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Abstract
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1. Introduction
We prove the following two theorems (see Section 2 for terminology).

Theorem 2.3. Let T : X — X. There is a compact, Hausdorf{f topology on X with respect

to which T is continuous if and only if T (e T (X)) = (\pen T (X) # ¥ and either:

(1) T has, in total, at least continuum many Z-orbits or cycles; or

(2) T has both a Z-orbit and a cycle; or

(3) T has an n;-cycle, for each i < k, with the property that whenever T has an n-cycle,
then n is divisible by n;, for some i < k; or

(4) the restriction of T to (), T™ (X) is not one-to-one.

Theorem 2.9. Let T : X — X be a bijection. There is a compact metrizable topology on X
with respect to which T is a homeomorphism iff one of the following hold.

(1) X is finite.

(2) X is countably infinite and either:
(a) T has both a Z-orbit and a cycle; or
(b) T has an n;-cycle, for each i < k, with the property that whenever T has an

n-cycle, then n is divisible by n;, for some i < k.

(3) X has the cardinality of the continuum and the number of Z-orbits and the number
of n-cycles, for each n € N, is finite, countably infinite, or has the cardinality of the
continuum.

Let T:X — X. Ellis [1] asked whether there is a non-discrete topology on X with
respect to which T is continuous. Both Ellis, and Powderly and Tong [9] make some con-
tributions to the question, though their topologies are not in general 77. De Groot and
de Vries [3] solve the question, proving that, if X is infinite, there is always a non-discrete
metrizable topology on X with respect to which T is continuous. They go on to prove that,
provided X has at most ¢ many elements, X may be identified with a subset of the Cantor
set and that if T is one-to-one, then it may be taken to be a homeomorphism. They mention
that, even assuming appropriate cardinality restrictions, it is impossible in general to make
X compact, metric, though de Vries [4] proves that, if T is a bijection, the Continuum Hy-
pothesis is equivalent to the statement that there is a compact, metric topology on X with
respect to which 7' is a homeomorphism provided X has cardinality c.

The Banach Fixed Point Theorem implies that if X is a compact metric space and
T:X — X is a contraction, then (), ., 7" (X) = {x} for some unique fixed point x of 7.
In a question related to Ellis’s, de Groot asked whether there is a converse in the following
sense:if T:X — X, |X| =cand ﬂnew T"(X) = {x} for some x, is there a compact, metric
topology on X with respect to which 7T is continuous? In general the compact metric case
is impossible, however Janos [8] proves that there is a totally bounded metric topology on
X with respect to which T is a contraction mapping and Iwanik, Janos and Smith [7] prove
that there is a compact, Hausdorff topology on X with respect to which T is continuous,
even without the restriction on the cardinality of X.
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This suggests a fundamental and natural question. If 7 is an arbitrary self-map 7 on
the set X and P is some topological property, when can one endow X with a topology
that satisfies P and with respect to which 7 is continuous? Iwanik [5] characterizes the
situation when T is a bijection and there is a compact, Hausdorff topology with respect
to which T is continuous (hence a homeomorphism). What about the general case? Under
what conditions is there a compact, Hausdorff topology on X with respect to which an
arbitrary self-map T is continuous?

Let us say that a function T : X — X is compactifiable if there exists a compact Haus-
dorff topology on X with respect to which 7 is a continuous function. In this paper we
characterize (Theorem 2.3) those functions on a set that are compactifiable. The proof
of 2.3 provides most of the ingredients for the proof of Theorem 2.9, in which we extend
de Vries’s result by characterizing those bijections on a set which are continuous (hence
homeomorphisms) with respect to a compact metrizable topology on the set. Both charac-
terizations are naturally stated in terms of the orbit structure of the map concerned.

The paper is structured as follows: In Section 2, we introduce enough terminology to
state our main results, Theorems 2.3 and 2.9 in a more convenient form. In this section we
also state a number of other related results. Although a number of the results in subsequent
sections are of independent interest, the remainder of the paper is largely devoted to the
various results required in the proofs of 2.3 and 2.9. In Section 3, we introduce some
further terminology, which will be useful in clarifying what follows, and prove a number of
lemmas of a technical but non-specific nature. Necessary conditions on the orbit structure
of a continuous self-map of a compact, Hausdorff space are discussed in Section 4. In the
remainder of the paper we show that a compact, Hausdorff topology may be imposed on
a set with self-map 7" with an appropriate orbit structure. Section 5 discusses the notion
of the resolution of a space by a family of spaces, resolutions being our main tool for
combining the various constructions in the sequel. Although, in general, resolutions do not
combine well with continuity, Theorem 5.4 provides us with natural conditions allowing
us to glue orbits together, whilst preserving continuity. Section 6 concentrates on defining
topologies on individual orbits that are compatible enough with T that T is continuous on
the whole of X. In Section 7 we compactify various maps 7, where T is (or is almost)
a bijection. N-orbits seem to require slightly different arguments and we present these in
Section 8: essentially we treat them as virtual Z-orbits. These various results are brought
together in the final short Section 9 completing the proofs of Theorems 2.3 and 2.9 and
Corollary 2.10.

Aside from introduced notions, our notation and terminology are standard, as found in
the book by Engelking [2]. In particular an ordinal is the set of its predecessors so that
for example 2 = {0, 1}. The cardinality of the continuum is denoted by ¢ and we use w to
denote both R and the set of natural numbers, N. We denote the closure of a set A by A.

2. The Main Theorem

Let T: X — X be a function. The relation ~ on X, defined by x ~ y if and only if there
exist m, n € w with T™(x) = T"(y), is an equivalence relation, whose equivalence classes
are the orbits of T, or T -orbits.
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Definition 2.1. Let 7: X — X and O be an orbit of T.

(1) O is an n-cycle, for some n € w, if there are distinct points xo, ..., x,—1 in O such
that T(x;_1) = x, where j is taken modulo n.

(2) O is a Z-orbit if there are distinct points {x;: j € Z} € O such that T (x;_1) = x; for
all j € Z.

(3) O is an N-orbit if it is not a Z-orbit and there are distinct points {x;: j € w} € O such
that 7 (x;) = x4 forall j € w.

If the set S = {x;: j € M} witnesses that O is an n-cycle, Z-orbit or N-orbit, where M is
an appropriate indexing set, then we say that S is a spine for O.

Definition 2.2. Let 7 : X — X. The orbit spectrum of T is the sequence
o(T)=,¢,01,02,03,...)

of cardinals, where v is the number of N-orbits, ¢ the number of Z-orbits and o, is the
number of n-cycles.

We shall say that a subset N of w is finitely generated if k > 0 and ny,ns,...,nx € N
such that for every j € N there is some i < k with n; | j. The orbit spectrum o (T') is said
to be finitely based if {n € w: o, # 0} is finitely generated.

The notion of finitely based was first introduced by Iwanik, Janos and Kowalski [6],
who also proved Theorem 4.13.

For A € X we denote (),,c,, 7" (A) by T”(A) and T (T”(A)) by Tt (A).

Using this terminology we can restate the Main Theorem as follows:

Theorem 2.3. Let X be an infinite set and T : X — X have orbit spectrum
o(T)=(,¢,01,02,03,...).
T is compactifiable if and only if T*T1(X) = T®(X) # @ and one of the following holds:

(1) ¢+ ,cp0n=c0r
(2) both¢ £0and Yy
(3) ¢ =0 and either
(a) o(T) is finitely based, or
(b) T | T®(X) is not one-to-one.

o, #0; or

new

If T is onto, then clearly 7®+!(X) = T®(X) (and T has no N-orbits), so the following
corollary is immediate.

Corollary 2.4. Let X be an infinite set and let T : X — X be a surjection with orbit spec-
trumo (T) = (0,¢,01,02,03,...). T is compactifiable if and only if either:
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(1) ¢+ ,cp0n=c0r
(2) botht #0and )", ., 0n #0; 0or
(3) ¢ =0 and either o (T) is finitely based, or T is not one-to-one.

If T has a fixed point, then o (T') is finitely based, and if 7“(X) = {x}, then x is a fixed
point. So we have the following two corollaries of the Main Theorem.

Corollary 2.5. If T®T1(X) = T®(X) and T has a fixed point, then T can be compactified.

Theorem 2.6 ((Iwanik, Janos, and Smith)). If T: X — X is such that T®(X) = {x} for
some x, then T can be compactified.

Iwanik’s characterization for bijections also follows.

Theorem 2.7 ((Iwanik)). Suppose that T : X — X is a bijection. T can be compactified iff
neither of the following hold:

(1) |X| < ¢ and all orbits are infinite; nor
(2) |X| < ¢, all orbits are finite but the orbit spectrum is not finitely based.

If T is finite-to-one, in particular one-to-one, then orbits are countable and it is not
hard to see that 7**!(X) = T*(X). Hence Theorem 2.7 holds for injections as well as
bijections, and can be generalized to the following corollary of Theorem 2.3.

Corollary 2.8. Let X be an infinite set and T : X — X a finite-to-one map. T is compacti-
fiable if and only if one of the following holds:

(D) 1T°(X)| = ¢; 0r

(2) T has a Z-orbit and an n-cycle for some n € N; or

(3) T has an n-cycle, for some n €N, and T | T®(X) is not one-to-one; or
(4) T has an n-cycle, for some n € N, and o (T) is finitely based.

The methods used in the proof of Theorem 2.3 also allow us to prove this extension of
de Vries’s theorem.

Theorem 2.9. Suppose that T : X — X is a bijection. There is a compact metric topology
on X with respect to which T is a homeomorphism iff { and each o,, n € w, is either
countable or has cardinality ¢, and either:

D | X|=c;or
(2 ¢#0and ), ., 00 #0;0r
(3) o(T) is finitely based.

Corollary 2.10. The Continuum Hypothesis is equivalent to the statement:
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If T:X — X is a continuous bijection on the first countable, compact Hausdorff
space X, then there is a (possibly different) compact metrizable topology on X with
respect to which T is a homeomorphism.

3. Preliminaries

In this section we introduce some terms and prove some technical, but non-specific,
lemmas that will be useful in the sequel.

Definition 3.1. Let 7: X — X and O be an orbit of 7. If T | O is one-to-one, so that O
consists only of a spine, then we say that O is a simple orbit. A semi-simple n-cycle is an
orbit O ={x;: 0< j <n}U{y;: i € w}suchthat T (x;) =x;41 for j <n, T (x,—1) = xo,
T (yi) = yi-1,i # 0 and T (yo) = xo.

Definition 3.2. Given a sequence of cardinals s = (v, ¢, 01, 02, 03, .. .), the (unique) canon-
ical representation of s is the map T:X — X with ¢(T) = s, each of whose orbits is
simple. A semi-canonical representation of s isamap T : X — X with o (T) = s, each of
whose orbits is simple except for one semi-simple n-cycle.

The proof of the following lemma is routine.

Lemma 3.3. Let X be a topological space and T : X — X be continuous. Let A C X.

(1) If A is closed under the action of T, then A is also closed under the action of T.
(2) Y =X\U,ep, T"(A) is closed under the action of T.

Lemma 3.4. Let T : X — X be a function and let Y C X be closed under T. Then A is an
orbitof T [ Y ifand only if A @ and A =Y N O for some orbit O of T.

