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Abstract. Numerically solving high-dimensional partial differential equations (PDEs) is a ma-4
jor challenge. Conventional methods, such as finite difference methods, are unable to solve high-5
dimensional PDEs due to the curse-of-dimensionality. This is in particular a fundamental challenge6
for the solution of financial models, which are often inherently high-dimensional. Option pricing,7
hedging, mean-field financial models, order book models, and dynamic portfolio investment can all8
require the solution of high-dimensional PDEs. A variety of deep learning methods have been re-9
cently developed to try and solve high-dimensional PDEs by approximating the solution using a10
neural network. These deep learning methods have been widely applied to high-dimensional PDEs11
in financial engineering. In this paper, we prove global convergence for one of the commonly-used12
deep learning algorithms for solving PDEs, the Deep Galerkin Method (DGM). DGM trains a neu-13
ral network approximator to solve the PDE using stochastic gradient descent. We prove that, as14
the number of hidden units in the single-layer network goes to infinity (i.e., in the “wide network15
limit”), the trained neural network converges to the solution of an infinite-dimensional linear ordi-16
nary differential equation (ODE). The PDE residual of the limiting approximator converges to zero17
as the training time → ∞. Under mild assumptions, this convergence also implies that the neural18
network approximator converges to the solution of the PDE. A closely related class of deep learning19
methods for PDEs is Physics Informed Neural Networks (PINNs), which has been widely-used in20
a variety of fields (including financial mathematics but also physics and engineering). Using the21
same mathematical techniques, we can prove a similar global convergence result for the PINN neural22
network approximators. Both proofs require analyzing a kernel function in the limit ODE governing23
the evolution of the limit neural network approximator. A key technical challenge is that the kernel24
function, which is a composition of the PDE operator and the neural tangent kernel (NTK) operator,25
lacks a spectral gap, therefore requiring a careful analysis of its properties.26
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1. Introduction. Deep learning methods have become widely used for solving30

high-dimensional PDEs in financial engineering. Similar deep learning methods have31

also been used to model physics data governed by PDEs. Although low-dimensional32

PDEs can be efficiently solved with existing numerical techniques, such as finite dif-33

ference methods, high-dimensional PDEs are computationally intractable due to the34

curse of dimensionality. An alternative approach that has been widely employed is to35

approximate the PDE solution with a neural network and then train the neural net-36

work with stochastic gradient descent to satisfy the PDE and its boundary conditions37

– e.g., the deep Galerkin method (DGM) in [34]. The DGM algorithm – as well as38

many subsequent algorithms which have further developed the algorithm – has been39

applied to a wide range of high-dimensional PDEs in financial mathematics. A similar40

method – physics-informed neural networks (PINNs) in [29] – was developed to model41

physics data by training a neural network to both satisfy the corresponding govern-42

ing PDE and match a sparse set of experimental observations. Subsequently, PINNs43

methods have also been used for a variety of applications in financial mathematics.44

There are now hundreds of articles applying deep learning methods to PDE appli-45

cations in mathematical finance. Examples include [3], [6], [4], [5], [30], [15], [16], [11],46

[2], [17], [13], [32], and [7]. There are many other important papers which have studied47
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the application of deep learning to solving PDEs in financial engineering, including48

mathematical analysis of neural networks in PDE applications. A critical gap in the49

mathematical theory for such methods is a proof that a neural network trained with50

gradient descent to minimize the PDE residual will converge to the solution of the51

PDE. In this paper, we develop a convergence analysis for DGM and PINNs methods,52

proving that they converge to the solution of a class of linear PDEs when trained with53

gradient descent. Our mathematical techniques also provide a foundation to study54

other classes of PDEs in financial mathematics.55

Both the DGM and PINNs methods share a common feature of training a neural56

network with (stochastic) gradient descent to satisfy an objective function with a PDE.57

The neural network is trained (with gradient descent) to satisfy the PDE operator58

in the interior of the domain (i.e., to minimize the PDE residual) and to satisfy the59

boundary conditions. Numerous other articles in the literature have also explored60

solving PDEs with neural networks (see [1] for an overview). Solving PDEs with61

neural network approximators is a natural idea that has been considered in different62

forms for decades, for instance, [22], [21], [25] and [31]. These papers propose to use63

neural networks to solve differential equations by estimating neural network solutions64

on an a priori fixed mesh.65

Due to the universal approximation properties of neural networks [18], it is clear66

that there exists a neural network which can approximate the solution to a given67

PDE (interpreting the PDE solution as a function in the Sobolev space H2). Universal68

approximation results have been proven for PINNs in [27] and [9]. Recently, important69

results were proven by [33] and [10], showing that the global minimizer of PINNs with70

Hölder and ridge regularization will converge to the solution of the PDE as the scale71

of the network goes to infinity. However, these results prove that a neural network72

exists which is an arbitrarily-accurate approximation to the PDE solution; they do73

not prove that a neural network trained with gradient descent will converge to the74

PDE solution. In particular, in the DGM algorithm, the PDE solution is a priori75

unknown. The neural network is therefore trained to satisfy the PDE operator in the76

interior of the domain and the boundary conditions on the domain boundary. This77

is a highly non-convex objective function; therefore, it is unclear whether the neural78

network (trained with gradient descent) will converge to the PDE solution.79

Convergence analysis for the optimization of neural network approximators to80

PDEs must address several mathematical challenges. First, the neural network is non-81

convex in its parameters, which is further exacerbated by applying a PDE operator82

to the neural network in the objective function. Consequently, as the number of83

hidden units → ∞, the standard neural tangent kernel (NTK) does not arise [19].84

Instead, the kernel function involves the PDE operator, requiring the development85

of new mathematical analysis. Finally, as is also true for the standard NTK setting,86

the kernel lacks a spectral gap, which makes analysis of infinite-dimensional systems87

(such as approximators to PDEs) challenging. Our proof leverages a careful analysis88

of the eigendecomposition of the limit ODE and its kernel function.89

For both the DGM and PINN algorithms, we prove that, as the number of hidden90

units in the single-layer network goes to infinity (i.e., in the “wide network limit”),91

the trained neural network converges to the solution of an infinite-dimensional linear92

ODE. The PDE residual of the limiting approximator converges to zero as the training93

time → ∞. Under mild assumptions, this convergence also implies that the neural94

network approximator converges to the solution of the PDE. [38] prove that, under95

some assumptions, as the number of neurons goes to infinity, the training process of96

PINNs will converge to a process characterized by a kernel matrix. However, [38] does97
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not prove global convergence of the neural network approximator.98

Our paper provides a rigorous mathematical analysis of the DGM and PINN train-99

ing process for solving PDEs with neural networks. In summary, the key contributions100

of this paper are:101

1. We prove that as the number of hidden units in the neural network → ∞ (i.e.,102

in the “wide network limit), the training process of the neural approximator103

trained to minimize the PDE residual converges to an infinite-dimensional104

linear ODE characterized by a kernel function.105

2. The kernel function is different than the standard NTK kernel and involves106

the PDE operator.107

3. We prove that even though the kernel is only positive semi-definite and there108

is no spectral gap, the objective function (i.e., the PDE residual of the wide-109

limit neural network) converges to zero as the training time t → ∞. This110

result establishes global convergence. Furthermore, under an additional mild111

assumption, the wide-limit neural network converges to the PDE solution.112

For our analysis of PINNs, we study a version of the PINNs algorithm where113

spatial points are randomly sampled at each training iteration according to a fixed114

probability measure µ. This leads to a term in the objective function which is an115

expectation, with respect to the probability measure µ, of the PDE residual of the116

neural network approximator over the entire domain.117

Finally, we review some of the relevant literature on the mathematical analysis118

of neural network methods for PDEs. In [24], a gradient descent training algorithm119

for neural net approximations for PDEs is considered, under different assumptions120

than in our paper and with different mathematical techniques. In particular, for121

a particular choice of activation functions, assuming non-degeneracy of the Gram122

matrix associated with the PDE kernel at finitely many (randomly chosen) points,123

they argue that the gradient descent method will converge as training time → ∞ to124

a regularized approximation of the PDE. Under the assumption that the PDE source125

term has bounded Rademacher complexity, the resulting sequence of approximations126

will converge. However, it is not possible to interchange these two limiting steps (the127

number of points and number of training steps) using their analysis. Our approach128

instead proves that the trained neural network converges to an infinite-dimensional129

evolution equation and then directly proves convergence of the limit network to the130

