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Choice and Auction Design in the Allocation of Food to Food Banks

by Samuel Mitchell ALTMANN

Feeding America, an organisation responsible for feeding 130,000 Americans every
day, distributes donated food among a network of participating food banks. Feed-
ing America’s allocation mechanism, the ‘Choice System’, uses repeated rounds of
simultaneous first-price auctions to allow food banks to signal which types of food
they need from Feeding America. This provides food banks a large degree of choice
over the types of food they receive. This thesis examines the welfare and distribu-
tional consequences of enabling this choice.

I develop an empirical model of bidding in repeated rounds of simultaneous
first-price auctions. I prove non-parametric identification of primitives in this dy-
namic multi-object auction model, and introduce a computationally feasible pro-
cedure to estimate this type of game. The difficulty arises because, when players
cannot place package bids, bids do not uniquely identify bidders” valuations.

I then apply this model to Choice System bidding data, estimating the distribu-
tion of food banks” heterogeneous and time-varying needs. The central challenge is
that I cannot observe food banks’ inventories — the key determinant of bidding be-
haviour. Nonetheless, I prove that observations of food banks” winnings, which are
just observed changes in their unobserved stocks, are sufficient for nonparametric
identification. I propose a Bayesian estimator to estimate food banks’ needs in the
presence of the latent inventories. I then use these estimates to compare the Choice
System to the previous allocation mechanism employed by Feeding America which
gave food banks very limited choice. I estimate that the Choice System increased
welfare by the equivalent of a 17.1% increase in the quantity of food being allocated,
and that on average 85% of food banks are strictly better off from this change. I find
that the majority of this welfare gain arises because the Choice System allocates food

in batches, rather than sequentially.
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Chapter 1

Introduction

1.1 The Question

Organisations are regularly faced with the problem of allocating scarce resources as
efficiently and as equitably as possible. Governments must decide how to allocate
contracts to contractors, local authorities must allocate school places to students,
and hospital boards must allocate kidneys to transplant patients. Likewise, food
relief organisations must decide how to allocate truckloads of donated food among
their networks of regional food banks.

A fundamental question for these organisations concerns how much ‘choice’ to
give agents. That is, to what extent agents should be able to signal their preferences
to the central planner, and to what extent they should have control over their alloca-
tions. In this thesis I study the food allocation problem faced by food relief organisa-
tions. I focus on Feeding America, but other such organisations include Food bank
Australia, Fareshare (U.K.), Banque Alimentaire, Tafel Deutschland, as well as all the
other national members of The European Federation of Food Banks. Every day these
organisations receive many donated truckloads, of various types of food, and must
allocate these scarce and heterogenous loads among their food banks. Over the next
one hundred pages I investigate the importance of giving food banks choice over the
types of food they receive.

In the food bank setting, the importance of choice depends on the extent of het-
erogeneity in the ‘match values’ between food banks and truckloads of food. In turn,
these match values depend on the substitutability of different types of food, as well

as the heterogeneity in the types of food wanted by different food banks at different


https://www.feedingamerica.org
https://www.foodbank.org.au
https://www.foodbank.org.au
https://fareshare.org.uk
https://www.banquealimentaire.org
https://www.tafel.de
https://www.eurofoodbank.org
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times. If food banks all needed the same types of food, so there was no heterogene-
ity, then a first-best allocation would be to just allocate food at random. In practice,
allowing food banks to signal their heterogeneous needs might be welfare improv-
ing. Therefore, in order to assess the importance of choice and perform any sort of
welfare analysis, it is important that we are able to accurately estimate the extent of

this heterogeneity.

1.1.1 The Rise of Food Banking

One in ten Americans faces food insecurity, living without consistent access to enough
food to lead a healthy and active lifestyle. Almost paradoxically, around 30% of all
the food produced in the United States gets wasted.! This is a common pattern seen
across the developed world: Around 6% of British people face food insecurity and
15% of the food produced is wasted, with similar numbers for continental Europe.”
This disconnect highlights a missing market, which food banks attempt to fill. Food
banks are charitable organisations that rescue food that would otherwise be wasted,
and ensure it gets to those who need it.?

Food banking, as we know it today, began in the U.S. in the late 1960s, spreading
to continental Europe in the early 1990s, and the U.K. in the early 2000s.* The rise in
food banking coincided with a societal rediscovery of the existence of food poverty
and insecurity, seeking to fill a gap that many had assumed would be filled by gov-
ernment welfare programmes (Riches, 2002). The increase in food banking is driven
by both demand and supply factors. For example, the recent increase in the number
of food banks in the U.K. has been attributed to the rise in food poverty caused by
the Global Financial Crisis and a decade of government austerity (Loopstra et al.,
2015). Meanwhile, tax incentives for corporations to donate surplus food to food
banks in the North America lead to a similar increase in food banks, as there is now

more food available for them to meet the demand (Leib et al., 2017, Kinach, Parizeau,

1These figures come from Feeding America’s annual “Map The Meal Gap” report, available here.

2U K. figures come from the Food Foundation, available here, while figures for Continental Europe
are available through Eurostat.

3This food is never past use by date, and is often simply surplus food that a producer projected
they were unlikely to sell in the first place. Food banks have a mandate to turn down food that is past
its best. As well as food rescue and distribution, food banks perform numerous other important tasks
including advocacy, offering training programmes, and access to funding schemes.

4Gee, for example, Wikipedia’s discussion of the history of food banking or Williams and May
(2022) on the recent rise of food banking in the U.K.


https://map.feedingamerica.org/?_ga=2.135449969.1549046139.1686313255-2101250309.1686313255
https://foodfoundation.org.uk/initiatives/food-insecurity-tracking
https://en.wikipedia.org/wiki/Food_bank
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and Fraser, 2020). This global increase in food banking has both positives and neg-
atives. On the positive side, people in need of food are now able to access it. But
on the other hand, food banks only act as a sticking plaster and are not well placed
to tackle the root causes of food insecurity. The need for food banks is arguably
symptomatic of deeper societal problems; many have argued that the existence of
food banks risks leading to political inaction on these root causes, leading to society
becoming reliant on this charitable sector.”

There are a number of different models of food banking used around the world.
Possibly the most common model is the ‘warehouse model’, where the food relief
organisation operates a large central warehouse in each city or region. These central
warehouses serve as the main point of food donations and storage, literally acting
as a bank for food. These warehouses then distribute food among nearby charities,
food pantries, and soup kitchens. This double hub and spoke system is effective
as it makes use of scale efficiencies where storage is concerned. Other alternatives
would require the partner charities to store food for extended lengths of time on
their premises, which comes with additional costs. To the best of my knowledge,
most systems have moved towards the warehouse model, owing to the benefits from
centralisation.®

Food banks receive food donations from nearby farms, factories, grocery shops,
and charity food drives, which I refer to as local donations. In many cases the food
relief organisation, the central charity that coordinates the food bank network, also
receives donations — this is the case for Feeding America, Food Bank Australia,
Banque Alimentaire, among others. These are typically large donations - often truck-
loads of food coming from large corporate donors or farms. The food relief organ-
isation then has to decide which, of their network of food banks, to send this food

out to.” The choice of which food bank to send this food to is therefore of the utmost

5See, for example, discussions in Caplan (2016), Loopstra et al. (2015), Williams and May (2022),
and Byrne and Just (2022).

6Other models of food banking involve the food pantries and soup kitchens themselves procuring
donations in a more decentralised fashion. OzHarvest, and their related “XHarvest” organisations
(such as UKHarvest), operate an “online” (in the Operations Research sense) model. Their fleet of
vans are constantly roaming a city, picking up and dropping off food as it is needed, removing the
need for a warehouse to store food in the first place.

"Many food relief organisations, particularly those that do not operate on the warehouse model,
do not procure central donations in this way. Instead, they use their links with corporations and farms
to increase the number of donations going directly to their member food banks. This can be thought
of as similar to always sending these central donations to the food bank closest to the original donor.


https://www.ozharvest.org
https://www.ukharvest.org.uk
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importance.

1.1.2 Feeding America

Feeding America directly distributes around 100,000 tons of food each year across
a nationwide network of 200 food banks. This is enough food to provide meals
for around 130,000 people each day. These food banks, in turn, distribute around
500,000 tons of food each year, and it has been estimated that one in seven Americans
make regular use of a Feeding America affiliated food bank (Gundersen et al., 2017).
As a consequence, achieving an efficient and equitable allocation of food is a priority
for Feeding America, to ensure that food banks can keep up with the ever-increasing
demand for their services.

Like many food bank networks around the world, Feeding America previously
allocated food using an allocation mechanism that allowed food banks very little
choice in the food they received. Under this mechanism, referred to as the ‘Old
System’, food banks would queue until they were offered a truckload of food, and
return to the back of the queue regardless of whether they accepted or rejected this
load. This mechanism was unpopular among food banks as they were rarely offered
the types of food they needed. Efficient central planning is difficult because of unob-
served heterogeneity in food banks’ needs: Different food banks need different types
of food at different times.® This heterogeneity arises because food banks in different
parts of the country have access to different types of food from their local donors,
and these types of food are liable to change over time. Feeding America’s current
allocation mechanism, the ‘Choice System’, consists of an auction market in which
food banks are given an amount of virtual currency to bid on loads of donated food
(Prendergast, 2017). This gives food banks a strong degree of control, and choice,
over the food they receive.

Therefore, in this thesis I will investigate the magnitude of the welfare gain from
Feeding America’s transition from the Old System to their Choice System. We know

from economic theory, including the welfare theorems, that choice will be beneficial.

81 use the term ‘needs’ to capture both what a food bank has a preference for, on behalf of their
clients, as well as what they have room for in their warehouse. In this way, the term is intended to
capture the determinants of a food bank’s demand function, or their revealed preference from ob-
served bids - a food bank with a warehouse full of cornflakes may still have positive marginal utility
of additional cornflakes, but due to capacity constraints will not bid on additional cornflakes.
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Likewise, Feeding America has found that the Choice System is extremely popular,
relative to the Old System (reported in Prendergast (2017) and NPR (2015)). How-
ever, this alone cannot say anything about the size of these welfare benefits, nor
whether the magnitude is large enough to justify investing in one of these auction
platforms. Similarly, theory alone cannot tell us what is driving this welfare change
— what it is about the Choice System that works so well. Therefore I will also in-
vestigate which features of the Choice System are driving these results. This will
help highlight the key features of the mechanism we might take to other food bank
networks or other settings. I will also investigate how these welfare benefits are dis-
tributed, as a common fear about such “‘market mechanisms’is that they will increase

inequality or inequity.

1.2 The Road Ahead

The structure of this thesis is as follows:

1.2.1 Chapter 2

Chapter 2 primarily serves to motivate my research question and methods. It serves
as an introduction to the setting, the data, and various features of the data that are
important for modelling purposes.

In Section 2.1 1 give additional institutional details on Feeding America and their
food allocation problem. In Section 2.2 I review the related literature on the food
allocation problem, market design more broadly, and the econometric of auctions.
In Section 2.3 I introduce the data sets used in this thesis and briefly explain how I
clean and combined them. I then then go into detail describing the data in Section
2.4. Next, in Section 2.5 I present suggestive evidence on the extent of heterogeneity
in food banks needs - both across food banks and within food banks over time. This
is an important finding because the importance of choice directly depends on the
extent of this heterogeneity — if food banks all had the same needs, which were
invariant over time, then allocating food at random would be optimal.

In Section 2.6 I go on to discuss key features of the data, investigating impor-

tant determinants of bidding behaviour. In particular, I highlight the existence of



6 Chapter 1. Introduction

strategic bidding behaviour, that food banks treat food as a storable good (consider-
ing not just what to consume, but when to consume it), as well as non-additivities
across different truck loads of food. These finding motivate my use of a structural
auction model to analyse this problem. In Section 2.7 I discuss the positives and neg-
atives of using a structural auction approach, as well as a number of other possible
approaches. I settle on using a structural auction model despite the need to develop

additional econometric tools to analyse this problem.

1.2.2 Chapter 3

Chapter 3 is primarily methodological, laying out the econometric framework that
will be used to analyse the problem. In Section 3.2 I introduce an empirical model
of bidding in repeated rounds of simultaneous first-price auctions. I then discuss
identification and estimation of this dynamic multi-object auction model. The dif-
ficulties arise because simultaneous first-price auctions are not a direct revelation
mechanism, so that bids do not uniquely determine a bidder’s type. This means we
cannot straightforwardly apply an inversion type argument to identify the model
(Guerre, Perrigne, and Vuong, 2000), nor to estimate the model (Jofre-Bonet and Pe-
sendorfer, 2003).

To identify the model we need some other type of observed variation. In Section
3.3 I show that observed variation in bidders’ state variables is sufficient for identifi-
cation. The idea is that variation in a bidders’ state, such as variation in stocks, will
cause variation in observed bidding behaviour. Under mild conditions, this reduced
form relationship is sufficient to pin down the payoff function. Consequently, just
like Jofre-Bonet and Pesendorfer (2003), I show that non-parametric identification of
the model primitives follows from identification of the equilibrium bid distribution,
conditional on state variables, and the state transition process.

In Section 3.4 I consider the estimation problem, which involves extending the
procedure of Jofre-Bonet and Pesendorfer (2003) to the multi-object setting. In the
single object setting, their procedure involves writing the value function as a func-
tion of the observed distribution of equilibrium bids only, a condition which fails in
a multi-object environment (due to the lack of a Direct Revelation Mechanism). In-

stead I demonstrate that the value function can be written as a function of both the



1.2. The Road Ahead 7

bid distributions and a correction term, which corrects for the non-additivities be-
tween lots allocated simultaneously. I then show how this correction term can be re-
covered from the estimates of a misspecified static model, allowing us to consistently
estimate the model primitives. I then present an simulation study demonstrating the

estimator’s efficacy.

1.2.3 Chapter 4

Chapter 4 returns to Feeding America’s food allocation problem, armed with the
tools developed in the previous chapter. I employ this empirical framework to esti-
mate food banks” needs from Choice System bidding data, and evaluate the welfare
benefits of Feeding America’s transition to the Choice System.

The framework presented in chapter 3 requires state variables are observed. Be-
cause I cannot observe food banks” inventories I extend the identification argument
and estimation procedure to allow for unobserved states. To prove identification
I expand on the framework presented in Hu and Shum (2012) to allow for multi-
variate latent states. I prove that the model is non-parametrically identified using
observed variation in food banks” winnings. The intuition behind this argument is
simple - winnings give observed changes to the unobserved states. When a food
bank wins a truckload of a particular type of food, the change in their propensity to
bid in the following periods allows us to pin down their payoff function. Likewise,
the length of time until they return to their previous bidding behaviour allows us to
pin down the distribution of food they receive from local donors. The idea is that
the more of a particular type of food they receive from local donors, the longer it will
take before they bid on that type of food after a win.

Extending the estimation procedure to allow for the unobserved stocks is rel-
atively easy, and we can estimate the distribution of these local donations in the
misspecified static estimation step. To overcome that the unobserved stocks will
be correlated over time I employ a Gibbs Sampler to perform this estimation step -
essentially iterating between drawing the unobserved stocks from their conditional
posterior distribution, and estimating the misspecified static model, given a sample
of stocks. I make parametric assumptions to facilitate estimation, assuming that de-

mand curves are linear and that the unobserved donations are normally distributed.
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Having estimated the model I use counterfactual simulations to compare the dis-
tribution of equilibrium allocations under the Choice System to allocations under the
Old System. I find that on average welfare is 17.1% higher under the Choice System,
and that on average 85% of food banks are strictly better off. I use additional simu-
lations to tease out the most important features of the Choice System. I find that this
welfare change is driven by Feeding America switching from a sequential allocation

mechanism, to a simultaneous mechanism that allocates food in daily batches.



Chapter 2

Feeding America and the Food

Allocation problem

2.1 Chapter Introduction

In this chapter I introduce the reader to Feeding America and detail their food allo-
cation problem, paying particular attention to the role of ‘choice’. I then introduce
the data that I will use to analyse the problem, and present various descriptive statis-
tics to give the reader a flavour of what the data looks like. I then present suggestive
analysis, looking for evidence of heterogeneity in food banks” needs, suggestive of
the importance of choice. Finally, I present additional exploratory analysis, investi-
gating the key drivers of bidding behaviour, highlighting which features of the data
are relevant for building an empirical model of the Choice System. I also use this

chapter to review the relevant market design and auction literatures.

21.1 Feeding America

Feeding America, formerly America’s Second Harvest, began in 1976 as a collection
of food banks that would solicit donations from local grocery stores and farms. As
additional food banks joined their network it became necessary to co-ordinate re-
source sharing. In 2001 the organisation merged with Foodchain, the then largest
food rescue organisation, making it responsible for over 200 food banks.

Many of these food banks operate as standard food pantries — directly giving

out food to those in need. However, the majority act as food distributors; themselves
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responsible for storing and sending out food to hundreds of local food pantries.! The
food banks typically have fleets of trucks at their disposal, which they send out to
pick up and drop off food as and where it is needed.

Figure 2.1 describes Feeding America’s ecosystem. Corporate partners donate
truckloads of food directly to Feeding America, who then decide which food bank
to send this food out to. Food pantries, often churches or community centres, then
come and take this food from their local food bank, before distributing it in their
communities.” In this way, the food bank essentially acts as an intermediary, storing
food before it is collected by a food pantry. In addition to receiving food from Feed-
ing America, food banks also receive food from their local donors — nearby farms,
factories, and grocery shops. In this way, food banks substitute food from Feeding
America for food they do not have access to from their local donors. The average
food bank receives around 75% of its food from local donors, however there is a lot
of variation across food banks, with some relying on food from Feeding America

much more than others.

2.1.2 The Old System

Under the Old System any truckload of food donated to Feeding America was of-
fered to the head of a queue. The potential recipient had a few hours to accept or
decline the load, before it was offered to the next food bank. This meant that each
load could only be offered to around ten food banks before being returned to the
donor. To discourage rejections, food banks would return to the back of the queue
regardless of whether they accepted the loads. A food bank’s relative position in
the queue was determined jointly by whether they had recently been offered food,
and their ‘Goal Factor”: A measure of the poverty in their local area relative to the
national average. A higher Goal Factor implies more mouths to feed, so these food
banks should be offered more food. Transportation costs were paid by the food

banks, many of whom have fleets of trucks and lorries for this purpose.

10ne point of clarification: Often, particularly in the U.K., the term “Food Bank” is used to describe
what is known as a food pantry in most other countries.

2Different food banks give food out in different ways, however for the most part representatives
from a food pantry go to the food bank, choose what they want, and load this into a van to take back
to their pantry. Some food banks allocate slots for pantries to come collect food, others use on-line
ordering systems. Studying some of these additional allocation mechanisms could be another fruitful
area of research in future.
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FIGURE 2.1: The Feeding America Ecosystem
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The type of food offered in each truckload was essentially random, so that on
average food banks received the same quantities of food per mouth. This would
have been optimal if food banks all had the same preferences and capacities. In
reality, different food banks needed different types of food at different times. Food
banks use food from Feeding America to substitute for food they do not receive
from their local donors. A food bank surrounded by farms is likely to have a weaker
preference for fresh produce than a food bank in a city. Feeding America wanted to
improve welfare by taking account of differing needs. They decided to use a market

mechanism to give food banks control over the allocation they receive.

2.1.3 The Choice System

The Choice System consists of simultaneous first-price sealed-bid auctions. Two
rounds of auctions occur each day, five days a week, with around 30 lots auctioned
each day. Bidders observe the previous winning bids for a particular type of food,
making it easier for food banks to know how to bid. Outcomes of auctions that
occur simultaneously are independent, and bidders cannot place combination bids.

Winners generally pay to transport their winnings.
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Food banks bid with a virtual currency called ‘shares’. Other than storage and
transportation costs, the only opportunity cost a food bank faces when bidding is
that they will have fewer shares to bid on other lots. Feeding America can control
which food banks have the most shares, ensuring that food banks with larger Goal
Factors are allocated more shares and, consequently, receive more food (in the spirit
of the Second Welfare Theorem). All spent shares are redistributed each night.?> Food
banks can save shares from one day to the next. Those with less than the median
allocation of shares have access to interest-free credit, so that food banks can smooth
their consumption over time. The money supply is set to ensure that prices remain
constant (on average) over time, reacting to changes in the supply of food.

Food banks can bid negative amounts, down to a reserve price of —2000 shares.
This incentivises food banks to accept undesirable loads, helping Feeding America
maintain good relations with their donors by ensuring that every lot is graciously
accepted. This had been a problem under the Old System - donors whose donations
are refused are less likely to donate in future.* As all lots are eventually sold, donors
now feel like their donations are always graciously accepted, and so they continue
to donate. On average 21% of lots are sold at strictly negative prices, and 10% are
sold at the reservation price.” Negative prices occur because food banks are capacity
constrained. The marginal value of an additional load of food to a food bank with
an already full warehouse is negative. The extra load will likely spoil and have to be
thrown away, which creates a bad image.

The introduction of a market mechanism had the potential to disadvantage smaller
food banks. Credit use, joint bidding and fairness committee mechanisms were in-
troduced to alleviate this risk. Smaller food banks often choose to bid jointly, because
they might not need a whole truckload of a food. A small number of food banks bid
jointly for more than half their winning bids. Otherwise, food banks rarely place

joint bids. For this reason I generally ignore the decision to bid jointly. Discussion

3The redistribution creates a small positive externality. For every share spent, an individual food
bank will receive around 1/210 of that share, which is negligible.

4This aspect of the Choice System contributed to the supply of donations to Feeding America
increasing drastically since the introduction of the mechanism. Feeding America itself would often
turn down donations under the Old System, fearing that no food bank would accept the load.

SWhile 22% of lots are not sold right away, most are sold the following day. Lots not sold right
away are predominantly either multiple loads of fresh produce or large bottles of water. The numbers
are skewed by 130 loads of 8 litre bottles of water that were sold over several months.
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of how I consider joint bidding is given in Appendix A.1.3. Feeding America also
employ a fairness committee to enable food banks to raise any problems they have
with the Choice System. So far there have been no complaints, and food banks have
universally reported great satisfaction with the Choice System.

When multiple homogenous lots are auctioned simultaneously lots are allocated
to the top bidders (who pay their bid) until the lots have been exhausted. These
auctions resemble discriminatory first-price auctions, rather than simultaneous auc-
tions. 7% of auctions fall into this category. The main text ignores these auctions,
while estimation and analysis does not. Details of how the model and estimation
procedure are extended to account for these auctions is given in Appendix H.

Feeding America allows food banks to sell the food they receive from local donors,
making up 4.5% of lots. There are several distortions in this submarket: For equity
reasons Feeding America taxes and redistributes shares earned, reducing incentives
for foodbanks to sell. Similarly, foodbanks have always happily shared excess food
with one another for free and selling one’s excess is looked down on by the food-
banks.® In this paper I generally ignore food banks’ decisions to sell food. Selling
food is rare, particularly for the food banks most reliant on the Choice System. In-

corporating the decision to sell adds too much complexity to the analysis.

2.2 The Literature

In this section I discuss the related literature. I begin by discussing previous work
on the food allocation problem, on which there is very little prior literature. In2.2.2 1
discuss the empirical literature on centralised allocation and market design, focusing
on settings when the planner cannot use (real) money to clear the market. Finally,
given the direction this thesis will take over the few chapters, in 2.2.3 I review the

empirical auction literature.

6Repor’ced in Planet Money, (NPR, 2015).
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2.2.1 The Food Allocation Problem

Prendergast (2017) and Prendergast (2022) also study Feeding America’s transition
to the Choice System. Prendergast (2017) is predominantly descriptive in multi-
ple ways. After outlining the details of Feeding America’s Choice System (much
of which is directly repeated in this thesis), Prendergast then presents descriptive
analysis of the Choice System data. The key ‘causal” contribution of this paper is to
recognise that under the Old System food banks would, more or less, all receive the
same food. Whereas under the Choice System, food banks could choose their alloca-
tions. Therefore, the degree to which food banks sort into consuming different types
of food under the Choice System conveys information about the relative inefficiency
of the Old System. If, under the Choice System, food banks still all consume the
same food, then the Old System was not particularly inefficient. Prendergast (2017)
then reports that food banks broadly sort into those who predominantly consume
high quality food (such as peanut butter), and those who consume lower quality
food (such as produce) in large quantities.

Prendergast (2022) goes into additional detail describing the data. They present
additional descriptive statistics demonstrating heterogeneity in winning and bid-
ding patterns across food banks, all of which emphasise that welfare is likely to be
greater under the Choice System than the Old System. They also considers a sim-
ple welfare exercise, using a sufficient statistics approach to compute welfare under
the Choice System compared to under the Old System. Assuming pure price taking
and aggregating consumption at two month intervals across 21 categories of food,
they calibrate a quadratic utility function with the results from the prior literature on
food consumption. Under this model, the observed elasticity of demand can be used
to compute a sufficient statistic for food bank welfare. They find that the observed
dispersion in consumption across food types is associated with a 21% increase in the
value of distributed food.

There are several important differences between this thesis and the previous
work by Prendergast. First, they use data from 2005-2011, right after the Choice
System was introduced, whereas my data (2014-2017), comes from a time when one

might expect the market to be in a steady state. Likewise, my structural approach
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is complementary to their descriptive and sufficient statistic approaches, allowing
me to perform detailed welfare analysis and consider additional counterfactuals of
interest. This thesis employs richer data that is disaggregated at the auction level
and includes information on losing bids. Instead of aggregating consumption over
time, I can study the exact timing of food banks” consumption as well as their losing
bids.” Consequently, I gain a more detailed understanding of how food banks make
inter-temporal substitutions. This allows me to simulate alternative dynamic alloca-
tion mechanisms, for example investigating the benefits of batch versus sequential
allocation. Because my approach does not require consumption aggregation over
time I do not make assumptions about the correct period for aggregation, which is
complicated by how drastically food banks differ in both the scale and scope of their
operations.

While there is some literature studying food banking more broadly, there is little
work examining the food allocation problem.® As noted by Byrne and Just (2022),
research on food banking is still in a nascient stage, particularly in countries where
widespread food bank use is still a recent phenomenon. Given the rise in food bank
use worldwide, we can expect increasing interest in this area in future. There is in-
creasing interest in fair-division and “many-to-one" matching markets (which char-
acterises the food problem) from the Operations Research Literature, and several
algorithms have been proposed for solving such problems. The only study which
explicitly handles the food allocation problem is Walsh (2015), who tackle the prob-
lem faced by Food Bank Local in Australia. They develop an online-algorithm (the
"Like" mechanism) for sequentially allocating food among food banks. This is one

of the allocation mechanisms I consider as a counterfactual.

2.2.2 Market Design

Empirical market design is a growing literature analysing preferences and alloca-

tions in centralised assignment markets, often employing techniques from Empirical

"Their attempted consumption, if you will.

8There is an extensive literature seeking to understand the causes of the rise in food banking
(Riches, 2002), the geography of food banking (Cloke, May, and Williams, 2017), who works in food
banks (Williams et al., 2016), and an extensive literature on the effectiveness of food banks at providing
nutrition to their clients (Bazerghi, McKay, and Dunn, 2016). The “How” of food banking remains an
under-researched topic.
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Industrial Organisation. Unlike the much of the theoretical market design literature,
the empirical literature typically examines settings in which the planner’s choice of
mechanism depends on features of agents preferences. For example, in the food
bank setting, the importance of choice depends directly on the existence and the
extent of heterogeneity.

There is an extensive literature empirically analysing one-to-one matching mar-
kets, studying, for example, the allocation of doctors to hospitals (Agarwal, 2015),
the allocation of students to schools (Abdulkadiroglu, Agarwal, and Pathak, 2017),
and the allocation of teachers to schools (Combe, Tercieux, and Terrier, 2022). See
Agarwal and Budish (2021) for a broad overview of the empirical market design lit-
erature, Agarwal and Somaini (2020) for a detailed overview of the empirical school
choice literature, and Chiappori and Salanié (2016) for a detailed overview of the
econometrics of matching markets. However this literature typically employs static
models, since students are only assigned a school once. The food allocation prob-
lem is both multi-object (many food banks are allocated many loads of food) and
dynamic (food must be allocated repeatedly over time).

On the multi-object side Budish and Cantillon (2012) study the course allocation
problem, which also uses a system of virtual currency to allocate MBA courses to
students. Similarly, Fox and Bajari (2013) use methods from the stable matching
literature to measure the efficiency of the 1994 US spectrum auction. Preference het-
erogeneity is an important theme in these papers, even though their data is primarily
cross-sectional.

The empirical dynamic assignment literature often consists of evaluating wait-
ing list design. Agarwal, Hodgson, and Somaini (2020) and Agarwal et al. (2021)
study the mechanisms used to offer deceased donor kidneys to transplant patients.
Likewise Waldinger (2021) studies the allocation of public housing. Similar to this
paper, they assess the value of giving agents choice over their allocations, consid-
ering the trade-offs between efficiency and other concerns of policy makers. Other
work analysing dynamic multi-object allocation problems include Verdier and Reel-
ing (2022) on hunting licenses, Gandhi (2019) on nursing homes, Liu, Wan, and
Yang (2019) on peer-to-peer ride sharing, and Robinson Cortés (2020) on foster-care

placement. This literature highlights the importance of heterogeneity in preferences
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and match values, but typically do not consider the role of heterogeneity over time,

which is an important factor in the food allocation problem.

Dynamic Games

This literature regularly borrows from the literature on the estimation of dynamic
discrete choice models and dynamic games. Consequently, this thesis does the same,
albeit most often through the an empirical auction lens, which I discuss shortly.

The Estimation Procedure I introduce in Chapter 3 is a generalisation of Jofre-
Bonet and Pesendorfer (2003)’s procedure for estimating dynamic auction games,
but in a discrete choice setting, collapses down to the Conditional Choice Probability
methods of Hotz and Miller (1993) and Pesendorfer and Schmidt-Dengler (2008).
The difference only arises when the agent is faced with a choice over lotteries.

This thesis also relates to the literature on the identification of dynamic models
in the presence of unobserved states, drawing from Kasahara and Shimotsu (2009)
and Connault (2014) among others. My identification argument expands on Hu and
Shum (2012), introducing an additional (potentially endogenous) variable that acts
as an observed shifter, or instrument, for the unobserved state. This has an advan-
tage over their framework in reducing the restrictiveness of the assumptions needed
for identification, as well as yielding this very intuitive identification argument. I
also expand their framework to allow for multivariate latent states, an important
contribution in itself. My non-parametric identification proof relies heavily on their
framework, as I use a similar argument based on the spectral decomposition of lin-
ear operators as has also been used extensively in the measurement error literature,
including in Hu and Schennach (2008) and Carroll, Chen, and Hu (2010). My iden-
tification argument is also similar to that of Berry and Compiani (2020), using an
instrument (observed winnings) to identify changes in the unobserved state (food
banks’ stocks). Whereas they require the unobserved state is independent of their
instrument (an exclusion restriction), I require dependence between my instrument
and the unobserved state as instrument relevance.

Unobserved stocks are also a key feature of the inventory models of Hendel and
Nevo (2006) and Erdem, Imai, and Keane (2003) among others. The key distinction

between my model and these is that agents also receive food from an external source
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- local donors. I do not need to assume that agents solve the optimal control problem
for their consumption of these stocks, and can instead treat this as an identifiable

process determined by their client food pantries and local donors.

2.2.3 Empirical Auctions

To the best of my knowledge, I am the first to consider the identification or estima-
tion of dynamic multi-object auction games. However, I build strongly on a number
of literatures, most notably the literature on the estimation and identification of dy-
namic auction games, and multi-object auction games.

The state-of-the-art approach to using structural econometrics to empirically anal-
yse auctions comes from Guerre, Perrigne, and Vuong (2000), who established how
to invert the bidders’ first-order-conditions to write the underlying values as a func-
tion of the observed distribution of bids. This approach has been used to analyse,
for example, timber auctions (Athey, Levin, and Seira, 2011), government procure-
ment (Li and Zheng, 2009), allocating mineral right (Li, Perrigne, and Vuong, 2000),
among other things. It has also been extended to various other settings, including
the affiliated private value framework (Li, Perrigne, and Vuong, 2002), the interde-
pendent value framework (Somaini, 2020), to allow for unobserved auction level het-
erogeneity (Krasnokutskaya, 2011), the multi-unit setting (Hortagsu and McAdames,
2010), and a setting with dynamic linkages (Jofre-Bonet and Pesendorfer, 2003). See

Athey and Haile (2007) for a comprehensive review.

Multi-Unit and Multi-Object Auctions

There is a large literature empirically modelling multi-unit auctions. The distinc-
tion between Multi-Unit and the Multi-Object auctions studied in this thesis con-
cerns whether lots are divisible. Hortagsu and McAdams (2010) was the first to
extend Guerre, Perrigne, and Vuong (2000)’s identification and estimation approach
to multi-unit auctions. The central idea here is to recognise how rather than simply
inverting an individual bidding function, we can invert the whole demand sched-

ule to recover an underlying cost function. This has since been applied to analyse,
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among other things, financial securities auctions (Kang and Puller, 2008) and elec-
tricity auctions (Reguant, 2014). See Hortagsu and McAdams (2018) for a compre-
hensive review.’

On the Multi-Object side, Cantillon and Pesendorfer (2007) was the first paper
to consider identification and estimation of simultaneous first-price auctions. They
focus on first-price auctions in which bidders submit combination bids over Lon-
don bus routes. Similarly, Kim, Olivares, and Weintraub (2014) study combinatorial
first-price auctions in the allocation of contracts for Chilean school meals. In both
cases, observations of combination bids are necessary to identify complementarities
between lots. In contrast, Gentry, Komarova, and Schiraldi (2023)’s key contribution
is to consider simultaneous first-price auctions without combination bidding. They
showed that variation in the characteristics of rival bidders could be used similarly
to an instrumental variable to identify the bidders” combination values. However, as
I'will demonstrate, these exclusion restrictions fail in a dynamic environment. This is
because bidders” forward looking behaviour ensures that their continuation values,
and hence bidding behaviour, are generally affected by every state variable. Instead,
as I will show, these exclusion restrictions are not necessary for identification. As
described above, Fox and Bajari (2013) also study an auction environment without
combination bidding. In their application the equilibrium allocation is shown to be
‘stable’, enabling the identification of preferences and partly enabling them to get
around the dimensionality problem. However, this stability property cannot be ap-

plied in general.

Dynamic Auctions

Jofre-Bonet and Pesendorfer (2003) was the first paper to empirically analyse dy-
namic auction games, focusing on repeated first-price auctions. They analyse high-
way contracts, finding backlog effects to be determinants of future bidding behaviour.
A number of papers have built on this framework, for example Jeziorski and Kras-

nokutskaya (2016) who study dynamic auctions with subcontracting. Groeger (2014)

9The identification framework and estimation procedure presented in Sections 3.3 and 3.4 respec-
tively can be extended with relative ease to Multi-unit auctions. This is left for future work.
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study participation in first-price auctions in a dynamic setting. They assume (justi-
fied by the data) that while entry decisions are forward looking, bidding behaviour
is myopic. Balat (2013) generalise participation in the dynamic setting, additionally
allowing for unobserved heterogeneity in lot quality. Finally, Raisingh (2021) stud-
ies the effect of pre-announcements of auctions in the MDOT data, using a dynamic
model of bidding and entry behaviour. These papers generally study data in which
multiple auctions are held simultaneously - assuming that pay-offs are additively
separable across auctions. I build on this literature by relaxing the assumption that
pay-offs are additively separable.

Kong (2021) study an intermediate case in which gas and oil leases for a given
tract are auctioned sequentially, finding evidence of both complementarities and af-
filiaiton in the values of sequentially auctioned leases. There is also an extensive lit-
erature on dynamic second price auctions, often studying on-line market places such
as eBay. Sailer (2006) consider a model of identical objects, presenting various non-
parametric identification results. Backus and Lewis (2016) extend this framework to
allow objects to be heterogeneous and allow for a ‘random coefficient demand’ style
model. Their framework has since been applied on a number of occasions, for ex-
ample in Hendricks and Sorensen (2015) and Bodoh-Creed, Boehnke, and Hickman
(2021) who study the efficiency of on-line marketplaces. Finally, Balat et al. (2015)
use a dynamic multi-object auction model to analyse how dynamic strategising af-
fects bidder’s behaviour in electricity markets. The model they present is used to

derive several hypotheses, which they test using reduced form analyses.

2.3 The Data

Three sources of data are used in this thesis. The main data is the Choice System
dataset, which is not publicly available and was received directly from Feeding
America. I also make use of an auxiliary data-set enabling the identification of the lo-
cations of 85% of the food banks. Lastly, I use information from Feeding America’s
on-line food poverty tracker tool to estimate Food banks’ goal factors.'” Detailed

discussion of how I clean and categorise the data are included in Appendix A.

10This tool is accessible https://map.feedingamerica.org
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2.3.1 Bidding Data

The Choice System dataset contains information on 26,617 individual auctions run
over the course of 44 months from January 2014, covering 165 food banks. The data
included both winning and losing bids from each food bank, as well as information
on the food composition and location of each lot.!!

The sheer volume of types of food being auctioned makes categorisation neces-
sary. I split food into 15 categories, largely the same categories used in Prendergast
(2017). To capture different types food being imperfectly substitutable I further split
food into 164 subcategories.'? To capture storage costs I categorise food into five
storage types: Dried, Tinned/Bottled, Refrigerated, Fresh, and Non-Food. Fresh
food includes produce and baked goods, that generally have limited shelf-life. Re-
frigerated includes anything that needs to be stored in a fridge or freezer, such as
meat and dairy. Tinned and Bottled food includes anything with a long shelf-life that
is tinned or bottled, ranging from baked beans to bottled water. Dry food captures
long shelf-life food such as cereal, pasta, or cookies. Non-Food includes anything
not considered food, including cleaning and beauty products. Many loads contain
multiple types of food. I allow lots to contain up to four different items which I as-
sume evenly make up the load, unless explicitly stated otherwise. See Figures 2.3

and 2.4 below for the approximate composition of allocated food by Category and

Subcategory respectively.

2.3.2 Auxiliary Data

Food banks in the main Choice System data were anonymised. Using data from
Feeding America’s Food Bank Locator tool" I identified the locations for 85% of

food banks, who together consumed just over 98% of all food on the Choice System.

HImportantly, I do not observe whether any given auction happened in the morning or afternoon.
I assume that all auctions in a day happen at the same time. This presents a potential weakness of this
analysis, however anecdotal evidence suggests that most food banks bid in only one auction round
each day. This was suggested by Canice Prendergast, one of the original designers of the Choice
System. If food banks are optimally choosing not to bid on any auction in a given round then the
inaccuracy of my results will be minor.

12Gee Appendix A for additional discussion of how food was categorised.

13 Accessible at https://www.feedingamerica.org/find-your-local-foodbank
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Figure 2.6 shows the approximate locations of foodbanks (black spots) and the ori-
gins of lots coming to auction, by storage type. I imputed the distance between each
food bank and each lot using the distance “as the crow flies”.

I did not receive access to recent Goal Factor figures. However, this data can be
constructed using the locations of food banks, formulae given in (Prendergast, 2022),
and information on local poverty and food insecurity rates from Feeding America’s
‘Hunger in America” on-line resource. Under the Old System a food bank’s Goal

Factor was given by:

CEOS _ Population; Poverty;
! Population; ;3 = Poverty

2.1)

Where Population; refers to the number of people living in food bank i’s catch-
ment area, and Poverty; refers to the number of people living below the poverty
line in food bank i’s catchment area. Food bank catchment areas, defined at the
County level, are given in Feeding America’s ‘Hunger in America’ on-line resource.
Populations figures were then taken from the 2015 US census Small Area Income
and Poverty Estimates (SAIPE). Poverty rates, by county, are given in an additional
dataset received from Prendergast, in turn received from Feeding America. Presum-
ably these were the figures used to construct the Goal Factors to begin with.

Under the Choice System, the Goal Factor formula was updated to reflect that
even individuals above the poverty line often use food banks. The new formula
includes Poverty!, the number of people between the poverty line and 185% of
the poverty line, as well as Population;, the number of people above 185% of the
poverty line. These figures were included in the dataset I received. These figures are

weighted according to empirical usage weights. The updated formula is given by:

GFCS _ 0.73 Poverty; + 0.22 Poverty’ + 0.05 Population 22)
' 0.73 Poverty,;s + 0.22 Poverty};s + 0.05 Population '
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2.4 Descriptive Analysis

2.4.1 The Food

Figure 2.2 presents descriptive statistics on the lots being allocated, split by storage
method. Several things are evident. First, that many lots are allocated simultane-
ously. On average around 30 truckloads of food are allocated each day across the
two rounds of auctions. Fresh produce is by far the most abundant type of food,
however part way through my sample the supply of produce drops to near zero.
This is because Feeding America started allocated produce off platform instead.'*
Other than this, there are no other changes to supply occurring over the sample pe-
riod. The composition of food by category are demonstrated in Figure 2.3. Likewise,
the composition of food by subcategory is shown in Figure 2.4, displaying more
common subcategories in proportionally larger font size.

A second key feature of the data is that lots come in very variable sizes. Produce
is most often shipped in 20 ton truckloads, while other loads have averages between
10 and 15 tons, with standard deviations of 5 tons. This is important because it
emphasises that even just descriptively and ignoring their different compositions,
lots appear to be highly heterogenous.

The final feature that is clear from this figure is that only a small number of
bidders bid on any given lot, with an average of around 3 bidders per lot, with a
standard deviation of 3. Likewise, we see that a large proportion of lots sell for
negative prices - particularly Fresh produce and high volume/low quality beverages
(included in the Tinned storage type). This suggests low demand for these types of

food."?

14This was most likely because these auctions were extremely uncompetitive (attracting on average
only one bid per allocated lot, with only 71% of lots being allocated), with extremely deterministic
demand. That is, a small set of food banks would consistently buy the bulk of the produce. When
demand is so easily predictable, even the small costs associated with listing the food on the platform
can make off-platform allocation worthwhile.

15Figure 2.2 shows that very few bidders are observed bidding in any given auction. This may
suggest auctions are uncompetitive. In practice it is unlikely that food banks collude, given how this
harms non-colluding food banks and that most food bank managers are extremely prosocial.
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FIGURE 2.2: Descriptive Statistics, across lots

Dried Tinned Fridge Fresh Non-food Mixed Total

Daily lots

(mean) 9.19 5.3 432 1056 2.52 4.6 29.36

(std) 5.95 3.81 2.92 5.79 2.06 3.22 13.32
Pounds per lot

(mean, 000s) 22.5 34.3 28.3 40.1 20.4 27 28.8

(std, 000s) 9.7 8.3 10.1 3.9 12.2 10.6 11.3
Winning bid

(mean) 2106 1085 2704 211 2967 2481 1802

(std) 5329 6414 6331 779 6436 5176 5375
No. bidders

(mean) 2.95 2.7 2.54 1.22 3 2.78 2.59

(std) 3.14 3.5 3.17 0.64 3.26 3.06 3.04
% Allocated 93 83 91 71 91 96 88
% Negative prices 35 47 28 19 28 27 32

Note: Excludes multiple homogeneous loads. Mixed loads are presented as a separate type for this
figure only. Winning bids includes the reservation price when no bids are received. ‘Allocated immedi-
ately’ refers to the percentage of lots that receive at least one bid above the reservation price. Negative
prices include loads allocated for 0 shares.

2.4.2 The Food Banks

Figure 2.5 summarises relevant demographic information and bidding behaviour of
food banks. The statistics are calculated by food bank, then quantiles are evaluated
across food banks. There are three main takeaways from this figure. First, examining
the population and poverty figures, we see that the scale of food banks” operations
differs vastly. The 75th percentile food bank caters to around 5 times as many people
as the 25th percentile food bank. This is partly driven by rural vs urban differences,
as well as variation in population and poverty density across the country.

Similarly, food banks also differ vastly in terms of their broad behaviour on the
platform, with some food banks bidding more often and winning much more often
than others. A factor not clear from the marginal distributions is that there is little
correlation between how often a food bank bids, and how much they bid. Some
food banks bid regularly, bid low, yet win often. These food banks bid on the types
of food that are less popular to other food banks, likely in areas with a lot of poverty,
but few local donors. Other food banks bid rarely, but bid aggressively when they
do. These food banks are likely those who receive a lot of food from local donors, so

do not need to rely on Feeding America for their staples, and can instead focus on
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FIGURE 2.3: Composition of food allocated, by Category
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trying to win just the highest quality food.

The final thing to note is that these statistics present a large rightward skew, with
a small number of food banks winning the bulk of the food, and with a small number
of food banks having the bulk of the mouths to feed (these are not necessarily the
same food banks). Therefore, much of my analysis over the coming chapters will
be driven by these smaller number of food banks for whom Feeding America is
perhaps the main source of their food. This will be something to bare in mind in the
next chapters.

Figure 2.6 plots the locations of lots allocated by Feeding America, as well as the
approximate locations of food banks. The majority of food banks are in the eastern
half of the country, as are most of the lots, with a reasonably large number of food
banks and lots located in Texas and California. Food banks do not only bid on lots
close to them, even though there is a strong positive correlation. The average lot still
travels 500 miles to reach a food bank.

FIGURE 2.5: Descriptive Statistics, across food banks

Mean p10 p25 p50 p75 p90
Population (000s) 1913 384 676 1270 2543 4385
Poverty (000s) 284 64 99 191 373 645
Goal Factor 1 0.16 0.36 0.62 1.19 2.46
Bids Placed 380 13 44 166 442 844
Average Bid 3601 546 1202 2509 4067 6903
Lots Won 159 6 26 70 177 351
Average Payment 3803 485 1060 2476 4507 7414

Note: Statistics are calculated by food bank, then quantiles are evaluated across food banks. The mean
Goal Factor is normalised to 1. Population and Poverty figures refer to the number of people in a food
bank’s catchment area.

2.5 Suggestive Evidence

Under the Old System every food bank was, ex ante, offered the same allocation.
If food banks have heterogeneous needs, unknown to the social planner, welfare
might be increased by allowing food banks greater choice in their allocations. For
example, suppose food bank A is in a city and does not receive much fresh produce
from its local donors, while food bank B in the countryside receives a lot of produce

from nearby farms. Allowing B to choose less produce so that A can choose more
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FIGURE 2.6: Locations of lots and food banks

Storage type: * dried = fresh - nf - refrigerated = tinned

Note: Black spots give the approximate locations of food banks, jittered by an average of 200 miles to
maintain anonymity. Excludes loads originating in Canada (2% of loads).

may present a welfare gain for both food banks. Therefore heterogeneity is a key
determinant of the value of choice. I now investigate, in a reduced form manner,

whether there is evidence of heterogeneity in the data.

2.5.1 Heterogeneity Across Food

There is a large degree of heterogeneity across different types of lots. Lots attract
significantly different bids depending on their subcategory. Lots also sell for signif-
icantly different prices depending on the category. Goods such as cereal and pasta
sell for much higher bids than fresh produce and beverages. These differences can-
not only be explained by differences in supply: Both cereal and ready meals are
in abundance, and sell for relatively high prices. Meanwhile, Health/Beauty and
Baked goods are rare, and sell for relatively low prices. This suggests both demand
and supply factors at work in determining the prices.

Figure 2.7 shows average winning bids across subcategories, controlling for the
censoring caused by the reservation price. These averages are generally statistically
different from one another, and a Likelihood Ratio test that subcategory coefficients
are equal within a category is rejected at 1% significance level for all but the Pasta cat-
egory. However there is still much variation in winning bids within subcategories:

Variation in subcategories accounts for just 30% of the variation in winning bids. It
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is clear there is a great deal of heterogeneity between lots, and that these lots cannot
be substituted one for one.

FIGURE 2.7: Heterogeneity in Lots
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Note: Plots mean winning bids, and 95% confidence intervals, across subcategories, controlling for
censoring and lot composition. Coefficients are ordered and coloured according to category.

2.5.2 Heterogeneity Across Food Banks

Food banks differ vastly in terms of their total consumption: Five food banks receive
the same amount of food as 122 food banks who receive the least food from Feeding
America. However, these food banks are also choosing very different types of food.
These 122 food banks, in total, spend 4 times as much as the five high consumption
food banks. Therefore these five food banks are choosing to receive much cheaper
food. This is likely because they rely on Feeding America for their staples, having
fewer local donors than the other 122 food banks. I now investigate how bidding be-
haviour on different types of food varies across food banks using additional simple

reduced form analysis.

Empirical Specification

To gain insight into the degree of heterogeneity across food banks I run a simple

Tobit model. The dependent variables are food bank i’s bid at time t on lot /, where
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lot I comes from storage type g and subcategory h:

‘ . biy if by > Ry
by = Njg + ﬁi distance;; + € bitl = &y ~ N(O, Uih)

R, if Otheriwse
(2.3)

Where a;, are food bank x storage type fixed effects, representing food bank i’s

average willingness to bid for a lot of type g.

Results

Figure 2.8 plots average bids and 95% confidence intervals across food banks and
across different types of food. I focus on different types of food according to how
they are stored. I use a Tobit specification to account for censoring caused by food
banks only bidding on a small proportion of lots. Food banks are sorted according
to their average bid for Dried food. That is, as one moves from left to right, the
average ‘Dried” bids increase monotonically. Several observations are clear. First,
that there is evidence of systematic heterogeneity in average bids across food banks.
Second, that there is evidence of systematic heterogeneity in average bids within
food banks, across types of food. Third, that these two types of heterogeneity are not
perfectly correlated: for some food banks average bids on Fresh food are higher than
average bids on Dried food, but for other food banks this relationship is reversed.
This demonstrates that bidding behaviour differs systematically across food banks.

As in Prendergast (2022) this permanent heterogeneity across food banks is likely
being driven by different food banks having different access to different types of
local donors. Food banks who have do not receive one type of food locally will
try to get hold of that type of food from Feeding America instead. A food bank
that receives many local donations of produce will rarely bid on produce auctioned
through the Choice System. Some of this heterogeneity may also come from food
banks’ clients demanding different types of food, perhaps due to differences in the
type of poverty. Vertical heterogeneity will arise from differences in scale, with
smaller food banks (in terms of catchment areas, or physical warehouse size) bid-

ding less often and less aggressively. Differences in storage capacities may also be
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driving some of the heterogeneity across food types - food banks with lots of refrig-

erated storage probably have greater demand for food that needs to be refrigerated.

FIGURE 2.8: Heterogeneity Across Food Banks
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Note: The figure plots coefficients and 95% confidence intervals from a regression of Food bank x food
storage type on bids, controlling for distance and censoring (non-bidding). Coefficients are ordered by
the ‘Dried” coefficients. Only includes results for food banks who placed at least 50 bids on a food type.
Each food bank X type cell averages 3,450 observations.

2.5.3 Heterogeneity Across Time

I investigate temporal variation in bidding behaviour by relaxing the Tobit specifica-
tion given in equation 2.3 above. I investigate how each food bank i’s bid on food of
type g varies across months m, writing a;e;, for these average bids, essentially allow-
ing that a;, parameters in equation 2.3 to vary from one month to the next. I estimate
the model only on food banks who win at least 100 lots over the period, dropping the
tirst and last months due to incomplete data. I also control for the distance between
the food bank and the lot. Each food bank x type x month cell averages around
80 observations. I also estimate a restricted model with average bids a;, fixed over
time. The hypothesis test of interest is whether a;¢,, = a;, for all m.

This hypothesis test may be underpowered to reject a null hypothesis of constant
average bids. It does not take into account that average bids likely don’t shift neatly
at the beginning of each month. It also does not take into account that large variation

in bids within a month (which may cause failure to reject the null) are also indicative
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of variation in food banks’ needs. If the within month variation is on a similar scale
to the across month variation in average bids this reduces my power to reject the
null hypothesis.

However, the test may be over powered if variation in factors other than food
banks’ needs is mistaken for variation in needs. For example, if the quality of food
varies unobservably over time, this may cause systematic variation in bidding be-
haviour that should not be attributed to variation in food banks’ needs. To account
for this possibility I estimate a second restricted specification with food bank specific
month fixed effects. These fixed effects will capture variation in bidding behaviour
that is common across food types. Under this specification a rejection of the null is
evidence of systematic variation over time in bidding behaviour on specific types of
food. This specification is almost certainly underpowered. If food banks need more
food of all types in certain months the fixed effects will also soak up this variation.

Figure 2.9 plots the likelihood ratio test statistic across food banks. The dotted
lines gives the x? critical values for tests at the 5% significance level. The red points
give the baseline specification, while the blue points give the specification including
month fixed effects.

I can reject the null of constant average bids over time, at 5% significance level,
for 96% of food banks in my baseline specification, and 70% of food banks for the
month fixed effects specification. So,  have strong evidence that food banks’ bidding
behaviour, and hence their needs, vary significantly over time.'°

This heterogeneity over time is not driven by variation in supply as this is already
controlled for. It is also unlikely to be entirely driven by seasonality, as seasonality
should be captured by the time fixed effects included in the second specification.
Instead, this variation is likely to be driven by idiosyncrasies in the local donations
food banks receive from one month to the next. There may also be variation in

demand from food pantries from month to month.

16While we see significant evidence of heterogeneity over time, as I demonstrate in Appendix F we
do not see evidence of trends or systematic breaks in this behaviour. This is important because a key
assumption I will make for structural estimation is that the data, and the equilibrium of the underlying
auction game, are stationary.
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FIGURE 2.9: Heterogeneity Across Time
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Note: This figure plots likelihood ratio test statistics for the hypothesis test that average bids for each type of food
are constant over time, against the alternate hypothesis that bids vary by month. The estimated model controls
for censoring, distance, and lot composition. The blue results also include month fixed effects. Under this null
hypothesis the test statistic takes a x> distribution with 200 (red) or 160 (blue) degrees of freedom. Critical values
for tests at the 5% significance levels are plotted as horizontal lines.

2.6 Exploratory Analysis

I now investigate several stylised facts which point towards key determinants of
bidding behaviour, motivating my model’s key features. I have emphasised the role
of heterogeneity, and established the existence of several types of heterogeneity that
will become features of my model. In addition, I point to the importance of negative
bidding, strategic behaviour, as well as both dynamic and static complementarities

across lots.

2.6.1 Negative Bidding

Negative bidding is common: 27% of bids are negative. Furthermore, with a nega-

tive reservation price non-entry only happens when food banks have negative marginal

valuations, when food banks must be paid to accept certain loads. This occurs in 98%
of bidder x lot combinations. Negative valuations likely occur because of limited
storage capacity, as emphasised in Prendergast, 2017. They cannot throw away ex-
cess (non-expired) food as this sends a bad signal to donors. Therefore, I require a

model that incorporates these storage costs and negative marginal valuations.
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2.6.2 Strategic Behaviour

Figure 2.10 shows that 13% of bids are at the reservation price. If food banks truth-
fully bid their values this implies point mass at the reservation price, and that the
distribution of underlying values is non-smooth. Point mass at —2000 requires there
is something special about this number that causes it to have this point mass. A sim-
pler assumption is that food banks are strategic — that food banks with values just
above the reserve price shade their bids down to this reserve. The small reduction
in likelihood of winning is more than compensated by the increased surplus in the
case of winning.

FIGURE 2.10: Strategic Bidding
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Note: This figure plots a histogram of the log distance between a bid and the reservation price for that lot. The
figure shows large mass of bids at the reservation price, and smaller but still significant mass of bids just above the
reservation price. If food banks bid their true values, we should not see this point mass.