Proof. Note that since Y is closed under T, if x,y € Y then 7" (x) and T"(y) are both
also in Y for all m and n, so asking whether x ~ y with respectto T orto T [ Y gives the

same answer. O

Lemma 3.5. Let X be a Hausdorff space and T :X — X continuous. The set ~=
{(x,y): x ~y}isan F, subset osz.

Proof. Let A = {(x, x): x € X} denote the diagonal in X2.Foreachm,n € w, let x ~mn Y
if and only if 7" (x) = T™(y). Since T is continuous,

~mn = {06 )1 X~ v} = (T" x T’”)_IA

is a closed subset of X2. But then ~= {(x, y): x ~ y} = U
of X2. O

mnew - m,n is an F, subset
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Lemma 3.6. Suppose that N C w is not finitely generated. Then there is an infinite subset
M of N with the property that no infinite subset of M is finitely generated and whenever
n € N, n divides at most finitely many elements of M.

Proof. We define M inductively as follows. Suppose have chosen finitely many elements
mo, ..., mg. Since N is not finitely generated, there are infinitely many elements of N
which are not divisible by any m;, i < k. Let my41 be the least such element and let
M = {my: k € w}. Clearly M is not finitely generated. Moreover, if n € N divides infinitely
many elements of M then n ¢ M, so n was not chosen for inclusion in M, which implies
there is some m < n in M which divides n. But then m divides infinitely many elements
of M, a contradiction. O

Lemma 3.7. Let N be an infinite subset of w and let 0 £ k € N.

(1) Ifk divides each n € N and n = kky, then (k, —1)/n — 1/k as n — oo.
(2) N can be partitioned into finitely many sets No, Ny, p, foreach0 <r <k, 0 < p <2r,
and N’ such that:
(a) N’ is finite;
(b) k divides each n € Ny,
(c) each N, is either infinite or empty and if n € N, p, then there are gy, a, € w with
n=kqy, +r and g, = 2a,r + p.

Proof. The proof of the first statement is routine. To see (2), we know that each n € N can
be written n = kq, + r, where 0 < r,, < k. Likewise, g, can be written g, = 2a,r, + pn
for some 0 < p, < 2r,. Since 0 < r, < k and 0 < p, < 2r,, there are at most finitely many
possible values for the pair (r,,, p,). If there are infinitely many n such that r, = r and
DPn =Dp,let N, , ={n: r, =r, p, = p}, otherwise let N, , =¥. Then N partitions into the
sets No={n: r, =0} ={n € N: k|n}; N, p, where 0 <r <k, 0 < p < 2r; and the finite
set N'=N\(NoUlU, , Nr.p). O

Lemma 3.8. Let k,r,p e w, with 0 <r <k and 0 < p <2r, and N C w be such that,
if n € N, then there are gy, a, € w with n = kq, +r and q, = 2a,r + p. Then there are
natural numbers uy ¢, vy, and wy ; such that:

(D n=3 0 [kn +vae) +11andn =3 ¢, (kwy, +1);

(2) ifmne N withm <nand 0<t,t' <r then uy; < Uy, Ops < Uyp and wy; <
Wp,t's

(3) forallne NandO0<t <r, up; <vpy Sups+1;and

(4) foranyl € w thereisanm € w such thatifn € N withn > m then up ¢, vy r, Wy s > 1.

Proof. We know that n = kg, + r and that ¢, = 2a,r + p. Foreach 0 <t < r,leti; =1
if t < (p —1)/2 and i; = 0 otherwise, and j; = 1 if t < p/2 and j; = 0 otherwise. Then
Zog,q(iz +Jj) =p.Putup; = ay + iz, Vnr = ap + jr and wy ; = Uy ; + vp,r. It is easy
to verify that the numbers u,, ;, v, ; and w, ; have the properties claimed. 0O
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Lemma 3.9. If C is a simple m-cycle of T, n does not divide m, and A C C with A # 0
and T"(A) = A then |A| > 2m/n.

Proof. Fix some xo € A. Restricting to the set {7 (xg): j € w} if necessary we may
assume that A is a k-cycle of T". Then we have Tk (x9) = xo, so we must have nk = mj
for some j. Since n does not divide m, we must have j > 2,sok=mj/n >2m/n. O

4. Necessary conditions
Our first key observation is the following:

Theorem 4.1. Let T : X — X be a continuous map on the infinite compact, Hausdorff
space X. Then Tt (X) = T2(X) #@and T | T*(X) is onto and has no N-orbits.

Proof. Clearly # # T"+1(X) € T"(X) so {T"(X)}nco is a decreasing sequence of com-
pact, closed subsets of X. Hence T“(X) # #.

Certainly T®t!(X) C T“(X), so suppose that x € T®(X). Let Co = T~ !(x) and, for
new,letC,=T7"(Cp) and D, = T"(C,). Since {xo} is closed, each C,, is closed, hence
compact, and since x € T“(X) each C, is non-empty. Thus {D,},c, is a decreasing se-
quence of compact, closed non-empty subsets of the compact set Cy and has non-empty
intersection. But then if y € (), c,, Dn, y € T*(X), s0x =T (y) € T®*1(X), as required.
Finally note that, by definition, a map cannot be onto if it has an N-orbit, so T [ T*(X)
does not have any N-orbits. O

Corollary 4.2. If T : X — X is compactifiable, then T | T®(X) is compactifiable and has
no N-orbits.

The following example shows that it is possible for an arbitrary function to have an
N-orbit N such that T®(N) # @.

Example 4.3. Let X = w U {(m,n): n <m € w} U {oo}. For m,n € v with n > 0, let
Tm)y=m+1,T(m,n)=m,n—1), T(m,0) =0, and T (c0) = co. Then T has exactly
one fixed point, co, and one N-orbit N such that T“(N) # @, so that T (X) # T+ (X).
By Corollary 4.2, T is not compactifiable.

The following lemma says that when 7<% ! (X) = T“(X), each point has a predecessor
which has as many predecessors as possible.

Lemma 4.4. Let T: X — X and suppose that T®T1(X) = T(X). There is a function
pr:T(X) — X such that for every x € T(X), T (pr(x)) = x and for every y € T (x) and
every k € w, if T*(y) # 0 then T ¥ (pr(x)) # 0.

In particular, if x; = pr(xj4+1) for 0<i <k, and xo ¢ T(X), then T—® D (x) = 6.
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Proof. Note that x € T“(X) if and only if {n € w: x € T"(X)} is unbounded in w. Define
the function F: X — w + 1 by

P max{n e w: x € T"(X)}, ifx ¢ T*(X),
)= {w if x € T2(X).
Suppose y € T~!(x) with F(y) <. Then x = T(y) € TFO+(X), 50 F(x) > F(y) + 1.
Let x € T(X) with F(x) = k for some 0 < k < w. Then x € T*(X), so x = TX(z) for
some z, € X. Put pr(x) = T¥~1(z,). Then pr(x) € T¥~1(X), so F(pr(x)) >k — 1. On the
other hand, x = T (pr(x)) so by the previous observation we have F(x) > F(pr(x)) + 1.
So F(pr(x)) =k — 1> F(y) forall y € T~ (x).
Now let x € X with F(x) = w. Then, since T%(X) = Tt (X), there is some y, €
T~1(x) N T®(X). In this case put pr(x) = y,. Then T_k(pr(x)) #*+ @ forall k € w.
Finally, note that if x; = pr(x;+1) for 0 <i < k, and xg ¢ T (X) then, by induction, we
can show that 7T-0tD(x)) =@ forall 0 <i <k. O

Lemma 4.5. Let T : X — X and suppose that T®T1(X) = T®(X). If the only orbits of T
are cycles and T | T®(X) is not one-to-one, then there is a subset C' of some n-cycle such
that C' is a semi-simple n-cycle of T | C'.

Proof. Let C be an n-cycle of T | T®(X) on which T is not one-to-one. Let {x;: 0 <
Jj < n} be the spine of C. Without loss of generality, there is some yg € T~ (x0) \ {xk—1}.
Let pr:xT(X) — X be as in Lemma 4.4, and define y;y; = pr(y;) for each i € w. Let
C'={xj: 0<j <n}U{yi: i € w}. Then C’is a semi-simple n-cycle as required. O

A space is scattered if every non-empty subspace has at least one isolated point. Given
a space X, if Sy denotes the isolated points of X \ | B<a Sg, then the Cantor—Bendixson
rank or scattered rank rkx (x) of x in X is the ordinal « such that x € S,, so that a space is
scattered if and only if every point has a scattered rank. If U, = | J p<q Spand Co = X\ Uy,
then each U, is open in X. The Cantor—Bendixson or scattered height of X is the least «
such that C, = . The sets C,, form a strictly decreasing sequence of closed sets so, if X
is compact T, the scattered height of X is a successor ordinal 8 + 1 for some B, and Cg
is closed and discrete, hence finite.

The significance of the cardinal ¢ in the characterization is clear in the scattered case.

Theorem 4.6. Suppose that X is a non-empty compact, scattered Hausdorff space and that
T :X — X is continuous. Then T has a cycle.

Proof. Suppose that X is a non-empty compact, scattered Hausdorff space. We prove by
induction on the scattered height « + 1 of X that any continuous 7 : X — X has a cycle.
The base case, @ = 0, is trivial since a compact scattered space of height 1 is discrete,
hence X is finite and T has a cycle. So assume that the result holds for all 8 < « and
suppose for a contradiction that 7 : X — X is continuous and has no cycle. We will show
that there is a closed non-empty subset ¥ of X of height less than @ + 1 suchthat 7(Y) € Y.
Let Ug = {x € X: tkx(x) < B} and Cg = X \ Ug. Let x¢ € Cy and define x, 1 =T (x,)
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for each n € w. Choose some x, such that rkx (x,) = ¥y = min{rky (x,): n € w} and let
V={x}UU,. lf Yo=X\ Unew T~"(V), then Yy is closed (since V is open) and by
Lemma 3.3, T'(Yp) € Yy. We must show that Yy # . Indeed, we have {x;: k > n} C Yy.
Suppose that this were not true, in other words that for some k > n we have x; € T~/ (V)
for some j € w, so T/ (xx) € V. Thus Xk+j € V. Since we also have rkx (xi4;) = y, we
have x4 j = x,,. But then Tk+i—n (xn) = x5, and T has a cycle, which is a contradiction.

Since X is compact, C, is finite having m points say. But now rky,(y) < rkx(y) for
every y € Yp and since xg ¢ Yo we know that Yy has at most m — 1 points of rank «.
Repeating this process at most m times we will produce an example with height less than
a + 1, contradicting our inductive hypothesis. O

Since every compact Hausdorff space of cardinality strictly less than ¢ is scattered we
have the following.

Corollary 4.7. If | X| < cand T : X — X has no cycles, then T is not compactifiable.

In fact the cardinality of X is not particularly relevant to our problem and it is obviously
possible for | X| > cand T : X — X to have fewer than ¢ orbits (the constant function 1 on
the reals is a trivial example).

Theorem 4.8. Suppose T : X — X has only countably many orbits and no cycles. Then T
is not compactifiable.

Proof. Suppose, for a contradiction, that 7' is compactifiable. We will construct a strictly
decreasing sequence of subsets X, of X which are both topologically closed and closed
under T'.

