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Abstract

Estimating, understanding, and communicating uncertainty is fundamental to statistical epidemiology, where model-
based estimates regularly inform real-world decisions. However, sources of uncertainty are rarely formalised, and existing
classifications are often inconsistent. This lack of structure hampers interpretation, model comparison, and targeted data
collection. Connecting ideas from machine learning, information theory, experimental design, and health economics, we
present a first-principles decision-theoretic framework that defines uncertainty as the expected loss incurred by making
an estimate using incomplete information, arguing that this is a practically relevant definition for epidemiology. We show
how reasoning about future data leads to a notion of expected uncertainty reduction, which induces formal definitions
of reducible and irreducible uncertainty. We illustrate our approach with a simple worked example and a case study
of SARS-CoV-2 wastewater surveillance in Aotearoa New Zealand, estimating the uncertainty reduction if wastewater
surveillance were expanded to the full population. We then connect our framework to relevant literature from adjacent
fields, showing how it unifies and extends many of these ideas. Our article serves as a gateway for applying a wide range
of approaches to epidemiological models. Altogether, our framework provides a foundation for more reliable, consistent,

and policy-relevant uncertainty quantification in infectious disease epidemiology.
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1 Introduction

Statistical epidemiology seeks to learn about infectious dis-
ease dynamics by analysing data, often by fitting models
[1]. These models are used for inference (estimating un-
observable quantities such as parameters or latent vari-
ables) and/or prediction (estimating hypothetically ob-
servable data). Such estimates frequently inform real-
world decision-making and public health planning [2]. In
addition to producing estimates, the modeller typically
quantifies uncertainty, for example, by presenting confi-
dence intervals, credible intervals, or other uncertainty

measures [3].

It is natural to ask where this uncertainty originates, how
to quantify it, and how it might be reduced. Beyond its
theoretical interest, a robust understanding of uncertainty
is essential for determining which aspects of pathogen
transmission to model 4], for guiding real-world decision-
making [5], for planning data collection [6], and for com-
municating results |3]. Decision-theoretic approaches have
been shown to enhance the credibility of using uncertain

modelling outputs in these scenarios [7] [8].

Despite its importance, there is little agreement on how
to systematically conceptualise and categorise uncertainty
in epidemiological models, a lack of consensus also seen in
other fields [9]. The epidemiological literature on uncer-
tainty is fragmented, with inconsistent definitions, terms,
and classifications (for example [10} (11} [12]). Discussions
can be qualitative, lacking the mathematical formalism
necessary for reproducibility, comparison between studies,

and practical application.

This paper assumes uncertainty arises from making an es-
timate with incomplete information [13,|14]. Any decision
would be fully informed if we had access to “complete
data”, where the precise definition of “complete data”
depends on the model and problem setting, but uncer-
tainty fundamentally arises from the fact that such data
are never available. This leads to an intuitive decision-
theoretic framework for uncertainty quantification which
also induces a practical but rigorous notion of reducible

and irreducible uncertainty.

Our aim is to connect principles from machine learning
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19], information theory [15} |16], health economics [17] |18]
19|, and other fields with the practical needs of epidemi-
ological modelling, providing a gateway that facilitates
the access and uptake of these ideas. We adapt and in-
tegrate these ideas into a framework built around four
principles while also reflecting on broader conceptualisa-
tions. Our framework unifies existing concepts, such as
value-of-information (VOI) |17} (18, [19], Bayesian experi-
mental design |20, |6 21} 22], and scoring rules |23} [7], in

an uncertainty-first form tailored towards epidemiology.

We focus on uncertainty arising within a chosen model
and do not attempt to measure the mismatch between the
model and the true data-generating process. Statements
made about uncertainty here apply to the real world only
if the model is correctly specified. However, our framework
is a necessary step towards broader uncertainty quantifi-

cation and we signpost extensions in the discussion.

Section 2 presents our decision-theoretic approach as four
principles, using two conceptual examples: estimation of
infection prevalence (including a simple numeric worked
example) and estimation of the instantaneous reproduc-
tion number R; [24]. Section 3 applies this framework to
a real-world model of wastewater surveillance for SARS-
CoV-2 in Aotearoa New Zealand. Section 4 discusses how
this framework connects ideas from adjacent fields. Sec-

tion 5 concludes with a discussion.

