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1 Introduction

In this paper we shall be concerned with the number Ny(B) of positive integer
solutions to the equation

ol + 2+ 2l =ad + 28 + 28, (1.1)

in a region maxx; < B. Here d will be a fixed positive integer. There are
683+ O(B?) trivial solutions in which x4, x5, 76 are a permutation of z1, xo, 3.
We write tho)(B) for the number of non-trivial solutions, and our task is to
estimate this quantity. When d = 2 it is a simple exercise with the circle
method to show that Ng(B) ~ c¢B* for an appropriate positive constant ¢, so
that the non-trivial solutions dominate the trivial ones. For larger values of d,
it follows from Hua’s inequality [11] that

N4(B) <. B7/?*¢

for any fixed ¢ > 0, and recent work of the second author [8; Theorem 13]
improves this for d > 24 to

2, 2

vd d—1

(Here, and throughout the paper, we shall permit any implied constants to
depend on the degree d.) In the case d = 3 it has been shown by Hooley [9],
and independently by Heath-Brown [7], that

Nd(B) <e BS+9+67 0=

N3(B) <. B¥*¢,

providing that the Hasse-Weil L-functions of certain cubic 3-folds obey the stan-
dard analytic continuation and Riemann Hypotheses. The above results give
highly non-trivial bounds for N4(B), but none the less fail to show whether or
not the diagonal solutions dominate the non-diagonal ones.

We can now state the principal result of this paper.

Theorem For any d > 25 and any € > 0 we have

Nc(lO)(B) <. B3-1/24+e +B5/2+5/2\/3+11/6(d71)+5 +B41/16+5/2\/ﬁ.



In particular we have
0
N (B) = o(BY)

ford > 33.

The equation (1.1) defines a non-singular hypersurface X; C P?, say, and it
would be little trouble to prove the same upper bound for the number of non-
trivial integral points x € Z lying in the intersection X4 N [~ B, B]®, where we
now consider x to be ‘trivial’ if it lies on any plane contained in Xy4. For d > 7,
the hypersurface Xy is of general type, and we have a conjecture of Batyrev and
Manin [1] which in this setting states that any integral points must lie on one
of a finite number of proper subvarieties of X;. Certainly we do not know of
even a single non-trivial solution to (1.1), as soon as d > 7.

For small d, various lower bounds for Ng))(B) are known. Thus it follows

from work of Hooley [10; Theorem 3] that N?EO) (B) > B3. For d = 4 the identity

(232 + 37y)* + (40z — 6y)* + (172 — 63y)*
= (23z — 57y)* + (40x + 6y)* + (17 + 63y)*

which Dickson [3; Vol. II, p. 710] attributes to V.G. Tariste, shows that we
have N, io)(B) > B2. In general, as soon as (1.1) has a non-trivial solution we

may use multiples of it to show that N(EIO)(B) > B. Ford =5 and d = 6 we
have the examples

49° + 75° +107° = 39° + 92° 4+ 100°

and

35 +19% + 226 = 10° + 15° + 23°.
Indeed when d = 5 or d = 6, parametric solutions are known, which provide
infinitely many essentially different solutions. However these are not sufficiently

dense that one can use them to improve on the lower bound N, U(IO) (B) > B.
Our problem can be phrased in various alternative ways. One may set

S(a) = Z e(na)

n<B

and ask about the behaviour of the sixth power mean I ¢(B) = Ny(B), where

1
Id,s(B):/O |S(a)]*da.

Theorem 1 shows that I, (B) is asymptotically 6B for d > 33. There have been
extensive investigations of moments of this type, for general s, for sums analo-
gous to S(a) in which the variable n runs over smooth numbers (see Vaughan
and Wooley [14], for example). This restriction allowed sharper upper bounds
than could be obtained for S(«) itself. However we now see that, at least for



large d, one can establish the optimal estimate for s = 6, and that it is not
necessary to restrict attention to smooth numbers.
One can also interpret these results in terms of the function

r(n) = #{(z1,22,23) € N’ : n = af + 23 + 23},
Our theorem has the following consequence.

