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Abstract

This thesis focuses on the construction of finite element numerical ho-
mogenization schemes for both linear and selected fully-nonlinear elliptic

partial differential equations in nondivergence-form.

In the first part of the thesis, we study periodic homogenization problems
of the form A(x/e) : D?*u. = f subject to a homogeneous Dirichlet bound-
ary condition. We provide a qualitative W?2? theory and obtain optimal
gradient and Hessian bounds with correction terms taken into account in
the LP-norm. Consequently, we find that (u.).~o converges strongly in
the W'P-norm to the solution of the corresponding effective problem, and
that the optimal rate for this convergence is O(e). Based on these quanti-
tative homogenization results, we propose and rigorously analyze a finite
element-type numerical homogenization scheme for the approximation of
the solution to the effective problem and the solution u. to the original
problem in the H' and H? Sobolev-norms. We extend the scheme to the
framework of nonuniformly oscillating coefficients and provide a variety

of numerical experiments illustrating the theoretical results.

In the second part of the thesis, we propose and rigorously analyze nu-
merical homogenization schemes for the fully-nonlinear Hamilton—Jacobi—
Bellman (HJB) and HJB-Isaacs (HJBI) equations. More precisely, we are
interested in the approximation of the effective Hamiltonian which deter-
mines the effective equation. Our numerical schemes are based on finite
element approximations for suitable corrector problems arising in the peri-
odic homogenization of these equations. We present a mixed finite element
scheme as well as discontinuous Galerkin and C° interior penalty finite
element approaches. Several numerical experiments accompany the theo-

retical results and illustrate the performance of the numerical schemes.
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Chapter 1

Introduction

This thesis is set within the areas of (periodic) homogenization and numerical ho-
mogenization. In many applications from physics and engineering, such as the study
of composite materials, the underlying mathematical model is described by a partial
differential equation (PDE) involving a fine microstructure. For a small parameter

e > 0, we consider (possibly nonlinear) second-order elliptic PDEs of the form
x 9 :
F (x,—,uE,Vug,D u5> =0 in €2
3

together with a periodicity assumption on the map F = F(z,y,u,p, R) in the y-
variable. We call = the slow variable and y = /¢ the fast variable.

Their accurate computational resolution is very costly as classical numerical
schemes such as finite element methods require a sufficiently fine discretization of
the computational domain €2 to capture the oscillations at the microscale-level. In
(numerical) homogenization, we try to overcome this difficulty by establishing an

effective macroscopic model
Feft (m, up, Vg, D2u0) =0 in

that is computationally cheap to solve with comparatively coarse discretizations. Typ-
ically, the construction of the effective operator F°f relies on the solution of suitable
local problems, which leads to a multiscale approach.

The development of numerical multiscale methods for divergence-form equations
started around 1990 with the development of two of the most popular and effective
approaches called the multiscale finite element method (MsFEM) and the heteroge-
neous multiscale method (HMM). More recently, in the past two decades the method
of Localized Orthogonal Decomposition (LOD) has been developed, which is particu-

larly interesting as it is not restricted to the structural assumptions of scale separation



and periodicity. Today, there is a range of multiscale methods for divergence-form
equations to choose from whereas the research for the nondivergence-form-case is
lagging behind. We briefly explain the contributions of this thesis in the following

paragraphs and provide an overview of the current literature.

1.1 Linear equations in nondivergence-form

In the first part of this thesis we consider the linear prototype problem of a second-

order elliptic equation in nondivergence-form, that is,

n

A (g) : D%u, = Z; ;j (g) 8?jua = f in Q, (1.1)

subject to the homogeneous Dirichlet boundary condition
ue =0 on 0. (1.2)

Here we assume that 2 C R" is a sufficiently regular bounded domain, € > 0 is a small
parameter and that A : R” — R™*" is a symmetric, uniformly elliptic and Y -periodic

matrix-valued function such that
A€ CO R R™™)

for some a € (0,1]. Throughout this thesis, we use the notation
Y == (0,1)" C R"

to denote the unit cell in R™.
The main goal of Part I is to propose and rigorously analyze a finite element
numerical homogenization scheme for (1.1), (1.2) that is based on novel quantitative

homogenization results.

Periodic homogenization

We only discuss the nondivergence-form case and refer the reader interested in the
divergence-form case to the books Allaire [8], Bensoussan, Lions, Papanicolaou [20],
Cioranescu, Donato [30], Tartar [92], and the references therein.

Periodic homogenization is the study of the limiting behavior of the sequence of

solutions (u:)eso to (1.1), (1.2) as the oscillation parameter € tends to zero. It is



well-known that (u.).so converges uniformly on  (that is, in the L>()-norm) to

the solution ug of a constant-coefficient problem

(1.3)

A% D*uy = f in 9,
ug =0 on 09,

which we call the homogenized (or effective) problem; see e.g., Bensoussan, Li-
ons, Papanicolaou [20], Jikov, Kozlov, Oleinik [65]. The effective coefficient A° =
(a?j)lgz‘,jgn € R™" is a constant symmetric positive definite matrix which can be

obtained via integration against an invariant measure m, that is,

A’ = / Am, (1.4)
Y
with m : R™ — R the solution to the periodic problem

{D2 :(Am)=0 inY,

m is Y-periodic, m >0, [, m = 1;

see Avellaneda, Lin [15], Engquist, Souganidis [38]. Equivalently, the effective coeffi-
cient is characterized via corrector functions: For i,j € {1,...,n}, the (i, j)-th entry

a?j € R of A° is the unique value such that the periodic cell problem

A:D*y =aj; —a;; inY,
Xi; is Y-periodic, fy Xij =0

admits a unique periodic solution x;; : R" — R, which we call a corrector function.

Heuristically, one may be tempted to believe that a formal two-scale expansion

argument gives rise to the expansion

& x
ue () ~ up(z) + & Z Xij (g) 0Zuo(x) + higher order terms;
ij=1
see [48], which suggests that ||u. — gl = O(g?). It has just recently been shown
in Guo, Tran, Yu [57] that this claim is incorrect: The optimal rate of convergence of
(ue)e=o to the homogenized solution wug in the L>°-norm is generically only O(e).
We briefly illustrate a formal two-scale asymptotic expansion argument, relying

on an expansion of the form

us(x) = iek (7 (x, g) (1.5)



with functions uy = ug(z,y) being Y-periodic in the y-variable for k > 0. Substituting
(1.5) into the equation [A(y) : D*uc(z)]|,_= = f(v) and comparing coefficients of

powers of € yields the equations

2

order €~ Lyyug =0 ,
order ¢! Lyyuy = —Lgyug ,
order £° o Lyyug = f — Lyyus — Lygug
order 6’“’2, k>3: Lyup=—Lyur_1— Lygup_o,

where Ly, := A(y) : D2, Ly, := 2A(y) : V.V,, and Ly, := A(y) : D It is
quickly seen that ug(z,y) = uo(x) and uy(z,y) = uy(z) are independent of y. The
solvability condition for the equation at order ° yields the homogenized equation
A% : D?*uy = f, and we obtain that wuy(z,y) = > et Xi5(y)0;uo(x) + constant.
At this point one might think that u; can be set to zero. However, the solvability
condition for the equation at order &' yields A% : D*uy = =237, | ¢§'d% up with
certain constants ¢’ = ¢¥'(A) (see (2.20)), which will generally prevent the first-order
term w; from vanishing. Let us emphasize that this formal asymptotic expansion
argument is purely heuristic and neglects the boundary condition, but it provides

some useful intuition.

Chapter 2 contains novel qualitative and quantitative homogenization results from
our papers Capdeboscq, Sprekeler, Siili [29] and Sprekeler, Tran [90], which add to
the results of Guo, Tran, Yu [57] and Kim, Lee [70] on convergence rates. In addition
to a qualitative W%? theory (Section 2.2), the main quantitative results (Sections 2.3
and 2.4) include the L*-bound

||U€ — Ug + 2€Z||Loo(Q) = O(62>,

the WP-bound

2 - ) 2 1+1
U —Ug + 262 — € ZXU (g> D;5uo =0 r),
7,,]21 WLP(Q)
and the W?2P-bound
2 . ) 2 1
U — Uy — € Z Xij <g> ;5o = O(er),
3,j=1 WZ,p(Q)

which hold for any p € (1, 00) under suitable assumptions (see Remark 2.5.1). Here,

z is the solution to a constant-coefficient elliptic problem (see (2.25)). The obtained

4



rates have been numerically demonstrated to be optimal. Let us note that the L>
bound was already shown in Guo, Tran, Yu [57] under stronger assumptions on the
data, and that our main contribution here are the results in the higher-order W1»
and W?2? Sobolev norms.

In particular, we find that u. — ug strongly in W'?(Q) with generically optimal

rate of convergence O(¢), i.e., we have
HUE — U(]le,p(g) = 0(8) (16)

These quantitative homogenization results are extremely useful in the development

of numerical homogenization schemes.

Numerical homogenization

The task of numerical homogenization (Chapter 3) concerns the numerical approx-
imation of the effective coefficient A%, the solution ug to the homogenized problem
(1.3), and the solution wu. to the original problem (1.1), (1.2).

Over the past decades, significant work has been done on periodic homogenization
of elliptic problems in divergence-form; numerical homogenization for nondivergence-
form problems is however less developed. In particular, we did not find finite element
schemes for the numerical homogenization of nondivergence-form problems such as
(1.1), (1.2) in the literature. A finite difference scheme has been considered in Froese,
Oberman [48].

For divergence-form problems, various multiscale finite element methods (Ms-
FEM) have been developed, which have the advantage over classical finite element
methods of providing accurate approximations for very small values of € even for
moderate values of the grid size. For a detailed overview of these methods, we refer
the reader to Efendiev, Hou [36], Efendiev, Wu [37], Hou, Wu [61], and the references
therein.

The numerical method presented in this work has resemblances with the finite
element heterogeneous multiscale method (HMM). The HMM has been introduced in
E, Engquist [34] and has been successfully applied to many multiscale problems. For
an overview of the field of finite element HMM, we refer to the articles [2, 3, 4, 5] by
Abdulle and co-authors, to the review E; Engquist, Li, Ren, Vanden-Eijnden [35], and
the references therein. An a priori error analysis for the fully discrete finite element
HMM for elliptic homogenization problems in divergence-form can be found in the

work Abdulle [1]. Concerning nondivergence-form problems, a finite difference HMM



has recently been used for the numerical homogenization of second-order hyperbolic
nondivergence-form problems in Arjmand, Kreiss [13].

As a third representative of a numerical scheme for divergence-form problems, in
addition to MsFEM and HMM, let us mention the method of Localized Orthogonal
Decomposition (LOD) introduced in Malqvist, Peterseim [76]. As the name suggests,
LOD relies on an orthogonal decomposition of coarse and fine scales, and constitutes
a powerful method even for problems beyond the periodic framework. An overview

of recent developments can be found in the book Malqvist, Peterseim [77].

Let us briefly outline the finite element numerical homogenization scheme intro-
duced in Capdeboscq, Sprekeler, Siili [29], which we present in Chapter 3.

The first step in the development of the proposed numerical homogenization
scheme is the construction of a finite element method to obtain approximations

(ma)nso C H). (Y) to the invariant measure with optimal order convergence rate

lm = ma|[r20vy + hllm — mpl[mey Sh 12}\5 lm = (On + D[ m vy,
Uh h

where M, denotes the finite-dimensional subspace of H;CT(Y) consisting of continuous
Y -periodic piecewise linear functions on the triangulation with zero mean over Y'; see
Theorem 3.2.1.

The second step is to obtain approximations (A9),~o C R™" to the constant
matrix A% see Lemma 3.2.1. To this end, the integrand in (1.4) is replaced by its
continuous piecewise linear interpolant and the invariant measure m is replaced by

the approximation my, i.e.,

AO ::/Ih(Amh),
Y

which can be computed exactly using an appropriate quadrature rule.
The third step is to perform an H*(Q)-conforming (s € {1,2}) finite element

approximation for the problem

A) D2l = f inQ,
up =0 on 0,

on a family of triangulations of the computational domain ), parametrized by a
discretization parameter H > 0, measuring the granularity of the triangulation, to
obtain (uq™)p. a0 C H*(Q) N H(Q) with

<

|t =™ S HI o,

uf — up”|
0 0 H(Q)



where the constant is independent of h; see Lemma 3.2.3. Note that for the sake of
approximating ug, an H'({)-conforming finite element method is sufficient.

The approximation (uf™)ngso C H*(Q) N HY(Q) obtained by this procedure
approximates ug, i.e., the solution to (1.3), with convergence rate

S (h+ H) || fllzs-10),

hH

which can be improved to O(h?+ H) for more regular A; see Theorem 3.2.2, Theorem
3.2.3 and Remark 3.2.3.

Concerning the approximation of u., i.e., the solution to (1.1), (1.2), we show in
Chapter 2 that under certain assumptions on the domain and the right-hand side,
one has that

n
2 2 : ) 2
Us — Uy — & Xij <g> 8ijU0

ij=1

S Ve lluollwze o) + €lluoll ().
H2(Q)

and we show in Section 3.3 how the above estimate, together with a finite element ap-
proximation scheme for the corrector functions, can be used to obtain approximations
to D*u.. Note that in order to approximate u. in the H'(Q)-norm, it is sufficient to
approximate g in the H'(Q)-norm as we have (1.6). However, for an approximation
of D?u, based on the above corrector estimate, we need to approximate ug in the
H?(Q2)-norm.

In Section 3.4, we extend our results to the case of nonuniformly oscillating coef-

ficients, i.e., to problems of the form
A(-,;> :D*u. = f inQ,
€
u; =0 on 0,

where A = A(z,y) : Q@ x R®" — R™™ ig a sufficiently regular symmetric, uniformly

elliptic matrix-valued function that is Y-periodic in y for fixed x € €.

1.2 Nonlinear equations in nondivergence-form

In the second part of this thesis we consider fully-nonlinear homogenization problems
with the nonlinearity being of Hamilton—Jacobi-Bellman (HJB) or more generally of
Hamilton—Jacobi-Bellman-Isaacs (HJBI) type. More precisely, we study the numer-
ical homogenization of problems of the form

u. + F'|x, g, Vu,, DQUE] =0 in Q,

(1.7)
u: =0 on 052,



with 0 C R" being a convex domain in dimension n € {2,3}, a parameter ¢ > 0
considered to be small, and HJB-type nonlinearity

FHJB [l‘,y, Vw,Dzw] ‘= Sup {—A(x,y,a) . D2’U) - b(:z:,y,a) -Vw — f(x,y,a)} )

a€EA

or HJBI-type nonlinearity

FHIBL [:17, y, Vw, Dzw}

= inf sup{—A(w,y,a,ﬁ) . D2w o b(l’,y,OJ,ﬁ) -Vw — f(x>yaaaﬁ)} :
O‘E'ABGB

Here, A, A, B are compact metric spaces and the coefficients A = (aj)1<ij<n,b =
(bi)1<i<n, f are assumed to be Y-periodic in y € R™ with respect to their second
arguments, and satisfy suitable regularity assumptions. Further, we assume that A
is uniformly elliptic and that the coefficients satisfy a generalized Cordes condition,
i.e., that there exist constants A > 0 and § € (0, 1) such that

b1

) 1 1\?
AP+ =+ =< —— (tr(A)+ = | .
n A

Under these assumptions, it is known that the problem (1.7) admits a unique strong
solution u. € H*(Q) N Hy(9); see Smears, Siili [88].
It is well-known (see, e.g., Caffarelli, Souganidis, Wang [25], Evans [39, 40]) that

the viscosity solution u. € C(2) to (1.7) converges uniformly, as € N\, 0, to the

viscosity solution uy € C(2) of the homogenized problem

uo + H(x, Vug, D*ug) = 0 in Q,
ug =0 on 0f),

for some function H :  x R™ x Ry — R, the so-called effective Hamiltonian. The
value of the effective Hamiltonian at a fixed point (x,p, R) € Q x R" x R can

be obtained as the uniform limit of the sequence {—ov”},~¢ as o N\, 0, where the

so-called approximate corrector v% = v?(-;z,p, R) is the solution to the problem

(1.8)

ov’ + F [x,y,p,R—i—D;v”} =0 inyeY,
y — v7(y; x, p, R) is Y-periodic;

see e.g., Alvarez, Bardi [10, 11], Camilli, Marchi [28]. For further homogenization
results we refer to Section 4.3. The main goal of this second part of the thesis is the
efficient numerical approximation of the effective Hamiltonian.

The motivation for studying the fully nonlinear second-order HJB and HJBI equa-

tion comes from stochastic control theory for Markov diffusion processes and we refer

8



the reader to Fleming, Soner [47]. Its study is a mathematically challenging task as
there is no natural variational formulation and solvability has to be considered either
in the sense of viscosity solutions (see Definition 4.3.1 and the user’s guide Crandall,
Ishii, Lions [33] for a comprehensive overview), or in the sense of strong solutions,
i.e., functions admitting weak derivatives up to order two satisfying the equation
pointwise almost everywhere.

The numerical homogenization of HJB/HJBI equations has not been studied a
lot so far. For the case of second-order HJB equations, a finite difference scheme
for the whole space problem has been proposed in Camilli, Marchi [28]. In Finlay,
Oberman [45, 46], the effective Hamiltonian is computed exactly for HJB operators
of certain types and some numerical simulations have been conducted. It seems that
finite element schemes for the numerical homogenization of the problem (1.7) have
not been constructed yet.

Let us note that there is a lot more work in the literature on the numerical
approximation of the effective Hamiltonian arising in the homogenization of first-
order Hamilton—Jacobi equations; see various authors [6, 41, 54, 55, 75, 80, 82, 83].

Our numerical schemes are based on mixed, discontinuous Galerkin, or C° interior
penalty methods for the approximate corrector problems (1.8). The finite element
approximation of periodic HJB/HJBI problems seems to have not been studied so far,
the Dirichlet problem however, has been an active area of research in the past decades;
see Feng, Glowinski, Neilan [43] and Neilan, Salgado, Zhang [78] for a survey on recent
developments. The mixed finite element method presented in this work is a modified
version of the mixed scheme for the Dirichlet problem with coefficients satisfying a
generalized Cordes condition introduced in Gallistl, Siili [51], which allows the use of
H'-conforming finite elements. For further H'-conforming finite element schemes, we
refer to Camilli, Falcone [26], Camilli, Jakobsen [27], Jensen [63], and Jensen, Smears
[64]. The first numerical scheme for HJB equations in the Cordes framework has been
the discontinuous Galerkin finite element method in Smears, Siili [88, 89].

For the case of a HJBI-type nonlinearity, there is only little work in the numerical
analysis literature. The well-posedness and the discontinuous Galerkin (DG) and C°
interior penalty (C°-IP) finite element approximation has only very recently been
discussed in Kawecki, Smears [67, 68|, paving the way to study numerical homoge-
nization on nonsmooth domains in a Cordes framework. Our numerical homogeniza-
tion scheme for Isaacs problems is based on a periodic adaptation of the method in

Kawecki, Smears [67].



Numerical homogenization via mixed FEM for approximate correctors

In Chapter 4, which is a presentation of our paper Gallistl, Sprekeler, Siili [50], we
propose and rigorously analyze a numerical homogenization scheme for HJB equations
based on a mixed finite element approximation of approximate corrector problems.
The first step of the numerical scheme is the mixed finite element approximation
of the solution to (1.8). More generally, we present the method for problems of the
form
sup{—A®: D*u —b*-Vu+cu— f*} =0 inY,

acA (19)
u is Y-periodic,

with uniformly continuous functions a;; = a;i, b;, ¢, f € C(R" x A) and positive zeroth-
order coefficient ¢ > 0. It is assumed that A%, 0%, ¢, f¢ are Y-periodic on R" and
that the coefficients satisfy the Cordes condition, i.e., that there exist constants A > 0
and 0 € (0, 1) such that

N ba? Coz2 1 N & 2
|A |2+|2>l +(>\2) < n+5(tr(A )+T> (1.10)

holds in R™ for all & € A. Under these assumptions, the periodic HIB problem (1.9)
admits a unique strong solution u € ngr(Y); see Section 4.1.2.

The mixed formulation relies on the observation that we seek a pair (w,u) =
(Vu,u) such that

F[(w,u)] :=sup {y* (=A% : Dw —b* - Vu+ cu— f*)} =0,

a€A
Vu—w =0,
(U),U) €X = Wper(Y;Rn) X Hljl)er(Y>7

where v = v*(y) € C(R™ x A) is a suitable positive renormalization function and
we write Wpe(Y') to denote the subspace of functions in H},,(Y) having mean zero

over the unit cell Y. For a chosen M C W, (Y'), the mixed formulation seeks a pair
((w,u),m) € X x M such that for all ((w',u"),m’) € X x M we have

(Fy[(w,w)], La(w', ")) 2y + S((w, w), (w',u)) + (Vm, Vu' — w') 2y = 0,
(Vm/,Vu —w)2(yy = 0.

Here, S : X x X — R is a bilinear form containing stabilization terms and our test
functions are of the form Ly(w',u’) := A/ — V - w’. The discrete mixed formulation

is defined similarly using suitable closed linear subspaces X; € X and M, C M,
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seeking a pair ((wp, un), mp) € Xp, x M), such that for all ((w},,u},), m),) € Xn x M,

we have

<F“/[(wh7 uh)]? L)\<w;u u/h)>L2(Y) + S((wh7 uh)7 (w;w u,h)) + <vmh7 vu/h - w;1>L2(Y) = 07

(Vm;” Vuh — wh>L2(y) =0.

We refer to Section 4.2 for a rigorous a priori and a posteriori analysis of the scheme.

The second step of the approximation scheme is the approximation of the effective
Hamiltonian. To this end, we note that the approximate corrector problem (1.8) is
of the form (1.9) and satisfies the Cordes condition (1.10) with Cordes parameters
A=o\and § =9.

Using the mixed finite element method from the first step, we can obtain
a numerical approximation (wf(-;z,p,R),v7(-;x,p,R)) € M, x X, to the pair
(Voo (-;2,p,R),v7(-;2,p, R)) for any fixed point (z,p,R) € Q x R x R, and

we then define the approximated effective Hamiltonian as

H,p - Q x R" x R™" 5 R, Hyp(z,p, R) = —0/ vp (-2, p, R).

sym

Y
We prove that under suitable assumptions we have the error bound
| Hop(z,p, R) — H(z,p, R)| S (W +0) (1 + |p| + |R])

for some r > 0 and we refer the reader to Sections 4.3.3 and 4.3.4 for a detailed
analysis. Finally, the numerical experiments in Section 4.4 demonstrate the approxi-
mation scheme for the effective Hamiltonian as well as a least-squares scheme for the

resulting effective equation.

Numerical homogenization via DG /C°-IP FEM for approximate correctors

Chapter 5 presents the results of our paper Kawecki, Sprekeler [69], in which we pro-
pose and rigorously analyze a numerical homogenization scheme for HJBI equations
based on a discontinuous Galerkin or C°-IP finite element approximation of approx-
imate corrector problems. The idea of the method is to approximate the effective

Hamiltonian similarly as before via Hf : Q x R" x R?*" — R given by

Sym

Hi (. B) = =0 [ o(5ap. ) (1.11)
Y

with an approximation v%(-;z,p, R) to the approximate corrector v7(-;z,p, R). Al-

though the previous mixed approach can be easily extended to the HJBI framework,

11



we would like to present a different approach by considering DG /C-IP approxima-
tions.
As a first step we look at periodic HJBI cell problems

inf sup {—Aaﬂ - D*u — b . Vu + Pu — faﬁ} =0 inY,
acA BeEB (1.12)

u is Y-periodic,

with similar assumptions as in the HJB case, i.e., uniformly continuous functions
a;; = aj,bi,c,f € C(R* x A x B), a positive zeroth-order coeflicient ¢ > 0 and
AXB pB B foB are Y-periodic on R”. We further assume that the coefficients satisfy
the Cordes condition, i.e., that there exist constants A > 0 and ¢ € (0, 1) such that

af|2 a3 2 af 2
agrz , 10717 () 1 ay .
|A®P|* + ) + 2 —— tr(AY”) + 3

IA

holds in R™ for all (a, ) € A x B. Under these assumptions, the periodic HJBI
problem (1.12) admits a unique strong solution u € HZ, (Y'); see Section 5.1.

We are seeking an approximation to the solution in either the discontinuous
Galerkin finite element space VP or the C°IP finite element space V3, which are

defined by

VE={vr e L*(Y):vr|, €P;VK €T},  Vi=VINH,(Y)

per

for a given p > 2. Here, IP; denotes the space of polynomials of degree at most p
and 7T is a triangulation of the computational domain consistent with periodicity
requirements; see Section 5.1.2. For a chosen s € {0,1}, we consider an abstract

numerical scheme of finding a function uy € V7 such that
CZT(UT, ’UT) =0 Yur € Vjﬁ

with a map a7 : V32 x V37 — R that satisfies some reasonable assumptions. We perform
a rigorous abstract a priori and a posteriori analysis and provide an example of a
family of numerical schemes. In particular, let us point out that the a posteriori
analysis is completely independent of the chosen numerical scheme. The numerical
method that we consider in this chapter is presented in Section 5.1.4 and we refer the
reader to Chapter 5 for detailed results.

The second step of the approximation scheme is the approximation of the effec-
tive Hamiltonian via (1.11), where v% is a discontinuous Galerkin or C°-IP finite
element approximation to the approximate corrector obtained through the first step.

Let us note that the error analysis is a little different from the HJB case as e.g.,

12



we do not have a rate for the uniform convergence of (—ov7),~o to the effective
Hamiltonian and we do not have as nice regularity properties of the approximate cor-
rectors which have previously been guaranteed from the convexity of HJB operators
FHIB — pHIBl o p. R] in the R-variable. We refer the reader to Section 5.2.3 for the
error analysis. Finally, numerical experiments demonstrate the theoretical results for
both the discontinuous Galerkin and the C°-IP method.

13



Part 1

Linear elliptic equations in
nondivergence-form
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Chapter 2

Homogenization of linear
nondivergence-form equations

In this chapter, we study the homogenization of elliptic problems in nondivergence-
form with periodic coefficients. The outline of this chapter is as follows.

We provide the statement of the problem in Section 2.1, i.e., we define sets of
assumptions for the domain, the coefficients and the right-hand side, ensuring well-
posedness of the problem. In Section 2.2 (qualitative homogenization), we introduce
the invariant measure and describe a known procedure for transforming the original
nondivergence-form problem into a divergence-form problem. This is used in combi-
nation with uniform W?2? estimates to carry out the homogenization for the problem
under consideration.

In Section 2.3 (quantitative homogenization), we introduce corrector functions
and obtain several corrector estimates in the W?2? and C'" norms. Corrector esti-
mates are crucial in deriving the optimal convergence rates for the convergence to the
homogenized solution in Section 2.4.

Finally, numerical illustrations demonstrating the optimality of the obtained re-

sults are provided in Section 2.5.

Annotation: Unless stated otherwise, this chapter contains novel results which
have been obtained in Capdeboscq, Sprekeler, Siili [29] and Sprekeler, Tran [90]. The

contribution of Y. Capdeboscq, E. Siili and H. V. Tran was of advisory nature.

