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Abstract

In this thesis we study three examples of interacting many-body systems undergoing a
non equilibrium time evolution.

Firstly we consider the time evolution in an integrable system: the sine-Gordon field
theory in the repulsive regime. We will focus on the one point function of the semi-local
vertex operator eiβφ(x)/2 on a specific class of initial states. By analytical means we show
that the expectation value considered decays exponentially to zero at late times and we
determine the decay time. The method employed is based on a form-factor expansion and
uses the “Representative Eigenstate Approach” of Ref. [73] (a.k.a. “Quench Action”).

In a second example we study the time evolution in models close to “special” in-
tegrable points characterised by hidden symmetries generating infinitely many local
conservation laws that do not commute with one another, in addition to the infinite
commuting family implied by integrability. We observe that both in the case where the
perturbation breaks the integrability and when it breaks only the additional symmetries
maintaining integrability, the local observables show a crossover behaviour from an ini-
tial to a final quasi stationary plateau. We investigate a weak coupling limit, identify a
time window in which the effects of the perturbations become significant and solve the
time evolution through a mean-field mapping. As an explicit example we study the XYZ
spin-1/2 chain with additional perturbations that break integrability.

Finally, we study the effects of integrability breaking perturbations on the non-
equilibrium evolution of more general many-particle quantum systems, where the un-
perturbed integrable model is generic. We focus on a class of spinless fermion models
with weak interactions. We employ equation of motion techniques that can be viewed
as generalisations of quantum Boltzmann equations. We benchmark our method against
time dependent density matrix renormalisation group computations and find it to be
very accurate as long as interactions are weak. For small integrability breaking, we
observe robust prethermalisation plateaux for local observables on all accessible time
scales. Increasing the strength of the integrability breaking term induces a “drift” away
from the prethermalisation plateaux towards thermal behaviour. We identify a time
scale characterising this crossover.
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1. Introduction

Many-body systems are arguably the most interesting subject to study in physics, showing

an incredibly rich phenomenology and giving rise to the most unexpected effects. Unexpected

because generically the behaviour of many-body systems can not be understood just by extrap-

olating that of few body systems, on the contrary they show some phenomena that are revealed

only when the number of degrees of freedom in play becomes enormous (infinite for any prac-

tical purpose), so called emergent phenomena. An example worth mentioning is undoubtedly

the phenomenon of spontaneous symmetry breaking, the physical mechanism behind the ap-

pearance of different phases of a condensed matter system but also behind the Higgs-Anderson

mechanism in particle physics, to name but two remarkable examples.

The study of many-body systems is ubiquitous in physics, its applications range from as-

trophysics to biophysics, from particle physics to condensed matter. The question that every

scientist dealing with these complicated objects is trying to answer is whether she or he can find

some universal properties, i.e. some properties that do not depend on the particular configu-

ration of every degree of freedom constituting the system, but instead on a few key attributes

characterising it. The existence of these properties is what makes the study of a many-body

system possible on the one hand and useful on the other.

The equilibrium properties of many-body systems, both classical and quantum, have been

extensively and successfully studied during the twentieth century, leading for example to the

elegant concept of the Renormalisation Group. In essence the idea is to identify which are the

measurable properties of the systems under investigation and find some transformations that

simplify the problem while keeping these properties fixed. In particular, in the case of many

body systems near to the critical point, these concepts have been put on a more quantitative

ground allowing one to extract a substantial amount of information [4–6].

The dynamics of (closed) many-body systems, however, turned out to be an even more

difficult problem to study. On the classical side some progress has been achieved. For example

the seminal paper [7] stimulated an intensive study on the validity of the ergodicity hypothesis,

which assumes the trajectory of the system in Phase Space passes close enough to any point

of the Phase Space with the same energy. It was understood that the ergodic hypothesis does

not generally hold in systems with a finite number of degrees of freedom; even if anharmonic

potentials are included. In order for the system to display statistical properties the anarmonic-

ity must be above some threshold [8], which guarantees the majority of initial conditions show
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chaotic behaviour [9]. The generic presence of cross-over behaviour from regular to chaotic

motion depending on the strength of the perturbation added to integrable systems has been

described by the celebrated KAM theory [10].

The study of the dynamics in closed quantum many-body systems was considered in the

early days of quantum mechanics by John von Neumann [11], who proved a quantum version

of the ergodic theorem. After his work, however, this field of research has been set aside: some

worth mentioning studies of these kind of problems have been carried out [12–15] but they

remain essentially isolated. The reason for the lack of a systematic theoretical investigation

on such an interesting problem has been, besides its fundamental difficulty, the impossibility

to experimentally test any prediction. Historically, the standard condensed matter systems

considered in laboratories were strongly affected by decoherence and dissipation effects, due

to the coupling to the external environment. As a consequence, their coherence time was

shorter than the measurement time: any theoretical prediction had to take into account the

effect of the environment making the comparison much less definite and clear. In addition,

effective dissipation mechanisms are present also if the coupling with the environment could

be neglected. For example, together with the electronic degrees of freedom, solid state systems

have phonons: neglecting their effect on the electronic problem produce effective dissipation.

This situation experienced a profound modification during the last decade, when some drastic

improvements in experimental techniques allowed the realisation in laboratories of systems of

ultra cold atoms, whose dynamics are very close to be unitary and are excellently described by

models simple enough to be studied by theoreticians [16–26]. The breakthrough in experimental

techniques stimulated intensive theoretical activity on both the numerical and purely analytical

side, aiming at understanding the universal physical properties of time evolving quantum many-

body systems. In the majority of the cases the physical situation considered has been a so

called quantum quench [27], i.e. the system is taken in the ground state of a locally interacting

Hamiltonian H0 and at a certain time, which can be taken to be t = 0, the Hamiltonian is

suddenly replaced with a different locally interacting one, H. Generically the two Hamiltonians

are related by the change of some parameters. If the two Hamiltonians differ only in a finite

region of the real space the quench is called a local quench and a global quench otherwise. In

this thesis we will be interested in the case of global quenches.

The simplest question to ask about time evolving systems regards their stationary proper-

ties, i.e. do those systems reach some sort of stationary state? If so, can this stationary state

be determined from some macroscopic properties of the system? In order to answer questions

of this kind, the first step is to correctly identify what we mean by relaxing to stationary
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state. Since the systems under consideration are subject to a closed unitary evolution, it is

always possible to find some observables whose expectation values keep oscillating indefinitely.

However, in the thermodynamic limit (where the volume of the system goes to infinity keep-

ing constant all the densities), observables restricted to finite subsystems can reach stationary

values, in this case the rest of the system plays the role of a bath. This suggests a simple

definition: we say that a system relaxes to a stationary state if for every finite subsystem A in

the thermodynamic limit

∃ lim
t→+∞

ρA(t) ≡ ρA(∞) , (1.1)

where ρA(t) ≡ TrĀ [ρ(t)] is the density matrix reduced to the subsystem A [28].

The current belief is to link the values that the observables reach in these stationary states

with their local conservation laws, i.e. the conservation laws that can be expressed as a sum (an

integral in the continuum models) of some local densities. The main distinction is then between

generic models which typically have only the Hamiltonian I0 = H as a local conservation law

and integrable models possessing an infinite number of local conservation laws {Ii}i=0,1,.... In

generic models, the stationary values reached by local observables at late times can be described

by a Gibbs ensemble [14, 15,28–34]

ρA(∞) = trĀ [ρGE] , ρGE =
1

Z
e−βeffH , (1.2)

which, as only memory of the initial state, retains the information about the energy density

through βeff

lim
L→∞

1

L
〈H〉0 = lim

L→∞
1

L
[HρGE] . (1.3)

In integrable models on the other hand, observables reach stationary values that are described

by a so called generalized Gibbs ensemble (GGE) [35] and [28,29,36–41]

ρA(∞) = trĀ [ρGGE] , ρGGE =
1

Z
e−

∑
i λiIi , (1.4)

which retains memory of all the initial values of the infinite local conservation laws, through

the Lagrange multipliers λi

lim
L→∞

1

L
〈Ii〉0 = lim

L→∞
1

L
[IiρGGE] . (1.5)

This picture has been fully established for many models that are free or can be mapped into

free models [42–46]. The logical step forward would be to establish the validity of the GGE also
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for interacting integrable models; in some cases has been possible to derive expectation values

of local observables in the stationary state after a quantum quench in those models [47–53].

Recent results [54–57], however, have shown that the situation might be more complicated,

pointing out that the current GGE predictions do not reproduce the correct stationary values in

some cases. However a “conservative” interpretation of these results remains on the scene: the

observed disagreement might be due to the existence of some local (or even quasi-local, meaning

that the density is decaying exponentially) conservation laws that are still unknown and so are

not included in the current GGE prediction, this interpretation is strongly encouraged by very

recent findings [58, 59]. We stress that the last developments described are still subject of

intensive ongoing research.

Understanding the stationary properties of a time evolving system is clearly very impor-

tant, but is not the only interesting aspect to study: the dynamics can reveal an even richer

spectrum of interesting phenomena. An intriguing example of these, which will be considered

in detail in this thesis, is the so-called prethermalisation [60, 61], where time evolving weakly

non-integrable systems show a transient behaviour, during which local observables reach non-

thermal plateaux reminiscent of the underlying integrable theory. This mechanism has been

theoretically predicted in several cases [2, 60–70] and, most importantly, observed in experi-

ments [18–20]. The prethermalisation phenomenon drastically widens the application of the

results on the dynamics of integrable models: a very large class of systems which are close

enough to integrable points will show an “integrable-like” behaviour, at least in a certain time

window. This key observation allows one to realise that the study of integrable models out of

equilibrium is necessary to understand “real-world” situations and it is not only an academic

matter. The common belief is to consider the prethermalization as a transient effect, expecting

the non-purely elastic processes typical of non integrable models to become effective at late

enough times and bring the system to the thermal stationary state. Reaching times that are

long enough to see the system moving from a pre-thermal to a thermal state has revealed to be

impractical for most of the numerical [71] and analytical [2, 60, 61, 66] approaches. Until very

recently, the only example of a weakly interacting system eventually approaching the thermal

plateau has been given in the infinite dimensional case [72]. In [3] we presented what, to the

best of our knowledge, represents the first example of a weakly non-integrable one-dimensional

model showing prethermalisation behaviour and then approaching the thermal state. In par-

ticular, we considered a model with tuneable integrability breaking; for small integrability

breaking, we observed robust prethermalisation plateaux for local observables on all accessible

timescales. Increasing the strength of the integrability breaking term induces a drift away from
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the prethermalisation plateaux towards thermal behaviour.

Importantly, prethermalisation-like behaviour is not limited only to non-integrable models,

in Ref. [2] we showed that something very similar can happen in integrable models when one

weakly breaks some hidden symmetries which generate additional families of local conservation

laws not commuting with one another. In this case, local observables first reach quasi-stationary

plateaux reminiscent of the unperturbed model and then move away towards different plateaux

described by the perturbed model, which can be still integrable. We call this process pre-

relaxation since thermalisation is not expected to occur in all these cases. A difference between

this case and the one described above is the timescale on which the drifting from the initial

plateaux occurs; when there is the standard prethermalisation, the findings of Ref. [3] suggest

this to happen at times t ∼ g−2, where g is the strength of the perturbation. In the case of

pre-relaxation on the other hand the drifting takes place at times t ∼ g−1.

More generally, the main objective of the research in time evolving quantum many body

systems is, once again, to find some universal behaviour and concomitantly a method of study-

ing it, which can be applied to a large class of systems, depending only on some basic properties

of the class. Currently only very few general techniques are known which allow one to cope

with this kind of question for interacting models, examples worth mentioning of these are the

Representative Eigenstate Approach (a.k.a. Quench Action) [73] and Linked Cluster Expansion

Approaches (developed in the the study of equilibrium properties at finite temperature [74])

applicable to the cases where the interaction is integrable. In Ref. [1] we presented the first

application of those methods to the determination of the time evolution in the sine-Gordon

field theory, a paradigmatic example of interacting integrable model. When the interaction

becomes non-integrable the situation complicates even further, however some cases are still

analytically tractable. In Ref. [2], we show that the time evolution under weakly-interacting

(integrable or non-integrable) Hamiltonians in the time window gt ∼ g0 can be mapped into

the one generated by free, although time-dependent Hamiltonians which fulfil some self consis-

tency conditions. In Ref. [3] on the other hand, we studied a weakly-interacting non integrable

model by means equation of motion techniques that can be viewed as generalisations of quan-

tum Boltzmann equations [75,76]. The purpose of this thesis is to illustrate these methods and

their applications to physically relevant cases.

1.0.1 Organisation of the thesis

The rest of this thesis is structured as follows. Chapter 2 reviews some properties of two well

known integrable models and introduces some concepts that will be used in the rest of the work.

5



Chapter 3 contains the study of time evolution in the sine-Gordon model. In particular, there

we describe how to determine the time evolution (for large but finite times) of the one-point

function of a particular (and highly non-trivial) operator on a class of initial states. This chapter

is based on the work [1]. Chapter 4 studies the time evolution of weakly interacting models in

the time window gt ∼ g0, where g is the strength of the interaction. Together with the general

discussion, an application of the formalism to a perturbed XYZ spin-1/2 chain is considered.

This chapter draws heavily on the work [2]. Chapter 5 considers the prethermalisation regime

and the eventual moving to the thermal one in a weakly interacting model, that can be viewed

as a perturbed version of the Peierls insulator [77]. Some of the material presented here is taken

from [3], there are however also some results which will be published in the future. Finally

Chapter 6 contains a summary of the material presented and some outlook.
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2. Two integrable models

In Chapter 1 we discussed the key role of integrable models and their weak deformations in

understanding the non-equilibrium time evolution of many-body systems. The goal of this

chapter is to examine two outstanding examples of integrable models which will turn out to be

of great interest in the course of this thesis: the XY spin chain and the sine-Gordon model.

The first represents a prominent example of a noninteracting integrable model, it is nonin-

teracting because it can be mapped into a free fermionic system via a Jordan-Wigner transfor-

mation. A typical reason to study free systems is that their exact solvability helps to understand

some features that are expected to be generic. Later in this thesis, however, we will see that

understanding free models also allows one to extract information on the time evolution of their

interacting deformations. The sine-Gordon model on the other hand is the paradigmatic exam-

ple of an integrable interacting field theory (on both the classical and the quantum level [6,78]).

Interacting integrable models represent a further step towards the understanding of the “real

world” cases, in particular interacting integrable field theories give a universal description of the

low energy behaviour of several experimentally relevant systems [79]. Some of their properties,

such as the spectrum of the excitations and the scattering matrix are accessible while others,

such as correlation functions, are difficult to compute and cannot be generally determined

exactly.

The purpose of this chapter is to explain the physical relevance of these models and review

some of their mathematical properties, as those will prove to be useful in the rest of the thesis.

2.1 The XY model

The XY model is described by the following Hamiltonian

HXY(γ, h) = J

L∑
`=1

(
1 + γ

4
σx` σ

x
`+1 +

1− γ
4

σy` σ
y
`+1

)
+
Jh

2

L∑
`=1

σz` , (2.1)

acting on the Hilbert space H =
⊗L

i=1 C2. Here σαj acts as the Pauli matrix σα on the site j

(j-th component of H) and as the identity matrix elsewhere; we consider the case of periodic

boundary conditions σαL+1 = σα1 , where α = x, y, z. The Hamiltonian (2.1) is invariant under

the Z2 transformation defined as

σαi → −σαi , α = x, y, σzi → σzi , (2.2)
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for all values of γ and h. For γ = 0, the Hamiltonian exhibits a O(2) invariance under rotations

of σαj in the x-y plane.

As we will show in the following, the Hamiltonian (2.1) is mapped to free fermions by

the application of a Jordan-Wigner transformation and then diagonalised by the subsequent

application of a Fourier and a Bogoliubov transformation. Excitations over the ground state

are gapless for |h| < 1 and γ = 0, or |h| = 1 and any possible value of γ. The fact that the

model is mappable to free fermions was the main reason behind its introduction in [80], where

the authors used this feature to obtain a better understanding of the role of the anisotropy

γ in the Heisenberg interaction. The isotropic case γ = 0, for |h| < 1, shows the same

qualitative behaviour as the interacting integrable XXZ spin-1/2 chain [81] in the “Luttinger

liquid phase” (for zero external magnetic field it corresponds to values of the anisotropy |∆| ≤
1). In both cases the excitations are gapless and correlation functions show a power law decay;

when h reaches a critical value hc there is a phase transition to a gapped phase which lies

in the universality class of commensurate-incommensurate transition (see [79] and references

therein). Experimentally this regime of the XXZ spin chain has been investigated using for

example Cs2CoCl4 [82]. An other interesting limiting case of the XY model is γ = 1 where

it corresponds to the transverse field Ising chain (TFIC), which has been extensively studied

both in the context of equilibrium quantum phase transitions [6,83,84] and the non-equilibrium

dynamics [38,44,45,85–89]. Recently, the Ising limit of the XY model has been experimentally

realised using CoNb2O6 [90].

In this thesis we will be interested in the case of zero external magnetic field h = 0, as in

this case a symmetry of the dispersion relation will cause the appearance of additional sets of

local conserved charges. From now on we adopt the shorthand notation HXY ≡ HXY(γ, 0).

2.1.1 Diagonalization of the Hamiltonian

The first step to carry out in order to diagonalise the Hamiltonian HXY is to map it to free

fermions, as previously mentioned, this is done by means of a Jordan-Wigner transforma-

tion [91]. First we introduce

c†i ≡
i−1∏
j=1

(
σzj
)
σ+
i , ci ≡

i−1∏
j=1

(
σzj
)
σ−i . (2.3)
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Here we used the notation σ±i ≡ (σxi ± iσyi )/2. It is easy to verify that the operators defined

satisfy the canonical anti-commutation relations (CAR)

{c†i , cj} = δi,j , {ci, cj} = 0 = {c†i , c
†
j} . (2.4)

Expressing the Hamiltonian in terms of the new variables gives

HXY =− J

2

L∑
i=1

{
c†ici+1 + c†i+1ci + γc†ic

†
i+1 + γci+1ci

}
+
J(eiπN + 1)

2

{
c†Lc1 + c†1cL + γc†Lc

†
1 + γc1cL

}
. (2.5)

Here we introduced the fermionic number operator N ≡ ∑L
i=1 c

†
ici. The operator eiπN com-

mutes with the Hamiltonian (it represents the symmetry (2.2)), so the two can be simulta-

neously diagonalised and the Hamiltonian can be written in the block diagonal form HXY =

PeH
e
XY Pe + PoH

o
XY Po. Here Pe (Po) projects on the sector of the Hilbert space with even

(odd) number of fermions. It turns out that the lowest energy states in the two sectors become

degenerate in the thermodynamic limit and a linear combination of those is chosen as a ground

state by spontaneous symmetry breaking. This effect, as all the others caused by the boundary

term (2.5), play an important role when one has to consider the action of operators which

are non-local with respect to the fermions, for example in the study of the quantum phase

transition happening at |h| = 1 or in the determination of the time evolution of σx after a

quench in the magnetic field in the TFIC [88]; in this thesis, however, we will be interested

only in the thermodynamic limit behaviour of operators that are local with respect to the

fermions, so we can neglect the boundary term in the second line of (2.5) and assume periodic

boundary conditions (PBC) on the fermions; in Appendix 2.A we discuss the relation between

the infinite volume and the finite volume spectrum of (2.5), as this will be a useful reference

when considering the finite volume realisation of the sine-Gordon model in Chapter 3. Taking

PBC on the fermions we reduce ourselves to consider the following modified Hamiltonian

H̃XY =− J

2

∑
i

{
c†ici+1 + c†i+1ci + γc†ic

†
i+1 + γci+1ci

}
, cL+i = ci , (2.6)

this Hamiltonian has always a unique ground state. The next step required to diagonalise

(2.6) is to take its Fourier transform: since the Hamiltonian is one-site shift invariant the most

natural choice would be to consider the unit cell composed by one site. Nevertheless, later in

this thesis we will be interested in situations where the initial state or the Hamiltonian are
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invariant only under the shift of two sites, hence it is instructive take our elementary cell to

contain two sites instead of one1. This results in having two different species of fermions fk

and ek where the momentum k varies in the range ]0, π]. Specifically we define

ekn =

√
2

L

∑
j

eikn(2j)c2j , fkn =

√
2

L

∑
j

eikn(2j−1)c2j−1 , (2.7)

kn ≡
2πn

L
n = 1, . . . ,

L

2
. (2.8)

Writing the Hamiltonian (2.6) in terms of the fermions (2.7) we obtain

H̃XY =− J
∑
k>0

{
cos(k)

(
f †kek + h.c.

)
+ iγ sin(k)

(
f †ke
†
π−k − h.c.

)}
. (2.9)

Here we adopted the notation ∑
k>0

f(k) ≡
L∑
n=1

f(
2πn

L
) . (2.10)

The last step of the diagonalisation process is achieved by means of the Bogoliubov transfor-

mation

α∓(k) =
1√
2

{
eiθk/2ek ± e−iθk/2fk + eiθk/2e†π−k ± e−iθk/2f

†
π−k

}
, (2.11)

α†∓(π − k) =
1√
2

{
eiθk/2ek ± e−iθk/2fk − eiθk/2e†π−k ∓ e−iθk/2f

†
π−k

}
, (2.12)

where k ∈ ]0, π/2]2 and θk is the Bogoliubov angle given by

eiθk =
cos k + iγ sin k√
cos2 k + γ2 sin2 k

. (2.13)

In terms of the Bogoliubov fermions α+(k), α−(k) the Hamiltonian reads as

H̃XY =
∑
η=±

∑
k>0

ηε(k)α†η(k)αη(k) , ε(k) = J

√
cos2 k + γ2 sin2 k . (2.14)

From the expression of the dispersion relation we see that the model describes gapless excita-

tions only for γ = 0, as stated above for the case h = 0. The dispersion relation allows us also

to make an other observation: the symmetry ε(k) = ε(π−k) enables one to construct conserved

quantities in momentum space which can not be expressed as a function of the occupation num-

bers, such as α†−(k)α†+(π−k). Considering linear combinations of these conserved quantities it

1L is assumed to be even in this case.
2The π mode is treated separately giving α−(π) = 1√

2
{e†π − f†π}, α+(π) = 1√

2
{eπ + fπ}.
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is possible to construct additional local conservation laws for the model. A detailed analysis of

this case can be found in Ref. [68] where is also shown that the set of local conservation laws

is now non commuting. It is, however, worth stressing that the additional conservation laws

discussed here are two-site shift invariant, so they give a non vanishing constraint on the time

evolution only if the initial state is not invariant under translations of one site.

We conclude our analysis of the XY model by briefly reviewing a mathematical formalism

based on the expression of the Hamiltonian in terms of Majorana fermions (more details can

be found in [68] and [92]), as this occurs to be convenient for calculations in free fermionic

models. In particular it can be used to find in a very simple way a close expression for the set

of all the local conservation laws [38,68] of the model and the algebra they form, in particular

here we show that the charges satisfy a sl(2,C)-loop algebra. We will encounter an example of

the application of this formalism in Chapter 4.

2.1.2 Majorana fermions and circulant matrices

It is useful to introduce a new set of fermionic operators, the so called Majorana fermions,

defined as

ax` =
(
c†` + c`

)
, ay` = i

(
c` − c

†
`

)
. (2.15)

They satisfy the following set of anti-commutation relations

{aα` , aβn} = 2δαβδ`n , α, β = x, y . (2.16)

A characteristic feature of these operators is aα`
† = aα` .

Let us now consider a generic operator A, which is quadratic in the Majorana fermions.

Sometimes we will call nontinteracting operators with this property. We focus on the case

where A is left invariant by the shift of n-sites, where n ≥ 1 is a divisor of L. This will be

useful to study the additional charges of the XY model, as we have seen that they are invariant

only under 2-sites shifts. In this case we can express A as

A =
1

4

L/n∑
r,s

( axnr−n+1 aynr−n+1 . . . axnr aynr )[A(n)]rs



axns−n+1

ayns−n+1

...

axns

ayns


. (2.17)

Here A(n) is a block-circulant matrix, i.e. it is a block-Toeplitz matrix (the blocks composing
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it satisfy Mnm ≡ Mn−m, where Mnm is a 2n-by-2n matrix) in which any block-row (a row

of 2n-by-2n matrices) is a right cyclic shift of the block-row above. We stress that every

noninteracting operator admits a representation of the form (2.17) for big enough n, however

the formalism developed here will be particularly useful to treat cases where n does not scale

with L in the thermodynamic limit. To exploit the fact that the matrix A(n) is block-circulant

it is useful to consider its Fourier decomposition

[A(n)]rs =
n

L

∑
m

ei(r−s)kmA(n)(k) , km =
2πnm

L
, m = −

⌈
L

2n

⌉
+ 1, . . . ,

⌊
L

2n

⌋
. (2.18)

The conventions for the Fourier transform used here are different from the ones in (2.7), here the

momentum takes values in the interval ]−π, π]. The 2n-by-2n matrix A(n)(k) is fully specified

by the conditions

A(n)†(k) = A(n)(k) , A(n)t(k) = −A(n)(−k) . (2.19)

The unique matrix A(n)(k) satisfying (2.18) and (2.19) is called the symbol of A(n) and com-

pletely characterises the block-circulant matrix. In the following we will refer to A(n)(k) also

as the symbol of A. It is worth stressing that if the operator is local then the block-circulant

matrix associated with it has non vanishing contributions only from blocks near to the diago-

nal, this imply that the symbol has only a finite number of Fourier coefficients. If the operator

is quasi-local [93, 94] (its density is exponentially localised) the symbol can have an infinite

number of Fourier coefficients but it turns out that it must be a smooth function of k [68].

Importantly, the representation in terms of symbols is well behaved under the commutation

algebra, indeed the following property holds

Property 2.1.1 Let A and B be two operators written as in (2.17) with the same n. Their

commutator [A,B] has the form (2.17), with symbol equal to the commutator of the symbols

[A,B]→ [A(n)(k),B(n)(k)] . (2.20)

We note that if an operator admits a representation of the form (2.18) for a fixed n, then it

admits the representation (2.18) for every m multiple of n. This turns out to be useful when

considering the commutator of two operators invariant under a different number of shifts. In

particular the n = 2 representation of a one-site shift invariant operator A, possessing a n = 1

12



representation of the symbol A(1)(k), is given by

A(2)(k) =
1 + σxei(k/2)σz

2
⊗A(1)(k/2) +

1− σxei(k/2)σz

2
⊗A(1)(k/2 + π) . (2.21)

So far we considered general quadratic operators, a prominent example of these is the XY

Hamiltonian H̃XY (2.6). Since the Hamiltonian is one-site-shift invariant it admits an n = 1

representation, its symbol reads as

H(1)
XY (k) = −ε(k)σyeiθkσ

z
, (2.22)

where ε(k) and θk are given in the previous subsection. In the following it will be useful to

exploit also the n = 2 representation of the symbol of H̃XY . Using (2.21) we find

H(2)
XY (k) = −ε(k/2)σxeik/2σ

z ⊗ σyeiθk/2σz . (2.23)

From property 2.1.1 follows that the time evolution under the Hamiltonian (2.6) of a non-

interacting operator A in the Heisenberg picture is noninteracting, with symbol

eiHtAe−iHt → eiH
(n)(k)tA(n)(k)e−iH

(n)(k)t . (2.24)

Finally, the representation in terms of symbols can be used to calculate expectation values of

noninteracting operators on a certain class of states, namely the n-site shift invariant states on

which the Wick’s theorem holds

Property 2.1.2 If a state ρ is such that the expectation value of any noninteracting operator

on it can be expressed in terms of the correlation matrix

Γ
(n)
m` = δ`mI− 〈



axnm−n+1

aynm−n+1

...

axnm

aynm


( axn`−n+1 ayn`−n+1 . . . axn` ayn` )〉 , (2.25)

and Γ
(n)
`m is circulant with symbol Γ(n)(k), then the expectation value of non interacting operator

A on ρ can be written as follows

tr [ρA] =
1

4

∑
m

tr[Γ(km)A(km)] . (2.26)
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Here we introduced the notation

〈aαi aβj 〉 ≡ tr[ρ aαi a
β
j ] i, j = 1, . . . , L α, β = x, y . (2.27)

In the thermodynamic limit Eq.(2.26) reads as

lim
L→∞

1

L
tr [ρA] =

1

4n

∫ π

−π

dk

2π
tr[Γ(k)A(k)] . (2.28)

Collecting together all the properties described we conclude that in n-site translation in-

variant noninteracting models, which include the XY as a particular case, any calculation can

be traced back to operations on symbols: this represents a drastic simplification as it reduces

the size of the matrices that one has to consider from 2L × 2L to 2n× 2n.

Following Ref. [38] we can easily construct all the local conserved charges which are invariant

under one-site shift. Assuming that the charges have a noninteracting form and that are

invariant under the shift of one site we conclude that they can be written in the form (2.17) with

n = 1. Let {Q(1)
m (k)}m=1,2,... be the n = 1 representation of their symbols. The conservation

of the charges can be written in terms of symbols as

[H(1)(k),Q(1)
m (k)] = 0 , m = 1, 2 . . . . (2.29)

Given two commuting hermitian d-by-d matrices N and M , it is easy to prove that if M has

distinct eigenvalues then N can be written as a combination of Mp with p = 0, . . . , d − 13.

Since H(1)
XY (k) is a 2-by-2 hermitian matrix with distinct eigenvalues we have

Q(1)
m (k) = am(k)12 + bm(k)H(1)(k) , m = 1, . . . L/2 . (2.30)

The conditions (2.19) require the real coefficients am(k), bm(k) to be respectively odd and even

functions of the momentum. Choosing a convenient basis, we conclude that the symbols of a

complete set of one site shift invariant charges can be written as

Q(1)
m,+(k) = cos(mk)H(1)(k) , Q(1)

m,−(k) = sin(mk)12 . m = 1, . . . L/2. (2.31)

These symbols have a finite number of Fourier coefficients so the associated charges are local.

In cases where for any value of n the representation of the symbol of the Hamiltonian remain

with distinct eigenvalues, this construction can be repeated giving an 2n-by-2n dimensional

3This can be easily established in the common eigenbasis.
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representation of the one-site shift invariant charges. An interesting situation is realised when a

higher n = n̄ representation of the symbol of the Hamiltonian has some degenerate eigenvalues.

In this case, for fixed k, the 2n̄-by-2n̄ symbol of the Hamiltonian commutes with more than 2n̄

independent matrices accounting for the one-site shift invariant charges, the additional ones

give some charges that are invariant only under a shift of a number of sites proportional to n̄,

so can be expressed only in the n = pn̄ representation (p ∈ N). For example let us consider the

XY model, H(2)
XY (k) has two doubly degenerate eigenvalues and it turns out that for a fixed k we

can find eight independent matrices commuting with it. Four of them can be written as (2.21)

using the symbols (2.31), thus they are the n = 2 representation of the charges (2.31); the

other four are instead “new” and cannot be expressed in the n = 1 representation because are

invariant only under the shift of two sites. The former generate the following set of symbols [68]

I(2)(e)
m;+ (k) = cos((m− 1)k)ε(k/2)σxk/2 ⊗ σ

y
θk/2

I(2)(o)
m;− (k) = sin((m− 1/2)k)σxk/2 ⊗ 1

I(2)(o)
m;+ (k) = cos((m− 1/2)k)ε(k/2)1⊗ σyθk/2 I(2)(e)

m;− (k) = sin(mk)1⊗ 1 , (2.32)

while the latter generate [68]

J (2)(e)
m;+ (k) = cos((m− 1)k)ε(k/2)σyk/2 ⊗ σ

x
θk/2

J (2)(o)
m;− (k) = sin((m− 1/2)k)ε(k/2)σz ⊗ σxθk/2

J (2)(o)
m;+ (k) = cos((m− 1/2)k)σyk/2 ⊗ σ

z J (2)(e)
m;− (k) = sin(mk)σz ⊗ σz . (2.33)

Here we introduced σjθ ≡ e−i
θ
2
σzσjei

θ
2
σz and m = 1, . . . L/4. From these expressions one can

find the explicit form of the conserved charges by means of the analogs of (2.17) and (2.18).

The symbols I(2)(e)
m;+ (k) and I(2)(e)

m;− (k) commute with the entire set; to express the commutation

relations of the remaining ones it is convenient to form the following combinations

I1
m(k) = J (2)(o)

m;+ (k)−
iJ (2)(o)

m;− (k)

ε(k/2)
+ J (2)(o)

m+1;+(k)−
iJ (2)(o)

m+1;−(k)

ε(k/2)

− i
I(2)(o)
m+1;+(k)

ε(k/2)
+ I(2)(o)

m+1;−(k) + i
I(2)(o)
m;+ (k)

ε(k/2)
− I(2)(o)

m;− (k)

I2
m(k) =

J (2)(e)
m+1;+(k)

ε(k/2)
+ iJ (2)(e)

m;− (k)

I3
m(k) =

I(2)(o)
m;+ (k)

ε(k/2)
+ iI(2)(o)

m;− (k) +
I(2)(o)
m+1;+(k)

ε(k/2)
+ iI(2)(o)

m+1;−(k)

+ iJ (2)(o)
m+1;+(k) +

J (2)(o)
m+1;−(k)

ε(k/2)
− iJ (2)(o)

m;+ (k)−
J (2)(o)
m;− (k)

ε(k/2)
. (2.34)
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The commutation relations fulfilled by the combinations (2.34) read as

[
Iαn (k), Iβm(k)

]
= iεαβγIγn+m(k) . (2.35)

Equations (2.35) are the defining commutation relations of the sl(2,C) loop algebra: we have

thus shown that the Hamiltonian (2.1), for h = 0, is invariant under loop sl(2,C) transfor-

mations. A sl(2,C) loop algebra invariance has been shown to occur in the XXZ spin-1/2

chain [95], when the anisotropy satisfies ∆ = 1
2(q + q−1) with q2N = 1 (N ≥ 2). In particular,

the case N = 2 corresponds to the XX chain (∆ = 0), which is a particular case of the model

studied here: our result shows that this symmetry remains present in the XY model for any

value of γ. We stress that the charges associated with the symbols (2.34) (and thus forming

a representation of the sl(2,C) loop algebra) are quasi-local, in contrast to the representation

constructed in [95].

2.2 Sine-Gordon model

The sine-Gordon quantum field theory is the (1+1)-dimensional bosonic field theory described

by the following Hamiltonian

HSG =
v

16π

∫
dx

[(
∂xΦ

)2
+

1

v2

(
∂tΦ
)2]− λ ∫ dx cos(βΦ) , (2.36)

where the bosonic field Φ(x, t) fulfils the standard commutation relations

[Φ(x, t),Π(y, t)] = iδ(x− y) , Π(x, t) =
∂HSG

∂∂tΦ(x, t)
. (2.37)

Inspecting the Hamiltonian (2.36) we see that it is invariant under Lorentz transformations,

however in the following we will see that it emerges as an effective description of several

non relativistic systems. Interestingly, similar situations arise in numerous physically relevant

cases [79].

2.2.1 Realisations of the sine-Gordon model

The field theory (2.36) is known to emerge as the low-energy description in a variety of contexts,

both in solids and systems of trapped, ultra-cold atoms.
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2.2.1.1 Solids

The sine-Gordon model is obtained as the low-energy limit of a variety of quantum spin chain

models, see e.g. Ref. [79]. Perhaps the best experimental realisation in this context is in

field-induced gap Heisenberg magnets like CuBenzoate [96–105] and [106–112]. The underlying

lattice model in these systems is of the form

H = J
L∑
j=1

[
Sxj S

x
j+1 + Syj S

y
j+1 + ∆SzjS

z
j+1

]
+ hu

L∑
j=1

Szj + hs

L∑
j=1

(−1)jSxj . (2.38)

In the thermodynamic limit the low-energy sector is described by a quantum sine-Gordon model

(2.36). Typically the sine-Gordon emerging from these chains results in having β2 < 1/2, which

as we will see corresponds to the so called “attractive regime”. In the following we will be

interested in the “repulsive regime” 1/2 ≤ β2 < 1, which can be realised as the low-energy

limit of the spin-1/2 XYZ chain

H = J

L∑
j=1

[
(1 + γ)Sxj S

x
j+1 + (1− γ)Syj S

y
j+1 + ∆SzjS

z
j+1

]
, (2.39)

where we take

J > 0 , 0 < ∆ < 1 , γ � 1. (2.40)

In this regime we may regard (2.39) as a perturbation of the spin-1/2 XXZ chain by the relevant

operator
∑

j [S
x
j S

x
j+1 − Syj S

y
j+1]. In the low-energy limit this gives a sine-Gordon model (2.36)

with

−∆ = cos(πβ2) ,
1

2
< β2 < 1, v =

J

2

sin(β2)

1− β2
, λ ∝ γ. (2.41)

The transverse spin operators are bosonized as follows [79]4

S+
j = Sxj + iSyj ∼ C(−1)j : eiβ

2
Φ(x) : +A

[
: e

iβ
2

Φ(x)+ i
2β

Θ(x)
: + : e

iβ
2

Φ(x)− i
2β

Θ(x)
:
]

+ . . .

≡ J+(x) + (−1)jn+(x) , x = ja0. (2.42)

In the following we will be interested in the operator eiβ
2

Φ(x), from (2.42) follows that in this

realisation of the sine-Gordon model it corresponds to the staggered magnetisation. Specifically,

cos
(
βΦ(x)

2

)
corresponds to the staggered magnetisation in the x direction and sin

(
βΦ(x)

2

)
in

4Comparing with Ref. [79] our Φ(x) and Θ(x) are flipped.
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the y direction. The bosonized form of the longitudinal spin operator is

Szj ∼
a0

4πβ
∂xΘ(x)− B(−1)j sin

(
Θ(x)

2β

)
+ . . . (2.43)

We note that the constants A, B and C are known [113,114]. In the XYZ realisation the Bose

fields are compactified (see e.g. [79])

Θ(x) = Θ(x) + 4πβ , Φ(x) = Φ(x) +
4π

β
. (2.44)

This implies that the only local vertex operators are of the form

On,m = e
i n
2β

Θ(x)+iβm
2

Φ(x)
. (2.45)

Defining the topological charge as

Q =
β

2π

∫ ∞
−∞

dx ∂xΦ(x), (2.46)

we see that On,m carry topological charge 2n.

2.2.1.2 Systems of ultra-cold trapped atoms

Other realisations of the sine-Gordon model can be found in systems of interacting one dimen-

sional bosons [115]. For example, one may consider a single species of bosons in a periodic

potential

H =
1

2m0

∫
dx|∂xψ|2 +

1

2

∫
dx dx′ V (x− x′) : ρ(x)ρ(x′) : +

∫
dx [VL(x)− µ]ρ(x), (2.47)

were ψ(x) is a complex scalar field, V (x) describes density-density interactions between bosons,

µ a chemical potential, and VL(x) a periodic lattice potential. Models like (2.47) can be realized

in systems of trapped, ultra-cold atoms, where VL(x) accounts for the optical lattice [116].

“Bosonizing the boson” [117,118]

ψ†(x) ∼ √ρ0

∑
p∈Z

e
2ip[πρ0x−

√
K
8

Φ(x)]
e
− i√

8K
Θ(x)

,

ρ(x) ∼ ρ0 −
√

K

8π2
∂xΦ(x) + ρ0

∑
p 6=0

e
2ip[πρ0x−

√
K
8

Φ(x)]
, (2.48)
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where ρ0 is the average density, leads to a low-energy description [115] in terms of a sine-

Gordon model (2.36). Here the cos(βΦ) originates from the periodic potential VL(x), and the

Luttinger parameter K characterizes the interactions. In order to access the repulsive regime of

the sine-Gordon model (β2 > 1/2), the density-density interaction V (x) should be sufficiently

long-ranged. Of particular interest for our work is the case where the periodic potential is such

that there is on average one boson for every two minima of VL(x), i.e.

