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Abstract

In this thesis we analyse a mathematical model for an industrial process
known as extrusion, and develop techniques for finding solutions to this
model. The model for extrusion describes the evolution of a viscous lig-
uid containing small vapour bubbles. The lengthscales corresponding to
different features in this model can differ by orders of magnitude; so, we
first distinguish a macroscale and a microscale. The parameters govern-
ing the dynamics of the system also vary over orders of magnitude. We
exploit the asymptotic structure of the model to develop reduced systems

of equations that are easier to solve, and give physical insight more readily.

In Chapter [1| we describe extrusion, and existing models for extrusion.
In Chapter [2] we describe the model for extrusion used throughout this
thesis. This model is decomposed into a macroscale model, describing
the flow of a viscous, compressible fluid on lengthscales comparable to
the extruder; and a microscale model, describing the evolution of vapour
bubbles in the mixture. In Chapter [3| we consider the microscale model.
We develop reduced models in different parameter regimes and estimate a
macroscopic lengthscale for bubble growth, from which we predict param-
eter regimes for which the extruded product is long and thin. In Chapter
we exploit the slenderness of the product to construct reduced macroscale
models, similar to the Trouton model for incompressible flows. In Chapter
we develop a numerical scheme capable of solving the full system de-
scribed in Chapter [2, and compare these solutions to those of the reduced
models developed in Chapters [3] and [d] Finally, in Chapter [6] we provide
some concluding remarks on the model for extrusion we have considered,

and on the key findings of Chapters [3] [4] and [f
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Chapter 1

Introduction

1.1 Extrusion in manufacturing

Extrusion is a technique used to manufacture a range of products including cereal,
pet food, polymer foams, artificial wine corks, and optical fibres. At Nestlé, extrusion
is used to produce expanded cereals and snack foods. The global extruded snack food
market was valued at $80.6 billion USD in 2018, and is growing as the demand for
ready-to-eat food products increases [2]. While extrusion is in widespread use in the
manufacture of snack foods, mathematical models for extrusion are not; innovation
is often driven by experiment. This is because modelling and simulation of extrusion
is difficult. A particularly challenging case to model is extrusion with vapour-driven
expansion, where a vapour-phase forms within the product. The overarching aim of
the work in this thesis is to gain a better understanding of the vapour-driven expan-

sion of extruded products using mathematical modelling.

An extruder, the device used for extrusion, is shown in figure [[.1 It comprises a
screw system, where the product is mixed and cooked, and a die, through which
the product is pushed into the atmosphere. Raw ingredients, which for cereal would
include a powdered starch mix and water, are fed into one end of the extruder, the
product is mixed and cooked, and then the product is forced through a die, chang-
ing its shape and texture. The temperature and pressure difference between inside
and outside of the extruder leads to vapourisation of the more volatile ingredients of
the mixture—in the case of cereal this means the water (moisture) in the mixture
evaporates—as the product is pushed through the die. The result is small, inter-
nal cavities within the final product, which can be seen in figure [I.2h. Moreover,
changing the shape of the die will change the shape of the final product. A variety
of extruded-snack-food shapes are shown in [I.2p. These two properties, the internal
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Figure 1.1: A schematic illustration of a single-screw extruder. Ingredients are (1)

fed in, and then (2) mized and cooked as they are pushed through the screw system,
(3) pushed out of the die, (4) into the atmosphere.

structure and the shape, determine the quality of the final product. A mathematical
model for how these properties of the final product depend on the initial state and

the extruder configuration will aid in the design of new products.

During extrusion, there is a complicated interplay of many different mechanical and
thermodynamic processes, all of which depend on the composition of the mixture, as
well as the geometry and setup of the extruder. This means that understanding this
process requires exploring a high-dimensional parameter space. Improvements and
changes to products are currently experimentally driven; however, these experiments

can be expensive and time consuming.

A model of extrusion, and a method of finding solutions to this model, can reduce the
dependency on performing experiments, and broaden the type of studies that can be
performed to better understand the process. Being able to simulate extrusion would
make a comprehensive exploration of parameter space feasible, and, depending on
the simplicity of the underlying model, offer direct insights through analysis of the
governing equations. In this thesis we present a mathematical model for extrusion
and describe methods by which solutions to this model can be found. Through both
analytic and numerical analysis, we study this model in order to better understand

extrusion and provide industrially relevant insight.
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Figure 1.2: (a) The interior of an extruded cereal product. The macroscale, which
in this case is on the order of 1cm, is comparable to the size of the product, and the
microscale is on the order of the internal bubbles, in this case down to 1/100th of
the macroscale. (b) An assortment of extruded snack products: (ii) and (iii) are both
vapour driven, (i) is not.

1.2 Overview

In this chapter we introduce extrusion and review literature on the different aspects of
extrusion that we will subsequently study in later chapters. In Chapter [2 we present
a model for extrusion based on those common in the literature. A key feature of
this model is the distinction between macroscale evolution, on the length scale of the
product, and microscale evolution, on the length scale of the bubbles in the product.
The evolution on each of these length scales is described by a macroscale model and
a macroscale model respectively. These models are coupled to each other to describe

the evolution of the product.

In Chapter [3] we analyse the microscale model. We describe a numerical method
for finding solutions to this model and use asymptotic analysis to derive reduced mi-
croscale models that are valid in different parameter regimes. From this microscale
model, we identify parameter regimes for which the extruded mixture is long and thin
outside of the die. Motivated by this insight, in Chapter [4] we consider the macroscale
model in the long—thin limit outside of the extruder. By only considering flow outside
of the extruder, we derive reduced models similar to the Trouton model for incom-
pressible flow [76]. With the simplicity of this reduced model, we study the evolution
of the shape of the product and the effect of accounting for more complicated ther-

modynamics; both of these studies are currently infeasible using the full model.



In Chapter 5| we consider flow in the two-dimensional (2D) and axisymmetric cases,
and construct a numerical method for finding solutions to the full model for extrusion.
We then apply this method to a number of cases of interest: the stick-slip flow of an
incompressible fluid, to verify the accuracy of the scheme; extrusion in 2D using real-
istic parameters; in the long—thin limit, in order to verify the analysis of Chapter [}
and the stick-slip flow of a compressible fluid, in order to investigate local properties
of the solution near the end of the outlet. In Chapter 6] we summarise our findings

and make some concluding remarks.

1.3 Literature review

In this section we review the literature relevant to the construction and analysis of
a model for extrusion. The goal of this review is to put into context, and thereby
motivate, the model of Chapter |2l and the analysis in subsequent chapters. We first
consider a general statement of the problem in a multiphase flow framework. Namely,
we discuss various approaches to modelling the flow of bubbly mixtures in the liter-
ature concerned with a range of applications. Then, in Section [1.3.2] we discuss
the most common models of cereal extrusion. These models comprise a macroscale
model and a microscale model, each capturing the evolution of the product on different
length scales. The microscale model describes the evolution of a bubble surrounded
by a liquid. There is a large body of literature on this problem, which we discuss in
Section [[L3.3] The macroscale model concerns the flow of a fluid out of the die. This
problem has been studied for many fluids with different properties, and we discuss
some of this literature in Section [1.3.4l In Section we make some concluding
remarks on the literature we have considered in order to motivate the work contained
in the rest of this thesis.

1.3.1 Multiphase flow models

The most general model for extrusion must account for the presence of multiple phases
to describe the dynamics of a solid—liquid—gas mixture. The liquid and solid phases
are well mixed; thus, we consider these two components to behave like a single liquid.
So, the first simplification to the most general model is to only consider the flow
of a liquid—gas mixture. We briefly discuss multiphase flow approaches to studying
liquid—gas flows, specifically when the gas phase is dispersed, before making further

simplifications in later sections based on typical characteristics of extrusion.



Drew and Passman [2I], and Ishii and Hibiki [39] present mathematical formula-
tions of general two-phase flow problems. The appropriate formulation depends on
the details of the system being modelled. Rouhani and Sohal [6I] review literature
on two-phase flow patterns. Brennen [I5] describes the classification of different flow
patterns depending on the extent of separation between phases. At the two ends of
the spectrum are separated flows and disperse flows. Separated flows consist of sep-
arate, parallel streams of multiple fluids. Dispersed flows, the flow pattern observed
during extrusion [42], consist of one phase that is distributed in the form of drops,
bubbles, or particles within the other continuous phase. Here, we are interested in
a multicomponent mizture, as introduced by Drew and Passman [21], for which the
dispersed phase, in this case gas, is distributed throughout the continuous phase, in

this case the liquid mixture, where the two phases are immiscible.

