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This thesis examines theorstically the potantial of the plasna
confinement device known as a Stellarator as a fusion reactor.

Chapter one contains a survey of the requirements for uwuclear
fusion to take place in a device employing nagnetic confincement. The
range of reactor parametcrs which are appropriate is- derived, both fron
the point of wview of plasma physics and on the basis of a rather crude
economic model.

Chapter two begins with a discussion of the 2quilibrium of bplas
in Stellarators. Solutions of the cquilibriun wquatLons are obtain d
employing an inverse aspect ratio expansicn of the field quantities.

C apter three indicatces which macroscopic instabilities are cause
for concern in Stellarators without nat Tonvltudlnal current. A stability
criterion appropriate - to Stellarators is avaluated using the equilibrium
fields found in the preceeding chapter.

Chapter four is devoted to the study of the =ffects of particles
which are localised in the ripple of the Stellarator masnetic field on
transport. A random walk theory of their contribution to diffusion is

given.
“Chapter five contains a description of the coil systems capable of
enerating Gtellarator fields, and their properties Specialising to
wisted" coils, geometrical scaling laws are sought, which describe the
properties of the fields they produce.

Chapter six is a brief indication as to how such coils may be
incorporated into a reactor.

Chapter scven considers the parameters of a Stellarator reactor
based on ‘“'twisted" coils, and shows how they may be writton in teruas of
the major and minor radii of the device An econonic model of the rcactor
is given, which allows us to optimise the reactor, to onbtain the chaapest
system at fixed total power output and wall loading. The result is shown
te be considerably less ¢xpensive than similar Tokamak designs.






Introduction

It is the object of this thesis to study the Physics and
Engineering problems relevant to the design of a fusion reactor of the
Stellarator type, aﬁd then to attempt the conceptual design of such a
reactor. With the help of a set of preliminary component cost estimates,
we shall then demonstrate how it can be made as cheaply as possible, and
compare the estimated cost with the expected costs of other fusion
reactors.

Before proceeding with this programme, it is useful to recall the
approximate values of the parameters of a fusion plasma, which may be
established by means of rather simple arguments, and also to list the main
components of any fusion reactor. Chapter one begins with a summary of
the well-known plasma conditions necessary for fusion reactions to occur
at an economically acceptable rate.

A "burning" plasma is however only one of a number of areas to be
studied during fusion reactor design. It would be impossible to give a
full account of them all in the present work. We shall, however, attempt
to give‘ an indication of the scope of such studies in chapter one. We
then introduce a rather primitive economic analysis which identifies the
parameter ranges within which we shall study in—more detail the behaviour
of the plasma and the performance of the field-coils of a particular
system, namely a modular Stellarator. This allows us to discuss the
design of a set of coils of this type, and to give a description of the
essential features of the other components of the reactor.

As we shall henceforth be concerned principally with Stellarators,
it is appropriate to define here what we shall use this word to mean: a
Stellarator will be taken to be any device capable of containing a fusion
plasma whose vacuum fields generate a wunique set of topologically

toroidal, nested magnetic surfaces. This definition implies the existence
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of a rotational transform, which is responsible for the existence of these
surfaces and which ensures plasma contaimment. The general properties of
Stellarators are discussed in [1,2].

‘In practice the Stellarator field is made up of a main toroidal
field modulated by 'helical" fields which give . a non-zero rotational
transform to the field lines. The rotational transform, i, is defined to
be the ratio of the number of rotations of the field lines about the minor
axis (in the poloidal direction) to the number of rotations about the
ma jor axis (toroidal direction) averaged over many orbits. It can be
shown on a single particle model (see e.g. [2]) that non-zero rotational
transform is necessary to prevent particles drifting straight to the wall.
In chapter two we shall see that finite transform is also required on the
basis of M.H.D. equilibrium calculations. The plasma confinement
properties of Stellarators which we shall use are derived in chapters two
and three, which represent an extension to the existing M.H.D. theory of
equilibrium and stability of plasma in a Stellarator. In all of this the
Tokamak is included as a special case, which aids the comparison which we
wish to make.

~Chapter four is devoted to a discussion of particle and heat
transport in Stellarators. Transport rates have previously been estimated
on the basis of approximate analytic calculatibns (e.g. by Frieman,([3])
and have been found to be relatively high. The explanation of this result
is the fact that the ripple in the Stellarator field due to the helical
part of the field, combined with the radial variation in the toroidal
field, should give rise to drift motions which may carry a class of
particles out of the device. (In a system which is symmetric in the
toroidal angle, £ , where the toroidal component of angular momentum,
RP¢ , is conserved, particles move on closed surfaces over which RPf 1is
constant. However, the Stellarator field breaks axisymmetry, so that the

corresponding component of angular momentum is not conserved.)
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This would mean that, in the low collision-frequency regime in
which a reactor plasma should 1lie, a Stellarator would be at a
considerable disadvantage in comparison with a Tokamak, which in principle
need have no such ripple. (In practice, Tokamak coils do give rise to a
ripple in the fields due to the gaps between them, and similar diffusion
processes are predicted, on the basis of the same model.)

The model employed in [3] neglects a number of factors which are
likely to be important, in reality, including the effects of ambipolar
fields on particle orbits, and is, in any case, not correct for the most
energetic particles. This is despite the fact that the model predicts
that the diffusion is primarily due to these particles. We show that when
such particles are properly accounted for, the predicted diffusion rate is
considerably reduced. Experimentally observed confinement times for
particles and energy in Stellarators do not seem to be worse than in a
Tokamak, and may well be better, so our theory is partially confirmed.
(One may advance a plausible explanation why they should be better based
on probable fluctuation levels in the devices, and we shall touch wupon
this point in that chapter.)

.Analytic and numerical calculations of the behaviour of the
fields, produced by the particulaf type of conductor which we shall claim
to be the most suitable, are presented in Ehapter five. From the
preceeding chapters it emerges that we are limited to rather small aspect
ratios, and so the task becomes to study the achievable rotational
transform as a function of the magnetic surface parameters, for low aspect
ratio devices, subject to the constraint that the coils can be built in
practice. It is then necessary to assess the prospects for inclusion of
some sort of '"divertor", and to estimate the forces on the coils.

The basic system which we eventually propose (in chapter six)
consists of a set of twelve identical twisted coils laid out on a toroidal

surface in a manner which possesses a three-fold rotational symmetry. The
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main engineering problem in the coil design is to support the forces on
them.

The Tokamak, on the other hand, has what is essentially a toroidal
solenoid as its main coil set. The provision of a divertor causés ma jor
difficulty in this case, as considerable forces act upon bundle divertors,
and poloidal divertors occupy a great deal of space within the coils. As
there are in addition vertical field coils, poloidal shaping coils and the
means for driving the toroidal current to be included, we believe that the
overall coil design appears less attractive than  the "equivalent"
Stellarator which we are proposing. Some comparison with the Tokamak,
together with the discussion of divertor design and of coil forces, is
also given in chapter six.

Finally, in chapter seven we draw together all the threads from
other chapters to produce an outline reactor design. The method of
optimisation employed makes use of a detailed set .of reactor component
cost estimates, in contrast to the very c¢rude cost model invoked in
chapter one. Although some factors are ignored by use of such a model
(e.g. practicability of supbort of coil forces), it is preferable to the
model uéed in chapter one, which takes the cost to be simply proportional
to the engineere& volume. The result of the optimisation based on these
costs turns out to lie within the parameter range identified in chapter
one as broadly credible, and the coils required are the type which we
attempt to demonstrate as feasible in chapters five and six, so even
though the more detailed costing still has its limitations, the resulting
optimised design has reasonable credentials.

The costs of a number of recent Tokamak designs are calculated on
the same basis, and are compared with the cost of a Stellarator with
similar total output power and similar assumptions as regards, for
instance, wall-loadings. We conclude that a Stellarator reactor is

potentially cheaper and easier to build than a Tokamak, even though we
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have made a number of optimistic assumptions about the performance of the

Tokamak. (It may be remarked that the Tokamak is not able to operate at

the same wall loadings if it has to be pulsed, and so this would put it at

a considerable disadvantage.)



Chapter One: The Fusion Reactor

In this chapter, the methods used to find an optimised Stellarator reactor
design are described.

The plasma parameters necessary for fusion are considered. The
ma jor components of a fusion reactor are then introduced. Engineering
problems associated with each of them are discussed, in order to indicate
the areas to be investigated later.

Simple arguments are given which help to determine the range of
reactor dimensions to be employed. This is particularly important for the
coil design studies of chapter five. Although the economic model used in
the present chapter is relatively crude, the parametric choices based upon
it can be justified a posteriori using the more complete optimisation of

chapter seven.

The only defensible approach to fusion reactor design is to seek
the cheapest reactor design which is compatible with all that is currently
known, Both as regards plasma physics and engineering. By contrast, the
temptation to identify some one desirable physics or engineering
characteristic of a reactor as being most imﬁortant, and to use this to
optimise the design - without attempting to apply the constraints due to
all the other desirable characteristics - has to be resisted. In other
words, a systematic analysis has to be attempted which keeps all the
options open wuntil the whole system has been taken into account. (By the
"'system'" we mean the plasma, the walls surrounding it, the blanket, the
coils, the heat extraction and conversion system, the control systems and
the electricity grid into which power is fed - in short, every component
involved in this method of electrical power generation.)

We shall find several strong constraints on design which push wus
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toward particular shapes and sizes of reactor. No §ne of these, according
to the above, 1is to be allowed to determine a precise value for any
quantity. This philosophy need not prevent us from simplifying the
analysis by a reasonable anticipation of the outcome, however. It may be
abundantly clear at the outset that if we push too far in some direction
we shall have a reactor concept which will inevitably cost vastly more
than its competitors or exhibit some other property which makes it
iﬁplausible that it could ever be built, (see e.g. (4]). We save
considerable labour by excluding such possibilities as soon as we can
demonstrate them to be unworkable.

In practice we shall find that it is possible on the basis of
quite simple economic considerations to identify the parameter range
within which we must work. In fact, it turns out that this 1is the
range within which all existing Tokamak reactor designs lie - the device
which we are compelled to consider is somewhat 1like a Tokamak reactor
because similar economic factors apply to all toroidal magnetic fusion
reactors.

In order to establish a basis for comparison of reactor economics
it is téﬁpting to attempt to adopt the Fast Breeder as standard. However,
there are still considerable uncertainties about Fast Breeder econémics
which have no parallel in economic assessments of fusion reactors, so at
present it 1is easier to make comparison with the Tokamak, which is the
potential fusion reactor most widely studied at the moment. Consequently,
in this thesis we limit ourselves to giving the argument for a Stellarator
reactor in relation to a Tokamak.

The stance which we are about to adopt does not necessarily imply
that we believe that the Tokamak designs with which we shall make the
comparison are technically or economically feasible, indeed there are
certain problems inherent in Tokamaks (but not Stellarators) which are a

matter for concern, for instance, disruptions, the effects of pulsed
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operation and the topological complexities resulting from the use of
several crossed magnetic fields in order to maintain the plasma

equilibrium.

We now discuss general considerations in fusion reactor design.

1.1 The Fusion Plasma

The first generation of Fusion Reactors will probably make use of the

nuclear reaction
D + T — 2He(3'52MeV) + n(14-06 MeV) (1.1,1)

as the other candidate reactions, for instance

(D + ;He :He (3-67Mev) + p (14-67MeV) (1.1,2)
and
3
T(1-01MeV) + p(3-03
2 2 ,/”/' 1 Me
1D + 10
3 (101,3)
JHe(0-92Mev)  + n(2-45MeV)

are significantly more difficult to initiate. As we shall see, the

conditions for even the D-T reaction to take place are extremely
stringent, and so for the purposes of this discussion it is appropriate to
consider only D-T.

The D-T reaction has the disadvantage that most of the energy released
would be <carried away by the neutron, which cannot be contained by a

magnetic field. Hence in a reactor utilising magnetic confinement there
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must be a blanket which surrounds the reaction chamber and is capable of
slowing down the neutron and extracting its kinetic energy. The energy
would then be produced as heat, which would be converted to electricity
“with an efficiency of the order of 30%. (If the reaction products had
been charged, virtually 1007 efficiency of conversion would in principle
have been possible.)

The cross-section for the chosen reaction reaches its peak wvalue at a
temperature of order 100 keV and varies rapidly elsewhere: in practice it
is necessary to reach temperatures of order 10 keV before the fusion rate
becomes reasonably high. With the possible exception of some high~Z ions
which may not be fully stripped of electrons, the gas is a fully ionised
plasma at this temperature and so magnetic confinement is appropriate.

A well-known criterion which specifies the minimum condition necessary for
fusion to be feasible is known as the Lawson <criterion. It may be
summarised as follows: if we assume that the losses from the plasma must
be exceeded by the ‘gross electrical energy generated, we obtain a
condition on nt (the product of the particle density of each species and
the confinement time), that it be greater than 5 x 1013 s/cc.

A more interesting condition which turns out, not surprisingly, to be more
stringent is the ignition condition. This results from equating the power
lost from the plasma to the power deposited in ﬁhe plasma by the reaction
products (i.e. the alphas) as they slow down. If we let F denote the
fraction of the fusion energy which is delivered to the plasma and
supposing that energy E is released per reaction and that the rate of

reaction per unit volume is R, then the ignition condition is

FRE = 3nT + P (1.1,4)
t

where P is the power lost as Bremsstrahlung per unit volume, and t is the

- 9 -



energy confinement time for all other processes. With fE equal to 3.52
MeV for D-T we obtain an nt value four times as big as that given by
Lawson. These considerations show that a fusion plasma needs to have an

ol* s/cc.

nt value of order 1

One possible operating point for a fusion reactor is at the
minimum of the nt curve which occurs at about 25 keV. A slightly
different optimum operating condition 1is obtained by considering the
effect of a limit on the attainable plasma beta value. The fusion power

per unit volume, RE, expressed in terms of beta and in units of MW/m3 .

varies as

RE = 0.7 828" £(T) | (1.1,5)

where f(T) is a dimensionless number, containing all of the temperature
dependence of RE, whose maximum value is one. The beta to be used is the
peak beta, and we have assumed a pressure profile which 1is slightly
flatter than parabolic. (The reason why we believe this to be appropriate
is that our equilibrium calculation indicates that 1=2 Stellarators are
‘suited ro containing plasmas with parabolic profiles. The 1=2 reactor we
eventually consider has negative shear, however, so that the transform
decreases with radius, and similarly the pressure gradients must be less
steep at the edge than for flat transform profiles.)

The maximum of f£(T) occurs at about 14 keV, although it is fairly
broad, extending from 10 to 20 keV.

When impurities are allowed for radiation losses get much worse,
firstly because Bremsstrahlung due to high Z impurities varies as the
square of Z and secondly because many impurity atoms will not be fully
ionised. As a result, line and recombination spectra will typically lead
to radiation of much more power than Bremstrahlung. For this reason, any

reactor design has to ensure that the level of impurities remains suitably
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bounded.

1.2 The Components of a Fusion Reactor

A great deal of work has been done on the design of a Tokamak

reactor, for example [5,6], and much of this 1is also applicable to
Stellarators. These have, however, received relatively 1little attention
in their own right, although Gibson et al. compared Stellarator and
Tokamak in an early paper, [7]. More recent work largely remains

unpublished, [8].

Before we embark on a Stellarator reactor design study, we
consider the main components of a fusion reactor.

If we start at the heart of the reactor and work outwards then we
should logically begin with the plasma itself. Plasma physics largely
dictates the nature of the various conductors which generate the fields,
and the spatial extent of the plasma fixes a surface outside which the
first wall must lie. However, as we shall consider the plasma behaviour
in detail in later chapters, we shall pass over the plasma in this chapter

and begin with the first wall.

l1.2.1 The First Wall

The First Wall, the first material barrier and inner surface of
the blanket region is the most vulnerable part of this structure since it
is subject to bombardment by neutrons of average energy about 14 MeV,
carrying 1-10 MW per square metre (lMW/m2 corresponding to 4 x 10t °
n/cm?.s), by electromagnetic radiation and by particles which diffuse
out of the plasma. As a result, it must withstand high heating rates of

about 10MW/m®> for each IMW/m? delivered to the wall by neutrons for
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Stainless Steel, and 6MW/m3 for Aluminium, - see e.g. Mioduszewski,
[9], - and the pressure associated with the coolant flow which is needed
tovkeep the wall at a reasonable temperature. (Aluminium may well be
excluded from reactor applications, however, for its strength decreases at
high temperatures, so that it appears unlike%y that it could be used above
ZOOOC.) The design of the first wall needs to take into account the
temperature gradients and thermal and mechanical stresses which will be
set up as a result.

Two further threats to its integrity, radiation damage and

sputtering, are considered below.

Radiation Damage

As a consequence of the neutron and charged particle bombardment
to which it is subjected, radiation creep, swelling and embrittlement of
the wall are likely to occur. The implications of these are by no means
fully understood.

One cannot hope to study in full the effects of these fluxes by
simulation experiments, as the only known way to achieve the high fluxes
and energies of neutrons simultaneously is a fusion reactor itself.
Consequently, the life-time of the first wall, measured in MW-years/m¢
which is probably the most important unknown in fhe study of the fusion
reactor, can only be estimated by extrapolating from measurements made in
very different conditions. As the mechanisms involved in the evolution of
damage in the metal under reactor conditions could well also be quite
different, such estimates are of limited wvalue. Thus the maximum
economically sustainable power flux at the first wall (known as the ''wall
loading') remains an wuncertain, though wvitally important, design
parameter. For this reason, in this thesis optimum reactor parameters
will be presented as functions of the wall loading, which will be left as

an unspecified parameter.
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It is generally believed that the probable value lies in the range
2-6MW/m % . This 1s because life-times of about 10MW-years/m? are
expected, and replacement of wall sections in less than 2-3 years is
considered unacceptable. (In a two year replacement '"cycle'", half the
modules in a reactor might be replaced during the summer months of each
year, [10].)

Radiation damage is most serious in a pulsed device since c¢ycling

stresses greatly enhance the rate of growth of defects in the walls.

Sputtering

A second reactor design constraint is due to wall erosion by ion
bombardment. Sputtering can be expected to remove large quantities of
metal from the wall during the lifetime of the reactor, if no measures are
taken to impede the process. (This material is then injected into the
plasma with a consequent effect on the level of high-Z impurities.) Such
measures include the use of a cool gas mantle, a divertor or a graphite
screen inside the first wall.

The sputtering rate has been estimated on various occasions. For
example, in [l1] rates for sputtering of Nb by plasma particles are given
for a Tokamak or Stellarator reactor without a divertor. The energy flux
to the wall due to particles is taken to be abdﬁt 70% of the alpha energy
(depending on how much energy is lost as Bremsstrahlung or Synchrotron
radiation). If we -envisage the neutrons, each having energy of about
14MeV, giving rise to a wall loading of about 3MW/m® , then 70% of the
alpha energy (each alpha having about 3MeV) will result in 0.5MW/n® .
About 2cm of the first wall would be removed per year, on this basis, and
as the wall 1is often taken to be less than a centimetre thick, this is

clearly intolerable.

The very thin first wall is chosen because of thermal stresses,
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which are produced by the temperature gradients set up in the wall. 1In a
pulsed device, the stresses are cyclical, and the upper 1limit on the
cyclical stress, being rather severe, (about 200MPa for Stainless Steel),
imposes a bound on the permissible wall thickness (<4mm. in INTOR, [9]).
In a steady state device such as a Stellarator, this restriction, which is
very stringent, would be greatly relaxed.

In a pulsed system the problem of sputtering may be worsened by
cycling for another reason: a cold gas mantle may well be unacceptable in
such é device, [12], as the fusion power which is not carried away by the
neutrons is transmitted to the first wall in the form of radiation by the
mantle. If this radiation is pulsed it may do severe damage to the first

wall.

Where the many tons of sputtered material will finally be
deposited depends on the measures adopted to protect the first wall and on
other factors as yet unknown, but it seems 1likely that the (e.g.
divertor) pumps will bear the brunt of it. We shall make no attempt to
solve this problem here, but note only that some Stellarators can more
naturaliy incorporate non-axisymmetric divertors than Tokamaks, and this
makes the problam potentially more tractableby removing it outside the

main reactor volume.

The plasma may be prone to disruptions, a feature of Tokamak
operation which has not, as yet, been totally eradicated, (and is not
necessarily likely to be). If so, the 1lifetime of the wall can be
reckoned in terms of the number of disruptions it can stand before being
completely eroded, this being the most damaging single process. That
number is not large, (of order a thousand for INTOR [13]), in relation to

“the rate of incidence of disruptions. Stellarators with zero net toroidal
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current are essentially immune to this class of instability.

1.2.2 The Blanket

Electrical power can only be produced economically if the neutron
deposits its kinetic energy in some region exterior to the plasma - the
blanket - from which we may recover it. However, as Tritium does not
occur naturally, having a half-life of 12.6 years, the blanket is called
upon to play a second role, that is, it must breed the Tritium from the

neutrons and Lithium. The two natural isotopes of Lithium are

7 6
Li(92.58%) and Li(7.42%)

and the reactions employed are

6 4 ‘

Li + n — He + T + 4-86MeV (1.2.2,1)
and

Li + n

He + T + n - 2:87 MeV.  (1.2.2,2)

Note that although the first is exothermic, the second requires a

neutron energy in excess of 2.87 MeV.

Associated with the blanket there is the problem of choosing a
coolant which 1is compatible with the structural materials whilst being
capable of performing its principal task of removing heat effectively.
The choice of structural materials needs to take account of radiation
damage and problems of replacement and disposal resulting from
radioactivity induced in them.

The blanket also has to shield components exterior to itself from
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the neutrons and from gamma radiation. These functions require a certain
minimum thickness of material, set by the stopping length for 14MeV
neutrons, which in most designs is taken to lie in the range 1-1.5 metres.

[10]

1.2.3 The Shield

After the blanket is a shield region which protects the next
component, the superconducting coils, from the temperatures of the
interior, reducing the heat flux by about four orders of magnitude and
needing about a metre of material to do it [10].

In most designs it is considered appropriate to include about a
metre of concrete to protect the superconducting coils from the energy
flux from the plasma. Thus the combined thickness of blanket and shield

lies in the range 2-3 metres.

l1.2.4 Coil Systems

The design of the coils is one of the principal aims of all of
this work: the impact of each area studied on the coils will thus be
indicated in the appropriate section.

;In chapters five and six we study in some detail the coils which
generate the magnetic field. As mentioned previously, the coil shape is
largely dictated by plasma physics. Conversely,-however, as the practical
difficulties of building elaborate coil systems are considerable, a study
of the structural implications of the coils. and their support system for
the more exotic magnetic configurations is, we believe, sufficient to
exclude them as vthe basis of a potential reactor. Several authors have
studied Stellarators whose axis is grossly non-planar in an attempt to
increase the beta value attainable. It must be recalled, however, that
the reason for wishing to achieve high beta is an economic one, and we
feel that increasing beta in this way will be uneconomical when the cost

of the complex engineering involved is calculated. For these reasons we
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have restricted our attention to configurations having an essentially
circular minor axis about which the coils, which are all the same shape,

are rotated with respect to each other.

The superconducting coils must be kept at an extremely low
temperature. If the temperature is to be 4K then a theoretical minimum of
290W is needed to remove four Watts from the coil = in reality, the
efficiency of the pump is likely to be rather 1low, so refrigeration is
liable to require a considerable amount of power and this leads to a
requirement for very efficient thermal insulation of the coils. (1f
superconductors which have been reported as operating at much higher
temperatures become viable, this consideration wouid become less vital.)

As we do not wish to have to have to refrigerate the coil
supports, as well as the coils, we shall attempt to arrange that all the
forces which are applied to the coil cre compressive, so that the contact

need be less intimate than would otherwise be the case, (see Chapter six).

1.2.5 Reactor Maintenance

When a component of a fusion reactor needs replacement or repair
.it is essential that it be possible to perform the necessary operations in
a reasonably short time. The length of the down-time will necessarily be
one of the most important parameters determining the economic viability of
the reactor. As a result we must design for easy access to the r eactor
and for whole sections of the torus to be capable of being moved bodily
out of the device by remote handling methods.

The need for remote handling stems from the radiocactivity of the
interior of the reactor, induced by neutron bombardment and slightly
aggravated by absorbed Tritium. The difficulties involved in performing
intricate tasks under these conditions are legion and robot servicing

techniques will have to be developed and improved.
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It has sometimes been suggested that having one module which is
relatively free to move radially whilst the others were permanently in
place would allow portions of the blanket which might be in need of
replacement to be removed by moving them azimuthally inside the torus.
When they were at the right azimuth they could then be taken out of the
torus. However the technology to move heavy objects around inside the
torus does not exist and the task is such that it does not appear 1likely
to be developed in time, [l4]. In our judgement, it is thus necessary
that all the segments of the torus be removable radially, perhaps on some

sort of tracks or on hover pads.

1.2.6 Waste Management

A related problem which has not been taken account of in the
ma jority of reactor designs is that of the disposal of radioactive waste
from a fusion reactor.

Depending on the materials present in the blankets, shielding
etc., radioactive wastes may be produced by the neutron bombardment which
require special handling and disposal. The nature of the waste, wunlike
that frem a fission reactor, will depend very strongly on the materials
employed and on the details of the reactor design. For instance,
aluminium is an attractive structural material ffom this point of view; a
few years storage should be sufficient before it may be disposed of by
simply burying it. There are probably reasons for wishing to avoid wusing
aluminium in the first wall of a fusion reactor, however, as discussed
above. Molybdenum is an unattractive choice, whilst stainless steel is
possible but not ideal. It would be highly active immediately after
removal from the reactor, but would have become sufficiently inactive in
what is considered a short period of time (about a hundred years) to be

disposed of, or recycled, [15].

Whatever material is employed it is likely that facilities will
- 18 -



have to be available for on-site storage of the material, for about a
year, before it would be possible to ship it elsewhere.

In comparison with fission reactors it is claimed in [15] that the
waste from fusion reactors has a greatly reduced '"biological hazard
potential",g;gg'also that after 200 years the activity of the waste should
be less (measured in BHP/kW(th)) than that of the ash from a coal-fired

plant.

1.2.7 Plasma Heating

In a pulsed reactor design there is an optimum economic level of
heating. Slow heating decreases the capital cost of the necessary heating
equipment, but it also decreases the fraction of the cycle during which
the reactor is producing power, and this increases the cost per kilowatt.
In a steady-state device such as a Stellarator heating is only necessary
very occasionally, to initiate the burn.. Consequently the heating rate
need be no higher than is necessary to ensure that the power input to the
plasma is greater than the losses during the start up process.

At present, few heating methods have serious claims as burn
initiation procedures. The possible ways of heating the plasma are
neutral injection, lower hybrid resonance heating and electron or ion
cyclotron resonance heating. (Ohmic heating; which is highly effective
and economical at low temperatures, becomes ineffective as ignition is
approached because the plasma resistivity falls off at high temperatures.)
Neutral injection is further advanced at present than RF heating methods,
but the latter are believed to have the greater potential.

In general one would expect that economic considerations would
select a single heating method. It seems likely that RF heating in
some form would be most effective. However, as neutral injection may be
desired for profile control, it may be necessary to include this heating

method also.
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(Start-up using E.C.R.H. has already been demonstrated in a

Stellarator, [l6], so that the case for using RE is strengthened.)

1.2.8 Plasma Engineering

We encounter yet more constraints on the design by considering
Plasma Physics requirements of a slightly different sort: in order to
fuel the reactor, to heat it to ignition, to monitor the plasma state and
control the burn and remove the exhaust plasma, we need access to it.
This means that there must be substantial gaps in the hardware that we
have been discussing to give access to various pieces of external
apparatus. The coil sets of chapter six. will be seen to meet these

requirements.

1.3 Power Output and Reactor Economics

This section is intended to make two points:
(i). A very simple (but essentially correct) cost model is used to show
that we‘are likely to be compelled by economic factors to work at a plasma
"aspect ratio" of order five, and minor radius of order two metres.
(ii). In general, the wall loading is a rather -stringent limit on the

power output from the reactor. As a result,  the useful value of beta

is limited to  the range 5-15%, for devices of arbitrary aspect ratio.

If the reactor is to be economical, it must produce as much power
as possible for a given capital cost of the station. A fundamental figure
of merit is thus the cost of the station divided by the total power output

of which it is capable, the cost per kilowatt.

To calculate the cost per kilowatt, we first need to know what
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factors limit the power output;

The power produced by the plasma may be found from (l1.1,5)
multiplied by the plasma volume. There are other factors which place an
upper bound on the power, however: one is the wall loading, the reason
for which has already been discussed, and the other is the maximum total
power allowable from the power station.

As a power station must be incorporated into an electrical grid,
it cannot have a power output greater than the maximum which can be
accomédated in the grid. Designs usually take that value to be less than
or equal to 2GW(el), corresponding to about 6GW(th), ("el" and "th"
denoting electrical and thermal respectively), thi§ figure representing a
few percent of U.K. consumption, at present. The reason for this limit
is the difficulty of transmitting power economic;lly over long distances,
which means that regions of a certain size must be nearly self sufficient
in electricity. Then within the region there must be a sufficient surplus
generating capacity to compensate for complete failure of at least one
station. If the wunit size 1is very great, this implies a large excess

capacity which will, beyond a certain point, be too costly.

Using the fact that the total power output is nearly fixed, we may
discover the permissible range of aspect ratios, by minimising the cost

per kilowatt with respect to the reactor geometry.

To calculate the cost per kilowatt we employ throughout this

section what 1is probably the simplest reasonable cost estimate - that is,
the cost is taken to consist of a term proportional to the engineered
volume plus a term proportional to the power output, to allow for
conventional generator costs. In this model the cost is independent of
the magnetic field strength, up to some arbitrarily specified maximum.

On the basis of this model the minimisation of the cost per
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kilowatt is straightforward and gives an indication of the range of
geometric parameters for the reactor to be considered.
The mean plasma minor radius, r, is defined so that if the

semi-minor (major) axis is a(a') and e = a'/a then

The major radius will be denoted R,: the plasma aspect ratio 1is A=R /r.

The volume of the torus is

2 2
vV = 2m rRm (1'391)

and its surface area is

2 2 1/2 -1/2
Ay, = 4m R (1 + e ) (2e) (1.3,2)

We now determine the cheapest geometry, (in terms of cost per
kilowatt), for a given wall loading P, (which may not be the limiting
wall loading).

In general, it would then be necessary to find r,%n at the
optimum, as functions of Pw, and hence, by varying Pw up to some maximum,
(which may be greater than the expected maximum) map out the whole space
available to us, and so complete the optimisation. This procedure is

followed in chapter seven: it turns out to be unnecessary, here, for r,%n

are independent of P _.

If the reactor is assumed circular (e

1) and the the power

density over the engineered volume is taken to be



2
PWAW = 4m rRme (1.3,3)
Eng.Vol. 2 2

PAil %n(r +t + s)

where t is the blanket thickness and s the shield thickness, (i.e.

including the plasma volume in the engineered volume) then as (t + s) is
effectively constant, the maximum power density is obtained when
r =t + s , which would imply r~ 2m.

More properly, the plasma volume should be subtracted from the
denominator of (1.3,3), and allowing for the plasma ellipticity, we find

that if b = t + s, the engineered volume is

2 2 2 2
27 %n{(ae + b)(a+b) - (ae)} = 2n Rnl{ab(l + e) + b}

The effect of ellipticity on the numerator is simply to multiply it by a
constant dependent on e: see (1.3,2).

The maximum power density occurs when a/(a(l + e) + b) is maximum,
i.e. when r is infinite. However, as various effects which are small,

O0(1/A), have been neglected, we might expect that the real optimum could

occur for any a such that

a > 1 -1
(a + b/(1 + e)) A

Taking the equality in the above the required value of a is

a=">bA-1)/(1+e).

Now P(th) = %7Aw’ and from (1.3,2), dropping factors which are very

close to unity, we have



2 2 2
P(th) ~ a eA =b (A ~-1) eA

AORJ 2

(1 + e)

P(th) should lie in the range 2-6GW; 2MW /o < PW < 4MW/m?
thus P(th)/40gv should be between 12.5 and 75. For e =~ 2, (typically) and
b ~ 2m., A is then between 3.2 and 5, (implying a ~ b).

These estimates are rather low, principally because the errors are
more like €, the coil inverse aspect ratio, which is greater than 1/A,
(and not due to any failure in principle): nevertheless, these are

comparable to the values we obtain in chapter seven, where we find A ~ 6.

€, in turn, is ~ 2/A, i.e. 1/2 - 1/3.