2.1 Framework

Throughout this work, we denote the unit cell in R™ by

Y :=(0,1)".
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Let us consider a symmetric matrix-valued function A : R" — RE® with the following

properties:
(i) Regularity: A € C%*(R™;R™*") for some « € (0, 1];
(ii) Periodicity: A is Y-periodic;
(iii) Ellipticity: there are A, A > 0 such that V&, y € R™: M¢|? < A(y)¢ - € < A|E
Note that we can equivalently write
A€ C¥(T™; 8" for some a € (0,1]

with T" := R"/Z" being the n-dimensional flat torus and &% C R™™ the set of
symmetric positive definite n x n matrices.

For a small parameter £ > 0, we are then concerned with linear elliptic problems
of the form

A(;> D%y, = f in 9,

€ (2.1)

u. =0 on 09,
where the triple (€2, A, f) satisfies one of the following sets of assumptions.

Definition 2.1.1 (Sets of assumptions G™?, H™). For m € Ny and p € (1,00), we

define the set of assumptions G™P as

Q C R" is a bounded C*7 domain,~ € (0,1),
(LA f)egm? <«— A€ C(T™8T) for some a € (0,1],
fewmr (@),

and the set of assumptions H™ as

( . .
Q C R" is a bounded convex domain,

A€ 0™ (T 8T) for some a € (0,1],
VA f)eH” <«— 2
( ) 35 € (0,1] : 4 <
(trA)2 " n—1494§
feH™Q).

in R",

\

Before we proceed, let us note that the Cordes condition (dating back to [31]),
i.e., that there exists a constant ¢ € (0, 1] such that

AP Ay) : Ay) 1 )
AP~ (A2 Sn-1+s VR (2.2)
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is a consequence of the uniform ellipticity condition in dimension n = 2. Indeed, let
A € C"(T? 8?%) for some a € (0, 1] with ellipticity constants 0 < A < A such that
A(y)é—‘ : é—‘ € [\ A] for all £,y € R? with |£] # 0. Then, introducing the eigenvalues
Amins Amax : R? = [\, A] given by

(@) = min AWEE ) e AWEE

cer2\{0}  [€]> ger2\{0y  [&>

we find that the Cordes condition (2.2) holds with § = 2 € (0,1] as we have that

2
Amin
AP Nt () L
2 — 5 = 5 < —— < T in R%
(tI'A) ()\max + )\min) (1 + i\min> 1 —+ ﬁ 1 —+ A

Here we have used that tr(A) = Apax + Amin and det(A) = ApaxAmin, as well as the

fact that we can express the Frobenius norm of a symmetric 2 x 2 matrix as

M| = /(ttM)? — 2det(M) VM € R>2

sym*
Therefore, the set of assumptions H™ can be simplified when n = 2.

Remark 2.1.1. When n = 2, the set H™ can be simplified to

Q C R? is a bounded convex domain,
(QAfleH” <= A€ C"(T?82) for some o € (0,1],
fe H H"(Q).

The following theorem asserts well-posedness, i.e., the existence and uniqueness
of strong solutions for the problem (2.1); see [53, 87]. We provide a proof for the case

of convex domains for completeness.

Theorem 2.1.1 ([29, Theorem 2.3] Existence and uniqueness of strong solutions).
Assume either that (2, A, f) € G for some p € (1,00), or that (A, f) € H°
and p = 2. Then, for any ¢ > 0, problem (2.1) admits a unique solution u. €
W2P(Q) N W, P (Q).

Proof. We note that the existence and uniqueness of strong solutions in the case
(2, A, f) € G with p € (1,00) is a standard result from elliptic PDE theory, and
we refer to the classical book Gilbarg, Trudinger [53, Theorem 9.15] and omit the
proof for this case. We now prove the result for the case (2, A, f) € H® and follow
the proof of [87, Theorem 3].
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Let us assume (2, A, f) € H° and fix € > 0. Noting that 2 C R" is a bounded

convex domain, we recall the Miranda—Talenti estimates
ID*0ll 2y < |AV]|z2@),  Ilvllmzie) < ClAV] L2 (2.3)

for v € H*(Q) N H}(Q), where C = C(n,diam(Q2)) > 0 is a constant only depending
on n and diam(f2); see [87]. For simplicity, let us write H := H?(Q) N H}(Q).
Step 1: We introduce the continuous function v : R® — R given by

1) =15 YERY
and note that v € L>(R") is positive, i.e., infgn v > 0. We claim that

b)) o

Indeed, a simple calculation yields that for any v € H, we have

A s <h (4 - o= (o ) i

almost everywhere in © and hence, (2.4) follows from the Cordes condition (2.2) and
the Miranda—Talenti estimate (2.3).
Step 2: We claim that there exists a unique u. € H such that

< VI= 68| Av|l 2 YveH  (24)

L2(Q

a(ue,v) =1(v) Vv e H, (2.5)
where a is the bilinear form

a:Hx H—R, a(u,v) :z/g}’y(é)A(é):D%Av

and l the hneal“ functional
l . H — R l = Y _. ’ A .
’ (U) /Q <€> v

Indeed, the claim follows from the Lax—Milgram theorem as a and [ are bounded and

the bilinear form a is coercive. The latter follows from the fact that (2.4) yields

(7 (_) A <_> . D%y — Av) Av > (1= V1 =30)[|Av]22

9 9

afo,0) = 8ol + |
and hence, by the Miranda—Talenti estimate (2.3),
Wiz @) < alv,v) (2.6)
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for any v € H, where the constant only depends on 4,7 and diam(£2).
Step 3: We deduce from the result of the previous step (2.5) and the surjectivity
of the operator A : H — L?(Q), that

1A= ()

almost everywhere in ). Therefore, as infg» v > 0, we conclude that u. € H is the

unique strong solution to (2.1). O

2.2 Qualitative homogenization: the convergence
result

2.2.1 Transformation into divergence-form

We recall a well-known procedure to transform the problem (2.1) into divergence-

form; see [15, 20]. We use the notation

Woer(Y) = {U € H;er(Y) ; / v = O} :
Y
Let us start by introducing the notion of invariant measure; see [20].

Lemma 2.2.1 (Invariant measure and solvability condition). Let A € C%*(T™;SY)

for some o € (0,1]. Then, there exists a unique solution m : R™ — R to the problem
D?:(Am)=0 inY, m is Y -periodic, / m = 1.
Y

This function m, called the invariant measure corresponding to the coefficient A, is
Hélder continuous (see [22, 23]) and satisfies infgn m > 0. Moreover, for a Y -periodic
function g € L2 _(Y), the adjoint problem

per
A:D*v=g inY, v 18 Y -periodic, / v =0,
Y
admits a (unique) solution v € Wy (Y') if and only if

<g,m)L2(y) =0. (27)

With the invariant measure m at hand, we can easily convert the problem into

divergence-form as follows. We define a matrix-valued function B = (b;;)1<ij<n :

R" — R™" by

bij = 81"0]‘ — 8]'1)1', (1 S Z7] S TL),
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with v; € Wye(Y) denoting the solution to
—Avy; =div(Am) - ¢, inY, vy is Y-periodic, / v =0,
Y

for 1 < [ < n. Since the coefficient A and the invariant measure m are Holder
continuous, so is the matrix-valued function B by elliptic regularity. Further, we

observe that B is skew-symmetric, Y-periodic with zero mean over Y, and that
div(B) = —div(Am) a.e. on R".
Now we define the matrix-valued function
AY = Am + B,
which is again Holder continuous. Then, since
div(AY) =0,
and using the fact that B is skew-symmetric, we obtain

V- (Adiv (g> Vu€> = Adv (g> : D*u, = (Am) <E) : D%y,

that is, we have converted (2.1) into divergence-form:
V. (Adiv <—) Vus) =fm (—) in €,
3 3 (2.8)
U =0 on 0f),

and it is straightforward to check that A% is Y-periodic, Holder continuous on R”

and uniformly elliptic.

Remark 2.2.1. If the coefficient A admits Sobolev reqularity A € WH(Y; R™ ") for
some q > n, then so does the corresponding invariant measure m € Wh4(Y), see

[22, 23], and the coefficient AYY € Wha(Y; R,

2.2.2 Uniform estimates in the W?2?P-norm

The transformation described in the previous section can be used to obtain uniform
W?2P(Q) a priori estimates for the solution of (2.1), which are crucial in deriving

homogenization results.
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Theorem 2.2.1 ([29, Theorem 2.5] Uniform W?P a priori estimates). Assume either
that (Q, A, f) € GO for some p € (1,00), or that (Q, A, f) € H° and p = 2. Then,
for e € (0,1], the solution u. € W?P(Q) N W,*(Q) to (2.1), whose existence and

uniqueness are guaranteed by Theorem 2.1.1, satisfies

||u8||W27P(Q) S ||f||Lz>(Q),
with the constant absorbed into the notation < being independent of €.

Proof. Let us first assume that (Q, A, f) € G" for some p € (1,00). We showed in
the previous section that we can transform problem (2.1) into the divergence-form
problem (2.8), where AYY : R® — R™" is a Y-periodic, Holder continuous, and

uniformly elliptic matrix-valued function satisfying
div(ATY) = 0.
Therefore, we can apply [16, Theorem D] to problem (2.8) to obtain
i < - <
Jucllwesiey < [|Fm (2)]],, g = 15100

with constants independent of €.
Let us now assume that (2, A, f) € H°. The proof of Theorem 2.1.1, more
precisely (2.5) and (2.6), yields the estimate

el 0y S alue, ue) = ue) < vl @ 1F |2 1 Buell 2y S 1 ll2 el

with constants only depending on §,7n,diam(£2) and ||| e ®ny. In particular,

el z2@) S 1 fllz2

with constant independent of ¢. O

2.2.3 The convergence result

This leads to a simple proof of the homogenization theorem for problem (2.1), using
the compactness of the embedding W??(Q2) — W'?(Q) and the fact that we can
rewrite the problem as (2.8).

Theorem 2.2.2 ([29, Theorem 2.6] Homogenization theorem). Assume either that
(Q, A, f) € G° for some p € (1,00), or that (2, A, f) € H® and p = 2. Then the
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solution u. € W2P(Q) "W, (Q) to (2.1) converges weakly in W2P(Q) to the solution

uy € W2P(Q) "W,y P(Q) of the homogenized problem
AO . DZUO = f m Q,
(2.9)

up =0 on 09,

with the effective coefficient A° € R™™ being the constant matrixz given by

A° ::/Am, (2.10)
Y

where m is the invariant measure corresponding to A.

Proof. By Theorem 2.2.1, the reflexivity of W*P(Q) for p € (1,00), the compactness
of the embedding WP (Q) — W1P(Q), and the properties of the trace operator, there
exists a uyg € W2P(Q) N W, 7(Q) such that (for a subsequence, not indicated,)

u, — up  weakly in W??(Q2), and
u, — ug  strongly in WHP(Q).

We can transform (2.1) as in Section 2.2.1 into the divergence-form problem (2.8)
with

AW — Am + B

being Y-periodic, Holder continuous and uniformly elliptic on R™. Recalling that B

is of mean zero over Y, we have
AW <E) R / Am = A"  weakly-* in L®(9).
Y
Since we have that
Vu. — Vuy strongly in LF(Q2),

we can pass to the limit in the weak formulation of (2.8) to obtain that ug € W2P(2)N
WyP(Q) solves (2.9). We conclude the proof by noting that (2.9) admits a unique
strong solution in W2P(Q) N W, P (Q). O

Let us note that the effective coefficient A° from (2.10) can be equivalently char-
acterized via so-called correctors: For i,7 € {1,...,n}, the (¢, j)-th entry a?j € R of

A is the unique value such that the periodic cell problem
A: D2Xij = a?j —a;; inY, Xij is Y-periodic, /YXij =0 (2.11)

admits a unique solution x;; : R®™ — R, called a corrector function. Indeed, this is a

consequence of the solvability condition from Lemma 2.2.1.
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2.3 Quantitative homogenization: corrector esti-
mates

Let us introduce the matrix of corrector functions V' = (x;j)1<ij<n given by (2.11)

and a boundary corrector 6. as the solution to the problem

A (—) . D20, = 0 in Q,
< , (2.12)
0.=-V (g) : D*uy on 09.
Then, defining the function
b = &2 [v (g) . D2ug + 95] , (2.13)

we have that the function u. — ug — ¢. satisfies the problem
A (—) D (ue —ug — ¢.) = —eF° in Q,
€
Ue — Uy — P =0 on 02,

with F* given by

Foe 3 (2) 20 (2) o+ v (2) o]

i7j7k7l:1

If the sequence (F°). is uniformly bounded in a suitable function space, we can

apply uniform estimates to this problem to deduce results of the form
[ue — ug — ¢llx = Ofe)

in a suitable norm || - || x.

2.3.1 Corrector estimate in the W2P-norm

If (F*°). is uniformly bounded in LP(f2), we can apply the uniform W?? estimate to

obtain a convergence result:

Theorem 2.3.1 ([29, Theorem 2.7] W?? corrector estimate I). Assume either that
(Q, A, f) € G*P for some p € (1,00), or that (0, A, f) € H* and p=2. Let € € (0,1]

and assume ug € W4P(Q). Then, we have the bound

Ue — Uy — €2 (V <g> - D%ug + 95)

S 2(Q)- 2.14
ey S ol (214)

23



Proof. First, we note that x;; € C**(R") for any 1 < i,j < nsince A € C%*(T™; SY)
by elliptic regularity theory. Since uy € W*P(f2), the sequence (F*¢). is uniformly
bounded in L?(Q) and we conclude using the uniform W?*? estimate from Theorem
2.2.1 that

[ue — 1o — @cllw2r) S el F [l S elluollwan@),

which yields (2.14) by definition of the function ¢.. O

The following theorem shows that if uy € W4?(Q) NW2>(Q), then we can absorb
the term involving the boundary corrector into the right-hand side at the cost of

powers of €.

Theorem 2.3.2 ([29, Theorem 2.8] W?P corrector estimate IT). Assume either that
(Q, A, f) € G*P for some p € (1,00), or that (0, A, f) € H* and p=2. Let € € (0,1]
and assume ug € WHP(Q) N W2>(Q). Then we have

1
E)10cllwar () S €7 [|uollwasq) + €lluollwar),

and therefore, in view of Theorem 2.3.1, we have

|

Proof. Let n € C2°(R™) be a cut-off function with 0 <n <1,

. 1
Us — Uy — 82V (—) . DQU,OH S Ep HUOHW27°°(Q) -+ ‘€Hu0||W4’P(Q)-
g W?2:P(Q)

. 3 €
n=1 in {xGQ.dlst(x,89)<2}a
n=0 in {zeQ:dist(z,0Q) > ¢},

and let n satisfy

V| +¢|D?n| <= in Q.

o | =

We introduce the function
0. :=0.+nV (—) . D?uy,
€
and verify that it satisfies
. o5 1 1 .
A(—) : D70, = 551+ =52+ 53 In ()
€ €

6 ~
0. =0 on 0f),
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where Sy, Sy and S3 are given by

n

St = Z ;j (E> 3ZXM< )8klu0,

i,5.k,l=1
Sy =2 Z ey (—) <8najxkl ( > akluo + 1 0i Xk < ) aﬂ;z“o) ,
1,7,k,l1=1
Sim 30 (2) (B () o+ 20m v (2) B+ (=) 0o
i,k 1=1

Due to the fact that uy € W*P(Q) N W2>(Q), the boundedness of A and x;; €
W2 (R™), the right-hand side belongs to L?(f2), and we have by Theorem 2.2.1 that

~ 1 1
< Z
8-l ey S S0 0t00 + S laogey + 15l

We bound the terms on the right-hand side separately using the following bounds on
the cut-off:

nll oy + €1Vl Loy + €21 D?ll ooy S .
For S;, we have
1
1S1][Le@) S Inllze @ l[uollwzec @) S €7 [luollwze @)
For S, we obtain similarly that

||52||LP(Q) N ||V77||LP(Q)||U0||W2’°<>(Q) + ||77||L°°(ﬂ)||uo||w4w(n)
1_
Ser Y uollwees () + [[tollwar)-
Finally, for S3, we have that
19| e 0y S 1Dl lluollw2o ) + (IV0llLeoi) + 101l @) lluollwr@)
1_ _
S egr 2Hu0“W2,OO(Q) + € 1HUOHW4,p(Q).

Altogether, we have shown that

l_ J—
< e ?Jluollwz(e + & luollwne)-

€
WZp(Q)

A direct computation, using the bounds on the cut-off, yields the estimate
HUV (—) : D2u H < 610 HUOHWQ,oo(Q) + 871HUOHW4,p(Q)
€ W2:r(Q)
and therefore, using the triangle inequality, we obtain
16 llw2pi@) S er~ HUJOHWZOO(Q) + 5_1||u0||W4,p(Q),

which yields the claim. O]
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Let us remark that W*(Q) — W?>>(Q) for p > 2, i.e., the assumption uy €

WhP(Q) N W2>(Q) is for p > £ a consequence of uy € W*?(Q); in particular, for
dimensions n € {2,3} and p = 2, one can replace the condition uy € W4P(Q) N
W2>(Q) by the sufficient condition uy € H*(Q).

Let us recall that wug is the solution to the elliptic constant-coefficient problem
(2.9). For bounded convex polygonal domains (n = 2), ug € H*(Q) can be ensured
by assuming that f € H*(Q) satisfies certain compatibility conditions at the corners of
the domain. In the case of Poisson’s equation on Q = (0,1)?, a necessary and sufficient
condition for ug € H*(Q) N HY(Q) is that f € H*(Q) and f = 0 at the corners of
Q; see [59]. We note that these conditions are satisfied for functions f € H?*(2) such

that supp(f) € Q; see [56].

2.3.2 Corrector estimate in the C'"”-norm and W1'? rate

If (F*). is uniformly bounded in L(2) for some ¢ > n, we can make use of a uniform

C'" estimate from [15] which we recall below:

Lemma 2.3.1 (Uniform C'" estimate). Let (2, A, f) € G for some q > n. For
e > 0, let u. be the solution to the problem (2.1). Then there ezists v € (0,1] such
that there holds

uellerv @) < CllfllLae
with a constant C' > 0 independent of ¢.

Note that this result holds for C?7 domains and we will discuss the case of non-
smooth domains later. Using Lemma 2.3.1, we obtain a corrector estimate in the

CYY-norm:

Lemma 2.3.2 (C'" corrector estimate). Assume that (2, A, f) € G*1 and uy €
W*4(Q) for some ¢ > n. Then, there exists v € (0, 1] such that we have

|

Proof. Since uy € W44(Q), the sequence (F¢). is uniformly bounded in L?(Q) and

we conclude using the uniform estimate from Lemma 2.3.1 that there exists v € (0, 1]

5 EHUOHW‘laq(Q)- (215)

Us — Uy — €2 <V (g> : D?uq + 95)

oL ()

such that we have
[ue —uo — ellcrvia) S el F¥|lLa@) S €lluollwa,
which yields (2.15) by definition of the function ¢.. O
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We are going to consider the weaker W!P-norm and eliminate the boundary cor-
rector from this estimate. It turns out to be useful to transform the problem (2.12)

into the divergence-form problem

v. (Adiv (g) wg) —0 in 0,
0.

=-V <g> : D*uy on 09,

with a coefficient A4 € C%(T"; R™*") for some a € (0, 1] that is uniformly elliptic,
see Section 2.2.1.
We will then make use of the uniform W estimate from [16] for divergence-form

homogenization problems.

Lemma 2.3.3 (Uniform W7 estimate for divergence-form equations). Let Q C R”
be a bounded C*7 domain. Assume that AY € CO*(T";R™™) for some o € (0,1]
is a uniformly elliptic coefficient, F € LP(Q) and G € W'P(Q) for some p € (1,00).
For e € (0,1], let p. € WHP(Q) be the solution to the problem

V. (Adiv (E> Vps) — V-F inQ,
pe =G on 0f).

Then we have the estimate

lpellwrn) < C (1FllLe@) + 1G lwine)
with a constant C' > 0 independent of ¢.

Note that symmetry of the coefficient is not required in the above result. This
is important as the procedure of transforming nondivergence-form equations into
divergence-form usually yields a nonsymmetric coefficient A4,

We then have the following result on the asymptotic behavior of the boundary

corrector 6. in the W'P-norm:

Lemma 2.3.4 (Boundary corrector W bound). Assume that (0, A, f) € G*? and
ug € WH4(Q) for some ¢ > n. Then, for all p € (1,00), we have that

EN0cllrniy = Oler). (2.16)

Proof. Firstly note that as uy € W49(Q) for some ¢ > n we have uy € W3>(Q).
We further note that, as A € C%*(R";R"") for some a € (0,1], we have V €
C*2(R™; R™") by elliptic regularity theory [53].
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We let n € C°(R") be a cut-off function with the properties 0 < n <1,
n=1 in {xEQ:dist(x,@Q)<g},
n=0 in {zreQ:dist(z,00) >¢c},

and |[Vn| = O(e7!). Note that this implies that
9l oy + € 190l oy = Oe?) (2.17)
for any p € (1,00). We then define the function
0. :=0.+ nVv (g> . D?uq
and note that it is the solution to the problem

V- (Adiv (E) vég) —V-F mQ,
. =0 on 0f),
with FT given by
Fe = AW <g> \Y [T]V (E) ; DQUO} .

Using the uniform W'? estimate from Lemma 2.3.3, we find that for € € (0,1] and

any p € (1,00), we have

6.l < CllFE ey < C [0V (2)  DPuo|
€ WLr(Q)

Therefore, by the triangle inequality, we obtain the estimate

R <CH v(i>:D2 H . 2.18
1O:lwire) < €0V { 2 | ey (2.18)

As we have the bound

v ()], el I () 0w =00

and the asymptotic behavior of the cut-off (2.17), we deduce from (2.18) that there
holds

_ 1
el lwrr) < Ce <||V77||LP(Q) + (5 L 1) ||77||Lp(9)> =0O(er),

which is precisely the claimed bound (2.16). O
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Let us remark that the estimate (2.16) for p = 2 has already been shown in the
context of divergence-form homogenization; see [9, 81]. It is worth noting here that
we only obtain W1? and W?? bounds for the boundary corrector 6., and we do not
study qualitative and quantitative homogenization of (2.12) as in, e.g., [7, 14, 42, 52].

Combining the results of Lemma 2.3.2 and Lemma 2.3.4, we obtain a convergence

rate for the convergence of u. to the homogenized solution ug in the WP-norm.

Theorem 2.3.3 ([90, Theorem 1.5(1)] W'? convergence rate O(g)). Assume that
(Q, A, f) € G and ug € WH(Q) for some q > n. Then, for any p € (1,00), we have

[ue = uol[wrn@) = O(e).
Proof. The result follows from Lemma 2.3.2 and Lemma 2.3.4. [

Convergence rate in H' for nonsmooth domains

We briefly discuss an extension of this result for p = 2 to the case of nonsmooth
domains. To this end, let us consider a triple (Q, 4, f) € H? and assume that uy €
H*(Q) N W2(Q). Recall from Theorem 2.3.1 that

‘ue — ug — &2 (V (E) :D2u0+95>

Noting that the result of Lemma 2.3.3 for p = 2 still holds in this case by standard

arguments, we find that

5||9€||H1(Q) S Ce an (g) . D2U0‘

= O(e).

H(Q)

= 0(Ve)

HY(Q)

analogously to the proof of Lemma 2.3.4 and we obtain the following result:
Theorem 2.3.4 (H! rate for convex domains). Assume that (Q, A, f) € H? and
ug € HH(Q) N W?2>°(Q). Then, we have that

[t — woll () = O(e).

Remark 2.3.1. The result also holds for triples (Q, A, f) € G*% which are chosen
such that ug € H*(Q) N W2>(Q).

2.4 Optimal rates of convergence

In this section we would like to derive the optimal convergence rate for the convergence
of the solution u. to (2.1) to the solution ug of the homogenized problem (2.9) in the
WhP-norm for p € (1,00). The result is for the case of C*7 domains and we discuss

extensions to nonsmooth domains in the end.
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2.4.1 Higher order corrector estimate in the C'!'-norm

As a first step we would like to derive a O(g?) corrector estimate in the C''*-norm.
To this end, we need to introduce some auxiliary functions:

Let us introduce the function z. to be the solution to the problem
A (—) : D%z, =g in Q,
€
z. =0 on 012,

where the right-hand side is defined to be

n

9= 'O (2.19)

jki=1
with the values cfl eR, j,kle{l,...,n}, given by
c?l = c?l(A) = / Aej - Vxim. (2.20)
Y

We further introduce the functions &, 7,k,1 € {1,...,n} to be the solutions to

the periodic problems
A: D =" — Aej - Vxw inY, &y is Y-periodic, / & =0,
Y

Note that the functions ;; are well-defined as by definition (2.20) of c;?l , the right-

hand side integrated against the invariant measure equals zero, i.e., there holds

/ (c?l — Ae;j - kal) m = 0.
Y

We also introduce a corresponding boundary corrector 6 to be the solution to the

following problem:

A(2) D=0 in Q,
€
n . (2.21)
92 = — Z fgkl <g) a?klll/(] on 0f).
Gk l=1
Similarly to the definition of ¢. from (2.13), we then define the function
e = &2 [ 3 u (g) Do + 605 | (2.22)
Gk l=1

We then have the following higher order corrector estimate:

30



Theorem 2.4.1 (Higher order C*” corrector estimate). Assume that (Q, A, f) € G4
and uy € W>4(Q) for some q > n. Then, there exists a v € (0,1] such that for all
p € (1,00), we have that

Hua — Uy + 262. — Qe — 25¢a“01,'/(9) = 0(52)'

Proof. Let w. be the solution to the problem

n

A <E> - D*w, = — Z a;j <g> D X ki (g) 8?klu0 in Q,

i:jzkzlzl
w, =0 on 0f).

