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Abstract

Bayesian machine learning has gained tremendous attention in the machine
learning community over the past few years. Bayesian methods offer a
coherent reasoning for quantifying uncertainties in the decision making
procedure, based on the Bayes rule. One of the core advantages of Bayesian
methods is the separation of modelling and inference. In other words, the
likelihood models are completely independent of the computation of the

posterior distribution of the parameters.

There are many Bayesian models that are widely used in the machine
learning community. For example, non-parametric models such as Gaussian
Processes and Dirichlet Processes are flexible models which are able to
capture and learn the structure of the data. Bayesian deep learning
models, which are based on neural networks, are another example of
flexible Bayesian models that are rich enough to represent non-linear

structures in the data.

The process of inferring the posterior lies at the center of Bayesian inference.
When computing the posterior distribution exactly is not feasible, due to
intractability of the posterior and the computational or memory constraints,

approximate Bayesian inference comes to play.

In this PhD thesis, I develop and investigate various Bayesian modelling
and inference techniques and apply them to multiple interesting domains
and tasks. We begin with Tucker Gaussian Processes(TGP), a class of
flexible non-parametric models based on Gaussian Processes (GP). We
apply the method to 1) regression problems on structured input data, and
2) collaborative filtering problems where TGP offers an elegant way of
incorporating side information. We demonstrate superior results compared

with benchmarks on a number of examples across different domains.

A closely related line of research based on GPs is Bayesian Optimization
(BO). 1t is a black-box optimizer where one optimizes an objective function

through subsequent queries about next input locations to be evaluated



at. However, this method does not work well when the input space is
non-Euclidean or combinatorial. We alleviate the problem by learning a
low dimensional Euclidean representation of the combinatorial input space
with variational inference, using Variational Auto-encoder (VAE). The
optimization can then be conducted on the low dimensional embedding
instead. We apply our method to Automatic Statistician and natural scene

understanding, which give promising results.

For approximate Bayesian inference, we first propose an algorithm called
Relativistic Hamiltonian Monte Carlo (RHMC) which is a variant of
MCMC. In particular, we replace Newton’s kinetic energy in the Hamilto-
nian with Einstein’s relativistic kinetic energy, which makes the algorithm
more robust. There are several extensions to RHMC, including a stochastic
gradient version for scalability, a thermostat version based on the temper-
ature of the physical system and a resulting optimization algorithm which

gives comparable performance compared with the state-of-the-art.

Finally, we propose another sampling based inference method called the
Adaptive Importance Sampling with Ezploration and Exploitation (Daisee),
where we look into the problem of exploration-exploitation in adaptive
importance sampling through establishing a natural connection between
importance sampling and multi-armed bandit problem. In particular,
through a finite-time regret analysis we show that the regret of the proposed
algorithm grows sublinearly with time. Further, we propose a hierarchical
extension of Daisee to encourage exploration in the region with high

uncertainty.

The new models proposed in this thesis help to allow for more flexible
Bayesian modelling and the inference techniques introduced can open new
research directions for efficient and accurate posterior inference. These

contribute to Bayesian inference and probabilistic machine learning.
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Chapter 1

Introduction

This thesis takes the form of an integrated thesis, where each chapter contains an
individual paper. This introduction serves as an overview of the topics that are
included in this thesis, where detailed literature review are discussed later in each
chapter.

Machine learning has become more and more popular over the decades and has been
applied widely in different applications including robotics, healthcare, signal processing,
speech and language, computer vision, recommender system, face recognition and the
list goes on. In particular, deep learning | , , , ], which
learns features of data with multiple levels of abstraction with non-linear operations
[ , ], is a rich class of model to allow computers to learn complicated
concepts and extract structured features.

Besides the rich representation of deep learning models, various well developed
deep learning frameworks have further facilitated the active research in this area.
These tools such as PyTorch | : |, Tensorflow | , ] and
MxNet | , ] apply automatic differentiation | : |, have made
it much easier for people to implement and train deep learning models.

However, despite the excitement of deep learning, it also has its limitations. For
example, neural networks are often over-parametrized and can overfit the training data.
They require a large amount of data and can be computationally expensive to deploy.
Furthermore, sometimes it is hard to optimize deep neural networks | ,

]. Deep learning is also opaque. There is no reasoning about the model and
parameters which consequently, leads to a black-box that cannot be explained and
raises doubts about reliability and biases.

Another main limitations of deep learning is that neural networks only use point
estimates of the parameters and no calibrated uncertainties can be computed. More

specifically, the parameters of neural networks are optimized and fixed to be the



values which maximise the likelihood of the observed data. This potentially can make
it overly confident about making wrong predictions and worsen the generalisation
performance. This thesis mainly tackles this limitation by finding ways of identifying
and quantifying calibrated uncertainties, based on the framework of Bayesian methods.

In particular, we propose

« a class of flexible models that are based on Gaussian processes (GP), which are
a class of probabilistic models with tractable covariance structure. This method
can be applied in a range of applications such as regression and collaborative

filtering.

» a generative latent variable model that can be used for Bayesian optimization
(BO). BO uses is a back-box optimization method that is based on GP, it is
particularly useful when the objective function is expensive to evaluate and one
can choose the locations at which the function can be evaluated. It takes into
consideration of the uncertainties computed from the GP model when making

decisions about the inputs to be evaluated at.

o a Hamiltonian Monte Carlo inference algorithm and its variants to better infer

the distributions of unknown parameters.

« an adaptive important sampler with sub-linear finite-time regret that can be
used for density estimation. In particular, it addresses exploration-exploitation

trade off in the adaptive scheme.

1.1 Probabilistic Machine Learning

We now describe in more detail one of the key limitations of deep learning models: the
uncertainty, which has motivated the research presented in this thesis. Why should we
care about uncertainties? The world is full of uncertainties due to physical randomness,
partial observability, incomplete knowledge, and accidents. It is important for a system
to know what it does not know, and draw inference from noisy or ambiguous data,
especially in applications such as healthcare and autonomous driving where a wrong
decision can lead to devastating results. For example, a patient might have an illness
with probability 40% and a deep learning model gives a prediction of not getting
that disease. The patient may stop further diagnosis, however there is still 40%
chance of getting that disease. Therefore we may prefer a model that gives calibrated

uncertainties about a decision.



Probabilistic machine learning refers to the machine learning process using proba-
bilistic models. It offers a framework for building systems that reason about uncertainty,
have automatic model complexity control and structure learning. If test data is not
seen during training, a probabilistic model can give higher uncertainty of the prediction.
Moreover, confidence intervals or credible intervals of the parameters can also be de-
duced which is desirable in many aspects of machine learning and artificial intelligence
such as forecasting, decision making, learning from noisy data, experimental design
and the list goes on.

One of the most principled frameworks in probabilistic machine learning are
Bayesian methods [ , , , ] which combine prior knowledge with
empirical evidence. There are many theoretical properties of Bayesian methods thanks
to the rule of probability, which results in an elegant way of describing uncertainty,

inferring the parameters given observed data and building credible intervals.

1.2 Bayesian Method

Suppose we have N training data and a likelihood model describing the distribution
of the data with some unknown parameter 6. For labelled data, the data can comprise
the training inputs {x;}_, and responses {y;}}_,, where y can be continuous for
regression problems or categorical for classification problems. For unlabelled data,
the data can contain just x and the model p(x|6) describes the generative process of
X, with examples such as linear discriminant analysis or latent variable models. The
unknown parameter 6 is what we are interested in learning. It can be for example,
the weight matrices in linear or logistic regression, or the weight matrices in neural
networks.

Bayesian methods work by firstly placing some prior belief on the parameters’
distributions p(#), the resulting so called posterior distribution of the parameters is
calculated by the Bayes rule. Taking Bayesian regression as an example, the posterior

distribution can be computed through the conditional probability:

p(ylx, 0)p(6)

Plyl) (11

p(0x,y) =

the marginal distribution is an integral of the data conditional on all possible

parameters 6:

plyx) = [ plylx, O)p(0)av. (12



given any test input x*, the predictive distribution of the response y* can be calculated
by

p(y*Ix,y,x*) = /p(y*!X*v 0)p(0|x,y)do. (1.3)

1.2.1 Bayesian Modelling

One of the elegance of Bayesian method is the separation of modelling and inference.
In other words, the form of the likelihood model p(x|f) is chosen independently from
the inference of 6. The likelihood and the prior distribution completely determine the
posterior distribution, which is left to compute.

There is a wide choice of different models one can use to define the likelihood
function. Historically, graphical models play an important role in Bayesian modelling.
More recently, deep generative models have gained more attention in the machine

learning community. We will discuss more about these in later sections.

1.2.2 Monte Carlo Sampling

After a model is selected, the next task is to learn the unknown parameters of the model.
For Gaussian likelihood and Gaussian prior distributions, the posterior distribution of
the parameters is analytical and can be calculated easily. However, there are many
more complicated distributions where the integral in (1.2) is intractable and cannot be
evaluated exactly. The predictive distribution in (1.3) therefore cannot be evaluated
since it is an expectation with respect to the posterior distribution.

A popular inference technique that approximates an expectation is the Monte
Carlo method, which turns an integration problem into a sampling problem. To ease
notation, suppose the variable we are interested in learning the expectation with
respect to is X. Given a test function ¢, its expectation under a target density = can

be estimated with the simple Monte Carlo estimate

E[6(X)] = [ ole)n(a)de ~ 5 3 o(a)

where x1, -,y are drawn from 7. However, it is not always straight forward to
sample from 7. For example, the predictive distribution in (1.3) is an expectation
with respect to the posterior distribution p(f|x,y), which is the unknown target
distribution. There has been an extensive literature of tackling this issue with the

sampling approach. We hereby give a few popular examples.

4



1.2.2.1 Markov Chain Monte Carlo (MCMC)

MCMC works by constructing a Markov chain that has the desired distribution as its
equilibrium distribution. There is a rich literature on different types of algorithms
which sit in this category. For example, Metropolis-Hastings | , ,

, , , ] involves generating samples from a proposal distribution
and accepting or rejecting it with certain probabilities, which is computed based on
the target and proposal distributions; Gibbs sampling | , | iteratively
updates the conditional distribution of each coordinate given the rest; Metropolis-
within-Gibbs | : | is a Gibbs sampler within which some of
the component conditional distributions are sampled via Metropolis-Hasting; slice
sampling | , | is based on the idea that any distribution can be sampled from
by selecting uniformly spaced points under a probability distribution curve.

One of the attractive features of MCMC for sampling probability distributions
is its better performance on higher dimensional problems. However, for very large
dimensions, a density function will concentrate around its mode, but the volume over
which we integrate that density is much larger away from the mode, meaning that the
major contribution to any expectation comes from a nearly-singular neighbourhood.
The guess-and-check strategy of random walk Metropolis is problematic since there are
an exponential number of directions in which to guess, therefore a better exploration

strategy is needed.

1.2.2.2 Hamiltonian Monte Carlo

Hamiltonian Monte Carlo (HMC) | : | tries to address this problem by
exploiting information about the geometry of density though a Hamiltonian physical
system. It is a variation of MCMC which differs from Metropolis-Hasting by reducing
the correlation between successive sampled states.

The Hamiltonian is defined as
H(z,u):=U(z) + K(u), (1.4)

where K and U represent the kinetic energy and potential energy respectively. The
kinetic energy K is completely determined by the auxiliary parameter u, which is
also called the momentum. The potential energy U contains information of the target
distribution we wish to learn, which is defined as U(z) := —log7(x) for any target
density . The proposed updates of x and u are then determined from the Hamiltonian

dynamics, which are then accepted or rejected in the Metropolis-Hasting procedure.



The use of Hamiltonian dynamics allows more efficient exploration in the parameter

space, especially in the region that is far from the current position of the parameters.

1.2.2.3 Importance Sampling

Importance sampling (IS) is one of the historically important methods, which is a
basic yet powerful key component of many advanced MC methods.

(Self normalised) IS works as follows, if the target density can be evaluated

up to a constant, i.e., if we have access to f(z) := % where Z is the normalising

constant, importance sampling | , , , | works by sampling

x1, -+ ,xy from a known proposal distribution ¢. Define the importance weight to be

w(z) == f(z)

o) the expectation of the test function can be estimated by the (biased)

estimate

~—

Blo(X)] = [ ol0) T a(a)da

=5 ] ool B
~ Yy fa)w(w:)

f\il w(x;) 7

where the normalising constant can be estimated similarly:

Z = /f(x)dx :/Z((gq(a:)da: ~ ]i[zjlw(:p,) (1.5)

In the Bayesian framework, the target distribution 7 is the posterior distribution
p(0|z) where z and 0 stand for the data and the parameters respectively. This is
unknown, however, we have access to its unnormalised version f(z) = p(0)p(x|0) with
the normalising constant Z equal to the intractable marginal likelihood p(z) using
(1.4).

One of the important applications of IS where MCMC has troubles is rare event
simulation | , , , , , , ,

]. Many practical problems can fall into this application such as bankruptcy
in finance, energy grid failure | , ]. Another application where
MCMC does not work well is when the integrand is spiky or singular, such as in high
energy physics | : |, graphical rendering | : | and
particle transport | , ]. In contrast to other MCMC, IS also
has the advantage of estimating the normalising constant Z which can be used in e.g.

estimating model evidence etc.



1.2.2.4 Adaptive Importance Sampling

The performance of IS depends heavily on the choice of proposals. However, it is
not easy to find a good proposal distribution a priori especially in high dimensions.
Adaptive Importance Sampling (AIS) iteratively updates the proposal distribution ¢
based on existing samples 1, - - - 7. | , | used a mixture of present and
past proposals and updated the mixing proportions based on the samples. |

, ] used a mixture with a fixed number of proposals per iteration with a user
controllable computational cost. [2008] used an entropy criterion to learn
the weights and component parameters of a mixture importance sampling density.
However, the finite-time analysis on the accuracy of the algorithms remains relatively
less explored. In chapter 5, we propose an AIS algorithm which differs from previous
work in the following perspectives: 1) we take into consideration of exploration and
exploitation in the adaptive scheme; 2) we provide a finite-time regret analysis based
on the KL divergence between the target and the proposal distributions, and show that
the resulting algorithm has a sub linear regret. We show its promising performance

both theoretically and empirically.

1.2.2.5 Limitations

In Monte Carlo methods, the efficiency of the global schemes such as importance sam-
pling can depend on the proposal distributions which needs to be a good approximation
to the target distribution. This is hard especially in high dimensional situations. For
the local schemes such as Metropolis Hastings, it is hard to diagnose the convergence

of the chains and it may exhibit slow mixing particularly in multi-modal scenarios.

1.2.3 Variational Inference

Another popular technique for approximate inference is variational inference (VI) |
, , , , , | which approximates
difficult densities through optimization.

The idea is to first choose a family of densities to approximate the target density,
and then find the member of that family to best approximate the target, where the
distance to the target density is measured by the Kullback-Leibler (KL) divergence
[ : ]. The KL is a standard way of measuring distance between
two distributions and the KL between any two distributions p and ¢ is defined as

KL(p||lq) :== [p(x)log %dm. Interestingly, this method provides a lower bound of



the marginal likelihood p(data), and minimizing the KL divergence is equivalent to
maximising this lower bound.

In more detail, suppose we have observations x and latent variables z, bayesian
inference amounts to learning the posterior density p(z|x) given the likelihood p(x|z)

and the prior p(z)

plafx) = LX2P(E) (16)
p(x)

Note that we have slightly abused the use of notation and we are now interested
in learning the posterior distribution of the latent variable p(z|x). The marginal
likelihood p(x) = [ p(x|z)p(z)dz, also called the model evidence is often intractable
and expensive to calculate which makes inference in such models hard.

The first step in VI is to choose a family of distributions Q over the latent z, where
each member in the family ¢(z) is a candidate approximation to the posterior p(z|x),
the goal is to find the best candidate which is closest to the true conditional p(z|x)

based on the KL measure:

q"(z) = argmingmeo K L(q(2)||p(z[x)). (1.7)

However, computing this KL term involves calculating the marginal likelihood
p(x). Instead, note that

logp(x) = K L(a(2)|Ip(zlx)) - [ a(z) )
= K L{g(z) |p(zl) + £(0) (1.9)

where L(¢) is defined as the evidence lower bound (ELBO):

- [ atoiog L2 (1.10)
~ [ a(z) 10 p(xlz)dz — KL(a(2)|Ip(2)). (1.11)

Since the KL is non-negative, we have that £(¢) < log p(z), meaning that maximis-
ing the ELBO is equivalent to miniming the KL distance between the approximation

and the true posterior distribution of Z.



1.2.3.1 Mean Field Approximation

We now describe a simple family @ which is called the mean-field variational family

[ , ]. The key assumption is the independence between the latent variables

q(z) = 1:[161;'(2;')7 (1.12)

where D is the dimension of the latent variable. Each variational distribution ¢; along
the j-th coordinate can take on its own form, which is typically in the exponential
family. Optimizing the ELBO in (1.10) can be done with e.g. Coordinate Ascent
Variational Inference (CAVI) | : |: due to the mean-field assumption, z; are
mutually independent, the optimal conditional distribution of z; given the rest of the

latent variables can be computed with

q;(2j) o< exp{E_;[log p(z;]z—;, x)]}. (1.13)

CAVI works iteratively along different coordinate of z, updating ¢; for j =1,--- , D

until convergence.

1.2.3.2 Stochastic Variational Inference

In the presence of big data, this method does not scale since each iteration involves

going through the whole data set. A scalable variational inference method Stochastic

Variational Inference | , | is proposed. It uses gradient based
optimization based on natural gradient [ , ], combined with stochastic
optimization | , ], which enables modern machine learning

algorithms to scale massively.

The natural gradient takes account of the geometric structure of the probability
space, and points to the direction that achieves maximum change in KL divergence.
It can be computed by pre-multiplying the inverse Fisher information to the ordinary
gradient in the exponential family | , .

On the other hand, stochastic optimization works by following an unbiased gradient
which is a noisy and computationally cheap estimate for the true gradient. At each
iteration, the update for the parameters is the stepsize ¢, multiplied by the unbiased
estimate of the gradient. This has been proved successful provided that the stepsize

sequence €, at each iteration ¢ satisfy the condition | , ]:



ZEtZOO7 Z€t<OO.
t t

1.2.3.3 Amortised Methods

In the classic mean-field inference, we are often limited to exponential family distri-
butions such as Gaussians. The parametric assumptions in VI are often too strong
and unable to model posteriors that are complicated or multi-modal. The basic idea
behind amortized inference is to use a powerful predictor z = g4(x) to predict the
optimal z based on the observations x, where instead of approximating separate
variables for each data point, the local variational parameters are replaced with a
function whose parameters are shared across all the data points. Once this function is
estimated, the latent variables can be computed by passing new data points through
the function. When the function is parametrized by a neural network, this is called
the inference network, which combines probabilistic modelling with the expressiveness

of deep learning.

1.2.3.4 Limitations

In VI, the main limitation of mean field approximations is that they cannot capture
correlations between different latent variables, which limits the expressibility of the
variational family. Moreover, in contrast to MCMC methods, the statistical properties
of variational inference are not yet well understood. It is also an interesting direction
to develop variational inference methods which utilises other measures such as a-

divergence in place of the KL divergence.

1.2.4 Gaussian Process

One of the well-known models that can be applied in Bayesian methods are Gaussian
Processes (GP), which we developed further in chapter 2. They are non-parametric
and flexible models which have proved success in diverse applications ranging from
Automatic Statistician | , | to dynamic modelling of the environment
in model-based reinforcement learning | , |. A Gaussian
process is defined as a stochastic process, such that every finite collection of those
random variables have a multivariate normal distribution | ,

|. It is a distribution over a function where the "parameters’ @ refer to the function
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itself. It is completely specified by its mean function m(z) and covariance function

k(x,z’), also known as the kernel:
f(@) ~ GP(m(z), k(z,2)).

For any finite number of collections (xy, - - - , x,,), the joint distribution of (f(z1),-- -, f(zn))
follow a multivariate distribution with mean vector [m(z1), -+, m(x,)]? and covariance
matrix K whose (7, 7)-th entry is equal to k(z;, x;).

Suppose we have training data (x,y), denote the vector of the function evaluation

by f:= (f(z1), -+, f(zn)). If we assume Gaussian likelihood with noise variance o
p(ylf, x) ~ N(f,0°1),
then the posterior distribution of the function f is also a Gaussian process

p(f’X, Y) ~ gp(mposta kpost)a

where

Mypost () = k(z, %) [K (x,x) + 01|y,
k(z,2'") — k(z,x)[K(x,x) + oI k(x, z),

where we have assumed that the prior mean m(z) is 0.

Typically, the mean function of a GP is set to be 0 and there are many choices of
the covariance function such as rational quadratic, periodic, etc., with unknown hyper
parameters to be learned.

The main problem of GP models is that inference costs O(N?) where N is the
number of training observations. Due to the inversion of the kernel matrix, it is
computationally expensive and cannot scale to big data. There has been active
research to make GP more scalable, such as the inducing point method [

, , , | which is based on a subset of the training points,
also known as the pseudo inputs. | , , , ] exploited
kronecker structure in the GP covariance matrix for high dimensional data, later they
also extended it to combine the structural properties of deep learning architectures
with the nonparametric flexibility of kernel methods | , |. More
recently, | , ] proposed an efficient variational approximate inference

method based on the preconditioned Fisher (pF) divergence.
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1.2.5 Bayesian Neural Networks

It is a natural idea to combine Bayesian methods with deep learning methods, in order
to have a flexible deep learning system which takes uncertainty into consideration.
One of the simplest models is Bayesian neural network. We first describe neural
networks in detail.

Neural networks serve as the building blocks for deep learning, where the simplest
neural network is a feed-forward neural network | , ]. Given data
D = {(x™, yM) N _  a feed-forward neural network models non-linearity in the
relationship of y given x. It consists of hidden unit activations which are computed

with a weight matrix W, a bias vector b and a (non-linear) activation function s:

P
j=1
Similarly for the output

Ui =S (bo + Z Wghzk> ,
k=1
where W b" and W°, b° represent the weight and bias for the hidden unit and the
output respectively.

Those parameters are usually learned by optimizing the log likelihood with gradient
descent, which gives us a Maximum A Posterior(MAP) estimator. There has been a
number of improvement on the optimization algorithms with adaptive learning rate
such as Adam | , |, RMSprop | | and Adagrad |

, ], etc.

What we have described above is often known as a feed-forward neural network
or the dense layer, but there are many other neural network layers such as LSTM
[ , , , ] which is a recurrent neural
network that models sequences of outputs, and convolutional neural network |

, , , | which is usually applied to visual images. Deep learning
[ , , , , , | stacks multiple layers
of simpler neural networks which are able to model complicated structure with multiple
levels of abstraction.