Corollary When d > 33 we have

Z r(n)? ~ 6ca®/?,

n<z
with
3
7
For d > 33 there are asymptotically écmfﬂ/d integers n < x which are sums of

three d-th powers, and almost all of these have essentially just one representa-
tion.

c=T(1+ 5)3/F(1 +

The significance of the constant ¢ is that

Zr(n) ~ ca’/d (1.2)

n<zx

for any d > 1. From this it follows immediately that the number of representable
integers n is most {%c—f—o(l)}x?’/d. The problem of lower bounds on the number
of such n is one which has attracted a lot of attention over many years, and
hitherto the best result available for large d was that due to Wooley [16; Theorem
1.3]. This latter result shows that the number of integers n < z representable
as sums of three d-th powers is > 23/479 with § = e~ /17,

Notation. We shall follow common practice in allowing the small positive
quantity € to take different values at different points of the argument.
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2 Preliminaries

Our arguments will require various preliminary results which we gather here. In
stating these, and elsewhere in the paper, we shall write |x| for the Euclidean
length (37 22)/2 of the vector x. Since n will be assumed fixed, this norm is
equivalent to that given by max |z;|. By x < 1 we shall mean that |x| < 1.
We shall require a number of facts from the geometry of numbers, concerning
lattices. We shall be concerned with lattices A C Z™ C R™. If A has dimension



(or rank) 7, we say that A is ‘primitive’ if it has a basis by, ..., b, which can be
extended to a basis of Z™. If there is one basis which can be so extended, then
any basis has such an extension. A necessary and sufficient condition for A to be
primitive is that it should not be properly contained in any other r-dimensional
sublattice of Z".

If by,..., b, is a basis for A we define det(A) to be the r-dimensional volume
of the parallelepiped generated by by, ..., b,. This is independent of the choice
of the basis by, ..., b,. It follows immediately that

det(A) < ] bil- (2.1)
i=1
If A C M are two lattices of the same dimension, then det(A) > det(M).
We define the dual lattice A* to be
N ={xeZ":xy=0Vy e}

Then A* will always be primitive, with dimension n — r. Moreover if A is
primitive, then (A*)* = A, and

det(A*) = det(A).

All these facts are established in Heath-Brown [6; §2], the final assertion being
[6; Lemma 1].

Henceforth, whenever we talk of a lattice, we shall mean a primitive lattice,
unless we explicitly say otherwise. The facts we shall need later are gathered
together in the following lemma.

Lemma 1

(i) For any primitive vector ¢ € Z" the set N = {x € Z" : c.x = 0} is a lattice
of dimension n — 1 and determinant det(A) = |c|.

(ii) Let N C Z" be a lattice of dimension m. Then A has a basis b, ... b(™)
such that if one writes x € N as x = Zj )\jb(j), then

A < x|/ (2.2)

Moreover one has |bM| < ... < |b™)| and

det(A) < ﬁ [bU)| < det(A). (2.3)

Jj=1

(iii) Let N C Z™ be a lattice of dimension m. Then if R > 1, the sphere
|x| < R contains O(R™/det(N) + R™~1) points of A.



(i) If N\ and the basis b® ..., b are as in part (i), then, for any integer
1 <k <m, the lattice

M={xez": xb® = =xb® =0}

has

k k
[T 9| < det(M) < T 9.
j=1 j=1

For the first assertion we merely note that A = M*, where M = (c). Thus M is
a lattice of dimension 1 and determinant |c|.

For statement (ii) we note that Davenport [2; Lemma 5] shows the existence
of a basis b, ... b("™) with the property (2.2), and in the course of the proof
he constructs it in such a way that [b()| < ... < |b("™)|. Moreover, it is shown
[2; (14)] that

[ 169] < det(n),
j=1

which gives (2.3), since the first inequality is merely a restatement of (2.1).

To prove statement (iii) we apply part (ii). This shows that the number of
vectors to be counted is at most the number of m-tuples (A1,...,A;,) € Z™
such that \; < R/|bU)| for every index j. Since [b{)| > 1 this gives us a bound

i R R™ R™
I+ —) < R" 4 ————— < R™!
< j[[l( + |b(J)|) < + IT, 6] < et (A’

as required.

Turning to statement (iv), we first observe that M is a primitive lattice of
dimension n — k, so that (ii) provides a basis ¢V, ..., c®) for the dual lattice
M*, such that

k
[T 1] =< det(M*) = det(M). (2.4)
j=1
However it is clear that b®), ... b®*) ¢ M*, whence

L= D, . .. b®)c(c®, . .. c®) =M

say. Since A was assumed to be primitive, it automatically follows that L is
primitive, and so L = M*. But then we have

k
det(M) = det(M*) < [ 6%
j=1

by (2.1), as required for the upper bound in part (iv). Arguing similarly, we
may also conclude that

A= dWD by = (M P pttD o pm)

)



since L = M*. Thus

m k m
H b <« det(A) < H || H b)|
j=1 j=1 j=k+1

which yields
H bW | <« H lcW)].
Jj=1 Jj=1

We therefore obtain the desired lower bound in part (iv), via (2.4). This com-
pletes the proof of Lemma 1.