PDE solution as the training time → ∞, using eigenfunction decomposition analysis.131

We do not assume that the eigenvalues of the corresponding NTK kernel are uniformly132

lower bounded (which is not true as the number of hidden units in the network → ∞)133

and we do not make assumptions on the Rademacher complexity of the PDE.134

A theoretical analysis for solving PDEs in Reproducing Kernel Hilbert Spaces135

(RKHS) with applications to neural networks is given in [23]. Their analysis requires136

the assumption that the PDE operator has the same eigenfunctions as the kernel,137

which is not satisfied by the kernel induced by many common activation functions138

used in deep learning. As an example, the eigenfunctions of the kernel for ReLU,139

Sigmoid, and Tanh activation functions are not the eigenfunctions of a simple heat140

equation (typically sine functions). Therefore, we cannot assume that the neural141

network kernel eigenfunctions coincide with the PDE operator eigenfunctions. Our142

proof does not require this assumption and therefore our convergence theorem applies143

to a broad class of neural network models.144

Our paper is organized as follows. In Section 2, we introduce the class of PDEs145

that will be considered. Section 3 describes the neural network training algorithm for146

solving PDEs and then proves that the neural network approximator converges to the147
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limit ODE as the number of hidden units → ∞, and Section 4 presents the analysis148

on the kernel generated by the PDE and the activation function . Section 5 studies149

the properties of the kernel function that characterizes the limit ODE. Then, we prove150

that the PDE residual converges to zero as the training time → ∞. Then, it is proven151

that – with an additional mild assumption on the PDE – the wide-limit neural network152

also converges to the PDE solution. In Section 6, we prove global convergence for the153

PINN algorithm. Lemmas, corollaries, and theorems are presented in the main part154

of the paper. All mathematical proofs are in the Appendix A.155

2. Mathematical Framework. We will study the convergence of neural net-156

work algorithms – such as DGM and PINNs – for solving PDEs. In particular, we157

will analyze the convergence of such algorithms for the following class of second-order158

linear PDEs with Dirichlet boundary conditions:159 {
Av = h, in Ω

v = f, on ∂Ω,
(2.1)160

where Ω ∈ Rd is a compact set with a smooth boundary. We will study strong Sobolev161

solutions to the PDE (2.1); that is, we are interested in solutions u ∈ H2, where for162

a finite measure µ on Ω,163

(2.2) Hp =

{
f ∈ L2(Ω, µ) : ∥f∥Hp :=

( ∑
|α|≤p

∥Dαf∥L2

)
<∞

}
,164

where Du is the weak derivative of u (see [12]), where (2.1) is taken to hold µ-almost165

everywhere on the interior of our domain, and in a trace sense on the boundary.166

We assume µ is equivalent to Lebesgue measure, and the logarithm of its Radon–167

Nikodym derivative is bounded (which ensures it generates the same H2 space as168

Lebesgue measure). For simplicity, in what follows we will simply say ‘solution’ for169

‘strong solution’; we note that if a strong solution v is also known to be C2, then it170

is also a classical solution. For notational convenience, we will write H2
(0) = H2 ∩171

H1
0, representing the H2 functions with zero value (in trace sense) on the boundary,172

equipped with the H2 norm.173

We make the following (standard) assumptions on our problem:174

Assumption 2.1 (Smoothness of the boundary Ω). The boundary ∂Ω is C3,α for175

some α ∈ (0, 1); i.e., three times continuously differentiable with α-Hölder continuous176

derivatives of order 3.177

Assumption 2.2 (Auxiliary function η). There exists a (known) function η ∈178

C3
b (Rn), which satisfies η > 0 in Ω, and η = 0 on ∂Ω. Furthermore, its first order179

derivative does not vanish at the boundary (that is, for x ∈ ∂Ω and nx an outward180

unit normal vector at x, we have ∇η(x) · nx ̸= 0).181

Remark 2.3. If the boundary of our domain is the unit sphere, a natural choice182

of η is given by η(x) = 1 − ∥x∥2. More generally, a mollification of the distance to183

the boundary of the domain can usually be used, if this is easy to compute. In other184

cases the specification of the domain can suggest choices of η, for example, if we are185

given a domain in the form Ω = {η(x) > 0} for some function η, then this provides a186

natural choice of η provided ∇η ̸= 0 when η = 0.187

Assumption 2.4 (Interpolation of the boundary condition function). There exists188

a (known) function f̄ ∈ H2 such that f̄ |∂Ω = f . In the rest of this paper, we identify189

f with its extension f̄ defined on Ω for notational simplicity.190
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We can reformulate the PDE as191 {
Au = g, in Ω

u = 0, on ∂Ω,
(2.3)192

where u := v−f and g := h−Af . Finally, we assume that the PDE operator satisfies193

a certain type of Lipschitz condition:194

Assumption 2.5 (Lipschitz condition). There exists a constant k > 0 such that195

for any f1, f2 ∈ H2 and any x ∈ Ω, the linear operator A satisfies196

|Af1(x)−Af2(x)| ≤ k

[ ∑
0≤|α|≤2

|Dαf1(x)−Dαf2(x)|
]
.(2.4)197

3. Deep Learning Algorithms for Solving PDEs. Deep learning PDE algo-198

rithms – such as DGM and PINNs – train a neural network approximator to satisfy the199

PDE and its boundary conditions using either gradient descent or stochastic gradient200

descent.201

Consider the following single-layer neural network, with N hidden units equipped202

with activation function σ, SN :203

SN (x; θN ) =
1

Nβ

N∑
i=1

ciσ(wix+ bi),(3.1)204

where 1
Nβ is a normalization factor and 1

2 < β < 1. A normalization factor in front205

of the summation
∑N

i=1 c
iσ(wix+ bi) is necessary to avoid the neural network output206

diverging as N → ∞. The choice of 1
Nβ with β ∈ ( 12 , 1) as a normalization, combined207

with the learning rate, will lead to an NTK-type limit for the neural network as208

N → ∞. We train a neural network QN to approximate the solution u to the PDE209

where210

QN (x; θN ) := η(x)SN (x; θN ) = η(x) · 1

Nβ

N∑
i=1

ciσ(wix+ bi).(3.2)211

Here η(x) is a fixed function which vanishes on the boundary x ∈ ∂Ω; therefore QN212

automatically satisfies the boundary conditions of the PDE (2.3). This method, which213

was first introduced by [26], simplifies the training of the neural network model. The214

parameters θN = (ci, wi, bi)Ni=1 must be trained using gradient descent to satisfy the215

PDE in the interior of the domain. Specifically, we will minimize the PDE residual216

error for the neural network by minimizing the following objective function:217

J(θN ) = ∥AQN − g∥2L2(µ) :=

∫
Ω

[AQN (x; θN )− g(x)]2dµ(x),(3.3)218

where µ is a sampling measure (satisfying the regularity assumptions stated after219

(2.2) above). If the residual term AQN (x; θN ) − g(x) equals zero for all x ∈ Ω,220

then QN = u is the solution of the PDE. We will minimize the objective function221

(3.3) using continuous-time gradient descent with clipping. The parameter updates222

in continuous-time gradient descent satisfy the system of ODEs in equation (3.5),223

which can be numerically solved using ODE numerical methods (e.g., Runge–Kutta224
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or Euler). If an Euler scheme is used, it becomes identical to standard discrete-time225

gradient descent. The gradient of (3.3) is:226

∇θJ(θ
N ) =

∫
Ω

[AQN (x; θN )− g(x)]∇θAQN (x; θN )dµ(x).(3.4)227

Gradient clipping is widely used in deep learning, see for instance [39], [28] and chap-228

ters 10 and 11 of [14]. The continuous-time gradient descent training with clipping is229

given by:230

dθNt
dt

= −αNGN (θNt ),(3.5)231

where the learning rate is αN = N2β−1 and232

GN (θNt ) = −
∫
Ω

ψN (AQN (x; θNt )− g(x))ΦN (∇θAQN (x; θNt ))dµ(x).(3.6)233

Here ΦN is a vector function that applies elementwise clipping with the function ϕN .234

