir1) — VEDi), piv1 — i) + (Biyr — Bi) (Ti — Trin, D)

which can be further bounded using 3;1; < 3, the convexity of £ and f, and Lemma

as
< —e(y = Big1 — eD)k(pi) — €Bi1(f(wig1) — f(Tmin)) — €¥Biv1 (Ti — Trin, Pi)
+ 26*Bit1 - C/Copr - Hi+ (Bix1 — 5i) (i — Tmin, Di)

and now using (Ap.57)) and H; < 2V leads to

< _6(7 — Biy1 — ED)k(pz‘) - €5i+1(f($i) - f(xmin)) — eYBiv1 <3Cz - xmimpi>
+ By - (4C/Cory +2Csk) - Vi+ (Biv1 — Bi) (Ti — Trnin, Pi)
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implying that (Ap.17) holds with C} = D and Cy = 4C/C,,, + 2C5 .
By combining (Ap.10)), (Ap.55)), and (Ap.56), it follows that

Vie1 — Vi
= Hiy1 — Hi + Bi((Tig1 — Tmin, Pir1) — (Ti — Tmin, Pi)) + (Biv1 — Bi) (Tiv1 — Tuuin, Pit1)
< —ve(Vk(pi),pi) + (VE(Dit1) — VE(pi), piv1 — pi) + (Biv1 — Bi) (Ti1 — Trin, Dit1)
+ €8 (= (Vf(2is1), Tit1 — Tmin) + (L — €7) (VE®i), pi) — 7 (2i — Zin, i)
< —e(y = Bi) (VE(pi), pi) — €Bi (Vf(Tig1), Tix1 — Tmin) — €¥Bi (Ti — Tmnin, Pi)
+ (VE(pir1) — VE(pi), piv1 — pi) + (Bivr — Bi) (Tit1 — i Pit1)

which can be further bounded using 3; < I, the convexity of k£ and f, and Lemma

Ap34 s

< —e(y = Bi — eD)k(pi) — €Bi(f(wir1) — f(Tmin)) — €YBi (Ti — Tomin, Di)
+ 2€°0; - C/Cuopr - Hi+ (Bis1 — Bi) (Tit1 — Tanins Pit1)

and now using (Ap.57) and H; < 2V; leads to

(ry Bz - €D> ( ) E/BZOC( z) - f(xmin)) - 6/7/61' <xz - xminupi>
+€B; - (4C/Cary + 2C1 1) - Vi + (Bix1 — Bi) {Tis1 — Trnin, Dit1)

implying that (Ap.18)) holds with C1 = D and Cy = 4C/C,, + 2Cyy, (see (Ap.40)
for the definition of C' and D). The claim of the lemma now follows by Lemma

Ap.3.2, O

Ap.3.4 Explicit Method on Non-Convex f

Lemma 4.4.11 (Convergence of the first explicit scheme without convexity). Given

I-ll, £, k, v, b, Di, D¢, o satisfying assumptions@ and. Ife € (0, *X/v/D¢Dy],
then the iterates (4.36|) of the first explicit method satisfy

Hivr — Hi < (€D Dy, — ey)k(piz1) < 0, (4.47)
and |V ()l — 0.
Proof. By assumption

Hiv1 — Hi < k(piv1) — k(pi) + e (Vf(2:), VE(piz1)) + Df0<€ | VE(pis1)])
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now with convexity of k
< =y (VEpit1), pit1) + Dyo(e || VE(pisa)l])
< —evk(pit1) + Dyo(e [ VE(pir)l)

we have o(et) < eo(t) and o(||Vk(p)||) < Dik(p) by assumption
< (€ DyDy, — ey)k(pi+1)

If e < "/v/D¢Dy, then H;1y < H;. If H is bounded below we get that z;,p; is
such that k(p;) — 0 and thus p; — 0. Since ||pit1]l, + 0 ||pilly = €0 ||V f(x:)]|5, we get
IV f (i)l = 0. m

Ap.4 Proofs for power kinetic energies
The proofs of the results in this section will be based on the following three preliminary

lemmas.

