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such as “ab initio” molecular dynamics 
(AIMD). ML-based interatomic potentials, 
therefore, are beginning to be applied to 
a range of challenging materials-science 
research questions, such as the modeling 
of phase-change memory materials,[12–14] 
catalysts,[15] or battery materials.[16]

Recently, a number of “general-pur-
pose” ML potentials have been reported, 
which can accurately describe a broad 
range of atomic configurations and mate-
rials properties—including silicon,[17] 
carbon,[18] aluminum,[19,20] and the binary 
Ga–As system.[21] The hope for such 
potentials is to enable “off-the-shelf” use 
without further modification: for example, 
the aforementioned silicon ML potential 
has been used to study complex struc-
tural transitions under pressure[22] or 
unusual mechanical properties of amor-
phous silicon (a-Si).[23] The starting point 
for the present study is a general-purpose 

Gaussian approximation potential (GAP) ML model for bulk 
and nanostructured phosphorus—which was shown to be flex-
ible enough to be applicable to the pressure-induced liquid–
liquid phase transition from the molecular fluid to the network 
liquid, whilst also accurately describing the crystalline allo-
tropes and the layered structure of phosphorene.[24] This GAP 
is now set to facilitate even more challenging studies on more 
extended length or time scales, and the exploration of other 
structurally complex phases for which it has not been explicitly 
“trained”, such as amorphous phosphorus (a-P).

Research interest in a-P has grown because of emerging 
applications in batteries.[25–28] As a commercially available 
anode material, red phosphorus provides a large cation-storage 
ability with high theoretical capacities by forming binary X–P 
compounds (X = Li, Na, K), but it suffers from low conductivity 
and a large volumetric change during cycling.[29] As discussed 
in ref. [30], these issues can be ameliorated by creating com-
posites of a-P and carbonaceous materials: on the one hand, 
increasing electronic conductivity;[31,32] on the other hand, mini-
mizing the mechanical stress induced by volume changes.[30,33] 
The structure and properties of phosphorus itself are clearly 
important for battery applications: for example, experimental 
work showed that the size of a-P particles in phosphorus–
carbon composite anodes has an effect on the electrochemical 
performance,[34] and in situ transmission electron microscopy 
(TEM) revealed images of red phosphorus segments within 
a carbon nanofiber.[35] Computationally, structurally ordered 
phases have been studied with density-functional theory (DFT; 

Amorphous phosphorus (a-P) has long attracted interest because of its com-
plex atomic structure, and more recently as an anode material for batteries. 
However, accurately describing and understanding a-P at the atomistic level 
remains a challenge. Here, it is shown that large-scale molecular-dynamics 
simulations, enabled by a machine-learning (ML)-based interatomic potential 
for phosphorus, can give new insights into the atomic structure of a-P and 
how this structure changes under pressure. The structural model so obtained 
contains abundant five-membered rings, as well as more complex seven- and 
eight-atom clusters. Changes in the simulated first sharp diffraction peak 
during compression and decompression indicate a hysteresis in the recovery 
of medium-range order. An analysis of cluster fragments, large rings, and 
voids suggests that moderate pressure (up to about 5 GPa) does not break 
the connectivity of clusters, but higher pressure does. The work provides a 
starting point for further computational studies of the structure and proper-
ties of a-P, and more generally it exemplifies how ML-driven modeling can 
accelerate the understanding of disordered functional materials.

1. Introduction

Machine-learning (ML) approaches are having a profound 
impact on computational modeling and data analysis across 
the various fields of materials science.[1–3] One of the emerging 
directions is the use of ML algorithms to create fast, yet pow-
erful interatomic potential models for atomistic simulations.[4–6] 
“Machine-learned” potentials, or force fields, are fitted to a suit-
ably chosen reference set of quantum-mechanical data, and so 
create a mathematical model of the potential-energy surface 
that describes the interactions between atoms.[7–11] Once an ML 
potential has been developed and carefully validated, it enables 
simulations that are several orders of magnitude faster than 
those with established quantum-mechanically based methods, 
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see, e.g., simulations of Li adsorption on phosphorene in 
ref. [36]), and ab initio structure searches for Li–P and Na–P 
phases have been carried out.[37] However, much more exten-
sive structural models are likely required to correctly describe 
alkali-metal insertion in a-P. In terms of composite materials, 
the encapsulation of P4 molecules in carbon nanotubes[38] and 
the interaction of small phosphorus clusters with pristine gra-
phene[39] have been studied with DFT; building on such ideas, 
much larger-scale ML-based simulations of a-P segments in 
carbon nanofibers (>10 nm in diameter), such as those experi-
mentally characterized in ref. [35], could be envisioned in the 
future. If successful, realistic simulations based on ML poten-
tials, and the resulting structural models of pristine a-P, might 
therefore ultimately help to understand and control the electro-
chemical properties of nanostructured a-P based anodes.