In Bayesian neural networks (BNN) | , , , ,

|, the parameters of the neural networks such as the weight

matrices are deemed as random variables. Rather than a point estimate, a distribution
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over the weights is learned with Bayesian inference. For ease of notation, we embed
the parameter b into the weight matrix W, a prior distribution p(W) is placed over
the weight, and its posterior distribution p(W|data) is computed which usually is
not tractable and difficult to evaluate. Instead, one can use approximate variational
inference in section 1.2.3 or MCMC in section 1.2.2 to approximate the posterior

distribution.

1.2.6 Deep Generative Models

Generative models are powerful unsupervised learning method which can represent
complicated data distributions. The goal is to learn the true data distribution and be
able to generate new data from the true distribution. It leverages the flexibility of
neural networks to learn a function which can approximate the true distribution.

Two of the most commonly used and efficient approaches are Variational Auto-
encoders (VAE) | : , : ] and Generative
Adversarial Networks (GAN) | , ]. VAE maximises the marginal
distribution of the data with variational inference and GAN aims at achieving an
equilibrium between Generator and Discriminator, where the Generator generates
samples and tries its best to fool the Discriminator, and the Discriminator tries to
distinguish between the true samples from the generated ones.

We will discuss in more detail about VAE which serves as the building blcok for

our work in chapter 3. .

1.2.6.1 Variational Auto-encoder

@___

Figure 1.1: Graphical representation of variational auto-encoder.
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The graphical representation of VAE is displayed in Figure 1.1. It assumes a
Gaussian prior over z with p(z) = N(0,1) and it employs amortised mean-field
approximation of the posterior distribution of z, also known as the recognition network

or encoder:

qe(2[x) = I:II%(ZHXJ')? (1.14)

where N is the number of data points. Typically, ¢4(z|x;) is chosen to be Gaussian:

6(z51%;) = N (z|pg(x)), o5 (%)), (1.15)

where j14(x;) and 03(x;) are outputs from neural networks parametrized by ¢. Simi-
larly, the generative network, also known as the decoder is also typically defined as

Gaussian:

90(xj12) = N(x; 10 (2), 05(2)1), (1.16)

where p4(z) and o7 (z) are outputs from neural networks parametrized by 6. Recall
(1.10), the ELBO of a single data x; is computed as

L0, 6;%;) = =K L(gs(2%)|[p(2)) + Eq, (2 1x,)[108 pa(x;]2)]. (1.17)

The KL term is tractable and can be computed analytically. The variational
parameters ¢ and generative parameters ¢ can be learned by optimizing £ with e.g.
gradient descent. The differentiation of £ with respect to € is straight forward and can
be estimated with Monte Carlo estimates as we explained in section 1.2.2. However,
the gradient with respect to ¢ is problematic since the expectation in (1.16) is with

respect to g, which depends on ¢:

VeEq oz po(x,12)] = [ Voas(z) og pa(x;l2)dz
= /q¢(z)V¢ log q4(z) log pe(x;|z)d=
= Ey, ) [10g po(X;]2) Vg, () l0g g5 (2)]

1 L
~ I Z logpg(xj|z(l))vq¢(z(z)) log q¢,(z(l)),
=1
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where z() are draws from the approximate posterior qo(z|x;) which depend on ¢, and
we have used score identity | : ] in the second equality. It is
shown that this gradient estimator exhibits very high variance [ .
One of the key contributions of VAE is the reparametrization trick which reduces the
variance and makes this method practically usable. The idea is to reparametrize z

with a differentiable transformation g4(e,x;) of an auxiliary noise variable e:

Z:g¢>(€7xj)7 ENp(e)v

where the expectation can be written as

1 L
Eq,(2)log po(x;]2)] = By [log po(x;1gs(e. x5))] = 7 > log py(x;]96(e”, x;)),
where ¢} ~ p(e). One can then apply stochastic optimization by selecting a mini

batch of data to form an unbiased stochastic gradient estimate.

1.2.6.2 Advances in VAE

VAE opens a new array of research in probabilistic deep models and there have
been a number of extensions based on it: [ ] introduced a latent
variable and developed a deep conditional generative model for structured output
prediction. [ | also introduced a latent representation from raw image
data in an unsupervised manner. [ | factorizes over dimensions in
VAE by modeling dependencies between pixels within an image using a conditional
model, where the dimensions are generated in a sequential manner.
[ ] used a structured VAE which is a rich latent representation, whose recognition
networks output conjugate graphical model potentials rather than the non-conjugate
observation likelihoods. [ ] proposed another re-parametrization
trick that works for a broader range of distributions. More recently,
[2017] used a control variate to reduce the variance in the model; [2018]
proposed an unbiased gradient estimator through estimating the bias efficiently with
the re-parametrization trick.

The mean-field method and simple structured approximations such as Gaussian
can be restrictive. In order to have efficient and rich posterior approximation,

[ | proposed flexible, arbitrarily complex and scalable approximate

posterior distributions, which are constructed through a normalizing flow. The idea is
to transform a simple initial density into a more complex one by applying a sequence

of invertible transformations until a desired level of complexity is attained.
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1.3 Case study

Deep learning is flexible to model non-linearity in the data structure, and Bayesian
methods are well established methods that calibrate uncertainties. Many research has
gone into the direction of the combination of both, we give two case studies of the

application of Bayesian deep learning which we will discuss in later chapters.

1.3.1 AutoML

Much effort has been put into automating machine learning. One such example is
the Automatic Statistician (AS) | : ], where given any data set, a
model in the GP class is selected and learned, and an interpretable report is generated
automatically. Another example is probabilistic programming | , . It

is a universal inference engine which does inference automatically given input data.

1.3.2 Bayesian Optimization

Bayesian optimization | , | has a similar flavour to active
learning. The goal of BO is to optimize some objective function which is possibly
expensive to evaluate. The idea is to view it as a sequential decision-making problem
and pick informative points to be evaluated in order to find the optimum. It is based
on GP models and the acquisition function typically relies on the variance output

from the GP model prediction. We will discuss it in more detail in chapter 3.

1.4 Challenges

Despite the promising results with Bayesian methods, there are also several challenges

and interesting open research directions.

1.4.1 Expensive Computation

Compared with deep learning, Bayesian machine learning requires more storage and
is computationally more expensive. This is due to the computation of the posterior
distribution which also involves calculating the likely intractable marginal likelihood.
When the neural network architectures are wide and deep, the large number of
parameters make it impractical to scale.

There has been a number of attempts to scale up Bayesian deep learning. For

example, [ | proposed new natural-gradient algorithms to reduce
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computational costs for Gaussian mean-field VI, by perturbing the network weights
during gradient evaluations within the Adam optimizer. [ | also took
advantage of natural gradients to estimate a 'diagonal plus low-rank’ structure of the
covariance which gave faster and more accurate estimation of uncertainty empirically.
Kronecker-factored Approximate Curvature (K-FAC) based methods

[2015], [2016] approximate the Fisher information matrix
of a neural network, resulting in a much faster algorithm compared with stochastic
gradient descent with momentum. However, there is still a lot of room to develop

scalable Bayesian inference techniques.

1.4.2 Flexible Models

A mis-specified model leads to incorrect learning. Another question is how to design
flexible models that are capable of modelling complex data structure. Up to now, the
form of the likelihood or prior distribution is still restrictive. Non-parametric models
such as Gaussian Processes still assume Gaussian prior. Deep generative models
typically assume Gaussian distributions for the prior of the latent variable and the
likelihoods, where the mean and variance are outputs from neural networks.
Recently, [ ,a] proposed Neural Processes (NP), which followed
the idea of VAE and combined neural networks with Gaussian processes. It is capable
of rapid adaptation to new observations and estimating the uncertainty in their

predictions.

1.4.3 Accurate and Efficient Inference

Most of the time, the posterior is intractable and approximations are needed. However,
there is no single posterior inference method that works well across all Bayesian models.
How to develop an inference method that is scalable, accurate, effective and can be
adapted to more domains remains an interesting challenge.

The interface between variational inference and MCMC is less explored.

[ ] showed some first results bridging the gap between the two. It incorporated
one or more steps of MCMC into the variational approximation, resulting in fast
posterior approximation through the maximization of an explicit objective. A thorough
analysis of which approximate inference method to use and how to take advantage of

both is a promising area of research.
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1.5 Summary

So far in this chapter we have specified the necessity of probabilistic machine learning
and the importance of calculating calibrated uncertainties. We have also reviewed
state-of-the-art modelling inference techniques in Baysian inference. There are a lot
of open questions in Bayesian machine learning, such as developing computationally
efficient and easy to implement probabilistic models, improving interpretability in
Bayesian deep learning, theoretical analysis of the error in different approximate
inference. Making Bayesian deep learning more efficient, accurate and automatic

remains an important and exciting research area.

1.6 Thesis Outline

This thesis consists of four main chapters.
We discuss Tucker Gaussian Process in chapter 2. This is joint work with Hyunjik
Kim, Seth Flaxman and Yee Whye Teh. It is based on the paper

e Xijaoyu Lu, Hyunjik Kim, Seth Flaxman and Yee Whye Teh
Tucker Gaussian Process for Regression and Collaborative Filtering
https://arxiv.org/abs/1605.07025
Women in Machine Learning Workshop, NIPS, 2016

The main contributions I have made to this work includes:1) the formalization of the
model; 2) the derivation of the SGD algorithm; 3) experimental results on the Irish
wind data set; 4) partial experimental results on the MovieLens dataset.

The first component of the thesis is to build a Tucker Gaussian Process that
reduces computational cost, and in particular, gives superior performance when the
input space is structured and separable. Another stunning point of TGP is that it
can naturally incorporate side information of users and items in the application of
collaborative filtering.

In chapter 3, we build a probabilistic model using Gaussian Processes as building
blocks in the context of optimization. This is joint work with Javier Gonzalez, Zhenwen

Dai and Neil Lawrence and I was the main contributor to the project.

e Xiaoyu Lu, Javier Gonzélez, Zhenwen Dai and Neil Lawrence
Structured Variationally Auto-encoded Optimization
http://proceedings.mlr.press/v80/1ul8c.html
International Conference on Machine Learning (ICML) 2018.
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We call our model Structured Variational Optimization (SVO), which does Bayesian
optimization over structured input space. In Science and Engineering, optimization
problems with very structured input domains are ubiquitous.

Take Automatic Statistician (AS) as an example. With a GP as the class of models
of choice, the goal is to automatically select the best kernel combination to explain a
data set, which is chosen by enumerating a countably infinite set of arbitrarily complex
kernels composed via additions and multiplication of simple ones | ,

|. Interestingly, the final goal of the AS is not just to fit a model to data, but to
write a report that uses the type of combination as the main element to interpret the
data.

However, the space of the models is infinite and combinatorial, optimization over
this space is challenging. The idea is to learn a low dimensional latent space which is
continuous and Euclidean using a VAE, and conduct Bayesian optimization on the
low dimensional space instead. We demonstrate experimentally that our method gives
competitive results on a number of datasets.

Chapter 4 talks about a variant of Hamiltonian Monte Carlo, namely the Relativistic
Hamiltonian Monte Carlo (RHMC) algorithm. This is joint work with Valerio Perrone,
Leonard Hasenclever, Sebastian J Vollmer and Yee Whye Teh based on the publication.

e Xiaoyu Lu, Valerio Perrone, Leonard Hasenclever, Sebastian J Vollmer and
Yee Whye Teh.
Relativistic Monte Carlo
https://arxiv.org/abs/1609.04388.

International Conference on Artificial Intelligence and Statistics, 2017.

My main contribution to this project includes: 1) the derivation and implementation
of the RSGD algorithm. 2) the derivation and implementation of the RSGNHT
algorithm; 3) experimental results on Banana, logistic regression and MNIST examples.

The Relativistic Hamiltonian Monte Carlo (RHMC) algorithm, which is based
on continuous-time physical systems that allow the efficient simulation of posterior
distributions, are an important mainstay of Bayesian machine learning and statistics.
Hamiltonian Monte Carlo (HMC) | , , , , , | is
based on Newtonian dynamics on a frictionless surface, and has been argued to be
more efficient than techniques based on diffusion | , ]. On the other
hand, stochastic gradient MCMC techniques based on diffusive dynamics |

, , , , , ] have allowed scalable Bayesian

learning using mini-batches. An important consideration when designing such MCMC
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algorithms is adaptation or tuning to the geometry of the space under consideration

[ ? ) ) ) ? ]

We are interested in making MCMC algorithms based on physical simulations

more robust by directly controlling the velocity of the particle. This is achieved by

Y ]7

whereby particles cannot travel faster than the “speed of light”. We also developed

replacing Newtonian dynamics in HMC with relativistic dynamics |

relativistic variants of stochastic gradient MCMC algorithms, including stochastic
gradient Langevin dynamics, SGHMC and Nosé-Hoover thermostat, and show that
they give promising results and are more robust than the classical Newtonian variants.

Finally, we discuss exploration and exploitation in Adaptive Importance Sampling
(AdalS) in chapter 5. This is work supervised by Yee Whye Teh and I am the main
contributor of the project. This leads to the paper

o Xiaoyu Lu, Tom Rainforth, Yuan Zhou, Jan-Willem van de Meent and Yee
Whye Teh.
On Exploration, Exploitation and Learning in Adaptive Importance Sampling.
https://arxiv.org/abs/1810.13296
arXiv preprint arXiv:1810.13296 (2018)

While Markov Chain Monte Carlo and sequential Monte Carlo are the two most
common families of Monte Carlo methods, in recent years there has been growing
interest in various forms of Adaptive Importance Sampling (AIS) [Liu, ,

, , , , , |, due to their simplicity and ability
to estimate normalization constants of interest. In Chapter 5, we initiate the study of
adaptive Monte Carlo as online learning procedures, and argue for the importance
of the trade-off between exploration and exploitation in adaptive Monte Carlo. We
study this issue in the context of adaptive importance sampling (AIS), where we
borrow ideas around upper confidence bounds in the bandit literature to construct a
partition-based AIS with O(v/T(logT)?) cumulative regret, where T is the number
of iterations. We further extend our AIS algorithm to use an adaptively constructed
recursive partition of the sample space, which is a non-parametric extension of the

model.
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Chapter 2

Tucker Gaussian Process

e Xiaoyu Lu, Hyunjik Kim, Seth Flaxman and Yee Whye Teh,
Tucker Gaussian Process for Regression and Collaborative Filtering,
https://arxiv.org/abs/1605.07025,

Women in Machine Learning Workshop, NIPS, 2016.

My contribution to the paper includes:

o The formalization of the model
e The derivation of the SGD algorithm
o Experiments on the Irish wind data set

« Partial experiments on the MovieLens data set.

2.1 Abstract

We tackle the problem of collaborative filtering (CF) with side information, through
the lens of Gaussian Process (GP) regression. Driven by the idea of using the kernel
to explicitly model user-item similarities, we formulate the GP in a way that allows
the incorporation of low-rank matrix factorisation, arriving at our model, the Tucker
Gaussian Process (TGP). Consequently, TGP generalises classical Bayesian matrix
factorisation models, and goes beyond them to give a natural and elegant method
for incorporating side information, giving enhanced predictive performance for CF
problems. Moreover we show that it is a novel model for regression, especially well-
suited to grid-structured data and problems where the dependence on covariates is
close to being separable, meaning that the response can be roughly expressed as (a

sum of) the product of functions over each covariate.
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2.2 Introduction

Collaborative filtering (CF) defines a branch of techniques for tackling the following
supervised learning problem: making predictions (filtering) about the preferences of a
user, based on information regarding the preferences of many users (collaboration).
We are given data in the form of a partially observed rating matrix R, where R;;
is the rating of user u; on movie v; for i = 1,...,n1,57 = 1,...,np. CF aims to
predict missing entries of R by only using the observed entries. Hitherto, matrix
factorisation approaches [ , , , , ,

, , | have been the basis for many successful CF models. These
model R as a product of two low rank matrices R ~ UV ", hence Rij = 31 Ui Vi
On the other hand, content-based filtering predicts user ratings based on attributes of
users (e.g. age, sex) and items (e.g. genre). CF with side information is a combination
of the two, aiming to predict user ratings using both ratings data and user/item
attributes.

There has been a wide range of work on CF with side information, mostly
building on the framework of matrix factorisation. Suppose user/item side infor-
mation is given in the form of feature matrices F' = [w(uy),...,w(u,, )] € R™*" and
G =[w'(v1),....w (Un,)] " € R™*". Matriz co-factorization | , ]
attempt to factorise F,G and R simultaneously, whereas the Regression-based Latent
Factor Model | , ] assumes instead that U and V' are linear in F’
and G. Bayesian Matriz Factorization with Side Information (BMFSI) |

, | gives an additive model in the sense that R is assumed to be the sum

of the standard matrix factorisation prediction UV T and linear contributions of F

and G. Hierarchical Bayesian Matriz Factorization with Side Information | ,

| is an extension of BFMSI with Gaussian-Wishart hyperpriors on the prior mean
and variance of U and V.

Gaussian Processes (GPs) are a popular class of Bayesian nonparametric priors
over functions | , |, and have served as flexible models
across a range of machine learning tasks, e.g. regression, classification, dimensionality
reduction | , ] and CF | : : , ]. In
a regression setting with input and output pairs, a key advantage of GPs is that we
can use the kernel to explicitly model similarity in the outputs between a pair of input
values. We use this to model similarity between users/items given side information,
forming the outset of the paper. We model the ratings as R;; ~ N(f(u;,v;),0?)

and f ~ GP(k; X ko) where kernels k; and ky model user and item similarities
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respectively. However, a direct GP regression application is infeasible due to its O(N?3)
computational cost, because for most CF problems, the number of ratings N ranges
from a hundred thousand to hundreds of millions. Low-rank matrix factorisation
remedies this problem, and also underlies the state of the art approaches for CF. Hence
it is natural to look for a connection between GPs and low-rank matrix factorisation,
which is the motivation and contribution of our work.

To develop a framework for this connection, we first propose a novel approximation
scheme for GPs. Our starting point is the Kronecker structure that arises naturally
when working with kernels that are products of simpler constituent kernels (say each
dependent on one covariate dimension). Coupled with the weight space view of GPs,
we can represent a draw from the GP as a product between a random weight tensor
and a collection of feature vectors (one for each constituent kernel). The weight tensor
can be very large for high dimensional problems, and our proposal is to approximate
it using a low-rank Tucker decomposition | , | instead. This reduces the
effective number of parameters that need to be learnt, and forms the link between
GPs and matrix factorisation methods in CF. Thus we arrive at our model, the Tucker
Gaussian Process (TGP).

We make the following contributions:

o TGP is an elegant and effective method for modelling user/item similarities
via kernels to exploit side-information. As far as we know, ours is the first
work to use GPs for modelling similarities via side information, with explicit

correspondence between similarities and the kernel.

« TGP generalises classical Bayesian Matrix factorisation models |
, ,a], bridging the gap between matrix factorisation methods and
GP methods in CF.

o Sub-linear scaling of TGP, achieved by stochastic gradient descent, makes it

suitable for CF problems that typically have large data sets infeasible for GPs.

o TGP is applicable to certain regression problems where the regression function
is separable in the covariates. We reason that the Tucker decomposition acts
as a regulariser for the GP that helps control overfitting, and verify that TGP

outperforms GPs in generalisation performance for these problems.

Outline of chapter We formulate TGP in the general regression setting in Section

2.3, and describe its central application to CF with side information in Section 2.4,
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followed by related work and discussion in Section 2.5. We present experimental

results in Section 2.6 and conclude in Section 2.7.

2.3 Tucker Gaussian Process Regression

2.3.1 Tucker GP Regression

Consider a regression problem with inputs z,...,zy € X and corresponding observa-
tions yy,...yx € R. We assume y;|z; ~ N(f(z;),0?%) for some f: X — R and that
the observations are independent. The aim is to learn f. One approach is to put a
Gaussian Process (GP) prior on f, with zero mean and covariance k. The training
then consists of computing the posterior GP. The problem of using this in a CF setting
is that training costs O(N?) operations. N, the number of ratings, usually ranges
from a hundred thousand to hundreds of millions in CF, making inference infeasible.

The weight space view of GPs offers a natural way of dealing with the problem:
suppose there exists a feature map ¢ : X — R™ (where n is the number of features) such
that k(x,2') = ¢(x) " ¢(a') Vo, 2’ € X. Then the GP is equivalent to Bayesian Linear

Regression with feature vectors used for each row of the design matrix |

, 2005]:

yle,0 M N(f(x),0%), fx)=0"¢(x)
0 ~N(0,I), § €R"

(2.1)

Now training takes O(Nn?) time, and is scalable for n < N.

n r n []
T
n U@
T oa(x)
|| d2(x)
n
n U(l)
¢3(x)
o1(x)
(a) Tensor (b) Tucker

Figure 2.1: Tensor & Tucker Decomposition representation of regression function for
D = 3.
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Consider the case of product kernels, where the kernel can be written as follows:

k(x;, x;) a(xi, xj) (2.2)

||::]c

and suppose there are feature maps ¢4 : X — R" such that ky(z;, ;) = da(z:) " da(z;).
Then we can write k(z;, z;) = ¢(x;) " ¢d(x;) where ¢(z) = ®L_;¢q(z) is the Kronecker
product of the ¢4. For simplicity, we assume that the features ¢4(z) have the same

dimension n across d = 1,--- , D. Returning to (2.1):

f(x) =0T () = 07 (@5, du(x)) = 0 x 1., ¢alz) (2.3)

RTLX...XTL

where 6 has been reshaped as a D-dimensional tensor in in the rightmost

expression, as in Figure 2.1a. We define the tensor product notation as follows:

n D
0 ><fl):l ¢d = UGC(Q)T ®dDzl ¢d = Z 97:17~--7’L'D H(¢d) d
d=1

i1,eip=1

We refer to (2.3) as the full-rank model, and use 0 as a tensor for the rest of the

paper.

This full-rank model is problematic in high dimensions: the size of 6 grows as
nP, so the function computation become infeasible. In two dimensions, a low rank
approximation can be done with singular value decomposition, however, it is more
complicated in higher dimensions. There exist multiple notions of tensor decomposition,
such as PARAFAC [Bro, | and Tucker [ : | decomposition. Here we
introduce the novel Tucker Gaussian Process (TGP) model, where we approximate 6
using a low-rank Tucker decomposition. The Tucker decomposition is defined as a
tensor-matrix product between a low rank core tensor W € R"™**" of dimension D
and matrices UMD, ... UP) € R as in Figure 2.1a. The (iy,...,ip)™ entry of 6 is

defined as
117 ) Z M/ll, Slp H dld (24)

We denote it as § ~ W x2_, U7 and hence the (i1,...,ip)" entry is W x2_, Ui(j)
with Ui(dd) a column vector representing the i} row of U(® n is the number of features
in each dimension and r is the rank. Note that we are free to use a different n and r
for each dimension, but assume these are the same for convenience of notation.

We must also place suitable priors on W and U@ to match the iid A(0,1) prior
on each entry of . We place iid priors N'(0,1) on each entry of W, and N(0,¢2) on
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each entry of U™, Setting 02 = %, we match the first two moments of W x 2, U@T
and 6. We then prove in Appendix 2.8.1 that each entry of W x%_, U®T converges
in distribution to N'(0,1) as r — oc.