Lemma Ap.4.1. Let ||-|| be a norm on R? and x € R\ {0}. If ||x|| is differentiable,
then
IVl =1 (V] z) =[]l (Ap.58)

and if ||z|| is twice differentiable, then
(V?{|z[)z = 0. (Ap.59)
Proof. Let x € R?\ {0}. By the convexity of the norm we have
(V] y) =Nyl < Vil 2) = ]
for all y € R% Thus

sup {(V [[z]], ) = [lyll} < (Vs z) = [l=]

y€R4
Because the right hand side is finite, we must have ||V ||z|||], < 1 and the left hand
side equal to 0.

0 < (Vlall,2) = llzll < IV [zl =[] = l=| <0

forces ||V||z]|||, = 1 and (V||z||,z) = ||z||. In fact, this argument goes through
for non-differentiable |||, by definition of the subderivative. For twice differentiable
norms, take the derivative of (V ||z|,x) = ||z| to get

(V2lzl)z + V |zl = V [l|

and our result follows. O
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Lemma Ap.4.2. Given a € [1,00), A € [1,00), and o2 in ([.48). Define B =
A/(A—=1),b=a/(a—1). For convenience, define

p(t) = pa (1) 3(t) = ¢y (1). (Ap.60)
The following hold.

1. Monotonicity. Fort € (0,00), ¢'(t) > 0. Ifa = A =1, then fort € (0,00),
O"(t) = 0, otherwise ¢"(t) > 0. This implies that ¢ is strictly increasing on
[0, 00).

2. Subhomogeneity. For all t,e € [0, 00),
o(et) < max{e®, e }o(t) (Ap.61)
with equality iff a = A ort =0 ore=0 ore=1.

3. Strict Convexity. If a > 1 or A > 1, then (t) is strictly convez on [0,00) with

a unique minimum at 0.

4. Deriwatives. For all t € (0,00),

min{a, A}p(t) < to'(t) < max{a, A}p(t), (Ap.62)
(min{a, A} — 1)¢'(t) < to"(t) < (max{a, A} — 1)¢'(¢). (Ap.63)

If a, A > 2, then for all t,s € (0,00),

p(t) < s¢'(s) + (¢'(t) — ' (s))(t = s) (Ap.64)

Proof. First, for ¢t € (0, 00), the following identities can be easily verified.

to'(t) = (t* + 1)%1# (Ap.65)
t"(t) =¢'(t) (a—1+ (A- a)%) (Ap.66)

1. Monotonicity. First, for ¢t > 0 we have,
S) = (1 + 1) a1 > 0 (Ap.67)

For ¢/(t) for t > 0, we have the following with equality iff a = A =1

'(t) =t (t) (a— 1+ (A—a)z7) > 0. (Ap.68)

Finally, (t) is continuous at 0, which gives our result.
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2. Subhomogeneity. If a = Aort =0o0r e =0 or e =1, then e%uality clearly
holds. Assume a # A, t,e > 0, and € # 1. Assuming A > a, t o is strictly

increasing. If € < 1, then
Aza Aza
e/ (et) = (e +1) a " <e(t*+1) a 7.
If € > 1, then
A—a A—a
ef(et) = et + ) @ T <A+ 1) e o

Integrating both sides gives p(et) < max{e?, e*}p(t). The case A < a follows
A—
similarly, using the fact that ¢ « is strictly decreasing.

s}

3. Strict convezity. First, since ¢ is strictly increasing we get ¢(t) > ¢(0) = 0,
which proves that 0 is the unique minimizer. Our goal is to prove that for
t,s € [0,00) and € € (0,1) such that ¢ # s,

olet + (1 —€)s) < ep(t) + (1 — €)p(s)

First, for t = 0 or s = 0, this reduces to a condition of the form p(et) < ep(t)
for all t € [0,00) and € € (0,1). Considering separately the cases A = 1,a >
land a = 1,A > 1 and a,A > 1, it is easy to see that this follows from
the subhomogeneity result . For s,t > 0, our result follows from the

positivity of ¢”, (Ap.68|).