2 A decision-theoretic framework

Model-based uncertainty has two components: a reducible
component that can be resolved by collecting additional
data, and an irreducible component that cannot [13} [14].
For inference, this missing information can be understood
as the (possibly infinite) additional data that, if observed,
would allow us to precisely determine any (identifiable)
target quantity. For prediction, this view separates a re-
ducible component of uncertainty that vanishes with un-
limited data (a notion of parametric uncertainty) from a
corresponding irreducible component. We describe our ap-
proach by stating four principles, motivating them with

two conceptual examples.
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This missing-information view is central to the Bayesian
perspective. In Bayesian inference, we start by describ-
ing how all unknowns behave together (by creating a joint
prior distribution), and then update this description to
reflect the data we observe (resulting in a posterior distri-
bution) [25]. The remaining uncertainty is a direct conse-
quence of data we have not observed. We can handle this
missing information indirectly, by updating beliefs about
model parameters [26], or directly, by building a model for
the missing data themselves [13, 27} [28]. While this per-
spective is foundational to Bayesian inference, our frame-

work is not restricted to Bayesian methods.

For example, consider estimating infection prevalence 6
(Figure [1).

were known, there would be no uncertainty about 6. With

If infection statuses for the full population

only a subset tested, a binomial model treats uncertainty
as arising from an infinite unobserved population, while
a hypergeometric model treats it as directly arising from
the finite unobserved population. In both cases, the model
dictates how uncertainty arises from the missing informa-

tion.
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Example: Infection prevalence

Sul):’jcc-t Stelllms Observed? Definitions
True prevalence: - 1 if pos
1 N 1 Neg v Y= oir neg
- . 2 Pos v o N
0= D U : nt =Yl
i=1 3 Neg v " n
(2 —0) : : : Mighs = Dicq Yi
2 ) ’ L o
n Neg Mniss = Zz:rH»l Yi
n+1 Pos X
Uncertainty arses from : Assumed missing data
unobserved subjects N Neg 52 (hypergeometric model)
V1 4 Assumed missing data
N+ 2 x (binomial model)

Hypergeometric model Binomial model

— Prior dist. on nt — Prior dist. on 0
— Likelihood n},, ~ HG(N,n",n) |— Likelihood n/,, ~ Binomial (n,0)

— Posterior dist. on n} — Posterior dist. on 6

miss
nh +nl

__ "obs 'miss .
Then 6§ = N Uncertainty about € comes from the

assumed infinite unobserved outcomes
Uncertainty about 6 comes Ynt1:00
from the unobserved n;"

miss

Var(f) — 0asn — N Var(f) — 0 as n — o0

Figure 1: Uncertainty associated with estimating infection
prevalence (here, z = ). Assume we test n subjects out
of a population of size N and observe njbs positive results.
The missing data are the number of positive results n.' .
in the untested N —n subjects. A popular approach is
to place a prior distribution on 6 and model the observed
data using a binomial distribution, resulting in a posterior
distribution whose variance goes to 0 as n — co. In this
example, the assumed missing data are the infection status
of an infinite number of untested individuals. An alterna-
tive approach is to place a prior distribution on the true
total number of infected subjects n™ and model the ob-
served data using a hypergeometric distribution, directly
resulting in a posterior distribution on nf . . By setting
0 = %, we obtain a posterior distribution on 6
whose variance (one possible measure of uncertainty) goes
to 0 as n — N. In this example, the assumed missing data
are the infection statuses of the finite number of untested
individuals.

Principle 1: Model-based uncertainty arises from

decision-making under incomplete information.

Decision theory directly relates the missing data to a
real-world decision, giving rise to concrete and problem-
grounded measurements of uncertainty. For simplicity, we
take the decision to be making an estimate (covering both
inference and prediction), where the statistical estimator

performs the role of a decision rule that maps observed
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data to an estimate. The framework is readily extended
to other types of decisions (such as whether to impose an
intervention), where the decision rule maps observed data

to a real-world action.

The modeller’s role is to make an estimate a of an un-
known quantity z, inducing a loss £(a, z) to be minimised.
{(a, z) encodes the real-world consequence of making an
estimate a when the true value is z, a concept familiar to
machine-learning modellers and statistical forecasters [29|
30]. The unknown z could be a model parameter (e.g., R)

or a future observation (e.g., upcoming hospitalisations).

The decision-theoretic approach begins by fitting a model
p(2|Yobs) to the observed data y,ps. In the prevalence ex-
ample, this is the posterior distribution p(8|y1.,). To aid
interpretation, we represent our problem using a graph:
the square represents a decision to be made, the circle
represents a random quantity, and the diamond represents

the resulting loss [31].

