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ABSTRACT

This work is a theoretical study of fermionic models. We focus on problems where
highly controllable quantum simulators of these models have an important role,
and we utilise both the analogue and the digital paradigm of quantum simulation.

In the part on analogue quantum simulation, we focus on the proposed ‘spin-
asymmetric’ Josephson effect where Cooper-paired spins display frequency syn-
chronized Josephson oscillations with spin-dependent amplitudes. We consider
different scenarios where the phenomenon could manifest in ultracold atomic Fermi
gases. We study a Fermi gas Josephson junction in the recently realized Josephson
plasma oscillation regime with an additional spin-dependent potential and show
that the asymmetry in the resulting spin-dependent plasma oscillation amplitudes
is on the order of a couple of per cent. We also demonstrate numerically that spin-
asymmetric Josephson-like currents occur in a one-dimensional spin-dependent
optical superlattice, with amplitude asymmetries up to 39%. Finally, we show that
at zero temperature the tunable critical current in ferromagnetic Josephson junc-
tions can be explained by the spin-asymmetric Josephson effect.

In the part where digital quantum simulation is used, we propose a hybrid
quantum-classical approach to studying strongly correlated fermion models. In
this approach, a digital quantum simulator works in conjunction with a classical
feedback loop to solve the infinite-dimensional Hubbard model directly in the ther-
modynamic limit. The scheme implements the well-established dynamical mean-
field theory (DMFT) method, such that the digital quantum simulator solves the
classically hard DMFT impurity problem and self-consistency is taken care of in a
classical computer. We first present a few-qubit proof-of-principle setup for equi-
librium systems that implements the simplified ‘two-site’ DMFT. This few-qubit
setup is used for a qualitative description of the Mott transition in the half-filled
infinite-dimensional Hubbard model. We then describe a scalable setup for sim-
ulating non-equilibrium many-body quantum dynamics by proposing the imple-
mentation of the non-equilibrium extension of DMFT with the hybrid device.
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PART I INTRODUCTION



Chapter 1

INTRODUCTION

1.1 Quantum simulation

A quantum simulator is a highly controllable quantum device that is used for sim-

ulating model Hamiltonians [5–7]. These model Hamiltonians then try and cap-

ture the essential physics of real systems such as electrons in metals. The proposal

of using a quantum simulator to study other (usually less controllable) quantum

systems goes back to Richard Feynman [8], who noted that classical simulations of

quantum systems quickly become intractable due to the exponential growth in the

required computational resources with the number of simulated particles.

The idea of quantum simulation has been widely adopted and several differ-

ent types of quantum hardware have been proposed as platforms for quantum

simulations. They include, e.g., ultracold atoms in laser-created periodic poten-

tials called optical lattices [9], trapped ions [10], superconducting circuits [11],

and photons [12]. Also the problems that quantum simulators aim to solve and

their proof-of-principle demonstrations are varied, ranging, e.g., from quantum

chemistry [13] and the Mott transition [14–16] to the Dirac equation [17, 18] and

the lattice Schwinger model [19–21]. One of the important future applications of

quantum simulations is the possibility to study controlled quantum dynamics that

cannot be simulated with classical computers. Depending on the features of the

2
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quantum hardware, quantum simulations are usually implemented using either

analogue or digital techniques, although analogue–digital combinations are also

possible.

An analogue quantum simulator aims to continuously reproduce the dynam-

ics of the simulated system by directly mapping the model Hamiltonian onto the

Hamiltonian of the simulator. Ultracold atoms are among the most advanced ana-

logue quantum simulation platforms. For example, ultracold atoms in optical lat-

tices implement the Hubbard Hamiltonian in an analogue manner, with atoms in

different hyperfine levels representing the spin-1
2

electrons that can tunnel between

lattice sites and interact when occupying the same lattice site. Optical-lattice-based

quantum simulators have also been proposed, e.g., for relativistic field theories

and topological insulators [22–24]. For further examples of applications of ultra-

cold atoms, see Refs. [9, 25–31].

In a digital quantum simulator, the dynamics of the model system is decom-

posed into a set of quantum gates which are usually easier to implement in the

platform of choice than directly mapping the model Hamiltonian in an analogue

manner. With a universal set of quantum gates, the device can be programmed

to simulate any local quantum system, which makes digital quantum simulators

in principle universal [32]. Proof-of-principle demonstrations of digital quantum

simulations of spin models [33] and lattice gauge theories [21] have been done in

trapped ions, and digital implementations of Hubbard-like fermionic dynamics

have been achieved in superconducting circuits [34].

We note that sometimes the term quantum simulation is used in a completely

different context. For example, the Oxford Dictionary of Physics [35] defines quan-

tum simulation as ‘the mathematical modelling of systems of large numbers of

atoms or molecules by computer studies of relatively small clusters.’ We would

call this definition of quantum simulation as ‘classical simulation of a quantum

system’ instead of the ‘quantum simulation of a quantum system’ which is the
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definition we adopt. However, note that in this work we resort to classical simula-

tions in our numerical calculations.

1.2 This thesis

In this thesis, we theoretically propose different scenarios and applications of quan-

tum simulators of fermionic models.1 We utilize both the analogue and the digital

paradigm of quantum simulation in this work. The thesis has four parts.

The first, general introduction part consists of this Chapter and is completed

by Chapter 2, in which we present some key concepts of many-body quantum

theory needed in the rest of the thesis. We begin with introducing the Hubbard

Hamiltonian which is an important toy model to describe strongly correlated elec-

tron materials as well as ultracold atoms in optical lattices. We then proceed to the

Green function formalism both in the equilibrium and in the non-equilibrium case.

The second part of this thesis considers the analogue quantum simulation of

fermions, focusing on ultracold atoms. It has three Chapters. Chapter 3 introduces

ultracold atoms and the theoretical and experimental concepts, such as Bardeen–

Cooper–Schrieffer theory, Josephson effect, and optical lattices, which are relevant

to this work. In Chapter 4, we study the proposed spin-asymmetric Josephson

effect [36, 37]. In this phenomenon, Cooper-paired spin-1
2

fermions Josephson-

oscillate at the same Josephson frequency for both spin components but the criti-

cal Josephson current is different for the two spin components in the presence of

a spin-dependent ‘voltage’ across the Josephson junction. We propose different

scenarios where the spin-asymmetric currents could manifest in ultracold atom

setups. The control over individual degrees of freedom and the high tunability of

parameters achievable in ultracold Fermi gas setups are instrumental for the possi-

1Fermions are particles with half-integer spin obeying Fermi–Dirac statistics. For example elec-
trons are fermions. They are omnipresent in condensed matter systems, making their modelling
and quantum simulation highly relevant.
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ble realization of an analogue of a Josephson junction with spin-dependent poten-

tials. Motivated by the observation of Josephson plasma oscillations in ultracold

Fermi gases [38], we study the plasma oscillation regime in a spin-dependent dou-

ble well potential and show that the spin-asymmetric Josephson effect manifests

as a spin-dependent plasma oscillation amplitude. We also demonstrate numer-

ically that spin-asymmetric Josephson-like currents are present in the dynamics

of a one-dimensional spin-dependent optical superlattice setup. In Chapter 5, we

show that the tunable direct critical Josephson current in ferromagnetic Josephson

junctions [39] can be explained by the spin-asymmetric Josephson effect at zero

temperature.

In the third part, we concentrate on the digital paradigm of quantum simu-

lation and propose a non-linear, hybrid quantum-classical simulation scheme, in

which a digital quantum simulator works in conjunction with a classically com-

puted feedback loop to study the infinite-dimensional Hubbard model directly in

the thermodynamic limit. The scheme implements the dynamical mean-field the-

ory (DMFT) method [40]. Chapter 6 introduces key concepts of digital quantum

simulation and discusses superconducting circuits and trapped ions as physical

realizations. Chapter 7 gives an overview of the DMFT method. In Chapter 8, we

propose a proof-of-principle demonstration of the hybrid quantum-classical im-

plementation of DMFT, based on a variant of DMFT called ‘two-site’ DMFT, the

realization of which requires only five quantum bits (qubits). In Chapter 9, we

present a scalable setup for non-equilibrium dynamics which implements the non-

equilibrium extension of DMFT [41] using multiqubit Mølmer–Sørensen gates and

analyse its performance in a simple example case.

The fourth part provides the conclusions of the thesis. We summarise the re-

sults of this work in Chapter 10. We also present some possible future directions

and extensions of this work.
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In the Appendices we present further background and calculation details. Re-

garding the units used in this work, we set the reduced Planck constant ~ = 1

throughout the thesis.



Chapter 2

MANY-BODY QUANTUM THEORY

In this Chapter we introduce the central concepts of many-body quantum theory

used in the thesis, starting from the Hubbard Hamiltonian. We then introduce

Green functions both in the equilibrium and in the non-equilibrium case.

2.1 Hubbard model

Real electronic systems such as novel quantum materials [42] are very complex

systems to describe [43]. However, in many cases a drastically simplified toy

model can capture the essential features of the physical phenomena while neglect-

ing many of the complexities of the material. This is one reason why lattice models

are used in condensed matter physics.

An important and much studied strongly correlated lattice model is the Hub-

bard Hamiltonian [44–46]. Originally, it was introduced to study the ferromag-

netism of transition metals. It has since been adopted as the model of choice in

other scenarios as well, in particular in ultracold atoms in optical lattices [27, 47].

In its simplest form the Hubbard Hamiltonian is given by

Ĥ = −J
∑

〈i,j〉,σ

(
ĉ†i,σ ĉj,σ + H.c.

)
+ U

∑

i

n̂i,↑n̂i,↓. (2.1)

Here, spin-1
2

fermions, such as electrons, which have spin projections σ =↓, ↑, tun-

nel between adjacent lattice sites with ‘hopping’ energy J . This process is de-

scribed in the first term, where 〈i, j〉 denotes the sum over all nearest-neighbour

7
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Figure 2.1: Illustration of the Hubbard model. We depict the two terms in the
Hamiltonian in Eq. (2.1) in a two-dimensional lattice.

sites i and j, and ĉ†i,σ and ĉj,σ are the fermionic creation and annihilation operators,

respectively, which obey the fermionic anticommutation relations

{ĉi,σ, ĉj,σ′} = 0, (2.2)

{ĉ†i,σ, ĉ†j,σ′} = 0, (2.3)

{ĉi,σ, ĉ†j,σ′} = δi,jδσ,σ′ , (2.4)

where {·, ·} denotes the anticommutator, and δi,j and δσ,σ′ are Kronecker deltas.

The abbreviation H.c. in Eq. (2.1) stands for Hermitian conjugate. The fermions

interact with on-site interaction strength U , which is described in the latter term in

Eq. (2.1) by the product of the local number operators n̂i,↓ = ĉ†i,↓ĉi,↓ and n̂i,↑ = ĉ†i,↑ĉi,↑.

In electron systems, the on-site interaction corresponds to a screened Coulomb

interaction and is usually repulsive, i.e., U > 0. With ultracold fermions in optical

lattices it is possible to consider the attractive Hubbard model where U < 0, since

in these systems the strength and sign of the two-body interaction is charactised

by the scattering length of ultracold collisions of atoms and the scattering length

can be tuned with a so-called Feshbach resonance [48]. We illustrate the two terms

of the Hubbard model in the case of a two-dimensional lattice in Fig. 2.1.
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In Appendix A we show how the Hubbard model can be derived from a gen-

eral many-body Hamiltonian in the context ultracold atoms in deep optical lat-

tices. However, the derivation is conceptually general and be applied in other

contexts as well. Note that with ultracold atoms it is also possible to realize the

Bose–Hubbard model, in which the particles described by the model are bosons

instead of fermions. The Bose–Hubbard model has had a central role in the de-

velopment of optical lattices and studying the quantum phase transition from the

superfluid phase to a Mott insulating phase [14,15]. In this thesis we only consider

the fermionic Hubbard model.

In the thermodynamic limit, one often considers the Hubbard model in the

grand-canonical ensemble with a chemical potential term that controls the particle

filling included in the Hamiltonian. In this case the Hubbard model reads

Ĥ = −J
∑

〈i,j〉,σ

(
ĉ†i,σ ĉj,σ + H.c.

)
+ U

∑

i

n̂i,↑n̂i,↓ −
∑

i,σ

µσn̂i,σ, (2.5)

where µσ the chemical potential for spin σ. In the paramagnetic phase the chemical

potential does not depend on spin, i.e., µ↑ = µ↓ ≡ µ. In the case of half-filling,

i.e., 〈n̂i〉 = 〈n̂i,↑〉 + 〈n̂i,↓〉 = 1, this grand-canonical Hubbard Hamiltonian is often

written as [40]

Ĥ = −J
∑

〈i,j〉,σ

(
ĉ†i,σ ĉj,σ + H.c.

)
+ U

∑

i

(
n̂i,↑ −

1

2

)(
n̂i,↓ −

1

2

)
, (2.6)

since now half-filling occurs conveniently at chemical potential µ = 0. One way

to see this is to note that the Hamiltonian in Eq. (2.6) remains unaltered under a

particle-hole transformation in a bipartite lattice.

In recent years, there has been rapid progress in experiments studying non-

equilibrium dynamics in strongly correlated systems, both in real materials [49–55]

and in ultracold atom setups (see, e.g., Refs. [56, 57] and references therein). In the

non-equilibrium case, the parameters of the Hamiltonian become time-dependent
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due to an external perturbation, such as an applied laser field, and we can write,

e.g., the half-filled Hubbard model as [41]

Ĥ(t) = −J(t)
∑

〈i,j〉,σ

(
ĉ†i,σ ĉj,σ + H.c.

)
+ U(t)

∑

i

(
n̂i,↑ −

1

2

)(
n̂i,↓ −

1

2

)
. (2.7)

The Hubbard model has had a central role in theory of magnetism, metal-

insulator transitions, and is conjectured to be important in the description of high-

temperature superconductors [43, 58]. Many analytical and numerical techniques

have been developed to study the Hubbard model. In one spatial dimension, pow-

erful tools include the Bethe ansatz [59] and matrix product state methods such as

the density matrix renormalization group (DMRG) [60–62] algorithm and the time-

evolving block decimation (TEBD) [63, 64] algorithm (see also Appendix C). For

high-dimensional lattices, dynamical mean-field theory [40] and its non-equilibrium

extension [41] (see Chapter 7) are successful methods which become exact in the

limit of infinite spatial dimensions. One established prediction of the half-filled

Hubbard model is the Mott transition [65], where above a critical repulsive inter-

action strength fermions become localized with one fermion per lattice site. Such

a system is called a Mott insulator.

The Hubbard model has a central role also in this thesis. In Chapter 4 we

show numerically using TEBD that the spin-asymmetric particle currents charac-

teristic of the spin-asymmetric Josephson effect can be produced in the Hubbard

model in a one-dimensional spin-dependent optical superlattice. In Chapters 8

and 9, we propose a hybrid quantum-classical simulation scheme to study the

infinite-dimensional Hubbard model with a digital quantum simulator and a clas-

sical feedback loop. The hybrid quantum-classical scheme implements the DMFT

method.
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2.2 Green function formalism

Green functions are a powerful and widely used tool in many-body quantum

physics. Their name is taken from integral kernels used in the solution of differen-

tial equations (see, e.g., Ref. [66] for further details). Here, we follow the standard

order of first presenting the single-particle Green function G in the zero and then

in the finite-temperature equilibrium formalism before proceeding to the general-

isation to non-equilibrium systems. We use Green functions in this work both in

Part II in the context of the spin-asymmetric Josephson effect and Part III in the

context of DMFT. The purpose of this Section is mostly to list some useful rela-

tions. There are many textbooks on Green function theory with more pedagogical

and extensive treatments along with applications (see, e.g., Refs. [43, 66–70]).

2.2.1 Equilibrium Green functions

2.2.1.1 Zero-temperature Green functions

The zero-temperature single-particle Green function is defined as [67]

G(rt, r′t′) = −i〈T Ψ̂H(r, t)Ψ̂†H(r′, t′)〉GS

= −iθ(t− t′)〈Ψ̂H(r, t)Ψ̂†H(r′, t′)〉GS + iθ(t′ − t)〈Ψ̂†H(r′, t′)Ψ̂H(r, t)〉GS,
(2.8)

where i is the imaginary unit, r is position, and Ψ̂H(r, t) is the fermionic field

operator in the Heisenberg picture, i.e., Ψ̂H(r, t) = eiĤtΨ̂(r)e−iĤt, where Ĥ is the

time-independent Hamiltonian of the system (recall that we consider equilibrium

systems in this subsection). Further, t and t′ are real-time variables, T is the time-

ordering operator, the average is calculated in the ground-state |ΨGS〉 of Ĥ , and

θ(t− t′) is the Heaviside step function given by

θ(t− t′) =

{
1, for t ≥ t′

0, for t < t′
. (2.9)
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Note that since the Hamiltonian Ĥ is time-independent, equilibrium Green func-

tions actually depend only on t− t′ instead of t and t′ separately.

An intuitive meaning for the single-particle Green function in Eq. (2.8) is the

following. It describes the probability amplitude for the event in a ‘thought exper-

iment’ where one starts at the many-body ground-state at equilibrium and adds a

particle at position r′ at time t′ to the state and removes a particle at position r at

time t from it. The time-ordering tells us which of these disturbances occurs first.

However, we point out that the name ‘single-particle’ Green function is slightly

misleading, since it still involves the full many-body Hamiltonian Ĥ and is com-

puted with respect to a many-body state. As a result, obtaining single-particle

Green functions in the presence of interactions is non-trivial in general. The term

‘single-particle’ refers to the fact that only a single particle is added or removed.

The full field operators can be expanded in a complete set of single-particle

states |ν〉, and the Green functions can be written in this representation in terms of

fermionic creation and annihilation operators. One can then consider the single-

particle Green function

Gνν′(t− t′) = −i〈T ĉν,H(t)ĉ†ν′,H(t′)〉GS

= −iθ(t− t′)〈ĉν,H(t)ĉ†ν′,H(t′)〉GS + iθ(t′ − t)〈ĉ†ν′,H(t′)ĉν,H(t)〉GS. (2.10)

Here, ĉν,H(t) = eiĤtĉνe
−iĤt. In this thesis, we will work with Green functions in dif-

ferent representations, and thus we consider them in terms of the ĉ-operators. The

single-particle state label ν can refer, e.g., to a lattice site and spin, or to momentum

and spin. The corresponding Green functions are respectively given by

Giσ,jσ′(t− t′) = −i〈T ĉiσ,H(t)ĉ†jσ′,H(t′)〉GS, (2.11)

Gkσ,k′σ′(t− t′) = −i〈T ĉkσ,H(t)ĉ†k′σ′,H(t′)〉GS, (2.12)

where i and j lattice site indices, σ and σ′ denote the spin-1
2

projections (↑ and ↓),

and k and k′ denote momenta.
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We now list some useful definitions (for further details, see, e.g., Refs. [43, 67]).

The retarded, advanced, greater, and lesser Green functions are defined as [67]

GR
νν′(t− t′) = −iθ(t− t′)〈{ĉν,H(t), ĉ†ν′,H(t′)}〉GS, (2.13)

GA
νν′(t− t′) = iθ(t′ − t)〈{ĉν,H(t), ĉ†ν′,H(t′)}〉GS, (2.14)

G>
νν′(t− t′) = −i〈ĉν,H(t)ĉ†ν′,H(t′)〉GS, (2.15)

G<
νν′(t− t′) = i〈ĉ†ν′,H(t′)ĉν,H(t)〉GS, (2.16)

respectively. We have following relations between the retarded and advanced and

the greater as lesser components:

GR
νν′(t− t′) = θ(t− t′) [G>

νν′(t− t′)−G<
νν′(t− t′)] , (2.17)

GA
νν′(t− t′) = θ(t′ − t) [G<

νν′(t− t′)−G>
νν′(t− t′)] . (2.18)

In this thesis, we shall mostly consider translationally-invariant systems. If in such

a system spin is a good quantum number, we have [43]

Gkσ,k′σ′(t− t′) = δσ,σ′δk,k′Gk,σ(t− t′), (2.19)

where the Kronecker delta implies the absence of spin-flipping interactions. Fur-

thermore in translationally-invariant systems, the Green function in Eq. (2.8) de-

pends on r− r′, and the Fourier transform from momentum to real space is defined

as [43]

Gσ(r− r′, t) =

∫
dk

(2π)3
eik·(r−r′)Gk,σ(t). (2.20)

The Fourier transform from time to frequency is defined as [43]

Gk,σ(ω) =

∫ ∞

−∞
dω eiωtGk,σ(t). (2.21)
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Observables and the spectral function

If we know the single-particle Green function, we can compute the expectation

value of any single-particle operator in the ground-state of the system [68]. For

example, the (in general) position-dependent particle density is obtained as [43]

〈n̂(r)〉 =
∑

σ

〈Ψ̂†σ(r)Ψ̂σ(r)〉GS

= −
∑

σ

〈T Ψ̂σ(r, 0)Ψ̂†σ(r, 0+)〉GS

= −i2Gσ(r, 0), (2.22)

or equivalently,

〈n̂(r)〉GS = −i2G<
σ (r, 0). (2.23)

Here the factor of two comes from the spin-degeneracy and the infinitesimal 0+

ensures correct time-ordering.

A quantity of great importance is the single-particle spectral function, defined

as [67]

Ak,σ(ω) = − 1

π
Im[GR

k,σ(ω)]. (2.24)

This is valid for all temperatures. From the so-called Lehmann representation1 of

Ak,σ(ω), one can see that Ak,σ(ω) > 0 (for details, see Ref. [67]). Furthermore, its

integral over all frequencies is unity. The spectral function Ak,σ(ω) is often given

the physical interpretation of a probability that a spin σ fermion has momentum k

and energy ω (recall that ~ = 1) [67]. The spectral function is also a central quantity

in DMFT [40]. We can use the spectral function, e.g., to calculate the occupation

number in the state |kσ〉 at T = 0 as [43]

〈n̂k,σ〉 =

∫ ∞

−∞
dω nF (ω)Ak,σ(ω)

=

∫ 0

−∞
dω Ak,σ(ω), (2.25)

1In the Lehmann, or spectral, representation, one writes the Green functions in terms of the
eigenenergies and eigenstates of the governing Hamiltonian [67].
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where in the second line we have used the fact that only the states with ω < 0

(measured with respect to the chemical potential) are filled at T = 0. Here, nF (ω) =

1/(eβω + 1) denotes the Fermi distribution function. The first line of Eq. (2.25),

which is valid also for non-zero temperatures, tells us that the number of fermions

in the state |kσ〉 is obtained by the summation over all energies ω, weighted by

Ak,σ(ω) which gives the probability that a spin σ fermion with momentum k has

energy ω and by the thermal occupation factor nF (ω) [67].

Green function for non-interacting fermions

As an example calculation, we consider the Green function in Eq. (2.10) for a de-

generate Fermi gas of non-interacting spinless fermions of mass m at T = 0, where

T is temperature, described by the Hamiltonian

Ĥ =
∑

k

(εk − EF )ĉ†kĉk. (2.26)

Here εk = |k|2
2m

, and EF = |kF |2
2m

= µ(T = 0) is the Fermi energy, with kF being the

Fermi momentum. The ground-state of the system is given by the Fermi sea

|ΨGS〉 =
∏

|k|<|kF |
ĉ†k|∅〉, (2.27)

where |∅〉 is the empty state. The Heisenberg equations of motion for the creation

and annihilation operators,

d

dt
ĉ†k,H(t) = i[Ĥ, ĉ†k,H(t)], (2.28)

d

dt
ĉk,H(t) = i[Ĥ, ĉk,H(t)], (2.29)

yield the time-dependence

ĉ†k,H(t) = ei(εk−EF )tĉ†k, (2.30)

ĉk,H(t) = e−i(εk−EF )tĉk. (2.31)
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Substituting these into Eq. (2.10) gives the non-interacting Green function as (set-

ting t′ = 0)

G
(0)
k (t) = −i {[1− nF (εk − EF )]θ(t)− nF (εk − EF )θ(−t)} e−i(εk−EF )t

= −i [θ(t)− nF (εk − EF )] e−i(εk−EF )t, (2.32)

where nF (εk − EF ) = θ(|kF | − |k|) is the Fermi distribution function at T = 0. The

temporal Fourier transform is given by

G
(0)
k (ω) =

∫ ∞

−∞
dt eiωtG

(0)
k (t) (2.33)

=
1

ω − (εk − EF ) + i0+sgn(|k| − |kF |)
, (2.34)

where 0+ is a positive infinitesimal to make the integral convergent at large times,

and sgn is the sign function.

Using the formula [67]

1

x± i0+
= P 1

x
∓ iπδ(x), (2.35)

where P denotes the principal value and δ(x) is the Dirac delta function, we find

that the spectral function for the non-interacting Green function is a mere delta

function

Ak(ω) = δ(ω − εk + EF ). (2.36)

Dyson equation

The non-interacting Green function of a system is often straightforward to deter-

mine [see Eqs. (2.32) and (2.34)]. The Green function for an interacting system is

usually far from trivial to obtain. However, there is an important and useful re-

lation between the interacting and non-interacting single-particle Green functions.

This relation is the Dyson equation which reads [67]

Gk,σ(ω) = G
(0)
k,σ(ω) +G

(0)
k,σ(ω)Σk,σ(ω)Gk,σ(ω), (2.37)
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where Σk,σ(ω) is the self-energy. The self-energy describes the effect of interactions

on the fermion without referring to many-particle Green functions for the addi-

tion or removal of several particles2 [69]. The Dyson equation is a formal way to

write the perturbation expansion of Gk,σ(ω), where the self-energy is described by

the sum of one-particle irreducible Feynman diagrams3 which cannot be separated

into two parts by cutting single G(0) lines [69]. The Dyson equation generalises to

the finite-temperature and non-equilibrium cases and is widely used in the con-

text of DMFT and its non-equilibrium extension, where the self-energy is approxi-

mated to be momentum-independent [40, 41].

2.2.1.2 Finite-temperature Matsubara Green functions

The definition of the Green function in Eq. (2.10) can be extended to finite temper-

atures by defining [70]

Gνν′(t− t′) = −i〈T ĉν,H(t)ĉν′,H(t′)〉 = −i
Tr
[
e−βĤT ĉν,H(t)ĉ†ν′,H(t′)

]

Tr
[
e−βĤ

] . (2.38)

Here, β = 1
kBT

, where kB is the Boltzmann constant, and Tr denotes the trace. In

many cases, the Hamiltonian is of the form Ĥ = Ĥ0 + Ĥ ′, where Ĥ0 can be solved

exactly and Ĥ ′ is treated as a perturbation. However, since Ĥ ′ appears in the expo-

nentials e±iĤt and e−βĤ , it makes the use of perturbation theory cumbersome [67].

This can be remedied by the use of the Matsubara formalism which is often the

method of choice at finite temperatures [67].

In the finite-temperature Matsubara formalism, time is considered to be imag-

inary, and we make the replacement it → τ , where τ is a real quantity with the
2Formally the equations of motion for N -particle Green functions GN lead to a set of coupled

differential equations where GN depends on GN−1 and GN+1. This is called the Martin–Schwinger
hierarchy [71]. Thus, the single-particle Green function G depends on the two-particle Green func-
tion G2 as G = G(0) + G(0)UG2, where U is the two-particle interaction. The two-particle Green
function then depends on the three-particle Green function G3, and so on. The idea of the self-
energy is to truncate the Martin–Schwinger hierarchy to include only G and G(0) by defining Σ
implicitly via the functional equation ΣG = UG2, which leads to the Dyson equation. For further
details, we refer to Chapters 5 and 9 in Ref. [69].

3For an introduction to Feynman diagrams, see, e.g., Refs. [43, 69, 70, 72].
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domain −β ≤ τ ≤ β. Then the temporal exponentials become e±τĤ and have the

same form as e−βĤ . As a result, the imaginary-time formalism allows the easier use

of standard perturbation expansion techniques at finite temperature than working

directly in the real-time domain [67, 70]. However, an additional step of analytic

continuation from imaginary to real time is required before observables can the

extracted from the Green function.

The Matsubara Green function is defined as [67]

GM
νν′(τ, τ

′) = −
Tr
[
e−βĤTτ ĉν,M(τ)ĉ†ν′,M(τ ′)

]

Tr
[
e−βĤ

] = −〈Tτ ĉν,M(τ)ĉ†ν′,M(τ ′)〉, (2.39)

where Tτ is the τ -ordering operator, and the τ -dependent Matsubara operators are

given by [67]

ĉν,M(τ) = eĤτ ĉνe
−Ĥτ , (2.40)

ĉ†ν,M(τ) = eĤτ ĉ†νe
−Ĥτ . (2.41)

Note that ĉ†ν,M(τ) is not the adjoint of ĉν,M(τ) since τ is real. Using the cyclic prop-

erty of the trace, one can show that Gνν′(τ, τ
′) depends only on τ − τ ′, i.e., we can

define

GM
νν′(τ) = −〈Tτ ĉν,M(τ)ĉ†ν′,M(0)〉. (2.42)

Furthermore, for 0 < τ < β, we find again using the cyclic property of the trace

that [67]

GM
νν′(τ) = −GM

νν′(τ − β), (2.43)

i.e., the Matsubara Green function is antiperiodic in the variable τ with period β.

We can write GM
νν′(τ) as a Fourier series as [67]

GM
νν′(τ) =

1

β

∑

n

GM
νν′(iωn)e−iωnτ . (2.44)
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Applying Eq. (2.43), we have

e−iωnτ = −e−iωn(τ−β) =⇒ eiωnβ = −1, (2.45)

which defines the fermionic Matsubara frequency as [67]

ωn =
(2n+ 1)π

β
, n ∈ Z. (2.46)

Using Matsubara frequencies, one can write, e.g., the Fermi distribution function

nF (E), as a series given by [67]

nF (E) =
1

eβE + 1
=

1

2
+

1

β

∑

n

1

iωn − E
. (2.47)

This result follows from a theorem stating that a meromorphic function can be

expanded as a sum over its poles and residues at the poles [73]. It is also sometimes

used as an alternative motivation for the Matsubara formalism [67].

Physical quantities are defined in the real-time or real-frequency domain. For

example, conductivities or susceptibilities are retarded correlation functions and

thus related to the retarded Green function in Eq. (2.13) which can be defined for

finite temperatures by replacing the ground-state expectation value by the ther-

modynamic average [67]. In practice, however, the Matsubara Green function

GM
νν′(iωn) is often easiest to calculate [67]. The retarded Green function in the

real-frequency domain is then (uniquely [74]) obtained via the analytic continu-

ation [67]

GR
νν′(ω) = GM

νν′(iωn)|iωn→ω+i0+ , (2.48)

i.e., by replacing the discrete Matsubara frequencies by the continuous variable

ω + i0+ (see also Section 8.4 in Ref. [70]). We point out that, e.g., in computing the

Matsubara Green function numerically in DMFT using quantum Monte Carlo im-

purity solvers (see Section 7.4), executing the analytic continuation is a non-trivial

task due to numerical noise caused by Monte Carlo errors. As a result of the noise,



2.2 Green function formalism 20

the mapping in Eq. (2.48) is not necessarily unique and one has to resort to opti-

mization procedures to find a ‘best’ solution. For details and further clarifications,

we refer to Chapter 12 in Ref. [75].

Finally, we state that in Matsubara space, the Dyson equation in Eq. (2.37) be-

comes

GM
k,σ(iωn) = G

M(0)
k,σ (iωn) +G

M(0)
k,σ (iωn)Σk,σ(iωn)GM

k,σ(iωn). (2.49)

2.2.2 Non-equilibrium Green functions

We now proceed to the Green function formalism in the non-equilibrium case

where the Hamiltonian of the system is time-dependent. We begin with describ-

ing the time contour on which the Green functions are formally defined before

introducing the contour Green functions.

2.2.2.1 Time contour

To introduce the time contour, we consider the time-evolution of a many-body

quantum system which is at time t = t0 in thermal equilibrium and is described by

the density operator

ρ̂(t0) =
e−βĤ(t0)

Z
, (2.50)

where Ĥ(t0) is the initial grand-canonical Hamiltonian, and the equilibrium par-

tition function is given by Z = Tr
(
e−βĤ(t0)

)
. At t = t+0 , the Hamiltonian of the

system changes, either via a sudden quantum quench of its parameters or via a

continuous driving field [76]. The resulting non-equilibrium dynamics of the den-

sity operator in the Schrödinger picture is given by the von Neumann equation [77]

i
dρ̂(t)

dt
= [Ĥ(t), ρ̂(t)], (2.51)

the formal solution of which can be written as

ρ̂(t) = Û(t, t0)ρ̂(t0)Û(t0, t), (2.52)
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Figure 2.2: The time contour γ. The forward and backward branches are on top
of each other on the real time axis, but we have shifted them only to clarify their
orientation.

where the time-evolution operator reads [69]

Û(t, t′) =

{
T e−i

∫ t
t′ dt̄ Ĥ(t̄), for t > t′

T e+i
∫ t′
t dt̄ Ĥ(t̄), for t < t′

. (2.53)

Here, T denotes the anti-time-ordering operator.

We then consider the time-dependent ensemble average of a Schrödinger oper-

ator Ô, given by

〈Ô〉(t) = Tr
(
ρ̂(t)Ô(t)

)

= Tr
(
ρ̂(t0)Û(t0, t)Ô(t)Û(t, t0)

)

= Tr
(
ρ̂(t0)Tγ

{
e−i

∫
γ dt̄ Ĥ(t̄)Ô(t)

})
. (2.54)

We point out explicitly that here the operator Ô(t) is not in the Heisenberg picture

but in the Schrödinger picture4, and the time-argument refers to the explicit time-

dependence of the operator, or, if the operator does not depend on time, to the time

instant when the operator acts. The formal time-argument is important in order to

have the correct time-ordering of the operators [69]. In the second line of Eq. (2.54),

we have used Eq. (2.52) and the cyclic property of the trace. In the third line, we

have compiled the time-evolution to a single contour γ illustrated in Fig. 2.2, where

the system evolves from time t0 to t (this is called the forward branch of γ), then

4However, the same contour idea can be derived using operators in the Heisenberg picture, but
then the time-evolution operators are absorbed in the time-dependence of the operator Ô.



2.2 Green function formalism 22

the operator Ô is applied, followed by an evolution back from t to t0 (this is called

the backward branch of γ). We have also introduced the corresponding contour-

ordering operator Tγ that arranges operators on γ according to the direction of the

arrows in Fig. 2.2. Note also that we can write

Û(t0, t)Ô(t)Û(t, t0) = Û(t0, tmax)Û(tmax, t)Ô(t)Û(t, t0), (2.55)

or

Û(t0, t)Ô(t)Û(t, t0) = Û(t0, t)Ô(t)Û(t, tmax)Û(tmax, t0), (2.56)

i.e., we can extend the contour γ to chosen maximal time tmax (formally we can also

set tmax = ∞), and the operator Ô can act either on the forward or the backward

branch.

We now proceed to include the description of the initial thermal state into the

time contour and write Eq. (2.54) explicitly as

〈Ô〉(t) =
Tr
(
e−βĤ(t0)Tγ

{
e−i

∫
γ dt̄ Ĥ(t̄)Ô(t)

})

Tr
(
e−βĤ(t0)

) . (2.57)

Since Tγ
{
e−i

∫
γ dt̄ Ĥ(t̄)

}
= Û(t0, tmax)Û(tmax, t0) = Î , where Î is the identity operator,

it can be included inside the trace in the denominator in Eq. (2.57). Moreover, we

can write e−βĤ(t0) = e−i
∫
γι
dz̄Ĥ(t0), where γι is any contour in the complex plane with

an arbitrary starting point z̄0 and an ending point z̄f such that z̄f− z̄0 = −iβ [69]. A

common strategy is to choose a vertical track and attach γι at the end of the contour

γ by setting z̄0 = t0 and z̄f = t0− iβ [69]. We denote the resulting L-shaped contour

depicted in Fig. 2.3 by C, and write

〈Ô〉(t) =
Tr
(
TC
{
e−i

∫
C dz̄ Ĥ(z̄)Ô(t)

})

Tr
(
TC
{
e−i

∫
C dz̄ Ĥ(z̄)

}) , (2.58)

where TC is the contour-ordering operator on C and Ĥ(z̄ ∈ γι) = Ĥ(t0). In the

literature, the time contour C is sometimes called the Keldysh, Schwinger–Keldysh,
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1

t0

t0 − iβ

t′

t

tmax

ReC

Im

Figure 2.3: The time contour C. It consists of the real-time contour in Fig 2.2 and
an imaginary-time branch which accounts for the initial thermal state.

or the Kadanoff–Baym contour, or a different combination of these names [69, 70,

76].

The contour C is the time contour on which all Green functions are formally

defined. However, in the special case of zero temperature, the imaginary part of

C is not required since the initial density operator reduces to a projector onto the

ground state of the system, ρ̂(t0) = |ΨGS(t0)〉〈ΨGS(t0)|, and the real-time contour γ

suffices. As per the usual convention, we denote the real time argument on C by t

and the imaginary time argument it by τ [69, 70].

2.2.2.2 Contour Green functions

We define the action for the Hamiltonian Ĥ as

Ŝ = −i

∫

C
dz̄ Ĥ(z̄). (2.59)

The single-particle contour Green function is then given by [41, 69]

Gνν′(z, z
′) = −i〈TC ĉν(z)ĉ†ν′(z

′)〉S = −i
Tr
[
TC exp(Ŝ)ĉν(z)ĉ†ν′(z

′)
]

Tr
[
TC exp(Ŝ)

] , (2.60)

where z and z′ are arguments on the Keldysh contour C that give the time instants

in which the operators ĉν and ĉ†ν′ are applied. There is no other time-dependence
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in these operators. However, it is equivalently possible to use creation and anni-

hilation operators in the Heisenberg or Matsubara picture. We give an example of

this with non-interacting fermions below.

The location of z and z′ on C defines nine entries for Gνν′(z, z
′), which we label

as Gab
νν′(z, z

′). Here, a and b indicate the placing of z and z′ on C, respectively. We

use the convention a, b = 1, 2, 3, where 1 denotes the forward branch, 2 denotes the

backward branch, and 3 denotes the imaginary branch of C. We have the following

relations [41]

G11
νν′(t, t

′) = G12
νν′(t, t

′), for t ≤ t′, (2.61)

G11
νν′(t, t

′) = G21
νν′(t, t

′), for t > t′, (2.62)

G22
νν′(t, t

′) = G21
νν′(t, t

′), for t < t′ (t >C t
′), (2.63)

G22
νν′(t, t

′) = G12
νν′(t, t

′), for t ≥ t′ (t ≤C t′), (2.64)

G13
νν′(t, τ

′) = G23
νν′(t, τ

′), (2.65)

G31
νν′(τ, t

′) = G32
νν′(τ, t

′). (2.66)

Here, >C and ≤C refer to the order of the time-arguments according to the orienta-

tion of the contour C. For example, in Fig. 2.3 we have t′ > t, but instead t >C t′,

since t, being on the backward branch, is later on the contour. Note that the loca-

tion of the largest real-time argument (largest according to the standard ordering

of real numbers, not contour ordering) can be chosen to be either on the forward

or on the backward branch. We define the lesser, greater, left-mixing, right-mixing,

and Matsubara Green functions as [41]

G<
νν′(t, t

′) = G12
νν′(t, t

′) = i〈ĉ†ν′(t′)ĉν(t)〉S, (2.67)

G>
νν′(t, t

′) = G21
νν′(t, t

′) = −i〈ĉν(t)ĉ†ν′(t′)〉S, (2.68)

G¬νν′(t, τ ′) =
1

2

[
G13
νν′(t, τ

′) +G23
νν′(t, τ

′)
]

= i〈ĉ†ν′(τ ′)ĉν(t)〉S, (2.69)

G ¬
νν′(τ, t

′) =
1

2

[
G31
νν′(τ, t

′) +G32
νν′(τ, t

′)
]

= −i〈ĉν(τ)ĉ†ν′(t
′)〉S, (2.70)

GM
νν′(τ, τ

′) = −iG33
νν′(τ, τ

′) = −〈Tτ ĉν(τ)ĉ†ν′(τ
′)〉S, (2.71)



2.2 Green function formalism 25

respectively. We have the following conjugate symmetry relations

[
G
</>
νν′ (t, t′)

]∗
= −G</>

ν′ν (t′, t), (2.72)
[
G¬νν′(t, τ ′)

]∗
= G ¬

ν′ν(β − τ ′, t), (2.73)

where the superscript ∗ denotes complex conjugation.

We prove the relation in Eq. (2.73) since it might not be obvious by inspection.

We set the initial time t0 = 0 for simplicity. The left-mixing Green function is

explicitly given by

G¬νν′(t, τ ′) = i
Tr
[
TC exp(Ŝ)ĉ†ν′(τ

′)ĉν(t)
]

Tr
[
TC exp(Ŝ)

] . (2.74)

We consider the numerator, which is written out as

iTr
[
TC exp(Ŝ)ĉ†ν′(τ

′)ĉν(t)
]

= iTr
[
ÛM(β, τ ′)ĉ†ν′Û

M(τ ′, 0)Û(0, t)ĉνÛ(t, 0)
]
, (2.75)

where Û(t, t′) is the time-evolution operator in Eq. (2.53), and the Matsubara prop-

agator reads

ÛM(τ, τ ′) = e−Ĥ(0)(τ−τ ′). (2.76)

We conjugate both sides of Eq. (2.75) to obtain

{
iTr
[
TCeŜ ĉ†ν′(τ ′)ĉν(t)

]}∗
=
{

iTr
[
ÛM(β, τ ′)ĉ†ν′Û

M(τ ′, 0)Û(0, t)ĉνÛ(t, 0)
]}∗

= −iTr


Û(0, t)ĉ†νÛ(t, 0) ÛM(τ ′, 0)︸ ︷︷ ︸

=ÛM (β,β−τ ′)

ĉν′ Û
M(β, τ ′)︸ ︷︷ ︸

=ÛM (β−τ ′,0)




= −iTr
[
ÛM(β, β − τ ′)ĉν′ÛM(β − τ ′, 0)Û(0, t)ĉ†νÛ(t, 0)

]

= −iTr
[
TC exp(Ŝ)ĉν′(β − τ ′)ĉ†ν(t)

]
, (2.77)

where in going from the second to the third line we have repeatedly used the cyclic

property of the trace. Dividing both sides of Eq. (2.77) by Tr
[
TC exp(Ŝ)

]
, which is

real, directly yields Eq. (2.73).
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Similarly using the cyclic property of the trace one can show that the following

Kubo–Martin–Schwinger boundary conditions hold [41, 69]

Gνν′(z0, z
′) = −Gνν′(zf , z

′), (2.78)

Gνν′(z, z0) = −Gνν′(z, zf ), (2.79)

where z0 = t0 is the starting point and zf = t0 − iβ is the end point of the contour

C.