Then we have that the function u, — ug — ¢. — 2cw, satisfies the problem

A <—> : D*(ue —ug — ¢ — 2ew.) = —2F5 in Q,
€
Us — Uy — Qe — 26w, =0 on 051,
with F3 given by
5 35 ()
irjkl=1

As ug € W54(Q) for ¢ > n, we have that F§ is uniformly bounded in L%({2) and

hence, by the uniform estimate from Lemma 2.3.1, we find
e — g — ¢ — 2ew. || 1w () < C2||F5 || ey = O(£). (2.23)
We also have that the function w, + z. — v, satisfies the problem
A (g) : D*(w. + 2. — ) = —eF5 in Q,
we + 2. — Y. =0 on 0f),
with F5 given by
F5 = Z a;j <E> [2 0iani (g) 8§jklu0 + e€an <E> 821‘]'161“0} :

di gk, l=1

As ug € W54(Q) for some g > n, we have that F§ is uniformly bounded in L4(Q) and

hence, by the uniform estimate from Lemma 2.3.1, we find

[we + 2o = Vel crv(@) < Cel|F5 | Laie) = O(e). (2:24)
Combining the bounds (2.23) and (2.24), we obtain

[ue — ug + 2e2. — ¢ — 2et)c|cr(q) = O(?),

which is the claimed result. O
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2.4.2 Optimal convergence rate in the W' -norm

Before we state the main result on the optimal W convergence rate, let us introduce

the function z as the solution to the problem
{AO :D*2=¢g in Q,

(2.25)
z=0 on 0,

where ¢ is defined in (2.19). Observe that the function z is precisely the homogenized
solution corresponding to (z.).»o. We note that, assuming uy € W54(Q2) for some
q > n, we have g € W24(Q2) and therefore, we can apply Theorem 2.3.3 to find that
for any p € (1, 00), there holds

“ZE — ZHWLp(Q) = 0(8) (226)
Let us also note that we can transform the problem (2.21) into the divergence-form
problem
v. (Adiv (—) veg) —0 in 0,
€
jki=1

with a coefficient A4 € C%(T™; R™*") for some a € (0, 1] that is uniformly elliptic.
Let us note that since uy € W>(Q) for some ¢ > n and & € C*#(R") for some

B € (0,1] by elliptic regularity theory [53], we can apply Lemma 2.3.3 to find the
bound

n

ell0g lwrny < Ce Y

J,k, =1

Gua () Do) | = 0() (2.27)

boe(©)

for any p € (1, 00).
We then have the following theorem on the optimal rate for the convergence of u.

to the homogenized solution ug in the W'?(Q)-norm:

Theorem 2.4.2 ([90, Theorem 1.5(ii)] W'? estimate and optimal rate). Assume that
(Q,A, f) € G and ug € W5(Q) for some q¢ > n. Then, for all p € (1,00), we have
that

In particular, for all p € (1,00), we have

U — ug + 26z — 2V (—) : D2U0H = (’)(51+%).
3 Wlp(Q)

[ue — UOHWM’(Q) =0(e),

and this rate of convergence O(g) is optimal in general.
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Proof. From Theorem 2.4.1, using the definitions of ¢. and 1. from (2.13) and (2.22),

we have that

Finally, using the rate of convergence of z. to z given by (2.26), and Lemma 2.3.4

= 0(e?). (2.28)
Whoo ()

U — g + 26z, — 2V (—) : D?*uy — €20, — 25392
€

and the estimate (2.27) to bound the boundary correctors, we conclude that

|

for any p € (1, 00). O

Ue — Uy + 26z — 2V (—) : D2u0H = O(EH%)
3 wilr(Q)

Nonsmooth domains

We would like to briefly discuss the case of nonsmooth convex domains. To this
end, let us consider (2, A, f) € H® and assume that the homogenized solution is of
regularity ug € W>4(Q) for some ¢ > n. By the uniform H? estimate from Theorem

2.2.1 and the Sobolev embedding, we have the uniform W1? estimate

uellwir) < Cllucllaz) < Cll fllzz @)

for any p < 2* with constants independent of €. Here, we write 2* := % to denote
the critical Sobolev exponent (with the convention that 2* := oo if n = 2). This
uniform estimate replaces the need for the uniform C'* estimate from Lemma 2.3.1.

Finally, in order to estimate the boundary corrector, we have previously trans-

formed the problem into divergence-form and used that for problems of the form
V. (Adiv (g) Vps) — _V.F imQ,
p: =G on 052,

we have (Lemma 2.3.3) the uniform W' estimate

locllwrri@) < C (1F o) + [Gllwrre)) (2.29)

with a constant C' > 0 independent of ¢, assuming that A € C%*(T"; R™ ") for
some « € (0, 1] is uniformly elliptic and that € is sufficiently smooth.

Now as (2 is merely assumed to be convex, we still have (2.29) for p = 2 by standard
arguments and hence, we find that the result of Theorem 2.4.2 remains true for p = 2
under the assumptions made in this section. Uniform WP estimates for divergence-
form problems for a wider range of values p require a more sophisticated approach.
With a symmetry assumption on A4, uniform WP estimates for divergence-form
problems on Lipschitz domains (recall that bounded convex domains are Lipschitz

[56]) have been obtained in [86] for values of p in a certain range around p = 2.

33



2.4.3 Optimal convergence rate in the L>*-norm

Let us note that an inspection of the proof of Theorem 2.4.2; see (2.28) and (2.26),
yields that

||u€ — Ug + 2€Z||Loo(Q) = O(€2>,

i.e., the optimal rate for the convergence of u. to ug in the L>-norm is O(¢) generically.

This result has first been obtained in [57] under stronger assumptions:

Theorem 2.4.3 (Theorem 1.2 in [57]). Assume that A € C*(T™; 8") and f € C3(Q).
Let u., up and z be the solutions to (2.1), (2.9) and (2.25) respectively. Then we have

lue — ug + 2e2|| Lo () = O(&?).
In particular, with g given by (2.19), the following assertions hold:
(i) If g =0, then ||u. — uo||p=(2) = O(?) and this rate of convergence is optimal.
(ii) If g 0, then ||u. — ug||L=() = O(e) and this rate of convergence is optimal.

Remark 2.4.1. There is a typo in Theorem 1.2 in [57], which uses the opposite sign
for the O(e)-term.

As a consequence of Theorem 2.4.3, we can classify coefficients A € C?(T"; S)
into those that give optimal rate of convergence O(g?), called the c-good coefficients,

and those that give optimal rate of convergence O(¢), called the c-bad coefficients.

Corollary 2.4.1 (c-good and c-bad matrices). Let A € C*(T™;S}). Then, with
{1 <jmi<n given by (2.20), the following assertions hold:

(i) If &H(A) = 0 for all j,k,1 € {1,...,n}, then the situation (i) of Theorem 2.4.3
occurs for any choice of f. We then say that A is c-good.

(i) If c?l(A) # 0 for some j,k,l € {1,...,n}, then there exists an f such that the
situation (i) of Theorem 2.4.3 occurs. We then say that A is c-bad.

It has further been shown in [57, Theorem 1.4] that the set of c-bad matrices is
open and dense in C?(T™;SY) for dimensions n > 2. Therefore, we have generically
that the optimal rate is O(e) in L>(Q).
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An explicit c-bad matrix

For the numerical illustrations we use an explicit c-bad matrix (recall Corollary 2.4.1
for the definition of ¢-bad) and consider a homogenization problem of the form (2.1)

with z Z 0. This is the first direct proof of the existence of a c-bad matrix.

Theorem 2.4.4 ([90, Theorem 1.10] Explicit ¢-bad matrix). The matriz-valued func-
tion A : RZ — R**2 given by

1 1 — L sin(2my) sin(27ys) 0
Ay, y2) = ——— 2 : : 2.30
(y1,92) (Y, v2) ( 0 1+ 3§ sin(2my;) sin(27y,) (2:30)
with m : R? — R defined by
1
m(y1,y2) =1+ Z(cos(?wyl) — 2sin(2myy)) sin(2mys) (2.31)
is c-bad. More precisely, there holds c}' = ¢3* = —ﬁ and c;?l = 0 otherwise.

Before we prove the theorem, we observe the following:

Remark 2.4.2. The function m : R* — R given by (2.31) is the invariant measure
of A: R* = R**? given by (2.30). Further note that the problem (2.1) can then be

transformed into the divergence-form problem
V- (Adiv (—) Vu€> =m (—) fin Q,
3 € (2.32)
u: =0 on 052,
with the matriz-valued function AMY : R™ — R™" given by

ADV(y) o 1 — £ sin(2my;) sin(2mya) 3 cos(2my;) cos(27ys)
yi= —3cos(2my;) cos(2mys) 1+ Lsin(27y)sin(2mys) )

We can check that A is c-bad by explicitly computing the matrix of corrector
functions V' = (xij)1<ij<2 given by (2.11) and computing the values {c}'}1<jri<o
given by (2.20).

Proof of Theorem 2.4.4. The effective coefficient A° € 7 is given by

A° :/YAm: <é 2) (2.33)

and it is a straightforward calculation to check that the matrix of corrector functions

V= (Xij)lgi,j§2 ‘R? — R?*2 ig given by

Viy) = _ sin(2mys) (cos(2myy) 0
) 0 cos(2my) — dsin(2my) )
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Computation of the values c"?l for j, k,l € {1, 2} given by (2.20) yields that

C1 —/manaan

for the values of c!! ¢??, and that

11 22
Cy = / Maggdix11 = 0 = / MadaXa2 = C3
Y Y

1287r / may101X22 = 0%2

for the values of ¢3!, ¢3?. Clearly we have that ¢}’ = 0 for any (j,k,1) € {1,2}* with
i 0

Let us note that the effective coefficient (2.33) is the identity matrix and hence,

the homogenized problem for this c-bad matrix is the Poisson problem

{Auo =f in,

(2.34)
ug =0 on 0.

Further, we have that the function z defined by (2.25) is given as the solution to the
Poisson problem
o,

in €,
1287 (2.35)
z=0 on 0f).

An explicit c-good matrix

Finally, let us note that the factor = in the definition of the ¢-bad matrix (2.30) is

crucial for c-badness. Indeed, removing this factor we obtain a c-good matrix:
Remark 2.4.3. The matriz-valued function A : R? — R?*2 given by

Aly) = 1 — 3 sin(2my;) sin(27y,) 0
y) = 0 1+ £ sin(2my;) sin(27y,)

18 c-good.

Proof. The invariant measure is the constant function m = 1 and hence, the effective

AO:/YA:((l) (1])

It is a straightforward calculation to check that the matrix of corrector functions

coefficient A € §7 is given by

V = (xij)1<ij<2 : R* = R*? is given by

sin(27y, ) sin(27ys) (1 0 )

Viy) = - 1672 0 —1

Computation of the values ¢}’ given by (2.20) yields ¢}' = 0 for all j, k,l € {1,2}. O

36



Note that the effective problem for this c-good matrix is again the Poisson problem

(2.34), i.e., the homogenized solution coincides with the one from the ¢-bad problem.

Generalization

Let us note that the aforementioned c-bad matrix from Theorem 2.4.4 and the c-good
matrix from Remark 2.4.3 fit into a more general framework outlined below.

Let a : R? — (—1,1) and m : R* — (0,00) be Y-periodic functions of the form

a(yi,y2) == filyr +y2) — filyr — v2),
m(y1,y2) == 1+ fa(yr + 42) — fo(yr — o)

for some 1-periodic functions fi, fo € C?*(R) with fol fi(s)ds = fol fo(s)ds = 0. We

then consider the matrix-valued function A : R? — R2*2 given by

1 /f1—a O
A= m ( 0 1+ a) ’
Observe that the function m is the invariant measure corresponding to A and

hence, noting that fy a = 0, the effective coefficient is the identity matrix

o _ (10
A—/YAm—<01.

It is straightforward to check that the matrix of corrector functions V' = (x;)1<ij<2
R? — R2*2 is given by

Fy(y1ty2)—Fy (y1—y2) 0

V(yl’yZ) - < 8 F(y1+y2)—F(y1—y2)> ) =+ 1,
2

where F; € C*(R), i € {1,2}, denotes the unique solution to
1
F'=f; in(0,1), F;is l-periodic, / Fi(s)ds = 0.
0
Finally, we leave it to the reader to show that
1
ol = /(1 — a)dix11 = / / a(yr, y2)Fy(y1 — yo) dyr dyz = / (1 —a)dixa = ¢,
Y o Jo Y
Cél = / (1 + a)82)<11 =0= /(1 + a)agxgg = 032,
Y

Y

and & = 0 for any (j,k,1) € {1,2}? with k # . Therefore, A is c-bad if and only if

1 1
Q= / / a(y1, y2) F3(y1 — y2) dys dyz # 0.
o Jo
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Remark 2.4.4. (i) The c-bad matriz from Theorem 2.4.4 fits into the above frame-
work with f1, fo : R — R given by

Fuls) = —i cos(2ms),  fals) = é (sin(27s) + 2 cos(27s))

for s € R. Indeed, with these choices we have that

aly) = %Siﬂ(%yl) sin(27ys) = filyr +y2) = fi(y1 — v2),
mly) — 1:= ¢ (cos(2mp) — 2sin(2my)) sin(2m) = folon -+ 12) — oo — o)

for any y = (y1,92) € R%. Noting that the function Fy : R — R is given by
Fy(s) := — = (sin(2ms) + 2 cos(2ms)) for s € R, we find that

T 3272

1,1
1
Q= /0 /0 a(yla?JQ)Fz,(yl - yz) dy; dys = —% # 0,

and recover the result from Theorem 2.4.4.

(ii) The c-good matrixz from Remark 2.4.3 fits into the above framework with fo =0
(observe m = 1) and f1 : R — R as in (i). Therefore, noting that fo = 0 implies
Fy, =0, we find that QQ = 0 and recover the result from Remark 2.4.3.

2.5 Numerical illustrations

Finally, we demonstrate through numerical experiments that the obtained rates in the
previously stated results cannot be improved in general. We illustrate the optimality

of the obtained results.

Remark 2.5.1 (L> estimate, gradient estimate and Hessian estimate). In the situ-

ation of Theorem 2.4.2, the following assertions hold.

(i) L™ bound: We have

HUE — Ug + 2€ZHLoo(Q) = O(gz). (236)
(i1) Gradient bound: For all p € (1,00), we have

= 0@"r). (237

Lr(Q)

Vu. — Vuy + 2eVz — ¢ i VX <g> 9 ug

ij=1
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(i1i) Hessian bound: In view of Theorem 2.3.2, for all p € (1,00), there holds

The rate O(g?) in the L>=(Q) estimate (2.36), the rate O(eHi) in the gradient esti-

mate (2.37) and the rate (9(5%) in the Hessian estimate (2.38) are optimal in general.

D?*u, — D*ugy — z": D?yij <g> 8i2juo = 0(5%). (2.38)

1,j=1

Lr(Q)

Let us revisit the bounds in Remark 2.5.1 and note that, for values p > 2, the
gradient bound (2.37) follows from the L* bound (2.36) and the Hessian bound (2.38)

via the Gagliardo—Nirenberg interpolation inequality [79] applied to the function
Ve 1= U — Uy + 262 — 2V <—> . D?up.
€

Indeed, assuming that ||@:]|z=(o) = O(c?) and ||D*p. ||ty = O(e?) for any p €
(1,00), an application of the Gagliardo—Nirenberg inequality yields

1 1 1
196l < € (1%l g DoelEoiay + elim ) = O
for any p > 2. This shows that the optimality of the bounds (2.36)—(2.38) is natural
to expect.
2.5.1 Numerical illustration of the L*> rate

We consider the problem (2.1) with the c-bad coefficient matrix A from Theorem
2.4.4, the domain 2 := (0,1)? and the right-hand side

f:Q—=R, f(r,2s) := 877 sin(27rx,) sin(27xy).
Then, the solution to the homogenized problem (2.34) is given by
ug: Q= R, up(xy, z2) = sin(27ay) sin(27,),

and the solution z to the problem (2.35) is given by

- 1 [cosh(2rz; — 7)
Q=R = —
202 R, 2() 64 < cosh(m)

Figure 2.1 illustrates the estimate (2.36) from Remark 2.5.1, i.e., for several values of

- cos(27rx1)) sin(2my).

g, we plot
Ef oo = |lue — ug + 262 Lo (). (2.39)

We approximate the solution u. to (2.1) with P; finite elements on a fine mesh,
based on the natural variational formulation of the divergence-form problem (2.32).

We observe the rate Ej ., = O(e?) as ¢ tends to zero, as expected from Remark 2.5.1.
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Figure 2.1: blue: Plot of ||u. — ug||r~(q), red: Plot of Ef  (see (2.39)). We observe
[te — || o) = O(e) and Ej = O(g?) as expected from Remark 2.5.1.

2.5.2 Numerical illustration of the W'? and W?2? rates

We consider the problem (2.1) with the c-bad coefficient matrix A from Theorem
2.4.4, the domain 2 := (0,1)? and the right-hand side

f : Q — R, f(l'l,l’g) = —$1(1 — 1’1) — 1'2(1 — 1}2). (240)
Then, the solution of the homogenized problem (2.34) is given by

_ 1
ug : ) — R, U0($1,$2) = 5.’[1(1 — $1)£L‘2(1 — $2). (241)

Figure 2.2 (left) illustrates the estimate (2.37) from Remark 2.5.1, i.e., for several

values of ¢, we plot

ET, = HVuE —Vug+2eVz—¢ z”: VXij (g> afjuo

ij=1

Lr(Q)

for the values p = 2,3,4,5. We approximate the solution u. to (2.1) and the solution
z to (2.35) with P, finite elements on a fine mesh, based on the natural variational
formulation of the divergence-form problems (2.32) and (2.35). We observe the rate

Ei, = O(elJr%) as € tends to zero, as expected from Remark 2.5.1.
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Figure 2.2: Illustration of the optimality of the gradient bound Ef , = O(eH%) (left)
and the Hessian bound Ej , = (’)(5%) (right) for p = 2,3,4,5.

Figure 2.2 (right) illustrates the estimate (2.38) from Remark 2.5.1, i.e., for several

values of ¢, we plot

E;, = HDQU& — D*ug — Z DQXU <g> (?i?juo

t,j=1

Lr(Q)

for the values p = 2,3,4,5. We approximate the solution u. to (2.1) with an H? con-
forming finite element method on a fine mesh, using the HCT element in FreeFem++
[58].  We multiply the equation (2.1) by the invariant measure and use the varia-
tional formulation from the framework of linear nondivergence-form equations with
coefficients satisfying the Cordes condition (see (2.5)): The solution u. to (2.1) is the
unique function in H := H*(Q) N H () such that there holds

tr (fmA] (2)) A _ [ u(mAG)
/QW ([mA] (E) : D u€> AU—/{ZWWL<E>JCAU

for any v € H. We observe the rate Ej, = 0(5%) as € tends to zero, as expected
from Remark 2.5.1.

2.5.3 Comparison of c-bad and c-good problems

We refer to the problem (2.1) with the c-bad coefficient matrix from Theorem 2.4.4 as
the c-bad problem and to the problem (2.1) with the c-good coefficient matrix from
Remark 2.4.3 as the c-good problem. We perform experiments for these two problems
with two different choices of right-hand sides, one with known homogenized solution

up and one with unknown homogenized solution uy. All experiments are performed
on the domain € := (0,1)%
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Figure 2.3: Illustration of the L>-rates ||u. — ug| 1) = O(¢) and Ef , = O(?) for
the ¢-bad problem (left), and ||u. — ug||re(@) = O(e?) for the ¢-good problem (right)
with the right-hand side (2.40).

Let us recall that the homogenized problems corresponding to the c-bad and the
c-good problem coincide and that the homogenized solution u is the solution to the
Poisson problem (2.34).

c-bad and c-good problems with known (common) homogenized function

We consider the right-hand side f given by (2.40). Then, the solution wy of the
homogenized problem is known and given by (2.41).

Figure 2.3 illustrates the L> convergence rate O(g) for the c-bad problem and
the convergence rate O(g?) for the c-good problem. We also illustrate the corrected
L> bound Ef = O(e?) for the ¢-bad problem. We approximate the solution u. to
(2.1) and the solution z to (2.35) with IP; finite elements on a fine mesh, based on the
natural variational formulation of the divergence-form problems (2.32) (note m =1
for the c-good problem) and (2.35).

c-bad and c-good problems with unknown (common) homogenized function

We consider the right-hand side f given by
f:Q =R, flx):=—231—2)*sin27r(z; — 22)). (2.42)

Let us note that we do not know the homogenized solution ug exactly, we have however
that ug € HS(2)N H{(2) as the right-hand side f € H*(Q) satisfies the compatibility
conditions f = 0 and 9% f — 03 f = 0 at the corners of the square (0,1)? = Q; see [59)].

Figure 2.4 illustrates the L> convergence rate O(g) for the c-bad problem and

the convergence rate O(e?) for the c-good problem. We also illustrate the corrected
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Figure 2.4: Illustration of the L>-rates ||u. — ug| 1@y = O(¢) and Ef , = O(e?) for
the ¢-bad problem (left), and ||u. — ug||re(@) = O(e?) for the ¢-good problem (right)
with the right-hand side (2.42).

L bound Ef ., = O(e?) for the c-bad problem. We approximate the functions .,

ug and z with P, finite elements as before.
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Chapter 3

Numerical homogenization of
linear nondivergence-form
equations

In this chapter, we present and rigorously analyze the proposed numerical scheme.
The outline of this chapter is as follows.

After providing the framework in Section 3.1, we discuss the numerical homog-
enization in Section 3.2, which is divided into three parts. In the first part, we
approximate the invariant measure by a finite element method and provide a conver-
gence result for the approximation. This is then used in the second part to obtain
an approximation to the effective coefficient, i.e., to the constant matrix A% In the
third part, we use a finite element method to discretize the homogenized problem and
show convergence results for the approximation of the homogenized solution in H'(Q)
and H?(Q), using the approximated effective coefficient, a comparison result, and two
technical lemmata. Improvements to the convergence rates are given, provided more
regularity on the coefficients is assumed.

In Section 3.3.1, we address the approximation of the corrector functions, pre-
senting a method of successively approximating higher derivatives. We then use
the homogenization results obtained in Chapter 2 and the approximations of the
homogenized solution and the corrector functions from the previous subsections to
approximate the original solution u. in Section 3.3.2.

Finally, we study the case of nonuniformly oscillating coefficients in Section 3.4,
derive homogenization results similar to the case of periodic coefficients and discuss
the numerical homogenization for this case. Numerical experiments demonstrating

the theoretical results are provided in Section 3.5.
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Annotation: Unless stated otherwise, this chapter contains novel results which
have been obtained in Capdeboscq, Sprekeler, Siili [29]. The contribution of Y. Capde-

boscq and E. Siili was of advisory nature.

3.1 Framework

The framework is the one considered in the previous chapter (Section 2.1) with a slight
modification concerning the regularity of the coefficient A: We consider a symmetric

matrix-valued function A : R" — RE " with the properties

A € WH(Y) for some ¢ € (n,o0],
A is Y-periodic, (3.1)
FNA>0: AEP < Ay)E-E < AP VEy e R

Note that by the Sobolev embedding, we then have that

A€ C"(R") for some 0 < a < 1.

Let us recall that under these assumptions on the coefficient, the corresponding in-
variant measure is of regularity m € W4(Y) as well; see Remark 2.2.1. Note however
that the function m is only in W4(Y’) in general, and in particular it does not belong
to H*(Y), as can be seen from the example chosen in the numerical experiments in
Section 3.5.

As in the previous chapter, we are concerned with the problem
A(L) D2, = f inQ,
€
u: =0 on 0,

(3.2)

with a small parameter € > 0 and the triple (£2, A, f) satisfying one of the following
sets of assumptions:

For m € Ny and p € (1,00), we define the set of assumptions G"? as
Q) C R™ is a bounded C*7 domain, vy € (0, 1),
(A f)ed™? <— A R" — RIT satisfies (3.1),

sym
fewm™r(Q),
and the set of assumptions H™ as

([ Q C R" is a bounded convex domain,

A R" — R satisfies (3.1),
QA fleH” <— 2
( ) 35 € (0,1] : Al <
(trA)2 =" mn—1496
fe H"(Q).

in R",
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We present a scheme for the numerical homogenization of the problem (3.2) that

is based on finite element approximations.

3.2 Numerical homogenization via finite element
approximations

The presentation of this section is divided into three parts, namely, the approximation
of the invariant measure m, the approximation of the effective coefficient A°, and the
approximation of the homogenized solution .

We start by discussing the finite element approximation of the invariant measure.

3.2.1 Approximation of the invariant measure

Let us recall from Lemma 2.2.1 that the invariant measure m € H!_(Y) is the unique

per
solution to the problem
D?:(Am)=0 inY,
SlAm) =0 iy (3.3)
m is Y-periodic, [, m = 1.
We have the positivity property infg. m > 0 and the regularity m € Wh4(Y); see

Remark 2.2.1. Our approximation scheme will be based on the observation that

m=m-—1€ Wye(Y) = {v € H, . (Y): / v = 0}
%
is the unique solution to the problem
-V - (AVim +mdivA) =V - (divAd) inY,
m is Y-periodic, [, m =0,
that is, it satisfies

/ (AVin + i divA) - Vip = — / (divA) -V Ve Wou(Y).
Y

Y
For the approximation of the invariant measure m, we consider a shape-regular

triangulation of Y into triangles with longest edge h > 0 and let
Mh C Wper(Y)

be the finite-dimensional subspace of W, (Y) consisting of continuous Y-periodic
piecewise linear functions on the triangulation with zero mean over Y. We assume
that

U My = Wher ().
h>0

Then we have the following approximation result for m.
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Theorem 3.2.1 ([29, Theorem 3.1] Approximation of the invariant measure). Let
A R™ — R2" satisfy (3.1). Then, for h > 0 sufficiently small, there exists a unique

sym

mp € Mh such that

/Y (AViny, 4 iy divA) - Vi, = — /Y (divA) -V,  Yen €M,  (3.4)
and writing my, := my, + 1, we have the error bound

lm = mullr2ery + hllm —mal ) S hﬁ:g%h lm = (O + Dl vy

where m is the invariant measure given by (3.3).

Proof. We define the bilinear form
a: Woee(Y) X Woer(Y) — R, a(u,v) := /YAVU -V + /Yu(diVA) -V,
and observe that m :=m — 1 € W, (Y) satisfies
a(ii, ) = — /Y (divA) - Vo Ve Wou(Y).
We further observe that (3.4) is equivalent to finding 7, € M), such that
a(mp, on) = — /Y(diVA) -Vn Yo € M. (3.5)

We start by showing boundedness of a and a Garding-type inequality. We claim that
there exist constants Cy, Cy > 0 such that

la(u,0)] < Cyllull o ol mey Vv € WoelY), (3.6)
and
A
a(u,u) = 5”““?“{1(1/) o CgHuH%Q(Y) Vue Wper<Y)- (37)

Let us first show (3.6). For u,v € Wy, (Y), by Holder’s inequality and Sobolev
embeddings (note that, according to (3.1), ¢ > n), we have that

/Y u(divA) - Vo

< ldivAlzenllull 2, | VPl S el oo ol -
Using the fact that A € WH4(Y) < L*°(Y') since ¢ > n, we obtain the bound

la(u,v)| < /AVU-VU
Y

+

/Y u(divA) - Vo

S lellzren ol
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for any u,v € Woe(Y), ie., (3.6) holds.
Let us now show the estimate (3.7). For u € Wy, (Y'), by ellipticity and Holder’s
inequality, we have
a(u,u) = / AVu - Vu +/ u(divA) - Vu
Y Y
> /\||Vu||%2(y) - ||diVA||Lq(y)||u||Lq2Tq2(Y)||V’LL||L2(y).

For the second term we use the Gagliardo—Nirenberg inequality and Young’s inequal-

ity to obtain

. . 1-n 142
”leAHLq(y)||U||L%(Y)HV’UHL2(Y) < Clg, )| divA| Lo lull o3 [Vl 2 5y
A .
< gHqu%%y) +C(q,n, A, |divA[ o)) [[ull 72y -

Therefore, we have

A :
a(u,u) 2 SVulfa) = Clg,n A [divA] o) ullzz vy

A

A .
= Ml = (5 + Clanh vl ) oo,

for any u € Wy (Y), i.e., (3.7) holds with

)\ .
Cy = 2 4+ Clam, A vl

We use Schatz’s method to derive an a priori estimate; see [85].