For the explicit definition of clipping functions being applied here, see Definition 3.3,235

and Assumption 3.4. For each entry of vector ∇θAQN , we clip its value with the236

scalar function ϕN .237

In practice, (3.5) can be approximated by discretizing in time and, at each time238

step, generating Monte Carlo samples from the measure µ to approximate the inte-239

gral, which is highly computationally efficient even for high-dimensional PDEs. This240

is also equivalent to the stochastic gradient descent version of (3.5). Although not241

investigated in this paper, standard methods can be used to prove that stochastic gra-242

dient – using the correct learning rate – will converge to the continuous-time gradient243

flow (3.5); for example, weak convergence analysis such as in [36] and [35] could be244

used.245

Let QN
t (x) = QN (x; θNt ) be the neural network at training time t with N hidden246

units. We will analyze the trained neural network QN
t as the number of hidden units247

N → ∞ and the training time t→ ∞. First, we prove that the trained neural network248

QN
t will converge to the solution of an infinite-dimensional ODE as N → ∞. That249

is, in the “wide limit” where the number of hidden units → ∞, QN
t converges to the250

solution of an ODE. Then, we prove that the wide-limit neural network converges251

to the global minimizer of the objective function (with zero PDE residual) as the252

training time t → ∞. Under additional mild assumptions, this global minimizer is253

also a solution to the PDE. These convergence results can also be proven for the254

PINNs algorithm for solving PDEs; see Section 6.255

Our convergence results will be proven under the following assumptions on the256

neural network architecture:257

Assumption 3.1 (Activation function). The activation function σ ∈ C4
b (R) is258

non-constant.259

While Assumption 3.1 is potentially restrictive, it is satisfied by commonly used acti-260

vation functions such as Sigmoid and Tanh functions. In the remainder of this paper,261

we use both σ(x;w, b) and σw,b(x) to denote the activation function.262

Assumption 3.2 (Neural network initialization). The initialization of the pa-263

rameters θN0 , for all i ∈ {1, 2, ..., N}, satisfies:264

• The parameters ci0, w
i
0, b

i
0 are i.i.d. random variables.265
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• The random variables ci0 are bounded, |ci0| < K0, and E[ci0] = 0.266

• The distribution of the random variables wi
0, b

i
0 has full support. That is, for267

any open set D ⊆ Rn+1, we have P((wi
0, b

i
0) ∈ D) > 0.268

• The moments E[|(wi
0)k|3] and E[|bi0|] are bounded where (wi

0)k is the k-element269

of wi
0.270

Definition 3.3 (Smooth clipping function). A function class {hN}N∈N+ forms271

a family of smooth clipping functions with parameter γ > 0 if for any N ∈ N+272

• hN ∈ C2
b(R) is increasing on R.273

• |hN | is bounded by 2Nγ .274

• hN (x) = x for x ∈ [−Nγ , Nγ ].275

• |(hN )′| ≤ 1 on R.276

Assumption 3.4. Functions {ψN}N∈N+ and {ϕN}N∈N+ are families of smooth277

clipping functions with parameter δ and ϵ − β where ϵ > δ > 0, β ∈ ( 12 , 1) and278

ϵ+ δ < 1−β
2 .279

Lemma 3.5. There exists a constant k independent of N such that the change of280

each component of ci, wi, bi from its initial condition (e.g. |cit − ci0|) is bounded by281

ktN2β−1+δ+ϵ−β = ktNβ+δ+ϵ−1.282

Proof. Notice that in (3.5), three terms αN , ψN (AQN −g) and ΦN (∇θAQN ) are283

bounded by N2β−1, Nδ and N ϵ−β respectively.284

285

Remark 3.6. Gradient clipping is a method for preventing gradient explosion (i.e.,286

gradient updates becoming very large/unbounded) and is a standard technique in287

deep learning. Assumption 3.4 and Lemma 3.5 are introduced to make sure that288

when N → ∞, the truncation due to the clipping function vanishes while also guar-289

anteeing stability (appropriately bounded parameter updates) during training. From290

a mathematical perspective, the gradient clipping allows us to prove certain uniform291

bounds which are useful for the convergence proof that the neural network training292

converges to the limit ODE as the number of hidden units N → ∞. Since the clipping293

function vanishes in the limit N → ∞, it does not appear in the limit ODE and there-294

fore it also does not appear in the convergence analysis for when the training time295

t→ ∞. From a numerical perspective, gradient clipping is a standard method in deep296

learning to reduce instability in training (due to, for example, exploding gradients)297

and improve training convergence.298

3.1. Convergence of the trained neural network as the number of hid-299

den units N → ∞. In this section, we analyze the evolution of the neural network300

QN
t as it is trained to minimize the PDE residual in the objective function J(θN ). We301

can prove that, as the number of hidden units N → ∞, the neural network QN
t (y) will302

converges to the solution Qt(y) of an infinite-dimensonal linear ODE. By the chain303

rule, the dynamics of QN satisfy304

dQN
t

dt
(y) = ∇θQ

N
t (y) · dθ

N

dt

= −
∫
Ω

ψN (AQN
t (x)− g(x))

[
αNΦN (∇θAQN

t (x))
]
· ∇θQ

N
t (y)dµ(x).

(3.7)305

We are interested in studying the limit of the dynamics of the neural network QN
t as306

N → ∞. Specifically, we will prove that QN
t will converge to Qt as N → ∞ where Qt307
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satisfies308

dQt

dt
(y) = −

∫
Ω

[AQt(x)− g(x)]U(x, y)dµ(x), Q0 = 0,(3.8)309

where the function U is310

U(x, y) := Ec,w,b

[
∇c,w,bA[η(x)cσ(x;w, b)] · ∇c,w,b[η(y)cσ(y;w, b)]

]
,(3.9)311

where the random variable (c, w, b) has the same distribution as (ci0, w
i
0, b

i
0).312

The ODE (3.8) is an infinite-dimensional linear ODE governing the evolution313

of the wide-limit neural network (i.e., a neural network with an “infinite” number314

of hidden units) during training. The right-hand side (RHS) of the ODE involves315

integral over the PDE residual [AQt(x) − g(x)] weighted by a kernel U(x, y). It is316

important to notice that the kernel U(x, y) is not the standard NTK kernel: it involves317

the PDE operator A, which significantly complicates its analysis.318

One of the consequences of the presence of the PDE operator A in the kernel319

U(x, y) is that U(x, y) is asymmetric. This is a key difference from the standard NTK320

kernel, which is symmetric.321

Define the integral operator U : L2 → H2
(0) ⊂ L2 by322

Uf :=

∫
Ω

f(x)U(x, y)dµ(x).(3.10)323

Note that it is straightforward to check that U(x, y) = 0 for y ∈ ∂Ω and that U is324

C2
b with respect to y, which ensures that Uf takes values in H2

(0). (This is the main325

motivation for Assumption 3.1.) Using this notation, the limit ODE (3.8) can be326

rewritten as a linear equation in H2
(0):327

dQt

dt
= −U [AQt − g], Q0 = 0.(3.11)328

329

Lemma 3.7. The ODE (3.11) admits a unique solution in H2
(0).330

Proof. By Assumptions 2.5, 3.1 and 3.2, the operator U is Lipschitz in H2 norm.331

Therefore it admits a unique solution in H2. It is easy to verify that, as its initial332

condition is in H2
(0), and U has codomain H2

(0), the solution lives in the Hilbert333

subspace H2
(0).334

Now we present one of this paper’s main results. The trajectory ofQN
t during training,335

in the limit N → ∞, can be characterized by the wide-limit network Qt which satisfies336

the infinite-dimensional ODE (3.11).337

Theorem 3.8. For any t ≥ 0, the neural network QN
t converges to Qt in H2:338

lim
N→∞

E[∥QN
t −Qt∥H2 ] = 0.(3.12)339

The proof of this theorem is presented in the Appendix.340

4. Analysis of the kernel function. In order to prove global convergence as341

t → ∞ for the limit ODE (3.11), we first must prove some key properties for the342

integral operator. Specifically, we will study the properties of the operator S = AU .343
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Definition 4.1 (Operator S). The operator S : L2 → L2 is defined by344

Sf := AUf = A
(∫

Ω

f(x)U(x, ·)dµ(x)
)

(4.1)345

Definition 4.2 (Kernel S). The kernel S is defined by346

S(x, y) := Ec,w,b

[
∇c,w,bA[η(x)cσ(x;w, b)] · ∇c,w,bA[η(y)cσ(y;w, b)]

]
.(4.2)347

By symmetry of second derivatives (Clairaut–Schwarz–Young theorem) we know that348

S(x, ·) := AU(x, ·) and hence Sf =
∫
Ω
f(x)S(x, ·)dµ(x).349

While U(x, y) is asymmetric, S(x, y) is symmetric. The symmetric kernel S depends350

upon the interaction of PDE operator A applied to the activation function σ. It will351

next be proven ( Lemma 4.6) that the operator S is discriminatory in the image set of352

A. This is an important property that will later be leveraged in the global convergence353

proof.354

Lemma 4.3. The kernel S is uniformly bounded. That is, there exists a constant355

k > 0 such that for any (x, y) ∈ Ω2 we know |S(x, y)| ≤ k.356

Proof. By definition357

S(x, y) = E
[
A[η(x)σw,b(x)]A[η(y)σw,b(y)] +

d∑
i=1

A[cη(x)xiσ
′
w,b(x)]A[cη(y)yiσ

′
w,b(y)]

+A[cη(x)σ′
w,b(x)]A[cη(y)σ′

w,b(y)]

]
.