Because of the complexity of the internal structure of the mixture, using the pointwise
equations for conservation of mass and momentum to model the dynamics of each
component is not a feasible approach. Instead, Drew and Passman [21] detail aver-
aging procedures from which effective conservation equations can be derived. These
effective equations describe the conservation of mass, momentum, and energy for each
phase within a representative volume surrounding each point. The interactions be-
tween phases, such as the transfer of mass and momentum, are captured by jump
conditions, which arise due to integration over phase boundaries. Thus, the resulting
averaged equations describe the conservation of mass, momentum, and energy of each
phase in the mixture, with each equation containing interaction terms corresponding

to the transfer of that quantity across the inter-phase boundaries.

There are two common methods of modelling a multiphase flow of a two-phase mixture
using effective conservation equations: use experimentally based constitutive laws to
describe the interaction terms; or sum together the effective conservation equations of
each quantity over the phases, cancelling out many of the interaction terms, and close
the resulting equations using appropriate constitutive laws. The former is the most
common approach, and examples of systems modelled this way can be found in pipe
flow [I5], coffee-bean roasting [25], the baking of bread [82], wastewater management
[41], and blood flow [45] to name a few. The latter method can be applied to fewer
systems; however, when this method can be used, there can be considerable advan-

tages. One such advantage is the possibility of a model for the evolution of the system



without constitutive laws specific to particular cases. This is the approach commonly
taken when modelling for extrusion, and the approach we will take throughout this

thesis.

When a sum is taken over the equations for the transport of each quantity, the
resulting system of equations describes the evolution of an effective, single-phase,
compressible fluid. This system of equations must be closed by relating the density
to the pressure. This can be achieved directly, by way of a constitutive law, or, in
place of a constitutive law, by constructing a model for the interaction between the
phases; this second approach we discuss further in the next section. For a constitu-
tive law to be effective, the interaction between the phases must be well studied, at
least experimentally, and these interactions must be such that they can sensibly be
captured by a relationship between the independent variables describing the state of

each phase. We now discuss a number of examples where this approach is appropriate

Many of the features present during extrusion will also be present during a volcanic
eruption. To model eruptions featuring a continuous liquid phase and a dispersed gas
phase, a constitutive law is often used to relate the volume fraction of gas, and hence
the density of the mixture, to the pressure in the liquid [32] 40, [77]. The dynamics
of an effusive volcanic eruption are very similar to those of an extruded mixture just
after the onset of bubble nucleation. A key feature of this process is the formation
and growth of vapour bubbles due to the exsolution of volatiles. This exsolution is
driven by the high temperatures and drop in pressure in the mixture [32]. One of the
simplest, physically sensible constitutive laws used in models for volcanic eruptions,
proposed by Turcotte et al. [TT], is given by

L (£>n — 1, (1.1)

Po Po
where ¢ is the volume fraction of gas at fluid pressure p, ¢y is a known volume fraction

of gas at some reference pressure pgy, and n is an experimentally determined exponent.
We note that (1.1)) is taken directly from [77]; however, the right hand side should be
2 so that the equation is satisfied when ¢ = ¢y and p = py.

An example of a constitutive law used in a model for the extrusion of a compressible
fluid [30, 29|, 80], is to assume that the density is proportional to the fluid pressure,

1.€.

p=po+B(p—po), (1.2)



where p is the fluid density, p is the pressure of the fluid, py is the density of the
fluid at a reference pressure pg, and B is a constant of proportionality. This type of
constitutive law is typically employed when the fluid is weakly compressible, so that
the change in density is small. To consider strongly compressible Newtonian fluids,
Taliadorou et al. [TI] compared this linear relationship to an exponential dependence

give by

p=poexp (B (p—po)), (1.3)

where [ is constant. In each of these examples, the parameters n, B, and S in-
corporate the physical properties of the fluid, capturing the response of the fluid to

changes in pressure. Equations (1.1]), (1.2)), and (1.3)) suppose the existence of an
effective barotropic relationship for the mixtures.

There are cases when supposing that the mixture is effectively barotropic, as a means
of closing the governing equations, is insufficient. A review on the acoustic properties
of liquids containing gas bubbles was given by van Wijngaarden [8I]. Early inter-
est in this topic was driven by the need to design quieter propellers for ships and
submarines during World War II. These mixtures have complex dispersion relation-
ships; the speed of an acoustic wave depends on the natural frequency of the bubbles
[56, 65, [81]. The properties of these mixtures are too complex to be captured by
supposing the mixture is effectively barotropic [15], [55], more detailed accounts of the

behaviour of the bubbles is necessary.

Prescribing a reasonable constitutive law is a clean way to close the governing system
of equations compared to alternative approaches (such as those described in the fol-
lowing section). Using this approach to construct an extrusion model is not feasible
for two reasons: prescribing an appropriate constitutive law is heavily dependent on
experimental results, which are not readily available and can be costly and difficult to
perform; and the complexity of the mixtures we consider means that a single constitu-
tive law cannot capture the wide array of physical processes that must be accounted
for in a model for extrusion. For this reason, we outline a more realistic modelling

approach in the next section.

1.3.2 Mathematical models of extrusion

In general, models for extrusion exploit two key properties of the extruded products:

the high drag between the phases, and a clear discrepancy between the length scale

7



of microscopic features (i.e. bubbles) and the length scale of macroscopic evolution.
The high viscosity of the liquid phase typically means that the bubbles are advected
by the fluid [42]. As both the gas and liquid phases move with the same velocity, the
equations governing the transport of each phase can be combined to give equations
governing the transport of an effective fluid. Brennen describes this procedure for a
dispersed mixture [I5] and Drew describes this process in a more general framework
[21].

Alavi et al. 3, 4] present a model for the extrusion of a starch-based microcellular
foam produced by supercritical carbon dioxide, which comprises a macroscale model
and a microscale model. The formulation of the model is as follows: the macroscale
model describes expansion during the axisymmetric flow of the product, and the
microscale model informs this expansion by determining the size of the entrained
bubbles. In the macroscale model of Alavi et al. [3], the fluid domain is discretised
into a finite number of concentric cylinders, where the properties of each cylinder are
assumed to be radially uniform. The transmission of moisture between cylinders is ac-
counted for by the prescription of fluxes based on the different states of each cylinder.
The axial expansion of each cylinder is determined by combining the conservation
of mass of the effective fluid and the change in density of the effective fluid, which
depends on the microscale model. The microscale model describes the evolution of

a bubble surrounded by a finite quantity of liquid subject to the macroscopic pressure.

Lach [42] presents an extension of the model presented by Alavi et al. [3] that ac-
counts for temperature change. Rather than using the concentric cylinder formulation
of Alavi et al., Lach employs the finite element method (FEM) to solve the macroscale
model. Due to numerical difficulties, solutions were only found to a one-dimensional
(1D) approximation to the full model. These solutions, although they must suppose
the pressure profile a priori, offer a number of experimentally verifiable insights. The
most notable finding was the non-monotonic dependence of the final diameter of the

product on the moisture content.

Lach [42] encountered numerical convergence issues for two-dimensional (2D) simula-
tions, and suggested that the complexity of the microscale-macroscale coupling was
to blame. Moreover, the limitations of the software that this model was implemented
in, the commercial solver ANSYS Fluent, as well as restricted access to the source

code, meant that these obstacles were insurmountable. Experiments performed by



Lach found significant cross-sectional variation in the properties of the final product,
which cannot be predicted by 1D simulations. The addition of calcium phosphate,
to promote uniform nucleation, reduced this variation and brought the experimental

conditions more in line with the assumptions required to construct a 1D model.

Due to the complexity of modelling extrusion, a number of assumptions are com-
monly made. The most notable assumption is that there is no, or limited interaction
between bubbles on the microscale. This significantly simplifies both the microscale
and macroscale models, but neglects a number of key processes like coalescence, and
Otswald ripening. The assumption that bubbles do not interact is likely to be ac-
curate soon after nucleation, when the bubbles are smaller, but break down as the
bubbles get larger. Lach [42], having observed a clear experimental correlation be-
tween early-time dynamics and the final state, suggests that a model without these
processes is still practically useful. That is, if trends in the early-time dynamics are

well understood, these will likely hold in the late-time dynamics as well.