VL(x) ∼ VL cos(4πρ0x), (2.49)

which leads to a sine-Gordon model with β2 = 2K. As long as K < 1/2, the leading oscillating

term in the density is

ρosc(x) ∼ cos

(
2πρ0x−

β

2
Φ(x)

)
+ higher harmonics. (2.50)

Hence in this realisation of the sine-Gordon model the operator ei
β
2

Φ(x) describes the leading

oscillatory behaviour of the boson density. We note that the Bose fields again are compactified

according to (2.44).

A second realisation of the sine-Gordon model with ultra-cold atoms is in terms of coupled

one-dimensional condensates [119]. The microscopic Hamiltonian is taken to be

H =

∫
dx

∑
j=1,2

(
1

2m0
|∂xΨj(x)|2 + g : ρ2

j (x) :

)
− t⊥

(
Ψ†1(x)Ψ2(x) + h.c.

) , (2.51)

where ρj(x) =:Ψ†j(x)Ψj(x) :. Bosonising5 [117,118] and then transforming to total and relative

phases

Φ±(x) =

[
Φ1(x)± Φ2(x)√

2

]
, Θ±(x) =

[
Θ1(x)±Θ2(x)√

2

]
, (2.52)

one finds a low-energy effective Hamiltonian of the form

H+ =
v

16π

∫
dx
[(
∂xΦ+

)2
+
(
∂xΘ+

)2]
,

H− =
v

16π

∫
dx
[(
∂xΦ−

)2
+
(
∂xΘ−

)2]− λ∫ dx cos

(
Φ−√
4K

)
. (2.53)

Here λ ∝ t⊥ and the parameters v and K are functions of g, m0 and the density ρ0 of the

condensates.

5We exchange the roles of Φi and Θi with respect to (2.48).
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2.2.2 Sine-Gordon model as an integrable quantum field theory

The sine-Gordon model is an integrable quantum field theory, this means that it possesses an

infinite number of local conserved charges {In}n=0,1,... which are in involution, i.e. they are

mutually commuting. As every relativistic field theory in Minkovski space (2.36) it admits an

interpretation in terms of scattering of relativistic particles corresponding to excitations above

a vacuum. The presence of the set {In}n=0,1,... imposes two severe constraints on the allowed

scattering processes [6, 78,79,120–122]

(i) Pure Elasticity;

(ii) Complete Factorizability;

The first condition requires the number of incoming particles to equate that of the outgoing

ones in any scattering process; the set {pi} of incoming momenta and the masses characterising

the particles must also be to be preserved during the scattering. The only allowed modifications

are permutations of the momenta of particles with the same masses.

The second condition requests that every scattering event can be decomposed in terms of

two-particle scattering processes and every possible way of decomposing an N -particle scatter-

ing process into a sequence of two-particle ones must be equivalent. To characterise completely

the scattering, one has to determine the two-particle scattering matrix defined as

out
a1a2
〈θ′1, θ′2|θ2, θ1〉inb1b2 = δ(θ′1 − θ1)δ(θ′2 − θ2)Sa1a2

b1b2
(θ1 − θ2) , ai, bi = 1, . . . , d . (2.54)

Here d is the number of different particles in the spectrum, the superscripts “in” and “out”

indicate that the states are respectively asymptotic incoming and outgoing states (θ2 ≤ θ1,

θ′2 ≤ θ′1); we parametrised the energy and the momentum of on-shell particles by means of the

rapidity θ as follows

Eθ = ∆i cosh θ , pθ =
∆i

v
sinh θ , (2.55)

where ∆i is the mass of the i-th particle and v is the “velocity of light” in our model (c.f.

(2.36)). The scattering matrix depends only on the difference of rapidities θ = θ1− θ2 because

of the Lorentz invariance and is a meromorphic function of θ in the complex plane (poles in

the segment 0 ≤ Im θ ≤ π Re θ = 0 correspond to bound states). The equivalence of all the

possible decompositions of n-particle scattering processes into two-particle ones imposes the
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following condition on Sa1a2
b1b2

Sb2b3a2a3
(θ2 − θ3)Sb1c3a1b3

(θ1 − θ3)Sc1c2b1b2
(θ1 − θ2) =

= Sb1b2a1a2
(θ1 − θ2)Sc1b3b1a3

(θ1 − θ3)Sc2c3b2b3
(θ2 − θ3), (2.56)

it turns out that this is a sufficient requirement [6]. The condition (2.56) is known as Yang-

Baxter equation. Further conditions on Sa1a2
b1b2

are imposed by requiring the unitarity of the

scattering

Sc1c2a1a2
(θ)Sb1b2c1c2 (−θ) = δb1a1

δb2a2
, (2.57)

and demanding that it satisfies the crossing symmetry

Scdab(iπ − θ) = Sādc̄b (θ) = Scb̄ad̄(θ), ā = −a. (2.58)

The conditions (2.56), (2.57) and (2.58), together with some minimality assumptions on the

form of the scattering matrix, sometimes are enough to determine the entire Sa1a2
b1b2

up to some

free parameters, which are fixed by means some dynamical information (for example matching

the result obtained with that found via perturbation theory or semiclassical approximations)

[123].

The scattering matrix of the sine-Gordon model has been determined exactly [123, 124],

the particle content depends on the value of β. It is possible to distinguish two different

regimes: the attractive regime 0 ≤ β < 1/
√

2 and the repulsive regime 1/
√

2 ≤ β < 1 (for

β > 1 the cosine perturbation becomes irrelevant). The regime of interest to us here is the

repulsive one, where the elementary excitations are massive solitons and antisolitons, having

the same mass ∆ (this is due to the charge conjugation Z2 symmetry of the model). In the

attractive regime solitons and antisolitons can form bound states known as breathers. At the

point β = 1/
√

2, known as the “Luther-Emery” point, the model is equivalent to a free massive

Dirac theory [125].

A basis of eigenstates of the sine-Gordon model in the repulsive regime is conveniently con-

structed by employing the Faddeev-Zamolodchikov creation and annihilation operators Z†a(θ),

Za(θ) [123,126], where the index a = ± corresponds to the creation and annihilation of solitons

and antisolitons respectively. They are taken to fulfil the algebra

Za1(θ1)Za2(θ2) = Sb1b2a1a2
(θ1 − θ2)Zb2(θ2)Zb1(θ1),

Z†a1
(θ1)Z†a2

(θ2) = Sb1b2a1a2
(θ1 − θ2)Z†b2(θ2)Z†b1(θ1),

Za1(θ1)Z†a2
(θ2) = 2πδ(θ1 − θ2)δa1,a2 + Sb2a1

a2b1
(θ2 − θ1)Z†b2(θ2)Zb1(θ1) . (2.59)
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For 1/2 < β2 < 1 the scattering matrix is given by

S++
++(θ) = S−−−−(θ) = S0(θ) = − exp

[
i

∫ ∞
0

dt

t
sin

(
tθ

πξ

)
sinh

( ξ−1
2ξ t
)

sinh
(
t
2

)
cosh

(
t

2ξ

)] ,
S+−

+−(θ) = S−+
−+(θ) = ST (θ)S0(θ), ST (θ) = −

sinh
(
θ
ξ

)
sinh

(
θ−iπ
ξ

) ,
S+−
−+(θ) = S−+

+−(θ) = SR(θ)S0(θ), SR(θ) = −
i sin

(
π
ξ

)
sinh

(
θ−iπ
ξ

) , (2.60)

where we have defined ξ = β2

1−β2 . The S-matrix fulfils the Yang-Baxter equation (2.56), crossing

(2.58) and unitarity (2.57) relations; further useful relations are

(
Scdab(θ)

)∗
= Scdab(−θ) for θ ∈ R, Scdab(θ) = Sdcba(θ) = Sabcd(θ) = S c̄d̄āb̄(θ), (2.61)

the first condition is the so called real analyticity condition and is another standard condition

imposed on the the scattering matrix [6]; while the others are demanded by the invariance of

the scattering amplitude under parity P , time reversal T and charge conjugation C respectively.

The zero temperature ground state |0〉 is defined by

Za(θ)|0〉 = 0, (2.62)

and a basis of eigenstates is obtained by acting with creation operators

|θ1, . . . , θN 〉a1...aN = Z†a1
(θ1) . . . Z†aN (θN )|0〉. (2.63)

Energy and momentum of the states (2.63) are given by

E = ∆

N∑
j=1

cosh θj , P =
∆

v

N∑
j=1

sinh θj . (2.64)

The topological charge operator Q defined in (2.46) acts on the basis (2.63) as

Q |θ1, . . . , θN 〉a1...aN
=

{
N∑
i=1

ai

}
|θ1, . . . , θN 〉a1...aN . (2.65)

Importantly, matrix elements of local operators

fO
b1...bM
a1...aN

(θ′1, . . . , θ
′
M |θ1, . . . , θN ) = b1...bM 〈θ′1, . . . , θ′M |O(0)|θ1, . . . , θN 〉a1...aN (2.66)

22



can be calculated by means of the form-factor bootstrap approach [6,127–133]. We report now

the basic axioms underlying this approach.

2.2.2.1 Form-factor axioms

We state here form-factor axioms, following the conventions of Delfino [132]. The n-particle

form-factor of an arbitrary operator O is defined by

fOa1...an(θ1, . . . , θn) = 〈0| O |θ1, . . . , θN 〉a1...aN
= 〈0| OZ†a1

(θ1) . . . Z†aN (θN ) |0〉 . (2.67)

The form-factor axioms read:

1. The form-factors fOa1...aN
(θ1, . . . , θN ) are meromorphic functions of θN in the physical

strip 0 ≤ Im θN ≤ 2π. There exist only simple poles in this strip.

2. Scattering axiom:

fOa1...aiai+1...aN
(θ1, . . . , θi, θi+1, . . . , θN )

= S
bibi+1
aiai+1(θi − θi+1) fOa1...bi+1bi...aN

(θ1, . . . , θi+1, θi, . . . , θN ). (2.68)

This axiom follows by the commutation of two Faddeev-Zamolodchikov operators.

3. Periodicity axiom:

fOa1...aN
(θ1 + 2πi, θ2, . . . , θN ) = la1(O) fOa2...aNa1

(θ2, . . . , θN , θ1) , (2.69)

where l±(O) is the mutual semi-locality factor between the operator O and the funda-

mental fields O±0 , the definition of semi-locality factor is given below. This axiom follows

from the crossing symmetry of the form-factors [79,121].

4. Lorentz transformations:

fOa1...aN
(θ1 + Λ, . . . , θN + Λ) = es(O)Λ fOa1...aN

(θ1, . . . , θN ), (2.70)

where s(O) denotes the Lorentz spin of O. Here we have s(eiαΦ) = 0, i.e. O = eiαΦ is

a Lorentz scalar. This axiom expresses the Lorentz covariance of the form-factors, the

rapidity variable gets shifted by a constant under Lorentz transformations.
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5. Annihilation pole axiom:

Res
[
fOaba1...aN

(θ′, θ, θ1, . . . , θN ), θ′ = θ + iπ
]

=

= i Cac f
O
b1...bN

(θ1, . . . , θN )
[
δb1a1

. . . δbNaN δ
c
b

− la(O)Sc1b1b a1
(θ − θ1)Sc2b2c1a2

(θ − θ2) . . . S
c bN
cN−1aN (θ − θN )

]
, (2.71)

with the charge conjugation matrix of the sine-Gordon model given by Cab = δa+b,0. If

there are no bound states, i.e. for 1/2 ≤ β2 < 1, these are the only poles of the form-

factors. This axiom considers form-factors containing a particle and its own antiparticle,

relating them to the form-factors where the particle-antiparticle couple is removed, thus

it describes an annihilation process.

We conclude the section by introducing an important concept which we will be used several

times in the following and already emerged in the axioms 3 and 5: the mutual semi-locality of

two fields [134]

Definition Considering a 2-dimensional field theory in imaginary time τ , two operatorsO1(x, τ)

and O2(x, τ) are mutually semi-local if they satisfy

AC [O1(x, τ)O2(0, 0)] = e2πiω12O1(x, τ)O2(0, 0), (2.72)

where AC denotes the analytic continuation x± τ −→ e±2πi(x± τ). The phase l12 = e2πiω12 is

called mutual semilocality index of O1(x, τ) and O2(x, τ); we will call l±(O) the semi-locality

index of an operator with respect to the operators O±0 creating the elementary excitations.6

For example Oα = eiαΦ the factor l±(Oα) ≡ lα± = e±i2πα/β.

As it is clear from the axioms the semi-locality index of an operator O with respect to the

operators creating the elementary excitations play a key role in the determination of the analytic

structure of the form-factors of O, as we will see in the following this will reflect on the long

time behaviour of the correlation functions of O after a quantum quench.

6The equality (2.72) is intended at the level of the correlation functions.
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Appendix

2.A Eigenstates of HXY in finite volume

In this appendix we find the exact eigenstates of the Hamiltonian (2.5) for γ 6= 0 in a finite

volume L, which we take even for definiteness, and study the relation between these and the

infinite volume ones. As mentioned in the main text, the Hamiltonian is block diagonal in the

sectors with even and odd number of particles HXY = PeH
e
XY Pe+PoH

o
XY Po (Pe(o) projects in

the even (odd) particle number sector). The Hamiltonians He
XY and Ho

XY have the same form

He,o
XY = −J

2

L∑
i=1

{
c†ici+1 + c†i+1ci + γc†ic

†
i+1 + γci+1ci

}
, (2.73)

the only difference being the boundary conditions on the fermions

cL+1 =


−c1 N = even ,

c1 N = odd .

(2.74)

Here N is the fermion number and from now on we adopt the standard terminology, calling

the periodic and antiperiodic sector Ramond and Neveu-Schwarz respectively; for consistency

we rename Pe(o)H
e(o)
XY Pe(o) ≡ HNS(R). The Hamiltonians (2.73) are readily diagonalised by a

subsequent application of a (standard) Fourier and Bogoliubov transformations (see for example

Appendix A of [88]); the effect of the different boundary conditions is to change the quantisation

rules for the momenta, in particular we have

pn =


2π
L (n+ 1

2), n = −L
2 , . . . ,

L
2 − 1 Neveu-Schwarz ,

2π
L n, n = −L

2 , . . . ,
L
2 − 1 Ramond .

(2.75)

In the following we adopt the notation p ∈ NS, R to indicate that p is quantised according to

the first or the second of (2.75).

Performing a particle-hole transformation in the Ramond sector, the Hamiltonians can be

brought in the following form

Ha =
∑
p∈a

ε(p)α†a(p)αa(p) + Ea
0 , Ea

0 = −1

2

∑
p∈a

ε(p) , a = R, NS , (2.76)
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where the dispersion is given in (2.14) and the Bogoliubov fermions αa(p), unitarily related to

the ci’s, satisfy the CAR.

We indicate by |0〉R and |0〉NS the lowest energy states in the two sectors, since ε(p) > 0

for γ 6= 0, these states are defined by

αa(p) |0〉a = 0 , ∀ p ∈ a = R, NS . (2.77)

Their energies are ER
0 and ENS

0 . States |s〉a ∈ a = R, NS have a definite parity of the fermion

number N , consequently are eigenstates of the unitary operator eiπN and satisfy

eiπN |s〉a = σa |s〉a , a ∈ R, NS σNS = −σR = 1 . (2.78)

Using (2.77) and expressing N in terms of the Bogoliubov fermions of the two sectors, it can

be shown that the states |0〉R and |0〉NS fulfil the condition (2.78).

A complete basis of eigenstates of H is readily constructed acting on the lowest energy

states with the creation operators α†a(p), respecting the parity of the fermion number in order

to remain in the same sector{
|p1, . . . , p2n〉a =

2n∏
i=1

α†a(pi) |0〉a , n ∈ N , {pi} ∈ a = R, NS

}
. (2.79)

For large but finite L the system has the unique ground state |0〉NS, however ER
0 − ENS

0 =

O(e−αL) thus |0〉NS and |0〉R become degenerate in the infinite volume limit L → ∞. In this

limit the ground state is chosen among one of two orthogonal linear combinations of |0〉NS and

|0〉R which are not connected by spatially local operators. States with this property are indeed

the only ones that are stable under small perturbations constructed using local operators [135].

We call |0〉 and |1〉 these linear combinations

|0〉 = α |0〉NS + β |0〉R , |1〉 = β∗ |0〉NS − α∗ |0〉R , |α|2 + |β|2 = 1 . (2.80)

In our case we need to ensure that

〈1|O{αj}i;n |0〉 ≡ 〈1|σα1
i . . . σαni+n|0〉 = 0 , {αj} = 0, x, y, z , (2.81)

where defined σ0 ≡ 1. Note that (2.81) is equivalent to requiring that the states have clus-

ter decomposition properties [135]. We say that a state |Ψ0〉 possesses cluster decomposition
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properties if it satisfies

lim
min
i 6=j
|xi−xj |→∞

(
〈O1(x1)O2(x2) · · · On(xn)〉 − 〈O1(x1)〉 〈O2(x2)〉 · · · 〈On(xn)〉

)
= 0 (2.82)

where the operators Oi(xi) are local (act trivially far away from the site xi) and the expectation

values are taken with respect to |Ψ0〉.
Strings of the form O{αj}i;n can either commute or anti commute with the unitary transforma-

tion eiπN , which represents the Z2 symmetry (2.2) on the Hilbert space. If eiπNO{αj}i;n e−iπN =

O
{αj}
i;n we have

〈0|O{αj}i;n |0〉R NS
= 〈0|O{αj}i;n |0〉NS R

= 0 , 〈0|O{αj}i;n |0〉NS NS
= 〈0|O{αj}i;n |0〉R R

. (2.83)

The first condition is required by the symmetry properties of the operator and is true for all L,

while the second is fulfilled in the infinite volume limit where the effects of boundary conditions

can be neglected as long as symmetries are respected. Equations (2.83) imply that (2.81) is

fulfilled for all α and β. If instead eiπNO{αj}i;n e−iπN = −O{αj}i;n , then

〈0|O{αj}i;n |0〉R NS
= 〈0|O{αj}i;n |0〉NS R

, 〈0|O{αj}i;n |0〉NS NS
= 〈0|O{αj}i;n |0〉R R

= 0 . (2.84)

Imposing the condition (2.81) we find α2 = β2, which implies

|0〉 =
1√
2

(
|0〉NS + |0〉R

)
, |1〉 =

1√
2

(
|0〉NS − |0〉R

)
. (2.85)

The states |0〉 and |1〉 are mapped into each other by the unitary transformation eiπN . The

spontaneous selection of one of the states (2.85) as a ground state constitutes a spontaneous

breaking of the Z2 symmetry [135]. We stress that the combinations (2.85) are eigenstates of

the Hamiltonian only in the limit L→∞.

For the excited states the same correspondence between infinite and finite volume eigen-

states holds, the states

|p1, . . . , p2n〉0 =
1√
2

(
|p1, . . . , p2n〉NS + |p1, . . . , p2n〉R

)
, (2.86)

|p1, . . . , p2n〉1 =
1√
2

(
|p1, . . . , p2n〉NS − |p1, . . . , p2n〉R

)
. (2.87)

are not connected by operators which are local in space.
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3. The “Representative Eigenstate Approach”

to the sine-Gordon dynamics

In this chapter we present a method that allows to obtain the asymptotic time dependence

of the expectation values of observables in cases where the time evolution is defined by an

integrable Hamiltonian. Importantly, this method allows to deal with interacting problems as

long as the interaction preserves the integrability. Together with the discussion of the general

method we provide a highly non trivial example of its application, computing the time evolution

of the one point function of a particular semi-local vertex operator for a specific class of initial

states in the sine-Gordon model, which involves a non-diagonal interaction, i.e. the scattering

matrix is non diagonal.

3.1 Introduction

In Ref. [73] a novel approach to calculating expectation values of local operators after quantum

quenches to integrable models was proposed. It has been subsequently applied to determine

the infinite-time behaviour of certain local observables in an interaction quench from free to

interacting bosons in the Lieb-Liniger model [52], the XXZ chain [54, 55, 57] and recently to

determine the time evolution of observables local with respect to the elementary excitations in

the Lieb-Liniger model [136, 137] and more generally integrable models with diagonal interac-

tions [138]; in these works the approach is referred to as “Quench Action”. Using thermody-

namic arguments it was argued in Ref. [73] that

lim
L→∞

L〈Ψ0|O(t, x)|Ψ0〉L
L〈Ψ0|Ψ0〉L

= lim
L→∞

[
L〈Ψ0|O(t, x)|Φ〉L

2 L〈Ψ0|Φ〉L
+

L〈Φ|O(t, x)|Ψ0〉L
2 L〈Φ|Ψ0〉L

]
, (3.1)

where O(t, x) = eiHtO(x)e−iHt is a local (in space) operator evolving via the integrable Hamil-

tonian H, |Ψ0〉L is the initial state in a large, finite volume L, and |Φ〉L is a representative state

characterised by the requirements that

1. |Φ〉L is an eigenstate of a set of a complete set of conserved charges {I(α)L} of the model

in a large, finite volume L. The set includes both the “standard” ultra-local charges and

quasi-local ones, so we labelled them by means of a continuous index α ≥ 0. The inclusion

of the quasi-local charges is necessary for a correct determination of the representative

state in a theory on the continuum, as recently clarified in [139].
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2. The expectation values of {I(α)L} are the same in the initial and the representative state

in the thermodynamic limit

lim
L→∞

1

L
L〈Φ|I(α)L|Φ〉L

L〈Φ|Φ〉L
= lim

L→∞
1

L
L〈Ψ0|I(α)L|Ψ0〉L

L〈Ψ0|Ψ0〉L
, α ≥ 0 . (3.2)

Equation (3.1) represents a very convenient starting point to construct and evaluate a spectral

representation, indeed, given the fact that |Φ〉L is an eigenstate of the Hamiltonian, the spectral

representation of the r.h.s. involves only a single sum over the Hilbert space; moreover, since

O(x) is local in space, only the states “close” enough to |Φ〉L are expected to contribute [73].

The idea is then to explicitly construct such a spectral expansion of (3.1) in terms of the basis

{|θ1, . . . , θN 〉sL} and evaluate it using general properties of the matrix elements

s
L 〈θN , . . . , θ1|O(0, 0)|Φ〉L , (3.3)

that can be related to the infinite volume form-factors, as will be explained in the following.

Our plan of attack can be summarised in the following steps

(i) Construct a basis {|θ1, . . . , θN 〉sL|s = 1, . . . , 2N} of N -particle energy eigenstates in the

finite volume (in fact these will be eigenstates of all the local conserved charges).

(ii) Construct finite-volume matrix elements of (semi-) local operators O with respect to

these eigenstates.

(iii) Given an initial state |Ψ0〉, determine a corresponding representative eigenstate |Φ〉L.

(iv) For a given operator O(x), work out the time evolution using a Lehmann representation

of (3.1) in terms of energy eigenstates, i.e. work out matrix elements of the form

L〈Ψ0|O(t, 0)|Φ〉L =
∑
|{θk}〉sL

〈Ψ0|θ1, . . . , θN 〉sL L 〈θN , . . . , θ1|O(t, 0)|Φ〉s
L L

=
∑
|{θk}〉sL

〈Ψ0|θ1, . . . , θN 〉sL L 〈θN , . . . , θ1|O(0, 0)|Φ〉s
L L eitE

Φ
N . (3.4)

Here we assumed the initial state to be translationary invariant and introduced the fol-

lowing shorthand notations

EΦ
N ≡ EΦ −

N∑
j=1

∆ cosh θj , (3.5)
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∑
|{θk}〉sL

· · · ≡
∑
N≥0

∑
{|θ1,...,θN 〉sL}

· · · , (3.6)

where EΦ is the energy of the representative eigenstate. It is worth noting that ultimately

we are interested in the limit L → ∞ and use finite L only as a regularization. As a

result only the dominant finite-size corrections have to be taken into account throughout

the procedure.

A non-trivial application of the outlined strategy has been shown directly in [73]. There

this was used to determine the time evolution of the one point function of the order parameter,

after a quench of the magnetic field in the ordered phase (h < 1) of the transverse field Ising

chain (TFIC). The result was found in the limit of small density of excitations after the quench.

It is important to stress that, even if the TFIC can be mapped into free fermions by means of

a Jordan-Wigner transformation, the time dependence of the one point function of the order

parameter σx in the ordered phase it is hard to compute, in fact the computation has been

carried out for the first time only recently [44]. This is due to the fact that the order parameter

field is non local with respect to the elementary excitations of the model; in particular, in the

continuum limit of the model the field σ(x) representing the order parameter is semi-local (c.f.

Eq. (2.72)) with respect to the elementary excitations [140]. In the spectral representation of

the one-point function this fact is reflected by the appearance of an infinite number of terms

diverging at late times that one has to re-sum in order to obtain the late time behaviour.

Our scope is to show how to generalise the application of the above strategy to the case

where the time evolution is determined by a non-diagonally interacting integrable model, specif-

ically the sine-Gordon model (SGM) described by the Hamiltonian (2.36), focussing on the

repulsive regime 1/
√

2 ≤ β < 1. In analogy with the quench in the TFIC described above, we

will consider one point functions of operators that are semi-local with respect to the elementary

excitations, specifically O(x) = eiβΦ(x)/2. The physical interpretation of this operator depends

on the microscopic setting giving rise to a SGM. Chapter 2 reports two important contexts

where an effective SGM description emerges, magnetic solids and ultra-cold trapped atoms: in

the first realisation eiβΦ(x)/2 corresponds to a staggered magnetisation (c.f. Eq. (2.42)) while in

the second describes the oscillatory component of the particle density (c.f. Eq. (2.50)). Instead

of considering a standard quench protocol we will consider the time evolution starting from a

given class of initial states |Ψ0〉, we discuss this class and its realizability in standard quench

protocols in Subsection 3.1.1.

Quantum quenches to the massive regime β < 1 of the sine-Gordon model were considered

by Iucci and Cazalilla [141, 142]. They focussed on two special cases, namely quenches from
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the massless regime to the free-fermion point β = 1/
√

2 and in the semiclassical regime β → 0.

These cases are characterised by no or weak interactions respectively, and as a result are

amenable to treatment by simpler methods than the ones developed here. The solvability of

the model at the free-fermion point was also employed by Foster et al. [143,144] to investigate

the amplification of initial density inhomogeneities.

Gritsev et al. [145] considered the time evolution of the local operator eiβΦ after preparing

the system in an integrable boundary state similar to ours (cf. Subsection 3.1.1). However,

they focussed on the attractive regime β < 1/
√

2 where, in addition to solitons and antisolitons,

breather bound states exist. By employing a form-factor expansion and evaluating the first

few terms, they calculated the power spectrum of the vertex operator eiβΦ and showed that

it possesses sharp resonances corresponding to the creation of breather states and discussed

implications for experiments on split one-dimensional Bose condensates. For the approach

Ref. [145] to apply, higher order terms in the Lehmann expansion must be negligible. For

general operators this is not the case [44,140]: as previously pointed out for semi-local operators

of the kind considered here these terms are in fact divergent at late times. Here we describe

a method, introduced in [1], allowing to determine the late-time behaviour in this much more

complicated case.

For β > 1 the cosine perturbation is irrelevant at low energies and quenches in this very

different regime have been considered in Refs. [146–148].

In summary, the scope of this chapter is to apply the strategy (i) − (iv) to determine the

time dependence of the following expectation value

F
β/2
Ψ0

(t) =
〈Ψ0|eiHSGteiβΦ(x)/2e−iHSGt|Ψ0〉

〈Ψ0|Ψ0〉
. (3.7)

Comparing to the case analysed in [73] the complications arising here are severe, first the

determination of the representative state becomes substantially harder, as we shall see in the

following (c.f. Section 2.71) this is mainly caused by the non diagonality of the scattering;

a second complication is that the rapidities appearing in Eq. (3.4) obey extremely intricate

quantisation conditions (c.f. Eq. (3.47)) as a consequence of the fact that an interacting

system has been confined in a finite volume. Surprisingly, in spite of these complications, the

calculation can be carried out, without having to solve the quantisation conditions and without

even requiring the full expression of the matrix elements (3.3) but only the coefficients of their

most divergent multidimensional poles, which can be extracted by means of the form-factor

annihilation pole axiom (2.71). This fact is remarkable and demonstrates the astonishing power

of the representative eigenstate approach, showing that it can be applied not only in principle
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but also in practice to determine the long time behaviour of (highly non trivial) observables

evolving according to any possible interacting integrable Hamiltonian.

3.1.1 “Integrable” quantum quenches

As shown by Calabrese and Cardy [149], the calculation of expectation values of local operators

after a quench can be mapped to a corresponding problem in boundary quantum field upon

analytic continuation to imaginary time. In the case where the post-quench Hamiltonian is

integrable, there is then a particular class of boundary conditions, and concomitantly initial

states, namely those compatible with integrability [150]. Given the relative simplicity of such

states, they constitute a natural starting point for quenches to interacting integrable models

[151]. A characteristic feature of these states is that they can be cast in the form [150]

|Ψ0〉 = exp

(∫ ∞
0

dθ

2π
Kab(θ)Z†a(−θ)Z†b (θ)

)
|0〉. (3.8)

Here the matrix Kab(θ) is obtained from a solution of the reflection equations and fulfils

Ka1c1(θ1)Kc2c3(θ2)Sa2c4
c2c1 (θ1 + θ2)Sb2b1c3c4 (θ1 − θ2) =

= Kc1b1(θ1)Kc2c3(θ2)Sb2c4c3c1 (θ1 + θ2)Sa2a1
c2c4 (θ1 − θ2), (3.9)

Kab(θ) = Sabcd(2θ)Kdc(−θ) , (3.10)

K āc(i
π

2
− θ)K c̄b(i

π

2
+ θ) = δab. (3.11)

For our purposes it will be useful to exploit the fact that if Kab(θ) is a solution to (3.9) and

(3.10), other solutions can be obtained by multiplication with an even function g(θ)

K̃ab(θ) = Kab(θ)g(θ). (3.12)

Introducing a function g(θ) is crucial in the quench context in order to obtain well-defined

results (see the discussion below). A particular choice of g(θ) advocated in Ref. [151] in light

of the corresponding situation for conformal field theories [149] is

g(θ) = e−2τ0∆ cosh θ, (3.13)

which defines an “extrapolation time” τ0. An immediate question is whether boundary states

like (3.8) make for physically meaningful initial states after quenches to a sine-Gordon model.
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A particular choice of Kab(θ) corresponds to fixed boundary conditions

Φ(t = 0, x) = 0. (3.14)

These can be realized by quenching the parameter λ in (2.36) from infinity to a finite value at

time t = 0, i.e.

λ
∣∣∣
t<0

=∞ −→ λ
∣∣∣
t>0

= λ+. (3.15)

The problem with such a quench is that it corresponds to an initial state after the quench with

infinite energy density, which is clearly undesirable. This problem is reflected in the fact that

for integrable boundary conditions one typically has

lim
θ→∞

∑
a,b

|Kab(θ)|2 = const, (3.16)

which essentially corresponds to having a finite density of excitations even for infinite-energy

particles. The simplest way to suppress the presence of such excitations in the initial state is

to introduce a function g(θ), and consider an initial state of the form (3.8) with K replaced by

K̃, which does not fulfil the condition (3.11). The particular choice (3.13) is too restrictive for

quenches to integrable massive QFTs [152], and an important question is what kind of initial

conditions can be described by an appropriate choice of K̃ [152,153]. One might hope that an

approximate realisation of such an initial state could be obtained in a quantum quench

λ
∣∣
t<0

= λ− −→ λ
∣∣
t>0

= λ+, (3.17)

where λ± are both large but finite, and their difference is small. This is clearly an important

issue worthy of further investigation, but is beyond the scope of this chapter. Interestingly, a

similar regularisation procedure has to be performed in quenches from free to interacting bosons

in the Lieb-Liniger (LL) model [50,52], in order to avoid the divergence of the expectation values

of all even conserved charges above the Hamiltonian. In this case the initial state has to be

multiplied by e−βHLL(c) where HLL(c) is the LL Hamiltonian and c > 0 is the final value of the

interaction [154].

In the following we will simply set aside the question of how our initial state can be prepared

and impose it to be of the form (3.8), where Kab(θ) is a solution of the boundary Yang-Baxter

equation (3.9) and the boundary crossing-unitarity equation (3.10). We will furthermore use

the freedom (3.12) to be able to consider Kab(θ), and hence the quench, to be small in the

sense of Refs. [44, 45,88].
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3.1.2 Organisation of the chapter

The remainder of this chapter is organised as follows: In the next three sections we show how

to construct a basis of eigenstates of the Hamiltonian in finite volume, define a correspondence

between the expectation values on this basis and the infinite volume form-factors and finally

construct the representative eigenstate corresponding to the initial state (3.8). In Section 3.5

we determine the time evolution of the one-point function F
β/2
Ψ0

(t) showing that, at the first

order in the density of excitations of the final Hamiltonian, it decays exponentially in time,

see Eq. (3.123), with a calculable decay time τ . This result is confirmed by an independent

calculation carried out using the “linked cluster expansion” approach [1]. We conclude with

a discussion of our results and an outlook for further investigations in Section 3.6. Technical

details encountered in the course of our analysis are presented in a number of appendices.

3.2 Basis of energy eigenstates in the finite volume

Our starting point for constructing energy eigenstates in the finite volume are the infinite-

volume scattering states (2.63). The idea is to consider appropriate linear combinations of

scattering states, and then to impose boundary conditions on these, see e.g. Ref. [155]. To this

end, we introduce a transfer matrix acting on scattering states as follows

T (λ|{θk}) |θ1, . . . , θN 〉a1...aN
= T (λ|{θk})b1...bNa1...aN

|θ1, . . . , θN 〉b1...bN , (3.18)

where

T (λ|{θk})b1...bNa1...aN
= Sc1b1cN a1

(λ− θ1) · · ·ScN bN
cN−1aN

(λ− θN ) . (3.19)

As the S-matrix is a solution of the Yang-Baxter equation, the transfer matrices form a com-

muting family [
T (λ|{θk}), T (µ|{θk})

]
= 0. (3.20)

Hence the transfer matrices can be diagonalized simultaneously

T (λ|{θk}) |θ1, . . . , θN 〉s = Λs(λ|{θk}) |θ1, . . . , θN 〉s , s = 1, . . . , 2N . (3.21)

We refer to the labels s as polarisations. Details of the construction of transfer-matrix eigen-

states and explicit expressions for the eigenvalues Λs(λ|{θk}) are given in Appendix 3.A. By

construction energy and momentum of the states (3.21) are still given by Formulae (2.64). The

basis transformation between scattering states and transfer matrix eigenstates can be cast in
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the form

|θ1, . . . , θN 〉s =
∑

a1...aN

Ψs
a1···aN ({θk}) |θ1, . . . , θN 〉a1...aN

, (3.22)

|θ1, . . . , θN 〉a1...aN
=

∑
s

Ψs
a1···aN ({θk})∗ |θ1, . . . , θN 〉s , (3.23)

where the amplitudes {Ψs
a1···aN ({θk})}s=1,...,2N satisfy

T (λ|{θk})b1···bNa1···aNΨs
a1···aN ({θk}) = Λs(λ|{θk})Ψs

b1···bN ({θk}) , (3.24)∑
a1...aN

Ψs
a1···aN ({θk})∗Ψr

a1···aN ({θk}) = δrs , (3.25)

∑
s

Ψs
a1···aN ({θk})∗Ψs

b1···bN ({θk}) =
N∏
j=1

δaj ,bj . (3.26)

The last two equations ensure that {|θ1, . . . , θN 〉s}s=1,...,2N is an orthonormal and complete

set. Since the topological charge operator Q commutes with the transfer matrix we can choose

{Ψs
a1···aN ({θk})}s=1,...,2N such that Q is diagonal in the basis {|θ1, . . . , θN 〉s}s=1,...,2N

Q |θ1, . . . , θN 〉s = Q(s) |θ1, . . . , θN 〉s , Q(s) ∈ {N,N − 2, . . . ,−N} . (3.27)

We are now in a position to consider a large, finite volume L and impose periodic boundary

conditions on the transfer matrix eigenstates

ei` sinh θi |θ1, . . . , θN 〉sL = T −1(θi|{θk}) |θ1, . . . , θN 〉sL , i = 1, . . . , N, (3.28)

where we have introduced a dimensionless length ` = L∆/v. Equations (3.28) lead to quan-

tisation conditions for the rapidities in the finite volume and are known as Bethe-Yang equa-

tions [155–157]

ei` sinh θiΛs(θi|{θk}) = 1 , i = 1, . . . , N, s = 1, . . . , 2N . (3.29)

For practical purposes the logarithmic version of (3.29) is more convenient

2πIsi = ` sinh θi − i log Λs(θi|{θk}) ≡ Qsi ({θk}) , i = 1, . . . , N, s = 1, . . . , 2N . (3.30)

Here Isi are integer or half-odd integer numbers that uniquely specify a given solution and

concomitantly the corresponding transfer matrix eigenstate. By virtue of these facts one may

use the integers (rather than the rapidities) as labels for constructing a basis of eigenstates [158,
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159]. The latter is given by the states

|{I1, . . . , IN}〉sL , I1 < · · · < IN , (3.31)

where we impose normalisation conditions

〈{JM , . . . , J1}|{I1, . . . , IN}〉r s
L L = δMNδrsδJ1I1 · · · δJN IN . (3.32)

In a given sector specified by N and s the Jacobian matrix of the (invertible) mapping between

rapidities {θk}k=1,...,N and integers {Ik}k=1,...,N is given by

J sN ({θk})ij = ∂θjQ
s
i ({θk}) . (3.33)

The N -particle density of states with polarisation s is defined as the Jacobian

ρsN ({θk}) = detJ sN ({θk}) . (3.34)

3.2.1 2-folded sine-Gordon model

When quantising the theory in the finite volume, care has to be taken to account for the absence

of spontaneous symmetry breaking of the discrete symmetry

Φ(x) −→ Φ(x) +
2πn

β
, n ∈ Z (3.35)

of the sine-Gordon Hamiltonian. In the applications of the sine-Gordon model we have in mind,

the Bose field is compactified on a ring with radius

R =
4π

β
. (3.36)

This implies that on a classical level there are two vacuum states |0〉 and |1〉, with corresponding

field expectation values

〈n|Φ(x, t)|n〉 =
2π

β
n, n = 0, 1. (3.37)

This theory is known as the 2-folded sine-Gordon model SG(β,2), and has been analysed in

some detail in Ref. [160]. We now review some relevant results. On the quantum level, the two

ground states are mapped one into the other by the transformation

T : Φ(x) −→ Φ(x)− 2π

β
, (3.38)
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which is a symmetry of the Hamiltonian. The linear combinations of |0〉 and |1〉 that are

eigenvectors of T are given by

|0〉R,NS =
|0〉 ± |1〉√

2
, (3.39)

Note that here we are slightly abusing the notation: usually (see Appendix 2.A) |0〉R and |0〉NS,

where R and NS respectively stand for Ramond and Neveu-Schwarz sector, designate ground

states of the Hamiltonian in finite volume. Here we use the same name for their “infinite

volume continuation”. As discussed in Appendix 2.A for the case of the XY model: in the

infinite volume the system spontaneously selects as ground state one of the states |0〉 and |1〉,
which satisfy cluster decomposition properties. So it is never in the states |0〉R and |0〉NS.

