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Abstract

In this thesis we study three examples of interacting many-body systems undergoing a
non equilibrium time evolution.

Firstly we consider the time evolution in an integrable system: the sine-Gordon field
theory in the repulsive regime. We will focus on the one point function of the semi-local
vertex operator e/#?(*)/2 on a specific class of initial states. By analytical means we show
that the expectation value considered decays exponentially to zero at late times and we
determine the decay time. The method employed is based on a form-factor expansion and
uses the “Representative Eigenstate Approach” of Ref. [73] (a.k.a. “Quench Action”).

In a second example we study the time evolution in models close to “special” in-
tegrable points characterised by hidden symmetries generating infinitely many local
conservation laws that do not commute with one another, in addition to the infinite
commuting family implied by integrability. We observe that both in the case where the
perturbation breaks the integrability and when it breaks only the additional symmetries
maintaining integrability, the local observables show a crossover behaviour from an ini-
tial to a final quasi stationary plateau. We investigate a weak coupling limit, identify a
time window in which the effects of the perturbations become significant and solve the
time evolution through a mean-field mapping. As an explicit example we study the XYZ
spin-1/2 chain with additional perturbations that break integrability.

Finally, we study the effects of integrability breaking perturbations on the non-
equilibrium evolution of more general many-particle quantum systems, where the un-
perturbed integrable model is generic. We focus on a class of spinless fermion models
with weak interactions. We employ equation of motion techniques that can be viewed
as generalisations of quantum Boltzmann equations. We benchmark our method against
time dependent density matrix renormalisation group computations and find it to be
very accurate as long as interactions are weak. For small integrability breaking, we
observe robust prethermalisation plateaux for local observables on all accessible time
scales. Increasing the strength of the integrability breaking term induces a “drift” away
from the prethermalisation plateaux towards thermal behaviour. We identify a time
scale characterising this crossover.
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1. Introduction

Many-body systems are arguably the most interesting subject to study in physics, showing
an incredibly rich phenomenology and giving rise to the most unexpected effects. Unexpected
because generically the behaviour of many-body systems can not be understood just by extrap-
olating that of few body systems, on the contrary they show some phenomena that are revealed
only when the number of degrees of freedom in play becomes enormous (infinite for any prac-
tical purpose), so called emergent phenomena. An example worth mentioning is undoubtedly
the phenomenon of spontaneous symmetry breaking, the physical mechanism behind the ap-
pearance of different phases of a condensed matter system but also behind the Higgs-Anderson
mechanism in particle physics, to name but two remarkable examples.

The study of many-body systems is ubiquitous in physics, its applications range from as-
trophysics to biophysics, from particle physics to condensed matter. The question that every
scientist dealing with these complicated objects is trying to answer is whether she or he can find
some universal properties, i.e. some properties that do not depend on the particular configu-
ration of every degree of freedom constituting the system, but instead on a few key attributes
characterising it. The existence of these properties is what makes the study of a many-body
system possible on the one hand and useful on the other.

The equilibrium properties of many-body systems, both classical and quantum, have been
extensively and successfully studied during the twentieth century, leading for example to the
elegant concept of the Renormalisation Group. In essence the idea is to identify which are the
measurable properties of the systems under investigation and find some transformations that
simplify the problem while keeping these properties fixed. In particular, in the case of many
body systems near to the critical point, these concepts have been put on a more quantitative
ground allowing one to extract a substantial amount of information [4H6].

The dynamics of (closed) many-body systems, however, turned out to be an even more
difficult problem to study. On the classical side some progress has been achieved. For example
the seminal paper [7] stimulated an intensive study on the validity of the ergodicity hypothesis,
which assumes the trajectory of the system in Phase Space passes close enough to any point
of the Phase Space with the same energy. It was understood that the ergodic hypothesis does
not generally hold in systems with a finite number of degrees of freedom; even if anharmonic
potentials are included. In order for the system to display statistical properties the anarmonic-

ity must be above some threshold [8], which guarantees the majority of initial conditions show



chaotic behaviour [9]. The generic presence of cross-over behaviour from regular to chaotic
motion depending on the strength of the perturbation added to integrable systems has been
described by the celebrated KAM theory [10].

The study of the dynamics in closed quantum many-body systems was considered in the
early days of quantum mechanics by John von Neumann |11, who proved a quantum version
of the ergodic theorem. After his work, however, this field of research has been set aside: some
worth mentioning studies of these kind of problems have been carried out [12-15] but they
remain essentially isolated. The reason for the lack of a systematic theoretical investigation
on such an interesting problem has been, besides its fundamental difficulty, the impossibility
to experimentally test any prediction. Historically, the standard condensed matter systems
considered in laboratories were strongly affected by decoherence and dissipation effects, due
to the coupling to the external environment. As a consequence, their coherence time was
shorter than the measurement time: any theoretical prediction had to take into account the
effect of the environment making the comparison much less definite and clear. In addition,
effective dissipation mechanisms are present also if the coupling with the environment could
be neglected. For example, together with the electronic degrees of freedom, solid state systems
have phonons: neglecting their effect on the electronic problem produce effective dissipation.
This situation experienced a profound modification during the last decade, when some drastic
improvements in experimental techniques allowed the realisation in laboratories of systems of
ultra cold atoms, whose dynamics are very close to be unitary and are excellently described by
models simple enough to be studied by theoreticians [16-26]. The breakthrough in experimental
techniques stimulated intensive theoretical activity on both the numerical and purely analytical
side, aiming at understanding the universal physical properties of time evolving quantum many-
body systems. In the majority of the cases the physical situation considered has been a so
called quantum quench [27], i.e. the system is taken in the ground state of a locally interacting
Hamiltonian Hy and at a certain time, which can be taken to be ¢ = 0, the Hamiltonian is
suddenly replaced with a different locally interacting one, H. Generically the two Hamiltonians
are related by the change of some parameters. If the two Hamiltonians differ only in a finite
region of the real space the quench is called a local quench and a global quench otherwise. In
this thesis we will be interested in the case of global quenches.

The simplest question to ask about time evolving systems regards their stationary proper-
ties, i.e. do those systems reach some sort of stationary state? If so, can this stationary state
be determined from some macroscopic properties of the system? In order to answer questions

of this kind, the first step is to correctly identify what we mean by relaxing to stationary



state. Since the systems under consideration are subject to a closed unitary evolution, it is
always possible to find some observables whose expectation values keep oscillating indefinitely.
However, in the thermodynamic limit (where the volume of the system goes to infinity keep-
ing constant all the densities), observables restricted to finite subsystems can reach stationary
values, in this case the rest of the system plays the role of a bath. This suggests a simple
definition: we say that a system relaxes to a stationary state if for every finite subsystem A in

the thermodynamic limit

3 lim pa(t) = paloo). (L1)

t—+00

where pa(t) = Trz [p(t)] is the density matrix reduced to the subsystem A [28].

The current belief is to link the values that the observables reach in these stationary states
with their local conservation laws, i.e. the conservation laws that can be expressed as a sum (an
integral in the continuum models) of some local densities. The main distinction is then between
generic models which typically have only the Hamiltonian Iy = H as a local conservation law
and integrable models possessing an infinite number of local conservation laws {I;};=01,... In
generic models, the stationary values reached by local observables at late times can be described

by a Gibbs ensemble |14}/15,28-34]

r
pa(o0) =trglpcel . poE = e Porrl (1.2)

which, as only memory of the initial state, retains the information about the energy density
through Beg

1 1
lim — (H),= lim —

Hpcg] . 1.
ey g, g Hecl (1.3)

In integrable models on the other hand, observables reach stationary values that are described

by a so called generalized Gibbs ensemble (GGE) [35] and [28},29,36-41]

1 7
pa(oo) =trglpacr] .  pece = e 2idili (1.4)

which retains memory of all the initial values of the infinite local conservation laws, through

the Lagrange multipliers \;

[ipcae] - (1.5)

This picture has been fully established for many models that are free or can be mapped into

free models [42-46]. The logical step forward would be to establish the validity of the GGE also



for interacting integrable models; in some cases has been possible to derive expectation values
of local observables in the stationary state after a quantum quench in those models [47-53].
Recent results [54-57], however, have shown that the situation might be more complicated,
pointing out that the current GGE predictions do not reproduce the correct stationary values in
some cases. However a “conservative” interpretation of these results remains on the scene: the
observed disagreement might be due to the existence of some local (or even quasi-local, meaning
that the density is decaying exponentially) conservation laws that are still unknown and so are
not included in the current GGE prediction, this interpretation is strongly encouraged by very
recent findings [58,/59]. We stress that the last developments described are still subject of
intensive ongoing research.

Understanding the stationary properties of a time evolving system is clearly very impor-
tant, but is not the only interesting aspect to study: the dynamics can reveal an even richer
spectrum of interesting phenomena. An intriguing example of these, which will be considered
in detail in this thesis, is the so-called prethermalisation [60,/61], where time evolving weakly
non-integrable systems show a transient behaviour, during which local observables reach non-
thermal plateaux reminiscent of the underlying integrable theory. This mechanism has been
theoretically predicted in several cases [2,60H70] and, most importantly, observed in experi-
ments [18-20]. The prethermalisation phenomenon drastically widens the application of the
results on the dynamics of integrable models: a very large class of systems which are close
enough to integrable points will show an “integrable-like” behaviour, at least in a certain time
window. This key observation allows one to realise that the study of integrable models out of
equilibrium is necessary to understand “real-world” situations and it is not only an academic
matter. The common belief is to consider the prethermalization as a transient effect, expecting
the non-purely elastic processes typical of non integrable models to become effective at late
enough times and bring the system to the thermal stationary state. Reaching times that are
long enough to see the system moving from a pre-thermal to a thermal state has revealed to be
impractical for most of the numerical [71] and analytical |2/60,/61,66] approaches. Until very
recently, the only example of a weakly interacting system eventually approaching the thermal
plateau has been given in the infinite dimensional case [72]. In [3] we presented what, to the
best of our knowledge, represents the first example of a weakly non-integrable one-dimensional
model showing prethermalisation behaviour and then approaching the thermal state. In par-
ticular, we considered a model with tuneable integrability breaking; for small integrability
breaking, we observed robust prethermalisation plateaux for local observables on all accessible

timescales. Increasing the strength of the integrability breaking term induces a drift away from



the prethermalisation plateaux towards thermal behaviour.

Importantly, prethermalisation-like behaviour is not limited only to non-integrable models,
in Ref. [2] we showed that something very similar can happen in integrable models when one
weakly breaks some hidden symmetries which generate additional families of local conservation
laws not commuting with one another. In this case, local observables first reach quasi-stationary
plateaux reminiscent of the unperturbed model and then move away towards different plateaux
described by the perturbed model, which can be still integrable. We call this process pre-
relazation since thermalisation is not expected to occur in all these cases. A difference between
this case and the one described above is the timescale on which the drifting from the initial
plateaux occurs; when there is the standard prethermalisation, the findings of Ref. 3] suggest

2

this to happen at times ¢t ~ ¢g~°, where g is the strength of the perturbation. In the case of

pre-relaxation on the other hand the drifting takes place at times ¢ ~ g~ 1.

More generally, the main objective of the research in time evolving quantum many body
systems is, once again, to find some universal behaviour and concomitantly a method of study-
ing it, which can be applied to a large class of systems, depending only on some basic properties
of the class. Currently only very few general techniques are known which allow one to cope
with this kind of question for interacting models, examples worth mentioning of these are the
Representative Figenstate Approach (a.k.a. Quench Action) [73] and Linked Cluster Expansion
Approaches (developed in the the study of equilibrium properties at finite temperature [74])
applicable to the cases where the interaction is integrable. In Ref. [1] we presented the first
application of those methods to the determination of the time evolution in the sine-Gordon
field theory, a paradigmatic example of interacting integrable model. When the interaction
becomes non-integrable the situation complicates even further, however some cases are still
analytically tractable. In Ref. [2], we show that the time evolution under weakly-interacting
(integrable or non-integrable) Hamiltonians in the time window gt ~ ¢° can be mapped into
the one generated by free, although time-dependent Hamiltonians which fulfil some self consis-
tency conditions. In Ref. |3] on the other hand, we studied a weakly-interacting non integrable
model by means equation of motion techniques that can be viewed as generalisations of quan-
tum Boltzmann equations [75,76]. The purpose of this thesis is to illustrate these methods and

their applications to physically relevant cases.

1.0.1 Organisation of the thesis

The rest of this thesis is structured as follows. Chapter [2| reviews some properties of two well

known integrable models and introduces some concepts that will be used in the rest of the work.



Chapter [3| contains the study of time evolution in the sine-Gordon model. In particular, there
we describe how to determine the time evolution (for large but finite times) of the one-point
function of a particular (and highly non-trivial) operator on a class of initial states. This chapter
is based on the work [1]. Chapter |4| studies the time evolution of weakly interacting models in
the time window gt ~ ¢°, where ¢ is the strength of the interaction. Together with the general
discussion, an application of the formalism to a perturbed XYZ spin-1/2 chain is considered.
This chapter draws heavily on the work [2]. Chapter [5| considers the prethermalisation regime
and the eventual moving to the thermal one in a weakly interacting model, that can be viewed
as a perturbed version of the Peierls insulator [77]. Some of the material presented here is taken
from [3], there are however also some results which will be published in the future. Finally

Chapter [6] contains a summary of the material presented and some outlook.



2. Two integrable models

In Chapter [1] we discussed the key role of integrable models and their weak deformations in
understanding the non-equilibrium time evolution of many-body systems. The goal of this
chapter is to examine two outstanding examples of integrable models which will turn out to be
of great interest in the course of this thesis: the XY spin chain and the sine-Gordon model.
The first represents a prominent example of a noninteracting integrable model, it is nonin-
teracting because it can be mapped into a free fermionic system via a Jordan-Wigner transfor-
mation. A typical reason to study free systems is that their exact solvability helps to understand
some features that are expected to be generic. Later in this thesis, however, we will see that
understanding free models also allows one to extract information on the time evolution of their
interacting deformations. The sine-Gordon model on the other hand is the paradigmatic exam-
ple of an integrable interacting field theory (on both the classical and the quantum level [6l/78]).

“real

Interacting integrable models represent a further step towards the understanding of the
world” cases, in particular interacting integrable field theories give a universal description of the
low energy behaviour of several experimentally relevant systems [79]. Some of their properties,
such as the spectrum of the excitations and the scattering matrix are accessible while others,
such as correlation functions, are difficult to compute and cannot be generally determined
exactly.

The purpose of this chapter is to explain the physical relevance of these models and review

some of their mathematical properties, as those will prove to be useful in the rest of the thesis.

2.1 The XY model

The XY model is described by the following Hamiltonian

L L
1+~ 1—7v Jh
Hxy(v,h)=J E <4 oo+ T afairl) +5 E o7, (2.1)
/=1 =1

acting on the Hilbert space H = ®iL:1 C2. Here o7 acts as the Pauli matrix ¢ on the site j
(j-th component of H) and as the identity matrix elsewhere; we consider the case of periodic
boundary conditions o | = of', where a = x,y,2. The Hamiltonian (?2.1]) is invariant under

the Zy transformation defined as

o) = —of o=z, o] — o;, (2.2)



for all values of v and h. For v = 0, the Hamiltonian exhibits a O(2) invariance under rotations
of 0% in the z-y plane.

As we will show in the following, the Hamiltonian is mapped to free fermions by
the application of a Jordan-Wigner transformation and then diagonalised by the subsequent
application of a Fourier and a Bogoliubov transformation. Excitations over the ground state
are gapless for |h| < 1 and v = 0, or |h| = 1 and any possible value of 7. The fact that the
model is mappable to free fermions was the main reason behind its introduction in [80], where
the authors used this feature to obtain a better understanding of the role of the anisotropy
~ in the Heisenberg interaction. The isotropic case v = 0, for |h| < 1, shows the same
qualitative behaviour as the interacting integrable XXZ spin-1/2 chain [81] in the “Luttinger
liquid phase” (for zero external magnetic field it corresponds to values of the anisotropy |A| <
1). In both cases the excitations are gapless and correlation functions show a power law decay;
when h reaches a critical value h. there is a phase transition to a gapped phase which lies
in the universality class of commensurate-incommensurate transition (see |79] and references
therein). Experimentally this regime of the XXZ spin chain has been investigated using for
example CspCoCly [82]. An other interesting limiting case of the XY model is v = 1 where
it corresponds to the transverse field Ising chain (TFIC), which has been extensively studied
both in the context of equilibrium quantum phase transitions [6,83,84] and the non-equilibrium
dynamics [38,44.45,85-89]. Recently, the Ising limit of the XY model has been experimentally
realised using CoNb2Og [90].

In this thesis we will be interested in the case of zero external magnetic field h = 0, as in
this case a symmetry of the dispersion relation will cause the appearance of additional sets of

local conserved charges. From now on we adopt the shorthand notation Hxy = Hxy(7,0).

2.1.1 Diagonalization of the Hamiltonian

The first step to carry out in order to diagonalise the Hamiltonian Hxy is to map it to free
fermions, as previously mentioned, this is done by means of a Jordan-Wigner transforma-

tion [91]. First we introduce

i—1 i—1
cj = (o7) o, ci = H (05) 0 (2.3)
j=1 J=1



Here we used the notation o = (o7 4 ic?)/2. It is easy to verify that the operators defined

satisfy the canonical anti-commutation relations (CAR)

{chey =65, {ene}=0={c.,cl}. (2.4)

Expressing the Hamiltonian in terms of the new variables gives

.|.
Hxy =—-3 Z{ ¢iCip1t cz+1c + ’yc;rcz—i—l + 76116 }

J17TN+1
LIl ){T i t ot

5 cpc1 + e +yepep + ’ycch} ) (2.5)

Here we introduced the fermionic number operator N = ZiL:1 c}ci. The operator €™V com-

mutes with the Hamiltonian (it represents the symmetry ), so the two can be simulta-
neously diagonalised and the Hamiltonian can be written in the block diagonal form Hxy =
P.Hy P, + P,H$yP,. Here P, (P,) projects on the sector of the Hilbert space with even
(odd) number of fermions. It turns out that the lowest energy states in the two sectors become
degenerate in the thermodynamic limit and a linear combination of those is chosen as a ground
state by spontaneous symmetry breaking. This effect, as all the others caused by the boundary
term , play an important role when one has to consider the action of operators which
are non-local with respect to the fermions, for example in the study of the quantum phase
transition happening at |h| = 1 or in the determination of the time evolution of o% after a
quench in the magnetic field in the TFIC [88]; in this thesis, however, we will be interested
only in the thermodynamic limit behaviour of operators that are local with respect to the
fermions, so we can neglect the boundary term in the second line of and assume periodic
boundary conditions (PBC) on the fermions; in Appendix we discuss the relation between
the infinite volume and the finite volume spectrum of , as this will be a useful reference
when considering the finite volume realisation of the sine-Gordon model in Chapter (3] Taking

PBC on the fermions we reduce ourselves to consider the following modified Hamiltonian
Hxy = -3 Z{ CiCip1 T CH—lc + VCI I+1 + 70i+10i} ) CLti = Ciy (2.6)

this Hamiltonian has always a unique ground state. The next step required to diagonalise
(2.6)) is to take its Fourier transform: since the Hamiltonian is one-site shift invariant the most
natural choice would be to consider the unit cell composed by one site. Nevertheless, later in

this thesis we will be interested in situations where the initial state or the Hamiltonian are



invariant only under the shift of two sites, hence it is instructive take our elementary cell to
contain two sites instead of ondﬂ This results in having two different species of fermions f

and e where the momentum k varies in the range |0, |. Specifically we define

2 ikn (2] 2 ikn (25—
€kn = \sze @) ey;, T, = \/;Ze B Degi 1, (2.7)
J J

2mn L
L= = —1,...,=. .
k T n 5 (2.8)
Writing the Hamiltonian (2.6)) in terms of the fermions (2.7)) we obtain
Hyy = — JZ{COS(]{?) <f116’]€ + h.c.> + iy sin(k) ( ,Iejrik - h.c.)} . (2.9)
k>0
Here we adopted the notation
L
2mn
> =3 7). (210)
k>0 n=1

The last step of the diagonalisation process is achieved by means of the Bogoliubov transfor-

mation

1 . . . ,
az(k) = \ﬁ {e’g’“/Qek + 6719’“/2]0]? + 629k/2€;rr_k + e*ZG’“/Qf;_k} , (2.11)

1 . : . 4
airF(ﬂ_ . k) _ E {ezﬁk/Qek i6719k/2fk B 619k/2€jr—k T efzek/Qf;_k} 7 (2'12)

where k € 10,7/ 2]E| and 6, is the Bogoliubov angle given by

ot _ 08 k+ivysink . (2.13)
Veos? k +~2sin? k
In terms of the Bogoliubov fermions a (k), «—(k) the Hamiltonian reads as
fxy = 32 S ne(k)al(B)ay(k), (k) = Jy/cos® k + 42 sin k. (2.14)

n==x k>0

From the expression of the dispersion relation we see that the model describes gapless excita-
tions only for v = 0, as stated above for the case h = 0. The dispersion relation allows us also
to make an other observation: the symmetry (k) = (7 —k) enables one to construct conserved
quantities in momentum space which can not be expressed as a function of the occupation num-

bers, such as aT_(k:)aL(w — k). Considering linear combinations of these conserved quantities it

'L is assumed to be even in this case.
2The 7 mode is treated separately giving a— () = %{EL — M as(n) = %{(%r + fx}.
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is possible to construct additional local conservation laws for the model. A detailed analysis of
this case can be found in Ref. [68] where is also shown that the set of local conservation laws
is now non commuting. It is, however, worth stressing that the additional conservation laws
discussed here are two-site shift invariant, so they give a non vanishing constraint on the time
evolution only if the initial state is not invariant under translations of one site.

We conclude our analysis of the XY model by briefly reviewing a mathematical formalism
based on the expression of the Hamiltonian in terms of Majorana fermions (more details can
be found in [68] and [92]), as this occurs to be convenient for calculations in free fermionic
models. In particular it can be used to find in a very simple way a close expression for the set
of all the local conservation laws 38168 of the model and the algebra they form, in particular
here we show that the charges satisfy a sl(2,C)-loop algebra. We will encounter an example of

the application of this formalism in Chapter

2.1.2 Majorana fermions and circulant matrices

It is useful to introduce a new set of fermionic operators, the so called Majorana fermions,

defined as

a;y = (c} + cg) , aj =i (Ce - c}) . (2.15)

They satisfy the following set of anti-commutation relations
{a$,al} = 26,500 , a,f=uz,y. (2.16)

A characteristic feature of these operators is Q?T = ay.

Let us now consider a generic operator A, which is quadratic in the Majorana fermions.
Sometimes we will call nontinteracting operators with this property. We focus on the case
where A is left invariant by the shift of n-sites, where n > 1 is a divisor of L. This will be
useful to study the additional charges of the XY model, as we have seen that they are invariant

only under 2-sites shifts. In this case we can express A as

x
Uns—n+1
Y
1L/n Ons—n+1
— n .
A= (ad oy g oo b al A [ - (2.17)
r,s "
ns
a%s

Here A is a block-circulant matrix, i.e. it is a block-Toeplitz matrix (the blocks composing

11



it satisfy My, = My_pm,, where M,,, is a 2n-by-2n matrix) in which any block-row (a row
of 2n-by-2n matrices) is a right cyclic shift of the block-row above. We stress that every
noninteracting operator admits a representation of the form for big enough n, however
the formalism developed here will be particularly useful to treat cases where n does not scale
with L in the thermodynamic limit. To exploit the fact that the matrix A is block-circulant

it is useful to consider its Fourier decomposition

my _ M i(r—5)km A(n) _ 2mnm _ | L L
[A®)],s LZe AW R) k=T, m [Qn Lo p |- (218)

m

The conventions for the Fourier transform used here are different from the ones in (2.7)), here the
momentum takes values in the interval |-, 7]. The 2n-by-2n matrix A (k) is fully specified

by the conditions
AT Ry = AW E) A () = — A (). (2.19)

The unique matrix A (k) satisfying and is called the symbol of A" and com-
pletely characterises the block-circulant matrix. In the following we will refer to A(")(k) also
as the symbol of A. It is worth stressing that if the operator is local then the block-circulant
matrix associated with it has non vanishing contributions only from blocks near to the diago-
nal, this imply that the symbol has only a finite number of Fourier coefficients. If the operator
is quasi-local [93,/94] (its density is exponentially localised) the symbol can have an infinite
number of Fourier coefficients but it turns out that it must be a smooth function of & [68].
Importantly, the representation in terms of symbols is well behaved under the commutation

algebra, indeed the following property holds
Property 2.1.1 Let A and B be two operators written as in with the same n. Their
commutator [A, B] has the form , with symbol equal to the commutator of the symbols

[A, B] = [A™ (k), B™ (k)] . (2.20)

We note that if an operator admits a representation of the form (2.18) for a fixed n, then it
admits the representation (2.18]) for every m multiple of n. This turns out to be useful when
considering the commutator of two operators invariant under a different number of shifts. In

particular the n = 2 representation of a one-site shift invariant operator A, possessing a n =1

12



representation of the symbol A1) (k), is given by

1 — O.xei(k/2)az

2

1+ O,xei(k/Z)Uz

A (k) 5

@ AW (k/2) + @ AV (k/2+ 7). (2.21)

So far we considered general quadratic operators, a prominent example of these is the XY
Hamiltonian Hyxy (2.6). Since the Hamiltonian is one-site-shift invariant it admits an n = 1

representation, its symbol reads as
HGY (k) = —e(k)oe ™, (2.22)

where (k) and 6 are given in the previous subsection. In the following it will be useful to

exploit also the n = 2 representation of the symbol of Hxy. Using 1| we find
W, (k) = —e(k/2)0"*/?" @ o¥eifir2” (2.23)

From property follows that the time evolution under the Hamiltonian ({2.6)) of a non-

interacting operator A in the Heisenberg picture is noninteracting, with symbol
oiHt pp—iHt _, eiH(")(k)tA(n)(k,)e—ﬂ-l(”)(k)t. (2.24)

Finally, the representation in terms of symbols can be used to calculate expectation values of
noninteracting operators on a certain class of states, namely the n-site shift invariant states on

which the Wick’s theorem holds

Property 2.1.2 If a state p is such that the expectation value of any noninteracting operator

on it can be expressed in terms of the correlation matrix

ag:zm—n—l-l
- 41
Tinp = Seml — ( (aZp iy @iy oo aZy a’, ) (2.25)
afbm
azrlzm

and Fgg 1s circulant with symbol F(”)(k‘), then the expectation value of non interacting operator

A on p can be written as follows

tr[pA] = %Ztr[r(km)A(kzm)} . (2.26)

13



Here we introduced the notation

<a§‘a§> Etr[paf‘af} ihwj=1,....L «a,f=uzy. (2.27)

In the thermodynamic limit Eq.(2.26) reads as

Jim %tr pA] = ﬁ / 7; gtr[l”(k)/l(k)]. (2.28)

Collecting together all the properties described we conclude that in n-site translation in-
variant noninteracting models, which include the XY as a particular case, any calculation can
be traced back to operations on symbols: this represents a drastic simplification as it reduces
the size of the matrices that one has to consider from 2% x 2 to 2n x 2n.

Following Ref. [38] we can easily construct all the local conserved charges which are invariant
under one-site shift. Assuming that the charges have a noninteracting form and that are
invariant under the shift of one site we conclude that they can be written in the form with
n =1. Let {Q%)(k)}mzlvg,m be the n = 1 representation of their symbols. The conservation

of the charges can be written in terms of symbols as
1D (k), QW (k)] = 0, m=12.... (2.29)

Given two commuting hermitian d-by-d matrices N and M, it is easy to prove that if M has
distinct eigenvalues then N can be written as a combination of MP with p = 0,...,d — 1@

Since ’Hgg/(k:) is a 2-by-2 hermitian matrix with distinct eigenvalues we have
O (k) = ap(k)Ly + by (F)HP(k), m=1,...L/2. (2.30)

The conditions (2.19) require the real coefficients a,,(k), by, (k) to be respectively odd and even
functions of the momentum. Choosing a convenient basis, we conclude that the symbols of a

complete set of one site shift invariant charges can be written as
Q') (k) = cos(mk)HW(k), QM (k) =sin(mk)1y.  m=1,...L/2. (2.31)

These symbols have a finite number of Fourier coefficients so the associated charges are local.
In cases where for any value of n the representation of the symbol of the Hamiltonian remain

with distinct eigenvalues, this construction can be repeated giving an 2n-by-2n dimensional

3This can be easily established in the common eigenbasis.
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representation of the one-site shift invariant charges. An interesting situation is realised when a
higher n = 7 representation of the symbol of the Hamiltonian has some degenerate eigenvalues.
In this case, for fixed k, the 2n-by-2n symbol of the Hamiltonian commutes with more than 2n
independent matrices accounting for the one-site shift invariant charges, the additional ones
give some charges that are invariant only under a shift of a number of sites proportional to 7,
so can be expressed only in the n = pn representation (p € N). For example let us consider the
XY model, ’Hg?%/(k) has two doubly degenerate eigenvalues and it turns out that for a fixed k we
can find eight independent matrices commuting with it. Four of them can be written as
using the symbols , thus they are the n = 2 representation of the charges ; the

2

other four are instead “new” and cannot be expressed in the n = 1 representation because are

invariant only under the shift of two sites. The former generate the following set of symbols [6§]

Z 2_)£e)(k) = cos((m — 1)k)e(k/2) o/ ® ng/z Ir(i)SO)(k;) =sin((m — 1/2)k) oo ® 1

Ir(f%O)(k) = cos((m —1/2)k)e(k/2) 1 ® agk/z 17(73;)@(/{;) =sin(mk)1® 1, (2.32)

while the latter generate [6§]

Tni (k) = cos((m — Vk)e(k/2) o 1y © 05, Tel (k) = sin((m — 1/2)k)e(k/2) 0" @ o5,

T (k) = cos((m — 1/2)k) o}, © 0 T2 (k) = sin(mk) 0% ® o7 . (2.33)

)

i85z 4 ;042 .
Here we introduced 09 =e 27 07¢"2? and m = 1,...L/4. From these expressions one can

find the explicit form of the conserved charges by means of the analogs of (2.17)) and ([2.18)).
The symbols Ig;)f) (k) and I,(j;)ﬁe) (k) commute with the entire set; to express the commutation

relations of the remaining ones it is convenient to form the following combinations

B0 = 920w - L O g ) Pt
- ZI%E;Q()I{) + I8 (k) +ZI§)Z(O/)2(;€ ) _ 20O (k)
- 2 a2
B =200 o) Bl e )
(2)(0) 7751241(1(?_(7‘3) L (2)(0) T (k) '

+i m+1+(k)+W—z o (k) — D) (2.34)
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The commutation relations fulfilled by the combinations ([2.34]) read as
12k, I (R)| = i (). (2.35)

Equations are the defining commutation relations of the sl(2,C) loop algebra: we have
thus shown that the Hamiltonian , for h =0, is invariant under loop sl(2,C) transfor-
mations. A sl(2,C) loop algebra invariance has been shown to occur in the XXZ spin-1/2
chain [95], when the anisotropy satisfies A = %(q +q¢71) with ¢?N =1 (N > 2). In particular,
the case N = 2 corresponds to the XX chain (A = 0), which is a particular case of the model
studied here: our result shows that this symmetry remains present in the XY model for any
value of 7. We stress that the charges associated with the symbols (and thus forming
a representation of the sl(2,C) loop algebra) are quasi-local, in contrast to the representation

constructed in [95].

2.2 Sine-Gordon model

The sine-Gordon quantum field theory is the (14 1)-dimensional bosonic field theory described

by the following Hamiltonian

Hs = 7o- /dm [(agc@)2 + 12(atq>)2} = )\/dx cos(BP), (2.36)

v
where the bosonic field ®(z,t) fulfils the standard commutation relations

@2, 0), Ty, 0)] = i6(z —y),  T(a,t) = %‘?’;(Sft) . (2.37)

Inspecting the Hamiltonian (2.36)) we see that it is invariant under Lorentz transformations,
however in the following we will see that it emerges as an effective description of several
non relativistic systems. Interestingly, similar situations arise in numerous physically relevant

cases [79].