In the light of these results, it 1is interesting to calculate
which is likely to be most restrictive on the power output, the attainable

- beta, or the wall loading, for it has often been stressed (e.g. in [7])
that high beta is essential for fusion to be economical. We shall attempt

to show that this is an oversimplification.

We believe that the following are reasonable assumptions about
those parameters which the reactor designer is not free to specify:
(1). the plasma temperature is in the range 10-15keV, so that the power
density is given, roughly, by (1.1,5), with £(T) =1 .
(ii). The range of sensible values for B_is probably 4T. < B_ < 8T., for
the maximum attainable magnetic field at the superconductor (using
superconducting NbTi) is about 10T, (although going to NbTi alloyed with
Ta may give a material whose structural strength allowed 12T). The field
on axis 1is given by B_= (1 - €)BC. This is the explanation of the upper
limit, for in practice € 1is not likely to be less than 1/5.
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On the other hand, it is not permissible to work at very low B,
for the confinement times of particles and energy scale as a pasttive
power of B: it is usually assumed in Tokamak designs that B>4T. is
tolerable. As we shall argue, in chapter four, that transport in
Stellarators should be comparable with that in Tokamaks, then such a limit
may be appropriate to Stellarators also.

The total power output from the plasma may then be estimated as

2 2 4 2
P(th) = 1l.47m r R B, B (1.3,4)

The value of e is not crucial, at this point, but for our applications we
typically have e=2-3, and so the wall loading in MW/m?2 is approximately

equal to

2 4
P. = .27 rB B (1.3,5)

w a

For any given r, we may estimate the beta for which this wall 1loading
exceeds some maximum tolerable value, Pw, which we might expect to be

about 3MW/m2 . We find beta to be limited to the range

-2
8 < 1.9 [ﬁm B- (1.3,6)
~ r

Typical values of P and r in Tokamak designs might be 3MW/m?
and 2m. For B _=10T, then even if €=1/3, beta of more than 5% would lead
to an intolerably large flux of neutrons. If Bé = 4T., which is the other
limit discussed above, then beta of 15% would be allowed, although the
lower confinement time may make this operating point unattractive. In
general, only rather low values of beta are allowed by this relation.

Consequently, it does not seem appropriate to attempt to achieve very high
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beta (of order 20%) by going to high aspect ratios, for the resulting
device would either be uneconomical because of its relatively low minor
radius, or produce an extremely large power output, which is equally
unacceptable. In any case, at such a high beta and for reasonably high

magnetic fields the wall loadings could not be supported.

l.4 Summary

Taking the power output to be given by P(th) = P A, for some
Pngv;max), we have calculated the most economical Reactor geometry. We
found that r must be made large, and as P and P(th) are bounded by some
maximum tolerable value, this 1implies that we must take relatively low
aspect ratio.

We have also argued that for magnetic fields which reach the
technological limit and for reasonable values of the plasma beta, the wall
loading which the plasma 1is capable of providing is greater than that
which the wall can withstand, unless the minor radius is rather small. If
the minér radius is small, the reactor becomes uneconomical, however.

In chapter seven this topic is revisited, using a better model, in
which, for instance, the extra cost involved in ﬁsing a higher magnetic

field is allowed for, and the simple picture is essentially confirmed.



Chapter Two: Equilibrium of Plasma in a Stellarator

We now develop a method of describing the equilibrium of Stellarator
plasmas. We begin by discussing thévgeneral mathematical properties of 3D
equilibria, and then give details of the calculation and the results
obtained. Their application to a reactor is described at the end of the

chapter.

2.1 Equilibrium Equations

On a time-scale much greater than the mean collision times of
electrons and ions we may represent the plasma pressure as a scalar
quantity, provided no effect (like neutral injection) prevents the species
from relaxing to a local thermodynamic equilibrium. Then, employing the

ideal M.H.D. equations, the equilibrium conditions are:

VP

]
je

VxH = J, ‘ vV.B = 0, (2.1.1i-iii)

These equations describe the equilibrium of an ideal infinitely conducting

fluid (somewhat 1like a perfectly conducting molten metal) exactly, and a
plasma insofar as it is similar to such a fluid. (Kulsrud, [17].) These
are also the leading terms in whatever other set of equations might be
considered more appropriate.

It is worthwhile considering some immediate consequences of these
equations, always assuming that solutions exist.

The scalar products of B and J with (2.1.1i) give B.gradP = 0 and
Je.gradP = 0 . Hence in equilibrium lines of both B and J lie in surfaces

of constant pressure. Let us now consider the former equation in more

detail.
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The equation B.grad ¢y = 0 may be taken to define the magnetic

surface function ¢ . It has been shown by Kruskal, [18], that solutions
for Y exist in the asymptotic sense, that is, if ¢ 1is expanded in an
asymptotic series, employing the inverse aspect ratio, ¢ , as a small

parameter,

v o= ¢ + €y +e Y A (2.1.2)

and similarly B and the operator ''grad", then

N mnt+tp (m) (n) (p) N+1
3 B Y ] = 0(¢ )
i=mrtn+p (2.1.3)
(For finite values of ¢ there may be regions where a single valued y does
not exist.)
The surface function ¢ 1is significant in the theory which we are

about to develop, firstly because P =P(y ) . A second reason follows

from (2.1.1i) as we may write

J =hB + Bx VP (2.1.4)

so defining the (as yet arbitrary) scalar function h.
Applying divJ = 0 , which may be deduced from (2.1.1ii), we obtain

the magnetic differential equation for h:

2

(2.1.5)

If gradP = O then h = h(y ) , and even when gradP is non-zero this may
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still be a useful approximation.

On a different 1level, ¥ = constant is the equation for the
surfaces on which field lines lie. In some circumstances, particles may
describe drift-surfaces which, depending on the region in phase space in
which the particles lie, are more or less close to the magnetic surfaces.
As particle orbits should not intersect the walls and as we wish to have a
fat plasma column the magnetic surface structure is of considerable
interest. (The surfaces are bounded on the outside by a separatrix,
outside which field lines cease to lie on surfaces which are nested about
the magnetic axis, but orbit the <coils.) We shall investigate the
surfaces analytically in this chapter using the equilibrium fields to
solve B.grad ¥ = 0 . In ‘chapter f'ive we present the results of computer
field line following for the vacuum field of the type of twisted coil
which we shall advocate. (Particle orbits and transport are discussed in

chapter four.)

2.2 Methods of Calculation of Equilibria

In a2 toroidal geometry where exact solutions to the M.H.D.
equations are not known it 1is necessary to -apply approximate methods,
either analytic or numerical, 3D codes having recently become feasible.
We shall derive  the results which we need by means of an analytic
approximation.

Before beginning it is interesting to note that some controversy
exists as to the status of solutions of the M.H.D. equations in a system
like the Stellarator which does not possess symmetry with respect to at
least one coordinate. In a symmetric system such as a straight cylinder
(with two ignorable coordinates) or a straight Stellarator or a Tokamak

(each having one ignorable coordinate) the equilibrium equations can be
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written as a single partial differential equation for a flux-function in
terms of the appropriate number of coordinates. The existence of
solutions is then guaranteed. However, in general geometry no proof has
yet been found that solutions will always exist, and there are even
reasons to believelthat they will not, as has been pointed out by Gréd,
[19]. (Lortz, [20], has succeeded in finding such a proof for devices of
the "Bumpy Torus'" type, however.) Lo Surdo and Sestero, [21], have argued
that, although the theoretical case against existence is strong, the
experimental evidence for there being good equilibria is also convincing.
They further argue for the existence of solutions to all orders in an
asymptotic expansion which they develop, although they feel that a
convergence proof is probably not possible. Any imbalance in forces which
could exist, for finite values of the expansion parameter, presumably
gives rise to effects involving finite Larmor radius and time dependence,
amongst other things. In this case, it is most important-to use a more
appropriate set .of equations, and so we feel that it will not be fruitful
to attempt to pursue this topic further, except to make two remarks:

(1). All the above methods of solution for non-symmetric fields
are essentially asymptotic and it is difficult, if not impossible, to find
convergence proofs for their solutions.

(ii). The possibility that equilibria- may not exist in the
general case 1is connected with the fact that in certain regions field
lines do not always lie on nested surfaces but may move throughout a
volume ergodically. This behaviour is due to resonances which arise in
the neighbourhood of the rational surfaces, on which field lines might be
expected to close on themselves, and is characterised by resonant
denominators in some ordering schemes, whilst remaining hidden in others.
(See chapter five.) The method we shall introduce is capable of
describing magnetic islands, which are the basic resonant phenomenon, but

what the error terms may be remains a problem.
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(In a numerical solution the mesh size can be regarded as the
small expansion parameter. Numerical solutions will also represent the

resonances with varying degrees of success depending, for example, on the

mesh size.)

There are two main methods of analytic approximation, differing in
the way in which what is essentially the same small expansion parameter is
introduced into the equations to be solved. The first we consider, which

'was originally wused by Mercier [22] and Shafranov (see, for instance,
[23]) and more recently by Lortz and Nuhrenberg [24] takes the distance
from the magnetic axis, r, of points within the plasma to be small.
Solutions of the equilibrium equations are then sought at the various
orders in r. As powers of r constitute a complete set of functions in any
interval, the method may be regarded as exact for the orders involved.

The other method is to expand certain quantities involved in the
equations (2.1.1i-iii) in powers of the inverse aspect ratio of the
boundary, e , and to solve successively the equations which arise at the
various orders in ¢ . This ordering necessarily brings in a degree of
arbitrariness, but the former method is limited in only being accurate
close to the magnetic axis. Having said that, the two are in a sense
rather similar because when we take the inverse aspect ratio to be small
we are restricting ourselves to a torus in which all points are close to
the axis. Alternatively, the Mercier expansion may be regarded as an
expansion in ep , p being normalised to the minor radius, the results of
which are similar but not identical to the ¢ expansion, expansion in ¢
in our experience wusually picking up more terms before the equations
become unmanageable.

The first application of the inverse aspect ratio expansion to a

Stellarator was performed by Greenme and Johnson [25], who introduced what
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we shall refer to as the conventional Stellarator ordering. For the
moment we shall only point out that this ordering gives rise to a 2D
partial differential equation for the lowest order solution which can only
be treated numerically. There are two reasons for this. One is that the
pressure is high B~ O0(e¢) , and it turns out that whatever else is
assumed this case can only be solved numerically. The other is that with
this ordering the vacuum field is, even in lowest order, composed of a set
of Bessel functions which consist of an infinite series in ¢ .

Partly in order to overcome the latter difficulty Dobrott and
Frieman devised an '"optimal" ordering for the vacuum fields, [26]. They
were able to find the vacuum magnetic fields and surfaces of a pure 1=3
Stellarator using this ordering. The details of the ordering are given in
(2.3.2) below.

It is well known that analytic Tokamak equilibria can be
calculated with B ~ 0(e?) . Using the optimal ordering and taking
B ~ 0(e? we have solved the equilibrium equations, for the specific case
of 1=3, [27] and in general for a Stellarator with one l-number dominant,

[28]. The result is a description of the equilibrium which, for many

cases of interest, can be used without resorting to numerical methods.

2.3 Equilibrium Calculation

Our equilibrium calculation is now described in detail. We
initially consider a 1low beta Stellarator equilibrium in which the field
has one l-value dominant and which has an arbitrary net toroidal current.
This permits the transition from a pure Stellarator (with no net toroidal
current) to a pure Tokamak (with no non axisymmetric fields) to be

followed. The Tokamak limit is specially noted in all that follows.
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2.3.1 The Method.of Averaging

If it is assumed that magnetic surfaces V¥ exist, then solving the

equation
B.V = 0 | (2.3.1,1)

for ¥ is equivalent to solving the equations for the field lines lying in

the surfaces

1= 2= 3 (203.1,2)

to obtain ¥ as a firs; integral. (Upper indices indicate contravariant
components of vectors, and lower indices will be wused to indicate
covariant components.) The latter set of equations is formally equivalent
to those governing a certain non-linear oscillator and so methods
originally devised in that context may be applied. In particular, when a
suitable small parameter exists, asymptotic methods, such as the method of
averaging, are applicable.

The method of averaging [29] was developed to study the behaviour
of non-linear oscillators in which departures from exact periodicity are
in some sense small. We shall now outline the particular variant of the
method of averaging which is used in our calculation. Although all of the
variants are in fact equivalent, we believe this to be the most

straightforward.

Our calculation, being a generalisation of that of Dobrott and
Frieman, [26], which employed an asymptotic expansion resulting from their
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"optimal ordering", naturally gives rise to a set of equations at each of

s

the orders in A

3
Integrating the lowest order equation does not determine the
lowest order solution uniquely. The extra information needed is obtained
from a constraint arising from an equation associated with a higher power
of X . This situation Trecurs at each order at which a solution is
sought.
To be precise, at the n+3 order of the expansion of (2.3.1,1) in

powers of )\ we obtain an equation of the form

(n+2) (n) :
oY = f(y ,p,6,s) (2.3.1,3)

where all the functions are periodic in 6 ,s or independent of them, (and
6,s are angle—~like variables to be ihtroduced below).

If magnetic surfaces exist, there can be no secular term (by which
Wwe mean a term with a non periodic dependence on s) in the solution, so
that there can be no term independent of s on the right hand side. (If
there were such a term, there would be a term proportional to s in the
solution.) Setting any such term to zero provides the extra information
we need to solve the appropriate lower order equation. The indeterminacy
due to the constant of integration is in turn resolved in higher order
still. This elimination of the secular term is the method of averaging.

Morozov and Solovev have applied the method of averaging to the
set of equations (2.3.1,2), (1], for a symmetric magnetic field perturbed
by a2 small non-symmetric field. An expression for ¥ was obtained which
is seldom accurate, being a first approximation only. As a result, for
most present day Stellarators it describes circular surfaces only. Its
derivation is relatively complicated and will not be given here. The

result is:
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ANl 2
V(x ,x )=A - 1 +BYgB (2.3.1,4)

1 2 3 —3

gB

with
_ L ~ — A =
a =_Lf adx, a=a-a, a= Ja dx
LJo

(g is the metric determinant.) The actual coordinates are given in terms

of the average coordinates by

x =% - VgB (2.3.1,5)

X, is the ignorable coordinate of the symmetric field, thus ¥ is the

exact expression for the surface function when the field is symmetric
and'; =0 .

The equilibrium problem was solved with the same accuracy by
Greene and Johnson, [25]. 1In [26], Dobrott and Frieman used the method of
averaging to find vacuum magnetic surfaces to considerably better
accuracy, and in [27,28] we solve the equilibrium equations, also to high

accuracy, in an ordering scheme which is a modification of that of Dobrott

and Frieman.

Rosenbluth et al. [30] and Hamzeh [31] have studied the
destruction of magnetic surfaces by resonances. The latter is of interest
in the present context, as it uses a version of the method of averaging,
having written the equations to be used in a form appropriate to a set of

non linear oscillators.
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By analogy with the method of the phase plane it is to be expected

that when two magnetic islands overlap the surface structure is lost.
This is because the local axis is a centre (or elliptic singular point)
but where islands meet are x—-points (hype;bolic singular points or
saddle-points). When two x-points meet, the system deviates from the
orderly behaviour of other regions. In our case, field 1lines then move
ergodically throughout the volume. The loss of surfaces due to this sort
of effect is amply illustrated by the field line following calculations of

chapter five.

2.3.2 Ordering Scheme and Vacuum Fields

In order to solve the equations (2.1.1) we order various
quantities in powers of the inverse aspect ratio, €. The particular
ordering scheme which we employ combines a number of desirable formal
attributes:

(i). The hierarchy of partial differential equations which arises
as a result of this choice can be solved in successive orders.

(ii). The solution in each order is given in terms of an unknown
function of radius which satisfies an érdinary differential equation in
P . This is a considerable simplification and means that we can solve for
as many orders as necessary, in order to 1incorporate all the relevant
physical effects. The radial boundary condition is then applied in each
order.

(iii). The ordering is also designed to incorporate physical
effects in the correct orders so that they are able to '"compete" with each
other in the appropriate fashion. In some cases this is essential, and in
others only desirable. An instance where it is essential is provided by
the ordering of the rotational transform: if it were too small, there
could be no equilibrium in the lowest orders of the solutions which we

shall seek. Because of the property of bringing together effects which we
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1/2

m
V=BR_ &+ (coshn=- cost ) 52% {Am Bn_écoshn ) cos(nT + m¢& )

1

+ B @ (coshn ) cos(nt + m¢ ) }
m,n 2

(2.3.2,2)

(plus terms in sin(nt + mf)) where B=gradV.

P:%(COSh n) and in(cosh n) are the associated Legendre functions
of half integral order. R, 1is the radius of the ring about which the
coordinate system is defined.

= 0 , here, as the ﬁﬁ%(cosh'n) are singular at the magnetic

axis. For a particular value of m=p, in order to obtain a separable set

of equations with particular properties discussed above, we take

_=2s
P = Pt p ~0(1)°

and normalise the fields to BO 1 . Note that in a Stellarator with one

harmonic dominant, n is the l-number.

If we now expand the expression for the potential, (2.3.2,2), in
powers of € for particular n,m=p, using 0, the local radial coordinate
defined by p =r/a, (Fig.2.1l,b), where a is a convenient minor radius, we
obtain a more wuseful approximate expression for the vacuum magnetic
potential. (We also write s=p &, for the choice of p to be employed.)

The functions d:i(coshn) are given by
2

m -(n+1/2) -2
(coshn) = tanhn coshn F(m/2+n/2+1/4,m/24+n/2+3/4;n+l;coshn )
(2.3.2,3)

Q-

l—

where a number of multiplicative constant factors have been omitted.

The hypergeometric function F(a,b;c;z) is most conveniently
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where X = r cos 6 , we may show that

-1

(i). coshn ep (1 = 1/2€p cosb ) + 0(e3).

(ii). ¢ =§ + o, where g =¢p sin g/2 + 0(¢2).

These allow us to re—express (2.3.2,2), in the local coordinate system.

Evaluating the first terms in (2.3.2,4)-we obtain

5 o 72 2/3'pz
Vn = Bpﬂl(sp) cos: (nf+s) + ———— cos-(nb+s)
4 (n+1)

+.%§ {(2n+1)cos ((n+116+s) + cos ([n‘139+5)}

'+/ [
pie Po" 52 708 | |
+ 32 (n+l) (n+2) cos <n8+3) + m {(21‘1-’-3) cos ([n+1]9+s)

+ 3 cos ([(n=1]6+s) } + 0¢( €n+2) .

(2.3.2,6)

8
The terms which have been omitted are O(éé), and with € =~ 1/10 in
Z
CLEO, (=~ 1/20 in WVII-A), e”3 = 1/400 (1/4,000).
With this expression, the magnetic surface function may be found,
using the method of averaging. Before proceeding, however, we specialise
somewhat and take all the components of the potential except those with a

particular value of n to be small. The dominant term is chosen to have:

2
B = €</3 -n) _
P, : CIBC)a /p

(2.3.2,7)
This choice ensures that the helical ripple in the field amplitude 1is of
similar magnitude to the toroidal variation, as well as being appropriate

for use in the calculations which follow, in that, given our other
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ordering assumptions, it is necessary in order to obtain a rotational
transform of order unity. (The parameter o is determined for a given
coil geometry by the helical winding current.)

In order to_describe the fields produced by the winding of a
classical Stellarator we choose the other non-zero coefficients as
follows:

To simulate a winding law like

dg
H~ A €Q cos 0) (2.3.2,8)

( © being a dimensionless parameter of order wunity) we add in small

amounts of the side-band potentials which we expect such a winding to
of amplitudes ¥y , § respectively,

create, with & = n * 1y v, § are still to be determined. The other term

we shall add in, which does not involve Y , 6, converts the toroidal

harmonic to a potential corresponding to a single l-number, (to O(en+l)).

P
o =5y 0 [~ 2] 00 feon avtions
=2_%3 2
P ED
G{ns2) C°S ([n+1]6+s)} (2.3.2,9)

<
]
o™

8 - ,
A e? (EZD)n 1 {cos ([n=-1]8+s)

-2 2/3 2
€
+ £ 4np cos ([n-1]6+§)}

We now calculate v,6.

If the coils are wound on the cylindrical surface 'p = Oc,

;pcbe
coil Jg lp=p > £

T ep.d; .

db

, where be’g (je,€>

O=Dc

correspond to the helical winding fields (currents) only.
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€0 . | .
by ~ sin (nb+s) +-7E§ {Y(n+1) sin ([n+1]6+s) +Ef%-(n-l) sin (Cn-116+s) }

c

EP

bE ~ sin (nb+s) + _a_c_ {Y sin ([n+1]6+s)+ 56—2 sin ([n-l]6+s)} .
. ' c

o i

Q‘lre;
@

Ep
~ <1 + < {'y sin ([n+116+s) _p_(SZ_ sin ([n-1]6+s) } + O(Ez)) )

4n sin (nb+s) c

) S d eYp
but 1f = - ac c
ut 1 Y -Ezr , then 5 (1 + 7o cos(@) .

Thus a winding law of the desired form is represented by choosing

2 . ' .
= p_nQ and ¢ = - ZnOcQ . Of course, a field with the same properties
c

could also be generated by means of appropriately shaped modular coils.

2.3.3 Vacuum Magnetic Surfaces

The equation to be solved is

B.VY = O (2.3.1,1)

We define

2 ] - g = =
g EP cosH v ‘ agV P §/BO

where a is a convenient minor radius. The field 1is known from the

A
gradient of V, and so it remains to expand the operator V and the
function V¥ in powers of € , so that if A = sy3
(o) (1) 2 (2)

Vo= Y + Ay + XA Y (2.3.3,1)
and I o= v (D4 axk g £ XAg

Ho) - 5.2 +2 2l 3 €7(1')=A-—a-:

v Pop o 86 ¢P 33 | (2.3.3,2)

€7(3)=-9C089%(°).

We may now proceed with the calculation.

At the lowest order in A we find



.3_‘1’.(°)= 0 (2.3.3,3)
ds

(o)

so VY is a function of p,6 only. The next order is

p@ 3@ ), = aw“? =0 ©(2.3.3,4)

+ p —
ds

However, in third order we find that we cannot integrate the equation to

obtain a periodic function of s unless

W _ (2.3.3,5)
a6

(o)

The most general choice of y ‘allowed is thus

IRERNE

=(1)

The fourth order equation has a similar integrability condition, with vy

(o)

taking the place of V¥ °’in (2.3.3,5). This we solve without loss of

(1)

generality by taking@ )= 0, which 1is equivalent to absorbinga into

(o)

v (p). A considerable simplification thus results. The fifth order,

=(2) _

similarly, implies that ¢ 0.

The solution to second order in X is:

1

Y =9 (p)=-2A napn- i ’ 2 napn 2-]- d wo' |
Y =-v,(p) - — 5z sin (nb+s)y’ - A 757 > T (p ) cos 2 (nb+s)

(2.3.3,6)



2.3.4 Effects of Pressure and Current

A full description of one method of calculation of equilibria is
given in appendix 1} here we shall describe an alternative in detail.
We begin this section by outlining the first method, and then present the
results of the calculatidn and show that they'may also be obtained by
iteration about the vacuum result, allowing for the effects of plasma

pressure and current.

In order to treat plasma pressure and current, we introduce new

variables

A - -\ 2
I = Jeal/B, P = P/B, (2.3.4,1)
and the orderings
p = x6p(e) + ... ; 3 =230 . (2.3.4,2)

The equilibrium equations become, in terms of these variables,

-

(1) J =Vxb (ii); V.b=0 (iii) (2.3.4,3)

<
g}

]
Wy
X
o

Equations (2.1.1i-iii) may now be solved order by order in » , with the

above orderings and the lowest order field given by
b = b(o) + kzg(z)... (2.3.4,4)

the second term being the lowest order term from V, the vacuum potential.
(In the cases we shall study in chapter five we add to an 1=2 field a

small amount of 1=6. Although this significantly improves the integrity

of the surfaces in the wvicinity of islands, especially near the
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separatrix, it is not, we Dbelieve, important for the equilibrium
properties of the plasma at the lower radii at which the plasma is to be
found in a reactor geometry.)

We now go straight to the solution obtained in the appendix.

The set of fields which is obtained, correct to 0(e?), is:

b =2 D20
o

n+l (n+2)

ZTari) + U(p)} cos (nB+s)

cos (nB+s) + A“{ﬁap

+ As{-f-.- [(pn(nﬂ) + épnﬁz(n’l)).cos ([n-110+s) +yp" (n+1) cos (En+139+8)]
P

+ V(p) sin 2 (n6+s) }

n+3

. =3
" xe{A(p) sin6 + (f(o) , palntd)p

) cos (nB+s) + W(p) cos 3 (nB+s) }
32(n+1) (n+2)



n—
= - 12000 . 33. /7 _ 14 J=u DTl D 1l4d .
bg = - A 5 sim (nb+s) +A°b(p) = A {pao D) Tn3p (pU(p))} sin(nf+s)

- )\s{%[ (pn+ Gpn-2>(n-l). sin ([n-116+s) +an(n+l) sin ([n+l]6+s)]

-k L V() cos 2 (aovs) |

n+3

=3 '
6 _ p’onp , _1 4 : }
A {B(p) cos B+ (g'(p) 32(n+1) (n+2)) sin (08+s) =37 gp (PW(PY sin 3 (ad+s)

b-£ =1+ Aa(vp cos e-ap“ sin (nB+s))

-2 n+2 - | n
- ap P pp d _ap a(p) .
xs{&(rﬁl) + EZ' 36 (QU(Q)) 5 } sin (D8+S)
5 d 200 N o ()] o -
+ )\s{pz cos?8 +[% T (pV(p)) “'( 5 > 5% J g COS 2 (nb+s) +bB(p)
- 7 <<2+Y)o“+1

sin ([n+116+s) + (3;3“"'l + Zéon-l) sin (En-1]6+s)> }

(2.3.4,5)



where the functions which are as yet undefined are to be

the following ordinary differential equations in p

-1
_ 1 4 d n _ napn p
a0 dp (p o (pU)) " 5z
1 d d ~ (nap™\?* 4 (o’

db n-1l\2_
_B_ _ (4 nop po’
o - (dp + b(p)o(p) + { ( =2 ) 5 } )

n+l n-2
_op (n+2) _ nap __U(D)} /= ol
Cl(p) = { Z orl) + =3 b(p) 5 g/’-ap o

| n-1ly3 ’
mop  ~ 4 _c_'> 2 d (14 <c__>
* ( 2p2 ) “* 35 (o LT pdp \p

1 d nf _
14d 58 = = foof0(0) - B o 4
T (pf) + p' {ap o(p) 7 P 30 (DU)}

determined

from

(1)

(i)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)



L4 (0L om)+2y =0 (0
1 d 1) N
- b*(pA” + 3A’) + pAC’ + 2pP’ - b*Db
(x1)
. .2-2n=1 (n-1)6
}_C!_e____ of [5n+ (n+]_\V +-——2—— =0
453 P
where b* is defined after eqn. (2.3.4,9).
(2.3.4,6i_Xi)

In the absence of an Ohmic heating current, c = 0 and so we are

able to set bB = -P, whereupon the only non-trivial relations remaining
are those governing A and B, all the other quantities being zero. We may
solve these relations analytically for some special choices of the
pressure profile, and we return to this point presently.

We now show how these results may be derived in a more intuitive

fashion.



The solution obtained for (2.1.1ii) is

gaJ b x VP

(S
I
o
0Q
=g
o
+

~ ~n ~ (2.3.4,7)
2p s - (20 #9) . (L)
Using (2.1.1ii,iii) and the above orderings we may write
ho= 3R® & 0 p®) 4 a5y A6n® 4 )\sh(s)‘b
c c c c P

where hc,hp are defined by

gb.Vh =~ (bx07P) .§(L)

b
gb.Vh_ =0 (2.3.4,8)

In order to indicate the significance of the various terms in
(2.3.4,6), the equation (2.3.1,1) must be solved for V. Once we know V,
we also have hC as a function of the lowest order force free current,
o (p). (2.1.5) gives an expression for the only other current apart from
the diamagnetic current, and combining these three the total plasma
current may be found. fhe non-vacuum contributions to the field may be
derived from a knowledge of these currents, and combined with the known
vacuum field to find the total magnetic field. It is then possible to
compute V¥, which was originally presumed known. The solution may thus be

shown to be self-consistent. We mnow consider how a similar program

permits an iterative solution of the problem.

As the effects of plasma pressure and current on ¢ are small

(0( ¢)) in this ordering scheme, a knowledge of the vacuum fields allows
Y to be calculated to o). This 1is sufficient accuracy for the
pressure profile to be determined to the required order, and almost

sufficient for Q: to be similarly fixed, both as functions of some
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arbitrarily specified 1lowest order profile, which in each case is a

function of p only. 1If we take the expressions for the currents which we
thus obtain and find their fields, we may determine to sufficient
accuracy to complete the solution of the problem.
| We now show that the solution we have obtained satisfies the
criteria for the above method of solution to be consistent and to have
been carried far enough. We compute y for the fields (2.3.4,5) and hence
the plasma currents. From these currents, we are able to show that these
fields are indeed the right ones.
The solution proceeds exactly as indicated above for the vacuum
field. The main difference is that the force-free current, hc, gives rise
to a poloidal field in 0(€), €b(P). The integrability condition which

arises in each order now has the form

5 5 - glp ,6 ) (2.3.4,9)

where b*=b(,) + bo N
g ’ b o= - n?(n-1)a? p2n-3

.0 53

b(p) is the actual poloidal field due to the lowest order plasma current,

suggesting that the second term, which is due to the Stellarator part of
the field, represents an effective poloidal field due to the Stellarator
transform. This indicates that the total effective poloidal field is b*.

It may thus be anticipated that the rotational transform is

gb* _b(p).'_ i
1 o P vac

(2.3.4,10)

. n2(n-1)a? 2n;4
1 = - 3 P .
vac 13

The solution for ¥ to third order is given by (2.3.3,6) plus the

third order term:
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v’ ' -
_)\3{ OTO; cos © [A(D) + a?p2(n~1) 4—;-3- <5n+ (n+l)y + —__<n_p12)'6> ]

| (2.3.4,11)
+ Vﬂl(p) sin (nb+s) + m,(p) sin 3 (nb+s) } + 0(A")

where

Note that wo' must vary with p at least as fast as b*, if this

third order term is to regular at the origin. As the pressure profile is
expressible in the form P=P(y¥ ), one may expect that the Il-number will

influence the pressure profiles which may be supported in the various

systems appropriately.

(Specialising to 1=3, and retaining only vacuum field terms,

taking v =6 = 0, this is the expression obtained in (26].)

Setting héBl o, the force-free current is given by (2.3.3,6) and
(2.3.4,11) with $'% p) =0 (p) .
The method of averaging applied to (2.3.4,8) yields an

integrability condition in ninth order,



- thus

(s) _ dp
hp 20‘35 cg;@ / b* (2.3.4,13)

which is commonly referred to as the Pfirsch-Schluter current, being the

return flow necessary for divJ=0 to be satisfied, in the presence of the
diamagnetic current.
The relations (2.3.4,6) are obtained by equating curl B to these

currents, whilst ensuring that divB=0. The remaining terms are from the

vacuum field, as may be seen by comparison with (2.3.2,6).

2.3.5 Boundary Conditions and Vertical Field

In order to complete the solution to the appropriate order, and,

in particular, to relate the quantities (2.3.4,6) to the applied vertical

field, one may apply the exterior boundary condition on the fields, making
use of the "virtual casing principle', [34].

The calculation which is summarised here was performed, for 1=3,
by P.J.Fielding, and is described in some detail in appendix One. 1In this
section we describe the technique employed, and present the important

results, (having generalised that calculation to arbitrary l-number).

Suppose that the plasma column is enclosed by a perfectly

conducting casing, the casing being coincident with a flux surface. The
vacuum fields within the enclosed volume are produced by currents flowing
in this casing, outside which there are no fields. The currents in the

surface, which also include image currents, are given by
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1od
X
o B

I = (2.3.5,1)
~ My
where ﬁ is outward normal to the casing, given by
n = Y/ || (2.3.5,2)

Note that these currents alone, calculated assuming the presence of a
plasma would, if the plasma were removed, give rise to fields exterior to
the casing.

In the absence of such a casing, the vacuum fields must be
produced by discrete conductors outside the column.. However, within any
given surface the equilibrium would be wunchanged if the discrete
conductors were replaced by a casing of the above type, coincident with
the chosen surface. This is the '"virtual casing principle", which we
shall now employ.