In summary our TGP regression model approximating data from a GP with

product kernel (2.2) and homoscedastic noise is:

yle N (f(2),0%), flz) =W =P, (U(d)Tﬁﬁd(l‘))a (2.5)
a(

where ¢4 : X — R" are feature maps such that ky(x;, z;) = ¢a(z;) " ¢a(z;), and we
have iid A(0,1) and NV(0,2) priors on the entries of W and U@ respectively. Note
that the resulting model is no longer a GP and its marginal likelihood is not tractable.

We detail the learning procedure in section 2.3.3.

2.3.2 Choice of Feature Map

So far, we have assumed that the kernels k; can be written as the inner product
of feature vectors: kg(x;,x;) = ¢a(z:)" da(x;). We investigate the situations where
this assumption holds. When this doesn’t hold, we explore other choices of ¢ that
approximate k.

Identity features One case where we can write kernels as inner products of
features is with identity kernels kq(x;,x;) = d;;. This is particularly convenient in
matrix factorisation as we will explain later. The features are unit vectors: ¢4(x;) =
e; :=(0,---,0,1,0,---)T with the non-zero at the i** entry, hence UDT ¢y(z;) = Ui(d).
However this implies U@ € RN*" (or R™*" for inputs on a grid where ng denotes
the number of data points in each dimension, i.e., N = [}, n4), so for N (or ng) too
big, computations can become too costly both in time and memory. A workaround
is to use feature hashing | , | to obtain shorter features whose
inner products are unbiased estimates of inner products of the original features. This
technique can be applied to arbitrary features where the number of features is too
large. See Appendix 2.8.2 for details.

We can also deal with cases where the data lies on a grid using Cholesky features,
or in the most general case where the data doesn’t lie on a grid and k; cannot be
expressed as the inner product of finite feature vectors using Random Fourier

features. See Appendix 2.8.4 for details.

2.3.3 Learning

In TGP we would like to learn the posterior distribution of U and W. The simplest and

fastest method of learning is Maximum a Posteriori (MAP), whereby we approximate
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the posterior with point estimates U, W = arg maxy,w p(U, W|y). For the optimisation
we may use stochastic gradient descent (SGD) to approximate the full gradient, for
which we get a time complexity of O(m(nrD + r” D)) operations for computing the
stochastic gradient on a mini-batch of size m, which is linear in N.

The problem with a MAP estimate for U, W is that only the posterior mode
is used, and the uncertainty encoded in the shape of the posterior distribution is
ignored. In a Bayesian setting, we wish to use samples from the posterior and average
predictions over samples. For data where we can afford an O(N) runtime, we may use
sampling algorithms such as Hamiltonian Monte Carlo (HMC) | , ,

, ]. The runtime for each HMC leapfrog step is O(N (nrD + rP D)), the same

time complexity as a step of full-batch gradient descent.

2.4 TGP for Collaborative Filtering with Side In-
formation

In order to apply TGP to CF, let us first formulate the problem using GPs. It is natural
to model this as a supervised regression problem with R;; ~ N'(f(u;,v;),0?) and
prior f ~ GP(0,k) [ , ]. Note that this is particularly suitable with side
information, since kernels can be interpreted as measures of similarity; we can design
k to encode similarities between users/movies given by the side information. Hence we
may further exploit the use of GPs for addressing this problem. In particular we use a
product kernel k((w;, v;), (wi, vj)) = k1 (u;, uy)ko(v;, vj) since we expect similar ratings
for two user/movie pairs if the users are similar and the movies are similar. When
there is no side information, it is sensible to use identity kernels ki (u;, uy) = Ousuy s
ko(vj,vj) = Ovju,- 1-€. that distinct users and movies are not similar a priori. With
side information, we may add on further kernels k1, ko modelling similarity between
users/movies: Ki(us, uir) = af0u,u, + Uik (i, uj), ka(vj,v50) = a30y,0, + bika(vj, v}),
where a and b are parameters controlling the extent to which similarity in side
information leads to similarity in preference.

However, it is not immediately clear how this single GP framework relates to
the matrix factorisation approach. We show that our proposed TGP forms a natu-
ral connection between these two approaches, and that we recover classic matrix
factorisation models as a special case. To apply TGP, first note that we have
D = 2, and the Tucker Decomposition is simply a low-rank matrix factorisation.
Using the notation U,V instead of UM, U®, we have that § ~ UWVT, hence
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fui,v;) = ¢1(u;) "UW (pa(v;) "V)T. With the identity kernel, we have unit vector
features ¢ (u;) = e; € R™ and ¢5(v;) = e; € R™. TGP therefore simplifies to:

Ry ™ N (f (s, v5),02), f(us,0;) = UTWV;, (2.6)
with iid A/(0,2) priors on each entry of U,V where U;, V; are column vectors repre-
senting the i* and j** row of U and V respectively. Note that with W = I fixed, we
recover Probabilistic Matrix Factorization (PMF) | : |, a
particularly effective Bayesian model in the matrix factorization framework.

An extension is Bayesian PMF (BPMF) | : | where
priors are placed on the prior mean and covariance of U;, V;. Should we decide to
learn W in TGP, interesting parallels arise between our model and BPMF. Observe
from the following that learning W can be a proxy for learning the prior mean and

covariance of U and V, as is done in the BPMF model:

W

LTL, LTS

feh L Gty 1

Figure 2.2: Bayesian PMF reparametrised.

Ui ~ N(N/ua Au)a V} ~ N(Mva Av) = UZ = Uy + Luuia Vj = My + vaj
where u;, v; ~ N(0,1),A, = L,L), A, = L,L]
= UV} = pi pto + pg Lov; +u) Ly iy + u) L Lyv; = UTWV],

where U/" = [u], 1], W = [L] Ly, L jt; fig Lo, fi, pro], V] = [v5:1], as displayed in
Figure 2.2. So a full W with standard iid Gaussian priors on U,V can capture the
effects of modelling U, V' with non-zero means and full covariances for each row of
U,V, as in BPMF.

Returning to the case with side information, suppose it is given in the form of
vectors wi (u;), wa(v;), and that we expect users/movies with similar w to show similar
preferences/be preferred by similar users. For example we can encode the user age
into w; and the movie genre into wy and define 1 (u;, u}) = wi (u;) Twi (uy), Ko (vy, vl) =
wa(v;) Twa(vjr). The feature vector is now ¢4(u;) = [age] , bawa(uw;)]" for d = 1,2, and

we have f(uz, Uj) = ¢1(ui)TUWVT¢2<Uj).
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2.5 Related Work and Discussion

Modelling data in the form of matrices and tensors has been studied in the field of

multi-way data analysis and relational learning. The key idea here is to factorise

the data tensor, with two notable forms of factorisation: PARAFAC [Bro, ] and
Tucker [ , |. There are a few works in these domains that relate to GPs.
InfTucker | : | uses the Tucker decomposition directly on the data tensor,

and use a non-linear transformation of the parameters U(® for the regression function,
contrary to TGP which is linear in the parameters. DinTucker | , ] tries
to scale up InfTucker by splitting up the observed tensor into subarrays.

[ | motivate their model using the Parafac decomposition instead
of Tucker, expressing the regression function as a sum of products of local functions.
These local functions are each modelled by GPs. However the TGP is motivated
from a single GP on the input space. [ | again model the regression
function as a sum of product of local functions, which live in the RKHS of some kernel,
analogous to the feature maps in TGP. However there is no mention of GPs or how
their model relates to low-rank tensor decomposition. [ | deals with
the classification problem where each input is a tensor, so there is one label per tensor.
They define a GP over the space of tensors. It is unclear whether they actually use
low rank tensor decomposition. For TGP we deal with regression, work in the setting
where each element of the data tensor corresponds to a response, and apply Tucker
decomposition to the parameters. [ ] define a GP over the parameter
space whereas TGP is a multilinear expression in the parameters and feature maps,
approximating a GP over the input space. In short, these models make completely
different assumptions to TGP, and thus are useful for different CF applications -
none use side information (it is unclear how this would be possible given their model
assumptions) and do not relate to the Bayesian matrix factorisation literature.

There are closer connections between our model and the Stochastic Relational
Model | , | in relational learning. It is a special case of our model with
W =1 and D = 2. The key differences lie in the inference: we use features to build
on the weight-space view of GPs, whereas [ | work with GPs in the
function-space view. This complicates learning for kernels which cannot be expressed
as an inner product of features; the authors resort to Laplace approximation for
finding maximum likelihood estimates of parameters. For such kernels we use random
feature maps (see Appendix 2.8.4), making learning simple and more computationally

efficient.
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In the domain of matrix factorisation, [ | use a GP
Latent Variable Model (GP-LVM) | , |. They learn a latent vector for
each movie, and pass it through a zero-mean GP with squared exponential (SE) kernel,
with one GP per user. In TGP we use one GP for all users and items. For a CF
application, they incorporate side information about movies by taking the product of
these kernels with a SE kernel in the movie features. Our model is more flexible in
that we can take into account both user and item similarities simultaneously.

From the perspective of GP regression, we analyse the regression function of TGP
to understand the regression problems for which it will be effective. Recall that the
regression function f(z) in (2.5) can be seen as W x2_1p4(x), where ¢4(x) = UDT ¢y(z)
are lower-dimensional features in R” (i.e. the U@ multiplied by ¢4(x) in Figure 2.1b).

With this new formulation, we have:

F@) =W X2, gala) = 3 Wisio T 00 2.7)

i1yeip=1

D
can be interpreted as learning features 4 as

Hence learning W and (U (d))d—l
well as their weights for the regression function, i.e. learning a linear combination
of products of these features. In the case where 94(z) is only a function of the d

dimension of z, each [J7_,(¥4(z));, is separable in the dimensions. Modelling data

d
with sums of separable functions has been studied in [ |, and its
effectiveness for regression is shown by promising results on various synthetic and real
data. Such additive models arise frequently in the context of ensemble learning, such
as boosting and BART |
weak learners is used to build a single strong learner. We may interpret our model in
this framework where [T (14(z))

Wi, . i, are the corresponding weights.

, ], where a linear combination of many

i, are the weak learners that share parameters, and

With this alternative interpretation in mind, we may expect TGP to perform well
in cases where the data displays an additive structure, with the additive components
arising from a product of features on each dimension. Hence we interpret TGP as a
modified GP where the approximation acts as a regulariser towards such simpler func-
tions, which can actually lead to enhanced generalisation performance by controlling
overfitting. We thus compare its performance to GPs on spatio-temporal data sets
where it is reasonable to expect separability in longitude and latitude, or in time and
space.

Based on Section 2.3.2, we also see that our model is particularly well-suited to

modelling grid-structured data. The difference between our model and that in
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[ | is that we have Kronecker structure in the features ¢, whereas they exploit
Kronecker structure on the data. Moreover, our model can deal with data not on a
grid, as well as data on a grid with many missing observations, since observations are
not needed for constructing the features.

Going back to CF, recall from Section 2.4 that the low-rank matrix factorisation
model has R;; ~ >, UiV, a sum of a product of parameters(features) in each
dimension. TGP generalises this to modelling a linear combination of products of

features, hence we may expect it to perform well for this task.

2.6 Experimental Results

Collaborative Filtering We use the MovieLens 100K data', which consists of 100,000
ratings in {1,...,5} from 943 users on 1682 movies. User age, gender and occupation
are given, as well as the genre of the movies. We represent this side information with
binary vectors for wy(u;),ws(v;) and use the formulation in (2.8) in Appendix 2.8.5.
We bin the age into five categories, and there are 20 occupations and 18 genres. Thus
w1 (u;) € RPT2T20 has 3 non-zero entries, one for each feature, and wy(v;) € R™® can
have multiple non-zero entries since each movie can belong to many genres. We report
the mean and standard deviation of the test RMSE on the five 80:20 train test splits
that come with the data, as it will offer a sensible means of comparison with other
algorithms. N is too large for HMC, hence we use SGD to obtain MAP estimates
for the parameters, and compare different configurations: learning W /fixing it to be
the identity and using/not using side information, along with BPMF initialised by
PMF?. We use mini-batches of size 100, and set r = 15 for all models as it gives best
results for PMF and BPMF. We used a grid search and cross-validation for tuning
hyperparameters, the recommended method in big N settings where the number of
hyperparameters is not too large. SGD was not so sensitive to mini-batch size, and
finding the range of hyperparameters was straightforward. See Appendix 2.8.5 for
details.

From Table 2.1 it is evident that TGP makes good use of side information, since
the RMSE decreases significantly with side information. Learning W instead of fixing
it helps predictive performance, but does not perform as well as BPMF. One reason is
that our Gaussian prior on W is not equivalent to the Gaussian-Wishart priors on the

mean and variance of U;, V; in BPMF. Another reason is that we are resorting to a

!Obtained from http://grouplens.org/datasets/movielens/100k/
2Code obtained from http://www.cs.toronto.edu/~rsalakhu/BPMF.html
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Table 2.1: Test RMSE on MovieLens100K.

Model Test RMSE

BPMF 0.9024 4+ 0.0050
TGP, W = I (PMF) 0.9395 + 0.0115
TGP, learn W 0.9270 4 0.0097

TGP, W = I, side-info | 0.9014 & 0.0061
TGP, learn W, side-info | 0.8995 + 0.0062

MAP estimate. If we can instead sample from the posterior and average predictions
over these samples, we expect enhanced predictions. However, note that using TGP
with side information and learning W, we are able to get comparable/superior results
to BPMF, even with a MAP estimate. We expect further improvements not only with
sampling but also by using more sophisticated kernels that make better use of the side
information; for example, use different hyperparameter coefficients for the different
types of features. In so far as comparison was possible, these numbers are comparable
to state-of-the-art algorithms in Section 2.5. A direct comparison was not possible as
each use different methods for evaluation.

Regression on spatial data We use the California house price data from the
1990 census®, which consists of average house prices for 20,640 different locations
in California. We only use the covariates longitude and latitude, and whiten them
along with log-transformed house prices so that each has zero mean and unit variance.
We chose this data set as spatial data sometimes exhibit separability in the different
dimensions. Moreover the data is clustered in urban areas, hence an additive model
with each component describing different sections of California may be desirable. Using
a random 50:50 train test split, we report the RMSE of the model on the training set
and test set after training. We first fit a GP to the data with a squared expeonential
(SE) kernel on each dimension using the GPML toolbox | )

|, optimising the hyperparameters by maximum likelihood. Then using these
hyperparameters we generate RFF for ¢. See Appendix 2.8.3 and 2.8.4 for details.
We implemented both the full-rank model and TGP with n = 25,50, 100,200 on
Stan | , |, which uses HMC with the No-U-Turn Sampler
(NUTS) [ : ] for inference. Note that for both models n refers
to the length of features ¢q(x).

For TGP, we use 300 warmup iterations and a further 300 samples on 4 different

chains, and use the mean prediction across the samples. For full-rank, we take the

30Obtained from https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/regression/
cadata
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Figure 2.3: RMSE for GP, full-rank, and TGP for r = 2,5, 10 for n = 25, 50, 100, 200
on the California House Price data

same number of samples and chains, but only use 50 warmup draws as we diagnosed
that convergence was reached by this point (looking at the Gelman-Rubin statistic
[ : | and effective sample size). The convergence statistics for
TGP are in Appendix 2.8.6. We can see from Figure 2.3 that some TGP models give
lower test RMSE and higher train RMSE than the GP and the full-rank model. In
fact TGP with » = 5 consistently shows higher predictive performance than full-rank
for all values of n, and for n > 100 TGP with r = 10 outperforms GP. This indicates
that TGP is an effective regulariser towards simpler regression functions, namely a
linear combination of separable functions. We expect bigger gains for TGP with more
warmup iterations, since the convergence diagnostics suggest that TGP hasn’t quite
fully mixed by 300 iterations.

We further investigate the predictions of TGP by analysing the additive components
in the prediction for » = 2. We see in Figure 2.4b that the components are quite
different. The upper two components show complementary predictions in the Bay
area (North-West) and the central area, whereas the bottom two show complementary
predictions in the Los Angeles area (South-East). This confirms the hypothesis
that the different additive components will learn different sections of the data. See
Appendix 2.8.6 for zoomed in plots, and Appendix 2.8.7 for experimental results on

spatio-temporal data with grid structure.

2.7 Discussion

We have introduced the Tucker Gaussian Process (TGP), a regression model that
regularises a GP towards simpler regression functions, in particular a linear combination

of separable functions. We motivate it as a solution to Collaborative Filtering (CF),
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dictions

Figure 2.4: (a) Top: Heatmap of true log house price values. Bottom: TGP predictions
for r = 2,n = 200. (b) Heatmap showing the four additive components (summands in
(2.7)) of predictions for TGP with r = 2,n = 200. We only use the last sample in the
Markov Chain to get a better indication of the structure. Red indicates high log price
and blue indicates low, and the same colour scheme is applied to all four subplots. To
accentuate the differences in the predictive values, we colour values by the percentile
they belong to instead of a uniform colouring. See Appendix 2.8.6 for the uniform
colouring.

by using feature maps and a low-rank Tucker decomposition on the parameters in the
weight-space view of GPs. In particular, we have highlighted the effectiveness of TGP
in CF with side-information, a domain where outputs can be effectively modelled as
a linear combination of functions separable in the covariates. We believe that this
is the largest contribution of our paper: after showing that PMF and BPMF are
special cases of the TGP, we extended it to exploit the user/item side information
for better predictions; the kernel of the GP we approximate can be designed to
encode similarities between different users and items, a particularly neat and natural
method for modelling similarity. In doing so, we bring together matrix factorisation
methods and GP methods in CF, as well as scaling up GP methods in CF. We confirm
experimentally that side information enhances the predictive performance of TGP in
collaborative filtering.

We have also shown that for problems where one might expect separability in
the covariates such as prediction for spatio-temporal data sets, the TGP effectively
controls overfitting and outperforms GPs in prediction. We also point out that exact

Cholesky features can be used with TGP in the case of grid-structured data, and
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random feature maps can be used for arbitrary kernels.

2.8 Appendix

2.8.1 Elementwise convergence of TGP to N (0,1)

Definition 2.8.1. Martingale Difference Sequence A martingale difference se-
quence with respect to a filtration (F,)pefo,,..ry 15 @ real-valued sequence of random
variables X1, ..., X, that satisfies:

1. X, is F, measurable

2. E(]X,]) < o0

3. E(Xp|Fp-1) =0 a.s.
forallpe{1,...,r}.

Theorem 1 (Martingale Central Limit Theorem | : |). Let

X ={Xy,...,X,} be a sequence of random variables satisfying the following condi-

tions:
1. X is a martingale difference sequence with respect to filtration (F,)pefo1,....r}
2. 50 B(X2|Fpo1) B 1 asr — oo.
3. 50 B(XZI(|X,| > €)|Fpe1) 20 as T — 00 Ve >0 .

Then the sums S, = 37 _; X, 4 N(0,1) as r — oo,

Proposition 1. Let n by r matrices U@ ud N(O,%]) ford =1,...,D, and let
W ~ N(0,I) where W € R™™*" is a D-dimensional tensor. Then each element of

W xB_ UDT converges in distribution to N'(0,1) as r — oo.
Proof. Suppose first that D = 2. It suffices to show that

w,v € R, W € R u,v % N(0,1), W ~ N(0,1)

= u Wo S N(0,1) as r — oo
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We define for each r € N:

So=0
p
Sp =D uiWijv;
ij—=1

p—1
X, =5, — Spo1 = u, Wit + D up Wiivs + w; Wiy,

i=1
Fo :={0,Q} where Q is the sample space for the RVs u, v, W

Fp = o(uz, vy, Wi;)i ;—;, the sigma algebra generated by these random variables

forpe {1,...,r}.

So we have that S, = u'Ww, hence it suffices to check conditions 1,2,3 in the
Martingale CLT.
We first show 1, that X is a martingale difference sequence. It is clear that X, is F,
measurable by definition of F,. To show that X is integrable, we have:

p—1
E<|Xp|) < E('“PWPPUPD + ZE(W;)sz‘UiD + E(|“Z’Wipvp|)

i=1

< JE@2W202) + Z VE@2W20?) + /E(u?W2o2)

1 1 1
=+(p—1)<+> < 00,
r roor
by the inequality E(]X|)? < E(X?) (shown using convexity of g : z — x? and Jensen’s
inequality) and independence of u, v, W. Also we have:
p—1

E(Xp| Fp-1) = E(upWypv,) + Z E(u, Wpi)vi + uE(Wipv,)

=1

:(:]7

since uy, vy, Wy, Wi, are independent of F,_; and have zero mean. Hence X forms a
martingale difference sequence.
To verify the next two conditions, we first prove a lemma that will help us do so.

This is the generalisation of Chebyshev’s inequality to higher moments:

Lemma 2. Suppose X is a random variable with bounded n'* moment for some n € N.
Then
P(|X —E(X)| > ¢) < BXEXN we > 0,
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Proof. Without loss of generality, assume E(X) = 0. Then

E[X|"]

ETL

P(X| > ) = BI(|X| > 9] = L E"I(X] > )] < LB X|'I(X] > o] <

]

Note Lemma 2 shows that convergence in L™ implies convergence in probability.
So to show conditions 2 and 3 of the martingale CLT, it suffices to show that the
expectations of the quantities on the left hand sides converge to the right hand side

as scalars:
2. Y, EB(X7) = 1asr — oo.
3. Y B(XJI(|X,| >¢€) =+ 0asr — oo Ve>0.

Let us show 2. In E(X?), note that all cross terms in E(X?) cancel since all terms

have mean 0. So we have:

p—1
E(XE)IE 2w2 2 +Z 2w2 2 —|—]E( 2w2 2)

p ppp p pll zpp
1 1 1\ 2p-1
m“p—”(rﬁﬂ): ”
- 2 1 20+1)r 1
jZE(Xg):jzp—r-jzj( 2) ——=1.
= e r r

To show 3’, we first note that for a random variable X,

/;O (X >t)dt = (X —)I(X >4) for0 € R

Setting X = le, § = €% and rearranging we have:
XE(1X| > ) = X2UX2 > &) = 1N > @) + [TUXE > 1)t
= (|1 X,| > ¢) +/ 2s1(| X,,| > s)ds by change of variables t = s°

E[X2I(|X,| > €)] = P(|X,| > ¢) +/ 25P(|X,| > 5)ds

Now we would like to use Lemma 2 to upper bound the right hand side. Note we
want to use even n such that E[|X|"] = E(X"), since we know how to Compute E(X})
but not E[|X,|"]. Also note that P(|X,| > s) can be bounded by 222 S0 we want
n > 2 for the bound on the integral to become finite. Hence we use n = 4, and show

that IE(X;I) is sufficiently small so that even when we sum over p =1,...,r, we have
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that the upper bound tends to 0 as r — oco. First we compute E(X;‘). Note from the

multinomial theorem:

I[ =

n
(:E1+:E2+"'+$m)n: Z ( )
kitko+-tkm=n ki Koy oy o 1<t<m

where

n B n!
200 YR -y N B
Applying this to X;f and taking the expectation, we see that the only cross terms
that survive are products of even powers of the terms, namely where two of the k; are
2 and the rest are 0.
Noting (2”2) = 6, and that E(X*) = 30* for X ~ N(0,0?%) we have:
4 Ayira A4 AyrrA, 4 | Appd, 4
E[X,] = Elu,W,,v, + Zu Whvi +u;Wiv,]
p' pii

4 6E| (22 2) <Zu W22 4+ a2 W20 2)]

+ 6E quw? usWovs + wiWiosu; Wi 21

A "V pili Up ¥V piU; ipUp Wi VW ipUp
L i#]

-
2717252, 27172 9,2
+6E| > u, W; ujVVijp]

Lij—=1
3 3
:(Qp—l)-ﬁ-3-ﬁ+6-2(p—1)-

p—1\3 1 , 1
+0 2( 2 >r2 r2+6(p D r2

3
= ﬁ(8p2 +8p—1).