Considering now excited states, in the infinite volume, one can construct scattering states

over each of the two ground states. They are denoted by

|θ1, . . . , θN 〉na1...aN
(3.40)

where ai = ±1 are topological charge quantum numbers and n = 0, 1 label the two ground

states. In order to define the SG(β,2) model in a finite volume, one considers eigenstates of

the “shift”-operator T defined above

|θ1, . . . , θN 〉Ra1...aN
=

1√
2

{
|θ1, . . . , θN 〉0a1...aN

+ |θ1, . . . , θN 〉1a1...aN

}
, (3.41)

|θ1, . . . , θN 〉NS
a1...aN

=
1√
2

{
|θ1, . . . , θN 〉0a1...aN

− |θ1, . . . , θN 〉1a1...aN

}
. (3.42)

In a finite volume, periodic boundary conditions select only states for which the set {ai} is

subject to the constraint
N∑
i=1

ai ≡ 0 mod 2. (3.43)

Condition (3.43) is equivalent to requiring that the number N of particles be even. States

involving an odd number of (anti) solitons are incompatible with the boundary conditions and

are not part of the Hilbert space. Nevertheless all local properties of SG(β,2) coincide with the

corresponding quantities in the sine-Gordon model. In order to impose boundary conditions

we again go over to transfer matrix eigenstates, which we denote by

|θ1, . . . , θN 〉sa , a = R,NS. (3.44)
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Periodic boundary conditions imply that

ei` sinh θi |θ1, . . . , θN 〉sa = σaT −1(θi|{θk}) |θ1, . . . , θN 〉sa , i = 1, . . . , N , (3.45)

where σR = 1 = −σNS. Eqs. (3.45) lead to finite-volume quantisation conditions of the form

ei` sinh θiΛs(θi|{θk}) = σa, i = 1, . . . , N , s = 1, . . . , 2N , a = R,NS. (3.46)

Taking the logarithm we obtain

Qsi ({θk}) = ` sinh θi − i log Λs(θi|{θk}) = 2π (Isi + κa) , κa ≡
1− σa

4
. (3.47)

Using again the (half-odd) integers {Ik} to label the states we denote our basis of transfer

matrix eigenstates in a large, finite volume L by

{|{I1, . . . , IN}〉sa , N even, s = 1, . . . , 2N , a = R,NS}. (3.48)

Here distinct sets of Ij give rise to different basis states, and a natural choice would therefore

be I1 < I2 < . . . < IN . However, in the following we will be interested in the case where our

solutions consist of pairs, i.e. {−I1, I1,−I2, I2, . . .}. Having this situation in mind, we choose

the following odd-looking convention for labelling our basis states

IN−1 < IN−3 < . . . < I3 < I1 < I2 < I4 . . . < IN−2 < IN . (3.49)

Before concluding this subsection we note that the operator O(t, x) = eiβΦ(t,x)/2 has non-

vanishing matrix elements only between different sectors. This follows because the operator is

odd under the symmetry T

TO(t, x)T † = −O(t, x), (3.50)

while the states are either even or odd under T .

3.3 Matrix elements of operators in finite volume

A general method for determining matrix elements of local (in space) operators in a large, finite

volume was developed in Refs. [155] and [158,159]. The leading corrections to the form factors

in the infinite-volume limit arises from the quantisation of the rapidities. Given infinite-volume

form-factors fO
aM ···a1

b1···bN (θM , . . . , θ1|θ̃1, . . . , θ̃N ) of an operator O(x), one first forms appropriate
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linear combinations

fO(θM , . . . , θ1|θ̃1, . . . , θ̃N )ss̃ =
∑

a1...aM
b1...bN

Ψs̃
b1···bN ({θ̃k})Ψs

a1···aM ({θk})∗

× fOaM ···a1

b1···bN (θM , . . . , θ1|θ̃1, . . . , θ̃N ), (3.51)

where the amplitudes Ψs
a1...aM

({θk}) are defined in (3.22). Matrix elements in the basis (3.48)

for operators O odd under the transformation T are then given by

〈{IM , . . . , I1}|O(0, 0)|{Ĩ1, . . . , ĨN}〉
s s̃

R NS =
fO(θM , . . . , θ1|θ̃1, . . . , θ̃N )ss̃√
ρsM (θ1, . . . , θM )ρs̃N (θ̃1, . . . , θ̃N )

+O(e−µ
′L). (3.52)

Here N and M are both even in our case.

3.4 Representative eigenstate

The next step requires to find a member of the basis (3.48) which represents the initial state

|Ψ0〉 in the sense described in Section 3.1. The first ingredient we need to determine such a

representative eigenstate is a finite volume realisation of the initial state.

3.4.1 Initial state in finite volume

Given that in the thermodynamic limit we must reproduce the spontaneous breaking of the

symmetry (3.35), the appropriate linear combination is given by (cf. Eq. (3.39))

|Ψ0〉L =
1√
2

[
|Ψ0〉R + |Ψ0〉NS

]
. (3.53)

We now wish to express |Ψ0〉a in terms of transfer-matrix eigenstates. This can be done by

generalising the results of Ref. [161], which considered finite-volume realisations of integrable

boundary states for diagonal scattering theories, for which both the scattering matrix Sabcd(θ)

and the Kab(θ) are scalars. This leads to an expression of the form

|Ψ0〉a =

∞∑
N=0

22N∑
s=1

∑
0<I1<···<IN

N s
2N ({θk})Ks2N ({θk}) |{−I1, I1, . . . ,−IN , IN}〉sa , (3.54)

where a = R,NS. We emphasize that the rapidities appearing in this formula are the parity

symmetric solutions {−θ1, θ1, . . . ,−θN , θN} of the Bethe-Yang equations for every fixed N , s
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and a, with 0 < θ1 < · · · < θN . The functions N s
2N and Ks2N in (3.54) are defined as

Ks2N ({θk}) ≡ Ka1b2(θ1) · · ·KaN bN (θN )Ψs
a1b1···aN bN ({θk})∗ , (3.55)

N s
2N ({θk}) ≡

√
ρs2N (−θ1, θ1, . . . ,−θN , θN )

ρ̄sN (θ1, . . . , θN )
, (3.56)

while ρ̄sN ({θk}) is the constrained N -particle density of states with polarisation s

ρ̄sN ({θk}) = det J̄ sN ({θk}) , J̄ sN ({θk})ij = ∂θj Q̄
s
i ({θk}) . (3.57)

Here Q̄si (θ1, . . . , θN ) is the function Qsi in the sector with 2N -particles and polarisation s

evaluated for a symmetric rapidity distribution (so it refers to a particular subset of solutions

of the Bethe-Yang equations for 2N particles)

Q̄si (θ1, . . . , θN ) = Qsi (−θ1, θ1, . . . ,−θN , θN ) , i = 1, . . . , N. (3.58)

Expression (3.54) is obtained, following Ref. [161], by imposing that the expectation value of

an arbitrary local operator O(x) (even under T ) in the state |Ψ0〉a must reproduce the infinite-

volume result up to exponentially small corrections in system size. Inserting resolutions of

the identity in terms of the basis {|I1, . . . , IN 〉sa}, and then using the analogue of relations

(3.52) to compute the matrix elements, we obtain (3.54). A complication that arises compared

to the case of diagonal scattering is that not every sector s allows parity symmetric rapidity

distributions of the kind used in (3.54). Indeed, such solutions exist only if the transfer matrix

eigenvalues fulfil the relation

Λs(−θi|{−θk, θk}) = Λs(θi|{−θk, θk})−1 . (3.59)

How about sectors where (3.59) does not hold? It turns out that they do not contribute to the

expansion of the boundary state. To see this, let us go back to the infinite volume, where we

have [cf. (3.23)]

|Ψ0〉 =
∞∑
N=0

22N∑
s=1

∫ ∞
0

dθ1

2π
. . .

∫ ∞
θN−1

dθN
2π
Ks2N ({θk}) |−θ1, θ1, . . . ,−θN , θN 〉s . (3.60)

In Appendix 3.B we demonstrate that

Ks2N ({θk})Λs(−θi|{−θk, θk}) = Ks2N ({θk})Λs(θi|{−θk, θk})−1 . (3.61)
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This implies that either (3.59) holds, in which case parity-symmetric solutions exist, or the

coefficients Ks2N ({θk}) must vanish, in which case the corresponding sector s does not contribute

to the expansion of the boundary state.

3.4.2 Determination of the representative eigenstate

The final step required to set up our calculation of expectation values of local operators is to

obtain an expression for the representative state. In Ref. [73] a method for constructing the

representative state for a given |Ψ0〉 via a generalized thermodynamic Bethe Ansatz [162] was

presented. However, since in this case the overlaps between the initial state and the states

of the basis (3.48) are not in a product form (c.f. (3.54)), here is more convenient to follow

a different route. By definition |Φ〉L is a finite-volume basis state (3.48), which fulfils the

requirements that

lim
L→∞

1

L
L〈Φ|I(α)L|Φ〉L

L〈Φ|Φ〉L
= lim

L→∞
1

L
L〈Ψ0|I(α)L|Ψ0〉L

L〈Ψ0|Ψ0〉L
, α ≥ 1 . (3.62)

As already pointed out in Ref. [73], one may use (3.62) to determine the root density ρΦ(θ) spec-

ifying the representative state. Here the root density corresponding to a solution {θ1, . . . , θN}
of the Bethe-Yang equations such that θj+1 − θj = O(L−1) for large L is defined as

ρ(θj) = lim
L→∞

1

L(θj+1 − θj)
. (3.63)

Given the density ρΦ(θ), a particular representative microstate can be constructed. It takes

the form

|Φ〉L = |{−Ĩ1, Ĩ1, . . . ,−ĨN , ĨN}〉
s̃

NS ≡ |Φs̃〉NS , (3.64)

where

• the number of rapidities N is given by 2N = dδLe, where δ =
∫

R dθρΦ(θ) is the total

density of particles;

• we have chosen the state to occur in the NS sector;

• the set of integers {Ĩk} is such that the corresponding root density is equal to ρΦ(θ);

• the sector s̃ is chosen such that (3.59) holds, i.e. symmetric solutions of the Bethe-

Yang solutions exist. Furthermore we require the topological charge to fulfil Q(s̃) =

2m = dqLe + k where k ∈ Z fixed and q is the density of the expectation value of the

topological charge in the initial state (|q| ≤ δ).
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It turns out that in the regime we are working in (low densities) we do not require an explicit

expression of q in terms of Kab(θ) (our “initial” data), because at late times the leading

contribution to the expectation value (3.1) does not depend on the value of q.

3.4.2.1 Calculation of the root density

We start by rewriting the conditions (3.62) in terms of the root density ρΦ(θ)

lim
L→∞

1

L
L 〈Ψ0|I(α)L|Ψ0〉L

L 〈Ψ0|Ψ0〉L
=

∫ ∞
−∞

dθ ρΦ(θ)i(α)(θ) , n = 1, 2, . . . , (3.65)

where the functions {i(α)(θ)} parameterise the eigenvalues of the conservation laws {I(α)L}

I(α)L |{I1, . . . , IN}〉sa =

{
N∑
i=1

i(α)(θi)

}
|{I1, . . . , IN}〉sa . (3.66)

Here {θ1, . . . , θN} is the solution of the Bethe-Yang equations in the sector s corresponding

to the integers I1, . . . , IN . A set of local conservation laws for a lattice regularization of the

sine-Gordon model is in principle known [163], one could use these charges to find a set of ultra-

local and quasi-local conservation laws for the sine-Gordon following the procedure outlined

in [139]. However, the charges [163] do not form a complete set [54–56] and one would have

to include additional charges such those introduced in [93,164,165]. In any case, obtaining the

root density from an explicit calculation of the expectation values of these conserved charges

is a very challenging problem. Here we proceed in a different way. The idea is to use (3.65)

in reverse: if the functions i(α) form a complete set, we may determine ρΦ(θ) from a known

complete set of expectation values of conservation laws. Assuming this to be the case, the

requirements (3.65) are equivalent to

lim
L→∞

1

L

L 〈Ψ0|N̂ζ |Ψ0〉L
L 〈Ψ0|Ψ0〉L

=

∫ ∞
−∞

dθ ρΦ(θ)ζ(θ) , (3.67)

where

N̂ζ |{I1, . . . , IN}〉sa =

{
N∑
i=1

ζ(θi)

}
|{I1, . . . , IN}〉sa , (3.68)

and ζ(x) is an arbitrary function in the space spanned by the i(α)(θ). Our procedure essentially

amounts to starting with the conserved “mode-occupation numbers” in the thermodynamic

limit I(θ) =
∑

a Z
†
a(θ)Za(θ). Given that the I(θ) are conserved, it follows that

N̂ζ =

∫
dθ ζ(θ)

∑
a

Z†a(θ)Za(θ) (3.69)

42



are conserved as well. The idea is to find an appropriate finite volume regularization of these

operators, which together with the arbitrariness of ζ(θ) can be used to determine ρΦ from

conditions (3.67).

It is convenient to express N̂ζ as

N̂ζ ≡
∑
I∈Z

n̂ζ(I) , (3.70)

where n̂ζ(I) acts on the basis (3.48) as follows

n̂ζ(I) |{I1, . . . , IN}〉sa =

{
N∑
i=1

δIi,I+κaζ(θi)

}
|{I1, . . . , IN}〉sa . (3.71)

Here κa have been defined in (3.47). Using the form (3.53) for the initial state in the finite

volume and fixing I > 0 we obtain

L 〈Ψ0|n̂ζ(I)|Ψ0〉L =
1

2

∑
a

∞∑
N ′=1

2N
′∑

s=1

N ′∑
m=1

∑
{I1,...,IN′}mI

N s
2N ′({θk})2|Ks2N ′({θk})|2ζ(θm) , (3.72)

where {I1, . . . , IN ′}mI denotes the set {I1, . . . , IN ′} with Im removed and the integers are ordered

as

0 < I1 < · · · < I + κa︸ ︷︷ ︸
m

< · · · < IN ′ . (3.73)

The case I < 0 is dealt with analogously. Our strategy is now to convert the sum

1

L

∑
I∈Z

L 〈Ψ0|n̂ζ(I)|Ψ0〉L
L 〈Ψ0|Ψ0〉L

, (3.74)

into an integral in the thermodynamic limit, and then to use the arbitrariness of the function

ζ(θ) to determine ρΦ(θ). In order for this to be possible we have to compute

L 〈Ψ0|n̂ζ(I)|Ψ0〉L
L 〈Ψ0|Ψ0〉L

(3.75)

and show that is a function of I/L. The problem of calculating (3.75) exactly still presents a

formidable task. We therefore restrict our attention to the case of “small” quenches in the sense

of Refs. [44, 45, 88, 140], namely to cases where the densities of excitations of the post-quench

Hamiltonian in the initial state are small. Then we may use |Kab(θ)| as formal expansion

parameters, and determine (3.75) by means of a linked-cluster expansion first introduced for
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the finite-temperature case in Refs. [74]. We start by expanding the denominator in (3.75) as

L 〈Ψ0|Ψ0〉L = 1 +
∑
n≥1

Υ2N ,

Υ2N ≡ 1

2

∑
a

22N∑
s=1

∑
0<I1<···<IN

N s
2N ({θk})2|Ks2N ({θk})|2 . (3.76)

The rapidities appearing in the expression for Υ2N are solutions of the Bethe-Yang equations

in the sector determined by N , s and a. Denoting the contribution at order 2M in |Kab(θ)| in
(3.72) by C2M

ζ,I , i.e.

L 〈Ψ0|n̂ζ(I)ζ |Ψ0〉L =
∑
M≥1

C2M
ζ,I , (3.77)

we define linked clusters D2M
ζ,I recursively by

C2M
ζ,I = D2M

ζ,I +

M−1∑
N=1

Υ2ND2(M−N)
ζ,I , M = 1, 2, . . . (3.78)

In terms of the linked clusters our quantity of interest reads

L 〈Ψ0|n̂ζ(I)|Ψ0〉L
L 〈Ψ0|Ψ0〉L

=
∑
N≥1

D2N
ζ,I . (3.79)

Under the assumption that for small quenches (3.79) has a well-defined low-density expansion,

the leading contribution is simply given by the first term in the series

D2
ζ,I =

1

2

∑
a

22∑
s=1

N s
2

(
θsa(I)

)
|Ks2
(
θsa(I)

)
|2 ζ
(
θsa(I)

)
. (3.80)

Here θsa(I) is the solution of the Bethe-Yang equations

Q̄s(θ) = 2π(I + κa). (3.81)

Up to finite-size corrections, the Bethe-Yang equations can be easily solved

θsa(I) = θ(I) +O(1/`) , θ(I) = arcsinh (2πI/`) . (3.82)

Noting that N s
2 (θsa(I)) = 1 +O(1/`) ∀ s , a, we have

D2
ζ,I = ζ

(
θ(I)

)
G
(
θ(I)

)
+O(1/`) , (3.83)
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where we introduced

G(θ) ≡
∑
a,b=±

|Kab(θ)|2 . (3.84)

The result for the expectation value (3.74) is then

L 〈Ψ0|n̂ζ(I)|Ψ0〉L
L 〈Ψ0|Ψ0〉L

= ζ
(
θ(I)

)
G
(
θ(I)

)
+O(K4) . (3.85)

The sum of this expression over all integers can be expressed as an integral using contour

integration methods

lim
L→∞

1

L

L 〈Ψ0|N̂ζ |Ψ0〉L
L 〈Ψ0|Ψ0〉L

' lim
L→∞

∑
I

∮
Cθ(I)

dη

2π

∆

v
cosh η

G(η)ζ(η)

ei` sinh η − 1
, (3.86)

where the contour Cθ(I) encircles θ(I). Since the integrand is analytic except for the residues

at {θ(I)}, we may join the paths Cθ(I) and obtain a single contour C encircling the real axis

lim
L→∞

1

L

L 〈Ψ0|N̂ζ |Ψ0〉L
L 〈Ψ0|Ψ0〉L

' lim
L→∞

∮
C

dθ

2π

∆

v
cosh θ

G(θ)ζ(θ)

ei` sinh θ − 1

=
∆

v

∫ +∞

−∞

dθ

2π
G(θ) ζ(θ) cosh θ. (3.87)

In the last step we have used that the contribution from the path below the real axis is

exponentially suppressed in `, and will not contribute in the thermodynamic limit. Finally,

equating (3.87) and (3.67) and then using the arbitrariness of ζ(θ), we are able to find the root

density ρΦ(θ)

ρΦ(θ) =
∆

2πv
G(θ) cosh θ +O(K4). (3.88)

3.5 Time evolution of the expectation value

With an expression for the representative eigenstate in hand, we are now in a position to write

the explicit Lehmann representation for the expectation value (3.1) and work out its time

evolution. We focus on the first term on the right hand side of Eq. (3.1), as the other can be

obtained by taking complex conjugation combined with the change β → −β. The Lehmann
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representation is given by

R〈Ψ0|eiβΦ(t,x)/2|Φs̃〉NS

NS〈Ψ0|Φs̃〉NS
=
∑
M≥1

22M∑
s=1

∑
0<I1<···<IM

N s
2M ({θk})Ks2M ({θk})
N s̃

2N ({θ̃k})Ks̃2N ({θ̃k})

× 〈{IM ,−IM , . . . , I1,−I1}|eiβΦ(0,0)/2|{−Ĩ1, Ĩ1, . . . ,−ĨN , ĨN}〉
s s̃

R NS

× exp

[
2it∆

( M∑
i=1

cosh θi −
N∑
i=1

cosh θ̃i

)]
, (3.89)

where {Ik} and {Ĩk} are respectively integers and half-odd integers, while the rapidities {θk}k=1,...,M

and {θ̃k}k=1,...,N are the corresponding solutions of the Bethe-Yang equations

Q̄si (θ1, . . . , θM ) = 2πIi , i = 1, . . . ,M , (3.90)

Q̄s̃j(θ̃1, . . . , θ̃N ) = 2πĨj , j = 1, . . . , N . (3.91)

As discussed before, both sectors (2M, s,R) and (2N, s̃,NS) permit parity symmetric solutions.

The matrix elements are related to infinite-volume form-factors by (3.52), which in the case of

interest reads

〈{IM , . . . ,−I1}|eiβΦ(0,0)/2|{−Ĩ1, . . . , ĨN}〉
s s̃

R NS =
fβ/2(θM , . . . ,−θ1| − θ̃1, . . . , θ̃N )ss̃√
ρs2M (−θ1, . . . , θM )ρs̃2N (−θ̃1, . . . , θ̃N )

+O(e−µ
′L) . (3.92)

Using the crossing symmetry in the infinite-volume form-factors gives an expression of the form

fβ/2(θM , . . . ,−θ1| − θ̃1, . . . ,θ̃N )ss̃ =
∑

a1...a2M
b1...b2N

Ψs̃
b1···b2N ({θ̃k})Ψs

a1···a2M
({θk})∗

× fβ/2ā2M ···ā1,b1···b2N (θM + iπ, · · · ,−θ1 + iπ,−θ̃1, . . . , θ̃N )

= fβ/2(θM + iπ, . . . ,−θ1 + iπ,−θ̃1, . . . , θ̃N )s,s̃ . (3.93)

In the following we will take into account only the contribution to (3.89) that arises from states

with N = M [73], as this represents the leading one. It is shown in Appendix 3.D that the

contribution from states with N = M dominates over those from states with M > N at late

times. The same conclusion holds also in the case of contributions from states with M < N

and can be proven analogously.
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3.5.1 Contributions from states with M = N

Retaining only states with M = N we have

R〈Ψ0|eiβΦ(t,x)/2|Φs̃〉NS

NS〈Ψ0|Φs̃〉NS
≈

22N∑
s=1

∑
0<I1<···<IN

ρ̄s̃N (θ̃1, . . . , θ̃N )

ρ̄sN (θ1, . . . , θN )ρs̃2N (−θ̃1, . . . , θ̃N )

Ks2N ({θk})
Ks̃2N ({θ̃k})

× e2i∆t
∑N
i=1[cosh θi−cosh θ̃i]fβ/2(θN + iπ, . . . , θ̃N )s,s̃ . (3.94)

Following the method introduced by Pozsgay and Takacs in [166], we rewrite each term in

(3.94) as an integral on an appropriate multi-contour C in CN by means of the multidimensional

residue calculus

R〈Ψ0|eiβΦ(t,x)/2|Φs̃〉NS

NS〈Ψ0|Φs̃〉NS
≈

22N∑
s=1

∑
0<I1<···<IN

∮
C{θ`}

N∏
k=1

dηk
2π

ρ̄s̃N (θ̃1, . . . , θ̃N )

ρs̃2N (−θ̃1, . . . , θ̃N )

Ks2N ({ηk})
Ks̃2N ({θ̃k})

× e2i∆t
∑N
i=1[cosh ηi−cosh θ̃i]

fβ/2(ηN + iπ, . . . , θ̃N )s,s̃∏N
k=1

{
eiQ̄

s
k({ηk}) − 1

} . (3.95)

Here C{θ`} = Cθ1⊗· · ·⊗CθN , where the contour Cθi encircles the rapidity θi, i.e. the i-th rapidity

in the solution {θk} of the Bethe-Yang equations in the sector (2N, s, R). We now wish to

express the multiple summations in (3.95) in terms of appropriately defined contour integrals.

In the case of a single variable this is straightforward, see Fig. 3.1 for a simple example. Let

f(η) be a meromorphic function with simple poles at the points η = θj , and Cθj a very small

contour encircling θj . Residue calculus then gives

∑
j

∮
Cθj

dη

2π
f(η) =

∮
Ctot

dη

2π
f(η)−

NR∑
i=1

∮
Cθ̃i

dη

2π
f(η) (3.96)

where Ctot is a contour encircling the region R, which contains all points θj as well as simple

poles of f(η) at positions θ̃1, . . . , θ̃NR .

The case of N integration variables η1, . . . , ηN is more involved. Our function of interest is

G(s,s̃)({ηk}) ≡
ρ̄s̃N (θ̃1, . . . , θ̃N )

ρs̃2N (−θ̃1, . . . , θ̃N )

Ks2N ({ηk})
Ks̃2N ({θ̃k})

× fβ/2(ηN + iπ, . . . , θ̃N )s,s̃∏N
k=1

{
eiQ̄

s
k({ηk}) − 1

} e2i∆t
∑N
i=1[cosh ηi−cosh θ̃i] . (3.97)

We first consider a contour Ctot, which is the N -fold tensor product C(R+)⊗ . . .⊗C(R+), where

C(R+) is a contour encircling R+. Introducing Cθ̃i as the contour encircling θ̃i, we can express
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Ctot

Cθ3Cθ2Cθ1

Cθ̃1

R

Figure 3.1: Example of the contours in the one-variable case.

Ctot in the form

Ctot = G ⊗ . . .⊗ G −
N∑
m=1

(−1)m
∑

1≤j1<···<jm≤N

N∑
i1,··· ,im=1

Cj1,··· ,jmi1,··· ,im , (3.98)

where G is defined as

G ≡ C(R+)−
N∑
i=1

Cθ̃i , (3.99)

and Cj1,··· ,jmi1,··· ,im is defined as the multi-contour obtained from Ctot by replacing the components

j1, · · · , jm in the tensor product by Cθ̃i1 , · · · , Cθ̃im , i.e.

Cj1,··· ,jmi1,··· ,im =⊗j1−1
j=1 C(R+)⊗ Cθ̃i1 ⊗

j2−1
j=j1+1 C(R+)⊗ Cθ̃i2 ⊗

j3−1
j=j2+1 C(R+)⊗ . . .

. . .⊗jm−1
j=jm−1+1 C(R+)⊗ Cθ̃im ⊗

N
j=jm+1 C(R+). (3.100)

We may use (3.98) to rewrite the integral of G(s,s̃) over the multi-contour Ctot as

∮
Ctot

N∏
i=1

dηi
2π

G(s,s̃)({ηk}) =

∮
G⊗···⊗G

N∏
i=1

dηi
2π

G(s,s̃)({ηk})

−
N∑
m=1

(−1)m
∑

1≤j1<···<jm≤N

N∑
{ik}=1

∮
Cj1,··· ,jmi1,··· ,im

N∏
i=1

dηi
2π

G(s,s̃)({ηk}) . (3.101)

Let us now focus on the first term in the right-hand side of (3.101). As the singularities of the

form-factor fβ/2 lie outside the contour G ⊗ · · · ⊗ G and all other functions are expected to be

well behaved, the only contributions to the integral arise from the regions characterized by

eiQ̄
s
k(η1,...,ηN ) − 1 ≈ 0 , k = 1, . . . , N . (3.102)
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By choosing C(R+) sufficiently close to the real axis, we can ensure that (3.102) is fulfilled only

when {ηk} is a real solution of the Bethe-Yang equations in the sector (2N, s, R) for some set

{Ik}. We can ensure that all solutions to the Bethe-Yang equations in the sector (2N, s, R) are

enclosed in G ⊗ · · · ⊗ G by choosing the contours Cθ̃i to be sufficiently close to θ̃i, because {θ̃k}
is a solution of the Bethe-Yang equations in the NS sector and therefore cannot be arbitrarily

close to any solution in the R sector. This allows us to conclude that

∮
G⊗···⊗G

N∏
i=1

dηi
2π

G(s,s̃)(η1, . . . , ηN ) =
∑

I1...,IN

∮
C{θ`}

N∏
i=1

dηi
2π

G(s,s̃)(η1, . . . , ηN ) . (3.103)

Let us now turn to the contributions with m = N on the right-hand side of Eq. (3.101). For

these the relevant multi-contours are of the form

Cθ̃σ(1)
⊗ · · · ⊗ Cθ̃σ(N)

, (3.104)

where σ ∈ SN is a permutation. Exploiting again the fact that {θ̃k} is a solution of the Bethe-

Yang equations in the NS sector, we may conclude that for contours Cθ̃i sufficiently close to

the points θ̃i we have for any point η1, . . . ηN inside the multi-contour

eiQ̄
s
k(η1,...,ηN ) − 1 6= 0 , ∀ k . (3.105)

Hence the only contributions to the integral arise from the annihilation poles of the form-factor

fβ/2. These considerations will be very useful in the following.

Substituting (3.103) into (3.101) we obtain the desired N -variable generalisation of (3.96)

∑
I1...,IN

∮
C{θ`}

N∏
i=1

dηi
2π

G(s,s̃)({ηk}) =

∮
Ctot

N∏
i=1

dηi
2π

G(s,s̃)({ηk})

+

N∑
m=1

(−1)m
∑

1≤j1<···<jm≤N

N∑
{ik}=1

∮
Cj1,··· ,jmi1,··· ,im

N∏
i=1

dηi
2π

G(s,s̃)({ηk}) . (3.106)

In order to deal with Eq. (3.95) we require one more step: since in (3.95) we are considering

a fixed order of integers {Ik}, the corresponding solutions of the Bethe-Yang equations must

satisfy 0 < θ1 < · · · < θN . In order to accommodate this ordering of rapidities we need to

modify our multi-contours such that the i-th component depends on the variable zi+1. For
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example, the integral on Ctot changes to

∮
D

dzN
2π

∮
D(zN )

dzN−1

2π
· · ·

∮
D(z2)

dz1

2π
f(z1, . . . , zN ) ≡

∮
C̄tot

N∏
i=1

dzi
2π

f(z1, . . . , zN ) , (3.107)

where the contour D(zN ) encircles the interval [0,RezN ). Reduced multi-contours C̄j1,··· ,jmi1,··· ,im are

defined in a way analogous to Cj1,··· ,jmi1,··· ,im , but include additional constraints ensuring the ordering

Re(zN ) > Re(zN−1) > . . . > Re(z1). We may now use these considerations to turn the sums

in (3.95) into integrals over appropriate multi-contours in the form

R〈Ψ0|eiβΦ(t,x)/2|Φs̃〉NS

NS〈Ψ0|Φs̃〉NS
≈
∑
s

∮
C̄tot

N∏
i=1

dηi
2π

G(s,s̃)({ηk})

+
∑
s

N−1∑
m=1

(−1)m
∑

1≤j1<···<jm≤N

N∑
{ik}=1

∮
C̄j1,··· ,jmi1,··· ,im

N∏
i=1

dηi
2π

G(s,s̃)({ηk})

+ (−1)N
∑
s

∮
Cθ̃1⊗···⊗Cθ̃N

N∏
i=1

dηi
2π

G(s,s̃)({ηk}) . (3.108)

The crucial simplification occurring at this stage is that in the thermodynamic limit L→∞ and

at late times we need to retain only the last term, as it features the most singular contribution,

which occurs when1

ηj ≈ θ̃j , j = 1, . . . N. (3.109)

As we have argued above, the only singularities we need to consider in the last term of (3.108)

are those arising from the form-factor. The leading singularities of the form-factors can be

calculated using the annihilation pole axiom, see Appendix 3.E, and give

fβ/2(ηN + iπ,−ηN + iπ, . . . ,−θ̃N , θ̃N )s,s̃

∣∣∣∣∣
θ̃j≈ηj

=Gβ/2δs̃,s
N∏
i=1

4

(ηi − θ̃i)2

+ less singular. (3.110)

An explicit expression for the vacuum expectation value Gβ/2 ≡ 〈0|eiβΦ/2|0〉 is given in Ref. [133].

Substituting the expression (3.110) into the last term on the right-hand side of Eq. (3.108) gives

1This can be argued using an argument similar to the one employed in Appendix 3.D.
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the leading contribution at late times. Carrying out the contour integrals we obtain

R〈Ψ0|eiβΦ(t,x)/2|Φs̃〉NS

NS〈Ψ0|Φs̃〉NS
≈(−4i)NGβ/2

ρ̄s̃N (θ̃1, . . . , θ̃N )

ρs̃2N (−θ̃1, . . . , θ̃N )

× ∂η1

∣∣∣∣
η1=θ̃1

· · · ∂ηN
∣∣∣∣
ηN=θ̃N

N∏
i=1

e2i∆t[cosh ηi−cosh θ̃i]

eiQ̄
s̃
i ({ηk}) − 1

+ . . . (3.111)

The derivatives can be computed in leading order in the density δ using that ∂jQ̄
s̃
j = O(`),

while ∂jQ̄
s̃
i = O(1) (see Appendix 3.C)

∂η1

∣∣∣∣
η1=θ̃1

· · · ∂ηN
∣∣∣∣
ηN=θ̃N

N∏
i=1

e2i∆t[cosh ηi−cosh θ̃i]

eiQ̄
s̃
i ({ηk}) − 1

=

(
i

4

)N N∏
i=1

{
∂iQ̄

s̃
i ({θ̃k})− 4∆t sinh θ̃i

}
+ higher order in δ. (3.112)

Here we have used that

eiQ̄
s̃
i ({θ̃k}) = −1. (3.113)

The densities of states ρ̄s̃N and ρs̃2N are defined in terms of partial derivatives of the functions

Q̄s̃j and Qs̃j , see Eqs. (3.57) and (3.30); their ratio can be calculated to leading order in the

density δ by using the results derived in Appendix 3.C as well

ρ̄s̃N (θ̃1, . . . , θ̃N )

ρs̃2N (−θ̃1, . . . , θ̃N )
=

N∏
i=1

1

∂iQ̄s̃i (θ̃1, . . . , θ̃N )
+ higher order in δ. (3.114)

Putting everything together, we obtain

R〈Ψ0|eiβΦ(t,x)/2|Φs̃〉NS

NS〈Ψ0|Φs̃〉NS
≈ Gβ/2

N∏
i=1

{
1− 4∆t sinh θ̃i

∂iQ̄s̃i ({θ̃k})

}
+ . . .

= Gβ/2 exp

[
N∑
i=1

log

(
1− 4∆t sinh θ̃i

∂iQ̄s̃i ({θ̃k})

)]
+ . . . (3.115)

Since ∂iQ̄
s̃
i ({θ̃k}) = O(`)� ∆t, we may expand the logarithm

N∑
i=1

log

(
1− 4∆t sinh θ̃i

∂iQ̄s̃i (θ̃1, . . . , θ̃N )

)
= −4vt

L

{
N∑
i=1

tanh θ̃i

}
+ . . . , (3.116)

where we used
4∆t sinh θ̃i

∂iQ̄s̃i ({θ̃k})
=

4∆t

`
tanh θ̃i + higher order in δ. (3.117)
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Finally, we convert the sum over θ̃j into an integral in the L→∞ limit

lim
L→∞

R〈Ψ0|eiβΦ(t,x)/2|Φs̃〉NS

NS〈Ψ0|Φs̃〉NS
≈ lim

L→∞
Gβ/2 exp

[
−4vt

L

N∑
i=1

tanh θ̃i

]
+ . . .

= Gβ/2 exp

[
−4vt

∫ ∞
0

dθ ρΦ(θ) tanh θ

]
+ . . .

= Gβ/2e−t/τ + . . . (3.118)

The decay time τ defined in this way is given by

τ−1 ≡ 2∆

π

∫ ∞
0

dθ
[
G(θ) sinh θ +O(K4)

]
. (3.119)

Using Ga = G−a = G∗a, we obtain our final result for the time evolution of the one-point function

in the thermodynamic limit at late times ∆t� 1, and in the low-density limit δ � 1

lim
L→∞

L〈Ψ0|eiβΦ(t,x)/2|Ψ0〉L
L〈Ψ0|Ψ0〉L

= Gβ/2e−t/τ + . . . . (3.120)

In [1] we compared the result of this calculation with the one obtained by means of a different

method: a generalisation of the linked cluster expansion approach first developed for studying

finite-temperature dynamics in integrable models [74,166] and then applied to the TFIM both

on the lattice [44, 88] and in the continuum limit [140]. In essence this method consists in

constructing a well defined series expansion for the expectation value (3.7) in powers of Kab(θ);

the calculation for the case in exam is extremely involved, however in [1] we managed to find

the long-time leading contribution at order O(K4), using the simplifying assumption of the

absence of diagonal terms in the Kab(θ) matrix, i.e. Kaa(θ) = 0. The result reads as

〈Ψ0|eiβΦ(t,x)/2|Ψ0〉
〈Ψ0|Ψ0〉

= Gβ/2
[

1− t

τ
+

1

2

(
t

τ

)2

+ . . .

]
= Gβ/2e−t/τ (1 + . . .) , (3.121)

where τ is the one given in (3.119). As we emphasised in the second step of (3.121), the

result of the linked cluster expansion approach is compatible with (3.120) up to the order

considered, this represents a significant confirmation of (3.120). It is very important to stress

that the linked cluster approach does not rely on Equation (3.1), thus, the observed agreement

represents a further evidence in favour of the findings of [73]. We conclude by noting that, very

recently, the result (3.120) has also been confirmed via a semiclassical calculation [167].

52



3.6 Summary and Conclusions

In this chapter we have considered the time evolution of the semi-local operator eiβΦ/2 after

an “integrable” quench to the sine-Gordon model. The system was assumed to be initialised

in a state of the form

|Ψ0〉 = exp

(∫ ∞
0

dθ

2π
Kab(θ)Z†a(−θ)Z†b (θ)

)
|0〉, (3.122)

with Kab(θ) satisfying (3.9) and (3.10); we focussed on the behaviour of the expectation value

〈Ψ0|eiβΦ(t)/2|Ψ0〉/〈Ψ0|Ψ0〉 at late times after the quench and developed a novel method to

evaluate this expectation value for the case of a “small” quench, defined as involving small

densities of excitations of the post-quench Hamiltonian. The approach is based on the concept

of a representative state [73]. Our main result is that in the thermodynamic limit at late times

∆t� 1, and for low densities δ � 1

〈Ψ0|eiβΦ(x,t)/2|Ψ0〉
〈Ψ0|Ψ0〉

= Gβ/2e−t/τ + . . . , (3.123)

where the decay time τ is given in Eq. (3.119). We note that exponential decay has also been

observed in numerical simulations [168, 169] of the staggered magnetisation after interaction

quenches in the XXZ Heisenberg chain.

To the best of our knowledge this calculation, first reported in [1], provided the first suc-

cessful analytic calculation of the time dependence of a local observable for a quench to an

interacting integrable model. In order to be able to carry out our calculations we required

several simplifying assumptions:

1. the initial state was taken to be of the form (3.122);

2. we required the functions Kab(θ) to be uniformly small, which corresponds to the limit

of low densities of excitations after the quench;

3. we focussed on the simplest semi-local operator eiβΦ/2;

4. we considered the repulsive regime of the sine-Gordon model;

5. the time t was taken to be large.

It clearly would be interesting to go beyond these restrictions. The treatment of more general

vertex operators of the form eiαΦ appears possible, although the results showed in Section

6 of [1] demonstrate that for the local operator eiβΦ the leading term in the linked-cluster
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expansion vanishes and thus an analysis of higher orders is necessary. Similarly we believe that

the method presented here can be applied with relatively minor extensions to the attractive

regime of the sine-Gordon model. To dispense with our other assumptions appears significantly

more difficult. Going beyond the leading term in the low-density approximation has proved

possible but complicated for the much simpler case of the transverse field Ising chain [44,73,140].

To do the same for the sine-Gordon case appears to be a daunting task. Detailed properties

of the solutions of the Bethe-Yang equation entering the Lehmann representation (3.89) will

now play a role. Finally, initial states of the form (3.122) are clearly rather special [153]. It is

not generally known how to express the initial state in terms of Hamiltonian eigenstates after

quenching a system parameter. Given the difficulty of this problem, a more fruitful avenue of

research would be to consider special initial states characterised by low entanglement [53–55].
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Appendix

3.A Hamiltonian eigenstates in the finite volume and the quan-

tum inverse scattering method

In this appendix we summarize some elements of the quantum inverse scattering method [81],

which are used to construct Hamiltonian eigenstates in a large, finite volume [155]. We define

a monodromy matrix by

Mab(λ|{θk})j1...jNi1...iN
= Sc1j1a i1

(λ− θ1) · · ·Sb jNcN−1iN
(λ− θN ) . (3.124)

It can be written as a 2× 2 matrix

M(λ|{θk}) =

A(λ|{θk}) B(λ|{θk})
C(λ|{θk}) D(λ|{θk})

 , (3.125)

where A(λ|{θk}), B(λ|{θk}), C(λ|{θk}), D(λ|{θk}) are operators acting on the 2N dimensional

space of scattering states with N particles and fixed rapidities

Mab(λ|{θk}) |θ1, · · · , θN 〉i1...iN =Mab(λ|{θk})i1...iNj1...jN
|θ1, · · · , θN 〉j1...jN . (3.126)

The rapidities θj play the roles of inhomogeneities [81] in the monodromy matrix. The transfer

matrix is the trace of the monodromy matrix

T (λ|{θk}) =
∑
a

Maa(λ|{θk}) = A(λ|{θk}) +D(λ|{θk}), (3.127)

As a consequence of the S-matrix being a solution of the Yang-Baxter equation, the monodromy

matrices fulfil the relation

Sb1b2c1c2 (λ− µ)Ma1b1(λ|{θk})Ma2b2(µ|{θk}) =

=Md1c1(λ|{θk})Md2c2(µ|{θk})Sd1d2
a1a2

(λ− µ), (3.128)

which implies that the transfer matrices form a commuting family

[
T (λ|{θk}), T (µ|{θk})

]
= 0. (3.129)
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Simultaneous eigenstates of all transfer matrices can be constructed by algebraic Bethe Ansatz.