We shall also require various results concerning the number of points lying
on algebraic curves and surfaces. We shall take these from the second author’s
recent work [8]. For a hypersurface V in P"~1, defined as the zero locus of an
absolutely irreducible form F(x) € Q[z1, ..., x,], we shall write

S(FvBh?Bn):
{xeZ"\{0}: F(x) =0, hef.(z1,...,2,) =1, |z;] < B;, (1 <i<n)}.

When By = ... = B,, = B we merely write
S(F;By,...,B,) =S(F;B).

Furthermore, let || F|| denote the maximum modulus of the coefficients of F', let
V =DB;...B,, and let
T =max{B;'...B"},

where the maximum is taken over all n-tuples (eq,...,e,) for which the mono-
mial z{* ... 2% occurs in F'(x) with non-zero coefficient. With this notation we

have the following results.
Lemma 2 Let F(x) € Q[z1,...,x,] be a non-zero form of degree D > 1. Then
#S(F;B) <pn, B" '

Lemma 3 Let F(x) € Q[z1,...,x4] be an absolutely irreducible form of degree
D, and let € > 0 be given. Then every point in the set S(F; By, ..., By) lies on
one of at most

—3/2

<e.p (V||F|)e(VP/T)P

curves of degree Op(1), contained in the surface F = 0.

Lemma 4 Let F(x) € Q[z1,...,x,] be an absolutely irreducible form of degree
D > 2, and let € > 0 be given. Then

#S(F; B) <e,p B"7/.



Lemma 5 Let C C P? be an irreducible curve of degree D > 2, not necessarily
defined over the rationals, and assume that By > By > B3 > By > 1. Then C
has

<e,p (B1B3)'/PFe

points x € Z* lying in the region |x;| < B; for 1 <i < 4.

We should emphasise that the implied constants in the above results are inde-
pendent of F'. This fact will be crucial in our arguments.

Lemma 2 is [8; Theorem 1], while Lemma 3 is merely a restatement of [8;
Theorem 14] for the case n = 4. To establish Lemma 4 we note that Theorem
B of Pila [13] yields a bound O p ,,(B"~?*/P+¢) for forms of degree D, while
[8; Theorem 2] yields the stronger bound O, ,,(B"~27¢) when D = 2.

Lemma 5 is just a generalisation of [8; Theorem 5]. We therefore recall the
proof of [8; Lemma 7], the thrust of which is concerned with finding certain
integer vectors y and c¢. These have lengths |y|, |c| < 1, and satisfy y.c # 0.
Moreover the projection of C' along y onto the plane c.x = 0 is an irreducible
plane curve of degree D. An examination of the proof shows that the vector y
can be chosen in such a way that all of the components are non-zero. Therefore
the vector ¢ = (0,0,0, 1) cannot be perpendicular to y, and the projection 7 of
C along y onto the plane x4 = 0 produces an irreducible plane curve 7(C) of
degree D. But then if x € Z*, with |z;| < B;, we have

(y.o)m(x) = yax — 24y € A

as in the proof of [8; Theorem 5], and it suffices to count primitive integer points
z contained in the plane z4 = 0, which lie on the curve 7(C) and in the region
|2:| < |yaxi| + |yizs| < B; for 1 <4 < 4. Since n(C) is irreducible, the form
defining it must contain a monomial of the shape 2§24 with a+b = D. Therefore
an application of [8; Theorem 3], with 7' > B completes the proof of Lemma
5.

3 Singular Hyperplane Sections

It will become clear in Section 5 that we can get sharper results for non-singular
surfaces than we can for singular ones. Our surfaces will arise from repeated
hyperplane sections of the variety

F(x):x‘f+x§+x§—(x§+x§+x§)=0,

and so it will be important to understand when a hyperplane section of this
can be singular. In fact it will be more efficient to take hyperplane sections in
only five variables. Thus we shall study the intersection of F(x) = 0 with the
hyperplane a.x = 0, where a is a primitive integer vector for which ag = 0. If
a1, say, is non-zero, we can eliminate z; from the two equations to produce a
single equation in xo,...,z¢. We shall write F, for the threefold produced by
such an elimination process.