What, exactly, is the structure of pristine a-P? Various models 
have been proposed to date. Lannin et al. suggested a quasi-2D 
structure with locally layer-like fragments, resembling those in 
black phosphorus, supported by Raman scattering and infrared 
absorption.[40–42] Elliott and coworkers argued that neutron 
diffraction data support the presence of P8 (and possibly P9) 
cage-like fragments;[43] hence, the medium-range order (MRO) 
in a-P might be similar to that found in crystalline Hittorf’s 
(violet) and fibrous phosphorus.[44,45] This interpretation is con-
sistent with early Raman spectroscopy studies, which also iden-
tified the presence of P8 and P9 cages[46,47] and likely formation 
of P7 clusters.[47] By contrast, Zaug et al. carried out empirical 
potential structure refinement (EPSR) based on X-ray diffrac-
tion (XRD) data,[48] and the resulting structural model mainly 
comprises P3 rings and P4 tetrahedra linked by chains of atoms. 
These P3 and P4 units are considerably different from the afore-
mentioned P7, P8, and P9 ones, for which the principal struc-
tural unit is a 5-membered ring.

In addition to experimental studies, computational work pro-
vided insights into possible cluster fragments in the amorphous 
phase. Early AIMD simulations of P2–P8 clusters and of melt-
quenched a-P led Jones and Hohl to suggest a network struc-
ture of small n-membered clusters.[49,50] A systematic quantum-
mechanical study of structural fragments was reported by 
Böcker and Häser,[51] building on Baudler’s rules for describing 
phosphorus structures.[52] The authors suggested that the domi-
nant microscopic structures in a-P are tubular units and chains, 
consisting of clusters containing 7–10 atoms that had been dis-
cussed earlier.[52,53] Very recently, simulated Raman spectra for 
crystalline allotropes and other candidate structures corrobo-
rated the absence of small chain fragments in a-P, including 
P4 tetrahedra.[54] Yet, all these studies are invariably limited by 
the system sizes that are accessible to quantum-mechanical 
methods.

In the present work, we report large-scale ML-based mole
cular-dynamics simulations on a timescale of nanoseconds (cor-
responding to millions of individual simulation steps) to study  
structural features and pressure-dependent changes of a-P. 
In doing so, we expand substantially on previous ML-driven 
studies of the structure of hypothetical crystalline allotropes[55,56] 
and the liquid structures of phosphorus[24]—here reporting the 
first application of ML potentials to the amorphous phase of 
this structurally complex element, to our best knowledge. We 
show that the structural model of a-P generated in this work, 

by simulated quenching from a disordered melt, agrees with 
existing experimental data in terms of calculated structure fac-
tors. We then study changes in the MRO of a-P during simu-
lated compression and decompression, and how these changes 
can be linked to the diffraction “fingerprint” of the material. An 
intrinsic connection among cluster fragments, rings, and voids 
is revealed, which may help with the interpretation of existing 
and perhaps future experimental data. Our work provides an 
example of how ML-based interatomic potentials can be used in 
the study of a-P, as well as other complex disordered functional 
materials that are of interest for practical applications.

2. Results and Discussion

To create structural models of a-P, we carried out melt-quench 
simulations (Figure 1). The high-temperature liquid at ambient 
pressure consists mainly of P4 molecules, whereas it transforms 
to a network liquid at higher pressure.[57] We use the latter as 
a starting point, decompressing it, and then cooling from that 
metastable liquid state: the protocol is indicated in Figure  1a. 
We used a quench rate of 1011 K s−1 from 1200 to 300 K (details 
are given in the Methods section)—more than three orders 
of magnitude slower than in a previous AIMD simulation of 
a-P,[50] and consistent with recent GAP-driven studies of a-Si.[58]

