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Chapter 1

Introduction

Over the decades, and especially recently amidst the surge in data availability and

richness, it has become increasingly popular to take quantitative approaches to the

study of sociological questions [17,70,82,91,138]. Modelling efforts have drawn from

computational, statistical, and mathematical approaches [114]; and the study of mech-

anistic models that incorporate data in a meaningful way (see [53] for an example of

data-driven mechanistic modelling) can give insight into both existing observations

and forecasting of future dynamics. Through this thesis, we introduce a timer model

and study its behaviour on networks both numerically and analytically, and we also

examine its application on real-world network data to scrutinize the possible use of

the model for understanding societal behaviour of people reflected on the real-world

data.

1.1 Mathematics and social networks

There are mainly two paths for research in networks: study on the network struc-

tures, and study on the dynamical processes on networks.1 Thanks to its firm basis on

mathematical axioms, mathematical language is often employed for modelling in the

study of networks, because it can interpret things that may seem ambiguous in ordi-

nary languages. For this reason, in the field of social networks, mathematical models

are exploited to understand the social network structures and the social phenomena

in simpler but more precise manner. If fortunate enough, such models can investi-

gate and interpret any “hidden order” that is present by fitting observed statistical

1Adaptive network models incorporate the network structures and dynamical processes, because
the evolution of a network structure is fundamentally entagled with the dynamical processes on the
network [63]. An adaptive network is a “dynamic network” which is a network whose structure
varies over time [23].
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regularities via data analysis and then reproducing such regularities with long-time

or equilibrium dynamics from some generative model, which might even be used to

predict similar happenings in the future [53].

1.1.1 Networks and graph theory

To model the structure of social networks, researchers have used ideas from graph

theory [105]. Since its introduction in 1736 by Euler [13], graph theory has been

actively studied by many mathematicians. An ordinary graph consists of two primary

elements: nodes (i.e., vertices) and edges (i.e., links). See Fig. 1.1. Because of its

rich mathematical tractability as well as intuitive visual representation, the study

of graphs is widely adapted as a tool to understand properties of systems that are

composed of entities and interactions between them, such as biological systems (e.g.,

neural networks [122], cellular networks [5], and genomic networks [37]), infrastructure

(e.g., urban network [10], communication networks [111], transportation systems [65]),

and of course, human social networks [2, 15, 62, 81, 124, 143, 146]. We will introduce

the mathematical concepts of graph theory later in Section 2.1.

Figure 1.1: Example of a graph, where the number of nodes is N = 10. The green
dots indicate nodes, and the black lines indicate edges.
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1.1.2 Dynamical processes on networks

The field of social networks has used ideas from dynamical processes to model social

phenomena [105]. For example, there have been numerous studies of the spread of

opinions, actions, memes, information, misinformation, “alternative facts”, and other

phenomena in populations in disciplines such as sociology, economics, computer sci-

ence, physics, and many others [18, 29, 72, 113, 148]. By analogy with the spread of

infectious diseases in a population, spreading phenomena — including the spread of

defaults of banks, norms in populations, and products or new practices in populations

— are often modelled as contagion processes on a network. To distinguish between

different mechanisms in social and biological contagions, the former are often con-

strued as examples of “complex contagions”, and the latter are often construed as

examples of “simple contagions” [85,100,144].

The quantitative study of the spread of behaviour in social networks has a long

history that dates back (at least) several decades [7, 42, 60, 125, 126, 134]. In recent

years, studies of social influence have tended to focus on large social and/or com-

munication networks, taking advantage of the increased availability of microblogging

data sets (e.g., using data from Twitter) with relational information that enables one

to incorporate network effects into models [58,110]. In studying social influence, one

often explores what conditions yield cascades [102], in which a small seed of activity

leads to a large change in a network. In the study of spreading models, a common

way to quantify cascades is to examine when an infinitesimally small seed fraction of

adopted nodes generates a nonvanishing mean cascade size as the total number N of

nodes in a network becomes infinite (N →∞) [48,113]. In practical applications with

empirical data, one often measures cascade sizes in other ways (such as by calculating

how long it takes for a given fraction of the nodes in a network to adopt). See the

discussion of cascade conditions in [113].

1.1.2.1 Threshold model

A particularly popular type of model for the spread of behaviour in social networks

are so-called threshold models, in which nodes update their states if the amount of

peer pressure from their neighbouring nodes (usually just nearest neighbours) exceeds

some personal threshold. The simplest such model is the Watts threshold model

(WTM) [137], which uses a linear updating rule that is very similar2 to the one

2In [60], which does not incorporate network structure (it assumes that each node is adjacent to
all other nodes), Granovetter did not define the adoption threshold of a node in terms of either the
fraction or the total number of its adopted neighbours. Because of the all-to-all connectivity in [60],
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introduced by Granovetter [60] and which was previously examined on networks by

Valente [133,134]. (It is also related to bootstrap percolation [28].) The WTM uses a

“threshold” to represent the latent tendency of an individual to adopt an innovation

(or become infected, if one wants to use more biological terminology) when at least

some fraction of its neighbours has adopted the innovation [76]. Threshold models of

adoption were first studied by sociologists, and the idea of a threshold comes from a

sociological theory [60] that articulates that a person exhibits inertia in adopting an

innovation as a way to reduce cost in making decisions. The WTM is appealing to

study in part because of its mathematical tractability [50,52,113] and in part because

it incorporates simple notions of peer pressure, social reinforcement (because multiple

neighbours who have adopted an idea increase the peer pressure for a node to adopt),

and personal resistance to peer pressure.3 It thereby provides a simple model of social

influence, which occurs when an individual is influenced by others and adopts their

behaviour [84,118].

The WTM and its generalizations have been studied from many perspectives.

This includes a considerable amount of work — both analytical and numerical —

on WTM dynamics on random networks with various characteristics, including local

clustering [66, 67, 96], community structure [48], degree–degree correlations [34], and

communities with intercommunity correlations [98]. The WTM has also been gener-

alized to dynamics on temporal networks [74] and multiplex networks [77,83]. In the

study of networks constructed from empirical data, the WTM has been used to ex-

amine phenomena such as protest recruitment [58] and adoption of technology [134].

There are also many variants of the WTM that caricature adoption behaviour in

different ways; these variants include thresholds that rely on the total number of

neighbours [26], a multi-stage threshold model [99], on–off thresholds [33], threshold

models with memory [35,55,127], and a threshold model that incorporates node states

(through “synergistic” effects) from nodes other than nearest neighbours [73].

There are many possible reasons why somebody may wait before adopting an idea,

buying a product, etc. Possibilities include unawareness of an innovation, awareness

Granovetter’s linear-threshold update rule does not distinguish between the fraction (as in [137]) and
number (as in [26]) of adopted neighbours. There is also a slight difference between Granovetter’s
update rule and the one in the WTM: in the former, a node will not adopt under any circumstance if
its threshold is 1; in the latter, a node with threshold 1 adopts if all of its neighbours have adopted.
Finally, although threshold models are used to model social contagions (and for so-called “complex
contagions”), Granovetter wrote in [60] that “In the broader context of threshold models, the idea of
‘contagion’ seems inappropriate, since much more is involved than mere imitation of the last person
observed.”

3In some applications, one sometimes uses terms like “infected” or “active” rather than
“adopted”.
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but not yet deciding to adopt something, a “decision” to adopt something but laziness

before changing behaviour [69], and so on. Different social-influence models have

different adoption rules that codify behavioural latency (i.e., a delay before adopting

a behaviour) in different ways, and different adoption rules generate different patterns

of growth of the fraction of adopters over time. The study of different patterns in

an adoption process is an important aspect of research on dynamical processes on

networks [20, 58, 135]. For example, in the WTM, the time at which a node adopts

an innovation depends both on the node’s threshold and on the adoption status of

its neighbours (and hence on network architecture), and this affects the temporal

evolution of the fraction of adopters in a network. In the present thesis, our goal is to

incorporate response times into spreading models such as threshold models: even if a

threshold is met or exceeded, there is often a delay until a behaviour is adopted. This

can be due to personal inertia or to other factors. In this thesis, we introduce a timer

to model the tendency of individuals to wait some amount of time between deciding to

adopt a behaviour and actually adopting it, and we investigate how the incorporation

of timers (especially ones that are heterogeneous in a population) changes qualitative

dynamics of the WTM.

1.2 Organization of this thesis

This thesis is composed of 6 chapters, including this introductory chapter. We begin

Chapter 2 by laying out the mathematical theories including a brief introduction to

graph theory, the Erdős-Rényi random graph model, probability generating function,

site-percolation, and Watts cascade model. In Chapter 3, we introduce what we deem

a timer model, and illustrate the effects of incorporating a timer on small networks and

large random-graph ensembles in the chapter. Chapter 4 is concerned with analysis of

a timer model, for which we employ a pair approximation that is originally motivated

by a random-field Ising model on Bethe lattice. Chapter 5 presents the application of

the timer model for the analysis of real-world network data. We conclude in Chapter 6

and discuss the plan to further our research. We include further discussions and

calculations in appendices.
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Chapter 2

Background

In this chapter, we present some mathematical background that is necessary to un-

derstand our work. We begin this chapter with a brief introduction to graph theory,

where we introduce the idea of a tree, which we will use extensively for analytical cal-

culations in Chapter 4. We then introduce the main random network models that we

use in this thesis (Erdős–Rényi networks and configuration model). We also introduce

the main dynamical process (the Watts threshold model) that we will generalise. We

follow the discussions in [105, 117] when introducing graph theory and Erdős–Rényi

networks, and we follow the discussion in [137] when introducing the Watts threshold

model.

2.1 Graph theory

2.1.1 Graph

A graph1 G is an ordered pair (V,E), where V indicates a set of nodes and E indicates

a set of edges [105, 117]. The set V of nodes is a non-empty set, and E is a set of

2-element subsets of V , such that E = {{i, j}, i, j ∈ V }. We define the size of a

graph as the number of nodes in the network (i.e., |V |).
If there exists an edge e ∈ E, nodes i and j are adjacent to each other through an

edge, and we say that i and j are adjacent in the graph G, and the two nodes i and j

are neighbours. We use Γ(i) to indicate the set of neighbours of node i. Therefore, if

node j is the neighbour of node i, the node j ∈ Γ(i). Additionally, we say that e and

1There are different kinds of graphs — including weighted graphs, directed graphs, and graphs
with multi-edges or self-edges. However, unless otherwise specified, we will use the term graph as
an unweighted, undirected, and simple graph, which means that it does not have any multi-edges
or self-edges.
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Chapter 2. Background

i, as well as e and j, are incident because the nodes i and j are adjacent through an

edge e.

Adjacency and incidence are useful concepts to express the structure of graphs

in mathematical language. An adjacency matrix A is a matrix that encapsulates

information of nodes and edges using adjacency relations:

Aij =

{
1 , if {i, j} ∈ E,
0 , otherwise.

An incidence matrix B is also a matrix with information of nodes and edges, but

using incidence relations:

Bij =

{
1 , if i and ej are incident,
0 , otherwise.

e
1

e
3

e
2

e 5

e4

1

2

3

4

5

Figure 2.1: A graph with 5 nodes and 5 edges.

For an example graph, see Fig. 2.1. It shows a graph G = (V,E) with node set

V = {1, 2, 3, 4, 5} and edge set E = {e1, e2, e3, e4, e5}, where e1 = {1, 2}, e2 = {2, 3},
e3 = {3, 4}, e4 = {2, 4}, and e5 = {2, 5}. The adjacency matrix is
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A =



1 2 3 4 5

1 0 1 0 0 0

2 1 0 1 1 1

3 0 1 0 1 0

4 0 1 1 0 0

5 0 1 0 0 0

, (2.1)

and the incidence matrix is

B =



e1 e2 e3 e4 e5

1 1 0 0 0 0

2 1 1 0 1 1

3 0 1 1 0 0

4 0 0 1 1 0

5 0 0 0 0 1

. (2.2)

As one can see from equation (2.1), the adjacency matrix is symmetric because

Aij = Aji for all i and j; an adjacency matrix of an undirected graph is always

symmetric, while an adjacency matrix of a directed graph can be asymmetric. All

elements are either 0 or 1, because we study simple unweighted graphs (which do not

have multi-edges). Furthermore, the trace of A is 0 because the graph is simple and

hence does not have self-edges. However, the trace of the incidence matrix (2.2) need

not be 0, as diagonal elements are not necessarily 0 in this case. Additionally, an

incidence matrix is not typically a square matrix, as the number of nodes and the

number of edges in networks are usually different. As an edge connects two nodes,

every column in the incidence matrix, which corresponds to different edges in the

network, must contain exactly two ‘1’ entries.

2.1.2 Degree

In an undirected network, degree ki of a node i is the number of adjacent neighbours

of i. We can express it as

ki =
∑
j∈V

Aij =
∑
j∈V

Aji . (2.3)

A degree sequence (k1, k2, · · · , k|V |) is a sequence of degrees of nodes in a network.

With degree sequence, one can examine a distribution of degrees that is called a
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degree distribution — a probability distribution of degrees of a network. Instead

of degree distribution, complementary cumulative degree distribution2 is often used

to characterize a network by its structure. The complementary cumulative degree

distribution, evaluated at k, is the probability that a node picked uniformly at random

has degree larger than, or equal to, k.

Assume that we arrive at a neighbour along an edge of a node. If the neighbour

we arrived at has k other edges than the edge we followed, the total degree of the

neighbour is k+ 1. We call the k other edges than the one we arrived along as excess

degree k, and the distribution of excess degree (i.e., excess degree distribution) has a

distribution

qk =
(k + 1)Pk+1

〈k〉
, (2.4)

where Pk+1 is degree distribution.

One can also define degrees in a directed network; out-degree kout
i of a node i is

the number of outward adjacent neighbours (i.e., neighbours that are adjacent via an

out-going edge) of i, and in-degree kin
i of a node i is the number of inward adjacent

neighbours (i.e., neighbours that are adjacent via an in-going edge) of i. One can

calculate the out-degree as kout
i =

∑
j∈V Aij, and one can calculate the in-degree as

kin
i =

∑
j∈V Aji.

2.1.3 Path, cycle, and connected component

Note that the graph in Fig. 2.1 includes a cycle, which we define as a path whose

last node is adjacent to the first node of the path. A path in a graph is a sequence

(v1, v2, ..., vn) of nodes, in which all nodes are distinct, and for i ∈ {1, . . . , n}, node vi

and vi+1 are adjacent to each other3. Therefore, the cycle in Fig. 2.1 is (2, 3, 4) because

node 4 is adjacent to node 2. Also, the graph in Fig. 2.1 is connected because there is

a path between every pair of nodes. If a graph is composed of multiple components

each of which is connected, then each component is called a connected component (or

cluster ; see vulnerable cluster in Section 2.3.1).

2Some authors mistsakenly call a complementary cumulative degree distribution as a cumulative
degree distribution. However, the cumulative distribution function of a random variableX, evaluated
at x, means the probability that X has value less than or equal to x, which is not the same as the
complementary cumulative distribution function.

3The length of a path (v1, v2, ..., vn) is the number of edges in the path, that is, n− 1.
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2.1.4 Trees

A tree is a graph in which any two nodes are connected by exactly one path. Therefore,

a tree must be connected, and must not contain any cycle (i.e., must be acyclic).

Figure 2.2 is an example of a tree with 10 nodes. We can designate node 0 as the

root of the tree, and we can refer to such a tree as a rooted tree. In a rooted tree, we

define a leaf as a node with degree 1. In Fig. 2.2, nodes 3, 4, 6, 8 and 9 are leaves,

and they are coloured in green.

0

1

43 5 6

2

7 8

9

Figure 2.2: A tree with 10 nodes.

2.1.5 Clustering coefficient

Many networks are not trees, but they have clusterings. A clustering coefficient is

a measurement to quantify the extent to which nodes in a network form densely

connected groups [105]. There is more than one way to calculate the clustering

coefficient of networks. In this thesis, we use the one defined by Watts and Strogatz
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[141], which is widely used. The global clustering coefficient C is

C =
number of triangles

number of connected triples
. (2.5)

In contrast to the global clustering coefficient, we define the local clustering co-

efficient Ci of a node i as the number of triangles to which the node is connected

divided by the number of connected triples that include the node:

Ci =
number of triangles connected to node i

number of connected triples that include node i
. (2.6)

We can then calculate the degree-dependent clustering coefficient Ck of nodes with

degree k in a network as the mean of the local-clustering coefficients of nodes with

degree k in a network:

Ck =

∑
i∈Vk Ci

|Vk|
, (2.7)

where Vk is a set of nodes with degree k.

2.1.6 Centrality measures

Understanding the structure of a network is important for studying a network system.

One key research question is to find out which node in a network plays the most central

role for a dynamical process on that network, such as a biological network [45,79] or

a social network [88]. Here, we introduce the notions of degree centrality, (geodesic

node) betweenness centrality, and eigenvector centrality.

2.1.6.1 Degree centrality

Degree centrality measures how many connections a node has. The degree centrality,

zi, of a node i is simply calculated as the degree (i.e., the number of neighbours) of

the node:

zi = ki , (2.8)

where ki is the degree of node i.
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2.1.6.2 Geodesic node betweenness centrality

Geodesic node betweenness centrality, bi, ranks a node i based on the number of

geodesic paths — the paths with the shortest length — that pass through the node:

bi =
∑
j,l∈G

uj,l(i)

uj,l
, (2.9)

where nodes i, j, l ∈ G are different nodes in a graph G, uj,l denotes the number of

geodesic paths between nodes j and l, and uj,l(i) denotes the number of geodesics

between nodes j and l that pass through node i.

2.1.6.3 Eigenvector centrality

The eigenvector centrality, gi, of a node i determines not only how well the node

i itself is connected, but also how well i is connected to well-connected nodes in a

network. It is calculated using the largest eigenvalue κ of the adjacency matrix A of

the network:

gi =
1

κ

∑
j∈Γ(i)

gj , (2.10)

where gj is the eigenvector centrality of neighbours j ∈ Γ(i).

2.2 Random-graph models

Different generative network models have different algorithms that characterise the

rule of interaction between nodes [15,21,140]. Thus, the structural properties of those

network models depend on the algorithms that are used to generate them. Compli-

cated network generative algorithms make a network difficult to analyse mathemati-

cally. Thus, we often begin with simple random graph models that are well studied.

In our work, we will use two simple, but popular, random graph models: the Erdős–

Rényi (ER) graph model [38], and configuration models [41].

2.2.1 Erdős–Rényi graphs

The Erdős–Rényi model is an attractive model because its mathematical properties

have been studied extensively in numerous papers, and it has a simple generative

algorithm. The generative mechanism to create an ER graph is as follows [38]: let n =

|V | be the number of nodes, and suppose that each pair of nodes is adjacent to each

other with independent probability p. This model gives a random-graph ensemble

12



Chapter 2. Background

G(N, p) that is a probability distribution on graphs.4 In other words, G(N, p) defines

an ensemble of networks, not an individual instance of the ensemble. In the ensemble

G(N, p), the probability to create a graph Gm with m edges is

P (Gm) = pm(1− p)(
N
2 )−m,

where
(
N
2

)
−m is the number of pairs of nodes without an edge between them. As

edges are independent and identically distributed, the global clustering coefficient5 C

of the ER model is

C =
number of triangles

number of connected triples
=

(
N
3

)
p3(

N
3

)
p2

= p. (2.11)

Considering how interactions between entities occur in a real social network, we

see that an ER model is not a good model of a social network. Unlike in the ER

model, interactions between individuals do not happen completely at random in real-

world networks [95]. Instead, interactions often occur for a reason, such as similarity

between individuals. Furthermore, ER graphs have a binomial degree distribution,6

which is not true in real-world social networks. Therefore, the ER model is not a good

model of a social network, as it is unrealistic in many respects. Nevertheless, an ER

model is still a good model to test a dynamical process, as its structural properties

are well studied, so it is a convenient choice to use at first. Therefore, it is reasonable

to start with ER graphs as a toy model of a social network, due to their mathematical

tractability.

Mean degree and degree distribution. The probability of drawing a network

with m edges from the ensemble G(N, p) is [46]

P (m) =

((N
2

)
m

)
pm(1− p)(

N
2 )−m, (2.12)

4The model was first invented by Anatol Rapoport and Ray Solomonoff [116,129], and extensively
studied by Gilbert [46]. Erdős and Rényi developed a different random graph model, denoted
G(N,m), in which N is the number of nodes in a graph and m is the number of edges [38]. However,
we also call G(N, p) an Erdős–Rényi graph, as Erdős and Rényi contributed a lot to the study of
G(N, p) as well [86, 105].

5A clustering coefficient is a measurement to quantify the extent to which nodes in a network form
densely connected groups [105]. There is more than one way to calculate the clustering coefficient
of a network; for example, the one defined by Watts and Strogatz is widely used [141].

