




comparable with those obtained in Tokamaks of similar size).

Extensive field line following calculations have allowed the 

identification of trends in the behaviour of Stellarator fields as the 

coil parameters are varied. These in turn may be fed into reactor models, 

and a reactor study has been done using this input and allowing for 

mechanical requirements upon the various components of the reactor.

The cost of the reactor has been calculated and minimised, at 

fixed power output for various wall loadings.

The Stellarator we propose appears to be cheaper than two recently 

designed Tokamaks, despite our having chosen a lower value of the wall 

loading than is customary for steady state devices, chiefly because of the 

absence of PF coils, and the decreased cost of plasma heating and energy 

storage.

We have argued elsewhere that the factors which are not quantified 

in this model should not prove more troublesome in Stellarators than 

Tokanaks. We thus come to the simple conclusion that a Stellarator 

reactor of the type considered is more economical than a Tokamak, and it 

may also pose fewer technological problems.

In the light of these results, it would be extremely interesting if

a medium sized (R 2 1m) low aspect-ratio Stellarator experiment were built,
m

employing £ = 2 modular coils. Such an experiment would allow a relatively 

inexpensive test of the theories we have discussed to be made, and, if they 

were seen to be confirmed, would provide a powerful argument for an expanded 

program of Stellarator research.
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The equations of MHD equilibrium are solved by including plasma pressure and 
current in a large aspect-ratio ordering scheme for the calculation of toroidal, 
/ = 3 stellarator vacuum fields. The extended ordering unifies the low-beta 
equilibrium theory for tokamaks and I = 3 stellarators, and allows solutions to 
be obtained simply for arbitrarily prescribed pressure and current density 
profiles. Expressions are given for the equilibrium magnetic field and the equa­ 
tion for the flux surfaces is calculated, including the effects of I — 3 shaping and 
toroidal displacement. These results are used to calculate equilibria for the 
parameters of CLEO stellarator, and we examine the role of an externally applied 
vertical field in reducing pressure-induced flux surface distortion and destruction.

1. Introduction
Many equilibrium calculations have been performed for stellarators (e.g. 

Solovev & Shafranov 1970). In these, two main approaches are employed, given 
the difficulty of exact solution in toroidal geometry. Either we can expand 
quantities in Taylor series about a known magnetic axis (Mercier & Luc 1974; 
Lortz & Niihrenberg 1976), or we can adopt an ordering scheme in which the 
helical fields, pressure, etc., will be small in some parameter. The former approach 
is of greatest value in dealing with systems in which the magnetic axis is a three- 
dimensional curve, as in Spitzers original figure-8 stellarator. With an ordering 
scheme, however, we often have greater flexibility, validity no longer being 
restricted to the region close to the axis.

In the 'conventional' stellarator ordering, the helical field amplitude is the 
basic expansion parameter, the axial current, plasma pressure and toroidicity 
all being treated as second order. The equilibrium configuration in a toroidal 
I = 3 stellarator was calculated by Greene & Johnson (1961) using this method; 
however, the triangularity of the flux surfaces was suppressed at the chosen 
level of approximation by the averaging technique used for their determination, 
and two-dimensional numerical solution of the equilibrium equation was neces­ 
sary because of the equal relative orderings of pressure and toroidicity.

In many low-pressure stellarator experiments, the helical flux surface distor­ 
tions are substantial, and typically these devices operate in a tokamak-like

0022-3778/80/2828-1340 $02.50 © 1980 Cambridge University Tress
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mode with regard to the size of the total rotational transform and the plasma 
pressure. Thus, it is of interest to derive an approximate solution to the equili­ 
brium equations by means of an ordering scheme which better reflects the condi­ 
tions in these experiments. In this way we can also unify the theory of equilibria 
at low pressure in tokamaks and in stellarators.

Considering only I = 3 stellarators, we investigate the toroidal, large aspect- 
ratio case using the ordering introduced by Dobrott & Frieman (1971) to define 
the vacuum field. Since the number of helical field periods round the torus is 
large and the pressure is low, the rotational transform is composed of independent 
additive contributions from the vacuum field and from the plasma current 
separately (Ohasa et al. 1977). Like the vacuum transform, that due to the 
current is of order unity in general, and we incorporate the effects of pressure at 
second order in the inverse aspect ratio, as in the low-pressure tokamak theory. 
With these orderings, a satisfactory level of approximation can be attained in 
solution of the general low-beta problem for arbitrary pressure and current 
density profiles.

In § 2, we introduce the co-ordinates and basic characteristics of the model 
and describe the ordering scheme. § 3 is devoted to the calculation of the equili­ 
brium magnetic fields and in §4 we derive the equation for the flux surfaces. 
The boundary value relation between the external vertical field and the plasma 
surface displacement is calculated in § 5, and in § 6 several interesting special 
cases are examined. Finally the use of these results is illustrated by application 
to the case of CLEO stellarator (Atkinson et al. 1976).

2. Co-ordinates and ordering scheme
It proves convenient to use quasi-cylindrical polar co-ordinates (r, #, £) as 

shown in figure 1, where r is measured from the minor axis of the torus. The 
inverse aspect ratio e is assumed small and, in order to recover the basic tokamak- 
like features of the system, it is supposed that the plasma current generates a 
poloidal field of order e relative to the main field B 0 which is directed in the £ 
direction, and that the plasma pressure P cc e2 . We assume that the number of 
I = 3 helical field periods round the torus, p, is large and that the helical wave­ 
length 27T/h is large compared with a typical minor radius a, so that ha < 1: 
for example, the plasma radius, or the stellarator winding radius can be used 
for the normalizing length a. Note that p — hRQ) where RQ , is the major radius 
of the torus, so^p = e~lha. Thus, if ha cc ea , then 0 < a < 1. By requiring that the 
toroidal and helical modulations of J5, be of the same order and that the rota­ 
tional transform be of order unity, we determine a = £, so that p = ~pe~$, where 
p — 0(1). This is the ordering proposed originally by Dobrott & Frieman (1971).

We introduce the scaled variables p = r/aands = A-#0 £ = P6~^- The magnetic 
field and plasma pressure are normalized with respect to £0 , so we have b = B/£0 
and P = P/Bl- Further defining J = Jga/B0 , where g = l—epcosd, and J is 
the plasma current density, and V = agV, we write the MHD equilibrium equa­ 
tions A ^ A A * *

Jxb; J = Vxb; V.b = 0. (la, fc,c)
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FIGURE 1. Co-ordinate geometry.

The field, current and pressure are now expanded with the orderings indicated, 
in powers of A = e$, so that

<«+...; J = A3J<3>+...; b = b«» + A2b<2>... . 

In addition, we must expand the differential operators, so that, for example,

V/ = V<°>/+ AVW/+ A3 V<3>/,

where yw) — n— -4- — Q ^(i) —

and V<3> = -pcos6?V<0) . 

The plasma current can be represented in the form

f _ 9a J _
^J BH^ ,^^^ «^ b2 '

where the force-free current A is determined by

gb.Vh= -(bxVP).V(l/b2 ). 

As the right-hand side of (3) is small, it will be convenient to write

A

where #b. VAC = 0
A

and

(2)

(3)

(4)

(5)

We can now proceed to the solution, order by order.
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3. Equilibrium calculation
Our objective is the determination of the magnetic fields to sufficiently high 

order (in fact, to sixth order) that effects associated with the toroidal displace­ 
ment of magnetic surfaces are recovered. To this end we use the equilibrium 
equations up to tenth order. We will discuss the order-by-order solution of these 
equations presently, but it scorns appropriate to make some preliminary obser­ 
vations which will allow us to anticipate the form of the lower orders of this 
solution.

Without a plasma we have the known vacuum field (Dobrott & Frieman 1971). 
In Appendix A, we apply the present ordering to the exact solution in toroidal 
co-ordinates for the magnetic potential, and so obtain a very simple derivation 
of this result. Toroidal stellarator flux surfaces exist in the asymptotic sense 
(Kruskal 1 952) so that a function \fr exists which satisfies

0, (6)

at any order of expansion. For the vacuum field the surface functions can be put 
in the form (Dobrott & Frieman 1971)

where T/r Q (p) is some function of radius. As the main effect of the plasma pressure 
and current on the flux surfaces is to displace them toroidally by small amounts 
of order e, the above form is expected to hold true for the flux surfaces in the 
presence of plasma, although, in fact, the third-order term would then differ 
significantly from the vacuum-field term (see §4). Any small, externally applied 
field (for the purpose of recentring the plasma, say) will also leave the form of ty 
unchanged below third order. Now we have noted already in (4) that h c satisfies 
the equation of a surface function, so from (7) we can infer the structure of this 
part of the force-free current, up to fifth order. Likewise, the plasma pressure 
must satisfy (6) so that its form can be anticipated up to eighth order from (7). 

