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1 | INTRODUCTION
1.1 | Motivation

Lets > 1 and k > 2 be integers. For X > 1, let J S,k(X ) be the number of solutions to the degree k
Vinogradov system in 2s variables:

J J J_ ) J J ;
Xp+x,+etxg =y Yy, ey, 1K<k, (L1

where all variables x;, ..., X, y1, ..., 5 € [1,X] N N. Nontrivial upper bounds for J  (X) were first
studied by Vinogradov in 1935 [32] and such results are collectively referred to as Vinogradov’s
mean value theorem (VMVT) in the literature. The main conjecture in VMVT, now a theorem as
of 2015, was that for every ¢ > 0 and s, k € N, one has

o k(k+1)
T (X) Sop . XE X5 4 x5 (1.2)
s,k s,k,e

forallX > 1.Itis nothard to see that Jy ; (X) 2 X* + X2~%(K+1/2 and applying Holder’s inequal-
ity, we may deduce (1.2) for all s € N from the s = k(k + 1)/2 case. VMVT plays an important
role in understanding Waring’s problem and the Riemann zeta function, see, for example, [11,
12, 19, 34]. When k = 2, the main conjecture in VMVT is classical. In 2014, Wooley [35] proved
the k = 3 case of VMVT using the method of efficient congruencing (see also [20] for a shorter
proof due to Heath-Brown). In 2015, the k > 2 case was proven by Bourgain, Demeter, and Guth
in [3] using Fourier decoupling for the degree k moment curve from which VMVT followed as a
corollary. Finally, in 2017, Wooley [36], gave an alternative proof of (1.2) for all k > 2 using nested
efficient congruencing.

After the proofs of VMVT using the Fourier method of decoupling [3] and the number theoretic
method of efficient congruencing [36], it has been an interesting question to determine how these
two methods are related and whether a “dictionary” between the two methods could be obtained.
The study of this dictionary has led to new proofs of Fourier decoupling for the parabola [23],
cubic moment curve [15], and the degree k moment curve [16]; these having been inspired from
the efficient congruencing arguments in [26, section 4], [20], and [36], respectively. Additionally, a
decoupling interpretation of the study of VMVT over ellipspephic sets [1] led to a proof of Fourier
decoupling for fractal sets on the parabola [5].

In this article, we revisit a particular classical VMVT which states that

kD) 1,20, 1\YK
T 00 Ss,szs M 4 1k (1 k)

(1.3)
forall X > 1 and s = kl with [ € N. This result should be compared to the supercritical s > k(k +
1)/2 case in (1.2). For s very large compared to k, we have an extra term %kz(l - %)S/ kin the
exponent, which decays exponentially in s for every fixed value of k, instead of an €. The estimate
(1.3) appears (for example) in Vaughan’s book [31, chapter 5] and is a refinement of an argument
11207 _1\s/k
of Karatsuba [22] from 1973 (see also Stechkin [27] from 1975). The loss of the X ke comes
from combining the subcritical estimate J; , (X) S X*, which follows from the Newton-Girard
identities, along with an iterative argument to derive estimates for J; , (X) when s is supercritical.
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The main purpose of this paper is to illustrate how this refined argument of Karatsuba can be
adapted to give a proof of a nonsharp Fourier decoupling inequality for the degree k moment
curve in the supercritical regime. The key difficulty that prevents the direct use of ideas from [15,
16, 23] is the heavy reliance on solution counting in (1.3). One of the main points of this article is to
clarify the role of such solution counting arguments in the study of Fourier decoupling. The mech-
anism driving the solution counting arguments will allow us to prove the key Lemma 4.4, which
concerns the geometry of Fourier supports of the functions appearing in our main Theorem 1.1.

As our goal is to clarify the role of solution counting in Fourier decoupling and Bourgain, Deme-
ter, and Guth have already given the sharpest possible moment curve decoupling theorem in [3],
we will work over Q, rather than over R. This will allow us to present the argument in the cleanest
possible manner, free of technical difficulties arising from the inconvenience of the uncertainty
principle in R¥. See also [14] for another decoupling paper that works over Qg rather than R, there
however, the authors use the observation that decoupling over Q, is quantitatively more efficient
than decoupling over R in terms of exponential sum estimates.

Notation

As k will be fixed, we will allow all constants to depend on k. Given two positive expressions X
and Y, wewrite X S Y ifX < CY for some constant C that is allowed to depend on k. If C depends
on some additional parameter A, then we write X <, Y. Wewrite X ~ Y ifX SYandY S X. By
writing f(x) = O(g(x)), we mean | f(x)| < g(x). We say that f has Fourier support in a set Q if its
Fourier transform fis supported in Q.

To prepare the reader for the myriad of intervals that will occur later in Sections 4 and 5, there
will be three types of interval lengths: intervals named with a “K” will be associated to the smallest
scale 8, intervals named with a “J” will be associated to the intermediate scale v ~ §'/¥, and inter-
vals named with an “I” will be associated to the largest scale x ~ &° (though on a first reading, it
might be easier to set x = 1/q). Finally, in the context of the decoupling constant D ,(6), defined
in (1.5), we call p subcritical if p < k(k + 1) and p supercritical if p > k(k + 1) (rather than the
more accurate but slightly more clumsy “not subcritical”).

1.2 | Analysis over Q, and decoupling

Fix a degree k > 2 and a prime number q with g > k. We reserve the letter p for the Lebesgue
exponent in the main Theorem 1.1. We very briefly review the harmonic analysis over Q, needed
to set up the statement of decoupling. See also Section 2 and [14, section 2] for further discussion
surrounding the harmonic analysis and basic geometric facts over Q, that are useful in decou-
pling. Additionally see chapters 1 and 2 of [28] and chapter 1 (in particular sections 1 and 4) of [33]
for a more complete discussion of analysis on Q,.

The field Q, is the completion of @ under the g-adic norm, defined by [0| = 0 and |g®b/c| =
g “ifa€z b,c € z\{0}and q is relatively prime to both b and c. Then Q, can be identified
(bijectively) with the set of all formal series

o0

Q= { Zajqj tkeza; 6{0,1,--.,q—1}f0reveryj;k},
j=k
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and the g-adic norm on Q, satisfies | Z;‘;k a jqj | = g7 if @, # 0. Strictly speaking we should be
writing | - |, instead of | - |, but we omit this dependence as q is fixed. The g-adic norm on Q;
induces a norm on QF, which we denote also by | - | by abuse of notation, via |[(§;,...,&)] :=
max; ;¢ |€;]. Of particular importance is the ultrametric inequality: |£ + 7| < max{|£], ||} with
equalityif |§| # [7]. Aninterval in Q; is then asetof the form {§ € Q, : |§ — a| < r},wherea € Q,
and r > 0; r will then be called the length of the interval. We also will use |I| to denote the length of
an interval I. The ring of integers Z, coincides with the unit interval {¢ e Qq: |€] < 1}. Acubein
Q’; of side length r is then a product of k intervals in Q, of lengths r. We will work with Schwartz
functions defined on Q’; (i.e., finite linear combinations of characteristic functions of cubes in

QZ). The Fourier transform of such a function f will be given by
7@ = [ rentox - ax
@q

where y is a fixed element in the Pontryagin dual @; of Q, that restricts to the principal character

on the additive subgroup Z, and restricts to a nonprincipal character on the additive subgroup

q'Z,,x-&= Zle x;§ifx = (%, ..., x ) and § = (&}, ..., &), and dx is the Haar measure on the

additive group @Z normalized so that ka dx = 1. One key property of the Fourier transform that
q

we will use is that 1 7, = 1 7, that is, the Fourier transform of the unit ball is the unit ball, see [33,

p. 42] for a proof.
We are interested in the unit moment curve

y@) 1= (6,12, t5), |t < 1.