6ER random graphs are sometimes called “Poisson random graphs”, because the binomial degree
distribution is approximated by the Poisson degree distribution in the N →∞ limit.
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which is a binomial distribution. The expected number 〈m〉 of edges of a graph drawn

from the ensemble G(N, p) is therefore

〈m〉 =

(N
2 )∑
m

P (m) =

(
N

2

)
p. (2.13)

Let k denote the mean degree of a node in an ER graph. The total number of edges

m in the graph is then m = Nk
2

. By inserting this expression into (2.13), we obtain

the mean degree of the ensemble G(N, p) of networks. That is,

〈k〉 =
2 〈m〉
N

= (N − 1)p. (2.14)

Using (2.14), we can also calculate the degree distribution of G(N, p). The prob-

ability for a node to have degree k is

pk =

(
N − 1

k

)
pk(1− p)(N−1)−k. (2.15)

In many cases, we consider large networks, which generally entails considering

N →∞ nodes in analytical calculations [105]. One can then approximate
(
N−1
k

)
pk by

(N−1)kpk

k!
= 〈k〉k

k!
using the relation between 〈k〉 and (N − 1)p from (2.14). To calculate

(1− p)(N−1)−k, we write

ln[(1− p)(N−1)−k], (2.16)

which we can then expand using a Taylor series:

ln[(1− p)(N−1)−k] = [(N − 1)− k](−p) ≈ [(N − 1)− k]
〈k〉

N − 1
. (2.17)

Using N →∞, we obtain (N−1)−k
N−1

→ 1. We thus rewrite equation (2.15) as

(1− p)(N−1)−k ≈ e〈k〉. (2.18)

Therefore, (2.15) reduces

pk = 〈k〉k e
〈k〉

k!
. (2.19)

2.2.2 Configuration model

Structural properties of real-world networks are often compared to the properties of

an ensemble of random network models to quantify which structural properties are

expected (i.e., common consequences of particular degree distribution), and which

structural properties are not expected [41]. In this respect, ER networks do not
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capture the structural properties that are commonly observed in real-world networks

such as heavy-tailed degree distribution [3, 4], and community structure [131]. Fur-

thermore, as we saw in Section 2.2.1, one obtains a Poisson degree distribution as

N → ∞, although there is no a priori restriction on the degree distribution of net-

works in the real world [68]. Because many structural properties are constrained by

the distribution of node degrees, it is more appropriate to draw a graph from a space

of graphs in which the degrees of all nodes are fixed, but where the edges are placed

between nodes uniformly at random [41].

We can resolve this problem using configuration model, which was first introduced

by Bender and Canfield [11], and further studied by Bollobás [16] and Wormald [147].

A configuration model is a uniform distribution of graphs with specific degree sequence,

a sequence of node degrees. Therefore, using a configuration model, we can create a

network with any desired degree sequence.

There have been many variants of configuration models [41]. Depending on which

graph space one draws a graph from — either stub- or node-labelled graph space — a

configuration model can give graphs with different properties, especially if a resulting

graph contains multi-edges or self-loops [41]. Here we use a configuration model based

on stub-labelled graphs, because it is the graph space we use for configuration models

in this thesis.

2.2.2.1 Configuration model with stub matching process

The algorithm of stub matching process is somewhat simple: first, each node i is

assigned exactly ki stubs (i.e., half-edges) according to a given degree sequence. One

then chooses pairs of stubs uniformly at random and connects them to each other.

This process continues until there are no remaining unpaired stubs. The sum of all

degrees in a degree sequence must be even so that there is no unpaired stub after

the pairing process terminates. We will call a configuration model produced via stub

matching as the standard configuration model.

The standard configuration model preserves specific degree sequence, but it ran-

domizes all other structural properties. There has been work that develops ran-

dom graph models that incorporate particular structural properties, such as clus-

ters [75, 104] and cliques (fully-connected subgraphs) [49]. In Section 2.2.2.2, we

will discuss a model that incorporates cliques, which is introduced by James Gleeson

in [49].
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2.2.2.2 Configuration model with cliques

We start with a standard configuration model with degree distribution {Pk}, but there

is also a joint distribution γ(k, c) that specifies the probability that a node chosen

uniformly at random has degree k and is in a clique of c nodes (i.e., a c-clique).

Figure 2.3: An example to illustrate the way a node becomes a part of cliques or
becomes adjacent to individual nodes in a configuration model with cliques. The
thick lines indicate the internal stubs, and the thin lines indicate the external stubs.
(a) The node has degree 7, and 3 of its stubs are chosen with probability γ(7, 4) and
connect the node to a 4-clique, 2 stubs are chosen with probability γ(7, 3) to connect
the node to a 3-clique, and the remaining 2 stubs connect the node to any individual
nodes that are not part of a clique. (b) Portion of a network with node i connected
to cliques (blue) and individual nodes (red).

Figure 2.3 shows the way a node in a configuration model with cliques becomes a

part of cliques or becomes adjacent to individual nodes. For ease of understanding,

we use different thicknesses of stubs depending on whether a stub connects a node

to a clique or not. The thicker stubs are internal stubs that connect nodes to other

members of the cliques to which the nodes belong, and the thinner stubs are external

stubs that connect nodes to nodes other than the members of the clique. Node i in

Fig. 2.3a has degree 7. Three of its stubs are chosen with probability γ(7, 4) and

connect the node to a 4-clique, 2 stubs are chosen with probability γ(7, 3) to connect

the node to a 3-clique, and the final 2 stubs connect the node to any individual nodes

that are not part of a clique. Such a node becomes a part of a network (see Fig. 2.3b).

The degree k of a node should be at least as large as the number of internal stubs

c− 1 of a clique c to which the node belongs; therefore, γ(k, c) = 0 for k < c− 1.
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One can calculate the degree distribution Pk of a network by summing all γ(k, c)

over all possible c:

Pk =
k+1∑
c

γ(k, c). (2.20)

Assume a node i with degree ki is a part of c-clique; it means the node is a part of(
c−1

2

)
triangles, and therefore the local clustering coefficient Ci of the node i is

Ci =

∑
c∈Qi

(
c−1

2

)(
ki
2

) =

∑
c∈Qi

(c− 1)(c− 2)

ki(ki − 1)
. (2.21)

where Qi is the set of cliques that has node i. We can also calculate the degree-

dependent clustering coefficient Ck of nodes with degree k in a network as the follow-

ing:

Ck =
∑
c

γ(k, c)

Pk

(c− 1)(c− 2)

k(k − 1)
. (2.22)

2.3 Social influence models and Watts threshold

model

In social networks, individuals are influenced by their friends, neighbours, and other

contacts for various reasons. For example, in industry, a company adopts an inno-

vation introduced by other companies; in school, various rumours spread from one

student to another. Social influence occurs when an individual is influenced by other

individuals (e.g., neighbours, friends, or colleagues) and changes his/her behaviour by

adopting — and possibly also adapting — the others’ behaviour [84,118]. According

to Polansky et al. [112], there are two different kinds of social influence: behavioural

contagion and direct influence. A behavioural contagion occurs when the original

influencer actually does not have an intention to influence the others. In short, it

happens when an individual only passively (or indirectly) influences the others. In

contrast, direct influence occurs when an actor actively and intentionally influences

the others.

Social influence models7 are mathematical models to portray social influence.

These include the SI (susceptible–infected) model, voter models [24, 71, 87], and

the Watts threshold model (WTM) [137]. Specifically, the SI model and WTM are

7A social influence model is also often called a “social-contagion model” [84], because the spread-
ing characteristic of social influence is similar to a biological contagion process.
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contagion models that caricature the way that individuals in society influence each

other [113]. The WTM was created to explain large and rare cascade phenomena

that are triggered by a small number of initiators, such as fads [14] and the spread of

information in social networks [81].

Nodes in the WTM have two main attributes: a state and a threshold. The state

si(t) indicates the state of node i at time t; it is either 1 (adopted) or 0 (unadopted).

There are two main versions of the WTM:8 to activate a node i from state 0 to state

1, the threshold φi of the node should be smaller than or equal to9

1. the absolute number of neighbours in state 1 (absolute threshold [26,44]), or

2. the fraction of neighbours in state 1 (fractional threshold [137]).

The main difference between the absolute-threshold model and the fractional-

threshold model is whether nodes are influenced by both activated and non-activated

neighbours or only by activated neighbours [26]. In the absolute-threshold model, it

is only a node’s activated neighbours that determine whether it becomes activated.

A node becomes activated when the number of activated neighbours is greater than

or equal to a certain level. In contrast, in the fractional-threshold model, a node

becomes activated when the ratio of a node’s activated neighbours to the total number

of neighbours is greater than or equal to a certain level. As the activated fraction

indicates the relative number of activated neighbours versus unactivated neighbours,

both the number of activated neighbours and the number of non-activated neighbours

matter.

We give the basic algorithm of Watts threshold dynamics in Algorithm 1. Initially,

a small fraction ρ0 of nodes are chosen uniformly at random and are activated to state

1 at time t = 0, while all other nodes are in state 0. We call the activated nodes at

t = 0 the seed nodes, and we call ρ0 the seed fraction. We then perform the cascade

algorithm synchronously10, until no further nodes in the network can be activated,

reaching a steady state.

Node thresholds can be either heterogeneous or homogeneous. In the homoge-

neous case, all nodes have the same threshold, whereas in the heterogeneous case,

nodes have different thresholds. In real-world situations, nodes with low thresholds

8There are also various generalizations of these two threshold models [33,43,94,99,109].
9The WTM has monotone dynamics [50]; once a node “adopts”, its state changes from 0 to 1,

and its state cannot change back to 0. This property is sometimes called the permanently active
property [52].

10In synchronous updating, a node changes its state based on its neighbours’ states at the previous
time step [113]. One can also consider asynchronous cascade models [48,51].
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Algorithm 1 Algorithm for Watts threshold dynamics. See the text for details.
t == 0
while N × ρ0 >

∑
i∈V si(t) do

Draw i ∈ V uniformly at random
si(t) == 1

end while
ρ(t) ==

∑
i∈V si(t)

t == 1
while t > 0 do

for i ∈ V do

if φi(t− 1) <
∑N

j=1 Aijsj(t−1)

ki
then

si(t) == 1
else

si(t) == 0
end if

end for
ρ(t) ==

∑
i∈V si(t)

if ρ(t) = ρ(t− 1) then
Break

end if
t = t+ 1

end while

may represent people who are easily influenced, while nodes with high threshold may

represent people who are more resistant against external influence. In marketing lit-

eratures [101], consumers are divided into different groups, such as innovators, early

adopters, late adopters, depending on how quickly a consumer adopts a new technol-

ogy, consumes a new product, etc. Innovators are those who buy a new product and

adopt it very shortly after the new product is released, early adopters are people who

consume the product and adopt it later than innovators but faster than other people,

and late majorities are those who wait until a market cools down. In terms of thresh-

olds, innovators can be interpreted as seed nodes whose state s = 1 at time t = 0, so

they buy the new product when nobody else buys it. Their consumption behaviour

influences others, and those who consume the product a time step after a few of their

neighbours buy it can be interpreted as early adopters. The rest, with high thresh-

olds, who consume goods after a market stabilizes can be interpreted as late adopters.
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2.3.1 Numerical simulations of the WTM

We investigate how the fraction of activated nodes at steady state changes depending

on the heterogeneity of the threshold values. In this section, we duplicate numerical

results from Watts’ original paper [137]. An important thing to note in this numerical

study is that the properties of dynamical systems on ER networks cannot be deter-

mined by a single realization of a network, because an ER network model defines an

ensemble of networks (many realizations of networks). For our figures, we therefore

indicate how many realizations of ER networks that we run. Also, we indicate other

initial conditions.

In our numerical calculations, we use the G(N, p) model with |V | = N and edge

probability p. Each node is assigned a threshold φ drawn from a probability distri-

bution f(φ) that is normalized such that
∫
f(φ)dφ = 1. Depending on the mean and

variance of f(φ), some nodes can have negative threshold values. They are innovators,

and they are activated at t = 0 regardless of their number of activated neighbours.

Figure 2.4a is a z-φ phase diagram of WTM on ER networks, where the thresholds

are homogeneous, and Fig. 2.4b is a phase diagram with heterogeneous thresholds.

For heterogeneous thresholds, the thresholds are distributed as a Gaussian with mean

φ and standard deviation of σ = 0.2. We call the border between the area where the

global cascade11 occurs (bright region in Fig. 2.4) and the area where the global

cascade does not occur (dark region in Fig. 2.4) as the cascade boundary, and the

bright area enclosed by the cascade boundary is called the cascade region [137].

Both panels of Fig. 2.4 share a similar characteristic that the range of the mean

threshold φ in which a global cascade occurs becomes narrower with increasing mean

degree z. With large mean degree, a node chosen uniformly at random has a small

fraction of seed neighbours. In other words, the influence of the seed nodes decreases

if we increase the mean degree of ER network while keeping the seed fraction ρ0

constant. Hence, it is natural that the range of the mean threshold φ in which a

global cascade can occur decreases with increasing mean degree z in both panels of

Fig. 2.4.

The difference between the two panels in Fig. 2.4 is that in the homogeneous-

threshold case (Fig. 2.4a), the shape of a cascade boundary is stair-like, whereas if

11The definition of a cascade is different in different papers. Some define it to have all of the
nodes in the largest connected component — the connected component that has the largest number
of nodes in a network — to be in adopted state. Some loosely use the term ‘cascade’ as a phenomenon
in which some fraction of nodes in networks adopt [47,89]. In this thesis, we define (global) cascade
as a phenomenon in which a small seed fraction of adopters leads to a much larger adopted fraction
that scales with the size of networks.
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the thresholds are distributed heterogeneously via a Gaussian distribution (Fig. 2.4b),

the cascade boundary is smoother than in the homogeneous threshold case. Addi-

tionally, the size of cascade region is larger than the case of homogeneous threshold.

In particular, for Gaussian distributed thresholds, cascade occurs in networks with

high mean threshold; it is because even if the mean threshold is high, there can exist

nodes with low thresholds for Gaussian distributed thresholds. Therefore, for con-

stant mean degree z in ER networks, the range of φ for which a global cascade can

occur is wider in the heterogeneous threshold case than in the homogeneous threshold

case.

We speculate that we can apply the argument to other networks, because a het-

erogeneous threshold leads to a larger vulnerable cluster, which we will discuss in

Section 2.3.2.3.
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Figure 2.4: φ-z phase diagram of WTM, where nodes have (a) homogeneous thresh-
olds or (b) heterogeneous thresholds. Brightness indicates the final fraction ρ of ac-
tivated nodes, and brighter colours indicate higher ρ values. For both panels (a) and
(b), we run the WTM on ER networks of size (i.e., the number of nodes) N = 1,000.
At time t = 0, a seed fraction ρ0 = 0.001 of N nodes is chosen uniformly at random
and their states become 1, and the rest of the nodes have state 1. We average the
final fraction of activated nodes ρ over 100 realizations of ER networks for every value
of (φ, z). There are 50× 50 number of coordinates in total, in which each axis has 50
coordinates. In panel (a), all nodes’ thresholds are uniform, so φi = 〈φ〉 for all i ∈ V .
In panel (b), we draw the thresholds from a Gaussian distribution with mean 〈φ〉 and
standard deviation σ = 0.2. All nodes are updated synchronously at every time step.

To do a more detailed inspection, we slice both panels in Fig. 2.4 through the

vertical lines φ = 0.1, φ = 0.15, and φ = 0.2 and the horizontal lines z = 3, z = 4.5,
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and z = 6. By doing so, we can trace how the final activated fraction ρ changes by

varying only the mean threshold φ or only the mean degree z.
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Figure 2.5: Horizontal and vertical slices of Figs. 2.4a and 2.4b. Panels (a) and (b),
respectively, are horizontal slices of ρ versus φ with homogeneous and heterogeneous
thresholds. The mean degrees are z = 3 (blue circle), 4.5 (green triangle), and 5.0
(red square). Panels (c) and (d), respectively, are vertical slices ρ versus z with
homogeneous and heterogeneous thresholds. The mean thresholds are φ = 0.1 (blue
circle), 0.15 (green triangle), and 0.2 (red square).

From Figs. 2.5a and 2.5c, we see for the WTM on ER networks that the size of

the activated fraction decays earlier with increasing mean threshold for homogeneous

thresholds than for Gaussian-distributed heterogeneous thresholds. In this case, if

the ensemble of ER networks has a high mean degree, the activated fraction tends

to decay earlier than when it has low mean degree (see Fig. 2.5a). However, in the

heterogeneous-threshold case, if the ensemble of ER networks has a high mean degree,

the activated fraction tends to decay later than when it has low mean degree (see Fig.
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2.5c). A fully activated component can occur when the ensemble of ER networks has

a high mean degree, because the number of small components (the components that

are not connected to the largest connected component) is smaller if the mean degree

z is larger.

For plots of ρ versus z, one can see that lower mean threshold leads to a higher

probability of a global cascade for both homogeneous and heterogeneous thresholds.

For z ∈ (0, 15), the fraction of activated nodes in ER networks with heterogeneous

thresholds does not decay with increasing mean degree, whereas it does for networks

with homogeneous thresholds. As we have discussed previously, the mean ratio of a

node’s seed neighbours to neighbours that are not seeds decreases as the mean degree

increases. Moreover, if the thresholds are heterogeneous, then there can exist a node

that has low enough threshold or a node that has threshold less than or equal to

0 to become activated at time 1 even if the node has a very small number of seed

neighbours compared to the number of neighbours that are not seeds. The number of

such nodes increases as the mean threshold decreases. However, in the homogeneous-

threshold case, all nodes have the same threshold. Therefore, if both the threshold

and the mean degree of nodes in a network are too high, then there does not exist

a single node to extend the influence from the seed nodes. That is the reason that

global cascades in ER networks with homogeneous threshold decay earlier than in

ER networks with a heterogeneous threshold. We will show this mathematically in

Section 2.3.2.

2.3.2 Analytics of Watts threshold model

As we can see from our numerical simulations, the mean degree of ER networks and

the existence of nodes with small threshold are important factors for triggering a

cascade in ER networks. We will now see how the previous results can be examined

analytically — in particular, to forecast whether or not a global cascade occurs. We

follow the discussion and derivation in [106,137].

Before we go into our analysis of the WTM, we consider site percolation in graphs.

Site percolation is useful for undertaking an analytical study of the WTM, because

of the similarity between site percolation and cascade dynamics of the WTM [137].

In the simplest problem in site percolation, a node (site) is occupied with probability

q and empty with probability 1 − q, independently of others. A question of interest

is to calculate the probability that there is a giant percolating component — a giant

component, which scales with the size of a network, with occupied nodes only — for

a given probability q. Let pk denote the probability that a node has degree k, and
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let qk be the probability that a node with degree k is occupied. The quantity qkpk is

then the probability of a node having degree k and being in the occupied state. We

can use probability generating functions [145] to calculate a ‘percolating cluster’ — a

connected component that is composed only of occupied nodes.

2.3.2.1 Probability generating functions

Probability generating functions are formal power series whose coefficients encode

a given probability distribution [145]. Let X be a non-negative, discrete random

variable with probability mass function pr = P(X = r). The probability generating

function G(z) for X is defined as

G(z) =
〈
zX
〉

=
∞∑
r=0

prz
r, (2.23)

where pr denotes the probability that X is equal to r. Here, we normalize the quantity

pr such that G(1) =
∑∞

r=0 pr = 1.

As the degree distribution of a network also follows some probability distribution,

we use the generating function (2.23) to describe it [106]. We write

G0(z) =
∞∑
k=0

pkz
k, (2.24)

where pk is the probability that a node has degree k. Thus, the set of coefficients of

(2.24) represents the degree distribution. The probability pk is normalized such that

G0(1) = 1. The mean degree of a node can be calculated by taking the first derivative

of (2.24):

G′0(1) =
∑
k

kpk = 〈k〉 = z. (2.25)

Now we would like to examine the degree distribution of the first neighbours12 of

a node. We define first neighbours of a node as neighbours that can be reached by

following the edges of a node. Suppose that we choose a node i uniformly at random

and suppose that its degree is k. Then, we follow its edges to its k first neighbours;

those k first neighbours will have each of their neighbours (second neighbours13 of

node i), the number of which follows the distribution of remaining outgoing edges

of the first neighbour. A node with high degree has a higher probability to be a

12In some literature, a first neighbour is called an immediate neighbour (or simply neighbour)
[106].

13Following the definition of the first neighbours, the second neighbour means the first neighbours’
first neighbours. Thus, the degree distribution of the first neighbours is equal to the probability
distribution of the number of second neighbours of a node that is chosen uniformly at random.
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neighbour of the node chosen uniformly at random, and the probability of finding

such a neighbour is positively related to its degree k. The distribution of outgoing

edges of first neighbours is generated by the function

G1(x) =

∑
k kpkx

k−1∑
k kpk

=
G′0(x)

G′0(1)
=

1

z
G′0(x). (2.26)

We use
∑

k kpk in the denominator to normalize the distribution.

2.3.2.2 Application of probability generating functions to site percolation

In this section, we present the use of generating functions for site-percolation problems

in graph theory. Note that we follow the discussion in [22], so this is not our derivation.