4. Derivatives. Since,

a

te+1

min{a, A} —1<a—1+(A—a) < max{a, A} — 1,

we get the second derivative bound (Ap.63) from identity (Ap.82)). The first
derivative bound (Ap.62) follows from (Ap.63)), since

o - [ )+ 1) d

Our goal is now to prove the uniform gradient bound (Ap.64) for a, A > 2. In
the case that 0 < ¢t < s, the bound reduces to (¢'(t) — ¢'(s))(t —s) > 0, which
follows from convexity. The remaining case is 0 < s < t. Notice that for the

case 0 < s < t, convexity implies
<¢'(t) (Ap.69)
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Notice that in the case s = 0 for (Ap.69) we get the inequality ¢(t) < t¢'(t),
again a condition of convexity. On the other hand, we have just shown that for
our ¢ the stronger inequality min{a, A}p(t) < t¢'(t) holds. This motivates a
strategy of searching for a stronger bound of form , and using this to
derive the uniform gradient bound . Indeed, let A = t/s > 1, then we

will show

As) — (s
a(N)¢'(s) < % < @' (As)T(N) (Ap.70)
where
Mol A MAD 4,
a(\) = {“(ﬁ‘” _ T(A) = {A“fi;& - (Ap.71)
AA(A—i) A<a (A(Aq)) A<a

First, assume A > a. We need to prove

A —1 1-A
<

- s¢'(s) < p(As) — p(s) < "

We fix s > 0, and take F1(\) = @(Xs) — ¢(s) — 2Lsp/(s) and Fy(N) =
222 Ns¢! (As) — @(As) + ¢(s). We need to prove that Fy(A) > 0 and Fy(A) >0
for A > 1. We have Fi(1) = F5(1) =0,

As@'(As)

A0 = Pl 0% - 1) 2 0
and
B0 = L2 (00 1 a5 (05) — ag!(19)
(1-2)s ()"
=, ¥ (As)(A - G)W >0,

so indeed Fi(A) > 0 and Fy(A\) > 0 for every A > 1.

Now let A < a. Then we need to prove that

M —1 1—X4

157 (8) < @(Xs) —p(s) < As@(As).

We fix s > 0, and take F5(\) := o(As) — o(s) — ’\AA_lsgo’(s) and Fy(\) :=
%Asgp’()\s) — p(As) + p(s). We need to prove that F3(A) > 0 and Fy(\) >0
for A > 1. We have F5(1) = Fy(1) =0,

) = g«(%)“ + 1) = (M) + X)) > 0
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and

a4y
A = S22 (0 1 2 (0s) - A9/ (09)
= W@’(As) (a - A+ (A- a)@%) >0,

so indeed F3(A) > 0 and Fy(A) > 0 for every A > 1.

Now, we can prove (Ap.64)). We have so far proven the following inequalities in
e(t), 0(s),¢'(t), ¢ (s):

v
v

0 s¢'(s) — min(a, A)p(s)

p(s) >0,
, A =1)7(N)s@'(t) — p(t) + p(s)

0,
p(t) —p(s) = (A= 1)p(A)s¢(s) = 0 0

v

We try to express the inequality s¢'(s) + (t — s)(¢'(t) — ¢'(s)) —¢(t) > 0 as a

linear combination of the above four inequalities with non-negative coefficients:

s¢'(s) + (t = s)(¢'(t) — ¢'(5)) = p(t) = c1(s) + ca(s¢'(s) — min(a, A)p(s))
+c3(o(t) = o(s) — (A = 1)a(N)s¢'(s)) + ca((A = 1)T(N)se'(t) — p(t) + o(s)).

Comparing the coefficients of ¢(s), ©(t), ¢'(s), ¢'(t), we get the following

equations:

¢ —min(a, A)eg — 3+ ¢4 =0,
c3—cq4 = —1,
ca—A=1)a(N)ecg =2— A,
A=1D7(N)eg =X — 1.