2.2.1 Realisations of the sine-Gordon model

The field theory (2.36)) is known to emerge as the low-energy description in a variety of contexts,

both in solids and systems of trapped, ultra-cold atoms.
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2.2.1.1 Solids

The sine-Gordon model is obtained as the low-energy limit of a variety of quantum spin chain
models, see e.g. Ref. [79]. Perhaps the best experimental realisation in this context is in
field-induced gap Heisenberg magnets like CuBenzoate [96-105] and [106-112]. The underlying

lattice model in these systems is of the form

L
H = J Y |S585,0 + SYSYy + ASiS5| + hu Zsz + h Z 1)/ 52. (2.38)

7j=1
In the thermodynamic limit the low-energy sector is described by a quantum sine-Gordon model
(2.36). Typically the sine-Gordon emerging from these chains results in having 4% < 1/2, which
as we will see corresponds to the so called “attractive regime”. In the following we will be
interested in the “repulsive regime” 1/2 < B? < 1, which can be realised as the low-energy

limit of the spin-1/2 XYZ chain
H=JY [( Y)SESE 4 (1 —7)SYSY,, + AS; ;+1] (2.39)

where we take

J>0, 0<A<l, vl (2.40)

In this regime we may regard (2.39)) as a perturbation of the spin-1/2 XXZ chain by the relevant

operator y_;[STST,; — S¥SY, . In the low-energy limit this gives a sine-Gordon model (2.36)

with
_ Jsin(6?)
S 21-p2"

— A = cos(1f?) ,

<pr<l, Ao 7. (2.41)

2
The transverse spin operators are bosonized as follows [79]E|

ijzsj»“rz‘s;e’mc(_l)j i5o(x) . +A[ 15 (@)+550(x) . o 62<I>(x) 259(2) ]+

=J () + (=1)nT(z), z=jao. (2.42)

In the following we will be interested in the operator €' iZe @) from 1j follows that in this

realisation of the sine-Gordon model it corresponds to the staggered magnetisation. Specifically,

cos (ﬁéT(x)) corresponds to the staggered magnetisation in the z direction and sin (B(PT(J”U in

4Comparing with Ref. [79] our ®(z) and O(x) are flipped.
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the y direction. The bosonized form of the longitudinal spin operator is

%~ ;Toﬁam@(”’) — B(~1) sin <®2(;)> F.. (2.43)

We note that the constants A, B and C are known [113,/114]. In the XYZ realisation the Bose

fields are compactified (see e.g. [79])

4

O(x) =O(z) +4n3 , O(x) = P(z) + 5 (2.44)
This implies that the only local vertex operators are of the form
O = (i35O@)+H G @ () (2.45)
Defining the topological charge as
Q= A dzx 0,P(z), (2.46)
27 J_

we see that O, ,, carry topological charge 2n.

2.2.1.2 Systems of ultra-cold trapped atoms

Other realisations of the sine-Gordon model can be found in systems of interacting one dimen-
sional bosons [115]. For example, one may consider a single species of bosons in a periodic

potential

H= 2;0 /d:z:aﬂb\Q + % /d:ﬂ de' V(z —12') : p(x)p(a’) : —l—/dm VL(z) — plp(z), (2.47)

were 1(x) is a complex scalar field, V' (z) describes density-density interactions between bosons,
o a chemical potential, and V7, (z) a periodic lattice potential. Models like (2.47]) can be realized
in systems of trapped, ultra-cold atoms, where V7 (x) accounts for the optical lattice [116].

“Bosonizing the boson” [117,|118§]

wT (1,) ~ \/,[TU Z e2ip[7rpoa:f\/§<1>(a:)]e* \/éfK@(x)

peZ

K 2ip[rpoz—/ K &(2)]
@) ~ o — || g 0u () - po 3 PV RO (2.48)

p#0

9
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where pg is the average density, leads to a low-energy description |115] in terms of a sine-
Gordon model (2.36). Here the cos(3®) originates from the periodic potential Vj(z), and the
Luttinger parameter K characterizes the interactions. In order to access the repulsive regime of
the sine-Gordon model (8% > 1/2), the density-density interaction V (z) should be sufficiently
long-ranged. Of particular interest for our work is the case where the periodic potential is such

that there is on average one boson for every two minima of Vi (z), i.e.
Vi () ~ VI, cos(4dmpox), (2.49)

which leads to a sine-Gordon model with 32 = 2K. As long as K < 1/2, the leading oscillating

term in the density is
Posc(T) ~ cos (27rp0:c - gq)(x)) + higher harmonics. (2.50)

. . . . . i 8
Hence in this realisation of the sine-Gordon model the operator 'z ®®)

describes the leading
oscillatory behaviour of the boson density. We note that the Bose fields again are compactified
according to (|2.44)).

A second realisation of the sine-Gordon model with ultra-cold atoms is in terms of coupled

one-dimensional condensates [119]. The microscopic Hamiltonian is taken to be

H:/daz Z

<2jno 10,9;(2)2 + g : p2(x) :) —t) <‘11J{(m)\1'2(1‘) + h.c.) : (2.51)
7j=1.2

where p;(z) =: \I/;r(:x)\I/](x) g Bosonisin [117,/118] and then transforming to total and relative

phases
D (z) £ Po(x)
V2

one finds a low-energy effective Hamiltonian of the form

Qy(r) = [ (2.52)

] L Ou(z) = [@1@)1@2@)] |

V2

(% 2 2

Ho = o [do[(@.:0)"+ (0:0-)°] —)\/dx cos (;ﬁ). (2.53)

Here A o« t; and the parameters v and K are functions of g, mg and the density py of the

condensates.

®We exchange the roles of ®; and ©; with respect to (2.48).
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2.2.2 Sine-Gordon model as an integrable quantum field theory

The sine-Gordon model is an integrable quantum field theory, this means that it possesses an
infinite number of local conserved charges {I,}n—o,1,.. which are in involution, i.e. they are
mutually commuting. As every relativistic field theory in Minkovski space it admits an
interpretation in terms of scattering of relativistic particles corresponding to excitations above
a vacuum. The presence of the set {I,,},=0,1,.. imposes two severe constraints on the allowed

scattering processes [6}78,79,/120-122]
(i) Pure Elasticity;
(ii) Complete Factorizability;

The first condition requires the number of incoming particles to equate that of the outgoing
ones in any scattering process; the set {p;} of incoming momenta and the masses characterising
the particles must also be to be preserved during the scattering. The only allowed modifications
are permutations of the momenta of particles with the same masses.

The second condition requests that every scattering event can be decomposed in terms of
two-particle scattering processes and every possible way of decomposing an N-particle scatter-
ing process into a sequence of two-particle ones must be equivalent. To characterise completely
the scattering, one has to determine the two-particle scattering matriz defined as

U (0], 04165, 01))",, = (6] — 01)3(65 — 02)SP2 (61 — 02),  apby=1,....d.  (2.54)

aiaz

Here d is the number of different particles in the spectrum, the superscripts “in” and “out”
indicate that the states are respectively asymptotic incoming and outgoing states (62 < 6y,
0, < 6}); we parametrised the energy and the momentum of on-shell particles by means of the
rapidity 6 as follows

A,
Ey = Ajcoshf, pp = — sinh @, (2.55)
v

where A; is the mass of the i-th particle and v is the “velocity of light” in our model (c.f.
(2.36))). The scattering matrix depends only on the difference of rapidities § = 6; — 02 because
of the Lorentz invariance and is a meromorphic function of € in the complex plane (poles in
the segment 0 < Im# < m Ref = 0 correspond to bound states). The equivalence of all the

possible decompositions of n-particle scattering processes into two-particle ones imposes the
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following condition on Sj'%*?
b1by

Sb2b3 (92 _ 93)Sb103 (91 _ ‘93)5511522 (91 _ 02) _

a2a3 a1bs

= 58112 (8) — 65)S2% (61 — 03) 5526 (62 — 03), (2.56)

aiaz

it turns out that this is a sufficient requirement [6]. The condition (2.56)) is known as Yang-
Bazxter equation. Further conditions on Sglllfz 2 are imposed by requiring the unitarity of the
scattering

Seiez (9) Shb2 (—g) = gt 52 (2.57)

aiaz c1c2 az’?

and demanding that it satisfies the crossing symmetry

ol
I
|

)

Sed(im — 0) = SE(0) = S2H(0), (2.58)

The conditions (2.56)), (2.57)) and (2.58]), together with some minimality assumptions on the

form of the scattering matrix, sometimes are enough to determine the entire Sglllff up to some
free parameters, which are fixed by means some dynamical information (for example matching
the result obtained with that found via perturbation theory or semiclassical approximations)
[123].

The scattering matrix of the sine-Gordon model has been determined exactly [123]124],
the particle content depends on the value of 3. It is possible to distinguish two different
regimes: the attractive regime 0 < B < 1/4/2 and the repulsive regime 1//2 < B < 1 (for
B > 1 the cosine perturbation becomes irrelevant). The regime of interest to us here is the
repulsive one, where the elementary excitations are massive solitons and antisolitons, having
the same mass A (this is due to the charge conjugation Zs symmetry of the model). In the
attractive regime solitons and antisolitons can form bound states known as breathers. At the
point B = 1/4/2, known as the “Luther-Emery” point, the model is equivalent to a free massive
Dirac theory [125].

A basis of eigenstates of the sine-Gordon model in the repulsive regime is conveniently con-
structed by employing the Faddeev-Zamolodchikov creation and annihilation operators z} (9),
Z4(0) [123,126], where the index a = £ corresponds to the creation and annihilation of solitons

and antisolitons respectively. They are taken to fulfil the algebra

Z a1 (01) Zay (02) = SL02 (01 — 02) Zu, (02) Zy, (61),

aiaz

Z} (01)Z],(02) = S (61 — 02)Z) (02) 7] (61),

aiaz

Za, (01)Z],(02) = 270(01 — 02) 00,00 + S2252 (02 — 01)Z] (02) Zs, (61) - (2.59)

azby
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For 1/2 < B2 < 1 the scattering matrix is given by

sinh
STI(0) = SZZ(0) = So(f) = —exp [1/0 T <7t:)g> sinh (2)((;3211)(;5)] ’

et - sinh (%)
STZ0) = 510) = SrO%0),  1(0) =~ e
13
ST(0) = S (0) = S(0)S0(0),  Sr(0) = —nhrzg(ﬁ)) (2.60)
£

5

where we have defined £ = . The S-matrix fulfils the Yang-Baxter equation (2.56)), crossing

(2.58) and unitarity (2.57) relatlons; further useful relations are

(S5a(6))" = Se(—0) for 6 € R,  Sei(6) = Sfe(8) = Sef(6) = S(0), (2.61)

the first condition is the so called real analyticity condition and is another standard condition
imposed on the the scattering matrix [6]; while the others are demanded by the invariance of
the scattering amplitude under parity P, time reversal T and charge conjugation C' respectively.

The zero temperature ground state |0) is defined by
Zq(0)|0) =0, (2.62)
and a basis of eigenstates is obtained by acting with creation operators
101, ONVar..ax = 25, (61) .. Z] . (On)]0). (2.63)

Energy and momentum of the states (2.63)) are given by

N AN
E = AZ;costh, P = ” Zsinth. (2.64)
= -

The topological charge operator @ defined in ([2.46]) acts on the basis (2.63) as

Q101 ON)a, an {Za,}yel,..., Nar.ax- (2.65)

Importantly, matrix elements of local operators

b1...b
FOLT MO, 001, ON) = by (01, -, 02£]O0)101, .. ON ) ay (2.66)
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can be calculated by means of the form-factor bootstrap approach [6,127-133]. We report now
the basic axioms underlying this approach.
2.2.2.1 Form-factor axioms

We state here form-factor axioms, following the conventions of Delfino [132]. The n-particle

form-factor of an arbitrary operator O is defined by

19 e (01, 0,) =010 01,...,0N),, o = (010 Z] (61)... 2] (6n)0). (2.67)
The form-factor axioms read:
1. The form-factors fg_”aN(Gl, ...,0n) are meromorphic functions of fx in the physical

strip 0 < Jmfy < 27. There exist only simple poles in this strip.

2. Scattering axiom:

1S avarinan 01, 05,0541, .. O)
bib;
= Sarariy (0: = 0i11) L7 irbran (01,0041, 05, .. On).  (2.68)
This axiom follows by the commutation of two Faddeev-Zamolodchikov operators.

3. Periodicity axiom:

1O (014 27,0, ...,08) =14, (0) f© (0a,...,0N,01), (2.69)

ai...an as...anai

where [1(O) is the mutual semi-locality factor between the operator O and the funda-
mental fields (’)a:, the definition of semi-locality factor is given below. This axiom follows

from the crossing symmetry of the form-factors |79}/121].

4. Lorentz transformations:
FO an O+ A Oy +A) =S ON O 0y, 0N), (2.70)

where s(0) denotes the Lorentz spin of O. Here we have s(e’®®) = 0, i.e. O = ? is
a Lorentz scalar. This axiom expresses the Lorentz covariance of the form-factors, the

rapidity variable gets shifted by a constant under Lorentz transformations.
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5. Annihilation pole azxiom:

Res[fa(,rl))al...ajv(glveaelv R 70N)>9, =40 +Z7T} =

= icacfl)(?,,,bN(gla s 791\7) [621 . 521\]51():

N

—1a(O)SPE (0 — 61)S2%2(0 — 6a) ... Sey_ran (0 — On)],  (2.71)

c1a2

with the charge conjugation matrix of the sine-Gordon model given by Cyp = dq4p0. If
there are no bound states, i.e. for 1/2 < 32 < 1, these are the only poles of the form-
factors. This axiom considers form-factors containing a particle and its own antiparticle,
relating them to the form-factors where the particle-antiparticle couple is removed, thus

it describes an annihilation process.

We conclude the section by introducing an important concept which we will be used several
times in the following and already emerged in the axioms 3 and 5: the mutual semi-locality of

two fields [134]

Definition Considering a 2-dimensional field theory in imaginary time 7, two operators O1 (z, 7)

and Oy(z, 7) are mutually semi-local if they satisfy
AclO1(z,7)05(0,0)] = e*™120, (z, 7)05(0, 0), (2.72)

where Ac denotes the analytic continuation z +7 — e™2™ (2 + 7). The phase ljo = €2™12 is
called mutual semilocality index of O1(z,7) and Oz(x, 7); we will call 14 (O) the semi-locality
index of an operator with respect to the operators (’)aE creating the elementary excitationsﬁ

For example O, = €!® the factor I+(0,) = 1§ = eti2ma/B.

As it is clear from the axioms the semi-locality index of an operator O with respect to the
operators creating the elementary excitations play a key role in the determination of the analytic
structure of the form-factors of O, as we will see in the following this will reflect on the long

time behaviour of the correlation functions of O after a quantum quench.

5The equality li is intended at the level of the correlation functions.
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Appendix

2.A Eigenstates of Hyy in finite volume

In this appendix we find the exact eigenstates of the Hamiltonian for v # 0 in a finite
volume L, which we take even for definiteness, and study the relation between these and the
infinite volume ones. As mentioned in the main text, the Hamiltonian is block diagonal in the
sectors with even and odd number of particles Hxy = P.HSy P, + P,H%+ P, (Pe(o) projects in

the even (odd) particle number sector). The Hamiltonians HSy and H$ have the same form

L

Z {CZCH—I + CjHCi + ’YCZTCIH + ’YCz'+1Cz} , (2.73)
i1

J
Hyy = -3

the only difference being the boundary conditions on the fermions

—c N =even,
CL41 = (2.74)

cl N = odd.

Here N is the fermion number and from now on we adopt the standard terminology, calling
the periodic and antiperiodic sector Ramond and Neveu-Schwarz respectively; for consistency
we rename Pe(o)H;(;’,) Py =H NS(R) The Hamiltonians are readily diagonalised by a
subsequent application of a (standard) Fourier and Bogoliubov transformations (see for example
Appendix A of [88]); the effect of the different boundary conditions is to change the quantisation

rules for the momenta, in particular we have

2f”(nJr%), n:—%,...,%—l Neveu-Schwarz ,
Pn = (2.75)
Q%n, n:—%,...,%—l Ramond .

In the following we adopt the notation p € NS, R to indicate that p is quantised according to
the first or the second of (2.75]).
Performing a particle-hole transformation in the Ramond sector, the Hamiltonians can be

brought in the following form

B =Y c)ol(ponp) + By, Ei=-3 3 clp), a=R, NS, (2.76)

pca pEa

25



where the dispersion is given in (2.14) and the Bogoliubov fermions a,(p), unitarily related to
the ¢;’s, satisfy the CAR.
We indicate by |0)p and |0)yg the lowest energy states in the two sectors, since e(p) > 0

for v # 0, these states are defined by
a,(p)10), =0, Vpea=R,NS. (2.77)

Their energies are Ef and E(l)\ls. States |s), € a = R, NS have a definite parity of the fermion

number N, consequently are eigenstates of the unitary operator eV and satisfy
™V s), = aals), a € R, NS oNs = —0R = 1. (2.78)

Using (2.77)) and expressing N in terms of the Bogoliubov fermions of the two sectors, it can

be shown that the states |0)y and |0)yg fulfil the condition (£2.78).
A complete basis of eigenstates of H is readily constructed acting on the lowest energy
states with the creation operators al(p), respecting the parity of the fermion number in order

to remain in the same sector
2n
{]pl,...,pgn)a:Hal(pi)\ma , neN, {pi} €a=R, NS} . (2.79)
i=1

For large but finite L the system has the unique ground state |0)yg, however Eg‘ — E(l)\IS =
O(e=*L) thus |0)yg and |0)g become degenerate in the infinite volume limit L — oo. In this
limit the ground state is chosen among one of two orthogonal linear combinations of |0)yg and
|0)g which are not connected by spatially local operators. States with this property are indeed
the only ones that are stable under small perturbations constructed using local operators [135].

We call |0) and |1) these linear combinations
0) = [O)xs + 8100 1) = 6% 0)ns — " [O)g o + 18] =1. (2.80)
In our case we need to ensure that
(1087 0) = (Lot ...o%0) =0, {a;} =0,2,y,z, (2.81)

where defined ¢ = 1. Note that (2.81)) is equivalent to requiring that the states have clus-

ter decomposition properties [135]. We say that a state |¥() possesses cluster decomposition
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properties if it satisfies

g ((01(01)Os(w2) - On(wa)) = (O1(1)) (Os(w2)) -+ (On(wn))) =0 (282)
min |z; —z;|—00
i#j
where the operators O;(x;) are local (act trivially far away from the site x;) and the expectation
values are taken with respect to |¥y).
Strings of the form Oi?lj } can either commute or anti commute with the unitary transforma-
tion e/, which represents the Zy symmetry 1) on the Hilbert space. If e/™V Oiij}e_”N =
O;Eij} we have

0[0f20) = 01Ok 0y, =0, 0j0fa 0y = 00k 0y, . (2.83)

R< NS<

The first condition is required by the symmetry properties of the operator and is true for all L,
while the second is fulfilled in the infinite volume limit where the effects of boundary conditions
can be neglected as long as symmetries are respected. Equations imply that is
fulfilled for all a and B. If instead ™™ (’)if;j}e*”N = —(’);Ezj }, then

Loty = ooty oo ) = oo, =0 (284)

iv
Imposing the condition (2.81)) we find a? = 32, which implies

0) = 5 (105 + 00 = s(xs ). @)

The states |0) and |1) are mapped into each other by the unitary transformation ™. The

spontaneous selection of one of the states as a ground state constitutes a spontaneous

breaking of the Zy symmetry [135]. We stress that the combinations are eigenstates of
the Hamiltonian only in the limit L — oo.

For the excited states the same correspondence between infinite and finite volume eigen-

states holds, the states

1
D1, D2n)y = f<|p1, oy Dan)Ns + P1s - >p2n>R) ; (2.86)

»—n%
0 DS

|p17 v 7p2n>1 = 7<|p17 v 7p2n>NS - ’pb <o 7p2n>R> . (287)

are not connected by operators which are local in space.
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3. The “Representative Eigenstate Approach”

to the sine-Gordon dynamics

In this chapter we present a method that allows to obtain the asymptotic time dependence
of the expectation values of observables in cases where the time evolution is defined by an
integrable Hamiltonian. Importantly, this method allows to deal with interacting problems as
long as the interaction preserves the integrability. Together with the discussion of the general
method we provide a highly non trivial example of its application, computing the time evolution
of the one point function of a particular semi-local vertex operator for a specific class of initial
states in the sine-Gordon model, which involves a non-diagonal interaction, i.e. the scattering

matrix is non diagonal.

3.1 Introduction

In Ref. [73] a novel approach to calculating expectation values of local operators after quantum
quenches to integrable models was proposed. It has been subsequently applied to determine
the infinite-time behaviour of certain local observables in an interaction quench from free to
interacting bosons in the Lieb-Liniger model [52], the XXZ chain [54,/55,57] and recently to
determine the time evolution of observables local with respect to the elementary excitations in
the Lieb-Liniger model [136,|137] and more generally integrable models with diagonal interac-
tions [138]; in these works the approach is referred to as “Quench Action”. Using thermody-

namic arguments it was argued in Ref. [73] that

iy LPlOW D) Wo)r, . [£{%|O(, 2)|®)r | L{®|O, 2)[Yo)r
L—oo L<\I}0|\I}0>L L—oo 2 L<\I/0‘q)>L 2 L(@‘\I/())L ’

(3.1)

where O(t, z) = 'O (x)e~"! is a local (in space) operator evolving via the integrable Hamil-
tonian H, |Wq)y, is the initial state in a large, finite volume L, and |®), is a representative state

characterised by the requirements that

1. |®)1, is an eigenstate of a set of a complete set of conserved charges {I(«)r} of the model
in a large, finite volume L. The set includes both the “standard” ultra-local charges and
quasi-local ones, so we labelled them by means of a continuous index o > 0. The inclusion
of the quasi-local charges is necessary for a correct determination of the representative

state in a theory on the continuum, as recently clarified in [139).
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2. The expectation values of {I(«)r} are the same in the initial and the representative state

in the thermodynamic limit

i L@@ ®)p 1 (PolI()r|Po)s
L—oo L L(®|P) L L—oo L L{(To|Wo) 1, )

a>0. (3.2)

Equation represents a very convenient starting point to construct and evaluate a spectral
representation, indeed, given the fact that |®), is an eigenstate of the Hamiltonian, the spectral
representation of the r.h.s. involves only a single sum over the Hilbert space; moreover, since
O(z) is local in space, only the states “close” enough to |®); are expected to contribute [73].
The idea is then to explicitly construct such a spectral expansion of in terms of the basis

{l61,...,0n)} } and evaluate it using general properties of the matrix elements
SL<0N7701’O(070)’(D>L7 (33)
that can be related to the infinite volume form-factors, as will be explained in the following.

Our plan of attack can be summarised in the following steps

(i) Construct a basis {|01,...,0n)3|s = 1,...,2V} of N-particle energy eigenstates in the

finite volume (in fact these will be eigenstates of all the local conserved charges).

(ii) Construct finite-volume matrix elements of (semi-) local operators O with respect to

these eigenstates.
(iii) Given an initial state |¥¢), determine a corresponding representative eigenstate |®) ..

(iv) For a given operator O(z), work out the time evolution using a Lehmann representation

of (3.1]) in terms of energy eigenstates, i.e. work out matrix elements of the form

{0, 0)| @) = > [(Tolbr,...,0n)7 (0N, .., 01Ot 0)[®),
1{6:1)3,

= Y L(Wolr,....0n); F{On,...,010(0,0)@), €N (3.4)
{0kD3,

Here we assumed the initial state to be translationary invariant and introduced the fol-

lowing shorthand notations

N
v =Fgp — Z Acoshb; , (3.5)
j=1
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Z - (3.6)
{0x 1)1

N20{]01,....0n)7 }
where Ep is the energy of the representative eigenstate. It is worth noting that ultimately
we are interested in the limit L — oo and use finite L only as a regularization. As a
result only the dominant finite-size corrections have to be taken into account throughout

the procedure.

A non-trivial application of the outlined strategy has been shown directly in |73]. There
this was used to determine the time evolution of the one point function of the order parameter,
after a quench of the magnetic field in the ordered phase (h < 1) of the transverse field Ising
chain (TFIC). The result was found in the limit of small density of excitations after the quench.
It is important to stress that, even if the TFIC can be mapped into free fermions by means of
a Jordan-Wigner transformation, the time dependence of the one point function of the order
parameter o% in the ordered phase it is hard to compute, in fact the computation has been
carried out for the first time only recently [44]. This is due to the fact that the order parameter
field is non local with respect to the elementary excitations of the model; in particular, in the
continuum limit of the model the field o(x) representing the order parameter is semi-local (c.f.
Eq. ) with respect to the elementary excitations [140]. In the spectral representation of
the one-point function this fact is reflected by the appearance of an infinite number of terms
diverging at late times that one has to re-sum in order to obtain the late time behaviour.

Our scope is to show how to generalise the application of the above strategy to the case
where the time evolution is determined by a non-diagonally interacting integrable model, specif-
ically the sine-Gordon model (SGM) described by the Hamiltonian , focussing on the
repulsive regime 1/ V2 < B < 1. In analogy with the quench in the TFIC described above, we
will consider one point functions of operators that are semi-local with respect to the elementary
excitations, specifically O(x) = ¢B2(@)/2 The physical interpretation of this operator depends
on the microscopic setting giving rise to a SGM. Chapter [2| reports two important contexts
where an effective SGM description emerges, magnetic solids and ultra-cold trapped atoms: in
the first realisation e’?®(*)/2 corresponds to a staggered magnetisation (c.f. Eq. ) while in
the second describes the oscillatory component of the particle density (c.f. Eq. ) Instead
of considering a standard quench protocol we will consider the time evolution starting from a
given class of initial states |¥q), we discuss this class and its realizability in standard quench
protocols in Subsection [3.1.1

Quantum quenches to the massive regime [ < 1 of the sine-Gordon model were considered

by Iucci and Cazalilla [141,{142]. They focussed on two special cases, namely quenches from
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the massless regime to the free-fermion point 8 = 1/4/2 and in the semiclassical regime 8 — 0.
These cases are characterised by no or weak interactions respectively, and as a result are
amenable to treatment by simpler methods than the ones developed here. The solvability of
the model at the free-fermion point was also employed by Foster et al. [143|/144] to investigate
the amplification of initial density inhomogeneities.

Gritsev et al. [145] considered the time evolution of the local operator e’*® after preparing
the system in an integrable boundary state similar to ours (c¢f. Subsection . However,
they focussed on the attractive regime 3 < 1/4/2 where, in addition to solitons and antisolitons,
breather bound states exist. By employing a form-factor expansion and evaluating the first
few terms, they calculated the power spectrum of the vertex operator ¢*® and showed that
it possesses sharp resonances corresponding to the creation of breather states and discussed
implications for experiments on split one-dimensional Bose condensates. For the approach
Ref. [145] to apply, higher order terms in the Lehmann expansion must be negligible. For
general operators this is not the case [44,140]: as previously pointed out for semi-local operators
of the kind considered here these terms are in fact divergent at late times. Here we describe
a method, introduced in [1], allowing to determine the late-time behaviour in this much more
complicated case.

For 8 > 1 the cosine perturbation is irrelevant at low energies and quenches in this very
different regime have been considered in Refs. [146-148].

In summary, the scope of this chapter is to apply the strategy (i) — (iv) to determine the
time dependence of the following expectation value
(Wo|etHs6teiBe(x)/2—iHsat| )

/204y —
F\Iﬁlog(t) - <\If0’\p0>

(3.7)

Comparing to the case analysed in [73] the complications arising here are severe, first the
determination of the representative state becomes substantially harder, as we shall see in the
following (c.f. Section this is mainly caused by the non diagonality of the scattering;
a second complication is that the rapidities appearing in Eq. obey extremely intricate
quantisation conditions (c.f. Eq. ) as a consequence of the fact that an interacting
system has been confined in a finite volume. Surprisingly, in spite of these complications, the
calculation can be carried out, without having to solve the quantisation conditions and without
even requiring the full expression of the matrix elements but only the coefficients of their
most divergent multidimensional poles, which can be extracted by means of the form-factor
annihilation pole axiom . This fact is remarkable and demonstrates the astonishing power

of the representative eigenstate approach, showing that it can be applied not only in principle
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but also in practice to determine the long time behaviour of (highly non trivial) observables

evolving according to any possible interacting integrable Hamiltonian.

3.1.1 “Integrable” quantum quenches

As shown by Calabrese and Cardy [149], the calculation of expectation values of local operators
after a quench can be mapped to a corresponding problem in boundary quantum field upon
analytic continuation to imaginary time. In the case where the post-quench Hamiltonian is
integrable, there is then a particular class of boundary conditions, and concomitantly initial
states, namely those compatible with integrability [150]. Given the relative simplicity of such
states, they constitute a natural starting point for quenches to interacting integrable models
[151]. A characteristic feature of these states is that they can be cast in the form [150]

o) —exp ([ 52K 0)Z1(-0)2)0)) 0) (33)

Here the matrix K(f) is obtained from a solution of the reflection equations and fulfils

K (01) K2 (09) Se254 (01 + 02) S22 (61 — O2) =

c2C1 C€3Cq

= KO0 (01) K2 (02) S26 (01 + 02) S22 (01 — 02), (3.9)
K(6) = S2(20)K(~9). (3.10)
K(i — 0)K™ (i3 +6) = ba. (3.11)

For our purposes it will be useful to exploit the fact that if K () is a solution to (3.9) and

(3.10)), other solutions can be obtained by multiplication with an even function g(#)
K®(0) = K6)g(0). (3.12)

Introducing a function g(f) is crucial in the quench context in order to obtain well-defined
results (see the discussion below). A particular choice of g(#) advocated in Ref. [151] in light

of the corresponding situation for conformal field theories [149] is
9(9) — 6_27—0ACOSh9, (3.13)

which defines an “extrapolation time” 79. An immediate question is whether boundary states

like (3.8) make for physically meaningful initial states after quenches to a sine-Gordon model.
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A particular choice of K®(6) corresponds to fixed boundary conditions
O(t=0,2) =0. (3.14)

These can be realized by quenching the parameter A in (2.36)) from infinity to a finite value at
time ¢t =0, i.e.

Ao =eo—a| =ap 3.15
t<0 > t>0 + ( )

The problem with such a quench is that it corresponds to an initial state after the quench with
infinite energy density, which is clearly undesirable. This problem is reflected in the fact that

for integrable boundary conditions one typically has
li K®(9)|* = const 3.16
Jim DS R@) = cons, (3.16)
a

which essentially corresponds to having a finite density of excitations even for infinite-energy
particles. The simplest way to suppress the presence of such excitations in the initial state is
to introduce a function ¢(#), and consider an initial state of the form with K replaced by
K , which does not fulfil the condition . The particular choice (3.13) is too restrictive for
quenches to integrable massive QFTs [152], and an important question is what kind of initial
conditions can be described by an appropriate choice of K [152|153]. One might hope that an
approximate realisation of such an initial state could be obtained in a quantum quench

Mico = A= — Moo = M (3.17)

where Ay are both large but finite, and their difference is small. This is clearly an important
issue worthy of further investigation, but is beyond the scope of this chapter. Interestingly, a
similar regularisation procedure has to be performed in quenches from free to interacting bosons
in the Lieb-Liniger (LL) model [5052], in order to avoid the divergence of the expectation values
of all even conserved charges above the Hamiltonian. In this case the initial state has to be
multiplied by e #HrL(€) where Hyy(c) is the LL Hamiltonian and ¢ > 0 is the final value of the
interaction [154].

In the following we will simply set aside the question of how our initial state can be prepared
and impose it to be of the form , where K () is a solution of the boundary Yang-Baxter
equation and the boundary crossing-unitarity equation . We will furthermore use
the freedom to be able to consider K%(#), and hence the quench, to be small in the
sense of Refs. [44,45,88|.
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3.1.2 Organisation of the chapter

The remainder of this chapter is organised as follows: In the next three sections we show how
to construct a basis of eigenstates of the Hamiltonian in finite volume, define a correspondence
between the expectation values on this basis and the infinite volume form-factors and finally
construct the representative eigenstate corresponding to the initial state . In Section
we determine the time evolution of the one-point function Fgé 2(t) showing that, at the first
order in the density of excitations of the final Hamiltonian, it decays exponentially in time,
see Eq. , with a calculable decay time 7. This result is confirmed by an independent
calculation carried out using the “linked cluster expansion” approach [1]. We conclude with
a discussion of our results and an outlook for further investigations in Section [3.6] Technical

details encountered in the course of our analysis are presented in a number of appendices.

