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Abstract.

Tn this thesis, we establish a pair of systems of higher order
cohomology operations that act on the Zp—ordinary cohomology of
spaces that are free of p-torsion. These "pyramids" of operations
are generated by the p-divisibility of certain sums of

"pseudo"” primary cohomology operations that operate

on the p-local cohomology of p-torsion-free spaces.

The properties of these higher order operations allow us to prove
theorems that either generalise or improve (in the sense of

decreasing indeterminacy) several results in the literature.
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Chapten 1: A General Introduction and Overview.

Tt is the purpose of this thesis to introduce a rather different
approach to the study of cohomology operations of higher order.
The foundation for our method, which involves divisibility of the
Chern character by powers of an arbitrary prime, p, is due to
J.F. Adams. In his introduction to [2], Adams makes a general

reference to this type of procedure.

At the heart of our approach lies the '"pseudo" primary cohomology

operation of (3.2.:), 0 Considering only p-torsion-free spaces,

I
we identify the p-local cohomology with the p-local K-theory by
means of the collapsing Atiyah-Hirzebruch spectral sequence, [1h4].
Using various components of the Chern character to return to
cohomology, and certain integrality information to assure ourselves

that it is p-local cohomology to which we are returning, we define

our 'pseudo’ operation, Og.

The result is a homomorphism of p-local cohomology groups that fails
to obeyr the naturality condition required of strict primary cohomology
operations; hence, these operations are called pseudo. This lack of
naturality 1s, however, controlled and can be calculated by means of

an explicit formula, (3.2.9 ). It is this expression which not only
allows us to calculate the extent to which Og deviates from
commutativity with respect to maps of arguments, but also to
calculate, in a straightforward manner, the indeterminacy of

a set of associated higher order, "genuine" cohomology operations.



This association is done as follows. Given a p-torsion free space

q

with an action of OJ

on its cohomology (p-local), one can examine
the "p-divisibility" of the image of the pseudo operation. By
dividing this image by the highest power of p that allows us to
remain in the p-local environment, and reducing mod p, we produce
a higher order cohomology operation associated with Og. This is
done explicitly in (3.3.2) and (3.3.8), above. The indeterminacy
of this operation is then, as already mentioned, calculated with

the help of the formula that determines the deviation from

naturality of the pseudo operation.

It turns out, that not only a single higher order operation may

be associated with Og (assuming some divisibility conditions)

but an entire "pyramid" of higher order operations. A typical
diagram of such a pyramid is shown in (3.3.33). The name, pyramid,
moreover, was not casually chosen, but, rather, intended to suggest
a close relationship to the pyramids of higher order operations
definedand constructed by C.R.F. Maunder in [27]and [28]. Indeed,

when certain assumptions are made with respect to the category of

the arguments, these two systems can be shown to coincide: (3.3.37).

This entire structure, pseudo operations and pyramids of higher

order genuine operations, dualises in the sense of [35]. The

resulting duals, (3.4.1) and (3.L4.16), moreover, turn out, curiously
enough, to exhibit rather nicer behaviour with respect to indeterminacy
than their original versions did. This less indeterminate behaviour was
not "free", however; as with most advantages in mathematics, it was

"purchased". Here, the price was a more restrictive set of defining

conditions.



This thesis, then, is concerned with the establishment of these
parallel systems of cohomology operations, the derivation of the
various properties of these systems, and the exploitation of these

properties in the form of explicit calculations.

The presentation of this material takes the following form. In
Chapter II, we begin with a brief overview of the study of cohomology
operations from the classical viewpoint. A shat exposition on
generalised cohomology theories and spectra is given, followed by

a general definition of a cohomology operation. Higher order
cohomology operations, constructed using the classical Postnikov
tower approach, and using the more recent techniques of C.R.F.

Maunder are considered.

Chapter IIT is concerned with the introduction of our pseudo primary
operations and their associated higher order pyramids. The properties
of these systems and those of their duals are discussed extensively,

here.

The last chapter, IV, is devoted to the exploitation of the various
properties derived in chapter IIT and to the establishment of some

new properties concerning compositions o; operations and product
behaviour. One of the main results of this chapter is the derivation

of a generalised higher order Cartan-likeformula. For orders greater
than 2, this is a completely new result (although of limited application
because of its very restrictive hypotheses) and for order exactly 2,

it is a major improvement over other results in the literature, in

the sense that the indeterminacy is substantially reduced.



Other applications and calculations are given in chapter IV that
either improve, generalise or simplify results in the literature.
This last chapter is concluded with a section on the ec—invariant
of [5] and its relation to our systems of operations. A consideration

of the famous Hopf-invariant one problem is offered as an application

of this approach.



Chapten I1: Cohomofogy Operations from the Classical Viewpoint.

51, Intrnoduction:

This chapter shall concern itself with offering a background
survey on cohomologyoperations. Its purpose is to remind the
reader of the basic terms and concepts involved and to present
a general and somewhat heuristic overview of the study of these

operations.

We outline our exposition in the following manner. We shall begin
with the defining of a cohomology theory in generalised terms.
This will involve the notions of an Q-spectrum and the resulting
representable cohomology theory. An axiomatisation implying the
more classical axiom system of Eilenberg and Steenrod [16] will
be discussed and examples of such theories will be given. The
notion of a primary (stable) cohomology operation in a given

theory will be introduced. This shall constitute §2.

In section three, we will turn our attention to higher order
cohomology operations and their classical method of construction
involving Postnikov towers. Functional cohomology operations will
be discussed and their relationship to secondary operations shall

be established.

In section four, a somewhat more recent approach to higher order
cohomology operations will be considered, that of C.R.F. Maunder.
His work, involving chain complexes and resulting systems of

pyramids of higher order cohomology operations will be discussed

and an example of such a system will be given.



§2. Genewnalised Cohomology Theories and Operations:

Let C denote the category of base pointed CW complexes and

homolopy classes of maps.

2.2.1. Definitions: (i) A spectrum, E, is a sequence of objects,

En € C, indexed by the integers, together with morphisms, e

SEn - En+1' Here, SX indicates the suspension of X = S1A X.

(ii) The morphism, e s determines an adjoint morphism, Q;, by virtue
of the equivalence, [SX, Y] & [X, QY]. In the case that e;:

is a homotopy equivalence, we call E an Q-spectrum.

En - QEn+1

Let us consider several

2.2.2. Examples: (i) Let X be an object in C. To X we may associate

a spectrum, X, defined by X = s® A X (written as s™X) for n > 0.

For n < 0, we set Xn = *_ the point space. This is clearly a spectrum,
but not an {l-spectrum.

(ii) Letting X = s™ in the above example, gives us the sphere
spectrum: (Sm)rl = g™ por (m+n) > 0 and * for (m+n) < 0. This,
too, is a spectrum, but not an Q-spectrum.

(iii) Let K(G,n) denote the Eilenberg-Maglane space of type (G,n).
Here, G is is an Abelian group and n is an integer. That is to say,
K(G,n) is the space such that nj(K(G,n)) 2 G when i = n and is
zero otherwise. By noting that QK(G,n+1) is homotopy equivalent

to K(G,n), we see that K(G,*), defined by K(G,*)n = K(G,n), is

an Q-spectrum.

(iv) Let U denote the infinite unitary group = y U(n).
n>1



We write BU for the classifying space of U. We define a spectrum
BU by setting BU2n = BU x 2 and BU2n+1 = U. By virtue of ihe ususl

equivalence, U = QBU and the Bott isomorphism, we conclude that

BU is an Q-spectrum.

Given an Q-spectrum, one may define the representable generalised

cohomology theory associated with it, in the following manner.

2.2.3. Definitions: (i) Let C denote the full subcategory of C

comprised of finite, pointed CW complexes and their morphisms.
Let E be a(n) (Q-)spectrum and assume that X € C. Define the
reduced (representable) generalised, or extraordinary, cohomology

theory associated with E by %q(X) = 1lim [X,QnE ]. If €T was chosen
h——i n+q
to be an Q-spectrum, this general definition restricls to %Q(X) =

*
[x, Eq] and we say () is a representable cohomology theory.
(ii) Let us now define the unreduced or free cohomology theory

associated with a spectrum E, as follows. Let X+ denote X U Xq

(where X is taken to be the base point). Then we define E3(x) = %q(X+)

%
The injection map, {: X_. - X induces a map, 4 : E%(X) - Eq(xo), for

0

all q. We may now recover our reduced theory by defining it to be
¥ : .
the kernel of 4 . Because the corresponding exact sequence splits naturally,

we get that

5d(x) = EYx) o BL(x ) 2 BYx) @ ¥Y(s°). [20]

2.2.4. Proposition: A representable generalised cohomology theory

defined by (2.0.2) satisfies the following three axioms:



(i) (Homotopy) Let § and ¢ be morphisms in C such that § = q. Then

* *
the induced maps, § and q are equivalent.

(ii) (Suspension) Let o denote the suspension homomorphism,

+1 . ;
o: ENX) » E® (SX). Then o is a natural equivalence.

(iii) (Exactness) Tet Y A, x4 (XU6 Y) = Cé be a cofibre

sequence in C. Then the resulting (induced) cohomology sequence,
* %

¥ (v) Lo B ﬁn(cﬁ) is exact for all n > O.

Procf: This follows from our definition of Q-spectrum. We refer

the reader to [20) for further details. o

2.2.5. Remaxnks: (i) These axioms can be shown to imply the more

classical axioms for cohomology theories of [16] with the exception
of the dimension axiom: En(*) = 0 for all n > 1. It is well known
that there is only one (up to equivalence) cohomology theory that
obeys all of the axioms of (0.2.k4) as well as the dimension axiom

and that is ordinary singular cohomology, H*(X). All other theories
are, consequently, called gxtraordinary,

(ii) The interested reader is invited to consult [20] and [7] for

a more detailed treatment of this subject.

(iii) The Q-spectra of £.2.2) (iii and iv) determine ordinary
cohomology (with coefficients in the growp G) and complex K-theory,
respectively.

(iv) Any generalised cohomology theory, then, is a contravariant
functor from the category C to the category AB, of Abelian groups

and homomorphisms.

Now we are in a position to discuss the notion of a primary cohomology

*
operation within the context of a given theory, E (). Firstly we



point out that extraordinary cohomology theories, as with the
ordinary case, may be endowed with a syslem of coefficients other
than the "untiral" one, namely T,(E). This is done by smashing the
spectrum, E, with a suitable Moore space [£]. In light of

this fact, wc shall write EG*( } to denote thal extraordinary

cohomology throry associated with Q-spectrum E with coefficients in G.

Iad

2.2.6. Definition: Let E be an Q-spectrum defining the generalised

* *
cohomology theory, E ( ). A primary cohomology operation (in E (1))
of type (n,G; m,H)(for n,m € Z and G and H Abelian groups) 1is a

family of functions 0O EG"(X) -» EH(X), one for each X € C satisfying

X
*
the naturality condition that if §: Y -» X is a morphism in C then § 0, =
*
=04

v Moreover, we call such an operation stable if it commutes with

the suspension homomorphism, 0. By (2.2.5-iv), we see that a primary
cohomology operation is a natural transformation of contravariant

functors Trom C to AB.

Fegarding (2.2.0), one should notice that, by virtu- of

(2.2.3), one may classify all operations of type (n,G3m,H), with
respect to a certain theory, E*( ), by noting that there is a one-
to-one correspondence between the elements of the set of such

operations and the elements of EHm(EGn) [?2].

We also point out that no additional restrictions were placed
upon the algebraic pehaviour of a primary cohomology operation

by our definition, (2.2.6). In particular, such an operation need

not be a homomorphism, in general.

We conclude this section with several
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2.2.7. Examples: (i) The most well known of all algebras of operations

(note that E*(E) forms an algebra) is the Steenrod algebra, mod p
(p any prime), denoted by AP' This is isomorphic to HZp*(KZp,*).
The elements are polynomials in the Steenrod reduced powers, Pi (or
Siq when p = 2), as well as the Bockstein homomorphism , and are
subject to the Adem relations [32]. The operations are both stable
and homomorphisms.

(ii) The set of homotopy classes of maps, [BU,BU], classify the
operations of complex (or unitary) K-theory. These contain the Adams
operations, Wk, which are also homomorphisms but of trivial grading.
(iii) The algebra of operations on BP-cohomology is the subject

of much recent work and can be found described in [L0]. Further

backsround can be obtained from [15].

§3. Operations cf Highen Orden.

This section is devoted to the classical construction of cohomology
operations of order higher than one, that is to say, operations that
are, in some sense, ''liftings'" of primary operations. This approach
engages the services of an inductive homotopy theoretic tool known
as the Postnikov tower (or system). We begin with a description of

this object.

For the sake of simplicity, we shall describe the basic workings of

a Postnikov tower with only one "k-invariant" at every stage. The

towers most generally used in the descriptions of higher order

cohomology operations, on the other hand, involve "multiple k-invariants".

As the fundamental concepts coincide, we limit ourselves to the simpler

case for expositional purposes.
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In order to apply the very useful technique of induction to

homotopy theory, it is required to find a series of homotopy invariants
that "build up" a space, step by step. The obvious first thought would
be the skeleta of a given space. These suffer from the unfortunate

fact that they 15ck the key property, that of being a homotopy
invariant. Indeed, one need not look further than the sphere for a
countere-crample,

The homotopy invariant that succeeds where the n-skeleton fails

is the n-type of a space. The inductive build-up of a space by
considering successively greater n-types is known as a Postnikov

tower for the given space. More precisely:

2.3.1. Definition: Let § and g be two morphisms from X to Y in

C. We shall say that § and g are n-homotopic if for every complex

of dimension < n, K, say, and for every map
w: K- X,

the compositions §¢ and gy: K - X » Y are homotopic.

7.3,2. Definition: We shall say that two spaces in C have the

same n-homotopy type if there exist maps f: X > Y and g: ¥ » X
such that §g is n-homotopic to the identity map on Y and g4 is

n-homotopic to the identity map on X.

2.3.3. Defdniticn: Let X and Y be in C. We say X and Y have the

gsame n-type if their n-skeleta, Xn and Yn, have the same {(n-1)-

homotopy type.

2.3.4. Proposition: If X and Y are elements of C and they have

the same n-type,then they have the same m-type for all m < n.

Procf: This is clear. If 4 X" > Y" and g: v" » x" are such that



§g (g4, rcespectively) is (n-1) homotopic to the identity on ¥

(X, respectively), then § 1 X" and g ] Y™ provide the (m-1)-homotopy.
u]

2.3.5. Conollany: When n = e, (2,3.k) tells us that every pair of

complexes in C with the same homotopy type are of the same m-type
for all finite m. Thus, n-type is a homotopy invariant of a complex.
In order to apply these concepts to the construction of a Postnikov
tower, we will require the following series of results which we
state without proof. The interested reader is encouraged to consult

chapter 13 of [32] for more details.

2.3.6. Theorem: Suppose X and Y are of the same n-type. Let K

be a complex of dimension < n-1. Then there is a one-to-one

correspondence of setsbetween [K,X] and [K,Y].

2.3.7. Conclfary: If X and Y are of the same n-type, then Hi(X) 2

ﬂi(Y) for all i < n.

The converse of (2.3.7) is false but we do have the following.

2.3.8. Thecqem: (J.H.C. Whitehead): Let §: X% - Y® ve in C such

that the induced homomorphisms on homotopy are isomorphisms for all
"

i < n. That is to say, suppose f,: Hi(Xn) 5 ﬂi(Yn). Then X and Y

have the same n-type.

2.3.9. Proposition: Let L be an (n-1) connected complex such that

ﬂn(L) =T . Tt follows that L and K(ﬂn,n) have the same (n+1)-type.

The definition of a Postnikov tower is basically the extension of
(2.3.9). It is the inductive construction of a space with (n+2)-type
of I, the (n+3)-type, and so on. In what follows we let ﬂi denote
the ;! homotopy group of L, the (n-1) connected complex of (2.3.9).

Consider the following diagram:
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(2.3.10)
3
Lm+ 1
km
—_—
L K(ﬂm+1, m+2)
|
l kn+1
_
L K(N o> n+3)
l k

_—
K(ﬂn+1, n+2)

kn—1
—_
K(ﬂn, n+1)
2.3.11. Definition: 1In the notation of (2.3.10) and (2.3.9) we say

that the diagram (2.3.10) represents a Postnikov tower for L if it

satisfies the following conditions:

(1) Each L. (m>n) has the same (m+1)-type as L and there is a map,
V)

L » L , inducing isomorphisms ﬂi(L) 5 ﬂi(Lm) for all 1 < m.

Pm’

(i1) ﬂi(Lm) =0 for i > m.

(1i1) Lﬁ+1 is the induced fibre space overl , induced by the map
m !

ko (the mth k-invariant) from the standard path-loop fibration over
K(M , m+2). Thus, by (2.2.5-iii), k is an element of HIT" . (L ).
m+1 m m+1 m
It is defined to be the image of the fundamental class in HnmI;(F)
m

under the transgression, where F 1s the fibre of o

(iv) (2.3.10) is homotopy commutative.
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2.3.12. Remarks: (i) nt? k-invariant, k . of (2.3.11-1i1) 1is

. +2 .
chosen to be in the subset of Hﬂ2+1 (Lm) determined by the
* * .. + .
kernel of p . The elementn (k ) = k p 1is in HN 2 (L ) and is
m m m m m m+1 m

Asking that km be an

the obstruction to lifting P to Lm+1'

element of kernel (p;). then, is equivalent to assuring the
existence of the extension map, R
(ii) The Postnikov tower given by (2.3.11) and (2.3.10) is somewhat
less general in character than the exposition that preceeded it,in
the sense that we have restricted ourselves, here, to a particular
cohomology theory, ordinary cohomology. This could have been
presented in a more general setting where En's of the Q-spectrum &
would replace the K(M,n)'s of the singular cohomology spectrum.

An example of a Postnikov tower constructed in another theory 1is

given in [38] where the spectrum considered was, BF, the Brown

Peterson spectrum [15].

We remain in the case of ordinary cohomology for the purposes of
exposition. The reader should bear in mind, however, thet the
reneralised definition is quite parallel to this particular case
and we invoke the spirit of (2.3.12-ii) ?hroughout the remainder

of this section.

In these terms, then, one may define a secondary cohomology
operation as the lifting of a primary operation by one stage in
a Postnikov tower. Consider the following diagram We tacitly

assume stability throughout.(See [32], chapter 16.):
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» K(G,n) —2 s K(H,m)

In (2.3.13) we have X € C. G, H, and F are Abelian groups. The
element, u, of HG (X) is represented by a map, u (by abuse of
notation and by virtue of (2.2.5-1ii)). The map, ©, is a primary
cohomology operation of type (n,G; m,H) and the fibration:
K(H,m—1)-—£;>E P yk(G,n) is induced from the principal path-loop
fibration over K(H,m) by O. Let us assume that u € ker © (the
kernel of the map ©) and let us suppose that we are given a

1 .
cohomology class ¢ € HF (E). With these hypotheses we have:

2.3.14. Def(niticn: The secondary cohomology operation, @,

associated with the two-stage Postnikov tower in (2.3.13) and the
class @, is defined on any class U € ker 0, and takes values in

the coset space, HFl(X)/Q, determined by ®(u) = i* (@) . for all maps
it such that p& ~ (. The Q, representing the indeterminacy of the

seccndary operation, @, is given by the image of the primary operation,

*
{ (9), over all maps from X to the fibre of p,K(H,m-1).