Non-interacting fermions

Again as an example calculation, we consider a simple case of non-interacting

spinless fermions, this time at finite temperature, governed by the time-dependent

Hamiltonian

Ĥ(t) =
∑

k

[εk(t)− µ] ĉ†kĉk, (2.80)

where εk(t) is a time-dependent energy. The Heisenberg equation of motion yields

the time-dependence for the creation and annihilation operators as

ĉ†k,H(t) = ei
∫ t
0 dt̄[εk(t̄)−µ]ĉ†k(0), (2.81)

ĉk,H(t) = e−i
∫ t
0 dt̄[εk(t̄)−µ]ĉk(0). (2.82)

The contour Green function is given by

Gk(t, t′) = −i〈TC ĉk,H(t)ĉ†k,H(t′)〉

= −iθC(t, t
′)〈ĉk,H(t)ĉ†k,H(t′)〉+ iθC(t

′, t)〈ĉ†k,H(t′)ĉk,H(t)〉, (2.83)

where θC(t, t′) is the contour step function, and the thermodynamic average is cal-

culated with respect to the initial Hamiltonian Ĥ(0). Equation (2.83) is an equiva-

lent definition of the contour Green function in Eq. (2.60). Here, we have explicitly

taken the contour arguments to be on the real-time axis. Plugging the creation
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and annihilation operators in Eqs. (2.81) and (2.82) into Eq. (2.83) yields the non-

interacting contour Green function as

G
(0)
k (t, t′) = −i {θC(t, t′)− nF [εk(0)− µ]} e−i

∫ t
t′ dt̄[εk(t̄)−µ]. (2.84)

Note that this reduces to Eq. (2.32) for a time-independent Hamiltonian at zero

temperature.

Contour Dyson equation

The Dyson equation can be written for contour Green functions as well, using the

contour convolution defined as [69]

f ∗ g =

∫

C
dz̄f(z, z̄)g(z̄, z′). (2.85)

The contour Dyson equation reads (omitting arguments) [41, 69]

Gνν′ = G
(0)
νν′ +G

(0)
νν′ ∗ Σνν′ ∗Gνν′ (2.86)

= G
(0)
νν′ +Gνν′ ∗ Σνν′ ∗G(0)

νν′ . (2.87)

By convoluting with the operator δC(z, z′) [i∂z − h(z)] from the left and with the

operator
[
−i
←−
∂z′ − h(z′)

]
δC(z, z′) from the right, where δC(z, z′) is contour Dirac

delta function and h(z) is the single-particle Hamitonian, these integral equations

can be converted into integro-differential equations for each time argument, given

by [41, 69]

[i∂z − h(z)]Gνν′(z, z
′)−

∫

C
dz̄Σνν′(z, z̄)Gνν′(z̄, z

′) = δC(z, z
′), (2.88)

Gνν′(z, z
′)
[
−i
←−
∂z′ − h(z′)

]
−
∫

C
dz̄Gνν′(z, z̄)Σνν′(z̄, z

′) = δC(z, z
′), (2.89)

which can be solved numerically (for details, see, e.g., Refs. [41, 78]). Here, the left

derivative is defined as Gνν′(z, z
′)
←−
∂z′ = ∂z′Gνν′(z, z

′). The physical interpretation

of the contour Dyson equation is the same as in the equilibrium case, i.e., it is a

formal way to write the perturbation expansion of Gνν′(z, z
′) [69].
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Chapter 3

ANALOGUE QUANTUM SIMULATION:
ULTRACOLD ATOMIC GASES

In this Chapter, we introduce some relevant concepts in ultracold atomic gases that

are one of the most widely used platforms for analogue quantum simulations of

condensed matter systems. The concepts presented in this Chapter provide the

necessary background for Chapter 4.

3.1 Introduction

In analogue quantum simulation, one, controllable quantum system mimics or em-

ulates another, usually less controllable quantum system by mapping the model

Hamiltonian of the simulated system directly onto the Hamiltonian of the simula-

tor [7]. Ultracold atoms, both trapped in continuum and loaded in optical lattices,

have proven to offer good realizations of toy models of condensed matter systems.

A case in point is the Hubbard model in Eq. (2.1), which has been realized both

with bosonic [15] and with fermionic [16, 79, 80] atoms. Another example is the

experimental realization of analogues of Josephson junctions [38, 81–83].

In this Chapter, we give an introduction to ultracold atomic gases, with a fo-

cus on Fermi gases since we are interested in the quantum simulation of fermionic

systems. We begin with some general properties of quantum gases before explain-

ing how quantum degeneracy is achieved in these systems and how the interac-

29
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tions between atoms can be tuned with a Feshbach resonance. We then describe

the Bardeen–Cooper–Schrieffer (BCS) theory of superfluidity, Josephson effect, and

optical lattices that are required in Chapter 4 where we study the ‘spin-asymmetric’

Josephson effect in ultracold Fermi gases. There are several theoretical and exper-

imental review articles and books on ultracold atoms. For more extensive treat-

ments and applications of ultracold atoms in quantum simulation, we refer, e.g.,

to Refs. [9, 25–31, 48, 84, 85].

3.2 Ultracold neutral atoms

3.2.1 General properties

Ultracold atomic gases, or quantum gases, are physical systems which consist of

a large number of usually either fermionic or bosonic isotopes of neutral atoms1

cooled down to the regime of quantum degeneracy where the average spacing

between the particles is comparable to or less than their thermal de Broglie wave-

length [86]. Alkali metal isotopes are usually favoured because of their simpler

atomic structure compared to most elements, although also non-alkali atoms are

used [87]. Alkali metals only have one valence electron in an s orbital, implying

the ground-state n̄ 2S1/2. Here, the Russell–Saunders notation is used, i.e., the level

n̄ 2S1/2 ( = n̄ 2S+1LJ) corresponds to principal quantum number n̄ whose value de-

pends on the element, spin quantum number S = 1
2
, orbital angular momentum

quantum number L = 0 (denoted by the letter S), and total electronic angular mo-

mentum quantum number J = 1
2
. It turns out that this kind of atomic structure is

also favourable to magnetically tunable interactions between the atoms [48].

1However, Bose–Fermi mixtures of atoms are also studied. We point out that with a neutral
atom, since it has an equal number of protons and electrons, the quantum statistics obeyed by the
atom is determined solely by the number of neutrons. If the atom has an odd number of neutrons,
it is a fermion, and if it has an even number, it is a boson. With alkali metals, which are the most
commonly used quantum gas elements, this is equivalent to having an integer or a half-integer
nuclear spin quantum number I , respectively, since alkali metals have an odd atomic number. For
example, 6Li (I = 1) and 40K (I = 4) are fermions, and 7Li (I = 3

2 ) and 41K (I = 3
2 ) are bosons [84].
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To suppress three-body recombination processes and solidification, atomic gases

are extremely dilute with a particle density n ∼ 1012 − 1014 cm−3 [86]. To compare,

the density of molecules in air at room temperature and atmospheric pressure is

roughly 1019 cm−3, and liquids and solids have an atom density of approximately

1022 cm−3 [84], meaning that ultracold atomic gases are several orders of magni-

tude more dilute than these systems. The particle number in quantum gases is on

the order of 105−106. To be precise, quantum gases are actually a metastable phase

of matter with a lifetime on the order of seconds [86].

To reach the regime of quantum degeneracy in atomic gases, temperatures on

the order of 1 µK are required, e.g., in Ref. [88] the Fermi temperature for a cloud

of 6Li was measured to be 810 nK, hence the name ultracold gases [86]. The ex-

perimental study of these quantum degenerate gases requires a combination of

techniques in trapping, cooling, manipulation, and detection of atoms that took

decades to develop. These experimental techniques have been described exten-

sively in the literature (see, e.g., Refs. [84, 86, 87, 89, 90]). In the following we focus

only on some selected key concepts in ultracold Fermi gases.

3.2.2 Evaporative and sympathetic cooling

Evaporative cooling is the standard experimental technique allowing to reach the

temperatures required for quantum degeneracy, starting from atomic cloud tem-

peratures that have been obtained first with laser cooling2 [86, 87]. In evaporative

cooling, the atoms with kinetic energies above some cut-off value are controllably

let to escape from the trap, and the remaining atoms are let to thermalize via elas-

tic atom-atom collisions. The procedure is repeated several times to lower the

temperature of the system. We point out that since evaporative cooling relies on

repeated thermalizations of the sample via collision processes, there is a difference

in the implementation of the scheme for Fermi gases of spin-polarized identical

2With 6Li, laser cooling achieves temperatures on the order of 300 µK [91].
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fermions as compared to bosonic gases. This is due to the Pauli exclusion prin-

ciple which forbids s-wave scattering of spin-polarized identical fermions (i.e.,

the s-wave scattering cross section is zero [87]). Note that at low temperatures

for dilute gases, collisions between atoms are primarily s-wave.3 As a result of

the Pauli blocking, evaporative cooling of spin-polarized identical fermions works

inefficiently because of the lack of rethermalization. Thus, other strategies, such

as cooling fermions in different internal states or sympathetic cooling with other

atomic species, are required for Fermi degeneracy [87]. In sympathetic cooling,

the temperature of the atomic species of interest is lowered by thermal contact

with the other species which can be evaporatively cooled. For example, cooling of

fermionic 6Li can be achieved via collisions with the evaporatively cooled bosonic

7Li [87]. In this case, 7Li cools 6Li ‘by sympathy’, hence the name of the scheme.

With these tools, the first quantum degenerate Fermi gas of atoms was realized

in 1999 using 40K [93]. The evaporative cooling was perfomed by preparing the 40K

atoms in the Zeeman sublevels
∣∣F = 9

2
,mF = 9

2

〉
and

∣∣F = 9
2
,mF = 7

2

〉
of the F = 9

2

hyperfine level of the ground-state 4 2S1/2. Here F denotes the total angular mo-

mentum (i.e, the sum of electronic angular momentum and nuclear spin) quantum

number and and mF is the corresponding secondary quantum number (i.e., the

quantized projection of total angular momentum along the field axis). The other

stable fermionic isotope in alkali metals, 6Li, was cooled to quantum degeneracy

3To see this, recall the three-dimensional elastic scattering of two identical atoms which interact
with each other via a spherically symmetric potential U(r), where r is the relative distance of the
atoms. The radial part ul(r) (here, l is the angular momentum quantum number) of the wave
function of the ‘relative particle’ then obeys the time-independent Schrödinger equation [92]

− 1

2mr

∂2ul(r)

∂r2
+

[
U(r) +

l(l + 1)

2mrr2

]
ul(r) = Eul(r),

where mr is the reduced mass of the two atoms and E is the collision energy. The term
l(l + 1)/2mrr

2 is a centrifugal barrier which limits the number of relevant partial waves for low
energy scattering. For ultracold atoms (e.g., Li at temperatures below a few millikelvin), scattering
processes involving partial waves with l > 0 (i.e., p, d, f , . . . waves) are energetically suppressed,
and thus only s-wave (i.e., l = 0, in which case the centrifugal barrier vanishes) scattering needs to
be considered [87].
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in 2001 by sympathetic cooling with 7Li [88, 94]. Examples of non-alkali Fermi

gases cooled to quantum degeneracy include 173Yb [95], 171Yb [96], 87Sr [97, 98],

and 161Dy [99].

3.2.3 Feshbach resonance

Following the realization of Fermi degeneracy, great experimental effort was put

into obtaining proof of superfluid behaviour in two-component atomic Fermi gases.

After some pioneering experiments in fermion pairing [100–108], superfluidity in

two-component Fermi gases was unequivocally demonstrated in 2005 by the ob-

servation of quantized vortices in 6Li [109]. These superfluid atomic Fermi gases

can be used, e.g., for the analogue quantum simulation of solid-state superconduc-

tors [9].

In two-component ultracold Fermi gases, atoms are prepared in different Zee-

man sublevels (often loosely called just hyperfine levels, or spin states) that repre-

sent effective spin-1
2

projections in the presence of a magnetic bias field. In quan-

tum simulation, these Zeeman states thus correspond to the ↑ and ↓ spin projec-

tions of electrons in a metal. For example, with 6Li one usually chooses the two

lowest-lying Zeeman states, |1〉 =
∣∣F = 1

2
,mF = 1

2

〉
and |2〉 =

∣∣F = 1
2
,mF = −1

2

〉
,

from the Zeeman-split F = 1
2

hyperfine manifold of the ground-state level 2 2S1/2

such that |1〉 = | ↓〉 and |2〉 = | ↑〉 (see for example Ref. [38]).4

The interaction between these effective spin-1
2

particles is characterized by the

dimensionless parameter kFas [9, 87]. Here kF is the Fermi wave number and as

is the s-wave scattering length in three dimensions (3D). The absolute value of the

scattering length quantifies the strength of the interactions, and its sign determines

4We point out that strictly speaking F is not a good quantum number for the magnetic field
strengths usually used in ultracold Fermi gas experiments (the so-called Paschen–Back regime),
but in practice it is still used for labelling the states for simplicity. The label then indicates the
value of F at zero field which the sublevel in a strong field adiabatically correlates with [48]. A
more precise notation for the |1〉 and |2〉 states in 6Li is |1〉 =

∣∣S = 1
2 , I = 1,mS = − 1

2 ,mI = 1
〉

and |2〉 =
∣∣S = 1

2 , I = 1,mS = − 1
2 ,mI = 0

〉
. Here, mS (mI ) is the secondary spin (nuclear spin)

quantum number.
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the character of the interactions [87]. For as > 0, the interaction is repulsive. For

as < 0, it is attractive.

What makes interactions between ultracold atoms particularly interesting is the

phenomenon of Feshbach resonance [48,110] which enables the tuning of the abso-

lute value and the sign of the scattering length with an external magnetic field B.5

This ability to control the interactions between particles to a great extent is a use-

ful feature for quantum simulations as it allows the study of physical phenomena

over a variety of parameter regimes.

To explain Feshbach resonances one considers the multichannel scattering of

two ultracold atoms, i.e., a minimum of two scattering channels is required for

the phenomenon [48, 110]. The atoms 1 and 2 are prepared in a particular choice

of Zeeman states, |F1,mF1〉 and |F2,mF2〉, respectively. They scatter in an open

channel characterized by the quantum numbers {F1mF1 , F2mF2 , l = 0} [110]. Open

channel means that the total scattering energy E of the atoms is greater than the

asymptotic value of the interaction potential which is given by the sum of the in-

ternal energies of the atoms, i.e., E > EF1mF1
+ EF2mF2

. For the same pair of atoms

in some other Zeeman states, |F ′1,mF ′
1
〉 and |F ′2,mF ′

2
〉, the interaction potential is in

general different from that of the open channel [110]. The potential corresponding

to these other Zeeman states represents an energetically closed scattering channel

if its asymptotic energy is above E, i.e., EF ′
1mF ′

1

+ EF ′
2mF ′

2

> E. We assume that this

other channel is closed in the following.

Two features are crucial for the existence of Feshbach resonances. First, due

to interatomic interactions at short distances, dynamical changes in the couplings

among the angular momenta of the two atoms are induced, and thus the (suitable)

closed channel becomes coupled to the atoms in the open channel when the atoms

are close to each other [110]. For alkali metal atoms, this occurs typically in the

5We consider only magnetic Feshbach resonances in this work. There are also optical Feshbach
resonances (see Ref. [48]).
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Figure 3.1: Feshbach resonance. Two atoms, 1 and 2, in Zeeman states |F1,mF1〉
and |F2,mF2〉, respectively, scatter in an open channel potential Vopen(r) (blue
curve), where r is the interatomic distance. The open channel has asymptotic en-
ergy EF1mF1

+ EF2mF2
< E, where E is the total energy of the atoms (black dashed

curve). Another pair of Zeeman states of the atoms, |F ′1,mF ′
1
〉 and |F ′2,mF ′

2
〉, corre-

sponds to a closed channel potential Vclosed(r) (red curve) with asymptotic energy
EF ′

1mF ′
1

+ EF ′
2mF ′

2

> E. For small r, interatomic interactions induce a coupling be-
tween the two channels. If the open and closed channels have different magnetic
moments, the energies of the channels can be tuned with respect to each other with
an external magnetic fieldB as ∆E(B) = ∆µmB, where ∆µm is the difference in the
magnetic moments. For ultracold atoms, E − (EF1mF1

+ EF2mF2
) ' kBT � ∆µmB.

Changing the magnetic field also affects the energies Eb(B) of the bound states of
the closed channel. If at a magnetic field value B = B0, the energy of a bound state
in the closed channel becomes degenerate with the total energy of the atoms in the
open channel, i.e., Eb(B0) = E, resonant scattering occurs and is characterised by
a diverging scattering length. The atoms in the open channel are then said to have
a Feshbach resonance at B = B0.

interatomic distance range of 20 to 25a0, where a0 is the Bohr radius [110]. Since

the two colliding atoms cannot belong to the continuum of the closed channel, the

interchannel coupling is a second-order process [84]. In other words, the atoms

can virtually populate an intermediate state in the closed channel and then return

to the open channel. Second, if the closed channel has a magnetic moment which
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Figure 3.2: The s-wave scattering length as(B) in Eq. (3.1) diverges at B = B0,
changes sign when B goes through B0, and vanishes when B = B0 + ∆B.

is different from that of the open channel by ∆µm, the shift of the asymptotic en-

ergies of the two potentials, ∆E(B) = ∆µmB, can be changed with the external

magnetic field B. If one then tunes the energy of a molecular bound state in the

closed channel to degeneracy with the total energy of the atoms, the mixing of the

two channels due to the interchannel coupling is maximal and resonant scattering

occurs [48]. This Feshbach resonance is characterized by a diverging scattering

length and cross section, and it allows strong interactions for ultracold atoms that

have very low collision energies. We illustrate the idea of a Feshbach resonance in

Fig. 3.1.

Using for example the T -matrix formalism (see Ref. [84] for details), one can

show that the s-wave scattering length as a function of B is given by [48]

as(B) = abg

(
1− ∆B

B −B0

)
. (3.1)

Here, abg is the background scattering length which characterizes the scattering

in the open channel without coupling to the closed channel, B0 is the magnetic

field at resonance, and ∆B is the resonance width corresponding to the difference

between B0 and the magnetic field value at which the scattering length vanishes.

The scattering length therefore diverges at B = B0, changes sign when B goes
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through B0, and vanishes when B = B0 + ∆B. We illustrate this behaviour of the

scattering length in Eq. (3.1) in Fig. 3.2.

To make the description a bit more concrete and to give a sense of experimental

parameters, we consider the Feshbach resonances of 6Li as an example. The two

lowest-lying Zeeman states |1〉 and |2〉 have a background scattering length abg,12 =

−1582a0, and a Feshbach resonance at B0,12 = 832 G with ∆B12 = −262 G [111].6

The Zeeman states |1〉 and |3〉, and |2〉 and |3〉 have background scattering lengths

abg,13 = −1770a0 and abg,23 = −1642a0, respectively, and Feshbach resonances at

B0,13 = 690 G with ∆B13 = −167 G, and at B0,23 = 810 G with ∆B23 = −200 G,

respectively [111]. Here, |3〉 =
∣∣F = 3

2
,mF = −3

2

〉
is the third lowest-lying Zeeman

state of 6Li.7

The physics of these 6Li Feshbach resonances is the following. For magnetic

fields above 500 G, the spin of the valence electron of 6Li is fully polarized by

the field, and mS = −1
2

for each of the states |1〉, |2〉, and |3〉 [113]. This means

that the open channel of two colliding 6Li atoms in these states belongs to the

spin-triplet (i.e., Stot = 1, where Stot is the total spin quantum number of the two

valence electrons) molecular potential of 6Li [114]. The closed channel consists of

states belonging to the spin-singlet (i.e., Stot = 0) molecular potential of 6Li [114].

Since the spin-singlet wave function of the valence electrons is antisymmetric, the

corresponding spatial wave function has to be symmetric. This means that the

Pauli principle does not exclude the valence electrons from the region between the

nuclei, and the Coulomb attraction between the electrons and the nuclei leads to a

deep singlet potential well which can support suitable bound states for a Feshbach

resonance. When the distance of the colliding 6Li atoms is on the order of the

atomic scale, the hyperfine interaction Vhf = αhf

(
Ŝ1 · Î1 + Ŝ2 · Î2

)
= αhf

2
(Ŝ1 + Ŝ2) ·

(̂I1 + Î2) + αhf

2
(Ŝ1 − Ŝ2) · (̂I1 − Î2), where αhf is the hyperfine constant and Ŝ1,2 and

6The states |1〉 and |2〉 also have a very narrow Feshbach resonance atB0 = 543 G with ∆B = 0.1
G [112].

7More precisely, |3〉 =
∣∣S = 1

2 , I = 1,mS = − 1
2 ,mI = −1

〉
.
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Î1,2 are the electron spin and nuclear spin operators for the atoms, respectively,

induces a coupling between the triplet and the singlet potentials (intuitively, the

hyperfine interaction allows the trade of electron spin for nuclear spin) [114]. Since

the singlet and triplet potentials correspond to different magnetic moments, their

relative energies can be tuned with a magnetic field. A Feshbach resonance then

emerges when a bound state in the singlet potential is tuned to degeneracy with

the total energy of the 6Li atoms in one of the three combinations of the states

|1〉, |2〉, and |3〉 discussed above in the open channel. See Ref. [48] and references

therein for further details on 6Li Feshbach resonances. In this work, we propose

to use the different locations of these three Feshbach resonances of 6Li to create

an effective spin-dependent potential for the spin-asymmetric Josephson effect in

Chapter 4.

We conclude this introduction to Feshbach resonances by mentioning for com-

pleteness that the ability to tune the scattering length and thus the interaction en-

ables the study and quantum simulation of the so-called BCS–BEC crossover [114]

with superfluid Fermi gases.8 Here, BEC stands for Bose–Einstein condensate. The

BCS limit (1/kFas → −∞) of the crossover corresponds to a weak attractive inter-

action between the atoms. The emergence of superfluidity can be explained in

terms of BCS theory (see Section 3.2.4): the weak attraction between atoms leads

to the formation of Cooper pairs of atoms of opposite spin and momentum. In the

opposite BEC limit (1/kFas → ∞), atoms form effectively bosonic dimers (with

binding energy Eb = −1/ma2
s) that undergo Bose–Einstein condensation. Fesh-

bach resonances allow the study of the transition from one limit to the other. There

is much theoretical and experimental interest in the intermediate unitarity regime

where 1/kF |as| . 1. This is because a unitary Fermi gas, for which 1/kF |as| = 0,

can be considered universal and scale invariant in the sense that its properties are

8The idea of such a crossover was originally studied in the contexts of exciton condensation,
superconductivity in doped semiconductors, and 3He [114].
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independent of the details of the two-body interaction and are determined by its

density and temperature similarly to an ideal Fermi gas even though a unitary

gas is strongly interacting. For further details on the BCS–BEC crossover and the

unitary Fermi gas, see, e.g., Ref. [114] and references therein.

3.2.4 BCS theory

Here, we introduce the basic concepts of a simple theory of superfluidity in Fermi

gases that is based on the BCS theory for conventional superconductors [115], as

considered, e.g., in Refs. [116–118]. Therefore, at least for weak attractive interac-

tions, ultracold Fermi gases act as analogue quantum simulators of BCS supercon-

ductors. There are also approaches that are more accurate than BCS theory [114].

For instance, if one includes the effect of the other particles on the two-particle in-

teraction9, the BCS critical temperature is suppressed by a factor of roughly two.

However, the simplicity of BCS theory makes it a good starting point before ad-

vancing to more accurate schemes. We use BCS theory in Chapters 4 and 5 to

study the spin-asymmetric Josephson effect. For a further description of alterna-

tive theoretical approaches, such as Monte Carlo calculations and corrections to

BCS theory, we refer to Ref. [114].

The starting point of BCS theory is the theoretical observation by Cooper [120]

that two fermions near the Fermi surface in a degenerate Fermi gas form a bound

state called a Cooper pair if there is even an arbitrarily weak attractive interac-

tion between them. In conventional superconductors this attractive interaction

arises from a lattice distortion that creates an effective attraction between elec-

trons [121], whereas in ultracold Fermi gases the attractive interaction between

two atoms in different hyperfine levels comes from the two-body scattering pro-

cess characterised by the s-wave scattering length as [87]. Bardeen, Cooper, and

Schrieffer [115] showed that superfluidity arises from the condensation of Cooper

9This is also known as the Gor’kov–Melik–Barkhudarov correction [119].
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pairs below a critical temperature Tc, taking the ground-state of the system to be

of the form

|ΨBCS〉 =
∏

k

(
uk + vkĉ

†
k,↑ĉ

†
−k,↓

)
|∅〉, (3.2)

where the Bogoliubov coefficients for the momentum state k satisfy |uk|2+|vk|2 = 1.

The expressions for uk and vk are obtained variationally by minimizing over |ΨBCS〉

the expectation value of the BCS Hamiltonian [119]

ĤBCS =
∑

k,σ

(εk − µ) ĉ†k,σ ĉk,σ +
g

Vs

∑

k,k′

ĉ†k′,↑ĉ
†
−k′,↓ĉ−k,↓ĉk,↑, (3.3)

where εk = |k|2
2m

, µ is the chemical potential, Vs is the system volume, and g is the

coupling constant which in the case of ultracold Fermi gases and a contact pseudo-

potential10 of the form U(r) = gδ(r) is given by g = 4π
m
as < 0.11 The resulting

expressions for the Bogoliubov coefficients are given by [119]

uk =

√
1

2

(
1 +

ξk
Ek

)
, (3.4)

and

vk =

√
1

2

(
1− ξk

Ek

)
, (3.5)

where ξk = εk − µ, Ek =
√
ξ2
k + ∆2 is the quasiparticle energy, and ∆ is the BCS

energy gap which characterises the superfluid phase. In ultracold Fermi gases,

the gap can be measured for example with radio-frequency spectroscopy (see, e.g.,

Refs. [107, 122–124]).

In theory calculations for a homogeneous Fermi gas, ∆ is obtained numerically

10A contact potential is a good approximation in ultracold gases due to the diluteness and low
temperature of the atomic clouds [27].

11Alternatively, the expressions for the Bogoliubov coefficients can be derived using the
Bogoliubov–Valatin transformation [121].
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by solving the BCS gap equation [119, 125]

m

4π|as|
=

1

2Vs

∑

k

(
1− 2nF (Ek)

Ek

− 1

εk

)

=
1

2Vs

∑

k




1− 2nF

(√
(εk − µ)2 + ∆2

)

√
(εk − µ)2 + ∆2

− 1

εk


 , (3.6)

in which the Fermi distribution function reads nF (Ek) = 1/ [exp(βEk) + 1]. Equa-

tion (3.6) is solved along with the number equation [119, 125]

n =
1

Vs

∑

k

{
1− ξk

Ek

[1− 2nF (Ek)]

}

=
1

Vs

∑

k

{
1− ξk√

(εk − µ)2 + ∆2

[
1− 2nF

(√
(εk − µ)2 + ∆2

)]}
, (3.7)

where n is the total number density. Together Eqs. (3.6) and (3.7) fix the values

for ∆ and µ for a given temperature and interaction strength. Note that the gap

equation (3.6) contains an extra term compared to the standard gap equation (see,

e.g., Ref. [121]) which takes care of the unphysical ultraviolet divergence caused

by the contact pseudo-potential. See, e.g., Refs. [119, 125] for further details.

We now introduce the Nambu–Gor’kov Green function which complements

the Green functions discussed in Section 2.2 and enables the study of superfluidity

with the Green function approach. The Nambu–Gor’kov Green function is actu-

ally a matrix Green function which allows describing the propagation of single

particles as well as Cooper pairing correlations within the same Green function. It

is defined in momentum space and imaginary time as [43]

GNG(k, τ) = −〈Tτ ψ̂k,M(τ)ψ̂†k,M(0)〉, (3.8)

where the Nambu spinor reads [43]

ψ̂k(τ) =

(
ĉk↑,M(τ)

ĉ†−k↓,M(τ)

)
. (3.9)
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Inserting the Nambu spinor in Eq. (3.9) into Eq. (3.8), the Nambu–Gor’kov Green

function becomes

GNG(k, τ) = −
(
〈Tτ ĉk↑,M(τ)ĉ†k↑,M(0)〉 〈Tτ ĉk↑,M(τ)ĉ−k↓,M(0)〉
〈Tτ ĉ†−k↓,M(τ)ĉ†k↑,M(0)〉 〈Tτ ĉ†−k↓,M(τ)ĉ−k↓,M(0)〉

)
. (3.10)

Here, the diagonal elements are the standard Matsubara Green functions intro-

duced in Section 2.2.1.2, but with a different expression in the superfluid state (see

Ref. [43]). The component relevant for superfluidity is the off-diagonal element,

F(k, τ) = −〈Tτ ĉk↑,M(τ)ĉ−k↓,M(0)〉, (3.11)

along with its conjugate, F †(k, τ). This off-diagonal element is called the anoma-

lous Green function since it is non-zero only in the superfluid phase [43, 67]. By,

e.g., deriving and solving the equations of motion for the elements of the ma-

trix Nambu–Gor’kov Green function in Eq. (3.10), one finds the expression for the

anomalous Green function in Matsubara space as [67]

F(k, iωn) =
−∆

(iωn)2 − E2
k

= −ukvk
(

1

iωn − Ek

− 1

iωn + Ek

)
. (3.12)

We use the anomalous Green functions in Chapters 4 and 5 in describing the critical

Josephson currents in the spin-asymmetric Josephson effect.

3.2.5 Josephson effect

As we will discuss the spin-asymmetric Josephson effect in Chapters 4 and 5, we

now introduce as background the standard Josephson effect [126], which is an im-

portant implication of BCS theory. The Josephson effect refers to the dynamics of

macroscopic variables such as the relative phase and particle number in a bipartite

quantum many-body system known as a Josephson junction. The classic example

of a Josephson junction has two superconductors or superfluids spatially separated

by a tunnelling barrier, such as a thin insulator in solid-state systems [121].
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The Josephson effect is usually divided into two parts depending on whether

or not a bias voltage (i.e., a chemical potential difference) is applied across the junc-

tion. If there is a non-vanishing overlap between the macroscopic wave functions

of the two superfluids in the junction, even without a bias voltage a supercurrent

can flow through the barrier with a sinusoidal dependence on the relative phase

between the wave functions. This is the direct-current (DC) Josephson effect. In the

presence of an additional bias voltage, the supercurrent oscillates with a Joseph-

son frequency that directly depends on the voltage. This is the alternating-current

(AC) Josephson effect. The dynamics of the Josephson junction is obtained from

the Josephson relations [85, 126]

IJ(t) = IC sin ΦJ(t), (3.13)

and

dΦJ(t)

dt
= ∆V, (3.14)

where IC is the critical Josephson current, ΦJ(t) is the Josephson phase, and ∆V

is the potential difference across the junction. For a simple derivation of these

relations, see, e.g., Ref. [127].

The Josephson effect was observed in superconducting tunnel junctions [128]

shortly after the theoretical prediction. An analogous effect has also been demon-

strated for example in superfluid 3He [129] and 4He [130], exciton polaritons [131],

and ultracold atoms with both bosonic [81–83] and fermionic [38] species. There

has also been theoretical work on the Josephson effect in ultracold Fermi gases,

see, e.g., Refs. [132–135].

In atomic systems, the analogue of the solid-state Josephson junction can be

obtained by bisecting a trapped superfluid into two reservoirs or wells, L and R,

with a laser-created optical barrier (see, e.g., Ref. [38]). The ‘voltage’ ∆V is then
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given by the chemical potential difference between the reservoirs that is induced

by a small population difference across the junction.

We point out that in Ref. [38] the observation of the Josephson effect refers to

Josephson plasma oscillations instead of the full AC effect. To see the difference,

we consider dynamics of the number difference parameter kJ = 1
2
(NJ

L−NJ
R), where

NJ
L (NJ

R) is the number of Cooper pairs (i.e., effectively bosonic particles, akin to

Ref. [85]) in the left (right) hand side of the double well which can contribute to the

Josephson current. The parameter kJ obeys the Josephson relations

dkJ
dt

= IC sin ΦJ(t), (3.15)

and

dΦJ(t)

dt
= µR − µL, (3.16)

where µL (µR) is the chemical potential for Cooper pairs on the left (right) hand

reservoir. For small ΦJ but long enough times to observe small number oscilla-

tions, we have sin ΦJ(t) ≈ ΦJ(t), and we obtain the relations

dkJ
dt

= ICΦJ(t), (3.17)

and

dΦJ(t)

dt
= −EchkJ , (3.18)

where we have introduced the charging energy Ech = 2 dµL
dNJ

L
, which is calculated

at NJ
L = NJ

R = NJ/2 [85]. Here, NJ = NJ
L + NJ

R. The name charging energy

comes from the analogous concept in solid-state Josephson junctions [121]. The

relations (3.17) and (3.18) yield a differential equation for kJ as

d2kJ
dt2

+ EchEJkJ = 0, (3.19)
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where the Josephson energy reads EJ = IC (recall that ~ = 1) [85]. Equation (3.19)

is the equation of motion of a simple harmonic oscillator. We therefore find that the

system undergoes small-amplitude harmonic motion with the plasma frequency

ωp =
√
EchEJ . (3.20)

Equation (3.20) is sometimes said to give the frequency of the classical oscillation

of the superfluid between the two reservoirs, since it emerges from the equation of

motion of a classical pendulum [85]. Note that the Josephson phase oscillates out

of phase from kJ by phase π
2
.

The following pendulum analogy is often used to intuitively explain the dif-

ference between full AC Josephson oscillations and Josephson plasma oscillations

(see also Refs. [83,136]). Consider the Josephson phase to be a rigid pendulum that

experiences an impulsive force. If the impulse is small, the pendulum undergoes

small-amplitude harmonic motion around the equilibrium position. This is anal-

ogous to the Josephson plasma mode. If the impulse is very large, the pendulum

rotates continuously in complete circles with a circular frequency proportional to

the impulse. This is analogous to the full AC Josephson oscillations. For an illus-

tration, see Fig. 1a of Ref. [83]. In the context of Fermi gases, we point out that for

the plasma oscillation approximation to be valid, the initial relative number differ-

ence, z0 =
NJ
L−NJ

R

NJ
L+NJ

R
, that creates a small difference in chemical potentials across the

junction (the ‘impulse’), has to be on the order of a few per cent [38, 135].

In Chapter 4, we consider an extension of the double well atomic Josephson

junction realized with ultracold Fermi gases [38] in that we introduce an additional

spin-dependent potential across the junction. The presence of a spin-dependent

potential creates an asymmetry between the Cooper-paired spin components as

they tunnel through the junction and leads to the so-called spin-asymmetric Joseph-

son effect [1, 2, 36, 37] which we study in Chapters 4 and 5.
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In addition to a single Josephson junction, the Josephson effect can be realized

in an array of small Josephson junctions. For example, a Josephson-type effect

was observed in a one-dimensional (1D) optical lattice in the case of Bose–Einstein

condensates [81]. In Section 4.3, we consider the spin-asymmetric Josephson effect

in a 1D spin-dependent optical superlattice which can considered an array of spin-

dependent double wells, or Josephson junctions.

Finally, we point out that in atomic systems it is possible to study the Joseph-

son effect between the hyperfine, or internal, levels of the atoms. In this case, the

phenomenon is often called the ‘internal’ Josephson effect [137].12 This is also the

case where the spin-asymmetric Josephson effect was first studied [36, 37].

3.2.6 Optical lattices

An optical lattice is a periodic optical potential for ultracold atoms created by the

interference of two or more laser beams. It is analogous to the periodic potential of

a metallic lattice and thus allows the analogue quantum simulation of lattice mod-

els such as the Hubbard Hamiltonian in Eq. (2.1) with quantum gases. The system

sizes of optical lattice setups are varied, ranging from small 1D arrangements of

less than 100 lattice sites that can be compared to classical simulations [139] to large

3D systems of over 104 sites (see, e.g., Refs. [16, 140]) that are beyond the reach of

exact simulations with current numerical methods. In the recently realized Fermi

gas microscopes, a few hundred atoms can currently be imaged with single-site

resolution in a 2D arrangement (see, e.g., Refs. [141, 142]). Due to their control-

lability ultracold atoms in optical lattices have been used for studying a plethora

of physical phenomena. For reviews, see, e.g., Refs. [9, 27, 29]. In this thesis, we

12Note that the internal Josephson effect discussed here is different from the ‘intrinsic’ Joseph-
son effect which can occur in a bulk superconductor due to internal variations in the material
which create a stack of intrinsic Josephson junctions. This is for example the case in some lay-
ered high-temperature superconductors where the Josephson effect occurs between adjacent CuO2

planes [138].
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study spin-asymmetric particle currents in a spin-dependent optical superlattice

in Chapter 4.

The purpose of this Section is to give only a brief introduction to optical lattices.

For more extensive and pedagogical treatments, we refer, e.g., to Refs. [84, 119].

We begin with the generation of optical lattice potentials. We then discuss spin-

dependent optical lattices. Finally, optical superlattices are introduced. In Ap-

pendix A we show for completeness a simple derivation of the Hubbard model in

deep optical lattices.

3.2.6.1 Generation of optical lattices

Optical lattices are created with laser fields and rely on the dispersive interaction

between the atom and the electric field of a non-resonant laser. The key physical

phenomenon behind optical lattices is the AC Stark shift (also called light shift).

In this phenomenon a neutral atom couples to an external laser field of frequency

ωL via an induced electric dipole moment which causes a shift in the energy levels

of the atom [84]. Here, we consider the case of an atom with two selected energy

levels that we call the ground-state |g〉 and excited state |e〉. This two-level approx-

imation can be done since atomic energy levels are not equally spaced, and ωL can

be tuned close to the resonant frequency between the levels |g〉 and |e〉.

The electric dipole interaction between the atom and the laser field creates a

potential called the optical dipole potential. It is given by the energy change of

the level |g〉 which can be calculated using second-order perturbation theory (for

details, see, e.g., Refs. [84,119,143]). The expression for the optical dipole potential

reads [143]

Vdipole(r) =
3πc2

2ω3
0

γe
δ
I(r), (3.21)

where c is the speed of light, ω0 is the resonant transition frequency of the atom,

δ = ωL − ω0 is the laser detuning, and I(r) is the intensity of the laser field. The
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parameter γe in Eq. (3.21) corresponds to the spontaneous decay rate of the excited

state |e〉 and is given by the matrix element of the dipole operator d̂ between the

states |g〉 and |e〉. Its expression is [143]

γe =
ω3

0

3πε0c3
|〈e|d̂ · ε|g〉|2, (3.22)

where ε0 is the vacuum permittivity and ε is the polarization vector of the laser.

We point out that with real atoms such as alkali metals one often does the cal-

culation of the dipole potential more accurately by taking the fine structure into

account [143]. For example, in 6Li the ground-state |g〉 corresponds to the level

2 2S1/2, and the (first) excited state |e〉 is split into the levels 2 2P1/2 and 2 2P3/2 [86].

With all alkali metals, the transition n̄ 2S1/2 → n̄ 2P1/2 is referred to as the D1 line

and n̄ 2S1/2 → n̄ 2P3/2 as the D2 line13, and the laser detuning is calculated with

respect to both transitions. However, if the laser detuning is large compared to

the fine-structure splitting and the polarization of the laser is linear, the resulting

dipole potential reduces to the two-level result with a detuning given relative to

the centre of the D1 and D2 lines. For further details, see, e.g., Ref. [143].

The sign of the optical dipole potential depends on the detuning of the laser

frequency from the resonant transition frequency. The potential is attractive for

a red-detuned (δ < 0, i.e., ωL < ω0) laser field, while for blue detuning (δ > 0,

i.e., ωL > ω0) it is repulsive. See Fig. 3.3 for an illustration of the laser frequencies

relative to the resonant frequency and the light shifts for a red-detuned laser. We

also point out that the scattering rate of photons that is related to the absorptive

interaction between the atom and the laser field scales as I/δ2 as opposed to the

I/δ scaling of the dipole potential (see Ref. [143] for details). As a result, for a fixed

intensity I the spontaneous scattering of photons can be suppressed by increasing

13Note that the designation of these lines is historical and originates from the sodium doublet in
the Fraunhofer spectral lines. They should not be confused with the higher D (i.e., L = 2) states of
the atom.
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Figure 3.3: (a) Schematic representation of a two-level atom with resonant fre-
quency ω0 illuminated with laser light of frequency ωL. If the laser is red-detuned
(with detuning δ = ωL − ω0 < 0, i.e., laser frequency ωL < ω0), the resulting
optical dipole potential is attractive. If the laser is blue-detuned (with detuning
δ = ωL − ω0 > 0, i.e., laser frequency ωL > ω0), the optical dipole potential is
repulsive. (b) Light shifts for a two-level atom with a red-detuned laser.

δ, and the contribution from the dispersive interaction dominates over dissipative

processes [87].

In order to create an optical lattice potential with laser light, I(r) in Eq. (3.21)

must be spatially periodic. The usual way to achieve this in 1D is by superim-

posing two counter-propagating laser beams of wave number kL = 2π
λL

, where λL

is the wavelength of the beams [47]. This creates a standing wave with intensity

I(x) = I0 sin2(kLx), where I0 is the maximum intensity, and yields a periodic po-

tential of the form

V (x) = V0 sin2(kLx), (3.23)

where V0 is the maximum depth of the lattice potential. Usually V0 is given in units

of the recoil energy of the atom given by ER = k2
L/2m, where m is the mass of the

atom. Then V0 = s̃ER, where the dimensionless parameter s̃ has the expression

s̃ =
V0

ER
=

2m

k2
L

· 3πc2

2ω3
0

γe
δ
I0. (3.24)

In ultracold atom experiments, the values for the lattice depth s̃ are usually be-

tween 1 and 20 [28], although higher values are also possible. Note that in Eq. (3.23)
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we have neglected the Gaussian shape of the laser beam creating the trapping po-

tential, which can be done in the center of the trap for distances much smaller than

the beam waist [27].

Higher-dimensional optical lattices are obtained by superimposing more than

two laser beams with linearly independent wave vectors [47]. For example, us-

ing three pairs of laser beams along orthogonal axes creates the three-dimensional

lattice potential

V3D(x, y, z) = V0,x sin2(kLx) + V0,y sin2(kLy) + V0,z sin2(kLz), (3.25)

where the lattice depths V0,α (α = x, y, z) can be varied independently by tuning the

intensities of the corresponding pair of laser beams. In addition to dimension, dif-

ferent lattice geometries, such triangular [144], hexagonal [145], and kagome [146]

lattices, can also be created by changing the number and orientation of the laser

beams [9, 147].