Another possibility is that food banks are so unstrategic that they just bid the
reserve price because it is a particularly salient number. However, figure 2.10 also
shows excess mass of bids just above the reserve price, between one and 4 points
above. This again requires unpalatable assumptions about the distribution of true
valuations having point mass at these apparently special numbers. More likely is
that bidders are aware of the mass of bids at the reserve price and are aware that, by
bidding the reserve price, they risk tying for the object. Therefore, for some of these

food banks it is worth bidding just above the reserve price to mitigate this risk.!”

171 cannot rule out the possibility that only a subset of food banks are strategic, likely those who
receive the most fake money and who bid most regularly on the system. However, strategic behaviour
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2.6.3 Storable Goods

Figure 2.11 panel (A) demonstrates that, conditional on winning food of a particular
type at time 0, the probability of bidding on lots of the same type falls by around
25% (1.5 pp) on subsequent days. This marks a fall from an average probability
of bidding of 0.05 down to 0.035.!® As food banks win more of a particular type
of food, the less they are willing to pay for an additional lot from that type. This
finding matches anecdotal stories of food banks treating truckloads of food from
Feeding America as a Storable Good, in the sense of Hendel and Nevo (2006).
FIGURE 2.11: Evidence of Storable Goods
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Controlling for foodbank x storage method fixed effects, conditional on goods being available. Controlling for foodbank x storage method fixed effects, conditional on goods being available.
P(Bid) at day 0 is normalised to the long-run average probability of bidding, to demonstrate scale. P(Bid) at day 0 is normalised to the long-run average probability of bidding, to demonstrate scale.

Figure 2.11 panel (B) demonstrates that conditional on winning a lot from one
category, the probability of bidding on a different storage type does not fall by a
meaningful amount. This finding demonstrates the importance of modelling het-
erogeneity across types of food. As food banks win more of a particular type, the
less they are willing to pay for an additional lot from that type as shown in panel
(A). This could be due to storage costs, but could also be because they are exhaust-
ing their budget constraints and cannot afford to bid on subsequent days. However,
food banks remain willing to pay for lots from different categories, making it less

likely that binding budget constraints are the key factor at play.

is most important at the high end of the bid distribution, where bidders shade their values by the
largest margins. Whereas in the middle of the distribution we expect relatively little shading, due to
the large number of bidders. So long as it is the strategic bidders who are bidding at the high end of
the distribution (who tend to have the highest values) this is unlikely to lead to much inaccuracy.

18This is higher than the standard 2% probability of bidding as this analysis is performed using
food bank x storage method combinations with more than 50 observations of bidding.
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Given that food banks are almost certainly forward looking, this finding high-
lights the need to model dynamics. Food banks treat these large loads of food like
storable goods, working through their current stocks before returning to bidding on

the Choice System. "

2.6.4 Substitutes

Figure 2.12 panel (A) demonstrates that, for a particular type of food, as the number
of lots auctioned on a given day increases, food banks bid on a smaller proportion
of lots. If pay-offs were additively separable we would see a horizontal line. This
suggests that lots exhibit a negative complementarity (substitutes) within a storage
type - they do not want to win more food than they can afford to store. I cannot
treat auction pay-offs as additively separable, and must instead take a multi-object

approach, accounting for the simultaneous auction environment.

FIGURE 2.12: Evidence of Static Complementarities
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As above, this relationship could also be due to a binding budget constraint -
food banks bid less when there is more food available because they cannot afford to

bid on so many loads. This is unlikely to be the case because food banks can always

9This alone does not necessarily require a dynamic model of forward looking agents. A dynamic
model is only strictly required if the counterfactuals of interest sufficiently change the strategic envi-
ronment, sufficiently altering the agents’ continuation values. The counterfactual mechanisms I con-
sider in section 4.5 are strategically very different from the Choice System, as food banks are generally
less able to access the food they need than under the Choice System. However, food banks are almost
certainly forward looking. Auctions happen very frequently. It is unlikely that food banks do not
recognise that if they do not win a lot today a similar lot is likely to be auctioned again in the next
few days. This means the marginal benefit of winning a lot today, in a repeated game, is very different
from a one-shot game.
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bid zero. It may also be due to the transportation costs associated with winning food.
However panel (B) demonstrates that we see a much weaker relationship as the total
number of lots increases, which we would not expect if this was being driven by
either budget constraints or transportation costs. This also further highlights the

importance of treating different types of food as imperfect substitutes.

2.7 The Way Forward

There are various ways we could analyse this data and this problem. I take a struc-
tural auction approach. This approach has several downsides, predominantly method-
ological, and numerous upsides. I now discuss the pros and cons of this approach,

as well as several alternate approaches I might have taken.

2.7.1 Structural Auction Approach

First, on the structural approach. There are downsides to analysing the problem us-
ing structural econometrics, requiring us to fully specify an empirical model and (as
will become necessary) make strong parametric restrictions to make estimation feasi-
ble. This does have the upside that it forces us to make explicit all the necessary mod-
elling assumptions. The other key upside, and the central reason I choose the struc-
tural approach, is that it facilitates welfare analysis. It enables me to consider de-
tailed counterfactual allocation mechanisms, counterfactuals which are rarely iden-
tified with a reduced form approach.

An additional difficulty with using a structural model is that, in order to capture
the extent of the heterogeneity seen in Section 2.5, we will need a structural model
that can allow for large scale heterogeneity. In order to capture the welfare benefits
of the Choice System It will be necessary to allow different types of food to be imper-
fectly substitutable, allow different food banks to want different types of food from
Feeding America, and allow these different wants to change over time. Fortunately,
if we restrict this heterogeneity at any point, particularly heterogeneity across food
banks, this is expected to bias our results in favour of the Old System over the Choice

System, making any welfare estimates conservative.
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Next, on using an auction model. The key (predominantly methodological) down-
side, which arises from the results presented in Section 2.6, is that as well as using a
strategic model we must also account for both dynamics and the multi-object auction
environment. While the econometrics of dynamic auction models have been around
for some time, as per Jofre-Bonet and Pesendorfer (2003), and researchers have re-
cently begun working on multi-object auction models, as per Gentry, Komarova, and
Schiraldi (2023), there has been no work on the estimation of dynamic multi-object
auction models.

If we ignore dynamics, we ignore how under the Choice System food banks
choose not just what to consume, but when to consume. Choice allows food banks
to plan better. For example, they do not need to hold as much food in case of a large
local demand shock (incurring precautionary storage costs), because they know they
will always be able to get this type of food from Feeding America when needed. In
other words, a food bank’s continuation value under the Choice System is likely to
be very different to under the Old System. By ignoring dynamics we ignore a key
potential benefit of choice.

If we ignore the multi-object environment, treating lots as all additively sepa-
rable, we ignore how food banks choose the combination of lots they bid on. We
cannot rationalise a food bank choosing to only bid on a small number of similar
lots because they do not want to win more than they can store. Instead we can only
rationalise this as food banks receiving low idiosyncratic draws. A food bank choos-
ing to bid on any given lot with only 5% probability is very different from a food
bank always bidding on two out of forty lots auctioned each day. It is unclear exactly
how this will bias my results on the importance of choice, except for making it more
difficult to predict bidding behaviour.

A final key difficulty, that I will not tackle until the final chapter, concerns het-
erogeneity over time. This heterogeneity most likely arises due to variation in food
banks’ stocks (Prendergast, 2017), which are unobserved by the econometrician. Im-
portant steps have been made recently on the identification and estimation of struc-
tural models with unobserved states, including Kasahara and Shimotsu (2009) for
the time-invariant case, Hu and Shum (2012) on the one dimensional unobserved

state, and Arcidiacono and Miller (2011) for a convenient estimation procedure.



38 Chapter 2. Feeding America and the Food Allocation problem

However none of these identification frameworks extends to my setting. In par-
ticular it is important to allow food banks” stocks to be multidimensional. This is
key for capturing how food banks trade off consuming different types of food, and
how different food banks receive different types of food from their local donors (i.e.
heterogeneity across types of food). It is important that we allow for heterogeneity
over time as it is a (or possibly the) key margin of heterogeneity by which food banks

benefit from being given choice.

2.7.2 Other Approaches

There are other possible approaches we might take to studying this problem, all
of which have various benefits and drawbacks. I now broadly summarise some of
these approaches, and explain why I opted not to take them. I focus on approaches
that place sufficient ‘structure” on the data to allow us to evaluate welfare. If we
dropped the requirement of making welfare comparisons then, as in Prendergast
(2017), even the simple reduced form evidence of heterogeneity presented in Section
2.5 is sufficient to show that the Choice System performs better than the Old System.
However, part of the point of this thesis, as distinct from work by Prendergast, is to

make welfare statements.

Demand Estimation

One possible approach, that would be easier than the full structural auction ap-
proach, would be to structurally estimate food banks demand functions, either using
a discrete or continuous choice approach. On the discrete side, one might estimate
the pure characteristics model along the lines of Berry and Pakes (2007), as has be-
come the workhorse of demand estimation. On the continuous side, we might es-
timate a demand system, such as the Almost Ideal Demand System of Deaton and
Muellbauer (1980), either with demand defined at the daily level, or with consump-
tion aggregated over multiple days. I discuss other aggregation based approaches
in a separate section.

Both discrete and continuous demand estimation involves a simplifying assump-
tion on the purchasing process, assuming a posted price mechanism instead of an

auction mechanism. If the number of bidders was infinite, equilibrium allocations
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and payments would be the same under both sets of mechanisms. This is clearly
not the case in practice, but may pose a reasonable simplification. One major down-
side of the posted price assumption, however, is that we only make use of data on
consumption and payments. We would ignore data on losing bids (and non-bids),
which provide important information about food banks” willingness to pay.

The upsides of these approaches are large. Both approaches allow me to easily
model dynamics, either using dynamic discrete choice methods, or an Euler Equa-
tion approach for the continuous case. Both also enable me to somewhat more easily
model the unobserved stocks. With a discrete approach I could estimating a storable
goods model, similar to Hendel and Nevo (2006) or Erdem, Imai, and Keane (2003).
Whereas with a continuous demand model, allowing for unobserved stocks is as
easy as allowing for temporal autocorrelation in the demand residuals.

The downside of the discrete choice approach is that it makes it difficult to model
food banks’ choice over bundles. While there has been some recent headway on esti-
mating demand models when consumers have preferences over bundles (including
Iaria and Wang, 2020, Allen and Rehbeck, 2022, and Fox and Lazzati, 2017), most of
these require the number of objects to be small, or are computationally burdensome.
Furthermore, there is not yet literature on estimating dynamic multi-object demand,
meaning the econometric requirements are still not there.”’

The continuous demand approach circumvents these difficulties by using im-
plicit optimisation and necessary first-order conditions to get over the dimension-
ality problems. However this comes at a cost of totally ignoring the discreteness
of lots, incorrectly treating them as perfectly divisible. If there were an extremely
large number of lots auctioned each day, and food banks all win a large number of
lots, then assuming a continuous approximation might be reasonable. Whether the
average of 30 lots allocated each day is large enough or not is debatable. More prob-
lematic is that each food bank only wins a small number of lots each day, so that
the continuous approximation is almost certainly poor. A related issue is the large

number of zeros in the data: The fact that most food banks frequently win no food of

20As we will see, the multi-object problem is distinctly easier to solve in the auction setting. It
recasts the discrete options into a continuous action space (bids), so that estimation is based on a
limited number First Order Conditions, instead of an exponential number of inequality conditions.



40 Chapter 2. Feeding America and the Food Allocation problem

certain types. The selection and censoring based approaches typically used to correct

for zeros make allowing for the unobserved stocks significantly more difficult.

Aggregation Based Approaches

Other approaches involve aggregating consumption over time, reducing the day-to-
day noise in consumption, and overcoming the observed discreteness of lots. These
aggregation approaches also require the fixed-price and price taking assumptions
required for the demand estimation approach.

Building on the continuous demand system approach above, we could overcome
the discreteness problems by aggregating consumption at, say, the monthly level.
This type of aggregation is already used implicitly in most studies estimating con-
tinuous demand.

Rather than the fully structural approach, another possibility is to take a suffi-
cient statistics approach, as in Prendergast (2022). We build a tractable model of
consumption that yields some measure of heterogeneity as a sufficient statistic for
the welfare under the Choice System, relative to the Old System. As an example,
Prendergast aggregates consumption at the two month level, assumes a quadratic
form for food banks’ payoff function, and roughly shows that the variance of con-
sumption across food banks can be used, in conjunction with the elasticity of de-
mand, as this sufficient statistic. The computational ease of this approach is a major
benefit, though questions remain about how to go about estimating these key statis-
tics (Prendergast takes a figure for the elasticity of demand for different types of food
from the literature).

A related possibility is to employ a Welfare Index. Using some sufficiently gen-
eral model, we may be able to come up with an index number, likely a quantity in-
dex, that allows us to compare welfare across two allocations. For example, using a
Tornqvist quantity index for comparison of allocations under the Choice System and
the Old System would yield a second order approximation to any set of utility func-

tions.”! Likewise, we might take a non-parametric revealed preference approach in

2IThis approach has other difficulties, in that while I arguably observe allocations under the Old
System (as every food bank got the same food in expectation), I do not observe prices under the Old
System. Unless we are willing to assume homotheticity of payoffs, both sets of supporting prices
would be needed to evaluate this index
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the spirit of Samuelson (1947) and Afriat (1972). We can use the revealed preference
axioms to compare allocations under the Choice System and the Old System, and
observe what proportion of Old System bundles lie within their budget sets under
the Choice System. This allows us to find a lower bound on the welfare change.??
The key problem with these aggregation approaches, aside from the fixed price
assumption, is that they require us to make a statement about the correct period of
aggregation. We must assume that agents have some accounting horizon over which
they make their consumption decisions, and over which market fundamentals re-
main constant. It is true that food banks likely do look ahead, and may well account
over a finite intervals (and we can test robustness to different interval lengths). How-
ever, it is difficult to argue that food banks operating on very different scales use the
same accounting intervals. Large, and particularly busy, food banks likely account
over a much shorter interval than those who only send out food maybe once or twice
a day. In addition, it is difficult to justify the boundaries of these intervals - in the
last few days of a month, food banks are likely already looking ahead to the next
month, rather than only thinking about hitting their monthly targets from the cur-
rent month. In practice, food banks make their consumption decisions every day,
reacting to new information about local donations, making it difficult to justify this

type of aggregation approach.

2.7.3 Next Steps

Having settled on this structural auction approach, I will now build a model of
forward looking bidding in these repeated rounds of simultaneous first-price auc-
tions. This will involve unifying the models of Jofre-Bonet and Pesendorfer (2003)
and Gentry, Komarova, and Schiraldi (2023). I will begin by focusing on the sim-
plest possible version of a dynamic multi-object auction model, abstracting away
from reserve prices, entry decisions, inter-temporal budget constraints, and the un-
observed states. With the exception of the unobserved stocks, which I will hold off
from analysing until chapter 4 (as it requires a more substantial alteration to the

baseline model), these other extensions will all be analysed in Appendices.

22Note however that both this revealed preference approach, and a welfare index approach, do not
allow us to account for unobserved stocks, which essentially appear as though preferences change
from one month to the next.
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Chapter 3

A Model of Dynamic Multi-Object

Auctions

3.1 Chapter Introduction

In this chapter I develop an empirical model of bidding in repeated rounds of simul-
taneous first-price auctions, and study identification and estimation in this frame-
work. I begin with the simplest possible setting, assuming entry is exogeneous,
reservation prices do not bind, and all state variables are observed. I relax these
restrictions in Appendix E.

Analysing this problem has broader appeal than the specific Feeding America
setting that I am interested in. First-price auctions, which are regularly used to al-
locate government procurement contracts, rarely take place in isolation. Multiple
lots (contracts) are often auctioned simultaneously, and auctions are repeated when-
ever new contracts become available. In real world environments bidders” values
may be non-additive across different lots. For example, bidders may face capacity
constraints, facing higher costs the larger their current backlog. Or, they may bene-
fit from economies of scale, facing lower costs when working on many of the same
type of contract at once. The structure of these non-additive values is highly rel-
evant for auction design - should similar contracts be auctioned simultaneously, or
spaced out over time? When capacity constraints are the dominant factor, auctioning
a large number of contracts simultaneously may create inefficiencies by depressing
competition. However, if firms are able to exploit economies of scale it may be worth

auctioning similar contracts simultaneously, or even bundling the lots together.
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Previous research has either studied forward looking bidders and assumed auc-
tions are single-object, or studied auctions of multiple objects and assumed bidders
are myopic. For example, both Jofre-Bonet and Pesendorfer (2003) and Gentry, Ko-
marova, and Schiraldi (2023) study synergies in bidding behaviour in repeated si-
multaneous first-price auctions for highway maintenance contracts. Jofre-Bonet and
Pesendorfer (2003), who estimate a dynamic single object model, find significant
negative effects of capacity constraints on bids. Meanwhile Gentry, Komarova, and
Schiraldi (2023), who study simultaneous first-price auctions in a static setting, find
similar capacity constraint effects; however, they also find evidence of positive syn-
ergies among similar contracts that allow firms to exploit economies of scale. The
implication is that neither paper accurately models the effect of non-additive values
on bidding decisions. To the best of the author’s knowledge this study is the first to
consider both a dynamic and multi-object approach to an empirical auction model.

My model is fundamentally a blend of the models presented in Jofre-Bonet and
Pesendorfer (2003) and Gentry, Komarova, and Schiraldi (2023), henceforth referred
to as JP and GKS respectively. Bidder pay-offs are represented as the sum of pri-
vately known and potentially correlated lot specific values, a combination specific flow
payoff, and a combination specific continuation value. Following GKS, the combi-
nation specific flow payoff is treated as a deterministic function of state variables.!
This is a natural framework that reflects known capacity constraints or economies of
scale. The model primitives consist of the distribution of lot specific values and the
combination specific flow payoff function.

Building on this framework I make three key contributions to the empirical auc-
tion literature. First, I extend GKS’ identification framework to make use of variation
in a bidder’s individual state variables, such as their backlog of contracts, to non-
parametrically identify their combination specific value function without the need for

exclusion restrictions. Intuitively, identification arises because variation in the state

In Appendix E I consider several extensions when the combination value is stochastic. Most no-
tably, I consider the case when the combination value is a function of low-dimensional unobservables.
For example, if we do not observe firm backlogs. I show that model primitives remain identified in
this case, so long as the function has a strictly monotonic first derivative.

2Like GKS this assumption allows me to separately identify complementarities and affiliations,
the central problem studied by Kong, 2021. Affiliation across lots comes through correlation in the lot
specific pay-offs, while the synergies remain deterministic. However, like both papers I assume the
lot-specific pay-offs are independent across players.
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causes variation in bidders” combination values, which in turn causes variation in
their bidding behaviour. If lots are substitutes we expect to observe more aggressive
bidding when backlogs are low. Following the approach presented in GKS I trans-
late the inverse bidding system, conditional on a given state, into a system of linear
equations in the unknown combination values. I show that the combination values
are identified by combining these systems of linear equations across state variables,
proving that the combined system has a unique solution. This result is important be-
cause it ensures the combination value is identified without the need for exclusion
restrictions that prohibit identification of forward looking behaviour.’

Second, I extend this identification framework to a dynamic setting. I prove that
identification of the joint distribution of equilibrium bids (conditional on the state),
as well as identification of the state transition process, are sufficient for identifica-
tion. Building on JP I show that the continuation value can be written as a recursive
function of the observed distribution of bids and the sum of the immediate com-
bination value and the discounted continuation value. This recursive formulation
can be solved for the continuation value as a function of the observed distribution
of bids and the immediate combination value. Substituting this identity into the
system of first order conditions, combined across state variables, yields a system of
equations in the unknown combination values. I prove that, under mild conditions,
this system has a unique solution.

Third, I outline a three step procedure for estimating the model. The estimation
procedure generalises that of JP for estimating dynamic auctions, overcoming the
problem that the continuation value cannot be written as a function of the observed
distribution of bids only. In the first step one estimates the probability that each
bidder wins any given lot - the first step in most empirical auction studies. In the
second step one estimates the distribution of underlying lot-specific values, and the
sum of the immediate combination value function and the discounted continuation
value function. I refer to this sum as the ‘pseudo-static’ pay-off function. It is es-

sentially the object one would estimate if we incorrectly estimated the model as if it

3Without additional restrictions, excluded variable (such as common state variables or the states of
other bidders) enter each bidder’s continuation value, directly affecting their bidding behaviour and
violating the exclusion restriction, rendering the model non-identified in GKS’s framework.
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was a static model.* In the third step one disentangles this sum, separately estimat-
ing both the immediate combination value and the continuation value. This exploits
the fact that the continuation value can be written as a recursive function of the dis-
tribution of observed bids and the pseudo-static pay-off function.” This estimation
procedure is shown to be computationally feasible, particularly in an environment
where the interior fixed point algorithm is extremely slow. I then use a Monte Carlo
study to evaluate the performance of this estimator.

The structure of this chapter is as follows: In section 3.2 I introduce the auction
game and associated auction model. Section 3.3 introduces the identification frame-
work and proves that model primitives are point identified. Section 3.4 outlines the
proposed three step estimation procedure, and Section 3.4.3 presents a simulation
study evaluating the performance of this estimator. Several additional results are
presented in the Appendices. Appendices B - D present technical proofs. Appendix

E presents several extensions to the identification and estimation framework.°

3.2 The Model

3.2.1 Environment

Inow present the dynamic auction model that is the focus of this paper. I build on the
models of Gentry, Komarova, and Schiraldi (2023) and Jofre-Bonet and Pesendorfer
(2003). Assumptions necessary for identification are discussed in section 3.3.

Setup: Each period t, over an infinite horizon, n risk-neutral players i compete
in a series of first-price Sealed Bid auctions. Player i wins lot [ in period t if b;y; >
r?izx {bin}. Sealed bids are placed simultaneously, then winners are announced
simultaneously. Winners pay their bids, and every player observes the bids and

identities of winners. Define the L x 1 vector w; as the outcome at time t, where

“This step is similar to the second step in the estimation procedure presented by GKS. As in GKS,
if one is non-parametrically estimating the model then this estimation step will actually consist of two
substeps: First, estimating the deterministic combinatorial valuations, then estimating the distribution
of stochastic lot specific valuations.

5This step is similar to the second step in JP’s procedure, wherein the continuation value is written
as a function of the distribution of observed bids, allowing us to back out the cost function.

®These include extensions for second-price auctions, reservation prices, endogenous entry, inter-
temporal budget constraints, and stochastic combination values.
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wy = 1if i won lot ] at time t. Ex-ante hypothetical outcomes are denoted by w{. The
index I is a label and need not reflect anything substantive.

Reservation Prices and Ties: I assume reservation prices do not bind, that auc-
tion entry is exogenous, and that ties occur with probability zero.”

Lots and Lot Characteristics: Each period a set of lots IL; comes to auction. L
possible lots can be auctioned in a given period, where L is finite. Each lot [ is
characterised by a row-vector of characteristics x;;, writing X; for the stacked char-
acteristics of all lots available in period t.8 The set of characteristics, X, is assumed

finite. If [ ¢ IL; then x;; = @. Finally stack the lot characteristics, set of available lots,

and other common state variables into sg; € S.

3.2.2 Primitives

Individual States: Player i begins the period in state s;;. This may represent a
player’s existing stock of the good, or backlog of contracts. The set of possible in-

dividual states, S;, is assumed to be finite.” If the outcome at t is w# then player i

a
it/

ends the period in state s7,, referred to as the ex-post state. s;; = s/, if and only if the
player does not win a single lot. For notational convenience, define the set 5¢(s;, sp)
as the set of possible individual ex-post states s having started in state s;, given the
available lots, lot characteristics, and other common state variables s.

Total States: Stack the individual states {s; },.;, and s, into the total state vari-
able s; € S, where |S| = S is finite. In section 3.3.6 I set out sufficient conditions on
the set § which ensure identification. Similarly, Stack the ex-post states {sf, }, ; and
so¢ into the total ex-post state s € S.

Transition Functions: At the beginning of each period, the state s; is drawn

stochastically from Ts(.|s{_, ). Because S| is finite, the transition probabilities can be

described by a standard transition matrix T, such that P(s; = su[sf_; = su) = Tyun.

"However these assumptions are relaxed in appendices E.2, and E.3.

8Characteristics may include details of lots being auctioned. Such as the lot’s location.

9This is predominantly for mathematical convenience, but is likely to hold in practice. For example,
Highway maintenance companies likely have a maximum number of contracts they can feasible hold
at any given time, and the measurement of their backlog of contracts can be arbitrarily discretised into
days of work remaining.
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Actions: Each player plays an L dimensional vector of bids each period, denoted
b;;. The set of possible bids conditional on available lots B(IL) is assumed to be
convex and compact, so that by € [b, b] for I such that! € L;.

Lot Specific Values: I focus on an independent private value framework. Player
i’s lot specific valuation, v;y, conditional on I € IL; is a mean zero random variable
observed before they make their entry decisions.!’ If I ¢ IL; then vy is normalised
to zero. Stacking these values vj, a L x 1 vector, is drawn from cumulative density
function F;(.|s¢) with support [v;, D;].!!

Combination Value: The combination value is given by J;(s;), a 2L x 1 vector.

Each row Jj,(s¢) gives the mean flow pay-off corresponding to a different outcome

w!, ending the period in state s%.!? Entries corresponding to winning lots that are
not available are normalised to zero. J; is assumed a deterministic function of s, and
assumed to be finite. A player’s type is characterised by the tuple (v;, J;). I assume

that F; and J; are both common knowledge.

3.2.3 The Agent’s Problem

Strategies: A (pure) strategy consists of a mapping from a player’s type (v;, J;) and
the state of the world s onto a series of bids b;;. Ex-ante a player’s strategy admits a
distribution of bids ¢; according to F; as well as J; and s.

Marginal Win Probabilities: Denote Gj(.;07) and gy(.;0y) respectively the
marginal cdf and pdf of individual i"’s bid on lot I according to their strategy o;.
Denote I';(b;0_;) the L x 1 vector where row I contains the probability that i wins
lot I, given their bid and entry decision, taking as given the strategies of other play-

ers. Because ties occur with zero probability we can write:

Ci(bi; i) = | [ Gin(ba; o)
i

19The mean zero assumption is without loss of generality. The mean of the variable will be absorbed
into the combination value.

HIn the current paper I assume these values are, conditional on the state, independent over time.
This is predominantly for comprehensibility. The identification results carry over to the case of de-
pendence over time, however depending on the structure of this dependence estimation may become
more involved.

12Even though J;(s;) varies with s because sq; dictates the type of lots available and hence the
possible ex-post states. However I will assume that the values of Ji,(s;) only depends on s,.
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Combination Win Probabilities: Denote P;(b;c_;) the 2" x 1 vector where row a
contains the probability, conditional on their bid and the strategies of other players,
that player i’s ex-post state will be s,.

Overall Combination Probabilities Denote Q;(b;o_;) the n* x 1 vector where
row a contains the probability, conditional on their bid and the strategies of other
players, that the outcome from period t is w{, and so the overall ex-post state is
s{. This object is extremely similar to the combination win probabilities presented
previously, except this object also takes into account exactly which player j # i wins
each lot. Importantly, P, = }_, ., «_s Qu. That is, summing Q. over all the ex-
post outcomes for which player i’s state is the same (s = s% gives P,. For both the
marginal and combination win probabilities entries of both vectors that correspond
to winning unavailable or un-entered lots are normalised to zero.

Discounting: Players are assumed to have temporally additively separable pref-
erences, and make forward looking decisions with discount parameter g € (0,1). B
is assumed known by players and the econometrician.

Expected Flow Pay-off: Payoffs are assumed quasi-linear in payments.'* Con-
sider player i with a realisation of v = v;; who places bid b against players bidding

according to strategies o_;. For notational convenience I also suppress subscripts.
H(b|vi, S, U',i) = Fi(b; O',i)T(UZ' - b) + Pi(b; O',i)T]i(S) (3.1)
Value Function: The Value Function for player i is then given as:

Wi(vit, st;0-) = max { Ti(b;0_;)"(v; — b) + Pi(b;0_;)" Ji(st) + pQi(b; Uli)TVi(St;Uli)}
(3.2)
Were V;(st; ;) is the continuation value, to be discussed shortly.
Ex-Ante Value Function: Define the (scalar) ex-ante value function by taking an
expectation over private information v;: VE(sy;0_;) = fv[f Wi(v;, s;0—;)dF (vi|st)
Continuation Value: The combination continuation value is given by V;(s;;0_;),

an’ x 1 vector. Each element a of this vector contains the continuation value Vj,(ss; o_;)

13However, in appendix E.4 I extend the model to allow for an inter-temporal budget constraint. T
prove that quasi-linearity is observationally equivalent to the inter-temporal budget constraint model
in a stationary setting, when players have constant marginal utility of wealth.
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corresponding to a different allocation of lots and ending the period in a different
state sf. This relates to the ex-ante value function by taking an expectation over the

next period state s;y1, given sf: Vi, (s;;0_;) = fsm VE(s;0_;)dT(s|s?).

3.24 Equilibrium

I now discuss the dynamic equilibrium, and the assumptions required for existence
of an equilibrium. A full and general proof of equilibrium existence is beyond the
scope of this paper.'* In place of a complete proof I present a proof of equilibrium
existence under the conjecture that a pure-strategy Bayesian Nash Equilibrium exists
in the static game without entry. The lack of full existence proof should be consid-
ered only a theoretical issue, rather than a practical problem.

Markov Perfect Equilibrium I focus on symmetric markov perfect equilibria

consisting of a set of strategies ¢* such that for any (v, ], s):

by =arg max { Ti(b;0*;)"(v; — b) + Pi(b;0*,) Ji(s;) + BQi(b; o* ) Vi(s; o)) }
(3.3)

Equilibrium Existence

To prove equilibrium existence, I rely on the following conjecture:

Conjecture 1. Existence and Uniqueness of a continuous Static Equilibrium
There exists a unique symmetric (non co-operative) Pure Strategy Bayesian Nash Equi-
librium of the (myopic) stage game, such that for all i and | the expected pay-off is continuous

inv; and J;.

This conjecture takes essentially the same form as the assumption that a contin-

uous and unique equilibrium exists in GKS.

Proposition 1. Under the assumptions of the game, and under Conjecture 1, a Symmetric

Markov Perfect Equilibrium exists.

14To my knowledge, no complete proof of equilibrium existence exists even for the static game with-
out entry. This paper joins the line papers studying sufficiently complex auction games in which nei-
ther existence, nor uniqueness of equilibrium can be guaranteed. For example, Gentry, Komarova, and
Schiraldi (2023) on simultaneous first-price auctions, Fox and Bajari (2013) on simultaneous ascending
auctions, or Jofre-Bonet and Pesendorfer (2003) on dynamic single-object first-price auctions. If the bid
space were discrete, then static equilibrium existence follows from Milgrom and Weber (1985).
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Proof of Proposition 1 is relegated to Appendix B, as existence is not my main
focus. The proof involves showing that the equilibrium payoff in the stage game is
consistent with the continuation value, employing Kakutani’s fixed point theorem.

An additional consequence of Conjecture 1 — in conjunction with the assump-
tions of a compact action space, a compact payoff space, and a finite state space —
is that we can apply Theorem 3.2 from Bhattacharya and Majumdar (1989) to ensure

that the value function exists and is unique.

3.3 Identification

Inow demonstrate that the distribution of lot specific values F, and the combination
value ], are non-parametrically point identified. The intuition behind this argument
is that variation in s causes variation in payoffs which, in turn, cause variation in
bidding behaviour. I use the observed bidding behaviour, with information about
bidders’ equilibrium beliefs, to ‘back out” the distribution of values. For example,
we see how players bid when their stocks are empty, and compare behaviour to
when they have some food in stock, or a lot of food in stock. If their payoff function
is concave we expect bidding to be less and less aggressive the more food in stock.
This essentially allows us to trace out their payoff function.

A brief discussion of what I mean by non-parametric identification is helpful:
A model is point identified if, given the implications of equilibrium behaviour, the
joint distribution of bidder’s pay-offs, {F, J;};;, are uniquely determined by the
joint distribution of observables (Athey and Haile, 2002). Using the terminology of
Lewbel (2019) we say that a model is non-parametrically identified if the identified
objects are functions. This is in the sense that we do not assume a functional form,
but identify the entire function J;(s) for every s € S and F;(v|s) for every pair (v, s).

I begin by introducing the assumptions necessary for identification in subsection
3.3.1. In subsection 3.3.2 I consider the agent’s optimisation problem, and estab-
lish necessary First Order Conditions. Next, I prove that the model primitives are
identified in 4 steps. First, in subsection 3.3.3, I show that conditional on identifi-
cation of | and V, F is non-parametrically identified from the inverse bidding sys-

tem. This argument is only a minor extension to the argument presented in GKS.
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Second, in subsection 3.3.4 I show that conditional on identification of |, V is non-
parametrically identified. Third, in subsection 3.3.5 I show that identification of |
collapses down to a rank condition. Finally, in subsection 3.3.6 I demonstrate that
only very mild restrictions on the state space are sufficient for this rank condition to
hold. In subsection 3.3.7 I then consider identification under several extensions of

the model presented.

3.3.1 Assumptions

Define the objects G;(.|s), I';i(.|s), Pi(.|s), and Q;(.|s) as the empirical counterparts to

the objects presented previously.

Assumption 1. For each t, the econometrician has a set of observations as follows:

O; = {wt,st, {bit}z‘e{l,Z,-v-fﬂ}} oY

I assume the econometrician observes all bids and entry decisions, not just the
winning bid. Under this assumption G,I,P,Q, and T are all non-parametrically

identified. Therefore, in the remainder of this section I treat these objects as known.

Assumption 2. The data {O;},_, | are generated by strategy profile o* which is a sym-

metric Markov perfect equilibrium of the dynamic auction game.

This assumption requires that the same equilibrium is played throughout the
observed period, ensuring that strategies can be written as a function of the state. As
a result, the continuation value can be written as a function of the state. We can then
express the continuation value in vector form as V, with elements corresponding to
the expectation from ending a period in any particular ex-post state. It is then useful

to define the relationship between the n’ vector V(s) defined previously and V:

V(s1)
= AV

V(ss)

Where A is an Snl x S dimensional matrix. I often also use the relationship V(s) =

AV for the nt x S submatrix As. This matrix contains a 1 in entry am if the potential



3.3. Identification 53

outcome w* yields ex-post state s = s,,. That is, this matrix just selects the relevant

continuation values that correspond to possible ex-post states.

Assumption 3. For all i and 1 € IL T;y(b;|s; 0" ;) is strictly increasing and differentiable
in by. Similarly, for all i, j, and | € 1L the object Prob(j wins I|by;; o*;) is continuous and

differentiable in by;.

This assumption ensures that the marginal, combination, and over-all combina-
tion win probabilities are continuous and differentiable in b, enabling us to take first
order conditions. As in GKS, when this assumption fails we lose point-identification,

though the model primitives generally remain partially identified.

Assumption 4.
i) Element a of J;(s) can be written as: Ji,(s) = ji(s?) for some j; : S; — R.

ii) E[v|s] = 0.

Part i) of this assumption is relatively weak. I require the immediate combinato-
rial pay-off from ending the period in state s* depends only on this final state.' Part
ii) of the assumption just ensures that the mean of v is absorbed into J.

By stacking J over s and j over s; I define a mapping between J(s) and j(s;):

J(s1) j(si)
] =| : i =1 J = Bj 3.5)
o1 et
S2hx1 ](SS) Six1 j(Sis)

Where B is an S2F x S; transformation matrix with rank S;. I also write J(s) = Bsj
using just the 2F x S; sub-matrix Bs. This matrix selects elements of j according to the
possible ex-post states for player i, given they started the period in state s. We can
define the relationship P(b|s)"Bs = Q(b|s)T AsC for the S x S; matrix C. entry mn
of Cis equal to 1 if s} = s?, and zero otherwise. Therefore, each row of C contains
a single non-zero entry, while column # contains a 1 in rows for which s; = s". This

relationship holds because C collapses Q over states with the same s;.

15This differs from GKS’ approach in which J;, is able to depend on both s%, s, and potentially
even other s? . For example, their approach permits identification of reference dependent preferences.
However, in their empirical example they do impose this restriction. Furthermore, while I impose that
j is independent of s_;, this restriction is not necessary for identification or estimation.
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Based on these assumptions, I will prove the following proposition:'®

Proposition 2. Under assumptions 1 - 4, the model primitives F and j are non-parametrically

identified up to p and j(s;1).

As is standard, I take 8 as given. Meanwhile, we must normalise j(s;;) because
the level of pay-offs is not-identified - only marginal pay-offs are identified. Just as,

in the single-object case, we normalise the pay-off from losing to zero.

3.3.2 Optimising Behaviour

The agent’s problem is to maximise their expected discounted pay-off, and so in each

period the agent maximises the following object, with respect to b:

[1(blv;s) = T(b|s)T (v —b) + P(b|s)TJ(s) + BQ(b|s) TV (s)

=T(bls)" (v —b) + P(bs)"Bsj + pQ(b|s)" AV

Assumption 9 ensures that P(b|s), Q(b|s), and I'(b|s) are continuously differen-

tiable in b. Necessary First Order Conditions of optimal bidding are then given as:

VI(b*|s) (v —b*) =T(b*|s) — Vp,P(b*|s) Bsj —B VpQ(b*|s) AsV (3.6)
[N G 2 G S— N —
LxL Lx1 Lx1 Lx2L 2L x1 Lxnl nkx1

As above, under the assumption of zero probability ties (or exogenous tie-breaking),

Ti(bls) = ITjx Gji(bils). Therefore VI must be a diagonal matrix with entry I
equal to Y gj1(bi|s) [Tk G (bils), and so VI must be invertible for most b.

3.3.3 The Inverse Bid System

I now consider how the first order conditions can be inverted to give the inverse

bidding system. This enables me to show that F is non-parametrically identified,

16Importantly, this proposition does not collapse down to GKS’ identification result, even when the
game is static or bidders are myopic (e.g. B = 0). This proposition differs from GKS’s key proposition
in the source of variation, and exclusion restriction, used to identify J. They prove identification from
variation in characteristics of non-bid on lots and characteristics of bidder i’s competitors, which cause
‘exogenous’ variation in I and P. I focus on variation in the state variable, which creates variation in T’
and P but also directly creates variation in | + BV, all of which then cause variation in bids.
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conditional on | and BV. This argument is almost precisely the same as that pre-
sented by GKS, which is a simple multi-object extension of Guerre, Perrigne, and

Vuong (2000)’s identification result from inverting the first order conditions.

Proposition 2'. Under assumptions 1 - 3, and conditional on | and BV being known, the

cdf F is non-parametrically identified.

Suppose both |, and BV are already identified The First Order Conditions can

then be inverted to obtain the inverse bid function:'”

E(b*|],BV;s) = b* +VuT(b*|s) ! [[(b*|s) — VpP(b*|s) Bsj — V,Q(b*|s) AsBV]

~—~—
observed Identified Identified Identified

(3.7)

This system of equations is a natural extension of the standard inverse bid function.

At the optimum the lot specific value is equal to bids b* plus a lot specific markup

VuI'(b*|s)~!T(b*|s), minus a combination markup VT (b*|s) !V, P(b*|s)Bsj, mi-

nus the standard dynamic markup which depends on precisely who won each com-
bination of lots V,T'(b*|s) "1V, Q(b*|s) AsBV.

We can evaluate this inverse bid function at the observed bids, which holds for

a particular candidate (], BV). If this candidate (], BV) is correct, that is, if we have

already identified (J, BV), then &(b*|J, BV;s) = v trivially. From here it is simple to

non-parametrically identify F(.).

3.3.4 Identification of V

I now demonstrate that conditional on j being known, we can write V as a function
of the distribution of bids and j only. This essentially extends Proposition 1 from JBP

to the multi-object case.

Proposition 3. Under assumptions 1 - 4, the expected stage pay-off is given by:

[1(b*|v;s) = I'(b*[s)T V,T(b*|s) 'T(b*|s)
+[P(b*[s)" — T(b*[s)" VI (b*[s) "'V P(b*[s)]Bsj

+[Q(b*|s)" — T(b*|s) VI (b*|s) ' VpQ(b*|s)]AsBV  (3.8)

17For rows [ such that | ¢ IL and hence b; = @, we will also have & = @
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Proof of this proposition is given in Appendix C. This relation is an extension of

Proposition 1 presented in JP. The first term on the right hand side of the equation

. 1T ,‘G' bi . ’ oy . .
can be written as ) ; % — the same term in JP’s proposition. Unlike in the
j#i SjI\Yi

single unit case there is an additional adjustment for the non-additivity.
From Proposition 3, employing the identity P(b|s)"Bs = Q(b|s)T AsC, and tak-

ing an expectation of the observed bids, we can write the ex-ante value function as:

Vi(s) = @(s) + Q(s)[Cj + BV]
Where ®(s) = Ep[T(b*|s)TVpI(b*|s) 'T(b*|s)|s]

Q(s) = Eu[Q(b*[s)T — T(b*[s) TV T(b*]s) "V Q(b*|s)|s] As

Stacking over s write the continuation value as V = TV® = T® 4 TQ[Cj + BV]
Which we can invert for: V = (Is — BTQ) ! [T® + TQCj]. This yields a stationary
solution for the continuation value. Non-singularity of (Is — BTQ) is a condition for
stationarity, though this matrix is guaranteed to be non-singular anyway.'® This en-

sures that, conditional on j being known, the continuation value is point identified.

3.3.5 Identification of j

I now prove that identification of j collapses to a rank condition. Impose the mean

zero property of v for:

0 = Ey[v[s] = Ep:[§(b";s,(j, V))]s]
= Ep:[b* + VpI'(b*|s) "'T(b*|s)[s] — Ep:[VpI(b*[s) ' VpQ(b*|s)|s]As[Cj + BV]

=Y(s) —¥(s)[Cj + V] (3.9)

18Non-singularity follows from the matrix being strictly diagonally dominant. This result is known
as the Levy-Desplanques Theorem. Strict diagonal dominance arises because every element of T() is
weakly positive, and rows sum to 1. Therefore, off diagonals of I — BTQ) lie in the interval (—8,0],
while diagonals are strictly positive, and rows sum to 1 — .
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Stacking over s, and substituting in the expression for V, we get:

0=Y—Y¥[Cj+BV]
=Y - BY¥(Is — BTQ)'T® — [¥C + ¥ (Is — BTQ) ' TQC]j

=Y - BY¥(Is — BTQ) 'T® — ¥(Is — BTQ)'Cj (3.10)

This system of LS equations in S; — 1 unknowns overcomes the standard order con-
dition discussed in GKS. There exists a unique solution to this system (j is point

identified) if and only if the LS x S; matrix ¥(Is — BTQ)~!C has rank S; — 1.

3.3.6 Rank Condition

This rank condition requires that observations of bidding behaviour, across all S
states, produces sufficient information about j to uniquely pin down all S; — 1 ele-
ments. We gain information about j(s;) from how bidding behaviour changes when
s; is a possible outcome from the round of auctions. Stacking the moment conditions
in equation 3.10 stitches together information about j across different state observa-
tions. As well as information as s; varies, we gain information as s_; varies - even
if this is excluded from the function j — providing additional identifying variation.

One additional assumption is sufficient for this rank condition to hold:

Assumption 5. The set S, is partially ordered according to the strict partial ordering
>, such thatif s € §/(s;, sg) then s} > s;. In addition, the maximal elements of 5; do

not outnumber the non-maximal elements.

The partial ordering assumption is very mild, really only imposing the transitiv-
ity of partially ordered sets. A requirement for these partial orderings is that winning
an auction is monotonic: one cannot gain an object from winning one auction and
give it away by winning a different auction. I limit the number of maximal elements

because observations of bidding from maximal elements are not informative.'’

Proposition 4. Under assumption 1-5¥ (Is — BTQY) ~'C has rank S; — 1

19An element s; is defined as maximal if there does not exist an s/ € S; such that s} > s;. The
interpretation of how an element can be considered maximal is left ambiguous. One interpretation
is that these maximal elements are the largest (in partial ordering terms) states that are observed as
possible ex-post outcomes, but are never observed as ex-ante outcomes. In this way, we want to try to
identify j for these states, but do not get to use observations beginning in these states.
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Proof of this proposition is given in Appendix D. It is omitted from the main text
for brevity. This rank condition is not trivial, since ¥ is certainly rank deficient. Like-
wise, it is not ex-ante obvious whether stacking ¥ (s) across states yields information
about every element of j. The bulk of the proof requires establishing the rank of ¥
and finding it’s null space. As we stitch together observations of bidding from each
state, stacking ¥ (s) across s, the rank increases by at least two each time. I then con-
sider the image of (Is — BTQ)~1C, proving that the only element in the intersection
of this image and the null space of ¥ is the constant vector.?

While the algebraic proof is long, it has a relatively intuitive geometric argument
behind it, focusing on the rank of ¥. Consider a simple setting with L = 2 and
IS;| = 13, and S = S; (rival states and common states do not vary). The partial
ordering of these states is shown in Figure 3.1, demonstrating that sy is the unique
minimal state, and s — s1, are maximal states. Beginning in state s’, if the bidder

L or s? depending

wins nothing their ex-post state is s’. If they win one lot then s ='s
on which lot. If they win both lots then s” = s*. From each state, possible ex-post
states are shown by the dotted arrows (ignoring self-loops).

We want to identify the 12 marginal payoffs of moving from s’ to the other states.
Each observation, beginning in a given state, yields two pieces of information from
the two bids. However, there are always three marginal payoffs to identify.

These marginal payoffs are identified if, by adding two edges from each state
(shown in red), we can connect the graph, so the adjacency matrix (and hence Y¥)
has rank 12. It turns out that we can always do this, so long as the maximal states
(for which we have no useful data) do not outnumber the non-maximal states. The
fact that the set of possible ex-post states overlap is key to this argument — s* is
a possible ex-post state for s¥ sl and s2. Likewise, each non-maximal state has a
unique maximal element of its ex-post set — in that only s’ has s* as the maximal

element of its ex-post set. This ensures that the two pieces of information we receive

from each state are all informative.

20This proof only holds for the setting when the state space is finite. However the underlying idea
extends to the case with infinite states: Even though the rank of an infinitely large matrix is undefined,
it is clear how the logic of combining observations across states yields identification.
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FIGURE 3.1: The Geometric Identification Argument

3.3.7 Extensions

I now consider several extensions to this identification framework. Some of these
extensions are extremely mild, often relaxing some of the previously stated assump-
tions. Other extensions significantly alter the empirical and model framework.

Second-price auctions: In Appendix E.1 I demonstrate that identification ex-
tends, almost trivially, to simultaneous second-price auctions. Holding constant all
but one bid, optimal bidding requires bidding the expected marginal value of win-
ning that additional lot, given the other bids. This yields a set of necessary first order
conditions similar to the first-price case. These can then be inverted for an inverse
bid system that is identical to the first-price case, except that it is missing the markup
term VI'(b) 'T'(b). Proposition 3 is then extended in a similar fashion. From here
the identification and estimation arguments extend intuitively.

Binding reservation prices: In Appendix E.2 I consider how the presence of
binding reservation prices impact identification. The binding reservation prices es-

sentially cause censoring in the data. We immediately lose point identification of
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both F and j. However, F remains partially identified, using a similar argument as
presented in subsection 3.3.3. We can no longer use moment conditions to iden-
tify j, as we did in subsection 3.3.5, and instead make used of quantile conditions.
As a result, some elements of j can only be bounded. While reservation prices are
a mathematical nuisance, they do not have a meaningful impact on identification,
particularly when econometricians make parametric assumptions on F.

Endogenous Entry: In Appendix E.3 I consider an additional stage in-which the
bidder choose a subset of auctions to enter, where entering each subset has an asso-
ciated cost. This creates a minor change to the representation of V' as a function of ;.
The identification of j and F then follow from previous arguments. The distribution
of the entry cost distribution then follows from standard results.

Inter-temporal Budget Constraint: In Appendix E.4 I relax the assumption that
pay-offs are quasi-linear in wealth and instead allow for an inter-temporal budget
constraint, equivalent to the standard no-ponzi condition. I prove that in a station-
ary environment the quasi-linear model is observationally equivalent to the budget
constraint model. This arises because the two models are observationally equivalent
when when the marginal value of wealth is constant over time, and I demonstrate
that under mild conditions stationarity requires that the opportunity cost of bidding
in any given period must be time-invariant.

Stochastic Combination Value: In Appendix E.5 I allow the combination value
to be stochastic. I consider two cases. First, when the combination value depends
on the number of lots won, not which lots are won. Second, when the combination
value is a function of low dimensional (< L) unobservables, such as unobserved
states or unknown parameters. The only necessary restriction is that this function
is strictly monotonic in the unobservables. In both cases I prove identification by

inverting the first order conditions to identify the unobservables.

3.4 Estimation

Having established the non-parametric identification of the dynamic game, I now

describe a computationally feasible procedure to estimate F and j.?! I begin with

2IStandard procedures are either infeasible or inapplicable. JP’s method is inapplicable since we
cannot write the maximised expected payoff as a function of bids only. Interior fixed point methods are
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a general description of the novel procedure, outlining the key intuition. I then

describe in detail the three estimation steps.

3.4.1 Premise

We cannot employ the estimation procedure of JP because we cannot write the value
function, and hence the continuation value, as a function of the observed distri-
bution of equilibrium bids and transition process only. However, as we saw with
Proposition 3, we can write the continuation value as a function of the bid distri-
bution, the transition process, and a correction term. This correction term, which
simply corrects for the non-additivities across lots, is a known function of the bid
distribution and the sum of the deterministic flow payoff function j and the dis-

counted continuation value BV. This relationship is exemplified in Equation 3.11:

V(s') = / /b T1(b|s; K)dG(b|s)dT(s|s) (3.11)

Where I1(b|s; K) =

T(bls)"VuI'(b]s)~'T(b[s) +[Q(b]s)" —T'(b[s)" VI (bls) ™' VpQ(b]s)]K(s)

as in JP correction term

and  [K(s)]s = k(s") = j(s!) + BV (s")

The central premise of the procedure exploits the fact that if we “knew” this object
k = j+ BV, we could plug this into the formula for the value function, and so con-
tinue as per JP’s procedure. I refer to this sum as the ‘pseudo-static’ pay-off, as it is
essentially the object we estimate if we incorrectly assume myopic bidding. Because
both G and T are easily estimated using standard methods, if we had a consistent

estimate for the function k : 5 — IR, then we would have a consistent estimate for V,

infeasible due to the computation difficulty of repeatedly numerically maximising expected payoffs.
Finally, CCP style methods are applicable, but are more computationally expensive than the approach
presented below. In the most abstract case presented in the previous section, fully non-parametric with
a finite set of observed states, mine and the CCP approach are equivalent.
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and hence j (= k — BV). Like CCPs or the distribution of equilibrium bids, this func-
tion k(.) is not a model primitive but a function of primitives. The central estimation
problem then concerns estimating k.

This procedure is closely related to the estimation of a static model. If players are
myopic, so that f = 0, then k = j. Therefore, the procedure is almost like estimating
the model as if it were static. While we may expect that j is independent of s_;, k in
general is not. Therefore, the procedure involves estimating the model as if it were a
generalised static model, in which pay-offs are allowed to depend on every element
of the state space that enters the continuation value.”?

In part, the procedure is a generalisation of JP, since we write the Continuation
Value as a function of the distribution bids and this additional combinatorial term.
When k is additively separable I1(b|s; K) = I'(b|s)TV,I'(b|s) 'T'(b|s), just as in JP.
The procedure is also related to CCP methods. Both CCP methods and JP’s pro-
cedure involve writing the continuation value as a function of the distribution of
observed actions. The pseudo-static pay-off function, if it is identified from stan-
dard choice data, will itself be a function of the distribution of observed actions.?
Therefore the continuation value is still a function of the distribution of observed
actions, however it requires the additional intermediate step of estimating k.

Finally, in a discrete choice setting, this estimation procedure is numerically equiv-
alent to conditional choice probability (CCP) estimation when the researcher fits a
parametric functional form to the conditional choice probabilities. For example, in

a binary choice setting one might fit a logit link function, so that p(d; = 1|s;) =

exp(Js})

(G0 texp(3sT) This is equivalent to specifying the choice specific value function

U(d; = alef, s¢) = € +j(sf) + BV (sf), where € is Type 1 extreme value, and j(sf) +
BV (s?) = k(s{) = és{. Then we have V(s;) = E[In(exp(k(s} )) +exp(k(s),)))|st] +
7, where v is Euler’s constant. The difference is that we give the reduced form coeffi-
cients ¢ a structural interpretation. This procedure only differs from a CCP estimator

in an environment with choice over lotteries with multiple possible outcomes.

22This permits a simple test of forward looking behaviour and a way to identify B following the
‘exclusion restriction” logic of Magnac and Thesmar (2002): If the model is correctly specified and s_;
is excluded from j, then observing that k varies with s_; is sufficient to reject myopia.

2In this application, identification of k just uses the assumption that E[v|s] = 0. Point Identification
is then ensured by proposition 4, ensuring the first line of equation 3.10 is invertible, as the matrix ¥ is
invertible up to normalisations.
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I now outline the three key estimation steps. The discussion is kept general
within the dynamic multi-object auction framework. The procedure can be written

succinctly as the following three step procedure:

1. Estimate equilibrium win probabilities I' and Q, and transition functions T.
2. Given I"and Q, estimate F and k - the primitives of the pseudo-static model.

3. Given T, Q, T,F, and fc, evaluate V then back out f

3.4.2 3 Steps
Step 1.

The First Stage represents the standard first stage in the empirical auction literature.
There are several possible approaches the research might take. The researcher could
estimate the conditional cumulative distribution of bids Gj;, then form I';(b), P;(b),
and Qj (b) respectively. This is the approach taken in both GKS and JP. Otherwise
the researcher may directly estimate I' by estimating the probability that i wins any
given lot given their bid, estimating P (rlr}QZX {bi} < b|b), essentially estimating the
distribution of highest bids other than bids belonging to i. This is the approach taken
in Cantillon and Pesendorfer (2007) and Raisingh (2021).

The researcher can easily take either a parametric or non-parametric approach,
so long as the ensuing estimated object is continuously differentiable. That is, the
researcher must continue to impose the assumptions required for identification. The

same goes for estimating the transition distribution T(.|s{ ;).

Step 2.

In the second step we estimate the sum of the immediate combination value and
the discounted continuation value; the pseudo-static pay-off function k(s). We can
broadly follows the second stage in the estimation procedure presented in GKS. This
step will be done by exploiting the moment conditions used in the identification
argument: E[v|s] = 0. Set k such that, for all / and all s, E[&(b*|k;s)|s] = 0.

