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GLOBAL CONVERGENCE OF DEEP GALERKIN AND PINNS
METHODS FOR SOLVING PARTIAL DIFFERENTIAL EQUATIONS

DEQING JIANG*, JUSTIN SIRIGNANO*, AND SAMUEL N. COHEN*

Abstract. Numerically solving high-dimensional partial differential equations (PDEs) is a ma-
jor challenge. Conventional methods, such as finite difference methods, are unable to solve high-
dimensional PDEs due to the curse-of-dimensionality. This is in particular a fundamental challenge
for the solution of financial models, which are often inherently high-dimensional. Option pricing,
hedging, mean-field financial models, order book models, and dynamic portfolio investment can all
require the solution of high-dimensional PDEs. A variety of deep learning methods have been re-
cently developed to try and solve high-dimensional PDEs by approximating the solution using a
neural network. These deep learning methods have been widely applied to high-dimensional PDEs
in financial engineering. In this paper, we prove global convergence for one of the commonly-used
deep learning algorithms for solving PDEs, the Deep Galerkin Method (DGM). DGM trains a neu-
ral network approximator to solve the PDE using stochastic gradient descent. We prove that, as
the number of hidden units in the single-layer network goes to infinity (i.e., in the “wide network
limit”), the trained neural network converges to the solution of an infinite-dimensional linear ordi-
nary differential equation (ODE). The PDE residual of the limiting approximator converges to zero
as the training time — oco. Under mild assumptions, this convergence also implies that the neural
network approximator converges to the solution of the PDE. A closely related class of deep learning
methods for PDEs is Physics Informed Neural Networks (PINNs), which has been widely-used in
a variety of fields (including financial mathematics but also physics and engineering). Using the
same mathematical techniques, we can prove a similar global convergence result for the PINN neural
network approximators. Both proofs require analyzing a kernel function in the limit ODE governing
the evolution of the limit neural network approximator. A key technical challenge is that the kernel
function, which is a composition of the PDE operator and the neural tangent kernel (NTK) operator,
lacks a spectral gap, therefore requiring a careful analysis of its properties.

Key words. Neural network, partial differential equation, neural tangent kernel, machine learn-
ing, gradient flow

MSC codes. 65N75

1. Introduction. Deep learning methods have become widely used for solving
high-dimensional PDEs in financial engineering. Similar deep learning methods have
also been used to model physics data governed by PDEs. Although low-dimensional
PDESs can be efficiently solved with existing numerical techniques, such as finite dif-
ference methods, high-dimensional PDEs are computationally intractable due to the
curse of dimensionality. An alternative approach that has been widely employed is to
approximate the PDE solution with a neural network and then train the neural net-
work with stochastic gradient descent to satisfy the PDE and its boundary conditions
— e.g., the deep Galerkin method (DGM) in [34]. The DGM algorithm — as well as
many subsequent algorithms which have further developed the algorithm — has been
applied to a wide range of high-dimensional PDEs in financial mathematics. A similar
method — physics-informed neural networks (PINNs) in [29] — was developed to model
physics data by training a neural network to both satisfy the corresponding govern-
ing PDE and match a sparse set of experimental observations. Subsequently, PINNs
methods have also been used for a variety of applications in financial mathematics.

There are now hundreds of articles applying deep learning methods to PDE appli-
cations in mathematical finance. Examples include [3], [6], [4], [5], [30], [15], [16], [11],
[2], [17], [13], [32], and [7]. There are many other important papers which have studied
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2 D.JIANG, J.SIRIGNANO, AND S.N. COHEN

the application of deep learning to solving PDEs in financial engineering, including
mathematical analysis of neural networks in PDE applications. A critical gap in the
mathematical theory for such methods is a proof that a neural network trained with
gradient descent to minimize the PDE residual will converge to the solution of the
PDE. In this paper, we develop a convergence analysis for DGM and PINNs methods,
proving that they converge to the solution of a class of linear PDEs when trained with
gradient descent. Our mathematical techniques also provide a foundation to study
other classes of PDEs in financial mathematics.

Both the DGM and PINNs methods share a common feature of training a neural
network with (stochastic) gradient descent to satisfy an objective function with a PDE.
The neural network is trained (with gradient descent) to satisfy the PDE operator
in the interior of the domain (i.e., to minimize the PDE residual) and to satisfy the
boundary conditions. Numerous other articles in the literature have also explored
solving PDEs with neural networks (see [1] for an overview). Solving PDEs with
neural network approximators is a natural idea that has been considered in different
forms for decades, for instance, [22], [21], [25] and [31]. These papers propose to use
neural networks to solve differential equations by estimating neural network solutions
on an a priori fixed mesh.

Due to the universal approximation properties of neural networks [18], it is clear
that there exists a neural network which can approximate the solution to a given
PDE (interpreting the PDE solution as a function in the Sobolev space H?). Universal
approximation results have been proven for PINNs in [27] and [9]. Recently, important
results were proven by [33] and [10], showing that the global minimizer of PINNs with
Holder and ridge regularization will converge to the solution of the PDE as the scale
of the network goes to infinity. However, these results prove that a neural network
erists which is an arbitrarily-accurate approximation to the PDE solution; they do
not prove that a neural network trained with gradient descent will converge to the
PDE solution. In particular, in the DGM algorithm, the PDE solution is a priori
unknown. The neural network is therefore trained to satisfy the PDE operator in the
interior of the domain and the boundary conditions on the domain boundary. This
is a highly non-convex objective function; therefore, it is unclear whether the neural
network (trained with gradient descent) will converge to the PDE solution.

Convergence analysis for the optimization of neural network approximators to
PDEs must address several mathematical challenges. First, the neural network is non-
convex in its parameters, which is further exacerbated by applying a PDE operator
to the neural network in the objective function. Consequently, as the number of
hidden units — oo, the standard neural tangent kernel (NTK) does not arise [19].
Instead, the kernel function involves the PDE operator, requiring the development
of new mathematical analysis. Finally, as is also true for the standard NTK setting,
the kernel lacks a spectral gap, which makes analysis of infinite-dimensional systems
(such as approximators to PDEs) challenging. Our proof leverages a careful analysis
of the eigendecomposition of the limit ODE and its kernel function.

For both the DGM and PINN algorithms, we prove that, as the number of hidden
units in the single-layer network goes to infinity (i.e., in the “wide network limit”),
the trained neural network converges to the solution of an infinite-dimensional linear
ODE. The PDE residual of the limiting approximator converges to zero as the training
time — oco. Under mild assumptions, this convergence also implies that the neural
network approximator converges to the solution of the PDE. [38] prove that, under
some assumptions, as the number of neurons goes to infinity, the training process of
PINNSs will converge to a process characterized by a kernel matrix. However, [38] does
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not prove global convergence of the neural network approximator.