We emphasize that the protocol shown in Figure  1a does 
not mirror experimental conditions directly—but it allows the 
simulation to probe a variety of possible fragments, on account 
of the large disorder in the network liquid, and thereby to find 
local energetic minima. This way, we obtain a candidate struc-
tural model which may be (and needs to be!) validated against 
experiment. Indeed, finding a suitable way of describing the 
formation of an amorphous phase is a major challenge in the 
field—no matter whether the simulation is carried out using 
ML potentials or more established methods. Using amor-
phous carbon materials as an example, their formation might 
be described through quenching as a “proxy”,[59] through the 
annealing of precursors,[60,61] or through direct simulation of 
the deposition process;[62,63] in all these cases, the validation of 
the simulation results by comparison with experimental data 
has been of central importance, as we will show here as well. 
Following the quench to 300 K, we fully relaxed the resulting 
a-P structure, and refer to this as “low-density amorphous” 
(LDA) in the following, borrowing a term that is often used in 
the field of disordered silicon.[64]

Figure 1b characterizes the changes in coordination number 
(CN) statistics during the quench: there is a gradual decrease 
in the number of two-coordinated atoms (CN = 2), and a 
steady increase for CN = 3. The latter is expected for solid 
phosphorus as a fifth-main-group element and found in the 
ambient-pressure crystalline allotropes throughout. Very few 
four-coordinated atoms (CN = 4), which we regard as defective, 
overcoordinated environments, exist in our structural model; 
most of them are eliminated during the quench process. In the 
final, relaxed structure, about 95% of the atoms have CN = 3 
(Figure 1b,c).

To analyze the cluster fragments, which consist of different 
combinations of primitive rings, we started from the results of 
shortest-path rings statistics and counted the numbers of the 
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rings and more complex cluster fragments. For example, the 
occurrences of the P8 cage-like fragment, which consists of 
four fused five-membered rings, are highlighted in Figure  1d; 
a more comprehensive overview is provided in Figure  1e. The 
dominant building units in our LDA model are primitive 
5-membered rings, labeled “P5”. Most of these rings are fur-
thermore involved in the formation of multiple more complex 
clusters, including the seven-atom “P2[P3]P2” fragment (two 
fused 5-membered rings with 3 shared atoms), the eight-atom 
“P3]P2[P3” one (two fused 5-membered rings with 2 shared 
atoms), and P10 cages. These fragments, and the way that com-
plex fragments are related to the constituent simpler ones, have 
been discussed in detail by Böcker and Häser.[51] Only 12.9% of 
the atoms in the simulation cell (256 out of 1984) take part in 
the formation of P8/P9 cages, much fewer than in crystalline 
Hittorf’s (violet) and fibrous phosphorus (81%).[44,45] This is in 
line with earlier experimental work[47] in which it was stated 
that P8 cages were present in much reduced numbers in a-P. 
Besides, our LDA structure only contains few P3 rings and P4 
tetrahedra, 25 and 6 respectively, at variance with the model dis-
cussed in ref. [48]. Hence, our structural model, generated with 
a potential “machine-learned” from quantum-mechanical data, 
has features similar to those proposed by Böcker and Häser 
on the basis of gas-phase computations.[51] The low abundance 
of P4 tetrahedra is consistent with reported Raman spectra, 
in which the intensity of the peak representing P4 was much 

lower than for those indicating the presence of the P7, P8, and 
P9 fragments.[47,65,66]

The calculated mass density of our a-P structural model is 
2.25  g cm−3, consistent with the reported experimental data 
ranging from 2.14 to 2.34  g cm−3.[48,67] Notably, this density is 
lower than that of Hittorf’s (violet) phosphorus (2.36 g cm−3),[44]  
as well as that of orthorhombic black phosphorus  
(2.71  g cm−3),[68] indicating a more open network—consistent 
with the appearance of the structure (Figure  1c,d), which con-
tains covalently linked cluster fragments that are separated from 
further clusters by abundant voids. The GAP-computed energy 
of our structural model is 7  kJ mol−1 (71 meV at.−1) higher, 
i.e., less favorable, than that of layered black phosphorus, but  
8  kJ mol−1 (84 meV at.−1) lower than that of molecular white 
phosphorus, and slightly higher than earlier predictions for 
more ordered “nanotubular” allotropes which have been experi-
mentally characterized[69] and studied using dispersion-cor-
rected DFT.[70] The computed energy of our structural model is 
therefore in line with what one would expect for a metastable, 
but experimentally readily accessible amorphous material.