However, the identifying conditions gives rise to an additional set of moments:

Eluih(s)] = E[E[v/h(s)|s]] = E[E[vi|s]h(s)] = 0
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Where h(s) is a known vector valued function of s, such as h(s) = s or h(s) =
l[s = 5] (dummy variables for each possible state). That is, we can also just set k to
ensure that ¢;(b*|k; s) is mean independent of s. These moment conditions help us
interpret the estimation problem as an instrumental variables procedure with h(s)

as the instruments. Rewrite the FOCs as a regression equation:

Li(buls:) VpQ(by|s)
e - K(st) +v
It VB[rl(blt‘St) [Vb[rl(blt|st)]l‘ ( t) It

yf Xt‘B

We could estimate K(s;) using a least squares procedure; set k to minimise the sum

squared residuals ) ; ), vlzt. But, in general E v}, [%] 1.] # Obecause E[v;;by;] #

0. Therefore we have a standard endogeneity problem. Fortunately, we have a set of

candidate instruments, h(s;), so we can write the first stage as:

_  VbQ(byst)
Vi, T1(bie|st)

Xt

i = mh(s) ey
——

Zt

This interpretation is helpful as it enables the researcher to make use of a number
of standard instrumental variable procedures, such as analysing the relevance and
validity of our instruments.”*

The econometrician is able to estimate k either parametrically or non-parametrically.
In the Monte-Carlo study presented below I consider both a non-parametric spline
estimator, as well as a semi-parametric specification, assuming K takes a convenient
linear-in-parameters form, with k(s) = h(s)76¥, and estimate 6* using Generalised

Method of Moments, imposing E[v/h(s)] = 0. Having estimated k we back out the

distribution F using the empirical cdf of inverse bids ¢.

Step 3.

The Third Stage broadly corresponds to the second stage in JP’s estimation proce-
dure. Given the distribution of bids and the pseudo-static pay-off function K; use

these objects to evaluate the continuation value.

24Depending on the form of h the first stage may not need to be estimated and 7r; may be known.
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Building on Proposition 3 we use equation 3.11 to evaluate the continuation
value, evaluated using estimates of T, G, and K. First, we evaluate I1(by|s; K) for
each f. Next, they evaluate the ex-ante value function by either numerically inte-
grating over the estimated distribution of bids or by taking a conditional expectation
over observed bids. This latter approach ensures the distribution of bids never has
to be explicitly estimated. The continuation value is then formed by taking a condi-
tional expectation over the transition process, which can again be performed using
numerical integration or by averaging over the observed distribution.

Finally, j can be backed out using the identity j = k — BV for some fixed value of
B.% At this stage we must average our js over s_;. With a correctly specified model
and an infinite amount of data there should be no variation. The choice of weighting
procedure is important, since it will be necessary to place less weight on estimates

for s_; with fewer observations, so are more imprecisely estimated.?®

Inference

Inference in this estimation procedure is complicated by the multiple stage nature.
Inference on the first two stages is standard, making use of two step variance esti-
mates for the second stage. Inference in the second stage enables hypothesis test-
ing on model specification. For example, testing for the presence of non-additivity
across lots, justifying the need for the dynamic multi-object approach.

In the third stage we use the delta-method, taking as given the first two stages.
Bootstrap and Monte-Carlo methods are also possible, though may be time inten-
sive. In some settings it may be appropriate to employ the same linear-in-parameters
specification for both the second and third stages, as I do in the Monte-Carlo study
below. This makes inference in the third stage extremely simple, as j(s) inherits the
same functional form as k and V. The variance of j is a function of the variances from

the second and third stages, and their covariance.

ZNote that at this stage one can vary B to see how ] varies. In the spirit of Magnac and Thesmar
(2002) B is identified from our exclusion restrictions on j, so in principle we could set B such that j is
independent of s_;. Discussion of this possibility is left for future work.

26This weighting problem is related to the standard small sample problem for CCP methods, which
is generally alleviated by reducing the weight on observations with poorly estimated continuation val-
ues. Similarly, like how these problems can be alleviated by taking a parametric approach to estimating
conditional choice probabilities, a parametric approach to estimating k can alleviate these problems.
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3.4.3 Monte Carlo Study

Next, I discuss the efficacy of the proposed estimator, presenting the results of a
Monte-Carlo study. As discussed in GKS, the difficulty in simulating these types of
games is that solving for equilibrium bidding strategies is intractable. Meanwhile,
numerically finding equilibrium bidding strategies - by iterating over equilibrium
beliefs and actions until a fixed point is found - is extremely computationally inten-
sive. This is because, for each hypothesised set of beliefs, we must find the equilib-
rium continuation value through value function iteration, which requires numeri-
cally finding optimum bids a large number of times.

For simplicity I focus on the case where bidders are bidding against a parametric
set of beliefs. That is, I essentially take the equilibrium as given. Furthermore, in
the current simulations, I focus on an equilibrium in which equilibrium beliefs do
not depend on each bidder’s individual states {s;; }, . This is similar to many ap-
plications seen in practice, including GKS, Backus and Lewis (2016), Groeger (2014),
Balat (2013).

Set up

Every period there are two auctions (L = 2) and two types of object, denoted x and
y. Each lot contains one type of object, and one lot of each type of good comes to
auction each period. However, some lots contain ten units of the good, while other
lots contain only 5 units. The set of available lots is denoted (z%,2Y), so lot 1 consists
of z* units of lot x, and lot 2 consists of z¥ units of lot y. Each period the possible
set of lots IL; € {(5,5),(10,5), (5,10) }. In this simplified setting the common state is
just given by IL;. For simplicity, this transitions stochastically such that each of these
states occurs with equal probability, independent of previous states. This ensures
that the continuation value does not depend on the common state.

Bidders’ states consist of stocks of the two objects, both of which only come in
integer values: s%, € {0, 1, ..., 100}, likewise for good y. At the end of each period,
bidders consume 3 units of good x with probability 0.4 and three units of good y with

probability 0.3, until their stocks fall to 0 for either good. A bidder’s combinatorial
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flow pay-off is given by:

j(s*,s¥) = 01log(s* +1) + 621log(s* + 1) log(s¥ +1)

where (6, 0,) are parameters, which I set to 20 and 10 respectively. 6; ensures pay-
offs are not additively separable over time, while 6, > 0 ensures the two goods, and
so the two lots, are complements within a period. I can check that bidding behaviour
varies strongly with s;;, ensuring this baseline instrument is strong. Meanwhile, the
lot-specific pay-offs are drawn from:

0 900zf  100z}z]

vy~ N

0 , 100zFz/ 400z

I take as given the equilibrium distribution of the highest rival bids, which is
assumed to follow a type 2 extreme value distribution. The mean of this distribution
is given by the average (across states) marginal pay-off from winning each lot (~
(17.1z%,12.5z). The standard deviation is tuned to the standard deviation (across
states and lot-specific pay-offs) of the marginal pay-offs from winning each lot. The
shape parameter is set to 0.1.

I perform value function iteration to find the continuation value under this dis-
tribution of pay-offs and these equilibrium beliefs. Having found a continuation
value, I can then simulate a dataset. Given the set-up the state space consists of
30, 000 unique elements. Focusing on a large number of elements is intended to sim-
ulate my real world application when the state space will be treated as continuous.

I simulate 1,000 datasets of bids and states, each with N € { 1000, 10,000, 100,000 }
observations uniformly sampled from the state space. I then consider 3 estimators:
1) a parametric estimator using the same functional form as j, and 2) a quadratic
polynomial estimator, and 3) a fully non-parametric cubic spline estimator. For the
spline, I use uniformly spaced knots, setting the number of knots to ensure at least
30 observations per knot. For each estimator I consider estimates from using no in-
struments, the baseline “initial state” instruments, as well as using all the possible

ex-post states as instrument.
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Results

Results are presented in figure 3.2. Each estimator yields estimates of j(s;) for each
s; € S;. I then fit the correctly specified j across these states, extracting §; and 6,.
The non-parametric estimator (3) outperforms the two semi-parametric estima-
tors, even in relatively small samples. However, it is very computationally intensive,
with estimation taking almost 100 times longer than the semi-parametric estimators.
Semi-parametric estimator (1), which fits the true functional form of j to both k and
V, performs poorest. This is because we should not expect either k or V to inherit the
functional form of j. Likewise, estimator (2), the flexible polynomial, performs rea-
sonably well despite being misspecified. The choice of instruments is also shown
to be important. For the most part, using no instruments (@) out performs the
initial state instrument. This arises for the combination of two reasons. First, as
discussed previously, the initial state instruments may suffer from weak instrument
problems, as variation in the initial state may not induce enough variation in bidding
behaviour. Second, the degree of bias in the least squares estimation is expected to
be small, depending on the correlation between I'j(b;) and vy. This correlation is
relatively small because b; varies much more with other variables, such as v; and
the state variables. Finally, using the ex-post states as instruments performs much

better, but does not dominate (nor is dominated by) the no-instrument estimator.

3.5 The Way Forward

In this chapter I did three things: First, I set-up an dynamic model of bidding in re-
peated rounds of simultaneous first-price auctions. Second, I proved that the model
primitives are identified from standard bidding data, using observed variation in
state variables. Finally, I proposed a computationally feasible estimation procedure,
overcoming the technical challenges of estimating model primitives in this setting.
While this chapter was primarily motivated by the study of Feeding America’s
allocation mechanism, it was also motivated by the prevalence of such repeated,
multi-object auctions. Significant complementarities between auctioned objects have

been found in both the dynamic single-object literature, and the static multi-object
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FIGURE 3.2: Monte Carlo Study

Instrument = @ St {st}
0 N || Mean SD rMSE | Mean SD rMSE | Mean SD rMSE
1 6 1,000 5.79 5.11 15.1 4.46 6.11 16.7 4.74 5.64 16.3
10,000 6.19 3 14.1 49 3.54 15.5 4.8 3.25 15.5

100, 000 6.57 2.63 13.7 5.56 2.95 14.7 55 2.75 14.8

6> 1,000 5.76 0.596 4.28 6.71 0.775 3.38 6.33 0.733 3.75
10,000 5.83 0.347 4.19 6.76 0.436 3.27 6.41 0.401 3.61
100,000 5.98 0.274 4.03 6.9 0.374 3.12 6.53 0.34 3.49

2 6 1,000 24.2 1.79 4.55 24.3 4.74 6.38 22.8 4.63 54
10,000 242 0.602 4.27 247 1.52 4.89 229 1.49 3.23
100, 000 24.2 0.301 4.25 24.6 0.529 4.64 229 0.52 2.98

0> 1,000 12.1 0.289 212 11.2 0.717 1.38 12.1 0.692 2.23
10,000 121 0.0963 2.15 111 0.224 1.16 12.1 0.227 2.14
100, 000 122 0.0458 217 112 0.0803 1.16 121 0.0802 2.15

3 6 1,000 20 2.04 2.04 20.7 14.9 14.9 19 3.73 3.85
10,000 21.2 1.06 1.58 22.4 4.07 4.71 204 1.54 1.59
100,000 21.3 0.413 1.32 225 1.19 274 204 0.48 0.653

6> 1,000 10.5 0.306 0.558 10.5 2.17 222 10.7 0.587  0.928
10, 000 10 0.157  0.157 9.93 0.614  0.617 10.1 0.257 0.29

100, 000 10 0.0481 0.0486 | 9.92 0172 0189 | 101 0.0741 0.159

Note: The true values for 6; and 6, are 20 and 10 respectively. For each study I use 1,000

simulated datasets. The three instruments are: @ = no instrument (OLS), s; = initial states,

{sf} = all the possible ex-post states, given the period began in s;. Estimator (1) is a semi-

parametric estimator, using the true functional form of j to fit k and V. Estimator (2) fits a
cubic polynomial, while Estimator (3) fits a cubic spline.

literature, most notably in JP and GKS. However, these two types of model had not,
until this point, been unified in a single framework.

The Feeding America setting differs from the simplified model presented above
in a number of ways. The inter-temporal budget constraint, the reservation prices,
as well as endogenous entry are all factors that I analysed separately in Appendix
E. I showed that none of these factors undermined the key identification arguments.
However, moving forward, a key difficulty is that the identification strategy outlined
above relies on observed variation in state variables. In the Feeding America setting,
I do not observe bidders’ state variables, as I do not have data on food banks’ stocks.
Therefore, one remaining methodological challenge is to extend these identification

arguments and my estimation procedure to allow for these unobserved states.
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Chapter 4

A Structural Analysis of the Food

Allocation Problem

4.1 Chapter Introduction

In this chapter I use a rich model of food bank bidding behaviour to investigate
welfare under the Choice System, compared to alternative mechanisms that allow
food banks varying degrees of choice. The central challenge is that I do not observe
food banks” inventories — a key determinant of bidding behaviour. I do, however,
observe food banks’ previous winnings, which act as observed shifters of the unob-
served stocks, and I prove that this is sufficient to non-parametrically identify the
model. I then develop a novel empirical strategy to estimate food banks” demand
functions despite not observing their inventories, applying a dynamic auction model
to detailed Choice System data. I exploit the panel dimension of the data to allow
demand to vary across food banks and over time, as different food banks have dif-
ferent storage capacities, cater to different numbers of clients, and receive different
types of food at different times from their local donors. I then use these estimates
to evaluate equilibrium allocations under a number of alternative allocation mecha-
nisms. Counterfactual simulations demonstrate that, relative to the Old System, the
Choice System is extremely effective at achieving Feeding America’s welfare and
equity goals: Welfare is 17.1% higher under the Choice System than the Old Sys-
tem. This is roughly equivalent to an additional 50 tons of food allocated each day,
enough to support an additional 22,300 people.

In order to investigate food banks” needs, and so evaluate welfare under various
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allocation mechanismes, I first develop a structural model of food banks bidding for
food on the Choice System. The structural model follows the framework outlined in
Chapter 3, unifying the models of Gentry, Komarova, and Schiraldi (2023) and Jofre-
Bonet and Pesendorfer (2003). As we saw in Chapter 2, descriptive evidence demon-
strates the need for both the dynamic and multi-object framework: First, when mul-
tiple similar loads are auctioned simultaneously food banks are less likely to bid on
any given load. This suggests that similar loads are substitutable, and requires a
multi-object model to account for the simultaneous auction environment. Second,
food banks certainly act as forward looking bidders, given that auctions happen so
frequently. Conditional on winning a load, food banks are less likely to bid on simi-
lar loads on subsequent days. This suggests food banks treat loads as storable goods
subject to storage costs, emphasising the need for an empirical model that accounts
for the dynamic environment.

As established by Prendergast (2017), the importance of choice depends on the
degree of unobserved heterogeneity in food banks” preferences and storage costs,
as well as the degree of substitutability of different types of food. In Section 2.5 I
presented evidence of this heterogeneity, demonstrating large differences in bidding
behaviour across different types of food, across different food banks, and within
food banks over time. The model incorporates this heterogeneity in three key ways.
First, food is classified by how it is stored (capturing storage capacity), and how it
is used. It is further divided into 15 broad categories and 164 subcategories, each
associated with distinct preference parameters. Second, the long panel (around 900
days) allows me to estimate distinct parameters for each food bank, allowing for
permanent heterogeneity across food banks.! Finally, I allow for time-varying unob-
served heterogeneity, which I attribute to the fact that I do not observe food banks’
stocks of various types of food. This captures how food banks may irregularly re-
ceive donations from their local donors and irregularly give out food to clients.

The main challenge is that I do not observe food banks’ stocks. Current stocks

T 1ack identifying variation for certain food banks which rarely bid or rarely win. This is partic-
ularly a problem for estimating food bank specific storage costs. Therefore I build this heterogeneity
into a Bayesian Hierarchical framework - assuming that individual parameters are themselves drawn
from a parent distribution. This approach is natural as it allows food banks to differ in their ability
to store various types of food, while pooling information for those food banks for whom identifying
variation is scarce.
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are a key determinant of demand — if a food bank suddenly stops bidding on a
particular type of food it might be because, unobserved by the econometrician, they
recently received this from a local donor. I make two important methodological
contributions: First, I prove that variation in food banks” winnings are sufficient to
non-parametrically identify the model primitives. Second, I develop a procedure to
estimate bidders’ values in a dynamic multi-object auction environment when in-
dividual state variables (stocks) are unobserved. I overcome this problem using a
Gibbs Sampling procedure, employing a data-augmentation step to draw the unob-
served stocks from their conditional posterior distribution. To the best of my knowl-
edge, this is the first study to estimate a model of this type.

The model presented in Chapter 3 was identified using observed variation in
individual state variables. In contrast, this model is identified through observed
variation in food banks” winnings, which drive systematic variation in bidding be-
haviour. Winnings act as observed changes in the unobserved stocks, acting like an
instrumental variable that shifts these stocks in a known way. Expanding on the
framework used by Hu and Shum (2012) I prove that variation in food banks” win-
nings are sufficient to non-parametrically identify the primitives of the dynamic auc-
tion model, as well as the transition process of food banks’ stocks. The idea behind
this argument is that the change in the propensity to bid immediately after winning a
lot identifies food banks’ storage capacities: After a recent win, capacity constrained
food banks will stop bidding on that type of food. Meanwhile, the length of time
before food banks return to their average bidding propensity enables identification
of the unobserved state transition process: If it takes them a long time to return to
bidding on a particular type of food, this suggests they generally have access to that
food from their local donors. This is essentially the same variation shown in Figure
2.11 in Chapter 2. This identification argument has broader applicability beyond the
auction framework, for example, in the storable goods literature.

I employ the three step estimation procedure introduced in Chapter 3. In the
first step I estimate equilibrium beliefs by estimating the conditional distribution of
winning bids. I then invert food banks’ first order conditions for optimal bidding,

obtaining an inverse bidding system as in Guerre, Perrigne, and Vuong (2000) and



74 Chapter 4. A Structural Analysis of the Food Allocation Problem

Gentry, Komarova, and Schiraldi (2023). In the second step, using the inverse bid-
ding system, I estimate the distribution of food banks’ ‘Pseudo-Static” payoffs from
winning combinations of lots. This means I estimate the sum of bidders” flow pay-
off and their discounted continuation value — essentially estimating the model as
though food banks were myopic. During this step I also estimate the transition pro-
cess for food banks’ stocks. I employ the Gibbs Sampling procedure in this step to
efficiently sample stocks from their conditional posterior distribution. This means I
essentially iterate between 1) estimating food bank demand functions given a sam-
ple of observed stocks, and 2) sampling stocks from their posterior, given the food
banks” demand functions, and so estimating the stock transition process. Finally,
in the spirit of Jofre-Bonet and Pesendorfer (2003), the continuation value can be
written as a function of observed bids, beliefs, and the pseudo-static payoff func-
tion. Therefore, in the third step I evaluate the estimated continuation value, before
backing out the distribution of flow payoffs from the definition of the pseudo-static
payoffs.

I find significant evidence of demand heterogeneity both across food banks and
over time. I estimate large differences in access to local donors. For example, I find
that food banks in urban areas generally have little access to fresh food, such as
produce, so get much of it from Feeding America. This contrasts with more rural
food banks which rarely need fresh food from Feeding America. This means it is
important for food banks to be able to sort across types of food. Likewise, some
food banks’ local donations are estimated to be very variable over time, meaning it is
important for them to be able to pick and choose different types of food as and when
they are most needed. I estimate that day to day variation in stocks account for 45%
of the daily variation in bidding behaviour. The model also suggests that food banks
go through extended periods with high stocks, during which they very rarely place
bids, and periods with low stocks, during which they bid very frequently. Therefore,
over the long-run, I estimate that 72% of the variation in bidding behaviour can be
attributed to unobserved variation in stocks.

Using the estimated model I consider equilibrium allocations under a number

of alternative mechanisms that permit food banks varying degrees of choice. First,
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I consider the mechanism previously employed by Feeding America (The ‘Old Sys-
tem’). This allows me to quantify and qualify the benefits of choice and the Choice
System over lack of choice, building on the evidence presented in Prendergast (2017)
and Prendergast (2022). I find that welfare is 17.1% higher under the Choice System
than under the Old System. The majority of this welfare gain is due to food banks
having more control over their stocks, better tailoring their allocations to fit their
most pressing needs first. This is as opposed to accepting sub-optimal food when
they face significant storage costs; food that may be used more effectively by another
food bank at that point in time. As a result, around 85% of food banks are estimated
to be better off under the Choice System.

Feeding America’s allocation problem is faced by numerous other food bank net-
works around the world, such as the European Federation of Food Banks (FEBA),
and Food Bank Australia. Therefore I also consider mechanisms employed (often
implicitly) by some of these other food bank networks.”? A mechanism that offers
food only to the nearest food bank, aiming to minimise transportation costs but al-
lowing food banks even less choice than the Old System, achieves only 65% of the
welfare under the Old System. This result arises because even under the Old System
each load was offered to multiple food banks. Many food bank networks, including
the Trussell Trust in the U.K., implicitly use this mechanism by not allocating food
centrally and instead linking food banks up with nearby donors. However, even if
food is offered to every food bank (in order of distance), this is only marginally bet-
ter than the Old System, but much worse in its distributional effects — food banks
which happen to be well situated consume the most valuable food. This is because I
estimate that transportation costs are not a large cost factor for most food banks.

The Choice System allocates food simultaneously in batches, rather than allo-
cating food as donations arrive. Among other benefits, this ‘batching” ensures food
banks have information about all the food being allocated on a given day when mak-

ing decisions, giving them more control over their allocations. The majority of other

20ther food bank networks often face somewhat different problems, in both scale and scope, to
Feeding America. For example, transportation cost are known to be a larger factor in Australia. Like-
wise, FareShare (U.K.) face an allocation problem closer to an individual food bank allocating food to
its associated food pantries. Therefore the results from this paper cannot be exactly applied to these
other settings. That said, certain broader lessons are still valuable to these organisations. Future work,
ideally using data from these other settings, is certainly needed.



76 Chapter 4. A Structural Analysis of the Food Allocation Problem

mechanisms employed for food allocation are sequential in nature.® I simulate an
‘efficient” sequential mechanism and find that welfare is still around 12% lower than
under the Choice System. This is because, while food is always allocated to the food
bank that values it most, food banks are not always allocated the type of food they
need the most. Then, when a donation does come along that they really want, they
no longer have capacity to store it. This is essentially the same effect driving the
poor welfare results for the Old System.

The chapter proceeds as follows: Section 4.2 outlines the empirical model of food
bank bidding behaviour and discusses non-parametric identification of the model
primitives. Section 4.3 describes the estimation procedure and parametric assump-
tions employed for the structural model, while Section 4.4 details the estimation re-
sults. Section 4.5 details the counterfactual mechanism considered before presenting

the simulation results.

4.2 A Model of Food Banks

4.2.1 Rules

I now present the empirical model of food banks bidding in the Choice System. Sec-
tion 4.2.1 introduces the market environment and the model primitives. Section 4.2.3
introduces the food banks” dynamic optimisation problem. Section 4.2.4 discusses
the Markov Perfect Equilibrium and stationarity in this dynamic context. Finally,
section 4.2.5 discusses Identification. Assumptions necessary for identification and
feasibility of estimation are introduced as and when they are needed.

Each period t, over an infinite horizon, N food banks compete in up to L First-
Price Sealed-Bid auctions. Food banks are denoted by i and lots are denoted by /. a
is used to denote the combination outcome from a round of auctions. That is, which

combination of lots food bank i won.

3Theoretical results suggest this is suboptimal (Akbarpour, Li, and Gharan (2020), Baccara, Lee,
and Yariv (2020)).
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Actions

Players simultaneously choose which lots to enter and what to bid. Entry decisions
consist of an L dimensional vector d;;. Entry d;; = 1 if they enter lot [, d;jyy = 0
otherwise. Each player plays an L dimensional vector of bids each period, denoted
bi;, with by = @ if d;; = 0. Bids must weakly exceed the reservation price, so that

b,y > Ry if dy; = 1. Auctions are costless to enter.

Outcomes

Winners are announced simultaneously. Winners pay their bids, and every player
observes the identities and bids of winners. Define player i’s individual outcome
vector wj; as the L x 1 vector such that w;;; = 1 if food bank i won lot [ at time ¢, and

zero otherwise. Ex-ante hypothetical outcomes are denoted by w¥,.

Lots and lot characteristics

Each period up to L lots come to auction. Each available lot [ is characterised by
a row-vector of characteristics ¢, consisting of the the location, size, categories (c),

subcategories (1), and storage method (g) of the lot. The number of pounds in each

h

8
tl’ztl}’ SO

lot from each category/subcategory /storage method is denoted by {z¢, z
that if a food bank wins lot I their stock of food from each category increases by z,.
For notational convenience I absorb these variables into the common state variable

so¢. I make the following assumption about the common state variables:
Assumption 6. s follows an exogenous Markov process, drawn from FO(.|so;_1)

This assumption ensures that supply and lot characteristics are exogenous. This
requires that supply does not react to prices in the Choice System.
4.2.2 Primitives
States

Food bank i begins the period in state s;; € S. This represent the food bank’s current

stock of food. I primarily focus on their stocks from each storage method, so that
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the individual state has 5 dimensions.* This captures the dynamic costs of storing
durable goods. If the outcome from period ¢ is w{ they end the period in state sf,.
sit = s if and only if the player does not win a single lot. Writing wz{ as i’s win-

nings from period t I make the following assumptions about how stocks transition:

Assumption 7. (i) s;; transitions according to the following process:
Sit = Sit—1 + Xit + Wy 12§

(ii) xiy ~ F* = N(p,;, L;) is an exogenous innovation.

I do not assume that individual states are observed. I assume that stocks are
continuous.” Day-to-day variation in stocks is likely a major source of variation in
bidding behaviour. Food banks supplement their stocks of one type of food they
have not recently received from local donors with food from Feeding America. The
random variable x;; is observed each morning before items are posted on the Choice
System. It can be interpreted as the net daily change in food banks stocks - the
food received from local donors, less the food given out to clients. Part (ii) of this
assumption imposes that these changes are exogenous. Food banks don’t turn down
(or request additional) donations from their local donors.® Meanwhile, normality is
reasonable for these large food distributors receiving many donations from many

different sources, and sending out food to many different food pantries.”

4T also focus on their stock of each subcategory / in order to capture food banks’ preferences over
how the food is used. However, I will assume that pay-offs are affine in subcategory stock (not subject
to diminishing returns - food banks always have people to feed), meaning that the level of the stock of
each subcategory is neither identified nor welfare relevant (up to normalisation).

SDifficulties in estimating dynamic models with continuous state variables is well known. How-
ever, continuous states are common in models of dynamic auctions. A previous version of this model
discretised stocks. However the state had to be very finely discretised to capture all the possible com-
binatorial outcomes from a day’s auctions.

®This simplification is likely to bias my results in favour of the Old System over the Choice System.
If net donations were endogenous this would allow food banks to use their winnings to influence
future net donations. Choice would be even more valuable. For example, if local donations were
negatively correlated with previous winnings food banks could focus on only winning food from the
Choice System they know they cannot get from local donors.

"This transition process incorporates two additional assumptions. First, food received from Feed-
ing America, and food from local donors, are perfect substitutes. This is a necessary normalisation.
Second, stocks do not degrade over time. This assumption was motivated by discussions with food
bank volunteers. Most of the donated food, even fresh produce, have long shelf lives, so that any daily
decay parameter is close to 1.
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Pay-offs

Following the model outlined in Section 3.2 and Gentry, Komarova, and Schiraldi
(2023) I decompose the flow pay-off into a stochastic lot-specific component and a

deterministic function of stocks:

Assumption 8. (i) The flow pay-off from outcome a can be written as

W?tTvit +j(si)

(ii) The lot-specific pay-off v; is a random variable with vy, ~ F’ = N (aiTct,,Ulz),
known privately, observed before entry, and drawn independently across i and t.
(iii) The deterministic function j : S; — R is finite, with j(0) normalised to 0.

(iv) Pay-offs are quasi-linear in shares (virtual currency).

The flow payoff function j captures both the costs of storing food, and the util-
ity from holding various types of food to be able to distribute them to clients. Part
(ii) embeds two assumptions. Assuming the privately known v;; is conditionally
independent across individuals imposes independent private values. Assuming
conditional independence across time is a standard assumption in most dynamic
models.® The assumption that j has finite range is predominantly for mathemati-
cal convenience, while the normalisation is required as only marginal pay-offs are
identified. While I assume that pay-offs are quasi-linear in shares, as is standard in
auction studies, I allow food banks to differ in their marginal value of wealth, given
by A; > 0.7

I also assume players have temporally additively separable preferences, and
make forward looking decisions with annual discount parameter f = 0.99, so that

food banks are extremely patient.  assume F, j, s, and B are common knowledge.

8Note that the fact I don’t observe the state variables is a violation of the conditional independence
assumption. Assumption 7 is the weaker assumption required instead.

9However, in Appendix E.4 I showed that in a stationary environment, as I assume shortly, the
quasi-linear model is observationally equivalent to a model with an inter-temporal budget constraint.
Therefore this assumption is not inaccurate.
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4.2.3 The Agent’s problem

A (pure) strategy consists of a mapping from a player’s type and the state of the
world onto entry decisions and bids (d;;, b;;). Ex-ante a player’s strategy, A;, admits

a distribution of bids according to F;, j; and s.

Beliefs

Denote I';;(b, d; A_;) player i’s belief about the marginal probability that they wins
lot I, given their bid and entry decision, taking as given the strategies of other play-
ers. Denote P;,(b, d; A_;) player i’s belief about the joint probability, conditional on
(b,d, A_;), that the outcome from the round of auctions is w{. These objects consti-
tute food banks’ beliefs about other players” equilibrium behaviour. In section 4.2.4

I make assumptions about these beliefs to make estimation feasible.'?

Value Function

Assuming risk neutrality the bellman equation is given by:

W(v,s;j,A_;) = rrl}%x {I1(b,d;v,s,j,A_;)}

Where Il(b,d;v,s,j,A_;) =

continuation value

3 by &) (0= Ady) + Y Palb, A7) +B [ [ W(,53], A )dE? (8]3)aF (51s")]
l a

lot specific combination specific

Continuation Value

The continuation value gives the expected pay-off from the start of the following

period having ended the current period in state s”. This can be written as follows:
VisAL) = [ | W8, A (0]5)aF (5]s")
Js Jo

A further important object is the sum of the deterministic flow pay-off function and

the discounted continuation value, denoted by k(s*; A_;) = j(s?) + BV (s*; A_;) and

10 Assumption 9, discussed shortly, ensures I only need to evaluate the 2 probabilities of combina-
torial outcomes for player i, not all N probabilities detailing which player won which lot.
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referred to as the ‘Pseudo-Static” pay-off function. This is essentially the object one
would estimate if one were to incorrectly assume bidders are myopic. Estimating
this equilibrium object is key to estimating primitives in a dynamic multi-object
model. The importance of this object arises because the value function (and hence

the continuation value) can be written as functions of this pseudo-static pay-off:

W(v,s;j,A ) = max {Zrl(bl/dl;Ai)(vl — Aib)) + Y Pa(b,d; A_)k(s"; A_)
Y 1 a
@.1)

4.2.4 Equilibrium
I focus on symmetric Markov Perfect Equilibria (MPE), defined as follows:

Definition 4.2.1. : An MPE consists of a set of strategies A* and beliefs T(A*), such that

forany (v,],s):
Optimality: (b2, dA") = arg max {I1(b,d;v,s,j,A*,)}
Consistency: T (by, dij; A* ;) = T[dy = 1]P(by > n;iy_c {bin} |A*))

The optimality condition requires that agents maximise the net present value of
pay-offs. The consistency condition requires that bidders’ beliefs are consistent with
the observed distribution of winning bids.!! Symmetry requires that bidders with
the same ‘type’, and the same beliefs, place the same bids. This allows us to write
the equilibrium strategies as a function of the state: A* = A(s).

In Section 3.2 I proved that, conditional on existence of a symmetric Pure Strategy
Nash Equilibrium in the bidding game conditional on entry, such an equilibrium

exists.!” I make the following assumptions about equilibrium:

Assumption 9. (i) The data are generated by strategy profile A*, a symmetric MPE of the

dynamic auction game, with the same MPE played each period.

HThis also requires bidders’ beliefs about P are consistent with observed joint probabilities.

12We also required that equilibrium pay-offs are continuous in j + BV. A full existence proof re-
mains elusive. However this is not a practical problem. Numerous other papers studying sufficiently
complex auction games are unable to guarantee neither existence nor uniqueness of equilibrium. This
list includes, for example, Gentry, Komarova, and Schiraldi (2023) on simultaneous first-price auctions,
Fox and Bajari (2013) on simultaneous ascending auctions, and Jofre-Bonet and Pesendorfer (2003) on
dynamic single-object first-price auctions. The empirical strategy outlined in section 4.3 does not re-
quire existence of a MPE. Instead, it only requires that food banks have beliefs that are consistent with
observed play.



82 Chapter 4. A Structural Analysis of the Food Allocation Problem

(i)) Vi, 1, and by > Ry, Tj;(by;, 1|s) is strictly increasing and differentiable in b;;.

(iii) ¥V i and s; the Hessian of the pseudo-static pay-off function k has full rank

(iv) ¥V i and joint outcome a P;,(b,d|s) = [T, Ty (by, di|s) ¥ (1 — Ty (by, dy|s)) %
(v) Vi, I, by and d;; Ty (byy, dig|s) = Ty (b, dig|8({si} ). s0)

Part (i) is reasonably standard in studies of dynamic games, ensuring that the
observed data is stationary. However, it embeds the stronger assumption that food
banks’ states are stationary. We expect y; < 0; without access to Feeding America
stocks will drift downwards over time. However food banks use the Choice System
to supplement their stocks. When stocks get low, the food bank begins bidding to
keep stocks up. This requires that, in equilibrium, food banks have enough control
over their winnings to make this possible.'?

Part (ii) of this assumption is required to ensure that standard first order con-
ditions are necessary for optimality, so that primitives are point identified. I allow
for the possibility of ties at the reservation price, which imply non-differentiability
of I' at R. Likewise, part (iii) is necessary for identification, as conditional on the
function k it allows the first order conditions to be inverted for s;.

Part (iv) requires that, in equilibrium, food banks believe winning one lot is
conditionally independent of winning any other lot. This essentially assumes that
winning bids are conditionally independent across auctions, simplifying estimation
considerably. In Appendex M.1 I test and present support for this simplification.

Part (v) is necessary for estimation to be feasible. Without additional assump-
tions the continuation value for food bank i depends on the state of every food bank,
creating an infeasibly large state-space. However, s_; only enters the continuation
value of player i through I';;(.[s+1). As the number of bidders grows the probability
of any individual and their state influencing prices falls to zero. This assumption
ensures that equilibrium win probabilities I'; do not depend on the states of every

player. Instead, they only depend on aggregate statistics of s, using the aggregator

13 Appendix F discusses the stationarity assumption in additional detail, demonstrating how we
can test for stationarity. This assumption essentially requires that equilibrium winnings and net local
donations are co-integrated, so that the equilibrium stock process is stationary. I demonstrate how we
can test co-integration through equilibrium winnings without needing to observe stocks. Broadly, I
find evidence of stationarity. Stationarity also requires that the distribution of net local donations is
constant over my 3 year period. Feeding America’s ‘Hunger in America’ resource shows that food
bank usage and food insecurity remains stable over this period.



4.2. A Model of Food Banks 83

# with known functional form.'* For notational convenience I absorb #(s) into the
common state variable sg. This assumption also implies that we can write the value

function, continuation value, and k, as functions of s; and sy.

42,5 Identification

I now discuss the identification of this model. In Chapter 3 I proved non-parametric
identification of the model when all state variables are observed. In particular, I
proved that conditional on having identified (i) the equilibrium bid distribution,
conditional on the state, and (i) the state transition process, that the model primi-
tives j and F” were non-parametrically point identified. The question is then whether
this conditional bid distribution and transition process are non-parametrically iden-
tified when we do not observe the state, but we do observe bidders” winnings and
choice sets. The difficulty is that we are trying to identify the distribution of an
observed variable, conditional on an unobserved variable, as well as the transition
process of that unobserved variable. Key to the identification argument is using ob-
served winnings almost like an instrument, shifting food banks unobserved stocks,

and creating observed variation in bidding behaviour.

Proposition 5. Under Assumptions 6 - 9 the distribution of equilibrium bids, conditional on
both observed and unobserved states, and the state transition process, are non-parametrically

identified.

Proof of this Proposition is presented in Appendix I. I focus on proving a general
proposition, requiring only assumptions on: 1) the causal structure of the model,
2) an ‘instrument relevance’ condition on winnings, 3) an invertibility assumption
on the bid distribution, and 4) that food from Feeding America and food from local
donors are perfect substitutes. The proof builds on the argument and tools pre-
sented in Hu and Shum (2012), restricting their framework to incorporate this ob-

served shifter of the unobserved state, while broadening it to allow for multivariate

14This assumption presents a departure from both Jofre-Bonet and Pesendorfer (2003) and Gentry,
Komarova, and Schiraldi (2023). It is similar to the large market Oblivious Equilibrium (Weintraub,
Benkard, and Van Roy, 2008) and Moment-based Equilibrium (Ifrach and Weintraub, 2017), albeit in
a game of incomplete information. Backus and Lewis, 2016 employ a similar assumption in their
dynamic auction framework. They argue that because there are many competitors it is unlikely that
bidders follow the identities of which other bidders are likely to bid at any given time, and their states.
It is unlikely that any given food bank keeps track of competitors’ states. This assumption is tested on
the empirical equilibrium winning probabilities in Appendix M.1.
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latent states. The full proof is omitted from the main text for brevity. I rely on spec-
tral decompositions of linear operators, building on the methodology developed in
Hu and Schennach (2008) and Carroll, Chen, and Hu (2010) for the identification
of measurement error models.'” The methodological contribution of this identifica-
tion argument is broadly applicable well beyond the auction setting. This idea of an
observed shifter of the unobserved state is common in the engineering and signal
processing literature, known as an “input control variable”. It is also useful in the
storable goods setting, where the econometrician observes purchases of the storable
goods, but may not observe their consumption.
One major benefit of this identification argument argument, using observed shifters

of the unobserved state, is that identification is very intuitive, as I will now discuss.

4.2.6 Intuition Behind Identification

First, several objects are trivially identified in this model. For example, food banks’
equilibrium beliefs are identified trivially from the observed distribution of winning
bids, conditional on lot characteristics. Conditional on beliefs, the key question for
identification is whether we can separately identify the deterministic flow payoff
function j; (predominantly storage costs), and the distribution of net donations F}'.
As we saw in Section 4.3, identification of F' and the pseudo-static payoff function
k; (equivalently, food banks” demand functions) is sufficient for identification of j;.
Furthermore, I am easily able to identify permanent heterogeneity across bid-
ders, identifying distinct payoff functions and net donation distributions for each
food bank, using my long panels. If I wanted to, I could essentially estimate individ-

ual models for each food bank.

Identification of Net Donations and Demand Curves

Whenever we observe a food bank win a load of, say, cereal, this gives an observed
change in their unobserved stock. We then examine how this impacts their bidding

behaviour for cereal and other types of food in the following period. If they always

151dentification of this model does not require randomisation nor strict exogeneity. Instead, con-
ditional weak exogeneity is sufficient. The bidder’s winnings in periods # < t, as well as the set of
available lots at time ¢, will affect their bidding behaviour at time ¢. I assume, plausibly, that there is no
contemporaneous reverse causation; their bidding behaviour at time ¢ does not impact the set of lots
available at t, nor previous winnings.



4.2. A Model of Food Banks 85

stop bidding on cereal after winning cereal this implies they have steep demand
curves — increasing their stocks of cereal by one load causes a large reduction in
their willingness to pay for cereal. This suggests they are relatively capacity con-
strained, facing large storage costs for cereal. Similarly, if it only causes a relatively
smaller change in their bidding for other types of food, this implies that cereal and
other types of food are not perfectly substitutable. In contrast, if they only stop
bidding on cereal when they have won four or five loads of cereal this indicates rel-
atively flat demand curves and so relatively smaller storage costs. This is essentially
the same type of variation we see in Figure 2.11. After winning a truckload of food,
we saw a 20% reduction in the propensity to bid on similar types of food.
Identification of the demand curves is also driven by observed variation in the
size and composition of lots that are auctioned each day. While winnings acts as
observed changes in the unobserved state, variation in choice sets acts as observed
hypothetical variation in the unobserved state. This is a similar argument to one pre-
sented in Gentry, Komarova, and Schiraldi (2023). We examine how a food bank bids
when there is one lot of cereal available, and we see that they almost always bid ag-
gressively on this lot. Then we examine how they bid when there are, say, ten lots of
cereal available. But now, we see that they still only place bids, or bid aggressively,
on one or two loads of cereal. This signals that the food bank does not want to win
too many loads of cereal, pinning down the slope of their demand curve. We can
similarly identify cross elasticities by examining how bidding behaviour for cereal
depends on the number of available loads of a different type of food. This is essen-
tially the same relationship, and the same variation, seen in figure 2.12 previously.
We then separately identify the distribution of net donations by considering how
bidding behaviour changes over the course of several days after an observed win.
After the initial drop in their propensity to bid right after a win we might see that,
on average, it takes around four days for them to return to their pre-win bidding
behaviour. This means that, on average, it takes four days for the food bank to give
out that load of food to their clients, and so return to their previous stock levels.
This pins down the mean of their net donations. We can then use variation in this
recovery time to identify the variance of their net donations. This is again presented

in figure 2.11, where food banks gradually return to their pre-win bidding behaviour
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after several days.

Identification of F/ and A;

Given identification of j; and F (and hence k;), we identify the lot-specific pay-off
distribution FY using variation in lot characteristics, and how they are associated
with differential bidding and entry decisions. For example, transportation costs are
identified from the relationship between the distance between food bank and lot,
and their bidding behaviour.

Finally, the marginal value of wealth parameters A; are identified by variation
in the scale of bids across food banks, behaving in a similar manner to food bank
specific variances. If a food bank has a high marginal value of wealth, and is very
budget constrained, their bids will tend to be much more concentrated around zero.
These food banks likely do not receive much food from local donors (relative to
the demand for their services), and access most of their staples through the Choice
System. This means they cannot afford to ‘splash out’, so tend to bid modestly. But
for food banks with a low marginal value of wealth, typically those with access to
relatively many local donors, shares (the fake money) are cheap. If they do not spend
their shares today, there is rarely anything else they will want to spend them on in
future. So, these food banks place bids with high variance. Most often they do not
bid, already receiving staples food from local donors. But they do bid for the highest
quality food; and when they bid, because there is little else for them to spend their

shares on, they splash out and bid exorbitantly high.16

16Tn most empirical auction models A; are equalised across bidders, enabling inter-bidder welfare
comparisons. Instead, I make the assumption that the variance of v;j; is the same across food banks,
equalising the unmodelled variation in lot specific attributes across food banks. For example, for food
from a particular subcategory, such as a load of cookies (biscuits), this might contain high quality,
wholewheat raisin cookies, or low quality sugary cookies. This assumption pegs the scale of the rela-
tive payoffs from these different types of cookie to be the same across food banks. This does not allow
one food bank to treat all types of cookie as the same, while another only ever wants the healthy types
of cookie. Allowing the marginal utility of wealth to vary across food banks is important for analysing
the distributional consequences of choice. Meanwhile, restricting the variance of the lot specific value
to be equal across food banks simply restricts the degree of heterogeneity, biasing my results in favour
of the Old System.
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4.3 Estimation

4.3.1 Empirical Strategy

This section describes the estimation procedure used to estimate the model. Section
4.3.2 outlines the three step procedure, noting the relationship to the procedure of
Jofre-Bonet and Pesendorfer (2003). Section 4.3.3 discusses parametrisation and es-
timation of beliefs, which are estimated using a likelihood procedure. Section 4.3.4
discusses the second estimation step, in which I simultaneously estimate the state
transition process, the distribution of lot-specific values, and the pseudo-static pay-
off function. In section 4.3.5 I detail how I disentangle the combinatorial flow pay-off
j and the discounted continuation value from the pseudo-static pay-off. Full details

of the estimation procedure are given in Appendix K.

4.3.2 The 3-Step Procedure

The standard approach to estimating dynamic auction games, from Jofre-Bonet and
Pesendorfer (2003), relies on the ability to write the continuation value as a function
of the distribution of bids only. This is not possible in the multi-object context be-
cause of an order problem: Bids are L dimensional, while values, and continuation
values are 2L dimensional. Full solution methods of Rust (1987) are computation-
ally intractable in this setting - recursively evaluating the value function requires
numerically maximising bids for each s, v;.

Instead, as we saw in Section 3.3, we can write the continuation value as a func-
tion of the distribution of bids and pseudo-static pay-offs. If we know the pseudo-
static pay-offs we can find the continuation value, which then allows us to back
out the flow pay-off j from the definition of pseudo-static pay-offs: k = j+ BV.
To estimate the pseudo-static pay-off function we estimate the model as if we were

estimating a static model, but allow pay-offs to depend on s.

4.3.3 Step 1: Beliefs

Assumption 9 ensures food banks form beliefs consistent with observed play. There-
fore, we can estimate beliefs using the observed distribution of winning bids. Esti-

mating beliefs in this way avoids the need to solve the model for equilibrium. This
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procedure is common in the empirical auction literature due to the extensive com-
putational cost of finding equilibrium beliefs (Athey and Haile, 2007).

I make parametric assumptions about I' to facilitate estimation. I assume win-
ning bids follow a generalised extreme value distribution, censored at the reserva-

tion price:
Ti(.|s) = GEV(; ¢, {e, chp +dyy) where  dj; = s},9 (4.2)

Where the shape and scale parameters ¢ and ( are category specific. ¢;; gives a
vector of lot specific location shifters, such as the subcategory composition.

dj; describes how the distribution varies with the state of the world, forming
an index to be estimated. The index is a linear function of the quantity of food,
by usage type, auctioned at ¢t and also the quantity over the previous 30 days, up
to t — 1. This is designed to capture competitive pressures on prices. If very little
food has been auctioned over the previous month, one would expect a higher price.
Estimating this demand index in the first stage allows us to use the estimated index
in later estimation objects. In particular, when considering the transition process of
common state variables, I can focus on just the transition process of dy;.

The Fisher-Tippett-Gnedenko theorem establishes that the Generalised Extreme
Value distribution is the limiting distribution of the maximum of independently
distributed random variables. In an Independent Private Value framework, the
winning bid is just the maximum of (conditionally) independent random variables.
Therefore the GEV assumption is easily justified. Meanwhile the parametrisation is
chosen to be suitably flexible, given the available data. Full details of how I estimate

beliefs are included in Appendix K.1."7

4.3.4 Step 2: The ‘Pseudo-Static” Payoff

I now describe the second part of the estimation procedure, in which I jointly esti-

mate FX, FY, k for each food bank. I begin by discussing the problems that must be

7This details additional covariates included in estimation. Also, how I estimate the probability of
tieing at the reservation price. If no food bank bid on a lot, then a food bank would have won if they
bid the reservation price. But, if some other food bank won at the reservation price, then the food bank
would have tied had they bid the reservation price. Importantly, allowing for ties rationalises food
banks choosing to bid just above the reservation price.
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overcome in this estimation step, before detailing the parametric assumptions made
to enable estimation of each of the three sets of objects. The key functional form
restriction is assuming that the pseudo-static pay-offs are quadratic in stocks, simi-
lar to the standard assumption of quadratic storage costs and, therefore, linear de-
mand curves. This also has the benefit that the non-additivities in payoffs across lots
auctioned simultaneously are pairwise. Estimating the second-stage then requires
estimating a censored Linear Gaussian State Space model.

The central estimation difficulty concerns the unobserved state and the unob-
served bids. Bids are unobserved when a food bank chooses not to enter a particular
auction, which occurs frequently. Ignoring these bids introduces the standard prob-
lems of censoring in econometrics. I estimate the model using a Gibbs Sampling
procedure. I use data augmentation to iteratively sample both unobserved bids and
unobserved states from their conditional posterior distributions, before updating my
parameter estimates given the augmented data. Full details of the estimation proce-

dure, including assumptions on prior distributions, are given in Appendix K.2.18%

Individual States

I estimate individual x storage type specific mean and variance parameters (¢, Zig)
for the normally distributed net local donations x;;. I make use of the prior informa-
tion from Assumption 9, which requires the stock transition process is stationary. In

Appendix F4 I prove that stationarity requires:

M = —E[wng] X< 2Var[w£z§]

18Because heterogeneity is an important theme of the model I generally estimate separate param-
eters for each food bank. However, I do not always have enough identifying variation for each indi-
vidual food bank. I use a Bayesian Hierarchical framework to flexibly introduce information pooling
across bidders in my model. This approach is flexible enough to allow pooling for food banks that
lack identifying variation, placing more weight on the hierarchical parameters, and allow separation
for food banks that have a lot of identifying variation, placing more weight on the data.

Due to computational requirements I focus my estimation on the 34 food banks that each won at
least 150 lots (Type 1 food banks). These food banks consume 70% of the food from the Choice System.
It is standard in empirical auction studies to estimate a main model and a model of ‘fringe’ bidders (For
example Jofre-Bonet and Pesendorfer, 2003 and Gentry, Komarova, and Schiraldi, 2023). I estimate a
simpler (myopic) model for the remaining 88 food banks who won at least 30 lots and whose locations
are known (Type 2 food banks). Details of this model and estimation is included in Appendix K.4. All
counterfactual analysis uses the models from both sets of food banks.
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On average winnings must offset mean net donations and the variation in win-
nings reflects the variation in net donations. However I do not impose that either
relationship holds exactly, and instead use them to build informative priors.”’ I have
a standard initial state problem. The quadratic assumption I impose on k ensures the

level of the state is not identified, so I normalise the initial state to zero.

Lot-Specific Pay-offs

I specify the mean of the lot specific pay-off v;; as w;distance;;, so that the mean
lot specific pay-off depends linearly on the distance between food bank i and lot I.
The variance o7 is category combination specific. Assumption 8 imposes that the lot
specific pay-offs are uncorrelated across t and i. To simplify estimation I also assume

these variables are conditionally uncorrelated across lots I.

Combinatorial Pay-offs

I fit a parametric form to the function k(s;, so). Within feasibility constraints, I choose
a parametric function to reflect how food banks gain benefits from food according
to how the food is used (according to it’s subcategory) and how they face costs of

storing the food (according to the storage method). I assume the following:
k(s;) = <I>si-1 + s‘lgT‘i’islg 4.3)

Where ® is an 1 x 164 row vector, and ¥; is a 5 x 5 dimensional matrix. The form
of k as I have presented it above depends on both the stock of each storage type s§
and the stock of each subcategory s”. However, consider the marginal pseudo-static

pay-off from winning lot / with characteristics ¢;:
k(si +21) —k(s;) = @2 + 25 ¥i(25 +255)

This does not depend on s, because the hessian of the pseudo-static pay-off, with
respect to sf’, has rank 0. This means that s? ‘falls out’ of the model, so that I can focus

on s} as the state variable. The quadratic specification ensures that non-additivities

20This is because the relationships only holds, averaged over time. Winnings witht are both ex-
tremely ‘lumpy” as well as auto-correlated, so that convergence to the true mean is slow.
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in payoffs are pairwise: The change in marginal payoff from winning lot / as well
as lot m is independent of whether they also win lot n. This drastically simplifies
estimation as I no longer need to consider all 2F possible combinations of lots, and
instead only need to consider the LC2 pairs of lots.

In theory k should depend on s, capturing how the continuation value depends
on food banks’ beliefs about future supply. If they believe many lots will be auc-
tioned next period, prices are likely to be low in future, lowering the opportunity
cost from not winning today. In practice I assume k is independent of sy for two rea-
sons. First, the supply of shares varies with supply to ensure prices remain approxi-
mately constant over time. Therefore we expect little variation in average prices over
time. However, relative prices may vary with supply and this may impact the con-
tinuation value. As I show in Results section 4.4.1, the relationship between supply
of different types of food and prices is not economically significant. Nonetheless, in
Appendix M.2.1 I present results from an econometric specification that includes d;,
(the demand index for food type g) as an input to k.

I impose that ® is constant across i. Allowing it to vary introduces an unwieldy
number of parameters to the model. This is a reasonable assumption as food banks

likely gain the same benefit from different subcategories.

Three Equations

The model presented above leads to necessary optimality conditions for bidding

which can be inverted for the Inverse Bid System, &;;;(b, d|s;, so). This gives us the
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following three equation model, consisting of a “Transition Equation’, an ‘Observa-

tion Equation’, and a ‘Censoring Equation”:

8§ _ 8 . T 8 L
S; = 831 T Xit T Wi _1Z7 4 — Transition Eq.

T .
AiYiny = <I>z’fl + z‘fl ‘Yi(zfl + 231% +2 Yt Fm(bitm)ztgm) +v;;  — Observation Eq.

bt ity b >R
Yin = R+ % if diw=1biy=R — Censoring Eq.
R lf ditl =0

(4.4)
I derive this system of equations in Appendix G. The observation and censoring
equations come from the inverse bid system, while the transition equation was de-
fined in Section 4.2.2. Importantly, the Observation Equation is affine in the unob-

served state s3, and so this is just a Censored Linear Gaussian State-Space model.”!

Estimation procedure

Unlike the non-censored case, the likelihood of the Censored Linear Gaussian State
Space model is intractable. Instead, estimation is performed using a Gibbs Sampler,

which consists of the following steps:*>
1. Draw beliefs I' from their posterior distribution using Metropolis Hastings

2. Given I', the parameters of the pseudo-static model {ki, F’, Fl?‘}N, and states

{sf} r,n- draw censored values of {viit } y7; using the Censoring Equation

3. GivenT, {k;, F’, F*}, and {yji; } 7., use the Carter-Kohn Algorithm to draw

{slgt } TN using the Transition and Observation equations.

2IThis Observation Equation is endogenous - it contains a dependent variable on the right hand
side, through bj;,,,. In general, b;;,, may be correlated with v;;; — when vy is large, food bank i may
prefer to win lot [ instead of lot m (assuming negative complementarities), so lower their bid on lot
m. In practice, however, simulations suggest the inconsistency caused by this endogeneity is very
small, as T, (b1, ) is generally very unresponsive to v;;, depending much more on vjy;, Zi;,; and even

z;. In Appendix M.2.2 I employ the instrumental variable procedure from 3.4, using z‘fl + Zsﬁ as an

instrument for Z(tgl + Zs‘lgt + 2 mz1 Tim (bitm)zfm.

22Recognise how this procedure builds on the identification argument presented in 4.2.5. In step
3. I use variation in winnings and the effect on bidding behaviour to infer changes in stocks, pinning
down the distribution of net donations. In step 4. I use variation in z; as well as winnings (through the
sampled states), and how these impact bidding, to pin down k.
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4. Given T, {yi} yrp and {8, } ., draw {k;, F’, F*}, from their posterior distri-

butions using the Observation Equation.

5. Repeat

Additional details of the estimation procedure are given in Appendix K.2.

4.3.5 Step 3: The Dynamic Decomposition

At this point we have draws of beliefs, {k;, F’, F*}, and {s{

it v from the posterior

distribution. I now describe how I evaluate the continuation value V(sf7 ,80). I make

use of the following proposition:

Proposition 6. The ex-ante Value Function can be expressed as:

E[q:(s?) 7t (by, dit]s$, s0)|so]

E[W(Uit/ Si, SO)|S1" SO] = E[qf(sg)|so]

Where q;(s? ) gives the posterior probability that s§ = s§ and

(b, d;s0)? T T
$,s A SO S0)” g 62T 2 T (b i
n(b,d|s;,s Z 'VIi(by, dy; o) ngl 1(br,d;s0)z; Yiznlm (b, di;so) + 87 ¥is;

This proposition is proven in Appendix J. The identity 7(b, d|s¢, so) arises from
substituting the first order conditions back into the maximand, writing the ex-ante
value function as a function of bids and the pseudo-static pay-off function. The
main proof then extends the key result from Arcidiacono and Miller (2011) to the
continuous choice case. The sample counter-part to this object is then easily found.
Full details of this procedure are given in Appendix K.3. I evaluate the ex-ante value
function across a grid of states. I use a 20° grid evaluated evenly across points from
the posterior sampled states.”’