Our paper provides a rigorous mathematical analysis of the DGM and PINN train-
ing process for solving PDEs with neural networks. In summary, the key contributions
of this paper are:

1. We prove that as the number of hidden units in the neural network — oo (i.e.,
in the “wide network limit), the training process of the neural approximator
trained to minimize the PDE residual converges to an infinite-dimensional
linear ODE characterized by a kernel function.

2. The kernel function is different than the standard NTK kernel and involves
the PDE operator.

3. We prove that even though the kernel is only positive semi-definite and there
is no spectral gap, the objective function (i.e., the PDE residual of the wide-
limit neural network) converges to zero as the training time ¢ — oco. This
result establishes global convergence. Furthermore, under an additional mild
assumption, the wide-limit neural network converges to the PDE solution.

For our analysis of PINNs, we study a version of the PINNs algorithm where
spatial points are randomly sampled at each training iteration according to a fixed
probability measure p. This leads to a term in the objective function which is an
expectation, with respect to the probability measure p, of the PDE residual of the
neural network approximator over the entire domain.

Finally, we review some of the relevant literature on the mathematical analysis
of neural network methods for PDEs. In [24], a gradient descent training algorithm
for neural net approximations for PDEs is considered, under different assumptions
than in our paper and with different mathematical techniques. In particular, for
a particular choice of activation functions, assuming non-degeneracy of the Gram
matrix associated with the PDE kernel at finitely many (randomly chosen) points,
they argue that the gradient descent method will converge as training time — oo to
a regularized approximation of the PDE. Under the assumption that the PDE source
term has bounded Rademacher complexity, the resulting sequence of approximations
will converge. However, it is not possible to interchange these two limiting steps (the
number of points and number of training steps) using their analysis. Our approach
instead proves that the trained neural network converges to an infinite-dimensional
evolution equation and then directly proves convergence of the limit network to the
PDE solution as the training time — oo, using eigenfunction decomposition analysis.
We do not assume that the eigenvalues of the corresponding NTK kernel are uniformly
lower bounded (which is not true as the number of hidden units in the network — o)
and we do not make assumptions on the Rademacher complexity of the PDE.

A theoretical analysis for solving PDEs in Reproducing Kernel Hilbert Spaces
(RKHS) with applications to neural networks is given in [23]. Their analysis requires
the assumption that the PDE operator has the same eigenfunctions as the kernel,
which is not satisfied by the kernel induced by many common activation functions
used in deep learning. As an example, the eigenfunctions of the kernel for ReLU,
Sigmoid, and Tanh activation functions are not the eigenfunctions of a simple heat
equation (typically sine functions). Therefore, we cannot assume that the neural
network kernel eigenfunctions coincide with the PDE operator eigenfunctions. Our
proof does not require this assumption and therefore our convergence theorem applies
to a broad class of neural network models.

Our paper is organized as follows. In Section 2, we introduce the class of PDEs
that will be considered. Section 3 describes the neural network training algorithm for
solving PDEs and then proves that the neural network approximator converges to the
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4 D.JIANG, J.SIRIGNANO, AND S.N. COHEN

limit ODE as the number of hidden units — oo, and Section 4 presents the analysis
on the kernel generated by the PDE and the activation function . Section 5 studies
the properties of the kernel function that characterizes the limit ODE. Then, we prove
that the PDE residual converges to zero as the training time — co. Then, it is proven
that — with an additional mild assumption on the PDE — the wide-limit neural network
also converges to the PDE solution. In Section 6, we prove global convergence for the
PINN algorithm. Lemmas, corollaries, and theorems are presented in the main part
of the paper. All mathematical proofs are in the Appendix A.

2. Mathematical Framework. We will study the convergence of neural net-
work algorithms — such as DGM and PINNs — for solving PDEs. In particular, we
will analyze the convergence of such algorithms for the following class of second-order
linear PDEs with Dirichlet boundary conditions:

{Av =h, inQ

(2.1)
v =f, on 0,

where 2 € R? is a compact set with a smooth boundary. We will study strong Sobolev
solutions to the PDE (2.1); that is, we are interested in solutions u € H?2, where for
a finite measure p on £,

@2 w={re @ e = (X 1Dufllie) < o),

la|<p

where Du is the weak derivative of u (see [12]), where (2.1) is taken to hold p-almost
everywhere on the interior of our domain, and in a trace sense on the boundary.
We assume p is equivalent to Lebesgue measure, and the logarithm of its Radon—
Nikodym derivative is bounded (which ensures it generates the same H? space as
Lebesgue measure). For simplicity, in what follows we will simply say ‘solution’ for
‘strong solution’; we note that if a strong solution v is also known to be C?, then it
is also a classical solution. For notational convenience, we will write ’H%O) =H2N
H}, representing the H? functions with zero value (in trace sense) on the boundary,
equipped with the 72 norm.
We make the following (standard) assumptions on our problem:

ASSUMPTION 2.1 (Smoothness of the boundary Q). The boundary 99 is C3 for
some a € (0,1); i.e., three times continuously differentiable with a-Hélder continuous
derivatives of order 3.

ASSUMPTION 2.2 (Auxiliary function n).  There ezists a (known) function n €
C3(R™), which satisfies n > 0 in Q, and n = 0 on Q. Furthermore, its first order
derivative does not vanish at the boundary (that is, for x € 0Q and n, an outward
unit normal vector at x, we have Vn(x) - n, #0).

Remark 2.3. If the boundary of our domain is the unit sphere, a natural choice
of n is given by n(x) = 1 — ||x||>. More generally, a mollification of the distance to
the boundary of the domain can usually be used, if this is easy to compute. In other
cases the specification of the domain can suggest choices of 7, for example, if we are
given a domain in the form Q = {n(z) > 0} for some function 1, then this provides a
natural choice of n provided Vn # 0 when n = 0.

ASSUMPTION 2.4 (Interpolation of the boundary condition function). There exists
a (known) function f € H* such that floq = f. In the rest of this paper, we identify
f with its extension [ defined on Q for notational simplicity.
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We can reformulate the PDE as

= 1 Q
(2.3) Au g, in
v =0, on 9,
where u := v— f and g := h— Af. Finally, we assume that the PDE operator satisfies

a certain type of Lipschitz condition:

AssuMPTION 2.5 (Lipschitz condition). There exists a constant k > 0 such that
for any fi, fo € H? and any x € Q, the linear operator A satisfies

2. A) = AR < K| 3 1Dafile) - Dala]

0<|al<2

3. Deep Learning Algorithms for Solving PDEs. Deep learning PDE algo-
rithms — such as DGM and PINNSs — train a neural network approximator to satisfy the
PDE and its boundary conditions using either gradient descent or stochastic gradient
descent.