In Chapter [2] we present a model that incorporates the same physical processes as
Lach [42] in a more general, three-dimensional formulation. Previous models, namely
those of Alavi et al. [3] and Lach [42], encode the numerical discretisation into the
formulation of the model. Because of the expected complexity of the governing equa-
tions and the numerical difficulties encountered by Lach et al., we do not want to be
limited to any particular discretisation. Instead we first present a continuum formu-
lation of the model, and then later discretise when we wish to solve these governing
equations numerically. This approach has two benefits: it is more flexible in over-
coming numerical difficulties, and, perhaps more importantly, asymptotic methods
can be used to interrogate the continuum formulation. In addition, by starting from
the continuum formulation, we can consider non-axisymmetric shapes, overcoming an

inherent limitation of Alavi et al.’s approach [3].

1.3.3 Models for bubble growth

The framework of a macroscale-microscale coupling employed by Alavi et al. [3] and
Lach [42] allows for each component to be replaced by models of varying complexity.
In the most general formulation, the microscale model describes the evolution of a
bubble surrounded by a viscous liquid; a well-studied problem for which there is a
large body of literature. An early model for bubble dynamics was discussed by Lord
Rayleigh in 1917 [57|, who considered the collapse of a spherical cavity at constant



pressure, as well as the collapse of a gas-filled cavity when the gas pressure is given by
Boyle’s law. As we shall now describe, this early model has since been extended by
incorporating additional physical effects relevant to the particular application. Ples-
set and Prosperetti [54], and later Brennen [14], present comprehensive reviews of the

literature concerning the growth and collapse of bubbles.

The first extension to this model was the incorporation of the viscosity of the lig-
uid to give the well-known Rayleigh—Plesset equation [54]. The three key quantities
that control the rate of bubble growth are as follows: the pressure in the bubble at the
liquid—bubble interface, the stress in the liquid at the liquid—bubble interface, and the
surface tension. Any process that modifies any of these quantities, or the dependence
of these quantities on growth rate, will change the bubble dynamics. For example,
more complex liquid properties, like a yield stress [79] or a viscoelastic rheology [7],

have been incorporated to modify the momentum balance at the surface of the bubble.

The simplest assumption that can be made about the bubble pressure, employed
by Rayleigh [57], is that it is constant; however, the complex nature of the thermo-
dynamics of extrusion results in a changing bubble pressure. A number of authors
account for the diffusion of some volatile component through the liquid, and the sub-
sequent vapourisation of this component into the bubble, resulting in an increase in
bubble pressure [10, 24, 53, [68]. These models neglect temperature changes as they
are concerned with processes that are approximately isothermal. Scriven [64] consid-
ered the growth of a gas bubble in an infinite medium controlled by the transport of
heat and matter; however, he employed a simplified description of the fluid mechan-
ics, ignoring viscous and inertial effects, which limit the applicability if this work to

models of extrusion.

The bubble-growth model most commonly used for cereal extrusion is the cell model,
originally proposed by Amon and Denson [5]. In this model, the bubble is assumed
to be surrounded by a finite envelope of liquid, as opposed to an infinite body of
liquid supposed in the derivation of the Rayleigh—Plesset equation. The motivation
for introducing a finite body of liquid is to account for limited bubble—bubble interac-
tions; namely, the competition for heat and moisture between neighbouring bubbles.
A comparison between the cell model and the model with an infinite body of liquid
was made by Elshereef et al. [23]. They conclude that the two models agree at early

times, and then diverge for later times. We will generally consider the model with
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an infinite body of liquid throughout this work; however, we discuss both models in

Chapter |2, as well as our reasoning for not focussing on the cell model.

1.3.4 Macroscopic flow

The macroscale model describes the flow of a compressible fluid from inside the die to
outside. Even though the compressibility of this fluid is described by a complicated
microscale model, we still expect to observe similar features to those of simpler com-
pressible, or incompressible fluids. This type of problem is commonly referred to as a
die-swell problem, and is characterised by two key features: the change in boundary
condition from no-slip to a free boundary as the fluid exits the die, and the fact that

the fluid domain must be determined as a part of the solution.

Considering just the free boundary component of the domain, models for the exten-
sional flow of an incompressible fluid (which are valid in the limit in which the fluid
is long and thin) have been successfully applied to glass-drawing [17, [33], 37, 66, [67].
These models describe the evolution of some key quantities along the axis of flow,
as well as the change in shape of the cross-section [I7]. In addition, these models
can describe deflection of the axis of flow, as well as twisting; two effects that are
commonly observed in practice during the extrusion of irregular shapes. Moreover,
these models can be extended to account for temperature dependent viscosities, and
more complicated cross-sectional domains that are not simply connected. In Chapter

[} we discuss these models for extensional flow in more detail.

A common industrial problem is the extrusion of a viscoelastic fluid [73]. Models
for this process contain many of the same features as models for extrusion; namely,
complicated constitutive laws must be evaluated along the particle paths. As a result
of the complexity in the governing equations, the associated computational difficulty
of these problems is high. A commercial solver, ANSYS Polyflow, is dedicated to
solving problems of this type. Polyflow uses the finite element method to solve the
governing equations, and an Arbitrary Lagrangian—FEulerian (ALE) method to deform
the mesh and account for the free boundary [I]. Because Polyflow is closed source,
and the extrusion of a bubbly mixture is not already part of the suite of models avail-
able, this software cannot be used in this work. Instead, we develop a solver using

open-source software.

Studies on the extrusion of a compressible fluid are limited. Georgiou [29] considered

11



the extrusion of a weakly compressible fluid in two dimensions. To solve the governing
equations with a free boundary, a bespoke scheme was constructed using the finite
element method. The position of the free boundary must be determined at the same
time as the field variables. In this case the pressure—density relationship is simple
enough for the density to be eliminated from the governing equations; the density is
replaced by an expression containing the pressure. A fluid of this nature is not as
complex as the mixtures that we consider. The pressure—density relationship that we
are interested in must be determined by solving the microscale model on each particle
path. Therefore, we will develop a numerical method distinct from those found in the

literature.

1.3.5 Concluding remarks on available literature

There is a large body of literature concerned with bubbly, liquid-gas flow. A con-
ventional multiphase flow approach would be to consider the effective conservation-
of-mass and conservation-of-momentum equations of each phase, and then close the
governing equations by prescribing experimentally motivated constitutive laws wher-
ever necessary. Models for extrusion, in cases where the liquid phase is very viscous,
exploit the absence of a drift velocity between the phases to combine the govern-
ing equations of each phase. The result is conservation-of-mass and conservation-of-
momentum equations for a single-phase fluid, which is referred to as the macroscale

model. A microscale model is constructed to close the macroscale model.

The microscale model describes the evolution of a bubble surrounded by a viscous
liquid. This problem has been extensively studied; however, limited attention has
been given to cases for which the temperature and composition of the surrounding
liquid both vary and are both important. Moreover, when the composition of the sur-
rounding liquid is important, it is often due to some dissolved gas species, not a liquid
phase that is evaporating at the surface of the bubble. This distinction modifies the
thermodynamics at the interface: a significant amount of energy is used to vapourise
the liquid, and the thermodynamic equilibrium relationship between a dissolved gas
and the gas in the bubble is different to the relationship between a liquid and the
gas in the bubble. So, while we can take inspiration from the analysis found in the
literature, the specific properties of our system will be different; thus, our analysis

will be different as well.
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Finally, we considered literature relevant to the macroscale system; namely, lit-
erature on the extrusion of both non-Newtonian and compressible flows. In the
available literature, systems of equations with similar properties have been solved
(e.g. |31, 29, B0, [71] [47]); however, none of these methods can be readily extended to
account for the unique properties of the microscale-macroscale coupling required to
model extrusion. The complexity of the microscale model used to close our macroscale

model necessitates the development of a new method for finding solutions.
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Chapter 2

A model of extrusion

In this chapter we present a model to describe the extrusion of cereal. The remaining
chapters in this thesis will be dedicated to analysing this model. In Section we
describe the properties of the cereal mixture, particularly for the stage of extrusion
that we are interested in, during which the mixture comprises a viscous liquid that
contains bubbles. The model we describe in this chapter assumes that the bubbly
mixture can be represented by a single-phase, viscous, compressible fluid. This model
is composed of a macroscale model, which describes evolution on the length scale of
the product, coupled to a microscale model, which describes evolution on the length

scale of the bubbles in the mixture.