For § € ¢~V and any interval I C Q, with length > &, let P5(I) be a partition of I into intervals of
length &. Write P for P5(Z,). To each interval I C Z, one associates a parallelepiped

k
6, := {y(a)+ Z;tjy(j)(a) eal: |t < I} forall 1 <j < k}
]:

of dimensions |I| x |I|? X - X |I|¥, where a € I; this parallelepiped is independent of the choice
of a € I. Note that | KeP; Oy is a covering of a 6¥ neighborhood of the unit moment curve (in fact
it covers a suitable anisotropic neighborhood of that curve). One also associates to each K € Ps a
cube

g 1= {( . E) € QL1 € —al| < Sforall1 < j <k} (1.4)

of side length &, where a € K; again this is independent of the choice of a € K. Note that for each
K C Pg, the ultrametric inequality gives that O C 7.
For an interval I C Z, let f; be defined such that f; := f - 11X@l§_1' Forp>2andé§ € g7V, let

D,(8) be the smallest constant such that the inequality

1/2
1 ncafy < @p<6)( Y ||fK||§p(Qk)> 5)

KePg
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holds for every Schwartz function f on QZ with its Fourier transform fsupported on Kep; O
Note that f = ZK€P5 fx- Bourgain, Demeter, and Guth [3] showed that

. —(L_ Kty
D,(8) Sepg b <1 +6 2 » > (1.6)
and this estimate is sharp. Strictly speaking [3] proves a decoupling theorem over R rather than
over Q,, but the same proof can be used to derive (1.6). Choosing f to be a sum of Dirac deltas
immediately implies (1.2).

1.3 | The main result

By interpreting the refinement of Karatsuba’s argument for (1.3) into decoupling language, our
main result is then the following Fourier decoupling analogue of (1.3). In the same way that (1.3)
is a weaker partial result toward (1.2), Theorem 1.1 and Corollary 1.2 should be viewed as the
analogous weaker counterpart of the sharp bound (1.6).

Theorem 1.1. Let p, € 2N be an even integer and let c(p,) > 0 be such that

_(%_ k(zk[:;n )_%(1_%)%/(21{)

D,,(8) <Cy6 foralls € g™ 1.7)

where C, is independent of 6. If p € py + 2kN and 0 < € < 1, then

(L _ket1)y (o) 1 1yp/(ak)_
D,(8) Spec, @“PPPs T T T ralls e g, (18)
where
._(P—Po\( Po k*+7k—4 k(P—Po\(P—Po
atp,p) = (5 ><2+ 2 >+2< 7o) () (19)

As Q)p(é) > 1for all p, (1.7) implies that c¢(p,), k, and p,, are such that

k(k+1)+@<1_1>§—ﬁ>0.

(1.10)
2pg Do k

1

i
It is also known that D,,(5) <, §7¢ for any € > 0, see, for example, [8, Exercise 11.19] for the
Euclidean case; we provide a proof for the case over Q, in the Appendix for the convenience
of the reader. We also remark that [21] proved, in the case of local fields, a related square function
estimate with a bound independent of § if the f’s are Fourier supported in a §¥ neighborhood
of y(K); see also [13] and [2] for similar estimates. Choosing p, = 2k and c(p,) = k?/2 + ¢ for any
€ > 0in applying Theorem 1.1 we obtain:

Corollary 1.2. Let p € 2kNand 0 < ¢ < 1. Then

kD) \_ K2 1yp/(2k)_
) K (1-1yp/@h) ¢

1
D,(8) Spe q0<’<+P/’<>5‘(5 % )7 foralls € gV,

where the implied constant in the exponent of q is absolute (and independent of k).
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The exponent of g in Corollary 1.2 is more precisely @ = (%{ — %)% + %(ﬁ —1), but
we opt to write it as above because it more clearly illustrates what the main terms are. Note
that the hypothesis in Theorem 1.1 is always satisfied if p,, is any fixed exponent > 2 and c(p,)
is chosen large enough. One can view Theorem 1.1 as a way of upgrading trivial [?LPo decou-
pling at say some subcritical p to I’LP decoupling for all large p with only a loss that decreases
exponentially as p — +o0. Of course, if one already knew the sharp estimate in the critical
Do = k(k + 1) case, then Theorem 1.1 implies that we know the sharp decoupling estimate for all
D € k(k + 1) + 2kN. However, this already follows from interpolating the critical estimate with
the trivial [2L® decoupling estimate.

Though Corollary 1.2 implies (1.3) with an extra X¢ that comes from the §¢ factor in Corol-
lary 1.2, Corollary 1.2 is more general and this extra § ¢ term comes from needing some additional
uniformity in the case of the general f Fourier supported in | Jg Ps Ox and an application of the
broad-narrow argument to get around the use of the Prime Number Theorem in the proof of (1.3)
(see Subsection 4.1.1). See Subsections 3.5 and 5.1 for some more discussion comparing the VMVT
case and the general f decoupling case.

We end with some discussion about how the proof of Corollary 1.2 (and Theorem 1.1) contrasts
with modern decoupling proofs of degree k moment curve decoupling [3, 16] that prove (1.6).
Unlike the argument in [3, 16], we are missing any lower dimensional decoupling input and while
we do use induction on scales, the iteration itself is unique in that it iterates on the p in [>LP
decoupling. Schematically, the iteration to prove Theorem 1.1 controls I2LP decoupling by I2LP~2k
decoupling at a larger scale. After O(p/k) steps, we are reduced to [2L** decoupling for the degree
k moment curve which follows (essentially) from the Newton-Girard identities. The iteration is
surprisingly efficient when it controls [2L? decoupling by [>LP~2¥ decoupling as long as both p and
P — 2k are supercritical. However, after about ;—k( p— @) steps, we enter the subcritical regime

k2 1
. . . e . . _k - Lyp/@i
for which the iteration becomes inefficient and this is why we accrue an additional & 31

term. When k = 2, the argument for Corollary 1.2 uses O(p) steps to prove a weak nonsharp [?L?
decoupling estimate. This is to be compared to the modern proof of decoupling for the parabola
where to prove the sharp critical I2L° decoupling, one uses O(¢~!) many steps (see, for example,
the proof of [23, Lemma 2.12]). In the harmonic analysis literature, iterating on p is not a new
idea as such an argument was already used by Drury [9] to prove cubic moment curve restriction,
though we believe this is the first time such an argument has appeared in the decoupling literature.
See also [25] by the fourth author for a similar idea in the additive combinatorics literature that
was recently used to obtain diameter free estimates for the quadratic VMVT.

Additionally, at each iterative step, three scales are key: the smallest scale §, the intermediate
scale 81/, and the largest scale 1 (though strictly speaking in our proof the largest scale is actually
8¢ rather than 1 for technical reasons). This can be compared to [3, 16] which uses scales 9§, &°
and 1.

This paper is organized as follows: In Section 2, we review some basic geometric and harmonic
analysis facts in Q, that will be used throughout this paper. In Section 3, we review the refinement
of the 1973 argument of Karatsuba at a high level. In Section 4, we prove Lemma 4.2 which is the
main lemma that is used to prove Theorem 1.1. This is accomplished via combining a standard
broad-narrow argument in Subsection 4.1.1 and some geometric properties of the moment curve
that use the Newton-Girard identites, see Lemma 4.4. In Section 5, we dyadically pigeonhole to
obtain some uniformity in our estimates and prove Theorem 1.1 and Corollary 1.2. Finally, in the
Appendix, we include a proof of D, (§) S, §¢ for completeness.
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2 | WAVEPACKET DECOMPOSITION AND SOME BASIC
GEOMETRIC FACTS

Throughout this paper, we will make use of wavepacket decomposition which allows us to decom-
pose a function f, which is Fourier supported in some 6, into linear combinations of indicator
functions of translates of the parallelepiped “dual” to 6. That the g-adic character y is trivial on
Z, gives a much cleaner wavepacket decomposition when working over Q, than over R. See [30,
section 3] or [17, section 2.4] for some discussion about wavepacket decomposition over R in the
context of the paraboloid (though the same ideas apply for the degree k moment curve).