O O <

min, E l(a,2)

P(2]Yobs)

We make an estimate a (the square), and then observe
the random z (the circle), inducing a loss £(a, z) (the di-
amond). Identifying the Bayes-optimal estimate, denoted
a*, involves working backwards through this graph: start-
ing with the loss-function, we take an expectation (that is,
average) over the fitted model, and then perform a min-
imisation at the decision node. That is, the Bayes-optimal
estimate a* minimises the expected loss Epy,,.)[¢(a, 2)]
under the fitted model:

L(a, 2)]. (1)

a* = arg IIlain Ep(zlyobs) [

Two common choices illustrate this. If the goal is a best
guess for z (a point estimate), a natural loss function is
the squared error £(a,z) = (a — z)?, which penalises es-
timates far from the truth. The optimal point estimate
under this loss is the posterior mean. If the goal is instead
to provide a full probability distribution for z (a prob-
abilistic estimate), a natural loss function is the log-loss
l(a,z) = —loga(z) (where a is a probability distribution),

which penalises distributions under which the true value
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is unlikely. The optimal probabilistic estimate under this

loss is the posterior distribution itself.

A key insight of DeGroot [32] is that the minimised ex-
pected loss provides a general problem-grounded definition
of uncertainty [9, |33]. Borrowing notation from Bickford
Smith et al. [9], we measure uncertainty h using this min-
imised expected loss:

(2)

h[p(2Yobs)] = Ep(zlyo.) [E(a”, 2)].

Multiple popular measures of uncertainty arise from this
setup (9,18, 33|. For a point estimate with quadratic loss,
uncertainty is measured by the posterior variance:

h [p(z|yobs)] = Varp(z\yobs)(z)' (3)

For a probabilistic estimate with log-loss, uncertainty is

measured by the posterior (differential) entropy:

h [p(2|yobs)] =H Lp('z'yobs)] . (4)

Short derivations of these are given in Appendix S1. We
illustrate both cases for prevalence estimation in Figure [2]

and the first case in the following worked example.
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Example: Infection prevalence (binomial model continued)

Prior distribution: 0 ~ Beta(ayg, Bo)

Likelihood: n,.|0 ~ Binomial(n, 6)

+ . + ot
1 ~ Beta(ag +nly, Bo+n—nk.)
J

Posterior distribution: 6|
C

Our model fit to\%he observed data

Point estimate Probabilistic estimate
ae 0] a e P(0,1)
Loss function (a— 9)2 -log a()
l(a,0) (quadratic loss) (log loss)
U 4 4
. . ag +nh
Optimal estimate o obs Beta(ao + 1, fo+n —n,)
a* g+ Bo+n
(posterior mean) (posterior distr.)
3 U 4
Measure of ‘ +
uncertainty Var(6]ng,,) H{[Beta(-, -)]
E [é(ax 19)] (posterior variance) (posterior entropy)

Figure 2: Principle 1. Two measures of uncertainty
in the infection prevalence example with the binomial
model (z = 6 is the estimand). For simplicity, we
only show the binomial model. If we use a conjugate
Beta(ayg, o) prior distribution, then the posterior distri-
bution is Beta(ao+ny, Bo+n—nf, ). If we make a point
estimate of # under the quadratic loss function, then the
Bayes-optimal estimate is the posterior mean and uncer-
tainty can be measured using the posterior variance. If we
make a probabilistic estimate of § under the log-loss, then
the Bayes-optimal estimate is the posterior distribution it-
self and uncertainty can be measured using the posterior
(differential) entropy.

Worked example (Principle 1). We want to estimate
infection prevalence 6 in a town of N = 10,000 people.
We test n = 100 at random and find n:bs
tive. Using a uniform prior distribution and a binomial
model, the posterior distribution is Beta(11, 91). If we

use a quadratic loss (penalising squared estimation er-

= 10 posi-

ror), our Bayes-optimal estimate is the posterior mean
(11/102 ~ 0.108) and the measure of uncertainty is the
posterior variance (= 0.00093), the expected squared er-
ror, which is a concrete and interpretable measure of
uncertainty when we are averse to outliers. That is, we
estimate about 1,080 of the 10,000 residents are infected,
with a typical error of 1/0.00093 =~ 0.03 (3 percentage
points, or approximately 300 people). Alternatively, un-
der an absolute-error loss ¢(a,f) = |a — 6|, the Bayes-
optimal estimate is the posterior median (=~ 0.105) and

uncertainty is the expected absolute error (& 0.024), or
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about 2.4 percentage points (240 people). This is more
appropriate if we are not especially averse to large errors.

The measure of uncertainty is determined by the loss func-
tion, so alternative functions can capture different priori-
ties about estimation error. When estimating Ry, for ex-
ample, authorities may be risk averse, wanting to penalise
underestimates more than overestimates. Here, we could
use an asymmetric loss function, or target tail risk with a
quantile loss function [34], yielding problem-specific uncer-
tainty measurements that reflect user-specific risk prefer-
ences. These problem-specific measurements can be used
to guide decision-making, data-collection, and model com-

parison (for example).