In Section we present the macroscale model. We consider a fluid that begins
inside (and is bounded by) the extruder, and flows out of the extruder, where it is
free to expand. The partial differential equations (PDEs) governing mass and momen-
tum transfer are the compressible Navier—Stokes equations. These equations must be
closed by incorporating an additional relationship between the state variables; this

relationship is given by the microscale model.

In Section we present the microscale model, which describes the evolution of
bubbles subject to conditions imposed by the macroscale. The microscale model de-
scribes the evolution of the size of a bubble surrounded by a fluid of infinite extent.
This model accounts for most of the physical and thermodynamic properties of the
gas and liquid phases, so that on the macroscale we need only consider effective prop-
erties of the mixture. We also present the cell model for bubble growth [5], which is

commonly utilised in models of extrusion [3], 42].

In Section we present the dimensionless macroscale model, and in Section
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we present the dimensionless microscale model. The system of equations, as pre-
sented in these sections, forms the model for extrusion that we consider in this thesis.
We refer back to these equations in subsequent chapters when we analyse components
of the model, or when we consider the full model comprising both the microscale and

macroscale models.

2.1 Extrusion of a two-phase mixture

2.1.1 What is cereal?

The transition from raw cereal ingredients into the final product takes place over a
number of distinct stages. During each stage, the product undergoes physical and
chemical changes. We will call the four main stages: mixing, cooking, the flash, and
post-processing; these are illustrated in figure 2.1l The raw ingredients include a
starchy dry-mix and a wet component, such as water. During the first stage, mixing,
these ingredients are combined as they are pushed along a screw system. The result-
ing mixture behaves like a highly viscous liquid. The complex microstructure of the
dry-mix gives this mixture a complex rheology [49]. We neglect many details of this
complex rheology throughout this work; instead, we consider Newtonian liquids. As
the mixture is pushed further down the screw system, the high shear stress in the
fluid induces significant viscous heating, which initiates the cooking stage. The re-
sulting temperature increase, by up to 100 Kelvin, cooks the product, changing both
its chemical and physical properties. Near the end of the screw system, the mixture
is at a high temperature, around 400 Kelvin, and a high pressure, up to 3 bar [42].
The wet component, which is at this stage dissolved in the liquid mixture, is well
above its boiling point at atmospheric pressure. At the end of the screw system, the
mixture is pushed through a device known as the die, which is fitted onto the end of
the extruder. Dies with different shapes and diameters are used to change the shape

and texture of the final product.

The rapid pressure drop as the mixture is pushed through the die results in the
supersaturation of the wet component of the mixture. When the pressure in the mix-
ture drops below the vapour pressure of the wet component of the mixture, bubbles
will nucleate. The onset of vaporisation of the wet component of the mixture marks
the start of the flash stage. The flash can be characterised by three features: the rapid
expansion of the product due to the nucleation and growth of bubbles, a cooling of

the product due to the enthalpy of vaporisation of the wet component, and the drying
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of the product as the concentration of the wet component of the mixture decreases.
The flash usually begins just before the outlet of the die, and ends after any of the
components required for ongoing vaporisation, such as heat or moisture, have been
depleted. Inside the die, the wet component can only evaporate into the bubbles.
Outside the die, as well as evaporating into the bubbles, the wet component near the
edge of the mixture can evaporate into the atmosphere. At some point downstream
of the flash, the mixture can either be supported by a conveyor belt so that it can be
transported for processing, or, more commonly, it will be cut into bite-size pieces by

a fast moving blade.

In this thesis we investigate the flash stage. Specifically, we are interested in the be-
haviour of the mixture after bubbles have nucleated, and prior to the post-processing
stage. The components of this system include the wet and dry ingredients as well as
the gas phase; each of these components must be accounted for. For simplicity we
suppose that the mixture comprises a liquid phase, within which the wet component is
dissolved, and a gas phase. We adopt a nomenclature so that the various components
do not get confused. We refer to the wet component of the liquid as moisture, and
we are interested in the concentration of moisture, in kg of moisture per kg of liquid
mixture, or the moisture content. The dry ingredients we refer to as dry-miz. We
capture the effect of the dry-mix on the dynamics indirectly; not by considering its
physical properties, but instead through experimentally-motivated constitutive laws.
The gas in the two-phase mixture is confined in bubbles, and is the vapourised form
of the wet component of the product. This phase will be referenced interchangeably
by gas, vapour, or bubbles. By considering the system as a two-phase, gas—liquid flow,
we can reduce the problem formulation into a simple expression: we are interested in
the dynamics of a viscous, bubbly flow from the point of bubble nucleation inside the

die until bubble growth is arrested downstream.

2.1.2 Effective conservation equations

The conventional approach for treating multi-phase flows is to consider the transport
equations for the mass, momentum, and energy of each phase. In this approach,
transmission of each quantity (mass, momentum, and energy) between phases is ac-
counted for by incorporating experimentally-motivated constitutive laws. When using
this approach, it can be difficult to find constitutive laws that are applicable across
the spectrum of expected parameter values. We will show in Chapter (3| that the mi-

croscale dynamics associated with this problem lead to parameter regimes for which
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Figure 2.1: A schematic illustration of the exit of a single-screw extruder. Ingredients
are fed in from the left, and are then processed through the various stages as they
move to the right.

fundamentally different behaviours occur. Capturing all of these behaviours with a
single macroscale constitutive law is infeasible. This challenge is compounded by the
difficulty in performing experiments, and in measuring the state of the product during
the flash stage. Difficulties associated with a multi-phase, constitutive law approach

motivate the development of an alternative, physics-based approach.

The general principle underlying the design of a physics-based model is to consider
a single effective fluid that behaves like the mixture. A representative volume taken
from within the mixture, containing both liquid and gas, will inherit properties from
each phase. Such a volume will be highly viscous due to the liquid phase, and com-
pressible due to the gas phase. We will use the compressible Navier—Stokes equations

to describe the behaviour of a single fluid that represents the two-phase mixture.

A systematic derivation of a model for an effective fluid representing the mixture is
described by Drew and Passman [22], Ishii and Hibiki [39], and Fowler [27]. The effec-
tive conservation equations generated in this manner capture macroscopic dynamics
by averaging over representative volumes larger than the microscopic features in this
system. By averaging over the microscale features, we have lost some information.
To close the macroscopic model governed by the equations of compressible, viscous
flow, we must recover this information by coupling these equations to a microscopic
model. This microscopic model describes the growth rate of bubbles, which depends

on the macroscopic field variables. In its simplest form, the microscale model relates
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the growth of bubbles to the macroscopic pressure. More complicated variants of the
microscale model incorporate more detailed thermodynamics relating the bubble size

to the local temperature and moisture content in the liquid phase.

A key assumption that we make throughout this work, in order to derive a math-
ematically tractable model, is that the mixture is in the disperse limit. In this limit,
the bubbles are small and well dispersed, so that they do not interact through the
microscale model. This assumption is commonly used to understand systems with
bubbly flows [15]. For example, bubble-bubble interactions are neglected when study-
ing the acoustic properties of dilute bubbly mixtures [0, 16, RI]. Assuming that we
are in the disperse limit simplifies the relationship between the properties of the two
phases in the mixture and the single fluid representing them. We expect the disperse
limit assumption to be valid for earlier times, just after bubble nucleation, and to

break down as the bubbles grow larger.

Alternative microscale models have been proposed that attempt to account for bubble—
bubble interactions through the microscale model. We discuss one such model, pro-
posed by Amon and Denson [5], in Section [2.3.6] Because of the modularity of the
microscale-macroscale framework we employ, an alternative microscale model, such
as Amon and Denson’s, can be substituted in for the disperse limit model we con-
sider. We choose to present and use the simplest model, one valid in the disperse
limit, aware of the fact that the disperse limit assumption may break down when

larger bubbles are present in our system.

