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Abstract

In the thesis we investigate two problems on Partial Differential Equa-
tions (PDEs) in differential geometry and fluid mechanics. First, we
prove the weak LP continuity of the Gauss-Codazzi-Ricci (GCR) equa-
tions, which serve as a compatibility condition for the isometric immer-
sions of Riemannian and semi-Riemannian manifolds. Our arguments,
based on the generalised compensated compactness theorems established
via functional and micro-local analytic methods, are intrinsic and global.
Second, we prove the vanishing viscosity limit of an incompressible fluid
in three-dimensional smooth, curved domains, with the kinematic and
Navier boundary conditions. It is shown that the strong solution of the
Navier-Stokes equation in H™*! (r > 5/2) converges to the strong solu-
tion of the Euler equation with the kinematic boundary condition in H",
as the viscosity tends to zero. For the proof, we derive energy estimates
using the special geometric structure of the Navier boundary conditions;
in particular, the second fundamental form of the fluid boundary and the
vorticity thereon play a crucial role. In these projects we emphasise the
linkages between the techniques in differential geometry and mathematical

hydrodynamics.
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Chapter 1

Introduction and Motivation

1.1 Introduction

Two questions in differential geometry and fluid dynamics, both formulated in terms
of non-linear Partial Differential Equations (PDEs), are studied in this thesis. One
is related to the isometric immersions problem of Riemannian and semi-Riemannian
manifolds, and the other one is concerned with the limiting behaviour of an incom-
pressible fluid on 3-dimensional smooth regions as the viscosity vanishes, subject
to the Navier and kinematic boundary conditions. Both questions above are moti-
vated by applications in physics and engineering (the isometric immersions problem
is closely related to the realisation of elastic bodies in the physical space); on the
other hand, they both possess underlying geometric structures which play a crucial
role in the mathematical analysis. The exploitation of geometric ideas in physical

PDE problems is a prevailing theme of the thesis.

1.2 Main contribution of the thesis

1.2.1 Weak continuity of Gauss-Codazzi-Ricci equations

Let us start with the isometric immersions problem. It has been of considerable
interest in the development of differential geometry, non-linear analysis and PDEs;
cf. Han-Hong [65], Nash [97, 98], Nirenberg [102] and Yau [126]. Here, in particular,
we are concerned with the global weak continuity of the Gauss-Codazzi-Ricci (GCR)
equations, which is a fundamental system of non-linear PDEs in differential geometry,
serving as the compatibility equations to ensure the existence of isometric immersions
(cf. [21, 22, 54, 61, 62, 111]):



Problem 1.1 Let (M,g) be a given n-dimensional Riemannian manifold, isometri-
cally immersed into the Euclidean space (R, go) via {f} € W2, with g € WP
(go is the Euclidean metric). If the corresponding second fundamental forms {B¢}
and normal connections {NV<} are uniformly bounded in LY., p > 2, do the weak

loc»

limits of {(B¢,V+)} still satisfy the Gauss-Codazzi-Ricci (GCR) equations?

Besides its background in geometric analysis, the weak rigidity problem is also
motivated by non-linear elasticity and the calculus of variations; see Ciarlet—Gratie—
Mardare [35], Mardare [88], Szopos [116] and the references cited therein.

Let us briefly explain the analytic substance of Problem 1.1. The GCR equations
are a system of first-order non-linear PDEs in the second fundamental form B and
the normal connection V+, which are geometric quantities depending not only on the
metric of the underlying manifold M, but also on the way that M sits in the ambient

space R"**_ Schematically, the GCR equations can be represented as
d(B,V*) = (B,V*")x (B,V") + {linear terms in (B, V")}, (1.1)

where 0 is a first-order differential operator and x denotes a quadratic operation.

p
loc

Problem 1.1 thus inquires about the weak continuity of Eq. (1.1) in the weak L
topology. The difficulty arises from the quadratic non-linearity (B, V+)x (B, V1): In
general, for the weakly converging sequences of vector fields v — v, w* — w in L¥
it is mot true that v - w® — v - w in distributions. Therefore, the answer to Problem
1.1 relies on further compactness information of {B¢, V+<}, which can be deduced
from the specific structures of the first-order differential operator on the left-hand
side of Eq. (1.1).

In §2 we shall answer Problem 1.1 in the affirmative. More precisely:

Theorem 1.2 Let (M, g) be an n-dimensional Riemannian manifold with WP met-
ric for p > 2. Let {(B¢,V+9)} be a sequence of LP solutions to the GCR equations in

the following sense:

(i) The tensor fields B¢ : T(T M) x T(TM) — T'(TM*) and the affine connections
VL T(TM) x T(TM*) — T(TM*) are uniformly bounded in LY. . with

sup {18 ae + |9

)} < Ck (1.2)

for a constant Cx on any compact subset K €@ M, independent of €;



(ii) (B¢, VY©) solves the GCR equations in the distributional sense. More precisely,
for any X, Y, Z,W € T(TM) and n,& € T(TM*),

(BS(X,Z),B(Y,W)) — (B(Y, Z), BY(X,W)) = R(X,Y, Z,W), (1.3)
<[Sfva§]X’ Y> _RL(XaYvag) :Oa (14)
VyBY(X,Z)-VxB(Y,Z)=0 (1.5)

in the sense of distributions, where S€ is the shape operator corresponding to

Be. (Note that V1< is implicit in the above equations).

p

Then, after passing to a subsequence, {(B¢,V+)} converges weakly in LY,

(B, V1) that is still a weak solution of the GCR equations.

to a pair

One geometric consequence of Theorem 1.2 is the weak rigidity of isometric im-
mersions: If in addition p > n, one can prove that given Egs. (1.3)—(1.5) (the GCR
equations), a family of W isometric immersions {f¢} can be constructed, with
(B¢, V1<) being the corresponding second fundamental forms and normal connec-
tions. Then, the weak solutions (B, V1) are the corresponding second fundamental
forms and normal connections of a weak W” limit f of {f¢}.

To prove Theorem 1.2, we exploit the div-curl structure hidden in the GCR equa-
tions (observed first by Chen-Slemrod-Wang in [31, 32], with computations in local
coordinates) and apply the div-curl lemma initiated from the works by Murat [95, 96]
and Tartar [118, 119]. Moreover, in order to give an intrinsic and global proof, we
establish an “abstract” div-curl lemma in the setting of functional analysis. Our The-
orem 1.3 below generalises the recent work [78] by Kozono-Yaganisawa, which explores
an alternative approach to the div-curl lemma, instead of the conventional harmonic
analytic and real Hodge-theoretic approaches; cf. Coifman-Lions-Meyer-Semmes [40]
for the former and Robbin-Rogers-Temple [105] for the latter.

Theorem 1.3 Let H be a Hilbert space over K(= R or C), Y and Z be reflexive
Banach spaces over K, and S : H — Y and T : H — Z be bounded linear operators
satisfying

(Op 1) Orthogonality (St denotes the adjoint operator of S, and similarly for T):

SoT! =0, ToSh=0; (1.6)



(Op 2) For some Hilbert space (H;|| - ||) so that H embeds compactly into H, there
exists a constant C > 0 such that, for any h € H,

1hllse < (SR TRy gy 2 + I0lle) = C(ISAIly + IThllZ + lhll). (17)

Assume that two sequences {u}, {v'} C H satisfy the following conditions:
(Seq 1) u¢ = w and v — v in H as € — 0;
(Seq 2) {Su‘} is pre-compact in'Y, and {Tv} is pre-compact in Z.

Then
(U, vy — (U, 0)y as € — 0.

Notice that, in comparison with [78] by Kozono-Yanagisawa, our theorem above works
for general Hilbert and Banach spaces; also our Condition (Seq 2) is weaker than the
assumption in [78]: The latter requires the boundedness {uc},{v} in L?, for the
special case H = L? and Y, Z = H~!.

We note that Theorem 1.3 implies a global, geometric div-curl lemma on Rieman-
nian manifolds, by taking S = d (the exterior derivative on differential forms) and
T = § (the L?-adjoint of d). This in turn leads to the proof of Theorem 1.2, which
crucially relies on the ellipticity of the Laplace-Beltrami operator A = dd + dd. In
addition, in the endpoint case n = p = 2 one also obtains the weak continuity of GCR
equations, thanks to the equi-integrability structure of the Gauss equation (1.3) and

a div-curl-type result due to Conti-Dolzmann-Miiller ([46]).

As a natural extension of the aforementioned work, we also consider the semi-

Riemannian analogue of Problem 1.1:

Problem 1.4 Let (M, g) be a given n-dimensional semi-Riemannian manifold, iso-
metrically immersed into the semi-Euclidean space (R™*,g5) via {f} € WP, with
g € VVlif If the corresponding second fundamental forms {B} and normal connec-
tions {V1<} are uniformly bounded in L%, p > 2, do the weak limits of {(B¢,V+<)}
still satisfy the Gauss-Codazzi-Ricci (GCR) equations?

Here, gy denotes the semi-Euclidean metric:

%:dlag<_17 7_17 17 71 ;=1 7_17 L. 71 )7
v times (n—v) ti times (k —T) ti



where v and 7 are the indices of M and the normal bundle, respectively; see §§3.1—
3.2 for details. In passing, we remark that semi-Riemannian manifolds (M, g) include
Riemannian manifolds as a special class, by relaxing the positive-definiteness of the
metric g to the non-degeneracy condition: At each x € M, there exists no v €
T.M \ {0} such that g(v,w) =0 for all w € T, M (cf. O’Neill [103]).

Analogously, Problem 1.4 is also answered in the affirmative:
Theorem 1.5 The results of Theorem 1.2 still hold for semi-Riemannian (M, g).

We notice that the difficulty immediately arises as Theorem 1.3 is no longer valid:

A = do+dd is elliptic if and only if (M, ¢) is Riemannian. To overcome this difficulty,

we first use Cartan’s formalism (i.e., the method of moving frames; see S. S. Chern

[33], Spivak [111] and Tenenblat [121]) to translate the GCR equations into the second
structural equation:

AW =WAW, (1.8)

where W is the connection 1-form incorporating the second fundamental form, normal
connection, and the Levi-Civita connection on T'M (see §2 for details), and then

deduce the weak continuity of Eq. (1.8) intrinsically and globally via the following

Theorem 1.6 Let M be a semi-Riemannian manifold with metric g and volume form
dV,. Also, let E,F be two real vector bundles over M. Consider a sequence of E-
sections {u¢} C L .(M;E), a differential operator T € Diff™(M;E,F) for some

loc
m € Ry with the principal symbol 0,,(T) : T*M — Hom(E; F®), and a quadratic
polynomial @ : T'(E) — R. Assume that the following conditions hold:

(C1) u® — u weakly in L3 .(M; E);
(C2) {Twu} is pre-compact in H ' (M; F);
(C3) Q(s) =0 for all s € Ay, where the operator cone of T is defined by
Ag = {s €T(E) : 0, (T)(€)(s) = 0 € T(F®) for some € € T*M\ {0}}. (1.9)
Then we have

lim [ (Qou)pdV, = / (QouwbdV,,  for any b € C=(M). (1.10)
M M

e—0



Theorem 1.6 generalises the quadratic theorem of Tartar (Corollary 13, [118]). A
key feature of the theorem is that the differential operator 7 on bundles (where F'©
denotes the complexified bundle F' ®g C), the principal symbol ,,(7), the quadratic
@ and the Sobolev spaces can all be defined globally, without referring to local coor-
dinates. Heuristically, the obstruction to the distributional convergence of {Q o u¢}
occurs only in the high-frequency regime on the Fourier side; by the construction of
the operator cone A, such obstruction is forbidden.

In addition, we remark that the weak continuity of GCR equations in Theorem
1.5 also implies the weak rigidity of I/Vf)f isometric immersions, as in the Riemannian
case. In the case of immersions of degenerating hypersurfaces (which cannot be
isometric), the weak rigidity theorem is also proved, in the presence of a “rigging
vector field” ([80, 81, 108]). Moreover, some linkages have been established between
the global compensated compactness result (Theorem 1.6) and the weak continuity of
quasi-linear wave equations with the well-known null condition, which is introduced
by Klainerman and Christodoulou in [75, 34] and plays a crucial role in the small
data global existence theory in 3 spatial dimensions. The crucial observation is that
the light cone of the Minkowski space embeds into the operator cone A7 in Theorem
1.6, whenever the non-linear part of the relevant differential operators satisfies the
null condition.

To conclude our introduction for the first project, let us emphasise that Problems
1.1 and 1.4 are answered globally and intrinsically by Theorems 1.3 and 1.6, which
are new and “abstract” compensated compactness results. Historically, the theory of
compensated compactness has found profound applications in gas dynamical PDEs
and conservation laws; cf. Dafermos [48], DiPerna-Majda [50], and Ding-Chen-Luo
[49] and the references cited therein. In this thesis we offer some generalisations of the
theory, adaptable for applications to the differential geometric problems with global
and intrinsic nature. Such methods may lead to further weak continuity/weak rigid-
ity results of other non-linear PDEs, with non-linearities possessing certain structures
reflecting the phenomenon of cancellation, e.g., Condition (Op 1) of Theorem 1.3 and
Condition (C3) of Theorem 1.6.

1.2.2 Vanishing viscosity limit of the 3D incompressible fluid
with Navier boundary condition

Our second project is about a classical topic in mathematical hydrodynamics, known

as the vanishing viscosity limit (or the inviscid limit) problem. Consider the Cauchy



problem of the 3D incompressible Navier-Stokes equation with viscosity coefficient
v>0:
o’ + (v’ - V)u' —vAu’ +Vp” =0 in [0,7] x €,
V-u' =0 in [0,7] x €, (1.11)
Uli=o = ug on €.
Here, the vector field u” :  — R3 is the velocity of the fluid and the scalar field
p’ : © — R is the pressure, both of which depend on v. Throughout Q C R3? is a
bounded open smooth domain in R3.

In our work we impose the kinematic boundary condition, namely
v -n=0 on 08 x [0, T, (1.12)

as well as the Navier boundary condition. The latter was first written down by Navier
in the classical work [99], and then reappeared in [93] by Maxwell. It requires that
the tangential component of u”|sq to be proportional (by a constant (, known as the
slip length) to the tangential component of the normal vector field of the Cauchy
stress tensor. The Navier boundary condition has received considerable attention
in both the physics and mathematics community recently; c¢f. Einzel-Panzer-Liu
[53] and Qian-Wang-Sheng [104] for the discussion on the physical models, as well
as Jager-Mikelic [68, 69], Lopes Filho-Nussenzveig Lopes-Planas [84], Iftimie-Planas
[66], Iftimie-Raugel-Sell [67], Masmoudi-Rousset [92], Neustupa-Penel [100, 101] and
Xiao-Xin [124], among others, for the mathematical treatment.

To derive the mathematical formulation of the Navier boundary condition, let us

first introduce the rate-of-strain tensor:
1 T
Du := i(Vu—i-V u), (1.13)
which can be expressed in local coordinates as
1 ) .
(Du)y; = i(viuj + V;u') for i,j € {1,2,3}.

Then, the Navier boundary condition reads:

w-7=—2¢D(7,n) for any 7 € T'(0€2) on 092 x [0, T, (1.14)

where Du(7,n) = 77 - Du - n is defined by the matrix multiplication.
The key issue for establishing the existence of strong solution (in H"*') and the
vanishing viscosity limit (in H") is to derive the higher-order energy estimates of the

velocities u” in H"*'. For this purpose, we need to estimate the L? norm of H"*+!



derivatives of u”, which is bounded by their iterated curls, as u” are divergence free
(justified in §4.2). So, it is helpful to reformulate the Navier boundary condition in
terms of the vorticities w” =V x u".

This is done by Chen-Osborne-Qian [29] and Chen-Qian [30] (and will be sketched
in §4.1), in which the Navier boundary condition is shown to be equivalent to the

following identity involving only geometric quantities:

1
<
Here 7 € T(02) is an arbitrary tangential vector field on 02, S : T'(92) — T'(0R2) is

the shape operator corresponding to the second fundamental form II of 02, namely

(Ru”) -1+ 2R(S(u”)) T on 09 x [0, T7. (1.15)

w’' T =

Su:=—-V,n (1.16)

for the unit normal n : 9Q — S?, and R denotes the anti-clockwise rotation of a
vector field in 7(0Q2) by 7/2. In local coordinates on 02 one has

ROVEVHT = (-V2EVHT = R = ﬁ _ﬂ ; (1.17)
in fact, R can be defined globally and intrinsically too:
RV = (x(VF)) for V€ T(99), (1.18)

where x is the Hodge star for differential forms on 02, f is the canonical isomor-
phism between vector fields and differential one-forms, and b is the inverse of . The
punchline is that the Navier boundary condition admits a natural, global formulation,
purely in terms of geometric quantities on the embedded regular surface 0€2. This
formulation helps us to treat the boundary terms during the integration by parts.
Now, let us consider the Euler equation describing the motion of the inviscid

incompressible fluid:

Ou+ (u-V)u+Vp=0 in [0,7T] x Q,
V-u=0 in [0,7] x Q, (1.19)

Uli=0 = ug on ,
with the no-penetration (kinematic) boundary condition:
u-n=0 on [0, 7] x 9. (1.20)

The initial data ug coincides with that of the Navier-Stokes equation. Our question

about the vanishing viscosity limit is as follows:

8



Problem 1.7 As v — 0%, do the strong solutions u” (if they exist) converge to u in

suitable topologies?

In the thesis we first prove the local (in-time) existence of strong solutions u”
to the Navier-Stokes equation (Egs. (1.11), (1.12) and (1.15)) in the Sobolev spaces
H"™1, provided that r > 5/2. In fact, if the solution of the Euler equation (Egs. (1.19)
and (1.20)) in the same regularity class exists upto time 7, then the lifespan of the
corresponding Navier-Stokes equation must be greater than or equal to 7. (The above
statement is proved by adapting P. Constantin’s work [41] on R? or T®.) Hence, under
the assumption that 02 is smooth (indeed, we need the boundedness of the second
fundamental form in C”), the inviscid limit holds in H”. Here and throughout, when
we write H" on its own, it denotes the regularity in the spatial variable.

More precisely, let K5(Q) := {u € L*(;R?) : V - u = 0}, namely the space of

divergence-free L? vector fields on €); we prove that

Theorem 1.8 Let u € C([0,T%); H M (Q;R3) N Ky(Q)) be the unique strong solution
of the incompressible Euler equation (1.19) subject to the no-penetration boundary
condition (1.20), r > 5/2. Then there exists some v, = v, (T*, Jo " lu(t, -)H%TH(Q) dt),

such that whenever 0 < v < v,, the strong solution u” of the Navier-Stokes equation

(1.11) with Navier and kinematic boundary conditions (1.15) and (1.12) exists in
C([0,Ty); HTHQ; R3) N Ky (). Moreover, there exists a constant C' depending only
on V0, T, and ||u|| r2o/,);mr+1()) and |[I1)|craqy, such that

sup [|u”(t, ) — ult, )| ar@) < CvY3. (1.21)
0§t<T*

In particular, as v — 07, u” converges to u in H"(Q) uniformly in time.

Let us comment on the history of Problem 1.7.

First of all, it is well-known that the strong solution of the Navier-Stokes equa-
tion with no-slip boundary condition (i.e., the Dirichlet condition ulsq = 0) does
not converge in strong topologies to that of the Fuler equation with no-penetration
boundary condition. Indeed, boundary layers are developed according to the theory
of Prandtl, which inhibits the strong inviscid limits; ¢f. [3, 59, 91, 114, 74] and the
references cited therein. If, in contrast, we consider a fluid domain with no boundary
(i.e., on R? or T?), the vanishing viscosity limit holds; see Constantin [41].

On the other hand, for the kinematic and Navier boundary conditions, if the
domain of the fluid is flat (e.g. the half space {x3 > 0}), various previous papers

showed that the solutions of the Navier-Stokes equation in X (a Banach space such



as H®, WkP_ etc.) converge in X’ to the Euler solutions as v — 07 (uniformly in
time), where X compactly embeds into X’. In other words, no boundary layers are
developed in X', which has strictly coarser topology than X; ¢f. Xiao-Xin [124],
Beirao da Veiga-Crispo [12, 13], Berselli-Spirito [19], Clopeau-Mikelic-Robert [36],
Bellout-Neustupa-Penel [16] and many others. The flatness of the fluid domain is

crucial in these works: In this case the Navier boundary condition becomes
w’' xn =0 on 0N x [0, 7. (1.22)

This is commonly known as the modified “slip-type” or “Navier-type” boundary con-
ditions, which has been first proposed by Bardos [9] and Solonnikov-Séadilov [110] to
analyse the stationary linearised Navier-Stokes equations. Subject to Eq. (1.22), the
energy estimates employed to derive the inviscid limits in the aforementioned works
are enormously simplified.

Now let us discuss the “real” Navier boundary condition, namely Eq.(1.15), on
a regular 3D fluid domain €. In this direction, Chen-Qian [30] establishes the ex-
istence of weak solutions in H' and the inviscid limit in L{°L2, provided that the
Euler equation has a solution in H?, and that the Navier-Stokes equations has a
uniform lifespan independent of v. Similar results are proved by Iftimie-Planas via
computations in local coordinates in [66]. Also, Neustupa-Penel [100, 101] proves the
existence of strong solutions in L>(0,T; H'(Q;R?)) N L*(0,T; H*(Q; R?)), for vy €
H*(; R3) N K?(Q2). Moreover, in [92] Masmoudi-Rousset establishes the existence of

strong solutions in L>(0,T; E™(;R3)) N L2(0,T; H™(Q; R?)) for m > 6 and the
2

x?

by E™ :={u € H? : Vu e H? '}, and u € H whenever Yo<yj<m || Ziul 2@ < 00

inviscid limit in L°LZ, where the anisotropic co-normal Sobolev space E™ is given
with {Z;} spanning the space of vector fields tangential to 0f2.

In view of the preceding survey, the new features of Theorem 1.8 include (i), the
existence of strong solutions in higher-order Sobolev spaces H'*', r > 5/2 with a
lifespan independent of v, and (ii), the convergence of inviscid limits in H” under
the “real” Navier boundary condition (1.15), especially in the presence of the non-
vanishing second fundamental form of 0f2.

Moreover, we also show the failure of the vanishing viscosity limit of strong solu-
tions under the modified “slip-type” boundary condition (1.22), in arbitrarily short
time. This is a re-proof of the results in [14, 15] by Beirao da Veiga-Crispo, and

we provide purely geometric and global arguments here, by exploiting a Lie bracket
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structure hidden in the vorticity equation of the incompressible Navier-Stokes equa-
tion (1.11). Roughly speaking, it rules out the hope to use the model problem for flat

domains in the analysis of the real problem on curved domains.

Theorem 1.9 Let 2 C R? be a bounded, reqular, open set. Let the admissible initial
data ug be given for the initial-boundary value problems FEgs.(1.11)(1.22)(1.19) and
(1.20), such that the following condition holds:

wo(xg) # 0 for some xg € O such that K(xq) # 0, (1.23)

where K is the Gauss curvature of 0). Then for arbitrary § > 0, p,q > 1 and s > 1,

the “strong” inviscid limit fails:

u” - u in LP([0, 8]; W*9(; R?)). (1.24)

1.3 Outline of the thesis

In §2 we prove the weak continuity of the Gauss-Codazzi-Ricci Equations on Rie-
mannian manifolds. In this process we also establish the generalised div-curl lemma
(Theorem 1.3), and investigate the geometric consequences and the end-point cases

too. Our presentation is based on the following paper:

[25] G.-Q. Chen, S. Li, Global weak rigidity of the Gauss-Codazzi-Ricci equations
and isometric immersions of Riemannian Manifolds with lower regularity. Submitted
to J. Geom. Anal., ArXiv: 1607.06862 (2016).

In §3 we study the analogous problem on semi-Riemannian manifolds, for which
the generalised quadratic theorem of the compensated compactness theory (Theorem
1.6) is established. In addition, we discuss the weak rigidity of isometric immersions
of semi-Riemannian manifolds, the case of degenerate hypersurfaces, as well as the
weak continuity of quasi-linear wave equations with the null condition. Our presen-

tation follows from:

[26] G.-Q. Chen, S. Li, Weak continuity of Gauss-Codazzi-Ricci equations for isomet-

ric immersions of semi-Riemannian manifolds. In Preparation.
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The problems in §§2-3 are introduced in §1.2.1; also see our exposition paper [27]

for a survey:

[27] G.-Q. Chen, S. Li, Compensated compactness in Banach spaces and weak rigidity
of isometric immersions of manifolds. Accepted by the proceedings for Helge Holden’s
sixtieth birthday, published by EMS. ArXiv: 1610.01649.

In §4, the uniform existence of strong solutions and the vanishing viscosity limits
of the 3D incompressible Navier-Stokes equation will be established, with the Navier

and kinematic boundary conditions (see §1.2.2). Our presentation follows from:

28] G.-Q. Chen, S. Li and Z. Qian, Inviscid limits from Navier-Stokes to Euler equa-

tions under kinematic and Navier boundary conditions. In preparation.

Upon the completion of the D.Phil. thesis, another research paper of the candidate
has been submitted to a scientific journal. In this work we consider the Gauss-Codazzi
equations of the isometric immersions of a family of 2-dimensional surfaces into R3,
and the connections with the existence of “wild” solutions to the incompressible Eu-
ler equation, as well as several models in compressible fluid dynamics and elasticity.
The aim is to provide further linkages between the isometric immersions problem and

mathematical hydrodynamics:
A. Acharya, G.-Q. Chen, S. Li, M. Slemrod and D. Wang, Fluids, elasticity,

geometry, and the existence of wrinkled solutions. To appear in Arch. Rat. Mech.
Anal. (2017), Arxiv: 1605.03058.
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Chapter 2

Weak Continuity of
Gauss-Codazzi-Ricci Equations:
The Riemannian Case

2.1 Geometric preliminaries

In this section we start with the geometric notations about manifolds and vector
bundles, and then present some basic facts about isometric immersions and the Gauss-

Codazzi-Ricci (GCR) equations on Riemannian manifolds.

2.1.1 Manifolds and vector bundles

Throughout this chapter, we denote (M, g) as an n-dimensional Riemannian manifold.
By definition, M is a second-countable, Hausdorff topological space with an atlas of
local charts A = {(Ua,¢a) : « € I} such that each U, C M is an open subset,
Ga 1 Uy = ¢o(Uy) C R™ is a homeomorphism, and the transition functions ¢, o ¢§1
between the overlapping charts U, and Ug have required regularity.

If each ¢, o gbgl can be chosen to have positive-definite Jacobian determinant
almost everywhere, then M is said to be orientable. Moreover, M is simply-connected
if (M) = {0}, i.e., each loop on M can be continuously deformed to a point. The
Riemannian metric g on M is given by a field of inner products: At each point z € M,

g(x) : T,M x T,M — R is an inner product denoted by
g(x)(v,w) = (v,w) for any v,w € T, M,

and g : (TM) x I'(TM) — R varies smoothly with respect to z € M. We write
['(TM) for the space of vector fields on M with required regularity, and we suppress

the dependence on x € M when using (-, ) to denote the inner product associated
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with the metric. More generally, we always denote by I' the space of sections of a
given vector bundle with required Sobolev regularity (which needs not to be smooth,
for the applications to the realisation problem in §2.4).

Given (M, g), an affine connection on 7'M is a bilinear map V : I'(T'M) x
['(TM) — I'(T'M) such that, for any f: M — R and X,Y,Z € ['(T M),

VixY = fVxY,  Vx(fY)=fVxY + X(f)Y.

Here and in the sequel, X (f) means the directional derivative of f in the direction of
X 1.e., we identify each vector field with a first order differential operator. Moreover,

we say that V is compatible with the metric g if

and V is torsion-free if
VxY - VyX = [X,Y],

where the Lie bracket given by [X, Y] = XY —Y X. There exists a unique compatible,
torsion-free affine connection V on T'M, known as the Levi-Civita connection, where
the map V is also called the covariant derivative. As a basic example, consider
(M,g) = (R™, go) with the Euclidean metric gy = d;;, i.e., the dot product, whose
Levi-Civita connection V is given by VxY := XY. This is because for a Euclidean
coordinate frame {91,...,d,,} on R™ one has Vy,0; = 0 for all 1 <4, < m; hence,
for X = X'0; and Y = Y79, it holds that VxY = Vx5, Y70, = XV, (YI0;) =
X'9;Y79;. The Einstein summation convention is applied throughout.

Another example pertaining to our construction in §§2-3 is as follows: Let V
be the Levi-Civita connection on (R™, go) as above, and let (M, g) C (R™, go) be a
submanifold. Then, given a tangential vector field X € I'(T'M) and a normal vector
field € € T'(TM*), where TM+ = TR™/TM is the normal bundle of the submanifold,
we can extend them (not relabelled) to X, ¢ € I'(TR™), at least locally. Then we set

V%€ = Vx& — VxE. (2.1)

Here V4 : T(TM)xT(TM*) — T'(TM*1) is the normal connection of the submanifold
M C R™; it is well-defined, independent of the extensions of X, ¢ (see §6 in do Carmo
[51]). Moreover, V* also gives the covariant derivatives on the normal bundle TM*.
For example, consider a tensor N : [(TM) x ['(TM) — T(TM%); for X, Y,W €
['(TM), we can define naturally

VN (Y, W) = Vx(N(Y,W)) = N(VxY, W) - N(Y,VxW).
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We use this construction in Theorem 3.1, where A is the second fundamental form.

Given a manifold M, we say that (F, M, F') is a vector bundle of degree k € N over
M if there is a surjection 7 : £ — M such that, for any x € M, there exists a local
neighbourhood U C M containing x so that there is a diffeomorphism ¢y : 7= HU) —
U x F with pr; o ¢y = 7 on 7~ }(U), where pr; is the projection map onto the first
coordinate, £ and F are also manifolds, and F' ~ R* as a vector space isomorphism.
Therein, E is called the total space, F' is the fibre, M is the base manifold, 7 is the
projection of the bundle, and ¢y is a local trivialisation. For simplicity, we also say
that F is a vector bundle over M.

If £y and E5 are both vector bundles over M, we can take the direct sum and
the quotient of the bundles, by taking the vector space direct sum and quotient of
the fibres. Also, for a vector bundle (E, M, F = RF) with projection 7, the space of
smooth sections is defined by I'(E) := {s € C*°(M; E) : mos =1idy}. We can define
the affine connection VE : T'(T'M) x T'(E) — I'(E), by linearity and the Leibniz rule.

As a primary example, consider F = T'M, the tangent bundle over M. Then 7 is
the projection onto the base point in M, and I'(T'M) is the space of smooth vector
fields, agreeing with the previous notation. Moreover, V7™ is precisely the Levi-
Civita connection. Another example is the cotangent bundle T*M over M, whose
fibres are the dual spaces of the fibres of T'M.

As another example, consider By = T*M Q T*M ® - - - ® T* M, the tensor product
of ¢ copies of T*M, for ¢ = 0,1,2,.... This is the (covariant) g—tensor algebra over
M, which can be viewed as the space of ¢-linear maps on TM: Any ¢ € E; is a map
¢:TM® ... TM — R, which is linear is each of the component T'M. Now let
E5 C Ej be the subspace of all the alternating g-tensors on 7'M, i.e., the ¢g-linear maps
that change sign when any pair of its indices {7,j} C {1,...,q} gets swapped. By
convention, we write Fy =: AYT*M, known as the alternating g—algebra. Moreover,
the space of sections QI(M) := I'(AYT*M) is known as the differential g—forms. A
general element o € Q9(M) can be written as a linear combination of alternating
forms & A -+ A&, where {£;}]_, is a g-tuple of linearly independent 1-forms on M.
If dim(M) =n, QI(M) = {0} for ¢ > n + 1, so one always restricts to 0 < ¢ < n.

Next, we recall four operations on the space of differential forms. The first is
the exterior derivative d : QI(M) — QIt1(M), which satisfies d> = 0. The second
is the Hodge star x : N?T*M — A" 9T*M, which can also be regarded as * :
QI(M) — Q" 9(M). In local coordinates, if dz' A --- A dz™ is a volume form on
M, and w = f(z)dx™ A --- A dx's for some coefficient f locally defined on M, then

sw = f(x)dz'att A -+ A dz'n, where the n—tuple (i1,...,%, g1, --,%,) IS an even
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permutation of (1,2,...,n), i.e., it can be transformed into (1,2, ...,n) by taking the
transpositions of an even number of pairs of indices. If such (i441,...,%,) does not
exist, then xw := 0. The Hodge star is a vector bundle isomorphism satisfying *x =
(—1)2"=9 when M is orientable. The third is a natural product on differential forms:
For o € Q4(M) and 8 € Q" (M), we can define the wedge product a A € QI (M).
The fourth is the covariant derivative V : Q4(M) — Q4T (M): For a € Q4(M), define
Va € QM) via the Leibniz rule:

(Va)(X,Y1,...,Y,) = VyaYr,...,Y,)
= X(a(Yr,....Yy)) —a(VxYi,....Y)) = —a(Yi,..., VxY,), (2.2)

for any X,Y,...,Y, e (T M).

There is a natural isomorphism between T'M and T* M, by identifying canonically
the fibres of TM with the duals. It induces a canonical isomorphism § : Q'(M) —
[(T'M), for which we write = =: b. Note that, if a vector field and its corresponding
1-form in local coordinates are written by the Einstein summation convention, f,b
amounts to raising (lowering, respectively) the indices of the coefficients. Clearly,
they extend to the isomorphisms between 7*M ® - - - ® T*M (i.e., covariant tensors)
and TM ® --- @ T'M (i.e., contravariant tensors).

For instance, consider the covariant derivative V : Q¢(M) — Q¢1(M) defined
above. For ¢ = 1 and o € Q' (M) we set X := of € T'(TM); since Vy X € I'(TM) for
any Y € ['(TM), we can view VX = Vof € I(TM ®@ TM), i.e., (Va*)’ € Q*(M).
This example shows that, via the § and b, the covariant derivative V on Q9I(M)
generalises the Levi-Civita connection.

Now, let us briefly review how to integrate differential n—forms on n—dimensional
manifolds. On any orientable n-dimensional Riemannian manifold (M, g), there is
a natural n—form dV, € Q"(M), called the volume form, which satisfies *1 = dV/
and *dV, = 1. Let A = {(U,, ¢a) : @ € Z} be an atlas for M as before. Then,
there exists a locally finite C'™°—partition of unity {p, : @ € Z} subordinate to A,
i€, YaezPa = 1, 0 < p, < 1, and supp(p,) € U,. We define the integration of
w € Q"(M) over M by

/Mw = /}Rn P00 ) wly 0./ det gday - - day, (2.3)

acl

where ¢* denotes the pullback under ¢. The integration of the function ¢ on M is
defined as the integration of its Hodge dual, i.e. [, ¢ := [, #dV}.
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We then define the Sobolev spaces W*P(M; N?T*M) on an n-dimensional Rie-
mannian manifold (M, g), which generalise W*?P(R") for k € Z, 1 < p < oo. First,
a, € Q4(M), the metric g induces an inner product g(«, 8) = («, 5) via

(a, By dVy == a A\ x[3. (2.4)

Eq. (2.4) is an equality of n—forms on M. Then, for alternating contravariant g—tensor
fields oy and oy, we set (01, 03) := (07, 0%). Next, define the LP norm of a € QI(M)
by

ya
2

ol zr = </M [* (a A *a)] dVg); = (/M<oz,oz)g dVg>;. (2.5)

Moreover, for o € QI(M), set

k ] % k %
ledlwes = (Z IVialt,)" = (S 1¥0- 0 Tali)" (2.6)
J=0 Jj=0 7 times

We denote by W*P(M; A2T* M) the completion of the space of compactly supported
q—forms with respect to || - |lyr». Notice that, for any contravariant tensor field X,
the following holds:

X o = X7 -

In fact, W*P(M; E) can be defined for an arbitrary bundle F, and we can define
the W*? connection V¥ on bundle E. This is possible since the moduli space of
connections is an affine space modelled over @*TM @ Q°*T*M ® E (cf. Jost [71] for
detailed constructions). A key feature of this definition lies in its intrinsic nature,
since the local coordinates on M are not needed to define W*P(M; ATT*M). As
usual, we denote H*(M; NYT*M) := WHEE(M; NI T*M).

2.1.2 Isometric immersions

We are concerned with the isometric immersions of an n—dimensional Riemannian
manifold (M, g) into the Euclidean spaces. A map f : (M,g) — (R"* go) is an

isometric immersion if the differential df : TM — TR"** is everywhere injective, and

90(f (@) (df2(X), dfo(Y)) = g(2)(X,Y) (2.7)

for every x € M and X,Y € I'(TM). As go is the Euclidean inner product, Eq. (2.7)

reads
or equivalently,

D'f-Df=g (2.9)

17



as an equation on O(n), the group of symmetric n X n matrices.
We observe that Egs. (2.8) and (2.9) are a first-order non-linear system of PDEs of
f. It is over-determined, determined or underdetermined forn + k < J,, n+ k = J,

or n + k > J, respectively, where

n(n+1)

J, =dimO(n) = 5

(2.10)

is known as the Janet dimension. The general existence theorem of isometric immer-
sions/embeddings is established by Nash ([97, 98]) for large enough codimensions. In
general, these first-order systems are of mixed type; in the special case of the isometric
immersions of a 2D surface into R3, the type of the equations is classified completely
by the sign of the Gauss curvature. We refer the readers to the monograph [65] by
Han-Hong for details.