Starting point is the “reference state”

Ω({θk}) = |θ1, . . . , θN 〉+···+ . (3.130)

Using the definition of the monodromy matrix, we have

M(λ|{θk})Ω({θk}) =

a(λ|{θk}) ∗
0 d(λ|{θk})

Ω({θk}) , (3.131)

where ∗ denotes a non-zero entry not needed in the following, and

a(λ|{θk}) =

N∏
k=1

S0(λ− θk) , d(λ|{θk}) =

N∏
k=1

ST (λ− θk)
N∏
k=1

S0(λ− θk) . (3.132)

Here ST (θ) is defined in (2.60). Taking the trace in (3.131) we see that Ω({θk}) is in fact a

transfer matrix eigenstate

T (λ|{θk})Ω({θk}) =
[
a(λ|{θk}) + d(λ|{θk})

]
Ω({θk}). (3.133)

The other eigenvectors of the transfer matrix can be constructed by the Ansatz

Ψ({λk}|{θk}) =

 r∏
j=1

B(λj + iπ
2 |{θk})

Ω({θk}) , 0 ≤ r ≤ N

2
. (3.134)

This gives simultaneous eigenvectors of the transfer matrix and the solitonic charge operator Q

with a positive eigenvalue of Q; cf. Subsection 3.A.2. States with negative eigenvalues of Q can

be obtained acting with the charge conjugation operator C on (3.134). Using the commutation

relations for A(λ|{θk}),B(λ|{θk}),D(λ|{θk}) that follow from (3.128), one observes that (3.132)

are eigenvectors of the transfer matrix with eigenvalues

Λ(λ, {λk}|{θi}) =
{ r∏
k=1

ST (λk − λ+ iπ
2 )−1 +

N∏
k=1

ST (λ−θk)
r∏

k=1

ST (λ− λk − iπ
2 )−1

}
×

N∏
k=1

S0(λ− θk), (3.135)
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if the parameters {λk} satisfy the following set of non-linear algebraic equations

N∏
k=1

sinh
(
iπ
2ξ −

λj−θk
ξ

)
sinh

(
iπ
2ξ +

λj−θk
ξ

) =
r∏

k=1
k 6=j

−
sinh

(
iπ
ξ −

λj−λk
ξ

)
sinh

(
iπ
ξ −

λk−λj
ξ

) . (3.136)

Since the equations are iπξ-periodic we impose the restriction 0 ≤ Imλk ≤ πξ ∀ k. Taking the

logarithm of (3.136) results in equations of the form

Mj(θ1, . . . , θN |λ1, . . . , λr) = 2πIj , Ij ∈ Z , j = 1, . . . , r , (3.137)

where we defined

Mj(θ1, . . . , θN |λ1, . . . , λr) ≡−i
N∑
k=1

log
sinh

(
iπ
2ξ −

λj−θk
ξ

)
sinh

(
iπ
2ξ +

λj−θk
ξ

)
+ i

r∑
k=1
k 6=j

log−
sinh

(
iπ
ξ −

λj−λk
ξ

)
sinh

(
iπ
ξ −

λk−λj
ξ

) . (3.138)

3.A.1 Periodic boundary conditions

Imposing periodic boundary conditions (3.29) on the transfer matrix eigenstates gives rise to

the following set of “nested” Bethe Ansatz equations

ei` sinh θi =
N∏
m=1

S0(θi − θm)
r∏

k=1

sinh
(
iπ
2ξ + λk−θi

ξ

)
sinh

(
iπ
2ξ −

λk−θi
ξ

) , i = 1, . . . , N,

N∏
k=1

sinh
(
iπ
2ξ −

λj−θk
ξ

)
sinh

(
iπ
2ξ +

λj−θk
ξ

) =

r∏
k=1
k 6=j

sinh
(
λj−λk−iπ

ξ

)
sinh

(
λj−λk+iπ

ξ

) , j = 1, . . . , r. (3.139)

We recall that ` = L∆/v. It is customary to express the logarithmic form of the equations in

terms of counting functions defined as

`z(θ) = ` sinh θ + i

N∑
m=1

ln
[
S0(θ − θm)

]
+ i

r∑
k=1

ln

sinh
(
θ−λk− iπ2

ξ

)
sinh

(
θ−λk+ iπ

2
ξ

)
 ,

`y(λ) = i

N∑
k=1

ln

sinh
(
λ−θk
ξ − iπ

2ξ

)
sinh

(
λ−θk
ξ + iπ

2ξ

)
− i r∑

k=1

ln

sinh
(
λ−λk
ξ − iπ

ξ

)
sinh

(
λ−λk
ξ + iπ

ξ

)
 , (3.140)
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where the branch cuts of the logarithms need to be chosen appropriately. The Bethe-Yang

equations then read

z(θj) =
2πIj
`

, i = 1, . . . , N,

y(λk) =
2πJk
`

, k = 1, . . . , r, (3.141)

where Ij and Jk are integer or half-odd integer numbers.

3.A.2 Topological charge and charge conjugation operators

It is useful to know how the solitonic charge operator Q and charge conjugation operator C

act of the transfer matrix eigenstates. Their respective actions on scattering states (2.63) are

Q |θ1, . . . , θN 〉a1...aN
=

{
N∑
k=1

ak

}
|θ1, . . . , θN 〉a1...aN

, (3.142)

C |θ1, . . . , θN 〉a1...aN
= |θ1, . . . , θN 〉ā1...āN

. (3.143)

It is easily checked that

QMab(λ|{θk})−Mab(λ|{θk})Q = (b− a)Mab(λ|{θk}), (3.144)

CMab(λ|{θk})C−1 = CMab(λ|{θk})C =Māb̄(λ|{θk}). (3.145)

This implies that Q and C commute with the transfer matrix, while

[
Q,B(λ|{θk})

]
= −2B(λ|{θk}) ,

[
Q, C(λ|{θk})

]
= 2C(λ|{θk}) , (3.146)

CB(λ|{θk})C = C(λ|{θk}) , CC(λ|{θk})C = B(λ|{θk}) . (3.147)

The action of Q on the reference state is

QΩ({θk}) = NΩ({θk}) , (3.148)

and hence (3.134) are eigenstates of Q with eigenvalue N − 2r.
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3.B Proof of property (3.61)

In this appendix we show that the eigenvalues Λs(λ|{θk}) of the transfer matrix (3.129) satisfy

the relations

Ks2N (θ1, . . . , θN )Λs(θi|{θk}) = Ks2N (θ1, . . . , θN )Λs(−θi|{θk})−1 , (3.149)

where {θk} = {−θ1, θ1, . . . ,−θN , θN}. The proof of (3.149) is divided into three main steps.

3.B.1 Step I

We first establish the following identity

Ka1b1(θ1) · · ·KaN bN (θN )T (σθi|{−θ1, θ1, . . . ,−θN , θN})a
′
1b
′
1...a

′
N b
′
N

a1b1...aN bN

= Ka1b1(θ1) · · ·KaN bN (θN )T (σθi|{−θN , θN , . . . ,−θ1, θ1})b
′
Na
′
N ...b

′
1a
′
1

bNaN ...b1a1
, (3.150)

where σ = ±1 and T is the transfer matrix

T (λ|{−θ1, θ1, . . . ,−θN , θN})a
′
1...b

′
N

a1...bN
=

= S
c1a′1
c2Na1(λ+ θ1)S

c2b′1
c1b1

(λ− θ1) · · ·Sc2N b
′
N

c2N−1bN
(λ− θN ) . (3.151)

We focus on the case i = 1 in (3.150), all other cases can be proved analogously. Setting i = 1

and σ = −1, substituting the expression of T in terms of scattering matrices (3.151), and

finally using that

Scdab(0) = −δdaδcb , (3.152)

we find that (3.150) is reduced to

Ka1b1(θ1) · · ·KaN bN (θN )S
c1b′1
a1b1

(−2θ1)S
c2a′2
c1a2 (−θ1 + θ2) · · ·Sa

′
1b
′
N

c2N−1bN
(−θ1 − θN ) =

= Ka1b1(θ1) · · ·KaN bN (θN )S
c1a′1
b1a1

(−2θ1)S
c2b′N
c1bN

(−θ1 + θN ) · · ·Sb
′
1a
′
2

c2N−1a2(−θ1 − θ2) . (3.153)

Employing the boundary unitarity property (3.10) of the K-matrix, the left-hand side of (3.153)

can be written in the form

Ka1b1(θ1) · · ·KaN bN (θN )S
c1b′1
a1b1

(−2θ1)S
c2a′2
c1a2 (−θ1 + θ2) · · ·Sa

′
1b
′
N

c2N−1bN
(−θ1 − θN ) =

= Kb′1c1(−θ1) · · ·KaN bN (θN )S
c2a′2
c1a2 (−θ1 + θ2) · · ·Sa

′
1b
′
N

c2N−1bN
(−θ1 − θN ) . (3.154)
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Now we use the boundary Yang-Baxter equation (3.9) to rewrite the terms involving θ1 and θ2

Kb′1c1(−θ1) · · ·KaN bN (θN )S
c2a′2
c1a2 (−θ1 + θ2) · · ·Sa

′
1b
′
N

c2N−1bN
(−θ1 − θN ) =

= Kc1c3(−θ1) · · ·KaN bN (θN )S
c4a′3
c3a3 (−θ1 + θ3) · · ·Sa

′
1b
′
N

c2N−1bN
(−θ1 − θN )

× Sc2b
′
2

c1b2
(−θ1 + θ2)S

b′1a
′
2

c2a2 (−θ1 − θ2) . (3.155)

The index structure on the right-hand side of (3.155) is such that we may use the boundary

Yang-Baxter equation to rewrite the terms involving θ1 and θ3, then θ1 and θ4 and so on. This

brings the left-hand side of (3.153) to the form

Ka1b1(θ1) · · ·KaN bN (θN )S
c1b′1
a1b1

(−2θ1)S
c2a′2
c1a2 (−θ1 + θ2) · · ·Sa

′
1b
′
N

c2N−1bN
(−θ1 − θN ) =

= Kc1a′1(−θ1) · · ·KaN bN (θN )S
c2b′N
c1bN

(−θ1 + θN ) · · ·Sb
′
1a
′
2

c2N−1a2(−θ1 − θ2) . (3.156)

Finally we use the reflection equations (3.10) and parity invariance of the S-matrix

Scdab(θ) = Sdcba(θ) , (3.157)

to arrive at

Ka1b1(θ1) · · ·KaN bN (θN )S
c1b′1
a1b1

(−2θ1)S
c2a′2
c1a2 (−θ1 + θ2) · · ·Sa

′
1b
′
N

c2N−1bN
(−θ1 − θN ) =

= Ka1b1(θ1) · · ·KaN bN (θN )S
c1a′1
b1a1

(−2θ1)

× Sc2b
′
N

c1bN
(−θ1 + θN ) · · ·Sb

′
1a
′
2

c2N−1a2(−θ1 − θ2) . (3.158)

This establishes (3.153) for i = 1 and σ = −1. The case σ = +1 is proved in the same way.

3.B.2 Step II

Next we establish the following identity

[
T (θi|{−θN , θN , . . . ,−θ1, θ1})

]b′Na′N ...b′1a′1
bNaN ...b1a1

=

=
[
T (−θi|{−θ1, θ1, . . . ,−θN , θN})−1

]a′1b′1...a′N b′N
a1b1...aN bN

, (3.159)

which is equivalent to

∑
a′1...b

′
N

[T (θi|{−θN , . . . , θ1})]b
′
N ...a

′
1

bN ...a1
[T (−θi|{−θ1, . . . , θN})]a

′′
1 ...b

′′
N

a′1...b
′
N

=

N∏
i=1

δ
a′′i
ai δ

b′′i
bi
. (3.160)
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Using the explicit expression of the two transfer matrices

[T (−θi|{−θ1, . . . , θN})]a
′
1...b

′
N

a1...bN
= S

c1b′i
aibi

(−2θi)S
c2a′i+1
c1ai+1 (−θi − θi+1) · · ·Sa

′
ib
′
i−1

cN bi−1
(−θi − θi−1) ,

[T (θi|{−θN , . . . , θ1})]b
′
N ...a

′
1

bN ...a1
= S

c1a′i−1

biai−1
(θi + θi−1) · · ·ScNa

′
i+1

cN−1ai+1(θi − θi+1)S
a′ib
′
i

cN bi
(2θi) , (3.161)

the left-hand side of Eq. (3.160) can be expressed in the form

∑
a′1...b

′
N

S
c1a′i−1

biai−1
(θi + θi−1) · · ·Sa

′
ib
′
i

cN bi
(2θi)S

c1b′′i
a′ib
′
i

(−2θi) · · ·S
a′′i b
′′
i−1

cN b
′
i−1

(−θi − θi−1) . (3.162)

The product of the two S-matrices involving θi can be simplified using the unitarity condition

Scdab(θ)S
ef
cd (−θ) = δeaδ

f
b . (3.163)

Eq. (3.162) then becomes

δ
b′′i
bi

∑
a′1...b

′
N

S
c1a′i−1

biai−1
(θi + θi−1) · · ·Sc1a

′
i+1

cN−1ai+1(θi − θi+1)

× Sc2a
′′
i+1

c1a′i+1
(−θi − θi+1) · · ·Sa

′′
i b
′′
i−1

cN b
′
i−1

(−θi − θi−1) . (3.164)

We observe that now the product of the two S-matrices involving θi+1 can be simplified using

(3.163). Repeating this procedure for θi+2, . . . , θN , θ1, . . . , θi−1 then establishes (3.160).

3.B.3 Step III

We now substitute (3.159) into (3.150) to obtain

Ka1b1(θ1) · · ·KaN bN (θN ) [T (−θi|{−θ1, θ1, . . . ,−θN , θN})]a
′
1b
′
1...a

′
N b
′
N

a1b1...aN bN
=

= Ka1b1(θ1) · · ·KaN bN (θN )
[
T (θi|{−θ1, θ1, . . . ,−θN , θN})−1

]a′1b′1...a′N b′N
a1b1...aN bN

. (3.165)

Combining the eigenvalue equation (3.24) with the completeness relation (3.26) we have

Ψs
a′1...b

′
N

({θk})∗
[
T (−θi|{−θ1, θ1, . . . ,−θN , θN})

]a′1b′1...a′N b′N
a1b1...aN bN

=

= Λs(−θi|{−θ1, . . . , θN})Ψs
a1...bN

({θk})∗ . (3.166)
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Finally we contract both sides of (3.165) with Ψs
a′1...b

′
N

({θk})∗ and then use (3.166) to obtain

the desired result

Ks2N ({θk})Λs(−θi|{−θ1, . . . , θN}) = Ks2N ({θk})Λs(θi|{−θ1, . . . , θN})−1 . (3.167)

3.C Derivatives of the functions Q̄s
i (θ1, . . . , θN)

The functions Q̄si ({θk}) are defined by (3.58) and can be written in the form [cf. (3.140)]

Q̄si ({θk}) =` sinh θi + i
N∑
m=1

ln
[
S0(θi − θm)S0(θi + θm)

]

+ i
r∑

k=1

ln

sinh
(
θi−λk− iπ2

ξ

)
sinh

(
θi−λk+ iπ

2
ξ

)
 , (3.168)

where the parameters λk are obtained by solving the set of equations

2πJsm =i
N∑
k=1

ln

sinh
(
λm−θk

ξ − iπ
2ξ

)
sinh

(
λm+θk

ξ − iπ
2ξ

)
sinh

(
λm−θk

ξ + iπ
2ξ

)
sinh

(
λm+θk

ξ + iπ
2ξ

)


− i
r∑

k=1

ln

sinh
(
λm−λk

ξ − iπ
ξ

)
sinh

(
λm−λk

ξ + iπ
ξ

)
 , m = 1, . . . r, (3.169)

for a given set of (half-odd) integers {Jsm} specifying the polarisation s. We are interested in

the situation where

θj ≈


−θ̃N+1−j j ≤ N

θ̃j−N j > N

, j = 1, . . . , 2N, (3.170)

where {θ̃j} is the solution of the Bethe-Yang equations corresponding to our representative

state, i.e.

Q̄s̃j(θ̃1, . . . , θ̃N ) = 2πĨj , j = 1, . . . , N. (3.171)

Crucially, for this solution we have

θ̃j+1 − θ̃j =
1

`ρΦ(θj)
+O(`−2), (3.172)
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where ρΦ(θ) is the root density (3.88) describing the representative state in the thermodynamic

limit. We may use this fact to recast (3.169) in the form

2πJsm
`

=i

∫ ∞
−∞

dθ ρΦ(θ) ln

sinh
(
λm−θ
ξ − iπ

2ξ

)
sinh

(
λm−θ
ξ + iπ

2ξ

)


− i

`

r∑
k=1

ln

sinh
(
λm−λk

ξ − iπ
ξ

)
sinh

(
λm−λk

ξ + iπ
ξ

)
+O(`−1), m = 1, . . . r. (3.173)

Denoting the solution to Eqs. (3.173) when the O(`−1) correction terms are dropped by
{
λ

(∞)
m

}
,

we conclude that

λm = λ(∞)
m +O(`−1). (3.174)

Importantly, this conclusion holds for any set {θj} that is described by the root density ρΦ(θ)

in the thermodynamic limit. For any such set we then have

Q̄s̃i (θ1, . . . , θN ) =` sinh θi + i

N∑
m=1

ln
[
S0(θi − θm)S0(θi + θm)

]

+ i
r∑

k=1

ln

sinh
(
θi−λ(∞)

k − iπ
2

ξ

)
sinh

(
θi−λ(∞)

k + iπ
2

ξ

)
+O(`−1)

 . (3.175)

We conclude that

∂Q̄s̃i (θ1, . . . , θN )

∂θj
=


O(`) i = j ,

O(1) i 6= j.

(3.176)

3.D Contributions from states with M > N

In this appendix we use the ideas developed in the Subsection 3.5 to argue that terms with

M > N only lead to sub-leading contributions in the Lehmann representation (3.89). Repeating

the reasoning employed to arrive at formula (3.108), we obtain

R〈Ψ0|eiβΦ(t,x)/2|Φs̃〉NS

NS〈Ψ0|Φs̃〉NS

∣∣∣∣
M>N

=
22M∑
s=1

∮
C̄tot

M∏
i=1

dηi
2π

E({ηk})s̃,s

+

22M∑
s=1

N∑
m=1

(−1)m
∑

1≤j1<···<jm≤M

N∑
i1,··· ,im=1

∮
C̄j1,··· ,jmi1,··· ,im

M∏
i=1

dηi
2π

E({ηk})s̃,s . (3.177)
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Here the multi-contours C̄tot and C̄j1,··· ,jmi1,··· ,im are defined analogously to Subsection 3.5.1, while

E(η1, . . . , ηM )s̃,s ≡
ρ̄s̃N (θ̃1, . . . , θ̃N )

ρs̃2N (−θ̃1, . . . , θ̃N )

Ks2M ({ηk})
Ks̃2N ({θ̃k})

× fβ/2(ηM + iπ, . . . , θ̃N )s,s̃∏M
k=1

{
eiQ̄

s
k({ηk}) − 1

} e2i∆t
∑M
i=1 cosh ηi−

∑N
i=1 cosh θ̃i . (3.178)

As we are dealing with a local operator, we expect that significant contributions in the large-N

limit can only arise from states with

M −N = O(1). (3.179)

The leading contribution to (3.177) arises from the
(
M
N

)
regions where N of the ηj are integrated

around the singularities at θ̃1, . . . , θ̃N . In order to obtain an estimate for these contributions

we consider the case where ηj ≈ θ̃j , j = 1, . . . , N in more detail. The leading singularity of the

form-factor is given by

fβ/2(ηM + iπ, . . . , θ̃N )s,s̃ ≈ f(η1, . . . , ηM )s̃,s

N∏
j=1

1

(ηj − θ̃j)2
, (3.180)

where f(η1, . . . , ηM )s,s̃ is a regular function. Substituting (3.180) back into (3.178) and then

carrying out the integrals over η1, . . . , ηN gives a leading contribution of the form

∼
∮

D1,··· ,N
1,··· ,N

{ M∏
i=N+1

dηi
2π

g(ηN+1, . . . , ηM )s̃,s

×
N∏
j=1

∂

∂ηj

∣∣∣∣
ηj=θ̃j

[
M∏
i=1

e2i∆t cosh ηi

eiQ̄
s
i ({ηk}) − 1

]
e−2i∆t

∑N
m=1 cosh θ̃m

}
. (3.181)

Here g(ηN+1, . . . , ηM )s̃,s is a regular function scaling as L−N and D1,··· ,N
1,··· ,N is a multi-contour in

CM−N obtained by removing the first N components from C̄1,··· ,N
1,··· ,N . We may now proceed as in

Appendix 3.C. In particular, the nested Bethe-Yang equations for solutions {θj} such that

θk ≈ θ̃k , k = 1, . . . , N, (3.182)

can still be cast in the form (3.173). Hence we again have

λm = λ(∞)
m +O(`−1), (3.183)
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which in turn implies that

Q̄si (θ1, . . . , θM ) =` sinh θi + i
M∑
m=1

ln
[
S0(θi − θm)S0(θi − θm)

]

+ i

r∑
k=1

ln

sinh
(
θi−λ(∞)

k − iπ
2

ξ

)
sinh

(
θi−λ(∞)

k + iπ
2

ξ

)
+O(1). (3.184)

Following the same steps as in Subsection 3.5.1 we then find

N∏
j=1

∂

∂ηj

∣∣∣∣
ηj=θ̃j

[
M∏
i=1

e2i∆t cosh ηi

eiQ̄
s
i ({ηk}) − 1

]
e−2i∆t

∑N
m=1 cosh θ̃m ≈

≈
(
i

4

)N N∏
i=1

{
∂iQ̄

s̃
i ({θ̃k})− 4∆t sinh θ̃i

} M∏
j=N+1

e2i∆t cosh ηj

eiQ̄
s
j(θ̃1,...,θ̃N ,ηN+1,...,ηM ) − 1

. (3.185)

The main difference as compared to the N = M case is the presence of additional integrals

over ηN+1, . . . , ηM . Using that

∂Q̄s̃i (θ1, . . . , θM )

∂θj
= O(1) , i 6= j , (3.186)

we see that for small but fixed {εi}

Q̄si (θ̃1, . . . θ̃N , θN+1 + iεN+1, . . . θM + iεM ) = Q̄si (θ̃1, . . . , θM ) + iεi`
[
cosh θi +O(1/`)

]
,

i = N + 1, . . . ,M. (3.187)

Formula (3.187) implies that for L→∞ the parts of the paths composing Ĉtot below the real

axis will give a vanishing contribution. On the remaining parts of the paths we have Im ηj > 0,

and assuming that we can deform the integration contours a finite distance up into the upper

half plane without encountering singularities, we conclude that the resulting contributions are

exponentially suppressed in time.

3.E Most singular parts of the form-factors

In this appendix we determine the most singular contribution to matrix elements of the form

bN ···b1 〈θN , . . . , θ1|eiβΦ(0)/2|θ̃1, . . . , θ̃N 〉a1...aN
=

= f
β/2
bN ...b1a1...aN

(θN + iπ, . . . , θ1 + iπ, θ̃1, . . . , θ̃N ). (3.188)
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We will show by induction that

f
β/2
bN ...b1a1...aN

(θN + iπ, . . . , θ1 + iπ, θ̃1, . . . , θ̃N )

∣∣∣∣∣ θj≈θ̃j
j=1,...,N

=Gβ/2
N∏
k=1

2i

θk − θ̃k
δak,b̄k

+ less singular. (3.189)

The case N = 1 is an immediate consequence of the annihilation pole axiom (see chapter 2)

for the semi-local operator eiβΦ/2. We will now assume that (3.189) holds and consider

f
β/2
bN+1...b1a1...aN+1

(θN+1 + iπ, . . . , θ1 + iπ, θ̃1, . . . , θ̃N+1)

∣∣∣∣∣ θj≈θ̃j
j=1,...,N+1

. (3.190)

Using the periodicity axiom N times, this can be rewritten as

(−1)N f
β/2
b1a1...aN+1bN+1...b2

(θ1 + iπ, θ̃1, . . . , θ̃N+1, θN+1 − iπ, . . . , θ2 − iπ)

∣∣∣∣∣ θj≈θ̃j
j=1,...,N+1

. (3.191)

The annihilation pole axiom allows us to extract the leading singularity of (3.191) for θ1 ≈ θ̃1

(−1)N
iδc,b̄1

θ1 − θ̃1

f
β/2
a′2...a

′
N+1b

′
N+1...b

′
2
(θ̃2, . . . , θ̃N+1, θN+1 − iπ, . . . , θ2 − iπ)

∣∣∣∣∣ θj≈θ̃j
j=2,...,N+1

×
[
δca1

N+1∏
j=2

δ
a′j
aj δ

b′j
bj

+ S
c2a′2
a1a2(θ̃1 − θ̃2) . . . S

cN+1a
′
N+1

cNaN+1 (θ̃1 − θ̃N+1)

× SdN b
′
N+1

cN+1bN+1
(θ̃1 − θN+1 − iπ) . . . S

cb′2
d2b2

(θ̃1 − θ2 − iπ)
]
. (3.192)

We now use the periodicity axiom N times to bring the form-factor into a form where we can

use the induction assumption (3.189). The most singular contribution is then given by

iδc,b̄1

θ1 − θ̃1

N+1∏
k=2

2i

θk − θ̃k
δa′k,b̄

′
k

[
δca1

N+1∏
j=2

δ
a′j
aj δ

b′j
bj

+ S
c2a′2
a1a2(θ̃1 − θ̃2) . . . S

cNa
′
N

cN−1aN (θ̃1 − θ̃N+1)

× SdN−1b
′
N

cN bN
(θ̃1 − θ̃N+1 − iπ) . . . S

cb′2
d2b2

(θ̃1 − θ̃2 − iπ)
]
. (3.193)

The product of S-matrices can be simplified by repeatedly using the identity (starting with the

two S-matrices involving θ̃N+1 and then moving outwards in the product)

Sc1c2a1a2
(θ)Sb1c̄2

c1b̄2
(θ + iπ) = δb1a1

δb2a2
. (3.194)

This completes the induction step.
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4. Pre-relaxation in weakly-interacting

models

In this chapter we consider time evolution in models close to integrable points with a special

property: at these points, in addition to the infinite set of local conserved charges in involution

caused by their integrability, the systems also possess infinitely many local conserved charges

which satisfy a non-trivial algebra. This property is induced by some hidden symmetries of the

Hamiltonians which can be broken with or without breaking the integrability of the models.

The described setting is very attractive from the point of view of time evolution: adding a term

to the Hamiltonian which weakly breaks these additional symmetries is expected to completely

change the stationary state reached; because it drastically modifies the set of conserved charges

of the model. The resulting behaviour of local observables is very similar in spirit to the

prethermalisation phenomenon observed when the integrability is weakly broken. Expectation

values first reach quasi-stationary plateaux related to the GGE of the unperturbed model and

then move away towards different values. We call “pre-relaxation” the described behaviour

because it can also happen when the integrability is not broken and the system is not expected

to thermalise; accordingly we call the relevant time window to observing this phenomenon the

“pre-relaxation window”.

Here we investigate pre-relaxation in the case of a weak-coupling limit, identify the pre-

relaxation window and solve the time evolution through a mean-field mapping. Contrary to

common situations, the mean-field mapping presented here is not an uncontrolled approxima-

tion and arises naturally at the timescale investigated. As an explicit example we study the

XYZ spin-1/2 chain with additional perturbations that break integrability; as we shall see in

the following, by varying the parameters which characterise the post-quench Hamiltonian, the

model presents qualitatively different behaviours.

4.1 Introduction

We consider the time evolution of some initial state |Ψ0〉 with cluster decomposition properties

(cf. Appendix 2.A) under translation invariant Hamiltonians of the form

H = H0 + gV , (4.1)
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where H0 is non-interacting and translationally invariant, V is a global perturbation and g is

a small coupling constant.

The case of interest here is when the limit of infinite time of the expectation value of a local

observable O does not commute with the limit of infinitesimal g

lim
g→0

lim
t→∞
〈Ψ0|ei(H0+gV )tOe−i(H0+gV )t|Ψ0〉 6= lim

t→∞
〈Ψ0|eiH0tOe−iH0t|Ψ0〉 . (4.2)

This is the typical situation in which local degrees of freedom experience a prethermalisation

or pre-relaxation behaviour. Indeed, when g is very small, for intermediate times the effect of

the perturbation is negligible and the expectation value has time to settle at the stationary

value of the unperturbed Hamiltonian. On the other hand, at later times the perturbation

can not be ignored any more and the expectation value varies with a typical timescale that

depends on the perturbation strength. Importantly, the described behaviour appears also

when g is infinitesimal, therefore some important aspects of the pre-relaxation behaviour can

be understood in this simplifying limit.

Examples of cases where the situation (4.2) is realised are manifold: probably the most

common example is found when the perturbation V breaks the integrability [2, 18–20, 60–67,

69, 70]. There for small but finite g the system relaxes to a Gibbs ensemble for late times,

while for g = 0 it relaxes to a GGE. It is very easy to see that ρGE(g = 0) 6= ρGGE(g = 0) [66].

Interestingly, this is not the only case in which (4.2) can happen: another example is realised

when one considers an Hamiltonian H0 characterised by hidden symmetries, which give rise to

an infinite non-abelian set of local conservation laws [68]. This is, for example, the case of the

XY model (cf. Chapter 2). In this case it is sufficient for V to break these symmetries, while

maintaining the integrability, in order to produce behaviour like that of (4.2).

In principle, there could be many pre-relaxation plateaux, depending on how the time t

scales with the small parameter g. Here we focus on the limit g � 1 and large time in such a

way that T = gt ∼ O(g0). This defines the “pre-relaxation window”: 1� t� g−α with α > 1;

the time window of interest in this chapter. For simplicity, throughout this chapter we neglect

O(g) corrections to observables.

In the time window considered several simplifications arise, we start by considering the

time evolution operator U(t) = e−iHt for the Hamiltonian (4.1). We argue that for g � 1 and

T = gt ∼ O(g0) the following simplification can be performed on U(t)

U(t) = e−iHt → e−iV̄ T e−iH0t, (4.3)
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where V̄ is the time average of V (t) = e−iH0tV eiH0t defined as

V̄ = lim
t→∞

1

t

∫ t

0
ds V (s) = lim

t→∞
1

t

∫ t

0
ds e−iH0sV eiH0s (4.4)

which we assume to exist; by construction we have [V̄ ,H0] = 0. Formula (4.3) has been proven

in Ref. [68], in the case of a noninteracting perturbation V . Here we argue that (4.3) holds

true also for interacting perturbations. The reasoning is as follows.

We rewrite the time evolution operator as

U(t) = e−iHt = UI(t)e
−iH0t , (4.5)

taking the time derivative of (4.5) we find the differential equation for UI(t)

i∂tUI(t) = gUI(t)e
−iH0tV eiH0t . (4.6)

Solving (4.6) we find

UI(t) = T† exp
(
−ig

∫ t

0
dse−iH0sV eiH0s

)
, (4.7)

where T† is the anti-time-ordering operator. Now we to want find the leading contribution to

(4.7) in the limit g � 1 and large time in such a way that T = gt ∼ O(g0). As g = T/t,

without the T† operator the leading contribution in the limit would simply be found replacing

the exponent with −iT V̄ , obtaining precisely (4.3). The presence of the anti-time-ordering

operator complicates the analysis, but expanding (4.7) we see that (4.3) continues to hold.

The next order correction in g is given by

lim
t→∞
−ig

∫ t

0
ds (V (s)− V̄ ) = lim

t→∞
−iT

t

∫ t

0
ds (V (s)− V̄ ) , (4.8)

and goes to zero in the limit considered according to our assumption on the time average.

It is interesting to understand how the simplification (4.3), valid for g � 1 with gt ∼ O(g0),

can be obtained using well known methods in the study of non-equilibrium time evolution, such

as the the continuous unitary transformation (CUT) approach [60, 170–173] or the Keldysh

technique [174]. The result (4.3) can be easily derived by means of a perturbative CUT [60] at

the lowest order in the perturbation g (i.e. O(g0)) for times t of the order g−1. At this order,

all the O(g) corrections to the observables are neglected and the only effect of the CUT is a

first order correction to the Hamiltonian in the time evolution operator. This correction has to

be taken into account because gt ∼ O(g0). The correction to the Hamiltonian is exactly gV̄ , so
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one obtains precisely (4.3). From the point of view of Keldysh perturbation theory, the regime

g � 1 with gt ∼ O(g0) is more complicated to access, indeed all the secular terms proportional

to (gt)n become O(g0). Resumming all these contributions and neglecting all the other terms

one obtains again Formula (4.3).

Having justified the expression (4.3) we can now use it to simplify expectation values of

observables. Let us consider the expectation value of the generic local operator O: in the limit

g � 1 with T = gt ∼ O(g0) we have

〈Ψ0|eiHtOe−iHt|Ψ0〉 → tr[(e−iH0t |Ψ0〉 〈Ψ0| eiH0t)eiT V̄Oe−iT V̄ ] . (4.9)

Since the time t is large (t ∼ g−1) we would like to further simplify (4.9) replacing the state

ρ(t) ≡ e−iH0t |Ψ0〉 〈Ψ0| eiH0t with the corresponding GGE, i.e. the stationary state that the

system is supposed to reach in the sense discussed in the Introduction

e−iH0t |Ψ0〉 〈Ψ0| eiH0t → ρGGE = lim
|S|→∞

lim
t→∞

trS̄ [ρ(t)] . (4.10)

Here we introduced a finite subsystem S, whose size is sent to infinity after the thermodynamic

limit and the infinite time limit have been performed. As discussed in the Introduction the

infinite time limit of ρ(t) does not exist, only if the density matrix is reduced to finite subsystems

it can have a limit. We stress that, inside the expectation values of local observables, ρ(t) can

be directly replaced by trS̄ [ρ(t)] with a finite S. This is because if O is local, it acts non-trivially

only within a finite subsystem.

In the case under exam ρGGE is of the form

ρGGE =
e−

∑
j λjQj

Z
, (4.11)

where Qj are local conservation laws and λj are real parameters determined by the initial state

[38,40]. In the following we will be interested in cases where the local conserved charges {Qj}
in (4.11) form a non-abelian set. Also in these cases a “standard” GGE can be constructed,

where the charges are in involution. These charges, however, will generally depend on the

initial state [68].

Since H0 is a translationally invariant noninteracting Hamiltonian and the state |Ψ0〉 has

cluster decomposition properties, the validity of the substitution (4.10) for late times is well

established when expectation values of local operators are considered. In our case, however,

we are dealing with the operator eiT V̄Oe−iT V̄ , whose locality properties depend on V̄ . In the
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case where V̄ is (quasi)-local [93,94] (its density is exponentially localised), the validity of the

replacement has been established in [39]. In the next sections we will show that V̄ is in fact

non-local, nevertheless its particular form will still allow us to perform the substitution (4.10)

(cf. Section 4.3). From (4.10) it follows

lim
g→0

tr[(e−iH0T/g |Ψ0〉 〈Ψ0| eiH0T/g)eiT V̄Oe−iT V̄ ] = tr[ρGGEe
iT V̄Oe−iT V̄ ] , (4.12)

which suggests that the pre-relaxation limit can be described by the time-dependent ensemble

ρtGGE(t) = e−iV̄ gtρGGEe
iV̄ gt . (4.13)

The time evolution of observables according to (4.12) represents the main object of study of

this chapter.

Both ρGGE and V̄ commute with the Hamiltonian: if the two operators can be written in

terms of the same set of local conservation laws in involution, the time dependence disappears

ρtGGE(t) = ρGGE. In the next section we will show that in many cases of interest V̄ can be

approximated by a polynomial of the local conservation laws. Therefore, in order to see some

non-trivial pre-relaxation behaviour, the unperturbed Hamiltonian H0 must have a non-abelian

set of local charges. We refer the reader to [68] for an extensive discussion of noninteracting

models with that property.

4.1.1 Organisation of the chapter

The rest of this chapter is organised as follows. Section 4.2 is devoted to identifying the class

of effective Hamiltonians (i.e. the possible V̄ cf. (4.12)) that emerge in the pre-relaxation

limit. We show that they can be written as polynomials of the local conservation laws of

the unperturbed model (with the correct scaling factors). In Section 4.3 we introduce mean-

field Hamiltonians which, in the thermodynamic limit, generate exactly the same dynamics as

the effective Hamiltonians. The formalism is explicitly applied to the XYZ spin-1/2 chain in

Section 4.4, where pre-relaxation is also investigated in the presence of interactions that break

integrability. Section 4.5 contains our conclusions. Several appendices complement the main

text with the proofs of the theorems and additional details.
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4.2 Effective Hamiltonians

Let us consider the XY model without magnetic field. The Hamiltonian is given by (cf. (2.1))

HXY = J
∑
`

(
1 + γ

4
σx` σ

x
`+1 +

1− γ
4

σy` σ
y
`+1) , (4.14)

where σα` act like Pauli matrices on the site ` and like the identity elsewhere. If the initial state

|Ψ0〉 breaks one-site shift invariance, the latter symmetry is generally not restored in the GGE

that describes local observables at infinite time after the quench.

On the other hand, an infinitesimally small one-site shift invariant perturbation that breaks

the non-abelian integrability of (4.14) is expected to catalyse symmetry restoration (similar

issues of symmetry restoration have been pointed out long ago, e.g. in [175]).

A perturbation that preserves the noninteracting character of the Hamiltonian was already

considered in [68]. Here we investigate perturbations that have a 4-fermion representation in

terms of the noninteracting fermions that diagonalise (4.14), namely

V ∼
∑
`

aα1
`+n1

aα2
`+n2

aα3
`+n3

aα4
`+n4

, (4.15)

where aα` are the Majorana fermions (cf. Subsection 2.1.2).