3.2 Basis of energy eigenstates in the finite volume

Our starting point for constructing energy eigenstates in the finite volume are the infinite-
volume scattering states (2.63). The idea is to consider appropriate linear combinations of
scattering states, and then to impose boundary conditions on these, see e.g. Ref. [155]. To this

end, we introduce a transfer matriz acting on scattering states as follows

TOAHOI) 01, 0N ) g, 0y = T OO 101, 0N )y, (3.18)
where
T} = 50 (X —0y) - SN EY (X —Oy). (3.19)

As the S-matrix is a solution of the Yang-Baxter equation, the transfer matrices form a com-
muting family

T(A{Ok}), T (u{0r})| = 0. (3.20)

Hence the transfer matrices can be diagonalized simultaneously
TAHO) 101, ., 08)° = A (A{0k}) |01, ..., 0N)° . s=1,...,2". (3.21)

We refer to the labels s as polarisations. Details of the construction of transfer-matrix eigen-
states and explicit expressions for the eigenvalues A*(A|{f}) are given in Appendix By
construction energy and momentum of the states (3.21)) are still given by Formulae ([2.64). The

basis transformation between scattering states and transfer matrix eigenstates can be cast in
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the form

61,08 = D s {0 0 ON) s (3.22)
ai...an
101, ON)ay 0y = Zngl,,w({ek})* 01,...,0N)° , (3.23)
S

where the amplitudes {Wg, .., ({0k})}s=1, o~ satisfy

TN ooy (1061) = A OHOD TG, ({66) (3.24)
Y Uy ({01 o (0)) = B, (3.25)

at...an

N
Z‘I’al an {063V, ({0k}) = H aj.b; - (3.26)

The last two equations ensure that {|01,...,0n)"}s_1 o~ is an orthonormal and complete

set. Since the topological charge operator () commutes with the transfer matrix we can choose

{05, an ({Ok}) Y51, o~ such that Q is diagonal in the basis {|01,...,0n)"} s on
Qlb1,....0N) =Q(3)101,...,0n)°, Q(s) e{N,N—-2,...,—N}. (3.27)

We are now in a position to consider a large, finite volume L and impose periodic boundary

conditions on the transfer matrix eigenstates
esinhli g, 0N =T O0:1{0k}) 61, ..., 0N)5 , i=1,...,N, (3.28)

where we have introduced a dimensionless length ¢ = LA /v. Equations (3.28)) lead to quan-
tisation conditions for the rapidities in the finite volume and are known as Bethe-Yang equa-

tions [155H157]
esmblinsg. o) =1, i=1,....,N, s=1,...,2N (3.29)
For practical purposes the logarithmic version of is more convenient
onlf = (sinh 0; — ilog A*(0;|{6x}) = Q:({6x}), i=1,...,N, s=1,...,2". (3.30)

Here I are integer or half-odd integer numbers that uniquely specify a given solution and
concomitantly the corresponding transfer matrix eigenstate. By virtue of these facts one may

use the integers (rather than the rapidities) as labels for constructing a basis of eigenstates |158,
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159]. The latter is given by the states

’{Il,...,IN}>SL , L < <In, (3.31)

where we impose normalisation conditions

T T IN DS = OainGrsd, - Oun il - (3.32)

In a given sector specified by N and s the Jacobian matrix of the (invertible) mapping between

rapidities {6y }r=1,. ~ and integers {Ij}r=1 . n is given by

IN{HOk})ij = 0,QF ({0k}) - (3.33)

The N-particle density of states with polarisation s is defined as the Jacobian

pr({0k}) = det Tx ({0k}) (3.34)

3.2.1 2-folded sine-Gordon model

When quantising the theory in the finite volume, care has to be taken to account for the absence

of spontaneous symmetry breaking of the discrete symmetry

O(x) — O(z) + 227% ,neZ (3.35)

of the sine-Gordon Hamiltonian. In the applications of the sine-Gordon model we have in mind,

the Bose field is compactified on a ring with radius

R=2. (3.36)

This implies that on a classical level there are two vacuum states |0) and |1), with corresponding

field expectation values

P
%n, n=0,1. (3.37)

This theory is known as the 2-folded sine-Gordon model SG(f,2), and has been analysed in

(n|® (2, t)n) =

some detail in Ref. [160]. We now review some relevant results. On the quantum level, the two

ground states are mapped one into the other by the transformation

T d(x) — b(a) - 2; (3.38)
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which is a symmetry of the Hamiltonian. The linear combinations of |0) and |1) that are

eigenvectors of 1" are given by
0 0
R,NS \@ ’

Note that here we are slightly abusing the notation: usually (see Appendix|2.A]) |0) and |0)yg,

(3.39)

where R and NS respectively stand for Ramond and Neveu-Schwarz sector, designate ground
states of the Hamiltonian in finite volume. Here we use the same name for their “infinite
volume continuation”. As discussed in Appendix [2.A] for the case of the XY model: in the
infinite volume the system spontaneously selects as ground state one of the states |0) and [1),
which satisfy cluster decomposition properties. So it is never in the states |0)p and |0)xg-

Considering now excited states, in the infinite volume, one can construct scattering states
over each of the two ground states. They are denoted by

101,...,085)" (3.40)

ai...an

where a; = +£1 are topological charge quantum numbers and n = 0,1 label the two ground
states. In order to define the SG(/3,2) model in a finite volume, one considers eigenstates of

the “shift”-operator T' defined above

1
101, ... 76N>aRl...aN = E{ |01, .. '70N>21...aN + 161, .. '70N>C1L1...aN }7 (3.41)
O O = s {10 000~ 1010 (3.42)
b ONdaay = F 00 Oy Looo s ONDayan (- :

In a finite volume, periodic boundary conditions select only states for which the set {a;} is

subject to the constraint

N
Zai = Omod 2. (3.43)
i=1

Condition is equivalent to requiring that the number N of particles be even. States
involving an odd number of (anti) solitons are incompatible with the boundary conditions and
are not part of the Hilbert space. Nevertheless all local properties of SG(f3,2) coincide with the
corresponding quantities in the sine-Gordon model. In order to impose boundary conditions

we again go over to transfer matrix eigenstates, which we denote by

01,...,08)5 ,  a=R,NS. (3.44)
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Periodic boundary conditions imply that

IOy )L = 0T OO 01, ON)s =1 N, (3.45)

a

where og = 1 = —ong. Egs. (3.45) lead to finite-volume quantisation conditions of the form
etsmhlins (g }) =0a, i=1,...,N, s=1,...,2Y a=R,NS. (3.46)

Taking the logarithm we obtain

QI({6:)) = Lsinh; —ilog A°(BI{04)) = 27 (If +ma) . ma= 122 (34)

Using again the (half-odd) integers {I;} to label the states we denote our basis of transfer

matrix eigenstates in a large, finite volume L by
{{L,...,IN})S, Neven, s=1,...,2Y a=TR,NS}. (3.48)

Here distinct sets of I; give rise to different basis states, and a natural choice would therefore
be I} < I» < ... < In. However, in the following we will be interested in the case where our
solutions consist of pairs, i.e. {—I1,1I1,—Is,I2,...}. Having this situation in mind, we choose

the following odd-looking convention for labelling our basis states
In 1 <Insg<..<Is<h<lhb<lIy... <In_o9g<Iy. (3.49)

Before concluding this subsection we note that the operator O(t,z) = ¢#®(t:#)/2 has non-
vanishing matrix elements only between different sectors. This follows because the operator is
odd under the symmetry T°

TO(t,2)TT = —O(t, ), (3.50)

while the states are either even or odd under T'.

3.3 Matrix elements of operators in finite volume

A general method for determining matrix elements of local (in space) operators in a large, finite
volume was developed in Refs. [155] and [158,/159]. The leading corrections to the form factors
in the infinite-volume limit arises from the quantisation of the rapidities. Given infinite-volume

form-factors foglMl,;l (Oar,...,01]601,...,0N) of an operator O(z), one first forms appropriate
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linear combinations

fOOn, ..., 01161, ..,0n Z vy by {Hk})\lfil...w({@k})*

ai...apy
b..by

X fO e Oy, 01]01, - .., ON), (3.51)

where the amplitudes W3, ({0k}) are defined in (3.22). Matrix elements in the basis ((3.48)

for operators O odd under the transformation T' are then given by

fOOn, ..., 01101,...,0Nn)8
\/pM 913---79M)p§\[(§1a"'7é]\7)

+O0(e D), (3.52)

s{Ings - HO(0,0) {11, ... IN}

Here N and M are both even in our case.

3.4 Representative eigenstate

The next step requires to find a member of the basis (3.48|) which represents the initial state
|Wp) in the sense described in Section The first ingredient we need to determine such a

representative eigenstate is a finite volume realisation of the initial state.

3.4.1 Initial state in finite volume

Given that in the thermodynamic limit we must reproduce the spontaneous breaking of the

symmetry (3.35)), the appropriate linear combination is given by (c¢f. Eq. (3.39)))

L [1%0) s + W0} ). (3.53)

|\I/0>L = ﬁ

We now wish to express |Up), in terms of transfer-matrix eigenstates. This can be done by
generalising the results of Ref. |161], which considered finite-volume realisations of integrable
boundary states for diagonal scattering theories, for which both the scattering matrix Sgé’ (0)

and the K(f) are scalars. This leads to an expression of the form

00 22N

To)a=D> > sn {00 ) {—1, 1, - — I, InD)S (3.54)

N=0s=10<1<--<Ipn

where a = R, NS. We emphasize that the rapidities appearing in this formula are the parity

symmetric solutions {—601,01,...,—0n,0n} of the Bethe-Yang equations for every fixed N, s
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and a, with 0 < 0; < --- < 0. The functions N3y and K5, in (3.54) are defined as

Kan({0k}) = KM% (01) - KON (O8) U5 ({001) (3.55)
s o \/pgN(—Hl,Hl,...,—HN,QN)
Non({0k}) = 701, .0n) ; (3.56)

while p3};({0x}) is the constrained N-particle density of states with polarisation s

Pn{0}) =det Ty({Ok}) ., Tn({0k})is = 09, Qi ({6k}) - (3.57)

Here Q$(6y,...,0y) is the function Qf in the sector with 2N-particles and polarisation s
evaluated for a symmetric rapidity distribution (so it refers to a particular subset of solutions

of the Bethe-Yang equations for 2N particles)

st(ela70N):Qf(_91a9177_9N70N)7 Z:LaN (358)

Expression is obtained, following Ref. |161], by imposing that the expectation value of
an arbitrary local operator O(x) (even under T') in the state |¥(), must reproduce the infinite-
volume result up to exponentially small corrections in system size. Inserting resolutions of
the identity in terms of the basis {|Ii,...,In).}, and then using the analogue of relations
to compute the matrix elements, we obtain . A complication that arises compared
to the case of diagonal scattering is that not every sector s allows parity symmetric rapidity
distributions of the kind used in . Indeed, such solutions exist only if the transfer matrix

eigenvalues fulfil the relation
A5 (=0;[{—04, 0, }) = A°(0;|{—0k, 0:}) " (3.59)

How about sectors where ([3.59)) does not hold? It turns out that they do not contribute to the

expansion of the boundary state. To see this, let us go back to the infinite volume, where we

have [cf. (3.23))]

co 22N

< g ~ 4 .

o) = Y3 [T [T SB[t 0w ) (300
N=0s=170 T On-1 <7

In Appendix we demonstrate that

15 ({0K1)A° (—0i {01, 61 }) = K3y ({61 1)A° (6: {61, 61 1) " (3.61)
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This implies that either (3.59) holds, in which case parity-symmetric solutions exist, or the
coefficients K5\, ({0 }) must vanish, in which case the corresponding sector s does not contribute

to the expansion of the boundary state.

3.4.2 Determination of the representative eigenstate

The final step required to set up our calculation of expectation values of local operators is to
obtain an expression for the representative state. In Ref. [73] a method for constructing the
representative state for a given |¥y) via a generalized thermodynamic Bethe Ansatz [162] was
presented. However, since in this case the overlaps between the initial state and the states
of the basis are not in a product form (c.f. (3.54))), here is more convenient to follow
a different route. By definition |®); is a finite-volume basis state , which fulfils the
requirements that

L@@ Lol (a)s )
L—oo L L<(I)|(I)>L L—oo L L<\PO‘\I’O>L ’

a>1. (3.62)

As already pointed out in Ref. [73], one may use (3.62)) to determine the root density ps () spec-
ifying the representative state. Here the root density corresponding to a solution {61,...,0x}

of the Bethe-Yang equations such that 6,11 — 0; = O(L™Y) for large L is defined as

N = _ .
p<9]) Ll—{rcio L(0j+1 - 9]) (3 63)

Given the density pe (), a particular representative microstate can be constructed. It takes

the form

\‘I’>L = |{—f~1j1, cee —fNa—fN}>st = |®3)Ns , (3.64)
where

e the number of rapidities NV is given by 2N = [4L], where § = [;dfps(f) is the total

density of particles;
e we have chosen the state to occur in the NS sector;
e the set of integers {I},} is such that the corresponding root density is equal to pe(6);

e the sector § is chosen such that holds, i.e. symmetric solutions of the Bethe-
Yang solutions exist. Furthermore we require the topological charge to fulfil Q(5) =
2m = [qL] + k where k € Z fixed and ¢ is the density of the expectation value of the
topological charge in the initial state (|¢| < 9).
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It turns out that in the regime we are working in (low densities) we do not require an explicit
expression of ¢ in terms of K(f) (our “initial” data), because at late times the leading
contribution to the expectation value (3.1)) does not depend on the value of g.

3.4.2.1 Calculation of the root density

We start by rewriting the conditions (3.62]) in terms of the root density ps ()

1 (WolI() Vo) /°° (o) _
Lh_I)r(;O L (o), df pe(6)i'(0), n=1,2,..., (3.65)

—00

where the functions {i(®) ()} parameterise the eigenvalues of the conservation laws {I(a),}

N
H@LHA,”JNpgz{}:%®w9}Hh,”JNp; (3.66)

i=1
Here {6y,...,0x} is the solution of the Bethe-Yang equations in the sector s corresponding
to the integers I,...,In. A set of local conservation laws for a lattice regularization of the

sine-Gordon model is in principle known [163], one could use these charges to find a set of ultra-
local and quasi-local conservation laws for the sine-Gordon following the procedure outlined
in [139]. However, the charges [163] do not form a complete set [54-56] and one would have
to include additional charges such those introduced in [93,164,165]. In any case, obtaining the
root density from an explicit calculation of the expectation values of these conserved charges
is a very challenging problem. Here we proceed in a different way. The idea is to use
in reverse: if the functions i(* form a complete set, we may determine pg(#) from a known

complete set of expectation values of conservation laws. Assuming this to be the case, the

requirements (13.65)) are equivalent to

1L (W[ Ne|T),
1 :
L L L (TolWo), ,/ 49 p2(9)¢(6) (3:67)

where

Ne[{I, ..., In ) {ZC }{11,---JN}>§» (3.68)

and ((x) is an arbitrary function in the space spanned by the i(® (). Our procedure essentially
amounts to starting with the conserved “mode-occupation numbers” in the thermodynamic

limit 1(0) =", Z1(0)Z4(0). Given that the I(8) are conserved, it follows that

M:/wg Zﬂ‘ (3.69)
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are conserved as well. The idea is to find an appropriate finite volume regularization of these
operators, which together with the arbitrariness of {(f) can be used to determine pg from
conditions (3.67)).

It is convenient to express ]\7( as

Ne =Y ne(l), (3.70)

Iez

where n¢(I) acts on the basis (3.48)) as follows

ac(D) {1, ..., IN})E {Zah,wa Z}]{Il,...,IN})Z. (3.71)

Here k, have been defined in (3.47). Using the form (3.53) for the initial state in the finite

volume and fixing I > 0 we obtain

oo 2N N7
L (Yolfc (1) o) Z S Y M {01 ({06 D17 (0m) (3.72)
a N'=1s=1m=1{L,. . Iy}
where {I, ..., In/}]" denotes the set {11, ..., Iy/} with I,;, removed and the integers are ordered
as

O<hi < <THra<--<Ini. (3.73)

m

The case I < 0 is dealt with analogously. Our strategy is now to convert the sum

L (Yol (1) Wo)
.74
L Z L (Po|Wo), (3.74)

into an integral in the thermodynamic limit, and then to use the arbitrariness of the function

¢(0) to determine pg (). In order for this to be possible we have to compute

L (Yolne (D)%),

(T T0), (3.75)

and show that is a function of I /L. The problem of calculating exactly still presents a
formidable task. We therefore restrict our attention to the case of “small” quenches in the sense
of Refs. [44,4588,/140], namely to cases where the densities of excitations of the post-quench
Hamiltonian in the initial state are small. Then we may use |K(6)| as formal expansion

parameters, and determine (3.75)) by means of a linked-cluster expansion first introduced for
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the finite-temperature case in Refs. [74]. We start by expanding the denominator in (3.75)) as

L (Yol|W¥o), = 1+ZT2N7
n>1
22N

Ty = .3 Y MO KN (P (3.76)

a s=10<1< <IN

The rapidities appearing in the expression for Ton are solutions of the Bethe-Yang equations

in the sector determined by N, s and a. Denoting the contribution at order 2M in |K(6)| in

(3.72) by Y, ie.

L <‘P0‘7’LC |\I/0 Z CC T (377)
M>1

we define linked clusters Dg]\f recursively by
M—1
A =DA + ST DY M=1,2,.. (3.78)
N=1

In terms of the linked clusters our quantity of interest reads

L (Wolne(1)|Wo),
L (Wo|Yo)

=> D3] (3.79)

N>1

Under the assumption that for small quenches (3.79) has a well-defined low-density expansion,

the leading contribution is simply given by the first term in the series

I Z;Nz (62(1) 15 (62(1)* C(03(D)) - (3.80)
Here 65(I) is the solution of the Bethe-Yang equations
Q*(0) = 2n(I + Ka). (3.81)
Up to finite-size corrections, the Bethe-Yang equations can be easily solved
05(I)=6(I)+0(1/¢), 6(I)=arcsinh (2n1/¢). (3.82)

Noting that N5 (05(1)) =1+ O(1/¢) Vs, a, we have

DZ ;= ¢(6(1) G(6(I)) + O(1/10), (3.83)
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where we introduced

= ) |K®(0)]. (3.84)

a,b=%

The result for the expectation value (3.74]) is then

L (Yolnc(1)|%o)

= 4
L (Wo W), =¢(0(1)G(0(1)) + O(K™). (3.85)

The sum of this expression over all integers can be expressed as an integral using contour

integration methods

1 (o N[ W), dn A G(n)¢(n)
1 ~ ] — —coshn——————" 3.86
Lgr;o L L <\I’()|\I/0 LIHH;OZ f 2 v €08 nezésmhn -1 ’ ( )
Ce([)
where the contour Cy(y encircles §(I). Since the integrand is analytic except for the residues
at {0(I)}, we may join the paths Cy(;) and obtain a single contour C encircling the real axis

lim

— osh 0
L—oo L L <\P0|‘1J0>L

2T v ei@ sinhf __ 1

Lo (WolNe[%o)y fde A g GOXO)
L—oo

+oo
/ d@ ¢(0) coshb. (3.87)

In the last step we have used that the contribution from the path below the real axis is
exponentially suppressed in ¢, and will not contribute in the thermodynamic limit. Finally,

equating (3.87) and (3.67) and then using the arbitrariness of ((#), we are able to find the root

density pa(0)
A

5o —G(0) coshf + O(K*). (3.88)

pa(0) =

3.5 Time evolution of the expectation value

With an expression for the representative eigenstate in hand, we are now in a position to write
the explicit Lehmann representation for the expectation value (3.1)) and work out its time
evolution. We focus on the first term on the right hand side of Eq. (3.1]), as the other can be

obtained by taking complex conjugation combined with the change 8 — —f3. The Lehmann
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representation is given by

22M

R(WolePPm)/2|P5) Nin {0k 1) K50 ({61})
NS<‘I’O|(I) NS Mzgl ; 0<[1§:<[M NgN({ék})KgN({ék})

< wl{In, —Ing, .o 1, =T} |ePPOOR -1 I, — I, InY)ns
M N )

X exp | 2itA (Z cosh §; — Z cosh 01)] , (3.89)
i=1 i=1

where {I},} and {I;,} are respectively integers and half-odd integers, while the rapidities {0y }r=1..

and {ék}kzl ~ are the corresponding solutions of the Bethe-Yang equations

Q3(0y,...,0n) =271;, i=1,...,M, (3.90)

Q5(0r,....0n) =271}, j=1,...,N. (3.91)

As discussed before, both sectors (2M, s,R) and (2N, §, NS) permit parity symmetric solutions.
The matrix elements are related to infinite-volume form-factors by (3.52)), which in the case of

interest reads

S . ~ ,8/2 _9 _0 .. 76 §
VYR A TELLCUIETTS AN 1 I \/f = -0 0 1) (1 0 N); )
pQM 1yeoes M,OSN—l,..., N
+0(e™h). (3.92)

Using the crossing symmetry in the infinite-volume form-factors gives an expression of the form

fﬁ/Q(e _01‘ - 917 . -, Z \Ijbl ban {Hk‘}) ag- a2]\/j({9k})*
b b
fai/]i by b2N(9M+i7T’-.. ,—«91—}—1'71’,—51,--.,5]\7)

= P20 +im,..., =01 +im, =01, ... ,08)ss. (3.93)

In the following we will take into account only the contribution to that arises from states
with N = M [73], as this represents the leading one. It is shown in Appendix that the
contribution from states with N = M dominates over those from states with M > N at late
times. The same conclusion holds also in the case of contributions from states with M < N

and can be proven analogously.
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3.5.1 Contributions from states with M = N

Retaining only states with M = N we have

2N - o~ ~
R(Wo|ePED2|D)ns Z 5 (0, 0n) K3 ({0:})
NS<‘110’¢. NS s=10<1<--<In pN(01770N>p§N( 917"'7 ) ({Hk})

eQiAtZizl[COSh ei—COShéi}fﬁ/Q(eN 4 i?T, o 7§N)s7§ ) (394)

Following the method introduced by Pozsgay and Takacs in [166], we rewrite each term in
(3.94) as an integral on an appropriate multi-contour C in CV by means of the multidimensional

residue calculus

B (t,x)/2 22N N 5 (3 7] s
r(Vole WE|Rs)Ng %Z Z H% Py (01, ..., 0n) K5y ({mw})
Ns (Yo |Ps)Ns Socn<lane) i 21 p5 (=01, ..., 0n) K5 ({61})
O
2iAt°N | [cosh nig S22 +im, 0N s
« o2t > e [coshm; —cosh 6;] ) ) S (395)

Y, {ei@z<{nk}> _ 1}

Here Cgp,1 = Cy, ®- - -®Cy,, where the contour Cy, encircles the rapidity 6;, i.e. the i-th rapidity
in the solution {6y} of the Bethe-Yang equations in the sector (2N, s, R). We now wish to
express the multiple summations in in terms of appropriately defined contour integrals.
In the case of a single variable this is straightforward, see Fig. for a simple example. Let
f(n) be a meromorphic function with simple poles at the points 7 = 6;, and Cp, a very small

contour encircling ;. Residue calculus then gives

S ftim= ¢ 5 Z 7{ (3.96)
76, Crot

where Ciot is a contour encircling the region R, which contains all points 6; as well as simple
poles of f(n) at positions 61, . .. ,éNR.

The case of N integration variables 7, ..., 7y is more involved. Our function of interest is

( 91, o On) Koy ({0k1)
y fﬂ/Q (nN 4+, ..., GN)S,§ 62iAtZ£i1[cosh77i—cosh 0] ) (397)

v, {e@z({nm _ 1}

G ({m}) =

We first consider a contour Ciot, which is the N-fold tensor product C(RT)®...®C(RT), where

C(R™) is a contour encircling RT. Introducing Cg, as the contour encircling 6;, we can express
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Figure 3.1: Example of the contours in the one-variable case.

Ciot in the form

N N
Cot=0®...0G—Y (=)™ Y oo, (3.98)
m=1

1S]1<<]mSN il)"' 77:n1:1

where G is defined as
N

G=CR" =) ¢, (3.99)
i=1
and Cfll ]:: is defined as the multi-contour obtained from Ciot by replacing the components

X2

J1,-+* » Jm in the tensor product by C; ,---,C5 ,i.e.
1

m

ch i =in! CRY) ©.C;, @751 CRY 06 85, CRY) @

A'm_l
" ®§':‘jm71+1 CRM® Céim ®§'V=jm+1 C(RT). (3.100)

We may use (3.98) to rewrite the integral of G(*%) over the multi-contour Cyot as

7{ Hde(ss (m}) = 75 Hd’” 69 ({m})

Cot " ¢®-®g =1

N . d”?z (s,3)
S (e 3 Z 7{ H ({m}).  (3.101)
m=1 1<j1 < <jm<N {ip}= 1CJ1 ‘ Jm

’Lm

Let us now focus on the first term in the right-hand side of (3.101)). As the singularities of the
form-factor fﬁ/ 2 lie outside the contour G ® - - - ® G and all other functions are expected to be

well behaved, the only contributions to the integral arise from the regions characterized by

ei@i(memy) 10, k=1,...,N. (3.102)
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By choosing C(R™) sufficiently close to the real axis, we can ensure that is fulfilled only
when {7y} is a real solution of the Bethe-Yang equations in the sector (2N, s, R) for some set
{I}. We can ensure that all solutions to the Bethe-Yang equations in the sector (2N, s, R) are
enclosed in G ® - - - ® G by choosing the contours Céi to be sufficiently close to 6;, because {ék}
is a solution of the Bethe-Yang equations in the NS sector and therefore cannot be arbitrarily

close to any solution in the R sector. This allows us to conclude that

al dn N dn
2 (s,3) _ i ~(5,3)
| | 27rG (M, nN) E 7{ | I 27r(; (M1y- - yN) - (3.103)
go-0g =1 A

Let us now turn to the contributions with m = N on the right-hand side of Eq. (3.101]). For
these the relevant multi-contours are of the form

Cx

00(1)®---®C~

B (3.104)

where o € Sy is a permutation. Exploiting again the fact that {ék} is a solution of the Bethe-
Yang equations in the NS sector, we may conclude that for contours Cé}- sufficiently close to

the points 6; we have for any point 71, ...7nyx inside the multi-contour

MQi(mynN) _ 1 £ () VEk . (3.105)

Hence the only contributions to the integral arise from the annihilation poles of the form-factor
fP/2. These considerations will be very useful in the following.

Substituting (3.103)) into (3.101)) we obtain the desired N-variable generalisation of ((3.96))

N . B N . B
> e qmn = § 126 )

Il.“’[NC{Ge} =1 Ctot =1
N N N
G D6 e}y, (3.106)
21
m—=1 1<1 << jm<N {i}=1 i=1

I sdm
e

In order to deal with Eq. (3.95)) we require one more step: since in (3.95) we are considering
a fixed order of integers {I}}, the corresponding solutions of the Bethe-Yang equations must
satisfy 0 < 01 < --- < Oy. In order to accommodate this ordering of rapidities we need to

modify our multi-contours such that the i-th component depends on the variable z;+1. For
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example, the integral on Cio¢ changes to

fd;v % dz;r_l,,. 7{ @f(zl,..., 7{1‘[‘%“1“”7 o). (3.107)

D D(zN) D(z2) Ctot

where the contour D(zy) encircles the interval [0, Rezy). Reduced multi-contours C?f Z{’: are
defined in a way analogous to Cfll gm , but include additional constraints ensuring the ordering
Re(zy) > Re(zy—_1) > ... > Re(z1). We may now use these considerations to turn the sums

in (3.95) into integrals over appropriate multi-contours in the form

R<\I,0’€i,6’<b(t,x)/2’(p~>

3/NS dn; (s, S)
Ns(Wo|Ps)Ns NZ 7{ H G ({m})

* Co
. N-1 N N d77i }
IS DS f [T 5269 ()
s m=1 1<j1 < <jm <N {ip}= 1 =1

C

im

N
Y H%G@@({nk}). (3108)

s =1
C§1®---®C9~N

The crucial simplification occurring at this stage is that in the thermodynamic limit L — oo and
at late times we need to retain only the last term, as it features the most singular contribution,
which occurs whenl

As we have argued above, the only singularities we need to consider in the last term of (3.108]
are those arising from the form-factor. The leading singularities of the form-factors can be

calculated using the annihilation pole axiom, see Appendix and give

N

. ) -~ 4
fﬂ/2(nN +im, —nn +im, ..., —ON,0N)s 5 296/26§73 H —
G, i (ni = 0:)

iali]

+ less singular. (3.110)

An explicit expression for the vacuum expectation value Gg /o = (0€#*/2)0) is given in Ref. [133].

Substituting the expression (3.110)) into the last term on the right-hand side of Eq. (3.108]) gives

'This can be argued using an argument similar to the one employed in Appendix
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the leading contribution at late times. Carrying out the contour integrals we obtain

R(Wo|ePPH0)/2|Pg) g

ﬁ?\f(é17 .. .,éN)
Ns(Wo|Ps)Ns

p;N(—el, e ,QN)
N e2iAt[cosh n; —cosh 6;)

Qs () _

%(_41')]\795/2

D

X Oy, N nN
n1=01

+... (3.111)

nN:éN =1

The derivatives can be computed in leading order in the density § using that 83(235» = 0(0),
while 9;Q% = O(1) (see Appendix [3.C))

N e2iAt[coshn; —cosh 6s] i N ﬁ { L B }
8,7 - ~677 — = () 0;Q; ({0x}) — 4Atsinh §;
1 m=>0 " nN=0N ;=1 ei@ilmed) —1 4
+ higher order in 4. (3.112)
Here we have used that
QIO — _q (3.113)

The densities of states ﬁf\, and pg y are defined in terms of partial derivatives of the functions

Qf and Q? , see Eqs. 1' and |i their ratio can be calculated to leading order in the
density ¢ by using the results derived in Appendix as well

. ~ N
(01,0 1
PnOrs--0n) _ + higher order in 4. (3.114)

pgN(_élvaeN) =1 &Qf(él,,é?N)

Putting everything together, we obtain

Ns(Wo|Ps)Ns 0:Q3 ({0x})

N 4Atsinh9~i)]
52 €Xp [; og < YO (3.115)

=1

Wy |eiBe(t)/2|p, il 4At sinh 6;
r(¥ole | >NS%QB/QH g aatsmhb

Since 8;Q%({0}) = O(¢) > At, we may expand the logarithm

N ~ N

AAtsinh §; 4 .
Y log (1 —— fsinhf; ) dvt > tanhf; p + ..., (3.116)
. 5Q3(Br, - Ow) L&

where we used .
4Atsinh6;  4A ~
_t~sm~ b _ 14t tanh 6; + higher order in §. (3.117)
aQi({o}) ¢

o1



Finally, we convert the sum over éj into an integral in the L — oo limit

lim R(WoleP P02 |05 g

L—00 Ns(Wo|Ps)Ns

%

4qut al ~
Lh_{r;o Gp/2 €xp [_L Ztanh 0;| +...

=1

= 95/2 exp [—4vt/ dod ps(0) tanhG] + ...
0

— Gt (3118)

The decay time 7 defined in this way is given by

=28 T [G(0) sinh § + O(K?)] . (3.119)

™ Jo

Using G, = G_, = G,;, we obtain our final result for the time evolution of the one-point function

in the thermodynamic limit at late times A > 1, and in the low-density limit § < 1

i L(WO ’ezﬂ‘l)(t,x)/2 ’\PO>L
L—oo L<\II0’\I/O>L

=Gppe M+ (3.120)

In 1] we compared the result of this calculation with the one obtained by means of a different
method: a generalisation of the linked cluster expansion approach first developed for studying
finite-temperature dynamics in integrable models [74}/166] and then applied to the TFIM both
on the lattice [44}88] and in the continuum limit |140]. In essence this method consists in
constructing a well defined series expansion for the expectation value in powers of K ab(ﬁ);
the calculation for the case in exam is extremely involved, however in |1] we managed to find
the long-time leading contribution at order O(K*), using the simplifying assumption of the

absence of diagonal terms in the K% (6) matrix, i.e. K%(#) = 0. The result reads as

U, |eiB2(t,2)/2 |y t 1 /¢ 2

(Wo|Wo) 2 = Ggpe T (14, (3.121)

where 7 is the one given in . As we emphasised in the second step of , the
result of the linked cluster expansion approach is compatible with up to the order
considered, this represents a significant confirmation of . It is very important to stress
that the linked cluster approach does not rely on Equation , thus, the observed agreement
represents a further evidence in favour of the findings of [73]. We conclude by noting that, very

recently, the result (3.120]) has also been confirmed via a semiclassical calculation [167].
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3.6 Summary and Conclusions

In this chapter we have considered the time evolution of the semi-local operator e?#®/2 after
an “integrable” quench to the sine-Gordon model. The system was assumed to be initialised
in a state of the form

o) —exp ([ 52RO ZE-0)2](0)) 0 (3122

with K% () satisfying and ; we focussed on the behaviour of the expectation value
(Wo|eBM/2| W) /(T W) at late times after the quench and developed a novel method to
evaluate this expectation value for the case of a “small” quench, defined as involving small
densities of excitations of the post-quench Hamiltonian. The approach is based on the concept
of a representative state |73]. Our main result is that in the thermodynamic limit at late times
At > 1, and for low densities § < 1

<qjo‘ei5¢(w,t)/2 ‘ ‘I/O>
(¥o[ o)

=Gape T+, (3.123)

where the decay time 7 is given in Eq. . We note that exponential decay has also been
observed in numerical simulations [168,/169] of the staggered magnetisation after interaction
quenches in the XX7 Heisenberg chain.

To the best of our knowledge this calculation, first reported in [1], provided the first suc-
cessful analytic calculation of the time dependence of a local observable for a quench to an
interacting integrable model. In order to be able to carry out our calculations we required

several simplifying assumptions:
1. the initial state was taken to be of the form (3.122]);

2. we required the functions K (6) to be uniformly small, which corresponds to the limit

of low densities of excitations after the quench;
3. we focussed on the simplest semi-local operator e#®/2;
4. we considered the repulsive regime of the sine-Gordon model;
5. the time t was taken to be large.