Using (2.23), we write the probability generating function for the distribution of qkpk

as

Fo(x) =
∞∑
k=0

qkpkx
k. (2.27)

As in (2.26), we can also calculate the probability generating function for the

distribution of qkpk for the first neighbours:

F1(x) =

∑
k kqkpkx

k−1∑
k kpk

=
F ′0(x)

G′0(1)
=

1

z
F ′0(x). (2.28)

In site percolation, a percolating cluster is a connected component that is com-

posed only of occupied nodes. Let H1(x) be the generating function for the proba-

bility that an edge chosen uniformly at random is connected to a percolating cluster.

Therefore,

H1(x) =
∑
s

rsx
s, (2.29)

where s is the size14 of the finite percolating cluster and rs is the probability that

the size of a percolating cluster at the end of the edge is s. If a node at the end of

the edge is unoccupied, the cluster includes 0 nodes with probability 1− F1(1). The

probability that one end of the edge is connected to an occupied node is F1 [H1(x)].

Therefore, H1(x) satisfies the following self-consistency condition:

H1(x) = 1− F1(1) + xF1 [H1(x)] . (2.30)

14Analogous to our terminology for the size of a graph, we use the term ‘size’ as the number of
nodes in the percolation cluster.
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Similarly, the generating function H0(x) for the probability that a node chosen

uniformly at random belongs to a finite percolating cluster is

H0(x) =
∑
s

usx
s, (2.31)

where us is the probability that the node belongs to a finite percolating cluster of size

s. The analogue of (2.30) for H0(x) is

H0(x) = 1− F0(1) + xF0 [H1(x)] . (2.32)

Note that the term F0 [H1(x)] has H1(x) as an argument.

As we will discuss in Section 2.3.2.3, equations (2.30) and (2.32) are useful for

calculating a condition to trigger a cascade in the WTM.

2.3.2.3 Analytical prediction of a global cascade

In this section, we conduct real analysis to calculate the cascade boundary of WTM

on undirected unweighted networks in the N → ∞ limit. To analyse cascade phe-

nomena in the WTM, we define a vulnerable node as a node with φi <
1
ki

, where φi is

the threshold of a node i and ki is the degree of a node i. The defining characteristic

of a vulnerable node is that it becomes activated if at least one of its neighbours is

an innovator whose state s = 1 at time t = 0.

Whether or not a cascade can occur depends on the size of the vulnerable cluster,

which is a connected component that is composed of vulnerable nodes. To calculate

the size of a vulnerable cluster, we use the same approach as we did when considering

site percolation in Section 2.3.2.2. Specifically, we use generating functions [106,137,

145]. Let qk be the probability of having a threshold lower than 1
k

[i.e., qk = P(φ < 1
k
)].

The generating function of a vulnerable node degree is then

G0(x) =
∞∑
k=0

qkpkx
k, (2.33)

where

qk =

{
1, if k = 0,
F
(

1
k

)
, if k > 0.

The function F ( 1
k
) is the fraction of nodes in which the threshold is less than or

equal to 1
k
. Thus,
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F

(
1

k

)
=

∫ 1
k

−∞
f(φ)dφ. (2.34)

We can see that (2.33) is the same equation as the generating function for an

occupied node given degree k [see equation (2.27)]. In equation (2.27), qk was the

probability that a node is occupied for a given k, but now, in (2.33), qk is the prob-

ability that a node is vulnerable for a given k. Therefore, if we follow the derivation

in Section 2.3.2.2, then the WTM can be reduced to a percolation problem, and we

can go through the same process as we did for site percolation. We can thus use the

equations that we derived from (2.27) for H0(x) and H1(x). The meaning of H0(x)

and H1(x) is slightly different now: H0(x) represents the probability generating func-

tion for a node chosen uniformly at random to belong to a vulnerable cluster of finite

size s, and H1(x) is the probability generating function for an edge chosen uniformly

at random to lead to a vulnerable cluster of finite size s. Again, H0(x) and H1(x)

satisfy self-consistency conditions:

H1(x) = 1− F1(1) + xF1 [H1(x)] , (2.35)

H0(x) = 1− F0(1) + xF0 [H1(x)] . (2.36)

Because we can obtain the mean degree z = 〈k〉 by taking the first derivative

of the generating function G0(x) for the degree distribution, we can calculate the

mean size of a finite vulnerable cluster by taking the first derivative of the generating

function for the finite vulnerable cluster size [i.e., 〈s〉 = H ′0(1)]. By inserting (2.35)

into (2.36), we obtain

〈s〉 = G0(1) +
[G′0(1)]2

z −G′′0(1)
= G0(1) +

z2

z −G′′0(1)
, (2.37)

where G0(1) is the vulnerable fraction of the nodes. Equation (2.37) diverges when

G′′0(1) =
∞∑
k

k(k − 1)qkpk = z, (2.38)

where G′′0(1) is the mean number of vulnerable second neighbours [106], and z = G′0(1)

is the mean degree of the vulnerable nodes. If G′′0(1) < z, then the finite size of the

vulnerable cluster is not sufficiently large for a global cascade to occur. The mean size

〈s〉 of a vulnerable cluster diverges when G′′0(1) = z, which implies that the size of the

vulnerable cluster becomes infinite. Also, if G′′0(1) > z, then a finite-size vulnerable
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cluster is absent from a network15 , implying that the size of the vulnerable cluster

approaches infinity as the network size tends to infinity. Therefore, the size of the

vulnerable cluster becomes infinite if G′′0(1) ≥ z, and a global cascade occurs. We

obtain a cascade condition based on satisfying the following inequality:

∞∑
k

k(k − 1)qkpk ≥ z. (2.39)

We now analytically calculate the boundary of the cascade region in Fig. 2.4. The

network is an ER graph, where pk can be approximated to be pk = ez z
k

k!
if N is large

enough. The thresholds are Gaussian distributed with a standard deviation of σ = 0

for homogeneous thresholds and a standard deviation of σ = 0.2 for the heterogeneous

thresholds that we have used in our example. The quantity qk for k > 0 is given by

the cumulative distribution function for the Gaussian distribution:

qk = F

(
1

k

)
=

1

2

[
1 + erf

( 1
k
− µ
√

2σ2

)]
, (2.40)

where erf(x) is the error function.
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Figure 2.6: φ-z phase diagram of WTM as in Fig.2.4 and analytical cascade boundary
(red curve). All node thresholds are (a) equal to 0.2 or (b) drawn from a Gaussian
distribution with mean threshold 〈φ〉 = 0.2 and standard deviation σ = 0.2. The
number N of nodes is 1000, and the fraction ρ0 of seed nodes is 0.001, where we
choose seed nodes uniformly at random. We averaged over 100 realizations of ER
networks and obtain the final fraction ρ of activated nodes. There are 50×50 number
of coordinates in total, in which each axis has 50 coordinates.

15For G′′0(1) ≥ z, the mean size 〈s〉 of a finite vulnerable clustering is less than 0, but this is not
a quantitative argument. It demonstrates the bidirectionality of the scaling of the size of the finite
vulnerable clustering.
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In Fig. 2.6 we show the analytical cascade boundary (red curve) calculated from

(2.38) on top of the phase diagram of φ-z for Fig. 2.4. In Fig. 2.6a, the threshold

is homogeneous (i.e., σ = 0), whereas σ = 0.2 in Fig. 2.6b. Equation (2.38) as-

sumes that N → ∞, and it allows us to assume that on average the ER networks

include only a small number of short cycles, as we discussed earlier. However, in our

numerical simulations, because the sizes of the ER networks are finite (specifically,

N = 1000), the number of cycles is non-negligible. Therefore, the cascade boundary

of the phase diagram does not completely agree with the analytical cascade bound-

ary. Nevertheless, the actual cascade boundary and the analytical cascade boundary

calculated by (2.38) are very similar to each other.

2.4 Summary

In this chapter, we covered the mathematical background that is necessary to under-

stand the rest of the thesis. We started by introducing graph theory, where we defined

some measures of network structure. We then introduced random network models —

Erdős–Rényi networks and configuration-model networks — which are the primary

types of network models for our work in this thesis. Additionally, we introduced the

Watts threshold model (WTM). In the next chapter, we will generalise the WTM,

introduce the idea of a timer, incorporate timers into the WTM and examine novel

features that arise in WTM dynamics.
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Chapter 3

Incorporating timers into the
WTM

A great deal of effort has gone into trying to model social influence — including the

spread of behaviour, norms, and ideas — on networks. Most models of social influ-

ence tend to assume that individuals react to changes in the states of their neighbours

without any time delay, but this is often not true in social contexts, where (for various

reasons) different agents can have different response times. To examine such situa-

tions, we introduce the idea of a timer into threshold models of social influence. The

presence of timers on nodes delays the adoption — i.e., change of state — of each

agent, which in turn delays the adoptions of its neighbours. With a homogeneously-

distributed timer, in which all nodes have the same amount of delay, adoption delays

are also homogeneous, so the adoption order of nodes remains the same. However,

heterogeneously-distributed timers can change the adoption order of nodes and hence

the “adoption paths” (see Section 3.1.2 and 3.2) through which state changes spread

in a network. Using a threshold model of social contagions, we illustrate that hetero-

geneous timers can either accelerate or decelerate the spread of adoptions compared to

an analogous situation with homogeneous timers, and we investigate the relationship

of such acceleration or deceleration with respect to timer distribution and network

structure. We derive an analytical approximation for the temporal evolution of the

fraction of adopters by modifying a pair approximation of the WTM, and we find

good agreement with numerical computations.

3.1 Timer models

According to the Oxford English Dictionary, a “timer” is an automatic mechanism for

activating an object at a preset time [32]. We apply this concept to a discrete-stage
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social-influence model on a network by defining a “timer model” as a model in which

a node adopts an innovation after a preset number of discrete time steps, where a

countdown starts after some other condition (e.g., peer pressure on the node matching

or exceeding some other threshold) has been met. In a timer model, each node in

a network has an associated timer that is drawn from some probability distribution.

Once the timer of a node is “triggered” (e.g., when the node meets some adoption

condition), its counter starts counting down to 0 the next time the node is updated,

and it changes its state when its timer hits 0. We use a discrete-time setting, so

each timer starts decrementing one time unit after all other adoption conditions are

satisfied. For example, if node vi’s timer τvi ∈ Z≥0 is triggered at time t = t′vi , then

it changes its state at time t = t′vi + τvi + 1, as that is one time unit after the timer

countdown reaches 0. This is the first time that node vi is considered for updating of

its state after its “timer-adoption condition” (at time t = t′vi + τvi) occurs.

If there is no adoption condition other than a timer-adoption condition, then the

timers of all nodes are triggered at time step t = 0 (so they start decrementing at

t = 1), and the adoption process terminates when the largest timer hits 0. Therefore,

the time of adoption of the node is equal to the timer of a node, and the cumula-

tive distribution function of the timer distribution describes the adoption process;

network structure plays no role in this case. Such a naive timer model already il-

lustrates Everett Rogers’s ideas about the spread of innovations [119, 120], in which

different adopter categories (innovators, early adopters, early majority, late majority,

and laggards) are determined only by their different adoption times.

We are interested in incorporating the idea of timers (especially heterogeneous

ones) into models of spreading, and in this thesis we use the WTM for concreteness.

3.1.1 WTM with timers

One can add a timing mechanism to any social-influence model in which nodes adopt

an innovation based on the states of other nodes in a network. Let us consider what

happens if we add a timing mechanism to the WTM. The WTM is a binary-state

model (see Section 2.3) in which a node can have state s ∈ {0, 1}. The WTM has

monotonic dynamics, as a node’s state can change from 0 to 1, but any node that

attains state 1 remains at that state for all time. When a node first changes its state

from 0 to 1, we say that it “adopts” some behaviour or idea. The adoption condition

of a node in the WTM is that at least a fraction φvi of its neighbours have previously

adopted the behaviour. The parameter φvi is the “threshold” for node vi, and the
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condition that at least this fraction of vi’s neighbours have adopted is the threshold-

adoption condition. In the WTM with timers, a node vi must meet its threshold-

adoption condition and also its timer-adoption condition to adopt a behaviour: the

fraction of adopted neighbours of node vi must be at least its threshold φvi and

then its timer τvi must hit 0. Update rules for nodes can either be synchronous or

asynchronous [113]; in our study, we use synchronous updating, in which all nodes

are updated simultaneously during each discrete time step.

3.1.2 Adoption paths

We study the WTM with timers on undirected, unweighted networks; and we trace

what we call adoption paths, which are directed paths in a network through which

an adoption is transmitted (see Fig. 3.1). A directed path in a network is a sequence

(v1, v2, . . . , vn) of nodes in which all nodes are distinct, and for i ∈ {1, . . . , n − 1},
node vi is adjacent to vi+1 via an edge from vi. The length l = n− 1 of a path is the

number of edges that comprise the path. In an adoption path, node vi is adjacent to

vi+1 only if the adoption of vi triggers the timer τvi+1
of vi+1. We call v1 the “root”

of the adoption path, as it initiates the spread of adoptions.1 The time t′vi at which

the timer of a node vi is triggered is the sum of timers of all preceding nodes in the

adoption path plus the number of synchronous time steps to trigger the timers of

preceding nodes:

t′vi =
i−1∑
j=1

τvj + i− 1 . (3.1)

In Section 3.3.2, we use the unidirectional property of adoption paths to scrutinize

how adoptions spread on large networks for the WTM with timers.

An adoption path in the WTM with timers terminates when

(i) the last node to adopt has degree 1, or

(ii) all neighbours of the last node to adopt have their timers triggered before the

last node adopts.

In Fig. 3.1, we show an example of different adoption paths that terminate after

meeting either condition (i) or condition (ii). The dark brown node v0 in the centre is

a seed node that has state 1 at time t = 0, and the other nodes are in state 0 at t = 0.

Each node vi is assigned a timer τvi and a threshold φvi , where i ∈ {1, · · · , 5}. Node

1We use the term “root” in a different way from its conventional usage in graph theory.
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Figure 3.1: Illustration of different adoption paths in the WTM with a timer. Each
node vi is assigned a timer τvi and a threshold φvi , where i ∈ {1, · · · , 5}. We initiate
node v0 in the state 1, so we do not need to assign it a threshold or a timer. Suppose
that all nodes vi (with i ∈ {1, · · · , 5}) have the same threshold φ = 0.5. An adoption
of any node immediately triggers the timers of its neighbours.

v0 is the seed node, so it starts in the adopted state. Nodes vi (for i ∈ {1, · · · , 5})
have a threshold φ = 0.5, so an adoption of any node immediately triggers the timers

of its neighbours. The number written above each node indicates its timer value.

If we run the WTM with timers on this network, we obtain three adoption paths:

(v0, v1, v2), (v0, v3, v4), and (v0, v5). The lengths of these three adoption paths are 2,

2, and 1, respectively. All adoption paths grow from the seed v0, which is the root of

all adoption paths. Each coloured arrow represents the spread of an adoption through

a distinct adoption path. The orange curved arrow terminates at time T(v0,v1,v2) = 4;

the last node to adopt has degree k = 1, so it has no more neighbouring nodes

to influence (i.e., condition (i) is satisfied). The green arrow terminates at time

T(v0,v3,v4) = 5, and the blue arrow terminates at time T(v0,v5) = 6. Each of these

adoption paths exhibits one of the two possible scenarios to satisfy condition (ii): for

the blue adoption path, all neighbours of the last node to adopt are in state 1; for

the green adoption path, all neighbours of the last node to adopt are in state 0, but

the timers of all neighbours have already been triggered. The former scenario is also

the condition for the termination of an adoption path in the original WTM, but the

latter scenario is a novel feature of the WTM with timers.
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3.2 WTM with timers on small networks

Clearly, adding timers to the WTM in general will delay adoption processes. The

presence of a homogeneous timer merely delays the adoption of each node for exactly

the same number of time steps. Suppose that we run the WTM without timers on an

arbitrary network, and it takes TWTM time steps to reach a steady state, in which no

more nodes can adopt. On the same network, if we run the WTM with homogeneous

timers τhom, it now takes TWTM(τhom + 1) time steps to reach a steady state, as every

node is delayed by the same amount of time. However, if timers are heterogeneous,

different nodes have their adoptions delayed by different amounts of time, and it is

less straightforward to calculate the time to steady state in relation to TWTM.

We calculate the time Thom to steady state for the WTM with homogeneous timers

and the mean time 〈Thet〉 to steady state for the WTM with heterogeneous timers in

three small example networks in Fig. 3.2. Suppose that all nodes have a homogeneous

threshold of φ = 0.1, which is small enough so that any node in Fig. 3.2 adopts

the state s = 1 once even one of its neighbours is in the adopted state2. Using a

homogeneous threshold enables us to disentangle the effect of timers from the effect

of a heterogeneous threshold. Because all nodes have the same positive threshold, we

need a seed (node v0 in Fig. 3.2) in state 1 at time t = 0 to initiate the spread of

adoptions.

In Fig. 3.2a, we show a one-dimensional (1D) lattice with a seed node at its left

end, so adoption occurs from left to right. The time T to steady state is

T = 3 + τv1 + τv2 + τv3 , (3.2)

where τvi is the timer of node vi. We need to add 3 because there are 3 nodes other

than the seed, and it takes 1 synchronous time step to trigger the timer of a node.

In Table 3.1, we show results for this network when the nodes have a homogeneous

timer with τhom = 4 and heterogeneous timers τhet ∈ {2, 4, 6} (note that the mean

timer value is the same as in the homogeneous case), and we compare the time Thom

to steady state for the WTM with homogeneous timers and the mean time 〈Thet〉
2We use φ = 0.1 in the small example networks in Fig. 3.2 for consistency with the threshold of

nodes in large networks in Section 3.3, where we use the characteristics of the WTM with timers
on small example networks to explain some behaviour of the WTM with timers on large networks.
In the example networks presented in Fig. 3.2, a node changes its state once one of its neighbours
adopts, which may seem to be identical to a simple contagion model where a node can change its
state once one of its neighbours adopts. However, in large networks in which nodes have threshold
φ = 0.1 and varying degrees, a node may not adopt by the adoption of only one neighbour if its
degree is larger than 10, and this property makes the WTM different from a simple contagion model.
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Figure 3.2: Small examples to illustrate the effect of incorporating timers in the
WTM. The dark brown node v0 is the seed node with state s = 1 at t = 0, and the
orange nodes are in state s = 0 at t = 0. The thresholds are homogeneous, with
φ = 0.1 for each node.

to steady state for all possible timer configurations of the WTM with heterogeneous

timers. In this example, the time to steady state is simply a function of the sum

of timers of all nodes because adoptions spread from each node to its neighbour

on the right. Therefore, for a given mean timer value, the time to steady state is

the same regardless of whether the timer values are distributed homogeneously or

heterogeneously. That is, the ratio 〈Thet〉/Thom = 1. Note that neither the adoption

order of the nodes nor the adoption path (v0, v1, v2, v3) can change even if the timers

are distributed heterogeneously in the 1D lattice. Adoption always starts from the

left end, and it spreads to the right one node at a time, regardless of how the timers

are distributed.

Using the same homogeneous threshold value φ = 0.1 as above, let us now consider

what happens in a 4-clique. In a 4-clique, all nodes are adjacent to each other, so v1,

v2, and v3 are triggered simultaneously by the seed node v0 at t = 0. Therefore, with
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Table 3.1: Comparison between the time it takes for all nodes to adopt
a behaviour (i.e., for a network to reach the fully-adopted state) for the
small networks in Fig. 3.2 for the WTM with homogeneous timers τhom = 4
and heterogeneous timers τhet ∈ {2, 4, 6} if the number of non-seed nodes
(i.e., the orange nodes in Fig. 3.2) is 3, and τhet ∈ {1, 3, 5, 7} if the number
of non-seed nodes is 4. The mean value of the heterogeneous timers is
〈τ〉 = 4 = τhom. We calculate the mean time 〈Thet〉 to steady state for
heterogeneous timers by averaging over all possible configurations of timers
with the given set of heterogeneous timers. In comparing homogeneous and
heterogeneous timers in these networks, we also indicate if the adoption
orders of nodes and/or adoption paths can change (i.e., if they can be
different in the two scenarios) from what occurs in the WTM without
timers.

TWTM
a Thom

b 〈Thet〉c 〈Thet〉
Thom

Change of
adoption order

Change of
adoption paths

(a) 3 15 15 1 6 6

(b) 1 5 7 1.4 4 6

(c) 3 15 13.33 0.91 4 4
a Time to steady state in the original WTM (i.e., without timers)
b Mean time to reach the fully-adopted state when the timers are homogeneous
c Mean time to reach the fully-adopted state averaged over all possible configurations

of heterogeneous timers

timers, the time T to steady state is

T = 1 + max{τv1 , τv2 , τv3} . (3.3)

We need to add 1 because it takes 1 synchronous time step to start a countdown after

a timer is triggered. In a 4-clique, the adoption paths (v0, v1), (v0, v2), and (v0, v3)

do not change for any assignment of timers. Moreover, the spread of adoptions in

different adoption paths are independent of each other. Therefore, the adoption path

that includes the node with the largest timer terminates last, determining the time

to steady state. Hence, Thet is always larger than Thom for a 4-clique if the mean of

the timer distribution is the same for the homogeneous and heterogeneous timers. In

Table 3.1, we show an example with the same homogeneous and heterogeneous timers

as in Fig. 3.2a, and we see that 〈Thet〉/Thom > 1. We can generalise this to k-cliques

with any value of k; the time to steady state in a k-clique is determined by the largest

timer, so 〈Thet〉/Thom > 1 if the mean of the timer distribution is kept constant.