The model we use throughout this work is composed of a macroscale model, cap-
turing the dynamics on a length scale typical of the entire mixture, coupled to a
microscale model, capturing dynamics on a length scale typical of the size of bubbles
in the mixture. The macroscale model describes the evolution of the variables that
determine the state of the fluid: the density, p, in kg/m?; the velocity, u, in m/s;
the pressure, p, in Pa; the temperature, 7', in K; and the moisture concentration,
¢, in kg/kguqua. Outside of the die the fluid boundary is free, so the shape of the
fluid must also be determined as part of the macroscale model. The properties of the
fluid should reflect the properties of the mixture that it represents. These mixture
properties—such as the coefficients of viscosity, the specific heat capacity, thermal
conductivity etc.—will depend on the composition of the mixture. For simplicity we

will generally assume that these properties are equal to those of the liquid phase. An
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exception to this rule will be the second coefficient of viscosity, which is associated

with viscous resistance to expansion. This will be clarified at the introduction of each

property.

The microscale model describes the evolution of a spherically symmetric gas bub-
ble surrounded by a liquid. We denote microscale state variables with hats in order
to distinguish them from their macroscale counterparts. For example, p denotes the
pressure within the liquid phase of our microscale model, where as p denotes the fluid
pressure on the macroscale. Both of these quantities appear in the microscale model,
but they both refer to different things, making this distinction necessary. The state
of the microscale system is characterised by both the liquid and gas states. The state
of the liquid is determined by its radial velocity, u; its pressure, p; its temperature,
T: and the moisture concentration, ¢. The state of the bubble is determined by its
radius, R, in m; its pressure, pg; its temperature, TB; and the number of moles of
gas in the bubble, NB, in mol. The units of the microscale variables are the same as

their macroscale counterparts unless otherwise stated.

To construct a coupled microscale-macroscale model we make a number of assump-
tions. We assume that there is no further nucleation after an initial nucleation event.
We also neglect any bubble-bubble interactions that may produce or destroy bubbles;
we do not account for bubble coalescence or break-up. In our model, the number of
bubbles per unit volume of liquid is fixed. We assume that the bubble radius is uni-
form within each representative volume. So, in the continuum limit there is a single
bubble radius at each point in the fluid, which is equal to the radius of bubbles in
a representative volume containing this point. We will assume that the liquid is a

Newtonian fluid, unless otherwise stated, and that the gas is ideal.

2.2 Macroscale model

2.2.1 Conservation of mass and momentum

We consider the extrusion of a viscous, compressible fluid. In this section we present
the equations governing conservation of mass and momentum of the fluid. In Section
we consider conservation of energy, and conservation of mass of the moisture.
In a full model of extrusion, all of these quantities—mass, momentum, energy, and
moisture concentration—must be determined. Throughout the work detailed in this

thesis, we predominately focus on finding solutions to only the conservation of mass
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and momentum components of the macroscale model. While the temperature and
moisture concentration may have an impact on mass and momentum transfer, we
will generally only consider reduced models in which this is not the case (with the
exception of Chapter [4] Section [4.4). Within these reduced models, the equations
governing conservation of energy and moisture concentration tend to act in an auxil-
iary manner, dependent on, but not influencing, the transfer of mass and momentum
within the system. For this reason, the equations governing conservation of mass and
momentum are presented separately here, and will form the core of the macroscale

model we consider in this thesis.

We consider a fluid bounded by the surfaces G (x,y, z) = 0, while inside the die, and
Go(z,y, z,t) = 0, while outside the die, where (z,y, z) denote Cartesian coordinates
and ¢ denotes time, as illustrated in figure 2.2l We define z = 0 to coincide with the
end of the die. We suppose that bubble nucleation occurs at z = —¢, which is inside
the die; therefore, G1(z,y, z) = 0 defines the surface of the die between —¢ < z <0
with fluid flowing into the volume enclosed by this surface through z = —¢. At some
point the mixture will be cut into pieces. The flash, however, has generally finished
before cutting occurs. So, the appropriate length scale along the axis of flow will be
the length scale over which bubble growth occurs, which depends on the microscale
dynamics. Discussion of this length scale is deferred until we discuss the microscale
model in Chapter [3] For now we denote the length by . and define the fluid surface
for 0 < z < I, by Ga(x,y, z,t) = 0. The region corresponding to a cross-section of
the extruded product at some point along the axis of flow (i.e. the z-axis) is denoted
by €(z,t). The equations governing conservation of mass and momentum are given

respectively by

dp
Du
Por = V.o +pg, (2.2)

where p is the mixture density; the liquid velocity u = (u,v,w) in Cartesian coordi-

nates; the stress tensor is given by
o= (—p+ V- -u)I+pu(Vu+ (Vu)'), (2.3)

where I is the identity tensor; p is the dynamic viscosity of the mixture; A is the

second coefficient of viscosity of the mixture; and g is the acceleration due to gravity
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Figure 2.2: Schematic of a three-dimensional flow of a compressible fluid. For —{ <
z < 0 the fluid is inside the die; bounded by a rigid impermeable surface given by
Gi(z,y,z) = 0. Outside the die, for 0 < z < l., the fluid is free to expand, and is
bounded by the surface Gy(z,y,z,t) =0. The domain Q= Q(z,t) refers to a cross-
section of the extruded product at a particular z position.

(acting in the y direction). For short-hand we have used the material derivative,
which is defined to be
D 0
Dt ot
The equations for conservation of mass and momentum, 7, do not form a

closed system. In order to capture the dynamics of a compressible fluid, this sys-

u-V. (2.4)

tem must be closed by relating the density of the product to its pressure. Often the
equations of compressible flow are closed using an equation of state, see, for example,
[30, 29, [71], 80]. The complexity of the mixture we consider necessitates the construc-

tion of a microscale model to close the system.

The macroscopic density depends on the volume fraction of gas in the mixture. The
volume fraction of gas, ay, is related to the number of bubbles per unit volume of
liquid, 1, and the bubble volume, V, by

g = amV, (2.5)

where q; is the volume fraction of liquid. The volume fraction of liquid is given by
a; = 1 — ay, and, using 1) can be expressed in terms of 1 and 1% by

1
o) = ~.
1+nV

(2.6)
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The density of the mixture is given by

p = prou + pgau, (2.7)

where p; is the density of the liquid component and p, is the density of the gas
component. When the density of the gas contained in the bubbles is negligible, the

density of the mixture is given by

o= Pl
149V’

(2.8)

which is the result presented by Brennan [15]. The bubble volume is related to the
radius of the bubbles, R, according to V = 4rR? /3. The macroscale model is closed
by coupling it to a microscale model that determines R. For a simple example of a
microscale model consider the isothermal growth of a gas bubble with a fixed quan-
tity of an ideal gas surrounded by a viscous fluid. In this case, the growth rate of
the bubble depends on the pressure in the liquid surrounding the bubbles, which
is coupled to the macroscopic pressure. In more complicated variants, such as the
model we describe in Section [2.3] the microscale model also accounts for the impact
of macroscopic temperature and moisture content on bubble growth. The microscale
model returns the bubble radius, as well as the rate at which heat and moisture are
being consumed as the bubbles grow. We consider parameter regimes in Chapter
for which heat consumption on the microscale can influence the macroscale. In these
cases, we introduce a source term in our macroscale conservation of energy equation

that captures the microscopic consumption of heat.

To solve the time-dependent problem, appropriate initial conditions must be pre-
scribed. This requires prescribing the density and velocity as well as the fluid do-
main by prescribing Go(z, vy, z,0). In Chapter 4| we consider reductions of the time-
dependent macroscale model; however, we do not try and find time-dependent so-
lutions. We are interested in the state of the product after the extruder has been
running for some time. Thus, we only look for time-steady solutions, which do not
require knowledge of the initial state. For this reason, as well as the fact that the
physically appropriate initial conditions for an extruder are not obvious, we do not

prescribe initial conditions in this thesis.

The appropriate boundary condition will depend on whether the fluid is inside or
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outside of the die. Inside the die we impose no slip between the fluid and the die,

which is given by
u=0 on Gi(z,y,z)=0. (2.9)

Outside the die, the respective kinematic and dynamic boundary conditions on the

fluid surface are given by

% +u-VGy=0, and o -VGy=—yx%VGy, on Go(x,y,z,t) =0, (2.10)

where »x = V - n is the curvature of the surface, n is the outward pointing unit
normal to the surface, and v is the surface tension of the mixture, which we take to

be constant.