Put Xo = X. Suppose that, for all 8 < o we have defined a closed subset Xg of X which
is closed under T. If & is a limit, put X, =) p<q Xp: this is non-empty by compactness
of X. If « = B + 1, let the orbits of T [ Xg be {Ox: k € w}. For each k, choose x; €
XgN Oy, and form,n € wput Cpy kx =T " ({T" (x)}). Then Cyp ks closed,

Ok = Ucm,n,k and Xﬁ = U Cm,n,kv

m,n m,n,k

so by the Baire Category Theorem at least one of the sets Cy, , x has non-empty interior
in Xg. Put V = Upeo, T intxﬁ (Cm,nk)- Then V is open in Xg, so Xo = Xg \ V is both
topologically closed and closed under T. Moreover, X, # @ since it contains T (x).

Now, putting ¥ = | X|T, the sequence {Xg}oer is a strictly decreasing sequence of non-
empty subsets of X, which is impossible. So T' cannot be compactified. O

rew

Clearly under Martin’s Axiom, the above proof extends to “fewer than ¢ many orbits”.
However to deal in general with the case when the number of orbits lies strictly between w
and ¢ we need a different argument.

Recall that a space is Tychonoff if and only if it is 71 and completely regular, that is
for every closed set C and point x ¢ C there is a continuous f:X — [0, 1] such that
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f(x)=0and f [ C =1. A space X is Cech complete if and only if there is a sequence of
open covers {Uy, }nee of X such that whenever C is a family of closed sets with the finite
intersection property and, for each n, there is some C € C and U € U,, such that C C U,
then (.o C # ¥ (see [2, Theorem 3.9.2]). We denote the set of functions from w to 2 by
@2, the set of functions from n to 2 by "2 and | J,,,,"2 by =“2.

Theorem 4.9. Let X be an infinite Cech-complete, Tychonoff space and p be an Fy equiv-
alence relation on X. If there are infinitely many dense equivalence classes in X, then p
has at least ¢ many equivalence classes.

Proof. Let {4, },ce be a sequence of open covers guaranteeing that X is Cech complete.
Since p is an F, relation on X, the relation p = Ukew Fy., where each Fj, is a closed subset
of X2. Without loss of generality we have A C Fy, € Fyy for all k.

Claim 4.9.1. There is a collection, {Vy: f € =“2}, of non-empty, open subsets of X such
that:

(1) if f extends g then V_f C Vs L

(2) foreachn e wand f,g €"2with f #g, Vy NV, =0;

(3) foreachn € w and f, g €"2 with f # g, if v e Vy and V' €V, then (v,v') ¢ Fy; and
(4) foreachn e wand f €"2, Vy C U for some U €Uy.

Proof. Suppose that the collection {Vy: f € "2} has been chosen. Since there are infinitely
many dense equivalence classes, we can choose points vy for f € n+12 so that if f # g
then (vy,v,) ¢ p, and vy € V), for each f. For each f # g € n+12 we have (v, vg) ¢
Fu11 and F, 1 is closed so there are disjoint open sets U, and Wy o such that (v, vg) €
UpegxWprgand (Usgx Wre)NFyyy =0.Henceforallu e Uggand w € Wy, (1, w) ¢
Fy.11. Moreover, by regularity, for each f € "*12, there is an open set Wy such that vy €
WrC Wy C Vi, NU, where U is some element of Uy, containing vy. Now choose by
regularity an open set V¢ such that

vp€ViSVrSWrn (Y WpgNWep). O
f#g

Now, for any f € “2, {Vy1,: n € w} is a collection of closed subsets with the finite

intersection property such that, for each n € w, V¢, is a subset of some U € U,,. Hence,
by Cech completeness, there is some

xpe(\Vim=[) Vit #9.

new new

If f # g, then (xf,xg) ¢ F, for any n, so that (x 7, x¢) ¢ p, so xy and x, are in different
equivalence classes and we see that there are at least ¢ classes. O

Corollary 4.10 follows immediately from Theorem 4.9 and Lemma 3.5.
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Corollary 4.10. Let X be an infinite Cech-complete, Tychonoff space and T : X — X be
a continuous map with infinitely many orbits. If infinitely many T -orbits are dense in X,
then T has at least ¢ many orbits.

Corollary 4.11. If T : X — X has fewer than ¢ many orbits and no cycles, then T cannot
be compactified.

Proof. By Corollary 4.2, we may assume without loss of generality that X = 7“(X) and
there are no N-orbits, so that all of the orbits are Z-orbits. Let {Z,: « € «} index the
orbits of T'. Let A = | X|. We will construct closed subsets Y, g for o < AT, B < k which
are closed under 7', with the property that Y g € Y, g whenever « < o’ or @ = &’ and
B<p.

Put Yp0 = Zo. This is closed under T by Lemma 3.3. If Y, g has been defined for
all y <« and all 8 < «, so that Y, g is closed, non-empty and closed under T, then let
Yo 0= Xao0= ﬂyw’ﬁq Y, g. This is closed, non-empty and closed under 7. Now for
a particular o, if Y, ,, has been defined for all y < 8, put X4 g = ﬂy<ﬂ Y4,y . This is an
intersection of closed sets which are closed under 7', hence is closed and closed under T,
and by compactness it is non-empty. Put

ZgNXgp, fZgNXypg#0,

Yop Xo., otherwise.
Again Y, g is closed, non-empty and closed under 7.

The sets Yy, o for @ < A1 form a decreasing chain of non-empty closed sets of cardinality
at most A. Thus there must be some « with Y, 0 = Yy41,0. Put Y =Y, 0. Then for every
B wehave ZgNY =W or ZgNY =Y. By Lemma 3.4, every orbit of T [ Y is of the
form Z, NY, so every orbit of 7 [ Y is dense in Y. If there are infinitely many such
orbits, the result follows by Corollary 4.10. If there are finitely many, the result follows by
Theorem 4.8. O

Suppose that 7: X — X. It is easy to compactify T if its only orbits are a simple k-
cycle and an infinite collection of simple cycles Cy, a € k, whose orders are all divisible
by k. Simply pick some cycle of length k and list it {xq, ..., xx—1} so that T (x;) = x; 41,
where i 4 1 is taken modulo k. List all other cycles Cy = {xq,;: 0 <i < mq} so that
T (x4,i) = Xa,i+1, where i + 1 is taken modulo m. Then declare each x,,; to be isolated
and let basic neighbourhoods of each x;, 0 < i < k, contain x; and all but finitely many
points of the form x j, where j =i (mod k). If there are only countably many orbits
this construction clearly yields a compact metric space. Since a finite union of compact
spaces is again compact, it follows that T can certainly be compactified if its spectrum
o(T)=1(0,0,01,07,...) is finitely based and each o, € 2 (see case (3) of Theorem 7.4 for
a proof of this). If the spectrum of T is not finitely based the question as to whether 7' can
be compactified is more complicated. Theorem 4.13 provides part of the answer.

Lemma 4.12. Let X be a Hausdorff space and T : X — X a continuous self-map. Suppose
that {Cy: o € k} is an infinite collection of simple T-cycles such that the points of C =
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U, Ca are isolated in Y = C and that S is (the spine of) a cycle consisting of isolated
points of Y \ C.
If the order of S divides the order of at most finitely many C,, then X is not compact.

Proof. Assume for a contradiction that X is compact. By Lemma 3.3(1), we may assume
without loss of generality that ¥ = X.

Let S ={x¢,...,x,—1}. Since § is finite and open in ¥ \ C, C U {x;} is open in Y for
each i, so we can choose disjoint sets U; for 0 <i < n with x; € U; C {x;}UC and U; open
in Y. By regularity, we can find V; open in Y with x; € V; C V; C U;. Note that since the
points of C are isolated we must have V; = V;. We may assume without loss of generality
that n does not divide the order of any cycle which meets any of the sets V;.

Put W=,_, T~(V;). Then W is a neighbourhood of xo. Inductively choose cycles
C,,, for m € w so that C,, meets W \ | j<m Caj. Let n,, be the length of the cycle Cy,, .
Since Cy,, meets each of the disjoint sets V;, there is some i,, < n such that 0 <|V;, N
Cy,,| < nu,/n. Without loss of generality there is some i with i,,, =i for all m.

Put A, =V, N C,,,. By Lemma 3.9, A, is not fixed by 7", and 7" (V;) contains the
same number of elements of C,,, as V; does, so there is some point y,, € A, \ T~ (V;).
But then V; \ T7"(V;) is a clopen discrete set containing an infinite subset {y,,: m € w},
so Y is not compact. O

Theorem 4.13 ((Iwanik, Janos, and Kowalski [6])). Let T : X — X be a map whose only
orbits are < ¢ many simple cycles. If o (T) is not finitely based, then T is not compactifi-
able.

Proof. Suppose that there is a compact Hausdorff topology on X with respect to which
T is continuous. Since each orbit is finite, |X| < ¢ and, hence, X is scattered. Moreover,
since each orbit is simple, T is an autohomeomorphism of X and therefore preserves the
scattered rank of points and we may assign a well-defined scattered rank, rk(Cy), to each
cycle according to the rank of any of its points.

Let M be the infinite subset of {n € w: o, # 0} furnished by Lemma 3.6. For each
m € M, choose a cycle Cy,, of order m. Since M is countably infinite, there is an subset M’
of M such that tk(Cy,,) < 1k(Cy, ), whenever m < n € M’. This implies that the subspace
C = Ume w Ca,, 1s discrete. Hence, in the subspace C C X, points of C are isolated.
Notice also that, by Lemma 3.6, for any «, if Cy is a cycle of order n, then n divides at
most finitely many m € M’. Finally, since C is an infinite discrete set, it cannot be closed
and C \ C # ). Moreover, as C is scattered there must be some cycle S € C \ C consisting
of isolated points of C \ C.

The result now follows by applying Theorem 4.12 to X, the collection {Cy,,: m € M'},
Y =C and S as chosen above. O

5. Resolutions

In this section we discuss some general properties of resolutions, which will be used in
our later examples. First we recall the definition from [11].
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Let Y be a T} topological space and, for each y € Y let Z, be a non-empty topological
space and fy:Y \ {y} — Z, be a continuous function. In the resolution X, each point
y of Y is replaced by Zy. It is convenient to think of f)(x) as indicating which point
in Zy the point x is closest to. A neighbourhood of z € Z consists of all points in Z,
sufficiently close to z, and the union of the spaces Z,, for w sufficiently close to y and f(w)
sufficiently close to z. For notational convenience, we replace the point y with {y} x Z,
(rather than Z,). To be precise, we have X = Uyey{y} x Zy, and we topologize X by
declaring a basic neighbourhood of (y, z) to be of the form

UV =y xV)ul J{lu} x Z: ue U\ {y}, fy(w) eV}

where U is an open neighbourhood of y in ¥ and V is an open subset of Z, containing z.

We do not need to use resolutions in their full generality in what follows. In our exam-
ples, the functions f, will always be constant maps. When this is the case, one may con-
sider the resolution X of the space Y by the spaces Z,, y € Y, as the space X = yey Zy
where Y is a subset of X, the collection {Z: y € Y} is pairwise disjoint and ¥ N Zy, = {y}.
Each of the sets Z, \ {y} is open in X and basic neighbourhoods of a point y € ¥ open in
X can be written in the form V U (|, U\y) Z,), where U is some open neighbourhood of
y in the subspace Y and V is an open neighbourhood of y in the subspace Z,. In practice,
this often how we think about resolutions. A set X might be a pairwise disjoint union of
non-empty sets Z,, y € Y, and it is only a slight abuse of terminology to refer to the topol-
ogy obtained on X from the resolution X via the natural identification (y, z) > z € Zy as
being a resolution.