The argument presented in Section 4.1 indicates that the relevant Hamiltonian in the pre-

relaxation limit is determined by the time average of the perturbation. The calculation of

the average in this case is not difficult but rather lengthy. However, a close inspection of the

various contributions reveals a hidden structure that helps simplifying the computation. The

calculation is carried out in Appendix 4.A, the result is summarised in the following

Property 4.2.1 The time average under HXY of a one-site shift invariant four fermion oper-

ator can be written as follows

1

L

∑
`

aα1
`+n1

aα2
`+n2

aα3
`+n3

aα4
`+n4

= F
{α1...α4}
{n1...n4} +A

{α1...α4}
{n1...n4} , (4.16)

where F
{α1...α4}
{n1...n4} is a linear combination of factorised terms and A

{α1...α4}
{n1...n4} is an anomalous

contribution originated by the non-trivial solutions of the energy constraint

ε(k1) + ε(k2) = ε(k3) + ε(k1 + k2 − k3) . (4.17)

The latter exists only in the thermodynamic limit and strongly depends on the details of the
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dispersion relation, whereas F
{α1...α4}
{n1...n4} has a structure that is almost model independent:

F
{α1...α4}
{n1...n4} =

1∑
s=0

aα1
n1
aα2
n2︸ ︷︷ ︸

s

aα3
n3
aα4
n4︸ ︷︷ ︸

s

− aα1
n1
aα3
n3︸ ︷︷ ︸

s

aα2
n2
aα4
n4︸ ︷︷ ︸

s

+ aα1
n1
aα4
n4︸ ︷︷ ︸

s

aα2
n2
aα3
n3︸ ︷︷ ︸

s

, (4.18)

where

Laαn1
aβn2︸ ︷︷ ︸
s

=
∑
`

(−1)s`aα`+n1
aβ`+n2

=
∑

α1,α2=1,2

∑
`1,`2

dαβα1α2
n1n2s (`1, `2)aα1

`1
aα2
`2
, (4.19)

is a (quasi)-local operator: dαβα1α2
n1n2s (`1, `2) decays exponentially in |`1 − `2|.

Let us consider first the “anomalous term” A
{α1...α4}
{n1...n4} . This conservation law is purely non

local: it is possible to show that it can not be written as a function of local ones. We then

expect A
{α1...α4}
{n1...n4} to become important for local observables only at times proportional to the

chain length, which are far beyond the pre-relaxation limit. In light of this we argue that

anomalous terms are not relevant to our problem, which is equivalent to assume

〈Ψ0|eiHt[O, A{α1...α4}
{n1...n4} ]e

−iHt|Ψ0〉 = 0 , (4.20)

for any local observable O. This will be a working assumption throughout this chapter, in

Appendix 4.C we check the self-consistency of our approximation. To support the validity of

our assumption, in the next chapter we will compare the results found here with those found

by means of a different method, the first order EOM (cf. Chapter 5): observing an excellent

agreement (cf. Fig. 5.29). Additional indications in favour of our assumption have been found

in [176], where the results of the approach presented here have been compared with those of

infinite time-evolving block-decimation (iTEBD) algorithm: finding a good agreement. Further

investigations on the effects of the anomalous terms are left to future works.

The factorised part F
{α1...α4}
{n1...n4} of the time average has a simple structure: it is written as

sum of products of quasi-local operators divided by L, ensuring the correct scaling with L in

the thermodynamic limit. This form easily generalises in the case of an arbitrary number of

fermions. The factorised part of the time average of a perturbation with 2k Majorana fermions,

designated by F
{α1...αk}
{n1...nk} , can be written as

F
{α1...αk}
{n1...nk} =

1

Lk−1
H1;1 . . . H1;k + · · ·+ 1

Lk−1
Hm;1 . . . Hm;k , m =

2(2k)!

2kk!
, (4.21)

where Hi;j are translation invariant operators (i.e. n-site shift invariant for some n ∈ N) with

quasi-local densities, their particular form depends on {αi} and {ni}.
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Summing all together: the argument of Section 4.1 and our assumption (4.20) suggest that

considering general perturbations to the XY model the effective Hamiltonian describing the

pre-relaxation limit takes the form

Heff =
1

Ln1−1
H1;1 . . . H1;n1 + · · ·+ 1

Lnm−1
Hm;1 . . . Hm;nm , (4.22)

where {ni},m ∈ N are finite and Hi;j are quasi-local operators.

As a matter of fact, similar factorisations appear whenever the unperturbed Hamiltonian is

noninteracting (e.g. the model considered in Chapter 5), provided that the anomalous terms in

(4.16) can be disregarded. Hamiltonians of the form (4.22) are therefore the perfect workbench

for pre-relaxation or pre-thermalisation issues.

The non-equilibrium dynamics generated by a subclass of Hamiltonians of the form (4.22)

have been already worked out in [177]. The authors considered “completely connected quantum

models”, in which the Hamiltonian is symmetric under any permutation of the sites, and

exhibited a mapping onto an effective classical Hamiltonian dynamics.

We also point out that the simplest models of the form (4.22) (e.g. Curie-Weiss quantum

Heisenberg models) have often been used as toy models to investigate the statistical properties

in the presence of long range interactions [178].

The rest of the chapter will be focussed on the following points:

1. Solution of the non-equilibrium problem for Hamiltonians of the form (4.22);

2. Characterisation of the pre-relaxation limit in an interacting model, in the presence of

perturbations that may or may not break integrability;

The point (2) relies on two assumptions:

(a) In the limit g → 0 with gt finite, the time evolution under H = H0 + gV can be split in

two steps:

1. infinite time evolution under the unperturbed Hamiltonian H0, which is supposed to

give rise to a generalised Gibbs ensemble e−iH0t |Ψ0〉 〈Ψ0| eiH0t → ρGGE;

2. time evolution with rescaled time T = gt under the effective Hamiltonian given by the

perturbation V averaged with respect to H0 (4.4);

e−i(H0+gV )t |Ψ0〉 〈Ψ0| ei(H0+gV )t ∼ e−igtV̄ ρGGEe
igtV̄ . (4.23)

(b) The “anomalous terms” appearing in the time average of V give a negligible contribution

(cf. Property 4.2.1 and discussion below).
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On the other hand, (1) will be treated as an ab initio problem.

4.3 Solution of the non-equilibrium problem

In this section we work out the first point of our plan of attack. We are going to show that,

despite the nonlocal appearance, operators of the form (4.22) generate a dynamics which is

equivalent to that of a (quasi-)local time-dependent mean-field Hamiltonian. Here only the

most relevant results are reported, the details of the derivation can be found in Appendix 4.B.

For the sake of simplicity we only consider cases in which Hi;j (cf. (4.22)) have local den-

sities, however, as far as we can see, all the results can be generalised to quasi-local operators.

In light of (4.22), we define a class of operators E as follows:

Definition We say that an operator acting on a spin-1/2 chain belongs to the class E if it is

written as in (4.22), namely as a finite linear combination of operators of the form

1

Ln−1
H1 · · ·Hn , (4.24)

where n is finite, Hj are local translation invariant operators, and L is the chain length.

It important to emphasise that we consider cases where the local Hilbert space is finite dimen-

sional. This turns out to be a fundamental assumption for most of our results and includes all

the examples mentioned.

One of our goals is to show that the time evolution preserves cluster decomposition proper-

ties, which is the key element that allows us to simplify the calculation of expectation values.

We have

Lemma 4.3.1 Let O ∈ E and |Ψ〉 a state with cluster decomposition properties. The expec-

tation value of O/L in |Ψ〉 can be reduced to the expectation values of the local translation

invariant operators it consists of:

lim
L→∞

〈Ψ|H1

L
· · · Hn

L
|Ψ〉 = lim

L→∞

∏
j

〈Ψ|Hj |Ψ〉
L

. (4.25)

Using this lemma it is rather natural to relate the dynamics generated by (4.22) to those

generated by the mean-field Hamiltonian defined as follows:

Definition Mean-field effective Hamiltonian. Let H ∈ E be an operator written as

H =
1

Ln−1
H1 · · ·Hn . (4.26)
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We call HΨ0
MF(t) the (time dependent) mean field operator associated with H, defined as

HΨ0
MF(t) ≡

n∑
j=1

∏
`6=j

{〈Ψ0|Ū †(t)H`Ū(t)|Ψ0〉
L

}
Hj , (4.27)

where Ū(t) is the time evolution under HΨ0
MF(t)

Ū(t) = T exp
(
−i
∫ t

0
dτHΨ0

MF(τ)
)
. (4.28)

Consequently, HΨ0
MF (t) must be generally computed in a self-consistent way.

For example, the Hamiltonian

H = −1

4

L∑
`

(
σx` σ

x
`+1 + σy` σ

y
`+1

)
+
λ

L

( L∑
`

σz`

)2
(4.29)

belongs to E . In this trivial case
∑

` σ
z
` commutes with H, so the associated mean-field Hamil-

tonian is independent of time and it is given by

HΨ0
MF(t) = −1

4

∑
`

(
σx` σ

x
`+1 + σy` σ

y
`+1

)
+ 2λ 〈Ψ0|

1

L

∑
`

σz` |Ψ0〉
∑
`

σz` . (4.30)

The main result of this section is that the dynamics generated by the mean field Hamiltonian

is exactly equivalent to that generated by the full Hamiltonian, more precisely:

Lemma 4.3.2 Let |Ψ0〉 be a translation invariant state with cluster decomposition properties

and H,O ∈ E. Let the expectation value of O in the state that time evolves with HΨ0
MF(t) be an

analytic function of t in the strip |Im[t]| < r, with r a nonzero constant. In the thermodynamic

limit, the time evolution with H can be replaced by the time evolution with the mean-field

Hamiltonian:

lim
L→∞

〈Ψ0|eiHt
O
L
e−iHt|Ψ0〉 = lim

L→∞
〈Ψ0|Ū †(t)

O
L
Ū(t)|Ψ0〉 . (4.31)

Remark The validity of the hypothesis of analyticity on a strip can be verified a posteriori.

The idea is the following. The self-consistent mean-field problem can be generally recast into

an infinite nonlinear system of ordinary differential equations. The finiteness of n in (4.24)

implies that the system can be written as ~̇u = ~F (~u, t), with ~F a polynomial. If the system was

finite, the solution would have been analytic. This is not always the case for an infinite system

but, in practice, the numerical solution is obtained by introducing a cutoff parameter N that

makes the system finite. If the mean-field time evolution had a point of non-analyticity, the

solution of the system of equations should display a non-trivial dependence of the mean-field
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parameters on the cutoff as N →∞.

Corollary 4.3.3 Lemma 4.3.2 holds true in particular for local operators.

The local equivalence with the mean-field time evolution can also be expressed in terms of

reduced density matrices:

Corollary 4.3.4 Let |Ψ0〉 a translation invariant state with cluster decomposition properties

and H ∈ E. In the thermodynamic limit, the time evolution of the reduced density matrix

(RDM) of some spin block S is equal to the RDM in the state that time evolves with the

mean-field Hamiltonian:

ρS(t) = trS̄ [e−iHt |Ψ0〉 〈Ψ0| eiHt] = trS̄ [Ū(t) |Ψ0〉 〈Ψ0| Ū †(t)] . (4.32)

4.3.1 Time-dependent GGE

We are now in a position to justify (4.10), and in turn (4.12) and (4.13). In the limit of small

g the expectation value of a local observable O reads as (4.9)

〈Ψ0|eiHtOe−iHt|Ψ0〉 → tr[(e−iH0T/g |Ψ0〉 〈Ψ0| eiH0T/g)eiT V̄Oe−iT V̄ ] . (4.33)

Since H0 is local, the state e−iH0T/g |Ψ0〉 has cluster decomposition properties beyond some

typical distance proportional to T/g (in order to be outside of the light cone). Being V̄ in E ,

from Corollary 4.3.3 follows that the time evolution under V̄ is equivalent to that under the

corresponding mean-field operator. Indeed, introducing the constant J with the dimension of

an energy, we only need JT � gL (cf. (4.122)), which is trivially satisfied in the thermodynamic

limit. Thus we obtain

〈Ψ0|eiHtOe−iHt|Ψ0〉 → tr[(e−iH0T/g |Ψ0〉 〈Ψ0| eiH0T/g)U †
V̄

(T )OUV̄ (T )] , (4.34)

with

UV̄ (t) = T exp
(
−i
∫ t

0
dτ V̄ ΨT

MF (τ)
)
. (4.35)

Incidentally, we note that the time-ordering in (4.35) can not be simplified because V̄ ΨT
MF is

generally written in terms of conservation laws that are not in involution with one another.

For the sake of simplicity we assume that the time-dependent coupling constants of V̄ ΨT
MF are

bounded. The operator U †
V̄

(T )OU
V̄

(T ) is then quasi-local with a typical range ξ proportional

to T [179]. On the other hand e−iH0T/g |Ψ0〉 is the time evolution of |Ψ0〉 at the time (∞ ←
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)T/g � T ∼ ξ. In this limit, we can apply the findings of [39] and replace the state with the

corresponding GGE

tr[(e−iH0T/g |Ψ0〉 〈Ψ0| eiH0T/g)U †
V̄

(T )OUV̄ (T )]→ tr[ρGGEU
†
V̄

(T )OU
V̄

(T )] . (4.36)

The operator V̄ ΨT
MF is obtained self-consistently by computing the expectation values of (quasi-)local

conservation laws, which, for late times, can be obtained from (4.36). Therefore, in the defini-

tion (4.27) of the mean-field Hamiltonian we can replace |Ψ0〉 by ρGGE

HΨ0
MF(T )→ H̄MF(T ) ≡

n∑
j=1

∏
`6=j

tr[ρGGEU
†
V̄

(T )H`UV̄ (T )]

L
H` . (4.37)

4.4 Pre-relaxation in XYZ models

In this section we investigate the pre-relaxation dynamics of a four-parameter family of spin

Hamiltonians. This family describes the integrable XYZ spin-1/2 chain in the limit of small

anisotropy in the z direction and in presence of small perturbations that can break integrability.

Specifically, we consider the time evolution generated by the following Hamiltonian

H = J
∑
`

(1 + γ

4
σx` σ

x
`+1 +

1− γ
4

σy` σ
y
`+1 +

g

4
σz`σ

z
`+1 +

gU

4
σz`σ

z
`+2

)
+
gh

2

∑
`

σz` , (4.38)

which has the form (4.1) with H0 = HXY (4.14) and

V =
J

4

∑
`

(σz`σ
z
`+1 + Uσz`σ

z
`+2) +

h

2

∑
`

σz` . (4.39)

For a fixed g 6= 0, the model is integrable for JU = h = 0, corresponding to the spin-1/2

XYZ model, and for JU = γ = 0, corresponding to the XXZ spin-1/2 chain; otherwise it is

non-integrable.

Following the results of Sections 4.1 and 4.3, for g � 1 and large time t in such a way that

T = gt ∼ O(g0), the initial state can be replaced by the corresponding GGE of the unperturbed

Hamiltonian

|Ψ0〉 〈Ψ0| → ρGGE = lim
|S|→∞

lim
t→∞

trS̄ [e−iHXYt |Ψ0〉 〈Ψ0| eiHXYt] , (4.40)

and the perturbation V by its time average V̄ (cf. (4.4)). We note that the free Hamiltonian

HXY does not play any role in the pre-relaxation limit, because it commutes with ρGGE . In
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addition, the results of Sections 4.2 and 4.3 imply that the time evolution generated by V̄ is

equivalent to the one generated by the associated mean-field Hamiltonian (4.27).

The mapping into a mean-field problem can be decomposed in the following steps:

- Compute the time averaged perturbation V̄ ;

- Construct the mean-field Hamiltonian H̄MF;

- Solve the time evolution under H̄MF for any local observable.

In this section we will make intense use of the “symbol formalism” introduced in Subsection

2.1.2 of Chapter 2, this will turn out to be of great help in the calculations of the time average

of the perturbation V̄ and the explicit form of H̄MF (T ).

Let us now consider the first step of our plan of attack: compute the time average of the

perturbation. We find that the three constituents of the interaction term in (4.39) have the

following fermionic representation

1

4

∑
`

σz`σ
z
`+j =

1

4

∑
`

iay`a
x
` ia

y
`+ja

x
`+j , j = 1, 2 , (4.41)

1

2

∑
`

σz` =
1

2

∑
`

iay`a
x
` . (4.42)

Neglecting the anomalous term (cf. 4.2) the time average of the perturbation can thus be

written as a sum of products of time averaged quadratic operators as

V̄ (U, h) =
J

L

1∑
s=0

2∑
j=1

U j−1
(

(−1)sjH̄z
s H̄

z
s + H̄xy

s,jH̄
yx
s,j − H̄xx

s,jH̄
yy
s,j

)
+ hH̄z

0 . (4.43)

The time averaged quadratic operators appearing on the right hand side of (4.43) are the

fundamental blocks of (4.18) and read as

H̄z
s =

1

2

∑
`

(−1)s`σz` =
1

2

∑
`

(−1)s`iay`a
x
`

H̄xy
s,j =

1

2

∑
`

(−1)s`σx` (σz`+1)j−1σy`+j =
1

2

∑
`

(−1)s`(−i)ay`a
y
`+j

H̄yx
s,j =

1

2

∑
`

(−1)s`σy` (σz`+1)j−1σx`+j =
1

2

∑
`

(−1)s`iax` a
x
`+j

H̄xx
s,j =

1

2

∑
`

(−1)s`σx` (σz`+1)j−1σx`+j =
1

2

∑
`

(−1)s`(−i)ay`ax`+j

H̄yy
s,j =

1

2

∑
`

(−1)s`σy` (σz`+1)j−1σy`+j =
1

2

∑
`

(−1)s`iax` a
y
`+j . (4.44)
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Since we have to compute the time average of quadratic operators evolving according to

a noninteracting Hamiltonian (cf. (4.14)) we can use the “symbol formalism”, in particular

Eq. (2.24). This allows to find the following exact result

Ō(k) = lim
T→+∞

1

T

∫ T

0
dtO(k, t) = lim

T→+∞
1

T

∫ T

0
dt eiH

(2)(k)tO(k)e−iH
(2)(k)t

=
1

2
O(k, 0) +

1

2

[
σxei

k
2
σz ⊗ σyeiθk/2σz

]
O(k, 0)

[
σxei

k
2
σz ⊗ σyeiθk/2σz

]
, (4.45)

where O(k) is the symbol of a quadratic operator and · · · denotes the time average. Here

we used the explicit expression of the symbol of the XY Hamiltonian (2.23) in the two-site

translationally invariant representation; we need to use the two-site invariant representation

because some of (4.44) are invariant only by a two-site translation. The symbols of the operators

(4.44) read

H̄z
s (k) =

J

ε2(k/2)
(δs,0Q2(k)− γδs,1Q8(k))

H̄xy
s,1(k) = δs,0Q4(k) + δs,1Q6(k)

H̄xy
s,2(k) = δs,0Q3(k) + δs,1Q7(k)

H̄yx
s,1(k) = −δs,0Q4(k) + δs,1Q6(k)

H̄yx
s,2(k) = −δs,0Q3(k) + δs,1Q7(k)

H̄xx
s,1(k) = − J

2ε2(k/2)
((1 + γ) + (1− γ) cos k) (δs,0Q1(k)− δs,1Q5(k))

H̄xx
s,2(k) = − J

ε2(k/2)
[γ + (1− γ)(s+ cos k)] (δs,0Q2(k) + δs,1Q8(k))

H̄yy
s,1(k) = − J

2ε2(k/2)
((1− γ) + (1 + γ) cos k) (δs,0Q1(k) + δs,1Q5(k))

H̄yy
s,2(k) =

J

ε2(k/2)
(γ + s(1− γ)− (1 + γ)(−1)s cos k) (δs,0Q2(k) + δs,1Q8(k)) . (4.46)

Here we expressed the results in terms of the symbols of the local charges of HXY (cf. (2.32)
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and (2.33))

Q1(k) = I(2)(e)
1;+ (k) = ε(k/2)

[
σxei

k
2
σz
]
⊗
[
σyeiθk/2σ

z]
Q2(k) = I(2)(o)

1;+ (k) = cos(k/2)ε(k/2)1⊗
[
σyeiθk/2σ

z]
Q3(k) = I(2)(e)

1;− (k) = sin(k)1⊗ 1

Q4(k) = I(2)(o)
1;− (k) = sin(k/2)

[
σxei

k
2
σz
]
⊗ 1

Q5(k) = J (2)(e)
1;+ (k) = ε(k/2)

[
σyei

k
2
σz
]
⊗
[
σxeiθk/2σ

z]
Q6(k) = J (2)(o)

1;+ (k) = cos(k/2)
[
σyei

k
2
σz
]
⊗ σz

Q7(k) = J (2)(e)
1;− (k) = sin(k)σz ⊗ σz

Q8(k) = J (2)(o)
1;− (k) = sin(k/2)ε(k/2)σz⊗

[
σxeiθk/2σ

z]
. (4.47)

As discussed in Chapter 2 (see also [68]), from the symbol of an operator it is possible to infer

its local properties. In particular, a smooth symbol is associated with a quasi-local operator.

If in addition the symbol has a finite number of nonzero Fourier components the associated

operator is local, this is the case of the operators in (4.47) (the dispersion is cancelled by the

denominator of the Bogoliubov angle). Equations (4.46) imply that H̄xy
s , H̄yx

s are local while

H̄xx
s , H̄yy

s , H̄z
s are quasi-local, thus V̄ (cf. (4.43)) is a member of the quasi-local extension of

the class E studied in Section 4.3. As previously pointed out, we expect all the theorems of 4.3,

in particular corollary 4.3.4, to remain valid also for quasi-local operators. This guarantees the

time evolution generated by HXY + gV̄ to be locally equivalent to the one generated by the

following quasi-local mean-field Hamiltonian

H̄MF (T ) =HXY + 2Jg
∑
s

(U + (−1)s)
〈H̄z

s 〉T
L

H̄z
s + Jg

∑
s,j

U j−1
(〈H̄xy

sj 〉T
L

H̄yx
sj +

〈H̄yx
sj 〉T
L

H̄xy
sj

)
− Jg

∑
s,j

U j−1
(〈H̄xx

sj 〉T
L

H̄yy
sj +

〈H̄yy
sj 〉T
L

H̄xx
sj

)
+ hgH̄z

0 , (4.48)

where 〈O〉T is the expectation value of the operator O in the mean-field description (cf. (4.36))

〈O〉T = Tr
[
UV̄ (T )ρGGEU

†
V̄

(T )O
]
. (4.49)

To determine the time evolution generated by H̄MF (T ) we need to solve the self-consistency

conditions encoded in (4.48) and (4.49). To this end it is again convenient to exploit the

representation in terms of symbols. Using (4.46), the symbol HMF (k, T ) of the time-dependent

mean-field Hamiltonian can be written in terms of the symbols {Qα(k), α = 1, . . . , 8}, as
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follows1

HMF (k, T ) = −Q1(k) + gVMF (k, T ) , (4.50)

VMF (k, T ) =
h

ε2(k/2)
Q2(k) +

8∑
α=1

cα(k; ỹα)Qα(k) . (4.51)

The coefficients are given by

c1(k; ỹ1) = −1 + cos k

2ε2(k/2)
(ỹ

(0)
1 + ỹ

(1)
1 ) + γ2 1− cos k

2ε2(k/2)
(ỹ

(0)
1 − ỹ

(1)
1 )

c2(k; ỹ2) = 2
1 + U

ε2(k/2)
ỹ

(0)
2 − 2U

cos k

ε2
k/2

ỹ
(1)
2 + 2Uγ2 1− cos k

ε2(k/2)
(ỹ

(0)
2 − ỹ

(1)
2 )

c3(k; ỹ3) = −U(1 + γ2)ỹ
(0)
3 − U(1− γ2)ỹ

(1)
3

c4(k; ỹ4) = −(1 + γ2)ỹ
(0)
4 − (1− γ2)ỹ

(1)
4

c5(k; ỹ5) =
1 + cos k

2ε2(k/2)
(ỹ

(0)
5 + ỹ

(1)
5 )− γ2 1− cos k

2ε2(k/2)
(ỹ

(0)
5 − ỹ

(1)
5 )

c6(k; ỹ6) = (1 + γ2)ỹ
(0)
6 + (1− γ2)ỹ

(1)
6

c7(k; ỹ7) = U(1 + γ2)ỹ
(0)
7 + U(1− γ2)ỹ

(1)
7

c8(k; ỹ8) = 2γ2 U − 1

ε2(k/2)
ỹ

(0)
8 − 2γ2U

cos k

ε2(k/2)
ỹ

(1)
8 + 2U

1 + cos k

ε2(k/2)
(ỹ

(0)
8 + ỹ

(1)
8 ) , (4.52)

where we defined

ỹ(`)
α (T ) =

∫ π

−π

dp

2π

cos(`p)

ε2(k/2)
yα(p, T ) , (4.53)

and

yα(k, T ) =
1

8
Tr
[
UHMF

(k, T )ΓGGE(k)U †HMF
(k, T )Qα(k)

]
, (4.54)

UHMF
(k, T ) = T exp

[
−i
∫ T

0
dsVMF (k, s)

]
. (4.55)

Here we introduced ΓGGE(k): the symbol of the correlation matrix (cf. Property 2.1.2 ) in the

unperturbed GGE.

By taking the first derivative of (4.54) with respect to T and using the (closed) commutation

algebra of Qα(k) we get

ẏα(k, T ) =
h

ε2(k/2)

8∑
γ=1

f2αγ
k yγ(k, T ) +

8∑
β,γ=1

cβ(k; ỹγ)fβαγk yγ(k, T ) . (4.56)

The nonzero structure constants fαβγk that are not connected to one another by symmetry are

1From now on we set J = 1.
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given by

f562
k = f548

k = 2f647
k = 2 f782

k = f746
k = 2f845

k = −2(1− cos k)

f584
k = f526

k = 2f827
k = −2ε2(k/2) f728

k = f764
k = 2f625

k = 2(1 + cos k) . (4.57)

The others follow from fβαγk = −fαβγk . In particular Q1(k) and Q3(k) commute with all the

other charges, so y1(k) and y3(k) are conserved and the system (4.56) is reduced to 6 first order

integro-differential equations that depend on a continuous variable k.

The solution of (4.56) entirely determines the time evolution generated by H̄MF. Indeed,

the expectation value of any local observable in the pre-relaxation limit can be computed using

Wick’s theorem with the correlation matrix

〈


ax2n−1

ay2n−1

ax2n

ay2n


(
ax2`−1 ay2`−1 ax2` ay2`

)〉
=

= δ`n14 +

∫ π

−π

dk

2π
e−i(n−`)k

8∑
i=1

8yi(k, T )

tr(Qi(k)2)
Qi(k) . (4.58)

Here we defined

〈aαi aβj 〉 ≡ tr[UV̄ (T )ρGGEU
†
V̄

(T )aαi a
β
j ] , i, j = 1, . . . L , α, β = x, y . (4.59)

Eq. (4.58) also means that the reduced density matrices of subsystems are gaussian at any

time, so the two assumptions (a) and (b) (see the end of Section 4.2) could be also reformulated

as a single hypothesis of RDMs being gaussian.

Equations (4.58) and (4.56) are the main results of this section: they allow us to compute

dynamics of the expectation values of local observables in the pre-relaxation limit g � 1 and

gt ∼ O(g0) of the model described by the Hamiltonian (4.38) by solving a nonlinear system

of equations, which is rather easy from a numerical point of view. We remind the reader

that g measures the strength of the perturbation breaking the symmetry which originates the

additional families of conserved charges of the unperturbed model.
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Reflection symmetry The Hamiltonian (4.38) is reflection symmetric, that is to say it is

invariant under the transformation

σα` → σαs+L−` α ∈ {x, y, z} , (4.60)

where s is odd for reflections about a bond and even for those about a site.

The reflection operator acts on the Majorana fermions as follows

ax` → i
(∏

j

σzj

)
ays+L−`

ay` → −i
(∏

j

σzj

)
axs+L−` . (4.61)

Therefore the symbol H of a one-site shift invariant operator transforms as

H(1)(k)→ σyH(1)(−k)σy , (4.62)

while for two-site shift invariant operators we find

H(2)(k)→

 σx ⊗ σy H(2)(−k) σx ⊗ σy s odd

e−i
k
2
σz ⊗ σy H(2)(−k) ei

k
2
σz ⊗ σy s even .

(4.63)

The symbols (4.47) of the conservation laws have the simple transformation rules

Q1,2(k) −→ Q1,2(k)

Q3,4(k) −→ −Q3,4(k)

Q5,6(k) −→ −(−1)sQ5,6(k)

Q7,8(k) −→ (−1)sQ7,8(k) . (4.64)

Since a shift by one site is equivalent to a reflection about a bond followed by a reflection about

a site, we recover the transformation rules pointed out in Chapter 2.

If the initial state is reflection symmetric about a bond, yj(k, t) = 0 for j = 3, 4, 7, 8 (cf.
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Eq.(4.54)). Thus, the system of Equations (4.56) can be reduced to

ẏ2(k, T ) = −2c5(k; ỹ5)ε2(k/2)y6(k, T ) + c6(k; ỹ6)(1 + cos k)y5(k, T )

ẏ5(k, T ) = −2c6(k; ỹ6)y2(k, T ) + 2
( h

ε2(k/2)
+ c2(k; ỹ2)

)
ε2(k/2)y6(k, T )

ẏ6(k, T ) = 2c5(k; ỹ5)y2(k, T )−
( h

ε2(k/2)
+ c2(k; ỹ2)

)
(1 + cos k)y5(k, T ) . (4.65)

We numerically solved these equations for different values of the parameters and identified

three distinct qualitative behaviours:

• Stationarity : The expectation values of the observables remain equal to the initial values

given by the unperturbed GGE (Fig. 4.1a).

• Local relaxation: The observables relax to a different stationary value: one-site shift in-

variance is restored in some cases (Fig. 4.1b) while remaining broken in others (Fig. 4.1c).

• Persistent oscillations: The amplitude of the oscillations of the expectation values of the

observables does not approach zero (Fig. 4.1d).

It is worth remarking that, even when there is relaxation (at some intermediate times with

Jt � g−1), the stationary state is not thermal, being the local conservation laws of HXY

with symbol proportional to Q1(k) and Q3(k) (namely the charges the preserve non-abelian

integrability) conserved also for the perturbed Hamiltonian.

4.4.1 Perturbations preserving integrability

Let us perform a qualitative analysis of the case U = γ = 0, in which H (4.38) is the Hamilto-

nian of the XXZ spin-1/2 chain. In this case the Hamiltonian is invariant under U(1) rotations

around the z axis, thus Sz = 1
2

∑
` σ

z
` commutes with H. This drastically simplifies the de-

pendence on h of the time evolution of observables. In particular, the expectation value of the

one-site shift invariant conservation laws is independent of the magnetic field.

In this case, the system of Equations (4.65) can be rewritten as follows:

1

2
ẏ

[n]
2 (T ) = y

[n]
5 (T )y

[0]
6 (T )− y[n]

6 (T )y
[0]
5 (T )

1

2
ẏ

[n]
5 (T ) = −(2y

[n]
2 (T ) + y

[n−1]
2 (T ) + y

[n+1]
2 (T ))y

[0]
6 (T ) + (h+ 4y

[0]
2 (T ))y

[n]
6 (T )

1

2
ẏ

[n]
6 (T ) = (2y

[n]
2 (T ) + y

[n−1]
2 (T ) + y

[n+1]
2 (T ))y

[0]
5 (T )− (h+ 4y

[0]
2 (T ))y

[n]
5 (T ) , (4.66)
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(a) The correlators are stationary. This figure is
obtained for γ = 2, h = 0, and U = 5. We find
stationary behaviour whenever the initial state
is reflection symmetric, y2(k) = y6(k) = 0 (cf.
(4.54)), and h = 0 (cf. (4.38)).
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(b) The correlators rapidly relax to the same
stationary value, restoring translation invariance.
We verified relaxation up to gt = 1000. This figure
is obtained for γ = 2, h = 1 and U = −2 (cf.
(4.38)).
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(c) The correlators rapidly relax to different sta-
tionary values. We verified relaxation up to gt =
1000. This figure is obtained for γ = 2, h = 2 and
U = 2 (cf. (4.38)).

〈σ2
xσ3

x〉

〈σ1
xσ2

x〉

0 20 40 60 80
-1.5

-1.0

-0.5

0.0

0.5

gt

960 970 980 990 1000

-0.35

-0.30

-0.25

-0.20

-0.15

(d) The correlators exhibit persistent oscillations
on the time window explored. Inset: the amplitude
of the oscillations is still unabated at gt = 1000.
This figure is obtained for γ = 4, h = 1 and U = −2
(cf. (4.38)).

Figure 4.1: Time evolution of 〈σx1σx2 〉 (red dashed) and 〈σx2σx3 〉 (blue) determined by the Hamil-
tonian H (4.38) in the pre-relaxation limit g � 1 with gt = O(g0); in this limit the observables
are functions of the rescaled variable T = gt. The figures report four qualitatively different
behaviours that one observes varying the parameters of H.
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where we defined

y
[n]
2 (T ) =

∫ π

−π

dp

2π

cos(np)

1 + cos p
y2(p, T ) , y

[n]
5,6(T ) =

∫ π

−π

dp

2π
cos(np)y5,6(p, T ) . (4.67)

We note that, despite the denominator, y
[n]
2 are expectation values of (quasi)-local operators,

as well as y
[n]
5,6. Indeed we have limk→±πQ2(k)/(1 + cos p) = finite.

To understand how the solutions of (4.66) behave in time, it is useful to start considering

the n = 0 components. Inspecting (4.66) we find

y
[0]
2 (T ) =

〈Sz〉
2L
≡ sz

2

y
[0]
5 (T ) = y

[0]
5 (0) cos

(∫ T

0
dτ (2h+ 4m(τ))

)
+ y

[0]
6 (0) sin

(∫ T

0
dτ (2h+ 4m(τ))

)
y

[0]
6 (T ) = y

[0]
6 (0) cos

(∫ T

0
dτ (2h+ 4m(τ))

)
− y[0]

5 (0) sin
(∫ T

0
dτ (2h+ 4m(τ))

)
. (4.68)

Here we defined

m(T ) ≡ sz

2
− y[1]

2 (T ) = sz − 〈Q2〉T
L

=
1

4
〈σz` 〉+

1

8

〈
σx`−1σ

z
`σ

x
`+1 + σy`−1σ

z
`σ

y
`+1

〉
T
. (4.69)

We see that both y
[0]
2 (T ) and C ≡ (y

[0]
5 (T ))2 + (y

[0]
6 (T ))2 are conserved. In particular it is

convenient to consider the two cases C = 0 and C 6= 0 separately.

If C = 0, the equations for different values of n are decoupled, and the solution of (4.66) is

trivially given by

y
[n]
2 (T ) = y

[n]
2 (0)

y
[n]
5 (T ) = y

[n]
5 (0) cos(2(h+ 2sz)T ) + y

[n]
6 (0) sin(2(h+ 2sz)T )

y
[n]
6 (T ) = y

[n]
6 (0) cos(2(h+ 2sz)T )− y[n]

5 (0) sin(2(h+ 2sz)T ) . (4.70)

For h 6= −2sz, local observables keep oscillating in time, otherwise, in the pre-relaxation

window, the expectation values of local observables do not move from the values reached at

times 1� Jt� g−1.

If C 6= 0, is sufficient to look at (4.68) to infer that relaxation is possible only if

∃ lim
T→∞

m(T ) = −h
2
, (4.71)

∃ lim
T→∞

∣∣∣∫ T

0
dτ
(
m(τ) +

h

2

)∣∣∣ <∞ . (4.72)
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We see that m(T ) could be interpreted as a sort of ‘induced magnetisation’ that h must compete

with. It turns out that (4.71) and (4.72) are also sufficient conditions for the relaxation of local

degrees of freedom. This can be seen as follows. If the conditions (4.71) and (4.72) are verified,

m(T ), y
[0]
5 (T ) and y

[0]
6 (T ) relax to a time independent value for long times and (4.66) becomes

a linear system, which can be easily solved. Doing that, one can verify that all {y[n]
i (T )} relax

to time independent values.

Therefore the variance

∆m = lim
T→∞

( 1

T

∫ 2T

T
dtm(t)2 −

( 1

T

∫ 2T

T
dtm(t)

)2)1/2
, (4.73)

behaves like an ‘order parameter’ for the transition, indeed it vanishes in the region of the

parameter space where the system relaxes to time independent values and it is not analytic at

the boundaries of it (the first derivative is discontinuous).

Some aspects of the solutions of nonlinear systems like (4.66) can be worked out analytically.

In the present context this would involve the study of quantum quenches from rather artificial

initial states. In Ref. [2], however, we considered the time evolution generated by the non-local

Hamiltonian

H(g̃, λ) = −
L∑
`

(σx` σ
x
`+1 + g̃σz` ) +

λ

L

( L∑
`

σz`

)2
. (4.74)

In the thermodynamic limit, the time evolution generated by (4.74) is equivalent to the one

generated by

HΨ0
MF(t) = −

∑
`

(σx` σ
x
`+1 + h(t)σz` ) , (4.75)

as a consequence of corollary 4.3.4. The function h(t) is the solution of the self-consistent

equation

h(t) = g̃ − 2λ 〈Ψ0|T† exp
(
i

∫ t

0
dτHΨ0

MF(τ)
)
σz` T exp

(
−i
∫ t

0
dτHΨ0

MF(τ
)
|Ψ0〉 . (4.76)

The equations imposed by the self consistency conditions of the mean field solution can be

brought in a form which is extremely similar to (4.66). The advantage is that the qualitative

analysis can be carried out for more conventional initial states, such as the ground state of

the TFIC for a given magnetic field h0. The results of the analysis can be summarised by the

“quench dephasing diagram” in Fig. 4.2, which depicts in white the regions of the parameter

space where the relaxation happens and in grey the regions where there is a persistent oscillatory

behaviour. The appearance of oscillatory behaviour has been related to the presence of localised

excitations in the mean field Hamiltonian (4.75). Finally we note that in Ref. [2] we also

88



0.0 0.5 1.0 1.5 2.0

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

g˜

λ

Figure 4.2: Quench dephasing diagram of the model (4.74) in the limit of small quench with
energy close to the ground state one. The dark region corresponds to persistent oscillatory
behaviour at any time after the quench.

excluded that (4.74) and similar Hamiltonians (for example the one considered in [65]) can

lead to thermalisation in the thermodynamic limit.

4.4.2 Perturbations breaking integrability: linearisation

We now move to the case where the Hamiltonian (4.38) is not integrable. In order to make

some progress we focus on quantum quenches starting from the dimer product state

|MG〉 =
|↑↓〉 − |↓↑〉√

2
⊗ · · · ⊗ |↑↓〉 − |↓↑〉√

2
, (4.77)

which is the ground state of the Majumdar-Ghosh Hamiltonian

H0 =
J

4

L∑
`=1

~σ` · ~σ`+1 +
1

2
~σ` · ~σ`+2 . (4.78)

Despite the model being interacting, (4.77) is a two-site shift invariant Slater determinant,

whose correlation matrix has the following symbol

ΓMG(k) = σx ⊗ σy . (4.79)

The initial conditions for {yα(k)} (4.54) are determined by the GGE correlation matrix for

g = 0. They can be obtained by expanding ΓMG(k) in the base of the symbols (4.47) of the

conserved charges of HXY (the remaining space is zeroed by the time evolution, as 1� Jt cf.
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(4.36))

ΓGGE(k; 0) =
8∑
i=1

tr[ΓMG(k)Qi(k)]

tr[(Qi(k))2]
Qi(k) . (4.80)

We find

ΓGGE(k; 0) =
1 + cos k

1 + cos k + γ2(1− cos k)
Q1(k)− γ 1− cos k

1 + cos k + γ2(1− cos k)
Q5(k) . (4.81)

The only nonzero initial conditions are given by (cf. (4.54))

y1(k, 0) =
1 + cos k

4
,

y5(k, 0) = −γ 1− cos k

4
. (4.82)

The initial state is reflection symmetric about a bond, so we can use the reduced system (4.65).

As only y5 appears in (4.65), for γ = 0 (see previous section) the solution is independent of

time.