Having evaluated the ex-ante value function for a parameter draw, I evaluate
the continuation value using V(s;, s0) = [ [ E[W(v,8;,80)|8i,80]dF (S0|s0)dF (8i]s;).

Finally I back out j(s;) = k(s;, so) — BV (si, o)

23Such a large grid is feasible in this context as I only need to perform the procedure once. However,
storing 34, 000 grids, one for each food bank x parameter draw, is not. I use a quadratic approximation
of the ex-ante value function. In Appendix M.3.1 I evaluate the fit of this approximation by considering
the R? of the approximation regression. 100% of these R?s lie between 0.99 and 1. The fit is strong due
to the quadratic term that appears in the ex-ante value function.
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4.4 Results

4.4.1 Step 1: Beliefs

This section presents the results from the three stages of estimation described in
section 4.4.1. Only a subset of key results are reported in the text, focusing on the
theme of heterogeneity and only presenting results for the 34 largest (“Type 1’) food
banks, who consume 70% of the food on the Choice System. Full results are reported
in Appendix L, including Gelman-Rubin convergence statistics. When discussing
statistical significance I focus on 95% credible intervals. I present several graphs
plotting the individual parameters, and credible intervals, across food banks.?*

The key parameters estimated in the first stage are the shape, scale, and location
parameters that describe the generalised extreme value distribution. The Shape pa-
rameters lie significantly within the interval (—0.1,0.5), with none of the parameters
significantly below zero. The scale parameters are all estimated to be between 2000
and 5000. The implied variance is much higher than the variance of winning bids.
This variation is needed to rationalise the relatively high likelihood (around 0.3 on
average) of winning at the reservation price.

The estimated subcategory fixed effects are precisely estimated, widely dispersed,
and strongly correlated with the average winning bids across subcategories pre-
sented in Figure 2.7 (R?> = 0.74). The standard deviation of posterior means across
subcategories is 2400, while the mean posterior standard deviation is 800. This sug-
gests much more variation across subcategories than uncertainty about subcategory
posterior means. The previous 30 days supply of food is estimated to have a signif-
icant negative effect on prices for every type of good except Non-Food and Condi-
ments. The coefficient on Meals is the largest, estimating that each additional in-
crease in the previous 30 day supply by one thousand tons (approximately one hun-
dred loads) decreases the winning bid by 350 shares. This magnitude, while statisti-

cally significant, is not economically significant (around 0.017 standard deviations),

24 Appendix L.6 discusses model fit, both in and out of sample. Broadly, the model fits the data
well, matching average patterns of consumption across food banks and food types, as well as average
propensities to place bids across food banks, categories of food, and months. The simulated distri-
bution of bids conditional on entry does not fit the data as well, failing to match the observed long
right tail of bids and over-estimating the mean and standard deviation of bids by a magnitude of 50%.
However this is not a major problem, since for my counterfactual exercises it is food banks” allocations
that matter, rather than their signal of preferences.
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relative to the variation seen across different types of food through the subcategory
parameters. The present day’s supply of food is not estimated to have a significant

effect on prices, however these estimates are noisy.

4.4.2 Step 2: The ‘Pseudo-Static” Payoff
Unobserved State

Figure 4.1 plots the estimated y; and \/%; parameters for each of the Type 1 food
banks. 95% credible intervals are also plotted. Estimates are sorted according to the
estimates for the Dried food type.

There are two key takeaways from these results: First, the extent and significance
of the heterogeneity. The variation across food banks in the distribution of net do-
nations of for Fresh food is particularly stark. It is also clear that the variation is
not purely vertical: Some food banks have higher estimates for Dried than Tinned,
while other food banks exhibit the opposite relationship. The second key takeaway
concerns the differences in the scale between the two sets of graphs - the standard
deviations are generally larger than the means, so we expect the unobserved state
process to be noisy.”

FIGURE 4.1: Estimated unobserved state parameters
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Note: The figure plots posterior means for the mean and standard deviations of net local donations,
as well as 95% credible intervals. Results are sorted according to the estimates for the Dried storage
type. The plot excludes Type 2 food banks, and the ‘non-food’ type, to improve graphability.

21 also correlate my estimates with observable characteristics of food banks, such as population
density in their catchment area, and agricultural rents. This analysis is omitted as I do not find any
particularly striking results. Correlations are reasonable and in the expected directions. For example,
food banks in areas with higher population density or lower agricultural rents are estimated to have
lower average net donations of fresh produce.
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Lot specific pay-off

The key lot specific parameters are the coefficient on distance between food bank i
and lot /, the constant marginal value of shares A;, and the standard deviation of the
idiosyncratic lot specific shock vj;.

Distance coefficients vary across food banks from a cost of 5 to 98 shares per km,
with an average of 23. A; for the Type 1 food bank with median consumption is
normalised to 1. The posterior means then vary from 0.5 to 5. I observe a negative
relationship between the shadow price of shares and goal factor - food banks with
a higher goal factor receive more shares. However this relationship is very weak,
stressing the importance of unobserved food wealth. Standard deviation parameters
are estimated to be large, with a mean posterior mean of 32, 000. Such large standard
deviations are needed to rationalise the small probability of bidding (~ 2%) with the

relatively large variation in bids conditional on bidding.?®

Combination pay-off

The estimated ® parameters, associated with the marginal value of winning a pound
of each subcategory, are strongly correlated with the first stage subcategory param-
eters (R?> = 0.82). Panel A of Figure 4.2 plots food banks’ willingness to pay for an
additional 40, 000 pounds from each storage type, evaluated when stocks are zero.”’
I estimate significant variation across food banks, and within food banks across stor-
age types. The willingness to pays are generally (significantly) negative, as expected.

I find broadly low figures for Dried food, which is driven by food banks generally

bidding on fewer fresh items at a time, and bidding on fewer items after winning.

4.4.3 Step 3: The Dynamic Decomposition

Figure 4.2 panel (B) plots posterior means of the marginal flow-payoffs from receiv-

ing 40, 000 pounds, evaluated when stocks are zero. Estimates are plotted for Type 1

261 decompose the residual variation into idiosyncratic variation in the lot specific value, and unob-
served variation in the state. Condition on observing the previous period’s state, 45% of this short-run
variation is due to variation in the unobserved state, and 55% due to lot specific variation. When we
consider long run variation, 72% of the unobserved variation is estimated to come from variation in
the unobserved state.

27Due to the normalisation made in section 4.3.4, stocks on March 1st, 2014 were normalised to zero,
as the level of stocks is not identified.
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FIGURE 4.2: Estimates of ¥; and j;
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according to the estimates for Dried loads. The plot excludes Type 2 food banks and estimates for
non-food storage type. WTPs and marginal flow pay-offs are evaluated when stocks are zero.

food banks, sorted according to the estimate for the Dried storage type.

I estimate significant differences across food banks and across types of food. This
suggests different food banks have different capacities for storing different types
of food. Marginal flow pay-offs are generally negative, indicative of storage costs.
Positive marginal pay-offs suggest food banks also benefit from not having an empty
warehouse. The results are broadly similar to those plotted in figure 4.2 panel (A)
as expected. Because stocks are persistent, the continuation value from storing food
tomorrow should be similar to the cost of storing food today. However, the absolute
magnitudes in panel (B) are generally smaller than in panel (A). This is because the
pseudo-static pay-offs account, not just for present storage costs, but also expected
future storage costs and the future Opportunity Cost of storage.

To summarise, I estimate that food banks differ systematically in their net local
donations, storage costs, transportation costs and marginal value of shares. This

suggests that giving food banks choice over their allocations is welfare improving.

4.5 Counterfactuals

Feeding America introduced the Choice System, replacing the Old System, to give
food banks choice over the food they received. Feeding America also put signifi-

cant resources into minimising downsides from the system. They were worried that
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it might lead to an inequitable distribution of food, allowing smaller food banks
to ‘fall through the cracks’. In this Section I investigate the welfare and distribu-
tional consequences of introducing the Choice System. I then consider a number of
additional mechanisms used by other food bank networks around the world. For
example, what would happen if Feeding America did not allocate food centrally,
and instead linked food banks up with the closest donors.”® Under this mechanism
food is implicitly only offered to the nearest food bank.

In Section 4.5.1 I discuss welfare metrics, given fake money has no value outside
the Choice System. Section 4.5.2 briefly explains how I simulate equilibrium allo-
cations under the Old System, before presenting results describing the welfare and
distributional consequences of the transition from the Old System to the Choice Sys-
tem. In Section 4.5.3 I use additional simulations to analyse several possible drivers
of these results; in particular I consider the role of signalling versus simultaneous
allocation. Section 4.5.4 introduces several additional mechanisms and presents re-
sults from these additional counterfactual exercises. Details of how I simulate these

the mechanisms are given in Appendix N.

4.5.1 Welfare

My counterfactual simulations produce welfare measures in terms of consumer sur-
plus, measured in shares. This has the benefit that consumer surplus is a cardinal
measure, enabling inter-food bank comparisons. However the value of shares is dif-
ficult to interpret as they have no value outside the Choice System. Instead, similar
to Agarwal et al. (2021), I report welfare as the equivalent increase in the supply of
food that would have the same total value in shares.”” This measure is valid under
competitive equilibrium because the money supply adjusts to ensure prices are con-
stant, given changes to the supply of food. If the supply of food doubles, the money

supply adjusts so that expenditure doubles. Therefore, if consumer surplus under

28This approach is taken by the Trussel Trust (U.K.) and Second Bite (Australia), among others.

2This is similar to how consumer surplus is typically measured in dollars, except that here I am
measuring it in terms of how much food those dollars could purchase. I could also use distance trav-
elled as a numeraire, reporting the equivalent reduction in the total distance travelled. Prendergast
(2022) then measures welfare in dollar terms using estimates of trucking costs from the literature.
Given my results that different food banks face very different transportation costs, as shown in Ap-
pendix L.2, this approach is unattractive.
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the Old System is double that under the Choice System, I liken this to double the
nominal expenditure, which equates to double the supply of food.*

Importantly, the ‘level” of welfare is not identified because the levels of both
stocks and flow payoffs j(s;) are not identified. I use a random allocation as a bench-
mark counterfactual. This is a relevant benchmark since it can be considered the
baseline worst case allocation mechanism. Results are reported on a scale of zero
(food is allocated no better than random) to 292 tons (the daily average amount al-
located under the Choice System).

I report both utilitarian welfare and a weighted sum using Goal Factors as pri-
ority weights. I also report descriptive measures of welfare. For example, the total
amount of food allocated. This is an important measure given the political cost to
Feeding America of wasting food, or the indirect harm from donors being less likely
to donate again in future.’! The distance food must travel is another key metric. We

expect food banks to sort on location as food banks choose nearby lots.

4.5.2 The Old System

Details of the Old System were given in Section 2.1.2. For the sake of clarity, I remind
the reader of the core elements of this allocation mechanism. Under the Old System
loads were sequentially offered to whichever food bank was at the head of a queue.
The queue was determined by how recently they had been offered food, as well as
their Goal Factor. Food banks were given an hour to decide whether to accept or
reject a given load, and so loads could only be offered to a fairly limited number of
food banks.?? T assume loads could be offered to up to 10 food banks before being

returned to the donor.

30[n reality this figure is a lower bound. This is because, if supply and expenditure were to double,
consumer surplus would less than double due to the concavity of payoffs (storage costs are convex).
Therefore doubling consumer surplus would require more than doubling the food supply.

31The welfare measures reported in this system do not account for endogeneity in the supply of
food, with respect to the allocation mechanism employed. This relationship is unfortunately not iden-
tified, given that I only observe data from the Choice System. However, given that my results generally
show more food being accepted under the Choice System, this simply means my results can be inter-
preted as lower bounds on the value of choice.

$20riginally food banks would not lose their place in the queue if they rejected a load of fresh
produce. For tractability I assume they lose their place for rejecting such a load. This assumption
makes the Old System relatively better, in incentivising food banks to accept these undesirable loads,
but also relatively worse if food banks are made worse off by taking these loads. As we will see in
Section 4.5.4 this is unlikely to make much difference.
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I model the Old System in continuous time. This is realistic since food banks
could receive a call from Feeding America at any time. I also assume that food is
given out to clients and received from local donors at random times during the day.
Continuity of time ensures that the probability of a call from Feeding America, or
local donors, occur simultaneously with probability almost surely zero. I assume
food banks do not observe offers made to, nor decisions of, other food banks. They
do not know their place in the queue; only their own Goal Factor, and when they
were last offered a load. I assume they form beliefs about the rate they receive calls
from Feeding America, and also the probability of being offered a load with charac-
teristics ¢;, conditional on receiving a call. I assume these objects are independent of
the time since their previous offer. In practice, given the frequency and irregularity
with which food banks are offered food (on average, around 5 times per day with a
standard deviation of 8) this simplification is unlikely to cause significant inaccuracy.

Iassume a Markov Perfect Equilibrium in symmetric strategies, as defined in Sec-
tion 4.2.4. This requires food banks make optimal accept/reject decisions given their
beliefs, and that beliefs are consistent with the observed realisation of offer rates. Ap-
pendix N.1 details how equilibrium beliefs and value functions are formed. Given
beliefs I find each food banks’” value function by numerically solving the Hamilton-
Jacobi-Bellman differential equation. I then simulate the mechanism and update

beliefs using observed offer rates, repeating until convergence.

Importance of Choice

Figure 4.3 presents the posterior mean and 95% credible intervals for various mea-
sures under the Choice System and Old System. The first column gives the un-
weighted sum of estimated welfare in equivalent tons of food. All welfare results
are relative to the baseline random allocation. The mean welfare under the Choice
System is mechanically equal to the average daily amount of food. While both Sys-
tems achieve significantly more welfare than a random allocation, the Choice System
yields significantly higher welfare than the Old System. Welfare is on average 17.1%
higher under the Choice System than the Old System, which is enough food to pro-
vide an additional 22,300 meals each day. When welfare is weighted according to

Goal Factor, this figure increases to 22.9% higher under the Choice System. These
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results are extremely similar to those in Prendergast, 2022, who finds that welfare is
roughly 21% higher under the Choice System.

The third column shows that, under the Choice System, food banks sort into
consuming closer lots, with around 6,000 km less transportation required each day.
This is in spite of the result from the fourth column that around 22 additional tons

of food is accepted each day under the Choice System.

FIGURE 4.3: Counterfactual Results

Mechanism  Welfare = Welfare Distance Allocated
(unweighted)  (weighted) (000 km per day) (tons per day)

Choice 292 745 16 271
System (276, 309) (672, 815) (14.6,17.4) (253, 284)

Oold 242 576 22.3 249
System (203, 276) (415, 706) (22, 22.6) (248, 251)

Note: This table displays posterior means and 95% credible intervals for various measures of welfare.
Welfare is measured in food equivalent terms relative to a purely random allocation, and mean welfare
of the Choice System is normalised to 292. Therefore welfare should be interpreted as pegged to this
scale of 0 (as good as random) to 292 (as good as the Choice System).

When I decompose these welfare differences into the stock dependant compo-
nent j(s;;) and the lot specific component v;; (which contains transportation costs)
we see that 81.5% of the welfare gains come from the stock dependant component.
Reduced transport costs account for 6.53% of the gain. This is because transport
costs are only estimated to be major cost for a small number of food banks. The
additional food that is accepted under the Choice System only explains 1.72% addi-
tional welfare, as this food is typically lower quality. The remainder is attributed to
food banks sorting into food with higher unobserved idiosyncratic payoffs.

A likely driving force behind these results is that under the Old System food
banks accept food that does not meet their most pressing needs at that particular
point in time. They accept food that might be more useful to a different food bank,
and may prevent them from accepting food they value more in the near future.’®

This is evident for three reasons. First, most food banks are still offered enough food

to prevent their stocks from trending downwards. Therefore it is not that food banks

33Some food banks also accept food they would not have accepted under the Choice System just in
case they need the food in future. Whereas under the Choice System they know they will be able to
bid on this food when they need it, rather than having to wait and hope they will be offered it.
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do not receive enough food. Second, stocks are more variable under the Choice Sys-
tem than the Old System. The average short run variance is around 25% higher
under the Choice System, and the long variance is almost 100% higher. So, it is not
about food banks smoothing their stocks. As evident from the main result, their
stocks spend more time close to the optimum - the maximum of j(s;). Therefore
food banks are choosing to have more variable stocks, occasionally increasing stocks
for food that is particularly valuable. Finally, under the Choice System food banks
were free to bid zero on the types of food they were offered in my counterfactuals,
but chose not to. This revealed preference implies that, often, they only want cer-
tain types of food at certain times. Under the Old System they just have to wait to
see what they are offered. Their stocks remain at consistent levels, suggesting they

accept different types of food instead, accepting food that is just good enough.

Distributional Consequences

Figure 4.4 presents welfare results by food bank, plotting the difference between
food bank specific welfare under the Choice System and the Old System. On average

85% of food banks are better off under the Choice System.

FIGURE 4.4: Individual Welfare
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Individual Welfare Under the Choice System compared to the Old System
(Equivalent Tons per day, log scale)

Note: Plots food bank specific welfare under the Choice System minus welfare under the Old System,
ordered by the welfare difference, with 95% credible intervals across posterior draws. On average 85%
of food banks are better off under the Choice System than the Old System.
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Given the difference between the weighted and unweighted welfare estimates,
it is unsurprising that there is a positive correlation between this welfare difference
and Goal Factor (p = 0.184). I find negative correlation of -0.205 with estimated A;s,
the marginal value of wealth. This suggests that food banks who rely less on food
from Feeding America benefit more from choice, from being able to be picky.**

Relative welfare is negatively correlated with food banks” mean net donations
u; (0 = —0.2). This is driven by food banks in the tail of the distribution of net
donations, particular those whose stocks trend downwards under the Old System.
These are the food banks that regularly bid and win food at negative prices under the
Choice System. Welfare is also positively correlated with sampled Z; parameters, the
variance of net donations, but only for non-food, dried, refrigerated, and fresh stocks
(o =~ 0.26). This is sensible — food banks with more uncertain net donations benefit
from being able to choose the food they receive from Feeding America. However I
do not see these correlations for Tinned /Bottled food.

Additional analysis of which factors are associated with the distribution of wel-
fare. However, these correlations should be interpreted with caution, as they are

very dependent on the assumptions that underpin the structural model.

4.5.3 Sequential versus Simultaneous Allocation

There are many differences between the Old System and the Choice System. I now
investigate the relative importance of two key differences. This will help us under-
stand which features of the Choice System are the most important, enabling us to

potentially take these features to other food bank networks and other settings.

Simultaneity

First, Simultaneity. Under the Old System, food was allocated sequentially — ev-
ery truckload of food was distributed before the next donation arrived. In contrast,

under the Choice System multiple loads of food are allocated simultaneously.

34This relationship is small but worrying. Feeding America may not be setting budgets optimally -
even a utilitarian social planner would equate marginal utility of wealth across food banks. I estimate
a lot of variance in these parameters, shown in Figure L.4 in Appendix L.2. However the A;s are not
well identified in my model, resting on the strong assumption that lot-specific payoffs v;; have the
same variances across food banks. This is certainly an area for future work.
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Most other food bank networks allocate food sequentially, allocating them one at
a time as they arrive.* This has a potential benefit over the simultaneous allocation
in the Choice System as food banks do not risk winning too many or too few loads,
alleviating the exposure problem highlighted in Gentry, Komarova, and Schiraldi
(2023). However, as Akbarpour, Li, and Gharan (2020) and others have highlighted,
waiting for a day then allocating all the donations simultaneously may yield better
matches. In this setting, food banks may benefit from having information about
everything being allocated that day. They do not risk accepting cornflakes when

they really needed ready meals.

Auctions

The other key distinction is that under the Choice System, food is allocated using an
auction format. This means food banks have a cardinal signal of their preferences, so
can express the intensity of their values for a particular lot. In a standard one-shot,
single-unit first price auction, this helps ensure that the lot always goes to the bidder
that value it most. Likewise, in the multi-object setting, even though bidders are
not able to fully signal their preferences (as without combination bids, simultaneous
tirst-price auctions are not a direct revelation mechanism), this still helps the bidders
ensure that they are more likely to win lots they value more.

Meanwhile, under the Old System, other than being able to turn down food they
do not want, there is no relationship between the intensity of a food bank’s prefer-
ence for a particular lot and whether their receive it. To the best of my knowledge,
Feeding America is the only food bank network that explicitly allows bidders to

express a cardinal signal in this way.

Proposed Counterfactual

We have reason to believe that both allocating food simultaneously, as well as allo-

cating food using an auction mechanism, are likely to be contributing factors to the

BMany food networks use modern technologies to make sequential allocation more feasible than
it was for pre-Choice System Feeding America. Before 2005 Feeding America could only sequentially
offer food to a very limited number of food banks, as it had to call each one and give them time to
checks their stocks and decide whether to accept the food. Many organisations offer food using apps,
and food banks make use of inventory management tools to quickly check the types of food they need.
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welfare benefits of the Choice System. However, it is apriori unclear how much the
welfare benefit depends on either of these factors over the other.

To investigate this question I consider two additional mechanisms. First, I con-
sider a mechanism exactly the same as the Old System, but offering each truckload
of food to every food bank until one of them accepts. This is an important because
another key distinction between the Old and Choice System is that under the Choice
System, every food bank can bid on every load. Next, I consider an efficient se-
quential mechanism. That is, every time Feeding America receives a donation, they
always and immediately allocate it to whichever food bank values it the most at
that point in time. Essentially, to whichever food bank has the highest marginal flow
payoff as well as continuation value (given this mechanism). Importantly, this mech-
anism weakly dominates both sequential first and second price auctions, and yields
the same outcomes in competitive equilibria.

By comparing the Old System to this “All Offer” System, we find the value of
being able to offer every lot to (potentially) every food bank. Then, by comparing
the All Offer System with this Efficient Sequential Mechanism we find the value of
allocating food to the food bank with the highest value for that food, as opposed
to offering it out essentially randomly. Essentially, this is informative of the value
of allocation by auction. As we then compare this Efficient Sequential Mechanism
to the Choice System, this is informative of the value of simultaneous allocation,
since we are essentially comparing simultaneous and sequential auctions. And so,
this additional counterfactual allows us to speak to the relative merits of using an
auction mechanism and using a batch allocation mechanism.>
Details of how I numerically solve for equilibrium value functions and other

aspects of the simulations are given in Appendix N.

Results

Welfare estimates from these two additional counterfactuals are displayed in Fig-

ure 4.5. Full details, including differences in the amount of food allocated, distance

3(’Ideally, I'would also consider a simultaneous, non-auction mechanism. For example, where food
banks choose a selection of lots they would like, then lots are randomly allocated among food banks
who chose them. This would enable me to investigate whether auctions and simultaneous allocation
are complements, substitutes, or neither. Unfortunately simulating a dynamic equilibrium under such
a mechanism is computationally difficult.
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FIGURE 4.5: Simultaneous vs Sequential Allocation

welfare
(tons per day)
| 242 263 266 292 |
(203, 276) (222,297) (228, 297) (276, 309)
Old System All Offers Efficient Choice System

Note: This figure shows estimated welfare, in equivalent tons of food allocated each day, under the Old
System, the Old System when food is sequentially offered to every food bank (not just the first 10), an
Efficient Sequential mechanism (such as sequential first-price auctions), and the Choice System. 95%
Credible Intervals are given in parenthesis. The (marginal) Credible Intervals do not indicate the de-
gree of (positive) correlation between welfare estimates, and only demonstrate marginal distributions.

travelled, and distributional effects, are presented in Figure 4.6.

The results show that moving from the Old System to the All Offer System leads
to an increase in welfare equivalent to increasing the supply of distributed food by 21
tons each day, with a credible interval of (11,24). Therefore, being able to offer food
to every food bank explains around 40% of the welfare change as Feeding America
moved from the Old System to the Choice System. However, moving from the All
Offer mechanism to the Efficient Sequential Mechanism only leads to an increase
in welfare equivalent to a 3 ton daily increase (—4,11). Finally, moving from the
Efficient Sequential mechanism, to the Choice System, leads to an increase in welfare
of 26 tons per day (5,31).

This is a particularly striking result, suggesting that the benefits of using an auc-
tion to allocate food are practically zero, so long as food is still being allocated se-
quentially. In harsher terms, it does not matter how sophisticated your allocation
mechanism — if you are still allocating food sequentially, you may as well be offer-
ing it out at random. The reason for this result is that even though food is always
allocated to the food bank who thinks they need it most in that moment. But it may
not be the food most needed by the food bank at that time, and they may forfeit
more needed food later in the day because storage is now more costly. This is very

similar to the key reasons identified for the value of the Choice System over the Old
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System, that food banks were accepting sub-optimal food.*”

4.5.4 Alternative Mechanisms

The allocation problem faced by Feeding America is faced by numerous other food
bank organisations around the world, such as the European Foodbank Federation
(FEBA), FareShare (U.K.), and Food bank Australia.*® To my knowledge no other
network employs an allocation mechanism that gives food banks nearly as much
choice. Therefore an important question concerns how their mechanisms compare
to the Choice System, and to what extent they might be able to benefit by giving
food banks more choice over the types of food they receive. For example, many
organisations (including the U.K.’s Trussell Trust) do not allocate food centrally at
all, but link up food banks with additional local donors. This could be an extremely
inefficient use of resources, particularly if food banks who are slightly further away
might be willing to pay the added transportation costs.

Therefore, I consider three additional counterfactual mechanisms. These are de-
signed to emulate other mechanisms used in practice around the world. First, I con-
sider the ‘Closest” System. Under the Closest System, the lot is offered to the closest
food bank, and no others. This mechanism is used implicitly by food networks who
do not allocate food centrally, and instead link food banks up with additional local
donors. Instinctively, if food banks have high transportation costs, so that distance
is a (if not the) deciding factor, this mechanism may perform well, at least relative to
the Old System. However, it is probably that there may exist a food bank slightly
further away with a larger willingness to pay to transport the lot.

Second, in the interest of comparability, I the “Closest, All Offer” mechanism un-
der which food is offered to food banks in ascending order of the distance to the lot.
While not used, to my knowledge, by any food bank networks, it still provides an

interesting basis for comparison. Finally, I consider the “Like” mechanism proposed

371t should be noted that in reality, the Choice System allocates using two rounds of simultaneous
auctions each period, not just one as I am forced to assume. Therefore, these results should be inter-
preted with a grain of salt. That said, it is unclear why the bias in my results from this simplification
would spurriously cause such striking results.

381t is worth recognising that these organisations often face different allocation problems to Feeding
America. For example, transport costs are much more pertinent in Australia. Likewise, many of these
organisations face a problem closer to the scale of individual food banks allocating food among food
pantries. Nonetheless these results remain a useful starting point in analysing the efficacy of their
mechanisms and proposed changes.
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by Walsh (2015). Under this mechanism each lot is offered to every food bank si-
multaneously. Food banks can “Like" the lot, or not. The lot is randomly (weighted
by Goal Factor) assigned to one of the food banks who liked it. While neither of
these mechanisms are used explicitly by other food bank networks, they give a good
overview of some of these types of mechanisms. For example, the mechanism used
by the Foodiverse platform in Ireland first offers lots to the nearest food bank, and
then offers it to all the other food banks simultaneously as per the Like mechanism.

Given the results presented in the previous section, an obvious downside of all
these mechanism is that they are sequential in nature. However, given the mecha-
nisms used in practice, results from these counterfactuals may provide useful results
for policy purposes. A detailed discussion of the mechanisms and how I solve for

the equilibrium value functions is given in Appendix N.

Results

FIGURE 4.6: Counterfactual Results (2)

Mechanism  Welfare Welfare Distance Allocated % Better Off

(unweighted)  (weighted) (000 km per day) (tons per day) (under CS)
Choice 292 745 16 271 0
System (276, 309) (672, 815) (14.6,17.4) (253, 284) (0, 0)
Old 242 576 22.3 249 0.85
System (203, 276) (415, 706) (22,22.6) (248, 251) (0.803, 0.893)
Old System 263 649 19.4 264 0.799
All offers (222, 297) (477, 785) (19, 20) (263, 266) (0.738, 0.852)
Closest 134 311 0.305 58 0.945
(75.7,183) (43.9, 530) (0.298,0.311) (57.4, 58.6) (0.918, 0.967)
Closest 258 632 14 265 0.738
All offers (218, 294) (460, 772) (13.7,14.3) (264, 267) (0.676, 0.795)
Like 264 653 194 264 0.819
(226, 296) (489, 784) (19, 20) (263, 266) (0.762, 0.877)
Efficient 266 661 19.2 246 0.718
(228, 297) (510, 783) (18.7,19.8) (244, 249) (0.656, 0.779)

Note: This table displays posterior means and 95% credible intervals for various measures of welfare.
The final column gives the percentage of food banks who are estimated to be (weakly) better off under
the Choice System than each alternative mechanism. A higher number is worse.

Welfare estimates are presented in Figure 4.6. I present results for each of the
7 mechanism I have considered so far. I present results for welfare estimates (both
weighted and unweighted), average daily distance travelled, average quantity of

food allocated, as well as the proportion of food banks who are better off under



4.5. Counterfactuals 109

the Choice System than under each mechanism I consider. This final variable is
useful for understanding how the distribution of welfare would change if a food
bank network using, say, the “Closest” mechanism, transitioned to allocating food
using the Choice System. What proportion of food banks should we expect to benefit
from this transition?

The key takeaway from this analysis is that the Closest mechanism performs
very poorly. It achieves only 46.2% of the Welfare under the Choice System, and
only around two thirds of the welfare under the Old System. This is indicative of
the welfare benefits from centralised allocation. Food banks who are slightly further
away from the donor are very often willing to pay the added transport costs. Even
when food is offered to every food bank, in order of distance, this is still worse than
both the “All Offer” Old System and the Like Mechanism. This is driven by the
finding that food banks are not particularly sensitive to distance.*

Another, somewhat unsurprising takeaway, is that there are significant benefits
from offering food to every food bank, as in the Like and both of the ‘all offers’
mechanisms, all achieving around a 5% increase on the welfare from the standard
Old System. This is very intuitive, since it ensures food is not turned away when
there is still a food bank that needs it. This highlights that, where possible, food
bank networks should ensure that food is at least offered to every food bank before

it is returned to the donor.

3t is true that transportation costs are likely a larger factor in other settings, meaning these results
cannot immediately be applied to another food bank network. However it does highlight that there
should be a serious discussion of how important transportation costs actually are in any given setting.
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Chapter 5

Conclusion

In this thesis I examined the importance of giving food banks choice over the types
of food they are allocated. I investigated this question by examining the welfare and
distributional consequences of Feeding America’s implementation of their ‘Choice
System’. The Choice System facilitated choice by allocating food using repeated
rounds of simultaneous first-price auctions, allowing food banks to signal their pref-
erences over various types of food and giving them control over their allocations.
This allocation mechanism replaced the Old System which greatly restricted food
bank choice, essentially only offering food out at random.

The importance of choice depends on the degree of heterogeneity in the types of
food needed by different food banks. By examining variation in bidding behaviour
I presented reduced form evidence of heterogeneity across different types of food,
across different food banks, and within food banks over time. This is evidence that
choice is valuable, and that food banks likely benefited from the transition to the
Choice System. However, in order to perform welfare analysis considering the dis-
tributional effects of the transition, or to investigate the key mechanisms driving the
welfare benefits, I needed to use a structural model.

To perform welfare analysis, given I only had access to data from the Choice
System, I developed a dynamic multi-object auction model allowing me to model

forward looking bidding behaviour in these simultaneous first-price auctions. My
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modelling framework unified the dynamic auction model of Jofre-Bonet and Pe-
sendorfer (2003) with the multi-object auction model of Gentry, Komarova, and Schi-
raldi (2023). Because of the dynamic environment I was unable to rely on the iden-
tification arguments in Gentry, Komarova, and Schiraldi (2023) which leveraged ex-
clusion restrictions. Therefore I proved non-parametric point identification of the
model primitives by leveraging observed variation in state variables. Because of the
multi-object setting (specifically, that simultaneous auctions are not a direct revela-
tion mechanism), I was unable to apply the estimation procedure presented in Jofre-
Bonet and Pesendorfer (2003). Therefore I proposed a novel estimation procedure,
essentially generalising Jofre-Bonet and Pesendorfer (2003)’s method to the multi-
object setting. The procedure is computationally convenient, and only involves per-
forming one additional estimation step in which we estimate a misspecified static
multi-object model. I then presented various extensions to this framework that cap-
ture other key elements of the Choice System, including endogenous entry, reserva-
tion prices, and the inter-temporal budget constraint.

In Chapter 4 I applied this model to Choice System data. To capture the pos-
sible benefits of choice I specified a model that allowed for a broad degree of het-
erogeneity across different types of food and across food banks. I modelled hetero-
geneity over time by recognising that food banks’ stocks, particularly the food sent
out to food pantries and their local donations, are likely to be unobserved and time
varying. I then extended the framework presented in Chapter 3 to allow for these
unobserved states. Rather than using observed stocks, I proved that this model is
nonparametrically identified using variation in food banks” winnings, which are just
observed changes in these unobserved stocks. I proposed a similar adjustment to the
estimation procedure using a Gibbs Sampler, making use of data augmentation al-
gorithms to sample the unobserved stocks from their conditional distribution. Hav-
ing estimated the model, this allowed me to investigate the degree of heterogeneity
across the types of food Feeding America allocates, as well as heterogeneity in food
banks’ needs - both across food banks and within food banks over time. This het-
erogeneity is important to understand how food banks’ needs are determined by the
types of food they have access to from their local donors.

I found that welfare was 17.1% higher under the Choice System than under the
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Old System. These results are driven by this heterogeneity, particularly heterogene-
ity over time. Choice allows food banks to focus their allocations on their most
pressing needs, whereas under the Old System they might be offered food that was
more useful to a different food bank at that particular time. I estimate that 85% of
food banks are better off under the Choice System. The largest benefits are seen by
food banks with the fewest and most variable local donations, benefiting from the
flexibility the Choice System permits. This study has important policy implications,
both for Feeding America and other food bank networks around the world. I find
that welfare under the Choice System significantly exceeds welfare under a num-
ber of alternative mechanisms. I found particularly poor welfare consequences of
sending food only to the nearest food bank, and that mechanisms which allocate
food sequentially as donations arrive are very limited in their efficacy. These finding
highlight the importance of good market design.

Future work should consider the external validity of these results, and their ap-
plicability in other food bank settings. For example, applying the analysis to data
from other food bank networks. Future work should also consider additional mech-
anisms, potentially building on the Choice System, for application in these other
settings and even perhaps improving on the important work already done for Feed-

ing America’s allocation problem.
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Appendix A

Data

In this Appendix I present additional details on how I constructed the dataset used
in my analysis. Appendix A.1 focuses on the Choice System data, received from
Feeding America, outlining how I cleaned and categorised the data. This Appendix
also details how I identified joint bidding and which lots were sold by food banks
(‘Maroon Pounds’). In Appendix A.2 I detail the auxiliary datasets used in my anal-

ysis, used to locate food banks and construct their Goal Factors.

A.1 Choice System data

The variables included in the data were as follows:

1. A unique auction identifier

Date of the auction

Details on all the goods included

The number of Pounds in the lot

The number of identical lots being auctioned
Bids placed on the lot

anonymised Foodbank ID that placed each bid
The winning Bid(s)

Y N o DN

An indicator stating whether the Auction/Bid was cancelled

—_
o

The geographic location of the lot

Food banks were anonymised and indexed from 1 to 165. I did not observe whether
a bid was placed jointly, nor whether a load was sold by a food bank. I also do not

observe whether an auction occurred in the morning or in the afternoon. Finally, I
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only observe an auction on a particular date if at least one bid is received on that lot.
If an auction that consists of two identical loads is observed with just one bid on day
t, and another observation with just one bid on day t + 2 I assume that the auction
also appeared on day t + 1 with only one load available. I must assume that it is not

the case that auction appeared on day ¢ — 1 but no one placed a bid.

A.1.1 data cleaning

The 1344 cancelled auctions and bids were removed from the data, with the assump-
tion that bidding behaviour was not affected by cancellations.

There were various errors in the record data. Some errors could be corrected,
such as misspelt names of products, while several had to be removed. Every load
listed as being heavier than 97, 000 pounds (the maximum weight for a flat bed truck)
was assumed to be a mistake, and fixed to 40, 000 pounds (the modal weight). Every
load weighing less than 5000 pounds was also fixed to 40,000. 6 auctions were re-
moved from the data. These lots included items such as karaoke machines and a flat
bed truck. These lots were removed under the assumption that the they fit outside

the food banks” ordinary remits.

A.1.2 categorisation

Goods are classified into categories (mostly taken from Prendergast, 2022), subcate-
gories,' Uses and Storage Method.

‘Uses” are not used in the current model specifications. Uses includes Meals, In-
gredients, Condiments, Snacks, and Non-Food. Meals are items that could be eaten
on its own as part of a reasonably healthy diet for either breakfast, lunch, or din-
ner. Multiple Ingredients can be mixed together to form a meal. Condiments can be
added to a meal to enhance it. Snacks can be eaten on their own, though not nec-
essarily part of a meal. Snacks includes drinks. Non-food items are inedible items,
such as cleaning products. This also includes formula and baby food.

Storage methods includes Shelf, Tinned, Refrigerated, Fresh, and Non-Food. The

Non-food category is identical to the non-Food Use category. Shelf items can be

IThis is performed to ensure at least 30 lots per subcategory. Subcategories are more granular the
more observations there are. E.g. for cereal and beverages this includes brands, whereas all cheese is
lumped together.
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stored on a shelf, are generally dried goods, and have extremely long shelf lives.
They are generally light but bulky. Tinned food, which includes jars and bottles,
have long shelf-lives and are generally compact and heavy. Refrigerated food must
be stored in a fridge, but still expire reasonably quickly. Fresh food is food one
wouldn’t generally store in a fridge, and generally has only a limited shelf life. This
includes both fresh produce and freshly baked goods such as bread. Any item that
was additionally listed as ‘Shelf Stable’, such as UHT milk was put in the tinned

storage category.

Code || Category Subcategory Use Storage | Description

1 Baby Non-food NF unspecified baby

2 Baby diaper Non-food NF nappies

3 Baby food Non-food NF Baby food

4 Baby formula Non-food NF Baby formula

5 Beverage Snack Tin unspecified Bev

6 Beverage capri Snack Tin capri-sun

7 Beverage coffee Snack Shelf ground/instant

8 Beverage dry Snack Shelf chocolate/milk powder

9 Beverage fj Snack Tin Orange/ Apple/Grape juice - high quality, "pure”
10 Beverage gator Snack Tin Sports drink (gatorade)

11 Beverage ic Snack Tin Iced/ Alternate coffee

12 Beverage juice Snack Tin juices, lower quality, mixed, e.g. tropical punch, fruit shoot
13 Beverage ka Snack Shelf Kool-Aid

14 Beverage pop Snack Tin fizzy drinks, e.g. coke

15 Beverage propel Snack Tin Propel brand water/sports water
16 Beverage pshake Snack Shelf Protein shake/powder

17 Beverage shake Snack Tin Milk shakes

18 Beverage tea Snack Shelf Tea/Tea bags

19 Beverage vf Snack Tin V8 juices

20 Beverage water Snack Tin Bottled water

21 Baked Good Snack Shelf unspecified BP

22 Baked Good bread Ingredient Fresh Bread

23 Baked Good cake Meal Fresh cake, cupcakes, muffins

24 Baked Good dough Ingredient Fridge cookie dough, bread dough, etc
25 Baked Good flour Ingredient Shelf flour, cake mix, bread mix

26 Baked Good other Snack Shelf miscellaneous BP

27 Baked Good pastry Snack Fresh croissants, waffles, pancakes etc
28 Baked Good stuffing Condiment Shelf Stuffing mix

29 Cereal Meal Shelf unspecified cereal

30 Cereal bran Meal Shelf healthy bran cereal (fibre)

31 Cereal cheerio Meal Shelf Cheerios

32 Cereal flake Meal Shelf un-sweatened flakes (spK, corn etc)
33 Cereal gran Meal Shelf granola

34 Cereal Kashi Meal Shelf unspecified Kashi

35 Cereal Kellogg Meal Shelf unspecified Kellogg

36 Cereal ns Meal Shelf non-sugared cereal (rice-krispies)
37 Cereal other Meal Fridge miscellaneous non-dry cereal
38 Cereal oat Meal Shelf oats/grits/porridge

39 Cereal PL Meal Shelf unspecified Private Label (e.g. Post)
40 Cereal sugar Meal Shelf fruit loops, apple jacks etc

41 Condiment Condiment Tin unspecified condiments

42 Condiment dressing Condiment Tin Salad dressings, glazes

43 Condiment fruit Condiment Tin Fruit sauces, preserves

44 Condiment gravy Condiment Shelf Gravy granules

45 Condiment jelly Condiment Tin Jam

46 Condiment ketchup Condiment Tin Ketchup

47 Condiment mayo Condiment Tin Mayonnaise

48 Condiment mustard Condiment Tin Mustard

49 Condiment other Condiment Tin Miscellaneous cond (e.g. frosting)
50 Condiment oil Ingredient Tin Cooking oils

51 Condiment pasta Condiment Tin Pasta sauces

52 Condiment PB Condiment Tin Peanut Butter

53 Condiment pickle Condiment Tin Pickled Gherkins

54 Condiment salsa Condiment Tin Salsa/Guacamole/dips

55 Condiment sauce Condiment Tin BBQ sauce, etc

56 Condiment stock Ingredient Shelf Stock (assumed cube form)

57 Dairy Ingredient Fridge unspecified Dairy

58 Dairy butter Condiment Fridge Butter /Margarine/Spread

59 Dairy cc Condiment Fridge coffee-creamer, coffee-mate (assumed liquid)
60 Dairy cheese Ingredient Fridge mostly cottage/cream cheese
61 Dairy cream Condiment Fridge Mostly sour cream

62 Dairy dessert Meal Fridge cheese cake etc

63 Dairy egg Ingredient Fresh eggs

64 Dairy 1 Ingredient Tin evaporated / preserved milk
65 Dairy milk Condiment Fridge milk

66 Dairy milk-alt Condiment Fridge non-Dairy milk

67 Dairy milk-flav Snack Fridge flavoured (chocolate) milk

68 Dairy pie Meal Fridge Sweet pies, e.g. Apple/custard
69 Dairy yog Snack Fridge Yoghurt
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91
92
93
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95
96
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98
99
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103
104
105
106
107
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109
110
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134
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136
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143
144
145
146
147
148
149
150
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160
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Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Frozen
Frozen
Frozen
Frozen
Frozen
Frozen
Health/Beauty
Health/Beauty
Health/Beauty
Health/Beauty
Health/Beauty
Health/Beauty
Health/Beauty
Health/Beauty
Health/Beauty
Health/Beauty
Health/Beauty
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meat
Meat
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Non Food
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apple
cabbage
carrot
citrus
corn
fruit
melon
other
onion
potato
squash

bp
dairy
meal
meat

veg

body
dental
deod
detergent
drug
nutri
other
shampoo
soap
sun

bert
breakfast
broth
cb
chang
chilli
healthy
lunch
mc
meat
other
pasta
pie
pizza
sand
side
soup
veggie

bacon
beef
burger
chicken
fish
lunch
other
sausage

battery
bleach
box
other
salt
towel

ben
other
rice

bar
bp
candy
chips
cookies
crackers
fruit
jelly
kellogg
nuts
other
pbar
pc
pretzel
pt
pud
seed
5

beans
fruit
fry
gbean
other
potato
tomato

Ingredient
Snack
Ingredient
Ingredient
Snack
Ingredient
Snack
Snack
Ingredient
Ingredient
Ingredient
Ingredient
Ingredient
Snack
Ingredient
Meal
Ingredient
Ingredient
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Meal
Meal
Meal
Ingredient
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Meal
Snack
Meal
Meal
Ingredient
Ingredient
Ingredient
Ingredient
Ingredient
Ingredient
Ingredient
Ingredient
Ingredient
Non-Food
Non-food
Non-food
Non-food
Non-food
Non-food
Non-food
Meal
Ingredient
Ingredient
Ingredient
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Snack
Ingredient
Ingredient
Ingredient
Ingredient
Ingredient
Ingredient
Ingredient
Ingredient

Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fresh
Fridge
Fridge
Fridge
Fridge
Fridge
Fridge
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Non-Food
Fridge
Fridge
Fridge
Tin
Tin
Fridge
Tin
Fridge
Fridge
Shelf
Fridge
Fridge
Shelf
Fridge/Shelf
Fridge
Fridge
Fridge
Tin
Fridge
Fridge
Fridge
Tin
Fridge
Fridge
Fridge
Fridge
Fridge
Fridge
Non-Food
Non-food
Non-food
Non-food
Non-food
Non-food
Non-food
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Shelf
Tin
Shelf
Shelf
Tinned
Tinned
Tinned
Fridge
Tinned
Tinned
Fridge
Tinned

unspecified produce
Apples
Cabbages
Carrots
Citrus fruits
Corn (maize)
unspec/misc fruit
melons
Miscellaneous veg
Onions or garlic
Potatoes
Squash/Pumpkin,Yams
unspecified /misc frozen
Frozen Baked Goods, e.g. bread rolls
Frozen milk, butter, eggs
Frozen meals/pies/pizza
Frozen chickens etc
peas, carrots etc
unspecified HBC
body creams/moisturiser
dental hygiene
deodorant
detergent powder/tablets
medicines/ointments

vitamins / unspecified nutritional items (e.g. protein powder)

miscellaneous (e.g. razors)
shampoo/conditioner
hand/body soap
sun-cream/block
unspecified Meals
Bertolli ready meals
breakfast meals
Broth - assumed carton stock
Chef Boyardee ready meals
PE. Chang ready meals
Tinned Chilli / meat 'n” beans

Healthy/Nutritious ready meals (e.g. weight-watchers, fish)

Lunchables (ready packed lunches)
Marie Callender ready meals
Meat based ready meals
miscellaneous ready meals
Pasta ready meals, mac n’ cheese etc
Savoury pies / pastries (often shelf stable)
pizzas
sandwiches
ready meal sides
tinned soups
vegetarian/vegan meals
unspecified meat
Bacon
Mostly tinned savoury mince
various burger patties
Chicken
Fish
Deli/luncheon meat
miscellaneous meats (e.g. pork)
Mostly hot dog sausages
unspecified non-food
batteries
Bleach/solvent cleaning products
banana boxes/crates
e.g. clothes, bags, window cleaner, wipes
non-food salt
paper towels
Dried pasta
Uncle Ben's rice
Miscellaneous pasta product (lasagna sheets etc)
dried rice
unspecified snack
snack/granola bars
baked snacks, e.g. butterfinger
candy/chocolate
crisps
biscuits
crackers
rollups/cups
jello (pre/unmixed)
unspecified Kellogg brand snacks
nuts/trailmix
miscellaneous snacks
protein bars
pop-corn (mostly popped)
pretzels
pop-tarts
tinned pudding
sunflower seeds
slim Jims, jerky, biltong
unspecified non-fresh
baked beans
canned fruit (escaloped apples etc)
chips/potato wedges/ fries
beans (non-baked, mostly green)
miscellaneous veg
ready to cook potatoes
tinned tomatoes
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A.1.3 Joint bidding

I did not receive information of joint bidding. However, in some circumstances joint
bidding can be inferred. For example, when only one load is auctioned but multiple
foodbanks are listed as winning. Likewise, I observe the amount paid by winners
(separate to their bid): If two food banks jointly bid 50 shares each I observe that
the "bid paid" was 100. I use these cases to identify common bidding coalitions. I
then assume that whenever one of these coalitions appears to place a bid, that they
are placing a joint bid. By this method I identify around 30 coalitions, and infer that
4.5% of bids are joint bids. This is slightly lower than the true value of 5% reported
in Prendergast, 2017. This is likely because I do not detect coalitions that never won
together in the data.

I also risk classifying non-joint bids as joint bids when a coalition chooses not to
bid jointly on occasions. This is only a problem if they did not win, and unlikely to
lead to much inaccuracy if they do not win. A further problem is that I occasionally
see multiple lots being auctioned, with more winners than lots (without a known
coalition among these food banks). I am unable to infer which subset of bidders
forms a coalition, and so am are forced to assume, incorrectly, that none of the bids
are joint. This only happens a small fraction of the time, around 0.01%, so is unlikely

to lead to much inaccuracy.

Joint bidding in the model

I do not consider the strategic considerations behind joint bidding. I do however
consider how this impacts the inverse bid function and winnings. If a bid was joint
between n people, I assume the pounds won are divided equally among the n bid-
ders. As are the distance costs and the ‘lot specific value’.? 1 also recognise how
the food banks’ beliefs about the probability they win given their joint bid is higher
than either individual bid. Therefore I am able to recognise how the total (expected)
surplus of the joint bid may exceed either individual surplus from placing a single

bid equal to the joint bid - if storage costs are convex, sharing these load reduces the

2In principle I could split the lot according to the fraction of final expenditure, however joint bids
in which one bidder bids an extremely small or zero amount, are not uncommon.
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total cost incurred. When simulating the Choice System I am unable to simulate the

joint bidding procedure.

A.1.4 Maroon Pounds

I do not observe which loads were sold by food banks (‘Maroon Pounds’). However,
after I had located food banks (discussed in Appendix A.2) considered whether any
of the auction origin zipcodes matched the zipcodes of the food banks I had iden-
tified. Matched observations all had auction identifier codes that began with "ML"
rather than "L" (followed by a string of numbers). Therefore, I focused on these
auctions as Maroon Pounds, which make up 4.5% of unique auctions.

Maroon Pounds do not enter the current version of my model. Endogenising the
decision to sell food adds too much complexity. However, the food banks responsi-
ble for consuming the most through the Choice System almost never sell food. As
my results are predominantly driven by these food banks, ignoring Maroon Pounds
is unlikely to lead to much inaccuracy. However, for the sake of posterity I will
continue to describe how I match food banks to Maroon Loads.

One difficulty with matching food banks to maroon loads is that food banks
move over time, often merging with other food bank organisations, so that the zip-
code of a lot auctioned in 2014 may not match the zipcode I found for that food bank
in 2019. Broadly speaking, I located food banks by finding the name of the city in
which they are located, as well as their state. It is rare to have multiple food banks
in the same. I therefore decided to match food banks to maroon loads under 3 con-
ditions: First, if the zipcodes matched. Failing that, if they are located in the same
city. Failing that, if they are within 20 miles of one another. I assume that the remain-
ing Maroon Pounds are sold by the small food banks and food rescue organisations

whose locations I cannot identify, or who are never observed bidding in my data.

A.2 Auxiliary data

I use five additional datasets in my analysis. Two data sets received from Prender-
gast (one of the original designers of the Choice System) containing losing bidders

by auction for 2014, and also poverty figures by county. Third, food bank zipcode
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data from Feeding America’s Food Bank Locator online tool.>. Fourth, Food bank
catchment areas, defined at the County level, from Feeding America’s ‘Hunger in
America’ on-line resource.? Finally, Populations figures by county were then taken
from the 2015 US census Small Area Income and Poverty Estimates (SAIPE).

These datasets were used to locate food banks and evaluate their Goal Factors.

A.21 Locating food banks

Prendergast kindly sent me a dataset containing data on losing bidders by auction
for 2014. Importantly, this data contained the nearby towns of the bidding food
banks. That is, food banks were identified by the town they were located in. I was
able to cross-reference this data with the Choice System data for 2014, merging by
date and the origin of each lot.

For each anonymised ID I found the town that appeared in the largest proportion
matched auctions. For each town I found the anonymised ID that appeared in the
largest proportion of matched auctions (these two proportions need not be equal). If
the two sets of pairings were identical, I listed the ID/town combination as matched,
removed it from the pool of remaining IDs and towns, and continued the process
until I was unable to remove any more matched pairs. This process allowed me to
infer the nearby towns of all food banks who placed a bid in 2014. This allowed
me to infer approximate locations for 85% of food banks, who together consumed
just over 98% of all food on the Choice System. It was clear that my food bank ID
numbers had been listed in alphabetical order from 1 to 165 before anonymisation,
validating my location matches.’

Given knowledge of nearby towns, I then used Feeding America’s Food Bank
Locator online tool to find zip codes for these food banks. I was unable to find three
food bank’s locations in this way, as they listed town names which were nowhere

near any of Feeding America’s food banks. I kept their locations as unknown.

3 Accessible at https:/ /www.feedingamerica.org/ find-your-local-foodbank

4 Available here: https:/ /map.feedingamerica.org

5Based on this alphetical order, and knowledge of all Feeding America’s associated food banks, I
was able to match an additional 3 food banks by visual inspection
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One of the most frequent bidders in the Choice System has a commonly occur-
ring town name, with food banks listed in two of these towns. For these two can-
didate food banks I examined their annual financial statements from 2014 to find
how much non-monetary donations they had received from Feeding America. One
received an extremely large amount, while the other received a reasonably small
amount. Because the food bank in question consumed an extremely large amount of
food on the Choice System I reasoned it was most likely the food bank that received

the larger non-monetary donations from Feeding America.

A.2.2 Distance

To find the distance between every lot x food bank combination I converted zip-
codes into longitude/latitudes, then used the "distGeo" function from the R package
"geosphere". This package finds the distance of the geodesic between any two points
on the globe. In principle I could have found the shortest road distance using arcGIS
software, as this would more accurately represent the transportation costs. How-
ever, this software is generally extremely computationally intensive. Given the large

number of food bank x lot combinations (~ 3.6 million) this option was not feasible.

A.2.3 Calculating Goal Factors

I set the Goal Factors of food banks with unknown locations to the smallest known
Goal Factor.® In this paper I only use the new Goal Factors.

For a small number of food banks their expenditure did not match up with their
Goal Factors. They spent significantly more shares than the amount they received
(implied by their Goal Factor). This is the case even when I take into account that
food banks stop receiving new shares once they hit a 200,000 limit.

I calibrate Goal Factors and initial budgets to take this into account. I find the
smallest absolute deviation from the Goal Factors implied by the formulae such that:
1. No food bank is ever in debt for longer than 30 days. 2. Food banks with above

average Goal Factor are never in debt. 3. Food banks” budgets cannot exceed the

%Given that these food banks did not bid regularly enough for me to identify their location, pre-
suming that these food banks also would not accept any loads they are offered in counter-factual sim-
ulations ensures that my estimates remain conservative. For some catchment areas Feeding America
appears to have used slightly different cut-offs than the 100% and 185% lines.
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FIGURE A.1: Distribution of Goal Factors and intial budgets
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Note: These plots show histograms of Goal Factors and initial budgets across food banks. ‘Observed’
are the figures I received from Prendergast. ‘Calculated” are the figures I calculated using poverty
data and the formulae presented above. ‘Estimated’ are the figures I calibrated using the approach
discussed above, that were then used in my counterfactual simulations.

200,000 share limit. 4. No food bank’s budgets have a trend (positive or negative)
of more than 100,000 shares over the period. 5. No food bank’s budgets have a
statistically significant (at the 5% level) trend. That is, we expect that their budgets
should neither trend up nor downwards over time.