In this context resolutions are a fairly blunt tool. In a number of cases here when we
apply resolutions we end up with a compact Hausdorff space when we could have ended
up with, for example, a compact metric space. In the general case, however, our spaces
cannot be metrizable (this is the case if, for example, the cardinality of X is > ¢) and we
gain much in shortened, concise proofs.

The key to the usefulness of resolutions is the following result (see [11, Theo-
rem 3.1.33]):

Proposition 5.1 ((The Fundamental Theorem of Resolutions)). The space X is compact
(respectively Hausdorff) if and only if Y and the spaces Z are all compact (respectively
Hausdorff).

We will also use the following result of Richardson and Watson [10]. A subset of a
topological space is o-closed discrete if it is a countable union of closed discrete sets, in
particular every countable subset of a Hausdorff space is o -closed-discrete.

Proposition 5.2. The space X is metrizable if Y and all the spaces Z, are metrizable and
the set {y € Y: |Zy| > 1} is o-closed-discrete.

We define the projection map w: X — Y by n((y, z)) = y. It is trivial to verify that this
is a continuous function.
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The following somewhat technical lemma is of interest in its own right, giving sufficient
conditions for a function on a resolution (defined in terms of functions on the base space
and resolved spaces) to be continuous.

Lemma 5.3. Let X be the resolution of Y at each y € Y into the space Zy by the map f.
Letg:Y — Y and, foreachy € Y, hy: Zy, — Zg(y) be continuous functions and lett : X —
X be the function defined by t(y, z) = (g(¥), hy(2)). Suppose that:

(1) for every open V. C Zg(y) there exists an open Uy y C Y containing y such that
hw(Zw) CV forallw e g~ (g(») NUy,y, w # y; and

(2) for each y € Y there is an open Ny containing y such that the following diagram
commutes:

Ny\ g~ (8()) ——= ¥\ {g(»)

f i i Se»

Zy ———— Zg»-
v

Then t is continuous.

Proof. It is enough to show that if U ® V be a basic open neighbourhood of #(y, z), then
U ®V)isa neighbourhood of (y, z). We claim that (y,z) e AQ B C LU ®V)
where A =g~ (U)N Uy,y NNy and B = h;l(V), Uy,y being the open set furnished by
condition (1). To see this, suppose that (u,v) € A® B = ({y} x B) U|J{{w} x Z: w e
A\ {y}, fy(w) € B}. We will show that 7 (u, v) = (g(u), hy(v)) € U ® V. There are three
cases to consider.

Casel.Ifu =y, then g(u) =g(y) and v € h;l(V), sot(u,v)=(g(y),hy(v)) €{g(y)} x
VCU®V.

Case 2. If u # y but g(u) = g(y), then u € g_l(g(y)) NUy,y so that h,(Z,) SV by
condition (1). Hence (g(u), h, (v)) € {g(w)} x hy(Z,) C{g(»)}xVCURV.

Case 3. If g(u) # g(y), then u € Ny \ g~ ' (g(»)), g(u) € U \ {g(y)} and fy(u) € ;1 (V)
so that i, (fy(u)) € V. But by the commutative diagram, iy (fy(@)) = fo)(g@)) € V,
which implies that {g(u)} x Zgu) € U ® V and hence that (g(u), h,(v)) € {gu)} x
h(Z,)CU®V. O

We note in passing that condition (1) of the Lemma 5.3 can be weakened to the less
elegant

(1) for every open V C Zgyyand z € hy_l(V) there exists an open Uy , C Y containing
y and open Vy ; C Z, containing z such that h,,(Z,) C V for all w # y, such that
weg (g(y))NUy,yand fy(w) € Vy ;.
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Recall that a mapping f from a space X to a subset Y is a retraction if f [ Y is the
identity map.

Theorem 5.4. Let Y be a subset of X and T : X — X. Suppose that there is a topology T
on X, a topology o on Y and a mapping «w : X — Y such that:

(1) m is a T-continuous retraction;

(2) T is a Hausdorff topology on X, Y is t-discrete and each w~'(y) is T-compact;
(3) o is a compact Hausdorff topology on Y ;

(4) T is t-continuous, T(Y) CY and T | Y is o-continuous,

(5) T is finite-to-one on Y

(6) the following diagram commutes:

X —X
T
TlY

Yy —vY.

Then there is a compact Hausdorff topology p on X with respect to which T is continuous.
Suppose further that:

(7) n=Y(y), foreach y € Y, and Y are metrizable;
(®) {yeY: |n~ ()| > 1} is o-closed-discrete with respect to the topology o.

Then, the topology p on X may be taken to be metrizable.

Proof. Apply Lemma53:Lletg=T1Y,Z, = 7 (), hy=T ' 771 (y) and H@D =y
for all y € Y. Clearly g is o-continuous. Since the diagram commutes, if z € 7! (y),
7(T(2) =T (n(z)) =T (y), so T(z) € x~(T(y)) and hy:Zy, — Zg(y) is T-continuous
for each y € Y. Identify X with the resolution of (Y, o) at each y into (Zy, T [ Zy) by the
constant maps fy using the identification (y, z) = z. Condition (1) of the lemma is satisfied
because o is Hausdorff and g =T | Y is finite-to-one, so Uy, may be chosen to ensure
that Uy , N g (g(»)) = {y} for all y. Condition (2) holds since if z € ¥ \ g~'(g(y)), then
fen(8(@) =8() =T () =hy(fy(2).

If, in addition, conditions (7) and (8) hold, then p is metrizable by Proposition 5.2. O

6. Compactifying collections of orbits

In this section we reduce the problem of compactifying 7 : X — X, without its N-orbits,
to that of compactifying the restriction of 7' to the spines of its cycles and Z-orbits. The
somewhat separate problem of dealing with N-orbits is left to Section 8.

Theorem 6.2 describes topologies on individual orbits. The key theorem of this section,
Theorem 6.3, then tells us that these orbits may be glued together to compactify 7', pro-
vided that (roughly speaking) one can compactify the restriction of T to the spines of its
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orbits. The difficulty here is that for any x € X and k € w, T~*(x) must be compact if T is
to be compactified. The predecessor function pr(x) defined in Lemma 4.4 deals with this
problem.

For each y € X and k € w, let Cy o = {y}, Cyx = T_k(y) and Dy, = Cy NT(X),
so that Dy  is the set of points x in Cy ; for which T~!(x) is non-empty and Cyi+1=
T-! (Dy k). If X is a compact Ty space and T is continuous, then, for any point y in X and
any k € w, both Cy  and Dy = T(T’1 (Cy,x)) must be compact sets.

Lemma 6.1. Suppose that T : X — X and that T*T'(X) = T*(X). For every y € X and
k € w, there is a compact, Hausdorff topology oy . on Cy x such that

T | Cyr+1:(Cyit1,0yk+1) = (Cy k> 0y k)

IS COntinuous.

Proof. Let z € |y, Cy. and let pr(z) € T~!(z) be the point furnished by Lemma 4.4.
Let p. be the topology of one-point compactification on 77! (z) with pr(z) the point at
infinity and all other points isolated.

Let oy o be the unique topology on {y}. Let 0y 1 = py. Suppose that for each j <k the
topology oy j on Cy ; has been defined so that Cy, ; is compact and Hausdorff, Dy ; is a
closed subset and T' [ C, ; is a continuous map from Cy_; to Cy_j_;. Define the topology
0y.k+1 0n Cy 41 to be the resolution of each z € D, ; into the compact space (T~} (2), pz)
by the constant maps f;(x) =pr(z), x € Dy ;\{z}. That Cy ;1 is compact, Hausdorff with
respect to this topology follows from the Fundamental Theorem of Resolutions.

If U is an open subset of Cy g, then T-'(U) = User T~!(x), which is open in the
resolved space Cy x+1. Hence T maps Cy x41 continuously to Cy .

It remains to show that Dy 1 is a closed subset of Cy ;1 under the topology oy x+1.
To this end let x be some point in Cy y41 \ Dy 41, so that x ¢ T(X) and x € T (x),
for some xg € Dy . Let x_1 = x and, for each 0 <i <k, let x; = T!(xp), so that x; =
Tk(x()) = y. If x # pr(xo), then x is an isolated point of Cy y+1. If x = pr(xop), then there
is some 0 < k’ < k such that x;_; = pr(x;) for each i < k’ and, moreover, either k¥’ = k and
Xp—1 = pr(xg) =pr(y), or k' <k and xp_; = pr(xy’), but xp # pr(xpry1). If K’ =k, then
the second half of Lemma 4.4 implies that Dy 41 is empty. Otherwise x;- is an isolated
point of T—k+K (y) and the open subset T_k,_l(xk/) of Cy ry1 contains x and is disjoint
from T'(X) and hence from Dy ;41. In any case, Dy ;41 is closed. O

Using the topologies generated in Lemma 6.1, Theorem 6.2 implies that there is a topol-
ogy on each orbit O with the property that 7% (y) is compact for each y € O.

Theorem 6.2. Suppose that T : X — X has one orbit and that Tt (X) = T2(X) # 0.
Suppose further that S is either a spine of X or S is a semi-simple cycle under the action
of T | S. Then there is a Hausdorf{f topology t on X and a retraction w : X — S such that:

(1) T is T-continuous;
(2) S is t-discrete;
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(3) m has compact open fibres; and
(4) the following diagram commutes:

—_—
T

X X
S S.

Proof. There are three cases to consider: when X is either an N-cycle or a Z-orbit and S
is a spine or when S is a semi-simple N-cycle. (The case when X is an N-orbit is excluded
since T*(X) #@.)

We consider the first two cases together. Index S by {x,: n € M} where M is such
that S = {xo,...,xn_1}, or {x,: n € Z} as appropriate. For each x, € S and k € w, let
Cno=1{xn}, Cot =T () \ (a1} and G = T*H1(Cp ) = T F )\ T ().

TIS
_—

Claim 6.2.1. For every x, € S, k > 1 and non-empty Cy, i, there is a topology t, i on Cy
such that:

(1) 1% partitions Cy i into a discrete collection of compact sets Cy, i
2) T:(Cpik,tni) = (Cnk—1,Tnk—1) is continuous; and
(3) foreachy € Cp and m € w, T~™(y) is a Ty k+m-compact subset of Cp km.

Proof. Fix x, € S. Using the notation of Lemma 6.1, we see that C,, = Uyecm1 Cyr-1,
where each C, ;1 has a compact Hausdorff topology oy s_1. Let Cpx = {Cyx—1:
y € Cy.1} and let 7,  be the topology on the free union of the spaces in C, ; generated
by the topologies oy x—1. Itis clear T | C, x is continuous. O

If X consists of a single N-cycle, then, for each 0 < n < N, letP, = {(m, k):
0<kew, m=n+k (mod N)}. If X consists of a single Z-orbit, then, for each n € Z, let
P, ={(n+k,k): 0<k e w). In either case, (n,0) € P,, P, N P, =) whenever n # n’,
X =U,em U(m’k)epn Cp.i and (m, k — 1) € P41, whenever (m, k) € Py.