It is easy to see that also for h = 0 the system (4.65) with the initial conditions (4.82) has

a stationary solution. We therefore assume γ, h 6= 0. Since cj(k; yj) are linear homogeneous

functions of yj , the magnetic field h enters into the equations essentially as a scale factor. It is

useful to rescale the variables as follows

τ = 2hT = 2hgt ε =
γ

2h
zj =

2yj
γ

γj =
2cj
γ
. (4.83)

From (4.65) we then obtain

∂τz2(k, τ) = −ε ε2(k/2)γ5(k, τ)z6(k, τ) + ε cos2 k

2
γ6(k, τ)z5(k, τ)

∂τz5(k, τ) = −εγ6(k, τ)z2(k, τ) + (1 + ε ε2(k/2)γ2(k, τ))z6(k, τ)

∂τz6(k, τ) = εγ5(k, τ)z2(k, τ)− (1 + ε ε2(k/2)γ2(k, τ))
cos2 k

2

ε2(k/2)
z5(k, τ) , (4.84)

with the initial conditions

z2(k, 0) = z6(k, 0) = 0 z5(k, 0) = − sin2 k

2
. (4.85)

For generic ε the system of equations is not exactly solvable, but the limit of small ε allows

a linear approximation. For not too large rescaled times (we will come back to this point

later) the terms that are multiplied by ε in the last two equations can be neglected, while the

functions that appear on the right hand side of the first equation can be computed at O(ε0).
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For z5 and z6 we obtain the simple solution

z5(k, τ) ≈ − sin2 k

2
cos
( cos k2
ε(k/2)

τ
)

z6(k, τ) ≈ sin2 k

2

cos k2
ε(k/2)

sin
( cos k2
ε(k/2)

τ
)
, (4.86)

while z2 is a slightly more complicated function that involves integrals over the momentum of

z5,6, namely

z2(k, τ) ≈ εsin k sin k
2

2

∫ π

−π

dp

2π

∑
σ=±

gσ(k, p)f(
cos k2
ε(k/2)

+ σ
cos p2
ε(p/2)

; τ) . (4.87)

Here we defined

gσ(k, p) ≡ sin2 p
2

ε(p/2)

[cos2 k
2 cos2 p

2 − γ2 sin2 k
2 sin2 p

2

ε(k/2)ε(p/2)
+ σ cos

k

2
cos

p

2

]
, (4.88)

f(x; τ) ≡ 1− cos(xτ)

x
. (4.89)

For small ε and given γ, z2(k, τ) relaxes to the stationary value

z2(k,∞) =
ε sin2 k

8γ2

[
1− 3γ2 + (2 + 4γ2) cos k + (1− γ2) cos 2k

]
. (4.90)

Let us now estimate the time window in which this approximation is appropriate. From (4.86)

it follows that γ5 and γ6 decay to zero as τ−
3
2 . Instead, since z2 approaches a nonzero stationary

value, γ2 is of the same order of z2. This means that, as the time increases, the first term on

the right hand side of the last two equations of (4.84) becomes more and more negligible with

respect to the other term multiplied by ε. By neglecting the former we obtain essentially the

same solution as before (cf. (4.86)), with the replacement

τ → τ + ε ε2(k/2)

∫ τ

0
dsγ2(k, s) = τ

(
1 + ε ε2(k/2)γ2(k,∞)

)
+ . . . . (4.91)

Being γ2 ∼ O(ε), after a rescaled time τ ∼ 1
ε2

, the correction to z5,6 becomes comparable with

the function itself. Assuming that the relevant part of the time evolution occurs within this

timescale, the linear approximation is justified only if |z2| � 1 (and ε � 1). For γ < 1/2 we

find |z2(k,∞)| < ε
6γ2 , so we obtain the consistency condition

1

12h
� γ � 2h . (4.92)
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data

linearisation

0 5 10 15 20 25 30 35

-0.04

-0.02

0.00

0.02

0.04

gt

〈Q5〉

(a) The time evolution of 〈Q5〉t = γ
∫

dk
4π z5(k, t),

where Q5 is the conserved charge of HXY corre-
sponding to the symbol Q5(k) (4.47) for a time
evolution starting from the state |MG〉 (4.77). The
parameters of the Hamiltonian (4.38) are γ = 0.2,
h = 3.5 and U = −1, hence ε ≈ 0.029 (cf. (4.83))
and γ fulfils the consistency condition (4.92) of the
linearisation procedure. The analytical prediction
of (4.86) (red dashed line) is in excellent agreement
with the numerical data (blue line).

data

linearisation

stationary value

0 10 20 30 40 50 60
-0.0005

0.0000

0.0005

0.0010

0.0015

0.0020

gt

〈Q2〉

(b) The time evolution of 〈Q2〉t = γ
∫

dk
4π z2(k, t),

where Q2 is the conserved charge of HXY corre-
sponding to the symbol Q2(k) (4.47) for a time
evolution starting from the state |MG〉 (4.77). The
parameters of the Hamiltonian (4.38) are γ = 0.2,
h = 3.5 and U = −1, hence ε ≈ 0.029 (cf. (4.83))
and γ fulfils the consistency condition (4.92) of the
linearisation procedure. The analytical prediction
of (4.86) (red dashed line) is in fairly good agree-
ment with the numerical data (blue line). The
stationary value in the linearised approximation

(black dotted line) is 〈Q2〉 = (1−5γ2)
128h (cf. (4.90)).

Figure 4.3: The results of the linear approximation compared with those of the numerical
solution.

Figures 4.3a and 4.3b report a comparison between the solution of the linearised problem and

the full numerical solution of system (4.65) for a set of parameters fulfilling (4.92).

From the expressions of z5(k, τ), z6(k, τ) given in Eq. (4.86) and of z2(k, τ) reported in

Eq. (4.87), we can directly compute the time evolution of the expectation value of any local

observable in the pre-relaxation limit. Corollary 4.3.4, indeed, allows us to apply Wick’s

theorem at any time (in the limit under examination) and the correlation matrix is given by

(4.58).

Any integral involving z5 and z6 approaches zero and z2 becomes independent of time even

if not integrated. Therefore, in the limit (4.92) and for large times the expectation value of any

local observable relaxes to a stationary value that can be described by the correlation matrix

with symbol

lim
τ→∞(∗)

Γ(k; τ) =
γz1(k, 0)

ε2(k/2)
Q1(k) +

γz2(k,∞)

ε2(k/2) cos2(k/2)
Q2(k) , (4.93)

where the infinite time limit τ →∞(∗) must be understood within the limits of validity of the

linear approximation.

We point out that one-site shift invariance is restored, indeed the only contributions to the

correlation matrix at infinite times arise from Q1(k) and Q2(k), which are symbols of one-site

shift invariant operators. The manifestly one-site shift invariant expression of the correlation
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matrix in the limit (4.93) reads

lim
τ→∞(∗)

〈 axn

ayn

( ax` ay`

)〉
= δ`n12 +

∫ π

−π

dk

2π
e−i(n−`)k Γ(1)(k) , (4.94)

with

Γ(1)(k) =
4h+ tan2 k cos k(1− 3γ2 + (2 + 4γ2) cos 2k + (1− γ2) cos 4k)

4h sec2 k
σyeiθkσ

z
, (4.95)

where θk is given in Eq. (2.13).

Despite one-site shift invariance being restored in (4.93), the asymptotic value is not given by

the average over a shift of the expectation value of the operator in the GGE of the unperturbed

model. Indeed the one-site shift average of (4.81) is proportional to Q1(k) (cf. (4.64)) but the

symbol of the large time correlation matrix (4.93) has also a term proportional to Q2(k).

Consequently, the shift-averaged stationary values can not be recovered from the g = 0 ones.

For example we have (cf. (4.46) and (4.90))

lim
1�t� 1

g

〈
σz2`−1 + σz2`

2

〉
= O(g) (4.96)

lim
2hgt→∞(∗)

〈
σz2`−1 + σz2`

2

〉
= − γ2

16h

3 + γ

(1 + γ)3
+O(g) , (4.97)

where we highlighted that there are O(g) corrections. Besides this particular quench in a

non-integrable model, similar issues can arise also in the integrable case, where it is generally

believed that at infinite time after the quench the expectation values can be computed in a

GGE constructed with the (quasi-)local conservation laws of the model.

4.5 Conclusions

In this chapter we discussed the pre-relaxation, a dynamical phenomenon that arises when small

perturbations break symmetries affecting the late time behaviour of local observables. The

particular case where the perturbation breaks (abelian) integrability is usually called prether-

malisation, which is generally thought as a two-step process where local observables experience

virtual relaxation before approaching thermal-like expectation values. The relaxation process,

however, can also be more complicated, following many steps of quasi-stationary behaviour.

This happens in particular when the model is close to an integrability point characterised by

additional, non-commuting, local conserved charges (cf. Chapter 2). In order to extract the
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pre-relaxation behaviour one must therefore identify the correct timescale of the phenomenon.

We have considered the problem of pre-relaxation after quantum quenches in weakly inter-

acting models, starting from initial states with cluster decomposition properties, focussing on

the particular situation where the unperturbed Hamiltonian is one-site shift invariant and has

a non-abelian set of local conservation laws that break one-site shift invariance. Specifically,

we considered interacting perturbations to the XY spin-1/2 chain and investigated both inte-

grable extensions, like the Heisenberg XYZ model, and the effects of perturbations that break

integrability.

We identified the inverse perturbation strength as the relevant timescale of pre-relaxation

and studied the dynamics of local observables at times proportional to it.

A key result of our analysis is that, despite the model being interacting, the noninteracting

structure remnant of the unperturbed Hamiltonian survives the pre-relaxation limit and it is

manifested in the validity of Wick’s theorem. However interactions do affect the dynamics

by introducing a non-trivial time dependence in the effective noninteracting Hamiltonian that

generates the time evolution. The most striking effect is probably that, even if local degrees

of freedom approach stationary values, these can not be generally predicted without following

the entire dynamics.

We have shown how to recast the non-equilibrium problem into a system of nonlinear

differential equations involving expectation values of quasi-local operators. The system of

equations has qualitatively distinct solutions, which vary from trivial stationarity to persistent

oscillatory behaviour over the entire time window considered. We have not found any relevant

difference between integrable and non-integrable perturbations, suggesting that the scenario of

thermalisation in generic models arises at much larger times.

For the very nature of the local conservation laws of the XY model, in order to have a non-

trivial time evolution the initial state must break one-site shift invariance. For a particular

initial state of that kind we considered a limit in which the equations can be linearised and

exhibited the analytic solution, in which one-site shift invariance is eventually restored. The

regime worked out analytically shows quite clearly the importance of cluster decomposition in

the non-equilibrium problem. While, as mentioned above, the pre-relaxation limit is trivial for

one-site shift invariant states, a shift symmetrisation of the two-site shift invariant initial state

has a non-trivial time evolution. This is because cluster decomposition has been lost with the

symmetrisation. It is important to take into account such aspect when analytic predictions of

the late time stationary behaviour are compared with numerical data at times in which one-site

shift invariance is not yet restored.
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Finally, we would like to stress that our description of the pre-relaxation limit is based on a

few hypotheses. In particular, we neglected some “anomalous terms” (cf. (4.20)), proving only

the self-consistency of the conjecture. In the next chapter we will compare the results found

here with those found with a different technique: the first order EOM; finding an excellent

agreement. It is also worth mentioning that a number of careful checks against infinite time-

evolving block-decimation (iTEBD) simulations [176] confirmed the validity of the assumptions

presented here in the case of the XYZ spin-1/2 chain; a more rigorous analysis of the regimes

of validity of our approximations is, however, left to future research.
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Appendix

4.A Time averages of interacting operators

In this appendix we show the validity of Property 4.2.1. The Property can be most easily

proven for Jordan-Wigner fermions

cj =
1

2
(axj − iayj ) ; (4.98)

the relation for the Majorana fermions axj , a
y
j will then follow by linearity.

In order to proceed it is convenient to introduce the following notation

cαj (t) ≡
{
c†j(t) α = +

cj(t) α = − .
(4.99)

The relation between c†, c and the Bogoliubov fermions b†(k), b(k) that diagonalise the unper-

turbed (noninteracting) Hamiltonian HXY (4.14) can be written as

cαj (t) =
1√
L

∑
k

∑
β=±

eiαjkU(k)αβbβ(k)eiβε(k)t . (4.100)

Here U(k) is the 2 × 2 matrix defining the Bogoliubov transformation, εk is the dispersion

relation

ε(k) = J

√
cos2 k + γ2 sin2 k (4.101)

and we set

bβ(k) ≡
{
b†(k) β = +

b(−k) β = − .
(4.102)

The relation (4.18) is then equivalent to

1

L

∑
j

cα1
j+n1c

α2
j+n2c

α3
j+n3c

α4
j+n4 = F̃{α1...α4}

{n1...n4} + Ã{α1...α4}
{n1...n4} , (4.103)

where F̃{α1...α4}
{n1...n4} is a factorised term

F̃{α1...α4}
{n1...n4} =

1∑
s=0

cα1
n1

cα2
n2︸ ︷︷ ︸

s

cα3
n3

cα4
n4︸ ︷︷ ︸

s

− cα1
n1

cα3
n3︸ ︷︷ ︸

s

cα2
n2

cα4
n4︸ ︷︷ ︸

s

+ cα2
n2

cα3
n3︸ ︷︷ ︸

s

cα1
n1

cα4
n4︸ ︷︷ ︸

s

(4.104)
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cαn1
cβn2︸ ︷︷ ︸
s

=
1

L

∑
`

(−1)s`cα`+n1
cβ`+n2

(4.105)

and Ã{α1...α4}
{n1...n4} is the remaining contribution. Using (4.100) we can explicitly carry out the time

average and the sum over ` in (4.105). We obtain

cαn1
cβn2︸ ︷︷ ︸
s

=
1

L

∑
k

e−iα(n2−n1)kein2sπU(k)αγU(αβk̄s)
β
γ̄bγ(k)bγ̄(αβk̄s) , (4.106)

where ᾱ = −α and we defined ks = k + πs. Analogously, (4.103) reads as

1

L

∑
j

cα1
j+n1

cα2
j+n2

cα3
j+n3

cα4
j+n4

=

=
1

L2

∑
{ki}

4∏
j=1

(
eiαjnjkjU(kj)

αj
βj

)
bβ1(k1)bβ2(k2)bβ3(k3)bβ4(k4)δα1k1+α2k2+α3k3+α4k4

× δβ1ε(k1)+β2ε(k2)+β3ε(k3)+β4ε(k4) . (4.107)

In order to compute the sums over the momenta it is necessary to solve the constraints given

by the Kronecker deltas, i.e.

α1k1 + α2k2 + α3k3 + α4k4 = 0

β1ε(k1) + β2ε(k2) + β3ε(k3) + β4ε(k4) = 0 . (4.108)

Some of the solutions to these equations can be found by requiring the terms of (4.108) to

cancel in pairs. This would give

δα1k1+α2k2+α3k3+α4k4δβ1εk1
+β2εk2

+β3εk3
+β4εk4

=
∑
s=0,1

∆s
1 + ∆s

2 + ∆s
3 , (4.109)

with

∆s
1 = δβ1,β̄2

δβ3,β̄4
δᾱ1k1,α1k2,sδᾱ3k3,α4k4,s (4.110)

∆s
2 = δβ1,β̄3

δβ2,β̄4
δᾱ1k1,α3k3,sδᾱ2k2,α4k4,s (4.111)

∆s
3 = δβ1,β̄4

δβ2,β̄3
δᾱ1k1,α4k4,sδᾱ2k2,α3k3,s . (4.112)

For a generic dispersion relation it is reasonable to expect these solutions to be the only ones.

For the specific dispersion considered, (4.101), Equations (4.108) admit other solutions in the

thermodynamic limit. We call these anomalous solutions because they depend strongly on the
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precise form of the dispersion relation. We now show that the term Ã{α1...α4}
{n1...n4} in (4.103) is

exactly the contribution arising from these solutions, i.e.

F̃{α1...α4}
{n1...n4} =

1

L2

∑
k1,k2,k3,k4

∑
s=0,1

4∏
j=1

(
eiαjnjkjU(kj)

αj
βj

)
bβ1(k1)bβ2(k2)bβ3(k3)bβ4(k4)

×{∆s
1 + ∆s

2 + ∆s
3} . (4.113)

We stress that the operator Ã{α1...α4}
{n1...n4} will be nonzero only in the thermodynamic limit.

Considering, for example, the term containing ∆2, we have

1

L2

∑
k1,k2,k3,k4

∑
s=0,1

4∏
j=1

(
eiαjnjkjU(kj)

αj
βj

)
bβ1(k1)bβ2(k2)bβ3(k3)bβ4(k4)∆s

2 =

=
1

L2

∑
p,q

∑
s=0,1

eiα1(n1−n3)p+iα2(n2−n4)qein3sπein4sπU(p)α1
β1
U(q)α2

β2

× U(α1α3p̄s)
α3

β̄1
U(α2α4q̄s)

α4

β̄2
bβ1(p)bβ2(q)bβ̄1

(α1α3p̄s)bβ̄2
(α2α4q̄s)

= −
∑
s=0,1

cα1
n1

cα3
n3︸ ︷︷ ︸

s

cα2
n2

cα4
n4︸ ︷︷ ︸

s

+O
(
L−1

)
, (4.114)

where we used the commutation relations of the {bβ(k)} in the last step. Although the terms

F̃{α1...α4}
{n1...n4} and Ã{α1...α4}

{n1...n4} are in fact multiplied by L in the time average of (4.15), the possible

corrections O(L−1) in (4.114) (which would result in corrections O(L0) in the effective Hamil-

tonian) are locally irrelevant, because their density approaches zero in the thermodynamic

limit.

We obtain analogous results for ∆1 and ∆3, that is to say (4.103).

Remark We point out that for other dispersion relations (still with the properties ε(k) =

ε(k + π) and ε(k) 6= ε(k + π/n) for generic k and n > 1) the anomalous terms could be

factorised as well. Generally in such situations the factors have a very simple time dependence,

e.g. a single oscillation frequency. As a consequence, relaxation is ruled out.

4.B Towards a mean-field description

In this appendix we prove the Lemmas of Section 4.3.

Lemma 4.B.1 If O ∈ E, the operator norm ( i.e. the maximal eigenvalue in absolute value)

of O/L is bounded.
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Proof The proof is straightforward. Let us expand O/L as in (4.22):

O
L

=
N∑
j=1

1

Lnj
O(j)

1 · · · O(j)
nj (4.115)

where O(j)
m have local densities, that is to say, they can be written as follows

O(j)
m =

∑
`

o
(j)
m;` , (4.116)

with o
(j)
m;` local operators. We immediately find the chain of inequalities

‖ O
L
‖≤

N∑
j=1

1

Lnj
‖ O(j)

1 · · · O(j)
nj ‖≤

N∑
j=1

‖ O
(j)
1

L
‖ · · · ‖ O

(j)
nj

L
‖≤

N∑
j=1

(max
m,`
‖ o(j)

m;` ‖)nj . (4.117)

The right hand side is clearly O(L0) because N and nj are finite by definition and o
(j)
m;` are

local.

Lemma 4.B.2 If O, Õ ∈ E, then [O, Õ] ∈ E as well.

Proof Without loss of generality, we can restrict to two single terms of the expansions (4.22)

of O and Õ. The commutator of the two terms reads as

[
1

Lni−1
O(i)

1 · · · O(i)
ni ,

1

Lnj−1 Õ
(j)
1 · · · Õ(j)

nj ] =

=
1

Lnj+nj−2

∑
k,p

O(i)
1 · · · O

(i)
k−1Õ

(j)
1 · · · Õ

(j)
p−1[O(i)

k , Õ(j)
p ]O(i)

k+1 · · · O(i)
ni Õ

(j)
p+1 · · · Õ(j)

nj . (4.118)

Since [O(i)
k , Õ(j)

p ] have local densities (the commutator of two local operators is nonzero only

if there is a region on which they both act non-trivially; in addition, its range is smaller than

the sum of the ranges of the two operators), the number of extensive operators exceeds by one

the exponent of 1/L. Thus, [O, Õ] ∈ E .

Lemma 4.B.3 (viz. Lemma 4.3.1) Let O ∈ E and |Ψ〉 a state with cluster decomposition

properties. The expectation value of O/L in |Ψ〉 can be reduced to the expectation values of the

local translation invariant operators it consists of:

lim
L→∞

〈Ψ|H1

L
· · · Hn

L
|Ψ〉 = lim

L→∞

∏
j

〈Ψ|Hj |Ψ〉
L

. (4.119)

Proof Let us consider a term (4.24) of the expansion (4.22). Its expectation value (per unit
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of length) is given by

〈Ψ|H1

L
· · · Hn

L
|Ψ〉 =

1

Ln

∑
`1,...,`n

〈Ψ|h1,`1 · · ·hn,`n |Ψ〉 , (4.120)

where hj,`j are local operators acting non-trivially only around `j and such that

Hj =
∑
`

hj,`j . (4.121)

By cluster decomposition we have

∑
`1,...,`n

|`j−`j′ |>ξ�1 (∀j 6=j′)

〈Ψ|h1,`1

L
· · · hn,`n

L
|Ψ〉 =

∑
`1,...,`n

|`j−`j′ |>ξ�1 (∀j 6=j′)

〈Ψ|h1,`1 |Ψ〉
L

· · · 〈Ψ|hn,`n |Ψ〉
L

+ f(ξ, L) , (4.122)

where limξ→∞ limL→∞ f(ξ, L) = 0. The difference between (4.120) and the left hand side of

(4.122) can be bounded from above as follows

∣∣∣ ∑
`1,...,`n

|`j−`j′ |≤ξ (∃j 6=j′)

〈Ψ|h1,`1

L
· · · hn,`n

L
|Ψ〉
∣∣∣ ≤ (n

2

)
ξ

L
max
{`}

∣∣∣〈Ψ|h1,`1 · · ·hn,`n |Ψ〉
∣∣∣→ 0 . (4.123)

Analogously

∣∣∣ ∑
`1,...,`n

|`j−`j′ |≤ξ (∃j 6=j′)

〈Ψ|h1,`1 |Ψ〉
L

· · · 〈Ψ|hn,`n |Ψ〉
L

∣∣∣ ≤ (n
2

)
ξ

L
max
{`}

∣∣∣ n∏
j=1

〈Ψ|hj,`j |Ψ〉
∣∣∣→ 0 , (4.124)

so that ∣∣∣〈Ψ|H1

L
· · · Hn

L
|Ψ〉 −

∏
j

〈Ψ|Hj |Ψ〉
L

∣∣∣ ≤ |f(ξ, L)|+O(1/L) (4.125)

Being ξ arbitrary, we can take the limit limξ→∞ limL→∞, obtaining (4.119).

Lemma 4.B.4 If the state |Ψ0〉 has cluster decomposition properties and O ∈ E, the mean-field

Hamiltonian satisfies the following identity:

lim
L→∞

〈Ψ0|Ū †(t)[HMF(t),
O
L

]Ū(t)|Ψ0〉 = lim
L→∞

〈Ψ0|Ū †(t)[H,
O
L

]Ū(t)|Ψ0〉 , (4.126)

where Ū was defined in (4.28).

Proof Let us consider a generic term (4.24) of the expansion (4.22) of H

H̃ =
1

Ln−1
H1 · · ·Hn . (4.127)
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The corresponding term (4.27) of the mean-field Hamiltonian (4.27) is given by

H̃Ψ0
MF(t) =

n∑
`=1

∏
j 6=`

〈Ψ0|Ū †(t)HjŪ(t)|Ψ0〉
L

H` . (4.128)

By taking the commutators with O we find

[H̃,
O
L

] =

n∑
`=1

`−1∏
j=1

Hj

L

[H`,O]

L

n∏
j=`+1

Hj

L
(4.129)

[H̃Ψ0
MF(t),

O
L

] =
n∑
`=1

∏
j 6=`

〈Ψ0|Ū †(t)HjŪ(t)|Ψ0〉
L

[H`,O]

L
. (4.130)

Because |Ψ0〉 has cluster decomposition properties and the mean-field Hamiltonian is local at

any time, the state Ū(t) |Ψ0〉 has cluster decomposition properties as well (the only difference

with respect to |Ψ0〉 is that the function f of (4.122) is now time dependent). Finally, by

Lemma 4.B.3, in the thermodynamic limit the expectation values of (4.129) and (4.130) in the

state Ū(t) |Ψ0〉 are identical, that is to say (4.126).

Lemma 4.B.5 Let |Ψ0〉 be a translation invariant state with cluster decomposition properties

and H,O ∈ E. The time derivatives of the expectation value of O/L in the state evolving with

HΨ0
MF(t) fulfil

dn

dtn
lim
L→∞

〈Ψ0|Ū †(t)
O
L
Ū(t)|Ψ0〉 = in lim

L→∞
〈Ψ0|Ū †(t)

[
H, [H, ...[H︸ ︷︷ ︸

n

,
O
L

]
...]Ū(t)|Ψ0〉 (4.131)

Proof We proceed by induction. First of all we see that for n = 0 the property is trivially

satisfied; let then the property be true for n, we have

dn+1

dtn+1 lim
L→∞

〈Ψ0|Ū †(t)
O
L
Ū(t)|Ψ0〉 = in

d

dt
lim
L→∞

〈Ψ0|Ū †(t)
[
H, [H, ...[H,︸ ︷︷ ︸

n

O
L

]
...]Ū(t)|Ψ0〉

= in+1 lim
L→∞

〈Ψ0|Ū †(t)[HMF (t),
[
H, [H, ...[H︸ ︷︷ ︸

n

,
O
L

]
...]]Ū(t)|Ψ0〉

= in+1 lim
L→∞

〈Ψ0|Ū †(t)
[
H, [H, ...[H︸ ︷︷ ︸

n+1

,
O
L

]
...]Ū(t)|Ψ0〉 . (4.132)

In the second step we used Lemma 4.B.2 and Lemma 4.B.4. This concludes the proof.

Lemma 4.B.6 (viz. Lemma 4.3.2) Let |Ψ0〉 be a translation invariant state with cluster de-

composition properties and H,O ∈ E. Let the expectation value of O in the state that time

evolves with HΨ0
MF(t) be an analytic function of t in the strip |Im[t]| < r, with r a nonzero

constant. In the thermodynamic limit, the time evolution with H can be replaced by the time
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evolution with the mean-field Hamiltonian:

lim
L→∞

〈Ψ0|eiHt
O
L
e−iHt|Ψ0〉 = lim

L→∞
〈Ψ0|Ū †(t)

O
L
Ū(t)|Ψ0〉 . (4.133)

Proof We define

f(t, s) = lim
L→∞

〈Ψ0|Ū †(t)eiHs
O
L
e−iHsŪ(t)|Ψ0〉 . (4.134)

By Lemma 4.B.5 we have
∂n

∂tn
f(t, 0) =

∂n

∂sn

∣∣∣
s=0

f(t, s) , (4.135)

indeed
∂n

∂tn

∣∣∣
t=0

eiHt
O
L
e−iHt = in

[
H, [H, ...[H︸ ︷︷ ︸

n

,
O
L

]
...] . (4.136)

By assumption, f(t, 0) (which corresponds to the time evolution with the mean-filed Hamilto-

nian) is analytic in the strip |Im[t]| < r, so the convergence radius of the Taylor expansion at

t = 0 is larger than or equal to r. Thus we have

f(τ, 0) =
∑
n

τn

n!

∂n

∂tn

∣∣∣
t=0

f(t, 0) =
∑
n

τn

n!

∂n

∂tn

∣∣∣
t=0

f(0, t) = f(0, τ) , |τ | < r . (4.137)

Let us call t∗ a time such that f(t, 0) = f(0, t) for any 0 ≤ t < t∗. As before, the function

f(t+ τ, 0) is analytic in the strip |Im[τ ]| < r, so we have

f(t+ τ, 0) =
∑
n

τn

n!

∂n

∂tn
f(t, 0) =

∑
n

τn

n!

∂n

∂tn
f(0, t) = f(0, t+ τ) , |τ | < r . (4.138)

That is to say

f(t, 0) = f(0, t) ∀t < t∗ =⇒ f(t, 0) = f(0, t) ∀t < t∗ + τ . (4.139)

Since τ is finite and (4.137) holds, we conclude

f(t, 0) = f(0, t) ∀ t , (4.140)

which is exactly (4.133).

Corollary 4.B.7 (viz. Corollary 4.3.3) Lemma 4.B.6 holds true in particular for local opera-

tors.

Proof By translation invariance, the expectation value of any local operator O is equal to the

expectation value per unit of length of the operator O∗ ∈ E , obtained by shifting O along the
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chain and summing all the (L) terms.

Corollary 4.B.8 (viz. Corollary 4.3.4) Let |Ψ0〉 a translation invariant state with cluster

decomposition properties and H ∈ E. In the thermodynamic limit, the time evolution of the

reduced density matrix (RDM) of some spin block S is equal to the RDM in the state that time

evolves with the mean-field Hamiltonian:

ρS(t) = trS̄ [e−iHt |Ψ0〉 〈Ψ0| eiHt] = trS̄ [Ū(t) |Ψ0〉 〈Ψ0| Ū †(t)] . (4.141)

Proof This is a direct consequence of Corollary 4.B.7.

Corollary 4.B.9 Let H ∈ E and |Ψ〉 a state with cluster decomposition properties. If |Ψ〉 is

an excited state of the corresponding mean-field Hamiltonian HΨ
MF

HΨ
MF |Ψ〉 = EΨ |Ψ〉 , (4.142)

the expectation value of local observables in e−iHt |Ψ〉 is independent of time. Therefore, |Ψ〉
behaves locally as an excited state of H.

The reverse is also true. If an excited state of H is locally equivalent to a state with cluster

decomposition properties, then the latter is an excited state of the corresponding mean-field

Hamiltonian.

Proof Clearly the mean-field Hamiltonian HΨ
MF is the solution of (4.27). Being Ū(t) |Ψ〉 ∝ |Ψ〉

(cf. (4.28)), by Corollary 4.B.7 the expectation value of local observables is independent of

time. The reverse holds true for analogous reasons.

4.C Self-consistency check of condition (4.20)

Here we show that neglecting the anomalous term LA{α1...α4}
{n1...n4} (cf. (4.103)) in the time averaged

Hamiltonian is a self-consistent approximation. To this aim, we consider the time evolution of

a Slater determinant |Ψ0〉 under the Hamiltonian H̃, obtained from H by removing LA{α1...α4}
{n1...n4} .

In Section 4.3 and Appendix 4.B we proved that, as long as O is a local operator (but the class

of allowed operators is in fact larger), e−iH̃t can be replaced by the mean-field time evolution

operator Ū(t) (4.28). Here we show that inserting LA{α1...α4}
{n1...n4} back at time t does not change

the expectation value of local observables. In other words we are going to prove

lim
L→∞

L 〈Ψ0|Ū †(t)[A{α1...α4}
{n1...n4} ,O]Ū(t)|Ψ0〉 = 0 ∀t , (4.143)
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where O is a generic local operator.

Using the notations of Appendix 4.A, any local operator can be written as a linear combi-

nation of operators of the form

O = cγ1

`1
· · · cγn`n =

1

Ln/2

∑
{pi}
Fn{γi}{σi}({`i}|{pi})bσ1(p1) · · ·bσn(pn) , (4.144)

where

Fn{αi}{βi}({ji}|{pi}) ≡
n∏
i=1

(
eiαijipiU(pi)

αi
βi

)
. (4.145)

If n is odd then (4.143) is trivially satisfied because Ū(t) |Ψ0〉 is a Slater determinant by

assumption and hence the expectation value of an odd number of fermions vanishes. We

therefore focus on the case n = 2m. The anomalous term A{α1...α4}
{n1...n4} of (4.103) can be written

as follows

A{α1...α4}
{n1...n4} =

1

L2

∑
k1,k2

∑
k̄3,k̄4

F2
{αi}
{βi}({ji}|{ki})F2

{αi}
{βi}({ji}|{k̄i})bβ1(k1)bβ2(k2)bβ3(k̄3)bβ4(k̄4)

(4.146)

where k̄3 and k̄4 are the anomalous solutions of system (4.108), i.e. they are implicit functions

of k1 and k2 defined by the system (4.108) and in addition fulfilling

k1,2 ± k̄3,4 6= 0 , k̄3 ± k̄4 6= 0 , (4.147)

almost everywhere. Since |Ψ̃t〉 = Ū(t) |Ψ0〉 is a Slater determinant, we can use Wick’s theorem

to compute expectation values. We then have

L 〈Ψ̃t|A{α1...α4}
{n1...n4}O|Ψ̃t〉 = L 〈Ψ̃t|A{α1...α4}

{n1...n4} |Ψ̃t〉 〈Ψ̃t|O|Ψ̃t〉

+ LC2[A{α1...α4}
{n1...n4}O]t + LC4[A{α1...α4}

{n1...n4}O]t (4.148)

where C2[A{α1...α4}
{n1...n4}O]t contains terms in which two of the b’s in A{α1...α4}

{n1...n4} are contracted to-

gether and the other two are contracted with two b’s in O; C4[A{α1...α4}
{n1...n4}O]t contains all the

terms in which any b in A{α1...α4}
{n1...n4} is contracted with a b in O.

According to the definition of A{α1...α4}
{n1...n4} , any Wick’s contraction among b’s in it gives zero

(because of (4.147)), hence the only non zero contribution to (4.148) arises from C4[A{α1...α4}
{n1...n4}O]t.

To conclude the proof we will show that the terms in C4[A{α1...α4}
{n1...n4}O]t scale as O(L−2) and in

the thermodynamic limit their contribution can thus be neglected. To this end it is sufficient
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to consider a typical element of C4[A{α1...α4}
{n1...n4}O]t

1

Lm+2
Gα,β,γ,σj,k,`,p bβ1(k1)bβ2(k2)bβ3(k̄3)bβ4(k̄4)bσ1(p1)bσ2(p2)bσ3(p3) · · ·bσ2m(p2m) , (4.149)

where sums over the momenta {pi}, {ki} and the indices are understood, and we defined

bα(p)bβ(q) = 〈Ψ̃t|bα(p)bβ(q)|Ψ̃t〉 (4.150)

Gα,β,γ,σj,k,`,p ≡ F2
{αi}
{βi}({ji}|{ki})F2

{αi}
{βi}({ji}|{k̄i})Fn

{γi}
{σi}({`i}|{pi}) . (4.151)

The 2m+ 2 sums over the momenta are reduced to m by the Kronecker deltas arising from the

Wick contractions. Because the number of factors L−1 exceeds by two the number of sums,

the term turns out to be O(L−2). The validity of Equation (4.143) is then established.
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5. Prethermalisation and thermalisation in

models with weak integrability-breaking

In the previous chapter we studied the effects of weak perturbations on the dynamics of a

particular kind of integrable models, here we move to consider the general case where the

unperturbed integrable model is generic. As discussed in Chapter 1 this is the physical setting

in which prethermalisation is expected to occur: the system reaches some quasi-stationary

state where local observables show non-thermal plateaux described by the underlying integrable

theory. We focus on a class of spinless fermion models with weak interactions which can be

thought as interacting Peierls insulators [66, 77] with an additional next-nearest-neighbour

hopping term. We attack this problem by means of equations of motion techniques that can

be viewed as generalisations of quantum Boltzmann equations. The method presented here is

benchmarked against time dependent density matrix renormalisation group computations and

is found to be very accurate as long as interactions are weak. For small integrability breaking,

we observe robust prethermalisation plateaux for local observables on all accessible time scales.

Increasing the strength of the integrability breaking term induces a “drift” away from the

prethermalisation plateaux towards thermal behaviour. We identify a time scale characterising

this crossover to be proportional to the inverse of the strength of the perturbation squared:

much longer than the prerelaxation time-scale of the previous chapter.

5.1 The model

We consider a system described by the three-parameter family of spinless fermion Hamiltonians

H(J2, δ, U) = −J1

L∑
l=1

[
1 + (−1)lδ

](
c†l cl+1 + c†l+1cl

)
− J2

L∑
l=1

[
c†l cl+2 + c†l+2cl

]
+ U

L∑
l=1

nlnl+1 , cL+1 ≡ c1 . (5.1)

Here ci and c†i are spinless fermion operators on site i, obeying the CAR algebra (cf. Eq. (2.4));

the hopping amplitudes J1 and J2 describe nearest-neighbour and next-nearest-neighbour hop-

ping respectively, while 0 ≤ δ < 1 is a dimerisation parameter. Finally there is a repulsive

nearest-neighbour density-density interaction of strength U . From here onwards we set J1 = 1

and measure all the energies in units of J1.
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There are several limits in which (5.1) becomes integrable: (i) U = 0 describes a free

theory; (ii) δ = J2 = 0 corresponds to the anisotropic spin-1/2 Heisenberg chain [180] (in

external magnetic field along z); (iii) the low-energy degrees of freedom for J2 = 0 and δ, U � 1

are described by the quantum sine-Gordon model [79]. Away from these limits, the model is

non-integrable.

The Hamiltonian H(J2, δ, U) is invariant under the following transformations of the ci’s

a. Global U(1) transformations: U(φ)

ci → U(φ)ciU
†(φ) = eiφci , φ ∈ [0, 2π] , (5.2)

b. Two site translations: T2

ci → T2ciT
†
2 = ci+2 , (5.3)

c. Bond inversion with respect to any bond j: Bj

ci → BjciB
†
j = c2j−i+1 . (5.4)

Here we will be interested in the weak interaction regime U . 1, a convenient basis for

analysing quench dynamics is obtained by diagonalising the quadratic part of the Hamiltonian.

This can be done combining a two-site Fourier transformation and a Bogoliubov transformation;

the calculation follows the same lines as the one carried out in Chapter 2 and results in

H(J2, δ, U) =
∑
η=±

∑
k>0

εη(k)α†η(k)αη(k)

+ U
∑
η

∑
k>0

Vη(k)α†η1
(k1)α†η2

(k2)αη3(k3)αη4(k4) . (5.5)

Here we have introduced the notations η = (η1, η2, η3, η4), k = (k1, k2, k3, k4) and k > 0 is a

shorthand notation for ki > 0 for all i = 1, . . . , 4; the operators α±(k) are momentum space

annihilation operators obeying CAR in the form {αµ(k), α†ν(q)} = δµνδk,q; the single particle

dispersion relation is given by

εη(k) = −2J2 cos(2k) + 2η
√
δ2 + (1− δ2) cos2(k) , (5.6)

and finally the interaction vertex factor can be written in a conveniently antisymmetrised form

Vη(k) = −1

4

∑
P,Q∈S2

sgn(P )sgn(Q)V ′ηp1ηq1ηp2ηq2 (kp1 , kq1 , kp2 , kq2) , (5.7)
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where P = (p1, p2) and Q = (q1, q2) are permutations of (1, 2) and (3, 4) respectively and

V ′η(k) =
ei(k3−k4)

2L

(
η1η2e

iϕk1
(δ)e−iϕk2

(δ) + η3η4e
iϕk3

(δ)e−iϕk4
(δ)
)
δk1−k2+k3−k4,0

+
ei(k3−k4)

2L

(
η1η2e

iϕk1
(δ)e−iϕk2

(δ) − η3η4e
iϕk3

(δ)e−iϕk4
(δ)
)
δk1−k2+k3−k4±π,0 . (5.8)

The Bogoliubov angle ϕk(δ) is given by

e−iϕk(δ) =
− cos k + iδ sin k√
cos2 k + δ2 sin2 k

. (5.9)

The transformation between the fermions ci and the Bogoliubov fermions α±(k) can be com-

pactly written as

cl =
1√
L

∑
k>0

∑
η=±

γη(l, k|δ)αη(k) , (5.10)

where the coefficients are given by

γ±(2j − 1, k|δ) = e−ik(2j−1) , γ±(2j, k|δ) = ±e−ik2je−iϕk(δ) . (5.11)

5.2 Setting of the problem

Our protocol for inducing and analysing non-equilibrium dynamics is as follows. We prepare

the system in an initial density matrix ρ0 that is not an eigenstate of H(J2, δ, U) (i.e. does not

commute with H(J2, δ, U)) for any value of U , importantly also for U = 0. Then, we evolve it

in time by means of H(J2, δ, U)

ρ(t) = e−itH(J2,δ,U)ρ0e
itH(J2,δ,U) . (5.12)

For U = 0 our model is non-interacting, and concomitantly in the thermodynamic limit ex-

pectation values of local operators relax to time independent values described by a generalised

Gibbs ensemble (GGE). In the following we analyse how a small integrability breaking in-

teraction U > 0, which is expected to drive expectation values of local operators towards

stationary values described by a Gibbs ensemble (GE), changes the non-equilibrium evolution.