ﬂw"—‘ﬁw‘w
L
S |

P(|X,] > €) < =2:(8p® +8p — 7). Hence

E[X2I(X,| > €)] < 63 (8p% +8p—7) +/ 251 (8p +8p — 7)ds
= i(8p2+8p—7)<62 —ir/E 83d8>
= s s,
where [ Zds = C. So

1
E EX]I|X|>6 <—§ 8p” + 8p — 7—O<>%Oas7’—>oo
r

p=1
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since 7 8p® +8p — 7= O(r?).

So we have shown conditions 1,2’,3’, hence by martingale CLT we have that
S, =uTWu 5 N(0,1) as 7 — co.

We can prove the claim for D > 2 in a similar fashion. O

2.8.2 Feature Hashing

Suppose we have features ¢(z) € R™. When n is too large, we may use feature hashing

[ : ] to reduce the dimensionality of ¢:

Lemma 3. Let h : {1,...,n} — {1,...,m} be a hash function for m < n. i.e.
P(h(i) =j) =+ ~Vje{l,...,m}. Alsolet§:{1,...,n} — {1} be a hash function.
Define ¢(x) € R™ as follows 05(2) = Yin(o)—; £ (1) i)

Then E[p(z) T ¢(a")] = d(x) " ¢('), Var[p(z) ¢(2')] = O(;3).

2.8.3 Random Fourier Features

Theorem 4 (Bochner’s Theorem]| , | ). A stationary kernel k(d) is positive

definite if and only if k(d) is the Fourier transform of a non-negative measure.

For RFF the kernel can be approximated by the inner product of random features

given by samples from its spectral density, in a Monte Carlo approximation, as follows:

Ko=) = [, e VaP) o [ p(o)e” o = By e (e’
= By [Re(" ("))

17 . .
Z Re(ewkT:v(ewkTy)*)

k=

o[o(2)" o(y)],

=

Q

Il
E 3

where ¢(z) = \/%(cos(vlT:E +b1), ..., cos(vy,tx +by,)) with spectral frequencies vy, iid
samples from p(v) and by iid samples from U[0, 27].

For a one dimensional squared exponential kernel k(z, y) = aj% exp< — “;lg)"’),
the spectral density is N(0,17%). So we use features ¢(z) = O_f\/7 (cos(vTo +
bi),...,cos(vpx + b,)) where vy, iid samples from N (0,1~ 2) and by iid samples
from U[0, 27].
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2.8.4 Choice of Feature Map

Cholesky features Consider data with inputs lying on a D-dimensional grid: x; €
X = xD, XD | XD| = n, finite, where ky(z;,7;) only depends on the values that
z;, 7 take in X@. The X@ can be, for example, a finite set of points in Euclidean
space, or the set of values a categorical variable can take. Then the Gram matrix K,
containing the values of the kernel evaluated at each pair of points on the full grid, can
be written as K = ®%_ K9 a Kronecker product of the Gram matrices K (9 € R"¢*d
on each dimension | , |. The same holds for the Cholesky factor L where
K = LL": we have L = ®% LY where K9 = [ [(dT ¢ RraXna Then we define
ba(;) to be the it" row of L so that ky(z;, ;) = Ki(;l) = ¢a(x;) " pa(z;). In general
a Cholesky decomposition for an m by m matrix takes O(m?®) to compute. Thus
dq(x;) for i =1,..., N require O(n3) to compute in total. Hence the computation of
features become feasible even for large N as long as the n, are reasonably small.

Random feature maps In most cases the data does not lie on a grid, nor can
ks be expressed as the inner product of finite feature vectors. In this case we can
use random feature maps ¢4 : X — R" where E[pq(z)  ¢pa(2')] = ka(z,2'). An
example is random Fourier features (RFF) | : | for stationary
kernels, where V[gy(z) " ¢a(z)] = O(). So we are introducing a further approximation
ka(x, ") = ¢q(x) " ¢g(x’), with more accurate approximations for larger n. This is
feasible even for large N as ¢4(x) only takes O(n) computation. See Appendix 2.8.3
for details. For non-stationary kernels, we can obtain features by Nystrom methods
[ , , , ], which use a set of n inducing
points to approximate K. The kernel is evaluated for each pair of inducing points
and also between the inducing points and the data, giving matrices K,,, and Kpy,,.
Then K ~ Kn, K, K}, = ®'® where ® = L' K}, . Hence the columns of ® can be
defined to be the Nystrom features.

2.8.4.1 Learning Algorithms for TGP

We give detailed derivations of various inference algorithms for the TGP. We have a
set of N observations y; € R corresponding to a set of inputs x; € X, and we wish to
regress y = (y;)~, on X = (z;)¥,. We assume that the data generating mechanism
takes the form

y=f(X)+e e ~N(0,0%Iy)

where f(X) = (f(z;))Y, € RY and also that the regression function takes the following

form
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fa) =w' @, (U9 gu(x)),

where
o W € R™*" is a D-dimensional tensor whose entries are iid N'(0, c2)

o w = vec(W) is the vector obtained when flattening tensor W, such that W x2_,
vg=w' @ v Vg €R"

o (pa(z))2_, are the features in R™ extracted from z
o (UYD_ are a set of real n x r matrices with U;ld) N0, 02).

We assume n > r, and wish to learn w and the U@ from the data.

Note from the second point that V,, (W xD vd) = ®L_,v4. For D=2 for example,
if g(U) = s"Ut for some matrix U and vectors s,t, then V,g(U) = s @ t where
u = vec(U).

First we give the complexity for calculating f(z). Computing 14(z;) = UDT ¢4(x;)
Vd requires O(nrD) time, then w' ®% | ¥4(x;) takes O(rP) time. So time for a
prediction given ¢, U, w takes O(nrD + r).

The quantity of interest for MAP and HMC is the log joint distribution
p(y, U,w) = p(y|U,w)p(U)p(w). In full this is:

1 N D
log p(y|U, w) +log p(U) + logp(w) = =55 3 (y: = f(w:) Z (u®Ty®
i=1 =
Lt
— ﬁw w
This has the following derivatives:
Vi logp(w) = —w
Vi logp(U) = —rUW
1
V. log p(yi|U, w) = g(yz — f(%:)) © talz;)
1

Vi log p(yil U, w) = — (s = f(1:))de(x:1) © (W Xz (),
with the following definitions:
o ut) =pec(UR) € R™

o (W Xapr va) := W x2_, v}, where v}, = v, for d # | and v] = ¢; € R", the unit

vector with non-zero at the [*" entry.
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The last derivative holds since f(x) = ¢y () TUR (W X gup ta(s)).
Computing W X 4.1 ta(z;) takes O(rP) for each k, hence O(r?D) Vk. So we have

that using mini-batches {x, ..., xy,} for SGD, we have the following updates for
MAP:

N
w—w+ — (V log p(wy) + — - ZV log p(yui| T, w, U))

=1
PN N s
u® — '\ 4+ b Vum logp(U) + p— Z V0 log p(ysi|ze, w,U) |,
i=1
with time complexity O(m(nrD + rPD)).
Gathering the parameters into a vector § = (w, UM, ... U®) the HMC algorithm

runs as follows:
1. Initialise MC by drawing 6y = (wp, Uél), s UéD)) from its prior distribution.
2. Fort=0,...,T:

(a) Initialise p ~ N(0, I, ) ~N(0, Ix,) Vk,
Hy + —logp(wy) — S, 1ng<yz|x179t) +1 Zk; L tr(VRTV R 4 4pTp
0: (w’U(1)7U(D) %et—(wt’Ut 7"'Ut )
(b) For [ =1, ..., L:
Lpep+t L <Vw log p(wy) + N, Vi log p(yi| i, 0t)>
For k=1,...,D:
vk k) 4 f(vazl Vi log p(yilx;, 9))

. w<+ w+€'p
For k=1,...,D:
u® < y®) 4 ey k)

iii. same as i.
(¢) H* + —logp(w) — XL, log p(yilai, 0) + § Xy tr(VETVH) + 1pTp
u~ Unif|0,1]
If u <exp(Hy — H")
et—i-l = (wt+17 U(—ll-)la ) Ut(fl)) — 0= (w7 U(l)a ) U(D))
else

01 < 0.

From previous computations, it is easy to see that each update requires O(LN (nrD +

rP D)) operations.
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2.8.5 Collaborative Filtering
2.8.5.1 Using Binary Vectors for Side Information

Note if the side information wq(u;),ws(v;) are binary vectors with non-zeros at indices

1;, J;j respectively, we have:

f(ui,vj) = (alUi + b1 Z Un1+k)TW(a2Vj + bg Z Vn2+k)

keZ; keJ;
which can be reparametrised to:
Pl )) = aUs+5 Y U)WV + ¢ 3 Vi) (2.8
keT; keJ;

2.8.5.2 Hyperparameter tuning for MovieLens 100K

Hyperparameters were tuned on the following values. For PMF and fixed W TGP:
o, =1[0.3,0.1,0.03], 0% = [1.0,0.1,0.01,0.001], ¢, = [1075,107°,1077] where ¢, €,, are
the step sizes for SGD on U/V and W respectively. We noticed that for a fixed W
the model overfits quickly in less than 30 epochs, whereas when learning W the test
RMSE decreases steadily. So we used a different grid of parameters for tuning the
models where W is learned: o, = [0.3,0.1],0% = [1.0,0.75], €,, €, = [107°,107%]. For
models with side information, we tuned on a = [0.25,0.5,0.75], b, c = [0.15,0.3,0.45].
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2.8.6 California House Prices Data

Figure 2.5: Heatmap showing the four additive components of predictions of the last
sample of TGP for r = 2,n = 200, using uniform colouring scheme.

Lot

Figure 2.6: Zoom in on LA area of Figure 2.4b.
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Figure 2.7: Zoom in on Bay area of Figure 2.4b.

Table 2.2: Mean and standard deviation of Gelman Rubin statistic for HMC on TGP.

Model

n =25 n = 50 n =100 n = 200
TGP, r=2 |2.67+£1.34|255+1.37|2.10£0.70 | 1.92 £ 0.67
TGP, r=5 |1.064+0.27 | 1.06+0.19 | 1.15+£0.11 | 1.11 £0.11
TGP, »r =10 | 1.00 £0.03 | 1.02 +0.04 | 1.01 £ 0.02 | 1.06 £ 0.03
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Table 2.3: Mean and standard deviation of Effective Sample Size (out of 1200) for
HMC on TGP.

Model n =25 n =50 n =100 n = 200
TGP, r=2 [230+£459 | 5+17 11 £ 81 124+ 74
TGP, r=5 [244+118 | 121 +£70 | 34 64 42+ 79
TGP, r =10 | 692 £152 | 196 293 | 310 £ 111 | 96 4+ 165

2.8.7 Irish Wind Data

Regression on spatio-temporal data with grid structure We use the Irish wind
data * giving daily average wind speeds for 12 locations in Ireland between 1961 and
1978 (78,888 observations). We only use the covariates longitude, latitude and time.
Note a 2D grid structure arises for the data when we treat the spatial covariates as
one dimension and time as another. Again we whiten each covariate and observations,
and use 20,000 randomly chosen data points for training and the rest for test. Using
an isotropic SE kernel for space, and the sum of a periodic kernel and a SE kernel
for time (to model annual periodicity and global trend), we first fit a GP efficiently
exploiting the grid structure | , |. The optimised hyperparameters are then
used to construct Cholesky features. Again we use NUTS for inference on both the

full-rank model and TGP, using 4 chains with 100 warmup draws and 100 samples.

Table 2.4: Train/Test RMSE on Irish wind data.

Model Train RMSE | Test RMSE
GP 4.8822 4.9915
Full-rank 4.8816 4.9898
TGP, r=2 | 4.9120 4.9753
TGP, r=5 | 4.8996 4.9735
TGP, r =10 | 4.8913 4.9754

All models show good convergence after 100 warmup draws, indicated by the
aforementioned convergence diagnostics. Looking at Table 2.4, we see similar patterns
in the results for the wind data as for the house prices data: the GP, which is equiva-
lent to the full-rank model with Cholesky features (confirmed by similar train/test
RMSE), shows lower training error than TGP, whereas TGP shows superior predictive
performance. These results again suggest that TGP is an effective regulariser towards

simpler regression functions compared to GPs.

4Obtained from http://www.inside-r.org/packages/cran/gstat/docs/wind
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Figure 2.8: The predictions for TGP with » = 5 on the 12 locations. The light blue
lines are the true observations, the yellow are the mean predictions, and the blue show
2.5% and 97.5% percentiles of predictions for samples.

2.8.8 Future Work

Note that TGP can easily be extended to non-Gaussian likelihoods, since all we need
for SGD and HMC is the likelihood and priors to be analytic and differentiable in the
parameters. For very high dimensions where even the r? entries in W are undesirable,
we can use a sparse representation of W with say () non-zeros. All derivations carry
forward, and we obtain time complexity O(m(nrD + QD)) for gradient computations
in SGD. It would be interesting to compare TGP against other algorithms suitable
for high-dimensional data. Furthermore, it would be desirable to have a sampling
algorithm that scales sub-linearly, to benefit from the Bayesian approach to learning
when N is large and HMC is infeasible. One example is Stochastic Gradient Langevin
Dynamics (SGLD) [Welling and Teh, 2011b] among many other Stochastic Gradient
MCMC [Ma et al., 2015] algorithms. We have also tried mean-field variational inference,
but results were poor compared to HMC. Moreover a more efficient method of tuning
hyperparameters than by cross-validation would be ideal, especially for big N settings

with many kernel hyperparameters. One potential solution is the fully Bayesian
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approach, learning hyperparameters directly by imposing priors and sampling or MAP.

We leave these extensions for future work.
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Chapter 3

Structured Variationally
Auto-encoded Optimization

This chapter is based on the paper

o Xiaoyu Lu, Javier Gonzalez, Zhenwen Dai and Neil Lawrence
Structured Variationally Auto-encoded Optimization
http://proceedings.mlr.press/v80/1ul8c.html
International Conference on Machine Learning (ICML) 2018.

in which I am the main contributor.

3.1 Abstract

We tackle the problem of optimizing a black-box objective function defined over
a highly-structured input space. This problem is ubiquitous in machine learning.
Inferring the structure of a neural network or the Automatic Statistician (AS), where
the kernel combination for a Gaussian process is optimized, are two of many possible
examples. We use the AS as a case study to describe our approach, that can be
easily generalized to other domains. We propose an Structure Generating Variational
Auto-encoder (SG-VAE) to embed the original space of kernel combinations into some
low-dimensional continuous manifold where Bayesian optimization (BO) ideas are
used. This is possible when structural knowledge of the problem is available, which
can be given via a simulator or any other form of generating potentially good solutions.
The right ezploration-exploitation balance is imposed by propagating into the search
the uncertainty of the latent space of the SG-VAE, that is computed using variational
inference. The key aspect of our approach is that the SG-VAE can be used to bias

the search towards relevant regions, making it suitable for transfer learning tasks.
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High dimensional and structured | Expensive objective
input space M g

e. g. model selection criterion C(M)

VAE P with uncertain inputs (Bayesian GP-LVM)

- Search in the latent space Z

- Propagation of uncertainties via q(z)

Figure 3.1: Main elements of SVO: An expensive objective function needs to be
optimized in a in structured input space. A Variational auto-encoder is trained to
learn a latent space Z using data produced by a context-free grammar. BO is applied
over the latent space via a GP model with uncertain inputs to find the optimal kernel
combination. The uncertainty of the latent space, computed using variational inference
techniques, is used in the search to balance exploration and exploitation.

Several experiments in various application domains are used to illustrate the utility

and generality of the approach described in this work.

3.2 Introduction

In science and engineering, optimization problems with very structured input domains
are ubiquitous. In machine learning we have a few examples. For instance, in deep
learning, the architecture of neural networks is defined by a large number of parameters,
like the number of layers, activation functions, etc. These parameters show conditional
dependencies, which makes the problem specially hard to treat as different network
configurations cannot be represented in a unique Euclidean space | ,

: : ]. In kernel-based methods, the Automatic statistician (AS)
is another example. With a Gaussian process (GP) as the class of models of choice,
the goal is to automatically select the best kernel combination to explain a data set,
which is chosen by enumerating a countably infinite set of arbitrarily complex kernels
composed via additions and multiplication of simple ones | , .
Interestingly, the final goal of the AS is not just to fit a model to data, but to write a
report that uses the type of combination as the main element to interpret the data.
Various model selection criteria like the BIC, the model evidence or the mean squared
error have been used in this domain. The complexity of these measures is O(n?) for n

the number of sample points, which makes the problem unsolvable by brute force.
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These examples, among others that we will discuss later, can be formalized as
optimization problems in which an expensive black-box objective function, typically
assumed ‘well behaved’, is optimized in a highly structured input space. By ‘highly
structured’” we mean that the solutions cannot be trivially represented in a Euclidean
input space, making standard optimization approaches impractical. Instead, they
belong to a tree or to other non-Euclidean domains. In this paper we are interested in
these problems. More specifically, we study how their structure can be leveraged to
address them successfully. To simplify the description of our methodology, we will
use the AS a case-study, although the methods and ideas proposed here can easily be
extended to other domains. To show this, in the experimental section of this work
we deal with a problem where the goal is to find the best textual description of a
Minecraft image produced by text generator.

Before we get into further details, we start by formalizing the case study, the AS

problem, around which we will provide the details of our approach.

3.2.1 Case Study: the Automatic Statistician

In AS the goal is to solve a supervised learning problem given a dataset D = {x;, y; }¥,
where x; € RP are the inputs and y; € R are the outputs. Let M be the class of models
that we will use to explain the data. In particular, we consider M to be the family of
GPs with different kernel combinations. We denote by M each model of this set and
we denote by By its associated parameter space. The models in M represent different
structural assumptions about the data such as trends or periodicity. The values of
B € B, the model hyper-parameters, differentiate models within the same family.
The goal of AS is to select one single model from M that explains the data D the
best. We denote by C : M — R some ‘goodness of fit measure’ that quantifies the
quality of the fit. We keep C(M) generic for the moment, and we just assume that is
expensive enough such that it is only feasible to evaluate in a few models in M. The

problem reduces to finding
opt | _
MG = arg max C(M). (3.1)

Problem (3.1) is not suitable to be solved using Bayesian optimization (BO)
[ ) ]. The reason is that the input space of Problem (3.1) is very
structured, highly dimensional, and non-continuous so most BO methods will break.
The key idea of the approach presented in this paper is to transform Problem (3.1)
into a problem that can be handled with standard BO methods.
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3.2.2 Related Work

The idea of using BO in high dimensional and structured spaces has already been

explored in the literature. Random projections | : |, other generative
models like deep Gaussian processes | , ] and combinations of optimization
and sampling strategies | , | have been developed recently. Bayesian

optimization methods able to deal with hierarchical dependencies have also been
proposed | , , : ]. Some interesting applications
are the design of molecules | , | and genes | , .
[ ] is closely related to our work: they also use a context-free
grammar and a variational auto-encoder to learn a low dimensional representation
of the molecules, followed by Bayesian optimisation in that space. But we differ
from them in a number of ways: 1) we propagate uncertainties from the variational
auto-encoder into the search of Bayesian optimisation; 2) we hard coded the likelihood
such as any output from the decoder is a valid kernel representation.
Regarding AS, a few approaches have followed the original compositional approach
[ ) ) : ]. [2016] scales this method to
big data scenarios by using sparse GPs. [ ] developed relational
kernel learning methods. [ | proposed, to the best of our knowledge,
the first approach that uses BO in this context. A parametric measure of kernel
similarity, the Hellinger distance, is used to guide the search over a selected sets of

kernel combinations.

3.2.3 Contributions and Outline

We use the idea that kernel combinations can be expressed as operations of a context-
free grammar | , |. This is used to simulate combinations with
certain properties or structure, similarly to the work of [ | where
a grammar is used to generate molecules. For instance, if we know a kernel that is
likely to appear in the final combination (if a time series has periodicity, for instance),
we can leverage the times it appears in the simulations. The idea is to produce data
that represent well the set of feasible solutions of the problem and use it to learn a
low-dimensional manifold in which the search for the optimal solution takes place. To
this end, we learn a latent variable model. We used a Variational Auto-encoder (VAE)
[ , | for practicality, although any other continuous latent
variable model could be considered. With the problem mapped into a low-dimensional

space, BO can be used to find the best combination, circumventing the issues described
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Algorithm 1 Context-free grammar for kernel expressions generation.
Input: N,,.., ps, B, po, O, S = 0.
for k < N, do
S + S+ B for B € B, select kernel with probability pg.
S+ S+ 0 for O € O, select operation with probability pe.
Break when O is Stop.
end for

in Section 3.2.1. As there exists uncertainty associated to the learned latent space, we
will show how variational inference can be used to map it into the search, which has a
positive effect balancing exploration and exploitation. See Figure 3.1 for a graphical
description of the main elements of the approach described in this work. The main

contributions are:

« A new Variational Auto-encoder, called ‘Structure Generating Variational Auto-
encoder’ (SG-VAE). We describe and use it in the context of mapping kernel
combinations produced by a context-free grammar into a continuous and low-
dimensional latent space. Although here we use it in the AS context, it is

broadly applicable.

o A variational approximation of the distribution of the latent space of the SG-
VAE. This distribution is used to propagate the uncertainty of the SG-VAE
into the BO search. A GP with uncertain inputs is used to make this step

practical.

o A series of experiments that illustrate the utility of this work in model selection
and in a problem where the goal is to find the best textual description of a

Minecraft image.

Section 3.3 describes the SG-VAE model and in Section 3.3.4 we detail how the
SG-VAE can be used in optimization problems. In Section 5.6, we illustrate its
performance with a series of experimental results. In Section 3.5 we include some

conclusions and further lines of research derived from this work.