We assume that, at z = —¢, bubbles nucleate uniformly throughout the cross-section

so that the mixture density is uniform. We prescribe the velocity and density by
u = (0,0, wy(z,y)) and p=py at z=—/, (2.11)

respectively, where wy depends on the flow prior to flashing, and p, is a constant. We
suppose that there is nothing pulling or pushing on the mixture downstream, so we

impose that there is no stress, i.e.
c-e, =0 at z=I, (2.12)

where e, = (0,0, 1) is the unit vector in the z-direction.

In summary, the equations governing mass and momentum transport on the macroscale
are given by f. The macroscale field variables are the density, p, the pres-
sure, p, and the velocity, w. The boundary conditions are given by —. The
macroscale governing equations are closed by a microscale model that determines the

size of bubbles in the mixture, captured by the bubble radius R.

2.2.2 Conservation of energy and moisture

The equations of conservation of energy and moisture concentration, ¢, in the fluid

are given respectively by

p%(ch) =V -(kVT)+ (Vu + (Vu)T) :Vu — (p—=AV-u)V-u, (2.13)
% +V .- (cu)=V-(DVe), (2.14)
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where T is the temperature of the mixture, ¢, is the specific heat capacity of the
mixture, k is the thermal conductivity of the mixture, and D is the coefficient of
diffusion for moisture in the mixture. The last two terms on the right hand side of
correspond to heat generated by viscous heating and work done by the fluid
respectively, where the double dot product is defined by

]

We discuss the effect of the microscale on the conservation-of-energy and conservation-
of-moisture equations when we present the microscale model in Section 2.3 Inside

the die, we impose the boundary conditions given by
T = Tgie and mn-Ve=0 on Gi(z,y,z2) =0, (2.16a,b)

so that the temperature of the fluid equals that of the die, Tj;., and the die is imper-
meable to moisture. Outside of the die, we impose Newton’s law of cooling [12] and

a condition of thermodynamic equilibrium, which are respectively given by
n-VT =h(T —Tyn) and P(c,T) = pagm on Go(z,y,z,t) =0, (2.17a,b)

where h is a constant that determines how fast heat is transported away from the
product, Ty, is the temperature of the atmosphere, p.im is the atmospheric pressure,
and P(c, T) is a condition of thermodynamic equilibrium between moisture dissolved
in the liquid and the atmosphere. This equilibrium condition, which is given by a
constitutive law, is discussed more in Section [2.3] At the point of nucleation we

impose the temperature and moisture concentration to be
T ="T,, and c=cy at z=—/, (2.18a,b)

respectively, where Tj and ¢y are constants. Downstream we assume that there is no
diffusive flux of heat or concentration along the direction of flow. That is, we impose

the conditions given by

or Jc
5 = 0 and pr 0 at z=I. (2.19a,b)

We omit the prescription of initial conditions because we shall be concerned with only

time-steady solutions.
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2.3 Microscale model

The macroscale model describes a fluid that represents a bubbly mixture. We have
supposed that this representative fluid is compressible; however, we must look to the
microscale structure to understand this compressibility. The microscale model for
the mixture relates the pressure in the liquid and gas phases to the evolution of the
mixture density, closing the equations describing the macroscale flow. For a bubbly
mixture in which no bubbles are created or destroyed, the closure relation describes
the evolution of the size of the bubbles, as well as the rate at which moisture and heat
are consumed during bubble growth. The complexity of this relationship can vary
significantly depending on how detailed a description of the thermodynamics is used.
In this section we describe the microscale model, as well as the modelling assumptions

commonly used in literature that make these models mathematically tractable.

We model the behaviour of a single spherically-symmetric bubble surrounded by a
viscous fluid, as illustrated in figure 2.3 We develop the microscale model in the La-
grangian reference frame of the bubble; the result is a model for the time-evolution of
a bubble subject to macroscale forcing terms (such as the macroscale pressure). When
mapped into the Eulerian reference frame in which the macroscale model is posed,
the microscale model describes the evolution of bubbles along the particle paths of
the mixture. We suppose that the liquid surrounding the bubble is infinite in extent.
By using this model, we are implicitly assuming that we are in the disperse limit; the
bubbles in the mixture are far enough away from each other that they do not interact.
This is not the only bubble-growth model that has been incorporated into extrusion
models. In Section we discuss a model in which a bubble is surrounded by a
finite envelope of fluid. This model, presented as the cell model by Amon and Denson
[5], is often used in extrusion models to account for some bubble-bubble interaction
[3,142], 441, [78]. In order to distinguish it from the cell model, we refer to the model that
considers an infinite body of liquid surrounding a bubble as the disperse model for the
remainder of this work. We will use the disperse model throughout this work unless
otherwise stated. We use this model for a number of reasons: it is more consistent
with the disperse-limit assumption we have made on the macroscale; from it we can
derive leading-order approximations to the solutions, which are not found when there
is a finite body of liquid; the microscale-macroscale coupling is more straightforward,

and more physically well-grounded compared to the cell model.
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Figure 2.3: Schematic of an ideal-gas bubble surrounded by a liquid of infinite extent.
In the liquid phase we must account for the transport of mass, momentum and energy;
as well as moisture transport. At the interface between phases we impose boundary
conditions associated with conservation of mass, conservation of momentum, and
thermodynamic equilibrium, as stated in Section [2.3.3

We make a number of assumptions regarding the microscale structure, in line with
other authors who have constructed extrusion models [3, 42, 44] [78], to ensure a
tractable final model. We have assumed that all bubbles are spherical; so their size
is captured by a single variable, ]%, the radius. We assume that temperature and
pressure are uniform throughout the bubble, but not necessarily in the liquid. We
assume that the liquid surrounding the bubble is incompressible and Newtonian, and
that the density and viscosity of the liquid are independent of the moisture content

and temperature. We will assume that the moisture in the liquid is water.

2.3.1 Liquid continuum equations

We denote the distance from the centre of the bubble to a point in the fluid by 7,
and the elapsed time since bubble nucleation by #. For a bubble surrounded by a
liquid, we model the fluid variables in the domain 7 > R(f) The radial velocity and
pressure fields within the liquid surrounding the gas bubble are denoted by (7, ) and

(7, f), and are assumed to be governed by the spherically-symmetric, incompressible
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Navier—Stokes equations [11], namely,

10(%0)
P (2.20)
ou 9w\ _ Op 19 (,00\ 2
" <E+u8f> o (ﬁﬁ (7” 5) 722) : (2.21)

in 7 > }?(f), where 1 is the liquid’s dynamic viscosity.

Assuming that there is no heat generated within the liquid cereal, conservation of

energy results in an advection—diffusion equation,

or 0T w0 [,0T\ . ..
E—i_uaf_f_?% (r af> in 7> R(t), (2.22)

for the temperature, T(f, f), in the liquid, where k; is the thermal diffusivity of the
liquid given by

ki
R =

= —pl(cv>l; (2.23)

here k; is the thermal conductivity and (c¢,); the specific heat capacity of the liquid.

An advection—diffusion equation is used to model moisture transport. That is, the

water concentration, é(7,%), in the liquid obeys

o + G _Dio (Q@) in 7> R(f), (2.24)

- = ” |7 ~
ot or  r20r or
where D; is the diffusivity of moisture in the liquid.

2.3.2 Liquid boundary conditions

The kinematic boundary conditions for the liquid are given by

dR -
U= F at 7 =R, and —0 as r — 00. (2.25a,b)
The normal stress balance at the gas—liquid interface is given by
2 A
Pr+éi = % at 7= R, (2.26)

where ~; is the surface tension and &;; is the radial component of the stress in the

liquid, given by

~

or
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Far from the bubble, the normal stress balance is given by
p+0:+—0 as T — 00, (2.28)

where p is the macroscale pressure. At the liquid-bubble interface, heat is consumed

by the vaporisation of the moisture according to the energy balance given by

oT  DiLp, 0¢

Mor = T o

at =R, (2.29)

where L is the latent heat of vapourising water from the liquid, and M is the molec-

ular mass of water.