From our Garding-type inequality (3.7) we see that (note that m—m;, € Woe(Y))

o 20, - - . 20, 1M — 1|72y
1772 = 7701y = Tg”m — | 2vy < I — My — 2 )

A ||T7L — mh||H1(y)

2 CL(?”h — mh,m - Thh)

o X ||m—ﬁ/Zh||Hl(Y)
(3.8)

By Galerkin-orthogonality and boundedness, we have for any @, € M, that

a(m~— mi“ m — my) _ a(m~— m~h, m — Op) < Cyllin — e,
([ = || e ) [ — | )

and taking the infimum over all v, € Mh, we find that

(I(Th — mh, m — rhh)

= = < Cjb~illf~ ||T~n—?7h||H1(y).
||m— mh”Hl(Y) TR EM),

48



Combining this estimate with (3.8) yields

20 20,
|7 — | vy — =21 — M| 2oy < == Inf ||m — Ol g1 vy (3.9)
)\ A UhEMh
Next, we use an Aubin—Nitsche-type duality argument.

Let ¢ € Wy (Y') be the unique solution to

{; V- (AV@) + (divA) - Vo = =288 in Y, (3.10)

is Y-periodic, fy ¢ =0.

We note that the solvability condition (2.7) is satisfied:

J =
m = m —my) = 0.

We have, using the bounds on the invariant measure, the weak formulation of (3.10)

and the symmetry of A, that
- m—mp, .
[ — th%Q(Y) S /Y Th(m —my)
< / AV 6 - V(i — n) +/(divA) V6 (172 — 1)
Y Y
< / AV (i — 17y) - Vo + / (70 — ) (divA) - V.
Y

Y

Next, we use Galerkin orthogonality, the boundedness (3.6) and an interpolation

inequality to obtain

I — 1|22y S @l — 1, ¢)
S a(m — 1y, ¢ — Ipo)
S =l oy |0 — Znglla gy
S bl — || o) |91 220v)

where Zp,¢ denotes the continuous piecewise linear interpolant (for n < 3 and quasi-
interpolant for n > 4) of ¢ on the triangulation. Finally, by a regularity estimate for

¢ and the bounds on the invariant measure, we arrive at the bound

ol m2vy S

Hm—mh

S Ml — 1| 2y
L2(Y)

which provides us with the estimate

Hﬁl - thLQ(Y) S C(]hHﬁl - thHl(Y)
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for some Cy > 0. Combining this with (3.9) we have
2C,

2C,C N . . . - -
(1 — ;]\ Oh) ||m — thHl(y) S ||m — thHl(y) — TgHm — thLQ(y)
2C%
<220 inf -3 .
- A f)hléthHm UhHHl(Y)

Therefore, for h sufficiently small, we arrive at the bounds

M —mpllgyy S inf || — On gy,
DR EMy,

and

||m - mh”LQ(y) S C[)h”ﬁ'b - thHl(Y) 5 h 1n£ ||m - ﬁhHHl(Y)-
opEMp,

We have thus established the a prior: estimate

M =l r2evy + bl = mullmry S b ink [l = Onl[m v,
op EMy,

which immediately implies existence and uniqueness of solutions to (3.5).

Finally, using that m = m + 1 and m;, = m;, + 1, we conclude that
||m - mh|lL2(y) + hHm - thHl(y) 5 h 3 ID]]E;[ ||m - (’ﬁh + 1)||H1(Y)
vp€EMp
Remark 3.2.1. In particular, since
inf i — (3 + 1)) = o1),
o EMp,

we have that my, — m in H'(Y) as h tends to zero.

3.2.2 Approximation of the effective coefficient

We use this finite element approximation of the invariant measure to obtain an ap-
proximation to the effective coefficient. We recall that the effective coefficient is the

constant matrix A° € RZX" given by
A’ = / Am. (3.11)
Y

To this end, we first replace the invariant measure m by the approximation m, from

Theorem 3.2.1, and then replace the integrand by its piecewise linear interpolant,

A0 /Y To(Amn).

This integral can be computed exactly using an appropriate quadrature rule. The

following lemma gives an error estimate for this approximation.
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Lemma 3.2.1 (Approximation of A%). Let A : R® — R™ " satisfy (3.1). Further,

Sym
let AY = (agj)lg,jgn € R™™ be the effective coefficient given by (3.11), let my be
the approzimation to the invariant measure given by Theorem 3.2.1, and let AY =

(ad; p)1<ij<n € R™™ be the matriz given by

a?j,h = / Ty(aijmy), 1<i,j<n.
Y
Then, for h > 0 sufficiently small, A} is elliptic and we have the error bound
0 _ 0
1g,?}§{n |aij - aij,h‘ S/ h.

Proof. Fix 1 <i,j < n. Using the definition of A% = (a?j), ie.,
a?j = / Q45107
%
0

|lag; — a?j,h| < laij(m — mu) |1 vy + llagmn — Tu(agmn) || yy-

we obtain the estimate

For the first term, we have

H%’(m - mh)HLl(Y) S llm— mh||L1(Y) S flm— thm(Y)-

For the second term, let us first note that using a;; € WH4(Y) with ¢ > n and Sobolev

embeddings, we have
lasgmalm ) < IVagllzow lmall 2g, o+l o IVl
S Nasjllwraonllmnllm y-
Therefore, using a standard interpolation error bound, we obtain
laggmn — In(agma) |1y S llaggmn — Zn(agymn) | r2 vy
N h|aijmh|H1(Y)
S h”ainWl’q(Y)HthHl(Y)'
By Theorem 3.2.1, for h > 0 sufficiently small, we have that
|a?j - a?j,h| S llm —mallze vy + h||mh||H1(Y)
S llm = mal[ L2y + hllm — ma|| gy + hllml gy
Shoinf [lm = (0n + D[ my + hllml ey
sneM),
S hllm = mery + hlm|m )
< h.

Finally, we note that this implies that for h > 0 sufficiently small, A9 is elliptic. [
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3.2.3 Approximation of the homogenized solution

In this section we discuss the approximation of the homogenized solution ug, that is,

the solution ug € H*(Q) N HL(Q) to the effective problem
A D*uy = f in 9,
" (3.12)
ug =0 on 0.

For its numerical approximation, we use the following comparison result for the error

committed when replacing A° by AY.

Lemma 3.2.2 (Comparison result). Assume either that (0, A, f) € G%% or that
(A, f) € H°. Let AY) € R"™™ be the approximation to A° as in Lemma 3.2.1.
Then, for h > 0 sufficiently small, we have that

luo — ugll 2y < Allfll 22y,
where ul} € H*(Q) N H () is the solution to the problem

A Dl = f in Q,
{ P (3.13)

ulh =0 on 09,
and ug € H*(Q) N HY(Q) is the solution to the homogenized problem (3.12).

Proof. We let wy, := up—ult € H*(Q)N HZ () and note that wy, is the unique solution

to the boundary-value problem

A D2wy, = (A — A% : D%yl in Q,
wy, =0 on 0f).

We recall that A° € R™" is an elliptic constant matrix. For h > 0 sufficiently small,

by an H? a priori estimate, the Cauchy-Schwarz inequality and Lemma 3.2.1,

w20y S [1(A5 — A°) © D*ugy| 12y
1
2 2

Z (a?j,h - a?j)az?ju(})l

n n %
< ( / (Da?j,h—a?ﬁ) (Da?ju’gﬁ))
€ \ij=1 ij=1
h
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Finally, we show that for h > 0 sufficiently small, we have

uf |l 2y S 12 (3.14)
with the constant being independent of h. This can be seen by rewriting (3.13) as
A% D2l = F+(A° — A%) - D*uP in Q,
! ( D (3.15)
uy =0 on Of).

Then, again by an H? a priori estimate and Lemma 3.2.1,
lugllaz@) S I+ (A° = A7) - D*ugll 20 S I1f ez + Pllugll 2@

with constants independent of h, i.e., for h > 0 sufficiently small, (3.14) holds with
the constant being independent of h. O]

Finally, we can use an H}(€)-conforming finite element approximation uf""' to the

solution ul! of (3.13), satisfying the error bound
h . hH < H h < H
[ =" ) S Sl S HIF 1200

with constants independent of h. By the triangle inequality and the results obtained

in this section, we have the following approximation result for u.

Theorem 3.2.2 (29, Theorem 3.5] H'-norm approximation of ug). Assume either
that (U, A, f) € G2, or that (Q, A, f) € H°. Then, the approzimation uj™ obtained

by the procedure described above satisfies the error bound

h,H

oo =™ S+ BNz

L)

Let us now assume either that (2, A, f) € G42 or that (2, A, f) € H'. Further,
assume that for h > 0 sufficiently small, we have that u} € H3(Q) with

Hu(})lHH3(Q) N ”fHHl(Q) ) (3.16)

where the constant is independent of hA. The following lemma provides two situations

where this is satisfied.
Lemma 3.2.3. Let (2, A, f) be such that
(i) (A, f)eGh? with 9 € C3, or
(ii) (A, f) € H' with Q C R? being a polygon and f € HL ().
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Then, for h > 0 sufficiently small, (3.16) holds.

Proof. We start with the case (i). To this end, let (Q, A, f) € G"? with 9Q € C3.
Then, by elliptic regularity theory, we have ulf € H3(f2). Using elliptic regularity for
problem (3.15) yields

lugllzrsey S 1 + (A° = AR) - D*ugllaney S 1f ey + Pllug ey

with constants independent of h, i.e., for h > 0 sufficiently small, (3.16) holds with
the constant being independent of h.

Let us now show the claim for the case (ii). To this end, let (22, A, f) € H! with
Q) C R? being a polygon and f € H (). Since

Ap =A%+ (A) — A°) = A"+ B,
is symmetric and elliptic for h > 0 sufficiently small, there exists an orthogonal matrix
Qn € R¥*2 with Q,QF = Q} Q) = I, such that
Qn (A% + By) Qp = diag(\f, \,) =: Ay,

where )\f > () are given by

1
2

2NF =t (A% + By) & ((tr (A° + By))” = ddet (A° + By) )

We note that, by Lemma 3.2.1, the entries of B, = (b})1<i <2 satisfy b}; < h, and

therefore, for h > 0 sufficiently small, we have 0 < A\; + (\F)™! < 1.

The problem (3.13) in the new coordinates reads

AU}L = Fh in Ph,
(3.17)
U,=0 on 0hF,

where U}, := ul! (Q;ZFAE -), F, = (QEAE -), and P, := A, 2QnQ. Note that P, is
still a bounded convex polygonal domain and that Fj, € H(P,). By the change of

variables formula and the orthogonality of @)y,
2 2 2 3 Tas \|? At |
1 By = [ (1241 P) = aet Ay [ (|7 (@Eai- )| +|vr (@iai-)]
Q Py
1 1 2
detAg/ (|Fh|2+ ’QEAPVF,Z‘ )
Py,
)

> /P (B + [E) = [ Fuler, -
h

1 _1
= detA;/ (th\2+ ’AhQVFh
Py
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Using Lemma 3.2.4, we have that, for h > 0 sufficiently small, the solution to (3.17)

satisfies

1Unllm2p) S N1Eulli e,y S 111

with constants independent of h. It remains to show the bound
lug s () < NUnlls(py)- (3.18)

By the change of variables formula and the orthogonality of );,, we obtain similarly

as before,
2
b = [ (1 + Vb + (02" + 3 [ D20t
Q 1 /0
1 9 T .-k 2 S 1 2
—detA;/ (|Uh\ +’QhAh2VUh’ +‘QhAh2D UhAh2Qh’>
Py
+§2:dem5/ Z (@i ey po,u, AR
h h**h J h
i=1 j=1 \/ (An) JJ
1 _1 12
_detAg/ <|Uh\2+‘Ah2VUh ’ )
Py,
2 detA%
- h/
; (An)ii P,
2
5/ (|Uh|2+|VUh\2+|DQUh\2)+Z/ |D20,U4]" = | Unllo )
Py, i=1 Y Ph

i.e., we have established the bound (3.18). We conclude that, for h > 0 sufficiently
small, we have (3.16), i.e

2

P

+|AF DU A,

112

A2 D20, A

gl sy S I f e
where the constant is independent of A. O

In the proof of Lemma 3.2.3, we have used the following result on the regularity

of solutions to Poisson’s problem on convex polygons; see also [56, 59, 60, 71].

Lemma 3.2.4. Let Q C R? be a convex polygonal domain and f € HY(SY). Then the
solution u € H}(Q) to the problem

Au=f 1in €,
u=0 on 0,
satisfies the bound
ullms @) S Nl (3.19)
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Proof. First, note that since  C R? is a convex polygonal domain, we have u €
H?*(Q) N Hy(Q) with [Jullm2@) S [1f]lr2@); see [56]. Since f € Hj(S2), there exists
a sequence of smooth functions with compact support (f,)m C C°(£2) such that
fm — [ in HY(Q). Let (um)m C HI(Q) be the sequence of solutions in H} ()

to Au,, = fi, in ©, and note that (uy,), C C®(2) since the functions f,, satisfy
compatibility conditions of any order; see [56, Sec. 5.1]. Again we use the H?>-

regularity result for solutions of Poisson’s problem on convex polygons to obtain

||um — u||H2(Q) Sj ”fm - fHLQ(Q) — 0,

i.e., Uy, — uin H*(Q).
Next, we shall use the fact that

W) = [V(AV) |12y Vo € {w € Hy(Q): Aw € Hy(Q)} NC=(Q);  (3.20)

see [71]. We apply (3.20) to the difference of two elements of the sequence (), to

find that (). is a Cauchy sequence in H3(Q), using that f,, — f in H*(Q2). Thus,

Uy — uw in H3(Q) and passing to the limit in (3.20) applied to the functions wu,, yields
[ul ) = |V fll2)-

Since ||ul|p2) S || f]lz2(@), we conclude the bound (3.19). O

Remark 3.2.2. The assumption f € HJ(Q) in Lemma 3.2.4 can be weakened pro-
vided f satisfies certain compatibility conditions; see [56, Theorem 5.1.2.4).

Then an H?(Q) N H}(Q)-conforming finite element approximation u)” to the

solution ul of (3.13), that satisfies the error bound

h h,H

provides by Lemma 3.2.2 and the triangle inequality an approximation to .

Theorem 3.2.3 ([29, Theorem 3.9] H%norm approximation of ug). Assume either
that (Q, A, f) € GY2 or that (Q, A, f) € H', and assume (3.16). Then, the approi-

mation ug’H obtained by the procedure described above satisfies
—ug S(h+H :
o =™ .y S (4 Dl

Remark 3.2.3 (Improvements). We note that if we assume that A € W>(Y'), then

we have the following improved results.
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(i) Approximation of m: In this case, m € H*(Y') and we have that

S hllm| a2y,
HL(Y)

inf ||m — (0 + 1)||m ) < Hm —Iym — / (m —Zpm)
Y

opEMp,

by choosing v, = Ihm—fy Ipym, and using an interpolation error bound. There-
fore, Theorem 3.2.1 yields

[l — || 2oy + hllm = mp |l vy S B2l 2

(11) Approzimation of A°: By an interpolation error bound and the fact that my, is

piecewise linear, one has
laigmn — Zn(aima)ll vy S B2 llasllwaoo o llmnl vy

Therefore, the proof of Lemma 3.2.1 yields

0 0

max |ay; — agj | S W[ Alweee oy [mll a2y S B2 Allwee vy

1<ij<n 'Y

(11i) Approximation of ug: It follows that the results of Lemma 3.2.2, Theorem 5.2.2

and Theorem 3.2.3 can be improved to second-order convergence in h, i.e.,

S (R?[|Alwase ) + H)IIf]

Hsfl(Q) — O(h2 + H),

hH

[

for s = 1,2, respectively.

We note that second-order convergence with respect to h could not have been ob-
tained by using a piecewise constant approximation of a;;m; instead of the piecewise
linear approximation considered here. For the approximation of derivatives of ug of
higher than second order, the post-processing method of Babuska in [17] can be used
to obtain error bounds in norms involving derivatives of higher order than the energy
norm (the norm natural to the problem).

For bounded convex polygonal domains 2 C R?, an H?2-conforming approximation
to the solution of (3.13) can be obtained as follows. Assume that f € H}(2) so that
(3.16) holds. Consider a shape-regular triangulation of  into triangles with longest
edge H > 0, and let

Vi C H*(Q) N Hy(Q)

be an appropriate finite element space. In practice, the Hsieh—Clough—Tocher element

and the Argyris element can be used as H?-conforming elements. Then, for h > 0
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sufficiently small, standard finite element analysis can be used to show that there is

a unique function ug’H € Vg such that
/ (45 : D2up™) (45 DPon) = / F(AY:D0y)  VepeVu,  (3.22)
Q Q

and that the error bound (3.21) holds.

Further finite element approaches for approximating the solution of problems in
nondivergence-form include the conforming method [72] that makes use of a finite
element Hessian, the discontinuous hp-Galerkin method [87, 88], the primal method
[44] similar to an interior penalty discontinuous Galerkin method, the mixed finite

element method [51], and the variational formulations presented in [49].

3.3 Approximation of u. via correctors

We assume either that (2, A, f) € G*? or that (2, A, f) € H2 Let n € {2,3},
e € (0,1], and assume that

Uy € H4(Q)
Then we know that ug € W2>(Q2) and by Theorem 2.3.2 we have that

n
2 : 2
Ue — Uy — € E Xij (g) J;juo

4,j=1

5 \/E Huoﬂwz,oo(g) + gHUOHH‘l(Q)a (323)
H2(Q)

where uj is the solution to the homogenized problem, and x;; are the corrector func-

tions given as the solutions to the periodic cell problems
A: D%y = a?j —ay; inY, Xij is Y-periodic, /YXU =0, (3.24)

as introduced in (2.11).

3.3.1 Approximation of the corrector

We now address problem (3.24) and present a method for A € W2 (Y). To simplify
the notation and the arguments, we assume that we know the invariant measure m

and the matrix A” = (af;)1<ij<n exactly instead of working with our approximation
AY.
For a given Y-periodic right-hand side g € W2*(Y'), we consider the problem
—V - (AVY) + (divA) - Vx = —g inY,
X is Y-periodic, fY x = 0.
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Obtaining an approximation for second-order derivatives via finite elements is not
straightforward since the natural solution space is Wy (Y'). We present a method of
successively approximating higher derivatives.

Let x5, be a Wy (Y')-conforming finite element approximation to y;, i.e.,

Xn € Vh, /YAVXh~Vg0+/Yg0(diVA)-VXh:—/Yggo Vo eV,
with V), C Woe(Y') finite-dimensional, and satisfying the error estimate
||Xh - X||H1(Y) Sh.
Let r € {1,...,n} and write &. := 9, x. Then, using the equation
—V - (AVy) + (divA) - Vx =—g inY,
we find that in a weak sense, one has
=V (AVE) + (divA) - V& = 0,9 + V- (0, AVx) — (div(9,4)) - Vx inY.

Further, we claim that & € Wy (Y). Indeed, this follows from the regularity and

/&Xz/ xv - e. = 0.
Y oy

Therefore, &, € Wy (Y) satisfies

periodicity of x and

—V - (AVE,) + (divA) - V& = =0, + V - (0,AVx) — (div(0,A)) - Vx inY,
&, is Y-periodic, fY & =0.

Now we use our H'-conforming approximation for y for the right-hand side and
use a Woer(Y)-conforming finite element method for approximating the solution v €
Woer(Y) to the following problem:

—V - (AVv) + (divA) - Vo = =0,9 + V - (0, AV x3) — (div(0,4)) - Vxi — ¢,
v is Y-periodic, fY v =0,

(3.25)

where c is such that this problem admits a unique solution (such that the solvability
condition (2.7) is satisfied). By looking at the problem for v — &, one obtains the
comparison result
[ =& llaroy SNV - (0:AV O = X)) [Wer(vy + [1{div(0:A)) - V(X = X) IWper (v
S NAllwzeo vy lIxn = Xl o)
S Wl Allwzeeyy = O(h).
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Let v, be a Wy (Y)-conforming finite element approximation to the solution v of
(3.25) satisfying

th — UHHl(Y) < Ch

for some constant C' = C(||A|lw2.(yy) > 0. Then, using the triangle inequality, we

obtain
lvn — & llm vy < Ch
for some constant C' = C/(||A[w2.(y)) > 0. Using this procedure for r = 1,...,n, we
eventually obtain approximations to derivatives of order up to two of y.
3.3.2 Approximation of u.

The H? corrector estimate (3.23) can be used to construct an approximation of .,
i.e., to the solution of problem (3.2) for small e. We note that (3.23) implies that

O ue — <8zluo + Z (a,flx,-j) (E) 8i2ju0>

ij=1

e — uol| g1(e) + Z

k=1

o (3:20)
S \/5Hu0’|WQv°°(Q) + elluol| m1(q)-

This leads to the following approximation result for wu,..

Theorem 3.3.1 (|29, Theorem 3.11] Approximation of u.). In the situation described
above, let (ugp)ns0 C H*(Q) be a family of H*-conforming approzimations for ug
satisfying the error bound

|uo — uonllm2) S PIfIlE1(0)

and for 1 <1,7,k, 1 <n, let (ijl’h)h>o C Lgcr(Y) be a family of L? approzimations for

0% xij satisfying the error bound
kl
1005 — 2l 2y S he
Then, by writing
kl Kl )
3,7=1
we have that

n
e = wonllarney + D 0kue — ubhll 2 o)
k=1

S (V2 + ) [ollwacsy + ltoll ey + I fll o
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Proof. We use (3.26) and the triangle inequality to obtain

@ < lue — wollmr) + [lwo — von | m1(0)

SWVe |wol[ w20 ) + €l|uoll ) + Pl fl| a1 (@)

e

and for 1 < k,l <n,
[0kue = ughll 1 o) S VE luollwasi) +elluollms) + kil flla e

#3 Jetne) (2) 2= (2) o

7‘7_

Q)

It remains to study the last term on the right-hand side of the above inequality. For

fixed 1 <i,5 < n, we use again the triangle inequality to obtain

i) (2) o5 (2) o

L)

a » 2. Lkl Yoz

< ||z (€> (62] -7 U0,k HLl(Q) + H(ale” Z“ﬁh) (5) quo’ LY(Q)

< || ¥ (-)’ Uy — U +H Txij — 25 <_>‘ ! -
S [tin ()] g oo = woallror + [ @y = 28) (2)] g Nl

o[£ 2)

In the last step, we used that by the transformation formula and periodicity (cover
/e by O(e™") many cells of unit length), there holds

| @i =4 ()

3

1l + ||uo|rwzm<m) .

L2(Q)

£2(9) 5 Hal?le - ny'l,hHLZ(y) 5 h. (327)

We claim that

<h+l
L2(Q)

kl ( ’ )
e —
ij,h c

Indeed, we use the triangle inequality, (3.27) and the fact that x,; € W>>(Y) to

obtain
5 (2)]
A —
‘ 1j,h c

< H(@?zxw = i) (E)‘

2 + Haleij”Lw(y) Sh—i—l

L2(Q) L2(Q)

O

In connection with the previously described approximation of the homogenized
solution uy and the corrector functions x;;, note that Theorem 3.2.3 provides an

H?(Q)-conforming approximation to uy and the method presented in Section 3.3.1
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2
per

provides L2, (Y') approximations for the second-order partial derivatives of x;;, as
required for the setting of Theorem 3.3.1.

Let us conclude this section by remarking that if the second derivatives of the
corrector functions are approximated in the space L*(Y') or if the solution to the
homogenized problem is approximated in the space W% (), then one obtains by a

similar proof an approximation result for the second derivatives of u. in L?(Q).

Remark 3.3.1. If (2,)ns0 C L32(Y) is a family of L approzimations for Oy

satisfying the error bound
10axi7 — 2l vy = O(h),
and (uop)n>o s as in Theorem 3.5.1, then we have that
e ol + 3 [ =1 sy = OWE +1),
The same holds true when (ugp)ps0 C W2*(Q) is a family of W**-conforming
approximations for ug satisfying the error bound
[|uo — Uo,hHWlw(Q) = O(h),

kl

and (25, )n>0 4s as in Theorem 3.5.1.

3.4 Extension to nonuniformly oscillating coeffi-
cients

In this section, we discuss the case of nonuniformly oscillating coefficients, i.e., coef-

ficients depending on x and £. We consider the problem

A<E> D%, = f in 9,
u. =0 on 09,

(3.28)

where the triple (2, A, f) satisfies one of the following sets of assumptions.
Definition 3.4.1 (Sets of assumptions G, H). We write

(i) (A, f)€G if and only if 2 C R" is a bounded C*7 domain, f € L*(Q), and
A QxR = RY" satisfies

sym
A= Az,y) € W (Q; WH(Y)) for some q € (n, o0,
Az, ) is Y-periodic, (3.29)

INA>0: AP <Az, y)E-E<AEP VEyeR, 2z e
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(ii) (A, f) € H if and only if Q@ C R™ is a bounded conver domain, f € L*(),
and A : Q x R™ — RM" satisfies (3.29) and

sym
2
Ayl 1

001 A S o150

V(z,y) € QxR (3.30)

In view of Remark 2.1.1, we see that the Cordes condition (3.30) is always satisfied
when n = 2. Well-posedness of the problem (3.28) is guaranteed by the following
theorem; see [53, Theorem 9.15] and [87, Theorem 3].

Theorem 3.4.1 (|29, Theorem 3.14] Existence and uniqueness of strong solutions).
Assume either that (Q, A, f) € G, or that (U, A, f) € H. Then, for any ¢ > 0, the
problem (3.28) admits a unique solution u. € H*(Q) N HL(Q).

3.4.1 Homogenization results

As in Chapter 2, uniform a priori estimates for the solution to (3.28) allow passage
to the limit in equation (3.28); see [19, 20]. The coefficient matrix of the homogenized
problem now depends on the slow variable x, and is obtained by integrating against

an invariant measure. Corrector results can then be shown as before.

Theorem 3.4.2 (|29, Theorem 3.15] Nonuniformly oscillating coefficients). Assume
that ¢ € (0,1] and that either (Q, A, f) € G or (Q, A, f) € H. Then, the following
assertions hold:

(i) Uniform a priori estimate: The solution u. € H*(Q) N HI(Q) to (3.28) satisfies

el 12(2) S 1f1]2200)-
(ii) Homogenization: The solution u. € H*(Q) N H(Q) to (3.28) converges weakly

in H?(Q) to the solution ug € H*(Q) N H}(Q) of the homogenized problem
A D%uy=f in Q,
(3.31)
up =0 on 09,

with A° : Q — R™™ given by
Aa) = | Ale)mia, ),
Y

where m = m(x,y) is the unique function m : Q x R® — R with m € C(QxR"),
0<m<m< M for some constants m, M > 0, such that
m(x,-) is Y -periodic, [, m(z,-) =1,

for any fixed x € Q2. The function m is called the invariant measure.
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(i) Corrector estimate: Assume that f € H?*(Q) and ug € H*(2) N WH>(Q).