1 _ 1
o @ = b

co=2—-A+(A— 1)0()\)(% —1) and ¢; = min(a, A)cy — 1. We will prove that
1, Co, C3, ¢4 > 0. Clearly 7(A) > 0. We claim that 7(\) < 1. For this it is enough
to check that A(1—=A"%) < a(A—1) for every A > 1 and o > 2. After reordering
the terms, we get 1 + (1 —a)(A—1) < X7 = (14 (A — 1)), which follows

from the generalized Bernoulli inequality. So 0 < o(A) < 1, therefore c3, ¢4 > 0.

This system of equations has a unique solution: ¢4 =

We just need to prove now that min(a, A)cy > 1, because then cy,co > 0. If
a < A, then ¢; = min(a, A)eo — 1 =a(2 = A+ X = ' =2 If a > A, then

c1=A2 - N+ -2 - %) So the only remaining thing to show is

200 — aX+ aX® —aX* = >0
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for every A > 1 and « > 2. Letting e = 1/, this is equivalent to showing

20 — e 4+ a—ae—1>0

for e € (0,1). Let m(€) = 2ae® — ae®™ ! +a — ae — 1. To see that m(e) > 0, note

m'(e) = ae® ?(ae —a+1) — a

from which 7’(e) < 7'(1/2) < 0 for € < 1/2 and 7’(¢) > 7'((a — 1)/ax) > 0 for
€ > a/(a—1). This implies that 7 is minimized on [1/2, (v — 1) /). Our result

follows then from the fact that for € € [1/2, (o« — 1) /¢,

m(e) >a—ae—12>0

]

Lemma Ap.4.3. Given a € [1,00), A € [1,00), and ©? in [.48). Define B =

A/(A—1),b=a/(a—1). For convenience, define

p(t) = @i (t) o(t) = @y (t).

Fort € [0,00) define the function

A
¢ r oyt )Y
= a a—1
plt) = (o 4 1) ,

and for a # A define the constant

b
Coa= (1= T+ 520%) T

We have the following results. For all t € (0, 00),

¢(¢'(1) = p(t)t,

(Ap.72)

(Ap.73)

(Ap.74)

(Ap.75)

which means that p captures the relative error between (¢*)" and ¢', because (¢*)'(t) =

(¢")7L(t). Finally, p is bounded for all t € (0,00) between the constants,

1< p(t) < Con

(Ap.76)

Proof. We will show the results backwards, starting with (Ap.76)). By rearrangement,

a a—A

p(t) = (g + (1 + 1) (1 + 1) -

S
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—A _a—A
If a > A we have (t* + 1) -1 > 1 and t*(4-1) ig increasing, so p(t) > 1. If a < A we
a—A a—A

have (t+1)e=1 < 1 and te(4=1) is decreasing, so again p(t) > 1. This proves the left

A=l
hand inequality of (Ap.76). Now, assume that A # a. Looking at 7o + (t*+1)" a1
we have

a 4-1 I o1 A-1/4a *E*1 a—1
p T (1) | =g S ) e e

Since t # 0 we see that it has a stationary point at

A-1
(t*+1)"" =22t + 1) o1 =0,

a—1 1
which is equivalent to (t* + 1) = (2=2)4-a. This is also a stationary point of p(%).
Since p(0) = p(0o) = 1 and p(t) > 1 this stationary point must be a maximum. Thus
Bb
A1 b
p(t) = (1 — (" + 1)+ (0 + 1) al)
B-b

<(1- i)

This proves the right hand inequality of (Ap.76)). For (Ap.75)), since (b—1)(a—1) =
ab—a—b+1=1, we have,

S 0) = (1 + 1) & 1+ 1) (1 4+ 1) e
= (" + 1)A_at 1) + 1)a@_“1)t

B-b _ Ala—l)—a(A-1) _ a—A
we have 222 = (a e = atip and thus
A—a a—A _A—a_
= ((t" 4 1) a=1¢* 4 1)a(A-1) (¢ 4 1)ala-1)¢

p(t)t

Now we are ready to prove the key results in this section.

Lemma 4.5.1 (Verifying assumptions on k). Given a norm ||p||, on p € R, a, A €
[1,00), and ¢ in (4.48)). Define the constant,
B—b

Coa= (1= (ED T+ (%) © (150

k(p) = @2(|lpll,) satisfies the following.