It clearly would be interesting to go beyond these restrictions. The treatment of more general

vertex operators of the form e'®® appears possible, although the results showed in Section

6 of [1] demonstrate that for the local operator e’5®
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expansion vanishes and thus an analysis of higher orders is necessary. Similarly we believe that
the method presented here can be applied with relatively minor extensions to the attractive
regime of the sine-Gordon model. To dispense with our other assumptions appears significantly
more difficult. Going beyond the leading term in the low-density approximation has proved
possible but complicated for the much simpler case of the transverse field Ising chain |44}73/140].
To do the same for the sine-Gordon case appears to be a daunting task. Detailed properties
of the solutions of the Bethe-Yang equation entering the Lehmann representation will
now play a role. Finally, initial states of the form are clearly rather special [153]. It is
not generally known how to express the initial state in terms of Hamiltonian eigenstates after
quenching a system parameter. Given the difficulty of this problem, a more fruitful avenue of

research would be to consider special initial states characterised by low entanglement [53H55].
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Appendix

3.A Hamiltonian eigenstates in the finite volume and the quan-

tum inverse scattering method

In this appendix we summarize some elements of the quantum inverse scattering method [81],
which are used to construct Hamiltonian eigenstates in a large, finite volume [155]. We define

a monodromy matriz by

My {0 )98 = T (N —4y) -+ SPIN (X — ). (3.124)

1. 0N a1 CN—1%N
It can be written as a 2 X 2 matrix

MO{8)) = AAHORY)  BA{6k}) | (3.125)

CA{O}) DA{0})

where AA{01}), BOA{0L}), C(A{01}), D(A\|{61}) are operators acting on the 2V dimensional

space of scattering states with N particles and fixed rapidities
MapN{OI) 01, 0N )i, iy = Mas O 101, 08D, - (3.126)

The rapidities §; play the roles of inhomogeneities [81] in the monodromy matrix. The transfer

matriz is the trace of the monodromy matrix
TOHOD) = Y Maa(A{0:}) = AQ{0:}) + DA{0}), (3.127)

As a consequence of the S-matrix being a solution of the Yang-Baxter equation, the monodromy

matrices fulfil the relation

ShE2 (N = 1) Mayby (AH{Ok}) Mags, (1l{0k}) =
= Maye, (N0 ) Mage, ({06 3) ST (N = 1), (3.128)

which implies that the transfer matrices form a commuting family

[TA{0:}), T(l{0:})] = 0. (3.129)
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Simultaneous eigenstates of all transfer matrices can be constructed by algebraic Bethe Ansatz.

Starting point is the “reference state”

Q{0k}) =101,...,0N) .., - (3.130)
Using the definition of the monodromy matrix, we have

a0y
MO = Q{0:}) (3.131)
0 d{6))

where * denotes a non-zero entry not needed in the following, and

N N

N
a(\{6k}) = H A=0y),  dA{6:)) = H (A — ekH (A —61). (3.132)

Here S7(6) is defined in (2.60). Taking the trace in (3.131]) we see that Q({6fx}) is in fact a

transfer matrix eigenstate

TGO = [a(A{0}) + dA{0:1) | 2({6:}). (3.133)

The other eigenvectors of the transfer matrix can be constructed by the Ansatz

N
—. 3.134
5 (3.134)

U({ArH{Ok}) = HB N+ FHa | Qo)) . 0<r<

7=1
This gives simultaneous eigenvectors of the transfer matrix and the solitonic charge operator Q
with a positive eigenvalue of Q; ¢f. Subsection [3.A.2] States with negative eigenvalues of @ can
be obtained acting with the charge conjugation operator C' on (3.134)). Using the commutation
relations for A(A{0k}), B(A|{0k}), D(A|{6k}) that follow from ([3.128]), one observes that ([3.132])

are eigenvectors of the transfer matrix with eigenvalues

A DRd{0:}) = {HSTAk—AM HSTA ekHSTA M- 37

k=1

X H So(\ — 6), (3.135)
k=1
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if the parameters {\;} satisfy the following set of non-linear algebraic equations

N sinh ( /\j_ek) T sinh <ﬂ — M)
2L L T]- L (3.136)

. )\—Gk . T >‘k—>‘
k—1 Sinh (l—“ + 17) k—1 sinh (— — 73)
2T g b=l A

Since the equations are iw&-periodic we impose the restriction 0 < Jm A\, < 7€ V k. Taking the

logarithm of (3.136f) results in equations of the form
Mj(el,...,9N|>\1,...,)\r):27TIJ-, IjEZ, j=1....r, (3137)

where we defined

N h(ir — 2%
M;(b1,...,0n[A, . A) E—iZlogsm <25 : %

(3.138)

3.A.1 Periodic boundary conditions

Imposing periodic boundary conditions (3.29)) on the transfer matrix eigenstates gives rise to

the following set of “nested” Bethe Ansatz equations

o N r s1nh( 9 T Akg9i>
eilsinh; _ H SO(Hz_Hm)H , 1=1,..., N,
m=1 k—1 sinh (— - )‘kggi>
N g i _ Aj—0k rog HJ)
l_Ismh(25 o ) :Hsmh( = i ) (3.139)
k—1 sinh (ﬂ + L_ek) k=1 sinh (m) | o
2€ 3 hij 3

We recall that £ = LA /v. It is customary to express the logarithmic form of the equations in

terms of counting functions defined as

N r sinh ( L
(z(0) = {sinh6+iY In[So(6 —6,)] +i ) In i
m=1 k=1 sinh ( +7)
N sinh ()‘_éek — %) - sinh (% —

—1 In
) 1 sinh ()‘ g"c +

ly(\) = iy In
; sinh ()‘_59"' +

?)
(3.140)
ol

WEN R

NS

o7



where the branch cuts of the logarithms need to be chosen appropriately. The Bethe-Yang

equations then read

2nl;

2(0;) = 7;9, i=1,... N,
27 J

y()‘k) = Ekv kzlv"'ara

where I; and J, are integer or half-odd integer numbers.

3.A.2 Topological charge and charge conjugation operators

(3.141)

It is useful to know how the solitonic charge operator ) and charge conjugation operator C

act of the transfer matrix eigenstates. Their respective actions on scattering states (2.63|) are

N
Q |01,. . "0N>a1..-aN = {Zak} |917 .. -79N>a1...aN )
k=1

C|01a"'79N> :|91""70N>(711.7

ai...an .an -’

It is easily checked that

QMap(A{0k}) — Map(A{0})Q = (b — a)Map(A{0k}),
CMaupA{0 O™ = CMup(M{0:})C = Mg (A{6k}).

This implies that @ and C' commute with the transfer matrix, while

(Q, BO{O:})] = —2B(A[{6:}), [Q,CO{0})] = 2C(A{0k}),
CBA{Ok})C = C(A|{0k}), CC(AHOk})C = B(A{0k}) -

The action of @) on the reference state is

QOQ{0k}) = NQ({0k}),

and hence (|3.134)) are eigenstates of ) with eigenvalue N — 2r.

o8

(3.142)

(3.143)

(3.144)

(3.145)

(3.146)

(3.147)

(3.148)



3.B Proof of property (3.61))

In this appendix we show that the eigenvalues A*(A[{0;}) of the transfer matrix (3.129)) satisfy

the relations

Ko (01, - A B0 = K (01, -, 0N (—6,1{81) (3.149)
where {0y} = {—01,61,...,—0n,0n}. The proof of (3.149) is divided into three main steps.

3.B.1 Stepl
We first establish the following identity

Kbt (61) - -- Kanby (ON)T (00:{—01,01,...,—0n, QN})allbima'Nb?v

ai1by...anby

= K90 (Gy) - K (00T (00 [{~0x. O .. 01, 01} Y e it (3.150)

byapn...biay

where 0 = £1 and 7T is the transfer matrix

TA{—01,01,...,—On, 08 )oY =
= S (A0S (A — 01) - SN (A~ Oy) . (3.151)

We focus on the case i = 1 in (3.150]), all other cases can be proved analogously. Setting i = 1
and o = —1, substituting the expression of 7 in terms of scattering matrices (3.151)), and

finally using that
Se4(0) = —5405, (3.152)

we find that (3.150)) is reduced to

Kb (@) - KON (95) S0 (2018292 (9, 4 6,) - SUN | (—6; — By) =

a1by caN—1bn

— Kab (91) ... anby (QN)Sclall(—Qel)SCngv(—el + QN) T 52;1;/2_1@2(_01 - 92) . (3153)

bia1 c1by

Employing the boundary unitarity property (3.10)) of the K-matrix, the left-hand side of (3.153])

can be written in the form

Kb (@) - KON (9) S0 (20,1529 (9, 1 6,) --- SN (0, — Oy) =

a1b1 caN—1bn

= KB (—0y) - KON (03) S0 (—0y + 0y) -+ SN, (=0, — Oy) . (3.154)

coN—1bn
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Now we use the boundary Yang-Baxter equation (3.9)) to rewrite the terms involving 61 and 60

K (1) - KON (O)SERad (=01 + 0) -+ Si ™ (=01 — Oy) =

coan-1bn

= KO0 (—0y) - KON () SE58 (— 0y + 03) -~ SN . (—6y — O)

can-1bn

X S22 (=0, + 02) Sthaz (—0) — 02) . (3.155)

The index structure on the right-hand side of (3.155)) is such that we may use the boundary
Yang-Baxter equation to rewrite the terms involving 61 and 63, then 6; and 64 and so on. This
brings the left-hand side of (3.153|) to the form

Ka1bl (91) e KaNbN (HN)SCIbll (_291)5001232( 0, + 92) S“’le\r (_01 _ QN) —

a1b1 caN—1bn

_ Kc1a’1(_91) ... KaNbN (QN)Sczb (=01 +0x) -- Sg;lgé_mz(_el —09). (3.156)

cibn

Finally we use the reflection equations (3.10]) and parity invariance of the S-matrix

S (0) = S (0) (3.157)
to arrive at
a a c1 b coal a b
Kb 61)---K NbN (GN)Saibi(—201)Scfa§(—01 +6y) - Scleljle(—el —Oy) =
= K“b1(g,) ... KONty (QN)Sgllsll (—201)
co b, !
X SN (=01 + On) -+ Sein? ran (—01 = 62). (3.158)

This establishes (3.153)) for ¢ = 1 and ¢ = —1. The case ¢ = +1 is proved in the same way.

3.B.2 Step II

Next we establish the following identity

b a
[T(0:1{—0n,0n, .., 91,91})]bNaN ot =
_11a- b ...a’ b
= [T(=6;|{—01,61,...,—0Nn,0n}) 1]&1;1...&& , (3.159)
which is equivalent to
a a b// " b//
> TO:l{~0n, .. 91})]& T (=0:{—01,....6n )] I Hcsalal. (3.160)

/ /
aj...bhy
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Using the explicit expression of the two transfer matrices

(T (6il{ 01, ON DI = SE0E(20)Se2at ) (—0; — 1) -+ Sy (65— 0i1)

cnbi—1

(TN, O Do = Syt (05 011) -+ SN0 (65 — 6100)S00 (260), (3161
the left-hand side of Eq. (3.160) can be expressed in the form
Z Syt (O 1) -+ Set (20:)S50yF (~20,) - SI T (0, — 0,1) (3.162)

aj-

The product of the two S-matrices involving 6; can be simplified using the unitarity condition
S (0)S5) (—0) = 5567 - (3.163)
Eq. (3.162)) then becomes

b// ’
Z O (G4 O ) St (61— 1)

//b//

X St (0= Bgn) -+ SL T (<O Gia). (3.164)

We observe that now the product of the two S-matrices involving #;41 can be simplified using

(3.163]). Repeating this procedure for 6;y2,...,0nN,01,...,0;—1 then establishes (3.160)).

3.B.3 Step III

We now substitute (3.159)) into (3.150)) to obtain

KO8 (0y) - KO () [T(~6: {01,601, — O, On D)oty TN =

aibi..anby T

= K9b(g,) .. KONON (gy) [T(ai\{_el,el,... —O, On}) ]I (3.165)

aiby...anby

Combining the eigenvalue equation (3.24) with the completeness relation (3.26]) we have

bg\,({gk})* [T(—91'|{—91, 01,...,—0n, HN})] ajby..ayby _

aibi..anby

= A (=0il{=01, ..., ON}) 5, 5y ({Ok3)"- (3.166)
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Finally we contract both sides of (3.165|) with \Ilz,lmb,N({Gk})* and then use (3.166) to obtain
the desired result

KN {0 )N (=0:{ =01, On}) = K3 ({0 A (Ol {01, 0N} (3.167)

3.C Derivatives of the functions Q:(y,...,0y)

The functions Q¢ ({f}) are defined by (3.58) and can be written in the form [cf. (3.140)]

N
Q5 ({0}) =Csinh0; +i Y " In[So(6; — 1) So(0; + Om)]

m=1

. 0;—Ap—T
r sinh (17’“2>

. 3
+iy In . h(ai—m#g) ’ (3.168)
k=1 Sin 75

where the parameters Ay are obtained by solving the set of equations

N [sinh (Xmgek . %) sinh (Amgek _ %)
2nJ;, =i Y In : '
k=1 sinh (A’"ge’“ + %) sinh (’\mgrak + %)
r sinh (M _ Zj)

. 13 3
— 1 =1,... 3.169
LM | (o) | T (169
= 3 3

for a given set of (half-odd) integers {J3,} specifying the polarisation s. We are interested in
the situation where

~Ony1-j j<N .
, j=1,...,2N,
ej_N J>N

0; ~ (3.170)

where {9~J} is the solution of the Bethe-Yang equations corresponding to our representative
state, i.e.

Q§(9~1>79~N):27TI~J7 ]:1”N

(3.171)
Crucially, for this solution we have
G — 0= —— 02 (3.172)
T fpa(0)) ’ '
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where pg(0) is the root density (3.88)) describing the representative state in the thermodynamic
limit. We may use this fact to recast (3.169)) in the form

JS [ sinh (2m=f _ iz
2776 i /_ 0 pel0)n | — Eje . Qfg

2
>

Denoting the solution to Eqs. (3.173) when the O(£~!) correction terms are dropped by {)\7(30 ) },

2

S

¢ 1 sinh (’\mgk’“ +

s

+0o(™h, m=1,...r (3.173)

s

we conclude that

Am = A2 Lo, (3.174)

Importantly, this conclusion holds for any set {#;} that is described by the root density ps(6)

in the thermodynamic limit. For any such set we then have

N
Q5(01,...,0x) =Lsinh0; +i Y In[So(0; — Om)So(0; + Orm)]

m=1
_\(e0) _im
e [sn (2225)
+iy [ | o> |. (3.175)
0;— A\ 4 im
k=1 sinh (%)
We conclude that

01) i+ .

3.D Contributions from states with M > N

In this appendix we use the ideas developed in the Subsection to argue that terms with
M > N only lead to sub-leading contributions in the Lehmann representation (3.89). Repeating
the reasoning employed to arrive at formula (3.108]), we obtain

221\4 M

-3¢ li’qum})g,S

M>N s=15" 1=

R(WolePPED/2Pg)Ng
Ns(Wo| Ps)ns

Ctot
22M N N M dn;
153D NS SRS DU B | - C2((78 ) Sty
s=1m=1 11 <o g <M i =1y 2 i1
i1, yim
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Here the multi-contours Ciot and 52311 ]:n" are defined analogously to Subsection while

X2

POy, 0n) Ky ({m})
pgN(_él’ N ,CgN({ék})
o AP0 T ON) s e costn S cohB(317)
2, {ez’@zunk}) - 1}

E(nh' . '777M)§,S

As we are dealing with a local operator, we expect that significant contributions in the large-N

limit can only arise from states with
M —N=0(Q). (3.179)

The leading contribution to (3.177)) arises from the (%) regions where IV of the n); are integrated
around the singularities at 01, ...,0y. In order to obtain an estimate for these contributions
we consider the case where 7; ~ éj, j=1,..., N in more detail. The leading singularity of the

form-factor is given by

N
. 1
fﬁ/2(77M + U, ... )9]\7)8,5 ~ f(nl) .. ';TZM)§,5 H 7~2 s (3180)
j=1 (77j - 0]')

where f(n1,...,mn)s,5 is a regular function. Substituting (3.180) back into (3.178]) and then

carrying out the integrals over 71, ...,ny gives a leading contribution of the form
M
~ 11 LY )3
‘ 27_[_ N+1s:--y MS,S
Dl""’N i=N+1
1, ,N
N M ;
B [ e2iAt coshn; ] 9iAL SN v
<]+ | e At o coshOm L (3.181)

=1 On; =0, i1 Qi ({ne}) — 1
Here g(nn+1,--.,M0)s,s is a regular function scaling as LN and D}’:ff % is a multi-contour in
CM=N obtained by removing the first N components from 511 T ]]\\? We may now proceed as in

Appendix In particular, the nested Bethe-Yang equations for solutions {6;} such that
sz9k7 k:1,...,N, (3.182)
can still be cast in the form (3.173)). Hence we again have

Am = A oY, (3.183)
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which in turn implies that

M
Qi (01, ...,0n) =Lsinh0; +i > In[So(0; — Om)So(0; — b))

m=1
r sinh <70 /\(ZO) %)
+i) In — s +0(1). (3.184)
S s (A7)
Following the same steps as in Subsection we then find
N M ; .
Hi e2iAt coshn; e_QiAthVn:l cosh O, ~
i On; =0, L3 Qi (m}) — 1
N B M e2tAt cosh);
a S({0)) — 4Atsi he-} S . 3.185
( ) 1;[ Q { k} S j]}_\f[—i-l ein(917-~~,9N,77N+1,~~ﬂ71v1) 1 ( )

The main difference as compared to the N = M case is the presence of additional integrals

over NN+1,---,NMm. Using that

0Q3 (61, .0n)
00,

—0(1),  i4j, (3.136)
we see that for small but fixed {¢;}

Q5(01,...0n,ONt1 +ienst,. .. On +ierr) = Q5 (01, ..., 00m) +i€l[coshf; + O(1/0)]

i=N+1,..., M. (3.187)

Formula implies that for . — oo the parts of the paths composing Ciot below the real
axis will give a vanishing contribution. On the remaining parts of the paths we have Jmn; > 0,
and assuming that we can deform the integration contours a finite distance up into the upper
half plane without encountering singularities, we conclude that the resulting contributions are

exponentially suppressed in time.

3.E Most singular parts of the form-factors

In this appendix we determine the most singular contribution to matrix elements of the form

by-b1 (0]\77 s 701‘6i5¢(0)/2’9~17 ce 7éN>a1‘..aN =
D oo (ON im0 i Oy, By). (3.188)
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We will show by induction that
8/2 . . ~ 2
fbj\{...blal...aN(eN+Z7T""791+7“7T7917"‘79N) | :95/21_[7916_@5%5]6
+ less singular. (3.189)

The case N = 1 is an immediate consequence of the annihilation pole axiom (see chapter [2))

for the semi-local operator e#®/2. We will now assume that (3.189)) holds and consider

2 . - 5
fl)BJ\{+1...b1a1...aN+1(9N+1 —|—Z7T,...,91—{—Z7T, 913---79N+1) ) (3190)
0,0 ;
j:l?...,j\ijrl
Using the periodicity axiom N times, this can be rewritten as
—1)N P 01 +im, 01, .., 01, O g1 — 0y — i 3.191
( ) fblal---aN+1bN+1---b2( 1w, b1, N+1,UN+1 1T, ..., U2 Zﬂ-) B ( . )
0,0 ;
1:1,]...,1{41

The annihilation pole axiom allows us to extract the leading singularity of (3.191) for 6; ~ 6,

(_1)N iécyi)l 5/2

o ey B2 O, Oy — i 0 = i)

N+1 ;o
a; b coaly 5 5 CN+1AN 41 (] 3
X [551 [T 0a0, + Sazez (6 — B2) .. Senan'™ ™ (B — fx11)
Jj=2

b

SN () — Oy s — i) .. S

CN+1bN 11

2 (01— 05 — m)] (3.192)

We now use the periodicity axiom N times to bring the form-factor into a form where we can

use the induction assumption (3.189)). The most singular contribution is then given by

10 b Nl 21 Nl a’. b I~ ~ cna ~ ~
b — 5 5|96, [T 0a10,) + SGea (01— 02) ... Sex“Non (Br = B y)
01 - 91 k=2 gk - ek j=2
x STV (G Gy —im). . SR (8) — By — im) (3.193)
enbN 1 N+1 1) ... dobs 1 2 1) | . .

The product of S-matrices can be simplified by repeatedly using the identity (starting with the

two S-matrices involving éN+1 and then moving outwards in the product)

Sere2 (0)SY'22(0 + im) = 61 62, (3.194)

ayaz ay-az

This completes the induction step.
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4. Pre-relaxation in weakly-interacting

models

In this chapter we consider time evolution in models close to integrable points with a special
property: at these points, in addition to the infinite set of local conserved charges in involution
caused by their integrability, the systems also possess infinitely many local conserved charges
which satisfy a non-trivial algebra. This property is induced by some hidden symmetries of the
Hamiltonians which can be broken with or without breaking the integrability of the models.
The described setting is very attractive from the point of view of time evolution: adding a term
to the Hamiltonian which weakly breaks these additional symmetries is expected to completely
change the stationary state reached; because it drastically modifies the set of conserved charges
of the model. The resulting behaviour of local observables is very similar in spirit to the
prethermalisation phenomenon observed when the integrability is weakly broken. Expectation
values first reach quasi-stationary plateaux related to the GGE of the unperturbed model and
then move away towards different values. We call “pre-relaxation” the described behaviour
because it can also happen when the integrability is not broken and the system is not expected
to thermalise; accordingly we call the relevant time window to observing this phenomenon the
“pre-relaxation window”.

Here we investigate pre-relaxation in the case of a weak-coupling limit, identify the pre-
relaxation window and solve the time evolution through a mean-field mapping. Contrary to
common situations, the mean-field mapping presented here is not an uncontrolled approxima-
tion and arises naturally at the timescale investigated. As an explicit example we study the
XYZ spin-1/2 chain with additional perturbations that break integrability; as we shall see in
the following, by varying the parameters which characterise the post-quench Hamiltonian, the

model presents qualitatively different behaviours.

4.1 Introduction

We consider the time evolution of some initial state |¥() with cluster decomposition properties

(¢f. Appendix [2.A]) under translation invariant Hamiltonians of the form

H=Hy+4V, (4.1)
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where Hj is non-interacting and translationally invariant, V is a global perturbation and g is
a small coupling constant.

The case of interest here is when the limit of infinite time of the expectation value of a local
observable O does not commute with the limit of infinitesimal g

lim lim (Wo|e! o9Vt HotgV)E gy £ Jim (Tg|etHotOe ot | @) | (4.2)
g—0t—o00 t—o0

This is the typical situation in which local degrees of freedom experience a prethermalisation
or pre-relaxation behaviour. Indeed, when ¢ is very small, for intermediate times the effect of
the perturbation is negligible and the expectation value has time to settle at the stationary
value of the unperturbed Hamiltonian. On the other hand, at later times the perturbation
can not be ignored any more and the expectation value varies with a typical timescale that
depends on the perturbation strength. Importantly, the described behaviour appears also
when g is infinitesimal, therefore some important aspects of the pre-relaxation behaviour can
be understood in this simplifying limit.

Examples of cases where the situation is realised are manifold: probably the most
common example is found when the perturbation V breaks the integrability [2}/18-20,/60-67,
69,/70]. There for small but finite g the system relaxes to a Gibbs ensemble for late times,
while for g = 0 it relaxes to a GGE. It is very easy to see that pgr(g = 0) # pacr(g = 0) [66].
Interestingly, this is not the only case in which can happen: another example is realised
when one considers an Hamiltonian H characterised by hidden symmetries, which give rise to
an infinite non-abelian set of local conservation laws [68]. This is, for example, the case of the
XY model (¢f. Chapter . In this case it is sufficient for V' to break these symmetries, while
maintaining the integrability, in order to produce behaviour like that of .

In principle, there could be many pre-relaxation plateaux, depending on how the time ¢
scales with the small parameter g. Here we focus on the limit ¢ < 1 and large time in such a
way that T = gt ~ O(g°). This defines the “pre-relaxation window”: 1 < t < ¢~¢ with a > 1;
the time window of interest in this chapter. For simplicity, throughout this chapter we neglect
O(g) corrections to observables.

In the time window considered several simplifications arise, we start by considering the
time evolution operator U(t) = e~*#* for the Hamiltonian . We argue that for g < 1 and

T = gt ~ O(g°) the following simplification can be performed on U(t)

U(t) = et e_iVTe_iHDt, (4.3)
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where V is the time average of V (t) = e~ 0!V ¢iHot defined as

_ 1 [t 1 [t . )
V=1lim - [ dsV(s)= lim - [ dse Hosy¢itos (4.4)

which we assume to exist; by construction we have [V, Hy] = 0. Formula (4.3)) has been proven
in Ref. [68], in the case of a noninteracting perturbation V. Here we argue that (4.3) holds
true also for interacting perturbations. The reasoning is as follows.

We rewrite the time evolution operator as
U(t) = e " = Ur(t)e ot (4.5)

taking the time derivative of (4.5)) we find the differential equation for Ur(t)

10U (t) = gUp(t)e oty gttt (4.6)
Solving (4.6)) we find
t
Ur(t) =TT exp(—ig/ dse*iHOSVeiH°s> , (4.7)
0

where T1 is the anti-time-ordering operator. Now we to want find the leading contribution to
in the limit ¢ < 1 and large time in such a way that T = gt ~ O(¢°). As g = T/t,
without the T operator the leading contribution in the limit would simply be found replacing
the exponent with —iT'V, obtaining precisely . The presence of the anti-time-ordering
operator complicates the analysis, but expanding we see that continues to hold.
The next order correction in g is given by

lim —ig/o ds (V(s) = V) = lim —i{/ﬁ ds (V(s) = V), (4.8)

t—o00 t—o00

and goes to zero in the limit considered according to our assumption on the time average.

It is interesting to understand how the simplification , valid for ¢ < 1 with gt ~ O(¢°),
can be obtained using well known methods in the study of non-equilibrium time evolution, such
as the the continuous unitary transformation (CUT) approach [60,170-173] or the Keldysh
technique [174]. The result can be easily derived by means of a perturbative CUT [60] at
the lowest order in the perturbation g (i.e. O(g")) for times t of the order g~!. At this order,
all the O(g) corrections to the observables are neglected and the only effect of the CUT is a
first order correction to the Hamiltonian in the time evolution operator. This correction has to

be taken into account because gt ~ O(g°). The correction to the Hamiltonian is exactly gV, so
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one obtains precisely . From the point of view of Keldysh perturbation theory, the regime
g < 1 with gt ~ O(g°) is more complicated to access, indeed all the secular terms proportional
to (gt)" become O(g"). Resumming all these contributions and neglecting all the other terms
one obtains again Formula .

Having justified the expression (4.3) we can now use it to simplify expectation values of
observables. Let us consider the expectation value of the generic local operator O: in the limit

g < 1 with T = gt ~ O(g°) we have
(Wole Mt O™ M 1 Wg) — tr[(e7 10! W) (Wo| MotV O™V (4.9)

Since the time ¢ is large (t ~ g~!) we would like to further simplify (4.9) replacing the state
p(t) = e ol |Wg) (Ug| eHo? with the corresponding GGE, i.e. the stationary state that the
system is supposed to reach in the sense discussed in the Introduction

e_iHot ‘\I’Q> <\I’0| engt — PGGE = lim  lim tl"g [p(t)] . (4'10)

|S]—00 t—00

Here we introduced a finite subsystem S, whose size is sent to infinity after the thermodynamic
limit and the infinite time limit have been performed. As discussed in the Introduction the
infinite time limit of p(t) does not exist, only if the density matrix is reduced to finite subsystems
it can have a limit. We stress that, inside the expectation values of local observables, p(t) can
be directly replaced by trg[p(t)] with a finite S. This is because if O is local, it acts non-trivially
only within a finite subsystem.

In the case under exam pggg is of the form

e~ 2 N
PGGE = — (4.11)

where (); are local conservation laws and A; are real parameters determined by the initial state
[38,/40]. In the following we will be interested in cases where the local conserved charges {Q;}
in form a non-abelian set. Also in these cases a “standard” GGE can be constructed,
where the charges are in involution. These charges, however, will generally depend on the
initial state [68].

Since Hy is a translationally invariant noninteracting Hamiltonian and the state |¥g) has
cluster decomposition properties, the validity of the substitution for late times is well
established when expectation values of local operators are considered. In our case, however,
—iTV

we are dealing with the operator eV Oe , whose locality properties depend on V. In the
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case where V is (quasi)-local [93,94] (its density is exponentially localised), the validity of the
replacement has been established in [39]. In the next sections we will show that V is in fact

non-local, nevertheless its particular form will still allow us to perform the substitution (4.10))

(¢f. Section [4.3). From (4.10) it follows

lim tr[(e = H0T/9 | W) (To| e 10T/9) e TV 0= TV = tr[paape’” ¥ Oe TV, (4.12)
g—

which suggests that the pre-relaxation limit can be described by the time-dependent ensemble
pcar(t) = eV paape’ . (4.13)

The time evolution of observables according to represents the main object of study of
this chapter.

Both pagr and V commute with the Hamiltonian: if the two operators can be written in
terms of the same set of local conservation laws in involution, the time dependence disappears
ptGGE(t) = page. In the next section we will show that in many cases of interest V can be
approximated by a polynomial of the local conservation laws. Therefore, in order to see some
non-trivial pre-relaxation behaviour, the unperturbed Hamiltonian Hy must have a non-abelian
set of local charges. We refer the reader to [68] for an extensive discussion of noninteracting

models with that property.

4.1.1 Organisation of the chapter

The rest of this chapter is organised as follows. Section is devoted to identifying the class
of effective Hamiltonians (i.e. the possible V cf. ) that emerge in the pre-relaxation
limit. We show that they can be written as polynomials of the local conservation laws of
the unperturbed model (with the correct scaling factors). In Section we introduce mean-
field Hamiltonians which, in the thermodynamic limit, generate ezactly the same dynamics as
the effective Hamiltonians. The formalism is explicitly applied to the XYZ spin-1/2 chain in
Section where pre-relaxation is also investigated in the presence of interactions that break
integrability. Section [4.5 contains our conclusions. Several appendices complement the main

text with the proofs of the theorems and additional details.
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4.2 Effective Hamiltonians

Let us consider the XY model without magnetic field. The Hamiltonian is given by (cf. (2.1]))

1+~ 1—v
Hxy = JZ( 1 oiop + Tagagﬂ) , (4.14)
l

where o' act like Pauli matrices on the site £ and like the identity elsewhere. If the initial state
|W() breaks one-site shift invariance, the latter symmetry is generally not restored in the GGE
that describes local observables at infinite time after the quench.

On the other hand, an infinitesimally small one-site shift invariant perturbation that breaks
the non-abelian integrability of is expected to catalyse symmetry restoration (similar
issues of symmetry restoration have been pointed out long ago, e.g. in [175]).

A perturbation that preserves the noninteracting character of the Hamiltonian was already
considered in [68]. Here we investigate perturbations that have a 4-fermion representation in

terms of the noninteracting fermions that diagonalise (4.14]), namely
Vi~ Z a?inla?jn2a?jn3 a?iVM ’ (4'15)
¢

where af are the Majorana fermions (cf. Subsection .

The argument presented in Section [4.1] indicates that the relevant Hamiltonian in the pre-
relaxation limit is determined by the time average of the perturbation. The calculation of
the average in this case is not difficult but rather lengthy. However, a close inspection of the
various contributions reveals a hidden structure that helps simplifying the computation. The

calculation is carried out in Appendix [£.A] the result is summarised in the following

Property 4.2.1 The time average under Hxy of a one-site shift invariant four fermion oper-

ator can be written as follows

{'rLl...TL4} {TLl...TL4} ’

1
T O 00 g 05, = Fnt i) + A0 (4.16)
l

{o1...au}

1s an anomalous
{ni1..nqa}

where F{{:f...-.zl}} is a linear combination of factorised terms and A

contribution originated by the non-trivial solutions of the energy constraint
e(k1) + e(ka) = e(ks) + (k1 + k2 — k3) . (4.17)

The latter exists only in the thermodynamic limit and strongly depends on the details of the
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dispersion relation, whereas Fy (a1 ;4}} has a structure that is almost model independent:

{041 a4} a9 a1 03 Q2 04 a1 Oz4 ag Q3
{m et = E aman2 an3 n4 — Ay and ap?agt +aptapt ap?ag? (4.18)
S S S S S
where
B8 _ 0 B _ aﬁomxz 1,02
Lap ap, = > (=1)*%ag,, ay ., = dpinas > (01, 62)ag ! ag? (4.19)
v ¢ a1,00=1,2 01,05

S

is a (quasi)-local operator: dﬁfﬁ;? (£1,42) decays exponentially in €1 — la].

Let us consider first the “anomalous term” Aizl :4]}: This conservation law is purely non

local: it is possible to show that it can not be written as a function of local ones. We then
expect A%:l 34% to become important for local observables only at times proportional to the
chain length, which are far beyond the pre-relaxation limit. In light of this we argue that
anomalous terms are not relevant to our problem, which is equivalent to assume

<\I/0|€th[O A{al 044}] —th|\I/0> — 0’ (4.20)

{n1..n4}

for any local observable . This will be a working assumption throughout this chapter, in
Appendix [£.C] we check the self-consistency of our approximation. To support the validity of
our assumption, in the next chapter we will compare the results found here with those found
by means of a different method, the first order EOM (c¢f. Chapter : observing an excellent
agreement (cf. Fig. . Additional indications in favour of our assumption have been found
in [176], where the results of the approach presented here have been compared with those of
infinite time-evolving block-decimation (iTEBD) algorithm: finding a good agreement. Further
investigations on the effects of the anomalous terms are left to future works.