(4.3)

358

By the fact that A is Lipschitz, and that η, σw,b and their partial derivatives are all359

bounded, there exists constant k1 > 0, k2 > 0 such that360

|A[η(x)σw,b(x)]| ≤ k
∑
α

|Dαη(x)σw,b(x)| ≤ k1
∑

1≤i,j≤d

|wi|+ |wiwj |+ 1.(4.4)361

Similarly, since c is bounded and Ω is bounded362

|A[cη(x)σ′
w,b(x)]| ≤ k1

∑
1≤i,j≤d

|wi|+ |wiwj |+ 1

|A[cη(x)xiσ
′
w,b(x)]| ≤ k1

∑
1≤i,j≤d

|wi|+ |wiwj |+ 1.
(4.5)363

Therefore,364

|S(x, y)| ≤ Ec,w,b

[
(d+ 2)k21(

∑
1≤i,j≤d

|wi|+ |wiwj |+ 1)2
]
≤ k2.(4.6)365

Lemma 4.4. The integral operator S is Hilbert–Schmidt. In addition, S is self-366

adjoint and positive semi-definite.367

Proof. Since S(x, y) is uniformly bounded, we have
∫∫

Ω2 |S(x, y)|2dµ(x)dµ(y) <368

∞. Therefore S is Hilbert–Schmidt. And since S(x, y) is symmetric, the operator S369
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is self-adjoint with respect to the L2 inner product. Now it remains to prove that S370

is positive semi-definite. For f ∈ L2371

⟨f,Sf⟩ =
∫∫

Ω2

f(x)S(x, y)f(y)dµ(x)dµ(y)

=

∫∫
f(x)Ec,w,b

[
∇c,w,bA[η(x)cσ(x;w, b)] · ∇c,w,bA[η(y)cσ(y;w, b)]

]
f(y)dµ(x)dµ(y)

(4.7)

372

By Tonelli’s theorem, swapping the order of expectation and the integral gives373

⟨f,Sf⟩

= E
[ ∫∫

Ω2

f(x)∇c,w,bA[η(x)cσ(x;w, b)] · ∇c,w,bA[η(y)cσ(y;w, b)]f(y)dµ(x)dµ(y)

]
≥ Ec,w,b

[ ∫∫
Ω2

f(x)∇cA[η(x)cσ(x;w, b)] · ∇cA[η(y)cσ(y;w, b)]f(y)dµ(x)dµ(y)

]
= Ec,w,b

[ ∫∫
Ω2

f(x)A[η(x)σ(x;w, b)]A[η(y)σ(y;w, b)]f(y)dµ(x)dµ(y)

]
= Ec,w,b

[( ∫
Ω

f(x)A[η(x)σ(x;w, b)]dµ(x)
)2] ≥ 0,

(4.8)

374

which concludes the proof.375

Lemma 4.5 (Spectral decomposition). The integral operator S is compact, in376

particular, there exists an orthogonal basis of L2, {εi}i∈N+ ∪ {νi}i∈N+ such that377

Sεi = λiεi, Sνi = 0,(4.9)378

where λ1 ≥ λ2 ≥ ... > 0.379

Proof. As S is a Hilbert–Schmidt integral operator, S is compact. Since S is380

self-adjoint, the spectral theorem applies. From Lemma 4.4, we see that S is positive381

semi-definite. Thus, its eigenvalues are real, non-negative, and concentrate only at382

zero. We use {νi} to represent the eigenfunctions of the zero eigenvalue, and {εi} for383

eigenfunctions of positive eigenvalues.384

Lemma 4.6 (Projection on ker(S)). For h ∈ L2, if Sh = 0 then ⟨h,Af⟩ = 0 for385

any f ∈ H2
(0).386

We recall without proof the following technical result.387

Lemma 4.7 (Lemma 5 in [8]). Given Assumptions 2.1 and 2.2:388

1. The set of functions C3(Ω) ∩ C0(Ω) is dense in H2
(0) = H2 ∩ H1

0 (under the389

H2 topology).390

2. For any function u ∈ C3(Ω)∩C0(Ω), the function ũ = u/η is in C2
b (Ω) ⊂ H2.391

We now proceed to the proof of Lemma 4.6.392

Proof of Lemma 4.6. By (4.8), we have393

⟨h,Sh⟩ = Ec,w,b

[(∫
Ω

h(x)A[η(x)σ(x;w, b)]dµ(x)

)2]
= 0.(4.10)394
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Therefore395 ∫
Ω

h(x)A[η(x)σ(x;w, b)]dµ(x) = 0(4.11)396

for any (c, w, b) by the continuity of the objective with respect to parameters c, w, b.397

Since µ is a finite measure, from Theorem 4 in [18] we have that the linear398

span of {σ(w · x + b)}w,b∈R is dense in H2. For a general f ∈ C3(Ω̄) ∩ C0(Ω̄), by399

Lemma 4.7(2), we can approximate the function f/η within the linear span of {σ(w ·400

x + b)}w,b∈R. Multiplying by η, by Lemma 4.7(1) it follows that the function class401

{η(x)σ(x;w, b)} is dense in the function space H2
(0)(Ω), which consists of H2 function402

with boundary value zero. For any f ∈ H2
(0), there exists a function sequence {FN :403

η
∑N

i=1 ciσw,b}N≥1 such that404

lim
N→∞

∥FN − f∥H2 = 0.(4.12)405

Therefore,406

⟨h,Af⟩ =
∫
Ω

h(x)Afdµ(x) = lim
N→∞

⟨h,AFN ⟩ = 0.(4.13)407

Remark 4.8. If u is a solution to the PDE (2.3), Lemma 4.6 implies that for any408

t ≥ 0, the residual of our approximator AQt − g = A[Qt − u] has zero projection on409

the eigenfunction family {νi} since Sνi = 0.410

Corollary 4.9. Assuming the PDE (2.3) admits a solution u ∈ H2
(0), any sta-411

tionary point Q∗ ∈ H2
(0) of the limit ODE (3.8) is a solution of the PDE (2.3). That412

is, any stationary point of the limit training algorithm (3.8) is a global minimizer and413

a solution of (2.3).414

Proof. Suppose that Q∗ is a stationary point. Then we have415

U [AQ∗ − g] = 0.(4.14)416

It follows that417

SA[Q∗ − u] = S[AQ∗ − g] = AU [AQ∗ − g] = 0.(4.15)418

By Lemma 4.6, the inner product term ⟨A[Q∗ − u],Af⟩ = 0 for any f ∈ H2
(0).419

Therefore, by taking f = Q∗ − u, we have ∥AQ∗ − g∥22 = ⟨A[Q∗ − u],A[Q∗ − u]⟩ = 0.420

At the same time, since Q∗ ∈ H2
(0) satisfies the zero boundary condition, we conclude421

that Q∗ is a solution of the PDE.422

Remark 4.10. The existence of solutions is needed in this result. For example,423

consider the trivial case where Au ≡ 0. Then the kernel satisfies U ≡ 0, so d
dtQt = 0,424

and we must have a fixed point. However, if g ̸= 0, then Qt = Q0 does not solve the425

PDE. Nevertheless, no uniqueness of solutions is needed, and consequently we cannot426

expect that Q∗ = u.427

5. Global convergence of the limit ODE as t→ ∞. By analyzing the PDE428

residual term’s projection on the eigenfunctions of S, we can prove that the PDE429

residual (which is the objective function that is being minimized) converges to zero430

as the training time t→ ∞.431
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Applying A with respect to y on both sides of the limit ODE (3.11) yields432

dAQt

dt
=
d[AQt − g]

dt
= −S[AQt − g].(5.1)433

434

Theorem 5.1 (Convergence of PDE residual under DGM). Assuming the PDE435

(2.3) admits a solution in H2
(0), the PDE residual for the wide-limit neural network436