I perform this calibration as follows: Given proposed Goal Factors I find the ini-
tial share allocation that satisfies criteria 1-4. This is done by iteratively changing
the initial allocation, simulating incomes (given observed expenditures) to find bud-
gets, until the necessary initial allocation is converges. In an outer loop I find the
Goal Factors that satisfy criteria 1,2, and 5. At each step I update Goal Factors by
taking the average of the prior estimated Goal Factor and the implied new Goal Fac-
tor that satisfies the criteria. The process converges in around 100 iterations. For 95%
of food banks Goal Factors change very little in relative terms. The largest change is
seen by one food bank that consumes a large quantity of food on the Choice System,
but has a low initial Goal Factor. Inspection reveals that this food bank exists in a
so-called ‘food desert’, meaning they likely have very little access to local donors, so

must rely on Feeding America for the majority of their food.
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To validate this approach I compare the distributions of calibrated initial alloca-
tions and Goal Factors to those used in Prendergast, 2017, received from Prender-
gast, but that I was unable to link to my data. Importantly, these figures are around
5 years out of date relative to my data. The two sets of distributions are shown in
A.1. The distribution of intial budgets are relatively similar, as are the distributions
of Goal Factors, with the exception that my estimated Goal Factors have a larger
right tail. Importantly, however, the distribution of my estimated Goal Factors fits
the observed distribution better than my initially calculated Goal Factors.

The Goal Factor was designed to ensure that a food bank with a 1% higher goal
factor received 1% more food. Prendergast, 2017 found that a 1% increase in Goal
Factor was associated with a 0.45% increase in food won from the Choice System. I
found that a 1% increase in estimated Goal Factor was associated with a 0.81% in-
crease in consumption. Given that Prendergast’s estimation was done on data with
very different characteristics to mine, the inaccuracy of these estimated figures is
unclear. The difference may be driven by the 15% of unknown Goal Factors in my
data. If these food banks had relatively high goal factors this would drive the ob-
served discrepancy, since we know these food banks choose not to consume much.
Either way, the relationship between Goal Factor and consumption is not especially
strong; the R? from a log-log regression is only 0.35. This weak correlation demon-
strates the importance of food wealth in determining consumption behaviour. High
Goal Factor food banks, who also happen to have many local donors, may not want

to consume much food through the Choice System, weakening the correlation.
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Appendix B

Proof of Proposition 1

In this Appendix I prove Proposition 1, which states that under the assumptions of
the game, and under Conjecture 1, a Symmetric Markov Perfect Equilibrium exists.
The proof of Proposition 1 proceeds by first demonstrating that, conditional on
Conjecture 1, a Pure Strategy Bayesian Nash Equilibrium exists in the stage game.
I then show that the equilibrium pay-off in the stage game is consistent with the
continuation value. I do so by employing Kakutani’s fixed point theorem, which
requires showing the existence, convex-valuedness, and upper hemicontinuity of

the continuation value.

Proof: Static Equilibrium of the entry game: player i chooses their entry decision
d to maximise their expected pay-off. If the player knew the entry decisions
of other players in advance they would essentially choose an entry structure,
then the expected pay-offs would just be the equilibrium expected payoffs
associated with each entry structure. Instead, their expected pay-off is formed
by taking expectation over the entry decisions of every other player, given
the strategies of other players. The entry game is therefore a simple game of
incomplete information.

A symmetric equilibrium in distributional strategies exists, thanks to Milgrom
and Weber, 1985.! However this equilibrium may not be unique, a problem
for continuity of the value function. Continuity can be restored by follow-
ing Fudenberg and Maskin, 1991, entry strategies can be augmented to be a
function of the realisation of a public random variable. The public random
variable enables players to coordinate over which equilibrium will be played.
Conditional on this public random variable the set of equilibrium pay-offs is
convex (Aumann, 1974).

ILikewise, existence of a Pure Strategy equilibrium follows from their purification result, under
the assumption that types are atomless. However, we will not require bidders to play pure strategies,
and instead ensure our identification framework is consistent with distribution and/or pure entry
strategies.
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As in JP, equilibrium existence of the dynamic game then requires that the
equilibrium pay-off in the stage game is consistent with the continuation value.
That is, can we write the ex-ante value function Vf, stacked over states, as a
function of Vf,;, so that V| = Q(VE, ;) (existence). In addition, does the
correspondence () have a fixed point such that VE = Q(V?F) (stationarity).

Existence of Vf = Q(VE,,): Writing the ex-ante value function in recursive
form, substitute equation 3.2.3 for period t + 1 into equation 3.2.3 into equa-
tion 3.2 back into equation 3.2.3 for period ¢. Existence then follows from the
assumption that pay-offs are bounded. This ensures the set Q(VE 1) is non-

empty.

2

(non-)Uniqueness of Q(VE,,): The possible existence of multiple equilibria
in the entry game imply the value function is non-unique. therefore, the ex-
ante value function is also non-unique. Fortunately (2 must be convex valued,
as the set of equilibrium pay-offs, conditional on the public random variable,
is convex.

Upper-hemi continuity of ()(.): The continuation value must be continuous
in Vf 11, sShown by equation 3.2.3. Next, consider the conditional value func-
tion, conditional on entry decision d:

Wi(d, vy, si;,0) =

max { Ti(b, &0-)" (vi = b) + (b, &0-) [Ji(s:) + PVi(si;o-)] }
Continuity of W; in V , is guaranteed by conjecture 1, which requires equi-
librium expected pay-offs are continuous in J; + BV;. The value function can
then be written as W; (v, si; 0 ;) = max {Wi(d,vit,s;0_;) }. Upper-hemi con-

tinuity of Wy in W,, and hence in Vf "1, arises from our public random variable

(Fudenberg and Maskin, 2009).> Upper-hemi continuity of V¥ arises from the
ex-ante value function taking an expectation over states.

Existence of a stationary dynamic equilibrium: In order to show existence
of a stationary equilibrium we must show that there exists a fixed point of
the correspondence VE = Q(VE). As Q)() is non-empty, convex valued, and
upper-hemi continuous, we can apply Kakutani’s fixed point theorem. There-
fore, a Markov Perfect Equilibrium exists.

O

2This dynamic equilibrium will be symmetric since the equilibrium in the stage game is symmetric,
so that strategies depend only on states, not player identities or time periods.

3Public randomisation ensures that the set of equilibrium pay-offs is convex. Public randomisation
means Wy is the convex hull of possible equilibrium pay-offs from entry, W;. Therefore, so long as
W; is compact valued, W; is upper hemicontinuous (Charalambos and Aliprantis, 2013). Compact
valuedness comes from pay-offs being drawn from a compact set.
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Appendix C

Extension of Proposition 1 from

Jofre-Bonet and Pesendorfer (2003)

In this Appendix I essentially extend Proposition 1 from JP to the multi-object case.
In Appendix C.11 prove Proposition 3 from the main text. In Appendix C.2 I present
(and prove) that the ex-ante value function also has an analytic expression. In Ap-
pendix C.3 I prove that even in the case of binding reservation prices the ex-ante
value function still has an analytic expression. Finally, in Appendix C.4 I prove that
the Inverse Bid System is strictly monotonic for bids strictly above the reservation
price. This is an important proof as it allows me to employ the ‘Law of the Uncon-
scious Statistician’.

For the remainder of this section I regularly make use of the definition of k =

Cj + BV, and equivalently K(s) = J(s;) + BV (s).

C.1 Proof of Proposition 3
Proposition 3 : Under assumptions 1 - 4, the expected stage pay-off is given by:
[1(b*|v;s) = T(b*[s)T VT (b*|s) 'T'(b*|s)

+[P(b*[s)" — T(b*[s)" VI (b*[s) "'V P(b*[s)]Bsj

+[Q(b*|s)" — I'(b*[s)" VI (b*|s) ' VpQ(b*|s)]AsBV (C.1)

Proof: 1. Necessary First Order Conditions are given by:

VoT(b*s)(v — b*) = [(b*|s) — VyP(b"[s)Bsj — BV, Q(b"|s) A,V
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2. Left multiplying by V,I'(b*|s) !
(v —b*) = V,T(b*|s) "} [['(b*|s) — Vi, P(b*|s)Bsj — BV, Q(b*|s)As V]
3. Left multiplying by I'(b*|s)”

I'(b*[s) (v —b*)
=T (b*|s)TV,T(b*|s) L[T(b*|s) — Vi, P(b*|s)Bsj — BV, Q(b*|s) AsV]

4. The Maximised Expected Pay-off is given by:
[1(b*|v;s) = I['(b*|s)T (v — b*) + P(b*|s)Bsj + BQ(b*|s) AsV

Substituting in T(b*|s)” (v — b*) gives the result.

C.2 Ex-ante Value Function

Building on Proposition 3 the ex-ante Value function can be written as:

Vi (st) = Ep[ T(blst) VI (b]s:) "'T(bls;)]

+ Ep[Q(b|ss)T —T(b|s;)TVpI(b|s;) 'V, Q(b]s;) |s:]K(s;) (C.2)

Proof that this is the case should be trivial, however it requires that we apply a

change of variable, changing from integrating over v to integrating over b.

Proof: 1. To obtain the ex-ante value function from the equation presented in Propo-
sition 3 we then take an expectation over both sides with respect to v for:

Eo[T(b*|s¢)" (v —b*) + P(b|s:)"K(s¢)]
= E,[[(b*|s;) TV, T (b*|s;) 1T (b*|s;)]
+ Eo[Q(blsy)" — T(b*[s¢) VI (b*|s) ' Vi, Q(b*[s4)]K(s¢)

2. By applying the Law of the Unconscious Statistician (change of variables
for expectations) the right hand side of this equation is equal to

Ep[T(b]s:) VI (bls;) "I (b[st) + [Q(b[s:)" — VI (bls:) ' Vi Q(bls:)]K(s¢) st]

O

Importantly, in order to apply the Law of the Unconscious Statistician we require

that the mapping £(b*|K; s) is monotonic (the jacobian has non-zero determinant) in
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b. I prove this in Appendix C.4. For those unfamiliar with the Law of the Uncon-
scious Statistician, this intuitive law states that Given random variables U; and B
such that U; = h(B), where ||[Vph|| > 0, the Law of the Unconscious Statistician
states that Ey, [Uj] = [ vifu,(v))dv; = [, ... [, h(b)fg(b)dby...dby = Eg[h(b)]

C.3 Ex-ante Value Function (Reservation Prices)

I now consider the case with binding reservation prices. In this case, I must define
a partition of the bidding space according to which bids are at the reservation price,
and which bids are strictly above the reservation price. This partition essentially
partitions which first order conditions hold exactly (Lagrangian multiplier is zero),
and which do not. Each component m, denoted A,,, will consist of a set of bids
above the reservation price A}, = {l : b; > R}, a set at the reservation price A,, =
{l : by = R}, and a non-entered set Af, = {I : by = @}. Importantly, for a given
K, each component defines a corresponding set in lot-specific pay-off space, which I
write as v(A,,). This set is known from the inequalities derived in section E.2.2. We

can then write the ex-ante value function as follows:

VE(st) = Enl Y Ti(R,di|st)(Ey[vi|v € v(An)] — R)
leA;,
L) (by, dy|se)? Ly(by, di|se)
+ Y E -
Zn b’d[Vb,Tl(blldl!St) Vi, T1(by, di|st)

Vi, Q(b, dsi)K(s:)|b € Al

+ Ep,a[Q(b,d|s;)|b € A,]TK(s¢)

= &)(St) + ()(St)K(St) (C3)

This expression is extremely convenient for the econometrician, who is then able to
evaluate the ex-ante value function by taking integrals with respect to observed bids.
The only difficulty is in calculating the truncated means E,, [v;|v € v(A,,)].

I now derive equation C.3. For notational simplicity I drop the dependence on s.

Proof: 1. We can split an expectation into partitions of conditional expectations,
which follows from the law of iterated expectations. This allows us to
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write:

E,[[(b*,d*)T (v —b*) 4+ P(b*,d*)TK]
=) "P(v € v(An))E,[T(b*,d*)" (v —b*) + P(b*,d*) K|v € v(A)]

2. As expectations are linear operators write the right hand side of this
equation as:

=) Plve v(Am>)(;Ev[Fz<b?‘,d?‘><vz —b)|v € v(Aw)])
+ E,[Q(b*,d*)K|v € v(A,)]

3. Consider E,[P(b*,d*)TK|v € v(A,,)]. We will essentially apply the Law
of the Unconscious Statistician to write this as an expectation over b and
d. Apply the Law of Iterated Expectations, so that we take expectations
first over v, for | € A}, first, and then over v; for [ ¢ A,. We have:

E,[P(b*,d*)TK|v € v(A,)]
= Eytent [Ey ga: [Q(DY,d") K|v € v(Ay) & vl € Af]lv € v(A,)]

4. By definition of A;; we have E, ;4 [Q(b*,d*)TK|v € v(Ay) &yl €
A}] = Q(b*,d*)TK. This is because bids on lot I ¢ A}, are constant for
v e v(Ay).

5. Next, we are able to apply the law of the unconscious statistician, since
the functions by (v, K) for I € A, are monotonic in v, as shown in ap-
pendix C.4.

Ev,leA,t[Q(b*rd*)TKW € v(An)] = Eb,leA,,*,[Q(b*rd*)TKw € Ayl

The idea here is that we couldn’t apply this change of variables in gen-
eral, because some of the random variables (bids) we tried to take expec-
tations over are in regions of v space where the bids are non-monotonic
in v, and actually do not vary with v at all. But, precisely because they do
not vary in these regions, we can just integrate out these dimensions, be-
fore applying the change of variables. Last of all, recognise that because
b, for I ¢ A}, is constant, we have:

Ey 1ca:[Q(b*,d*)TK|b € A, = Ep[Q(b*,d*)"K[b € A,

6. Next, focus on E, [I';(bf,df ) (v; — bf)|v € v(An)]. Forl € AY, so that
df = 0, we have E,[I';(b},d;)(v; — b})|v € v(An)] = 0, since for this !
we have I'; (b}, d') = 0 by definition.

7. Meanwhile, for I € A,, we have
By [Tu(8f, d7) (0 — b)lo € v(An)] = 1(R, 1) (Eufvr]o € v(An)] - R)

by definition of partition m.
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8. Finally for I € A, we have

Ey [T (b}, di) (v — by)[v € v(Ap)]
_ rl<b;kr1)2 i rl(b;kll)
"V Li(by, 1)V Ty(bf, 1)

Vi Q(b7, d%)[v € v(An)]
This arises because the /th first order condition of the lagrangian given
in equation E 4 is given by:

Vi L0, df ) (or — ) — Ty (b df) + V5, Q(b",d K + Aj = 0

[ such that b > R we have A = 0 (this solution is unconstrained). This
equation then rearranges for

I, (b7, 1) I, (b5,1)

1—‘l(bl/dl )(Ul - bl) - Vblrl(b?rl) - Vbll—vl(bl*ll)vsz(b /d )

9. Still considering I € A;},, the idea is that we now want to apply the Law
of the Unconscious Statistician for

[rl(bl*,1)2 0
vy i(by, 1) Vi i(ef,1)
By Iy(bf,1)>  Ty(bf,1)
Vy[1(b;, 1) V,T(b7,1)

Vi, Q(b%,d%)|v € v(Any)]

V,Q(b*,d*)[b € A,]

The problem is that V;,Q(b*, d*) in general depends on by for I ¢ A}
However, just as we did in steps 3 to 5, we can first apply the law of
iterated expectations and integrate out these other " dimensions, before
employing the change of variables.

10. Putting together steps 1 through 5, 6, 7, and 8 through 9, we can write:

E,[T(b*,d*)T (v —b*) + Q(b*,d*)TK]
=Y P(vev(An) Y. Tu(R dlst)(Ey[vilv € v(An)] —R)
m len,,
Ly (b, dy|st)? Ty(by, dp|se)
+ Y E -
Z” b'd[vblrl(bl,dﬂst) Vi, Ti(by, dyst)

+ Ep,a[Q(b,d|s)|b € A)TK(s)

Vi, Q(b,d|s:)K(s:)|b € Ay

O]

C.4 Monotonicity of the Inverse Bid System

This argument proceeds in two parts, but is fundamentally just an application of
the Envelope Theorem. First, I consider the second order conditions of the bidding
problem, substituting in the first order conditions to find an particularly useful ex-

pression. I then consider the Jacobian of the inverse bidding system, substituting in
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the aforementioned expression to show that this jacobian matrix must have non-zero

determinant.

Proof:

1. Differentiating equation E.4 we obtain a hessian matrix of second deriva-

tives with entry ij given by:

Vi Ti(bf, di) (v = b)) if I=n
Hy, = =2V, Ti(bf, df) + Vi Q(b*,d*)K
Vi, Vb, Q(b*,d*)K if I#n

. From the first order conditions we then substitute in V%l Ly(by,dy) (v —

V2 T(b} d7)

bi) = <5yt (107, df) = V3, Q(b", d*)K):
Vi, (b7 i) x Jx * 3% .
v (T d7) = V4, Q(b", d°)K) i 1—n
Hj, = =2V, T1 (b}, df) + VﬁlQ(b*, d)K
Vi, Vb, Q(b”, d")K if 1#£n

. Recognise that if reservation prices were not binding, this Hessian matrix

would have to be negative definite as a condition for utility maximising.
Even as it is, for the subset of bids that are strictly above the reservation
price, and so whose Lagrangian multipliers are zero, the corresponding
sub-Hessian must also be negative definite.

. Next, consider the inverse bidding system for b; > R:

Ty(by,d) 1
Vo Li(br,di) Vi Ti(by,d)

&b, d;K) = by + v, Q(b*,d*)K

Taking the Jacobian of this object yields:

rl(blrdz)vilrl(bzfdz) V%lrl(bhdl)

Vi, T1(br,d1)? Vi, Ti(brd;)? vle(b*/d*)K if I=n
]ln = _WV%IQ(I)*, d*)K
— v Vo Ve Qb d)K if 1#n

. Substituting in our updated Hessian matrix considered previously, this

yields the simple identity [;, = —WHM, or equivalently that | =
Ti(br,

—VpI(b*,d*)"1H. This is as expected given the envelope theorem, and
definitely didn’t come as an enormous surprise.

. If every bid is strictly above the reservation price, or if reservation prices

do not bind, then det(J) = det(VpI;(b*,d*)~!)det(—H) which must be
positive as H must be negative definite. Meanwhile, if only a subset of
bids are strictly above the reservation price, we instead focus on just the
sub-Hessian and Jacobians.

O]
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Appendix D

Proof of Proposition 4

In this Appendix I prove Proposition 4. The proposition is given by:
Proposition 4. Under assumption 1-5 ¥ (Is — BTQ)'C hasrank S; — 1

The proof is split into three parts. First, I establish the rank of ¥, and then find its
null space. I then demonstrate that the intersection of this null space and the image

of (Is — BTQY)~'C only contains a single element.

D.1 RankofVY

This proposition employs assumption 5, as well as two additional lemmas stated
below. But first, we need some additional tools to help us establish this result.
D.1.1 Additional Definitions

Define the partial ordering >~* such that if s; = sg then s =* s’. This simply extends
the partial ordering of the individual state to the overall state.

Next, define a ‘component’, written 5¢, of the set S as follows:!

Definition D.1.1 (Component). The component 5 C S is such that two states s, s’ €

5¢ if and only if there exists a state § such that one of the following holds:

s>*5 & s'>*s or s>*s>*s or s >=*s>*s or §>*s & § >

»

IRecognise that this definition corresponds to the graph theoretic definition of a component if we
instead state that there exists a directed path between ‘nodes’ s, s’ if and only if s’ >=*s
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A component is essentially a subset of S that are ‘connected’ by this partial order-
ing. By definition sy does not vary within a component, and in general there will be
one component corresponding to each element of the set sy € 5. Components are
mutually exclusive and exhaustive subsets of S. Suppose there are S° components.

Finally, denote min(S) as the subset of S, such that Vs € min(S) : #s’' €S : s ¢
S%(s’). This definition is primarily for notational convenience, and does not neces-
sarily coincide with the set of minimal elements of S. Instead, this is the (potentially
empty) set of states that never occur as possible ex-post states. Intuitively, pay-offs

from ending in these states will not be identified.

D.1.2 Useful Lemmas

Lemma D.1.1. From any two distinct, non-maximal, states, s and s, if s’ i* s then there

exists a state s® such that s* € S%(s) & s” ¢ S%(s’)

This Lemma states that if one non-maximal state is not ‘higher” in the partial or-
dering than another, then their set of ex-post states cannot perfectly overlap. Proof

of the lemma is very simple, and focuses on whether the unique element of 5%(s)

all

that consists of bidder i winning every lot, denoted s”", can be an element of 5?(s’).

The lemma makes use of the following property of the partial ordering = from as-
sumption 5: For any two incomparable states s;, s; and any sy there must exist some
s € S%(s;, so) such that s” ¢ 57(s], sg). This result arises from the fact that the same
set of lots are available in each state, ensuring that the sets 5¢(s;, so) and 5/(s], so)

cannot totally overlap. This enables proof of lemma D.1.1:

Proof: 1. Suppose thats’ * s. This gives us 2 initial options: Either s = s/, or the
two states are incomparable.

2. If s = s’ then they must lie in the same component, implying that sy = s;.
In turn, this implies that exactly the same lots must be available in each
state. The result follows trivially - it cannot be the case that s”/i € S%(s')
for non-maximal states.

3. If they are incomparable then we have another two options: Either s and
s’ belong to different components, or to the same component.

4. If they belong to different components then by definition 5?(s) and $?(s’)
must be mutually exclusive.

5. If they belong to the same component then by definition of the partial
ordering ~* it must be that s; and sg are incomparable under the ordering
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. There must exist some s € S/(s;, sg) such that s” ¢ S¢(s/,sg). There
must exist some s” € 5%(s) such that s” ¢ 5%(s’).

O]

Lemma D.1.2. ¥(s)Ag has rank at least 2 if, for all non-maximal s,v, T;;(b(v,s)|s) €

(0,1) for each 1

The proof proceeds by first showing that rank(¥ (s)) is weakly greater than two,

then using the full rank property of the transformation matrix As.

Proof: 1. Consider the L x L(n — 1)}~! sub-matrix of ¥(s) that consists of only
the columns of ¥(s) corresponding to outcomes in which player i wins
exactly one lot. Call this matrix ¥.

2. Row [, column a of ¥ is strictly positive for columns corresponding to
outcomes w” in which bidder i wins lot / This arises because the proba-
bility that i wins lot /, and no other lot, is strictly increasing in b;.

3. Row [, column 4 of ¥ is strictly negative for columns corresponding to
outcomes w* in which bidder i does not win lot /. This arises because the
probability that lot / is won, and no other lot is won, is strictly decreasing
in by, form # 1.

4. Any two rows of this matrix are linearly independent: Each row contains
just one positive entry, each in a distinct column.> Therefore, ¥, and
hence ¥ (s) has rank at least 2.

5. The matrix As is a rank n transformation matrix for non-maximal s.

6. From steps 5 and 4, ¥(s) As for non-maximal s has rank at least 2.

D.1.3 Rank(¥)
Proposition 7. Rank(¥) = S — S¢ — |min(S)|

Proving this proposition involves demonstrating that as we stack these ¥(s) A
matrices for non-maximal s, the rank increases by at least two each time. By defi-
nition columns corresponding to elements in min(S) do not contain any non-zero
entries, ensuring the rank must be deficient by at least |min(S)| . Likewise, for each
submatrix of ¥ made up of rows corresponding to states that are all within the same
component (denoted by ¥¢, a |S¢| x S matrix), the rows all sum to zero. This ensures

each Y° is rank deficient by at least one, so ¥ is rank deficient by at least S°.

2Note that this only holds for L > 3. For the case where L = 2 we must also assume E[T'; + T3] # 1,
which holds generically.



144

Appendix D. Proof of Proposition 4

Proof:

. Arbitrarily order and label elements of S (hence the columns of ¥) ac-

cording to the partial ordering =*. Incomparable states can be ordered
at random. This ensures that, for each s, the furthest left non-zero col-
umn of ¥(s)As is in the column corresponding to the ex-post state that

corresponds to player i winning every lot having begun in state s, s*//:.

. Focus on one component, 5¢. Find the ‘smallest” state within 5S¢, smallest

in terms of the ordering and labelling of step 1. Call this state s{. This
element will be one of the minimal elements of 5, and, if the set is non-
empty, will be an element of min(5°).

. Next, find the second smallest state, which may also be a minimal ele-

ment, and call this state s3. Vertically stack the two matrices ¥ (s]) A
and ¥ (s5) Ass, naming this matrix Yy

. The matrix ‘F?l 2 has rank at least 4. Lemma D.1.2 ensures that both ma-

trices have rank 2, while lemma D.1.1 ensures that each row of ¥ (s]) A
is linearly independent of each row of ¥ (s5) As;. This last point arises be-
cause lemma D.1.1 ensures that since s * s§ there must be at least one
column of non-zero entries in ¥ (s5)As; that matches up to an all-zero
column of ¥ (s{) Asc.

. Continue this process for each of the non-maximal states in component

S°. At each stage, based on how we ordered the elements of S at step 1,
and from lemmas D.1.2 and D.1.1, ¥(s{,) As; must always contain at least

one non-zero column that matches up to an all-zero column of ‘I’f{l 21}

In general, this will be the furthest left column, corresponding to the state

sﬁallf . Therefore, the rank will increase by at least 2 at each step.

. The final matrix ‘I’?l 2.} has non-zero entries somewhere in each of the

|S¢| columns corresponding to states in this set, except for columns cor-
respond to elements of min(5¢). These columns will contain all zeros,
since there is always zero probability of ending a period in one of these
states. As the rank of this matrix increased by at least two at each ad-
ditional non-maximal state, and because we have at least as many non-
maximal states as maximal states, this matrix must have rank at least
S| — |min(S€)| — 1. The rank cannot be strictly greater than this. The
rank must be strictly less than |S¢| — |min(S)| because the row sum for
each row of this final matrix must equal zero, a property inherited from
the fact that Q71 = 1.

. Any two components ¢ and ¢ are mutually exclusive. Therefore, the

two matrices for any two components ‘F‘%l 2.} do not share any non-zero

columns. Therefore, when we stack these matrices across different com-
ponents, the ranks must sum together at each step.

. Therefore rank(¥) = Ygecg S| — |min(S°)| —1 = S — |min(S)| — S°

O

One final thing of note: In general, the matrix ¥ (s) As has rank L. Essentially, that

each state gives us L pieces of information, rather than just two pieces of information.

Proof of this proposition has proven elusive, even though it is intuitively sensible
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and is observed empirically. This feature ensures that we only need 1/L of the states

to be non-maximal states, rather than requiring at least half be non-maximal.

D.2 nullspace of ¥

The aim is to find the |min(S)| + S° elements of this null space. Intuitively, there
are two types of elements in this null space: Those corresponding to the |min(S)]

elements, and those corresponding to the remaining 5S¢ elements.

D.2.1 The |min(S)| elements

Immediately obvious is that any vector y that only contains non-zero entries in rows
corresponding to elements of the set min(S) is in this null space. This is because ¥
contains all zeros in columns corresponding to these states. Call this set of vectors

Y!, which evidently contains |min(S)| distinct elements.

D.2.2 The S° elements

Consider the vector y such that y; = yy if s and s’ belong to the same component.
Call this set of vectors Y2, which evidently contains S¢ distinct elements.

As above, denote ¥° the |S¢| x S submatrix of ¥ that takes rows corresponding
to states within component c. As established previously, columns of this matrix that
correspond to states in different components only contain zeros, which follows from
the definition of a component.

Therefore, for any y € Y2 we have Y°y = 0. This is because entries of y are
constant across rows that correspond to the non-zero entries of ¥¢. Clearly this holds

for any c. Therefore, as we stack the ¥¢s into ¥ we will have ¥y = 0 for any y € Y2.

D.3 Image of (Is — BTQ)!C

I previously established that the null space of ¥ is given by Y! U Y?, containing
|min(S)| + S¢ elements. I now show that the intersection of this space and the im-
age of (Is — BTQ)~!C contains a single element - the constant vector, denoted ¢g;.

Establishing the necessary result requires three additional lemmas:
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D.3.1 Three Additional Lemmas

Lemma D.3.1. Foranyy € Y! we have Qy = 0.

Proof: 1. Recall that O(s) = E,[Q(b*|s)T —T'(b*|s)TV,I(b*|s) "1V, Q(b*|s)|s] As

2. Asy = 0 fory € Y. This is because As selects the elements of y that

correspond to possible ex-post states given beginning the period in state

s. But we know that y only contains non-zero entries in elements that
correspond to states that are never observed as possible ex-post states.

O

Lemma D.3.2. For any 'y € Y? we have y = Qy. That is, every element of Y? is an

eignevector of the matrix Q) with eigenvalue 1.

Proof:

—_

Recall that Q(s) = Ep[Q(b*|s)T —T(b*|s)TV,I'(b*|s) 1V, Q(b*|s)|s] As

2. Note that for y € Y2 Agy = ysio. Where 1y is a 2L dimensional vector
of ones. This holds because As selects the elements of the vector y that
correspond to states that are possible outcomes from an auction round
beginning in state s. By definition of a component every one of these
elements of y lie in the same component.

3. As the rows of Q(b*|s)” sum to one, we have Ey,[Q(b*|s)T|s]i,r = 11

4. As the rows of V,Q(b*|s) sum to zero (derivative of a vector function
with rows summing to one) we have:

E[L(b*|s)TVI(b*|s) 'V, Q(b*|s)|s]iyr = 0

5. Therefore Q)(s)y = ysi,. fory € Y?
6. Therefore, as we stack our Q(s)ys over s we are left with y.
U

Finally, for y € Y? we can write y = My Where ¥ is an S¢ x 1 vector that contains
each of the constant elements of y, one for each component. Meanwhile M is an
S x S§¢ dimensional matrix that contains a 1 in a row corresponding to state s and
column corresponding to component c if s € 5¢, and zero otherwise. Therefore each

row of M contains a single 1.

Lemma D.3.3. Let the matrix N be any S¢ x S¢ submatrix of (I — BT)M that is formed by

selecting one row from each of the S¢ components. N is non-singular.

Proof: 1. Suppose we select S° rows corresponding to states from different com-
ponents, denoting this set of rows by IM. Therefore, the sub-matrix of
interest is denoted M. — BT, M
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2. We immediately have that My, = I from the definition of the matrix
M. This is because we choose one row associated with each component.
Each row of M contains a single 1, therefore so must My . Likewise,
because every row is associated with a different component, each row
contains a 1 in a different column.

3. Elements of the S x S¢ sub matrix Ty, M are still just transition probabil-
ities, so that Ty, Mtsc = 1. This is because right multiplying by M causes
us to sum over states within a component. For row a particular row t we
have element ¢ of the row vector T; M is equal to Y. s_¢ P(s|s’). That
is, it is the probability, given ending a period in state s’, that they begin
the next period in any state from component c.

4. Diagonal entries of the matrix I — ST, M must be strictly positive, as
B x a probability must be strictly less than 1 (for B < 1). Likewise, off di-
agonal entries must be weakly negative, as we have — x a probability.
Last, rows must sum to 1 — . This is because rows of I evidently sum to
1, while rows of Ty, M also sum to 1.

5. This ensures this matrix is strictly diagonally dominant. Therefore, from
the Levy—Desplanques theorem, the matrix must be non-singular.

O

D.3.2 Proof of Image Result
Proposition 8. Image((Is — BTQ)'C) Nnull(¥) = 1g

Proof of this proposition also makes use of the result that Tis = 15 — rows of
a transition matrix sum to one. The proof proceeds by first demonstrating that the
image of (Is — BTQ))~!C doesn’t intersect Y! at all. I then prove that the intersection

with Y2 only contains a single element - the constant vector.

Proof: 1. Suppose there exists an x such that for some y € Y! we could write
y = (Is — ,BTQ)*le.
2. This implies (Is — BTQ)y = Cx.
3. From Lemma D.3.1 this implies y = Cx. In turn, from the definition of C
this requires x contains zeros in every entry except the first.

4. However this cannot be the case, since we always normalise this first
entry to zero. Therefore image((Is — BTQ)~1C)NY! = @

5. I will now show that this image does not intersect with Y? apart from
a single element. Suppose there exists an x such that for some y € Y?
we could write y = (I — BTQ)1Cx. Or, equivalently, such that (I —
BTO)y = Cx

6. From Lemma D.3.2 This requires (I — BT)y = Cx, or (I — BT)My = Cx.
We can then write this in matrix form:

(M—BT —C) (i’) -
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Where T = TM, essentially summing over the probability of transition-
ing to any given component from any given state. Therefore, if (M —
BT,—C), the S x (Sc + S;) matrix has rank Sc + S; — 1 then there must
be a unique y and x such that this relationship holds.

7. Consider whether the first column of —C is linearly independent of the
columns of (M — BT). —C_; contains —1 in every element associated
with states such that s; = s} and zeros otherwise. I now show that no
linear combination of the columns for the corresponding rows of (M —
BT) can match these zeros. Choose S. rows of (M — BT) such that each
row is associated with a state from a different component. For example,
we might choose rows such that in each component s; = sf" - the “final’
individual state. Call the S; x S submatrix of M — BT made of these
rows (and all columns) N.

8. From Lemma D.3.3 N must be non-singular. Therefore there does not
existan S, x 1 vector z such that Nz = 0. Therefore columns of (M — 8T)
must be linearly independent of —C ;. So, by catenating on this new
column, the rank must increase by one.

9. Repeat this process for columns n = 1..5; — 1 of —C. That is, every
column except the final column which is the only column to contain non-
zeros in entries associated with sisi.3 Each of these columns must be lin-
early independent of M — BT - no linear combination of its columns can
match the zero entries of —C ,, since any S° x S submatrix that consists
of one row from each component must be non-singular.

10. Likewise, columns of —C are all linearly independent of each other.

11. Therefore, at each step n = 1..S; — 1, the rank of our catenated matrix
increases by 1. Therefore rank(M — BT, —C) > Sc + S; — 1.

12. The vector (§ = tsc,x = (1 — B)1gi) lies in the null space of (M — BT, —C).
This is evident since (M — BT)isc = (1 — B)is while we also have C(1 —
B)is; = (1 — B)is. Therefore, applying the rank-nullity theorem ensures
that Image((Is — BTQ)~1C) Nnull(¥) = g

0

3This assumes that one individual state exists within each component (here, I used sf" ). This holds
if for example, that S = S x [];S;. However this is not strictly necessary. The only requirement is
that at each step 7 I can select one row corresponding to a state from each component such that the
corresponding rows of —C_, are all zero.
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Appendix E

Extensions

E.1 Second-Price Auctions

In this Appendix I show that the previous identification results extend, almost triv-
ially, to the second price case. In Appendix E.1.1 I set up the bidder’s optimisation
problem in the second price framework. In Appendix E.1.2 I show how optimal bid-
ding yields a set of First Order Conditions, and hence an Inverse Bid System, similar
to the first-price case. As before, I then show F is identified, conditional on j and
V, from the inverse bid system. In Appendix E.1.3 I extend Proposition 3 from the
main text to the second-price case, showing that maximised expected pay-off can
be written as a function of the observed distribution of bids. I then show that V' is
identified conditional on j. In Appendix E.1.4 I prove that j is point identified from
the same moment condition assumed in the main text.

I do not discuss estimation of the dynamic multi-object second price model.
However the estimation procedure presented in Section 3.4 can be applied to the

second price setting, making use of the inverse bid system presented below.

E.1.1 Setup

In the second price setting, player i wins lot [ at time ¢ if b;;; > max {by;;}. As in the
l/

text, let I'(b|s) denote the L x 1 equilibrium marginal probabilities of winning each
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lot. Define the vectors P and Q similarly. The Value Function is given by:

Wi(vit, st;0—;)
= max { Ti(b;o_i) (vi — b(b;sy)) + Pi(b;o— i) Ji(se) + ,BQi(b;U—i)TVi(St;U—i)}

(E.1)

Where element a of the continuation value V; is given by:

m@mﬂ:AAMM$awﬂmﬂﬂ$ﬁ

b(b; s;) gives the expected second highest bid, given that by, is the highest. Since the
cdf of the highest rival bids is T'; (x|s), we can write T'; (b;|s)b; (b; s)) = fblj"” bV, I (by|s)db;.

E.1.2 First Order Conditions and Inverse Bid System

Rearrange the maximand for:
b _ _ _
T@Bff—ﬁjé biVyTi(by|s)db; + P(bls)](s) + BQ(b[s)V (s)
T /b

differentiating for FOCs: 0 = V,I'(b*|s)(v — b*) + V1, P(b*|s)](s) + BV, Q(b*|s)V(s).!

We then invert the FOCs for the inverse bid system:
§(bit|], BV;s) = bit — VuI (b*|s) " [V P(b[s)Bsj + Vb Q(b*[s) AsV]

This is extremely similar to the inverse bid system presented in the main text, simply
omitting the mark-up term Vy,I'(b*|s) T (b*|s). It is then clear that, conditional on j
and BV, the distribution of lot specific values F is point identified from the empirical

quantiles of ¢(b|], BV;s).

E.1.3 Extension of Proposition 3

I now extend Proposition 3 to the second price case. Note that there are many ways

I could prove this general second price identification argument. I use this structure

nterestingly, the condition for optimal bidding can equivalently be derived from the requirement
that, at the optimum, bj, must equal the marginal expected pay-off from winning lot [, conditional on
bids for lots m # 1.
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for the purposes of outlining the similarity to the first price case.

Proposition 9. Under assumptions 1 - 4, the expected stage pay-off is given by:

I1(b*|v;s) = I['(b*[s)T(b* — b(b*;s))
+[P(b*[s)" — T(b*|s)"VpI'(b*|s) "'V P(b*[s)]Bsj

+[Q(b*[s)T — T(b*[s) VpI'(b*[s) ' VpQ(b*[s)]AsBV  (E.2)

This is similar to the expression given in Proposition 3, except that the optimal
lot specific surplus term is given by b* — b(b*;s) instead of V,I'(b*|s)~'T'(b*|s).
Proof is omitted due to its simplicity - simply substitute the inverse bid function
&(bj|], BV;s) for v into the maximand of the value function in equation E.1.

From Proposition 9, employing the identity P(b|s)TBs = Q(b|s)T AsC, and tak-

ing an expectation over the observed bids, write the ex-ante value function as:

Vi(s) = ®(s) + Q(s)[Cj + BV]
Where ®(s) = E[T(b*|s)T(b* — b(b*;s))|s]

O(s) = Eo[Q(b*[s)" — T(b"|s)" Vi I'(b*[s) ™' VpQ(b"[s)]s] As

Stacking this equation over s allows us to write the continuation valueas: V. = T® +
TQ|Cj + V] Which we can invert for: V = (Is — BTQ) ! [T® + TQCj]. This yields a
stationary solution for the continuation value. This is precisely the equation derived
in the text, except I have defined the matrix ®(s) slightly differently. Therefore V is

point identified condition on j.

E.1.4 Identification

As in the main text I impose the mean zero property of v for:

0 = Ep:[E(b*;s,(j, V))|s] = Ep:[b*|s] — Ep: [V (b*|s) "'V, Q(b*|s)|s] As[Cj + BV]

=Y(s) = ¥(s)[Cj + BV]
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Again, using a slightly differently defined Y(s) from the text. Stack over s, and

substituting in the expression for the V found in subsection E.1.3, we get:
0=Y—BY¥(Is — BTQ) 'T® — ¥ (Is — BTQ) 'Cj

There exists a unique solution to this system of equations (j is point identified) if and
only if the LS x S; matrix ¥(Is — BTQ)1C has rank S; — 1. This matrix is exactly
the same as in the main text. Proposition 4 holds in this case as well, ensuring the

sufficient rank condition.

E.2 Binding Reservation Prices

In this Appendix I introduce binding reservation prices. A reservation price is bind-
ing if, in equilibrium, there is a non-zero probability of winning a lot at the reser-
vation price. Binding reservation prices do not pose a substantive problem, though
do introduce additional mathematical complexity. I also introduce endogenous en-
try with zero entry costs. When entry is costless reservation prices are necessary to
prevent bidders submitting arbitrarily low bids. In Appendix E.3 I allow for costly
entry where lot specific values are observed after entry.

In the presence of reservation prices a bidder with a low value may choose not
to bid strictly above the reservation price. This results in corner solutions as bids
clump at the reservation price. We lose point identification as the FOCs no longer
point identify v;. This is a problem, even in a single object context.

The identification argument presented below diverges from the argument pre-
sented in the main text. Instead, it shares DNA with the estimation method pre-
sented in Section 3.4. Identification is demonstrated in an additional step. First I
show that F is (partially) identified conditional on (J, V, ), but in particular it is
partially identified conditional on | + BV. I then show that the object j(s;) + BV (s)
is partially identified, so that for some s; it may only be bounded. This is shown
using quantile moment conditions: Instead finding the j + BV such that E[(b;s,j +
BV)|s] = 01 find it such that P(;(b;s,j + pV) < 0|s) = 0.5, imposing a zero con-

ditional median assumption. Finally, I show that conditional on the identification of
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F and | + BV, V is identified, and hence ] can be backed out given an assumption

about B.

E.2.1 Changes to the Model

Denote the reservation price as R. This could vary across lots, bidders, and time.
Denote player i’s entry decisions as the vector d;; with entry d;;; = 1 if they enter lot
I, and zero otherwise. Adjust objects G, T, P and Q to be functions of bids and entry
— if a player does not enter a lot, they trivially lose that lot with probability 1.?

Identification requires one additional assumption:
Assumption 10. %ﬁ;‘s) =0form #1

I require that the probability an individual wins any given lot, conditional on the
distribution of everyone else’s bids, must depend only on their bid for that lot. This
assumption implies that VT;(b;|s) is a diagonal matrix. This assumption was not
previously necessary for identification. If ties happen with zero probability or if tie
breaking is exogenous, then this assumption will hold.

For mathematical convenience I assume ties occur in equilibrium with zero prob-
ability. This assumption was relaxed in a previous version of this thesis, when I al-
lowed for ties at the reservation price. The only thing this changed was that it intro-
duced a discontinuity in the inverse bidding system at the reservation price, so that
as the bidder goes from bidding the reserve to just above it, their payoff changes
discontinuously. This slightly changed how we identify F, as we must essentially
introduce an additional discrete choice of whether the bidder bids the reservation
compared to bidding just above it. This additional discrete choice then restores the
(upper-hemi) continuity of equilibrium, payoffs. Finally, I assume the lot specific
values have zero conditional median, replacing the previous zero conditional mean

assumption. Iam then able to prove the following proposition:

Proposition 10. Given assumption 1, 9, 3, 4, and 10, both F;(.|s) and K;(s) are non-
parametrically partially identified. k(s®) is point identified if we observe the individual bid-
ding b > R on a lot that may yield pay-off k(s®).

2In principle this means that VT will no longer be invertible, since it may contain zero
rows/columns for non-entered auctions. However, this is not a problem as a simple generalised in-
verse will be used instead.
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That is, we will point identify the truncated distribution F;(.[v >= A;(b*,s);s),
as well as the objects F;(A1(b*,s);s) — F;(A2(b*,s);s) and F;(Ax(b*,s);s) for some
(known) A1 (b*,s), Ax(b*,s).

I follow the same identification framework as in the text. While I assume players
play pure strategies conditional on entry, I must allow for the possibility that players
play mixed strategies in their entry decisions. However, I am able to use bidders’
entry decisions to bound the pay-offs of un-entered auctions. I exploit the fact that,
at the equilibrium mixing strategy, players can not strictly prefer to enter any other

combination of auctions.

E.2.2 Identification of F, conditional on K.

Proposition 11. Under assumptions 1, 9, 3, 4, and 10, and conditional on K being point

identified, the cdf F is non-parametrically partially identified.

I prove Proposition 11 by proving that, similar to case 6.3.1.2 described in Athey
and Haile (2007), we can invert observed bids, point identifying v; such that b; > R.
Meanwhile, for bids at the reservation price, so that b; = R, we can use the first
order conditions from the Lagrangian to find an upper bound on v;. I then use the
fact that they still prefer to enter this auction and bid low, than not enter, to find a
lower bound on v;. Lastly, for un-entered auctions we use the fact, at the margin,
they prefer not to enter than to enter and bid low, to find an upper bound on these
v;. Therefore, I am able to partially identify F.

First, reformulate the problem to include the entry decisions. The player’s prob-
lem is to decide which auctions to enter (d), and then set their bids (b) to maximise
utility, subject to the constraint that bids are weakly above reservation prices. The

Lagrangian for this problem, conditional on entry d*, is given as:
L(b,d*,v,Als) = T(b,d*|s)T (v —b) + P(b,d*|s)TK+AT(b—R)  (E.3)

At the optimum their first order necessary conditions (with respect to bids) yields:

VpI'(b*,d*|s)(v — b*) — T(b*,d*|s) + VyP(b*,d*[s)TK + A* = 0 (E.4)
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Entry 11 of VI'(b,d|s) and entry la of V,P(b,d|s) are as they were in section

3.3if d; = 1, and normalised to 0 otherwise. Rearrange this equation for:*

E(b*,d", A|K;s) = b* + V[ (b*,d*[s)"![[(b*,d*|s) — VyP(b*,d*|s)K]

— VuI'(b*,d*|s)"}[A*] (E.5)

At the true K we have &;(b*,d*,A*|K;s) = v;. But we do not observe A*. Therefore,
define &(b*,d*|K;s) = b* + V,T'(b*,d*|s) ! [T(b*,d*|s) — V, P(b*, d*|s)K]. Next, I
consider what can be inferred for each of the four possible entry/bidding possibili-

ties: i) by > R, ii) b; = R, iii) d; = 0, and the null case | ¢ L.

i) I such that by > R:

Any entry [ such that bj > R;, A} = 0. By Assumption 10, entry | of V,I'(b*, d*[s) 1 [A*]

equals zero, and ¢;(b*,d*|K;s) = v; is point identified.

ii) I such that b; = R:

For entry | with b = R;, A} > 0. From Assumption 10 entry ! of VI'(b*, d*|s) "1[A"]

is greater than zero, and we attain the following bound:
v < &(b*,d*|K;s) = R; + VpI'(b*,d*|s) ! [[(b*,d*[s) — Vi, P(b*,d*[s)K],

Where, for vector M, [M]; denotes row I. Given that (b*,d*) globally maximises
expected payoffs, payoffs are (weakly) higher from playing (b*, d*) than not enter-
ing auction /, playing (b'~,d'~) (the only difference between these actions is that

dg_ = 0). Therefore:

r(b*,d*|s)T (v —b*) + P(b*,d*|s)TK > T(b'~,d' " |s)T(v —b'") + P(b'~,d' " |s)TK

(E.6)
Which rearranges for: I';(b},df|s)(v; — R;) + [P(b*,d*[s) — P(b'~,d'"|s)]TK > 0,
and hence v; > R; — W[P(b*, d*|s) — P(b'~,d!"|s)]"K.

Therefore, we can bound v; between these two cut-offs: v; € [A;(b'~,s), A2(b*, b'~,s)].

3Using the pseudo-inverse for V,T'(b*, d*|IL) !, as non-entry causes rows to be all zeros.
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iii) | such that d; = 0:

Consider some I such that d; = 0. They must attain a greater payoff from not bid-
ding than from bidding the reservation price. Consider an alternate action (b'*,d’")
where the difference between this and their chosen action is that b§+ = R; and

d§+ = 1. Therefore:

I'(b*,d*|s)" (v —b*) + P(b*,d*|s)TK > T'(b'*,d'"|s)T (v — b'") + P(b'*,d'"|s)TK

(E.7)
rearranging for: —I; (61", diT[s)(v; — R;) + [P(b*,d*|s) — P(b/*,d""|s)]TK > 0 Yield-
b*,d*|s) — P(b'*,d*|s)]TK

. . -_ %
ing the bound: v; < R, L (b ,d )s) [P(

Therefore, bids and entry decisions enable partial identification of F.

E.2.3 Identification of k under binding reservation prices

Proposition 12. Under assumptions 1, 9, 3, 4, and 10, the function k is non-parametrically
partially identified up to standard normalisations. k(8) is point identified at s = § if we
observe bidding strictly above R on a combination of goods that would have the outcome
a

s =s.

I prove this proposition by exploiting multiple observations for every state to es-
tablish a necessary rank condition, similar to the one presented in Section 3.3.6. This
enables me to overcome the inherent order condition. Whereas the previous proof
then employed a condition on the mean of ¢(b, d), this proof essentially employs a
condition on the marginal quantiles of (b, d). I set k(s) such that the median (or
some other quantile) is equal to zero.* As above, binding reservation prices cause

our FOCs to break down, so that even at the true k (= Cj + pV) we can only write:

v < &(b,d|k;s) = b+ V,I(b,d|s) ' [[(b,d|s) — VuP(b,d|s)Agk] (E.8)

*Note that additional exclusions restrictions on F also aid identification, particular if we observe a
large degree of constrained bidding. For example, we might impose that F is independent of the set
of lots on offer (marginal distributions do not vary with IL;). We gain power as we must also set k to
ensure that the marginal distributions of inverse bids are invariant to IL. This argument appeared in a
early draft of this thesis.
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Which only holds with equality for rows | with b; > R. Stack these over s for:

v <¢g(bdk)= b +Vp[(b, d)"'[[(b,d) — VpP(b,d) K] (E.9)
~—~— —~ —— —— N————
LSx1 LSx1 LSxLS LSx1 LSxS
Where:
¢(by,dilk;s1) by
g(b,dlk) = : b=
¢(bs,dslk; ss) bs
r(b1,d1‘51) pr(b1,d1|51)As1
I(b,d) = : VpP(b,d) = : (E.10)
['(bs,ds|ss) Vi P(bs, ds|ss)As,

We will require a rank condition on VI'(b, d) "'V, P(b, d). If this has full rank then
each possible ¢ implies a unique k, so that if we observed just one observation of ¢
we could solve for k. Note that E[VI(b,d) 'V, P(b,d)] = ¥, the matrix presented
in the main text. Importantly, the proof presented in D.1, that Rank(¥) = S — S —
|min(S)| extends trivially to V,I'(b, g)*lvh P(b,d). The proof never exploited the
fact we had taken an expectation, and entirely used the partial ordering structure of
the state space. However, we must normalise elements of k associated with the null
space of ¥, discussed shortly.

With binding reservation prices and entry, certain states may never be outcomes
that could have occurred with positive probability, so the corresponding elements of
k are not point identified. These entries of k do not appear in the above equation,
having a coefficient of zero. These states will only be partially identified.

Next, fix an LS x 1 vector of probabilities p. Because of the median zero assump-
tion each element will equal 0.5, but in principal we might use a higher quantile to

identify as many elements of k as possible. By definition of the marginal CDF, the
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following relationship holds:

p1 Fi(01]s1) Ey, [ Ty < 01 |s1]
_ : _ : (E.11)

PLs Fi(Ors|ss) Ey, [ T[vr < 5] |ss]

Next, we employ a change of variables, taking expectations over the observed ran-
dom variables (B, D) rather than v;. This change is only valid for state-lot combi-
nations such that when v; = 0;, b > R, because only then ¢;(B,D;k) = v; holds
with equality, and so the mapping from B to v; is continuous, smooth, and mono-
tonic.” We must to drop rows where this condition fails, as we lose identifiability
of corresponding elements of k. The idea is that if, even when v; is as large as 7,
the elements of K(s) corresponding to winning lot [ are so small that they never bid
strictly above R on lot I, then these elements of K(s) will not be identified.

This change of variables yields:

Ey, [ T[vr < 0] |s1] Egp[ 1[G1(B1, D1;k) < 01] [s1]
P= = (E.12)

Ey, [ I[vg, < O] |ss] Egp[ I[¢r(Bs, Dg; k) < ] |ss]

Proving point identification of k requires we show that this equation only holds at
the true k. We must show that the pth quantiles of (B, D|k) equals & only at the true
k. But, from our rank condition, a unique ¢(B, D|k) implies a unique k. Therefore,
only a unique k is such that the pth quantiles of (B, D|k) equals &. Therefore, there

exists a unique k such that this equation holds.®

5This is essentially an application of the Law of the Unconscious Statistician. Monotonicity of the
inverse bid function for bids strictly above the reservation price is proven in Appendix C.4.

6Tt should be noted that k is unique up to |min(S)| + S° elements of k that must be normalised to
to the rank deficiency of the matrix ¥. These elements are the entries associate with states s € min(S)
that are never observed as possible ex-post states, and one additional state from each component -
associated with s; = s!. We will see in Appendix E.2.5 that these normalisations do not impact the
identification of j.
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E.2.4 Non-Identified Elements

I now briefly discuss the elements of k that are not identified due to the binding
reservation prices. There are three mutually exclusive sets of non-identified ele-
ments. First, those corresponding to outcome states s* of various auctions that are
never bid upon strictly above the reservation price, only at the reservation price.
These elements are bounded above and below. If these elements were arbitrarily
high then we could not rationalise the bidder only bidding the reservation price. If
they were arbitrarily low then we could never rationalise them being bid on at all.

Second, there are elements corresponding to outcomes that are never bid on at
all, but which there are occasions when one additional bid would make this outcome
a possibility. These elements are bounded above. If they were arbitrarily high we
could not rationalise the bidder never placing that one additional bid.

Third, there are the elements corresponding to s” that are never bid on, and there
are never occasions when, just by placing one additional bid, these outcomes be-
come a possibility. These outcomes are neither bounded above, nor below. They
are not bounded below because any arbitrarily low value would rationalise this out-
come never being bid on. They are not bounded above because any arbitrarily high
value can be rationalised by an arbitrarily low value corresponding to an “adjacent’
outcome from the second category, such that the risk of this arbitrarily low value is
enough to put the bidder off from bidding on this arbitrarily high value.

Where available, these bounds can be found by rearranging the first order con-
ditions for the set of bid and entry decisions such that v = ©. We do just as we
did in Appendix E.2.2, albeit replacing v = ¥, so that the only unknowns are the
non-point identified elements of k. Therefore, k is partially identified. Derivation of

these bounds are omitted for brevity.

E.2.5 Identification of j and BV

Up to this point I have proven the non-parametric (partial) identification of both F;
and K; = J; + BVi. I now demonstrate that the primitives from the dynamic game,
namely | and V are non-parametrically point-identified up to 5. That is, I am essen-

tially extending the implications of Proposition 1 from JP to the multi-object, binding
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reservation price, case.

Proposition 13. Under assumptions 1, 9, 3, 4, and 10, the objects Ji(s), Vi(s), and F;(|s)

are non-parametrically (partially) identified up to B = B.

To prove Proposition 13 I only need to prove that, under these assumptions, |
and V are separately identified conditional on both F and | + BV being partially
identified. I do so using a proof by construction. I show that V can be written as a
function of only identified objects K and F. This is similar to JP’s observation that
in a single object context one can express the continuation value as a function of the
distribution of bids alone.

First, consider maximised expected pay-off. Unlike the non-binding reservation
prices case we cannot write down maximised expected utility as a function of bids
and K only. In the presence of binding reservation prices the first order conditions
break down when at least one bid is constrained. This means we then cannot substi-
tute the inverse bid system into expected utility to find maximised expected utility.
However, recognise that for any candidate K; = J; + BV; and any v;; we can still find

maximised expected utility (I1*) using numerical methods:

H*(vih ]i + ,B‘/Z/ St) —

(rglillx) {Ti(bt,dtlst)T(vit—bt) + Py(by, de[sy)"[Ji + BVi] st b > Ry Vl}

Therefore, because the function K;(s;) = Ji(s¢) + BVj(st) is partially identified then
so is maximised expected utility, and so the empirical counterpart to the Value Func-
tion, given by W;(v, s), is also at least partially identified for all v; € [v, 7]. In fact,
this function is point identified, rather than only partially identified, because ele-
ments of J;(s;) + BVi(s;) that were never bid on are not identified, only bounded.
We know that the bidder would never bid on these combinations, so they will never

enter the maximised expected utility.”