It will be convenient to make a change of variable, writing
=y, (1<i<3) and z;=wy; (4<i<6),
where w is a fixed d-th root of —1. This transforms F(x) into
G(y) = yi +y5 +y5 +y§ +y8 + -
Similarly we shall write
a;=b;, (1<i<3) and a; =w 'b; (4<i<6), (3.1)

so that a.x = b.y Thus we now investigate vectors b for which Gy, is singular.

If Gy, is singular there is a vector y with VG(y) = (d—1)b, so that y¢~* = b;.
Let us write d — 1 = h and b¢ = r;, for convenience. Note that, in view of the
substitution (3.1), we will have r; € Z. We have r; = y? so that we may fix
an h-th root of r; by setting 7“1-1 h yd. We now define an equivalence relation
on the non-zero r; by saying that r; ~ r; if and only if (r;/r;)*/" € Q(¢), where
€ is a primitive h-th root of unity. Since the only primes which ramify in Q(e)
are those dividing h, the relation r; ~ r; implies that r; = rthho, where ¢ € Q
and hg is one of the finite set of integers composed of prime factors of h, each
taken with an exponent between 0 and h — 1.

Since F(y) =0 and ag = bg = 0, we have

5

ng/hzo.

i=1
We group the terms of this relation into equivalence classes, to produce an

equation of the form
> mis!" =0, (3:2)

where the s; are equivalence class representatives and p; € Q(¢). Terms with
r; = 0 are omitted.
We claim that the s;/h are linearly independent over Q(e), so that pu; =0

for each 4. If not, choose a minimal linearly dependent set, s}/h, ceey si/h, say,

and use it to write ,
1= wt/",
i=2

where for each ¢ we have

v; € Q(e), v; #0, ti:sisfl, ti/hg@(a).

For any o € Gal(Q), write

1/h) = y(zg/h

- Ty

o(vit



with v/ € Q(e). Since Vgt;/h ¢ Q, there is a o such that v/, # v5. By subtraction
we then obtain a non-trivial relation

r

S —vti" =0,
i=2
. . . 1/h 1/h
which contradicts the supposed minimality of the set s7’",..., s .
It therefore follows that u; = 0 for each ¢ in (3.2), so that

St =0 (3.3)

€€

for each equivalence class £. In particular, we see that each equivalence class
must have size at least 2, and that the equivalence classes form a partition of
{2,3,4,5,6}. It follows that there are at most 2 equivalence classes. Write each
element g; in the form

a; = elhifi,

where h; and f; are h-th power free, h;|h"~!, and (f;,h) = 1. We shall assume
that f; > 0, but not necessarily that e; or h; is positive. Then

r = bl = 4ad = :ta?Jrl = i(€?+1hifi)hhifi>

and hence all elements r; from the same equivalence class will have the same
value for f;, which we shall call f, say. The relation (3.3) now produces

Z /\ief = O7 (34)

€€

where \; = h;-i/ hsi, for some 2h-th root of unity &;. Thus there are only Og4(1)
admissible sets of coefficients ;.

We proceed to investigate the number of possible vectors a in the region
la] < Y, for which ag = 0. For each equivalence class we will have e; <
(Y/f)Y/". Moreover if #£ = E, say, then E — 1 of the variables determine the
remaining one, by (3.4). Thus (3.4) has O((Y/f)(#~1/") solutions. It follows
that the number of possibilities for a;, for i € £, is

< Y (y/pHEIr <y
<Yy

providing that £ — 1 < h. We shall assume that d > 6, so that this latter
condition holds automatically. Since there are at most 2 equivalence classes it
follows that there are at most O(Y?) possible vectors a in total. We summarise
our conclusion in the following lemma.

Lemma 6 Suppose that d > 6. Then there are O(Y?) primitive vectors a €
75\ {0} in the cube max|a;| <Y for which ag = 0 and Fy is singular.



4 Curves of Small Degree

In this section we shall investigate curves of degree at most three, lying in the
hypersurface F(x) = 0. We shall work over Q, so that we may consider the
hypersurface defined by the form

G(y) =y + v + v +yi + 3 +v5.
Our key tool is the following result.

Lemma 7 Letn > 2 and let f1(2),..., fn(2) be meromorphic functions, which
do not all vanish simultaneously. Suppose that d > (n — 1)2. Then if

Z fi()4=0

holds identically, there must be two functions f;, f; which are proportional to
each other.

This is due to Green [5; §7]. The proof uses Nevanlinna theory. However
for the case in which the functions are polynomials one can give an elementary
treatment following the method of Newman and Slater [12]. (We take this
opportunity to record an apparent misprint in [12]. The proof of the theorem
on page 481 of [12] seems to yield the condition deg R > n — (k* — k), rather
than deg R > n — (k% — k)/2).