2.1.3 Gauss-Codazzi-Ricci (GCR) equations

Nash directly tackled Eq.(2.9) in his seminal work [97]. By exploiting the “Nash
wrinkles”, he proved that in an arbitrarily small C° neighbourhood of any “short”
immersion of a given Riemannian manifold, there exists a C! isometric immersion,
provided that the co—dimension is no less than 2. In this construction, the second
derivatives of the C! isometric immersion generically blow up at infinitely many
points, hence the second fundamental form and the normal connections (which involve
one derivative of ¢) as well as the Riemann curvature (which involves two derivatives
of g) are not well defined for Nash’s isometric immersions.

On the other hand, let us require more regularity than the scenario in [97]: Suppose

p

loc functions for

that the second fundamental forms and normal connections are L
p > 2, and the Riemann curvature tensor R € W,!”. In this case R is a distribution,
so we can talk about the following compatibility condition of an isometric immersion

f:(M,g) — (R"* g4), in the sense of distributions:

0 = Curvature of R"t*

curvature in (tangential, tangential) direction = 0,
<= < curvature in (tangential, normal) direction = 0,

curvature in (normal, normal) direction = 0.

These three schematic equations above are the Gauss, Codazzi and Ricci equations;
see §6 in do Carmo [51]. In other words, the GCR equations are derived from the

orthogonal splitting of tangent spaces along the isometric immersion f : (M, g) <
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(R"*k go): The tangent spaces satisfy T,R"*k =~ T, M @T,M~* for each x € M,
where T, M~ is the fibre of the normal bundle TM~ at point z, and T M~ is defined
as the quotient vector bundle TR™** /T M. Here and hereafter, we obey the widely
adopted convention to identify TM with T'(fM).

In the rest of this chapter we will use Latin letters X, Y, Z, ... to denote tangential
vector fields, i.e. elements in I'(T'M ), and Greek letters &,7,(, ... to denote normal
vector fields, i.e., elements in T'(T'M*). We also adopt the convention that the ge-
ometric quantities with an overhead bar are associated with the total space R
while the quantities with superscript L are associated with the normal bundle TM*.

Moreover, we define a symmetric bilinear form B : T'(TM) x I'(TM) — I'(TM%),

known as the second fundamental form, by
B(X,Y):=VxY — VxY. (2.11)

With a slight abuse of notations, we can view B : T(TM) x T(TM) x T(TM*) - R
as
B(X,Y,£) == (B(X,Y),&) for X,Y € D(TM) and € € T(TM%).

Furthermore, for £ € T(T'M™), define the shape operator S¢ : I'(T'M) — T'(T'M) by
SeX = —Vx&+ VyE. (2.12)
It can also be defined by contracting B:
B(X,Y,§) = (SeX,Y). (2.13)

In addition, the Riemann curvature on M is a rank—4 tensor R : I'(TM)xI'(T'M) x
D(TM) x T'(TM) — R, defined by

R(X,K Z, W) = <VXVyZ, W> - <Vyvxz, W> + <V[X7y]Z, W> (214)

In fact, for any vector bundle £ over M with affine connection V¥, we can define
the Riemann curvature on E, R¥ : T(TM) x I'(TM) x I'(E) x T'(E) — R, by

RE(X,Y,51,59) = ([V%, VE]s1,85) — (V&’Y]sl,&) (2.15)

for X,Y € I'(T'M) and s1,s2 € I['(E). For our purpose, we consider three bundles
over M, namely (TTM, V), (TM*, V1), and (TR""* V). Let us denote their Riemann
curvatures by R, R*, and R, respectively.

With the geometric notations above, we can now explicitly write out the GCR
equations, which express the flatness of the Euclidean space (R, go). In §6 of do

Carmo [51] they are expressed in the following compact forms:
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Theorem 2.1 (GCR Equations) Assume that f : (M,g) < (R""* go) is an iso-

metric immersion. Then the following Gauss-Codazzi-Ricci equations are satisfied:

(B(X,Z),B(Y,W)) —(B(X,W),B(Y,Z)) = R(X,Y, Z, W),  (2.16)
VyB(X,Z,n) =VxB(Y, Zn), (2.17)
([Sy, S| X, V) = RH(X, Y1, €). (2.18)

Here VyB(X,7) :=YB(X,Z,n)—B(NVyX,Z,n)—B(X,VyZ,n)— B(X,Z,Vyn) is
defined via the Leibniz rule, and similarly for VxB(Y, 7).

Moreover, for the convenience of subsequent development, it is helpful to recast

the Codazzi and Ricci equations in a less concise manner:

Theorem 2.2 The following equations are equivalent to the GCR system:

XB(Y7 Zan) o YB(X7 Zan) = B([va]azvn) o B(X7 vYZ?U) - B(X7 Z7 V}J;U)
+ B(Y.VxZ,n) + B(Y, Z,Vxn), (2.20)

X(Vy&,m) = Y(VxEn) = (Vixyi&n) — (V& Ven) + (Vi€ Vi)
+ B(Vx& = VxE,Y,n) — B(Vxn — Vxn,Y,€)  (2.21)

for any tangential vector fields X, Y, Z, W € T'(TM) and normal vector fields {,n €
D(TM™).

Proof. The Gauss equation takes the same form as in Theorem 2.1. For the Codazzi

equation, using the Leibniz rule we get

vXB(}/a Z777) = X<B(YV, Z)777> - <B(VXY7 Z)77]> - <B(Y’VXZ)’77> - <B(Y7 Z)vv)L("ﬁ
= (VxB(Y, Z),1) — (B(VxY, Z),n) — (B(Y,VxZ),n),

as well as the analogous expression for Vy B(X, Z,n):

Equating these two expressions by Eq. (2.17) and noticing that VxY —Vy X = [ X, Y],
we obtain Eq. (2.20).
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For the Ricci equation, the right—hand side of Eq. (2.18) can be expanded as

RHY(X,Y,n,€) = (VxVyn, &) — (VyVxm,£) + (Vixym §)
= X(Vyn,&) = (Vyn, VX&) = Y(Vx1,€) + (Vx1, VyE) + (Vixyn: €),

by the definition of R+ and the Leibniz rule. Moreover, the left-hand side of Eq. (2.18)
equals (5,5:X,Y) — (S¢5,X,Y), where

(S)SeX,Y) = B(SeX,Y,n) = —B(Vx& — Vx&,Y, 1)
thanks to the definition of S; similarly,

Thus we obtain Eq. (2.21), which completes the proof. m

From the PDE perspectives, Egs. (2.19)—(2.21) in Theorem 2.2 form a system of
first-order non-linear equations of mixed type. The left-hand sides of Egs. (2.20)—
(2.21) can be regarded as the principal parts (by identifying vector fields with first-
order differential operators), while the non-linear terms on the right-hand sides are of
the zero-th order. The non-linear terms are quadratic in the form of B B, V+® V-,
and B® V+. Thus, the GCR equations can be schematically represented as Eq. (1.1),

reproduced below:
O(B,V*) = (B, V') % (B, V') + {linear terms in (B, V*:)}.

Here 0 is a first-order differential operator, and x denotes a quadratic operation.

2.2 A compensated compactness theorem on Ba-
nach spaces

In this section, we first formulate and prove a general abstract compensated com-
pactness theorem in the framework of functional analysis (i.e., Theorem 1.3). As a
special case, it implies a global intrinsic version of the div-curl lemma on Riemannian
manifolds, which generalises the well-known classical versions in R™ due to Murat [95]

and Tartar [118]. This will serve as a basic tool for the subsequent development.
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2.2.1 Compensated compactness via functional analysis

In this section, for a normed vector space X with dual space X*, we use (-, )x to
denote the duality pairing of (X, X*). Let H be a Hilbert space over field K = R or C
such that H = H*. Let Y and Z be two Banach spaces over K with their dual spaces
Y* and Z*, respectively. In what follows, we consider two bounded linear operators
S:H—=Y,T:H— Z, and their adjoint operators ST:Y* = H and TT : Z* — H,
respectively.

Furthermore, the following conventional notations are adopted: For any normed
vector spaces X, Xi, and X, we write {s°} C X for a sequence {s°} in X as a subset,
and X; € X, for a compact embedding between the normed vector spaces. We use
| - ||x to denote the norm in X. Also, we use — to denote the strong convergence of
sequences and — for the weak convergence. Furthermore, we denote the closed unit
ball of space X by Bx := {z € X : ||z|| < 1}, the open unit ball by Bx = {z €
X :||z]| < 1}. Moreover, for a linear operator L : X; — X, its kernel is written as
ker(L) C Xi, and its range is denoted by ran(L) C X,. Finally, for X; C X as a vector
subspace, its annihilator is defined as Xi- := {f € X*: f(z) =0 for all x € X, }.

To formulate the compensated compactness theorem in the general functional-

analytic framework, we first introduce the following two operators: Define

SeT:H—-Y®Z, (S@®T)h:= (Sh,Th) for h€H,;
SIVTH: (YR Z) 2Y*®Z* — H, (STV T (a,b) :=STa+TbforacY* be Z*.

Here and throughout, the Banach space Y @ Z is endowed with norm ||(y, 2)||y @7 =
l|lylly + ||z]|z. Notice that, for any a € Y*,b € Z*, and h € H,

(h, (STV T")(a,b)) = (h,STa + T'b) = (Sh,a)y + (Th,b)z = (S ® T)h, (a,b))y g z-

Hence STV TT is in fact the adjoint of S @ T, namely (S & T)" = STV 1T,

In the setting above, we are concerned with the following question: Let {u‘},
{v‘} @ H be two bounded sequences so that there exist u,v € H such that u¢ — @
and v — v in H as € — 0 after passing to subsequences. Under which conditions
does the following hold:

(u, vy — (u,v)y as € = 07

The goal of this subsection is to provide a sufficient condition for the convergence
result as above. Roughly speaking, it requires the existence of a “nice” pair of bounded
linear operators S : H — Y and T': ‘H — Z such that S and T are orthogonal to

each other, and S @ T gains certain compactness/regularity. More precisely, we prove
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Theorem 2.3 (Theorem 1.3 in Introduction) Let H be a Hilbert space over K,
Y and Z be reflerive Banach spaces over K, and S : H — Y and T : H — Z be

bounded linear operators satisfying

(Op 1) Orthogonality:
SoTt=0, ToS'=0; (2.22)

(Op 2) For some Hilbert space (H;|| - ||) so that H embeds compactly into H, there
exists a constant C' > 0 such that, for any h € H,

1l < C(N(Sh. TRy @z + kllze) = C(ISRlly + | Thlz + kil (2:23)

Assume that two sequences {u},{v'} C H satisfy the following conditions:
(Seq 1) u = u and v* — v in H as € — 0;
(Seq 2) {Su} is pre-compact in'Y', and {Tv} is pre-compact in Z.

Then
(U, vy — (U, 0)y as € — 0.

Before proving the theorem, let us remark that in the literature, three distinct
approaches have been employed to prove the div—curl lemma and its variants.

The first approach, developed by Murat and Tartar in [95, 118], is based on
harmonic analysis. It is observed that the first—order differential constraints, namely
the pre—compactness of {divuc} and {curlv} in H~', lead to the decay properties of
{(uf,v)} in the high Fourier frequency region. Coifman-Lions-Meyer-Semmes in [40]
extended this lemma by combining the exploitation of this observation with further
techniques in harmonic analysis, including Hardy space estimates, as well as the
commutator estimates of BMO functions and Riesz transforms.

The second approach is based on the Hodge decomposition (¢f. Theorem 2.4
below). Robbin-Rogers-Temple in [105] observed that, by writing

u* = AA " uf = (grad o div — curl o curl) A~ on R?, (2.24)

{u‘} can be decomposed into a weakly convergent part and a strongly convergent
part, and similarly for {v} (also see the exposition in Evans [56]). For this, the
advantage can be taken of the first—order differential constraints, the commutativity of
the Green operator A~! on R? with divergence, gradient, and curl, and most crucially,

the ellipticity of A, so that, for {(u,v)}, the pairing of the weakly convergent parts

23



pass to the limits via integration by parts, and the pairings of the other terms can be
dealt with directly.

The third approach is functional analytic. In this direction, Kozono-Yanagisawa
(78] obtained a div—curl lemma using functional analytic results on L*(R™), as well
as a geometric version, with emphasis on the weak convergence of vector fields up to
the boundary of the domain or compact Riemmanian manifold, for which requires the
divergence and curl of the vector fields are bounded in L?. One of our key observations
is that, for the “usual” div—curl lemmas, the specific geometry of Euclidean spaces
or manifolds plays no essential role. Based on this observation, we have formulated
and established a general compensated compactness theorem through bounded linear
operators on Banach spaces. Our proof is based on — and serves as an extension of
— the functional analytic arguments in Kozono-Yanagisawa [78]. In particular, our
theorem is formulated in terms of general spaces H,Y, Z instead of L? and H~!, and
our assumption (Seq2) is weaker than that in [78]. The crucial tool we introduce is

the “generalised Laplacian” A; see Step 4 in the proof below.
Proof of Theorem 1.3. We divide the proof into eight steps.
1. In order to show that S@® T : H — Y @ Z has a finite-dimensional kernel, we

consider the following subset of H:
E = j " (jlker(S® T)] N By),

where 7 : H — H is a compact embedding between the Hilbert spaces.

Suppose that j(E) C H is compact. First notice that j(£) is the closed unit ball
of jlker(S @ T)], which is a Banach space, due to the closedness of the kernel. It then
follows from the classical Riesz lemma that j[ker(S @ T')] is finite-dimensional. Since
Jj is an embedding, we can conclude that dimker(S @& T') = dim(jlker(S & T))]) < oc.

To prove the compactness of j(FE), take any h € E and consider the following

estimate deduced from condition (Op 2):
1Pl < CUISAlly + TRz + [l5(A)]l%) < C. (2.25)

Hence, the boundedness of E in H and the compactness of j : H — H imply that
J(E) is compact. Hence the first step is complete.

2. We now show that S@ 7T is a closed-ranged operator, i.e., rtan(S®T) CY P Z
is a closed subspace. To this end, we first prove the existence of a constant ¢y > 0
such that, for all A € H,

(S @ T)hlly gz = €ollj(h)lln- (2.26)

24



In fact, if the inequality were false, then, for any p € (0,1), we could find {h*} C
[ker(S @ T)]* and [|j(h*)||y = 1 such that

(ST lygz < p

and
dist(h*, ker(S @ T)) > &

for some €y > 0. Such a choice of {h*} is possible, owing to the finite-dimensionality
of S@® T. Now, plugging {h*} into condition (Op 2), we have

IRl < (IS @ DIy @z + 13 (W) ]lw) < C(L+ p) < 2C.

It follows from the compactness of j that {j(h*)} is pre-compact in H. Let j(h) be
a limit point of {j(h*)} in j(H) C H. Then one must have h € ker(S & T'), in view
of [[(S® T)h'|ly gz < p. However, this contradicts with the fact that {h"} were
chosen to have a distance at least &y from ker(S @ T'). Therefore, we have established
estimate (2.26).

To proceed, consider a sequence {h*} C H such that (S & T)h* — w for some
w €Y @Z. Our goal is to show that w € ran(S @ T). Indeed, by the projection
theorem for Hilbert spaces, we can decompose h#* = k* + r# with k* € ker(S & T)
and 7* € [ker(S @ T)]* (which is a closed subspace of H). Then estimate (2.26) gives

I(SeT) (" =)y gz = [(S@T)(™ =)y @z = eollg (' —r##)[l3. (2.27)

As a consequence, {j(r*)} is a Cauchy sequence in j(H), which implies that there
exists j(r) € j(H) such that j(r*) — j(r) in j(H) as u — 0. Since j is an embedding,
it follows that r* — 7 in H. Therefore, by the closed graph theorem of Banach spaces,
(SeT)h* = (S T)r* — (S@ T)r. It now follows that w = (S @ T)r so that S& T

has closed range.

3. As an immediate corollary, we can obtain the following decomposition of H:
H =ker(S®T)Pran(st v TH). (2.28)

Here, @ denotes the topological direct sum of Banach spaces, and the direct sum-

mands are orthogonal as Hilbert spaces. Indeed, by the projection theorem, H =
ker(S & T) @lker(S & T)]*. On the other hand,

[ker(S @ T)]* = ran[(S @ T)f] = ran(ST v T').
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We recall the closed range theorem in Banach spaces, which states that a bounded
linear operator is closed-ranged if and only if its adjoint operator is closed-ranged (cf.

[58]). Hence, we deduce from the preceding equalities that
[ker(S @ T)]* = ran(ST v T7).

The decomposition in Eq. (2.28) now follows immediately.

With this decomposition, we observe that it now suffices to prove Theorem 1.3 for
surjective operators S and T'. Indeed, all the conditions in (Op 1)—(Op 2) and (Seq
1)—(Seq 2) continue to hold when Y @ Z is replaced by ran(S @ T'), which has been
proved to be a closed subspace of Y @ Z. Here we have used the fact that closed
subspaces of reflexive Banach spaces are still reflexive. Therefore, in the sequel, we

always assume ran(S @ T') = Y @ Z without loss of generality.
4. Now, we introduce the following operator A : Y* @ Z* =Y P Z:

A=ES@T)o(STVT =SS aTT. (2.29)

For this generalised Laplacian, we also prove that it has finite-dimensional kernel and
is close-ranged (in fact, surjective, in view of the reduction at the end of Step 3).

Indeed, we can find the range of A as follows:

ran(A) = ran((S & T)’ran(ST\/TT))
< SDT)ker S@T)]i)

= ran( S®T)|ker(sem) - @ ker( SGBT))
=ran(SoT)=YPH7Z, (2.30)

where the decomposition in Eq. (2.28) has been used in the second equality.
On the other hand, notice that

ker(A) = ker (8 @ Tloanstvrr ) D ker(STv T1). (2.31)

In this expression, the first direct summand equals ker(S @& T), by a similar argument
as in Eq.(2.36). For the second summand, a standard result in functional analysis
gives ker(STV T'1) = [ran(S @ T)]*, which is assumed to be {0} at the end of Step 3.
It follows that ker(A) = ker(S @ T'), which is finite-dimensional by Step 1.

To summarise, A is a close-ranged operator with finite dimensional kernel; without

loss of generality, we may assume A to be surjective.
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5. We now show a crucial result concerning A:

(%) For each w € ran(A), there exists £ € A_l{w}
such that [[{]

vy @z < MHwHy@Z, where M is a universal constant.

First, applying the open mapping theorem in Banach spaces to the operator A :
Y*@Z* — ran(A) = Y @ Z, we can find a constant § > 0 and an element w, €
ran(A) such that wy + 5BY@Z C A[By- @Z*].

From this inclusion, we can establish the following:
0By gyz C A(By-gz-)- (2.32)

For any vy € 63’/@ 7, We can write vy as a convex combination of elements in
wo+0By gy z, €.9., vo = L((vo+wo)+(vo—wq)). Observe that A[BY*EBZ*] is a convex
set, as A is a bounded linear operator and By~ @z is convex. Since wg + 5BY€B 7
lies in A[BY*EBZ*]’ we conclude that vy € A[BY*GBZ*]. So Eq. (2.32) follows. As a
consequence, given any w € ran(A) = Y @ Z, there exists 7 € By*ea z+ such that

5% = 1. Define £ := @n, which yields

€]

vz <0 wlly gz AE=w.

Now, the proof for (&) is completed by choosing M = §~ 1.

6. Now, we employ the decomposition of H in Eq. (2.28) to decompose sequences
{u} and {v}, and the weak limits @ and v. In the sequel, we denote the canonical
projection of H onto the first factor by m : H = ker(S & T) @ran(ST v TT) —
ker(S @ T'). By Step 1, m is a finite-rank (hence compact) operator.

Employing such a decomposition, we can write

u€ = mus + Stac + TTbe,
v¢ = mot + Stas + T,
u=mu+ Sta+ T7b,
v =mov+ Sta+ T,

(2.33)

for some a,a,a,a° € Y* and b, I;, be,Be € Z*. Moreover, applying the orthogonality
condition (Op 1), we have

<U€7UE H = <7T1U,E, 7T1UE>H + <STQ€, SJ[&E>H —+ <TTbE, TTBE>H,
(T, 0)gy = (m1@t, m0) 3y + (STa, STa)y + (TTh, TTh)y.
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Since {u‘} and {v°} are weakly convergent by assumption (Seq 1) and m is a

compact operator, we have (mu¢, mv) — (mu,mv). It thus remains to establish
(Stac, STa)y, + (TT0¢, T10) 4, — (STa, Sta)y + (T1, T1h)y,. (2.34)

7. To prove (2.34), our starting point is to observe that its left-hand side can be

rewritten as follows:

(Stac, S1a)y + (105, Ty

= (SSTa", @)y + (TTT,b) 7 = (A(af, b9, (@, b)) (2.35)

Yz
On the other hand, let us apply S to u€ and T to v¢ in (2.33). Using the definition of
m and the orthogonality condition (Op 1), we immediately find that

Su¢ = SStaf, Tv¢ =TT, (2.36)

i.e., Aas, b)) = (Su, Tv%). As {Su} C Y and {Tv} C Z are pre-compact by (Seq
2), it suffices to show the boundedness of {(a%,b°)} C Y*@ Z* to conclude (2.34). To

see this, assuming the boundedness one can deduce that

<A<a67 66)7 (aev be)>y®z - <A(a7 b)? (&7 b)>y®z
< [(AGas = a b = ), @0, o |+ ‘<4A(a, b), (@ — b — b))

Y@Z
< |{(Suf — Su, T — T7), (@, b))

Y@Z
+ ‘<4A(a,5), @ = ab = 0), g,

Yz
=1+ II°

For I, since ||(a¢, b°)]

and {Tv‘} C Z in assumption (Seq 1) to conclude that

y+@z- < M, we can use the pre-compactness of {Su‘} C'Y

I°< M|(S(u —u), T(v" — v 0.

>)HY€BZ -

For II°, we need to invoke the reflexivity of Y and Z. As a Banach space is
reflexive if and only if its dual space is reflexive, we know that Y* @ Z* is reflexive.
Then the bounded sequence {(a¢, )} is weakly pre-compact, by Theorem 3.31 in
[58]. Moreover, Theorem 4.47 (the Eberlein-Smulian theorem) in [58] implies the
weak convergence of {(a¢,b)}. Hence, viewing A(a,b) as an element in (Y @ Z)**,
we conclude that II° — 0.
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8. From the above arguments, it remains to prove the boundedness of {(a¢,b)} C
Y*@ Z*. We further remark that (a<,b¢) can be chosen modulo ker(A): More pre-
cisely, it is enough to exhibit one particular representative (a<, ) in 4&_1{(5 ve, Tu)}

such that ||(a, b%)|

vy Pz < C, where C is independent of €. To see this, notice that
(STas, STa)s + (TT0°, TTh )y = (A(a,b9), (af, 5€>>y@z = {(Sv", Tu), (a", 5€)>Y€BZ,
analogous to Eqgs. (2.35)—(2.36). Therefore, we have the freedom to choose a repre-
sentative (a<,b¢) in the co-set (Sve, Tu¢) + ker(A), without changing the expression
on the left-hand side of Eq. (2.34).

For this purpose, let us invoke the key estimate (&) proved in Step 5 to find a

universal constant 0 < M < oo satisfying

1@, 0y @z < M||(Sv", Tu)lly g 2-

Then it suffices to prove the uniform boundedness of {(Sv,Tu)} in Y @ Z.

Indeed, as u¢ — u and v¢ — v according to assumption (Seq 1), we know that {u‘}
and {v°} are bounded in H, by using the weak lower semi-continuity of || - ||3. By the
reflexivity of Hilbert spaces (due to the Riesz representation theorem), {u¢} and {v°}
are weakly pre-compact in H. Next, by standard results in functional analysis, the
continuous linear operator S &1 : H — Y @ Z with respect to the strong topologies
is also continuous when both H and Y @ Z are endowed with the weak topologies
(see [58] for details). As continuous mappings take pre-compact sets to pre-compact
sets, {(Sve, Tu®)} is weakly pre-compact in Y @ Z; equivalently, we have established
the uniform boundedness of {(Sv¢, Tu¢)} in the strong topology of Y @ Z, because
the Banach spaces Y and Z are reflexive.

Therefore, we have proved that
1@ 8)lly- g z- < Msup |(Sv", Tul)lly gy 2 < M' < oo, (2.37)

from which the convergence in (2.34) follows. This completes the proof. m

Let us close this subsection with two remarks on Theorem 1.3. First, in terms of
the applications, Y and Z are usually Hilbert spaces H* = W*2 for s € Z, or S and T
are known to be Fredholm operators. In such cases, our arguments can be essentially

simplified. Second, the reflexivity of ¥ and Z is necessary for Theorem 1.3.

Remark 2.2.1 IfY and Z are Hilbert spaces, then A - Y*@Z* XY HZ Y HZ
is self-adjoint: A" = (SSHT @ (TTN = SST @ TTT = A. Thus, we can decompose

Y P Z = ker(A) @Pran(A) (2.38)
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(cf. Proposition 7.32 in [58]) so that the close-rangedness of A and the crucial esti-
mate (&) are automatically verified. As a consequence, after establishing the finite-
dimensionality of ker(A) as in the first half of Step 1, we can proceed to Step 5 in the
proof of Theorem 1.3. On the other hand, if S and T are given a priori to have finite
dimensional kernels and co-kernels, then S & T is a Fredholm operator (whose range

is automatically closed). Again, we can directly proceed to Step 5.

Remark 2.2.2 The assumption of reflexivity of Y and Z is indispensable. One
counter-example for non-reflexive Y and Z is the “Fakir’s carpet” in Conti-Dolzmann-
Miiller [46] (a more extensive variant also appeared in DiPerna-Majda [50]). Let us
consider the vector fields on © := (0,1)3:

1 o,o)T, m:[ij, (2.39)

LL
mm 2

u(x) = v'(x) = (x/_Zx

the operators S = div, T = curl, and the spaces H = L*(;R3), Y = W-H1(Q),
Z = WL Q;R3). Then, for any test function ¢ € WOI’OO(Q) and any test vector
field o = (¢',¢%,¢°) " € Wy ((; R?), we have

j/m-l-l/m 6w
Suf () (x) d ‘— '\/ d
| su@)(a) do j”/m (@) de
< ||@ZJ||W1,00(Q)— —0 asm — 00 <= € — 0,
1/m

and similarly
[ o(a) - o) da] = | [ o) curl o) o
=g [ (G - ) ]
< \|¢||W1,m(Q;R3)\/% —0 as m — 00 <= € — 0.

Therefore, Su® — 0 in Y and Tv® — 0 wn Z. However, it is straightforward to
check that u¢ — 0, v¢ — 0 in H, but (u¢,v¢) — (1,0,0)"; here (-,-) denotes the L*
inner product. The failure of the weak convergence is related to the phenomenon of

“concentration” in fluid mechanics and non-linear elasticity.

2.2.2 Intrinsic div-curl lemma on Riemannian manifolds

Now we adapt the general functional-analytic theorem, Theorem 1.3, to the geometric

settings. Our aim is to obtain a global intrinsic div-curl lemma on Riemannian
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manifolds (Theorem 2.5), independent of local coordinates, which will be applied to

analyse the global weak rigidity of isometric immersions of Riemannian manifolds in

the subsequent development. Let us first introduce several geometric quantities.
First of all, it is well-known that the divergence of a vector field is globally defined

for an arbitrary dimensional orientable manifold M:
divX = xd * (X*) = *(LxdV}) for any X € I'(T'M), (2.40)

where * is the Hodge star, £ is the Lie derivative, and dVj, is the volume form with

respect to the metric g. The gradient can also be defined intrinsically:

gradf := (df)*. (2.41)

The notion of curl is more subtle. Our ordinary definition for curl, if we require
to be intrinsic, is only well-defined on three-dimensional manifolds. This is because
one needs to identify canonically Q%(M) with ['(T'M), which is only valid in three
dimensions via the Hodge duality. Physically, curl(X) measures the rotation of the
flow generated by X pointing to the rotation axis, where the direction of the rotation

axis is unambiguous in three dimensions. For X € I'(T'M) with dim M = 3,
curlX = [xd(X")]*, (2.42)

where f o * identifies the 2-form dX® with the vector field. On an arbitrarily dimen-
sional manifold M, we can define the generalised curl just as the 2—form, without
pulling back to vector fields:

curlX = d(X”). (2.43)

The underlying reason for introducing the generalised curl is the algebra isomorphism
A (T*M) = s0(n). In this view, curl(X) is a field of anti-symmetric matrices which
can be naturally interpreted as rotations, thanks to the structure of so(n).

Next, we write § : Q4(M) — Q41 (M) to be the L%-adjoint of d:

/ da A\ = / a A *xdf for a € QI(M) and 8 € QI H(M). (2.44)
M M
To emphasise the dependence on metric g, it can also be expressed as
/ (da, B) AV, = / (@,dBydV,  fora € QI(M)and € QI (M).  (2.45)
M M

Equivalently, we can define § := (—1)"@)+1xdx where * is the Hodge star. Hence, in

the definition of divergence (2.40), divX is simply X modulo a sign. Therefore, we
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always regard ¢ as the divergence and d as the curl. Moreover, the Laplace-Beltrami
operator A : Q4(M) — QI(M) on manifold M is given by

A:=dod+dod. (2.46)

We also denote by Har?(M) := ker(A), the space of harmonic ¢g—forms.
One fundamental result concerning the Laplace-Beltrami operator is the Hodge

decomposition theorem (cf. Warner [122]):

Theorem 2.4 (Hodge Decomposition) Let M be a closed orientable Riemannian

manifold. For each integer ¢ with 0 < q < n, the following orthogonal decomposition
holds:

QM) = Har'(M) @ Im(A) = Har?(M) @ dQ~ (M) ) 6Q0 (M), (2.47)

where the orthogonality is taken with respect to the L? inner product on Q4(M).
Moreover, dimg(Har?(M)) = dimg(HIz(M;R)) < oo for closed manifolds, where
HI: (M;R) is the ¢™ de Rham cohomology group of M.

In view of Theorem 2.4, we can define the solution (Green) operator to the Laplace-
Beltrami on closed manifolds. Let my : Q4(M) — Har?(M) stand for the canonical
projection. Then, for a € QI(M), we set

G(a) = A_l(a - 7rHoz). (2.48)

It can be shown that, if T is a linear operator commuting with A, then it also
commutes with G. In particular, d,d, A and * commute with G. Moreover, A and
G are bounded linear operators on the Sobolev spaces: A : W*2P(M; NYT*M) —
WHEP(M; NTT*M) and G : WEP(M; N9T*M) — WHEE2P(M; N9T*M) are continuous
for each k € Z, p € (1,00) and 0 < ¢ < n.

As a direct corollary of Theorem 1.3, we obtain the following geometric div—curl
lemma. This is the result employed in §2.3 below that leads to the weak continuity
of the GCR equations.

Theorem 2.5 (Geometric Div-Curl Lemma; c¢f. [78, 105]) Let (M, g) be an n-
dimensional Riemannian manifold. Let {w*}, {7} C L& (M;\N?T*M) be two families
of differential q—forms, for 0 < q < n, such that

(i) w®— W weakly in L?, and 7¢ — T weakly in L*;
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(ii) there are compact subsets K4, Ks of the corresponding Sobolev spaces, such that

{dw} C Kq € Hl(M; AT T*M),
{67} C K5 € HH(M; N1 T*M).

Then (w¢, 7¢) converges to (W, T) in the sense of distributions:

/ (W, 7)Y dV, — / (w, Ty dV, for any ¢ € C(M).
M M

Proof. First of all, we can reduce the statement of the theorem only for compact
manifolds. Indeed, fix any ¢ € C°(M). It suffices to prove for ¢» > 0; otherwise,
we may decompose it as 1) = ¥+ — 1)~ and approximate 1= by C* non-negative
functions respectively. Then, without loss of generality, we can always replace (w¢, 7€)
by (vVYwe, /17), and replace M by any compact submanifold of M containing the
support of ¢». Thus we may drop the test function ¢) and the subscripts “loc” in the
function spaces. More precisely, it suffices to take M as a closed Riemannian manifold

and establish the convergence:
/ (W, 7) aV,, —>/ @7 AV, ase— 0,
M M

provided that {w<}, {7} € LA(M;NIT*M), {dw} C Kq @ H Y (M; N9 T* M), and
{67} C Ks @ HY(M; N2 T*M).

Now we are in the position of applying Theorem 1.3. For this purpose, we
take H = L2M;NT*M), Y = HYM; N T*M), Z = H-'(M; N T*M),
H = HYM;NT*M), S =d, and T = 4. In this setting, {w‘} and {7} play
the role of {u‘} and {v°}, respectively. Conditions (Seq 1)—(Seq 2) of Theorem 1.3
correspond precisely to conditions (i)—(ii), and condition (Op 1) of Theorem 1.3 is
verified by the cohomology chain condition dod =0 and § o 6 = 0.

We are left with checking (Op 2), i.e., for any o € L*(M; A\?T*M), there exists a
constant C' > 0 such that

||a||L2(M;AqT*M)
< C(HdO‘HH—l(M;/\q“T*M) + ||5a”H—1(M;/\q*1T*M) + ||O‘||H*1(M;/\qT*M))~ (2.49)

The proof relies crucially on the Hodge decomposition, Theorem 2.4, as well as the

standard elliptic estimate for the Laplace-Beltrami operator:
||W||L2(M;/\q ey S C<”AWHH*2(M;/\‘1 M) T+ ||w||H*2(M;/\qT*M)) (2.50)
for arbitrary w € L*(M; N1T*M).

33



Now let us prove Eq. (2.49). Given a € L*(M; N9 T*M), we define 3 := Ga, which
is equivalent to the decomposition: o = mya + AB. Applying the elliptic estimate

(2.50) to w := mya immediately, one obtains

HWHOé”LZ(M;/\q ) < C||7TH04”H—2(M;/\4 T*M)>

where C' > 0 is a universal constant. As H 2(M; A\?T*M) is a Hilbert space and 7y
is a projection, the Pythagorean law gives ||7rHa||H72(M;/\q 70y < ||oz||H72(M;/\q T M)-
Thus, in view of the compact embedding H~*(M; N9T*M) — H2(M; N1 T*M) due

to the Rellich lemma, we conclude that

||7THQ||L2(M;/\‘1T*M) < CHO‘HH—l(M;/\qT*M)‘ (2.51)
Finally, we can bound A in L2 It follows from the following estimates:
188 2 qarpo-an

= ||A<Ga)||L2(M;/\qT*M)
= ||G(Aa)||L2(M;/\qT*M)

IN

C(HAO‘HH—Q(M;/\E’ M) T HG(AQ)HH—%M;/\‘?T*M))

IN

O (116 + 6)rlL -2 po 731y + v = w2 (@) lr-2qasipo o))

IN

O(H(SQHHA(M;/\‘?*T*M) + ||da|lH*1(M;/\q+1T*M) + HO‘HH*(M;/\"T*M))

IN

C(H(SOCHHJ(M;/\Q”T*M) + HdO‘HHfl(M;/\q“T*M) + HO‘HH—I(M;/\‘?T*M)>7 (2.52)

where we have used the commutativity of G and A in the third line, the elliptic
estimate in the fourth line with w = Ga in Eq. (2.50), the definition of A and G in
the fifth line, the Pythagorean theorem in the Hilbert space H2(M; A?T*M) in the
sixth line, and the Rellich lemma in the final line. Therefore, the estimate in (2.49)

has been obtained, and the proof is now complete. m

As a remark, Theorem 2.5 is a generalised version of the main theorem in Robbin-
Roger-Temple [105] to higher dimensions, and has been obtained previously by Kozono-
Yanagisawa [78]. In fact, [78] established a more general geometric div-curl lemma
on Riemannian manifolds, which applies to two sequences {w} and {7¢} lying in Lj,

loc

and Li, (1 <7 s < oo, ++1=1); also see the Appendix of Chen-Li [25]. We leave

loc

it as an open problem to find a purely functional analytic formulation of this result.
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Theorem 2.6 Let (M, g) be an n-dimensional Riemannian manifold. Let {w} C
Li, (M;NT*M) and {7¢} C Li, (M; N1T*M) be two families of differential g—forms,

loc loc

for0<qg<n,1<rs<oo, and%%—%: 1. Suppose that
(i) w® = w weakly in L", and 7¢ — T weakly in L* as e — 0;
(ii) There are compact subsets Ky, Ks of the corresponding Sobolev spaces, such

that

{dw} C Kq €@ Wi " (M; AP T M),
{67} C K5 € Wi "(M; A1 T M).

Then (w, 7€) converges to (w,T) in the sense of distributions: For any ¢ € C(M),

/M<w€776>1/) dV, — /M<w,7>¢ dv, as € — 0.

The proof can be found in the Appendix of [25].