Qt converges to zero:437

lim
t→∞

∥AQt − g∥L2(µ) = 0.(5.2)438

Proof. In (5.1), multiplying AQt − g on both sides and integrating with respect439

to µ(dy):440

d∥A[Qt − u]∥22
dt

= −2⟨A[Qt − u],SA[Qt − u]⟩ ≤ 0(5.3)441

with strict inequality unless ∥AQt− g∥2 = 0, which corresponds to the PDE solution.442

Consider AQt − g = A[Qt − u] projected on {εi}i∈N+ ∪ {νi}i∈N+ . By Lemma 4.6,443

we have444

AQt − g =
∑
i

hitεi +
∑
j

0νj =
∑
i

hitεi.(5.4)445

Therefore ∥AQt − g∥22 =
∑

i h
i
t
2
. Now consider its projection on each εi446

d

dt
⟨AQt − g, εi⟩ =

〈dAQt − g

dt
, εi

〉
= ⟨−S[AQt − g], εi⟩ = ⟨AQt − g,−Sεi⟩

= −λi⟨AQt − g, εi⟩.
(5.5)447

Therefore448

d

dt
⟨AQt − g, εi⟩ =

d

dt
[hit] = −λihit.(5.6)449

Consequently hit = hi0e
−λit whose absolute value decays exponentially, and |hit| ≤ |hi0|450

for any t ≥ 0 and any i.451

Now, by the dominated convergence theorem452

lim
t→∞

∥AQt − g∥22 = lim
t→∞

∑
i

|hit|2 =
∑
i

lim
t→∞

|hit|2 = 0.(5.7)453

This result establishes global convergence of the (wide-limit) training algorithm since454

the objective function is the PDE residual.455

Remark 5.2. Due to the lack of a spectral gap for the eigenvalues of the kernel, it456

is difficult to establish a convergence rate since some eigenfunction projections may be457

converging very slowly (if their corresponding eigenvalue is close to zero). As shown in458

our analysis, for an eigenfunction ϵi, we can establish an exponential convergence rate459

for eigenfunction projections of the PDE residual ⟨ϵi,AQt− g⟩ where Qt is the neural460

network and Au = g is the PDE we are trying to solve. In particular,|⟨ϵi,AQt−g⟩| ≤461

Ci exp(−λit) where λi is the eigenvalue corresponding to the eigenfunction ϵi.462
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However, the convergence of the PDE residual to zero does not necessarily guarantee463

that ∥Qt−u∥L2(µ) as t→ ∞ where u is the solution of the PDE (2.3). We show that,464

under a mild additional assumption on the PDE operator A, we can guarantee that465

Qt converges to the solution of the PDE u.466

Assumption 5.3 (Bounded inverse of A). The inverse of A is a bounded operator467

on L2 → L2. That is, there exists a constant k > 0, such that for any g ∈ L2, the468

PDE (2.3) has a unique solution u ∈ H2
(0) satisfying469

∥u∥2 ≤ k∥g∥L2(µ).470

Remark 5.4. Second-order uniformly elliptic PDEs naturally have this property.471

For reference, see Theorem 6, Chapter 6 of [12].472

Theorem 5.5 (Convergence of Qt under DGM). If A has a bounded inverse, Qt473

converges to the solution u of the PDE:474

lim
t→∞

∥Qt − u∥L2(µ) = 0.475

Proof. Writing A−1 for the inverse operator of A, we have476

∥Qt − u∥2 = ∥A−1[A[Qt − u]]∥2 ≤ k∥A[Qt − u]∥2 = k∥AQt − g∥2 → 0.(5.8)477

6. Global Convergence of the PINN Algorithm. In many real-world engi-478

neering applications, the PDE solution can be observed at a sparse set of points in479

the interior of the domain Ω. We consider a PINN algorithm which trains a neural480

network model to predict the solution u(x) for all x ∈ Ω by minimizing (via gradient481

descent) both the PDE residual sampled by µ on a random set of points in each epoch482

as well as the distance between the neural network and the observations at the finite483

set of sparse points. It is assumed that the boundary condition is known.484

Let us denote these extra observation points in Ω as x := {xi}i=1,2,...M where the485

observations are u(xi) = ui for 1 ≤ i ≤M . Define the measure µx = 1
M

∑M
i=1 δxi and486

the kernel function487

B(x, y) := Ec,w,b

[
∇c,w,b[cη(x)σw,b(x)] · ∇c,w,b[cη(y)σw,b(y)]

]
,(6.1)488

and the corresponding ‘integral’ operator B : L2(µx) ≡ RM → L2(µ) by489

Bv(y) := 1

M

M∑
i=1

viB(xi, y).(6.2)490

For any operator C, we define C̄ to be the evaluation of C on each of our training491

points,492

C̄v =
[
Cv(x1), · · · , Cv(xM )

]⊤ ∈ RM ,493

in particular494

B̄v :=
[ 1

M

M∑
i=1

viB(xi, x1), · · · ,
1

M

M∑
i=1

viB(xi, xM )
]⊤
,(6.3)495

This manuscript is for review purposes only.



14 D.JIANG, J.SIRIGNANO, AND S.N. COHEN

and for generic g ∈ L2(µ) and v ∈ RM , direct calculation shows that496

⟨Ūg,v⟩L2(µx) =
1

M

∑
i

(Ug)(xi)vi

=
1

M

∑
i

∫
E
[
vig(x)∇c,w,bA[cη(x)σw,b(x)] · ∇c,w,b[cη(xi)σw,b(xi)]

]
dµ

= ⟨g,ABv⟩L2(µ),

(6.4)

497

in other words, Ū : L2(µ) → RM is the adjoint of AB : RM → L2(µ), so we write498

AB = Ū∗.499

The PINN objective function is500

J(θN ) = ∥AQN
t − g∥2L2(µ) + ∥QN

t − u∥2L2(µx)

=

∫
Ω

(AQN
t − g)2dµ+

∫
Ω

(QN
t − u)2dµx.

(6.5)501

Informally, the wide-limit ODE (as N → ∞) for the neural network trained with502

continuous-time gradient descent is:503

dQt

dt
= −U [AQt − g]− B[Qt − u].(6.6)504

Applying the operator A and recalling AB is the adjoint of Ū : L2(µ) → RM , we505

derive that506

d

dt

[
AQt − g
Qt − u

]
= −

[
S Ū∗

Ū B̄

] [
AQt − g
Qt − u

]
,(6.7)507

where, on the left-hand side of the equation, the first term AQt − g ∈ L2(µ) and the508

second term Qt − u ∈ RM is509

Qt − u =


Qt(x1)− u(x1)
Qt(x2)− u(x2))

...
Qt(xM )− u(xM )

 .(6.8)510

In light of this, we define the operator V : L2(µ)× RM → L2(µ)× RM511

Vf :=

[
S Ū∗

Ū B̄

]
f.(6.9)512

Given the properties of S (Lemma 4.4), it is easy to verify that V is Hilbert–Schmidt,513

self-adjoint and positive semi-definite. It will not generally be strictly positive definite.514

However, using the representation properties of neural networks, we can prove that515

(AQt − g,Qt − u)⊤ in (6.7) has zero projection on the kernel set of V.516

Lemma 6.1 (Projection on ker(V)). For h ∈ L2(µ) × RM , if Vh = 0 then517

⟨h,Vm⟩ = 0 for any m = [Af−g, f(x1)−u(x1), · · · , f(xM )−u(xM )]⊤ where f ∈ H2
(0).518

Proof. Let us begin with the following remark.519
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Remark 6.2. The setting we consider has a small modification as compared to520

the original PINNs formulation: we consider the limit ODE for an algorithm which521

samples points at random using the measure µ instead of using an a priori fixed set522

of points. We study this setting because if the PDE residual is minimized only on523

a fixed sparse set of points, then there is no guarantee that the approximator will524

converge to the solution – given any function, it is possible to perturb the function525

locally around each measurement point to construct functions which will have zero526

residual at these points; such functions will generally have no relation to the solution527

of the PDE. For similar reasons, we assume that the boundary value of the PDE is528

perfectly known.529

Denote by ϱ =

[
ϱd

ϱp

]
an eigenfunction of V which has an eigenvalue zero:530

V
[
ϱd

ϱp

]
= Vϱ = 0ϱ =

[
S Ū∗

Ū B̄

] [
ϱd

ϱp

]
.(6.10)531

We now show that532 〈
ϱ,

[
Af − g
f − u

]〉
= 0,(6.11)533

for any f ∈ H2
(0). This is because, similar to (4.8), we have534

〈
ϱ,Vϱ

〉
≥ E

[(∫
Ω

ϱd(x)A[η(x)σw,b(x)]dµ(x) +

∫
Ω

ϱp(x)η(x)σw,b(x)dµx(x)

)2]
≥ 0.