The factorised part F gjl :‘4}} of the time average has a simple structure: it is written as
sum of products of quasi-local operators divided by L, ensuring the correct scaling with L in

the thermodynamic limit. This form easily generalises in the case of an arbitrary number of

fermions. The factorised part of the time average of a perturbation with 2k Majorana fermions,

designated by F gjl :"“}} , can be written as
{ar..ar} 1 1 . 2(2k)‘
Floi gy = proptin e b+ g iy Hige, - m= S0, (4.21)

where H;.; are translation invariant operators (i.e. n-site shift invariant for some n € N) with

quasi-local densities, their particular form depends on {«;} and {n;}.
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Summing all together: the argument of Section and our assumption (4.20) suggest that
considering general perturbations to the XY model the effective Hamiltonian describing the
pre-relaxation limit takes the form

1 1
Hll--'Hl;nl +"'+71Hm'1---Hm;nma (422)

Heft = Jni—1 ; I m— )

where {n;},m € N are finite and H;;; are quasi-local operators.

As a matter of fact, similar factorisations appear whenever the unperturbed Hamiltonian is
noninteracting (e.g. the model considered in Chapter |5)), provided that the anomalous terms in
can be disregarded. Hamiltonians of the form are therefore the perfect workbench
for pre-relaxation or pre-thermalisation issues.

The non-equilibrium dynamics generated by a subclass of Hamiltonians of the form
have been already worked out in [177]. The authors considered “completely connected quantum
models”, in which the Hamiltonian is symmetric under any permutation of the sites, and
exhibited a mapping onto an effective classical Hamiltonian dynamics.

We also point out that the simplest models of the form (4.22) (e.g. Curie-Weiss quantum
Heisenberg models) have often been used as toy models to investigate the statistical properties
in the presence of long range interactions [178§].

The rest of the chapter will be focussed on the following points:
1. Solution of the non-equilibrium problem for Hamiltonians of the form (4.22));

2. Characterisation of the pre-relaxation limit in an interacting model, in the presence of

perturbations that may or may not break integrability;
The point relies on two assumptions:

(a) In the limit ¢ — 0 with ¢t finite, the time evolution under H = Hp + gV can be split in

two steps:

1. infinite time evolution under the unperturbed Hamiltonian Hy, which is supposed to
give rise to a generalised Gibbs ensemble e~*Hot [Wy) (| 0! — paap;

2. time evolution with rescaled time T' = gt under the effective Hamiltonian given by the

perturbation V' averaged with respect to Hy (4.4));

e~ i(Ho+gV)t W) (g el(Hot+gV)t efigt‘_/pGGEeigt\_/. (4.23)

(b) The “anomalous terms” appearing in the time average of V' give a negligible contribution

(cf. Property and discussion below).
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On the other hand, will be treated as an ab initio problem.

4.3 Solution of the non-equilibrium problem

In this section we work out the first point of our plan of attack. We are going to show that,
despite the nonlocal appearance, operators of the form generate a dynamics which is
equivalent to that of a (quasi-)local time-dependent mean-field Hamiltonian. Here only the
most relevant results are reported, the details of the derivation can be found in Appendix [£.B]

For the sake of simplicity we only consider cases in which H;.; (cf. ) have local den-
sities, however, as far as we can see, all the results can be generalised to quasi-local operators.

In light of (4.22)), we define a class of operators £ as follows:

Definition We say that an operator acting on a spin-1/2 chain belongs to the class £ if it is

written as in (4.22)), namely as a finite linear combination of operators of the form

1
Lnfl

Hy---Hy), (4.24)

where n is finite, H; are local translation invariant operators, and L is the chain length.

It important to emphasise that we consider cases where the local Hilbert space is finite dimen-
sional. This turns out to be a fundamental assumption for most of our results and includes all
the examples mentioned.

One of our goals is to show that the time evolution preserves cluster decomposition proper-
ties, which is the key element that allows us to simplify the calculation of expectation values.

We have

Lemma 4.3.1 Let O € £ and |V) a state with cluster decomposition properties. The expec-
tation value of O/L in |¥) can be reduced to the expectation values of the local translation

mwvariant operators it consists of:

H H U|H;|U
lim (0|2 Z20) = lim (IH; ) (4.25)
L—oo L L L—oo ; L

Using this lemma it is rather natural to relate the dynamics generated by (4.22) to those

generated by the mean-field Hamiltonian defined as follows:

Definition Mean-field effective Hamiltonian. Let H € £ be an operator written as

H = Hy--H,. (4.26)

Ln—l
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We call Hﬁ%(t} the (time dependent) mean field operator associated with H, defined as

J=1104£5

where U(t) is the time evolution under Hﬁ%(t)

U(t) = Texp(—i /0 t dTHﬁ%(T)) . (4.28)

Consequently, H]\\I}%(t) must be generally computed in a self-consistent way.

For example, the Hamiltonian

L
1 X T )\ z 2
H: —1 E <O'€O'[+1+0'20"é/+1) +Z(E Uz> (429)
l

belongs to €. In this trivial case ), 0 commutes with H, so the associated mean-field Hamil-

tonian is independent of time and it is given by

1 X T 1 z z
Hyo (1) = -3 > <a€ ofq+ agagH) +2) (o] > of[We) Y o; . (4.30)
1 ¢ ¢

The main result of this section is that the dynamics generated by the mean field Hamiltonian

is exactly equivalent to that generated by the full Hamiltonian, more precisely:

Lemma 4.3.2 Let |Vg) be a translation invariant state with cluster decomposition properties
and H,O € £. Let the expectation value of O in the state that time evolves with HI\‘I//[OF(t) be an
analytic function of t in the strip |Im[t]| < r, with r a nonzero constant. In the thermodynamic
limit, the time evolution with H can be replaced by the time evolution with the mean-field
Hamiltonian:

O

O _ _
lim (Wolet == Wg) = lim (Wo|UT(t)—=U(t)|¥) . (4.31)
L—oo L—oo L

L

Remark The validity of the hypothesis of analyticity on a strip can be verified a posteriori.
The idea is the following. The self-consistent mean-field problem can be generally recast into
an infinite nonlinear system of ordinary differential equations. The finiteness of n in
implies that the system can be written as i = ﬁ({[, t), with Fa polynomial. If the system was
finite, the solution would have been analytic. This is not always the case for an infinite system
but, in practice, the numerical solution is obtained by introducing a cutoff parameter N that
makes the system finite. If the mean-field time evolution had a point of non-analyticity, the

solution of the system of equations should display a non-trivial dependence of the mean-field
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parameters on the cutoff as N — oo.
Corollary 4.3.3 Lemma[{.3.9 holds true in particular for local operators.

The local equivalence with the mean-field time evolution can also be expressed in terms of

reduced density matrices:

Corollary 4.3.4 Let |¥g) a translation invariant state with cluster decomposition properties
and H € €. In the thermodynamic limit, the time evolution of the reduced density matriz
(RDM) of some spin block S is equal to the RDM in the state that time evolves with the

mean-field Hamiltonian:
ps(t) = trgle™ 1 [Wo) (Wo| M) = trg[U () [Wo) (Yol UT(1)] - (4.32)

4.3.1 Time-dependent GGE

We are now in a position to justify (4.10), and in turn (4.12)) and (4.13]). In the limit of small

g the expectation value of a local observable O reads as (4.9)
(Wo|eMt Oe MW g) — tr[(eHoT/9 |y (T| eH0T/9) TV 0TV | (4.33)

Since Hy is local, the state e *HoT/9 |Wo) has cluster decomposition properties beyond some
typical distance proportional to T'/g (in order to be outside of the light cone). Being V in &,
from Corollary follows that the time evolution under V is equivalent to that under the
corresponding mean-field operator. Indeed, introducing the constant J with the dimension of
an energy, we only need JT < gL (cf. ), which is trivially satisfied in the thermodynamic

limit. Thus we obtain
(Tole O™ ! [Tg) — tr[(e " H0T/9 | W) (Wo| T/ UT (T)OUG (T)], (4.34)

with
Up (1) = Texp(~i /O t ArVYE(®) (4.35)

Incidentally, we note that the time-ordering in lb can not be simplified because VI\%FT is
generally written in terms of conservation laws that are not in involution with one another.
For the sake of simplicity we assume that the time-dependent coupling constants of Vh\}[’g are

bounded. The operator U‘Jﬁ/ (T)(’)U‘7 (T') is then quasi-local with a typical range £ proportional

to T [179]. On the other hand e~#07/9 |) is the time evolution of |W) at the time (oo
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)T /g > T ~ &. In this limit, we can apply the findings of [39] and replace the state with the

corresponding GGE
tr[(e7HT/9 | Wo) (| T/ UT(T)OUG (T)] — trlpaeeUL(T)OU(T)] . (4.36)

The operator VI\l/I[/FT is obtained self-consistently by computing the expectation values of (quasi-)local
conservation laws, which, for late times, can be obtained from (4.36)). Therefore, in the defini-
tion (4.27)) of the mean-field Hamiltonian we can replace |¥o) by pacr

ZH trlpaceUL( )Her( )]

Hyo (T) — Hyp(T Hy. (4.37)

J=14#5

4.4 Pre-relaxation in XYZ models

In this section we investigate the pre-relaxation dynamics of a four-parameter family of spin
Hamiltonians. This family describes the integrable XYZ spin-1/2 chain in the limit of small
anisotropy in the z direction and in presence of small perturbations that can break integrability.

Specifically, we consider the time evolution generated by the following Hamiltonian

1+~ 1—x g gU gh
H = JZ( ojop + 1 ——ojol + 4@0@“ +7 JfoerQ) +5 Zaf, (4.38)
l

which has the form (4.1) with Hy = Hxy (4.14)) and

J z __Z zZ __Z h z
V:ZZ(U€U£+1+UUZGZ+2)+§ZU€. (439)
4 J4

For a fixed g # 0, the model is integrable for JU = h = 0, corresponding to the spin-1/2
XYZ model, and for JU = v = 0, corresponding to the XXZ spin-1/2 chain; otherwise it is
non-integrable.

Following the results of Sections [£.1] and [£.3] for g < 1 and large time ¢ in such a way that
T = gt ~ O(g"), the initial state can be replaced by the corresponding GGE of the unperturbed

Hamiltonian
t—o00

o) (Po| — pacE = E l‘lm lim trgle Xyt W) (W] etHxvl] (4.40)

and the perturbation V by its time average V (cf. (4.4)). We note that the free Hamiltonian

Hxy does not play any role in the pre-relaxation limit, because it commutes with pggg. In
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addition, the results of Sections and imply that the time evolution generated by V is
equivalent to the one generated by the associated mean-field Hamiltonian (4.27)).

The mapping into a mean-field problem can be decomposed in the following steps:
- Compute the time averaged perturbation V'

- Construct the mean-field Hamiltonian Hyip;

- Solve the time evolution under Hyr for any local observable.

In this section we will make intense use of the “symbol formalism” introduced in Subsection
of Chapter [2] this will turn out to be of great help in the calculations of the time average
of the perturbation V and the explicit form of Hyp(T).

Let us now consider the first step of our plan of attack: compute the time average of the
perturbation. We find that the three constituents of the interaction term in have the

following fermionic representation

1 1 . . ,
1 g 0004 = 1 E m%afzai/ﬂafﬂ, j=12, (4.41)
L )4

1 1 .
5 Z of = 3 Z iajay . (4.42)
¢ ¢

Neglecting the anomalous term (cf. [4.2]) the time average of the perturbation can thus be

written as a sum of products of time averaged quadratic operators as
Z Z U (1) A + HIYAY — AESAY) + b . (443)
s=0 j=1

The time averaged quadratic operators appearing on the right hand side of (4.43) are the
fundamental blocks of (4.18]) and read as

_ 1 1 .
H: = 52( 1)stoz o; = 52(—1)“2@?@%

14

gy _ — i—1 .Y 7'
Hj = Z *oy (07 Vol = Z 1)aga,;

Hj = 2 Z(_l)seag(afﬂ)jflafﬂ =5 Z )stiagag, ;
7

T I .
HYG =5 ) (=1%o} (07,,)  ofy; = 5 D (=) (=i)ajaf,,
l 14

_ 1 .
Hgg =3 Z(—l)seaéj(af+l)]_1ag+j =3 Z( 1)Sﬁzaéa£+] (4.44)
L l
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Since we have to compute the time average of quadratic operators evolving according to
a noninteracting Hamiltonian (c¢f. (4.14)) we can use the “symbol formalism”, in particular
Eq. (2.24). This allows to find the following exact result

) 1 g 1 T i (2) i2/(2)
O(k) = _lim T/dtO(k;,t) = lim /dtem RO (k) HD (k)
0

T—+o0 T—+o0 0
]- 1 7 z ;. z - z : z
= §O(k,0) +5 [Jzezgg ® o¥eiln/20 } O(k,0) {a’”ezga ® o¥eil/20 } , (4.45)
where O(k) is the symbol of a quadratic operator and --- denotes the time average. Here

we used the explicit expression of the symbol of the XY Hamiltonian (2.23) in the two-site
translationally invariant representation; we need to use the two-site invariant representation

because some of (4.44]) are invariant only by a two-site translation. The symbols of the operators

(@A) read
T2(0) = o7 (G0 Qa(k) = 7611 05(8)
T2 (k) = 6,0Q4(k) + 0,1 Qs(k)
174 (k) = 6,0Q3(k) + 0,.1Q7(k)
Y (k) = —0,0Qu(k) + 84,1 Qs (k)
AY5(k) = —0,0Qs(k) + 84,21 (k)
AE(h) = =577 (1) + (1= ) cos k) (0@ (h) = 1,1 05(k)
125(06) = ~ g [+ (1= )5+ cos )] (B0 Qa(h) + 8,1 @s(k)
FZ(8) =~y (1= ) + (14 7) c0sk) (0 Qa(h) +5,1@s()
() = gy (7+ 501 =) = (14 1)(=1)" c0sF) (5,0@alh) + 1 Qs(h)- (446)

Here we expressed the results in terms of the symbols of the local charges of Hxy (cf. (2.32))
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and (233))

Qu(k) = T (k) = e(k/2) [o"e'37" @ [oVeilhr2]

Qa(k) = Ifl(")(k) = cos(k/2)e(k/2) 1 @ [oVe/277]

Qs(k) = I@(e)(k) =sin(k)1® 1

Qu(k) = T (k) = sin(k/2) [07¢37 | @ 1

Qs(k) = T (k) = e(k/2) [0¥e'37 ] @ [o7e 2]

Qs(k) = T2 (k) = cos(k/2) [09¢'3°"] @ 07

Qr(k) = 72 (k) = sin(k) 0” ® o

Qs(k) = T2 (k) = sin(k/2)e(k/2) 0" @ [0 0277] (4.47)

As discussed in Chapter 2| (see also [68]), from the symbol of an operator it is possible to infer
its local properties. In particular, a smooth symbol is associated with a quasi-local operator.
If in addition the symbol has a finite number of nonzero Fourier components the associated
operator is local, this is the case of the operators in (the dispersion is cancelled by the
denominator of the Bogoliubov angle). Equations imply that H:Y, HY® are local while
o= ¥, H? are quasi-local, thus V (c¢f. ({.43)) is a member of the quasi-local extension of
the class £ studied in Section As previously pointed out, we expect all the theorems of
in particular corollary [£.3.4] to remain valid also for quasi-local operators. This guarantees the
time evolution generated by Hxy + gV to be locally equivalent to the one generated by the

following quasi-local mean-field Hamiltonian

[ _ S <FI§>T 72 j—1 <g:3y>T r7yx <H§JI>T 7Y
Hyp(T) =Hyy +2Jg § (U + (1)) =LA +Jg §5j Ui (THSJ- + LT )
Hp) (HY), _

—Jg § Ui- 1( L g THff) + hgH7, (4.48)

where (O) is the expectation value of the operator O in the mean-field description (cf. (4.36]))
(0) = Tr [Up (T)pacuUL(T)O) - (4.49)

To determine the time evolution generated by Hpsr(T) we need to solve the self-consistency
conditions encoded in (4.48)) and (4.49). To this end it is again convenient to exploit the
representation in terms of symbols. Using (4.46)), the symbol Hysr(k, T) of the time-dependent

mean-field Hamiltonian can be written in terms of the symbols {Qq(k),a = 1,...,8}, as
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followdl]

Hur(k,T) = —Q1(k) + gVur(k,T), (4.50)
8
Varr (k. T) = i Qalh) + 3 ok ) (). (4.51)
a=1

The coefficients are given by

L __l—I—COSk‘ _(0) . ~(1) 91 —cosk ()_~(1)
Cl(kayl) - 282(k'/2) (yl +y1 )+ % 2(]{3/2)( Y1 )
N 1+U ( ) cos k (1) ol —cosk o) .
ca(k; g —-2U +2U~ -9
(0 =2y 2T ECDRN

e3(k; G3) = ~U(1+42)3Y — U1 = 235"
)

calk; 1) = —(1+ )5 — (1 =)t

. 1+cosk, _(0) , -(1)
Cs(k,ys):m(% +957) = 2:2(k/2)

co(k; G6) = (1+ 7250 + (1 — )i

er(ks §ir) = U(1 + W“” + U1 =)

1—cosk 5
sz 5~ )

U—-1 cosk (1) 1+cosk, o) , -1
k) = 272 0) _ 9.2 S remr 4.52
cs(k;Js) = 2 (k/2)y8 y Ugg(k/Q)yg + 2(6/2) (U +Us), (4.52)
where we defined
JO(T) = / " eost®), (1) (4.53)
« _p2me(k/2)7 T
and
1
yalk, T) = STr [UHMF(k,T)FGGE(k)ULMF(k,T)Qa(k)] : (4.54)
T
Uiy, (k, T) = Texp [—i / ds Varr(k, s)} . (4.55)
0

Here we introduced I'ggr(k): the symbol of the correlation matrix (cf. Property ) in the
unperturbed GGE.
By taking the first derivative of (4.54)) with respect to T and using the (closed) commutation

algebra of Q, (k) we get

in(k.T) = s Zf“’ Y0 ki) Ty (kT (456)

By=1

The nonzero structure constants fk 287 that are not connected to one another by symmetry are

'From now on we set J = 1.
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given by

]?62 548 — 2f647 1382 746 — 2f845 (1 — coS k)
Ft = 20 =277 = —28%(k/2) F2 = 1% =207 = 2(1 + cosk) . (4.57)

The others follow from f7*7 = —f®%7. In particular Q;(k) and Qz(k) commute with all the
other charges, so y1 (k) and y3(k) are conserved and the system is reduced to 6 first order
integro-differential equations that depend on a continuous variable k.

The solution of entirely determines the time evolution generated by Hypr. Indeed,
the expectation value of any local observable in the pre-relaxation limit can be computed using

Wick’s theorem with the correlation matrix

a%n—l
y
Ap—1
< . <Q§Z—1 Ay _y Ay Ay )> -
Aon
iy,
8
T dk . 8y;(k,T)
_ S _i(n—0)k YilK, .
donly + /_7r 5 ¢ ; (0 (h)2) Qi(k). (4.58)
Here we defined
(afal)) = Uy (T)pacpUl (T)afa)] . ij=1,...L, a,B=u,y. (4.59)

Eq. (4.58) also means that the reduced density matrices of subsystems are gaussian at any
time, so the two assumptions @ and (]ED (see the end of Section |4.2)) could be also reformulated

as a single hypothesis of RDMs being gaussian.

Equations (4.58) and (4.56) are the main results of this section: they allow us to compute

dynamics of the expectation values of local observables in the pre-relaxation limit ¢ < 1 and
gt ~ O(g°) of the model described by the Hamiltonian by solving a nonlinear system
of equations, which is rather easy from a numerical point of view. We remind the reader
that g measures the strength of the perturbation breaking the symmetry which originates the

additional families of conserved charges of the unperturbed model.
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Reflection symmetry The Hamiltonian (4.38) is reflection symmetric, that is to say it is

invariant under the transformation
O-? - O-?—I—L—Z o€ {$7 Y, Z}7 (460)

where s is odd for reflections about a bond and even for those about a site.

The reflection operator acts on the Majorana fermions as follows

T . z Yy
ay — Z(H%‘)aﬁ-L—é

J

al = —i (H aj)a;H . (4.61)
J
Therefore the symbol H of a one-site shift invariant operator transforms as
HO (k) = oVHWD (k)oY (4.62)
while for two-site shift invariant operators we find

O.LI,’ ® Uy H(Q) _k O';E ® O'y S Odd
MO - o (—k) i (4.63)
"5 @ oY H(Q)(_k) 27 oY seven.

The symbols (4.47)) of the conservation laws have the simple transformation rules

Qrg(k) — (—1)°Qr8(k) . (4.64)

Since a shift by one site is equivalent to a reflection about a bond followed by a reflection about
a site, we recover the transformation rules pointed out in Chapter [2}

If the initial state is reflection symmetric about a bond, y;(k,t) = 0 for j = 3,4,7,8 (cf.
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Eq.(4.54])). Thus, the system of Equations (4.56|) can be reduced to

ik, T) = —2¢5(k; §5)° (k/2)ys (k, T') + co(k; 76) (1 + cos k)ys (k, T)

(0. T) = =2 (ks a1, T) + 2 s + b)) (k/ 2o, T)
(0, T) = 2630 (k. T) = (g + s (1 +cos s T).

(4.65)

We numerically solved these equations for different values of the parameters and identified

three distinct qualitative behaviours:

e Stationarity: The expectation values of the observables remain equal to the initial values

given by the unperturbed GGE (Fig.|4.1al).

e Local relaxation: The observables relax to a different stationary value: one-site shift in-

variance is restored in some cases (Fig.[4.1b|) while remaining broken in others (Fig..

e Persistent oscillations: The amplitude of the oscillations of the expectation values of the

observables does not approach zero (Fig.4.1d)).

It is worth remarking that, even when there is relaxation (at some intermediate times with

Jt > g_l), the stationary state is not thermal, being the local conservation laws of Hxy

with symbol proportional to Q;(k) and Q3(k) (namely the charges the preserve non-abelian

integrability) conserved also for the perturbed Hamiltonian.

4.4.1 Perturbations preserving integrability

Let us perform a qualitative analysis of the case U = v = 0, in which H (4.38)) is the Hamilto-

nian of the X X Z spin-1/2 chain. In this case the Hamiltonian is invariant under U(1) rotations

around the z axis, thus S% = %ZZ o; commutes with H. This drastically simplifies the de-

pendence on h of the time evolution of observables. In particular, the expectation value of the

one-site shift invariant conservation laws is independent of the magnetic field.

In this case, the system of Equations (4.65) can be rewritten as follows:

]— .M n n

50" (1) =y (T (T) =y (T)ws (T)

1 .M n n— n n
S () = =2y (1) + 3" N(D) " D)) () + (h o+ gy (1)) (T)
1. 1] [0 [0

~gUT) = 2y (1) + s T + D) (T — (h+ Ty (T
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(a) The correlators are stationary. This figure is
obtained for v = 2, h = 0, and U = 5. We find
stationary behaviour whenever the initial state
is reflection symmetric, y2(k) = ye(k) 0 (cf

[{53)), and h =0 (cf. (L.33)).
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(¢) The correlators rapidly relax to different sta-
tionary values. We verified relaxation up to gt =
1000. This figure is obtained for v = 2, h = 2 and

U =2 (cf [@35)).
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(b) The correlators rapidly relax to the same
stationary value, restoring translation invariance.
We verified relaxation up to gt = 1000. This figure
is obtained for v = 2, h = 1 and U = -2 (cf.
(14.38)).
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(d) The correlators exhibit persistent oscillations
on the time window explored. Inset: the amplitude
of the oscillations is still unabated at gt = 1000.
This figure is obtained fory =4, h=1land U = —2

(cf ([55)).

Figure 4.1: Time evolution of (¢{¢3) (red dashed) and (050%) (blue) determined by the Hamil-
tonian H (4.38)) in the pre-relaxation limit g < 1 with gt = O(g°); in this limit the observables

are functions of the rescaled variable T = gt

. The figures report four qualitatively different

behaviours that one observes varying the parameters of H.
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where we defined

il [ dp cos(np) 7] oy _ / Tdp
B0 = [ ). D) = [ S eostnen ). (@67

We note that, despite the denominator, ygn} are expectation values of (quasi)-local operators,

as well as yén(])- Indeed we have limy_, 1, Q2(k)/(1 + cosp) = finite.
To understand how the solutions of (4.66|) behave in time, it is useful to start considering

the n = 0 components. Inspecting (4.66) we find

T
s (1) = 41%(0) cos / dr (2h + 4m(7'))) y%(0) sin ( / dr (2h + 4m(7))) (4.68)
0 0
Here we defined
SZ z Q 1 z 1 X z X z
m(T) = 5 - ygl] (T) = s* — ( [2/>T =3 (of) + 3 (o7 107081 + Ug_lagag+1>T . (4.69)

We see that both yg)] (T) and C = (yéo] (T))% + (yg)] (T))? are conserved. In particular it is
convenient to consider the two cases C'= 0 and C' # 0 separately.
If C' = 0, the equations for different values of n are decoupled, and the solution of (4.66)) is

trivially given by

YU (T) =y (0) cos(2(h + 25°)T) + g (0) sin(2(h + 25%)T)

5
g (T) = y(0) cos(2(h + 257)T) — y"(0) sin(2(h + 25%)T) . (4.70)

For h # —2s7, local observables keep oscillating in time, otherwise, in the pre-relaxation
window, the expectation values of local observables do not move from the values reached at
times 1 < Jt < gL

If C # 0, is sufficient to look at to infer that relaxation is possible only if

) h
EITIEI;O m(T) = —5 (4.71)
T
. h
ElTlgréo‘/O dT(m(T) + 5)‘ < 00. (4.72)
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We see that m(T") could be interpreted as a sort of ‘induced magnetisation’ that A must compete

with. It turns out that (4.71]) and (4.72) are also sufficient conditions for the relaxation of local

degrees of freedom. This can be seen as follows. If the conditions (4.71]) and (4.72]) are verified,

m(T), yg)] (T') and y([io} (T') relax to a time independent value for long times and {i becomes

a linear system, which can be easily solved. Doing that, one can verify that all {yzm (T)} relax
to time independent values.
Therefore the variance

Am = lim (% /sztm(t)Q— (% /sztm(t))2>1/2, (4.73)

T—o0 T T

behaves like an ‘order parameter’ for the transition, indeed it vanishes in the region of the
parameter space where the system relaxes to time independent values and it is not analytic at
the boundaries of it (the first derivative is discontinuous).

Some aspects of the solutions of nonlinear systems like can be worked out analytically.
In the present context this would involve the study of quantum quenches from rather artificial
initial states. In Ref. [2], however, we considered the time evolution generated by the non-local

Hamiltonian

L L
H(g,\) == (ofof, +go7) + %(Z 05)2 . (4.74)
¢ l

In the thermodynamic limit, the time evolution generated by (4.74) is equivalent to the one

generated by

Hyo(t) = = (0F0f,, + h(t)o7) (4.75)
¢

as a consequence of corollary The function h(t) is the solution of the self-consistent

equation

t t
h(t) = § — 2) (Wo|T" exp(i / dTHﬁ%(T))ag Texp(—i / dfﬂﬁ%(f)yqf@ . (4.76)
0 0

The equations imposed by the self consistency conditions of the mean field solution can be
brought in a form which is extremely similar to . The advantage is that the qualitative
analysis can be carried out for more conventional initial states, such as the ground state of
the TFIC for a given magnetic field hg. The results of the analysis can be summarised by the
“quench dephasing diagram” in Fig.[4.2] which depicts in white the regions of the parameter
space where the relaxation happens and in grey the regions where there is a persistent oscillatory
behaviour. The appearance of oscillatory behaviour has been related to the presence of localised

excitations in the mean field Hamiltonian (4.75). Finally we note that in Ref. [2] we also
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Figure 4.2: Quench dephasing diagram of the model (4.74)) in the limit of small quench with
energy close to the ground state one. The dark region corresponds to persistent oscillatory
behaviour at any time after the quench.

excluded that (4.74]) and similar Hamiltonians (for example the one considered in [65]) can

lead to thermalisation in the thermodynamic limit.

4.4.2 Perturbations breaking integrability: linearisation

We now move to the case where the Hamiltonian (4.38)) is not integrable. In order to make

some progress we focus on quantum quenches starting from the dimer product state

M) =D M) =D
MG R Q —F=", 4.77
G = = @.17)
which is the ground state of the Majumdar-Ghosh Hamiltonian
J & 1
Ho = ZE_l G- Fev1 + 500 Feva - (4.78)

Despite the model being interacting, (4.77) is a two-site shift invariant Slater determinant,

whose correlation matrix has the following symbol
Muc(k) =0 @Y. (4.79)

The initial conditions for {y.(k)} (4.54) are determined by the GGE correlation matrix for
g = 0. They can be obtained by expanding I'vig(k) in the base of the symbols (4.47)) of the

conserved charges of Hxy (the remaining space is zeroed by the time evolution, as 1 < Jt cf.
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(T.36))

Q;(k). (4.80)
We find

14 cosk 1 —cosk

Taar(k;0) = k) —
Gar(k;0) 1+cos/~c+’}’2(1—cosk)g1() 71+C05k+72(1_003k>

Qs(k).  (4.81)

The only nonzero initial conditions are given by (cf. (4.54)))

1+ cosk
n(k,0) = ==
1 —cosk
ys(k,0) = —y = (4.8

The initial state is reflection symmetric about a bond, so we can use the reduced system .
As only ys5 appears in , for v = 0 (see previous section) the solution is independent of
time.

It is easy to see that also for h = 0 the system with the initial conditions has
a stationary solution. We therefore assume v, h # 0. Since ¢;(k;y;) are linear homogeneous
functions of y;, the magnetic field h enters into the equations essentially as a scale factor. It is

useful to rescale the variables as follows

5 2y, 2¢;
T =2hT = 2hgt €= — zj = — vi=—". 4.83)
2h J J v (

From (4.65)) we then obtain

Orza(k,7) = —€ 52(k/2)75(k, T)z6(k,T) + € cos> 276(1@ T)z5(k, T)

Orzs(k,7) = —evs(k, 7)22(k, 7) + (1 + e£2(k/2)va(k, 7)) 26 (K, T)
k

2
cos
8726(ka T) = 675(]{:7 T)Z2(k7 7-) - (1 + 652(k/2)72(k7 T))W/;)Zfi(kv 7-) ) (484)
with the initial conditions
ok
22(k,0) = z6(k,0) =0 z5(k,0) = —sin 5 (4.85)

For generic € the system of equations is not exactly solvable, but the limit of small € allows
a linear approximation. For not too large rescaled times (we will come back to this point
later) the terms that are multiplied by € in the last two equations can be neglected, while the

functions that appear on the right hand side of the first equation can be computed at O(€?).
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For z5 and zg we obtain the simple solution

k
.o k cos
z5(k,7) ~ —sin® = cos( 2 )

2 (k/2)
cos & cos &
26(k, T) ~ sin® k (k:/%) sin( (k‘/;) ) , (4.86)

while 25 is a slightly more complicated function that involves integrals over the momentum of

256, namely

sin k sin & dp cos & cos L
zo(k,T) ~ € / Z 9o (k k/%) + O'E(p/;);T). (4.87)

Here we defined

ia2 D 2 k 2p 2kgn2p
sin? 2 rcos? & cos? £ — 42 sin? & sin? 2 k
2 [ 2 2 2 2 4 ocos 2 cos L ) (4.88)

£(p/2) e(k/2)e(p/2) 22

9o (k,p) =

1 — cos(xT)

flz;7) = (4.89)
x
For small € and given 7, z2(k, 7) relaxes to the stationary value
esin® k 9 9 9
2o (k, 00) = o7 1-3v"+(2+4y°)cosk+ (1 —~ )cost} . (4.90)
Y

Let us now estimate the time window in which this approximation is appropriate. From ({4.86]

w

it follows that 5 and g decay to zero as 7~ 2. Instead, since zo approaches a nonzero stationary
value, 2 is of the same order of zo. This means that, as the time increases, the first term on
the right hand side of the last two equations of becomes more and more negligible with
respect to the other term multiplied by €. By neglecting the former we obtain essentially the

same solution as before (¢f. (4.86)), with the replacement
Tt aQ(k/2)/ dsa(k, ) = 7 (1 + € 2(k/2)2(k, 00)) + ... (4.91)
0

Being 72 ~ O(e), after a rescaled time 7 ~ }2, the correction to 256 becomes comparable with
the function itself. Assuming that the relevant part of the time evolution occurs within this
timescale, the linear approximation is justified only if |23] < 1 (and € < 1). For v < 1/2 we

find |2z2(k, 00)| < so we obtain the consistency condition

6’)/2 )

1
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(a) The time evolution of (Qs), = v [ £ 25(k,1), (b) The time evolution of (Q2), = v [ {Ez(k

where Q)5 is the conserved charge of H vy corre- where Q2 is the conserved charge of Hyy corre-
sponding to the symbol Qs(k) ([@.A47) for a time sponding to the symbol Qs(k) (4.47) for a time
evolution starting from the state [MG) ([£.77). The evolution starting from the state [MG) (4.77). The
parameters of the Hamiltonian are v = 0.2, parameters of the Hamiltonian are v = 0.2,
h =35 and U = —1, hence € ~ 0.029 (cf. (£83)) N =3.5and U = —1, hence ¢ = 0.029 (cf. ([@83))
and ~ fulfils the consistency condition of the and ~ fulfils the consistency condition of the
linearisation procedure. The analytical prediction linearisation procedure. The analytical prediction

of ([.86) (red dashed line) is in excellent agreement, ©of (4.86) (red dashed line) is in fairly good agree-
with the numerical data (blue line). ment with the numerical data (blue line). The

stationary value in the linearised approximation
2
(black dotted line) is (Q2) = (11722% ) (cf. )

Figure 4.3: The results of the linear approximation compared with those of the numerical
solution.