Now, by Claim 6.2.1, under the topology 7, k, each C,, x is the closed discrete union
of the family of compact sets C,, x. Let T be the topology on X generated by declaring 7 |
Cm k = Tm.x With each C € C,, x compact and clopen under 7, and basic neighbourhoods
of x, € S to have the form {x,} U\ J{C € Cyx: (m,k) € P,, C ¢ F} for some finite F C
U(m,k)eP” Con k-

Let w: X — S be defined so that w(x) = x, if and only if x € C € C,, ; for some
(m, k) € P,. Clearly = has compact fibres and S is t-discrete. Since (m,k — 1) € P41,
whenever (m, k) € P,, and the conditions of Claim 6.2.1 hold, it is simple to verify that T
is T-continuous and that 7 and 7 commute.

The case when S is a semi-simple N-cycle is a combination of the previous two cases.
Index S by {x,: 0<n <N} U {y;: i €w}sothat T(x,) =x,41 forn <N, T(xy_1) =
T (yo) =xo and T (y;) = yi—1, 1 # 0. As before, foreachO <n < N and k € w, let C, o =
{xa}, Co =T~ () \ fxn—1} and Cp g = T*1(Co1) = T () \ T (x,-1). Let
Co,0 = {x0}, Co,1 = T_l(xo) \ {xn—1,y0} and Cp = T_k'H(C(),l), for 1 < k. For each
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i €, let Dig={yi}, Di1 =T""(y)\ {xit1} and D;y = T~*F(D; ). For each 0 <
n<N,let P, ={(m,k): 0<kew, m=n+k (mod N)} and for each i € w let Q; =
{(G—k, k) 0<k<i}.

Just as in Claim 6.2.1, for each x,, k > 1, and non-empty C,,  there is a topology 7, k
on Cp x that satisfies conditions (1)—(3) of the claim. Similarly for each y;, k < i, and
non-empty D; i there is a topology 6; x on D; j such that:

(1) 6; x partitions D; j into a discrete collection of compact sets D; ;
(2) T:(Djk,6ix) = (Djk—1,6;k—1) is continuous; and
(3) foreach z € D;x and m € w, T~ (2) is a ; k4m-compact subset of D; i4m.

Let t be the topology on X generated by declaring:

(1) [ Cim .k =t k With each C € Cp, x compact and clopen under t;

(2) © [ Djx =0} with each D € D;; compact and clopen under 7;

(3) basic neighbourhoods of x, to have the form {x,}U|J{C € Cp x: (m,k) € P,, C ¢ F}
for some finite F € U, 4)ep, Cm ks

(4) basic neighbourhoods of y; to have the form {y;} U J{D € Djx: (j,k)e Qi, D¢ F)
for some finite ' € U, 4)c o, Pjok-

Define 7 : X — S by

Xp, ifx € C € Gy i for some (m, k) € P,

= {Yi, if x € D € D for some (j, k) € Q;.

Again it is routine to verify that the conclusions of the theorem hold. O

The key theorem of this section now follows easily. Essentially it tells us that if
T:X — X and Y is the union of the spines of the orbits of 7', then T can be compact-
ified if T | Y can be compactified.

Theorem 6.3. Suppose that T : X — X has orbit spectrum o (T) and no N-orbits and that
TOTY(X) =T®(X) #W. Let Y be a subset of X such that:

(1) Y is closed under T,
(2) every orbit of T has a spine that is a subset of Y ; and
(3) every orbit of T | Y is simple except, possibly for one semi-simple n-cycle.

Then T [ Y :Y — Y is a canonical or semi-canonical representation of o (T'). Moreover, if
T 'Y can be compactified, then so can T .

Proof. The first conclusion is obvious. For the second statement, Let O be the collection
of all orbits of T. For each O € O, let tp and wp be the topology and map defined in
Theorem 6.2 appliedto T [ O and S = O NY. Let t be the topology on the whole of X
generated by the collection O U To so that each orbit is an open set. Let 7 : X — Y



714 C. Good et al. / Advances in Mathematics 206 (2006) 695-728

be the map defined by 7 (x) = o (x) for each x € O € O. Let o be a compact, Hausdorff
topology on Y with respect to which T [ Y is continuous. T is then compactifiable by
applying Theorem 5.4 to the topologies T and o and the map 7. O

We end this section with four lemmas that allow us to deduce that a map is compacti-
fiable given that a related map is. The first, 6.4, implies that simple n-cycles consisting of
isolated points can be replaced by simple nm,-cycles. Lemma 6.5 implies that 7' can be
compactified provided its restriction to each of finitely many subsets with common inter-
sections can be compactified. Lemma 6.6 implies that any number of simple orbits (of any
type) may be added to a space, provided there is already an orbit of that type. Lemma 6.7
tells us that, under certain circumstances, we can add more orbits and still retain a compact
metrizable topology on X.

Lemma 64. Let S: X' — X', T:X — X, and R=XNX'. Let M C w and for each
neM,letk, €wandm, € w. Suppose that:

(1) STR=T [ R;
(2) X'\ R=U, ey C,,, where each C,, is a simple k,-cycle; and
(3) X\R= UneM Cy, where each C,, is a simple k,m,,-cycle.

If S can be compactified so that each point of | J,,cp; C,, is isolated, then T can be com-
pactified so that each point of | J,,cp; Cn is isolated.

Proof. For each n € M, index the cycle C), as {x,,;: 0 <i < ky} so that S(x,,;) = Xp.i+1
where i 4 1 is taken modulo k,,. Index the cycle Cy, as {y,;,j: 0 <i <k,, 0< j <my} so
that

Ynji+l,js L F kg —1,
T (Yni,j) = Yn0,j+1, i=kp—1, jF#m,;—1,
¥n,0,0, i=k,+1, j=m,—1.

Foreachn € M and i < n,resolve x, ; into the compact discrete space {y, ; j: 0 < j < my)
by the constant map taking X'\ {x, ;} to y o and resolve each y e R =X"\ U, -, C.,
into the space Z, = {y}.

Now apply Lemma 5.3 with ¢ = S and ¢ realized as T. If y € | J,,c;, C,, (so that y is iso-
lated) then we can let Ny = Uy, = {y}. Otherwise Z, = {y}. In either case the conditions
of Lemma 5.3 are satisfied so that 7: X — X is compactifiable. O

Lemma 6.5. Let T: X — X and X = Uj<k X for some k € w. Suppose that:

(1) X is closed under T, for each j < k;

(2) T | X is continuous with respect to the compact, Hausdorff topology t; on X j, for
each j <k;

B) XiNnXj=Randt; | R=7; [ R foralli # j;
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(4) R is tj-closed for each j < k; and
(5) R is either a union of complete T -orbits or a union of spines of Z-orbits and cycles.

Then T is compactifiable.

Proof. For each j < k, there is a compact, Hausdorff topology on X; with respect to
which T [ X; is continuous. Let X have the quotient topology, 7, formed by identifying
the corresponding points of R in each X ;. Under 7, X is compact and, since R is t;-closed,
is Hausdorff. Suppose that U is an open subset of X. Then there are 7;-open subsets, U;,
of each X such that U is the quotient of | J;_, U;. Since T~!(U;) is an open subset of

X for each j, T (U)isa T-open subset of X. It follows that 7 is continuous. O

Jj<k

Lemma 6.6. Let T : X — X and let Y be a subset of X. Suppose that:

(1) Y is a union of complete T -orbits;

(2) every T-orbit of X \ 'Y is simple;

(3) o(T [Y)=(,¢,01,02,03,...) and o (T | (X \Y))=(V,{',0{,00,0%,...), where
v/, ¢’ o) = 0 whenever, respectively, v, ¢, 0, = 0.

If T | Y is compactifiable then T is compactifiable.

Proof. Choose, if there is one, in Y, an N-orbit with spine {w;: i € w}, a Z-orbit with
spine {z;: i € Z} and an n-cycle with spine {x, ;: 0 <i < n} for each n € w. Index the
orbits of X \ Y: {wg,i: i €w}, @ €V {240 i €Z}, @ €85 {xgpi: 0<i <n}, a €0,
n € w. We assume that these orbits are appropriately indexed so that wy ; = wgq ;41 and so
on. Topologize each of the sets W; = {w;} U {wq,i: o € V'}, Z; ={z;} U {zq4.i: @ €'}, and
Xi = {xn,i} U {xani: a €0,} so that they are compact, Hausdorff and each of the maps
T Wi > Wis1, T Zi > Zit1, T | Xi = Xiy1 (i + 1 taken mod n) is a continuous
bijection. (The one point compactification of the discrete space {wy ;: « € 0,,} by the point
w;, for example, will work.) A simple application of Theorem 5.4 completes the proof. O

Lemma 6.7. Let T: X — X be bijection and let o(T) = (0,¢,01,02,...). Let Y be a
subset of X. Suppose that:

(1) forall k € w, ¢ and oy take the values 0 < N € w, w or ¢;
2 1Y) =Y,
(3) o(T1Y)=(0,¢,0{,0},...) where:
(a) forallk € w, ¢’ and o} take the values 0, 1 or c;
(b) forallk € w, ' =0 ifand only if ¢ =0 and o;, =0 if and only if o} =0;
(c) if ¢’ =, then ¢ = ¢ and every Z-orbit of X is contained in Y ;
(d) ifo, =c¢, for any n € w, then o, = ¢ and every n-cycle of X is contained in Y .

If there is a compact metric topology on Y with respect to which T | Y is continuous, then
there is a compact metric topology on X with respect to which T is continuous.
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Proof. Let o be a compact, metrizable topology on Y with respect to which S=T7 [ Y is
continuous. Let I =[0,1], W ={0}U{l/n: n € w}and N ={0, 1, ..., N — 1} have the
compact metric topology inherited from R.

Let J; (respectively Ji) be either N, W or I according to whether T has N € w many,
countably infinitely many or continuum many Z-orbits (respectively k-cycles).

If ¢/ =¢ =, then let Z be the union of all Z-orbits of X and let 7z be the discrete
topology on Z. Otherwise, let Tz = #.

If¢' =1,1et{Z,: r e Ji}, index the Z-orbits of T, so that Z is the unique Z-orbit of S.
For each r € J;, enumerate Z, as {z,;: i € Z} so that T(z,;) = z,,4+1. For each i € Z,
let J; ; ={z;: r € J;} and let 7, ; be the topology inherited from J;, namely U C J; ; is
open if and only if {r € J;: z,; € U}isopenon J;. If { =0, let 7; ; = . Clearly, at most
one of 7; ; and Tz can be non-empty.

If o,é = o} = ¢, for some k € w, let X} be the union of all k-cycles of X and let 7 be the
discrete topology on Xj. Otherwise, let tx = 0.

If o,i =1, let {X ,: r € J,} index the n-cycles of T, so that Xy o is the single k-cycle
of S. Enumerate Xy , = {xk,;: 0 <i <k} sothat T (xk ;) = Xk ri+1, Where i 41 is taken
modulo k. For each i <k, let Ji; = {xx,;: r € Ji} and let 7;; be the topology on Ji ;
inherited from Ji. If oy =0, let 74 ; = ¥J. At most one of 7 ; and 7 can be non-empty.

Let t be the topology on X generated by

IZUUtkUUt;,iUUUTk,i

kew i€Z kewi<k

and let 7 : X — Y be the map defined by

X, if¢'=candx € Z,
X, if o, =cand x € X,

m(x) = 20.i, if¢’=1and x = z,; for some i,
X0, if o] =1andx = xg ,; for some k, i.