(6.12)

535

Therefore, Vϱ = 0 implies that for any (w, b) pairs536 ∫
Ω

ϱd(x)A[η(x)σ(x;w, b)]dµ(x) +

∫
Ω

εp(x)η(x)σ(x;w, b)dµx(x) = 0.(6.13)537

Now, for any f − u ∈ H2
(0), there exists a function sequence {FN : η

∑N
i=1 ciσw,b}N≥1538

such that539

lim
N→∞

∥FN − (f − u)∥2H2 = 0,(6.14)540

and simultaneously541

lim
N→∞

∥FN − (f − u)∥2L2(µ(x)) =
1

M

M∑
i=1

[FN (xi)− (f(xi)− u(xi))]
2 = 0,(6.15)542

we have543 ∫
Ω

ϱd(x)AFN (x)dµ(x) +

∫
Ω

ϱp(x)FN (x)dµx(x) = 0.(6.16)544

This implies that545 ∫
Ω

ϱd(x)A[f − u](x)dµ(x) +

∫
Ω

ϱp(x)[f − u](x)dµx(x) = 0,(6.17)546

and hence (6.11) is proven.547
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Theorem 6.3 (Global convergence of PINNs objective). Assume that the PDE548

(2.3) admits a continuous H2 solution u. The objective function ∥AQt − g∥2L2(µ) +549

∥Qt − u∥2L2(µx)
then converges to zero:550

lim
t→∞

(
∥AQt − g∥2L2(µ) + ∥Qt − u∥2L2(µx)

)
= 0.(6.18)551

Proof. From (6.7) we see that552

d

dt

[
∥AQt − g∥2L2(µ) + ∥Qt − u∥2L2(µx)

]
= −

[
AQt − g
Qt − u

]⊤
V
[
AQt − g
Qt − u

]
≤ 0,(6.19)553

and that the equality holds iff Qt = u. Therefore, the optimization objective is554

decreasing.555

Consider Q̃t = [AQt − g,Qt − u]⊤ projected on {ϑ}i∈N+ ∪ {ϱi}i∈N+ . By Lemma556

6.1, we have557

Q̃t =
∑
i

hitϑi +
∑
j

0ϱj =
∑
i

hitϑi.(6.20)558

Therefore ∥AQt − g∥2L2(µ) + ∥Qt − u∥2L2(µx)
=

∑
i h

i
t
2
. Now consider its projection on559

each ϑi560

d

dt
⟨Q̃t, ϑi⟩ =

〈dQ̃t

dt
, ϑi

〉
= ⟨−VQ̃t, ϑi⟩ = ⟨Q̃t,−Vϑi⟩ = −λi⟨Q̃t, ϑi⟩.(6.21)561

Therefore562

d

dt
⟨Q̃t, ϑi⟩ =

d

dt
[hit] = −λihit.(6.22)563

Consequently hit = hi0e
−λit whose absolute value decays exponentially, and |hit| ≤ |hi0|564

for any t ≥ 0 and any i.565

Now, by the dominated convergence theorem566

lim
t→∞

∥AQt − g∥2L2(µ) + ∥Qt − u∥2L2(µx)
= lim

t→∞

∑
i

|hit|2 =
∑
i

lim
t→∞

|hit|2 = 0.(6.23)567

Remark 6.4. The above theorem makes the additional assumption that the solu-568

tion to our PDE is continuous. This is needed to ensure that the evaluation at the569

points xi is meaningful, as strong solutions are generally only defined almost every-570

where. It is also worth noting that, if the solution to the PDE is not unique, then571

Theorem 6.3 allows the user to choose a solution which achieves specific values u(xi),572

which can be specified in advance (assuming such a solution exists).573

Theorem 6.5 (Global convergence of PINNs). If A has an L2 bounded inverse574

and the PDE (2.3) admits a continuous H2 solution, then Qt converges to the solution575

of the PDE576

lim
t→∞

(
∥Qt − u∥2L2(µ) + ∥Qt − u∥2L2(µx)

)
= 0.577

Proof. As the existence of an inverse guarantees that the PDE (2.3) admits a578

(unique) solution, it is clear from Theorem 6.3 that ∥Qt − u∥L2(µx) → 0 and ∥AQt −579

g∥2L2(µ) → 0. As in the proof of Theorem 5.5, the convergence of the residual implies580

the convergence of Qt to u, given A−1 is a bounded operator.581
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7. Conclusion. In this paper, we develop a convergence theory for neural net-582

work approximators of PDEs trained with gradient descent (e.g. DGM and PINNs).583

It is proven that a neural network trained by corresponding algorithms to minimize584

the PDE residual will converge to an infinite-dimensional linear ODE as the number585

of hidden units → ∞. The limit ODE’s dynamics are characterized by a novel kernel586

function involving the PDE operator and the neural network activation function. The587

kernel lacks a spectral gap, making the analysis of the limit ODE challenging. Using588

an eigendecomposition approach, we are able to prove that the PDE residual of the589

limit neural network converges to zero. Furthermore, under mild assumptions, the590

limit neural network converges to the solution of the PDE.591

In this paper, we do not cover free-boundary problems nor non-linear PDEs,592

which are both important types of problems in financial mathematics contexts. From593

a numerical usage perspective, there already exist applications of PINNs/DGM type594

algorithms on free-boundary problems or non-linear PDEs, see for instance, [37, 20].595

However, in terms of proving a mathematical convergence for the algorithm, there596

are challenges that must be addressed. For free boundary problems, it is unlikely to597

match the boundary condition exactly when the algorithm starts, which is a crucial598

point in our analysis. For non-linear problems, the kernel will become very different599

from the kernel for linear PDEs and there will be unique mathematical challenges600

which must be addressed.601
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18 D.JIANG, J.SIRIGNANO, AND S.N. COHEN

Appendix A. Proofs.607

A.1. Proof of Theorem 3.8. The main idea of the proof is the split the dif-608

ference into multiple residual terms and provide a bound for each of them. Then we609

apply Grönwall’s inequality to provide an estimate of the difference between QN and610

Q. In this proof, constant C may vary from line to line, but it remains invariant with611

the number of neurons N and training time t. Expectations are taken with respect612

to random initialization of neural network parameters {ci, wi, bi}i=1,..,N .613

We start with the following auxiliary lemmas which provide bounds for residual614

terms in our estimate. To simplify our notations, we may denote LQ := AQ− g.615

Lemma A.1. We define residual term M1 :=616

∫ T

0

N2β+δ−1

(∫
Ω2

∣∣ΦN (∇θAQN
s (x)) ·

∑
α

Dα∇θ(Q
N
s −QN

0 )(y)
∣∣2dµ(x)dµ(y)) 1

2

ds,

(A.1)

617

It satisfies618

lim
N→∞

EM1 = 0.(A.2)619

Proof. By Jensen’s inequality, it suffices to prove that for any indices α620

∫ T

0

N2β+δ−1
( ∫

E
[∣∣ΦN (∇θAQN

s (x)) ·Dα∇θ(Q
N
s −QN

0 )(y)
∣∣2]dµ(x)dµ(y)) 1

2 ds→ 0.