3.2.6.2 Spin-dependent optical lattices for bosons

With ultracold atoms it is possible to create spin- or state-dependent lattices. We

first consider the case of bosonic alkali metal atoms, with which pioneering ex-

periments have been done [148, 149]. A state-dependent optical lattice can be cre-

ated by counter-propagating two linearly polarized laser beams with an angle θ

between their polarization axes14 [148–151], as we explain in the following. The

beams have the same wavelength and intensity. This method is also in principle

applicable to the fermionic alkali metals [152], but with them the heating of the

system renders this approach impractical as we will discuss in Section 3.2.6.3.

We take the propagation of the electric fields of the laser beams to be along

the z-axis (see Fig. 3.4 for an illustration). The position-dependent parts of the

fields are assumed to have the forms E1 ∝ eikLz [cos(θ/2)εx − sin(θ/2)εy] and E2 ∝
14This is called a lin-θ-lin or lin∠lin configuration.
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Figure 3.4: Two counter-propagating linearly polarized laser beams of the same
wavelength and intensity, and with an angle θ between their polarization axes
(green lines) can be used for creating spin-dependent optical lattices.

e−ikLz [cos(θ/2)εx + sin(θ/2)εy] (here, εx and εy are unit vectors along the x- and y-

axis, respectively), such that E1 + E2 ∝ − cos(kLz + θ/2)σ+ + cos(kLz − θ/2)σ−,

where σ± = ∓(εx ± iεy)/
√

2. This gives rise to the σ± polarized optical lattice

potentials [148, 151]

V±(z, θ) = V0,± cos2(kLz ± θ/2). (3.26)

Note that the separation between the minima of the resulting potentials is given

by ∆z = θλL/2π, which can be controlled with the angle θ.

We consider for concreteness the case of 87Rb atoms which have nuclear spin

I = 3
2
. The standing wave corresponding to the σ+ polarized light couples the

mJ = −1
2

state of the ground-state level 5 2S1/2 to the mJ = +1
2

state in the excited

state levels 5 2P1/2 and 5 2P3/2.15 This standing wave also couples themJ = +1
2

state

of the level 5 2S1/2 to the state mJ = +3
2

of the level 5 2P3/2. Similarly, the standing

wave corresponding to the σ− polarized light couples the mJ = +1
2

state of the

ground-state level 5 2S1/2 to the mJ = −1
2

state in the excited state levels 5 2P1/2

15Recall that the electric dipole transition selection rules with σ± polarized light have ∆mJ =
±1 [153].
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Figure 3.5: Schematic representation of the AC Stark shifts for the mJ = −1
2

(blue
solid line) and mJ = +1

2
(red dashed line) states of 5 2S1/2 in the case of σ+ polar-

ized light. By choosing the laser frequency ωL conveniently between the resonant
frequencies of the D1 and D2 transitions, ω0,D1 and ω0,D2 , respectively, it is possible
to make the AC Stark shift for the mJ = −1

2
state vanish. The AC Stark shift for

the mJ = +1
2

state remains non-zero. At the same laser frequency ωL, also the AC
Stark shift for the mJ = +1

2
state of 5 2S1/2 with σ− polarized light vanishes, while

the AC Stark shift for the mJ = −1
2

state remains non-zero.

and 5 2P3/2. This standing wave also couples the mJ = −1
2

state of the level 5 2S1/2

to the state mJ = −3
2

of the level 5 2P3/2.

By choosing the laser frequency conveniently between the resonant frequencies

of theD1 andD2 transitions, it is possible to make the AC Stark shifts16 for themJ =

−1
2

state of 5 2S1/2 with σ+ polarized light and the mJ = +1
2

state of 5 2S1/2 with

σ− polarized light equal to zero. This is because in this case the laser detunings

with respect to the D1 and D2 lines have opposite signs and the light shifts cancel

out [151] (see Fig. 3.5 for an illustration). In the case of 87Rb, for which λD1 = 795

nm and λD2 = 780 nm, this occurs at λL = 785 nm [148]. As a result, one is left with

the situation where the mJ = −1
2

state of 5 2S1/2 only sees the potential V−(z, θ),

16The AC Stark shift of the ground-state level i of a multilevel atom has the form ∆Ei =
3πc2γe
2ω3

0
I
∑
j

b2ij
δij

, where bij is the transition coefficient and δij is the detuning between the level i
and an excited state level j [143].
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and the mJ = +1
2

state of 5 2S1/2 only sees the potential V+(z, θ).

The trapped Zeeman sublevels of 5 2S1/2,17

|JIFmF 〉 =
∑

mJ ,mI

cJ,I,F,mJ ,mI ,mF |JImJmI〉, (3.27)

where mI is the secondary nuclear spin quantum number, feel potentials that de-

pend on the Clebsch–Gordan coefficients cJ,I,F,mJ ,mI ,mF = 〈JIFmF |JImJmI〉 [151].18

For example, the Zeeman state |1〉 = |F = 2,mF = −2〉19 has the Clebsch-Gordan

coefficient
〈
F = 2,mF = −2

∣∣mJ = −1
2
,mI = −3

2

〉
= 1, i.e., |1〉 =

∣∣mJ = −1
2
,mI = −3

2

〉
.

As another example, the Zeeman state |0〉 = |F = 1,mF = −1〉 has two non-zero

the Clebsch-Gordan coefficients given by
〈
F = 1,mF = −1

∣∣mJ = 1
2
,mI = −3

2

〉
=

√
3
4

and
〈
F = 1,mF = −1

∣∣mJ = −1
2
,mI = −1

2

〉
= −1

2
, meaning that we have the ex-

pansion |0〉 =
√

3
4

∣∣mJ = 1
2
,mI = −3

2

〉
− 1

2

∣∣mJ = −1
2
,mI = −1

2

〉
. The AC Stark shift

of a Zeeman sublevel is given by the weighted sum of the light shifts of the |mJ ,mI〉

states with weights given by |cJ,I,F,mJ ,mI ,mF |2 [152]. The spin-dependent poten-

tials for the states |1〉 and |0〉 are thus given by V1(z, θ) = V−(z, θ) and V0(z, θ) =

3
4
V+(z, θ) + 1

4
V−(z, θ), respectively [148, 151].

These kinds of state-dependent potentials have applications in quantum in-

formation science as they allow, e.g., the creation of entangling two-qubit gates

and multiqubit cluster states with neutral atoms via controlled atom-atom colli-

sions [149–151]. Shifting the two lattices with respect to each other by varying θ

also allows tuning the on-site interaction strength between the atoms by changing

the spatial overlap of the wave functions of the atoms. This is an alternative to us-

ing Feshbach resonances to tune the s-wave scattering length [147]. In the context

17We point out that the spin-dependent optical lattices in Refs. [148, 149] were manipulated in a
weak magnetic field of 1 G, in which case F and mF are good quantum numbers.

18The Clebsch–Gordan coefficients can be obtained from the formula [153]

cJ,I,F,mJ ,mI ,mF
= 〈JIFmF |JImJmI〉 = (−1)J−I+mF

√
2F + 1

(
J I F
mJ mI −mF

)
,

where the matrix term on the right is the Wigner 3-j symbol.
19We leave the fixed quantum numbers J = 1

2 and I = 3
2 of the level 5 2S1/2 out of the notation.
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of quantum simulation, spin-dependent optical lattices have been used for exam-

ple for investigating the coexistence of Mott-insulating and superfluid phases [154]

and studying many-body spin Hamiltonians with ultracold atoms [155]. See, e.g.,

Refs. [147–151] for further details on state-dependent optical lattices for bosonic

atoms.

3.2.6.3 Spin-dependent optical lattices for fermions

Spin-dependent optical lattices for fermionic alkali metal atoms can in principle be

created using the same lin-θ-lin configuration and the same couplings between the

ground-state level n̄ 2S1/2 and the excited state levels n̄ 2P1/2 and n̄ 2P3/2 as in the

case of bosonic atoms in Section 3.2.6.2 [152]. By again choosing the laser frequency

conveniently between the resonant frequencies of the D1 and D2 transitions, it is

possible to make the AC Stark shifts for the mJ = −1
2

state of n̄ 2S1/2 with σ+

polarized light and the mJ = +1
2

state of n̄ 2S1/2 with σ− polarized light equal to

zero. At this frequency, themJ = −1
2

state of n̄ 2S1/2 only sees the potential V−(z, θ),

and the mJ = +1
2

state of n̄ 2S1/2 only sees the potential V+(z, θ). The potentials

felt by the Zeeman sublevels |F,mF 〉, e.g.,
∣∣F = 9

2
,mF = 9

2

〉
and

∣∣F = 9
2
,mF = 7

2

〉
of

the F = 9
2

hyperfine level of the ground-state 4 2S1/2 in the case of 40K, are again

obtained by calculating the Clebsch–Gordan coefficients [152].

However, there is an important practical limitation with this method when it

comes to 6Li and 40K. The intrinsic problem is the heating of the system by spon-

taneous emission. It is caused by the very small fine-structure splitting δFS in 6Li

and 40K (δFS,Li = 0.01 THz and δFS,K = 1.73 THz ) [86]. For standard optical lat-

tices the heating issue can be remedied by detuning the laser further away from

the resonances, since the rate of spontaneous emission scales as 1/δ2 as compared

to the 1/δ scaling of the conservative dipole potential [143]. This trick is not pos-

sible for the spin-dependent potential since the laser frequency needs to be tuned

between the D1 and D2 lines. Due to the small δFS in 6Li and 40K, the detuning
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is not far off resonance and the rate of spontaneous emission remains significant.

This heating by spontaneous emission due to a small fine-structure splitting is the

reason why spin-dependent optical lattices have not been realized experimentally

with 6Li and 40K using the standard method [156]. In comparison, for example

with 87Rb the heating appears to be less of a problem due to a larger fine-structure

splitting (δFS,Rb = 7.12 THz) [86, 152].

Spin-dependent lattices have, however, been created with 40K by using a dif-

ferent strategy [156]. By applying a magnetic field gradient which is sinusoidally

modulated in time, one can create an oscillating spin-dependent force acting on

the atoms in the lattice. Using Floquet theory, one can show that this then leads to

an effective spin-dependent hopping parameter [156].

Other proposed means to obtain spin-dependent lattices for fermionic atoms

include relying on, e.g., alkaline-earth and alkaline-earth-like atoms [157–159]. An-

other possibility could be mixtures of atoms with different masses [160].

3.2.6.4 Optical superlattices

Optical superlattices20 can be created by superimposing two standing wave laser

fields of different wavelengths. For instance, superimposing two standing waves

created with lasers of wavelengths λL and λL/2 realises a superlattice potential of

the form Vsuper(x) = V0,λL sin2(2πx/λL) + V0,λL/2 sin2(4πx/λL) (in 1D) that mimics

an array of asymmetrical double wells [161, 162], as depicted in Fig. 3.6. Optical

superlattices have been used experimentally in quantum simulation, e.g., in study-

ing quantum magnetism with both bosonic [162, 163] and fermionic [164] atoms,

and as well as in studying the time-evolution of fermionic systems after different

parameter quenches [165].

20The terminology for these kinds of optical lattices originates from solid-state physics where a
superlattice refers to a periodic structure of material layers consisting of two or more materials. The
different materials break the usual period of a lattice of a single material, and thus more complex
lattice potentials can be created this way.
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Figure 3.6: Schematic representation of a superlattice mimicking an array of asym-
metrical double wells.

In this thesis, we study the spin-asymmetric Josephson effect in a spin-dependent

optical superlattice of fermionic atoms that mimics an array of spin-dependent

double wells. In 1D, this kind of potential has the form V σ
super(x) = V σ

0,λL
sin2

(
2πx
λL

)
+

V σ
0,λL/2

sin2
(

4πx
λL

)
(see Fig. 4.8 for an illustration). Spin-dependent superlattices

have been realized with bosons (see, e.g., Ref. [166]), but not yet with fermions.



Chapter 4

SPIN-ASYMMETRIC JOSEPHSON EFFECT IN
ULTRACOLD FERMI GASES

In this Chapter, we describe the so-called spin-asymmetric Josephson effect, and

present two ultracold Fermi gas setups, possibly realizable with present-day or

near-future technology, where the phenomenon could manifest.

4.1 Introduction

In Section 3.2.5, we introduced the Josephson effect which has been observed in

various contexts, including in ultracold atom systems which act as analogue quan-

tum simulators of solid-state Josephson junctions. The unprecedented control and

tunability of parameters and individual degrees of freedom that are achievable in

ultracold atomic gas setups offer also the possibility to consider going beyond the

standard Josephson phenomenon.

In this Chapter, we study the proposed ‘spin-asymmetric’ Josephson effect [36,

37] in the context of ultracold Fermi gases. In this effect, the Cooper-paired spin-1
2

particles undergo frequency-synchronized AC Josephson oscillations with spin-

dependent critical currents in the presence of spin-dependent ‘voltages’ across the

Josephson junction. The fact that the spin components contribute asymmetrically

to the Josephson current shows that the standard description of the Josephson ef-

fect in terms of bosonic pair tunnelling is insufficient. We emphasize that the spin-

57
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asymmetric Josephson effect is conceptually general and as such not only restricted

to ultracold atoms. In Chapter 5, we discuss possible solid-state setups, the ana-

logue quantum simulators of which these ultracold Fermi gas systems could be.

The structure of this Chapter is the following. In Section 4.2, we first describe

the original four-component Fermi gas setup for the phenomenon for complete-

ness and give the expressions for the spin-asymmetric Josephson currents. We then

describe the conceptually analogous spin-dependent double well setup. We also

explain the physical origin of the asymmetry. We then study the Josephson plasma

oscillation regime [38] in the double well setup as a possible means to realize the

effect with present-day tools and techniques. In Section 4.3, we show using TEBD

that the spin-asymmetric Josephson-like currents are present in the dynamics of

an ultracold two-component Fermi gas in a one-dimensional spin-dependent op-

tical superlattice. A summary of the results of this Chapter is given in Section 4.4.

In Appendix B, we show how the explanation of the physical origin of the asym-

metric Josephson currents generalises to a non-momentum conserving coupling.

We present a brief description of the TEBD numerical method in Appendix C and

some further calculation details in Appendix D.

The spin-dependent double well setup and the plasma oscillation results have

been published in Ref. [1]. The spin-dependent superlattice arrangement and the

TEBD results have been published in Ref. [2].

4.2 Josephson effect in the presence of spin-dependent
potentials

4.2.1 Internal Josephson effect in a four-component Fermi gas

4.2.1.1 Setup

In Refs. [36, 37], the setup for the spin-asymmetric Josephson effect was given in

terms of a four-component1 Fermi gas where the first two components (|1〉 and |2〉)
1Here component refers to a hyperfine level of an atom.
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form a spatially coexisting superfluid with the superfluid of the other two compo-

nents (|3〉 and |4〉). Transitions between the internal levels of the superfluids are

induced by a radio-frequency (RF) field, and the detuning of the RF field with re-

spect to the atomic transitions acts as an effective spin-dependent potential. The

studied phenomenon is then the internal Josephson effect. Here, we give an out-

line of the four-level setup and the linear response calculations for completeness.

Further details can be found in Ref. [167] and in the Supplemental Material of

Ref. [37].

In the absence of tunnelling couplings and additional potentials, the system is

described by the Hamiltonian [37]

Ĥ0 =

∫
dr

4∑

j=1

[
ψ̂†j(r)

(
−∇

2

2m
− µj

)
ψ̂j(r)

]

+
1

2

∫
dr1

∫
dr2

∑

i 6=j
Uij(r1, r2)ψ̂†i (r1)ψ̂†j(r2)ψ̂j(r2)ψ̂i(r1), (4.1)

where ψ̂†j(r) (ψ̂j(r)) is a field operator that creates (annihilates) a fermion in the

state |j〉 at position r with chemical potential µj . Consistent with dilute super-

fluid atomic Fermi gases, we assume an attractive contact interaction, Uij(r1, r2) =

gijδ(r1 − r2), between particles in the states |1〉 and |2〉, and between particles in the

states |3〉 and |4〉. Here, δ(r) is the Dirac delta function in 3D and gij = 4π
m
aij < 0,

where m is the mass of the particles and aij is the 3D s-wave scattering length for

collisions between atoms in the states |i〉 and |j〉. As is customary with ultracold

fermions, we give the interaction in terms of the dimensionless parameter kFaij as

gij = 8
3π
kFaij

EF
n

. Here, EF = (3π2n)2/3/2m denotes the Fermi energy2 and n the

total particle number density.

2We point out that in the context of ultracold Fermi gases, the Fermi energy is defined via
EF = (3π2n)2/3/2m (for a homogeneous gas) also in the case of finite temperatures and inter-
acting systems. Note that in the presence of interactions, this definition of EF does not coincide
with the chemical potential at T = 0 [28].
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To induce Josephson currents in the system, we assume that at time t = 0+ we

switch on a weak RF coupling described by the Hamiltonian [37]

ĤΩ = Ω13

∫
dr ψ̂†1(r)ψ̂3(r) + H.c.

+ Ω24

∫
dr ψ̂†2(r)ψ̂4(r) + H.c., (4.2)

where Ωij is the coupling strength. Note that the states |1〉 and |3〉, and |2〉 and |4〉
need to be states of the same atom to allow the RF coupling, but |1〉 and |2〉 can

correspond to hyperfine levels of different atomic species, e.g., 6Li and 40K.

Furthermore, an additional spin-dependent potential δij , corresponding to the

detunings of the RF fields, is applied across the junction at time t = 0+. In the

rotating-wave approximation, this is described by the Hamiltonian [37]

Ĥδ =

∫
dr

[(
µ1 −

δ13

2

)
ψ̂†1(r)ψ̂1(r) +

(
µ3 +

δ13

2

)
ψ̂†3(r)ψ̂3(r)

]

+

∫
dr

[(
µ2 −

δ24

2

)
ψ̂†2(r)ψ̂2(r) +

(
µ4 +

δ24

2

)
ψ̂†4(r)ψ̂4(r)

]
. (4.3)

For the reason why the chemical potentials are included also in this Hamiltonian,

see Section 10.4.1 in Ref. [168] and Section 8.6 in Ref. [67].3 For our purposes, we

can just regard it as a mathematical ‘trick’ to aid the calculations [37]. We take δij

to be smaller than the excitation gap 2∆, so that the potentials do not induce pair

breakings.

The total Hamiltonian of the system thus reads

Ĥ = Ĥ0 + ĤΩ + Ĥδ. (4.4)

The reason for splitting the Hamiltonian in Eq. (4.4) into three parts is that the

Josephson current is calculated treating ĤΩ as the first order perturbation in lin-

ear response theory while separating Ĥδ from Ĥ0 allows taking two simple BCS

superfluids as the unperturbed initial state [37].
3Briefly, since the chemical potentials can in general be different across the junction (i.e., for a

BCS state we require µ1 = µ2 and µ3 = µ4, but we can have µ1 6= µ3), the total Hamiltonian for the
Josephson effect needs to measure energies on an absolute scale rather than relative to the chemical
potentials. The chemical potentials needed for BCS theory are then introduced by adding and
substracting terms of the form µjNj (which then sum up to zero) in the total Hamiltonian [67,168].
Note that the chemical potentials in Eqs. (4.1) and (4.3) have opposite signs.
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4.2.1.2 Josephson currents

We are interested in the Josephson currents in the presence of the spin-dependent

potentials. We present a linear response theory calculation of the currents which

follows closely Refs. [37, 168] and the Ambegaokar–Baratoff treatment [67, 169] of

the Josephson effect. The starting point of the calculation is the Heisenberg equa-

tion of motion for the total particle number in, e.g., state |1〉 given by

˙̂
N1,H(t) = i

∫
dr
[
Ĥ, ψ̂†1,H(r, t)ψ̂1,H(r, t)

]
. (4.5)

Here, the dot on the left hand side denotes time derivative, and the sub-index H

implies that the operator is in the Heisenberg picture. Only the Hamiltonian ĤΩ,H

fails to commute with the number operator, yielding

˙̂
N1,H(t) = i

∫
dr
[
ĤΩ,H , ψ̂

†
1,H(r, t)ψ̂1,H(r, t)

]

= i

∫
dr
(

Ω∗13ψ̂
†
3,H(r, t)ψ̂1,H(r, t)− Ω13ψ̂

†
1,H(r, t)ψ̂3,H(r, t)

)
. (4.6)

We transform Eq. (4.6) into the interaction picture and insert it into the Kubo for-

mula [67]

I1(t) = 〈 ˙̂
N1,I(t)〉 ≈ −i

∫ t

0

dt′
〈[

˙̂
N1,I(t), ĤΩ,I(t)

]〉
0
, (4.7)

where the sub-index I implies that the operator is in the interaction picture, and 〈〉0
denotes the thermodynamic average with respect to the unperturbed Hamiltonian.

As a result, we obtain the Josephson-contribution to the particle current as [37]

IJ1 (t) = i

∫ ∞

−∞
dt′
∫
dr

∫
dr′
(
e−iδ̃13te−iδ̃24t′Ω∗13Ω∗24L1234(rt, rt, r′t′, r′t′)− H.c.

)
,

(4.8)

where δ̃ij = µi− µj − δij , and the retarded linear response function L1234 is defined

as [37]

L1234(rt, rt, r′t′, r′t′) = −iθ(t− t′)
〈[
ψ̂†3(r, t)ψ̂1(r, t), ψ̂†4(r′, t′)ψ̂2(r′, t′)

]〉
0
. (4.9)
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Here, ψ̂†j(r, t) = eiĤ0tψ̂†j(r)e
−iĤ0t. Note that in Eq. (4.8) we have changed the tempo-

ral integration limits in the Kubo formula in Eq. (4.7) as
∫ t
t0
dt′ ↪→

∫∞
−∞ dt

′, which

is justified since the perturbation ĤΩ vanishes for times t′ < 0 and the linear re-

sponse function in Eq. (4.9) is zero for times t′ > t. The exponentials factors, e−iδ̃13t

and e−iδ̃24t′ , in Eq. (4.8) arise from the transformations (for t > 0) [67, 168]

ei(Ĥ0+Ĥδ)tψ̂1(r)e−i(Ĥ0+Ĥδ)t = e−i(µ1− δ132 )teiĤ0tψ̂1(r)e−iĤ0t,

ei(Ĥ0+Ĥδ)tψ̂2(r)e−i(Ĥ0+Ĥδ)t = e−i(µ2− δ242 )teiĤ0tψ̂2(r)e−iĤ0t,

ei(Ĥ0+Ĥδ)tψ̂†3(r)e−i(Ĥ0+Ĥδ)t = ei(µ3+
δ13
2

)teiĤ0tψ̂†3(r)e−iĤ0t,

ei(Ĥ0+Ĥδ)tψ̂†4(r)e−i(Ĥ0+Ĥδ)t = ei(µ4+
δ24
2

)teiĤ0tψ̂†4(r)e−iĤ0t. (4.10)

Since the Ĥ0 does not depend on time, the linear response function L1234 depends

only on t̄ = t − t′, instead of t and t′ separately [37, 70, 167]. Moreover, in a homo-

geneous system L is a function of r− r′ [37, 70, 167]. Thus, we can write Eq. (4.8)

as

IJ1 (t) = i

(∫ ∞

−∞
dt̄

∫
dr

∫
dr′ e−i(δ̃13+δ̃24)teiδ̃24 t̄Ω∗13Ω∗24L1234(r− r′, t̄)− H.c.

)
. (4.11)

We can identify the spatial integrations as a Fourier transform at zero momentum

p = 0 [37,167], and the integral over t̄ as a temporal Fourier transform at frequency

ω = δ̃24 + i0+ [37,167], where the infinitesimal imaginary part ensures convergence

of the integral [67,70]. We therefore obtain the expression for the Josephson current

as [37]

IJ1 (t) = −2 Im
[
e−i(δ̃13+δ̃24)tΩ∗13Ω∗24L1234

(
p = 0, δ̃24 + i0+

)]
. (4.12)

Here, we have used the relation i(a+ ib− H.c.) = −2b, where a + ib is a complex

number.

The linear response function in Eq. (4.12) can be calculated analytically in mo-

mentum and Matsubara space for example by utilising the so-called Kadanoff–

Baym formalism [170,171], where the linear response function is obtained as a vari-

ational derivative of the single-particle Green function (here, the Nambu–Gor’kov



4.2 Josephson effect in the presence of spin-dependent potentials 63

Green function) with respect to the coupling Ωσ. The details of the calculation of

L1234 with the Kadanoff–Baym method can be found in Refs. [37,167]. For the pur-

poses of this Section, we give only the result. The expression for L1234 is given

by [37, 167]

L1234(p, iωn) = −ΠF(p, iωn), (4.13)

where [67]

ΠF(p, iωn) =
1

β

∑

q,iωm

F12(q, iωm)F †34(q− p, iωm − iωn). (4.14)

In this expression, ωn and ωm denote fermionic Matsubara frequencies, and β =

1
kBT

. Furthermore, F12 and F34 are anomalous Nambu–Gor’kov Green functions

given by Eq. (3.12). We thus obtain an expression for the Josephson current in

Eq. (4.12) as

IJ13(t) = −IC13(δ̃24) sin
[(
δ̃13 + δ̃24

)
t− ϕ

]
, (4.15)

in which ϕ is the initial phase difference, and the critical current reads

IC13(δ̃24) = 2
∣∣∣Ω13Ω24ΠF(p = 0, δ̃24 + i0+)

∣∣∣ . (4.16)

Similarly, the Josephson current for component 2 is given by

IJ24(t) = −IC24(δ̃13) sin
[(
δ̃13 + δ̃24

)
t− ϕ

]
, (4.17)

with

IC24(δ̃13) = 2
∣∣∣Ω13Ω24ΠF(p = 0, δ̃13 + i0+)

∣∣∣ . (4.18)

These Josephson currents with a generic spin label are interpreted as the internal

Josephson effect between the hyperfine levels of an atom [37]. We discuss these

results further in the context of the spin-dependent double well in the next Section.
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4.2.2 Josephson effect in a spin-dependent double well

4.2.2.1 Setup

The four-component setup in Refs. [36, 37] requires finding a suitable combina-

tion of atomic hyperfine levels with which the creation of the two spatially coex-

isting BCS states with the appropriate RF couplings is possible. This is likely to

be very challenging in practice. We therefore seek an alternative setup, possibly

feasible with existing or near-future experimental techniques, to realize the spin-

asymmetric Josephson effect.

Here, and in Ref. [1], we study the spin-asymmetric Josephson effect in terms

of a two-component superfluid atomic Fermi gas (e.g., 6Li) which is spatially di-

vided into two weakly connected reservoirs, L and R, with chemical potentials µL

and µR, respectively. It forms an effective Josephson junction and is similar to the

ones used in the observation of Josephson dynamics in 6Li [38] and in quantum

transport experiments with 6Li [172–177]. This double well setup is conceptually

analogous to the four-component one [37], with the following correspondences

between the states

1 = ↑, L, (4.19)

2 = ↓, L, (4.20)

3 = ↑, R, (4.21)

4 = ↓, R. (4.22)

We write the Hamiltonian of the spin-dependent double well in momentum

space in order to make the connection of the spin-asymmetric Josephson effect to

the solid-state phenomena clearer in Chapter 5. In the absence of couplings and

spin-dependent potentials, each well is described by the Hamiltonian

ĤL/R =
∑

k,σ

ξk,L/Rn̂L/R,k,σ +
g

Vs

∑

k,k′

ĉ†L/R,k,↑ĉ
†
L/R,−k,↓ĉL/R,−k′,↓ĉL/R,k′,↑, (4.23)
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δ↑

Ωσ

δ↓

µL

Figure 4.1: Schematic of a spin-dependent Josephson junction. A superfluid Fermi
gas, e.g., 6Li, is divided into two reservoirs denoted by L and R. The reservoirs are
connected via the weak tunnelling coupling Ωσ (we drop the momentum labels for
simplicity), which induces Josephson oscillations across the junction. Additionally,
a spin-dependent potential δσ is applied across the junction, which creates a spin-
asymmetry in the Josephson current. Figure from Ref. [1].

where ξk,L/R = |k|2
2m
− µL/R, and g = 8

3π
kFas

EF
n

. We define Ĥ0 = ĤL + ĤR. The

tunnelling Hamiltonian, which is switched on at t = 0+, is given by

ĤΩ =
∑

k,p,σ

Ωσ
k,p

(
ĉ†L,k,σ ĉR,p,σ + H.c.

)
. (4.24)

Here, Ωσ
k,p is the tunnelling matrix element for spin σ which couples the momen-

tum states k and p on the left and right hand sides of the junction, respectively.

The Hamiltonian for the spin-dependent potentials δσ, also switched on at t = 0+,

reads

Ĥδ =
∑

k,σ

[(
µL −

δσ
2

)
n̂L,k,σ +

(
µR +

δσ
2

)
n̂R,k,σ

]
. (4.25)

The total Hamiltonian is again given by Eq. (4.4). See Fig. 4.1 for a schematic illus-

tration of the double well system.

We now describe how the required spin-dependent potential δσ could poten-

tially be achieved experimentally in the double well setup in two different ways

by utilizing spin-dependent interactions. In an ultracold Fermi gas setup, the spin

σ =↑, ↓ corresponds to, e.g., the lowest two hyperfine levels of 6Li, |1̃〉 and |2̃〉 [these

are not to be confused with the notation in Eqs. (4.19)–(4.22), hence the tilde], with,
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e.g., | ↓〉 = |1̃〉 and | ↑〉 = |2̃〉, which features a Feshbach resonance at a magnetic

field strength of 832 G [111].

Our first suggested implementation exploits a third spin component, e.g., atoms

transferred via an RF pulse to the third lowest hyperfine level of 6Li, denoted by |3̃〉,

introduced on one side of the junction. On the BCS side of the Feshbach resonance

for the states |1̃〉 and |2̃〉, i.e., for magnetic fields above 832 G, the atoms in the state

|3̃〉 interact differently with the atoms in |1̃〉 and |2̃〉 due to the different positions

(at 690 G and 810 G) of the respective pairwise Feshbach resonances [111]. This

allows utilizing the density and scattering-length dependent Hartree mean-field

shift (see, e.g., Refs. [178,179]) to create a potential difference between the atoms in

the states |1̃〉 and |2̃〉. The mean-field shift is given by ∆δ1̃2̃ = 4π
m
n3̃(a1̃3̃−a2̃3̃), where

n3̃ is the number density of atoms in state |3̃〉, and a1̃3̃ (a2̃3̃) is the scattering length

for collisions between atoms in states |1̃〉
(
|2̃〉
)

and |3̃〉. In order to allow a lifetime

on the order of a few hundred milliseconds against three-body recombinations in

three-component Fermi gases, a low density n3̃ on the order of 1010 − 1011 cm−3 is

required for the third spin component [180–182].

Our second proposal is based on the recent experimental realizations of Bose–

Fermi superfluid mixtures [183–185]. In particular, we suggest to create a Bose–

Fermi superfluid mixture where the bosonic atoms are either 87Rb or 133Cs, both of

which feature broad Feshbach resonances with the 6Li spin components on the BCS

side of the |1̃〉 − |2̃〉 6Li superfluid [186, 187]. This again allows utilizing different

Hartree mean-field shifts to create a potential difference between the atoms in the

states |1̃〉 and |2̃〉.

In both of the proposed schemes, as the two spin components |1̃〉 and |2̃〉 tunnel

through the Josephson junction, the difference in the mean-field shifts, ∆δ1̃2̃, cre-

ates the required spin-dependent potential difference δσ across the junction. Since

the scattering lengths can be tuned and the number density can be controlled, this

spin-dependent potential difference can be varied as well.
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The required experimental tools for the double well with a spin-dependent po-

tential have already been demonstrated with ultracold atoms. Thus, the arrange-

ment that we propose can in principle be realized with existing techniques in ul-

tracold atom systems, but more detailed descriptions of the possible experimental

setup are not the focus of this work.

4.2.2.2 Josephson currents

In the double-well system, the calculation of the Josephson currents follows the

standard linear response treatment of the Josephson effect [67, 126, 169] with the

difference that transformations similar to Eqs. (4.10)–(4.10) yield the Fourier trans-

form (from time to frequency) of the linear response function to be evaluated at

the spin-dependent potential. The Josephson current for spin ↑ can then be written

as [67]

IJ↑ (t) = −IC↑ (δ̃↓) sin
[(
δ̃↑ + δ̃↓

)
t− ϕ

]
, (4.26)

with

IC↑ (δ̃↓) = 2

∣∣∣∣∣
∑

k,p

Ω↑k,pΩ↓−k,−pΠF(k,p, δ̃↓ + i0+)

∣∣∣∣∣ . (4.27)

Here, δ̃σ = µL − µR − δσ, and ΠF is given by [67]

ΠF(k,p, iωn) =
1

β

∑

iωm

FL(k, iωm)F †R(p, iωm − iωn). (4.28)

Similarly the Josephson current for spin ↓ reads

IJ↓ (t) = −IC↓ (δ̃↑) sin
[(
δ̃↑ + δ̃↓

)
t− ϕ

]
, (4.29)

where

IC↓ (δ̃↑) = 2

∣∣∣∣∣
∑

k,p

Ω↑k,pΩ↓−k,−pΠF(k,p, δ̃↑ + i0+)

∣∣∣∣∣ . (4.30)
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Figure 4.2: Schematic representation of the spin-asymmetric Josephson effect.
The two spin components Josephson-oscillate with the same Josephson frequency,
ωJ = δ↑ + δ↓, but the amplitude of the oscillations is different for the two spins.

We are now ready for a discussion. Note that in Eqs. (4.26)–(4.30) [and in

Eqs. (4.15)–(4.18)] the critical current for the spin σ component depends only on

the potential δ̃σ̄ of the opposite spin, while the Josephson frequency, ωJ = δ̃↑ + δ̃↓,

is the same for both spin components. Therefore, when δ̃↑ 6= δ̃↓, the Cooper-paired

spin components undergo AC Josephson oscillations with the same Josephson fre-

quency but with spin-dependent amplitudes, as schematically shown in Fig. 4.2. This

is the spin-asymmetric Josephson effect. For typical parameter values, the asym-

metry IC↑ /I
C
↓ can be over ten per cent [37]. Moreover, the amplitudes and their

asymmetry can be tuned with the spin-dependent potentials. Note also that even

though these fully coherent Josephson oscillations are spin-dependent, there is

no total equilibrium spin-imbalance in our system and the ‘instantaneous spin-

polarizations’ induced by the spin-dependent currents are small (less than 0.01 and

can furthermore be made arbitrarily small by changing the potentials). In addition,

the linear response description of the phenomenon breaks down if the couplings

Ωσ, and thus the currents, are too big. Thus, the currents and the spin-asymmetry

can always be made small enough to justify the use of BCS theory. For these
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Figure 4.3: Critical Josephson current ICσ . We show ICσ as a function of δ̃σ̄ for (a) in-
teraction kFas = −3.0 (solid curve), kFas = −2.0 (dashed curve), and kFas = −1.0
(dotted curve) at temperature T = 0.07TF , and (b) temperature T = 0.05TF (solid
curve), T = 0.07TF (dashed curve), and T = 0.09TF (dotted curve) for interaction
kFas = −1.5. Here, TF denotes the Fermi temperature. The divergence of ICσ at
δ̃σ̄ = 2∆ is called the Riedel peak. Figure from Ref. [1].

reasons also the possibility, e.g., for equilibrium phase separation and for exotic

Fulde–Ferrell–Larkin–Ovchinnikov (FFLO) [188, 189] type pairing is suppressed.4

FFLO is furthermore unlikely to occur in the 3D case considered here [191–193].

Finally, we point out that in the DC case (i.e., ωJ = 0) there is no spin-asymmetry

in the critical currents.

We plot the critical current ICσ as a function of δ̃σ̄ for different interaction strengths

kFas and various temperatures in Fig. 4.3. We clearly see that the critical current

can be tuned by varying δ̃σ̄. The critical current diverges at the Riedel peak [194]

at the potential δ̃σ̄ = 2∆, where pair breakings occur. The Riedel peak is located

at a potential equal to the minimum energy required for creating a quasiparticle

excitation, i.e., 2 minkEk = 2∆. The BCS quasiparticle density of states (DOS),

D(Ek) = Ek√
E2

k−∆2
θ(Ek − ∆) (given in proportion to the quasiparticle DOS in the

normal state) [43], then has a singularity at the corresponding quasiparticle energy

4FFLO occurs in an equilibrium spin-imbalanced superfluid when the formation of Cooper pairs
of non-zero centre-of-mass momentum q (due to the mismatch of Fermi surfaces of the two spin
components) becomes energetically favorable. This leads to a spatially oscillating superfluid gap
∆(r) ∼ cos(q · r). FFLO has yet to be observed. See, e.g., Ref. [190] for more details.
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Ek = ∆, i.e., at the gap edge. This singular behaviour of D(Ek) is the physical

reason behind the Riedel peak [195].

4.2.3 Physical origin of the spin-asymmetric currents

The spin-asymmetric Josephson currents contradict the standard effective bosonic

picture of the Josephson effect where Cooper pairs tunnel coherently without any

difference in the currents for the two spin components. The explanation for the

spin-asymmetry was provided in Ref. [37], where the physical origin of the asym-

metric Josephson currents was identified by considering the dynamics of a single

Cooper pair across the junction. We use the language of the spin-dependent dou-

ble well for concreteness. The initial state of the system consists of two BCS states

and is given by

|Ψ0〉 =
∏

k

(
uk + vkĉ

†
k,↑ĉ

†
−k,↓

)
|∅〉L

∏

k′

(
uk′ + vk′ ĉ†k′,↑ĉ

†
−k′,↓

)
|∅〉R. (4.31)

We now consider for simplicity a momentum-conserving coupling between the

two wells. However, in Appendix B we show that the momentum conservation

can be relaxed and the conclusions still hold. We thus single out one Cooper pair

in each well for momentum k, which yields

(uk|∅〉k,L + vk| ↑↓〉k,L) (uk|∅〉k,R + vk| ↑↓〉k,R)

= u2
k|∅〉k,L|∅〉k,R + vkuk| ↑↓〉k,L|∅〉k,R + ukvk|∅〉k,L| ↑↓〉k,R + v2

k| ↑↓〉k,L| ↑↓〉k,L.
(4.32)

The Josephson effect must emerge from the superposition

vkuk| ↑↓〉k,L|∅〉k,R + ukvk|∅〉k,L| ↑↓〉k,R,

since the empty state |∅〉k,L|∅〉k,R cannot contribute, nor can the fully occupied state

| ↑↓〉k,L| ↑↓〉k,L due to Pauli blocking. Motivated by this observation, we take the

relevant initial state for the dynamics to be a general superposition of the form

|Ψ0〉 = α0| ↑↓〉L|∅〉R + β0|∅〉L| ↑↓〉R, (4.33)
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Figure 4.4: Energy levels and couplings of the four-state system described by the
Hamiltonian in Eq. (4.34). Figure adapted from Ref. [2].

where α0 and β0 are complex numbers with |α0|2 + |β0|2 = 1. We consider the

simplified system Hamiltonian

Ĥ = U(n̂↑,Ln̂↓,L + n̂↑,Rn̂↓,R) +
δ↑
2

(n̂↑,L − n̂↑,R) +
δ↓
2

(n̂↓,L − n̂↓,R)

+ Ω↑(ĉ
†
↑,Rĉ↑,L + ĉ†↑,Lĉ↑,R) + Ω↓(ĉ

†
R,↓ĉ↓,L + ĉ†↓,Lĉ↓,R), (4.34)

where U is the interaction strength. The Hamiltonian in Eq. (4.34) has a close re-

semblance to the two-site Hubbard model with an additional spin-dependent po-

tential δσ.

As demonstrated in Ref. [37], the essential features of the spin-asymmetric

Josephson effect can be captured by this simple toy model. The broken-pair ‘in-

termediate’ states, | ↑〉L| ↓〉R and | ↓〉L| ↑〉R, are required to describe the tunnelling

processes induced by the Hamiltonian in Eq. (4.34). If no spin-dependent poten-

tials and couplings are present, these intermediate states have the same eigenen-

ergy. However, the degeneracy is lifted by the spin-dependent potentials, as shown
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in Fig. 4.4. It turns out that this is the key to understanding the origin of the spin-

asymmetric phenomenon.

Time-dependent perturbation theory to second order in Ωσ yields the Josephson

current for spin σ as [37]

IJσ (t) = 2Ω↑Ω↓|α0β0|
(
Mpair +Mσ

single

)
sin [(δ↑ + δ↓) t+ ϕ]

= 2Ω↑Ω↓|α0β0|
(

1

U + δσ̄
+

1

U − δσ̄

)
sin [(δ↑ + δ↓) t+ ϕ] . (4.35)

For the details of the calculation, see the Supplemental Material of Ref. [37]. Here,

Mpair =
1

U + δ↑
+

1

U + δ↓
. (4.36)

This term results from second-order tunnelling processes starting from the state

|∅〉L| ↑↓〉R and ending in the state | ↑↓〉L|∅〉R via either the state | ↑〉L| ↓〉R or the

state | ↓〉L| ↑〉R. Thus, Mpair describes the usual pair interference process that is

symmetric with respect to δ↑ and δ↓.

It turns out that there is also a contribution from two first-order processes that

break the spin-symmetry. These processes yield the terms

M↑
single =

1

U − δ↓
− 1

U + δ↑
, (4.37)

and

M↓
single =

1

U − δ↑
− 1

U + δ↓
, (4.38)

which are different for the two spin components. The term M↑
single is the result of

the interference of the virtual broken-pair tunnelling processes | ↑↓〉L|∅〉R → | ↑〉L| ↓〉R
and |∅〉L| ↑↓〉R → | ↑〉L| ↓〉R, while M↓

single emerges from the interference of the pro-

cesses | ↑↓〉L|∅〉R → | ↓〉L| ↑〉R and |∅〉L| ↑↓〉R → | ↓〉L| ↑〉R. Since the energy de-

generacy of the intermediate states is lifted by the presence of the spin-dependent

potentials, the virtual broken-pair tunnelling processes contribute asymmetrically

to the Josephson current, and thus produce the spin-asymmetric Josephson effect.
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Figure 4.5: Physical origin of the spin-asymmetric critical currents. Consider-
ing the dynamics of a single Cooper pair across a Josephson junction with spin-
dependent potentials, the Josephson current results from a superposition of the
paired states, | ↑↓〉L|∅〉R and |∅〉L| ↑↓〉R. Here, we show the tunnelling processes
that contribute to (a) IJ↑ and to (b) IJ↓ . The three processes are the following. First,
there is a pair-tunnelling contribution via the intermediate state | ↑〉L| ↓〉R (left
panel). Second, there is another pair-tunnelling contribution via the other inter-
mediate state | ↓〉L| ↑〉R (middle panel). We have included the loop with label 1
to remind that these usual Josephson processes describe the interference between
the tunnelled pair and the initial population (indicated by the label 1) of the state
| ↑↓〉L|∅〉R. The pair-tunnelling processes are the same for both spin components.
Finally, we find that there is also a virtual single-particle interference contribution
(right panel). The single-particle interference term is different for the spin-↑ and
spin-↓ components, as highlighted by the red rectangle, due to the presence of
the spin-dependent potential which lifts the energy degeneracy of the intermedi-
ate states. This causes the spin-asymmetric Josephson effect. Figure adapted from
Ref. [1].