Principle 2: The incomplete information driving
uncertainty is application-specific and determines
the decomposition of reducible and irreducible un-

certainty.

In machine learning and other fields, data are often as-
sumed to be drawn independently from a fixed underly-
ing distribution: each observation is a fresh sample from
the same source. Under this assumption, irreducible un-
certainty (sometimes called “aleatoric” uncertainty [35],
though definitions vary [9]) is the uncertainty that would
In this

view, the missing information corresponds to the infinitely

remain even with an unlimited supply of data.

many observations we have not yet collected.

In epidemiological transmission modelling, we only ever
observe one realisation of a given epidemic, making the
empirical quantification of inherent uncertainty difficult
[35]. Arguing about repeating the epidemic multiple times
is of limited practical value, as this offers little insight into
the uncertainty that is practically reducible. Uncertainty
instead must be reduced by collecting higher-quality, or a

greater quantity of, data during the epidemic [15].

We argue that focusing on missing data y,;ss that could
practically be observed is more useful. Specifically, we de-
fine the uncertainty reduction as the difference between
the uncertainty of the model fit to the observed data
(Yobs) and the uncertainty of the model fit to the full data
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(Yatl = Yobs U Ymiss):

URZ (ymiss)

Uncertainty reduction

= h [p(z‘yobs)]

Total uncertainty

hp(zlyan)] . (5)

Irreducible uncertainty

For example, consider estimating R; using the Poisson re-
newal model (Figure . Under perfect case reporting,
all of the uncertainty in R; is irreducible as only repeated
realisations of the same epidemic could improve our esti-
mates. In the presence of underreporting, the missing data
are unreported cases, and knowing these would reduce R;
uncertainty. This illustrates a key difference between epi-
demiology and fields such as machine learning: we often
observe only a single realisation of the epidemic (the data-

generating process).

This construction is purposely broad. The forms of
P(2|Yobs) and p(z|yan) are unrestricted, allowing any model
to be used. We also note that the form of the missing data
Ymiss need not match yups, enabling the inclusion of dif-

ferent datasets in the model. We illustrate this in section

230 considering the inclusion of wastewater data in a model

231

fit only to reported cases.

Example: The renewal model

With perfect reporting:

Reported cases Reproduction number L
y N Infection pressure
(Yobs = Cy) (2 Ry)

ssumed known,
(data) (parameter of interest) (assumed knoun)

K__/

Cases Cy ~ Poisson (R;At)

Observed datum
= infinite plausible values of C; that, if they had
been observed, would allow us to calculate Ry.

l Time

We cannot re-run the epidemic

all uncertainty is irreducible.

With underreporting:

Underreported cases Underreporting fraction

(Now g = ) Cp ~ Poisson(pR;Ay)
Cases

Cases under perfect reporting
Missing data (Ymiss = C/")
\\ Observed datum

Time

URR,(C"**) = h[p(RIC)] — hlp(RCY)]
G — - -

Uncertainty reduction Total uncertainty Irreducible uncertainty

Figure 3: Principle 2. Reducible and irreducible uncer-
tainty in the renewal model. The instantaneous repro-
duction number (R;) is a key quantity in epidemiological
modelling, defined as the average number of secondary in-
fections caused by an infected individual at time ¢ if they
were to undergo their entire infectious period at this time
[36]. It is commonly estimated from reported case data
using the Poisson renewal model pictured here .
Even if the reported cases C; perfectly corresponded to
the true infections (i.e., no underreporting), uncertainty
about z = R; would still exist. Under this model, un-
certainty about R; could be eliminated only if we were
to repeat the epidemic infinitely many times, thus all un-
certainty is irreducible. In the presence of underreporting
(p), the missing data are the unreported infections. If we
knew these quantities, for example, by improving outbreak
surveillance, we could reduce our uncertainty about R;.
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Worked example (Principle 2). Returning to our
prevalence example, the missing data are the infection
statuses of the 9,900 untested individuals.
test all 10,000 with a perfect test, we would know the
true prevalence precisely. All of our current uncertainty
(h = 0.00093) is reducible. If we had an imperfect test,

we will still have some uncertainty after testing every-

If we could

one, which would be #rreducible, and measured by the

remaining non-zero value of h.

Principle 3: To quantify reducible and irreducible

uncertainty, we reason about the missing data.

In some scenarios, we may know the value(s) of ynss, for
example, when including an additional already collected
dataset in a model. Often, however, we do not know the
value(s) of ymiss in advance, such as when planning future
data collection, or estimating the irreducible uncertainty.
In these cases, we must reason about the missing data that
could be observed, and consider the expected uncertainty

reduction.