3.3 Variational Auto-encoders for Structured Space
Representation

In this section we present a new VAE to map structured input spaces into low-

dimensional latent manifold. We describe it in the context of the AS, so the goal is to
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Figure 3.2: Recovery of various kernel combinations after encoding and later decoding
them with a SG-VAE for (see experimental section for further details). Black dots
represent ones and white dots zeros. Left: original one-hot encoding vectors (one per
row) representing kernel combinations. Centre: vectors produced by the SG-VAE
after encoding and decoding (using the mode). Left: difference between the original
and the mapped vectors.

use it to find good representations of kernel combinations produced by a context-free
grammar. We describe the encoder, decoder and a variational approximation of the

distribution of the latent variables.

3.3.1 Grammar-based Kernel Representation

It is possible to generate a countably infinite kernel space through closure of kernels via
a context-free grammar. Given a set of base kernels B we can generate an expression
(kernel combination) S by subsequently adding kernels and operations O (additions,
multiplications, replacements or Stop) [ , , , .
Both the kernels and the operations are chosen according to pre-specified probabilities
ps and po. See Algorithm 1.

We use 1-hot encoding vectors for both kernels and operations to represent each
expression S. Suppose that B = {K;, Ky, K3, K4} is the set of four base kernels and
O = {+, x, Stop} is the set of operations. Any expression S is transformed into a
binary vector by recurrently attaching the 1-hot vectors of each kernel and operation.
When the operation is Stop the vector is completed with zeros. For instance, in the
following example, four kernels are combined using a number of N,,,, operations.
Before termination we have:

Ky K, K; D i(}/ Stop

+ *
\ S~ AN , \ ,
0100 100 1000 010 o010 010 1000 001 Add 000
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This grammar-based representation, that we denote by x,, captures the complexity of
the combination !.

The grammar-based representation accounts for kernel complexity but it does not
take into account the differences in the combinations due to the dataset D. For this,

a data-based representation is proposed in the next section.

3.3.2 Data-based Kernel Representation

We use the vector of distances between the kernel matrices of the base kernels evaluated
at the data and the kernel matrices of the combinations. Details about how to deal
with the hyper-parameters of the kernels are in the experimental section. As a measure
of distance, the Hellinger distance could be used | , ]. However
its O(n*) complexity makes it prohibitively slow. We found that the Frobenius
distance works well and it is also very quick to compute. We denote this data-based
representation by x; which we normalise before the VAE. To be explicit, x4 is a
4-dimensional vector and its d' entry is equal to ||[M — My||, where M is the gram
matrix whose kernel representation is x, and My, is the gram matrix of the base
kernel K;. Both matrices are evaluated at a subset of the given data. The global
representation for each combination is therefore x = [x,, X4], which has dimension
(Nmaz + 1Bl + (Npaz — 1)|O| for Nyya, the maximum number of allowed operations
(added kernels).

3.3.3 Structure Generating Variational Auto-encoder (SG-
VAE)

This section describes a bespoke VAE, the Structure Generating Variational Auto-
encoder (SG-VAE), for learning low dimensional representations of the kernel com-
binations represented by x = [x4,x,4]. The original VAE proposed by |

, | interprets points z as elements in a latent space of probabilistic genera-
tive model with two main components. A decoder given by a likelihood parametrized
by 0, pg(x|z) and a probabilistic encoder q,(z|x) which is a variational approximation
to the posterior of p(z|z). The parameters of g,(z|x) and py(x|z) are optimized jointly

by maximizing the the evidence lower bound (ELBO)

£<¢7 0) X) = Eq¢(z|x) [logp9(xv Z) - IOg Q¢(Z|X)} )

I'Note that x here and in the definition of D represents different vectors.

95



Algorithm 2 Structured Variational auto-encoded optimization, the SVO algorithm.

Input: Dataset D, precomputed SG-VAE, model selection criterion C(M) and
number of iterations Nj,.
1. Select initial point z;. Compute ¢,(z1), the mode of the decoder X|z; and
C(Mfdzl)' B
2. Update the dataset Dy = {(¢,(21),C(Mgz,))}-
for j =1 to Ny, do
3.1 Fit a GP with uncertain inputs to ﬁj.
3.2 Maximize the Expected Improvement to obtain z; ;.
3.3 Evaluate the objective at the mode of the decoder C(My,, )
3.4 Compute the variational approximation of the latent space ¢,(z;11]X).
3.5 Augment data set: D; 1 = {D; U (¢,(zj+1),C(Mxz,.,))}-
end for
Returns: Report best obtained latent point z* and the associated model My,

which is done by using gradient descent as long as pp(x|z) and ¢,(z|x) are differentiable.
SG-VAE extends VAE by proposing a type of encoder and decoder that are specialized

in representing the structured search space.

3.3.3.1 SG-VAE Encoder

The encoder of the SG-VAE is a Gaussian distribution where the mean is the output
of a Multilayer Perceptron (MLP) . In particular we define

qo(2|x) = N(z : pig, 02,1)
pro = MLP(x; ),

where MLP represents a feed-forward network with two hidden layers and tanh
activation function, parametrized by weights ¢, with 02, denotes the variance of the
encoder Gaussian distribution.

Therefore, the parameters in the encoder are ¢ = {02, W1, Wy, by, by }. This model
can be extended with more intermediate layers and other activation functions. In our

experiment we use this configuration unless specified otherwise.

3.3.3.2 SG-VAE Decoder

Although the encoder is somehow standard, the decoder is specific to the model
representation problem that we are addressing. The challenge is to learn a decoder
that always provides a valid kernel representation. To this end, we encode this feature

in the model likelihood py(x|z) as we next detail. First of all, let

l = exp(W, Relu(W3z + by) + bs)
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be the mapping of the decoder given z in the latent space with parameters 6§ =
{W3, Wy, by, b5}. The values of 6 need to be obtimized jointly with ¢.

The likelihood factorizes into two independent components

Po(x|2) = po(xa|z)po(xy|2)

that corresponds to the grammar and data representation py(x4|z) and py(x,|z)

respectively. The data representation is modeled with a Gaussian likelihood
po(x4|z) ~ N (x4 : g, 031).

where 1y and 21 are the part of the decoder parameters I associated to the
data-based representation. In particular if we partition I = [lg,1,] we have that
lg = {1g,02}. The part of the likelihood that corresponds to the grammar-based
representation factorizes across all the kernels and operations, which are modelled
by Multinomial distributions Multi(n, ). In particular, denote by x;, and x,,
the one-hot representation of the j -th added kernel and operation. We write the
grammar-based likelihood of the decoder as

Nmaac_l

p@(Xg|Z) :pe(xkl|z> H pe(xoj|>_<0j7Z)pe(xkj+1|}_(0j+1yz)
j=1

where X, = {Xo,,...,Xo,_, },

_ Multi(1,7,,) if none in X, is Stop
X, X0, Z 7 o
Y 1 otherwise,

for j=1,..., Ny and

_ Multi(1, my,) if none in X, is Stop
X [ %o, 2 { 1 otherwise,

for j = 2,..., Npae- The next kernel and operation depend on the previous operation
only, because whenever the previous operation is Stop, we ignore the kernels and
operations after that. The vector parameters m,, and 7, of the multinomial are
computed as the normalized versions of the corresponding blocks of I,. Note that once
the Stop operation has been observed, the remaining py(x,|z) and py(x,,|z) are set
to one. In this way, there exists a conditional dependency of each kernel/operation on
the previous factor, which refers to the appearance of Stop operation.

Interestingly, the SG-VAE always learns vectors that directly map to feasible
kernel combinations produced by the grammar (see Figure 3.2). Note also that this
model is applicable in any scenario where a context-free grammar is available. The

data-based representation can also be easily dropped if not needed in other domains.
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3.3.4 SG-VAE Based Search

Denote by My the model configuration associated to the representation x. For
simplicity in the notation, in this section we will drop the dependence of the model
on the parameters . We denote by x|z* the mode of the decoder py at z*. Also, let
us denote by Z the latent space learned by the pre-trained SG-VAE. We reformulate
Problem (3.1) as finding

2" = arg max C(Mgpr). (3.2)

The hypothesis is that points z* in the latent space, and models represented by the
corresponding modes X|z*, are well mapped to each other, as it is shown in Figure 3.2
in Section 3.3.3. Therefore it is possible to search for the best model in Z rather than
in the original space.

To find z?" we use Bayesian optimization [ ) ]. We select a
series of locations z, ..., zy,, such that the maximum of C is evaluated as quickly
as possible. Following the standard practice in BO, we use a Gaussian process
p(f) = GP(w; k) with mean function p and positive-definite kernel & to model the
underlying objective function, now defined between Z and the domain of the model
selection criterion. In standard cases, the inputs of the GP are also the inputs of
the objective function (C(M) in AS). In SVO, the inputs of the GP are the latent
representations z, which are different from the inputs of the objective function. This
gives rise to a problem: a model configuration x may correspond to multiple points
z in latent space. This uncertainty can be captured by the posterior distribution
p(z]x), which is intractable in SG-VAE. Instead, we estimate a mean-field variational

approximation ¢,(z*) of the posterior detailed in Section 3.3.4.1.

3.3.4.1 Variational Posterior for Test Points

To quantify the uncertainty of the latent variable z* of test points, we propose a separate
mean-field variational inference, where the posterior distribution is parameterized
as qy(z*) = N(z* : p,,02I). This estimation of ¢,(z*) is done by minimizing the
Kullback-Leibler divergence KL(g,(z*)||p(z|x)) where p(z|x) denotes the true posterior
of z. We assume the ¢,(z*) is a Gaussian distribution with variational mean parameter

i~ and variational variance parameter afy. There are mainly two reasons why this is

2

<., to be constant because

necessary to quantify the uncertainty. First, we have fixed o
it makes the training easier. Therefore, it is kept constant across the latent space and

one would expect a different level of uncertainty for different test points. Second, if a
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test point x* is dissimilar to any of the training points, there is no guarantee of good
predictions by the encoder.

To factor in this uncertainty in the inference of GP, we use Gaussian process
with uncertain inputs | , |, in which we fit a Gaussian process
between inputs following the distribution g¢,(z*) ~ N (i, 02I). The idea of GP with
uncertain inputs is that if the inputs z to the GP are random Gaussian variables:
p(z) = N (i, X), then the prediction at a new input z* can be found using a simple
Monte-Carlo approach:

P D) = [pEpEE ~ © e E), (33)

n=1

where 2 are samples from p(z*).

To sum up, for any new latent z*, the procedure works as follows:

o Find z* greedily, by sequentially choosing the kernels and operations with highest
logits.

« Evaluate objective function f(z*).

» Propagate uncertainties into the search using a separate mean-field variational

inference with ¢,(z*) to learn its mean and variant parameters p., and a,2y.

« BO is performed on tuples of (x,, 0, 2 f(z*)), where 0,2Y is used to provide uncertain

inputs to the Gaussian process.

The posterior of the GP is used to create an acquisition function that is used to
select the next points to evaluate. In this work we used the Expected Improvement
[ , ] (EI) but other acquisition functions are also possible. Note that, as
we use mean and variance from the GP with uncertain inputs, the distribution ¢, (z*)
is automatically pushed into the acquisition. The next evaluation is placed at the
global maximum of the EI function | : ]. See Algorithm 2 for a
full description of the algorithm that we call Structured Variationally Auto-encoded
Optimization (SVO).
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3.4 Experiments

We show three experiments. The first one explains the behaviour of the method in
a time series. The goal is to interpret how new kernels are selected as soon as we
provide more data to the system so that more structure in the kernel can be inferred.
The second experiment compares SVO with some baselines. The third one formulates
natural scene understanding as a search problem in a structured space and apply
SVO to infer the content in a natural scene. Inspired by | , |, we use
“Minecraft" as a natural scene generation engine and show SVO successfully produced

good interpretation of images with a few attempts.

3.4.1 The Airline Dataset

We apply the SVO algorithm to fit the Airline passenger data | ,

|, a time series that consists of 144 monthly totals of airline passengers from
January 1949 to December 1960. We consider 4 base kernels: squared exponential
(SE), linear (LIN), periodic (PER) and rational quadratic (RQ) and we optimize
the mean squared error (MSE) of the prediction. We use uniform prior probabilities
in both the grammar operations and the base kernels. We allow a maximum of 5
operations in the grammar generating process. We train a SG-VAE with 2 hidden
layers with 400 hidden units on 20, 000 simulated kernel combinations (from which
4697 where unique) and 5 dimensions in the latent space. We apply Algorithm 2 using
the first 10%, 37% and 63% of the data. The rest is used for testing.

In Figure 3.3 we show the fit of the GP models with the combinations proposed
by SVO. Interestingly, with 10% of the data the seasonal structure is captured. The
solution found is SE x PER+ RQ + PER. With 37% of the data the solution found
is PERx PER+ PER+ RQ + LIN, which is capturing the linear trend. With 63%
of the data the best solution found is PER x SE x RQ) x LIN + SE. In this case,
the method is capturing not only the linear trend but also the interactions with the

seasonal components. SVO is able to extract coherent structure in the data.

3.4.2 Comparison Across Different Optimization approaches

We do optimal model selection with GPs in three different datasets: the Airline
dataset described in the previous section and the Barley and Concrete datasetsd?. The

concrete dataset has dimension 8, while the rest are unidimensional. The experimental

2All datasets are available at the UCT repository: https://archive.ics.uci.edu/ml/index.php except
the Barley, which can be found at https://datamarket.com
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Figure 3.3: Results obtained by the SVO method in the Airline dataset using four
base kernels. We search for the optimal combination with different sample sizes. The
vertical red lines of the plots represent the separation between training data (on the
left of the line) and test data (on the right).

set up is the same as the one we used in section 3.4.1. We compare SVO with
different configurations. We learn the SG-VAE using both the grammar data and
the distance representations described in Section 3.3.2. To generate the distances,
the hyper parameters of the base kernels are obtained after maximizing the marginal
log-likelihood of the models. The parameters of the kernel combinations are sampled
from hyper-priors that were specified as in [Malkomes et al.; 2016]. In the search, we
include the case in which the uncertainty of the latent space of the SG-VAE is used
using Section 3.3.4.1 and the case in which no uncertainty is propagated (just z* is
used in the search). We compare different versions of the SVO (with uncertainty
and without uncertainty) with (i) Compositional Kernel Search (CKS) [Duvenaud
et al,, 2013], (ii) a random search carried out in the original kernel configurations
space, (iii) a random search carried out in the latent space of the SG-VAE learned in
each scenario and (iv) standard BO. The vanilla BO is performed on 12 categorical
variables: one of them represents the number of operations of the combination which
takes values in {1,2,3,4,5,6}; 6 of them are categorical variables with 4 categories
representing the kernels and 5 of them are categorical variables with 2 categories
representing the operations (addition or multiplication). A detailed description of
each of the baselines can be found in the appendix.

In all cases we run the optimization for 70 iterations. In Figure 3.4 we show the
best current MSE found in each iteration, which has been averaged over 5 runs for
different initial points.

The CKS needs to compose complex kernels from single ones, which makes its
convergence slow (it always starts with one kernel and sequentially composes more
complex ones). That is the reason why it gives worse performance than vanilla BO

and random search on simpler 1D examples. In the other methods, this is not needed
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as complex combinations can be selected from the beginning of the optimization.
This is why the SVO convergence curves are flatter, and SVO also converges faster
and to a better optimum compared to CKS in the three datasets. Propagating the
uncertainty of the SG-VAE has a positive effect on the search in the Barley dataset.

3.4.3 Natural Scene Understanding

Understanding natural scene is a challenging task because of the almost infinite
number of possible combinations of objects and large variation of their appearance on
images. On the other hand, we have sophisticated graphics rendering engines. We
use computer graphics engine to improve scene understanding by formulating natural
scene understanding as a search problem, i.e., given a natural image, whether we can
find a configuration of a graphics rendering engine to reproduce the query.

Following the experiment setting of | : ], we take “Minecraft” as the
rendering engine and use XML as the description of configuration. We consider 12
Minecraft objects such as pig, cow, sheep and chicken, etc., and consider two attributes
of each object, i.e., the location of an object on the image parametrized by the distance
to the camera and the 1D angle from right to left. Both attributes are discretized into
five different categories. The task is to search for the XML configuration of which the
generated image matches the target image as close as possible. For simplicity, we use
the L2 norm to measure the dissimilarity between a generated image and the target
image, but more sophisticated dissimilarity measure can be used here.

The target images are shown in Figure 3.5a, 3.5b, 3.5¢c. We apply SVO to this
problem by defining a structured generation process like the one in Section 3.3.3. We
consider two types of operations: adding a new object and stop. When adding a
new object, we choose its object type and the values of two attributes. With this
generation process, we generated 20,000 configurations for training the SG-VAE. We
use the grammar-based representation for simplicity. Then, we apply the search
algorithm described in Section 3.3.4 to look for the best configuration. After 100
iterations, the image generated by the best configuration is shown in Figure 3.5d, 3.5e,
3.5f. The generated images closely match with the target ones with small disparity.
Note that our approach is significantly different from | , ].

[ ] trained neural networks to directly predict a configuration given a target image.
This requires generation of tens of thousands of images from the rendering engine
for training the neural networks. The number of required training images can easily
go a few magnitudes higher if more objects or attributes are considered. SVO is a

meta-approach for this problem, where we do not learn a model to directly analyse
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Figure 3.4: Comparison of the SVO algorithm and the Compositional Kernel Search
(CKS). SVO is able to optimize the model selection criterion faster in all datasets

Interestingly, SVO does not need to start the search on the base kernels which allows
it to consider more complex combinations faster that CKS.

images. Instead, we build a SG-VAE for configurations and search in the latent space

of configurations for a matching explanation of the target image. Our approach only
requires generating a few images to guide the search.
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Figure 3.5: Use SVO to search for a XML configuration of the “Minecraft” engine
to reproduce three target images (a), (b) and (¢). The best configuration found by
SVO are (d), (e) and (f) respectively. Images (g) and (h) were selected randomly to
illustrate the complexity of the problem.
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3.5 Conclusions and Future Work

We have presented a new algorithm, SVO, for performing optimization in highly
structured spaces. The idea of SVO is to learn a probabilistic low-dimensional latent
space in which the solution of some high dimensional optimization problem can be
easily found and mapped back to the original problem. This process is not possible
without extra assumptions, which in our case are imposed by means of a context-
free grammar. The SG-VAE, a new Variational Auto-encoder, explicitly uses the
structure of the problem to generate feasible solutions. Bayesian optimization ideas
are used in the latent space learned by the SG-VAE. The uncertainty in the latent
space is propagated into the optimization using variational inference and a Gaussian
process with uncertain inputs. The results obtained in the experimental section are
competitive. However, we believe that there is still a large room for improvement
in this research direction. For example, we see a limitation in the use of VAE as
it is not well suited to learn the dimension of the latent space from the data. A
GP-LVM could be a possible alternative. Other limitations of the SG-VAE are related
to smoothness and structure of the problem. Even if the dimensionality of the original
space is large the method is expected to work if it is highly structured. However, in
low dimensional spaces with not mush structure the SG-VAE is not expected to be
beneficial (information cannot be compressed). It is also interesting to investigate
how previous knowledge can be embedded in the search. In this work we used a
context-free grammar to favour certain solutions of the input space, similarly to the
idea of using transfer learning when similar problems have been solved before. Further

combinations of this ideas will be explored in the future.

3.6 Appendix

3.6.1 Visualization and Interpretation of the Latent Space of
the SG-VAE in the Airline Dataset

We display the learned latent space of the SG-VAE for the airline dataset in Figure
3.6. Each dot represents a kernel combination learned by the VAE in the projected
2-dimensional latent space. We can observe the effect of the data-based representation

to the latent space that is able to distinguish between complicated kernel combinations.
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Figure 3.6: Visualization of the latent space for the airline dataset. This is a 2D projec-
tion of the 5D latent space (a): latent space with the grammar kernel representation,
(b): latent space with the grammar + data-based kernel representation.

3.6.2 Experimental Set Up Details

For each dataset in the automatic statistician experiments in Section 3, we evenly
split the dataset into a training and a test set and use the test Mean Square Error
(MSE) as the model selection criterion.

We used the same configuration of Structure Generating Variational Auto-encoder

(SG-VAE) for the automatic statistician experiments. The configuration is as follows:
e Use two hidden layers with 400 hidden units in both the encoder and the decoder
o Use a five dimensional latent space.
o Use Adam as the optimizer with learning rate equals to 0.005.
The details of search in latent space is as follows:

o Use squared exponential kernel in the Gaussian Process to model the relationship
between the model criterion and the latent space, with the acquisition function

being the expected improvement.

e Use GPyOpt http://github.com/SheffieldML/GPy0Opt as the tool to do the

optimization.
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3.6.3 Description of the Baselines in the Comparison

We have compared SVO with others baselines in the experiment section, namely the
Vanilla BO, random search in the original space and random search in the latent space.
We hereby give the details of those methods.

Although vanilla BO is not well suited for the problems in our work since the
input space in our experiments is categorical (types of kernels and operations) and
hierarchical (the number of operations in the combination affects the length of the
combination), which is one of the main motivations of our paper, we have included
it as a baseline comparison. There are 12 variables, with one of them being the
variable representing the number of operations of the combination which takes values
in {1,2,3,4,5,6}, 6 of them being categorical variables with 4 categories representing
the kernels , and 5 of them being categorical variables with 2 categories representing
the operations (addition or multiplication). The hyper-priors for sampling the pa-

rameters of the kernel combinations and the setup of the BO search is the same as SVO.

We also compared our method with random search, both in the original and the
latent space. For random (original), we randomly select a kernel combination from
the generated grammar representation; for random (latent), we randomly sample from
the latent space and use the decoder of the learned VAE to decode into a feasible

kernel combination.

67



Chapter 4

Relativistic Hamiltonian Monte
Carlo

This chapter is based on the paper

o Xiaoyu Lu, Valerio Perrone, Leonard Hasenclever, Sebastian J Vollmer and
Yee Whye Teh.
Relativistic Monte Carlo
https://arxiv.org/abs/1609.04388.

International Conference on Artificial Intelligence and Statistics, 2017.

The contributions I have made to this paper includes:
e The derivation and implementation of the RSGD algorithm.
e The derivation and implementation of the RSGNHT algorithm.

o Experiments on the Banana, logistic regression, MNIST examples.

4.1 Abstract

Hamiltonian Monte Carlo (HMC) is a popular Markov chain Monte Carlo (MCMC)
algorithm that generates proposals for a Metropolis-Hastings algorithm by simulating
the dynamics of a Hamiltonian system. However, HMC is sensitive to large time
discretizations and performs poorly if there is a mismatch between the spatial ge-
ometry of the target distribution and the scales of the momentum distribution. In
particular the mass matrix of HMC is hard to tune well. In order to alleviate these
problems we propose relativistic Hamiltonian Monte Carlo, a version of HMC based on

relativistic dynamics that introduce a maximum velocity on particles. We also derive
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stochastic gradient versions of the algorithm and show that the resulting algorithms
bear interesting relationships to gradient clipping, RMSprop, Adagrad and Adam,
popular optimisation methods in deep learning. Based on this, we develop relativistic
stochastic gradient descent by taking the zero-temperature limit of relativistic stochas-
tic gradient Hamiltonian Monte Carlo. In experiments we show that the relativistic

algorithms perform better than classical Newtonian variants and Adam.