Consider the following single-layer neural network, with IV hidden units equipped
with activation function o, S™V:

N
(3.1) SN (z;0N) = Z o(w'z + b"),
=1

where 5 is a normalization factor and + < 8 < 1. A normalization factor in front

of the summation Zf\il clo(wix +b?) is necessary to avoid the neural network output
diverging as N — oo. The choice of ﬁ with 8 € (1,1) as a normalization, combined
with the learning rate, will lead to an NTK-type limit for the neural network as
N — oo. We train a neural network Q¥ to approximate the solution u to the PDE
where

N
(3.2) QN (x;0N) := n(x) SN (x;07) = n(z) - % Z co(w'z +b).

i=1

Here n(x) is a fixed function which vanishes on the boundary x € 9€; therefore Q~
automatically satisfies the boundary conditions of the PDE (2.3). This method, which
was first introduced by [26], simplifies the training of the neural network model. The
parameters 6 = (¢!, w®, b*)Y_ | must be trained using gradient descent to satisfy the
PDE in the interior of the domain. Specifically, we will minimize the PDE residual
error for the neural network by minimizing the following objective function:

(33)  JO) = [AQY — gl2a, = / QY (2:6Y) — g(a)]Pdp(x),

where p is a sampling measure (satisfying the regularity assumptions stated after
(2.2) above). If the residual term AQN (z;0V) — g(z) equals zero for all z € ,
then QV = w is the solution of the PDE. We will minimize the objective function
(3.3) using continuous-time gradient descent with clipping. The parameter updates
in continuous-time gradient descent satisfy the system of ODEs in equation (3.5),
which can be numerically solved using ODE numerical methods (e.g., Runge-Kutta
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or Euler). If an Euler scheme is used, it becomes identical to standard discrete-time
gradient descent. The gradient of (3.3) is:

(3.4) Vo (6V) = /Q AQN (:67) — g(0)] Vs AQY (z; 07 )dpu(x).

Gradient clipping is widely used in deep learning, see for instance [39], [28] and chap-
ters 10 and 11 of [14]. The continuous-time gradient descent training with clipping is
given by:

doN

(3.5) =

= 7OLNGN(0iN)a

where the learning rate is o = N28-1 and

(3.6) aN(oy) = —/ DN (AQN (2:601Y) — g()) @™ (Vo AQN (3 67") ) dpu().
Q

Here ®¥ is a vector function that applies elementwise clipping with the function ¢¥.
For the explicit definition of clipping functions being applied here, see Definition 3.3,
and Assumption 3.4. For each entry of vector Vg AQYN, we clip its value with the
scalar function ¢".

In practice, (3.5) can be approximated by discretizing in time and, at each time
step, generating Monte Carlo samples from the measure p to approximate the inte-
gral, which is highly computationally efficient even for high-dimensional PDEs. This
is also equivalent to the stochastic gradient descent version of (3.5). Although not
investigated in this paper, standard methods can be used to prove that stochastic gra-
dient — using the correct learning rate — will converge to the continuous-time gradient
flow (3.5); for example, weak convergence analysis such as in [36] and [35] could be
used.

Let QN (z) = QN (x;0) be the neural network at training time ¢ with N hidden
units. We will analyze the trained neural network QY as the number of hidden units
N — oo and the training time ¢ — oo. First, we prove that the trained neural network
QN will converge to the solution of an infinite-dimensional ODE as N — oo. That
is, in the “wide limit” where the number of hidden units — co, QY converges to the
solution of an ODE. Then, we prove that the wide-limit neural network converges
to the global minimizer of the objective function (with zero PDE residual) as the
training time ¢ — oco. Under additional mild assumptions, this global minimizer is
also a solution to the PDE. These convergence results can also be proven for the
PINNs algorithm for solving PDEs; see Section 6.

Our convergence results will be proven under the following assumptions on the
neural network architecture:

ASSUMPTION 3.1 (Activation function). The activation function o € C}(R) is
non-constant.

While Assumption 3.1 is potentially restrictive, it is satisfied by commonly used acti-
vation functions such as Sigmoid and Tanh functions. In the remainder of this paper,
we use both o(z;w,b) and oy, p(x) to denote the activation function.

AssUMPTION 3.2 (Neural network initialization). The initialization of the pa-
rameters O, for all i € {1,2,..., N}, satisfies:
o The parameters c, wg, by are i.4.d. random variables.
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e The random variables cly are bounded, |ch| < Ko, and E[ch] = 0.

o The distribution of the random variables wg, b8 has full support. That is, for
any open set D C R™"1 we have P((wl,b}) € D) > 0.

o The moments E[|(wd)|?] and E[|b}|] are bounded where (w})y is the k-element
of w.

DEFINITION 3.3 (Smooth clipping function). A function class {h™} yen+ forms
a family of smooth clipping functions with parameter v > 0 if for any N € NT

e WY € CZ(R) is increasing on R.

o || is bounded by 2N7.

o WN(z) ==z forx € [-N7,N"].

o |[(WNY|<1 onR.

ASSUMPTION 3.4. Functions {¢™N }nen+ and {¢N }yent are families of smooth
clipping functions with parameter § and € — 8 where € > § > 0, B € (%,1) and

1-8

LEMMA 3.5. There exists a constant k independent of N such that the change of
each component of ¢*,w*,b* from its initial condition (e.g. |ci — c|) is bounded by
KtNZB=1H0Fe=f = g NA+oFe=L,

Proof. Notice that in (3.5), three terms o, vV (AQYN — g) and &V (V9 AQY) are
bounded by N2#=1, N% and N¢=# respectively. 0

Remark 3.6. Gradient clipping is a method for preventing gradient explosion (i.e.,
gradient updates becoming very large/unbounded) and is a standard technique in
deep learning. Assumption 3.4 and Lemma 3.5 are introduced to make sure that
when N — oo, the truncation due to the clipping function vanishes while also guar-
anteeing stability (appropriately bounded parameter updates) during training. From
a mathematical perspective, the gradient clipping allows us to prove certain uniform
bounds which are useful for the convergence proof that the neural network training
converges to the limit ODE as the number of hidden units NV — oo. Since the clipping
function vanishes in the limit N — oo, it does not appear in the limit ODE and there-
fore it also does not appear in the convergence analysis for when the training time
t — oo. From a numerical perspective, gradient clipping is a standard method in deep
learning to reduce instability in training (due to, for example, exploding gradients)
and improve training convergence.

3.1. Convergence of the trained neural network as the number of hid-
den units N — oco. In this section, we analyze the evolution of the neural network
QY as it is trained to minimize the PDE residual in the objective function J(67). We
can prove that, as the number of hidden units N — oo, the neural network Q (y) will
converges to the solution @;(y) of an infinite-dimensonal linear ODE. By the chain
rule, the dynamics of QY satisfy

dQy
dt

doN
(y) = VoQY (y) - TS

. /Q PN AQY () — g(@)) [V BN (Vo AQY (2))] - V@Y (4)du(x).

(3.7)

We are interested in studying the limit of the dynamics of the neural network Q¥ as
N — oo. Specifically, we will prove that Q¥ will converge to Q; as N — oo where Q;
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satisfies

Q.