Figures [4-3a] and [£.3D] report a comparison between the solution of the linearised problem and
the full numerical solution of system for a set of parameters fulfilling .

From the expressions of z5(k,7),z¢(k,7) given in Eq. and of zo(k,T) reported in
Eq. , we can directly compute the time evolution of the expectation value of any local
observable in the pre-relaxation limit. Corollary indeed, allows us to apply Wick’s
theorem at any time (in the limit under examination) and the correlation matrix is given by
(4.58)).

Any integral involving z5 and zg approaches zero and ze becomes independent of time even
if not integrated. Therefore, in the limit and for large times the expectation value of any
local observable relaxes to a stationary value that can be described by the correlation matrix

with symbol
. , v21(k, 0) Y22(k, o0)
lim (ks 7) = 205/2) cos? (k/2)

oo T e2(k)2) (k) +

Qo(k), (4.93)

where the infinite time limit 7 — co®) must be understood within the limits of validity of the
linear approximation.

We point out that one-site shift invariance is restored, indeed the only contributions to the
correlation matrix at infinite times arise from Q; (k) and Qz(k), which are symbols of one-site

shift invariant operators. The manifestly one-site shift invariant expression of the correlation
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matrix in the limit (4.93) reads

) a
lim
T—00(*) a

—T

" dk —i(n—
( ay a?j )> = 5£n]12+/ gé’ (n=0)k F(l)(k)a (4.94)

Se 3IR

with

_ 4h+tan? kcos k(1 — 342 + (2 + 492) cos 2k + (1 — 4?) cos 4k)
B 4hsec? k

(k) oVe | (4.95)
where 0}, is given in Eq. .

Despite one-site shift invariance being restored in , the asymptotic value is not given by
the average over a shift of the expectation value of the operator in the GGE of the unperturbed
model. Indeed the one-site shift average of is proportional to Qi (k) (cf. (4.64)) but the
symbol of the large time correlation matrix has also a term proportional to Qa(k).

Consequently, the shift-averaged stationary values can not be recovered from the g = 0 ones.

For example we have (cf. (4.46) and (4.90)))

0%, 4+ 02
lim <ee> = 0(9) (4.96)
1<t 2
0%, |+ 02 2 3+4
i 24124>:_’V+0 4.97
2hgtl—r>20<*> < 2 16h (1 +7)? @) o

where we highlighted that there are O(g) corrections. Besides this particular quench in a
non-integrable model, similar issues can arise also in the integrable case, where it is generally
believed that at infinite time after the quench the expectation values can be computed in a

GGE constructed with the (quasi-)local conservation laws of the model.

4.5 Conclusions

In this chapter we discussed the pre-relazation, a dynamical phenomenon that arises when small
perturbations break symmetries affecting the late time behaviour of local observables. The
particular case where the perturbation breaks (abelian) integrability is usually called prether-
malisation, which is generally thought as a two-step process where local observables experience
virtual relaxation before approaching thermal-like expectation values. The relaxation process,
however, can also be more complicated, following many steps of quasi-stationary behaviour.
This happens in particular when the model is close to an integrability point characterised by

additional, non-commuting, local conserved charges (c¢f. Chapter . In order to extract the
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pre-relaxation behaviour one must therefore identify the correct timescale of the phenomenon.

We have considered the problem of pre-relaxation after quantum quenches in weakly inter-
acting models, starting from initial states with cluster decomposition properties, focussing on
the particular situation where the unperturbed Hamiltonian is one-site shift invariant and has
a non-abelian set of local conservation laws that break one-site shift invariance. Specifically,
we considered interacting perturbations to the XY spin-1/2 chain and investigated both inte-
grable extensions, like the Heisenberg XYZ model, and the effects of perturbations that break
integrability.

We identified the inverse perturbation strength as the relevant timescale of pre-relaxation
and studied the dynamics of local observables at times proportional to it.

A key result of our analysis is that, despite the model being interacting, the noninteracting
structure remnant of the unperturbed Hamiltonian survives the pre-relaxation limit and it is
manifested in the validity of Wick’s theorem. However interactions do affect the dynamics
by introducing a non-trivial time dependence in the effective noninteracting Hamiltonian that
generates the time evolution. The most striking effect is probably that, even if local degrees
of freedom approach stationary values, these can not be generally predicted without following
the entire dynamics.

We have shown how to recast the non-equilibrium problem into a system of nonlinear
differential equations involving expectation values of quasi-local operators. The system of
equations has qualitatively distinct solutions, which vary from trivial stationarity to persistent
oscillatory behaviour over the entire time window considered. We have not found any relevant
difference between integrable and non-integrable perturbations, suggesting that the scenario of
thermalisation in generic models arises at much larger times.

For the very nature of the local conservation laws of the XY model, in order to have a non-
trivial time evolution the initial state must break one-site shift invariance. For a particular
initial state of that kind we considered a limit in which the equations can be linearised and
exhibited the analytic solution, in which one-site shift invariance is eventually restored. The
regime worked out analytically shows quite clearly the importance of cluster decomposition in
the non-equilibrium problem. While, as mentioned above, the pre-relaxation limit is trivial for
one-site shift invariant states, a shift symmetrisation of the two-site shift invariant initial state
has a non-trivial time evolution. This is because cluster decomposition has been lost with the
symmetrisation. It is important to take into account such aspect when analytic predictions of
the late time stationary behaviour are compared with numerical data at times in which one-site

shift invariance is not yet restored.
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Finally, we would like to stress that our description of the pre-relaxation limit is based on a
few hypotheses. In particular, we neglected some “anomalous terms” (cf. ), proving only
the self-consistency of the conjecture. In the next chapter we will compare the results found
here with those found with a different technique: the first order EOM; finding an excellent
agreement. It is also worth mentioning that a number of careful checks against infinite time-
evolving block-decimation (iTEBD) simulations [176] confirmed the validity of the assumptions
presented here in the case of the XYZ spin-1/2 chain; a more rigorous analysis of the regimes

of validity of our approximations is, however, left to future research.
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Appendix

4.A Time averages of interacting operators

In this appendix we show the validity of Property The Property can be most easily

proven for Jordan-Wigner fermions

¢j (af —iad); (4.98)
the relation for the Majorana fermions a7, aA will then follow by linearity.
In order to proceed it is convenient to introduce the following notation
N c;r-(t) a=+
cj(t) = (4.99)
ci(t) a=-—

The relation between c', ¢ and the Bogoliubov fermions b'(k), b(k) that diagonalise the unper-
turbed (noninteracting) Hamiltonian Hxy (4.14]) can be written as

o (t \F >N U (k) gbg(k)e PRt (4.100)

k B==%

Here U(k) is the 2 x 2 matrix defining the Bogoliubov transformation, ¢ is the dispersion

relation
e(k) = Jy/cos? k + ~2sin® k (4.101)
and we set
bi(k) B=+
bs(k) = { *) (4.102)
b(—k) §=-—
The relation (4.18) is then equivalent to
Z ¢ c02 oo coa — Floreadd + Alaraal (4.103)
]—i—nl ]+n2 ]+n3 J+n4 {ni..na} {ni..na}’ '
where fgg:gf}} is a factorised term
{{7‘:11 Sf}} - Zcm €02 i3 el — ¢Oel? ¢O2clt 4¢3 el (4.104)
S S S S S

96



1
el == (—1)5402‘+nlc§+n2 (4.105)
——

and fl%:i:ﬁ is the remaining contribution. Using (4.100) we can explicitly carry out the time

average and the sum over £ in (4.105). We obtain

b, =2 etk (1)o7 (a5k)ob. (K)bs (0 fks) (4.106)
S—— L

where & = —a and we defined ks = k + ms. Analogously, (4.103) reads as

1

- M2 ¢ M =
L Z Cjtn1 Citna Citns Cjtna
J

4
1 iajnk; aj
= 2 E H <€ ’ Jk]U(kj)BJJ) bg, (kl)bBQ(kQ)b/BS(k3)bﬁ4(k4)5a1k1+a2k2+a3k3+044k4
{k;} =1

X 01k )+Bae(ka) +Bae(ks)+Bac(ka) - (4.107)

In order to compute the sums over the momenta it is necessary to solve the constraints given

by the Kronecker deltas, i.e.

a1k + agks + asks + agks =0

Bre(ky) 4 Boe(ka) + Bae(ks) + Bae(ks) = 0. (4.108)

Some of the solutions to these equations can be found by requiring the terms of (4.108) to

cancel in pairs. This would give

5a1k1+&2k2+a3k3+a4k46B1€k1 +B2eky +B3Ekg +Back, — Z Ai + A; + A3, (4'109)
s=0,1
with
A3 = 65, 5,05, 5,001 kr ccrka o Oighs cusk (4.110)
A‘; = 5,81,535&,54651116170437?3,56072k2,044k4,s (4-111)
Ag - 6517345/32,535511161,044764,56@2762,043163,3 : (4-112)

For a generic dispersion relation it is reasonable to expect these solutions to be the only ones.
For the specific dispersion considered, (4.101f), Equations (4.108)) admit other solutions in the

thermodynamic limit. We call these anomalous solutions because they depend strongly on the
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A{“1 b i (14.103) is

.na}

precise form of the dispersion relation. We now show that the term

exactly the contribution arising from these solutions, i.e.

4
101 ... X 1 ioni ks [e7]
Floeed — = 3 S TT (™™ U )5 ) by ()b (k)b (ks g, (k)

k1,k2,k3,kq s=0,1 j=1

<A+ AL+ A3}, (4.113)

We stress that the operator A}Zigﬁ will be nonzero only in the thermodynamic limit.

Considering, for example, the term containing As, we have

4
L S S TL (057 ) s (ko) (o, (k1) A =

k1,k2,k3,ks s=0,1 j=1

1 ) _ . B ) .
_ ﬁ Z Z ezal(nl na)p+iaz(na n4)q6m387r€m457TU<p)g11U(Q)(E;
p,q 8:071

x Ulonasps) 3’ Ulaoaads) 5 bs, (p)bs, (0)bg, (a103ps)bj, (2aads)
= — Z colenden?ent +O(L™ ) , (4.114)

ni TL3 n2 "na

501
s

where we used the commutation relations of the {bg(k)} in the last step. Although the terms

.7-?{2‘ 1 34}} and A{a1 34%’ are in fact multiplied by L in the time average of (4.15)), the possible

corrections O(L~!) in (4.114) (which would result in corrections O(L) in the effective Hamil-

tonian) are locally irrelevant, because their density approaches zero in the thermodynamic
limit.

We obtain analogous results for A; and Ag, that is to say (4.103)).
Remark We point out that for other dispersion relations (still with the properties (k) =
e(k+m) and (k) # e(k+ m/n) for generic k and n > 1) the anomalous terms could be

factorised as well. Generally in such situations the factors have a very simple time dependence,

e.g. a single oscillation frequency. As a consequence, relaxation is ruled out.

4.B Towards a mean-field description
In this appendix we prove the Lemmas of Section

Lemma 4.B.1 If O € &, the operator norm (i.e. the maximal eigenvalue in absolute value)

of O/L is bounded.
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Proof The proof is straightforward. Let us expand O/L as in (4.22):

N\G

Yo
=> - 0f) (4.115)
J=1 L J

where (’)7(72;) have local densities, that is to say, they can be written as follows

049 =3"o9,, (4.116)

m

(4)

with o il local operators. We immediately find the chain of inequalities

O, L1 L 00 ol N
1D 7 10909 < ST = e | 2 < Y (max | o) ). (4.117)

7j=1 Jj=1 J=1 e
The right hand side is clearly O(L®) because N and n; are finite by definition and og?g are

local.
Lemma 4.B.2 If 0,0 € &, then [0,@] € & as well.

Proof Without loss of generality, we can restrict to two single terms of the expansions (4.22])

of ©® and O. The commutator of the two terms reads as

(@) . (9) AT —
[Ln —1(9 07(%) L —10] 07(1])] -
Lnﬁnrz ZO O~ 1O(j) @z(aj—)l[ol(;)v@g)]ol(cll - O] )O;(;Ql @%) (4.118)

Since [(’),(:), (7)1(,j )] have local densities (the commutator of two local operators is nonzero only
if there is a region on which they both act non-trivially; in addition, its range is smaller than
the sum of the ranges of the two operators), the number of extensive operators exceeds by one

the exponent of 1/L. Thus, [0, 0] € £.

Lemma 4.B.3 (viz. Lemma Let O € € and |V) a state with cluster decomposition
properties. The expectation value of O/L in |¥) can be reduced to the expectation values of the

local translation invariant operators it consists of:
Jim (U5 ) = lim J[ == (4.119)

Proof Let us consider a term (4.24)) of the expansion (4.22). Its expectation value (per unit
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of length) is given by

Hy H, 1
(W SRy = — ST Wk b, B (4.120)

L
01,0ln

where ;g are local operators acting non-trivially only around £; and such that

Hj = hjy, . (4.121)
L
By cluster decomposition we have
hie o (lhye, |¥)  (Y]hny, V)
177 P2 R LI/ g it on L 4.122
Z (¥|= ) Z 7 T A6 L), (4122)
|ej—zj,|>2>§1 (Vi#i") |zj—ej/|>§>§1 (¥3#3")

where limg_,o0 limy o0 f(§, L) = 0. The difference between (4.120) and the left hand side of
(4.122)) can be bounded from above as follows

hy e ) n\ §
‘ 3 <x1:17’1.--7’”|\1z>‘ < —max‘(lll|h17g ---h%mj)‘%o. (4.123)
£, ln L L 2)L (¢ !
e —2r1<€ (35#5")

Analogously

7 \II\I’ L < || WUlh;,. ’ 0, 4.124
| leme L L 1= \2)T :1< ol o
\éj—ﬂj/\,Sé (3i#4") j

so that
o Tt By T < e g+ 001/) (4.125)

Being ¢ arbitrary, we can take the limit lim¢_, limz o, obtaining (4.119)).

Lemma 4.B.4 If the state |¥q) has cluster decomposition properties and O € &, the mean-field

Hamiltonian satisfies the following identity:

(Wo|U (t)[Hur(t), —]U (t)|Wo) (Wo|UT(#)[H, =]U ()| Wo) (4.126)

=G
=1

lim = lim
L—oo L—o0o

where U was defined in .
Proof Let us consider a generic term (4.24)) of the expansion (4.22) of H
1

Ln—l
100

H=

Hy---H,. (4.127)



The corresponding term (4.27) of the mean-field Hamiltonian (4.27)) is given by

(Wo|UT(t H ;U () \I/0>
Hyo (1) Z 11 | | : (4.128)
=1 j#¢

By taking the commutators with O we find

n f— 1 n
ZH H" H Hf (4.129)
(=1 j=1 =/(+1
[HI\\I,/[% ZH \I’O‘UT ) ( )“IIO> [HKI;O] ) (4_130)
0=1 jH£L

Because |¥g) has cluster decomposition properties and the mean-field Hamiltonian is local at
any time, the state U(t) |¥0) has cluster decomposition properties as well (the only difference

with respect to |Wp) is that the function f of (4.122) is now time dependent). Finally, by

Lemma in the thermodynamic limit the expectation values of (4.129) and (4.130) in the
state U(t) |¥q) are identical, that is to say (4.126)).

Lemma 4.B.5 Let |Vy) be a translation invariant state with cluster decomposition properties

and H,O € £. The time derivatives of the expectation value of O/L in the state evolving with
Hy2(t) fulfil

d—nLhm <\110|UT(75)%U(75);\1/0> =i" lim (Wo|U'(t) [H, [H,...[H, %]...]U(t)y\yo> (4.131)
—00 —00 ——

n

Proof We proceed by induction. First of all we see that for n = 0 the property is trivially

satisfied; let then the property be true for n, we have

n+1
ey Jm (o0 () O w0) = " m (W[ 0) (B [H, .., T )10 (0)00)
= nt! Llim (o|UT(t)[Hyr(t), [H, [H,...[H, %] UG
00 N——
= Jim (Wo|U'(t) [H, [H,...[H, %]...]U(t)\\llo) : (4.132)
—00 N———’
n+1

In the second step we used Lemma and Lemma This concludes the proof.

Lemma 4.B.6 (viz. Lemma[4.5.9) Let |Vg) be a translation invariant state with cluster de-
composition properties and H,O € £. Let the expectation value of O in the state that time
evolves with Hl\q;[%(t) be an analytic function of t in the strip |Im[t]| < r, with v a nonzero

constant. In the thermodynamic limit, the time evolution with H can be replaced by the time
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evolution with the mean-field Hamiltonian:

O . . 0O
lim (Wolet == Wg) = lim (Wo|UT(t)—=U(t)|¥) . (4.133)
L—oo L L—oo L
Proof We define
_ O
f(t,s) = lim (Wo|UT(t)es =0 (1) W) . (4.134)
L—o0 L
By Lemma we have
o o
—f(t,0) = =— t 4.1
a6 = gl (5) (4.135)
indeed
O e intt [H,[H,..[H, 9]...]. (4.136)
8tn t=0 L | S —— L

By assumption, f(¢,0) (which corresponds to the time evolution with the mean-filed Hamilto-
nian) is analytic in the strip |Im[t]| < 7, so the convergence radius of the Taylor expansion at

t = 0 is larger than or equal to r. Thus we have

t:Of(O’t) = f(0,7), |T| <r.  (4.137)

f(1,0) = Zﬁ% tzof(t’o) = Zg%

n

Let us call ¢, a time such that f(¢,0) = f(0,t) for any 0 < t < t,. As before, the function

f(t + 7,0) is analytic in the strip |Im[7]| < 7, so we have
fern0) =S T 0 =S T oy = fot 1), frl<r. (4138)
’ — nlotn — nl ot ’ ’
That is to say
F0)=F0,t) Vt<t, = f(t,0)=f(0,1) Vt<t,+T. (4.139)
Since 7 is finite and (4.137]) holds, we conclude

f(t,0) = f(0,¢) Vi, (4.140)

which is exactly (4.133)).
Corollary 4.B.7 (viz. C’orollary Lemma holds true in particular for local opera-

tors.

Proof By translation invariance, the expectation value of any local operator O is equal to the

expectation value per unit of length of the operator O, € &£, obtained by shifting O along the
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chain and summing all the (L) terms.

Corollary 4.B.8 (viz. Corollary Let |Wo) a translation invariant state with cluster
decomposition properties and H € £. In the thermodynamic limit, the time evolution of the
reduced density matrix (RDM) of some spin block S is equal to the RDM in the state that time

evolves with the mean-field Hamiltonian:
ps(t) = trgle™ " [Wo) (Wo| M) = trg[U(¢) [Wo) (Yol UT(1)] - (4.141)

Proof This is a direct consequence of Corollary

Corollary 4.B.9 Let H € £ and |¥) a state with cluster decomposition properties. If |U) is

an excited state of the corresponding mean-field Hamiltonian Hl\‘l/’[F
Hyp V) = By |0) | (4.142)

the expectation value of local observables in e~ | W) is independent of time. Therefore, |¥)
behaves locally as an excited state of H.

The reverse is also true. If an excited state of H is locally equivalent to a state with cluster
decomposition properties, then the latter is an excited state of the corresponding mean-field

Hamiltonian.

Proof Clearly the mean-field Hamiltonian Hyyp. is the solution of (4.27). Being U(t) |¥) o |¥)
(cf. (4.28))), by Corollary the expectation value of local observables is independent of

time. The reverse holds true for analogous reasons.

4.C Self-consistency check of condition (4.20)

Here we show that neglecting the anomalous term LAJ{[zizj}} (cf. (4.103) in the time averaged

Hamiltonian is a self-consistent approximation. To this aim, we consider the time evolution of

{ai...as}
{nl...n4}'

In Section and Appendixwe proved that, as long as O is a local operator (but the class

—iHt

a Slater determinant |¥o) under the Hamiltonian H, obtained from H by removing L.A

of allowed operators is in fact larger), e can be replaced by the mean-field time evolution

operator U(t) (4.28). Here we show that inserting LAE:[::;% back at time ¢ does not change

the expectation value of local observables. In other words we are going to prove

lim L (Wo| U ([ Af2 213, O]U (1) Wo) = 0 vt, (4.143)
—00

1...TL4}’
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where O is a generic local operator.
Using the notations of Appendix any local operator can be written as a linear combi-

nation of operators of the form

1 )
0= Czll s CZ: = n/2 Z fn%lﬁ({gl}le})bUl (pl) e bcfn (pn) ) (4'144)
{p:i}
where
Fafsy Qo) = [T (v mg) (4.145)
n{Bi}\ W R ] Yhi) '

If n is odd then (4.143) is trivially satisfied because U(t)|¥q) is a Slater determinant by

assumption and hence the expectation value of an odd number of fermions vanishes. We

therefore focus on the case n = 2m. The anomalous term Aizizﬁ of (4.103) can be written

as follows

aq...¢ ]- (o7 . a; . - — —
Afrnd = 22 20 D0 PSR Fa (5 (U | (ki) bs, (kn)bg, (ka) g, (ks) s, (ks)
k17k2 123371_64
(4.146)
where k3 and k4 are the anomalous solutions of system (4.108)), i.e. they are implicit functions

of k1 and ko defined by the system (4.108]) and in addition fulfilling
k1ot ksa#0, ks + ks #0, (4.147)

almost everywhere. Since |W;) = U(t) |¥g) is a Slater determinant, we can use Wick’s theorem

to compute expectation values. We then have

L (0| A2 01F,) = L (T A28, (8,0 F,)

{nl...n4} {nl...n4}

+ LC[AL e O, 4 Ley[Al 4 0], (4.148)

ni..nqg}

where Cy [AE:izﬁ O); contains terms in which two of the b’s in A}zizﬂ are contracted to-

gether and the other two are contracted with two b’s in O; Cy4 [A}Zizﬂ O); contains all the

terms in which any b in A%Zi:ﬁ is contracted with a b in O.

According to the definition of A}Zizﬂ, any Wick’s contraction among b’s in it gives zero

(because of (4.147))), hence the only non zero contribution to (4.148) arises from C4[.A

{al...a4}0]t'

{ni..na}

To conclude the proof we will show that the terms in Cy4 [A{al"'a4} Oy scale as O(L~2) and in

{ni..nq}

the thermodynamic limit their contribution can thus be neglected. To this end it is sufficient
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{041.‘.(14}(9]2t

to consider a typical element of Cy4 [A{nl.--n4}

[ ]
1 | | —— | |

Wfoézabﬁl (k1)bg, (k2)bg, (k3)bg, (k1)bs, (p1)boy (92)boy (P3) - - bay,, (P2m) , (4.149)

where sums over the momenta {p;}, {k;} and the indices are understood, and we defined

ba(p)bs(q) = (Ti[ba(p)bs(q)|¥y) (4.150)

GO = REN N ED R U kD Fa ({63 pi) - (4.151)

The 2m + 2 sums over the momenta are reduced to m by the Kronecker deltas arising from the
Wick contractions. Because the number of factors L~! exceeds by two the number of sums,

the term turns out to be O(L~2). The validity of Equation (4.143)) is then established.
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5. Prethermalisation and thermalisation in

models with weak integrability-breaking

In the previous chapter we studied the effects of weak perturbations on the dynamics of a
particular kind of integrable models, here we move to consider the general case where the
unperturbed integrable model is generic. As discussed in Chapter [I] this is the physical setting
in which prethermalisation is expected to occur: the system reaches some quasi-stationary
state where local observables show non-thermal plateaux described by the underlying integrable
theory. We focus on a class of spinless fermion models with weak interactions which can be
thought as interacting Peierls insulators [66,77] with an additional next-nearest-neighbour
hopping term. We attack this problem by means of equations of motion techniques that can
be viewed as generalisations of quantum Boltzmann equations. The method presented here is
benchmarked against time dependent density matrix renormalisation group computations and
is found to be very accurate as long as interactions are weak. For small integrability breaking,
we observe robust prethermalisation plateaux for local observables on all accessible time scales.
Increasing the strength of the integrability breaking term induces a “drift” away from the
prethermalisation plateaux towards thermal behaviour. We identify a time scale characterising
this crossover to be proportional to the inverse of the strength of the perturbation squared:

much longer than the prerelaxation time-scale of the previous chapter.

5.1 The model

We consider a system described by the three-parameter family of spinless fermion Hamiltonians

L

H(J2,8,0) = = > 1+ (=1)'6] (el +f 1)
=1
L

L
—Js Z [czrclJr2 + CLQCI] +U Z nni41 , Cry1 =01 (5.1)

=1 =1
Here ¢; and cj are spinless fermion operators on site i, obeying the CAR algebra (cf. Eq. );
the hopping amplitudes J; and Js describe nearest-neighbour and next-nearest-neighbour hop-
ping respectively, while 0 < § < 1 is a dimerisation parameter. Finally there is a repulsive
nearest-neighbour density-density interaction of strength U. From here onwards we set J; =1

and measure all the energies in units of J;.
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There are several limits in which becomes integrable: (i) U = 0 describes a free
theory; (ii) 6 = J2 = 0 corresponds to the anisotropic spin-1/2 Heisenberg chain [180] (in
external magnetic field along z); (iii) the low-energy degrees of freedom for Jo = 0 and §,U < 1
are described by the quantum sine-Gordon model [79]. Away from these limits, the model is
non-integrable.

The Hamiltonian H(Jz,0,U) is invariant under the following transformations of the ¢;’s

a. Global U(1) transformations: U(¢)
¢ = U(@)aUT(¢) = e%e;, ¢ el0,27], (5.2)

b. Two site translations: T5

C; — TQCiTgL = Ci+2, (5.3)

c. Bond inversion with respect to any bond j: B;
C; — BjCiBJT = C2j—i+1 - (54)

Here we will be interested in the weak interaction regime U < 1, a convenient basis for
analysing quench dynamics is obtained by diagonalising the quadratic part of the Hamiltonian.
This can be done combining a two-site Fourier transformation and a Bogoliubov transformation;

the calculation follows the same lines as the one carried out in Chapter [2| and results in

H(J2,6,U) =Y > ey(k)ah (k)on (k)

n=x k>0

tU Z Z Vn(k)a;rll (kl)a:rm (kQ)a% (k3)an4 (k4) . (5.5)

Here we have introduced the notations n = (n1,72,m3,m4), k = (k1, ko, ks, k4) and k > 0 is a
shorthand notation for k; > 0 for all i = 1,...,4; the operators a4 (k) are momentum space
annihilation operators obeying CAR in the form {o,(k), al(q)} = 0,u10k,q; the single particle

dispersion relation is given by

en(k) = —2J3 cos(2k) + 2n+/62 + (1 — 62) cos?(k) , (5.6)

and finally the interaction vertex factor can be written in a conveniently antisymmetrised form

1
Vn(k):—Z > sgn(P)sgn(Q)Vy, e i nas Kous Kays Kipas Figa) (5.7)
P,Qe Sy
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where P = (p1,p2) and Q = (q1, ¢2) are permutations of (1,2) and (3,4) respectively and

cilks—ka)

Va (k) :T (7717726%0161 ©) €_i¢k2 ©) + 773774€i<pk3 © e_i‘Pk4 (6)> 5k1 —ko+ks—k4,0

cilks—ka)

t—7 (7717726“"’“1(5)6_“9’“2(5) - 773774ei“’k3(5)6_i“0k4(5)) Ok —koths—katr0-  (5-8)

The Bogoliubov angle ¢ (d) is given by

itk _ cosk +idsink
Vcos2 k + 62 sin? k .

(5.9)

The transformation between the fermions ¢; and the Bogoliubov fermions o (k) can be com-

pactly written as

o= = 30 30 kD) h) (5.10)

k>0n==%

where the coefficients are given by

V(25 — 1, k|6) = e KD 4 (25, k|8) = e RH e ion0) (5.11)

5.2 Setting of the problem

Our protocol for inducing and analysing non-equilibrium dynamics is as follows. We prepare
the system in an initial density matrix po that is not an eigenstate of H(J3,0,U) (i.e. does not
commute with H(J2,9,U)) for any value of U, importantly also for U = 0. Then, we evolve it

in time by means of H(J3,0,U)

p(t> — e_itH(JQv(;vU)pOeitH(J%avU) . (512)

For U = 0 our model is non-interacting, and concomitantly in the thermodynamic limit ex-
pectation values of local operators relax to time independent values described by a generalised
Gibbs ensemble (GGE). In the following we analyse how a small integrability breaking in-
teraction U > 0, which is expected to drive expectation values of local operators towards
stationary values described by a Gibbs ensemble (GE), changes the non-equilibrium evolution.
In other words, our main goal is to compare the expectation values of local operators for time
evolution with the integrable Hamiltonian H(J2,0,0) and (weakly) non-integrable H(J2,d,U)
respectively.

As mentioned in Section [£.1] of the previous chapter, even when the interaction is zero the

stationary values of local observables in the GE and GGE are different, i.e. their difference is
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O(U?). Consequently, performing the comparison discussed in the last paragraph, one could
expect that the expectation value of the observable evolving according to H(J2,d,U), would
immediately separate from the other and evolve towards its thermal value. What happens for

1 as we will see later) the

small U, however, is instead very different, for long times (¢ ~ U~
observables evolving with the two different Hamiltonians remain close, more precisely their dif-
ference is O(U). Even more interestingly, they show a quasi-stationary behaviour approaching
values which are O(U) close to the one given by the GGE for U = 0. This is the realisation in
our setting of the prethermalisation phenomenon. The first observation of robust prethermali-
sation after quantum quenches in the model with Jo = 0 has been performed in Ref. [66],
by numerical and analytical methods. There, no evidence for eventual thermalisation was found
on the accessible time scales. Our purpose here is to go beyond the approximations used in that
work, in order to understand what happens at even later times: we will show that for ¢t ~ U2
the local observables continuously move away from the quasi-stationary prethermal plateaux
towards the values predicted by the GE. To the best of our knowledge, Ref. [3| in which we
reported our findings, has been the first work to clearly observe both prethermalisation and
thermalisation in a one dimensional model.

We note that in the Jo = 0 case the dispersion has the same form as the one of the XY
model (with 0 playing the role of 7); in particular it has the symmetry e; (k) = —e_(7m — k)
which causes combinations like al(k‘)at (m — k) to be conserved in the free model. This is thus
an other example where one expects the pre-relaxation behaviour to appear; the expectation
value of the “anomalous” charges is zero on the initial state considered in Ref. [66] and that is
the reason why no pre-relaxation was observed there.

Finally, we stress that our protocol differs in a very important way from the weak interaction
quenches analysed previously [72,/181]. In these works there is no dynamics at all for U = 0.
Hence quenching the interaction from zero to a finite value simultaneously breaks integrability
and induces a time dependence into the problem. This masks the interaction induced modifi-
cation of the integrable post-quench dynamics and is the reason why no prethermalisation in
our sense was observed in those works.

Let us now specify the precise form of the initial states used and the observables considered.
The time evolution is started from states of the form

e~ BiH (J2,6:,U;)
Po = p(ﬁza ‘]22" 6i7 UZ) = Tr[e*ﬁH(JQiyéi’Ui)] ) (513)

these states include, as a particular case, the ground state of the Hamiltonian H(Jy;,d;, U;),
however the class (5.13)) allows to access the dynamics for a larger range of energy densities. In
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this chapter we will focus on the case where the initial state satisfies Wick’s theorem, specifically
we will consider py = p(Bi, Jo = 0,0;, U = 0).

We use equation of motion (EOM) techniques [72,/182] analogous to the ones employed in
derivations of quantum Boltzmann equations [75|/76]; techniques similar to the ones we employ
here were also used to analyse quantum quenches in the case §; = éy = 0 in Ref. [181]. The

EOM technique consists in obtaining evolution equations for the two-point functions
n(k,t) = Tr [ p(t)ad, (K)o, (k)| (5.14)

where o (k) are the Bogoliubov fermions of the final Hamiltonian H(J2, ¢, U); throughout this
chapter the quantities (5.14) will be called “occupation numbers”. Since pg is noninteracting,
we can easily evaluate (5.14)) for ¢t = 0, it yields to

0s(pr(67) — pr(8:)) tanh(Bef (k) /2). p

sin(px (7) — x(07)) tanh(Bel) (k) /2) , 1t

£, (5.15)

N
N

(5.16)

Here the dispersions e&o)(k) are given by (i with Jo =0 and 6 = 9;.
Given the expectation values ([5.14), we may readily calculate the single-particle Green’s

function

G(j,l;t) = Tr[ cy cl} =7 Z Z Y, (K, )y, (ks Dy (K, 2) (5.17)

k>0 p,v==%
The single-particle Green’s function represents the main object of interest in this chapter; from
the symmetries of the Hamiltonian (and thus of the initial state) the following properties of

G(j,1;t) can be derived

G, l;t) =G(J + 2n,l + 2n;t), (5.18)
G, Lt) = G(j,2) — Li1)", j-l=2n, nez, (5.20)

we note that Re G(j,1;t), for j — 1 = 2n, is constructed only using diagonal occupation numbers

npu(kst).