The zeroth-order field is of course constant and axial : 6 (0) = £. Following Dobrott 
& Frieman, there is no first-order field and in second order we introduce the 
helical field

b<2> = . (p cos (36 + s) - sin (36 + s)) (8)

given by the vacuum potential (see Appendix A). The strength of the external 
winding current determines the quantity a.

The plasma current first appears in next order, and to satisfy (1) the third- 
order current cr must be axial and independent of toroidal co-ordinate s. In the 
absence of externally applied shaping fields the lowest-order flux surfaces are 
circular so that <r = <r(p), and so the third-order field of the current is poloidal
and given by

= b(p), (9)
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where
1 d
pTp^ = a(p} ' and 6f = °>

as in cylindrical geometry. Since b = £+ 0(A 2 ), the lowest-order part of the force- 
free current hc is just A< 3) = cr(p). There is a third-order correction to the vacuum 
field axial component

bf} = p cos 0 - a/?3 sin (36 + 5) (10)

which contains the leading-order toroidal and helical modulations. 
^ Proceeding now to fourth order, force balance (equation (la)) requires that 
J(4) must have only an axial component, cr<4> , which in order to satisfy the condition 
div J = 0 must take the form

sin (30 + 5) + o*4) (p,0). (11)

(From a constraint equation obtained in higher order it will be seen that the 
axis3Tnmetric term <7<4) can be set equal to zero without loss of generality, and 
then, since A£4) = c^4*, we observe that (7) gives the above result directly.) We 
calculate the corresponding magnetic field from the fourth-order parts of (16) 
and (Ic)

» (12) 
V<°>xb<4> =

The result may be written as

= gw(p}sin (35 + 5) + ̂ 4) (p>6?)> • (13) 

„ =0.
Functions/(4) (/?) and g(i} (p) are given in Appendix 2 where the final expressions 
for the magnetic field are written in full, and B (4) is the field due to o^4) alone. 

In fifth order, force balance gives

= a(p] bf = -=j- cr(p) cos (30 + s),

sin (30+ 5).

These are just the force-free currents /43) b (2) due to the helical field. Using these 
currents in the transverse components of (1 6) we find

p
The fifth-order axial current Jf\ which we denote by o-<5) , is obtained in similar 

fashion to cr<4) , using div J = 0:
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At this stage we can derive a constraint on c*4) and its associated fourth-order 

field by obtaining the seventh order of V. J = 0 and of V x (J x b) = 0. Averaging 
over 5, we find

= 0, (17)

where &*(/>) is the effective mean poloidal field, given by

b*(p) = b(p) — 18x2p*/p3 .

Thus, as indicated earlier, it is consistent to set 3*4) = 0 so that 5(4) = 0. This 

corresponds to the absence of axisymmetric shaping fields. Using the expression 

just obtained for <j<5) , we obtain the fifth-order poloidal fields hi the usual way, 

the result being given in Appendix 2, where cf< 2> and associated fields are set to 

zero. The consistency of this will be shown later.
It is in the sixth order of expansion that the effects of pressure first appear. 

From the ^-component of force balance in seventh order we see that

and, as we insist that there are no surface -shaping fields present, .P6) = P(p}. 

Thus the sixth-order force balance gives

where we definebf(p) = - 1,' + y(p} m + 1 **' w dp -
These correspond to the force-free currents hc b and the usual diamagnetic 

current. Using (18) in (16) we obtain b ( *\ given in Appendix B. It remains to 

find «7|6) = cr*6 *, for which purpose we must obtain first the pressure and poloidal 

currents in seventh order.
From the ^-component of force balance in eighth order, we find

(19) 
P

where the first term is clearly just the helical modulation indicated by (7) with 

\fr0(p) = P(p), and the second term is to be determined. Returning now to seventh 

order, the poloidal components of J(7) can be found, and, using div J = 0, we can 

set
<T<«) = &v(p, B] + (T<,6) (p) cos 6 + oie) (/?) sin (3(9 + 5)

, (20)
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where cr(6) (p) and of >(p) are defined in Appendix B. For convenience, the costf 
component of the as yet undetermined axisymmetric part is written separately. 
By using (20) in the poloidal eighth-order force balance and making use of 
div J = 0, we obtain the constraint equation

after averaging over s. This is the same condition as was found for <r<4) and by the 
same argument we set a^5) = 0 without loss of generality.

Solving for the sixth-order fields using the form given by (20) for cr<6) , we find

where the functions /{J }2 and g{* }2 are given in Appendix B, and where

(22)

As 5(6) (p, 6) is the field due to cf<6) (/3, 6], b ( *} has no sin 6 component and b^} has no 
cos 6 component.

To complete the solution for b to sixth order we need to find cr (06) (p} and 
ff^(p, 6). The first step towards this end is to obtain the form of P<s) , by considering 
the £ component of ninth-order pressure balance. In this way we find

/^

Next we obtain the poloidal components of J(8) from the force balance equation, 
and so after s-averaging the £ component of the same equation in tenth order,
we find that

w^xaWT)^ ^ ^

Clearly we can set P<7) = 0 without loss of generality as anticipated from (7). 
After obtaining J|7) from the eighth order of div J = 0 (apart from an undeter­ 
mined axisymmetric part), we form the poloidal components of force balance in 
ninth order. Applying to these the condition f . V x Vp = 0 and averaging the 
result over 5, we obtain, after some algebraic reduction, the final form

) = 0, (25)
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which, by virtue of the definitions earlier, has no sin 6 Fourier component. Thus 
the terms of (25) vanish separately, so that firstly we may set or<6) = 0 without 
loss of generality. From the calculated form of V(p) we get the condition which 
determines <r (f (p):

- = 0. (26)

Combining (22) and (26), we find 

/ dA\ (27)

With this last equation, given suitable boundary conditions, the determina­ 
tion of b to sixth order in A is complete and the result is summarized in Appendix 
B. If we set A(p) = b*(p) A(p)/p then (27) may be rewritten in the form

(28)

where & 0 = b* — b = — 18a2p3//)3 . In the special case of a tokamak, a = 0 so 
6* = b and (28) is just the well-known toroidal shift equation (Greene, Johnson 
& Weimer 1971), A being the major radius displacement of the flux surface with 
mean radius p. In the following section we shall see that in a slightly modified 
form A(p) retains its interpretation as a flux surface displacement. Furthermore, 
we shall find it possible to give a simple explanation for the form of (26).

4. Calculation of flux surfaces
In order to obtain the equation describing the magnetic surfaces, we solve (6) 

for yJr up to third order, using the fields calculated in the last section, and following 
the method employed by Dobrott & Frieman (1971). In leading order (first), 
equation (6) yields the condition d^/cs = 0, and in second order gives

b(2).v(°yo)+pa^iya5 = o,
which determines ^1} in terms of v^0) , apart from an axisymmetric term ^>(1) . 
Going to third order and first of all integrating over one complete period in s, 
we obtain a constraint on ^0) to ensure the absence of any secular term:

p 36

Thus, ^0) = \MP)> and although we could choose a particular functional form 
for ^0 at this stage we prefer to retain the general form. Apart from an axisym­ 
metric term, ^2) is determined at this order. To ensure the absence of secular 
terms in fourth order, it is found that ^1} must satisfy the above constraint as 
well, so that without loss of generality we can set ^(1) = 0. An axisymmetric 
term in 3) as well as that in ^(2) remains undetermined at this stage. Proceeding
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in the same fashion, however, we find that ̂  = 0, and in sixth order the secular 
equation reduces to

M i *\
*ne. (29)

Thus, the flux surfaces up to third order are given by

dp

(30) 
where ^(p) and 7r 2 (p) are denned in Appendix B.

As anticipated in § 3, the plasma current and pressure leave \jr unaltered 
from its vacuum field form below third order.

Using the known expression for ^(3) now we can see how the terms of (26) 
arise for the sixth-order current o^6) (p)- Firstly, by (5), h (f = h (f(p, 6) and

-df= -2P'(p) Sm6, (31)

where (31) results from the elimination of terms secular in 5 at ninth order. 
Thus,

h(f = 2pP'(p)cQsd/b*(p), (32)

which is the so called Pfirsch-Schliiter current. The remaining force-free part of 
Jg6) is (A£6) + (<?&£) (3) Ac3> ), and the axisymmetric component of this is just A£6) . By 
virtue of (4) and the fact that A£3) = cr(p), we see from (30) that

; <33 >
and so, combining (32) and (33), we have

which is equivalent to (26).
The form of the magnetic surfaces is now clear: the vacuum surfaces are 

subjected to an additional third-order toroidal shift due to the plasma pressure 
and current, and also to additional helical distortions at third order and higher 
which are associated with the plasma currents. Toroidicity, in fact, also produces 
(26 + s) and (40 + 5) ' side-bands ' of the stellarator field which are recovered at 
fourth order in ty.