(3.8) =

(1) = = [ [4Qu(@) ~ s@Uy)duta). Qo =0,
where the function U is
(3.9) U(z,y) == Ecwp |:Vc’w,b“4[n($)ca(x3 w, b)] - Ve w p[n(y)eo(y; w,b)] |,

where the random variable (c,w,b) has the same distribution as (¢, w}, bj).

The ODE (3.8) is an infinite-dimensional linear ODE governing the evolution
of the wide-limit neural network (i.e., a neural network with an “infinite” number
of hidden units) during training. The right-hand side (RHS) of the ODE involves
integral over the PDE residual [AQ:(x) — g(x)] weighted by a kernel U(x,y). It is
important to notice that the kernel U(z,y) is not the standard NTK kernel: it involves
the PDE operator A, which significantly complicates its analysis.

One of the consequences of the presence of the PDE operator A in the kernel
U(z,y) is that U(z,y) is asymmetric. This is a key difference from the standard NTK
kernel, which is symmetric.

Define the integral operator U : L? — H7, C L by

(3.10) Uf = /Q (@)U (@, y)du(x).

Note that it is straightforward to check that U(x,y) = 0 for y € 9Q and that U is
C? with respect to y, which ensures that U f takes values in ’H%O). (This is the main
motivation for Assumption 3.1.) Using this notation, the limit ODE (3.8) can be
rewritten as a linear equation in ’H,?O):

aQ

(3.11) -

=-U[AQ: —g], Qo=0.

LEMMA 3.7. The ODE (3.11) admits a unique solution in 7—[(20).

Proof. By Assumptions 2.5, 3.1 and 3.2, the operator I{ is Lipschitz in #? norm.
Therefore it admits a unique solution in H2. It is easy to verify that, as its initial
condition is in 7—[(20), and U has codomain 7-[?0), the solution lives in the Hilbert

2
subspace H(o) . 0

Now we present one of this paper’s main results. The trajectory of QY during training,
in the limit N — oo, can be characterized by the wide-limit network ); which satisfies
the infinite-dimensional ODE (3.11).

THEOREM 3.8. For any t > 0, the neural network QN converges to Qy in H?:
(3.12) lim E[|QY — Qullye] = 0.
N—oc0

The proof of this theorem is presented in the Appendiz.

4. Analysis of the kernel function. In order to prove global convergence as
t — oo for the limit ODE (3.11), we first must prove some key properties for the
integral operator. Specifically, we will study the properties of the operator S = AU.
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DEFINITION 4.1 (Operator S). The operator S : L? — L? is defined by

(4.1) Sf = AUf = A(/Qf(x)U(x,~)du(x))

DEFINITION 4.2 (Kernel S). The kernel S is defined by
(42 S(.9) = e | VeusAlna)ea i, 0] Vo Aln)oo (i8]

By symmetry of second derivatives (Clairaut-Schwarz—Young theorem) we know that

S(x,-) := AU(x,-) and hence Sf = [, f(x)S(x,)du(x).

While U(z,y) is asymmetric, S(z,y) is symmetric. The symmetric kernel S depends
upon the interaction of PDE operator A applied to the activation function o. It will
next be proven ( Lemma 4.6) that the operator S is discriminatory in the image set of
A. This is an important property that will later be leveraged in the global convergence
proof.

LEMMA 4.3. The kernel S is uniformly bounded. That is, there exists a constant
k > 0 such that for any (x,y) € Q% we know |S(z,y)| < k.

Proof. By definition

(4.3)
d

S(@,y) = E | An(x)ows (@) Any)ows@)] + Y Alen(@)aiol, () Alen(y)yioy, , (v)]

i=1

+Amwwmu»wmwﬁawﬂ

By the fact that A is Lipschitz, and that 0, o, and their partial derivatives are all
bounded, there exists constant k; > 0, ko > 0 such that

(4.4)  MAD@)ow( \<kZ|Doﬂ7 2)ows(@)| <k Y il + [wiwg] + 1.
1<i,j<d

Similarly, since c is bounded and €2 is bounded

[Alen(@)or,p(@)]] < kv Y fwil + fwiwg] + 1

(4.5) 1<i,j<d
[Alen(@)ziol, (@) < ki Y il + [wiw;| +1.
1<i,j<d
Therefore,
(4.6) 1S, 9)| < Eewp [(d+2)RF( D fwil + Jwiwy] +1)°] < k. 0
1<ij<d

LEMMA 4.4. The integral operator S is Hilbert—Schmidt. In addition, S is self-
adjoint and positive semi-definite.

Proof. Since S(z,y) is uniformly bounded, we have [[..[S(z,y)Pdu(x)du(y) <
oo. Therefore S is Hilbert—Schmidt. And since S(z,y) is symmetric, the operator S
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is self-adjoint with respect to the L? inner product. Now it remains to prove that S
is positive semi-definite. For f € L?

(4.7)
(150 = [[ 1@ wauauy)
- / / @B [V A1) (0, B)] - Voo Al (s w, b)]] f () dia() ()

By Tonelli’s theorem, swapping the order of expectation and the integral gives

(4.8)
(£,.Sf)

— ]E{/ . f(@)VewpAln(z)co(z; w,b)] - Vc,w,bA[n(y)co(y;w,b)]f(y)du(g;)du(y)}
> Eewp / - F(@)V An(z)eo(z;w,b)] - VeAn(y)eo(y; w, b)]f(y)du(gg)du(y)}

= Bews| [ F0Ab @) 50,0 Ao 50,01 )

Ec,w,b:( /Q F (@) Aln(@)o (; w, bldu(z)? | = 0,

which concludes the proof. ]

LEMMA 4.5 (Spectral decomposition). The integral operator S is compact, in
particular, there exists an orthogonal basis of L?, {&;}ient U {V; }ient such that

(4.9) Sei = Nigg,  Svp =0,

where A1 > Ag > ... > 0.

Proof. As S is a Hilbert—Schmidt integral operator, S is compact. Since S is
self-adjoint, the spectral theorem applies. From Lemma 4.4, we see that S is positive
semi-definite. Thus, its eigenvalues are real, non-negative, and concentrate only at
zero. We use {v;} to represent the eigenfunctions of the zero eigenvalue, and {e;} for
eigenfunctions of positive eigenvalues. ]

LEMMA 4.6 (Projection on ker(S)). For h € L%, if Sh =0 then (h, Af) =0 for
any f € 7—[%0),

We recall without proof the following technical result.

LEMMA 4.7 (Lemma 5 in [8]). Given Assumptions 2.1 and 2.2:
1. The set of functions C3(Q) N Cy(Q) is dense in 7—[(20) = H2NH} (under the

H? topology). - -
2. For any function u € C3(Q)NCy(Q), the function & = u/n is in CZ(Q) C H2.

We now proceed to the proof of Lemma 4.6.

Proof of Lemma 4.6. By (4.8), we have

@10) (st = ([ h(w)A[n(m)a(x;w,bﬂdu(x)ﬂ —o.
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Therefore
(4.11) | 1) Aln@)otas o, Blduta) = 0

for any (¢, w,b) by the continuity of the objective with respect to parameters ¢, w, b.