Transforming to coordinates {p',8',& } centred on the new magnetic

axis, (and dropping the ' on ¢ ',8 ') we obtainp(Pin the form:

n—-1

| -1
| nap nap N2 _
p(,8,8) = p,_ (¥) + \——— sin (nb+s) +A2( 9 ) (20-1) in2(nb+s)
2 P 200
| a2p 2(n-1)_ o
e - ; . o) ) s (n—1)6 o
2 [ [A(po) EESTCRV-ERA N (n+l)Y+__p;2—)-C°se
U(p_) niap M2 | .
+ ( _o - — _2 - b(p )\ sin (nB+s)+~ -
P P o)

- (2.3.5,3)

where terms of order eivachave been omitted.
The main part of the current in (2.3.5,1) gives rise to the vacuum
field, bvac‘ We wish to find the field produced by the remainder of the

surface current,
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- ( - (2.3.5,4)

= 1R = 2 X oy 0,57 Pea ¥ Macy,0,5)

(which field may be non zero outside the shell).
We must solve the magnetostatic equations, (2.1.1.i,ii), order by
order, for the fields b;,b,, 1in the interior and exterior domains

respectively.

The matching conditions at the ''shell" are:

[b,.n] = 0
~ (2.3.5,5)
and
[byxA)] = -1
- - (2.3.5,6)
with
1= b><;

The behaviour of the field at 1large distances from the shell
provides restrictions on the solutions. In the interior regularity at the
magnetic axis is implied. To find the correct behaviour in the exterior
domain, we again make use of Toroidal coordinates {n ,% ,£ } described by
(2.3.2,1). For large n these are related to our quasi-cylindrical

coordinates by

ap =r =2 Ro e " (1 + cosT e "+ O(e-zn)]

sin§ = sintT {1 + cosT e ")

(2.3.5,8)

cos B = - costT (1 - e~ tan? 1 cos T el

We now consider the form of the fields, in the exterior region.

Expanding the p" , (cosh n) (which is the solution form appropriate
n-3z

to the exterior) in these coordinates we find that to lowest order the
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(j,n)th. Fourier component of the potential is:

‘%(13) _ G(j/BH)(Aig)/pn) ei(lj§+n6) (2.3.5,9)

The axisymmetric part of the casing current produces a field which

can be represented by a stream function y such that

B (Lax), s (13
3 (R an> + <.P: %) =0 (2.3.5,10)
where

B =B (Vx x £)/g? (2.3.5,11)

By making the substitution [35]

X = F(n, T)/ }[COShT}- cos T (2.3.5 12)

we find

inT
(2.3.5,13)

~ 8

F(n, 7) = O{A 4 Pn_i(coshrﬂ + Bn iL»Qn_%(coshrD } X sinhn e

d
0= n dn n

By applying the boundary condition at infinity, we see that only the first
of these contributes to F (0,7, the other being divergent as n tends to
zero.

Reverting to the quasi-cylindrical coordinates and expanding in

powers of € , we find

pE ] peE Kl :
0 2 2 8 0

We may make comparison between these forms and those of the
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solutions obtained in the interior region, and so obtain the correct

boundary conditions on the latter. Details of the calculation at each
order are given in appendix one. We illustrate the method by considering
the order in which we are primarily interested, the sixth, which governs
ﬁhe axisymmetric part of the field.

The jump conditions (2.3.5,5) and (2.3.5,6) show that

[<b(6)] A(p,) sin® (2.3.5,15)

and

2

[ <b(s) ] = cos 8{— B(p,b) +'pbob(pb)[A(pb) 4 U4§2 szT/b*(pb)} (2.3.5,16)

where <x> indicates the s—average of x . u = (5n+(n+1)y+(n-l)6/pb2)n
Now the axisymmetric part of the field may be shown from the

magnetostatic equations to be, in the interior,

fg .Af” sihe
(2.3.5,17)
b§g () cos B

and in the exterior

fp) [ és) (s)/p + pbb (0, ) (1+ znp)} sin B

' 2.3.5,18
('e) RO B(e)/2 1 ( )
Ie = e e /P + Vi pbb (pb) QDD}COS g .

In order to obtain A,, however, we need a third relation, there
i

being three unknowns in these equations, (the jump conditions only giving

the difference, A - A ).
e i

The exterior solution (2.3.5,14) provides the required

information. Using the above form for we are able to make the
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identifications

6 _ 1 €
Ao " = 7 ppbley) tng
(2.3.5,19)
K, = = p,b(o,)
and so finally obtain
2 ' \
€°B g
o d 3 £0. )
B, = —3 {A(p) Y3 (DA(Q))+Ob(D)<2 + fn (5o
2, 2(n-1) -1)8
= po(p) {A(p) « 28 2 <Sn+(n+1)*f+—(9-’—z)—>]} (2.3.5,20)
b* . 453 P p:pb ’

where P b is the lowest order radius of a (closed) flux surface, outside

the plasma.
With this result, the determination of the equilibrium up to sixth

order in )\ is complete. When o =0, this also reduces to the Tokamak

result given in [33].

When 0 =0, (2.3.4,6) gives

A I ( ] dA>

n?(n-1)a? dp dp dp;

and using P=P(f), where f is given by

P
f = fb*(p) dp
. :

to ensure that P is regular at the origin (see above), we choose



- . - 2< —I)\
and find

P 2:

o (n-1) < p)
i 2 P

a a

A(p) = Ao -

where P, 1is the plasma boundary radius and i, is the rotational transform
at P
Finally, the vertical field becomes
e?B

B, = = {A(o) * 3‘15 <pA<p>>}

Q’Db

SO

2.3.6 Equilibrium Quantities

A number of important characteristics of these equilibria may now

be computed.

The rotational transform may be found, either from

i == X
2T d¢

where X (¢ ) is the poloidal (toroidal) flux, or from the method of

avéraging, [1]. 1In either case, (2.3.4,10) is confirmed.

The position of the axis is found using the fact that
V¢ = 0

at the axis. We rewrite ¢ as
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(2.3.6,1)

where

P
£ = [ b*(p) dp (2.3.6,2)
o

and where we have omitted helical terms, (valid near the axis for n > 1).

To the required accuracy, the axis has coordinates { px,ﬂ} , Where
* _ 33 4 3 (2n=3) ..
bx(p) = A% 35 (pa(p)) p"p; AP =S Sy, (2.3.6,3)

The last term is only necessary for 1=2, where it contributes a small,

uniform shift to all the surfaces. We neglect it henceforth.
1f we also define A(p) = pA(p )/b*, then provided A(0)~0(1)

e.g. when 4)=0, (2.3.6,3) becomes

b*(px-A3A(p)) =0 (2.3.6,4)

The solution is then P, = A3A(0) » to lowest order. In terms of A (p) ,

(2.3.4,6x1i) becomes

b*2A% + b (2b*” +%’i) A” + b*Ai(l 4 (pbo)>

dp \p dp -
= 2pP’ - b*b + aZp? (B7L) 4—;70'<5n+(n+1)y+(n;>5> (2.3.6,5)

which is the toroidal shift equation [33], whena =0 , )3A(0) being the

axis shift.

Using q'/q = (1/p = b*'/b*) we have



~

A 4 1 d

AT+ -
h*
b dpo po doo

(P b)) (2.3.6,6)

with

2_.2n P

o)
Up,) = ——— q[5n+ (a+1) Y +_(np_1)2_5_] 1T (2.3.6,7)
o) o)

For 1=2 the term in A 1is zero, and in this case a first integral may be

obtained:

o
= l (o] o'
&’ B b*2 JO [ZOP"b*b*’p—z b*9(0>}0d° (2.3.6,8)

If Ac)is not equal to zero, and the lowest order current,0 , is zero,

- _ €1/(2n—3) Aois_‘ 1/ ¢(2n-3)

p'e (2.3.6,9)

n?(n-1)q?

2.4 Discussion

These theoretical results have been applied to the calculation of
equilibria for two recent experiments, WII and CLEO. We now describe the
equilibria we obtain and discuss the relative merits of various l-numbers.
Finally, we consider how these results might be extrapolated to reactor
conditions.

Figures 2.2 and 2.3 depict theoretical WVII flux surfaces for peak
beta of 1% and 2% respectively, without an externally applied field. The
flux surfaces are distorted only slightly, at these beta values. 1In this
case, i= 0.4 and A=20.

The equilibrium beta scales as i2 /A, a commonly quoted result
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the axis shift, which we have already done, and demanding that it be less
than the minor radius, or by searching for stagnation points in the
magnetic surfaces and finding the conditions for which they encroach upon
the plasma. The results are similar, in either case. We shall adopt the
latter course, to facilitate comparison with other work.

The stagnation point occurs atVy =0. To find the point at which
increasing plasma pressure permits this condition to be satisfied at the
boundary, we allow the term in A(p) to balance the lowest order term, for
fiﬁite values of p ; For this to occur, we must have that € qA(p)~0(1l),
which implies that PONi2 A, or B =12/A, (A being the aspect ratio).

As we shall demonstrate in chapter five that i~0.5 is possible in
a device with A =7, then we may expect, extrapolating using the above
scaling, that beta values of 6-8%7 should be possible in such a device

without a significant loss of plasma volume.

An important ingredient in the calculation of the stagnation

points, which has been omitted from this argument, is the role of the
v;cuum field in locating the separatrix.

‘From Figs. 2.2 and 2.3, we see that as beta goes from 1% to 2%,
the tip of the elliptical separatrix surface which is on the inside of the
torus (and which is very close to its vacuum position in the former case)
begins to encroach upon the plasma. The position of the stagnation point
is clearly, even at this rather high beta value, determined largely by the
vacuum fields.

The vacuum separatrix position depends crucially on the terms of
higher order in € and P, = indeed, in the case of CLEO, where the
separatrix position is known from field line following, we had to include
terms up to fourth order in A , (which involved very high powers of P) to
obtain agreement. (The necessity to include such terms depends on the

(o)

choice ofw(o) employed, for with a suitable admixture of small terms in vy,
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the vacuum result may be written as the square of an expression containing
terms up to 0(e ). The square then contains terms which are formally

smaller than we should retain, but which are important to obtain the

correct separatrix position. See appendix One.)

It'is of interest to note that the magnetic axis appears, when
other values of s are considered, to spiral in the case where beta is non
zero.  This behaviour is predicted, if we include higher order terms in

4o

(2.3.6,3)for p_ = A*A(0) (1+ == sins) - As A ~ 0.5 inWVII, this is a
- 2

substantial effect, being of the order of half the axis shift.

In a simple 1=2 Stellarator, with 0 = Q , the only way that Px can
be made to remain constant 1is to set A(o) = 0, i.e. Ab = 0. This
implies a substantial externally applied vertical field, in general, and
so the calculation of Lortz and Nuhrenberg, [36], which assumed a circular
magnetic axis, is less general than they had supposed. This last work has
had a considerable impact upon attitudes to certain Stellarator
configurations, and so we shall discuss it in more detail.

Lortz and Nuhrenberg employed a Mercier expansion of the
equilibrium quantities about an assumed circular magnetic axis, in [36],
to study the equilibrium and stability of plasma in an 1=2 Stellarator,
(this being a special case of the equilibria they considered in [24]).
They found optimised profiles for the case of no net toroidal current and
for the parameters of WVII, by allowing for an equilibrium beta limit set
by the presence of stagnation points in the flux function and a stability
limit due to instabilities of the Mercier type.

Apart from their having artificially limited their discussion to

cases with circular axes, which form a rather special, small, subset of

the possible equilibria, there must also be doubts about their calculation
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of the stagnation point positions, for they carry their Mercier expansion

up to third order only. In defence of their calculation they point out
that, in their experience of Tokamak calculations, the fourth order term
was not capable of shifting the stagnation pqints found in third order by
mich. We have seen, however, that in the Stellarator calculation
presented above, it was crucial to include terms of much higher order
still, to obtain correct results.

For these reasons, we believe that the stagnation points are not
described correctly by such a treatment, and that, in any case, the space
within which their optimisation was performed was unduly restricted.
Their results (which they summarised by predicting that the maximum stable
beta in WVII was between 1/3 and 2/3%) are probably unduly pessimistic,
therefore.

We shall not examine the stability criteria which these authors
employ in detail. It is tempting to speculate, however, that the neglect
of the spiralling of the axis from their calculation for WVII may have
adversely affected their predicted 1lower bounds on stable beta, even
néglecting the effect on the equilibrium properties of the configuration.
For they have argued in more recent (unpublished) work for the use of
systems with spiralling axes, although they assume that external fields
supply such an effect, in their calculations, and, as we shall see, this

spiralling does give rise to additional magnetic well.

Fig.e 2.4 shows CLEO flux surfaces, for beta of 1% and the same
peak transform. Despite CLEO having an aspect ratio which is half that of
WVII, the loss of surfaces is much more marked in CLEO.  This is
attributable to the low transform in the middle of the 1=3 systen. An
applied vertical field (which is undesirable in a reactor because of the

difficulty of construction) is capable of recentring the plasma, but only
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Chapter Three: Stability of Plasma in a Stellarator

When considering the suitability of a toroidal magnetic
confinement system for containment of a thermonuclear plasma (say), and
having determined an equilibrium configuration of the plasma in that
system, it 1is necessary first to investigate the plasma stability on an
"ideal" magnetohydrodynamic model. If stability is indicated, it is then
appropriate to go on to consider non-ideal effects. In this chapter we
shall be particularly concerned with the effects of resistivity on
stability.

"Ideal" instabilities must be considerced first, since they are the
fastest growing 1instabilities which are 1likely to occur. Analytic
stability criteria are known, for certain special types of ideal
instability, and numerical techniques are able to bridge the gaps between
these. Thus the required ideal M.H.D. stability analysis can be
performed.

Hlaving discussed ideal instabilities we shall consider, in
particular, the effects of resistivity, as Stellarator configurations
tend to have strong shear in the magnetic field, which 1is effective in
stabilising ideal modes. Shear is not so effective on the time scale on
which resistivity is important, and so it might be expected that the
inclusion of resistivity in the theorectical model of the plasma could have
a profound effect on predictions of plasma stability in Stellarators.

This chapter begins with a brief discussion of the types of
instabilities which may occur in a plasma. Considering macroscopic
instabilities, the energy principle is introduced and its role in
describing "ideal M.H.D." modes is indicated. A form of the energy
principle is quoted which éhows the role of net toroidal current, and the
combined role of plasma pressure gradients and field line curvature in

driving such instabilities.
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Restricting the discussion to '"pressure driven" modes, which are
the modes most 1likely to occur in a ''pure" (i.e. current free)
Stellarator, we consider the nature of two types of instability which have
been studied analytically: '"ballooning" modes, and modes of the Mercier
type. The appfopriate stability criteria are discusséd.

Numerical results on Stellarator stability, which complement these
analytic results, are mentioned. Although such work indicates that the
most dangerous modes in a Stellarator may well be similar to those for
which  the Mercier criterion was derived, the criterion is itself wusually
satified in Stellarators. We limit our discussion to a qualitative one,
therefore, indicating (for instance) the type of perturbation which is
probably the most dangerous.

The effect of resistivity on these modes is considered. Using a
result of Mikhailovskii, [37], (which may be shown to be the appropriate
generalisation of the Mercier criterion to allow for finite resistivity,
in the cases we wish to study) and the Stellarator equilibria of chapter
two, a criterion for stability against resistive interchanges is evaluated
for a Stellarator.

-‘Finally, the status of stability theory is surveyed, and the role
these results will play in the reactor design to be undertaken is

discussed.

3.1 Plasma Instabilities

Plasma instabilities may be divided into two main classes:

hydrodynamic or macroscopic and kinetic or microscopic. Macroscopic
instabilities involve bulk motions of the plasma, all the charged
particles acting collectively. Microscopic instabilities arise due to

differences in the motions of particles in the same volume. They are
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characterised by high frequencies and short wavelengths, as opposed to the
larger scale, slower macroscopic instabilities.

We shall principally be concerned with treating the former class,
as the macroscopic instabilities are likely to be the more catastrophic
for plasma contaimment. The effect of the microinstabilities will
probably be to give rise to enhanced diffusion and so they will be

considered only briefly, under transport theory, in what follows.

A simplifying assumption which is frequently made in M.H.D.
stability theory is the neglect of various non-ideal effects. This
involves taking infinite conductivity, negligibly small Larmor radii for
particles, isotropic pressure and so on. We shall begin by discussing
so—-called ideal M.H.D., where all of these assumptions are made: the
ideal M.H.D. approximation, as defined by Kulsrud, [17], consists of
representing the plasma as a single ideal fluid with infinite conductivity
and an adiabatic equation of state. We follow this with a section on the
effects of resistivity. The other non-ideal effects are in general less
easy to treat than resistivity, and we shall indicate only briefly what
their likely consequences will be.

Mathematically, the problem of M.H.D. stabiiity may be reduced in
a linear approximation to the investigation of -small oscillations about
the equilibrium state. There are two means of approéching this: one is
the normal mode technique and the other involves the use of an energy
principle. The latter is applicable when the operator K appearing in the

eigenvalue equation for the plasma displacement, §,
o E= K. & (3.1,1)

is self adjoint. That is



J[-”:E--E av = [g.kan av (3.1,2)

fo; any ﬂﬂﬁjgjé.satisfying the boundary conditiogs.vlltg are perturbations
énd Q,A are the corresponding vector potentials. This may be shown to be
the case in ideal M.H.D., [38].

In a simple geometry the eigenvalue problem can be solved, but in
general this is not easy to do, and so in order to study ideal M.H.D.

stability we shall turn to the other approach.

3.2 The Energy Principle

The ideal M.H.D. equations describing linear perturbations about

‘an equilibrium can be reduced to the form
o E= K. (3.2,1)

The latter equation, multiplied by £ and integrated over the volume

subject to the boundary condition?ﬁ =0 , yields

- 2 .
Jp L £ dV =ij£o£ v = J[ £-K.2 dV (3.2,2)
, 2

3 J [ (1 :, =1 g.K.g)dv] =0 (3.2,3)
=~ rea o=

The quantity which has been shown to be constant can be shown to be the
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total energy associated with the perturbation. The first term is the

kinetic energy, and the second term, which we shall call W, is the
potential energy. Consequently any £ which gives negative &W increases
the kinetic energy and so the velocity perturbation grows - linear
instability is indicated. Conversely, if no £ exists for which oW < 0 ,

the system is linearly stable.

Various forms for ¢ W have been derived, the most widely used being

that due to Bernstein et al. [39]. They write

SW =08W, +8W, +8W (3.2,4)
where
A OA 2
SW = LJ V(L 1B + wi.E T
2 Y
2 2
+T pIv.gl - 2J8R.(Bvf)(f.e) )
( 0 042 2
W =1 tdS.[v(p + 1 (B ) )] (n.&)
) J 2u (3.2,5)
2
W =Lde_1_|B1|
v 2J y

(where Q° is an equilibrium quantity, Q! a perturbed one)

In these expressions, [x] describes the jump in x, Xe~X;, Aacross
the plasma vacuum boundary. éwf is the change in potential energy of the
fluid due to the perturbation. 6WS is a surface integral which wvanishes
in the absence of surface currents. dwv is an integral over a vacuum
region which may exist outside the plasma. Only wa contributes in the
cases we wish to study.

One interesting form for 6Wf, [40], is
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oWe = L[ (1iBj1 + wiL By - 3.V o0
2] T U 2
: (3.2,6)
2 0
+Tplv.gl + g_Qg_O_];_x_g.l_a_l - 2.7 plg.c )
|BO|

where k 1s the normal curvature of the equilibrium field.

Each of the terms has an obvious interpretation: the first three
all correspond to the energy of waves in the fluid plasma, (Alfven, fast
magnetosonic and sound waves, respectively), and are incapable of going
negative and so contributing a destabilising effect. The fourth is
assoclated with kink instability, describing the potentially destabilising
effect of an equilibrium current parallel to the equilibrium field. The
class of instabilities for which the 1last term is responsible will be
referred to as ''pressure driven" instabilities in this thesis. This form
indicates the combined role of pressure and field 1line curvature in
driving such instabilities.

>The current-driven modes (kinks or, in the presence of
resistivity, tearing modes) are driven by the magnetic potential energy of
the whole system, whereas pressure driven inst;bilities are driven by the
local pressure gradient and field 1line curvature. Thé effects of a
pressure driveﬁ instability are also 1local, therefore. Kinks, on the
other hand, may carry the entire plasma to the wall.

In a Stellarator with no externally driven current, and ignoring
the problematic ”béotstrap current', the only the equilibrium current
parallel to the field is the Pfirsch-Schluter current, which averages to
zero over a flux surface. Representing a kink mode by a perturbation
which varies with £ but not across the minor cross section, then § W, when
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the integration in (3.2,6) is performed, may be seen, in this case, to be
zero. (The bootstrap current is considered in the next Chapter.) Thus

current driven instabilities are not believed to pose a problem in

Stellarators, the expected instabilities being pressure driven

instabilities.

3.3 Pressure Driven Instabilities

It is not possible, in general, to determine the displacement ¢§

which will minimise O W: to make progress in the analysis of pressure
driven instabilities it has therefore been necessary to impose somewhat
artificial restrictions on the form of &, i.e. to divide the
instabilities into further categories in order that they may be studied
mathematically. Stability criteria for each of the various sub-categories
envisaged have then been derived, by minimising 6 W with respect to that
class of displacement. Two such classes of instability will now be
introduced, whose properties we may discuss in a semi-quantitative
fashion: ballooning modes, and modes of the Mercier type. We shall then
consider the conclusions which may be drawn from the numerical studies

which are available, as to the effects of other types of perturbation.



3.4 Ballooning Modes

It was noted above that the field line curvature had a bearing on
pressure driven instabilities. It 1is well known that for (in)stability
the field lines should be (concave) convex to the plasma. However, in a
toroidal system this situation cannot be everywhere realised. The
connection length, L, betweén regions of good curvature 1s an important

parameter with regard to stability against ballooning modes, [39],[41].

Ballooning modes are pressure driven instabilities which are localised 1in

regions of bad curvature, the perturbation being capable of being

represented as a superposition of components which vary Swwly along a field

line and repdly perpendicular to it, and having a high toroidal wave number.

(They are like aneurisms in a plastic bottle full of gas at high pressure,
which grow at the weakest point, and in so doing weaken it still further.)

This property could allow them to go unstable before modes which do not

show this behaviour. As a result they are often described as the most

dangerous instabilities, in that they may limit the achievable beta most

of all in a tokamak.

In those papers, the parameter

is introduced: rp 1s the length scale on which the pressure varies and R,
is the mean radius of curvature. For stability, this parameter should be
not very much less than one.

Taking rp=r/8 » L=qR , Rb=Rinfor a Tokamak, we obtain the usual
result for the ballooning stability limit in a Tokamak. In Stellarators,
the connection length can be shorter than this, so the ballooning limit

may be less stringent.
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We have seen that there is an equilibrium beta limit on the class
of equilibria which we have considered, B ~ 0(i%€). We now have a
ballooning stability limit, which is probably rather less stringent than
the equilibrium 1limit, although similar in form. (Note that if we assume
that ballooning modes arisé. when B ~ O(i2€ ), the low—-beta equilibria
calculated above are formally ballooning stable.)

The connection between the two limits may be that when beta
reaches this value the plasma is able to cause substantial changes in the
equilibrium magnetic fields, and so a ballooning type 1instability would
then appear 1likely. (The exact value of the maximum beta depends on the
details of the fields, etc, [41], and so a certain amount of optimisation
of profiles should be possible.)

It seems unprofitable to attempt to treat ballooning modes fully.
One reason 1is that the equilibria which we could calculate would not be
sufficiently accurate to give meaningful results. Another is that the
analytic theory which has been applied to Tokamaks has not produced
results which agree with experiment to better than a factor of two, in
that observed values of beta exceed the maximum predicted value by such a

factore.

3.5 The Mercier Criterion

The Mercier criterion 1is a necessary criterion for stability

against ideal interchanges, and 1is derived by restricting attention to
perturbations which are localised radially (in the vicinity of a rational
surface) but not in angle.

The calculation 1is performed by employing a set of Hamada
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coordinates {V,0 ,£} to describe the effect of a perturbation, §, which is
localised in the vicinity of a rational field 1line with qo=E§ /}ﬁ =m/n,
using the energy principle described above. The most important feature of
the perturbation is expressgd as | £|—> 0 as |x|—> 1, where x = (V-V,)/ €,
and € 1is formally small. The energy integral is minimised in successive
orders, employing an expansion in powers of the small parameter, e ,
characterising the radial length-scale over which the perturbation varies
and the new variable x, to find the most unstable perturbation. The
leading non-vanishing order of the radial perturbation is constant along
field lines in the rational surface on which the mode is centred, although
in other directions it may vary. As the same is true for the radial
electric field, field lines in this surface may be treated as Dbeing
independent of each other. A criterion for stability against localised
interchanges is eventually arrived at in the third order, which is the ¢

order, the lovest order being 1/e¢ . The form of the Mercier criterion
which is most commonly used to describe large aspect ratio Tokamaké is
introduced in the next section. The criterion is to be evaluated at a
rational surface within the plasma. The presence of either shear or of a
"magnetic well", which corresponds to there being favourable average

curvature, may lead to the criterion being satisfied, as is well known.

The experimental evidence for the existence of Mercier-type

instabilities is wunconvincing. For instance, experiments conducted on
both WVII and on CLEO failed to find any evidence for the deleterious
effects of such modes. (CLEO had sufficient shear that they might have
been stabilised on the time scale appropriate to the experiment, but this

seems unlikely in the case of WVII.)

The computer calculations of Garabedian, [42], indicate
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that, even on the basis of ideal M.H.D., ballooning modes may not in
practice be the most dangerous instabilities in a high beta Stellarator
(B~0(e)). (Shafranov and Shohet, [43],[44], have claimed that the high
shear and short connection lengths to be found in Stellarators could
impede ballooning modes, so the prediction is plausible.) Instead,
Garabedian found that low m and n modes were the most troublesome. These
modes were found to grow, given certain assumptions, in the neighbourhood
of the corresponding rational surface.

A similar result was obtained by Strauss and Monticello, [45], who
linearised the ideal M.H.D. equations, in the wvicinity of equilibria
found using the '"conventional' Stellarator ordering. Integrating in time,
to find the fasﬁest growing modes, they too find modes of low m,n
localised near a surface with a particular q-value.

A full stability analysis for a Stellarator would involve a study
of the conditions for marginal stability, and such a study does not yet
appear to have been undertaken. However, it is possible to argue that,
provided whatever dangerous rational surfaces which are present are
restricted to the centre of the plasma, the effect of the instability may
even be beneficial, flattening the profiles near the axis. Alternatively,
it may be possible to devise a field profile for which the more important

surfaces lie outside the plasma.

'The lack of agreement between theory and experiment may be due to

shear stabilisation or to the instability developing non-linearly and
saturating, or to various non-ideal effects such as finite Larmor radius,
for example. Further, on the time scale of these discharges, resistivity,
which would remove shear stabilisation, (this latter being effective in
most Stellarators) may not be important. We now turn, however, to a
discussion of the effects of resistivity on interchanges, which we believe

may be important in a reactorplasma, if the theory is applicable.
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3.6 Resistive Interchanges

Supposing that it has been determined that the plasma is stable to
ideal modes, it is necessary to investigate the effects of the inclusion
of resistivity. Resistivity will lead to dissipation, but its importance
in stability theory stems ftom the fact that it allows field 1lines to
break.

The magnetic topology can be altered by the cutting of field
lines, making a profound difference to the nature of the instability.
Singular layers may occur, which arise, formally, because of the high
spatial derivative 1in the small terms associated with resistivity in the
governing equations. Then, rather than the unstable eigenfunction having
the same functional form throughout the plasma as in ideal M.H.D., the
perturbation need only satisfy matching conditions across the singular
layer and so it <can change its mnature. Consequently it has greater
freedom'to satisfy the boundary cqndition at the edge and thus to grow.

The perturbation which is involved in a 1localised interchange,
being localised, does not ''see" the exterior boundary. Singular
parturbation theory must still be employed, for it turms out that the
terms involving resistivity can only become comparable with the leading
order terms if the length scale over which the instability wvaries 1is of
the order of the cube root of the resistivity, (assumed small). The field
line breaking is only important locally, therefore, at the mode rational
surface.

Glasser, Greene, and Johnson, [46], have derived a criterion for
stability against Mercier modes, in the presence of finite resistivity.
(Their treatment is in fact rather general, including tearing and modified
tearing modes as well.) They show how the Mercier criterion arises
naturally out of their treatment, from which they obtain a criterion which

is always more stringent than the Mercier criterion. (This criterion
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reduces, in the cases we shall study, to that of Mikhailovskii, [37],
which we evaluate below.) They comment that the difference may be
attributed to the loss of the stabilising effect of the shear, (as
- represented by the first term in the Mercier criterion given below). The
growth rate, however, does depend strongly on the shear, 'which acts to

impede the progress of the instability rather than to prevent it.

Mathematically, dissipation means that the operator K in the

equation for the perturbation, (3.1.1), 1is no longer Hermitian and the
reasoning which led to the use of &W as a test of stability no longer

applies. It is thus necessary to solve the appropriate eigenvalue problem

in order to study resistive instabilities.

Resistive ballooning modes will probably always be '"boiling away",
hopefully giving rise to enhanced diffusion rather than a catastrophic
loss of plasma. We thus wish to study localised resistive interchanges,
to see the effect of resistivity on the Mercier criterion, for stability

against localised modes is more in doubt.

3.7 Localised Resistive Interchanges

Criteria for stability against flute-like modes which are only

localised radially, in the presence of finite resistivity were given in
[37,46]. In the latter it is shown that the resistive criterion is always
more stringent than the Mercier criterion, which was to be expected, as
resistivity can "untie'" crossed field-lines. The criteria may be shown to
be equivalent in the large aspect ratio, (A>>1), large toroidal field
case, and so we are free to take that of Mikhailovskii, [37], which is

more convenient to work with:



w(o)_A2> 0 (3.7,1)

for stability against resistive interchanges.

) <o) 1 XY I VY ( g I 4 I/ |
W = 5_;7 (P. V7’ + I7x”"-J o )-.WLZ- (¢'X"-X'¢")<@>
2
- /EP_'.> 43
\ ¢ B?
2
2T ~ B2
A, = <$,-> <m2 /g—‘;ﬁ> (3.7,2)
¢(x ) and I(J) are the 1longitudinal (transverse) magnetic and
w = LB

current fluxes, 2 ’ <x> 1is the average of x over a flux

B

~ ik .
surface, and x = x = <x> . The g are the metric coefficients of the

flux-coordinate system employed, in which current and field lines are

4
da

The criterion was derived for perturbations which are

straight: x = a , the radial coordinate, and ' =

(i). almost flute-like in the direction of the equilibrium field, i.e.
IBoe VE 1 << 1By x V Xy
where Qi indicates the perturbation in the quantity Q, whose equilibrium
value is Qo'
(ii). 1localised in the vicinity of a field line,
IE@ x V lnXll >V IEO x V lnXOI
(iii). more localised radially than in minor azimuth, ie terms of order
(3/06)/(8/3a) are neglected.

The set of equations



dt
do+0Y.v =0, (3.7,3)
dt ' -
-y
d(Pp ) =0
dt

the Maxwell equations

3B = -VxE VxH=J V.B=0
t
(3.7,4)
and the assumed form for Ohm's law,
E+vyxB=J/0
(3.7,5)

(the symbols having their usual meanings), are linearised in the perturbed
quantities. An oscillator equation for the displacement, §, is obtained
which does not have solutions which are bounded in space unless a certain
condition is satisfied. This condition reduces, in the appropriate limit,

to (3.7.1) above.

We shall now evaluate this criterion, for the class of equilibria

obtained in chapter two.
In [47], replacing averages over closed field 1lines by surface
averages, we have an expression for V** which is a quantity which is important

for stability against resistive interchanges:
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V% = v 4 I'X” _Jl¢‘l-l _ (¢’X” - X'(b”) <wu22

P’ P’ A.<Bz>_

(3.7,6)

where now denotes the derivative with respect to some flux surface

coordinate. For convenience we shall take this to be the toroidal flux,
D .

When the main toroidal field is large,

2
.<_(9§._>: <>
and allowing for the fact that

Yg ~ aR(1+0(a/R))

in [46], we see that

w(o) dP ok V**

£ amem— ¢ T = ’
T2 \' P ZﬂaBE (3.7,8)

Thus we obtain from Mikhailovskii's result W(o) - A,y > 0 a modified form

of the V** criterion:

ek ]
v " P72maBg A2 <0

We may write this last expression in terms of our dimensionless

variables by introducing the following dimensionless equivalents of the

above quantities:

21 21 p(Y, 6, s)
If [x] =J dej dsJ xp(1-€p cosB)dp (3.7,9)
(o) (o) o



then V = [1], U =1(p?], L =C(}*'] and § = z—lw.[bg/‘(l-eo cos8)],

. A A
Henceforth we work in terms of these quantities, (and drop the ond ).