Letting p(Ymass|Yobs) be a predictive model describing our
beliefs about the missing data, we average over all pos-
sible realisations of ¥,iss. Intuitively, for each possible
outcome of the missing data, we calculate what our un-
certainty would be if we observed that outcome, and then
weight each of these by how likely we believe that outcome
to be (p(Ymiss|Yobs))- Doing this to both sides of Equation

[] gives the expected uncertainty reduction:

Ep(ym,isslyob‘s) [URz (ymiss)] =

Expected uncertainty reduction

R [p(z[yobs)]
———

Total uncertainty

Ep(ymiss‘yobs) [h [p(z|yull)]] . (6)

Expected uncertainty after collecting ymiss

In some scenarios, the appropriate predictive distribution
may be obvious. For example, in a standard Bayesian
model where we plan to collect more data of the same
type, our current model already tells us what those data

are likely to look like, this is the posterior-predictive distri-
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bution: p(Ymiss|Yobs). We illustrate this in the context of
prevalence estimation in Figure [4l In other scenarios, this
predictive distribution may be less clear. In either case,

the predictive distribution is necessarily subjective.

Example: Infection prevalence (binomial model continued)

Consider testing m additional subjects:

Subject | Status Sample | Sample|Sample|Sample]| ---

corved?
; Vi Observed? 1 9 3 4
1 Neg v
2 Pos v
n Neg v
n+1 Pos o Ymiss = E:jﬂ"jrl i Pos Neg Neg Neg
. Neg | Neg 0" Neg
nJ.rz N.eg D (observable _‘h _(h e v‘h
: . ¢ future : 2 : ¢
n+m Neg o data) Neg Neg Neg Neg
\ \'E X s N g
’ nes Samples from the predictive

distribution for the missing data
To estimate the expected uncertainty given y,y; :

— Choose a predictive model for y,,ss
n+m

Ymiss = E y; ~ BetaBinom (m7 Qo+, Bo+n— 77,:er)
i=n+1
(the posterior predictive distribution)

— Sample from this predictive model: 7/5;)1‘35 ~ D(Ymiss|Yobs)
— Calculate uncertainty given these sampled data:
b [p(O1nG,880)| = Var(@lnd,, v'i.)
— Average over all sdmples
E [Vm(@\nobb ymm ]

(assuming point estimate
and quadratic loss)

S
1
3 Z 0‘7%&077/77”“)

Expected uncertainty reduction from collecting Ymiss :

R 4
B [URy (ymiss)] = Var(8]ng,,) — 5 3 Var(Blng,. uys,)

o=l

Figure 4: Principle 3. Estimating the expected uncer-
tainty reduction in the infection prevalence example with
the binomial model (z = ). Consider testing m addi-
tional individuals for infection. The posterior-predictive
distribution given a beta prior distribution and binomial
likelihood is a beta-binomial distribution. We calculate
the expected uncertainty reduction about 6 after collect-
ing Ymiss by averaging h [p(0]y1.n, Ymiss)] (the final term
in equation @) over this predictive distribution.

Worked example (Principle 3). We plan to test

= 100 additional people, but do not yet know the
results. How much do we expect our uncertainty to de-
crease? Under our model, the number of positives among
these 100 follows a beta-binomial distribution (the pos-
terior predictive distribution). We cannot know in ad-
vance how many will test positive, but we can consider
each possibility: if 8 are positive, the updated posterior

is Beta(19, 183) with variance ~ 0.00042. If 14 are posi-
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tive, it is Beta(25, 177) with variance = 0.00053, and so
on. Averaging across all possible outcomes, the expected
posterior variance drops from 0.00093 to approximately
0.00047, an expected uncertainty reduction of roughly
50%.

Principle 4: Collecting additional data is not guar-
anteed to reduce uncertainty in practice, but will
in expectation if the predictive distribution is co-

herent.

In practice, new data may contradict existing data, leading
to an increase in uncertainty about z. While this cannot
be prevented with certainty, if the predictive distribution
D(Ymiss|Yobs) 1s coherent with the fitted model, then addi-

tional data will reduce uncertainty in ezpectation.

Coherence, in this context, means that the predictive dis-
tribution and the fitted model are consistent, i.e., they
both make the same assumptions about the missing data.
Formally, the predictive model is coherent with the fit-
ted model if both are marginal distributions of the same
joint distribution over all quantities (see Appendix S2 for
the definition). Intuitively, the model used to predict the
missing data should be the same model used to estimate

zZ.