Clearly t is a Hausdorff topology on X with respect to which Y is a discrete subspace,
both T and 7 are continuous and each 7 ~!(y) is both compact and metrizable. It is easy

to check that the diagram
X ——
T
" \L
TlY
Y ——

commutes. S = T | Y is a continuous bijection with respect to o. Moreover, if |7~ (y)| > 1
and y is in a Z-orbit (respectively k-cycle) of S, then ¢’ = 1 (respectively o;=1), so that
D={yeY: |n" (y)| > 1} is a countable subset of Y. But this implies that D is o -closed-
discrete with respect to the topology o . Hence, by Theorem 5.4, there is a compact metric
topology on X with respect to which T is continuous. O

T

~<—
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7. Compactifying canonical representations

In this section we compactify various canonical and semi-canonical representations of
sequences. The constructions are brought together in the key result of this section, Theo-
rem 7.4.

Let T denote the unit circle {e”’ €C: 0 €[0,2m)},1et S=T x [—1, 1] be parameterized
by (6, x), where 6 € [0,27) and x € [—1, 1], and let T, = T x {x} for each x. A number
of compactifications will be realized as subsets of the cylinder S.

The proof of the following lemma is standard.

Lemma 7.1. The maps t,:S— S, r €R, s:S— Sand uy:S — S, k € w, defined by

tr:(0,x)— (0 +2mr,x/2),
s:(0,x)— (0 +2mx,x) and
ug:(0,x)— (0 +2m/k,x)

are continuous.
The orbits of s, each uy and each t. are simple. Moreover if p = (0, x) €S, then the
orbit of p under:

(1) ¢t is an N-orbit if x # 0, a Z-orbit if x =0 and r is irrational and an n-cycle if x =0
and r = m/n is a rational expressed in lowest terms;

(2) s is a Z-orbit if x is irrational and an n-cycle if x = m/n is a rational expressed in
lowest terms;

(3) ug is a k-cycle.

Theorem 4.13 implies that a map whose only orbits are < ¢ many simple cycles cannot
be compactified unless its spectrum is finitely based. With a Z-orbit or semi-simple k-cycle,
for some k, this problem does not arise. Most of the proof of this is contained in the next
two lemmas, 7.2 dealing with semi-simple k-orbits and 7.3 with Z-orbits. The remaining
details are left to Theorem 7.4. Iwanik [5] gives an alternative version of this construction.

Lemma7.2. Letk,r,p € w, with0<r <kand0< p <2r, and N C w be infinite with the
property that for each n € N there exist a,, q, € w with n = kq, + r and g, = 2a,r + p.
If 0 =(0,0,01,02,03,...), where o, = 1 if n € N U {k} and O otherwise, then the semi-
canonical representation T : X — X of o, with a single semi-simple k-cycle, C, is com-
pactifiable in such a way that the subset Cy. closed.

Proof. Let the tailed k-cycle, Cy, be indexed {x;: 0< j <k} U{z; j: i €w, 0< j <k} U
{zo} so that T (x;) = x4 (where j + 1 is taken modulo k), T (zo) = xo and

Zij+1, JFEk—1,
T:zijr>1zi-1,00 J=k—1,i#0,
0, j=k—1,i=0.
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By Lemma 3.8, we can choose numbers w,; for n € N, 0 <t < r so that n =
20<t<r(kwn’t + 1) and, for every [, there is an m such that if n > m then w, ; > [.

Let N ={n € N: wy,; = 0 for some ¢}. Notice that N’ is finite and that, hence, the
discrete topology makes | J,, y» C compact and the restriction of 7' continuous. Since the
free union of two compact sets is compact and | J,,. n\nr Cn s closed under T', we may
assume that N’ = @.

For each n = Zogzq (kw, ; + 1) € N such that no w, ; # 0, we can index the simple
n-cycle C, as

Cn:{xn,i,j,t: 0<i < Wpnt, 0<j<k, O<t<r}u{xn,t: 0<t <r},
so that T'(x,,1) = Xn,w, ,—1,0,r» and

Xnjij+1,0, JFEK—1,

Xn,i—1,0,t» j:m_]1i7éos
T:xnij:+> . ,

Xn.t+1s j=m—1,i=0, t#r—1,
Xn.,0, j=m—1,i=0,t=r—1.

We will topologize X by identifying the points with a closed bounded subset of C x [0, 1],
which therefore gives us a compact Hausdorff topology. We will then show that T is con-
tinuous with respect to this topology.

Fix two sequences of real numbers, (¢;)neen and (ep)nee With 0 < cq, ¢, < cpy1 for
all n, and lim,, ¢, =1 and eg = 1, e, > e, for all n and lim,_, 5 e, = 0. We will
identify points of the tailed k-cycle Cix with points of C x {0}. The other n-cycles have
been partitioned into r sets of size kw, ; + 1: these points will be identified with points
of C x {enr+:} which are above the last kw, ; + 1 points of the tail of the k-cycle. To be
precise, we identify the point x; with the point (e*™1J/k [0 of C x {0}, the point z;, ; with
the point (c;e>"//*,0) of C x {0}, and the point zo with the point (0, 0) of C x {0}. We
identify the point x, ; ;. of the n-cycle with the point (cje2mii/k, enr+t) of C x [0, 1], and
the point x, ; with the point (0, e,,+,) of C x [0, 1].

This certainly gives us a compact Hausdorff topology on X with respect to which Cy is
a closed set. It remains only to show that T is continuous with respect to this topology. The
points of the n-cycles for n € N are all isolated, so we only need to consider the points of
the tailed k-cycle. The points z; ; have basic neighbourhoods of the form

B(i, j,m)={z; j}Ulxpjrn=m, 0<t <r, 0<i <wy, ).
A basic neighbourhood of zg is
BO,m)={z0}U{xp:n>m, 0<t <r}.

A basic neighbourhood of x; is

C(j.l.m)y={x;}U| J BG. j.m).
izl
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Notice that for 0 < j < k — 1, T maps B(i, j,m) into (indeed, onto) B(i, j + 1,m)
and therefore maps C(j,/,m) into C(j + 1,1, m). Further, T maps B(i,k — 1, m) into
B(i —1,0,m) for i > 0 and maps B(0,k — 1,m) into B(0, m). So the only possible dis-
continuities are at x;— and zg. Now, T maps C(k — 1,1 4+ 1,m) into C(0, [, m), so there
is no discontinuity at xx_1. Finally consider zq: recall that 7T (zo) = x¢, so given / and m
we must find m’ so that T maps B(0,m’) into C(0, 1, m). In other words we need to find
m' large enough so that if n > m’ then T (x,;) = Xy w, 1,0, € C(0,1,m). For this, we
require n > m and wy,; — 1 > [. Choose m” large enough to ensure that if n > m” then
Wy, =1+ 1, and put m’ = max{m, m"}: then m’ is as required. O

Lemma7.3. Letk,r,p € w, withO<r <kand0< p <2r, and N C w be infinite with the
property that for each n € N there exist a,, g, € w withn = kq, +r and g, = 2a,r + p. If
o=(0,1,01,02,03,...), where ,, = 1 if n € N U {k} and O otherwise, then the canonical
representation T : X — X of o is compactifiable.

Proof. By Lemma 3.8 we can find natural numbers u, ;, v, for n € N, t <r such that
n= Zogzq[k(”n,t + vn) + 1] and, for any / € w there is an m € w such thatif n € N
withn > m then u, ;, v, 2 1.

Let T: X — X be the canonical representation of ¢ and index X as follows.

Index the k-cycle Cy as {xj: 0 < j <k} so that T'(x;) = x4, where j + 1 is taken
modulo &, and index the Z-orbit

Z={z_G.j)icw 0<j<kU{zo}U{z4G. j): i €w, 0<j <k},
so that

=@, j+D, j#Fk-1,
T:z_(,j))—~>32-(—-1,0), j=k—1,i#0,
20, j=k—1,i=0,
T:z0 z4+(0,0) and

Z+(17]+1)7 J#k_lv

—_—
il ’)H{z+<i+1,o>, =k 1.

Index the n-cycle

Cp={x_(n,i, j,1): 0<i <up;, 0<j<k, 0<t <r}
U{x+(n,i,j,t): 0<i<vys, 0K <k, 0§t<r}

U{x(n,t): 0<t<r}

so that
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x_(n,i,j+1,1), j#*k—1,
x_(n,i—1,0,1), j=k—1,i+#0,
x(n,t+1), j=k—1,i=0,t#r—1,
x(n,0), j=k—1,i=0,t=r—1,
T:x(n,t) > x4+(n,0,0,¢) and

xy(n, i, j+1,1), J#Fk—1,
T:xy(n,i,j,t)—> 3 xy(n,i+1,0,1), j=k—1,i#v,, —1,
x_(mup,—1,0,1), j=k—-1i=v,;—1.

T:x_(n,i, j,t)+—

We may associate X with a compact subset of C x [0, 1] in a similar manner to the proof
of Lemma 7.2: the points z_ (i, j) spiral in to the centre in the same way that the points z; ;
did in that construction, and then the points z (i, j) spiral outwards in a similar manner.
The points in the n-cycle C, are split into r subsets of size k(u, ; + v,;) + 1 which are
placed above zp, the first kv, ; points z4 (i, j), and then the last ku,, ; points z_(i, t).

To be precise, we will specify basic neighbourhoods for each of the points. The points
in C,, for n € N are all isolated. A basic neighbourhood of z_ (i, j) is

B_(i, jm)={z—@, D} U{x—(n,i,j,t):n>m, 0<t <r, 0<i <upn,}
and a basic neighbourhood of z4 (i, j) is
B, jom)={z4(G, D} U{xs(n,ij,):n>=m, 0<t <r, 0<i <vy,}.
A basic neighbourhood of z is
B0, m) ={zo} U {x(n, tyyn>m, 0<t < r}.

A basic neighbourhood of x; is

CGj.l,m)y={x;} U JB-G, j.m)U| ) By G, j.m).
i>l i>l

This is clearly a zero-dimensional topology on X which is countably compact, hence com-
pact. It remains only to show that T is continuous with respect to this topology. As before,
points of C,, for n € N are isolated, and a basic neighbourhood of z+ (i, j) for j #k — 1
is mapped onto the corresponding basic neighbourhood of z+ (i, j + 1). Thus T is cer-
tainly continuous at each z+ (7, j) and at each x; for j # k. Also, B(0, m) is mapped onto
B(0,0,m) so T is continuous at zg, and B_(i, k — 1, m) is mapped onto B(i — 1,0, m) if
i>0,or B(O,m)ifi =0, so T is also continuous at z_ (i, k — 1) for each i. Thus the only
possible discontinuity occurs at the points z4+ (i, k — 1) and at x;_{, and arises from the
fact that T' (x4 (n, i,k — 1,¢) is either xy (n,i +1,0,¢) or x_(n,u,; — 1,0, ¢) depending
on whether or not i = v, ; — 1. Let m € w. Choose m’ > m large enough to ensure that
U, > i whenever n > m’. Then B(i,k — 1,m’) does not contain any points of the form
xy(m,vpr—1,k—1,1),50 B4 (i, k—1,1) is mapped into B4 (i + 1, 0, m). This leaves only
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the point x;_; to consider. Take a basic neighbourhood C(0, [, m) of xo. We must find !’
and m’ such that C(k — 1,1’, m") is mapped into C(0, [, m). Choose m’ > m large enough
thatif n > m’ thenu, ;, v, > 1+ 1. Putl’ =1+ 1. Now, any element of C(k — 1,1, m’) of
the formz_(i,k—1)hasi >0, soi—1>1,s0T(z_(i,k—1)=z_(i—1,0) € C(0,[, m).
Similarly, any element of the form z4(i,k — 1) has T(z4+(,k — 1)) =z4+(@ + 1,0) €
C(0,1, m). Likewise, any element of C(k — 1,I',m’) of the form x_(n,i,k — 1,¢) is
mapped to x_(n,i —1,0,7) € C(0,I,m) since i — 1 >1 and n > m’ > m. Any element
of the form x (n,i,k —1,¢) withi < v, ; — 1 ismapped to x;(n,i +1,0,¢) € C(0, [, m).
Finally, any element of the form x4 (n, v, ; — 1,k —1,¢) is mapped to x_(n, u,, ; — 1, 0, t):
sincen 2m', up, — 12150 x_(n,u,; —1,0,t) € C(0,1,m) in this case also. Thus T
maps C(k — 1,1',m’) into C(0,1, m), as required. O

‘We can now combine the previous constructions to produce a list of orbit spectra whose
canonical, or, in one case, semi-canonical representations may be compactified.