5.3 Equations of motion

The EOM are derived by considering the time evolution equations of the bilinears 7, (k,t) =
aL(k;, t)aw (k,t) in the Heisenberg picture, a closed system is then obtained by truncating the
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expectation value of the Heisenberg equations on the initial state. This is done assuming
that the four and six particle connected cumulants in the correlation functions of the fermions
a (k,t) can be neglected at all times. In this section we present the derivation of the EOM
following the steps set out in Ref. [75], for deriving quantum Boltzmann equations. The

Heisenberg equations of motion for 7, (k,t) are of the form

%ﬁw(k, t) = i [H i (k, 1)) = e (k)i (k) +iU Y Y Y (k,q)An(gq,t) (5.21)
n gq>0

where we have defined €., (k) = €,(k) — €,(k), Ay(q,t) = a%l(ql, t)Ozi]2 (g2, t) 0, (g3, t) o, (ga, t),

and

YL (K, @) =60,40k.0: Vinnans (@) + 6,50k g5 Vipnopna (@)

= 0,020k g2 Vi vnana (q) - O0,m1 Ok,q1 Virmansna (q). (5.22)

We now consider the Heisenberg equations of motion for the operator A,,(q, t), which read as

O Anla.t) = i [H. Ay(a.0)] =iEy(a)An(a.t)

ot
+iU DS Va0) [Ay(p.0), Aga )] . (5:23)

Y p>0

where Ey(q) = €, (q1) + €5,(q2) — €55(q3) — €,(qa). Integrating (5.23) in time and then taking

an expectation value with respect to our initial density matrix pg, we have

(Ap(q.t)) = (4,(g,0)) (@

+iU / ds >y @V () (| Ay(p, 5), Ay(a,5)|) - (5.24)
~

p>0

Substituting this back into ([5.21]) leads to an exact integro-differential equation for the mode

occupation numbers n,,, (k,t) = Tr[pofu (k,t)], which takes the form

Py (B, 1) =i (k)nyu (b, 1) +iU Y Y Vi1 (k, q) (Ay(q,0)) eFn(@)
n q>0

t .
e /0 153" S (Ay(p, 5)An(g, 5)) Y1 (k, @)t En @1 (p)

7Y q,p>0

g / ds 3" 3 (Ay(p.5)An(a. ) YL (kp)d I PV,(g). (5.25)

0 7Y q,p>0
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As Wick’s theorem holds for all initial density matrices py we consider, the expectation value
(Aa(g,0)) can be expressed in terms of the mode occupation numbers nqg(k,0). The eight-
point average in ([5.25) can be decomposed as

(Ay(p,)Aala,)) = f({nap(k,1)}) + C[(A4(p, ) Aala, )],

where the first term is the result of applying Wick’s theorem, and C [- - - | denotes terms involving
four, six and eight particle cumulants (the eight particle cumulant does not contribute because
of the antisymmetric structure of ) In order to turn into a closed system of
integro-differential equations we now assume that the four and six particle cumulants can be

neglected at all times. This leads to the following system of equations

P (b, 1) = i€ (K)nyu (B, 1) + 40 > Vypnau(k, g, g k)ei e @in (5 0)ny,., (¢,0)
Y1273 ¢>0

— 44U Z vazwm k.q,q,k)e e (K)? levﬂs(q)t”u%(k 0)n4245(¢, 0)
717273 ¢>0

t
_UQ/ dtlz Z Lzu(klvk2ak3§k3t_t/)”ww(klyt/)nvsm(k%t/>”v576<k37t/)
0 5 k1,k2,k3>0

- U? / Aty " N K (R ks Byt — )y, (k1 )1y, (o, t) (5.26)

Y k1,k2>0

Here 4 = (71 ...76) and explicit expressions for the kernels are given by

Kly(kl,k% kit) =4 Z ZXIZ;llz’Snn N (s ke t),

k3,ka>0n,n’
L7, (ky ko, kg ki t) = 8 © > XMW () s o) — 16 XSO (1,5 k3 t)
N ks4>0 n
X2y v; ;1) = Y, (K, ) V(@) — (v, k) <> (n, q). (5.27)

The solution of the set of integro-differential equations is numerically demanding.
We designed an algorithm that scales as L? x T where T is the number of time steps and
L the number of lattice sites. This allows us to reach long times Jit ~ 80 on large systems
L ~ 320 (a similar scaling was proposed in Ref. [181]); the maximum time reachable is set by
the appearance of revivals.

We note that Eqs. are the result of a “second order” approximation: we approxi-
mately take into account the effect of the four-particle connected cumulants in the expectation
value of (with respect to pg) by means of the Egs. . A less accurate approxima-

tion would be to completely neglect the four-particle connected cumulant from the expectation
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value of (5.21): this would give rise a simpler system of equations that we call “first order

equations”, it reads as

Fun (ks 1) = i€ (k) (b, t) + 40 > > Vynonan(k @@ k) (b, )0y, (0, 8) |
Y17273 ¢>0

—4U Z Z VV727371 (k7 4,9, k)nM% (k, t)n7273 (Q7 t) ’ (528)
Y1273 ¢>0

these equations are analysed in Appendix For short times, the right hand sides of
and coincide with the perturbative expansions of ¢Tr [po [H s (K, t)]] in U respectively
up to first and second order.

The “first order” equations give results which are equivalent to those found in Ref. [66] by
means of the first order continuous unitary transformation (CUT) approach [60,61,170]. The
equivalence is shown in Appendix where we analytically solve the first order equations
up to O(U?) corrections. In particular, from our solution it is easy to extract the expectation
values of 71, (k) in the “deformed GGE” of Ref. [66].

For short times, the equations refine the first order description (obtained by of the
first-order EOM or CUT approximation) by going to the next order in perturbation theory.
At later times, however, we will see that non-perturbative feedback mechanisms present in the
equations cause a drifting away from the prethermalised solution observed using the first order
approximations. In this context our most striking “non-perturbative” result is probably the
strong Jo dependence of the solution of (see the following) to contrast with the complete

Jo independence that one finds from the first order equations.

5.4 EOM results for the Green’s function

In this section we present the results obtained by means of the EOM for the time evolution of
the single-particle Green’s functions.

We start by providing a crucial check of the accuracy of our approach: the direct com-
parison to previous time-dependent density-matrix renormalisation-group (t-DMRG) compu-
tations [66]. Figs. - report the time evolution of G(L/2,L/2 + j) with j = 1,2,3,4,5,
computed respectively by means of EOM and t-DMRG; for a quench where the system is
prepared in the ground state of H(0,0.8,0) and time evolved subject to the Hamiltonian
H(0,0.4,0.4). We see that even for relatively large U = 0.4, there is excellent agreement
between the two methods for all times accessible by t-DMRG. This agreement suggests that

the EOM method is very accurate for small values of U and short and intermediate time scales.
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The advantage of the EOM method is that it allows us to access later time scales than the
t-DMRG computations reported in Ref. [66]. As long as the interaction strength U is suffi-
ciently small, we observe very long-lived prethermalisation plateaux, as is exemplified in the
insets of Figures and the values of the observables are quasi-stationary for long times,
but they remain well separated from the thermal values, which have been computed via exact
diagonalisation (ED) on a system of L = 16. Specifically we adopt the following procedure.

We compute the energy density, given by
1
e = T Tx [poH (2, 8.U)] (5.29)

and determine the effective temperature 1/8.¢ of the thermal ensemble for the post-quench

Hamiltonian H(.Js,d,U) through

¢ = %Tr (p(Best, o, 8, UV H (J, 5, 0)] (5.30)

where the trace is over states with fixed particle number density n = Tr[poN]/L. Using
ED we find Beg, and then use the same method to compute the single-particle Green’s func-
tion in thermal equilibrium at temperature 1/8.g¢. We checked that the ED thermal value of
G(L/2,L/2+ 1) is consistent the quantum Monte Carlo result reported in [66].

As shown in Fig.[5.A.T|of Appendix[5.A|the quasi-stationary values observed are compatible
with the CUT ones of Ref. [66] up to O(U?) corrections. This means that (up to O(U?)
corrections) the values can be described by the ensemble introduced in Ref. [66]: the “deformed

GGE”, which corrects the stationary value of the free GGE up to O(U).
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Figure 5.1: G(L/2,L/2 + j;t) with j = 1 (left) and j = 3 (right) for a quench where the
system is prepared in the ground state of H(0,0.8,0) and time evolved with H(0,0.4,0.4) for
a system with L = 256 sites. The EOM results (red line) are in excellent agreement with
t-DMRG computations [66] (circles). Insets: prethermalised behaviour persists over a large
time interval.
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Figure 5.2: —iG(L/2,L/2+ j;t) with j = 2 (left) and j = 4 (right) (the real parts are zero for
all times) for a quench where the system is prepared in the ground state of H(0,0.8,0) and
time evolved with H(0,0.4,0.4) for a system with L = 256 sites. The EOM results (red line)
are in excellent agreement with t-DMRG computations [66] (circles). Insets: behaviour on a

larger time interval (the thermal and prethermal values coincide in this case).
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Figure 5.3: G(L/2,L/2 + 5;t) for a quench
where the system is prepared in the ground
state of H(0,0.8,0) and time evolved with
H(0,0.4,0.4) for a system with L = 256 sites.
The EOM results (red line) are in excellent
agreement with t-DMRG computations [66]
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Figure 5.4: G(L/2,L/2 — 1;t) for a system
with Hamiltonian H(.J2,0.1,0.4) and sizes L =
256, 320 initially prepared in a thermal state
with density matrix p(2,0,0,0). The
different colours correspond to different values
of Jo = 0,0.25,0.375, 0.5, dashed lines indicate

(circles). Insets: prethermalised behaviour the thermal values.

persists over a large time interval.

5.4.1 Next-nearest-neighbour hopping

In order to investigate if and how the prethermalised regime evolves towards thermal equilib-
rium it is convenient to invoke a non-zero J,. Fig.[5.4reports the time evolution of G(L/2, L/2—
1) for a system prepared in the initial state with density matrix py = p(2,0,0,0), and
time evolved with Hamiltonian H(J2,0.1,0.4) for Jo = 0,0.25,0.375,0.5. In contrast to the
case Jo = 0, U = 0.4, we now observe a drift: the observables continuously leave the prethermal
plateau moving towards a thermal steady state.

For small values Jo the time window in which the system is in the prethermalised quasi-
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e4 (k) e (k)

0 /2 T

Figure 5.5: Dispersion relations of the free model for J; = 1, 6 = 0.1 and different values of
Jo. Violet lines Jo = 0, blue lines Jo = 0.25, red lines Jy = 0.375, green lines Jo = 0.5. From
the plot for ey (k) we see that increasing Jo more crossings at fixed energy are developed; for
Jo > 0.6 additional fixed energy crossing appear because the ranges of e, (k) and e_(k) start
to overlap.

stationary state remains well visible; increasing Jo the window substantially reduces and the
system rapidly goes towards the thermal value. We stress that the solution of the first order
EOM does not show this drift, remaining on the quasi-stationary state and is completely
independent of Jy: for large J it is completely unreliable. In summary, Js allows us to tune the
crossover time scale between the two regimes, effectively gauging the strength of the symmetry
breaking. The strong Jo-dependence of the drifting rate can be understood by looking at the
band structure of the non-interacting model: large values of J5 introduce additional crossings at
a fixed energy, see Fig. This in turn generates additional scattering channels that promote
relaxation.

Figures - show results for the time evolution of the Green’s function for different
separations and two values of Jo which generate two qualitatively different evolutions of the
local observables: Jo = 0.25, which allows local observables to remain in the prethermalised
state for long times, and Jy = 0.5, which instead causes a rapid thermalisation. The thermal
values shown in the figures are computed by exact diagonalisation (ED) of small systems up
to size L = 16.

Let us consider the Green’s functions between two sites which are close enough in the chain,
such as those showed in Figs.[5.6] and Within the reachable times we observe a clear drift

towards the thermal values. The observed relaxation is compatible with exponential decay

G(i,4;t) ~ G(i, j)in + Aij(Jz, 6, U)e H/Ta(20U) (5.31)
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Figure 5.6: G(L/2,L/2 + 1;t) for a system with Hamiltonian H(J2,0.1,0.4) and sizes L =
256,320 initially prepared in a thermal state (5.13)) with density matrix p(2,0,0,0). The
expected steady state thermal values are indicated by dotted lines, while the black dashed lines

are exponential fits to (5.31).
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Figure 5.7: G(L/2,L/2+ j;t) with j = 2 (left) and j = 4 (right) for a system with Hamiltonian
H(J2,0.1,0.4) and sizes L = 256,320 initially prepared in a thermal state with density
matrix p(2,0,0,0). The expected steady state thermal values are indicated by dotted lines,
while the black dashed lines are exponential fits to ((5.31]).
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Figure 5.8: G(L/2,L/2 + 3;t) for a system with Hamiltonian H(J2,0.1,0.4) and sizes L =
256,320 initially prepared in a thermal state (5.13)) with density matrix p(2,0,0,0). The
expected steady state thermal values are indicated by dotted lines.
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Figure 5.9: G(L/2,L/2 + 5;t) for a system with Hamiltonian H(J2,0.1,0.4) and sizes L =
256,320 initially prepared in a thermal state (5.13)) with density matrix p(2,0,0,0). The
expected steady state thermal values are indicated by dotted lines, while the black dashed lines

are exponential fits to (5.31).

where G (i, j)tn is the thermal Green’s function at temperature 1/f.¢ and, in general, the decay
times for the real and imaginary part of the Green’s function between evenly separated sites are
different, we call them 7;;(J2,9,U), and 7;;(J2,9,U);. In some cases, for example the Jo = 0.5
case of Fig. to obtain a better fit we have to allow the thermal value G (i, j)i, to deviate
from the ED result by a small amount. We believe that this (tiny) discrepancy can be explained
by a combination of errors in the EOM and finite size effects on the ED result. As appears
clear from the figures, the decay times 7;;(.J2,9,U) are extremely sensitive to the value of Js.
Increasing the separation between the two sites leads to an increase of the relaxation times,
which go beyond the times reached by the numerical solution of . However, we conjecture
that the relation describes the relaxation towards the thermal value of the Green’s
function for any value of the separation if one waits for long enough times. This is in some
sense a “minimal” assumption: it is reasonable to think that the relaxation behaviour of the
Green’s function remains qualitatively the same for any separation of the two sites, providing
li — j| < L. In the following, however, we will give other elements in favour of this conjecture
by exploring the dynamics for longer times with a quantum Boltzmann equation, which can be

derived as the scaling limit of the equations ([5.26|) for the diagonal occupation numbers.

5.5 Quantum Boltzmann equation

It is natural to ask whether the Integral equation ([5.26)) can be simplified for late times by
removing the time integration, in analogy with standard quantum Boltzmann equations (QBE)
[75,/76]. The structure of the equations in the situation under exam, however, is profoundly

different from the standard case; the EOM presents O(U°) and O(U!) terms, which do not
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appear in the standard derivation of the QBE and are intimately related to the “prethermalised
behaviour”. In this case is not a priori clear whether the solution of the EOM for late times
will depend on t only through the rescaled variable 7 = U?t, as is common in the QBE
framework [75]76].

The O(U°) contribution on the r.h.s. of the Equations is non-zero only when p =
v. Numerical integration of the EOM suggests that, for small U, the corresponding
occupation numbers (i.e. n,z(k;t)) become negligible at late times: we thus assume n,;(k,t) ~
0 for ¢ > U~!. If the occupation numbers relax towards their thermal values at late times (see
the discussion in Subsection their infinite time values satisfy n,;(k,00) ~ O(U!) and
Ny (k,00) ~n__(k,00) ~ O(U"), agreeing with our assumption.

Neglecting the “off-diagonal” occupation numbers, we consider Equations only in the
diagonal case u = v. The presence of the O(U') contribution in the equations, however, still
prevents us from performing a standard QBE treatment. A good starting point to attack this
problem is when the final Hamiltonian is translationally invariant, i.e. 6y = 0. In this case,
although non vanishing, the O(U') term does not contribute in the scaling limit: U — 0 and

t — oo with fixed 7 = tU?. This can be proven by considering the scaling limit of the diagonal

Equations ([5.26)) which gives

Ornpu(k, 7) _(}{?0%[] Z Z{ Yirevsn (ks @s 4, k)e e (Rt lewﬂ“(Q)thW(k 0)ny275 (4, 0)
Y1273 ¢>0

= Virovsm (k. q,q, ]‘f)e“’m (Rt gieram (q)tntm (k, 0)”“/273 (g, 0)}

+ lim ZZ/ ds P RE=8) P (ke: ks s) | (5.32)

U—0
k>0 v

where we have collected most of the integrand of the o-integral into a single function F}' (k; k; s)
in order to lighten notations.

The first term is the “non-standard” one and is just the O(U") term of the original equations
divided by U? because 0, = U~20;. The leading contribution at late times is obtained by

evaluating the momentum sums by a saddle point approximation. This gives

4i 1€ 1€ 1€
&1111}0 U { (V’Yl’m’m#(kv 7,4, k)e vk Viravam (k,q,q,k)e"rn (k)tnm/l (k, 0)) € 72A73(Q)tn’72’73 (q, 0)}
71
_ i U?—r/4 : -
= lim psin(er—(0 ):3 e /) (4 Ay (k)= L e ) =0. (5.33)

Here A, (k) is an amplitude depending on the initial state and the vertex function. The key

property that one has to use is V;y,5(k, q,q,k) = 0 for 6 = 0; we also note that the exponent
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Figure 5.10: The time dependence of the number operators nyy (k) (top left), n__(k) (top
right), Reny_ (k) (bottom left) and Imn_ (k) (bottom right) evolving from the thermal state
of p(2,0,0.5,0) according to H(0.375,0,0.4) for L = 320. The different lines are different
k modes (we restricted to 0 < k < 7/2 because the number operators satisfy n,,(k,t) =

/U/n;w(ﬂ- —k, t))

of the power law decay is 3/2 because ny_(k,0) vanish at saddle point 0 (cf. (5.16)).

The second contribution on the right hand side is the standard QBE term and can be
simplified by using that for, s > U™, n,,(k, s) are functions of sU?, while n_(k, s) ~ 0. This
can be checked by inspecting the numerical solution of the full EOM , some examples are
reported in Figs.[5.10] - Using this assumption we have

t
/ ds ePr (=) B (g | )
0

t t
~ / ds PR P(ke: k: s) + F (ks k; 7) / ds eER)(t=s) (5.34)
0 t

where we introduced U™! <« t <« t and removed the dependence on indices, inessential to
this discussion; moreover, in the second term, we removed the contribution of n4_(k, s) from
F(k;k; s) and used that it is a smooth function of sU? to neglect its derivatives with respect
to s.

The first term vanishes in our scaling limit. We regularise the integral in the second term
by replacing F(k) — E(k) + in, where 7 is small and positive

t .
' iB(R)vin(t—s) — b _
élin)o i dse Bk < in — D(E(k)). (5.35)
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n-(k) oja

Figure 5.11: The time dependence of the number operators nyy (k) (top left), n__(k) (top
right), Reny_ (k) (bottom left) and Imn_ (k) (bottom right) evolving from the thermal state
of p(2,0,0.5,0) according to H(0.5,0,0.4) for L = 320. The different lines are different & modes
(we restricted to 0 < k < /2 because the number operators satisfy n,, (k,t) = pvng, (r—k,t)).

Putting everything together, we obtain the following QBE for the diagonal occupation

numbers in the scaling limit

0 nW(k T Z Z K’W] p7Q7 n’Y"/(paT)n'ﬂ'ﬂ(q?T)

¥, p,g>0

=3 ST L. q s k) (9, T (0 e, 7): (5.36)

M€ p,g,r>0

Here the kernels are given by

Ko (hskola) =4 37 3 RGEM @ Bla),

k3,ka4>0 v,/
Lllﬂ’h%(kl, ko, kslq) =8 Z Z Xzbzgwsulwwz’ﬂ (a, Blg) — 162X211222217,§2|72;/,Zf£k1 (o, Blg),
v k4>0 v
X% (0, Blg) = Y5 (klg)Va(@) D(Ey (k) — (v,k) > (e, q). (5.37)

The Boltzmann equation has to be initialised at a time ¢ty > U~'. We stress that the scaling
limit U — 0 and ¢ — oo with fixed 7 = tU?, is only a simplification used in the derivation, but
is impractical to work with numerically, for example in this limit the time ¢y is formally going
to infinity. What we will always do is to keep U small but finite, and initialise the QBE at a

(finite!) time ¢y > U~!; giving as initial values the diagonal occupation numbers computed
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up to t = tg with the full EOM . This discussion suggests that the quantum Boltzmann
equation gives the long-time behaviour of observables at the leading order in U.

To compute the Green’s function in the quantum Boltzmann approximation we employ
Eq. , neglecting the contribution of the off-diagonal occupation numbers and using the
diagonal ones obtained from the numerical solution of the QBE. Figs.[5.12]-[5.13] compare the
results obtained by this procedure with those found computing {n,, (k;t)} by numerical inte-
gration to the EOM ; specifically, the results shown are obtained starting from the initial
state p(2,0,0.5,0) and time evolving with the Hamiltonian H(J3,0,0.4) for Jo = 0.375,0.5 and

to = 20.
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026 e QBE J _ GBE,
I N & 0.06 - ____--"" B
T 095 g + L Thermal J = 0.375.J;
A Thermal Jy = 0.375.J; Sl
e ~ [l 0,04 - -
Y Jo = 0.5J7~~. Y . Jp=05,H ]

024 =77 7T Teel QBE BT L T L by

e T ez e s _---"TTQBE
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‘,—’ Jo = 0.375.J;
0.22 I I I I I I I I 0 I I I I I I I I
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Time Jit Time Jqt

Figure 5.12: G(L/2,L/2+j;t) with j = 1 (left) and j = 2 (right) for a system with Hamiltonian
H(J2,0,0.4) and size L = 320 initially prepared in a thermal state with density matrix
p(2,0,0.5,0). The full lines are the obtained by integrating the EOM and the black
dashed lines are found by means of the QBE.
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+ - 3 Thermal Jy = 0.375.J; + ’
s TO0A5 A R T 7 Qe
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Figure 5.13: G(L/2,L/2+j;t) with j = 3 (left) and j = 4 (right) for a system with Hamiltonian
H(J3,0,0.4) and size L = 320 initially prepared in a thermal state with density matrix
p(2,0,0.5,0). The full lines are the obtained by integrating the EOM and the black
dashed lines are found by means of the QBE.

Even for a relatively big value of U (= 0.4) the results of Fig.[5.12 show impressive agree-

ment, in Fig. we see that for larger values of the separation the agreement worsens (this is
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made more visible by the finer resolution of the plots). The figures also report the ED thermal
values; for short separations the QBE curves approach the thermal value within the reachable
times. For larger separations, the approach towards thermal happens at later times. In partic-
ular, G(L/2,L/2 + 3,t) are still substantially far from the thermal values in the time interval
displayed. For ¢ 2 300, however, they start to slowly drift in the direction of the ED result.

It can be shown (see for example Refs. [76,/183]) that the number operators computed with
QBE are eventually relaxing to the non-interacting Fermi-Dirac distribution, with an effective
temperature set by the kinetic energy at the time the Boltzmann is initialised. This fact implies
that the thermal value predicted by the Boltzmann equation is correct only at the order O(U°)
and signals the importance of corrections to the QBE at very late times. Such corrections,
arising from higher cumulants, might be responsible for the power law behaviour expected at
very late times (for certain observables) after quenches in non-integrable models [184}/185] and
not captured by the QBE. This is again in accordance with our interpretation of the QBE: it
gives the leading contribution for small U.

It is worth noting that when the QBE is implemented for finite L, the parameter n in
must be kept finite (see for example [183]). Unless otherwise stated we use n = 0.0005, the
time evolution of G(L/2,L/2+ 1;t) and G(L/2,L/2 — 1;t) for different values of 7 is compared
with the solution of the full EOM in Fig. [5.14"

0.29 : —0.01 : :
EOM EOM
n=0004 - - - —0.015 n=0004 - - =
) 1 puee popm -
7 =000l - - - 7=0001 - - -
027 1 = 0.0005 ~0.025 7 = 0.0005 4
= T 003 i
+ +
. 0.26 0035 .
N SE .04 7
o)) (o))
0-25 ] —0.045 4
0.24 ‘:;‘;;::;::::7 00 Tt meecaso. |
—0.055 ST R EE]
0.23 L L L L L L ~0.06 L L L L

20

40

60

1
80 100 120 140

Time Jit

80 100 120 140
Time Jit

Figure 5.14: Comparison of EOM and QBE for various regularisation parameters. G(L/2, L/2+
1;t) (left) and G(L/2, L/2+3;t) (right), evolving from the thermal state p(2,0,0.5,0) according
to H(0.5,0,0.4) for L = 320.

5.5.1 Scaling of the decay time with U

Due to its simpler structure, the QBE allows us to understand how the exponent ([5.31]) scales

with U. The reasoning is as follows. In the limit U < 1 at large times such that 7 = tU? =

"While the time evolution of observables can depend on 7 the stationary values reached are expected to be
independent of n [183].
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O(UY), if the Boltzmann description applies, local observables constructed with the diagonal
number operators depend on time only through 7. In particular this is true for the Green’s
functions. The observables, however, can show some additional dependence on U if the initial
conditions for the Boltzmann equation (i.e. the value of the observable on the prethermalisation
plateau) or equivalently their asymptotic values (i.e. the thermal values) depend on U. As a

consequence the Green’s functions take the following scaling form
G(i,j;t,U) = Fi j(1,U), t>ty>U". (5.38)

To understand the additional U dependence of F; ;, rather than considering the initial condi-
tions, it is easier to consider the U dependence of the asymptotic values it reaches for large
7. For small U, the energy density of our initial state is e = O(U°) and so the thermal values
Fij(0o,U) = O(UY). This in turn implies that F; ;(7,0) is not identically zero and expanding
in U we have

er‘(T, U) ~ .7:2'7]‘(7', 0) —i—O(U) . (5.39)

Combining this expression with ([5.31]) we then obtain
7 (J2, 6y =0,U) o U2, (5.40)

Here we used U < 1 and 7 = O(U”). Our numerical findings are in good agreement both

with the scaling form ([5.39) (see Figs.|[5.15(-/5.17) and with scaling ([5.40]) of the exponent (see
Fig.[5.18)). The results plotted in Fig.[5.18| depend also on the agreement between the EOM

and the ED so we expect stronger deviations.
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£ T 0.03 | 0 1 2 3 4 5 7
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0.265 | & -
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0.25 L L L L 0 | 1 I I
0 1 2 3 4 5 0 1 5 5 .y .
Time Jflr Time Jfl‘r
Figure 5.15:  Frjop/041(T,U) = G(L/2,L/2+ 1;t,U) (left) and Fp o p/040(7,U) =

G(L/2,L/2+ 2;t,U) (right) the system is initially prepared in the state p(2,0,0.5,0) and
evolved with the Hamiltonian H(0.5,0,U), for different values of U. The time evolution is
obtained by numerical solution of the full EOM and plotted as a function of the rescaled
variable 7 = U?t.
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Flgure 5.16: ‘FL/Q,L/2+3(Ta U) = Q(L/Q,L/2 + 3, t, U) (left) and ‘FL/Q,L/2+4(Ta U) =

G(L/2,L/2+ 4;t,U) (right) the system is initially prepared in the state p(2,0,0.5,0) and
evolved with the Hamiltonian H(0.5,0,U), for different values of U. The time evolution is
obtained by numerical solution of the full EOM and plotted as a function of the rescaled
variable 7 = U?t.
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G(L/2,L/2 4+ 6;t,U) (right) the system is initially prepared in the state p(2,0,0.5,0) and
evolved with the Hamiltonian H(0.5,0,U), for different values of U. The time evolution is
obtained by numerical solution of the full EOM and plotted as a function of the rescaled
variable 7 = U?t.
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Figure 5.18: Dependence on U of the exponents 72/12 /241 (U) and 72/12 L/2+2(U)r obtained
from the exponential fit (5.31)), plotted in logarithmic scale.

The scaling found here differs form the one obtained in Ref. , where the exponent was
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found to scale as U ~*. This is not surprising, in that case the initial energy density is e = O(U*)

for small U and F; j(7,0) = 0 for every 7, so formula (5.39) does not give any information.

5.5.2 Occupation Numbers

To obtain further indications that the integrability breaking perturbations are causing the ther-
malisation of the model, it is instructive to study the occupation numbers n,,, (g, t) themselves.

The first question to consider concerns their eventual relaxation: the number operators are
localised in momentum space, consequently they are non local in real space. In light of the
discussion in Chapter [1] it is then unclear whether we should expect them to relax to a time
independent value at late times (see however Ref. [186], where a family of integrable hard-core
lattice anyons is considered and the complete relaxation of the one body density matrix is
observed, aside from the free-fermion limit).

To answer this question is convenient to write the occupation numbers in terms of the local

Green’s function by inverting the relation (5.17))

L/2

nu(k,t) = 2> e ?M{G(25 + 1,1;t) + wwG(24,0; 1)
7=0

o | =

+vG (2] + 1,0;t)e™ ek 4+ G (25, 1;t)e Femior} (5.41)

Since we only consider initial states with finite correlation lengths, G(j,1;t) are exponentially
small in |j — I| when |j — | > Jit, as a consequence of Lieb-Robinson bounds (see Ref. [179]
for a more detailed discussion of the applications of Lieb-Robinson bounds to the behaviour of
correlation functions). This implies that at time ¢ the sum can be well-approximated by
truncation at jmax~Jit. Finally, using the fact that G(j,1;t) decay exponentially fast in time
for |j —I] < Jit we can argue that n,,(q,t) relax in our regime of interest: 1 < Jit < L. The
numerical solutions of the EOM seem to confirm this reasoning, as shown in Figs.[5.10-[5.11]

We stress that the exponential decay in time of the correlation functions is necessary in
order for the argument given to work. Consider, for example, some occupation numbers that
oscillate indefinitely in time

n(k,t) = Ape ! (5.42)

with some amplitude A ensuring a finite correlation length and dispersion e, which is assumed

to posses a local minimum. The local Green’s function obtained from (5.42) still relaxes (to
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zero in this trivial case) in a power law fashion, as can be showed by saddle point approximation

1 ) . 1
G(e1) = 7 Sk e / %n(k,t)ewk L o
k

v
DO | =

o , (5.43)
where we considered the limit L > ¢ > /.

Having argued that the mode occupation numbers, despite being non-local, relax to their
thermal value, it is meaningful to consider their time evolution comparing with the thermal
values they are expected to reach. In Figs.[5.19-[5.20] we present the mode occupation numbers
nuu(k,t) at several different times for a system of size L = 320, prepared in the density
matrix p(2,0,0.5,0) and evolved with Hamiltonian H(J2,0,0.4) with Jo = 0.375,0.5. For
short/intermediate times Jit < 70 we use the full EOM, while we access later times by means
of QBE. In the figures, the QBE is initialised at time tg = 20, and is seen to be in good

agreement with the full EOM until the latest times accessible by the latter method.
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Figure 5.19: Occupation numbers ny(k,t) and n__(k,t) initialised in the thermal state
p(2,0,0.5,0), and time evolved with H(0.375,0,0.4). The solid lines are the results of the EOM
(L = 320) for various times. The dotted lines are computed by means of the QBE (L = 320).
The black solid line is the thermal value found by means of second order perturbation theory
inU.
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Figure 5.20: Occupation numbers ny(k,t) and n__(k,t) initialised in the thermal state
p(2,0,0.5,0), and time evolved with H(0.5,0,0.4). The solid lines are the results of the EOM
(L = 320) for various times. The dotted lines are computed by means of the QBE (L = 320).
The black solid line is the thermal value found by means of second order perturbation theory
inU.

The behaviours reported in the figures represent the main result of this section: at interme-
diate times, both n 4 (k,t) and n__(k, t) slowly approach their respective thermal distributions
Nt (K, Bofty pot) and n—_(k, Pefr, toft), calculated by means of perturbation theory (PT) in U,
up to O(U?) (see Appendix for the details of the calculation). The effective temperature
Be_ﬁl and chemical potential ue.g are fixed by

Tr[H(J3, 8, U )e Per (H(J2.0U)— e N)] Tr[NePer(H(J2,0.U) — e N)|
Tefe Pen(HB 00 -pmead)] 7 "7 e Ben(H(30) e V)]

e =

(5.44)

In particular, at the latest time reached (¢t = 450) the occupation numbers for Jo = 0.5 are
almost exactly described by the thermal distribution.

The full integration of EOM ([5.26)) indicates that the “off-diagonal” occupation numbers
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n4—(k,t) approach their thermal value zero in an oscillatory fashion, see Figs.|5.10—5.11]
These results strongly suggests that the weak integrability breaking term induces thermali-

sation of the system.