Should the class ¢, the so-called universal example, lie in the
kernel of £¥, then the indeterminacy of the operation would be zero.
We shall return to this point below but take the opportunity here to

romark that, in general, Q will not be the zero subgroup.

Cohomology operations are divided into two rather distinct types of
objects: rrimary and all those of order higher than one. As we shall
see later (see (2.3.19)), the operations of order higher than two

are just generalisations of the above procedure which defined the

secondary order.
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With this in mind, we consider some features contrasting higher
order operations with those on the primary level, using our

secondary operation as a model for all the higher orders.

To begin with, higher order operations are generally defined on
some restricted subset of the "original' cohomology group, and
not the entire group, as was the case with primary operations.
Secondly, higher order operations are only well defined modulo
some amount of indeterminacy, whereas primary ones take a unigquely
defined value, that is to say a well-defined element in place of
a coset. The requirement that the operations be strictly natural
is also (generally) dropped in the higher order cases. This
stipulation is usually softened into a naturality condition in
which the indeterminacy of a map of spaces applied to an operation
is contained in the indeterminacy of the operation applied to the
map. This shall be explained in more detail, below. In particular,

see A3 of (2.h.2.).

A word or two about the value of Q in (2.3.14) is in order. The
indeterminacy of the operation defined by (2.3.1L4) is due to the
choice involved in picking the lifting maé, &, such that p& ~ U,
We were assured of the existence of & by the fact that u € kerog.
The choice of particular &, however, may vary. Indeed, it may

Y
range over U plus any element in the kernel of

P#: [XaE] i [XaK(Gsn)]-
By exactness, these values are precisely equal to the image of

4’#: [X,K(H,m-1)] -» [X,E].
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It follows, then,that a*(w), the value of the secondary operation,
above, may vary by anything in the image of L*(m). In these terms,
we see that ® of (2.3.1k) is defined on the kernel of a primary

operation, ker(©), and takes values in the coset space defined by

*
the cokernel of another primary operation, cok (i ()).

This property of having indeterminacy is an essential distinguishing

factor between a primary operation and all higher order operations.

For example, should the given cohomology element, ¢, of (2.3.13) be
contained in the kernel of L*, then our secondary operation, @,
becomes, essentially, a primary operation defined on the kernel of
0. We see this as follows. To say that ¢ € ker L* is equivalent

to saying that it is in the image of p*. Setting ¢, therefore,

Y

*
equal to p 0', for some 0' € HF (K(G,n)) gives the following

version of (2.3.13):

(2.3.15) K(H,m-1) <= > E L 5 K(F,1)
N A
G- |
x5 k(e,n) —% k(H,m)

It follows from this construction that ¢d e~ 0'u. Consequently,

. ¥ *
our secondary operation, ®(u), becomes U (@) =~ u (0') = 0'u

with zero indeterminacy. Thus, ® becomes a primary operation,

0Q', restricted to the kernel of 0.
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It turns out that there is a very strong relationshijy betwren
secandary operations and relations between primary operations.

Consider the following diagram:

(2.3.16) K(H,m-1) ~ E —2— K(F,1)

p

4__

y
X N K(G,n) 9, K(H,m) — K(F,1+1)

We wish to show that the secondary operation, @, associated with this
two-stage Postnikov tower and cohomology class, ¢, corresponds
precisely to a relation between primary operations: ¥ 6 = 0. Firstly,
let us assume that ® is defined. Thus, the hypotheses of (2.3.1L4)

are assumed to be satisfied. Under our stabilily hypothesis, we may
suprcse that @( represents the first desuspension of the primary
stable operation ¥, denoted 1W. Let 1t indicate the transgression

cf the fibration: K(H,m-1) —ia E K(G,n). It is well known that

primory operaticns commute with t [32] and so we have a commutative

diacram:
(2.3.17) a™ (& (#,m-1)) ——> 11" (K(G,n))
l Ty = L Iw
k(i me1)) —— 1P (k(6,n)
s (2.3.17), we howve that 0 = T(L*(@)) = T(@i(lm—])) = T(]W(1m_])) =
vyt Vo= 4o
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Let us suppose, conversely, that Y0 = 0. We construct our Postnikov
system as before but without the map, ©. It is precisely this relation
between primary operations that assures us of the existence of the

cohomology element, ¢ (this element is known as the universal example

1

of the secondary operation). Because we know that 0 = ¥0 = t( W(lm_1))

: *
we may suppose that lW(Im_1) is in the image of L . Thus, we have

1 X . . .

¥ = { (@) for some element, @ € HFl(E). This allows us to fill in the
map, ¢, and fully reconstruct the diagram (2.3.16) that gave us the
secondary operation, ®. Tt must be noted, however, that this procedure

does not determine ¢ uniquely. We are in the following situation:

1

(2.3.18) EH™ (K (H,m-1)) —— mFrl (K (H,m-1)) — 5" (k(G,n))
A %
S
prl(k(c,n)) —L— mri(r)

It is clear from (2.3.18) that we have only determined ¢ modulo

*
some element in the image of p , thus, modulo, a primary operation.

There is one thing further that we wish to point out about (2.3.16).
We stated that there is a strong relationship between secondary
operations and relations between primary ones. The diagram points

out that there is also a degree shift invoived. The composite of
primary operations ¥ O had degree 1+1 whereas the associated secondary

operation had degree 1.

As we have pointed out above, this procedure seneralises to define

nth order cchomology operations. Consider the diagram:



-20-

(2.3.19)
1 n-2 n-1
: L 0
n Qg——a N Qn—_ n Qn—1 n.op n n—1K
n 7 ln n+1
- - —e T Py
N7 > : 3
a4, 4 3 6 s, % 3
Ry T T TR, T R T
\\ s PR - - - P
) Wy £1 f? 3 4 ® 20
‘. Soeyg 3, &2 3 g 3,2 b, 2,
* : 3 3 A 3 L 5
N '\ . . p
. N\)-“j] { I 3 (.p2 1 1O: 1
Moo ; K. —» E, — K —= K >
A 2 N 2 3 N
‘\:\\“ 2. p2
‘\:.:\ " + @1 0 0 On
s~ i R < BN I LN
X — K, X, K3 Ko

In (2.3.19) we let K, denote the Eilenberg-MacLane Space, K(Gi’mi)’
where {Gi} is a set of Abelian groups and {mi}a.set of natural

numbers, with m. for all i such that, 1 < i < n+1. The maps

< m
1 —

1+1

G.,,). The left super-

@i are primary operations of type (mi’Gi;mi+1’ T4

script on maps and spaces denotes the appropriate desuspension. The
map U is a given cohomology element € ker(®1) c HGT1(X). We assume,
moreover,that the primary operations, Oi, are such that Oj+1®j 1s
nulhomotopic for all j, 1 < J < n. The existence of the higher
universal examples, the wi is assumed for the moment. We shall return
to this point shortly. The space Q§ reprecsents the fibre of the

0...0 pj_1 0 pj). The 13'5, then, are

. . . . .. 1—1 1=-2
inclusions of successive fibres and the composition (Zj o Kj 0...0 K;)

op

composition (pj—i+1 joi+e

. . . . . 7=1 .
1s homotopy equivalent to Lj’ the inclusion of Y Kj in Ej'

In these terms, the secondary operation of (2.3.14) would be
ok %
=0, = &2 (¢.) modulo the indeterminacy equal to the image of (. (w2)

over all maps [X,1K2]. Suppose, now, that Q? 0 ﬁm 1s nulhomotopic.
’\/ . .
Then a lifting, “3’ cxists. We may, then, provided we are given

the univers2l example, «,, define the tertiary operation
)
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~ %

3(u) = Ug (w3)

. . 2
modulo the image of ©3 0 Ki[X,Qg] plus the image of ©; 0 Ki ) ﬂ;[X, K3]

associated with the Postnikov tower, (2.3.19), by @

In general we have:

2.3.20 Defindition: Under the above hypotheses, together with the

requirements that ®i is defined for all i such that 1 < i < n-1,

that @, © H; . ~ 0, and that we are glven a map @n,

the nth order cohomology operation associated with the Postnikov
*

tower, (2.3.19), is defined by ®n(u) = &n (wn) modulo
n-3 . .

n-1 n-1-1 n-1-1 . n-1
i?o © o Kn 0...0 En [X,Qn ] 8 © Ln[X, Kn].

In this procedure, we required two things at every stage. Firstly,

we asked that D, 0 ﬁi be nulhomotopic to allow us to lift our

map, (, one stage hirhsr in the tower.

Wi.. also asked that we be given a map, 041>

called the universal example. By the remarks preceeding (2.3.18),
however, 1t can be seen that this is equivalent to asking that
1-1

0,,,9

1+1

| = 0. The property that Oi+1 Oi ~ 0 for 1 <1 < 1+1 1s

not, in general ;sufficient to assure us of the existence of these
universal examples, at least not above the second order and not in

ordinary cohomology.

An example of a generalised theory in which the existence of higher
(atove the second level) universal examples is guaranteed is BP
cohomology [15]. Depending upon the '"prime of definition' of BP*( ),
an entire series of universal examples, {wi}, are assured of existence
given a series of pairwise nulhomotopies, Oi+1 Oi =~ 0, The property

'

*
of BP () that is responsible for this behaviour is called "gq-sparseness",

where q = 2(p-1), and p is the "prime of definition". We shall not
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fursue this point any further here and we refer the interested reader

to §1 of [38] for further details.

We conclude this section with a brief discussion of functional cohomology

operations. Consider the following diagram:

(2.3.21) K(H,m-1) "3 E
* T,
cu' ‘u
Y b x % Sx(e,n) O k(H,m)

Notice that (2.3.21) is just (2.3.16) without the assumption

that we are given an element, @, or equivalently, without the
requirement that we have a relation between primary operations.

To this situation we have added a space, Y, and a map of it into

X. It is assumed that 6*(u) = 0 and we retain the hypothesis that

o(u) =~ 0. As before, the facts that u € ker(0) and that p: E - K(G,n)
is induced from the path-loop fibration over K(H,m) by ©O give us

the fact that we may lift w to & such that p& ~ (. It follows, moreover,

. . N,
that since uf is nulhomotopic, then uf is in the kernel of

Py [vY,E] -» [Y,K(G,n)].

Y . . .
By exactness, we know that uf lies in the image of

,{#: [Y,K(H,m=1)] - [Y,E],

Thus, there exists a class, w', say. in [Y,K(H,m-1)] such that

. "
LU' = uf. In these terms we have:

2.3.22. Definitdon: Let O( denote the functional cohomology operation
)

determined by (2.3.21). It is an operation defined on the kernel of
a primary operation, O, intersected with the kernel of the induced map

of 4: ¥ » X. The functional operation takes values in the coset space
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m—1 . .
HH (Y)/Q. The coset image of 06 is the class of U' modulo the

indeterminacy. Q, computed as follows:

(2.3.23) ™ (%) SN [X,E] LHGD(X) —% ™ (x)

* * *

§ § §

1 £ p#

=Ty — 9 ™y —H [Y,E] —%— HG™(¥)

The standard diagram chase, beginning with an element, U, in
157(X) such that 0(u) =~ 0 and 6*(u) = 0, yields an element,

u' € HHm_1(Y). which is well-defined modulo the sum of the images
of 5* and 1O, the first desuspension of our original primary

operation, 0. This is the value of the indeterminacy, Q.

After considering the similaritiesin the defining diagrams for

Oﬁ and ®, it should come as no surprise that these two operations
are, indeed, closely related. There are two classical results in

this direction which are known as the two Peterson-Stein formulae
[34]. We state both of these formulae here, in the notation developed
above, and we refer the reader to [32] and [34] for proof and further

details.

2.3.24, Theonem:(Peterson-Stein's 18t formula): With the hypotheses

-
t

*
and notation of (2.3.16) and (2.3.21) we have that £ (®(u)) = woﬁ(u)

1 %
in HF (Y)/Q where Q = { Im(

In the notation and hypotheses of (2.3.24) we alter the requirements
slightly to rorloace owr ¢lement « by another element v € HGn(X)
such that the composition Ovf§ is nulhomotopic. (That is to say, we havr

relaxed our assumptions on our domain of definition so that we no longer
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. * . .
require that 0(v) ~ 0 and § (v) = 0.) Under these conditions we have:
2.3.25 Theonem (Peterson-Stein's 2nd formula) :

* 1
o(f (v)) = v, (o(v)) € HF (Y)/qQ

6

where Q = ‘w# 1™ (v)e ¢ mRL(x).

§4. The Pyramids of Maunder:

In [27], C.R.F. Maunder developed anaxiomatic system of higher
order cohomology operations (again, we will be dealing with ordinary
cohomology) that associates certain types of chain complexes with
"pyramids" of operations of steadily increasing order. This section
is concerned with offering a brief account of these results. We

begin with the definitions of the basic tools and concepts.

Let

(2.4.1) 3 € ... —C, > ¢

be a chain complex of length N. By this we shall mean a set of N+1,
finitely generated, free, left Ap modules, C., (0<i<N), together
with maps, di’ of degree zero, satisfying the usual condition that
(§c€+1 = 0 for all i € [1,N-1], It is assumed throughout that (Ci)q,

the qth dimensional component of Ci is zerd for q < i.

Tt turns out that it will not be possible to build up a theory in
which every such chain complex determines a pyramid of operations,
at least not for N > 2. The subset of such complexes as (2.4.1)
for which this can be done, that is the set of all chain complexes
which associate in a natural way to a pyramid of higher order

cohomology operations, is called the set of admissible chain complexes.
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We shall return to this point shortly,when we offer a definition

of an admissible chain complex (See (2.4.3).).

Assuming for the moment that our chain complex given in (2.4.1) is
admissible, we shall associate with it, by considering all the

subchain complexesof (2.4.1), one Nth order operation, two

th .
(N-1)"" order operations, three (N-2)th order operations, and

so on down to N primaryoperations. We call this collection of
cohomology operations a pyramid of operations. The definitions of
these operations will be inductive with an Mth order operation
being defined on the kernel of an operation of order (M-1). Given

an admissible chain complex of length N, in other words, we shall

r,s,

define a set of operations, {® , of order r-s, where N >r > s > 0.

Such an operation will be defined on a certain map (called the

*
augmentation): e: CS - HZ% (Xx), X€ C, and its value will be

*
an equivalence class of maps: n: Cr - H%p (x).

We define our operations inductively. Consider an augmented chain

d
1 * .
complex of length one: C — C £ 3 HZ . Let us define a
1 0 P

primary operation associated with it (since all length one chain
complexes are admissible we need make no further restrictions) by

@1’O(g) = gd1. This is sufficient to start the induction. We have:

2.4.2. Definition: We shall say that {® °°}, N>r > s >0, is a

stable pyramid of operations associated with the admissible chain
complex of length N given by (2.4.1) if the following axioms are
satisfied:

AO: If r-s < N, then the pyramid of operations, {@"°"} with

r>u>v>s, is associated with the subcomplex of (2.4.1):
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d d : d 1
¢ — T ¢ r-1 s s ¢
r r-1 S
N,0, .\ . . *
Al: ® > () is defined for those Ap-maps, e: Cy HZP (X), such

that @r’o(r) is the zero coset for N > r > 0.

A2: If ¢ is such a map, and is of degree 1, then @N’O(E) is defined

*
to be an equivalence class of maps, [n]: Cy H%p (X) of degree
1-N+1, where two maps are considered to be equivalent, in this

sense, if their difference lies in the image of @N’1. (We say that

1. . . .
Im@N’ is the indeterminacy of @N’o. It denotes the set of maps in

1 . .
@N’ (£) as £ runs over all suitable maps, that is, all Ap—maps
* .
£: C, - HZp (X) of degree 1-1 such that ml’1(g) is defined).
A3: Let g be a morphism in E} g: Y » X, Let € be as in Al. Then:

* N.,O N,0, *
g (¢ (e))cad (g e€).
* mt1 i Jn } . .
Ab: Let ~ : HC (sx) - HZp (X) be the suspension isomorphism. Then:

e 0e)) = o0 e,

* N,O .
(Note that we have chosen €: Cy = H?b (sX) such that @ * (€) is
defined).

*
AS: Let (X,Y) be a pair of spaces. Let n: C, = HYP (X) be a map

-1,0
of degree m such that @N **(n)

N-1,0(n)

*
is defined. Let &: Chq ™ Hﬂb (X,Y)

X X . *
be such that § &£ €@ . Let {n=g:C - sz (Y). Then,

0
*
with § equal to the right coboundary:

(=™ e dy €87 (00,

In the beginning of this section, we mentioned that not every
chain complex may be associated with a pyramid of operations in
the sense of (2.4.2). We suggested that the necessary criterion

for such an association was that of admissibility.
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We define this as follows:

2.4.3. Defindition: We define a chain complex of the form (2.4.1)

to be admissible if it satisfies the following inductively presented
property:

(1) Every chain complex of length one is defined to be admissible.
(ii) Let N > 1. A chain complex of the form (2.4.1) is defined to

be admissible if there is a pyramid of operations, {0 °°} for

N-1 >r > s > 0 associated with this subcomplex of length N-1,

1 _N-1,0

N,M- . .
such that @ ° o = 0, identically (that is, with no indeter-

1

minacy). Here "1 genotes the primary operation associated (by

dN
(i) to CN — CN—l'

Notice that when N=2, this condition will always be satisfied. It
is evident from (2.4.L4), below, that this requirement of admissibility

corresponds precisely to the requirement that higher order universal

examples exist.

We record, in the interest of completeness, the following basic
results regarding pyramids of operations and we refer the interested

reader to [27], §2.4, for further details:

2.4.4. Theowem: (i) If a chain complex of the form (2.4.1) has an

associated pyramid of operations, {@r’s}, for N >r > s > 0, then the

complex is admissible.

(ii) If the chain complex given by (2.4.1) is admissible, then there

exists at least one associated pyramid of operations.
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2.4.5. Theorem: Suppose @g’o and @f’o are two possible "apexes'
of the pyramid associated with an admissible complex of the form
(2.h.1). Then there exist an (N—1)th order operation, ¥ associated
the subcomplex of (2.4.1):

d& d d

N-2 N-3 € *
,CN_3 oo —aCy 2 Hzp (x).

3

N-2

such that @N’O(e) - @N’O(e)

0 1 = ¥(e) for all suitable €, modulo the

total indeterminacy involved.

In heuristic terms, then, what Maunder has done i5 +to develop

a rigorous system that can be seen to embrace the Postnikov tower
approach of §3, above. Corresponding to relations between operations,
are the differentials of his chain complexes. Parallel to lifting

maps one stage in a Postnikov tower, is applying one further
differential (provided, in both cases, that certain "admissibility"
criteria were m=t).In the Postnikov system approach, dualising in the
sense of Spanier [35] was done by applying the canonical anti-
automorphism of AP’ namely x [37). Maunder dualises his chain complexes
directly (See §4 of [27] and Theorem 4.3.1, in particular,). We shall

return to this point, below.

we end this discussion of Maunder's operation by giving an explicit
example. A particular pyramid of operations will be constructed that
will be shown to be a generalisation (in the sense of order) of a
classical secondary operation (See [10],[11], and [17).). This example

was constructed by Maunder in [28].