(A.3)

621

Notice that |ΦN | is bounded elementwise by N ϵ−β . We also notice that by the mean622

value theorem and that η, σ, and their derivatives are up to polynomial growth623

∥Dy
α(∇θQ

N
s −∇θQ

N
0 )(y)∥1 ≤ C

Nβ

N∑
i=1

(
(∥wi

s − wi
0∥+ ∥bis − bi0∥

+ ∥cis − ci0∥)f(wi
0, c

i
0, b

i
0, y)

)(A.4)624

where f is a polynomial up to 3rd order. We notice that ∥wi
u − wi

0∥ + ∥biu − bi0∥ +625

∥ciu − ci0∥ ≤ uCN ϵ+δ+β−1. Therefore626

E
[∣∣ΦN (∇θAQN

s (x)) ·Dα(∇θQ
N
s −∇θQ

N
0 )(y)

∣∣2] ≤ CN2(2ϵ+δ−β).(A.5)627

Therefore, the left-hand side of (A.3) is smaller than CN2δ+2ϵ+β−1, which goes to 0628

as N → ∞.629

Lemma A.2. We define residual term630

M2 : =

∫ T

0

N2β+δ−1

(∫ ∣∣(ΦN (∇θAQN
s (x))− ΦN (∇θAQN

0 (x))) ·
∑
α

Dα∇θQ
N
0 (y)

∣∣2
dµ(x)dµ(y)

) 1
2

ds

(A.6)

631

It satisfies632

lim
N→∞

EM2 = 0.(A.7)633
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Proof. Similarly, it suffices to show that for any α that634

∫ T

0

N2β+δ−1

(∫
Ω2

E
[∣∣(ΦN (∇θAQN

s (x))− ΦN (∇θAQN
0 (x))) ·Dα∇θQ

N
0 (y)

∣∣2]
dµ(x)dµ(y)

) 1
2

ds→ 0.

(A.8)

635

As, elementwise, |ϕN (x)− ϕN (y)| ≤ |x− y|, we have636

∣∣(ΦN (∇θAQN
s (x))− ΦN (∇θAQN

0 (x)) ·Dα∇θQ
N
0 (y)

∣∣ ≤ ∣∣∇θAQN
s (x)−∇θAQN

0 (x)
∣∣

·
∣∣Dα∇θQ

N
0 (y)

∣∣
(A.9)

637

Then, since638

∣∣(∇θAQN
s (x)−∇θAQN

0 (x)
∣∣ · ∣∣Dα∇θQ

N
0 (y)

∣∣ ≤ C

N2β

N∑
i=1

(
(∥wi

s − wi
0∥+ ∥bis − bi0∥

+ ∥cis − ci0∥)g(wi
0, c

i
0, b

i
0, x, y)

)
(A.10)

639

where g is a polynomial up to 3rd order. Since ∥wi
u − wi

0∥+ ∥biu − bi0∥+ ∥ciu − ci0∥ ≤640

uCN ϵ+δ+β−1, we have641

E
[∣∣(ΦN (∇θAQN

s (x))− ΦN (∇θAQN
0 (x))) ·Dα∇θQ

N
0 (y)

∣∣2] ≤ CN2(ϵ+δ−β).(A.11)642

The left-hand side of (A.8) is bounded by CN ϵ+δ+β−1, which goes to 0 as N goes to643

infinity.644

Lemma A.3. We define residual term645

M3 : =

∫ T

0

N2β+δ−1

(∫
Ω2

∣∣(ΦN (∇θAQN
0 (x))−∇θAQN

0 (x)) ·
∑
α

Dα∇θQ
N
0 (y)

∣∣2
dµ(x)dµ(y)

) 1
2

ds.

(A.12)

646

We have647

lim
N→∞

EM3 = 0.(A.13)648

Proof. By Jensen’s inequality, it suffices to show that649 ∫ T

0

N2β+δ−1

(∫
Ω2

E
[∣∣(ΦN (∇θAQN

0 (x))−∇θAQN
0 (x)) ·Dα∇θQ

N
0 (y)

∣∣2]
dµ(x)dµ(y)

) 1
2

ds→ 0

(A.14)650
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20 D.JIANG, J.SIRIGNANO, AND S.N. COHEN

for any indices α where |α| ≤ 2. Let us denote the k-th unit of the initial approximator651

QN
0 as qk, where qk = ck0N

−βησwk
0 ,b

k
0
. Then E[|(ΦN (∇θAQN

0 (x)) − ∇θAQN
0 (x)) ·652

Dα∇θQ
N
0 (y)|2]653

= E
[( N∑

k=1

[ΦN (∇θAqk(x))−∇θAqk(x)] · ∇θDαq
k(y)

)2]
= NE

[(
ΦN (∇θAq(x))−∇θAq(x)] · ∇θDαq(y)

)2]
+N(N − 1)E

[
ΦN (∇θAq(x))

−∇θAq(x)] · ∇θDαq(y)

]2
.

(A.15)

654

Then, by definition655

ΦN (∇θAq(x))−∇θAq(x)] · ∇θDαq(y)

= [ϕN (A[N−βησw,b](x))−A[N−βησw,b](x)] ·Dα[N
−βησw,b](y)]

+

d∑
i=1

[ϕN (A[N−βcxiησ
′
w,b](x))−A[N−βcxiησ

′
w,b](x)] ·Dα[N

−βcyiησ
′
w,b](y)]

+ [ϕN (A[N−βcησ′
w,b](x))−A[N−βcησ′

w,b](x)] ·Dα[N
−βcησ′

w,b](y)].

(A.16)

656

We introduce a uniform bound for |Dα[ησw,b(x)]|, |Dα[cxiησw,b(x)]| and also the term657

|Dα[cησw,b(x)]| for any indices α and any x. By the fact that A is Lipschitz,658

|A[ησw,b](x)| ≤ k0
∑

0≤|α|≤2

|Dα[ησw,b](x)|.(A.17)659

Notice that660

|Dα[ησw,b](x)| =
∣∣∣∣ ∑
α1+α2=α

Dα1
η ·Dα2

σw,b(x)

∣∣∣∣ ≤ kη

∣∣∣∣ ∑
α1+α2=α

Dα2
σw,b(x)

∣∣∣∣
≤ kη

∣∣∣∣ ∑
0≤|α2|≤2

Dα2
σw,b(x)

∣∣∣∣
≤ kηkσkΩ

(
1 +

d∑
i=1

|(w)i|+
d∑

i,j=1

|(w)i(w)j |
)
.

(A.18)661

Therefore662

|A[ησw,b](x)| ≤ k0
∑

0≤|α|≤2

|Dα[ησw,b](x)| ≤ k

(
1 +

d∑
i=1

|(w)i|+
d∑

i,j=1

|(w)i(w)j |
)
.

(A.19)

663

Similar results hold for |Dα[cxiησw,b]| and |Dα[cησw,b]|. We define f(w) := k(1 +664 ∑d
i=1 |(w)i|+

∑d
i,j=1 |(w)i(w)j |). Now |ϕN (A[N−βησw,b](x))−A[N−βησw,b](x)|665

≤ N−β

[
|A[ησw,b](x)| −N ϵ

]
1{|A[ησw,b](x)|≥Nϵ}(x)

≤ N−β
[
f(w)−N ϵ

]
1{f(w)≥Nϵ}(x).

(A.20)666
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Subsequently,667

|ΦN (∇θAq(x))−∇θAq(x)] · ∇θDαq(y)| ≤ N−2β(d+ 2)
[
f(w)−N ϵ

]
1{f(w)≥Nϵ}(x).

(A.21)

668

Therefore669

NE
[(
ΦN (∇θAq(x))−∇θAq(x)] · ∇θDαq(y)

)2] ≤ N1−4β(d+ 2)E[f(w)2] ≤ kN1−4β .

(A.22)

670

Meanwhile E[ΦN (∇θAq(x))−∇θAq(x)] · ∇θDαq(y)]671

≤ E[N−2β(d+ 2)
[
f(w)−N ϵ

]
1{f(w)≥Nϵ}(x)] ≤ N−2β(d+ 2)E[f(w)1{f(w)≥Nϵ}(x)]

≤ k0N
−2β−ϵE[f(w)2] ≤ kN−2β−ϵ.

(A.23)

672

Hence673

N(N − 1)E
[
ΦN (∇θAq(x))−∇θAq(x)] · ∇θDαq(y)

]2
≤ kN2−4β−2ϵ.(A.24)674

Combining (A.22) and (A.24), we conclude that675

M3 ≤ k(Nδ−1/2 +Nδ−ϵ) → 0(A.25)676

as N → ∞.677

Lemma A.4. We define residual term678

M4 : = E
[ ∫ T

0

Nδ

(∫
Ω2

∣∣N2β−1∇θAQN
0 (x) ·

∑
α

Dα∇θQ
N
0 (y)−

∑
α

Dy
αU(x, y)

∣∣2
dµ(x)dµ(y)

) 1
2

ds

]
.