Introducing the corrector function x;j, 1 <1i,j <n, as the solution to

A(l’7y) : DZXZ](:an) = CL%(IL’) - aij(may)7 (‘Tay) €0 x Y7
Xij(x,-) is Y -periodic, [, xi;(z,-) =0,
we have that

n
2 ) 2
Ue — U9 — € E Xij ('7 g) @juo

i,j=1

S \/g‘|u0HWQv°°(Q) + elluol| ().
H2(Q)

Proof. (i) For (2, A, f) € H, one shows similarly to the proof of [87, Theorem 3] and
Theorem 2.2.1 that

trA (- 2)

Ieclleon S 720 )

1fllz2@) S 1 llz2)-
Lo ()
For (2, A, f) € G, the claim follows from the method of freezing coefficients, using
the uniform estimate from Theorem 2.2.1 for the operators L,, := A (xo, g) : D? for
fixed zy € €.

(ii) The uniform estimate from (i) yields weak convergence in H?(§2) and strong
convergence in H'() for a subsequence of (u.).~q to some limit function ug € H*(2)N
H}(Q). We multiply (3.28) by m (-, g) and follow the transformation performed in
[19] to find that the equality

mef =2V - (AVu. + [div, A] ) u) -2 [divxflr Vu. - [ D2 Ar we — D?: (Auy)

holds weakly, where A := Am and v° denotes v (-, g) Passing to the limit, we
obtain that ug is a weak solution of (3.31). We conclude the proof by noting that
(3.31) admits a unique strong solution, since A° is uniformly elliptic and Lipschitz
continuous on (2; see [53, 56].

(iii) This can be proved similarly to Theorem 2.3.1 and Theorem 2.3.2, using that,

by the assumptions made on A and elliptic regularity, we have

Xias 10 Xnl s [Oyxm]” [inyj)(kz]a, [@%iijkzr € L=(Q)

forany 1 <i,7,k, 1 < n. 0
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3.4.2 Numerical scheme

Let us explain how the numerical scheme from Section 3.2 can be used for the nu-
merical homogenization of (3.28).

First, we consider a shape-regular triangulation 7z on  consisting of nodes
{z;}ier with grid size H > 0, and a shape-regular triangulation 7, on Y with grid
size h > 0. Then, for any ¢ € I, we can use the scheme from Section 3.2 (see Theorem

3.2.1) to obtain an approximation m} € H'(Y) to m,, = m(x;,-) such that

M, — mi 2y + Pllma, — my ey S hﬂélﬂfz e, — (On + )|l m1v)-
Up, h

Further, we obtain that
AV = / I (A, ) mp,)
Y
is an approximation to A%(z;) (see Lemma 3.2.1),
|A%(z;) — Ay S . (3.32)

Now we define Aj ;; to be a continuous piecewise linear function on the triangulation
T such that

Ap (i) = A

for all 7 € I. Then, using (3.32) and denoting the continuous piecewise linear inter-

polant of a function ¢ on the triangulation 75 by Zy ¢, we have
|A° = AR e @) < (A% = Zu Al p o) + [ ZuA® — Ap gl

(3.33)
S HAD — IHAOHLoo(Q) + h.

We observe that, similarly to the proof of Lemma 3.2.2, we obtain that the solution
up™ e H2(Q) N HA(Q) to

A DT = in Q,
{ i 0" =1 (3.34)

uy™ =0 on 09,
satisfies, for h, H > 0 sufficiently small,
luo — ug™ 20y S 1A% = AP wlle@ 1 f 1l 220,

and in view of (3.33),

luto — w2y S (I14° — T A gowiy + ) 11l 2oy = OCH? + ),
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where ug is the solution to the homogenized problem (3.31). Here we have used the

interpolation estimate
IA” = A% Loy S HP[IA" w2 (),
which follows from A% € W2>°(Q)) and standard interpolation theory.

Remark 3.4.1. For problems in divergence-form, similar results have been derived

previously using heterogeneous multiscale methods; see e.g. [1].

At this point, let us note that in contrast with our procedure of approximating the
effective coefficient A° at the nodes of the coarse triangulation T and interpolating
linearly, in the framework of the finite element heterogeneous multiscale method A°
is typically approximated at the coarse integration nodes; see e.g. [1, 2]. The use of
piecewise linear interpolation allows us to obtain second-order convergence. Assuming
more regularity on the coefficient A(z,y) in y, as in Remark 3.2.3, the error in the
approximation of the homogenized solution ug can be improved to order O(H? + h?).
Finally, the solution to (3.34) can be approximated by a standard finite element
method on the triangulation 7z, which yields an approximation ug,xz € H*(Q) N
H}(Q) to ug in the H?(Q)-norm.

The approximation of u. can be obtained based on the corrector estimate from

Theorem 3.4.2 analogously as in Section 3.3.2.

3.5 Numerical experiments

In this section, we illustrate the theoretical results through numerical experiments.
We provide an example for the case of periodic coefficients in Section 3.5.1, and one
for the case of nonuniformly oscillating coefficients in Section 3.5.2. In both cases, we
provide not only an example with an unknown ug, but also a set-up with a known u,g
in order to test the approximation scheme for the homogenized solution.

The experiments demonstrate the performance of the scheme for the approxima-
tion of the invariant measure m, the effective coefficient A°, the homogenized solution
ug, as well as the approximation of the solution wu. to the original problem for a fixed

value of €.
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3.5r
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Figure 3.1: The functions y; — a;;(y1) plotted on the interval (0, 1).

3.5.1 Periodic coefficients
We consider the homogenization problem

A(L> D= f inQ,

- (3.35)

us =0 on 0f,
on the domain
Q:=Y =(0,1)%
with the matrix-valued map

R 2%2 {1+ arcsin (sin®(wy1))  sin(my;) cos(my:)
ARE = RES - Al w) = ( sin(myy) cos(myy) 2 + cos*(myy)

and the right-hand side f : € — R to be specified below. We observe that the

matrix-valued function A satisfies (3.1) with ¢ = co. Further, note that

Ay) = (aij(y1))1<ij<2

depends only on the first coordinate of y = (y1,y2) € R?; see Figure 3.1.
In this case we know that the homogenized problem is given by
{AO : D*ug = f in Q,

(3.36)
ug =0 on 0,
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where A° € R?*? denotes the constant matrix A” = [, Am with m being the invariant

measure

Ly V1
m:R* =R, m(y, :(/ ) ;
o) =\ @) )

see [48]. Explicit computation yields that

—1 —1
1 d 1 4 1 a12(t)
o < 0 —alf(t)> (fo —ant(t)> 0 anm A\ (14684 0
( 1 de )1 1 aa(t) dt (]‘1 dt >1 1 as d 0 2.6037 ) °
0 a11(t) 0 ai1(t) 0 a11(t) 0 a1(t)

We also note that for the corrector functions x;; (1 <14, < 2), i.e., the solutions to

A:D*y =aj; —a; inY,
Xij is Y-periodic, fy Xij = 0,

we have that

CLQ- — Q5
) ij i(y1) fh=1=1,
O Xij (Y1, y2) = a1 (y1)
0 otherwise.

Figure 3.2 shows the error in the approximation of m and A° by the scheme presented
in Section 3.2.

For the approximation of the invariant measure we observe convergence of order
3
I — a2y = O(h?), (3.37)

and superconvergence of order O(h?) for h > 0 when grid points fall on the line
{y1 = %}, which is the set along which 0ym possesses a jump. The observed rate of
convergence (3.37) is consistent with Theorem 3.2.1. Indeed, we have m € Hz ¢(Y)
for any £ > 0, and Theorem 3.2.1 yields

I = mallzaey + hllm = malla oy S hind Jlm = (0, + Dl
vpEMyp,

< h

m—Ihm—/(m—Ihm)
Y

H(Y)

§7~
5 h2 EHmHH%*ff(Yy

by making the choice v, = Zm — fY Iym, and using an interpolation error bound. In
connection with the superconvergence we note that m|(07%)x(071) € H?((0,3) x (0,1))
and m|(%71)x(071) € H?*((3,1) x (0,1)). For the approximation of the matrix A°, we

observe second-order convergence.
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Figure 3.2: Approximation error for the invariant measure m (left) and the matrix
AY (right). Two curves are observed, corresponding to whether or not grid points fall
on the line {y; = %}, i.e., the set along which dym exhibits a jump.

Problem with a known wu

We consider the right-hand side given by
frQ=R, flar,2) = apai(zr — 1) + @y wa(z2 — 1).

Then it is straightforward to check that the exact solution vy € H%(Q2) N H}(Q) to
the homogenized problem (3.36) is given by

1
ug: Q= R, gz, 22) = §$1($1 — 1Daxg(xe — 1).

Note that we are in the situation (€2, A, f) € H?, that f = 0 at the corners of Q and
that up € H*(Q).

We use the scheme presented in Section 3.2 to approximate the homogenized
solution ug, where we use the same mesh for approximating m and ug. The Hsieh—
Clough-Tocher (HCT) element in FreeFem++ is used in the formulation (3.22) for
the H? approximation of ug; see [58]. The gradient on the boundary is set to be the
gradient of an H' approximation by P, elements on a fine mesh.

Concerning the approximation of u., from Chapter 2 and Section 3.3.2 we obtain
that

2 2

E. := |luc — uollfp(q) + Z
k=1

2
e — (@31“0 + Z (Paxis) (g) iju())

1,j=1

12(Q)

= O(e).
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Figure 3.3: Approximation error for ug (left) and the error E. in the approximation
of u. for different values of ¢ (right).

For the numerical approximation, we replace u. by an H?-conforming finite element

approximation on a fine mesh, based on the formulation

trA () : ) trA ()
+€2A<—):DuEAv: S fAu YeeV,
alAG)P e o lA(2)]
where V := H?(Q) N H} (). To this end, we use again the HCT element and set the

gradient on the boundary to be the gradient of an H! approximation by P, elements

Find u. € V :

on a fine mesh.

Figure 3.3 shows the error in the approximation of uy and we observe second-order
convergence. Further, with the exact uy being available, we can compute the error
E. for different values of ¢; see Figure 3.3. We observe first-order convergence as ¢

tends to zero, as expected.

Problem with an unknown ug

Next, let us consider the problem (3.35) with the same domain {2 and matrix-valued

function A as before, but with the right-hand side given by

1
f:Q=R, f(x,2):=exp (— 5 2) .
3= (01 =3)" = (22— 3)
Note that now we are in the situation (2, A, f) € H2 Further, since the right-hand
side f € H?(Q2) of the homogenized problem (3.36) satisfies f = 0 at the corners of
Q, the solution g to (3.36) belongs to the class H*(Q); see [60, Prop. 2.6].
As before, we use the scheme presented in Section 3.2 to approximate m, A° and

ug. Using the second-order H?(f2)-conforming approximation ug s to ug obtained as
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Figure 3.4: The error Ef, in the approximation of u, for a fixed value, ¢ = 15, (left)
and the error after subtraction of 6.0657 - 107 (right), which is approximately the
limit of Ef,; in the figure on the left for this fixed value of € as h tends to zero.

previously described,

o — UO,hHH?(Q) = O(h?),

we have that

2 2 2
E? = HUE — uO,hH?ﬂ(Q) + Z 8,§lu€ — (iﬂflu&h + Z <821X1j> (g) a?qu’h>
k=1 i,7=1 L2(Q)

= O(c + h?).

Figure 3.4 shows the error E!,; of the approximation of u. for different grid sizes and

L

o5 fixed. We observe fourth-order convergence in h for the error as expected.

E =

3.5.2 Nonuniformly oscillating coefficients

We consider the homogenization problem

A(-,é) :D*u. = f inQ,

(3.38)
u. =0 on 09,
on the domain
Q:=Y =(0,1)%
with the matrix-valued map A : Q x R? — R?*2,
(w1, 72), (y1,92)) = <exm i %1|3€|2 arSSin (Sm%wl)) 24 x9 cos(o27ry2 + m))
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and the right-hand side f : € — R to be specified below. We observe that the
matrix-valued function A satisfies (3.29) with ¢ = co. Further, note that it is of the

form

A(z,y) = diag (a11(w, y1), aza (7, y2)) -

In this case we know that the homogenized problem is given by

(3.39)

A% D*uy = f in 9,
up =0 on 0L,

where AY : Q — R?*2 is given by

) = [ Aty

with m being the invariant measure

~1
1

m: QxR =R, m(z,y) <// ds df ) ;

ar1(z, 8) ass(z,t) ar(z, y1) az(z, y2)

see [48]. Therefore, we have

Loar \7
0 (2) = 6 / 1<i,j<2.
CLU([E) J ( 0 Clij(l’,t> ) >%] >

We also note that for the corrector functions y;; (1 <1i,j < 2), i.e., the solutions to

Ale,y) : Dyxig(a,y) = af(e) — ay(z,y),  (2,y) € QX Y,
Xij( 7.) is Y-periodic, fy Xij(% ) =0,

we have that

@?1(56) - au(%@/l)

ifi=j=k=1=1,

0 G11($7y1)
2 _
D Xis(w,y) =  U22(¥) —0n(Toya) v oy
a22(:v,y2)
0 otherwise.

Problem with a known ug

We consider the right-hand side given by

f:Q=R, z=(2,2) = f(2):=ad% (@) z1(z; — 1)+ ad)(z) 22(z2 — 1).
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Figure 3.5: Approximation error for A° and ug for different values of H, using h = %,

(left) and the error E. in the approximation of u. for different values of ¢ (right).

Then it is straightforward to check that the exact solution uy € H%(Q2) N H}(Q) to
the homogenized problem (3.39) is given by

1
up: Q= R, gz, z2) = §m1(x1 — 1D)xg(xe — 1).

Note that the assumptions of Theorem 3.4.2 (iii) are satisfied.

For H > 0 such that % € N, we take a triangulation Tz on € consisting of
nodes {(sH,7H)}s,—o,..1/m, and a triangulation 7, on Y with grid size h = %. We
use the scheme presented in Section 3.4 to approximate A° and ug, and we observe
second-order convergence; see Figure 3.5.

For the approximation of u., Theorem 3.4.2 yields

2
e~ (dh 3 @) (-2) oo

ij=1

2 2

Ee = ||u5 — U()”?;[l(ﬂ) + Z
k=1

L(Q)

= O(e).

For the numerical approximation, we replace u. by an H2-conforming finite element
method on a fine mesh, based on the formulation

trA (-, 2) trA (-, 2)
olA(2)P ol 2)P
where V := H?(Q) N H}(2). To this end, we use again the HCT element and set the

gradient on the boundary to be the gradient of an H!-conforming approximation by

Find u. € V : A(-,é) : D*u, Av = fAv YveV,

Py elements on a fine mesh.
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Figure 3.6: The error Ely, in the approximation of u. for a fixed value, e = &, (left)

and the error after subtraction of 2.2653 - 1079 (right), which is approximately the
limit of Eff, in the figure on the left for this fixed value of ¢ as H tends to zero.

Problem with an unknown ug

Finally, let us consider the problem (3.38) with the same domain € and matrix-valued

function A as before, but with the right-hand side given by

1
f:Q—=R, f(z1,22) :=exp (— 5 2) .
@0 (-}
Note that we are in the situation (Q, A, f) € H. Using the second-order H?>-
conforming approximation ug g to uy obtained as previously described (again with

h=14),

luo = wo,all g2y = O(H?),

we have that

2 2

EN = |ju. - uO,HHJQLIl(Q) + Z
ki=1

2

e = Ofon = 3 (Fvi) (- 2) P

ij=1

L2()
= O(s + HY).

Figure 3.6 shows the error Efl, of the approximation of u. for different grid sizes and

€= % fixed. We observe fourth-order convergence in H for the error as expected.
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Part 11

Nonlinear elliptic equations in
nondivergence-form

5



Chapter 4

Numerical homogenization of
Hamilton—Jacobi—Bellman
equations

This chapter discusses the numerical homogenization of Hamilton—Jacobi-Bellman
(HJB) equations based on a mixed finite element method for the approximate correc-
tor problems and is structured as follows:

We consider periodic HJB cell problems in Section 4.1 and prove the existence
and uniqueness of a periodic strong solution in a suitable Cordes framework. These
periodic cell problems arise naturally in the homogenization of HJB equations.

In Section 4.2, we propose and rigorously analyze a mixed finite element method
for the approximation of the periodic solution to the HJB equation (1.9). We prove a
priori (see Theorem 4.2.2) as well as a posteriori (see Theorem 4.2.3, Remark 4.2.3)
error bounds with explicit error constants.

In Section 4.3, we discuss the numerical homogenization of problems of the form
(1.7). We provide the framework and theoretical homogenization results in Sections
4.3.1 and 4.3.2 respectively. We then analyze the approximation of the approximate
corrector (1.8) by the mixed finite element scheme from Section 4.2, and present a
scheme for the approximation of the effective Hamiltonian in Sections 4.3.3 and 4.3.4
respectively.

In Section 4.4, we present numerical experiments for the approximate corrector
problems and the homogenized effective equation.

Annotation: Unless stated otherwise, this chapter contains novel results which
have been obtained in Gallistl, Sprekeler, Siili [50] (see also Kawecki, Sprekeler [69]
for Section 4.1.2). D. Gallist] implemented the numerical homogenization scheme and

generated the numerical data for our numerical experiments. The contribution of E.
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Stli was of advisory nature. I would like to thank Y. Capdeboscq for some very useful

discussions.

4.1 Periodic HJB cell problems

4.1.1 Setting

We let A be a compact metric space and write Y := (0, 1)" for the unit cell in R". We
work in dimension n € {2,3}. In order to simplify the presentation in this chapter,

we use the notation

©*(y) == o(y,a),  (y,a) ER" x A

for functions ¢ : R* x A — R with R € {R,R",R{"}. We study the periodic
Hamilton-Jacobi-Bellman (HJB) problem
Flu] :=sup {—A*: D*u— b -Vu+c*u— f*} =0 inY,
ael (4.1)
u is Y-periodic,

with given uniformly continuous coefficient functions

AR"xA =R p:R"xA—R", ¢ f:R'xA—R

sym

We assume that A%, b%, c®, f* are Y-periodic in R” for fixed o € A and that ¢ > 0 in

R"™ x A. Finally, we assume uniform ellipticity, i.e.,

3G, G >0 GREPSAYW)E-ES QP VY.L R a e A,

and that the (generalized) Cordes condition (see [88]) is satisfied, that is,

AP+ B8 g
(tr(A) + §) n+

holds in R™ x A for some constants A > 0 and § € (0,1). Let us point out the

connection of this Cordes condition to the condition (2.2).

Remark 4.1.1. Note that the Cordes condition (4.2) is equivalent to
AP 1
| <
(trA)2 ~ n—1+0

withn:==n+1 and A:R" x A — R gjven by

Sym

~ A | b
A2:<bT 20)\>.
2| A



The Cordes condition arises naturally for stochastic control problems as can be

seen from the following example, which is taken from [88, Example 1].

Remark 4.1.2 (Cordes condition in practice; an explicit example taken from [88]).

Let us consider control variables (0,Q) € [0,3] x SO(3) =: A corresponding to

angle and orientation between independent Wiener diffusions along directions Ge;,
i € {1,2}, with

G AR, w¢mHmf<ézigo,

and look at the coefficient A : A — R2%2 defined via A := 3GG*. Typically, one has
a constant zeroth-order coefficient ¢ = constant =: ¢ > 0 for these stochastic control

problems. Then, if b =0, we have that

A0, Q) + % L1 4 sin2(0) + (2)° T4 (9)°
max |A(0, Q)" + 5 I 5( +81n(2)2+ (%) :8+(;\)2
OQEA (tr(A(0,Q)) + §)”  ©.Qer (1+%) (1+9%)

s minimized at A\ = %E with minimum value % =(2+ %)_1 and therefore, the Cordes
condition (4.2) holds for any ¢ € (0, %] For a non-vanishing first-order coefficient
b: A — R?, the Cordes condition (4.2) will still be satisfied if @ 15 sufficiently small,

which 1s essentially a coercivity assumption.

4.1.2 Existence and uniqueness of periodic strong solutions

In this section, we show that the periodic HJB problem (4.1) is well-posed in the sense

that there exists a unique periodic strong solution, i.e., a unique function u € ngr(Y)

satisfying F[u] = 0 almost everywhere in Y. Recall that the space H2, (Y) C H*(Y)

per
is defined as the closure of

Coo.(Y) :=={v|y : v e C*(R") is Y-periodic}

per

with respect to the H?-norm.

The renormalized problem
Let us introduce the function v = v(y, «) € C(R™ x A) defined by

Y tr(A) + §
= T
A2+ 5+ &

(4.3)
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and note that, by the assumptions on the coefficients from Section 4.1.1, we have
R{LrleAv > 0. (4.4)
We then consider the renormalized HJB equation
Fy[u] :==sup {y* (=A% : D*u—b*-Vu+"u— f*)} =0 inY,
acA (45)
u is Y-periodic.
It is easily checked that the renormalized problem (4.5) is equivalent to the original
problem (4.1) in the sense that they have the same set of periodic strong solutions.

More precisely, we can characterize strong solutions to (4.1) as follows:

Remark 4.1.3. For u € H?

oY), the following assertions are equivalent:

(i) Flul = 0 a.e. inY, i.e., uis a periodic strong solution to the HJB problem
(4.1).

(i) Fylu] = 0 a.e. inY, ie., u is a periodic strong solution to the renormalized
problem (4.5).

(11i) There holds

(Y>7

per

/ FulLyv=0  Yve H?
Y

where Lyv := Av — Av for functions v € H2, (V).

per
Indeed, the equivalence (i) < (ii) follows from (4.4) and the compactness of the
metric space A, and (i7) < (ii7) is a consequence of the surjectivity of the linear

differential operator

L,: H?

per

(V) — L*(Y), Lyv = \v — Av.

Consequences of the Cordes condition

We point out a crucial Lipschitz-type estimate for the nonlinear operator F,. This is
a direct consequence of the Cordes condition (4.2) and can be found in [67, 88]. A

short proof is provided for demonstrating how the Cordes condition comes into play.

Lemma 4.1.1. Let w C Y be an open set. For any ui,us € H?*(w), writing 6, :=

w1 — g, we have that

| [wn] — Fy[ug) — Ladu| < V1 — 04/ D26,|2 4+ 2X\|V8,|2 + A\202 (4.6)

almost everywhere in w.
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Proof. Let uy,us € H*(w) and set &, := u; — uy. Note that for any bounded sets
{z%}aer C R and {y*}aea C R we have that

sup 2® — sup y| < sup|z® — y“|.
acA aEA aEA

This yields
| Fyfua] = Fy[uz] = Lydul?
< sup [7% (=A% : D25, — b - Vb, + ¢°6,) + Ad, — A&,

aEA
apa 2 a0 )\2
S(!D2(5u\2+2)\]V(5u\2+A253)sup{|—7“Aa+I]2+W [, bt = A }
a€EA 2 A

tr(A%) + <)°
=(ID25u|2+2A|V§u12+x253)sup{n+1_ (tr(A) + %) }
aEA

boc? CO¢2
|Ao¢|2+ \QA\ + I/\QI

< (1= 0) (|D?3,* + 2X V4, + A262)

almost everywhere in w, where we used the Cauchy—Schwarz inequality, calculation
and the Cordes condition (4.2). O

Observe that, using the triangle and Cauchy-Schwarz inequalities, we can elimi-
nate the term L), from the left-hand side of (4.6). We thus find that, in the situation

of Lemma 4.1.1, we have

| Ju] — F fug]| < (\/1 vt 1) VID3, 2 + 2N Vo, 2 + A28 (4.7)

almost everywhere in w.

Existence and uniqueness of solutions

We are now in a position to prove the existence and uniqueness of periodic strong
solutions to the HJB problem (4.1). In view of Remark 4.1.3, let us define

B:H2 (Y)x H2 (Y) >R, B(u,v) ::/Fv[u]L,\v.

per per
Let us note that integration by parts and a density argument yields that

HAU“LQ(Y) = HD2U||L2(Y) Yv € H2

per

(Y)

and we have

Vo e Hp, (V) : “L)\UH%?(Y) = ||D2U||2L2(Y) + 2)\HVUH%Z(Y) + )‘QHUH%Q(Y)

(4.8)
> Cllollzz vy

We can now proceed similarly to [67, 88] in showing that the Browder—Minty

theorem applies and we obtain the following theorem:
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Theorem 4.1.1 ([50, Theorem 2.1] Well-posedness). In the situation of Section 4.1.1,
there exists a unique periodic strong solution w € H>,(Y) to the HJB problem (4.1).

per

Proof. Note that it is enough to show that B satisfies the Lipschitz property

|B(ur,v) = B(uz, v)| $ [lur — wallmzry [ollm2yy  Vun,ue,v € Ho (Y), - (4.9)

per

and strong monotonicity, i.e.,
Hu1 — Ugl‘zg(y) S B(ul,ul — UQ) — B(UQ, up — UQ) Vul,u2 € H}%er(Y)' (410)

The Browder-Minty theorem then yields that there exists a unique u € ngr(Y) such
that

B(u,v) =0  Vve H2(Y),

per

which proves the theorem in view of Remark 4.1.3.
The Lipschitz property (4.9) now immediately follows from (4.7) and it remains to

show strong monotonicity. To this end, let uy,us € H2, (V) and write §, := u; — us.

per

Using Lemma 4.1.1, we find

Bun,8,) = Bluz, ) = | Labullagn + [ (Byfur) = By fus] = L) Lid,
Y
> (1= V1= 0)Lrdullz2 )
and hence, by (4.8), there holds (4.10) and the claim is proved. O

Remark 4.1.4. For the unique periodic strong solution v € H>_(Y) to the HJB

per

problem (4.1), we have the bound

b B0

T 1-V1-6
Proof. Note that we have already obtained the first equality (see (4.8)). We use
Lemma 4.1.1 and the solution property F,[u] = 0 to find

|Exullzzry = (IDulliagyy + 2AIVulagy + A2 ullizgy )

(1= V1= )| Laullizyy < I[Lxullfz) + /Y (Fy[u] = F5[0] = Lau) Lyu

_ /Y F,[0] Ly

We conclude the proof by using Holder’s inequality to obtain

1 15 [0] ]| 22 (v
Lyul)? <——/F0Lu<”—Lu .
[ Laulz2pr < - /—1_5y’7[])\ ST T_(SHAHL(Y)

which yields the desired bound. O]
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4.2 Mixed FEM for periodic HJB cell problems

4.2.1 Mixed formulation

We construct a mixed finite element method for the numerical approximation of the
strong periodic solution to (4.1) similarly to the scheme presented in [51]. The mixed

formulation relies on rewriting the problem (4.5) as

sup{7* (=A% : Dw —b*-Vu+c"u— f*)} =0 (4.11)

a€eA

with the coupling
Vu—w=0.
Let us recall the notation
W) = {0 € )5 [0=0} WoulViRY i= (V)"

Noting that a solution u € H2 (Y) to (4.11) satisfies w = Vu € Wy (Y; R"), we

per

define the function space

X =Wy (Y;R") x HL (V)

per
and let M C Wy (Y) be a closed linear subspace. Admissible choices include M =
{0} and M = Wy (V).
The mixed formulation

The mixed formulation is defined as the following problem: Find m € M and (w,u) €
X such that

{a ((w, u), (w', u’)) + b(m, (w/, Ul)) 0 v (w/7 ul) S X’ (4'12>

b(m', (w,u)) =0 Vm' € M,

where the semilinear form a : X x X — R is given by

a((w, ), (w',u'))

= /Y F[(w, u)] La(w', ') + oy /

Y

rot(w) - rot(w’) + 02/ (Vu —w) - (Vu' —w'),

Y

and the bilinear form b : M x X — R is given by

b(m, (w,u)) = /YVm (Vu —w)
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for (w,u), (w',u') € X and m € M. Here, we have used the operators

F[(w,u)] :==sup {y* (=A% : Dw —b* - Vu+ c*u — f*)},

a€el

Ly(w,u) :=Au—V - w,

acting on (w,u) € X, and the positive constants

op:=01(0) :==1— 1\/1 -9,

2
Y £ ey 1
02.—)\0'2(5).—>\< 9 +4<1_m)>

We proceed by showing well-posedness of this mixed formulation.