Beyond the ambient structure of a-P, pressure-induced 
structural transitions in the material are of interest, and have 
been characterized using experimental techniques.[48,71,72] 
For example, high-resolution transmission electron micro
scopy (HRTEM) indicated that nanocrystalline nucleation sites 
formed at the early stage of compression, which are expected 
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Figure 1.  The structure of amorphous phosphorus as described by machine-learning-driven simulations. a) An overview of the protocols used in this 
work to create the low-density amorphous (LDA) and high-density structural models. Starting from a disordered network liquid, we carry out a fast 
quench (1013 K s−1) to 1200 K, and then a much slower quench (1011 K s−1) from 1200 to 300 K. A conjugate-gradient (CG) relaxation is performed for 
the amorphous structural model before compression and subsequent decompression at 300 K. b) Coordination numbers (CN) during the quench, 
based on the count of nearest neighbors with a bond-length cutoff of 2.4 Å. The relaxed LDA structure has 4% twofold, 95% threefold, and 1% fourfold 
coordinated atoms, as indicated by symbols (dotted lines are guides to the eye). c) Atomic structure of the LDA model, relaxed after the end of the slow 
quench down to 300 K. The CN is indicated by color coding. d) Highlighted P8 cage-like fragments in the simulated LDA model. e) Counts of relevant 
cluster fragments as found in the LDA model. Exemplary images of the respective clusters are shown.
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to be mainly driven by the considerable volume decrease.[73] 
Indeed, equation-of-state measurements also suggested that 
a-P undergoes a substantial volume decrease by 30% when 
compressed to 8 GPa: a sharp drop in volume was observed 
at 7.5  GPa.[66] Further (in situ) XRD and Raman spectroscopy 
experiments showed that, following nucleation under pressure, 
a-P crystallizes into black phosphorus at 7.0–8.0 GPa.[66,73]

To study the pressure-dependent behavior of the cluster frag-
ments on the atomic scale, we started from our fully relaxed 
LDA structure and performed a compression and subsequent 
decompression simulation, at a temperature of 300 K. This sim-
ulation protocol (cf. Figure 1a) follows the experimental report 
in ref. [48], albeit, necessarily, at a faster rate of compression. 
Our LDA structure is first compressed from ambient pressure 
up to 6.3 GPa, with a rate of 0.02 GPa ps−1; the external pres-
sure is then gradually released at the same rate until it reverts 
to ambient conditions. We call the compressed phase at 6.3 GPa 
the high density amorphous (HDA) phase, and the decom-
pressed phase at ambient pressure “recovered HDA” (rHDA), 
to emphasize that it is different from LDA phosphorus as gen-
erated from the melt-quench process mentioned above—con-
sistent with the high-pressure experimental study of ref. [48]. 
The results of the compression–decompression simulations are 
characterized in Figure 2.

The first sharp diffraction peak (FSDP) in the structure 
factor, S(q), may be affected by multiple aspects of the struc-
ture,[75,76] including the distribution of voids as well as the MRO. 
The FSDP has also played an important role in understanding 
a-P.[48,66] We calculated S(q) for the configurations at the same 

pressure values as reported for the experimental compression–
decompression cycle of ref. [48] (Figure 2a), and additionally we 
evaluated the density change under pressure (Figure  2b). Our 
ML-driven simulations yield good agreement with earlier exper-
iments in terms of the pressure-dependence of the FSDP:[48,66] 
both the simulated intensities (heights) and the positions of the 
FSDP signals (Figure  2c,d, respectively) agree well with X-ray 
and neutron diffraction data. The largest discrepancy in this 
regard appears for our LDA model compared to ambient-pres-
sure measurements, but these themselves show considerable 
variation (Figure S1, Supporting Information),[43,48,66,74] presum-
ably due in parts to structural differences in various commer-
cial samples. Indeed, a comparative neutron-diffraction study of 
two a-P samples synthesized at different temperatures revealed 
differences in the measured S(q), which were interpreted in 
terms of changes in the intermediate-range order.[77] Besides, it 
was suggested that changes in the FSDP can be attributed to 
the average void size, void spacing, and void density,[48] which 
may differ between our simulated LDA structure and some 
experimental ones. Despite small deviations, the full ambient-
pressure structure factor S(q) computed in our work shows fair 
agreement with experimental data throughout (Figure S1, Sup-
porting Information).