Since p is a finite measure, from Theorem 4 in [18] we have that the linear
span of {o(w -  + b)},per is dense in H2. For a general f € C3() N Cy(Q), by
Lemma 4.7(2), we can approximate the function f/n within the linear span of {o(w -
Z 4 b) }w per. Multiplying by 1, by Lemma 4.7(1) it follows that the function class
{n(z)o(x;w,b)} is dense in the function space H%O)(Q), which consists of H? function

with boundary value zero. For any f € H(QO), there exists a function sequence {Fy :

N
n Z¢=1 Cidw,b}N21 such that

(4.12) i [[Ey = fllyz = 0.

Therefore,

(4.13) (h, Af) = / h(z)Afdu(z) = lim (h, AFN) =0. u|
Q N—o00

Remark 4.8. If u is a solution to the PDE (2.3), Lemma 4.6 implies that for any
t > 0, the residual of our approximator AQ; — g = A[Q: — u] has zero projection on
the eigenfunction family {v;} since Sv; = 0.

COROLLARY 4.9. Assuming the PDE (2.3) admits a solution u € ”H%O), any sta-
tionary point Q* € 7—[%0) of the limit ODE (3.8) is a solution of the PDE (2.3). That
is, any stationary point of the limit training algorithm (3.8) is a global minimizer and
a solution of (2.3).

Proof. Suppose that Q* is a stationary point. Then we have
(4.14) UJAQ™ — g] = 0.
It follows that
(4.15) SAQ" —u] = S[AQ™ — g] = AU[AQ™ — g] = 0.

By Lemma 4.6, the inner product term (A[Q* — u], Af) = 0 for any f € 7-[(20).
Therefore, by taking f = Q* — u, we have | AQ* — g|13 = (A[Q* — u], A[Q* — u]) = 0.
At the same time, since Q* € 7-[(20) satisfies the zero boundary condition, we conclude
that Q* is a solution of the PDE. 0

Remark 4.10. The existence of solutions is needed in this result. For example,
consider the trivial case where Au = 0. Then the kernel satisfies U = 0, so %Qt =0,
and we must have a fixed point. However, if g # 0, then Q; = @y does not solve the
PDE. Nevertheless, no uniqueness of solutions is needed, and consequently we cannot
expect that Q* = u.

5. Global convergence of the limit ODE as ¢t — co. By analyzing the PDE
residual term’s projection on the eigenfunctions of S, we can prove that the PDE
residual (which is the objective function that is being minimized) converges to zero
as the training time ¢ — oo.
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Applying A with respect to y on both sides of the limit ODE (3.11) yields

d t d t—
(5.1) 2 dAQI  s1ag, )

THEOREM 5.1 (Convergence of PDE residual under DGM). Assuming the PDE
(2.3) admits a solution in 7—[(20), the PDE residual for the wide-limit neural network
Q¢ converges to zero:

(5.2) Jim AQ¢ — gl r2() = 0.
Proof. In (5.1), multiplying AQ; — g on both sides and integrating with respect
to p(dy):

d|| A[Q: — u]|I3

(5.3) a 2 = —2(A[Q¢ — u], SAIQ; —u]) <0

with strict inequality unless ||AQ: — g||2 = 0, which corresponds to the PDE solution.
Consider AQ; — g = A[Q: — u] projected on {&; };en+ U {V; }ien+. By Lemma 4.6,
we have

(5.4) AQi—g =) hiei+ > vy = hic.
% J %

Therefore |AQ: — gll3 = >, hi®. Now consider its projection on each &;

d dAQ, —
(5.5) %<AQt —9:8i) = <%’Ei> = (—=S[AQ: — g, &) = (AQ: — g, —Sei)
= _/\i<.AQt — g,Ei>.
Therefore
d d . . 4
(5.6) 7 (AQu —g.ei) = —[hi] = —Aihi.

Consequently hi = hie~* whose absolute value decays exponentially, and |h%| < |h}|
for any t > 0 and any 1.
Now, by the dominated convergence theorem

(5.7) Jim [AQ = gl = Jim > |hif* =3 lim |hif* = 0. O

This result establishes global convergence of the (wide-limit) training algorithm since
the objective function is the PDE residual.

Remark 5.2. Due to the lack of a spectral gap for the eigenvalues of the kernel, it
is difficult to establish a convergence rate since some eigenfunction projections may be
converging very slowly (if their corresponding eigenvalue is close to zero). As shown in
our analysis, for an eigenfunction ¢;, we can establish an exponential convergence rate
for eigenfunction projections of the PDE residual (¢;, AQ: — g) where @ is the neural
network and Au = g is the PDE we are trying to solve. In particular,|(e;, AQ; — g)| <
Cjexp(—A;t) where )\; is the eigenvalue corresponding to the eigenfunction ;.
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However, the convergence of the PDE residual to zero does not necessarily guarantee
that ||Q; —u||r2(,) as t — oo where u is the solution of the PDE (2.3). We show that,
under a mild additional assumption on the PDE operator A, we can guarantee that
@ converges to the solution of the PDE w.

ASSUMPTION 5.3 (Bounded inverse of A). The inverse of A is a bounded operator
on L? — L2. That is, there exists a constant k > 0, such that for any g € L?, the
PDE (2.3) has a unique solution u € 7-[%0) satisfying

l[ulla < KllgllL2 (-

Remark 5.4. Second-order uniformly elliptic PDEs naturally have this property.
For reference, see Theorem 6, Chapter 6 of [12].

THEOREM 5.5 (Convergence of Q; under DGM). If A has a bounded inverse, Qy
converges to the solution u of the PDE:

A ([Qr = ullz2(u) = 0.
Proof. Writing A~1! for the inverse operator of A, we have

(5.8) Qe —ullz = AT [A[Q — ullll2 < KIlA[Q: — u][l2 = K| AQ: — gl 0. D

6. Global Convergence of the PINN Algorithm. In many real-world engi-
neering applications, the PDE solution can be observed at a sparse set of points in
the interior of the domain 2. We consider a PINN algorithm which trains a neural
network model to predict the solution u(z) for all x € Q by minimizing (via gradient
descent) both the PDE residual sampled by p on a random set of points in each epoch
as well as the distance between the neural network and the observations at the finite
set of sparse points. It is assumed that the boundary condition is known.

Let us denote these extra observation points in Q as x := {x;};=12,.. ;s where the
observations are u(z;) = u; for 1 <4 < M. Define the measure fix = Zf\il 0, and
the kernel function

(6.1) B(z,y) = Ec,uw,b {vc,w,b[cn(x)aw,b(x)] ’ vcw,b[m](y)aw,b(y)] )

and the corresponding ‘integral’ operator B : L%(uyx) = RM — L2(u) by

(6.2) : Z (zi, ).