Fix § € g~N. It will be convenient to introduce the shorthand

. 2 k
05 1=0ZyX6°Zy X+ X8Z,
and
e 51 ) —k
Ts =8 ZyX8 "ZyX X8 "Z,.
They are dual to each other in the sense that

T5:{x€Q§: |x- &l <1forall § €65}

Since for any 1 < j < k, any interval in @, of length &/ is the disjoint union of §~*~/) many inter-
k(k=1)

vals of length &, it follows that 8 is the disjoint union of "~ 2 many cubes of side lengths 5%
k(k—1

in @Z. Similarly, any cube in @Z of side length §7* is a disjoint union of 5~ 2 many translates
of T5.
Now for a € Z, let M,, be the k X k lower-triangular matrix given by

M, =@¢'@7"(@ - y“a)
where we view y/)(a) as a column vector. Then for any K € P, we have
Ok =y(a) + M 65 (21)

for any a € K. In fact, the right-hand side is independent of a € K because if b € K, then

k
y(b) =y(@) + YNy (a)b - a) € y(a) + M85,
j=1
and
1 0
an=-tb-a) 1
M, =M, @H~1(b — a)? an=-p-a) .. 0}, (2.2)
(k=D Yb—a)t (k-2)D'b-a)2 .. 1
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where the second matrix on the right-hand side preserves 65 = §Z, X 5ZZq X oo X 5qu (here we
have used the fact that |k!| = 1in Q, because q > k).
ForK € Psand any a € K, let T, x be the dual parallelepiped to Oy centered at the origin given

by

Tox ={x € @’; :x-(E=y(a)| < 1forall £ € 6y}
Using (2.1), it is not hard to see that

Tox =tx €@} |x-yV(a) <67 forall1 < j <k}

={xe @g : MIx € Tsh=M,"T,

for any a € K. This parallelepiped depends only on K but not on the choice of a € K, as (2.2)
shows that

1 00 0(8%) .. o(s1
0 1 0@©) .. 02

M =m0 o 1 . O],
0 0 0 1

where 0(8/) is some number in Qq with norm < 8/, and the second matrix on the right-hand side
is a bijection that preserves T's by the ultrametric inequality.

Lemma2.1. Let§ € ¢~V and fixK € P;. Then

k(k=1)
(i) 6 — Oy is the disjoint union of 5~ 2 cubes of side lengths 5%, and
k(k=1)

(i) every cube of side length 5~ in @Z s the disjoint union of 6~ 2~ many translates of T .

Proof.
k(k—=1)

(i) Recall that 8; is the disjoint unionof 5~ 2 cubes of side lengths 5. As M, is a bijection that
maps cubes of side length 6¥ to cubes of side length §* for any a € K, and 6 — 6 = M0

for any a € K, the assertion follows. Note that 6, — 8 is just a translation of 6y to the origin.
k(k—1)

(ii) Recall that any cube in Q’; of side length 6~ is a disjoint union of §~~ 2 many translates of

Ts. As MgT is a bijection that maps cubes of side length ¥ to cubes of side length §* for
any a € K, and Ty x = M T for any a € K, the assertion follows. O

From Lemma 2.1(ii), we may deduce that translates of T, x tile @Z; we denote the collection of
such translates by T(K). We are now ready to state the version of wavepacket decomposition that
we will use.

Lemma 2.2 (Wavepacket decomposition). Let § € ¢~ and fixK € Ps. Let g be a Schwartz function
with Fourier transform supported in Oy Then | g| is constanton everyT € T(K), and EI\T is supported
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on O for every T € T(K). Hence, it is natural to write

9= ), 9lr, (2.3)

TeT(K)

where each term g1 (Which we will call a “wavepacket”) is Fourier supported on 6y and has constant
modulus on every T € T(K). It also follows that if T is any subset of T(K), then Yo g1y is Fourier
supported in O.

Proof. First, to prove that | g| is constant on any translates of T, ., one only needs to prove the case
when § =1, K = Z,, and then apply a change of variables, but we opt for a more explicit proof.
We will show that |g(x)| is constant for all x € A + T i forany A € Q’;. By Fourier inversion we
have that

90l = | /9 AOXE - x) dE|

k k
=1 ?(V(a) +) tjy(f)(a)>x< ly(a) +y tjy(j)(a)] : x> dr|
[£11<8 ..oty |<8F i=1 |

----- Jj= ]=1

= | 9(a) + M Hx(MLx - t)dt|.

|£11<8 .., |1 | <SF

For x € A + T, we write x = A + M Ty’ where |y;.| <67/ for j =1,2,..., k. Therefore,

lg(0)| = | 9(@) + M Ox(MEA - (Y - 1) dt]

[£11<8,0... | i | <8K

=| ,g\()’(a)+Mat))((MZA.t)dt|’
[t11<8,0 |1 |<SK

where we have used thaty’ - t € Z4, and so x(' - t) = 1. The right-hand side is then independent
of y’ and so the above equality is true for all x € A + T ;. In particular, this shows that |g| is a
constanton A + T . This constant depends on K, g and A, but is a constant nonetheless.

Next, to prove that g1, is supported on 6, it suffices to observe that g1, = § * 1,, and that
1, is supported on 8y — 8y for every T € T(K): in fact, for every T € T(K), 1 is a modulation of
1/T-0;, and if a is any point in K, then T x = M " Tj. It follows that

T ®= [ exe

= det(M,)~"! /T x(=M"y - £)dy = det(M,) 16 KEFV21y (M 1E)
)

is supported on M,05 = 6x — O Finally, the decomposition (2.3) follows because parallelepipeds
in T(K) tile QZ. This completes the proof of the lemma. O
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3 | SKETCH OF THE KARATSUBA ARGUMENT

Before we dive into the proof of Theorem 1.1, we review the proof of (1.3) with an eye toward
interpreting each step into decoupling language. See also, for example, [31, section 5.1] or [29,
Theorem 13 - Lemma 21] for more details of the number theoretic argument. Just for this section,
we revert back to calling p a prime so as to best match these references.

3.1 | Step 1: Introducing some p-adic separation

Given X > 1, one finds, using the Prime Number Theorem, a prime p ~ X 1/k such that
Jsx(X) is controlled by J; (X, p), where J; (X, p) is defined to be the number of solutions
(X1 e s X5 V15> V) € ([1,X] N N)? to (1.1) with the additional condition that x, ..., X, are pair-
wise distinct mod p and y,, ..., y are pairwise distinct mod p. As p is rather large, this is a rather
mild condition and so we heuristically should still expect J;  (X) = J (X, p). The benefit of this
extra p-adic separation (transversality) in these 2k variables is that we will get to apply Linnik’s
lemma (in Step 3, (3.3)) which will up to permutation uniquely determine these variables.

3.2 | Step 2: Applying the union bound/Hdlder

We now write J; (X, p) as

k

/ | > I > e(rljoc1 + ot n;.‘ozk>|2| Y e(na + -+ nfay)[* 7 da.
(0.1 @y (mod p) j=1 n;=a; (mod p) 1<n<X
a; pairwise distinct 1<n;<X

Write | ¥, cox 172 = | X4 (mod p) Znza (mod py |2 and apply Holder’s inequality to control
the above by

k
2 H 2 e(njoy + - + nj.‘ak)lzx

ay,.,a (mod p) j=1nj=a; (mod p)
a; pairwise distinct 1sn;<X (3 1)

p2s—2k max /
a (mod p) [0,1]2

| Z e(na; + - + nfa)|> * da.

n=a (mod p)
1<n<X

Denote the integral above to be J (X, p, a). This expression counts the number of solutions
(X1 s Xgo V10 o> Vs) € ([1LX]NAN)? to (1.1) with xq,...,x, pairwise distinct mod p, y;, ..., ¥k
pairwise distinct mod p, and x ., = - = X, = Y4 = - = Y = a (mod p).

3.3 | Step 3: Solution counting

Translation invariance of the Vinogradov system implies that we may bound J (X, p,a) by
Js kX, p,0). Rearrange the Vinogradov system (1.1) as

J
k+1

J J J J J J J
+...+xs_yk+1_..._ys=y1+...+yk_x1_..._x 1

X k’

V/A)

j <k, (32)
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where x4, ..., X, are distinct mod p and y;, ..., y, are distinct mod p and since we are considering
Js kX, p,0), we have that x4, ..., Xg, Y415 - > Ys = 0 (mod p). Each choice of x;, ..., Xy, 1, .-, i
gives < J;_y 1 (X/p) many solutions to (Xj1, .. » X, Y415 -+ » Vs)- TO see this, write the count for
(3.2) asan integral and use the triangle inequality; the basic idea being that shifts of the Vinogradov
system can only give fewer solutions.