During the compression and decompression cycle, we 
observed a hysteretic recovery, in which the changes in the 
FSDP only partly reversed upon decompression (Figure 2c,d)—
leaving the atomic structure in a denser configuration 
(Figure  2b). The mass density of our recovered rHDA model 
after decompression is 2.42  g cm−3, slightly higher than that 
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Figure 2.  Pressure-dependent changes in the structure factor of amorphous phosphorus. a) Calculated static structure factor, S(q), at ambient tem-
perature during the compression and decompression simulations. The structure factor was calculated based on the Fourier transformation of the 
computed radial distribution function, g(r), with a real-space truncation distance of 25 Å. Data are vertically offset in steps of +1 for clarity. b) Calculated 
mass density during compression and decompression. c,d) Comparison of the heights and the positions of the FSDP between the calculated structure 
factors as shown in (a) and experimental data taken from previous work.[43,48,66,74] Results from different experiments, i.e., X-ray diffraction (XRD) and 
neutron diffraction (ND) derived FSDP heights and positions, are shown by symbols.
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of Hittorf’s phosphorus (2.36  g cm−3; ref. [44]) but still lower 
than that of layered black phosphorus (2.71  g cm−3; ref. [68]). 
The right-shifted and less intense FSDP during decompres-
sion suggests a more compact and less ordered amorphous 
structure as compared to the initial one (LDA) undergoing 
compression, consistent with the density changes shown in 
Figure 2b and with those reported by Zaug et al.[48] We note that 
the sluggish recovery of structural features was also indirectly 
observed in Raman spectra for compression/decompression 
experiments.[66]

To better understand the pressure-induced behavior of 
the cluster fragments, we analyzed the counts of clusters and 
higher-membered rings, as shown in Figure 3. At the start of 
the compression, up to about 5  GPa, the numbers of these 
cluster fragments fluctuate slightly but do not change mark-
edly (Figure 3a), and almost no large rings with 7–10 members 
are found (Figure 3b), suggesting that modest pressure cannot 
immediately break the local structures. Upon further compres-
sion beyond 5 GPa, the number of cluster fragments decreases, 
which continues up to 6.3  GPa; meanwhile, high-membered 
rings start to form, which is attributed to the opening of 
cluster fragments. These observations, again, agree well with 
experiments: earlier in situ Raman experiments indicated that 

pressure up to 3 GPa does not strongly affect the local bonds, 
whereas all clear peaks found in the ambient Raman spectra 
become rather weak above 5 GPa, hinting at a significant defor-
mation of the structural building units at higher pressure.[65] 
In addition, a very small peak at ≈600  cm−1 was observed in 
the Raman spectrum of a-P,[65,66] interpreted as the dominant 
Raman-active mode of P4 molecules in white P,[79] and this peak 
disappeared under pressure.[65] We also found in our simula-
tions that the count of remaining P3 rings and P4 tetrahedra 
starts to decrease at ≈4.5  GPa and then quickly disappears as 
the simulation reaches 6.3 GPa of external pressure (Figure S2, 
Supporting Information).

In the subsequent decompression, from 6.3  GPa back to 
ambient conditions, those dominant cluster fragments did not 
immediately become more abundant but gradually re-appeared, 
further supporting the proposed distinction between LDA and 
rHDA forms of phosphorus (based on a partial retention of 
structural features as pressure is released). Meanwhile, dis-
torted higher-membered rings are barely found at the start of 
the compression. The count of 7-membered rings increases 
sharply at about 4.5  GPa, whereas a similar increase takes 
place in 8-, 9- and 10-membered rings at ≈5 GPa (Figure 3b). In 
addition, these larger rings slowly disappear when pressure is 
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Figure 3.  The evolution of atomic structure in amorphous phosphorus during simulated compression and decompression. a) Count of selected cluster 
fragments, including P5, P2[P3]P2, P3]P2[P3, and P10, and b) count of large rings, containing 7–10 atoms. Vertical dashed lines indicate the change from 
compression to decompression. Illustrative examples of clusters and rings are shown as insets. c) Void analysis based on the alpha-shape method.[78] 
The radius of the probe sphere used here is 2.6 Å, slightly larger than the average nearest-neighbor distance in a-P (cf. Figure S3, Supporting Informa-
tion). The surface of the void region is rendered in gray.
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gradually released, and many of them remain after decompres-
sion and in the rHDA phase, in contrast to what is found in 
LDA phosphorus.