However, note that the single-particle processes are present also in the standard

symmetric case, δ↑ = δ↓. We also emphasize that these virtual broken-pair tun-

nelling processes do not refer to the cosine-term (the ‘quasiparticle interference
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term’) of the Josephson effect (see, e.g., Ref. [121]) which involves actual single-

particle transitions and vanishes at zero temperature for potentials smaller than the

excitation gap 2∆. The different interference processes contributing to the Joseph-

son current are depicted in Fig. 4.5.

4.2.4 Spin-asymmetric Josephson plasma oscillations

The observation of Josephson plasma oscillations throughout the BCS–BEC crossover

has been reported in ultracold Fermi gases [38]. Here, and in Ref. [1], motivated by

these experimental advances in Josephson dynamics, we consider the possibility to

observe the spin-asymmetric Josephson effect via spin-dependent plasma oscillations

in the setup in Section 4.2.2.

To begin the analysis, we introduce a spin-dependent number difference pa-

rameter ∆NJ
σ = 1

2
(〈N̂J

σ,L〉 − 〈N̂J
σ,R〉) = 1

2
(NJ

σ,L − NJ
σ,R), akin to the bosonic case [85]

(see also Section 3.2.5). Here, N̂J
σ,L (N̂J

σ,R) denotes the number operator for spin σ

particles on the left (right) reservoir that belong to the Fermi condensate and can

thus contribute to the Josephson current. Using Eqs. (4.26) and (4.29) and the fact

that ∂tNJ
σ,L = −∂tNJ

σ,R, we find that the dynamics of ∆NJ
σ is obtained from

∂
(
∆NJ

σ

)

∂t
= −ICσ (δ̃σ̄) sin ΦJ(t). (4.39)

The Josephson phase ΦJ(t) obeys the equation of motion

∂ΦJ(t)

∂t
= δ̃↑ + δ̃↓ = 2(µL − µR)− δ↑ − δ↓. (4.40)

The spin-dependent critical Josephson current implies spin-dependent number

oscillations also in the plasma oscillation regime. Following Ref. [85], we write

Eq. (4.40) as

∂ΦJ(t)

∂t
= E↑ch∆NJ

↑ + E↓ch∆NJ
↓ − δ↑ − δ↓, (4.41)

where we have introduced the spin-dependent charging energyEσ
ch = 2

dµσ,L
dNJ

σ,L
which

is evaluated at NJ
σ,L = NJ

σ,R = NJ
σ /2 [85].
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For short times (but long enough to observe plasma oscillations), we can ap-

proximate sin ΦJ(t) ≈ ΦJ(t) to obtain the coupled differential equations

∂2(∆NJ
↑ )

∂t2
= −IC↑ (δ̃↓)

(
E↑ch∆NJ

↑ + E↓ch∆NJ
↓ − δ↑ − δ↓

)
, (4.42)

and

∂2(∆NJ
↓ )

∂t2
= −IC↓ (δ̃↑)

(
E↑ch∆NJ

↑ + E↓ch∆NJ
↓ − δ↑ − δ↓

)
. (4.43)

The solution for spin σ has the form

∆NJ
σ (t) = Aσp sin(ωpt) + ∆NJ

σ (0), (4.44)

where the Josephson plasma frequency is given by ωp =
√
E↑chI

C
↑ + E↓chI

C
↓ . Note

that in the spin-symmetric case, we have the standard formula ωp =
√
EchEJ ,

where EJ = IC↑ + IC↓ = IC is the Josephson energy [38,85] (recall that ~ = 1). As the

plasma frequency is the same for both spin components, we leave its quantitative

analysis for future work.

Similar to the full AC spin-asymmetric Josephson effect, we therefore find that

the system undergoes frequency-synchronized Josephson plasma oscillations with

a spin-dependent amplitude. The asymmetry in the amplitudes follows the relation

A↑p

A↓p
=
IC↑ (δ̃↓)

IC↓ (δ̃↑)
. (4.45)

Here we focus on the amplitude asymmetry.

The asymmetry given by Eq. (4.45) is limited by the requirement that the os-

cillations in the number density between the two reservoirs must be small. For

the plasma oscillation approximation to be valid, the relative number difference,

z =
NJ
L−NJ

R

NJ
L+NJ

R
, has to be on the order of a few per cent [38, 135]. This gives an upper

bound to the Josephson frequency, ωJ = δ̃↓ + δ̃↑, in the plasma oscillation regime.

The maximal Josephson frequency then determines how much the asymmetry in
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the plasma oscillation amplitudes can be tuned and how large asymmetries can be

obtained.

To give an estimate of the upper bound for ωJ , we assume for simplicity that

there are no spin-dependent potentials across the junction. The Josephson dy-

namics is then induced only by the difference in the chemical potentials, with

ωJ = 2(µL−µR). We want to express ωJ in terms of the relative number difference z,

whose values corresponding to the plasma oscillation regime are known [38, 135].

Using the chemical potential for a non-interacting or a unitary5 trapped Fermi gas,

µ ∝ N1/3 [38, 125], we find that the relative difference in the chemical potentials

and in the particle numbers obey the relation ζ = (µL − µR)/(µL + µR) = z/3,

which yields the Josephson frequency as ωJ = 4ζµ = 4
3
zµ, where we have denoted

µ = µL ≈ µR. With the equation ζ = z/3, we note that the relative chemical po-

tential difference ζ across the junction can only be 1% for z = 3% and a barrier

height of 1.2 ± 0.1EF between the reservoirs [38]. In [135], the critical value for z

was found to be on the order of 9% for a barrier height of 5EF , and thus ζ ≈ 3%

in this case. In what follows, we use ζ = 3% as the maximum relative difference in

the chemical potentials to estimate the maximal Josephson frequency.

To get ωJ , we need a value for the chemical potential µ. In our simple case

of a homogeneous Fermi gas, BCS mean-field theory (see Section 3.2.4) with the

attractive interaction strength kF |as| between 1.0 and 3.0 and the temperature T

between 0.05TF and 0.09TF , where TF is the Fermi temperature, yields a chemical

potential between approximately 0.81EF and 0.96EF . This implies that the maxi-

mal Josephson frequency corresponding to the plasma oscillation regime is around

ωmax
J ≈ 0.11EF . Since the Josephson frequency is given only by the potential differ-

ence across the junction regardless of the type of the potential, as a first approach

we take that this is the typical value for the maximal Josephson frequency also in

the presence of spin-dependent potentials, which we now consider.

5For a unitary Fermi gas, µ = ξBEF , where ξB is the so-called Bertsch parameter [114].
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Figure 4.6: Asymmetry in the spin-dependent plasma oscillation amplitudes. The
asymmetry is shown as a function of the difference in the spin-dependent poten-
tials for Josephson frequency ωJ = 0.11EF and interaction strength kFas = −1.0
[black solid curve, only in (a)], kFas = −1.5 (blue solid curve), kFas = −2.0 (red
dashed curve), kFas = −2.5 (yellow dash dotted curve), and kFas = −3.0 (pur-
ple dotted curve). The temperature is (a) T = 0.05TF , (b) T = 0.07TF , and (c)
T = 0.09TF . The temperature regime is the same as in the experiment in [38]. In
(a), the kFas = −1.0 curve is included as the reference line to the unitary Fermi gas
regime. Figure from Ref. [1].

Using the estimated ωmax
J = 0.11EF , we show in Fig. 4.6 the numerically ob-

tained asymmetry in the plasma oscillation amplitudes given by Eq. (4.45) as a

function of δ̃↓ − δ̃↑ for different temperatures and various strengths of the attrac-

tive interaction in the typical regimes for an ultracold atom experiment. Note that

we have used basic BCS equations in our calculations for simplicity, since we are

interested only in the order of magnitude of the asymmetry. For the interaction

strengths in Fig. 4.6, BCS theory roughly estimates the critical temperature to be

between 0.13TF and 0.36TF . In more accurate schemes [114] there would be some

corrections to the BCS parameter values. For example, the critical temperature is

suppressed by a factor of roughly two [119, 125]. For a unitary Fermi gas, the crit-

ical temperature has been measured to be about 0.17TF [196]. We see in Fig. 4.6

that the asymmetry grows for weaker interactions and can reach over 2%. The

asymmetry grows also with increasing temperature.

The behaviour of the asymmetry in the plasma oscillation amplitudes as a func-

tion of interaction strength and temperature is explained by the divergence of

the critical Josephson current in Eqs. (4.27) and (4.30) at the Riedel peak [194] at
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Figure 4.7: Asymmetry in the spin-dependent plasma oscillation amplitudes for
experimental parameter values. The asymmetry is shown as a function of the dif-
ference in the spin-dependent potentials for parameter values obtained in the ex-
periment in Ref. [124]. The Josephson frequency is ωJ = 0.08EF , the interaction
strength is kFas = −4.0, the temperature is T = 0.06TF , and the gap is ∆ = 0.22EF .
Figure from Ref. [1].

δ̃σ̄ = 2∆. Since the gap ∆ becomes smaller for weaker interactions and higher

temperatures, the position of the Riedel peak moves closer to small frequencies,

as shown in Fig. 4.3. Therefore, for decreasing interaction strength and increasing

temperature it becomes easier to obtain greater asymmetries in the critical currents

in the plasma oscillation regime and thus in the plasma oscillation amplitudes via

Eq. (4.45).

We point out that since BCS theory overestimates the value of the superfluid

gap in this interaction regime [114], the Riedel peak is actually closer to small fre-

quencies than Fig. 4.3 suggests. Therefore, in reality we can expect even greater

asymmetries than those shown in Fig. 4.6. To demonstrate this, we plot in Fig. 4.7

the asymmetry in the plasma oscillation amplitudes using the experimental value

for the gap, ∆ = 0.22EF , obtained for interaction strength kFas = −4.0 and tem-

perature T = 0.06TF , as reported in Ref. [124]. This experimentally determined

gap is roughly half of the gap given by simple BCS theory. We see in Fig. 4.7 that

even with this strong attractive interaction, asymmetries of over 2% are feasible to

obtain. Larger asymmetries can be expected for weaker interactions.
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We note that the amplitude asymmetry is always a fraction of an already small

Josephson plasma mode signal (z = 3% in Ref. [38]). This makes the detection of

the asymmetry challenging for example with in situ absorption imaging. However,

the evolution of the population imbalance can be mapped onto the center-of-mass

(COM) displacement of the atom cloud [38] and its amplitude can be detected in

a time-of-flight (TOF) expansion, as was already done in Ref. [38]. If the two spin

components have different COM displacements, the asymmetric plasma oscilla-

tion amplitudes could be observed with the TOF method. For the parameter values

in Ref. [38], a COM displacement of several tens of micrometers can be achieved

and observed with a short TOF of duration less than 10 ms. This significantly in-

creases the signal-to-noise ratio for detecting the asymmetry compared to in situ

imaging.

4.3 Spin-asymmetric currents in a spin-dependent su-
perlattice

4.3.1 Setup

Here, and in Ref. [2], we consider an alternative approach to realize spin-asymmetric

Josephson-type currents, motivated partly by the observation of bosonic Joseph-

son dynamics in 1D optical lattices [81] and superexhange interactions in an ar-

ray of asymmetrical double wells [162]. With the TEBD numerical method (see,

e.g., Refs. [63, 64, 197] and Appendix C), we computationally predict that spin-

asymmetric Josephson-type oscillations take place within a single ultracold two-

component Fermi gas between the odd and even sites of a 1D spin-dependent opti-

cal superlattice, where each pair of adjacent lattice sites mimics the spin-dependent

double well in Fig. 4.1. See Fig. 4.8 for an illustration of the superlattice arrange-

ment.
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Figure 4.8: Spin-dependent superlattice setup to realize a spin-asymmetric
Josephson-type effect. The ↑ spin (red ball) and ↓ spin (blue ball) tunnel between
adjacent lattice sites with couplings J↑ and J↓, respectively. The spin-dependent
potential difference between neighbouring sites is given by δσ and the on-site in-
teraction strength by U . The observation of spin-asymmetric Josephson-type oscil-
lations between adjacent lattice sites requires δ↑ 6= δ↓. Figure from Ref. [2].

The system of Fig. 4.8 is described by the superlattice Hubbard Hamiltonian

Ĥ =−
∑

i,σ

Jσ(ĉ†i+1,σ ĉi,σ + H.c.) + U
∑

i

n̂i,↑n̂i,↓ +
∑

i,σ

δσ
2

(n̂2i−1,σ − n̂2i,σ). (4.46)

The initial state of the system is the ground-state of the Hamiltonian at half-filling

(i.e., 〈n̂i,↑〉 = 〈n̂i,↓〉 = 0.5) without a superlattice, i.e., δ↑ = δ↓ = 0.6 Note that

we keep the hopping non-zero. At time t = 0+, the spin-dependent superlattice

potential is switched on, resulting in δ↑ 6= δ↓, and dynamics is induced. Here we

focus on the dynamics of the system.

The spin-dependent potential δσ is the crucial control parameter in the super-

lattice setup. In the relevant region for the spin-asymmetric Josephson effect, δσ
6The ground-state is obtained with TEBD using imaginary-time evolution. To see why

imaginary-time evolution results in the ground-state |ΨGS〉 of the governing Hamiltonian Ĥ , con-
sider an initial state |Ψinit〉 which has a non-zero overlap with |ΨGS〉, i.e., 〈ΨGS|Ψinit〉 6= 0. The
state |Ψinit〉 can be expanded in the eigenbasis {|Ψj〉} of Ĥ as |Ψinit〉 =

∑
j≥1 αj |Ψj〉, where

αj = 〈Ψj |Ψinit〉. We choose |Ψ1〉 = |ΨGS〉. Then

lim
τ→∞

e−τĤ |Ψinit〉
||e−τĤ |Ψinit〉||

= lim
τ→∞

α1

|α1| |Ψ1〉+
∑
j≥2 e

−τ(Ej−E1) αj

|α1| |Ψj〉√
1 +

∑
j≥2 e

−2τ(Ej−E1)
∣∣∣αj

α1

∣∣∣
2

=
α1

|α1|
|Ψ1〉 = |ΨGS〉,

where Ej is the eigenenergy of state |Ψj〉. Note that α1/|α1| = eiφ1 is just a global phase factor for
the ground-state.
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ranges from zero to roughly 10Jσ. In quantum gas experiments with deep optical

lattices, the depth of the lattice potential is typically about 10ER [28]. For such lat-

tices the value of Jσ estimated from Eq. (A.12) is on the order of 0.01ER, whereas

the band gap between the two lowest energy bands is on the order of several re-

coil energies. Thus, the required values of δσ are more than an order of magnitude

below the band gap and the depth of the lattice potential. As a result, the sys-

tem is well described by the lowest-band Hubbard model of Eq. (4.46) also in the

presence of the spin-asymmetric potential.

TEBD is well-suited for simulating the non-equilibrium real-time dynamics of

the 1D superlattice as the Hamiltonian consists of only nearest-neighbour terms.

We study a system with Ls = 50 lattice sites and matrix product state bond dimen-

sion χ = 150. For simplicity, we consider here the case J↑ = J↓ = J , but we keep

the spin index σ present in equations for clarity. We give all energies and frequen-

cies in the units of J and focus on the attractive interaction U = −10J (interactions

in the range −15J < U < −5J would give similar results). With J and U fixed, we

study the Josephson-like currents as a function of the spin-dependent potentials

δσ.

With ultracold atoms, the superlattice can be constructed by superimposing

two optical lattices generated with lasers of wavelengths λ and λ/2, as described in

Section 3.2.6.4. There are several possibilities to obtain the required spin-dependence.

First, theoretical proposals suggest that it is possible to create state-dependent lat-

tice potentials for alkaline-earth and alkaline-earth-like atoms (e.g., Yb [95], Sr [97,

98], Dy [99]) in two different internal states [157–159]. State-dependent optical lat-

tices have also recently been experimentally realized with 40K [156]. Second, one

could consider a mixture of fermionic atoms with different masses [198–201]. For

instance, in the case of a 6Li-40K mixture an experimentally suitable combination

of states could be |↑〉 = |F = 1/2,mF = 1/2〉Li and |↓〉 = |F = 9/2,mF = 9/2〉K due
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to the availability of a reasonably broad Feshbach resonance to tune the interac-

tions [200]. The spin-dependent Hubbard model parametrization arises from the

different masses and the different optical properties of these elements. In this work

we consider for simplicity the case of equal hoppings (i.e., equal masses) for the

spin components in our numerics. We also emphasize that the purpose of this

study is not to provide detailed descriptions of the possible experimental setup

but to demonstrate with TEBD the presence of spin-asymmetric Josephson-type

currents when spin-dependent potentials are switched on.

4.3.2 Results

Our observable is the average particle number on odd lattice sites

Nσ,odd(t) =
1

Ls,odd

Ls,odd∑

i=1

Nσ,2i−1(t), (4.47)

where Ls,odd = Ls/2, since the particle number is the directly measurable quantity

in an ultracold gas setup, as opposed to the current. We identify the Josephson-

type oscillations7 between odd and even lattice sites from the Fourier transforma-

tion Nσ,odd(ω). The Josephson frequency is the same for both spin components

even in the presence of spin-asymmetric potentials (compare with the 3D linear

response result in Sections 4.2.1 and 4.2.2). There are also single-particle processes

present, but the Josephson oscillations dominate the physics. We point out that the

spin-asymmetric Josephson-type currents would be identified identically even if

considered the time-derivative of Eq. (4.47).

In Fig. 4.9 we show how the amplitudes of the Josephson-type oscillations for

each spin component, AJ↑ and AJ↓ , become unequal when spin-dependent poten-

tials, δ↓ 6= δ↑, are applied. This is a characteristic feature of the spin-asymmetric

Josephson effect. Moreover, we show in Fig. 4.10 that for a fixed value of δ↓−δ↑ the

7This terminology is justified in the sense that the two spin components oscillate at the same
frequency δ↑ + δ↓, and the amplitudes of the oscillation become unequal for δ↑ 6= δ↓, in a similar
fashion as predicted by the linear response result of the spin-asymmetric Josephson effect.
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Figure 4.9: The amplitudes of the Josephson-type oscillations as a function of δ↓ −
δ↑. The amplitudesAJ↑ (red circles) andAJ↓ (blue diamonds) are given in proportion
to the initial filling fraction of 0.5 for δ↓+δ↑ = 3.0J . For δ↑ = δ↓, there is no difference
in the amplitudes. For increasing δ↓−δ↑, the amplitudes deviate from the balanced
value with AJ↑ increasing and AJ↓ decreasing, and thus spin-asymmetric Josephson
oscillations are observed. Inset: The relative asymmetry AJ↑/A

J
↓ . For greater values

of δ↓ − δ↑, an asymmetry of 9% is obtained. Figure adapted from Ref. [2].

Josephson amplitudes AJσ grow with decreasing δ↓ + δ↑. In practice, the quantity

δ↑ + δ↓ is limited from below (to a value on the order of 0.1J or larger, with the in-

verse hopping being on a timescale of milliseconds) by the requirement of having

a sufficient number of oscillations within the duration of the experiment which is

typically on the order of 100 ms. On the other hand, in Fig. 4.10 the difference in

the oscillation amplitudes grows towards higher values of δ↓ + δ↑.

Based on Figs. 4.9 and 4.10, we suggest that the Josephson amplitudes are large

enough to be imaged with existing [141, 142, 202–204] or near-future experimental

techniques if one can realize the spin-dependent optical superlattice. The ampli-

tudes can be tuned substantially by varying the values of δ↑ and δ↓. Furthermore,

the amplitudes exhibit significant spin-asymmetry. In Fig. 4.10 AJ↑/A
J
↓ rises to a

remarkable 39 per cent. We notice in Fig. 4.10 that at the Josephson frequency

δ↓ + δ↑ = 8J the values of the Josephson amplitudes differ from the trend of the

curve and the slope of the asymmetry curve in the inset changes. We interpret
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Figure 4.10: The amplitudes of the Josephson-type oscillations as a function of δ↓+
δ↑. The amplitudesAJ↑ (red circles) andAJ↓ (blue diamonds) are given in proportion
to the initial filling fraction of 0.5 for δ↓ − δ↑ = 2.0J . The greatest, more easily
detectable values of the amplitudes are obtained for small δ↓+δ↑. Inset: The relative
asymmetry AJ↑/A

J
↓ . Here, significant values of asymmetry up to 39% are obtained.

Figure adapted from Ref. [2].

this feature to be due to a single-particle or higher-order process located close to

the Josephson frequency, which leads to an effective gain in the spectral weight

around the Josephson peaks. Importantly, this feature does not affect any of our

main conclusions and is thus not considered meaningful.

We also find that for the used parameter values (in order to have particle num-

ber oscillations large enough to be experimentally observable), modifications to

the Josephson frequency emerge as demonstrated in Fig. 4.11. The Josephson peak

is split into sub-peaks. To elucidate the possible origin of this splitting, we study

for simplicity smaller systems as a first approach (see Appendix D). In a system

of four lattice sites, we can reproduce the splitting of the Josephson peak using

perturbation theory to second order in Jσ. This suggests that the Josephson sub-

peaks in Fig. 4.11 could originate from the different kinetic energy contributions

of the states involved in Josephson-type tunnelling processes. In the four-site sys-

tem, the frequency difference between adjacent sub-peaks can be estimated from
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Figure 4.11: Frequency spectrum of the particle number dynamics. The Fourier
transformation of the average particle number on odd lattice sites, Nσ,odd(ω), is
given relative to the initial filling fraction of 0.5. Here, δ↓ + δ↑ = 9.0J , with (a)
δ↓ − δ↑ = 0.0 and (b) δ↓ − δ↑ = 1.6J . The peak structure about ω = δ↓ + δ↑ = 9.0J
is the Josephson contribution. The Josephson signal is split into sub-peaks due to
higher-order modifications to the Josephson frequency. Note that the asymmetric
potential leads to a clear difference in the Josephson amplitudes of the spin compo-
nents, while the Josephson frequency remains the same for both spins. In addition
to Josephson oscillations, there are minor contributions from single-particle and
higher order processes at other frequencies. Figure adapted from Ref. [2].

the expression

∆ω
(2)
J = 2|U |

(
J2
↑

U2 − δ2
↑

+
J2
↓

U2 − δ2
↓

)
. (4.48)

In addition to the splitting of the Josephson signal, the centre of the Josephson peak

structure is shifted away from the typical Josephson frequency, ωJ = δ↓ + δ↑. The

shift can be roughly estimated as (see Appendix D)

ωJ,shift =
2J2
↑ δ↑

δ2
↑ − U2

+
2J2
↓ δ↓

δ2
↓ − U2

. (4.49)

An analogous shift can be found in the two-state problem, where the Rabi fre-

quency ΩRabi is shifted from the detuning δ because of the finite coupling J [205].

To second order in J , the Rabi frequency is given by

ΩRabi =
√
δ2 + J2 ≈ δ +

J2

2δ
. (4.50)
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The effect is also similar to the superexchange shift ∝ J2

U
in Bose gases [162]. How-

ever, we emphasize that in spite of these higher order effects, the Josephson fre-

quency remains the same for both spin components also in the spin-asymmetric

case.

4.4 Conclusion

In this Chapter, we have studied the spin-asymmetric Josephson effect which gen-

eralises the standard Josephson phenomenon to the case of spin-dependent po-

tentials. As a result of the presence of these potentials, the Cooper paired spin

components Josephson-oscillate at the same frequency, but the amplitude, or the

critical Josephson current, is different for the two components. We have proposed

two schemes where the spin-asymmetric currents could manifest.

First, motivated by the observation of Josephson plasma oscillations in ultra-

cold Fermi gases [38], we have studied the plasma oscillation regime in a spin-

dependent Josephson junction that could potentially be realized with an ultracold

superfluid Fermi gas. We have proposed methods to experimentally create the re-

quired spin-dependent potential across the junction. We have predicted that in this

setup the Josephson plasma oscillation amplitude becomes spin-dependent but the

plasma frequency is the same for both spin components similarly to the full AC

spin-asymmetric Josephson effect. The spin-asymmetry in the plasma oscillation

amplitudes is given by the asymmetry in the spin-dependent critical Josephson

currents which are characteristic of the spin-asymmetric Josephson effect. Further-

more, we have shown that the asymmetry in the amplitudes can be tuned by vary-

ing the spin-dependent potentials. In the parameter regime typical of ultracold

atom experiments, we have demonstrated that asymmetries on the order of a cou-

ple of per cent could be feasible. The possible observation of these spin-dependent

plasma oscillations would establish the so far undetected spin-asymmetric Joseph-

son effect.
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Second, we have numerically demonstrated the presence of spin-asymmetric

Josephson-type currents in the dynamics of an ultracold two-component Fermi

gas in a one-dimensional spin-dependent superlattice that mimics an array of spin-

dependent double wells. In this case, the Josephson-type effect occurs between the

odd and even sites of the superlattice. This kind of setup could potentially be real-

ized with ultracold atoms in the near future, although it is likely to be challenging.

We have shown that significant amplitude asymmetries up to 39% are achievable

in this arrangement. We have also shown that there are indications of higher-order

modifications affecting the Josephson frequency due to the superlattice potential.

However, the Josephson frequency is always the same for the two spin compo-

nents.



Chapter 5

TUNABLE CRITICAL SUPERCURRENT IN SFIFS
JUNCTIONS AND THE SPIN-ASYMMETRIC

JOSEPHSON EFFECT

In this Chapter, we show that the tunable critical Josephson current in ferromag-

netic Josephson junctions [39] can be explained at zero temperature in terms of the

DC limit of the spin-asymmetric Josephson effect. The results presented in this

Chapter have been published in Ref. [2].

5.1 Introduction

The Josephson junction with spin-dependent potentials presented in Chapter 4 has

similarities to ferromagnetic Josephson junctions [39,206–209] (see also Ref. [210]).

However, we emphasize that the spin-asymmetric Josephson effect is fundamen-

tally different, e.g., from superconductor-ferromagnet-superconductor (SFS) π junc-

tions [206] and from the spin-triplet supercurrent discovered in multilayered ferro-

magnetic Josephson junctions [208]. In these phenomena, the barrier between the

superconductors plays the key role [210–212]. In contrast, in the spin-asymmetric

Josephson effect the spin-dependent potentials create the asymmetry and the bar-

rier separating the superfluids is conceptually a mere insulator without a spin-

active coupling. In fact, the spin-asymmetric Josephson effect could possibly be

88
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realized in a thin solid-state SIS (I stands for insulator) junction with two super-

conductors that have different Zeeman splittings for the two spin states in the

presence of an in-plane magnetic field that is not strong enough to destroy (sin-

glet) superconductivity [213]. The ultracold atomic Fermi gas double well setup in

Chapter 4 would then be a conceptually analogous quantum simulator of such a

junction.

There is also no immediate connection between the single-particle interference

terms of the spin-asymmetric Josephson effect and Andreev reflections [214] in

superconductor-normal metal-superconductor weak links. In an Andreev reflec-

tion, an incident electron in the normal metal with sub-gap energy forms a Cooper

pair in the superconductor together with an annihilated hole which is expelled

into the normal metal and moves back as a reflected object. These Andreev re-

flections can take place even without Josephson effects [121], whereas the virtual

single-particle interferences are always inherent to the coherent Josephson current

regardless of the type of the junction. Moreover, the single-particle interference

term vanishes in the DC Josephson effect [see Eqs. (4.37) and (4.38)], while Andreev

reflections and bound states can be relevant also in the DC limit [211]. Finally, we

point out that the spin-asymmetric Josephson effect occurs when the pairing is of

the standard singlet-type, and no triplet-pairing (i.e., Cooper pairs with total spin

1) is required for the phenomenon.

In this Chapter, we demonstrate that the spin-asymmetric Josephson effect is

more closely related to a phenomenon which can occur in an SFIFS Josephson

junction illustrated in Fig. 5.1. It has been predicted that for antiparallel magne-

tizations in the F layers the critical DC Josephson current can be tuned by vary-

ing the strength of the exchange fields [39, 215]. This occurs when the SF bilayer

is very thin and can be considered an effective uniform magnetic superconduc-

tor. The uniform magnetization plays a role similar to the spin-asymmetric poten-

tial but an essential difference is that the exchange field of the ferromagnet affects
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Figure 5.1: Schematic of an SFIFS Josephson junction. Figure adapted from Ref. [2].

also the initial state of the system, unlike in the spin-asymmetric Josephson effect.

However, we show that at zero temperature there is a one-to-one correspondence

between the magnetically tunable DC critical current in SFIFS junctions and the

tunable critical current in the DC limit of the spin-asymmetric Josephson effect.

Thus, the DC limit of the spin-asymmetric Josephson effect can be regarded as an

analogue quantum simulation of the magnetically tunable DC Josephson effect in

SFIFS junctions. Note that in the DC Josephson effect the critical currents for the

two spin components are always equal.

Experimental findings that support the magnetically tunable DC critical current

in SFNFS junctions (N stands for normal metal) have been reported in Ref. [216],

with S being niobium (which is a type-II superconductor), F being iron, and N

being chromium, the thickness of which determined the parallel or antiparallel

magnetizations of the iron layers. The largest relative critical current difference

between antiparallel and parallel configurations was measured to be (500± 150)%

and (100 ± 50%) for two sample series with iron layer thicknesses of 1.35 nm and

1.60 nm, respectively. The experimental potential of the spin-asymmetric Joseph-

son effect, however, remains an open question.

The rest of this Chapter proceeds as follows. In Section 5.2 we describe the

setup for the tunable critical current and the spin-asymmetric Josephson effect. In
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Section 5.3, we show the equivalence of the phenomena at T = 0. To do this, we

consider both scenarios within the same linear response formalism. Section 5.4

summarises the results.

5.2 Setup

The most important difference between the setups for the magnetically tunable

critical current and the spin-asymmetric Josephson effect is in the time-dependence

of the magnetization and spin-dependent potentials, respectively. As explained in

Chapter 4, the spin-asymmetric Josephson effect involves two superfluids or su-

perconductors connected by a tunnelling coupling in the presence of spin-dependent

potentials (see Fig 4.1). Initially, the system is in equilibrium without any spin-

dependent potentials. At t = 0+, such potentials and the tunnelling couplings

are switched on, which results in the spin-asymmetric Josephson effect. However,

in the context of the tunable critical current in thin SFIFS junctions [39], the mag-

netization of the ferromagnetic layers is present already in the initial state of the

system as opposed to being switch on at t = 0+.

We now state the assumptions for the SFIFS junction in Fig. 5.1 as per Ref. [39].

Each SF bilayer of the junction is assumed to be an effective uniformly magnetized

superconductor with an effective exchange field heff and an effective superconduct-

ing gap ∆eff which is constant in space (as opposed to, e.g., the FFLO phase). This

assumption is valid if the junction is very thin, i.e., if the thickness of the S layer

is below the superconducting coherence length and the thickness of the F layer is

below the condensate penetration length to the ferromagnet. For further details,

see Refs. [39, 210].

In what follows, we drop the subindex eff from the exchange field and gap for

simplicity. We take h to be parallel to the interface (i.e., in-plane) which suppresses

orbital effects1 destroying superconductivity in the case of thin films considered
1By orbital effects, we refer to effect of the magnetic field on the orbital motions of the electrons.
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here [213, 217]. In other words, screening currents are greatly reduced and the

magnetic field is spread uniformly in the film [213]. Since the orbital effects are

suppressed, it is the paramagnetic (Zeeman) effect that dominates the interaction

between the magnetic field and the electrons [213]. Thus, we take the effect of the

exchange field h into account by including the term

ĤZeeman = −h
∑

k

n̂k,↑ + h
∑

k

n̂k,↓, (5.1)

into the BCS Hamiltonian. This causes a Zeeman splitting between the quasiparti-

cle energies for the two spin states [see Eq. (5.12) below]. However, we emphasize

that we assume h to be below the Clogston–Chandrasekhar limit [218, 219] which

is the critical value for h, where singlet superconductivity is destroyed.

To highlight the similarities between the effective exchange fields of the SFIFS

junction and the spin-asymmetric potentials δσ of the spin-asymmetric Josephson

effect, we consider both scenarios within the same linear response formalism in the

DC limit where the Josephson frequency ωJ = 0. We point out that the DC limit of

the spin-asymmetric Josephson effect corresponds to the condition δ↓ = −δ↑, and

not only to the case where both of the potentials are zero.

The Hamiltonian for the initial state of the system is Ĥ0 = ĤL + ĤR, where ĤL

and ĤR are the Hamiltonians of the left and right superconductors in the presence

of an effective exchange field hL/R. The Hamiltonian ĤL/R with conventional BCS-

type pairing is given by

ĤL/R =
∑

k,σ

ξkn̂L/R,k,σ +
g

Vs

∑

k,k′

ĉ†L/R,k,↑ĉ
†
L/R,−k,↓ĉL/R,−k′,↓ĉL/R,k′,↑

− hL/R
∑

k

(n̂L/R,k,↑ − n̂L/R,k,↓), (5.2)

where the interaction strength g does not (necessarily) refer to the strength of the

pseudo-potential, g = 4π
m
as, although we use the same notation for simplicity. We
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assume that the left and right superconductors are identical when hL/R = 0. The

tunnelling Hamiltonian, which is switched on at t = 0+, is given by

ĤΩ =
∑

k,p,σ

Ωk,p(ĉ†L,k,σ ĉR,p,σ + H.c.). (5.3)

Here, Ωk,p is the (in general non-momentum conserving) tunnelling matrix ele-

ment which couples the momentum states k and p on the left and right hand sides

of the junction, respectively.2 The Hamiltonian for the spin-dependent potentials

δσ, also switched on at t = 0+, reads

Ĥδ =
∑

k,σ

[(
µ− δσ

2

)
n̂L,k,σ +

(
µ+

δσ
2

)
n̂R,k,σ

]
. (5.4)

Note that in the DC limit, the chemical potentials on the left and right hand sides

of the junction are taken to be equal.

The resulting total Hamiltonian Ĥ = Ĥ0 + Ĥδ + ĤΩ resembles the Hamiltonian

of the spin-dependent double well in Section 4.2.2. For notational brevity, we for-

mally include both the exchange field of the ferromagnet and the spin-asymmetric

potential in the same total Hamiltonian, although we consider separately the cases

(i) hL/R 6= 0 and δσ = 0,

(ii) hL/R = 0 and δσ 6= 0 such that δ↑ + δ↓ = 0.

In case (i), the zero-temperature BCS energy gap ∆ depends on the effective ex-

change field hL/R as [39]

∆(hL/R) =

{
∆0, for hL/R < ∆0

0, for hL/R > ∆0
, (5.5)

where ∆0 is the gap for hL/R = 0. As stated above, we take hL/R < ∆0, i.e., that the

exchange field is not strong enough to destroy the BCS state, and denote ∆0 by ∆

for simplicity. In case (ii), we also assume the potentials δσ to be below the gap.

2The generalisation of the four-state model of the spin-asymmetric Josephson effect to a non-
momentum conserving coupling is presented in Appendix B.
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5.3 Results

We derive the critical DC Josephson current in each of the cases (i) and (ii) at zero

temperature. We show that in these cases the critical currents have the same math-

ematical form and that the difference in the magnetizations between the right and

left sides of the junction, hR − hL, and the spin-dependent potential δσ have an

interchangeable role.

The Ambegaokar–Baratoff-type linear response theory calculation of the (spin-

asymmetric) Josephson effect [37, 67, 169] can be followed also in case (i) up to the

following expression for the critical Josephson current,

ICσ (iωn) = 2

∣∣∣∣∣
∑

k,p

Ωk,pΩ−k,−pΠF(k,p, iωn)

∣∣∣∣∣ , (5.6)

where [67]

ΠF(k,p, iωn) =
1

β

∑

iωm

FL(k, iωm)F †R(p, iωm − iωn). (5.7)

The expressions for the Fourier transforms of the anomalous Green functions on

the left and right hand sides of the junction,

FL(k, τ) = −〈Tτ ĉL,k,↑(τ)ĉL,−k,↓(0)〉, (5.8)

and

F †R(k, τ) = −
〈
Tτc†L,−k,↓(τ)c†L,k,↑(0)

〉
, (5.9)

respectively3, are different for the cases (i) and (ii), as we will see below. However,

in both cases we have

F †R(k, iωn) = [FR(k,−iωn)]∗ = FR(k, iωn). (5.10)

3We drop the Matsubara indexM from the ĉ-operators to avoid an overly cumbersome notation.
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To show the former equality in Eq. (5.10), we use the following relations

FR(k, τ) = M−1 (FR(k, iωn)) =
1

β

∑

n

e−iωnτFR(k, iωn)

=⇒ F †R(k, τ) =
1

β

∑

n

[
e−iωnτFR(k, iωn)

]∗

=
1

β

∑

n

eiωnτ [FR(k, iωn)]∗

=
1

β

∑

n

e−iωnτ [FR(k,−iωn)]∗

= M−1 ([FR(k,−iωn)]∗)

=⇒ F †R(k, iωn) = M
(
F †R(k, τ)

)

=

∫ β

0

dτ eiωnτF †R(k, τ)

= [FR(k,−iωn)]∗ .

Here we have denoted the Matsubara Fourier-transform byM and its inverse by

M−1. In the latter equality in Eq. (5.10), we have assumed that the gap is real [see

Eq. (3.12)]. Alternatively, we can take ∆ in Eq. (3.12) to be |∆| as per Eq. (5.6).

5.3.1 Critical Josephson current in the presence of magnetization

We first consider the case (i), i.e., hL/R 6= 0 and δσ = 0. In the presence of the effec-

tive exchange field, the expression for the anomalous Green function in Matsubara

space can be written as

FL/R(k, iωn) = −ukvk
(

1

iωn − E+
L/R,k

− 1

iωn + E−L/R,k

)
, (5.11)

where the quasiparticle energies, modified by the exchange field, are given by4

E±L/R,k = ∓hL/R +
√
ξ2
k + ∆2, (5.12)

and the Bogoliubov coefficients uk and vk are given by Eqs. (3.4) and (3.5), re-

spectively. Note that E±L/R,k > 0, since hL/R < ∆. A schematic illustration of the

quasiparticle energies in the presence of the exchange field is shown in Fig. 5.2.
4These expressions can be obtained for example from the Nambu–Gor’kov equations, i.e., the

equations of motion for the Nambu–Gor’kov Green function [70].
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Figure 5.2: Schematic representation of the BCS quasiparticle energies in the pres-
ence of a small exhange field h. The Zeeman splitting is given by 2h.

We substitute the anomalous Green function in Eq. (5.11) into Eq. (5.7), which

yields

ΠF(k,p, iωn)

=
1

β

∑

iωm

ukvkupvp

(
1

iωm − E+
L,k

− 1

iωm + E−L,k

)

×
(

1

iωm − iωn − E+
R,p

− 1

iωm − iωn + E−R,p

)

=
1

β

∑

iωm

ukvkupvp

(
1

iωm − E+
L,k

· 1

iωm − iωn − E+
R,p

− 1

iωm − E+
L,k

· 1

iωm − iωn + E−R,p

− 1

iωm + E−L,k
· 1

iωm − iωn − E+
R,p

+
1

iωm + E−L,k
· 1

iωm − iωn + E−R,p

)
. (5.13)

We then apply the Matsubara summation formula

1

β

∑

iωm

1

iωm − E1

· 1

iωm − iωn − E2

=
1

E1 − E2 − iωn

1

β

∑

iωm

(
1

iωm − E1

− 1

iωm − iωn − E2

)

=
1

E1 − E2 − iωn

[
1

2
+

1

β

∑

iωm

1

iωm − E1

−
(

1

2
+

1

β

∑

iωm

1

iωm − iωn − E2

)]

=
nF (E1)− nF (E2)

E1 − E2 − iωn
, (5.14)
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Figure 5.3: Fermi distribution function for different temperatures. At zero temper-
ature, nF (E) becomes a step function.

where the Fermi distribution function is given by Eq. (2.47). As a result, we obtain

ΠF(k,p, iωn)

= ukvkupvp

(
nF (E+

L,k)− nF (E+
R,p)

E+
L,k − E+

R,p − iωn
−
nF (E+

L,k)− nF (−E−R,p)

E+
L,k + E−R,p − iωn

−
nF (−E+

L,k)− nF (E−R,p)

−E−L,k − E+
R,p − iωn

+
nF (−E+

L,k)− nF (−E−R,p)

−E−L,k + E−R,p − iωn

)
. (5.15)

Taking the limit T → 0, the Fermi distribution becomes the step function

nF (E) =

{
1, for E < 0
0, for E > 0

,

as shown in Fig. 5.3. This significantly simplifies the expression in Eq. (5.15) and

yields

ΠF(k,p, iωn)

= ukvkupvp

(
1

E+
L,k + E−R,p − iωn

+
1

E−L,k + E+
R,p + iωn

)

= ukvkupvp

(
1

Ek + Ep + hR − hL − iωn
+

1

Ek + Ep − (hR − hL) + iωn

)
, (5.16)

where Ek =
√
ξ2
k + ∆2.
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We then apply the analytical continuation from Matsubara to real frequencies

(here to ω = 0, since δσ = 0) by setting iωn → i0+. We find the expression

ΠF(k,p, 0)

= ukvkupvp

(
1

Ek + Ep + hR − hL − i0+
+

1

Ek + Ep − (hR − hL) + i0+

)

= ukvkupvp

{
P 1

Ek + Ep + hR − hL
+ iπδ [Ek + Ep + hR − hL]

+ P 1

Ek + Ep − (hR − hL)
− iπδ [Ek + Ep − (hR − hL)]

}
, (5.17)

where in the latter equality we have used Eq. (2.35).