Next, fixing one of the at most J_; ,(X/p) many tuples (X1, ..., X5, Yi415 - » V), oW many
valid x4, ..., X, ¥;, ..., yi are there? As requiring y,, ..., y) to be distinct mod p is a rather mild
condition, there are < X* such 015 > Vi) Any valid (x4, ..., x) € ([1,X] N N)¥ must satisfy

x{+...+xiij(modpj), 1<j<k,

where the x; are pairwise disjoint mod p for some H; that depends on (y;, ..., y,) (of which there
are < X* many possibilities) and (x;, 1, ..., Xy, V41, - » ¥s) (of which there are < J,_; (X /p) many
possibilities). As pX ~ X, instead of counting integers between 1 and X, we can count the x; mod
p¥. Thus, it remains to count the number of residue classes (x; (mod P, ..., X (mod pk)) such
that

x{+-~-+x£EHj(modpj), 1<j<k (3.3)

and x; (mod pX) are pairwise distinct mod p. Linnik’s lemma [24] then says that there are at
most k!p¥<=1/2 many such k-tuples of residue classes and the proof follows from first upgrad-
ing all residue classes mod p’ in (3.3) to mod p¥* (by paying a cost of p¥¢—1)/2) and then using
the Newton-Girard identities that essentially uniquely determine the x, ..., x; (up to permu-
tation). This bound is efficient because probabilistic heuristics suggest that we should expect
~ (pFyk ) pktk+1)/2 = pk(k=1)/2 many solutions. Thus, we have that

T (X, D, 0) Sy Ty X/ p)X < pFe=D/2, (3.4)
3.4 | Step 4:Iteration
Putting Steps 1-3 together, we obtain the iteration that
Tl X) Sie p» KT (X / p)X* pHED/2, (3.5)

Running this iteration about O(s/k) many steps reduces to an estimate on Jy , (X) from which
one can easily compute there are O(X*) many solutions by the Newton-Girard identities. The
iteration (3.5) is sharp if both s and s — k are supercritical. If they are, then heuristically, we expect
Jo 1o (X) m X257 KKk+D/2 and I (X /p) = (X /p)*s~R~Kk+D/2 Then the right-hand side of (3.5)
becomes X 25X ~3k/2-K/2 pk* which is equal to X2 ~kk+1/2 pecause p ~ X'/k. However, both sides

2 - Lys/k
are not the same if one of s or s — k is subcritical. This is where the inefficiency of X 2 -

comes from.
3.5 | Interpreting Steps 1-4 into decoupling

Having briefly summarized the number theoretic argument into four steps, we now briefly sketch
the main points to interpret into decoupling. First we discuss the scales needed in the proof.
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From Steps 1 and 3, there are three scales: the largest scale X, the intermediate scale p ~ X 1k,
and the smallest scale 1. Correspondingly in our proof, we use three scales: the smallest scale
d, the intermediate scale v := qUqu syl §1/k and the largest scale 1. For some technical rea-
sons surrounding the broad-narrow reduction, in lieu of the scale 1, we will actually use the scale
x 1= q1°% %) where ¢ is as in (1.8).

Next, we discuss the reduction to the decoupling analogue of (3.1). In Step 1, two residue classes
being distinct mod p means they are p-adically separated by a distance 1 and so this should corre-
spond to two intervals that are 1-separated. To get around the use of the Prime Number Theorem,
we instead make use of broad-narrow reduction due to Bourgain and Guth in [4] which will allow
us to reduce to controlling a multilinear decoupling expression.

Third, the loss of p2~2K in Step 2 above deserves some mention. This loss comes from essentially
having applied the union bound

‘ Z e(not; + - + nkak)’ = | z 2 e(not; + - + nkcxk)|

1<n<X a (mod p) n=a (mod p)
1<n<X
< k
<p max e(nay + - +nay)|.
a (mod p) n=a (mod p)
1<ngX

Heuristically, we expect this inequality to be efficient because each ¥,_; (o4 p) contributes
equally to the entire sum as the exponential sum should not bias one residue class mod p over
another. This, however, is not necessarily true in the decoupling case and will require us to obtain
some extra uniformity via dyadic pigeonholing, see Subsection 5.1, later.

Finally, to interpret the solution counting Step 3, we make use of the simple identity

[, 1@dx = fo
Qq

which converts the integral of f into a question of whether O is contained in the support of f
This is done in Lemma 4.4 and the proof relies on the Newton-Girard identities, much like in the
proof of Linnik’s lemma. This part of the argument requires that p is even and is reminiscent of a
Cordoba-Fefferman argument (see, for example, [8, section 3.2] or [6, 7, 10]).

4 | THE MAIN LEMMA

One standard property about the moment curve decoupling constant that we use is affine
rescaling. This property plays the analogue of translation-dilation invariance of the Vinogradov
system (1.1).

Lemma 4.1 (Affine rescaling). Let g be a Schwartz function on @Z Fourier supported in | g Ps Ok
Then for any interval I C Z, of length x > &, we have

1/2

o) 2
”91”Lp(@g) < ®p<;> Z ”gK”LP(Qg)

KePs(D)
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Proof. This proofis standard and follows from a change of variables that can be found, for example,
in [8, section 11.2]. Ol

Our main lemma in proving Theorem 1.1 is the following:

Lemma4.2. Let p € 2k + 2N, 6 € g Nandx € gV N [6,1). Let v = ql1%%a = q N sothatv <
8k If g is a Schwartz function with Fourier support in | J KeP; O, then we have

p/2
/ 917 < CD,(- >P<Z ||gK||Lp<@k> + Cq Dy (S DN R 2k
o

k (p—2k)/2
k
Dy 2yp-2 max ||gK||Lm(Qk) 2 gl | max] X gl e g :
ReP;  \K’ePs() 1

where N is the number of J € P,, for which g; # 0 and C depends only on k and p.

Here x is a somewhat technical parameter that is chosen to be roughly ¢ later in Section 5.
However, on a first reading, it might be more convenient for the reader to take x = 1/q to better
grasp the moving parts of the argument. The somewhat nonstandard decoupling right-hand side
in Lemma 4.2 is reminiscent of the right-hand side used in [18, Theorem 1.2]. To give more context
to the above lemma, the following estimate is true:

Lemma 4.3. Forany p > 2k, we have

p/2
< )y ||gK||Lp(@k)>

KePs
k (p—2k)/2
(p—2k)/2 .
<N 2 9kl _Z lggllimagy | max| X Mgkl gy, ,
Keps KePs(J)
where N is as defined in Lemma 4.2.
Proof. Holder’s inequality gives us
2k _2k
”gK”LP(Qk) < ”gK”Lm(Qk ”gK”LP zk(@k)
and so, applying
p k p—2k
S e N ; )\
Z ag by c, (max ag) Z by Z c
K K K
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with ag = by = ||gK||Loo(@1;) and cg = ||gK||Lp_2k(@;§),we get

k

p/2 (p—2k)/2
<2 ||gK||Lp(@k> ||gK||Lw(@k) 2 Nggllpsary (Z lggll? - W) :

KePs KePs KePs

It remains to observe that

(p—2k)/2

(p—2k)/2
—2k)/2
(Z ||9K||Lp Zk(@k> < N(p=20)/ max Z ||9K||Lp *(ak) .
KePs *\KePs()) O

Suppose for a moment that in Lemma 4.3, we had an equality instead of an inequality. This is
indeed the case when g¢(x) is the exponential sum X _100k21|x|<X100k 2;(21 e(y(j) - x) that arises
in using decoupling to estimate the number of solutions in (1.3). As N < v~! (and taking, for
convenience, ¥ = 1/q), Lemma 4.2 would give us

k(1) p—2k
D) <CD, @8 +Cq* I Ty, (g) @D

Heuristically, we expect this iteration to be efficient as long as p — 2k (and so also p) is supercrit-

r | k(k+1)
ical. To see this, if r is supercritical, then we heuristically expect that D,(8)" ~ 8§ 27 2 for all
8. Thus, the iteration should be efficient if with this assumption on the size of D,(5)", both sides
of (4.1) are the same. The right-hand side of (4.1) is then
k(k—1) p—2k  k(k+1)

~ (5—%>§+k_ 2 (5‘“%)7_ 2 :5‘(3—7),

which is comparable to the left-hand side of (4.1). A similar calculation shows that this iteration
is not efficient if at least one of p or p — 2k is subcritical.

Unfortunately the reverse inequality in Lemma 4.3 fails to hold for general ¢. This is because
we lack the uniformity in the exponential sum that one considers when one counts solutions to
the Vinogradov system. This uniformity can be restored by pigeonholing, which only produces
&7¢ losses. This pigeonholing must be done before one applies induction on scales and iterates on
the Lebesgue exponent p. The full argument is carried out in detail in Section 5.