Consider the chain complex, C(N,r), with N < r, defined as follows:

For N > n > 0, we let C_be a free-graded left A2 module.
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Each Cn has n+ generators of the form {cn; c 3.0 n} where

o .
n,0’ "n,1 n,

the dimension of c = 2r + n - 1 and the dimension of each

c ;= 3n - 21 for 0 < i < n. We set ¢y = 0 by convention. The differentials
bl

are defined by:

n-1 .
-2
Dt T X SgT 2

i=0

)

C

(2.4.6) d_(c ) = 8¢ (c

n n- n-1, n-i-1

) + 8§ (e ).

n-1,1

(2.4.7) d (e ;) = Sqle

n-1,1-1

0,1 _ o0 o
Here S§g = &g Sq + S% S% {(see [2].) That dn dn+1 = 0 for all n such

that 1 < n < N-1 follows from the fouw Adem relations:

(2.4.9) 38,1 38,1 -0, (2.4.10) S% 38’1 \ 38’1 S% - 0. and

(2.4.11) 84 S§ = o.

Nne pyramid of operatioms that this chain complex defines is described by
the followine theorem of Maunder. The reader is referred to Theorem 2

of [28] for details. Let us, first, establish some notation.

we shall denote by kp the integers localised at some prime, p. We
will write chn for the component of the Chern character in dimension
2n. Let 1 : Qr - § induce the coefficient ‘homomorphism, 1, and let

p' Qp - Zp induce the coefficient homomorphism, pj.

2.4.12 Defnction: A cohomology class, X € HQ™(X) is said to be
3

integral mod p if it lies in the image of 1, : HQE(X) > e (x).

We have the following theorem of Adams [2]:

7.4.13 Theorem: Let n be a complex vector bundle over a CW complex,

X, such that n is trivial when restricted to the (2q-1)-skeleton of
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X. Then pr c )n is integral mod p.

hq+r(p—1

We may now state the theorem of Maunder which defines g pyramid of

operations associated with the above chain complex.

. . t,
2.4.14 Theotom: There exists a pyramid of operations, {® S}, for

N >t >s >0 associated with C(N,r) with the following property:

Suppose that X is a (2q-1)-connected CW complex and that & € K(X)

. -N+ . .
is such that 2¥ N+ chq+r(£) is integral mod 2. Then

- - —N+1
N,O(p, 1 1, r-H o

o + 0 1y chq(g)) is defined and takes the value p) o 1, (2

modulo the indeterminacy.
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Chapter 111: Algebraic Pyramids o4 Operations.

§1. Introduction.

In this chapter we shall consider an alternative, rather more
algebraic,approach to higher order cohomology operations. In
chapter II we saw how Maunder ([27] and [28]) developed an axio-
matic system of higher order cohomology operations based upon
certain relations in the mod P Steenrod algebra, Ap. The result
was a formal structure that embraced the Postnikov tower approach
to higher order operations and gave properties and existence

criteria for cohomology operations of arbitrarily high order.

What we shall establish in this chapter, is an algebraic pyramid
approach to higher order cohomology operations, in the p-torsiom
free category, coming from increasing p-divisibility of a sort
of "pseudo" primary operation. These primary operations will be
called "pseudo'" because of their failure to exhibit the classi-
cally required naturality property. The pseudo nature of the
source notwithstanding, the resulting higher order operations
are quite proper and satisfy all the usual properties associated
with cohomology operations of higher order. This chapter is con-

cerned with making these notions precise.

We fix the notation which we will be using. Unless we state other-
wise, we shall be working in the category whose objects are
topological spaces with the homotopy type of a CW complex of

finite type whose integral (co)homology is free of p-torsion, for



some fixed prime, p. The morphisms of our category will be the
homotopy classes of continuous maps of such spaces. This category

will be denoted by Fp.

Let Qp indicate the subring of the rational numbers whose

denominators are all relatively prime to p. We will write ()

. * 0
and K(X) in place of HQp(X) and KQP(X), the cohomology and
unitary K-theory, respectively, of a space X, with coefficients

in Ep. Let Zp denote the integers modulc p, Z/pZ. The obvious

homemorphisms, p ¢ Z = Zp’ p' Qp - Zp, k : Z-Q, and k' : % - Qp,

induce the coefficient homomorphisms in cohomology: 04, Oxs Yo

1

+> respectively.

and k

In our section on K-theory (§2), we shall also be using the fol-
lowing notation. We will define Kn(X) to be the kernel of the

t

n—1), where X* denotes the i h skeleton

homomorphism: K(X) - K(X
of X, as usual. In these terms, we write the standard

skeletal filtration as follows:

(3.1.1) K(X) =Ky(X) 2K, (X) 2K,(X) 2 ... 2k (X) 2 ...

U
*

Because we will be working frequently with the residue classes

mod p-!. wo £hall fix the notation, m = p-1.

We proceed with this chapter in the following manner. Firstly, we

shall define our pseudo primary operations. We will relate them
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to existing homomorphisms of cohomology in Fp’ namely those of
Hubbuck [22] and [24], and we shall derive some basic properties.
Next, we will define an algebraic pyramid of higher order operations,
"cenerated" by the repeated divisibility of these non-natural
homomorphisms. The result will be a pyramid of operations that

will relate closely to the pyramid system of [27] and [8]. Follow-
ing this, the dual theory will be developed and the relation to

the dual of [27] shall be established. It will be shown, moreover,
that these algebraic pyramids contain, as special cases, certain
operations of [18]), [26], and [17] when they are applied to spaces

in our p-torsion-free category, Fp

§2. The Pseudo Primany Cohomology Operation.

Before we can define our pseudo primary operation, we must make
several observations about K-theory in our category, Fp. We know
from [6] and [24] that p-localised unitary K-theory, that is to
say, the extraordinary cohomology theory defined by the spectrum,
BUQP, splits up into a direct sum of K-theories, one for each of

s, where the

N .
the mod m residue classes. Thus, we have BUQP =8 BUQ;

sum runs over all residue classes: 0,1,...,m=1. This gives us
K(X) = @ K(X)(i) (summed over the same classes), the splitting

of the K-theory induced by the splitting of the defining spectrum
(see chapter II). Such a decomposition of p-localised K-theory is

. . kK ..
respected by the action of the Adams operations, Yy , and 1t 1induces

a mod m residue class splitting on the skeletal filtration, (3,1, 1).
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The following theorem, which is due to Adams and Hubbuck ([6],

[8], and [24]) makes this more precise.

3.2.1 Tlicetem: There is a canonical direct sum splitting,
i m-1 (i) . (1) .
K(X) = + K(x) such that: (i) each K(X) is closed under the
i=0
action of Y% for each k € %; (ii) the associated graded group is
. ) . (l) )
)(l)ﬁlkd4(x)(l> =G, K(X)"""and it equals the

defined by:KﬂT(X
usual ("unsplit") associated graded group, G, | K(X), if and only
ifn=1inmodm. Ifn#1mod m,(h“K(X)(l) = 0.

Now, given that the p-local K-theory breaks up into m summands, we

may consider the associated split local cohomology. This 1is

rela*ed to the split K-theory as follows:

3.2.2 Prepesdtici: There exists an isomorphism, J : HEV(X) - K(X)

for X € Fp such that: (i) J(H2n(X)) c Kmn(X); (ii) the composition

(x) ¥ 5

of J with the quotient map, I : K2n(X) - K, ( X)/K X),

2n 2n+1

is *he identity map on H2n(X); (iii) we may decompose J into a
n

. } .
direct sum, such that J(l) : Hgn(X)(l) - KQH(X)(I' where

(i

II-P

i -
g (%) ic defined by K, (X y(3 /%5 4, (X ) (1),

. 2 i) . .
Paccp: Let x,...Y, be a basis for H n(X)<l’ for some fixed 1,

4

(i

0 < 1 < m-1. Corresponding to the Xj (1 < j <t) are elements, quﬁKgn

of exact filtration 2n such that Ié;‘(u.) = Xj' Let us define

J
j < t. Now define J = # J(l) over all 1,

| A

by x. - uJ. for 1
0 <i <m-1 .This gives us, in view of (3.2.7), the desired

results. u]

)
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From this point onward, we shall only consider "splitting isomor-

phisms" of this form, namely, those J's that satisfy (3.2.2).

Now we are in a position to define our pseudo primary cohomology
ocperations. These will be homomorphisms on cohomology groups
defined on and evaluated in HeV(Fp), the subring of H* with even

grading and arguments taken from our category, F
p

3.2.5 Defindition: Let J be a splitting satisfying (3.2.2¢) and

2n +
let U be any element of H™ (X) for X € Fp and n € Z , the non-
negative integers. Then, for each q > 0, we define a pseudo

primary cohomology operation of degree g, by pq Chn+qm J{u).

2n( 2n+2qm(

We shall denote this operation by Og : HO(X) » H X).

Here chS denotes the component of the Chern character in dimension

2s. By convention, we set Og(u) = 0 for q < O.

There are several things we wish to point out about this
definition. By (2.4.13), the value of p? ey (W5 which will
. . B VLS 1! . .

lie 1n HY e (X), is integral mod p. We may, consequently,

identify this rational cohomology class with a Qp class under

the homomorphicm, 1;1

Seconily, we know that o € Kgn(X)/K (X, since X was chosen

cn+
from Fp' Thus., J(u) is a virtual vector bundle that is trivial
over the {In-1)-skeleton of X and, consequently, we are free to

invoke Theorem 2 of [2] without requiring that X be (2n-1)-

connected.
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A third point to be noticed about (3.2.3) is that J(u) lies in
K(X) despite the fact that X is in Fp' Although 7 itself could
well be an infinite complex, the element, u, will always be
taken from some finite cohomology grading, 2n, of X. Thus, we
shall only be dealing with finite skeleta at every point. This
justifies our use of ordinary K-theory as opposed to K-theory

(see [12])even *hough we are working in F

It is well known that the Chern charactcr is a homomorphism and
so., quite clearly, our pseudo operations must be homomorphisms,
as well. Of course, J need notbe a ring isomorphism, a priori,
and so we are not free to conclude that, in general,

(v v) = % Oi(u) U Og(v).We shall return to this point in

1+3=q
chapter IV, §3, below.

]

C_."(_]

One thing, further, to observe is that, by (3.2.2) and (3.2.3),
one can conclude that the cohomology homomorphismn, Og, respects

. . *
the mod m residue class splitting of BUQP and thus of H (X).

3.2.4 Proposctici: For X € Fp’ the following diagram commutes:

q 42
H2n(X) OI H2n qm(X)
' 1
O* l Q*
ton qu Jn+Zqm
H (1) 3y HZ (x)
P D

Provf: This is a direct application of Theorem 2 of [:2].
Aprlying *he theorem to(3.2.3) gives the result.

(Here and throughout this paper we denote by ¥, the

canonical anti-automorphism of the Steenrod algebra [30]. More-
over, we shall always take PY to mean ngq in the case where

p=2.) O
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The vroperty that will turn out to be very useful in the evaluation

q
J

following manner. Let X and Y be spaces in Fp and let £ : Y = X be

of higher order operationsderived from 0 1s established in the
a morphism in this category. We may choose splittings of the
proper sort (i.e. those satisfying (3.2.2)), J and L, say,

. ev ev . .
taking H "(X) -» K(X) and H "(Y) -» K(Y), respectively. We define
a homomorphisnm 6JL by requiring the commutativity of the

following diagram:

(3.2.5) H

ev L
H(Y) —— 5 K(Y)
As J and L are both isomorphisms,this homomorphism 6JL is well defined.

\]
Thus., by (3.2.5) we have LéJL = {°J. Taking the Chern character

of both sides of this expression we get:

¢ = :
(3.2.%) ch L6JL ch §°J.

Recalling that the Chern character is a natural transformation

of cohomologs functors, we may write (3.2.6) as:
(3.2.7 ) hLf. = ¢%cnd
3,207 c I .

Pecause J and L were chosen such that theyssatisfy (3.2.2),

that is, such that they respect the direct sum splitting of the
FK-theory, (3.2.5) must commute for each residue class,

mod m = p-1. That is, for some fixed n and some J € [o,m=-1] such

that n = j(m), we gol. the following commutative diagram:



1 2n L
(3.2.5") H™ (X y K, (X)
610 6
S LG SIS

i 7 “on

SIS A2 SN € A e ¢ (1))
Now, by (3.2.1), hL;’n+1 T oon+2 2n+2m
Thus 6JL can be written as a sum of linear maps:
(3.2.8) 6JL =.Z 6i

1>0
*

where each éi raises degree by 2im and where 60 =4

Now, for any fixed n and q we may consider the component of (3.2.7)

in the dimension 2n+2qm:

*

(3.2.7") ch L6y = 6

ntqm Chn+qm

% and substituting

Multiplying both sides of this last equation by p
in the value for 6JL given us by (3.2.8), we see that we have proved

the following important formula which measures the deviation from

naturality of our pseudo primary operation:

3.2.9 Theotom: Unler the above hypotheses:

2n( 2n+2qm(

x q ..
q _ gq-1 1 .
§ o= % P o 5q_i : H(X) » H 'Y).
Modulo p, of course, (3.2.7 ) reduces to a statement of strict
. * q q ,* . ) .
naturality: p}§ 07 = 04 O] § . In view of (3.2.4), this is
hardly surprising since the reduced Steenrod powers are strictly

natural and, consequently, 'genuine primary cohomology operations".

We end this section with a proof of the correspondence between
our pseudo orerations and the cohomology homomorphisms of Hubbuck

([221 and [2b]) which we shall define below:
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+
3.2.70 Theowom: Let X € Fp and let w € Hgn(X) for some n € % .

Then, eg(u) = Q%(u) of [22] and [2V].

.

Provd: Define a map, © by requiring strict commutativity of the

J
following diagram:
ev ®§ ev
(3.2.77) H (X)) ——s H(X)
J J
\Z ka
K(X) _» K(X)
From (3.2.11) we may conclude, after applying the Chern character,
that
(3.2.12) ch 57(w) = ch T ®%(u), for all k € 2.

J

In [22] and [2L] Hubbuck has defined homomorphisms of evenly graded

Qp—cohomology, Qq and Sq, in terms of this map, Ok In [2L] (see

J J J’
2.8 and 2.9) it is shown that, for a given x € Hgn(X) and a given

J and k, one has the existence of a unique finite set of elements,

. . 2n+2im v -1
X 1 <i<t, with x; € H (X) such that x = iim P X
satisfies @?(X) = k"x. Hubbuck then defines the homoﬁorphism
s} CgeR(x) - mERTEAM () by Xq ¥ X, The homomorphism
Q} : Hgn(X) - H2n+ﬂqm(x) is defined by the requirement that SJ(t)= Tt
and QJ(t) = Eotng be formal inverses. Moréover, it is shown (see 20
2.10 of [Eh]?_fhat @? =k’ ¥ = (1/p)q s}l(km/p)r Qg. Now, fixing

g>0 r>0
a q and restricting our attention to dimension 2n+lym and substituting

in the value for @;(u), the right-hand side of (3.2.12) becomes:
n 3 q-a g-a .4, m, \a
(3.2.13) ch J{x ¥ 8 (1/p) QJ(k /p) (u)}.

n+am a=0 J

Expanding this further gives:

(3.2.14) 1/p* ch qu{knsg(u)+kn+qu_1Q1(u)+...+kn+me§(u)}.

n+ J J

On the other hand, the left side of (3.2.12) becomes [3]:

dq4
SJ
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n+qm

(3.2.15) k nqm

Now, multiplying both (3.2.14) and (3.2.15) by pq and equating

.. +
the coefficients of k" an of both sides gives:

. Q) = a
(3.2.10) eJ(u) = chn+qm J QJ(u)-

But Qg(u) is, by definition, a (2n+2qm)-dimensional Qp-cohomology
class. The theorem follows from (3.2.16) after recalling that
Chn+qu of a Qp—cohomology class in dimension (2n+2qm) must be

just that class itself, namely Qg(u).

This completes the proof. DO

§3. Higher 0xder Coliomolegy Operatoons.

In this section we shall define an algebraic system of pyramids

of higher ord.r cohomology operations in the sense of Vaunder [27]

based 'uon "sums' of pseudo primary operations of the form , ‘gOOj
i=

As such, we will be building a system of pyramids for spaces in

the caterory, Fp' Tt will be shown, moreover, that when we restrict

a particulsr pyramid of lMaunder's [28] to this category, it will

coincide,modulo indestorminacy, with those we construct below. Let

us begin by establishing some notation.

3.3.1 Dejnditions: (1) Let {ui} be a vector in the Qp-cohomology

2n+2im(

of somo spiace, X € Fp’ where € H X) for i between 0 and

some riven non-nogative integer, M, and where n is some fixed
natural number. For a given q@ > M > 0, we shall denote a sum of

pseudo primary cohomology operations of degree q and type M by
M .
the expression, L Og_l,
1=0
S+l
(! qm(x).

defined upon a vector, {ui}, and taking

valu-s 1in
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(ii) Let {ui} be a vector in the cohomology of X as above. Suppose

M .
) . A0-1 _ . n+2qm
that 'X OJ ui = in 1 1 (X) and that Yy is divisible by
N-M-F Y
p Tor some integer N > M. Then we shall say that [J,{u.}]
i

is a (q,N,M)-pair. (In particular, any [J,{ui}] is always a (q,N,N-1)-pair.)

Before we rigorously present the construction of a pyramid based
upon the sum i Oq—i isti i
s J > ve offer a somewhat more heuristic discussion
1=0
of our method of procedure. The general idea is as follows. Assume
we are given a vector, {xi} (0 < i < M). in the £ -cohomology of
- r
some space, X € Fp. Suppose, moreover, that there exists a splitting
isomorphism, J, such that [J,{ui}] forms a (q,N,M)-pair for some
Qp—llftlng, {ui} of the given Zp—vector,{xi}. That is to say, we assume
the existence of a splitting, J, and a Qp—vector, {u.}, which
i

reduces to {Xi},modulo D, such that the image of the sum of type

. -1 . .. -M-
1" and dcgree q, I Gg u; =y, is divisible by pN M-1 in'H2n+2qm(X).
1=0

P N-M-1 . . . .
Consecquently, dividing if by p M 1s a valid operation in the
context of Qp—cohomology. Performing this division and then
reducing to Zp~cohomology gives the coset value of our cohomology

operation of order (N-M) acting on the vector {xi}, We denote this

by:
M .
,M o g-i N-M-1 N,M
(3.3.2) N {x.;} = p*[(iio 07 u;)/p. ]/Q(rIvq )

where J and {ui} run over all possible (q,N,M)-pairs associated

to the vector, {xi}, in the sense described above.