The expression in Eq. (5.17) needs to be inserted into Eq. (5.6) to obtain the

critical current. The summation over momenta allows us to simplify the final ex-

pression. Since we assume hL/R < ∆ andEk ≥ ∆, we haveEk+Ep±(hR−hL) > 0.

This means that the delta function does not contribute and the principal value in-

tegral becomes a normal one, since there are no poles. Thus, we finally obtain the

critical current in the presence of magnetization as

ICσ (hR − hL)

= 2
∑

k,p

Ωk,pΩ−k,−pukvkupvp

[
1

Ek + Ep + hR − hL
+

1

Ek + Ep − (hR − hL)

]
.

(5.18)

Note that ICσ (hR−hL) can be tuned by changing hR−hL. Note also that for parallel

magnetizations, i.e., hR = hL, the critical current does not depend on the magneti-

zation, as per Ref. [39].

5.3.2 Critical Josephson current in the presence of spin-dependent
potentials

We now consider the critical Josephson effect in case (ii), i.e., with hL/R = 0, and

having δσ = −δσ̄ 6= 0 in the time-evolution. The calculation steps follow those of

case (i) with only two differences. First, we now have E±L/R,k = Ek. Second, the
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analytical continuation is iωn → −δσ̄ + i0+. With these changes, the expression for

the critical current becomes

ICσ (−δσ̄) = 2
∑

k,p

Ωk,pΩ−k,−pukvkupvp

[
1

Ek + Ep + δσ̄
+

1

Ek + Ep − δσ̄

]
. (5.19)

This has exactly the same mathematical form as Eq. (5.18), with δσ̄ ↔ hR − hL.

5.4 Conclusion

We conclude that at zero temperature, the DC critical current takes the same form

both in the case of the magnetically tuned SFIFS junction as well as in the spin-

asymmetric Josephson effect. In the former case, the critical current is tuned by

the difference of the effective exchange fields, while in the latter case the spin-

dependent potentials δσ (in the DC limit with the constraint δ↓ = −δ↑) act as the

control parameters. In other words, the exchange field difference and the spin-

asymmetric potentials are interchangeable at T = 0.

This result shows that the tunability of the DC Josephson current in SFIFS junc-

tions can be explained in terms of the spin-asymmetric Josephson effect. The ori-

gin of the tunable critical current can be elucidated with Fig. 4.4. The energies of

the paired states depend only on the interaction strength, but the energies of the

intermediater states depend on |δ↑| = |δ↓| ≡ δ. This allows the tuning of the ener-

gies of the intermediate states relative to the paired states and thus the amplitude

IC↑ (δ) = IC↓ (δ) of the supercurrent by varying δ without changing the Josephson

frequency from zero.



PART III HYBRID
QUANTUM-CLASSICAL SIMULATION OF

FERMIONS



Chapter 6

DIGITAL QUANTUM SIMULATION

In this Chapter, we describe the idea of digital quantum simulation and present

as examples two physical platforms, superconducting circuits and trapped ions,

where small-scale, proof-of-principle digital quantum simulations have already

been demonstrated experimentally.

6.1 Introduction

In addition to analogue quantum simulation considered in Part II, there is another

paradigm to quantum simulation which is based on digitized quantum evolution

via quantum gates that act on the qubits (i.e., controllable two-level quantum sys-

tems) of the simulator [7]. This second approach is called digital quantum simu-

lation. There is significant interest in digital quantum simulation platforms and

quantum gates due to their central role towards the ultimate goal of a universal

quantum computer [32, 220].

In this work, we are interested in how digital quantum simulators can help

us solve and understand fermionic models. However, in Chapters 8 and 9 we

adopt a slightly unconventional approach, in which the digital quantum simula-

tor works in conjunction with a classically computed feedback loop, according to

which we iteratively update the quantum gates of the quantum simulator. We

call the resulting device a hybrid quantum-classical simulator. The reason for the

101
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hybrid quantum-classical approach is that we engineer our hybrid device to im-

plement the DMFT method (see Chapter 7) to study strongly correlated fermions

described, e.g., by the Hubbard model, directly in the thermodynamic limit. The dig-

ital quantum simulator then solves the classically hard DMFT impurity problem

and the DMFT self-consistency condition is taken care of in a classical computer.

This hybrid quantum-classical method allows one to obtain non-trivial results with

a relatively small near-future quantum device, which also motivates the scheme.

Similar ideas have been reported in Ref. [221], where the hybrid quantum-classical

DMFT approach was proposed to study correlated materials. Related work on

solving strongly correlated electron models on a quantum computer can be found,

e.g., in Refs. [222–224].

In this Section, we describe how the digital quantum simulation of the Hamil-

tonian dynamics of fermionic models described by the unitary time-evolution op-

erator Û(t) is achieved in general. There are two main steps in this which we now

present.

First, since the relevant degrees of freedom in the digital quantum simulator

are the qubit states instead of fermionic Fock states, the fermionic creation and

annihilation operators of the simulated Hamiltonian need to be mapped via the

Jordan–Wigner transformation [225, 226] onto tensor products of Pauli operators

acting on the qubits. This mapping is not unique. For example, one possibility

of a correspondence between the fermionic operators of a lattice site j (we take

the index j to be a positive integer starting from 1) and a tensor product of Pauli

operators acting on the qubits of the simulator is given by [226, 227]

ĉ†j↓ =

(
2j−2∏

p=1

σ̂zp

)
σ̂−2j−1, (6.1)

ĉ†j↑ =

(
2j−1∏

p=1

σ̂zp

)
σ̂−2j, (6.2)

ĉjσ =
(
ĉ†jσ

)†
, (6.3)
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where σ̂zp is the Pauli-Z operator acting on qubit p, and σ̂−p = 1
2

(
σ̂xp − iσ̂yp

)
, where σ̂xp

and σ̂yp are the Pauli-X and Pauli-Y operators, respectively, acting on qubit p. For

j = 1, the product
∏

p<2j−1 σ̂
z
p in Eq. (6.1) is understood to be the identity operator.

It can be shown that Eqs. (6.1)–(6.3) define a valid mapping by demonstrating that

the right hand sides of Eqs. (6.1)–(6.3) satisfy the fermionic anticommutation rela-

tions in Eqs. (2.2)–(2.4). We prove the relation in Eq. (2.3) for σ =↓, σ′ =↑, and i < j

as an example. We find that

{
ĉ†i,↓, ĉ

†
j,↑

}
=

{( ∏

p<2i−1

σ̂zp

)
σ̂−2i−1,

(∏

p<2j

σ̂zp

)
σ̂−2j

}

=
1

2

{
σ̂x2i−1 − iσ̂y2i−1, σ̂

z
2i−1

}
(

2j−1∏

p=2i

σ̂zp

)
σ̂−2j

= 0, (6.4)

where in the second line we have applied the relation (σ̂zp)
2 = Îp, where is Îp is

the identity operator in the local Hilbert space of qubit p. However, we have not

explicitly included the identity operators in the expression for simplicity. In the

third line we have used the fact that different Pauli operators anticommute.

The second step in the digital quantum simulation of fermionic models is ob-

taining the quantum gates for the time-evolution as follows. The evolution time

t is digitised to NT parts. A Suzuki–Trotter decomposition of the resulting time

evolution operator for each time slice of length t/NT is applied to obtain a product

of evolution operators corresponding to each summand Ĥj in the Jordan–Wigner

transformed Hamiltonian Ĥ =
∑

j≥1 Ĥj [for an example of such a Hamiltonian,

see, e.g., Eq. (8.21)]. Finally, each term in this product is written in terms of rel-

evant quantum gates. To be explicit, the full time-evolution operator is written

as

Û(t) =
(
e
−iĤ t

NT

)NT
. (6.5)
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The first-order Suzuki–Trotter decomposition for each time-slice gives [32]

e
−i

∑
j Ĥj

t
NT =

∏

j

e
−iĤj

t
NT +O

[(
t

NT

)2
]
. (6.6)

Thus, for small t
NT

, the full evolution is approximated as

Û(t) ≈
(∏

j

e
−iĤj

t
NT

)NT

. (6.7)

Each term of the form exp
(
−iĤj

t
NT

)
is written in terms of quantum gates. In prin-

ciple any set of (universal) quantum gates suffices. In practice, however, the choice

of these gates depends on the form of the Jordan–Wigner transformed Hamiltonian

and the physical platform that implements the qubits and gates.

6.2 Physical realizations

In the rest of this Chapter, we briefly describe two digital quantum simulation plat-

forms where great experimental progress has been made in recent years, namely

superconducting circuits and trapped ions. For more extensive treatments of su-

perconducting circuits, we refer to Refs. [11,228,229]. For reviews on trapped ions,

see, e.g., Refs. [10, 220, 230].

6.2.1 Superconducting circuits

6.2.1.1 Introduction

Superconducting circuits are a platform for quantum simulation and quantum

computing where conventional microchip fabrication techniques can be used to

design the experimental setups [11, 229]. These circuits are usually manufactured

using optical or electron-beam lithography applied, e.g., on an aluminium film on

a sapphire substrate and cooled in dilution refrigerators to low temperatures on

the order of 10-30 mK to minimize thermal excitations and reach superconductiv-

ity, hence their name [228,229]. Noteworthily superconducting circuit elements are

macroscopic in size, on the order of 10–100 µm [228].
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In superconducting circuits, as opposed to, e.g., in neutral atoms or trapped

ions, the quantum information is stored in excitations of nonlinear circuit elements

based on Josephson junctions.1 These circuit elements have an anharmonic energy

spectrum [11,228,229]. Anharmonicity is needed to enable operations on only two

selected qubit states that form artificial two-level atoms [11, 231]. The qubit states

can then be controlled with currents, voltages, and microwave pulses [231].

6.2.1.2 Qubits

There are several types of superconducting qubits. They are traditionally clas-

sified as charge [232, 233], flux [234], or phase [235] qubits, where the quantum

information is encoded in the number of Cooper pairs on a small island, in the di-

rection of a current around a loop, or in quantized oscillatory states of the circuit,

respectively [7]. However, hybrid qubits are also possible. For a review article on

superconducting qubits, see, e.g., Ref. [228]. In the context of quantum simulation,

the types of superconducting qubits called transmon qubits [236, 237] and their

variants, dubbed as ‘Xmon’ qubits [238], have received great interest [34,239–241],

since they are engineered to be less sensitive to charge noise than normal charge

qubits. The name ‘Xmon’ comes from the shape of the circuit element which re-

sembles a cross [238].

Superconducting qubits can be coupled to neighbouring qubits by many means.

For example, nearest-neighbour couplings can be achieved, e.g., capacitively or in-

ductively, where the qubits share a mutual capacitor or inductor, respectively [11].

Long-distance couplings beyond nearest-neighbours can be achieved with a pho-

tonic bus mode realised with a transmission-line microwave resonator [242,243]. A

qubit coupled to such a transmission-line resonator, which is essentially a Fabry–

Perot-type cavity [11], leads to a scenario analogous to cavity quantum electrody-

namics (QED), namely circuit QED [244, 245] (for a review, see, e.g, Ref. [246]).
1Here, nonlinearity refers to the nonlinear inductance LJ(I) of a Josephson junction which can

be deduced from Faraday’s law ∆V = LJ(I)İ and the Josephson relations [228].
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6.2.1.3 Quantum gates

Since we are interested in the digital approach to quantum simulation, we now

present two two-qubit quantum gates customarily used in superconducting cir-

cuits with transmon or Xmon qubits in addition to single-qubit gates. We use these

gates in Chapter 8.

The first one is theXY exchange gate which emerges when coupling two qubits

with a transmission-line resonator bus mode [239, 243, 244, 247]. The unitary oper-

ator for the XY gate between qubits l and m is given by

XY = exp

[
−i
g2

δ
(σ̂xl σ̂

x
m + σ̂yl σ̂

y
m)

]
, (6.8)

where g is the strength of the (e.g., capacitive) coupling between the qubits and the

resonator, and δ is the detuning between the qubit and resonator frequencies. By

controlling the qubit frequencies, e.g, in transmon qubits by varying a magnetic

flux in situ2 [243], the coupling between any pair of qubits can be dynamically

turned on and off. The entanglement of 10 superconducting transmon qubits with

XY gates has been reported in Ref. [249]. The derivation of the unitary operator

in Eq. (6.8) from the Jaynes–Cummings Hamiltonian describing the interaction be-

tween the qubits and the photons in the transmission-line resonator can be found,

e.g., in Ref. [250].

The second gate is the tunable Controlled-Zφ (CZφ) gate which is realized be-

tween two nearest-neighbour transmon qubits via capacitive couplings. To per-

form the CZφ gate, one qubit is kept at a fixed frequency while the other carries out

a ‘fast adiabatic’ trajectory which takes the two-qubit |11〉 state close to the avoided

level crossing with the |02〉 state (here, |2〉 is a third, non-computational state in the

anharmonic spectrum) [251]. This creates a relative phase shift |11〉 CZφ−−→ eiφ|11〉.
2This can be done because the transmon qubit frequencies ωq depend on the magnetic flux Φ as

ωq ∼
√

8ECEJ | cos(Φ/Φ0)|−EC , where EC is the charging energy, EJ is the Josephson energy, and
Φ0 is the flux quantum [248].
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The other computational states |00〉, |10〉, and |01〉 are left unaltered by the oper-

ation. By varying the amplitude of the trajectory, one can tune the conditional

phase φ. For further details, see Refs. [248, 251–253]. For Xmon qubits, fidelities

of over 99% have been achieved with a 43 ns gate operation time [251]. The time

to apply the gate is three orders of magnitude faster than the coherence time (the

so-called T2 dephasing time) for Xmon qubits which is on the order of 20 µs [238].

These CZφ gates were used in the proof-of-principle digital quantum simulation of

fermionic models [34]. The unitary operator for the CZφ gate is represented in the

computational basis by the matrix

CZφ =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 eiφ


 . (6.9)

6.2.1.4 Quantum simulations

The versatility and tunability of superconducting circuits make them a promis-

ing platform for quantum simulation. In addition to the experimentally realized

analogue quantum simulation of cavity QED and the related Jaynes–Cummings

model [254], several other analogue quantum simulation schemes have been pro-

posed and in some cases realized with superconducting circuits. Examples include

the quantum simulations of impurity models [255,256], lattice boson models [257],

dynamical gauge fields [258], and ultrastrong coupling dynamics [259].

Recently, proposals for digital quantum simulation schemes have also emerged

(see, e.g., Refs. [239, 240, 260, 261]) along with proof-of-principle experiments [34,

241]. For us, Refs. [34, 260] are particularly interesting since they describe a pro-

posal and an experimental realization of digital quantum simulation of fermionic

models. For review articles on quantum simulations with superconducting cir-

cuits, see, e.g., Refs. [11, 262, 263].
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6.2.2 Trapped ions

6.2.2.1 Introduction

Trapped ions were one of the earliest proposed experimental systems for quan-

tum information processing [220,264]. These setups involve atomic ions, obtained,

e.g., via photoionization of atoms, trapped often in linear radio-frequency Paul

traps, although also other types of ion traps are used [230]. Different laser cooling

schemes, such as Doppler and sideband cooling, are applied on the ions to cool

their motional degrees of freedom to the quantum regime [230]. The quantized

motional degrees of freedom can then be used as a quantum bus for distributing

quantum information between the ions [220,264]. Note that since ions have an elec-

tric charge, the Coulomb interaction between them couples the ions together [220].

6.2.2.2 Qubits

There are two main approaches to encode the qubit states in trapped ions [220,

230]. The first one is an optical qubit where the qubit states are encoded on an

electronic ground-state and a metastable excited state which are separated by an

optical frequency. An example of a commonly used isotope for an optical qubit is

40Ca+ [220]. The qubit states can be encoded on the ground-state level 4 2S1/2 and

the metastable excited state level 3 2D5/2 (which has a life-time on the order of 1 s)

of 40Ca+ [265]. The level separation is 729 nm.

The second approach is a hyperfine qubit, in which the qubit states are chosen

from the hyperfine levels of the electronic ground-state in the presence of a mag-

netic field. The transition frequencies of hyperfine qubits are in the microwave

regime. Examples of isotopes for hyperfine qubits include 9Be+, 43Ca+, 111Cd+,

and 171Yb+ [266]. In 43Ca+ (which has nuclear spin I = 7
2
), the qubit states can

be encoded on the F = 4 and F = 3 hyperfine levels (separated by 3.2 GHz)

of the ground-state 4 2S1/2 [265]. The transition between the Zeeman sublevels
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|F = 4,mF = 0〉 and |F = 3,mF = 1〉 (a so-called ‘clock transition’) allows par-

ticularly long coherence times (T2 = 50 s) since it becomes independent of the

magnetic field (to first order, that is) at field strength of 146 G and is effectively

immune to small magnetic field noise [267]. To compare, with optical qubits laser

and magnetic field fluctuations limit the T2 coherence time to a range of about 10

to 100 ms [268].

6.2.2.3 Quantum gates

An important feature of trapped ion systems is the ability to perform entangling

quantum gates in addition to high-fidelity single-qubit gates. A trapped-ion imple-

mentation of the Controlled-NOT (CNOT) gate was proposed by Cirac and Zoller

in 1995 [264]. This protocol requires single-ion addressing and cooling of the ions

to their motional ground state, which made its experimental realization challeng-

ing. Already in the same year, a proof-of-principle demonstration of CNOT gate

(but not the Cirac–Zoller gate) type dynamics was reported at NIST in Boulder

using a single 9Be+ ion [269]. The Cirac–Zoller protocol for a CNOT gate was ex-

perimentally realized in Innsbruck in 2003 using two 40Ca+ ions [270].

Another scheme for an entangling gate is the multiqubit Mølmer–Sørensen

(MS) gate [271–273] (see also related work in Refs. [274, 275]) which does not re-

quire single-ion addressing nor cooling to the motional ground state. Instead, the

MS gate involves the use of a bichromatic light field (e.g., two co-propagating

lasers of different frequency, addressed on the set of ions of interest) tuned close to

the blue and red sidebands of the bus mode.3

To elucidate the workings of the MS gate, we consider the case of two qubits.

For concreteness, we consider an optical qubit, e.g., 40Ca+ with qubit levels 4 2S1/2

and 3 2D5/2. We denote the correponding qubit states by |S〉 and |D〉 to distinguish

3MS-type gates have also been proposed in superconducting circuits, where the multiparticle
interaction is mediated by the transmission line resonator bus mode [240, 260].
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Figure 6.1: Mølmer–Sørensen scheme. (a) The |SS〉 and |DD〉 states sharing a
common vibrational mode are coupled via the four depicted interfering virtual
transitions. The red and blue lasers have frequencies ωred = ω0 − ν − δ and
ωblue = ω0 + ν + δ, respectively. Note that ωred + ωblue = 2ω0. Since the detunings
of the red and blue lasers are opposite, it can be shown with second-order pertur-
bation theory that the two-qubit transition rate does not depend on the vibrational
quantum number n [271]. This means that the MS gate does not require cooling the
ions to the motional ground state. (b) Similar processes induce a coupling between
the states |DS〉 and |SD〉 in a common vibrational mode.

them from the quantized centre-of-mass motional degrees of freedom |n〉. The idea

of the MS gate is that the two qubits are made to change their internal state only

collectively. In the MS protocol, a bichromatic laser field composed of frequencies

ωred = ω0 − ν − δ and ωblue = ω0 + ν + δ, where ω0 is the |S〉 ↔ |D〉 transition

frequency, ν is the level spacing of the quantized motional states, and δ is the de-

tuning from the sideband frequencies, is applied on the two qubits [272]. Note

that ωred + ωblue = 2ω0, i.e., the two-photon process can excite the pair of qubits.

However, the laser frequencies are not resonant with any single-qubit transition.

Therefore the qubits can change their internal state only collectively. The ions are

assumed to be in the Lamb-Dicke regime (i.e., transitions can change the motional

quantum number only by one) and the lasers drive both ions with the same inten-

sity. The couplings induced by the field are shown in Fig. 6.1 (see also Ref. [272]).

The Hamiltonian describing the interaction between the qubits and the laser field

has the form of an off-resonantly driven harmonic oscillator (see, e.g., Ref. [276] for
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details). By choosing the laser intensity (i.e., Rabi frequency) and the interaction

time appropriately, one can induce for example the following entangling dynam-

ics [277]

|SS〉 → 1√
2

(|SS〉+ i|DD〉) , (6.10)

|DS〉 → 1√
2

(|DS〉 − i|SD〉) , (6.11)

|SD〉 → 1√
2

(|SD〉 − i|DS〉) , (6.12)

|DD〉 → 1√
2

(|DD〉+ i|SS〉) . (6.13)

The MS scheme to create an entangling gate with a bichromatic laser field gen-

eralises to the case of many qubits via pairwise two-qubit interaction terms follow-

ing the above protocol [272, 278]. The multiqubit MS gate allows, e.g., the creation

of Greenberger–Horne–Zeilinger states of the form (|SS . . . S〉+ |DD . . .D〉) /
√

2 [268,

272]. Note that only one bichromatic field addressed globally on the set of ions is

required [279]. Experimental studies of MS gates for up to 14 qubits have been re-

ported in Ref. [268]. It should be noted, however, that in practice the fidelity of MS

gates falls rapidly with the number of qubits involved. For example, two-qubit MS

gates for optical qubits have been performed with 99.3% fidelity [277], whereas the

reported fidelities for 5-qubit, 10-qubit, and 14-qubit MS gates were 94.4%, 62.6%,

and 50.8%, respectively [268].

The MS gate can be described by an effective unitary operator parametrized

by two angles, θ and φ, where θ depends on the Lamb–Dicke parameter4, Rabi

frequency, and the detuning δ of the light field from the sideband transitions, and

φ is defined by the phase of the light field [279]. The effective unitary operator

acting on many qubits l, l + 1, . . . ,m is given by [278–280]

Û l,m
MS (θ, φ) = exp

[
−i
θ

4

(
cosφ Ŝx + sinφŜy

)2
]
, (6.14)

4The Lamb–Dicke parameter is defined as the product of the laser wave number and the ion
trap oscillator length along a chosen axis [220].
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where Ŝx,y =
∑m

j=l σ̂
x,y
j , and σ̂xj and σ̂yj are Pauli operators acting on qubit j. In the

two-qubit case, the mappings in Eqs. (6.10)–(6.13) are obtained with θ = π/2 and

φ = π/2. We use the MS gates given by Eq. (6.14) in Chapter 9, where we present

a scalable hybrid quantum-classical scheme to simulate the infinite-dimensional

time-dependent Hubbard model in the thermodynamic limit.

The achievable fidelities of trapped ion single- and two-qubit quantum gates

are very high. For example, fidelities of 99.9999% for single-qubit gates [267] and

99.9% for two-qubit gates [281] have been reported. For two-qubit MS gates, fideli-

ties of 99.3% [277] using an optical 40Ca+ qubit with gate operation time tgate = 50

µs, and 99.7% [282] with a hyperfine 43Ca+ qubit and tgate ≈ 3 ms have been

achieved. This high precision of the fundamental operations makes trapped ions a

viable candidate platform for quantum error correction schemes and for a scalable

quantum computer in the future.

6.2.2.4 Quantum simulations

Like superconducting circuits, trapped ions are a promising platform for quantum

simulations. Trapped ions have already been used in proof-of-principle demon-

strations of digital quantum simulations. For example, digital quantum simula-

tion of spin models with a six-qubit processor was reported in Ref. [33], and the

dynamics of the lattice Schwinger model was simulated with a four-qubit proces-

sor using MS gates in Ref. [21]. Digital quantum simulation schemes for fermionic

models in trapped ions have been proposed, e.g., in Refs. [227, 280].

However, we point out for completeness that despite their suitability for digital

simulation schemes, trapped ions have been useful as analogue quantum simula-

tors as well. Examples of analogue quantum simulations with trapped ions in-

clude spin models [283–285], Zitterbewegung [17,18], Klein tunnelling [17,286,287],

Majorana equation [288], quantum field theories [289, 290], and quantum chem-

istry [291]. For reviews on quantum simulations with trapped ions, see Refs. [10,

230].



Chapter 7

DYNAMICAL MEAN-FIELD THEORY

In this Chapter, we introduce the central concepts of dynamical mean-field theory.

We discuss both the equilibrium case and the extension to non-equilibrium prob-

lems. We restrict ourselves to single-site DMFT. For cluster extensions of DMFT,

see, e.g., Ref. [292]. For applications of DMFT, see, e.g., Refs. [40, 41, 293]. We use

DMFT in the context of quantum simulation in Chapters 8 and 9.

7.1 Introduction

Dynamical mean-field theory [40] is a widely-used and well-established method to

study high-dimensional strongly correlated fermion systems. It can be considered

an extension of static single-site mean-field approaches, such as the Weiss mean-

field theory of the Ising model [40]. It has been especially helpful in studying the

Hubbard model and the Mott transition due to its ability to capture the physics of

strong electronic correlations by including the description of local quantum fluc-

tuations [40, 41].

There were two essential stages in the development of DMFT. The first step

was the demonstration that strongly correlated lattice fermions have a non-trivial

behaviour in the limit d→∞ (d is the spatial dimension), where local correlations

survive, but non-local contributions to the self-energy vanish [294–296]. To show

this, we take as an example the Hubbard model in Eq. (2.1) in the thermodynamic

113
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Figure 7.1: Vanishing self-energy Feynman diagrams in infinite dimensions. (a)
An example of a self-energy Feynman diagram between lattice sites i and j. The
summation over j is indicated by the red color and has zd terms in the sum. The
arrowed lines denote the non-interacting Green functionG(0)

ij ∼ 1√
zd

and the wiggly
line is the local interaction U . (b) In the limit zd →∞, only the local diagram with
i = j survives. We point out that sometimes the Green function arrows are written
from right to left [69]. This difference is not crucial here.

limit in a lattice with zd nearest-neighbours per lattice site. We consider the limit

zd → ∞ (or equivalently d → ∞). Due to the summation over nearest-neighbour

sites in the first term of Eq. (2.1), the hopping J needs to be scaled as [297]

J ∼ J∞√
zd
, (7.1)

where the hopping J∞ is zd-independent. This is done in order to avoid a diverging

kinetic energy per lattice site. Also the single-particle Green function Gij needs to

be scaled as 1/
√
zd, unless i = j, in which case no scaling is required [297]. Since the

interaction term of the Hubbard model involves only local terms, the interaction

strength U does not need to be scaled. Consider now the self-energy Feynman

diagram in Fig. 7.1a. The labels i and j denote lattice sites connected by three

Green function lines. In the summation over j, the contribution from non-local

terms with i 6= j scales as zd ×
(

1√
zd

)3

= 1√
zd

and vanishes in the limit zd → ∞.

Only the local diagram with i = j in Fig. 7.1b survives this limit. Thus, all self-
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Figure 7.2: Surviving self-energy Feynman diagrams in infinite dimensions. (a)
An example of a self-energy Feynman diagram between lattice sites i 6= j which
survives the limit zd →∞. The summation over j is indicated by the red color. (b)
The diagram in (a) is included in the local skeleton diagram, where all self-energy
insertions have been removed and the non-interacting Green function lines have
been replaced by the bold interacting Green function lines.

energy diagrams connecting two lattice sites with more than two Green function

lines vanish as zd →∞.

There are also Feynman diagrams connecting lattice sites i 6= j with two Green

function lines as shown in Fig. 7.2a. These kind of diagrams have a non-vanishing

contribution in the limit zd → ∞. However, these diagrams are included in local

skeleton Feynman diagrams, such as that depicted in Fig. 7.2b, where all self-energy

insertions1 have been removed and the non-interacting Green function lines have

been replaced by the bold interacting Green function lines. Thus, in the limit zd →

∞, the self-energy of correlated lattice models consisting only of skeleton diagrams

is strictly local in space. Note, however, that this does not mean that there cannot

be any dynamics in the system. A fermion can leave a site i, interact on other

sites, and return to the site i retardedly. These processes are described by the local

skeleton diagrams due to the interacting Green function lines [297].

1A self-energy insertion is a piece that can be severed from the Feynman diagram by cutting two
Green function lines [69]. An example is illustrated in Fig. 7.2a.
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In the second step in the development of DMFT, it was shown that a lattice

fermion system which has a strictly local self-energy can be mapped exactly onto

a quantum impurity problem [298,299]. This was an important discovery for prac-

tical calculations, since it enabled the use of the numerical methods developed

for tackling impurity problems for solving the high-dimensional Hubbard model

in the thermodynamic limit [40]. This step reduces the complexity of the Hub-

bard model by mapping it onto a simpler impurity problem that is subject to a

self-consistency condition. This condition relates the properties of the impurity

problem to those of the original model.

The ‘impurity’ consists of a single lattice site taken from the original problem,

and so inherits on-site interactions from the Hubbard model. This impurity site

is then immersed into a time-dependent, self-consistent mean-field Λ(τ − τ ′) (see

Fig. 7.3a for an illustration) with which it can dynamically exchange fermions at

time instants τ and τ ′, leading to the local temporal dynamics in Fig. 7.3b. The

mean-field thus attempts to model the rest of the lattice and by being dynamical it

can describe retardation phenomena. Thus, many features of strong correlations,

such as the Mott transition, are captured correctly [40]. However, although DMFT

maps a Hubbard model onto an impurity model, we still have a non-trivial quan-

tum many-body problem to solve because of the interactions at the impurity site.

Many numerical methods have been developed for this task.

In the last ten years, DMFT has been successfully extended to the study of non-

equilibrium dynamics [41], aided by the increase in classical computing power.

Conceptually, non-equilbrium DMFT is similar to the equilibrium formulation. In

the limit of infinite dimensions, the scaling in Eq. (7.1) is required also for the

time-dependent Hubbard model in Eq. (2.7). The Feynman diagrams for out-of-

equilibrium scenarios follow the same rules as in equilibrium systems [69], and

thus the locality of the self-energy applies also in non-equilibrium DMFT. The main

difference between the equilibrium and non-equilibrium formulations of DMFT is
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Figure 7.3: Dynamical mean-field theory. (a) DMFT focuses on the quantum dy-
namics of an arbitrarily chosen lattice site j and replaces the rest of the lattice
with an effective mean-field Λ(τ − τ ′) with which the isolated site dynamically ex-
changes fermions subject to a self-consistency condition. In finite dimensions, the
single-site DMFT approximation corresponds to neglecting spatial fluctuations. (b)
Since the mean-field is dynamical, the isolated site undergoes temporal quantum
fluctuations between the four states of the local Hilbert space.

that non-equilibrium DMFT works directly in the real-time domain and uses the

non-equilibrium contour Green function formalism introduced in Section 2.2.2.

We mention that while in the limit of infinite spatial dimensions the mapping

onto an impurity problem is exact with a local self-energy, for finite dimensions it is

an approximation since the self-energy is then not strictly local in space2. Since an

impurity problem is spatially local, in finite dimensions the mapping corresponds

to neglecting spatial fluctuations. Despite this, for lattice geometries with a large

coordination number (for example the 3D face-centered cubic lattice has zd = 12),

self-consistently solving the impurity problem can yield an accurate approximate

solution to the original Hubbard problem [40].

In the rest of this Chapter, we proceed as follows. In Section 7.2, we introduce

the basic concepts of DMFT for equilibrium systems, such as the DMFT action, An-

derson model, and the self-consistency loop. In Section 7.3 we do the same for non-

equilibrium systems, and describe in detail the Hamiltonian-based approach [300]
2However, DMFT is always exact in the atomic limit and in the non-interacting limit [40].
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to non-equilibrium DMFT, which we apply in Chapter 9 in the context of quan-

tum simulation. Finally, in Section 7.4 we present some commonly used classical

impurity solvers and their limitations which partly motivate the use of a quantum

simulator to solve the DMFT impurity problem.

7.2 Dynamical mean-field theory for equilibrium sys-
tems

In equilibrium DMFT, one is usually interested in local observables, such as the

local spectral function of the Hubbard model in Eq. (2.5). These observables are

in the frequency domain. To get these observables, one must repeatedly solve the

auxiliary DMFT impurity problem subject to a DMFT self-consistency condition.

The solution of the impurity problem is the retarded single-particle impurity Green

function GR
imp(ω). At finite temperature, one often first computes the Matsubara

impurity Green function GM
imp(iωn) and then applies the analytic continuation in

Eq. (2.48) to obtain GR
imp(ω). The impurity problem can be expressed using an

action-based formalism or a Hamiltonian-based approach. We present the main

equations for both cases below for completeness. We take the original Hubbard

model to be in the paramagnetic phase for simplicity. In this case the Green func-

tions and the mean-field Λ are spin symmetric and we only need to consider one

spin configuration. We suppress the spin-index from the Green functions and Λ

for simplicity.

7.2.1 DMFT action formalism

The DMFT impurity problem can be given in terms of an effective action that has

the form [41]

Ŝ = Ŝloc + Ŝhyb, (7.2)
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where

Ŝloc = −
∫ β

0

dτ Ĥloc(τ), (7.3)

and

Ŝhyb = −
∫ β

0

dτ

∫ β

0

dτ ′
∑

σ

ĉ†σ(τ)Λ(τ − τ ′)ĉσ(τ ′). (7.4)

Here, Ŝloc includes the local part of the Hubbard model given by

Ĥloc = Un̂↑n̂↓ − µ
∑

σ

n̂σ. (7.5)

This is the local Hamiltonian of an arbitrarily chosen site (assuming translational

invariance) which is directly adopted in the impurity model. For studying the

special case of the half-filled Hubbard model, Ĥloc is usually equivalently written

as [compare with Eq. (2.6)]

Ĥloc = U

(
n̂↑ −

1

2

)(
n̂↓ −

1

2

)
− µ

∑

σ

n̂σ, (7.6)

since here half-filling is again obtained when µ = 0. However, the chemical poten-

tial term is often retained in equations for generality even if one is interested in the

half-filled case. In computations, the chemical potential is then set equal to zero.

The other part of the action, Ŝhyb, describes the impurity embedded in a time-

dependent (i.e, dynamical) mean-field that is described by a hybridization function

Λ(τ−τ ′). In many-body physics outside the context of DMFT, Λ(τ−τ ′) is also called

the embedding self-energy [69]. The impurity can exchange fermions with the

dynamical mean-field at imaginary time instants τ ′ and τ , which give the argument

of the hybridization function.

The hybridization function defines an important auxiliary quantity, the so-called

Weiss function denoted by G0
3. It is given in Matsubara space by [41]

G−1
0 (iωn) = iωn + µ− Λ(iωn), (7.7)

3Other names for the Weiss function include the bath Green function and the non-interacting
impurity Green function which justifies the subindex 0.
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where Λ(iωn) =
∫ β

0
dτ Λ(τ)eiωnτ . We point out that in equilibrium DMFT the action

in Eq. (7.4) is also often written in terms of the Weiss function in Eq. (7.7), whereas

in non-equilibrium DMFT the hybridization function Λ is used [see Eq. (7.19)]. For

our purposes this distinction is not crucial, and we choose write the action using

the hybridization function to highlight the similarities between equilibrium and

non-equilibrium DMFT as per Ref. [41].

The main quantity to be computed in DMFT is the impurity Green function

defined in the imaginary time domain as

GM
imp(τ − τ ′) = −〈Tτ ĉσ(τ)ĉ†σ(τ ′)〉S, (7.8)

where we have used the notation of Eq. (2.60). The impurity Green function can be

computed using for example perturbation theory or quantum Monte Carlo. These

are numerical methods (impurity solvers) that compute GM
imp using Feynman dia-

gram techniques [41]. The impurity Green function is related to the Weiss function

in Eq. (7.7) and the impurity self-energy Σimp via the Dyson equation

GM
imp(iωn) =

∫ β

0

dτ GM
imp(τ)eiωnτ

=
1

G−1
0 (iωn)− Σimp(iωn)

=
1

iωn + µ− Λ(iωn)− Σimp(iωn)
. (7.9)

In order to have a self-consistent solution, the impurity Green function must

equal the local part of the Green function for the original lattice model, i.e., the

Hubbard model. The DMFT self-consistency condition thus reads [40]

GM
imp(iωn) = GM

latt,jj(iωn), (7.10)

where j is the (arbitrarily chosen) lattice site from which the removal or addition

of a particle occurs in the translationally invariant lattice model. Here, GM
latt,jj(iωn)
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is given by [40]

GM
latt,jj(iωn) =

∑

k

Gk(iωn)

=

∫
dε

D(ε)

iωn + µ− ε− Σlatt(iωn)
, (7.11)

where D(ε) is the density of states of the lattice. In the second line of Eq. (7.11),

we have taken the lattice self-energy to be momentum-independent, i.e., local in

space, Σlatt,ij = δijΣlatt,jj ≡ Σlatt. This is the only approximation in DMFT apart

from those needed for solving the impurity model. The approximation becomes

exact in the limit of infinite spatial dimensions as explained in Section 7.1. It also

allows for equating the local lattice self-energy with the impurity self-energy, i.e.,

Σimp(iωn) = Σlatt(iωn). (7.12)

7.2.2 Single-impurity Anderson model

One can also give a Hamiltonian presentation to the DMFT impurity problem,

which basically corresponds to discretizing the continuous mean-field described

by the hybridization function Λ into a set of non-interacting ‘bath’ sites. This al-

lows for using Hamiltonian-based impurity solvers such as exact diagonalization

or matrix product states to compute the impurity Green function in Eq. (7.8).

There is some freedom in the choice of the impurity Hamiltonian [40]. The stan-

dard representation is given by the single-impurity Anderson model (SIAM) [40]

ĤSIAM = Un̂1↑n̂1↓ − µ (n̂1↑ + n̂1↓) +
∑

p>1,σ

εpn̂pσ +
∑

p,σ

(
Vpĉ
†
1σ ĉpσ + H.c.

)
. (7.13)

Here, the first two terms describe the local Hamiltonian of the impurity site 1, and

they are directly adopted from the Hubbard model. Further, the last two terms

give the on-site energies εp of the bath sites p > 1 and Vp is the hybridization

matrix element between the impurity site and the bath site p. Note that there is

no interaction at the bath sites. The SIAM is illustrated in Fig. 7.4.
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Figure 7.4: Single-impurity Anderson model. An impurity site is connected via the
hopping energy Vp to a set of non-interacting bath sites with on-site energies εp.

The bath parameters give the SIAM hybridization function as [40, 69]

ΛSIAM(iωn) =
∑

p

Vpg
M
p (iωn)V ∗p =

∑

p

|Vp|2
iωn − εp

, (7.14)

where the Green function of an isolated bath site reads

gMp (iωn) =
1

iωn − εp
. (7.15)

In order for the SIAM to represent the DMFT action in Eq. (7.2), the initially un-

known parameters εp and Vp need to be chosen such that

ΛSIAM(iωn) = Λ(iωn), (7.16)

where Λ(iωn) is the hybridization function in Eq. (7.4). This condition can be

strictly satisfied only if there is an infinite number of bath sites. However, in prac-

tical implementations only a finite number of bath sites are used, which results in a

reduced accuracy of the method due to bath discretization. Equations (7.7)–(7.12)

remain valid in the Hamiltonian representation with the hybridization function

being ΛSIAM(iωn).

7.2.3 Self-consistency loop

In the general case, the DMFT self-consistency loop is iterated for example in the

following manner (see also Ref. [40]).
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(i) Determine the hybridization function Λ(iωn) which defines the impurity model.

This is done as follows. Obtain Σlatt(iωn) (in the first iteration one can set, e.g.,

Σlatt(iωn) = 0), compute the local part of the lattice Green functionGM
latt,jj(iωn)

from Eq. (7.11), and with Eqs. (7.10) and (7.12), solve for the hybridization

function Λ(iωn) in Eq. (7.9).

(ii) With Λ(iωn), compute the impurity Green function in Eq. (7.8) using an im-

purity solver4, and obtain the impurity self-energy Σimp(iωn) via the Dyson

equation in Eq. (7.9).

(iii) Set Σnew
latt (iωn) = Σimp(iωn).

(iv) Check if the self-energy has converged, i.e., if Σnew
latt (iωn) = Σprev

latt (iωn). If not,

go to step (i) with the new self-energy and repeat.5

The self-consistency loop becomes particularly simple in the special case of the

infinite-dimensional Hubbard model in a Bethe lattice (also called a Cayley tree)

with a semi-circular density of states given by [67]

D(ε) =

√
4J2
∞ − ε2

2πJ2
∞

, (7.17)

where J∞ is hopping in the infinite-dimensional Hubbard model. See Fig. 7.5 for

an illustration of the Bethe lattice with coordination number zd = 3. One can show

that the hybridization function of the impurity model is related to the local part of

the Bethe lattice Green function by [40]

Λ(iωn) = J2
∞G

M
latt,jj(iωn). (7.18)

Thus, once an initial guess for Λ(iωn) has been set, the impurity Green function can

be computed. This then gives GM
latt,jj(iωn) via Eq. (7.10) and an updated Λ(iωn) via

4The choice of the impurity solver depends on the representation of the impurity problem,
which can be the DMFT action or the SIAM Hamiltonian, as well as on the interaction strength.

5We point out that there is no guarantee that the method converges in general or that the solution
found via the procedure is unique. However, in practise the method is usually found to converge
and the solution is often unique [301].
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Figure 7.5: Bethe lattice. We illustrate a part of a Bethe lattice with coordination
number zd = 3.

Eq. (7.18). The procedure is repeated until convergence has been reached. Because

of the simplicity of the self-consistency condition, the Bethe lattice is often cho-

sen as the starting point for benchmarking DMFT simulations before advancing to

more realistic lattice geometries. In Chapters 8 and 9, we consider the Hubbard

model only in the Bethe lattice.

7.3 Non-equilibrium dynamical mean-field theory

DMFT has been successfully extended to describe non-equilibrium strongly cor-

related quantum dynamics [41]. The standard model studied in non-equilibrium

DMFT is the time-dependent Hubbard model in Eq. (2.7). Here, we describe how

the equilibrium DMFT formalism generalises to out-of-equilibrium problems.

7.3.1 Non-equilibrium DMFT equations

The DMFT action for non-equilibrium problems is given by [41]

Ŝ =− i

∫

C
dz̄

[
U(z̄)

(
n̂↑(z̄)− 1

2

)(
n̂↓(z̄)− 1

2

)
− µ

∑

σ

n̂σ(z̄)

]

− i

∫

C
dz̄

∫

C
dz̄′
∑

σ

ĉ†σ(z̄)Λ(z̄, z̄′)ĉσ(z̄′), (7.19)
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where C is the L-shaped time contour in Fig. 2.3, and Λ(z̄, z̄′) is the two-time non-

equilibrium hybridization function. The time argument z̄ is real time t on the hor-

izontal real time branch of C and imaginary time τ on the vertical imaginary time

branch of C. We point out that on the vertical branch, Λ(z̄, z̄′) = Λ(τ − τ ′), and

Eq. (7.19) reduces to Eq. (7.2).