The example in Fig. 3.2c has a seed node adjacent to a square. The adoption

of node v1 triggers the timers of nodes v2 and v3 simultaneously, and whichever one
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adopts earlier triggers the timer of node v4. The time T to steady state is

T =

{
τv1 + max{2 + τv3 , 3 + τv2 + τv4} , if τv2 ≤ τv3 ,
τv1 + max{2 + τv2 , 3 + τv3 + τv4} , if τv2 > τv3 .

We need to add 2 if adoption paths (v0, v1, v3) or (v0, v1, v2) determine the time to

steady state, and we need to add 3 if adoption paths (v0, v1, v2, v4) or (v0, v1, v3, v4)

determine the time to steady state. If the timers are homogeneous, then the adop-

tion of node v1 triggers the timers of both nodes v2 and v3 simultaneously, and the

simultaneous adoption of v2 and v3 triggers the timer of v4, so the adoption paths

are (v0, v1, v2, v4) and (v0, v1, v3, v4). However, if the timers are heterogeneous and the

timers of v2 and v3 are different, then there are changes in both the adoption order

of the nodes and the adoption paths. Suppose, for example, that the timer of node

v2 is smaller than that of node v3. In this case, node v2 adopts before v3, and it trig-

gers the timer of v4; therefore, the adoption paths are (v0, v1, v2, v4) and (v0, v1, v3),

and the one that takes the longer time to terminate determines the time to steady

state. In Table 3.1, we compare the time Thom to steady state for a homogeneous

timer τhom = 4 and the mean time 〈Thet〉 to steady state for heterogeneous timers

τhet ∈ {1, 3, 5, 7}, and we see that 〈Thet〉 < Thom, in contrast to the other examples in

Fig. 3.2.

In fact, a network with a fixed seed node and fixed threshold assignments gives

different adoption paths for different distributions of timers only if the network in-

cludes at least one cycle with 4 or more nodes. Consider a node vi that is triggered

by the adoption of node vj in adoption path X for one timer distribution and by the

adoption of node vk (with vk 6= vj) in adoption path Y for another timer distribution.

All adoption paths — regardless of the timer distribution — must share the same

root (the seed node), because all adoptions spread from the seed. Therefore, adop-

tion paths X and Y must share at least two nodes: vi and the seed node. Therefore,

the network has a cycle that includes the seed node, vi, and the other nodes in X and

Y . Therefore, a network that has different adoption paths for different distributions

of timers must have a cycle of length at least 4. We show in Appendix A that for

infinitely large loop with N nodes, the mean time 〈Thet〉 to steady state for heteroge-

neous timers is smaller than or equal to Thom if N is even, and 〈Thet〉 is larger than

or equal to Thom if N is odd.

Because adoption paths can be different for heterogeneous timers than for a ho-

mogeneous timer, if the thresholds of all nodes in a network are sufficiently small so

that any node adopts once at least one of its neighbours has adopted, an adoption

path with nodes that have small timers tends to be long, and vice versa. Suppose
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that a node vi adopts if any one of its neighbours vj ∈ Γ(vi) adopts, and suppose

further that each neighbour belongs to a different adoption path of the same length.

The time t′′vi at which node vi’s timer is triggered is then

t′′vi = min
vj∈Γ(vi)

(t′vj + τvj) + 1 , (3.4)

where t′vj is the time that the timer of vj is triggered (see Eq. (3.1)). Node vi thereby

becomes part of the adoption path that has the smallest sum of node timers, and this

adoption path becomes longer than the other ones. Thus, in networks with cycles of

length at least 4, adoption paths with small mean timers tend to be long, and the

adoption paths with large mean timers tend to be short. For example, in Fig. 3.2c,

the node with a smaller timer (v2 in this case) is part of the longer adoption path,

and the node with the larger timer (v3 in this case) is part of the shorter adoption

path. We will use the relationship between the length of an adoption path and the

timer values of its nodes in Section 3.3.2.2 when we investigate long adoption paths

with small mean timer values in large random networks. To compel nodes with small

timers to be part of long adoption paths, it is important for their thresholds to be

sufficiently small to adopt once at least one of their neighbours adopts. Otherwise,

nodes with large timers tend to be part of longer adoption paths. In Fig. 3.3, we

illustrate an example network in which the last node to adopt (v2 in this case) has

a sufficiently large threshold to adopt after both nodes v1 and v3 adopt. Therefore,

when the timers of v1 and v3 are different, the node that adopts later triggers the

adoption of node v2 and becomes part of the longer adoption path. In our example

in Fig. 3.3, v2 has a larger timer than v3, so v2 yields a longer adoption path [given

by (v0, v1, v2)] than v3. Accordingly, if we abandon the premise that a node adopts

if one neighbour adopts, then nodes with timers larger than the others can become

part of long adoption paths.

Figure 3.3: Example of adoption paths when there is a node with a large adoption
threshold.
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3.3 Timers on large random networks

We now incorporate both homogeneous and heterogeneous timers into a spreading

process on large networks. Specifically, we examine the WTM with a timer on the

largest connected component (LCC) of random networks with N = 10, 000 nodes

(i.e., of “size” 10, 000). For many of our random networks, we use a homogeneous

threshold φ such that a node whose degree is equal to the graph’s mean degree needs

only a single adopted neighbour to be triggered (as in the small networks in Fig. 3.2).

Because all nodes have the same threshold, we choose a seed adopted node uniformly

at random at t = 0 to initiate the spread of adoptions. In our simulations, we report

sample means of many realizations to give an idea of ensemble expectations in the

N →∞ limit.

3.3.1 Timer distribution and dynamics of the WTM with a
timer

We first consider the WTM with a timer on the LCC of G(N, p) Erdős–Rényi (ER)

networks with N = 10, 000 nodes and edge probability p = 0.0006 (and thus an ex-

pected mean degree of z = 6), and we compare the adoption curves — the progress

of the adopted fraction ρ(t) of nodes at time t — between homogeneous and hetero-

geneous timers. Note that the results we illustrate in this section also arise when we

use other values of p and φ.

In Fig. 3.4a, the pink curve shows the adoption process of the WTM without a

timer, and the green curve shows the adoption process of the WTM with a homoge-

neous timer τ = 4. As the figure shows, at each point that adoption occurs, the green

curve is simply delayed for 4 time steps from the pink curve. The green adoption

curve thus has a stair-like shape. If we employ asynchronous updating rather than

synchronous updating (so that we choose some number of nodes uniformly at random

at each time step to update their states [113]), the change in dynamics is not simply

a delay for each adoption, as the randomness in node choice changes the adoption

order 3. See [39] for a discussion of discrete versus continuous dynamics in contagion

models on networks.

The orange curve in Fig. 3.4a is the adoption curve of the WTM with hetero-

geneous timers on ER networks of size N = 10, 000 in which we select a timer

3If we add a timer to any stochastic process on a network (e.g., with a non-deterministic update
rule), a homogeneous timer does not in general simply delay the adoption process, because the
adoption order of adoption can change due to the randomness.

39



Chapter 3. Incorporating timers into the WTM

0 10 20 30 40 50 60 70
Time

0.0

0.2

0.4

0.6

0.8

1.0
Fr

a
ct

io
n
 o

f 
a
d
o
p
te

d
 n

o
d
e
s

(a)

0 1 2 3
40

41

42

T
u
n
if

(b)

0 1 2 3
στ

42

44

T
G

am

(c)

Figure 3.4: (a) Adoption curves of the WTM with timers. The pink curve is without
timers (i.e., the original WTM), the green curve is when the timers are homogeneous
with τ = 4, the orange curve is with heterogeneous timers τ that are distributed
uniformly at random from the set {0, 1, . . . , 8}, and the blue curve is for heterogeneous
timers given by integers that we round down from a random variable that follows the
Gamma distribution with mean µτ = 4 and standard deviation στ = 4. Squares
are the results of numerical simulations, the dashed lines mark the times at which
the adoption process of the corresponding colour reaches a steady state, and the
solid curves are results from an analytical approximation (see Chapter 4). (b,c)
Change of the times to steady state (Tunif and TGam, respectively) by increasing the
standard deviation σ when timers are distributed (b) uniformly at random and (c)
approximately according to a Gamma distribution. We obtain our numerical results
by averaging over 1, 000 realizations of the WTM with timers on G(N, p) ER networks
with N = 10, 000 nodes and edge probability p = 0.0006. To isolate the effects of
incorporating timers, we use the same 1, 000 ER networks for each of the 4 different
cases.

τ ∈ {0, 1, · · · , 8} uniformly at random. The mean µτ of the timers is 4, which is

the same as for the homogeneous timer in the figure. The obvious difference from the

heterogeneous timers is that the adoption curve is now much smoother (compare the

orange and green curves). This arises amidst the change in adoption order from the

heterogeneous timers; nodes that adopt simultaneously when timers are homogeneous

now adopt at different times, and there are now fewer nodes that adopt simultane-

ously. (Note that some nodes that adopted at different times with a homogeneous

timer now adopt simultaneously.) We also see that the time Tunif to steady state

(orange dashed line) when the heterogeneous timers are distributed uniformly at ran-

dom is earlier than the time Thom to steady state (green dashed line) for homogeneous

timers. In ER networks, we thus see that uniformly random heterogeneous timers ac-
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Table 3.2: Time to reach certain fractions of adopted nodes for the WTM on ER
networks with homogeneous timers, heterogeneous timers distributed uniformly at
random, and timers determined using a Gamma distribution and then rounded down
to an integer.

ρ∗a thom
b tunif

c tunif
thom

tGam
d tGam

thom

0.5 29.31 21.97 0.75 20.05 0.68
0.6 29.52 23.18 0.79 21.21 0.72
0.7 29.74 24.48 0.82 22.59 0.76
0.8 29.95 25.97 0.87 24.43 0.82
0.9 34.48 28.10 0.81 27.56 0.80
ρst

e 42.41 40.21 0.95 60.44 1.43
a Fraction of adopted nodes.
b Time to reach ρ∗ when timers are homoge-

neous.
c Time to reach ρ∗ when the timers are dis-

tributed uniformly at random.
d Time to reach ρ∗ when the timers are deter-

mined using a Gamma distribution and then
rounded down to an integer.

e Fraction of adopted nodes at steady state.

celerate the adoption process compared to the case of homogeneous timers. Increased

heterogeneity in the distribution of the timers accelerates the adoption process even

further. As one can observe from Fig. 3.4b, increasing the standard deviation στ of

the uniformly randomly distributed timers accelerates the time to steady state for

ER networks.

Importantly, it is not true that heterogeneously-distributed timers necessarily ac-

celerate an adoption process compared to homogeneous timers. For example, the blue

curve in Fig. 3.4 shows the adoption process of the WTM with timers given by inte-

gers that we determine by rounding down from numbers drawn uniformly at random

from a Gamma distribution [142] with the same mean µτ = 4 as the uniformly ran-

domly distributed timers and with standard deviation στ = 4. The blue dashed line

marks the time TGam at which the blue adoption curve reaches a steady state, and we

observe that it is located to the right of the green dashed line Thom. In Fig. 3.4c, we

show that the increase of standard deviation of the Gamma distribution decelerates

the time to steady state on ER networks, in stark contrast to our observations in Fig.

3.4b for timers that are distributed uniformly at random.

Although the time to steady state for heterogeneous timers can become either

larger or smaller than Thom, depending on the timer distribution, we observe that

the majority of nodes adopt noticeably earlier when the timers are distributed either
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uniformly at random or using a Gamma distribution (and then rounded down to

an integer)4 than they do for homogeneous timers. In Table 3.2, we compare the

time t when the adopted fraction ρ(t) reaches at least a certain fraction ρ∗ of nodes

in networks when incorporating a homogeneous timer (thom), heterogeneous timers

distributed uniformly at random (tunif), and heterogeneous timers determined using a

Gamma distribution (tGam). We update nodes synchronously, so we do not in general

have exactly the adoption fraction ρ(t) = ρ∗ at any time. In this case, we find the time

T ′ at which the fraction ρ(T ′) of adopted nodes first exceeds ρ∗. We then estimate

the time tρ=ρ∗ at which the fraction of adopted nodes reaches ρ∗ as

tρ=ρ∗ = T ′ − 1 +
ρ∗ − ρ(T ′ − 1)

ρ(T ′)− ρ(T ′ − 1)
. (3.5)

As we show in Table 3.2, the fraction ρ(t) of adopted nodes tends to evolve

faster when incorporating either uniformly randomly distributed timers or Gamma-

distributed timers than for homogeneous timers, although Gamma-distributed timers

take a longer time to reach the steady-state adoption fraction ρst. This illustrates

that a global cascade can occur earlier when one considers heterogeneous timers than

for homogeneous timers. In Section 3.3.2, we investigate adoption paths and give evi-

dence for how incorporating heterogeneous timers in the WTM can make the majority

of nodes adopt earlier than when considering homogeneous timers.

3.3.2 Adoption paths in large networks

In Section 3.1, we argued that the WTM with a homogeneous timer τhom has exactly

the same adoption paths as the adoption paths of the WTM without timers, because

homogeneous timers do not change the adoption order of nodes but instead merely

delays adoption times uniformly by τhom; therefore, the time Thom to achieve a steady

state is delayed to Thom = TWTM(1 + τhom), where TWTM is the time to steady state

when there are no timers. However, if the timers are distributed heterogeneously, the

adoption order of nodes can change, so adoption paths can also change (depending on

the network structure). Furthermore, the relationship between the time Thet to steady

state for heterogeneous timers and TWTM is more complicated than the relationship

between Thom and TWTM. In Section 3.3.1, we observed from simulations on ER

networks that the WTM with timers distributed uniformly at random and timers

determined using a Gamma distribution yield earlier adoptions for the majority of

4Henceforth, we will usually state that these timers are determined using a Gamma distribution
rather than always stating explicitly that we round down to an integer.
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Figure 3.5: (a) An example network on which we run the WTM with timers. Curved
arrows illustrate the spread of adoptions, and each curved arrow represents an adop-
tion path. The brown curved arrow is a stem, and the green curved arrows are
branches. (b) Graphical illustration of a dissemination tree, based on the spread of
adoptions in panel (a). Node v0 is a seed, which is the root of the stem (v1, v2, v3, v4).
Nodes v0, v1, and v2 in the stem initiate the adoption in branches; they are the roots
of the branches (v5, v6, v7), (v8, v7), (v8, v9), and (v10).

nodes than is the case for a homogeneous timer with the same mean (see Table 3.2).

In this section, we explore this issue in depth by investigating adoption paths of the

WTM with timers for both synthetic and real-world networks.

3.3.2.1 Stems and branches

As we discussed in Section 3.1, an adoption path is a sequence of directed edges in

which each edge indicates the flow of adoption from a node at one end to a node at

the other end. All adoption paths grow from the seed, which we recall is the node

that initiates the spread of adoptions in a network. Therefore, the seed is the root

of all adoption paths. Among the adoption paths, which have various lengths, we

pick a longest adoption path at steady state. We do not include the root as part of

the adoption path, which we call a stem of adoption spreading (or simply a “stem”).

Nodes in a stem are called stem nodes. If there are two or more adoption paths that

both have the largest length, we consider all of them to be stems. For the other

adoption paths, we exclude the stem nodes; their remaining nodes are branches of

adoption spreading (or simply “branches”). The main difference between stems and

branches is that stems grow from a seed node, whereas branches grow from stems.
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We give an example of a stem and its branches in Fig. 3.5. Suppose that we

run the WTM with timers on the network in Fig. 3.5a with node v0 as a seed and

that we obtain five adoption paths: (v0, v1, v2, v3, v4), (v0, v5, v6, v7), (v0, v1, v8, v7),

(v0, v1, v8, v9), and (v0, v1, v2, v10). Among the adoption paths, (v0, v1, v2, v3, v4) has

the largest length, so the stem is (v1, v2, v3, v4). The branches are (v5, v6, v7), (v8, v7),

(v8, v9) and (v10). Note that v7 and v8 each appear in two different adoption paths,

because the adoption of v8 triggers the timers of v7 and v9, and the timer of v7 is

simultaneously triggered by v6 and v8.

With the adoption paths, we can construct a tree (see Fig. 3.5b), which demon-

strates how adoptions spread in the original network in Fig. 3.5a. We use the term

dissemination tree for a network composed of adoption paths.5 Because an adoption

path is directed, a dissemination “tree” does not have a path back to the root and

is thus technically a directed acyclic graph (DAG) [105]. However, as one can see in

Fig. 3.5b, the underlying undirected graph of a dissemination tree can have a cycle

of length at least 4; in Fig. 3.5b, this cycle is (v0, v1, v8, v7, v6, v5, v0). However, a dis-

semination tree’s underlying undirected graph cannot have triangular clustering (i.e.,

3-node cycles). For a 3-cycle to exist in a dissemination tree’s underlying undirected

graph, a node’s timer needs to be triggered by the simultaneous adoption of its two

neighbours. However, the two neighbours cannot be adjacent to each other in the

dissemination tree, because any two adjacent nodes in a dissemination tree cannot

adopt simultaneously; a pair of nodes are neighbours in a dissemination tree if and

only if one triggers the timer of the other. Therefore, there cannot exist a 3-cycle in

a dissemination tree.

Figure 3.6: Illustration of a cycle in a dissemination tree.

5Dissemination trees have been studied previously, though using other terminology [57,103,128,
132]. Reference [56] used the term “diffusion tree”, but we use the word “dissemination” instead of
“diffusion” to distinguish diffusion from other types of spreading dynamics (e.g., non-conservative
contagion dynamics).
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Figure 3.7: Graphical representation of a dissemination tree for the WTM with (a)
homogeneous timers and (b) heterogeneous timers. The edges are directed from higher
levels [lv. 5 in (a) and lv. 8 in (b)] to lower levels [lv. 1 in both (a) and (b)]. We
colour edges in blue if they are part of a stem and in gray if they are part of a branch.
The solid blue lines indicate edges that are part of stems, and the solid gray lines
indicate edges that are part of branches. We colour the nodes according to their time
values, which range from 0 (white) to 8 (black). We use stars for nodes in stems
and disks for nodes in branches. The number of levels in the dissemination tree with
homogeneous timers is 5, and the number of levels with heterogeneous timers is 8.

In contrast, a dissemination tree can have cycles with 4 or more nodes when two

nodes have a common predecessor in each of their adoption paths. In particular,

for the WTM with heterogeneous timers, any k-cycle with k ≥ 4 can exist; for a

homogeneous timer, k must be even. Assume that there is a cycle in a dissemination

tree (see Fig. 3.6). For a dissemination tree, having a cycle implies that there exist

two different adoption paths (X and Y in Fig. 3.6) with at least two common nodes

(vi and vj) in their adoption paths. Suppose that vi adopts before vj. If the timers

are homogeneous, the adoption spreads from vi to vj at the same rate in X and Y .

Therefore, the cycle sizes for a homogeneous timer can only be even. However, for

heterogeneous timers, the rates of adoption spreading in X and Y can be different.

Therefore, any k-cycle with k ≥ 4 can exist for the WTM with heterogeneous timers.

3.3.2.2 Dissemination trees for synthetic networks

In Fig. 3.7, we show graphical representations of dissemination trees that we obtain

from running the WTM with timers on an ER network of size N = 100, mean

degree z = 6, and a homogeneous threshold of φ = 0.1 for each node. We give

examples with both homogeneous and heterogeneous timers, and we examine adoption

paths and combine them to create a dissemination tree in each case. We place the
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root of the stem (i.e., the seed node) at the top of the tree, and we place the rest

of the nodes in the subsequent levels based on their distance from the root. In

Fig. 3.7a, we show a dissemination tree when timers are distributed homogeneously

with τ = 4. In Fig. 3.7b, we show a dissemination tree when the timers are distributed

heterogeneously (and, specifically, drawn uniformly at random from {0, 1, . . . , 8}).
We colour the nodes based on their timer values, which range from 0 (white) to

8 (black). We use stars for nodes in stems and disks for nodes in branches. We

colour the edges of stems in blue, and we use gray for edges in branches. When the

timers are homogeneous, there are more stems (many different ones with the same

maximal length), whose length is smaller than in the example with heterogeneous

timers. When the timers are heterogeneous, we also observe that the timers of nodes

in a stem tend to be small (lighter colours). As we discussed in Section 3.1.2, the

timer of a node in an adoption path gets triggered instantaneously by the adoption

of its neighbour that is adjacent via an in-edge (i.e., an edge that directs the node

from its neighbours). Thus, the time to terminate an adoption path is determined

by the sum of timers of nodes in the adoption path [see Eq. (3.1)]. Consequently, if

the mean of the node timers in an adoption path is small, an adoption tends to be

transmitted through the path in a short amount of time. The mean timer value of

the nodes in an adoption path thus helps determine how fast an adoption spreads in

an adoption path. Therefore, the mean timer value of stem nodes being smaller than

the mean value of branch-node timers suggests that adoption should tend to spread

at a faster rate along stems than along the branches. In Table 3.3, we show results for

several families of random networks, and we observe qualitatively similar phenomena

as in Fig. 3.7.