Any curve of degree at most 3 is either a curve of genus zero, or is a plane
cubic curve. In the first case the curve can be parameterized by polynomials in
one variable. Since the polynomials can be assumed to have no common factor
over Q they will not vanish simultaneously. In the second case the curve can be
parameterized using the Weierstrass elliptic function P(z). Thus for any such
curve lying in the hypersurface F' = 0 we can produce a set of functions

fi(z) = A;P'(2) + B;P(2) + C;, (1<i<6),

not all proportional, satisfying the equation

ij(z)d =0

identically. Moreover, we must have

Ay ... A
rank Bl [N BG = 3,

Cy ... G
since otherwise the vector (f1(z),..., fe(z)) would run over a line, rather than
a cubic curve. It follows that there exist i < j < k for which the matrix

A A A

B, B; B

C; C; Cy

10



is non-singular. Thus the simultaneous equations
fz(Zo) = Aipl(zo) + BiP(Zo) +C; =0
filzo) = A;P'(20) + BjP(20) +Cj = 0
fi(z0) = AxP'(20) + BP(20) + Cx = 0

have no solution. It follows that there is no zg € C at which f;(2), f;(2), fx(2) all
vanish. We therefore deduce that any curve of degree at most 3 is parameterized
by meromorphic functions which never vanish simultaneously.

We may now apply Lemma 7 to our situation. Suppose that d > 25. Then
for any C of degree at most 3, lying in the hypersurface F(x) = 0, we can
produce a set of non-zero functions fi,..., f, with 2 < n < 6 such that the f;
never vanish simultaneously and are not all constant, and such that

n
> fi=0
j=1

Since d > 25 > (n — 1), Lemma 7 shows that two of the terms must be
proportional.

We now define an equivalence relation by taking ¢ ~ j if f; and f; are
proportional. Repeated application of Lemma 7 then shows that the sum of the
terms from each equivalence class must vanish. If any equivalence class has size
3 we deduce that, in terms of the original variables, all relevant points on C'
satisfy a pair of trinomial equations of the form

a:? + m;»l = xz.
Here we recall that only solutions of (1.1) in positive integers are to be consid-
ered. Wiles’ proof [15] of Fermat’s Theorem shows that one variable from each
such equation must be zero, and we then see that only the trivial solutions of
(1.1) can arise in this way.

If no equivalence class has size 3 we see that there are indices i < j such
that all relevant points on C satisfy either z¢ —|—.Z‘;—i =0 (ifi,j <3ori,j>4)or
af = x4 (if i <3 < j). Any point x with z; € N, as required for our theorem,
must therefore lie on one of the hyperplanes xz; = z; for i < 3 < j. Taking
i = 3,7 = 6 for the sake of argument, we have therefore to consider solutions in
positive integers of the equation

x‘f—&—x%zmi—f—x?.

This has been studied by a number of authors, but for our purposes an old result
given by Greaves [4] suffices. This states that, for d > 4, there are O, (B!/6+¢)
non-trivial solutions of height at most B. Since there are O(B) choices for the
remaining variables x3 = g, we see that points lying on curves of degree at most
3 can contribute O.(B'7/6+¢) to N(go) (B). We state this formally as follows.

Lemma 8 Letd > 25. Then for any e > 0, the contribution to N(go)(B) arising
from points which lie on curves of degree at most 3, contained in the hypersurface

(1.1), is O-(B'7/6+¢),

11



5 Proof of the Theorem

We remark at the outset of the proof that it is sufficient to count primitive
integer points. In general, if we know there are O(B?) primitive points, for
some constant ¢ > 1, there will be O(Y_,, . 5(B/n)?) = O(B?) points in total.

For any vector x = (r1,...,2¢) € Z5 we shall write X = (21,...,75). Thus
if x is a primitive solution of F'(x) = 0 then x must be non-zero, and will also
be primitive. Then the lattice {y € Z° : X.y = 0} has dimension 4. Moreover it
is primitive and has determinant

%] < x| < B,

by part (i) of Lemma 1. According to Lemma 1, part (ii), there is a basis
vy, y@ of the lattice, for which

lyWp <. < yW)

and '
[Tv9 < x| < B.