. . . . t
We make several recmarks concerning this description of an (N-M) h

order operation. Firstly, one should notice that the value of
@N’M {xi} is not without indeterminacy, since choices were made

in its definition. Variation in Qp—representative of the given
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Zp—vector and choice of a splitting isomorphism generatec this

indeterminacy. Just as all, more classically defined (see chapter

N,M

II) higher order operations, @q will be evaluated in a coset

space, the range modulo the indeterminacy, Q(@E’M). It will be
N,M, . . .

shown that the value of Q(@q’M) is the image of the operation,

N,M+T

®q . It shall be demonstrated, furthermore, that every element

in the indeterminacy can be explicitly realised in the sense of
(3.3.2). As a result, we shall be able to conclude that any element
of the kernel of QS’M can be represented by an explicit (q,N+1,M)-
pair. In this way we shall inductively construct a pyramid of higher
order cohomology operations, {Qg’s},with g>N>r >s >0, such that:

+1
S & Cok QQ’S .

r,s 1,

(3.3.3) 9 Ker ¢
q q

This will be a pyramid shaped collection of operations with a

bottom row consisting of primary operations, a second row of

secondary operations, a third row of tertiary operations, and so

on, up to a peak of a single Nth order operation. Domain and range

of any operation in the pyramid will be found in the kernel and

cokernel, respectively, of operations in rows lower in the pyramid.

Before we proceed to make this precise, we establish some definitions

and notations.

3.3.4 Definitions: (i) We shall denote by V a countably infinite

direct sum of free cyclic ® -modules, @ v . Each V is
P -t t:n t,n
1n,tesd
fittered vy V. =v0 =v! =...=ven Sy oo yitn
Y 't,n t,n t.n t,n — t,n ?

t . . .
generator, Cé, in exact filtration, 2n.

(ii) Similarly, we shall write W for the countably infinite direct

sum of the associated free cyclic graded § -modules, & wr ,
P n g€zt on

2n+l ~ 2 . .
n = v". We write gt € w2n for the image of ¢_ under
t.n n t,n n

2n 2n
. = \Y%
lkm Vw{tm
the action of this isomorphism. We set Wik = 0 for all k # n.

2
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(iii> We define a Chern character ch : V> W 8 § by

t _ .t t .
Cn = En 8 1 and chn gn = 0 for s > 0. We define ch universally

ch
n +s

by extending linearly.

3.3.5 Remanhks: (i) V might be thought of as a direct sum of copies

of K(s™™) ® q_.
P

(i1) Similarly, one might think of W as a direct sum of copies of
~2n

2n
H S ® .
2 (s7) Qp

(iii) The purely algebraic formulation of (3.3.4) is, of course,
perfectly serviceable for our purposes. Nevertheless, the reader
may find the geometric interpretation, given above, easier to

work with and more elucidating, in view of the fact that the

algebra was motivated by the geometry.

3.3.6 Definetions: (i) We extendour notion of splitting isomorphism

in the obvious way J : HeV(X) & W > KO(X) ® V. We restrict our
attention, however, for all of what follows,to the case where
J(gt) = Qz for "almost all" n and t. That is to say, we only

n
consider splitting isomorphisms in which J(Ez)

t .
=7 , with only
n
finitely many exceptions.
(i1) Let Ez be one of the finite number of exceptions in the above
sense. We shall then say that J crosses Ez. The name was chosen to

reflect the heuristic notion that gz was allowed to "cross over

the direct sum'" under the action of J.

Before we procecd with the construction of our pyramid, we record

the following lemma for later use:

3.3.7 Lenma:  Let J be a splitting isomorphism for X € Fp' Suppose

further that {gi}, 1 > 0 is a collection of linear maps,
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a; : w(x) - noNTEIM(X) with g, = the identity map. Then the

{gi} determine (uniquely) another splitting, L, for X
such that J(u) = Lgi(u) in exact filtration 2n+2im, for all non-

2n
zero w € HT (X), for all i > 0 and for all n > O.

Proo4: Given such a collection of maps we obtain an automorphism of

ev(

filtered groups, I g.': H X)-*HeV(X) (see (3.2.9)). We define

1>
our new splittingi—i, by L = J(.Z gi)—1 CHTU(X) > K(X).
1>0
Let us now suppose that we are given positive integers, n, N and
q with g > N > 0. Suppose, MmOreover, that we are given a space,
X € Fp’ for which at least one (g,r,s)-pair exists for all r and
s in the range N > r > s > 0. With this fixed notation we proceed

with the inductive construction of the pyramid of cohomology

operations, {@g’s}, which acts on the Zp—cohomology of X.

3. 3.8 Constwet{on: (i) The first step is to construct the '"base"

of our pyramid. This will consist of primary operations of the

form, @E’r_1, for 1 <r <N, defined on vectors in the Zp—cohomology

of ¥. By virtue of (3.3.2) and (3.2.4) we have:
r-1 . r-1

= 3 yP¥*t . e HZ

4 i=0 i=0

- +21 +
¢r,r 1 2n 21m( 2n 2qm(

X) - HZ X).
p

This is defined for any Zp—vector and has no indeterminacy.

3.3.8 - (i{. The Second Orden: Next, we explicitly calculate the

second to bottom row of our pyramid, comprised of secondary operations
r,r-2 . . . )
of the form, ¢q , for 2 <r < N. Let us pick an r 1n this range

and consider the resulting operation of degree q, type r-2 and

order 2.

This secondary operation will not be universally defined (as 1is

true of all higher operations - see chapter II) but will have as
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r-2 A .
. n+2im,
domain some subset of ® HZS (X
i=0 N
of vectors, {xi}, that 1ift to Qp—vectors, {ui} which form

). This subset will consist

(q,r,r-2)-pairs with some splitting isomorphisms. That is, {xi}
is in this subset if there exists a splitting J, such that
[J,{u.}] is a (q,r,r-2)-pair and where {p;ui} = {xi}. This is

i

evidently equivalent to the condition that {xi} lie in the kernel

. . r-1,r-2
of the primary operation, ®q .

r-1,r-2

Let us then choose a Zp—vector, {xi} € Ker ¢ . By definition

we know that there exists at least one corresponding (q,r,r-2)-pair,
r-2 .
- ~n+2qm
[4,{u;}]. Thus, we have p [( T og * ui)/po] =0€ Hzgn 2a™yy. 1t
1=0
follows that the sum within the square brackets i1s divisible by p

within the context of Qp—cohomology. We define the secondary

operation by the result of this division and, modulo the indeter-

r,vr-2
)

minacy, Q(CDq . we get:
r,r-2 s q-i 2n+2qm
o > T {x.} =po'l(I 0 u.)/pl € HZ (x).
a 1 * i =0 J 1 P

The indeterminacy is computed as follows. We note, firstly, that

r,r—2)

Q(®q has two sources, the choice of Qp—lifting and the choice
of splitting isomorphism. That is to say, our secondary operation
is well defined only up to choice of (q,r,r-2)-pair. Let us suppose,
then, that we have two {q,r,r-2)-pairs, both representing the same
Zp—vector, {xi}. We denote these two pairs by [J,{ui}] and [L,{Ui}].
Let us consider, firstly, the effect of choosing two different Qp—

'

liftings. By assumption we know that p; U, =p, v, = Xs for all

i € [0,r-2). Thus, for all i in this range, we have:

(3.3.9) v, = pw,
2n+2i . . . .
for some wi € g 1m(X). Applying our homomorphism to this relation,
we get:
r-2 -3 r-2 . r-2
(3.3.10) 0¥ = oz e%TMy. 4 p I 0% 1w
_ J 1 J 1 . J 1
1=0 1=0 1=0
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Let us kecep Lhis in mind and turn our attention, for thec moment, to

the other source of indeterminacy, the choice of splitting izomorphism.
Let L be another splitting isomorphism. Applying (3.2.9) to the right-
hand side of (3.3.10) to change from J to L (here X =Y and ﬁ* = 60 =

the identity map) and considering the result modulo p2 gives:

r-2 ; r-2 - r-2 . r-2
(3.3.11) ) o%‘ v, +p I e%‘l' fu. +p I e%‘lw.- I 05 u-
i=0 i=0 Y i=0 =0

This vields, modulo p2

r-2 5 5 r-2 5 r-2
(3.3.12) I [og ui—Oq vil=plt 0% tw, + =

L

-3 =1
op vyl
1=0 1=0 1

0

Recalling that [J,{ui}] and [L,{Ui}] were both assumed to be
(q,r,r-2)-pairs, we see that theright-hand side of (3.3.12),
when divided by and reduced modulo p, €Xpresses the difference
in ¢r,r—2{xi} when defined using different pairs. That is to say
r-2 r-2

y oY N (o) + =
. L .
1=0 1=

r,r-2
)

(3.3.13) Q¢
q

= Im o'[ 03311y = m 672777,
* L q

0

where L ranges over all possible splittings and, consequently, where

2n+2(i+1)m(

Vi ranges over all values in H X).

Conceguently we may conclude that:

r-1,r-=" 2n+”21im

-2 2 - 2 -
(3.3.14) 5T 7% Ker ¢ c @iz (X) - Cok @Z’r 1=}mén+2qm(x)/q(¢g’r 2.

q q

3.3.8 {({({. Intewnezzo: The fact that a primary operation is fully

determinate is reflected in the relative simplicity of the

definitions of first and second order operations. For orders three

and higher, the situation complicates somewhat. In order to deal
properly with this increased complexity we must have a rather

tighter grasp on the indeterminacy. The following series of lemmas

and propositions is dedicated to this aim. By way of preparation we fix

seme notation: as always X € Fp 5 T=w*e %b; we shall change our notation and
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. L. , . .
wrlthgi ll]plwﬂ"of'gt ;xi andgﬁ»w1ll always be elements 1n

' n+im
H22n+21m(x)€BW?n+?im where W denotes % +an; Uyy Vs 0y and z, will lie in
HOOAM () g 20RO, X, denotes thet§21et of X, in
HZ2n+2im(X) ® w2n+2im/w2n+2im; ny and 8 will always be elements
of wMPIM. 5 ¥ 1 and T will denote splittings.

* *
The next scveral results will take place in the context of H (X) & W .

. 2
3.3.15 Lemma: Suppose we are given a non-zero class, mod p, uOEIH B(x)

together with a splitting, J. Suppose, moreover, that we are given

a collection of s vectors each of length r, {vg}, together with s

2n+2im(

splittings, K. Say vl € H X) for 1 <i <rand 1 <J < s.

i

Then, there exists a splitting, L, such that

a, - 0%, 4+
OL“O OJuO ‘

S
J=

r . _i .
r prol; ui.
=1 K’

112

Procf: By (3.3.7) we see that it is sufficient to determine the

maps, éi’ which will, in turn,yield a splitting, L, such that
s ..

L= % J§.. We define §.(u.) to be SRl kI, for 1 <i <r
. 1 10 . 1 -7 -
1>0 J=1

and 5i(uo) = 0, for i > r+1. Linearity then defines 6i on all

multiples of .. We now set 6i = 0 on all elements which are linearly

0"

independent of u., for all i > 1. This defines an L with the desired

O,
properties. o

.

3.3.16 Lemma: Suppose we are given a on-dimensional class, Wy s

together with two splittings, L and J. Then there exists a class,

Vs together with a splitting, K, such that Juo = Kuo and such that

s [ o] g-1
Ofu, = Ojuy * P Op Vg

. -1

Prook: This follows from (3.2.9) and (3.3.7). Writing J L as zﬁi
-1 t . =1

and K J as Zgi we set U1=51u0+g1,Now define gi(v1)-—K J6i+1u0’

for all i > 1. Linearity now defines g; on multiples of v,. Set

1
g9; = 0, for i > 1, elsewhere. This defines a K for us and gives the

result. D
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3.3.17 Puoposition: Let {ni}, -1 < i <r, be given together with

a splitting L. Then, there exists a vector {ui}, 0 <i<r+l, and

a splitting, K, such that:

L 1

r . +
(3.3.18) ¢ o¥tn.=p I ©
i=-1 i=

Proof: Choose a J such that it does not cross n. for all appropriate

1

. -1+ -1 -i+1
. Then by (3.3.1 h et = gty + el
i en by (3.3.16) we have 0f ng_y = PO U, + 07 n,_, for each

[3

i € [0,r+1]. This gives the result. a

Now we establish the converse to (3.3.17):

3.3.19 Proposition: Let {ui}, 0 <i < r+l, be given together with

a splitting,K. Then, there exists a {ni}, -1 <1 <rand an L

such that (3.3.18) holds.

Proof: Choose a J and a vector {ni},°1 <1 < r, such that none of
the n, are crossed by J nor are any n. = 0 (mod p). Now we may apply

(3.3.15) to get the result. )

3.3.20 Propos{ticn: Let {xi} and {yi}, 0 <1i<r, be given such

~2n+21 . .
that x;-u. € Fen 2IM tor each appropriate 1. Let {ui} and {ui} be

@ -representatives of {xi} and {yi}, respectively.
b
Suppose, moreover, that we are given two splittings, J and K.

Then, there exists a vector {yi}, -1 <i<r, and a splitting,L,

such that:
T . T . .
- -1 -i
(3.3.21) 3 o}y, = % [03"u, - 0 v, ]
i=-1 " i=0
-1 q-1 _ gq-i-1_
Proof: Ry (3.3.16) we have 03 w; - O, u; =P 0. 7 I for each

i

i€[o,r]. Moreover, by hypothesis, we know that u.-v. = n;tRY; for

some appropriate Ny, Wy where i € [0,r]. Consequenlty, we have for each
i€fo,r]:

-1 g-i _ - g-i q-i q-i-1
[eg -0 vyl = op 'n; +p O W +7 eLi Ziprt
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Lot L= 8L, foroall i € [0o,r].

The resulting L is a splitting because the pleces can b«

made to Le linearly indecpendent, if they are not already

so, by adding appropriate elements from W*. Let us choose a vector,

(e

, -1 <1 < r such that K does not cross it. Then, suppressing the

t's and taking sums we get from ourabove expression:

r . . r-1 . .
q-1 q-1 _ oat! q-1 q=1-1 q-i-1
L lo . -0 .] = + g+ C+E. > .
i—_-O[ J ul K Vl] OK 5_1 p@%JO iio[OK (nl+£1)+pOK W1+1+pOL z
q-r q-r-1
+ +
Op (nr E,r)+p0L Zq

Writing v _, = &

. and Y; = ni+£i for 0 < 1 < r gives the result as a

-1

consequence of (3.3.15).

Conversely, we have:

3.3.27 Pueposdtion: Let {xi}, 0 <i <r, be given together with a

Qp_representative, {ui}, and a splitting, J. Suppose, moreover, that
we are given a vector {Yi}’ -1 <1 <r, and a splitting L. Then, there
exists a {Ui}, 0 <i < r, with a representative, {Ui} and a splitting,

~2n+21
K, such that X, -y, € §EH2IM 14 such that (3.3.21) holds.

Procf: Choosing a vector, {EE}, 0 < i < r such that J does not cross

it and applying (3.3.17) we may write:

r q-i r q-i r+1 q-i r q-i
o0 Tyy - Toyup=p I Op 0z - b O (u-€:).
1=-1 1=0 r 1=0 1=0
By (3.3.15), this equals I Og—l(éi—ui) for some splitting, K.
1=0

Setting v =—(€i—ui) gives the result.
a

2.3.73 Rematk: What (3.3.20) and (3.3.22) tells us is that given a

coset, {Yg}, 0 < i < r, then there exlists a vector, {Yi}, -1 <1 <r,

together with a splitting, L, such that

r

. . r .
' Q-1 54-1 - q-1
(3.3.24") izo [eJ u; = O ui] ii oL Y5>

where {ui} and {vi} are any two Qp—liftings of Zp-vectors, {Xi} and

1+1

]
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{gi}, representing {?;} and where J and K are any two splittings.
Moreover, given any such {Yi} and L there exist J and K together
with {ui} and {Ui}, two Qp—liftings of representatives of {ié},

such that (3.3.24') holds.

The two earlier propositions, (3.3.17) and (3.3.19) tell us that
given an L and a vector, {Yi}’ -1 <1 <r, there is a K and a vector,

{Zi}, 0 < i < r+1, such that

r+1

r .
(3.3.24") T ol =p ¥ 0¥z,
=1 L 1 =0 K 1

1

and conversely. Consequently, beginning with a coset, {Yi}, 0<ic<r,in

r . . r . r .
’“+ ~ ~ ~
® [HZCD 21m(x) ® w2n+21m] / @ w2n+21m T 8 H%2n+21m(x),
i=g P i=0 i=o P
we may conclude that
r g-1 q-1 e+ q-1
(3.3.2h) T oloy u, -0 vl = Ioog Tz,
1=0 1=0

where {ui} and {Ui} are Qp-liftings of Zp—vectors representing {%;}

and where any two of the pairs: [J,{ui}], [K,{Ui}], [T,{Zi}]

‘determine the third. Now we are in a position to keep track of the
indeterminacy in a rigorous fashion and, consequently, may proceed with

our construction of the higher order operations in the pyramid, {¢Z’S},

3.3.8 - (v. The Highet Ondens: Now we shall proceed with our induc-

tive definition of a pyramid of higher order operations. We shall

1,s

. r,s r-
define a linear homomorphism, & 7, on the kernel of @q , a sub-

s
group of & HZ X)
i=o P i

S ~on+01 S op4nd
& [HZ X) @ w2n 1m]/ o w2n 21m.

2n+21im
( -
o P i=0

~

2n+2im<

This last identification will be tacitly assumed in what follows

and we shall not explicitly distinguish between a vector,

s .
{Xi} € @ H22n+21m(
i=zo P

X) and its associated coset, {;i}- When con-
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. * . .
sidering ranges., we shall identify HZP(X) with the obvious sub-

group of HZ*(X) ® 7*. With these identifications in mind we shall
p
define an operation of degree, q, and order, (r-s):

S .
- 2n+21m r,s+1
(3.3.25) cb;’s . Ker o775 @ H2 (X) > Cok @, _

i=0 -

2n+2qm(

r,s+1
= HZ .
p

X)/Im ¢
)/ a
Orders one and two have already been defined and clearly possess,

together with (3.3.25), the following properties:

(3.3.20) Ker ¢ °° < Ker ¢r-1,s’
q - q

s+ 1

(3.3.27) Im ¢g,s > Im ¢Z’ (the precise interpretation of

this statement will be given below) and

S

(3.3.28) Let {;i} be a coset upon which ¢ is defined. Then there

T
q
exists a Zp—vector, {Xi} representing {Ii}, which in turn has a Qp—
representative {ui}, together with a splitting, J, such that [J,{ui}]
forms a (q,r,s)-pair. Modulo its indeterminacy, the value of this

th . . .
(r-s) order operation 1s given by:
-1 r-s-1

/P J.

@r’s{x.} =p
q i

3.3.29 Remask: For the primary case, the above conditions are

either vacuous or trivial. For order two, (3.3.25) and (3.3.26)
follow directly from the construction. We turn our attention to the
remaining two conditions. Property (3.3.28) follows from proposition
(3.3.22). Heuristically speaking, (3.3.22) tells us that our
indeterminacy is fully realisable, that given an element of a coset,

we may 'realise" that element by an explicit pair, [J,{ui}].