In Table 3.3, we compare the characteristics of dissemination trees for the WTM

with a homogeneous timer τhom = 4 versus dissemination trees for the WTM with

heterogeneous timers on different random-graph models. For the WTM with hetero-

geneous timers, we first consider timers drawn uniformly at random from {0, 1, . . . , 8},
and we then consider timers drawn from a Gamma distribution with mean µτ = 4

and standard deviation στ = 4 and then rounded down to an integer. We show re-

sults for 13 diagnostics in Table 3.3: the time T to steady state, the time t0.9 that it

takes for at least 90% of the nodes to adopt, the mean number r of adopted nodes

in the networks, the mean number a of adoption paths, the mean µl and the stan-

dard deviation σl of adoption-path lengths, structural virality [56] v (which is defined

as the mean shortest-path length in a dissemination tree), and several stem-specific

and branch-specific quantities. These latter quantities are the mean percentage fas
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of stems and the mean percentage fab of branches among adoption paths, the mean

percentage frs of stem nodes and the mean percentage frb of branch nodes among

adopted nodes, and the mean stem length ls and mean branch length lb.

The network models that we use in Table 3.3 are a configuration model [41]

and generalised configuration models that include cliques [49, 66]. We construct

configuration-model networks by specifying a degree distribution {Pk} and then con-

necting stubs (i.e., ends of edges) uniformly at random. To construct networks using

a generalised configuration model, we embellish the above configuration model by

incorporating cliques [49, 66]. We start with a configuration-model network with de-

gree distribution {Pk}, but there is also a joint distribution γ(k, c) that specifies the

probability that a node chosen uniformly at random has degree k and is in a clique

of c nodes (i.e., a c-clique). Note that γ(k, c) = 0 for k < c− 1, as a node with degree

k can only be a member of a c-clique if its degree is large enough to link to all c− 1

neighbours in the clique.

For all networks in Table 3.3, we use configuration-model networks with N =

10, 000 nodes and degrees drawn from the Poisson distribution Pk = zke−z/k! with

mean z = 6. In the networks, each node has a homogeneous adoption threshold of

φ = 0.1, so that a node with the mean degree adopts once one of its neighbours

adopts. We use “Config” to denote a standard configuration model; “Congen-3”

to denote a generalised configuration model with 3-cliques and with joint distri-

bution γ(k, c) = [(1− α)δc,1 + αδc,3]Pk for k ≥ 3 (where the parameter α deter-

mines the edge–clique ratio for a node of degree k ≥ 3); and “Congen-4” to de-

note a generalised configuration model with 4-cliques and with joint distribution

γ(k, c) = [(1− β)δc,1 + βδc,4]Pk for k ≥ 4 (where β determines the edge–clique ratio

for a node of degree k ≥ 4).

As we discussed in Section 3.3, the time T to steady state for the WTM with

heterogeneous timers can be either shorter (e.g., for timers distributed uniformly

at random) or longer (e.g., for Gamma-distributed timers) than for a homogeneous

timer, but both choices of heterogeneous timer distributions have a smaller value than

with a homogeneous timer for the time t0.9 for at least 90% of the nodes to adopt.

Additionally, for both distributions of heterogeneous timers, we observe a smaller

mean number n of adoption paths than for a homogeneous timer. This, in turn,

results in a shorter mean adoption path length µl for homogeneous timers than for

heterogeneous ones, because for a fixed network size N , having a larger number of

adoption paths leads to shorter mean adoption path lengths. Note that the number

n of adoption paths of a network can become larger than the number r of adopted
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nodes in a network, because a node can be part of different adoption paths if the

node triggers the timers of multiple nodes at the same time.

If timers are homogeneous, adoptions spread at the same rate for every adoption

path, and adoption paths that terminate at the same time have the same lengths.

However, for heterogeneous timers, adoption paths that terminate at the same time

can have different lengths, because adoptions can spread at different rates. Therefore,

the lengths of adoption paths can be more diverse when using heterogeneous timers

than for homogeneous ones. As we see in Table 3.3, the standard deviation σl of

adoption path lengths is larger for the WTM with heterogeneous timers than with

homogeneous timers. That is, σl,unif > σl,hom and σl,Gam > σl,hom in our simulations.
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Chapter 3. Incorporating timers into the WTM

Goel et al. [56] studied how viral contents that spread from peer to peer in large

networks have different spreading patterns from content that does not go viral, and

they introduced the idea of structural virality to try quantify the virality of content

from its spreading pattern. Structural virality is one quantity that has been used to

try to forecast the eventual size of a cascade, so it useful for studies of information

dissemination and social influence (see [107] for a comparison of different ways — in-

cluding ones that are based on cascades — to measure social influence in a network).

They defined structural virality v as the mean shortest-path length in a dissemination

tree, and a larger v indicates that the mean distance between any two nodes chosen

uniformly at random from a dissemination tree is larger. If a meme goes viral, it is

reasonable that the mean distance between randomly-chosen nodes should be larger

than for memes that do not become viral. We show structural viralities of dissemina-

tion trees in Table 3.3, and the results provide evidence that v is larger for the WTM

with heterogeneous timers than with homogeneous ones.

For the WTM with each of the distributions of timers that we examine, the stem-

specific quantities frs and fas are smaller than the branch-specific quantities frb and

fab . In particular, for the two types of heterogeneous timers, both frs and fas in Table

3.3 are less than 1, and they are smaller than the corresponding quantities when we

use a homogeneous timer. For a homogeneous timer, all adoption paths grow at the

same rate, so the adoption path (or paths, if there is a tie) that grows for the longest

time is the longest adoption path at steady state. Therefore, in this situation, all

adoption paths that grow until steady state are stems. However, adoption paths

grow at different rates for heterogeneous timers. Therefore, even if a stem terminates

when a simulation reaches a steady state, not all adoption paths that grow until a

steady state need to be stems. (A stem can terminate before a branch if the sum of

timers of the stem nodes is smaller than the sum of branch-node timers.) We observe

in our simulations that the mean percentage fas of stems is smaller for heterogeneous

timers than for a homogeneous timer. We speculate that for most network structures

the number of stems should be smaller for the WTM with heterogeneous timers than

for the WTM with a homogeneous timer.
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Chapter 3. Incorporating timers into the WTM

To better understand the difference between the stems and branches of the net-

works in Table 3.3, we show calculations of (1) the ratio τs/〈τ〉 of the mean τs of timer

values of nodes in stems to the mean 〈τ〉 of timer values of all nodes, and (2) the

ratio τb/〈τ〉 of the mean τb of timer values of nodes in branches to 〈τ〉 in Table 3.4.

For the WTM with a homogeneous timer, both
τs,hom
〈τ〉 = 1 and

τb,hom
〈τ〉 = 1, so stems

and branches grow at the same rate. When the timers are distributed uniformly at

random, stems tend to grow at faster rates than the mean rate because
τs,unif
〈τ〉 < 1,

whereas branches grow at slower rates than the mean rate because
τb,unif
〈τ〉 is (slightly)

larger than 1. Similarly, when the timers are determined using a Gamma distribution,
τs,Gam

〈τ〉 < 1 and
τb,Gam

〈τ〉 is slightly larger than 1. The reason that there is only slight

difference between τb and 〈τ〉 for the heterogeneous timers that we study is that the

percentages rb of branch nodes for heterogeneous timers are larger than 99% of all

nodes in networks, as we see in Table 3.3.

To better understand why the mean τb is larger than 〈τ〉 and τs is smaller than 〈τ〉,
it is useful to revisit our discussion from the end of Section 3.2 about the relationship

between the mean timer size for nodes in an adoption path and the length of the

adoption path. We know that a network can have different adoption paths for different

timer distributions. Consider a scenario in which all nodes in a given network are

vulnerable nodes — nodes that adopt if even one of their neighbours adopts. The

nodes with small timers tend to be part of long adoption paths, and the nodes with

large timers tend to be part of short adoption paths. From Table 3.3, we know that the

adoption paths for a homogeneous and heterogeneous timers are different for different

distributions of timers, because the number a of adoption paths entails different

values for different timer distributions. The nodes in the networks in Table 3.3 have

a homogeneous adoption threshold of φ = 0.1, so nodes with degree of 10 or less

will adopt once a single neighbour adopts. For example, in the configuration-model

networks, the expected mean of the degree distribution is z = 6, so there are a larger

number of nodes with degree less than or equal to 10 than with degree larger than

10, and most of the nodes in these networks adopt if any of their neighbours adopt.

Accordingly, long adoption paths of dissemination trees in Table 3.3 are more likely

to consist of nodes with small timers. Thus, the ratio τs/〈τ〉 of the mean timer value

of stem nodes to the mean timer value 〈τ〉 of all nodes is smaller than 1 for the WTM

with heterogeneous timers, as we can see in Table 3.4. (Note that it is possible for

a stem to consist of nodes with large timers depending on network structure; see

Appendix B for more details.)

53



Chapter 3. Incorporating timers into the WTM

Recall that (1) rates of adoption spreading in stems are smaller for the WTM with

heterogeneous timer distributions than with a homogeneous timer distribution and (2)

the rates of adoption spreading in branches are only slightly larger for heterogeneous

timer distributions than for a homogeneous timer distribution. Therefore, in our

calculations, it seems that stems play a significant role in spreading adoptions to the

majority of nodes faster for heterogeneous timers than for a homogeneous timer. To

support our speculation, we conduct the following experiment on the dissemination

trees in Tables 3.3 and 3.4. We know that each node in a dissemination tree has

its own timer (i.e., the timer that is determined before the simulation starts) and

it adopts at a certain time. Suppose that we change the timers of stem nodes of

the dissemination tree to the mean value 〈τ〉 of the timers (which is µτ = 4 in

our example). The times that the stem nodes’ neighbours in the dissemination tree

adopt then also change, as the time of adoption of a node in an adoption path is

determined by the sum of the node’s timer and the time of adoption of the node’s

predecessor node. (Note that we are not rerunning the WTM dynamics.) In Fig. 3.8,

we investigate how the adoption curves change because of the change of timers of

stem nodes. The orange and the blue curves are both adoption curves for the WTM

with heterogeneous timers on configuration-model networks with a Poisson degree

distribution with mean z = 6. For the orange curve, the timers are distributed

uniformly at random from the set {0, 1, . . . , 8}. For the blue curve, the timers are

determined from a Gamma distribution with mean µτ = 4 and standard deviation

στ = 4 that we then round down to an integer. The curves with lighter colours are the

adoption curves after we change the timers of the stem nodes of dissemination trees

to the mean timer value. The light orange curve is for timers distributed uniformly

at random, the light blue curve is for timers determined from a Gamma distribution,

and the green curve (which we include to facilitate our comparison) is for the WTM

with a homogeneous timer. We observe that intersections between the light-coloured

curves and the green curve occurs earlier than the corresponding ones between the

dark-coloured curves and the green curve. We also show in Table 3.5 how the time

to reach certain fractions ρ∗ of nodes calculated using Eq. (3.5) changes by adjusting

the timers of stem nodes. From both Fig. 3.8 and Table 3.5, we observe that the

adoption processes for the WTM with heterogeneous timers is delayed by changing

the timers of stem nodes, even though they constitute fewer than 1% of all nodes in

the networks.

In Fig. 3.9, we show our results for generalised configuration-model networks with

3-cliques (Congen-3) and a generalised configuration-model networks with 4-cliques
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Figure 3.8: Adoption curves of the WTM with timers and their adoption curves after
we change the timers of stem nodes of the dissemination trees. The green curve is
for the WTM with homogeneous timers with τ = 4, the orange curves are for the
WTM with heterogeneous timers τ that are distributed uniformly at random from
the set {0, 1, . . . , 8}, and the blue curves are for heterogeneous timers determined
from the Gamma distribution with mean µτ = 4 and standard deviation στ = 4 and
then rounding down to an integer. To isolate the effects of different distributions
of timers, in each case, we run the WTM using the same networks with the same
seed nodes. The dark orange and blue curves are before we change the timers in
dissemination trees, and the corresponding light-coloured curves are after we change
those timer values (see the main text). The squares (for the dark curves) and disks
(for the light curves) are the results of numerical simulations, and the dashed lines
mark the times at which the adoption process of the corresponding colour reaches a
steady state. We obtain our numerical results by averaging over 1, 000 realizations of
the WTM with timers on configuration-model networks with N = 10, 000 nodes and
a Poisson degree distribution with mean z = 6. For each realization, we generate an
independent network. We also determine the seed node (uniformly at random) and
timer values separately for each realization.

55



Chapter 3. Incorporating timers into the WTM

Table 3.5: Time to reach certain fractions of adopted nodes for the WTM with
timers on configuration-model networks and the changes of the time to reach certain
fractions of adopted nodes after we adjust the timers of stem nodes of dissemination
trees for the WTM with timers. We consider configuration-model networks with
N = 10, 000 nodes and a Poisson-degree distribution with mean z = 6. All nodes
have a homogeneous adoption threshold of φ = 0.1. For timer distributions, we
use homogeneous timers with τ = 4, heterogeneous timers distributed uniformly at
random from the set {0, 1, . . . , 8}, and timers determined using a Gamma distribution
with mean µτ = 4 and standard deviation στ = 4 and then rounding down to an
integer. To isolate the effects of different distributions of timers, in each case, we run
the WTM using the same networks with the same seed nodes. We average over 1, 000
realizations, and we determine the seed node (uniformly at random) and timer values
separately for each realization. We also generate an independent network for each
realization.

ρ∗a thom
b tunif,WTM

c tunif,dis
d tGam,WTM

e tGam,dis
f

0.5 29.02 22.01 25.17 22.76 25.70
0.6 29.82 23.10 26.71 23.89 27.24
0.7 30.42 24.24 28.48 25.21 29.04
0.8 31.26 25.54 30.79 26.97 31.36
0.9 32.97 27.26 34.59 29.88 35.01
ρst

g 42.76 40.40 74.55 61.19 67.55
a Fraction of adopted nodes.
b Time to reach ρ∗ for the WTM with a homogeneous timer.
c Time to reach ρ∗ for the WTM with timers distributed uni-

formly at random.
d Time to reach ρ∗ after we change the timers of stem nodes

for timers that are distributed uniformly at random.
e Time to reach ρ∗ for the WTM with timers determined using

a Gamma distribution.
f Time to reach ρ∗ after we change the timers of stem nodes

for a timers determined using a Gamma distribution.
g Fraction of adopted nodes at steady state.

(Congen-4). We consider different values of the edge–clique ratios α and β, where

α determines the edge–clique ratio for a node of degree k ≥ 3 in Congen-3 and β

determines the edge–clique ratio for a node of degree k ≥ 4 in Congen-4 [49,66]. We

use α = 0.5 in Fig. 3.9a, α = 1.0 in Fig. 3.9b, β = 0.5 in Fig. 3.9c, and β = 1.0

in Fig. 3.9d. In each figure, the orange and blue curves both represent adoption

curves for the WTM with heterogeneous timers. For the orange curve, timers are

distributed uniformly at random from the set {0, 1, . . . , 8}; for the blue curve, timers

are determined from a Gamma distribution with mean µτ = 4 and standard deviation

στ = 4 and are then rounded down to an integer. The curves with lighter colours

are the adoption curves after we change the timers of stem nodes of dissemination
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Chapter 3. Incorporating timers into the WTM

trees. The light-orange curve is for uniformly-randomly-distributed timers, and the

light-blue curve is for Gamma-distributed timers. The green curve, which we include

for comparison, is for a WTM with a homogeneous timer. We observe that the light-

coloured curves intersect the green curve earlier than do the dark-coloured curves.

In Table 3.6, we show the change in times to achieve certain fractions ρ∗ of nodes

— calculated with Eq. (3.5) from Section 3.3.1 — after adjusting the timers of stem

nodes. From both Fig. 3.9 and Table 3.6, we observe that adoption processes for het-

erogeneous timers are delayed by changing the timers of stem nodes, which constitute

fewer than 1% of all nodes in the networks.
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Figure 3.9: Adoption curves of the WTM with timers on generalised configuration-
model networks we used in Table 3.3 and 3.4, and adoption curves after we adjust the
timers of stem nodes of dissemination trees. We use (a,b) generalised configuration-
model networks with 3-cliques and (c,d) generalised configuration-model networks
with 4-cliques. We consider different values of the edge–clique ratios α and β; we
use the parameter values α = 0.5 in panel (a), α = 1 in panel (b), β = 0.5 in
panel (c), and β = 1 in panel (d). For all networks, each node has a homogeneous
threshold value of φ = 0.1. The green curve is for the WTM with homogeneous
timers with τ = 4, the orange curves are for the WTM with heterogeneous timers
τ that are distributed uniformly at random from the set {0, 1, . . . , 8}, and the blue
curves are for heterogeneous timers determined from the Gamma distribution with
mean µτ = 4 and standard deviation στ = 4 and then rounding down to an integer.
To isolate the effects of different distributions of timers, in each case, we run the
WTM using the same networks with the same seed nodes. The dark orange and blue
curves are before we change the timers in dissemination trees, and the corresponding
light-coloured curves are after we change those timer values (see Section 3.3.2.2).
The squares (for the dark curves) and disks (for the light curves) are the results of
numerical simulations, and the dashed lines mark the times at which the adoption
process of the corresponding colour reaches a steady state. Our numerical results
are means over 1, 000 realizations. For each realization, we generate an independent
network. We also determine the seed node (uniformly at random) and timer values
separately for each realization.
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Chapter 3. Incorporating timers into the WTM

3.3.3 Adoption paths in networks with threshold φ = 0.16

In the previous sections, we used φ = 0.1 for large networks with mean degree 6, so

most of the nodes in the networks adopt if any of their neighbours adopt. Here we

use a homogeneous threshold φ = 0.16 so that the number of nodes which adopt if

any of their neighbours adopt is smaller than when φ = 0.1.

In Table 3.7 we examine the timers of nodes in stems and branches when we use

φ = 0.16. As a result, we find that the mean timer, τs, of stem nodes is larger than

that of the stem nodes in Table 3.4. The reason why τs is larger in Table 3.7 than in

Table 3.4 is because nodes with large timers can be part of long adoption paths if we

use a large threshold, as we discussed in Fig. 3.3. Therefore, the mean timer of stem

nodes becomes larger if we use a larger node threshold.

However, τs is still smaller than the mean timer 〈τ〉 of all nodes in the networks.

Hence, although the time T to steady state for heterogeneous timers is either longer

or shorter than for a homogeneous timer (i.e., Thom < TGam and Thom > Tunif), the

time t0.9 that the majority (90%) of nodes adopt is longer for homogeneous timers

than for both heterogeneous timers (i.e., t0.9,hom > t0.9,Gam and t0.9,hom > t0.9,unif). The

time to reach 90% of adopted nodes is delayed significantly if we change the timers of

stem nodes — which only constitute a small percentage of all nodes in the networks

— to the mean timer value 〈τ〉.
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Chapter 3. Incorporating timers into the WTM

The sizes of many real-world networks fall between the small networks in Sec-

tion 3.2 and the large networks used in Section 3.3. However, we can imagine that

the dynamical characteristics of the WTM with timers on large networks that we

presented throughout this section are not going to be much different from networks

of smaller or even larger sizes; by taking the mean of many realizations, the idea of

ensemble expectations in the N → ∞ limit does not change by changing network

sizes. Therefore, we only present the dynamical characteristics of the WTM with

timers on networks with N = 10, 000, however it does not confine our analysis only

to networks of this size; instead, we can generalise our findings to the families of net-

works we used in this section. In order to test if our investigations are more broadly

relevant, we test our model on real-world networks in Chapter 5.

3.4 Summary

In this chapter, we studied some novel features that a timer brings to the dynamics

of the WTM. We first studied the WTM with timers on small networks in which each

node adopts once one of its neighbours adopts, and we found that adoption paths and

adoption order can change depending on the network structure and the distribution of

timers. We then considered larger networks, and examined the WTM with different

distributions of timers on these networks. As a result, we discovered that the different

distributions of timers not only produce different shapes of adoption curves, but they

also take different times to reach steady state. However, we noticed in our examples

that the majority of nodes in networks adopt earlier when timers are distributed

heterogeneously. We investigated adoption paths to examine how adoptions spread

in networks, and we observed that stems — the longest adoption paths in networks

— play an important role in spreading adoptions faster for heterogeneous timers than

for a homogeneous timer.