To calculate the magnetic axis position, we note first of all that i/r0 (p) must 
tend to zero at least as rapidly as &*(/?), otherwise V^3) cannot be defined at p = 0. 
Then, defining

= ( P b*(p)dp,
Jo
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we see that ^(/) = i/f'0 (p)/b*(p) remains finite as p -* 0, and, neglecting the 
helical terms in (30), we have

Since V^- vanishes at the magnetic axis, the co-ordinates of this point are given 
to sufficient accuracy by 6 = TT, and p = pz, where

(34)
Z

The consistency of the approximations used in obtaining (34) is verified by 
substitution of the result in the full expression for V^. In terms of the quantity 
A(p) which satisfies (28), we can rewrite (34) in the form

provided A(0) = 0(1), and the solution in leading order is then px = A3A(0). 
Although this result covers a wide range of conditions, including the tokamak 
special case (a = 0), it is less general than (34) since A(0) is assumed to be of 
order unity, which, for example, is not appropriate to currentless stellarators if 
-4(0) is non-zero: in fact, the axis shift in the latter case is Aj^4 0 7>3 /18a2 |i to 
leading order in A. Thus, in general, the magnetic axis can take up widely different 
positions, depending on the relative strengths of the rotational transform due to 
the current and that due to the vacuum field.

Sufficiently far from the co-ordinate axis, we can express the radius of a 
given flux surface p(i/r, 6, s) as a single-valued function which at leading order 
in A depends on ^r alone. Then a straightforward inversion of (30) yields

A4) - (35)
Thus, when use of the variable A(p) is appropriate, the outward axis shift of a 
surface with lowest-order radius p0 may be written as A 3{A(/?0 ) -f 45ct~p%/4:Jj3b*(pQ )}, 
so that A(p0 ) is indeed the displacement function for tokamaks and, modified by 
a small extra term, remains so for stellarators, which in this case can be referred 
to as 'tokamak-like'. Although (35) does not apply close to the co-ordinate axis 
in general, a simple change of variables is possible for tokamak-like configurations 
which relocates the co-ordinate axis on the magnetic axis at px = A3A(0). In 
terms of the new co-ordinates, (35) now correctly describes all the flux surfaces 
provided A(/>) is replaced by (A(p)- A(0)).

Finally in this section we note that the rotational transform on a given 
surface can be calculated, using (35), in the same way as for the vacuum field 
(Dobrott & Frieman 1971)
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where % and 0 respectively measure the poloidal and toroidal magnetic fluxes. 
We obtain

P.
a result which may also be derived from the fields up to third order using the 
method of averaging (Morozov & Solovev 1966). Contributions from the current 
and from the vacuum field are additive, as usual in stellarators with many 
helical periods.

5. Vertical field calculation
In order to maintain a given equilibrium configuration (say one in which the 

magnetic axis position is specified) an externally applied vertical magnetic field 
is necessary in general. Of course, in contrast to tokamaks, stellarator equilibria 
may exist without a vertical field as we shall see, but in this case the axis dis­ 
placement may be considerable under the influence of plasma current and 
pressure, and in addition the cross-sectional form of the surfaces is sensitive to 
the effects of finite pressure (Greene & Johnson 1961).

Thus, hi determining the boundary condition for (27), we shall not make any 
particular assumption about the size of the vertical field, but rather we shall 
obtain the relationship between this quantity and the function A(p).

To this end we make use of the fact that within any given flux surface the 
equilibrium is unchanged if that surface is replaced by a coincident, perfectly 
conducting shell carrying a surface current I given by

I = (B x 6)//*0 , (36)

where B is the equilibrium magnetic field at the chosen surface, and ^ is a unit 
normal directed outwards. This is sometimes referred to as the 'virtual casing 
principle' (Shafranov & Zakharov 1972) and it allows us to calculate all the 
external fields necessary for maintaining a given equilibrium within the chosen 
surface. Thus, regarding A(p) as known, we can select any (closed) flux surface 
outside the plasma as the virtual casing, and calculate the casing current / 
from (36) using the known field B. For the purpose of determining the external 
vertical field it is sufficient to have B up to sixth order and ijr up to third.

We can use (35) to describe the virtual casing, so that the unit normal n may 
be calculated from ft = Vi/r/\Vft\. To the order in A required, we obtain

p*

p
pb being the lowest-order radius of the boundary.

(37)
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The vacuum field b7 £0 will be determined by solving the magnetostatic 
equations order by order in both interior (i) and exterior (e) domains. At the 
virtual casing surface b 7 must satisfy the matching conditions

[b7 .^] = 0 (38a)

and [b7 x6] = -i, (386) 

where i denotes the normalized casing current given, from (36), by

i = bx£, (39)

and where [x] = xt — xi denotes the discontinuity of a quantity at the casing. 
The condition of regularity in the interior provides a further restriction on the 
solutions. Likewise, the vanishing of exterior fields at large distance from the 
shell restricts the solution form for b lc ; however to apply this condition to the 
expanded form of b le we need to obtain first the appropriate form of exact 
solution in toroidal co-ordinates, and then to transform co-ordinates in these 
solutions to the quasi-cylindrical (p,6,s) system in the limit p < 1/e, a proce­ 
dure which was used for axisymmetric fields by Greene et al. (1971).

Up to second order, the fields b; and b must coincide in the interior since the 
effects of currents in the plasma do not show below third order. In the exterior 
region, br vanishes identically up to second order, since the casing is a perfect 
conductor. Similarly, bf^ = 6'3) in the interior, and is zero outside, since bf} is 
a vacuum field term. The third -order exterior poloidal field of the casing current 
does not vanish however, since it must exactly cancel the field generated by the 
plasma current. Thus, we have

. J<3> =-£>(/>,)

and b$ = 0 in the ulterior, "j
— —b(pb)pb/p hi the exterior./ 

In fourth order, the matching conditions (38) may be reduced to

Solving the magnetostatic equations at this order we find that 6 (f can be written 
in the form

bf = (A^pz + -f^a.pp4 )pcos(36 + s)-(A^pz + ̂ pp^dsm(3e + s) (41)

in the interior, A (* } being a constant determined by the matching conditions. 
The fifth-order poloidal fields are found to be expressible in the form

1 2 \ 
^- cos (26 + s) + Afp* sin (6(9 + 25)

(42)
2P 

in the interior, where Af ) satisfies the appropriate matching conditions.
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The expression for the vertical field is obtained from the sixth-order casing 
current. After averaging the second matching condition, (386), over s we find

(43)

where use is made of (40)-(42) and the known lower-order vacuum field form of 
t> 7 , and B(p), A(p) are the functions appearing in (21). The s-average of a quantity 
x is denoted by (x) .

Similarly, (38 a) after averaging yields

[W>]= -A(pb )smd. (44)

At this order, the magnetostatic equations for the average poloidal field are 
just

f.V«»x<bf> = 0

and V<°>.<bf> = -6$sin0. 

Dropping the average symbol, these may be solved to give, in the interior,

W sin , (45) V '

and, in the exterior domain,

BM* ibl+]*p)}sm6,}
f (4O)

Thus, the applied vertical field which we seek is given by 6/6) in the interior, its 
strength being A (f} . The jump conditions (43) and (44) determine only the 
difference A (e6} — A^, there being three unknown quantities in (45) and (46). To 
obtain a third relation, we must recall that the quasi-cylindrical co-ordinates 
(p,6,s] do not form a true co-ordinate system, as they apply only within the 
domain p < 1/e. Thus, the boundary condition at infinity cannot be applied to 
(46) directly, as is obvious from the presence of logarithmic terms, and must 
instead be deduced in the manner described earlier from the exact solution form 
in toroidal co-ordinates. As discussed in Appendix B, the axisymmetric part of 
the casing current produces a field which can be represented by a stream function 
X such that b 7 = V^ x £/g2 . From the exact form of general solution for x in the 
exterior domain, with the correct behaviour at infinity, we find that the expansion 
of x for pe <^ 1 must take the corresponding form

(47) 
L\ ° / P J)

where JT0 and KL are constants.
Identifying the 0(e) part of the field given by (47) with 6;3> , we see that

A similar comparison at 0(ez ] then shows that
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and so from (43) and (44) we find A& and j3<6>. The externally applied vertical 
field is thus given by

(48)
This completes our determination of the plasma equilibrium to sixth order of 

A in the magnetic field, by establishing the boundary condition which, together 
with regularity at p = 0, fixes the solution of (27) for A(p).

6. Specific equilibria
In a few, particularly simple cases, A(p) may be found by analytical solution 

of (27). Firstly we note that, in the absence of a stellarator field, (48) may be 
written in the form

where pa is the radius of the plasma boundary. Allowing for differences in the 
sign convention for A, this agrees with the result of Greene et al. (1971) for toka- 
maks, and it is to be noted that only A' is determined: clearly any 0(1} constant 
term added to A(p) corresponds to a mere change of co-ordinate origin. Equation 
(28) possesses a well-known integral in this case

= 
Jo

showing that, for equilibrium, Bv must take on a specific non-zero value, deter­ 
mined at a given value of aspect-ratio by the plasma beta and rotational trans­ 
form profiles : a given fractional change in Bv will in general induce a shift of the 
plasma column by a similar amount in major radius.