The equilibrium DMFT equations generalize to the non-equilibrium case in the

following manner. The goal is to compute the impurity Green function

Gimp(z, z′) = −i〈TC ĉσ(z)ĉ†σ′(z
′)〉S. (7.20)

To determine Gimp(z, z′), the auxiliary concepts from the equilibrium case need to

be generalized to time-dependent problems. The non-equilibrium Weiss function

is defined via the equation [41]

G−1
0 (z, z′) = δC(z, z

′)(i∂z + µ)− Λ(z, z′). (7.21)

The impurity self-energy Σimp(z, z′) is obtained from the Dyson equation

[
(G−1

0 − Σimp) ∗Gimp

]
(z, z′) = δC(z, z

′), (7.22)

where on the left hand side we have used the contour convolution in Eq. (2.85).

The hybridization function Λ(z, z′) must be chosen such that the impurity Green

function and impurity self-energy match the local part of the lattice Green function

and local lattice self-energy, respectively, i.e.,

Gimp(z, z′) = Glatt,jj(z, z
′), (7.23)

Σimp(z, z′) = Σlatt,jj(z, z
′) ≡ Σlatt(z, z

′). (7.24)

Here, Glatt,jj and Σlatt are related by the lattice Dyson equation which is given in

momentum space by [41]

(i∂z + µ− εk)Glatt,k(z, z′)− [Σlatt ∗Glatt,k] (z, z′) = δC(z, z
′), (7.25)
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where εk is the lattice dispersion. The local part of the lattice Green function is

obtained by summing Glatt,k over momentum, [41]

Glatt,jj(z, z
′) =

∑

k

Glatt,k(z, z′)

=

∫
dεD(ε)Glatt,k(z, z′)|ε=εk . (7.26)

Similarly to the equilibrium case, Eqs. (7.20)–(7.26) need to be solved iteratively

(for technical details, see Refs. [41, 78]). The self-consistency loop of equilibrium

DMFT in Section 7.2.3 can be adapted to the non-equilibrium case by replacing the

Matsubara frequency arguments by the two-time argument z, z′ in addition to the

following changes in the equations

• Eq. (7.8)→ Eq. (7.20),

• Eq. (7.9)→ Eq. (7.22),

• Eq. (7.10)→ Eq. (7.23),

• Eq. (7.11)→ Eq. (7.26),

• Eq. (7.12)→ Eq. (7.24).

In the special case of the time-dependent Hubbard model in Eq. (2.7) in a Bethe

lattice, Eq. (7.18) generalises to [302]

Λ(z, z′) = J∞(z)Glatt,jj(z, z
′)J∞(z′). (7.27)

This again significantly simplifies self-consistency loop as explained after Eq. (7.18).

We only use the simplified self-consistency loop with Eq. (7.27) in Chapter 9.
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7.3.2 Hamiltonian approach to non-equilibrium DMFT

The non-equilibrium DMFT action in Eq. (7.19) can represented with a SIAM with

time-dependent parameters given by [300]

ĤSIAM(t) = Ĥloc(t) + Ĥbath(t) + Ĥhyb(t), (7.28)

Ĥloc(t) = U(t)

(
n̂1↑ −

1

2

)(
n̂1↓ −

1

2

)
− µ

∑

σ

n̂1σ, (7.29)

Ĥhyb(t) =
∑

p>1

(
Vp(t)ĉ

†
1σ ĉpσ + H.c.

)
, (7.30)

Ĥbath(t) =
∑

p>1,σ

εp(t)ĉ
†
pσ ĉpσ. (7.31)

Again, the parameters Vp(t) and εp(t) give the hybridization function as [compare

with Eq. (7.14)]

ΛSIAM(z, z′) =
∑

p

Vp(z)gp(z, z
′)Vp(z

′)∗. (7.32)

Here, the Green function of an isolated bath site is given by [300]

gp(z, z
′) = −i {θC(t, t′)− nF [εp(0)]} E(z)E(z′)−1, (7.33)

where

E(z) =

{
e−i

∫ t
0 dt̄ εp(t̄), for z = t

e−τεp(0), for z = τ
. (7.34)

The parameters must be chosen such that

ΛSIAM(z, z′) = Λ(z, z′) (7.35)

holds on the entire time contour C.

Contrary to the equilibrium case, two different SIAM hybridization functions

are required to fulfil Eq. (7.35) out of equilibrium [78, 300]. The first function,

ΛSIAM
− (z, z′), describes initial correlations in the system, i.e., bath sites that are cou-

pled to the impurity site already at t = 0. The second function, ΛSIAM
+ (z, z′), de-

scribes the dynamical build-up of correlations, i.e., bath sites that become coupled
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to the impurity for t > 0. In Chapter 9, we consider for simplicity a system which

is initially in the atomic limit, in which case ΛSIAM
− (z, z′) = 0. Thus, here we con-

sider only ΛSIAM
+ (t, t′) ≡ ΛSIAM(t, t′). We focus on real-time arguments, since all

imaginary-time components of ΛSIAM
+ vanish. We can then write the hybridization

function in terms of the lesser and greater components as

ΛSIAM(t, t′) = θC(t, t
′)Λ>(t, t′) + θC(t

′, t)Λ<(t, t′). (7.36)

We can obtain a simple relation between ΛSIAM(t, t′) and the bath parameters, if

we choose for simplicity that the bath energies have an initial value εp(0) 6= 0 and

for t > 0 they are set to zero [300]. Considering the case of zero temperature, we can

have two sets of bath sites: initially occupied sites with energy εp(0) < 0 and Green

function gp(t, t
′) = iθC(t′, t), and initially unoccupied sites with energy εp(0) > 0

and Green function gp(t, t
′) = −iθC(t, t′). Thus, we can write the hybridization

function as

ΛSIAM(t, t′) = iθC(t
′, t)

∑

p occ.

Vp(t)Vp(t
′)∗ − iθC(t, t

′)
∑

p unocc.

Vp(t)Vp(t
′)∗. (7.37)

Comparing this with Eq. (7.36), we can identify that

−iΛ<(t, t′) =
∑

p occ.

Vp(t)Vp(t
′)∗, (7.38)

iΛ>(t, t′) =
∑

p unocc.

Vp(t)Vp(t
′)∗. (7.39)

For a particle-hole symmetric system which we consider in Chapter 9, we have

Λ<(t, t′) = Λ>(t, t′)∗, which is satisfied when the occupied and unoccupied bath

sites come in pairs with complex conjugate hoppings [300]. It is then sufficient to

solve either Eq. (7.38) or Eq. (7.39). We focus on Eq. (7.38) and take it that there is an

equal number of occupied and unoccupied sites. We refer to the initially occupied

sites as the lesser bath and to the initially unoccupied sites as the greater bath.

The form of Eq. (7.38) implies that the parameters Vp(t) can be obtained from

the matrix−iΛ<(tn, tn′) ≡ (−iΛ<)nn′ (with discretized time t = n×δt, where n is an
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integer and δt is the size of the time step) via a Cholesky decomposition [303] of the

form −iΛ< = QQ†, where Q is a lower triangular matrix whose elements give the

parameters Vp(t) [300]. The use of the Cholesky decomposition is efficient since the

self-consistent update of the parameters Vp(t) is done time step by time step, and

earlier, already self-consistent parameter values do not need to be updated [300].

However, for a finite number Nb = 2Lb of bath sites (with Lb occupied and Lb

unoccupied sites), this Cholesky decomposition can be done exactly only for the

first Lb time-steps when we have enough free parameters Vp(tn).

After the first Lb time-steps, the hybridization function gets updated by one

row and column following an optimisation procedure [300]. This is done as fol-

lows. We denote by Q(s) the lower triangular matrix for time step s such that

(−iΛ<)s ≈ Q(s)(Q(s))†, (7.40)

where (−iΛ<)s is an s × s matrix with elements (−iΛ<)nn′ . For time steps s ≤

Lb, Eq. (7.40) is exact and given by the Cholesky decomposition. We assume

now that we have obtained a self-consistent Q(s) for some s ≥ Lb. For time-

step s + 1, the matrix (−iΛ<)s gets updated by one row, denoted by the vector

~as+1 = ((−iΛ<)s+1,1, . . . , (−iΛ<)s+1,s), and by one column given by ~a†s+1. We now

need to find a 1× Lb row vector ~qs+1 such that

(−iΛ<)s+1 ≈ Q(s+1)(Q(s+1))†, (7.41)

where

(−iΛ<)s+1 =

(
(−iΛ<)s ~a†s+1

~as+1 (−iΛ<)s+1,s+1

)
, (7.42)

and

Q(s+1) =

(
Q(s) (~0s)

†

~qs+1
~0s+1−Lb

)
. (7.43)
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Here, ~0s is a row vector with s zeros. Note that Q(s+1) only has Lb columns with

non-zero elements since we only have Lb sites in the lesser bath. Since we know

that (−iΛ<)s ≈ Q(s)(Q(s))†, we find ~qs+1 by solving the optimisation problem [300]

min
~qs+1

{∥∥~qs+1(Q(s))† − ~as+1

∥∥2
+
∣∣~qs+1(~qs+1)† − (−iΛ<)s+1,s+1)

∣∣2
}
, (7.44)

where ‖·‖ is the Euclidean norm. The optimal ~qs+1 is used as an approximate up-

date for the matrixQ(s+1). The procedure is repeated until a self-consistent ~qs+1 has

been found. We emphasize that the update from time step s to s+ 1 does not mod-

ify the previously calculated, self-consistent parameters Vp(tn) for n ≤ s. Further

technical details can be found in Ref. [300].

7.4 Classical impurity solvers and their limitations

Several numerical methods have been developed to calculate the impurity Green

function in Eqs. (7.8) and (7.20). They can be broadly divided into diagrammatic

methods, which compute the impurity Green function using diagrammatic ex-

pansions, and into Hamiltonian-based methods which do not entail diagrammatic

techniques.

7.4.1 Diagrammatic methods

7.4.1.1 Many-body perturbation theory

Diagrammatic many-body perturbation theory [69] was one of the earliest impu-

rity solvers both in the equilibrium [40] and in the non-equilibrium [41] case. This

method is usually divided into weak coupling and strong coupling solvers. Weak

coupling perturbation theory relies on a small-order expansion of the self-energy

in terms of Feynman diagrams. The resulting diagrams are then summed up ana-

lytically to obtain the self-energy in the DMFT self-consistency loop. This scheme

can lead to a non-physical drifting of the total energy with time (even for a time-

independent Hamiltonian) if the underlying approximations in the perturbation
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expansion are not conserving [41, 69]. In this case the method remains accurate

only for a short time. Strong coupling perturbation theory, on the other hand, com-

putes the impurity Green function by expanding the DMFT action with respect to

the hybridization term and then analytically summing the resulting small-order

strong coupling diagrams [41]. We point out that perturbation theory methods

cannot in general describe intermediate interactions accurately due to the lack of a

small expansion parameter [41].

7.4.1.2 Continuous-time quantum Monte Carlo

Continuous-time quantum Monte Carlo (CT-QMC) [304] is a diagrammatic method

like perturbation theory but instead of exact summations of small-order diagram-

matic expansions, it samples Feynman diagrams stochastically with appropriate

(probability) weights. Similarly to perturbation theory, CT-QMC methods usually

rely on either an interaction (weak coupling) or a hybridization (strong coupling)

expansion.

When dealing with fermions, CT-QMC is often plagued with the sign prob-

lem [305] where the anticommutative fermionic statistics leads to rapidly varying

sign changes that make the computation of expectation values of observables chal-

lenging. In addition, out of equilibrium CT-QMC suffers from a phase problem,

also called ‘dynamical sign problem’, where the weights of the Feynman diagrams

become complex due to the real-time branches of the contour C. The phase problem

becomes worse with increasing time, and as a result, CT-QMC is usually limited

only to short times. For further details, see Ref. [41] and references therein.

Finally, CT-QMC is formulated for finite temperatures using the Matsubara for-

malism, and low temperatures are more challenging to describe with the method.

The analytic continuation from Matsubara to real frequencies is not always numer-

ically well-defined due to numerical noise resulting from the Monte Carlo sam-

pling [75].
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7.4.2 Hamiltonian-based methods

7.4.2.1 Exact diagonalization

Exact diagonalization (ED) techniques [40,300] rely on the finite-dimensional SIAM

Hamiltonian to compute the impurity Green function. The computational effort

grows exponentially with the number of bath sites, which restricts these methods

to relatively small sizes of the SIAM Hamiltonian. This limits the accuracy of the

method. Furthermore, in the non-equilibrium case, more bath sites are required to

describe longer times [300], and the accessible time is thus limited. On the other

hand, since ED does not rely on a small expansion parameter, it can describe all

interaction strengths accurately.

7.4.2.2 Matrix product states

Matrix product state (MPS) impurity solvers [306–311], can usually access larger

system sizes in the SIAM than ED, since the MPS representation of the state (see

Appendix C) allows a quasi-exact description with a bond dimension that is much

smaller than the dimension of the Hilbert space. In equilibrium DMFT, these meth-

ods are interesting for example since they can work directly on the real-frequency

axis, thus avoiding the problem of the numerically ill-defined analytic continua-

tion of CT-QMC [75], as well as being able to tackle multiband models. Out of

equilibrium, MPSs can reach longer times than ED and are accurate for all inter-

action strengths [309]. However, large bond dimensions on the order of 1000 or

larger are required [309], meaning that these methods are still computationally ex-

pensive.



Chapter 8

FEW-QUBIT QUANTUM-CLASSICAL
SIMULATION OF THE INFINITE-DIMENSIONAL

HUBBARD MODEL

In this Chapter, we describe a proof-of-principle setup for a hybrid quantum-

classical simulation of the infinite-dimensional Hubbard model. The results pre-

sented in this Chapter have been published in Ref. [3].

8.1 Introduction

In Chapter 7, we introduced the widely-adopted dynamical mean-field theory

method. We also presented some classical solvers of the DMFT impurity prob-

lem and their limitations. The solution of the impurity problem is the bottleneck

of classical DMFT schemes, and therefore it is worth considering alternative ap-

proaches to the classical numerical methods. Here, we propose a scenario where

the impurity problem is solved with a quantum simulator, thus avoiding many is-

sues that are inherent to the classical methods such as the fermionic sign problem

in quantum Monte Carlo and the high computational cost of studying large im-

purity problems with Hamiltonian-based methods. So far, quantum simulation

of fermionic models has been mostly restricted to the analogue paradigm, espe-

cially with ultracold atoms in optical lattices (see Chapter 3). Digital simulation

approaches (see Chapter 6) have started to emerge in recent years, for example

133
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based on superconducting circuits [11, 34, 244, 312]. The number of qubits in these

digital simulators is, however, presently rather small. Thus, a direct implementa-

tion of the Hubbard model would suffer from severe finite size effects. It is nev-

ertheless still possible for a digital quantum simulator with a restricted number of

qubits to describe fermionic models directly in the thermodynamic limit when the

DMFT approach is adopted. We therefore also provide a scientific application for

small quantum devices with a limited number of qubits.

Here, we demonstrate this alternative method to solve the DMFT impurity

problem with a proof-of-principle example. We focus on the minimal incarna-

tion of DMFT, the so-called ‘two-site’ DMFT [313], where the impurity model con-

sists of one impurity site and only one bath site. Both sites have local Hilbert

space dimension four. The two-site system is subjected to two specially chosen

self-consistency conditions that replace the self-consistency loop of full DMFT in

Section 7.2.3. Since two-site DMFT considers only the smallest possible impurity

model, the approach cannot match the accuracy of full DMFT, but it can still give

a qualitatively correct description of the infinite-dimensional Hubbard model, and

its simplicity makes it a good starting point before advancing to more accurate

schemes. By a qualitatively correct description, we mean that two-site DMFT cor-

rectly predicts the existence of a Mott transition in the half-filled Hubbard model

and that the spectral function has two Hubbard bands and a quasiparticle peak be-

tween them, but for example overestimates the quasiparticle weights in the metal-

lic phase and the shape of the spectral function differs from that of full DMFT. For

explicit details of two-site DMFT and its features compared to full DMFT, we re-

fer to Ref. [313]. Note that two-site DMFT is only able to provide a qualitatively

correct description of the Hubbard model even in infinite dimensions [313].

The two-site system corresponds to four qubits, two for the impurity site and

two for the bath site, while a fifth, ancillary qubit is used for measurements. This
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number of qubits is readily available in current digital quantum simulator plat-

forms, with IBM having made a five-qubit quantum processor available to the pub-

lic [314]. A nine-qubit processor has already been demonstrated in superconduct-

ing circuits [34, 312, 315]. Trapped-ion technologies also allow for digital quantum

simulations with up to six qubits [21, 33]. Being commensurate with current state-

of-the-art technology is a further justification for studying this minimal model. As

shown in Chapter 9, our scheme is readily generalisable to a larger number of

qubits, allowing for more accurate simulations and potentially offering an expo-

nential speed-up over classical Hamiltonian-based DMFT methods. For example,

the number of multiqubit Mølmer–Sørensen gates given by Eq. (6.14) scales only

linearly with the number of bath sites, enabling efficient simulations [227,260,280].

The self-consistency conditions are taken care of iteratively in a classical feed-

back loop, which thus completes the non-linear, hybrid quantum-classical device

we introduce. Similar hybrid devices for DMFT calculations have been proposed

in Ref. [221]. Quantum gates similar to the ones needed in the two-site scheme

have been used in demonstrating digital quantum simulation of fermionic models

with superconducting circuits [34, 260] (see also Section 6.2.1). We thus focus on

superconducting circuits as a candidate platform, although, e.g., trapped ions (see

Section 6.2.2) or any other digital quantum simulation platform could in principle

also be considered.

The rest of this Chapter is organised as follows. Section 8.2 introduces the

two-site DMFT scheme. Section 8.3 discusses the implementation of this two-site

scheme with special attention to superconducting circuits. In Section 8.4, we show

the results of our analysis, and give a summary in Section 8.5. We present the

derivation of one of the two-site DMFT self-consistency conditions in Appendix E

and give an outline of the single-qubit interferometry measurement scheme in Ap-

pendix F.
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8.2 Quantum simulator based on two-site DMFT

We consider the paramagnetic Hubbard model given by Eq. (2.5) in an infinite-

dimensional Bethe lattice in the thermodynamic limit at zero temperature. This

setup has very simple self-consistency relations, which makes it an ideal test-bed

for a proof-of-principle demonstration of a hybrid quantum-classical scheme.

In terms of the single-impurity Anderson model (SIAM), the smallest impurity

problem involves one fermionic site corresponding to the impurity and only one

fermionic site corresponding to the entire dynamical mean-field. Since two qubits

are needed to encode the local Hilbert space of a fermionic site, we only require

four physical qubits to implement this representation in the lab. The SIAM Hamil-

tonian for only one bath site reads

ĤSIAM,2 =Un̂1↓n̂1↑ − µ
∑

σ

n̂1σ +
∑

σ

εcĉ
†
2σ ĉ2σ +

∑

σ

V
(
ĉ†1σ ĉ2σ + H.c.

)
. (8.1)

Here, the subindex 2 of the SIAM Hamiltonian on the left hand side refers to the

two-site system. The parameters εc and V describe the on-site energy of the non-

interacting bath site 2 and hopping between the impurity and the bath site, respec-

tively, and give the hybridization function in Eq. (7.14) as

Λ(ω) =
V 2

ω − εc
. (8.2)

Here, we have denoted the SIAM hybridization function by Λ instead of ΛSIAM for

simplicity. Note that Matsubara formalism is not required since we consider the

zero temperature case. See Fig. 8.1 for illustration of the two-site SIAM.

For any finite number of bath sites, the self-consistency condition (7.10) can

only be approximately satisfied. In the extreme case of two-site DMFT, it turns

out to be more suitable to reformulate Eq. (7.10) in a manner specially focused

on this minimal representation [313]. Thus, the initially unknown parameters εc

and V need to be determined such that two chosen self-consistency conditions are

satisfied [313].
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Figure 8.1: Two-site SIAM. The minimal Hamiltonian representation of the DMFT
problem involves the impurity site, with on-site interaction U and chemical poten-
tial µ, coupled via the hopping energy V to only one bath site. The bath site has
on-site energy εc.

The first condition is intuitive and requires that the electron filling nimp of the

impurity site and the filling nlatt = 〈nj↓〉 + 〈nj↑〉 of the translationally-invariant

lattice model match, i.e.,

nimp ≡ nlatt. (8.3)

Formally this condition emerges from the comparison of the high-frequency (i.e.,

1/ω → 0) expansions of the impurity and lattice self-energies given by [313, 316]

Σimp/latt(ω) = U
nimp/latt

2
+
U
nimp/latt

2
(1− nimp/latt

2
)

ω
+O(ω−2). (8.4)

The second self-consistency condition is given by

V 2 = ZM (0)
2 = Z

∫ ∞

−∞
dε ε2D(ε) = ZJ2

∞, (8.5)

where quasiparticle weight reads

Z =

[
1− dRe[Σimp(ω + i0+)]

dω

∣∣∣
ω=0

]−1

. (8.6)

In Eq. (8.5), M (0)
2 =

∫∞
−∞ dε ε

2D(ε) is the second moment of the non-interacting

density of states D(ε), and the final equality follows from the semicircular D(ε) of

the Bethe lattice in Eq. (7.17). We derive Eq. (8.5) in Appendix E.

8.2.1 Two-site DMFT protocol

The hybrid quantum-classical device implementing two-site DMFT consists of a

few-qubit digital quantum simulator in which the impurity Green function is mea-

sured and of a classical feedback loop in which the parameters of the two-site

SIAM are updated. The two-site DMFT protocol is summarized in Fig. 8.2 and

proceeds as follows (see also Ref. [313]).
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1

V, εc
Quantum−−−−−→

gates
Û(t)

min |nimp − n| → εc

Classical computer

V
,
ε c

G
Rim

p (t)

Digital quantum simulator

GR
imp(t)

FT−→ GR
imp(ω)

Dyson−−−→ Σimp(ω)→ V

Figure 8.2: Non-linear hybrid quantum-classical scheme. A digital quantum sim-
ulator works in conjunction with a classical feedback loop to perform a proof-of-
principle demonstration of a two-site DMFT calculation. Figure from Ref. [3].

1. First fix U and µ to the desired values in the SIAM and set the unknown

parameters εc and V equal to an initial guess.

2. Measure the interacting retarded impurity Green function

iGR
imp(t) = θ(t)〈{ĉ1σ,H(t), ĉ†1σ,H(0)}〉GS. (8.7)

This can be done using, e.g., single-qubit interferometry (see details in Ap-

pendix F). In short, an ancilla qubit interacts twice with the system via two-

qubit gates, with the first time being before the system undergoes the dy-

namics governed by the SIAM Hamiltonian and the second time after the

time-evolution. The σ̂z and σ̂y components of the ancilla are then measured

at the end of the sequence which is repeated several times.

3. After Fourier-transforming the impurity Green function, the impurity self-

energy is obtained classically from the Dyson equation

Σimp(ω) = G0(ω)−1 −GR
imp(ω)−1. (8.8)

Here, the Weiss function is given by

G−1
0 (ω) = ω + µ− Λ(ω). (8.9)
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From the derivative of the self-energy one obtains the quasiparticle weight

Z which directly yields the updated hopping parameter V via Eq. (8.5). The

update for εc is found by minimizing the difference |nimp − n| [313].

4. Steps 2 and 3 need to be repeated until V and εc are self-consistent, and nimp =

n.

The self-consistent Green function GR
imp(ω) and self-energy Σimp(ω) thus obtained

are used to calculate approximations to local single-particle properties of the Hub-

bard model. Note that for larger systems the two-site DMFT steps need to be re-

placed with the general DMFT self-consistency loop outlined in Section 7.2.3.

8.3 Quantum algorithm for the single-impurity Ander-
son model

Here, we consider the quantum gates of the digital quantum simulator part in

Fig. 8.2, considering superconducting circuits as the platform for concreteness.

8.3.1 Jordan–Wigner transformation of the SIAM

To implement the two-site SIAM with qubits, the fermionic creation and annihi-

lation operators need to be mapped onto tensor products of spin operators which

then act on the qubits via quantum gates. In order to obtain as simple quantum

gates as possible in Section 8.3.2 and in Appendix F, we consider an ordering of

the qubits where the first two qubits encode the spin ↓ for both fermionic sites

while the last two correspond to spin ↑. This is achieved via the Jordan–Wigner

transformation given explicitly as

ĉ†1↓ = σ̂−1 =
1

2
(σ̂x1 − iσ̂y1) , (8.10)

ĉ†2↓ = σ̂z1σ̂
−
2 =

1

2
σ̂z1 (σ̂x2 − iσ̂y2) , (8.11)

ĉ†1↑ = σ̂z1σ̂
z
2σ̂
−
3 =

1

2
σ̂z1σ̂

z
2 (σ̂x3 − iσ̂y3) , (8.12)

ĉ†2↑ = σ̂z1σ̂
z
2σ̂

z
3σ̂
−
4 =

1

2
σ̂z1σ̂

z
2σ̂

z
3 (σ̂x4 − iσ̂y4) , (8.13)
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and ĉjσ =
(
ĉ†jσ

)†
. Here, σ̂xl , σ̂yl , and σ̂zl are spin-1

2
Pauli operators for qubit l.

With the mappings in Eqs. (8.10)–(8.13), the hybridization terms in the SIAM

described in Eq. (8.1) transform into

V
(
ĉ†1↓ĉ2↓ + H.c.

)
=
V

2
(σ̂x1 σ̂

x
2 + σ̂y1 σ̂

y
2) , (8.14)

and

V
(
ĉ†1↑ĉ2↑ + H.c.

)
=
V

2
(σ̂x3 σ̂

x
4 + σ̂y3 σ̂

y
4) . (8.15)

The number operators become

n̂1↓ =
1

2

(
Î − σ̂z1

)
, (8.16)

n̂2↓ =
1

2

(
Î − σ̂z2

)
, (8.17)

n̂1↑ =
1

2

(
Î − σ̂z3

)
, (8.18)

n̂2↑ =
1

2

(
Î − σ̂z4

)
, (8.19)

and thus the interaction term can be written as

Un̂1↓n̂1↑ =
U

4
(σ̂z1σ̂

z
3 − σ̂z1 − σ̂z3), (8.20)

up to a constant. The total Hamiltonian then reads

ĤSIAM,2 =
U

4
(σ̂z1σ̂

z
3 − σ̂z1 − σ̂z3) +

µ

2
(σ̂z1 + σ̂z3)− εc

2
(σ̂z2 + σ̂z4)

+
V

2
(σ̂x1 σ̂

x
2 + σ̂y1 σ̂

y
2 + σ̂x3 σ̂

x
4 + σ̂y3 σ̂

y
4) , (8.21)

where we have dropped constant terms.

8.3.2 Quantum gate decomposition of the time-evolution opera-
tor

We now consider how the Jordan–Wigner transformed SIAM in Eq. (8.21) can be

implemented in an experimental arrangement based on superconducting circuits.
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We present two alternative approaches. The first one couples the qubits with a

transmission line resonator, which leads to the XY gate in Eq. (6.8) between the

qubits. The second approach is the CZφ gate in Eq. (6.9), which can be obtained

via a capacitive coupling of nearest-neighbour transmon qubits without using a

resonator.

In order to use quantum gates for time-evolution, we utilize a Trotter decompo-

sition1 of the time-evolution operator corresponding to ĤSIAM,2 in Eq. (8.21). The

first order Trotter expansion is given by

Û(t) = e−iĤSIAM,2t ≈
(
e
−iV

2
(σ̂x1 σ̂

x
2+σ̂y1 σ̂

y
2 ) t
NT e

−iV
2

(σ̂x3 σ̂
x
4+σ̂y3 σ̂

y
4 ) t
NT e

−iU
4
σ̂z1 σ̂

z
3

t
NT

× e
i
(
U
4
−µ

2

)
σ̂z1

t
NT e

i
(
U
4
−µ

2

)
σ̂z3

t
NT e

i εc
2
σ̂z2

t
NT e

i εc
2
σ̂z4

t
NT

)NT
. (8.22)

Here, NT is the number of Trotter (i.e., time) steps and t
NT

is the size of the time

step.

The Trotterized time-evolution operator in Eq. (8.22) is in the form where the

XY gate in Eq. (6.8) can be readily utilized. The quantum circuit for a single Trotter

step with these gates is shown in Fig. 8.3a.

To be able to utilize the CZφ gates in Eq. (6.9), we write the time-evolution

operator in Eq. (8.22) in terms of σ̂zl σ̂
z
m (ZZ) interactions, taking into account that

σ̂xl σ̂
x
m = R(l)

y (π
2
)σ̂zlR(l)

y (−π
2
)R(m)

y (π
2
)σ̂zmR(m)

y (−π
2
), (8.23)

and

σ̂yl σ̂
y
m = R(l)

x (−π
2
)σ̂zlR(l)

x (π
2
)R(m)

x (−π
2
)σ̂zmR(m)

x (π
2
), (8.24)

where R(l)
α (θ) = exp(−i θ

2
σ̂αl ) is the rotation along the α-axis of qubit l. Note that in

the computational basis, one can write, e.g.,

exp

(
−i

φ

2
σ̂z1σ̂

z
2

)
=




1 0 0 0
0 eiφ 0 0
0 0 eiφ 0
0 0 0 1


 , (8.25)

1We mention that hybrid algorithms without Trotterization have been considered, e.g., in
Ref. [317].



8.3 Quantum algorithm for the single-impurity Anderson model 142

2

The number operators transforms into

n1# =
1

2
(I + �z

1) , n2# =
1

2
(I + �z

2) ,

n1" =
1

2
(I + �z

3) , n2" =
1

2
(I + �z

4) . (4)

Then, the SIAM Hamiltonian in Eq. (1) may be rewritten as

HSIAM =
U

4
(�z

1�
z
3 + �z

1 + �z
3)� µ

2
(�z

1 + �z
3) +

✏c
2

(�z
2 + �z

4)

� V

2
(�x

1�
x
2 + �y

1�
y
2 + �x

3�
x
4 + �y

3�
y
4 ) , (5)

where the different interactions can be simulated via a digital techniques and certain sequence of gates.

2. Gate decomposition

We consider the digital simulation of the Hamiltonian in Eq. (5), based on a Trotter decomposition
of the evolution operator. The Trotter expansion consists of dividing the time t into n time intervals of
length t/n, and applying sequentially the evolution operator of each term of the Hamiltonian for each
time interval. In this case the evolution operators are associated with the different summands of the
Hamiltonian, that in principle we arrange in the following way

e�iHSIAMt ⇡
Y

k

⇣
e�iHk

t
n

⌘n

⇡
✓

ei V
2 (�x

1�
x
2 +�y

1�
y
2 ) t

n ei V
2 (�x

3�
x
4 +�y

3�
y
4 ) t

n e�i U
4 �z

1�
z
3

t
n

· e�i
�

U
4 �µ

2

�
�z
1

t
n e�i

�
U
4 �µ

2

�
�z
3

t
n e�i ✏c

2 �z
2

t
n e�i ✏c

2 �z
4

t
n

◆n

. (6)

a. Method XY and quantum bus We consider a quantum algorithm based on the XY interaction or
exchange gate, which naturally appears in cQED when considering the use of a quantum bus [1]. The
quantum circuit for a single Trotter step is

1
XY

B

C

2 D

3
XY

C

4 D

Here, XY is the exchange gate XY = exp
�
iV

2 (�x
i �

x
j + �y

i �
y
j ) t

n

�
, and B is the entangling gate B =

exp
�
� iU

4 �
z
i �

z
j

t
n

�
. The quantum gates C and D are single qubit �z-gates, C = exp

�
� i
�

U
4 �

µ
2

�
�z

i
t
n

�
,

and D = exp
�
� i ✏c

2 �
z
i

t
n

�
.

b. Method CZ-� gate Moreover, it is also possible to describe the digital simulation in terms of
Trotter steps involving the optimised gates (CZ-�) [2]. We first consider the Hamiltonian in terms of
�z-�z interactions. We take into account that

�x
i �

x
j = Ri

y(⇡2 )�z
i Ri

y(�⇡
2 )Rj

y(⇡2 )�z
j Rj

y(�⇡
2 )

�y
i �

y
j = Ri

x(�⇡
2 )�z

i Ri
x(⇡2 )Rj

x(�⇡
2 )�z

j Rj
x(⇡2 ), (7)

3

where Ri
↵(✓) = exp(�i ✓2�

↵) is the rotation along the ↵-axis of the ith qubit.
The evolution operator of the Hamiltonian in Eq. (5) in terms of �z-�z interactions is

e�iHSIAMt ⇡
Y

k

⇣
e�iHk

t
n

⌘n

⇡
✓

R1
y(⇡2 )R2

y(⇡2 )R3
y(⇡2 )R4
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1�
z
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t
n ei V

2 �z
3�

z
4

t
n R1

y(�⇡
2 )R2

y(�⇡
2 )R3

y(�⇡
2 )R4

y(�⇡
2 )

·R1
x(�⇡

2 )R2
x(�⇡

2 )R3
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2 )R4
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2 )ei V
2 �z
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z
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t
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2 �z
3�
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4

t
n R1

x(⇡2 )R2
x(⇡2 )R3
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x(⇡2 )

· e�i U
4 �z

1�
z
3

t
n e�i

�
U
4 �µ

2

�
�z
1

t
n e�i

�
U
4 �µ

2

�
�z
3

t
n e�i ✏c

2 �z
2

t
n e�i ✏c

2 �z
4

t
n

◆n

. (8)

The sequence of gates for one Trotter step in the digital simulation of the SIAM model with four qubits
is

1 Y⇡
2

A

Y�⇡
2

X�⇡
2

A

X⇡
2

B

C

2 Y⇡
2

Y�⇡
2

X�⇡
2

X⇡
2 D

3 Y⇡
2

A

Y�⇡
2

X�⇡
2

A

X⇡
2 C

4 Y⇡
2

Y�⇡
2

X�⇡
2

X⇡
2 D

The gates A and B are two qubit gates in terms of �z-�z interactions, A = exp
�
iV

2 �
z
i �

z
j

t
n

�
and B =

exp
�
� iU

4 �
z
i �

z
j

t
n

�
. The quantum gates C and D are single qubit �z-gates, C = exp

�
� i
�

U
4 �

µ
2

�
�z

i
t
n

�
,

and D = exp
�
� i ✏c

2 �
z
i

t
n

�
, as in the previous algorithm. And X↵ and Y↵ are ↵-rotations along the x and

y axis, respectively.
A single Trotter step contains 5 ZZ two-qubit gates between nearest-neighbour qubits, 2 SWAP gates,

and 20 single-qubit rotations. We note that a SWAP-gate amounts to three CZ-� gates, and a ZZ-gate
amounts to two CZ-� gates, in general. This number can optimised further if we consider different order-
ings for odd and even Trotter steps, in which subsequent gates may be suppressed. This reorganisation of
interactions do not affect in principle the digital theoretical error. That way, an odd Trotter step reads

1 X�⇡
2

A

X⇡
2

B

C Y⇡
2

A

Y�⇡
2

2 X�⇡
2

X⇡
2 D Y⇡

2
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2
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2 C Y⇡
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2

4 X�⇡
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2 D Y⇡

2
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2

and one even Trotter step is

1 Y⇡
2

A

Y�⇡
2

X�⇡
2

A

X⇡
2

B

C

2 Y⇡
2

Y�⇡
2

X�⇡
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2 D

3 Y⇡
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X⇡
2 C
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2
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(a)

(b)

Figure 8.3: Quantum gates for one Trotter step. A single Trotter step is shown
for (a) the XY method and (b) the CZφ method. Here, B is the entangling gate
B = exp

(
− iU

4
σ̂z1σ̂

z
3

t
NT

)
, A is a two-qubit gate given by A = exp

(
− iV

2
σ̂zl σ̂

z
m

t
NT

)
,

acting on qubits l andm, and the quantum gates C andD are single qubit σ̂z-gates,
given byC = exp

[
i
(
U
4
− µ

2

)
σ̂zl

t
NT

]
andD = exp

(
i εc

2
σ̂zl

t
NT

)
, acting on qubit l. Finally,

Xφ and Yφ are φ-rotations along the x and y axis, respectively. Figure from Ref. [3].

where we have neglected global phases. Thus, we have the decomposition

exp

(
−i

φ

2
σ̂z1σ̂

z
2

)
= R(1)

x (π) CZφR(1)
x (π)R(2)

x (π) CZφR(2)
x (π). (8.26)

The time-evolution operator in Eq. (8.22) in terms of ZZ interactions is given by
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where R(1234)
α (φ) = R(1)

α (φ)R(2)
α (φ)R(3)

α (φ)R(4)
α (φ). The sequence of gates for one

Trotter step is depicted in Fig. 8.3b. A single Trotter step contains 5 ZZ two-qubit

gates (corresponding to the A and B gates in Fig. 8.3b) between nearest-neighbour
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Figure 8.4: Reordering of quantum gates. The ordering of gates shown for (a) an
odd Trotter step and (b) an even Trotter step in the CZφ method. The gates depicted
in red can be omitted as they cancel out during a sequence of time steps. Figure
from Ref. [3].

qubits, 2 SWAP gates (for the B gate which acts on qubits 1 and 3), and 20 single-

qubit rotations. We note that a SWAP gate amounts to three CZφ gates. One way

to see this is to use the standard results that a SWAP gate equals three CNOT gates

and that a CNOT gates equals one CZφ=π gate and two Hadamard gates [318]. A

ZZ gate amounts to two CZφ gates [see Eq. (8.26)]. We can optimise the number

of gates further if we consider different orderings for odd and even Trotter steps

as in Fig. 8.4, such that subsequent gates may be suppressed. This reorganisation

of interactions does not in principle affect the Trotter error. Hence, for a pair of

Trotter steps, the number of gates is reduced, and we may only consider 10 ZZ

two-qubit gates between nearest-neighbour qubits, 4 SWAP gates, and 32 single-

qubit rotations.
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8.4 Results

We focus on the half-filled case, i.e., µ = U
2

and εc = 0, which requires the smallest

number of quantum gates, since the C and D gates in Section 8.3 vanish. Note

that since the value of εc is fixed in this case, it need not be updated in the self-

consistency loop. We use J∞, the Hubbard hopping in infinite dimensions, as our

unit of energy, hence time t is measured in units of 1/J∞. Note that t refers here to

the time in the evolution operator Û(t), not to the actual time to run the experiment.

In Fig. 8.5, we show for various Trotter steps NT up to time t = 6/J∞ the state

fidelities F = |〈Ψ(t)|ΨT (t)〉|2, where |Ψ(t)〉 denotes the state obtained with exact

time-evolution using the full, non-Trotterized operator Û(t) = exp(−itĤSIAM,2) cor-

responding to the two-site SIAM in Eq. (8.1), and |ΨT (t)〉 is the state evolved using

either the XY or CZφ quantum gates. Note that the number of qubits correspond-

ing to the two-site SIAM is fixed, leaving only NT as the parameter to be varied

for increased accuracy. We use the initial state |Ψ(t = 0)〉 = ĉ†1↓|ΨGS〉/||ĉ†1↓|ΨGS〉||,

where |ΨGS〉 is the ground-state of the two-site SIAM in Eq. (8.1), which is a rel-

evant state for obtaining the impurity Green function at zero temperature [see

Eq. (8.7)]. As expected, using XY gates displays superior fidelities, since CZφ

gates require an extra factorization of the hybridization term (see Section 8.3). For

NT = 24 steps, the state fidelity using XY gates remains over 99% throughout

the evolution. In what follows, we use only XY gates for the time-evolution for

concreteness.

As shown in Section 8.2, the main object of interest is the retarded impurity

Green function. One possibility to measure iGR
imp(t) is single-qubit interferometry

(see Appendix F for details), which raises the total number of qubits in the ex-

perimental arrangement to five. In Fig. 8.6 we plot the impurity Green function

obtained from evolving the state with XY gates compared to exact evolution of

the two-site SIAM for different NT . We see that the Green function from the XY
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Figure 8.5: Time-evolution of the state fidelity. State fidelities F = |〈Ψ(t)|ΨT (t)〉|2
using the XY method (blue diamonds, line is to guide the eye) and CZφ gates (red
stars, dashed line is to guide the eye) obtained with (a) 6, (b) 12, (c) 18, and (d) 24
Trotter steps up to time t = 6/J∞. We set U = 4J∞ and V = J∞. Figure adapted
from Ref. [3].

approach starts to follow the curve of the exact Green function better for increas-

ing NT . In our subsequent analysis, we use NT = 24 up to t = 6/J∞ to study what

two-site DMFT physics can be captured with the digital approach.