We also conducted numerical simulations to understand the behaviour of the

WTM with timers. In Chapter 4, we study the WTM with timers analytically by

using a pair approximation.
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Chapter 4

Pair-approximation analysis of
timer model

We present an analytical approximation for the temporal evolution of the fraction of

adopted nodes of the WTM with timers. To do this, we use a pair approximation,

whose application to the WTM and its variants have been studied at length [48,

52, 66, 99, 113]. A pair approximation of the WTM was first developed by Gleeson

and Cahalane [52], who built on a method to study the zero-temperature random-field

Ising model on Bethe lattices [31]. Gleeson and Cahalane’s pair approximation agrees

well with the temporal evolution of the WTM, and it takes into account pairwise

interaction betweens nodes [54].

In Section 4.1, we introduce the analytical model for the single-spin flip dynamics

of the random field Ising model (RFIM) on a Bethe lattice at zero temperature. This

motivated the development of pair approximation for the WTM on networks that

we discuss in Section 4.2. We generalise the pair approximation in Section 4.3 to

examine the temporal evolution of the adopted fraction of nodes in the WTM with

timers, and we compare the analytical calculations with numerical results.

4.1 Zero-temperature random-field Ising model on

Bethe lattices

Dhar et al. studied single-spin flip dynamics of the random field Ising model (RFIM)

on a Bethe lattice at zero temperature [31]. A Bethe lattice is an infinite connected

acycle graph in which each node is connected to w neighbours, where w is called

the coordination number [80]. Figure 4.1a shows an example of a Bethe lattice with

w = 3. In the RFIM on a Bethe lattice, each node has a spin state, and it can be in

either of two states: up or down. The spin Si of node i can change from down to up
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Chapter 4. Pair-approximation analysis of timer model

if the external magnetic field h is larger than the local quenched random field hi of

node i.

To solve statistical mechanical problems (see, for example, [27, 36, 80]) on the

Bethe lattice, one often employs a Cayley tree. An n-Cayley tree is a tree in which

each non-leaf node has a constant n number of edges. Figure 4.1b shows a 3-Cayley

tree. If we increase the size of an n-Cayley tree to infinity, then the topology of the

deep interior part of the n-Cayley lattice can approximate the topology of a Bethe

lattice with w = n. Therefore, the behaviour of a dynamical model on a Bethe lattice

can be analogous to the behaviour of the model deep inside the Cayley tree [8, 123].

In fact, many correlation functions deep inside a Cayley tree are found to be the same

as in the Bethe lattice [31].

...

...

...

...

...

...

...

...

...

...

......

(a) (b)

Figure 4.1: An example of (a) a Bethe lattice with w = 3, and (b) a 3-Cayley tree.
Nodes in the boundary of the Cayley tree are coloured in black.

Consider a w-Cayley tree: each node in the Cayley tree has w neighbours, except

the nodes in the boundary (i.e., leaves of the Cayley tree), which have 1 neighbour. Let

us designate a root, which we locate at the top level. We then locate the neighbours of

the root at a level below the root, and we then locate the neighbours of the neighbours

at the following level. If we repeat this process until there are no more nodes to place

at the following level, the number of nodes in the nth level from the top is exactly

w(w − 1)n−1 nodes, except the levels with nodes in the boundary of the Cayley tree.

A Cayley tree has ntop levels, and we place the root at the nth
top level and the boundary

nodes at the 1st level.

To calculate the fraction of spin-up nodes in a Bethe lattice, we start with an

external field h that is small enough to make all nodes have spin down. We then
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increase h to a finite value, and we flip up any spin whose net local field is positive.

We start flipping the spins of nodes from level 1, and then we move to levels 2, 3, and

so on. If any spin at level n is flipped, we check the descendents again for possible

spin flips. This gives monotone dynamics [50], because the spin can only flip upwards

but not downwards.

Let Pn indicate the conditional probability that a uniformly randomly chosen

node at level n flips to spin up, given that the spin of its neighbour at level n + 1

remains down. The quantity Pn is then determined by w − 1 neighbours at level

n − 1, where the spins of these nodes are flipped up independently with probability

Pn−1. Therefore, the probability that x neighbours at n−1 level have flipped up their

spins is (1−Pn−1)xPw−1−x
n−1 . Let p(s, h) denote the probability that the local field at a

uniformly randomly chosen node is large enough so that the node’s spin will flip up if

s neighbours at a lower level have spin up. The probability Pn can then be expressed

as

Pn =
w−1∑
x=0

(
w − 1

x

)
(Pn−1)x(1− Pn−1)w−1−xp(x, h). (4.1)

Assume that we are given p(s, h) for all values of h. With the intial condition

P1 = p(1, h), we can use (4.1) recursively to determine Pn for all n ≥ 2. For large n,

the probability Pn tends to a fixed point P ∗ given by the self-consistent equation

P ∗ =
w−1∑
x=0

(
w − 1

x

)
(P ∗)x(1− P ∗)w−1−xp(x, h). (4.2)

Similarly, the root at level ntop flips its spin up with probability

P ∗root =
w∑
x=0

(
w

x

)
(P ∗)x(1− P ∗)w−xp(x, h), (4.3)

which is equivalent to the expected fraction of spin-up nodes in a Bethe lattice.

There are similarities between the RFIM on the Bethe lattice at zero temperature

and the WTM on a random network. Both of the RFIM and the WTM are binary-

state dynamics in which a node can be in either of two states: spin up and down

for the RFIM, and adopted and unadopted for the WTM. They are also monotone

dynamics in which a change of a node’s state can occur in only one direction: from

spin down to spin up for the RFIM, and from unadopted to adopted for the WTM.

The local quenched random field can be considered similarly as the node threshold in
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Table 4.1: Comparison between the Random field Ising model and Watts threshold
model.

Random field Ising
model

Watts threshold model

Binary-state dynamics Spin up and spin down Adopted and unadopted

Monotone dynamics Spin down to spin up Unadopted to adopted

State-change condition
Net local field must be

larger than 0

Adopted fraction of
neighbours must be at

least as large as
threshold

No noise fluctuation Zero-temperature
No noise factors that
affect the adoption

condition

the WTM, because the local quenched random field determines how many neighbours

of a node should be in the spin-up state to change the state of the node. The zero-

temperature setting can be interpreted as no influence on the adoption of a node in

the WTM by any external forces, such as broadcast media [51]. We summarize this

comparison between the RFIM and the WTM in Table 4.1.

With these similarities between the RFIM on a Bethe lattice and the WTM on

a random network, we derive an analytical approximation (specifically, a pair ap-

proximation) for the temporal evolution of the adopted fraction for the WTM on a

random network, and then we modify the approximation for the WTM with timers

on random networks.

4.2 Pair approximation of the WTM

We consider a pair approximation of the WTM for undirected, unweighted networks.

We assume that our networks are locally tree-like, so that, asymptotically as N →∞,

cycles can be ignored (and there should be few short cycles in empirical networks)

[97]. Using these assumptions, it has been shown [50, 52] that one can approximate

the evolution of the fraction ρ(t) of adopted nodes in a network by calculating the

probability that a node chosen uniformly at random has adopted by time t.

To calculate the probability of a node to adopt, we first rearrange the network into

a tree, with the chosen node at the top level (i.e., the ∞ level), and its neighbours

on the next level (see Fig. 4.2). The position of a node in the tree is thus determined

by the distance between it and the top-level node. A node’s “parent” is a neighbour

located one level higher, and its “children” are its neighbours located one level lower.
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Figure 4.2: An illustration of level-by-level spreading of adoption behaviour in a
network.

Because the threshold-adoption condition is that there are at least the threshold

fraction of adopted neighbours, the probability of the top-level node to adopt is

determined by the fraction of adopted children, whose probability of adoption is in

turn determined by their childrens’ adoption status, and so on. We thus write

ρ(t) = ρ0 + (1− ρ0)
∞∑
k=1

Pk

k∑
m=0

(
k

m

)
q∞(t)m[1− q∞(t)]k−mF (m, k) , (4.4)

where ρ0 is the fraction of seed nodes, k is the degree, Pk is the probability that the

node degree is k (i.e., {Pk} is the degree distribution), m is the number of adopted

children, and F (m, k) is the (neighbourhood-influence) response function [66,90,139],

which corresponds to the probability that a node satisfies the threshold-adoption

condition for a given m and k. As we discussed in Section 3.1, the threshold-adoption

condition of a node vi in the WTM is that the fraction m/k of adopted neighbours

is at least its threshold φi. Therefore, for the WTM, the response function F (m, k)

is the probability for a node to have a threshold smaller than m/k; we can calculate

this probability from the cumulative distribution function of the thresholds. Finally,
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the term qn(t) is given by

qn(t) = ρ0 + (1− ρ0)
∞∑
k=1

k

z
Pk

k−1∑
m=0

(
k − 1

m

)
qn−1(t)m[1− qn−1(t)]k−1−mF (m, k) ,

qn(0) = ρ0 , (4.5)

where z is the mean degree of a network. Equation (4.5) gives the probability that a

node at level n of the tree has adopted at or before time t (i.e., that it is in the adopted

state at time t), conditional on its parent node at level (n+ 1) being unadopted. The

rationale behind the construction of qn(t) is as follows: A node vi chosen uniformly

at random at level n is in the adopted state if either

• the node is a seed, which occurs with probability ρ0;

• or the node is not a seed, which occurs with probability (1− ρ0), but it meets

the threshold-adoption condition at or before time t. This condition is to have

a threshold lower than m/k when the node has k−1 child nodes at the (n−1)th

level, with m among them having adopted before time t.

The factor k − 1 comes from the fact that the node has an unadopted parent at

level (n + 1), so a node with degree k and threshold m/k should have m adopted

nodes among k − 1 child nodes at level n− 1; this yields the term
(
k−1
m

)
qn−1(t)m[1−

qn−1(t)]k−1−m. Finally, we need to sum over all possible k, because the nodes at level

n follow the degree distribution {Pk}. One reaches the nodes at level (n − 1) by

following an edge between a child at level (n− 1) and the node at level n, so we use

the excess degree distribution {kPk/z}.
The above pair approximation shows good agreement with numerical simulations

of the WTM [50, 52], especially in large networks that are locally tree-like. This

pair approximation has been generalised to several situations, including the study

of the WTM on networks with community structure (including with heterogeneous

communities) [48,98] and other forms of clustering [49,66].

4.3 Pair approximation of the WTM with timers

We cannot simply use (4.4) and (4.5) for the WTM with timers, as a timer affects

the time that a node adopts. Therefore, we need to understand the effect of timers

in nodes’ adoption and modify the pair-approximation equations accordingly. In the

WTM with timers, a node with timer τ waits τ time steps after its threshold fraction
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of neighbours have adopted before it adopts. In other words, the adoption of a node

is determined by both (i) its timer τ and (ii) the fraction of neighbours that have

adopted τ time steps before the current time step. We need to consider both of these

facets to derive a pair approximation for the WTM with timers.

The condition associated with (i) is determined by the response functionG(m, k, τ)

of the WTM with timers that decides whether a node has satisfied both the threshold-

adoption condition and the timer-adoption condition. The response functionG(m, k, τ)

is the probability that a node has threshold less than m/k and has timer τ . It is given

by

G(m, k, τ) = F (m, k)[Cτ (τ)− Cτ (τ − 1)] , (4.6)

where F (m, k) is the response function of the WTM and Cτ is the cumulative distri-

bution function of the timers.

One can satisfy the condition associated with (ii) if a sufficient fraction m/k of

the children at level (n− 1) have adopted τ time steps before the current time step t.

The probability that a child at level n− 1 has adopted τ time steps ago is qn(t− τ).

Combining the conditions from (i) and (ii), we can express the adoption condition of

a node with degree k, threshold m/k, and timer τ at time t as(
k

m

)
qn(t− τ)m[1− qn(t− τ)]k−mG(m, k, τ)] . (4.7)

Similar to equations (4.4) and (4.5), we need to sum over all m, k, and τ . We

thereby obtain

ρ(t) = ρ0 +
t∑

τ=0

[
(1− ρ0)

∞∑
k=1

Pk

k∑
m=0

(
k

m

)
q∞(t− τ)m[1− q∞(t− τ)]k−mG(m, k, τ)

]
,

(4.8)

qn+1(t) = ρ0 +
t∑

τ=0

[
(1− ρ0)

∞∑
k=1

k

z
Pk

k−1∑
m=0

(
k − 1

m

)
qn(t− τ)m[1− qn(t− τ)]k−1−mG(m, k, τ)

]
,

(4.9)

with qn(0) = ρ0. As we saw in Fig. 3.4a, a numerical evaluation (solid curve) of

the algebraic equations (4.4,4.5) derived from our theory shows good agreement with

direct numerical simulations (squares) of the WTM with timers for ER networks.

Figure 4.3 shows the results of numerical simulations of the WTM with timers and

the numerical evaluations of the algebraic equations (4.4,4.5) for standard configuration-

model networks, generalised configuration-model networks with 3-cliques, and gener-

alised configuration-model networks with 4-cliques. The green curves are for homo-

geneous timers with τ = 4, the orange curves are for the WTM with heterogeneous
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Figure 4.3: (Continue on the following page.)
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Figure 4.3: Adoption curves of the WTM with timers on configuration-model net-
works with N = 10, 000 nodes and a Poisson degree distribution with mean z = 6.
We use (a–c) standard configuration-model networks, (d–i) generalised configuration-
model networks with 3-cliques and (j–o) generalised configuration-model networks
with 4-cliques. We consider different values of the edge–clique ratios α and β, where
α determines the edge–clique ratio for a node of degree k ≥ 3 in Congen-3 networks
and β determines the edge–clique ratio for a node of degree k ≥ 4 in Congen-4 net-
works. We use the parameter values α = 0.5 in panels (d–f), α = 1 in panels (g–i),
β = 0.5 in panels (j–l), and β = 1 in panels (m–o). For all networks, each node has a
homogeneous threshold value of φ = 0.1. The green curve is for the WTM with ho-
mogeneous timers with τ = 4, the orange curves are for the WTM with heterogeneous
timers τ that are distributed uniformly at random from the set {0, 1, . . . , 8}, and the
blue curves are for heterogeneous timers determined from the Gamma distribution
with mean µτ = 4 and standard deviation στ = 4 and then rounding down to an
integer. To isolate the effects of different distributions of timers, in each case, we run
the WTM using the same networks with the same seed nodes. Dashed lines mark
the times at which the adoption process of the corresponding colour reaches a steady
state. Our numerical results are means over 1, 000 realizations. For each realization,
we generate an independent network. We also determine the seed node (uniformly at
random) and timer values separately for each realization.

timers τ that are distributed uniformly at random from the set {0, 1, . . . , 8}, and the

blue curves are for heterogeneous timers determined from the Gamma distribution

with mean µτ = 4 and standard deviation στ = 4 and then rounding down to an

integer. As we can see from the results, the discrepancies between the numerical sim-

ulation and analytical approximation are larger for generalised configuration-model

networks with cliques than for standard configuration-model networks, and the dis-

crepancies become larger as networks include a larger number of cliques (which results

from having larger α or β). This occurs because equations (4.4), (4.5) are derived

based on the assumption that the structure of a network is locally tree-like. There-

fore, the analytical approximation is not guaranteed to work well for networks that

include cycles. Many real-world networks have high global clustering coefficient and

community structure, and some scientists attribute such structural characteristics of

real-world networks to homophily [15, 61, 95]. We show the results of numerical sim-

ulations of the WTM with timers and the analytical results of (4.4) and (4.5) for

real-world networks (e.g., Facebook100 networks [131]) in Chapter 5.
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4.3.1 Cascade condition for the WTM with a timer

As we saw in Section 2.3, a global cascade occurs when a small seed fraction ρ0 of

adopters leads to a much larger ρ∞. As we can see in the equation (4.8), the quantity

ρ∞ can be estimated by q∞, which is the fixed point of (4.9). In this section, we

calculate the condition for a small seed fraction ρ0 = qn(0) result in a global cascade

(i.e., ρ∞ � ρ0 = qn(0)).

Let us rewrite (4.9) as

qn+1(t) = ρ0 + (1− ρ0)K[qn(t)] , (4.10)

where the nonlinear function K[qn(t)] is

K[qn(t)] =
t∑

τ=0

∞∑
k=1

k

z
Pk

k−1∑
m=0

(
k − 1

m

)
qn(t− τ)m[1− qn(t− τ)]k−1−mG(m, k, τ) .

(4.11)

We consider the t→∞ limit because we are interested in steady state behaviour

of the WTM with timers. For a constant timer τ � t, the probability qn(t−τ) ≈ qn(t)

as t → ∞. Additionally, the sum
∑∞

τ G(m, k, τ) = F (m, k) because
∑∞

τ [Cτ (τ) −
Cτ (τ−1)] = 1. For τ ≈ t, the response functionG(m, k, τ) ≈ 0 because limτ→t[Cτ (τ)−
Cτ (τ − 1)] ≈ 0 as t→∞. Therefore, as t→∞, we can rewrite K[qn(t)] as

K[qn(t)] ≈
∞∑
k=1

k

z
Pk

k−1∑
m=0

(
k − 1

m

)
qn(t)m[1− qn(t)]k−1−mF (m, k) . (4.12)

Note that K(0) = F (0).

We can linearize (4.10) near q = 0 to obtain

q∞ ≈ ρ0 + (1− ρ0) [K(0) + q∞K
′(0)] , (4.13)

where K ′(0) is the coefficient of the first-order term of the Taylor expansion around

q = 0:

K ′(0) =
∞∑
k=1

k

z
Pk(k − 1)

[
F

(
1

k

)
− F (0)

]
. (4.14)

We can rearrange (4.13) as follows:

q∞ ≈ −
(1− ρ0)K(0) + ρ0

(1− ρ0)K ′(0)− 1
. (4.15)
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If the denominator of (4.15) is negative, then the resulting approximation to q∞ is

positive. Additionally, the order of magnitude of q∞ is of the same order of magnitude

of ρ0, so the resulting ρ∞ cannot be much larger than ρ0; a global cascade cannot

occur. Therefore, for a global cascade to occur, it is necessary that

(1− ρ0)K ′(0)− 1 > 0. (4.16)

By inserting (4.14) into (4.16), we can see that the cascade condition (2.39) that we

saw in Section 2.3 is a special case of (4.16) when ρ0 = 0 and F (0) = 0.

The cascade condition (4.16) for the WTM with timers is the same as the cascade

condition for the WTM without a timer. In fact, we can intuitively understand that

the two conditions are identical; because the WTM dynamics are monotonic, if a

node adopts in the limit t → ∞, the node also adopts in the WTM with a timer in

the limit t → ∞; consequently, in the t → ∞ limit, qn(t) of the WTM with timers

and qn(t) of the WTM yields the same value qn(∞). Therefore, the cascade condition

of the WTM with timers is identical to the cascade condition of the WTM without

timers.

4.4 Summary

We began this chapter by introducing the zero-temperature random-field Ising model

on Bethe lattices, which motivated the derivation of a pair approximation for the

WTM. We modified the pair approximation for the WTM to incorporate a timer,

and we observed that our analytical calculation agrees well with the numerical result

of the temporal evolution of the adopted fraction of nodes, particularly when net-

works are locally tree-like. If we use networks with cliques, then the discrepancies

between the numerical and analytical results become larger (and even larger if we

increase the number of cliques in the networks). This makes sense, as we derived our

analytical equation assuming that networks have, locally, tree-like structure. It would

be interesting to develop our analytical approach further to incorporate non-tree-like

structures in networks, such as local clustering and community structure.

We also used a pair approximation to derive a cascade condition for the WTM

with timers. Because the WTM dynamics are monotonic, we see that the cascade

condition for both the WTM with timer and the WTM without timers should be the

same in the t→∞ limit.
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Because our main focus has hitherto been to understand the behaviour of the

WTM with a timer, we have tested the model on random-network models that are

well-studied. In Chapter 5, we study the behaviour of the WTM with timers on

networks generated using real-world data. We also investigate ways to use the WTM

with timers for understanding real-world data on the spread of adoptions.
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WTM with timers on real networks

In this chapter, we study the WTM with timers on real-world networks. In Sec-

tion 5.1, we run the WTM with timers on Facebook100 networks [130,131], and we

investigate the resulting adoption curves. We use these simulations to investigate the

dissemination trees in Section 5.2, and compare stems and branches. In Section 5.3,

we suggest a way to calculate thresholds and timers from real-world data on the dis-

semination of information. Specifically, in Section 5.3.1, we use three well-known data

sets on the spread of innovations. Finally, in Section 5.3.2, we use the WTM with

timers to analyse Twitter dynamics related to The Spanish May 15th Movement [20].