4.1 | Proofof Lemma 4.2

The proof of Lemma 4.2 uses a broad/narrow dichotomy, due to Bourgain and Guth [4] combined
with some basic geometric geometric properties of the moment curve. See also, for example, [8,
chapter 7].

411 | The broad-narrow argument

First, we have the pointwise bound |g(x)| < Z,ep |g;(x)|. At every point x € Qk let 7, be the set
of all intervals I’ € P, such that |gp(x)| > max;cp | gr(x)|. Suppose first T, contams at least k
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(disjoint) intervals, say I’, ..., T l’{ (all dependent on x) of length x and | 9 ()| = max;ep |g;(x)I:
in this case we have

19001 < 7 max gy ()| <3t gy () .o gy (01

—2+1/k 1/k
<x max X) ... X .
< e, |911( ) glk( )

(1.1 )>K Vi

Here we used that in Q’q‘ , two distinct intervals of the same length are separated by at least that
length. Alternatively, 7, contains at most k — 1 intervals, in which case

9GOl < 2 1gI+ 3 191 < (k= Dmax gl + >, xmaxlg(ol < kmax g (o)l

IeT, IEP\I, 1P, \T,
As a result, we obtain the pointwise bound that for each x € @g, we have

2+1/k 1/k

lg(x)| < kmaXIgz(X)I+1< ; max, 97, (X) ... g7, ()]

1l
(1,1 ))>K Vi

which, upon raising both sides to power 2k and applying (A + B)*¢ < 2%¢~1(A% + B%) (a
consequence of the convexity of x — x%K), yields

l9Co)IP < 22T max gy ()P + 22T max gy, () gy, (1. (4.2)
K 1lk €
d(Il,I )>7<\7’l;é]

Using this pointwise bound while integrating we find that

/|g|P=/ 19| g1P2%
ok af

q

gk Tl €Py

2.k ) —(4k—2 2 -2
c [l 1o+ @ [ max g Plo
ok <Py
dL)>K Vit

k
<C/ <Z I91I2> |glP=2k + k= Y /k |97, - 91, 1?1917~
@ Q

IeP Iyl €P, g
d(I;.1j)>x Vi

2 p=2k 4 = k=2p=k  max e gr |?1g|P3k
<c/, (Z 1 ) 1 W[ ol

IeP
(1,0 j)>x Vi
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for some C depending on k. Holder’s inequality followed by Minkowski’s inequality implies that

the first term satisfies
(p—2k)/p
lg|?
</@’3

/ (Z I91|2> lg1P~ 2k<C/ (Z |91I2>
@ IeP IeP
k (p—2k)/p
g, I > </ |g|P>
<IeZP L@y Y

1 p/2
<= p /
< /ng jol? +C (2 ||gf||Lp(@k)>

IeP

p/2 2k/p

for some C’ that depends on k and p. The last inequality uses Young’s inequality and the fact that
D > 2k. Therefore,

p/2
S +x k2 max o gp, [P gIP2k,
IR NP(ZMgInLP(@k)) ymax, [ oo, Pl

d d; I)>eVigj ¢

Using affine rescaling (Lemma 4.1) and applying the definition (1.5) of our decoupling constant,

we deduce that
p/2 p/2
<Z ||gl||Lp(Qk> <2,¢ )P( 3 ||gK||Lp(@k)> .

IeP KePy

Plugging this into the above yields

p/2
5 —(5k— _
D < “N\p (5k—-2) 21, 1p—2k
/@ 9P 5, D) ( > ||gK||Lp(Qk)> r s, [ Lo PlolP . 43)

q Kep, A1 I)>xviz]
This inequality (4.3) is the analogue of Step 1 in Subsection 3.1. The requirement that we analyze
solutions to the Vinogradov system with x;, ..., X, and y,, ..., y, being distinct mod p corresponds
to the requirement that we analyze /@;‘; lgr, - g1, 1*lg1P~2¢ with d(I;,1;) > x forall 1 <i # j <k
withx = 1/q.

Next, we mimic Step 2 in Subsection 3.2. Recalling our definition of N in the statement of
Lemma 4.2, Holder’s inequality gives

-2k —2k—1 -2k
|g|P2 < NP1 N g, |P2k,
JEP,

Applying this in the second term in (4.3), we get
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/ L
af

p/2
d —(5k—2) nrp—2k—1 2 _2k
<, D, (2)P llgx 112 +x k=2 NP max lgr, g, 1*1gs1P
P PNy K;(; LP(Q}) I EPy J;y at 1 k

d(I,-,Ij)>KVi;éj

p/2

e) —(5k— _ _

S, D, ()P Z 2 + % Ck-DNP=2k max  max e gr P gr|P2K

Sp p(K) p ”gKHLP(@’é> P e SO ol l91, - 91, 171971
s d(I;, 1> Vi 1

(4.4)

which is the analogue of Step 2 in Subsection 3.2.
To analyze the second term in (4.4), we fix I, ..., I} € P, with d(I,-,Ij) > x for all i # j, and
fix J € P, with g; # 0. To estimate the integral /.« gy, - g5, 1*| 97 1P~2*, first note that the Fourier
q

transform of | g;|> = ¢,g; is supported in the parallelepiped 8, — 8;, of dimension v X v X --- X VK,
As our hypothesis guarantees that p — 2k is an even positive integer, the same is true for the
Fourier transform of | g;|P~2%. Lemma 2.1(i) applied to J € P,, instead of K € Ps shows that the
Fourier support of | g;|P~2¥ is the disjoint union of »=¥=1)/2 many cubes of side lengths v¥, and
we denote this collection of cubes by {[]}. This corresponds to the fact that we have a k-tuple of
residue classes (H; (mod p), H, (mod p?), ..., H, (mod p¥)) that we can upgrade to p**~1/2 many
k-tuples of the form (H} (mod p*), H, (mod p*), .., H; (mod p)). Note that the side length v* of
the cubes [Jis < 4.
‘We now apply Fourier inversion and turn products into convolutions. We have

2 —2k — — —2k
/k |911 91k| lgs 1P~ = z Z /k 9k, -+ 9K IR, - ggklgjlp
R K;€Ps(I) R;€P5(1)) Y %

i=1,...,.k Jj=1,.., k

=Y D D G ke ok dR, ROk, % Ok, * (gr1PK1)(0).
D K[EP(;(Ii)KjEPa(Ij)
i=1,....k j=1,...k
For each fixed [Jand K; € Ps(I;), ..., K) € P5(I}), let S(K, ..., K}, []) be the set of all (K, ..., K)
with K; € Ps(I;) such that

0 € supp(gg, * - * g, * Og, * - * g, * (lg7[P~21). (4.5)

We will prove in Lemma 4.4 that #S(K, ..., K}, [1) < (qx) ¥~ If we think of the model case
when x = 1/q, this would say that the K; and [] uniquely determine the K; in (4.5). This is anal-
ogous to the situation in Linnik’s lemma where once we upgrade (3.3) to residue classes mod p¥,
the remaining variables are essentially uniquely determined.

We now write

2 -2
[ 1o, Plagt?
Q

q

=Y Y Y mrewdm r i e x i (9 PE)0)
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<y Z 2 Ak|gK1...gKkgK1...ggk||gflp—2k*|1D|
O q

As f@;; |fa| = 1 and the number of []is v=¥k~1)/2 this gives

k
gy |Plgr P72k < v x)~Kk=1) max > p—2k,
/@Z lgr, - 91,1719y < (q ) me ||9K||Lw(Qk) éa ||9K||Loo(@lé) . 1971

Applying affine rescaling shows that this is

k(k—l

<v (O max IIgKIILm(@k)x
—2k
k L= (4.6)
2k
3 loloety | Dpone@PH X el k)
KePs K'ePs(1)

One can think of (4.6) as the analogue of (3.4) in Subsection 3.3 in the following way:
the term v_k(k_l)/z(qx)_k(k_l)maXKeP5 llgi |l plays the role of pXk=1/2 from Lin-
nik’s lemma, the term (ZKGP5 llgzllo)¢ plays the role of X*, and finally the term

p=2k
@p_zk(g)l’_%(zpepsu) 7% ||12)_2k) 2~ plays the role of the J;_; ,(X/p).
Plugging (4.6) back to (4.4), we then obtain

p/2
5 —k(k— (12 _ _M
p \p (k—1), —(k“+4k 2) p— 2k
/Qk'g' $pDp(>) (Z ||gK||Lp(@k> +q x N
q KeP
—2k
5 k 5
Zyp-2k k _
Dy max gl o, 2 oglim@n || X Mol -
RePg K'ePs(J)