71f there are values of J;(s¢) + BV;(s¢) that were only ever bid on at the reservation price, then the
value function actually will be only partially identified. However, this non-identified region will gen-
erally be very small. Likewise, elements of k corresponding to states which never appear as possible
ex-post states will be trivially zeroed out in this equation, so it does not matter how they are nor-
malised. Finally, the normalised elements corresponding to one (minimal, with s; = s?) element from
each component S¢ C 5. These normalisations constitute location shifts of IT for all elements in that
component, as we essentially made the normalisations because only marginal payoffs are identified.
Finally, when we back out j, we will normalise ](s?) = 0, in line with these location normalisations.
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The ex-ante value function can be written as a function of F and K only:
VE(st) = / Wi(vit, s¢)dFi(vit|s¢) (E.13)
v;

Importantly, as shown in Appendix C the ex-ante value function can be written ana-
lytically as a function of the distribution of bids and entry decisions G;(b, d|s;), and
the identified objects K and F, extending proposition 3 to the binding reservation
prices case. As above, even though F is only partially identified the ex-ante value
function remains point identified. This is because the non-identified (truncated) re-
gion of F is the region in which the bidder is never observed bidding. Therefore,
since they would never bid for v; in this region their maximised expected utility will
certainly just be the pay-off from not winning anything in this region.

We can then write the continuation value as follows:

Va(s) = [ VES)T(sls)) (E.14)

Therefore, given identification of K;(s) and F(.|s) from the previous sections, we can
evaluate this continuation value. Interestingly, however, V will be point identified
even though F and K were not. The function ] is then also non-parametrically iden-
tified as Ji(s) = K;(s) — BVi(s). However, this will only be partially identified, given
that K is only partially identified.

E.3 Endogenous Entry

In this Appendix I introduce endogenous entry in which entry is costly and v;j; is
not observed before entry, though I assume that the entry decisions of other players
is observed before bidding.® I focus on the case with non-binding reservation prices,
though it will be clear how the results from Appendix E.2 extend to this case.

The identification argument presents a minor generalisation on the one presented

in the main text. The argument proceeds as follows: F is non-parametrically point

8 Allowing the “entry structure’ to be unknown before bidding does not change anything substan-
tive, since we simply have to alter the objects I'; P and Q to additionally take an expectation over the
entry decisions of other players.
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identified conditional on k = Cj + BV. As in the previous Appendix, k remains non-
parametrically identified conditional on the identification of I' and P using observed
variation in s, relying on our rank condition on the matrix ¥. Given identification
of k,I', and P, Proposition 3 ensures that the expected payoff from each entry struc-
ture is also non-parametrically identified. Given these expected payoffs, the entry
problem is then a multinomial discrete choice problem, so I rely on standard results
for the identification of entry costs. Identification of expected entry payoffs and costs
ensures the ex-ante value function, and hence the continuation value V, is identified,
thereby identifying j = C~!(k — V).

I proceeds as follows: In Appendix E.3.1 I introduce changes to the main model,
and demonstrate that the previous identification results for F and k also apply. In
Appendix E.3.2 I show that the distribution of entry costs is non-parametrically iden-

tified, and finally that V, and hence j are also identified.

E.3.1 Changes to the Model

All objects below should be treated as functions of the state s. Conditional on an
entry structure ID and having observed the lot specific values v the agent places bids

to maximise the following:
I1(b|v;ID) = I'(b|D)" (v —b) + P(b|D)"] + Q(b[D)"V

Given the agent’s behaviour conditional on entry, the agent’s problem is to choose
an entry structure ID; to maximise their expected pay-off. I assume that agent’s entry
costs, a 2L x 1 vector ¢, are drawn independently and privately from C(.|s;) (inde-
pendent of s_;). I assume that C is common knowledge.

The agent observes s and, given knowledge of F and k and their equilibrium
beliefs about other players, forms and maximises an expected pay-off associated

with any given entry structure:

W(Dile) = Ep ;[Eo[ max {I1(b[v; D)} ]|IDi] - cp,
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The continuation value associated with ending the period in state s” is then:
V(s") = Es[Eclmax {(W(Di[o)} |s]|s’]

Identification of F conditional on the identification of K

The Inverse Bid System, as given in equation 3.7, where the state variable has simply
been augmented to include the entry structure. Hence F remains non-parametrically
identified conditional on the identification of I', Q, and k.

Identification of k

As in the main text, we can take a conditional expectation of the inverse bid system,
setting this equal to zero: E[¢|s,ID] = 0. We can then again stack this system of
equations across states and entry structures for 0 = Y — Yk. Non-parametric point
identification of k then requires the same rank condition on ¥ proven previously.’

Identification of E,[[1(b*|v;s,D)]

Recognise that Proposition 3 continues to hold, and so we can write the expected

maximised payoff, conditional on D, as

_ 5 I'(b*|D)" VT (b*|ID)~'T'(b*|D)
I1(s,D) = E,[[1(b*|v; D)] =
+[Q(p*[ID)" — I'(b*[ID)"V,I'(b*|D)~'VpQ(b*|D)] Aspk

E.3.2 Identification of C

At the entry stage, the agent sets their entry structure ID; such that:

Ev. (E[mgr {T1(bJo; D)} D] o, > maz { Ev. [Eo[mgx {11(b]osD)} |ID] — <o)

Similar to how we identify G, because we observe entry decisions, we therefore

observe the equilibrium distribution of ID; for all i. Therefore, following from the

9We must normalise elements of k that correspond to states which are either the minimal element
of their component (connected subset of S, connected by our partial ordering), or never appear as
possible ex-post states. By definition, there will be S¢ + |min(S)| of these. In Appendix D.1 we found
previously that ¥ has rank S — S¢ — |min(S)|.
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above, Ep_,[Ey| max {I1(b|v; D)} ]|ID;] is non-parametrically point identified. Nor-
malising that the entry cost of entering zero auctions is always zero, I now exploit the
exclusion restriction that the distribution of c is independent of s_;. Therefore, varia-
tionin s_; leads to known variationin Epp_, [E,| max {I1(b|v; D)} ||D;], thereby trac-
ing out the distribution C(.|s;), ensuring we have non-parametric identification.

Following on from this, we then get that the ex-ante continuation value V*¢(s) =
E [m]gix {E]Di [Eo| max {I1(b|v; D)} ||D;] — cp,) }], and hence the continuation value

V(s) are non-parametrically identified, which in turn yields identification of the flow

payoff function ;.

E.4 Inter-temporal Budget Constraint

I now consider a setting where bidders face an inter-temporal budget constraint,
rather than assuming utility is quasi-linear in wealth. I present two key results.

In subsection E.4.3 I show that in a stationary environment, the marginal utility
of wealth is constant over time. Stationarity is needed to ensure that the distribu-
tion of bidding behaviour is independent of the time period. This is intuitive — in
a stationary environment, the benefit of an extra unit of wealth is that it increases
the lifetime budget. The extra wealth is smoothed over time. Conversely, the oppor-
tunity cost of spending wealth today is that it reduces the lifetime budget and less
wealth is available for spending in future. Therefore, in the stationary environment,
the opportunity cost of spending wealth should be the same in each period.

In subsection E.4.4 I show that when the marginal utility of wealth is constant
over time, the model is observationally equivalent to a model with payoffs quasi-
linear in wealth. This is a useful result as it ensures even when bidders are bidding
subject to an intertemporal budget constraint, the econometrician need not worry
themselves with this additional wrinkle, and can instead use a quasi-linear model.

I focus on the case without binding reservation prices, and zero probability ties,
for simplicity. It is clear how the model carries over to these other cases. I also do

not consider the problem of characterising nor proving existence of equilibrium in

19Technically, identification is only partial, since the set of states is finite, so we will only actually
be point identifying C(.|s;) at a finite set of points across its support. We can achieve full point iden-
tification either by assuming discrete support, or introducing one continuously varying element of
S_;.
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this adjusted game. I continue to rely on the assumption that equilibrium payoffs

are continuous in values.

E.4.1 Budget Constraint

I will assume that bidders face a no-ponzi style budget constraint, such that their
initial savings at t + 1, As;1 equal their savings at t, A; plus their income y;, less
their realised expenditure in that period e;. I assume bidders can save and borrow

at interest rate r;. This constraint is then given by:

= At + Y — e (ElS)

For ease of notation I will treat 7 as constant and make the assumption that the equi-
librium real interest rate satisfies (1 + r)p = 1. This is a standard equilibrium result
from undergraduate macro models. I also make the assumption that y is indepen-

dent of s, however this is not strictly necessary.

E.4.2 The Bellman Equation

Writing down the Bellman equation in standard terms prohibits the use of matrix
notation. For the sake of notation, define the set of possible allocations as W(s). The

Bellman equation for this problem is given as:
W(v,s,A) = ml?x {I1(b;v,s, A)}

Where

T1(b;v,s, A) = Zr,b|)u,+ Y. Qu(bls)j(s")

IelL(s wicW(s)

h L Qb //w ,(14n)[A— Y Uwf = ilby] +§))dE(8[8)AE (s, 7ls”)]

wieW(s lIelL(s)
(E.16)

From now on I use the integrated value function W(s, A) = [ W(v,s, A)dF(vs).

Existence of a unique solution to this equation holds from the standard results of
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Bhattacharya and Majumdar (1989), under the assumptions that equilibrium ex-
pected flow payoffs are continuous in both actions and values, both of which come
from compact bounded sets. Even though the state space (s, A) € S x Ris no longer
finite, this is not a problem so long as equilibrium expected payoffs remain continu-

ous in types (which are a function of the states).

E.4.3 Stationarity and Constant Marginal Utility of Wealth

Proposition 14. The unique solution to the recursive equation for the integrated value func-
tion can be written as W(s, A) = W(s) + AA for some constant A > 0, and for some

recursive function W.

Proving this proposition is a case of guess and verify that W(s, A) = W(s) + 1A
is the solution, before showing that there exists a solution for W and A. Importantly,
from Theorem 3.2 of Bhattacharya and Majumdar (1989), we know that the solution
to the infinite horizon dynamic programming problem is unique.

The recursive integrated value function can be written as:

Wi(s, A) =
YieL(s Fl(b\s)vl
/Um]flx + Lweew(s) Qa(bls)j +ﬁf W(3)dF(s|s") dF(v|s)
+ Lweew(s) Qa(bls )ﬁ/\((1+7)[A—ZzeL(s)H[wz = ilb)] + Eg[7]))]

Recognising that, for a constant M }_yecw(s) Qa(b|s)M = M, that
LwicW(s) Qa(b[s )Zlem(s)ﬂ[w? = ilb = YlelL(s) I;(b[s)b;, and imposing (1 +

r)B = 1, we can rewrite this equation as:

W(s, A :/max Yiel(s) Fz(b!S)(Ul—)\bz)Jr/\EW] dE(ols) + AA

+ Lweew(s) Qa(bls)j(s") + B f; W(3)dF(3]s?)

And so, we have shown that W(s, A) = W(s) 4+ AA for W(s) such that:

_ /max LieL(s) Tl(b\s) vl — Aby) + AEg[7] 4F(v]s)

+ Ywecw(s) Qa(bs)j(s”) + B [ W(8)dF(5]s")
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Existence and uniqueness of this function is the same as existence of the integrated
value function needed in the main text, and under the same requirements as above

follows from Bhattacharya and Majumdar (1989).

E.4.4 Observational Equivalence with the Quasi-Linear Model

Inow demonstrate that the intertemporally budget constrained model with constant
marginal utility of wealth is observationally equivalent to the quasi-linear model.
Given the similarity between the above value function, and the one presented in the
main text for the quasi-linear model, this result should be unsurprising.

Consider the first order conditions for optimising behaviour associated with the

above value function:

0= Vy,[1(b7[s) (v = Ab]) = ALi(b"[s) +  } V5, Qa(bls)j(s") +ﬁ/W(§)dF(§!S“)
wieW(s) s

Which are identical to the first order conditions presented in equation 3.6, except for

the A term, which cannot be separately identified from the scale of v nor j, and so

must be normalised to a constant scalar.

E.5 Stochastic Combination Value

In this Appendix I present two identification results for the case when the combi-
nation value is stochastic. I focus on the case when the object j(s) is not a function
but a probability distribution. I focus on the static setting. This is for two reasons.
First, these cases with stochastic combination values are novel even in the static case.
Second, as we have seen throughout this Appendix, identification of the primitives
of a generalised static model (where primitives are allowed to depend on sy etc), is
sufficient for identification of the primitives of a dynamic model. This is because
identification of the Pseudo-Static payoff function k implies identification of ;.

I focus on the case with non-binding reservation prices and exogenous entry,
since I established previously that these factors are only mathematically, not sub-
stantively, problematic. I focus on two cases: First, when objects are homogenous,

so that | only depends on the number of objects won. Second, when ] is a function of
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low-dimensional un-observables, such as stocks.!! In both cases I consider several
simple extensions that may be of interest to applied researchers in future.

These extensions both centre on the theme of finding some way to reduce the
dimensionality of the unknowns. The key idea is this: Each observation of bidding
on an auction yields L pieces of information. Therefore, in order to have any hope at

point identifying unobservables, there cannot be more than L unobservables.

E.5.1 Case 1. Homogenous lots

First, I consider the case when | only depends on the number of lots consumed.
Lots are allowed to differ (observably), but these differences cannot interact with the
combinatorial pay-off. In this way, the pay-off associated with winning a combina-
tion of goods has two components: A component that depends on which lots are
consumed, in an additively separable manner, and a component that depends just

on how many lots are consumed. Expected utility is then given by:

EUMb)=TM®)"( v —b)+P(b)T], (E.17)
~~ ——
Lx1 L+1x1

Where v give the deterministic lot-specific pay-off, and J; gives the stochastic num-
ber of lots pay-off. Entry n gives the pay-off from winning n — 1 lots.

We can rewrite expected utility as: T'(b)T (v — b) + P(b)T(J; — J1;) + J1r Which
follows from Y, P,(b) = 1. Recognise that row 1 of (J; — J1;) is equal to zero, and so
we can focus on just rows 2 through to L + 1. For ease of notation, define P = Py.; 1

and K = Ky 1. Necessary first order conditions are given by:

0= VpI(b)(v —b) —T(b) + VuB(b)(J; — J11)

Umportantly, in this case, for the dynamic setting, we will require that the continuation value, and
hence k, does not depend on the unobservables of the other players. So, if we are thinking about an
unobserved stock model, we will require that the continuation value for player i does not depend on
the unobserved stocks of player j. This will be the case if, for example, the distribution of equilibrium
winning bids is independent of player’s stocks.
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Importantly, Vi, P(b) is an L x L matrix with rank L.'? Therefore, just as in the

additively separable case we can invert these conditions for:
Ji =it + VuP(b) VI (b)(b —v) + I(b)]

Therefore, conditional on J;; and «, the joint distribution of J; is non-parametrically
point identified. Two important points are worth highlighting here: the fact that Jy;
is not identified is not a problem. This is the same way that the pay-off from losing
in the single-unit case is not identified. All we can identify is marginal pay-offs.
Therefore, we will generally normalise the pay-off from losing to zero. Finally, v

will be identified from variation in lot specific observables.

E.5.2 Case 2: Known function of low dimensional un-observables

Suppose the combinatorial value can be written as J(m;) where m; € M is an unob-
served (potentially) stochastic random variable of dimension M < L. I require that
J : M — J is a known function (with range J C RR2"). Importantly, some elements
of m may represent fixed parameters associated with the functional form J, in this
respect, this is essentially a parametric identification argument.
Normalise the first element of this vector valued function (corresponding to player

i losing every lot) to zero, so that I focus on the marginal combinatorial pay-off
J(m),,. — J(m);. Expected utility is then II(b) = P(b)TJ(m;) — T(b)"b. Neces-

sary first order conditions are then given by:
0= VuP(b)J(m;) — VI'(b)b —I'(b)

Given that m is the only non-identified object in this equation, the question is then
whether this is point identified. I make two assumptions about this function that are

sufficient for m; to be point identified:

Assumption 11.

1. J(m) is continuous and continuously differentiable for all m;.

12Rank of this matrix follows from the fact that the matrix V}, P(b) presented in section 3.3 has rank
L, proven in Appendix D.1. The matrix P is just a collapsed version of this, summed over the different
lots.
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2. For any m and m’ there exists a set U C {1,2, ...,2"'} with |U| = m that

defines the vector value function FY where FY(m) = Ji;,(m) such that
(m —m’)T(FY(m) — FY(m’)) > 0

The second part of this assumption is essentially an extension of strict mono-
tonicity to the case of 2 dimensional functions in M dimensional variables. The
assumption states that for any two distinct m and m’ we can find a set of rows of J(.)
such that this inner product is strictly positive.'* A key result of this property is that
the function J(.) is a bijection: Each m maps onto a unique J, and the condition en-
sures that for any two distinct m and m’ it must be the case that J(m) # J(m’) (since
otherwise we could not find a U such that (m — m’)" (FU(m) — FU(m’)) > 0). This
ensures that the inverse J 7!(.) exists, such that for allm € M m = J~!(J(m)). Fur-
thermore, because J(.) is continuous and continuously differentiable everywhere, so

that J71(.) must be differentiable everywhere, J~!(.) must also be continuous.
Proposition 15. Under assumptions 1,9, and 11, my is point identified up to normalisation.

We may only identify m; up to location and scale if, for example, the second
and third elements of m; are constant parameters describing the mean and standard
deviation of m;.

The proof of Proposition 15 consists of arguing that we have L equations in only
M unknowns, and that there exists a unique solution to the system of equations. The
proof proceeds by recognising that the set of vectors J which satisfy the first order
conditions must be convex. Which, from the continuity of the inverse function J71(.)
and the (generalised) intermediate value theorem, implies that the set of m for which
the first order conditions hold must be path connected. This implies there must be
a point arbitrarily close to m; for which the first order conditions hold. However,
the fact that V, P(b) has rank L and the function J(.) is invertible implies that the

system of equations must be locally unique.

Proof: 1. Consider the set of 2' x 1 dimensional vectors which satisfy the system
of equations V,P(b)K — V,I'(b)b —I'(b) = 0. This set, which I will

13This property is satisfied when, for example, each element of | is weakly monotone in elements
of m, and strictly monotonic in at least one element.
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refer to as J, must be convex, and hence path-connected, as for any two
vectors in this set J,J’ we have:

AVpP(b)J = A(VpI(b)b + (b))
& (1-=M)VpP(b)) = (1-A)(VsI(b)b+T(b))
. AVpP(b)] + (1 — A)VpP(b)J' = VI (b)b + [(b)
VpP(b)(A] + (1 — A)J') = V[ (b)b +I(b) (E.18)

2. This implies that the image of the intersection of J and J defined by the
continuous function J~1(.), that is the set of m for which the first order
conditions hold, must also be path connected. This result follows from
the generalised intermediate value theorem, which states that for a con-
tinuous function f : X — Y, if the set X is path-connected, then so is the
image f(X).

3. Therefore, if the intersection of J and J contains more than a single el-
ement, then for any m which satisfies the first order conditions, there
must exist an arbitrarily nearby m’ which also satisfies the first order
conditions.

4. However, from the inverse function theorem, the first order conditions
are locally unique. The Jacobian of the first order conditions, with respect
to m are given by:

VbP(b)Vm](m)

which has rank M. This can be seen because V}, P(b) has rank L, consist-
ing of L linearly independent rows. Meanwhile, VnJ(m) has rank M,
which arises because J(m) is invertible.

5. Therefore the set of m which satisfy the first order conditions must con-
tain only a single element. Likewise, the intersection of J and J must also
contain only a single element

O]

Importantly, once m; is point identified, we can identify its joint distribution over
time. Information about previous winnings then allow us to pin down the location
and scale of m;. For example, if m; represents the bidder’s stock of objects, which
is assumed to follow an VAR(1) process along the lines of m; = Am; 1 +z;_1 +
g1 then observation of winnings z; immediately pin down the location and scale,
while the distribution of ¢; and the auto-regressive matrix A can then be identified
by running a simple auxiliary regression (assuming, for example, that ¢; is weakly

exogenous with respect to z;).

Case 2: When M > L

We can also easily extend this case to allow M > L, essentially combining infor-

mation across observations, rather than trying to identify everything from a single
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observation, so long as enough elements of M are constant across observations. This
case is important when m; can be decomposed into (m}, m"), where m° are fixed pa-
rameters that do not vary across observations. Suppose M < 2L, and in particular,
|m}| < L. In this case, rather than considering a single set of first order conditions,
we can look at a pair of first order conditions from two separate periods t; and t.
Importantly, we still impose assumption 11. Combine the two sets of first order

conditions as follows:

VpP(by,) 0 J(my,) VpI'(bs )by, +T(by,)
0 vbp(bt2> ](mtz) vbr(btz)bfz + r(bfz)

The fact there exists a unique pair (m;,, my,) that solves this system of equations
J (mtl )
J (mfz )

has rank 2|m} | + |m°|, ensuring that we are again able to appeal to the inverse func-

follows the same logic as the previous proof with the added note that v(mtl,mtz)

tion theorem for local uniqueness.

This result is important as it allows us to add a large number of additional param-
eters to the function J(.) which are identified by essentially using variation across ob-
servations. This makes use of a similar philosophy used to prove the identification

results in the main sections of this chapter.
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Appendix F

Stationarity

In this appendix I present evidence that the equilibrium stock process is stationary
- that the distribution of stocks remains constant over time. I focus on two types of
stationarity: First, whether stocks trend over time. Second whether stocks follow a
random walk.

In Appendix F.1 I present suggestive evidence that stocks neither trend upwards
nor downwards over time, by testing for structural breaks in bidding behaviour. In
Appendix F.2 I discuss how an additional assumption about how observed winnings
reacts to changes in the stock allows me to test whether the equilibrium stock process
follows a random walk. In Appendix F.4 I discuss how the results of this analysis
gives us information about food banks” unobserved stock process, giving us natural

priors for u; and X;.

E1 Trend Stationarity

If stocks trend over time we expect that bidding behaviour should follow a similar
pattern. Therefore we can investigate the existence of trends by looking for evidence
of trends in bidding behaviour.

If stocks have a linear trend it is ex-ante unclear whether average bids will also
have a linear trend. To allow for the possibility of non-linear trends in bidding be-
haviour I focus on testing for the existence of more general structural breaks in be-
haviour. I focus on average monthly bids by food bank and food type, using the
estimated a;,; parameters estimated from the tobit specification in Section 2.5.3. If
these parameters do exhibit a linear trend a generalised test for structural breaks

should pick this up. I omit the Fresh storage type due to the structural break caused
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on day 553 of my sample when fresh food ceased to be allocated on the Choice Sys-
tem. Even if the Fresh stock process does not exhibit any structural break (as remains
my hypothesis) I cannot estimate average bids after this break, given that no fresh
food was allocated. In Appendix K.2 I give additional details of how I model this
structural break.

I test for a structural break in the series {a;g }, (1.1} For each t I split the sample
into a before and after group, then run a t-test on the equality of means. This is per-
formed separately for each food bank x storage type combination, and I allow the
variances to differ in the before and after periods. I then plot the distribution of esti-
mated t-statistics. Under the null hypothesis of no structural breaks, these statistics
are t-distributed with 40 degrees of freedom.! Therefore I can compare the resulting
distribution of t-statistics from their distribution under the null hypothesis.” In fig-
ure F.1 I plot the distribution of estimated t-statistics along side the distribution of
these statistics under the null-hypothesis. Under the null we expect that 5% of test
statistics will be above the critical values for a two-tailed test at 5% significance level
(= 2.02). I find that 5.4% of test-statistics exceed the critical values. This gives some
evidence that bidding behaviour does not exhibit trends or structural breaks, and so

neither do stocks.

E2 Cointegration

I now discuss how I can test whether the equilibrium stock process follows a random
walk. I must maintain the assumption that stocks do not contain any sort of time
trend, such as a linear trend. Fortunately the results presented in Appendix F.1 gives

us evidence that equilibrium stocks are unlikely to exhibit time trends.

1Although I have 44 months of data, I do not have all the data on the first and last month. So I
only estimate 42 monthly means. I also adjust the t-statistics to account for sampling variation in the
estimated a;¢; using the law of total variance. Because I only have a finite number of months I assume
normality of average monthly bids, resulting in this t-distribution.

2Using a Kolmogorv-Smirnov test I can reject the null hypothesis, at a 5% significance level, that
the t-statistics come from this distribution. However, this is due to a lack of fit around the mode of the
distribution, whereas the tails of the distribution fit much better.

3A linear trend is not identified from winnings data. Winnings are a measure of changes in the
stock, so any linear trend is captured in the constant term. But, the constant term of average win-
nings also captures average net local donations y;. I am unable to disentangle these two objects using
winnings data alone.
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FIGURE F.1: Distribution of t-Test statistics

Density

t-statistics

kernel density t-distribution

Note: This plot shows the distribution of t-test statistics, looking for structural breaks in average
monthly bids. I focus on monthly bids between the 2nd and 43rd month. I also plot the standardised
t-distribution with 40 degrees of freedom. I test for the presence breaks at each month between the 7th
and 37th month. Tests are performed at the food bank x storage type level. Test-statistics are adjusted
to account for sampling uncertainty in the estimates of average monthly bids.

In the main text I focus on the morning state, before any auctions take place.
However for the purposes of this appendix it is most convenient to focus on the
evening state, s°, after the final auction has taken place. The evening stock transition

process is therefore given by:
e __ o€ T,8 )
Sit = Sip—1 T WirZ + Xit

The only difference is that the superscript on winnings is not lagged, as it is for the
morning process. Evidently wlz{ depends on net daily donations x;;, which can
be considered short term changes in the stock. It will also depend on the previous
stock sf, ;. This is where the similarity to a cointegration framework arises. Food
banks likely have an ideal level of stock they would maintain - they do not want the
warehouse to be too empty, nor too full. Therefore, as well as reacting to short term
changes in net daily donations, winnings should also respond to how far off optimal
the previous stock is.

If I observed stocks as well as winnings I could easily test this relationship fol-

lowing the procedure of Engle and Granger, 1987. Instead, I make the additional
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assumption that the equilibrium stock process is given by:

e __ e
Siy = 08,1 + axt + &t

This assumption states, on average, the evening stock ends up as some fraction of
the previous evening stock, plus some fraction of net local donations. These are
the fractions that equilibrium winnings could not offset. I do not impose that this
process is stationary. For example, it is possible that § = I, so that the process follows
a random walk with drift. I discuss ¢;; in detail shortly. I must assume there is not
a linear trend in this process. For simplicity I focus on the case in which § and « are
diagonal matrices, essentially focusing on one component of stocks at a time.

This assumption on the equilibrium stock process is really an assumption on the
equilibrium winnings process. Equating the two previous equations and rearrang-

ing yields something similar to a standard error correction process:
wizi = (0 — D)xy + (6 — I)s§,_ + & (E1)

This states that, on average, winnings offset some fraction of that day’s net dona-
tions, as well as some fraction of the previous stocks. The residual random variable
€ captures idiosyncrasies that affect the food bank’s winnings. For example, how
much is actually actioned that period, how many rival active bidders there are, and
other attributes of the lots. It likely exhibits correlation over time, is non-normally
distributed, lumpy, and may have non-zero mean. Importantly, this variable is as-
sumed independent of x;;.

If ) = 0 and &« = 0 then winnings perfectly offsets changes in the stock and
daily donations. This means that equilibrium stocks only vary with &;. Instead, if
0 = I, so that the stock process followed a random walk, this equation would state
that winnings do not depend on the previous stock. This asserts that winnings only
react to x;; and ¢;;. In this way, a random walk stock process suggests that the food
bank only reacts to daily stock changes, treating past stock changes as a lost cause,
not trying to offset past losses. This means allowing previous losses to propagate

completely over time, creating the random walk. This gives us an intuitive way to
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test for stationarity - test whether winnings depend on previous stocks.

Substituting the equilibrium stock process into Equation F.1 yields:
whzf = (a — D)x; + (6 — 1) Z O Haxi—s + €ir—s] + &3t
s=1

Now, suppose €;; can be decomposed according to: &; = yry + vy, where r; is a
vector of observables that impact the food bank i’s winnings (all of which must be
independent of x;). These can be considered non-stock factors that impact winnings.
For example, I focus on the total supply in period ¢, by storage type, the number
of other food banks who placed a bid on a lot of each storage type, as well as the
minimum distance between food bank i and a lot of each storage type in period t.
Importantly I require that E[r;; ® v;] = 0. As above, I expect v;; to be lumpy, non-
normal, and with possibly non-zero mean. We can then re-write the equilibrium

winnings process as:

gk

whzd =y + (0 —1) Y & Ty o+ (6—1) Z O a1 + vis—s] + (a — I)xi + vt
s=1

s=1

Importantly, this is a regression equation that could, hypothetically, be consis-
tently estimated. However, there are easier ways to consider a test of stationarity.
Consider the simple null hypothesis that § = I, so that the equilibrium stock process
is a random walk. Under this null hypothesis, the equilibrium winnings process
does not respond to the previous period’s evening state. Therefore, consider the

following regression specification:
whzi = B0+ Blrie + Brri_1 + B (F.2)

Under this null hypothesis g* = 0. This is essentially an Anderson-Rubin test. The
intuition is that we consider whether winnings respond to lagged non-stock factors.
These lagged factors likely impact lagged winnings. If they are found to impact
present winnings this suggests current winnings responds to the lagged stock. If
current winnings do not depend on the lagged stock the food bank ignores their

previous stocks, so the equilibrium stock process follows a random walk.
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Results for this test are presented in Appendix F.3. As well as presenting aggre-
gated results, assuming every food bank has the same ¢, I consider disaggregated
results. However in this case I have significantly less power. Broadly, however, I

find strong evidence of stationarity.

E3 Results

Figure F2 presents results from this regression. I run each regression separately
for each storage method, focusing on food banks that won at least 100 lots. I also
include a second lag of r;, as this allows us to interpret the coefficients on 1.t 1
include factors for all storage methods in every regression, but only present results
for the matching storage types, since these are expected to be the most useful. I also
include a dummy variable (and its lags) for whether no lots of a particular type were
auctioned on a particular day.

There is evidence of stationarity, given that we can reject the null hypothesis
0 = I at the 1% significance level (p < 0.001). Most of the coefficients have the
expected signs. Non-lagged factors are almost all statistically significant, with win-
nings increasing in the amount of food allocated, decreasing in the minimum dis-
tance between the bidder and lots, and decreasing in the number of rival bidders
bidding on lots of that type. Coefficients on the lagged factors generally have the
opposite signs, as we expect. Lagged distance is never statistically significant, even
though contemporaneous distance is, while lagged pounds and rival bidders are
generally significant. Comparing coefficients across lagged and unlagged variables

we can extract . Assume zero-off diagonal elements, then diagonal elements are

estimated to be in the region of 0.8. This uses the formula § = 1 — Z—l

I also consider results for individual food banks. I run a specification as above
allowing for individual food bank coefficients. When considering winnings for stor-
age type I I only include factors and lagged factors for storage type I. I can reject the
null-hypothoses that § = I for 25% of analysed food banks. These are predominantly
the large food banks observed regularly bidding and winning on the Choice System.

For many food banks the tests are under powered, with even 58% of the unlagged

4Conditional on ry_, it is reasonable that r,_; and r; are uncorrelated with r,_s for s > 3, the
omitted variables.
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factors being statistically insignificant at 5% level of significance. This is most likely
due to having only a small amount of variation in winnings, given that many food
banks do not win very frequently. Interestingly Distance and Lagged Distance are
much more likely to be statistically significant when I run the individual analysis.

FIGURE F.2: Results: Stationarity

Non-Food Dried Tinned/Bottled  Refrigerated Fresh

Total Pounds 0.018 0.023 0.017 0.020 0.018
(0.004) (0.005) (0.004) (0.006) (0.005)
Lagged Pounds -0.001 -0.003 -0.001 -0.004 -0.001
(0.001) (0.001) (0.001) (0.003) (0.001)
Minimum Distance -0.856 -1.528 -0.884 -0.480 -0.288
(0.285) (0.450) (0.264) (0.751) (0.107)
Lagged Distance 0.171 -0.024 0.187 0.116 0.030
(0.118) (0.160) (0.107) (0.320) (0.074)
Active Bidders -53.638 -71.039 -28.601 -593.755 -43.187
(19.999) (29.534) (22.572) (189.673) (18.443)
Lagged Bidders 14.254 34.077 15.683 84.825 7.250
(6.940) (15.380) (7.975) (61.444) (4.552)
FB Fixed Effects v v v v v
2nd Lags v v v v v

Note: Standard Errors clustered within food bank and period.
Regression for storage method I includes regressors for all other storage methods also.

F4 Covariance Stationarity

I now demonstrate that this assumption about the equilibrium stock process yields

two sets of intuitive information about parameters y; and %;.

F4.1 u;

Take an expectation of the equilibrium winnings equation for:

Elwiz{] = (« = Dp;+ (6= 1) ) 6 [ap; + Efe]] + E[¢]
s=1
Recognise that Y21 651 = (I — §)7}, so that we are left with:E[wlz{] = —p,
Therefore, on average winnings offset net local donation. I use this constraint to
build prior means for y. I do not impose this relationship on account of the difficulty
T,8

of efficiently estimating E[w,z¢] in the presence of auto-correlation, meaning my

estimates are likely to be imprecise.
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F42 X

Take the variance of the equilibrium winnings equation, recognising that we as-

sumed x is uncorrelated over time, and uncorrelated with e:

Var(whzd) = (a = DZj(a — 1) + (6 — 1) [i O a1 (6 — 1)
s=1

+ Var(e + (6 — I)[i 5 e )

Var(e + (6 — I)[X2; 65 le;_1) is evidently positive definite. Meanwhile, the in-
finite geometric series does not have a simple form. To simplify matters, focus on
the case where §,®, and X; are diagonal matrices. This is relevant since I impose
that X; is diagonal in the empirical model. In this case, applying the rule for infinite
geometric series, with §; < 1 we have

(0 —1)?

Var(whzl) = (=172 + 93

W22+ Var(ey + (6, — 1) i Ye 1)

Since « € [0,1], the first part of this expression varies between Z!' and [(1 —
6;)/2]=!!, when a = (1 + ;) /2. Therefore, since Var (e + (6 — 1)[Lo21 6 Tey1) >
0, 1get: Var(whz$) > 1545l

Therefore, I can bound Zfl , conditional on . I consider two benchmark cases,
d; = 0, so that, on average each period, winnings totally adapt to changes in previous
stocks. This implies £ < 2Var(w}, \Z] t) I also consider 6 = 49/50, so that winnings
do not strongly react to previous stocks. This implies £/ < 100Var(w}z3)).

I use the § = 49/50 case for a hard upper bound on =¥, under the prior that § <
49/50. I use the § = 0 case for what is essentially the prior mean of £, albeit with
a very low prior weight, given by the degrees of freedom in the Normal-inverse-

Gamma distribution. Full details of how I build these weakly informative priors is

given in Appendix K.
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Appendix G

Inverse Bid System

In this Appendix I demonstrate that, in addition to the transition equation given in
Assumption 7, a food bank’s optimisation problem yields the Observation and Cen-
soring equations given in Equation 4.4. I focus on the case for quadratic parametri-

sation of k. The general case is presented in Chapter 3.

G.1 Set-up

Imposing the parametrisation given in section 4.3.4, and conditional on d7, the bid-

der’s maximisation problem is given by:
max { Y Ty(br, df;s) (v — by) + Y Pa(b,d%;s) [Ps? + s?gT‘I’s?g] s.t.by > Rl}
l a

G.1.1 Simplification

I now show how the maximand can be simplified to:

ZFZ (by,df;s) (v — b+ <I>zlh + ZZ‘IgT‘Fslg + zlgT‘sz + Z Ly (b, d;,; s)ziﬂ‘}’zﬁ) + CDS? + slgT‘I’sigT
1 m#l
First, recognise that }_, P,(b,d;s) = 1, as we sum over mutually exclusive and ex-
haustive events. We can then write, for example, Y, P, (b, d; s)szg T‘Fslg = slgT‘I’slfg .
Second, sf = s; + zw{, where w{ is the L x 1 vector with entry / equal to 1 if

wins lot / in combinatorial outcome a and zero otherwise. The matrix z gives the
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size and composition of lots. Exploiting }_, P, = 1, re-write the maximand as:

Y Ty(by, di;s) (v — by) + Y Pa(b, d*;s)[@s?" 4 808 ¥s!¥]
1 a
=Y Ty(by, dj;s) (v — by) + Y Pa(b, d*;s) [@z'W! + sng‘Ys?g - S§T1ysl$]
1 a

+ ®s! + slgT‘Yslg

=Y Ty(by,df;s) (v, — b)) + ) Pa(b,d*; s)[@z"w! + wiTz8TY¥ (28w + 257)]
) a

+ dsl +- sz‘I’sig

Where the final line follows from quadraticness: s;% T‘I’s?g = (si +zw?)T¥(s; + zw?)
and so s?gT‘Fs?g — sZgT‘{’slg = wiTzsT¥ (28w + 2sf).
Finally, recognise that }_, P;(b,d;s)s? = s; + Y, I';(b;, dj; s)z;. This arises because

stocks are additive in winnings.! This ensures that:

=Y Ti(by,df;s) (v, — by + oz + ZZlgT‘I’s?) + Y P(b,d*;s)wi 28T ¥zSw!
l a
+ @s!' 58 wsS"

=Y Ty(by,df;s) (v, — b + oz + ZZ‘lgT‘FS‘? + z?T‘I’z(lg + 27&1 Lo (b, d;y; s)zlgT‘I’z‘%)
l m

+ Os! + sng‘I’sz

The final line follows from: (1) that (z8w?)T¥(z8w?) = ¥, ¥, (w%2z5)T¥ (w?, 23,),
which arises from quadraticness. Because this object only depends on pairs of win-
nings, we can marginalise out the probability of receiving a particular pair, so that:
Y, Pa(b,d;s) (z8w!)T¥z8w? = ¥, ¥, Prob(win I and m|b, d;s)(zf) ¥ (z5,). (2), im-
posing part (iv) of Assumption 9: Prob(win I and m|b, d;s) = I';(b;, d;;8) T (b, dm; s)

for m # 1, and T';(b;, d;; s) otherwise.

I This result can be seen by focusing on the expectation of w?lz, for one particular /. As we sum
across all the combinations in which they win lot /, the sum of these probabilities is just I';, the marginal
probability they win lot 1.
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G.2 First Order Conditions, conditional on entry

Written out in it’s full simplified form, the lagrangian for this problem is given by:

L(b|d*,s,0) = Y Ty(by,df;8) (v) — by + @z + 225 ¥sS + Y Tp(b, diy;5)25 ¥25,)
1 m

+os! +55 ¥ — Y AR — by)
1

Where A are lagrangian multipliers. Necessary first order conditions are then:

0 = VIy(b},d;;s) (v — b} + Dz —I—Ziﬂ‘lleg +ZZ§TTS§ +2) Fm(b;,d;;s)z;gT‘I’z%’n)
m#l

—T,(by,d};8) + Af

Which rearranges for:

Li(b7, diss)

b — LY A = @l 4 28T Y (2 4285 +2 Y T(bh, dE8)ZS) + v =y
Wby ds) +z ¥z i EZ m (U, Ao 8)2] ) y
Lety; = by + % — A]. When we observe b > R;, we can infer A] = 0,
1770
Ty (b} dyf;s)

so that y; = b + 7= Y- In this case, the bidder is not constrained.

Vbrl (b;‘,d?}s

G.3 Reservation Price Bidding

When we observe b; = R, the First Order Conditions break down, since as made
clear in Section 4.3.3, beliefs are non-differentiable at the reservation price due to the
non-negligible probability of ties. Therefore, consider the bidder’s decision to bid
at the reservation price, bidding vector b*, compared to just above the reservation

price at R; + 1 playing vector b". Elements m # I of these vectors will otherwise be
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equal. This implies that:

Y Ti(bf,di;8) () — b + Dz +225 ¥sS + Y Tou(byy, diyis)zd ¥25)
1 m
> YTy (bt,dfs) (v — b + @z + 228 WSS + Y Ty (byh, diyis)zd ¥2s,)
1 m
Therefore
Ty(Ry,d};8)(v) — Ry + @z + 25 ¥(25 + 285 +2Y T (b, iy 8)25,))
m
>Ty(Ry+1,d[;8) (v — Ry — 1+ @z + 25 ¥ (25 + 255 +2Y T (b5, diy;6)25:))
m

Therefore
[FZ(RI—Fl,dl*;S) —Fl(Rl,dl*;s)}(vl —Rl+<I>zlf+z‘;’7T‘I’(zl +2S —1—221“,,1 b:n,d;;, ) )) < F,(Rl +1, dl’ )

FI(R1+1 d}“;s) o
TR +1,d5s) — Ty (R, dizs) 7!

v= <I>zl+2z ‘Ys —|—z ‘I’(zf+25§+22Fm(b;,d;‘”;s)z§,,)—|—vlgRl—i—
m

Therefore, y; > y;

G.3.1 Bidding R; vs Not Bidding

At the margin, the bidder must weakly prefer to enter and bid the reservation price,
playing bidding/entry vector b*, d*, than to not enter at all, playing bidding/entry

vector b~,d ™. These vectors are identical apart from for lot I. This implies:

Y Ty(b},df;8) (v) — b} + Dz + 225 FsS + Y T (b, diis)2S | ¥25,)
) m

>ZF1 )(vy — b + Dz + 228" st +Zrm by, ;)28 W25,
Therefore Ty(Ry, d};8) (v — Ry + @z + 25 ¥(25 +265 +2Y T (b, diyi8)25)) > 0
m
S 8Ty (,8 g L LA ¢
Therefore y = <I>zl +2z ‘I’si + 2§ Y (2§ + 285 +2) Ty(by, dyyis)zh) + v, > R
m

Therefore R; < y; <y}

G.3.2 Entry Decisions

If a food bank chooses not to enter the auction for lot /, then at the margin they
must weakly prefer to not enter the auction, than to enter and bid the reservation
price. This is just the complement of the previous inequality, allowing us to infer

that d; = 0 implies y; < R;.%.

ZFurthermore, negative definiteness of ¥ implies that if they prefer to not bid than enter and bid
the reservation price, they also cannot prefer to bid strictly above the reservation price



185

Appendix H

Discriminatory Auctions

In this Appendix I discuss how the discriminatory auctions of homogenous lots are
take into account. In Appendix H.1 I explain the rules of the discriminatory auctions.
In Appendix H.2 I derive the Inverse Bid System in the presence of discriminatory
auctions, presenting a generalisation of Appendix G. In Appendix H.3 I discuss how

I use the inverse bid system in estimation.

H.1 Framework

In a discriminatory auction of R homogenous lots food banks place as many bids as
they like. Lots are allocated to the R highest bidders, if at least R bids were placed,
and bidders pay their bids.

7% of unique auctions that occur contain more than one homogenous good, and
are auctioned in discriminatory fashion. Of all the lots allocated, 21% of lots are
auctioned with at least one additional identical load. The vast majority of lots sold
at the reservation price are lots from discriminatory auctions with a large number of
homogenous loads being auctioned in this manner (the remainder are fresh loads).
Food banks recognise that the lowest winning bid is likely to be very low. Loads
allocated in this manner are always homogenous and come from the same source.

Figure H.1 panel (A) shows a histogram of the number of loads included in each
unique auction, conditional on at least two loads. As not every load may be sold on

a particular date, Panel (B) shows the number of homogenous loads for each auction

x date, conditional on at least two loads.

THowever some homogenous lots, that are all donated by the same donors, are auctioned using
simultaneous auctions. I do not analyse the determinants of this decision.
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FIGURE H.1: Distribution of Homogenous Loads
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Note: These plots show histograms of the number of homogenous loads included in each auction,
conditional on at least two homogenous loads. Panel (A) shows the number of loads for each unique
auction. Panel (B) shows the number of loads for each date x auction, recognising that not every load
is sold right away. More than 50 loads are grouped into the 50 category. This includes one auction with
181 loads, and 9 other auctions with between 60 and 80 Loads.

H.2 Adjusted Inverse Bid System

The only difference between simultaneous and discriminatory first-price auctions is
that when the bidder wins on their rth lowest bid on lot /, they must also win on
all higher bids. Write the rth bid on auction / as bj,. Bids are ascending, such that
by, < bjyy1, up to r = R; the total number of loads contained in the lot. Food bank
i’s belief about the probability they win on their rth bid on lot [ is given by I';(by,),
suppressing the entry decision and state variables for ease of notation. Their belief
they win on bids r through to R, but no lower, is given by I';(b;,) — I';(b;,—1). This is
the probability the lowest rival winning bid is between b;, and b;,_1.

Because lots are homogenous, I treat the lot specific value v;; as constant across
the loads in auction . Making use of the assumed parametrisation, the expected

payoff is given by:

L R
(b, d) =YY Ty(byy, di)v; — by, + Dz) + 25 ¥ (25 + 25F))
1 r

L R R

r—1
+Zl:21",(blr, )28 ¥ [(R, — )28 + élZFm(bmn,dmn)zfn] + er,(b,n,d,n)szzlg
r m n n=
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The first line is the lot-specific component of the pay-off. The second line is the com-
binatorial component; how the pay-off varies with winnings from other auctions.
In the simultaneous only case this is given by Y T (b;, d;)z} Ty [zt T (b, d)z5,]
only. If they win with bid by,, then they win the (R; — ) higher lots with certainty.
This is why the (R; — r)z{ term does not have a probability multiplier. Likewise,
with probability T';(by,, d,) they also win on bid b, (for n < r). So, in expectation,
they also gain this I';(by,,, dln)z;g T‘I’zig combinatorial term.

Conditional on d;, = 1, first order conditions with respect to bid b;, are given by:

Fl(blr, dlr) = Vb,yrl(blr, dlr) (U — blr + <I>Zlh + Z?T‘P[Z‘Ig + 25?])

Rm
+ Vbl rl(blr/ dlr)zl [(Rl —r Zl + E Zrm mnys dmn Zm + 2 1—'l bln/ dln)zl]
m#l n
R R;
+ ZgT‘Iva,,rl (blr/ dlr) [ Z Z L (bmn/ dmn)z§n + Z Z(lg]

m#l n r+1

The inverse bid system is given by:

T'y(by, dyy)

< — @Z — ZgT‘II Zg + 2Sg
Vi, Li(byr, diy) Y ]

glr(b} k) = blr +

Rﬂ’l
— Zl T[Z(R[ —-r Zl +2 Z Erm mns dmn Zm + Zrl bln/dln)zl]
m#£l n

Next, we consider the decision to enter and bid the reservation price, rather than
bid just above it. Importantly, if b, = R + 1 then all lower bids must be ether the
same, at the reservation price, or not entered. Setting the utility at the reservation
price greater than or equal to utility just above the reservation price we obtain the

following upper bound on gj,:

I, (R+1,1)—I;(R 1)

— 2] — 2 ¥z} +25]

élr(b; k) < blr +

Rm
— Zl ‘P[z( Zl +2 Z Zr mnys mn Zm + Zrl bln/dln)zl]
m#£l n
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Next, consider the decision to enter and bid the reservation price, versus not

bidding at all. We obtain the following lower bound for §j,:

&, (b; k) > by, — @zl

Ry, r—1
— Z;‘JTT[Z? + 25? + Z(Rl - T’)Z(lg +2 Z Zrm(bmnz dmn)zfn + Z Iﬂl(bln/ dln)zig]
m#l n n

As in Appendix G, the decision not to enter then yields the same upper bound
as this lower bound. There is a clear similarity between this system of equations and

those presented previously.

H.3 Computation

First Stage

Food bank i wins lot [, load r, with the probability that their bid exceeds the lowest
winning bid on that lot. Therefore it is their belief about the distribution of the
lowest winning bid that matters. When fewer food banks place bids than loads are
being auctioned, this is just the reservation price. Therefore, when estimating beliefs

Iignore all higher winning bids.

H.3.1 Second Stage

The difficulty in the second stage is that the lot specific idiosyncratic pay-off is as-
sumed to be perfectly correlated within a discriminatory auction. Allowing these ob-
jects to vary, even if highly correlated, does not make sense given loads are perfectly
homogenous. By definition of the homogenous lots, there can be no unobserved
variation in lot characteristics across loads.

When performing the data augmentation step in the second stage of the proce-
dure I treat discriminatory auctions correctly. That is, I correctly sample censored
bids from their posterior distribution and sample states from their conditional pos-
terior. However, in the Gibbs Sampling step I only use information from the highest

bid (which may also be censored). If the idiosyncratic terms are perfectly correlated
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then I do not gain any additional information by using lower bids.? Finally, when
considering model fit by simulating the Choice System, I do simulate these auctions
(albeit limiting food banks to only be able to place up to 5 bids on a single auction).
Therefore if my simplification does lead to inaccuracy or bias, this should become

evident.

H.3.2 Third Stage

Finally, in the third step I treat these auctions properly in how I evaluate the ex-ante
continuation value. The derivation presented in Appendix | extends easily to allow
for the discriminatory case, and only requires summing over the probability of these

combinatorial wins.

%In practice specification error will means I cannot rationalise the model with identical lot specific
pay-offs. I could treat them as correlated, and estimate a correlation parameter, but in practice I will
gain very little additional information from doing so. First, if they do not place bids at all in a particular
auction I gain no additional information from considering additional bids. If they place one bid, but
not a second, some information can be gained by considering why they didn’t place this second bid.
However, even given specification error we expect a very high degree of correlation, meaning I do not
gain a large amount of information beyond that contained in the first bid.






191

Appendix I

Non-parametric Identification

I now prove Proposition 5, that the model is non-parametrically identified. In Chap-
ter 3 I proved that conditional on identifying i) the equilibrium distribution of bids
(conditional on the state) and ii) the state transition process, that observed varia-
tion in the state is sufficient for non-parametric identification of both the determin-
istic flow payoff function j, and the lot specific idiosyncratic payoff distribution F*.!
Therefore, it suffices to prove that the equilibrium conditional bid distribution and
state transition process are both non-parametrically point identified.”

The argument builds on the key result in Hu and Shum (2012), closely following
their set up and proof using spectral decomposition techniques for linear opera-
tors. The key distinction between our arguments consists of the introduction of an
additional intermediate variable (winnings) that acts as an observed shifter, or in-
strument, of the unobserved process. This requires that conditional on s;, bids are
independent of previous winnings, and that conditional on by, the winnings from
that period are independent of s;.” This significantly reduces the assumptions re-

quired for identification. It also yields clear intuition behind identification of the

IWhile 1 proved this for the case where states are discrete, it is clear how this intuition extends
to the setting with continuous states. Likewise, the identification argument presented here also holds
when the state space is finite. Furthermore, this argument and the proof contained also applies to
games with latent states. If we think of the vector s; as being the stocks of every player, b; the bids
of every player, and w; the winnings of every player, this argument still ensures the full conditional
distribution of bids and transition processes are non-parametrically identified. This is not an approach
I take in the main text.

21 do not explicitly consider identification of the A; parameters, which give the marginal value
of wealth for each bidder. These parameters are identified by comparing bidding behaviour across
bidders, under the required normalising assumption (to allow inter food bank comparisons) that the
variance of lot-specific values is constant across bidders. See Section 4.2.5 for detailed discussion.

3Identification of my model is also driven by variation in choice sets over time, and the argument
presented in this Appendix can easily be extended to include this type of variation, even allowing it
to not be exogenous. However, introducing these additional observed states significantly increases the
notation required. Meanwhile, as we will see, this type of variation is not necessary for identification,
as variation in winnings alone is shown to be sufficient.
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latent state: Variation in this observed shifter of the unobserved state pins down
the relationship between bids and the unobserved state. Then variation in bids over
time, holding constant the observed shifter, enables identification of the state transi-
tion process. Furthermore, depending on how the model is defined, this argument
only requires 2 periods of data, not 4 periods as in Hu and Shum (2012). The final
distinction is that this framework easily extends to the case when the latent state is
multivariate, as the signals of the latent state, bids and winnings, are both also mul-
tivariate. I focus on the stationary setting, though it is clear how the arguments can
easily be extended to the non-stationary setting considered in Hu and Shum (2012).

I make two additional simplifying assumptions: I assume that reservation prices
do not bind, and that z{ has full rank. Binding reservation prices ensure the first
order conditions do not hold with equality. However, as discussed in Appendix E.2,
reservation prices are not a first-order issue, not substantially alter the identification
problem. In the way that a censored regression model, which requires a Tobit or
MAD specification, does not substantially alter the regression identification prob-
lem. The key intuition garnered from this simplified approach extends to the case
with reservation prices. Meanwhile the rank condition on zf , the size and composi-
tion of lots auctioned each day, simply ensures that at least one of each food type is
auctioned each period. This ensures that bidding in every period is informative of
every dimension of the bidders’ stocks. As it turns out, identification actually only
requires this rank condition holds for 3 consecutive periods, which holds.

The identification argument proceeds as follows: In Appendix I.1 I restate the
model in more general terms, before detailing sufficient assumptions on the model
primitives for non-parametric point identification. In Appendix 1.2 I prove non-

parametric point identification, following the structure of Hu and Shum, 2012.

I.1 Assumptions

The econometrician observes bids b; and winnings w;, but not the latent stock s;.
The aim is to non-parametrically point identify the equilibrium conditional distribu-
tion of bids fy,s, (bt|s¢), and the stock transition process fyjw, s, ,(St[Wi-1,8:1). I

abstract away from additional observed state variables that change over time, which
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in my application may includes the set of lots being auctioned each day. These vari-
ables can be included without changing the central arguments. For notational con-
venience, except in cases when it is necessary to avoid confusion, I denote density
functions using just the subscript term, writing the conditional bid distribution as

fo,js;- The full transition process is given by fu, b, s, nistory, ;-

Assumption 12. Limited Feedback:
l) th,bt,Sr\hiS’fOI‘y,,l = th,bt/St\erlrbtflfstfl

ii) fwtrbt/5f|wt—1/bt—lrst—l = th\btfbt|Stf5t\Wf—1rSt—1

Part ii) of this assumption is a restricted version of the equivalent assumption in
Hu and Shum (2012). It imposes a specific causal structure with three parts: a) Con-
ditional on b; the winnings from that period are independent of s;, b) Conditional
on s; bids are independent of previous winnings, and ¢) conditional on previous
winnings w;_1 (and stocks s;_1) stocks are independent of previous bids. Part b)
is the key assumption here, ensuring that w;_; acts like an excluded instrumental

variable.