2.3 Proof of weak continuity of GCR equations

2.3.1 Global weak rigidity theorem

Our main result in this section is the following:

Theorem 2.7 (Theorem 1.2 in §1.2.1) Let (M, g) be an n-dimensional Rieman-
nian manifold with WP metric for p > 2. Let a sequence of operators {(B¢, V)}

satisfy
(i) The tensor fields B¢ : T(TM) x T(TM) — T(TM*) and the affine connections
VL T(TM) x T(TM*) — T(TM*) are uniformly bounded in LY . with

loc
€ 1e
SUp BN oy + IV Niria } < Cxe (2.53)
€>
for a constant Cx on any compact subset K € M, independent of €;

(i) (B¢, VL) are solutions of the GOR equations in the following sense: For any
XY, ZW el(TM) and n,& € T(TM?1),

(BS(Y,W),B(X,2)) — (BS(X,W),B(Y, Z)) = R(X,Y, Z,W),(2.54)
([Sr, SIX,Y) = RH(X,Y,n,£), (2.55)
VyBY(X,Z)-VxB(Y,Z)=0 (2.56)

in the sense of distributions, where S€ is the shape operator corresponding to B¢

(Note that V¢ is implicit in the above equations).
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p

Then, after passing to a subsequence, {(B¢,V+)} converges weakly in LT

(B, V1) that is still a weak solution of the GCR equations (2.16)—(2.18).

to a pair

This result can be regarded as a global version on Riemannian manifolds of Theo-
rem 3.3 in Chen-Slemrod-Wang [31]. In this paper, both the statement and the proof
for this weak rigidity theorem are global, intrinsic, independent of the local coordi-
nates of the Riemannian manifolds, which offers further geometric insights into the
GCR equations.

Remark 2.3.1 Theorem 1.2 for the exact solutions can be extended to the weak con-
tinuity of approzimate solutions (B¢, V1<) of the GCR equations. More precisely, in-
stead of (2.54)—(2.56) in (ii), let (B¢, V<) solve the following approzimate GCR equa-
tions in the distributional sense: For any X,Y,Z,W € I(TM) and n,& € T(TM*),

(BS(X,W),B(Y, Z)) — (B(Y,W),B(X, Z2)) + R(X,Y, Z,W) = Of,(2.57)
<[S:]7S§]X7 Y> - RL(Xa Yﬂ%f) = 057 (258)

VyB{(X,Z) - VxB(Y, Z) = O, (2.59)

such that lim,_,o Of = 0 in W, for some r > 1. Then, after passing to a subse-
quence, {(B¢,V+)} converges weakly in LP to a pair (B,V?1) that is a weak solution
of the GCR equations (2.16)—(2.18).

2.3.2 First formulation: Identification of tensor fields with
special div-curl structures

Now we begin the proof of Theorem 1.2. First we seek for tensor fields with special
div-curl structure for the GCR equations on manifolds.

Recall our previous convention: X,Y, Z --- € I(TM) and &,n,8,-+- € T(TM™).
For each fixed (Z,n,¢), define the tensor fields vz(f?),vg“ : T(TM) x T(TM) —
(TM) and 1-forms QF), Q) € QY(M) = T(T* M) by

ViP(X,Y) = B(X, Z,n)Y — B(Y, Z,n)X, (2.60)
VX, Y) = (VEE )X — (V& m)Y, (2.61)
Q) = —B(e, Z,n), (2.62)
Q) = (Vg ). (2.63)

To avoid further notations, we denote the vector fields canonically isomorphic to Q(ZBH)

and ng) (via # and b) by the same symbols.
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The motivation for introducing V and Q is as follows: The 1-forms (Q®), Q(V")
are simply contractions of (B, V™), and the vector fields (V%) V(VL)), being anti—
symmetric in the arguments (X,Y) € TM ® TM, can be viewed as the rate of
rotations of Q(ZBg and Qg;) in the 2-planes generated by (X,Y).

Our first formulation concerns the divergence of V' in Egs. (2.60)—(2.61) and the
curl (as 2-forms) of Q in Egs. (2.62)—(2.63):

Lemma 2.3.1 (First Formulation) The divergence of V' and the curl of Q can be
reformulated as follows:
div(V;, (X,Y)) = YB(X, Z.n) = XB(Y. Z,1)
+ B(X, Z,n)divY — B(Y, Z,n)divX, (2.64)

)

div(VY (X, Y)) = =Y (V&) + X (Vi€ n)

4+ (V$€,n)divX — (V€ n)divY, (2.65)
d(QY))(X,Y) =YB(X,Z,n) — XB(Y, Z,n) + B([X,Y], Z1), (2.66)
ATV (X, Y) = =Y (VEE 1) + X (V1) — (Viyi&m)- (2.67)

Proof. To show the first two identities, we use Eq. (2.40) to express the divergence

in terms of the Lie derivative, which is further computed from Cartan’s formula:
Lx =doix +1xod, (268)

where ¢ is the interior multiplication. Indeed, in local coordinates let us write X =
X'0;, Y =Y70; and dV, = dz' A ... Adz". Then

Lx dVy = (—1)"Xidw1/\.../\cjﬁ/\.../\dx”7
vy dVy = (=1)7YIdat Ao AN dad A LA da,

where [/\] denotes the omission of the corresponding term. (In the above equation

only, we temporarily disregard the Einstein summation convention). As a result,
(dixavy)) =divX,  #(d(iy dvy)) = divY, (2.69)

as 0;X" = divX and *dV, = 1. On the other hand, for any f: M — R we have

{*<df A (1y dVg)) =*(0;fY7dVy) =Y f, (2.70)

«(df A (1x dV,)) = #(0:F XaV,) = X f,
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where the vector fields X, Y are identified with the directional derivatives, as remarked
in §2.2.1. Therefore, we conclude that

av, )

—{a(BOV.Zn) A (1xdVy)) | — BOY. Z,m) x (d(1x dV;))
— YB(X.,Z,n) — XB(Y, Z,n) + B(X, Z,n)divY — B(Y, Z,7)div X.

In the first line we use Cartan’s formula (2.68), in the second d(dV,) = 0, in the third
the definition of V(&) in the fourth the definition of d, and in the last line, we apply
Egs. (2.69)(2.70); hence Eq. (2.64) is established. Moreover, the proof for Eq. (2.65)

is analogous.

For the generalised curl (i.e., d), recall from §2.2.1 the identity:

do(X,Y) = XaY) = Ya(X) — o([X,Y]) for a € QY(M).

Applying the above to a = Q(Z]i;, we get

dQP)(X,Y) = XQZNY) - YQZHX) — QP)N([X,Y))
=—-XB(Y,Zn) +YB(X,Zn) + B(X,Y],Z,n),

which is Eq. (2.66). The proof of Eq. (2.67) is analogous, and the proof is complete. ®

As a remark, it is crucial to recognise that 0 (Vz(i) (X, Y)) and d(Q(ZBg)(X Y), as
well as 5<V§(’Zl) (X, Y)) and d(Qgﬁ» (X,Y), are essentially the same: They only differ
by a zero-th order term involving the Lie bracket [X,Y]. This observation turns out

to be crucial for deducing Theorem 1.2.

2.3.3 Second formulation: Div-curl structure of GCR equa-
tions

We now express the GCR equations in another form, which is suitable for applying the
intrinsic div-curl lemma, ¢.e., Theorem 2.5. To achieve this, we employ the geometric
quantities V) QP V) and QV)| in the reduced GCR equations (2.19)(2.21)

in Theorem 2.2 to obtain
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Lemma 2.3.2 (Second Formulation) The Gauss, Codazzi, and Ricci equations

are equivalent to the following equations, respectively:

STWIX,Y), Q0 = —R(X,Y, Z, W), (2.71)

AP (X,Y) + Z<V;{§”(X, Y), Q00 + E(B) =0, (2.72)

ALY ) (X,Y) +Z (X, V), 0% ) = S (x,Y), 0F)), (2.73)
B A

where E(B) := B(Y,VxZ,n) — B(X,VyZ,n) is linear in B, and all the summations

are at most countable and locally finite.

Proof. We divide the proof into four steps; see Chen-Li [25] for details.
1. We start with Eq. (2.71). Consider the following spanning set of normal vector
fields:

= {{n}j=s CT(TM?™) : |n| = 1,span{n;}f = T(TM™)}, (2.74)

where n + k is the dimension of the target space of the isometric immersion.
Since metric g is in W5” on M, and the second fundamental form and the normal

connection are well-defined in L . then S; exists a.e. on M. In view of the remark

locy

above, we can make the following computation in the distributional sense:

(B(X,W),B(Y,2Z)) — (B(Y,W),B(X, Z))
=Y (B(X,W,n)B(Y, Z,n) — B(Y,W,n)B(X, Z,n))

neSL

neESL

= S (VID(X,Y), Q). (2.75)

nESL

where the last equality follows from the definition of V#) and Q¥). Combining the
above computation with (2.19) yields Eq. (2.71).

2. Next, we establish Eq. (2.72). Let us start from the Codazzi equation (2.20) in
the form of Theorem 2.2:

=B([X,Y], Z,n) — B(X,VyZ,n) — B(X, Z,Vyn) + B(Y,VxZ,n) + B(Y, Z,Vn).
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By Eq. (2.62) in the first formulation, we can transform the above equation to the

following:

d(QPN(X,Y) = B(X,VyZ,n) — B(X, Z,Vn) + B(Y,VxZ,1) + B(Y, Z,Vx1) = 0.
(2.76)

Moreover, observe that

B(Y,Z,Vxn) — B(X,Z,Vyn) = Y_ (B(Y,Z,8)(Vxn.8) — B(X, Z, 8)(Vyn, )

BESL

=Y B((Vxn,B)Y — (Vin,B)X, Z, B)
BEST

=) M(,ZL)(X, Y), Q7). (2.77)
BEST

Thus, by putting together Egs. (2.76)—(2.77), we arrive at Eq. (2.72). It expresses the
Codazzi equation in terms of V and ).
3. Finally, we prove Eq. (2.73). The Ricci equation (2.21) in Theorem 2.2 reads

= (Vixyis:m) — (Vx&, Vyn) + (V& Vxn)
+ B(Vx& = Vx&Y,n) — B(Vxn — Vxn,Y,€).

In light of Eq. (2.67) in the first formulation, we have

AN (X,Y) + (VEE Vin) — (Vi€ Vi)

The last two terms on the left-hand side can be expressed as

BES1

1
- ﬁé <V<V¢n,B>X—<V§n,B>Y5’ B)
1

_. ﬂzs V(X Y), 080 ), (2.79)
€381

by using the definition of VV") and Q(V") in Eqs. (2.61) and (2.63).
To deal with the right-hand side of Eq. (2.78), we temporarily assume the existence

of the tangential spanning set of unit vector fields:

Sy = {{Z;}}-, CT(TM) : |Z;| = 1, span{Z;}}_, =T(TM)}. (2.80)

40



In this case, one can compute the right-hand side of equation (2.78):

B(Vx& = V& Yon) — B(Vxn = Vyn,Y,¢)

VASSY)

= > (B(Z X,n)B(Z,Y,§) — B(Z,X,£)B(Z,Y,n)). (2.81)

Z €Sy

Indeed, to obtain the last equality, recall that B is symmetric in the first two argu-
ments. Then, using Eqgs. (2.12)—(2.13), we have

<?X€ - V)L(£7Z> = _<S§X7 Z> = _B(Xa Za 5)7

where S is the shape operator. The other term follows similarly.
On the other hand, by Eqgs. (2.60) and (2.62), we have

B(Z,X,n)B(Z,Y,¢) — B(Z,X,§)B(Z,Y,n) = —B(B(X, Z,€)Y — B(Y, Z,6)X, Z,£)
= (Vi2(X,Y),QF). (2.82)

Thus, putting Eqgs. (2.78)—(2.79) and (2.81)—(2.82) together, we obtain Eq. (2.73).

4. Unfortunately we cannot take the existence of Sy for granted. For example, on
M = S*™ the Hairy Ball theorem shows that any Z € T'(T'M) must vanish at some
point. To overcome this difficulty, we may resort to a partition of unity argument.
Let A ={U, : « € I} be an atlas for M, and let {p, : « € Z} be a smooth partition
of unity subordinate to A. On each U,, the spanning set in the form of Sy exists,

since U, is diffeomorphic to R™. We write

Sy = {{Zja iy C I(Tu,) : \Z;‘| = 1,span{Zj‘ noo= F(TUa)}_

i=1=

Define
Sy = {Z = PaZLaupp(pa) : 2% € S5, € I}. (2.83)

ael

Then we can take S, in place of S so that all the preceding arguments for the Ricci

equation pass through. This completes the proof. m

2.3.4 Completion of the proof of Theorem 1.2

We can now prove the global weak rigidity theorem, Theorem 1.2, for the GCR
equations on Riemannian manifolds. Indeed, the main ingredients of the proof have
already been provided in the previous two formulations, which express the GCR

equations in the form suitable for employing Theorem 2.5.
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Proof. Our arguments consist of three steps.

1. By taking the orientable double cover when necessary, we may assume that
M is orientable. Then we can employ Theorem 2.5 on M. Moreover, by Theorems
2.1-2.2, (B¢, V+¢) are solutions to Eqs. (2.19)—(2.21) in the distributional sense.

2. Consider our second formulation. The zero-th order terms of Egs. (2.71)—(2.73)
contain linear combinations of the following quadratic nonlinear forms:
Vi, (Y, 080, Vg P y)ef ),

! (2.84)

WVENX,Y), 000, (VX Y), 0P,

and the linear term F(B¢) in B¢. Clearly, E(B¢) — E(B) in D', owing to the linearity
of B and the uniform LP-boundedness of {B}.
For the four terms in (2.84), by the hypotheses of Theorem 1.2, we find that

{(VE)N(X,Y), QB vI(xY), oV}

are uniformly bounded in L} . As a consequence, the four quadratic terms in (2.84)

are uniformly bounded in L¥/? for p > 2.
Then, by Egs. (2.72)—(2.73), we know that d(Q ))(X Y) and d(Q )(X Y)
p/2

are uniformly bounded in L;/., so that they are Compact at least in I/VIOC % for some

loc»

P € (1,2) by the Sobolev embedding. On the other hand, since Qévnl’e) and Q(ZB;) are
uniformly bounded in L ,p > 2, d(QéVnM))(X .Y) and d(Q )(X Y') are uniformly
bounded in W,,**, p > 2. Then, by Lemma 2.3.3 below, we Conclude that

{d(ngnL “) (X, Y), d(Q(Z?;))(X, Y)} are pre-compact in Hy+(M).

Lemma 2.3.3 (Interpolation Lemma) Let O C R" be an open bounded set. Let
1 <p <2< p<oco. Assume that {f} is bounded in W—1P(O) and is pre—compact
in W= (0). Then {f} is pre-compact in H='(O).

This lemma is due to an earlier result of F. Murat (¢f. Tartar [118], Evans [56]). It
has been applied to prove the global existence of weak solutions of 1D conservation
law (cf. Ding-Chen-Luo [49]) and 1D nonlinear elastodynamics (¢f. Lin [82]).

Furthermore, Eqgs. (2.64)—(2.67) of the first formulation lead to:

div(Vi2(X,Y)) = (@Y, ) (X,Y) - B(X,Y], Z,n)
+ BY(X, Z,n)divY — B(Y, Z,n)divX, (2.85)
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div(Vey (X, Y)) = dQ, )X, Y) + (Vi Em)
+ (Ve n)divX — (Vi€ n)divY. (2.86)

Since (B¢, V1) are uniformly bounded in L} ,p > 2, again by the Sobolev embed-
dings, they are compact in H,,.. Since the divergence operator equals § (the adjoint

of d) modulo a sign, we conclude that
{5<VZ(576)(X, Y)), 5(1/5(;“)()(, Y))} are pre-compact in ngcl(M).

In this step the remark following Lemma 2.3.1 has been used.
3. Since (B¢, V+¢) are uniformly bounded in LY

loc»

p > 2, after passing to subse-

quences, they converge to some (B, V+) weakly in L} . Combining the arguments in

loc*
Step 2 with Theorem 2.5, we obtain the following convergence in the distributional

sense:

<vv<vi><x Y),Q7)) — (ViI(X,Y),QF),
VXY, sz< Ty — vy,
<v<BE< Y),QF > — (Vi (X, V), Q7))

v, W“(X Y), Q< ) — VX Y), Q).

Therefore, we have passed to the limits as ¢ — 0 in Eqgs. (2.71)—(2.73) of the sec-
ond formulation, namely Lemma 2.3.2. Moreover, in the same lemma it is shown
that the second formulation and the GCR equations are equivalent. Thus the weak

limit (B, V+) is still a weak solution of the GCR system, which completes the proof. =

To conclude this section, we remark that Egs. (2.1)-(2.3) in Chen—Slemrod-Wang
[31], which are the Gauss, Codazzi, and Ricci equations in local coordinates, can
be seen directly from our global formulations in Theorems 2.1-2.2. Indeed, write
{0; + 1 < i < n} as a local coordinate system on the tangent bundle 7'M, and
{0, :n+1<a<n+k} for alocal coordinate system on the normal bundle TM*.

To write the GCR equations in the local coordinates, we define
he = (B(8;,05),0a), K= (V3,0 08), (2.87)

and substitute the unit vector fields 9; (or d,) in place of X (or &, respectively), i
the GCR equations in Theorems 2.1-2.2. We solve for {h{}, k3 }, namely the second
fundamental form and the normal affine connection written coordinate-wise. In this

way we recover Egs. (2.1)—(2.3) in [31]:
highG — highSe = Riju, (2.88)
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ohy, Oy

St~ gt T Tl = Tk, + KEshiy — wishi; = 0, (2.89)
aﬂl&ﬁ aﬂgﬂ mn o o a o
oxk o ox! -9 <hmlh£n - hmkhlﬁn) + ’%IWRZB - "fl»yfﬁzlg =0, (290)

where R := R(0;,0;, 0k, 0)), and the Christoffel symbols are defined as usual by
IE = 16" (0igj + 0590 — 01945)-

2.4 Realisation of isometric immersions from GCR
Equations: Riemannian case

In §2.3, we have proved the global weak continuity of the GCR equations on Rieman-
nian manifolds with lower regularity. The next natural question is about its geometric
implications. In particular, we wish to translate the weak continuity of the PDEs
(Gauss-Codazzi-Ricci, established in §2.3) to the weak rigidity of the corresponding
isometric immersions.

More precisely, the question is as follows: Given a sequence of isometric immer-
sions {f} : (M,g) — (R™*, go) locally uniformly bounded in W??, we know that
the corresponding second fundamental forms and normal connections, denoted by
(B¢, V1), satisfy the GCR equations in the sense of distributions, and they are
weakly pre-compact in LY . Say that (B, V1) is a weak limit of {(B¢, V>)} in L7 .

By §2.3, (B, V1) also satisfies the GCR equations in the sense of distributions. Now,

we ask whether a weak limit f of {f€} is still an isometric immersion of (M, g). This

p
loc

amounts to the following problem: Given (B,V<) € L satisfying the GCR equa-
tions on (M, g) in the sense of distributions, can we construct an isometric immersion
[ (M, g) — (R™ gy) such that (B, V') coincide with the second fundamental
form and the normal connection of f? As remarked in §1.2.1, this is related to the

realisation problem in non-linear elasticity.

2.4.1 Realisation problem for Riemannian manifolds

The realisation problem is answered in the affirmative by the following result, first
proved by Mardare [87, 88] for immersed 2D surfaces in R?, and then by Szopos [116]
for arbitrary dimensions and codimensions. Our aim is to give a re-proof, which
adopts the classical arguments by K. Tenenblat [121] using the Cartan formalism
in exterior differential geometry. This method may appear more natural from the
geometric perspectives, and it simplifies the arguments in [87, 88, 116] which involve

finding several matrices of large sizes.
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In what follows we require p > n to guarantee that the differential df € W,." —

CP ., i.e., the immersions are understood in the classical sense a.e.

Theorem 2.8 (The Realisation Theorem, Riemannian Case) Let (M, g) be an
n-dimensional, simply-connected Riemannian manifold with the metric g € T/Vlf)’f,p >
n, and let (E, M,R¥) be a vector bundle over M. Assume that E has a W,.? metric g©
and an L% connection VE such that V¥ is compatible with the metric g¥. Moreover,
suppose that there exists an LY . tensor field S : T(E) x I(TM) — T'(TM) satisfying

(X, 5,(V) — {8,(X),¥) = 0
with the corresponding L, ~tensor field B : T(TM) x T'(TM) — T'(E) defined by
<B<X7 Y)? 77) = _<S77(X>7 Y>

Assume that the GCR equations on E (as in Theorem 2.1, with R* replaced by RF)
are satisfied in the sense of distributions. Then, there exists an isometric immersion
f € W2P(M;R™*) such that TM* is identified with E, and B, V¥ coincide with the

second fundamental form and the normal connection associated with f.

2.4.2 Cartan formalism

We now introduce a useful tool, the Cartan formalism, for isometric immersions. We
sketch some results directly pertaining to isometric immersions. For a local isometric

immersion f: U C M™ < R"™ we adopt the index convention as in [121]:
1<4,7<m; 1<a,bc,de<n+k; n+1<ap,v<n+k.

On a local chart U C M where the vector bundle E is trivialised (i.e., E|y is
diffeomorphic to U x R¥), let {w} € Q'(U) be an orthonormal co-frame dual to the
orthonormal frame {0;} C I'(TU). The latter is called a moving frame adapted to U.
The Cartan formalism is thus also known as the method of moving frames. In this
theory, it is well-known that the GCR equations are equivalent to the following two

systems, known as the first and second structural equations (cf. [111] by Spivak):

dw' = w A wé, (2.91)
J

dwy = = wi Aw?. (2.92)
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Here, the 1-forms {wj} are defined as follows: Let {m,41,...,Mmsx} C I'(E) be an

orthonormal basis for fibre R*¥ of bundle E over the trivialized chart U. Then we set

w!(8) == (Va,0;,0), (2.93)
wo(05) = —w(9;) := (B(0i, 05),7a), (2.94)
w5 (9;) = (Vi Tl 18)- (2.95)

The structural equations (2.91)-(2.92), together with the definitions for the connec-
tion form in local coordinates, i.e., Eqgs. (2.93)—(2.95), are referred to as the Cartan
formalism.

It is both convenient and conceptually important to introduce the following short-

hand notations: Write
W = {wi} € Q' (U;so(n +k)), (2.96)

which is a field of 1-form-valued anti-symmetric matrices (or equivalently, the field
of anti-symmetric matrix-valued 1-forms). Heuristically, W packages together the

second fundamental form and normal connection. We also write
w=(w',...,w"0,...,0) € Q" (U;R"™). (2.97)
As a result, the structural equations can be written as
dw=wAW, AW +WAW =0, (2.98)

where operator A between two matrix-valued differential forms denotes the wedge
product of differential forms together with matrix multiplication. In the sequel, we
always adhere to the practice of writing (matrix) Lie group-valued PDEs in short-
handed forms as in (2.98).

We remark that the structure equations, as well as various other Lie group-valued
equations we will introduce below, are intrinsic. That is, these equations are inde-
pendent of the moving frames, hence are natural in coordinate-free notations. For

more details on the Cartan formalism, see [111, 33].

2.4.3 Proof of Theorem 2.8, the realisation theorem

With the Cartan formalism introduced, we are now in the position to prove the main
result of this section, i.e., Theorem 2.8. Our proof is intrinsic and global in nature,
i.e., covariant with respect to change of local frames.

We divide the proof into seven steps.
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1. First, recall that W = {wi} € QY (U;s0(n+k)) and w = (w',...,w"0,...,0) €
QYU;R™™). In order to find an isometric immersion based upon the structural
equations (2.91)-(2.92), we first solve for an affine map A (taking J; to n,), which
essentially consists of the components of the normal affine connection, and then the
isometric immersion f is constructed from A.

We first carry out such constructions locally. More precisely, given xo € U, we
find an open set V with zp € V' C U and a field of symmetric matrices A = {Af} :
V' — O(n + k), satisfying the first-order PDE system:

=dA- AT i
{W inV, (2.99)

A(l’o) = Ao,

where AT is the transpose of matrix A. It means that W(X|,) = dA(X]|,) - A(x) for
x €V and X € I'(TV), where the dot is the matrix multiplication.

Now, under the assumption that Eq. (2.99) is satisfied, we next solve for function
f:V — R"* such that

{df:w‘A in V, (2.100)

f(xo) = fo,
i.e., dfy(X|:) = w(X|,) - A(z) for x € V and X € T'(T'V). Following [87, 88], we call
(2.99) the Pfaff system and (2.100) the Poincaré system. The names come from the

theory of integrable systems and the Poincaré lemma in cohomology, respectively.

2. In the C* category, to establish the solvability of PDEs in form (2.99)—(2.100),
which can be viewed as complete integrability conditions, we only need to check the
involutiveness, in view of the Frobenius theorem. This constitutes the arguments in
[121]. In the lower regularity case, we seek for the correct analogue to the Frobenius

theorem. The following lemma can serve for this purpose:

Lemma 2.4.1 (Mardare [86, 87, 88]) The following solubility criteria hold for two
types of first-order matriz Lie group-valued PDE systems:

(i) (The Pfaff system, Theorem 7 of [87]): Let U C R™ be a simply-connected open
set, xo € U, and My € gl(n;R). Then the following system:
oM
P :QZM, i:1,2,...,n, ]\4(%0):]\407 (2101)
lv'l
with the matriz fields Q; € LY (U; gl(n;R)) fori=1,2,...,n, andp > n, has a

loc

unique solution M € VVé’f(U;g((n;R)) if and only if the following compatibility
condition holds:

6@@ 6@] _ . / .
5wl Bni (Qi, Q;] in D" foreachi,j=1,2,...,n. (2.102)
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(ii) (The Poincaré system, Theorem 6.5 of [88]): Let U C R™ be a simply-connected
open set, xg € U, and g € R. Then the following system:

; :¢i7 L= 1727"'7n7 w<x0) :1/10, (2103>

with ¢; € L. (U) fori=1,2,...,n, and 1 < p < oo, has a unique solution

loc

(NS VVlif(U) if and only if the following compatibility condition holds:
dp; 09

oi " By 0 in D" for eachi,j =1,2,...,n. (2.104)

Here and throughout, gl(n;R) denotes the vector space of n x n real matrices,
i.e., the Lie algebra of the general linear group. We also remark that the uniqueness
in (ii) is proved by L. Schwartz [115].

Thanks to Lemma 2.4.1, solving for systems (2.99) and (2.100) can be reduced to
checking the compatibility conditions in the form of Egs. (2.102) and (2.104), provided

that the regularity assumptions are satisfied.

3. Let us first solve for the Pfaff system (2.99). Performing contraction with the

moving frame {J,}, one has

0A

dA(D) = o

—W(3,) - A, (2.105)

which is a Pfaff system on gl(n + k;R). By the assumptions g,¢* € VVlif and
B,VF € ¥ . sothat W € LI with p > n. This verifies the regularity hypotheses in

loc

Lemma 2.4.1 (i).

The compatibility criterion (2.102) can be written in local coordinates as

0p(wg(0a)) — 0u(wi(D)) = D_[we(0a), wa(h)]. (2.106)

e

Recall formula (2.2): As a special case, for any 1-form a and vector fields (X,Y),
da(X,Y) = XaY) - Ya(X) — o([X,Y]). (2.107)
Thus, taking a = w3, X = 0y, and Y = 0, we have
Q01 0) = Oh(5(00)) — Du(w5(@0)). (2108)

Moreover, the Lie bracket on the right-hand side of Eq. (2.106) can be written as
the wedge-product of 1-forms:

> _[we(0a), wi(B6)] = 3 (we A wg)(Da, Oy).

€ €
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Combining these two observations, the compatibility criterion for the Pfaff system

(2.99) is equivalent to the following:

dw§(Da, Bp) =D (WG A wE)(Oa, Op).

e

This is precisely the second structural equation (2.92). Thus, by Lemma 2.4.1(i), we
can find A € W, (V; gl(n+ k; R)) satisfying Eq. (2.99). Using equation W = dA- AT
and the fact that W € so(n + k), we deduce that A maps into O(n + k).

4. Next, we solve for immersion f from the Poincaré system (2.100). Since
w- A€ VVlif with p > n, the regularity assumption in Lemma 2.4.1(ii) is satisfied,
both for w - A and its first derivatives. Thus, if we verify the compatibility condition
in the form of Eq. (2.104), we can establish the existence of the isometric immersion
f e W2, thanks to Lemma 2.4.1.

Now, observe that the compatibility condition for the Poincaré system (2.100) is

equivalent to

0y(w(0a) - A) — 0u(w (D) - A) = 0

for each index 1 < a,b < n + k. Invoking Eq. (2.107) once more, we can express
d(w - A)(Oq, Op) — (9b(w((9a) : A) + (9a(w(8b) : A) = 0.
Therefore, it suffices to show that
d(w-A)=0. (2.109)
Indeed, using the Pfaff system (2.99) solved above, we have
dw-A)=dw-A—wANdA=dw-A—wAN(W-A). (2.110)
However, the first structural equation (2.91) can be expressed as
dw' =3 W' Awy = W Awj,
a J
since wg = 0 for any n 4+ 1 < 8 < n + k by construction. Then
dw-A=wA(W-A). (2.111)

Putting Egs. (2.110)—(2.111) together, one can deduce Eq. (2.109), which is equivalent
to the compatibility condition for the Poincaré system (2.100). As a consequence, we
find that f € W2P(V; R"**) solves Eq. (2.100).
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5. With the solution to the Pfaff system (2.99) and the Poincaré systems (2.100)
associated with our isometric immersions problem, it remains to check that f is indeed
the immersion for which we are seeking. To this end, we can define a new local moving

frame {ey,..., e} by
€; = df((?l), €Cn - — ZA?@[, (2112)
b

Then, following precisely the same arguments as those in pages 32-35 in [121], we can
show that such a construction gives the correct normal bundle metric, normal affine
connection, and second fundamental form.

Moreover, we observe that df = w - A from Eq. (2.100), A € O(n + k) is a field
of nonsingular matrices, and {w',...,w"} are linearly independent. Since A € W,?
and p > n, Morrey’s embedding WP — C° shows that df # 0 a.e. In other words,
f is indeed an immersion modulo a set of measure zero. The almost everywhere
uniqueness of f follows from Lemma 2.4.1 and the R""* x O(n + k)-symmetry of the

Euclidean space.

6. It remains to globalise our arguments for simply-connected manifolds. This
follows from a standard monodromy argument: Given any two points z # y € M, we
connect them by a continuous curve (again since g € W27 < C2_ for p > n), denoted
by 7 : [0,1] = M with v(0) =  and ~(1) = y. Let f be the W;>’~isometric immer-
sion in a neighbourhood of x, whose existence is guaranteed by the preceding steps
of the same proof. Cover the curve ([0, 1]) by finitely many charts {V;,...,Vy}. By
the uniqueness statements in Lemma 2.4.1, we can extend the isometric immersion
f to UY, Vi, especially including a neighbourhood of y. Thus, it suffices to verify
that the extension of f is independent of the choice of 7. Indeed, if 5 : [0,1] — M
is another continuous curve connecting z and y, by concatenating v with 7, we can
obtain a loop L C M. As M is simply-connected, the restriction f|; is homotopic to
a constant map so that (f o~)(1) = (f on)(1). In this way, we have verified that f
can be extended to a global isometric immersion of M into R"**, provided that M is

simply-connected. This completes the proof.

As a corollary, one can deduce the weak rigidity of isometric immersions. The

proof is straightforward and we refer to Corollary 5.2 in [25] for details.

Corollary 2.4.1 (Weak rigidity of isometric immersions, Riemannian case)
Let M be an n-dimensional simply-connected Riemannian manifold with I/Vlfjf met-

ric g for p > n. Suppose that {f°} is a family of isometric immersions of M into
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R uniformly bounded in WEP(M;R"™*), whose second fundamental forms and
normal connections are { B} and {V+<} respectively. Then, after passing to subse-
quences, {f°} converges to f weakly in VVlif which s still an isometric immersion
f:(M,g) < R"* . Moreover, the corresponding second fundamental form B is a
limit point of { B¢}, and the corresponding normal connection V< is a limit point of
{B¢}, both taken in the LY . topology.

loc

2.4.4 The end-point case: n =p =2

Our main geometric result established in §2.4, i.e. Corollary 2.4.1, deals with the
Riemannian manifolds with I/Vlicp metrics for p > n. Even for the weak rigidity of
the GCR equations, we still require p > 2, as in §2.3. Therefore, n = p = 2 becomes
a critical case, from the perspectives of both geometry and PDE. This is what we
investigate in this subsection. We focus on a 2-dimensional manifold M with some
Riemannian metric g € H}. .

The difficulty lies in the insufficiency of regularity for certain Sobolev embeddings.
Notice that, for n = p = 2, the second fundamental forms and normal connections
(B¢, V+¢) are only uniformly bounded in L2, so the quadratic nonlinearities in the

GCR equations are at most bounded in Li... However, L] . cannot be embedded into
H!. This can be seen via the dual spaces, since H'(R?) is only continuously, but
not compactly, embedded into BMO(RR?), which is the space of functions of bounded
mean oscillations; moreover, BMO(RR?) is strictly contained in L>°(R?). A standard
example for f € H'(R?)\ L>(R?) is f(z) = loglog(|z|™")1g, -

However, if the codimension of the immersion is 1, i.e., the surface M is immersed
into R?, we can still obtain the weak rigidity. For this purpose, we need the cor-
responding critical case of Theorem 2.5, in which {dw®} and {67¢} are contained in
compact subsets of W, ', This has been treated by Conti-Dolzmann-Miiller in [46].

We now state and prove a slight variant of the critical case result in [46], formulated
for global differential forms on the Riemannian manifolds. This can be achieved by
combining the global arguments on the manifolds developed above with the arguments

in [46]; thus, its proof will be sketched briefly.

Theorem 2.9 Let (M,g) be an n-dimensional Riemannian manifold. Let {w},
{r¢} € LE(M;NTT*M) be two families of differential q—forms, 0 < q¢ < n. Sup-
pose that

(i) w®— W weakly in L?, and 7¢ — T weakly in L*;
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(ii) There are compact subsets K4, Ks of the corresponding Sobolev spaces, such

that
{dw} C Ky € Wi (M; AT T M),
{67} C K5 @ Wioo ' (M; A1 T M);

(iii) {(w, 7%} is equi-integrable.

Then (w¢, 7¢) converges to (w,T) in the sense of distributions:
/M(wg, ) dV, — /M<w, )¢ dV, for any ¢ € C°(M).

Proof. First of all, let us make two reductions: First, as in the proof for Theorem
2.5, it suffices to prove for compact orientable manifold M; Second, without loss of
generality, we may take w =7 = 0.

Next we perform a truncation to {w®} and {7¢}. By assumption (i), the sequence
{|w|?} is weakly convergent in L'. Hence, applying Chacon’s biting lemma (cf. Ball-
Murat [7]), one can find subsets K. C M such that |K.|, := [, 1x.dV, — 0 and
{|lw|*1ank.} is equi-integrable. We define the truncated differential forms &¢ :=
w k.. Similarly, we take K, C M such that |K.|, — 0 and {ImPLynz, } is equi-
integrable to obtain the truncated forms 7¢:= 71, ¢ .

Now let us measure the L' difference of w® and @¢. By Cauchy-Schwarz,

| — C‘)€||L1(z\4;/\4T*1\4) = ||w prx) £V |Re‘gHWE||L2(M;/\qT*M) — 0,

since {w*} is uniformly bounded in L? owing to the assumption (i). Moreover, by (ii),
||ch)€||W,1,1(M;/\q+1T*M) — 0. Analogously, we find that ||7¢ — 7‘6||L1(M;/\QT*M) — 0

and H(57~'5|]W,1,1(M,/\q71T*M) — 0. Moreover, we note that
(W, 7)) — (W, 7) — 0, (2.113)

in view of the equi-integrability assumption (iii) and | K, UK,|, — 0. By the Dunford-
Pettis theorem and the assumption (iii), {{w, 7¢)} is weakly pre-compact in L.
Hence, Eq. (2.113) implies that {(w®, 7¢)} and {(@¢, 7°)} have the same distributional
limits.

Thus, it remains to show that (@, 7€) — 0 in the distributional sense. In fact, by
the Lipschitz truncation argument in [46], do¢ and 07¢ converge to 0 in ngcl, after

passing to subsequences. Therefore, we can conclude the proof from the intrinsic

div-curl lemma, ¢.e., Theorem 2.5. m
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Remark 2.4.1 In the proof of Theorem 2.9, the technique of Lipschitz truncation
has played an important role, which reduces the div-curl lemma from the critical case
to the usual case, where the target spaces are reflexive (cf. Theorem 2.5). Such a

technique depends explicitly on the geometry of the underlying manifolds.

We remark that the endpoint case of the intrinsic div-curl lemma, i.e., Theorem

2.9, can also be generalised in a similar manner as for Theorem 2.6:

Theorem 2.10 Let (M, g) be an n-dimensional Riemannian manifold. Let {w} C
T (MyNIT*M) and {7¢} C L; (M; NTT*M) be two families of differential g—forms,

loc loc

for0<qg<n,1<rs<oo, and%%—%: 1. Suppose that
(i) w® = w weakly in L", and 7¢ — T weakly in L* as e — 0;

(ii) There are compact subsets K4, Ks of the corresponding Sobolev spaces, such

that
{dw} C Kq @ Wi (M; AT T M),
{07} C Kg € Wi (M; AT T M),

(iii) {(we, %)} is equi-integrable.

Then (w¢, 7¢) converges to (w,T) in the sense of distributions:

/ (WS, TV AV, —» / @7V,  for any v € C(M).
M M

The proof of Theorem 2.10 follows directly by combining the argument for Theo-
rem 2.6 in the appendix with the proof for Theorem 2.9.

After introducing the intrinsic div-curl lemmas in the critical case, we can now

establish the global weak rigidity of isometric immersions for a surface into R?:

Theorem 2.11 Let M be a 2-dimensional, simply-connected surface, and let g be a
metric in HL . If {f} is a family of HE . isometric immersions of M into R® such
that the corresponding second fundamental forms {B¢} are uniformly L* bounded.
Then, after passing to subsequences, {f<} converges to f weakly in HZ_ which is
still an isometric immersion f : (M, g) < R®. Moreover, the corresponding second
fundamental form B is a weak limit of { B¢} in L}

loc*

Proof. We divide the proof into three steps.