For any operator C, we define C to be the evaluation of C on each of our training
points,
Cv = [Cv(z1),--- ,Cv(acM)]—r eRM,

in particular

T

(6.3) Bv::{ sz (i, 1), sz (zizm)|
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and for generic g € L?(u) and v € RM | direct calculation shows that

(6.4)
W9,V = 37 3 Ug) i)

1
=1 3 [ B[00V eom s Aln@)o0 ] Fesmalen(as) o] s
= <g7ABV>L2(,u.)7
in other words, U : L?(u) — RM is the adjoint of AB : RM — L2(p), so we write

AB =U*.
The PINN objective function is

J(ON) = |AQY — gllZ2() + QY —ullZz(,,)

- / (AQY — g)%dp+ /Q@iv —u)2dp.

Q

(6.5)

Informally, the wide-limit ODE (as N — oo) for the neural network trained with
continuous-time gradient descent is:

dQy

(6.6) et

= ~U[AQ; — g] — B[Q¢ — u].

Applying the operator A and recalling .AB is the adjoint of U : L?(u) — RM, we
derive that

d [AQ:—g]  [S U*] [AQ:—g
(67) dt|:Qtf_u:|__|:u B:| |:Qtt_u:|a

where, on the left-hand side of the equation, the first term AQ; — g € L?(u) and the
second term Qi —u € RM is

Qi(21) — u(x1)

(6.8) Qe —u— Qt(z2) — u(x2))

Qulaar) — ulwar)

In light of this, we define the operator V : L?(u) x RM — L2(u) x RM
S u
(6.9) Vf = {a 3] f

Given the properties of S (Lemma 4.4), it is easy to verify that V is Hilbert—Schmidt,
self-adjoint and positive semi-definite. It will not generally be strictly positive definite.
However, using the representation properties of neural networks, we can prove that
(AQ: — g,Q¢ —u) T in (6.7) has zero projection on the kernel set of V.

LEMMA 6.1 (Projection on ker(V)). For h € L*(u) x RM if Vh = 0 then
(h,Ym) = 0 for anym = [Af—g, f(x1)—u(z1), -, f(xar)—u(zrr)] T where f € ’H?O).

Proof. Let us begin with the following remark.
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Remark 6.2. The setting we consider has a small modification as compared to
the original PINNs formulation: we consider the limit ODE for an algorithm which
samples points at random using the measure p instead of using an a priori fixed set
of points. We study this setting because if the PDE residual is minimized only on
a fixed sparse set of points, then there is no guarantee that the approximator will
converge to the solution — given any function, it is possible to perturb the function
locally around each measurement point to construct functions which will have zero
residual at these points; such functions will generally have no relation to the solution
of the PDE. For similar reasons, we assume that the boundary value of the PDE is
perfectly known.

o’

610 o[£] =vomua=[S €[]

We now show that

(6.11) <g, [fft'f_ug} > =0,

for any f € H(QO). This is because, similar to (4.8), we have

d
Denote by 0 = [Q } an eigenfunction of ¥V which has an eigenvalue zero:

(6.12) 2
()2 [ ( [ @ A ans@liut) + [ #@meonsein) | 2o

Therefore, Vo = 0 implies that for any (w, b) pairs

(6.13) /Q@d(l‘)v‘l[n(w)a(x; w, b)]du(x) + /95”(96)77(33)0(x; w, b)dpix(x) = 0.

Now, for any f—u € H%o)v there exists a function sequence {Fy : 1 Zi\il CiOw b IN>1

such that

. _ - 2 _
(6.14) Jim [y~ (f = w3 =0,

and simultaneously

S

615) I [[Fy — (7~ ) Baguu) = 17 9o Fn (@) — (7a:) —u(w)]? =0,

i=1

we have

(6.16) / 1(2) AFN (2)d / & (@) FN (2)dx() = 0

This implies that

(6.17) / @) A[f - / P (2)dpax() = 0,

and hence (6.11) is proven. d
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THEOREM 6.3 (Global convergence of PINNs objective). Assume that the PDE
(2.3) admits a continuous H? solution u. The objective function || AQ; — gH%Z(M) +

1Q: — u||2L2(MX) then converges to zero:

(6.18) tlgglo (HAQt - 9||%2(/L) + Q¢ — U||2L2(,Lx)) =0.
Proof. From (6.7) we see that

d _ A7 _
(619) 45 1AQ: = gl + 101~ g | = - [ G707 V]G0 <o

and that the equality holds iff @Q; = w. Therefore, the optimization objective is
decreasing.

Consider Q¢ = [AQ; — 9, Q¢ — u] " projected on {¥};en+ U {0i}ien+. By Lemma
6.1, we have

(6.20) Qo= hivi+Y 00, = > hivs,
i J i

Therefore [ AQ — gl|7(,) + 1Q: — ullFz(,.y = 2 hi®. Now consider its projection on
each V;

d, ~ dQ < - -
621) (G = (T 0) = (VG0 = (@ V0 = NG b
Therefore
d , ~ d . . )
(6.22) %<Qt719i> = %[hﬂ = —Aihy.

Consequently hi = hi e=*i* whose absolute value decays exponentially, and |h%| < |h}|
for any ¢t > 0 and any 1.
Now, by the dominated convergence theorem

(6.23) Jm IAQ: = gll72u) + 1Qr — ullZ2,) = tlgfoloz |hi|* = Ztlgrolo hi|> = 0. O

Remark 6.4. The above theorem makes the additional assumption that the solu-
tion to our PDE is continuous. This is needed to ensure that the evaluation at the
points x; is meaningful, as strong solutions are generally only defined almost every-
where. It is also worth noting that, if the solution to the PDE is not unique, then
Theorem 6.3 allows the user to choose a solution which achieves specific values u(z;),
which can be specified in advance (assuming such a solution exists).

THEOREM 6.5 (Global convergence of PINNs). If A has an L? bounded inverse
and the PDE (2.3) admits a continuous H? solution, then Q; converges to the solution

of the PDE
Jim, (19c = gy + Qe = wlag) =0

Proof. As the existence of an inverse guarantees that the PDE (2.3) admits a
(unique) solution, it is clear from Theorem 6.3 that [|Q; — u||z2(,,) — 0 and [|AQ; —
g||%2 P 0. As in the proof of Theorem 5.5, the convergence of the residual implies

the convergence of Q; to u, given A~! is a bounded operator. 0
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7. Conclusion. In this paper, we develop a convergence theory for neural net-
work approximators of PDEs trained with gradient descent (e.g. DGM and PINNs).
It is proven that a neural network trained by corresponding algorithms to minimize
the PDE residual will converge to an infinite-dimensional linear ODE as the number
of hidden units — co. The limit ODE’s dynamics are characterized by a novel kernel
function involving the PDE operator and the neural network activation function. The
kernel lacks a spectral gap, making the analysis of the limit ODE challenging. Using
an eigendecomposition approach, we are able to prove that the PDE residual of the
limit neural network converges to zero. Furthermore, under mild assumptions, the
limit neural network converges to the solution of the PDE.