5.5.3 Quantum Boltzmann equation for ; # 0

Let us now present an heuristic argument which allows us to address the case 6y # 0. We are
interested in the long time behaviour (t ~ U~2) of observables, with accuracy O(U?), we can
thus neglect the contribution of the off-diagonal occupation numbers and concentrate on the
equations for the diagonal ones. When d; # 0, the Equations for n,u(k;t) present a
driving term which displays a persistent oscillatory behaviour, it has the form (cf. )

UD(kit) =—8UIm | > Y Viyyu(k, ¢, ¢, k)nyy (g, 0)mya(k, 0)e’sn B (5.45)
v ¢>0

Motivated by the form of this term, we try the following ansatz for the late-time (t > U~1)

solution of ([5.26))
Ny (ks t) = Ty (ks 7) + UI(K;t) (5.46)

where 7 = tU? and

eieﬂﬂ(k)t

7‘5;1#("3) (5.47)

I(k;t) = 8Re | Y > Viya(k, ¢, ¢, k)nyq (g, 0)n5(k, 0)
v ¢>0

Inserting (5.46]) into (5.26) we find that 72,,(k;7) has to solve a set of equations that differ

from only by some O(U!) corrections to the r.h.s. These corrections arise from the
cases where UI(k;t) is multiplied by one or two 7, (k;7)’s in the quadratic and cubic term of
. Assuming that the O(U?) corrections are bounded functions of 7 we can neglect their
contribution in the scaling limit where 7 = tU? is fixed while U — 0 and ¢ — oo. In this
way we obtain 7, (k;7) = fz,(ﬁz (k;7) 4+ O(U), where ﬁ,(fB (k;7) is a solution of the Boltzmann
equation . Since the only O(U?) contribution to the solution is ﬁfgz (k;T) we arrive
to the final result: the leading contribution to the solution of in the scaling limit is given
by the solution of the QBE also in the case o7 # 0.

To test the argument presented we considered the time evolution given by H(J2,0.1,U),
with (Jo = 0.25; U = 0.2) and (J2 = 0.5; U = 0.4), starting from the thermal state p(2,0,0,0).
In Figs. and we show that the scaling form is still (approximately) satisfied,

however, for some observables the corrections at larger U appear more pronounced then the
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05 = 0 case.
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Figure 5.21:  Frjop/041(T,U) = G(L/2,L/2+1;t,U) (left) and Frjop/o-1(7,U) =

G(L/2,L/2 — 1;t,U) (right), the system is initially prepared in the state p(2, 0, 0,0) and evolved
with the Hamiltonian H(0.5,0.1,U), for different values of U. The time evolution is obtained
by numerical solution of the full EOM ([5.26)) and plotted as a function of the rescaled variable
T =U.
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Figure 5.22:  Fpjop/042(m,U) = G(L/2,L/2+2;t,U) (left) and Fp op/0-3(7,U) =

G(L/2,L/2 — 3;t,U) (right), the system is initially prepared in the state p(2,0,0,0) and evolved
with the Hamiltonian H(0.5,0.1,U), for different values of U. The time evolution is obtained
by numerical solution of the full EOM ([5.26)) and plotted as a function of the rescaled variable
T =U?.

Figs.[5.23]-[5.24] compare the time evolution obtained via QBE with the one found via EOM.
Starting at time ty = 20, we see that for small U the agreement with the EOM is still very
good, for larger U (and larger integrability breaking) it sensibly worsens. Since for observables
depending only on diagonal occupation values, such as the real part of the Green’s function
between evenly separated points, the agreement is better, we argue that the main cause of
the disagreement is having neglected the off-diagonal occupation numbers too early in the
construction of the observables. If this is the case, however, the disagreement should reduce
at later times. Starting the QBE at tg = 40 when the effect of the off-diagonals is reduced, we
see that after a transient the QBE solution exactly agrees with the tg = 20 one. This suggests
that ty = 20 is late enough to start the QBE.
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Figure 5.23: G(L/2,L/2—1;t) (left) and G(L/2, L/2+2;1t) (right) for a system with Hamiltonian
H(J3,0.1,U) and size L = 320 initially prepared in a thermal state with density matrix
p(2,0,0,0). The full lines are the obtained by integrating the EOM and the black dashed
lines are found by means of the QBE.
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Figure 5.24: G(L/2, L/2+3;t) (left) and G(L/2, L/2—3;t) (right) for a system with Hamiltonian
H(J2,0.1,U) and size L = 320 initially prepared in a thermal state with density matrix
p(2,0,0,0). The full lines are the obtained by integrating the EOM and the black dashed
lines are found by means of the QBE.

In Figs.[5.25]-[5.26] we show the diagonal occupation numbers for various times. The EOM
are used for short/intermediate times and QBE for longer times. We see that the agreement
between EOM and QBE remains reasonably good until the last times reached by the EOM.
At the latest time reached (¢ = 450) the QBE prediction closely approaches the thermal value,
for (Jo = 0.5; U = 0.4). In the case (J2 = 0.25; U = 0.2), on the other hand, we see that the
relaxation is much slower. As before, the thermal values are computed by means of perturbation
theory (see Appendix .

In summary, from our findings emerge that the QBE description can be applied also in the
dr # 0 case, even if its derivation from the EOM is less rigorous. For small enough U seems to
give good quantitative descriptions and when U becomes larger it still gives a correct qualitative
behaviour. We conclude by stressing that the late-time behaviour of G(i, j;t) predicted by the
QBE is compatible with , where the exponent is proportional to U~2 even for & r # 0.
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This is supports our conjecture ((5.40)).
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Figure 5.25: Occupation numbers ny(k,t) and n__(k,t) initialised in the thermal state
p(2,0,0,0), and time evolved with H(0.25,0.1,0.2). The solid lines are the results of the EOM
(L = 320) for various times. The dotted lines are computed by means of the QBE (L = 320).
The black solid line is the thermal value found by means of second order perturbation theory
inU.
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Figure 5.26: Occupation numbers ny(k,t) and n__(k,t) initialised in the thermal state
p(2,0,0,0), and time evolved with H(0.5,0.1,0.4). The solid lines are the results of the EOM
(L = 320) for various times. The dotted lines are computed by means of the QBE (L = 320).
The black solid line is the thermal value found by means of second order perturbation theory
inU.

5.6 U(1)-breaking case

So far, we have considered only cases in which the full Hamiltonian possesses a U(1) symmetry
(¢f. Section . As a consequence the number of particles is conserved during the time
evolution. One could think that introducing a perturbation which breaks the U(1) symmetry
is, in some sense, a “stronger” way of breaking the integrability, since it reduces the local
conserved charges of the model to only the Hamiltonian. Consequently, it is natural to ask:
are the phenomena described here a special feature of the U(1)-invariance or do they survive
unchanged in the case of a U(1)-breaking perturbation? In this section we start to address

this question, focussing on the phenomenon of prethermalisation. Specifically, we show that
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prethermalisation survives also in the case of U(1)-breaking perturbations.

We consider the time evolution generated by the Hamiltonian

H(v,h,U) :%Z [ ! Ciy1 —i—’ycch_H +hc] +JhZc ¢ +UZ ZcH_ch_l, (5.48)
i
which is a fermionic XY model, perturbed by a density-density interaction; it is integrable for
U = 0, where describes free fermions; for 7 = 0 describing a XXZ spin-1/2 chain in external
magnetic field; and finally for h = —U where it describes a XYZ spin-1/2 chain; otherwise is
non-integrable. The time evolution is started from the thermal state described by the following
density matrix

o~ BH(ishi.U)
o0 = 0(57%, hiv Ul) - Tr [G_BH(’Y’hhivU)] . (549)

Performing the two-site Fourier transform ({2.7)), defined in Chapter |2 we have

H(y,h,U) :JZ [cos(k)f,lek + iy sin(k) ,Iejr_k - h(fgfk + eLek) + h.c.]

k>0
+4UZ‘7(k)6216k2f23fk4 ’ (550)
k>0
where
~ 1
VI(K) = 7 Ok —kaths ka0 + Ok ko ks —kuem,0) €O8(Ra — Fa) . (5.51)

In this case, to keep the interaction term simpler, we do not diagonalise the quadratic part of
the Hamiltonian and work with the fermions f; and ex: to study the prethermalisation of the

system we consider the first order EOM for the occupation numbers

vi(kst) = (FL 0 F,0) va(kst) = (ef (t)e, (1)) |
vs(kit) = (FL () f1,, (1)) va(kit) = (ef (el (1) |
vs(k;t) = (1 (D)ey (1) vo(kt) = (fi(t)el (1)) . (5.52)

The first order EOM are derived writing the Heisenberg equations for the bilinears f,:(t) fi (1),
. fg(t)etk(t) and neglecting the four-particles connected cumulants at all times. The result

is reported in Appendix The local observables are given by

G(i, 1) = Tr [e}(1)e; ()o0] = 7 3 ™0 Ags({um(k: 1))
k>0

H(i jit) = Tr [ el (el ()oo| = %Zeik(i_j)Bm({vm(k;t)}) , (5.53)
k>0
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where

Agi—12j-1({vm (ks 1)}) = vi(ks;t) Bai—12j-1({vm(k; 1)}) = v3(k;t)
Azij({vm(k; t)}) = va(kit) | Baizj({vm(k; t)}) = va(kst),
Azic12j({om (ki 1)}) = vs(k;t) Bai—1,2j({vm(k;t)}) = ve(k3t)
Azigj—1({vm(k;t)}) = vi(k;t), Baigj—1({vm(k;t)}) = —ve(k; t) . (5.54)

Figs. and report the time evolution given by the Hamiltonian H(0.5,0.1,U) starting
from the initial state 0(00,0.2,0,0) for different values of U. For U # 0 (and the values of
~ and h chosen), the Hamiltonian describes a non integrable model (a XYZ model in
external magnetic field), consequently the stationary values of local observables are described
by a GE. Since the GE is different from the GGE also for U = 0, the difference between the
stationary values reached for U = 0 and U # 0 is finite also for very small U, in other words
is O(U%). From the figures we instead see that the difference between the plateau values goes
to zero reducing U, it is thus O(U). This is a clear indication of prethermalisation: the quasi-
stationary values that the observables are relaxing to are not the thermal ones, but are close

to the free GGE. We observe the same behaviour also for different values of v and h.
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Figure 5.27: G(L/2,L/2 + 1;t) (left) and G(L/2, L/2 + 2;t) (right), the system is initially pre-
pared in the state o(oc0,0.2,0,0) and evolved with the Hamiltonian H(0.5,0.1,U), for different
values of U. The time evolution is obtained by numerical solution of the first order EOM

reported in Appendix

—0.1 T T U—o T T T T T
= -~ X 4 _
—0.12 A/w 0.04 -7 = 0.1 & 00
U=02—— + 002
—0.14 U=03—— ==
Ly = —_— 1

— 016 _ 0.02 FU =0.4 200
018 & 8 —0.04 T L
+ + 0 0 20 40 60 80 100 |
S o2 | Sl
Sl S IS
— S 006 = T T T T .| el

—0.22 =
% 003 | ] T 002
024 Fy S | =

096 LU=0.1 T _0.03 E

026 U=02—— = (06 ] —0.04

70 28 7U — 03 —_— HE - Il Il Il Il Il i

U =04 —— 0 20 40 60 80 100
—0.3 1 1 1 1 1 —0.06 1 ! ! ! !
0 20 40 60 30 100 0 20 40 60 80 100
Time Jt Time Jt

Figure 5.28: H(L/2,L/2 + 1;t) (left) and H(L/2,L/2 + 2;t) (right), the system is initially
prepared in the state o(00,0.2,0,0) and evolved with the Hamiltonian H(0.5,0.1,U), for dif-
ferent values of U. The time evolution is obtained by numerical solution of the first order EOM

reported in Appendix

For h = O(U), the O(U°) part of the Hamiltonian possesses the non-abelian infinite set of
local conserved quantities (c¢f. Chapter [2]), giving rise to the pre-relaxation behaviour studied
in In particular, for h = U(h' — 1) the Hamiltonian H (v, h,U) becomes exactly equal to
the Hamiltonian of Chapter If one identifies h = h’/, g = U and U = 0, where the
quantities on the left are those appearing in . It is then interesting to compare the mean-
field results of Chapter [ with the first order EOM. In Fig.[5.29 we show the time evolution
of (¢fcf,,) (which can be easily expressed in terms of {v;(k;t)}) as a function of the rescaled
time Ut. We see that the mean-field solution, started from the prediction of the unperturbed
GGE, excellently captures the behaviour of the EOM in the pre-relaxation window: Ut finite
with U < 1. Even if in this case the agreement is almost perfect, in general we expect O(U)
differences, since the EOM are correct up to O(U?) while the corrections to the mean-field are

generally O(U).
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Figure 5.29: (0;0;41) evolved according to H(2,0.1,0.1), starting from the Majumdar-Ghosh
state (4.77). The full lines are obtained by integration of the EOM (reported in Appendix [5.C)),
while the dashed lines are the prediction of the mean-field solution developed in Chapter E}

5.7 Conclusions

In this chapter we have developed a method for analysing the effects of a weak integrability
breaking interaction on the time evolution of local observables after a quantum quench. The
method is based on the equations of motion ; its accuracy has been tested by direct com-
parison with t-DMRG simulations and the agreement found is excellent even for a reasonably
large value of the interaction (U = 0.4.J1).

We have shown that there is a crossover between a prethermalised regime, characterised by
the proximity of our model to an integrable theory and a thermal steady state. The observed
drift in time of the two-point function G (i, j;t) towards its thermal value is exponential in a
transient regime and characterised by a time scale proportional to U~2. To find this last result
we designed a further approximation of the EOM, reducing to a quantum Boltzmann
equation |75|76]. This allowed us to reach longer times loosing some accuracy on the result: we
argued that the quantum Boltzmann gives the time evolution of local observables up to O(U)
corrections.

In the case under consideration it not a priori clear whether a QBE-like description can be
applied; when the final Hamiltonian is translationally invariant the simplification of the EOM
is more rigorous and the results of the QBE show a better agreement with the full answer.
When the final Hamiltonian has a dimerised term more assumptions are needed (cf. Section
and the agreement with the full answer is worse, especially increasing the strength of the
interaction. The QBE, however, apparently gives the correct qualitative behaviour.

All the results discussed have been obtained for Hamiltonians which posses a global U(1)

invariance, implying the conservation of the particle number. We carried out an analysis based
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on the first order EOM, which showed that a prethermalised regime occurs also in absence
of the U(1) symmetry. This suggests that the scenario described above, a crossover from a
prethermalised to a thermal steady state occurring at time-scales proportional to U2, can
happen also when the U(1) symmetry is broken. Clearly, to fully prove this conjecture, one
would have to solve the second order EOM also in that case. In particular, an interesting
situation is realised when the U(1) breaking is combined with the breaking of translationally
invariance of the initial state; in this setting, one can study cases where the system shows a
“pre-relaxed” behaviour of the kind studied in the previous chapter. Along this line, we verified
that the first order EOM are compatible with the results found in Chapter il Using the second
order EOM will then be possible to go beyond the “pre-relaxation” window of Chapter [4] and
investigate the system on time-scales proportional to U2, where we expect to see the local

observables drifting towards their thermal values.
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Appendix

5.A First order analysis

Let us consider the first order EOM , our goal is to find a solution of this system in
the limit of small U but for large times ¢t ~ U~! with accuracy up to O(U). We start by
finding the solution at order O(U?). For t ~ U~ with 0 < a < 1, the zeroth order solution
is trivially given by nfg,)(k,t) = nu(k, 0)e’rn (Rt When the time becomes O(U~'), however,
a more detailed analysis is needed: order U corrections become important if multiplied by ¢.
From the structure of the equations we argue at the leading order the off-diagonal occupation
numbers will maintain an oscillatory behaviour in time while the diagonal ones will remain

constant in time, so we postulate the following ansatz
() (k,) = ny (k, 0)e e =& L (5.55)

where the “dressed energy” €,(k) is determined by imposing (5.55) to solve (5.28) at order

O(U"); consistency with the solution for small ¢ imposes é,(k) — €,(k) ~ O(U). Substituting
our ansatz into (5.28]) we find

(Eulk) = (k) ni (k. ) =i{ cup (k) +4U 32 D" (Vi (k. 0., F)
Y273 ¢>0

~ V(b .0, 8))nl%, (g, 8) i) (1) + O(U) . (5.56)

At the leading order, we can neglect the contribution of n,;(q,t) to sums over ¢ as this vanish
for late enough times; this can be easily shown by saddle point arguments for large enough L.

Consequently, we conclude that (5.55]) solves (5.28) at the leading order, if one chooses

€ulk) = eulk) +4U Z Z Viyyu(k, 4,4, k)nqy(q) - (5.57)
¥ ¢>0

To find the solution at the order O(U) we now use the following ansatz
(K, 1) = 1 (K, )/ BRI=E DL () (k¢ etEnlb)=8 M L o), (5.58)

and we determine nf}l,) (k,t) imposing 1) to solve 1} up to O(U?). The final result reads
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Figure 5.A.1: G(L/2,L/2+1;t), G(L/2,L/2+3;t), for a system with Hamiltonian H(0,0.4,0.4)
and sizes L = 256 initially prepared in the ground state of H(0,0.8,0). The figures compare
the time evolution obtained by means of different techniques: the CUT of Ref. (green line),
the analytical solution (blue line), the numerical solution of the first order EOM
(violet dashed line), the numerical solution of the second order Eq. (red line) and the
t-DMRG (blue circles).

as
n#y(k7t) — nuy(kjo)ez(gu(k)_gif(k))t
AU DT D W0, Rk S, s )0l (a,)
V17273 ¢>0
—AU D0 D W (b 0o, ks )il (g, i, (ks 6) + O(U2), - (5:59)
717273 ¢>0
where we used Vy(k) = Vi(k) (7= (—m,...,—n4)) and defined
1 — eiBEk"ﬂ(k)z s L~ ~
WY (k: k,t) = lim eV (k) (BBt il —E (k) (5.60)

Eq. differs from the solution for the occupation numbers found in Ref. using the
CUT approach only by order O(U?) contributions. Fig.[5.A.1| reports the time evolution of
G(L/2,L/2 + 1;t) and G(L/2,L/2 + 3;t) comparing the results obtained by various different
methods: CUT, Eq. , numerical solution of , numerical solution of and t-
DMRG.

5.B Perturbative calculation of the thermal values

In this appendix we compute the thermal expectation Valuesﬂ

() = (o (k) (K)) = %Tr (o, (o (R)e= 21— (5.61)

2we omit the dependence of the Hamiltonian on the parameters Jo, § and U, to lighten the notation.
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where Z = Tr [e‘ﬁ(H —nN )]. The inverse temperature g and the chemical potential p are fixed

by requiring
1 1
_ —B(H—pN) _ —B(H—puN)
(H), —ZTr [He } , (N)o —ZTr [Ne } . (5.62)

In order to compute the finite-temperature mode occupation numbers (5.61)), we compute the

thermal propagator
G (. k) = (T [ad () (0,B)]) . af(s. k) = ol (k)™ (5.63)

using finite-temperature perturbation theory to order U?. The calculation of the Fourier
transform of this quantity is most convenient; due to the anti-periodicity in imaginary time

Guu(T + B, k) = =G (7, k) the Fourier transformation is discrete

wnT (2n + 1)
G’u,y 7_7 /8 Z Guy Wny ) Wnp = T . (564)

The thermal mode occupation numbers can be recovered from the thermal propagator using

nu (k) = lim G (1,k) ﬂ ZGW wn, k)e w0t (5.65)

T—0t

5.B.1 Feynman rules

The Feynman rules for the theory under examination read

wmkﬂ?

Wns, k37 n3

= AUV nonsna (B, ko, k3, ka) .
Wy s k47 2!

Here we defined €,(k) = €,(k) — . In addition, on each internal line there is a sum over all
indices, 1, k, w and at each vertex w is conserved. Finally, the contribution of every diagram is
multiplied by (—1)FS~!, where F' is the number of closed loops and S is the symmetry factor,
i.e. the number of ways in which internal lines can be exchanged whilst leaving the diagram

invariant.
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5.B.2 First order

At first order there is only one diagram which contributes to the thermal propagator
Wm, 4,7

> > = GW(wn. k).
Wy Ky 1 wn, k, v

Which gives the contribution

W B 1 1 1 1

) <w—1<k>) () <w—1<k> ) > (5.66)

where we introduce the self-energy E( )(k) and the Fermi-Dirac distribution function n(z)

_ 1
Ef}u)(k) =4U Z Voyyu(k, 4,4, k)n(€(q)) , n(z) = 14 b
q7’y
In arriving at Eq. (5.66) we have used
dz n(iz)e™?
0= lim 1 = R
,,L%i Rosse | 2miz — éu(k:) n(eu(k B Z iwy, — €,(k
Cr

where Cp is the circular path with radius R centred on the origin.

5.B.3 Second order

At second order there are three diagrams which contribute to the thermal propagator

Wmy5 41,71 Wmys 2,72

Wms, 43,73

0. 0 frn)
— = G2 (wn, k), > - = G (wn k)

wnak 14 wnyk 5 Wn, kv Wn, K, 1 Wn, kv
Wma s 42,72
Wmoy s 42,72
Wmg, 43,73 Wmy,4q1,71
= GI(EV) (wn,k)[g].
wnakmu’ wnak7V
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Evaluating the contributions of each of the diagrams, we find

@t = (5m) 500 (5 —am) W0 (5am) - 09

GO (wn, k) = <Mn_1g#(k)> 2@ (wn, k) (W) , (5.68)
GO (wn, k)3 = <Mn_1€#(k)> 2@ (k)a (M) : (5.69)

where we have introduced the self energies

SRk =—4U Y 20 (@)Virinau(ks a1 a1, k)n(Es, (a1))7i(6 (00) f (€m0 (1))

Y1,73,41
251,21/) (wa k)b = 8U2 Z Z{VI/’Yl'YQ’YB (k’ q1, 492, q3)V'Y3'YQ’Yl;U«(Q37 q2,41, k)n(g’)’l (Ql))
it {ai}
X 11(€y,(q2)) (€5 (g3)) [ (iw + €y, (1) — €45(g2) — €5 (%))} :
and the functions
N ePr — 1
n(x) =1—n(z), f(z) = .

5.B.4 Occupation numbers

Collecting together the corrections to the thermal propagator (5.66({5.69)) and inserting into
Eq. (5.65)), we find the thermal mode occupation numbers up to O(U?)

(b, B 18) =00 n(F (k) = (S () + 22 (k)a) (k) (@ (k) £ (e (k)
SRR k) ] ]
+ %(Z)egy(k)ew(k) (n(eu(k))ﬁau(k) — n(E5(k))euw (k) + n(ey(k))eué(m

0

+ 8U2 Z Z{V#’Yl’ﬁ’m (kv q1, 42, Q3)V’73’y2’}/1l/(q§37 492,41, k)ﬁ(g’ys (q:))))ﬁ(am (QQ))
{vi} {a}

X n(E'Yl (ql))G#V’Yl’W’YS(kaq17QQaq3)} . (570)

where we set

Gy (K, 41,62, 43) = Z{(‘Sn,u — Onw)n(en(k) f(Enyinoys (K, a1, 62, 43))} - (5.71)

€ (k) —t

5.C First order EOM for the U(1)-breaking case

The EOM for the number operators ([5.52)) read as
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01(k;t) = 2 cos(k)Im[vs (k; t)] + 27 sin(k)Re[vg (k; )]

— AU V(ky b,k ks (kas 6o (ks t) + 407 Y V(k, by, by, B)os (ks £)03 (ks t)

k1>0 k1>0

+AU Y V(ky,m — ki, ko m — k)ve (ks £)vg (k) — 4Ui Y V(kyw =k ky, m — ky)ve (ks £)vf (ka3 t)
k1>0 k1>0

O2(k;t) = —2cos(k)Im[vs (k; t)] — 27 sin(k)Relvs(m — k; t)] — 4U% Z V(k, ki, k1, k)vs (k; t)ol (k5 t)
k1>0

+ AU Y " V(ky ko bk Jvs(ky ) (kst) — AU Y V(k,m — ky by, m — k)og(m — ks t)og (ks )
k1>0 k1>0

+ AU Y " V(ky,m — ki, kym — kg (kas t)vg (r — k; t)
k1>0

03(k;t) = icos(k) (ve(k;t) — ve(m — k,t)) — ysin(k) (vs(k;t) + vs(m — k,t)) + 2ihvs(k; t)

+ AU Y Vi (kyka, k, ke Jva (ks tos (ki t) — 4UG > V(ky, m =k, — k, ki Jvs (ky; t)ve (k3 )

k1>0 k1>0

— AU V(r =k by, =k kyva (ks thvs(m — ki t) +4Ui Y V(ka, b, k, by vs (ks t)vs(r — k3 t)
k1>0 k1>0

+AU Y V(ky,m — ki, m =k, k)ve (ks t)vs (ks t) — AU Y V(ky,m =k, by m — k) (kys t)os (r — k; 1)
k1>0 k1>0

04(k;t) = icos(k) (v (k;t) —ve(m — k,t)) — ysin(k) (vs(k;t) + vs(m — k, 1)) + 26hvg(k;t)

—4Uq Z f/(k‘l,w — ki, k,m — k)vg(kq; t)vi (ks t) — 4U4 Z V(r —k ki, ky,m— k)vg (ky;t)ve(m — k;t)

k1>0 k1>0

— AU Y " V(= kky,m =k, ky)oy (kys tyoa(m — kst) + 400> V(k, kb, ko (ks va(k; £)
k1>0 k1>0

+ AU Y V(ky,m = ky,m — K, k)vg(kas )5 (r — ks t) +4Ui YV (k, by, by, k)og (ks t)ve (ks )
k1>0 k1>0

05(k;t) = icos(k) (va(k;t) —vi(k;t)) + vysin(k) (vy(k;t) + vs(k;t))

— AU Y V(k kb, ky kv (ks t)os (ki) + 407> V(k, by, k, koo (ks tyos (ks t)

k1>0 k1>0

+ AU Y V(ky kb ke )or (ks t)os (kast) + AU > Vi(ky,m — kb, — k)oj (ks t)ve(m — ks t)
k1>0 k1>0

+ AU Y V(m =k ky kw0 — y)vg(kas t)vg (ks t) — AU V(ky, k, k, koo (s t)os (ks t)
k1>0 k1>0

V6 (k;t) = icos(k) (va(k;t) + vs(k;t)) — ysin(k) (v1(k;t) +va(m — k;t) — 1) + 2ihvg(k; t))
—AUi Y V(ky,m = by, b, — k)ve (ks t)vr (kst) + 4Ui Y V(k, b, k, ky)va (ks t)ve (k3 £)

k1>0 k1>0
+4Ui Z V(m — k ki, — k, ky)oy (ks tyog (ks t) — AU Z V(kik, k, ky)os (ks tyoa (ks )
k1>0 k1>0
— AU Y " V(= k,ky kw0 — k)3 (ko t)os (k; t)
k1>0
+AUi Y V(i — ki, k,m — k)ve (ks t)(1— va(m — ki) (5.72)
k1>0
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6. Summary and outlook

Let us now summarise the material presented in this thesis and discuss some open questions
which could be a source of future work.

This thesis has been completely devoted to the study of the dynamics in closed many-body
systems possessing non-trivial interactions. Finding the exact time evolution in interacting
models represents an Herculean task and its complete solution in the general case is completely
out of reach. In this thesis we presented three different methods which can be applied to
study the dynamics generated by two important subclasses of interacting quantum many-body
systems: integrable models and weakly non-integrable models.

The first class is composed of models of which some properties can be exactly determined
(for example the spectrum and the elementary excitations), so they represent a natural starting
point in the study of the time evolution. However, the time evolution in integrable models
presents a peculiar feature: the stationary state which describes the value that observables
reach at late times is expected to be the Generalised Gibbs ensemble. In contrast to what
happens in non-integrable models, where it is expected to be the Gibbs ensemble.

The second class is not only a step forward towards the fully non-integrable case, it is also
the situation in which aspects of integrability and non-integrability are expected to coexist at
different times during the time evolution. This makes weakly non-integrable models arguably
the most interesting case to study.

In Chapter [3| we started by considering the time evolution in an interacting integrable field
theory: the sine-Gordon model. In particular we focussed on the repulsive regime and studied
the time evolution of the one-point function of the semi-local (cf. ) operator e/79(*)/2 on
a class of initial states . The approach adopted is fully analytical and can be decomposed
in two main steps: first we use the “Representative Eigenstate Approach” (a.k.a. “Quench
Action”) [73] to simplify the form factor expansion of the expectation value; then we extract
its leading contribution for late times. Importantly, to find this contribution we do not need
details about the form-factors but only some information about their singularities, which can
be extracted using the annihilation pole axiom . This approach gives the leading order
contribution in the density of excitations of the initial state and works in full generality for any
integrable field theory, as long as semi-local operators are considered.

Possible generalisations of our work can follow three different routes. The first would be

to consider the time evolution of dynamical correlation functions, attempting to generalise the
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results found in Ref. [39] to the interacting case; and, in turn, test the results obtained in
Ref. [167] by means of a semi-classical approach. A second possible outlook is to consider

® with generic a. Considering generic values of

more general vertex operators of the form e
« severely complicates our analysis, in particular the finite volume regularisation of the theory
(cf. becomes much more intricate and the leading singular behaviour of the form factors
is no longer given by the expression . A case of particular interest is the local vertex
operator ¢/¥®: in Ref. [1] we showed the leading term in the linked-cluster expansion vanishes,
in general the residues of the most divergent poles always vanish in this case. However, those
terms which in the case o # 8 give sub leading divergent contributions for late times, become
important and might allow us to use a generalisation of our approach. This would go beyond
the semiclassical approximation of [167], which found a time independent expectation value.
Finally, the method presented can be applied to study the attractive regime of the sine-Gordon
model, where bound states of solitons and antisolitons are also present.

In Chapter[d] we considered the effect of weak perturbations to a specific class of integrable
models, where in addition to the “standard” infinite family of local conserved charges another
infinite non-commuting family of local conserved charges is also present. Adding a pertur-
bation to these models we can either avoid the conservation of the additional charges while
maintaining the integrability, or completely break it. To simplify our analysis we considered
only cases where these particular integrable models are noninteracting. In a late time window,
where the time is proportional to the inverse of the perturbation strength, the time evolution
of local operators (at the lowest order in g) can be described by an effective (quasi)-local non-
interacting Hamiltonian which is specified by time-dependent parameters found solving some
self-consistency conditions. Importantly, in this window we did not observe differences between
the case where the perturbation completely breaks integrability and the case in which it does
not. This suggest that the effects of integrability breaking are appearing at later times ¢ ~ g—¢
with a > 1, where g < 1 measures the strength of the perturbation.

Noninteracting models with the additional family of non-commuting local conserved charges
are known, an example being the XY model considered in this thesis. In the future it would
be interesting to find interacting integrable models with the same property: a good candidate
is the XXZ spin-1/2 model at the points where the anisotropy satisfies A = %(q + ¢~ 1) with
¢?N =1 (N > 2). Indeed, in this case, the model has been shown [95] to possess a sl(2,C)-
loop symmetry invariance in addition to its integrability. For the moment, however, only a
non-local representation of the charges is known [95]. Another possible outlook of our work is

2

to consider a different scaling limit, for example ¢t ~ ¢g~“, which we expect to be the time-scale
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in which thermalisation occurs, according to our findings of Ref. |3] (discussed in Chapter [5|of
this thesis) and trying to find an effective Hamiltonian also in that case.

Finally, in Chapter [5| we studied the dynamics of a more general class of weakly non-
integrable models, that can be thought of as Peierls insulators [66,77], in the presence of a next-
nearest-neighbour hopping term with strength J and density-density interactions with strength
U. We studied the time evolution numerically solving the second order equations of motion
(EOM) for the occupation numbers n,,, (k,t) , of the Bogoliubov fermions diagonalising
the quadratic Hamiltonian. The equations are found in two steps: first we write the Heisenberg
equations of motion for the bilinears in the Bogoliubov fermoins; then, we take the expectation
value on the initial state, closing the system of equations by assuming the connected higher
particle cumulants to be negligible. In particular, we considered a specific truncation scheme
which for times of order unity gives the exact results up to O(U?) corrections; in fact we tested
it against the (numerically exact) time-dependent density matrix renormalisation group (t-
DMRG) results finding an almost perfect agreement for all the times reached by the t-DMRG,
even for not-too-small U. Using the EOM we showed an exponential crossover behaviour
of local observables between a prethermalised and the thermalised regime. The crossover is
characterised by a time-scale t ~ U~2 and has a prefactor which strongly depends on the next-
nearest-neighbour hopping strength J,. To find this scaling and in turn to reach longer times
in the evolution of observables we designed a further approximation of the EOM obtaining a
quantum Boltzmann equation [75,/76], which is expected to describe the time evolution of local
observables at the leading order in U.

In Chapterwe show that also in absence of the U(1) symmetry, which causes the conserva-
tion of the particle number, the systems show a prethermalised behaviour: the local observables
stay on quasi-stationary plateaux which are close to those described by the unperturbed GGE
up to corrections of order U. This result has been found using a simpler version of the EOM,
which is accurate for times t ~ U~!'. An immediate outlook of our work would be to study
this case with the second order EOM, investigating whether the scenario for the approach of
the thermal values described in the previous paragraph also applies in this case. In particular,
we can investigate cases like those considered in Chapter [d where the free model possesses an
additional non-commuting family of local conservation laws, and explore its time evolution up
to times t ~ U™2: we expect to see two quasi-stationary plateaux, before the final stationary

one, appearing in this case.
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