1. Since the codimension of the immersions { f¢} is 1, the normal affine connections

are trivial. This is because, in the Ricci equation:
<[ST77 Sﬁ]X7 Y> = RJ_(Xa Y,n, 5)7
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we can only take the normal vector fields n and £ to be linearly dependent, as the
fibre for the normal bundle is simply R. Then both sides are equal to zero, by the
definition of R* and the Lie bracket. Now we look at the Codazzi equation. In the
second formulation (§2.3.3), we have obtained Eq. (2.72), which is

0=dQZN(X,Y)+ (VT (X, Y), Q00 + E(B).
B

However, since V= is trivial, the equation is reduced to
dQ)(X,Y) = —E(B), (2.114)

where F/(B) is linear in B. We notice that the Codazzi equation in the critical case
becomes linear, as the quadratic nonlinearities are absent, so that we can pass to the

weak limits.

2. It remains to prove the weak rigidity of the Gauss equation:
(B(Y,W),B(X,Z)) — (B(X,W),B(Y, Z)) = R(X,Y, Z,W).

By assumption, { B¢} is uniformly bounded in L2 ., so that R € L] (M;@*T*M)
is a fixed function, by the Cauchy—Schwarz inequality. It follows that
[ |w), Bx 2 — B0 w), B 2|y,
< /M LAR(X,Y, Z,W)|dV, - 0 as |A], =0,
i.e., the set of quadratic non-linearities {(B(Y,T'), B<(X, Z)) — (B(X,T),B(Y, Z))}

is equi-integrable. Here it is crucial that R is a locally integrable function, not just a

Radon measure.

3. Now, we invoke again the arguments in §2.3 to analyse the div-curl structure
of the Gauss equation. First, recall our definition for the tensor field Vz(f]) :I(TM) x
[(TM) — T(TM) and the 1-form Qf) € Q'(M) = I(T*M). We set
Vi (X.Y) := B(X. Zn)Y — B(Y. Z,n)X.
Q(Zé) .= —DB(e, Z,n).

Then the first formulation in §2.3.2 leads to

{div(VZ(f;)(X,Y)) =YB(X,Zn) - XB(Y, Z,n), (2.115)

d(QP)(X,Y) = YB(X,Z,n) — XB(Y, Z,n) + B(X,Y],Zn),
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and the second formulation in §2.3.3 enables us to recast the Gauss equation into the
following form:

STWIX,Y), Q) = R(X,Y, Z,W).

n
Since { B¢} is uniformly bounded in L? _, we deduce from Eq. (2.115) that {6V (B9}
and {dQ(F)} are pre-compact in W', Now we can employ the critical case of our
intrinsic div-curl lemma, Theorem 2.10, to conclude that
(B(X,T),B(Y,Z) — (B(Y,T),B(X, Z))

— (B(X,T),B(Y,Z) — (B(Y,T),B(X, 2)) (2.116)

2

i weak limit of {B¢}. Thus we conclude the weak

in distributions, where B is the L

rigidity of the Gauss equation, and the proof is complete. m

2.5 Concluding remarks

In §2 we have established the weak continuity of GCR equations on Riemannian
manifolds for W isometric immersions, with p > 2 (Theorem 1.2). Moreover, if in
addition p > n, i.e., if the immersion is understood in the classical sense modulo a
null set, then we can translate the above weak continuity result of PDEs to the weak
rigidity of isometric immersions, via the realisation theorem (Theorem 2.8). This

addresses Problem 1.1 in the affirmative.

We should notice that VVif is not the optimal space to directly pass to the limits
in the defining equation for isometric immersions, namely DT f- Df = g on O(n). In
view of Nash’s result in the C'! isometric embeddings paper [97], one would conjecture
that this equation is weakly continuous in W'éf for some ¢ > 1. To be more precise,
in this work we are investigating the “curvature—preserving” isometric immersions:

We wish to pass to the limits in the GCR equations, hence require the Riemann cur-

p/2

oo » due to

vature R to make sense in distributions. This can be improved to R € L
the Gauss equation (2.19).

Moreover, it should be emphasised that our main result, Theorem 1.2, is proved
using the intrinsic div-curl lemma (Theorems 1.3, 2.6). Such theorems depend cru-
cially on the ellipticity of the Laplace-Beltrami operator A = dd + dd, which holds
if and only if the underlying manifold is Riemannian. In other words, the arguments
in §2 are not valid in the semi-Riemannian case. Therefore, to tackle Problem 1.4

(which is the main content of §3 below) requires completely distinct techniques.
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Chapter 3

Weak Continuity of
Gauss-Codazzi-Ricci Equations:
The Semi-Riemannian Case

In this chapter we study the semi-Riemannian counterpart of the project in §2, which
concerns the weak continuity of the Gauss-Codazzi-Ricci (GCR) equations and the

corresponding isometric immersions of semi-Riemannian manifolds.

As stated in §2.1, in the classical work [98] J. Nash established the existence
of isometric embeddings of Riemannian manifolds with C* metric (k > 3) into the
Euclidean spaces of large enough co-dimensions. The analogous problem for semi-
Riemannian manifolds, i.e., when the metric tensors are not necessarily positive-
definite, is posed as a natural extension. In [38], by adapting Nash’s arguments C. J. S.
Clarke proved the existence theorem of isometric embeddings of C* semi-Riemannian
manifolds for semi-Euclidean spaces, with extra restrictions on the signature. How-
ever, despite such general existence results, the analysis for semi-Riemannian isomet-
ric immersions turns out to be more difficult than the Riemannian case, due to the
indefiniteness of the metric. Primarily, the Laplace-Beltrami operator is no longer
elliptic, which forbids the application of standard elliptic PDE techniques. We refer

to Goenner [61] and Greene [62] for the earlier mathematical works.

Meanwhile, the above problem also attracts enormous attention from the com-
munity of theoretical physics. The manners in which our four-dimensional space-
time is immersed or embedded into higher dimensions correspond to the cosmological
models, designed to explain the properties of our current universe and the plausi-

ble machinery for its interactions with other universes; ¢f. Mars-Senovilla ([89, 90]).
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Recently, in [17, 18] Bernal and Sénchez proved that a generic non-globally hyper-
bolic Lorentzian manifold (namely a space-time) cannot be globally isometric em-
bedded into any Minkowski space, regardless of the co-dimensions. The obstruction
arises from the Lorentzian geometry, and in particular, the non-existence of “tempo-
ral functions”. Furthermore, instead of restricting only to smooth semi-Riemannian
manifolds, one needs to take into consideration semi-Riemannian manifolds with lower
reqularity, e.q., space-times with edges, cusps and discontinuities. Such scenarios arise
naturally in the thin-shell model for gravitational source and the junction condition
for glueing disjoint space-times; cf. the physics papers by Clarke [39], Geroch [60]
and Babrabes-Isreal [5] for details.

Motivated by both the mathematical and physical works, let us analyse the iso-
metric immersions of semi-Riemannian manifolds with lower regularity. As in §2 our
analysis is carried out based on the GCR equations, which are the compatibility equa-
tions for the curvature of the isometric immersions (involving two derivatives of the

metric).

3.1 Geometric preliminaries

To begin with, we review some basics of the submanifold theory in semi-Riemannian
geometry, focusing on the derivation of the GCR equations. Throughout we closely
follow [103] by O’Neill, while explaining several ad hoc constructions in the framework
of vector bundles. As a remark on notations, in §3 we denote the second fundamental
form by II as in [103], instead of B as in do Carmo [51] and §2 above.

3.1.1 Semi-Riemannian submanifolds

Let M be an n-dimensional topological /differentiable manifold. It is said to be semi-
Riemannian if there exists a symmetric, non-degenerate 2-form field g on the tangent
bundle T'M with constant index. Here, g is non-degenerate on M if for each x € M,
there exists no v € T, M \ {0} such that g(v,w) = 0 for every w € T,,M; the index of
g on T, M is defined as

Ind(g; T, M) := max{dimV : V. C T, M is a vector subspace,

such that g|y is negative deﬁnite}. (3.1)
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Clearly, if M is connected, then Ind(g;7,M) is constant for all p € M, which shall
be written as Ind(g) in the sequel. Also, g is known as a semi-Riemannian metric.

By employing the Gram-Schmidt process to a subset U C M, we can find a local
orthonormal basis {e;}} C TU, so that g is diagonalised:

g =19} = 0ij€|gi5] for each 7,57 € {1,2,...,n}. (3.2)

Here ¢ = (e1,...,6,)" € {—1,1}" is called the signature of the semi-Riemannian
metric g. Notice that as ¢ is non-degenerate, it has only non-zero entries on the
diagonal, so Ind(g) equals to the number of —1’s in e. For simplicity, from now on
the semi-Riemannian manifold (M, g) is always taken to be connected, and we call
Ind(g) the index of M, if g is fixed.

Now, let (M, g) be a given semi-Riemannian manifold, and let M be a submanifold
via the embedding ¢ : M < (M,g), i.e. ¢ is injective and dv : TM — TM is also
injective. We say that (M, :*g) is a semi-Riemannian submanifold of (M, g) if 1*g is

non-degenerate on M, where 1*g denotes the pullback of g, defined by
(t*9)e (v, w) = Gy (de(v), de(w)) for each x € M and v,w € T, M. (3.3)

For the ¢ above we consider ¢*T'M, the pullback bundle of TM via ¢. It has base
manifold M and fibre T},)M at each x € M, so that I'(.*T'M ), the space of sections of
the bundle ¢*T M, consists of the vector fields in TM defined along M. In particular,

its fibre at x € M decomposes as follows:
UTM|y = TyyM = dpo(T, M) Pldoo(T, M) = T, M Pldo(T,M))F, (3.4)

whenever ¢ is a local immersion, i.e., di is injective in some neighbourhood of x € M.

Here the direct sum is taken with respect to the bilinear form g on TL(x)M :
1 -
[d (T, M)] ™ = {v € TyyM : Gy (v, dyt(w)) = 0 for all w € T,M}.

Eq. (3.4) is a special case of Lemma 23 on p49 of [103], which is proved by a straightfor-
ward dimension-counting. We remark that it only holds when ¢*g is non-degenerate,
1.e., M is immersed into (]\7[ ,§) as a semi-Riemannian submanifold. In this case, TM
and t*T'M are both vector bundles over M and TM C *T'M, so the quotient bundle
is well-defined:

Definition 3.1.1 The normal bundle of the isometric immersion  : M < M is the

following quotient bundle over M :

TAfL - TM
=

(3.5)
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Thus, in view of Eq. (3.4), the fibre of TM* at x € M (denoted as T, M*) is isomor-

phic to [dyt(T,M)]*, hence we have the following vector space isomorphism:
TyyM = T,M@PT,M". (3.6)

The canonical projections of TL(J;)M onto the first and second factors are called the

tangential and normal projections, denoted as in [103] by the following:
tan : T M|, — T, M, nor : *TM|, — T,M>. (3.7)
Moreover, these projections naturally induce the projections of vector fields:
tan : D(*TM) — T(TM),  nor:L(*TM) — T(TM?), (3.8)
as well as the projections of vector fields with Sobolev regularities:

tan : WEP(M;*TM) — W*P(M;TM);  nor : WEP(M; ,*T M) — W*P(M; TM™*),
(3.9)
for any p € [1,00] and k € Z. Here and in the sequel, I'(E) for a vector bundle E
denotes the space of sections of F, i.e., s : M — FE such that m o s = id);, where
m: E— M is the projection of the bundle E onto the base manifold.
Having discussed the orthogonal splitting of tangent and normal bundles under
isometric immersions between semi-Riemannian manifolds, ¢f. Egs. (3.4) and (3.6),
we now investigate the splitting of connections. Before doing so, let us specify two

conventions on notations throughout this paper:

Convention 3.1.2 We always write the tangential vector fields as X, Y, Z, W, ... €
[(TM) and the normal vector fields as £,1,¢,... € D(TM*). For a generic vector
field not necessarily tangential or normal, i.e. an element in T(TM) or T(*T M), we
use the letters U, V,W. Finally, for a given bundle E different from TM, TM* and
TM, we write o, 3,... € T(E).

Convention 3.1.3 Given an isometric immersion f : M — M, we write {0,}, S,
g, V, R, ... for the geometric quantities on M, and {0,}, S, §o, V, R, ... for those
defined on M.

Now, take a semi-Riemannian manifold (M, g) and let ¢ : M — M be a semi-
Riemannian submanifold. Levi-Civita’s theorem says that there exists a unique affine
connection V : ['(TM) x T(TM) — I'(T M) which is metric-compatible and torsion-
free. More precisely, the following conditions hold for any ¢ : M — R and U, V,W €
[(TM):
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1. Affine: VuyW = pVyW and Vi (pW) = V(o)W + oV W;
2. Compatible with metric: Ug(V, W) = g(VyV, W) + g(V, Ve W);
3. Torsion-free: VyW — Vi,V = [V, W].

Now, by the theory of fibre bundles (c¢f. [112]), the embedding ¢ : M — M induces
the pullback connection *V : T(TM) x T'(v*T M) — T'(¢*T M) on the pullback bundle
L*TM, defined as

(*V)x(t*a) = *(Vax o) for any o € (T M), X € T(TM). (3.10)
Hence for a vector field V € T(T M) along M, namely V € I'(:*T M), we have
(L*?)XV == L*(?dL(X)dL(V)) = vdL(X)dL(V), (311)

where du(X) and de(V') can be viewed as the local extensions of X € I'(T'M) and
V € T(v*TM) to the vector fields in T'(T'M).

To simplify the notations, in the sequel we adhere to the convention as follows. It is
slightly abusive, as all the pullbacks by the immersion (:*) are dropped systematically;
however, it is adopted by the standard geometric texts [103, 51, 121] and many others.
In fact, this amounts to viewing M as a subset of M, and ¢ as the identity map from

M to its image.

Convention 3.1.4 Let ¢« : (M,g) — (M,g) be an isometric immersion of semi-
Riemannian submanifolds. We replace (1*T M, 1*N) with the notation (TM,V).

In this way, let us consider the following decomposition:
VxV = tan[Vx (tanV)] + tan[V x (norV)] + nor[Vx (tanV)] + nor[V x (norV)],
where X € I'(TM), V € T(TM). Then,

Definition 3.1.5 Given an isometric immersion ¢ : (M, g) < (M,g), the tangen-
tial connection V : I'(T'M) x I'(TM) — I'(T'M), the second fundamental form
I:T(TM)xT(TM) — T(T M%), the shape operator (associated to11) S : T'(T M) x
[(TM*) — T(TM) and the normal connection V+ : T(TM) x T(TM*) — T(TM*)

are defined as follows:

{VXY ;= tan VxY, II(X,Y) := nor VY, (3.12)

SeX = —tan V&, V%€ == nor Vx¢,
for XY € T(TM) and £ € T(TM™).
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We notice here that V is the Levi-Civita connection on (M, :*g) whenever V is Levi-

Civita, and that II and S are “essentially the same operator” in the following sense:
gI(X,Y),§) = g(Se X, Y).

In addition, II is symmetric (equivalently, Se is self-adjoint) on I'(T'M).

3.1.2 Gauss-Codazzi-Ricci equations for semi-Riemannian sub-
manifolds

Convention 3.1.6 We write (-,-) for g(-,-),g(-,-) and any other semi-Riemannian
metrics, unless we need to emphasise the metric. For example, at times we denote by

(-,-)g the metric on a vector bundle E over M.

For the purpose of deriving the GCR equations, we also need to introduce the
Riemann curvature. We again do so from the perspective of vector bundles. Suppose
that (M, g) is an n-dimensional semi-Riemannian manifold of index v, and E is a
vector bundle over M with fibres F' = R¥  the semi-FBuclidean space R* with index
v. Let V¥ be an affine connection on the bundle E, i.e., a linear map V : T'(T M) x
['(E) — I(E) satisfying Viya = ¢Via and VE(da) = X(¢)a + ¢Via, for any
¢ : M — R with required regularity. This can be more compactly written as

VE(pa) = ¢VFa + dp @ a,

where we view V¥ : ['(F) — QY(E) ;== T(E ® T*M), the space of differential 1-forms
on the bundle E. Then, the Riemann curvature tensor is given by R¥ : T'(T'M) x
[(TM) — I'(EndFE), where EndFE is the endomorphism bundle, i.e. the vector bundle
over M with fibres at each point being gl(F’), the group of linear transforms from F
to itself:

RP(X,)Y) = [V5, VY] = Viy) (3.13)

Note that for each a € I'(E), we have RF(X,Y,a) € T'(E). It is also customary to
write RF as a (0,4)-tensor field, i.e.,

RE(X> Yaaaﬂ) = <RE<X7§/7 a)>ﬁ>E>

for any X,Y € '(TM) and «, 5 € I'(E).
Recall that in §2.1 the orthogonal splitting of Levi-Civita connections along the
orthogonal splitting of the tangent bundles in Eq. (3.6) is investigated. Now, with the

Riemann curvature defined above, one can also investigate the splitting of Riemann
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curvatures along Eq. (3.6). For this purpose, notice that given an isometric immersion
f:(M,g) — (M,g), three vector bundles over M appear naturally: E = TM, TM*
and f*TM = TM (as in Convention 3.1.2, with f in place of ¢). We also write

V = V"M (the Levi-Civita connection on M), vV =v"™ vt = VTML,
as well as
R:RTM R:RTM RJ_:RTML.

In the special case M = R’T* and Ind(M) = Ind(M) + Ind(R*), we have R(X,Y) €
I'(EndT M) constantly vanishing for any X,Y € I'(TM). Therefore,

RXY,W,2)=0;  RX,Y.W.6)=0;  R(X,Y,&n) =0, (3.14)

for arbitrary W, Z € T'(T'M) and &, € T'(TM*). Applying the projections tan and
nor to Eq. (3.14) and expressing them via R, Rt 11, S and V as in Definition 3.1.5,
we immediately deduce the following (cf. [103] and the Appendix of [26]):

Theorem 3.1 The following three equations are equivalent to Eq.(3.14): For arbi-
trary X,Y,W,Z € T(TM) and £,n € T(TM*), we have

R(X,Y,W, Z) = (II(X,W),11(Y, Z2)) — (IL(X, Z),II(Y,W)), (3.15)
VILIY, W) = VEII(X, W), (3.16)
RL(X>Y7£777) = _<[S€’S77]X7Y>' (317)

Here, the covariant derivative of 11 in Eq. (3.16) is defined via the Leibniz rule:
VLY, W) = XY, W)) = I(VxY, W) = II(Y, VxW).

In the above, Egs. (3.15)—(3.17) are named after Gauss, Codazzi and Ricci, respec-
tively; we refer to this system as the GCR equations in the sequel. Let us conclude

this section by making three remarks on the GCR equations:

1. First of all, although the GCR equations in Theorem 3.1 take the same form as
in the Riemannian-case (see Theorem 2.1), they are essentially different. The
definition of IT and (-, -) already incorporates the signature of the metric, which
destroys the div-curl structures identified in §2.3.3 for the Riemannian GCR

equations and makes the system more difficult to analyse.

62



2. The GCR equations form a first-order non-linear PDE system, with g (hence V
and R) as given and (II, V+) as unknowns. The non-linear terms in this system
take the form of II® 1L, II® V+ or V+® VL, so they are known as the quadratic

non-linearities.

3. Finally, let us observe that the GCR equations can be generalised to any vector
bundle E in place of the normal bundle TM*. Indeed, since the Riemann
curvature is defined for any bundle E (denoted by RF), so for any symmetric
tensor II : I(TM)xI'(TM) — I'(E) and S : I'(E) xI'(TM) — I'(T'M) given by
(SoX,Y) = (II(X,Y),a) for X, Y € I'(T'M) and o € I'(E), the GCR equations
in Theorem 3.1 are still well-defined for X, Y, W,Z € I'(T'M) and &,n € I'(E),
wherein we replace R+ by RE in Eq. (3.17). Such equations are termed as “GCR

equations on bundle E”.

3.2 Realisation of isometric immersions from GCR
equations: semi-Riemannian case

In this section we address the “realisation problem”: Given an n-dimensional semi-
Riemannian manifold (M, g) of lower regularity satisfying the GCR equations (The-
orem 3.1) in the distributional sense, can we construct an isometric immersion f :
(M, g) = (R"**_gy), where gy is the Euclidean metric?

First of all, we notice that two additional necessary conditions emerge naturally,

in contrast to the Riemannian case:

(N1) The resulting map f must be an immersion of M (assume it is connected) as a

semi-Riemannian submanifold;

(N2) The indices of the manifold M and its normal bundle TM*+ = f*TR"**/TM

(Convention 3.1.2) add up to the index of the target semi-Euclidean space:

Ind(M) 4 Ind(T, M*) = Ind(R"**) for each x € M. (3.18)

Here, (N1) holds because f is an isometry, i.e., f*go = g, and by definition a
semi-Riemannian metric is non-degenerate. For example, it rules out the possibil-
ity that a semi-Riemannian manifold is isometrically embedded into the lightcone of

the Minkowski spaces. (N2) is a consequence of (N1) together with the direct sum
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decomposition in Eq.(3.6). Therefore, in the rest of the paper, we fix the target

semi-Fuclidean metric gy to be gg, defined as follows:

%:diag(_lf"?_17 17"'71;_17"'7_]-7 17'”71)7 (319)
—_—— | — — ——
v times (n — v) times T times (k — 7) times

n+k

and Ind(M) = v. Also we write the corresponding semi-Euclidean space as R} f*.

3.2.1 Statement of the realisation theorem

The main result of this section, Theorem 3.2, answers the realisation problem in the
affirmative on semi-Riemannian submanifolds with weaker regularity, provided that
(N1) and (N2) are fulfilled.

The C* version of this result appears to be a “folklore” theorem assumed by
researchers in submanifold theory (¢f. the survey in [24] by B.-Y. Chen); however, to
our knowledge, a complete proof does not seem to exist in the literature, especially for
the weak regularity case. Closely related results include the paper [55] by Eschenburg-
Tribuzy on the existence and uniqueness of isometric immersions of smooth manifolds
into affine homogeneous spaces, and the work [81] by Lefloch-Mardare on the existence
and uniqueness of isometric immersions of semi-Riemannian manifolds with weak
regularity into semi-Euclidean spaces of co-dimensions 0 or 1. The author feels it
useful to give a complete, detailed proof of Theorem 3.2. The proof adapts the
arguments by Tenenblat for the smooth, Riemannian case in [121] (also see §2.4

above), which employ the Cartan formalism as the central tool.

Theorem 3.2 Let (M,g) be an n-dimensional simply-connected semi-Riemannian
manifold with metric g € WP (M;O(v,n — v)) for p > n and v = Ind(M) €
{0,1,--- ,n}. Suppose that E is a bundle over M with fibre F = RE bundle metric
g € WEP(M;O(r,k—7)), and bundle connection VF € L? (M;T*M ® EndE) com-

patible with g¥. Let 11 € LT (M;Sym®T*M ® E) be a symmetric two-tensor, and let
S be defined by g(S,X,Y) = ¢P(I(X,Y),a) for any X,Y € T(TM) and o € T'(E).

Assume that the GCR equations on E hold in the sense of distributions. Then,
there exists a WP isometric immersion f : (M,g) — (M = R'* g7), so that
the normal bundle TM~ := f*TM /TM, the second fundamental form and the shape
operator induced by f are identified with E, I1 and S, respectively. f is unique modulo
the congruences in (M,qp).

When g, VE, gF 11 are smooth, an isometric immersion f € C*(M; M) exists.
Let us make three remarks on the statement of the above theorem:
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e V& is said to be compatible with g if, for any X € I'(TM) and «, 3 € T'(E),
one has
Xg"(a, ) = g% (VXa, B) + ¢"(a, VX ). (3.20)

For example, the Levi-Civita connection on M is compatible with g. As in

convention 3.1.6, the preceding condition is expressed as

X<a’ﬁ> = <V)E(a’6> + <O~/7VJ)E(5>7
namely that V¥ satisfies the Leibniz rule with respect to the bundle metric.

e For a bundle E over M, Sym?E* denotes the space of symmetric 2-tensors
defined on F, i.e., each M € I'(Sym?E*) satisfies M (c, 3) = M (B, ) for any
a,f € T'(E). As a cautionary remark, a semi-Riemannian metric g on M
generally does not lie in T'(Sym*7*M). Instead, g € I'(O(v,n—v)) since g;j¢; =

gji€i (see below for details).

e We need the standard notations for Lie groups. Let gl(n;RR) denote the space

of n x n real matrices. Then we define the semi-orthogonal group of R as
O(w,n—v):={B e gl(n;R): B(v,w) =¢€,,v-w for all v,w e TR}, (3.21)
where the signature matrix is given by

€n, = diag(—1,---,—1,1,--- | 1). (3.22)
—_——— ——

v times n — v times

In other words, O(v,n — v) is the group of linear isometries from R} to itself.

Similarly, O(r, k — 7) is defined likewise, with the signature matrix

e = diag(—1,---,—1,1,--- ,1). (3.23)

T times k — 7 times

Also, we notice that the following block direct sum of matrices holds:
9o = €nw €D €ror-

For the later development we denote the Lie algebra of O(n,n — v) by o(n,n — v).
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3.2.2 Cartan formalism

To prove the main realisation Theorem 3.2, let us also utilise the Cartan formalism
as in §2.4.2 for the Riemannian case. Here more delicate constructions are required
to account for the non-trivial signatures. The Cartan formalism has been adopted to
prove the existence and uniqueness of immersions of a smooth manifold into affine
homogeneous spaces by Eschenburg-Tribuzy in [55].

First, let us impose the following;:

Convention 3.2.1 From now on, the superscripts and subscripts obey the rule:
1<4,4,k,1,s,t<mn; n+1<apB,v<n+k; 1<a,bc,e<n+k.

In view of the above convention, throughout we employ {0y, ...,0,} C I'(T'M) to
denote a frame field for M, i.e., at each point  on M, {0;(x)}} forms an orthonormal
basis for the tangent space T, M. We recall that, in the semi-Riemannian setting,

“orthonormal” means:
(0;,0;) = 0le; for all 4,5 € {1,...,n}. (3.24)
Also, we write {6',...,60"} C T'(T*M) for the coframe field of {0;}}, namely

0'(9;) = 5. (3.25)

J

Similarly, one also takes {On41,...,0n4x} C I'(E) to be a frame field for E, i.e
orthonormal with respect to the bundle metric g%, and sets {6"!,... 0"k} C T(E*)
to be its co-frame field.

Then, we introduce the connection one-forms:

Definition 3.2.2 Let (M, g) be a semi-Riemannian manifold, and let E be a vector
bundle over M with bundle metric g¥. The connection one-form W is a one-form-

valued (n + k) x (n+ k) matriz field, namely
W ={wi} e T(glin+ k;R) QR T M), (3.26)
defined via the following equations (with the indices obeying Convention 3.2.1):

(1) = 67(V,0i) = €;(V,0;,0;),
L(0)) = 0°(11(0;,0;)) = €a(11(0;,0;), Oa),
w5 (0;) == 95(V§@ ) = €5(V5,00: 05),

= —€EqWY,.

(3.27)



As a remark, in our case I'(gl(n+k;R) @ T*M) = I'(gl(TM @ E) Q T*M ), which
is defined as Q' (gl(n + k;R)), i.e., the space of one-forms on gl(n + k;R). In general,

for a Lie algebra g, the space of g-valued differential k-forms is written as

k
QF(g) =T(ANT*M R g). (3.28)
Our key result of the Cartan formalism is:

Proposition 3.3 If the Gauss-Codazzi-Ricci equations (cf. Theorem 3.1) are sat-
i1sfied, then the connection one-form W solves the second structural equation of the
Cartan formalism:

AV =W AW. (3.29)

This equation is understood as follows: We view the exterior differential d as acting
only on the T*M factor if W € Q'(g), where g = gl(n + k;R) in Eq. (3.28). Then
dW € Q?(g) with

AV(U, V) :=UWV)) = VW) + W(U,V])  for all U,V € T(TM).

On the other hand, the wedge product on Q!(g) is given by combining the wedge
product on the T*M factor and the matrix multiplication (denoted by -) on the g
factor in Eq. (3.28), namely

W AW)U,V) :=WU) - W(V)=W({V) - WU)  forall U,V € T(TM).

So Eq. (3.29) is an equation on Q?%(g), the matrix-valued two-forms.

As a prerequisite to the proof of Proposition 3.3 we need the following lemma,

which characterises the symmetries of the connection one-form:
Lemma 3.2.1 W = {wi} € QY o(v+1;(n+ k) — (v +7))).

The proof of Lemma 3.2.1 is standard and can be found in the Appendix of Chen-
Li [26]. It says that W is a “semi-skew-symmetric” matrix, represented below in the
block form due to Eq. (3.27):

b _ W; wi| _ Hj(voai) S50, 0;
{wa}1§a7b§k+n — |:W(ZX wg:| - { _Saaai Qﬁ(vfj@a) . (330)
Schematically, we may write
+V &£
W= LI:II +VE|-
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Remark 3.2.1 In the case that (M,g) is a Riemannian manifold (i.e., the setting
of §2 above), we can express the vector fields VB, V) and one-forms QB Q(VL),
defined in Fqgs.(2.60)—(2.63), which are crucial to the identification of the div-curl
structure in disquise in the GCR equations over Riemannian manifolds, in terms of

the connection one-form W. Indeed, we have

Q(Bﬁéa = wé?
Q(Vl) et
Oofe P (3.31)

Va(“Ba)a (8]7 ak’) = w&(aj)ak - wg(ak)aj7
Végag) (ajv ak) = wg(aj)ﬁk — wg(ak)aj.

Proof of Proposition 3.3.  The proof is adapted from the notes [33] by S.-S.

Chern, which is divided into four steps.

1. We begin by observing that the definition of the connection one-form W, i.e.,
Eq. (3.27), gives us

Vo0 = > wi(0)0,  1(0;,0;) =D wi(0))0a, V50 = w§(0:)0s. (3.32)
! a i

From here, we immediately derive the following for the shape operator S:

Saﬁa = Z 6j<56¢aa7 3j>8j = Zﬁj (H(@Z, 8j), (9a>8j = Zejeawé(aj)(?j. (333)
J

J J

2. Next, the Gauss equation (3.15) is equivalent to
R(0;, 0, 0r) = S,11(0;, Ox) — Sa,11(0;, O ). (3.34)
Applying the symmetry of II twice (in the first and third lines below), we obtain:

So.11(0;,0%) — Sp,11(0;, 0k) = Sp,11(0k, ;) — S, 11(y, 0;)
= S0.(2w(9)9a) = S0,( X 2(0)2)
= XY con(wh(0)4(0) — (00492
= 23w A ) (90.0))0

where the last line follows by Lemma 3.2.1. On the other hand, the Riemann curvature

of the Levi-Civita connection on T'M is computed directly from the definition:

:VZV]E)k - V]Vﬁk + V[ai7aj]ak
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=3 {0(wk())01 — 0;(wh (@) 1+
I
+ (10,0100 + h(2)) T i — wh(0) Y2 wi (0,0
= {dwi = D wi Awi}(;,07)0s.
s I
Equating these computations via Eq. (3.34), we conclude that dw; = Y, wk A w?.
3. Applying the same argument to R¥(9;, 9;,,) and utilising the Ricci equation

(3.17), one deduces that dw§ = 3, wf' A wj. The details are omitted here.
4. Finally, starting with the Codazzi equation (3.16) we obtain:

0 = Vp,11(9;, 0)) — Vo, 11(0;, Oy
= 9:(w] (D)0, + %wé(éﬁ) > (0:)0y = 3205w (0r))0y — %:wé(ak) > wi(9;)0,
= Y {a(wk8)) — 9,(wh(00) - 3 (w5012 (0)) — wh(9,)2(8)) ) } 0
=Y {at(0,0) — wh10,.0) ng N wl(0:,0))}0,. (3.35)

where in the penultimate line we use the self-adjointness of I, i.e., W’ (9;) = w? (9;);
the final line holds by the definition of alcu’vC and wg A wf. To compute the Lie bracket
term in the last line of Eq. (3.35), let us make use of the torsion-free condition of the

affine connection:
;Wﬂ@v 9510 = ;Ws(vaiaj — V,0:)0,
= Z Zw’§ (wé (0:)0h — wi(9;)01)0,
= Z Z (wj (B (k) — wi(9;) (D)) D,
= Z,:EZ:WZ A w7 (0;,0;)05,

again due to the symmetry properties of the second fundamental form and W A W.
Thus, substituting it back to Eq. (3.35) gives us dcu"vf =YWk A WZ'
To conclude, putting together Steps 1-3, we obtain that

a __ a b
dw; = Zwb A w,.
b

Moreover, as an equation on Q?(o(v+17, (n+k) — (v +7))), Eq. (3.29) is independent

of the choice of moving frames. So the proof is complete. m
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Before moving on to proving Theorem 3.2, let us remark that the following identity
always holds, as an equation on Q'(gl(n;R)), where gl(n;R) is the vector space of
n X n real matrices:

a9 =0 AW. (3.36)

This is known as the first structural equation of Cartan formalism, and is equivalent
to the torsion-free property of the connection V. As this property is independent of
metrics, regardless of Riemannian or semi-Riemannian, it does not provide additional

information to the isometric immersions.

3.2.3 Proof of Theorem 3.2, the realisation theorem

Now we prove our main theorem in this section. We first establish the C'*° case, for
which we directly apply the Frobenius theorem (namely, the equivalence of involutive
and completely integrable distributions). In the lower regularity case we only need
to modify the previous proof by replacing the Frobenius theorem argument with
an analogous existence theorem for certain first-order PDE systems with Sobolev
coefficients.

Proof of Theorem 3.2. We divide our arguments into seven steps. As remarked
at the beginning of §3.2.1, our proof is a variant of Tenenblat [121] and Eschenburg-
Tribuzy [55], and to the knowledge of the author, is new to the literature.

1. We first prove the above statement in the C'°° case. For this purpose, let us
start with solving a Pfaff system for the bundle connection A on TM @ E. More
precisely, we show that for any xq € M, the following first-order PDE initial value
problem has a solution A € C*°(U;O(v+7, (n+k)— (r+7))) in some neighbourhood
U of xy:

W=dA - A A(0) = A(xg) €e O(v + 7, (n+ k) — (v +7)). (3.37)

Indeed, without loss of generality, we assume that xq = 0 in the local coordinate
{0;}}. Also, let us take Z = {Z{} as the canonical frame field on gl(n + k;R) =

R"%)” with signature inherited from M = RT*. For example, Z := gy is one

suitable choice. Motivated by K. Tenenblat [121] we consider the following map:

ACD T M x T,0w +7,(n+k) — (v+7)) — Tz0w +7,(n+k)— (v+7))
(X,m) +— d,Z(m)+Z - W(X)|.,

which is abbreviated in the sequel as follows:
A&D) —dz —W - Z. (3.38)
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Making use of the characterisation of tangent spaces of semi-orthogonal group and
its Lie algebra, A®%) is well-defined. Indeed,

ZFH[AED (X, m)] "+ ACD (X, m)geZ "
=Zg5|dZ(m)" — Z'W(X)T| + [dZ(m) - W(X)Z]goZ "
= — [gW(X)T + W(X)%] + [ZgodZ(m)" + dZ(m)gGoZ "]
-0,
thanks to dZ(m) € T,0(v+7, (n+k)—(v+7)) and W(X) € o(v+7, (n+k)—(v+7)).

Next, we define the following distribution, in the Frobenius sense:
D@7 = ker(A"?) C [T,M x T;0(v + 7,(n+ k) — (v + 7))]. (3.39)

Our goal is to show that it is completely integrable. Assuming so, we can find the
unique maximal integral submanifold (i.e. the leaf) in some neighbourhood of z.

Also, clearly
DN {0} P T0w+1,(n+k)— (v+71))] = {0}, (3.40)
i.e., the distribution is transversal to the T'M factor at the point xq = 0, because
A@D (0, m) = m.

In view of the classical implicit function theorem, D®%) is locally a graph of a smooth
function A from TU to TO(v + 7,(n + k) — (v + 7)), with 2 lies in U, an open
neighbourhood of zg. Such A solves the Pfaff system (3.37) in view of the definition
of A@®:2),

2. It now remains to prove the complete integrability of the distribution D®?4).

(2,2)

By the Frobenius Theorem we show that D is involutive, namely for any (X;, m;) €

D@2) j = 1,2, the commutator stays in D@%), j.e. A@[(X], my), (X, my)] = 0.

Indeed, employing the following formula for exterior differential:
dA(x’Z)(sl, S9) = S]_(A(I’Z)SQ) - SQ(A(I7Z)$1) — A®2) [s1, S2]
for s1,80 € U@ T7O(v + 7,(n+ k) — (v + 7)), it suffices to show that
dAP) (X1, my), (Xa,ms)) = 0. (3.41)
To this end, let us compute dA®%): Since A = dZ — W - Z, we have
dN =d(dZ) —dW - Z +W A (dZ)
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=-WAW-Z+WAM+W-Z)=WAA,

where for the second equality we use the second structural equation (3.29), together
with the definition of A in Eq. (3.38). As (X;, m;) € D&% for i = 1,2, we thus have:

dA("’““’Z)((X17 my), (Xo, m2))
=W|. A A(I’Z)<(X1, my), (Xo, m2))
= W(Xy, my) AP (X, my) = W(X2,my)], - AP (X, my) = 0.