If both models implicitly make different assumptions, then
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even collecting more data can counterintuitively increase
expected uncertainty. For example, when the predictive
distribution is more diffuse than what the fitted model
would imply, predicted observations tend to be more ex-
treme than the fitted model expects, which can widen

rather than tighten the posterior.

When coherence holds, collecting additional data is ex-
pected to reduce uncertainty (Appendix S2). If the miss-
ing data provide no new information about z (i.e., z is
conditionally independent of Y55 given yops ), then the ex-
pected uncertainty reduction is zero. Coherence is a funda-
mental property of Bayesian inference: standard Bayesian

models automatically satisfy this condition [25] 38|.

In the prevalence example, suppose we believe the preva-
lence among untested individuals differs from those who
volunteered for testing. If we inflate the variance of the
predictive distribution to account for this, but do not in-
clude this assumption in the fitted model, then the pre-
dictive model is not coherent with the fitted model, and

uncertainty may increase on average.

Coherence is not a requirement of our framework and Prin-
ciples 1 to 3 are valid regardless. However, without this
assumption, collecting more data may not reduce uncer-
tainty. We note that determining whether a given model
satisfies coherence is model-specific and remains an area of
active research [13}39]. All four principles are summarised
in Figure



Model Data Loss
p(z|yobs) Yobs K(a, Z)
Estimate/Action Total uncertainty
P1 o . .
( ) a = argmin EP(ZL%bs) [é(av Z)] h [p(zh/obs)] = Ep(zly()bs) [e(a 72)]
Missing data Irreducible uncertainty
P2 _— .
F2) Yimiss A Ip(:ya)] = min Epgap,y) [£(a, )]
(P3) Beliefs about Yymss Expected irreducible uncertainty
p(ymiss |yobs> Ep(yrnisslyobs) [h [p(zlyall)]]
(P4) Sl s Uncertainty expected to decrease (optional)
Pestimialion) = 72 g vl < RG]
p(z|yall)p(ymiss|yobs) Jmissobs -

Figure 5: An overview of the four principles (P1 to P4) of our decision-theoretic framework. We start with a model
P(2|yobs) of the unknown quantity z, observed data y.ps, and a loss function ¢(a, z) - the three quantities needed to make
a decision under uncertainty. P1 uses the loss function to concretely relate the model and data to the real-world act of
making an estimate a of z, defining the Bayes-optimal estimate a* and the corresponding total uncertainty h. P2 defines
the irreducible uncertainty as the uncertainty remaining after collecting missing data ¥,,;ss. As we generally do not know
the value of y,iss, P3 introduces the expected irreducible uncertainty, which is the irreducible uncertainty averaged over
a predictive distribution p(Ymiss|yobs) of the missing data, providing a baseline of how good we can expect our estimates
to possibly be. P4 provides an optional modelling condition, related to the formulation of p(ymiss|yobs), under which
collecting these missing data is expected to reduce uncertainty. Blue shading highlights known inputs (model, data, loss,
beliefs about missing data), red shading highlights possibly unknown inputs (missing data), green shading highlights
framework outputs, and yellow shading highlights the optional coherence condition.
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3 An application to wastewater

surveillance

How much can wastewater surveillance reduce un-

certainty about R;?

Wastewater surveillance gained prominence during the
COVID-19 pandemic as a potentially less biased source
of data than traditional sources (such as reported cases)
for tracking real-time pathogen transmission [40} |41]. The
concentration of genomic material in wastewater does not
map directly onto traditional epidemiological indicators
and can be highly variable [42]. This has led some to

question the utility of wastewater data in this setting [40].

Watson et al. [41] constructed a joint model of wastewater
and reported case data for Aotearoa New Zealand. To
examine the utility of wastewater data for estimating Ry,
we apply our framework to answer two questions: first, to
what extent is uncertainty about R; reduced by including
wastewater data in the model (compared to modelling re-
ported cases only)? And second, given current wastewater
sampling in Aotearoa New Zealand, how much could un-
certainty about R; be reduced by sampling wastewater
catchments covering the entire population every day? We
assume decision-makers use point estimates of R;, with a
quadratic loss function deemed suitable, and therefore use
variance as our measure of uncertainty. We provide full

technical details of the procedure in Appendix S3.

To assess the benefit of incorporating already-observed
wastewater data, we fit the model with and without these
data and compute the daily uncertainty reduction (Equa-
tion . The “missing data” here are the daily wastewater
observations, and the uncertainty reduction on each day
is the difference in posterior variance of R; between the

case-only and case-plus-wastewater model fits.