In. stellarators, however, the helical field can provide the necessary force to 
maintain positional stability so that equilibria with given pressure and rotational 
transform profiles exist for a range of different vertical field values, including 
zero field, at essentially the same value of plasma column aspect-ratio. The main 
effect of changing the vertical field in this case is to alter the internal disposition 
of the flux surfaces. As a specific example, consider a current-free stellarator. 
Equation (27) is easily integrated, yielding

where P0 = P(0). Regularity of A at the origin constrains the form of P so that 
P' oc p3 for small p. This is a consequence of the fact that P = P(f) where, as 
in §4, / = f b* dp and dP/df =0(1) for the most general profile consistent with 
equilibrium. Then, choosing

we obtain A(p) = A 0 -(P0/ia ) (p/pa ) 2
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for 0 ^ p ^ p0 , where pa is the normalized radius of the plasma boundary, and 
*a = *(/>a) is tne corresponding rotational transform. The constant A0 is deter­ 
mined in terms of the applied vertical field by (48):

^o = 2PoAa + £rA2£0 . (49)

In general, (34) determines a single magnetic axis position, given approximately 
(for 40 - 0(1)) by

Pa 
while the plasma boundary displacement $pa , found from (35), is

both />x and Spa being measured positive along 9 = TT (outwards).
Thus, surfaces close to the magnetic axis are displaced to a greater degree by 

a given change in the applied vertical field than are the surfaces near the plasma 
boundary. An interesting special case of this equilibrium has been studied pre­ 
viously by Yurchenko (1968) who used a Mercier expansion about the vacuum 
magnetic axis. The plasma boundary was assumed to be coincident with a vacuum 
field flux surface, which corresponds to setting $pa = — fA3/?^. With the value of 
A 0 determined in this manner, Yurchenko's result for the axis shift is recovered 
from (34), and (49) shows that the vertical field is in fact Bv = -e*EQ PQ/ia . The 
appearance at the plasma edge of a stagnation point in the flux function places 
an upper limit on the range of pressures whose confinement this model can 
describe adequately. The limiting value can be estimated at P0 ^ il/2e, that is 
fi = 2p.Qp/B% ^ i| e (which is in any case inconsistent with the formal ordering).

In most situations of practical interest, the measured profiles of pressure and 
plasma current do not permit (27) to be solved analytically; however, its numeri­ 
cal solution for given boundary data is very simple. We illustrate the use of the 
above analysis in calculating specific equilibria by presenting some results 
obtained for typical equilibria in CLEO stellarator (Atkinson et al. 1976). In 
this device, consisting of a toroidal chamber of major radius 90 cm and 
minor radius 14 cm, hydrogen plasma with Te ~ 200 eV, and T{ ~ 100 eV can 
be readily produced and sustained with an Ohmic heating current of several 
kilo-amperes, at an electron density in the range 10 13-1014 cm~3 . The main device 
characteristics used for calculations are listed in table 1, along with the relevant 
dimensionless parameters. The vacuum rotational transform at the plasma edge, 
ta , is 0-4 for the stated winding current, and field-line following calculations 
(P. C. Johnson 1978, private communication) have shown that the separatrix lies 
outside the vacuum vessel, in agreement with a predicted separatrix radius of 
16 cm for a straight I = 3 stellarator field (Morozov & Solovev 1966) with the 
same characteristics. A mean plasma pressure profile shown in figure 2 (lower 
curve) is determined from measured electron and ion temperatures and electron 
density in a discharge with plasma parameters as listed in table 2. The current 
density profile, determined from the temperature profile assuming Spitzer
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Major radius, E0 — 0-90 m 
Liner minor radius = 0-14 m 

Radius of stellarator Z-windings, a = 0-175 m 
Number of helical field periods, p = 7

I-winding current = 102 kA 
Toroidal field at minor axis, B0 — 1-84 tesla

Dimensionless parameters:
e~a/R9 = 0-194 p = 2-35 
A = 0-58 a = 0-887

TABLE 1

Central electron temperature, Tt = 176 eV
ion temperature, 
electron density 

Plasma current
ft (on axis)

TABLE 2

Ti - 130 eV 
= 4-07 x 
= 6-5 kA 
= 0-15%

10

Radius (cm)

FIOURE 2. Normalized radial profiles of plasma pressure (lower curve)
and current density.
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FIGURE 3. Flux surfaces of the vacuum magnetic field for the CLEO parameters given in 
table 1. The location of the stellarator windings is indicated (dashed) together with the 
direction of current flow (4- into the page), and the vacuum vessel position is marked by 
the inner circle (also dashed). A third-order flux surface (dashed line) is included for com­ 
parison. At the cross-section shown, 5 = £TT, the major axis lying to the left.

resistivity, is given by the upper curve in figure 2. The shift function A(p] is 
determined at points within the plasma by a numerical shooting procedure 
using trial values of A Q until the boundary condition (48) is satisfied for a given 
value of J3r . Then the flux function ^ may be calculated from (30) and the level 
contours plotted in any chosen minor cross-section. For simplicity we choose 
i/fQ (p) = $b'(Q)p2 + ^ia pa Z p*- In practice, it is found that extending (30) by 
including terms at fourth order in A does not significantly change the surfaces 
near the axis, so third-order accuracy for these is sufficient. However, the in­ 
fluence of toroidicity on the positions of the vacuum field separatrices is quite 
marked and in the present case it proves necessary to retain the fourth-order 
term so that A yields a minimum separatrix radius greater than the liner radius 
(14 cm). In addition it proves convenient to re-express i/r(p, 6, s) in the form

*(/>)
where i/rL is given to third order by (30) with i/r Q — p2 , and with A(p) replaced by 
zero. In this way, the flux surface configuration shown in figure 3 was obtained 
for the vacuum field with table 1 parameters. The inner circle (dashed) indicates 
the position of the stainless-steel liner, and the location of the stellarator field



470 P. J. FieldiTig and W. N. G. Hitchon

FIGURE 4. Equilibrium flux surfaces for the plasma parameters of table 2, with 
the profiles of figure 2 and the vacuum field as for figure 3, that is B, — 0.

/r '

V 1
I I

FIGURE 5. Flux surfaces as for figure 4, but with B, = 68-4 gauss.
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FIOUBE 6. Plasma—detector configuration in CLEO. Soft X-ray emission along the two 
chords shown is measured with a pair of diodes. The equilibrium depicted has the para­ 
meters of figure 4, but with Bv = 32 gauss.

coils in this cross-section (s = \n} is also shown. For comparison, the third-order 
"boundary' flux surface, given by (35), is included (also dashed). Now using the 
measured profiles of figure 2, the equilibrium surfaces hi figure 4 were obtained 
for the case where, as in the experiment, Bv = 0. The axis shift is found to be 
2-5 cm and it is seen that there is considerable distortion of the flux surfaces 
near the magnetic axis. The application of a +68 gauss vertical field with the 
same profiles re-centres the magnetic axis, and, as shown in figure 5, considerably 
reduces the surface distortions. This property of an appropriately chosen vertical 
field has been noted previously by Bykov et al. (1977).

Direct experimental confirmation of the above value of Bv for re-centring is 
not possible, but satisfactory agreement has been found between the measured 
and calculated ratio of signals in two soft X-ray detectors, angled to receive 
emissions along chords intersecting the equatorial plane at approximately 
± 4 cm on either side of the geometric axis. The detector characteristics are 
such that the signals are proportional to P\ integrated along the Lines of sight, 
where Pe denotes electron pressure. Figure 6 shows the plasma-detector con­ 
figuration for the profiles of figure 2, with an applied field of 32 gauss, at which 
value the detector signals, as measured by J Pz dl, become equal. Note that 
because the surfaces are asymmetrical this balance occurs when the plasma is 
still off-centred. In general, of course, the ratio of Pe to P will vary over the
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3-0

§ 2-0

_0 

,0
«-* 
CO

0>

en 1-0

0 0-08 0-16 0-24
FIGURE 7. Variation of X-ray diode signal ratio vs. plasma /?, at a fixed value of B, = 33 
gauss. At the higher values of /? where species equilibration is better and the signals are 
stronger, the calculated (solid line) and measured (triangles) ratios are in quite good 
agreement.

cross-section but we shall assume for simplicity that ion-electron equilibration 
is sufficiently effective for such variation to be neglected. By changing the 
normalizing value of pressure at the geometric axis whilst retaining the same 
profiles and vertical field, we obtain the variation of signal ratio with /?. This is 
shown in figure 7, for a fixed vertical field of 33 gauss, with corresponding data 
points taken from CLEO (shots 11757-11771). The plasma current was 8 kA, 
B, = 18-6 kG, and IL = 102 kA. As the pressure is varied experimentally by 
raising or lowering the plasma density at nearly constant electron temperature, 
there is a systematic narrowing of the pressure profiles as /# falls. This is not 
represented in our calculations and probably accounts for at least part of the 
divergence in the ratios at low /?, where, in addition, species equilibration is 
poor and the errors in the measured signals are larger. Otherwise the agreement 
is generally good and may be taken as an indication of the extent to which our 
calculation successfully represents the stellarator flux surface structure, at least 
in the regions of higher pressure within the plasma.