If we put
_ ) v )
Vk* v o ? u” - P’V’ (V_: + %) (3.7,10)
, U

then taking the leading order forms of Vg , gl, in A, we find the criterion

V% = 4mP’q? < 0 (3.7,11)

where q=p /b* .

With the present ordering, V',U' and L' are all 27 + 0(A"%), so
V¥* = V''=U''= 47 P' to the required accuracy. This proves to be a
convenient form, as V = U = 2[1-b] - [(b-1)2], where b = |b].

The first part of this expression contains the destabilising
"magnetic hill" associated with the Stellarator field plus some
stabilising terms due to favourable average curvature, whilst the second
is purely stabilising. The destabilising term is formally larger than the
stabilising terms, that is, the ordering is non-optimal with respect to
the stability criterion.

Higher order terms in general represent only corrections to those
already described. In the case of a current-free 1=2 Stellarator we shall
see that the pressure dependent terms cancel exactly in O(X6), and the
next sucﬁ term is in O(AB). In this case we may choose not to call this
term a ‘'correction', but in any case we assume that it is sufficiently
small to be neglected.

For "Tokamak-like" configurations, (2.3.3,3), is used, being written in

terms of new coordinates (p',8',8&), centred on the magnetic axis by

replacing 4 (p ) by & '(p') = b (p ) = b (o) , and writing ¢' for ¢ and 6'
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for © . We shall work in terms of these coordinates throughout the rest

of this section, although dropping the primes on p',8' and A'.
We now evaluate the terms in the stability criterion. The second

term in V - U , [(b~1)?], is easily evaluated, and to lowest order is

[ez (pcos 8 = ap® sin (n6+s))2] + 0(e”)

U 2(n+1)

g2z (P02 5 s 0@y (3.7,12)
2 (n+1)

[1-b] is 1less useful than [1-b]', which is also easier to evaluate, being

given by

2T 2T

1 dp?
dé | ds 73 (1= p cos 6) (1-b) (3.7,13)
o) 0

where p =p (1,0, s) .

d2
To evaluate this we need b and —B—-.

d¢

4 YA
b = (b£2_+b z+bez) 2

7
; = b+ 2 (b2 +52) +0(c ) (3.7,14)

and so

- (l-epcos 9) (1-b) =—§- (b;

| ¥
+ s(p cos 8 - ap” sin (nb+s)) +¢€ : bg(s) sin (nb+s)

+ g2 {b8-+- - - -} (3.7,15)

with
» ) , nzapoZ(n-l) Y, 2na002(n-2) | - % .
Dp +be = £ = 1+¢ 52 sin (nb+s) +0(s "« )]( .7,16)

where we have omitted periodic terms which will disappear from this order
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when the averaging operator is applied.

From its definition, ¢ is given by

2 3,2 4
= 2 9 n’a 2(n=1) 4
¢ = <Oo + € — P > + O(e )

3,7,17
5 ( )

and so
do? 1 ¥ 2 o _n-2 . % 3 (n~1 -2
EE = = 1 + €3p? I-)—ZQO sin(nB +s) - €2§ n3 (nE“) C(.zpoz(n 2) cos 2(nb +s)
2. 2(n~-1) _ (3.7,18)
cecos® 3 | Po? ( noP, (n=1)6
- Alp,) +—= Sn+ (n+l)Y + SE20
p, 9, [B*P )\ o 49 L P’
Thus, integrating the product in [l-b]', we have the criterion in
the form
A 4 2 -
V& - 4nprg? = 8/32n2 (n-l)-?‘fé-pcf(n 2)
P
(3.7,19)
. b(p ) 20 P’
2 .70 347 0 1 d 1 4
+€ -1+2< >+[A”+ - *2]+ )
o) Po b P dpo Po dpo °

We have omitted from this expression the contribution in 0(€ ) of

terms proportional to %ac’ as they are expected to be small.
( 3A; ZpoP'
From (2.3.6,5)we are able to find \A”-+ 5 - 3 >, and wusing
fo) b*,

q'/q = (1/p=b*'/b*) we have

, 97 b 4 1 d
- Q(po) + 24 (Oobo) (3.7,20)

*
q b dDQO DO de

P
Ar o4 387 _ 2p,F __b ., o
0s b*2 b*  0%b

For 1=2 this may be integrated, as in chapter two to obtain
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l OO cl
Al = ——— 20P’ = b*b +— b*Q(p) | pdp (2.3.5,10)
D b*2 02
o 0 g
as the term in 4 vanishes.

We thus see that for the general 1=2 Stellarator, negative shear
(q'/q>0) is stabilising.

We now consider two limits: (i). When the Stellarator field 1is

removed, (o = 0), we recover the Tokamak result which was given in [37],

where the same point was made for Tokamaks:

q? > 1+ qq’ b (3.7,21)

It is interesting to compare this with the ideal M.H.D. Mercier
criterion for a large aspect-ratio Tokamak given by Shafranov and

Yurchenko [48]:

2 2
1 (q'\ +2uP'(r) (1 -q)>O0. | (3.7,22)
&\ ) 2
rBO

We see that the nature of the shear stabilisation has been changed, as we

might have expected, making the plasma appear iess stable in the presence
of resistivity.
(ii). In the absence of an Ohmic heating current, the shear vanishes for
1=2 (at least formally, to the order to which we are working,) and the
pressure dependent terms in our criterion also vanish to 0(2®) . We then
obtain:

8(12 272

= e - (11+3Y) e?2=e?(2p]i

= [ =1+ 3y)) <0 (3.7,23)
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Allowing for differences in notation, this result coincides with an ideal
M.H.D. criterion obtained by Shafranov [49] by means of an expansion in
radius. The pressure dependent term which was omitted (being in 0(28)) is

found by him to be

2 ivacsp
(P 27

and so provided Bp <1l , this is indeed negligible. We note that there
exists a substantial margin of stability to resistive interchanges of a
flute-like character in an 1=2 Stellarator without toroidal current, which
may be enhanced by an appropriately phased modulation (Y >0) of the
l-winding pitch, provided that the rotational transform is not too large.

A point which should be made here is that, formally, given the
qrdering we employ, instability is predicted, as the destabilising term is
of lower order in € than the stabilising one. We take the view that this
is merely a deficiency in what is otherwise a most convenient ordering,
however, for in reality‘the relative size of the terms can be reversed, as
we have seen. (Clearly, the small expansion parameter is rather large,
bﬁt that is a different problem to do with the ordering.)

"In other words, although the ordering is "optimal" with respect to
the equilibrium calculation, in that competing terms are brought together
in the same orders, it is mnot optimal with respect to the stability
problem. (Had the ordering been non-optimal for equilibrium, we could not
have performed a calculation at all.)

To support this view, we may point out that it is clear that the
calculation could be repeated using different orderings, (using a Mercier
expansion, as in [49], for instance) and this fault rectified. (Such a
treatment would be less convenient for other purposes, however.) Even
within the framework of our main ordering, we could 1let the coefficient
describing the amplitude of the 1=3 field be two orders in X larger

without changing from an 1=2 Stellarator, in which case we also obtain a
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stabilising term comparable with the leading order destabilising one.

For 1>2 it is not always possible to use the above analysis, as
the axis shift is large. However, when A(o) = 0 , which corresponds to a
particular (rather unlikely) choice of the vertical field, the assumption

that pXrQ O(Ce ) is valid and for 1=3 Stellarators (with vy =6 =0 ) we find

the criterion

: Y 2
2p1i -6 - =
P (P) | 5

P’ (p)
vac 2

<0
N (3.7,24)
tvac (P)

When P = O, the criterion reduces to V**<0 , which criterion was evaluated

in [26], although we find the stabilising term to be slightly larger.

Finally in this section, we may remark that the spiraliing of the
axis which was predicted for 1=2 Stellarators in the presence of a plasma
should increase the depth of the magnetic well. For considering the value
ofj'dl/B, we see that as the axis is longer than the mean circumference of
the outer surfaces, this integral will decrease as we go to higher minor
radii, giving a "ﬁinimum average B'".

Whether this leads to greater stability, through increasing the
magnetic well, or whether the effect will be cancelled out by another

small correction in the stability criterion, we cannot say, however.

3.8 Discussion

We have argued that for relatively low values of beta,

Stellarators can be made immune to ideal instabilities, (because of the
absence of a net longitudinal current, and because of high shear and short
connection lengths).

We then proceeded to consider the effects of resistivity on what

we believe to be the most dangerous of the ideal modes, which, it was
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felt, might cause a considerable change to predictions of stability, by
removing shear stabilisation. By considering resistive interchange modes
we have obtained a form of the relevant stability criterion which is
appropriatg to a class of Stellarators, including the type which we shall
wish to study in later sections.

For sufficiently low rotational transform, i, and number of
toroidal periods of the helical field, p, that is,2pi<ll, current-free 1=2
Stellarators are predicted to be stable. This requirement corresponds to
the need for a magnetic well in the vacuum configuration. As the
criterion employed is more stringent than the Mercier criterion, then the
Mercier criterion will also be satisfied if the above holds.

The plasma is thus predicted to be stable, on the theory which we
have just described. Other authors have come to the opposite conclusion,
(Lortz and Nuhrenberg, [36],) but, as mentioned in chapter two we have
reason to doubt their results. What is more, thelr prediction for WVII is
clearly refuted by the experimental observation thét beta of 1% has been

attained in WVii.

We may now summarise the conclusions from our consideration of
M.H.D. equilibriuﬁ and stability theory, which will be used to guide us
in the design of a Stellarator reactor in the last two chapters.

We assume that, if Stellarator plasma pressure profiles P(V) exist
(analogous to the so-called "flux—comserving" Tokamak equilibria) for
which the equilibrium Dbeta can be much greater than those we have found,
then they probably have steep pressure gradients, which make them
unstable. (When the Grad-Shafranov equation is solved, there are two free
profiles to be specified. One 1is the pressure profile, and the other
governs the current in the plasma. When we specialise to a current free

Stellarator, in the sense that the flux surface average of the
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longitudinal current is set to zero, then the number of free parameters is

reduced by one. A flux conserving scheme applied to a current free
Stellarator will in general lead to equilibria with net longitudinal
current, therefore. The fact that q(¥) is not allowed to vary, whilst the
pressure is raised, may be used to show that that this must be the case.
For'the vacuum q profile, being fixed in space, cannot convect with the
plasma, and so a net longitudinal current must be set up in the plasma to
maintain q(¥). Thus even if the above assumption were false, we should
have less freedom to optimise profiles in the pure Stellarator than in the
Tokamak. )

Thus the study of the equilibrium properties of the plasma shows
that there 1s a beta limit which coincides roughly with a lower bound on
the ballooning limit, as explained above. The resistive interchange
criterion may also be important, (if the theory turns out to be
applicable), and so this will be wused as a éecond measure of the
suitability of a Stellarator reactor.

In the light of these considerations, the Reactor optimisation
will make use of a beta limit like £fi? /A, where f is a number of order
unity, dependent on various non geometric factors (like, for instance, the
l-number). We shall also ensure that the resistive interchange criterion
indicates stability, but this condition turns out to be rather less
stringent than the equilibrium 1limit, in so far as it 1is satisfied

automatically in the optimised reactor geometries which we find.



Chapter Four: Transport in 3Stellarators

A discussion of_the contribution to Stellarator particle (and, to
some extent, heat) transport of particles which are "localised" or trapped
in the helical ripple of the Stellarator field is given. This class of
particles is singled out because:

(i). they have been identified in previous work as being responsible for
the dominant component of Stellarator 'transport', and

(ii). a complete discussion wouid be prohibitively difficult to
undertake.,

First, those concepts from neoclassical theory which are necessary
to describe the above mentioned transport processes in a Stellarator are
introduced. Various different predictions for the transport rates are
explained and reconciled. 1In particular, the point at which the expansion
in gyrofrequency breaks down is discussed, as well as how this must be
allowed for when using neoclassical theory. Estimates are then given for

the diffusion due to classes of particles which were not properly
accounted for in the earlier neoclassical theory.

Before any of this, however, we shall putline the likely impact of
the electron diffusion on the ion transport to which this chapter is

principally devoted.

Amb;Eplar Diffusion

— - —— . . e e St e, S—

It has not, to date, been possible to adequately represent the
effects of an ambipolar electric field on the diffusion in a Stellarator,
although the presence of such a field can have a profound effect on
transport processes, as we now attempt to indicate.

An ambipolar field is set up when one of the charged species, ions

or electrons, diffuses faster than the other, and tends to prevent the
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continuing charge scparation.

The effect of the field may be understood in terms of the change
in the energy required for a particle to escape, but the explanation in
terms of the forces on particles is not trivial. (It could also cause
particles which would otherwise lie on loss orbits to drift poloidally and

' the drift surfaces.)

remain in the device, 'annealing'
The ion diffusion is usually taken to be described by neoclassical
theory, albeit with some reservations. Electrons, on the other hand,
behave "anomalously', possibly because, being much less massive than the
ions, they are much more sensitive to the effects of imperfections in the
fields. The ion diffusion processes are relatively well understood; and
may be taken to depend linearly on the radial £field and the density
gradient. We may thus distinguish two possible situations, one of which
may divided further:
(i)e The electron diffusion is relatively insensitive to the ambipolar
potential, in which case the ion rate must be adjustéd to equal the
electron rate by the ambipolar potential.
(ii). ‘The electron diffusion depends quite strongly on the potential, and
in the absence of the potential would be
(a). much bigger than the ion rate. In this case, one has to equate two
expressions for the fluxes, each containing a sum of terms involving
density gradients and the electric field, one formally larger than the
other. Without making the ambipolar potential formally large, the only
way to do this is to arrange near cancellation between the terms in the
larzer of the two, by choosing the correct potential. In other words, the
electrons will be slowed to the ion rate.
(b). The ion flux may appear the larger. Exactly the same arguments

apply, - the rate will be determined by the clectron diffusion rate.

In fact we shall argue that the 1ion diffusion rate (neglecting

ambipolar effects) is likely to be slightly higher than in a Tokamak,
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whilst the electron diffusion could be a good deal lower, for Stellarator
fields are likely to be less turbulent than Tokamak fields, in the absence
of a net toroidal current.

If this were the case, then the diffusion would be at the electron
rate, which we suppose to be low, but which 1is not sufficiently well
understood for us to predict a value for it. The work of this chapter may
thus be considered to set an wupper bound on the diffusion, unless the
electron diffusion is large and independent of the potential, and it .is
not clear what mechanism could allow this to be the case in a well

designed Stellarator.

4,1 Particle Motions

The motion of a charged particle in a magnetic field consists, to

a first approximation, of translation along a field 1line and rapid
gyration about a ''guiding centre', which coincides with the field line, to
this approximation. In the next approximation, a number of slower drift
motions (of the guiding centre) appear due, for instance, to electric
fields or gradients in the magnetic field. The drift wvelocity of a

particle of <charge q in static electric and magnetic fields, E and B

respectively, is given by

2

Vgq=ExB + ¥Bx VB (1 + 2y, ) (4.1,1)
T =2 2 —2
B a8 M

where U is the magnetic moment of the particle, and vy »Vy are the

parallel and perpendicular velocities.

The need for rotational transform may be cxplained on a 'particle"
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basis, using this result. In a torus the main toroidal field has a
"radial" gradient directad towards the major axis of the torus. This
gives rise to a charge-dependent wvertical drift of particles and the
resulting charge separation creates an electric field. The eclectric field
causes a charge—-independent drift along the major radius which will carry
the plasma to the wall.

To overcome the effects of the vertical drift it is necessary to
provide a rotational transform of the field. The rotational transform
ensures that field lines and, hence, particles, are rotated around\ the

minor cross—section as they move in the toroidal direction. Particles

which have, for instance, drifted upwards onto an outer surface whilst at

the top of the minor cross section will, whilst at the bottom, drift

upwards onto an inner surface. As a result the average value of the minor
radius at which a particle is to be found remains constant.

Alternatively, and from a macroscopic point of view the rotation
of field 1lines allows an electric current to flow from the top of the

minor cross-—section to the bottom, preventing the build-up of charge.

The details of particle behaviour are extremely complex, there
being many possible motions depending oﬁ the particle's position in phase
space. As a result, fluid treatments of the plasma are not capable of
describing a number of important effects, and the very complicated kinetic
theory of plasmas must be used. The usual approach to the subject, as
exemplified by the work of Frieman, [3], is to comnsider the Fokker-Planck
equation for the evolution of the ion distribution function, along with
Poisson's equation for the electrostatic field. The standard procedure
would be to expand in the ratio of the Larmor radius to a typical
macroscopic length (equivalent to the ratio of some typical frequency to

the Larmor frequency), and to scek solutions in the successive orders. 1In
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a general geometry it would be necessary to use the method of averaging or
sonme equivalent technique to find such solutions.

The expansion in the Larmor radius has been wused to demonstrate
the existence . of a number of adiabatic invariants, one in ecach successive
order. The invariants are E, u,J, the energy (trivially), the magnetic
moment and the longitudinal invariant respectively. The validity of the
expansion in each order 1in which it 1is applied would guarantee the
conscrvation of the invariant which is thrown up in the same order, (Haas,
Hastie and Taylor, [50],).

The ordering in gyrofrequency employed, (which may be described
more properly as an expansion in m/e) may be put into perspective by
considering the timescales of interest for particle motions. These are
sect by the Larmor frequency, the frequency of travelling a typical
macroscopic length scale L along a field line, which is, roughly speaking,

the same as the bounce frequency, =WI/L’ and the frequency of drifting

b
around a minor cross section, wd=Vd/L. As these frequencies are in the

ratio

(4.1,2)

(ll I

TN
ol Y
~—

("a" being a Larmor radius), we see that the ordering demands that v“>>Va.

We know, however, that this cannot always be true, for when particles

"mirror", vy =O:

Provided the particle spends very little time neér a bounce point
(with v“=O) this may not be significant. In some circumstances, (when a
particle has just sufficient energy to pass over a local maximum in the
magnetic field strength, for instance) WI=O for a considerable time, and

the particle is able to move some distance simply due to its drift motion.

The ordering is not appropriate to such a particle.
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It has been shown that the longitudinal invariant 1is not always
conserved even for single particles in a Stellarator, [51]. This
discovery is a conscquence of the breakdown in the gyrofrequency ordering,
and has been claimed to explain why Monte-Carlo calculations of diffusion
rates in Stellarators do not -give the neoclassical result, at least as
estimated naively, but show a rather more optimistic picture. We shall
return to this point, presently.

In order to be able to discuss these and other aspects of
transport theory in detail we shall now give a brief survey of
neoclassical theory as applied to the motion of localised particles in

Stellarators.

4.2 Neoclassical Transport Theory

Single Particle Orbits

Neoclassical transport theory differs from classical transport
theory principally in that it 1is a non-local theory. It predicts that
transport at any point depends strongly on the_ global structure of the
fields, the knowledge of conditions at distant points being carried
rapidly around the device by particles moving along field-lines.

As a result of the influence of geometry, particles may move
radially (i.e. out of the device) even in the absence of collisions, in
which case the loss process is no longer diffusive. Indeed, it has been
shown on certain models that collisions could impede tramsport by creating
diffusion where otherwise unidirectional drifts would take place.

The basic ideas of neoclassical theory are now introduced.



It has usually been considered convenient to classify particle
motions by the region in phase space in which the particle lies. As
virtually all of the literature makes use of this classification it is a
prerequisite for a discussion of transpor; theory that the wvarious
possible motions be described.

It is well known that a particle, travelling along a field line,
may be reflected as the field strength increases if its direction of
motion makes a sufficiently large angle with the field. (As B increases,
u = mvi/ZB is constant, so 1/2m j= E - WD decreases - to zero, at a
bounce point.)

In a Stellarator there are several different effects which give
rise to a variation in the field strength alorg a field line. The
variation with major radius of the main toroidal field and the ripple due
to the discreteness of the coils are common to the Stellarator and the
Tokamak. In addition the Stellarator field has a ripple due to its
helica} component.

Each of these ripples will reflect some particles. As the field
strength varies periodically, it may be expectad that unless a reflected
particle is removed (e.g. by a collision or by the detrapping mechanism
which we shall discuss below) to a different region in phase space it will
be reflected again after travelling a fraction of the ripple period. Such
a particle is said to be trapped in the ripple.

As mentioned previously, gradients in the mnagnetic field have
another consequence for particle motions, mnamely, they give rise to
particle drifts. If a particle is trapped in a ripple, and there 1is no
other gradient in the field apart from that which traps the particle, then

its drifts due to that ripple will cancel out over a compleate orbit

(around the ripple). However, if more than one inhomogeneity is present
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Four classes of particles are distinguished, as a result of this
work:

(a). permanently localised particles,
(b). Dblocked particles,

(¢). quasilocalised particles, and
(d). passing particles.

Permanently localised particles cannot emerge from the thelical
magnetic well at any point in their orbit, as their parallel velocity is
too low.

Blocked particles are the class of particles which, in a Tokamak,
execute banana orbits, having too low a parallel velocity to pass all‘the
way around the minor cross section because of the toroidal wvariation in
the field.

Some localised particles are able to escape from the helical
ripple at some point in their motion, and turn into blocked particles,
which execute something akin to a banana orbit, except that rather than
bounce in the toroidal gradient of the field, they may retrap in the
helical ripple, becoming localised again. Such particles are described as
quasilocalised.

Passing particles travel around the device without mirroring in
any of the field ripples. These will not be studied in detail, here.

Figure 4.3, which is taken from [26], shows constant P and J
surfaces (full 1lines), for a particular 1=3 magnetic field configuration.
The broken line is a transition curve between the two domains, along which
particles are predicted by the model to escape from the helical ripple,

going from class (b) to class (c) and vice versa. (The major axis is to

the right, in this figure.)
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which carries them some or all of the way around the minor cross section
without leaving a ccastant J surface.

Because of the fact that the ordering breaks down at the
transition curve, this analysis . is also flawed. We now examine the

consequences of this breakdown.

Recently, Derr and Shohet have shown, using a computer to ''follow"
particle guiding centres, that if a particle does detrap, it then moves
into a new. region in phase space, where the action, J, takes a different
value, [51]. J is thus not always conserved, and previous work which
assumed conservation of J must be treated with caution. (What is more,

they claim to have found no localised particles at all for which J was

conserved, and consequently no particles which stayed on constant J
surfaces, even for the classes for which detrapping 1is absent. This
observation is less easy to understand in terms of the asymptotic theory
of particle motions, although it could arise because of terms which are
unexpandable in the small parameter m/e, which go to zero very rapidly in
the limit, but which are considerable clsewhere.)

The non conservation of J seems to have contributed to the
detrapping, in that all the particles whose constant J surfaces were
confined to the inside of the device and whi;h did not intersect the
transition curve, were found to detrap when they approached the transition
curve, - although they otherwise could not have done. Interior
Superbananas, it was thus concluded, do not exist.

Finally, we note that, as Derr and Shohet point out, the cxterior
superbanana is trapped in 'spatially localised absolute magnetic wells',
which occur beneath alternate l-windings in a classical Stellarator, where
the l-windings pass close to the toroidal field coils. Such wells, they
assert, do not exist 1in a Torsatron, nor (so far as we are able to

discover) in a suitably designed modular Stellarator. (We may add that,
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Effects of Collisioms

Suppose the collision regime considered 1is such that many
collisions can take place hefore the particle is able to drift around a
flux surface. The superbanana orbit allows particles, drifting as a
result of the radial gradient of the field, to move away from the flux
surface with which they are associated. When they eventually wundergo a
collision they are then transferred onto an appropriately distant flux
surface and into what is, in general, a different type of orbit. The
process thus gives rise to a radial random walk with a large step-length.
As collisions impede the unidirectional drift which gives rise to the
excursion from the flux surface (being the only mechanism which was

considered, originally, which does so) then they also hinder transport

by this process. The above collisionless detrapping mechanism should not
be important, in such conditions, for nearly all the particles concerned
scatter to another orbit in a collision before they can drift around the
minor cross—section and detrap. (Stated slightly differently, the
ordering discussed above and in the next section is appropriate to most,
but not all, of the particle distribution in velocity space.) The old
theory is probably correct for most particles, therefore, but it must be
applied with caution, and we shall return to this point after further

preliminaries.

4.3 Random Walks and Collisionality

The dominant diffusion processes which are believed to take place

may now be described physically in terms of these concepts.

Provided we have a rigorous theory (which may be based on
analytic, or, as 1in this Chapter, computational, methods) which tells us

what to look for, we may use random-walk theory to derive diffusion
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coefficients in a transparent fashion, [54]. Apart from numerical

constants of order unity, the diffusion coefficient is estimated from

2
D ~ 6n A% (4.3,1)
t

where <Ax> is the step-length of the random walk, t is the characteristic
time between steps, and dn is the fraction of the particles undergoing the
particular motion. The one other piece of information we need is the fact
that the effective collision frequency, v, s for small angle scattering
(out of the region in velocity space appropriate to‘ localised particles,
such that q2/v2<5h), varies asx)vz/qz, where q is now the velocity along

the field line of the particle concerned, v is the total velocity of the

particle, and Vv is its mean collision frequency.

t

We immediately specialise to the ;collisionless" regime, which is
the case most relevant to a reactor. We shall first describe the
conventional view, which is that the dominant diffusion process in this
region is due to Superbananas, that is, a random walk with a step length
determined by the excursion of a localised particle from a flux surface.

This class of orbit 1is due to the drift of localised particles in the

radial gradient of the field.

2
Vg = L (4.3,2)
2w R
cm
where w 1is the ion cyclotron frequency and Rm the major radius. Whilst
c

the particle remains localised, this drift is assumed unidircctional (i.e.
vertical), although from Fig.4.3. this is not the case if the particle

has the opportunity to drift far. Our treatment is, consequently, only
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appropriate for w, << Vo <Kw

d where v is the effective collision
e

b ’

frequency and the other symbols were defined above.

For a particle to be localised, its velocity must obey

2
q< & (4.3,3)
h
2
v
Then the time for which it is localised , t(loc) = 1/\)e = (6h/ V). The

motion is a random walk with step-length <Ax> = Vd.t(loc), provided t(loc)

is shorter than the time to drift around the minor radius or to detrap by

any other means.

1/2
Using ©Sn ~ q/v ~ éh , then the diffusion coefficient due to
these particles is seen to be
4 5 3/2
D ~ v __}_‘_1- (4'3’4)
2

(wCRm) \

This expression contains a l/v dependence which has led to doubts
as to the suitability of the Stellarator as a reactor. This dependence is
only predicted over a limited range of v, however: from the above we
recall that the result is not applicable when v 1is too small, as the
localised particle performs a motion which carries it around the minor
cross scction, rather than a simple vertical drift.

Further, any mechanism which is capable of causing detrapping, one
of which we shall describe in a later section, may have the same effect of
reducing the diffusion. It would then seem appropriape to replace v in
the above by whichever is %ceater of \E and vd (= detrapping frequency).
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Thus when Vv, “‘V/éh S V4 we expect

D= v a! (4.3,5)

(For vV very small, and provided no other mechanism apart from
collisions is present to take particles into and out of these orbits, then

there would be a loss cone from which the particles escape and which is

not refilled, so ultimately we would have D = 0 as v - 0 .)

4.4 '"Patching-Up" Neoclassical Theory

So far, we have presented a contradictory picture of Superbanana
diffusion: in the first instance, we said that, computationally, it
appears that non-conservation of J 1is associated with a decrease in
éuperbanana transporte. We had already commented that non-conservation of
J meant that the small gyro-radius expansion broke down at some order, for
some classes of particles. However, we then argued that the presence of
"ecollisionless detrapping" did not mean that neoclassical theory was
completely inapplicable, but only that it should be treated with caution.

The discussion of the last section gives a clue to the resolution
of the conflict: The treatment was only appropriate for a certain
ordering of frequencies,w, <V wyye Provided this ordering holds, non
conservation of J does not have a significant effect on transport
processes.

Note that this is essentially the ordering described in (4.1)
above as having Dbeen employed to solve the Fokker-Planck equation.
Indeed, Frieman [3] specialises to precisely this case, to trea£ localised
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particles. The two treatments apply to exactly the same classes of
particles, embodying the same physics and essentially the same defects.

It is not sufficient, however, for the ordering to hold for the
ma jority of particles: it must hold for ;hose responsible for Superbanana

diffusion, if the above result is to be useful.

When estimating diffusion coefficients from the full kinetic

theory of neoclassical transport, it is necessary to evaluate an integral

like
X9 n =X
X e dx (4.4,1)
X
If vy is the thermal speed of particles, then we may
2 2
write x = v /vT . Thenn =4 and 5 for particle and heat transport,

respectively. For consider the result just derived using a random walk
argument: D ~ vty o, Using the Spitzer form for the resistivity,

¥
T, i.e. D~v’ ., Integrating over the entire distribution, using

v T
P(v)dv‘“’vzexp(—v2/v%)dv , We obtain the above form for the total flux of
particles, with n=4. (For energy we multiply the integrand by 1/2mv2, Yo
that n=5.)

The lower limit may be set to zero. The wupper 1limit must be
treated with caution, however; because of the exponential dependence on
X, it has often been assumed that the upper limit can be taken to be at
infinity. This 1leads to serious errors, because of the high power of x

which is also in the integrand. The maximum value of x exp(-x) 1is at

X=n, so if we let the upper limit be at infinity we are principally
finding supposed diffusion due to particles with (vz/v% ) =n (4 or 5).

We  now put the question again: s w, <ve for these particles?
Z)

wd “’vz/wCRmzuv ﬁal/v3, and so the inequality is n “times harder to satisfy
e
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than for thermal particles, that is, 32 times for particle transport and
over 50 times for enersy transport.

We must take the upper limit so as to exclude that fraction of the
distribution which violates the ordering, and as the condition becomes
very stringent 1in just the region where the integrand is biggest, we find
a much smaller diffusion rate.

The problem then arises: how do we account for the effects of the
particles which do not satisfy the above ordering, when estimating
diffusion coefficients? They are not described by the neoclassical theory
which has been developed to date, and it is not clear to us how to develop
a satisfactory analytic approximation to treat them. The only theoretical
technique which 1is available at present and which describes ripple
diffusion satisfactorily involves the wuse of Monte-Carlo simulations.
‘lowever, we can use random walk theory to derive qualitatively correct
expressions which should be useful when wused in conjunction with such
computations, and this we now attempt to do. The results can then be
added on, in an ad hoc fashion, to that found from an expression like

(4.4,1), with X, set equal to the value of x=x_ such that the ordering is

c

just satistied.

We have already seen that there are at least two distinct types of
behaviour, for the very collisionless particles excluded by the ordering.
In the absence of detailed information as to the distribution of localised
particles between these, we assume that for any given v which is high

!
enough to be in the range considered, a fraction of the particles én~ 6h2

is involved in each motion.

We shall then be able to find approximate values for the diffusion
coefficient, as a function of the distribution of localised particles

between the two classes, and hence assess the likely effects of non
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conservation of J on diffusion.

For the purposes of estimating diffusion rates we shall assume
that, for those orbits for which transitions between trapping states do
not occur, the excursion away from a flux surface is <r , a typical minor
radius.

(Note that <Ax>= Vd.t(loc) ~ 6h%v , which was assumed above, is
clearly unphysical in the small Vv limit, giving a step length greater
than the dimensions of the device, and this 1is the source of the

overcstimate pointed out above.)

With this assumption, we may find the diffusion coefficient due to
these particles.

The motion is a random walk of step length <Ax>~ r, this distance
being typical of the displacement of a drift surface away from a flux
surface. We shall take t, as before, to be the inversc of the effective
collision frequency. This is probably the most appropriate choice, for
the time to drift out of the device on an exterior superbanana orbit will
be large comparad to 1/\)e evaluated at X=X, , which is also equal to 1/ w

d

given above, where we assumed a simple vertical drift. The number of
particles which do drift straight out of the device without undergoing
collisions will thus be small, even assuming that such loss orbits exist,
(see above). The assumption is not crucial, since the times are the same

at x=x., which is where the dominant contribution to the diffusion arises,

as we shall sce.