4.1.2 | Geometry of the moment curve

The proof of Lemma 4.2 is now complete modulo the proof of the following lemma, which pro-
vides the key geometric input that enables one to count #S(Kj, ..., K, []). This is the analogue of
Linnik’s lemma ([29, Corollary 17] and the estimate for B(g) in the proof of [31, Lemma 5.1]); see
also [13, Proposition 1.3] and [2, Proposition 3.1]. Both proofs use the Newton-Girard identities in
essentially the same way. The hypothesis that g > k, where q is from our base field Q, and k is
the degree of the moment curve, plays a role in the following lemma.
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Lemma 4.4. Letpe2k+2N, 6eq™ xeqNn[s,1), and v = g/ s ¢ gV so that v
§'/k. Suppose thatI,, ..., I; € P, withd(I;,I;) > x foralli # j. Let (] be a cube of side length v* and
K, € Ps(1), ..., Ky € Ps(I}). Define S(K, ..., Ky, []) be the set of all ordered k-tuples (K, ...,K})
with K; € Ps(I;) such that

0 € supp(gg, * -+ * g, * Gg, * = * g, * (lg7[P721).
Then
#S(K15 ’Kk’ ED < (qK)_k(k_l)'

Proof. Assume for the sake of contradiction that #S(K;, ..., K}, []) > (qk)_k(k_l) > 1. We can find
two k-tuples of intervals (A, ..., A;) and (B, ..., B;) with each A;, B; € Ps(I;) such that

0 € supp(gy, * - * ga * g, * = * g, * (1g;1P~2¢1)), 4.7
0 € supp(dg, * = * Ga, * G % % G+ (g P21, 48)

and such that there exists an iy with d(4; , B; ) > (qx)~%=1§. Indeed, if not, picking an arbitrary
(€15, C) € S(Ky, ..., Ky, [0), shows that any other (Dy, ..., D;) € S(Ky, ..., Ky, []) must satisfy
d(C;, D;) < (qx)~%=1§. This gives at most (qx)~¥* =1 many k-tuples which violates our initial
assumption that #S(K, ..., K, []) > (qk)‘k(k‘l). Without loss of generality, we may assume that
iy = 1.

Asforeachi=1,2,..,k,we have A;,B; C I; and d(Il-,IJ-) > x for all i # j, this implies

d(Ai,Aj) > qx, d(Bi,Bj) > qx, d(Ai,Bj) > qx whenever j # i (4.9)

(thus the only distances we do not have any control over are the ones of the form d(4;, B;), i # 1).
By (4.7) and (4.8), we have that

k k k k
0e <Z‘L’Ai —Z‘L'Ki +D>O(ZTBi —Z‘Cgi +|:|>
i=1 i=1 i=1 i=1

where here we recall the definition of 7 in (1.4). Each 74, 75, and 7g, are cubes in QS of side
length 6 and [] is a cube in QZ of side length v* < 8. Thus by the ultrametric inequality, both
Zle Ty — Zﬁ‘zl T, + [ and Zi;l g, — Zi;l Tg, + O are cubes in @’; of side length &. Further-
more, by the ultrametric inequality, as two cubes of side length & are either completely disjoint or
exactly the same, we must have

k
Z T~
i=1

k k
TKi+|:|=ZTBi—ZTKi+|:|
i=1

i=1

Mw—

1

I
—

and hence

k
D 74— D 5 = B(0,9).
i i=1
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Therefore, (after another application of the ultrametric inequality) there exists £ 4, €A;and ¢ B €
B; such that

<6 (4.10)

forj=1,2,...,k.

We now use the Newton—Girard.identities.to derive a contradiction. For j = 1,2,..., k, define
the power sums pj(xl, vy Xg) = x{ + -+ xi. Next for j = 1,2, ..., k, define the elementary sym-
metric polynomials e;(x, ..., x;) := 21<i1<...<ij<k Xy e X Additionally, let e5(xy, ..., x;) 1= 1.
Then we have the two identities:

k
X—x)X —xy) X —x) = Z(—l)jej(xl, ...,xk)Xk_j (4.11)
j=0
and for j = 1,2, ..., k, we have

j—-1
Jei(xp, s Xi) = D (=1 g (X, s Xi )Py (X1 X (4.12)
i=0

See, for example, [29, Lemma 15] for a proof.
Let e;(A) 1= ej(§A1,...,§Ak) and p;(A) 1= pj(§Al, s §Ak). Similarly define e;(B) and p;(B).
By (4.11), we then have

k
(6a, = &p) (€, = €5) = D (-DVe;(BIEL (4.13)
Jj=0
and
k . )
0= (§a, —&a)  €a, = €a) = D (=DIej()E; . (414)
j=0

Subtracting (4.14) from (4.13) and using that |§ A= 3 Bj| > qx for any j # 1 (which follows from
(4.9)) shows that

k
(qK)k_1|§A1 - §B1| < 2(_1)j(ej(B) - ej(A))gfgjl < mj?’—x le;(B) — ej(A)l- (4.15)
j=0

Next we claim that |e;(B) — e;(A)| < §forall j = 1,2,..., k. We prove this by induction. Ase; = p;,
le;(B) — e;(A)| < dbythe j = 1caseof (4.10). Now assume that forsomeJ = 1,2, ...,k —1we had
|ej(B) - ej(A)I g dforall j =1,2,..,J. Then by (4.12),

7
|(J + Ve 1(B) = + ey (A)] = | Z(_l)i(ef—i(B)le(B) —e;_i(A)p;1(A)]
i=0
< max le;_i(B)pi41(B) — e;_;(A)p;41(A)].
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Observe that

le;_i(B)pi41(B) — €;_i(A)p;41(A)| = lej_i(B)(Pi41(B) — Pi+1(A)) + pi1(A)(e;_i(B) — e;_;(A))]

< max(|p;,1(B) — pi1 (A, ley_i(B) —e;_;(A) <6

by the inductive hypothesis and (4.10). As q is a prime > k, it follows that |e; ;(B) — e;,1(A)] < &
Applying this conclusion to (4.15) then yields that (gx)<—1|& 4, — §B,1 < 8. But this contradicts

the fact that d(A;, B;) > (qx)~k~D&. Therefore, we must have #S(Kj, ..., K}, []) < (qx)~kk=D

which completes the proof of the lemma. O

5 | PROOF OF THEOREM 1.1 AND COROLLARY 1.2

5.1 | Dyadic pigeonholing

It is more convenient to bound

D,(8) := sup  D,(8p) (5.1)
So€q—NN[8,1]

instead of D ,(5) as D,(8) is defined for all real 6 € (0, 1] (rather than just for § € q) and is
monotonic, that is, Dp(éL) <Dp(85)if & > 8.

Proposition 5.1. For even integers p > 2k, there exists a constant C > 0, depending only on k and
D, such that for every 0 < € < 1, we have

P K +7k 4 k(k 3)
2

5 —(k?+4k— 2)55—;([,

D,(8)" < C(log5~)*? |D,(8' )P + ¢+ 7D,y (81T F)Pk

(5.2)

forall0 <6 < 1.

Proof. To bound D,(6)?, suppose 0 <5 <1 and §, € g with &, € [6,1]. We need to bound
D,(8,) by decoupling down to frequency scale .
Let f be a Schwartz function on QZ with Fourier support in | J KePs, Ox. Then f = Y KePs, fx

where f; i= fl Kxak-1- We want to prove the existence of C > 0 so thatforany 0 < ¢ < 1,

/Wstcmg&%@x
af

p/2

2K +7k 4 P, k(k=3)
2

5 —(k%+4k— 2)&'5——(54—

[D (51—5)p+q )Dp—zk(51__)p Zk] Z “fK”Lp(@k

KeP5

(5.3)
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In fact, we will prove that for any translate Q of By« :={x € @Z Dlxl <8y k1 we have
0

/ FIP < Cllog 5P
Q

p/2
k2+7k—4 k(k—3)

_ L (k2 +4k— _1lee L1
[Dp(51 s)p + q2+ 2 0 (k*+4k 2)55 k(2+ ) )Dp—2k(51 k)P 2k] Z ||fK”ip(Q)
K€P50

5.4
The estimate (5.3) then follows by summing over all such Q’s that tile @g, and applglin;r
Minkowski’s inequality to bring an #P/? norm over Q on the right-hand side into the sum over
K €Py,.
Thus, we now turn to the proof of (5.4). Note that for any translate Q of B 57k we have that TQ is
supported in B 5k Therefore, f1, is still Fourier supported in [ J KePs, O because Oy + B 5k = Ok
forall K € P . Next, we have (f1)g = fg1o; indeed

(o) = flole@’;—l =(f* 1Q)1K><@{§—1 = (fle@’;—l) #1g = fg * 1.