We do not claim that the basis y(, ..., y* is unique, but we fix such a basis
for each x. We then define S(y™), y(2)) to be the set of vectors x for which the
first two basis vectors are y(1), y(2). We divide the available range for the |y(?)|
into dyadic intervals Y; < |[y(®| < 2V;, so that

1Y <...<Y; and "1YLRY3Y, <« B. (5.1)
It therefore follows that
Yoy « Blath/4) (5.2)

whenever b < 3a. We will find it notationally convenient to write y(!) = a and
y® = b. Our overall strategy is to count points in S(a,b), all of which lie in
the intersection
F(x)=ax=bx=0.

We henceforth let F, denote the threefold F'(x) = a.x = 0, and let F, p denote
the corresponding surface given above. Our estimates for #5(a, b) will depend
on whether Fj 1, is non-singular, or is irreducible but singular, or is reducible.

We begin by considering those vectors x for which Fj, 1, is irreducible, and
shall use the fact that for each point on the surface the vector x lies in the
3-dimensional lattice

M={weZ’:aw=b.w=0}.
According to part (iv) of Lemma 1, the determinant of M satisfies
Y1V, < det(M) <« Y1Y5.

Moreover there will be a basis u™, u®, u® of M satisfying part (ii) of Lemma
1. In particular (2.3) takes the shape

YYs < |u(1)||u(2)”u(3)| < 1Y,

12



and if X € M has |z;| < B, then (2.2) implies that
% = Au® + u® 4+ Au® (5.3)

with '
i < B/lu?|=B; (i=1,2,3). (5.4)

Here, B; > By > B3 > B'Y? since [u®)| < 1Yy < BY? by (5.2). As
before, we do not claim that a and b determine u™, u®, u® uniquely, but we
associate a particular choice of these vectors to every pair a, b.
We observe that under the substitution (5.3), Fap is given by an equation
of the shape
FO, A2, A3) + 2 =0, (5.5)

where f is an appropriate ternary form of degree d defined over Q. In order to
count points on Fj 1, we shall use Lemma 3 to reduce the analysis to that of
a small number of curves within the surface. First we note via (5.4) and (5.5)
that we can take 7= B? in the statement of Lemma 3. Moreover we have

B3 B3
O O a®] < Vi

B1ByBs <

and log || Fa bl < log B. Thus Lemma 3 shows that the number of curves needed

1S
B3/\/ﬁ+5

(ylyz)l/\/ﬁ'

Moreover Lemma 5, in conjunction with (5.4), shows that each irreducible curve
of degree § < 1 contributes

<. (5.6)

<. B+ pL/S _ p2/dte|y(2)-1/5 (5.7)

It will be necessary to gain a saving from the factor [u®|=/% in (5.7), by
showing that u® cannot be too small on average. Suppose that

Cj < ‘ll(j)| < 2Cj7
so that in particular 1 < C; € Co < C3 and Y1Ys < C1C5C3 < V1Y, Let
N(Y1,Y5,Ch) = #{a,b: Y, < |a| <2V, Y5 < |b| < 2Y5, Oy < [u?| < 205}

In order to estimate N(Y7,Y3,Cy) we use the fact that both a and b belong to
the 4-dimensional lattice

L={weZ:wu? =0}.

By part (i) of Lemma 1, the determinant of L has order of magnitude Cs.
Moreover part (iii) of Lemma 1 then shows that there can be at most O(Y3!/Cs)
values of b lying in L, since Cy < (Y1Y5)'/? < Y. Similarly we conclude that

13



there are O(Y{/Cy + Y;?) values of a lying in L. Summing up over the O(C3)
values of u®, we therefore deduce that

N(Y1,Ys,Cy) < Cy(Y4/Cy + Y)Y (5.8)
Alternatively we may of course use the trivial bound
N (Y1, Y, Cy) < (Y1Y5)®. (5.9)

We use the first of these estimates when Cy < B!/® and the second when

Cy > BY/S. Then (5.1) implies that Y < B3, whence (5.2) leads to

B2/5+602_1/§N(Y1’)/2,02)
< BWSte[(vY,)4BY2 4 YAYEBY3 1 (V1Ys)?)
< Bt (y,Y,)3B. (5.10)

We now split our consideration of the case in which Fj, p, is irreducible into
two further sub-cases, starting with the sub-case in which Fj j is non-singular.
Here we begin by examining curves of degree < d — 2 contained in the surface.
For each relevant pair a, b the number of these is bounded in terms of d alone
by a result of Colliot-Théléne [8; Appendix]. Moreover points that lie on curves
of degree at most 3 have already been dealt with in Lemma 8. Thus the total
contribution to NV, G(lo)(B) arising from curves with degree 6 < d — 2, and

Vi <l|a|<2Y1, Yz <[b[<2Y;
is given by (5.10) with & > 4. This produces a satisfactory overall estimate
<. B31/24+e

by (5.1) On the other hand, for curves of degree § > d — 1 we have the bound
(5.6) for the number of curves corresponding to a particular pair a,b. Thus
(5.10) easily leads to the overall contribution

<. B5/2+5/2Vd+11/6(d—1)+e

from this case. Summing the C; over dyadic ranges, we therefore complete the
estimation of the number of points lying on non-singular surfaces Fj p.