Finally, we examine the effect of increasing the plasma pressure, retaining the 
same profiles and with remaining parameters as in tables 1 and 2. The value of 
ytf is set equal to 1 % on the axis and without a vertical field the equilibrium shown 
in figure 8 is obtained. Not only is the plasma column shifted outwards but the 
volume of confined plasma has been reduced owing to the destruction of surfaces. 
The application of a vertical field of 150 gauss has the effect shown in figure 9 of 
reducing the axis shift and the surface distortions as well as increasing the
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8. Flux surfaces as for figure 4 but with /? = 1 % on the axis.

FIGURE 9. Flux surfaces for the equilibrium profiles of figure 8, but with
B, — 150 gauss.
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volume of confined plasma. Thus, while it is possible to obtain equilibria without 
a vertical field, at higher plasma pressures especially the application of such a 
field, suitably chosen in strength, results in a marked improvement in the 
equilibrium configuration.

7. Conclusions
By solving the equilibrium equations in an ordering based on the Dobrott- 

Frieman scheme for I = 3 toroidal stellarators, we have obtained the magnetic 
fields and flux surfaces for a current-carrying, low-beta plasma with arbitrary 
pressure and current density profiles. The flux surfaces are circular in lowest 
order with helical distortions and toroidal displacements appearing as higher- 
order corrections. The equation for the toroidal shift has been derived and the 
boundary value relation between this quantity and an applied vertical field 
was found.

Tokamak equilibria and a class of analytically soluble, current-free stellarator 
equilibria are recovered as special cases, and numerical results for CLEO stella­ 
rator are presented. The role of a vertical field in reducing distortions is shown, 
and results of calculation are shown to compare acceptably with measurements 
of plasma position. Finally, we draw attention to the increasing importance of 
a suitably chosen vertical field at high plasma pressure in stellarators like CLEO, 
notwithstanding their ability to sustain equilibrium without a vertical field.

The authors are particularly grateful to Dr P. C. Johnson and Dr P. Thomas 
for many discussions of this work, for giving us ready access to data for CLEO, 
and for their encouragement. One of us (P.J.F.) would also like to thank D. J. 
Lees and Dr E. Minardi for discussions on an early version of the present cal­ 
culations. The remaining author wishes in addition to thank Dr C. J. H. Watson 
for encouragement, and Merton College, Oxford, for financial support.

Appendix A. Vacuum fields
The general solution of Laplace's equation for a potential field may be repre­ 

sented in terms of toroidal harmonics (Morse & Feshbach 1953) which are 
particularly well suited to problems where the boundary conditions are applied 
at toroidal surfaces. Solutions in this form are expressed in terms of orthogonal, 
toroidal co-ordinates (77, r, £} defined about a ring of radius R0 , and related to 
the usual cylindrical polar co-ordinates (R,</),z) measured about the axis of the
ring, by

JRn smh 77 j r j RO sin T_/2 — ————— m = £ and z = ——•——————
cosh->7 —COST' cosh?; —COST'

Thus, the vacuum field of the stellarator can be represented by a potential V 
in the general form

m, n—0

, (A
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where P<™>^ and Q (,Q are the associated Legendre functions of half-integral 
order.

For solutions which remain bounded at the origin, the coefficients A m<n must 
vanish, and as we are interested in representing a stellarator field which has 
exactly p periods round the torus, the solution form appropriate to the present 
discussion is

V = BQ E^ + (cosh7]-coaT)^B >n Q (,^(cosh7))coa(nr-p^. (A 2)
n

To recover the large aspect-ratio limit we revert to quasi-cylindrical co-ordinates 
(p, 0, £) and expand (A 2) in powers of e. Using the 'optimal' ordering of Dobrott 
& Frieman (1971) for p, we obtain, for one harmonic,

f rcMo2
V* = Bpi n (ep)n COS (710 4 S) 4- ., , . . COS (710 4 S)

cos (nd 4 5) 4-32(w4-l) (n4

x {(2n 4 3) cos ([n 4 1] 0 4 s) 4 3 cos ([n - 1] 0 f 5)}} 4 0(en+ 2 ). (A 3)

If instead we had taken p oc e"1 , as in the old stellarator ordering (Greene & 
Johnson 1961), then pn (cosh.Tj)~n = 0(1) since e~* = £ep40(e2 ) and the small 
aspect-ratio expansion would have produced an infinite series in powers of p 
all of equal order in e, and giving rise to Bessel functions.

By choosing Bp>n = 0, n = 0,1 and 2, and €?Bp>n = A n e$(aB0 a/p), where 
As = 1 and A n = 0(1) for n ^ 4, we obtain a potential in which the I = 3 helical 
component is dominant, and which may be written as

7 = _2^ (.1 + e$a/>3 cos (30 4 s) 4-eF(3) 4- e* F(4) ...]. (A 4) 
p [e* i

We fix the higher-order coefficients A n+3 by requiring that the associated terms 
represent only toroidal corrections to the lowest-order helical field. Thus, A^ is 
determined by noting that F(3) = 0 with the chosen form of coefficients Bp>n , so 
that

in0) =0. (A 5)

From the expression for F(2) in (A 4) it is clear that F(5) has no component pro­ 
portional to cos (404-5), apart from a possible homogeneous term in the solution 
of (A 5). Since F(5) is a correction term to F(2) , however, all such homogeneous 
solutions are discarded and, to eliminate terms proportional to cos (40 4 s) in
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F<5) , we choose A± = - J. Up to seventh-order in e*, therefore, we can write F 
in the form

16
,4

cos (W + s) + ea -f— p 7 cos 
' 640 r

, (A 6)
U 1* j

which is the vacuum field given by Dobrott & Frieman (1971).
Toroidal co-ordinates are also useful in establishing the appropriate boundary 

condition at large distance from the sources of current, when the field solution 
is expressed in quasi-cylindrical co-ordinates. For the case of an axisymmetric 
poloidal field such as that discussed in § 5, it is convenient to make use of a 
poloidal flux function x, in terms of which fields are given by

For vacuum fields, x must satisfy

— (— — )+—( — — ) = 0. (A 7)

The solutions of this equation can be expressed in the form (Shafranov 1960)

X = F(ij, r)/(cosh?7-cosT)*, (AS) 
where

and for a bounded solution at infinity (17 -> 0) we have Bn = 0. Taking the large 
aspect-ratio limit in (A 8) and expanding in powers of e we recover the appro­ 
priate form of solution for representing the axisymmetric fields in (46), by

An = e^Kn *. 2i{l + 0(6)}. 

Thus, A: = ^o2 + ln N -ecos^^l-fln+]4-0(e3 ), (A 9)

and from this the correct choice of coefficients subject to the boundary condition 
at infinity may be made in (46).

Appendix B. The equilibrium fields
We give here the full expressions for the fields up to sixth order which are 

derived in § 3,

P
- cos (W + s) +/(5V) sin (60 + 25) 

P >
(B la)
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-A2 ^sm(30 + 5) + A3&(/>) + Ay4V)si

1 3 \ 
- ̂ = sin (26 + 5) + ̂ (p) cos (00 + 25) 

2p j

477

(B 16)

= 1 + A3{p cos 5 - ap3 sin (30 + 5)}

o

3ap4 .
* n* <i

(60 + 25) -- sin (40

L sin(20 + 5) + /9 2 cos2 0 + yp)|. (B Ic) 

RecalUng that b(p) is the field of the third-order plasma current, we have

We have defined
4 + «(/>),

-~

where 

Similarly,

1 d / d , A Zu 3apza-'(p) — — —( P-r-lP'") +— = ~~ ——=2——•" ' ' K dp^ 7 p pz

(B2)

(B3)

(B4)

(B5)

(B6)

and ^C°) have been discussed already. 
Next, the coefficients of the helical terms appearing in the sixth-order axial 

current, equation (20), are defined:

where

Then /{6) and 0{6) are given by

640

640 k(p),



478 P- J- Fielding and W. N. G. Hitchon 

where

AISO, /«)(/,) =

where
Finally, we recall that

[dp
In § 4, we introduced functions ^(p) and 7T2 (p) in the expression for the flux 

function, (30). These are given by
(9ap6(p)_~

i^sll - 9/22£.Y! [i-and
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1. INTRODUCTION

A great deal of effort is currently being devoted to the study of 

stellarator-like configurations, with, a view to finding systems with 

steady-state reactor potential [1,2]. The prospects for true steady- 

state operation have been strengthened by recent experimental success 

in the production of current-free plasmas [3,4], and it seems possible 

that the well-known problems of access and structural design associated 

with conventional stellarator windings can be overcome by use of modular
.»

coil systems [5,6]. The potentially serious loss rates associated with 

ion ripple trapping may be greatly reduced by an ambipolar radial potential, 

and thus could account for the unexpectedly high, b.eam trapping efficiency 

observed in WVIIA [3].