To obtain the impurity Green function in the frequency domain, we first con-

sider some known and general analytic properties of the retarded Green function

in Eq. (8.7). This Green function can be written as a sum of the particle and hole

contributions as

iGR
imp(t) = θ(t)

∑

j

(∣∣〈j|ĉ†1σ|ΨGS〉
∣∣2e−iωjt +

∣∣〈j|ĉ1σ|ΨGS〉
∣∣2eiωjt

)
, (8.28)



8.4 Results 146

0 2 4 6

tJ∞

-1

-0.5

0

0.5

1

iG
R im

p
(t
)

(a)
XY

Exact

0 2 4 6

tJ∞

-1

-0.5

0

0.5

1

iG
R im

p
(t
)

(b)
XY

Exact

0 2 4 6

tJ∞

-1

-0.5

0

0.5

1

iG
R im

p
(t
)

(c)
XY

Exact

0 2 4 6

tJ∞

-1

-0.5

0

0.5

1

iG
R im

p
(t
)

(d)
XY

Exact

Figure 8.6: Impurity Green function in the time domain. The retarded impurity
Green function iGR

imp(t) obtained with (a) 6, (b) 12, (c) 18, and (d) 24 Trotter steps
up to time t = 6/J∞ using the XY method (blue diamonds). Comparison is given
to the exact Green function (red dashed line). We set U = 4J∞ and V = J∞. Figure
adapted from Ref. [3].

where |j〉 is an eigenstate of ĤSIAM with eigenenergyEj , and ωj = Ej−EGS . In two-

site DMFT, the interacting Green function is a four-pole function [313], which limits

the number of terms in the above summation to four. Moreover, in the presence of

particle-hole symmetry, we have
∣∣〈j|ĉ†1σ|ΨGS〉

∣∣2 =
∣∣〈j|ĉ1σ|ΨGS〉

∣∣2, and Eq. (8.28) can

be written as

iGR
imp(t) = 2 [α1 cos(ω1t) + α2 cos(ω2t)] θ(t), (8.29)

where αj =
∣∣∣〈j|ĉ†1σ|ΨGS〉

∣∣∣
2

. Thus, to obtain the impurity Green function in the
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Figure 8.7: The retarded impurity Green function and self-energy in the frequency
domain. (a) The residues and poles of the Green function can be obtained from a fit
of the form in Eq. (8.29) (red dashed line) to the GR

imp(t) data from the XY method
with 24 Trotter steps (blue diamonds). (b) The real part of the impurity Green
function, Re

[
GR

imp(ω + i0+)
]

(blue line), with residues and poles obtained from the
fit from (a), compared to the exact Green function (red dashed line). (c) Same as in
(b), but for the self-energy Re [Σimp(ω + i0+)]. We set U = 4J∞ and V = J∞. In (b)
and (c), we have broadened the peaks by setting the positive infinitesimal 0+ equal
to 0.01 for clarity. Figure adapted from Ref. [3].

frequency domain as

GR
imp(ω + i0+) =α1

(
1

ω + i0+ − ω1

+
1

ω + i0+ + ω1

)

+ α2

(
1

ω + i0+ − ω2

+
1

ω + i0+ + ω2

)
, (8.30)

we need to extract the unknown residues αj and poles ωj by fitting an expres-

sion of the form in Eq. (8.29) to the measurement data of iGR
imp(t), as shown in
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Fig. 8.7a. This method to determine αj and ωj is far more reliable and requires

fewer time steps than numerically Fourier-transforming the iGR
imp(t) data. It can

also be readily generalised to larger systems by including more terms in the sum

in Eq. (8.28). Figure 8.7b shows the real part of the impurity Green function in

the frequency domain, Re
[
GR

imp(ω + i0+)
]

(here, we explicitly include the infinites-

imal imaginary part in the argument for clarity), with residues and poles obtained

from the fit in Fig. 8.7a, while in Fig. 8.7c we plot the real part of the impurity self-

energy, Re [Σimp(ω + i0+)], obtained utilizing the Dyson equation (8.8). We clearly

see the four-pole structure of the Green function, while the self-energy has two

poles. The results are in excellent agreement with the exact solution of the two-site

SIAM, with the poles of the self-energy using fitted αj and ωj differing from the

exact solution by 2%.

Once we have obtained the impurity Green function, and thus the impurity

self-energy, we proceed according to the two-site DMFT protocol in Section 8.2

until self-consistency has been reached. In DMFT we are interested in the local lat-

tice spectral function Alatt,jj(ω) which, at self-consistency, is given by the impurity

spectral function Aimp(ω). In the paramagnetic phase of the infinite-dimensional

Hubbard model, the spectral function has a three peak structure with a lower and

an upper Hubbard (sub)band and a quasiparticle peak with integrated spectral

weight Z between the bands [40]. In two-site DMFT, since the self-energy has two

poles, this three peak structure can be qualitatively reproduced with the spectral

function [313]

A(ω) = D [ω + µ− Σimp(ω)] , (8.31)

where D(ε) is the density of states of the Bethe lattice in Eq. (7.17). Figure 8.8

shows the spectral function in Eq. (8.31) where the impurity self-energy has been

obtained both from the XY method and from exact numerics of the two-site SIAM

using the interactions U = 5J∞ and U = 8J∞. We notice that for U = 5J∞, the
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Figure 8.8: Spectral functions in the metallic and insulating phases. Spectral func-
tions obtained with the XY method with 24 Trotter steps (blue line) and exact
solution of the two-site SIAM (red dashed line). The parameters of the two-site
SIAM are iterated to self-consistency with (a) U = 5J∞ and (b) U = 8J∞. Figure
adapted from Ref. [3].

Hubbard bands from the XY method are slightly dislocated and the quasiparticle

peak is slightly narrower compared with the exact solution of the two-site SIAM,

but the agreement is still very good. The overall shape of the spectral function from

the XY method is unchanged compared to the exact case. This underestimation of

the width of the quasiparticle peak stems from the fact that the fitting procedure in

Fig. 8.7a causes the negative of the derivative of the self-energy in the XY method

to be a bit larger than the exact value from the two-site SIAM, i.e.,

−dRe[ΣXY
imp(ω + i0+)]

dω

∣∣∣
ω=0

& −dRe[Σexact
imp (ω + i0+)]

dω

∣∣∣
ω=0

, (8.32)

which leads to Z in Eq. (8.6) from the XY method to be slightly smaller than in

the exact solution of the two-site SIAM, i.e., ZXY . Zexact. For U = 8J∞, the two

spectral functions agree with maximum relative error of 10−8, since in this case

V = 0 is found to be the self-consistent solution, whence the Trotterized evolution

operator in Eq. (8.22) matches full evolution operator of the two-site SIAM, and

thus there is no Trotter error. We observe that in Fig. 8.8 the central quasiparticle

peak vanishes, which is characteristic of insulating behaviour. See Ref. [313] for a
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Figure 8.9: Quasiparticle weight as a function of interaction U . Self-consistent
quasiparticle weight Z obtained from the XY method with 24 (blue diamonds),
36 (red circles), and 48 Trotter steps (yellow squares), compared to the exact solu-
tion of the two-site SIAM (purple stars). Inset: Same plot zoomed into the region
around the critical interaction, Uc = 6J∞. Figure adapted from Ref. [3].

discussion of the artifacts of the spectral functions in two-site DMFT compared to

full DMFT.

To study the transition between the two types of spectral functions in Fig. 8.8,

we plot in Fig. 8.9 the self-consistent quasiparticle weight Z obtained from the XY

method as a function of the interaction U for different Trotter steps NT . We also

show Z from the exact solution of the two-site SIAM for comparison. We see that

the digital approach captures the correct trend of the curve, but in the metallic side

underestimates to a small degree the values of Z for interactions close to U = Uc =

6J∞, which is the critical interaction for Mott transition in two-site DMFT at half-

filling [313]. These results are consistent with the spectral functions in Fig. 8.8. The

underestimation ofZ can be diminished by increasingNT , as shown in Fig. 8.9. It is

noteworthy to mention that two-site DMFT overestimates the quasiparticle weight

compared to full DMFT for interactions U < Uc, as demonstrated in Ref. [313].

Above Uc, we find Z = 0 to be the self-consistent solution, corresponding to the

insulating phase.



8.5 Conclusion 151

8.5 Conclusion

We have proposed a quantum algorithm for two-site DMFT to be run on a small

digital quantum simulator with a classical feedback loop, allowing the qualita-

tive description of the infinite-dimensional Hubbard model in the thermodynamic

limit. We have considered two alternative quantum gate decompositions con-

sistent with state-of-the-art technology in superconducting circuits for the time-

evolution operator. We found that an increasing number of Trotter steps improves

the fidelity of our digital scheme to qualitatively describe the Mott transition. Our

work therefore provides an interesting application for small-scale quantum de-

vices. It also paves the way for more accurate quantum simulations of strongly

correlated fermions in various lattice geometries, which are relevant to novel quan-

tum materials, when the general self-consistency condition and larger number of

qubits are used.



Chapter 9

HYBRID QUANTUM-CLASSICAL SIMULATION
OF THE TIME-DEPENDENT

INFINITE-DIMENSIONAL HUBBARD MODEL

In this Chapter, we generalise the hybrid quantum-classical approach in Chap-

ter 8 to time-dependent problems and show that for a larger number of qubits the

SIAM can be implemented efficiently in a digital quantum simulator using mul-

tiqubit Mølmer–Sørensen gates. The results presented in this Chapter have been

published in Ref. [4].

9.1 Introduction

In Chapter 8, we introduced a proof-of-principle example of a hybrid quantum-

classical simulation scheme that implements the DMFT method. However, this ap-

proach is only truly useful if it is scaled up to larger systems. In addition, the clas-

sical impurity solvers in non-equilibrium DMFT have severe limitations and are

less established than in the equilibrium case, and thus it is relevant to ask whether

the hybrid quantum-classical approach can be applied to out-of-equilibrium situ-

ations.

In this Chapter, we show that the scheme can be generalised to non-equilibrium

problems efficiently if one uses, e.g., multiqubit Mølmer–Sørensen gates in the digi-

tal quantum simulator to approximate the unitary evolution described by the time-

152
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dependent SIAM in Eq. (7.28). The parameters of the SIAM are again updated in a

classical feedback loop according to Section 7.3.2.

This Chapter is organised as follows. In Section 9.2 we present the quantum

algorithm for the time-dependent SIAM in terms of MS gates. In Section 9.3, we

describe the setup which we use to test our approach. We show the results of

our analysis in Section 9.4 and give a summary in Section 9.5. In Appendix G,

we show how the single-qubit interferometry in Appendix F generalises to the

non-equilibrium case. We describe the outline of our classical simulations in Ap-

pendix H and elucidate the super-fermion approach to open quantum systems in

Appendix I.

9.2 Quantum algorithm for the time-dependent single-
impurity Anderson model

9.2.1 Jordan–Wigner transformation of the time-dependent SIAM

We focus on the half-filled infinite-dimensional Hubbard model in Eq. (2.7). To

solve the related DMFT impurity problem on a digital quantum simulator, we

must represent the time-dependent SIAM Hamiltonian in Eq. (7.28) (with µ = 0

and εp = 0) in terms of spin operators that operate on the qubits of the simula-

tor. This is achieved via the Jordan–Wigner transformation in Eqs. (6.1)–(6.3), in

which we map N fermions onto a string of 2N qubits. With the Jordan–Wigner

transformation, the interaction term of the SIAM becomes

U(t)

(
n̂1↑ −

1

2

)(
n̂1↓ −

1

2

)
=
U(t)

4
σ̂z1σ̂

z
2, (9.1)

while the hybridization, or hopping, terms read

Vp(t)ĉ
†
1↓ĉp↓ + H.c. =

1

2
Re[Vp(t)]

(
σ̂x1 σ̂

z
2 · · · σ̂z2p−2σ̂

x
2p−1 + σ̂y1 σ̂

z
2 · · · σ̂z2p−2σ̂

y
2p−1

)

+
1

2
Im[Vp(t)]

(
σ̂y1 σ̂

z
2 · · · σ̂z2p−2σ̂

x
2p−1 − σ̂x1 σ̂z2 · · · σ̂z2p−2σ̂

y
2p−1

)
, (9.2)
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Vp(t)ĉ
†
1↑ĉp↑ + H.c. =

1

2
Re[Vp(t)]

(
σ̂x2 σ̂

z
3 · · · σ̂z2p−1σ̂

x
2p + σ̂y2 σ̂

z
3 · · · σ̂z2p−1σ̂

y
2p

)

+
1

2
Im[Vp(t)]

(
σ̂y2 σ̂

z
3 · · · σ̂z2p−1σ̂

x
2p − σ̂x2 σ̂z3 · · · σ̂z2p−1σ̂

y
2p

)
. (9.3)

The total SIAM is given by the sum of the terms in Eqs. (9.1)–(9.3).

9.2.2 Quantum gate decomposition of the time-evolution opera-
tor

We now describe how to obtain the quantum gates corresponding to the unitary

time-evolution operator Û(t, t′) of the SIAM given by Eqs. (9.1)–(9.3). We first dis-

cretise time as tn = n× δt, where δt is a small time-step. We then breakup the time-

evolution from t = 0 to t = tn into a product of Trotter steps Û(tn, 0) =
∏n−1

l=0 Û(l→

l + 1). To obtain the necessary quantum gates to approximate the unitary evo-

lution operator, we use a Trotter decomposition on the propagator Û(l → l + 1)

between each time tl and tl+1 as Û(l → l + 1) = e−iδtĤSIAM(tl) ≈ ∏j e
−iδtĤj(tl), where

ĤSIAM(tl) =
∑

j Ĥj(tl). Each term e−iδtĤj(tn) that consists of tensor products of k

Pauli operators can be implemented — up to local rotations — with an MS gate

acting on the k qubits, a single qubit rotation, and the inverse MS gate [278, 280].

For example, we have the decomposition

exp (iφσz1σ
x
2σ

x
3 · · ·σxk) = Û1,k

MS

(
−π

2
, 0
)
Û1,loc(φ)Û1,k

MS

(π
2
, 0
)
, (9.4)

where the MS gate is given by Eq. (6.14). The local gate in Eq. (9.4) reads [280]

Ûj,loc(φ) =





exp(−iφσzj ), for k = 4n− 1

exp(iφσzj ), for k = 4n+ 1

exp(−iφσyj ), for k = 4n− 2

exp(iφσyj ), for k = 4n

, n ∈ N. (9.5)

To implement a string of σ̂y gates instead of σ̂x, we use a different MS gate with

φ = π
2

[see Eq. (6.14)], yielding the decomposition [280]

exp (iφσz1σ
y
2σ

y
3 · · ·σyk) = Û1,k

MS

(
−π

2
,
π

2

)
Û1,loc(φ)Û1,k

MS

(π
2
,
π

2

)
, (9.6)
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with the local gate

Ûj,loc(φ) =





exp(−iφσzj ), for k = 4n− 1

exp(iφσzj ), for k = 4n+ 1

exp(iφσxj ), for k = 4n− 2

exp(−iφσxj ), for k = 4n

, n ∈ N. (9.7)

The terms emerging from the Trotter decomposition of the Jordan–Wigner trans-

formed SIAM in Eqs. (9.1)–(9.3) can be constructed from Eqs. (9.4) and (9.6) by

applying additional local rotations. For instance, we have

exp
(
iφσ̂x2 σ̂

z
3 · · · σ̂z2p−1σ̂

x
2p

)

= exp

(
i
π

4

2p−1∑

j=4

σ̂yj

)
Û2,2p

MS

(
−π

2
, 0
)
Û3,loc(φ)Û2,2p

MS

(π
2
, 0
)

exp

(
−i
π

4

2p−1∑

j=4

σ̂yj

)
, (9.8)

where Û3,loc(φ) = exp (−iφσ̂z3) for even p, and Û3,loc(φ) = exp (iφσ̂z3) for odd p, with

φ = −1
2
δtRe[Vp(tl)]. Similarly, e.g.,

exp
(
iφσ̂x1 σ̂

z
2 · · · σ̂z2p−2σ̂

y
2p−1

)

= exp
(

i
π

4
σ̂z1

)
exp

(
−i
π

4

2p−2∑

j=3

σ̂yj

)
Û1,2p−1

MS

(
−π

2
,
π

2

)
Û2,loc(φ)Û1,2p−1

MS

(π
2
,
π

2

)

× exp

(
i
π

4

2p−2∑

j=3

σ̂yj

)
exp

(
−i
π

4
σ̂z1

)
, (9.9)

where Û2,loc(φ) = exp (−iφσ̂z2) for even p, and Û2,loc(φ) = exp (iφσ̂z2) for odd p, with

φ = 1
2
δtIm[Vp(tl)].

We point out that the number of multiqubit MS gates scales only linearly with

the number of bath sites. One way to see this is to note that Eqs. (9.2) and (9.3)

have a total of 8 terms of the form considered on the left hand side of Eqs. (9.8)

and (9.9). Each of these terms requires two MS gates as per Eqs. (9.8) and (9.9).

Thus, a single bath site requires 16 MS gates, and Nb bath sites requires 16Nb MS

gates. This linear scaling allows for an efficient implementation of the unitary

for the time-dependent SIAM with a digital quantum simulator1 [227, 280]. To
1If one considers an ion trap implementation, we emphasize that each of the MS gates requires

only one bichromatic field addressed globally on the set of qubits, even when the number of qubits
is large.
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Figure 9.1: Hopping quench profile in Eq. (9.10).

compare, in a classical computer with exact diagonalization methods, the required

computational resources scale exponentially with the number of bath sites. With

classical MPS methods, very high bond dimensions are required for larger number

of bath sites, which makes the simulations computationally demanding [309].

9.3 Setup

We study the hybrid quantum-classical scheme in the same example case consid-

ered in Ref. [300]. We are interested in the time evolution of the half-filled infinite-

dimensional Hubbard model in the paramagnetic phase at zero temperature in

a Bethe lattice with constant on-site interaction U and time-dependent hopping

J∞(t). The hopping is turned on from the initial value J∞ = 0 (i.e., we start from

the atomic limit) to the final value J∞ = J0 = 1 with the profile [300]

J∞(t) =

{
1
2

[1− cos(ω0t)] for t < tq

1 for t ≥ tq
, (9.10)

where ω0 = π/tq and tq > 0 is a suitable quench time. We use J0 as the unit of

energy and set tq = 0.25/J0. We plot the hopping quench profile in Fig. 9.1. This



9.3 Setup 157
1

∅

∅

↑↓

↑↓
1
2
(| ↑〉〈↑ |+ | ↓〉〈↓ |)
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∅

Figure 9.2: The ground-state of the atomic limit SIAM at half-filling. The central,
interacting impurity site is initially decoupled (as indicated by the dashed lines)
from the non-interacting bath sites, one half of which are doubly occupied and the
other half empty. The impurity site is in the mixed state ρ̂imp = 1

2
(| ↑〉〈↑ |+ | ↓〉〈↓ |).

kind of quench is representative of experimental ultracold atom dynamics [29, 57]

and also of ultrafast dynamics probed in condensed matter systems [52].

We solve the dynamics of the system with non-equilibrium DMFT by mapping

the DMFT action onto the time-dependent SIAM. Since we start from the atomic

limit, the hybridization function Λ− in Section 7.3.2 vanishes. We denote the SIAM

hybridization function by Λ instead of ΛSIAM for simplicity. In the paramagnetic

phase and in the presence of particle-hole symmetry, the initial ground-state of the

SIAM has a singly occupied impurity site in the completely mixed state of spin

↑ and spin ↓ with density operator ρ̂imp = 1
2

(| ↑〉〈↑ |+ | ↓〉〈↓ |), and one half of

the bath sites are doubly occupied and the other half empty, as explained after

Eq. (7.39) and illustrated in Fig 9.2. For further details, see Ref. [300].

In practice, the system is prepared in two pure fermion occupational number

states, |ψa0〉 and |ψb0〉, where |ψa0〉 has the impurity in state | ↑〉 and |ψb0〉 in state

| ↓〉, along with the doubly occupied and empty bath states [300]. We then solve

for two impurity Green functions Ga
imp,σ and Gb

imp,σ, one for each subsystem a and

b, the average of which yields the total particle-hole symmetric impurity Green
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Figure 9.3: Quantum network to measure the 〈ψs0|Û(0, t)σ̂z1σ̂
α
2 Û(t, t′)σ̂z1σ̂

β
2 Û(t′, 0)|ψs0〉

contribution to the Green function Gimp,↑(t, t′). Here, α, β ∈ {x, y}. The impurity
density operator is ρ̂imp = 1

2
(|0, 1〉〈0, 1|+ |1, 0〉〈1, 0|). The time-evolution opera-

tors Û are composed of a set of quantum gates according to Section 9.2.2. Figure
adapted from Ref. [4].

function [300]

Gimp,σ(t, t′) =
1

2

[
Ga

imp,σ(t, t′) +Gb
imp,σ(t, t′)

]
. (9.11)

Since we consider the case T = 0, the time contour γ in Fig. 2.2 suffices and we

can restrict the Green function in Eq. (9.11) to real-time arguments. As the Hub-

bard model is in the Bethe lattice, the DMFT self-consistency condition is given by

Eq. (7.27).

For implementation in a digital quantum simulator, the initial number states

|ψa0〉 and |ψb0〉 are mapped onto product states of qubits via the Jordan–Wigner

transformation in Eqs (6.1)–(6.3). The initial qubit configuration is that shown

in Fig. 9.3, which depicts an example quantum network for measuring a contri-

bution to the impurity Green function with single-qubit interferometry (see Ap-

pendix G). The non-equilibrium DMFT steps to obtain the self-consistent impurity
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Green function up to a maximum simulation time tmax = NT × δt are then the

following:

0. Guess an initial Green function g0. For iteration n = 1, initialize the hy-

bridization function as Λ1(t, t′) = J∞(t)g0(t, t′)J∞(t′).

1. For the nth iteration, obtain the hopping parameters V (n)
p (t) from the hy-

bridization function Λn(t, t′) according to Section 7.3.2. With these param-

eters, the impurity model and the corresponding quantum gates are defined.

2. Measure, e.g., with single-qubit interferometry (see Appendix G) the impu-

rity Green functions

Gs
imp,σ = θγ(t, t

′)Gs,>
imp,σ(t, t′) + θγ(t

′, t)Gs,<
imp,σ(t, t′), (9.12)

where θγ(t, t′) is the Heaviside function on the contour γ in Fig. 2.2, and

Gs,>
imp,σ(t, t′) = −i〈ψs0|Û(0, t)ĉ1σÛ(t, t′)ĉ†1σÛ(t′, 0)|ψs0〉,

Gs,<
imp,σ(t, t′) = i〈ψs0|Û(0, t′)ĉ†1σÛ(t′, t)ĉ1σÛ(t, 0)|ψs0〉,

Û(t, t′) = T e−i
∫ t
t′ dt̄ ĤSIAM(t̄). (9.13)

Here, s = a, b. Use Eq. (9.11) to obtain the particle-hole symmetric impurity

Green function Gimp,n(t, t′).

3. Use the DMFT self-consistency condition for the Bethe lattice Λn+1(t, t′) =

v(t)Gimp,n(t, t′)v(t′) to obtain the hybridization function for iteration n+ 1.

4. Go to step 1 and iterate the steps until convergence is reached. The conver-

gence variable can be, e.g., max |V (n)
p (t) − V

(n−1)
p (t)|, where the superscript

refers to the iteration number.

From the self-consistent impurity Green function we obtain local single-particle

observables. In addition to the Green function, in the time-evolution we determine

the time-dependent double occupation 〈d〉(t) = 〈n̂1↑n̂1↓〉(t), which is also averaged

over the systems s = a and s = b [300].
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Figure 9.4: Impurity double occupation 〈d̂〉(t) as a function of time t. We show the
numerically exact solution (blue solid curve), solution with Trotter errors (+), solu-
tions including gate errors of σMS = 0.1% (green dashed curve), σMS = 1% (yellow
solid curve), and σMS = 10% (red solid curve). Figure adapted from Ref. [4].

9.4 Results

9.4.1 Time-evolution with noisy gates

We emulate the operation of the hybrid quantum-classical device by classically

evaluating the quantum networks in Fig. 9.3 (see Appendix H for further details),

and the classical exponential scaling limits our simulations to small systems. In our

simulations, we are able to accommodate Nb = 2 bath sites, which also limits the

accessible time. This number of bath sites corresponds to a quantum device with

7 qubits, i.e., one ancilla qubit for measurements and six qubits implementing the

SIAM. The largest MS gates then involve 5 qubits [between qubits 1 to 5, and 2 to

6, see Eqs. (9.2) and (9.3) for p = 3].

We choose a small time step of δt = 0.04/J0 in the time discretisation and focus

on the interaction strength U = 2J0. As an example, we compare the impurity site

double occupancy 〈d̂〉(t) = 〈n̂1↓n̂1↑〉(t) obtained from the self-consistent digitized

simulation to the exact result in Fig. 9.4. We see that Trotter errors do not noticeably
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Figure 9.5: Absolute value of the difference εG(t, t′) between the imaginary parts
of the lesser Green function without gate errors and with gate errors of σMS =
1%. Results of calculations with gate errors were obtained by averaging over 128
realizations of the setup. Figure adapted from Ref. [4].

affect our results in this time scale due to the small value of the time step.

We are interested in knowing whether the hybrid scheme is robust against

small gate errors2. To do this, we assume imperfect gates which are character-

ized by errors in the angles defining the gates [325, 326]. The imperfect MS gate is

described by the unitary operator [compare with Eq. (6.14)]

Û l,m
MS (θ + εMS1, φ+ εMS2) = exp

{
−i
θ + εMS1

4

[
cos(φ+ εMS2) Ŝx + sin(φ+ εMS2)Ŝy

]2
}
,

(9.14)

where εMS1 and εMS2 are normally distributed random variables with zero mean [325,

326] (see also Appendix H). Similarly, imperfect single-qubit gates are given by

unitary operators of the form Ûloc(ϕ + ε) [see Eqs. (9.4)–(9.9)], where ε is also a

normally distributed random variable with zero mean. We set the standard devi-

ation of the single qubit error to σ = 10−6 [326] and allow the standard deviation

of MS gate errors σMS to vary between 0.1% and 10%. As shown in Fig. 9.4, we

2See also, e.g., Refs. [317, 319–324] for theoretical studies of quantum processors in the presence
of errors.
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Figure 9.6: Deviation of the hybridization function ∆Λ(t, t′) =
ImΛ<

η (t, t′)/ImΛ<
0 (t, t′) ≈ exp(−η|t − t′|), where Λ<

0(η)(t, t
′) is the lesser com-

ponent of the mean field, in the absence (presence) of gate errors (here, σMS = 6%)
for constant Vp and U = 2J0, Nb = 2, and averaged over 128 realizations. Inset: the
exponential decay rate η versus σMS. Figure adapted from Ref. [4].

obtain reasonably accurate results for the dynamics of the double occupancy even

in the presence of gate errors: the double occupation differs from the exact result

by only approximately 3% for σMS = 1%. For a smaller gate error of σMS = 0.1%

the difference is insignificant up to t = 1.5/J0.

In Fig. 9.5, we plot the error in the imaginary part of the lesser impurity Green

function G<
imp(t, t′) induced by imperfect gates. We see that the diagonal values

G<
imp(t, t), which determine time-local single-particle observables [69], are almost

unaffected by the gate errors. However, the gate errors make the impurity Green

function decay faster with t − t′ than in the ideal case. They will thus affect espe-

cially the unequal-time single-particle correlation functions.

We further investigate the effect of imperfect gates by considering the impurity

site coupled to two bath sites via constant Vp and without self-consistency. We find

that the imaginary part of the hybridization function with gate errors differs from

the exact one by a factor of approximately exp(−η|t′− t|), as shown in Fig. 9.6. The
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decay rate η increases with σMS as displayed in the inset of Fig. 9.6. This numerical

evidence suggests that gate errors have the same effect as ‘smearing out’ the bath

energies εp to a width given by η. The impurity model including errors would then

be equivalent to the bath sites possessing an effective finite coherence time 1/η.

9.4.2 Noise reduction in the classical feedback loop

The presence of the classical feedback loop offers the possibility for reducing the

effect of the noisy quantum gates. We study this in an auxiliary, non-interacting

impurity system which comprises of the SIAM Hamiltonian in Eq. (7.28) with U =

0. We model a bath site p with an effective coherence time 1/η by allowing an

ideal bath site to incoherently exchange fermions with a particle reservoir at a rate

Γp = η (see, e.g., Refs. [327–329]). This system is described within the quantum

master equation approach, where the density operator ρ̂(t) of the full system obeys

the equation

d

dt
ρ̂(t) =− i[ĤSIAM(t), ρ̂(t)]

+
∑

p>1,σ

Γ−p [2ĉpσρ̂(t)ĉ†pσ − ρ̂(t)ĉ†pσ ĉpσ − ĉ†pσ ĉpσρ̂(t)]

+
∑

p>1,σ

Γ+
p [2ĉ†pσρ̂(t)ĉpσ − ρ̂(t)ĉpσ ĉ

†
pσ − ĉpσ ĉ†pσρ̂(t)],

where Γ±p are the rates of electron ejection (−) and injection (+) to bath site p. Here,

we set the dissipation in the bath to have Γ±p = Γ.

Since the model is non-interacting and has Lindblad-type noise terms, we can

use the so-called super-fermion formalism [330] (see also Appendix I) to compute

the greater and lesser impurity Green functions given by

G>
imp,σ(t, t′) = iTr[ρ̂0ĉ

†
1σ(t′)ĉ1σ(t)], (9.15)

G<
imp,σ(t, t′) = −iTr[ρ̂0ĉ1σ(t)ĉ†1σ(t′)]. (9.16)

Here, the initial density operator is denoted by ρ̂0. We focus on a quench of the

Hubbard hopping parameter J∞(t) given by Eq. (9.10). The initial density operator
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Figure 9.7: Average error in the self-consistent hybridization function εΛ =

|Λ<
noisy(t, t′)− Λ<

exact(t, t
′)| (here, the overbar denotes average) for the non-

interacting system with Nb = 10 noisy bath sites. Figure adapted from Ref. [4].

ρ̂0 is again chosen to model a T = 0 half-filled paramagnetic phase [300], with the

impurity being in a singly occupied spin-mixed state ρ̂imp = 1
2
(|↑〉 〈↑| + |↓〉 〈↓|),

along with half the bath sites being doubly occupied and the other half empty.

Using the calculated lesser and greater impurity Green functions in Eqs. (9.15)

and (9.16), we solve the non-equilibrium DMFT self-consistency loop using

(i) the standard time-slicing approach explained in Section 7.3.2,

(ii) a fitting procedure which attempts to correct for the effects of the bath noise.

We solve numerically for the bath Green functions gp(t, t′) again using the

super-fermion approach [330]. To implement a noise-reduction scheme, we

minimize
∥∥∥
∑

p Vp(t)gp(t, t
′)Vp(t′)− Λ(t, t′)

∥∥∥
2

F
(where ‖ · ‖F is the Frobenius

norm) over Vp(t) to obtain the hybridizations corresponding to a noisy sys-

tem.

The modification of the classical feedback loop in case (ii) significantly reduces

the effect of gate errors compared to the standard case (i), as demonstrated in
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Fig. 9.7, showing the reduction in average absolute error in the mean field Λ(t, t′).

In the hybrid simulation scheme, the quantum network shown in Fig. 9.3 can be

modified so that the ancilla qubit measures the bath Green functions, thus provid-

ing the information required for this noise-reduction scheme to be implemented.

9.5 Conclusion

We have proposed a hybrid quantum-classical approach to non-equilibrium DMFT.

The DMFT impurity problem is solved on a digital quantum simulator, and the

quantum gates are updated iteratively with the help of a classical feedback loop

which takes care of the DMFT self-consistency. We emphasize that our scheme

works directly in the thermodynamic limit and, since it does not require a small

expansion term, gives accurate results for all values of the interaction U , in par-

ticular for the challenging situation of intermediate interactions like the example

U = 2J0 considered here. The implementation of the digitized time-evolution op-

erator that approximates the unitary of the time-dependent SIAM can be done ef-

ficiently using multiqubit MS gates, the number of which scales only linearly with

the number of bath sites in the SIAM. The number of available qubits in the sim-

ulator only limits the number of bath sites that can be included in the simulation

and hence the maximally reachable simulation time tmax.

Purely classical DMFT simulations are currently limited to approximately 25

bath sites [309] and, because of fast growing SIAM entanglement [300, 309], scale

exponentially with tmax despite efficiently implementing the feedback loop. There-

fore, a quantum system with only about 50 qubits coupled to a classical feedback

loop would be able to improve upon current purely classical DMFT algorithms3.

This number of qubits is commensurate with the plans of building larger quan-

tum devices in the near future, such as in the Networked Quantum Information
3We point out that the largest classical simulations of quantum circuits outside the context of

DMFT have simulated up to 45 qubits [322, 323, 331, 332]. The limit for quantum supremacy with
state-of-the-art classical supercomputers has been estimated to be 48 qubits [323].
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Technologies Hub [333], which is part of the United Kingdom National Quantum

Technologies Programme [334]. Our hybrid simulation scheme thus provides an

interesting scientific application of next generation, possibly imperfect, quantum

devices.



PART IV CONCLUSION



Chapter 10

SUMMARY AND OUTLOOK

In this thesis, we have studied different topics in the quantum simulation of fermionic

models. We have utilised both the analogue and the digital paradigms of quantum

simulation. We now summarise the main results of the thesis in Section 10.1 before

exploring some possible future directions in Section 10.2.

10.1 Summary of results

We begin with the results of Part II. In Chapter 4, we studied the spin-asymmetric

Josephson effect in the context of ultracold atoms that act as analogue quantum

simulators of condensed matter systems. We investigated two different setups

where the phenomenon could manifest.

First, we proposed a 3D ultracold atomic Fermi gas Josephson junction where

the necessary spin-dependent potential could be created with spin-dependent in-

teractions induced by the mean-field Hartree shift in the presence of a third spin

component. This kind of setup would be an extension of the arrangement in

Ref. [38], where the observation of Josephson plasma oscillations was reported.

Motivated by the results of Ref. [38], we studied the plasma oscillation regime in

our setup and showed that the spin-asymmetric Josephson effect manifests as a

spin-dependent plasma oscillation amplitude. The Josephson plasma frequency

is still the same for both components. The asymmetry in the amplitudes is given
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by the ratio of the spin-dependent critical Josephson currents which are charac-

teristic of the spin-asymmetric Josephson effect. We used BCS theory to estimate

the asymmetry as a function of interaction strength and temperature, and showed

that asymmetries on the order of a couple of per cent could be feasible. We also

showed that the asymmetry grows with decreasing interaction strength and in-

creasing temperature, which we explained by the behaviour of the Riedel peak at

the potential 2∆.

Second, we showed numerically using the TEBD method that similar spin-

asymmetric Josephson-type currents take place in a 1D spin-dependent optical

superlattice setup. We demonstrated that significant amplitude asymmetries up

to 39% are achievable in this setup. Furthermore, we showed that the presence

of the lattice and the competing hopping and interaction energy scales cause the

Josephson signal to split into spin-asymmetric subpeaks. We elucidated the origin

of this effect by studying smaller lattices using perturbation theory and showed

that a possible explanation for the emergence of the Josephson sub-signals is the

fact that the states participating in the Josephson-type processes have different ki-

netic energy contributions.

In Chapter 5, we studied the DC limit of the spin-asymmetric Josephson effect.

We showed that the tunable DC critical Josephson current in ferromagnetic SFIFS

Josephson junctions proposed in Ref. [39] can be explained at zero temperature by

the DC spin-asymmetric Josephson effect. To this end, we also generalised in Ap-

pendix B the four-state model of the spin-asymmetric Josephson effect in Ref. [37]

to a non-momentum conserving Josephson coupling. The SFIFS junction needs to

be thin such that the SF bilayer can be considered a uniform magnetic supercon-

ductor. To show the equivalence of the phenomena, we derived the expression

for the critical Josephson current in the ferromagnetic junction and in the junction

with a spin-dependent potential using the same linear response formalism. We



10.1 Summary of results 170

obtained that the difference in the exchange fields of the SF bilayers has a one-

to-one correspondence to the spin-dependent potential. As a result, the origin of

the tunable critical Josephson current can be explained in terms of Fig. 4.4 of the

spin-asymmetric Josephson effect.

We proceed to the results in Part III. In Chapter 8, we switched the focus from

analogue to digital quantum simulators. We proposed a hybrid quantum-classical

approach to simulating the infinite-dimensional Hubbard model directly in the

thermodynamic limit. This approach implements the DMFT method: a small digi-

tal quantum simulator solves the dynamics of the DMFT impurity model, and the

parameters of the impurity Hamiltonian, which directly yield the quantum gates

of the simulator, are updated iteratively in a classically computed feedback loop.

The smallest possible impurity model that is ideal for a proof-of-principle demon-

stration of the scheme consists of one fermionic impurity site which is connected

to only one fermionic bath site. This system corresponds to a setup of five qubits,

where four qubits implement the impurity model and a fifth, ancillary qubit is used

for measurements of the impurity Green function. In this minimal incarnation of

the DMFT problem, it is advisable to replace the self-consistency condition of full

DMFT by two specially chosen conditions that determine the two free parameters

of the impurity model. The resulting scheme is called two-site DMFT, which was

first described in Ref. [313]. Using the two-site DMFT scheme, we showed that the

minimal hybrid quantum-classical simulator can be used to qualitatively describe

the Mott transition in the half-filled infinite-dimensional Hubbard model.

In Chapter 9, we showed how the proof-of-principle setup in Chapter 8 can

be generalised to a larger number of qubits and to non-equilibrium problems us-

ing the Hamiltonian-based approach to non-equilibrium DMFT. We showed that

the dynamics of the impurity model can be implemented efficiently using multi-

qubit Mølmer–Sørensen gates, the number of which scales only linearly with the

number of bath sites in the impurity Hamiltonian. In our simulations, we tried
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to emulate the workings of an experiment and assumed imperfect quantum gates

with random phase noise to see whether the scheme is robust against small gate

errors. We showed that the scheme can give accurate results in the presence of 1%

phase noise variances in the Mølmer–Sørensen gates. For completeness we also

mentioned an auxiliary non-interacting open quantum system where the effect of

the noise of the quantum gates is modelled by letting the bath sites incoherently ex-

change fermions with a particle reservoir. In this setup the effect of the bath noise

on the impurity hybridization function can be reduced significantly as shown in

Fig. 9.7 by modifying the classical feedback loop where the updated parameters of

the impurity Hamiltonian are obtained.

10.2 Outlook

We conclude by outlining some possible future directions of the presented work.

The spin-asymmetric Josephson effect in Part II is intriguing for instance be-

cause it shows that there is something fundamental left to be understood and

discovered in the Josephson effect despite an extensive literature spanning five

decades and a range of applications utilising the well-established phenomenon.

On the theory side, one could try and come up with further experimental arrange-

ments that would allow the observation of the spin-asymmetric currents with as

large amplitude asymmetries as possible with current technology. In addition,

including trapping effects (e.g., via the local density approximation) which we

neglected in Chapter 4 and applying theory tools beyond BCS mean-field theory

would allow more accurate calculations and make comparisons with experiments

more realistic. On the experimental side, while the creation of the ultracold atom

double well setup, realization of the spin-dependent potential using a third spin

component, and observation of Josephson plasma oscillations are all in principle

achievable with present-day tools and techniques, the experimental details and
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the atom cloud preparation need to fleshed out even further. Moreover, the asym-

metry in the plasma oscillation amplitudes is small, on the order of a couple of

per cent, and it is on top of an already small plasma mode signal. This makes

the observation of the asymmetry challenging, although one could possibly in-

crease the signal-to-noise ratio with time-of-flight measurements of the centre-of-

mass displacements [38]. The observation of full AC Josephson oscillations beyond

the plasma oscillation regime in ultracold Fermi gases could provide the remedy,

since in the full AC region the critical current asymmetry can be significant, over

10% [37]. Similarly, the amplitude asymmetries that could be achieved in the spin-

dependent optical superlattice setup are high. Thus, the experimental realization

of this kind of an arrangement would also provide a landmark step towards the

observation of the spin-asymmetric Josephson effect. However, further study on

how exactly this kind of a spin-dependent superlattice would be implemented in

an experiment is still required. Finally, one could also investigate the magnitude

of the effect in a thin Zeeman-split solid-state SIS Josephson junction.

The hybrid quantum-classical approach to quantum simulation and the study

of strongly correlated fermion models in Part III is interesting for example since

it could avoid many issues of classical impurity solvers and it would provide a

scientific application for small scale (from five to ∼100 qubits) quantum devices.

There are many ways in which the work presented in this thesis could be extended.

For example, one could look into going beyond single-site DMFT and consider

cluster extensions where one can include short-range spatial correlations. In the

non-equilibrium case, the inclusion of initial impurity-bath correlations and thus

having a non-zero Λ− would allow us to describe systems that are not initially in

the atomic limit. In addition, considering different kinds of quantum gates (e.g.,

high-fidelity two-qubit gates) and error models besides Mølmer–Sørensen gates

and phase noise would help identify the challenges facing the possible experimen-

tal realizations in different platforms. Importantly, the classical simulations of the
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hybrid device should include more bath sites than in Chapter 9. However, the

non-equilibrium setup is unlikely to be the first hybrid scheme implemented in

the lab since it is more complicated than for example the two-site DMFT scenario

in Chapter 8. The proof-of-principle setup with five qubits is commensurate with

state-of-the-art techniques in superconducting circuits and trapped ions and could

thus in principle be implemented with near-future technology although likely with

a limited number of Trotter steps and reduced accuracy. Modelling (realistic) gate

imperfections in the five-qubit setup would allow the identification of possible

technical limitations and the testing of the robustness of the scheme against errors.

It would also make the proposal more realistic regarding a possible near-future

implementation in the lab.
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Appendix A

DERIVATION OF THE HUBBARD MODEL

Here we present a simple derivation of the Hubbard model from the many-body

Hamiltonian of a deep optical lattice. We first introduce the concept of Wannier

functions which are used in the derivation.

A.1 Bloch and Wannier functions

The Hamiltonian of a non-interacting particle in an optical lattice potential [see,

e.g., Eq. (3.23)] is invariant under a translation by the lattice constant a = π
kL

, where

kL is the laser wave number. This means that the translation operator and the

Hamiltonian commute, i.e., they have a common eigenbasis. The states in this

basis are referred to as Bloch functions or Bloch waves which have the form

φ(n)
q (x) = eiqxu(n)

q (x), (A.1)

where n denotes the energy band index and q is the quasi-momentum, the values

of which in the first Brillouin zone are −π/a < q ≤ π/a (or −kL < q ≤ kL). Equa-

tion (A.1) is often referred to as the Bloch theorem [335]. The function u(n)
q satisfies

the periodicity condition u(n)
q (x+ a) = u

(n)
q (x).

Since Bloch functions are spatially delocalized, one usually uses the set of Wan-

nier functions [336] to better describe the physics of deep lattices and localized
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particles. They are obtained as a Fourier transform of the Bloch functions given by

wn(x− xj) = N−1/2
∑

q

e−iqxjφ(n)
q (x), (A.2)

whereN is a normalization constant and xj is a lattice site. Note, however, that the

Wannier functions in Eq. (A.2) are not unique since the Bloch functions are defined

up to an arbitrary phase. Different choices for the phases preserve the location

of the centres xj of the Wannier functions (modulo a lattice vector) but lead to

different spatial spreads [337]. However, in 1D for an isolated energy band there

exists a unique maximally localized Wannier function for which the spatial spread

is minimized [338]. In the general case, we point out that many numerical methods

have been developed for finding a set of maximally localized Wannier functions for

example for first-principles electronic structure calculations. For further details,

see Ref. [339]. Related work for finding optimally localized Wannier functions has

also been done in the context of optical lattices [340].

A.2 Many-body Hamiltonian and the Hubbard model

We now show a simple derivation of the Hubbard model in Eq. (2.1) from the

many-body Hamiltonian of a system of spin ↑ and spin ↓ fermions in an orthogonal

optical lattice. The derivation is conceptually general and as such applicable also

to systems beyond optical lattices. For details of ab initio derivations of Hubbard

models in various optical lattice potentials and related numerical methods, see,

e.g., Ref. [340].