In this paper, we do not cover free-boundary problems nor non-linear PDEs,
which are both important types of problems in financial mathematics contexts. From
a numerical usage perspective, there already exist applications of PINNs/DGM type
algorithms on free-boundary problems or non-linear PDEs, see for instance, [37, 20].
However, in terms of proving a mathematical convergence for the algorithm, there
are challenges that must be addressed. For free boundary problems, it is unlikely to
match the boundary condition exactly when the algorithm starts, which is a crucial
point in our analysis. For non-linear problems, the kernel will become very different
from the kernel for linear PDEs and there will be unique mathematical challenges
which must be addressed.
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nership Scheme (FAIR) under EPSRC Grant EP/V056883/1 and the “Mathemat-
ical Foundations of Intelligence: An ‘Erlangen Programme’ for AI” under grant
EP/Y028872/1. DJ’s research was supported by the EPSRC Centre for Doctoral
Training in Industrially Focused Mathematical Modelling (EP/L015803/1).
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Appendix A. Proofs.

A.1. Proof of Theorem 3.8. The main idea of the proof is the split the dif-
ference into multiple residual terms and provide a bound for each of them. Then we
apply Gronwall’s inequality to provide an estimate of the difference between @V and
Q. In this proof, constant C may vary from line to line, but it remains invariant with
the number of neurons N and training time ¢. Expectations are taken with respect
to random initialization of neural network parameters {c*,w®,b'};,—1 _n.

We start with the following auxiliary lemmas which provide bounds for residual
terms in our estimate. To simplify our notations, we may denote £Q := AQ — g.

LEMMA A.1. We define residual term My :=
(A.1)
T :
([ 9% (20AQ2 @) - X Davo(@ - @) Pduta)d(s)) s
0 2 >
It satisfies
(A.2) lim EM; =0.

N —oco

Proof. By Jensen’s inequality, it suffices to prove that for any indices «

(A3)
T 1
[ v B0 (9iAQ2 @) - DaVu(@2 - QI autetuto)) s o

Notice that |®V| is bounded elementwise by N~%. We also notice that by the mean
value theorem and that 7, o, and their derivatives are up to polynomial growth

C al 7 7 7 7
ID(T6@Y — Vo@i )W)l < 15 D ((st — wpll + 16} — B
(A.4) i=1

Tl — bl F (i b, a,y>)

where f is a polynomial up to 3rd order. We notice that ||w?, — w}|| + [|b%, — b} +
i — ci|l < uCNeHo+A=1 Therefore

(A.5) E[!@NWMQ? (2)) - Da(VoQY — Vo Q) ><y>|2] < ON?2eto=0),

Therefore, the left-hand side of (A.3) is smaller than CN?°*2¢+5~1 which goes to 0
as N — oo. a

LEMMA A.2. We define residual term
(A.6)

. g 26+06—1 N N _ &N N ) N/ oy(2
My:= | N (@Y (Vo AQY () — N (Vo AQY (2))) - D DaVeQq (v)]

dnw)iuty) ) ds
It satisfies
(A7) lim EMy = 0.

N—o00
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Proof. Similarly, it suffices to show that for any o that
(A.8)
T
[ ([ 8]|@Y (70408 @) - (70408 () - Ve ()]
0 02

2

du(x)du(y)) ds — 0.

As, elementwise, [¢" (z) — ¢V (y)| < |z — yl|, we have

(A.9)
[(@N (Ve AQY (2)) — N (Vo AQY (2)) - DaVeQN ()| < [VoAQY (2) — Vo AQY (z)|
| DaVeQY ()|
Then, since
(A.10)

c X : . S
(V0AQ (2) ~ VaAQ ()] [Da¥oQ ()] < 5035 D ((ht = wbl -+ 10 3]

=1
Tl - can)g(wa,ca,bm,y))

where g is a polynomial up to 3rd order. Since ||w?, — wd|| + ||b%, — by + ||ct, — 5| <
uC'NeHO+8-1 e have

(A11) E|[(@™(VeAQS (2)) — Y (Vo AQ( (2))) - DaVeQ <y>!2] < ON*eH0=5),

The left-hand side of (A.8) is bounded by C N“++#=1 which goes to 0 as N goes to
infinity. ]

LEMMA A.3. We define residual term

a1z 2
M= [ N”*“( 1@ (20405 )~ V0AQF @) - 3= a0} )

-

dnw)iuty) ) ds.
We have

(A.13) lim EM; = 0.

N—o00

Proof. By Jensen’s inequality, it suffices to show that

T 2
/ N”*“(/ ED(@N(veAQéV(:c))VeAQéV(@)'DaWQéV (w)|
0 Q2

1
2

(A.14)
du(m)du(y)> ds =0
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for any indices o where |a| < 2. Let us denote the k-th unit of the initial approximator
QY as ¢*, where ¢& = c’gN*Bnawg’bg. Then E[|(®N (Vo AQY (x)) — Vo AQY (2)) -
DaVoQg (y)1%]

(A.15)
N

— 5| (L0 (Vodd* @) - Vodd* (@) WDaqk(y))Q]

k=1

= NE {(CI)N(VQAq(x)) — Vo Aq(z)] - ngaq(y))Q} +N(N -1)E {CIDN(VQAq(x))

2
Vedg(a)]- veDaq@)} |

Then, by definition

(A.16)
N (Vo Ag(x)) — VoAq(z)] - VoDagq(y)

= [" (AIN"n0,)(2)) = AN P 100,)(2)] - DalN = 10w s](y)]
d
Z (AN~ Feamoal, y)(x)) — AIN~Pezinoy, ) ()] - D[N~ Peyinor, 1) (y)]
+ o

( [N lBCnO—w b]( )) A[N Bcnaw b]( )] ’ DCY[N CWUw b}(y)]

We introduce a uniform bound for | Dy [noy ()], | Dalctinow s(x)]| and also the term
| Do [cnow p(x)]| for any indices @ and any z. By the fact that A is Lipschitz,

(A.17) [Aows] (@) < ko Y |Dalnows)(@)].

0<|al<2

Notice that

|Dalnows)(x)| =

Z Dal'r] Dazo'wb

altas=a

> Dayouws(z)

Z Daggw b\ T

a1 tas=a

(A.18)
0<|a2[<2
d d
< knkakn(l EY il Y |<w>i<w>j|).

i=1 ij=1
Therefore
(A.19)

Anows@)| <k Y |Dalnowsl(a |<k(1+2| |+Z| )

0<|a|<2 1,j=1

Similar results hold for | D, [cx;nouyw.b) wlcnowp]|. We define f(w) := k(1 +
S ()il + 3202 [()i(w);)). Now [N (AN =m0y, 4](x)) — AN~ no,6) ()]

<N°F DA[U%,b] (z)] — NG] L{| Ao ) (@)= Ne} (T)

< N7P[f(w) = N1 p(uyzney (@).