In other words, our main goal is to compare the expectation values of local operators for time

evolution with the integrable Hamiltonian H(J2, δ, 0) and (weakly) non-integrable H(J2, δ, U)

respectively.

As mentioned in Section 4.1 of the previous chapter, even when the interaction is zero the

stationary values of local observables in the GE and GGE are different, i.e. their difference is
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O(U0). Consequently, performing the comparison discussed in the last paragraph, one could

expect that the expectation value of the observable evolving according to H(J2, δ, U), would

immediately separate from the other and evolve towards its thermal value. What happens for

small U , however, is instead very different, for long times (t ∼ U−1 as we will see later) the

observables evolving with the two different Hamiltonians remain close, more precisely their dif-

ference is O(U). Even more interestingly, they show a quasi-stationary behaviour approaching

values which are O(U) close to the one given by the GGE for U = 0. This is the realisation in

our setting of the prethermalisation phenomenon. The first observation of robust prethermali-

sation after quantum quenches in the model (5.1) with J2 = 0 has been performed in Ref. [66],

by numerical and analytical methods. There, no evidence for eventual thermalisation was found

on the accessible time scales. Our purpose here is to go beyond the approximations used in that

work, in order to understand what happens at even later times: we will show that for t ∼ U−2

the local observables continuously move away from the quasi-stationary prethermal plateaux

towards the values predicted by the GE. To the best of our knowledge, Ref. [3] in which we

reported our findings, has been the first work to clearly observe both prethermalisation and

thermalisation in a one dimensional model.

We note that in the J2 = 0 case the dispersion has the same form as the one of the XY

model (with δ playing the role of γ); in particular it has the symmetry ε+(k) = −ε−(π − k)

which causes combinations like α†+(k)α†−(π−k) to be conserved in the free model. This is thus

an other example where one expects the pre-relaxation behaviour to appear; the expectation

value of the “anomalous” charges is zero on the initial state considered in Ref. [66] and that is

the reason why no pre-relaxation was observed there.

Finally, we stress that our protocol differs in a very important way from the weak interaction

quenches analysed previously [72, 181]. In these works there is no dynamics at all for U = 0.

Hence quenching the interaction from zero to a finite value simultaneously breaks integrability

and induces a time dependence into the problem. This masks the interaction induced modifi-

cation of the integrable post-quench dynamics and is the reason why no prethermalisation in

our sense was observed in those works.

Let us now specify the precise form of the initial states used and the observables considered.

The time evolution is started from states of the form

ρ0 = ρ(βi, J2i, δi, Ui) =
e−βiH(J2i,δi,Ui)

Tr[e−βH(J2i,δi,Ui)]
, (5.13)

these states include, as a particular case, the ground state of the Hamiltonian H(J2i, δi, Ui),

however the class (5.13) allows to access the dynamics for a larger range of energy densities. In
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this chapter we will focus on the case where the initial state satisfies Wick’s theorem, specifically

we will consider ρ0 = ρ(βi, J2 = 0, δi, U = 0).

We use equation of motion (EOM) techniques [72, 182] analogous to the ones employed in

derivations of quantum Boltzmann equations [75,76]; techniques similar to the ones we employ

here were also used to analyse quantum quenches in the case δi = δf = 0 in Ref. [181]. The

EOM technique consists in obtaining evolution equations for the two-point functions

nµν(k, t) = Tr
[
ρ(t)α†µ(k)αν(k)

]
, (5.14)

where α±(k) are the Bogoliubov fermions of the final Hamiltonian H(J2, δf , U); throughout this

chapter the quantities (5.14) will be called “occupation numbers”. Since ρ0 is noninteracting,

we can easily evaluate (5.14) for t = 0, it yields to

nµµ(k) =
1

2
− 1

2
cos(ϕk(δf )− ϕk(δi)) tanh(βε(0)

µ (k)/2) , µ = ± , (5.15)

nµν(k) =
i

2
sin(ϕk(δf )− ϕk(δi)) tanh(βε(0)

µ (k)/2) , µ 6= ν . (5.16)

Here the dispersions ε
(0)
α (k) are given by (5.6) with J2 = 0 and δ = δi.

Given the expectation values (5.14), we may readily calculate the single-particle Green’s

function

G(j, l; t) = Tr
[
ρ(t)c†jcl

]
=

1

L

∑
k>0

∑
µ,ν=±

γ∗µ(k, j)γν(k, l)nµν(k, t) . (5.17)

The single-particle Green’s function represents the main object of interest in this chapter; from

the symmetries of the Hamiltonian (and thus of the initial state) the following properties of

G(j, l; t) can be derived

G(j, l; t) = G(j + 2n, l + 2n; t) , (5.18)

G(j, l; t) = G(j, l; t)∗ , j − l = 2n+ 1 , (5.19)

G(j, l; t) = G(j, 2j − l; t)∗ , j − l = 2n , n ∈ Z , (5.20)

we note that ReG(j, l; t), for j− l = 2n, is constructed only using diagonal occupation numbers

nµµ(k; t).

5.3 Equations of motion

The EOM are derived by considering the time evolution equations of the bilinears n̂µν(k, t) =

α†µ(k, t)αν(k, t) in the Heisenberg picture, a closed system is then obtained by truncating the
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expectation value of the Heisenberg equations on the initial state. This is done assuming

that the four and six particle connected cumulants in the correlation functions of the fermions

α±(k, t) can be neglected at all times. In this section we present the derivation of the EOM

following the steps set out in Ref. [75], for deriving quantum Boltzmann equations. The

Heisenberg equations of motion for n̂µν(k, t) are of the form

∂

∂t
n̂µν(k, t) = i

[
H,n̂µν(k, t)

]
= iεµν(k)n̂µν(k, t) + iU

∑
η

∑
q>0

Y ηµν(k, q)Âη(q, t) , (5.21)

where we have defined εµν(k) = εµ(k)− εν(k), Âη(q, t) = α†η1(q1, t)α
†
η2(q2, t)αη3(q3, t)αη4(q4, t),

and

Y ηµν(k, q) =δν,η4δk,q4Vη1η2η3µ(q) + δν,η3δk,q3Vη1η2µη4(q)

− δµ,η2δk,q2Vη1νη3η4(q)− δµ,η1δk,q1Vνη2η3η4(q) . (5.22)

We now consider the Heisenberg equations of motion for the operator Âη(q, t), which read as

∂

∂t
Âη(q, t) = i

[
H, Âη(q, t)

]
=iEη(q)Âη(q, t)

+ iU
∑
γ

∑
p>0

Vγ(p)
[
Âγ(p, t), Âη(q, t)

]
, (5.23)

where Eη(q) ≡ εη1(q1) + εη2(q2)− εη3(q3)− εη4(q4). Integrating (5.23) in time and then taking

an expectation value with respect to our initial density matrix ρ0, we have

〈Âη(q, t)〉 = 〈Âη(q, 0)〉 eitEη(q)

+ iU

∫ t

0
ds
∑
γ

∑
p>0

ei(t−s)Eη(q)Vγ(p) 〈
[
Âγ(p, s), Âη(q, s)

]
〉 . (5.24)

Substituting this back into (5.21) leads to an exact integro-differential equation for the mode

occupation numbers nµν(k, t) = Tr[ρ0n̂µν(k, t)], which takes the form

ṅµν(k, t) =iεµν(k)nµν(k, t) + iU
∑
η

∑
q>0

Y ηµν(k, q) 〈Âη(q, 0)〉 eitEη(q)

− U2

∫ t

0
ds
∑
η,γ

∑
q,p>0

〈Âγ(p, s)Âη(q, s)〉Y ηµν(k, q)ei(t−s)Eη(q)Vγ(p)

+ U2

∫ t

0
ds
∑
η,γ

∑
q,p>0

〈Âγ(p, s)Âη(q, s)〉Y γµν(k,p)ei(t−s)Eγ(p)Vη(q) . (5.25)
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As Wick’s theorem holds for all initial density matrices ρ0 we consider, the expectation value

〈Âα(q, 0)〉 can be expressed in terms of the mode occupation numbers nαβ(k, 0). The eight-

point average in (5.25) can be decomposed as

〈Âγ(p, t)Âα(q, t)〉 = f({nαβ(k, t)}) + C[〈Âγ(p, t)Âα(q, t)〉] ,

where the first term is the result of applying Wick’s theorem, and C [· · · ] denotes terms involving

four, six and eight particle cumulants (the eight particle cumulant does not contribute because

of the antisymmetric structure of (5.25)). In order to turn (5.25) into a closed system of

integro-differential equations we now assume that the four and six particle cumulants can be

neglected at all times. This leads to the following system of equations

ṅµν(k, t) = iεµν(k)nµν(k, t) + 4iU
∑
γ1γ2γ3

∑
q>0

Vγ1γ2γ3µ(k, q, q, k)eiεγ1ν(k)teiεγ2γ3 (q)tnγ1ν(k, 0)nγ2γ3(q, 0)

− 4iU
∑
γ1γ2γ3

∑
q>0

Vνγ2γ3γ1(k, q, q, k)eiεµγ1 (k)teiεγ2γ3 (q)tnµγ1(k, 0)nγ2γ3(q, 0)

− U2

∫ t

0
dt′
∑
~γ

∑
k1,k2,k3>0

L~γµν(k1, k2, k3; k; t− t′)nγ1γ2(k1, t
′)nγ3γ4(k2, t

′)nγ5γ6(k3, t
′)

− U2

∫ t

0
dt′
∑
γ

∑
k1,k2>0

Kγ
µν(k1, k2; k; t− t′)nγ1γ2(k1, t

′)nγ3γ4(k2, t
′) . (5.26)

Here ~γ = (γ1 . . . γ6) and explicit expressions for the kernels are given by

Kγ
µν(k1, k2; k; t) = 4

∑
k3,k4>0

∑
η,η′

Xγ1γ3ηη′;ηη′γ4γ2

k;k′ (µ, ν; k; t),

L~γµν(k1, k2, k3; k; t) = 8
∑
η

∑
k4>0

Xγ1γ3γ6η;ηγ5γ4γ2

k;k′ (µ, ν; k; t)− 16
∑
η

Xγ1γ3ηγ4;γ5ηγ6γ2

k1k2k1k2;k3k1k3k1
(µ, ν; k; t) ,

Xγ;η
k;q (µ, ν; q; t) = Y γµν(k, q)Vη(q)eiEγ(k)t − (γ,k)↔ (η, q). (5.27)

The solution of the set of integro-differential equations (5.26) is numerically demanding.

We designed an algorithm that scales as L3 × T where T is the number of time steps and

L the number of lattice sites. This allows us to reach long times J1t ∼ 80 on large systems

L ∼ 320 (a similar scaling was proposed in Ref. [181]); the maximum time reachable is set by

the appearance of revivals.

We note that Eqs. (5.26) are the result of a “second order” approximation: we approxi-

mately take into account the effect of the four-particle connected cumulants in the expectation

value of (5.21) (with respect to ρ0) by means of the Eqs. (5.24). A less accurate approxima-

tion would be to completely neglect the four-particle connected cumulant from the expectation
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value of (5.21): this would give rise a simpler system of equations that we call “first order

equations”, it reads as

ṅµν(k, t) = iεµν(k)nµν(k, t) + 4iU
∑
γ1γ2γ3

∑
q>0

Vγ1γ2γ3µ(k, q, q, k)nγ1ν(k, t)nγ2γ3(q, t) ,

− 4iU
∑
γ1γ2γ3

∑
q>0

Vνγ2γ3γ1(k, q, q, k)nµγ1(k, t)nγ2γ3(q, t) , (5.28)

these equations are analysed in Appendix 5.A. For short times, the right hand sides of (5.28)

and (5.26) coincide with the perturbative expansions of iTr
[
ρ0

[
H, n̂µν(k, t)

]]
in U respectively

up to first and second order.

The “first order” equations give results which are equivalent to those found in Ref. [66] by

means of the first order continuous unitary transformation (CUT) approach [60, 61, 170]. The

equivalence is shown in Appendix 5.A, where we analytically solve the first order equations

up to O(U2) corrections. In particular, from our solution it is easy to extract the expectation

values of n̂µν(k) in the “deformed GGE” of Ref. [66].

For short times, the equations (5.26) refine the first order description (obtained by of the

first-order EOM or CUT approximation) by going to the next order in perturbation theory.

At later times, however, we will see that non-perturbative feedback mechanisms present in the

equations cause a drifting away from the prethermalised solution observed using the first order

approximations. In this context our most striking “non-perturbative” result is probably the

strong J2 dependence of the solution of (5.26) (see the following) to contrast with the complete

J2 independence that one finds from the first order equations.

5.4 EOM results for the Green’s function

In this section we present the results obtained by means of the EOM for the time evolution of

the single-particle Green’s functions.

We start by providing a crucial check of the accuracy of our approach: the direct com-

parison to previous time-dependent density-matrix renormalisation-group (t-DMRG) compu-

tations [66]. Figs. 5.1 – 5.3 report the time evolution of G(L/2, L/2 + j) with j = 1, 2, 3, 4, 5,

computed respectively by means of EOM and t-DMRG; for a quench where the system is

prepared in the ground state of H(0, 0.8, 0) and time evolved subject to the Hamiltonian

H(0, 0.4, 0.4). We see that even for relatively large U = 0.4, there is excellent agreement

between the two methods for all times accessible by t-DMRG. This agreement suggests that

the EOM method is very accurate for small values of U and short and intermediate time scales.
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The advantage of the EOM method is that it allows us to access later time scales than the

t-DMRG computations reported in Ref. [66]. As long as the interaction strength U is suffi-

ciently small, we observe very long-lived prethermalisation plateaux, as is exemplified in the

insets of Figures 5.1 and 5.3: the values of the observables are quasi-stationary for long times,

but they remain well separated from the thermal values, which have been computed via exact

diagonalisation (ED) on a system of L = 16. Specifically we adopt the following procedure.

We compute the energy density, given by

e =
1

L
Tr [ρ0H(J2, δ, U)] , (5.29)

and determine the effective temperature 1/βeff of the thermal ensemble for the post-quench

Hamiltonian H(J2, δ, U) through

e =
1

L
Tr [ρ(βeff , J2, δ, U)H(J2, δ, U)] , (5.30)

where the trace is over states with fixed particle number density n = Tr [ρ0N ] /L. Using

ED we find βeff , and then use the same method to compute the single-particle Green’s func-

tion in thermal equilibrium at temperature 1/βeff . We checked that the ED thermal value of

G(L/2, L/2 + 1) is consistent the quantum Monte Carlo result reported in [66].

As shown in Fig. 5.A.1 of Appendix 5.A the quasi-stationary values observed are compatible

with the CUT ones of Ref. [66] up to O(U2) corrections. This means that (up to O(U2)

corrections) the values can be described by the ensemble introduced in Ref. [66]: the “deformed

GGE”, which corrects the stationary value of the free GGE up to O(U).
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Figure 5.1: G(L/2, L/2 + j; t) with j = 1 (left) and j = 3 (right) for a quench where the
system is prepared in the ground state of H(0, 0.8, 0) and time evolved with H(0, 0.4, 0.4) for
a system with L = 256 sites. The EOM results (red line) are in excellent agreement with
t-DMRG computations [66] (circles). Insets: prethermalised behaviour persists over a large
time interval.
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Figure 5.2: −iG(L/2, L/2 + j; t) with j = 2 (left) and j = 4 (right) (the real parts are zero for
all times) for a quench where the system is prepared in the ground state of H(0, 0.8, 0) and
time evolved with H(0, 0.4, 0.4) for a system with L = 256 sites. The EOM results (red line)
are in excellent agreement with t-DMRG computations [66] (circles). Insets: behaviour on a
larger time interval (the thermal and prethermal values coincide in this case).
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Figure 5.3: G(L/2, L/2 + 5; t) for a quench
where the system is prepared in the ground
state of H(0, 0.8, 0) and time evolved with
H(0, 0.4, 0.4) for a system with L = 256 sites.
The EOM results (red line) are in excellent
agreement with t-DMRG computations [66]
(circles). Insets: prethermalised behaviour
persists over a large time interval.
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Figure 5.4: G(L/2, L/2 − 1; t) for a system
with Hamiltonian H(J2, 0.1, 0.4) and sizes L =
256, 320 initially prepared in a thermal state
(5.13) with density matrix ρ(2, 0, 0, 0). The
different colours correspond to different values
of J2 = 0, 0.25, 0.375, 0.5, dashed lines indicate
the thermal values.

5.4.1 Next-nearest-neighbour hopping

In order to investigate if and how the prethermalised regime evolves towards thermal equilib-

rium it is convenient to invoke a non-zero J2. Fig. 5.4 reports the time evolution of G(L/2, L/2−
1) for a system prepared in the initial state (5.13) with density matrix ρ0 = ρ(2, 0, 0, 0), and

time evolved with Hamiltonian H(J2, 0.1, 0.4) for J2 = 0, 0.25, 0.375, 0.5. In contrast to the

case J2 = 0, U = 0.4, we now observe a drift: the observables continuously leave the prethermal

plateau moving towards a thermal steady state.

For small values J2 the time window in which the system is in the prethermalised quasi-

115



0

0 ππ/2

k

1

ε+(k)

0

0 ππ/2

0.8

k

ε−(k)

Figure 5.5: Dispersion relations of the free model for J1 = 1, δ = 0.1 and different values of
J2. Violet lines J2 = 0, blue lines J2 = 0.25, red lines J2 = 0.375, green lines J2 = 0.5. From
the plot for ε+(k) we see that increasing J2 more crossings at fixed energy are developed; for
J2 > 0.6 additional fixed energy crossing appear because the ranges of ε+(k) and ε−(k) start
to overlap.

stationary state remains well visible; increasing J2 the window substantially reduces and the

system rapidly goes towards the thermal value. We stress that the solution of the first order

EOM does not show this drift, remaining on the quasi-stationary state and is completely

independent of J2: for large J2 it is completely unreliable. In summary, J2 allows us to tune the

crossover time scale between the two regimes, effectively gauging the strength of the symmetry

breaking. The strong J2-dependence of the drifting rate can be understood by looking at the

band structure of the non-interacting model: large values of J2 introduce additional crossings at

a fixed energy, see Fig. 5.5. This in turn generates additional scattering channels that promote

relaxation.

Figures 5.6 – 5.9 show results for the time evolution of the Green’s function for different

separations and two values of J2 which generate two qualitatively different evolutions of the

local observables: J2 = 0.25, which allows local observables to remain in the prethermalised

state for long times, and J2 = 0.5, which instead causes a rapid thermalisation. The thermal

values shown in the figures are computed by exact diagonalisation (ED) of small systems up

to size L = 16.

Let us consider the Green’s functions between two sites which are close enough in the chain,

such as those showed in Figs. 5.6 and 5.7. Within the reachable times we observe a clear drift

towards the thermal values. The observed relaxation is compatible with exponential decay

G(i, j; t) ∼ G(i, j)th +Aij(J2, δ, U)e−t/τij(J2,δ,U) , (5.31)
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Figure 5.6: G(L/2, L/2 ± 1; t) for a system with Hamiltonian H(J2, 0.1, 0.4) and sizes L =
256, 320 initially prepared in a thermal state (5.13) with density matrix ρ(2, 0, 0, 0). The
expected steady state thermal values are indicated by dotted lines, while the black dashed lines
are exponential fits to (5.31).
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Figure 5.7: G(L/2, L/2+ j; t) with j = 2 (left) and j = 4 (right) for a system with Hamiltonian
H(J2, 0.1, 0.4) and sizes L = 256, 320 initially prepared in a thermal state (5.13) with density
matrix ρ(2, 0, 0, 0). The expected steady state thermal values are indicated by dotted lines,
while the black dashed lines are exponential fits to (5.31).
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Figure 5.9: G(L/2, L/2 ± 5; t) for a system with Hamiltonian H(J2, 0.1, 0.4) and sizes L =
256, 320 initially prepared in a thermal state (5.13) with density matrix ρ(2, 0, 0, 0). The
expected steady state thermal values are indicated by dotted lines, while the black dashed lines
are exponential fits to (5.31).

where G(i, j)th is the thermal Green’s function at temperature 1/βeff and, in general, the decay

times for the real and imaginary part of the Green’s function between evenly separated sites are

different, we call them τij(J2, δ, U)r and τij(J2, δ, U)i. In some cases, for example the J2 = 0.5

case of Fig. 5.7, to obtain a better fit we have to allow the thermal value G(i, j)th to deviate

from the ED result by a small amount. We believe that this (tiny) discrepancy can be explained

by a combination of errors in the EOM and finite size effects on the ED result. As appears

clear from the figures, the decay times τij(J2, δ, U) are extremely sensitive to the value of J2.

Increasing the separation between the two sites leads to an increase of the relaxation times,

which go beyond the times reached by the numerical solution of (5.26). However, we conjecture

that the relation (5.31) describes the relaxation towards the thermal value of the Green’s

function for any value of the separation if one waits for long enough times. This is in some

sense a “minimal” assumption: it is reasonable to think that the relaxation behaviour of the

Green’s function remains qualitatively the same for any separation of the two sites, providing

|i− j| � L. In the following, however, we will give other elements in favour of this conjecture

by exploring the dynamics for longer times with a quantum Boltzmann equation, which can be

derived as the scaling limit of the equations (5.26) for the diagonal occupation numbers.

5.5 Quantum Boltzmann equation

It is natural to ask whether the Integral equation (5.26) can be simplified for late times by

removing the time integration, in analogy with standard quantum Boltzmann equations (QBE)

[75, 76]. The structure of the equations in the situation under exam, however, is profoundly

different from the standard case; the EOM presents O(U0) and O(U1) terms, which do not
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appear in the standard derivation of the QBE and are intimately related to the “prethermalised

behaviour”. In this case is not a priori clear whether the solution of the EOM for late times

will depend on t only through the rescaled variable τ = U2t, as is common in the QBE

framework [75,76].

The O(U0) contribution on the r.h.s. of the Equations (5.26) is non-zero only when µ =

ν̄. Numerical integration of the EOM (5.26) suggests that, for small U , the corresponding

occupation numbers (i.e. nµµ̄(k; t)) become negligible at late times: we thus assume nµµ̄(k, t) ≈
0 for t� U−1. If the occupation numbers relax towards their thermal values at late times (see

the discussion in Subsection 5.5.2) their infinite time values satisfy nµµ̄(k,∞) ∼ O(U1) and

n++(k,∞) ∼ n−−(k,∞) ∼ O(U0), agreeing with our assumption.

Neglecting the “off-diagonal” occupation numbers, we consider Equations (5.26) only in the

diagonal case µ = ν. The presence of the O(U1) contribution in the equations, however, still

prevents us from performing a standard QBE treatment. A good starting point to attack this

problem is when the final Hamiltonian is translationally invariant, i.e. δf = 0. In this case,

although non vanishing, the O(U1) term does not contribute in the scaling limit: U → 0 and

t→∞ with fixed τ = tU2. This can be proven by considering the scaling limit of the diagonal

Equations (5.26) which gives

∂τnµµ(k, τ) = lim
U→0

4iU−1
∑
γ1γ2γ3

∑
q>0

{
Vγ1γ2γ3µ(k, q, q, k)eiεγ1ν(k)teiεγ2γ3 (q)tnγ1ν(k, 0)nγ2γ3(q, 0)

− Vνγ2γ3γ1(k, q, q, k)eiεµγ1 (k)teiεγ2γ3 (q)tnµγ1(k, 0)nγ2γ3(q, 0)
}

+ lim
U→0

∑
k>0

∑
ν

∫ t

0
ds eiEν(k)(t−s)Fµν (k; k; s) , (5.32)

where we have collected most of the integrand of the σ-integral into a single function Fµν (k; k; s)

in order to lighten notations.

The first term is the “non-standard” one and is just the O(U1) term of the original equations

divided by U2 because ∂τ = U−2∂t. The leading contribution at late times is obtained by

evaluating the momentum sums by a saddle point approximation. This gives

lim
U→0

4i

U

∑
γ1

{(
Vγ1γ2γ3µ(k, q, q, k)eiεγ1ν(k)t − Vνγ2γ3γ1(k, q, q, k)eiεµγ1 (k)tnµγ1(k, 0)

)
eiεγ2γ3 (q)tnγ2γ3(q, 0)

}
= lim

U→0
U

sin(ε+−(0)τU−2 − π/4)

τ3/2
(Aµ(k)eiε+−(k)τU−2

+ c.c.) = 0 . (5.33)

Here Aµ(k) is an amplitude depending on the initial state and the vertex function. The key

property that one has to use is Vηγγη̄(k, q, q, k) = 0 for δf = 0; we also note that the exponent
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Figure 5.10: The time dependence of the number operators n++(k) (top left), n−−(k) (top
right), Ren+−(k) (bottom left) and Imn+−(k) (bottom right) evolving from the thermal state
of ρ(2, 0, 0.5, 0) according to H(0.375, 0, 0.4) for L = 320. The different lines are different
k modes (we restricted to 0 ≤ k ≤ π/2 because the number operators satisfy nµν(k, t) =
µνnµν(π − k, t)).

of the power law decay is 3/2 because n+−(k, 0) vanish at saddle point 0 (cf. (5.16)).

The second contribution on the right hand side is the standard QBE term and can be

simplified by using that for, s� U−1, nµµ(k, s) are functions of sU2, while n+−(k, s) ∼ 0. This

can be checked by inspecting the numerical solution of the full EOM (5.26), some examples are

reported in Figs. 5.10 – 5.11. Using this assumption we have

∫ t

0
ds eiEν(k)(t−s)F (k; k; s)

≈
∫ t̄

0
ds eiE(k)(t−s)F (k; k; s) + F (k; k; τ)

∫ t

t̄
ds eiE(k)(t−s) , (5.34)

where we introduced U−1 � t̄ � t and removed the dependence on indices, inessential to

this discussion; moreover, in the second term, we removed the contribution of n+−(k, s) from

F (k; k; s) and used that it is a smooth function of sU2 to neglect its derivatives with respect

to s.

The first term vanishes in our scaling limit. We regularise the integral in the second term

by replacing E(k)→ E(k) + iη, where η is small and positive

lim
U→0

∫ t

t̄
ds ei[E(k)+iη](t−s) =

i

E(k) + iη
≡ D(E(k)) . (5.35)
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Figure 5.11: The time dependence of the number operators n++(k) (top left), n−−(k) (top
right), Ren+−(k) (bottom left) and Imn+−(k) (bottom right) evolving from the thermal state
of ρ(2, 0, 0.5, 0) according to H(0.5, 0, 0.4) for L = 320. The different lines are different k modes
(we restricted to 0 ≤ k ≤ π/2 because the number operators satisfy nµν(k, t) = µνnµν(π−k, t)).

Putting everything together, we obtain the following QBE for the diagonal occupation

numbers in the scaling limit

∂τnµµ(k, τ) = −
∑
γ,η

∑
p,q>0

K̃γη
µµ(p, q; k)nγγ(p, τ)nηη(q, τ)

−
∑
γ,η,ε

∑
p,q,r>0

L̃γηεµµ (p, q, r; k)nγγ(p, τ)nηη(q, τ)nεε(r, τ). (5.36)

Here the kernels are given by

K̃γ1γ2

αβ (k1, k2|q) = 4
∑

k3,k4>0

∑
ν,ν′

X̃
γ1γ2νν′|νν′γ2γ1

k|k′ (α, β|q),

L̃γ1γ2γ3

αβ (k1, k2, k3|q) = 8
∑
ν

∑
k4>0

X̃
γ1γ2γ3ν|νγ3γ2γ1

k|k′ (α, β|q)− 16
∑
ν

X̃
γ1γ2νγ2|γ3νγ3γ1

k1k2k1k2|k3k1k3k1
(α, β|q),

X̃
γ|α
k|q (α, β|q) = Y γαβ(k|q)Vα(q)D(Eγ(k))− (γ,k)↔ (α, q) . (5.37)

The Boltzmann equation has to be initialised at a time t0 � U−1. We stress that the scaling

limit U → 0 and t→∞ with fixed τ = tU2, is only a simplification used in the derivation, but

is impractical to work with numerically, for example in this limit the time t0 is formally going

to infinity. What we will always do is to keep U small but finite, and initialise the QBE at a

(finite!) time t0 � U−1; giving as initial values the diagonal occupation numbers computed
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up to t = t0 with the full EOM (5.26). This discussion suggests that the quantum Boltzmann

equation gives the long-time behaviour of observables at the leading order in U .

To compute the Green’s function in the quantum Boltzmann approximation we employ

Eq. (5.17), neglecting the contribution of the off-diagonal occupation numbers and using the

diagonal ones obtained from the numerical solution of the QBE. Figs. 5.12 – 5.13 compare the

results obtained by this procedure with those found computing {nµν(k; t)} by numerical inte-

gration to the EOM (5.26); specifically, the results shown are obtained starting from the initial

state ρ(2, 0, 0.5, 0) and time evolving with the Hamiltonian H(J2, 0, 0.4) for J2 = 0.375, 0.5 and

t0 = 20.
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Figure 5.12: G(L/2, L/2+j; t) with j = 1 (left) and j = 2 (right) for a system with Hamiltonian
H(J2, 0, 0.4) and size L = 320 initially prepared in a thermal state (5.13) with density matrix
ρ(2, 0, 0.5, 0). The full lines are the obtained by integrating the EOM (5.26) and the black
dashed lines are found by means of the QBE.
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Figure 5.13: G(L/2, L/2+j; t) with j = 3 (left) and j = 4 (right) for a system with Hamiltonian
H(J2, 0, 0.4) and size L = 320 initially prepared in a thermal state (5.13) with density matrix
ρ(2, 0, 0.5, 0). The full lines are the obtained by integrating the EOM (5.26) and the black
dashed lines are found by means of the QBE.

Even for a relatively big value of U (= 0.4) the results of Fig. 5.12 show impressive agree-

ment, in Fig. 5.13 we see that for larger values of the separation the agreement worsens (this is
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made more visible by the finer resolution of the plots). The figures also report the ED thermal

values; for short separations the QBE curves approach the thermal value within the reachable

times. For larger separations, the approach towards thermal happens at later times. In partic-

ular, G(L/2, L/2 + 3, t) are still substantially far from the thermal values in the time interval

displayed. For t & 300, however, they start to slowly drift in the direction of the ED result.

It can be shown (see for example Refs. [76,183]) that the number operators computed with

QBE are eventually relaxing to the non-interacting Fermi-Dirac distribution, with an effective

temperature set by the kinetic energy at the time the Boltzmann is initialised. This fact implies

that the thermal value predicted by the Boltzmann equation is correct only at the order O(U0)

and signals the importance of corrections to the QBE at very late times. Such corrections,

arising from higher cumulants, might be responsible for the power law behaviour expected at

very late times (for certain observables) after quenches in non-integrable models [184,185] and

not captured by the QBE. This is again in accordance with our interpretation of the QBE: it

gives the leading contribution for small U .

It is worth noting that when the QBE is implemented for finite L, the parameter η in (5.35)

must be kept finite (see for example [183]). Unless otherwise stated we use η = 0.0005, the

time evolution of G(L/2, L/2 + 1; t) and G(L/2, L/2− 1; t) for different values of η is compared

with the solution of the full EOM in Fig. 5.14.1
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Figure 5.14: Comparison of EOM and QBE for various regularisation parameters. G(L/2, L/2+
1; t) (left) and G(L/2, L/2+3; t) (right), evolving from the thermal state ρ(2, 0, 0.5, 0) according
to H(0.5, 0, 0.4) for L = 320.

5.5.1 Scaling of the decay time with U

Due to its simpler structure, the QBE allows us to understand how the exponent (5.31) scales

with U . The reasoning is as follows. In the limit U � 1 at large times such that τ ≡ tU2 =

1While the time evolution of observables can depend on η the stationary values reached are expected to be
independent of η [183].
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O(U0), if the Boltzmann description applies, local observables constructed with the diagonal

number operators depend on time only through τ . In particular this is true for the Green’s

functions. The observables, however, can show some additional dependence on U if the initial

conditions for the Boltzmann equation (i.e. the value of the observable on the prethermalisation

plateau) or equivalently their asymptotic values (i.e. the thermal values) depend on U . As a

consequence the Green’s functions take the following scaling form

G(i, j; t, U) = Fi,j(τ, U) , t > t0 � U−1 . (5.38)

To understand the additional U dependence of Fi,j , rather than considering the initial condi-

tions, it is easier to consider the U dependence of the asymptotic values it reaches for large

τ . For small U , the energy density of our initial state is e = O(U0) and so the thermal values

Fi,j(∞, U) = O(U0). This in turn implies that Fi,j(τ, 0) is not identically zero and expanding

in U we have

Fi,j(τ, U) ∼ Fi,j(τ, 0) +O(U) . (5.39)

Combining this expression with (5.31) we then obtain

τ−1
i,j (J2, δf = 0, U) ∝ U2. (5.40)

Here we used U � 1 and τ = O(U0). Our numerical findings are in good agreement both

with the scaling form (5.39) (see Figs. 5.15 – 5.17) and with scaling (5.40) of the exponent (see

Fig. 5.18). The results plotted in Fig. 5.18 depend also on the agreement between the EOM

and the ED so we expect stronger deviations.
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Figure 5.15: FL/2,L/2+1(τ, U) = G(L/2, L/2 + 1; t, U) (left) and FL/2,L/2+2(τ, U) =
G(L/2, L/2 + 2; t, U) (right) the system is initially prepared in the state ρ(2, 0, 0.5, 0) and
evolved with the Hamiltonian H(0.5, 0, U), for different values of U . The time evolution is
obtained by numerical solution of the full EOM (5.26) and plotted as a function of the rescaled
variable τ = U2t.
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Figure 5.16: FL/2,L/2+3(τ, U) = G(L/2, L/2 + 3; t, U) (left) and FL/2,L/2+4(τ, U) =
G(L/2, L/2 + 4; t, U) (right) the system is initially prepared in the state ρ(2, 0, 0.5, 0) and
evolved with the Hamiltonian H(0.5, 0, U), for different values of U . The time evolution is
obtained by numerical solution of the full EOM (5.26) and plotted as a function of the rescaled
variable τ = U2t.

−0.02

−0.01

0

0.01

0.02

0.03

0.04

0 1 2 3 4 5

F
L 2
,L
2
+
5
(τ
,U

)

Time J−1
1 τ

U = 0.4
U = 0.3
U = 0.25
U = 0.2
U = 0.15

0

0.001

0.002

0.003

0.004

0.005

0.006

0.007

0.008

0 1 2 3 4 5

−0.01
−0.005

0

0.005

0.01

0 1 2 3 4 5

J2 = 0.5J1J2 = 0.25J1

R
e
F

L 2
,L
2
+
6
(τ
,U

)

Time J−1
1 τ

U = 0.4
U = 0.3
U = 0.25
U = 0.2
U = 0.15

Im
F

L 2
,L
2
+
6
(τ
,U

)

Figure 5.17: FL/2,L/2+5(τ, U) = G(L/2, L/2 + 5; t, U) (left) and FL/2,L/2+6(τ, U) =
G(L/2, L/2 + 6; t, U) (right) the system is initially prepared in the state ρ(2, 0, 0.5, 0) and
evolved with the Hamiltonian H(0.5, 0, U), for different values of U . The time evolution is
obtained by numerical solution of the full EOM (5.26) and plotted as a function of the rescaled
variable τ = U2t.
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The scaling found here differs form the one obtained in Ref. [72], where the exponent was
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found to scale as U−4. This is not surprising, in that case the initial energy density is e = O(U1)

for small U and Fi,j(τ, 0) = 0 for every τ , so formula (5.39) does not give any information.

5.5.2 Occupation Numbers

To obtain further indications that the integrability breaking perturbations are causing the ther-

malisation of the model, it is instructive to study the occupation numbers nµν(q, t) themselves.

The first question to consider concerns their eventual relaxation: the number operators are

localised in momentum space, consequently they are non local in real space. In light of the

discussion in Chapter 1 it is then unclear whether we should expect them to relax to a time

independent value at late times (see however Ref. [186], where a family of integrable hard-core

lattice anyons is considered and the complete relaxation of the one body density matrix is

observed, aside from the free-fermion limit).

To answer this question is convenient to write the occupation numbers in terms of the local

Green’s function by inverting the relation (5.17)

nµν(k, t) =
1

8

L/2∑
j=0

e−2ikj
{
G(2j + 1, 1; t) + µνG(2j, 0; t)

+ νG(2j + 1, 0; t)eikeiϕk + µG(2j, 1; t)e−ike−iϕk
}
. (5.41)

Since we only consider initial states with finite correlation lengths, G(j, l; t) are exponentially

small in |j − l| when |j − l| � J1t, as a consequence of Lieb-Robinson bounds (see Ref. [179]

for a more detailed discussion of the applications of Lieb-Robinson bounds to the behaviour of

correlation functions). This implies that at time t the sum (5.41) can be well-approximated by

truncation at jmax∼J1t. Finally, using the fact that G(j, l; t) decay exponentially fast in time

for |j − l| ≤ J1t we can argue that nµν(q, t) relax in our regime of interest: 1� J1t� L. The

numerical solutions of the EOM seem to confirm this reasoning, as shown in Figs. 5.10 – 5.11.

We stress that the exponential decay in time of the correlation functions is necessary in

order for the argument given to work. Consider, for example, some occupation numbers that

oscillate indefinitely in time

n(k, t) = Ake
iεkt , (5.42)

with some amplitude Ak ensuring a finite correlation length and dispersion εk, which is assumed

to posses a local minimum. The local Green’s function obtained from (5.42) still relaxes (to
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zero in this trivial case) in a power law fashion, as can be showed by saddle point approximation

G(`, t) =
1

L

∑
k

n(k, t)ei`k ∼
∫

dk

2π
n(k, t)ei`k ∼ 1

tα
, α ≥ 1

2
, (5.43)

where we considered the limit L� t� `.

Having argued that the mode occupation numbers, despite being non-local, relax to their

thermal value, it is meaningful to consider their time evolution comparing with the thermal

values they are expected to reach. In Figs. 5.19 – 5.20 we present the mode occupation numbers

nµµ(k, t) at several different times for a system of size L = 320, prepared in the density

matrix ρ(2, 0, 0.5, 0) and evolved with Hamiltonian H(J2, 0, 0.4) with J2 = 0.375, 0.5. For

short/intermediate times J1t . 70 we use the full EOM, while we access later times by means

of QBE. In the figures, the QBE is initialised at time t0 = 20, and is seen to be in good

agreement with the full EOM until the latest times accessible by the latter method.
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Figure 5.19: Occupation numbers n++(k, t) and n−−(k, t) initialised in the thermal state
ρ(2, 0, 0.5, 0), and time evolved with H(0.375, 0, 0.4). The solid lines are the results of the EOM
(L = 320) for various times. The dotted lines are computed by means of the QBE (L = 320).
The black solid line is the thermal value found by means of second order perturbation theory
in U .
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Figure 5.20: Occupation numbers n++(k, t) and n−−(k, t) initialised in the thermal state
ρ(2, 0, 0.5, 0), and time evolved with H(0.5, 0, 0.4). The solid lines are the results of the EOM
(L = 320) for various times. The dotted lines are computed by means of the QBE (L = 320).
The black solid line is the thermal value found by means of second order perturbation theory
in U .