I.1.1 Linear Operators

Denote the supports of s;, w;, by as S, W, and B respectively.4 Next, define a ‘linear
operator” L, as the map from the LI space of functions of y to the LI*! space of

functions of x, such that for a function g : R* — R” (or equivalently g € LI*l):

(Lea@)y = [ frax)g()dx

Likewise, define the diagonal operator D, as follows:

(Dx,yg)]/ = fx,y(x/y)g(x)

Linear operators are close to infinite dimensional counterparts to matrices, with
similar properties. They are regularly used in statistical completeness arguments,

as has been used to argue non-parametric identification of instrumental variables

“Both W, and B could be allowed to vary observably over time, but I drop this dependence on ¢
for notational convenience, as it requires introducing additional observed state variables.
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models (Newey and Powell, 2003). In particular, for an Instrumental Variable model
of the form y = g(x) + ¢, the function g is non-parametrically identified if there
exists an instrumental variable z, mean independent of ¢, that is complete for x, such

that for all possible functions g(x):

0= /(g(X) —§(x)) f (x[z)dx implies 8(x) = &(x)vx € X

Therefore, the only function §(x) which satisfies E[¢|z] = 0 is the true g. In oper-
ator notation this can be written as (Ly.h)z = 0 implies h(x) = 0 for all x, with
h(x) = g(x) — §(x). This condition holds if L, is injective, so that the inverse oper-
ator L;‘i exists. The injectivity property for linear operators is similar to the full rank
property of a matrix, ensuring that inverses exist for both. This exemplifies the rela-
tionship between statistical completeness and instrument relevance in instrumental
variables, in that z being complete for x is similar to z being a relevant instrument
for x. In other words, variation in z creates ‘enough’ variation in x to enable us to

fully pin down the relationship between x and v.

Assumption 13. Invertibility:
i) For any w; € W there exist a by € B and a neighbourhood B around by such that for
anyb; € B, Ly, is injective.

wi, by, wi_q

it) For any wy € W Ly, |w, s, 1S injective.

This assumption is essentially a pair of instrument relevance conditions. Part
i) requires that variation in past winnings w;_; creates ‘enough’ variation in future
bids b1 for some values of w; and b;. Part ii) then similarly requires that current
stocks create ‘enough’ variation in future bids. The idea behind these conditions is
that variation in w;_1 and s; are, to an extent, substitutable. We know how b;.,
varies with w;_1, so we can then learn something about s; from changes in by .

This assumption is where the simplification about reservation prices and the
rank of z¢ has bite. When reservation prices bind, for some values of wy, they will
place no bids irrespective of b; and w;_1, and so variation in w;_ creates no varia-
tion in b; 1. More generally, if a food bank never bids on a particular type of food
(due to the reservation prices), we never learn about the food bank’s preferences for

that type of food. Meanwhile, when zf_l is rank deficient, then so must be winnings
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w;_1, so we do not gain information about every element of s;. For example, if a
particular type of food is never auctioned, it is intuitive that we cannot learn about

food banks’ preferences for that type of food.

I.1.2 Assumptions on the Conditional Bid Distribution

Assumption 13 will be used to rely on a spectral decomposition type argument.
Therefore, just like Hu and Shum (2012) I make an assumption to ensure the unique-

ness of the spectral decomposition of my linear operators:

Assumption 14. Uniqueness of Spectral Decomposition:
Forany wy € W and any s; # §; € S, there exists a by and corresponding neighbour-

hood B satisfying Assumption 13 i), such that for some by € B:

. fuwib; (Webt) fo, s, (bilst) ..
)0 < Fustor GT50) oo (B1150) < C < oo, for some finite constant C

;i Sowiloy (Welbe) fo,js, (Belst) - fuwyb, (Welbe) fo,js, (bt[S1)
Fuoplo, (Welbt) fo 16, (belst) 7 fu b, (Welbe) fo, s, (bel5¢)

These two assumptions will ensure uniqueness of the eigenvalues for a spectral

decomposition of some function of the linear operator Ly, . Parti) of the as-

wi, b, w1
sumption is relatively innocuous, ensuring that for any winnings w and stocks s we
can find two distinct (but probably nearby) bids b that jointly occur with non-zero
and finite probability. The second part then requires that variation in stocks causes
variation in bids for each pair of possible stocks. This assumption will hold if, for

example, the derivative of the pseudo-static payoff function k is globally invertible,

as assumed in the text.”

Assumption 15. Perfect Substitutes and Normalisation:

Z) f5t|wt—1/5t—1 - f5t|wt—1+5t—l

ii) E[s{] = 0

SThis is because invertibility of Vsk(s), which (combined with the assumption that z has full rank)
ensures the 2L vector of potential payoffs K(s) is globally invertible. Optimising behaviour (assuming
no reservation prices) ensures that bids must satisfy b + VI'(b)~'T'(b) = VI'(b)"'VP(b)K(s) + v.
Because v is independent of s, the object b + VT (b) ~'T'(b) is invertible if and only if VT'(b) "1V P(b)
has rank |s|, from the inverse function theorem. Finally, invertibility of b follows from monotonicity
of VI'(b)~!T(b) in each dimension I.
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The first part of this assumption states that past winnings and past stocks are
perfect substitutes.® Normalisations are necessary in non-parametric identification
arguments for latent states, since the model will only ever be identified up to one
to one transformations of the unobserved states (as the eigenfunctions recovered
from a spectral decomposition are only ever identified up to one to one transfor-
mation). Therefore, we need additional assumptions to pin down the values of the
unobserved state. We need part i7), the location normalisation, because of the addi-
tivity assumption — we can add a constant to both s; and s;_; without changing the
observable implications.”

One final remark: This perfect substitutes assumption also allows us to fully test
Assumptions 13 and 14. This is because invertibility and monotonicity in s; can be
tested by testing for invertibility and monotonicity in w;. That is, if variation in
w; creates enough variation in b, for identification, then because Assumption 15
imposes that w; and s; have the same effect on b, 1, this must also be invertible in
s¢. This is essentially the story shown in Figure 2.11. Both w; and w;_; (conditional

on w; and b;) cause statistically significant variation in b .

1.2 Proof of Proposition 5

I now prove the following proposition:

Proposition 16. Non-parametric Identification Under Assumptions 12 - 15, fy, s, and

fsilwi_1,8:_, are non-parametrically identified.

The proof proceeds along the same lines as Hu and Shum, 2012. First, I prove

that if both fp, | jw, s, and fy,,|s, are identified, then so is f;, Next, I prove that

[Wi_1,86-1°
forialwss: and fi,, |, are identified using a spectral decomposition type argument, in

which fy, s, and fp, | |w, s, make up the eigenvalues and eigenfunctions respectively

OTf the perfect substitutes assumption is unpalatable, as it should be in some applications, we
can use a less restrictive separability assumption that fo |, s, |\ = fs,|n(w,_,s,,) Where I is a known
function. Otherwise, we can instead impose Assumption 4 as given in Hu and Shum (2012). For this
reason, in the proof presented in Section .2 T continue to work with fg 1y, 5, |

7We do not need scale, or other monotonic normalisations because of how the value of stocks is
pegged to w. If we were to rescale stocks, multiplying s; and s;_; by the same large constant, then
w;_1 will have a (relatively) much smaller effect on b;, and so have observable implications. The
idea then, is that the scale (and higher order moments) of the transition process are identified by the
relative importance of w;_ in determining future bidding behaviour. In the text, I impose this location
normalisation through my informative priors.



I.2. Proof of Proposition 5 197

of some known linear operation on fy,,, | w,b,w; ;- Lhatis, the density f,., w, b,w: ,

completely determines the densities fy, |5, and fy,, |w,s,-

1.2.1 Identification of f, |y, |5, , 8iven f,, |, s and fy, g,

Lemma L.2.1. Ifboth fy, . |w,s, a4 fp,|s, are identified, then sois fgw, ,,

St—1"

Proof: 1. By Assumption 12, fy, . jw,s; = ffbt+1|St+1fst+1|whstdst+1

2. In operator notation, for a fixed value of w; € W, this can be written as:

th+1\Wt,St = th+1|5t+1 LStH\Wt,St

-1

3. By Assumption 13 ii), the inverse operator me‘wm

exists. Implicitly,
this also ensures that [b| > |s|, which ensures that Ly, ,|s,,, must also be

invertible.

4. Therefore we can write Ly, |w,s = Ly, |w;s;» and so identifi-

—1
biy1lsis1

cation of the transition process fg w, , s, (= fs,,1|w;s;) follows from the

identification of fi, | |w,s, and fp,s,-

1.2.2 Identification of fy, | |w, s, and fp, s, by spectral decomposition

Lemma 1.2.2. The density fv,, , w,b,w,_, completely determines the densities fy, s, and

fbt+1 \Wt,St'

Pi’OOf.’ 1. By Assumption 12 fbt+1,Wt,br,Wt71 = f fle|wt,stfwt,bt\stfsr,Wfflde

2. In Operator notation, for fixed (w;, b;) € W x B, this can be written as:
Lbf+1rwf/btrwt—l = th+1‘Wf,SfDWt,bt|Stht,wt—1 (Il)

3. By Assumption 13, there exists a neighbourhood near this fixed b; (and

w;), B, such that for all b; € B, Ly, is invertible, where Ly,

wi,br,wi_q

th+1 \wt,st Dwt,l_)t|stLSt/Wt71 *

wiby,we_g T
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4. Therefore, employing Assumption 13ii) and 14 (which also ensures Dy, g,/

is invertible) we get:

“1oopt L (1.2)

StWi-1 = “wy byls; by |wese b1, Wi b Wi

5. Substituting Equation 1.2 into I.1 yields:

_ -1 -1 _
th+1zwt/btrwt71 - Lbr+1\wt,SrDWt,bt|St Dwt,ﬁt\st th+]|W{,St thﬂ,wt,bt,qu

6. And so, by Assumption 13 i ), we can write:

-1 _ _ -1
th+1’wt’bt’wt*1 thJr] ,Wt,Bf,Wf,l - LbH—l |wfrsf Dwtrbhbhst LbH.] |Wf,Sf (13)

Where the diagonal operator

_ fwifp (Wi [bt) foy s, (br[st)
furlb; (Wi [Bt) fo s, (b st)

(Dwt/bt/Bt/Sth)(st> = (Dwtrbt\StDv;tl,BASth)(st) h(st)

7. Equation I.3 states that the left hand side has an eigenvalue-eigenfunction
decomposition given by the right hand side equation, which can be found
using a spectral decomposition. I now argue that this decomposition is
unique. Assumption 14 i) ensures the eigenvalues are bounded, and so
the operator on the left hand side is similarly bounded (linear opera-
tors are bounded by their largest eignevalue). This ensures we can ap-
ply Theorem XV.4.3.5 from Dunford and Schwartz (1971).° Likewise 14
ii) ensures that eigenvalues for different values of s; are all distinct (for

some w; € W and b; # b; € B).

8. Finally, both eigenvalues and eigenfunctions are unique up to invertible
transformations of s;, so we need 15 to pin values of s; to observables w;.

I prove that this normalisation is sufficient by contradiction: Suppose

8This theorem only ensures uniqueness of the eigenfunctions up to a scalar multiple. The require-
ment that the eigenfunctions are also proper densities that integrate to one pin down the precise value
of the scalars.
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there exists an invertible function g : R*l — RI! such that

f(bria|wi +st) = f(bry1|we + g(st))

For any by 1, s¢, w; it must be that for any x we also have:

f(brpawi +s1) =f(bra|(wWe — x) + (st +x))

=f(brr1|(wr —x) + g(st +x))

This is the crux of the perfect substitutes assumption. Because g is invert-
ible, the only function that satisfies perfect substitutes is g(s) = s+,
so that stocks are identified up to location. Then, imposing that stocks
have long run mean of zero ensures we can write 0 = E[s| = E[g(s)] =
E[s + u| = E[s] + p which holds only for u = 0.

fuilb, (Welbt) fi s, (bt[st)

9. Therefore, the density fy,, |w, s, and the relative density Foloy (WeTBe) fo e (Brls0)
wiibt tISt

are identified. Because w and b are observed, f,,,p, and f,,, |, are already

. .o . . s (b .. .
identified, ensuring that the ratio % is identified. We then sepa-
t1St

rately identify f,; by requiring that densities integrate to 1, integrating

over b;.
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Appendix ]

Proof of Proposition 6.

In this Appendix I prove Proposition 6. This essentially just extends Arcidiacono
and Miller, 2011 to the continuous choice case. Meanwhile, the form for the expected
payoff follows directly from Propositon 3 in Chapter 3.

The proposition to be proven, as stated in the main text, is as follows:

Proposition 6. The ex-ante Value Function can be expressed as:

[qt( ) (bltldlt‘sllso)’so]
E[q:(sf) so]

E[W (v, si, s0)]si, so] =

Where g;(s{) gives the posterior probability that s5, = s and

$ Lilba,diso)® T (by, d T 28, T (b, d $Ty,
n(brd|51150 ZAlvbrl(bzlrdzl/SO) X#:l 1(bir, zlrSO)Zl zm m (Dim, zm/SO)JrS S

In the presence of reservation prices and endogenous entry, however, this final

line should be written as:

(b d|Sl ,So) = sg ‘F sg + Z]I bl > R[] </\V11(}IJ %) Zm;él Fl(bl,dl) ‘I"izﬁll"m(bm,dm))

+1[b; = Ry] <F1(Rl,1)(E[v,|b, =R, b_j]— AR, + CI’zé1 + szT‘I’[zfZ +288 + Y Fm(bm,dm)zgm)]>

Which can be derived by applying the result presented in the extension of Propo-
sition 3 to allow for reservation prices in Appendix E.2, employing the identity de-
rived in Appendix C.3.

To simplify notation, I drop the i subscripts and dependence on the observe state

s¥. This can be trivially introduced by multiplying objects by I[s) = s°]. I also drop
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dependence on the observed discrete action d, also trivially introduced by multiply-
ing objects by I[d; = d] and summing over possible actions, just as in the discrete

choice case. I now prove the following;:

_ Eb,[9:(s)7t(by]s)]
E[q:(s)]

Ey, [W(vy,s)|s] J.1)

Where g:(s) = f5,(s|Or) gives the posterior density, that the unobserved state is s at
time £.

The proof makes use of the Dirac Delta function, defined for continuous random
variable B with frequency density fg such that Eg[6(B — b)] = fg(b) and with the
property that [; 6(B — b)dB = 1. I also make use of the fact that §((B,S) — (b,s)) =
5(B—Db)dé(S —s).

Proof: 1. First, I prove that fp, (bls) = = 7o)
7 l9i\8

— Jbesety ) (bs) ayes’ rule
fbt(b|s) - fst(s) B y l
_ Ep5[0((by,st) — (b,s))] _ Ep,s[6(br —b)d(st —s)]
Es,[6(st —s)] Es,[6(st —s)]
— EOT [Ebust [5<bt - b)(S(St - S) ’OT“
Eo,[Es[6(st —s)|O7]]
_ Eo;[6(b: —b)Es,[6(st — 5)|Or]] a5 by is part o
= Eo,[E«[0(s —5)[O7]] bris part of Or
_ Eoyl9(b: — bJas) .
= Eo. [4:(5)] Definition of ¢ (J.2)

Definition of ¢

Law of Iterated Expectations

2. Next recognise that we can write E,,[W (v, s)|s] = Ey,[7t(b(vs;s),s)]s]
as b is set to maximise the period payoff, given v; and s. Here, 7t is just

some known function.

3. Applying a change of variables (the law of the unconscious statistician)
ensures this equals Ep, [77(by, s)|s]. This requires that the mapping b; =
b(vs;s) is monotonic (has a positive definite jacobian). This result is

proven in Appendix C.4.

4. Applying the result from step 1.:

Eo,[6(b; — b)q:(s)]

Eo,ii(s)] 0

Ep, [72(by,s)s] = /b 72(b, s) fo, (b|s)db = /b (b, s)
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5. Recognise that the denominator is not a function of the random variable
b, so we can pull it out of the integral. Then, move (b, s) into the ex-

pectation for:

J, (b,s)Eo, [6(b; — b)g:(s)]db _ Jy, Eo;[7t(b,s)d(b; — b)g:(s)]db
Eo,[g:(s)] Eo,[q:(s)]

6. From the definition of the delta function we recognise that the expecta-
tion equals zero for b # by, so that I can replace 7t(b,s) with (b, s).
Then, swap the order of integration, moving the integral into the expec-

tation for:

_ Ju Eo,[(by,8)d(bs —b)gi(s)ldb _ Eo,[[,, (b, 5)d(br —b)gi(s)db]
Eo[4:(s)] Eo[4:(s)]

7. Within the expectation, b; and s are constant, so pull 77(by, s)g:(s) out of

the integral, before applying the definition of the delta function:

_ EoyLJy 8(bi — b)db 71(by,$)q:(s)] _ Eoy[r(bs,s)qi(s)
Eo, [9:(5)] Fo, [91(5)]
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Appendix K

Estimation Details

In this Appendix I give additional details of the estimation procedure outlined in
Section 4.3. I outline my specification of priors, as well as computational details
of how each step of the estimation procedure is performed. Appendix K.1 outlines
details of the first estimation step, Appendix K.2 the second step, Appendix K.3 the
third step, and finally Appendix K.4 details the model specification used for the Type
2 food banks.

K.1 Stepl.

In the first estimation step I estimate food banks beliefs about the probability they
win a given lot given their bid. While I assume there is zero probability of ties above
the reservation price, I allow for the possibility of ties at the reservation price. I begin
by discussing how I conceptualise food banks’ beliefs in Appendix K.1.1. I discuss
ties in Appendix K.1.2. I then detail my parametrisation in Appendix K.1.3, before

discussing how estimation is performed K.1.4.

K.1.1 Maximum Rival Bid

I do not explicitly parameterise bid distributions and use this to form food banks’
beliefs about equilibrium win probabilities, as in Jofre-Bonet and Pesendorfer, 2003
or Gentry, Komarova, and Schiraldi, 2023. Instead I take an approach closer to that in
Backus and Lewis, 2016 and estimate the distribution of equilibrium winning bids.
If the winning bid on auction  at time t was by;, then food bank i knows they would

have won the lot had they bid b;; > by;. If no food bank placed a bid on lot ! then
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food bank i knows they would have won if they had bid the reservation price. If a
food bank won lot I at the reservation price, i knows they would have drawn had
they bid the reservation price.

A food bank’s ex-ante belief about the probability of winning given a bid is given
by P(b;; < biy|st), which requires the conditional cdf of the random variable by;.

However, this object is subject to censoring at the reservation price.

K.1.2 Ties

Ties are observed very rarely in the data, in around 0.02% of auctions, and all at the
reservation price. Due to the continuity of bids, ties happen above the reservation

price with probability zero.!

However, because winning bids are observed more
frequently at the reservation price, in around 20% of auctions, food banks must con-
sider the much larger chance of a tie if they bid the reservation price and no higher.
Furthermore, food banks appear to recognise this, and often bid just above the reser-
vation price. This means we get high density of winning bids just above the reserva-
tion price which food banks presumably also recognise, and so must be taken into
account in the model.

The bidder wins lot [ given bid by, if bj; > by;. If by, = by, they win with probabil-
ity 0.5.% Like i’s bids, by; is censored both at R; (when the maximum rival bid equals

the reservation price) and below it (when no rivals place bids). Therefore I introduce

the latent random variable E;“t, with cdf G;(b*|sot), such that:

by, if b}, > Ry
_ R, + ey if b}, €[R,R)
by =
R; if b;} S [RIIBZ)
%) if El*t < JAY]

\

Where (R), R;) are a category specific cutoff to be estimated. This is not dissimilar

to cutoffs estimated in an ordered logit model, enabling me to capture the varying

1In practice bids must be integer amounts, but because bids tend to range between —2000 and 4000
I treat this as continuous.

%In other words I assume they tie with at most one other bidder, and the tie is broken with the flip
of a coin. In practice, bidders believe that ties only occur with more than one bidder at the rate that
ties are observed in the data, in 0.02% of auctions, which I deem as negligible.
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likelihood of winning bids at the reservation price across categories. This latent vari-
able structure states that if the ‘true’, latent, winning bid Eft is extremely low (< R)),
then a competing food bank would win if it bid the reservation price. If it is some-
what higher b}, € [R;, R;) then the observed winning bid is just the reservation price
- a competing food bank would draw if it bid the reservation price. The competing
food bank may not value the lot enough to bid much above the reservation price,
but may be willing to bid just one or two additional shares to ensure it doesn’t risk
a tie. Finally, if by, is just below the reservation price b}, € [R;, R;) then the observed
winning bid is actually just above the reservation price, where €;; ~ exponential (x)
and « is a parameter to be estimated. This means that a competing food bank must
take into account the excess mass just above the reservation price - if it bids just one
share above the reservation price it may lose out to equally strategic food banks.

This modelling approach is unusual, but enables the model to rationalise both
the excess mass of winning bids at the reservation price, and also just above it. I
assume that food banks do not internalise the probability of tieing at just one share
above the reservation price (and likewise two, three, etc shares). Importantly, R,
is identified by the excess mass of winning bids at the reservation price (and how
this varies across categories). R, is identified from the excess mass just above the
reservation price, and a is identified from how the excess mass diminishes as we
move further from the reservation price.

Given the distribution of E;‘t, and implied distribution of by, Food bank i’s beliefs

are given by:

Gi(bire|sor) — f(birt) if by > Ry
P(i wins I|bis; sor) = Ti(bilsor) = § 1G)(R¢|sor) + 3 Gy(RE|sor) if by = Ry

0 otherwise

(K.1)
Where f(b;;) = [Gi(R)|sor) — Gj(R¢|so;)]e Vit capture the probability that i loses out

to a food bank bidding just above the reservation price.
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K.1.3 Parameterisation

I normalise all bids by the reservation price, so that the estimated distributions can
be considered the distribution of the difference between the winning bid and the
reservation price. Therefore from here on, we can replace l_?l*t with l_vl*t — R;. Reserva-
tion prices are known to be —2000 for all lots except for fresh produce and Maroon
lots which have R; = 0.

As in Assumption 9 I assume that the distribution of b}, is a function of #({s;} ),
aggregate statistics of states only, so that it does not depend on the states of each
individual food bank. In particular, I assume that it only depends on the previous 30
day supply of food from each storage type, as well as the supply of food allocated
at time t from each storage type. This is intended to capture how prices vary with
supply. This also ensures that food banks do not need to take into account exactly
which food bank wins which combination of lots each period. Instead, i only needs
to consider which lots they themselves win.

I assume that the latent random variable Elt, on lot | given common state sq;,

follows a generalised extreme value distribution, with:

b —v(sot) (14 ¢(sor)x) o if &(spr) #0

P(B;, < blsur) = exp(—("5 2 %)) Where : t(x) =

exp(—x) if ¢(sor) =0

The shape parameters ¢ are category specific for categories with at least 500
loads, and the remainder are constrained to be equal to one another. Shape pa-
rameters are constrained to be > —1 to ensure bids are monotonic in values. This
constraint does not bind.

The scale parameters  are also category specific. In addition, within a category if
the subcategory is listed as “unspecified"”, “mixed" or “miscellaneous" these receive
an additional fixed effect on their scale parameter. This is to allow me to capture
additional variation due to uncertainty over the goods included in the lot. I constrain
scale parameters to be strictly positive. Finally, I also allow the scale parameter for
lot I to vary depending on whether the lot has also been auctioned in a previous
period. If this is the case bidders gain information about rival bidders values for this

lot, making it intuitive that the variance of rival bids is expected to decrease.
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Each lot can contain up to four distinct categories, subcategories and storage
types. Therefore, for both the shape and scale parameters, if the lot contains a mix-
ture of categories, I use an average over the different categories / subcategories.

The location shifter v varies with both lot specific covariates and the common
state variable. I include subcategory fixed effects, as well as dummies for whether
the lot includes free delivery, geographic restrictions, any unobserved notes about
the lot contents, whether the lot is a “Maroon load" (category specific for categories
with at least 50 maroon loads), which US region the lot originates in,? is shelf-stable,
the number of distinct categories included in the lot, whether the lot has been auc-
tioned previously, and the number of homogenous loads being auctioned simulta-
neously. It also varies with the log of the sum of the previous 30 day’s supply of
that type of food, up to t — 1, by storage type, and the log of the sum of food of that
storage type being auctioned simultaneously that day. As with the shape and scale
parameters, if the lot includes multiple categories, subcategories, or storage types, I
use the average location shifter.

The threshold cutoffs R; and R, are allowed to vary across categories, but only
for categories in which there are at least 100 lots won at the reservation price. This
includes Beverages, Cereal, Condiments, Fresh Produce, Meals, and Snacks. The
remaining categories are grouped together. The exponential parameter « is con-

strained to be positive.

K.1.4 Computation

In the first stage I estimate 268 parameters, from 26, 000 auctions, dropping the first
60 days to enable construction of the sum of the previous 30 days’ supplies.
Iinitially estimate parameters using maximum likelihood, using the implied dis-
tribution of by;. I set initial shape parameters to 0, and initial scale parameters to the
observed standard deviation of winning bids. I set all the location shifters to zero.
Having maximised the likelihood function, I then draw samples from the pos-
terior distribution using the Metropolis Hastings algorithm. I use the inverse hes-

sian from the maximum likelihood procedure for my proposal variance, and also

3Using the 8 US economic regions + Canada
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adaptively tune this variance using the procedure of Atchadé and Rosenthal, 2005

to ensure that on average 23.4% of proposed draws are accepted.

K.2 Step 2.

In the second estimation step I estimate the distribution of lot specific values, the
distribution of net local donations, and the pseudo-static pay-off function. In Ap-
pendix K.2.1 I restate my parametrisation as in the main text. In Appendix K.2.2 I
set out my assumptions on prior distributions. In Appendix K.2.3 I discuss the data
augmentation algorithm, and in Appendix K.2.4 I discuss the gibbs sampling algo-
rithm for drawing parameters from their conditional posteriors. In Appendix K.2.51
discuss additional computational details. Note that this appendix makes heavy use

of the results on the inverse bid system given in Appendix G.

K.2.1 Parametrisation

As stated in Section 4.3.4, the main parametric assumptions are as follows:

T .
k(s;) = os!' + s{ ¥t ity ~ N(a;distance;;;, 07) xit ~ N(p;, L)

The 164 subcategory parameters of ® are constant across food banks, and con-
strained to be positive. This is to allow us to interpret these subcategory weights as
the benefit food banks receive from holding the various subcategories to give out to
the clients. This constraint doe not bind. ¥; is a symmetric matrix that is allowed to
vary across food banks, with 15 unique elements for each food bank (5 storage types
and 10 interaction terms). I do not impose other constraints on this matrix, given
that with probability 1 each draw of the matrix will have full rank.

«; gives food bank i’s cost, in shares, of transporting a lot an additional kilo-
metre. These parameters are constrained to be negative (costs), and this does not
bind. I do not allow this cost to vary with either the size of the lot, or the type

of food. I allow the lot specific variance to vary depending on the combination of
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goods auctioned together in the lot. In particular, I find the 60 most common cat-
egory combinations (e.g. % dairy % cereal), and associate each combination with a
unique variance parameter. I also include an ‘other’ variance parameter, which cov-
ers the remaining 5.5% of combinations. I parametrise the lot specific variances in
this manner as it makes the problem of sampling from their posterior significantly
easier. These parameters are constrained to be positive, and are not allowed to vary
across food banks. The A; parameters, which capture the opportunity cost to food
bank i of spending a share essentially capture variation in the variance of bids across
food banks. These parameters are also constrained to be positive, and the parameter
for the median consuming Type 1 food bank is constrained to 1.

Finally, for the distribution of net local donations I impose that X; is a diagonal
matrix. Informed by the analysis from Appendix F I impose that diagonal entries
are strictly above 0.01Var[w’z] and below 100Var[wlz,]. For all parameters, if not

otherwise constrained I impose an upper limit of > and a lower limit of —e™.

K.2.2 Priors and Hierarchical Distributions

Write ¢, as the vector of unique elements of the matrix ;. I assume these come from

the hierarchical distribution, such that

i ~ N(yp, Z¥)

The hierarchical framework reduces the posterior variance of estimated param-
eters at a cost of bias, as estimated parameters are drawn together. Observations
with a lot of identifying variation place little weight on the hierarchical parameters,
whereas observations with little identifying variation place more weight on hier-
archical parameters. Any bias caused by this framework causes parameters to be
drawn together, so that my estimates will be biased in favour of the Old System
rather than the Choice System. I assume weak inverse-Wishart priors for the hier-
archical parameters (¢, £¥). The prior mean for ¢ is -1 for diagonals and zero for
off-diagonals of ¥. The prior mean for £¥ is set to be arbitrarily small. The two

shape parameters are each set to 2.
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I assume independent normal priors for @ and «; with means % and 1 respec-
tively, and prior variance 10000 to reflect my prior ignorance over these parameters.
I assume weak inverse-gamma priors for the lot specific variance, with prior-mean
set to the observed variance of bids, and shape parameter set to 2. For the lambda
parameters I assume that A? takes a prior gamma distribution with shape and rate
parameters Tg = 100. This ensures /\1.2 has prior mean of 1, and confidence about this
prior mean equal to approximately 1/100th the weight placed on the data.

I assume normal-inverse-gamma priors for y; and %;, with prior means p? =
%ZL wlz; and ¥V = % ZtT:l(withit — %ZL wlz;)? respectively. Given that
in my estimation sample I have T = 1075, I set prior ‘shape’ parameters for these
distributions to 107, essentially meaning that I place ten times as much weight on

the data as I do on my priors.

K.2.3 Data Augmentation step

Given parameters and unobserved states I form the inverse bid system as in Ap-
pendix G. For observation ilt such that b;;; > Rj; the inverse bid system gives me a
conditional observation of v;;;. For observations of bids at or below the reservation
price I am only able to bound v;;. I augment my data by drawing these conditional
observations from their conditional posterior, the truncated normal distribution, us-
ing the sampling procedure of Botev, 2017. I then revert these inverse bids into
‘observations’ y;;;, essentially observations of bids from below the reservation price.

To sample the unobserved states from their posteriors I run a standard Kalman
filter using the current draw of parameters and the current draw of censored obser-
vation. I begin the filter on day 61, as I do not have estimates of beliefs from before
this point. I set the initial state to 0, essentially normalising the first set of stocks,
with initial variance of zero.

I then run the Carter-Kohn algorithm (Carter and Kohn, 1994) to backwards sam-
ple the unobserved states from their conditional posterior. I only run it backwards
until day 101, essentially discarding an extra 40 days of the filter. I do this to reduce
the reliance on the initial state assumption. This is because even though the initial
state is not identified, if there is significant bayesian shrinkage due to the hierarchical

model, the initial state actually may be identified.
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Finally, I also take into account the observed change in the supply of fresh pro-
duce that occurs on day 553 in my sample. Thereafter fresh produce stops being al-
located through the Choice System and is instead allocated to food banks outside the
system. Each food bank has two separate mean local donations for fresh food, one
for before this period and one after this period. I fix the parameter for after period
553 to 0, so that on average food banks give out as much fresh food as they receive
in net local donations. Anything else would lead stocks either to trend upwards
or downwards indefinitely. Therefore I only estimate the expected net donation for

fresh food using sampled states from before the break.

K.2.4 Gibbs Sample step

Given a sample of states {s;; },. (1.1} I back out a sample of net donations by writing
the transition equation as a function of x;;. Write x;;,,, for the mth element of x;;. The

conditional posterior distribution is normal-inverse-gamma, and given as:

(Hims Zimm)| {xitm}tg{lmT} ~ N —-1IG(A,B,C,D)

:Toyinéi;Xim B_TO4T C:TO;T
TOx0 1 o TTO (% —10,)?
D:szm‘*‘EZ(xim—xim) +T+T0 5 )

t=1

1 T
Xim = T Z Xitm
t=1

I then move on to the parameters of k and F". I focus on Y¥; first, rewriting the

observation equation (using both sampled states and censored observations) as:

Y = )\iyilt — q)ZZ — (xidzst,-lt = Z‘tgl ‘I’i(z‘fl +Zs§t +2 Z i (bitmz‘fm)) + Uiy — lxidzst,-lt
m#l

= Xiup; + €y
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Stacking Yj; and Xjy; over tI, the conditional posterior distribution of ¢; is then mul-

tivariate normal, and given as:

;1 (Y, Xi), (9, £%) ~ N(M, V)

M=V z Wy 4+ XTY;) & V=Y xIx)!

The hierarchical parameters (¢, ¥¥), which I sample after sampling ¥;, have

normal-inverse Wishart distribution, with conditional posterior:

(9, 2%)] {‘Pi}ie{l,,,N} ~N—-1IW(A,B,C,D)

_ Ng+¢° B _
A“NIT’ B=N+1 C=N+1
. Olp,*l Y 3 T Ty (AYWA
D=xX% +?Wi¢x% P) N+ﬂ¢ ) (¢ —9)")

_ 1
:N;lpi

I jointly sample the distance parameters a; and subcategory weights ® using
standard bayesian regression, given normal priors, ¥;, sampled states and censored
observations. I sample lot-specific variances just as in bayesian regression, given
regression coefficients and {Ai};c 1 ny-

Finally, rewriting the observation equation as: A;y;;; = Z;;0 + €531, the conditional

posterior pdf of A; is proportional to:

LT+2(T?-1)
f(Ai|Zi/5, U) o ()\z /\ZZyllf )\ Zzylltzzt15

Jexp(— +2TY))
[Liorv2r it

I draw samples from this posterior distribution using metropolis hastings. I divide

the A;s by that of the median food bank, ensuring the relevant normalisation.

K.2.5 Computation

I focus on data from only the highest 25 bids placed each day by each food bank.
Even type 1 food banks rarely place more than between 5 and 10 bids each day -

the 90th percentile food bank only bids on 4 lots each day. However on 50% of days
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with at least one auction there are more than 25 unique lots being auctioned simul-
taneously. In principle by ignoring that food banks also choose not to bid on any
more than the first 25 lots I may bias my results towards food banks being willing
to bid on a higher proportion of auctioned lots than in fact. However, the degree
of this bias is unlikely to be large, since I am already taking into account that food
banks only bid on maybe the first 10 lots, then choose not to bid on the next 15 lots.
Furthermore, to show robustness to this assumption in Appendix M.2.4 I present
results from considering 50 unique auctions each day. This assumption is useful
in ensuring results converge relatively more quickly, since the higher the degree of
censoring, the slower results are expected to converge.

The order of my data augmentation and Gibbs Sampling procedure is as it was
presented in the main text. Every tenth iteration I draw a new sample of beliefs using
five repetitions of Metropolis Hastings. At the very beginning of the procedure I
run the data augmentation step 30 times without running the gibbs sampling step.
This is to reduce the sensitivity to the initial draw of augmented data, in which it is
assumed that states do not vary at all.

I run the full procedure for 300,000 iterations, and burnout the first 200,000 draws.
I run 4 independent chains. For parameters with informative priors, initial points
are drawn from the prior distribution. For parameters with diffuse priors I sample
uniformly between 0 and 2 x the prior mean. I uniformly sample 250 points from
each of the chains, so that I keep 1,000 parameter draws in total. I then use these
parameters in evaluating both the third stage, and the Choice System simulations. I
estimate around 1780 parameters across 1.1 million observations observations, 0.95

of which are censored (i.e. a bid is not placed).

K.3 Step 3.

In the third estimation step I evaluate the continuation value as a function of ob-
served bids and the pseudo-static pay-off, before backing out the combination flow

pay-off.*

4One thing to note: The marginal welfare from consuming a lot with subcategory composition ZZ
is just q)z’;l,
object, not a present discounted sum of expected future flow payoffs from winning z’;l. The reasons

and does not depend on s?t. I'do not need to worry about the fact that ® is a ‘pseudo-static’
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In Appendix K.3.1 I describe how I form the posterior probabilities that s; = s,
given by g;(s). In Appendix K.3.2 I outline how I evaluate the expression for the
maximised expected pay-off. In Appendix K.3.3 I discuss how I pool information
across food banks in this estimation stage. In Appendix K.3.4 I justify and detail the
polynomial approximation used for the ex-ante value function. Finally, in Appendix
K.3.5 I describe how I take the expectation of the ex-ante value function over states,

yielding the continuation value, before backing out the combination flow payoff.

K.3.1 Posterior Probabilities

Because states are continuous I must evaluate the continuation value over a finite
set of states. For each food bank I form a 20° dimensional grid of states, so that
each dimension of stocks is split into 20 evenly spaced points. For the minimum and
maximum points I take the 2.5 and 97.5 percentiles of all their sampled states.

For each of these states I form the posterior probability density that at any given
time this was the true state of their stocks, using my 1,000 draws of states for each
time period. I use an independent normal kernel, with Silverman’s rule of thumb to

calculate bandwidth h:

Git(s) = p(si = s;|data) = H {00 Z hi

K.3.2 Maximised Payoff

I evaluate the maximised pay-off at each time period 7 (b;, d;|s) using the reserva-
tion price adjusted formula discussed in Appendix J. This expression is evaluated
once for each parameter draw, using the sample counterparts to the expectation op-
erators given.

In principle I ought to take into account sampling variation in these finite sam-
ple expectations. However, given the large number of time periods we expect fairly

little variation. One possibility is to use a bootstrap procedure when evaluating

. . . . h
for this are simple - when flow payoffs are affine in s it

bidding behaviour does not depend on s , and so future bidding behaviour does not depend on z!

so is the pseudo-static payoff. Furthermore

t-
Suppose the flow payoff is given by Cbs,t —|—]( ) and allow that s, = 55” 1t wlt 1zt 1t x . In this
case, the marginal welfare from winning a lot w1th subcategory composition z!! 4 (focusing only on the
subcategory component) is just ® Y%, f°5°2/, zl = (1 - ﬁ&)*lz’;l. Therefore ® = &(I — B5)~!
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these averages to ensure that we introduce sampling variation alongside the varia-
tion in parameters from our draws. The difficulty is that this does not account for
the correlations between sampled parameters and the sample expectations, so will

overestimate posterior variances. This procedure is performed in Appendix M.3.3.

K.3.3 Information Pooling

I also pool information across food banks, giving me additional observations when
evaluating the expectation. Similar to the bayesian hierarchical model, this is ex-
pected to bias my estimates in favour of the Old System, pushing food banks’ flow
pay-offs closer together. I use two adjustments to minimise this bias.

When constructing the ex-ante value function for food bank i given parameter
draw 6;, I find the probability density (using the same independent normal kernel as
used above) that food bank j draws these parameters given their posterior distribu-
tion. The parameters I compare are the estimates for ¥;, «;, and A;. I do not need to
compare parameters for the net donation process, since the ex-ante value function
is evaluated conditional on the state. This density yields a weight for food bank ;.
I normalise the weights so they sum to 1. When summing posterior probabilities
across t I also multiply the probabilities by the associated food bank weight.

Finally, I also use a first-order adjustment to account for different food banks’

bids, and hence maximised payoffs, are determined by different parameters. Write:

¥ ¥,
7 (b, di|sit; 0;) = 71j(by, disit; 0;) + Vo a7i(by, dilsir; 0;) | a; — «j

/\Z'—CK]'

Where the derivative Vy 4 1 77 (bt, d¢|s;; 0;) comes from differentiating maximised
expected pay-off with respect to the parameters, employing the envelope theorem.
This should reduce the bias caused by different food banks bidding subject to differ-
ent parameters.

In Appendix M.3.2 I consider my results differ when I do not pool information

across food banks.
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K.3.4 Approximation

Having evaluated the ex-ante value function across the grid of states I fit a poly-
nomial function of the states to the ex-ante value function. I include all interac-
tion terms. The fit is performed using a standard weighted least squares procedure,
weighting by the sum of posterior probabilities. This is to ensure that state observa-
tions that are more likely receive greater weight.

The main version uses a simple quadratic function. This is done primarily be-
cause my counterfactuals occasionally require extrapolation (given many of my coun-
terfactual mechanisms do not allow food banks to maintain their balanced level of
stocks). A quadratic polynomial has the appealing property that changes in the ex-
trapolated values are constrained to be linear. The difficulty with higher-ordered
polynomial (e.g. cubics, quintics etc) is that extrapolated values can be much further
from interpolated values.

To validate the quadratic approximation I consider several measures of fit: The
R? from the regression, as well as the results from considering higher order polyno-

mials (up to order 6). These results are presented in Appendix M.3.1.

K.3.5 Continuation Value

Given the approximated ex-ante value function I evaluate the continuation value
by taking an expectation of the polynomial function, given the distribution of s;;;1
given s},. This is done using standard recursive formulae for the higher order mo-
ments of normally distributed random variables. With the continuation value in
hand I evaluate the combinatorial flow-payoff using the definition of the estimated
pseudo-static payoff function. All the above analysis is performed separately for
time periods from both before and after period 553, when there is a structural break
in the supply of fresh produce. I then average (weighting appropriately) the esti-
mated flow payoffs from either side of the break. In future I will test whether con-
tinuation values and hence estimated combinatorial flow-payoffs are constant over

the break.
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K.4 Type 2 Food Banks

I now discuss the model of Type 2 food banks, the food banks who do not bid, nor
win, regularly. This means I do not have significant identifying variation to allow
estimation of their model parameters without a large degree of noise. Furthermore,
many of these food banks never win certain types of food at all, meaning their pa-
rameters are not separately identified.

The Type 2 food banks consist of those food banks who win fewer than 200 lots
over the sample period, and excludes the food banks who’s locations are unknown
or consume fewer than 30 lots over the period (which make up 2.5% of total con-

sumption).

K.4.1 Differences to Type 1s

The key difference is that Type 2 food banks are assumed to be myopic bidders.
That is, they are not forward looking. Aside from this assumption, I estimate the
model using the same specification and estimation procedure as I used to estimate
the pseudo-static payoff function for Type 1 food banks. I continue to recognise that
I not observe food banks” stocks, and that variation in stocks is likely to be a key
source of variation in bidding behaviour.

Due to the lack of variation in winnings and bids (an even more extreme degree
of censoring), I assume that the combinatorial pay-off function for Type 2 food banks
comes from the same hierarchical distribution as the pseudo-static payoff from Type
1 food banks. This means Type 2 food banks have the same ® parameters, and their
¥; parameters are drawn from the same hierarchical distribution.” I also assume
their lot specific values vj; have the same variance as Type 1 food banks. I also
assume they have the same beliefs as Type 1 food banks.

Therefore at each iteration of the estimation procedure I do the following: First,
given the previous draw of parameters and unobserved states, draw censored obser-
vations from their conditional posterior. Second, given the previous draw of param-

eters and censored observations, use the Carter-Kohn algorithm to draw unobserved

5] previously considered imposing that they all have the same ¥;, however due to the large amount
of data, and the large degree of censoring convergence is impractically slow.
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states from their conditional posterior distribution. Third, draw ®, 7, and hierarchi-
cal parameters (g, £¥) from the unconditional posterior distribution of Type 1 food
banks. Fourth, use the Gibbs Sampling algorithm described above to draw ¥;, then
«; and A; parameters from their conditional posterior distribution. Finally, every 10th
iteration, draw beliefs from their posterior distribution using Metropolis Hastings.

I use the same specification of priors as type 1 food banks and the same distri-
butional/functional form assumptions. Again, I focus on just the first 25 unique
auctions each period. I run 200,000 iterations, burning out the first 100,000 draws,
and perform 4 independent chains. I keep 250 parameter draws from each chain,
sampled uniformly, maintaining the correlations with the sampled parameters from
Type 1 food banks. I estimate around 2400 parameters across 1.6 million observa-

tions, 1.45 million of which are censored.

K.4.2 Discussion

In reality even the Type 2 food banks are likely forward looking. And in principle,
rather than interpret what I estimate as a static payoff, I could interpret it as another
pseudo-static payoff function. Therefore I could apply the third stage estimation
procedure. While this procedure is likely to produce fairly imprecise results, due to
the lack of variation in bidding behaviour and imprecise estimates, I will consider
this approach in a future robustness exercise.

However, the cost of misinterpreting their pseudo-static payoff function as a pay-
off function is potentially large. This is despite that Type 2 food banks only consume
a relatively small amount of food under the Choice System, and even less under the
Old System. This is because pseudo-static payoffs take into account expected future
flow payoffs. Therefore when summing over time periods we essentially double
count flow payoffs, skewing results towards these (typically lower priority) food
banks. To alleviate this issue (and only in my final welfare calculations) I make the
simplification that the exante value function for Type 2 food banks can be written as
K+ s?T‘I’islg . Comparing this to the ex-ante value function for Type 1 food banks,
the quadratic term is just the pseudo-static payoff from winning no lots each period.
This simplification therefore asserts that the ex-ante marginal value function, given

here by K, is independent of s{. Given that type 2 food banks bid so infrequently
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this simplification is plausible. We can then write the flow payoff function as:

, T T
j(s3) =s3 ¥is§ — B(K+E[s]

it it+1Tng |si])

it+1

T
= (1 p)s¥ist, — 2pulFiss — lul Fipy; + Trace(¥,5))]

The constant term drops out because we normalise j(0) = 0. This process ensures
that we do not double count flow payoffs. It is true that this simplification will
impact my welfare calculations, but the effects are expected to be minor given that
Type 2 food banks only consume a relatively small amount of food under the Choice
System.

Even though I use this approach for welfare calculations, I continue to assume to
assume myopia for counterfactual simulations. That is, their accept/reject decisions
are based the estimated pseudo-static payoff under the Choice System, rather than
the estimated flow payoffs and a counterfactual equilibrium continuation value.
Therefore, my simulated counterfactual equilibrium will be invalid. Using the pseudo-
static payoff essentially assume that the mechanism reverts to the Choice System in
the following period. These food banks rarely bid, and rarely win, and are more
likely than others to be picky. Therefore they are likely to reject more often than they
should, as their value function incorrectly assumes they can be picky next period. In
practice, for Type 1 food banks, I find that the discounted continuation value is not
a large component of accept/reject decisions under the Old System. This is because
the continuation value is extremely flat - much more so than the continuation value

under the Choice System. Therefore this inaccuracy is likely to be minor.
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Appendix L

Additional Estimation Results

In this Appendix I report additional estimation results, adding to those in section 4.4.
This includes tables and plots of parameter estimates, Gelman-Rubin Convergence

tests, and model fit.

L.1 First Stage

Shape Parameters

Differ if more than 500 loads. Category specific shape parameters are given in col-
umn 1 of Figure L.1. Only the 8 most common categories (with more than 500 loads
auctioned over the period, excluding fresh produce) have category specific param-
eters, the remainder are constrained to be equal. The estimated shape parameters
for mixed loads is 0.0538 (0.0383,0.0685). These parameters all lie within the interval
(-0.05,0.1) with the exception of Condiments, Cereal, and Meals which have values
exceeding 0.1, suggesting that winning bids on these types of food have larger right
tails, likely due to subcategories, such as peanut butter, that attract extremely high
bids. Only Dairy has a shape parameter that is estimated to be significantly below
zero, meaning that winning bids on Dairy are bounded above. This is perhaps due

to the storage requirements for Dairy products.

L.1.1 Scale Parameters

The standard deviation of the winning bid on lot / is given by % Column 2 of Figure
L.1 give the estimated scale parameters. These typically lie between 2000 and 5000,

with the exception of fresh Produce, for which winning bids are typically clustered
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around the reservation price and have small standard deviation, and Pasta, which
receives a small number of very high bids.

Column 2 of Figure L.1 gives the additional scale fixed effect from a load be-
ing from the "other", "mixed" or "assorted" subcategories. If this value is negative
it suggests these subcategories have a smaller standard deviation than other sub-
categories within the category. Most often, these parameters are not estimated to
be significantly different from zero. I also estimate an additional parameters for
when the load has already been auction previously, since food banks have addi-
tional information about previous bids on the load. This parameter is estimated at

3370 (3030,3710).

FIGURE L.1: Category Specific First Stage Parameters

Category Shape Scale Scale (other) Maroon Loads Threshold 1 Threshold 2

Baby 0.0886 3100 -1,200 -846 -10,500 -3,020 -175
(0.0659,0.113) (2790,3410) (-1,970,-173) (-1,520,-239) (-17,700,-5,890)  (-3,230,-2,800) (-216,-136)

Bev 0.0174 2170 -370 -756 -5,200 -3,470 -320
(-0.00205,0.0388) (2080,2280) (-812,130) (-2,470,835) (-5,880,-4,590) (-4,090,-2,850) (-439,-203)

Baked 0.0886 2160 240 -846 -10,400 -3,020 -175
(0.0659,0.113) (1850,2460) (-728,1370) (-1,520,-239) (-16,100,-6,040)  (-3,230,-2,800) (-216,-136)

Cereal 0.133 4560 -520 -2,600 -2,750 -3,020 -175
(0.0935,0.175) (4320,4810) (-886,-179) (-4,710,-486) (-4,700,-1,290) (-3,230,-2,800) (-216,-136)

Condiment 0.342 3660 -226 623 -9,140 -3,020 -175
(0.277,0.417) (3380,3910) (-916,569) (-1,070,2370)  (-11,800,-6,750)  (-3,230,-2,800) (-216,-136)

Dairy -0.0421 2340 -224 -846 -5,600 -2,680 -186
(-0.0726,-0.00883)  (2220,2480) (-945,817) (-1,520,-239) (-6,470,-4,660) (-3,410,-1,940) (-317,-64.5)

Fresh 0.0886 576 -3.88 -124 -2,940 -564 -474
(0.0659,0.113) (516,635) (73.8,634)  (-1440,1230)  (-3,290,-2,600) (-1,020,-122) (-600,-356)

Frozen 0.0204 2560 1110 -1,390 -5,930 -3,020 -175
(-0.0268,0.0762)  (2390,2780)  (-791,3930) (-3,030,225) (-9,350,-3500)  (-3230,-2,800)  (-216,-136)

H/B 0.0886 3570 -1,460 -846 -5,720 -3,020 -175
(0.0659,0.113) (3290,3900)  (-1,890,-977)  (-1,520,239)  (-9,310,-2,590)  (-3,230,-2,800)  (-216,-136)

Meals 0.149 4020 -587 -846 -4,670 -3,020 -175
(0.113,0.194) (3830,4220)  (-1,090,-49.4) (-1,520,-239) (-5,970,-3,480) (-3,230,-2,800) (-216,-136)

Meat 0.0886 4360 1550 1240 -10,400 -3,020 -175
(0.0659,0.113) (3930,4840) (577,2660) (-1,260,3660)  (-15,300,-6,530)  (-3,230,-2,800) (-216,-136)

Cleaning 0.173 2730 137 2110 -4,730 -3,020 -175
(0.116,0.235) (2520,2970) (-393,692) (426,3690) (-6,190,-3,500) (-3,230,-2,800) (-216,-136)

Pasta 0.0886 5730 -612 -846 -6,790 -3,020 -175
(0.0659,0.113) (4360,7390) (-2,600,1090) (-1,520,-239) (-11,900,-2,490)  (-3,230,-2,800) (-216,-136)

Snack 0.0374 2220 -353 -767 -6,680 -3,830 -239
(0.0211,0.057) (2160,2310) (-572,-119) (-2,230,653) (-7,980,-5,590) (-4,490,-3,210) (-331,-147)

Vegetables 0.0886 3540 -374 1230 -2,870 -3,020 -175

(0.0659,0.113) (3260,3850)  (-1,070,409) (-761,3090) (-5150,-1,310)  (-3,230,-2,800)  (-216,-136)

Note: 95% Credible Intervals are given in parentheses.

L.1.2 Location Parameters

Figure L.2 plots the subcategory specific fixed effects. Results are strongly correlated
with the results presented in figure 2.7 (R*> = 0.74). Figure L.3 plots the slope coeffi-
cients on the log of aggregate supply across the five "Use" types of food. Aggregate
supply is given by both the previous 30 day aggregate supply and supply being
auctioned that period. Coefficients are standardised, so that a one standard devia-

tion increase in log 30 day supply of "Ingredients" decreases winning bids by 0.007
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standard deviations. Estimated parameters are typically very small, and only signif-
icantly negative for the 30 day supply of Meals, Ingredients, and Snacks. I estimate
a significantly positive and small (0.006 standard deviations) effect for contempo-
raneous supply of condiments, however this is difficult to interpret. It is possible
that the small estimated coefficients are due to the extremely coarse food groupings
I have used.! In practice it is unlikely that food banks keep track of the food supply
from particularly detailed food groups. However, this remains a weakness of this
analysis.

Figure L.1 column 4 displays the coefficients on maroon dummy variables. Pa-
rameters are constrained to be equal for categories with fewer than 50 maroon loads.
Importantly, Maroon loads have a reservation price of zero, rather than -2000. The
model I estimate focuses on difference from the reservation price, rather than raw
winning bids. Therefore, with the exception of Fresh produce (which also has a
reservation price of 0), I estimate that winning bids on maroon loads are systemat-
ically higher than winning bids on non-maroon loads when estimated parameters
are significantly greater than -2000. On average Maroon loads attract winning bids
around 1000 shares higher than non-maroon loads. Figure L.1 column 5 shows the
linear slope coefficient on the number of homogenous loads auctioned simultane-
ously. Estimates are all significantly below zero, so that multiple loads attract lower
bids than single loads. This is sensible — there is less competition for each load.

For the 8 different economic regions (and Canada), only loads from the "MidEast"
region attracts significantly different winning bids, but the effect is small at around
0.001 standard deviations. Previously auctioned loads attract significantly lower
winning bids, with a point estimate of -11,700 (-12,400,-11,000), around a third of a
standard deviation. Loads that contain different categories of food attract lower bids,
but the magnitude is small (less than 0.001 standard deviations), and significantly
different from zero only when the lot contains four distinct types of food. Loads with
free delivery, additional notes, or additionally shelf stable products do not attract
significantly different winning bids. Finally, loads with restrictions on where they

can be sent, or how the food must be picked up attract significantly lower winning

Thowever in a previous version of the model I estimated category specific slopes, and found simi-
larly small effects.
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bids, with a point estimate of -3,490 (-4,360,-2,700).

FIGURE L.2: Estimated Subcategory Fixed Effects
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Note: Plot shows coefficients on location shifting subcategory specific dummy variables. Points give posterior
means, and 95% Credible Intervals are given by the shaded lines. To interpret magnitudes in terms of standard
deviations of winning bids, one must multiply by the associated shape parameter, and divide by the associated
scale.

L.1.3 Threshold Parameters

Figure L.1 column 6 gives the estimated threshold parameters R°. These are all es-
timated to be far from zero, indicative of the high likelihood of observing winning
bids at the reservation price. Column 7 gives the other threshold parameters R°. To
interpret the parameters in terms of the excess mass just above the reservation price,
they must be divided by the standard deviations (around 30,000), so that on average
there is around 0.5% more mass just above the reservation price than expected. The
estimated exponential parameter is 0.395 (0.343,0.462), so that the model predomi-

nantly rationalises bids within 5 shares of the reservation price in this way.
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FIGURE L.3: Estimated Effect of Aggregate Supply on prices
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Note: Plot shows coefficients on aggregate supply, by food use for both daily supply and the previous month’s
supply. Points give posterior means, and shaded lines show 95% Credible Intervals. In non-standardised terms at
the mean of 1600 tons of meals (food that can be consumed as a meal in itself) per month, an increase in the previous
30 day supply of meals by 1000 tons (= 50 loads decreases the expected winning bid by around 500 shares.

L.2 Second Stage

L.2.1 Lot Specific Pay-off Parameters

Figure L.4 panel (A) plots food banks” estimated transportation costs, measured in
consumer surplus. Coefficients cannot be interpreted as willingness to pays as they
are not divided by marginal value of wealth (A;). Coefficients are positive, suggest-
ing transportation is costly, and we see significant differences across food banks. Fig-
ure L.4 panel (B) plots the estimated log marginal value of wealth across food banks,
A;. Estimates above zero are relatively more budget constrained than the median
food bank, and I estimate significant variation in these parameters. This suggests
that shares are not allocated correctly, since to achieve efficiency the social planner

would equate marginal values of wealth.