(A.26)

679

It satisfies680

lim
N→∞

EM4 = 0.(A.27)681

Proof. It suffices to prove that for any indices α682

∫ T

0

Nδ

(∫
E
[∣∣N2β−1∇θAQN

0 (x) ·Dα∇θQ
N
0 (y)−Dy

αU(x, y)
∣∣2]dµ(x)dµ(y)) 1

2

ds

(A.28)

683

converges to 0 as N → ∞. By the strong law of large numbers:684

lim
N→∞

N2β−1∇θAQN
0 (x) ·Dα∇θQ

N
0 (y) = Dy

αU(x, y).(A.29)685

Therefore686

E
[∣∣N2β−1∇θAQN

0 (x) ·Dα∇θQ
N
0 (y)−Dy

αU(x, y)
∣∣2]

= Var
[
N2β−1∇θAQN

0 (x) ·Dα∇θQ
N
0 (y)

]
=

1

N
Var[Dy

αUc,w,b(x, y)].

(A.30)687

Consequently, the left-hand side of (A.28) is bounded by CNδ−1 which vanishes as688

N goes to infinity.689
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Lemma A.5. We have690

lim
N→∞

∫ T

0

∫
Ω

∣∣ψN (LQs(x))− LQs(x)
∣∣dµ(x)ds = 0.(A.31)691

Proof. Notice that692

|ψN (LQs(x))− LQs(x)
∣∣ ≤ |LQs(x)|1{|LQs|>Nδ}(x).(A.32)693

By the dominated convergence theorem, we conclude our proof.694

Lemma A.6. We have695

lim
N→∞

E
[(∫

Ω

[∑
α

|Dα(Q
N
0 −Q0)(y)|

]2
dµ(y)

) 1
2
]
= 0.(A.33)696

Proof. By Jensen’s inequality, it suffices to show that for any α697 ∫
Ω

E
[
Dα(Q

N
0 −Q0)(y)

2
]
dµ(y) → 0.(A.34)698

Since E[QN
0 ] = Q0 = 0 holds for all y we have699

E
[
Dα(Q

N
0 −Q0)(y)

2
]
= Var[DαQ

N
0 (y)] = N1−2βVar[Dαcσ(wy + b)] ≤ CN1−2β .

(A.35)

700

Integrating with respect to µ(y), and letting N go to infinity finish the proof.701

Now we present our main proof.702

Proof of Theorem 3.8. In the integral form, we have703

QN
t (y) = QN

0 (y)−
∫ t

0

∫
Ω

ψN (LQN
t (x))αNΦN (∇θAQN

s (x)) · ∇θQ
N
s (y)dµ(x)ds.

(A.36)

704

Similarly, at the same time705

Qt(y) = Q0(y)−
∫ t

0

∫
Ω

LQt(x)U(x, y)dµ(x)ds.(A.37)706

Subtracting (A.37) from (A.36) and taking partial derivative with respect to y with707

indices α give708

|Dα(Q
N
t −Qt)(y)|

≤
∫ t

0

∫
Ω

∣∣∣∣ψN (LQN
s (x))αNΦN (∇θAQN

s (x)) ·Dα∇θQ
N
s (y)− LQN

t (x)Dy
αU(x, y)

∣∣∣∣
dµ(x)ds+ |Dα(Q

N
0 −Q0)(y)|,

(A.38)

709
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where the right-hand side can be further bounded by710

≤
∫ t

0

∫
Ω

∣∣∣∣ψN (LQN
s (x))αNΦN (∇θAQN

s (x)) ·Dα(∇θQ
N
s −∇θQ

N
0 )(y)

∣∣∣∣dµ(x)ds
+

∫ t

0

∫
Ω

∣∣∣∣ψN (LQN
s (x))αN (ΦN (∇θAQN

s (x))− ΦN (∇θAQN
0 (x))·

Dα∇θQ
N
0 (y)

∣∣∣∣dµ(x)ds
+

∫ t

0

∫
Ω

∣∣∣∣ψN (LQN
s (x))αN (ΦN (∇θAQN

0 (x))−∇θAQN
0 (x)) ·Dα∇θQ

N
0 (y)

∣∣∣∣dµ(x)ds
+

∫ t

0

∫
Ω

∣∣∣∣ψN (LQN
s (x))

[
αN∇θAQN

0 (x) ·Dα∇θQ
N
0 (y)−Dy

αU(x, y)
]∣∣∣∣dµ(x)ds

+

∫ t

0

∫
Ω

∣∣∣∣[ψN (LQN
s (x))− ψN (LQs(x))

]
Dy

αU(x, y))

∣∣∣∣dµ(x)ds
+

∫ t

0

∫
Ω

∣∣∣∣[ψN (LQs(x))− LQs(x))
]
Dy

αU(x, y))

∣∣∣∣dµ(x)ds+ |Dα(Q
N
0 −Q0)(y)|.

(A.39)

711

Now by the fact that |ψN | < Nδ, |Dy
αU(x, y)| < C we have712

|Dα(Q
N
t −Qt)(y)|

≤
∫ t

0

∫
Ω

N2β+δ−1

∣∣∣∣ΦN (∇θAQN
s (x)) ·Dα(∇θQ

N
s −∇θQ

N
0 )(y)

∣∣∣∣dµ(x)ds
+

∫ t

0

∫
Ω

N2β+δ−1

∣∣∣∣(ΦN (∇θAQN
s (x))− ΦN (∇θAQN

0 (x)) ·Dα∇θQ
N
0 (y)

∣∣∣∣dµ(x)ds
+

∫ t

0

∫
Ω

N2β+δ−1

∣∣∣∣(ΦN (∇θAQN
0 (x))−∇θAQN

0 (x)) ·Dα∇θQ
N
0 (y)

∣∣∣∣dµ(x)ds
+

∫ t

0

∫
Ω

Nδ

∣∣∣∣N2β−1∇θAQN
0 (x) ·Dα∇θQ

N
0 (y)−Dy

αU(x, y)

∣∣∣∣dµ(x)ds
+ C

∫ t

0

∫
Ω

∣∣∣∣ψN (LQN
s (x))− ψN (LQs(x))

∣∣∣∣dµ(x)ds
+ C

∫ t

0

∫
Ω

∣∣∣∣ψN (LQs(x))− LQs(x))

∣∣∣∣dµ(x)ds+ |Dα(Q
N
0 −Q0)(y)|.

(A.40)

713

Let us denote V N
t (y) :=

∑
|α|≤2 |Dα(Q

N
t − Qt)(y)|. Then by summing inequality714

(A.40) with respect to all indices and integrating with respect to µ(y)715

∫
Ω

V N
t (y)2dµ(y) ≤

(∫
Ω

V N
t (y)2dµ(y)

) 1
2
[
C

∫ t

0

( ∫
Ω

V N
s (x)2dµ(x)

) 1
2 ds+M

](A.41)

716

where M :=M1+M2+M3+M4+M5+M6 denotes the sum of residual terms where717
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M1 to M4 have be defined in previous lemmas and718

M5 : =

∫ T

0

∫
Ω

∣∣ψN (LQs(x))− LQs(x)
∣∣dµ(x)ds,

M6 : =

(∫
Ω

[∑
α

|Dα(Q
N
0 −Q0)(y)|

]2
dµ(y)

) 1
2

.

(A.42)719

Then by Grönwall’s inequality, since from (A.41) we have720 (∫
Ω

V N
t (y)2dµ(y)

) 1
2

≤ C

∫ t

0

(∫
Ω

V N
s (x)2dµ(x)

) 1
2

ds+M,(A.43)721

we derive that722 ∫ t

0

(∫
Ω

V N
s (x)2dµ(x)

) 1
2

ds ≤ M

C
eCt.(A.44)723

Taking expectation on both sides, by Lemmas A.1, A.2, A.3, A.4, A.5, A.6 we can724

control each of the terms in M . Hence725

lim
N→∞

E
[ ∫ t

0

(∫
Ω

V N
s (x)2dµ(x)

) 1
2

ds

]
= 0.(A.45)726

By (A.43) we have for any 0 ≤ s ≤ T727

lim
N→∞

E
[(∫

Ω

V N
s (x)2dµ(x)

) 1
2
]
= 0.(A.46)728

Notice that
∫
Ω
V N
s (x)2dµ(x) ≥ ∥QN

s −Qs∥H2 , we conclude that for any 0 ≤ s ≤ T729

lim
N→∞

E
[
∥QN

s −Qs∥H2

]
= 0.(A.47)730
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