As a result, to prove (5.4), it suffices to prove (5.3) under the additional assumption that f is sup-
ported on Q. As f is an arbitrary Schwartz function with Fourier support in | J; Ps O, we may
0

assume Q = B;—«. Thus from now on, we assume additionally that f and all the f} are supported
0
on B and prove (5.3).
0
We first dyadically pigeonhole f by wavepacket height. Write H* = maxgp 5 If koo (ak)- For
q

k(k=1)

K €Ps andH € 2°H*n(§, * H*,H*],let

H
f§< ) = Frlua<ifei<t

where here fy : qu‘ — C, |fk| is the absolute value of f, and the last characteristic function is
meant to be the indicator function of the set {x € @g :H/2 < |fx(x)| < H}. As fi is supported

on B 57k SO is fg]). By Lemma 2.2, as f is Fourier supported in 8y, we then have

éH):( Z fK1T>1H/2<|fK|<H= Z (Frlr) b o< feipl<H (5.5)

TeT(K) TeT(K)

where the last equality is because |fx 1| constant on every T € T(K). Again by Lemma 2.2,

note that f %H)

wavepackets that make up féH) are all of height ~ H. Then

is Fourier supported in 8. Using the terminology of Lemma 2.2, the nonzero

f- 2 Z §<H) < 2 fxl 1 Klk=1)

KePs, H_k(l;;l) KePs, |fxI<6, 2Py Lm(@’g)
HE2ZH*N(S H* H*
(= n(s, ] LOO(QZ)
k(k—1) k(k—1)
<5—1(51+ * HY=6 * H*
S 9 9 =%
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so as f and f§<H ) are supported on By,
0

@ k(k—1) 1 _ k(k+1)
H 2p * Do % 2p
IF= > i ooty < By HO)|Bgk|? = H*,
KePy, 14 k=D
HeZH*n(, P H*H*]
1/2
< g lloegy < | 25 Wil o)

KeP 50

where the second inequality follows from writing fr = fr * \1/9K and applying Young’s inequality

1 &Mty < ”fK”LP(@k)HIOKHLp (aty- This shows

1/2

1 oty < > | X AN + Z ||fK||Lp(@k
Ke

1 Kte=1) KePs,
HeZZH*n(s, P H*H*]

Next we dyadically pigeonhole so that each relevant f ) is made up of about the same number

of wavepackets. Let now v = qUqu } ") < 51/ ¥ From (5:5), fx () s Fourier supported in O and
supported in Bs—r. As a T € T(K) is either completely contained in or completely disjoint from
0

Bs-«, we then can write
0

H
§< )= 2 (leT)lH/2<|fK1T|<H- (5.6)
TeWI(K),TcBa_k
0

Furthermore, the T € T(K) that are contained in By« perfectly partition Bs—« into &, klke=1)/2
0 0

many translates of T ;. Thus, (5.6) has at most &, k=172

ae2Vn1, 50_k(k_1)/2], let

many nonzero terms. Therefore for

(Ha) . _ p(H)
K K

if the number of nonzero terms in (5.6) (that is, the number of nonzero wavepackets in f, (H )) isin
(a/2,a], and 0 otherwise. Thus, now we have that
H) _ (H,a)
D = > o (5.7)
aesz[1,55k(k_l)/2]

and each f éH’a) is a function that is supported in B, Fourier supported in 6, and has ~ « many
0

nonzero wavepackets of height ~ H

Finally, we dyadically pigeonhole so that given a K, the parent interval J of length v has about
the same number of children K’ of length &, such that [y (H.a) # 0. To be more precise, fixa K and
let J be the unique parent interval of length v containing K. This parent J contains v/§, many
intervals K’ of length §, and hence J has at most v/§, many children K’ such that f g,l’a) # 0. For
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KcJandpB e2Vn[1,v/8,], let

Haf) ._ ¢(Ha)
K : K

if the number of children K"’ of J with f(H’“) # 0isin(8/2, B], thatis, if #{K"" € Ps (J) : f(H’“) #

K" K"
0} € (B/2, 8], and 0 otherwise. Thus, we now have
PARE D VR F o (58)

pe2Nn[1,v/8,]

H,a,
fé a.,B)

and each is a function that is supported in B 57k Fourier supported in 6, has ~ o many

nonzero wavepackets of height ~ H, and K’s parent J has ~ 8 children each of which also are
supported in B 57k Fourier supported in 6y, and have ~ & many nonzero wavepackets of height
~ H.

Thus, combining (5.7) and (5.8) gives

(H) _ (H.a.6)
K K

k]

O(GZNﬂ[lﬁ(;k(k_l)/Z] Be2Nn[1,v/8,]

which implies

1oy < Y Y >0 A Pl

1+ k(ggl) aEZNﬂ[l,ﬁgk(k_l)/z] Be2NN[1,v/8,] Kepao
HEZZH*r\(éO H* H*|

1/2

2 Wl

KePg,

Fix now ¢ > 0. For each of the < (log, ') choices of (H, «, 8), we apply Lemma 4.2 with &
replaced by &, to

gi= Yy fFeR = N ple, (5.9)

KePs, Jep(Heh) KePs ()

where

PHER) —(rep, : #{K' € Ps (J) : f}fx"‘) # 0y € (B/2, 813

and x := gl°8 %] < 8. Note that this implies

H,
g =Luep@ Y I (5.10)
v KePg ()
and gg = ;H’“) if K’s parent J is contained in P,(/H’a’ﬁ ) and 0 otherwise. Write N for the number

of J € P, for which g; # 0 as in Lemma 4.2, and so N = #P,(,H’a’ﬁ ). Note that by assumption the
number of nonzero terms in the ), in (5.10) is ~ g.
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With this, we then first compute

k
el g~ H (511)

as gy = éH’“’ﬁ ) which has height ~ H. Next, we have

k k

2 Moglliwn | ={ 2 X Norlisey

KePs, JEP, RePs ()
(5.12)

= X X logliey| ~ W

JeptHaP) RePs ()

as there are N such J for which g; # 0 and by how g is defined, each of these J’s that contribute
has ~ 8 children K such that gz = f EZH’O‘) # 0. We can finish this estimate once again by using that
gg has height ~ H. Third,

(p—2k)/2 (p—2k)/2
max > Mol e g =max| > llgll7,- 45,10
" \KePs, (D 1 | KePs, ()
~pk ﬁ(p—Zk)/ZIJp—Zk065(;k(k+1)/2 (5.13)

as by how g is defined, the ) Ps () has ~ § terms and each term is made up of ~ o wavepack-
]
—k(k+1)/2

ets of height ~ H. Note here we made use that each T € T(K) has volume & and g is
supported on By« Finally, a similar computation gives that
0
p/2 p/2
—k(k+1)/2
> 9517 =12 2 D, | e (NBYP2HPas, K2 (5.14)
KePs, JEP, KePg, (J)

Combining (5.11)—(5.14) gives that

k (p—2k)/2
2 ol | 2 Mooy | max| X Mkl oy
RePs, KePs (1)
p/2
—(p—2k)/2
~pie NTEZOR 3 gk,
K€P50

Using this with Lemma 4.2 where g is as given in (5.9), then shows that
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p/2
Sy
|g|p<C$p(—)P Z ”gK” ;
/QZ K \kep,, Lr@g)
p/2
p—2k
—k(k=1), —(k?+4k—2),— =1 p=2k %
+Cq x v N 2D, o > Z ||9K||LP(Qk)
KePy,

S, 1) _ _ 1) 1) _ . . .
Note ?0 > % = 55 €>617¢ so i‘)p(?‘)) < Dp(?o) < Dp(é1 ) where in the second inequality, we