We assume that the gas in the bubble is ideal, and that the temperature, pressure,
and density are uniform throughout the bubble. The ideal gas law (see, e.g. [§]) states
that the bubble pressure is given by

_ NgReTy

=, 2.30
7 (2.30)

b
where NB(f) is the number of moles of gas in the bubble, R¢ is the ideal gas constant,
Tg(f) is the temperature of the bubble and the volume, Vi(#), of the bubble is given
by )

. AnR?

Vo=——. (2.31)

We assume that the bubble and the liquid maintain thermal equilibrium at the inter-

face between the two fluids, so that their temperatures are equal, i.e.

~ A A A

Ts(f) = T(R, ). (2.32)

We denote the concentration of moisture at the interface by ¢ég(t), where

A

¢s(t) = é(R, 7). (2.33)

The number of moles of gas in the bubble, NB, depends on the cumulative flux of

water out of the liquid mixture, 7.e.

dNB 47T1'—:{2D“01 86 “ A
— = = at = R. 2.34
df M o (2:34)
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We assume that the vapour pressure of the moisture, which is equal to the pres-
sure in the bubble, only depends on the moisture concentration and the temperature
of the liquid at the liquid—bubble interface. We encompass this relationship between

the pressure in the bubble and the state of the liquid in a general form,

}5]3 = PB(éB(I?),TB(tA)) at 7= ffi, (235)
where Pg(ég, T) is a prescribed function of ég(f) and Tg(f), and will depend on
the chemistry and thermodynamics of the system. For a complex mixture with a
dissolved volatile species, the vapour pressure of the volatile component is related to
its concentration and the temperature of the mixture by a sorption isotherm. The

sorption isotherm is typically assumed to take the form (see, e.g. [9])
’PB(éB,TB) = aw(éB>Pv(TB), (236)

where a,,(ég) is the activity of the moisture in the mixture and Py (1) is the vapour

pressure of the pure form of the moisture.

The activity is a constitutive law modifying the vapour pressure by accounting for the
fact that the moisture is not in its pure form, and that the moisture will interact with
the other components of the mixture. The vapour pressure of pure water is given by

the Claussius—Clapeyron equation [8], which is given by

- L 1 1
Py (Tg) = pret €XP (_R_G (T - T_)> : (2.37)
re B

where L, is the latent heat of vaporisation of water, and p,¢f is the vapour pressure of
the pure form of the moisture at temperature Ty (e.g. 1 atm at 373K). The general
form of the vapour pressure of the moisture in the mixture that we shall adopt is

therefore given by

A~ £ 1 1
e ) o (ea)e Ly ) ) 2.38
Pr(cs, 1) = aw(Ce)p feXP< Ra (Tref TB)> 2

The exact nature of the activity, a,(¢g), for a cereal mixture must be determined

experimentally. The constitutive law for the activity of water in a cereal mixture we
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use throughout this work, also used by Lach [42] in their extrusion model, was found

experimentally by [18] for a flour-based dough to be given by

alé
1+ &267

a (C) (2.39)

where a; = 15.3 kggiquid)/k9(r,0) and as = 14.3 kg(iquiay/k9(m,0)- If we use the initial
temperature, Ty, as the reference temperature, the reference pressure is given by

A

Po
ref = s 2.40
Dref aw(CO) ( )

where pg is the initial bubble pressure, and ¢, is the initial moisture concentration
at the bubble interface. The general form of the constitutive law relating the bubble
pressure and the state of the surrounding liquid, incorporating (2.40) into (2.38)), is

then given by
N ~ “ (Iw(éB) Ew 1 1
1) = — == ). 241
PB(CBa B) Po aw(é[)) €exp (RG (To TB>> ( )

Far from the bubble the temperature and moisture concentration remain undisturbed;

the far field behaviour of 7" and ¢ is given by

A

T — T, and ¢ — ¢ as T — 00. (2.42)

If this far-field behaviour is observed in the initial data, it will persist in the solution

for T and ¢.

2.3.3 Rayleigh—Plesset equation

The equation for conservation of mass (2.20) can be integrated subject to the kine-
matic condition (2.25ja) to give

.~ RdR -

Integrating the equation for conservation of momentum, (2.21]), over 7, subject to
boundary conditions (2.25a) and (2.25p), gives

AN\ 2 ~
dR . d’R P
pu (dz?) +pR—— =p—p(R,1). (2.44)
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Applying the dynamic conditions ([2.26)—(2.28]) yields the equation for the rate of
bubble growth, the Rayleigh—Plesset equation [15], given by

N 2 N N
dR Cd’R 2 44, dR
pl< > v RS =y —p— SRR (2.45)

di d¢? R R dt

This equation is a second-order, nonlinear ordinary differential equation (ODE) for
f{(f) given pg(f) — p(f). When coupled to a macroscale model, by mapping from
the Lagrangian frame of the bubbles to the Eulerian frame of the macroscale model,

derivatives with respect to ¢ transform to the material derivative defined in (2.4)).

2.3.4 Initial conditions

The initial conditions imposed in the Lagrangian reference frame of the bubble cor-
respond to boundary conditions imposed at z = —/ in the Eulerian frame of the
macroscale model. The initial microscale temperature, and moisture concentration
are assumed to be equal to their respective macroscale counterparts at z = —¢. Of
the remaining variables, we must prescribe some, and determine the rest through the
thermodynamics of the system. There is some freedom in which conditions are im-
posed, and which are determined. We present a self-consistent set of initial conditions
based on those prescribed by [42]; however, this is not the only way of formulating

the initial conditions.

The initial microscale temperature and moisture concentration are given by
T(#,0)=T, and é&(7,0)=cy for 7> Ry, (2.46)

where Ty and ¢y are the macroscopic temperature and moisture concentration at
z = —/, and Ry is the initial bubble radius. The initial temperature and moisture
concentration at the bubble interface are given respectively by

A

T5(0) =Ty, and ¢ég(0)=co at t=0. (2.47)

We impose the initial bubble radius, ]%0’ and the initial growth rate of the bubble,

which we denote g, such that
dR .

— =1 at t=0. 2.48
2=, (2.48)

As we have prescribed TB(O) and ¢g(0), the initial bubble pressure, py, is given by
(2.38]), where we now let T = 273.15 K and p,f = 100 kPa, which are the tem-

perature and vapour pressure respectively of water under standard temperature and
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pressure (STP) conditions [§]. Having prescribed Ti(0) and Ry, and determined py,

the initial number of moles of gas can be determined from the ideal gas law, (2.30]).

There is some freedom in the choice of initial conditions because we have not in-
corporated a model of nucleation. Instead of imposing Rg, we may impose No, and
determine }ABO from . We choose to impose }A%O rather than NO because the initial
bubble radius is a particularly important length scale. We will see in Chapter [3| that
different initial bubble radii can push the microscale model into different asymptotic

regimes.

In the small-Reynolds-number limit, where the inertial terms in (2.45) can be ne-
glected, we cannot enforce all of the initial conditions prescribed here. When we

consider this limit in subsequent work, we do not prescribe the initial growth rate

condition given by (2.48)).

2.3.5 Summary of microscale model

The equations governing the microscale dynamics include the Rayleigh—Plesset equa-
tion , and two advection—diffusion equations, one for heat and one for
moisture . The boundary conditions imposed at the liquid-bubble interface,
which account for thermodynamic interactions between phases, include a thermody-
namic equilibrium condition (2.41)) and a conservation of heat/mass flux condition
(2.29). The condition for thermodynamic equilibrium, , is given by a consti-
tutive law commonly used in the literature that decomposes the vapour pressure of
a component in a mixture into the product of the activity of that component and
the vapour pressure of a pure form of that component. The activity of the moisture
is given by . Far from the bubble we impose that the conditions remain un-
changed from the macroscale . The state of the bubble is given by the ideal gas
law ([2.30)), where: the gas temperature is assumed to be equal to the liquid temper-
ature at the interface ; the number of moles of gas in the bubble is found by
integrating the flux of gas out of the mixture (2.34)); and the volume of the bubble is
a function of its radius, as predicted by the Rayleigh—Plesset equation ([2.45|).