Theorem 7.4. Let 0 = (0, ¢, 01, 02, 03, ...). The canonical representation T : X — X of o
is compactifiable in each of the following cases:

(1) ¢ =cand o, =0 forall n € w;

(2) ¢ =0, ox =c for somek € w and o, €2 foralln € w\ {k};

(3) ¢ =0, ,c,0n #0, 0 is finitely based and o, € 2 for each n € w; and
@ ¢=173,c,0n#0, and 0, €2 for each n € w.

Furthermore, the semi-canonical representation T : X — X of o, with a single semi-simple
k-cycle, is compactifiable if

5) ¢=0,0r,=1,and o, €2 foralln € w.

In each case the (semi-)canonical representation is homeomorphic to a subset of R3
with its usual topology so that each orbit is o -closed-discrete.

Proof. (1) Let r be an irrational and X = T where ¢, is as defined in Lemma 7.1. Notice
that ¢, [ X has ¢ Z-orbits. Clearly, then, T can be compactified.

Let N = {n: o, # 0}.

(2) Let s be the map defined in Lemma 7.1. For each n € N \ {k} choose j, minimiz-
ing |1/k — j,/n| and some x, € T}, /,. Note that, if N is infinite, then j,/n — 1/k as
n — oo, but that in any case Z = Ty U J,cn{s’ (xp): 0 < j < n} is a closed, bounded
(hence compact) subset of Y and that s | Z is a continuous bijection. Notice that s [ Z has
¢ many k-cycles and an n/ h,-cycle for each n, where h,, is the h.c.f. of n and j,. Let X
and ¢ be the space and map resulting from an application of Corollary 6.4 to Z and s [ Z
with M = {n: h, # 1}, resolving each n/h,-cycle of Z into an n-cycle. Since X is com-
pact, Hausdorff, 7 : X — X is continuous and has the same orbit spectrum as 7', T can be
compactified.

(3) Since o is finitely based and a finite disjoint union of compact spaces is again com-
pact, we may assume without loss of generality that N is infinite and that k divides n for
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alln € N, where k is the least element of N. The sequence (n — 1)/nk is strictly increasing
and converges to 1/k. Let u; be the map defined in Lemma 7.1. Let

Z=Jul({©0.1/0} U{(0. (0 = 1)/nk): k#n e N}),

j<k

so that uy [ Z is a continuous map on the on the compact, Hausdorff Z, each orbit of
which is a k-cycle. Let X and ¢ be the space and map resulting from an application of
Corollary 6.4 to Z and uy [ Z with M = N \ {k}, resolving each k-cycle of Z into an
n-cycle. Since X is compact, Hausdorff,  : X — X is continuous and has the same orbit
spectrum as T, T can be compactified.

(4) For each n € N, let C,, denote the n-cycle and let Z denote the Z-orbit of the
canonical representation 7: X — X of . Choose some k € N. By (2) of Lemma 3.7,
N partitions into sets N', No and N,,,, 0 <r <k, 0 < p < 2r, such that N is finite, k
divides each n € Ny, and for each n € N, , there exist a,, g, € @ with n = kg, + r and
qn = 2aur + p.

Let X' =J,cn’ Cns Xo=Cr U UnGNO Cpand X, , =C,UZU UneN,‘p Cy.

X’ is finite so compact with the discrete topology. By case (3) and Lemma 7.3, there
are compact, Hausdorff topologies on X and each X, , suchthat T | Xp and T [ X, , are
continuous, Xo N X;,, = Cy and X,» ,y N X, , = Cx U Z. By Lemma 6.5, T | Ur’p X p
can be compactified, so by Lemma 6.5 again T | Xo U Ur’ » X,,p and hence T can be
compactified.

(5) Let Sk denote the spine of the semi-simple k-cycle Cy and, for each n € N \ {k}, let
C,, denote the n-cycle of the semi-canonical representation 7 of o. By (3) of Lemma 3.7,
N partitions into sets N', No and N, ,, 0 <r <k, 0 < p < 2r, such that N’ is finite,
k divides each n € Ny, and for each n € N, , there exist a,, g, € w with n = kg, + r and
qn =2aur + p.

Let X' = UneN’ Cy, Xo=5x U UnEN() Cpand X, , =C U UneN,,,, C,.

X’ is finite so compact with the discrete topology. By Lemma 7.2, there are compact
Hausdorff topologies on each X, , all of which agree on X, , N X, ,» = C} and with
respect to which T' [ X, , is continuous and Cy is a compact subset. Since X, , N X, ,r =
Ck, Lemma 6.5 implies that there is a compact, Hausdorff topology on X; = J,. » Xrp
with respect to which 7' | X is continuous. Since Sy is a k-cycle under T, case (3) implies
that T [ X can compactified. But then 7' [ Xo U X (and hence T') can be compactified by
Lemma 6.5 again, since Xo N X| = Sk.

It is not hard to see that in each case these constructions are each homeomorphic to
subsets of R3 with its usual topology. O

8. Adding N-orbits

In this section we prove that an arbitrary number of N-orbits can be added to a function
with either continuum many Z-orbits or a cycle. The definition of an N-orbit is negative,
in the sense that an orbit is an N-orbit if it is neither a Z-orbit nor a cycle, and it seems that
slightly different arguments are needed to deal with this case.
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Lemma 8.1. Suppose that T : X — X, T*T1(X) = T*(X) and that X forms a single N-
orbit of T. Suppose further that {x,,: m € N} is a spine for X such that T~'(xo) = ¥ and
that

{xm}v kZO,

@, m=0, k=1,
Cm,k = -1

T (xm)\{xm—l}’ m>07 kzla

T Cp ), k>1.

There is a Hausdorff topology t on X with respect to which:

(1) T is continuous; and
(2) foreachm,k € N, Cy, i is compact and open (or empty).

Proof. Let pr be the function furnished by Lemma 4.4. Fix m > 0. Let S be the restriction
of TtoY = {x,y: m" = m}U|J;- o Cm k. Note that Stl(Y) = 8°(Y). Letprg: S(Y) = Y
be the function furnished by 4.4 as applied to S. Clearly we may assume that prg agrees
with pr on | x>0 Cm.k (although, of course, it may be that pr(x,,) = x;,—1 ¢ Cy,1 so that
in general pr # prg).

Claim 8.1.1. There is some k,, > 0 and a sequence of points zm k € Cm k, 0 < k < ki, such
that:

(1) Zm,0 = Xm;
@) zmk+1 =pr@mx) and T (Zm k+1) = Zm,k, for each k > 0; and
3) T Y Cmi,) =9.

Proof. The fact that, for some k,;, > 0, Cyy ,, 7 ¥ and Cp, i, +1 = ¥ follows from the
fact that X is an N-orbit and 7%T1(X) = T®(X) (see Lemma 4.4). Let Zm,0 = Xm and

Zm k+1 = Prg(zm k) foreach k < k,. O

Claim 8.1.2. For every k € N and non-empty Cy, i, there is a topology T, x on Cp,  such
that:

(1) Cp i is Ty k-compact, Hausdorff; and
2) T:(Cok, T k) = (Cp k=1, T k—1) IS continuous.

Proof. Let 7,0 be the unique topology on Cj, 0 = {x,,}. By Lemma 6.1 applied to S

and Y, for each k < k,, there is a topology compact, Hausdorff topology oy, x on Cy, k
with respect to which

ST Cmk: (Cokr 0x,0 k) = (Cr k=1, O,y k—1)

is continuous. But S [ Cyy x =T [ Cpi. Let ik =0y, k. O
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Let T be the topology on X generated by the collection | {ty x: Cim.k # ¥}. It is clear
that t satisfies the conclusions of the lemma. O

Recall that T denotes the unit circle {¢/?: 6 € [0, 27)} parameterized by 8 € [0, 2) and
that, for any irrational » € R, by Lemma 7.1, the map ¢, : T — T defined by ¢, (6) =0 +2nr
(mod 27) is a homeomorphism of the circle with ¢ simple Z-orbits.

Lemma 8.2. Suppose that T : X — X, Tt (X) = T2(X) # () and that {Ny: o € v} enu-

merates the N-orbits of T. Let N = |, No and let r be an irrationall.

(1) If X \ N consists of a single, simple n-cycle for some n € N, then T is compactifiable.

(2) If X \ N consists of ¢ simple Z-orbits, then T is compactifiable so that X \ N is
homeomorphic to T and T | X \ N is equivalent to t,.

Proof. For each @ € v, let {x4,,: m € N} be a spine for Ny such that 7! (Xe,0) =¥ and,
foreach m, k € N, let

{xa,m}s k=0,

@, m=0, k=1,
Cot,m,k = -1

T (xot,m) \ {xa,m—l}, m>0, k=1,

T~ (Cym.1), k>1.

Let 7, be the topology on N, given by Lemma 8.1 applied to T | N,. Let C =
{Comi: m,keN, o € v} and, foreachm € Z, let Cy = {Coymtk.k: m+k >0, ke N,
o € v}.

To see (1), let {z;: 0 <i < n} enumerate the n-cycle of T so that T (z;) = zj+1, Where
i + 1 is taken modulo 7. For each i < n and finite subset F of C, let

B(i.F)={z}uU| J{CeCn: meZ. m=i(modn). C¢F}.
Let 7 be the topology on X generated by the collection
{B(,F): i <n, FCC, F finite} U U Ty
ey

Clearly, under this topology, X is Hausdorff and each C , x is both compact and
clopen. If F; C C is finite for each i < n, then X \ Ui<n B(i, F;) is a finite union of sets of
the form Cy . Hence X is compact with respect to 7.

The restriction of T to N, is 7y, so the restriction of T to N, is continuous. Moreover,
for any m € Z and non-empty Cy -tk k» 7! (Ca,m+k,k) = Ca,(m—1)+(k+1),k+1 S0 that, for
any finite F C C,

T (B, F) =T~ (1) U J{C € Cu: m =i (mod m), C ¢ F})

=z} UJ{77"(C): m=i (mod n), C eCy\ F}
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={z-ulJ{CeCn:m=i—1(modn), C¢F'}

for some finite F’, which is T-open. Hence, T is continuous with respect to = and T is
compactifiable.