Recent theoretical work has included the development of 3D codes to 

study MHD equilibrium and stability [7,8], the results of which complement 

those obtained by analytic means. The latter remain valuable in that a 

relatively simple and general description can be obtained. In an earlier 

paper [9], we employed an expansion based on an ordering introduced by 

Dobrott and Frieman [lO], in order to obtain the equilibrium configuration 

for a general class of low-(3, £ - 3 stellarators. Making use of the same 

ordering scheme, we obtain here an analytical description of the equilib­ 

rium of low-3 stellarators with general winding number & , and investigate 

their stability to resistive interchanges [11,12] in several special 

cases of interest.

We discuss briefly the features of an I = 2 configuration which, 

when constructed using modular coils, appears to be capable not only 

.of matching the tokamak as the basis for a reactor, but also of offering 

significant advantages.

In order to solve the equilibrium equations, we use the quasi- 

cylindrical 'co-ordinates (r , 6 , & of Fig. 1, and expand in powers of 

the inverse aspect-ratio, £ .
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The main (toroidal) field, B , is in the £ - direction; the
9

Stellarator field is introduced in leading order £ /3 .

The number of field periods around the torus is p = p£ /3 , where

p ~ 0(1) . These choices ensure that the vacuum rotational transform 

is of order unity, and that the toroidal and helical modulations of 

the field strength are of similar magnitude [10].

We make use of scaled variables p = r/a , ( a being some
*O

convenient minor radius) and s = p£ = p£ 3 £ , and we define normalised 

magnetic field pressure and current density,

/s

b = B/BQ , P = P/BQZ , j - j ga/Bo ,

/N
where g = 1 - ep cos8 . Then with V » agV, the M.H.D. equilibrium 

equations become

VP = J x b (i); J = V x (ii) ; V.b = 0 (iii). (1)

yThe various quantities are now expanded in powers of X - e ;

... ; b = . + X 

where P now denotes the leading order normalised pressure.

Thus B ^ 0(c 2 ) , and the plasma current gives rise to rotational 

transform of order unity, as do the vacuum fields.

It proves instructive to write the plasma current in the form

so that

g?-Vh = - (b x VP). . (3)

We divide the force-free current h into parts, representing the
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Pfirsch-Schluter current by h , and denoting by h the remaining 

part which contains any mean toroidal current. Then

-»• /s .+. ~ / 1 \
gb-Vh » - (b * VP)-V( J-)p V£2y

and - g b . Vh c = 0 . (5) 

With our ordering, this results in

c c c c p

2. EQUILIBRIUM CALCULATION 

The exact solution of Laplace's equation in toroidal coordinates
•

may be expanded in our quasi-cylindrical coordinates, using the 

ordering p - p£ 3 ; the result, for one harmonic, is

-2 2/3 2
Vn = B- ^ (ep)n ^ cos (ne+i) + ————^~ cos (n6+ s)

-«- ^±L < (2n+l) cos (Cn+lie+I) + cos (Cn-l]6+s)

-2 ^l 3 r
"^-TT S (2n+3) cos

32 (n-

3 cos CCn-116+s) W + 0 ( e n4" 2 ) • (6)

In order to describe a stellarator with an n = £ winding which is 

slightly modulated, for instance in order to create a magnetic well or 

to f centre 1 the separatrix with respect to the windings, we add in 

small amounts of i= n - 1,

rP = B
p,n

Y
4

(cp) n>fl (cos

cos (Ln+lje-t-s)> (7) 
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and

n-l p, nV * B £ cos

cos (Cn-130+s) - (8)

We set B^ n = e a B0a > where a is determined by the currents 

flowing in the helical windings, and leave y , 6 as free parameters.

Suppose that the coils are wound on the surface p = p ;
c

de
epcj <j>

J 8

_ epcb e

P= P $c
P=PC , where 

coil

correspond to the helical winding fields (currents) only.

We wish to describe a winding law -~ ~ (1 + eft cos 6) . From Eqs.
ad

(6), (7) and (8) with the above description of a,

ep /• • &' 1
b fi <~ sin (n6+s) + -y-^ K(n+l) sin (Cn+139+s) +-2- ( n-l) sin (Cn-136+s) \ 

o 4n t Q* I

ep r f 1
sin (n6+s) + -~ |y sin (Cn+l]9+s)+— sin (Cn-l]e+s)L

^ • '

Hence, in general

. Q ., 4nsin(n6+s)

but if y - - --r , then ~ 1 + -- cos

sin (Cn-lDe+s) + 0(£),} J

c

Thus a winding law of the desired form is represented by choosing

ancj 6 = - 2np fi . Of course, a field with the same properties
• . 

could also be generated by means of appropriately shaped modular coils.

The equilibrium fields are found by solving (l,i-iii) order by 

order in X , up to 10th order, and details of the method are given in 

[9] for £*3 . We present here the results of this calculation, ^.6 

comment briefly on the structure of the fields.



The full set of fields is:

b -X_.2 nap
n-1

cos (n6+s)
4(n+l)

U(p) cos (n6+s)

|~ fpn (n+l) + 6pn~ 2 (n-l) Jcos (Cn-l]8+s) + Ypn (n+l) cos (Cn+l]6+s)

V(p) sin 2 (n6+s)

X 6 A(p) sin6 + f (p) +
T1

32(n+l)(n+2)/
cos (n9+s) + W(p) cos 3

n-1
sin (ne+s) +X(p) - iT(^^^pU^ sin(ne+?)

6p
n" 2

Vn-l) sin (Cn-136+s) +ypn (n+l) sin (Cn-H]9+s)l

" "" (pv(p)) cos2

n+3 v ' ,
-—- sin (ne+s) - ~ ~r CpW(p]) sin 3 (n+2)/ 3n dp

b,. = 1 + X 3 (p cos 6 - apn sin (n6+s))

apna(p) sin (n6+s)

n dp (pv(p)) =—— I —o=~l ~^T cos 2 
P / 2p J 2n

*b fl (p).

sin ([n+l]6+s) + (3pn+1 + 26pn"" 1 ) sin (Cn-139+s) (9)
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The poloidal field component X 3b(p) is produced by the mean 

toroidal current density a(p) , the remaining functions of radius - 

in Eq. (9) being defined in the appendix.

We solve f.V^ =0 , as discussed' in [9], for the fields (9), 

and find the expression for ip :

V2p2 J p dp V P cos 2

IT

5nH. (n+1)Y+

sin (n6+s) + TT 2 (p) sin 3 (n9+s) + OCX 1*) (10)

where

b*. b(p) -

and ir 2 (p) are given in the appendix, and

n*(n-l)a2 2n-3

P

Substituting u(p) for

h ; from (4) we find h c p

we obtain an expression for

2p -r— cos 8 /b* and so the expressions dp

for the fields, given in the appendix, may be understood by means of 

(lii), (liii) and (2).

3. EQUILIBRIUM QUANTITIES 

The rotational transform is found, from the method of averaging

[13], to be

. _ b* _ b(p) + £ 
1 " p ~ p vac

n 2 (n-l)a 2
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fHaving defined f = b*(p) dp , we locate the magnetic axis by
o 

rewriting (10) as

* - ip0 (f + X 3 p cosSJACp) + a 
0 \ I 4p J \ P / J /

(12)

where we have omitted helical terms, (valid for n > 1 ), and finding 

the point where Vip = 0 .

To the required accuracy, its coordinates are (p ,TT) , where

X 3 ( PA(p)) p=p 4n x
(13)

The last term is only necessary for £ = 2 , where all the surfaces 

are shifted by this small amount; we neglect it henceforth.

If we also define A(p) = —r^— > then provided A(o)~0(l) , 

(13) becomes

b*(px -X 3 A(p)) = 0 • (14)

The solution is then p = X 3 A(o) , to lowest order. In terms of 

A(p) j Eq. (Ax') becomes

(pb)

(15)

with
. n 2 (n-l)a2 2n-3D « - —— r-3 ——— P ,
O p3

which is the toroidal shift equation [14], in the limit a = 0 , 

X 3 A(o) being the axis shift. A first integral of Eq. (15) can be 

obtained when £ = 2 , which reduces to the well-known result for
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tokamaks [14] when a = 0 .

Use of A(p) is not always appropriate; 'for instance, if o = 0

and A , >, (o) 0, P.. = e
n2 (n-l) a 2

(2n-3)

(Note, however, that for 2, = 2 , A(p) is always appropriate).