147



1. Convexity. If a > 1 or A > 1, then k is strictly convex with a unique minimum

at 0 € R%,
2. Congugate. For all x € R, k*(x) = (o2)*(||z]))-

3. Gradient. If ||p|l, is differentiable at p € R®\ {0} and a > 1, then k is
differentiable for all p € R?, and for all p € R,

(Vk(p),p) < max{a, A}k(p), (4.51)
(e (IVE@)]) < (max{a, A} — 1)k(p). (4.52)

Additionally, if a, A > 1, define B=A/(A—1), b=a/(a—1), and then
oy (IVE(p)I) < Caa(max{a, A} — 1)k(p). (4.53)
Additionally, if a, A > 2, then for all p,q € R,

k(p) < (Vk(q),q) + (VE(p) — Vk(q),p — q) - (4.54)

4. Hessian. If ||pl|, is twice continuously differentiable at p € R%\ {0}, then k is
twice continuously differentiable for all p € R®\ {0}, and for all p € R\ {0},

{p, V’k(p)p) < max{a, A}(max{a, A} — 1)k(p). (4.55)

Additionally, if a, A > 2 and there exists N € [0, 00) such that ||p||, ALLD&(VQ Ipll,) <

N for p € R\ {0}, then for all p € R\ {0}

Il 72
7 () <t} 200 (459

Proof. Again, for the purposes of this proof, let p(t) = @Z}(t) and ¢(t) = pZ(t) for
t €10, 00).

1. Convexity. First, since norms are positive definite and ¢ uniquely minimized
at 0 € R by Lemma [Ap.4.2, this proves that 0 € R is a unique minimizer of
k. Let € € (0,1) and p,q € R such that p # ¢. By the monotonicity proved in

Lemma and the triangle inequality

k(ep+ (1 —€)q) = o(llep + (1 = €)qll,)
< o(ellpll, + (1 =) llall,)

and finally, by the strict convexity proved in Lemma
< ek(p) + (1 — €)k(q).
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2. Conjugate. Let x € R?. First, by definition of the convex conjugate and the

dual norm,

k*(z) = sup{(x,p) — k(p)} = sup{(x,p) — »(l|pll,)}

pERE pERA
=sup sup {(z,p) — ¢(t)} = sup{t |z]| — p(t)} = ¢ (l|z[])
t20 ||p|| .=t t20

3. Gradient. First we argue for differentiability. For p = 0 (or ¢ = 0 in the case of
(4.54)), we have by the equivalence of the norms that there exists ¢ > 0 such
that [[pl, < ¢llplly. Thus, limyy,-0 k(@) pl," < Lm0 e(ellpll) ol =
clim;_,0 o(¢)t7! = 0, and thus we have VE(0) = 0. Now for p # 0, we have
IIpll, # 0. Since p(t) is differentiable for ¢ > 0 and ||p||, at p # 0, we have by
the chain rule VA(p) = &' ([p])V [l

All four results follow trivially when p = 0. In particular, (4.54) reduces to
k(p) < (Vk(p),p) for ¢ = 0 and 0 < (VEk(q),q) for p = 0; both follow from

convexity.

Now, assume p # 0. For (4.51), ([£.52)), and (4.53) we have, by Lemma [Ap.4.1]
(VE(p),p) = llpll, ¢'(llpll,) and ©*([VE)]) = ¢*(¢'(llpll.)) and o([[VEP)|]) =

o(¢'(IIpll,)). Letting ¢ = ||p||, > 0, (4.51) follows directly from (Ap.62)) of
Lemma [Ap.4.2| For (4.52), we have from convex analysis (5.7 that

" (£'(1) =t (t) — o(1). (Ap.77)

This implies that ¢*(¢'(t)) < (max{a, A} — 1)¢(t), again by (Ap.62) of Lemma
Ap.4.2l For (4.53) assume a, A > 1 and consider that by (Ap.63|) of Lemma
|Ap.4.2| and (Ap.76) of Lemma |[Ap.4.3|

[ D)) = ¢'(¢'(1)¢"(1) = p()t" (1) < ¢ (t)Can(max{a, A} —1)