Well-posedness of the mixed formulation

We define a norm on the space X = W, (Y;R") x H!, (Y) by

per
2
I(w, Wy = 1DwlL2yry + 2XVul Loy + Xllullizgy,  (w,u) € X

It is easy to verify that this does indeed define a norm on X and we observe that

there holds

I1Dw]|720yvy = [[rot(w) |72y + IV - wllfyy  Yw € Hy (Y5R™), (4.13)

per
which follows from the formal calculation (using integration by parts twice)
1Dl = [ ottw) = 3 [ oyt =Y [ dwiog; = [ 19wl

and a density argument. Note that compared to the usual Maxwell-type inequality
[32], we obtain an equality in (4.13) thanks to periodicity. We obtain two preliminary

estimates.

Lemma 4.2.1 (Preliminary estimates). Let (w,u), (w',u') € X and p € (0,2). Then,

writing (8, 0y) := (w — W', u — '), there holds
1 [(w, w)] = Fy[(w', u')] = La(0w, 6u)[[22(v) < V1 = 6 [[[(Jw, 0u)ll s (4.14)
and we have the Miranda—Talenti-type estimate
2—p

A
2
—5 (@, W)l < llrot(w)Zay) + 1 Law, w)Z2v) + SV wlizyy  (4.15)
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Proof. The first part of the Lemma, i.e., the estimate (4.14), is shown analogously to
Lemma 4.1.1. For the second part, we use (4.13), integration by parts and Young’s

inequality to find
[1Cw, )} = llrot(w)|Zeqyy + IV - wlFagyy + 20 Vel Gayy + X[l
w, )| rot(w L2(Y) w L2(Y) u L2(Y) u L2(Y)
= lot()lagry + Il = V -+ Al + 24 | (Vu=w)- Vu
Y
A
< lrot(w) [y + I1Ea(w, w) [y + SIVe— wlZey + Aol Vel 2
A P
< llrot(w) |7y + 12w, w) |72y + ;HVU = wllZagy) + Sl Cw, W,
which yields the Miranda—Talenti-type estimate (4.15). O

With these estimates at hand, we can proceed with showing essential properties of
the maps a and b, namely monotonicity, Lipschitz continuity and an inf-sup condition,
which will allow us to show well-posedness of the mixed formulation. We will use that

we have the Poincaré inequality (see [18, Theorem 3.2]) for scalar functions,

n
ol < L IVellis, Vo€ WoerlY), (1.16)

and the corresponding inequality for vector-valued functions,

vn "
w2y < — | Dwl| 2y Vw e Whe(Y;R?). (4.17)
We then have the following result:

Lemma 4.2.2 (Monotonicity, Lipschitz continuity and inf-sup condition). We have

the following properties:

(i) Monotonicity: For any (w,u), (w',u') € X, writing (0y,d,) := (w —w',u —u’),

we have
Coat By 813 < @ ((w,w), (b, 84)) = a (@', 0), (8, b))
with the monotonicity constant Cyy := % (1 —v1-— (5) > 0.

(ii) Lipschitz continuity: For any (w,u),(w',u'),(z,v) € X, writing (0y,0,) =

(w—w',u—u'), we have
|CL <<w7 u>’ (Zv U)) —a ((wla ul)v (z7 U))| < OL|||(5U)7 5U)|l|>\”|(za U)H|)\ (418)
with the Lipschitz constant Cp, == 2+ v/2v/1— 6+ 01(8) +52(0) (3 + %) > 0.

84



(1i) Inf-sup condition: We have

b / / /
inf sup /(m (W ,u/)) —— >y (4.19)
m/ €M\{0} (wr wyex\{o} || VI || L2y [ (w0’ W) [

D=

with the inf-sup constant ¢, := A2 (2 + %)\)_ > 0.

Proof. We are going to prove the claimed results (i), (ii), (iii) separately.
(i) By (4.14), Young’s inequality and the Miranda—Talenti-type estimate (4.15)
with p =2 — 24/1 — ¢, we find that

0 (10, 0), (50 8,)) — @ (w1, (B, 6,)) — 011048 2oy — 02V — b2y
- /Y (B [(w, )] — F,[(w,)]) La(6. )
= ||L>\(5w7 5U>||%2(Y) —Vv1-9 |||(5w7 5U>|||)\||L>\(5w7 5U>||L2(Y)

2—+v1-9 v1—196
> THLA((swa(su)”%?(Y) - 2 |||(5w75U)|||?\
1—vI—o , 1 , A ,
> THL/\(éw;(su)”LQ(Y) - §||T0t(5w)||L2(Y) - m”v% — 0wl 720y

Therefore, by definition of the constants oy, 05 and the Miranda—Talenti-type estimate
(4.15) with the choice p = 1, we conclude that

a ((wv u)> (6111’ 5U)) —a ((w,v u/)v (51117 5U))

1—vV1-=9

> 5 <||LA(5w> 5u)||%2(y) + ||r0t(5w)||%2(1/) + AV, — 5w||%2(Y)>
1—+v1-9

S i [CREN ¢

which is the claimed inequality.
(ii) We note that we have

1La(w, w)llz2vy < V2II(w,allly ¥ (w,u) € X, (4.20)

as there holds ||V - wl[z2(yv) < ||Dw||r2yy for any w € Wy (Y;R") by (4.13). We
bound the terms arising in the quantity on the left-hand side of (4.18) separately.

For the term involving the nonlinearity, using (4.14), we have

/Y (B (w0, w) — F,[(w, o)) La(2,v)
< [ La(z, )| L2(vy (”LA((Sw» o)l 2vy + V1 =0 |[(dw, 5u)|||/\>
< V2 (V2 VI=0) [l Gus )N 2. 0l
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For the term multiplying the constant o, we have

< 01| Dw|| 2y [ D2 2 vy < 01l (0w, du) [ (2, 0]l

al/Yrot(éw) - T0t(2)

as there holds |rot(w)||z2(vy < ||Dwl[r2(vy for any w € Wye (Y5 R") by (4.13). For
the term multiplying the constant o, we have by the triangle, Poincaré (4.17) and

Cauchy—-Schwarz inequalities that

09 /Y (Vi — 6y) - (Vv — 2)

n
< 09 <||V6u||L2(Y) —|— \/7—||D5w||L2(y)) (HV’UHL2 —|— \/_—HDZHL?(Y )

ox (35 + 25 ) MG S0l

Altogether, we obtain the claimed inequality (4.18) with the constant
1 n
=24+ V2V1 =0+ 0, + 09 ot :

which is identical to the one given in Lemma 4.2.2 (ii) using that oo = A 7.
(iii) For any m’ € M\{0} we have (0,m’) € X and hence

/ / / / /
wp M) B (0.
wanexyioy Il (w’, u)lly I1C0, )l
- va/H%Q(y)
VAV )+ X2y
o IVl
T V2A+ A2
by Poincaré’s inequality (4.16) (recall that M C W, (Y')), which yields the claimed
result (4.19). O

Remark 4.2.1 (Local Lipschitz estimate). Similarly, one obtains the local Lipschitz

estimate
lar ((w,u), (,0)) = ar (w,0), (2,0))|
<€ [l =y u =l + o = lzzn) Iz 0l + 2]z

for all (w,u), (W, v),(z,v) € X and any open I C Y with a constant C} =
Cp(6,\,n) > 0. Here, the subscript I in a; and ||-|[,; denotes that integrals in

the corresponding definitions are taken over the set I.
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Now we are in a position to show well-posedness of the mixed formulation, i.e.,

the existence and uniqueness of a solution (m, (w,u)) € M x X to (4.12).

Theorem 4.2.1 ([50, Theorem 2.5] Well-posedness of the mixed formulation). There
exists a unique solution (m, (w,u)) € M x X to (4.12). Further, m =0, u € H2, (V)

per
with Vu = w and wu is the solution to (4.1).

Proof. The existence of a unique solution (m, (w,u)) € M x X to (4.12) follows from
the Brezzi-splitting; see [21] and [51, Proposition 2.5], as we have the monotonicity
and Lipschitz continuity for ¢ and an inf-sup condition from Lemma 4.2.2. For the
second part of the claim, i.e., that m = 0, u € H},.(Y) with w = Vu and u is the
solution to (4.1), we note that L, is surjective from the set X, := {(v',u') € X :
w' = Vu'} onto L*(Y'). We first test the mixed formulation (4.12) with pairs (w’, ')
from X, to obtain F,[(w,u)] = 0 almost everywhere and then with the solution pair
(w,u) to find w = Vu and thus u € ngr(Y). We conclude the proof by noting that

this implies that u is the solution to (4.5) (and hence to (4.1) by Theorem 4.1.1) and
that m = 0. [l

4.2.2 Discrete mixed formulation and error analysis

We take closed linear subspaces Wy, C Wyer(Y;R™), Uy C H) (Y), My C Uy N M
(recall that M C Wy (Y)), and define

X, =W, xU, CX.

We then define the discrete mixed formulation as the following problem: Find my €
My, and (wp,, up) € Xj, such that

a ((wha uh)v (w;zv u;z)) + b(mh7 (w;w uﬁz)) =0 v (w;w u%) € X, (4 21)
b(my, (wp,up)) =0 Vmj € M. '
We note that we have boundedness of b and a discrete inf-sup condition.

Lemma 4.2.3 (Boundedness of b and the discrete inf-sup condition). For any
(m/, (W' u')) € M x X, we have

b(m', (w',u')) < Col[ V|| L2 Il (', w) ]

1

with the constant Cj := \™2 (% + 7%)\) 2 > 0. Further, the discrete inf-sup condition

!/ / /
inf sup blomy, (W) (4.22)

@O} (uf ek 0) 1V T2 11l )Ty

holds with ¢, > 0 as in Lemma 4.2.2 (iii).
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Proof. We use the triangle, Poincaré (4.17) and the Cauchy—Schwarz inequalities to

obtain

n
b(m/, (W', ') < || V|| 2(vy <||Vu’||Lz(y) + %HDU),“LQ(Y'))

1
Nt =V |y ! )l

for all (m/, (w',u')) € M x X.
The discrete inf-sup condition holds as for mj € M;\{0} we have (0,m}) €
X \{0} since M, C U, N M, and hence

b(my,, (wh, up)) o b, (0,m))

sup >
whaexnioy wh i)l = 10 mp)ll,
IVm3 0,
e +A2Hmhum
Vi 2 )

T V2A 4 A2
by Poincaré’s inequality (4.16) (recall that M C W, (Y')), which yields the claimed
result (4.22). O

It follows that we have well-posedness of the discrete mixed formulation analo-

gously to Theorem 4.2.1. We also obtain an error bound.

Theorem 4.2.2 ([50, Theorem 2.7] Well-posedness and error bound). There exists
a unique solution (mp, (wy,up)) € My x X, to the discrete mized formulation (4.21).

Further, we have

liCw = wn, w=wn)lly < Ce | it o Il (w = wh, u =),

where (m, (w,u)) € M x X denotes the solution to (4.12) and C, = Cc(d,\,n) > 0 is

the constant

C, —zﬁ(lJer)

Cu Cy

with Cr,, Cyr, Cy, ¢y > 0 from Lemmata 4.2.2 and 4.2.35.

Proof. We only show the error bound as the existence and uniqueness of solutions
for (4.21) follows from Lemma 4.2.2 and Lemma 4.2.3 in a standard way; see [51,

Proposition 3.1].
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Step 1: We introduce the discrete kernel
Zy = {(w),up) € Xp, 1 b(my, (wy,up)) =0 Vm) € My}

and claim that there holds

Cr .
= wiw—w)lly < = it —whou=)ll (423)
wy up

Indeed, we use successively the monotonicity from Lemma 4.2.2 (i), the solution
property of (w,u) from Theorem 4.2.1 and the fact that (wy,uy) solves the discrete
problem (4.21), and the Lipschitz estimate from Lemma 4.2.2 (ii) to find that

Cull(w = wiyu = up) I}
< a((w,u),(w—wpu—up)) —a((wy,up), (W—wh,u—1u))
= —a((wn, un), (w,u))
= —a ((wn, up), (w — wy, u —w))
= a((w,u), (w—wh,uw—1up)) = a((wn,un), (W= wh,u—1u))
< Cpll(w = wn, w = un) [l (w = wh, w = i)l
for any (wy,,u),) € Z, which implies the desired estimate (4.23).

Step 2: We let (w,,u,) € Xp, denote the best-approximation to (w,u) from Zj,

ie.,

(w0 — we, uw = w)lll, = » il,lgezh l(w = whyuw =)l (4.24)
Wh,,Up,

and we derive a linear mixed problem for (w,, u,).

By the discrete inf-sup condition (4.22), there exists m, € M), such that

((Wey ), (W )y + b, (why, ) = (W, w), (Whyup )y Y (wh,up,) € X,
0 ‘v’m'h c Mh,

b(mp, (ws, u.))

where (-,-)) : X x X — R is the inner product given by

(' ), (" ")) = /

Duw' : Dw" + 2)\/ Vu' - Vu” + )\2/ u'u”.
Y Y Y

We also note that the solution pair ((w, ), m) satisfies the similar system (recall that
m = 0)

(w,u), (W), V@, u)eX,

((w, u), (W', 0)), + b(m, (w',u)) = (
0 vm' € M.

b(m/', (w,u))
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Step 3: We derive an error bound for (w — w,,u — u,) in the ||-||, norm using the
classical linear mixed finite element theory.
Note that for any (w', ), (w”,u") € X, we have

('), (" ")) < N )" )l (), (@ ))x = [l )

In particular, we have boundedness and coercivity on the whole space, i.e.,

(', ), (W, u"))al < Calll (', u)H M (w”, "),

<(U)/, u,)v (w/7 ul)>>\ > Cal”(w/7 U/)‘Hi

for all (w',u), (w”,u") € X with constants C,, := ¢, := 1. Further, from Lemma 4.2.3
we have the discrete inf-sup condition (4.22) with constant ¢, and boundedness of b

with constant C,. Then, by linear mixed finite element theory (see [91]), we obtain

C, C : / /
Mo ==l < (1452 ) (142wt = whou= ),

@ Cp ) (wp,,up)EXp
Cy . ,
Ca mj, €My,
Cb)
=21+ — inf w—wu—u)l,
( Cy ) () up)eX, (I h )l

where we used m = 0 and C, = ¢, = 1 in the last line.
Step 4: We conclude by combining (4.23), (4.24) and (4.25):

Cr
l(w — wp, u —up)fl, < C—Ill(w — W, U — ) [
M
Cr < Ob) )
<2— (14— inf w—wy,u—u)|,
co (1) = = )l
which is the desired error bound. O

Remark 4.2.2. Note that the error constant C. = C.(d, \,n) is monotonically in-

creasing in .

Besides this a priori error bound, the monotonicity property from Lemma 4.2.2

allows us to obtain an a posterior: error bound.

Theorem 4.2.3 ([50, Theorem 2.9] a posteriori error bound and efficiency estimate).
For the solution (m, (w,u)) € M x X to the mized formulation (4.12) and the solution
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(mp, (wp,up)) € My x Xy, to the discrete mized formulation (4.21), writing e, =

(w — wp, u — up), we have the error bound

llenlllx

-

2

_1
< VRO (O I (s ) gy + 01 [0t oy, + 02 1w = Funl 2oy

and the efficiency estimate

1

2 2 2
o 15 [(wns un)][[12 vy + o1 rot(wi)ll 2y + 02 lwn = Vunlzay,)

1—-9
< (Cut 257 ) el

where Cyr, Cr, > 0 are the constants from Lemma 4.2.2.

Proof. We use successively the monotonicity from Lemma 4.2.2 (i), the solution prop-
erty of (w,u) from Theorem 4.2.1, the Cauchy—-Schwarz inequality (note w = Vu),
the bound (4.20), and Young’s inequality:

Cualllenllly
< a((w,u),ep) — a((wp,up),en)

= —a ((wn, un), en)

N

2 2
< N E5 [(wny wn)]ll 23y 23Rl 2y + 1 Irot(wn) |72y + 02 [[wn — Vun|[72

2 2
< V2B [(wn, un)]ll 2y lenlly + o1 [[vot(wn) |72y + 02 wn = Vun| 72,
— 2 M 2 2 2
< O 1 [(wns w2y + = llenllly + o lvot(wn) [z + 02 lwn = Vunllpa) -

Upon rearranging, we find the claimed a posteriori estimate.
For the efficiency estimate, recall the solution property of (w,u) from Theorem
4.2.1, in particular w = Vu and F,[(w, u)] = 0 almost everywhere. With the Lipschitz

property from Lemma 4.2.2 (ii) and with Lemma 4.2.1, we then obtain

2 2 2
Crllenllly = o [[rot(wn)lz2ry — o2 lwn = Vua|lz2(y,
> a((w,u), en) — a((wn, un), en) — o1 [[rot(wp)| 72y — 02 lwn — Vg 72y

= —a ((wn,un), en) — o1 [rot(wn) | 12(y) = 02 llwn = V|72,

— I Cn )y, + [ Pl un)) (G )] = B un)] = Lyes)

Y
HF”/[(wh»uh)]Hi?(y) -Vv1-9 HFv[(whauh)]Hm(y) |||€h|||,\
1 1—-46
2 2

which yields the efficiency estimate upon rearranging. O]

v

v

2
llenllly,

1S [(wny un)ll 2y —
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Remark 4.2.3 (Local efficiency). Similarly, one obtains the local efficiency estimate
! 1 [Cwn, w7 gy + 01 ot (wi) |72y + 2 llwn = V|7
2 ()

1—-9¢

2 2
< (261 +55°) (b = wnu—wn)l + o = wnlf)

for any open I C'Y, where C;, > 0 is the constant from Remark 4.2.1.

4.3 Numerical homogenization of HJB equations

4.3.1 Framework

Let © C R™ be a bounded convex domain in dimension n € {2,3} and let A be a

compact metric space. For ¢ > 0 small, we consider problems of the form

sup{—Aa<-,;> :DQuE—ba<-,;)-Vue—i-ug—fa(-,é)}:() in Q,

acA € €
u: = 0 on 0,
(4.26)

where we assume that the functions

A = (aij)1<ij<n QO xR"x A — R™" (z,y,a) = Az, y,a) =: A%(z,y),

sym >
b= (b)i<icn : QX R" x A — R, (,y, ) — bz, y,a) =: b%(x,y),
f:OxR"x A= R, (z,y, ) = f(z,y,a) = f*(z,y)
satisfy the following assumptions:
(i) Continuity: A, b, f are continuous on Q x R™ x A,
(ii) Periodicity: A%(x,-), b%(z,-), f*(x,-) are Y-periodic for fixed o € A and = € ,
(iii) Regularity: A% b®, f are Lipschitz on Q x R™ uniformly in o € A,

(iv) Ellipticity: There exist (1, (> > 0 such that (;]¢[> < AE-€ < GJE[2in QxR x A
for all £ € R™.

Further, it is assumed that the (generalized) Cordes condition

AP+ 1

=< in Q x R" x A (4.27)
(tr(A) + 1) n+0

holds for some constants A > 0 and ¢ € (0,1). Then we have well-posedness in the

sense of strong solutions; see [88].
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Theorem 4.3.1 (Existence and uniqueness of strong solutions). In this situation, for

any given € > 0, there exists a unique strong solution u. € H*(Q) N H () to (4.26).

Remark 4.3.1. Problems involving a non-constant zeroth-order coefficient, i.e., prob-

lems of the form

o (et (D) Tove (e (D) =0 e

ve =0 on 09,

with ¢ satisfying the same assumptions as the components of b* and additionally
infaypnyp ¢ > 0, can be reduced to a problem of the form (4.26). This is due to the
fact that division by c*(x,z /) inside the argument of the supremum does not change

the sets of strong and viscosity solutions; see [67, Remark 2.2].

4.3.2 Homogenization

In this section, we briefly recall known homogenization results from the literature. Let
us start by recalling one of the several equivalent definitions of a viscosity solution;

see [73].

Definition 4.3.1 (Viscosity solution). Let @ C R™ be open and F': Q x R x R x

R2X" — R be continuous. A continuous function v : Q@ — R, u € C(Q), is called a

Sym

viscosity solution to the equation
F(z,u,Vu,D*u) =0 inQ,

if for any ¢ € C?*(Q) there holds

IN

zo € Q local mazimum point of u — ¢ => F(zg,u(x0), Vé(0), D*¢(10))

)

0
0.

v

zo € Q local minimum point of u — ¢ = F(zo, u(z0), Vo(zo), D*d(20))

For an overview of the theory of viscosity solutions for second-order equations we
refer the reader to [33]. We note that the strong solution u. € H?(Q) N H} () to
(4.26) belongs to C(Q) (recall n € {2,3}) and a natural question to ask is whether u,
is a viscosity solution. If the strong solution . is such that u. € W2"(Q), then it is a
viscosity solution to (4.26); see [24, 73, 74]. We also note that the viscosity solution

to (4.26) is unique; see [62]. We then have the following result; see [84]:
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Remark 4.3.2 (Regularity). Let u. € H?(2) N H} () be the unique strong solution
to (4.26) given by Theorem 4.3.1. Then

u. € C**(Q)NC(Q)

for some & > 0 and u. is the unique viscosity solution to (4.26). Further, if 02 € C%#
for some B> 0, then u. € C**(Q) for some & > 0.

With this observation at hand, we can use the well-known homogenization results

for viscosity solutions; see [25, 39, 40].

Theorem 4.3.2 (Homogenization of HJB problems). The solution u. to (4.26) con-

verges uniformly on € to the viscosity solution uy € C() of
{uo + H(x, Vug, D*ug) = 0 in €,

(4.28)
ug =0 on 052,

with an effective Hamiltonian H : 0 x R™ x R — R defined as follows: For given
(z,p, R) € Q x R" x RY;" we define H(x,p, R) € R to be the unique real number
such that there exists a function v € C(R™), a so-called corrector, that is a viscosity
solution to

sup {—Ag - D%y — gipﬁ} = H(z,p,R) inR",
acA (429)
v 1s Y -periodic,
where A3 (y) = A%(z,y) and g3, p(y) == A%z, y) : R+0%(z,y) -p+ [*(z,y) for
y€R" aeA.

Let us note that rates for the convergence of u. to the homogenized solution uy
have been derived for the whole space problem in [28].

The effective Hamiltonian can also be obtained through a limit of ergodic approxi-
mations, the so-called approximate correctors; see [11] and the references therein. For
(z,p, R) € QA x R" x R and o > 0, the approximate corrector v7 = v7(-;z,p, R) €

C(R™) is defined to be the viscosity solution to
ov’ +sup {—AY: D07 — g%} =0 inR",
ael (4.30)
v? is Y-periodic.
Remark 4.3.3 (Regularity of approximate correctors). The viscosity solution v% =
v (-;x,p, R) € C(R™) to (4.30) is in fact a classical solution v° € C*(R™). Further,
there exists an & € (0,1) such that

HUUJ<' 3 L5 Dy R) + HUU(' 7Ly P, R) - UU(O;ZC,p, R)HCQv&(Rn) 5 1+ ‘p’ + ’R|

oo

for all (z,p, R) € Q x R™ x R see [10, 28].

sym ’
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The value H(x,p, R) € R for the effective Hamiltonian at the point (z,p, R) is

then the uniform limit of the sequence {—ov?} __, as o — 0; see [28].
Lemma 4.3.1 (Properties of the effective Hamiltonian). The following holds true.

(i) The sequence {—ov’(-;x,p, R)} ., converges uniformly to the constant value
H(x,p, R) with

|—ov?(-;2,p, R) — H(z,p,R)|| . S o(1+ |p|+ |R|)

for all (z,p, R) € O x R* x R™" and o > 0 sufficiently small.

Sym

(i1) The effective Hamiltonian H = H(x,p, R) is uniformly elliptic, it is convex in

R, and we have

|H(x,p1, R1) — H(x,p2, R2)| S [p1 — p2| + | R — Ral,
|H (21, p, R) — H(wa,p, R)| S |71 — 22| (14 [p| + [ R]),

for any x,x1, 22 € Q, p,p1,p2 € R” and R, Ry, Ry € R™X™.

sym

Note that the properties of the approximate correctors from Remark 4.3.3 and
Lemma 4.3.1 (i) allow passage to the limit ¢ — 0 in (4.30) and guarantee the existence
of a corrector v € C%(R") (i.e., a classical solution to (4.29)). We also note that the
properties of the effective Hamiltonian from Lemma 4.3.1 (ii) yield a regularity result

for the homogenized solution as it is of the type of problems studied in [84].

Remark 4.3.4 (Regularity of the homogenized solution). The viscosity solution uy €

C(§2) to the homogenized problem (4.28) satisfies
Uy € 02’d<Q) N C(Q)
for some & > 0. Further, if 9Q € C% for some 3 > 0, then ug € C*>%(Q) for some
a > 0.
4.3.3 Approximation of the approximate corrector

We construct a mixed finite element method for the numerical approximation of the
approximate corrector for fixed (z,p, R) € Q x R" x RiX". For o € (0,1) we consider

the problem (4.30), i.e., the problem of finding a strong solution v” to
sup { — A2 : D*v7 4 07 — g‘;’pﬂ} =0 inY,

a€el (431)
v? is Y-periodic.
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Recall the notation A%(y) := A.(y, ) := A(z,y,«) and

9o 2W) = Gapr(y, @) = A%(x,y) : R+0%(x,y) -p+ f*(x,y)

for y € R” and a € A from Theorem 4.3.2.

Note that g, , r : R" x A — R is continuous, and that g7, z is Y-periodic for fixed
a € A and Lipschitz on R"™ uniformly in a. We also note that we have the Cordes
condition (4.27), which yields

’Ax|2 + % < 1
(tr(A:) + &)~ n+0

in R" x A, (4.32)

where A, > 0 is given by
Ay i = O,

The corresponding scaling function v*(y) := v(y, ) is given by (compare to (4.3))

_ tr(A;) + & _ tr(A,) + 5
A2+ 5 AP+ 5

vl

Observe that (4.32) is the Cordes condition (4.2) for the problem (4.31) with
Cordes constants 0 and \,. Therefore, Theorem 4.1.1 ensures the well-posedness of
the problem (4.31), i.e., existence and uniqueness of a strong periodic solution. We
apply the mixed finite element method from Section 4.2 to problem (4.31) to obtain
an approximation.