(A.20)
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Subsequently,

(A.21)
12N (Vo Aq(x)) — VoAq(z)] - VoDagq(y)| < N2 (d +2)[f(w) — N1 ju)>ney ().
Therefore

(A.22)
NE | (@Y (VoAq(z)) — VoAq(w)] - VoDaq(y))” | < N*78(d + 2)E[f(w)?] < kN' 747,

Meanwhile E[®Y (V. Aq(x)) — VaAq(x)] - VoDaq(y)]
(A.23)
<E[N"?(d+2)[f(w) = N1 pu)zney (@)] < N7 (d + 2E[f(w) 1)z ne} ()]
< koN~2=E[f(w)?] < kN~2A¢,
Hence
2
(A24)  N(N - 1DE|2"(VoAq(z)) — VoAq(z)] - VoDaaly)| < kN>472
Combining (A.22) and (A.24), we conclude that
(A.25) Ms < k(N°~Y2 £ N°=¢) 50
as N — oo. |
LEMMA A.4. We define residual term
(A.26)
T
M= E[ / N5< [N IVAQY @) - 3 DY@ () - 3 DAV )
0 Q2 o

[0

dn(a)auty)) ;ds} .

It satisfies
(A.27) lim EMy =0.

N —oo

Proof. 1t suffices to prove that for any indices
(A.28)
r !
/0 N5</E {|N23‘1V9AQ{)V(Q:) - Do VoQY (y) — DLU(x, y)ﬂ du(x)du(y)) ds
converges to 0 as N — oco. By the strong law of large numbers:
(A.29) Jim NP1V, AQY () - Do VeQ (v) = DYU (x,y).

Therefore

E[!N”-lvmév (2) - DaVoQ§' (y) — DU (z, y)ﬂ
(A.30) .
= Var[N?’7'VoAQY (z) - DaVeQ{ (y)] = & VarlDEUew (. 9).

Consequently, the left-hand side of (A.28) is bounded by CN°~! which vanishes as
N goes to infinity. 0
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690 LEMMA A.5. We have
T
691 (A.31) lim / / [N (LQs(2)) — LQs(2)|dp(z)ds = 0.
N —o0 0 Q
692 Proof. Notice that
693 (A.32) [N (LQs(2)) — LQs(2)| < 1£Qs(2)[ 11120, 15Ny ().
694 By the dominated convergence theorem, we conclude our proof. ]

695 LEMMA A.6. We have

696 (A.33) lim EK/ Z|D QY — Qo)y )H?dﬂ(y))? = 0.

697 Proof. By Jensen’s inequality, it suffices to show that for any «
698 (A.34) /QE[DQ(Q(J)V — Qo) (y)*]du(y) — 0.

699 Since E[Q{] = Qo = 0 holds for all y we have

(A.35)
700 E[Da(Q) — Qo)(»)?*] = Var[Da QY (y)] = N' " Var[Dyco(wy + b)] < CN' 2.

701 Integrating with respect to u(y), and letting N go to infinity finish the proof. ]
702  Now we present our main proof.

703 Proof of Theorem 3.8. In the integral form, we have

(A.36)
01 QY (y) =Qy (v) - /0 A PN (LQY ()N BN (Vo AQY (x)) - VoQF (y)dp(x)ds.

705 Similarly, at the same time

o (A37) Quly) = Qoly) - /O /Q £Qu(2)U (x, y)dp(x)ds.

707 Subtracting (A.37) from (A.36) and taking partial derivative with respect to y with
708 indices a give

(A 38)

//

z)ds +[Da(Qy — Qo)(y)l,

Q) ()]
PN (LQY (2))aNON (Ve AQY (2)) - DaVeQN (y) — LQY () DLU (2, y)
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710 where the right-hand side can be further bounded by
(A.39)
t

<),

0o Ja

4 / / PV (LQY ()0 (@Y (Vo AQY (2)) — &Y (Vo AQY (x)-
0 Q

BV (LQN ()0 B (Vg AQY () - Da(VoQY — V@) (1) ‘du(x)ds

DaVeQév(y)’du(x)dS
woos [ wN(ﬁQiV(x))aN(@N(vaAQéV(x))—veAQéV(w»~Daveczév<y>‘du<w>ds
4 / /Q wNinV(x))[anoAQéV(x)-Daveme)—Dzmx,y)]\du(x)ds

oy [wN(ﬁin(x))wN(ﬁQs(x))}DZU(x,y))‘du(w)ds
0 Q

[ ] e - EQs(z))]DZU(Ly))‘du(ﬂf)ds+ 1D (@Y — Qo)(»)]
0 Q

712 Now by the fact that [V| < N°, |DYU(z,y)| < C we have

(A.40)
1Da(QY — Q1) (y)]

t
< [ [ 3o (9,40Y @) DulweQ) —VeQéV)(y)‘du(w)dS
0 Q

+/t/N26+6—1
0 Q
t
+/ /N23+5—1
713 0 Q
t
+/ /N5
0o Ja
t
+c//
0 Jo
t
+0//
0 Q

714 Let us denote V;™(y) = 2 lal<2 Do (QN — Q4)(y)|. Then by summing inequality
715 (A.40) with respect to all indices and integrating with respect to u(y)

@Y (V6 AQY (2)) — (Vo AQN (2)) - DaVoQY <y>]du<x>ds

(@O (Vo AQY (1)) — Vo AQY (2)) - DaVeQY (y)‘du(m)ds

NP1, AQ) () - DaVoQY (4) — DLUx, y)‘du(w)ds

PN (LQY (2)) — ¥N (LQs () |dpu(w)ds

N (LQs(2)) — LQs(2))|dp(x)ds + |Da(Q) — Qo) (y)]-

(A1)

w [V @R < ( / %N(y)zdu(y)>2 [C / K | V@it s+ u

-3
-~

7 where M := M7 + My + M3+ My + Mg + Mg denotes the sum of residual terms where
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M, to My have be defined in previous lemmas and

M53

T
/0 /Q N (£Qu(2)) — LQu(@)|dulx)ds,

(A.42)
My = ([ [ 10a@ - Qo) *duto))

2

Then by Grénwall’s inequality, since from (A.41) we have

(A.43) (f v;N<y>2d/~L<y>)é <c t (/ v;V(x)%m(x))éds Y

we derive that

(A.44) /Ot (/Q VSN(x)2du(:E)> %ds < %eCt.

Taking expectation on both sides, by Lemmas A.1, A.2, A.3, A4, A.5, A.6 we can
control each of the terms in M. Hence

(A.45) Nlig})O]E{ /O t < /Q VSN(x)Zdu(:c)>éds} =0.

By (A.43) we have for any 0 < s < T

(A.46) lim E[( i VsN(m)Zdu(m)>é] =0.

N—oc0

Notice that [, VN (x)2du(x) > [|QY — Qslx2, we conclude that for any 0 < s < T

(A7) Jim E1QY - .l = 0
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