Integrating both sides of this inequality gives ¢(¢'(t)) < C,a(max{a, A} —
D(t).
Finally, for the uniform gradient bound , assume p # 0 and ¢ # 0. Lemma
implies by Cauchy-Schwartz that — (V||p||,,q) > — ||q|| for any p,q €
R?\ {0}. Thus by Lemma [Ap.4.1]
(VE(q),q) + (VE(p) = VE(q),p — q) =
' (llall) lall, + ("(lpll) = ¢ (lall) lpll, = llall,)

and our result is implied by the one dimensional result (Ap.64|) of LemmalAp.4.2]
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4. Hessian. Throughout, assume p € R4\{0}. First we argue for twice differentiability.
We have VE(p) = &' (||pll,)V ||pl|,, which for p # 0 is a product of a differentiable
function and a composition of differentiable functions. Thus, we have differentiability,

and by the chain rule,

V2k(p) = " (llpll)V llpll, V12l + ' (1210 V2 Il (Ap.78)

All of these terms are continuous at p # 0 by assumption or inspection of
(Ap.82).

We study (Ap.78|). For (4.55)), we have by Lemma [Ap.4.1| and (Ap.62)),(Ap.63)
of Lemma

(o Vo)) = &"(pll.) {p. VIl V1P 2) + & lpll) (o, V2 . )

= "(Ipll.) lIpll?
< max{a, A}(max{a, A} — 1)e(||p|.,)-

For (4.56|) first note, by Lemma

(0.9 Ipll, VPl T v) = (o, Vllpll.)?* < ol

and further (p,Vpl, VIp|f p) = Ipl2. Thus ALk (Vlpl, VIpl?) = 1.

Together, along with our assumption on the Hessian of ||p||,, we have

N (F2%(p)) < @ (RN (VeI F1pIE) + & (el )AL (V2 11,
< ¢"(Ipll,) + N (pll) lipll
and by of Lemma
< ¢'(Ipl) lIpll;" (max{a, A} =1+ N)
On the other hand, by Lemma and the monotonicity of Lemma [Ap.4.2]

Al (V2k:(p))

max

> ) { 2wl Wbl T2 )+ i) (2l 2
=¢"(Ipll,) >0

Taken together, we have

Ak (V2k(p))
max{a, A} —1+N — =¥

'lpll.) el

0<
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Now, assume a, A > 2 and let t = ||p||, > 0 and x(t) = <paA//22(t). Our goal is to

show that

[ Ak (VD))
<max{a, AL ) < (maxle A} = 2)e(pl.)

To do this we argue that x*(¢) is an non-decreasing function on (0,00) and
(' ()t < (max{a, A} — 2)¢(t), from which our result would follow. First,
we have for r € [0,00) and s € (0,00) such that for ¢ > s,

X*(t) > tr —x(r) > sr—x(r)

Taking the supremum in r returns the result that x* is non-decreasing. Otherwise
it can be verified directly from - . Thus, what remains to show is
X (' ()t < (max{a, A} —2)p(t). Note that x(t?) = 2p(t) and x'(t?)t = ¢'(t).
Using of convex analysis and of Lemma ,
X () = x"(X(89) = X' (1) — x(¢)
< (max{§, 5} — 1)x(t*) = (max{a, A} - 2)¢(t)

2

from which our result follows.
O

Lemma 4.5.3 (Bounds on )\lruzll;(VQ |pll,) for b-norms). Given b € [2,00), let ||z||, =
1/b
(Zizl |x(”)|b> for x € RY. Then for x € R?\ {0},

e ll, A (V2 lzll,) < (b= 1).

max
Proof. A short calculation reveals that

hb—1 . x(n)b72
V], = ¢ )<dlag<' | )—vnxnbvuxnf) (Ap.79)

1], I/l

Thus, since (b, aa”b) = (a, b)* > 0 for any a,b € R, we have /\L!&((l -0V ||z||, V ||x||g> <
0 and

lall, Al (V2 ) < (0 — DAl (diag (1172 )2 )

First, consider the case b > 2. Given v € R? such that |v]|, = 1, we have by the
Holder’s inequality along with the conjugacy of b/2 and b/(b — 2),

b—2
2-b : |x(n)|b B . b
(v.ding (o al[3™") w) < o) () =1
n=1 Hm”b n=1
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Now, for the case b = 2 we get diag <|a:(”)|b*2 ||a:||§7b> = [ and A'IL';E((J) = 1. Our

result follows. O]

Lemma 4.5.4 (Convex conjugates of ¢4). Given a, A € (1,00) and @7 in ([4.48).
Define B=A/(A—1),b=a/(a—1). The following hold.