2.3.6 The cell model

In order to account for the presence of other bubbles, some authors use a microscale

model in which the liquid surrounding the bubble is finite in extent [5], [60]. This so-
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called cell model is identical to the disperse model, except for the boundary conditions
imposed away from the liquid—bubble interface. In the cell model, instead of imposing
pressure, temperature, and moisture concentration boundary conditions as 7 — o0,
boundary conditions are imposed at 7 = fioeu, where ]:BCQH is the radius of the finite

shell of liquid surrounding the bubble. In the cell model the stress balance, given by
(2.28) in the disperse model, is given by

(3'7@,2 = —p at 7= Rcen. (249)
The kinematic boundary condition, (2.25b), is modified to

dRcell N ~
= at 7 = Rea. 2.50
di ! (2.50)

As the liquid is taken to be incompressible on the microscale, the rate at which the

U=

outer boundary of the cell moves can be related to the rate at which the liquid—bubble

interface moves. The total volume of liquid is constant, say Vi, thus

0 47 R3 4 IR3 .

cell
_ 2.51
T 3 3 (2.51)
By differentiating (2.51)) with respect to time, we observe that
dRen  R? dR
L (2.52)

th - Rgell E
We suppose that initially, the cell has radius R,y = Rg. Imposing boundary condi-

tions (2.49)(2.52)), instead of (2.25))(2.28), results in a modified form of the Rayleigh—
Plesset equation (12.45)), namely

~ ~ 4 AN\ 2 ~ 9 7
DY (LT I dr (o (B} ) pLE
Rcell Rcell dt RCell dt?

N 3 N

r 4 R dR
= (pg — - = — = 1— - ~. 253
Pe—P) =%~ % (Rcen> ai @5

For a finite cell, no-flux conditions are enforced on the heat and moisture at the outer

liquid boundary, i.e.
or  0e
or  oF
which replace (2.42)). The no-flux boundary conditions imposed in the cell model are
included to represent the effect of neighbouring bubbles on the growth of a bubble.

=0 at 7= Re, (2.54)
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When the fluid surrounding the bubble is infinite in extent, there is unlimited heat and
moisture available to fuel the bubbles growth. By considering a finite shell of fluid,
Amon and Denson [5] assume that each bubble only has access to a finite amount
of heat and moisture; surrounding bubbles are also consuming these quantities. The
size of the fluid shell, and therefore the amount of heat and moisture available to each

bubble, is determined by the number of bubbles per unit volume of liquid.

The cell model is a common choice of microscale model for extrusion [3], 42, 44 [7§]
as it offers a conceptually simple way of accounting for some bubble dynamics, such
as competition for resources like heat and moisture. There are, however, a number of
issues with the cell model that lead us to use the disperse model, which considers an
infinite body of liquid, instead. Specifically, imposing the fluid pressure at some fixed
distance from the liquid-bubble interface is somewhat arbitrary; there is no consistent
relationship between the macroscopic pressure and the pressure imposed in the cell
model. In this work, we are generally only concerned with the disperse limit, so we
only consider the disperse model. Moreover, we will show in Section that the
cell model approaches the disperse model as Reen — 00, and that both models predict
similar results for early times when the finite-extent effects of the cell model do not
play a role. We therefore do not expect predictions made by either model to differ
significantly for the cases we consider. We find that, in the parameter regimes we are
interested in for extrusion, it is easier to reduce the complexity of the disperse model
than it is the cell model. So, given that both models are similar when the bubbles are
small and far apart, and that it is mathematically easier to work with the disperse

model, we will use the disperse model throughout this work unless otherwise stated.

2.4 Estimated parameter values

The values of the parameters that feature in the model can be found in table 2.1]
Where available, we have taken parameter values given in Lach [42], as these values
are industrially relevant to cereal manufacture. The values given are typical values;
we will see in Chapters [3] and [4] how varying some of these parameters, particularly

the initial values, changes the dynamics of the system.
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Parameters
Parameter Diffusion Value Units
Diffusion coefficient of _10 9
D moisture (in liquid) 10 m/s
a Die diameter 1073 m
Diffusion coefficient of heat
k; (in Tiquid) 0.3—-0.6 W/m/K
Specific heat capacity (of
(co)i liquid) 2900 J/kg/K
o lefusn/l.ty 9f heat (in 07— 14 x 10-7 m2/s
liquid)
o Viscosity of liquid 3 x 10? Pa - s
R Initial bubble radius 107° m
Ro Initial cell size 10~4 m
o1 Density of liquid 1400 kg/m?
1o Initial temperature 403 K
Tatm Atmospheric temperature 298.15 [43] K
Initial moisture
€ concentration 0.25 kgr,0/ k9 iaquia)
Vi Surface tension coefficient 0.04 N/m
M Molecular mass of water 0.018 [§] kg/mol
- Initial number of moles of 1
No gas in bubble 3.9 10 mol
r Latent I}eat of vaporisation 91 x 10° J/mol
of moisture from cereal
. Latent heat of vaporisation 10.65 x 10° [§] J/mol
of water
Rg Ideal gas constant 8.314 J/mol/ K
W Typical ﬂow speed of 0.93 m/s
mixture
n Bubble number density 5 x 101 bubbles/mi i

Table 2.1: Typical values of the parameters that feature in the microscale-macroscale

model. Unless otherwise stated, the values were taken from Lach [42].
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2.5 Dimensionless macroscale model

In this section we non-dimensionalise the model presented in Section[2.2] We suppose
that there is a characteristic velocity scale, W, and a characteristic length scale, ..
The velocity scale depends on the feed rate of the extruder, which is controlled by the
extruder operator. In practice there may be two different lengthscales: the lengthscale
for variation along the axis, which we denote [., and the typical length scale of the
cross section, which we denote l;. In this chapter we take [, and l; to be equal to
the diameter of the die, a. In Chapter |3| we discuss how the appropriate length scale
for variation along the z-axis can be found from the microscale model, and there
are situations when [, may be greater than the diameter of the die; we exploit this

discrepancy in Chapter [, We non-dimensionalise the variables by scaling

l

= .z, u=Wwu, t=—t,
v w
w MZW
p=pp, o= ’“l o D= Pam + 1, (2.55)
1
n = _%/7 M= :ul/j/v A= :ul>\/7

where & = (z,y, z), and a prime denotes a dimensionless variable. We assume that
the mixture is mostly composed of liquid; thus, we have taken the typical viscosity and
density of the mixture to be the liquid viscosity, j;, and liquid density, p;, respectively.
Here, the viscous pressure scaling 1,;WW/I. has been used and pag, is the pressure of
the atmosphere outside the extruder; however, we will only consider the scaled value

of the atmospheric pressure, pl,,,, defined according to

W'
Patm = a lpatm. (256)

The surface of the die is defined by Gi(x,y,z) = 0 for =2, < 2/ < 0, where
Z, = (/. is the dimensionless nucleation point, and the free surface is defined by
Go(x,y,2,t) =0 for 0 < z < 1.

This choice of scaling gives the dimensionless system (dropping primes)

dp

E—— . p— 2-57

PV () =0, (257)
D

Re pD—’t‘ —V 0o+ Stpe,, (2.58)
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in the volume bounded by G;(z,y,z) =0 for —Z, < z < 0 and Gy(x,y, z,t) = 0 for
0 < z < 1, where e, = (0,1, 0) is the unit vector in the y direction, the dimensionless

stress tensor is given by

o= (—p+ V- -u)I+pu(Vu+ (Vu)"), (2.59)
and
pWl, pgl:
Re = , St = <, 2.60
H W (2.60)

are the Reynolds number and Stokes number respectively. The dimensionless bound-

ary conditions inside the die are given by
u=0 on Gi(z,y,z)=0, (2.61)

for —Z, < z < 0. The respective dimensionless kinematic and dynamic boundary

conditions on the fluid surface outside the die are given by

oG
a—tz +u- VGQ = O, (o VGQ = —’Y*KVGQ on GQ(ZL’,y,Z,t) = 0, (262)

for 0 < z < 1, where the inverse capillary number, v*, is given by

* !
= . 2.63
V=W (2.63)

2.5.1 Conservation of energy and moisture

In addition to the scalings (2.55)) in Section [2.5, we non-dimensionalise the equations

for conservation of energy and moisture by employing the scalings given by
T=T,+TT, c=co+coc ¢y = (ep)id), k= kK, D = D,D,

where the temperature scale, T = Ty — Ty, is the difference between the temperature
at which bubbles nucleate, Tj, and the atmospheric temperature, Ty, and we have
taken the typical scales for the h