1-1 1 1
have used monotonicity. Similarly, % > ;% = 50 k> 51_F, SO i‘)p—Zk(%) < Dp_zk(él_E). As a
0
result,
p/2
P« 1-€yp
/ 10 < ¥ 3 takl
0
p/2
—k(k=1) —(k2+4k—2) — =L P22 1-1\p-2k
+Cq 0Dy v T NS D,y (87 KEZP 9kl o,
%0
H,
Now use N < v~ and gl ooty = 1/ " llocaty < IFkllpcag)- Thus.
[ 11 < Caioge™yPx
%
p/2
_ ki (k=1) . —(k2+dk—2) —(P 4 kk=3) 1.
[Dp(al P o g K (e, TG D, (61 2"] 2 Wl
K€P50
Butv! g qégl/k < gé Yk and k7! < 8¢ < g6°. This completes the proof of (5.2). O

5.2 | Proofof Theorem 1.1

We now finish the proof of Theorem 1.1. It suffices to iterate (5.2) by using an induction on p and
induction on 8. Applying the definition of D,(5) from (5.1) and the hypothesis of Theorem 1.1
gives that

Dy (8% < 5 B -saa-p
for all 6 € (0,1) and some c(po) 0 such that the power of 6! is nonnegative. Note that from

1.9), a(p, py) = a(p — 2k, py) + + E7id +7k % and a(py, p,) = 0. Additionally, (1.10) gives b(p,) >
0 where

b(p) = (p k(e + D)L = 1) +2¢(py),
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and b(p) is an increasing function of p on [2, o0): indeed, for p > 2, we have

bpy= (- by H 4 P2 D ioga — 1y
=Dy s+ B D gog k- 1ogk - 1)
> (- Dy + 278 Dogk—tog(k - 1)
>a- by Ep s 22K D 1

where we used p > 2 in the first inequality, and used log k — log(k — 1) < ﬁ with2 —k(k +1) <
0 in the second inequality. This gives

1._2 2—k—k? 1._2 k+2
b/(P)Z(l—E) 2"[1+m]=(1—g) 2"[1—7]20

since k > 2, proving that b(p) is an increasing function of p on [2, o). As a result, from b(p,) > 0,
we see that b(p) > 0 for all p > p,, and hence

k(k 2
E- % +e(p)(1 = ) >0 (515)

forall p > p,.
Assume for every 0 < ¢ < 1 and all § € (0,1) we know

p—2k
D, 5 (P <Cpyy zqa(p_Zk’pO)é_(¥_@)_C("0)(1_%)T —

for some p € p, + 2kN (thisis true for p = p, + 2k) and C),_ . is allowed to depend on C;. Then
(5.2) gives

D,(6)? < C(log~")*? [D,(6'~)

_ p—2k
+Cy qa<p,p0>5—<k2+4k_z>55—%(§+@>5—u—§x¥—@)—c(m)(l—%) % e
DP—2K,e

P
= C(log67)*PD,(8") + CC,p_y. _qePpo) g~ HE o)1= )~ 4k

for all 6, ¢ € (0,1) where C here depends only on k and p. Iterating this inequality M times with
M to be chosen later gives that

D,(8)” <CM(logs~1)*MPD (819" yp

M-1 ) D
+CCp_ni Eqa(p,po)a—(k2+4k)s Z Cj(log 5—1)3pj5—(1—8)J [(g—@)*'c(l’o)(l—%) %]
=0
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Trivially, we have Dp(é(l_f)M) < 6~0=9"/2 Thys,

M —-1\3Mp s—(1-e)Mp/2
D,(8)P < CM(log§~1)Mpg=(1=1"p/

M-1 , b3
+ CCp—Zk Eqa(p,po)a—(kz+4k)£ Z Cj(log 5—1)3pj5—(1—5)1[(§—@)"‘C(Po)(l—%)Zk].
=0

(5.16)

By (5.15), the power of §~! in (5.16) is positive and so using that (1 — ¢)/ < 1, the sum can be
controlled by

P
2k

MCM(log 5-1yMp 5~ (5= 5)-e(p1= 1)

Inserting this into (5.16) and choosing M be the least integer such that (1 —¢)” < ¢ (and so M =

-1
[lmif()f—izrl]) then shows that

1 k(k+D)\_ p) o 1yEp  (kP4ake
-Gt Am R

Dp(5) Sp,s,cl qa(PsPo)/P(log 5—1)3M5
forall §,¢ € (0,1). As (log §~1)*M <. 575, by redefining ¢ we have

1 k(k+D)_ c(pp) 1 14
T )T, Ump)F e

(=
D,(8) Spec, q¥PPo)/Ps2
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APPENDIX: PROOF OF 9,,(8) <, 6°¢
Fix k € N and a prime g > k. For § € g7V, let S(6) be the smallest constant such that the reverse
square function estimate

2k 2k 2
[ <@ [ (3 ta

Qq q KEPC;

holds for every Schwartz function g on @’; with Fourier transform supported in | J KeP; Ox. We
will prove that

S(6) 5. 6°F

for every € > 0, which by Minkowski’s inequality is stronger than the assertion D,,(8) <, 6°.
Let § € g7, ¢ be as above, and x € g~ N [6, 1]. The broad/narrow dichotomy given by the
pointwise estimate (4.2) implies

/k |9|2k < 92k—1} 2k Z /k |gI|2k + 2k=1,—(4k=2)
Q Q
q

q IeP,

[a ol @y

I,..Iep, JQq
d(I;,1;)>x Vi

Furthermore, by a rescaling argument similar to that in Lemma 4.1, we have

k

5 k 5 2k
9P < Sy / Lo ? <S<—> / Lo (A2)
Y /@g ORDY ; K%U) 2 L

1€P, IEP, 4 \KE€P;s
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where we used the pointwise inequality ¥,cp (Xxep, | gKlz)k < (Zep, | gKlz)k in the last
inequality. To proceed further, fix now I, ..., I € P, with d(I;,I;) > x for all i # j. We expand

/@k|g11...g1k|2— y ¥ /kgKl...gKkgTal-%
q

K€P§(1)K €P5(I)
i=l,..k j=1,.k

and write

L e 0T T =GR, o Ry % T ¢ TN

q

For each K; € P5(I 1) ., Ky € P5(I},), we count the number of ordered k-tuples (XK, ..., K}) with
K; € Ps(I)fori=1,..,kand 0 € supp(gg, * - * gg, * gK1 ek gg 7). The proof of Lemma 4.4
shows that the number of such ordered k-tuples is < (qx) ¥k~ (in fact, here we only need that
gK is supported in the cube Tk, rather than the smaller parallelepiped GK )- So, using Cauchy-
Schwarz

—_— k(k—
/ngKl"-gKkgKl T, < (@ kDY /IgK1 9k, I
q

KieP5(Ii)Kj€P5(Ij) K; EPd(I)
i=L..k =1,k i=1,..k

It follows that

|97, - gr, 1> < ()™= / <Z IgK|2> (A3)

KePs

1. I €p, /Q:"

q
d(I,.0j)>x Vi

Alternatively, multilinear restriction estimate and L? orthogonality says that for any ball Bs-1 of
radius 51 in @Z, one has

k k
2 k—1vk 2 —(k— 2
JARTEY NGl | AN ) | /A B TS
Bs-1 j=17Bs1 j=17Bs1 K;ePs(1;)
and as each | 9K, | is constant on Bgl, we have

k
|9k, I =/B I1 |ng|2 :

s-1 j=1\K;€P5(})

B ] /
j=17Bs-

Summing over all Bs—1 C Q’; andall I,,...,I; € P,,we have

2
> /kml -, NK/ <Z |gK|>
I,..Iep, “JQ KePs

q
(L1 )>K Vi

1\k; eP5(I )

which for the purposes below is as good as (A.3). Putting (A.2) and (A.3) back into (A.1), we have

S(8)2 < 22k1k2ks( [ Y2k 4 g2k y (k=2 () —k(k=D),
X
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Iterating this gives

S8 < 221k s( iN Y2k 4 N2k Ly (k=2 gy ~k(k=1)
x

for all positive integers N for which ¥V > §; in particular, applying this with N = Ligg ij |, and
noting that S(§/xN) < (8 /xN)~1/2 < x~1/2, we have

log(22k—1j2k)

-1
5(5)2]{ < 5_ logre—1 'K_k @

22k_1K_(4k_2)(qK)_k(k_1).
logx—1

10g(22k—1 ka)

By choosing x = x(¢) sufficiently small so that log T

< 2ke, one obtains S(6) S, 67¢,
as desired.
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