To estimate the expected uncertainty reduction from ex-
panding surveillance to the entire population, we first fit
the model to all observed data (reported cases and ex-
isting wastewater measurements), obtaining a joint poste-
rior distribution over all model quantities. We then simu-
late hypothetical additional wastewater data, representing

what we might observe if sampling covered the remaining
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population, from the posterior predictive distribution. By
re-fitting the model to the combined observed and simu-
lated data and examining the resulting posterior variance,
we obtain a single draw of the uncertainty after expan-
sion. Repeating this 100 times and averaging yields a
Monte Carlo estimate of the expected uncertainty reduc-

tion (Equation [6).

We fit the model to data between 1 January 2023 and 1
March 2023 (Figure [6}A), sourced from [41]. Wastewater
data were collected on 41 out of these 60 days (Figure @
B), with daily catchment coverage ranging from 31,000 to

3.6 million individuals (out of 5.15 million total, Figure

6HC).

Including wastewater data reduces expected daily uncer-
tainty about R; by an average 16.9%, with the greatest
reduction being 54.4% on 7 January 2023, though some in-
creases (up to 12.6% on 31 January 2023, 12.1% on 17 and
18 February 2023) occur on some days (Figure @D), high-
lighting that even when uncertainty is ezpected to decrease,
there are instances where it may still increase when addi-
tional data contradict existing data. Sampling wastewater
data from the entire population every day is expected to
further reduce daily uncertainty by 14.6% (or 29.4% when
compared to estimates from reported case data only), rep-
resenting a plausible bound on the expected reduction in

R; uncertainty achievable through wastewater sampling.

Missing wastewater data may (once collected) differ sys-
tematically from observed data, for example if existing
sampling is biased towards sites expected to yield more
reliable measurements. In this case, we might wish to al-
low the variance of the observation distribution for the
wastewater data to be larger in the hypothetical-data set-
ting than in the observed data. To maintain coherence and
ensure more data reduces our model uncertainty, we would
also need to include this assumption in the model itself, or
we risk using a predictive model that is more diffuse than

implied by our model (as highlighted in Principle 4).
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Figure 6: Reported case data (A), wastewater data (B), and population covered by wastewater catchment areas (C) for
Aotearoa New Zealand between 1 January 2023 and 1 March 2023. The light blue region in panel (C) represents the
population from which missing data could be sampled. The daily uncertainty about R; from the model fit to reported
case data only (orange), from the model fit to both reported case data and observed wastewater data (dark blue), and
the expected uncertainty after sampling wastewater data from the entire population every day (light blue) are shown
in panel (D). Thin light blue lines show the posterior variance of R; from individual simulations of hypothetical data,
demonstrating that even though the expected uncertainty reduction is positive (as we satisfy the coherence requirements),
uncertainty about R; could still plausibly increase. Uncertainty increases at the start and end of the time period as a
result of fewer data points being available to fit the model.
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4 Related frameworks

Our decision-theoretic approach unifies multiple popular
methodologies. We describe the conceptual connections
between these methods and include pointers to literature

with the technical details.

The VOI framework, widely used in health economics,
measures the expected reduction in loss from obtaining
additional data 17} (18} (19} 43| |44} 45]. The central con-
cept of the expected value of sample information (EVSI) is
equivalent to our expected uncertainty reduction (Equa-
tion @ in a standard Bayesian setting. Our framework ex-
tends the VOI literature beyond the traditional Bayesian
setting by allowing for a wider class of predictive distri-
butions and models. The VOI framework is also applied
to decision problems, where the loss function represents
the cost of a decision based on the model. Our framework
adds the interpretation that the minimised expected cost

is a direct measure of uncertainty about that decision.

Bayesian experimental design and active learning
focus on data collection strategies, arguing that experi-
ments should be designed to maximise their expected util-
ity, commonly framed as the expected information gain
(EIG) |46, [20]. The EIG about a quantity z from a pro-
posed experiment is the expected reduction in posterior
entropy, equivalent to our framework under a log-loss func-
tion. By Principle 4, an experiment is only guaranteed to
reduce uncertainty if we model the data consistently. Case
et al. [6] apply these principles in epidemiology for tick
surveillance design, and our framework encourages view-
ing their bespoke risk-based loss function as the relevant

measure of uncertainty in that setting.

Fisher information approaches can also be captured.
For example, [15] uses Fisher information to quantify the
information in noisy epidemic curves, which is approxi-
mately equivalent to the inverse-variance of the maximum
likelihood estimate. Under our framework, this corre-
sponds to using a quadratic loss function and measuring

uncertainty via the variance of a point estimate.