1. Near Conjugate. ©P upper bounds the conjugate (p2)* for all t € [0, 00),

(02) (1) < @5 (8). (4.57)
2. Congugate. For allt € [0,00),
()" (t) = @y(t). (4.58)
0 t€10,1]
D) = ’ 4.59
() ) {%ﬁ-m; et o (4.59)
. 1—(1—1t") telo,1
(=401 o1 (460)
00 t e (1,00)
0 telol
D) = ’ 4.61
() {Oo et (1.61)
Proof. For convenience, define
p(t) = w3 (t) o) = ¢y (t)- (Ap.80)
As a reminder, for ¢ € (0, 00), the following identities can be easily verified.
A—aqa 1
Ot)=(t"+1) a ¢t~ (Ap.81)
O'(t) =t (1) (a —14+(A- a)%) (Ap.82)

L. Near Conjugate. As a reminder ¢*(t) = sup,so{ts —¢(s)}. First, since p*(0) =
—infeso{p(s)} = 0, this result holds for ¢ = 0. Assume ¢ > 0. Our strategy will
be to show that for s € [0,00) we have st — ¢(s) < ¢(t). This is true for s =0
by the monotonicity of ¢ in Lemma [Ap.4.2] so assume s > 0. Now, consider
s = ¢'(¢'(r)) for some r € (0,00). To see that this is a valid parametrization

for s, notice that lim,_,o ¢'(¢'(r)) = 0 and

[6'(¢' ()] = &" (&' (r))¢" (r) > 0

Thus s(r) = ¢'(¢'(r)) is one-to-one and onto (0, c0). Further we have by Lemma
that
t<p(t)t =¢'(¢(t)) (Ap.83)
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and thus (¢')71(t) < ¢/(t), since ¢”(t) > 0. All together, using convexity we

have

o(t) = d(&'(r) + ¢ (¢'(N)(t = (1) = st + ((¢) () — s(¢) ' (s)

taking the derivative of ¢((¢')7'(s)) — s(¢')"'(s) we get —(¢')"!(s). Since
—(¢')71(s) > —¢'(s), we finally get

> st — o(s).
Taking the supremum in s gives us our result.

. Congugate. As areminder p*(t) = sup,-o{ts—p(s)}. Since p*(0) = —inf>o{p(s)}
= 0, these results all hold when ¢ = 0. (4.58)) is a standard result, since
@i(t) = Lto. (4.61) is a standard result, since ¢i(s) = s. Thus, we assume
a,A > 1and t > 0 for the remainder. For , assume just A = 1. The

stationary condition of the supremum of ts — p(s) in s is

1
t=(s"+1)"bs""

Raising both sides to b we get * = —£=, whose solution for ¢ € [0,1] is s =
1
oL
(ﬁ) a‘ Thus,

t 1
= - — +1
(L—=t*)a (1-1°)
=1-(1-t")""%

When ¢ > 1, ts dominates ¢(s) and the supremum is infinite. Now for (4.59)),
assume just a = 1. We have the stationary condition of the conjugate equal to

t = (s + 1)2L, which corresponds to
_1
s = max{tA-1 — 1,0}

Thus, when ¢ > 1 we have

1
* o A1 1,B 1
e (t) =t(tA-1 = 1) — 3t7 + 5

th—t+ 1

1
B

otherwise ¢*(s) = 0.
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]

Proposition 4.5.8 (Verifying assumptions for f with known power behavior and
appropriate k). Given a norm |-, satisfying[F.9 and a, A € (1,00), take

k(p) = vz (lpll.).

with o2 defined in (4.48). The following cases hold with this choice of k on f : R? — R

CONveT.