This completes the proof for Eq. (3.41), and hence the Pfaff system (3.37) is solvable.

3. Now, define
0=(0',...,0"0,...,0)T € Q}R"H), (3.42)

and for xy € M let us consider the Poincaré system:

df =©-A,  flzo) = fo, (3.43)

where fo € C®(M; M), dy,fo(v) # 0 for v € T,,M \ {0}. Suppose this system is
solvable; then, as A takes values in O(v+ 7, (n+k) — (v + 7)), we have det(A) = +1,
so A is invertible. It thus follows by Eq.(3.43) that the linear map df has rank n,
hence f is indeed an immersion.

To solve for f from Eq. (3.43) is equivalent to demonstrate that © - A is an exact
one-form. For M simply-connected, by Poincaré’s Lemma it is sufficient to verify
d(©-A)=0, ie. it is a closed one-form. Indeed,

d(©-A)=dO-A—© AdA, (3.44)

and we can compute the second term by — O AdA = —© AW - A, thanks to the Pfaff
system (3.37) solved in Steps 2-3 of the same prove. So it remains to establish that

dO =0 AW.

However, this is the first structural equation (3.36). Thus we complete the proof for

the solvability of the initial value problem for the Poincaré system (3.43).

4. Having obtained the immersion f from the Poincaré system, let us identify the
normal bundle TM~* := f*T'M /T M with the given bundle F, and identify the second
fundamental form induced by f with the given symmetric tensor field II. Moreover,
we can deduce the uniqueness of the local immersion upto rigid motions of Rf}fj, i.€.

modulo the actions by the semi-Riemannian congruence group R"™* x O(v + 7, (n +

k) — (v+1)).
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4(a). First of all, define an orthonormal frame {3,}7™ on TM via the maps f
aza}n+k the

canonical orthonormal basis on M = R’l}frf with respect to gog = €,, @ €x,. In this

0; = df (9;),
{ga — v, A0 (3.45)

bozb:

and A solved by the Pfaff and Poincaré systems. Let us denote by {

basis we set

In Eq. (3.45), the definition of {d,} is independent of the choice of bases on M:
Recall that for each x € M, A(x) liesin O(v +7,(n+ k) — (v + 7)) C gl(n+ k;R) =
End TM, the group of linear transformations on 7M. Using a further identification
EndTM = T*M ® TM, let us view A(x) as a linear map from TM to itself. From
this perspective 0, coincides with A%, i.e., the normal component of A as a T M-
valued function defined on M x TM. Thus Eq. (3.45) is equivalent to

d = (df)* @ norA, (3.46)

where # : T*M — T'M is the canonical bundle isomorphism turning a one-form into
the corresponding vector field. This gives us an intrinsic definition of the frame {9, }.
Now we verify that {J,} is indeed an orthonormal frame. First, using the Poincaré
system (3.43) defining f, together with a characterisation of the semi-orthogonal
group: A matrix B € O(v,n — v) if and only if its transpose B takes the form

B =e,,B e, (3.47)

we have

90(0:,0;) = go(df ( 9;)) = 50((0(9,)A,0(9;)A)
0 >A goA@( )T = 0(0)70(0,)
en,l,)j = 616;-.

/\

Also, using the shorthand notations in Eq. (3.46) one obtains
95(0n. 95) = [g(nor A, nor A))3 = nor(A gAY = ()5 = ead

Finally, again by the Poincaré system (3.43), we find that
90(0:,0) = 7o(© - A(0;), A”) = (9(8:) ' [A" 5o A]* = (g0)i" =0,

since gp is a diagonal matrix. Thus we have verified the orthonormality of {0,}.
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4(b). Next, we identify the normal bundle induced by f, written as TM=* :=
f*TM/TM (cf Convention 3.1.2), with the prescribed vector bundle E. For this

purpose, we define the following identification map on a trivialised chart U C M:

T:(UcCM)x (F=RF — M
(x,8) = flz +Z€ﬁ3ﬁ

Let us notice that dZ : TU @ TF — TM coincides with (df +norA); equivalently,
one can write dZ(d,) = 9, for each a € {1,...,n+k}, and in particular dZ(TU) C TM
and dZ(F) C TM+*, namely that the identification map Z preserves the horizontal
and vertical subspaces of the vector bundles TM @ E and T'M. Moreover, as f is an
immersion (justified in Step 4), we deduce that Z is a diffeomorphism, by shrinking
the chart U if necessary. Thus we have obtained an identification of E with TM* in
the trivialised local charts.

In addition, by the construction of the moving frame {d,} on TM in Eq. (3.45),

we have
g Zzﬂa +2Uaaa,zwa +Zvﬁaﬁ

j(ZU’df def )+g0(§ajUaaa,§vﬁéﬁ)
=>_> U'V'5(0;,0; +;§U“Vﬁgo(5a,55)

J
=g9(Ulra, Virm) + 9% (Ulg + Vlg),

for any U,V € I'(T, M). Thus Z is an isometry between TU @ E and TM, i.e.,

*g0 = g P 9", (3.48)

as block-direct sum of matrices. In particular, it shows that f is a local isometric

immersion.

4(c). Now, let us identify the second fundamental form and the normal connection
induced by f with I and V¥, respectively. For this purpose, we write out the Cartan
formalism for the isometric immersion f.

Indeed, given f : (V C M, g) — (R"** gp) as above (already established as an iso-
metric immersion), we write 6 = (9, ..., 0"%) € QYR"F) = C°(M; T*M Q T*M)
as the co-frame of {9,}7"*, we can express the Gauss-Codazzi-Ricci equations corre-
sponding to f equivalently as the second structural equation with respect to d or . In-

™M
M

deed, repeating the constructions in §4.2 for f and the normal bundle TM* :=
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one easily obtains

N )7 (tanV 40; S5, 0
{wg wz} _ {9 (tanVed;) S50 (3.49)

W=lg op 5,0, BA(Vidy)|

«

which is an analogue of Eq. (3.30). Here,

W={af e Qow+7,(n+k)—w+71)))
=C®(M;T"M Qo(v+1,(n+k)— (v+71)))

is the connection one-form on T'M with respect to the Levi-Civita connection on M,
S is the shape operator associated to f, and V* is the projection of V onto the
normal bundle TM*. Also, by the torsion-free condition of V, the first structural
equation (3.36) holds:

Ao =0AW. (3.50)

Therefore, by comparing the coordinate-wise representations of the connection one-
forms W and W, i.e. Egs. (3.30) and (3.49), it is enough to establish

TW=W, (3.51)

in order to identify (S, V1) with the given quantities (S, VF).
To this end, we pullback the first structural equation (3.50) under Z. Then, on

the one hand
I*(dé) = d(I*é) = d(f*é) =dO=0AW, (3.52)

where we have used in order (a), the commutativity of pullback and exterior differen-
tial; (b), the fact that Z respects the orthogonal splitting of TM and TM @ E; (c),
the duality of df(9;) = 0;; and (d), the first structural equation (3.36) on TM @ E.
On the other hand, notice that

TOANW)=T0O NTW = O AT*W, (3.53)

thanks to the distributivity of the pullback operation with respect to the wedge
product, and that Z*0 = f*0 = © as above. Therefore, Eq.(3.51) immediately

follows from the preceding two equations.

4(d). Finally we prove the uniqueness of local isometric immersions up to rigid
motions of the semi-FEuclidean space. It is a direct consequence of the arguments
in Step 3. Indeed, if f' : (V,g) — (M, o) is another isometric immersion on V (a
trivialised local chart) with f’(¢’) given, then for any local frame {0} we can take a

rigid motion that transforms ¢ to ¢’ and {d,} to {0.}, i.e., a translation composed
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with an element of O(v + 7, (n + k) — (v + 7)). Then the argument follows from the
uniqueness of Pfaff system (which in turn is based upon the uniqueness of the maximal
integral submanifold found by the Frobenius theorem), as well as the uniqueness of
Poincaré system up to an additive constant.

Therefore, putting together steps 4(a)-4(d), we conclude the realisation of the

isometric immersions from the GCR equations in the C* case.

5. Now we prove for the lower regularity case, i.e., when g € W.5P(M, O(v,n — v)).
For this purpose, we observe that all the arguments in Step 4 remain valid, provided
that each equality is interpreted in the sense of distributions. As a result, if the Pfaff
and Poincaré systems with g € W P(M,0(v,n —v)) and W € LP (U C M;o(v +

7,(n+ k) — (v + 7))) are solved, i.e., the bundle connection A and the immersion f

loc

exist in the following spaces:

AeWP(U C M;0(w+T,(n+k)— (v+1))),
f € Wl (M; M),

loc

such that rank(df) = n, and Eqs. (3.37)(3.43) are fulfilled, then f is indeed an W;”
isometric immersion by construction.

The solubility of the Poincaré system with the corresponding Sobolev coefficients
is easy to establish. Suppose we are given A € W.P(U € M; O(v+7, (n+k)—(v+71)))
and want to solve for df = Q- A in I/Vlgp (M; M). Since all the results are stated in
local Sobolev spaces, it suffices to assume that U is a smooth bounded open subset

of R™. In this setting, let J. € C*°(R") be the standard mollifier, and set
O :=J.x(0-A). (3.54)

It follows that
0 —0- A in WHP(U; M) as e — 07, (3.55)

hence {©°} is uniformly bounded in W'?. Now, ©° is a smooth closed one-form (cf.
Step 3) for each € > 0, so we again invoke the solvability of the Poincaré’s system to
find f¢ € C=(U; M) such that df¢ = ©°. By adding a constant we may assume that

Jiy f¢dz = 0. Then, the Poincaré inequality gives us:

1 lwenwimy < CUL Nwrow.am + 1O wrew.xm)-

Hence, thanks to the compactness of the embedding W2?(U; M) — W'»(U; M)
(Rellich-Kondrachov Lemma) and the uniform boundedness of {©} ¢ Wh»(U; M),

we can immediately arrive at the uniform bound
||fE”W2m(U;M) < Oy < 00. (3.56)
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Therefore, there exists a limiting function f so that f¢ — f in W2P(U; M) up to
subsequences, and it satisfies df = © - A.

6. On the other hand, the Pfaff system with little regularity is more difficult
to tackle. In particular, the Frobenius Theorem cannot be directly applied, since
we need at least C! regularity to make it work; moreover, we cannot apply a direct
mollification argument, since the compatibility condition (i.e., the second structural
equation dWW =W A W) contains a quadratic non-linear term.

In this case the lemma by Mardare in [88] (Lemma 2.4.1) exactly serves for our

purpose. Therein we take

loc

S=WelLl (U;T*"MQo(v+r1,(n+k)—(v+71))), S; = W(0,).

Moreover, as Lemma 2.4.1 is formulated for 2 C R", correspondingly we take U C M
as a trivialised local chart, namely that the bundle E can be regarded as U x R* over

U. Hence, on U, we assume without loss of generality that [9;,d;] = 0; it gives us
0,6, — 0;6; = 8;(W(9;)) — 8;(W(d;)) + W([;,8;]) = dW(9;, 0;).
However, on the other hand we have:
(6, ;] = W(i) - W(0;) — W(9;) - W(0i) =W AW(9;, 0;).

So the compatibility condition in Lemma 2.4.1 is verified by the second structural
Eq. (3.29). So the Pfaff system (3.37) with Sobolev coefficients is uniquely solvable
on local charts. Therefore, combining the arguments in Steps 5-6, one concludes the
existence of local isometric immersions in the little regularity case, provided that the
GCR equations hold in distributions.

7. Finally we deduce the global existence of isometric immersions, based on the
local result established in Steps 2-7 of the same proof. In fact, it can be copied
verbatim from the standard monodromy arguments in Step 6 of §2.4.3, hence is
omitted here. Combining the arguments in Steps 1-7 above, we now complete the

proof. m

3.3 (Generalised quadratic theorems of compensated
compactness

Our main tool to establish the weak continuity of GCR equations is a generalised
quadratic theorem in the theory of compensated compactness a la L. Tartar. First of

all, we recall Tartar’s original result (Corollary 13 in [119]):
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Proposition 3.4 (Tartar’s quadratic theorem) Let {u‘} be a family of functions
in L2(RE;RY), and Aijx constants for 1 <i < 1,1 <j<Jand1 <k < K. Let
Q : R’ = R be a quadratic form, namely a 2-homogeneous polynomial. Suppose that

(T1) u® — u weakly in L*(RE;R7);
(T2) {71 il Ay Vius iy is pre-compact in Hygo (R™;RY);

(T3) Q(N\) =0 for all A € A, where the operator cone A is defined by

J K
A= {)\ eR7 DN AN =0 for all 1 <i < I and for some & € RK\{O}}.

J=1k=1
Then Q(uf) — Q(u) in the sense of distributions.

Here, the condition (T2) is known as the first-order differential constraints on
{u} (in which V}, denotes the k-th partial derivative on R*). Heuristically it says
that certain constant-coefficient linear combinations of the first-order derivatives of
u, i.e. a directional derivative of u¢ in some prescribed directions, is pre-compactness
in H;!. The condition (T3) requires the quadratic form @ to vanishing on the cone
A. This is desirable since the Fourier transform of the quantities in (T2) is zero
on A, or loosely speaking, “A cannot detect the first-order differential constraints
on the Fourier side”. (T2)(T3) together promote the weak-star L> convergence of
{Q(u)} (whose topology is not even metrisable), which follows from (T1) and Cauchy-
Schwarz, to a distributional, subsequential convergence.

We generalise Proposition 3.4 to vector bundles over semi-Riemannian manifolds.
To do so, we first isolate the key analytic ingredients in §3.3.1, by establishing a
compensated compactness theorem on locally abelian topological groups. Then in
§3.3.2 we prove our main theorem, which shall be used in §3.4 to establish the weak

continuity of GCR equations.

3.3.1 A result on locally compact abelian (LCA) groups

In this subsection we prove a compensated compactness theorem on LCA groups, as
a modification of Tartar’s quadratic theorem in [118]. Our motivation is to identify
the structures and estimates essential to Tartar’s result, and thus generalise it in the
setting of abstract harmonic analysis.

Let us begin with recalling the basics of abstract harmonic analysis. We refer the

readers to Loomis [83] for details.
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First of all, a topological group G is a group with a topology, in which the group
operation and the inverse are continuous. If the group G is abelian, and the topol-
ogy is Hausdorff and locally compact, we say G is a locally compact abelian group,
abbreviated as LCA group in the sequel. For any LCA group G there exists an in-
variant Radon measure pg, unique up to multiplicative constants, known as the Haar

measure. The LP norm (1 < p < o0) for u : G — C can thus be defined as follows:

fullirn = { [ 1u(o)P o)} (357

Secondly, given any LCA group G, its group of characters G := Hom(G;R/Z) is
also an LCA group, endowed with the local-uniform topology of any non-trivial Haar
measure (which is the weakest topology making each element of G continuous). It is
also known as the dual of G, due to the following Pontryagin duality theorem: G is
canonically isomorphic to G. Then, for u € LY(G) we can define its Fourier transform
@:G — Chy

() i= [ ulg)e ™9 duc(y). (3.58)

Here £(g) is given by the duality pairing of G and G. Throughout we write 0 € G
as the group identity; this is in agreement with the definition G := Hom(G;R/Z),
which is the group of additive characters.

Thirdly, the Plancherel formula extends to the general LCA groups:
Jullzoo) = il 2y for all we I2(G), (359)

with the Haar measures pg and pp suitably normalised. In other words, the Fourier
transform defined in Eq. (3.58) is an isometry between L(G) and L?(G). Notice that
all the constructions up to now extend naturally to vector-valued functions u : G —
Cl,1>1.

Fourthly, we say that 7 : L*(G) — L*(G) is a multiplier operator if

Tu(€) = m(€)a(€) for some m : G — C. (3.60)

Here, m is known as the Fourier multiplier of T. More generally, for T : L?(G;C”) —
L3(G;Ch) (I,J > 1), the multiplier is a mapping

m: G — Mat(I x J;C) = (C7)* QR C'. (3.61)

Namely, for each ¢ € G, m(€) is a linear operator from C’ to C! (equivalently, an
I x J matrix). In the sequel, for any matrix M € Mat(I x J;C) we use |M| :=
VXL, YL [M;;]? to denote its Hilbert-Schmidt norm.
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In this context, we say that Q : CN — C is a quadratic polynomial if Q) is a

Hermitian 2-form on CV, i.e., Q = {Q;1} as a complex (n x n) matrix satisfies:
Qir = Qkj for each j,k =1,2,...,N. (3.62)

Equivalently, it means:
N —_
Q) = D QuN I for A = (AY,...,AY) € CN and constants Q1 € C. (3.63)
k=1

Now we can formulate our generalised quadratic theorem on LCA groups:

Theorem 3.5 Let G be an LCA group with Haar measure ug. We consider a se-
quence {u} in L2(G;C”7), a Fourier multiplier operator T : L*(G;C’) — H~*(G;Cl)
with multiplier m : G — Mat(I x J;C) for some s € Ry, and a quadratic polynomial
Q:C’ — C. Assume that

(C1) u¢ — u weakly in L*(G;C7).

(C2) The end of G retracts nicely onto a compact set: More precisely, for a large
enough compact set = € G containing 0, there exist another compact set K &
G\ {0} and a continuous, surjective map ® : G\ E — K, such that {(®*m)uc}
is pre-compact i L*(G\ Z;C7).

(C3) Q(N\) =0 for all A € Ay, where A (the cone of T ) is defined by

Ar:={XxeC’:m(&)(N) =0 for some £ € G\ {0}}. (3.64)
Then we have
limy [ (@0 u)(g) dnole) = | (@0 u)lg) dpic(o). (3.65)

Here, the pullback of m under ®, i.e., the map ®*m : G \ 2 = [0, o¢], is given by

d*m(€&) = m(®(¢)).

Also, in the definition of A7 (Eq. (3.64)), we view m : G — (C)* Q C' (i.e., m(€) is
an operator from C’ to C’), hence m(£)(\) € C'. According to this interpretation,

another characterisation of the cone is at hand:

A7 = U ker[m(¢)].
§eG\{0}
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Before giving the proof, we point out that our strategy follows from Tartar’s orig-
inal work [118], in which separate estimates are derived in the Fourier space G for the
low-frequency region (i.e., in a compact set = around 0) and the high-frequency region
(i.e., in the non-compact set G'\ Z). The assumptions (C2)-(C3) are required only for
controlling the high-frequency region. Notice that the high-frequency region always
exists unless G is compact, which is equivalent to the condition that G is discrete, for
which Theorem 3.5 trivially holds.

Proof. We divide the proof into five steps. The arguments are a modification of the
proof of Corollary 13 in [118] by Tartar.

1. First, notice that by substituting u¢ with u¢ — wu, it suffices to assume u = 0.

Indeed, an expansion of (u€ — u) gives us

(= ) = 303 (Qulw Y ) + Quul — QY — Qi Y
Jj=11=1
J J
= Qu) + Q) — Y23 (@l Yl + Qi uY) (3.66)

i=11=1
and u¢ — u weakly in L? implies that
JJ
/ {ZZ (ng ul+Q qu? (ue)! )} dpe — 2/ Q(u) dug as € — 0. (3.67)
Jj=11=1

Thus, we have

/Qu—u duG—>/Q d,uG—/Q ) dug as € — 0, (3.68)

so u = 0 is assumed from now on.

2. Next, as u¢ € L*(G;C’) implies u° € L'(G;C’), by the Riemann-Lebesque
lemma on LCA groups (c¢f. Exercise 11 in Tao’s notes [117]) we can find a compact
set 2 € G such that |a<(€)] < a for € € G\ E, for each a > 0. In particular,
sup {|@€(€)| : € € G} < M. On the other hand, for any ¢ € L(G;C”), by Plancherel

formula there holds

‘/Gufcbduc’ = ‘/édecfﬁdu@,

which converges to zero as € — 0 by the assumption (C1). Thus, choosing

¢ =sgn()  x= = — ' Xz (3.69)
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we obtain that

L1aP dpg < M [ ] dp = M‘ Ji zzegﬁdp,@’ 0.
= = G
Hence for the quadratic polynomial ) one immediately deduces

/_ Qo @] dp; — 0. (3.70)

For the subsequent development, notice that we have the freedom of enlarging =:
It can be chosen as any large enough (with respect to pp) compact subset of G

containing 0.

3. In this step we establish the following claim: Given any d > 0 and any compact
subset K € G such that 0 ¢ IC, there exists a constant Csx € (0,00) such that for
any A € C’ and n € K, we have

Re{Q(\)} > —0|A]* = Csclm(n) (N, (3.71)
provided that Re(Q) > 0 on Ap. Meanwhile, under the same conditions for ¢ and IC,
m{Q(\)} > —d[AP* = Csxclm(n) (V)] (3.72)

when Im(Q) > 0 on Ap. (Notice that such K indeed exists, as G is endowed with a
locally compact topology).

Indeed, observe that for A = 0 the claim holds trivially. For A # 0 let us prove
by contradiction. If the statement were false, there would exist §; > 0 such that for

each n € N, one can find \, € C’ and 7, € K satisfying
Re{Q(A\n)} < —dolAnl? — nlm(ma) (An)]*. (3.73)

This inequality is 2-homogeneous in \,, and in particular it is invariant under the
scaling \,, — ¢\, for any ¢ € C\ {0}. Thus, without loss of generality we may require
|\.| = 1 for all n, hence {)\,} converges to some A\, € C’ of norm 1, after passing to
subsequences.

In this case, note that |Re(Q(A,,))| is bounded uniformly in n (say by Cj), hence
”\m(ﬁn)()\n)|2 < Cp — do.

This forces |m(nw)(Ax)| = 0, where 7., € K is a limit of {n, }, after passing to a fur-
ther subsequence if necessary. (Indeed, the subsequential convergence is guaranteed
by the fact that G is Hausdorff, which is a part of the definition of LCA groups.) By
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the assumption on K we have 7, # 0, so by the definition of the cone (Eq.(3.64)),

Ao € Ar. However, this gives us

Re{Q(\)} < —0o,

which contradicts the assumption that Re(Q) > 0 on A7. Hence the claim is proved

for Re(Q). The arguments for Im(Q) are exactly the same, thus are omitted here.

4. Now, employing the claim in the preceding step, let us establish the following:
Whenever Re(Q)) > 0 on Az, there holds

hrﬁn;gﬁ e Re(Q o u)dpugs > 0. (3.74)

Meanwhile, for Im(Q) > 0 on Ay, we have

llrell)lglf e Im(Q o u¢) dpes > 0. (3.75)

To prove this statement, we invoke the assumption (C2) on the Fourier multiplier.
As {[®*m]i} is pre-compact in L2(G;C”) and {4} converges to zero weakly in L?

(by the Plancherel formula), we have

Jo

Then, let us take n = ®(¢) € K and A = 4°(¢) € C” in Eq. (3.71) in Step 2. It shows
that for each 6 > 0, there exists 0 < C5x < oo such that

m(®(€))a(©)[ dpug(€) — .

~€ ~€ ~€ 2 N\ —
Re(Q 0 () > —0la“(©)* — Caxm(®(©)a©)  for¢ € G\=
Hence, by integrating over G \ = and sending € — 0, one obtains

liEILiglf . Re(Q o uf) dpg > —(586121%) ||a6||%2(é\5) > —0M, (3.76)

where M < oo a universal constant. Here we use the pre-compactness of {u‘} in
L2(G;CJ ), which is implied by the assumption (C1) and the Plancherel formula.
As § > 0 is arbitrary, Eq.(3.74) is proved. The proof for the imaginary part, i.e.,
Eq. (3.75), holds analogously.

5. Finally, to conclude the theorem, note that by changing @ — —@ in Eq. (3.74)
the following inequality holds:

lim sup " Re(Q o u)dug <0 for Re(Q) <0 on Ar. (3.77)
e—0 G\E
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By the hypothesis (C3), i.e., Re(Q) = 0 on Ay, this inequality together with (3.74)
verifies the assertion outside a compact set =, i.e., lim,_,o fé\z Re(Q o u)dpy = 0.
Moreover, in Step 1 the same result on = has been established in Eq. (3.70). Hence,

in view of the Plancherel formula, one obtains that

lim Re(Q ou)dug = 0. (3.78)

e—0
As in Steps 2-3, the analogous statement for Im(Q o u€) can be established similarly.

So the proof is now complete. m

Let us discuss some examples to the quadratic theorem on LCA groups (Theorem
3.5). First of all, Tartar’s result (Proposition 3.4) can be deduced from Theorem 3.5:
We take G = R,

J K
- (Z Z Z]kvkzu with constants A;j; € R,

and define the deformation retraction ® : RX \ B; — B, \ B V32 by

§
DE) = ——>
(&) = === e
Then, the Fourier multiplier of 7 is m(£) = YK | (—2mi) A", while the cone of T
is

7= {)\ cR’: i i A& N = 0 for some & € RF\ {O}}

j=1k=1
Moreover,

o revne (—2mi) S5k Auga® (1) (€)
| m(€)a (&) 1ams| 2, = /| N e A€ = ||Tu| -1z )

thanks to the Fourier characterisation of H® spaces. By cutting off u with a test
function of compact support in GG, Proposition 3.4 is immediately recovered.

Next, let us relax the first-order differential constraints in Proposition 3.4: Con-
sider P, a degree-d homogeneous polynomial in xy,...,2x, V = (Vy,..., V) the
gradient on CK, and P(V) the corresponding order-d differential operator. Let
u: CK — C’ be any L}_ map, and let

Tu(x) =A-[P(V)](u), A € Mat(I x J;C) is a constant matrix.
Then, the retraction ® : C* \ By — By \ B3, given by

. P(—2mi§)
2O = Ty ey

verifies the assumption (C2). So, by a standard cut-off argument, we obtain:
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Corollary 3.3.1 Let {u} C L2 (CX;C’) be a family of functions converging weakly

loc

tou in leoc. Let P =Y 4. vie—d \ Qi il a2 ) be a homogeneous polynomial

of degree d, and Tu = A - [P(V)|(u) for some constant matriz A € Mat(I x J;C),

namely:

TU((L’) = Z { Ai;i1 ..... iK;jV?V? cee V?{uj(xl, Ce ,IK)}

j=1 " i1t..tig=d
foriy, ... ig € Zy, constants Aii 1. €C,andi=1,2,..., 1.

Suppose that {Tu} is pre-compact in Hg(CK; CL), and assume that the quadratic
polynomial Q) : C? — C is vanishing on the cone Ay, defined as follows:

J
A7 = {/\ eC’: Z Z Ay, iK;j(fl)il e (gK)iK/\j =0

j=li1+..+ig=d

for some & = (&,...,&k) # 0 and each i = 1,2,...,]}.
Then Re(Q o u€) converges to Re(Q ou) on CK in the sense of distributions.

Still more generally, the differential operator 7 does not need to be homogeneous,
nor must it have integral orders: Suppose that 7 is a differential operator of order
m € R, , let us denote all the components of 7 with order below m by Ti.,. Then, for
{u} bounded in L} _(CK;C”), the Rellich’s lemma (H?® embeds into H" compactly if

s > r) shows that
{Tow (u) } is pre-compact in H,".

So it suffices to only consider (7 —Tioy ), which is again an m-homogeneous differential

operator. Therefore, we arrive at the following

Corollary 3.3.2 Let {u‘} C L*(CX;C’) be a sequence of functions converging weakly
tow in L?. Let B(T) =Yg 1. 48x<m | Qa1 g Ty 257 - - T ) be a polynomial of order

m, and Tu = A-[B(V)|(u) for some constant matriz A € Mat(I x J;C), namely:

J
TU(ZL‘) = Z { Z Ai;ﬁl ..... ﬁK;ij1V§2 te V%Kuj(xl, e ,{L‘K)}
J=1 pi+.+Bx<m

for Bi,...,Bx € Ry, constants Ayp,, e € C, and ¢ = 1,2,...,1. Suppose that

,,,,,

{Tu} is pre-compact in H,™(CE;Ch), and assume that the quadratic polynomial

Q : C’ — C is vanishing on the cone

J=1 B1+..+Br=m

for some & = (&,...,&k) # 0 and eachizl,Q,...,]}.

Then, Re(Q o u¢) converges to Re(Q ou) on CK in the sense of distributions.
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3.3.2 Intrinsic quadratic theorem via micro-local analysis

Our major generalised quadratic theorem concerns the weakly convergent L? sections
of a vector bundle E over a semi-Riemannian manifold M. In order to formulate it

globally and intrinsically, two difficulties immediately arise:

1. Being endowed with a semi-Riemannian metric, M is a real manifold. However,
our theorem has to be formulated over the complex C, since the proof is based

on Fourier analysis, which brings about the factor i = v/—1.

2. More importantly, we notice that the conditions (C2)—(C3) in quadratic theorem
on LCA groups, i.e., Theorem 3.5 are proposed in terms of Fourier multiplier op-
erators. However, the Fourier transform cannot be defined globally on a generic
semi-Riemannian manifold, not to mention the Fourier multiplier operators. In
fact, for u € L?*(M; E), the best one can do is to define

w(z, &) == /M u(y)e’2m<e"p;1(y)’g> dV,(y) foree M, £ €TrM, (3.79)

where exp, : T,M — M is the exponential map on the manifold, (-,-) is the
paring of T'M and T M given by the metric g, and dV} is the volume form of
g. Indeed, it is only well-defined at x € M wup to the first conjugation point
of x, for which exp,! can be specified unambiguously. However, in non-linear
analysis, the compensated compactness theorems are known to be invariant

under localisation.

These considerations call for a quadratic theorem on real manifolds, for which
the differential constraints (i.e., the operator 7 and the cone A7 in (C2)—(C3) of
Theorem 3.5) are formulated globally and intrinsically. For this purpose we introduce

three new ingredients:
e The (principal) symbol of a differential operator;
e A quadratic polynomial defined globally on vector bundles;
e Complexifications of vector bundles and quadratic polynomials.

Principal Symbols. We only collect some basic facts here and refer to P. Albin [2]
for details.

For an arbitrary differential operator 7 of order m that maps F-sections to F-
sections, namely 7 : ['(E) — T'(F), let us denote it by 7 € Diff"(M; E, F). Tt is

a crucial observation in micro-local analysis that o,,(T), the principal symbol of T,
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can be defined intrinsically. Indeed, for any £ € T M, one may choose a function
f € C®(M) such that d,f = &, and then set

(T, €) = lim [ 2T o ](z),

t—o0 tm

(3.80)

It is easy to check that o,,(T)(x,&) € Hom(E,, F,) for the given ¢, and that the
definition is independent of the choice of f. Here and throughout £, = R’ F, =~ R!
denote the fibre of £ and F' at the point x € M, respectively, and Hom(E,, F},)
denotes the space of vector space homomorphisms from E, to F,. Moreover, o, is a

homogeneous polynomial of order m on each fibre of T*M, 1.e.,
Om(T)(x, A) = [N\ om(T)(z,§) forallz € M, € T:M and A € C.  (3.81)

More abstractly, denoting P,(V, W) as the vector space of degree-I homogeneous
polynomials between the vector bundles V' and W, the principal symbol map o,

defines the following vector space homomorphism:
Om : DIff™(M; E, F) — P, (T*M; Hom(E; F©)). (3.82)

Here F© := F ®g C is the complexified vector bundle, which is necessary since i =
v/—1 appears in the definition of ¢, in Eq. (3.80). We adopt this abstract language
in order to emphasise the global, intrinsic nature of the principal symbol.

For the application in §5 let us discuss a key example, that is, the exterior differ-
ential operator T =d : AYT*M — N1 T*M. In fact, we have

d € DIt (M; N T*M; "7 7 M),
whose principal symbol o1(d) is given by
[01(d)(&)](w) = —2mi& Aw forE e T"M, we /\q T*M.

Due to the presence of i = y/—1, we view the exterior algebra in the range of d as being
complexified, i.e., for each & € T*M we have o1(d)(§) € Py(NIT*M; N T*M @ C).
In this case, notice that o1(d)(§) = [—2miA], which is indeed a 1-homogeneous

polynomial of operators from g-tensors to complexfied (g + 1)-tensors.

Intrinsic Formulation of Quadratic Polynomials. Now we need to explain what

it means by a quadratic polynomial on a vector bundle E:
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Definition 3.3.1 Let E be a vector bundle over a real manifold M. A map @Q :
['(E) — C is a quadratic polynomial on E if it factors as follows:

Q:T(E)-LTERQE)-LC,

where j(s) = (s, s) is the natural inclusion of the diagonal, and q € T'(Hom(E ® F;C))

18 conjugate 1-homogeneous in each argument, i.e.,
a(Asy, s2) = Aq(s1,82) and q(sy, use) = 1q(si, se) for all sy, s9 € T'(E) and A\, u € C.
In this case, we write @ € Py(E;C).

We notice that such constructions remain valid for C replaced by R. In this case,
say @ is a real quadratic polynomial on E. It follows from the definition that any

quadratic polynomial @) is 2-homogeneous, namely
Q(\s) = |A\?Q(s) for all s € T(E) and \ € C. (3.83)

Moreover, suppose that U C M is a trivialised chart for the vector bundle F of
degree J, i.e., there exists a diffeomorphism ® : E > 7=1(U) — U x C’. Then, for
s=®"Y(z,2) € U x C’, the value of the quadratic polynomial @ at s is given by

J

Q(s) = > Qju(x)zl 2k with Q1 € C*(U). (3.84)

Jik=1
Thus the local representation of () is obtained. It is compatible with the charac-

terisation of quadratic polynomials on C’ in Eq. (3.63), which is globally trivialised.

Sobolev Norms over Semi-Riemannian Manifolds. The Sobolev norms can
be defined globally an intrinsically on a (connected) semi-Riemannian manifold M.
Let (E,g”) be a vector bundle over (M, g), and consider 1 < p < oo, k € Z. For
each section a : M — E we wish to define ||a||yr.p(rr,9,5,4%), Which is abbreviated as

||| wes(ar;py in the sequel.

1. First, let us integrate a function f : (M,g) — R. This is the same as inte-
grating on Riemannian manifolds, except that we take the absolute value of
det g. More precisely, consider an atlas {U,}qer of coordinate charts on M,
and the diffeomorphisms {¢, }acz mapping each U, to R}, where v = Ind(M).

Moreover, let {pa}acz be a partition-of-unity subordinate to the atlas. Then

/M favy =3 /Rn {Pa(x) {(qba_l)*f(x)] Ly, (w.)(x) ‘ det g(x)‘ } dzt ... da™.
- (3.85)
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1

Moreover, let € = (e!,...,€")" be the signature of g, and we take

€ := diag(e', ..., ") (3.86)

as the diagonal matrix associated to e. Then |det g| = det (ég), where (€g) is

understood as the matrix multiplication. Hence,
[ 1= X [ {a@l6) @) Lo o) VAot @)@) | .o
acl
(3.87)

2. Next, we define ||a||pr(rgm05) = ||@l|zrarm). As above we write ef as the
diagonal matrix associated to the signature of ¢”, the bundle metric. Then we
define:

ol Loarsmy = {/M ‘gE(Oz,Oz) ngg}; = {/M (gEgE(oz,a)>g qu};. (3.88)

This formula is well-defined: We integrate the function f = |¢¥(a, a)| over the

manifold M as in the first item above.

3. Finally, let V¥ be an affine connection on the bundle E, which is equivalent to

a covariant derivative on E. Then we set:

hSA

LP(M;E))p} . (3.89)

k
HaHWk»P(M;E) = {Z (H VEoVFo.. . oVFa
=0

7 times

In this way we have defined the Sobolev norms on sections of vector bundles over
semi-Riemannian manifolds. This definition is intrinsic, as it is independent of the
choice of atlas {U,} and the partition-of-unity. As usual, the corresponding Sobolev
spaces are defined as the completion of smooth sections with respect to the W

norms:

WHP(M; E) := Cx(M: B)Whrone), (3.90)

and « is in the Frechét space WP (M; E) if and only if there exists a compact subset
of M, such that the restriction of a on this set is in W*P(M; E).

Our main result of this subsection is Theorem 1.6 in §1.2.1:

Theorem 3.6 (Theorem 1.6 in §1.2.1) Let M be a semi-Riemannian real man-
ifold with the metric g and volume form dV,. Also, let E,F be two real vector
bundles over M. We consider a sequence of E-sections {u‘} C L .(M;E), a dif-
ferential operator T € Diff"™(M; E, F) for some m € Ry with the principal symbol
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on(T) : T*M — Hom(E; F), and a quadratic polynomial Q : T'(E) — R. Assume
that the following conditions hold:

(C1) u® — u weakly in L% (M;E);
(C2%) {Tuc} is pre-compact in H,""(M; F);
(C3") Q(s) =0 for all s € Ay, where the cone of T is defined by

Ar = {s €T(E) : 0,n(T)(£)(s) = 0 € [(F®) for some & € T*M\{0}}. (3.91)

Then we have
lim [ (QouS)wdV, = / (QouypdV,,  for any ¥ € CX(M). (3.92)
e—0 J s M

Before presenting the proof, let us make a few comments on Theorem 1.6:

1. Theorem 1.6 is formulated globally and intrinsically on the manifold M, as the
symbol o,,, the cone Ay, as well as the Sobolev spaces H® of sections, are all
defined without referring to local coordinates. In addition, we remark that o,
is defined only using the differentiable structure of M, but not the Riemannian
or semi-Riemannian structure. Therefore, the cone Ay in (C3’) depends only

on the algebraic properties of T .