The scheme from Section 4.2 applied to the problem (4.31) yields an approximation
(mg, (w7, vy)) € Myx Xy, whose existence and uniqueness are guaranteed by Theorem
4.2.2, satisfying the error bound

(Vo = wi, v” =vi)lly, < Ce(d,Ag,n) inf [[(Vo = w), v =)l (4.33)

(wp, up )EX
and we have that C.(0, \,,n) < C.(d, A\, n) for all o € (0,1). In particular, in view of
Remark 4.3.3, we have boundedness of the sequence of numerical approximations in
the sense that

Il Cwr, o), < €6, A,m) sup (V07,6
oec(0,

uniformly with respect to h and o.
For a shape-regular triangulation 7;, on Y, denoting the Lagrange finite element
space of degree ¢ € N over the triangulation by S%(7;,), we obtain the following

approximation result:
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Theorem 4.3.3 ([50, Theorem 3.9] Error bound for approximate corrector). For
o € (0,1), if we have v° € H**"(Y) for some r > 0 and the choice

X = (SUTRRY) 0 Wi (VS RY) % (SU(T2) N Hjy (V)

for some q,1 € N and a shape-regular triangulation T, on Y (consistent with the

requirement of periodicity), we find that
(V" —wi,v” = o), < CREMEEY V0 | ey

for h > 0 sufficiently small, with a constant C' > 0 only depending on 6, \,n and

interpolation constants.

Proof. Using the definition of the |[-[|, norm and interpolation inequalities, denoting

the interpolation operators on the finite element spaces by I;qu,I;fl, we find

T = =)l
h*"h

(7o = (7w = [ 78@0)) o - 280

o q o 2 o L o o L/ o
- [”D (VU — ;' (Vv ))HLQ(Y)JFQ)‘U"U — I (v )‘%l(y)JF)\gHU — Iy (v )H%Q(Y)

i

As

N[

. . . 1
< Cz (h2 min{r,q} + 2)\0h2m1n{1+r,l} + )\ithm{2+r,l})2 HVUUHHH'T(Y)
1 .
<C (1 + 2\, + )\CQI) 2 hmm{r,%l}”VUUHHHT(Y)

for h > 0 sufficiently small, where C; > 0 is the constant arising in applying the
interpolation inequalities. The claimed result now follows from (4.33), i.e.,
(Vo — w7 =)y, < Ce(d,A0,m) inf [(Vo7 —w), v =)l
(w},,u},)EXR
< 06(5, )\U,n)Ci (1 + )\J) hmin{hq,l}||V,UJ||H1+T(Y)
< Ce(6,A,n)C; (1 + A) K™ [70 || ey,

where we used \, < A and Remark 4.2.2. ]
Remark 4.3.5. The proof yields that the error constant can be taken to be
C = C(0,\,n)C;(1 + N),

where C; is a constant arising from interpolation inequalities.
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4.3.4 Approximation of the effective Hamiltonian

The approximation of the approximate corrector from the previous section allows us
to obtain an approximation to the effective Hamiltonian as follows.

First, we note that with @ € (0,1) from Remark 4.3.3 we have that, for any
r € [0, @), there holds

sup ||VUU(' 3L, D, R)HHI‘”(Y) SJ sup HVUU<' Y 2 R)HC'L&(]R") 5 1+ ‘p’ + ’R|7
0€(0,1) 0€(0,1)

uniformly in o. Using the error bound from Theorem 4.3.3, we deduce that
(Vo7 —wi, v = o), S BV | niyy S REHEET(L 4 [p] + | R))
with constants independent of o and the choice of (x, p, R). In particular, by definition
of [II-[[l,, we have
Jov = oo lzzcry S =90 (1 + [p| + |R). (434

We then define the approximated effective Hamiltonian as

Hyp QxR x RMX" — R, Hyp(z,p, R) = —0/ vp (52, p, R). (4.35)

Sym
Y
Then, the following approximation result holds:
Theorem 4.3.4 ([50, Theorem 3.11] Approximation of the effective Hamiltonian).

Let 0 € (0,1) and (wy,vy) € X}, as in Theorem 4.5.53. Further let H,, be defined as
in (4.35). Then, for (x,p, R) € Q x R™ x R™" we have the error bound

sym 7
| Ho (2, p, R) — H(z,p, R)| S (K" +0) (1 + |p| + | R])
for any r € [0,&) with & € (0,1) from Remark 4.3.3 and o,h > 0 sufficiently small.
More generally, for fived (x,p, R) € Q x R" x R, we have
|Hop(z,p,R) — H(z,p,R)| = O (hmi“{r’q’l} +0)
for any r >0 such that {||Vv°(-; 2, p, R)|| g1+r(v) }oe(o,1) 18 uniformly bounded.

Proof. We use Holder and triangle inequalities, Lemma 4.3.1 and the error bound
(4.34) to obtain

LvmmW@mw%mWﬂW=LvmmW@m—Hwnm>

< || - O_UZ(' Y ) R) - H([E,p, R>||L2(Y)

S O'HUZ(' 7Ly P R) - UU(' 7Ly P R)HLQ(Y)
+o(1+[p|+|R)
SJ (hmin{r,q,l} + O’) (1 4 |p| + |RD

The second part of the claim can be shown analogously. O]
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4.4 Numerical experiments

4.4.1 Set-up

We consider the problem of approximating the solution u. to the HJB equation

sup{—Aa <—> :D2ua—|—ug—1}:O in Q,
€

a€eA

u: =0 on 0,

where Q := (0,1)* C R? is the unit square and A := [0, 1]. The coefficient A has the

structure

A:R? x A — R2<2 Ay, ) == A%(y) = (ao(y) + aas(y)) B

sym )

for Y-periodic functions ag, a; : R* — (0, 00) and a symmetric positive definite matrix
B € R2%2. The homogenized problem (4.28) is then given by

sym*

ug + H(D?up) =0 in Q,
ug =0 on 0,

and an explicit expression for the effective Hamiltonian H : R2X2 — R according to

sym

[45] is given by

H(R) :max{— (/Yaio)_lB:R,— (/Y aoial)_lB:R} ~ 1. (4.36)

Explicitly, we choose in our numerical experiments

2 -1 .
B = <_1 4 ) . ag=1, ai(yi,ye) := sin®(2my;) cos®(2my,) + 1.

4.4.2 Approximation of the effective Hamiltonian in a point

Our objective in the first numerical experiment is to investigate the approximation
of the effective Hamiltonian H(R) by the numerically computed approximate Hamil-

tonian H,;(R) at some given point R € RZX2. We choose

n= (7 L)

as a negative definite matrix so that the maximum in (4.36) is realized by the term
involving the harmonic mean of ag + a; (i.e., the term involving | [, (a0 + a1)~'] 71).

For our discretization, we choose a first-order discretization with ¢ = [ = 1 and
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Figure 4.1: Approximation of H(R) by H,,(R) under mesh refinement with fixed
o =0.01.

My, := {0}. In order to compare the experimental results with the theoretical bound
of Theorem 4.3.4, we consider convergence in h and o separately. We test conver-
gence with respect to h by fixing a (sufficiently small) value ¢ = 0.01 and choosing
uniform mesh-refinement of the periodicity cell Y = (0,1)?. Since the error bound
for the approximate corrector from Theorem 4.3.3 is given in the norm |||, , we
first numerically test the convergence rate predicted by Theorem 4.3.3. The exact
approximate corrector v? is unknown, and thus we instead compute the a posterior:

error estimator

n(h) = |1 Fy[(wn, un) |12y + orllrot(wn) | Z2(v) + oallwn — VunlZ2v).

which is, up to a constant factor, equivalent to the error in Theorem 4.3.3; see The-

orem 4.2.3 and Remark 4.2.3. The convergence histories of ;{5 and the relative error

|Hon(R) — H(R)|
|H(R)|

are displayed in Figure 4.1. As we are mainly interested in the rate of convergence,
we plot 15 so that both error quantities can be shown in the same diagram.

As expected from Theorem 4.3.3, the error estimator is of order O(h), whereas we
observe cubic convergence O(h?) for the relative error of the effective Hamiltonian at
the point R. This rate is higher than predicted by Theorem 4.3.4 | which is based on

an error estimate in the norm |||, and is therefore indeed expected to overestimate
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Figure 4.2: Approximation of H(R) by H,(R) for varying o with fixed mesh size
h=+2x27.

the actual error between H, ,(R) and H(R) related to the weaker integral functional
from (4.35).

Next, we test convergence with respect to o by fixing a fine mesh size h = v/2x 277
and letting o vary from 2% to 277. The convergence history of the relative error is
displayed in Figure 4.2. We observe linear convergence with respect to o, which

indicates that the bound in Theorem 4.3.4 is sharp in o.

4.4.3 Approximation of the homogenized problem

The second numerical experiment is devoted to the approximation of the effective
problem (4.28). We first note that the discretization on the scales €2 and Y leads to
a two-scale approach. We denote the triangulation of Q by 7, with mesh size hq
and the triangulation of Y by 7,Y with mesh size hy. In view of the regularity result
from Remark 4.3.2, we discretize the solution ug of this fully nonlinear equation by a
least-squares approach, which is explained in the following. We discretize functions
over 2 with continuous piecewise affine finite elements St (7,%}) satisfying a homoge-
neous Dirichlet boundary condition, and their gradients by vector-valued continuous
piecewise affine finite elements S*(7,5%; R?).

Given wi! € SY(T; R?), we say that Dwj! is the discrete Hessian of some uj! €
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Figure 4.3: Convergence history under mesh-refinement of €2 for the approximation
of the solution ug to the effective equation. The reference solution u,. is computed for
£ = 0.1. The cell problem is solved with hy = v/2 x 272 and ¢ = 0.1.

S3(T#) if it satisfies

/wg-U:/Vug-v Vo € SYTR?)
Q Q

and write Dius! ;= Dw$!. The discrete Hessian D?uj! is expected to be discontinuous
across the element boundaries. In order to define a function that represents the
evaluation of the discretized approximate Hamiltonian H,p, at D?uSl, we define
the continuous and piecewise affine function H,, (D?*uf}) by nodal averaging of the

piecewise constant function
x> Hypy (mid(T)) for T € T with 2 € T

(defined a.e. in Q) where mid(7T") denotes the barycenter of T. We then define the
numerical approximation uf} = u$!(hq, o, hy) as a minimizer of the following least-

squares functional

uj, € argmin [[vf + Hop, (DivR)[|720)-
v,?ES&('ThQ)

We choose 0 = 0.1 and hy = v/2 x 22 fixed and consider a sequence of uniformly
refined triangulations of € with mesh sizes b € /2 x 27{1:234} " For the error

computation, we use as reference solution the approximation of u. with ¢ = 0.1 on
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a triangulation with mesh-size v/2 x 277. The convergence history of the errors in
the L* and L? norms is displayed in Figure 4.3. For both error norms we observe
a convergence order of O(h?{ 2), which indicates that the effective problem with the

chosen data is possibly more regular than predicted in Remark 4.3.2.
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Chapter 5

Numerical homogenization of
HJB—-Isaacs equations

This chapter discusses a numerical homogenization scheme for Hamilton—Jacobi—-
Bellman-TIsaacs (HJBI) equations based on discontinuous Galerkin (DG) and C? in-
terior penalty (C°-IP) finite element approximations of the approximate corrector
problems. This chapter is structured as follows.

In Section 5.1 we study the DG and C°-IP finite element approximation of periodic
HJBI cell problems. We start by proving well-posedness of the problem in a suitable
Cordes framework and proceed by discussing discretization aspects. We perform an
a posteriori analysis which is independent of the choice of numerical scheme and
relies on what we refer to as the periodic enrichment of finite element functions.
Afterwards an abstract a priori error analysis is given and applied to a particular
family of numerical schemes.

In Section 5.2 we present the approximation scheme for the effective Hamiltonian
based on finite element approximations of approximate correctors. After defining the
effective Hamiltonian corresponding to ergodic HJBI operators, we prove an error
bound for the DG /C?-IP approximation of the approximate corrector and perform a
rigorous error analysis for the numerical effective Hamiltonian.

Finally, in Section 5.3 we illustrate the theoretical results through numerical ex-
periments.

Annotation: Unless stated otherwise, this chapter contains novel results which
have been obtained in Kawecki, Sprekeler [69]. The presented theory was co-developed
by E. L. Kawecki. I would like to thank D. Gallistl for some very useful discussions.
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5.1 Periodic HIBI cell problems: DG and C'-IP
schemes

5.1.1 Framework

The framework is the natural generalization of the one for HJB equations presented
in Section 4.1.
We let A, B be compact metric spaces and write Y := (0,1)" for the unit cell in

R™. We work in dimension n € {2,3} and write

P (y) =y, a,B8), (y,0,8) ER*x Ax B

for functions ¢ : R" x A x B — R with R € {R,R",R?*"}. We study the periodic

Sym

Hamilton—Jacobi-Bellman-Isaacs (HJBI) problem
Flu] := inf sup {—Aaﬂ : D% — P Vu + Py — faﬁ} =0 inY,
a€A gep (51)
u is Y-periodic,

with given uniformly continuous coefficient functions

AR'"XAXxB—-RY" b:R'xAxB—-R" ¢ f:R"xAxB—=R.

sym

We assume that A% b2 P f9% are Y-periodic in R" for fixed (o, ) € A x B and

that ¢ > 0 in R™ x A x B. Finally, we assume uniform ellipticity, i.e.,

3G, e >0 GEP S AY(Y)E- €< GIEP Yy, E R (o, f) € AX B,

and that the (generalized) Cordes condition

AP+ e 1
c\2 —
(tr(A)—f—X) n+0

holds in R™ x A x B for some constants A > 0 and ¢ € (0, 1).

The renormalized problem

As for HJB equations, let us introduce the (positive) function v = v(y, a, ) € C(R™ x
A x B) defined by

tr(A) + §

Y= b2
A2+ 5+ &
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and consider the renormalized HJBI equation

F.[u] :== inf sup {vo‘ﬁ (—Aaﬁ : D% — P - Vu + Py — fo‘ﬁ)} =0 inY,
a€A geB (52)
u is Y-periodic,

which is equivalent to the original problem (5.1) in the sense that the analogue of
Remark 4.1.3 holds. Noting that

inf supz® — inf supy®| < sup [|2*F — y*7|
acA geB a€A geB (a,B)eAXB

for any bounded sets {2}, geaxs C R and {y*}peaxs C R, we make the

following key observation (see [67]):

Remark 5.1.1. The result of Lemma 4.1.1 also holds in this framework, i.e., for any

open subset w CY and any ui,us € H*(w), writing 8, := uy — uy, we have that

|Fy[ua] — FyJug) — La6,| < V1 —6+/|D23,)2 + 2A| V5, |2 + A262
almost everywhere in w, where Lyu := Au — Au.

Well-posedness

Therefore, we have existence and uniqueness of strong solutions to the periodic HJBI

problem (5.1) analogously to Section 4.1.2:

Theorem 5.1.1 (Well-posedness). In the situation described above, there exists a
unique periodic strong solution w € H2, (Y') to the HIBI problem (5.1). Further, we

per
have the bound

%< | E5 0] 2 vy
T 1-V1-4§

It is easily seen that all results from Section 4.2 on the mixed finite element ap-

| Lol z2vy = <||D2U||%2(y) + 2)\HVU”%%Y) + )\2||U||%2(y)>

proximation of periodic HJB cell problems can be extended to the HJBI cell problems
considered here.

In this section we would like to present a different approach, namely discontinuous
Galerkin and C° interior penalty methods for the periodic HIBI cell problem (5.1).
The method presented here is the periodic adaptation of the one proposed in [67]

with a novel a posteriori analysis.
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5.1.2 Discretization

The partition 7

We consider a finite conforming partition 7~ of the closed unit cell Y consisting of
closed simplices that can be periodically extended in a Y-periodic fashion to R", i.e.,
we require the discretization to be consistent with the identification of opposite faces
by periodicity. We introduce the following mathematical objects associated with the

partition 7

(i) Set of faces F and associated unit normal ng:
We let F := FI U FBP denote the set of (n — 1)-dimensional faces, where F7 is
the set of all interior faces of 7, and FBF the set of all boundary face-pairs of
T, i.e., the boundary faces upon a periodic identification of opposite faces. For
each face ' € F, we associate a fixed choice of unit normal np, where we often

only write n for simplicity; see Figure 5.1.

(ii) Shape-regularity parameter 67 and mesh-size function hr:
We let 07 := max{p;'diam(K) : K € T} with px being the diameter of the
largest ball that can be inscribed in the element K € 7. Further introduce
hr = Y — R defined via hyly, g = hi = (£*(K))" for all K € T and
hlp = hp o= (K" (F))™ for all F € F.

Finite element spaces V;

For fixed p > 2, we define the discontinuous Galerkin finite element space V7 and the
CY-IP finite element space V} by

VEi={vr e L*(Y): vr|y €P; VK € T} and Vi:=VENH. (Y),

per

where P; denotes the space of polynomials of degree at most p.

Let us make some comments about the derivatives of functions in the finite element
spaces. For a function v € V2 € BV(Y), we define Vv € L*(Y;R") to be its approxi-
mate derivative, i.e., the density of the absolutely continuous part of its distributional
derivative and it can be checked that Vv coincides with the piecewise gradient over
the elements of the partition. For w € BV(Y;R"), we set Dw := Vw € L'(Y;R"™"),
i.e., we write Dw to denote the approximate derivative of w.

In particular, as Vo € BV(Y;R") for v € V2 C BV(Y), we set D*v := D(Vv) €
LY (Y;R™") and observe that this coincides with the piecewise Hessian over the ele-
ments of the partition. Let us further define Av := tr(D?v) € L(Y).
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Figure 5.1: Tllustration of a boundary face-pair F' € FB (left) and an interior face
F € F' (right) in dimension n = 2.

We then equip the spaces V2, s € {0, 1}, with the norm
lorlfai= [ (ID%rf + 2Vur +522) + forf
Y
forfy = /f (W [Vor] + ¥ [or]?)

for functions vy € V3. In order to simplify the presentation, we write |, £ = D Kes [
for collections £ C T of elements and fg =5 Peg f  for collections G C F of faces.
The jump operator [-] is defined in the following paragraph.

Jump and average operators

For elements K € T, we write 7o : BV(K) — L'(0K) to denote the trace operator.
Further, for v € BV(Y') we define 7pxv := Ty (v|,) for elements K € 7. We then
introduce the jump [v]r and the average {v}r of a function v € BV(Y') over a face
F = 0K NOK’' € F shared by the elements K, K’ € T by

TokV|p + Tox' V| p

e LYF
2 ( )7

[['U]]F = TaKU|F — TaK/'UlF € LI(F> and {U}F =

where K, K" are labeled such that the unit normal ng is the outward normal to K on
the face F'; see Figure 5.1. To simplify the presentation, we will often simply write
[-] and {-}, and drop the subscript.
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Figure 5.2: Illustration of the periodic neighborhood N(z) C T in dimension n = 2.
Left: z € ZNAY corner point, middle: z € ZNAY non-corner boundary point, right:
z € ZNY interior point.

5.1.3 A posteriori analysis via periodic enrichment

Periodic enrichment operators

We let Z be the set of points in Y corresponding to the Lagrange degrees of freedom
for the function space Vit = V2 N Hy . (Y), where boundary nodes on 9Y" are iden-
tified with all their Y-periodic counterparts. For z € Z, we then define the periodic
neighborhood N(z) C T to be the set of all elements K € T that contain z or any
periodically identical point to z; see Figure 5.2.

Let us introduce an operator

E V2= VENH (Y),

per

which we call the ngr—enrichment operator, defined through averaging of the function
values in periodic neighborhoods of points in Z. That is, for vy € V2, we define the

function Eyvyr € V3 by prescribing

1
Eyur(z) = v7| i (2)
eI
at points z € Z (here, |N(z)| denotes the cardinality of the set N(z)). Denoting the
collection of interior faces and boundary face-pairs neighboring an element K € 7 by
Fr :={F € F: FNK # ()}, we then have the bound

/ ‘DQ(UT - ElvT)}Q + / h? |V (v — Eyvr)]? + / ht oy — Evr|?
K K K

S [ wlenr vEeT

FK

(5.3)

for all vr € V3. This follows from the arguments in [66].
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Let us also discuss the periodic enrichment of vector fields. To this end, we define

the space containing potential gradients of functions in the finite element spaces by
Wr = {vr € L*(Y;R") : vr|, € Ph VK € T}.

Indeed, observe that Vuy € Wy for any vy € V2, s € {0,1}. Analogously to £y, we
can then construct a linear operator EY : Wy — Wy N H!_(Y;R") satisfying

per

[ 1Dt = BupP+ [ 0oy - Blor s [ wlenP vEeT (5.
K K Fr

for all wy € Wr. With the enrichment operators at hand we can proceed with the a

posteriori analysis, independent of the choice of the numerical scheme.

A posteriort analysis

Let u € H2,.(Y) denote the unique solution to the HJBI problem (5.1) and let vy € V2

per

be arbitrary. The goal of this section is to estimate the || - |7 \-distance, i.e.,
Ju=vrlfra = [ (D= vr)+ 2009w = vr) + X = vr?) +[u = vl
Y

in terms of a computable quantity not depending on the solution w.
It will be useful to introduce some notation from the mixed finite element theory

from Chapter 4. Let us consider the function space

X =Wy (Y3 R") x HL (Y),

per

which we equip with the [||-||| ,-norm given by
2
I, Iy = 1DW [ Z2yy + 2MIVE T2y + N[22y, (w,0) € X,
We further define the mixed analogue FVM to the nonlinear operator F., by

EM[(w',u)] := inf sup {7y (=A% : Dw' — b7 - V' + *Pu’ — 7))}
acA gep

for pairs (w’,u’) € X, and observe that the solution u € H2_(Y) to (5.1) satisfies

per
FWJW[(VU, uw)] = F,jul=0 ae inY.

We have the a posteriori bound from Theorem 4.2.3 (identical proof for HJB and
HJBI) on the ||-||,-distance between the solution pair (Vu,u) and an arbitrary pair
(w',u') € X:
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Lemma 5.1.1 (Mixed a posteriori bound). Let u € HZ.(Y') denote the unique solu-
tion to the HJBI problem (5.1). Then we have

2
(V= w',u = W)l S NEY [, w2y + ot (W) 2y + 1V = 0|72y,

for all (w',u') € X, where the constant absorbed in < only depends on the Cordes

parameters § and .

We can use Lemma 5.1.1 and the H éer—enrichment operators to prove the following

a posteriori error bound:

Theorem 5.1.2 (a posteriori error bound). Let u € H?,.(Y) denote the unique
solution to the HJBI problem (5.1). Then there holds

lu—orlZy < / Eor)? +lor2y  Vor € V2
Y

with the constant absorbed in < only depending on n, 07, p and the Cordes parameters

o, \.
Proof. Let vy € V be arbitrary and set

vi=Ewr e VPN HL.(Y),

w = EY(Vor) — /Y EY(Vor) € Wy 0 Wyer (Y RY).
By the triangle inequality, we have

lu = orll7a S NV —w,u = o)l

+ / (\D(w — Vor)2 + 2\ V(v — v)]? + N (v — UT)Z) + |UT|3,T,
Y

which we can further bound, using the properties of the enrichment operators (5.3)
and (5.4), to obtain that

lu = orllF 5 S (Ve —w,u =)} + |or |57
We can apply Lemma 5.1.1 to find
lu = vr 7 S IE (w, )22y + lrot(@)|2e vy + V0 = wliay) + lorl57 (5.5)

Note that, using the triangle and Hoélder inequalities, and the enrichment bounds

(5.3) and (5.4), we have

lrot ()|, / rot(w — Vor)2 < [orl2y
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for the second term on the right-hand side of (5.5), and

2

190 = ulf, 5 |[Vo - B(Ver) - [ (Vo= B2(Ter)
Y

L2(Y)
2
S IV = EY(Vor) |72y

5/W@—WW+/Ww—mWwW
Y Y
< lorlir

for the third term on the right-hand side of (5.5). Finally, for the first term on
the right-hand side of (5.5), we successively use the triangle inequality together with
F,[vr] = E}[(Vur,vr)], a Lipschitz property of F2 which is shown analogously to
(4.7), and the enrichment bounds (5.3) and (5.4) to obtain

M, )220,
S [1RErP + [ RG] = B o o)
S /Y | [or] | + /Y (ID(w = Vor)[* + 2AV (v — vr) [ + N|v — vr[?)
S [ 1B orl + lorfr
Altogether, in view of (5.5), we have proved the desired estimate. H

This concludes the a posteriori analysis and we proceed with an abstract a prior:

analysis for a wide class of numerical schemes in the next section.

5.1.4 Numerical scheme and a prior: analysis

Let us consider an abstract numerical scheme written in the following form: For

chosen s € {0, 1}, find a function us € V} satisfying
CLT(UT, UT) =0 Yur € V7S— (56)

Abstract a prior: analysis

Here, we assume that the nonlinear form a7 : V7 X V7 — R satisfies the assumptions
listed below:

(A1) Linearity in second argument: ar(wr,-) : V3 — R is linear for any fixed
wr € V78—
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(A2) Strong monotonicity: There exists a constant C; > 0 such that

lwr — vr||7, < Cwn (a7 (wr, wr —v7) — ar(vr, wr —vr))  Ywr,vr € V7.
(A3) Lipschitz continuity: There exists a constant C', > 0 such that

lar(wr,vr) — ar (W, vr)| < Crllwr —wrllrallvrllry  Ywr, wr vy € V7

(A4) Discrete consistency: There exists a linear operator Ly : Vi — L*(Y) such

that, for some constant C; > 0, we have
| Lrvrllzory < Chllorllra Vor € V7,

and, for some constant Cy > 0, we have

a(wr, vr) — / E[wr]Lror
Y

< Cslwr

JT ’UTHT,A Ywr, vr € V7s-
Observe that the assumptions (A1l)—(A4) guarantee the well-posedness of the nu-

merical scheme, i.e., there exists a unique solution uy € V3 satisfying (5.6). We can

show an a priori bound in this general setting analogously to [67]. A proof is provided

for completeness.