For "tokamak-like" configurations, where A(p) can be used, 

(for a* 0 , or for £ = 2 ), we invert (10), to obtain

pOM.s) -p0 OJO
nap,

n-1

-2 
P

2P, sin (n8+s)

A(pJ 0 cos 6

b(p ) j sin (n0+?)+-- (16)

where we have omitted those vacuum terms from order X 3 which are of

order 'i or smaller. vac
In [ 9] it is shown how the 'virtual casing principle' is used 

when applying the boundary condition at infinity. This determines the

external vertical field, which is given by

B {A(p) + & (PA(p))+ 8

pg(p) 
b* A(p)

-1).

_3
(n-1) ~PT~ L

(17)

(p, is the lowest-order radius of a (closed) surface, outside the
D

plasma). When a = 0 , this also reduces to the tokamak result, [143

When C=0 Eq.(Ax) gives
_ dP _ d i 3 >^+ i - _ 

n^Tn-Do1" d^ ~ "dp VP dp/ '

P = P(f) , we choose P = P (l - , and find
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p 
(n-l) (:)2 A(p) = A 0 where . 

the -- Pa ~s . 2 
, 

0 ~a 

radius, and . . 
the rotational transform at ~ ~s a 

Finally, (17) becomes 

so 

B 
v 

e: 2B 
o =--

2 {ACP) + ;P CPACP)} 

B 
v 

£2B 
o 

= A o 

P (n-l) 
o . 
~ a 

P=P b 

plasma boundary 

Pa • 

, 

Specific equilibrium surfaces were computed in [9J for the 

parameters of CLEO stellarator (i = 3) using Eq. (10). It was 

found that although equilibrium could be maintained by the helical 

fields alone, it is desirable to apply a suitably chosen vertical 

field in order to' reduce the distortion and destruction of flux 

surfaces' induced by the plasma pres sure. 

Since the rotational transform is constant across the minor 

cross-section in i = 2 stellarators, we would expect that the flux 

surfaces are less sensitive to the effects of finite pressure than 

is the case for i = 3 where the transform in the centre is small. 

For the case of i = 2, we have calculated equilibria with S - 1 - 27. 

for the parameters of WVII [3]. Typical results for current-free 

plasmas are depicted in Figs. 2 and 3, where we see that despite the 

absence of a vertical field the loss of confined plasma volume remains 

small with increase of pressure. It is interesting to note that in 

these calculations we observe a spiralling of the magnetic axis about 

the lowest-order position given by the planar shift A36(0). By 

including the higher order corrections in determining Px ' we find 

- 9 -



Since X = — , the spiral amplitude is about 50% of the lowest-order 

shift in agreement with the numerical results.

4. STABILITY

In order to determine whether a plasma equilibrium is stable or 

not, it is necessary to begin by studying the possible ideal M.H.D. 

instabilities; if the system proves stable to these, it is possible 

to proceed to investigate the influence of non-ideal effects, and 

particularly of resistivity, to see if they allow instability.

In a stellarator wi-thout a net longitudinal current, the expected 

ideal M.H.D. instabilities are localised pressure-driven modes. 

The Mercier criterion [15], written in terms of surface-averaged
^»

quantities, determines the stability 'of modes which are localised 

radially but not azimuthally, i.e. interchange-like. Ballooning 

modes [16], however, are able to localise azimuthally in regions of 

'unfavourable curvature 1 , when the plasma pressure is sufficiently 

high. Since the equilibria under discussion have low B ~ £ 2 , the 

pressure-driven modes can exhibit ballooning character only in regions 

of locally enhanced pressure gradient [16]. In the absence of such 

steep gradients therefore, the ideal pressure-driven modes are inter­ 

changes and so their stability in the limit of large mode number is 

determined by the Mercier criterion.

Given stability to modes capable of growing on the ideal time- 

scale, it is then appropriate to test for stability to non-ideal modes.

Criteria for stability against resistive interchanges are given in 

[11], [12] and [17] although that in [17] results from the other two 

only when the poloidal "$" is small. In [12] it is shown that the 

resistive criterion derived is always more stringent than the Mercier 

criterion, and so it will be adequate for our purposes to evaluate the
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resistive criterion. Further, in the large aspect-ratio, large

toroidal field case, the results given in [11] and [12] can be shown

to be equivalent, and for our purposes the more convenient is that given

in [11]:
W (0} - A > 0 (IS)

2

for stability against resistive interchanges.

W (o) - -iy (P'V"+ I'x"- J'<|>" ) --7

'*£
<f>(X) and I(J) are the longitudinal (transverse) magnetic and

•> -»•7 "R
current fluxes. GJ = -=5^- . ^x^ is the average of x over a flux-

B • •
surface, and x = x - <(x>. The g1 are the metric coefficients of 

the flux-coordinate-system employed, in which current and field lines

.are straight: x 1 = a , the radial coordinate, and ' = -r— .oa

In [17], (replacing averages over closed field-lines by surface 

averages), we have an expression for V** :

- v" +
p P-

where ' denotes the derivative taken with respect to some flux surface 

coordinate. For convenience we shall take this to be the toroidal flux

When the main toroidal field is large, . = <w> , and allowing
<B 2>

for the fact that /g" « aR(l-f 0(a/R)) in [111, we see that



w (o) m dP ^ y** m p / 2TraB v ** . Thus W Co) - A. > 0 is equivalent to a
da

JL JL

modified form of the V criterion:

09)

We may write this last expression in terms of our dimensionless 

variables by introducing the following dimensionless equivalents of 

the quantities above:

r2TT r27T fp(4>, 9, S)
If [x] * d9 ds xp(i-ep cos6)dp , then V = [i], 

•b TO ' 'o

U=Cb 2 ], L-Ub 2 )' 1 ] and $ = lb/ (l-epcos6)] , ' 2 -$* .

Henceforth we work in terms of these quantities (and drop the ~ on

?)-

If we put

V' f V' L' \ 
V** . v" - —- U" - P'V f ~ + ^7 ) ,

then taking the leading order forms of /g~ , g 11 , in A 2 we find the 

criterion

V** - ATTP'q 2 < 0 , (20)

with q = p/b* .

With the present ordering, V, U' and L' are all ~ 2ir + 0 (£%); 

so V** = V" - U" - 4TrP' to the required accuracy, which proves to be 

a convenient form, as V-U = 2[l-b] - C(b-l) 2 ], where b - |b | .

The first part of this expression contains the destabilising 

magnetic hill term associated with the geodesic curvature of the 

stellarator field and the second contains stabilising terms arising 

from favourable average curvature. However the ordering is non- 

optimal with respect to the stability criterion, so that whereas the
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magnetic hill is 0(e /3 ) , the curvature terms are 0(c 2 ) •

Higher order terms in general represent only corrections to those 

already described, although in the interesting special case of a current- 

free £ = 2 stellarator we shall see that pressure-dependent effects

cancel exactly in 0(e 2 ) so that finite pressure terms are recovered
8/

only at 0(E: /3 ) . ln this case we shall assume that 3 = 87rP/(eB i) 2p o
is sufficiently small for the contribution of this term to be neglected.

For "tokamak-like" configurations, (16) can be rewritten in terms 

of coordinates (p',0',£) centred on the magnetic axis by replacing 

A(PQ ) by A'(pQ ) = A(pQ ) - A(o) , and writing p' for p and 0' for 6 . 

We shall work in terms of these coordinates throughout the rest of this 

section, although dropping the primes on p',9' and A' .

Let us consider the terms in V-U ; the second, [(b-1) 2 ] , is 

easily evaluated, and to lowest order is

Fe 2 (pcos 0 - apn sin (n9+s)) 2 l

(n+1)

[(1-b)] is less useful than C(l-b)]' , which is- also simpler 

to evaluate, being given by

21T 2TT
t f 2

[(1-b)]' = I d6 I dsj^ (i-epcos0) (1-b) ,
* ^\ * ^\o 

where p « pO|>, 0, s) .

^^OT TJ<» noo^ Vi ar»/4 . __
d<J> '

M

To evaluate this latter we need b and

and so
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- (l-e p cos 0) (1-b) = 1 (b 2 + b 2 ]

*3
e(pcos 6 - apn sin (n0+s)) + e'* b ^5J sin (n6+s)

+ e v----.
omitting periodic terms, which, on averaging, will vanish to this

order.

nap 2nap 2(n-2)

ey sin (n6+s)

We find <^ » from its definition, to be

and, consequently,

e cos 6 8
p 8p o o

P Q 2

b*(pQ )

na2 p^
A(po )

cos 2(n9 

\

PO

+ 0 (ea 2 ) .

Finally, integrating the product in the expression for [1-b]', we 

obtain our criterion in the form

q 2 < 0 , (21)



where

£=£- P 2(n-l)
P 2 0

S-+2 b(p)a(p)dp-b 2 (pQ )

Po dpo -_P 02 A(p o ) ,

^2- ZVU-TJL;

• ———————— ( 5n + (n
b*(pQ )4p 3 V

1

/

In obtaining this result we neglect the contribution in 0(£ 2 ) 

of terms proportional to i , some,of which represent corrections 

to the leading order magnetic hill, since they are expected to be

small.