1. For the implicit method (4.33), assumptions @ hold with constants
o = min{p*t, ptt 1} Can =7 Crr=max{a—1,A—1,L}, (4.64)

if fya, A, p, Ly |||, satisfy assumptions[F.1], [F.3, [F.3§, [F.4
2. For the first explicit method (4.36]), assumptions @ and@ hold with constants
[E63) and

Cr = max{a, A} Diy = Lya ' max {Dy, 20, a(max{a, A} — 1)}, (4.65)

if fya, A, L, Ly, Dy, |||, satisfy assumptions[F. 1, [F.3, [F.3, [F.4], and.

3. For the second explicit method (4.39)), assumptions @ and @ hold with
constants (4.64)) and

Cr = max{a, A} Dy = max{a, A}(max{a, A} — 1)
Ey = max{a, A} — 1 Fp,=1 (4.66)
Diy = o '(max{a, A} — 1+ N)max {2L,a — 2, A — 2},

if foa, A, p, LN, ||-||, satisfy assumptions|F. 1), [F.2, [F.5, |F.4), and .

Proof. First, by Lemma [4.5.1] this choice of k satisfies assumptions and /
with constant Cj, = max{a, A}. We consider the remaining assumptions of [A] [B]

[C] and [D].

1. Our first goal is to derive . By assumption we have pp?(||z|) < fo(z).

Since (uef (||-1N)* = wu(p?)* (= ||-|],) by Lemma and the results discussed
in the review of convex analysis, we have by assumption

FEp) < () (0 lIpll,) < max{u'™®, 1" ~*}k(p)

154



Thus, we have o = min{p®~!, u4~1, 1} constant. Moreover, we can take Coy =
~. This along with implies that f and k satisfy assumptions [A]

By Lemma [4.5.1 and assumption we have
Pi (IVF(@)],) < L(f(x) = f (@),
(@) (VK@) = (max{a, A} = 1k(p),

By Fenchel-Young and the symmetry of norms, we have | (Vf(x), Vk(p))| <
max{max{a, A} — 1, L}H(z,p), from which we derive Dy, and the fact that
f, k satisfy assumptions [B]

. The analysis of 1. holds for assumptions[A]and [B] Now, to derive the conditions

for assumptions [C] consider

IVE@)I* = [(22) (lpll.)]?

Note that,
o (12 (O12) = 20 (i) (1))

Thus @5/22(]|Vk(p)|]2) < 2C, a(max{a, A} — 1)k(p) for all p € RY, by Lemma
450 Now all together, by the Fenchel-Young inequality and assumption [F.5]
we have for p € R? and z € R?\ { i}

(Vk(p), V2f(2)VE(p)) < |[VE(p)|* AL (V2 (x))

II-1l 20y
< LB IVED)IP) + Ly (022" <%fﬂ>>>

[ 2¢(
< LfQCmA(maX{a,A} —1k(p) + Lf(QOf//;)* (%f}%)))
< Df,koﬁ-[(x,p).

This gives us assumptions [C]

. The analysis of 1. holds again for assumptions[A]and [B] Now, for assumptions D]
we first note that Lemma [4.5.1] gives us constants Dy = max{a, A}(max{a, A} —
1), By, = max{a, A} — 1, F, = 1.

For the remaining constant Dy we follow a similar path as 2. First, note that
since b, B < 2 we have that a, A > 2. This, along with assumption [F.0] let’s us
use of Lemmal[4.5.1]for p € R?\ {0}. Now, letting M = (max{a, A} — 1+
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N) and applying (4.56)) of Lemma along with the Fenchel-Young inequality,
we have for p € R?\ {0} and z € R?

(Vf(x), Vk(p)V[(x)) < ||Vf(@)]? AL (V2k(p))

Il (v72
< MM IVS I + ML) (%ﬂpw
< 2LM(f(x) = f(2Zmin)) + M (max{a, A} — 2)k(p)

S Df,kaH<x7p)'

This gives us assumptions [D]
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