Theorem 5.1.3 (a priori error bound). For chosen s € {0,1}, let ar: Vix Vi = R
be a nonlinear form satisfying the assumptions (A1)-(A4). Further, let u € HZ2 (Y')

denote the unique solution to the HJBI problem (5.1). Then, there exists a unique

solution ur € V2 to (5.6) and we have the near-best approzimation bound
lu = urllra < Ce inf flu—ovr|7a, (5.7)
vreVE

where the constant C, > 0 is given by

C, =1+ Cy ((11 (\/1—5+\/n—|—1>+02>. (5.8)

Proof. As we have already noted, the existence and uniqueness of a solution ur € V
to (5.6) follows from the assumptions on the nonlinear form ar, and it only remains to
show the near-best approximation bound (5.7). To this end, let v € V3 be arbitrary

and observe that

lor = ur||F 5 < Cunr (a7 (vr, v7 — ur) = ar(ur, vr — ur)) (5.9)

= Cy ar(vr, vy — ur)
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by strong monotonicity (A2) and the solution property (5.6) of uy. In order to
further bound the right-hand side, we successively use the discrete consistency (A4),
the solution property and regularity of u, and the Lipschitz property (4.7) of F, to

obtain

ar(vr, vy —uy) < + Colvr|s7llor — urllra

/ Elor]Lr(vr — ur)
Y

< (CIE [or] = B[l 2vy + Calor — ulyr) llor — urll7a
< (6 (VI=3+Va+1) +G) oy - ullrallor — urllra,

Combination with the previous estimate (5.9) yields

lor — wrllra < Car (cl (\/1 B N/ 1) + 02) = 7|7,

which in turn implies

lu —urll7ra < lu—vrll7a+ lor —ur|7ra < Cellu —vr|l7A

with C, > 0 given by (5.8). We conclude the proof by taking the infimum over
UT € V7S—. ]

We conclude this section by noting that Theorem 5.1.3 implies convergence of the
numerical approximation under mesh-refinement. While convergence together with
optimal rates follows immediately from standard approximation arguments in the
case that the exact solution satisfies additional regularity assumptions, it is not that
clear when we only have a minimal regularity solution v € H2,.(Y). For the latter

case, we can argue as in [67, Corollary 4.4].

Remark 5.1.2 (Convergence of the numerical approximation). For a sequence of

conforming simplicial meshes {Tg}. with maxger, hx — 0 as k — oo, we have that

inf — — 0.
o 5 lu =vrllis —

In particular, in view of (5.7), given ag, : V3 x Vi — R satisfying (A1)-(A4) with

constants uniformly bounded in k, we have that

lu = ug |l n — 0
k—o0

for the sequence of numerical approzimations {ur, }r C V7.
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The numerical scheme

For chosen s € {0,1} and a parameter § € [0, 1], we now consider the numerical

scheme of finding uy € V7 satisfying (5.6) with

ar : Vi xVE =R, ar(wr,vr) = / B [wr] Ly 7ot + 0S7(wr, v7) + Jr(wr, 07),
Y

where we define the linear operator Ly 7vr := Avyr—Awvy for vy € V7, the stabilization
bilinear form St : V7 x V7 — R via

St(wr, vr)

= /Y (D*wr : D*vr — AwrAvr) + /f ({Arwr}[Vur - n] + {Arvr}[Vwr - n])

- /}' (Vr{Vwr -n} - [Vrur] + Ve{Vur - n} - [Vrwr]),

and, for chosen parameters 1,7 > 0, the jump penalization form Jr: VZ x V7 = R

Jr(wr,vr) :==m /thl [Vwr] - [Vor] + 772/Fh73 [wr][vr]-

Here, the tangential gradient and Laplacian on mesh faces are denoted by Vo and
Ar.

This scheme is an adaptation of the method presented in [67] for the homoge-
neous Dirichlet problem. The analysis of this method, i.e., the verification of the
assumptions (Al)—(A4), is analogous to [67] and hence omitted. The main result is

the following;:

Theorem 5.1.4. There exist constants 1,72 > 0, depending only on n, 07, p and the
Cordes parameters §, X, such that, for any 6 € [0,1], if ;;m > 7 and ne > 7o, the
properties (A1)-(A4) are satisfied and Theorem 5.1.3 applies.

Remark 5.1.3. The constants 71,702 and the constant C, in the near-best approxi-
mation bound (5.7) remain bounded as A\ 0.

5.2 Approximation of effective Hamiltonians to
HJBI operators

5.2.1 The effective Hamiltonian

We start by recalling the definition of the effective Hamiltonian based on the cell
o-problem; see [10, 11, 12].

115



Let us consider an HJBI operator F': R" x R® x R" x R**" — R given by

Ssym

F(z,y,p,R) := inf sup {—A*(y) : R —0*%(z,y) - p — f**(z,y)} (5.10)
acA BeB

with A and B denoting compact metric spaces, and functions

A= (aij)1§z‘,j§n R"XAxB— ngxn?a (¥, o, 8) = Ay, o, B) =: Aaﬁ(y),

b= (bi)i<i<n :R"XR"x Ax B—-R" (z,y,a,0) b(z,y,a,b)=: baﬁ(:ﬁ,y),
fROXR"XAXxB—=R, (z,y,0,8) — flz,y,o,8) =: f*P(z,y)

satisfying the assumptions stated in the paragraph at the end of this subsection.

To the HIBI operator (5.10), we associate the corresponding cell o-problem: For
fixed (z,p, R) € R" x R" x Ry, and a positive parameter o > 0, seek the unique
viscosity solution v” = v7(-;z,p, R) € C(R") to the problem

{av"—l—F(:c,y,p,R—l—DZv”) =0 foryeV, (5.11)
y — v (y; x,p, R) is Y-periodic.

The function v7(-; x, p, R) is called an approzimate corrector.

Definition 5.2.1 (Ergodicity and effective Hamiltonian). Let F' : R" x R™ x R™ x
REw — R be an HIBI operator of the form (5.10).
(i) We say F is ergodic (in the y-variable) at a point (r,p, R) € R™ x R™ x R’®
if there exists a constant H(x,p, R) € R such that
—ov?(-;2,p, R) Q H(z,p, R) wuniformly. (5.12)

Further, we call F' ergodic if it is ergodic at every (z,p, R) € R" x R™ x RI<"

sym *

(i1) If F is ergodic, we call the function

H:R"xR"x R" — R, (x,p,R) — H(z,p, R)

Sym
defined via (5.12) the effective Hamiltonian corresponding to F.
The assumptions on the coefficients in the following paragraph are such that the

HJBI operator (5.10) fits into the framework considered in [12], which guarantees
ergodicity. The corresponding effective Hamiltonian H : R” x R™ x R**" — R is

Sym

automatically continuous and degenerate elliptic, that is,
Rl_R?zo = H(x7p7Rl) SH($,p,R2)
for any x,p € R", Ry, Ry € R,

Sym
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Remark 5.2.1. In the periodic homogenization of elliptic and parabolic HJIBI equa-

tions
elivticye . ye 4 (x, g) Vug,D2u§) —0,
ey = o+ 1 (1,2, V., D) =0
posed in a suitable Dirichlet/Cauchy setting, the effective Hamiltonian determines the
homogenized equation
Lellivticye .— y¢ 4 (l',VUS,DQUS) _

0,
7 paraboli 2
Lrarabelieyt .= duuf) + H (z, Vyuly, D2uf) = 0;

see [12, 39, 40] and Section 4.3.

In this setting, having A = A(y, «, §) being independent of the state variable z,

it can be shown that
|H (21, p, R) — H(12,p, R)| < Clay — 2o|(1 + |p]) + w(|21 — 22])

for all x1,29,p € R™ and R € R{T, for some constant C' > 0 and modulus of

continuity w, which guarantees a comparison principle for the effective problem and

implies homogenization; see [12].

Assumptions on the coefficients

We assume 4 = 1GGT € C(R" x A x B;R™™), b € C(R" x R" x A x B;R") and
f e C(R"xR" x A x B;R) satisfy the assumptions listed below. Note that these fit

into the framework of [12].

e (G,b, f are bounded continuous functions on their respective domains.

e G=G(y,a,B),b="b(x,y,«, ) are Lipschitz continuous in (z,y), uniformly in
(a, B).

f = f(z,y,a, ) is uniformly continuous in (z,y), uniformly in («, 3).

G, b, f are Y-periodic in the fast variable y.

Uniform ellipticity: 3¢i,¢ > 00 GlE* < Ay, o, B)E - € < GIEP Wy, € €
R™, («a, 8) € A x B.

(Generalized) Cordes condition: There exist A > 0 and ¢ € (0, 1) such that

b 2 1 1\?
WDy o (waam +3) 613)

for all (z,y,a,5) € R" x R" x A x B.

Ay, o, B)* +
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5.2.2 Approximation of the cell o-problem

For fixed (z,p,R) € R" x R x R2*" and a positive parameter o € (0,1), let us

sym

consider the cell o-problem (5.11) in the rewritten form

inf sup {—Aaﬂ : D*0° + 017 — 9553,3} =0 inY,
a€A peB (5.14)

y — v (y; x,p, R) is Y-periodic,

where ggg, r : R" = R is the Y-periodic function given by

920 () = Gupr(y. o, B) == AP (y) : R+ "% (2,) - p + [ (z,y)

for y € R and (o, 8) € A x B. The following Lemma shows that, for any o > 0,
the problem (5.14) admits a unique strong solution v” € HZ (Y and that we have a

uniform bound on |[v7|g2(y).

Lemma 5.2.1. Let (z,p, R) € R" x R" x RX*™ be fized. Then, for any o > 0, there

Sym

exists a unique periodic strong solution v’ € HZ, (Y) to the cell o-problem (5.14).

Further, we have the bound
|’UU|H2(y) S C (515)
with C' > 0 independent of o.

Proof. 1t is straightforward to check that all assumptions of Theorem 4.1.1 are satis-

fied. In particular, the problem (5.14) satisfies the Cordes condition

0.2

1 2

where A\, > 0 is defined by A, := oA. Therefore, we find that there exists a unique
periodic strong solution v” € H2 (Y) to (5.14). Note that the corresponding renor-

per

malization function 77 € C'(R™ x A x B) (see (4.3)) is given by

tr(4)+ = tr(A)+1

SR+ AP+

70
and hence, v := 7 is independent of o. The uniform bound (5.15) now follows from
Remark 4.1.4. 0

Let us make the technical assumption that v7 € Wif(R”), so that the strong
solution coincides with the unique viscosity solution to (5.14); see [24, 73, 74]. This

is no restriction when n = 2 or when we have an HJB problem as in Section 4.3.2.
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The discontinuous Galerkin (s = 0) or the C°-IP (s = 1) finite element method
from Section 5.1.4 yields an approximation v$ € V3 to the problem (5.14) satisfying

[v7 = vFll7a, < C inf (07 = 27fl7a, £ C inf (07 = 277, (5.16)
2T7€VE 27€EVE

where the constant C' > 0 can be chosen to be independent of o € (0, 1); see Section
5.1.4.

Lemma 5.2.2 (Approximation of the approximate corrector). In the situation
described above, additionally assuming that the periodic strong solution v° =

v (-;2,p,R) € H2,(Y) to (5.14) satisfies v7 € H**" (K) withrg >0 for all K € T,

per

we have the error bound

2
. 2(min{2 1} —2
lo” = o7lla, € inf 07 = 2rll7a S (Z pimn e )uwniﬂw,{(m)
T=rT KeT

with constants independent of o and the choice of (z,p, R).

The proof is omitted as the first inequality is already obtained in (5.16), while the
second estimate is a consequence of standard approximation arguments.

We observe that without any additional regularity assumptions on v, we have
that || Vo7 || g1 vy < C is uniformly bounded in 0. Indeed, this follows from (5.15) and

Poincaré’s inequality.

5.2.3 Approximation of the effective Hamiltonian

Let us define the approximated effective Hamiltonian H$ for o > 0 via

HJ :R"xR* x R R, H%(z,p,R) = —o—/ V(- 2,p, R). (5.17)

Sym
Y

We note that this definition is quite natural as we have that

[

vor = =0 (52, R) — H(@,p, R)|| oo vy = 0

for any (z,p, R) € R" x R™ x RIX",

sym

Theorem 5.2.1 (Approximation of the effective Hamiltonian). Let H : R™ x R™ x
RZ — R denote the effective Hamiltonian given by (5.12) and HF : R™ x R™ x

sym

R2xm — R 4ts numerical approximation (5.17). Then, for o € (0,1) and (z,p, R) €

Sym
R™ x R™ x R"*" " we have the error bound

sym 7
|H7(z,p, R) — H(z,p, R)| S Q7 , r + Inf, [v7 (-5 2, p, R) — 27|72 (5.18)
? T

In particular, we have the following assertions:
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(1) If there exist non-negative numbers {rx}xer C [0,00) such that the bound
supger VU7 (52,0, B) | i (1) < nyp,R|K|% holds uniformly in o, then we
have that

2
|H7(z,p, R) — H(z,p, R)| S QF , g + Cupr (Z him‘“{’”’“p“ﬂm) . (5.19)
KeT

(i1) Let us denote h := maxyxer hix and assume that there exists r > 0 such that

SUPye(0,1) VU (52,0, R) |l m+r(vy < Copr- Then we have that

|HF(z,p, R) — H(z,p, R)| S Q% , g + Copr h" P71 (5.20)

The constants absorbed in < are independent of o and (x,p, R).

Proof. Let 0 € (0,1) and (z,p, R) € R® x R™ x R?*" 'We observe that by Lemma

sym *

5.2.2, and recalling A\, = o\, we have

||0-va(' y Ly Dy R) - O-U’CYT—(' 1Ly P, R>HL2(Y) 5 ||UU(' y Ly Dy R) - ’U%T—(' y Ly, P, R)”'T,)\a

. - 5.21
< il iz R) — s 02
ZT€V7S—
with constants independent of o and (z,p, R). Further, we note that
H - UUU(' 7 Ly Dy R) - H(Qf,p, R)HLZ(Y) < Qaz,p,R- (522)

We can now conclude, using Holder and triangle inequalities together with (5.21) and
(5.22), that we have

uﬁmnm—ﬂmmﬁn:Lgﬁ@manm—ﬂ@nm'

/Y <_0—,Ug’<' s L, P, R) - H(QT,p, R))

< H - UU’?’(' 3L, P, R) - H(.]Z,p, R)HLZ(Y)

Sj Qx,p,R + inf HUU(' 3, D, R) - ZT”T,M
zreVE

where the constant absorbed in < is independent of o and (z,p, R). This completes
the proof of (5.18). In view of Lemma 5.2.2, the bounds (5.19) and (5.20) are an

immediate consequence of (5.18). O

Remark 5.2.2 (Improvement for HJB operators). Let us assume that the coefficients
A, b, f from the HIBI operator (5.10) are such that the operator simplifies to an HJB

operator

F(l’,y,p, R) = Zlég{_A<yaﬁ) tR— b(l’,y,ﬁ) P — f(xayvﬁ)}

fitting into the framework of Section 4.3.1. We then have (see Section 4.3)
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(i) the convergence rate QF , r = O (o (14 [p| + |R])) as 0 \, 0, and
(i) the uniform bound sup,c( 1y ||V || z1+ry < C(1+ |pl + |R|) for some r > 0.

Therefore, by Theorem 5.2.1 (ii), we have the error bound

|HS(2,p, R) — H(z,p, R)| S (0 +h™™"P~1) (14 |p| +|R]),

~Y

where the constant absorbed in < is independent of o and (z,p, R).

5.3 Numerical Experiments

5.3.1 Numerical solution of a periodic HJBI problem
In this numerical experiment, we consider the periodic HIBI problem
inf  sup {—Ao‘ﬁ . D*u 4 *Pu — f"‘ﬁ} =0 inY,
a€l0,] Bef0,2x] (5.23)

u is Y-periodic,

where we define the diffusion coefficient by

) cos(a)+sin(a) 0 cos(B) —sin(B)
A= Q(B) ( o MJ;”‘“”) QA= (Sin(ﬁ) cos() ) 7

a~nd set ¢ 1= Se\c/(;) and f*7 := %Jg for (o, B) € [0, 3] x [0,27]. Here, we choose
f € Cher(Y) such that the solution to (5.23) is given by

u:[0,1* = R, u(y1,y2) = cos(2myy ) cos(2mys).

We leave it to the reader to check that this problem fits into the setting of Section
5.1. In particular, we have that the Cordes condition (4.2) holds with A = 1 and

5=1

Remark 5.3.1. The renormalized HJBI problem (5.2) corresponding to (5.23) is
given by
inf  sup {—vaﬁAaﬂ : D2u+u} =f nY,
a€(0,3] Be[0,27]

u 18 Y -periodic,

where 4% := /2 cos(a) for (o, B) € [0, 1] x [0, 27].

121



CG(s=1),6=0 CG(s=1),6=05

10t 10t

103 . . . 103 . . .
10? 103 10* 10° 10? 103 10* 10°
Degrees of freedom Degrees of freedom

Figure 5.3: Approximation of the solution u to the HIBI problem (5.23) via the C°-IP
method with uniform mesh-refinement. We use polynomial degrees p € {2,3} and
set @ = 0 (left) and 6 = % (right). The plots illustrate the error (5.24) and the a
posteriori error estimator (5.25) for the approximation ur € V71—.

We apply the C°-IP and discontinuous Galerkin finite element schemes from Sec-
tion 5.1.4 to the HIJBI problem (5.23). Under uniform mesh-refinement, we illustrate

the behavior of the error

1
2

o=y = [ (157 ur)+ 209 = )+ (= ) + = )
(5.24)

and of the a posteriori error estimator (see Theorem 5.1.2), i.e.,
1
2

rtur)i= ([ 1 furl? + furti) (5.25)

for the numerical approximation ur € VF. Figure 5.3 presents the C°-IP method
(s = 1) using the parameters § € {0,1} and the polynomial degrees p € {2,3}.
Figure 5.4 presents the discontinuous Galerkin method (s = 0) using the parameters
0 € {0, %} and the polynomial degrees p € {2,3}. We observe optimal rates of
convergence for both schemes: Denoting the number of degrees of freedom by N, we
observe order O(N~2) for p = 2 and order O(N~?) for p = 3.

5.3.2 Numerical approximation of the effective Hamiltonian

In this numerical experiment, we demonstrate the numerical scheme for the approxi-

mation of the effective Hamiltonian corresponding to the HJBI operator

F R x R?*2 5 R, F(y,R) == inf sup {—A*"(y) : R — 1} (5.26)

sym a€A gep
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DG(s=0),86=0

10t

10°
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DG(s=0),0=0.5

slope
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103
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Figure 5.4: Approximation of the solution u to the HJBI problem (5.23) via the DG
method with uniform mesh-refinement. We use polynomial degrees p € {2,3} and
set @ = 0 (left) and 6 = L (right). The plots illustrate the error (5.24) and the a
posteriori error estimator (5.25) for the approximation ur € V7Q.

with A := [1,2], B := [0, 1], and the coefficient A = A(y,a, 3) : R? x A x B — R2X2

Sym

given by
A (y) == (ao(y) + aBas(y)) B,

where we choose positive scalar functions ag,a; : R?> — (0,00) and a symmetric
positive definite matrix B € R%%? defined by

sym

2 -1 B
B—<—1 4>, (10:1,

It is straightforward to check that this problem fits into the framework of Section
5.2.1 and in particular we have that the Cordes condition (5.13) holds with A = 1.

This HJBI operator is chosen so that we know the effective Hamiltonian explicitly:

a1 (y) = sin?(2my, ) cos?(27mys) + 1.

Remark 5.3.2. [t can be checked that the HJBI operator (5.26) can be rewritten as
HJB operator

F(y,R) = (y,R) € R* x R22

sym’

sup {— (ao(y) + Bai(y)) B: R — 1},

Bel0,1]

for which the effective Hamiltonian H : R*%2 — R is known explicitly and given by

sym

H(R) ::max{— (/Yaio)_lB:R—1,—(/Yaoial>_lB;R—1}

for R € R2%2: see [45].

sym’
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We make it our goal to approximate the effective Hamiltonian H(R) at the point

-2 1
r= (7))

noting that the same problem was already used for the numerical experiments in
Chapter 4. As we have B : R = —18 < 0, the true effective Hamiltonian at this

chosen point can be computed as

1\ 9v/6
H(R) = — (/ ) B:R—1= ‘[f — 1~ 3894291272989,  (5.27)
Y

ap + a1 K(g)

where K denotes the complete elliptic integral of the first kind.

In our numerical experiments, we approximate the true value of the effective
Hamiltonian H(R) from (5.27) by H%(R) as defined in (5.17), where we use the C°-
IP finite element method (s = 1) with § = % to obtain the approximation v%(-; R) to
the solution v7(-; R) of the cell o-problem as described in Section 5.2.2. We denote

the relative approximation error by

o . |‘HU(R) — H (R)| o L o .
Eg =T HR) : HY(R) := —a/yvfr(-,R)
and further write
s R -HER)
B = HR)| , H°(R) := /Y (s R).

Let us point out that the approximate corrector v7(-; R) is not known exactly, but
we know that £7 = O(0) from Remark 5.2.2.

Figure 5.5 shows the behavior of the relative approximation error E under uni-
form mesh refinement for fixed o, and the corresponding a posteriori estimator (5.25)
(re-scaled with a multiplicative constant C, for illustration purposes) using polyno-
mial degree p = 3. We observe that £ converges to a constant, namely E?, and
that the a posteriori estimator is of order O(N™1) as expected, where N denotes
the degrees of freedom. In particular, let us emphasize that this is the expected be-
havior and that the relative error for large numbers of degrees of freedom is entirely
dominated by the o-error E°.

Figure 5.6 shows the behavior of E? for varying values of o, and we observe
E? = O(o) as o tends to zero. The values E? have been obtained using a fine
approximation with a high polynomial degree. For fixed values of o, we further
illustrate that the convergence rate for the convergence of EF to the value E7 is of
order O(N _%). This rate is higher than predicted by Remark 5.2.2, which is based on
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Figure 5.5: Relative error £ (left) and rescaled a posteriori error estimator (right)
under uniform mesh refinement for fixed o, using polynomial degree p = 3.
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Figure 5.6: Accurate approximations to £ obtained via fine discretizations (left) and
illustration of |Ef — E7| under uniform mesh refinement with p = 3 (right).

an error estimate in the ||-||7.,-norm and is therefore indeed expected to overestimate
the error between H$(R) and H(R) related to the weaker integral functional from
(5.17).
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Chapter 6

Conclusion

6.1 Summary

In the first chapter of this work (Chapter 2) we studied the qualitative and quanti-
tative homogenization of linear elliptic quations in nondivergence-form on C*7 and
polygonal domains. The convergence result is obtained via a transformation of the
problem into divergence-form and uniform W?2? estimates. Quantitatively, through
corrector results we obtained that the optimal rate of convergence of u. to the homog-
enized solution in the W'P-norm and the L>®-norm is O(g). Moreover, we obtained
optimal estimates for the gradient and the Hessian of the solution with correction
terms taken into account in the LP-norm. In the final part of the chapter, we pro-
vided examples of an explicit c-good/bad matrix and presented several numerical
experiments matching the theoretical results and illustrating the optimality of the

obtained rates.

In Chapter 3 we introduced a scheme for the numerical approximation of such
problems, which is based on a W?P corrector estimate derived in the Chapter 2.
We proved an optimal-order error bound for a finite element approximation of the
corresponding invariant measure using continuous Y -periodic piecewise linear basis
functions on a shape-regular triangulation of the unit cell Y under weak regularity
assumptions on the coefficients. The coefficients are integrated against the so ob-
tained approximation of the invariant measure after piecewise linear interpolation on
the mesh to obtain an approximation of the constant coefficient-matrix of the homog-
enized problem. Using an H? comparison result for the solution of this perturbed
problem, we eventually obtained an approximation of the solution uy to the homog-

enized problem in the H2-norm. In the case of a polygonal domain in two space
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dimensions, we made use of compatibility conditions for the source term to ensure
sufficiently high Sobolev-regularity of wu.

We obtained an approximation to the solution wu. of the original problem, i.e., the
problem with oscillating coefficients, by making use of the H? approximation of ug
and corrector functions, as well as an H? corrector result. A method of successively
approximating higher derivatives for the approximation of corrector functions was
provided and analyzed. The corrector functions are necessary in order to obtain an
approximation of D?u. whereas the task of approximating u. in the H'-norm can be
achieved using only an H' approximation of u.

Furthermore, we generalized our results to the case of nonuniformly oscillating
coefficients, i.e., we derived an analogous corrector result and studied the approx-
imation of the solution uy to the homogenized problem and the solution u. of the
e-dependent problem in this case.

In the final part of the chapter, we presented numerical experiments matching
the theoretical results for problems with both known and unknown wug, as well as
problems with nonuniformly oscillating coefficients. We illustrated the performance
of the scheme for the approximation of the invariant measure, the solution ugy to
the homogenized problem and the solution u. to the problem involving oscillating

coefficients for a fixed value of ¢.

In Chapter 4 we introduced a scheme for the numerical homogenization of the fully
nonlinear second-order Hamilton—-Jacobi-Bellman equation with coefficients satisfy-
ing a generalized Cordes condition, based on a mixed finite element method for the
periodic corrector problems.

The focus of the first part of the chapter was the construction and the rigorous
analysis of mixed finite element approximations to the periodic solution of the HJB
equation. We derived a mixed formulation for the problem and proved well-posedness
as well as a priori and a posteriori error bounds. Explicit formulas for the error
constants were provided, showing the asymptotic behavior of the constants in the
Cordes parameters.

In the second part of the chapter we focused on the numerical homogenization
of HJB equations with locally periodic coefficients. Theoretical homogenization re-
sults were provided and used in the analysis of the numerical homogenization scheme.
We presented and rigorously analyzed a method for the approximation of the effec-
tive Hamiltonian based on mixed finite element approximations of the periodic cell

problem for the approximate corrector from the first part.
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Finally, we presented numerical experiments illustrating the theoretical results.
The experiments demonstrated the approximation of the effective Hamiltonian in a

point as well as the approximation of the solution to the homogenized problem.

In Chapter 5 we presented a numerical homogenization scheme for Hamilton—
Jacobi-Bellman—Isaacs equations with coefficients satisfying a generalized Cordes
condition, which was based on a discontinuous Galerkin or C° interior penalty fi-
nite element approximation for periodic corrector problems.

The first part of the chapter was focused on periodic HJBI cell problems and
provided a rigorous a posterior: and a prior: analysis for a wide class of numerical
schemes. In particular, the a posteriori analysis was independent of the choice of
numerical scheme and used a periodic enrichment of finite element functions. We
provided a family of numerical schemes which fits into this abstract framework.

The second part of the chapter was focused on the approximation of the effective
Hamiltonian corresponding to ergodic HJBI operators. An approximation scheme for
the effective Hamiltonian via a DG/C°-IP approximation to approximate correctors
was presented and rigorously analyzed.

Finally, we illustrated our theoretical results demonstrating the performance of

the numerical scheme in numerical experiments.

6.2 Future work

This work seems to be the first systematic study of finite element schemes for the
numerical homogenization of nondivergence-form equations and might open up new
frontiers in this research area. In particular, it would be extremely interesting to
obtain alternative numerical schemes (e.g., of LOD or MsFEM type) for the afore-
mentioned problems. There is also scope for future work on the analysis of such ho-
mogenization problems to achieve better understanding of the class of c-bad matrices
from Section 2. Future research will further include checking whether the generalized
Cordes condition leads to a threshold in the behavior of solutions.

This work only discusses the periodic (or locally periodic) framework and it would
be interesting to develop schemes for settings beyond the periodic framework for such
problems. More generally speaking, we hope that this work will initiate further
research on problems of nondivergence structure in regards of numerical homogeniza-

tion.
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