4.2 Introduction

In Bayesian statistics, Markov chain Monte Carlo (MCMC) | : ]
techniques have been popular tools to simulate from the posterior distributions.
However, traditional MCMC methods suffer from slow mixing and high correlation
especially in high-dimensional models, due to the random walk proposals. An alter-
native method, namely Hamiltonian Monte Carlo (HMC) | ) : ,

, , , , |, is based on the Hamiltonian
dynamics of molecules. The Hamiltonian consists of a potential energy function which
is usually represented as the target posterior distribution, and a kinetic energy of
the molecules. The molecules follow Newton’s laws of motion to explore the energy
landscape, thus are able to explore distant regions and reduce the random walk effect.
Another important advantage of Hamiltonian dynamics is that it preserves volume,
and therefore avoids the problem of computing the possibly intractable determinant
of the Jacobian matrix when calculating the acceptance probability of Metropolis
updates.

On the other hand, the gain in efficiency of exploration often comes with a cost in
computation time for large datasets, where the computational burden lies primarily
on the evaluation of the gradients of the log density. In order to cope with scalability,
various stochastic gradient variants based on diffusive dynamics | ,

, , , , , , ] have been developed,
where instead of using the full dataset, only a subset of dataset (called minibatches)
is used to calculate the gradients.

In this work, we consider replacing the Newton’s laws of motion of particles with
Einstein’s relativity of photons, so that the speed of the particles are upper bounded
by the speed of light. We will show experimentally that the new algorithms are more
robust than the classical Newtonian versions and allow for larger time discretisations
of the dynamical systems. We will also show the connection of the resulting algorithms

with various optimisation algorithms including RMSprop, Adagrad and Adam]|
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, | which are popular in deep learning. We then develop the stochastic
variants of the algorithm, including the introduction of the Nosé-Hoover thermostats.
Finally, by taking the limit as the temperature goes to zero in the stochastic gradient
relativistic Hamiltonian Monte Carlo (SGHMC) algorithm, we propose a new stochastic
gradient descent algorithm called the Relativistic Stochastic Gradient Descent (RSGD)

that outperforms the state-of-the-art Adam on neural network examples.

4.3 Background

Suppose we are interested in sampling from the posterior probability density p(6]|X)
p(X|0)p(#), where # € R™ denotes the parameter and X denotes the data. We
can write the density in its canonical form as p(6|X) o exp(—U(0)), where U(0) =
—log p(X|€) — log p(#) is called the potential energy. The classical HMC algorithm,
which we refer to as Newtonian Hamiltonian Monte Carlo (NHMC) augments the space
of parameters with auxiliary variables p, and we regard # and p as the position and
momenta of particles in a system. The joint density is then p(6, p) o« exp(—H (6, p)),
where H(0,p) = U(0) + K(p) is called the Hamiltonian, U is the potential energy,

and K(p) = ipr is the kinetic energy with mass m. The Hamilton’s equations are

written as
. OH OH
0=— )= —— 4.1
Plugging H into 4.1 gives
6 =VK(p),  p=-VU®) = [ (4.2)

where f(0) := —VU(0) is defined as the force on the system.

In order to implement the algorithm on a computer, we have to approximate the
Hamilton’s equation by discretizing time using small increments €. Here we adopt the
leapfrog method | , |, which is a modification of Euler’s method that preserves
volume exactly and gives better results. The algorithm starts with a half step update
for the momentum variables, then a full step update for the position variables with
the new values of the momentum variables, and finally another half step update for
the momentum variables, using the updated values of the position variables. The

algorithm is summarized below:
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€

Di+s = Pt — §VU(0t) (4.3)
€
Orie = Or + —Dris (4.4)
m
€
Dt+e = Pt+5 — §VU(0H—6) (4-5)

Therefore given current states (, p), one proposes new states (6*, p*) by simulating
the Hamiltonian dynamics for L leapfrog steps, then a Metropolis Hasting step is

performed to correct for the discretization error, with acceptance probability given by
min(1, exp(—H (0", p") + H(0,p))]

It can be seen that the velocity of the particles reads ~pii <, so if the mass m is
too small, the particles may travel too fast and miss the mode of the posterior density,
therefore a small € is needed to compensate for the discretization error, which increases
the computation cost. On the other hand, too small values of € results in slow mixing
of the chain. This motivated our research to have more control over the velocity of
the particles and develop a more robust algorithm. We propose the Relativistic Monte
Carlo methods with Einstein’s relativistic kinetic energy such that the speed of the

particles is limited by the speed of light.

4.4 Relativistic Hamiltonian Monte Carlo

We replace the Newtonian kinetic energy K with Einstein’s special relativity|

| in the Hamiltonian:

H(0,p) = U(0) + K(p) (4.6)
K(p) = me® ( :;fz + 1) " (4.7)

where the target density is p(#) oc exp(—=U(#)), and 6, p € R? represent the position
and momenta of the particles respectively as before. m is the “rest mass ” and c is the
“speed of light”. Note the marginal distribution of the momenta is p(p) o exp(—K(p))
which is a multivariate generalisation of the hyperbolic distribution as opposed to the
Gaussian distribution in the Newtonian case.

Applying Hamilton’s equation (4.1) gives
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R . _ (p'p :
0= oy M~ (p)p, with M(p) =m <m202 +1
. 0H

We can interpret the scalar M(p) as the relativistic mass and note the speed is

now

ol _,
\VpTp + mc?

which is limited by the speed of light, and the smaller the rest mass m, the bigger the

| M~ (p)p|l =

“cruising ” speed, and as the m goes to zero, the particles travel at the speed of light
acting like a photon. This gives a good intuition of the tuning on the hyperparameters
based on the target density, where we limit the speed of the parameters by ¢ and use
m to control the “cruising ” speed. More details and illustration of hyperparameter
tuning can be found in the experimental Section 4.7.

Note that all the coordinates of the momenta have the same relativistic mass
M (p), but parameters in different dimensions might want to behave differently, some
coordinates might desire to move faster while others prefer to slow down. Setting
M (p) to be the same might lead to slow mixing in some dimensions or instability
caused by too large velocity in other dimensions. To be able to control the dimensions
separately, we could separate the kinetic energy as a sum of kinetic energies in each

coordinate, with possibly different mass m; and speed of light ¢;:

d p? 3
K(p) = 2 J 1 4.
(p) ijcj (mjgcg + ) 9 ( 9)

j=1
where j indexes the coordinate of the d-dimensional system. This leads to the same
Hamiltonian dynamics (4.8), but with all variables interpreted as vectors, and all
arithmetic operations interpreted as element-wise operations. For simplicity, in the
following we will describe only the non-separable version (4.7).

The Relativistic Hamiltonian Monte Carlo (RHMC) algorithm can be summarized

as follows: In each iteration, suppose the current state is (6, po),

 Simulate proposal momenta according to p(p) x exp(—K(p)) with K(p) given

in (4.7); here we used adaptive rejection sampling.
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« Do L leapfrog steps to obtain (6, p) similar to (4.5): for t = 1,...L

Pei1/2 < pr — 5eVU(0,)
Ori1 < Oy + M (privj2)Pesry2
Dt+1 < Pry1/2 — %GVU(@:H) (4.10)

« Do a Metropolis-Hastings accept/rejection step: accept the (0, p) with probability
min[17 eXp<_H<0L7pL) + H(907p0)]

Notice although there is no limit on the magnitude of the momenta p, the “cruising
speed” of the parameters # is upper bounded by the speed of light times the stepsize,
which is not the case for NHMC. When the target distribution is very peaky, the
updates for 6 can be so big for NHMC that makes it necessary for smaller stepsize €
to account for discretization error, resulting in low efficiency of the sampler. However,
RHMC does not exhibit this issue and is a more stable and robust algorithm. Note the
relationship of RHMC with other popular optimisation algorithms in deep learning such
as Adagrad, RMSprop and Adam, where the learning rates are adapted individually
in each dimension, so that the updates of the parameters have similar scales across

dimensions.

4.4.1 Relativistic Stochastic Gradient Markov Chain Monte
Carlo

In recent years stochastic gradient MCMC (SGMCMC) algorithms have been very
well explored as methods to scale up Bayesian learning by using mini-batches of
data [ , , , , , , , ,
, ]. In this section we develop relativistic variants of SGHMC |

, ] and SGNHT | , , , |. These algorithms
include momenta, which serve as reservoirs of previous gradient computations, thus
can integrate and smooth out gradient signals from previous mini-batches of data.
As noted earlier, because the momentum can be large, particularly as the stochastic
gradients can have large variance, the resulting updates to € can be overly large, and
small values of the stepsize are required for stability, leading potentially to slower

convergence. This motivates our development of relativistic variants.
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We make use of the framework of | : ] for deriving SGMCMC algorithms.
Let z be a collection of variables with target distribution f(z) oc e (). Consider a
SDE in the form

d
dz = —[D(2) + Q(2)|VH(2)dt + T(2)dt + /2D(2)dW Ty(z) = 3 APul4Qu )]

0z;
Jj=1

(4.11)
where D(z) is a symmetric positive-definite diffusion matrix, Q(z) is a skew-symmetric
matrix which describes energy-conserving dynamics, I'(z) is a correction factor, and
W is the d-dimensional Weiner process (Brownian motion). | , | showed
that under mild conditions, the SDE converges to the desired stationary distribution
f(2). Hence, in the following we simply have to choose the appropriate z, D and Q).
Once the correction factor I' is computed, the SDE is discretised, and a stochastic
estimate VU (z) for VU () is substituted, we obtain a correct relativistic SGMCMC
algorithm. The stochastic gradient has asymptotically negligible variance compared

to the noise injected by W.

4.4.2 Relativistic Stochastic Gradient Hamiltonian Monte Carlo

Suppose our noisy gradient estimate VU (6) of VU (#) is based on a minibatch of data
and, using the central limit theorem, we assume that VU (#) = VU(6) + N (0, B(6)).
We take z = (6, p), the relativistic Hamiltonian H(z)(4.7), a fixed symmetric diffusion

matrix D and

b=y b=

The resulting relativistic SGHMC dynamics becomes,

0 —1 ] ;and thus I'(z) = 0. (4.12)

@2) - (‘VU(é\fjg}\Z‘l(p)J dt+ (x/g_D> AW,

Using a simple Euler discretisation, the SGHMC algorithm becomes,

D1 < Dt — €tVU(9t) - EtDMil(pt)pt +N(07 €t(2D - EtBt))
Ori1 < Op + €M (Drs1)Pes1, (4.13)

where B is an estimate of the noise coming from the stochastic gradient B (0). The
term DM ~'(p)p can be interpreted as friction, which prevents energy from building

up and corrects for the noise coming from the stochastic gradient.
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It is useful to compare RSGHMC with preconditioned SGLD | , ,
| which attempts to adapt the SGLD algorithm to the geometry of the
space, using adaptations similar to RMSProp, Adagrad or Adam. The relevant term

Y

above is the update M~ (py1)pes1 t0 Opy1:

_ p
MY (per1)per = = (4.14)

Py 1Pt+1
t+(1:2 + m2

Note the surprising similarity to RMSProp, Adagrad and Adam, with the main
difference being that the relativistic mass adaptation uses the current momentum
instead of being separately estimated using the square of the gradient. This has
the advantage that the relativistic SGHMC enforces a maximum speed. In contrast,
preconditioned SGLD scales up small gradients while increasing the injected noise as
well, which can be significantly larger than the gradient updates, making the algorithm

unstable.

4.5 Relativistic Stochastic Gradient Descent (with
Momentum)

Motivated by the relationship to RMSprop, Adagrad and Adam, we develop a rel-
ativistic stochastic gradient descent (RSGD) algorithm with momentum, by taking
the zero-temperature limit of the RSGHMC dynamics. From thermodynamics, the
canonical (Gibbs Boltzmann) density is proportional to e #V(*) where 3 = 1/kpT,
kp denotes the Boltzmann constant and T represents the temperature. Previously,
we have been using § = 1 which corresponds to the posterior distribution. For an

arbitrary value of (3,

do BM~'(p)p 0
= dt dw. 4.15
(dp> (6 (~vu () - Da () " \veD 1)
By taking f — oo, the target distribution becomes more peaked around the MAP

estimator. Simulated annealing | , , , ,
which increases  — oo over time, forces the sampler to converge to a MAP estimator.
Instead, we can derive RSGD by rescaling time as well, 0(t) = 0(3t), p(t) = p(5t),

(E@ - <_VU(§)4_1%33§1@>]3) di + (\/%) aw (4.16)

and letting [ — oo, obtaining the following ODE:
g\ _ M~ (p)p
(dp> - (—VU<0> - DM (p)p) (4.17)
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Discretising the above system gives RSGD. Notice that if the above system con-
verges, i.e. § = p = 0, it does so at a critical point of U. Similar to other adaptation
schemes, RSGD adaptively rescales the learning rates for different parameters, which
enables effective learning especially in high dimensional settings. Moreover, the update
in each iteration is upper bounded by the speed of light. Our algorithm differs from
others through the use of a momentum, and adapting based on the momentum instead

of the average of squared gradients.

4.6 A Stochastic Gradient Nosé-Hoover Thermo-
stat for Relativistic Hamiltonian Monte Carlo

In order to remedy the problem of the unknown noise coming from the stochastic
gradients, a Nosé-Hoover | : | thermostat & in statistical
physics is introduced to stabilize momentum fluctuations. The dynamics for the
Newtonian stochastic gradient Nosé-Hoover thermostat (NSGNHT)| , ]

can be expressed as:

d6 = pdt
dp = —=VU(#)dt — Epidt + V2DN (0, dt)

¢ = clz (p"p —d)dt.

The idea is that if the mean kinetic energy is big, then & gets bigger to ‘heat® the
system, so p experiences more friction; on the other hand, if the mean kinetic energy
is small, then £ gets smaller to ‘cool down‘ the system and p experiences less friction.

Intuitively, the dynamic for £ can be motivated by the fact that at equilibrium we

(]

and hence E [%} = 0. The additional dynamic pushes the system towards % =0

suggesting that the distribution will be pushed closer to the equilibrium. This gives a

have

2 2
o[25] p2x

aK aK *K(p)
op? | ) op?

— dp=E
Opi apie ) b

recipe for a stochastic gradient Nosé-Hoover thermostat with a general kinetic energy

K (p). We are now in the position to derive the SDE preserving the probability density
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x exp(—H) by adopting the framework of | , | and defining:

H(0.p.€) = U(O) + K(p) + 5(6 ~ DY (4.18)
0 0 0

DO,p.&)=|0 DT 0 ) (4.19)
0 0 0
0 -1 0

QO,p,&) =11 0 VK(p)/d ) . (4.20)
0 —VK(pT/d 0

From (4.11) it follows that T' = (00 — AK(p)/d)" and the dynamics become

db VK (p) 0
(dp) = ( —VUdt — EVK(p) ) dt + (@) AW,
dg i (IVK®)|? — AK(p)) 0

where A is the Laplace operator defined as AK(p) =, 825; ;p ). For the relativistic
¢ 1

kinetic energy K(p), we have V,K(p) = M~ (p)p with M(p) := m <£Tp2 + 1)§ a

scalar and AK(p) = tr (d% (éM _1(p)p)). The Stochastic Gradient Nosé-Hoover

thermostat for relativistic HMC follows:

do M‘l(p)pdt 0
(dp) = ( —VU — M~ (p)p ) dt + (@) dW,.
dé PR (M~2(p) + ¢ 2M~3(p)) — M~ (p) 0

4.7 Experiments

4.7.1 Small Examples

We first explore the performances of the algorithms on toy examples including a
two dimensional banana function (Banana) | : | with density p(x)
exp{—0.5(0.012% + (22 +0.122 —10)?)}, and Gaussian mixture models (GMM1, GMM?2,
GMM3) obtained by combining the three following Gaussian random variables with
equal mixing proportions: N'(=5,1/0?%), N(0,0?), N(5,1/0?), where 0? = 1,0.5,0.3.

When o2 = 1 the three Gaussians have the same variance and lower o2

means larger
discrepancies among their variances and thus a wider range of length scales and log
density gradients. The density plots of the examples can be found in the top row of
Figure 4.3.

We start with an exploration of the behaviour of RHMC as the tuning parameters

m, ¢ and € are varied. Firstly we consider the effective sample sizes (ESS) of the
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Figure 4.1: ESS contour plots of € x ¢ versus € for Banana (left) and GMM1 (right)
datasets.

algorithm on the Banana and GMM1 datasets. We varied both € and € x ¢ over a
grid, and computed the average ESS, over 20 chains, each of length 10* for Banana,
and over 100 chains of length 10% for GMM1. The ESS contour plots can be found in
Figure 4.1, which suggests that ec and e can be independently tuned. While e controls
the time discretisation of the continuous-time dynamics, ec controls the maximum
change in the parameters at each leapfrog step. Next we varied the mass parameter
m for GMM1, showing plots in Figure 4.2. As expected the ESS is optimised at an
intermediate value of m, and the average “cruising speed” v decreases with m. In
order to understand how to tune m, on the fourth panel we overlaid two contour plots:
one for ESS and the other for v. We see that the cruising speed v correlates much
more with the ESS than m does. This suggests that m should be tuned via v, e.g. by
the user specifying a desired value for v, and m should be adapted to achieve the speed

(note that m and v have a monotonic relationship which makes for easy adaptation).
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Figure 4.2: Varying m for GMM1. top row: ESS, acceptance rate; bottom row:
cruising speed (the red horizontal line is ¢), and ESS and relative cruising speed v/c
contour plots versus m and e.
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density plot, ESS versus stepsize €, MAE versus ¢, log stein discrepancy versus e.
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Figure 4.4: Stein discrepancy versus stepsize e for logistic regression. NSGHMC and
NSGNHT were unstable for € > 6 x 1072 and thus their stein discrepancies were not
plotted.

We next compare the performances of NHMC and RHMC for a wide range of
stepsizes, via the ESS (higher better), the mean absolute error (MAE) between the
true probabilities and the histograms of the sample frequencies (lower is better),
and the log Stein discrepancy | , | which is a more accurate
measure of the sample quality (lower is better). The results can be found in rows 2-4
of Figure 4.3. It can be seen that RHMC achieves better performance and is strikingly
more robust to the stepsize e than NHMC. As expected, this behaviour is particularly
pronounced when the stepsize is large. Moreover, when the gradients of the target
model span a large range of values (GMM2, GMM3), the improvements yielded by the
relativistic variants are more pronounced. These results confirm that, since the speed
of particles is bounded by ¢, RHMC is less sensitive to the presence of large gradients
in the target density and more stable with respect to the choice of ¢, allowing for a
more efficient exploration of the target density.

Next we compare both the Newtonian and relativisitic variants of HMC and
SGMCMC algorithms on a simulated 3-dimensional logistic regression example with
500 observations. For the stochastic versions of the algorithms, we use mini-batches of
size 100. After a burn-in period of 1000 iterations, we calculated the Stein discrepancy
for different e while keeping the product € x ¢ fixed. To make a fair comparison,
we used 200 samples for NHMC and RHMC and 1000 samples for the SGMCMC
algorithms. From Figure 4.4, we see that the relativistic variants are significantly more
robust than the Newtonian variants. The NHT algorithms were able to correct for
stochastic gradient noise and performed better than SGHMC algorithms. Particularly,

RSGNHT had lower Stein discrepencies than other algorithms for most values of e.
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4.7.2 Neural Network

We then apply our algorithms to the standard MNIST dataset, which consists of
28 x 28 handwritten digital images from 10 classes with a training set of size 60,000
and a test set of size 10,000. We tested our optimization algorithm on a single layer
with 100 hidden units and a multi-layer neural network with 500 % 300 hidden units,
and the results are displayed in Figure 4.5. It can be observed that our algorithm is
comparable with Adam and is able to achieve a lower error rate, particularly with the
100 hidden units architecture.

error rate

error rate
=

error rate
2

epoch epoch epoch

Figure 4.5: Comparison of error rate on MNIST dataset on the test set. From left to
right: 100 hidden units; 500 % 300 hidden units; 400 * 400 hidden units.

4.8 Conclusion

In this project, we introduced a novel relativistic HMC algorithm that is based on
Einstein’s relativity. We also provided its stochastic variaties including RSGHMC,
RSGNHT and RSGD. Moreover, we gained a good understanding on how to choose
the hyper parameters ¢, m and e. First the discretization parameter € needs to be set,
then we choose the maximal step ¢ - € and in relation we choose the "cruising speed'
% by picking m. We showed experimentally that the relativistic algorithms are much
more stable, i.e., robust to the choice of parameters and noise in stochastic gradients.
In particular, RSGD seems to be competitive with state-of-the-art stochastic gradient

methods for fitting neural nets.
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Chapter 5

On Exploration, Exploitation and
Learning in Adaptive Importance
Sampling

This chapter is based on the paper

e Xiaoyu Lu, Tom Rainforth, Yuan Zhou, Jan-Willem van de Meent and Yee
Whye Teh.
On Exploration, Exploitation and Learning in Adaptive Importance Sampling
https://arxiv.org/abs/1810.13296
arXiv preprint arXiv:1810.13296 (2018).

where I am the main contributor.

5.1 Abstract

We study adaptive importance sampling (AIS) as an online learning problem and
argue for the importance of the trade-off between exploration and exploitation in
this adaptation. Borrowing ideas from the bandits literature, we propose Daisee, a
partition-based AIS algorithm. We further introduce a notion of regret for AIS and
show that Daisee has O(v/T(log T)1) cumulative pseudo-regret, where T is the number
of iterations. We then extend Daisee to adaptively learn a hierarchical partitioning
of the sample space for more efficient sampling and confirm the performance of both

algorithms empirically.
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5.2 Introduction

Monte Carlo (MC) methods form the bedrock upon which significant sections of
probabilistic machine learning and computational statistics rest. An important MC
technique which forms the basis for many others is importance sampling (IS). Let
m(x) = f(x)/Z be a target density which can be evaluated pointwise up to an unknown
normalising constant Z and let ¢(x) be a proposal distribution from which samples can
be drawn and can be evaluated pointwise. IS works by drawing a sequence of samples
from ¢(z) and using these to estimate Z and provide an empirical measure p(-) that
we can use at later time to calculate target statistics E.[¢(z)] for any arbitrary test

function ¢(z). Let w(x;) = f(x)/q(x;) be the importance weight of z;. Then,

7= [ Flayde = Bfuw(X)] ~ ;;w(xt), (5.1)
ST w(@)ba ()

p(-) ST w(e) (5.2)

Bofo(o)] ~ [ ia)ola)ds = Zprele) 53)

Note that the estimate for Z is unbiased, but that for the target statistics is biased but
consistent, provided support(f) C support(q) and E,[w(X)o(X)] < oo | : .
The efficiency of IS for a general ¢(z) is governed by the choice of proposal ¢(x),
with the intuition that the closer ¢ is to 7 the better. Adaptive Importance Sampling
(AIS) techniques [Liu, , , , , , ,
] attempt to improve the efficiency of IS by adapting the proposal to be closer to
the target, producing a sequence of proposals ¢i, gz, .... The IS estimates (5.3) still
apply with ¢(z;) replaced by ¢;(x;). The basic idea is that previous samples provide
information about the target distribution and this information can be used to improve
the proposal by altering it to better match the target | , , ,
].