5.1 Adoption process for the WTM with timers

on real-world networks

We investigate the adoption process for the WTM with timers on nine Facebook100

networks [130, 131]. Each network represents a Facebook friendship network at one

university in the United States. An undirected and unweighted edge1 between two

nodes (i.e., users) indicates that the two nodes are friends on Facebook on one par-

ticular day in September 2005. At that time, one needed a .edu e-mail address to

have an account on Facebook. In each of these networks, a node is an individual,

and an unweighted, undirected edge represents a Facebook friendship between a pair

of individuals. The networks in Table 5.1 have different mean degrees — some small

and some large — but they all have heavy-tailed degree distributions. Therefore,

to ensure that a node whose degree is equal to the mean degree adopts if a single

1In Facebook, a friendship is formed between two individuals if and only if the two agree to
form a friendship. In other words, friendship is a bidirectional relationship in Facebook, and we
considered all friendships to have equal strength. In this way, we used undirected and unweighted
edges to represent friendship on Facebook networks.
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Table 5.1: The characteristics of nine Facebook100 networks: from top to bot-
tom, we give details for California Institute of Technology, Reed College, Haverford
College, Simmons College, and Swarthmore College, Howard University, Rice Univer-
sity, Cornell University, and University of Michigan. The quantity N is the number
of nodes, z is the network’s mean degree, and 〈l〉 is the mean shortest-path length
between pairs of nodes.

N z zmax C 〈l〉
Caltech 762 43 248 0.41 1.54
Reed 962 39 313 0.32 1.62
Haverford 1446 82 375 0.32 1.50
Simmons 1510 43 300 0.32 2.57
Swarthmore 1657 73 577 0.30 2.32
Howard 4047 101 1215 0.23 1.59
Rice 4083 90 581 0.29 1.65
Cornell 18621 84 3156 0.22 1.91
Michigan 30106 78 2031 0.21 2.04

one of its neighbours has adopted, we consider a homogeneous adoption threshold of

φ = 0.01; subsequently, we choose a seed adopted node uniformly at random at t = 0.

We now incorporate both homogeneous and heterogeneous timers into a spreading

process on the Facebook100 networks, and we examine the WTM with a timer on

the LCC of the Facebook100 networks. In our simulations, we report sample means

of many realizations.

In Fig. 5.1, we show the adoption curves of the WTM with timers on nine Face-

book100 networks. The green curves are for a homogeneous timer τ = 4, the orange

curves are for heterogeneous timers distributed uniformly at random from the set

{0, 1, · · · , 8}, and the blue curves are for heterogeneous timers given by integers that

we round down from a random variable that follows the Gamma distribution with

mean µτ = 4 and standard deviation στ = 4. Similar to the results for random net-

works in Fig. 3.4a, the adoption curves for heterogeneous timers are much smoother

than the adoption curves for a homogeneous timer. This is because the nodes that

adopt simultaneously for a homogeneous timer — which make adoption curves for a

homogeneous timer have stair-like shape — adopt at different times for heterogeneous

timers, and fewer nodes adopt simultaneously. Again, similar to Fig. 3.4, the time to

steady state for a homogeneous timer (green dashed line) is longer than the time to

steady state for uniformly randomly distributed timers (orange dashed line), and the

time to steady state for Gamma distributed timers (blue dashed line) is longer than

the time to steady state for a homogeneous timer.
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Figure 5.1: (Continue on the following page.)
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Figure 5.1: Adoption curves of the WTM with timers on the nine facebook100
networks [130, 131]. The green crosses are for the WTM with homogeneous timers
with τ = 4, the orange squares are for the WTM with timers that are distributed
uniformly at random from the set {0, 1, . . . , 8}, and the blue diamonds are for timers
determined from the Gamma distribution with mean µτ = 4 and standard deviation
στ = 4 and then rounding down to an integer. The dashed lines mark the times at
which the adoption process of the corresponding colour reaches a steady state, and
the solid curves are results from an analytical approximation (see Section 4.3). To
isolate the effects of different distributions of timers, in each case, we run the WTM
using the same networks with the same seed nodes. Our numerical results are means
over 1, 000 realizations. We also determine the seed node (uniformly at random) and
timer values separately for each realization.
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Chapter 5. WTM with timers on real networks

There are several notable differences between Fig. 3.4a and Fig. 5.1. An obvi-

ous difference between the two figures is that the discrepancies between the numeri-

cal simulations (squares) and the analytical approximations (solid curves) are much

larger for Facebook100 networks than for random networks. This is because Face-

book100 networks do not have locally tree-like structures; instead, Facebook100

networks have high clustering as well as large transitivities [130], and community

structures [131].

Another difference between Fig. 3.4a and Fig. 5.1 is that the adoption curves —

both numerically computed ones and analytically approximated ones — for uniformly

randomly distributed timers on Facebook100 networks (i.e., the orange curves in

fig. 5.1) grow less rapidly than the adoption curve for uniformly randomly distributed

timers on random networks (i.e., the orange curve in fig. 3.4). For analytically approx-

imated adoption curves, we can trace which term or parameter in the approximation

made the two analytical curves show different behaviour. As we saw in section 4.3,

there are four terms that determine the adopted fraction ρ(t) at time t: the term

ρ0 that is determined by the size of seed fraction, the term g(m, k, τ) that is deter-

mined by the distributions of thresholds and timers, the term pk that is determined

by degree distribution, and the term q∞ that is the fixed point of recursive formula

qn. because qn is a recursive formula with terms ρ0, g(m, k, τ) and pk, it is effectively

the terms ρ0, g(m, k, τ) and pk that determine ρ(t). Among the three terms, seed

fraction is kept constant for both random networks and the nine Facebook100 net-

works. Additionally, for both random networks and Facebook100 networks, we use

the same distribution functions (with the same mean and standard deviation) to de-

termine the thresholds, and the same distribution functions with the same mean and

standard deviation to determine the timers. The degree distributions pk, however,

are different between the random networks and Facebook100 networks; therefore,

the difference between the results of analytical approximation for random networks

and the analytical approximation for Facebook100 networks arise from the different

degree distributions.
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Figure 5.2: Cumulative degree distributions of the nine Facebook100 networks:
from left to right, (a) Reed College, (b) Simmons College, (c) California Institute of
Technology, (d) Haverford College, and (e) Swarthmore College. The vertical axes
are plotted on a logarithmic scale.

We show the cumulative degree distributions of the nine Facebook100 networks

in Fig. 5.2. As one can see from Fig. 5.2, the degree distributions of the nine Face-

book100 networks have heavier tails compared to random networks we used in Chap-

ter 3, whose degree distributions are Poisson2. Therefore, we can speculate that such

degree distributions of the nine Facebook100 networks with heavy tail make the

adoption curves for uniformly randomly distributed timers different from the adoption

curves for uniformly randomly distributed timers for the random networks.

2In our thesis, we used configuration models with Poisson-degree distribution and ER networks.
As we saw in Chapter 2, the degrees of nodes in ER networks follow Poisson distribution in N →∞
limit, and Poisson distribution does not have heavy tail.
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5.2 Dissemination trees for real-world networks

We investigate dissemination trees for the WTM with timers on the aforementioned

five Facebook100 networks [130,131]. To ensure that a node whose degree is equal

to the mean degree adopts if a single one of its neighbours has adopted, we consider

a homogeneous adoption threshold of φ = 0.01. In Table 5.2, we show the quantities

that characterize the stems and branches for the WTM model with timers on the

five Facebook100 networks. For each of the five networks, we observe qualitatively

similar results as in the random-graph ensembles, although the Facebook100 net-

works have different structural characteristics (e.g., in terms of local clustering and

community structure) than the random-graph models. We find that the percentage

fas of stems is smaller than the percentage fab of branches, and that the numbers n

of adoption paths are larger for the WTM with homogeneous timers than with het-

erogeneous timers. Accordingly, for heterogeneous timers, the lengths ls of the stems

and the lengths lb of the branches are both larger than for homogeneous timers.

Additionally,
τs,het
〈τ〉 < 1 and

τb,het
〈τ〉 > 1.

As we can see from the paragraph above, stems tend to grow faster and be-

come longer than branches for the WTM with heterogeneous timers. In other words,

the characteristics of the stems and the branches for the five Facebook100 net-

works seem to be similar to those of the random networks that we studied in Sec-

tion 3.3.2.2. When timers are heterogeneous, stems grow faster and become longer,

initiating adoption spreading in branches earlier than when the timers are homoge-

neous. Consequently, a majority of nodes adopt earlier for the WTM model with

heterogeneous timers than with homogeneous ones. In Table 5.2, we show values for

how long it takes for at least 90% of the nodes to adopt.

In Table 5.3, we give the times to reach certain fractions ρ∗ of adopted nodes for

Facebook100 networks [131] when timers are homogeneous, distributed uniformly

at random, and determined using a Gamma distribution and then rounded down to

an integer.
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(a) Caltech
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Figure 5.3: Adoption curves of the WTM with timers on Facebook100 networks
and adoption curves after we adjust the timers of stem nodes of dissemination trees.
The green curve is for the WTM with homogeneous timers with τ = 4, the orange
curves are for the WTM with heterogeneous timers τ that are distributed uniformly
at random from the set {0, 1, . . . , 8}, and the blue curves are for heterogeneous timers
determined from the Gamma distribution with mean µτ = 4 and standard deviation
στ = 4 and then rounding down to an integer. To isolate the effects of different
distributions of timers, in each case, we run the WTM using the same networks with
the same seed nodes. The dark orange and blue curves are before we change the
timers in dissemination trees, and the corresponding light-coloured curves are after
we change those timer values (see the main manuscript). The squares (for the dark
curves) and disks (for the light curves) are the results of numerical simulations, and
the dashed lines mark the times at which the adoption process of the corresponding
colour reaches a steady state. Our numerical results are means over 1, 000 realizations.
For each realization, we generate an independent network. We also determine the seed
node (uniformly at random) and timer values separately for each realization.

As in Section 3.3.2.2, we change the timers of stem nodes of dissemination trees

to the mean value 〈τ〉 of the timers (which is µτ = 4 in our example). The times that
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Chapter 5. WTM with timers on real networks

the stem nodes’ neighbours in a tree adopt then also change, as the adoption time of

a node in an adoption path is determined by the sum of its timer and the adoption

time of its predecessor node. (Note that we are not rerunning the WTM dynamics.)

In Fig. 5.3, we investigate how the adoption curves change because of the change

of timers of stem nodes. In each figure, the orange and blue curves both represent

adoption curves for the WTM with heterogeneous timers. For the orange curve,

timers are distributed uniformly at random from the set {0, 1, . . . , 8}; for the blue

curve, timers are determined from a Gamma distribution with mean µτ = 4 and

standard deviation στ = 4 and are then rounded down to an integer. The curves

with lighter colours are the adoption curves after we change the timers of stem nodes

of dissemination trees. The light orange curve is for uniformly-randomly-distributed

timers, and the light blue curve is for Gamma-distributed timers. The green curve,

which we include for comparison, is for a WTM with a homogeneous timer. We

observe that the light-coloured curves intersect the green curve earlier than do the

dark-coloured curves, similarly with the result for the WTM with timers on random-

network models in Chapter 3; therefore, we can generalise our observation of the

stems in random networks to the stems in the five Facebook100 networks that the

stems play important role for accelerating the spread of adoption to the majority of

nodes, although stem nodes constitute fewer than branche nodes in the networks.

5.3 Real-world data analysis

Up until now, our work has been on undirected networks; in Chapter 3 and 4, we

used random-network models where a pair of nodes is chosen uniformly at random

and then the nodes become adjacent via an undirected edge, and in Section 5.1 and

5.2 we used Facebook100 networks where a friendship is indicated by an undirected

and unweighted edge. However, in many real-world networks, the edges are directed

to express the unidirectional property of relationships between nodes. In addition, the

spread of information on such networks is often constrained by the direction of edges;

for example, an adoption spreads following the direction of an edge, not against it3.

In this section, we use real-world networks that have directed edges, and we propose

a measure to calculate the threshold and the timer of a node in the directed networks.

3In a directed network, a pair of nodes can have a bidirectional relationship if the pair is connected
via a reciprocal edge — two directed edges pointing towards each other. Because an adoption can
spread in either direction on a reciprocal edge, in a dynamical process on networks a reciprocal
edge behaves similar to an undirected edge. Therefore, for a dynamical process on networks, an
undirected network can be considered as a directed network where all edges are reciprocated [20,58].
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Chapter 5. WTM with timers on real networks

On directed networks, we estimate the thresholds of nodes in the networks based

on the following mechanism: given the data on directed networks and the data on

the times of adoptions, we calculate the threshold φvi of a node vi as the fraction of

adopted out-neighbours of vi by the time vi adopts [58,134]. Mathematically, we can

express as follows:

φvi =
∑

vj∈Γout(vi)

svj(tvi)

|Γout(vi)|
, (5.1)

where tvi is the time of adoption of node vi, the adoption state of node vj at tvi
is svj(tvi) ∈ {0, 1}, the quantity Γout(vi) is the set of node vi’s out-neighbours, and

|Γout(vi)| is the size of the set Γout(vi). Accordingly, we calculate the timer τvi as the

difference between tvi and the largest tvj that is smaller than tvi , where vj ∈ Γout(vi),

and then we subtract 1 because it takes one synchronous time step to update a node:

τvi = tvi − max
vj∈Γout(vi)
tvj<tvi

tvj − 1 . (5.2)

It is important to note that this way of calculating a node’s threshold is subject to

overestimating the actual threshold of the node, which may lead to a sysmetic upward

bias in threshold estimation [12]. See [12] for more details. More in-depth research

is required to reduce the error that occurs from threshold measurement; however, we

do not investigate this issue any further, because it is not our main interest in this

thesis.

5.3.1 Three small real-world networks and their dissemina-
tion trees

To investigate the dissemination trees based on the real-world data, we use three small

real-world networks, for which we possess data on all nodes’ times of adoptions. The

three small networks that we use are from (i) the study of the medical innovation

dissemination among physicians by Coleman et al. [30], (ii) the study of Brazilian

farmers’ adoption of hybrid seed corn by Rogers et al. [121], and (iii) the study of the

Korean women’s adoption of family planning method by Park et al [108]. Coleman et

al. studied 125 physicians who could have prescribed tetracycline, which was a pow-

erful antibiotics introduced in the mid-1950s [136]. The network data were collected

by asking physicians to name those with whom they most frequently interact either

for discussion, friendship, or advice [30,133]. The data on the times of adoptions were

collected by examining when the physicians first prescribed tetracycline. Rogers et
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Chapter 5. WTM with timers on real networks

al. studied the dissemination of hybrid corn among 692 Brazilian farmers4. The net-

work data were collected by asking farmers to identify either their three best friends,

the three most influential people in their community, the three most influential peo-

ple with respect to farm innovations, or the best person to organise a cooperative

project [121,133]. The data on the times of adoptions were collected by asking farm-

ers when they first planted hybrid corn. Park et al. investigated the dissemination

of family planning methods among 1047 married women of child-bearing ages. The

network data were collected by asking women to name who they sought advice about

either family planning, general information, abortion, health, the purchase of con-

sumer goods, or children’s education [108, 133]. The data on the times of adoptions

were collected by asking respondents to state the year that they first started to use

a modern family-planning method. All data that we use on the three networks and

on the times of adoptions of nodes in the networks are from netdiffuseR, an R

package developed by Vega Yon et al [136].

In each study of the three networks, a node specifically nominates people (or a

person, if there is only one) who may have had influence on the node. Based on that,

we can make a nominator be adjacent to its nominee with an outward directed edge.

We thereby examine the three networks as directed networks. Note that the number

of a node’s outward-adjacent neighbours (henceforth abbreviated as ‘out-neighbours’)

and inward-adjacent neighbours (henceforth abbreviated as ‘in-neighbours’) can be

different, because nomination need not be reciprocal.

We first investigate the distribution of node thresholds and timers. In Fig. 5.4,

we show the cumulative distribution of node thresholds (red) and timers (blue) of

the three networks. These distributions have some commonalities across the three

networks. For example, all of them have a steep increase at φ = 0. It means that

the three networks have large seed fractions, which adopt without the influence of its

neighbours. Additionally, in Fig. 5.4c and Fig. 5.4e, the cumulative distributions of

thresholds increase steadily with the increase of threshold, except for the points where

cumulative distributions have a steep increase (e.g., see φ = 0 and 1 of Fig. 5.4c and

φ = 0, 0.15, 0.30, 0.50, and 1 of Fig. 5.4e). The cumulative distribution of thresholds

for physicians has too few data points to analyze, but it still exhibits similar behaviour

as the other cumulative distributions of thresholds. The adjacent data points are

close to each other, except for the points where cumulative threshold distribution has

4Rogers et al. also investigated the dissemination of farm practices in Nigeria and India, but it
was only in Brazil (and only for hybrid corn) that the dissemination of innovation reached more
than a small proportion of the farmers [136].
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Chapter 5. WTM with timers on real networks

a steep increase (see φ = 0 and 1 of Fig. 5.4a). In Section 5.3.2, we investigate the

distribution of thresholds (and timers) on large real-world networks with data on the

time of adoption.

The cumulative distributions of node timers of the three networks also have some

common characteristics. An obvious similarity between the cumulative distributions

of the timers is that they are concave, with a decreasing slope as the timer increases.

Therefore, with our calculation method, the fraction of nodes decreases as a timer

increases.

We now examine the stems and branches of the dissemination trees of the three

networks. Unlike the dissemination trees of the random networks and Facebook100

networks that we investigated in Section 3.3.2 and 5.2 respectively, the thresholds and

the timers of nodes in the three networks are not drawn from certain distributions,

but instead are calculated from empirical data on the times of adoptions of nodes

[see (5.1) and (5.2)]. Therefore, unlike the random networks and Facebook100

networks, the thresholds are not necessarily homogeneous for the three networks.

We calculate the stems and branches only of the component ç with the largest

number of adopters at steady state, because our purpose of investigating stems and

branches is to examine the role of stem nodes and branch nodes in disseminating

adoptions to the largest population in a network. Stems and branches of adoption

spreading in other components that are disconnected from ç have nothing to do with

the adoption spreading in ç, and therefore we pick a component ç with the largest

number of adopters and investigate the stems and branches of ç.

For each of the three networks in Table 5.4, we find some quantities qualitatively

similar to the quantities for the random-graph ensembles and Facebook100 net-

works. We find that the mean percentage fas of stems is smaller than the mean

percentage fab of branches. Additionally, the mean timer τs of stem nodes is smaller

than the mean timer τb of branch nodes, so stems tend to grow faster and become

longer than branches (ls > lb).
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(c) Brazilian farmers
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(d) Brazilian farmers
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(e) Korean women
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Figure 5.4: Cumulative distributions of threshold (red) and timer (blue) of (a,b) the
physicians network, (c,d) the Brazilian farmers network, and (e,f) Korean women
network. We calculate thresholds as the adopted fraction of out-neighbours, and we
calculate timers as the time difference between a node and its most recently adopted
out-neighbours. Data on the networks and the times of adoptions of nodes are from
an R package, called netdiffuseR, developed by Vega Yon et al [136].
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Chapter 5. WTM with timers on real networks

Because the thresholds are heterogeneous in these empirical networks, we compare

the mean threshold φs of the stem nodes and the mean threshold φb of the branch

nodes. We find that φs < φb for Brazilian farmers and Korean women networks,

whereas φs > φb for the physicians network. Considering that the stem nodes innitiate

the spread of adoption in the branches to which each of the stem nodes is connected,

one can construe stem nodes as locally early adopters. In that respect, some may

consider it more natural for early adopters to have a small mean threshold and small

mean timer, but our calculation of the stem nodes of the three networks in Table 5.4

indicates that the stem nodes of the three networks can have a larger mean threshold

than the branch nodes, although the mean timers of stem nodes is smaller than those

of branches.

Let us use subscript Phy to indicate the Physicians’ network, Bra to indicate the

Brazilian farmers’ network, and Kor to indicate the Korean women network. Then,

the ratios τs
〈τ〉 of the mean timer of stem node to the mean timer of all nodes of

the three networks follow τs
〈τ〉Kor

< τs
〈τ〉Phy

< τs
〈τ〉Bra

, and the mean thresholds of the

three networks follow 〈φ〉Kor < 〈φ〉Phy < 〈φ〉Bra. As we discussed in Section 3.3.3,

in networks with a homogeneous threshold and heterogeneous timers, stem nodes

tend to have large mean timer if we use large mean threshold. We speculate that we

can generalise this relationship between the mean timer of stem nodes and the mean

threshold of all nodes to real-world networks, even when nodes have heterogeneous

thresholds, as our results show in Table 5.4. In future work, we will use several real-

world data sets on the spread of adoption for a more thorough investigation of the

relationship between the ratio τs
〈τ〉 and the mean threshold 〈φ〉.

We also calculate structural characteristics of stem nodes and branch nodes using

centrality measures. Centrality measures are often employed to determine dynamical,

as well as structural, importance of nodes in networks [78,92,93,115]. For our work,

we measure the mean degree centrality (i.e., degree) zs of stem nodes, the mean degree

centrality zb of branch nodes, the mean eigenvector centrality gs of stem nodes, the

mean eigenvector centrality gb of branch nodes, the mean betweenness centrality bs

of stem nodes, and the mean betweenness centrality bb of branch nodes. As we can

see in Table 5.4, all three networks have zs > zb and gs > gb, so stem nodes are

located at a structurally central point according to degree centrality and eigenvector

centrality. However, the mean betweenness centrality bs of stems is smaller than bb in

the physicians networks, whereas bs is larger than bb for the Brazilian farmers network

and the Korean women network. The results imply that eigenvector centrality and

degree centrality — both of which are to do with how well a node is connected (see
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Chapter 5. WTM with timers on real networks

Section 2.1.6) — capture the importance of stem nodes, which play the central role

in fast spread of adoption. However, betweenness centrality does not show consistent

results for determining the stem nodes.