The diffusion coefficient is thus:
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D ~rv_ (4.4,2)

The particle following computations reported in [5!] show that
particles which detrap as their orbits carry them round to the outside of
the torus travel around the outside in something akin to a banana orbit,
and then, so it is claimed, they retrap when they reach the inside of the
torus. This is important, because had they been reflected at this point
they could have spent a substantial amount of time as a banana, and it
would have been more difficult to allow for their contribution to the
di‘fusion. However, if they do retrap immediately, (or even fairly
quickly) they spend virtually all of their time as localised particles.

Particle
Trajectories

&>
Distance along
Field Line

Fig.4.5. Mod B along a Field Line.

The difference between Stellarators and Tokamaks (where the
retrapping probability <<1) may be understood in terms of the differcnce
in the variation of the modulus of B along a field line in the two cases.

Consider Fig. 4.5, which depicts the modulus of B3 in such a
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system. As the nparticle travels along the field line, its drift motion
carries it into a region where the "hills" of |[B| appear to be rising
around it, so that it gets closer to being marginally trapped. In an
attempt to indicate the result of this drift, the particle has been shown
travelling downwards, towards the tops of the hills.

If the particle passes low enough over the hill immediately before
the one which finally reflects it, then it will have drifted far enough by
the time it returns to the penultimate hill that it cannot pass over it:
it is then said to be trapped.

The region within which it must fall for this to happen is
indicated on the diagram. The ratio of this region to the non-trapping
region determines the probability of trapping. This in turn depends on
three things: the drift velocity, the difference in height of successive
hills, and the distance between successive hills. The drift wvelocity
induced by the toroidal gradient of the field and the difference in height
of the two hills effective in the trapping both scale as the inverse of
the major radius, Rm, (although when drifts due to the helical
Stellarator field are allowed for, a drift which is independent of Rm
appears which could take part in the trapping.) The third factor depends
on the number of toroidal periods in the Stéllarator (typically p~5) and
the number of coils in the Tokamak case (about‘NVZO).

If the trapping zone is of widthﬂﬂURnNin.the Tokamak, then in the
Stellarator it is qy/p%n, for the particle has time to drift further. Let
the total 'target area' above a hill be T/Rm: the trapping probability is
Qﬂ/pT for the Stellarator, and QVT for the Tokamak, even nezlecting the
effects of drifts in the helical field, (which may be relatively large at
large aspect ratio). As i/ﬁ,could be about four, this alone could make
the di‘ference between a rather low trapping probability, of about 1/4 for
a Tokamak, say, and virtual certainty of trapping in a Stellarator.

Consider the class of particles which are capable of passing
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several times around the orbit of Fig. 4.1, without being scatterasd into
another orbit by a collision. We may characterise their radial position
in terms of the minor radius of the banana like part of the orbit.

As the relatively collisionless particles drift, whilst localised
in the helical ripple, the effect of collisions is principally to cause a
series of small changes in the magnetic moment of the particle, which will
do a random walk. This is important for diffusion, because the value of
the magnetic moment will determine the point at which the particle untraps
by the collisionless mechanism described above. It may, as a conscquence,
emerge onto a banana like orbit which is at larger or smaller radius than
before. 1Its mean radius also does a random walk, therefore, dependant
upon the change in U during each pass through the localised region.

In each collision, the magnetic moment changes by an amount

2
Au = A(mvy) = mviAv (4.4,3)
2B B ‘

These are small angle scatters, with an effective collision

frequency

2 2

v, ~v (v /ﬁvﬂ) (bt 8)

and so in the time it takes to drift around the minor c¢ross section, ¢t,
(which we may calculate, but which will cancel out of the final answer
exactly, so we prefer not to) there are N=tv collisions of this type.

The distance ''walked" in W -space is thus

A u =N Au (4.4,5)
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Following Derr and Shohet, we assume that dh >>€t, so that the
helical variation is primarily responsible for the detrapping obscrved.
(This is certainly reasonable as we are discussing what would have been
interior superbanangs, which eventually vpass close to the magnetic axis
where they must detrap as 6;,=>0.)

To a first approximation, we find the maximum value of the Ffield
on a field 1line, given by (4.2,1) as a function of the starting point of

that field line on a given minor cross scection to be simply

- n n /
%mx BO (1 + eap ),eop = dh (4.4,06)

When the particle detraps, it has just enough energy to pass over
the helical ripple and escape: its parallel velocity goes to zero, (the
source of the difficulty with the neoclassical theory which we have
discussed). We assume that its total energy is virtually constant during
the small angle scatters.‘ At the detrapping point the total energy is
HB, and so we mnay say that the change in K B at the detrapping point,
produced by the small angle scatters, is also zero.

Then A(uB) = L.AB + Au.B = 0, and

—n6h
Ay/u = - AB/B = S CHICIE Y
(4.4,7)
This result allows us to determine the step length, <Ax> ~ rlAp .
The diffusion coefficient may be found from (4.3,1); the only

other piece of information nceded is the fraction of particles involved,

which, as we pointed out above, is

1/2
én ~ (6h)
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The diffusion coefficient is thus:

D ~4r (4.4,8)
' 2°3/2

which is the same as the above result, but multiplied by a constant factor
of order unity.

The total diffusion coefficient, representing the effects of
localised particles, may now be estimated in terms of the fractions of the
high energy tail of the distribution which participate in each of the
single particle orbits described above, for 1localised particles. The
fraction which detrap will be denoted f,, the fraction which do not fz.
Then f1+f2=1.

We note that the distribution function can be written in terms of

x (defined above) using
-1/2 1/2 -x
P(x)dx= 2m X e dx, for a Maxwellian distribution,

and as the collision frequency may be written

1/2 -3/2
v o= v 3 X A(x) (4.4,9)

where A(x) = (n +n' =-n/2x), with

-1/2(x 1/2 -t

n = 27 t e dt, (4'4’10)

so that A(x) = 1 for x>1, and
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(2T)  ne lna (4.4,11)

then we find a diffusion coefficient given by

o0

5 3/2 2(xc 4 -x 2 X
D ~8m h (2T V| xe dx + “t r<_4_fl_ + f2) A(x)e dx(4.4,12)
3 XC

v. \eBRm/ |o A(x) s 12| 2 6x
h néh

+

We see that, somewhat surprisingly, the detrapping particles give

rise to a diffusion which is 1/5h faster than that due to the permanently

localised particles. This is a consequence of their taking steps more
often.

It is of interest, now, to make comparison between this ‘estimate
and the ‘'equivalent" result for transport in an axisymmetric system in
which a "collisionless'" plasma is contained. In this case, the particles
executing banana orbits are most significant.

| The banana orbit depicted in Fig.4.1 has a finite width Ab’ which
is the distance the particle is carried away from a flux surface by the
banana orbit. As a result of scattering, particles in such orbits do a
random walk of step length Ab'

The banana particles are trapped by the toroidal wvariation of the
magnetic field, so their parallel wvelocity obeys q2/v2 < r/Rm. The

/r, and the

frequency of scattering out of banana orbits is thusve ~\) Rm

!
number of such particles is én ~ (r/Rm)2

The banana width is roughly
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1/2 -1/2
Ab ~ a _o {E_\ = aq§§_3 (q=1/1, the '"safety factor”.)<4°4’l3)
| (R

which may be deduced from the expression for the drift surface, (see
Hinton and Hazeltine, [55],) and so the diffusion coefficient is found to

be

22 . 3/2
D~agq [ m) (4.4,14)

\r /
The total diffusion rate for these particles is then

o}

22, 3/2 ~X ‘
D ~3v, aq (_a) A(x)e dx (4.4,15)
\

2 r 5

where T is the Larmor radius of a thermal particle.

" To proceed, we need to know X For a number density of

2 x 10'%/cm3, at 10keV, we find

-3/2
vV  ~ 200x%
e

The drift frequency, for a Stellarator with B=7T., Rm=15m., r=2m.,
is roughly 40x. At x=x., these are equal, which implies XC=2.
If we compare the second term in (4.4,12) to the banana result,

with x =2, we obtain a ratio
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2

1ot (a)
180 (r )

The first integral in the localised particle diffusion coefficient

and the banana result are in the ratio

2 2 -3/2
8v : (vthm) (Eﬁg

If q=3 and r=lm, then for 10keV deuterons/tritons, the first ratio 1is
roughly 20:1. The diffusion rate due to these particles is obtained from
this result by multiplying it by £f71, the fraction of the 1localised
particles which are involved in the motion. Naively, one might expect
;hat the fraction of the total number of particles involved would be the
root of € assuning that the particles are those which would perform
banana orbits in a Tokamak. However, the orbits are sufficiently complex
that it cannot be assumed that toroidicity is responsible for the
detrapping, as we have scen above.

The detrapping particles occur in the region close to the magnetic
axis, where the helical field strength is relatively small, so there are
probably fewer of them than permanently localised particles, partly

because of the smaller ripple well and partly because of the smaller

volume in which they can exist. For this latter reason we shall take fl
to be about 1/4. The rate due to these particles is then predicted to be

about 5 times the Dbanana rate. The other localised particle term is

probably comparable with the banana term, however.
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4.5 Comments and Conclusions

We have considered the contribution of localised particles to the
diZfusion in a Stellarator. As the neoclassical theory does not appear to
be adequate to deal with all the classes of particles which are important
for di<fusion, a sinple random walk model has been developed. On the
basis of this model, a diffusion rate up to an order of magnitude greater
than the banana rate is predicted. (We note also that it is not the usual
Superbanana tzrm which gives rise to the dominant contribution.)

This result, if it were correct, (and the most appropriate
theoretical test would be a llonte-Carlo code) would 1imply that the
diffusion in a Stellarator need not be worse than in a Tokamak. For 1in
practice the confinement of ions in Tokamaks is in the range 3-10 times
neoclassical: the above result is not sufficiently different, given that
various factors (such as the electron diffusion rate) are unknown, to
suggest that it should be any higher in a Stellarator.

The result may be put another way: we have established that the
transport does not scale as the inverse of the collision frequency, but
rather‘as the collision frequency, (neglecting the effects of X. varying
with temperature) and so 1f we were to extrapolate from current
experiments to a reactor using these results wé would obtain rather low
transport rates.

We have alrezady seen that, on the Dbasis of the M.H.D. theory
which has been developed in the previous chapters,.it should be possible
to obtain plasmas with beta values comparable with those obtained in
Tokamaks, in Stellarators of similar aspect ratios and shapes. It is thus
reasonable to expect that the two could be operated with similar plasma
parameters, for the 1ion transport rates are similar, (although the

electron transport may be slower in a Stellarator, which would decrease

the ion rate). Thus we shall assume that if a Tokamak can meet the
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that electrons, being lighter, are better able to "see" imperfections in
the field, (produced by microinstabilities or otherwise) giving rise to
their "anomalous" (non neoclassical) behaviour.

For the moment we shall assume that the bootstrap current will not

be significant in our Stellarator reactor.

Flutter Transport

As a current free Stellarator might be expected to predominantly
support electrostatic waves rather than electromagnetic, which are likely
to occur in a Tokamak 1in addition, there may be considerable differences
in the wave driven transport in the two cases, [56]. In particular, 1if
there is 1less "flutter" in the fields in Stellarators, electron transport

may be slower than in Tokamaks.
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Chapter Five: Coil Systems

In this Chapter we discuss the properties of the fields due to specific
coil scts. We begin by considering the different ways of producing a
Stellarator field.

The discussion of the field structure which follows is in several
stages and degrees of complexity, similar material bheing discussed in more
and more detail. Interspersed at appropriate intervals are details of the
computational (and other) methods cmployed.

The stages are:

(i). The nature of the field in a straight Stellarator is described using
the method of averaging, in order to explain the basic features which are
revealed during field line following computations.

(ii). The results for the toroidal case are described in qualitative
terms, and computational studies of the fields due to a type of modular
coil are introduced. We distinguish two types of separatrix:-

(a). A helical separatrix may be formed by the Stellarator part of the
field.

(b). A Tokamak like scparatrix arises in some circumstances due to the
gaps between the coils.

We outline how the coil parameters are varied until a broad optimum region
is reached.

(iii). An attempt is made to infer the mechanisms governing separatrix
formation and transform production so that the field may be modelled

analytically, for the optimisation of a Stellarator reactor. Finally,

ways of providing a divertor are examined.



5.1 Types of Stellarator coils

The Stellarator field is composed of a main toroidal field and a
smaller helical field, whose function it 1is to provide the necessary
rotational transform. The precise nature of these fields and the role of
rotational transform in maintaining the plasma equilibrium and in certain

stability criteria have already been discussed. We shall now describe the

various ways of gencrating the fields.

In the original work of Spitzer [57] two conductor configurations
capable of generating rotational transform were put forward. (i). A
topologically toroidal solenoid with a non-planar axis: in this <case a
transform arises naturally due to the geometry. (ii). A circular
toroidal solenoid plus 21 helical windings carrying current 1in alternate
directions, as shown in Fig.5.1. 1In this case a Stellarator field with 1
periods in the poloidal direction is set up. The former concept has
received little attention 1in recent years Dbecause of practical
difficulties in its implementation. The latter concept, which will be
referréd to as the 'classical' Stellarator, has been widely investigated,
but it is increasingly recognised that this concept cannot form the basis
of a credible fusion reactor design, because of the large forces which act
on the 1 windings, and the consequent massive retaining structure which is
required, as well as the difficulty of making such a system modular.

More recently, it has been pointed out that a set of 1 helical
windings all carrying current in the same direction will create a toroidal
field plus a helical field of the Stellarator type, having the same,
1-fold, periodicity, [58]. In such a system, which is known as a
Torsatron, it is usually necessary to apply an external vertical field to

compensate that due to the windings, although a suitable modulation of the

helical conductor winding law can achieve the same end.
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Integrating (5.2.1,1) and writing deviation magnitudes

X=T-r_, y=§3(e - az), with
> = 20
dz

they are able to relate x and y :

x + y =1 (5.2.1,1)

where a and b vary as the helical field strength.

The surface is to the first approximation a cylinder and the field
lines' lowest order motion is a spiral on its surface. The deviations are
-due to a second spiralling motion on an elliptical tube, whose axis is the
first spiral, wound around the larger cylinder.

It is to be expectad that in a toroidal Stellarator, the field

lines' gross behaviour would be rather similar, and indeed very similar

qualitative features are observed, in the field line following
calculations we have performed. Fig.5.4 shows the intersections of a
field line with a minor cross section, and Fig.5.5 shows the same field

lines' position plotted 1in the cylindrical coordinates Z,R (in other

words, projected onto a running minor cross scction).

- 123 -






be found. Then the "virtual casing principle" described in Chapter Two,
applied to an outer surface, could be wused to determine the currents
flowing on it which would create the given field. One can imagine a
process of aggregation of these continuous current sheets into a finite
number of discrete current loops lying in this outer surface, and in turn

.

these may be approximated by a sct of twisted coils. Unfortunately this
program does not lead to a realistic Stellarator design: although the
currents on the wvirtual casing can indeed be simulated by filaments, it
turns out that the result is a large number of filaments which are of very
different shapes. In other words, it fails to satisfy the requirement
which we have imposed above, for practicél reasons, that is, that the
configuration should consist of a small number of identical, filamentary
coils each with a relatively small deformation away from a planar circle,
so that they can constitute the modules of the configuration. It does not
follow that such a modular configuration is impossible - only that its
design cannot be evolved in precisely this way. Instead it is necessary
to turn to computaiion.

Once a coil configuration has been found, there still remains the
probleﬁ of the mechanical structure of the coils, and of the forces on
them and how to support them. This we shall attempt to deal with in the

next Chapter.

5.3 Twisted Coil Systems

The properties of the magnetic fields due to twisted coils, as found from
field-line-following calculations, are described in more detail. The

procedure for searching the parameter space is described.
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5.3.1 Analytic odels

If one attempts to use analytic theory alone as a guide to the
design of the coils one is likely to be misled. The behaviour of field
lines is extremely complex and it is wvery difficult to identify wvalid
approximations before making computer <calculations to indicate which
effects are important. In particular, the separatrix position is not
described even approximately by the expression which is usually
appropriate to a classical Stellarator and may also differ widely from
that in an equivalent (i.e. modular) straight system. MNevertheless, the
parameter space in which the designer of a Stellarator reactor has to work
is so large that it is wvirtually essential to discover some workable
analytic model. In what follows, we shall derive some analytic estimates
of the dependence of separatrix radius and rotational transform on the
coil shape and layout, and discuss the accuracy with which they represent
the computer results. The comparison can fortunately be made rather
brief, for our predictions for separatrix radius and transform are
extremely simple, once the relevant mechanisms are established.

In the case of transform, we find a surprisingly high 1level of
agreement. As regards the separatrix radius, the position is ‘1ess
straightforward, since this can in unfavourable cases be scverely reduced
by island formation 1in the vicinity of raﬁional surfaces, so that the
predicted separatrix radius is merely an upper bound, for such effects are
not accounted for in the model. However, it represents this upper bound
rather well.

We begin our discussion of these quantities by considering the
analytic theory of separatrix formation in an ideal straight Stellarator.
The discussion serves principally as a warning, for we shall discover

shortly that the theory 1is virtually irrelevant to to the separatrix in

the Stellarator we shall study. However, it serves to introduce some of

the relevant ideas.
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By an "ideal" Stellarator, we mean a Stellarator 1in which the

field is derived from the scalar potential:

V=3.z + bﬁ.In(nar).cos(ne - az), a = P/4R (5.3.1,1)

m
(i.es only one periodic term). Clearly such an expression would not be
expected to hold in the immediate neighbourhood of the coils, but it might
be hoped that it would represent the field with sufficient accuracy out to

the separatrix, if this lay well inside the coils. The exact expression

for the magnetic surface in this case is given in [1], and is:

2
lp = Bor + Zr.bn.I' (n(xr).sin(ne"a Z) : (503.1,2)
— n
If it is tentatively assumed that the separatrix is at a sufficiently low
radius that we may expand the Bessel function in powers of r and obtain a
good approximation by retaining only the first term, then the expression

for the surface function becomes

2 n-2 bn/n\n— 1 1

y=1r (1 +20 r sin(n€-oaz)). 5=2—g\‘§/ T;I-“_l—)-—r (5.3.1,3)

This suggests that if 6(1/2,thenAfor 1=2 a sceparatrix will not be formed,
whereas for 1=3 a helical separatrix is always predicted, as r increases.

To see whether this approximation is likely to be wvalid, and to
verify the prediction, we may find the exact condition for a separatrix to

occur, using the fact that V¢ = 0 at the separatrix, and the relation
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-2

II
II;'+ n -(1 + (gqr) DI =0 (5.3.1,4)
—_ n
nor
The condition is found to be

. -2 -1

o= {n(l + (ar) )I (ma1)) (5.3.1,5)

B

Now %Z(Zar) = (ar)® /2 provided r <<l, therefore & =1/2is no longer the

condition for separatrix formation, but

2
$(1 + @r) ) = 1/2.

As rS$ R/3 then ar <1/2 for p=3,1=2, and for such a separatrix to form
within the coils we must have & > 2/5,  which 1is only a slight
felaxation of the above condition, in the cases we shall study - such a
separatrix could perhaps be formed, but we have not been able to observe 1it.
We may note that this "ideal" straight Stellarator theory predicts
that when a scparatrix does arise, it has 1-fold helical symmetry. It
occurs when the term in grad ¢ due to the helical deformation of the
surface balances that from the square of the radius. In a "real" straight
classical Stellarator, such a helical separatrix does indeed occur, even
if its radius 1is not correctly predicted by the "ideal" theory. This is
because the separatrix is formed when field lines cease to lie on surfaces
and orbit poloidally about the l-winding, which follows a helical path, so

locally it runs roughly toroidally. This scparatrix 1is consequently

"tied" to the l-winding, and has the same symmetry.
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5.3.2 Procedure for Optimisation of Parameters

Without the guidance of analytic estimates we are faced with the
task of determining the'point corresponding to the optimum coil sct in a
huge parameter space. Fortunately, a major simplification of the task
results from the fact that an economic reactor with an accéptable total
power output has a low aspect ratio: we shall show below that it follows
from this that the fields must be based on 1=2. (It may, however, prove
advantageous to include a small amount of 1=6.)

Optimising 1=2 coils, subject to certain structural constraints,
to produce as large a rotational transform as possible without losing too -
much plasma volume 1is a formidable task, however, even with this
restriction. The number of variables is still too large for a methodical
search of parameter space. For each set of coil parameters it proves to
be essential to study flux surfaces at many different radii and not just
at the centre and the separatrix, for instance, because of the possibility
that at some intermediate radii, the field lines do not 1lie on closed
surfaces.

Such ergodic regions occur in the neighbourhood of each rational
surfacé. (Formally, there is a rational surface arbitrarily close to any
point in the volume; fortunately the region of ergodicity around each
such surface 1s normally correspondingly nérrow, and it 1is only the
rational surfaces corresponding to the ratio of a pair of small integers
which prove to be troublesome).

In order to minimise the loss of closed surfaces we endeavour to
avoid the most dangerous rational surfaces. This we do by attempting so
far as possible to ensure that the rotatiomnal transform does not take on
the corresponding values within the plasma volume. Examples of such
values would be i = 1, 1/2, 1/3, 2/3, whilst 2/5, 3/5, 4/5 may or may not
be dangerous - it is precisely because we cannot be sure about the extent

to which field errors affect these latter that we need to do computer
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checks on them. (In some cases it may be possible to take steps to
minimise the effects of any rational surfaces which cannot be excluded,
and so to live with them. For instance, we attempt to avoid resonant
- errors in the field, so that islands are less likely to form at rational
surfaces.) All this 1is extremely costly in terms of computer time and
makes it impossible to explore the parameter space exhaustively.

The method by which we have represcnted the Stellarator coils in
our computational field 1line following is not ideal, in that we have had
to use straight-line filaments to approximate the curved winding, [63],
(which itself is represented by a Fourier series similar to that used 1in
[59], and is adequate given the restrictions outlined above). The field
errors that this representation gives rise to are responsible for the
formation of magnetic islands of finite width, (Fig. 6 e7)e

By doubling the number of filaments allowed by the program (from
1500 to 3000) we have been able to significantly reduce the ecffects of
island formation on the surfaces, confirming that the filamentary
representation is indeed the culprit. Even with 3000 filaments, however,
there are still significant errors in the field, particularly near the
conducgors. These errors create islands which, we believe, would be of
negligible width in the real system.

At the same time, we should report tha£ this doubling the number
of filaments decreased the rotational transform by about 20%, to the value
we have quoted, without our making any other changes in the coil
parameters. (Calculation with varying numbers of filaments per coil
suggested that there would be 1little or no further change in i if the
number were increased still further.) We can offer no satisfactory
explanation of this observation.

A sccond éource of difficulty inherent in the computations 1is
connected with the choice of the step-length: for accuracy it 1is

desirable to take the step-length as small as possible, (although rounding
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errors would eventually prevent further increases in accuracy), but the
fact that the computations run for several hours means that the
step—length must be as large as possible, if we wish to follow the line
fqr an appreciable distance around the device. In the centre of the
plasma region a step—length of six degrees was found to give results which
are also reproducible with smaller step-lengths, which was not the case
for very much larger step-lengths. Near the coils, however, steps of less
than or equal to one degree were found to be necessary, which meant that
the technique was very cumbersome indeed.

In the light of the restriction of what it is practical to do with
existing computing facilities, we have been forced to find a method of
proceeding which does not rely on computational '"brute force'. Given the
initial failure of analytic approximations to provide detailed information
we began to use a ''variational' method to find good coils. What this
means is that we guessed a starting point and varied the coil parameters,
moving small amounts in all directions 1in parameter space. If one
direction appeared preferable we moved that way and repeated the

procedure.

The parameters varied, and the range through which they were
varied, (some justification for which is given in the next chapter), were:
(a). The radial deformation of the coils, (0 £o 607 of the minor radius).
(b). The degree of distortion of the coils away from the plane (0 to 100%
of the gap between adjacent coils).

(c). l-number (2 and 3, with smaller amounts of 1=3,4,5,6 added to 1=2).
(d). p, the number of toroidal periods of the field, (2 to 4).

(e). N, the number of coils, (8 to 16).

(f). €, the inverse aspect ratio, (0.2 to 0.4).

(The first requirement was to reproduce the results of Wobig and
Rekker, [59)}, so their work helped to provide a starting point.)

After some time, an optimum region was reached, within which it
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was possible to 1incr=ase the transform (for instance), but oaly at the
cost of a deterioration in the value of some other figure of merit: no
clear gains were to be had. Simultanecously, it Dbecame evident that
extremely simple analytic results could be written down which' described
all of the data obtained, given certain assumptions, and which indicated
that what might otherwise have been a local optimum was in all probability

the only optimum region. These results are described in the next section.

5.3.3 Choice of l-number

From Chapter Two we have that &%.u,34ﬂ0“

(We recall the normalised radius is unity, ét the coil.) Thus for n=1l,
i(vac)=0. As 1=n increases above two the coil system produces less and
léss transform at lower radii. In a reactor, where the plasma radius 1is
of the -order of half the coil radius, the higher 1l-values are likely to be
at a disadvantage.

Field-line following calculations demonstrate that for low
aspect-ratio systems even 1=3 is extremely inefficient at producing
trans form at all radii low enough to be within the separatrix. To be more
precise, for a coil inverse aspect ratio of 1/3 and for coils meeting the
criteria discussed elsewhere, of modularity, we have been unable to
achieve transform significantly greater than 0.1 at any radius, so that

over most of the plasma volume the transform was less than 1/20. Fig.5.8

o

shows the trajectory of a field line in an 1=3 'best case', near the
separatrix, where the transform 1is greatest, during approximately twelve
passes around the major circumference. Note that the transform is second
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ratio are capable of producing i = 0.5 at all radii. Such a value for the
transform is adequate, being comparable to the value in a Tokamak for
instance.

The analytic theory predicts that the 1=2 transform profile 1is
flat. For modular coils it turns out that it actually decrzases towards
the outside, [64], so that the maximum is in the centre of the plasma.
Hence, although it 1is still difficult to achieve sufficiently high
transform at low aspect ratio, it is much easier with 1=2 than with any
other value. In the case for which we present the coil system in the next
chapter, i runs from just below 0.5 in the centre, to about 1/3 at the
edge - the plasma is comnsequently bounded by a q=3 island, which forms the
separatrix. The more dangerous q values are excluded from the plasma
volume by this arrangement, which is important, from the points of view of
equilibrium and of stability.

With a modular coil system of the type envisaged in this work it
is difficult to obtain satisfactory fields containing large amplitudes of
more than one harmonic. For consider the effect on an 1=2 field (which we
believe to be necessary to provide sufficient rotational transform) of the
inciusion of an 1=3 modulation of the coils: provided that the coil shape
is completely free from structural constraints then such a modulation can
be accomodated. However, as the coils are to‘be designed so that they do
not overlap (in order to facilitate removal of damaged coils) then the
extra width given to the coil by the 1=3 ripple has to be compensated by a
corresponding decrease in the 1=2 ripple. 1If the ripples are of equal
amplitude, for example, the 1=2 field must decrease by a factor of about
two. The rotational transform 1is a second order effect - it 1is
proportional to this amplitude squared, and so it goes down by a factor of
about four as a result. Such a decrease is catastropnic in terms of its
effect on the equilibrium beta, which scales as the transform squared.

For this reason we choosc not to consider e.g. an 1=2/3 mixture, which
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might otherwise be a desirable combination, but restrict ourselves to 1=2

only.

S.A_Discussioq_pf Results for 1=2 and Conclusions

Details of the magnetic field computations are given, and compared with
analytic expressions. These 1in turn have been deemed appropriate on the

basis of the qualitative conclusions of the field line following.

5.4.1 General

It is difficult to perceive the underlying trends of field line
behaviour, for rational surfaces intervene to obscure the systematic
behaviour which is present (by destroying the outer surfaces and bringing
the separatrix in towards the ©plasma, for instance). Thus the set of
"best cases'" is to be considered most significant in what follows, as they
are the least disrupted by such effects.

The problem is made worse by the fact that there is some reason to

believe that the computational method is inherently not very accurate,
For although it is possible to ‘increase the accuracy obtained per step by
decreasing the step length, it is not always péssible to improve global
accuracy in this way, for the decrease in the error per step can be more
than compensated by the increase in the number of steps, [65].

We have remarked elsewhere that we need to take very short steps
to obtain reproducible results in the vicinity of magnetic islands. We
cannot be sure that we are necessarily improving our accuracy as a result,
however. Such a failing is particularly important as many of the cases we
have studied have (for instance) a q=3 (i=1/3) surface at the scparatrix,

and the nature of the separatrix is crucial if a magnetic divertor is to

be employed.
- 142 -



The relationship between the coil shape and the field parameters
may be derived very simply and rather crudely by using the ideas of the
virtual casing principle, but by imposing a circular casing, instead of
allowing the fields to dictate the shape of the casing.

One then obtains the currents on the casing, from the relation

_mdg= _¢£= 8
r dsg Je Bg

as in chapter two, (except that in chapter two only the helical parts of

the currents and fields were to be included, whereas here the total

current and field is to be used).

This representation of the fields 1is accurate enough to yield
information as to the overéll nature of the field, but of course not about
the structure of the fields in detail.

In terms of the quantities defined in chapter one, we find that

the amplitude of the coil modulation is given by

AE 4oe (5.4.1,1)

2
but o = pe§ /2, so

2
AE = 2¢ 8p (5.4.1,2)
If we write the equation for a surface in the form (5.3.1,3), thus

defining & , then from the expression for § 1in terms of o , above, it s
straightforward to show by substitution into (2.3.4,10) that i = p §2,

Fig. 5.9 shows a small typical sample of the computational
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Chapter Six: Module Construction

Means of supporting the coils which allow the requiresments detailed in
previous chapters to be met are discussed. (These include the possibility
of divertor action, removability of modules and separate refrigeration of

each coil.) Comparison with Tokamak coils is made.

6.1 Coil Forces

The forces on a coil due to the main toroidal field are all in the
R,Z plane, for any given £ . The forces between neighbouring coils are
attractive and in the toroidal direction, however.

The means by which we propose to support the former is relatively
independent of the <choice of modular coil configuration. .The forces
between coils are more strongly geometry-dependent, and so it is necessary
to go into details of the coil shape.

| A set of four coils, which forms a unit, from three of which a
twelve coil, 1=2 , m=3 device could be made, is illustrated in Fig. 6.1.

In general, it would not be possible té divide the coil set up
into such wunits: it 1is Dbecause N/p is equal to an integer that it is
possible in this case. There are a number of possible reasons why it may
be desirable to make the reactor out of such units - for instance, the
forces between coils sum to zero over a unit, and may thus be contained
within that unit. More obviously, there 1s an advantage in that the
number of different types of module is reduced by a factor of N/p. For
these reasons, as the optimisation of the next chapter results in p=3,
with N approximately equal to 12, it is natural to take N=12. A unit

similar to the one considered would, of course, be obtained with p=é,
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also much 1less than the effect of making a Tokamak coil D-shaped, for
instance.)

Let us estimate the magnitude of the forces on these coils. The
mean field 1is probably about 5T. according to the results of the
optimisation which is described in Chapter Seven. The current in each
coil, with about ten coils, will be roughly 2.5RHNA, and so the force per
unit length, with R=10m, is about 7.5 x 107 N/m. As this 1is applied to
the whole coil, the total force will be about 10 °N. This figure is very
similar to estimates of the force, per coil, on the central pillar in a
Tokamak design. We shall need such a support in the Stellarator also,
therefore.

The casing described above is to be contained in a circular Dband
around its mid-plane, to which the radial forces from the coil are
transmitted, (Fig. 6.3).

Similarly, if we try to find the force between coils, as they
approach each other to a distance of the order of tens of centimetres, we
find F=u012/2ﬂd ~ 1.2 x 16° N/m. and this force -is applied over
lengths of order ten cm. so the total force resulting will be less than
or of érder 10°N.

Thé difference between these forces and those.on the <coils in a
Tokamak is that there are extra attractive forces, between coils, which
are important in the Stellarator. (A difference between the coils, fron
the point of view of the forces, is that in the Tokamak the minor radial
forces are allowed to dictate the shape of the coild)

The - above attractive force will only be applied over short
distances, where the coils are closc, and its local nature may even help
to prevent the coil from trying to stretch to a "relaxed" position (where
'it would ‘have a shape similar to a Tokamak coil), but maintain its twisted
nature.

As mentioned below, the forces in this Stellarator are all applied
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to the coil support in such a way as to be compressive, which makes them

much easier to deal with than they would be were they tensile.