2. In the theorem we denote the target space of the symbol ,,,(7) by Hom(E; F©),
which is understood as the vector bundle of R-bundle homomorphisms from FE

to the complezification of F, i.e., F® := F ® C. One also commonly writes

on(T) € T(TM @ Hom(E; F©)). (3.93)

3. The following lemma concerns the naturality of the principal symbol under the

action of diffeomorphism group. It is crucial for the proof of Theorem 1.6:

Lemma 3.3.1 Let O, O be open subsets of R, and let F : O — O be a diffeo-

morphism. Then, for P € Diftf™(O), we have F,P € Diff"(O) too.

Moreover, the principal symbols of P and F,P, i.e., 0,,(F.P) and 0,,(P) re-

spectively, are related as follows:

o (FP)(F(2),€) = 0m(P)(z,[d.F]T(€))  for each x € O and & € (T,R")*.
(3.94)
Here, F,P denotes the pushforward of P under F':

(F,P)(¢) = P(po F)o F~! for all p € C=(0). (3.95)
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In fact, Lemma 3.3.1 is a special case of Theorem 20 in the notes by P. Albin
([2]): the first assertion holds for general pseudo-differential operators, and
the second assertion holds for pseudo-differential operators with classical total

symbols.

The strategy of the proof is as follows: First of all, making use of the partition-
of-unity, together with the commutator estimate of 7 € Dift™(M; E, F) and a mul-
tiplication operator, we reduce the theorem to a local problem on one single chart
of the manifold. Next, thanks to Lemma 3.3.1, we can flatten the local chart to R";
it is an LCA group, so our hope is to apply Theorem 3.5. This cannot be achieved
directly due to the non-trivial semi-Riemannian metrics on the manifold and the
bundles. Nevertheless, exploiting the quadratic structure of (), the signature of the
semi-Riemannian metrics do not affect the proof. Therefore, locally we may regard
the metrics as “close” to the Euclidean metrics, and the arguments follow from that

for Theorem 3.5, since Euclidean spaces are LCA groups.

Proof of Theorem 1.6. We divide the arguments into eight steps.
1. At the beginning of the proof we justify the following two reductions: First,

it suffices to prove for u = 0. The argument is the same as in Step 1 of the proof
of Theorem 3.5. Second, we can localise the statement to each chart of the differen-
tiable manifold M. To fix the notations, let {U,}ncz be an atlas of the differentiable
manifold M; we claim that it suffices to prove Theorem 1.6 for the sequences {uc}
supported on one single U,.

For this purpose, let us take any 1) € C°(M) and consider the following identity:
T (Wu) = pTu + [T, ¥]us. (3.96)

Here [T, 1] denotes the commutator of 7 and the operator of multiplication by .
Clearly, [T, ] is a differential operator of order not exceeding (m —1). As {u} is
pre-compact (hence uniformly bounded) in L2 ., we know that {[7,¥]u} is uniformly
bounded in H;”"*', which is compactly embedded in H_.™ by the Rellich lemma.
Moreover, by the condition (C2’), {¢)Tu‘} is also pre-compact in H;*. Hence the
same holds for {7 (¢u)}. In addition, the transition function ¢, 3 between any two
overlapping charts U, and Up is a diffeomorphism, so 7|y and 7T |ys both have the
principal symbols of order m, which are m-homogeneous polynomials in the fibre
of the cotangent bundle T*M. Indeed, they differ only by a multiplicative factor

controlled by the Lipschitz norm of ¢, g, which is bounded uniformly on M for all

91



a, B € Z. Up to now, we justified that the assumptions of the theorem are invariant
under the operation u¢ — Yuc, where » € C°(M) is an arbitrary test function.

It remains to establish the “local-to-global” result, i.e., if the assertion holds for
{u¢} supported in each chart, then it also holds for arbitrary {u‘}. To this end we let
{ba }aez be a partition-of-unity subordinate to the atlas {U,}aez, i.€., 0 < ¢ < 1
and ¢, € C(U,) for each o € Z, as well as Y ne7 ¢o = 1 on M. Moreover, we can
find 0 < ¢, <1 and ¢, € C°(U,), such that ¢, = 2 for each o € 7.

To proceed, suppose that Theorem 1.6 is proved for the sequence {¢,u‘} C
L*(U,; E) for each a € Z, with ¢ou® — ou in L?*(U,; FE) along some subsequence
{au}icr,cz. Then, for a neighbouring chart Ug, i.e., U, N Uz # (), we can se-
lect a further subsequence {su® };cz, C {¥au }icz, such that Z, C Z; and {¢guj}
converges weakly in L?(Ug; E) to some ¢zta. However, due to the uniqueness of sub-

sequential weak limits, we have
u="1u on U, NUsg.

Hence, we can write ¢gu as ¥gu without ambiguity, according to the following in-
terpretation: the function u, previously defined only on U,, is now extended to the
domain U, U Up.

Now, as M is second-countable (which is part of the definition of differentiable
manifolds), we can take the indexing set Z for the atlas to be at most countable. Thus,
performing a diagonalisation process to the arguments in the preceding paragraph,
we obtain a subsequence {u‘} (not relabelled) and a function u € L _(M; E) defined
on the manifold M, such that

Yo us — You for each av € 7.

Therefore, for any test function ¢ € C2°(M) we can pass to the limits:

lim [ (Qou)(@)(a = 3 ling ] 92@) (@0 u)(@)u(e) dVy(a)

e—0 e—)O

= th Q(va(@)u(2))v(x) dVy(x)

=¥ [ Qa@u(@)e() dvy()
_ Zz / P2 (2) (Q o w)(z)y(x) AV, (z)
= | (@Qou)@)é(a) av;(a) (3.97)
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In the first and the last lines we use Y 4e7 %2 = 1 on M, while in the second and the
fourth lines we use the quadratic structure of ). Moreover, the order of summation
over « € Z can be interchanged with the limit and the integration, because the
partition-of-unity is locally finite. Thus, the localisation argument is complete due to
Eq. (3.97).

2. From now on, {u‘} is assumed to be supported on a single chart U, C M. In
this step let us “flatten the chart” by transforming U, to R™ via the coordinate map.
First, we observe that there is no loss of generality to assume that the vector bundles
E, F are trivialised on U,: one simply takes refinements of the atlas {U,}aer if
necessary. Now, by basic manifold theory, there exists a diffeomorphism F, : U, —
R" so that

(F,),T € Diff "(R™;R™ x R’,R™ x R). (3.98)

We always assume that F, F' have typical fibres R’ and R?, respectively. Moreover,
Lemma 3.3.1 implies that

O ((Fo)T) (Fa(), €) = 0un(T) (2. [deFu] T (€)) (3.99)

for all z € U, and ¢ € R’. Noticing that ¢ and [d,F,]"({) are simultaneously

non-vanishing in Eq. (3.99), since F,, is a diffeomorphism, one concludes
Ar = Ny (3.100)

i.e., the cones of 7 and (F,).7T coincide.

Therefore, it suffices to prove the theorem with {dF, (¢,uf)} and (F,),T in place
of {u‘} and T, respectively. Here {1, : @ € T} is the partition-of-unity subordinate
to the atlas {U, : @ € Z} as in Step 1. In addition, by the paracompactenss of
topological manifolds one can assume 1), to be supported in a compact subset of U,
for each @ € Z. Thus, in the sequel we take dF,(1,u) to be compactly supported in
R", and identity it with the map on the whole of R", obtained via extension-by-zero.
To simplify the notations, we still label {dF, (¢,u)} as {u‘}. Thus we reduce to the
case M = R", which is an LCA group as in Theorem 3.5.

3. Thanks to the localisation and flattening arguments in Steps 1-2, from now
on we assume {u‘} C L(R™",R" x R7) and T € Diff "(R",R" x R’;R" x R’). To
simplify the notations, let us still write £ = R" x R/, ' = R" x R! and denote the
metric on R™ by ¢ with an abuse of notations, i.e., assuming that M = R", and that
the bundles E, F' are globally trivialised.
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To begin with, recall that the LP norm of v : R" — FE is defined as

-

ey = ( [, bl av;)”
— (/n { : 6k9ﬁ(:v)uﬂ‘(a:)uk(x)}g | det g(i)!dgg)”. 100

Here, g” is the bundle metric on E, the indices 1 < j,k < J are for the fibre of E,
and €, € {£1} is the signature of the k-th component of g”, such that hj := exgJ;

becomes positive definite. We choose a coordinate system in which ¢¥ is diagonalised:

gE: diag(Alw'-a>\T;>‘T+17"'7)\J)a
where \; <0Ofor1 <j <7 and \; >0for7+1<75<J.

Correspondingly, we have ¢, = --- = ¢, = —1 and €¢,,1 = --- = €; = 1, where 7 is
the index of g. In the sequel we always write {u*} in place of {u‘}, to avoid possible
confusions between the superscript € and the signature e.

Now, define a new sequence of sections {v*} C L*(R"; E) by components:

(") == \Je; A (u")? | det g[i for each j =1,2,...J. (3.102)
Namely, we write v* = ((v*)},..., (v*)7)7. By this definition v* depends on ¢g¥, g

and v, and it verifies the following identity

J
10 2 ggn g = 3 /Rn{(vu)ﬂ(x)}2 dr = 0" |22@n oy for each g, (3.103)
j=1

where gg denotes the Fuclidean metric on R™. So, by the condition (C1’) we know that
{v#} is uniformly bounded in L? with respect to go. Moreover, supp(v*) C supp(u*)
for each p, so all the terms of {v#} are supported on a common compact set. At this
stage, we can apply the arguments from Step 1 in the proof of Theorem 3.5 to the
sequence {v*}, which yields:

lim [0 (€)]* d€ = 0. (3.104)

n=0Jjg|<K

Here K > 0 is a constant to be determined later.
As a remark, the norm on ¢ is also taken with respect the Euclidean metric, as it

is the metric induced by gy on the cotangent bundle 7M.
4. Next we control the high-frequency region of {v*}. For j =1,2,...,J, set

X=X (g) = | det g|T\/e;N;; (3.105)
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then (v*)? = x7(u*) for each j. Notice that x? > 0 strictly, by the non-degeneracy of
the metrics g, g”. Writing u* = Y7_, (u*)?9; and similarly for v* in local coordinates,

by the linearity of the differential operator 7, we have

=20 Tl Po] + TPy = 1 11

In I1*, [T, x’] is the commutator between 7 and the multiplication operator by y”.

We now argue that {7v*} is pre-compact in H ™ (R", go; ). First of all, this
sequence is compactly supported, by the construction of {v*} and the locality of
the differential operator 7. So we neglect the subscript “loc” for the corresponding
Sobolev spaces. By explicitly writing out gy in the subscript, we emphasise that
M = R" is equipped with the Euclidean metric. To this end, it shall be established
that both {I*} and {II*} are pre-compact in H~"™(R", go; F').

For I#, first we compute as follows:
1 g gy < sup 10— Lllzoe oy )T - g
1<5<J

1/2 1/4
< (1411712 1 det gl ) ) IT [ gy (3.106)

Next, we show that ||Tu" || g—mm@n go;ry can be related to ||[Tu|| g—mmn g5y, whose
pre-compactness is assumed by the condition (C2’). For this purpose one needs to in-
voke the Fourier characterisation of Sobolev norms || || gr—m@n go;ry and ||« || g—m @n g;r)-
Here, since in Steps 1-2 we already localised the sequence {u*} to a chart U, of M on
which E and F' are trivialised, so g|y, has no self-intersecting geodesics, provided that
U, is contained a geodesic normal neighbourhood. This can be assumed by shrinking
U, if necessary. Then, the pushed-forward metric (F,).g — which is still labelled as g
from Step 2 onward — satisfies the same property on R™ = M, hence || - || g-m®n g.F)
can be defined globally via Fourier transforms unambiguously.

In this way we obtain the following:

[ Tur(€)[2
1T 11 (R, o) = /R Tt jepyme
Tur(¢ )2r

A+l 1
e (LT 1P >m/2 R iy i

| Tur (¢
<[, g1 i
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= CHTUHHH_m(R”,g;F); (3107)

where C only depends on m, ||g||L<(M), and infy; |det g|. This together with
Eq. (3.106) gives us

I bz-m @ gosry < CNT | (@n gir), (3.108)

where C” depends only g, ¢ and m, but not on p. In view of (C2’), so {I*} is
pre-compact in H"™(R"™, g; F').

Now let us turn to {II*}. Since T € Diff"™(M; E, F) and X’ is a multiplication
operator, so [T, x’| € Diff"(M; E, F) for r < m — 1. By the assumption (C1’), {u"}
is bounded in L?*(M, g; E), and hence {II*} is pre-compact in H~™(R", g; F') due to
the Rellich Lemma. Again, by the estimates in Eq. (3.107), {II*} is also pre-compact
in H~-™(R", g; F'). Therefore, {Tv*} is pre-compact in H ™ (R", go; F'), which leads
to

T — 0 strongly in H~"(R", go; F). (3.109)
This is because u* — 0 in L?; see Step 1 of the same proof. Here R" is endowed with
the Euclidean metric gy, and F has the bundle metric ¢*'.

5. Now we estimate the Euclidean L? norm of 7 v# on {|¢] > 1}. Here, Tk is

the standard Fourier transform on Euclidean spaces, namely

Tor(€) == [ Tor(z)e 26 da.

Rn

Indeed, since T € Dift™(M; E, F), by localisation and flattening in Steps 1-2 we

have:

T= > au(2)0,

laj<m

and the principal symbol is given by

on(T)(@,§) = (=2m0)™ > aa(2)E",

|a|=m

c¢f. §3 in [2]. Combining with the lower order terms, we get

Tor(€) = (—2m)™ 3 an(2)E(€) + Y bglx, E)ETum(€), (3.110)
jal=m |8l<m—1

where |an ()|, |bg(x,&)| < Cp for all x € M, ¢ € T M and each a, . Then

1T 0" = ier= 51
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-/ |(—2m0)™ Sjajom @ (@)E(E) + X jpizmo ba(z, )P (E)[ "
€]> K (1 +[€2)m

o e)FEE™ ] 6 e
2O T Joon Griem O} =0 2 [ il

where C depends only on m, while Cy = Cs(sup, |bs(z)|,m). This is obtained by
expanding the quadratic in the second line and separating the highest order term from
the other terms. Now, choosing K > 1 so large that the second term is majorised by

the first term in the last line, we have

2m
[eacs 7 ({le[>K}) = 03{; />K‘a61¥+)‘|£”§)‘|v“( )|2d§}, (3.111)

which converges to 0 by Eq. (3.109). Here C3 depends on C, Cy as well as K.
6. In this step let us complexify @ and Ay. First, we view @ : I'(E) — R as a

complex quadratic polynomial Q€ : T'(E®) — C, given by the following expression in

local coordinates:
2) =Y Qjr(x)zl2F forx € M,z € ES,
where EC = C7 is the fibre of the complexified bundle E® := E® C at the point z.
Thus, Q%(s) = Q(s) for real s € I'(E). Moreover, we define the complexified cone by
AS = Ap + iy = {s% := s+ is for s € A7} (3.112)
Now, let us compute Q%(¢) for ( = s + ir, where s,r € I'(E) are real: indeed,
Q%(s+ir) = Q(s) + Q(r —H{q (r,s) +q(s, r)}
where q(r, 5), == ;1 Qjr(7)rs* and Q(s) = q(s, s) as before. In particular, we have
Q(s%) = 2Q(s) + 2iQ(s) = 2Q(s)",
and hence for s© = s +is € A% the following hold:
1. Q(s) >,= or < 0 if and only if Re{Q%(s®)} >, = or < 0 (respectively);
2. s € Ay if and only if s© € A%,
3. For any ¢ € C°(M) and (u)® := u* + ju”, we have

lim [ (Qou*)dV,=0 if and only if 113%/ Re{QS o (u") T dV, = 0.
© M

w—0J s
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7. Now we adapt the arguments in Steps 2-3 in the proof of Theorem 3.5. First,
a pointwise inequality is established: For each 6 > 0 and any compact set K &
T*M \ {0}, there is a constant Cjsx € (0, 00) such that

2

Re{Q"(s%)} = ¢

~Cs[Jom(@)m)(s7)

IS(C |gE,<c

for each n € K,s € I'(E),
(3.113)
provided that Re(Q) > 0 on Ar. Here g®C is the complexified bundle metric on E,

obtained according to the same rule for Q — QF, by viewing ¢¥ as a quadratic form

gF,(C

on each fibre (i.e., a vector space) of E, and similarly for g©*¢

Indeed, noticing that Eq. (3.113) is 2-homogeneous in s®, thus the scaling s©
As® by any A\ € C leaves it invariant. In particular, it is independent of the signatures
of the semi-Riemannian bundle metrics g¥ and g*". Moreover, the cone A7 in (C3’) is
completely determined by 7, which is independent of the metrics g, g%, ¢g* and the
sequences {u*}, {v*}. So the proof of the analogous result in Theorem 3.5 remains
valid (cf. Step 2 therein).

Now, we integrate Eq. (3.113) over {|¢| > K} with K > 1 specified at the end of
Step 5 in this proof, s¢ = (v#)® and 7 :=

€1
(2l

Here, we remark that it is crucial for the sequence {v*} to be taken on M = R"

(1+|g\ ym . Then one easily estimates

27 = <|n <1 for all |¢| > K. (3.114)

with respect to the Euclidean metric (¢f. Step 3 of the same proof). In this case, the
metric induced on the cotangent bundle 7%M is also Euclidean, hence |£] # 0 for all
e T*M\{0}.

To proceed, n € K := {27 < |¢] < 1} is indeed compact in T*M \ {0}, so

[ Be{Q () g

2m
> — 0|22 @y — Coy D M| m(E)2dE Y, (3.115)
gk (14 [¢2)m
laf=m

where the last term on the right-hand side tends to zero as p — 0, ¢f. Step 5.

Therefore,
| Re{QC()°}d = =3 e ey
1€]1> K

for arbitrary ¢ > 0, which implies that the left-hand side in non-negative. Applying
the same argument for —@Q in place of @), thanks to the condition (C3’) and Step 6

in this proof, we finally arrive at the following:

lim [0 (€)]? d€ = 0. (3.116)

=0 Jjg|>K
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Thus, combining Egs. (3.104) and (3.116) and employing the Plancherel formula, one
obtains:
lim |v“( )|?dé = hm/ [ (&)]>dx = 0. (3.117)

n—0

8. Finally, we notice that Eq. (3.117) is equivalent to the following:

hm [u"|| L2(r1,g,8) i = hm / ZZekg]k (u)? (u)E /| det gP| dV} 0, (3.118)
>

=1k=1

which follows from the definition of v#: see Eq. (3.103). As @ is quadratic, it implies

lim [ (Qou")dV, =0. (3.119)

w=0J M

Moreover, we recall from Step 1 that the assertion of Theorem 1.6 is invariant under
localisations, i.e., multiplication by test functions ¢ € C2°(M). Therefore, we can
now conclude that {Q o u*} converges in distributions to @ o u.

This completes the proof. m

As a concluding remark, we emphasise that the non-degeneracy condition det g #
0 is crucial to the proof. We need it in Eq.(3.107) to compare the H~™ norm of
(T ") taken with respect to g and the Euclidean metric go.

3.4 Proof of weak continuity of GCR equations

Now let us prove the weak continuity of the GCR equations, and thus the weak rigidity
of isometric immersions in the semi-Riemannian setting. With the preparation of
previous sections, the weak rigidity problem can be settled naturally — Our strategy
is to translate the weak continuity of the GCR equations to the weak continuity of
the (second) structural equation of the Cartan formalism, and then apply the global,

intrisic quadratic theorem in §3.3.

Theorem 3.7 Let (M,g) be a simply-connected semi-Riemannian manifold of di-
mension n, withInd(M) = v and g € W,o' (M, O(v,n—v)). Let {f} € W2P(M;R"+*)
be a family of isometric immersions of semi-Riemannian submanifolds, with the sec-
ond fundamental forms {I1°} and normal connections {V1+<} satisfying the Gauss-
Codazzi-Ricci equations (3.15)—~(3.17). Assume that p > n and {f¢} is uniformly
bounded in WP, and that R"* is endowed with the semi-Euclidean metric Gy as in
Eq. (3.19).
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Then, after passing to a subsequence, {f¢} converges in distributions to an iso-
metric immersion [ € VVli’cp(M;R”*k). Moreover, the second fundamental form and

the normal connection of f are weak LL._ limits of {11} and {V1<}, respectively, and
they satisfy the GCR equations.

Proof. We divide the arguments into four steps.

1. First of all, in view of the realisation Theorem 3.2, it suffices to pass to the

weak limits in the second structural equation:
AW =W AW, (3.120)

where W € LV (M;T*M @o(v+ 7,(n+ k) — (v 4 7))) is the connection one-form
associated with f€, defined as in Eq.(3.27). Indeed, as {f} is uniformly bounded
in WP, it follows that {W¢} is uniformly bounded in L . Hence, {W¢} converges
weakly in LT to some W e L} (M;T*M Qo(v+71,(n+k) — (v+71))).

Assume that Eq. (3.120) is weakly continuous with respect to W — W. Then
dW = W AW, thus by Theorem 3.2 we can construct a W;2? isometric immersion
f:(M,g) — (R"™ g5) with connection one-form W. However, such f is locally
unique up to a rigid motion in R,’}if, so by the uniqueness of subsequential limits in
the weak topology of W??, we have f¢ — f weakly in VVlif modulo subsequences.

In the sequel, for brevity we write h = o(v + 7, (n + k) — (v + 7)).
2. Let us take an arbitrary test differential form ¢ € C°(M; A" 2T*M) and

consider the equation
AW N =W AW Np)=GEW WA ). (3.121)

We notice that ¢ has no h-component in its range. Here x : A T*M — N* 7 T*M is
the Hodge-star operator, which is a vector bundle isomorphism by definition. In this
proof we also use * to denote its natural extension x : AV T*M Qb — A" 7 T*M b,
given by x(w ® A) :=xw ® A for w € A T*M and A € b. In other words, we do not
distinguish between % and (* ® idy).

3. To establish the weak continuity of Eq.(3.121), let us first figure out the
differential constraints of this equation. As dWW* = W A W¢€, by Holder’s inequality
we have W A WE € LP/2(U: N2 T*M ®Hb). We thus obtain the following compact

loc

Sobolev embedding:

LU N T*M@B) = Wl (U N T*M @B)  for any ¢ < 2npﬁp,
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provided that p < 2n. For p > 2n, we first embed

PN T MEb) — XU N T*M®b)  where n < j < 2n,

loc loc

then again compactly embed it into W."? as above. Choosing 1 < ¢ < 2, we find

that {dW¢} is pre-compact in W,_(U; A2T*M ®b) for any 1 < ¢ < 2. On the
other hand, {W¢} is pre-compact in the L” norm, hence {dW*¢} is pre-compact in
WolP(U; N2 T*M ®b) for p > n > 2. Thus, by interpolation we deduce that {dWV}

ocC

is pre-compact in H »(U; A2T*M ®b). Furthermore, as the identity below holds by

the super-commutativity of d:
AW N @) =dW Np—WNdp,
it follows that
{d(W* A @)} s pre-compact in Hy! (U; \" T*M@h). (3.122)

Second, for the other term on the right-hand side of Eq. (3.121), we recall that the
L?-adjoint of d, denoted by § : A7 T*M — N?"T*M for 1 < j < n, is related to d by

6= (—1)7 =Dy d (3.123)

Also, * extends to an isometric isomorphism  : LY(U; NY T*M) — LY(U; N" 7 T*M)

for each 0 < 7 < n, and for M with signature v we have
ok = (—1)j<"*j>+”id/\j S (3.124)
Thus the second differential constraint reads:
{6 %W} is pre-compact in H 1 (U;b). (3.125)
As a summary, writing

loc

Z¢=xWeeld (UNIT*MQBb)

loc

{Ve =W Ape L (U, T*MQH), (3126)
in Eq. (3.121), it suffices to establish the following general claim:

Let {V¢} be a sequence of (n — 1)-forms so that {dV¢} is pre-compact in H; .. and
let {Z¢} be a family of (n — 1)-differential forms so that {0Z¢} is pre-compact in H,,_.
Then {(V¢, Z¢)} converges to (V, Z) in distributions. Here, V, Z denote the limiting
points of {V¢} and {Z¢} in the weak L},

loc

topology, respectively.
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4. We prove the above claim via the geometric quadratic theorem established
previously, i.e., Theorem 1.6. For this purpose, the key is to specify the operator T

and its domain and image vector bundles F, F' as in Theorem 1.6. Indeed, we take

{E = N M @b ST M @b, (3127)
F = (N'T*M @Bl @IN*T" M @Y,
and the bundle operator 7 : E — F is given by
T:=das. (3.128)
In this setting, the operator cone is given by
Ar = {1 V)T € T(E): [ (@(©](1) = 0 and [52(0)(©)]() = 0
simultancously for some ¢ € T°M \ {0} . (3.129)

Here we use the identity o1(d® ) = o1(d) ® 01(9), which is an equation as first-order
homogeneous polynomials mapping the cotangent bundle to the hom-bundle from E
to FC, namely P,(T*M; Hom(E; F©)).

To proceed, it is a well-known result in pseudo-differential operator theory that
the principal symbols of d and § have global and intrinsic representations (c¢f. §3.1,
2]). Indeed, we have

or(d)(§) = —(2mi)EN;  01(0)(§) = (2mi)eg, (3.130)

where £ is the element of the tangent bundle 7'M canonically isomorphic to € (which
can be obtained by raising the indices in local coordinates), and ¢x is the interior
multiplication of a differential form by the vector field X € T'(T'M), i.e. contraction

with X. Thus, the cone is further characterised as
Ay = {(,u, MNTET(E):EAp=0and t:(A\) =0
simultaneously for some & € T*M \ {0}} (3.131)

On the other hand, { A u = 0 if and only if y = E At ® A for some A € b
and L € A" 2T*M. Meanwhile, ¢ (\) = 0 if and only if X and ¢ spans orthogonal
subspaces in T*M, so that A = A® B for B € h. Let us now define the quadratic
polynomial @ : I'(E) — R by

Qi N 1) = (1, ), (3.132)
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where (-, -) on the right-hand side is the combination of the inner product on A"~ T* M

and the matrix product on h. Thus, for (g, \)" € A7, we have
QN =(ENAR AN B) = (EALA) & (A-B),

where - denotes the matrix multiplication.

Now, let us claim that (£ A fi, /N\) = 0. Indeed, recall that the inner product
(-,-) on A" ' T*M is induced from the inner product on T*M by the following rule:
For {6, ... 0"} and {6"",..., 691} two (n — 1)-tuples of basic elements in the
cotangent bundle T*M, there holds

(O A NGO LA = det (0%, 07) 1 <py<no1). (3.133)

In particular, if some 6% is orthogonal to 67 in T*M, then the right-hand side of
Eq. (3.133) is zero. Here, the arbitrary basic elements ¢ and )\ are indeed orthogonal,
so we conclude that (£ A fi, :\> = 0. Thus, the quadratic polynomial () indeed vanishes
on the cone A, and the claim immediately follows.

In view of the above arguments, the conditions (C1’)—(C3’) in Theorem 1.6 are

verified. An application of this theorem gives us
QUVE, ZYT) i= WA @, %W — (W A @, %V) in distributions.  (3.134)

However, using the relation between semi-Riemannian metric and the Hodge star,
the expressions for xx, and the super-commutativity of the wedge product, one easily
deduces that

W N @ s WV) = (=1)" WA @ Axx WS
— (_1)2V+TL71W6 A © A WE
— (_1)2V+2(n71)W6 AWE A @
=W AW A . (3.135)
Therefore, the previous convergence result is equivalent to:
WEAW N — WAWAp in distributions. (3.136)

As the test form ¢ is arbitrary, the proof is now complete. =

Remark 3.4.1 Asin the Riemannian case in §2, Theorem 3.7 on the weak continuity
of GCR equations holds for p > 2, regardless of n. We only state the theorem for
p > n in order to ensure that f is an immersion (namely, df is injective) almost

everywhere. The proof holds the same for the more general case p > 2.
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Remark 3.4.2 To conclude the section, let us remark that the main results of §2
above, including the weak rigidity of Gauss-Codazzi-Ricci equations (Theorem 1.2)
and the realisation theorem of Riemannian manifolds (Theorem 2.8), follow from the
results in §3. This is because that every Riemannian manifold is a semi-Riemannian
manifold with positive-definite metric. The results in §2 are proved by exploiting the
Riemannian structures (e.g., the positivity of the Laplace-Beltrami operator, and the
div-curl structure of the GCR equations) on Riemannian manifolds. In contrast, the
arguments in §3 rely on the generalised quadratic theorem and the second structural
equation of the Cartan formalism, which are more general tools independent of the

Riemannian structures.

3.5 Discussions and remarks

The goal of this final section is two-fold: On the one hand, we discuss the weak rigidity
of general immersed hypersurfaces, i.e., a topological submanifold of co-dimension 1
with possibly degenerate induced metric. On the other hand, we establish the weak
continuity (weak stability) of quasi-linear wave equations verifying the null condition
due to Christodoulou and Klainerman, via the intrinsic compensated compactness
result (Theorem 1.6).

3.5.1 Weak rigidity of general immersed hypersurfaces

It is remarked in §3.2 (¢f. Condition (N1) for Theorem 3.2) that, if the metric is
degenerate on a hypersurface 3, then Y cannot be obtained via an isometric immersion
of any semi-Riemannian manifold. Nevertheless, such degenerate scenarios occur
naturally in physics.

One primary example is the light-cone A = {(t,z1,79,23) € R* : 0 = —t* +
z? + x5 + 23} of the Minkowski spacetime (R*™' m = diag(—1,1,1,1)): Although
for any z,v € A, g.(v,w) # 0 for all time-like vectors w in the tangent space at
point x, we have g,(v,-) = 0 on T,A. Here A is known as a null hypersurface.
In addition, the stationary limit surface of Kerr’s vacuum solution is everywhere
timelike except at points on the axis, where it is null and tangent to the horizon
(cf- [89]). A more recent example in [90] considers the glueing of two Anti-de-Sitter
(AdS) 5-dimensional spacetimes with different cosmological constants along a general
hypersurface ¥ = LPUX™ UYL, where ™! is 3-dimensional, such that the restriction
of the metric is time-like on X¥, space-like on ¥ and null on S. If the coordinate

system is suitably chosen, X! may lie in the hypersurface of the form {t = t,}. This
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example gives a possible model for the transition between two distinct AdS universes
across the “brane” 3, in which ™ corresponds to the big-bang singularity.

Therefore, motivated by the physical applications above, a treatment for the re-
alisation problem and the weak rigidity of general hypersurfaces is desired. Let us
notice that the constructions in §2.2, in particular the derivation of GCR equations,
fail in this case: No orthogonal decomposition of tangent spaces as in Eq. (3.4) is
admitted.

To overcome this difficulty, we employ the construction of “rigging vector fields”;
cf. [89, 80, 81] as well as the classical work [108] by Schouten. The idea is as follows:
Consider the hypersurface via the local embedding ¢ : ¥ < (M, g); if ¢*g is null, let
us find a non-vanishing vector field [ € T'(+*T'M) along X, so that

TyyM = T,% @ span{l, }. (3.137)

Thus, we can derive the Gauss-Codazzi equations (for hypersurfaces, Ricci equation
is always trivial) from the orthogonal decomposition (3.137). However, technicalities
are unavoidable because the rigging [ never coincides with the normal vector field,
whenever Y is null — this leads to three Codazzi equations instead of one.

The first main result in this section is stated as follows. From now on, a always

denotes a co-vector field, namely an element of I'(7*Y).

Theorem 3.8 Let t : ¥ — (R"!.g5) be a WP immersion of a simply-connected
general hypersurface, where p > n, and the pulled-back tensor 1*gy is allowed to
degenerate on Y. Let the normal one-form of ¥ to be n € T(«*T*R™). Moreover,
assume that | € T(TR™1) is a rigging vector field, ie., n(l) = 1 everywhere on
Y. Take {e;}?_, C T(TX) as an orthonormal frame on X, and {0'}"_, C T(T*%)
as its co-frame. Furthermore, we define the tensor fields K € VVI})’CP(E; N2 T*Y) and
U e WoP(S:TEQT*Y) = Wil (S: End TY) by

ocC

K =V
vn, (3.138)
U= VI,
which more precisely means that
K(X,Y)= ?n_(X, Y), (3.130)
\I’(Oé, X) = &(VXZ),

for each XY € I(TY) and o € T(T*X). We also define o € WP (5, T*%) by

D(X) = n(Vl). (3.140)
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Then the following equations hold in the distributional sense:

0=a(R(X,Y)Z) - K(Y,2)¥(o, X) + K(X, Z)¥(a,Y), (3.141)

0=-K(X,VyZ)+ K(Y,VxZ)— K(X,Y],Z) - XK(Y, Z)
FYK(X,Z)+ K(Y, Z0(X) — K(X, Z)$(Y), (3.142)

0=XU(a,Y) = Y¥(a,X)+ U(a, [X,Y]) +(YV)¥(a, X)

— (X)) T(a,Y) +Z{ o(Vxes) = W0, X)a(Vyer)}, (3.143)

n

0= X0(Y) = YU(X) +0([X, V) + Y {K (e V)W, X) = K(e;, X)UE V),
. (3.144)

for X,Y, Z e T(TY), a € T(T*Y) and a(l) = 0; R is the Riemann curvature of ¥.

Conversely, if Eqs. (3.141)~(3.144) hold in distributions for K € W2 (2; \2T*%),
U € WP(S:EndTY) and ¢ € WLP(S; T*Y), then one can find an immersion 1 €
W2P(8;R™) and a rigging vector field I € D(TR™), such that K = Vn, U = VI
and Y(X) =n(Vxl).

In the statement of the theorem Egs. (3.141)—(3.144) are known as the Gauss,
Codazzi-1, 2, and 3 equations of the general hypersurface X, respectively. As in
the physics literature (¢f. Shouten [108], Clarke [39], Mars—Senovilla [89] and the
references cited therein), the geometric quantities { K, W, } are interpreted as the
intrinsic, extrinsic and normal second fundamental forms of 3, respectively. If the
metric go is Lorentzian, i.e., of signature {—1,+1,...,+1}, the rigging vector field [
can be chosen as time-like, whose trajectory thus corresponds to the worldline of an
observer. On the other hand, if gg|s, is non-degenerate, then [ can be chosen as the
unit normal vector field, and Eqgs. (3.141)—(3.144) reduce to the usual Gauss-Codazzi
equations in §2.2.

Before proving the theorem, we remark that it is also demonstrated in [81] via cal-
culations in local coordinates. Our proof below, being global and intrinsic in nature,
both helps clarify the geometric meanings of the various types of second fundamental
forms {K, W, 1}, and serves as a crucial step in establishing the weak rigidity result,
i.€., Theorem 3.9.
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Proof of Theorem 3.8. The proof consists of three steps. We emphasise the
difference between the case of general hypsersurfaces and the case of semi-Riemannian

submanifolds (Theorem 3.2), and the parallel arguments are only briefly sketched.
1. First of all, let us deduce the Gauss and Codazzi-1, 2, 3 equations (3.141)—

(3.144) from the immersion ¢. As in §3.1.2, these equations are obtained by expressing
the flatness of R"*!, namely that the Riemann curvature R = 0, with respect to
the orthogonal splitting T,R"" = T, @span (I,). Indeed, from the definition of

Riemann curvature we get

R(X,Y)Z =R(X,Y)Z - K(X,VyZ) — K(X,VyZ)l+ K(Y,VxZ)l
— Vx(K(Y,2)l) + Vy(K(X, 2)l) + K([X,Y], Z)L. (3.145)
The detailed computation can be found in §3 of [89], with a slightly different sign

convention for R. The Gauss equation is obtained by contracting with a: Due to

a(l) =0, we have
0=ca(R(X,Y),Z2)

— a(R(X,Y)Z) — a(Vx(K(Y, 2)1)) + o(Vy (K (X, Z)1)),

which leads to (3.141) by definition of W.
To get the Codazzi-1 equation we consider 0 = n(R(X,Y)Z), where n is the

normal one-form. Invoking again Eq. (3.145) for R, one has:

n(R(X,Y)Z) = -K(X,VyZ)+ K(Y,VxZ) — K(X,Y], 2)
—n(Vx(K(Y, 2))) +n(Vy(K(X, Z)I)).

But the Leibniz rule of the connection gives us
n(Vy(K(X,2)l)) = YK(X, Z)n(l) — K(X, Z)n(Vyl),

which, together with n(l) = 1 and the definition for ¢, implies (3.142).
Next we contract R(X,Y)l = VxVyl — VyVxl + v[)gy]l with «. To wit,

vxvyl = ZX‘I’(GI, Y)el + X’Lﬂ(Y)l + Z \I’(Ql, Y)?Xei + Q/J(Y)vxl,
i=1 =1
where the following key identities is used:

(3.146)

VxY =VxY - K(X,Y)l,
Vxl =", U(0, X)e; + (X)L
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From here one obtains that

VxVyl =Y XU, Y)e; + Xep(Y)+ D V(6 Y)Vye;
i=1 =1

=D WO, Y) K (e, X)U+ Y (V)9 (0, X)es + (X)) (V)
i=1 i=1
as well as a similar expression for VyV x[ by interchanging X and Y:

VyVxl=> Y0, X)e; + YO(X)+ > U(0,Y)Vye;
=1 =1

= > XK e Y+ 3D U Y e + 01 V(X)L

Thus, contracting with a € Q!(2) and noting that «(l) = 0, the Codazzi-2 equation
(3.143) follows.