Property (3.3.27) is to be interpreted in the following strong sense.
. . r,s .
Given a cohomology class, z, in the image of @q coming from a

particular (q¢,r,s+1)-pair, [J,{ui}], there exists a (q,r,s)-pair,
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[L,{vi}] such that ¢g,s defined using L and {Ui} gives precisely
the same cohomology class, zZ. We see this as follows:
n+2qm(

Let z = p;[ X Oq—lui]. That is z € HZ? X) is in the image

J

r,r-1

of the primary operation, ¢q . Now we may write:

q- N q_i q-r+2 t q-r+1
(3.3.30) p T 0 u, = I 05 (pu;)+o; (pu,_,*&/. ,)+pO; (u,_4)>

where Et 5 was chosen so that J does not cross it. Applying (3.3.15)
1"-..
to the last two terms of (3.3.30) and defining a vector {Ui}’

0 <is<r-2,byv, =D for 0 <1 <r-3and v, , = pu._*E. o gives:

e
u. = '/ [ o v.],
0 . Plicg L2

where L = J in the first r-3 dimensions and is determinedby (3.3.15)
in the top dimension. This, of course, implies (3.3.27) for

secondary operations.

Lastly, we check that our second order operations are, in fact,
linear (the primary case is, agaln, trivial). Suppose we are given

two vectors {xi} and {gi}, both in the kernel of Qg,r—1

. Let {u.}
i

and {Ui} be Qé-representatives and let J and K be splittings. We

may assume that ui and Ui are linearly independent for each

i € [0,r-1], for if not we may replace u; vy ui+E§, where J does

not cross EE. So, we may define a new splitting, L, that agrees

with J on the subspace spanned by ui and that agrees with K on the

subspace spanned by vi. Now we may simply write:
r-1 . r-1 ; r-1 :
r 0¥+ oz o odtu. = oz odT M (uLHv.).
1 K 1 1

i=0 9 i=0 oy b

Now that we have seen that our primary and secondary operations

are, indeed, linear homomorphisms which satisfy conditions (3.3.25 -

28) we may proceed with the inductive step.
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Let us assume that all the operations of order (b-1) and lower in

our pyramid have been defined and satisfy the above conditions.

We shall define a typical entry in the pth row, @;’r—b, as follows:

r-1,r-b

Let {xi} be an element of Ker ¢q . By property (3.3.28), which

is assumed to hold by inductive hypothesis, we know that there
r-b b2

exists a vector, {ui}, and a J such that p;[ b Ogui/p ] is in
i=0

the> zero coset.

By (3.3.27) and (3.3.19) we have, mod p:

r-b . r-b+1 . r-b+1 -
- b-2 - - - -
(3.3.31) (% o3 ' )/pt=(c 03 Yz y/pP 3= (p = od lz.)/pb .
. J 1 . K 1 . K 1
1=0 1=0 1=0
r-b .
-1 b-2
=( ¥ 6% nl)/P .
1==1
Now by (3.3.22) we have, mod p:
r-b . r-b . r-b .
_ _ b _ -
(3.3.32) (z 0¥l - 2 ofTn)/p T = (T of L) /p° 0
L L .2 i
1=0 1=-1 1=0
T q-1 b-1 . .
Thus, T OT v, = 0 mod p . Moreover, {Ui} is also a representative
1=0

for {Yi} by (3.3.22). We define, consequently, our bth order operation

as follows:

r-b .
®r,1—b{x'} =o'l 2 Oq—1U-/pb—1]/Q(®r’r_b).
q 1 * - T 1 q
1=0
_ b+ ..
That Q(<Dr’r b) = Im ¢g’r o+l follows from (3.3.24) and so condition

(3.3.25) is satisfied. Conditions (3.3.26) and (3.3.28) clearly hold
and (3.3.27) is seen to be satisfied by a proof completely parallel
with that given in (3.3.29). The fact that this is a well -defined
linear homomorphism follows as above. This completes the inductive

. . . r
construction of our pyramid of operations, {®q’s}.

Pictorically, we may represent this pyramid, where N = 5, as:
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(3.3.33) @0 %,
%4 5! QM,O\\\fb@ QPO
L5 ge” q q %, Sy
'é’w /\5@'/'/ o1 3,0 2 o) 01'5 .
6“6 S " <D5’2 o o ‘ J"J? \)OO
X‘(\ . 00 ’/ q q @’2}2 ~
o, L 3,1 2 O~ &
((// ®533 ® ,2 (b s ¢ y ~ ‘\'S
q q q
5,4 L,3 3,2 2,1 1,0
@77 o’ o o o
q q

3.3.34 Romaths: (i) Diagram (3.3.33) represents a pyramid of

higher order operations, generated by the pseudo primary operation,
Og. Here we have takenq > N = 5 and allowed r and s to run over
all values in the range 5> r > s > 0. By (3.3.8) we see that
every operation is defined on the kernel of the operation one

step down and to the right of it and has indeterminacy determined

by the image of the operation, one step down and to the left.

For example, let us consider @5’1. It is clear that this

2 h-i,1 b
operation is defined on N Ker @ 2! = Ker ®q’ (nested
i=0
inclusion) and takes values in the coset space defined by
2 .
A 2 + +°
he B2 PYG0 /0008 = 1Py 0 e
P q P 2o q

Notice that, by virtue of (3.3.27), the indeterminacy of ol oM may
q

be expressed in terms of the image of a sihgle eperation, namely

oll>HH T
Q

(ii) The operations in pyramid (3.3.33) are natural and stable

under double suspension,as we shall see below:

3.3.35 Lemma: Let § : Y = X be a morphism of spaces in Fp'

Let {ui} be a Zb-cohomology vector on which ®;’s is defined.
* * . + . .
Then: § QZ’S{ui} = ®:’s(5 {ui}) in Hzin 2qm(Y)/(lndetermlnacy).
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Proof: We shall proceed by induction on the order of the operation,
(r-s). When (r-s) = 1, the lemma is obvious. Let us assume that
the result is true for all such operations of order up to and

including t. Pick an r and an s such that r-s = t+1. By (3.3.8)

we have:
* * * +
(1) § @ °° : Ker § o 155§ ok § o 8 1 ana
q q q
. * - * *
(ii) 2% : Ker @ 1’56 - Cok ®r’5+16
q q q
-1 + .
But QE »S and @;’S ! are both of order t and, consequently, (1)

and (ii) have the same domain and range, by inductive hypotheisis,
. ¥ 4T5S r,s,* . N
Thus, we know tha* { O and @q f are defined under *he same
circumstances and have a common value of indeterminacy. That these
*wo opera‘*ions are, in fact, equal follows from applying (3.2.9)
. . . * r,s r,s
and noticing *hat the difference of the operations, 4 @q - @q 4,

is con*ained in *he common value of the indeterminacy of these two

ocperations. This completes the proof. o

* . . :
3.3.36 Lemma: Let o be the double suspension isomorphism:

2n+2(

* 2
o : Han(X) > HE 52 X).

. N .
Then, with {ui} as in (3.3.35). we have:

¥ ros;v o _ . r,s, ¥ . 2n+2qm+2, 2
o ®q {ui} = @q {o ui} in HZp (s“A X),

modulo the indeterminacy. (We require that @;’S be defined in

{c*a.}-)
1

Procf: That domains and ranges coincide follows by an argument
similar to that in (3.3. 35). The last step is obvious.

That wv used the double suspension in place of the
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single snuspension, reflects the fuct that we have defined our

(1)

. . . 21+
operation on odd graded cohomolopy by identifying H

2142

with H™ (STA X). o

Le* us considor ‘he chain complex, C(N.q), in the sense

of [27] and [28], defined as follows:

Fick a q and an N such that g > N. Each left Ap-module, Cn

c A S

(0 <n <N) is generated by elements {cn; ch.0® Sni n.n
b 9 b

where the dimension of ¢, is 2gm+n-1 and the dimension of c s
b

is n+2(n-i)m for 0 < i < n. Define the differentials of C(N,q)

by:
n-1 q-1i
(1) d (e ) = -Blc ;) + T xP (ep i noioi)
1=0
(ii) dn(cn,i) = B(cn—i,i—1) + T(Cn_1’i>.

. . . 1
Here, B denotes the Bockstein homomorphism and T is P1B—BP (see
[30]). Let {& %}, m >r > s > 0, denote the pyramid of operations
associated with C(N,q), the mod p version of the pyramid condiered

in (2.4.14), above and [28], where it is restricted to the category Fp

- r,s
3.3.37 Theorem: Under these hypotheses, o % = @q’ , for all r and s

in the range N > r > s > 0, modulo indeterminacy.

Prooj: That the chain complex, C(N,q) is admissible follows
directly from the following four Adem relations and the definitions
of the differentials:

(1) xP% - &xPT + xPI N = o,

(2) 1t = 0,

(3) BB

I
(@
-

(4) gt + 18 = 0.
We point out that C(N,q) becomes the complex of [28] when p = 2.

(see (2.kh.1L), above.) Let us remain in this case, momentarily.
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We proceed with the proof by induction. In the category, F , it
~1,0 2 1 .

is clear that @ *> (e)=x5¢ q(€)==®q’o(€) by (3.2.4). Thus the

two primary operations agree. Let us assume, now, that all

operations of order less than or equal to s, coincide for some s> 2.

By axioms 1 & 2 of [27] and by (3.3.8), above, we have agreement

of domain of definition and image space of ®s+1,0

s+1,0
1 .
That these two operations actually agree, follows from (2.k,1L4)

and ¢

and (3.3.%). That is to say the image of both is precisely the
Chern character, divided by 2%,

-

If ®s+1,0

s+1,0
q

order operations coincide by virtue of axiom O of [27] and the

=Q , we may also conclude that any 2 such (s+1)-

~s+l+a,a

definition of @ This follows simply by re-labelling the

modules in C(N,q). This completes the proof for p = 2.

The mod p case, for p odd, is shown in precisely the same way.
Here, in place of (2.L4.14), we use the mod p version of this
theorem. This states that the image of the nth order operation,
%n,“ is just the relevant Chern character divided by pn_1 (see
§1 of [28]). This is proved in a fashion parallel to that of

(2.4.14) (see [28]) but with the mod-p split BU spectrum (see

(3.2.1), above).

This completes the proof. O
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Procf: This follows directly from (3.2.10), above, the definition,
(3.4.1), and the fact that S} and Qg were defined to be formal

inverses. See [22] and [2L]. D

3.4.5 Cowollany: Let §, J, L, X, and Y be as in (3.2.9 ). Then

we have the following formula for the deviation from naturality

of our dual pseudo primary operation, 6%:
— 3 g —i 2n+2qm
L 1=0 g-1 J

Let us consider X and Y € Fp which are 2N dual to one amther in the

sense of [35]. Let J be a svlitting isomorphism for H®V(X) and define Y, a
. . nev . _
splitting isomorphism for H (Y), by the expression (Ja,c)K =
(a,ﬁ_]c) where ( , ) is a pairing coming from the duality in
cohomology and where ( , )K is the corresponding pairing in
K-theory (see [37] and [25]). Here we have chosen elements a € He ' (X)
and c €K(Y). Let us fix, in addition, the element beRTV(Y). Let x
be defined by the duality pairing: (x OE b,a) = (b, Og a), with
J

a,b,c in suitable dimensions.

3.4.6 Thectem: With these hypotheses, we have

ol = et 03 = ol
(J xOJ and OJ xOJ.

Proof: We shall consider the primary cohomology operation,
(6§—xog) and show that it must be the zero operation for gq > O.
As we shall see, this is actually a "proper' cohomology operation

and not pseudo in the sense of (3.23) or (3.4.1), as 1t is

natural with respect to morphisms in Fp.

Y]
Let L and L (related to one another as J and Y were) ve another

"pair'" of splittings and let X' and Y' be another 2N dual pair

of spaces in Fp. Consider the diagram:
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(3.4.7)

Here, we have simply taken two copies of (3.2.5) and pieced them
together.

Let a', b' and ¢' be elements of H- (X'), AeY(

Y') and K(Y')
respectively (again in suitable dimensions). Then, by construction
we have:

(3.14.8) (f.a',b) = (a',§;b) where

= ~o = 7
frg = Ed; and z&L Lgy-

We shall proceed with the proof by induction on the degree of
our "operation", (Eﬁ-xeg). When q = O, this is just the identity
minus itself, the zero operation. As inductive hypothesis, let

=S

us suppose that (OJ Sy = 0 for all s < q-1.

XG5
Let us consider the effects of a change of splitting isomorphism

for this "operation'". That is, we look at:

* — —q % , —g-1 2, =2 *

a_ o9y = (3.5 _ oy q
(3.h.0) ¢ (6;-x07) = (036 -pf40p, -P 95> co)=(4 xOL)
We evaluate the right-most term of (3.4.9) as follows.

By construction and (3.%.8) we know that

*
(f x @%a',b) = (¥ O%a',z*b) = (a', o2 T*) =
L
' -1 2. .q-2
(@', (F*od - pol 7, - 702 T -...)(b)) =
J L L 2
-1 g -2
((x Ogﬁ* - pdqx G% = P hx o% ... (a"),b).

Consequently, the right-most term of (3.4.9) equals
.10 ~(x o%* - Q-1 _ 2 q-2 _
(3 ) (x 056 Pf,x Of P fox Of L)
Now, using the inductive hypothesis, we combine (3.4.10) and (3.4.9)

to get:
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(3.4.11) (@2 -y o

. e*.

4 = (09 - g 0;

L J
It follows, then, from (3.4.11) and its construction that

(6? - x(%) is, in fact, a stable, natural (and thus "proper")
primary cohomology operation on the Qp-cohomology of spaces in
Fp. We claim that these characteristics are sufficient to show

that such an operation must be the zero operation. We see this

as follows.

Firstly, let us consider the action of any stable, natural
. . *

primary cohomology operation, &, on H (Cﬁ”). Let 4 be a map from
<o .

CF toitself of any degree k> 1. Consider the following diagram,

where all coefficients are in Qp:

(3.4.12) 1 (cF) s > 1 (eF)
¢ J 6
i (CF) a B (™)

It is evident that the commutativity of diagram (3.4.12) under

the above hypotheses implies that o must be the zero operation
*
on H (CP ).

From this fact one may deduce that the action of o on the Qp
. oo o\n .
cohomology of the n-fold cartesian product of CP , (CP )", is
*
also zero. Next we deduce that o is zero on H (BU(n)) by
using the naturality of o with respect to the inclusion map
of (1" §y, pii(n). Passing to limits, finally, gives us that
*
our operation acts trivially on H (BU). To pass from here to

all spaces in the category Fp’ we consider the following:

*
(3.4.13) H(X) € g 1 (BU)

ch ch

K(X) « J K(Bu)
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Consider any X € Fp and let ¢ be an element in Hzn(X). Since
X is p-torsion free and our coefficients are p-local, we may
conclude that there is some element, x, in K{(yx) such that

n n .
P chn(x) =71y (that is to say there is a splitting

isomorphism, J, such that J(y) = x.)

Let us assume that x € K(X) is represented by some map,

g : X - BU. It is, then, clear from this construction that if
{ denotes the identity element in

K(BU), then g!({) = X. Let}f]chn(é)be some element U € H2n(BU).
Then clearly, g*(u)=pny by commutativity of (3.4.13). Thus,

for any X € Fp and any 2 € Hzn(X) (any n € Z+) we have a v € H2n(BU)

*
such that g (W)=p'z and, consequently:
(3.L.1%)  a(p'z) = pla(z) = alg (v)) = g a(v) = O.

It follews that any natural, stable, primary operation on

H*(Fp) and, in particular (6?—; x@%), must be identically

sero. The result follows. o

As with G?, the dual pseudo primary operation also generates a
system of higher order "genuine" cohomology operations over H%;.
This system, however, behaves rather differently from the pyramids
of (3.3.8). At the heart of this difference lie the two formulae
(3.4.5) and (3.2.0 ). This seemingly minor contrast gives rise

to some fundamental differences in behaviour. Let us begin by
establishing some notation:

3.4.15 Defpisdtions: (1) Let Bg_i be a direct sum of dual pseudo

1=0
primary operations defined by (3.4.1). We shall say that such
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M
a sum 1is of degree q and of type M < q. In contrast to ¥ ©
i=0
our dual "multi-operation" is defined on a single element in

q-1
J 2

2n(

+
H™(X) for X € Fp and for some n € Z . Let U be such an element.

Then this dual multi-operation of degree q and type M has, as
k M .

+2(g-
o 20 2(q 1)m(x).

i=0

value, a vector of elements in

(ii) Let ¢ > N > M > 0. Let u be any Qp—cohomology element in
M . M

- I —-1-1 N-1-M
Hgn(X) such that: @ 63 Y(u) = 0 mod pN ! % ® 6} 1(w) = 0 mod p .
M 1=0 M 1:0
—q-2-1 s N —q-3-1 N-3-
@ O} 1(u) = 0 mod pN ¢ M,@ @} . l(u) = 0 mod p 3 M,---a
i;O 1=0
“NHAHI-1 - . :
& 63 N4 Hu) = 0 mod p (recall that O; for s < 0 is defined
1=0

to be zero, identically). Under such conditions, we say that [J,u)

is a (q,N,M)-dual pair.

As above, we shall precede our rigorous presentation with a few
heuristic remarks regarding the construction of these higher
order operations. We begin with the assumption that we are given
a Zp— cohomology element, X € H%EH(X), X € Fp' Suppose, moreover,
that we are given a splitting for X, J, that forms a (q,N,M)-dual
pair with some Qé-lifting, u , of x. Then, it follows that

I .
@ 017 (y) = {Ui} 0 mod pN-M—1 and we are thus free to dividoe

J
N-M-1

Th

1=0
{yi} by p in the context of Qp—cohomoldgy. Doing so and then
reducing to Zp determines the coset value of our dual (N—M)th—

order operation acting on Xx. We shall denote this by:

M

0 o=oll® 00w/

pN-M—1
4 1=0 J

1/Q,

where [J,u] runs over all suitable dual pairs. As before, the
choice of palr generates some indeterminacy in the value of the
operation. In contrast to the higher order operations of (3.3.8).

however, this indeterminacy turns out to be reasonably straight-
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forward in both its computation and manipulation. In particular,
we shall see that Q(Eﬁ’M) is equal to the cokernel of 52’1’M.
Moreover, it shall become clear that a condition analogous to
(3.3.28) will follow directly from the form of the indeterminacy.
As such, the involved procedure required to define the "special

form" for Q will not be needed in the definition of the dual

operations.

Now, for a fixed q > 2 and a choice of N < g, we construct a
pyramid of cohomology operations, {52’5} for ¢g>N>r>s>0
in the following inductive manner. We assume, as before, that

X€eF .
P

3.4.16 Comstruction: (i) Our pyramid will, again, be constructed

“r,r-1

upon a baseof sums of primary operations: ®q for 1 < r <N.

By virtue of (3.4.15) and (3.4.3) we have:

r-1 . r-1 .
(3.4.17) T 2 e P P (x) - e mgPnrRlainy

3.4.16 . The Sccond Cnden: Before we consider the general

case, we explicitly construct the set of secondary operations

that comprise the second to bottom row of our pyramid. These will

—r,r-2

be a set of operations of the form ¢ for 2 < r < N.

Let us pick an r in this range and consider the resulting

operation. Unlike the primary case, the secondary operation will

2n(

not be universally defined. Instead, we must consider a x € HZp X)

r-1 . .. .
(x) is zero. By (3.4.15-ii) we see that this sub-

such that 52’
2n - .
group of H%p (X) determined by Ker Ez’r ! corresponds, in the

obvious way, to the set of (q,r,r-2)-dual pairs, modulo the image of p;.