A void analysis (see Methods Section) was performed to 
better understand the evolution of the MRO in a-P, and the 
results are shown in Figure 3c. Upon compression to 5.0 GPa, 
we observed that most voids in LDA phosphorus are gradu-
ally squeezed out, and different cluster fragments are brought 
closer to each other yet remain intact, leading to the formation 
of relatively long P∙∙∙P contacts (2.4–2.8 Å) between neigh-
boring clusters. This is evidenced by the gradually increased 
magnitude of the radial distribution function around its first 
radial minimum during compression (Figure S3, Supporting 
Information). As pressure further increases (from about 5.0 to 
6.3  GPa), the clusters start to open—giving rise to the disap-
pearance of LDA-like fragments (Figure 3a), and the concomi-
tant increase in the count of larger rings (Figure 3b).

3. Conclusions and Outlook

Computer simulations using a machine-learned interatomic 
potential have provided an atomic-scale picture of the local 
structure and the pressure-dependent structural changes in 
amorphous phosphorus. P5 rings, P2[P3]P2 and P3]P2[P3 clus-
ters, and P10 cages are dominant building units in our struc-
tural model and are separated by abundant voids. P8 and P9 
cages, the structural building units of Hittorf’s and fibrous 
phosphorus, are found as well, whereas P3 rings and P4 tetra-
hedra are much less abundant. We performed a compression 
simulation on this structure, in which the external pressure 
squeezed out most of the voids at moderate pressure (up to 
5 GPa). A continuous increase of pressure up to 6.3 GPa sub-
sequently caused some of the cluster fragments to break, 
leading to the formation of larger rings. A hysteretic recovery 
of medium-range order was observed in terms of the heights 
and the positions of the FSDP. The agreement between simu-
lated and (previously) experimentally obtained structure factors 
provides a firm basis for interpreting the simulation result, and 
it enables the study of atomic-scale structural changes that are 
not directly accessible to experimental observation.

The present study has focused on elemental phosphorus, 
and beyond the fundamental interest in the structural nature 
of the amorphous phase itself,[43,48] it is expected to provide a 
starting point for future work on the electrochemical insertion 
of alkali-metal ions in phosphorus-based battery anodes. To sup-
port this argument, we mention that structural models of pure 
carbonaceous materials, generated in ML-driven simulations, 
have subsequently allowed the computational study of carbon 
electrode materials including alkali-metal intercalation,[61,80] 
corroborating previous experimental findings from operando 
NMR.[81] Indeed, electronic-structure information (e.g., the 
charge of individual Li or Na ions) is not accessible from the 
ML potential models discussed herein, but can be readily ana-
lyzed using DFT. The synergy between ML potentials, DFT elec-
tronic-structure methods, and experimental techniques is likely 
yet to be fully exploited.[82] In the case of carbonaceous anodes, 
such combined approaches allowed us to describe changes 
from Li+ and Na+ to more metallic clusters;[61,80] in the case 

of phosphorus, these research questions are still at an earlier 
stage, because of the need to understand the amorphous struc-
ture in the first place. We hope that the present work has been 
able to contribute to this understanding of the structure of a-P.

Looking beyond the new findings regarding phosphorus, 
our work provides an example of the growing importance of 
ML-driven modeling for understanding structural changes in 
disordered functional materials. Such mechanisms are impor-
tant both for fundamental insight and for practical applications 
in devices, and they are poised to become much better under-
stood with the large-scale and quantum-mechanically accurate 
simulations that ML methods are increasingly making possible. 
Our studies have been performed with a general-purpose ML 
potential, and it is hoped that they provide an example of its 
usefulness—but also of the usefulness of ML potentials more 
generally; indeed, the liquid–liquid phase transition and phase 
diagram of phosphorus has recently been studied in more depth 
using an active-learning-based neural-network interatomic 
potential.[83] Hence, one may envision that ML potentials will, in 
the future, facilitate the exploration of the structural nature of a 
wide range of disordered solids, alongside synthesis and experi-
mental characterization—and that they will provide us with fur-
ther insight into how atomic structure and macroscopic proper-
ties are connected in amorphous functional materials.