As we pointed out at the beginning of this section, the physicians network, Brazil-

ian farmers network, and Korean women network are all small. In Section 5.3.2,

we use larger networks to calculate thresholds and timers using (5.1) and (5.2). We

examine the distribution of thresholds and timers on large real-world networks with

data on the times of adoptions in Section 5.3.2.

5.3.2 The distribution of thresholds and timers in Twitter
network

Borge-Holthoefer et al. [20] investigated rich quantitative data on The Spanish May

15th Movement, and much work has been done to study the data from various angles

[18, 19, 58, 59]. The Spanish May 15th Movement, which if often referred to as 15-M

movement (in Spanish, movimiento 15-M [1]), is the anti-austerity movement in which

people of Spain challenged the rigid, top-down, party driven political system of Spain

since 1978 [9]. The notable characteristic of the movement is that the movement was

organised using social media such as Facebook and Twitter. Borge-Holthoefer et al.

studied the data that includes 85,851 users who publicly exchanged 581,749 messages

(tweets) from April 25th, 2011 (at 00:03:26) to May 26th, 2011 (at 23:59:55) through

an online social networking service called Twitter (http://www.twitter.com). The

data records, during one month, which user mentions which user (or users, if more

than one) in which tweet at what time. With the data, we can construct a directed

network in which an edge goes from a user (source) who mentions to users (targets)

who get mentioned in a tweet [20]. It is important to note that this way of constructing

a network only gives a dynamical instance of a larger underlying network that also

includes (i) users who did not tweet during the given period of time and (ii) users

who did not mention their neighbours. Also, we assume that the time when a user

tweets for the first time is the user’s time of adoption. Based on the data, we calculate

the thresholds and timers of the users (nodes) of the network of the 15-M movement

(henceforth abbreviated as “15M network”).
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Figure 5.5: Cumulative distribution of threshold (red) and timer distribution (blue)
of the 15M network. We use 0.01 as the bin width of the threshold distribution, and
we use 1 day (i.e., 86,400 seconds) as the bin width of the timer distribution. We
calculate thresholds as the adopted fraction of out-neighbours, and we calculate timers
as the time difference between a node and its most recently adopted out-neighbours
minus 1.

We first investigate the cumulative distribution of thresholds and timers of nodes

in the 15M network. We calculate thresholds using (5.1), and timers using (5.2).

Similar to the cumulative distributions of thresholds and timers of the three networks

that we calculated in Section 5.3.1, the cumulative threshold distribution has a steep

increase at φ = 0, which we interpret to mean the networks has a large seed fractions

of nodes that adopt without influence from their neighbours. Additionally, similar

to the Brazilian farmers network (see Fig. 5.4c) and Korean women network (see

Fig. 5.4e), the cumulative distribution of thresholds increases steadily except for the

points at which cumulative distributions have a steep increase (e.g., see φ = 0, 0.26,

0.34, 0.55, 0.66, and 0.77 of Fig. 5.5a).

The cumulative distribution of node timers of 15M network also shares some com-

mon characteristics with the cumulative distributions of the three networks in Fig. 5.4.

An obvious similarity is that the cumulative distributions are concave curve of which

the slope decreases as timer increases. Therefore, with our calculation method, the

fraction of nodes decreases as a timer increases.
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Figure 5.6: Scatter plot of thresholds and timers of nodes in the 15M network. Each
green data point corresponds to each node in the network, and each data point is
positioned along the vertical axis by its threshold, and along the horizontal axis by
its timers. We calculate thresholds as the adopted fraction of out-neighbours, and we
calculate timers as the time difference (in the units of second) between a node and
its most recently adopted out-neighbours minus 1.

Fig. 5.6 shows the scatter plot of thresholds and timers of nodes in the 15M

network. Each data point corresponds to each node in the network, and each data

point is positioned by its threshold and timer, which are obtained by (5.1) and (5.2),

respectively. One can see there is no correlation between thresholds and timers,

however one may find a correlation between the two if one uses different ways of

calculating thresholds and timers. Also, note that there is a strong bias towards the

threshold φ = 0, because we consider all nodes that adopt without influence from their

neighbours as seeds, although some of them may not be seeds if they were influenced

by their neighbours via social networks other than Twitter. Employing multiplex

network [77,83] may provide a sensible way to model the influence of neighbours from
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multiple social networks.

We noted in the beginning of Section 5.3 that our measurement of thresholds and

timers is one of many possible ways to measure them. In that respect, the distribution

of threshold and timer is subject to the ways of calculating threshold and timer. For

example, in equation (5.1), we calculated the threshold of a node as the fraction of

out-neighbours that adopted before the node adopts. This is because we assumed that

the last neighbour to adopt makes the node adopt definitively. However, the node

may have determined to adopt before the last neighbour to adopt adopts; it could be

the second from the last neighbour to adopt, or any xth from the last neighbour to

adopt where x ∈ {0, 1, 2, · · · }. Accordingly, we can generalise the calculation of the

threshold and timer of vi as follows:

φvi =
∑

vj∈Γout(vi)

svj(tx)

|Γout(vi)|
, (5.3)

τvi = tvi − tx − 1 , (5.4)

where tx is the time of adoption of xth from the last neighbour to adopt.

In Fig. 5.7, we show how the cumulative distributions of thresholds and timers

change by increasing x from 0 to 10 and then to 100. The cumulative threshold

distribution curve moves upward with the increase of x, because the number of a

node’s neighbours that must adopt before the node adopts decreases with the increase

of x. Consequently, the cumulative distribution curve for threshold has a steeper

increase at φ = 0. However, the points where the cumulative threshold distribution

curve has a steep increase for x = 0 (e.g., see φ = 0, 0.26, 0.34, 0.55, 0.66, and

0.77 of the light green curve in Fig. 5.7a) has a shallower increase for x = 10 and

x = 100. In contrast to the cumulative threshold distribution, the cumulative timer

distribution curve moves downward with the increase of x, because a node must wait

a longer time for a larger x. Consequently, the cumulative timer distribution curve

has a steep increase at a larger timer value for a larger x.
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(a) (b)

Figure 5.7: Change of the cumulative distributions of (a) thresholds, and (b) timers for
the 15M network. We assume that a node decides to adopt when the xth from the last
out-neighbour to adopt adopts, where x ∈ {0, 1, 2, · · · }, and we calculate thresholds
and timers according to (5.3) and (5.4) We increase x from 0 to 10 and then to 100,
and we investigate the ensuing changes in the distributions of thresholds and timers.
We determine the time that a node as the bin width of threshold distribution is 0.01,
and the bin width of timer distribution is 1 day, which corresponds to 86, 400 seconds.

5.4 Summary

In this chapter, we used the WTM with timers to analyse real-world data sets. In Sec-

tion 5.1, we investigated the WTM with timers on five Facebook100 networks, and

we found that the different structural characteristics of the networks give adoption

curves that have different shapes from the adoption curves for the random networks

that we studied in Chapter 3. However, similar to the random networks, the stems

of the five Facebook100 networks play an important role for spreading adoptions

to the majority of nodes in networks faster for heterogeneous timers than for a ho-

mogeneous timer (see Section 5.2). Lastly, in Section 5.3, we proposed a way to

calculate thresholds and timers from real-world data on the spread of adoptions, and

we investigated the cumulative distributions of thresholds and timers. We found some

similarities between the cumulative distributions of thresholds and timers across the

different data sets that we used for our study.
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Summary and Conclusion

We started our thesis in Chapter 1 with a brief introduction to the study of net-

works, and how and why mathematical modelling is useful for studying social net-

works. We went through mathematical basics that are key to understand the thesis

in Chapter 2, including graph theory, Erdős-Rényi random graph model, probability

generating function, site-percolation, and Watts cascade model. In Chapter 3, we

introduced a timer model, and investigated how the delay of adoption of individuals

can affect the spread of adoptions in a network. We explored this idea in Section 3.1.1

by augmenting the Watts threshold model (WTM) with timers on the nodes, and we

examined how incorporating homogeneous and heterogeneous timers can affect the

dynamics of contagions on small networks (See Section 3.2), and on large networks

(See Section 3.3). In particular, we investigated adoption paths — the paths through

which adoptions spread — in Section 3.1.2 to study the different behaviours between

a homogeneous and heterogeneous timers. We found that for the WTM with a ho-

mogeneous timer, neither the adoption order of nodes nor adoption paths change,

because a homogeneous timer simply delays the adoption of each individual by the

same amount of time. However, heterogeneous timers can change both the adoption

order of nodes and adoption paths, and the precise effects depend on both network

structure and timer distribution. For example, in Section 3.3.1, we observed that

incorporating heterogeneous timers into the WTM can either accelerate or deceler-

ate the time to a steady state in comparison to incorporating a homogeneous timer.

However, in our calculations using two different types of heterogeneous timer distri-

butions (specifically, uniformly random timers and timers determined using a Gamma

distribution and then rounding down to an integer), we found that the majority of

nodes (up to 90% in our study) in networks adopt earlier with heterogeneous timers

than with homogeneous ones.
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To understand how the majority of nodes in networks adopt earlier with hetero-

geneous timers, in Section 3.3.2, we examine the adoption paths of the WTM with

a homogeneous timer and heterogeneous timers. Specifically, we investigate stems

(i.e., the longest adoption paths) and branches (i.e., the rest of adoption paths other

than stems) in Section 3.3.2.1, with which we can construct a dissemination tree (i.e.,

trees that are constructed based on the adoption paths of the WTM with timers on

networks) as we show in Section 3.3.2.2. As a result, we speculate that stems play

a significant role in spreading adoptions faster to the majority of nodes in networks

for the WTM with heterogeneous timers than for the WTM with a homogeneous

timer. To support our speculation, we examined the delay of adoption processes

when changing the timers of stem nodes to the mean value of timers, and we found

that adoption processes are delayed even though these nodes constitute fewer than

1% of the adopted nodes in the examined networks.

We show analytics of the WTM with timers on networks in Section 4. We use a pair

approximation that was first developed by Gleeson and Cahalane [51,52], which was

motivated by the analytical model for the single-spin flip dynamics of the random-

field Ising model on a Bethe lattice at zero temperature (See Section 4.1). Pair

approximation for the WTM shows good agreement with the numerical computations

for the temporal evolution of the fraction of adopted nodes, as we show in Section 4.2.

We modify the approximation for the WTM with timers in Section 4.3, and we found

that it also agrees well with the numerical results for the WTM with timers on

ER networks and a configuration model with Poisson-degree distribution. Because

the pair approximation assumes that a network is locally tree-like, the discrepancy

between the approximation and numerical computation is large for networks with

cliques. Using pair approximation, we derive the cascade condition for the WTM

with timers in Section 4.3.1, and we found that the cascade condition we obtained

using generating function in Section 2.3 is a special case of the cascade condition we

obtained using the pair approximation.

In Chapter 5, we study the application of the WTM with timers to real-world

data. We ran the WTM with timers on five Facebook100 networks in Section 5.1

to study the adoption curves both numerically and analytically. Because Face-

book100 networks do not have locally tree-like structure, the discrepancies between

the numerical curves and analytical curves are large. Also, the growth of adoption

curves for the five Facebook100 networks is different from the growth of adoption

curves for the random-graph ensembles, because of the different degree distributions

between the Facebook100 networks and random-graph ensembles. Based on the
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adoption process of the WTM with timers on Facebook100 networks, we examined

the dissemination trees in Section 5.2. As with the dissemination trees of random-

graph ensembles, the dissemination trees of the five Facebook100 networks have

small number of stem nodes with smaller timers than the timers of branch nodes,

from which we can make the same speculation as the random-graph ensembles that

stems play a significant role in spreading adoptions faster to the majority of nodes in

Facebook100 networks for the WTM with heterogeneous timers than for the WTM

with a homogeneous timer.

In Section 5.3, we suggest a way to calculate threshold and timer from real-world

data on the dissemination of information. In particular, in Section 5.3.1, we use

three well-known data sets on the spread of innovations, and we use data on Twitter

dynamics related to the May 15th movement in Spain in Section 5.3.2. We found

that the cumulative distributions of thresholds across different data show similar

characteristics; the cumulative distributions of thresholds show steep increases at

certain thresholds, and all data show large seed fraction. The cumulative distributions

of timers of all data show concave curves, which implies that as timer increases, the

fraction of nodes with the timer decreases.

Throughout this thesis, we studied the idea of laziness by augmenting a timer with

the WTM, and investigated how it leads to the change of the spreading dynamics of

the WTM on networks: particularly, on social networks. There are many social

influence models that represent how people spread information on social networks,

but by a different mechanism than the WTM. Therefore, we cannot simply generalise

our findings in this thesis to any social influence model with a timer, although our

study of the WTM with timers may provide insights into a social influence model

with a timer.

We also note that there is more than one way to augment a timer with a dynamical

process on networks, and we studied only one way of augmenting a timer: a node

waits for constant time steps after the node meets an adoption condition, and the

change of surroundings — such as change of neighbour state — during the waiting

time does not affect the node’s adoption. However, there may be several other ways

to implement a timer, which can give rise to a dynamical model with completely

different features.

In future work, we seek to investigate real-world data for the spread of information,

memes, innovations, misinformation, and other phenomena on networks using models

that include latencies (i.e., timers) in addition to influence thresholds. People can be

late adopters for a variety of reasons (e.g., hard to convince versus easy to convince but
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lazy), and incorporating timers into contagion models should be helpful for exploring

different mechanisms of late adoption and their possible consequences for forecasting

virality. In these studies, it will be important to augment a variety of different

spreading models with timers. The deterministic update rule in the WTM made it

particularly suitable for a first foray into incorporating timers in spreading processes,

and that is why we used it in the present thesis. It will be interesting to incorporate

timers into stochastic spreading processes to examine how this changes spreading

behaviour and virality forecasts.

On a broader picture, to better understand spreading dynamics on social networks,

it is necessary to study what makes social contagions distinctive to other contagions.

There is a growing volume of publications that compares social contagions that are

typically complex contagions, and biological contagions that are typically simple con-

tagions [6, 25, 26, 40, 64, 144]. Further advances in this regard will not only enable us

to develop more well-refined social contagion models, but also provide us with greater

insight into social influence on social networks.
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Time to steady state for networks
with infinitely large loops

In Section 3.2, we saw that the mean time to steady state for the WTM with timers

for a seed v0 adjacent to a square loop is smaller for heterogeneous timers 〈Thet〉 than

for a homogeneous timer Thom. In this appendix, we show that for a seed adjacent

to a infinitely large loop, 〈Thet〉 ≥ Thom for a loop with an odd number of nodes

(henceforth called an “odd-sized” loop) and 〈Thet〉 ≤ Thom for a loop with an even

number of nodes (henceforth called an even-sized loop).

In Figure A.1, we show a seed node v0 adjacent to (a) an infinitely large odd-sized

loop with nodes vi ∈ {v1, v2, · · · , v2N+1} and (b) an infinitely large even-sized loop

with nodes vj ∈ {v1, v2, · · · , v2N+2}. Assume that node v1 of each loop connects a

seed v0 to the loop. For both cases, let us put nodes v2, v3, · · · , vN+1 to the left of v1,

and the rest of nodes vN+2, vN+3, · · · , v2N+1 to the right of v1. We use X to denote

a path (v1, v2, · · · , vN+1), and we use Y to denote (v1, vN+2, · · · , v2N+1). The length

|A| of path A and the length |B| of B are the same as N +1 (i.e., |A| = |B| = N +1).

If we run the WTM with a homogeneous timer µτ , the time Todd,hom to steady state

for the network with infinitely large odd-sized loop is µτ (N+1)+N+1, where the last

N+1 comes from the fact that we use synchronous updating for the WTM with timers.

If we run the WTM with heterogeneous timers with mean µτ , the rates of adoption

spreading in A and B are approximately equal, because the time TAodd,het to spread

an adoption through A approaches limN→∞
∑N+1

i=1 τvi + N + 1 = µτ (N + 1) + N + 1

in the N → ∞ limit, and the time TBodd,het to spread an adoption through B also

approaches µτ (N + 1) + N + 1 in the N → ∞ limit, because |A| = |B|. Although

both TAodd,het and TBodd,het approach µτ (N+1)+N+1 in theN →∞ limit, one of TAodd,het

or TBodd,het may be larger than the other. Suppose that TAodd,het ≥ TBodd,het; then, the

spread of an adoption along path A determines the time to steady state for the WTM
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with heterogeneous timers on the network that has an infinitely large odd-sized loop.

Assuming that the mean µτ of the timers is the same between a homogeneous timer

and heterogeneous timers, it follows that jTAodd,het ≥ Todd,hom ≥ TBodd,het. Therefore,

given that the mean of the heterogeneous timers is the same as a homogeneous timer,

the time Todd,het to steady state for heterogeneous timers on the networks that has an

infinitely large odd-sized loop is larger than or equal to the time Todd,hom to steady

state for a homogeneous timer.

Figure A.1: Examples of networks in which a seed node v0 is adjacent to (a) an
infinitely large odd-sized loop with nodes vi ∈ {v1, v2, · · · , v2N+1} and (b) an infinitely
large even-sized loop with nodes vj ∈ {v1, v2, · · · , v2N+2}. We use X to denote a path
(v1, v2, · · · , vN+1), and we use Y to denote (v1, vN+2, · · · , v2N+1).
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For a network that has an infinitely large even-sized loop of size 2N + 2, if we

run the WTM with a homogeneous timer µτ , the time Teven,hom to steady state is

µτ (N + 2) + N + 2, where the last N + 2 comes from synchronously updating the

nodes in paths A, B, and node v2N+2. If we run the WTM with heterogeneous

timers with mean µτ , the times TAeven,het and TBeven,het to spread an adoption through

A and B approach µτ (N + 1) + N + 1 as N → ∞, although one of TAeven,het or

TBeven,het may be larger than the other. Suppose that TAeven,het ≥ TBeven,het; then, the

adoption path B triggers the timer of node v2N+2, and it forms a longer adoption

path B + v2N+2. Between paths A and B + v2N+2, the path that terminates later

than (or equal to) the other determines the time Teven,het to steady state. The mean

〈τv2N+2
〉 of the timer of node v2N+2 is µτ , and therefore, the mean time 〈TB+v2N+2

even,het 〉
to spread an adoption through B + v2N+2 is µτ (N + 2) + N + 2, which is larger

than 〈TAeven,het〉 = µτ (N + 1) + N + 1. Therefore, the spread of an adoption through

B + v2N+2 determines the time Teven,het to steady state for the network with the

infinitely large even-sized loop. Because we assumed that TBeven,het ≤ TAeven,het, the

mean time 〈TB+v2N+2

even,het 〉 to spread an adoption through B + v2N+2 is smaller than or

equal to Teven,hom. Therefore, for a network with an infinitely large even-sized loop,

the mean time to steady state is smaller or equal for heterogeneous timers than it is

for a homogeneous timer.

105



Appendix B

Stems with timers larger than the
mean

In this appendix, we discuss situations in which a stem in a network includes nodes

with timers larger than the mean, in contrast to those that we investigated in Sec-

tion 3.3.2. As we have seen, the characteristics of stems and branches can depend on

both network structure and the timers. In Section 3.3.2, we focused on examining

homogeneous adoption thresholds, such that nodes with degree equal to a network’s

mean degree meet the threshold adoption condition if even a single neighbour has

adopted. In that situation, we observed that stem nodes tend to have mean timers

that are smaller than the mean branch-node timers. However, depending on network

structure (see Fig. B.1a) and the assignments of timers (see Fig. B.1b), it is possible

for the mean stem-node timers to be larger than the mean branch-node timers. In

Fig. B.1a, the adoption paths do not change, regardless of the assignments of thresh-

olds and timers, because the seed node is not adjacent to any node in a cycle of

length 4 or more (see Section 3.2). Therefore, in Fig. B.1a, the stems (v3, v4, v5, v6)

and (v7, v8, v9, v10) have larger mean timers than the branches. (Note that the num-

ber of stems is larger than the number of branches, which is also different from our

findings on large random networks in Tables 3.3 and 5.2.)

Even if a network includes a cycle with 4 or more nodes, the stem nodes can have a

larger mean timer than the branch nodes, depending on network structure and timer

assignments. With the given timer assignment, the network in Fig. B.1b has the stem

(v1, v6, v5, v7, v8), which has a larger mean timer than the branch (v2, v3, v4).
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Figure B.1: Examples of networks with larger mean stem-node timers than mean
branch-node timers.
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[15] Marián Boguñá, Romualdo Pastor-Satorras, Albert Dı́az-Guilera, and Alex Are-

nas. Models of social networks based on social distance attachment. Physical

Review E, 70(5):056122, 2004.
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