Let us suppose, then, that [J,u] is a (q,r,r-2)-dual pair. By
r-1

definition, we may conclude that p;[ B 6§—l(u)] is the zero
. 2n+2(g-i)m =0 .
vector 1n & HZ (X). Consequently, we may divide
i=o P
r-" . -
by P to get oil & T17u/pl = BTT(x).
i=0 °

This operation is defined on the

kernel of a primary operation and takes values in a direct sum
r-. .
+2(g-
of coset spaces & HZEn 2(q 1)m(
1=0
will be calculated as follows.

X)/Q . The indeterminacy, Q ,

As before, we are given two choices to make, once we have an

element, X, in the kernel of 5;’r"1

, the choice of Qp—lifting
of ¥ and the splitting isomorphism to be used.

Tt will turn out that only the first of these two choices offers
any contribution to the indeterminacy. We see this as follows.

Let [J,u] and [L,v] be two possible (q,r,r-2)-dual pairs.

Thus, & and V are such that p;u = p;u = X, As in (3.3.9) we have:
(3.4.18) U-v = pw

for some W € HH(X). Applying our homomorphism to (3.4.18) we

get:

(3.4.19) i 6§-lu = ®5§—1v +p ®6§_1w for 0 < i < r-1

Keeping this in mind, we fix our Qp—representative, for the
moment, and consider the effect of a change in splitting. Let
J and L be two possible choices.Using the formula derived in
(3.4.5) in the special case where X = Y and where § is the

identity morphism, evaluating mod p2 we get:
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(3.4.20) ®5§—lu = QBE—lu +p 66162_1—1u for 0 < 1 < r-2,

Combining (3.4.20) and (3.4.19) and evaluatingmod p2 gives:
(3.h4.21 893y = g2t 0%y 4 8¢ a3 1-1
) 3 o v o+ pl or W+ 61®L v).

Now, recalling the hypothesis that [J,u] and [L,v] were two
(q,r,r-2)-dual pairs, we see, that dividing (3.4.21) by p and

6r,r-2

reducing mod p, the two possible formulations of differ

by an element in the image of the primary operation, 5r—1,r—2.

Thus we have:

r,r-2

. _ - _ _ *
(3.4.22) ) Ker @ °F71 5 cox @771 2772 = eHZ (X)/Q.
Q q Q D

Notice that the last term in (3.4.21) played no r0le in the

evaluation of the indeterminacy. This was a result of the rather

more stringent hypotheses (compare (3.L4.15-ii) with (3.3.1-11i)) that we
required in order to define a higher order dual operation. The effect
of these stronger hypotheses is that the variation in splitting

isomorphism offers no contribution to the value of @Q .

The reason why these more restrictive hypotheses were needed
follows from comparing the formulae, (3.4.5) and (3.2.9 ). In
(3.2.2 ) the application of an "arbitrary" linear homomorphism,
6i’ preceeded the pseudo primary operation. As a result, we were
free to regard the image of the composition, Og—iéi, as simply
the image of O%_i. In (3.4.5) this can no longer be done.
Failure to remove the images of the ﬁi's from consideration

would have resulted in a totally indeterminate higher order

cohomology operation.
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As remarked above, the general form of the indeterminacy allows
us to conclude "total realisability". We see this as follows.
Assuming that [J,u] and [L,v] are two (q,r,r-2)-dual pairs

representing the same X, we may reduce (3.4.21) to:
(3.L.23) o 047w - & 0%y = po Ei‘lw.

This follows immediately from (3.4.15 - ii) and (3.4.5). What this
tells us, of course, is that once we are given a suitable splitting,
we may assume that it is unique, provided it came from an appropriate
dual pair. Comparing (3.4.23) with (3.3.2L4) demonstrates that the
indeterminacy of the dual operations is considerably simpler than
that of the operations of §3. In the context of (3.4.23) it is clear
that « and v fully determine one another and that the choice of

splitting is removed from consideration altogether.

3.4.16 - ({{. The General Case: Above, we have constructed primary

and secondary operations based upon direct sums of dual pseudo
primary operations. We now propose to inductively extend our con-
struction to encompass operations of arbitrarily high order. These

will be linear homomorphisms defined upon a subgroup of HZEV(

X)
determined by the intersection of kernels of certain operations
lower down in the pyramid. The range of a tyéical operation will
be a coset space, a direct sum of cohomology groups factored out
by the image of an operation of lower order. That is, we shall
define an operation of order s+1, degree g and type (r-s) such

that:

Frr TSt o Hzin(x) > Cok Eg’r's.

r+1,r-
T8 Ker ¢
q

W3
(3.h.24) @q

=N

J=1
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Moreover, the following properties shall hold:

-Tr,S —r-1,s

(3.4.25) Im ¢q o> Im ¢q in the strong sense of (3.3.27) and

(3.4.26) If x is a Zp—cohomology class upon which Eg,s is defined,
then there exists a Qn-lifting of X, u, and a splitting, J, such

that [J,u) forms a (q,r,s)-dual pair. Modulo the indeterminacy, the
— S 1
value of this operation is given by: o °°x = pl[.® Bq—lu/pr-s-1]
q .

For the primary and secondary cases, these conditions are all

obviously satisfied. We wish, now, to consider the general case.

Let us assume, as inductive hypothesis, that we have constructed

up to and including the sth row of our pyramid. The top row, then,

~S

is made up of operations of the form Ez’r for s < r < N. Ve

—T+1,r-s

wish to construct the (s+1)St order operations, @q . To this

end, let us consider an arbitrary element in the intersection of

s )
—r+ - .. .
kernels, N o 1Lr S+J, X, say. By (3.4.15 - ii) and (3.4.26) it

J=1
is clear that we have a [J,u] which forms a (q,r+1,r-s)-dual pair

representing X. We define the coset class value of our (s+1)St
order operation by:
—Tr+1,r-s r-s —q-1i s
o TS (x) =p'l & o1 (w)/p’l/Q,
a * . J
1=0
where the indeterminacy, Q, is generated by the ranging of [J,ul]

over all possible (q,r+1,r-s)-dual pairs. We compute this as

follows. Let [J,u] and [L,v] be two such pairs. Using the same

procedure that gave us (3.4.21), above, we get, mod pS+1:

r-s _ . r-s _ . s-1 :,97"8  _q_i-i s .r-s _ . .
(3.4%.27) & Og = e Og v+ o pJ @ 6,@% Ity + ¥ pJ @ A-O% =1,
i=0 i=0 j=0  i=0 Y j=1 i=0 9

The hypotheses reduce (3.L4.27) to:

. . s=1 = ..
(3.4.28) @0} 'u = 90. v + I p3+1@5j6%'3”1w, for 0 < i < (r-s).
J=0
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This reduces further, by the following inductive process, to:

2c 2q-1, _ g7a-1 —q-1 .
(3.4, 29) QOJ u = @OL v o+ p@@% w, for 0 < i < (r-s).

We illustrate this inductive process by way of a specific example,

from which it will be evident how to generalise this procedure.

This is done in an attempt to keep the generalised notation from

obscuring a rather simple technique. Consider the case for q > N=b

and M=0. As hypotheses we have thatlgg *¥ = 0 mod p3, 62—1 *

63-2

= 0 mod p3

2 —q-
* = 0mod p , and Og 3% < 0 mod p. The symbols * may be replaced

by any J's or t's that come from (q,4,0)-dual pairs. Let [J,u] and

[L,v] be two such pairs. Under these conditions, (3.4.28) becomes:

N 33, = a¢ 5 2, 5a-1 3; ga-2
(3 30) Oju = O/v + pegw + p 61OL W+ p 620L w.

By hypothesis we have:

—q-2 _ —=q-2 =a-3 —q-2 . _ 2
(3.4.31) 07 “u =0 v+ p51eL V + pof "w = 0 mod p°.

Since [L,v] is a (q,4,0)-dual pair we may conclude from (3.

-2 ..
that 6% W= 0 mod p. Similarly:

—qg-1 —q-2 2, —q-3 —q-1 2, —q-2
(3.4.32) @] v+ pf,0] v+ Dp§0p v +pO W+ p§0]

Again, since [L,v] is a (q,4,0)-dual pair and since chy 2w

by our previous calculation, we may conclude that 6@"w

L,

g

0

31)

0 mod p,

mod p2

This removes the last two terms of (3.4.30) from consideration.

The generalisation of this procedure reduces (3.4.28) to (3.L4.22).

It is now a simple matter to deduce, directly from (3.4.29), that

. . + - . . .
the indeterminacy of or 1,r-s will be the union of the 1mages of

PTF17d5T"S here j ranges over all values in [1,s]. From (3.4.25)

Q

it follows that (3.4.24) holds for our (s+1)St order operation, that

0 mod p~.

2

3
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)St order lovel is obvious

(3.4.25) and (3.4.26) hold on the (5+1

by virtue of (3.4.09). It remains to check that our operations
are linear. This is, however, trivial since the stringent
hypotheses of (3.4.14 - 1ii) made all splitting isomorphisms

essentially the same.

This completes the inductive step and establishes a pyramid of
higher order operations which may be depicted as follows (here,

we have again chosen N=5 < q):

(3.4, 33
._5 0 OO
o2 Jb ij
q Ve, 10
S s
- —]4 3 0] —5 s 1 \\\ SO . ()]fﬁ
-4 @ @ ~ 2 S
& P a O "y,
e Oxfﬁ% ] oy
> _ — 0
2 o8 o0 3 5° @Sb N
’X«(’\Cx‘ O\ q Qq q @JS
No .
L0 g g2 g3
< q q q q
30 ! 3352 T3 o
a a q o] q

3.4.34 Remanls: (1) As with (3.3.33), we have pictorially presented

a pyramid of higher order cohomology operations for g > N=5. In
comparison with (3.3.33) the dual pyramid is reflected about a

vertical line through its centre. After this rcoflection, the
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demains and indeterminacies are computed in the same way as in (3.3.33).

That the operations in this pyramid are dual to thpse of (3.3.33)
in the sense of [35] follows from (3.4.3) and (3.2.4) in the
primary case and from (3.4.6) in the higher order cases. Comparing
the constructions of these two pyramids, (3.4.16) and (3.3.8),

one sees straight away that the corresponding elements of the two
pyramids may not always be defined under the same circumstances.
When they both are defined, however, the corresponding elements

of the pyramids do, indeed, turn out to be duals of one another.

(i1) It is clear, by construction, that all coset representatives
are realisable,

Notice that in contrast to (3.3. 8) the construction to
realise the indeterminacy of zero was not needed. For the dual
operations, total realisability of the indeterminacy follows

for op:rations of order (N-M) > 2 just as it does in the
secondary case. This is a consequence of the mod pS

congruence, (3.4.29). As was the case with (3.3.3L4-1), the
operations of (3.4.16) enjoy the property of having a "nested"
indeterminacy, by virtue of (3.4.25), and so the value of

Q(ES’L) will be precisely the image of the operation, 52_1’M.

(iii) The operations in (3.4.33) are natural and stable under

double suspension, as we shall see below:

3.4.35 Lemma: Let § : Y > X be a morphism of spaces in Fp. Let [J,ul

be a (q,r,s)-dual pair for X. Then there is a dual pair for Y,
* .
[L,f ul, and with o;u = X we have:

*_ — * S -1
§ cbg’s(x) = ¢;’S(6 x) in @ nz2*ela l)m(ﬁf)/(indeterminacy)-
1=0

Proof: This follows directly from the definition of (q,r,s)-dual

pair. a
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Similarly, we have:

*
5.4.36 Lomma: Let ¢ be the double suspension isomorphism:

* 2 +
o Han(X) - H%in 2(32A

X).

. . *
Then, with [J,u) a (q,r,s)-dual pair and [L,0 w] another:

* s -1 .
G*EZ’S(X) = Ez’s(o x) in @ H22n+2(q 1)m(S2/\ X)/(indet.),
. 1=0

- !
iere, as clove, X = PU.

3 - *
Let us consider the chain complex C (N,q) in the sense

of [27] defined as follows (where q > N):

*
< . . . .
Each C_ (0 < n < N) is generated by elements {Cn’cn,o""’cn,N—n}

where the dimension of ¢, is 2qm+N-n-1 and that of Ch is

2

*
N-n+2m(N-n-i) for O < i < N-n. Define the differentials of C (N,q)

by:
W N-1 pa-i+n
(1) n(cn) = —B(Cn+1) + i%ﬂ (Cn+1,N—1—i) and
" =
(ii) dn(cn i) = 8(cn+1 i—1) + T(cn+1 i). Here 1 is as in (3.3.37).

*
Notice that C (N,q) is the dual complex (in the sense of Theorem
b.3.1 of [27])to C(N,q), the complex of (3.3.37). Let {®£’S}

*
denote the pyramid associated to C (N,q) that is dual to

{5r,s} of (3.3.27), for N > r > s > 0. As above, the symbol , ,
signifies our restriction to the p-torsion free category, Fp

Then:

3.4.37 Theorem: With the above hypotheses, @i’s = ag,s for all

r and s such that N > r > s > 0, modulo indeterminacy.

Proof: By (3.3. 327) we see that it is sufficient to show that

62’5 is dual to @2’5. We show this inductively.

For order 1, this follows directly from (3.4.6). Assume, then,
as inductive hypothesis, that 52’5 is dual to @ °° for all r
q

and s such that N > r > s >0 and (r-s) < 1.
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Formulae (3.4.24) and (3.3.25) tell us that an (1+1) order

. <r,s . r,s .
operation, ®q , and an (1+1) order operation, @q , are defined
on dual domains and take values in dual quotient spaces.
Furthermore, the images are just dual operations (by (3.4.6))

divided by powers of p. The result follows. O

3.4.38 Remanhs:

We notice, moreover, that, in particular cases, the orerations

r,s —
of ¢ 2 and o' *°

q q coincide with several other

specific examples of higher order cohomology operations that

appear, repeatedly, in the literature. For example , in F

(1) 5&’0 is the operation ®q of [26] for p an odd prime. That is

~

s

to say, @é is the stable secondary cohomology operation associated

with the following Adem relation:
(3.4.39) (P's) P _ (q-1) 8P% - PY = 0, for p odd.

(ii)For p = 2, aijo is th of [17]) and [18). Thus, for p and q
et}
even in example (1), Ei’o is the operation associated with the

mod 2 Adem relation:
(3.4.40) Sq13th+(3q2$q1)8th—2 + thj3b1 = 0.

0

(iii)When p = 2 and q is arbitrarylai’ is the secondary operation

studied in [17), [10] and [11] (to name a few) based upon the
relation:

(3.4.41) Sq'8¢°%+(8¢ 18¢°+5¢°Sq 1)8¢°%2 + $8¢°%8¢ = o.
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(iv) Lastly, Qz’o i1s the operation coming from the dual relation
to (3.4.471), namely (2.4.8), when p = 2, When p is odd, the
defining relation is that dual to (3.4.39). These secondary
operations have been considered by Maunder in [28]. (See

Theorem (2.4.14) and (3.3.37), above.)

§5. Pyramid Maxing

We complete this chapter with a section devoted to the notion of
"pyramid mixing'". In the previous two sections, pyramids of higher
order operations were constructed determined by single pseudo
primary operations. In §§3 and 4, above, we considered pyramids,
(3.3.33) and (3.4.33), for example, determined by the pseudo

0% and o%

k I respectively. That is to say, these two

operations,
homomorphisms induced the primary operations in the bottom right
and left-hand corners, respectively, of the two above-mentioned
pyramids. In this section, we shall consider pyramids of higher
order operations determined by rather more general sorts of

pseudo primary operations. In order to make these notions precise,

we shall require some notation. We remain in the context of F

throughout this section.

3.5.1 Definitions: (i) We shall, henceforth, refer to the operations

(pseudo primary and higher order) of §3, Og and @g’s, (respectively,
5k, 6? and EZ’S) as operations of the first (respectively, second)

kind. Likewise, we shall call a (q,r,s)-pair (dual pair) a pair

of the first (respectively,second) kind.

(ii) Consider the expression:
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84 a, q,-1 S a -1 S a -1
14 2 4 t Lt
L8, p'0; © 3 B,p o .8 I B p o ,
1=0 1=0 1=0
. 1 2n+21
defined upon a vector in & H " lm(X), where 1 = max(S1,...,St),
t 1=0
and taking values in @ HeP+eqim (X). We assume that the coefficients,
1=0

Bi’ are all relatively prime to p. We shall call this a mixed sum of

pseudo primary operations of the first kind, type (S .55 degree

12 t)’

(q1,...,qt), divisibility (a

1,...,at) and with t terms.

(1iii) Similarly, we denote a mixed sum of pseudo primary operations of

the second kind, type (81"”’St)’ degree (q1,...,qt), divisibility
(a1,...,ut) and with t terms by the expression:
S a q,-1 S o, q.-1 S a -1
1 1 =1 2 ~ t —4¢
® g.p' ©. @ € 8 p-0.° & ...8 8" g poco.r’ .
v By J P Bp J PPy J
1=0 1=0 1=0

This expression, in which all of the Bi are assumed to be prime to p,

is defined upon an element in Hzn(X) and takes values in

t S .
+ -
® @J H2n 2(qJ 1)m(

j=1 i=0

X).

3.5.2 Remarhk: The mixed sums with one term, zero divisibility and

81 = 1 correspond to the sums of (3.3.1-i) and (3.4.15-1i).

In this section, we shall define pyramids of higher order
operations determined by mixed sums of pseudo primary operations.
The resulting pyramids will consist of mixed higher order
operations. These mixed operations will be of particular value
when we consider higher order Adem-like relations and Cartan-

like formulae, in the following chapter.
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No real generality is lost, of course, by considering expressions
of two terms only. Moreover, because we are working with direct sums,
the coefficients,Bi s may also be neglected. Furthermore, we may
assume without loss of generality that the divisibility of our mixed sumis
of the form (0,k). In view of these remarks, let us, henceforth,

consider expressions of the form

s : s .
(3.5.3-i) £ o}t e % pf o} ™ and
1=0 j=0
5 . S .
(3.5.3-11) @ 63‘1 o 8 pk'e"g'J
1=0 J=0

as models for ocur mixed sums of the first and second kind,
respectively. We do this in an effort to keep the generalised
notationof (3.5.1-1i&1ii) from ®bscuring the basic simplicity of

our approach.

Let us begin by defining the higher order operations that make

up a pyramid based upon a mixed sum of the form (3.5.3-1).

3.5.4 Definitions: (i) Let J be a splitting isomorphism and let

t be equal to the greater of the two integers, S and S'.
Let {ui} be a L -cohomology vector,
2n+2im(

w. € H

: X), for 0 < i < t. Suppose now, that [J,{ui}] forms

a (q,r,1)-pair and, simultaneously, a (q',r';l')-pair, both of
the first kind, for integers, r,l,r' and 1', where (r-1)-(r'-1')=k
and where 1,1' < t. Then, we shall say that [J,{ui}] forms a

(q#q', r*r', L*1')-mixed pair of the first kind.