Finally, the Codazzi-3 equation (3.144) is obtained by contracting R(X,Y)! with
the normal one-form n: Similarly to the above computations, we have

n

n(?xﬁyl) = ﬂ[v){(Z 9%?)/[)61 + n(Vyl)l)]

i=1

= X)) + S0 (T Dn(Txer) + (¥ )(X)

i=1
= XU(Y) + (V)(X) = Y Klen, X)W(0,Y),
=1
thanks to another identity
n(VxY) = —n(K(Y, X)) = —K(Y, X). (3.147)

Therefore, computing for n(VyVxl) in the similar manner, we have

n

n(VyVxl) = Yi(X) +(X)p(Y) = D K(e, Y)w (o', X),

i=1
so Eq. (3.144) follows. Furthermore, observe that the above computations still hold
in distributions for the immersion with lower regularity, i.e., ¢ € VVli’f(Z; R™*1). This
proves the first part of the theorem.

2. Now let us tackle the “realisation problem”, namely, finding the immersion
¢ from Eqgs. (3.141)-(3.144). As in the semi-Riemannian submanifolds case, the key
is to verify the second structural equation (3.29) for a suitable connection one-form.

For this purpose we invoke the identity of differential forms:
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for any g € I'(T*X). Thus, one rewrites the three Codazzi equations as follows:
dK(X,Y,Z) = K(Y,VxZ) = K(X,VyZ) + $(X)K(Y, Z) = K(X, Z)¢(Y),
(0, X,Y) = $(X)¥(a, V) — (¥ )¥(a, X)

Y U8, X)a(Vye) = DO, Y)a(Vye,)].
BH(X,Y) = S0, [U(0 V) K (X, e) — W(H, X)K (V.e,)].

(3.148)
Now, we define the connection one form Wy, € W,-P(£; T*E @ gl(n + 1; R)) as
r v
wom [ ¥ a0
which more precisely means the following in local coordinates:
ok w(p 0)}
Ws = * ’ 3.150
2= |k wo) (3:150)

Here, as usual, the Christoffel symbols are defined via V.,e; = Sp_, T'¥.ex, and com-
puted by I‘fj = %gkl(&-gﬂ + 0,91 — 019i;). The block-matrix representation of W in
Eq. (3.149) is interpreted as identifying

I =ThoF € Wl (S T* S @ gl(n; R)),

(0]¢

U, K e WS, T*S QR™), (3.151)

ocC

Y e Wik (2, T*%).

ocC

Thus, we can recast the Gauss equation (3.141) and the Codazzi equations in the

form of (3.148) into the following schematic equalities:

dK = KT —-TK — Kip + YK = K AT — K A,
AU =T0 — UT + Ugp — T =T AT — T A9, (3.152)
dp = KU — VK = K AU,

where the juxtaposition of matrices (e.g. KT') denotes the matrix multiplication, and
A is an intertwining of the wedge product on differential forms and matrix multipli-
cation.

On the other hand, simple manipulations on block matrices give us:

TAT+UAK TAU+)AD

WoAWe =g AT 4 K Ao KA (3.153)
In this notation the Riemann curvature is given by
2
R=dl =T AT € L} (S; ANT*E ) gl(n; R)). (3.154)
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So the preceding two equations yield
dWs, — Ws AWy =0, (3.155)

i.e., the second structural equation as in Eq.(3.29). Thus, invoking again Lemma
2.4.1 due to Mardare ([88]), we obtain a local solution A € W,-*(U C ¥; gl(n+1,R))
to the following Pfaff system

dA =Ws - A,

where U C X is an open neighbourhood.

3. Now we are in the position to solve for the local isometric immersion ¢ : ¥ <>
R"*! via the Poincaré system
di=0-A4,

where 6 = (0',...,0",0)7T : U C ¥ — R""1 @ T*¥ is the R"'-valued differential one-
form. As before, this equation is solvable if and only if the first structural equation
df = 6 A W, is satisfied. In Step 4 of the proof of Theorem 3.2, we see that the first
structural equation holds whenever the tangentially projected connection V = *V
is torsion-free. Here, as K(X,Y) = K(Y, X) ([80, 89]), the torsion-free condition is
verified, which leads to the existence of solution ¢+ € W2P(U;R™). The remaining

ocC

of the proof follows from the proof (Steps 6, 8, in particular) of Theorem 3.2. m

In the proof above, it is crucial to establish the equivalence of the Gauss and
Codazzi-1, 2, 3 equations with Eq. (3.155), namely the second structural equation
for Wy, which is defined in Eq. (3.149) in terms of the Christoffel symbol I' and
the intrinsic, extrinsic and normal second fundamental forms {K, ¥, ¢}. Therefore,
again by invoking the generalised quadratic theorem (Theorem 1.6) and establishing
the weak continuity of dWs, = Wsx, A Wk, we arrive at the weak rigidity theorem for

the general hypersurfaces:

Theorem 3.9 Let (X, g) be a simply-connected n-dimensional hypersurface of semi-
Euclidean space R™!, with Ind(X) = v, g € WEP(2,0(v,n — v)) and p > n. Let

{f} be a family of immersions of semi-Riemannian submanifolds uniformly bounded
in VVi’f(Z;R"*k), and {l°} be an associated family of rigging vector fields uniformly
bounded in WEP(S;TE). Let {K¢, U ¢} be the corresponding intrinsic, extrinsic
and normal second fundamental forms.

Then, after passing to a subsequence, {f} converges in distributions to an im-
mersion f € I/Vli’p(Z;R”H). Moreover, its intrinsic, extrinsic and normal second

C

fundamental forms are weak limits in LY . of {K}, {¥} and {¢°}, respectively.
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Proof. In view of Eq. (3.153), all the entries of the two-form-valued matrix Wx A Wk,
are linear combinations of the quadratic forms in I', ¥, K and 1, each of which lies
in VVéf Thus Ws A Ws, € I/Vli’f/ 2 by Cauchy-Schwarz inequality, which is compactly
embedded in W7 for some 1 < ¢ < 2 by Sobolev embedding, as computed in
Step 3 in the proof of Theorem 3.7. On the other hand, Wy € W,” implies that
dWs € LP . which is compactly embedded into W,!” due to the Rellich lemma.
Equating these two terms via Eq. (3.153) and interpolating the Sobolev spaces, we
deduce that {dWg} is pre-compact in H,,_.

Therefore, with the above pre-compactness result established, the proof proceeds
as for Theorem 3.7: We establish the weak continuity of the structural equation
dWs, = Wx, A Wk, and in view of the realisation theorem for general hypersurfaces
(i.e., Theorem 3.8) it implies the existence of the limiting immersion f, together
with a rigging vector field [, from which the intrinsic, extrinsic and normal second
fundamental forms {K, U, 1} are well-defined. After passing to subsequences if nec-
essary, { K¢, W€ 1} converges in the weak local L? topology to {K, ¥, 1} due to the
uniqueness of weak limits.

Hence the proof is now complete. m

3.5.2 Weak continuity of quasi-linear wave equations

Before concluding §3, let us give an application of the generalised quadratic theorem
of compensated compactness, i.e., Theorem 1.6, to the weak continuity /stability of a

special class of nonlinear wave equations:

Ono! = F1(¢,0 forall I € {1,2,...,N},

(Qb, atqs)‘t:o - 6(f7 g>’
where Oy, := —0y + A is the d’Alembertian. The system is posed on (R3*! m),
where m = diag(—1,1,1,1) is the Minkowski metric, (f,g) € C®(R* RN x RY)
is the initial data, and F = {FI}ISISN is the source term. We are solving for

¢ ={d'}1<r<n : R¥ — RY. The source F' depends on up to the first order of ¢.

A classical result due to Klainerman ([75]) and Christodoulou ([34]) is as fol-
lows: There exists ¢g = €o(f,g) > 0 such that Eq.(3.156) has a unique solution
¢ € C([0,00) x R3;RY) for every 0 < € < €, provided that F satisfies the null

condition:

FI(0)=0, 9F(0) =0,
Qrr(0u) = Y k1 30 0 ATk (0,u”)(0,u”)  for each I € {1,2,..., N}, where

H,v=0

> 0 Ayrc€u&, =0 for any null co-vector £ € T*R**! and I, J, K € {1,2,...,N}.

111



Here QQp: denotes the quadratic part in the Taylor expansion of FZ about zero, namely

0, F1)(0)2~
Qri(z) = |Z|:2 <a)!<) for all z € RY (3.157)
in the multi-index notations. In particular, it is part of the definition for the null con-
dition that Qrr depends only on du, where 0 denotes the total space-time derivative.
We say that & € T*R3**! is a null co-vector if and only if m"¢,¢, = 0.
For our purpose, let us take the following bundle of type—(1, 1) tensors:

E=TTR"" QTR (3.158)

Then, define for each I € {1,2,..., N} the bundle operator 7; € Hom(FE;R):

N 3
Tis= Y > A,s))0", (3.159)
J,K=1 p,v=0
in which {#%} C T*R" is the co-vector basis dual to {9x}. The associated operator

cone 1s

3
A = {AeT R QTR : > A Alsk =0

w,v=0

for some non-zero section s € D(T*R**' @ TRY) \ {O}} (3.160)

We notice that for each null co-vector A € T*R3*! if we identify it with A ® id €
T*R3T @ TRY (where id is the tautological tensor on TRY), then it lies in A7,. In
other words, the null cone of the space-time (R*™ m) can be viewed as a subset
of the operator cone Ay, for every I € {1,2,...,N}. Furthermore, for each I €
{1,2,..., N}, consider the quadratic form as follows:

Qpr(s Z Z ATges)sy for s = {87 }1<s<no<u<s € D(E). (3.161)
JK=1 p,v=0
It can be defined intrinsically on I'(E), and it is easy to check that Qp, agrees with
the quadratic part of the source term F7.

Now, applying Theorem 1.6 to {9¢¢} C LE (R3T; T*R3™! @ TRY), we immedi-
ately obtain the following “compensated compactness framework”, which enables us
to verify the H._ weak stability of Eq.(3.156). For this purpose, one only needs to
pass to the limits in the source term F(¢¢, ¢°), as the left-hand side of the equation

is linear in ¢°.
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Proposition 3.10 Let {¢°} be a family in HL (R3TH RYN). Assume that the source
term F1<€:= FL(¢¢ 0¢°) satisfies the null condition for each € > 0, and that

1. ¢ — ¢ weakly in HL_;

loc»

2. The family { 20, 8 o A 0,0, (¢)7} is pre-compact in Hyyo (R¥*1) for all
LKe{l,2,. . . N};

3. Qpre(s) =0 for any s € Ay1.c. Here, the operator cone A1, is defined according
to Egs.(3.160) and (3.161).

Then F1(¢,0¢) satisfies the null condition in the sense of distributions. In particular,
a necessary condition for (2) above is that Qpr.(§ ® id) = 0 for any null co-vector
£ € T*R3*L,

As a consequence, if Eq.(3.156) admits a weak solution in the distributional sense
under the null condition, then for a family {¢°} C HL . (R3** RY) of weak solutions,

the weak H' limit ¢ is also a solution.

The above proposition shows that the quasi-linear wave equation with null condi-
tion in 3+ 1 dimensions is weakly continuous, or weakly stable in the physical terms,
in the function space Hj... However, it is well-known (cf. Rodnianski [106]) that the
Einstein equations fail to satisfy the null conditions, even in the vacuum or scalar
field cases. We shall leave the weak continuity of the Einstein equations and other

physical /geometric PDEs for future investigations.
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Chapter 4

Vanishing Viscosity Limit of the
3D Incompressible Fluid with
Navier Boundary Condition

This chapter is devoted to the third and final project in the thesis: The vanishing
viscosity limit (or inviscid limit) of a 3D incompressible fluid in a smooth region with

the “physical” — Navier and kinematic — boundary conditions.

4.1 Set-up of the problem

Throughout we take 2 C R3 to be a bounded open smooth domain in R3. In this
case, the boundary 02 is an embedded oriented 2-dimensional regular surface. The

Cauchy problem in [0, 7] x © of the Navier-Stokes equation is as follows:

O + (- V) — vAw VY =0 in [0,7] x Q,
V-u =0 in [0,7] x Q, (4.1)

Uli=o = ug on (.

Recall that the boundary of the domain of fluid, 02, is a regular surface embedded
in R3. We denote its second fundamental form by II : T(99Q) x T(9)) — R, where
T(09) is the tangent bundle of 9. Hence, writing n € T(9Q)* as the outward unit

normal (viewed as the Gauss map n : 9Q — S?), we have
IT=-Vn. (4.2)
The trace of the second fundamental form is the mean curvature, denoted by

H := tr(II). (4.3)
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In addition, let us take {ej, ez, e3} to be the orthonormal frame such that e;,es €

T(092) and e3 = n. Then we have the local expression
2 2
(u,v) = > > Hupuo”. (4.4)
a=1p=1
We also consider the shape operator S : T(092) — T'(09):

S(u) == =V,n, (4.5)

where V, means the directional derivative in the direction of u:
Now we are at the stage of defining the kinematic and Navier boundary conditions.
Adopting the description in the previous work [29, 30] by Chen and Qian, we have

u’ -n =0, (4.6)
For = MR T R(SW) T on 00X 0,T] |
where

W= x (4.7)

is the vorticity of the fluid, 7 € T(0N) is an arbitrary tangential vector field on the
boundary 052, and the constant ¢ > 0 is known as the slip length of the fluid. Recall
from §1.2.3 that, for any 2D vector field V = (V!,V?2)T we define a zero-th order

operator R globally and intrinsically as follows:
RV = (x(VH) = (=V*, V)T, (4.8)

where f is the canonical isomorphism between vector fields and differential one-forms,
and b is its inverse (the same as in §2). In local coordinates on 0f2, R takes the form

of the matrix multiplication:
R— {O _1} , (4.9)

i.e., the anti-clockwise rotation by 7/2.

Before further development, let us first remark that our second equation in (4.6)
is equivalent to the classical Navier boundary condition, proposed by Navier in [99].
Here for simplicity we drop the superscript v temporarily. Recall that the classical

version of the Navier boundary condition reads
w1 =—2¢Du(r,n) on 09 x [0,T], for any 7 € T(09), (4.10)
where the rate-of-strain tensor Du is defined by

Dy := ;(Vu—i— VTu), (4.11)
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namely
1 . )
(D) = 5 (Yol + V), 10,5 <3

in local coordinates, with Du(7,n) := 7" -Du-n denoting the matrix multiplication. In
local coordinates, suppose that {ej, e, e3} is an orthonormal moving frame adapted
to 0f2, with e3 = n. Then Eq. (4.10) is equivalent to the following:

{ul = —C(V3U1 + V1u3), (412)

u? = —((Vsu? + Vou?), on 9Q x [0, 7).

First proposed by Navier in 1816 (cf. [99]), the Navier boundary condition requires
that the tangential component of the velocity field is proportional to that of the
normal vector field of the Cauchy stress tensor. The proportionality constant { > 0 is
known as the slip length. Physically, the Navier boundary condition can be induced
by the effects of free capillary boundaries, perforated boundaries, or exterior electric
fields; ¢f. Achdou-Pironneau-Valentin [1], Bénsch [8], Beavers-Joseph [11], Einzel-
Panzer-Liu [53], Maxwell [93], Jager-Mikeli¢ [68, 69] and the references cited therein.

One main issue of this chapter is to derive the higher-order energy estimates of
the velocity u. As shown in §5.2 below, the H" norm of u is estimated purely by
the L? norm of the r-th iterated curls of u (¢f. Theorem 4.2). So let us seek for the
boundary condition with respect to the vorticity w =V X w.

For this purpose, note that in the local frame {e;, es, e3} as above, we have

V2u3 - V3U2
W = Vgul - V1u3
V1U2 — VQUI

The Navier boundary condition (4.10) gives us
1
Vi + Vaub = _EUk for k € {1,2}; (4.13)
on the other hand, V,u?® can be computed as follows:
ox3

3
Vit = Vilu-m) = - (um) + YTl (4.14)
j=1

where Ffj = % g"(9;g;1 + 0;94 — Digi;) are the Christoffel symbols. Observe also that

IIjk = II(ej,ek) N = —Vjek -n
3
=—> The n=-T3. (4.15)
=1
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Hence, by collecting Eqgs. (4.13)—(4.15) we obtain:

Viu? — Vauh = Qi(u ‘n) —2 23: 00 + luk (4.16)
Oxk s ¢

Finally, in view of the kinematic boundary condition (the first equation in (4.6)) we

have u - n = 0 on 0€2; then by taking & = 1,2 respectively, we recover the second

equation in (4.6). Hence, in this chapter it is referred to as the Navier boundary
condition.

Our goal in this chapter is to send ¥ — 01 and investigate if the solution u”

converges, in suitable norms, to the solution of the Euler equation describing the

motion of incompressible, inviscid fluids:

Ou+ (u-V)u+Vp=0 in [0,7] x Q,
V-u=0 in [0,7] x Q, (4.17)

Uli=0 = ug on .

(See Problem 1.7 in §1.2.3). For the Euler equation, it is natural to impose the

no-penetration (namely, kinematic) boundary condition:
u-n=0 on [0, 7] x Of. (4.18)

The system (4.17)(4.18) has a unique solution in C([0, T}); H™1(Q; R?)) for some T}, >
0 depending on the initial data uy and the domain €2, provided that uy € H™(Q; R?)
is divergence—free with r > 5/2; cf. the classical work by Ebin-Marsden [52].

The problem of vanishing inviscid limits has been a central topic in mathematical
hydrodynamics (cf. the survey [42] by Constantin). In 1975, Swann [114] proved that
for Q = R?, if the initial vorticity is in H>*9, divergence—free and vanishing at spatial
infinity, and the right—hand side of the vorticity equation lies in C'([0,T); H?(R?)) for
some small T, then the Navier—-Stokes equation with zero boundary condition has a
unique strong solution, and the vanishing viscosity limit holds in L® N H'. Later,
in 1986 Constantin [41] showed that for = R3, if the Euler equation with initial
data vy € H™(R3), m > 3 has a strong solution in X = C([0,T]; H™(R?)) up to
time 7', then there exists v, = v, (T, vy) such that the corresponding Navier-Stokes
equation for any v < v, also has a strong solution in X, and the vanishing viscosity
limit holds in H™. In fact, for Q = R¢, d = 2 or 3, for any s > d/2+1 and initial data
vo € H*®, the convergence can be obtained in H® norm; ¢f. Masmoudi [91]. Moreover,
in Constantin-Wu [44], vanishing viscosity limits are also proved on Q = R? for the
initial vorticity in L'(R?) N L°(R?).
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On the other hand, in the case that €2 is a bounded domain with boundary and
the Navier-Stokes equation is equipped with the Dirichlet boundary condition, the
vanishing viscosity limit in general fails: This is due to the formation of boundary
layers, in which the Prandtl equations serve as a candidate for matching the Navier-
Stokes and Euler equations; see e.g., Alexandre-Wang-Xu-Yang [3], Gérard-Varet
and Dormy [59], and the references cited therein. In contrast, when the Navier
and kinematic boundary conditions are imposed to the Navier-Stokes equation, the
vanishing viscosity limit can be established in the affirmative. In 2007, Xiao-Xin [124]
proved that for the initial data in H? on a 3D flat domain, there exists T, > 0 such that
the vanishing viscosity limit holds in C([0, Ty); H?) N LP(0, Ty; H?), for all 1 < p < oo.
Various convergence results of this kind for a “modified Navier—type slip boundary
condition” (first proposed by Bardos [9], which agrees with the Navier condition if
and only if the domain is a part of the flat half-space) have been established, in
WP H® or LP spaces and on 2D or 3D spatial domains; cf. Xiao-Xin [124], Beirao
da Veiga-Crispo [12, 13], Bellout-Neustupa-Penel [16], Berselli-Spirito [19], Chen-
Osborne-Qian [29], Clopeau-Mikelic-Robert [36], Kelliher [74], Wang-Xin-Zang [125]
and Zhong [127], as well as the references cited therein.

Moreover, for the “true” Navier boundary conditions, Chen-Qian [30] and Iftimie-
Planas [66] obtained the vanishing viscosity limit in L° L2 on smooth domains 2 C R3
and R?, d > 2, provided that strong solutions exist in H? and H%?t1*¢ respectively;
also see the related results by Ifitimie-Raugel-Sell [67] on a 3D thin domain, and by
Lopes Filho-Nussenzveig Lopes-Planas [84] on 2D domains. In addition, by com-
putations in local coordinates Neustupa-Penel [100, 101] proved the convergence in
L>(0,Ty; HY) N L*(0,Ty; H?), provided that the initial data is in H*, where T, > 0
is a constant depending only on €2 and the initial data. Furthermore, using the ge-
ometric vector field approach, Masmoudi-Rousset [92] established the existence of

strong solutions in L>(0,T; E™(;R3)) N L?(0,T; H™(Q; R3)) for m > 6 and the

inviscid limit in L{°L2,
by E™ :={u € H :Vu e H? '}, and u € H whenever Yo<yj<m || Ziul|12(0) < o0

with {Z;} spanning the space of vector fields tangential to 0f2.

where the anisotropic co-normal Sobolev space E™ is given

Our main result is Theorem 1.8 in §1.2.3, reproduced below:

Theorem 4.1 (Theorem 1.8 in §1.2.3) Let u € C([0,T%); H™H(2;R3) N K3(Q))
be the unique strong solution of the incompressible Euler equation (1.19) subject to
the no-penetration boundary condition (1.20), r > 5/2. Then there exists some
Ve = I/*(T*,fo* ||lu(t, ')||%p~+1(9) dt), such that whenever 0 < v < v,, the strong so-

lution u” of the Navier-Stokes equation (1.11) with Navier and kinematic boundary
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conditions (1.15)(1.12) ewxists in C([0,Ty); H (4 R3) N Ky()). Moreover, there
exists a constant C' depending only on v,, T, and ||u||2(jo.1,);m7+1 () and [[I1]|cr @),
such that

sup [|u”(t, ) — ult, )| ar@) < CvY3. (4.19)
0§t<T*

In particular, as v — 07, u” converges to u in H"(Q) uniformly in time.

Here and throughout, we write H"(Q; R3?) = W27 (Q; R?) for the Sobolev space of
vector fields ¢ :  — R3: In the multi-index notation

N 1/2
Il = (> [ 19°0f2dz)"”* < o, (4.20)
0<al<r /¢
Moreover,
Ky(Q) :={v € L*(;R?) : dive = 0}. (4.21)

Also, we write V¥ to denote a generic differential operator (V,, V;, - - - V,.) for order
s > 1. The Einstein summation convention is observed throughout, where for the
indices we write i1, 42, ...,7,k,l,... € {1,2,3} and «, 3,7, 9, ... € {1,2}. The angular
brackets (-, -) denotes the Euclidean inner product of two vectors in R3. Furthermore,
we write f < g if |f| < C|g| for a generic constant C' depends only on r, ||II||cr-1 ()
and ¢, and we write f ~ ¢ whenever f < g and g < f. H? denotes the 2-dimensional
Hausdorff measure. Finally, curl” := curlo...ocurl means the composition of r curl
operations.

To prove Theorem 1.8 above, motivated by the references cited above [114, 41, 43,
19, 16, 74, 91, 92, 29, 30, 84, 100, 101, 66, 67, 124, 125, 127], we consider the evolution
equation for the difference of the solutions of the Navier-Stokes and Euler equations.
We derive the inviscid limits by energy estimates and the Gronwall inequality, for
which the specific structure of the Navier boundary condition plays an essential role.
In this process we establish that the lifespan of the strong solution of the Navier-
Stokes equation is no shorter than that of the Euler equation, whenever the viscosity
is sufficiently small. The formulation and the proof of this result is adapted from the

classical work [41] by Constantin.

4.2 A div-curl estimate

In this section we show that the H"*! norm of a divergence-free vector field is equiva-
lent to the sum of the L? norms of its iterated curls up to the (r +1)-th order. It is a
variant of the well-known div-curl estimate due to Caldéron-Zygmund for divergence-

free vector fields:
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Theorem 4.2 Let v € H™™(Q;R3) N Ky(Q) for r > 0 satisfy the kinematic and
Navier boundary conditions, i.e., Eq.(4.6). Then there exists a universal constant

M = M(r,Q2) > 0 such that

r+1
IV 220y < MY [leurl ulf72q))- (4.22)
1=0

Here and in the sequel, t is always suppressed when we only consider the spatial

regularities. In the sequel the following Sobolev trace theorem is frequently used:

Lemma 4.2.1 (Theorem 5.36 in [4]) Let Q be a domain in R™ satisfying the uni-
form C™-regularity condition, and suppose there exists a (m,p)-extension operator

for Q. Also suppose that

1
o< pro= PP (4.23)
n—mp

IN

mp <n and P

Then, we have the continuous embedding WP () — L1(0).

In particular, H'(Q) < L9(99) for any ¢ € [2,4] for the regular domain 2 C R3.

Proof of Theorem 4.2. We prove the theorem by induction on r; the arguments

are divided into seven steps.

1. First we establish the base case » = 0. Indeed, in view of the following identity
(see Eq. (3.3) in Chen-Qian [30]):
IVulliz0) = IV X ull72) + IV - ull720) — /89(V-u)<u7n> dH? + m(“ - Vu,n) dH?,

for incompressible velocity field satisfying the kinematic boundary condition we have:
[Vulaiey = IV X ullfae + | M, u) a7 (4:24)

Here we utilise the definition of the second fundamental form II = —Vn. As

11| oo (902) < 00, we bound
2 2 2 e
[ 110 3] < 00 oy oy < IVl + CllulBay,  (425)

thanks to the Sobolev trace inequality and Young’s inequality. Thus, the case for

r = 0 follows immediately by choosing € suitably small.

2. In the sequel let us assume that the result holds for » > 0 and prove it for

(r 4+ 1). First of all we apply integration by parts twice to get:
||VT+1UH%2(Q)
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= [0u{(0u 0, 10) (0,0,
_ /982»2{(@-2...81-T+1uk>(Aai "'az;ﬂuk)} A

+ / (DD, -0,y uF) (DD, -0y i) p do = T+ + K. (4.26)
Q
Using the divergence theorem, the above three integrals are expressed as follows:

I = %fm 8n]V’”u]2d7{2,
J = foo (0 -+ 05, uF) (ADyy -+ Oy uF) (Vi m) dH, (4.27)
K = [ |V ]*dx.

Here ¢ = curlw = —Au is the stream function.

3. Now let us bound the surface integral I. We introduce a local moving frame
{e1, €2, e3} on the surface 9, such that ey, ey € T(02) and e3 = n. Thus

I= /a (Vi Vi) (Vi - Vi, V) a2
+ /BQ (Viy - Vi ) ([Vs, Vi, -V Jub) dHZ = I+ 12, (4.28)

where [-, -] denotes the commutator. Since the commutator is of lower order, the
second term in the integrand of I? is schematically represented as VI'—tu*. More

precisely, by the Ricci identity

ViV V=V, vV =3 CHY, (4.29)
l

for any vector field V' € TR? and some constants C*, each time we exchange V3 with

] Y
Vij a zero-th order term is obtained, so by Leibniz rule one deduces:

Vs, Vi, - Vi Juf o W=k, (4.30)
Thus, the Cauchy-Schwarz inequality gives us

17| S HUH?{r(ag) + Hu”%ﬂ*(aﬁ)

. 1
S eV ullzag + 0+ Dl (4.31)

where the second line follows from the Sobolev trace embedding H"(Q)) — H"(99Q)

for r > 0, together with the interpolation inequalities.
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4. To bound I' we make crucial use of the kinematic and Navier boundary
conditions, i.e., Eq.(4.6). First let us rewrite it in the local frame {e;, e, e3} as
follows:

u’ =0
4.32
{Vguﬁ = 2II,pu® — %uﬁ for g € {1,2}. (4.32)
Here V,u? = 0, so w! = —V3u? and w? = V w?. Moreover, from the incompressibility

condition (V - u = 0) the following identities are easily deduced:

(4.33)

V3u3 = —Vauo‘,
Vngua = _wa — ng/jua.

The key to the above Egs. (4.32) and (4.33) is that the normal derivatives (V3) of
the normal components can be replaced by tangential derivatives, and the normal

derivatives of the tangential components can be replaced by lower order terms.

5. In this step we estimate I'. For simplicity, we introduce the short-hand

notations

Vi3 4.vr3pB .= (Vz’l e Vir_3A> . (V Vi 3B> (4.34)

for any functions A, B sufficiently regular. Then, let us split I* into six terms
Il — Il,l 4 ]1,2 +IL3 _|_Il,4 4 ]1,5 +Il,6

where
V=3V, VsViu?) dH?,

g
\ARAY vﬁuv) (VO=3V,VsVau?) dH?,
) (VO9IV,V3V3u?) dH2,
V- >v oV3u) - (W IV, V3Vsu?) dH?,
fm V=3V3Vsu?) - (VO-IV3VVau?) dH2,
= Joo (VOIV3V5u7) - (VOIV3V3Vau7) dH

In the sequel we estimate these terms one by one.

(4.35)

e First of all, we have I =0, as Vzu® = 0.

e To estimate /%2, we first notice that

1
VOV, VsV | = VU9V, V{201 07 — EMH
= C|VI—ty| + {lLo.t.}, (4.36)
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where C' depends on ||IIf¢r-1(g0) and (7', and {l.o.t.} contains derivatives of u
of order less then or equal to (r — 2). Next, considering the cases a =  and

a # [ separately, we deduce that
12 = [ (VUaw) - (VDA dH
09
+2 ) (VO3IVVou) - (VU3V, Vo V) dH. (4.37)

For the first term, again by the Ricci identity we write
VIr=3IAV Y = VO IVA0 + VI3 (AWY) = —VI=3Iv 7 =ity (4.38)
and we treat the second term as in Eq. (4.36) above. Thus we obtain

|Il,2| 5 ’AQ (V[rfii]vgwﬁ/) . (V[rfl]lﬂ) dH2 4 AQ |V[r71]u|2 dx]_[Q
S Mz o0y + V72UV X 9) 7200 (4.39)

by Cauchy-Schwarz. But by the trace and interpolation inequalities we have
T— T 1
IV X 9) Fea0) S €IV ullfr ) + ;HUH?{r(Q),

so one estimates

. 1
112 S eIVl + —llullzr o) (4.40)

e For I3 again by Eq. (4.33), the Ricci identity, the boundary condition (4.32)

as well as the trace and interpolation inequalities, we have

19 = | [ (TIN50 (VWY a)

12

L (VI ) (VYT Vo + ) agt?

12

1
L (T 99950 ) (VOOVL 9, {2110 - 2+ V) aw?

S HUHIZLIT—l((’?Q) S HUH%{’“(Q)' (4.41)

e The treatment for I'* is similar to the above for I'3:

114 = ‘ /8 ) (VO IV. {21507 - }ﬂ}) (VDY 47— VsVsu} ) dH?

< [r—2] [r] 2
S| [ (902 (V) an

. 1
S HUH%N(aQ) S eV +1UH%2(Q) + EHUH%V(Q)' (4.42)
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e For [P let us first substitute in Eq. (4.32) to derive
s = /8 (VI=3V,V 508 (VO3V5V3V 0u) dH2. (4.43)
Q

Then, applying the Ricci identity once to the first term and twice to the second

term in the integrand, we have

119 < / (VOIVVau’ + V) (VOIV, V3 Vi + V) di?

~ (r—3) = [r—2]
~ /BQ(V Vs {20150 u7}—|—V u)

x (VO IV — 0 — VsVput} + V) an?
(

1
S| [ (9 ) (V) i) S eVl + clullfee,  (444)

where the last line follows analogously to the final inequality in Eq. (4.42).

e Finally, for I'® using Eqs. (4.32) and (4.33) one gets:

1
|]1,6| _ ‘ /aQ (v(r—?)){ — Y — VﬁVﬁua}) (V(r—3)v3v3 {211a7u7 _ Cu’y}) dH2
SV 00y S llullfr - (4.45)

Hence, combining Eqgs. (4.40)(4.41)(4.42)(4.44) and (4.45), the term I' is esti-
mated by

. 1
I S|V +1UH%Q(Q) + EHUH%‘I’“(Q)' (4.46)

6. Now let us derive the estimates for the J term. In fact, J differs from I only by
lower order terms, hence the estimates follow immediately. More precisely, we notice
that

J = /asz (Vi VU3V, ") (AVUDY,  ub) (V. n) dH?, (4.47)

where we relabel V(=3 = Vig--V

again, it follows that

as before. Then, invoking the Ricci identity

7:'r+1

/ 5 / (V Y VZZVZTHU - vl >(V . 3)V1r+1Au + i1 ) dH?
/Q( VO AE) (VI ) an? + [ () (V) e
ST T (4.48)

[ (T, 7, ) (V0T M) 402 4 [ (TP (V) e
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Here, by the trace, interpolation and Young’s inequalities, once again we have:

T— T 1
|21 S IVl Ze00) S el VI |2y + g||u||§{r(m- (4.49)
Also, J* has the same decomposition as I* into I':!, ..., I'® so by Step 4 we conclude
that .
[T S el VTl Fa ) + E||U||§1r(sz)- (4.50)

In the end, J? is estimated via integration by parts again: As 9 is a 2-dimensional

surface without boundary, the divergence theorem immediately yields that

S = [ (T (0 T ant = [ (9D (9, (450

thus it verifies the same estimate for J*.

7. Finally, putting together the estimates for I, .J, K in Steps 1-5, we arrive at
T T 1 T—
IV 2oy S ell V|22 + gIIUIIfqr(Q) + /Q [Vl da. (4.52)
Let us choose € sufficiently small, so that
HVTHUH%Q(Q) < ||u||§{r(ﬂ) + K (where K := / (V" )|* dx as before). (4.53)
Q

The first term on the right-hand side, HUH%F(Q)’ is bounded by Y37, ||curl’ UH%Q(Q) up
to a multiplicative constant, thanks to the induction hypothesis.

Now, it remains to show that K is bounded by the L? norm of iterated curls: This
is achieved by iterating the constructions in Step 1. Indeed, relabelling the indices
yields that

K = /Q (AD,, -0, ub) (DD, -0, uP) da

Then, as in Step 1, we integrate by parts twice to compute as follows:

K= / i, uF) (A, -+ 0y, u*)(0;, n) dH?
= | (D00, 1uk)(AA8 c 0y uF)(Dsy,m) dH?
/ (AAD,, -0, ") (AAD;, -+ 0 luk) dz
1 _ 2
=3 man'vr 2Aul 01}[2_/8Q (ADs, -+ 05 ub)(AAD,, - s, uP)(D,, m) dH?

It is crucial here that the flat gradient 9;, and flat Laplacian A on R® commute.

Now, as I and J are obtained from I and J, respectively, by taking the trace over a
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pair of indices, so they satisfy the same estimates (which are given in Step 5 above).

Repeating this process for finitely many times, we refine the estimate (4.53) as follows:

r+1

{fQ ‘ATur dx, if r is odd;

V") 20000 S |lcurl w||2s ) + .
L2() Z L2(9) Jo ‘Agvu‘Q dz, if r is even.

=0

(4.55)

To conclude the proof, we notice that for the divergence-free vector field u, Au =
—curl?u. Thus, Eq. (4.55) gives the desired estimate for odd r. On the other hand,
for even r we apply Eq. (4.24) in Step 1 of the same proof to the divergence-free vector
field (A%u), deducing that

/ ‘A§Vu‘2 dz = / ’VAguIQ der = / ‘curl(Agu)‘2 de+ [ II(A%u, Asu) dH2
Q Q Q El9)

(4.56)
Here we need the commutativity of divergence, gradient and curl. For the first term

17‘+1

on the right-hand side we have curl(Azu) = (—1)zcurl”t'u, while for the second

term we have

r r r r r 1
/asz I(Azu, A2u) dH? S A2l Z200) = |V ull7200) S €IV 29) + EHUH%V(Q),
(4.57)
again by the boundedness of the second fundamental form, as well as the trace and

interpolation inequalities. The proof is completed by choosing € sufficiently small. =

Before concluding the section, we emphasise that Theorem 4.2 is independent of
the Navier-Stokes equation (4.1). It is a general property of divergence-free vector

fields satisfying the kinematic and Navier boundary conditions.

4.3 Energy estimate in H"

In the current section let us derive the higher-order energy estimates. We show that
the solution is in the spatial Sobolev space H” (r > 2), provided that the initial data
lies in the same space. This allows us to prove the existence of strong solution with

spatial regularity H".

4.3.1 Local existence of weak solutions

Our starting point is the existence of weak solutions of the Navier-Stokes equation
(4.1), under the kinematic and Navier boundary conditions. This is established via a

Galerkin approximation scheme in [30], and is summarised as follows.
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Remark 4.3.1 Throughout in §5.3 let us drop the superscript v in the solution u”

to the Navier-Stokes equations, because we do not deal with the inviscid limits here.