6.2 Coil Refrigeration

The coil support system has been selected so far as possible to
allow the <coils to be refrigerated separately, each within 1its own
cryostat, without having to also take the coil supports down to 1liquid
helium temperatures. A first step in this direction is to ensure that all
the forces applied to the coil are pushing, rather than pulling, on it,
which means that the join between coil and support need be much less
intimate than otherwise. This is important for it means that when a coil
has to be replaced, it is not necessary to bring more than the one coil up

to normal temperatures, because each coil can be kept in its own cryostat.

6.3 Blanket

The position of the blanket relative to the coil and plasma is

illustrated in Fig. 6.3.

6.4 Vacuum Vessel

The vacuum vessel could be put in any one of a number of places,

rang ing from immediately outside the first wall to somewhere beyond the
coils, or even covering the whole reactor like a lid on a cheese plate,
without passing through the hole in the middle at all.

For the present, we shall consider a "grommet-like" vacuunm vessel,
- 151 =






its simplicity - the vacuum vessel causes no additional difficulties

beyond those discussed above, [14].

6.5 Coil Removal

In this design it is necessary to remove a coil from its position
in the torus whenever it 1is required to replace either the coil or the
structure inside the coil. With the coil must be taken all the blanket
and shield; the module 1is thus likely to be very heavy indeed, though
possibly somewhat lighter than a Tokamak, because fewer components are
required. The weight of such a module is of the order of a thousand tons,
which is wvirtually at the 1limit of what it is technically feasible to
handle.

In some Tokamak designs it has been possible to allow for removal
of blanket scgments between the toroidal field coils, thus easiné the
problem. However, it is not entirely satisfactory to have to leave the
coil in place throughout the 1lifetime of the reactor, which is the

situation envisaged in this case.

6.6 Divertor

If field lines are to be taken out of the device near the tip of
the ellipse or at a small number of points above a magnetic island then
apertures must available at the appropriate places in the coil support.

There are two widely-studied types of Tokamak divertor: the
poloidal (or axisymmetric) divertor, and the bundle divertor. (A hybrid

divertor has also been proposcd.) The bundle divertor takes a '"bundle" of

field lines from the outside of the plasma, (TFig. 6.4), creating an
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It is often said that the Stellarator possesses a ''matural"
divertor. Such statements wusually refer to the Aridge with helical
symmetry which occurs at the separatrix in certain classes of Stellarator,
(in "classical"™ Stellarators, and straight Stellarators with helical
symmetry.) Referring to (5.4.1) and the accompanying discussion, we see
that the helical ridge of the separatrix is an x-point, and except for its
following a helical path around the torus it is very similar to an x—-point
of the poloidal divertor. The divertor which they form has been discussed
by Derr, [66], for his "Ultimate Stellarator" configuration, (which 1is a
modular, 1=3 system) = he concluded that there were a large number of
bundles of field lines which emerge at points around each modular coil.
The divertor plates could thus be outside the coils, so that some of the
features of a bundle divertor are also in evidence.

As has already been pointed out, however, the modular system we
have been studying, being 1=2 and of low aspect ratio, does not have a

t

separatrix with "ridges', so it does not have a poloidal divertor, either.
On the other hand, as the flux surfaces are slightly more elliptical than
the coils the field lines might be expected to emerge at the tips of the
ellipse first. Something akin to a bundlé divertor could exist,
therefore, and some cvidence for this was found computationally, but not
enough to prove its existence conclusively, because of the doubts
(expressed above) as to the accuracy of the field line calculations near

the separatrix. Very substantial computations would be required to prove

its existence, even assuming that the method does not fail due to rounding

errors at very short step lengths.

I1f this divertor did exist, two bundles would emerge per coil, one
at each of the tips of the coil, so that the collector plates would be

outside the coil, at the appropriate positions. It would probably be
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6.7 Comparison with the Tokamak

Let us enumerate the <coils required for each system: the
Stellarator described above employs a small number. (typically around
twelve) of identical twisted coils, (and possibly divertor coils); The
Tokamak, in general, requires a set of toroidal field coils, a "primary"
winding, (which often implies that there must be a transformer core
through the hole in the <centre of the torus) poloidal shaping coils,
vertical field coils and possibly divertor coils.

Consider the set of tokamak reactor coils depicted in Fig. 6.5
Note that the poloidal field coils prevent removal of modules. This is
inevitable unless they are outside the toroidal field coils and are
removable vertically. (The prescnce of superconducting coils interior to
other sets of coils partially shields the plasma from the fields due to

the outer coils, so that such an arrangement has difficulty in producing

the required fields at all.)

Without going into detail, it is the case that Tokamak reactor
designers have found it difficult to avoid these coils becoming to some
extent interlocked, and have faced additional problems because their
fields are crossed, giving rise to forces in awkward directions. For
these reasons, we feel that the overall Steliarator coil set we have
described is probably easier to construct than that of a Tokamak. If this
is indeed the case, then a major objection to the Stellarator as an

alternative to the Tokamak as a reactor is not valid.
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Chapter Seven: A Stellarator Reactor

It is the purpose of this Chapter to show how the optimum parameters for a
Stellarator reactor may be determined for given total power output, wall
loading, etc. The result must, if it is to be of any interest, represent
a considerable improvement over an equivalent Tokamak. Further comparison

between the two devices is made.

7.1 Optimisation

Relations between the many parameters describing the reactor must
be obtained, in order that an optimisation may be performed. Such

relations are now given.

Plasma Elongation

The magnetic surface shape may be written as

p = po(l + & .cos(20 + p& )) (7.1,1)
with
5 = 2a (7.1,2)
2
Ep

From Chapter Five, 6§ <0.4. The elongation, e , (the ratio of

semi-ma jor and semi-minor axes of the ellipse), is given by
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e = (I +6) (7.1,3)
(1 ~¢6)

Number of qupidal Periods of the Field

From chapter five, the mean angle subtended by each coil is

roughly

Ag 4ae (7.1,4)

it

but a = pe §/2, so

2
AE = 2¢ 6p . | (7.1,5)

The width of the coil is Rm Ag. 1f we let b = (t + s), then on the inside

of the torus this must fit into

21 (Fa = (b + 1)) (7.1,6)
N

where N is the number of coils and t,s were defined in Chapter One to be

the blanket and shield thicknesses, respectively. We then have that

(1 - ¢) (7.1,7)






whilst € , the inverse aspect ratio of the coils, is (b + r)/Rm, then

N=1m=om1Ar =1 (b + 1) . (7.1,8)

Rotational ngpsform

Combining the above and using

2
i=psd
we have that
i=_06b (1=-c¢) (7-1,9)
e(b + r)

When designing an actual reactor, we would wish to avoid the

values of i which were mentioned in chapter five: 1in fact the coil system

of chapter six meets this requirement, as pointed out in that chapter.

Beta

A beta limit like B8 < 12¢ 1is set by considerations of equilibrium
and of ballooning stability. The g-mode <criterion is2pi<1ll , and we
shall scarcely be able to approach this limit, in an optimised reactor.

The first of these limits has often been used in the past as part

of an argument which claimed to show that a Stellarator reactor would
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necessarily have very high rotational trénsform and aspect ratio. As this
school of thought has held sway for many years, we shall examine the
argument in some detail.,

Gibson et al., [7], assert that, in a Stellarator design, Llittle
is to be gained by wusing anything oﬁher than a 459 l1-winding.
Specialising to Stellarators with such a winding, it follows that
i~p~1/e, and substituting this into the above beta limit they conclude
that B exl/e. As they also claim that the cost of a fusion reactor is
principally determined by the maximum beta attainable, this leads them to
wish to take € as small as possible. This in turn leads them to a system
with a very high power output, and so they conclude that the Stellarator
is at a disadvantage with respect to the Tokamak, because it necessarily
produces too much power.

To show that this is an incorrect argument, three points may be
made:

(a). The beta limit which they assume to hold is not adequate,
and by increasing the beta allowed by the equilibrium/ballooning limit,
they violate the criterion for Mercier-type modes. To show this, we apply
the same set of assumptions as they did, but this time ¢to the second
criterign. We find that2(i/e ) < 11, so we cannot go to very high aspect
ratio at all. We recall that our resistive criterion is identical to the
ideal M.H.D. criterion found by Shafranov, who has argued similarly on
many occasions, (see e.g. [68],).

(b). A 450 l1-winding does not produce an optimal Stellarator
field. This has been shown for l-windings by Sharp et al., [69], and the
advantages of other forms of coils have been discussed above.

(c). As we saw in chapter one, the reactor power output may be
regarded as being primarily limited by the permissible wall-loading, and
not by the beta-limit. The beta-limit is, consequently, not a

sufficiently important economic factor that all other considerations may
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be neglected by comparison.

To anticipate the detailed optimisation which we shall perform, on
the basis of the model introduced in the next section, we shall see that
if, as in~ chapter two, we write f =ff€, then the cost depends
strongly on f, but the optimisation does not give rise to large i%e, as
was assumed in ([7]. If we consider beta as having two parts, a
geometrical part, i%e, and the constant f, then our result shows that
it is most helpful if f is large, but increasing the ''geometrical' part of

beta beyond a rather low value is not cost advantageous.

7.2 Reactor Costing

We are now in a position to estimate the cost of a Stellarator or

Tokamak reactor. The component cost estimates were made by Spears, [70],
for use in Tokamak design. All the iﬁems, several of which are
inapplicable in a Stellarator Reactor design, have been listed for the
sake of comparison with Tokamaks. Items c,d and e have been written in a
form appropriate to Tokamaks, where the aspect ratio is always low. In
this case the approximation used gives rise to errors of the order of ten
percent, which is considered acceptable.

This is not a good enough approximation for wuse in Stellarator
design, where it 1is not obvious at the outset that A may be taken to be

small. These terms will be corrected to make them more accurate at large

A, therefore.

The following are required as input data:

I(TF) - Total toroidal field coil current (A)
1(TF) - Length of one toroidal field coil (m)
3(TF) - Peak flux density at coil (T)
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I(PR)
R(PR)
I(VF)
R(VF)

B(TC)

]
r

P(th)

E(PR)
E(VF)
E(H)
n(H)
P(REF)
P(H)

P(el)

Peak primary current (4)

lean major radius of primary winding (m)
Total vertical field current (4)

Mean vertical field coil radius (m)

Peak flux density in transformer core (T)
First wall arca (m?)

Number of replacement walls/blankets
Thermal power output (MWth)

Major radius of reactor (m)

Height of reactor (m)

Primary field energy storage (J)
Vertical field energy storage (J)
Product of P(Il) and operating time (J)
lleating efficiency

Coil heat deposition rate at 4K (kW)
N.I. or E/ICRH power to plasma (MW)

Gross electrical power (W)

The costs were given, evaluated at 1976 prices, in pounds, to be:

(a). Toroidal Field Coils

The costs of the components of the superconducting magnets are:

Superconductor

Copper

-5
8.33 x 10 TI(TF).1(TF).B(TF)

C
a

-2

C=1.68 x 10 TI(TF).1(TF)
a

The copper cost was subsequently decided to be a factor of two too large,

on the basis of experience on JCT,
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(b). Poloidal Field Coils

| -3
Superconductor = Cy= 1.7 x 10 {I(PR).R(PR) + I(VF).R(VF)}.B(TC)

-1
Copper - Cy= 1.1 x 10 {I(PR).R + I(VF).R(VF)}

(¢)s First Wall/Blanket

4
C= 1.6 x 10 A,

(d). Replacement Walls/Blankets

4
Cq (Np~1) x 0.363 x 1.6 x 10 A,

(The factor 0.363 allows for the fact that less interest is paid on later

expenditure.)

(e). Neutron Shield

4
Ce= 5.54 x 10 A,
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(f). Thermal Circuits

3
Cf= 9 x 10 P(th)

(This assumes that the blanket is cooled by high pressure Helium.)

(g). Auxiliaries

3
Cg= 6.5 x 10 P(th)

(Includes vacuum pumping, in house power, etc.)

(h). Contingency

G, = 0.05 (Ct + C, +C + Cg)

(i)« Building

2
C; = 450w (Rl + ) + 4) (0 + 4)

(n.b. this is not based on the exact size of the reactor hall - in

particular, it does not imply that there is only 4m. around the reactor.)
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(j). Energy Storage

-3
Ci=7 x 10 (E(PR) + E(VF) + E(H)/n(l1))

(Assumes homopolar generators.)

(k). Refrigeration

6 2/3
C.= 5 x 10{lRer)25)

(1), Neutral Injection or E/ICRH

6
C{= 2.5 x 10 P(H)

(Assumes Neutral Injection, — E/ICRH costs are about half.)

(m). Conventional Plant

6
C=0.2 x 10 P(el)

m
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(n). Miscellaneous

6
C_= 100 to 200 x 10

jot

(Att;ibutable to site structures, tritium handling facilities, and

instruments and control systems.)

In a Stellarator, there is no need for items (b). and (j)., and (1). is
reduced to a small fraction of the value in a Tokamak:* (The Tokamak would
require Ffacilities to deliver substantial heating power for pulsed
operation - and if a steady-state current were to be driven in the plasma,
the same sort of equipment would be necessary to drive the current.) In
addition, if the Tokamak reactor is pulsed, (d). will be larger, as Nr
will be increased.

A significant difficulty with pulsed systems in general becomes
evident when the cost per kilowatt is calculated, however, for the
acceptable wall-loading is reduced by a factor of two or three, the
fractién of the time when power is produced is significantly reduced and
the fraction of the time when the reactor must be supplied power rises
from zero to a finite value. Thus a pulsed stétion with the same geometry

produces something 1like a quarter of he power that it would were it

steady—-state.

*This is an oversimplified argument which is not strictly correct. See
Appendix three for a more complete discussion.
The total cost of a Stecllarator reactor is thus
‘ n
c=¢ + 2. C z Gy
Y oz K
A number of these (e.g. Cy,7) are relatively small and may be

neglectead.

Using B =u, I(TF)/27 R_ , then I(TF) = 2n BRm/Lb, and  as
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I(TF) = 27 (b + a)k, with

2 1/2
k= ({1 +e")/2) , 2 = (ae + b), the coil ellipticity,
' : (a + b)
I(TF)L1(TF) = BA (b + a)k. (7.2,1)
hr
where
2 1/2 -1/2
h=(l+e) (2e)
Thus
-2
Ca=0.85 x 10 BA(b + a)k (7.2,2)
M hr
o
4
= 0.7 x 10 BA_,(b + a)k. (7.2,3)
hr
Consider items c—-e: in a_typical Tokamak design r=3m. t=s=1lm.,

and e=5/3. The volume of the first wall/blanket, which is given by

2 2 2 - 2
2w Rm((t + a)(t + ea) - ea ) =2n Rm((l + e)ta + t ) tAWg

where we have defined g to be

2 1/2
g= (1 +e)/(2(1 +e ))

as 2r>>t.‘

This "paper-thin" approximation is not appropriate to more gencral

geometries than very tight aspect ratio devices with large minor radius,
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so instead of Ay, a factor like Ay(gz + t/2hr) should be used in Cc and C4.
Similarly, in Ce we should have Aw(g + (b + t)/2hr).

Note that as we use this formula for the Stellarator, we increase
the cost of the first wall considerably - on the other hand, we use. the
paper thin approximation for the Tokamaks we assess, which leads to a
relative underestimate of about 207 in their wall costs.

Taking N, = 2, we obtain
4

CC + Cd + Ce = 10 Aw (6g + (3b + 2t)/hr).
4
C +C +C =8,5% 10 P(th).
f g m

The total power output is limited by the maximum tolerable wall
loading and the maximum power which the plasma is capable of producing.
If the wall loading to be employed is taken to be Ew’ (which may be other
than the maximum), theun we have two exprecsions for P(th), which must be

equal; and which allow us to relate P(th) to Aw:

P(th) = P_A. (7.2,4)

and
2 4 )

P(th) = 0.78B V (7.2,5)

As
2 2 1/2 -1/2
A =41 TR (1 + e ) (2e) (7.2,6)
W m .

then from (7.2,5) the major and minor radii are related by

1/2
o __P(th) (2e) ~ P(th (7.2,7)
) 2 172
4T (1 +e ) Py 50Py,

TR

]




3 2
Ci=3x10 (ae + b+ 3)(R (1 +e) + 4)

3
C. =1.5 x 10

The total cost per kilowatt is thus approximately

4 4
C =28.5%x10 + 10 (6g + (3b + 2t) + 0.7B(b + a)k) (7.2,8)
B A, P, hr hr
3 2
+ 3 x 10 (ae+ b+ 3)R (1 +e) + 4)
m
R/ Ay
8
+ 1.5 x 10
P A
W w

We assume that the peak equilibrium beta is given by B 2 £i%/A.
Our eqqilibrium calculation is not intended to be applied to cases with
low aspect ratio, but extrapolating from the calculation which employed
WVII parameters, {22 seems appropriate. (Note that (i). the usual
ballooning stability limit for Tokamaks is B';if%/A, which in this case
gives a higher value than the above, and (ii). the g-mode criterion pi<ll
reduces to p<8, given the assumptions about i described above.)

The minimisation is made possible by use of (7,2,5) and (7.2,7).
by minimising at fixed Pw’ and then by varying Pw’ to find an overall
minimum. Details of the method used to find the minimum are as follows:

For fixed P(th) and f, and an initial choice of Pw’ a very small
value of the minor radius, r, is chosen and the ma jor radius found, from
(7.2,7). The aspect ratio, the number of coils, (7.1,8), the number of

field periods, (7.1,7), and the rotational transform, (7.1,9), to be
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employed follow immediatelv.

Using the above value for beta in (7.2,5), we find the field which
is required to produce the total power stipulated. The cost per kilowatt
1s then computed.

The calculatibn is then repeated for slightly larger r, and the
new cost per kilowatt found. This is repeated until the cost goes up, Or
the magnetic field exceeds the assumed technological limit, (which
occasionally happens, at high- - wall loading), and the configuration is
decmed to be the optimum for that wall loading. The calculation is then
repeated at slightly higher wall loading, and so on.

The results of the minimisation are shown in Fig.7.2. The cases

we have illustrated are:

P(th) (GW) £ B (T)
2 | 2 10
3 | 2.5 12
4

In all these cases, b=3 and ¢ =0.4. The coil set of chapter six

corresponds roughly to the choice P(th)=3@W, f=2, at Pw=2.SMW/m:Z‘

>We may summarise one set of possible Reactor parameters as
follows:
P(th)=3GW, and with a conversion efficiency of-l/3, P(el)=1GW.
Pw=2. 50 /m?
Ma jor radius=13m.
Minor radius=2m.
Plasma Elongation=3
Humber of coils=12

1=2

p=3
i=0.48

Reta=9%%(peak):6%(rms):47% (average).
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Starfire MEIIC

P(th) 3.5 1.825
R 7.0 7.8
a _ 1.94 ' 2.0
Py 3.7 | 2.1
B 5.8 3.9
B 11.1 11
Beta 6.7% 7.7%

The MKIIC. reactor is pulsed, but the wall loading has been taken
to be rather high, and so it is not inapbropriate to make comparison with
it.

152.7¥MW of R.F. power are envisaged, on Starfire, 1in order to
maintain the steady state current. This is the item costed under heating,
below.

It is clear that Starfire has been designed  making rather more
optimistic assumptions about wall-loading and total power output than the
Stellarator outlined above. For the sake of comparison, we tﬁus give a
second set of Stellarator costs, for a Stellarator with the same wall
loading and total power output as Starfire.

We have esﬁimated the costs of the major components to be, on the

basis of the above, (in £, and at 1976 pricesj:

Item Starfire MKIIC Stellarator(s)
TF coils 90 60 103 102

PF coils 40 32 - -
First Wall 18 20 123 123
Shield 45 47 (inc. above.)
Buildings 13 14 19 19
Energy Storage - 58 - -
lleating 171 215 - -
Conv. Plant 300 146 255 300
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fiscellaneous 150 150 150 150
Total 327 742 650 692
Cost/kW (£) 709 1,220 650 593

When these costs are corrected to allow for .inflation, up to 1981,
and interest charggs, an iﬁcrease by a factor of Uup tofour is likely.

The major part of these costs is not the 'nuclear island", but
conventional generation costs, etc. When these items are subtracted, we
find substantial differences between the costs of the reactors.

Naturally, the MKIIC, having the lowest wall loading and lowest
total power output is likely to have the highest cost per kilowatt. The
reason for the low wall loading is that it is pulsed - in fact, the wall
loading is still rather high, for a pulsed reactor.

Starfire has what we consider to be rather too high a wall
loading, and the total power output is a little large. The Stellarator we
propose (the costs of which are given in the first Stellarator column)
makes use of what we believe to be more reasonable assumptions. As a
result, it 1is at a disadvantage with respect to Starfire: nevertheless,
it is less expensive, both in terms of total cost and of cost per
kilowaft.

The reasons for this are the decreased costs of coils (PF coils
being absent) and heating. Note that we ha?e taken a rather low copper
cost, in'calculating the coil costs = if this were higher, the difference
would be accentuated.

On the other hand, the wall area is larger, (which is a result of
our wall 1loading assumption, - and not a defect inherent in Stellarators)
and the major radius and elongation are larger, so the volume of blanket
and shield 1is 1increascd. This pushes up the cost somewhat. (The
optimisation has found rather larger Rm SO as to increase the transform
in the Stellarator field, and so smaller r resulted which, as we saw in

chapter one, increased the enginecred volune.)
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The second Stellarator column has almost identical costs for all
the components of the '"nuclear 1island", which is a result of the
optimisation tradiﬁg coil costs against wall costs = and coming to

irtually the - same minimun as before. The generating cost has gone up in

proportion with P(th), as it must. The cost per kilowatt has come down

still further, as a result of these changes.

Conclusion

A type of Stellarator reactor has been discussed which is
comparable to Tokamak designs of similar total output power and assumed
wall loading.

The essential plasma physics has been introduced. The equilibrium
theory seems to be supported by the experimentél evidence wherever
comparisons are possible, despite theoretical doubts about the existence
of equilibria in finite aspect ratio machines. Stability theory, however,
does not scem to be confirmed experimentally. Certain of the predicted
currenﬁ'driven modes are very much in evidence in present day Tokamaks,

and interchange instabilities have been demonstrated in mirror machines

which do not have a "minimum average-B", but in toroidal systems the theor-
etically predicted pressure driven modes are not observed. Thus although
two criteria against such modes have been given in the above work, and the
reactor plasma should be stable according to both of them, they could well
both be wrong. One important point is that they are not likely to be over
optimistic.

The subject of superbanana diffusion has Dbeen 1investigated. A
number of ' theoretical reasons have been advanced to explain why obsecrved
confinement scems to be better than had been predicted on the basis of the

old neoclassical theory of superbanana diffusion, (confinement times being
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comparable with those obtained in Tokamaks of similar size).

Extensive field line following calculations have allowed the
identification of trends in the behaviour of Stellarator fields as the
coil parameters are varied. These in turn may be fed into reactor models,
and a reactor study has been done wusing this input and allowing for
mechanical requirements upon the various components of the reactor.

The cost of the reactor has been calculated and minimised, at
fixed power output for various wall loadings.

The Stellarator we propose appears to be cheaper than two recently
designed Tokamaks, despite our having chosen a lower value of the wall
loading than is customary for steady state devices, chiefly because of the
absence of PF coils, and the decreased cost of plasma heating and energy
storage.

We have argued elsewhere that the factors which are not quantified
in this model should not prove more troublesome 1in Stellarators than
Tokamaks. We thus come to the simple conclusion that a Stellarator
reactor of the type considered is more economical than a Tokamak, and it
may also pose fewer technological problems.

vIn the light of these results, it would be extremely interesting if
a medium sized (Rm > 1m) low aspect-ratio stellarator experiment were built,
employing & = 2 modular coils. Such an experimént would allow a relatively
inexpensive test of the theories we have discussed to be made, and, 1f they
were seen to be confirmed, would provide a powerful argument for an expanded

program of stellarator research.
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The equations of MHD equilibrium are solved by including plasma pressure and
current in a large aspect-ratio ordering scheme for the calculation of toroidal,
! = 3 stellarator vacuum fields. The extended ordering unifies the low-beta
equilibrium theory for tokamaks and | = 3 stellarators, and allows solutions to
be obtained simply for arbitrarily prescribed pressure and current density
profiles. Expressions are given for the equilibrium magnetic field and the equa-
tion for the flux surfaces is calculated, including the effects of I = 3 shaping and
toroidal displacement. These results are used to calculate equilibria for the
parameters of CLEO stellarator, and we examine the role of an externally applied
vertical field in reducing pressure-induced flux surface distortion and destruction.

1. Introduction

Many equilibrium calculations have been performed for stellarators (e.g.
Solovev & Shafranov 1970). In these, two main approaches are employed, given
the difficulty of exact solution in toroidal geometry. Lither we can expand
quantities in Taylor series about a known magnetic axis (Mercier & Luc 1974;
Lortz & Niithrenberg 1976), or we can adopt an ordering scheme in which the
helical fields, pressure, etc., will be small in some parameter. The former approach
is of greatest value in dealing with systems in which the magnetic axis is a three-
dimensional curve, as in Spitzer’s original figure-8 stellarator. With an ordering
scheme, however, we often have greater flexibility, validity no longer being
restricted to the region close to the axis.

In the ‘conventional’ stellarator ordering, the helical field amplitude is the
basic expansion parameter, the axial current, plasma pressure and toroidicity
all being treated as second order. The equilibrium configuration in a toroidal
! = 3 stellarator was calculated by Greene & Johnson (1961) using this method;
however, the triangularity of the flux surfaces was suppressed at the chosen
level of approximation by the averaging technique used for their determination,
and two-dimensional numerical solution of the equilibrium equation was neces-
sary because of the equal relative orderings of pressure and toroidicity.

In many low-pressure stellarator experiments, the helical flux surface distor-
tions are substantial, and typically these devices operate in a tokamak-like

0022-3778/80/2828-1340 $02.50 © 1980 Cambridge TUniversity Press



454 P.J. Fielding and W. N. G. Hitchon

mode with regard to the size of the total rotational transform and the plasma
pressure. Thus, it is of intcrest to derive an approximate solution to the equili-
brium equations by means of an ordering scheme which better reflects the condi-
tions in these experiments. In this way we can also unify the theory of equilivria
at low pressure in tokamaks and in stellarators.

Considering only ! = 3 stellarators, we investigate the toroidal, larze aspect-
ratio case using the ordering introduced by Dobrott & Frieman (1971) to define
the vacuum field. Since the number of helical field periods round the torus is
large and the pressure is low, the rotational transform is composed of independent
additive contributions from the vacuum field and from the plasma current
separately (Ohasa et al. 1977). Like the vacuum transform, that due to the
current is of order unity in general, and we incorporate the effects of pressure at
second order in the inverse aspect ratio, as in the low-pressure tokamak theory.
With these orderings, a satisfactory level of approximation can be attained in
solution of the general low-beta problem for arbitrary pressure and current
density profiles.

In §2, we introduce the co-ordinates and basic characteristics of the model
and describe the ordering scheme. § 3 is devoted to the calculation of the equili-
brium magnetic fields and in §4 we derive the equation for the flux surfaces.
The boundary value relation between the external vertical field and the plasma
surface displacement is calculated in §5, and in §6 several interesting special
cases are examined. Finally the use of these results is illustrated by application
to the case of CLEO stellarator (Atkinson et al. 1976).

2. Co-ordinates and ordering scheme

It proves convenient to use quasi-cylindrical polar co-ordinates (r,d,%) as
shown in figure 1, where r is measured from the minor axis of the torus. The
inverse aspect ratio € is assumed small and, in order to recover the basic tokamak-
like features of the system, it is supposed that the plasma current generates a
poloidal field of order ¢ relative to the main field B, which is directed in the §
direction, and that the plasma pressure P o €2. We assume that the number of
| = 3 helical field periods round the torus, p, is large and that the helical wave-
length 27 /h is large compared with a typical minor radius a, so that ha < 1:
for example, the plasma radius, or the stellarator winding radius can be used
for the normalizing length a. Note that p = RR,, where R, is the major radius
of the torus, so p = €~12a. Thus, if ha o €2, then 0 < & < 1. By requiring that the
toroidal and helical modulations of B; be of the same order and that the rota-
tional transform be of order unity, we determine « = 3, so that p = pe~¥, where
P = O(1). This is the ordering proposed originally by Dobrott & Frieman (1971).

We introduce the scaled variables p = r/aand 5§ = AR & = Pe—3£. The magnetic
field and plasma pressure are normalized with respect to B,, so we have b = B/B,
and P = P/B2. Further defining J = Jga/B,, where g = 1 —¢pcosf, and J is
the plasma current density, and V = agV, we write the MHD equilibrium equa-
tions

A A A

6P=.fxb; J=Vxb; V.b=0. (la, b, ¢)
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3. Equilibrium calculation

Our objective is the determination of the magnetic fields to sufficiently high
order (in fact, to sixth order) that effects associated with the toroidal displace-
ment of magnetic surfaces are recovered. To this end we use the equilibrium
equations up to tenth order. We will discuss the order-by-order solution of these
equations presently, but it scems appropriate to make some preliminary ohser-
vations which will allow us to anticipate the form of the lower orders of this
solution.

Without a plasma we have the known vacuum field (Dobrott & Frieman 1971).
In Appendix A, we apply the present ordering to the exact solution in toroidal
co-ordinates for the magnetic potential, and so obtain a very simple derivation
of this result. Toroidal stellarator flux surfaces exist in the asymptotic sense
(Kruskal 1952) so that a function ¥ exists which satisfies

b.Vy = 0, (6)

at any order of expansion. For the vacuum field the surface functions can be put
in the form (Dobrott & Frieman 1971)

2
V0.0,5) = Yolp) = A2 Yip)sin (36.+3)

2\ 2 ;
-z (32“]_)’; ) p3% (é%—") cos (66 + 25)+ O(A%),  (T)
where {r,(p) is some function of radius. As the main effect of the plasma pressure
and current on the flux surfaces is to displace them toroidally by small amounts
of order €, the above form is expected to hold true for the flux surfaces in the
presence of plasma, although, in fact, the third-order term would then differ
significantly from the vacuum-field term (see §4). Any small, externally applied
field (for the purpose of recentring the plasma, say) will also leave the form of 7
unchanged below third order. Now we have noted already in (4) that &, satisfies
the equation of a surface function, so from (7) we can infer the structure of this
part of the force-free current, up to fifth order. Likewise, the plasma pressure
must satisfy (6) so that its form can be anticipated up to eighth order from (7).

The zeroth-order field is of course constant and axial: @ = £. Following Dobrott
& Frieman, there is no first-order field and in second order we introduce the

helical field

3ap?
P
given by the vacuum potential (see Appendix A). The strength of the external
winding current determines the quantity «.
The plasma current first appears in next order, and to satisfy (1) the third-
order current o must be axial and independent of toroidal co-ordinate 3. In the
absence of externally applied shaping fields the lowest-order flux surfaces are

circular so that ¢ = o(p), and so the third-order field of the current is poloidal
and given by

b® = (P cos (30 +5) — B sin (36 +3)) (8)

b = b(p), (9)
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where
pdp (pb) =0(p), and b® =0,

as in cylindrical geometry. Since b = £+ O(A?), the lowest-order part of the force-

free current %, is just 4% = o(p). There is a third-order correction to the vacuum
field axial component

b = pcos(—ap’sin (36 +3) (10)

which contains the leading-order toroidal and helical modulations.

Proceeding now to fourth order, force balance (equation (la)) requires that
F® must have only an axial component, o*¥, which in order to satisfy the condition
divJ = 0 must take the form

o = 3azp2

) sin (36 +5) + 9(p, 9). (11)

(From a constraint equation obtained in higher order it will be seen that the
axisymmetric term & can be set equal to zero without loss of generality, and
then, since A = o*¥, we observe that (7) gives the above result directly.) We
calculate the corresponding magnetic field from the fourth-order parts of (1)
and (1¢)

VO b = Jpd cos (36 +3),
VO x b@ = Lo, } (12)
The result may be written as
bW = f9(p) cos (36 +3) + 5% (p, 6),
b = g@(p)sin (36+ ) + 5§ (o, 6), (13)

b(d) = 0.
Functions f®(p) and g¥(p) are given in Appendix 2 where the final expressions
for the magnetic field are written in full, and b% is the field due to T alone.
In ﬁfth order, force balance gives

Jo = o(p)b® = %— o(p) cos (36 +3),

(14)

J® = o(p) b = )sin (36 +3).