(ii) Let [J,{ui}] be such a pair as that given above. We shall

define an operation of order (r-1,r'-1'), degree (q,q') and type

(1,1') such that its value is a coset, represented by the pair of

elements:
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1 1

-1 r-1-1 ! L

(3.5.5) pll( = 0¥ u)/ Lz o¥ gyt

* _ J 1 . J J
1=0 J=0
2n+2 2n+2q’ . .
in HZ Mx) 8 H%bn 9 ™(X). We shall denote this operation by
rer',lx1"' . .
. {x.}, where x. =p' u., for all i, 0 < i < t.

These "mixed" higher order operations also form pyramids. We shall
construct the operations in such a pyramid in an inductive fashion,

parallel to that of 83, above.

A typical mixed operation of order {1,1) could be represented by

r*r' ,r-1*r'-1

Qq*q' . This is simply defined to be:

r-1 . r'-1 , . r'-1 '

s P4l g ¥, P g pgtYEEM(y) L ppPRtRAR(y) g wzfRYEUM(y),
i=0 j=0 k=0 P P

where we have assumed that r' = r.

We shall, in contrast with §3, allow r and r' to take on values less

that 1. For operations with order (r-l,r'-1') with (r-1-1) (respectively,

rxr' ,1x1"' r',l'

(r'-1'-1)) negative, we define Qq*q' to be @q, (respectively,
@;’l) of §3. When both (r-1-1) and (r'-1'-1) are negative, we define

our operation to be zero-valued.

Let us assume, as we may do without loss of generality, that 1' 2 1.
We now claim that the remaining operations (fhose with order (a,b),
a and b > 1 and one of the two > 1) can be defined, inductively, in

a well-defined fashion, consistent with (3.5.5), such that:

1 .
1 - "_ ] +
(35.6) q)r*r',l*l . Ker q)r 1’:’!‘ 1,1*1 c & H%2n 2lm(X) .
q*q qxq = i=0 p
' ! +2qg" ' + 1
Cok @F*T SLHIXLIHT _ p20d2am ) g gpPNYEATM (g R LTI
a*q P P q*q

We shall prove this contention with the help of the following series of

lemmas. We use the notation of §3, above.
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3.5.7 Lemma: Let {ni}, -1<1<1' be given, together with a splitting,
L. Let {ui}, 0<i<1'+1, and K be the vector and splitting isomorphism
that proposition (3.3.17) produces for us such that:

1’ 1+

' s
(3.5.8) T O% .= p ©r ol u..
. 1 . K 1
1=-1 1=0

Suppose, now, that we take the first 142 components of {ni} (recall
that we have supposed that 1' 2 1) together with L. Then, the first
1+2 components of {ui}, together with K will be such that:

1 5 1+1 .
(3.5.9) Toetn=p T 0 u.
=1 i=0
Proof: By (3.3.16), we have O%—l+1 n =D O%—l uy + O§—1+1

i-1 N5 12

for each i € [0,1'+1]. In particular, it is true for each i € [0,1+1].

Choosing a J such that it does not cross n. for all appropriate 1,

-1
and noticing that the degree, q,played no rdle in the proof of (3.3.17)

gives the result. o

3.5.10 Lemma: Propositions (3.3.19), (3.3.20) and (3.3.22) restrict

from (1'+1)-vectors to (1+1)-vectors,in the sense of (3.5.7). More-

over they are, in the same sense, independent of the degree, q.

Proof: This follows in the same fashion from the proofs of (3.3.19),

(3.3.20) and (3.3.22) as (3.5.7) followed from the proof of (3.3.17). o

3.5.11 Lemma: (1) Suppose we are given {ui} and {vi}, two vectors of

length 1'+1, together with splittings J and K. Then, there is a vector
of length 1'+2, {Zi}’ and a splitting,L, such that:

1' . - . 1141
qQ'-1 _ pad'-1 - ”
(3.5.12) R [ 05 u; - Oy ui] p X © ..

1=0 1 1=0
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(i1) Assume that we are given {ui} and {Zi}, J and L, all as above.
Then there exists a vector, {Ui}, and a splitting, K, such that (3.5.12)

holds.

(i1i) Suppose that we are given the first 1+1 elements in the vectors
{ui} and {vi}, given in (i), together with J and K. Then the L and
{Zi} which (i) gives us, satisfy:

1+1

1 . . .

q-1 q-1 g-1

.5.1 - ]l =

(3.5.13) .E oy "uy -0 " v.l=p ¥ o z..
1=0 1=0

(iv) Let us assume that only the first 1+1 elements of {ui} and the
first 1+2 elements of {zi} are given, together with J and L. Then

the K and {ui} which (ii) produces for us are such that (3.5.13) holds.

Proof: Parts (i) and (ii) have already been proved in propositions

(3.3.17), (3.3.19), (3.3.20) and (3.3.22). (See (3.3.24).)

Parts (iii) and (iv) now follow from (i) and (ii) together with lemmas

(3.5.7) and (3.5.10). o

_rxr' Axl'
We have already constructed @;*g,’

for the cases in which it was
not so that both of (r-1) and (r'-1l') were greater or equal to 1 and
that at least one of the two was strictly greater that 1. Let us

assume now, that all our operations of order (r—l,r'—l'). where
min((r-1),(r'-1')) < S, for some S > 1, have been constructed in a
well-defined manner, consistent with (3.5.5) and (3.5.6). The following

theorem will provide the necessary inductive step and show that these

operations form well-defined pyramids of arbitrary order.

. . . ! 1
3.5.14 Theorem: (i) The indeterminacy of @r:r',l*

is precisely the
q*q P y

rxr '  J1+1%x1"+1]

image of @q*q'
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r-lxr'-1,1«1" .
4q" i , there exists

a (g*q', r*r', 1*1')-mixed pair of the first kind.

(ii) Given any {Xi}’ 0<i<l', in Ker ®

Proof: (i) Suppose that min((r-1),(r'-1')) = 5+1. Let [J,{ui}] and
[K,{Vi}] be two possible (q*q', r*r', 1x1')-mixed pairsof the first

kind. Then, by (3.5.11-i&ii), we have:

l q_l q i r l 1 l' q' i q' i r' 1! 1
X - T - - - - —
o*[('g 0] u; -0, v.)/p , (T o7 u;-0p Tv.)/p ] =
1=0 1=0
1+1 : 1'+1 ,
- —1—2 ' T_1'. 1 + LIS
ol 03z )pt R (0% T 2yt T R € ot T T
Fiso B2 i=0 b i a*q

This concludes the proof of (i).

(ii) For the second part of (3.5.14), let us suppose that {xi},
r-lxr'-1,1%1"
qxq'

min((r-1),(r'-1')) = S+1, This says that there exists a J and a

0<i<l', is in Ker @ , where we suppose that

Qp—vector, {ui}, 0<ic<1l', representing {xi} such that:

'
, . q-1i r-l-1 1 q'-1 r'-1'-1, _
1=0 1=0
Im @g;;Tr'—1,1+1*l'+1.

Thus, there exists an L and a vector, {Zi}’ 0<i<1'+1, such that:

1+ 1'+1

- ~1-1 i rro1'-1
o'l(pz otz )/p , (p £ o 'z /p ] = (a,B).
* . L 1 . L 1
1=0 1=0
Thus ,
1 . 1+1 . 1! . 1'+1 .
- - r-1-1 o —1 ‘.1 r'-1'-1
prl(x 0¥ u -px of Tz )/ T, (X e Tuyj-p I e Tzi)/p
1=0 1=0 1=0 1=0
= (0,0).

But, by (3.5.11-ii&iv), this last expression equals:

|
, - q-1i r-1-1 ! q'-1
p'[( = 07 "v.)/p , (Z o v.)/p
* 0 . K 1 . K 1
1=0 1=0

r'—l'—ll - (0,0).

This says that {Ui}, 0<i<l', is a Qp—representative for {xi} which

yields a (g*q, r*r', 1%1')-mixed pair of the first kind when taken
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together with K. This concludes the proof of (ii) and the theorem. O

3.5.15 Remanrks: (i) Heuristically speaking, the point of these mixed

operations is their "simultaneity". In order to be defined, they
ask that a Qp—vector and a portion of that same vector form two
different pairs, simultaneously. when taken together with one
particular splitting isomorphism. This characteristic of these
operations will be seen to play a principal rdle in the definition
of higher order Cartan-like formulae. We shall return to this point

in the next chapter.

(ii) By way of example, we present a diagram of the pyramid based
upon the mixed sum of the first kind, type (1,0), degree (L,6)

and divisibility (0,3). Here, we choose the maximal order of

the pyramid to be (4,1):

@5* 1,1%0
hx6
et
G e
@EIé,hﬁ ®i:2,3*2 65:81’2*1 ‘Di:ég’”o

As in (3.3.33). the indeterminacy is determined by the union of
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the images of operations, below and to the left. The domain is
determined by the intersection of kernels of operations, below
and to the right. We point out that only the "peak" of our

. 51, 1%x0 . . . .
pyramid, ®h*6 » 15 a mixed operation in the proper sense. All

other operations in this pyramid correspond with operations

defined in §3, above. This follows directly from the definition.

Now, we shall turn our attention to higher order mixed operations
of the second kind. We shall consider the pyramid based upon a

mixed sum of the form given in (3.5.3-ii).

3.5.16 Defaitions: (i) Let J be a splitting isomorphism and suppose

u € Hgn(X) is such that [J,u] forms a (q,r,1)-pair and, simulta-
neously a (q',r',1')-pair, both of the second kind, for integers,

r, r', 1 and 1', where (r-1)-(r'-1') = k. Under these hypotheses,

we shall say that [J,u] forms a (q*q',r*r',1x1')-mixed pair of
the second kind.

(i1) Let [J,u] be such a pair. We shall define an operation of order
(r-1,r'-1'), degree (q,q') and type (1,1') such that its value is a

coset represented by the pair of vectors:

'

1 . 1 .
- -1-1 - r'-1'-1
erl(e 0¥ W/t (e 8 Y Wi ].
* J . J .
1=0 J=0

. —rxr' ,1x1’' _
We shall denote this operation by @q*q" (x), where p!(u) = x.
It will be defined such that:
—rxr' 1wl TrAr " 1+1x1 '+ 2n
> : c HZ -+
(3.5.17) @7, : Ker @00, < Hz
. 1! . .
: zontelasimiyy o g gpPrt2la’-dim ey,
—r-1xr'-1,1x1' _ i=0 P j=o_ P
Cok (Dq*q' s = (—T)r_]*r'_],l*l'
Im 2axq

3.5.18 Remarks: (i) As above, we shall allow the value of r or r' to

fall below 1. When (r-1-1) (respectively, (r'-1'-1)) is negative, we
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—rxr' ,1%1"' 1’

see that setting Qq*q' equal to 5;" (Eg’l, respectively) is

consistent with (3.5.16-11i).

.. —rxr' 1x1' . . ' + 14 .
(ii) That Qq*q' 1s well defined on Ker 62:2,’1 Ll 1s seen

directly. As the involved procedure of §3 is reflected in the proof
of (3.5.14), so is the relatively simple approach of §4 mirrored here.

One sees immediately from the fact that the Qp-classes, v and w, fully

determine one another in the equation (we use the notation of (3.4.23)):

(3.5.19) 03 "u -8 'v=po, w,

for all appropriate i, that any element giving the zero coset in the
—rxr' 1+1x1"+1

range of Qq*q'

pair of the second kind.

yields an explicit (g*q', r*r', 1x1')-mixed

. . = ! 1!
(iii) The indeterminacy oftazz g',l 1

of Qp—lifting of an element, X, which forms a mixed pair with

is generated by the choice

some splitting, J. As in §L, the choice of J offers no contribution

to the indeterminacy, Q. That Q equals the image of the operation,

r-l1*r'-1,1%1" . .
axq' , follows directly from the parallel calculations

of §k4, above.

3.5.20 Rematk: As in (3.5.15-i1),we present an example of a mixed

pyramid. Here our pyramid will be based upon the mixed sum of the
second kind, of degree (6,5), type (0,1) and divisibility (0,2).

The maximal order in the pyramid will be (4,2):



— % 1,0%]1
L\*s

—1*%0,0%1
(k6

As in (3.4.33),

_8)-

=hk 3, 0%1
®6*5
= %2,0%1
D 2
T6%5 T6%5
Tk, 1%2
Qb*5
— k1, 1% —3%2, %3
Tixs C6xs

6&*3,1*2

She3,043
®6*5

—lx3, 3%Y
D,

the indeterminacy is determined by the union of

the i1mages of the operations, below and to the left. The domain

is determined by the intersections of the kernels of the

operations below and to the right of the operation in question.

In the above pyramid, the first two rows reduce (in the sense of

(3.5.1:-1))to operations of the sort defined in §U4. Both here and

in (3.5.15-11), the number of rows which reduce to "unmixed"

operations is determined by the divisibility of the sum upon which

the pyramid is based.
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Chapter 1V: Some Calewlations and Applications.

§1. Inthoduction.

In chapter III we defined a system, or rather a pair of systems

of higher order cohomology operations on the p-torsion-free
category, Fp' We have shown how, when we restricted to Fp’ various
(pseudo) primary (see (3.2.10) and (3.4.L4)), secondary (see (3.4.3%)),
and higher order operations (see (3.3.37) and (3.4.37)) in the
literature relate to particular elements in our pyramids. Never-
theless, our operations differ from those of the literature in one
very important respect: the manner of generation. Whereas higher
order operations traditionally come from a set of nested relations
in the appropriate algebra of operations, ours are derived from
increasing p-divisibility; Postnikov towers are replaced by
variously expanded forms of the naturality deviation formulae,

(3.2.9 ) and (3.4.5).

Given such a situation, where two objects with seemingly different
sources coincide, a good way to proceed, one might suppose, is to
assemble and combine the best features of each manner of generation.

This is what we propose to do in this chaptér.

For example, a valuable tool for calculation (see [39]), (the determination
of which should be an interesting theoretical problem in

its own right) would be a "reasonable" product or Cartan-like

formula for higher order cohomology operations. Implicit in our

use of the word, '"reasonable", is a low level of indeterminacy.
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Philosophically speaking, the problem with working with higher

order operations is not what one can Say with them, but, rather,

how much indeterminacy is required in order to say it. The

overly simplistic nature of this last statement notwithstanding,

it is based upon a good deal of truth and it has essentiallv motivated

a substantial amount of what follows.

To return to our example of a product formula, we note that the
standard procedure (see [26] and [10],for example) seems to be

the calculation of products with the help of functional cohomology
operations and the deduction of the result for secondary operations
by making use of the second formula of Peterson and Stein [34].
This procedure can, no doubt, be generalised using (n—])St order
functional cohomology operations [33] and their correspondence
with nth order cohomology operations. The difficulty is that the
Peterson-Stein formula is not very well suited for minimising
indeterminacy and, it turns out, one can prove a rather less
indeterminate product formula for all orders of operations by
using p-divisibility in place of the Postnikov lifting procedure.
This is the sort of thing we had in mind when we suggested combining

the better features of both systems.

In short, what we propose to do, here, is to develop some properties
of the operations defined in the previous chapter and to give some
applications thereof. This chapter will be presented as follows. We
shall begin with an investigation into the effects of taking
compositions of our operations. Next we examine the effect this has

on deriving higher order relations from lower order ones. The
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influence of the coefficients and their divisibility properties
will also be discussed. This can, under favourable circumstances,
lead to the decomposition of an nth operation in terms of an mth
order operation where m # n. Next, in §3, we shall turn our
attention toward +the development of a low indeterminate product
formula in Fp.Then, in 84, we shall use these properties to make
some calculations of the effect of our operations on the cohomology
of CPm, the cohomology of the Thom space of bundles over GPw, and
the cohomology of the Thom space of certain specific bundles over an
arbitrary space in our category, Fp. We shall conclude this chapter
with a brief sectionon the relation between our operations and the

em—invariant of [5]. This will be used to formulate the "Hopf

invariant one'" problem in our terms.

§2. Compositions and Relations.

We begin with a section concerning the effects of taking sums of
compositions of our higher order cohomology operations. Let us

. —)N ,M
adopt the notation that (®; i

of either the first or second kind. Thus, in our new notation, we-

denotes the (N-M)th order operation

wish to =xamine relations of the form:

= —)S8,T _ R +
(L,2.1) Y a. (Q)N’M (®3.’ = 0 mod p , for some R € Z°, for a. € Qp’

ier 1Y i . _
and 1 € I, some index set.

Before we consider such sums as (h.2.1), however, we must take a

look at the individual constituents thereof, simple compositions.
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4.2.2 Definition: Let A = (6;N’M o (E)S’T be defined on some
r

ev
element or vector of H ' (X), X € FP. We call A a compound operation

and we denote the four possible cases by A, = oM 0 ®S’T;
a r
N,M 5,T =N, M
A =Q o @ ; A =g '—S,T_ = N,M =S,T
5 a r 3 a 0 Qr 3 Ah a 0 Qr’ .

The defining criteria and indeterminacy for these four compound
operations are as follows (we adopt the notation that Axi 1s some

Qp—lifting of a Zp—vector, xi):

(i) A, is defined on the set of (r,S,T)-pairs, [J,{ui}], such that

1

[L,x® T

la R Os!

p;ui] is a (q,N,M)-dual pair for some splitting, L. Assuming

2 . . .
that uy € H™M(X). we have a total indeterminacy value (defined

(T+1)
. ) 1y
recursively) given by Eg’M o QS’T+1 ® H X) + 52 1,1H2n+2rm(

1=0

o1
2n 21m( X).

(ii) A, is defined on the set of (r,S,T)-pairs, [J,{ui}], such that

[L,X®i’T p;ui] is a (q,N,0)-pair for some L. Notice how A, is only

defined when M is zero. The total indeterminacy of A2, assuming that

(T+1) ;
. . . . . +
Uy is in dimension 2n, is @2’0 o ®§’T ! ) H2n+21m(X) +
1 . i:o

N en+2(r-
o 51 g oo 2(r 1)m(X).

G

(i11) A3 has, as domain of definition, the set of (r,5,0)-dual pairs,

(J,u] such that [L,xai’o p;u] is a (q,N,!")~dual pair for some L.

Notice how A3 is only defined when T = 0. The total indeterminacy
. " —5-1 -1 +
of A, with u € HR(X), is &M o @° 150 y®8(x) 4 G- TsM yenvermyy
3 q r Q
(iv) The domain of A, is the set of (r,S,T)-dual pairs, [J,u] such

T

n, vyl . s .
that [L,X@q D*u] is a (gq,N,T)-pair for some splitting,L. Notice

that M must equal T for ALl to be defined. The indeterminacy of Ah’

under the assumption that « is in dimension 2n, 1s given by

(T+1)
X) + @2’T+1 o H

i=0

—S-1 ) -1
®§,T o @r ,T 1o 2n+2(r 1)m(X).
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4.2.3 Proposition: Let us assume that the compound operation A,

described above, is defined. Then A is of order (N-M+S-T-1) and

A, is of type ([T-M|) and of degree (r+q). A, has type T and

2
degree (r+q). A; has type M and degree (r+q). And A) has type

zero and degree (r+q-T). Here, we use the terms type, order,

and degree in a way consistent with (3.3.1) and (3.4.15), above.
Proof: This is obvious and follows directly from the definitions. O

4.2.4 Remarhs: There are several points to be made regarding

(4.2.3) and (L.2.2).