The behaviours reported in the figures represent the main result of this section: at interme-

diate times, both n++(k, t) and n−−(k, t) slowly approach their respective thermal distributions

n++(k, βeff , µeff) and n−−(k, βeff , µeff), calculated by means of perturbation theory (PT) in U ,

up to O(U2) (see Appendix 5.B for the details of the calculation). The effective temperature

β−1
eff and chemical potential µeff are fixed by

e =
Tr[H(J2, δ, U)e−βeff(H(J2,δ,U)−µeffN)]

Tr[e−βeff(H(J2,δ,U)−µeffN)]
, n =

Tr[Ne−βeff(H(J2,δ,U)−µeffN)]

Tr[e−βeff(H(J2,δ,U)−µeffN)]
. (5.44)

In particular, at the latest time reached (t = 450) the occupation numbers for J2 = 0.5 are

almost exactly described by the thermal distribution.

The full integration of EOM (5.26) indicates that the “off-diagonal” occupation numbers
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n+−(k, t) approach their thermal value zero in an oscillatory fashion, see Figs. 5.10 – 5.11.

These results strongly suggests that the weak integrability breaking term induces thermali-

sation of the system.

5.5.3 Quantum Boltzmann equation for δf 6= 0

Let us now present an heuristic argument which allows us to address the case δf 6= 0. We are

interested in the long time behaviour (t ∼ U−2) of observables, with accuracy O(U0), we can

thus neglect the contribution of the off-diagonal occupation numbers and concentrate on the

equations for the diagonal ones. When δf 6= 0, the Equations (5.26) for nµµ(k; t) present a

driving term which displays a persistent oscillatory behaviour, it has the form (cf. (5.26))

UD(k; t) ≡− 8U Im

∑
γ

∑
q>0

Vµγγµ̄(k, q, q, k)nγγ(q, 0)nµµ̄(k, 0)eiεµµ̄(k)t

 . (5.45)

Motivated by the form of this term, we try the following ansatz for the late-time (t � U−1)

solution of (5.26)

nµµ(k; t) = ñµµ(k; τ) + UI(k; t) , (5.46)

where τ = tU2 and

I(k; t) ≡ 8 Re

∑
γ

∑
q>0

Vµγγµ̄(k, q, q, k)nγγ(q, 0)nµµ̄(k, 0)
eiεµµ̄(k)t

εµ̄µ(k)

 . (5.47)

Inserting (5.46) into (5.26) we find that ñµµ(k; τ) has to solve a set of equations that differ

from (5.32) only by some O(U1) corrections to the r.h.s. These corrections arise from the

cases where UI(k; t) is multiplied by one or two ñµµ(k; τ)’s in the quadratic and cubic term of

(5.26). Assuming that the O(U1) corrections are bounded functions of τ we can neglect their

contribution in the scaling limit where τ = tU2 is fixed while U → 0 and t → ∞. In this

way we obtain ñµµ(k; τ) = ñ
(0)
µµ(k; τ) + O(U), where ñ

(0)
µµ(k; τ) is a solution of the Boltzmann

equation (5.36). Since the only O(U0) contribution to the solution (5.46) is ñ
(0)
µµ(k; τ) we arrive

to the final result: the leading contribution to the solution of (5.26) in the scaling limit is given

by the solution of the QBE (5.36) also in the case δf 6= 0.

To test the argument presented we considered the time evolution given by H(J2, 0.1, U),

with (J2 = 0.25; U = 0.2) and (J2 = 0.5; U = 0.4), starting from the thermal state ρ(2, 0, 0, 0).

In Figs. 5.21 and 5.22 we show that the scaling form (5.39) is still (approximately) satisfied,

however, for some observables the corrections at larger U appear more pronounced then the
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δf = 0 case.
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Figure 5.21: FL/2,L/2+1(τ, U) = G(L/2, L/2 + 1; t, U) (left) and FL/2,L/2−1(τ, U) =
G(L/2, L/2− 1; t, U) (right), the system is initially prepared in the state ρ(2, 0, 0, 0) and evolved
with the Hamiltonian H(0.5, 0.1, U), for different values of U . The time evolution is obtained
by numerical solution of the full EOM (5.26) and plotted as a function of the rescaled variable
τ = U2t.
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Figure 5.22: FL/2,L/2+2(τ, U) = G(L/2, L/2 + 2; t, U) (left) and FL/2,L/2−3(τ, U) =
G(L/2, L/2− 3; t, U) (right), the system is initially prepared in the state ρ(2, 0, 0, 0) and evolved
with the Hamiltonian H(0.5, 0.1, U), for different values of U . The time evolution is obtained
by numerical solution of the full EOM (5.26) and plotted as a function of the rescaled variable
τ = U2t.

Figs. 5.23 – 5.24 compare the time evolution obtained via QBE with the one found via EOM.

Starting at time t0 = 20, we see that for small U the agreement with the EOM is still very

good, for larger U (and larger integrability breaking) it sensibly worsens. Since for observables

depending only on diagonal occupation values, such as the real part of the Green’s function

between evenly separated points, the agreement is better, we argue that the main cause of

the disagreement is having neglected the off-diagonal occupation numbers too early in the

construction of the observables. If this is the case, however, the disagreement should reduce

at later times. Starting the QBE at t0 = 40 when the effect of the off-diagonals is reduced, we

see that after a transient the QBE solution exactly agrees with the t0 = 20 one. This suggests

that t0 = 20 is late enough to start the QBE.

130



0.2

0.21

0.22

0.23

0.24

0.25

0.26

0 50 100 150 200 250 300 350 400 450

J2 = 0.25J1 U = 0.2

J2 = 0.5J1 U = 0.4

Thermal J2 = 0.25J1 U = 0.2

Thermal J2 = 0.5J1 U = 0.4

QBE

QBE

G(
L 2
,
L 2
−

1
;t
)

Time J1t

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0 50 100 150 200 250 300 350 400 450

J2 = 0.25J1, U = 0.2

J2 = 0.5J1, U = 0.4

Thermal J2 = 0.25J1 U = 0.2

Thermal J2 = 0.5J1 U = 0.4

QBE

QBE

−0.002
−0.001

0

0.001

0.002

0 10 20 30 40 50 60 70

J2 = 0.25J1

J2 = 0.5J1

R
e
G(

L 2
,
L 2
+
2;
t)

Time J1t

Im
G(

L 2
,
L 2
+
2;
t)

Figure 5.23: G(L/2, L/2−1; t) (left) and G(L/2, L/2+2; t) (right) for a system with Hamiltonian
H(J2, 0.1, U) and size L = 320 initially prepared in a thermal state (5.13) with density matrix
ρ(2, 0, 0, 0). The full lines are the obtained by integrating the EOM (5.26) and the black dashed
lines are found by means of the QBE.
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Figure 5.24: G(L/2, L/2+3; t) (left) and G(L/2, L/2−3; t) (right) for a system with Hamiltonian
H(J2, 0.1, U) and size L = 320 initially prepared in a thermal state (5.13) with density matrix
ρ(2, 0, 0, 0). The full lines are the obtained by integrating the EOM (5.26) and the black dashed
lines are found by means of the QBE.

In Figs. 5.25 – 5.26 we show the diagonal occupation numbers for various times. The EOM

are used for short/intermediate times and QBE for longer times. We see that the agreement

between EOM and QBE remains reasonably good until the last times reached by the EOM.

At the latest time reached (t = 450) the QBE prediction closely approaches the thermal value,

for (J2 = 0.5; U = 0.4). In the case (J2 = 0.25; U = 0.2), on the other hand, we see that the

relaxation is much slower. As before, the thermal values are computed by means of perturbation

theory (see Appendix 5.B).

In summary, from our findings emerge that the QBE description can be applied also in the

δf 6= 0 case, even if its derivation from the EOM is less rigorous. For small enough U seems to

give good quantitative descriptions and when U becomes larger it still gives a correct qualitative

behaviour. We conclude by stressing that the late-time behaviour of G(i, j; t) predicted by the

QBE is compatible with (5.31), where the exponent is proportional to U−2 even for δf 6= 0.
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This is supports our conjecture (5.40).
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Figure 5.25: Occupation numbers n++(k, t) and n−−(k, t) initialised in the thermal state
ρ(2, 0, 0, 0), and time evolved with H(0.25, 0.1, 0.2). The solid lines are the results of the EOM
(L = 320) for various times. The dotted lines are computed by means of the QBE (L = 320).
The black solid line is the thermal value found by means of second order perturbation theory
in U .
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Figure 5.26: Occupation numbers n++(k, t) and n−−(k, t) initialised in the thermal state
ρ(2, 0, 0, 0), and time evolved with H(0.5, 0.1, 0.4). The solid lines are the results of the EOM
(L = 320) for various times. The dotted lines are computed by means of the QBE (L = 320).
The black solid line is the thermal value found by means of second order perturbation theory
in U .

5.6 U(1)-breaking case

So far, we have considered only cases in which the full Hamiltonian possesses a U(1) symmetry

(cf. Section 5.1). As a consequence the number of particles is conserved during the time

evolution. One could think that introducing a perturbation which breaks the U(1) symmetry

is, in some sense, a “stronger” way of breaking the integrability, since it reduces the local

conserved charges of the model to only the Hamiltonian. Consequently, it is natural to ask:

are the phenomena described here a special feature of the U(1)-invariance or do they survive

unchanged in the case of a U(1)-breaking perturbation? In this section we start to address

this question, focussing on the phenomenon of prethermalisation. Specifically, we show that
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prethermalisation survives also in the case of U(1)-breaking perturbations.

We consider the time evolution generated by the Hamiltonian

H(γ, h, U) =
J

2

∑
i

[
c†ici+1 + γc†ic

†
i+1 + h.c.

]
+ Jh

∑
i

c†ici + U
∑
i

c†icic
†
i+1ci+1 , (5.48)

which is a fermionic XY model, perturbed by a density-density interaction; it is integrable for

U = 0, where describes free fermions; for γ = 0 describing a XXZ spin-1/2 chain in external

magnetic field; and finally for h = −U where it describes a XYZ spin-1/2 chain; otherwise is

non-integrable. The time evolution is started from the thermal state described by the following

density matrix

σ0 = σ(β, γi, hi, Ui) =
e−βH(γi,hi,U)

Tr
[
e−βH(γi,hi,U)

] . (5.49)

Performing the two-site Fourier transform (2.7), defined in Chapter 2, we have

H(γ, h, U) =J
∑
k>0

[
cos(k)f †kek + iγ sin(k)f †ke

†
π−k − h(f †kfk + e†kek) + h.c.

]
+ 4U

∑
k>0

Ṽ (k)e†k1
ek2
f †k3

fk4
, (5.50)

where

Ṽ (k) =
1

L
(δk1−k2+k3−k4±π,0 + δk1−k2+k3−k4±π,0) cos(k3 − k4) . (5.51)

In this case, to keep the interaction term simpler, we do not diagonalise the quadratic part of

the Hamiltonian and work with the fermions fk and ek: to study the prethermalisation of the

system we consider the first order EOM for the occupation numbers

v1(k; t) ≡ 〈f †k(t)fk(t)〉 , v2(k; t) ≡ 〈e†k(t)ek(t)〉 ,

v3(k; t) ≡ 〈f †k(t)f †−k(t)〉 , v4(k; t) ≡ 〈e†k(t)e
†
−k(t)〉 ,

v5(k; t) ≡ 〈f †k(t)ek(t)〉 , v6(k; t) ≡ 〈f †k(t)e†−k(t)〉 . (5.52)

The first order EOM are derived writing the Heisenberg equations for the bilinears f †k(t)fk(t),

... , f †k(t)e†−k(t) and neglecting the four-particles connected cumulants at all times. The result

is reported in Appendix 5.C. The local observables are given by

G(i, j; t) = Tr
[
c†i (t)cj(t)σ0

]
=

1

L

∑
k>0

eik(i−j)Ai,j({vm(k; t)})

H(i, j; t) = Tr
[
c†i (t)c

†
j(t)σ0

]
=

1

L

∑
k>0

eik(i−j)Bi,j({vm(k; t)}) , (5.53)

133



where

A2i−1,2j−1({vm(k; t)}) = v1(k; t) , B2i−1,2j−1({vm(k; t)}) = v3(k; t) ,

A2i,2j({vm(k; t)}) = v2(k; t) , B2i,2j({vm(k; t)}) = v4(k; t) ,

A2i−1,2j({vm(k; t)}) = v5(k; t) , B2i−1,2j({vm(k; t)}) = v6(k; t) ,

A2i,2j−1({vm(k; t)}) = v∗5(k; t) , B2i,2j−1({vm(k; t)}) = −v6(k; t) . (5.54)

Figs. 5.27 and 5.28 report the time evolution given by the Hamiltonian H(0.5, 0.1, U) starting

from the initial state σ(∞, 0.2, 0, 0) for different values of U . For U 6= 0 (and the values of

γ and h chosen), the Hamiltonian (5.48) describes a non integrable model (a XYZ model in

external magnetic field), consequently the stationary values of local observables are described

by a GE. Since the GE is different from the GGE also for U = 0, the difference between the

stationary values reached for U = 0 and U 6= 0 is finite also for very small U , in other words

is O(U0). From the figures we instead see that the difference between the plateau values goes

to zero reducing U , it is thus O(U). This is a clear indication of prethermalisation: the quasi-

stationary values that the observables are relaxing to are not the thermal ones, but are close

to the free GGE. We observe the same behaviour also for different values of γ and h.
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Figure 5.27: G(L/2, L/2 + 1; t) (left) and G(L/2, L/2 + 2; t) (right), the system is initially pre-
pared in the state σ(∞, 0.2, 0, 0) and evolved with the Hamiltonian H(0.5, 0.1, U), for different
values of U . The time evolution is obtained by numerical solution of the first order EOM
reported in Appendix 5.C.
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Figure 5.28: H(L/2, L/2 + 1; t) (left) and H(L/2, L/2 + 2; t) (right), the system is initially
prepared in the state σ(∞, 0.2, 0, 0) and evolved with the Hamiltonian H(0.5, 0.1, U), for dif-
ferent values of U . The time evolution is obtained by numerical solution of the first order EOM
reported in Appendix 5.C.

For h = O(U), the O(U0) part of the Hamiltonian possesses the non-abelian infinite set of

local conserved quantities (cf. Chapter 2), giving rise to the pre-relaxation behaviour studied

in 4. In particular, for h = U(h′ − 1) the Hamiltonian H(γ, h, U) becomes exactly equal to

the Hamiltonian (4.38) of Chapter 4. If one identifies h = h′, g = U and U = 0, where the

quantities on the left are those appearing in (4.38). It is then interesting to compare the mean-

field results of Chapter 4 with the first order EOM. In Fig. 5.29 we show the time evolution

of 〈σxi σxi+1〉 (which can be easily expressed in terms of {vi(k; t)}) as a function of the rescaled

time Ut. We see that the mean-field solution, started from the prediction of the unperturbed

GGE, excellently captures the behaviour of the EOM in the pre-relaxation window: Ut finite

with U � 1. Even if in this case the agreement is almost perfect, in general we expect O(U)

differences, since the EOM are correct up to O(U2) while the corrections to the mean-field are

generally O(U).
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5.7 Conclusions

In this chapter we have developed a method for analysing the effects of a weak integrability

breaking interaction on the time evolution of local observables after a quantum quench. The

method is based on the equations of motion (5.26); its accuracy has been tested by direct com-

parison with t-DMRG simulations and the agreement found is excellent even for a reasonably

large value of the interaction (U = 0.4J1).

We have shown that there is a crossover between a prethermalised regime, characterised by

the proximity of our model to an integrable theory and a thermal steady state. The observed

drift in time of the two-point function G(i, j; t) towards its thermal value is exponential in a

transient regime and characterised by a time scale proportional to U−2. To find this last result

we designed a further approximation of the EOM, reducing (5.26) to a quantum Boltzmann

equation [75,76]. This allowed us to reach longer times loosing some accuracy on the result: we

argued that the quantum Boltzmann gives the time evolution of local observables up to O(U)

corrections.

In the case under consideration it not a priori clear whether a QBE-like description can be

applied; when the final Hamiltonian is translationally invariant the simplification of the EOM

is more rigorous and the results of the QBE show a better agreement with the full answer.

When the final Hamiltonian has a dimerised term more assumptions are needed (cf. Section

5.5.3) and the agreement with the full answer is worse, especially increasing the strength of the

interaction. The QBE, however, apparently gives the correct qualitative behaviour.

All the results discussed have been obtained for Hamiltonians which posses a global U(1)

invariance, implying the conservation of the particle number. We carried out an analysis based

136



on the first order EOM, which showed that a prethermalised regime occurs also in absence

of the U(1) symmetry. This suggests that the scenario described above, a crossover from a

prethermalised to a thermal steady state occurring at time-scales proportional to U−2, can

happen also when the U(1) symmetry is broken. Clearly, to fully prove this conjecture, one

would have to solve the second order EOM also in that case. In particular, an interesting

situation is realised when the U(1) breaking is combined with the breaking of translationally

invariance of the initial state; in this setting, one can study cases where the system shows a

“pre-relaxed” behaviour of the kind studied in the previous chapter. Along this line, we verified

that the first order EOM are compatible with the results found in Chapter 4. Using the second

order EOM will then be possible to go beyond the “pre-relaxation” window of Chapter 4 and

investigate the system on time-scales proportional to U−2, where we expect to see the local

observables drifting towards their thermal values.
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Appendix

5.A First order analysis

Let us consider the first order EOM (5.28), our goal is to find a solution of this system in

the limit of small U but for large times t ∼ U−1 with accuracy up to O(U). We start by

finding the solution at order O(U0). For t ∼ U−α, with 0 < α < 1, the zeroth order solution

is trivially given by n
(0)
µν (k, t) = nµν(k, 0)eiεµµ̄(k)t. When the time becomes O(U−1), however,

a more detailed analysis is needed: order U corrections become important if multiplied by t.

From the structure of the equations we argue at the leading order the off-diagonal occupation

numbers will maintain an oscillatory behaviour in time while the diagonal ones will remain

constant in time, so we postulate the following ansatz

n(0)
µν (k, t) = nµν(k, 0)ei(ε̃µ(k)−ε̃ν(k))t , (5.55)

where the “dressed energy” ε̃µ(k) is determined by imposing (5.55) to solve (5.28) at order

O(U0); consistency with the solution for small t imposes ε̃µ(k) − εµ(k) ∼ O(U). Substituting

our ansatz into (5.28) we find

(ε̃µ(k)− ε̃µ̄(k))n
(0)
µµ̄(k, t) =i

{
εµµ̄(k) + 4U

∑
γ2γ3

∑
q>0

(
Vµγ2γ3µ(k, q, q, k)

− Vµ̄γ2γ3µ̄(k, q, q, k)
)
n(0)
γ2γ3

(q, t)
}
n

(0)
µµ̄(k, t) +O(U) . (5.56)

At the leading order, we can neglect the contribution of nµµ̄(q, t) to sums over q as this vanish

for late enough times; this can be easily shown by saddle point arguments for large enough L.

Consequently, we conclude that (5.55) solves (5.28) at the leading order, if one chooses

ε̃µ(k) ≡ εµ(k) + 4U
∑
γ

∑
q>0

Vµγγµ(k, q, q, k)nγγ(q) . (5.57)

To find the solution at the order O(U) we now use the following ansatz

nµν(k, t) = nµν(k, 0)ei(ε̃µ(k)−ε̃ν(k))t + n(1)
µν (k, t)ei(ε̃µ(k)−ε̃ν(k))t +O(U2) , (5.58)

and we determine n
(1)
µν (k, t) imposing (5.58) to solve (5.28) up to O(U2). The final result reads
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Figure 5.A.1: G(L/2, L/2+1; t), G(L/2, L/2+3; t), for a system with Hamiltonian H(0, 0.4, 0.4)
and sizes L = 256 initially prepared in the ground state of H(0, 0.8, 0). The figures compare
the time evolution obtained by means of different techniques: the CUT of Ref. [66] (green line),
the analytical solution (5.59) (blue line), the numerical solution of the first order EOM (5.28)
(violet dashed line), the numerical solution of the second order Eq. (5.26) (red line) and the
t-DMRG (blue circles).

as

nµν(k, t) = nµν(k, 0)ei(ε̃µ(k)−ε̃ν(k))t

+ 4U
∑
γ1γ2γ3

∑
q>0

Wµν
γ1γ2γ3µ(k, q, q, k; k, t)n(0)

γ1ν(k, t)n(0)
γ2γ3

(q, t)

− 4U
∑
γ1γ2γ3

∑
q>0

Wµν
νγ2γ3γ1

(k, q, q, k; k, t)n(0)
µγ1

(q, t)n(0)
γ2γ3

(k, t) +O(U2) , (5.59)

where we used Vη(k) = Vη̄(k) (η̄ ≡ (−η1, . . . ,−η4)) and defined

Wµν
η (k; k, t) ≡ lim

B→∞
1− e−BẼη(k)2

Ẽη(k)
Vη(k)(eiẼη(k)t − ei(ε̃µ(k)−ε̃ν(k))t) . (5.60)

Eq. (5.59) differs from the solution for the occupation numbers found in Ref. [66] using the

CUT approach only by order O(U2) contributions. Fig. 5.A.1 reports the time evolution of

G(L/2, L/2 + 1; t) and G(L/2, L/2 + 3; t) comparing the results obtained by various different

methods: CUT, Eq. (5.59), numerical solution of (5.28), numerical solution of (5.26) and t-

DMRG.

5.B Perturbative calculation of the thermal values

In this appendix we compute the thermal expectation values2

nµν(k) ≡ 〈α†µ(k)αν(k)〉 ≡ 1

Z
Tr
[
α†µ(k)αν(k)e−β(H−µN)

]
, (5.61)

2we omit the dependence of the Hamiltonian on the parameters J2, δ and U , to lighten the notation.
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where Z ≡ Tr
[
e−β(H−µN)

]
. The inverse temperature β and the chemical potential µ are fixed

by requiring

〈H〉0 =
1

Z
Tr
[
He−β(H−µN)

]
, 〈N〉0 =

1

Z
Tr
[
Ne−β(H−µN)

]
. (5.62)

In order to compute the finite-temperature mode occupation numbers (5.61), we compute the

thermal propagator

Gµν(τ, k) = 〈Tτ
[
α†µ(τ, k)αν(0, k)

]
〉 , α†µ(s, k) ≡ esHα†µ(k)e−sH , (5.63)

using finite-temperature perturbation theory to order U2. The calculation of the Fourier

transform of this quantity is most convenient; due to the anti-periodicity in imaginary time

Gµν(τ + β, k) = −Gµν(τ, k) the Fourier transformation is discrete

Gµν(τ, k) =
1

β

∑
ωn

Gµν(ωn, k)eiωnτ , ωn =
(2n+ 1)π

β
. (5.64)

The thermal mode occupation numbers can be recovered from the thermal propagator using

nµν(k) = lim
τ→0+

Gµν(τ, k) =
1

β

∑
ωn

Gµν(ωn, k)eiω0+
. (5.65)

5.B.1 Feynman rules

The Feynman rules for the theory under examination read

�ωn, k, η =
1

iωn − ε̄η(k)
,

�ωn4 , k4, η4

ωn3 , k3, η3

ωn1 , k1, η1

ωn2 , k2, η2

= 4UVη1η2η3η4(k1, k2, k3, k4) .

Here we defined ε̄η(k) ≡ εη(k) − µ. In addition, on each internal line there is a sum over all

indices, η, k, ω and at each vertex ω is conserved. Finally, the contribution of every diagram is

multiplied by (−1)FS−1, where F is the number of closed loops and S is the symmetry factor,

i.e. the number of ways in which internal lines can be exchanged whilst leaving the diagram

invariant.
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5.B.2 First order

At first order there is only one diagram which contributes to the thermal propagator

�
ωn, k, µ ωn, k, ν

ωm, q, γ

= G(1)
µν (ωn, k) .

Which gives the contribution

G(1)
µν (ωn, k) =

(
1

iωn − ε̄µ(k)

)(
1

iωn − ε̄ν(k)

)∑
q,γ

4UVνγγµ(k, q, q, k)
1

β

∑
ωm

1

iωm − ε̄γ(k)

=

(
1

iωn − ε̄µ(k)

)
Σ(1)
µν (k)

(
1

iωn − ε̄ν(k)

)
, (5.66)

where we introduce the self-energy Σ
(1)
µν (k) and the Fermi-Dirac distribution function n(x)

Σ(1)
µν (k) = 4U

∑
q,γ

Vνγγµ(k, q, q, k)n(ε̄γ(q)) , n(x) ≡ 1

1 + eβx
.

In arriving at Eq. (5.66) we have used

0 = lim
η→0+

lim
R→∞

∮
CR

dz

2π

n(iz)eiηz

iz − ε̄µ(k)
= n(ε̄µ(k))− 1

β

∑
ωn

1

iωn − ε̄µ(k)
,

where CR is the circular path with radius R centred on the origin.

5.B.3 Second order

At second order there are three diagrams which contribute to the thermal propagator

�ωn, k, µ
ωm1

, q1, γ1

ωn, k, δ

ωm2
, q2, γ2

ωn, k, ν
= G(2)

µν (ωn, k)[1] ,

�ωn, k, µ ωm2
, q2, γ2

ωm3
, q3, γ3

ωm1
, q1, γ1

ωn, k, ν
= G(2)

µν (ωn, k)[2] ,

�
ωn, k, µ ωn, k, ν

ωm1
, q1, γ1ωm3

, q3, γ3

ωm2 , q2, γ2

= G(2)
µν (ωn, k)[3] .
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Evaluating the contributions of each of the diagrams, we find

G(2)
µν (ωn, k)[1] =

(
1

iωn − ε̄µ(k)

)
Σ

(1)
µδ (k)

(
1

iωn − ε̄δ(k)

)
Σ

(1)
δν (k)

(
1

iωn − ε̄ν(k)

)
, (5.67)

G(2)
µν (ωn, k)[2] =

(
1

iωn − ε̄µ(k)

)
Σ(2)
µν (ωn, k)b

(
1

iωn − ε̄ν(k)

)
, (5.68)

G(2)
µν (ωn, k)[3] =

(
1

iωn − ε̄µ(k)

)
Σ(2)
µν (k)a

(
1

iωn − ε̄ν(k)

)
, (5.69)

where we have introduced the self energies

Σ(2)
µν (k)a ≡ −4U

∑
γ1,γ3,q1

Σ(1)
γ1γ3

(q1)Vνγ1γ3µ(k, q1, q1, k)n(ε̄γ1(q1))ñ(ε̄γ3(q1))f(εγ1γ3(q1)) ,

Σ(2)
µν (ω, k)b ≡ 8U2

∑
{γi}

∑
{qi}

{
Vνγ1γ2γ3(k, q1, q2, q3)Vγ3γ2γ1µ(q3, q2, q1, k)n(ε̄γ1(q1))

× ñ(ε̄γ2(q2))ñ(ε̄γ3(q3))f(iω + ε̄γ1(q1)− ε̄γ2(q2)− ε̄γ3(q3))
}
.

and the functions

ñ(x) ≡ 1− n(x) , f(x) ≡ eβx − 1

x
.

5.B.4 Occupation numbers

Collecting together the corrections to the thermal propagator (5.66–5.69) and inserting into

Eq. (5.65), we find the thermal mode occupation numbers up to O(U2)

nµν(k, β, µ) =δµ,ν n(ε̄µ(k))− (Σ(1)
µν (k) + Σ(2)

µν (k)a)n(ε̄µ(k))ñ(ε̄ν(k))f(εµν(k))

+
∑
δ

Σ
(1)
µδ (k)Σ

(1)
δν (k)

εµδ(k)εδν(k)εµν(k)

(
n(ε̄µ(k))εδν(k)− n(ε̄δ(k))εµν(k) + n(ε̄ν(k))εµδ(k)

)
+ 8U2

∑
{γi}

∑
{qi}

{
Vµγ1γ2γ3(k, q1, q2, q3)Vγ3γ2γ1ν(q3, q2, q1, k)ñ(ε̄γ3(q3))ñ(ε̄γ2(q2))

× n(ε̄γ1(q1))Gµνγ1γ2γ3(k, q1, q2, q3)
}
. (5.70)

where we set

Gµνγ1γ2γ3(k, q1, q2, q3) =
1

εµν(k)

∑
η=±
{(δη,µ − δη,ν)n(εη(k))f(Eηγ1γ2γ3(k, q1, q2, q3))} . (5.71)

5.C First order EOM for the U(1)-breaking case

The EOM for the number operators (5.52) read as
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v̇1(k; t) = 2 cos(k)Im[v5(k; t)] + 2γ sin(k)Re[v6(k; t)]

− 4Ui
∑
k1>0

Ṽ (k1, k, k, k1)v5(k1; t)v∗5(k; t) + 4Ui
∑
k1>0

Ṽ (k, k1, k1, k)v5(k; t)v∗5(k1; t)

+ 4Ui
∑
k1>0

Ṽ (k1, π − k1, k, π − k)v6(k1; t)v∗6(k; t)− 4Ui
∑
k1>0

Ṽ (k, π − k, k1, π − k1)v6(k; t)v∗6(k1; t)

v̇2(k; t) = −2 cos(k)Im[v5(k; t)]− 2γ sin(k)Re[v6(π − k; t)]− 4Ui
∑
k1>0

Ṽ (k, k1, k1, k)v5(k; t)v∗5(k1; t)

+ 4Ui
∑
k1>0

Ṽ (k1, k, k, k1)v5(k1; t)v∗5(k; t)− 4Ui
∑
k1>0

Ṽ (k, π − k, k1, π − k1)v6(π − k; t)v∗6(k1; t)

+ 4Ui
∑
k1>0

Ṽ (k1, π − k1, k, π − k)v6(k1; t)v∗6(π − k; t)

v̇3(k; t) = i cos(k) (v6(k; t)− v6(π − k, t))− γ sin(k) (v5(k; t) + v5(π − k, t)) + 2ihv3(k; t)

+ 4Ui
∑
k1>0

Ṽ (k, k1, k, k1)v2(k1; t)v3(k; t)− 4Ui
∑
k1>0

Ṽ (k1, π − k, π − k, k1)v5(k1; t)v6(k; t)

− 4Ui
∑
k1>0

Ṽ (π − k, k1, π − k, k1)v2(k1; t)v3(π − k; t) + 4Ui
∑
k1>0

Ṽ (k1, k, k, k1)v5(k1; t)v6(π − k; t)

+ 4Ui
∑
k1>0

Ṽ (k1, π − k1, π − k, k)v6(k1; t)v5(k; t)− 4Ui
∑
k1>0

Ṽ (k1, π − k1, k, π − k)v6(k1; t)v5(π − k; t)

v̇4(k; t) = i cos(k) (v6(k; t)− v6(π − k, t))− γ sin(k) (v5(k; t) + v5(π − k, t)) + 2ihv4(k; t)

− 4Ui
∑
k1>0

Ṽ (k1, π − k1, k, π − k)v6(k1; t)v∗5(k; t)− 4Ui
∑
k1>0

Ṽ (π − k, k1, k1, π − k)v∗5(k1; t)v6(π − k; t)

− 4Ui
∑
k1>0

Ṽ (π − k, k1, π − k, k1)v1(k1; t)v4(π − k; t) + 4Ui
∑
k1>0

Ṽ (k, k1, k, k1)v1(k1; t)v4(k; t)

+ 4Ui
∑
k1>0

Ṽ (k1, π − k1, π − k, k)v6(k1; t)v∗5(π − k; t) + 4Ui
∑
k1>0

Ṽ (k, k1, k1, k)v∗5(k1; t)v6(k; t)

v̇5(k; t) = i cos(k) (v2(k; t)− v1(k; t)) + γ sin(k) (v∗4(k; t) + v3(k; t))

− 4Ui
∑
k1>0

Ṽ (k1, k, k1, k)v1(k1; t)v5(k; t) + 4Ui
∑
k1>0

Ṽ (k, k1, k, k1)v2(k1; t)v5(k; t)

+ 4Ui
∑
k1>0

Ṽ (k1, k, k, k1)v1(k; t)v5(k1; t) + 4Ui
∑
k1>0

Ṽ (k1, π − k1, k, π − k)v∗4(k1; t)v6(π − k; t)

+ 4Ui
∑
k1>0

Ṽ (π − k, k, k1, π − k1)v3(k1; t)v∗6(k; t)− 4Ui
∑
k1>0

Ṽ (k1, k, k, k1)v2(k; t)v5(k1; t)

v̇6(k; t) = i cos(k) (v4(k; t) + v3(k; t))− γ sin(k) (v1(k; t) + v2(π − k; t)− 1) + 2ihv6(k; t))

− 4Ui
∑
k1>0

Ṽ (k1, π − k1, k, π − k)v6(k1; t)v1(k; t) + 4Ui
∑
k1>0

Ṽ (k, k1, k, k1)v2(k1; t)v6(k; t)

+ 4Ui
∑
k1>0

Ṽ (π − k, k1, π − k, k1)v1(k1; t)v6(k; t)− 4Ui
∑
k1>0

Ṽ (k1k, k, k1)v5(k1; t)v4(k; t)

− 4Ui
∑
k1>0

Ṽ (π − k, k1, k1, π − k)v∗5(k1; t)v3(k; t)

+ 4Ui
∑
k1>0

Ṽ (k1, π − k1, k, π − k)v6(k1; t)(1− v2(π − k; t)) . (5.72)
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6. Summary and outlook

Let us now summarise the material presented in this thesis and discuss some open questions

which could be a source of future work.

This thesis has been completely devoted to the study of the dynamics in closed many-body

systems possessing non-trivial interactions. Finding the exact time evolution in interacting

models represents an Herculean task and its complete solution in the general case is completely

out of reach. In this thesis we presented three different methods which can be applied to

study the dynamics generated by two important subclasses of interacting quantum many-body

systems: integrable models and weakly non-integrable models.

The first class is composed of models of which some properties can be exactly determined

(for example the spectrum and the elementary excitations), so they represent a natural starting

point in the study of the time evolution. However, the time evolution in integrable models

presents a peculiar feature: the stationary state which describes the value that observables

reach at late times is expected to be the Generalised Gibbs ensemble. In contrast to what

happens in non-integrable models, where it is expected to be the Gibbs ensemble.

The second class is not only a step forward towards the fully non-integrable case, it is also

the situation in which aspects of integrability and non-integrability are expected to coexist at

different times during the time evolution. This makes weakly non-integrable models arguably

the most interesting case to study.

In Chapter 3 we started by considering the time evolution in an interacting integrable field

theory: the sine-Gordon model. In particular we focussed on the repulsive regime and studied

the time evolution of the one-point function of the semi-local (cf. (2.72)) operator eiβφ(x)/2 on

a class of initial states (3.8). The approach adopted is fully analytical and can be decomposed

in two main steps: first we use the “Representative Eigenstate Approach” (a.k.a. “Quench

Action”) [73] to simplify the form factor expansion of the expectation value; then we extract

its leading contribution for late times. Importantly, to find this contribution we do not need

details about the form-factors but only some information about their singularities, which can

be extracted using the annihilation pole axiom (2.71). This approach gives the leading order

contribution in the density of excitations of the initial state and works in full generality for any

integrable field theory, as long as semi-local operators are considered.

Possible generalisations of our work can follow three different routes. The first would be

to consider the time evolution of dynamical correlation functions, attempting to generalise the
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results found in Ref. [39] to the interacting case; and, in turn, test the results obtained in

Ref. [167] by means of a semi-classical approach. A second possible outlook is to consider

more general vertex operators of the form eiαΦ with generic α. Considering generic values of

α severely complicates our analysis, in particular the finite volume regularisation of the theory

(cf. 3.2) becomes much more intricate and the leading singular behaviour of the form factors

is no longer given by the expression (3.110). A case of particular interest is the local vertex

operator eiβΦ: in Ref. [1] we showed the leading term in the linked-cluster expansion vanishes,

in general the residues of the most divergent poles always vanish in this case. However, those

terms which in the case α 6= β give sub leading divergent contributions for late times, become

important and might allow us to use a generalisation of our approach. This would go beyond

the semiclassical approximation of [167], which found a time independent expectation value.

Finally, the method presented can be applied to study the attractive regime of the sine-Gordon

model, where bound states of solitons and antisolitons are also present.

In Chapter 4 we considered the effect of weak perturbations to a specific class of integrable

models, where in addition to the “standard” infinite family of local conserved charges another

infinite non-commuting family of local conserved charges is also present. Adding a pertur-

bation to these models we can either avoid the conservation of the additional charges while

maintaining the integrability, or completely break it. To simplify our analysis we considered

only cases where these particular integrable models are noninteracting. In a late time window,

where the time is proportional to the inverse of the perturbation strength, the time evolution

of local operators (at the lowest order in g) can be described by an effective (quasi)-local non-

interacting Hamiltonian which is specified by time-dependent parameters found solving some

self-consistency conditions. Importantly, in this window we did not observe differences between

the case where the perturbation completely breaks integrability and the case in which it does

not. This suggest that the effects of integrability breaking are appearing at later times t ∼ g−α

with α > 1, where g � 1 measures the strength of the perturbation.

Noninteracting models with the additional family of non-commuting local conserved charges

are known, an example being the XY model considered in this thesis. In the future it would

be interesting to find interacting integrable models with the same property: a good candidate

is the XXZ spin-1/2 model at the points where the anisotropy satisfies ∆ = 1
2(q + q−1) with

q2N = 1 (N ≥ 2). Indeed, in this case, the model has been shown [95] to possess a sl(2,C)-

loop symmetry invariance in addition to its integrability. For the moment, however, only a

non-local representation of the charges is known [95]. Another possible outlook of our work is

to consider a different scaling limit, for example t ∼ g−2, which we expect to be the time-scale
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in which thermalisation occurs, according to our findings of Ref. [3] (discussed in Chapter 5 of

this thesis) and trying to find an effective Hamiltonian also in that case.

Finally, in Chapter 5 we studied the dynamics of a more general class of weakly non-

integrable models, that can be thought of as Peierls insulators [66,77], in the presence of a next-

nearest-neighbour hopping term with strength J2 and density-density interactions with strength

U . We studied the time evolution numerically solving the second order equations of motion

(EOM) for the occupation numbers nµν(k, t) (5.14), of the Bogoliubov fermions diagonalising

the quadratic Hamiltonian. The equations are found in two steps: first we write the Heisenberg

equations of motion for the bilinears in the Bogoliubov fermoins; then, we take the expectation

value on the initial state, closing the system of equations by assuming the connected higher

particle cumulants to be negligible. In particular, we considered a specific truncation scheme

which for times of order unity gives the exact results up to O(U3) corrections; in fact we tested

it against the (numerically exact) time-dependent density matrix renormalisation group (t-

DMRG) results finding an almost perfect agreement for all the times reached by the t-DMRG,

even for not-too-small U . Using the EOM we showed an exponential crossover behaviour

of local observables between a prethermalised and the thermalised regime. The crossover is

characterised by a time-scale t ∼ U−2 and has a prefactor which strongly depends on the next-

nearest-neighbour hopping strength J2. To find this scaling and in turn to reach longer times

in the evolution of observables we designed a further approximation of the EOM obtaining a

quantum Boltzmann equation [75,76], which is expected to describe the time evolution of local

observables at the leading order in U .

In Chapter 5 we show that also in absence of the U(1) symmetry, which causes the conserva-

tion of the particle number, the systems show a prethermalised behaviour: the local observables

stay on quasi-stationary plateaux which are close to those described by the unperturbed GGE

up to corrections of order U . This result has been found using a simpler version of the EOM,

which is accurate for times t ∼ U−1. An immediate outlook of our work would be to study

this case with the second order EOM, investigating whether the scenario for the approach of

the thermal values described in the previous paragraph also applies in this case. In particular,

we can investigate cases like those considered in Chapter 4, where the free model possesses an

additional non-commuting family of local conservation laws, and explore its time evolution up

to times t ∼ U−2: we expect to see two quasi-stationary plateaux, before the final stationary

one, appearing in this case.
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