For (2), fix an irrational » € R. Without loss of generality, then, we may assume that
X \ N =T and that the restriction of 7 to this set is the map #,.

For each ¢ € R, let ¢ € [0, 27) be such that ¢ = ¢ (mod 27). Given 0 € [0, 27r) and
keN/let Ipr ={p: ¢ € (0 — 1/2%,6 + 1/2%)}, so that Iy k is an open interval on the
circle T.

Let {z,,: m € Z} enumerate the orbit of 0 under T so that zo =0 and T (z;,) = Zm+1-
For each 6 € [0, 27), k € N and finite F C C, let

Jox F=Ilox U{C €Cpn: zm € lpi, C¢F}.
Let t be the topology on X generated by the collection

{Joxr: 0€10.27), keN, FCC, F finite} U | ] 7.

oey

Clearly in 7, each C € C is a compact, Hausdorff open subset of X so that X is also
Hausdorff. Moreover, if I/ is a cover of X by basic open sets, then there is a finite sub-
cover {J;: i <1} of T from the subcollection {U e U: U = Jy k. r, some 6, k, F}. But then
{Ji: i <1} covers all of X except for possibly finitely many C € C. Hence X is compact
under .

Since the restriction of T to Ny, is 1, the restriction of T to N, is continuous. Moreover,
for any 0 € [0, 27), k € N and finite subset F of C,

7! (Jo.k,F) = J,,—‘(e),k,F’

for some finite F’ C C. Hence T is continuous on X with respect to 7 and 7 is compacti-
fiable. O

Theorem 8.3. Suppose that T : X — X has orbit spectrum o (T) = (v, ¢, 01,02, ...) and
that Tt (X) = T®(X) # . Let N be the union of all N-orbits and Y = X \ N.

(1) If0,, #0, for somen e N, and T |'Y is compactifiable, then T is compactifiable.

(2) Suppose that ¢ > ¢ and that, for each o € ¢, Zy is the spine of a Z-orbit. If T |Y is
compactifiable so that Z =\, c. Zo is homeomorphic to T and T | Z is an irrational
rotation, then T is compactifiable.

Proof. The result follows from Lemmas 6.5 and 8.2. O
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9. The proof of the Main Theorem

We are now finally in a position to prove the Main Theorem or, equivalently, Theo-
rem 2.3, namely that if 7: X — X has orbit spectrum o (T') = (v, ¢, 01, 02,03, ...), then
T is compactifiable if and only if T®*!(X) = T (X) # ¥ and one of the following holds:

(1) ¢+ 2 yewon =01
(2) ¢#0and ), ., 00 #0;0r
(3) ¢ =0 and either
(a) o(T) is finitely based, or
(b) T | T®(X) is not one-to-one.

Proof of Theorem 2.3. Let us first assume that 7 is compactifiable. By Theorem 4.1,
T+t (X) = T“(X) # . Suppose that ¢ + Y newOn < ¢. By Corollary 4.11, applied to
T®(X),if0#¢, then ), 0, >0.1f ¢ =0and T [ T®(X) is one-to-one, then 7% (X)
is a compact Hausdorff space consisting entirely of simple cycles of T [ T*(X), so, by
Theorem 4.13, o (T') is finitely based.

To prove the converse, first assume that 7 has no N-orbits and that and o(T) =
0,¢,01,02,...). Since T*T1(X) = T®(X) # ¥, Theorem 6.3 implies that it is enough
to prove that a canonical or semi-canonical representation of o (T") can be compactified.

For any cardinal «, let ¢, =0 if k = 0 and ¢, = 1 otherwise.

Suppose first that £ 4+ )", 0, > ¢ so that at least one of ¢ or o, is greater than or
equal to the continuum. Suppose that { = ¢. By Theorem 7.4, parts (1), (4) respectively,
the canonical representations of (0,¢,0,0,...) and (0,1, 5, ts,,...) (provided at least
one (; # 0) can be compactified. By taking free unions of spaces that compactify the
canonical representations of such sequences, we see that the canonical representation of
(0, ¢, oy, Loy, - - -) can be compactified. Similarly, if o, = ¢, Theorem 7.4, (2) and (4) imply

that the canonical representations of (0,0, tsy, ..., l5,_;, €, Lg, > -..) and (0, 1,61, 82, ...),
where, §, = 1 and §; = 0 for each n # k, can be compactified. Again, taking free unions,
we see that the canonical representation of (0, ¢z, tgy, ..., lg,_;» € Lg,,,»---) Can be com-

pactified. Lemma 6.6 allows us to add any number of simple orbits of a type we already
have so it follows that the canonical representation of o (T') is compactifiable.

Now suppose that £ + >, 0, <c¢. If £ #0,sothat ), _ o, #0, orif { =0 and
o (T) is finitely based, the canonical representation of (0, t¢, s, ...) is compactifiable by
7.4(3) and (4). If ¢ =0 and o (T) is not finitely based, then T [ T“(X) is not one-to-
one and, by Lemma 4.5, there is a subset C of some k-cycle such that 7 [ C is a semi-
simple cycle, so by 7.4(5), the semi-canonical representation of (0, 0, ¢4, tg,, - . .) in which
o, = 1 is represented by a semi-simple k-cycle, is compactifiable. Again it follows by
Lemma 6.6 that the canonical or, in the final case, a semi-canonical representation of o (T')
is compactifiable.

Finally, suppose that v # 0. From the above, T is compactifiable and either has an n-
cycle or at least ¢ many Z-orbits. In the second case, note that 7' can be compactified so
that the spines of ¢ many Z-orbits are homeomorphic to T on which the action of 7 is an
irrational rotation. Either way, T is compactifiable by Theorem 8.3. O
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We have to be a little bit more careful to prove Theorem 2.9, namely: if 7: X — X
is a bijection, then there is a compact metric topology on X with respect to which T is
a homeomorphism iff ¢ and each o,, n € w is either countable or has cardinality ¢, and
either:

(1) |X|=c¢;or

(2) ¢#0and ), ., 00 #0;o0r
(3) o(T) is finitely based.

Proof of Theorem 2.9. Since T is a bijection, 7¢(X) = T (X) = X and v = 0.

Suppose that there is a compact metric topology on X with respect to which T is con-
tinuous. For each n € w, let X,, be the union of all n-cycles and let X7z be the union of all
Z-orbits. For each k € w, | ik Xj is the set of fixed points of the map T, and is therefore
closed. Hence X7 and each X,, is a Borel set in the compact metric X and therefore is
either countable or of cardinality the continuum. The result then follows by Theorem 2.3.

Conversely, let o (T) = (0, ¢, 01, 02, ...). Since a continuous bijection from a compact,
Hausdorff space to itself is a homeomorphism, it suffices to find a compact metric topology
on X with respect to which T is continuous. Since T is a bijection, T is, itself, a canonical
representation of o (T'), each orbit is simple, 7 has no N-orbits and ¢ + > o, =cif
and only if at least one of { = ¢ or 0, = ¢, for some n € w.

For any cardinal «, let ¢, =0 if « = 0 and ¢, = 1 otherwise.

Arguing as in the proof of Theorem 2.3, the conditions of the theorem imply that there
are two distinct cases to consider:

new

(a) either ¢ =c or g, = ¢, for some n € w;
(b) T has fewer than ¢ orbits and either both 0 # ¢ and 0 # o, for some n € w, or { =0
and o (T') is finitely based.

In each of these cases, applying Theorem 7.4, as in the proof of 2.3 above, the canonical
representation, S: Y — Y, of the sequence (0, 8., 1, &2, . ..) can be compactified as subsets
of R3, where either:

(a) either §; = ¢ =c and 6y = iy, for all k € w, or 8 =1, 8 =iy, k #n, and 5, =
O =¢;

(b) 6y =t; and 8 = 1,, for all k € w, where either both §; =6, =1 or §; =, =0 and
the sequence is finitely based.

Now, for all k € w: §; and J; take only the values 0, 1 or ¢; §; =0 if and only if { =0
and 8; = 0 if and only if oy = 0; if §; = ¢, then ¢ = ¢; and if §; = ¢, for any k € w, then
o = ¢. So we may assume that Y is a subset of X, that 7 [ Y = S and that the conditions
of Lemma 6.7 are satisfied. But this completes the proof. O

We conclude with a proof of Corollary 2.10: CH is equivalent to the assertion that if
T:X — X is a continuous bijection on the first countable, compact Hausdorff space X,
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then there is a compact metrizable topology on X with respect to which 7 is a homeomor-
phism.

Proof of Corollary 2.10. If CH holds, the result follows by Theorems 2.3 and 2.9 since
every compact, first countable Hausdorff space is either countable or has size ¢ (see [2,
3.1.29]).

Conversely, suppose that CH fails. Let A be some subset of / = [0, 1] of cardinality w;,
andlet 3 =1{0,1,2}. Let X = {(x,i) € I x3: i =0o0rx € A}. Topologize X by declaring
(x,1i) to be isolated for each i = 1,2 and basic open sets about (x,0) to take the form
((x —1/2", x +1/2") x 3) \ {(x,i): i = 1,2}. With this topology X is a first countable
compact, Hausdorff space. Let T : X — X be such that 7 | I x {0} is the identity, T (x, 1) =
(x,2) and T (x,2) = (x, 1). In any Hausdorff topology on X making T continuous, / x {0}
is the set of fixed points of T and is therefore closed. This implies that {(x,i): x € A,
i =1, 2} is an open set. However, in a compact metric topology, every open set is a count-
able union of closed sets and therefore is either countable or has cardinality ¢. So T is not
continuous with respect to any compact metric topology on X, although |[X|=¢. O

Acknowledgment

The authors are grateful to the referee for a number of valuable comments on the first
draft of this paper.

References

[1] D. Ellis, Orbital topologies, Quart. J. Math. Oxford (2) 4 (1953) 117-119.

[2] R. Engelking, General Topology, Sigma Ser. Pure Math., vol. 6, Heldermann Verlag, Berlin, 1989.

[3] J. de Groot, H. de Vries, Metrization of a set which is mapped into itself, Quart. J. Math. Oxford (2) 9 (1958)
144-148.

[4] H. de Vries, Compactification of a set which is mapped onto itself, Bull. Acad. Polon. Sci. CI. III 5 (1957)
943-945.

[5] A. Iwanik, How restrictive is topological dynamics? Comment. Math. Univ. Carolin. 38 (1997) 563-569.

[6] A. Iwanik, L. Janos, Z. Kowalski, Periods in equicontinuous topological dynamical systems, in: Nonlinear
Analysis, World Scientific Publishing, Singapore, 1987, pp. 355-365.

[7] A. Iwanik, L. Janos, F.A. Smith, Compactification of a set which is mapped into itself, in: Proceedings
of the Ninth Prague Topological Symposium, 2001, Topology Atlas, North Bay, ON, 2002, pp. 165-169
(electronic).

[8] L. Janos, An application of combinatorial techniques to a topological problem, Bull. Austral. Math. Soc. 9
(1973) 439-443.

[9] M. Powderly, H. Tong, On orbital topologies, Quart. J. Math. Oxford (2) 7 (1956) 1-2.

[10] K. Richardson, W.S. Watson, Metrisable and discrete special resolutions, Topology Appl. 122 (2002) 605—
615.

[11] W.S. Watson, The construction of topological spaces: Planks and resolutions, in: M. Husek, J. van Mill
(Eds.), Recent Progress in General Topology, North-Holland, 1992.