2Note that identification of these parameters, which comes from variation in the variance of bids
across food banks, strongly rests on the assumption that the lot specific payoff has the same variance
across food banks. Therefore it is not possible to determine whether variation in these parameters is
actually due to unmodelled variation in lot specific variances.
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Figure L.5 panel (A) plots the estimated standard deviations of the lot specific
idiosyncratic payoffs across category combinations. These tend to be between 10,000
and 30,000, which is significantly higher than the observed standard deviation of

bids (around 3,000). They are large due in part due to the much larger variance of

0 (by)
VI (by)

bids plus the markup term b; + , and also to rationalise the large degree of
censoring. If only 2% of bids are observed, then the observed variation is only the

variation in the far right hand tail.

L.2.2 Combinatorial Pay-off Parameters

Figure L.5 panel (B) plots the estimated ® parameters, essentially how k(s;, sg) vary
with stocks of subcategories. Estimated parameters are strongly correlated with with

the estimated first stage subcategory parameters plotted in figure L.2 (R? = 0.82)

FIGURE L.4: Estimated distance and marginal value of wealth param-
eters
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FIGURE L.5: Estimated lot specific standard deviations and subcate-
gory parameters (P)
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L.3 Third Stage

L4 Type2s

L.4.1 Unobserved State

Figure L.6 panel (A) presents estimated mean net donations for Type 2 food banks.
Estimates are generally greater (less negative) than for Type 1 food banks. This is
to be expected given these food banks typically win less food, suggesting they need
less food in the first place. Likewise Figure L.6 panel (B) presents estimated stan-
dard deviations of net donations for Type 2 food banks. Estimates are generally
smaller than for Type 1 food banks. This is partly surprising, since one might ex-
pect that each period larger food banks give out a more predictable amount to their
clients, and receive a more predictable amount from local donors. This is essentially
a law of large numbers given Type 1 food banks are expected to give out and receive
more food than Type 2 food banks. However, Type 2 food banks are not necessarily
smaller than Type 1s, and many have larger Goal Factors. The fact they rely on the

Choice System less is likely due to having many local donors, which may lead to
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them receiving a more constant supply of local donations over time. It is also possi-
ble that these results are driven mechanically by my priors (as food banks who win
more food may mechanically have a larger variance of their winnings), making it

important that my priors about the variance are informative.

FIGURE L.6: Estimated unobserved state parameters (Type 2)
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Note: The figure plots posterior means for the mean and standard deviations of net local donations,
as well as 95% credible intervals. Results are sorted according to the estimates for the Dried storage
type. The plot excludes the ‘non-food” type, to improve graphability.

L.4.2 Lot Specific Payoff

Figure L.7 panel (A) plots the distance costs for Type 2 food banks. Some of the
estimated coefficients are in the ranges of the type 1 food banks, these are likely the
large Type 2 food banks with access to many local donors. Mostly, Type 2 food banks
have much higher distance costs. Figure L.7 panel (B) plots the log of the estimated
marginal value of wealth, which is still measured relative to the median Type 1 food
bank. Type 2 food banks are estimated to generally have much lower estimates,
suggesting that shares are not as valuable to Type 2 food banks as they are to Type 1
food banks. This is unsurprising given that Type 2 food banks are known to already
need less food, either due to access to local donors, or as they have a smaller amount

of poverty in their local area.
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FIGURE L.7: Estimated distance and marginal value of wealth param-

eters (Type 2)
x 1r
£
8
3
100 L or
8 5 e’
5 * g oot
G g M
g il s
g il 3 M
§ o 5 ..M"..
52 0o’ s o
£ 9 .
55 ot g5
§g Mﬂ" ;
T o
3 oooes 3 4
% ooe?*’ =
8 Tl g
o £
3 o g
ki g ES
E o =
£ o 5
5 g
ki e
86
10 5
£
i
-7

. . . . . . . .
o 10 20 30 40 50 60 70 80 90 o 10 20 30 40 50 60 70 80 920
Rank, Cost?*"*® Rank, log(\)

Note: Plot shows posterior means and 95% credible intervals of estimated distance coefficients (in km, panel (A))
and log marginal value of wealth (panel B). The Marginal value of wealth is normalised to 1 for the Type 1 food

banks with median consumption.

L.4.3 Combinatorial Payoff

Figure L.8 plots the distribution of Type 2 food banks” willingness to pays for a single
lot from each storage type, given stocks of zero. Estimates are most often negative,
suggesting that storing food is costly. Estimates are generally higher (lower storage
costs) for Type 2 food banks than Type 1 food banks. This is most likely because
the state is normalised to zero for the first date in my sample period. The zero,
normalised, state is likely higher for Type 1 food banks as they typically win more
food. Therefore it is sensible that these food banks are more capacity constrained to

begin with.

L.5 Diagnostics

This sub-Appendix reports Gelman-Rubin statistics, allowing us to assess model
convergence. I follow the approach to constructing the test statistics laid out in
Gelman et al., 1995. Figure L.9 reports the results of this analysis. For each set of
parameters I report the proportion of statistics below the recommended cutoffs of
1.2 and 1.1. I report results for both types of food banks, except in cases when the

relevant parameters are the same for both types.
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FIGURE L.8: Estimates of ¥; (Type 2)
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Note: Figure plots posterior mean equilibrium willingness to pay for a 40,000 load for each storage type. Bars
give the 95% credible intervals. Estimates are ordered according to the estimates for Dried loads. The plot excludes
estimates for non-food storage type. WTPs are evaluated when stocks are zero.

Broadly I have evidence of convergence, though not as strong as one might hope
for the second stage parameters.

For the first stage parameters every parameter is found to converge except one
of the “other subcategory’ scale parameters (likely due to a lack of observations). For
the parameters of the second stage evidence of convergence is less strong, though
only when we focus on the more stringent cutoffs. The lack of convergence is clus-
tered within the four least regularly bidding Type 1 food banks, and the ten least reg-
ularly bidding Type 2 food banks. Each individual food bank has a relatively small
effect on my counterfactuals (with the exception of the 5 largest food banks, all of
whom converged). Therefore the effect on my main results of this non-convergence
is likely to be very minor. For the sake of posterity, I now discuss this lack of conver-
gence in more detail.

My sampler likely did not fully converge to the target distribution for certain pa-

rameters. Convergence was already expected to be slow due to the large degree of

20
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censoring, and the 300,000 iterations were likely insufficient to achieve full conver-
gence for every parameter.’

FIGURE L.9: Gelman-Rubin Convergence Statistics

Type 1 food banks Type 2 food banks
Parameters Prop <1.1 Prop <12 Prop<11 Prop <12

r 0.996 1 - -
22 0.947 0.976 1 1
X 0.9 0.935 1 1
0.976 1 - -
A 0.909 0.97 0.784 0.943
o 0.933 1 - -
Distance 0.971 1 0.966 1
P, 0.902 0.975 0.92 0.986
P 1 1 - -
¥ 1 1 - -

L.6 Fit

L.6.1 First Stage

Figure L.10 plots the estimated and empirical probability a food bank wins a lot
given their bid, where bids are measured in distance from the reservation price.
The estimation drops the first 60 days, and the final 150 days, and then randomly
samples 95% of the remaining data. The other 5% is used as a validation dataset.
Probabilities are plotted by taking an expectation over covariates. The discontinuity
in probability occurring at zero is due to the non-negligible probability of ties at the
reservation price.

The model does a good job of matching the probability of winning at the reser-
vation price, and just above it. The fit worsens around zero (typically 2000 shares

above the reservation price) due to excess mass at zero, and hence excess cumulative

3In future more iterations should be used. In particular, just as I presently only sample beliefs
every 10th iteration due to computational cost, in future I will only run the Carter-Kohn algorithm
(drawing stocks from their posterior) every 10th iteration. These Carter-Kohn steps were by far the
most computationally intensive, taking around 90% of all the computation time. This will allow me
to run the sampler for around five times as many iterations in the same space of time. This should
improve convergence by allowing me to overcome the large degree of censoring.
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probability above zero. The model is unable to rationalise food banks’ bids being an-
chored around zero. However this inaccuracy is not large, even if it is statistically

significant - the vertical distance between the two lines never exceeds 0.05.

FIGURE L.10: First Stage Fit, actual vs simulated
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estimated distribution vs empirical distribution. averaged over covariates.

L.6.2 Second Stage

Figure L.11 presents several observed moments, comparing them to simulated mo-
ments. For the simulated moments I present the posterior mean moment, as well as
the 2.5th and 97.5th percentiles. In sample moments are calculated on the training
sample (in-sample), which cuts off the first 60 and final 150 days. The validation
sample (out-of-sample) uses only the final 150 days.

Most of the moments I consider are self-explanatory, except for the number of
lots won, relative to the observed number. For each simulation this takes the num-
ber of lots a food bank wins, dividing this by the number of lots they were observed
winning. I then consider the average of this proportion across food banks. It me-
chanically equals one in the observed data. This moment is typically fit quite well
by the model, with both Type 1 and Type 2 food banks winning similar amounts of
food in y simulations compared to the true data. Type 2 food banks perhaps win too
many lots and Type 1 food banks perhaps slightly too few. This is likely due to the
simulated over bidding of Type 2 food banks. This moment is important because it

shows that the model correctly predicts food banks equilibrium allocations, even if
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it does not correctly predict bidding behaviour. A similar pattern is seen when we
consider equilibrium expenditure (essentially weighting winnings by value) as well
as food won by type of food.

Model fit, in terms of bidding behaviour, is poor for Type 2 food banks. They are
predicted bidding more often than they actually do, and bidding too aggressively
conditional on bidding. This is typically due to parameters failing to converge prop-
erly. In particular, the estimated marginal value of wealth for these food banks are
far too low. Fortunately given that these food banks consume a relatively small pro-
portion of total food, and this is predicted well by the model, these food banks have
a small total impact on welfare, and so these inaccuracies will not majorly impact
my counterfactuals.

The model fits much better for Type 1 food banks, though still estimates them
bidding too aggressively, with average bids around 70% larger than observed. How-
ever, relative to the already large standard deviation of bids, this is not major. These
inaccuracies seem to be caused by simulation error, as for each simulation I must
numerically find optimum entry and bidding decisions, for which I use a simple
hill-climbing heuristic that need not necessarily find a global optimum.

FIGURE L.11: Estimation Moments: Observed vs Simulated

In-Sample Out-of-Sample
Moment FB Type Observed Mean p25 p97.5 Observed Mean p25 p97.5
Average No. bids 1 1.33 1.32 1.25 1.43 0.899 1.08 0.938 1.22
(per period) 2 0.252 0.596 0.554  0.633 0.146 0.525 0476 0.57
P > 1bids 1 0.457 0.488 0.472 0.504 0.344 0.437 0.412 0.455
(per period) 2 0.157 0.363 0.345 0.38 0.0997 0.33 0.307 0.346
Mean bid 1 1640 2560 2260 2770 1010 2710 2350 3050
(given enter) 2 2590 6120 5600 6640 1590 6480 5790 7190
Std of bids 1 3890 4600 4420 4790 3020 4540 4290 4720
(given enter) 2 5290 8040 7380 8780 3260 7880 7080 8810
No. of lots won 1 1 0.829 0.562 1.16 1 0.887 0.429 1.53
relative to observed 2 1 1.54 0.979 2.32 1 2.62 1.04 6.02

Note: Moments are calculated for Type 1 and Type 2 food banks separately. ‘Out of sample’ refers to the final 150
days which are dropped from estimation. The final set of moments considers the number of lots won by each food
bank in each simulation, and how this compares to the number of lots actually won. For each food bank and each
simulation I consider the ratio of lots actually won and to the lots won in the simulation. Values closer to 1 are
closer to the observed data. Values above 1 have food banks winning too many lots on average.
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Appendix M

Robustness

This Appendix investigates how robust my results are to certain key assumptions
and simplifications. Robustness exercises are split across the three stages of my esti-

mation procedure in Appendices M.1, M.2, and M.3 respectively.

M.1 First Stage

In this appendix I consider how robust is estimation to the specific assumptions I
make about equilibrium beliefs. At present, I focus on the assumptions made on be-
liefs in Assumption 9. Specifically, that every food bank faces the same distribution
of maximum rival bids, and that beliefs are not a function of individual food banks’
states, but rather aggregate states. In Appendix M.1.3 I consider the assumption that

winning bids are conditionally independent across auctions.

M.1.1 Food bank Specific Beliefs

Assumption 9 part (v) imposed that I'; = I, so that every food bank is assumed
to face the same distribution of rival bids. This allowed me to estimate I' on the
distribution of winning bids only. I can test this assumption, testing whether the
distribution of food bank i’s rival’s highest bids is significantly different from the
distribution of winning bids. In practice, this involves replacing food bank i’s win-
ning bids with the second highest bid in each of these auctions. This permits a simple

hypothesis test for food bank i: We construct this alternative dataset and consider
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whether the estimated I'; from this dataset is significantly different from the esti-
mated I' constructed from winning bids only. This can be done using a simple Score
Test.

In figure M.1 panel (A) I present the distribution of test statistics across food
banks. Under the null hypothesis these statistics take a x? distribution with 268
degrees of freedom (the number of first stage parameters). None of these tests can

reject the null hypothesis at the 10% significance level.

M.1.2 Dependence on Aggregate Supply

Assumption 9 part (v) also requires that beliefs do not depend on any individual
food banks’ state, and instead only depend on aggregate statistics, such as the aggre-
gate supply of various types of food. The argument is that equilibrium is sufficiently
competitive that no individual food bank’s behaviour is able to significantly shift the
distribution of equilibrium winning bids. If this is the case, then no individual food
bank’s state will be able to significantly shift this distribution either.

To test this assumption I consider whether any food bank has an individually sig-
nificant effect on the distribution of equilibrium winning bids. The results presented
in Appendix M.1.1 act as evidence in favour of this hypothesis, essentially present-
ing the distribution of equilibrium winning bids when each food bank is ‘removed’
from the system in turn. To go further, I can also consider whether the distribution
of equilibrium winning bids changes when data from food bank i and the auctions
they won are removed from the system. If food bank i has a significant effect on
the distribution of winning bids, we would expect that the distribution of winning
bids is different when we drop all the data from food bank i. In figure M.1 panel (B)
I present the distribution of score test statistics across food banks. Under the null
hypothesis these statistics take a x* distribution with 268 degrees of freedom (the
number of first stage parameters). None of these hypothesis tests can reject the null

hypothesis at the 10% significance level.
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FIGURE M.1: Robustness: Stage 1
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Note: The figure plots Score Test statistics from two robustness checks. Panel (A) relaxes the restriction that every
food bank has the same equilibrium beliefs, while panel (B) tests whether any individual food bank’s bidding
behaviour has a significant effect on the distribution of winning bids.

M.1.3 Independence of Winning Bids

In this Appendix I investigate the assumption that winning bids within a period are
conditionally independent across auctions. This assumption is necessary to ensure
the joint probabilities of combinatorial outcomes P(by, d;|s;) can be written as prod-
ucts of the marginal distributions. Given the linear demand, or quadratic pseudo-
static payoff parametrisation I make, I only require that winning bids are pairwise
independent.

I investigate the validity of this assumption by investigating the degree of pair-
wise correlation in winning bids within a period. While a lack of correlation is not
sufficient to infer independence, it at least suggests that one winning bid is not in-
formative of another winning bid. This ensures that food banks’ beliefs about joint
probabilities of pairwise outcomes should be close to the product of the marginal
win probabilities, meaning that errors from this misspecification are expected to be
minor. Importantly, I only need to test for the presence of conditional correlation.
Two winning bids are allowed to be conditionally correlated (conditional on covari-
ates), as it is assume that food banks form beliefs conditional on the state. Correla-
tion in winning bids is most likely to arise from the complementarity terms ¥ that
also creates correlation in food banks” bids across different lots (given I assumed

v;; are uncorrelated across I). For example, since we expect lots to be substitutes a
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food bank’s bids are likely to exhibit negative correlation (conditional on the state).
Therefore we might also expect winning bids to exhibit negative correlation.
Writing by; for the winning bid on lot / at time ¢ I investigate correlation between

winning bids using the following regression specification:

by = 511—71% + ,BZXlt + 53xl't + ,345? + €t

x;+ give lot specific covariates, using the covariates included in the first stage of
the estimation procedure such as subcategory fixed effects. s? give time specific com-
mon state variables that do not vary across lots, just as in the first estimation stage.
I include every pair of auctions (I,1") that occur simultaneously, giving me around
800, 000 observations (essentially including each pair twice, once on each side of the
regression). Under the null hypothesis of independence ! should equal zero. How-
ever, this specification imposes that the relationship between every pair of winning
bids is the same. One might expect negative correlation between substitutes and pos-
itive correlation between complements. To allow for differential correlations I also
consider a specification that interacts by; with all three sets of covariates, allowing
the correlation to depend on observable characteristics of the lots. I also consider a
specification that includes triple interactions between by, x;;, and X;t. This predom-
inantly involves including dummy variables for whether both lots come from the
same subcategory, the same region, etc.

I consider statistical significance of the by; coefficients using asymptotic F-tests.
However, it is also worthwhile to consider how much variation in by; by is able to
explain. If by; has very little explanatory power, then the extent of the dependence
is expected to be minor. This means any departure from independence is unlikely to
cause much inaccuracy in my results, since the true joint probabilities are expected
to be very close to the product of the marginal probabilities.

Results are presented in Figure M.2. I can reject the null hypothesis of inde-
pendence at the 1% significance level in all of my specifications. Therefore I have
evidence that the independence assumption is invalid. However, as is evident from
examining the R? values, the degree of dependence is extremely small. The covari-

ates alone account for 41.2% of the variation in winning bids. Including the by,
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interactions is then only able to explain an additional 0.3% of the variation in win-
ning bids. This suggests that winning bids are very close to being independent, even
though we can reject independence. Therefore while I have found this independence
assumption to be invalid, I have also found that it is likely to be a very good approxi-
mation to food banks’ beliefs. This analysis does not presently account for censoring
of winning bids at the reservation price, but will do in future.

One final point worth considering is how this simplification might impact my
results. One difficulty with simultaneous auctions is that it makes it difficult for
food banks to win precise numbers of loads. They might bid on two loads of cereal
wanting precisely one, but there is a non-negligible risk they win both or neither.
The more dependence there is between winning bids, the more information the food
bank has about how they should bid, giving them even more control over which lots
they win. In the cereal example, if winning bids are negatively correlated, the food
bank knows they can place two middling bids and they will likely win precisely one
lot. If they are positively correlated they know they should place one high and one
low (if at all) bid. Therefore, this assumption is expected to bias my results against

the Choice System.

FIGURE M.2: Robustness: Independence of Winning Bids

Specification Covariates Ftestdf p-value R?
by 1 0 0.08734
Covariates only v 0.4121
by v 1 0 0.4124
Z_ﬂl/t X (Xl’t/ Xit, Sot) v 457 0 0.414
El/t X (Xl/t, Xit, S0t/ [xl’t X Xlt]) v 681 0 0.4153

Note: The F test degrees of freedom and p-value refer to the hypothesis tests that all coefficients on
by, are equal to zero, where the degrees of freedom gives the number of coefficients being considered.

M.2 Second Stage

I consider four alternate model specifications for the second stage. These are de-
signed to test the model’s robustness to relaxing key simplifications made in the
main model. In Appendix M.2.1 I allow the value function to depend on common

state variables. In Appendix M.2.2 T account for endogeneity in the observation
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equation using an control function procedure. In Appendix M.2.3 I consider ro-
bustness to the assumption of normally distributed lot specific payoffs by allowing
the lot specific idiosyncratic payoff to follow a normal-inverse-gamma distribution.
In Appendix M.2.4 I consider how the simplification to only consider data from 25
auctions each period impacts my results, by estimating the model using 50 auctions

from each period.

M.2.1 Incorporating the Common State

In general food banks” continuation values depend on the common state variables,
which contain information about future prices. Common state variables are cap-
tured by the demand index estimated in the first stage, mapping common states
onto parameters of the distribution of winning bids.

To allow continuation values to depend on common states, when estimating the
pseudo-static payoff function k in the second estimation step, we must allow k to
vary with the demand index. Importantly the index must be interacted with food
bank specific state variables, so that the marginal payoff also depends on the index.
Otherwise dependence on the index will not be identified from bidding behaviour

alone. I introduce the demand index by specifying k as follows:

k(s;,s°) = ®(I 4+ D%)s!! + s87¥;s?

Where D is a diagonal matrix with entry Dgh =Y, 0,d"1[h € u], where |1 € u]
is a dummy variable for whether subcategory & has usage type u. d% is the demand
index for food from usage type u, and J, are parameters to be estimated. These
parameters describe how strongly bidding behaviour changes given changes in ag-
gregate supply. For example, when supply is high, and so d%* is low, winning bids
are expected to be low. If supply is also positively correlated over time, the oppor-
tunity cost from losing a lot today is low, as winning bids are also likely to be low
in future. Therefore bidding will be even less aggressive today, and so we expect
0, > 0. This specification is natural - if there is dependence on common states, we

would expect to see evidence of it to show up in a linear term. I interact the index
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with the subcategory stock term, rather than the storage type term, because the sub-
category term reflects a food banks’ ‘wants’, while the storage term is intended to
reflect the costs that the food bank must put up with. This is relevant because the
index affects how easily the food bank can win the types of food it wants, on behalf
of their clients.

Different sized food banks, with different budgets and storage capacities, are ex-
pected to respond differently to variation in common states. For example, a food
bank that is not heavily reliant on the Choice System for their staples is unlikely to
be responsive to common states. Therefore I allow the J parameters to vary across
food banks, but again employ a bayesian hierarchical model to ensure a degree of
shrinkage for food banks for whom identifying variation is scarce. I assume that
J; ~ N(8,%X?), where priors for N(J,%%) are weak normal-inverse-wishart. The pa-
rameters are identified using variation in the demand indices, which arise from vari-
ation in the common states, and seeing how this translates into variation in bidding
behaviour.

In figure M.3 panel (A) I plot estimates of J, across food banks. None are sig-
nificant at the 5% significance level. This is predominantly caused by the lack of
variation in the demand indices - as we saw in Figure L.3 winning bids do not vary
much with variation in the common state variables. This explains the extremely
large credible intervals relative to the scale: if ¢ = 1 this means that a one unit in-
crease in df (associated with a one share expected increase in the winning bids) is
associated with a ®z!', unit increase in bids.

Therefore we have evidence that food banks’ continuation values also do not
vary with common state variables. Consequently, when evaluating maximised ex-
pected payoffs and the ex-ante value function in the third estimation step, we do not
need to explicitly consider dependence on the common states, as this will not impact

estimates of the flow payoffs j backed out in the final step.
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M.2.2 Endogeneity of the Inverse Bid System

Inow consider the endogeneity of the observation equation, caused by non-additivities
across lots. In essence, I re-estimate the second stage of my estimation procedure us-

ing a control function approach. The observation equation is given by:

Ny = Pzl + 28 (25 + 285 +2 Y Tus(bin)25,,) + vi
mAl

Given that this step is essentially estimated using a bayesian regression, estima-
tion requires that the error term v;; is independent of the regressors. In general there
exists a dependency between v;;; and by, (for m # ), because optimum bids (and
entry decisions) are a function of every lot specific payoff. That said, we have reason
to think this dependency might be small, since typically T';, (bjs,, ) will depend much
more strongly on things other than v;;. However, allowing for this endogeneity
is relatively easy. The endogenous regressor is z§ (2§ + 28, + 2 Y, T (bitm)Z5,) T,
and there exists an obvious instrument for this regressor: z{,(z5, + 2s5)T. This is the
same type of instrument proposed in Chapter 3. What makes this instrumental vari-
able procedure even easier is that our first stage is actually known, and given by the
structure of the model.

Estimation is done using a control function approach. The basic idea is that we

have a regression model along the following lines:

ye =X B+ us ug|vi ~ N(vip, 0?)
& (M.1)

Xt = z; + V¢ u|z; ~ N(0,02)

This is a standard case of endogeneity with an available instrument, except with
a known first stage. In this setting B can be estimated consistently using the regres-
sion equation:

y=xIp Vot

Because y¢|xt, vi ~ N(x] B+ vl p,c?). In my setting we specify the observation equa-

tion as we did previously, but include z{,(2 Yot T (bitm)z5,)T as an additional re-

gressor. The coefficient of this regressor is essentially an estimate of the endogeneity.
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I specify weak normal priors for p;.

In practice, the endogeneity is unlikely to be linear. However this remains a use-
ful starting point for two reasons. First, even when the endogeneity is non-linear, so
that E[u;|v;] = f(v;), the posterior distribution for f, marginalised over p, remains
correct. This is because, conditional on v;, x; is independent of any non-linear func-
tions of v; that remain in the error term. Second, if there are non-linearities and the
effect of endogeneity on x; is large, the linear term should still pick up evidence of
endogeneity.

Estimation remains as it was in the main text, except that before sampling ;
parameters, I form the conditional joint posterior distribution for (i;, p;), before
marginalising over p;, and sampling ¢; from the marginal posterior for ;.

In Figure M.3 panel (B) I present posterior means of p; across food banks. Es-
timates are presented on the same scale as the results from Figure 4.2. Only 16%
of estimates are individually significant at the 5% significance level. Furthermore,
the estimated magnitudes of the bias are small - between 2% and 8% of the relevant
entries of ¥;.

FIGURE M.3: Robustness: Stage 2 (1)
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Note: The figure plots deviation statistics from two robustness checks. Panel (A) plots posterior means and 95%
credible intervals of the coefficients on the demand indices across food usage types. To interpret the scale of the
coefficients, if 68 = 1 this means that a one unit increase in df (associated with a one share expected increase in the
winning bids) is associated with a @zfl unit increase in bids. We expect Js to be small and positive. Panel (B) plots
posterior means and 95% credible intervals of the p parameters, which can be interpreted as estimates of the bias in
the ¥; parameters caused by endogeneity of the observation equation. The estimated ps are presented on the same

scale as estimates of ¥ presented in Figure 4.2.
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M.2.3 Normal-Inverse-Gamma Idiosyncratic Payoff

In this appendix I relax the assumption that the lot specific idiosyncratic terms v
are normally distributed. Instead, I allow for the possibility that they take a normal

inverse-gamma distribution:

vy ~ N(0,02Uy;) where Uy ~ IG(, o)

This distribution has heavier tails than the normal distribution. The distribu-
tion can be interpreted as taking into account unobserved variation in lot specific
attributes that affect the variance of the payoff. For example, I do not take into
account different varieties of apples. The quality of some types of apples may be
significantly more variable than other.

The procedure described shortly can also be extended to net donations x. How-
ever the assumption that net donations are normally distributed is significantly more
reasonable, given that these net donations are the sum of many local donations and
many loads sent out to food pantries.

Sampling v;s from their censored distributions and sampling sf, using the Carter-
Kohn algorithm both rest strongly on the normal distribution assumption. The pos-
terior distributions of sft is intractable when v;j; is non-normal. However, conditional
on {Uj;} 7, we have normality again. Therefore I use an additional data augmen-
tation step in which I sample {Uj;},; conditional on {vy;},r;, @, and ¢7. Given
known difficulties associated with estimating the shape parameters of these types of
distributions I fix &« = 5, ensuring the first four moments of the distribution exist.
The 0; parameters are just a rescaling of those presented in the main text.

This data augmentation step uses the following conditional posterior:!

2
20 + -t

Uiy |vigs, 07, & ~ scaled-inv-x*(2a + 1, T%—Ull)

In Figure M.4 I present the results of Wald tests from different groups of pa-

rameters, considering how this alteration to the model changes the estimated model

I This result comes from the fact that the marginal distribution of the normal inverse-gamma dis-
tribution for vj; only is a t-distribution with 2a degrees of freedom. I then use the standard result
that t-distributions can be written as a scale mixture of normals, for which the conditional posterior is
readily available.
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parameters. I can reject that the parameters have the same posterior means for an
overall Wald test. However it is useful to see where the main differences are coming
from. I find that we can only reject the null hypothesis that posterior means are equal
for the lot specific variance, and marginal value of wealth parameters.” Estimated
variance parameters are on average lower than those form the baseline specifica-
tion, and A; parameters higher. This is because this specification does not need an
excessively large variance in order to rationalise the heavy right tail of bids. In fu-
ture I will investigate how these differences lead to different welfare effects from my
simulations.

FIGURE M.4: Robustness tests, differences in posterior means

Alternate Statistic Parameters

Model Y; o A o] Distance M, X

NIG vy X2 570 102 852 97.1 4.24 191 377
p-val 0.0344 1 1.7e-06  0.00172 1 1 1

50 auctions  x? 2490 31.8 519 314 8.52 0761 19
p-val 0 1 0.0192 0 1 1 1

Note: This table presents test statistics and p-values from Wald tests for differences in posterior means across
several alternate model specifications. Tests are performed separately across groups of parameters. The test statistic
has an asymptotic chi? distribution with degrees of freedom given by the number of parameters of that type.

M.2.4 Accounting for Additional Non-Entered Lots

In the main text I estimated the model using only 25 unique auctions held each day.
Although no food bank was every observed placing more than 25 bids, on around
50% of days there were more than 25 unique auctions. As many as 87 auctions
unique auctions were observed being held simultaneously in my data. This simpli-
fication risks introducing bias as it does not recognise food banks” decisions not to
bid on these additional lots. This bias is similar to the possible bias in a standard
tobit model from simply dropping half the censored observations. However, given
that food banks rarely place more than 10 bids each period, so that I am already tak-

ing into account their decision not to bid on 15 lots, these additional observations

2] can also reject the hypothesis for the ¥; parameters at the 5% significance level, however this
appears to come from a small number of food banks, and preliminary investigation suggests it may
relate to non-convergence of their parameters.
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are unlikely to yield much additional information. The simplification was made to
speed up the convergence of my Gibbs Sampler, as the large degree of censoring will
typically harm this.

To investigate robustness to this decision I estimate the model using data on 50
auctions held each day. To get around convergence problems I begin estimation
from the final iteration(s) of the main model. I only observe days with more than 50
auctions on 5% of days. If I find that my results are generally robust to doubling the
number of auctions considered each day;, it is unlikely that including the remaining
auctions will change the results either.

In Figure M.4 I present the results of Wald tests from different groups of pa-
rameters, considering how this alteration to the model changes the estimated model
parameters. I can reject that the parameters have the same posterior means for an
overall Wald test. I can also reject that posterior means are equal for the pseudo-
static payoff function parameters ¥;, marginal values of wealth A;, and the lot spe-
cific variances. I need a larger variance to rationalise the lower probability of bidding
on any given auction. For the ¥; parameters, as expected, a number of them failed

to converge properly. This warrants additional investigation in future.

M.3 Third Stage

M.3.1 Quadratic Approximation

After evaluating the ex-ante value function across a 3.2 x 10° grid of states, I take
a quadratic approximation across this grid, weighted by each states” estimated rele-
vance. This is necessary because I must evaluate the ex-ante value function for each
food bank and each draw, and I am unable to save all 34 x 1000 grids. A legitimate
concern is whether this approximation is accurate. Figure M.5 panel (A) presents a
histogram of the R?s from forming this approximation. 100% of these value lie be-
tween 0.99 and 1. The fit is strong because of the quadratic term which appears in
the equation presented in Proposition 6.

As an additional robustness test I consider whether fitting higher order polyno-

mials improves the fit significantly. I consider up to a 4th order polynomial. Figure
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M.5 panel (B) plots the results from this analysis. None of these test statistics ex-
ceeds 2, far below the critical values. This is evidence that including higher order
polynomials does not yield better fit than using a quadratic approximation.

FIGURE M.5: Robustness: Stage 1
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Note: The figure considers the accuracy of my quadratic approximation. Panel (A) presents R? statistics from the
least squares quadratic fit, while panel (B) considers third and fourth order polynomials, presenting F statistics for
whether the additional parameters are significant at the 10% level.

M.3.2 No Information Pooling

As discussed in Appendix K.3.3 I pool information across food banks when evalu-
ating the ex-ante value functions. This may introduce bias, by drawing food banks’
estimated flow payoffs together. I already use a first-order correction for this bias,
however as an additional robust test I consider how estimated parameters vary
when I do not use this information pooling. Figure M.6 panel (A) displays the re-
sults from this analysis, presenting estimates of the marginal flow payoff across food

banks just as in Figure 4.2. My estimates remain in line with the previous results.

M.3.3 Sampling Variation in Means

As discussed in Appendix K.3.2 I do not take into account sampling variation in
my finite sample evaluations of the expectation terms in Proposition 6. Therefore I
likely underestimate the posterior variance of the flow payoffs. In this appendix I
consider how results change when I employ a bootstrap resampling procedure on

the estimated expectations. When estimating these means, for each draw from my
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posterior distribution of second stage parameters I randomly draw (with replace-
ment) the time periods used to evaluate the means. This procedure should over-
estimate the posterior variance, as it does not account for covariance between the
sampled parameters and the sampled time periods. Figure M.6 panel (B) displays
the results from this analysis, presenting estimates of the marginal flow payoff across
food banks just as in Figure 4.2. Credible intervals become somewhat larger, but not
by much, and the plot remains similar. This is unsurprising given the long panel,
and that I am pooling information across food banks.

FIGURE M.6: Robustness: Stage 2
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Note: The figure plots two sets of estimates for the marginal flow payoff, just as in Figure 4.2 panel (B). Here,
panel (A) estimates the marginal flow payoff without pooling information on bidding behaviour across food banks,
while panel (B) estimates this object taking into account sampling variation in the finite sample evaluations of the

expectation terms in Proposition 6.
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Appendix N

Simulation Details

In this Appendix I describe how the counterfactual simulations are performed. Ap-
pendix N.1 focuses on the Old System, detailing how I numerically solve for the
equilibrium value function. Appendix N.2 outlines how I simulate the Choice Sys-
tem. Appendices N.3 - N.6 detail how I simulate equilibrium allocations under the
remaining counterfactuals. The additional counterfactuals all use the same basic
continuous time set up as the Old System. They only differ in the offer and accep-
tance processes. Due to computational constraints equilibria are evaluated only at
the posterior means of my parameter draws. This simplification is unlikely to have
a major impact on my results as equilibrium accept/reject decisions are much more
strongly determined by the flow payoffs than the continuation values.

For all the counterfactuals there is a risk that stocks trend downwards for some
food banks, and may trend upwards for others (particularly in the random alloca-
tion). If so, I would have to extrapolate estimated flow-payoffs into regions of the
state space that were never visited under the Choice System. This is mostly a prob-
lem under the random allocation, the limited offer Old System, and the limited offer
Closest mechanism. To alleviate these concerns I make two simplifications. First, if
stocks exceed the highest sampled stock for a given food bank for a particular type
of food, the food bank turns down all subsequent offers for that type of food until
stocks return to levels within the sampled space. Likewise if stocks stray below the
minimum sampled stock, all additional loads are unconditionally accepted. Second,
whenever stocks exceed the maximum sampled stock (or stray below the minimum)
by more than one standard deviation of sampled stocks, I do not extrapolate the flow

payoff to that state. Instead, I fix the flow payoff to the minimum flow payoff from
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across the sampled states. Without these simplifications, payoffs are significantly

lower under these three counterfactual mechanisms.

N.1 Old System

In this Appendix I detail how the simulations of the Old System are performed. I use
the same procedure for both the Old System with only 10 offers, and the Old System
with food offered to every food bank. I treat time as continuous, and each day is
of length 1. This means I assume local donations and offers of food from Feeding
America are received continuously during the day. However, to ensure that results
are easily comparable across the Choice System and Old System simulations, when
evaluating welfare I treat local donations as only altering stocks at the end of the
day. Likewise, that flow payoffs only accrue at the end of the period. In evaluating

the equilibrium value function, however, I treat both these objects as continuous.

N.1.1 SetUp
Arrivals

Food is donated to Feeding America at some exogenous rate. Conditional on arriv-
ing, the load has various characteristics. The rate and probability of these character-
istics are taken from the empirical distribution. What matters in the agent’s problem
is their belief about the rate at which they are offered food, and the probabilities of

characteristics they are offered.

Priorities

Food is offered to whichever food bank is at the head of a queue. A food bank’s po-
sition in the queue is given by their rank in a priority ordering. The priority ordering
at time t is given by the difference between the total amount of the food bank has
been offered up to t, and that food bank’s target amount at . Food bank i’s target
amount at time t is given by % x The total amount of food allocated up to time ¢.

Because the ordering is a function of the amount of food offered to food bank i,
not the amount of food actually allocated to them, once a food bank is offered a load,

their new priority is independent of whether they accept or reject the load.
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I set initial priorities equal to long-run average priorities, with minor perturba-
tion to ensures initial priorities differ across simulation draws. I also drop results
from the first 100 days in my sample period, reducing the dependence of my results

on the initial priorities.

Net Local Donations

Estimated local donations arrive at discrete intervals, however I must translate this
into continuous time. I assume that local donations arrive at exogenous Poisson rate
qi, with one element for each of the storage methods. Denote Net Local Donations at
time f from storage method I by £;(¢). This is non-zero with rate g;;. Conditional on
being non-zero, this donation Xj; is drawn from distribution F X, The assumption I
make on F is discussed shortly.

Daily local donations of type I are given by fol i1 (t)dt. Given the assumptions of
our model, this is expected to be normally distributed with mean p; and variance
%;. This is a sum of i.i.d. random variables, ensuring that the choice of FX should
not matter if q;; is sufficiently high so that I can apply the central limit theorem. In
general, both FX and g are not jointly identified from discrete data. However, the
requirement that total net daily local donations has mean y; and variance %;, plus a
functional form assumption on FX, can be used to pin down FX and q;.

I assume that X;;; € {Xj;, Xj;} with probabilities 1 — r;; and r;; respectively. Con-
ditional on X;;, X;; (which I discuss shortly), I set g;; and r; to ensure that the mean

and variance of daily donations equal #; and %;.!

Payoffs and States

If food bank i accepts lot I they receive lot specific flow-payoff v;;;. If they are in
state s;, then they also receive combination specific flow-payoff ®z!, + j(s; + z,). If
they reject the lot, they only receive flow payoff j(s;). Importantly, this means that at

every continuous moment in time (with density zero), the food bank receives flow

payoff j(s;).

11 also impose that r;; € [0,1]. Average net daily donations are then given by q;;(X;; + r;;(X; —

X;1)). The variance is given by g77;(1 — 7)) (X;; — X;)?. Under the additional restriction that X;; =

. S+ Ja—X,
—Xj;, it can be shown that g;; = ’)'-;;;” andry; = %
T AGlAG] il —Aj]
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I discretise the individual state space in the same way as done in Section 4.3.5,
using a grid formed of 20 evenly spaced points from each dimension of the state.
This means that accepting a lot, or receiving a local donation, can only move the
state in a finite number of ways, which I now discuss.

From state s; if they accept lot I their stocks would increase by z{. Therefore,
for each lot x state combination I find the nearest discretised state that minimises
the euclidean distance to s; + zjg . This allows me to define the 20° x 20° matrix Z;
containing a single 1 in each row (corresponding to a particular state) in the column
that corresponds to this closest state from accepting lot /.

I do a similar thing for the local donations. I set X;; = —X; equal to the distance
between my grid points, so that with rate g; the food bank moves up or down a
grid point, with probabilities 7;; and 1 — r;; respectively. This allows me to define the
transition matrix Q; containing two non-zero values (r;; and 1 — r;;) in each row, in

the columns corresponding to the states one discrete notch above and below (along

dimension [) of each state.

N.1.2 Equilibrium
The Agent’s Problem

Write the agent’s value function as V (¢, s;, so). This gives their presented discounted
value from state (s;, sp) at time ¢. I augment the common state to include the newly
defined priorities and Goal Factors. If the food bank is offered a load at t they must
be at the head of the queue, and so have the highest priority. If they are offered load
I characterised by (vj;, zlgt, zﬁ), they will accept if v;; + CDZ?t + V(ts; + zliglt, sp) >
V(t,si,80)-

Beliefs

The agent believes that Feeding America will offer them a load at Poisson rate p;(t, so).
In principle this should depend on the state of every food bank, including i, how-
ever I will assume that food banks do not observe each others” states. The agent
then believes that, conditional on receiving an offer, the load will have characteris-

tics (v;, 28, z") with probability density ff(v;, z$, z";t,50).



N.1. Old System 255

Equilibrium

Iassume a Markov Perfect Equilibrium in symmetric strategies, as defined in section
4.2.4. This requires that food banks make optimal accept/reject decisions given their
beliefs about p and f¢, and that their beliefs about p and f¢ are consistent with the
observed realisation of the rates at which Feeding America offers them loads.” As
I have assumed a stationary equilibrium, I require that p and f are conditionally
independent of t.

Because equilibrium value functions must be calculated over a large state space
I make a number of simplifying assumptions about equilibrium beliefs. I assume
food banks do not observe other food banks’ stocks, nor when loads are offered to
other food banks (hence aggregate supply is also unobserved). They only observe
when Feeding America offers them a load. I therefore assume the only objects used
to form their beliefs are s;, their own (relative) Goal Factor, and the time since they
were last offered a load 7. I assume that f¢, the distribution of lot characteristics,
depends only on GF;. I assume that the offer rate p also depends only on GF;. In
principle I could allow p to depend on 7, however for simplicity I assume it does
not.> I will consider this dependence as a robustness check in future. I also assume
food banks beliefs do not change conditional on the previous history of offers. That
is, food banks do not infer from frequent offers that offers will be more frequent in
future. I will allow for this dependence in a future robustness check.

I assume parametric forms for both these objects. Broadly, for ff, I split lots into
the same 60 discrete category combinations used for the lot specific variances o;, de-
tailed in Appendix K.2. Therefore f{ can be interpreted as conditional probabilities.

Then, conditional on the category combination, I assume food banks believe that,

2One problem with assuming a stationary equilibrium is that food banks’ stocks may not be sta-
tionary under a counterfactual. If y; < 0 then all else equal their stocks trend down over time. I
previously made the assumption that food banks are able to consume enough food from the Choice
System to ensure their unobserved stock process remains stationary. Priors suggest the Old System
is worse at allowing food banks to access the food they need. Therefore there is no guarantee their
unobserved states will be stationary. However, this does not rule out the possibility of a stationary
equilibrium. If stocks quickly trend down to the point where food banks accept any load they are
offered, this equilibrium is still stationary. It is therefore important that I drop the first 100 days in my
analysis (and equilibrium belief update), to ensure food banks are in this equilibrium.

3This is unlikely to be a problem, since, for most food banks, loads are offered to them so frequently
it is unlikely they will ever have to wait particularly long before receiving another offer. I cannot allow
f€ to depend on T for computational reasons.
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in equilibrium, the distance between the lot and a given food bank is normally dis-
tributed with some mean and variance. I also assume that, conditional on category
combination, food banks believe ®z" is also normally distributed. I then assume a
multinomial logit form for the probabilities of each category combination being of-
fered, with probabilities allowed to vary with GF;. Finally, I assume that p; is (logit)

linear in GF;.

N.1.3 The Optimal Control Problem

Under the assumptions outlined above, we can write the value function as a function
of s; and 7, and GF,. It does not depend on t due to the stationarity assumption.
For numerical convenience I absorb GF; into the individual specific value function.

Therefore write the value function as V;(1, s;).

Accept/Reject decision

Food bank i, that is offered load I, accepts the load if v; + @zf‘ + V;i(0,s; + zlg ) >

Vi(0, s;). Regardless of whether they accept or reject the load, T resets to 0.

HJB Equation

The Hamilton-Jacobi-Bellman differential equation is given by:

5 .
(p+pi+ qu‘l)Vi(T, s;) = pi/ max {vl + CIDZ? + Vi(0,s; + zig), V;(0, si)} de(v,,z?,z;q)
=1 <

> a‘/l 791
+ Zqil / Vi(T,si + X)dFX(Xl) +j(si) + ((;’(S) (N.1)
I=1

Where p gives the discount rate (= (1 — B)/p). To solve this differential equation,
write V; in vector form, stacking over all the possible individual states s; (i.e. our
discretised states). Also discretise the category combinations across c. The equation

can then be written as:
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(o+pi+Y_qa)Vi(t) = piHi(T) + )_qaQiVi(T) +j + V. Vi(7)
1 1

Where H;(t,s;) = ngE[max {vl + @z + 78Vv,(0), V;(0, si)} lc,si] (N.2)
c

Where Z$ gives the transition matrix defined by the pounds from a load of cat-
egory combination ¢, and Q; gives the transition matrix formed from the net local
donations. The expectation is taken over v; + ®z!". This vector differential equation
does not have an analytic solution. However, recognising that H;(t) = H;(0) it is
clear that there exists a solution for V which is independent of 7, for which we can

solve using numerical methods.

Numerical Solution

For a given V¥ and beliefs (p*, f*) I compute H¥, then evaluate VE™! = ([o +
pill + Y gall — Q1)) ~1(j + pFHF), repeating until the magnitude of the normal vec-
tor |V§‘Jrl — VK| is less than 1. I use these successive approximations, and switch
to Newton-Kantorovich algorithm as in Rust, 1987 when progress slows. Inverting
the matrix Q; is not feasible due to its size. However multiplying by Q; is trivial
given its sparsity. Therefore in evaluating this matrix inverse, and the inverse used
in Newton-Kantorovich, I use the Neumann formula for matrix inversion. This pro-
cedure generally converges in around 100 iterations.

I then simulate the Old System using these value functions, before updating be-
k+1

liefs. I update p;

;" by running a Poisson regression on the number of offers each

food bank receives each day, conditional on goal factor, and dropping the first 100
days. I then update f**! by estimating a multinomial logit model on the category
combination that composes each offer. I repeat this process until the rates and es-
timated probabilities change by a total less than 10~%. Beliefs converge extremely
quickly, generally around 4 iterations, as value functions are relatively insensitive to

beliefs.
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N.2 Choice System

I now detail how I simulate the Choice System. I simulate the mechanism as de-
scribed in section 2.1.2. I use these simulations both as a comparison for my coun-

terfactuals and to assess model fit.

N.2.1 Basics

I simulate the system once for each of the 1000 posterior parameter draws. For each
of these draws I use the associated draw of net donations (given by the unobserved
stocks less their observed winnings). The set of objects being allocated each period
is taken as given. As I observe and estimate my model on equilibrium bidding data
under the Choice System, I do not need to solve for equilibrium beliefs or continu-
ation values. Instead, estimated beliefs I' can be used as equilibrium beliefs in my
simulations, and the estimated pseudo-static payoff function k(s;, sp) can be used
in place of flow payoffs plus the equilibrium discounted continuation value. This
approach would not be valid if I wanted to consider changes to the Choice System,
such as changes in food banks” budgets.

I treat maroon pounds as exogenously determined, so I continue to not model
food banks decisions to sell their local donations. I also treat joint bidding as exoge-
nous - if a bid is placed jointly I have each food bank optimally set their bid taking
as given the other player’s bid. Food banks continue to split winnings evenly. This
is a major simplification, but one that I would not expect to significantly impact the
results, particularly given that joint bidding makes up a small fraction of bids. I treat
discriminatory auctions of multiple loads correctly, though only allow food banks to
place up to 5 bids on each set of these auctions. This is done using the adjustment to
payoffs and first order conditions discussed in Appendix H.

The central problem in estimating the Choice System concerns the bidding func-
tion, as this involves a complex combinatorial problem of deciding which combina-
tion of lots to bid on. It is made more complicated by the possibility of multiple local

optima.
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N.2.2 The Bidding Function

I describe how I find optimal bids by first discussing how I optimise bids conditional
on an entry decision d;;, before discussing how I find the optimal entry decisions. I
then discuss how I validate any optimised bids. The key simplification I make is
assuming that ¥; is negative definite. This would imply that the payoff function is
concave in bids and entry decisions, allowing me to exploit standard results from
convex optimisation. If ¥; is indefinite, the problem of finding an optimum is NP-
hard. In practice my sampled ¥;s for Type 1 food banks are not always negative
definite, but they are in the vast majority of cases. Even when they are not nega-
tive definite, most often they are fairly ‘close” to negative definite, in that the largest
(positive) eigenvalue is orders of magnitude smaller than the smallest (most nega-
tive) eigenvalue.

Conditional on an entry decision d I use standard interior point methods to nu-
merically maximise payoffs subject to reservation prices. I begin the maximisation
process at b}, = R; + 1. In principal there may exist multiple local optima when
Y is non-negative definite. However even for simulated ¥; matrices that exhibited
large complementarities I was unable to find evidence of multiple optima. This is
likely on account of my quadratic assumption, ensuring that for any b_; (any vector
of bids excluding b;) payoffs are quasi-concave in b;.

Considering every permutation of entry decisions is not feasible. Instead I find
initial optimum entry decisions d* using a hill climbing procedure. Under this pro-
cedure there are three options for each /, either d; = 0,d; = 1and b; = Rj,ord; =1
and b; = R; + 1. I begin with every d; = 0 and run a hill climb until reaching a local
optimum. If ¥; is negative definite this is guaranteed to be the global optimum, and
any optimal bids found after this procedure are also guaranteed to be optimal. In
simulations I found numerous occasions in which there were multiple local optima,
but only in cases when the simulated ¥; exhibited sufficiently strong complemen-
tarities. Sampled (non-negative definite) ¥; do occasionally admit multiple optima,
particularly when the number of desirable lots is large.

Finally, I use the First Order Conditions to ‘check” my optimum. For b;;; > R; I

check that the partial derivatives are less than 107°. For d;;; = 0 I check that the food
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bank does not strictly prefer d;;; = 1, and for b;;; = R; I check the food bank does not
strictly prefer either b;; > R; nor d;; = 0. If ¥; is negative definite then solutions
found by hill climb followed by numerical optimisation are guaranteed to satisfy
these conditions. If either of these conditions fails (and if so, it is always one of the
latter two conditions) I repeat the hill climb from this point, and repeat the process
until I find a solution that does satisfy these conditions. By construction, each time
I repeat this process the expected payoff increases, ensuring that this process termi-
nates in a finite number of iterations. This occurs in a limited number of cases for
Type 1 food banks only.

Two final things are worth mentioning. First, the problem of multiple optima is
unlikely to be significantly impacting my results as it is only a problem for certain
draws of ¥;. Even then the model fit is typically fairly good (at least for Type 1 food
banks, for whom multiple optima is a problem). Second, food bank managers likely
do not solve the full combinatorial problem, and instead likely use heuristics. It is
also not impossible that they also get stuck at local optima. A hill climbing heuristic
is possibly even more sophisticated than they might use in practice (as it can require
many iterations to find a solution). Therefore this algorithm could be considered a

reasonable approximation to their behaviour.

N.3 Random Allocation

Inow detail how I perform the random allocation. This mechanism is fundamentally
the same as the Old System in which food is offered to every food bank, using the
same queueing system. The only difference is that food banks are not given a choice
to reject the lot. The only time a food bank is not offered a lot is if their stocks
are above the maximum of the stocks sampled under the Choice System. This is in
order to prevent having to make large extrapolations, and keep the resulting welfare

comparable to that under the Choice System and other counterfactuals.
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N.4 Closest Mechanism

The closest mechanism offers food to the nearest food bank first and, in this case
of the “all offers’ version, then works down food banks in order of distance. Strate-
gically it is very similar to the Old System, except that offers (and characteristics
conditional on an offer) will be much more food bank specific, rather than deter-
mined by Goal Factor. It is also much more likely that these objects do not depend
on the time since the previous offer.

I follow the continuous time modelling approach used for the Old System, so
that the Hamilton-Bellman-Jacobi equation remains fundamentally the same. Food
banks form beliefs about the rate p; at which they receive offers of food. Conditional
on an offer, the load has characteristics ¢ with probability ff. As for the Old System
I group food into the 60 category combinations used for the lot specific variances.
Conditional on a category x food bank combination, I assume the distance between
the food bank and the lot, as well as (DZ?, is normally distributed.

As with the Old System I numerically solve the Hamilton-Bellman-Jacobi equa-
tion. For the ‘single offer” Closest mechanism I can directly estimate p;, f/, and the
means and variances of the normally distributed lot characteristics by considering
the set of lots for which they are the closest food bank. For the ‘all offer” version,
given initial beliefs, I must repeatedly evaluate the value function and simulate the

system until beliefs about these objects converge.

N.5 Like Mechanism

Details of the Like mechanism come from Walsh, 2015. Under the Like mechanism
each load is offered to every food bank simultaneously. The load is then randomly
assigned, with some probability, among the food banks that ‘Liked” it. This assign-
ment probability is given by a food banks” Goal Factor, divided by the sum of Goal
Factors of the food banks which ‘Liked’ the load.

Once more, I model this allocation problem in continuous time. I assume food
banks form beliefs about the probability that food is offered p, and the characteristics

of food being offered f{.* Neither of these objects depend on the actions of other

“4The i subscript here is just to recognise that food banks face different distributions of distances.
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food banks. I also assume they form beliefs about the probability 7r{ of winning any
given lot conditional on ‘Liking’ it and characteristics c. I assume these equilibrium
probabilities does not depend on time, nor on other aspects of the state. While food
banks have more information than under the Old System, I assume they still do not
observe which food bank wins the food.”

Under this set up, the Hamilton-Bellman-Jacobi differential equation is given by:

5
(o+p+)Y_qa)Vi(t,si) =
=1

p)_ fomf(T)E[max {vl + @z + Vi(t,s; +28) — Vi(1, si),O} lc,si] + Vi(T,s))
C
5 _ Vi(t,s;
+ ) qi / Vi(t,si + X)dF* (X)) + j(si) + éTl) (N.3)
1=1
As in the main text I will assume a symmetric Markov Perfect Equilibrium, so

that V and 7} are independent of 7. I solve for equilibrium just as I did for the Old

System.

N.6 Efficient Sequential Mechanism

Under the Efficient Sequential mechanism each load is allocated to the food bank
with the highest value, or discarded if no food bank has a weakly positive marginal
value. Value includes both flow payoffs and the continuation value. Strategically
this mechanism is very similar to the Old System, except by construction food banks
will always accept any load they are offered.

To evaluate the equilibrium value function I again assume food banks form be-
liefs about the rate p of food being donated to Feeding America, and the probabilities
of loads coming from each category combination f¢. They then believe they have the
highest marginal value for that lot with probability I'. I assume this probability func-
tion takes the same generalised extreme value form as in the specification of beliefs
for the Choice System. This object will be a function of their marginal value from

winning the lot. As above, I again assume that food banks also form beliefs about

5Tt is plausible that these beliefs should depend on aggregate states, just as win probabilities did
in the Choice System model. However given the small effects I found in the first stage estimation it is
unlikely there would be any economically meaningful changes with the state.
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the distribution of distances and ®z/' conditional on food from category combina-
tion ¢, which again I treat as normally distributed. The Hamilton-Bellman-Jacobi
equation is given by:

> > X . a‘/i(T/Si)
(o4 p+ Y an)Vilr,s0) = pH(T, )+ Y- au [ Vile,si+ X)FX (X)) + j(si) + 1525
=1 1=1

Where H(t,s;) = Vi(t,s;) + Y fE[T(B(v; + @z}, 1,s,))B(v, + Dz, T,8))|c, 8]
c

B(v; + Cszi, T,8) = U]+ qufZ + Vi(t,si + z‘g) —Vi(t,s;) (N.4)

Once more I assume a symmetric Markov Perfect Equilibrium, and fit the same
empirical specification to I estimating food bank specific separate shape, scale, and
location parameters for each category combination. Unlike in the previous mecha-
nisms this conditional expectation does not have a closed form solution, so I find it
through simulation. I then numerically solve this equation as I did for the mecha-
nisms as described previously. I simulate the system and estimate the functionI' just

as in the main text, repeating this procedure until beliefs converge.
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