Finally, scoring rules have gained popularity in epidemi-
ology for measuring the quality of probabilistic estimates
[23} |7} |29, |47, 48]. Estimation of future data is distinct
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from estimation of model parameters in that we eventually
observe the data, and thus can calculate the loss (score)
associated with a given prediction. In our framework, ap-
plying a scoring rule to each forecast-outcome pair is an
operationalisation of the loss, giving a setting in which

uncertainty can be empirically estimated.

5 Discussion

We have presented a decision-theoretic framework for con-
ceptualising and quantifying uncertainty in epidemiologi-
cal models. Starting from the idea that uncertainty arises
from missing data |13], our approach directly links theory
to practical application and yields a separation of reducible
and irreducible uncertainty. We then demonstrated that
coherence ensures collecting additional data will reduce
uncertainty on average, reinforcing missing data as the
source of uncertainty. The framework was illustrated us-
ing a published model of SARS-CoV-2 wastewater surveil-
lance in Aotearoa New Zealand [41], where the practical
limit of wastewater data in reducing R; uncertainty was

estimated.

By connecting, extending, and generalising existing frame-
works from adjacent fields, including VOI analysis,
Bayesian experimental design, and scoring rules, we aim
to make these powerful ideas more accessible to epidemiol-
ogists. Our framework broadens the applicability of these
tools, clarifying how divergent perspectives on uncertainty
often overlap. While our focus has been on epidemiology,
the framework is applicable to a wider range of fields, in-
cluding weather forecasting, economics, and ecology [49,
7], with ideas from these fields also informing aspects of

our framework.

This work lays the foundation for potentially high-impact
future research, including (i) application-specific loss func-
tions, (ii) general coherent predictive models, and (iii) the
evaluation of model specification. For (i), adopting losses
that reflect the decision context could lead to more rele-
vant notions of uncertainty, particularly in settings where
being above a certain threshold (such as R; > 1) is of
greater concern than being below it [50]. For (ii), while

we focused on Bayesian examples, the framework supports
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a broader class of models, including black-box machine-
learning models. Active research in the foundations of pre-
dictive inference is expanding the class of models for which
coherence can be formally verified, an important step to-
wards applying our framework to non-Bayesian methods
[13,]28, 51, 39]. We note that determining whether a given
model satisfies coherence in practice is often model-specific
and can require tailored diagnostic methods. For (iii), as
epidemiological models are typically fit to a single data re-
alisation, model structure plays a greater role in producing
estimates than in many other fields. There is consequently
greater potential for model misspecification, addressable
by extending our framework using reference distributions
[9], parametric extensions [52], and model averaging [52,
53].

In many epidemiological applications, the predictive dis-
tribution for 4,,:ss Will take the form of a simulator. The
expected uncertainty reduction can then be estimated by
sampling from this simulator, re-fitting the model, calcu-
lating the uncertainty, and repeating multiple times. This
can be computationally expensive, and existing techniques
such as Gaussian process surrogates or neural density es-

timators [54} 12, |55] could accelerate this.

A practical advantage of the loss-based approach is that
it grounds uncertainty in problem-specific, interpretable
terms. Under quadratic loss, for instance, uncertainty is
the expected squared error of the best estimate, a quantity
that can be conveyed as “how far off our best guess is likely
to be.” Under alternative, tailored losses, uncertainty can
be expressed in units familiar to decision-makers, such as
the expected monetary cost of acting on imperfect infor-
mation. For example, planning ICU capacity for an an-
ticipated epidemic wave involves a clear cost asymmetry:
each unmet bed costs more than each unused bed (in both
monetary and human terms). Choosing a loss function
that reflects this asymmetry expresses uncertainty about
peak demand as the expected cost of acting on the current
best estimate. The expected gain from additional surveil-
lance is the reduction in this cost, which can be weighed
against the cost of collecting it. This is the central ques-
tion of value-of-information analysis in healthcare |19} 18],
applied in this exact setting for early COVID-19 ICU pre-
paredness by Eze et al. [56]. By linking the mathematical

measure of uncertainty to its real-world meaning, we can
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better communicate uncertainty to policymakers and the

public, facilitating informed decision-making.

By framing uncertainty as a consequence of estimation
under incomplete information, we provide a theoretically
grounded and practical approach to uncertainty quantifi-
cation in epidemiological modelling, particularly useful for
Our

framework supports consistent, reproducible, and policy-

planning studies and directing surveillance efforts.

relevant model-based inference in infectious disease epi-

demiology.

Supporting information

All code and data to reproduce the wastewater applica-
tion are available at: https://github.com/nicsteyn2/
DecisionTheoreticEpil A supplementary file (consisting
of Appendices S1, S2, and S3) containing formal proofs,
derivations, and full technical details is available alongside

the main text.
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