To begin with, we recall the following vector space direct sum

L R?) = Ky () €D G2(2 (4.58)
for the Hodge decomposition (the same as in §2), where K2 = {u € L*(;R3) -
div(u) = 0} as before, and Go(Q) := {u € L* ({4 R3) : curl(u) = O} Letting P, be

the pI“OJGCthIl onto the first factor, we introduce the Stokes opemtor.
S =Py 0A, (4.59)

where A is the flat Laplacian on R3. Tt is shown in §4 of [30] that S is densely defined
on K5(2) with a compact resolvant. Thus it has a discrete spectrum A; > Ay > A3 >
.} —o0, and the corresponding eigenfunctions {a,} form a complete orthonormal

basis of K5(£2). Now we look at the graded chain of finite-dimensional Hilbert spaces:

N
K(Q)D...0Vy:=FRa; DVy_1D...D VDV, (4.60)

J=1

and denote by Py : K3(€2) — Vi the canonical projection, i.e.,

(Pyu)(t, x) Za] /<] (y),u(t,y)) dy. (4.61)

Thus P, is indeed the L2-limit of Py, as N tends to oco.

In §5 of [30] the weak formulation for the Navier-Stokes equation with the Navier

and kinematic boundary conditions is introduced as follows:

Definition 4.3.1 For T > 0, we say u € L*([0,T]; H*(;R?)) is a weak solution
of the Cauchy problem of the Navier-Stokes equation (4.1) subject to the Navier and
kinematic boundary conditions (Eq. (4.6)), provided that

1. ul(t,”) € Ks(Q) for each t € (0,T);
9. For each ¢ € C([0,T] x ), 6(t,-) € K»(Q), there holds:
[ (T, ), (7, ) da
_/ (uo(), (0, 7) dx—l—/ / (u, 0,6) — (curlu, (u x ¢+ v curl ¢)) da dt

- /0 /8 (u,0) AW dt + 20 /0 [ (u,0) dn d: (4.62)
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3. The energy inequality is fulfilled:

T
(T sy +20 [ IVt ) dt

T 1
+21//0 /89 <E|“|2 — T(u, ) dH2dE < [Jug|22(0)- (4.63)

Then, by solving the projected equations obtained via taking Py to Eq. (4.1) and
deriving a priori estimates for the finite-dimensional approximate solutions {uy} C
LA([0,T]; H'(2;R?)) uniformly in N, we are able to deduce the existence of weak
solutions via a compactness argument. This is known as the Galerkin approximation,
which relies crucially on the spectral analysis of the Stokes operator S = P, o A.

More precisely, the following result is obtained:

Lemma 4.3.1 (Theorem 5.1 in [30]) For any ug € K2(2) and T > 0, there exists
a weak solution u € L*([0,T]; Ko(Q)) to the Cauchy problem in Eqs. (4.1) and (4.6).
In fact, such u can be obtained as a weak subsequential limit of the family {ux} of

finite-dimensional approrimate solutions.

4.3.2 Local existence of the strong solutions

Now, taking the weak solution u to the Navier-Stokes equations constructed by the
Galerkin approximation scheme in Lemma 4.3.1 above, let us derive the a priori es-
timate for the higher-order energy of u in the Sobolev spaces H" with r > 2. Indeed,
the case = 2 is proved in Theorem 5.3 of [30]. The higher order energy estimate is
proved by induction on r, for which purpose the reduction of order of differentiations
in the boundary terms is essential. This is achieved by exploiting by the kinematic
and Navier boundary conditions. In particular, we need to explore the role of the

curl operator, the rotation matrix R and the shape operator S (see §5.1).

Our main theorem of the section is as follows:

Theorem 4.3 Let ug € H™(Q;R?) N K3(Q) for some r > 2. Then, there exists some
T, > 0, such that the weak solution u € L*([0,T,); K»(S2)) satisfies

sup (lfut, ) lsr(e + 19yu(t, a2y ) < C, (4.64)

0<t<Tyx

where the constant C' > 0 depends only on ¢, v, ||[Il||cr—190) and |luo|gr). As

a consequence, there exists a unique strong solution uw € C([0,T,); H"(;R?)) N

CH([0,T); H2(%; R?)).
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Proof. We divide the arguments in six steps: In Step 1 we set up the equations
for the energy estimate. Then, in Steps 2-5 we control ||u(t, )|/ z() and specify the

lifespan T,. Finally, in Step 6 we derive the energy estimate for d,u.

1. We first deduce the evolution equation for the iterated curls of the velocity field
u. For this purpose, let us apply the divergence-free projection Py, : L*(Q;R?) —
K5 () to the Navier-Stokes equation (4.1) to get

0w — VAU + Poo(u - Vu) = 0. (4.65)
However, in 3 spatial dimensions we have the vectorial identity
u-Vu = ;V(|u|2) —u X w,
hence the projected Navier-Stokes equation (4.65) is equivalent to
Ou — VAU + P (u x w) = 0. (4.66)
For brevity of presentation, let us introduce the abbreviation as follows:
U =P, (uxw). (4.67)
Then, taking iterated curls to Eq. (4.66), one obtains the evolution equation
oiq, — VAQ, + curl” ¥ = 0. (4.68)
Here and in the sequel we denote
q, = curl” u. (4.69)

To derive the energy estimate, we multiply q, to Eq. (4.68) and integrate over 2:

1d

0= ——/ lq,|? dz — V/<qr,AqT) dx—l—/(thurlr U) dz, (4.70)
2dt Ja Q Q

and integrate the last two terms by parts. For the second term we have

[ {arAar) de = [ ((ar - V)ap,n)dH — [ |V, de.
Q oN Q

For the final term, noticing that for any 3-dimensional vector fields V' and W, there

holds (with the Einstein summation convention):
/ (V, curl W) do- = / VEeik g Wi da
Q Q

— [ VRIS, n) dH? — / EIRWI (8,1 d
00 Q
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:/a (W x V,n) dH? + / (curl V, W) dz. (4.71)

0 Q

As a result,

/ (q,,curlo curl” ") dz = / (curl” ' ¥ x q,,n) dH? + / (curl q,, curl”™ W) da,
Q G Q

so Eq. (4.70) is written as

1d 9 9
§£/Q|qr| d$+V/Q|VqT| dz

= 1// {(ar-V)q,,n)dH? + [ (curl' ¥ x q,,n) dH* + / (curlq,, curl ™" W) dz
o0 o0 Q

=1+ J+ K. (4.72)

Our task is to estimate each of the I, .J, K terms. As the r = 2 case is established

in Theorem 5.3 of [30], in the sequel we assume that the result holds for (r — 1) and

prove it for r, where r > 5/2.

2. For the I term in Eq. (4.72), observe that

I= 5/ Bal |2 dH2, (4.73)
2 Joa

which has been treated in the proof of Theorem 4.2. Indeed, it coincides with the
I term in Eq. (4.27) up to a constant v. Utilising the estimates in Steps 24 of the

proof therein,

1
< EHVqTH%Q(Q) + EHUH%{T(Q)‘ (4.74)

3. To prove for the K term in Eq. (4.72) we first notice that, by Cauchy-Schwarz
and Young’s inequality, there holds:

|K| < ||curl qT||L2(Q)||curlr_1 \IJ||L2(Q)
1 .
S ellVarlizz) + EHCUI'I F(Poo (1 X w)) [l L2(@)- (4.75)

Since H*(2) for s > 3/2 is a Banach algebra on R*® and P, is a bounded linear
operator, we have
lewrl™ (Poo (v x W)l z2@) S lullfir(o)- (4.76)

This gives us the estimate for K.

4. Now it remains to control the boundary term J in Eq. (4.72):

J = /m(curlr_l(IPoo(u X w)) X q,n) dH2 (4.77)
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It is crucial to reduce the order of differentiation with the help of the boundary

conditions, i.e., Eq. (4.6). For this purpose let us establish the following identity:

W{curlk(IP’oo(u X w)}

- _ 273 o W{curlkfl(Poo(u X w))} +2Ro W{Curlkfl S(m o Poo(u X w))} (4.78)

We recall that R is the orthogonal matrix rotating in the (z,y)-plane anti-clockwise
by 7/2, S is the shape operator corresponding to the second fundamental form II,
and the operator m denotes the projection onto tangential components of a vector
field,

(V) :=V —(V,n), (4.79)

viewed either as a 2-dimensional vector or a 3-dimensional vector with zero x3 compo-
nent. Here one only needs to consider the tangential components, as (n x q,,n) = 0.

The above identity (4.78) is proved by induction. The base step k = 1 is shown in
the computations preceding Eq. (5.21) in [30]. Now we assume that the result holds
for k; by the induction hypothesis, we have

7r{curlkJrl (P (u X w))}
=m{curlo curl® (P (u x w))T}

=7o curl{ — 272 o 7r(curlk_1 (IP’OO(u X w))) +2Ro 7r<curlk_1 ) (7r o Py (u X w)))}

1
=:To curl{ - ZR om(curl™ ' W) + 2R omocurl” (Sor \I/)}, (4.80)

where we recall the short-hand notation ¥ in Eq. (4.67). Here and throughout, for a
2-dimensional vector field W = (W1, W?2)T (e.g., W = S o 7¥), we define its curl as
curl(W) := curl(W?*, W2 0)7. Tt then suffices to check that

mocurloRon(V)=Romocurl(V) for any V' € T(09Q). (4.81)
From here, Eq. (4.80) immediately implies that
1
7r{curlk+1(]P’oo(u X w))} = _ER omocurl” (V) + 2R omocurl” (Son ). (4.82)

Indeed, we observe that

—V?
Vl
0

Vl
V2
V3

mocurloRor = 1o curl
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as well as

Vi V,V3 — V312 , 1
V3 Vv, V2 — V, V! ViV -V3V

since V3 = 0 for tangential vector fields V' € T'(992). Hence Eq. (4.81) is proved, and
the identity in Eq. (4.78) follows by induction.

Now, in view of the above identity, J can be expressed as follows:

1 r—2
J= " <{ — ERo 7T(CllI‘1 (Poo (u x W)))

+2Romocurl ™ (S omoPy(u x w))} x q,,n) dH’. (4.83)

The crucial observation is that only the derivatives upto the (r — 1)-th order of u
are involved. This is because S has bounded norm in C"~! due to the assumption
of bounded extrinsic geometry, and P, m and R are all smooth operators with the

operator norm bounded by 1. Thus we arrive at the following estimates:
7] S lleurl™2(u x )]l 200l 2o

S Nl o lull 2 o0

< (ellulimy + el ) (ellull s + llullare)

Nl lull e + ellullirq) + ellull i @ llull o)+l ol @

S (@ + lullfr@ + ulli)- (4.84)

12

In the above, the first line follows from Cauchy-Schwarz, the second line follows from
the argument as for Eq. (4.76), the third line holds by Sobolev trace inequality, and

the final line follows by interpolation and Young’s inequality.

5. Now, combining the estimates in Steps 24 for I, J and K (in particular,
Eqgs. (4.74)(4.75)(4.76) and (4.84)), Eq. (4.72) becomes:

~ 2 g )2d / Va2 d
33 |l ey [ [V tds
S 6||VT+1U||%2(Q) + ;”u”%”(fl)
1
+ EHVQrH%2(9) + EHuH%{T(Q) + (e + E2)HUHJ2LIT+1(Q) + HUH%IT(Q)' (4.85)

Here, in light of Theorem 4.2 we have ||V || 12(0) > [|Va, || 12() =~ |curl” ul| 20,
and similarly ||q,||z2() < ||| f#r(@)- So, choosing € suitably small in comparison with

v and considering the energy at the r-th order, namely
B, = a2 (4.86)
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we obtain the following differential inequality:
El(t) < EL(t) + vE,;, < ME,.(t) + ME,.(t)*, (4.87)

where M depends on v, ¢ and [|II||cr-1(q).
To proceed, consider the auxiliary ODE:

A'(t) = M(A(t) + A(t)?
(1) = M(A() + A1), s
A(0) = E,.(0) +n,
for arbitrary n > 0. It is solved explicitly by
Er Mt
JYRSC R X)) L
1—(n+ E.(0))(eM —1)
hence for any ¢t > 0 before the blowup time
1 1
T,=—log(l4+ ——— 4.
Mog( +n+Er(0>>>O (4.89)

we have A(t) < oco. Comparing the differential inequality (4.87) with the ODE (4.88),
we find that E,.(t) < A(t) for all 0 < ¢ < T,. In particular, as 6 > 0 is arbitrary, the
upper bound for A (hence for E,) is controlled by E,(0) := [[uol|3-(q, and M. This
proves

sup E.(t) <C. (4.90)

0<t<T)
6. It remains to derive the L? estimate for d,q,. To this end, we take 0, to

Eq. (4.68), multiply by 0;q, and then integrate over €2, which leads to

1d

- 2 . r —
2dt/g)|ath| dx VL(A@th,ath> dx—i—/ﬂ(curl oV, 0,q,) dx = 0. (4.91)

Applying integration by parts and the divergence theorem to the last two terms (cf.
Eq. (4.71) for curl), we arrive at

1d 9 v 9
2dt/Q|atqr| d1‘+2/ﬂ|vatqr| dx

- V/a (VO - 8iq,),m) dH? —|—/8 (curl ™' 9,V x 0,q,,n) dH?
@ Q
+ / (curl" ' 9,0, curl 9,q,) dz =: [ + J + K. (4.92)
0

Now, it is crucial to observe the following: Eq. (4.72) only differs from Eq. (4.92) by
the time derivatives. More precisely, if we change the variables (9;q,., 9, V) in the terms
(I,J,K) in Eq.(4.92) to (q,, ¥), the terms (I, J, K) in Eq. (4.72) are immediately

recovered. Furthermore, as the spatial derivatives commute with 0d;, the integration
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by parts arguments in Steps 2-5 above all carry through. Therefore, given that
[0cu(t, )72 < C for ug € H?*(Q;R?) which is established in Theorem 5.3, [30], we
repeat the arguments above for (0,q,, 9;¥) to deduce that

sup [|pu(t, ) [fr-20) < C, (4.93)

0<t<Ty

where C' depends on [lug||%-q), ¢, [I1]lcr-1(), and T is the same blowup time as

in Step 5. Hence, combining Eqgs. (4.90) and (4.93), we conclude the proof. m

As a corollary, if the initial energy F,(0) of the fluid is uniformly bounded for
all € N, Eq. (4.89) implies that there exists a uniform life span 7, > 0 for all the
“levels” of the kinetic energy. Therefore, in view of C*(2;R3) = N,eny H"(; R3) we

arrive at the following

Corollary 4.3.1 Let uy € C®(;R3) be a divergence-free vector field, and let the
domain Q0 C R3 have smooth second fundamental form. Then there exists T, > 0 such
that the Cauchy problem of the Navier-Stokes equation (4.1) has a smooth solution
u € CY0,Ty; C=(;R?)) satisfying the kinematic and Navier boundary conditions in
Eq. (4.6).

4.4 Vanishing viscosity limits

Now we prove the main result of this project, i.e., Theorem 1.8 in §1.2.3. The crucial

ingredient is an energy estimate of (u” — u), which is uniform in the viscosity v.

Proof of Theorem 1.8. We divide the arguments into seven steps.

1. First of all, let us define

v v

vWi=u" — u, PY =p”" —p. (4.94)

Our goal is to show that, uniformly in v, v” converges to zero in the H" norm. First,
subtracting the Euler equation (4.17) from the Navier-Stokes (4.1) yields that

O’ + {(u+v") - Viv¥ —vAv” — (v” - V)u — vAu+ VP" =0,
(4.95)
V-v” =0.
Next, introducing the following abbreviation
VY = curl” v’ € H(Q;R?), (4.96)
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and noticing that curl(VP") = 0, we have
0V, +curl” {((u +v") -V)v”} —curl” {(v” : V)u} —vAV, —vAcurl"u = 0. (4.97)

In view of Theorem 4.2, in order to bound v” in H", it suffices to bound the L2
norm of VZ. To do so, let us multiply V¥ to Eq. (4.97) and integrate over 2:

1d
T 2dt
- /Qvg-curr (v - V)u} do — V/QV;: CAVY dg — V/QV,e - Acurl’ udz. (4.98)

0 /Q|V‘;\2dx—|—/QV,ﬂ’~curlr{((u—|—v”)~V>v”} dz

Using integration by parts and the divergence theorem, the fourth term on the
right-hand side of Eq. (4.98) becomes

—y/ VY AVY dr = —u/ (VZ~VV,’:)-nd”H2+1// IVVY|? dz
Q 20 Q
- 3/ TI(VY, V") dH?2 +u/ IVVY|? dz,
2 Joq Q
since II = —Vn. Meanwhile, the fifth term on the right-hand side of Eq. (4.98)
satisfies
v / V7. Acurl” uds = —v / (VY- V(curl’ u),n) dH? + v / (VVY) : (Veur!” u) dz,
Q o9 Q
where A : B = Y}, Ay;Bj; for (3 x 3) matrices A and B. Therefore, the following
identity is derived from Eq. (4.98):
1d
2dt
v

- f/ II(VY, V?) dH?
2 Jon

/|V¢|2dx+u/ IVVY|? dz
Q Q

— I//Q(VV,’T) : (Veurl" u)dz — /Q (VY curl” {((u+0") - V)v'}) do
+ 1//89<V7’f - V(curl” u),n) dH* + /Q <V7’f’ curl’"{(v” . V)u}> dx
S e o Ve o Ve Vo (4.99)

In the following steps let us estimate each of the terms V-V,

2. The bound for V! is straightforward: As the second fundamental form is

bounded in C"™"1(99), we have
v v T v v v
VIS VIVEZ200) 2= VI o) S evliearl™ o2z g) + vl q),  (4.100)

thanks to Cauchy-Schwarz, Theorem 4.2, Young’s inequality and the Sobolev trace

inequality. In addition, the bound for V? is also easy:
V2 < VIVVY L2l Veurl” ul| 12 (o)
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~ uchrer UUH%2(Q) ||u||Hr+1(Q)

14
S evljeurl™ v”[[72(q) + EHUH%{TJrl(Q)v (4.101)

again using Cauchy-Schwarz and Young’s inequalities.
3. Next let us bound V3 := — [, <V’T’, curl” {((u +0Y) - V)v”}> dz by applying
a commutator estimate in the spirit of Kato-Ponce [73] to the non-linear convective

terms. For this purpose, let us introduce the following abbreviation for the operator:
T=T(u,v"):=(u+v") V. (4.102)
Then, V3 can be written as
V= /Q (V?, curl’ o T(v")) da
S /Q (VY. T(V")) dz — /Q (V. [curl”, T]o") dz, (4.103)

where

[curl”, 7] =curl"oT — T ocurl”

is the commutator of the differential operators. We note that the first term on the
right-hand side of Eq. (4.103) equals
~ [V T V) de = I VP ) nam? o, (4.104)
Q 2 Joo
thanks to the divergence theorem and the incompressibility of v and v”, as well as
the kinematic boundary conditions for u and v".
For the second term on the right-hand side of Eq. (4.103), as T is a first-order
differential operator, [curl”, 7] is of order < r, with the coefficients involving the

derivatives of u and v”. More precisely, we have

V[r—l—l—l]vu

[curl”, T]v” : (4.105)

< Z |Vl 4 Wy
=1

by directly applying the Leibniz rule. Here the schematic symbol VU denotes, as be-
fore, the derivatives up to the I-th order. Next, utilising the interpolation inequalities

we obtain:
V3| = ‘/(Vf, [curl”, T|v") dz
0

S Z/ {’VM’UVHV[”M|V[T+1_l]vy‘ + |V[7"],Ul/|’v[l],UVHV[T"F].—Z]/UV|} dx
=174

’|

?—IT’(Q) [Vo” HL‘”(Q)‘
(4.106)

S @ IVl ooy + 1107 Loy lull @ V0" |2 + [lv
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Therefore, in view the Sobolev embedding H" < L in 3-dimensions for r > 2.5, we

have

V3 < (1 + ”u”H’"(Q))HUV”%{T(Q) + 10" 3 (- (4.107)
In particular, we observe that the above upper bound for V3 involves only the deriva-
tives up to the r-th order of v”.

4. Next, to treat the fourth term V* := v [, (VY - V(curl” u),n) dH?, it is cru-
cial to take into account the Navier boundary condition. Indeed, using Einstein’s

summation convention and integrating by parts on 02, we first obtain that
V= 1// (VY)'V,(curl” u)'n’ dH?
o9

= —1// Vi(VY) (curl” u)'n? dH? + 1// H(VY curl” u) dH? =: V' + V2,
G B

Q
(4.108)
where H = —V;n’ is the mean curvature of the boundary. Here, by the boundedness
of the second fundamental form, the second term is bounded by
V2 S vl o0y + Il oo)
v v 14
S ev (vl + lullzr@) + =0 @ + lullzr@)- (4.109)
For V4!, let us add and subtract V;(V¥)/ from the integrand to get
Vil =y / (Vv = (Vo eurt” wyind 43
o0
+ I// Vi(VY) (curl” u)'n! dH? =: VI + Vi (4.110)
9

Here, by the incompressibility condition the integral vanishes for ¢ = j, so we only
consider i # j in the summation. In this case, denoting by k the index in {1,2, 3}

different from i, j, we have
Yt = az// (curl™™ v*)*(curl” u)'n’ dH?, (4.111)
o0

where o € {1,—1} is a sign. To proceed, let us establish the following claim: Let
7 : TR3 — T(09Q) be the tangential projection as before. Then the iterated curls of

v satisfy the following Navier-type boundary condition:
1
mocurl ™y’ = _ER or(curl™v”) + 2R oo curl” oS om(v”) on 0f). (4.112)

The proof of the above claim follows by induction on r, similar to the arguments

in Step 4 in the proof of Theorem 4.3. Indeed, for r = 0 it reduces to the Navier
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boundary condition (4.6), so we assume that the result holds for r and prove it for
(r +1). Taking a moving frame {Vy, V, V3} adapted to the surface 02, such that
V1,Vy € T(092) and V3 = n, by the induction hypothesis we have

1
m(curl ") =710 curl( — ~Ron(curl” 'v") +2Romocurl ' oSo w(v”))

¢
2
—V3< — %R om(curl ' v¥) +2Romocurl toSo W(UV)>

1
V3( — %R o 7r(cur1’”_1 VvW)+2Romo curl" 1o So w(v”))

As R(VLV2)T) = (=VZ V)T for any two-dimensional vectors V, the above equal-

ities give us

( ¢(curl™ L) 4 2(curl ™' o So W(v”))1>
m(curl™tv¥) =
Vg( %(curlr o) 4+ 2(curl ' o So w(v”))z)
{ Vs(curl™! ”)} —2V3 {curl“1 oSo 7T(’UV)}
{R oo curl (curl”™* U”)} + 2{R omocurl (curl ' oSo W(UU))}

Romocurl” ( ”)} +2{RO7TOCUI'1TOSO7T(UU)}. (4.113)

J\\HJ\M—‘J\M—‘

Hence Eq. (4.112) is proved.

This claim shows that the iterated curls of v¥ can be expressed on the boundary
0f) by derivatives of v upto the r-th order, together with the bounded operators R,
S and 7. Thus, Eq. (4.111) becomes

1 o
Vil = UV/ { C[R o (curl” v")]*(curl” u)lnj} dH?
o9
+ QUV/ {[R omocurl” oS on(v”))*(curl” u)inj} dH?.
09
Here the non-zero contributions only come from the tangential components of curl’v”,

and n/ = 0 unless j = 3 in the moving frame {Vy, V5, V3}, which forces k € {1,2}.

Thus we arrive at the following estimate:
VA S (10" 1B oy + e ooy )
< 1/<e||cur17”r1 v”||?{T+1(Q) + ||v”||§{T(Q) + e||u||12qr+1(9) + ||u||12qr(m) (4.114)
On the other hand, for V! let us integrate by parts once more to get

yil —1// (VY)Y (curl” u)'V;n/ dH? = V/ (VY curl” u) dH>. (4.115)
o0 o0
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This is because div o curl” u = curl” o divu = 0, and II = —Vn by the definition of

the second fundamental form. By assumption there holds ||II|| e @s0) < C, so

VI S vl V2 20 lleurl” ull 1200

T v 14
S ev(Jleurl™ g + ulr@) + = (10 P + lulle).  (4116)
Thus, putting together Eqgs. (4.108)(4.114)(4.116) and (4.109), we conclude that
T 14 v v
VS ev(flowrl™ o agy + lulldr ) + 2 (10" ey + el ). (4117

5. The bound for V° := [, <curlT v¥, curl” (v” - Vu)> dx proceeds by the Leibniz

rule:
VIS [ V2 x (3019009l ) da
Q 1=0

< /ﬂ 90| (1970 [Vl + [0 |97+ ] ) da

S @ IVl ooy + 1107 Lo 07| e @ 1l 1 @

S [l

@ llullyges gy + 10 @l g0 g el @),

where the last two lines hold by interpolation and the Sobolev embedding H?(R?) <

L>(R3), and § denotes an arbitrarily small positive number. Thus, one obtains that
V| < HUVHJ%F(Q)HUHHT“(Q)a (4.118)

whenever r > 2.

6. Therefore, collecting Eqs. (4.100)(4.101)(4.107)(4.117) and (4.118), we arrive

at
1d
2dt

T v v v
SJEVHCUI‘] +1 v ||%2(Q) + <€V + E + HUHHT+1(Q)>||U H%{r(g)

/ |v:|2dx+u/ IVV?|? dx
Q Q

0 ray + (e + 2 )l (4.119)
Thus, we can choose € > 0 to be so small that
N R e e s
dt Jo
< 01(1 + ||U||HT+1(Q)) 10" @y + 0" 70 () + Covllulltr ), (4.120)

where the constants C', Cy depend on 1y and e. Here it is crucial to choose € that

depends only on ||II||craq); in particular, it is independent of v.

139



7. The arguments in this final step are adapted from P. Constantin [41], in which
the analogous result is shown for 2 = R?® or T3. For any fixed T € (0,T}), we set

(t) . p{ Clt — Cl fO ||U( )||Hr+1(Q) dS},
F(t) := Coa(®)ult, )3 (@),

(4.121)
G = Cl[a(T)]_ = const.,
O(t) == a(t) v (t, )l
Then, by Steps 1-6, ® satisfies the ordinary differential inequality
() < vE(t) + Gd(t)3? on [0, 7). (4.122)

For some parameter 3 > 0 to be chosen later, we divide Eq. (4.122) by (1 + 3®(t))%/?

to get ”
D'(t G
(- sagpre =0T G

Thus, by integrating from 0 to ¢ € [0,7] we obtain the estimate as follows:

2 1 T GT
namely that GT
1
Azt v (4129)

Notice that the right-hand side of Eq. (4.123) is maximised when the two negative

terms are equal, i.e.,

GT 2/3
| ) (4.124)

F= <Vf0TF(t dt

T 1/3
Then the right-hand side equals 1 — M. It is greater than or equal to 1/2

(GT)2/3
: : < _G°T? 1 >
if and only if v < ST PO On the other hand, by Eq. (4.123) ToeE 2 1/2 for
all 0 < ¢ < T, namely that ®(t) <3/ on [0,T].
In summary, we have established the following: If we set
G?T?
Uy = sup (), (4.125)
re(0.1) \8 i F(t)dt
then, whenever 0 < v < v,, we have
Jo F(t)dt\23 o
o(t) < 3(2 o ) V23, (4.126)

which is equivalent to
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[T @) at] exp {CT + C 7 s, ) o ds)
< (3 ) x 1?3 (4.127)

(GT)/3

This holds for any ¢ € [0,7], where T is an arbitrary number in (0,75). Hence the
Navier-Stokes solution v does not blow up, provided that 0 < v < v,. Thus we

conclude the proof by taking the supremum over [0,7}). =

In passing, we remark that the positive uniform lifespan T, for {v”} does not
directly follow from our proof of Theorem 4.3. In fact, the constant M is proportional
to v~ ! in Eq. (4.87); hence the lifespan for the Navier-Stokes equations with viscosity
v is proportional to 1/M. In Step 7 of the proof above, we proved that the Navier-
Stokes solutions do not blow up in H™*! before the maximal lifespan of the Euler
solutions, subject to the kinematic and Navier boundary conditions. As remarked

before, this result may be compared with Constantin [41].

4.5 Discussions on the modified slip-type bound-
ary condition

In §5.1 a modified version of the Navier boundary condition, originally introduced by
Bardos (]9]) and Solonnikov-S¢adilov ([110]), has been briefly discussed. Physically
it describes the phenomenon that the tangential part of the normal vector field of the
Cauchy stress tensor is uniformly vanishing, and it agrees with the Navier boundary
condition if and only if the boundary 0f2 is flat. Together with the kinematic boundary

condition, we have

Voo — 0
{u n=0_ on 0, (4.128)

w''xn=>0 on 0f).

This is referred to as the so-called slip-type boundary condition (or the Navier-type
slip boundary condition) in the sequel. In the two papers [14, 15| by Beirao da
Veiga-Crispo, the vanishing viscosity limit is analysed for the Navier-Stokes equations
subject to the boundary conditions in Eq. (4.128), and the Euler equations subject to
the no-penetration boundary condition in Eq. (4.18). They showed that the vanishing
viscosity limit in general fails for the strong solutions, whenever the domain is non-
flat; ¢f. Theorem 1.9 in §1.2.3, reproduced below:

Theorem 4.4 (Theorem 1.9 in §1.2.3. Beirao da Veiga-Crispo [14, 15]) Let

Q C R? be a bounded, reqular, open connected set. Let the admissible initial data ug

141



be given for the initial-boundary value problems Eqs. (4.1)(4.6)(4.17) and (4.18), such
that the following condition holds:

wo(xg) # 0 for some xg € O such that K(xq) # 0. (4.129)
Then, for arbitrary 6 >0, p,q > 1 and s > 1, the “strong” inviscid limit fails:
u” - u in LP([0, 8]; W*9(; R?)). (4.130)

Here and throughout K denotes the Gauss curvature of 0€2; also, the following defi-
nition is introduced (c¢f. Definitions 2.1, 2.3 in [15]):

Definition 4.5.1 We say that

1. uy € C=(Q;R?) is an admissible initial data if V - ug = 0 in the closure Q, as

well as ug-n =0 and wy X n =0 on 0F2;

2. The inviscid limit v’ — w holds “strongly” in LP([0,T]; W9(Q; R3)) for some
T >0, p,gq>1ands > 1 if the convergence holds with respect to the strong
topology on LP([0,T]; W59(; R?)).

In particular, notice that if u¥ — u strongly, then w” xn = 0 on [0, 7] x 02 implies
wxn=0on [0,T] x 0. This is termed as the “persistence property’ in [14, 15].
The non-convergence result (Theorem 1.9) is proved in the presence of such property,
first by considering a special example on S? ([14]) and then via computations of the
principal curvatures on 0%2 in local coordinates ([15]).

We obtain an alternate proof of Theorem 1.9, which avoids computations in local
coordinates on 02 as in [14, 15]. This offers a new, global perspective for the above

theorem, of which the proof makes essential use of the structure of Lie derivatives.

Proof of Theorem 1.9. First of all, following the original proof in [14, 15], we
consider the inviscid vorticity equation, which is obtained by taking the curl of the
Euler equation (4.17):

Ow~+ (u-Vw— (w-V)u=0. (4.131)

Then, taking the cross product with the outer unit normal n : 9Q — S?, one obtains
O(w xn)+ {(u- V)w— (w-V)u} xn=0. (4.132)

It is observed by Xiao-Xin (c¢f. Corollary 8.3 in [124]) that a necessary condition for

the “strong” inviscid limit in the time interval (0, ) is that

wxn=0 on (0,0) x 052, (4.133)
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namely that the persistence property is verified (Definition 4.5.1). Thus, if the
“strong” inviscid limit were valid, then Eq.(4.132) would imply that {(u - V)w —
(w-V)u} x n =0 for all time. In particular, sending ¢ — 07, the following condition
must be fulfilled:

{(uo - V)wo — (wo - V)uo} xn=>0 on 0f). (4.134)

Now here comes our crucial observation: The expression in the bracket coincides
with the Lie bracket of the vector fields ug,wy € TR3, namely that

(uo - V)wo — (wo - V)ug = [uo, wo)- (4.135)

To prove Eq.(4.135), let V. = 322, V'0; and W = Y2, W/9; be two smooth
vector fields in TR3, where {0, 05,3} denotes the canonical Euclidean frame; the
vector fields are identified with the first-order differential operators. Thus, the Lie

bracket of V, W can be computed as follows:

VW] =VIW -WV
= (Via,(wia;) — Wig,(via))
=(V-V)W - W - -V)V.
This verifies the Eq. (4.135).

To proceed, we recall that the Lie bracket of two vector fields on a differentiable

manifold equals the Lie derivative L of one vector field along the other, i.e.,
[UQ, WQ] = ﬁquO. (4136)

This result is standard in the differentiable manifold theory (c¢f. [51]). Furthermore,
the Lie derivative at a point xy € OS2 is given by

Logwo(o) = lim (0:)"{eo(0s(x0))} — wol@0) (4.137)

s—0t+ S

where {0,(z) : s > 0,2 € R3} is the one-parameter subgroup determined by the
following ODE:

uo(0s(z)) for all s >0, x € R3,

4.138
x for all x € R3. ( )

{sies(@
90(1’) =

In other words, the trajectory {0s(x)}s>0 is the integral curve of the vector field wg

emanating from x. Here (0,)* denotes the pullback operation under the map 6.
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By the admissibility of initial data (Definition 4.5.1), wy € T(9Q)* is orthogonal to
the boundary since wy x n = 0, and uy € T(012) is tangential to the boundary because
of the kinematic boundary condition uy - n = 0. The expression on the right-hand
side of Eq. (4.136) is well-defined since wy is a vector field defined along the manifold
09Q. In geometric terminologies it means that wy € *TR3, where ¢ : 9Q — R3 is
the embedding of Riemannian submanifold, and (*TR3 is the pullback vector bundle.
This enables us to take the Lie derivative of wy along any vector field (e.g., ug) tangent
to 0f2.

Now, by the assumptions of the theorem, there is a point xqg € 02 such that
wo(xo) # 0 and K(xy) # 0. Due to the non-vanishing curvature, there exists some
small neighbourhood U C 09 of zy, such that every smooth curve 7 : (=4,d) — 0Q
satisfying v(0) = ¢ is not a straight line segment in R®. In addition, as the vorticity

wp is non-vanishing at xy, we have
(ug, ) #0 on U. (4.139)

On the other hand, using the definition of the Lie derivative in terms of the integral

curve, namely Eq. (4.137), we have
Liwy # 0 on T'(09). (4.140)

This is because the parallel-transport of wy along v cannot be obtained by a Euclidean

translation, and hence

(95)*{w0(93(3:0)>} — wo(xg) #0 (4.141)
in Eq. (4.137). Therefore, we conclude that L, s);wo # 0 on T'(912), so
Ly,wo(zo) X n(xg) # 0 in R?. (4.142)

This contradicts Eq. (4.134), hence it completes the proof. =
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Chapter 5

Conclusions and Perspectives

In this thesis we have studied two problems:

1. The weak continuity of the Gauss-Codazzi-Ricci (GCR) equations, as well as the
corresponding isometric immersions, of both Riemannian and semi-Riemannian

manifolds;

2. The vanishing viscosity limits of strong solutions in H" of the 3D incompress-
ible Navier-Stokes equations in curved fluid domains, under the kinematic and

Navier boundary conditions.

For the project regarding the GCR equations, the crucial observation is the div-
curl structure “in disguise”, which, in fact, is manifested in the second structural
equation of the Cartan formalism: dW = W A W. For this equation, even if the
sign of W-entries is arbitrary (i.e., the semi-Riemannian case), we can still establish
globally and intrinsically the weak continuity using the generalised quadratic theorem.
This is because the principal symbol of d and its adjoint ¢ (hence the operator cone
of d®0) can be computed explicitly. It implies the div-curl lemma in the Riemannian
case, in which A = dd + dd is elliptic.

On the other hand, for the “rough” isometric immersions of which the curvature
blows up at many points — e.g., Nash’s wrinkled solutions for C'! isometric immersions
in [97] — the requirement of preserving the GCR equations (namely, the curvature)
is too stringent. It is of independent interest to study only the weak continuity of
the matrix-valued equation D' f - Df = g. Similar to the GCR equations, this is a
first-order system of PDEs with quadratic non-linear terms; hence the natural space

for the weak continuity problem is f € W', In view of the rigidity/non-rigidity
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results in isometric immersions (see Nash [97, 98], Gromov [63] and Conti-De Lellis-
Székelyhidi [45]), we conjecture that there is a critical index p, € (1,00) such that
when p > p,, this equation is I/Vlif—weakly continuous, and for p < p, it is not. The
solution to this problem may require more delicate techniques than the compensated

compactness theorems established and investigated in §§2-3 of the thesis.

Finally, in view of the project on the vanishing viscosity limit, it should be empha-
sised that the geometry of the fluid boundary 02 helps with the energy estimates, in
the case of the Navier boundary condition. In other words, the Navier boundary con-
dition is “geometrically natural” (i.e., covariant). This suggests that a similar result
to Theorem 1.8 may be formulated and proved in arbitrary dimensions. Moreover, we
remove the hypotheses on the “uniform (in viscosity) lifespan” of the Navier-Stokes
solutions, by showing that if the Euler equation with the no-penetration boundary
condition does not breakdown before the time T, then the Navier-Stokes do not
breakdown before T, as long as the viscosity is smaller than a number dependent

only on 7}, and the initial data.

On the other hand, unfortunately, there is a gap between the existence result
and the vanishing viscosity limit in terms of the regularity issues. More precisely, we
obtain the existence of strong solutions in H"*! (r > 5/2), but we can only deduce the
inviscid limits in H". This leaves open the possibility of the formation of boundary
layers in the top-order of regularity, namely in H"*!. To tackle this problem possibly

requires much more advanced techniques than the direct energy estimates in §5.
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