Thus,

d<p

3A'
•••^HMI

P.

_L d J_ d 
po dpo po dpo

(22)

where

and

0(po ) = 5n + (n+1) (n-1)6

b*(P0 )

A" + 3A-

o b*
can be found from Eq. (15); using ~

q

we have
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= . JL + v
p b* 2 b* + 7^ o b* dp p dp o o o o o o

and for I = 2 we are able to integrate this to give

A' =
P b* 2

a' I 2pP'-b*b +—- b*ft(p)J pdp

as the term in A vanishes.

From Eq. (22) we see that for the general £ = 2 stellarator, 

negative shear (q'/q>0) is stabilising, as has been shown for 

tokamaks [11]; however in the absence of an axial current, the 

shear vanishes for £ = 2 , and as noted previously, the pressure 

dependent terms cancel in 0(e 2 ) of the stability criterion (21), 

which then yields

- (11 + 3Y>) <0. (23)

The first term arises from the destabilising "magnetic hill" 

generated by the stellarator field, while the remaining stabilising 

term results from the effects of toroidal curvature. Since the

flux-surface ellipticity n = — j- , this result coincides in the limit
P

of low $ with the ideal M.H.D. criterion (67) given in ref. [18] 

which was obtained by means of an expansion in radius. The pressure
V

dependent term in 0(e ) , omitted from (23) is found in ref. [18]

to be destabilising and is given by eP'(p) . Thus, provided

$ < 1 this term is indeed negligible in (23). It is interesting
•

to note that the already substantial margin of stability obtained with 

a pure £ = 2 winding (y = 0) can be enlarged significantly by an 

appropriately phased poloidal modulation (y > 0) of the ^-winding 

pitch, as discussed in section 2.

In the case of current-free stellarators with £ > 3 the axis
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shift can be large and this prevents us from using the above analysis 

which assumes p ~ 0(c) . However, in'the special case where
JW

AO - 0 , corresponding to a particular choice of vertical field, this 

assumption remains valid and then for £ = 3 stellarators (without 

coil modulation) we find the criterion

2pivac (p)-6-f IP^- <0 (24)
vac ^P'

showing that finite pressure is destabilising, especially near the 

axis. In the limit of vanishing pressure the criterion reduces to 

V** < 0 , which has been discussed previously in [10], although we 

find the stabilising term to be somewhat larger. A comparison of 

(23) and (24) thus suggests that & - 2 stellarators without plasma. 

current are more stable to resistive -interchanges than their & - 3 

counterparts, but this neglects the well-deepening to be expected 

with a larger axis shift [19] and to examine this in general it 

would be necessary to evaluate criterion (20) for equilibria with

A ^ 0 . A numerical approach to this question should be possible, o

but lies outside the scope of the present investigation.

5. DISCUSSION

Although numerous variants of the stellarator concept have been 

proposed, the engineering problems of designing, constructing and 

maintaining a device of reactor size impose strict constraints which 

virtually exclude the more complex systems. As is the case with 

tokamak reactor designs, cost and output power considerations lead to 

low aspect ratio, and the many problems associated with conventional 

^-windings have led to several proposals for the use of coils with a 

modular construction [5,6]. The solution proposed by Wobig and
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Rehker [5] to this problem is particularly attractive in that a single 

set of coils, which could be individually demountable for maintenance, 

would provide both the toroidal and helical equilibrium fields, and 

leave adequate access for neutral injection or R.F. heating, and so on.

The choice of ^-number in the stellarator field is effectively 

limited to £ = 2 or £ = 3 by the difficulty of achieving satis­ 

factory rotational transform in a low aspect ratio device by means of 

coils which necessarily must be separated from the vacuum vessel by 

•a substantial thickness of blanket material. Since high rotational 

transform in the centre of the plasma as well as at the edge is 

desirable to ensure good confinement of energetic ions, I = 2 would 

appear to be preferable, and as the equilibrium calculations in 

section 3 have shown, the £ = 2 flux surfaces are not sensitive 

to finite plasma pressure, obviating the need for a vertical field 

system, which would be desirable for an £ - 3 stellarator [9], and 

essential in a tokamak. Although the detrimental effect of the 

stellarator "magnetic hill" on interchange stability increases with 

rotational transform, and tends therefore to be stronger in the 

centre of an £ - 2 stellarator than in the centre of an £ = 3 

device, we have seen that there is nonetheless a substantial margin 

of stability due to toroidal effects. From the criterion (23) for

£ * 2 current-free stellarators we see that if i ~ 0.5 whichvac

is likely to be the situation encountered in practice, then provided 

the number of winding periods p is not too large, say p- < 8 , 

then a sufficient well can be formed and stability against resistive 

interchanges is possible over a useful range of poloidal beta values. 

In addition, it has been shown that a modular £ = 2 system exhibits 

substantial negative shear [5], even in the absence of a plasma

- 18 -



current, which may be beneficial for interchange stability.

' 6. CONCLUSION

We have studied a general class of low-beta toroidal stellarator 

equilibria in which plasma" pressure and current density profiles may 

be prescribed arbitrarily as functions of the mean flux surface 

radius. Between the general stellarator equilibrium and the low-beta 

tokamak which forms a special case, there is a strong similarity made 

evident by our calculation. By evaluating the resistive interchange 

criterion it is seen that notwithstanding the destabilising effect of 

the magnetic hill a substantial margin of stability is available in 

I = 2 stellarators, which if constructed using a modular coil design 

would appear to be an attractive alternative to the tokamak, especially 

in view of the possibility of steady-state operation.
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APPENDIX

In stating the expressions for the fields, (7), we have employed 

the following definitions:

hc - hc (p) = cr(p) is the toroidal current, and the associated 

poloidal field is b(p) , given by

(Pb) - a(p) (Ai)

nap
n-1

P 2
(Aii)

dp dp
<> ^7" 2nV d 

dp (Aiii)

db 3
dp

If we write

cr/p) 4 (n-H)
(n+2) . nap

n"2

/nap 
V 2p

n-l\ 3

and

then

/ d 4n dp nP - dp

!J- f£l
p dp I p dp V p ,

(Aiv)

(Av)

(Avi)

(Avii)

and

f ' -

- Al -



(Aix)

Finally,

- b*(pA" + 3A') + pAa' + 2pP' -b*b

4pr>3 (Ax)

and

(Axi)

The surface function ^ involves two functions as yet unspecified:

o dp V p
1

(Axii)

and
^1 
3
WnY i d i d *0
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Fig.l Coordinate geometry.

t
r

X'

/
r *•

r -

WVII flux surfaces for i = 0-5, 0—1%, B v = 0. The torus axis is to the left of the figure, 
the location of the stellarator windings in this cross-section and their polarity (+ into the paper) 
being indicated on the outer circle (dashed). The iimiter radius is given by the inner dashed 
circle.
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FigJ WVII flux surfaces for i = 0-5, 0 — 2%, By = 0. Although 0 is twice as large as in the cr.se 
of Fig.2, the flux surface displacements are only slightly greater.
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Appendix Three

90MW of RF power are envisaged on Starfire in order to maintain 

the steady state current, although this is also roughly equal to the 

heating required for startup, assuming Alcator scaling. This constitutes 

a minimum power requirement which could prove troublesome if the 

confinement were better than Alcator. For the sake of consistency we 

shall consider here the possibility that Alcator scaling is also 

appropriate to the Stellarator reactor, although there is experimental 

evidence that energy confinement in Stellarators is better than in similar 

sized Tokamaks.

-21 2 
Taking TE=5 x 10 na , the required input power scales as

2 21 
p = 60nTa Rm = 6 x 10 RmT

-20 2 
10 na

(A factor of 1/2 has been included to allow for alpha-particle 

heating as ignition is approached.) If T is expressed in keV then the 

power required is simply RmT. Thus devices with large major radius will 

be penalised economically by the cost of heating, if these assumptions are 

correct. For instance, the heating required in our proposed device, which 

has a relatively modest major radius, would be 13QMW. The figure quoted 

for Starfire is obtained from the Starfire report [6].

For the sake of comparison with Starfire we now give a set of 

costs for a ' Stellarator with the same wall loading and thermal output 

power (the electrical output powers will differ, because of the 

recirculated power to the lower hybrid drive). On the basis of the costs 

given in chapter seven, we have estimated the costs of the major

components to be (in £M, and at 1976 prices):
1 -



Item Starfire Stellarator 

TF coils 90 102 

PF coils 40

Wall+Blanket 69 123 

Heating 90 130 

Buildings 13 19 

Conv. Plant 300 300 

Miscellaneous 150 150 

Total 752 824 

Cost/kW (g) 742 706

The thermal power output is in each case 3.5GW. Assuming a 

conversion efficiency of 1/3, we find the electrical power from the 

generators - but in the case of Starfire we subtract 152.7MW from it 

before calculating the cost per kilowatt, to allow for the recirculated 

power.