These are just the force-free currents 2’ b® due to the helical field. Using these
currents in the transverse components of (1b) we find

b = {Ppg‘: . Pij W} sin (36 +3). (15)

The fifth-order axial current J; js) , which we denote by ¢, is obtained in similar
fashion to ¥, using divd = 0:

o8 = T (p, O) ~ (3:1,0 ) 'Odp(pdp) cos (66 + 25)

3ap 00—(4) . 18?‘4) -
(7} ){—d;-sm(30+s)+; Z-cos(30+3). (16)
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At this stage we can derive a constraint on @¥ and its associated fourth-order

field by obtaining the seventh order of V.J = 0and of V x (J x b) = 0. Averaging
over 3, we find

Foloald -
b*(p) o +po (p) B = O, (17)

where b*(p) is the effective mean poloidal field, given by

b*(p) = b(p) — 18a%p*/P°.

Thus, as indicated earlier, it is consistent to set &% = 0 so that b@® = 0. This
corresponds to the absence of axisymmetric shaping fields. Using the expression
just obtained for ¢®®, we obtain the fifth-order poloidal fields in the usual way,
the result being given in Appendix 2, where &% and associated fields are set to
zero. The consistency of this will be shown later.

It is in the sixth order of expansion that the effects of pressure first appear.
From the £-component of force balance in seventh order we see that

PO = Po(p, 6)

and, as we insist that there are no surface-shaping fields present, P® = P(p).
Thus the sixth-order force balance gives

R 2\ 2
jo - L (‘:”%’_) Fo" (o) sin (66 + 25),
(18)
R 2\ 2
o = — f%z;f_) _.é (3;;&) 50’ (p) cos (66 + 23),
where we define

o
-

bpte) = - {5 + o)) 3 () e 0)] .

These correspond to the force-free currents h.b and the usual diamagnetic
current. Using (18) in (1b) we obtain b, given in Appendix B. It remains to
find J® = o®, for which purpose we must obtain first the pressure and poloidal
currents in seventh order.

From the £-component of force balance in eighth order, we find

3ap?\ dP . B
)= — (22 ) 22 -
pa ( = )dp sin (36 + §) + P™(p, 6), (19)
where the first term is clearly just the helical modulation indicated by (7) with
¥4(0) = P(p),and the second term is to be determined. Returning now to seventh

order, the poloidal components of J? can be found, and, using divJ = 0, we can
set

c® = 7O(p, 0) + ¥ (p) cos O + o{® (p) sin (36 + 3)

+ o§®(p) sin (96 + 35)
2 5) 1 5)
—Ef_—fi sin (36 +3) a—;— +cos (30 + 5)—E—1 (20)

P p p o0 )
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where o{®(p) and ¥ (p) are defined in Appendix B. For convenience, the cosd
component of the as yet undetermined axisymmetric part is written separately.
By using (20) in the poloidal eighth-order force balance and making use of
divJ = 0, we obtain the constraint equation

b*(0) 2 + 65 o' (p) = O,

after averaging over 5. This is the same condition as was found for 3 and by the
same argument we set & = 0 without loss of generality.
Solving for the sixth-order fields using the form given by (20) for o*®, we find

b = A(p)sin 6 +f{®(p) cos (36 +5) + () cos (96 + 33) + b (o, 6), (21)
b§® = B(p) cos@+g‘6’(p)sm(30+s + ¥ (p) sin (96 + 33) + b (p, ) }

where the functions f{*}, and ¢{°} are given in Appendix B, and where

1d A(p

~—(pB (6)

Y7 )= > = oy’ (p)+ po(p), o2
1d B(p)

— A — ——— T e .

> dp ) > b(p)

As B®(p, 6) is the field due to F9(p, §), b® has no sin § component and 5§ has no
cos 8 component.

To complete the solution for b to sixth order we need to find o{®(p) and
9 (p, 8). The first step towards this end is to obtain the form of P®, by considering
the £ component of ninth-order pressure balance. In this way we find

d (1dP
dp \pdp

7 D7)
- 3ff [_a}x sin (36+5) + 222
y4

op p 06
A
Next we obtain the poloidal components of J® from the force balance equation,
and so after 5-averaging the £ component of the same equation in tenth order,

we find that

P® = P®(p H)— (-33£-) p— ) cos (66 + 23)

cos (36 + E)] . (23)

b*(p) 6P
5 = ° . (24)

Clearly we can set P = 0 without loss of generality as anticipated from (7).
After obtaining J () from the eighth order of divJ = 0 (apart from an undeter-
mined amsvmmetrlc part), we form the poloidal components of force balance in
ninth order. Applying to these the condition £.V x Vp = 0 and averaging the
result over 3, we obtain, after some algebraic reduction, the final form

V(p)sin6+ W(p,6) = 0, (25)

6

where Wip,0) = —[b*(p) +pc'(p) b ],
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which, by virtue of the definitions earlier, has no sin § Fourier component. Thus
the terms of (25) vanish separately, so that firstly we may set &% = 0 without

loss of generality. From the calculated form of V(p) we get the condition which
determines o (p):

4502
4p°

- b*(p) 0'65’(p)+d;-ip(poz4)+p(2P'+bo’)—-0’B+ p3o'(p) = 0. (26)

Combining (22) and (26), we find

b*(p) d dA , , e ., -
p(f g[;(psg) —pa'(p) 4(p) = 2pP (p)-b(p)b*(pn“f; psa'(p).  (27)

With this last equation, given suitable boundary conditions, the determina-
tion of b to sixth order in A is complete and the result is summarized in Appendix
B. If we set A(p) = b*(p) A(p)/p then (27) may be rewritten in the form

1 d[1d 452
b*2A” b* 2b*’ —hx ! *¥A |2 - ' K% 5 !
| + ( +pb )A +b Adp(pdp(pbo(p))) 2pP" —b*b + e pia’(p),
(28)
where b, = b* —b = —18a2p3/7% In the special case of a tokamak, @ =0 so

b* = b and (28) is just the well-known toroidal shift equation (Greene, Johnson
& Weimer 1971), A being the major radius displacement of the flux surface with
mean radius p. In the following section we shall see that in a slightly modified
form A(p) retains its interpretation as a flux surface displacement. Furthermore,
we shall find it possible to give a simple explanation for the form of (26).

4. Calculation of flux surfaces

In order to obtain the equation describing the magnetic surfaces, we solve (6)
for i up to third order, using the fields calculated in the last section, and following
the method employed by Dobrott & Frieman (1971). In leading order (first),
equation (6) yields the condition 8*¥/&5 = 0, and in second order gives

b(2>_6(o)¢40) + oY /85 = 0,

which determines ¥V in terms of ¥/®, apart from an axisymmetric term y®.
Going to third order and first of all integrating over one complete period in 3,
we obtain a constraint on y® to ensure the absence of any secular term:

DB

———

p 96

Thus, Y* = ¥,(p), and although we could choose 2 particular functional form
for i, at this stage we prefer to retain the general form. Apart from an axisym-
metric term, y<? is determined at this order. To ensure the absence of secular
terms in fourth order, it is found that /¥ must satisfy the above constraint as
well, so that without loss of generality we can set Y = 0. An axisymmetric
term in y® as well as that in y® remains undetermined at this stage. Proceeding
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in the same fashion, however, we find that VA% = 0, and in sixth order the secular
equation reduces to '

b*(p) oy , 5
OF - oo (G )se e

Thus, the flux surfaces up to third order are given by

_ 3 8ap? _ Sap?\2 d [1dy )
Y= ¥o0)—A = ¥ )Sm(30+s)-—/\2(-§7_)?) p@(;_d;") cos (60 + 25) -

’ 2
+A3 {p—;é%) (A(p) + 445;; p4) cos G+ m,(p) sin (36 + §) + my(p) sin (96 + 35),
(30)
where 7,(p) and 7,(p) are defined in Appendix B.
As anticipated in §3, the plasma current and pressure leave i unaltered
from its vacuum field form below third order.
Using the known expression for /® now we can see how the terms of (26)

arise for the sixth-order current o{®(p). Firstly, by (5), 2 = A¥(p, 6) and

b*(p) ohY)
p b

= —2P'(p)sin 6, (31)

where (31) results from the elimination of terms secular in 3 at ninth order.
Thus,

h® = 2pP’(p) cos 8/b*(p), (32)

which is the so called Pfirsch-Schliiter current. The remaining force-free part of
Ji® is (h{¥ + (9b,)® r®), and the axisymmetric component of this is just R®. By
virtue of (4) and the fact that 2> = o(p), we see from (30) that

- o’ 45a%p4
h® = %;g)—) (A () +—4—I;)-3£> cos 8, (33)

and so, combining (32) and (33), we have

2,4
o) = p[2P (p) +'(p) 461+ 558 [} /pe
which is equivalent to (26). '

The form of the magnetic surfaces is now clear: the vacuum surfaces are
subjected to an additional third-order toroidal shift due to the plasma pressure
and current, and also to additional helical distortions at third order and higher
which are associated with the plasma currents. Toroidicity, in fact, also produces
(20 +5) and (46 +3) ‘side-bands’ of the stellarator field which are recovered at
fourth order in ¢. '

To calculate the magnetic axis position, we note first of all that ¥y(p) must
tend to zero at least as rapidly as b*(p), otherwise ¥ cannot be defined at p = 0.

Then, defining
P
1= vt0rde
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we see that ¥o(f) = ¥¢(p)/b*(p) remains finite as p - 0, and, neglecting the
helical terms in (30), we have

V=1, [f+ A3p (A(p) +%5-]_;—‘fp‘) cos 0] + O(AY).

Since Vt,{r vanishes at the magnetic axis, the co-ordinates of this point are given
to sufficient accuracy by 8 = 7, and p = p,, where

b*(p,) = X (A (o) (34)

P p=pz’
The consistency of the approximations used in obtaining (34) is verified by
substitution of the result in the full expression for Vi/. In terms of the quantity
A(p) which satisfies (28), we can rewrite (34) in the form

b*(p; — A3A(p;)) = 0, :
provided A(0) = O(1), and the solution in leading order is then p, = A3A(0).
Although this result covers a wide range of conditions, including the tokamak
special case (a = 0), it is less general than (34) since A(0) is assumed to be of
order unity, which, for example, is not appropriate to currentless stellarators if
A(0) is non-zero: in fact, the axis shift in the latter case is A{d,P°/182%|} to
leading order in A. Thus, in general, the magnetic axis can take up widely different
positions, depending on the relative strengths of the rotational transform due to
the current and that due to the vacuum field.

Sufficiently far from the co-ordinate axis, we can express the radius of a
given flux surface p(y, 6,3) as a single-valued function which at leading order
in A depends on ¥ alone. Then a straightforward inversion of (30) yields

3ap? 252
p= po(z,!f)+/\-%‘§-°sm (39+§)+Azi‘§i}_§£>mn2(3e+§)
24 2\ 2 (@)
+2° [-_-23 (?i“:%’) sind (36 +5) + (f fp")—g“p"f;(p”) sin (36 +5)

P>\ 2p P p
__pocost 45a%pt X -
e 4000 +252) | 00 39

Thus, when use of the variable A(p) is appropriate, the outward axis shift of a
surface with lowest-order radius p, may be written as A3{A(p,) + 450} /47°0*(po)},
80 that A(p,) is indeed the displacement function for tokamaks and, modified by
a small extra term, remains so for stellarators, which in this case can be referred
to as ‘tokamak-like’. Although (35) does not apply close to the co-ordinate axis
in general, a simple change of variablesis possible for tokamak-like configurations
which relocates the co-ordinate axis on the magnetic axis at p, = A?A(0). in
terms of the new co-ordinates, (35) now correctly describes all the flux surfaces
provided A(p) is replaced by (A(p) —A(0)).

Finally in this section we note that the rotational transform on a given
surface can be calculated, using (35), in the same way as for the vacuum field
(Dobrott & Frieman 1971)




Plasma equilibrium in toroidal | = 3 stellarators 463

where y and ¢ respectively measure the poloidal and toroidal magnetic fluxes.
We obtain

: b(p,) (18&2/52 b*(p,)
1([) = - — 0) = 0
o Po P Po
a result which may also be derived from the fields up to third order using the

method of averaging (Morozov & Solovev 1966). Contributions from the current

and from the vacuum field are additive, as usual in stellarators with many
helical periods.

J

5. Vertical field calculation

In order to maintain a given equilibrium configuration (say one in which the
magnetic axis position is specified) an externally applied vertical magnetic field
is necessary in general. Of course, in contrast to tokamaks, stellarator equilibria
may exist without a vertical field as we shall see, but in this case the axis dis-
placement may be considerable under the influence of plasma current and
pressure, and in addition the cross-sectional form of the surfaces is sensitive to
the effects of finite pressure (Greene & Johnson 1961).

Thus, in determining the boundary condition for (27), we shall not make any
particular assumption about the size of the vertical field, but rather we shall
obtain the relationship between this quantity and the function 4(p).

To this end we make use of the fact that within any given flux surface the
equilibrium is unchanged if that surface is replaced by a coincident, perfectly
conducting shell carrying a surface current I given by

I = (Bxf)/ i, (36)

where B is the equilibrium magnetic field at the chosen surface, and 4 is a unit
normal directed outwards. This is sometimes referred to as the ‘virtual casing
principle’ (Shafranov & Zakharov 1972) and it allows us to calculate all the
external fields necessary for maintaining a given equilibrium within the chosen
surface. Thus, regarding 4(p) as known, we can select any (closed) flux surface
outside the plasma as the virtual casing, and calculate the casing current J
from (36) using the known field B. For the purpose of determining the external
vertical field it is sufficient to have B up to sixth order and y up to third.

We can use (35) to describe the virtual casing, so that the unit normal 7 may
be calculated from A = Vir/|Vy|. To the order in A required, we obtain

33
1—/\2 p“ pbc052(30+3) - A3 24fspbsin(3t9+§) )
x {1+%sin? (36 +3)} + O(A%),
ng = ~/\7&’cos(30+s) /\254a pb in (66 + 23) + O(A3), } (37)
23 pb 3
ng = — A 5 cos (36 +3) + O(A3), )

p, being the lowest-order radius of the boundary.
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The vacuum field b, B, will be determined by solving the magnetostatic
equations order by order in both interior (i) and exterior (¢) domains. At the
virtual casing surface b; must satisfy the matching conditions

[b;. ] =0 (38a)
and b, x#] = —1i, (380)
where i denotes the normalized casing current given, from (36), by

i=bx4, (39)

and where [z] = z,—2z; denotes the discontinuity of a quantity at the casing.
The condition of regularity in the interior provides a further restriction on the
solutions. Likewise, the vanishing of exterior fields at large distance from the
shell restricts the solution form for b,,; however to apply this condition to the
expanded form of b;, we need to obtain first the appropriate form of exact
solution in toroidal co-ordinates, and then to transform co-ordinates in these
solutions to the quasi-cylindrical (p, 8,3) system in the limit p <€ 1/e, a proce-
dure which was used for axisymmetric fields by Greene et al. (1971).

Up to second order, the fields b, and b must coincide in the interior since the
effects of currents in the plasma do not show below third order. In the exterior
region, b; vanishes identically up to second order, since the casing is a perfect
conductor. Similarly, b}? = bé‘” in the interior, and is zero outside, since b?’ is
a vacuum field term. The third-order exterior poloidal field of the casing current
does not vanish however, since it must exactly cancel the field generated by the
plasma current. Thus, we have

i = - £b(p,
and bssg =0 in the interior, (40)
= —b(p,) pp/p in the exterior}

In fourth order, the matching conditions (38) may be reduced to
6] = —f9(p,) cos (36 +3),
2
[Bf3] = - [9“”(%) + :i?—%%ﬁ’—)] sin (36 +3).

Solving the magnetostatic equations at this order we find that b§ can be written
in the form
b = (AP p?+ Safipt) pcos (30 +3) — (AW p? + 5aPp) Osin (36 +5)  (41)
in the interior, 4% being a constant determined by the matching conditions.
The fifth-order poloidal fields are found to be expressible in the form

3
bY =5 {-"i_p- cos (20 +5) + A p®sin (86 + 25)}
Z

3
+9{_f‘é£_. sin (26 +35) + A p5 cos (66 + 25)} (42)
iZ

in the interior, where A4 satisfies the appropriate matching conditions.
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The expression for the vertical field is obtained from the sixth-order casing
current. After averaging the second matching condition, (38b), over § we find

[(b9)] = cosb "B(Pb)+Pb0'b(Pb)[A(Pb)‘*"if-z—fpg] b*(Pb)}’ (43)

where use is made of (40)-(42) and the known lower-order vacuum field form of

b;, and B(p), A(p) are the functions appearing in (21). The 3-average of a quantity
z is denoted by (x).

Similarly, (38a) after averaging yields
(b)) = —A(py)sin 6. (44)

At this order, the magnetostatic equations for the average poloidal field are
just

£.70 % (b = 0
and VO by = —bP) sin 6.

Dropping the average symbol, these may be solved to give, in the interior,

bf) = A® sin 6,
} (45)
b{f) = A{® cos b,
and, in the exterior domain,
b = {48 = BE /p*+ Ip,blpy) (1 +1np)} sin 6,} 5)
b = {49 + B /% + 1p,b(p,) In p} cos 6.

Thus, the applied vertical field which we seek is given by b in the interior, its
strength being A{®. The jump conditions (43) and (44) determine only the
difference A® — 4(®, there being three unknown quantities in (45) and (46). To
obtain a third relation, we must recall that the quasi-cylindrical co-ordinates
(p,6,3) do not form a true co-ordinate system, as they apply only within the
domain p < 1/e. Thus, the boundary condition at infinity cannot be applied to
(46) directly, as is obvious from the presence of logarithmic terms, and must
instead be deduced in the manner described earlier from the exact solution form
in toroidal co-ordinates. As discussed in Appendix B, the axisymmetric part of
the casing current produces a field which can be represented by a stream function
y such that b; = Vy x £/¢%. From the exact form of general solution for y in the
exterior domain, with the correct behaviour at infinity, we find that the expansion
of x for pe € 1 must take the corresponding form

X = eKo{(Q-l—ln/—)Sf) —ecosf [%p(l +ln£—8€> +%}} +0(€e?), (47)

where K, and K, are constants.
Identifying the O(¢) part of the field given by (47) with b®, we see that

Ko = "pbb(pb)-

A similar comparison at O(e?) then shows that

A® = 1p,b(py) Ing,
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and so from (43) and (44) we find A® and B® . The externally applied vertical
field is thus given by
€*B d L
B, = TO A(p) +E;(PA(P))+pb(p) (gﬂn?ﬁ) _polp) [‘4(/))+4az p H |
P=Pb

8/ b*(p) +p°
(48)
.This completes our determination of the plasma equilibrium to sixth order of
A In the magnetic field, by establishing the boundary condition which, together
with regularity at p = 0, fixes the solution of (27) for A(p).

6. Specific equilibria

In a few, particularly simple cases, 4(p) may be found by analytical solution

of (27). Firstly we note that, in the absence of a stellarator field, (4¢8) may be
written in the form

B - €2B,

o= 550000 [0+, (14 In g ).

where p, is the radius of the plasma boundary. Allowing for differences in the
sign convention for A, this agrees with the result of Greene et al. (1971) for toka-
maks, and it is to be noted that only A’ is determined: clearly any O(1) constant
term added to A(p) corresponds to a mere change of co-ordinate origin. Equation
(28) possesses a well-known integral in this case

pb?A’(p) = J' ’ o(2pP" —b%y dp
0

showing that, for equilibrium, B, must take on a specific non-zero value, deter-
mined at a given value of aspect-ratio by the plasma beta and rotational trans-
form profiles: a given fractional change in B, will in general induce a shift of the
plasma column by a similar amount in major radius.

In stellarators, however, the helical field can provide the necessary force to
maintain positional stability so that equilibria with given pressure and rotational
transform profiles exist for a range of different vertical field values, including
zero field, at essentially the same value of plasma column aspect-ratio. The main
effect of changing the vertical field in this case is to alter the internal disposition
of the flux surfaces. As a specific example, consider a current-free stellarator.
Equation (27) is easily integrated, yielding

23400 _ P
P dp 9a?

(P(P)“Po),

where P, = P(0). Regularity of 4 at the origin constrains the form of P so that
P’ oc p® for small p. This is a consequence of the fact that P = P(f) where, as
in §4, f= fb*dp and dP/df = O(1) for the most general profile consistent with
equilibrium. Then, choosing

P(p) = B(1—(p/pa)"),
we obtain A(p) = Ao— (Po/ta) (p/0a)?
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i:or O.s p s Pa» Where p, is the normalized radius of the plasma boundary, and
ty = z(;?a) is the corresponding rotational transform. The constant A, is deter-
mined in terms of the applied vertical field by (48):

Ay = 2P,/i, + B,/e*B,. (49)

In general, (34) determines a single magnetic axis position, given approximately
(for 4, = O(1)) by
pa aia iipa ’

while the plasma boundary displacement 8p,, found from (35), is

0p, = Aa[é—'ﬁzo_%pi]’

ta s

both p, and dp, being measured positive along § = 7 (outwards).

Thus, surfaces close to the magnetic axis are displaced to a greater degree by
a given change in the applied vertical field than are the surfaces near the plasma
boundary. An interesting special case of this equilibrium has been studied pre-
viously by Yurchenko (1968) who used a Mercier expansion about the vacuum
magnetic axis. The plasma boundary was assumed to be coincident with a vacuum
field flux surface, which corresponds to setting §p, = — $A%p%. With the value of
A, determined in this manner, Yurchenko’s result for the axis shift is recovered
from (34), and (49) shows that the vertical field is in fact B, = —€*ByF,/1,. The
appearance at the plasma edge of a stagnation point in the flux function places
an upper limit on the range of pressures whose confinement this model can
describe adequately. The limiting value can be estimated at Py < 13 /2¢, that is
B = 2u,p/B3 < il ¢ (which is in any case inconsistent with the formal ordering).

In most situations of practical interest, the measured profiles of pressure and
plasma current do not permit (27) to be solved analytically; however, its numeri-
cal solution for given boundary data is very simple. We illustrate the use of the
above analysis in calculating specific equilibria by presenting some results
obtained for typical equilibria in CLEO stellarator (Atkinson et al. 1976). In
this device, consisting of a toroidal chamber of major radius 90 cm and
minor radius 14 cm, hydrogen plasma with 7, ~ 200 eV, and 7; ~ 100 eV can
be readily produced and sustained with an Ohmic heating current of several
kilo-amperes, at an electron density in the range 1013-10'4 cm~=2. The main device
characteristics used for calculations are listed in table 1, along with the relevant
dimensionless parameters. The vacuum rotational transform at the plasma edge,
i,, is 0-4 for the stated winding current, and field-line following calculations
(P. C. Johnson 1978, private communication) have shown that the separatrix lies
outside the vacuum vessel, in agreement with a predicted separatrix radius of
16 cm for a straight ! = 3 stellarator field (Morozov & Solovev 1966) with the
same characteristics. A mean plasma pressure profile shown in figure 2 (lower
curve) is determined from measured electron and ion temperatures and electron
density in a discharge with plasma parameters as listed in table 2. The current
density profile, determined from the temperature profile assuming Spitzer
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Major radius, By = 0:90 m
Liner minor radius = 0:14 m
Radius of stellarator l-windings, a = 0175 m
Number of helical field periods, p = 7
l-winding current = 102 kA
Toroidal field at minor axis, B, = 1-84 tesla

Dimensionless parameters:

€=a/Ry=0194 7 =235
A= 058 a = 0-887

TABLE 1

Central electron temperature, T', = 176 eV
lon temperature, T,=130eV
electron density = 4-07 x 10 /m3
Plasma current = 6-5kA
B (on axis) = 0-159%
TABLE 2 |
L
0 ' 5 10

Radius (em)

Figure 2. Normalized radial profiles of plasma pressure (lower curve)
and current density.
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Ficure 7. Variation of X.ray diode signal ratio vs. plasma 8, at a fixed value of B, = 33
gauss. At the higher values of f where species equilibration is better and the signals are
stronger, the calculated (solid line) and measured (triangles) ratios are in quite good
agreement. '

cross-section but we shall assume for simplicity that ion—electron equilibration
is sufficiently effective for such variation to be neglected. By changing the
normalizing value of pressure at the geometric axis whilst retaining the same
profiles and vertical field, we obtain the variation of signal ratio with £. This is
shown in figure 7, for a fixed vertical field of 33 gauss, with corresponding data
points taken from CLEO (shots 11757-11771). The plasma current was 8 k4,
B, = 18:6 kG, and Iy = 102 kA. As the pressure is varied experimentally by
raising or lowering the plasma density at nearly constant electron temperature,
there is a systematic narrowing of the pressure profiles as £ falls. This is not
represented in our calculations and probably accounts for at least part of the
divergence in the ratios at low g, where, in addition, species equilibration is
poor and the errors in the measured signals are larger. Otherwise the agreement
is generally good and may be taken as an indication of the extent to which our
calculation successfully represents the stellarator flux surface structure, at least
in the regions of higher pressure within the plasma.

Finally, we examine the effect of increasing the plasma pressure, retaining the
same profiles and with remaining parameters as in tables 1 and 2. The value of
fis set equal to 1 9%, on the axis and without a vertical field the equilibrium shown
in figure 8 is obtained. Not only is the plasma column shifted outwards but the
volume of confined plasma has been reduced owing to the destruction of surfaces.
The application of a vertical field of 150 gauss has the effect shown in figure 9 of
reducing the axis shift and the surface distortions as well as increasing the
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[

Ficure 9. Flux surfaces for the equilibrium profiles of figure &, but with
B, = 150 gauss.
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volume of confined plasma. Thus, while it is possible to obtain equilibria without
a vertical field, at higher plasma pressures especially the application of such a
field, suitably chosen in strength, results in a marked improvement in the
equilibrium configuration.

7. Conclusions

By solving the equilibrium equations in an ordering based on the Dobrott-
Frieman scheme for [ = 3 toroidal stellarators, we have obtained the magnetic
fields and flux surfaces for a current-carrying, low-beta plasma with arbitrary
pressure and current density profiles. The flux surfaces are circular in lowest
order with helical distortions and toroidal displacements appearing as higher-
order corrections. The equation for the toroidal shift has been derived and the
boundary value relation between this quantity and an applied vertical field
was found.

Tokamak equilibria and a class of analytically soluble, current-free stellarator
equilibria are recovered as special cases, and numerical results for CLEO stella-
rator are presented. The role of a vertical field in reducing distortions is shown,
and results of calculation are shown to compare acceptably with measurements
of plasma position. Finally, we draw attention to the increasing importance of
a suitably chosen vertical field at high plasma pressure in stellarators like CLEO,
notwithstanding their ability to sustain equilibrium without a vertical field.

The authors are particularly grateful to Dr P. C. Johnson and Dr P. Thomas
for many discussions of this work, for giving us ready access to data for CLEO,
and for their encouragement. One of us (P.J.F.) would also like to thank D. J.
Lees and Dr E. Minardi for discussions on an early version of the present cal-
culations. The remaining author wishes in addition to thank Dr C. J. H. Watson
for encouragement, and Merton College, Oxford, for financial support.

Appendix A. Vacuum fields

The general solution of Laplace’s equation for a potential field may be repre-
sented in terms of toroidal harmonics (Morse & Feshbach 1953) which are
particularly well suited to problems where the boundary conditions are applied
at toroidal surfaces. Solutions in this form are expressed in terms of orthogonal,
toroidal co-ordinates {7, 7, &} defined about a ring of radius K,, and related to
the usual cylindrical polar co-ordinates (R, ¢,z) measured about the axis of the
ring, b
&5 RysinT
coshnp—cos7t’

R, sinh 7 _ _
'—:coshn—-cosr’ $=£ and z=

Thus, the vacuum field of the stellarator can be represented by a potential ¥
in the general form

@

V = ByRoE+(coshn—cosm) T {4, P (coshy)

m,n=0

+ By, QW4 (coshm)}exp [i(m —n7)], (A 1)



Plasma equilibrium in toroidal | = 3 stellarators 475

where P{”; and Q™ are the associated Legendre functions of half-integral
order. :

For solutions which remain bounded at the origin, the coefficients 4,, , must
vanish, and as we are interested in representing a stellarator field which has

exactly p periods round the torus, the solution form appropriate to the present
discussion is

V = ByR{+ (coshp—cos7)t T B, QP (coshy)cos(nt—pf). (A 2)

To recover the large aspect-ratio limit we revert to quasi-cylindrical co-ordinates
(p,6,€) and expand (A 2) in powers of . Using the ‘optimal’ ordering of Dobrott
& Frieman (1971) for p, we obtain, for one harmonic,

'ﬁze* p?
4(n+1)

V3 = B, .(ep)" {cos (n0+3)+ cos (nf +§)

+ep (2n;— 1) cos ([n + 1]6+§)+€Zecos ([n-1]0+53)

pretp
16(n+1)

’ﬁ‘e* pt

T Rm+ ) (ntl)

cos (nf +3) +

x {(2n+3)cos([n+1]0+3)+ 3cos([n—1]6 +§)}} +0(e™*?), (A 3)

If instead we had taken p cce~!, as in the old stellarator ordering (Greene &
Johnson 1961), then p*(cosh7)~™ = O(1) since e~7 = }ep + O(e?) and the smali
aspect-ratio expansion would have produced an infinite series in powers of p
all of equal order in ¢, and giving rise to Bessel functions.

By choosing B, , =0, n=0,1 and 2, and B, , = 4,e}(aBya/p), where
A;=1and 4, = O(1) for n > 4, we obtain a potential in which the [ = 3 helical
component is dominant, and which may be written as

|4 =%{%-ke?ap%os(36+§)+6V(3>+6*V‘4’... , (A 4)
€
We fix the higher-order coefficients 4, ,; by requiring that the associated terms
represent only toroidal corrections to the lowest-order helical field. Thus, 4, is
determined by noting that V® = 0 with the chosen form of coefficients B ,, so
that

® 2]7(5) @ @
13<3V) 13V+(6V ov )__:0. (A 5)

| p—]+= cos§ ————sin
pap\Pop ) T e T\ T,

From the expression for V® in (A 4) it is clear that V® has no component pro-
portional to cos (46 + 3), apart from a possible homogeneous term in the solution
of (A 5). Since V® is a correction term to V'®, however, all such homogeneous
solutions are discarded and, to eliminate terms proportional to cos (46 +3) in
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.V(5), we choose 4, = —Z. Up to seventh-order in ¢¥, therefore, we can write ¥
in the form

Bya (s 52
RRTIPR U, = $&P
7 e§+€ ap®cos (30 +3) +¢ T

- e———
=

p® cos (36 +3)

4 mé
+e§%cos (2«9+§)+62%p7 cos (36 +5)
ap

6
which is the vacuum field given by Dobrott & Frieman (1971).

Toroidal co-ordinates are also useful in establishing the appropriate boundary
condition at large distance from the sources of current, when the field solution
is expressed in quasi-cylindrical co-ordinates. For the case of an axisymmetric
poloidal field such as that discussed in §3, it is convenient to make use of a
poloidal flux function y, in terms of which fields are given by

B = B,(Vxx§)/¢%
For vacuum fields, y must satisfy

+€3

2h6
4” {3cos (20+35)+12 cos (40 +5)}}, (A 6)

o 10y 0 (10x) _
i (55) + 3 (52) = &7
The solutions of this equation can be expressed in the form (Shafranov 1960)
y = F(y, 17)/(coshy —cos 7)%, (A'8)
where
d d d j inr
F(y, 1) = E;‘,O {A"d—77 P,_;(cosh7) + B"H—ﬁ @n—3(cosh 77)} sinh 5 ei?7,

and for a bounded solution at infinity (7 — 0) we have B, = 0. Taking the large
aspect-ratio limit in (A 8) and expanding in powers of € we recover the appro-
priate form of solution for representing the axisymmetric fields in (46), by

choosing A, =K 7. 281+ O(e)}.
Thus,  x = eKO{(2+ln ’-’2-6) —¢cosb l:%p (1 +1n%€) +%]} L0, (A9

and from this the correct choice of coefficients subject to the boundary condition
.at infinity may be made in (46).