The next case we shall consider is that in which F, is non-singular, but Fj 1
is singular and irreducible. To produce a convenient model for the threefold Fy
we shall suppose that a; # 0, say. We may then eliminate x; via the equation
a.x = 0, to produce a model

fa(z2, 23,24, 75) + af2d =0

for F,. Clearly the non-singularity of Fj, entails the non-singularity of the
surface fa = 0. In particular there exists a non-zero dual form

fa(t) € Q[tlatQat3at4]7

14



which vanishes whenever the plane section f,(X) = t.X = 0 produces a singular
curve. Furthermore, fa is irreducible and has degree 2 < § < 1.

We can also use the relation a.x = 0 to eliminate z; from the equation
b.x = 0. In this way we find that F, p will have a model

d_d
fa(ma, 3, x4, T5) + afxg = coxay + cr3x3 + cay + c5x5 = 0,

where
cj =aib; —ajby for j=2,3,4,5.

It is now clear that Fj, p, is singular if and only if the intersection
fa(za, 3,24, 25) = coxa + cx323 + c424 + c525 =0
is singular, and this holds if and only if fa(c) = 0. We now set

g(b) = fa(albg — agbl, e ,a1b5 — a5b1),

and consider points b lying on the threefold g(b) = 0. Since g(0, bz, b3, b4, bs)
is irreducible of degree & we conclude that g(b) is also irreducible with degree
6. Thus we may apply Lemma 4 to deduce that for each a there are at most
OE(Y;O/ 3+E) vectors b which lead to singular F, . This leads to the overall

bound OE(Y15Y21O/ 7€) for the number of pairs a, b for which Fj is non-singular
and F,  is singular.

We are now ready to return to the bound (5.6) for the number of curves
that we must examine for a given pair a,b. In view of Lemma 8 we need
only consider curves of degree 6 > 4, and according to (5.7) these contribute
O(BY?*2|u®|~1/4) each. As before we shall need to estimate the analogue of
N(Y1,Ys, Cs) for the current situation. We therefore write N’ (Y7, Ya, Co) for the
number of pairs of vectors a, b counted by the original function N(Y7,Ys, Cs),
with the property that F, is non-singular and Fj p, is singular. Such pairs then
contribute

BB/\/E

1/24e~—1/4 771
7(}/1}/2)1%3 Cy VAN (Y1, Ya, C) (5.11)

<e

to N(go)(B). We have shown above that (5.9) may be replaced by
N/(Y17 }/27 02) <<E Y15}/210/3+E'

On the other hand, if we specify u(® then there are O(Y;*/Cy + Y;?) choices
for a. To count the number of available vectors b we use the equations g(b) =
b.u® = 0 to eliminate one of the variables b5, say, producing a condition
G(by,ba,b3,by) = 0. The form G cannot vanish identically since g(t) is not
divisible by the linear form t.u(®. We are therefore in a position to apply
Lemma 2, which shows that we have O(Y3’) vectors b, once u(® and a have
been chosen. This leads to the alternative bound

N/(}/la }/27 02) < 03(5/14/02 + YIB)YQS’
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which we use as a substitute for (5.8). We now proceed as before, using the first
estimate for N'(Y7,Ys,Cy) when Cy > B'Y/'? and the second otherwise. These
bounds produce

02_1/4N/(Y1,Y2,C2) <. (Y12Y21/3+er1/48 +Y1B5/16 +B19/48)(Y1Y2)3’
so that the estimate (5.11) becomes

BS/\/E
(Y1Ys)1/Vd
<. BA1/16+5/2Vd

<. B1/2+5(Y12Y21/3+6371/48 _|_YlB5/16 + 319/48)(1/15/2)3

in view of (5.2). This is satisfactory for our theorem.