4. Methods Section

ML-Driven MD Simulations: All MD simulations were per-
formed in the NPT ensemble, using LAMMPS,[84] with a Nosé–
Hoover thermostat controlling temperature[85,86] and a barostat 
controlling external pressure.[87] To obtain the LDA a-P struc-
ture, the starting configuration was taken from the high-den-
sity liquid at 1323 K at 1.01  GPa, containing 1984 atoms in a 
cubic simulation cell with a density of 2.78 g cm−3 (green star 
in Figure 1a). The structure was first held at 1500 K for 50 ps, 
so as to be strongly randomized, and then cooled to 1200 K at 
a rate of 10 K ps−1. It was noted that slow cooling provides a 
better-relaxed structure, leading to a more ordered network con-
taining fewer defects; hence the liquid was cooled down from 
1200 to 300 K with a quench rate of 0.1 K ps−1. This quench rate 
was also used in ML-based cooling simulations to obtain a well-
relaxed structure of a-Si.[58] The time step in all simulations was 
1 fs. The obtained amorphous structure was further optimized 
based on the conjugate-gradient method (at fixed cell shape and 
volume, thereby retaining the density from the last step of the 
MD simulation) to obtain the final LDA phosphorus model.

Energies and forces on atoms were computed with a gen-
eral-purpose ML interatomic potential for phosphorus devel-
oped in previous work.[24] This potential was fitted using 
the Gaussian approximation potential (GAP) framework[9,88] 
together with the smooth overlap of atomic positions (SOAP) 
structural descriptor[89] and a long-range “+R6” baseline for 
van der Waals interactions.[18] The model was fitted to a large 
database of DFT reference data, including different crystal-
line allotropes of phosphorus, layered (2D) phosphorus, liquid 
phosphorus (both network and molecular phases), and random 
configurations generated via a random structure searching 
(RSS) approach.[55,90] The labels on the reference data include 

Adv. Mater. 2022, 34, 2107515



© 2021 The Authors. Advanced Materials published by Wiley-VCH GmbH2107515  (7 of 8)

www.advmat.dewww.advancedsciencenews.com

many-body dispersion corrections[91,92] to accurately describe the 
van der Waals interactions. The latter are of high importance in 
crystalline allotropes of phosphorus,[70,93] and by extension they 
are expected to be relevant for the amorphous phase as well.

It is noted that in the previous work, a liquid–liquid phase 
transition simulation was performed primarily as a means of 
validating the potential, and configurations corresponding 
to both the molecular and the network liquid form had been 
included in the reference database. Here, in contrast, it was 
demonstrated that this GAP potential can describe other disor-
dered phases (namely, melt-quenched amorphous phosphorus 
at ambient temperatures and modest pressures) which were not 
explicitly included in the training database—thereby providing 
evidence for good transferability across structural space, as has 
recently been seen for disordered silicon under pressure.[22]

Notation for Cluster Fragments: The notations of all clus-
ters discussed in this work are taken from Böcker and Häs-
er’s work,[51] and similar notations were also used in other 
studies of phosphorus clusters.[49,52] The standard Pn notation 
is used for clusters consisting of n phosphorus atoms, and 
square brackets enclose parts of more complex fragments (for 
example, “[P3]”) to describe the relationship between “donors 
and acceptors” as discussed in earlier work.[51,52] The fragments 
selected to be studied here are those discussed by both theo-
retical and experimental work, as mentioned in the main text. 
The analysis of cluster fragments and their connectivity was 
carried out with the help of the R.I.N.G.S. software.[94] It can 
transform the atomic structure into a graph with nodes for 
atoms and links for bonds, and therefore, different sizes of the 
closed shortest-path rings can be counted. It is noted that the 
3-, 4-, and 5-membered rings are the building units of the more 
complex cluster fragments studied in this work, and thus the 
cluster fragments can be counted based on the arrangements of 
the rings found by the R.I.N.G.S software.

Void Analysis: The void regions in the computed structures 
(indicated by gray surfaces in Figure 3c) were identified based on 
the alpha-shape method[78] as implemented in the OVITO soft-
ware.[95] This method is based on the construction of a surface 
separating filled spatial regions and empty regions, assuming 
that all atoms are points (i.e., without a radius). A probe radius 
of 2.6 Å was used to detect the voids, slightly larger than the 
position of the first minimum in the calculated radial distribu-
tion function of a-P (Figure S3, Supporting Information).

Visualization: The structure pictures in Figures  1c and  3c 
were generated using OVITO;[95] those in Figure 1d–e were gen-
erated using VMD.[96]

Supporting Information
Supporting Information is available from the Wiley Online Library or 
from the author.
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