Appendix B. The equilibrium fields

We give here the full expressions for the fields up to sixth order which are
derived in § 3,

3ap? - -
b, = /\2—%— cos (36 + 3) + A4fW(p) cos (30 + §)

3
pL ig- c0s (20 + 5) + /9 (p) sin (66 + 23)

+A8{A4(p)sin @+ f1{® cos (30 +3) +f®(p)cos (90 +33)}, (B la)
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3ap? .
by = — A2-§p—sm (36 +5) + A%(p) + A%g9(p) sin (36 +3)

3
+ A8 { —%’5— sin (26 +5) + ¢®(p) cos (66 + 25)

+ A8{B(p) cos 8+ gi® (p) sin (360 +3) + ¢ (p) sin (96 + 35)}, (B 1b)
be = 14+ A3p cos 6 — ap®sin (36 + 5)}

+25 | B g(p) + 2220 i (35 4.5

2
{[2299‘5)(19 (30;'0 )2—2(5-)} gcos (66 + 25) -——2’; sin (46 +3)

3apt
4

5) + p? coszﬁ-i-bﬂ(p)}. (B 1c¢)

Recalling that b(p) is the field of the third-order plasma current, we have

o7 2 (ob) = o(o). (B2)
We have defined
fOp) = r‘aaﬁp*+u(p)
— B 3)
7900) = ~ fsap — 5 75 (o), (
1d d 3u _ 3apic’(p)
where '5,321}3("2;@“))*73' =-— (B 4)
Similarly,
fOp) = V(,O),
#) = 1L (o V(o)) ®9
) 6dp
where )
| 1a( d eV = [ 32) s 8 (2P)
6dp(pd (pV)> 5V ( )pdp( p ) (B8

A(p) and B(p) have been discussed already.
Next, the coefficients of the helical terms appearing in the sixth-order axial

current, equation (20), are defined:

i R

2ptpidp
=5 535 2)

Then f{® and ¢{® are given by

Tap?
f(G) = 62:60 + (p)

— 3ap®p®
(6) —_—r
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where 75 okto) + 2 = i)
3k(P) _ [ap’o(p) D d
pdp(’o (P)) -pp{ 7 —537)(pu) .
Also, fé‘”(p) = w(p)
(6) = = 35 (P0lo),
-1d d 9
where -5,0—17,5 (p%(pw)) +;w = ¥ (p).
Finally, we recall that
dby(p) aP o’'(p) (3ap
= —{—+b
dp {dp+ “) (p)} 2p ( ﬁ)

In §4, we introduced functions m,(p) and 7,(p) in the expression for the flux
function, (30). These are given by

mo) =[P ) () S

LA [(3et\t A 1))
dp 27>2)"dp’a‘p I

3::4,02 1d [/3ap? d[1dy 3ap3\2d [1dy
d | — Ol —of—L) =128
ani malp) = 2p* {de[( 2?) dp[p de (21‘ﬂ> dp[p dp]}'
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Abstract

The equations of MHD equilibrium are solved for a large class of
low-B8 stellarators with arbitrarily prescribed pressure and current
density profiles by means of a large aspect-ratio ordering scheme. The
fields and flux surfaces are found to sufficiently high order that the
surface shaping and the axis-shift are recovered; the relation between
the latter and the applied vertical field is given. Using these equi-
libria, we evaluate the resistive interchange stability criteriom [11].
We apply these results to discussion of several special cases, and note

the potential advantages of an £ =2 configuration.
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1. INTRODUCTION
A great deal of effort is currently being devoted to the study of
stellarator-like configurations, with a yieW'to finding systems with
steady-state reactor potential [1,2]. The prospects for true steady-
state operation have been strengthened by recent experimental success
in the production of current-free plasmas [3,4], and it seems possible
that the well-known problem; of access and structural design associated

with conventional stellarator windings can be overcome by use of modular

-y

coil systems [5,6]. The potentially serious loss rates associated with
ion ripple trapping may be greatly reduced by an ambipolar radial potential,
and thus could account for the unexpectedly high beam trapping efficiency
observed in WVIIA [3]. |

Recent theoretical work has included the development of 3D codes to
study MHD equilibrium and stability [7,8], the results of which complement
those obtained by analytic means. The latter remain valuable in that a
relatively simple and general description can he obtaiped. In an earlier
paper [9], we employed an expansion based on an ordering introduced by
ngrott and Frieman [10), in order to obtain the equilibrium configuration
for a'general class of low—B, £=3 stellarators. Making use of the same
ordering schéme, we obtain here an analytical description of the equilib-
rium of low-8 stellarators with general winding number 2.,_andinvestigate

their'stability to resistive interchanges [11,12] in several special
cases of interest.

We discuss briefly the fgatures of an £ = 2 configuration which,
when constructed using modular coils, appears to be capable not only

of matching the tokamak as the basis for a reactor, but also of offering

significant advantages.

In order to solve the equilibrium equations, we use the quasi-
cylindrical co-ordinates (T, 6, &) of Fig. 1, and expand in powers of

the inverse aspect-ratio, €.



L . r) + L4 .
The main (toroidal) field, Bo, 1s 1n the §&-direction; the
’ L4 * . 2
stellarator field is introduced in leading order ¢ s .

The number of field periods around the torus is p = 552@ , where

p ~ 0(1). These choices ensure that the vacuum rotational transform
is of order ﬁnity, and that the toroidal and helical modulations of
the field strength are of similar magnitude [10].

We make use Qf scaled variables p =r/a, ( a being some
convenient minor radius) and s = pf = 55%%5 R and we define normalised

magnetic field pressure and current density,

+=-¥ A_ 2 ..).-—‘)-

b=B/B_ , P = P/B , J=3ga/B
where g =1 - €p cos®. Then with V = agV, the M.H.D. equilibrium
equations become

VP =3 xb (i); J=9xb di); T.%8 =0 (iii). (1

7

The various quantities are now expanded in powers of A = g°°;

J = )\33<3)_+ cee ;3 b= §,+ A8 .

? = A%P + ...

3
where P now denotes the leading order normalised pressure.
Thus B ~ 0(e?), and the plasma current gives rise to rotational

transform of order unity, as do the vacuum fields.

It proves instructive to write the plasma current in the form

> b x 55 '
J = ghb +—_b';:—' - (2)
so that
gb+fh = - @ x VB)-¥ lz> . (3)
: ' b

We divide the force-free current h into parts, representing the



Pfirsch-Schluter current by hp , and denoting by h, the remaining

part which contains any mean toroidal current. Then

gb?h = - @ x VP)-@(-]—> (4)
P B2
and gb. Vhé =0 . (5)

With our ordering, this results in

ho= Ah0D) & %n (%) 4 ash(S) 4+ abh(8) & afh(8) & ...
c c c c P

2. EQUILIBRIUM CALCULATION
The exact solution of Laplace's equation in toroidal coordinates
may be expanded in our quasi-cylindrical coordinates, using the

. - "% . .
ordering p = p€ ®; the result, for one harmonic, is

r 2/
Ple 3p? _
vP = B n(E:p)n cos (nB+sS) + ———— cos (nB+s)
n P> 4(n+1)

+-%? {(2n+1)cos (Cn+1J6+s) + cos ([3'1]9+§)}

Bks%pu = , B 65/303' aus
* D ey <08 (08*s) Ty {(2n+3) cos ([n+1]6+5)
+ 3 cos ([n-l]@-’--s.)}} + 0¢( gn+2) . | (6)

In order to describe a stellarator with an n = £ winding which is
slightly modulated, for instance in order to create a magnetic well or

to 'centre' the separatrix with respect to the windings, we add in

<

small amounts of &= 1n 2z 1,
-—————-] (Ep)n+1 {cos ([n+116+%)

b B0 o anme@} 7)

.-3..



and

P § o n-1 -
\Y = et -
-1~ B 7€ (ep) {c.os ([n-116+5)
2
=2.73.2
PE "D -
+ = - .
7 cos ([n l]6+s)} | (8)
7 B = (A0 : .
We set - € czBoa , Where a 1s determined by the currents
, ) .

flowing in the helical windings, and leave Y , 8§ as free parameters.

Suppose that the coils are wound on the surface p = S

¢ _ €Pcdg __ EPcPg
a6 = b

: J = ' =
coil g Ip I ¢ 'p P.

, where b6,¢ <j9,¢)

correspond to the helical winding fields (currents) only.

We wish to describe a winding law -g—% ~ (1 + etcos 8) . From Egs.

(6), (7) and (8) with the above description of «a,

€p .-
be ~ sin (nb+s) +'TE§ {Y(n+l)sin([n+l]9+§)4ngg;(n-l)sin(fn-l]@#E)}
¢

. P :
'b¢'~ sin (n6+%s) +-—Zs {Y sin ([n+l]8+§)+-§%'sin ([n-1]8+§)}.
c .

Hence, in general

€0 )
¢ (l + < {‘Y sin ([n+1]6+%) --p—é—z- sin ([n-1]6+%) } + O(ez)> ,

ae "~ 4n sin (nB+3) c

€YP
. $ do c .
but 1f vy = - -p—c-z-' ) then -a—-e- ~ (]_ + >a cos 8) X

Thus a winding law of the desired form is represented by choosing

y = 2n{2 and 6 = - 2np 0. Of course, a field with the same properties
c

c . | .
could also be generated by means of appropriately shaped modular coils.

The equilibrium fields are found by solving (1,i-1ii) order by

order in X, up to 10th order, and details of the method are given in
?

[9] for £=3. We present here the results of this calculation, and

comment briefly on the structure of the fields.

-4 -



The full set of fields is:

n—-1 '
=)2 D20 =y ., y4)=_n+l (n+2) } -
bp : cos (nb+s) + A*{Pap YCTS) + U(p)p cos (nb+s)

* xs{f_ [(O (n+1) +8p" (n"l)>cos ([n=-116+s) +an(n+1) cos ([n+1]6+'s')]

+ V(p) sin 2 (nb+s) }

n+3

XG{A(Q) sin 6 + (f(p) . Blan+s)p”

) cos (nB+s) + W(p) cos 3 (n6+38) }
32(n+l) (n+2)

n _ A
be = -)\2&%— sin (n6+3) + A%b(p) - A" { 'n *+1 4(;11) +-t-];- ddp (OU(D))} sin(nb+s)

- As{%[ (pn+ C‘Spn-2>(n-l) sin ([n-1]6+3) + yp"(n+1) sin ([n+1]6+’s‘)]

- = -ad— (OV(p)) cos 2 (nb+3) }

‘ -3 n+3 ’ '
: ~ __Blano NP S - 5}
+ A {B(D) cos 8 + (g(p) 32 (ael) (n+2)> sin (nB+3) - a0 (pW(p) sin 3 (nb+%)

by =1+ A3(p cos 8- ap” sin (n6+3))

-2 n+2 - Capt
- As{ap P + ig ;2 (pU(p)) - 99_%£gl } sin (nb+S)

n-1\2
3 d nap o’ (p)] o
+ 16{p2 cos?f + [% _d—5 (pV(p)) +< 5 ) 5 J ™ cos 2 (nB+3) +b8(p)

% <(2+Y)O sin ([n+1]6+5) + (3pn+1 + den_l) sin ([n—l]9+§)> } . (9)

- §5 -



The poloidal field component A’b(p) is produced by the mean
toroidal current density o(p) , the remaining functions of radius .
in Eq. (9) being defined in the appendix.

We solve 3.6@ =0 , as discussed in (9], for the fields (9),

and find the expression for 1 :

b=y -2 2 i asvayy - XZ(——mnjl i <w0'> 2 (26+3)
o =3 . 757 ) 5 30 \ o cos 2 (nB+5S
3 1pO' : 2 2 ] n (n-l)cS.
+ A {p-—g;- cos 6 [A(Q) + a°p (n-1) 757 (51‘1'*‘ (n+l)y + —_— ) ]
P : P
+ T (p) sin (nb+s) + 1T2(p) sin 3 (n6+8) } + 0(AY) (10)

wvhere T,(p) and T,(p) are given in the appendix, and

nz(n-l)a2 2n-3
5° °

b*:b(p) -

Substituting o(p) for wo(p) we obtaln an expression for

hc ; from (4) we find hé6)== ZQ‘%E cos O /b* and so the expressions

for the fields, given in the appendix, may be understood by means of

(1ii), (1iii) and (2).

3. EQUILIBRIUM QUANTITIES

The rotational transform is found, from the method of averaging

(131, to be
p o] vac
. _ _ n¥(n-1)a? p2n-4
‘vac © -3 ) (11)

P



o)
Having defined f = J b*(p) dp , we locate the magnetic axis by

o)
rewriting (10) as

Vo= u <f + Ap cos {A(p) + q2p XD —%3- <5n+ (n+l)Y+@—917>—> } >
(12)
where we have omitted helical terms, (valid for n > 1 ), and finding

the point where VY =0 .

To the required accuracy, its coordinates are (px,ﬂ) , Where

- 3 d 3 (2!‘1‘3) .
b0 = A g (PAON) o + AP ST Shvae - (D)

The last term is only necessary for &= 2 , where all the surfaces

are shifted by this small amount; we negleét it henceforth.

If we also define A(p) = Eéégl , then provided A(0)~0(1) ,
(13) becomes
b*(p = A*A(p)) =0 - ae
. The solution is then px = A3A(0) , to lowest order. In terms of
A(p) , Eq. (Ax) becomes
2 * ,b_*_ ’ _g_ l _é_
b*“A” + b*(2b*’ + 5 ) A" + b*A 3 (p 3 (Pby)
= 2pP/ - b*b + asz(n-l) Z—%;—G’(Sn+(n+l)*{+(n;]2')6> (15)
with , ,
n‘(n-1)a 2n-3
bO - 53 P )

which is the toroidal shift equation [14], in the limit a = 0 ,
A3A(0) being the axis shift. A first integral of Egq. (15) can be

obtained when £ = 2 which reduces to the well-known result for

’



tokamaks [14] when « = 0

Use of A(p) 1is not always appropriate; ' for instance, if o

=3
Aop

1 -
and Atgy= 0 0 =€ /(2n=3) 1/ (20-3)

n?(n-1)g?

(Note, however, that for & = 2 » A(p) 1is always appropriate).

For "tokamak-like" configurations, where A(p) can be used,

(for 0= 0, or for & = 2 ), we invert (10), to obtain

: n-1 n-1
nop nap 2 _
P(¥,8,5) = p_ (V) + \——— sin (nd+3) + x2< o ) (20=1) (in2(n8+3)
- 29
P* P 0
a2p Z(n-l)n ]
+ A8 [ - [A(p ) + ° (5 + (n+l +-€E—1ﬁ> 6
o b*(po)4§3 n+ (n+l)y Doz Jcos

>

b(Oo)> sin (nB+s)+- -

P P

U(p.) nlop 02
+ 0 o]
( 3 (16)
where we have omitted those vacuum terms from order A° which are of
order 1 or smaller.
vac _
In [ 9] it is shown how the 'virtual casing principle' is used

when applying the boundary condition at infinity. This détermines the

external vertical field, which is given by

e?B
B = —5 {A(o) + 45 (PA(R))+ b(o)@- + fn <589>)

. 2.2(n-1) -
)

(pb is the lowest-order radius of a (closed) surface, outside the

plasma). When o = O , this also reduces to the tokamak result, [14J1.

-3 2(3-n)
. Zpao dp d ( 3 dA> .
= - = — ; sing
When 0 =0 Eq.(Ax) gives 2 Da? dp - dp °° I u

Z(n-l))

P 2 P(f) , we choose P =P (1- (p/p,) , and find

- 8 -~



P
A(p) = A - =2 (n-1) < O) , where p_ is the plasma boundary
o) i 2 oa a

radius, and ia is the rotational transform at pa

Finally, (17) becomes

e?B
B, = —2 4(p) + = (pA(P))
v 2 dp - ’
P=Py
so
Bv o - Po(n-l)
€2B o i
) a
Specific equiliBrium surfaces were computed in [9] for the
parameters of CLEO stellarator (2 = 3) using Eq. (10). It was

found that although equilibrium could be maintained by the helical
fie}ds alone, it is desirable to apply a suitably chosen vertiéal
field in order to reduce the distortion and destruction of flux
surfaces induced by the plasma pressure.

Since the rotational transform is constant across the minor
cross-section in £ = 2 stellarétoré, we would expect that the flux
surfaces are less sensitive to the effects of fiéite pressure than
is the case for £ = 3 where the transform in the centre is small.

For the case of £ = 2, we have calculated equilibria with é ~1 - 27
for the parameters of WVII t3]. Typical results for current-free
plasmas are depicted in Figs. 2 and 3, where we see that despite the
abseéce of a vertical field the loss of confined plasma volume femains
small with increase of pressure. It is interesting to note that in
these calculations we observe a spiralling of the magnétic axis about
the lowest—order position given by the planar shift A3A¢0) . By

including the higher order corrections in determining P s we find

A .=
p = AA(0) (1-4—_3—2— sin§)
x P



‘Since A =-% , the spiral amplitude is about 507 of the lowest-order
shift in agreement with the numerical results.
4, STABILITY

In order to determine whether a plasma equilibrium is stable or
not, i1t 1s necessary to begin by studying the possible ideal M.H.D.
instabilities; 'if the system proves stable to these, it is possible
" to proceed to investigate the influence of non-ideal effects, and
particularly of resistivity, to see if they allow instability.

In a stellarator without a net longitudinal current, thé expected
ideal M.H.D. inéﬁabilities are localised pressure-driven modes.
The Mercier criterion [15], written in terms of sufface-averaged
quantities, determines the stability of ;odes which are localised
radially but not azimuthally, i.e. intercbgnge—liké. Ballooning
modes [16], however, are able to localise azimuthally in regions of
'unfavourable curvature', when the plasma pressure is sufficiently
high. Since the equilibria under discussion have low B8 ~ €2, the
pfessure-driven modes can exhibit baliooning character oﬁly in regions
of locally enhanced pressure gradient [16]. In the absence of such
steep gradients therefore, the ideal pressure-driven modes afe inter=-
changes and so their stability in the limit of large mode numbér is
determined by the Mercier criterionm.

Given stability to modes capable of growing on the ideal time-
scale, it is then appropriate to test for stability to non-ideal modes.

Criteria for stability against resistive interchanges are given in
[li], [(12] and [17) although that in ([17] results from the other two
only when the poloidal "B" is small. In [12] it is shown that the
resistive criterion derived is always more stringent than the Mercier

criterion, and so it will be adequate for our purposes to evaluate the
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resistive criterion. Further, in the large aspect-ratio, large
toroidal field case, the results given in [11] and [12] can be shown

to be equivalent, and for our purposes the more convenient is that given

in (11]: w(o) s 16)
2

for stability against resistive interchanges.

w(0> = .q)_]"_z. (P'V"” + IIXIf._ Jre” ) _# (O x”"=x"¢") <w>

&)@

2‘TT2 ~ 2 -ﬁz
s-(F) (g

¢(X) and I(J) are the longitudinal (transverse) magnetic and

> >
J. *
current fluxes. w = eﬁ?-. <z> is the average of x over a flux-
. B : ’ :
~ ik . . .
surface, and x = x - <§>, The g are the metric coefficients of

the flux-coordinate-system employed, in which current and field lines

4
da °

In [17], (replacing averages over closed field-lines by surface

are straight: x! = a , the radial coordinate, and '

averages), we have an expression for V** :

V** - V” . IIXII _JI¢Z _ (¢,/>d_ qu)‘n) @E_2>

Rl P’ .<§1>.

- Pt ('ﬁz).l\
/

denotes the derivative taken with respect to some flux surface

where '/

coordinate. For convenience we shall take this to be the toroidal flux d.

CwB?> |

— = <w> , and allowing
(3%

for the fact that Yg = aR(1+0(a/R)) in [117, we see that

When the main toroidal field is large,
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w(® o 4B xx P’ZTTaBgV**.

da Thus W - A, > 0 is equivalent to a
modified form of the V™" criterion:

* % ]
U v, A< 0 (19)

We may write this last expression in terms of our dimensionless
variables by introducing the following dimensionless equivalents of

the quantities above:

2T 2T _ oY, 6, 5)
If [x] = J do J ds j xp(1-€p cosB)dp , them V = [1],
0 o ‘o
= [} = /o2y ~ 1 _ , = d
U=1([b°], L=[(®)] and ¢ = E?Ibgll(l_ ep cosf) ], =5

Henceforth we work in terms of these quantities (and drop the =~ on

A

$).

If we put

’ { v ’
Vkk = v _%U,._P,V,\%,_,r%_'_),

then taking the leading order forms of vg , g!, in A, we find the

criterion
VA% - 4mB’q2 < 0, (20)

with q = p/b* .

With the present ordering, V', U’ and L’ are all ~'2w-+0(556);
so V*% = V7 - U” - 4mP’ to the required accuracy, which proves to be
a convenient form, as V-U = 2[1-bJ - [(b-1)2], where b = [b] .

The first parﬁ of this expression contains the destabilising
magnetic hill term associated with the geodesic curvature of the
stellarator field and the second contains stabilising terms arising
from favourable average curvature. However the ordering is non-

optimal with respect to the stability criterion, so that whereas the
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magnetic hill is 0(856) » the curvature terms are 0(g?)

Higher order terms in general represent only corrections to those
already described, although in the interesting special case of a current-
free. L =2 stellarator we shall see that pressure—dependent effects
cancel exactly in 0(e?) so that finite pressure terms are recovered
only at O(E%G) . In this case we shall assume that BP = 8'rrP/(€Boi)2
is suffiéiently small for the contribution of this term to be neglected.

For "tokamak-like" configurations, (16) can be rewritten in terms
of coordinates (p’,6’,£) centred on the magnetic axis by replacing

A(Do) by A'(Qo) = A(Do) = 0(o) , and writing p’ for p and 8/ for 6.
We shall work in terms of these coordinates throughout the rest of this
section, although dfoPping the primes on p’,8’ and 47 .,

Let‘us-consider the terms in V-U ; the second, [ (b-1)2] , 1ls

easily evaluated, and to lowest order is

—y
-+
O
~—~
™
~
o
S’

[62[p cos 8 = ap” sin (nB+3))?

2(n+1)
p * a?p 7
- et ( ; - (:+1) ) ' O(E/g)

[(1-b)] is less useful than [(1-b)]’ , which is also simpler

to evaluate, being given by

27 2T 5
[(1-b) 1’ = J a6 J a5 =SB (1-ep cos 0) (1-b) ,
0 o]

where p = p(y, 8, §)

2
To evaluate this latter we need b and %%; ;

and so

- 13 =



- (1-€p cos 6) (1-b) = %. (bpz + bez )

. ' s
+ E(D cos B - ap”sin (n+3)) + € } b€<5) sin (nb+%)

+ g2 {bs;- - - -}

omitting periodic terms, which, on averaging, will vanish to this

order,
: -1 -2
\ , . nzazDOZ(n ) y, 2na002 (n—-2) ) -
bD * be =€ 52 [1'*€ 57 sin (n6+3) + 0(e "¢ )]

¢=.ﬂ.(02+€'§ n-o pZ(n-]))‘FO(E%J

and, consequently,

dp? 1 ¥ , o n-2_, - % 3 (n-1 2(n=2) _
% “7 | +.e nz;_ﬁoo “sin(n6+s) - €°n E%-;lazpo (r-2) cos 2(nb +s)
2 2(n-1)
€cos® 3 Py? < na-P, l’ | (n-1)¢
- _ Alp ) + = Sn+ (n+l)Y + —=—
. B0, |BFE,) o 4p L S
+ 0 (eaz)

Finally, integrating the product in the expression for [1-b]’, we

obtain our criterion in the form

d . _ .2 dr 2
d¢)D €° 4T 35 < 0 , (21)
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where
Y, n?a?

2(n-1)
oon

2 pO2 Qo
+ ET2M | ~—— +2 J b(p)c(p)do-bz(po)

2
0
2 2(n+l)
a“p _ S
i [0 T e )
o o b*(po)4§3 Po
+ - - -

In obtaining this result we neglect the contribution in 0(g?)

of terms proportional to ivac , some.of which represent corrections

to the leading order magnetic hill, since they are expected to be

small.

Thus,

db _ , 2 2dP _ Y%A, o . . a? 2(n-2)
—5 4TT€q EE—E 20 (nl)ﬁzpo

b(p ) r 20 P’
2| _ 0 w387 “Po 1 d 1 d
+e 1+2< 5 ) + [A + o b*Z'] + 5 5 Q0| (22)

where , 2n
na-p ) -
) = —>— q [5n+ (a+1) ¥ +—‘-“——1—§—5-] :
4p Po
and
pO
q - b3
b (po)

. 2p P’ ’ ’
(A” L 387 <2 ) can be found from Eq. (15); using = = (l - bt:>
o s T \p B

we have
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ZpOP’ b

o 307 _
AT+ bx2 b* + be*

o

and for £ = 2 we are able to integrate this to give

A? = L1 o 20p7 = b*b + - bE(p) | pd
b b%2 P 57 p) |ede
o)

as the term in A wvanishes.

From Eq. (22) we see tﬁat for the general £ = 2 stellarator,
negative shear (q’/q>0) is stabilising, as has been shown for
tokamaks [11]; however in the absence of an axial current, the
shear vanishes fér 2 = 2, and as noted previously, the pressure
dependent terms cancel in O(éz) of the stability criterion (21),
which then yields

%“2—2 e - (11 + 3v) €2f€2(2p[ivacf - (1 -+ 3YY) < 0. (23)
The first term arises from the destabilising "magneﬁic hill"

generated by the stellarator field, while the remaining stabilising

term results from the effects of toroidal curvature. Since the

| ... Lal ) . ) ..
flux-surface ellipticity n = -—3 , this result coincides in the limit

' P

of low BP with the ideal M.H.D. criterion (67) given in ref. [18]

which was obtained by means of an expansion in radius. The pressure
8

dependent term in O(e %) , omitted from (23) is found in ref. [18]
1 <

1
vac p

to be destabilising and is given by e2P’ (p) 27D

Thus, provided

Bp <1 this term is indeed negligible in (23). It is interesting

to note that the already substantial margin.of stability obtained with

a pure £ = 2 winding (Y = 0) can be enlarged significantly by an
appropriately phased poloidal modulation (Y > 0) of the 2-winding

pitch, as discussed in section 2.

In the case of current-free stellarators with £ > 3 the axis
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shift can be large and this prevents us from using the above analysis
which assumes P, ~ 0(e) . However, in the special case where
Ao = 0 , corresponding to a particular choice of vertical field, this

assumption remains valid and then for £ = 3 stellarators (without

coil modulation) we find the criterion

. 2 Pr(p)
2plvac(p) -6 - E Iz—"—('p—) <0 (24)
' vac

showing that finite pressure is desﬁabilising, especially near the
axis. In the limit of vanishing pressure the criterion reduces to
V&* < 0 , which has been discussed previously in [10], although we
find the stabilising term to be somewhat larger. A comparison of
(23) and (24) thus suggests that £ = 2 stellarators without plasma
current are more stable to resistive interchanges than their £ = 3
counterparts, but this neglects the well-deepening to be expected
with a larger axis shift [19] and to examine this in general it
would be necessary to evaluate criterion (20) for equilibria with

Ao #0 . A numerical approach to this question should be possible,
but lieS'outside the scope of the present investigation.

5. bISCUSSION
Although numerous variants of the stellarator concept have been

proposed, the engineering problems of designing, constructing and
maintaining a device of reactor size impose strict cbnstraints which
virtually exclude the more complex systems. As is the case with
tokamak reactor designs, cost and output power considerations lead to
low aspect'ratio, and the many problems associated with conventional
2-windings have led to several proposals for the use of coils with a

modular construction (5,67, The solution proposed by Wobig and
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Rehker [5] to this problem is particularly attractive in that a single
‘set of coils, which could be individually demountable for maintenance,
would provide both the toroidal and helical equilibrium fields, and
leave adequate access for neutral injection or R.F. heating, and so om.
The choice of 2-number in the gtellarator field is effectively
limited to £ =2 or £ =3 by the difficulty of achieving satis-
factory rotational transform in a low aspect ratio device by means of
coils which necessarily must be separated from the vacuum vessel by
a substantial thickness of blanket material. Since high rotational
transform in thé centre of the plasma as well as at the edge 1is
desirable to ensure good confinement of energetic ioms, £ = 2 would
" appear to be preferable, and as the equilibrium calculations in
section 3 have shown, the & = 2 £flux surfaces are not sensitive
to fini;e plasma pressure, obviating the need for a vertical field
system, which would be desirable for an £ = 3 stellarator [9], and
essential in a tokamak. Although the detrimental effect of the
stellarator "magnetic hill" on interchange stability increases with
rotatioﬁal transform, and tends therefore to be stronger'in the
centre of aﬁ 2 = 2 stellarator than in the centre of an £ = 3
device, we have seen that there is nonetheless a substantial margin
of stability due to toroidal effects. From the cfiteripn (23) for

£ = 2 current-free stellarators we see that if Lac ~ 0.5 which
is likely to be the situation encountered im practice, then provided
the number of winding periods p 1s not too large, say p < 8 ,
then a sufficient well can be formed and stability against resistive
interchanges is possible over a useful range of poloidal beta values:

In addition, it has been shown that a modular 2 = 2 system exhibits

substantial negative shear [5], even in the absence of a plasma
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current, which may be beneficial for interchange stability.:
6. CONCLUSION

We have studied a general class of low-beta toroidal stellarator
equilibria in which plasma pressure and current density profiles may
be prescribed arbitrarily as functions of the mean flux surface
radius. Between the general stellarator equilibrium and the low—Seta
tokamak which forms a special case, there is a strong similarity made
evident by our calculation. By evaluating the resistive interchange
criterion it is seen~tﬁat notwithsténding the destabilising effect of
the magnetic hill a substantial margin of stability is available in
2 = 2 stellarators, which if constructed using a modular coil design
would appear to be an attractive;lternative to the tokamak, especially

in view of the possibility of steady-state operation.
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APPENDIX
In stating the expressions for the fields, (7), we have employed

the following definitions:

t§f3) = hc(3)(p) = 0(p) 1is the toroidal current, and the associated

poloidal field is b(p) , given by

235 (ob) = (o) (A1)

- % (p 5 (pm) * ip‘l T Eg%: o A
21n ddo <p ddo wV)) T V= - (IIZO%O:Y ddo (c;’> | GiiD)
%@ = - (—% + b(p)o(p) + { (na§:-1>25§' } ) : (Aiv)

If we write

n+l n-
_J_oo " (n+2) _ nao _U(o)} e oDl
9, () = { @ F T 0 T

) w5 @) s (35 () )
and
o0 -3 (5) 15 (5 (%) o8
then
25 0 + 5 -0 @ (Avii)
and
Sa o) + 28 = - {ap“c(o) g I < (oU)} (Aviii)
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- 5 (D 4 (ow)> + %w =0, p) . | (Aix)

Finally,
- b*(pA” + 3A’) + pAc’ + 2pP’ -b*b
1y 2 2n-1 (n-1)6
+ n—z%;—— o’ [Sn'*- (n+1)Y+—_p'§— ] = (Ax)
and
.1 d B(p) .
- — (pPA) - —— = =D . Ax1
53 (Pa) - = () (Axi)

The surface function ¥ 1involves two functions as yet unspecified:

n+l n—-2
_J_ @p (n+2) _ nap _u() ,
™ (0 —{ T @ T @ }“’o

el

and

"AZ"









Appendix Three

90MW of RF power are envisaged on Starfire in order to maintain
the sfeady state current, although this 1s also roughly equal to the
heating required fof startup, assuming Alcator scaling. This constitutes
a minimum power requirement which could prove troublesome if the
confinemeﬁt were better than Alcator. For the sake of consistency we
shall consider here the possibility that }Alcator scaling is also
appropriate to the Stellarator reactor, although there 1is experimental

evidence that energy confinement in Stellarators is better than in similar

sized Tokamaks.

-21 2 : . :
Taking TE=5 x 10 na , the required input power scales as

2 21
P = 60nTa Rm = 6 x 10 RmT

-20 2
10 na

(A factor of 1/2 has been included to allow for ’alpha—particle
heating as dignition 1is approached.) If T is expressed in keV then the
power required is simply RmT. Thus devices.with large major radius will
be penalised economically by the cost of heating, if these assumptions are
correct. For instance, the heating required in our proposed device, which
has a relatively modest major radius, would'be 130MW. The figure quoted
for Starfire is obtained from the Starfire report [6].

For the sake of comparison with Starfire we now give a set of
costs for a Stellarator with the same wall loading and thermal output
power {(the electrical oﬁtput powers will .differ, because of the
recirculated power to the lower hybrid drive). On the basis of the costs
given in chapter seven, we have estimated the costs of the major

components to be (in §M, and at 1976 prices):
- 1 -



Itenm Starfire Stellarator

TF coils 90 102
PF coils 40 -

Wall+Blanket 69 123
Heating 90 130
Buildings 13 19

Conv. Plant 300 300
Miscellaneous 150 150
Total 752 824
Cost/kW (§) 742 706

The thermal power output 1is in each case 3.5GW. Assunming a
conversion efficiency of 1/3, we find the electrical power from the
generators - but in the case of Starfire we subtract 152.7/MW from it
before calculating the cost per kilowatt, to allow for the recirculated

power.