We have now completely disposed of the cases in which either Fj,  is non-
singular, or F, is non-singular and Fj 1, is singular but irreducible. We turn
now to the case in which Fj is singular, and F,p is singular but irreducible.
According to Lemma 6 there are at most O(Y;?) possible vectors a, for each of
the O(Yy) choices for b. Taking the lower bound Y1Y5 > 1 in (5.6), together
with the lower bound D > 4 in Lemma 5, we deduce that each surface Fj
contributes O, (B/2+3/ Vi+e ) points, apart from any that lie on curves of degree
at most 3. Thus we obtain the overall contribution

<. BO/4+3/Vd+e

since Y2Yy < B7/* by (5.2). This is also satisfactory, since d > 25 and the
points on curves of degree at most 3 are catered for by Lemma 8.

Finally we must handle the situation in which Fj y is reducible. In this case
it follows that we can write

F(x) = (ax)R(x) + (b.x)S(x) + U(x)V(x)

for appropriate forms R, .S,U,V. On eliminating one variable via the equation
a.x = 0 we can think of F, as being given by (b.X)S(x) + U(x)V(x). However
the 5 simultaneous conditions

ax=bx=5x)=Ux)=V(x)=0

in the 6 variables z; necessarily have a non-zero solution, which will be a singular
point of F,. We conclude that if F, is reducible, then F, is singular, and
similarly for Fy,. Thus the only case left to dispose of is that in which both
F, and Fj, are singular, and Lemma 6 shows that this situation can arise for
at most O(Y2Y#) values of a,b. Let G be an irreducible component of F, p, of
degree § < d, and suppose firstly that § < 3. For any rational point x on the
surface G take a rational plane H containing x but not containing the entire
surface G. Then x lies on some irreducible component C of S N H. Moreover
C' is a curve of degree at most 3 and is contained in the original hypersurface
F = 0. Thus x has already been allowed for under Lemma 8. It therefore
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suffices to sum the contribution from the points lying on those components G
for which 6 > 4. Points which lie on lines contained in the surface G can be
neglected, by a further application on Lemma 8. We may therefore apply the
second author’s bound [8; Theorem 6] for the number of non-trivial points on an
irreducible surface. This shows that G contains O, (B®?/27+¢) points not lying
on rational lines in the surface, which therefore leads to an overall contribution

<<E (Y1}/2)2B52/27+€ <<€ B79/27+E

to N ;0)(B). This is clearly satisfactory for our theorem, and completes the
proof.

6 Proof of the Corollary

It remains to establish the corollary. The formula (1.2) is trivial, since the sum

is merely
> ll@—mt—nh,
ma4+nd<z
which one may approximate by the corresponding integral. The sum in the
corollary counts solutions of

d d d d d d
ny +ny +nz=ny+ng+ng <

in positive integers n;. Any solution in which n4, ns, ng are not a permutation of
n1,ng,n3 will be counted by Néo) (2/4), so there will be o(x3/¢) such solutions,
for d > 33. Amongst the trivial solutions, there will be O(x?/¢) in which
n1,ng, n3 are not distinct, whence

Z r(n)2 =6 Z r(n) + 0(13”) = 6ex/? + O(xg/d)’

n<x n<z

as required. For the second assertion in the corollary, we take N(z;d) to be
the number of positive integers n < x which are sums of 3 positive d-th powers,
and N™)(z;d) to be the number of such integers with two or more essentially
distinct representations. Write ro(n) = 1 if n is a sum of 3 positive d-th powers,
and 79(n) = 0 otherwise, so that

N(z;d) = Z?“o(n)'

n<x

With the exception of O(x?/%) integers n < z, we have r(n) > 6 whenever
ro(n) = 1. Hence

6N(z;d) =63 ro(n) < > r(n)+O(@*?) = ca®* + o(a®/4). (6.1)

n<lx n<x
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On the other hand Cauchy’s inequality yields

{D_r)? < N(xsd) Y r(n)?,

n<x n<x

whence
{ca:g/d + 0(953/‘71)}2 < N(z; d){60x3/d + 0(m3/d)}.

It follows that N(z;d) > 2cz®/? + o(23/?). In view of (6.1) we therefore have

N(z;d) ~ gcx?’/ 4. Finally we note that, if n < x has two or more essentially dis-
tinct representations as sums of 3 positive d-th powers, then, with the exception
of O(z*/?) possible integers n, we will have r(n) > 6ro(n). Thus

N®(z;d) < Y (r(n) —6ro(n)) + O(2¥/?)

n<x
1
= {ea® 4 o(z® )} — 6{6%3/(1 + o(z¥ )} + O(a*4)
= o(z%/%).

It follows that almost all integers which are sums of 3 positive d-th powers have
essentially one such representation.
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