Viewed in this way, AIS is, in effect, an online learning problem: that of learning
the target density 7 by iteratively querying it. As opposed to the typical setup of
density estimation, where each query is an iid sample from the target, here ¢, is
both our current estimate of the target, as well as our tool for querying the target.
This exposes a trade-off between exploration and exploitation. We would like our
proposal ¢; to be as close as possible to the target, so that our IS estimate is as good
as possible (exploit). At the same time, ¢; directs where queries of the target are

made and probability mass needs to be spread over the sample space where we have
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high uncertainty of the target, so that we may query and reduce our uncertainty to
improve our estimate in the future (explore).

In this paper we take the first steps towards developing AIS methods which
optimally trade off exploration and exploitation by bringing to bear ideas from the
rich literature on online learning, in particular that on multi-armed bandit algorithms
[ , , , , , |. We propose the
aDAptive Important Sampling via Exploration and Ezploitation (Daisee), an algorithm
which operates by partitioning the sample space into K disjoint subsets, and adapting
the proposal probability of each subset by combining an exploitative estimation term
and an explorative optimism boost. Based on the analysis of
[ |, which showed that the Kullback-Leibler (KL) divergence from the target to
the proposal is the appropriate measure of the (in)efficiency of inference using IS,
we propose using the KL divergence as the measure of loss for an AIS scheme, and
show that, under mild assumptions, Daisee achieves a cumulative pseudo-regret of
O(VT(logT)1) where T is the number of iterations. The pseudo-regret is defined
as the expectation of the regret, which is measured using the Kullback-Leibler (KL)
divergence from the target to the proposal distribution. It is arguably the right
measure of the efficiency of IS | : ]. This means that its

per-iteration pseudo-regret asymptotes to zero. We also show a similar result when

generalising to a-divergence | , | based regret, with a = 1
reducing to the KL case, while o = 2 corresponds to the variance of the importance
weights %. Finally, we introduce and empirically investigate HiDaisee, a hierarchical

extension to Daisee in which the partitions themselves are also simultaneously learned

in an online fashion, leading to a more efficient overall proposal.

5.3 Related Work

The general topic of adaptive MC has received extensive attention in the literature
(see e.g. | , : , | and references therein). There are a wide
range of problems such as rare event simulation | , , ,
| for which IS is more useful. Compared with MCMC, IS produces a marginal
likelihood estimate. It is also the key component of many advanced MC methods.
Of particular relevance to our work, [ ], [ ] tackle the
problem of multidimensional integration by recursive rectangular partitioning of the
target space, where regions with higher contribution to the integral are subdivided

into more subregions. Here we instead focus on the learning of the proposal densities
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with exploration-exploitation trade-off in mind rather than integration. Meanwhile,

[ | bound the regret for multiple importance sampling where the
proposal distribution is a mixture of a finite number of proposal distributions, by
bounding the variance of the importance sampling estimates with the help of control
variates. [ | use an entropy criterion instead to learn the weights and
component parameters of a mixture importance sampling density.

On the other hand, methods which address the exploration-exploitation trade
off have been well-studied in online learning, most successfully under the banner of
bandit algorithms | , , , , , 1,
with Upper Confidence Bound (UCB) | , ] and Thompson sampling
[ , | being popular approaches. In the standard multi-armed
bandit problem, one has a finite number arms and must choose an arm to pull at each
iteration, returning a random reward which is distributed differently for each arm.
The aim is to maximise rewards in the long run by finding the arm with the highest
average reward. UCB methods operate by maintaining an estimate of the expected
reward for each arm and picking arms according to the estimates plus optimism boosts
which are larger for arms where our estimates are less certain to encourage exploration.

[ | show that UCB optimally trades-off exploration and exploitation by
showing that the cumulative regret (relative to an oracle which knows the optimal
arm) grows logarithmically in the number of iterations, the best growth rate achievable
[ , ]. [ 1, [ | extend the bandit
algorithm to fat tailed distributions in absence of sub-Gaussianity.

The concept of trading off exploration versus exploitation has not been widely
considered in the adaptive MC setting, though there are a number of recent works.

[ | consider the problem of choosing between a number of MC
estimators, where the goal is to minimise the mean squared error by finding the
estimator with lowest variance. This is still inherently a best-arm optimisation
problem, rather than a true proposal adaptation. [ | and

[ | consider the problem of stratified sampling for MC integration,
where each stratum is viewed as an arm and the mean in each stratum is estimated.
They show that in this setting the optimal approach is to choose arms in proportion
to the standard deviation of the estimate produced by a single draw from the stratum.
Our setting (and resultant approach) is distinct to [ ],

[ ] as we aim to approximate a distribution, rather than performing

an integration.
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Algorithm 3 Daisee (aDaptive Importance Sampling with Exploration-Exploitation)

1: Input: a partition of the sample space X into K subsets &}, ..., Xk, proposals
for each partition ¢;(z), ..., gx(x), unnormalized target dlstrlbutlon f(x)

2: Draw one sample from each subset to initialise estimates, denoting these as
T1y..., K

3: fort=K+1toT do

4:  Compute proposal probabilities {qq; }2 | using (5.8), with estimates { Z, ;1 Y5,
given by (5.7)

5: Draw an arm A; ~ Discrete(quy, - - -, Qi)

6: Draw a sample x; ~ ga,(x)

7: Compute localized weight Ya,; = f(x;)/ga,(z;) and update estimate for Z,
using (5.7)

8: end for

[ ] also realised the need for adaptive MC methods to trade-off
between exploration and exploitation and they also take steps towards designing a
framework for adapting the hierarchical partition of the space. However, their focus is
on the design of a new class of meta-inference algorithms that fall outside the AIS
framework and they do not consider any notion of regret nor provide a regret analysis.
Our focus here is more on the exploration-exploitation trade-off in AIS, establishing a
formal notion of regret so that this can be viewed as an online learning problem, and

establishing a theoretical regret bound for our procedure.

5.4 Daisee

We now propose Daisee, an AIS method which has a similar flavour to UCB. Assume
we have a partition of our sample space X into K disjoint subsets {X, }/,, where each
subspace X, can be thought as one bandit arm, and we have a fixed tractable proposal
distribution g,(x) restricted on each subset X, for a € {1,..., K'}. For example, if X
is compact we can choose the uniform distribution g,(z) = I(z € X,)/ [y, dz. Daisee

uses proposal distributions of form

x) = z_: Garga(2)l(2 € X,) (5.4)

where >, ¢, = 1 and the probability masses ¢,; of the subsets are to be adapted in the
scheme. Note that whereas typical bandit algorithms only aim to establish the best
arm, we are instead looking to asymptotically learn a distribution over how often each
arm should be pulled. At each iteration t, we query the target by drawing a sample

x; from ¢;. This can be achieved by first sampling an arm A, ~ Discrete(qyy, - . ., qk),
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then drawing a sample x; € X4, from the subset proposal g4, (), as per lines 5 and 6

respectively in Algorithm 3.

Let the ratio Yy, := gf ((ztt)) denote the “localized” importance weight for a sample
in subset a, noting that each Y,

is an unbiased estimator of the (unnormalised) target probability Z, of A,:

Z, L,

o= de = = = ——— 5.5
s . 7(x)dx 7 YK 4 (5.5)
f(x) ]
Za::/fxd:p:Ea[ . 5.6
S =E,, | =0 (56)
At each iteration this leads to the following MC estimate for each Z,

D = DAY (5.7)

at +— as» .

Nat s<t:As=a

where Ny, = #{s : s < t,A; = a} is the number of times subset a was chosen up
to time t. We note an unusual behaviour of the estimates Zat: although each Y,
is unbiased, each Zat is biased because the N,’s are random variables correlated
with previous samples. We sidestep this by upper bounding the probability that Zat
deviates significantly, simultaneously for all ¢.

Naively, we can use the estimates Zat to construct the next proposal, via gg ¢41 Zat.
The problem is that if by chance Za for some subset a is too small, the resulting
underestimated proposal probability will result in low probability for the subset to
be picked in future, and hence the bad estimate may not be corrected. This is a
symptom of under-exploration. As in UCB, we therefore encourage exploration using

an optimism boost o4:

A

Zat + Oat
Zgil(zbt + Ubt)7

where o, should be decreasing with N,; but grow with . The intuition, which will be

(5.8)

Gajt+1 =

formalized in the next section, is that if we have not explored the subset a sufficiently,
o4 is relatively large, which compensates and boosts g, allowing us to have higher
chance to explore subset a and correct the under-estimate. The growth with ¢ is to
ensure sufficient exploration of all subsets over time.

As shown in Algorithm 3, Daisee iterates between drawing samples from ¢; defined
by (5.4), and using this sample to update our estimates (5.7), (5.8). The next section
shows that this simple approach leads to a low-regret AIS strategy, in the sense that

its per-round pseudo-regret tends to zero.
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5.5 Regret Formalisation and Analysis

Having introduced Daisee algorithmically, we now switch focus to formalising a notion
of regret suitable for the AIS setting and analysing this regret for Daisee.

In the nomenclature of bandits, Z, can be thought of as the expected reward of
arm a, while Y,; is the random reward received at iteration t. Note however that
our aim is not to maximise expected reward, but rather to maximise the efficiency of
the resulting IS sampler. Thus a measure of the (in)efficiency of the proposals ¢, is
required, so that we can define what makes an optimal proposal among the class in
(5.4), and the regret of using a proposal relative to the optimal. We will use the KL
divergence KL(7||g;) as this has been shown by | , | to be
the correct measure of the inefficiency of proposal ¢;. In particular, they showed that
the number of samples needed for IS to work effectively scales as exp(K L(wl|q)). For
proposals as given by (5.4), this is,

m(x)

KL(7||qg:) = /X m(x)log m

- Z/ 10g )) dr — Z Ta log qat- (510)

This loss takes an interesting form: the first term depends only on the local

dx (5.9)

proposals g,(z) and the second only on the subset probability masses g,;. We thus
see the surprising result that we can optimize separately for ¢, and each g,(z). The
closer g,(x) is to the target m on subset X,, the less variability there is in the weights,
and the smaller the variance factor, leading to lower KL divergence. We will discuss
it in more details later in section 5.7. For now, we will only consider the problem of
optimising g, for which we see from (5.10) has a true optimum ¢* = 7, and therefore

we define our regret R(g;) from using proposal ¢; as
Ry := R(q) = KL(7|[q:) — KL(]lq") Zﬁa 108; —

which is just the KL divergence between the two probability vectors (m,)E | and
(qat)’_,. Given this instantaneous regret of a particular proposal, we can now use the
cumulative regret Zthl R; as a performance measure of the adaptation scheme itself.
In particular, we would like schemes for which the regret R, goes to zero asymptotically,
which corresponds to cumulative regret that grows sublinearly.

Our regret analysis rests on an assumption that each Y,; is sub-Gaussian. For-
mally, there are variance factors 72, which we assume known, such that Elexp(6(Y,; —

E[Yu]))] < exp(3726°) for cach a and € R. This might seem like a strong assumption
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as importance weights are often wildly varying. However, in practice it can often
be satisfied. For example, if the maximum M = sup,cy f(x) can be found, and we
assume X is compact with each g,(z) = I(z € &,)/ [, dv uniform on its subset, then
7, can be chosen as & [, dz | ], which is > Z=. In generally we

expect 7, of order O(Z,).

Theorem 5. Assume sub-Gaussianity and define the optimism boost as

Oat = CTaz/10gt/ Ny

where ¢ := y/4.141og,(2¢). The cumulative pseudo-regret at T of Daisee is bounded by

OWT(log T)?).

Proof. We show that the pseudo-regret E[R;] < E[>-, m,log J¢] = Ot~z (logt)1);
summing over t = 1,...,T gives our result. The idea is to show that Zat ~ Z, and
Nyt ~ O(t) with high probability, and that the pseudo-regret has the desired bound

in this case. As such, define the events:

A t
By ={|Zus — Z4| <oa8V1§a§K,§§s§t}
tZ,
45°(Zy + 2\ /Togt)

The pseudo-regret can be written as below, and the proof proceeds by bounding

Cy:={Nu>pPuV1<a< K}, where f, :=

each term separately:
E[R;] = E[R;| B, N Cy|P(B; N Cy) + E[R;| Bf|P(By) + E[R:| B; N C{IP(B; N CY). (5.11)
For the first term in (5.11), this is just a bit of algebra:
B[R\ B 0 GIP(B. 1 o) <E[3 malog ;T;|Bt arel

<E[Ym. log(z zbj(zb +204,))| B, N G
=E[log(1 + ; za:aatﬂBt ayen
gé za: Eloq|B: N Cy]
<2 Y enllogt)

V2 Ta Ta
> 20 2V

—O(t 2 (logt)3 (5.12)

90



For the second and third terms in (5.11), the main steps are to show that both
P(Bf) and P(C¢|B,) are small. For P(BY), for each a, we can rewrite Zy, as Zgs =
Nis Nas Yasa, where we re-index the time {toyNer :={j : Aj = a,1 < j < s}. Recall

7

that each Yatg is sub-Gaussian with mean Z, and variance factor 7'3. The complication
here is that there is a non-trivial dependence of these and the N,,’s through the
proposal probabilities g,s’s. To side-step this dependence, we can use a finite time law

of the iterated logarithm | , ) , | (see theorem 6).

Theorem 6. (Finite Time Law of the Iterated Logarithm [ ; , ,
1) Let X1, X, ... be a sequence of iid sub-Gaussian random variables with mean

w and variance factor 7. For each ¢ € (0,1), we have

2
—ul > \/2'07T log (?(1 + log, 5)2)> < 0. (5.13)
s

1 S
P (35 > 1,'2&
S =1

We apply theorem 6 to bound the deviations of Zas, for all possible values of N,

-2

between 1 and s. Choosing 6 = 2577, we have

20772 /2 2.0772 o
\/ Na:a (5(1 + log, Na3)2> < J NTa <2 log s + 2 gs) =04 (5.14)

as log 2
Hence,
P(|Zas — Zal > 0as) (5.15)
<P (Hl, 1<I<s: Hzl:yatg —Z.| > \/2 olm% <§<1 HOng)Q))
=1
<d=2s5" (5.16)

Using a union bound,

P(Bf) < EK: Et: — Zy| > 04s) < i Et: O(Kt™). (5.17)

l\.‘:\w
w\r*

To bound P(Cf|B;), note that conditioned on B, we have, for £ < s <t and each

t Z, Z,t

¢ ¢
as Z as 2 - 2 at- 5].8
; q Sz:t 4 ; b Zp 4 205 2 >u(Zy + 2cmy\/log t) Pt (5.18)
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Theorem 7. (Azuma—Hoeffding Inequality [ , 1). Let Dy,Ds,... be a
martingale difference sequence, and suppose that |Dg| < by almost surely for all k > 1.

Then for all n > 0,P(| >, D;| > €) < 2exp <—262b2
i=1"1

We can write Ny = '_, W,, where W,,|F, ~ Bernoulli(q,s) and F, is the

information filtration up to iteration s. Since (Wes — qas)32; is a martingale difference

sequence, the Azuma-Hoeffding Inequality | , ] (see theorem 7) gives:
1 1,
]P)(Nat < Bat’Bt) S ]P)(Nat < 5 Z qas|Bt) S 2eXp <—2tﬁat) . (519)
s=1

A union bound along with e™® < 1/« then shows that P(C¢|B;) < O(Kt 'logt).
Putting everything together, along with a loose bound of E[R;| Bf], E[R:|C{ N By] <
O(logt) (see Appendix 5.9.1), gives the result that E[R;] is dominated by the first
term, which is O(t~2 (logt)1). O

It is worth elaborating on the dependence of (5.12) on 7,’s and Z,’s. Recall
that in general we expect 7, = (’)( «)- Suppose 7, ~ QZ, for some 2 > 0. Then
7a)1/2
(%a Z)a 2a ZTf‘/Q ~ Q3 2(§ z! 7 < Q32K'2. The larger the variance factors (larger

Q2), and the larger the number of arms K, the worse the bound. Another harder

scenario occurs when masses are not uniformly distributed across the arms, and we
have no a priori knowledge of which arm has high mass. That is, suppose Z.x =

ra)1/2
70> 7o = Zoin > 0 for a > 1, and 7, ~ QZyay for all a. Then (% S, Sy ~

Q32 K32 ( "‘d") so the difficulty of the problem is governed by the square root of

In in

the ratio Zyax/Zmm, and there is an extra factor of K due to the higher regret of
searching K arms only to find just one of them has high mass.

In Appendix 5.9.2 we generalise the result to regret defined by a-divergence losses,
obtaining a cumulative pseudo-regret bound of O(t2 (logt)z(2a 1), As a — 1, the

a-divergence reduces to the KL divergence and the regret bounds coincide. When

o =2 and Z is known, the loss is 3 [ X( )2q:(x)dx, which is the variance of the

importance weights.

5.6 Experiments

5.6.1 Daisee on 1D Example

We first demonstrate Daisee on a simple problem, empirically evaluating a number
of forms of the optimism boost. Our sample space is the unit interval [0, 1] and

we partitioned it evenly into 100 subintervals. Our target density m(z) and the
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subproposals g,(x) were such that Y,; has distribution 2aBernoulli(1/100)/101 for
interval @ € {1,...,100}. We made this choice so that Y,; has a large but controllable
variance, so that the resulting problem of adaptation is hard enough for exploration
to be important. 7, are selected to be proportional to the volume of the subspace
(same for all arms), and is tuned to minimise regret, after which we fixed its value
and repeat the experiments. We did not find the regret very sensitive to the values of
T, Figure 5.1b shows that our algorithm successfully recovers an effective proposal.
Figure 5.1c¢ compares the cumulative regret for various possible optimism boosts, each
of which involve an (not shown) constant multiplier that has been optimised as a
hyperparameter. We observe that optimism boosts with an inverse relationship with
N, and slow growth with ¢ work well, and seem to achieve sublinear cumulative regret.
Among different forms of the boost, it can be observed that our defined optimism

boost gives the lowest cumulative regret.

5.6.2 Validation of Theorem 5

In this section, we empirically evaluate the dependency of regret on different parameters,
including the number of arms K, the variance factor 7 and the ratio Z,,4:/Zmin where
Zmae = Maxe{ Z, 05 | and Z,,;, = ming{Z,}X |. Instead of tuning 7 by grid search
as in 5.6.1, we assume it is known and we design the target density accordingly. We
adapt the target density such that when varying each parameter, the other two are
kept fixed. The sample space we consider is the interval (0,1) and we partition the
space into equi-spaced intervals.

Regret bound vs 7: We fix the number of arms K = 10. The unnormalised
density f(r) = (10 4+ 6)1(9<z<0.05) + (10 = §) L (0.05<2<0.1) + 0.11(0.1<x<1), for d ranging
from 0.001 to 8 which results in a range of different variance factor 7 while keeping K
and the ratio Z,4:/Zmin unchanged. It can be seen from Figure 5.2a that bigger 7
leads to larger regret which coincides with our theorem. Intuitively, bigger 7 indicated
larger fluctuations which is harder and leads to larger regret.

Regret bound vs K: We set f(2) = 3K 1(o<z<0.2) + KL02<2<1) and vary K
from 5 to 100. It can observed from Figure 5.2b that larger K leads to larger regret,
as derived from the theorem. This may seem confusing at first, but notice that we
defined the regret to be the second term of the KL in (5.10). What it means is that
we are considering the regret compared to the optimal proposal in each of class with
different K: it is easier to estimate relative masses over a smaller number of subspace
and thus smaller regret for smaller K. However, the overall KL. decreases when K

increases.
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Figure 5.1: Results for 1d example. (a)(b) Target and proposal probabilities at final
iteration, with no optimism boost and with optimism boost y/log(t)/N,; respectively;
(c) Cumulative regret as functions of iteration, averaged over 10 runs for different
forms of optimism of boost (o,). We observe that our chosen o, outperforms the
others; (d) We explore the amount of exploration more systematically by considering
boost of the form o, = (log(t)/N,)" and reporting the final instantaneous regret as
a function of «, averaged over 10 runs. It can be observed that values of e near to 0.5
gave the lowest regret, matching the theory.

Regret bound vs Z,,,./Zmm: In this case, we move some mass in the first
arm equally to the rest of the arms. f(z) = 101g<cp<i/x—6) + 0.111 /K —5<2<1/K) +
101 (f10at(102) <5/ (K —1)) + 0- 11 froat(102)>5/ (kK —1)) Where float indicates the floating part of
the number. Again, the result from 5.2c shows that the result is as expected according
to the theorem. The bigger the ratio, the more variations there is in the target
distributions, and more samples needs to be drawn to account for the uncertainties.

Using separate 7, on each arm: If one knows each 7, on arm a, then the regret
should have a lower bound according to our derivation in (5.12). We illustrate this
on a simple problem where the target unnormalised density is f(z) = 201¢<z<0.25 +
310.925<2<0.5 + 9o 5<2<<0.99 + Lo.gg<r<1 and we set K = 5. The result can be found in

figure 5.2d where with different 7, according to the distribution over each arm leads
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Figure 5.2: (a)-(c) Instantaneous regret versus 7, K and Z,,4./Zmin respectively, while
keeping the other parameters fixed. (d) Cumulative regret versus v/ when using the
same 7 or different 7, for each arm. (e) Sensitivity analysis of cumulative regret on 7
for a single target density.

to better performance. It can also be seen that the cumulative regret grows roughly
linearly with v/¢, meaning our analysis for the regret is quite tight.

Sensitivity analysis on 7: In practice, 7 may not be estimated accurately and
thus requires tuning. We tuned 7 in the same way as in section 5.6.1 where it is chosen
to minimise the regret, and show that the algorithm is robust for small values of 7.
With the same set up as in figure 5.2d, we use the same 7 for all arms and is tuned
via grid search with 10 repetitions, the resulting regret displayed in figure 5.2e verifies

that Daisee is not very sensitive to 7.
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Figure 5.3: Results using HiDaisee. Target densities are plotted in red and the adaptive
proposal probabilities are plotted in blue. (a)-(c): results for HiDaisee at iteration
1000, 10000 and 100000 respectively. It can be seen that HiDaisee stops splitting the
region where the density is relatively high but flat. (d)-(f): results for Daisee with
difference number of partitions K = 5, 10, 20 respectively, at iteration 100000, where
the space has been partitioned into K intervals of equal length.