The many-body Hamiltonian of the system is given by

Ĥ =
∑

σ=↑,↓

∫
dr Ψ̂†σ(r)

[
−∇

2

2m
+ V (r)

]
Ψ̂σ(r)

+

∫
dr

∫
dr′ U(r, r′)Ψ̂†↑(r)Ψ̂

†
↓(r
′)Ψ̂↓(r

′)Ψ̂↑(r), (A.3)
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where Ψ̂†σ(r) and Ψ̂σ(r) are the fermionic field operators that create and annihilate

a spin σ particle at r, respectively. The optical lattice potential is given by

V (r) =
∑

α=x,y,z

s̃ER sin2(kLεα · r), (A.4)

where εα is the unit vector along the α-axis. The second term in Eq. (A.3) describes

two-particle interactions via the scattering potential U(r, r′). In low temperatures,

i.e., with low scattering energies, and in low densities we can use an effective po-

tential, or pseudo-potential, defined in 3D as [137]

U(r, r′) = gδ(r− r′), (A.5)

where g = 4πas/m, where as is the 3D s-wave scattering length which is tunable

via Feshbach resonances [48]. Equation (A.5) is a good approximation in ultracold

gases due to the diluteness and low temperature of the atomic clouds [27]. Note

that for the same reason, three-body processes are very unlikely to occur [27] and

therefore they are not taken into account in the Hamiltonian in Eq. (A.3). The

Hamiltonian thus becomes

Ĥ =
∑

σ=↑,↓

∫
dr Ψ̂†σ(r)

[
−∇

2

2m
+ V (r)

]
Ψ̂σ(r) + g

∫
dr Ψ̂†↑(r)Ψ̂

†
↓(r)Ψ̂↓(r)Ψ̂↑(r). (A.6)

For deep enough lattices (usually s̃ & 5 suffices [147]) the band gap between the

two lowest-lying bands becomes large in comparison to the other relevant energy

scales in the system [119]. We can thus assume that all atoms occupy the lowest

energy band and write the field operators as

Ψ̂σ(r) =
∑

j

w0(r− rj)ĉjσ, (A.7)

where we take the Wannier functions to be optimally localized [340]. Substituting

this into Eq. (A.6) yields

Ĥ =
∑

σ=↑,↓

∑

i,j

∫
drw∗0(r− ri)

[
−∇

2

2m
+ V (r)

]
w0(r− rj)ĉ

†
iσ ĉjσ

+ g
∑

ijkl

∫
drw∗0(r− ri)w

∗
0(r− rj)w0(r− rk)w0(r− rl)ĉ

†
i↑ĉ
†
j↓ĉk↓ĉl↑. (A.8)



A.2 Many-body Hamiltonian and the Hubbard model 178

In deep lattices, we can restrict ourselves only to nearest-neighbour hopping since

it is the dominating contribution. Furthermore, the use of optimally localized Wan-

nier functions implies that we can take into account only the interaction of two par-

ticles with opposite pseudo-spin projections that occupy the same lattice site [340].

Thus, assuming a translation-invariant system, Eq. (A.8) becomes the Hubbard

Hamiltonian

Ĥ = −J
∑

σ〈ij〉
(ĉ†i,σ ĉjσ + H.c.) + U

∑

j

n̂j↑n̂j↓. (A.9)

Here, the hopping J is given by

J = −
∫

drw∗0(r− ri)

[
−∇

2

2m
+ V (r)

]
w0(r− rj) (A.10)

and the on-site interaction strength reads

U = g

∫
dr |w0(r− rj)|4. (A.11)

Note that the single-particle on-site energies of the form

εi =

∫
drw∗0(r− ri)

[
−∇

2

2m
+ V (r)

]
w0(r− ri)

have been dropped in this simple case by redefining the zero energy level, which

can be done since the Hubbard Hamiltonian conserves the total particle number

and the system is translation invariant.

It is possible to obtain approximate analytical expressions for the parameters

J and U . In the limit s � 1, the hopping can be obtained from the width W

of the lowest Bloch band in the 1D Mathieu equation as J = W/4, yielding the

expression [147]

J =
4√
π
ERs

3/4e−2
√
s. (A.12)

A closed form for U is obtained in the harmonic approximation by assuming a

Gaussian form for the Wannier functions. The result is [147]

U =

√
8

π
kLasERs

3/4. (A.13)



Appendix B

FOUR-STATE MODEL OF THE
SPIN-ASYMMETRIC JOSEPHSON EFFECT WITH

GENERAL TUNNELLING COUPLINGS

In Ref. [37] and in Section 4.2.3, the origin of the spin-asymmetric Josephson ef-

fect was elucidated with the dynamics of a Cooper pair in an effective four-state

system. This was done for a momentum conserving tunnelling matrix element Ωσ,

However, in general the tunnelling matrix is not diagonal in momentum space.

This is case for example in the setup in Section 5.2. We now demonstrate that the

Josephson dynamics can be reduced to the four-state description for a general form

of the tunnelling coupling. More specifically, we show that in the second order of

perturbation theory, the four-state description is valid, i.e., the total current can be

given as a sum over all possible four state systems. This result has been published

in Ref. [2].

We replace for notational convenience the ↑ / ↓, L/R indices with one generic

spin-label σ = 1, 2, 3, 4, with the correspondences

1 = ↑, L (B.1)

2 = ↓, L (B.2)

3 = ↑, R (B.3)

4 = ↓, R. (B.4)
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We also absorb all single-particle potentials, including the spin-dependent ones,

into to the variable ξk,σ for simplicity, since they are not explicitly required here

as we want to focus on the effect of the non-momentum conserving coupling. We

assume that in the initial ground state |Ψ(t = 0)〉 there is BCS-type pairing between

the states 1 and 2, and between 3 and 4. Tunnelling is assumed between the states

1 and 3, and between 2 and 4. The Hamiltonian of the system is thus given by

Ĥ = Ĥ0 + ĤΩ, (B.5)

where

Ĥ0 =
∑

k,σ

ξk,σn̂k,σ +
g

Vs

∑

k,k′

ĉ†k,1ĉ
†
−k,2ĉ−k′,2ĉk′,1 +

g

Vs

∑

k,k′

ĉ†k,3ĉ
†
−k,4ĉ−k′,4ĉk′,3, (B.6)

and

ĤΩ =
∑

k,k′

Ωk1,k′3ĉ
†
k1ĉk′3 + H.c.+

∑

k,k′

Ωk2,k′4ĉ
†
k2ĉk′4 + H.c.

=
∑

kσ,k′σ′

Ωkσ,k′σ′ ĉ†kσ ĉk′σ′ , (B.7)

where Ω∗kσ,k′σ′ = Ωk′σ′,kσ.

The Josephson effect is derived in the interaction picture using second order

perturbation theory with respect to ĤΩ(t) = eiĤ0tĤΩe
−iĤ0t. The time-evolved state

|Ψ(t)〉 to second order in the tunnelling is given by

|Ψ(t)〉 ≈ |Ψ(0)〉 − i

t∫

0

dt1 ĤΩ(t1) |Ψ(0)〉 −
t∫

0

t1∫

0

dt1 dt2 ĤΩ(t1)ĤΩ(t2) |Ψ(0)〉 . (B.8)

We consider the time-evolution of the total particle number in the state σ, given by

Nσ(t) = 〈Ψ(t)|N̂σ|Ψ(t)〉. (B.9)

The current is then given by the time derivative of Nσ(t). However, our conclu-

sion will be unaffected whether we consider Nσ(t) or the current. Since the par-

ticle number is a slightly more convenient quantity to calculate here, we consider
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Nσ(t). The zeroth and first order contributions of ĤΩ toNσ(t) are the initial particle

number and zero, respectively. The second order contribution reads

〈
N̂σ

〉
2

(t) = 〈Ψ(0)|
t∫

0

dt2 ĤΩ(t2)N̂σ

t∫

0

dt1 ĤΩ(t1) |Ψ(0)〉

− 〈Ψ(0)|
t∫

0

t1∫

0

dt1 dt2 N̂σĤΩ(t2)ĤΩ(t1) |Ψ(0)〉+ H.c.

=

t∫

0

t∫

0

dt1 dt2
∑

kσ1,k′σ′
1

∑

pσ2,p′σ′
2

Ωkσ1,k′σ′
1
Ωpσ2,p′σ′

2

× 〈Ψ(0)| eiĤ0t2 ĉ†kσ1 ĉk′σ′
1
e−iĤ0t2N̂σe

iĤ0t1 ĉ†pσ2 ĉp′σ′
2
e−iĤ0t1 |Ψ(0)〉

−
t∫

0

t1∫

0

dt1 dt2
∑

kσ1,k′σ′
1

∑

pσ2,p′σ′
2

Ωkσ1,k′σ′
1
Ωpσ2,p′σ′

2

× 〈Ψ(0)| N̂σe
iĤ0t2 ĉ†kσ1 ĉk′σ′

1
e−iĤ0t2eiĤ0t1 ĉ†pσ2 ĉp′σ′

2
e−iĤ0t1 |Ψ(0)〉+ H.c.

(B.10)

In the first term after the second equality, we have relabelled kσ1 as k′σ′1 and vice

versa.

We can simplify Eq. (B.10) by taking the BCS pairing correlations of the initial

state |Ψ(0)〉 into account. They determine which matrix elements survive the sum-

mation over momenta and spin. We consider the case σ2 = 1 as an example. Other

spin indices are dealt similarly.

For σ2 = 1, the tunnelling matrix element Ωpσ2,p′σ′
2

directly sets σ′2 = 3 [see

Eq. (B.7)]. For the other spin indices σ1 and σ′1 in Eq. (B.10), we similarly find the

possible combinations

(σ1, σ
′
1) = (1, 3), (3, 1), (2, 4), (4, 2). (B.11)

The operators N̂σ and Ĥ0 in Eq. (B.10) do not change the number of unpaired parti-

cles. We thus leave them out of the notation in the following for clarity, and denote

the matrix elements in Eq. (B.10) simply by 〈Ψ(0)| ĉ†kσ1 ĉk′σ′
1
ĉ†p1ĉp′3 |Ψ(0)〉. We in-

clude the operators N̂σ and Ĥ0 in the notation again later. The remaining operators
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ĉ†kσ1 ĉk′σ′
1

and ĉ†p1ĉp′3 change the number of unpaired particles. To show this, con-

sider the operator ĉ†p1ĉp′3 acting on a state with no unpaired particles. As a result,

two unpaired fermions are created, one in the state |p1〉 and the other in the state

|−p′4〉 since the paired fermion in the state |p′3〉 has been annihilated. For the ma-

trix element 〈Ψ(0)| ĉ†kσ1 ĉk′σ′
1
ĉ†p1ĉp′3 |Ψ(0)〉 to be non-zero, the operator ĉ†kσ1 ĉk′σ′

1
has

to act so that both of these unpaired states are removed, either by annihilating the

unpaired fermion or by creating the missing fermion to form a pair. Thus, for the

spin indices (σ1, σ
′
1) = (1, 3), (4, 2) we find

〈ψ(0)| ĉ†k1ĉk′3ĉ
†
p1ĉp′3 |ψ(0)〉 ≡ 0, (B.12)

and

〈ψ(0)| ĉ†k4ĉk′2ĉ
†
p1ĉp′3 |ψ(0)〉 ≡ 0. (B.13)

In other words, these combinations of spin indices only break Cooper pairs. For the

spin indices (σ1, σ
′
1) = (3, 1), (2, 4) we find non-zero matrix-elements for particular

momenta (k,k′), namely

〈Ψ(0)| ĉ†k3ĉk′1ĉ
†
p1ĉp′3 |Ψ(0)〉 = δk,p′δk′,p 〈Ψ(0)| ĉ†k3ĉk′1ĉ

†
k′1ĉk3 |Ψ(0)〉 , (B.14)

and

〈Ψ(0)| ĉ†k2ĉk′4ĉ
†
p1ĉp′3 |Ψ(0)〉 = δk,−pδk′,−p′ 〈Ψ(0)| ĉ†k2ĉk′4ĉ

†
−k1ĉ−k′3 |Ψ(0)〉 . (B.15)

We now know the form of the surviving matrix elements and we can return to

the full notation. Using the matrix elements in Eqs. (B.12)–(B.15) and their equiva-

lents for other spin indices (recall that Eqs. (B.12)–(B.15) were derived for σ2 = 1),
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Eq. (B.10) becomes

〈
N̂σ

〉
2

(t) =

t∫

0

t∫

0

dt1 dt2
∑

kσ1,k′σ′
1

Ωkσ1,k′σ′
1
Ωk′σ′

1,kσ1

× 〈Ψ(0)| eiĤ0t2 ĉ†kσ1 ĉk′σ′
1
e−iĤ0t2N̂σe

iĤ0t1 ĉ†k′σ′
1
ĉkσ1e

−iĤ0t1 |Ψ(0)〉

−
t∫

0

t1∫

0

dt1 dt2
∑

kσ1,k′σ′
1

Ωkσ1,k′σ′
1
Ω−kσ̄1,−k′σ̄1′

× 〈Ψ(0)| eiĤ0t2 ĉ†kσ1 ĉk′σ′
1
e−iĤ0t2N̂σe

iĤ0t1 ĉ†−kσ̄1 ĉ−k′σ̄1e
−iĤ0t1 |Ψ(0)〉+ H.c.

+

t∫

0

t∫

0

dt1 dt2
∑

kσ1,k′σ′
1

Ωkσ1,k′σ′
1
Ωk′σ′

1,kσ1

× 〈Ψ(0)| N̂σe
iĤ0t2 ĉ†kσ1 ĉk′σ′

1
e−iĤ0t2eiĤ0t1 ĉ†k′σ′

1
ĉkσ1e

−iĤ0t1 |Ψ(0)〉

−
t∫

0

t1∫

0

dt1 dt2
∑

kσ1,k′σ′
1

Ωkσ1,k′σ′
1
Ω−kσ̄1,−k′σ̄1′

× 〈Ψ(0)| N̂σe
iĤ0t2 ĉ†kσ1 ĉk′σ′

1
e−iĤ0t2eiĤ0t1 ĉ†−kσ̄1 ĉ−k′σ̄1′e

−iĤ0t1 |Ψ(0)〉+ H.c.

(B.16)

We use the notation σ̄ for opposite spin, with 1̄ = 2, 2̄ = 1, 3̄ = 4, and 4̄ = 3.

We can take the summation over the momenta and spin in front of the whole

expression in Eq. (B.16). The result has the form

〈
N̂σ

〉
2

(t) =
∑

kσ1,k′σ′
1

[Four-state system of transitions

|kσ1〉 ↔ |k′σ′1〉 and |−kσ̄1〉 ↔ |−k′σ̄′1〉], (B.17)

i.e., a summation over all allowed four-state systems. A single term of this sum is

equivalent to the second order perturbation theory result in Section 4.2.3 but now

with the momentum-dependent couplings Ωkσ1,k′σ′
1

and Ω−kσ̄1,−k′σ̄′
1

and the rele-

vant initial state being the superposition of the Cooper pairs of states |kσ〉1 |−kσ̄1〉

and |k′σ′1〉 |−k′σ̄′1〉. This superposition originates from the initial many-body state

as follows. The initial state is given by two BCS states, with

|Ψ(0)〉 =
∏

p

(up + vpĉ
†
p1ĉ
†
−p2) |∅〉L

∏

p′

(up′ + vp′ ĉ†p′3ĉ
†
−p′4) |∅〉R . (B.18)
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Note that this is the same initial state as in Eq. (4.31). For each pair of the couplings

Ωk1,k′3 and Ω−k2,−k′4, we express |Ψ(0)〉 as

|Ψ(0)〉 = (uk + vkĉ
†
k1ĉ
†
−k2)(uk′ + vk′ ĉ†k′3ĉ

†
−k′4)

∣∣∣Ψ̃
〉
,

=
(
ukuk′ + vkuk′ ĉ†k1ĉ

†
−k2 + ukvk′ ĉ†k′3ĉ

†
−k′4 + vkvk′ ĉ†k1ĉ

†
−k2ĉ

†
k′3ĉ

†
−k′4

) ∣∣∣Ψ̃
〉
,

(B.19)

where

∣∣∣Ψ̃
〉

=
∏

p6=k

(up + vpĉ
†
p1ĉ
†
−p2) |∅〉L

∏

p′ 6=k′

(up′ + vp′ ĉ†p′3ĉ
†
−p′4) |∅〉R , (B.20)

The ukuk′-term corresponds to an empty state with respect to Ωk1,k′3 and Ω−k2−k′4,

and does not contribute to the Josephson dynamics. The vkvk′-term also cannot

contribute since it is Pauli blocked. Thus, similarly to the momentum-conserving

case in Section 4.2.3, the Josephson physics results from the initial superposition

of the two states |k1〉 |−k2〉 and |k′3〉 |−k′4〉 under the time-evolution induced by

Ωk1,k′3 and Ω−k2−k′4. The ‘intermediate’ states |k1〉 |−k′4〉 and |−k2〉 |k′3〉 are re-

quired to describe the tunnelling processes, and thus the four-state system is com-

plete.

To conclude, we have shown that the four-state description of the spin-asymmetric

Josephson effect presented in Ref [37] and Section 4.2.3 can be applied also to the

case of a general tunnelling coupling in the second order of perturbation theory.



Appendix C

TIME-EVOLVING BLOCK DECIMATION

Here we briefly describe the idea of the time-evolving block decimation (TEBD)

algorithm [63,64] with which the numerical simulations of the spin-dependent su-

perlattice setup in Chapter 4 were done. TEBD is a widely used numerical method

to efficiently simulate both the real (according to e−iĤt) and imaginary (accord-

ing to e−Ĥτ ) time-evolution of one-dimensional quantum systems in a lattice, the

Hamiltonian Ĥ of which comprises of at most nearest-neighbour interactions.

In TEBD, the (pure) quantum state of the system is stored as a matrix product

state (MPS) (see, e.g., Ref. [341]) whose size is characterised by a ‘bond dimension’

χ. The MPS representation of the state involves a product of matrices of size χ×χ.

Any pure quantum state can be expressed as an MPS if χ is large enough. In gen-

eral, for an exact representation of the state, the dimension χ and thus the compu-

tational resources required for the simulation grow exponentially with the system

size. However, the MPS description becomes practical and efficient if the state

can be approximated quasi-exactly with a small χ, often on the order of O(102).

This is the case for example with the ground and low-lying excited states of one-

dimensional quantum systems [342, 343].

With the MPS form of the state, TEBD performs the time-evolution, either real

or imaginary, by utilising a Suzuki-Trotter decomposition of the evolution operator

Û such that Û is expressed as an approximate product of single-site and nearest-
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neighbour operators of the form e−iĤi,i+1δt (or e−Ĥi,i+1δτ ). Each time a nearest-

neighbour operator is acted on the state during the time-evolution, a singular value

decomposition of the updated matrices of the MPS is applied and only the χ largest

singular values are kept. This way the simulation stays efficient. A matrix product

representation can be obtained for single-site and nearest-neighbour operators as

well. This allows calculating the dynamical expectation values of these operators

for an MPS. For further details of the TEBD algorithm, we refer to Refs. [63,64,197].

The 1D spin-dependent superlattice in Section 4.3 is well suited for the TEBD

method. In the numerical simulations, we used a system size of L = 50 lattice

sites, MPS bond dimension χ = 150 and time-step δt = 0.01J−1 in the real-time

evolution. We found that increasing L and χ resulted in no significant changes to

the computed observables.



Appendix D

HIGHER-ORDER CORRECTIONS TO
JOSEPHSON-LIKE OSCILLATIONS IN A

SUPERLATTICE

In Fig. 4.11, we see that for experimentally observable particle oscillations the

Josephson contribution consists of several sub-peaks instead of the single spin-

asymmetric signal as predicted by the linear response result in Eqs. (4.26) and (4.29).

Moreover, the central peak in Fig. 4.11 is slightly shifted from the typical Josephson

frequency of δ↑ + δ↓. Here, we elucidate the possible the origin of these effects by

studying smaller lattice systems with second-order time-independent perturbation

theory with respect to the tunnelling matrix elements in Eq. (4.46).

The shift of the Josephson frequency from δ↑ + δ↓ can be obtained by consider-

ing a half-filled Hubbard dimer (a two-site system with two particles) governed by

the superlattice Hubbard Hamiltonian in Eq. (4.46). Here, the unperturbed Hamil-

tonian is given by

Ĥ0 = U (n̂1,↑n̂1,↓ + n̂2,↑n̂2,↓) +
∑

σ=↑,↓

δσ
2

(n̂1,σ − n̂2,σ) , (D.1)

and the perturbation Hamiltonian reads

Ĥ ′ = −
∑

σ=↑,↓
Jσ

(
ĉ†2,σ ĉ1,σ + H.c.

)
. (D.2)
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The Josephson-type oscillations (which are a second order effect in Jσ) occur

between the paired states (compare with Section 4.2.3)

|1〉 = | ↑↓, ∅〉, (D.3)

|2〉 = |∅, ↑↓〉, (D.4)

with the unperturbed eigenenergies

E
(0)
1 = U +

δ↑
2

+
δ↓
2
, (D.5)

E
(0)
2 = U − δ↑

2
− δ↓

2
. (D.6)

The first order corrections to the energies, E(1)
n = 〈n(0)|Ĥ ′|n(0)〉 where |n(0)〉 is an

eigenstate of Ĥ0 with eigenenergyE(0)
n , are zero, while the second order corrections

can be calculated from

E(2)
n =

∑

m 6=n

∣∣∣〈m(0)|Ĥ ′|n(0)〉
∣∣∣
2

E
(0)
n − E(0)

m

, (D.7)

yielding

E
(2)
1 =

J2
↑

U + δ↑
+

J2
↓

U + δ↓
, (D.8)

E
(2)
2 =

J2
↑

U − δ↑
+

J2
↓

U − δ↓
. (D.9)

Thus, we obtain the perturbed Josephson frequency as

ω
(2)
J =

∣∣∣E(0)
1 + E

(2)
1 −

(
E

(0)
2 + E

(2)
2

)∣∣∣

= δ↑ + δ↓ +
2J2
↑ δ↑

δ2
↑ − U2

+
2J2
↓ δ↓

δ2
↓ − U2

, (D.10)

where the last two terms give a rough estimate of the shift in the frequency in

Fig. 4.11.

To elucidate the emergence of several Josephson signals, we investigate a four-

site system described by the Hamiltonian in Eq. (4.46). We again take the unper-

turbed Hamiltonian to be

Ĥ0 = U
4∑

i=1

n̂i,↑n̂i,↓ +
∑

σ=↑,↓

δσ
2

(n̂1,σ − n̂2,σ + n̂3,σ − n̂4,σ) , (D.11)
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while the perturbation reads

Ĥ ′ = −
3∑

i=1

∑

σ=↑,↓
Jσ

(
ĉ†i+1,σ ĉi,σ + H.c.

)
. (D.12)

As an example, we consider the following two paired states (other states are

treated similarly)

|1〉 = |∅, ↑↓, ∅, ↑↓〉, (D.13)

|2〉 = | ↑↓, ∅, ↑↓, ∅〉, (D.14)

which have Josephson-like oscillations with the state

|3〉 =
1√
2

(| ↑↓, ∅, ∅, ↑↓〉+ |∅, ↑↓, ↑↓, ∅〉) . (D.15)

The unperturbed energies of the above states are given byE(0)
1 = 2U−δ↑−δ↓,E(0)

2 =

2U+δ↑+δ↓, and E(0)
3 = 2U , respectively. We can then calculate the frequency of the

unperturbed Josephson oscillations as ω(0)
J =

∣∣∣E(0)
1 − E(0)

3

∣∣∣ =
∣∣∣E(0)

2 − E(0)
3

∣∣∣ = δ↑ + δ↓

which is precisely the typical Josephson frequency.

The second order corrections can be obtained from Eq. (D.7) (E(1)
n = 0 as above).

We obtain

E
(2)
1 =

3J2
↑

U − δ↑
+

3J2
↓

U − δ↓
, (D.16)

E
(2)
2 =

3J2
↑

U + δ↑
+

3J2
↓

U + δ↓
, (D.17)

E
(2)
3 = 2U

(
J2
↑

U2 − δ2
↑

+
J2
↓

U2 − δ2
↓

)
. (D.18)

The perturbed Josephson frequencies are then given by

ω
(2)
J,13 =

∣∣∣E(0)
1 + E

(2)
1 −

(
E

(0)
3 + E

(2)
3

)∣∣∣

= δ↑ + δ↓ +
2J2
↓

δ↓ − U
+

2J2
↑

δ↑ − U
+

J2
↓

δ↓ + U
+

J2
↑

δ↑ + U
, (D.19)
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and

ω
(2)
J,23 =

∣∣∣E(0)
2 + E

(2)
2 −

(
E

(0)
3 + E

(2)
3

)∣∣∣

= δ↑ + δ↓ +
2J2
↓

δ↓ + U
+

2J2
↑

δ↑ + U
+

J2
↓

δ↓ − U
+

J2
↑

δ↑ − U
. (D.20)

We see that the Josephson frequencies of these processes are no longer equal and

the difference reads

∆ω
(2)
J = ω

(2)
J,13 − ω

(2)
J,23

= 2|U |
(

J2
↑

U2 − δ2
↑

+
J2
↓

U2 − δ2
↓

)
. (D.21)

This is gives an estimate in the correct order of magnitude of the frequency sepa-

ration between adjacent sub-peaks in Fig. 4.11, since ∆ω
(2)
J ≈ 0.51J (with J = J↑ =

J↓) in Eq. (D.21), whereas the splitting is 0.50J in Fig. 4.11.



Appendix E

DERIVATION OF EQ. (8.5)

Here we show the derivation of Eq. (8.5) as per Ref. [313]. We consider the low-

frequency expansion of the self-energy given by

Σimp/latt(ω) = a+ bω +O(ω2), (E.1)

where a and b are constants. Since b = dΣ(ω)
dω
|ω=0, the quasiparticle weight is given

by

Z =
1

1− b. (E.2)

We define the so-called coherent parts of the lattice and impurity Green functions

by substituting Eqs. (E.1) and (E.2) into Eqs. (7.11) and (7.9), i.e., [313]

G
(coh)
latt,jj(ω) = Z

∫
dε

D(ε)

ω −Z(ε− µ+ a)
(E.3)

G
(coh)
imp (ω) =

Z
ω −Z[Λ(ω)− µ+ a]

. (E.4)

Comparing the high-frequency expansions of these functions,

G
(coh)
latt,jj(ω) =

Z
ω

∫
dε

D(ε)

1− Z(ε−µ+a)
ω

=
Z
ω

+
Z2(a− µ)

ω2
+
Z3[M

(0)
2 + (a− µ)2]

ω3
+O(ω−4), (E.5)
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and

G
(coh)
imp (ω) =

Z
ω

1

1− Z
ω

(V
2

ω
− µ+ a)

=
Z
ω

+
Z2(a− µ)

ω2
+
Z2V 2 + Z3(a− µ)2

ω3
+O(ω−4), (E.6)

and demanding that they match directly yields Eq. (8.5).



Appendix F

SINGLE-QUBIT INTERFEROMETRY FOR THE
RETARDED IMPURITY GREEN FUNCTION

Here, we present a measurement scheme for the retarded impurity Green function

in the two-site DMFT protocol in Chapter 8. The scheme has been published in

Ref. [3].

F.1 Definitions

The retarded zero temperature impurity Green function in the time domain can be

written as

GR
imp(t) = θ(t)

[
G>

imp(t)−G<
imp(t)

]
, (F.1)

where the greater and lesser Green functions are given by

G>
imp(t) = −i〈ĉ1σ,H(t)ĉ†1σ,H(0)〉GS, (F.2)

G<
imp(t) = i〈ĉ†1σ,H(0)ĉ1σ,H(t)〉GS, (F.3)

respectively. The average is computed in the ground-state |ΨGS〉 of the two-site

SIAM in Eq. (8.1). Here, σ can be either ↓ or ↑ since we are considering a spin-

symmetric case (i.e., GR
↓ = GR

↑ ), and the ĉ-operators are given in the Heisenberg

picture with respect to ĤSIAM,2, i.e.,

ĉ1σ,H(t) = Û †(t)ĉ1σÛ(t) = eitĤSIAM,2 ĉ1σ,He
−itĤSIAM,2 . (F.4)
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One possibility to measure the impurity Green function GR
imp(t) is to use a

single-qubit Ramsey interferometer [344] (see also, e.g., Ref. [345]). To this end,

we introduce an ancilla qubit in addition to the ‘system’ qubits, raising the total

number of qubits needed to implement the two-site DMFT scheme to five.

F.2 Jordan–Wigner transformation

The greater and lesser components, G>
imp(t) and G<

imp(t), must be written in terms

of spin operators by again mapping the ĉ1σ and ĉ†1σ operators onto Pauli operators

via the Jordan–Wigner transformation in Eqs. (8.10)–(8.13). For concreteness, we

focus on the case σ =↓. We obtain

G>
imp(t) = − i

4

(
〈Û †(t)σ̂x1 Û(t)σ̂x1 〉GS + i〈Û †(t)σ̂x1 Û(t)σ̂y1〉GS − i〈Û †(t)σ̂y1Û(t)σ̂x1 〉GS

+ 〈Û †(t)σ̂y1Û(t)σ̂y1〉GS
)
, (F.5)

and

G<
imp(t) =

i

4

(
〈σ̂x1 Û †(t)σ̂x1 Û(t)〉GS − i〈σ̂x1 Û †(t)σ̂y1Û(t)〉GS + i〈σ̂y1Û †(t)σ̂x1 Û(t)〉GS

+ 〈σ̂y1Û †(t)σ̂y1Û(t)〉GS
)
. (F.6)

F.3 Measurement protocol

Each of the terms of the form 〈Û †(t)σ̂α1 Û(t)σ̂β1 〉, where α, β ∈ {x, y}, can be mea-

sured in the interferometer. This can be seen as follows. We denote the state of

the system qubits by ρ̂sys = |ΨGS〉〈ΨGS|. We initialize the ancilla qubit in the state

|0〉, yielding the total density operator ρ̂tot = |0〉〈0| ⊗ ρ̂sys. The total system then

undergoes the following evolution:

1. At time t = 0, a Hadamard gate σ̂H = 1√
2

(σ̂z + σ̂x) is applied on the ancilla

qubit, creating the superposition |0〉ancilla → (|0〉ancilla + |1〉ancilla) /
√

2.
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1

〈σ̂z〉|0〉 〈σ̂y〉σ̂HAncilla

Û
(t
)

3

4

1
2

σ̂β1σ̂α1

σ̂H

Figure F.1: Quantum network to measure the 〈GS|Û †(t)σ̂α1 Û(t)σ̂β1 |GS〉GS contribu-
tion to the Green function GR

imp(t). The time-evolution operator Û(t) is composed
of a set of quantum gates according to Section 8.3. Figure adapted from Ref. [3].

2. A Controlled-Pauli gate σ̂α1 is applied on the impurity qubit 1 if the ancilla

qubit has state |0〉.

3. The system qubits undergo time evolution according to the unitary Û(t) which

is decomposed into quantum gates.

4. Another controlled Pauli gate σ̂β1 is applied on the impurity qubit 1 if the

ancilla qubit has state |1〉.

5. Another Hadamard gate is applied on the ancilla qubit.

Denoting the total unitary in steps 2-4 by T̂ , the state of the ancilla qubit after

this evolution is given by

ρ̂ancilla = Trsys

[
σ̂H T̂ σ̂H ρ̂totσ̂H T̂

†σ̂H
]

=
1 + Re[F (t)]

2
|0〉〈0| − i

Im[F (t)]

2
|0〉〈1|+ i

Im[F (t)]

2
|1〉〈0|

+
1− Re[F (t)]

2
|1〉〈1|, (F.7)

where F (t) = Trsys

[
T̂ †1 (t)T̂0(t)ρ̂sys

]
. We have denoted the controlled unitaries as

T̂1(t) = σ̂α1 Û(t) and T̂0(t) = Û(t)σ̂β1 . Note that since the same Û(t) appears in both
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unitaries, only the Pauli gates σ̂α/β1 need to be controlled, as described above. Note

also that F (t) = 〈Û †(t)σ̂α1 Û(t)σ̂β1 〉.

We can rewrite the state of the ancilla qubit in Eq. (F.7) as

ρ̂ancilla =
1

2

(
Î + Re[F (t)]σ̂z + Im[F (t)]σ̂y

)
, (F.8)

implying that Trancilla [ρ̂ancillaσ̂
z] = Re[F (t)], and Trancilla [ρ̂ancillaσ̂

y] = Im[F (t)]. Thus,

repeated measurements of the σ̂z and σ̂y components of the ancilla qubit yield

the real and imaginary parts of the term 〈Û †(t)σ̂α1 Û(t)σ̂β1 〉GS . Note the relation

σ̂y = exp(−iπσ̂x/4)σ̂z exp(iπσ̂x/4), i.e., the measurements of σ̂y can be done in the

σ̂z basis with an additional single-qubit operation. A classical summation of the

terms and their complex conjugates for all α, β ∈ {x, y} according to Eqs. (F.5)

and (F.6) yields the retarded impurity Green function in Eq. (F.1). See Fig. F.1 for

the quantum network of the scheme.



Appendix G

SINGLE-QUBIT INTERFEROMETRY FOR THE
NON-EQUILIBRIUM IMPURITY GREEN

FUNCTION

The non-equilibrium impurity Green function in Chapter 9 can be measured for ex-

ample with the single-qubit interferometry presented in Appendix F. The scheme

generalises straightforwardly to the non-equilibrium case.

The impurity Green function is again given as sum of the greater and lesser

Green functions [see Eq. (9.12)] which are given in terms of spin-operators via

the Jordan–Wigner transformation. As a distinction to the equilibrium case, the

different terms to be measured in the single-qubit interferometer are of the form

F (t, t′) = 〈ψs0|Û(0, t)σ̂α1 Û(t, t′)σ̂β1 Û(t′, 0)|ψs0〉 for spin projection σ =↓, and F (t, t′) =

〈ψs0|Û(0, t)σ̂z1σ̂
x
2 Û(t, t′)σ̂z1σ̂

x
2 Û(t′, 0)|ψs0〉 for spin projection σ =↑, with α, β ∈ {x, y}.

In addition, step 2 in the measurement protocol in Appendix F is preceded with

a time-evolution according to the unitary Û(t′, 0) which is decomposed into quan-

tum gates, and in step 3 in Appendix F the time-evolution is given by Û(t, t′),

also decomposed into quantum gates. Otherwise the Ramsey scheme for the non-

equilibrium case is identical to the one in Appendix F. We show an example of the

quantum networks in Fig. 9.3.
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Appendix H

OUTLINE OF THE CLASSICAL SIMULATIONS OF
THE HYBRID QUANTUM-CLASSICAL DEVICE

Here we describe how we perform the classical simulations of the single-qubit

interferometer described in Appendix G. In the actual hybrid device, the single-

qubit interferometry is done experimentally with a digital quantum simulator, and

in our simulations we try to mimic the experimental procedure to some extent.

We consider the first Lb time steps, where Lb = Nb/2 is the half the number

of bath sites. We first obtain some initial guess hybridization parameters V (0)
p (t),

where t = 0, δt, . . . , Lb × δt. Using V
(0)
p (t) we construct imperfect quantum gates

Ûloc(ϕ + ε) and Û l,m
MS (θ + εMS1, φ+ εMS2), where ε, εMS1, and εMS2 are normally dis-

tributed random variables with zero mean and standard deviations σ, σMS1, and

σMS2, respectively. These quantum gates yield the Trotterized unitary evolution

operator Û(t, t′), where t, t′ = 0, δt, . . . , Lb × δt. We use this evolution operator to

compute the (t = m × δt, t′ = n × δt)-point (with m,n ≤ Lb) of F (t, t′) from the

expectation values Trancilla [ρ̂ancillaσ̂z] and Trancilla [ρ̂ancillaσ̂y] as explained in Appen-

dices F and G, and we average the results over several realizations to gather error

statistics. After going through all the possible combinations of the controlled Pauli

gates, we obtain Gimp(t = m× δt, t′ = n× δt).

However, we interpret the computation of the point (t = m×δt, t′ = n×δt) as a

perfect measurement which collapses the state of the system, and we cannot store
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any information of the state at this time instant in memory, since we don’t want

to re-use any of the obtained wave functions later to avoid correlating the errors

between different points in the Green function. We compute these points from

independent realizations instead. This way we make our classical simulations to

follow more closely what one would do in an experiment. This means that in order

to compute another point (t = (m+1)×δt, t′ = n×δt) or (t = m×δt, t′ = (n+1)×δt),

we have to propagate again from the origin (t = 0, t′ = 0) to the desired point and

again average over several realizations. This procedure is repeated until we have

obtained all the points of Gimp(t, t′) until (t = Lb × δt, t′ = Lb × δt). This concludes

the ‘experimental’, or quantum, part of the first Lb time steps in the first iteration

of the DMFT self-consistency loop.

The obtainedGimp(t, t′) is then used in the classical computer to produce the hy-

bridization function Λ(t, t′) = v(t)Gimp(t, t′)v(t′). In the first Lb time steps, we have

enough parameters to do a Cholesky decomposition of Λ(t, t′) to obtain the new

V
(1)
p (t), which are used for updating Ûloc(ϕ + ε) and Û l,m

MS (θ + εMS1, φ+ εMS2). This

begins the second iteration of the DMFT self-consistency loop where use the up-

dated quantum gates to again measure Gimp(t, t′) using the steps described above,

always starting from the origin to compute one point in the time grid and averag-

ing over several realizations. This non-linear process of ‘measuring’ Gimp(t, t′) and

using Cholesky decomposition of Λ(t, t′) to update Vp(t) is repeated until we have

max |V (n)
p (t)− V (n−1)

p (t)| < err, where err is a predetermined error threshold.

For the time steps Lb+1, . . . , NT with tmax = NT ×δt, we adopt the ‘time slicing’

scheme of Ref. [300] (see Section 7.3.2), where we iterate one time step s > Lb to

self-consistency before moving to s + 1. In the classical part of the hybrid device,

we update only Vp(s × δt) while keeping the previously obtained Vp(l × δt) with

l < s fixed. However, again when we want to reach the sth time step in the time

grid, we have to start propagating from the origin.
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Mimicking the experiment to this level makes our classical simulation compu-

tationally challenging. As a result, our simulations are limited to small system

sizes and relatively short time scales.



Appendix I

SUPER-FERMION APPROACH TO OPEN
QUANTUM SYSTEMS

Here, for the sake of completeness, we illustrate the idea of the super-fermion ap-

proach to open quantum systems by considering a single fermionic level with en-

ergy ω coupled to a thermal reservoir with decay rate Γ− and excitation rate Γ+.

The scheme can then be generalised to many sites. Further details on the super-

fermion approach can be found in Ref. [330] and references therein.

The dynamics of the single level is described by the master equation

d

dt
ρ̂(t) =− iω

[
ĉ†ĉ, ρ̂(t)

]

+
1

2
Γ−
[
2ĉρ̂(t)ĉ† − ĉ†ĉρ̂(t)− ρ̂(t)ĉ†ĉ

]

+
1

2
Γ+
[
2ĉ†ρ̂(t)ĉ− ĉĉ†ρ̂(t)− ρ̂(t)ĉĉ†

]
. (I.1)

We want to obtain the time-evolution of the operators ĉ(t) and ĉ†(t), with which we

can calculate any single-particle correlation functions. To do this, we use the super-

fermion formalism. The idea is to introduce an additional ancilla Fock space which

is an identical copy of the original Fock space. We denote the annihilation and

creation operators of the ancilla space by d̂ and d̂†, respectively. They anticommute

with ĉ and ĉ†.

We form a super-Fock space with the direct product of the original and the
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ancilla Fock space. We define a number state in the super-Fock space as

|n|m〉 = (ĉ†)n(d̂†)m|∅〉. (I.2)

We then introduce a ‘left vacuum’ state1 defined as

|I〉 =
1∑

n=0

(−i)n|n|n〉. (I.3)

We have the following relations

ĉ|I〉 = −id̂†|I〉, ĉ†|I〉 = −id̂|I〉. (I.4)

We act Eq. (I.1) on |I〉, and use Eq. (I.4) to obtain

d

dt
|ρ(t)〉 = −iL̂|ρ(t)〉, (I.5)

where |ρ(t)〉 = ρ̂(t)|I〉, and the Liouvillian reads

L̂ = ω(ĉ†ĉ− d̂†d̂)− iΓ̃(ĉ†ĉ+ d̂†d̂)

+ Γ−ĉd̂+ Γ+ĉ†d̂† − iΓ+. (I.6)

Here, we have denoted Γ̃ = (Γ− − Γ+)/2.

As stated above, we are interested in time-dependent correlation functions (i.e.,

Green functions) involving the creation and annihilation operators. To this end, we

determine the commutator of ĉ, ĉ†, d̂, and d̂† with L̂ to obtain an equation of motion

for ĉ(t) and ĉ†(t) as

d

dt
ĉ(t) = i[L̂, ĉ(t)] (I.7)

d

dt
ĉ†(t) = i[L̂, ĉ†(t)], (I.8)

where ĉ(t) = eiL̂tĉe−iL̂t and ĉ†(t) = eiL̂tĉ†e−iL̂t. We find

[L̂, ĉ] = (−ω + iΓ̃)ĉ− Γ+d̂†, (I.9)

[L̂, d̂†] = (−ω − iΓ̃)d̂† + Γ−ĉ, (I.10)

[L̂, ĉ†] = (ω − iΓ̃)ĉ† − Γ−d̂, (I.11)

[L̂, d̂] = (−ω + iΓ̃)d̂+ Γ+ĉ†. (I.12)
1The name ‘left vacuum’ comes from the fact that 〈I|L̂ = 0, where L̂ is the Liouvillian [330].
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The form of these equations implies the ansatz

ĉ(t) = α(t)ĉ+ β(t)d̂†, (I.13)

ĉ†(t) = γ(t)ĉ† + δ(t)d̂. (I.14)

We thus obtain the following equations of motion

(
α̇(t)

β̇(t)

)
=

(
−iω − Γ̃ iΓ−

−iΓ+ −iω + Γ̃

)(
α(t)
β(t)

)
, (I.15)

(
γ̇(t)

δ̇(t)

)
=

(
iω + Γ̃ iΓ+

−iΓ− iω − Γ̃

)(
γ(t)
δ(t)

)
. (I.16)

Solving these equations with the appropriate initial conditions yields ĉ(t) and ĉ†(t),

which can then be used to calculate any single-particle correlation functions of the

form 〈I|ĉ†(t)ĉ(t′)|ρ(0)〉 [330].
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