5.7 Hierarchical Daisee

With a view to improving the efficiency of Daisee, we now extend it by introducing
an approach to refining partition proposals g, in part of the space where g, does
not approximate f well. Since we have a disjoint set of proposals g, on each arm
X,, one approach of adapting the g, is to seek a better partitioning over the space.
A good partitioning should be finely grained in areas where the density is highly
fluctuating, and we consider adapting the partition alongside the subset probabilities
Jat using information from previous the samples. So, whereas Daisee used a set of
fixed partitions, we will now adapt the partition by recursively splitting subsets into
two halves. We refer to this extended approach as HiDaisee (Hierarchical Daisee). We
now describe algorithmic details and show some promising experimental results for
HiDaisee, but leave the theoretical analysis to future work.

For simplicity, we consider a finite rectangle for X', and a hierarchical binary
partition of X whereby each split simply splits a rectangle into two equal rectangles
along one dimension (we simply cycle over the dimensions in the experiments). At

each point of the algorithm the partition consists of rectangular subsets, and we use
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Algorithm 4 HiDaisee (Hierarchical Adaptive Importance Sampling with Exploration-
Exploitation)

1: Input: proposal distribution g(x), unnormalized target distribution f(z), ESS
threshold o € (0, 1), minimum number of samples for splitting node Ny, tree
initialisation T

2: fort=1to T do

3: Set node id to root 7 < 0 and initialise traversal path to be empty P <« ()
i ¢ leaf nodes of T

4: P=PU1

5: r ~ Uniform(0, 1)

6: Qrett = qi%‘qir 1p and 7, indicate left and right children of i

7 if r < gy then i < i, else 7 < 7, end if

8: Draw z; ~ ¢;(x) and compute weight Y;; = f(x1)/gi(x)

9: Update g; for all j € P > Update ¢; for leaf as per (5.8) and all ancestors as

per (5.21)

10: Update ESS; and N; for the leaf node

11: if N; > Ny, and ESS; < aN; then

12: Split the node, updating 7 to include new nodes and calculating the
corresponding ¢; by pushing samples down tree

13: end if

14: end for

uniform subproposals g,(x). In order to learn the tree in an online fashion, HiDaisee
decides whether to split a leaf node or not whenever it is sampled. We want to
avoid oversplitting the tree as larger trees are more expensive to sample from and
require more memory. To control this, we introduce a splitting criterion, such that
whenever a node is chosen, it is split if it passes the splitting criterion. We want to stop
partitioning the subspace if the importance weights obtained from that subspace are
similar to each other, as this indicates little is to be gained by further splitting. To this
end we introduce a splitting criterion based on the effective Sample Size (ESS) | ,

| of the node, a measure of efficiency in importance sampling that indicates the
quality of the proposal. For rectangle X, at iteration ¢, the ESS,; € [1, Ny is defined

as

2
ESS,, = \istitiza o) (5.20)

2
Zlgt:Al:a Yal

where Y,; are the local importance weights as before. Our split criterion is then to

only split when both a) the number of samples at the node exceeds a certain threshold
Niin (set to 10 in our experiments) and b) the ESS of the samples is less that /Ny,

where « is an ESS threshold parameter.
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Though the leaves of the tree form a valid partitioning for Daisee and can thus
be sampled directly, the computational complexity of doing so naively scales as the
number of subsets K and so becomes inefficient as the the tree becomes large. By

storing running estimates for each node 7 in the tree,

dit = Zaeleaves(i) Gat; (521)

where the sum is over the leaves under node i, we can instead traverse down the tree
by recursively choosing the left or right child node until a leaf node is reached. The
computational cost now scales with the depth of the tree (= O(log K)) rather than K.
Putting everything together, we arrive at the complete HiDaisee algorithm as shown
in Algorithm 4, where we will sometimes omit an implicit dependency on ¢ to avoid

clutter.

5.7.1 Experiment Results for HiDaisee

We first demonstrate HiDaisee on a simple example where the target density is
m(x) oc exp(10(x — 1))1,ec0.251) + 0.51¢(0,0.25- Figure 5.3 shows the learned proposals
at the different numbers of iterations, comparing HiDaisee to Daisee. It can be
seen that initially HiDaisee overestimates the region with low density to encourage
exploration. The algorithm stops splitting the region on 0 < x < 0.25 where the
density is relatively high but is flat, whereas it continues to split for the rightmost
region where the density is high and is not flat. A video of the learning evolution is
available at https://www.youtube.com/watch?v=LG5RCBcs4kg.

Figure 5.4a shows a comparison of the KL loss per iteration for HiDaisee and
Daisee for this example. Though the initial performance of HiDaisee is worse than
Daisee, because it initially has K = 1, it quickly catches up and has the best final KL
loss. It takes longer for HiDaisee to converge as it is a harder problem when starting
with K = 1. We also plot the evolution of the number of partitions in Figure 5.4b.
Here it can be seen that the algorithm converges to a fixed partition, which is the
optimal balancing between accuracy and time complexity.

We also applied HiDaisee to the classic 2D banana shaped problem, with density
f(x1,25) o< exp{—0.5(0.032% + (22 + 0.03(z? — 100))?)}. The results are displayed in
Figure 5.5. We see that the region with high density stops splitting when the density
is relatively flat with our ESS splitting criterion. We compare HiDaisee with Parallel
Interacting Markov Adaptive Importance Sampling (PI-MAIS) | , ]

for calculating the marginal likelihood (the normalising constant Z) in Figure 5.5¢,
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https://www.youtube.com/watch?v=LG5RCBcs4kg

which shows that when there are more samples and more complex hierarchies are

constructed, HiDaisee achieves lower squared error.

KL vs lterations number of partitions vs iterations
—— HiDaisee -
----- Daisee with K=5 "
--------- Daisee with K=10 5 1ot
______________ Daisee with K=20 E
10° o
T =
L —— HiDaisee
§ ————— Daisee with K=5
e N R E— Daisee with K=10
1000— 1 7 Daisee with K=20
10° 10t 107 103 10° 10t 107 103 104 10°
iteration iteration
(a) (b)

Figure 5.4: Comparison of Daisee and HiDaisee. (a):KL(w||q;) vs iteration. Conclusion:
Daisee with fixed partition converges to the best proposal within that class, which can
still be far from the true target density. For HiDaisee the KL continues to decrease;
(b): number of partitions vs iterations, which grows sub linearly with our splitting
criterion.

“““““ —— HiDaisee, ESS = 50%
—- HiDaisee, ESS = 90%
HiDaisee, ESS = 95%

--------- HiDaisee, ESS = 95%
----- HiDaisee, ESS = 70%
—— HiDaisee, ESS = 50%
0 PIMAIS

squared error
5

10° 104 108 108 107
iteration

(d) ESS = 50% (e) ESS = 70% (f) ESS = 95%

H
ZE=

Figure 5.5: Banana shaped example, (a):target density; (b): number of partitions
versus number of iterations for different ESS as a percentage of number of samples
; (¢): Comparision of HiDaisee and PI-MAIS in estimating the marginal likelihood
(Z — Z)?, results are averaged over 10 runs; (d)-(f) learned proposal distributions with
difference ESS, showing the partitions.
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5.8 Conclusions

In this work, we have addressed the issue of exploration-exploitation in adaptive
importance sampling, and proposed a novel approach through the lens of multi-armed
bandit problems, borrowing the ideas of upper confidence bounds. We show a cumula-
tive pseudo-regret of O(v/T(logT)1). We extend our method to the hierarchical case,
where the sample space is recursively split in high density regions, and demonstrate
experimentally that our methods give promising performance with little computational
costs. Future work includes the relaxation of the sub-Gaussian assumption , an investi-
gation of lower bounds on the KL regret in the AIS setting, and the theoretical analysis
of (various variants of) HiDaisee. The analysis already introduced is an important
step towards the analysis for HiDaisee, which requires substantial complications and
is left as future work. It would also be interesting to investigate the application of the

ideas we introduced to other adaptive MC methods.

5.9 Appendix

5.9.1 Proof Details of Theorem 5

Note that for any event F, by Jensen’s inequality,

E[R,|E] < ;m log <7TQE [m“’“)mb . (5.22)

Zat + Oat

Bounding E[R;|Cf N By] :

E[R|CEN B <Y molog <7raE lZl’(Z’)Z”“"t)\c; N BtD (5.23)

2
<~ > Elow|Ci N B] (5.24)

2 llogt .
= E ZQ:E CTq Tmyct
2 a
< CZZ”,/logt. (5.26)

Bounding E[R,|Bf] : recall (5.22), we first bound

(5.25)

Zb(th + out)

Oat

E le(th + out) <E

> | By
Zat + Oat

ma\\/[f@ zbj E[(Zy + ow)|By).
(5.27)

rBf] <
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Now

]E[(th + oy )| By] < E[(th + ow)| B, |th — Zy| > o]
+ E[(Zus + 0w)| BY | 2w — Z| < o]

where the second term is bounded by Z, + 2c¢m,y/logt. For the first term, we use

properties of sub-Gaussian distributions:

t
E[(Zy + ou)| By, | 2ot — Zo| > o] <> E[Zy + ow|| Zie — Zb| > ove, Nw =] (5.28)
-1

n Vvl1og t 12 \/lo t
_ Z (Y5 — Z) + Zy+ cmy PN (Y5 —2) > ng (5.29)
j=1 Jj=1

- 1t7-

<

E[W,|W,, > cmp\/logt] + t(Zy, + ctpy/logt), (5.30)

n=1

where W, := % ?:l(Yij — Zp) is also sub Gaussian distributed with zero mean and
T2 . . . . . . . . .

variance proxy -* since it is a linear combination of n sub Gaussian distributed random

variables. For large ¢ the mean of the truncated sub Gaussian E[W,|W,, > c7,v/log ]

is upper bounded by that of a truncated Gaussian:

E[W, W, > emyy/log ] d(cry/Togt)  2¢(cy/logt)

t < =
=1 ®(cryp\/logt) erfc(L‘/f;O@)

o(cmyy/logt) - cy/logt N ¢ logt ta) (5.32)
c2r2logt \/§ 2 ’
exp(——"7—)

< V2em/logt, (5.33)

where ¢(-) and ®(-) are the pdf and cdf of a standard normal distributions and
, | for the
inequality involving erfc above. Hence we have E[(Zy 4 ou)|B¢] < O(ty/logt) and
combinaing (5.22)(5.27)(5.30)(5.33) gives

(5.31)

erfc denotes the complementary error function, we used [

a t
E[R|Bf] <3 mq log(% Tost > (V2emty/logt + Z,) < O(logt). (5.34)
a b

5.9.2 Alpha Loss Family

We can generalise the KL loss to the family of alpha-loss which is associated with

« -divergence for o € R | : |. For any target (unnormalised)

101



density p and proposal ~ ¢, define:

Lolz,q) = —— )<a”(‘”>+(1—a)—<”(:")>a>

a(l —«

where we take the limit for a« = 0, 1. Taking expectation with respect to x yields the

a—divergence between p and ¢:

Lala) = BlLa(z,q)) = Dalrllg) = =2+~ [ (

11—« a ol —a)

()

q(z)

)a g(x)dz

In particular, £1(q) = KL(7||q), Lo(q) = KL(q||7) and when o = 2, this leads to

2
the L, loss: L2(q) = Da(pllq) = 5 L[y (7 — ) q(z)dz. Using Lagrangian gives the
optimal proposal

1
g = (U m(@) gal@)' )" (a3 (5.35)
" L a)y L .
Za (‘fXa W(x)agd(x)l_adx) * Za(ﬂ-a )a
where 7(® := [, 7(2)*gq(x)'"*dz. The optimal loss is therefore L, (¢*) = & + 1 +

—L( 7r( )*. Similarly as in section 5.4, we can use a Monte Carlo estimate for
a(a—1) aa

the intractable optimal ¢*:

o=z ], (C(é)))ag“(x)d”% Ki@ﬂ' (539

Replacing the definition of Y,; with Y, := (f(xl) )a, and refine Za7t+1 as in (5.7),

ga (1)

A E Yau

. o I<t:Aj=a a
1.6. Lgpq1 i= —x

Nori: according to (5.35) we propose

(Za,t+1 + Ua,tﬂ)é

B , (5.37)
Ziil (Zpyt1 + Ub,t+1)é

Gat+1 =
define Z, := Zn(®, this leads to the regret

Rlu) = gy (S mt - () (539

a—l

a

Theorem 8. The (instantaneous) regret for general a-loss for a € (0,2] is upper

L L 1 1 T
bounded by 22 (527,73 ) VS, i (log ) e,
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Recall that with proposal

2 1
(Za,t—i-l + 0a,t+1) @
K 2

b1 (Zbg1 + Obi1)

Zzgt:Al:a Yai

Na,t+1

picked up until tlme t,and Yy, := (gf ((xxl)))a, we would like to bound the expectation of

regret R(q:) = a(a 07 (Z Gor “Zo — (X, Za )™ > where Z, = [, (ga w)> ga(z)dz.

(5.40)

Gai+1 =

QI+~

lot

where o, = c7, Za PIRIRES , Ny is the number of times arm a has been

Proof. We follow the same proof structure as in Theorem 5. Recall

N t
Bi: = {|Zus — Zus| < 0 V1 <a<K, M <s<t) (5.41)
Ct::{Nat>BatV1§a§K}, (542)
1
and we re-define 5, := t2¢ +. The expected reward at time t therefore
4(Za(za+207a\/10?)a

can be written as:

E[R;] = E[R,|B; N Cy|P(B; N Cy) + E[Ry| B, N C{P(By N Cf) + E[Ry| BY|P(By).

(5.43)
For the first term in (5.43), we have
E[R;|B; N Cy|P(Cy| B))P(B;) < E[Ry|Nut > ButVa, Byl (5.44)
1 =y (5]
< E e — — >z (5.45)
Za(a—1) (Za(Za+20-at)é)l a

1
=——F
Za(a—1)

(57 (pent) - (24))

We apply Taylor’s expansion twice to functions h(z) = 2= and h(z) = 227! to get

2 1 a—1
72204& 10'at+0(0'2t)> (548)

a7y

<Z(Za + 2aat)i>a_1 = <Z(Z

a a

_ (z zai)al mELe (z zai)ag (z zé‘loat) 1 O2),  (549)
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hence

(546) = — L g | A

Za(a — 1) <Z Za(i)al (Z Zé‘laat> + O(agt)} (5.50)

< (ZZ ) (Zrazai_l\/%> +(9< IZit) (5.51)

2 1y | 4logt Sy (Za + 207ay/I0g )=
ZCQ (Z Za> Z Z 1\J 081 ¥q +1 cTay/log?) + lower order term
a a

tZs
(5.52)
A 1 a—1 1 ;
m ZZGO‘ ZTQ 2 |logt ZZa +Z 207,) logt
« a a
(5.53)
+ lower order term (5.54)
232t 1 y
= 2CZ\/‘ (Z T3 ) ,/Z . (log )22V + lower order term.
Q a
(5.55)

We proceed by bounding the probability P(Cy|B;). Conditioning on B; and for

any 5 < s <t, we have

by definition of B, (5.56)

1
Gas > > 12 :
o oI+l 23 .(Zy + 2c1,/logt) =

=204 since s <t and Ny > 1
(5.57)

1
= P(Nuy < But|Br) <P (Nat < = ans|Bt> < 2exp ( 5 gt) by lemma 7.
s=1
(5.58)

Hence for the second term of (5.43), we have
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E[Ri| B, N C{JP(CS|B)P(By)

2 2(a — 1) 1\ 1 ) .
B N R

1
-ZWQQ
2t
< Z - (Z z8 > (Z Za ' E[ow|B: N C’ﬂ) Z —5 + lower order term
a

a a at

1\ 2
§4Cbyzwb@}ﬁy%(ZZ§j§fQ@M%+”%“%“ﬁ

Za?

+ lower order term

27t E (log )1 E T, (a7 )? 1 2
< 7 Z Za Z 7 Z Za

+ lower order term.

z
a tzs

The proof of P(By) being small is the same as that in theorem 5. Recall

K t 2K
P(B7) < 30 3 P(|Zas = Zal > 00s) < =~

a=1g¢—1
$=3

Therefore for the third term in (5.43), we have

E[R,| B{IP(B;)
2K

<——F
~ala—1)2t

a a
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(5.59)

(5.60)
(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)




2K

< m ;(cra\/logt)l
< a(a2—K1)Zt ;(cra\/logt)l
< a(az—Kl)Zt ;(cra\/logt)l
< a(az—Kl)Zt %:(CTa\/logt)l
< a(a2—K1)Z %:(CTa logt)
_QKC“ZTa (ZZ)_
ala—1)7

= Z,E

a

(z@at ; aat)i>a1 el -

% 20 (S Bl o) )

a

=g (Z(O(t log 1) ;>

a

=7, (Z%‘l‘“’)((t o )i)> _ _<

a

1
a + lower order term.

Summing over ¢ gives the cumulative regret is dominated by the first term in (5.43)
which is O(t~2 (log )z (za D).
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Chapter 6

Discussion

6.1 Conclusion

Uncertainty quantification remains an important aspect of machine learning, which
can not be fully addressed by deep learning despite its popularity and state-of-the-art
performance on various benchmark tasks. We have focused on probabilistic machine
learning and Bayesian methods which enable calibrated uncertainties to be computed.

We have discussed Bayesian modelling in the first half of the thesis and inference
in the latter half. In particular, we began with the discussion of Gaussian Process,
which is a class of flexible Bayesian non-parametric model. However, its cubic scaling
with respect to the number of observations makes it infeasible for large dataset. From
the weight-space of GP, the function value f(x) can be viewed as the dot product
between ¢ and a feature map ¢(x), where 6 has a Gaussian prior and ¢(z) satisfies
k(xz,a') =< ¢(x),¢(x') > and k is the kernel associated with f. If the kernel is a
product of kernels across different dimensions d = 1,--- , D, the feature map can be
written as the kronecker product of the feature maps in each dimension. This motivated
us to propose the Tucker Gaussian Process, which finds a low-rank approximation of
0 using Tucker decomposition. The feature maps are chosen according to different
applications: 1) for grid structured data, one can compute the features from cholesky
decomposition; 2) for general data with stationary kernel, one can use Fourier feature
maps; 3) in collaborative filtering, one can use the identity feature. When the side
information about users or items are available, TGP has a natural way of incorporating
the side information into the feature map. We have applied the model to regression
problem on spatial data, spatial-temporal data and on the MovieLens recommendation
dataset, which have shown promising results.

In chapter 3, we have proposed a Bayesian optimisation method on combinatorial

space. Bayesian optimisation is a black-box optimiser but can not be naively applied
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to combinatorial space. The idea is to learn a low dimensional representation of the
original input space using a variational auto-encoder. The application we considered
is automatic statistician, in which the goal is to select the kernel in Gaussian Process
models given any dataset. We randomly generate a number of kernel representations
based on compositions (replacement, addition and multiplication) of four base kernels,
we then use a context free grammar to represent each kernel k with a vector of binary
digits. In order to take into consideration of the dataset for which we need to search
for the best kernel, we append to the kernel representation a vector describing the
difference between the Gram matrices of the kernel k and of the base kernels. A
VAE is then used to learn a low dimensional representation, after which Bayesian
optimisation is performed on the continuous low dimensional space to find the best
kernel combination based on some evaluation criterion (we have used test RMSE). We
have shown experimentally that our method outperforms the greedy search algorithm
on a range of datasets. We have also applied our algorithm on a natural scene
understanding example, where the goal is to search for the XML description given
an input image. We have simplified a complicated computer vision problem as an
optimisation problem, and our algorithm is able to produce sensible images.

For the inference part, we have developed Relativistic Hamiltonian Monte Carlo
(RHMC) algorithm in chapter 4, which is a variant of HMC that is more robust to
changes of parameters. The idea is to replace Newton’s kinetic energy with Einstein’s
relativistic kinetic energy. By doing so, the speed of the parameters is upper limited by
the speed of light, which is a tuning parameter. By taking the limit as the temperature
goes to zero, we reach an optimisation algorithm that is closely related to various
optimisation algorithms such as Adam, Adagrad, RMSprop, etc. All of these use
pre-conditioning of the gradients, which adaptively change the stepsize in different
dimensions. Our optimisation algorithm differs in that we have an auxiliary momentum
p that serves as reservoirs of previous gradient computations, thus can integrate and
smooth out gradient signals from previous mini-batches of data. We further extend
our method to a thermostat version, which stabilise momentum fluctuations and
remedy the problem of the unknown noise coming from the stochastic gradients. We
have applied RHMC and its stochastic variants to a range of experiments, including
the banana shaped example, Gaussian mixture models and logistic regression. We
show that they outperformed Newtonian counterparts. Our optimisation algorithm is
competitive compared with Adam on the MNIST dataset.

In chapter 5, we have introduced a new approach in adaptive importance sampling

algorithm called Daisee. It is among the frontier work which considers the exploration
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and exploitation tradeoff in adaptive importance sampling. In particular, we borrow
the idea from multi-armed bandit problem and construct a proposal distribution using
upper confidence bound. We first partition the sample space into subspaces, where
each subspace is viewed as an arm, and the rewards for each arm are related to the
importance weights obtained from that subspace. We prove theoretically that our
proposed algorithm Daisee has a sub-linear growth of cumulative regret, where the
regret is based on the KL divergence between the target and the proposal distributions.
We also extended our method to the hierarchical case (HiDaisee), where instead of
fixing the partition, a better partitioning is constructed by finely graining the area
with highly fluctuated density. We have demonstrated sets of experiments to verify
our theoretical results for the non hierarchical case, and showed promising results on

the hierarchical case with a challenging banana shaped example.

6.2 Future Work

Our research in this thesis opens the doors to many interesting research directions.

We will outline a few of these below.

6.2.1 Adaptive MCMC

The adaptive importance sampling scheme opens up a new array of research that can
be extended and studied in other MCMC algorithms. In particular, we investigated
the importance sampling from the exploration-exploitation trade off perspective and
viewed it as an online learning problem that is closely related to reinforcement learning.
The theoretical results showed that the pseudo regret grows sub-linearly with time,
which is further tested in the experiment section. It is interesting to study similar
results for other elaborate MCMC schemes which can improve the convergence of the
Markov chains in inference and can be applied widely in a range of applications, from

deep learning to traditional statistical learning problems.

6.2.2 Transfer Learning

The SVO model we have discussed in chapter 3 can be further extended in the context
of transfer learning | , , , |. Suppose one is
interested in choosing the optimal kernel for a dataset, and he has some knowledge
about similar datasets which have already been studies before. Then he can leverage

the information about which kernels worked well on those previous datasets to build
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the prior distribution to generate all the kernel combinations, before learning the low
dimensional space using VAE. By leveraging previous knowledge, one can learn a
latent space in the space of kernels which are more likely to work well for this dataset,

and makes the optimisation procedure thereafter more efficient.

6.3 Closing Remarks

We believe that the development of artificial intelligence contributes to the research
community and leads to better life for the human being. In particular, the research into
probabilistic machine learning with calibrated uncertainties plays an important role in
making Al reliable and interpretable. There are many interesting unsolved problems
in probabilistic machine learning such as developing efficient and flexible models, and
improving accuracy of approximate inference. It is our mission to continue working
on flexible modelling, accurate approximate inference and efficient optimization to

improve the current framework.
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