(i) Firstly, we invite the comparison of (L.2.3) with (3.1.2)

of [27].

(ii) The second operation in a compound operation acts as an
"indeterminacy filter" in the following sense. The total indeter-
minacy in a composition of two operations is the indeterminacy

of the second operation acting on the range of the first operation
plus the second operation acting on the indeterminacy of the first.
(See (4.2.2).) Thus, the total indeterminacy of a compound operation
ranges from the indeterminacy of the second operation alone, when
the second operation is not defined on any element in the indeter-
minacy of the first, to the full indeterminacy of the second operation
plus the value of this operation on the indeterminacy of the first
operation. This will occur whenever the second operation is univer-

sally defined on the resulting indeterminacy of the first operation.

Let us 1llustrate this point by considering the case of A]

of (L.2.2). The total indeterminacy will range from gh-1,M yentorm
q

T+1
® H
i=0

(x)
M
o QS’T+1

to this value plus EN’
q r

2n+2im .
(X). This last composite
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portion of the indeterminacy is dependent upon what values of
S,T+1 111 onep;
im . .. . el
@r’ % H (X) admit a (q,N,M)-dual pairing with some splitting,
1=0
L. This can range between none of the values to all of the values.

. N,M . ) . .
In this sense, ¢q’ may filter out a portion of the indeterminacy

of ®S’T
T

(iii) This procedure of composing higher order operations corresponds
directly to that used in the more standard context of Postnikov

towers. Let us consider two secondary operations, @ and ¥, defined

as follows. (We have restricted ourselves to secondary operations

for notational simplicity only. Higher order operations compose in
precisely the same way.)

Let o,B,y and & be primary operations in ordinary cohomology

(Z: coefficients, say) of orders a,b,c, and d, respectively. Suppose,
moreover, that B o & = 0 and 6§ o vy = 0 are two relations that associate

with ¥ and ®, respectively. Let K(n) denote the Eilenberg-MacLane

space of type (Z,,n). Consider the diagram:

(L.2.5) L ©
K(n+atb+c-2) 4

E
-
Vs
A
7o
/
7 L Y
K

1)
y n+3+b-1) —— K(n+atb+c-1)—— K(n+a+b+c+d-1)

. E
\ " .
\
\
AY 51
N\

N ’

K{

{n) —————}K {n+a) ————-) K(n+a+b)

2> K(n+atb+c+d-2)

3

Diagram (4.2.5) represents the composition, ® o ¥, of two secondary
. .. . . n

operations. The composition is defined on the subgroup of Hﬁg(X)

defined by: {u € Hz, 2(X) such that u € Ker o and @ U, € Ker v}. The

value of the compound operation is the coset represented by the class



[®2u2u1] in the quotient space:

+atbtc+d- - -
Hz,) bte+d 2(X)/(6H22+a+b+c 2(x) + q)ﬁHzr;a "x)).

(iv) Given the order of a compound operation and, thus, the
total p-divisibility, we may uniquely determine the distribution
of that p-divisibility (and, thus, the orders of the components
of a composition) by means of the following convention. We take
as order for the first operation the highest possible order that
produces a coset upon which the second operation may be defined
(with the "remaining" p-divisibility). All other distributions
of order that allow both operations to be defined will produce,

necessarily, the zero coset as result.

As an illustration, consider A), of (4.2.2). This compound

operation is divisible by p to the power (N-M+S-T-2). We consider
—k X

the highest order of ®r’ such that it 1s defined, and such that

its image coset allows at least one (q,x,x)-pair. In this case

we have orders (N-M) and (S8-T).

Now, we may turn our attention to relations of the form (L4.2.1).
Let us begin with considering the pseudo primary form of (L.2.1):

(4.2.6) 0 = o, (63q1 (6}r1 +a, (63q7 (agr2 +... , mod pR,

with q;tr fixed.

For the purpose of (4.2.6) we have chosen a splitting, J. Since
a relation in pseudo primary operations (such as (4.2.6)) is a
relation for all u € HeV(X), it clearly holds that it is a
relation for any J. Let us, now, consider a very simple sort

of relation that is of the form of (4.2.6) but has only two
summands and relates a single pseudo primary operation to a

single composition:



ad = -5 .8 R
(L.2.7) 0] =a 63 07, mod p .

It shall turn out that only relations of this very restricted
form will behave "nicely" with respect to generating higher
order relations. In specific cases, more expanded sums may

exhibit "nice" behaviour as well, but not generally.

We point out that such relations as (4.2.6) and (L4L.2.7) do,

in fact, exist. The best known examples take the form of the
"generalised Adem relations" of Hubbuck [24]. These state, by
virtue of (3.2.10) and (3.4.4), that for k, a positive integer
relatively prime to p, the following congruence holds:

R m -1 -1 —1 q-
(b.2.8)  (1-xT™) 6? + (KMo 6? OJ+...+(k(q )m—kqm)OJGE 12 0, moa pd.

Now let us return to our special case,

Consider the relation given by (4.2.7). Suppose, now that

(J,u] forms a (q,2,0)-dual pair. Let us assume, for the time

being,a is not p-divisible. We may, then, conclude that 6§-S O; u

is p-divisible. Suppose, moreover, that either [(7,ul is a (s,2,0)-
pair or [J,G; u] is a (gq-s,2,0)-dual pair. This would give rise

to one of the two second order relations, respectively:

p;u) or (p'a) 52’0

D o( =1,0 ¢2,0(

-2, . 1,0
(L.2.9) ¢q as ¥s o > (plu).

! =
pgu) = (pga) @ s ¥s (oy
This procedure would, in general, yield:

—A,O
(

_B,0 C,0
(L.2.10) t ®

p'u) = (p'a) ¢ {p'u). where B+C = A+1.

* * Q-8 S *
It is clear that the existence of a (q,N,0)-pair of the second kind
implies the Nt'[1 order divisibility of the right-hand side of (h.2.7).
That higher order operations (the sum of whose orders is N+1) be
defined on the right-hand side of (4.2.7) requires the existence of

pairs. As this condition is, in the case of operations of the second

kind at least, stronger than mere divisibility, one may not conclude,
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in general, that (4.2.10) can be obtained from (4.2.7) given a (q,N,0)-
pair of the second kind. When the appropriate pairs do exist on the
right-hand side of (4.2.7), the orders are then distributed in

accordance with our convention, (L.2.4-iv).

As soon as one drops the rigorous restriction that our relation must
be of the form of (4.2.7) and considers the generalised relation

represented by (L4L.2.6), rather severe difficulties arise.

Consider the relation:

2]

b.o. =1 - . F54-S —q-t .t R
(L.2.11) 07 = 057 0 + 8 0; " 05, mod p .

We maintain the hypothesis that o and B are prime to p. Here, however,
it is no longer sufficient to ask that simple pairs of the first or
second kind exist on the right-hand side. What we require is a much
stronger condition, namely that the two compositions on the right-hand
side must be defined, and, in addition, that they be able to be defined
simultaneously. That is to say, given the set of (q,A,0)-pairs of the
second kind, for a fixed space X € Fp’ and a fixed dimension, n, we
ask that there exist, at least one, [J,u], say, such that both
compositions on the right-hand side of (4.2.11) may be defined with
[J,u}, each of order A+1. To deal with this situation in a rigorous
fashion, we shall have to extend our notation.somewhat. We consider

the following:

|l

® 5:,’1 » the cohomology

1

4.2.12 Definition: We shall denote by Eg’
operation of order (r-1,r'-1') and degree (qg,q') which can be inductively

defined such that:

—r,1 = =r',1’ —r, 141

PO | 1 Dy - v
307 8 0., :Ker(d 8 o0, oMYy < pgtRTRAN(x) @ HzPRTRA My
a q q q P D
'
—Tr-1,1 =~ —r'-1,1" -21 —r- —r'- !
N Cok(q)q b @ q)q' 5 ) = @ HZan 2lm(X)/Im(®g 131 @ QE' 191 ),
i=0 -

where 1' is assumed to be greater than or equal to 1. The coset value of

this operation will be:
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ll
r—-l-1i 3 L [ |
)+ (e 0} Tu/pt )1

1 .
[ & 6}‘1u/p
i=0 1:0

0
Here, we have taken addition to be term-wise. Taking (r-1-1) = 0 = (r'-1'-1)
in the above expression gives the precise definition of the operation of
order (1,1) and serves to start the inductive description of a pyramid

of such opérations. The inductive step, needed to show that these operations
determine a well-defined pyramid, is quite parallel with the arguments of

§4 and §5 of the previous chapter, where operations and mixed operations

of the second kind were handled. As such, we shall omit a detailed

construction.

We are now in a position to deal with the problem of simultaneous
definition of compositions, raised above. We do this by combining
the mixed operations of chapter III, §5 with the operations of

(L.2.12).

Let us suppose that we are given a relation of the form of (L.2.11)
on the Qp—cohomology of some space, X € Fp. Suppose, moreover, that
there exists a (q,A,0)-pair of the second kind, [J,ul]. Let us assume

that [J,u) is also an (sxt, BxB', 0% 0)-mixed pair, of the first

. ¢ oo . B*B',0%0 o
kind and denote by (x',x") the image of ®s*'t {(x), where piu = X.
L. . ~ —C! .

4.2.13 Puposition: Under the above hypotheses, if 5212 ® @q_go is
defined on (x',x"), where C = A+1-B and C' = A+1-B', we have, modulo
the total indeterminacy:

- ~ ¢t B* B',0% 0

%) = (@0 88 20) o ¥ B0y,

a q-s q-t s *t

Proo4: This follows directly from (3.5.4) and (4.2.12). o

4.2.14 Rema‘th: In order to consider the general case represented by

the relation (4.2.6), we would have to expand our definition, (L.2.12),
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to encompiss sums longer than two terms of either the first or second
kind. As this is more a notational problem than a mathematical one,
we consider it sufficient to remark that the obvious generalisation

of (4.2.12) yields the obvious generalisation of (4.2.13).

4.2.15 Deginition: Suppose we are given a relation of the form, (k.2.6),

where all the coefficients, o are relatively prime to p. Suppose,

moreover, that there exists a pair, [J,u], that allows each term of
the relation to define a composition of operations of total order A
(but not A+1). Then, we shall call [J,u] an admissible pair of order

A-1 for the given composition (as opposed to product) relation.

4.2.16 Remark: The above definition simply offers a short-hand notation

for the hypotheses of (4.2.13). In these terms we would say that
(4.2.13) requires the existence of an admissible pair of order A for
the relation, (4.2.11). The "non-composed" term of (L.2.11), 6?, may
be considered as a '"'composed" term requiring total order A+1 (in place
of A) by composing with the identity (pseudo) operation, 63, divided
by po-

What we propose to show is that the existence of an admissible pair

is the necessary and sufficient condition that allows a pseudo primary
relation to give use to a higher order relatien. That is to say, given
the definition of a higher order (composite) operation coming from one
of the summands of a relation of the form (L4.2.6), we may derive a
relation of the form (L.2.1) if and only if we are provided with an
admissible pair for the relation in question. Moreover, we claim that
when the order with which we are working is two (that is, when we are
dividing by p). then the existence of any set of splittings and liftings
which allow definition of all the individual terms in a relation implies
the existence of an admissible pair of order two for the given relation.

We see this as follows.



T

We Tose no voal gnerality by considering a relation of the form (4.2.11).
Suppose we are given splitting isomorphisms, J,L,M,N and Q as well as

. 2n
Qp-classes w,v and w in H™ (X), X € Fp, such that the following

conditions hold: (i) P U = piv = piw, (ii) [J,ul is a (qg,2,0)-
pair of the second kind, (iii) either [M,v] is an (s,2,0)-pair

of the first kind or [L,Oﬁv] is a (q-s,2,0)-pair of the second kind,
and (iv) either [Q,w] is a (t,2,0)-pair of the first kind or

t . .
[N’Odul is a {(q-t,2,0)-pair of the second kind.
By virtue of (i), above, we have:

—q-S - —q-s .S -qg-s .S
(L.2.17) « 0] 7 Oju = a O ~ Qv + a{p o on' +

s pléi 037571 oS(y+put) + 03 7%( 3 OS—Jéj(v+pv'))}

i>1 L J L 31 M
and
-t t -t _t -t t
ll Lo, 1 -—a = =~4d + =4 1
(4.2.18) 805 " @ju =8 O 6w + Blp O " 6w’ +
. toi t t -
plgr a0 ot (wrpwt) + 83T £ 0" g, (wipw'))},
. 1 N J N . Q J
i>1 J21
where « = v+pv' = w+pw'. Modulo p, of course, only the first terms

on the right-hand sides of (4.2.17) and (L4.2.18) remain. The hypotheses,
(ii), (iii) and (iv), above, now imply that [J,u] is an admissible

pair of order two for the relation, (k.2.11).

The first of our two claims, that the existence of an admissible pair
was the necessary and sufficient condition for the derivation of a
higher order relation from a pseudo primary one is an obvious result

of the definitions. Evidently, we have proved:

4.2.19 Proposition: (i) Let hypotheses (i-iv) given above be satisfied

for a given pseudo primary relation. Then there exists-.an admissible

pair of order two for that relation.
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(i1) Let (4.2.6) be a relation in which all of the coefficients, a.,
i

are prime to p. Then (4.2.6) induces a relation of higher order

compositions (all of order A) if and only if there exists an

admissible pair, [J,ul,of order A-1 for (4.2.6).

We may, now, consider a specific example that illustrates how a
primary relation (provided with an admissible pair) may induce a

higher order relation. By virtue of (3.4.2), we have:

4.2.20 Proposition: Let X € Fp and let [J,u] be an admissible pair

(=)

& denoting the orders

of order N for (3.4.2). Then, with ‘a

determined by (4.2.4-iv) and with p;u = X, we have:

.0 _&i,O a.,0
(k.2.21) @ (x)=- I & oo (x).
q i+j=q J
q>1>0
Procf: This is obvious. o

In order to avoid the inner workings of (L4.2.20) which take place in
a Qp-context, we rephrase this last proposition in terms of the higher
order Zp—cohomology operations, defined above. Here, we appeal to the
spirit of (L4.2.14) and of the early portion of §5, of the previous
chapter, where the obvious generalised definjtions, in the sense of
having more than two "terms", of the operations of (4.2.12) and of
mixed operations are left to the reader. The following proposition is

equivalent to (L.2.20):

o, %0 *...*xa_ ,0x,,,%0
q

.- 1 . .
4,2.20" Proposdadion: Suppose that @ is defined on

1%2% ., .*q
some x € HZ;H(X), X € Fp' Let us suppose, moreover, that
—81’OA-B:OA ~ B_,0 . . . .
@ ., 80 27 ®...9 Ooq is defined on the image of the above-mentioned
a- q-C
4 ont+2im
operation, (X1,X2,x3,...,xq) € ® HZ (X), where ai+8i = N+1, for

1=0
. —N . .
all i, 1<1<gq. Then, @q’ is defined onX% and, modulo the total
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indeterminacy, we have:

B,,0 8550, B ,0 o *...*aq,O*...*o

(h.2.217) Eg’o(x) = -[(Eg_ 80 8..860% Yoo,

0 1%2% ., .%q ()1

4.2.27 Remark: It shall become evident that the concept of an
admissible pair plays a very important rdle in the theory of higher
order operations in the present context.
A heuristic discussion of this concept, then, is in order. In
particular, we offer an explanation of what the notion of admissible
pair corresponds to in the more standard Postnikov tower context.
Let us consider the particular example of (L.2.21) where
N=p=2andq= 3. Let be u € H(X) for X € F,- Then (3.1.2)
becomes:

(L.2.23) 6? = -[6} e§ + 6? o} + e?].
The hypothesis that [J,u] be a (3,2,0)-pair of the second kind tells us
that 5@’0 is defined on E = pylt. By (3.4.38-iii), this is equiva-
lent to the statement that ( is in the kernel of Sq6and th(recall
X € FE)' That [J,u] is an admissible pair of order 2 for (L4.2.23) tells us
that W€ Kcr(qu,th) implies that 'tZE Ker xSq6 and either U € Ker )(th or

xtha’E Fer qu and either W € Ker xSq2 or xSqZUE Ker th

Thus, given a relation of "proper” p;imary éohomology operations
one may view the existence of an admissible palr as an assurance
that the original relation of the operation is, in fact, a relation
of relations of operations together with the requisite universal
examples. That the existence of a universal example is guaranteed
in the secondary case (this corresponds to the fact that all chain

complexes of length two are admissible - see §2.3 and §2.4 of [27])

is reflected by the statement of (L4.2.19-i),
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Throughout this section, we have been assuming that the
coefficients, a., of terms in a relation such as (L.2.6) were
relatively prime to p. If we drop this condition, we generate
another sort of decomposability of higher order operations.

Consider:

4.2.24 Example: Let us consider (4.2.8) in the special case where

p=23,q=3, k=2 and where X € F3. Let us assume, moreover, that
1 .. -2,0 1,0
H2n+l(X) = 0 unless i = O,4 or 12. In addition, we ask that ®2’ 0 ®1’

be defined on some subgroup of HT?H(X). (Notice that such a space
can be constructed for any n € Z, such that n > 6. This follows
because such an n places us in the stable homotopy range wherein
essential attaching maps , for example the Hopf maps, ¢ and v, may

be found satisfying the necessary criteria.) Under the above

assumptions, (4.2.5) becomes:

- 2 6, =2 1 3
(4.2.25) (1-26) eg = —(2°-2") 07 95> mod (37).
This is Just:
- -2 1
(4.2.26) (-63) og = 60 07 05, mod (27).

Dividing both sides of (4.2.26) by 9, as hypotheses assure us

we may do, gives (because -7 and 20 are both congruent to -1, mod 3):

. =1,0 _ =2,0 1,0
(b.2.27) ®3 = @2 ®1

In virw, of course, of the identifications, (3.3.8-1),(3.4.16-i) and
(3.4.38%-11),0f the operations defined here with other cohomology

operations in the literature, we may rewrite (L4.2.27) as

2

(4.2..8) Pl=o, 0 WPl
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The resulting equations, (4.2.27) and (4.2.28), representl a decomposition of

a composite Of a secondary operation in terms of a primary. Similar decompositions
arise whenever the appropriate geometric and number theoretic

conditions combine to allow us to associate a coefficient

divisibility with the divisibility of an operation.

Once wr allow p-divisibility of the coefficients in a relation

like (L4.2.26), we may no longer talk about admissible pairs,

unless, of course, all of the coefficients are precisely divisible

by the same power of p. The cbvious solution to the problem of

dealing with relations with coefficients of varying p-divisibility

is to extend our definition of admissible pair to allow compositions

of different total orders to be in the same higher order relation

but where the total divisibility (that required to allow the definition
of a composition of higher order together with the divisibility of

the coefficient) remains fixed. In the spirit of (L.2.14), however,

we shall not pursue this line of thought, here.

§3. Products.

Let us begin with a short examination of the ring structures of

the Qp—modules with which we have been working, H®'(X) and K(X).

Before we can turn our attention to the multiplicative behaviour
of our higher order operations, we must consider the effect of
our splitting isomorphisms on the product structure of these two

modules.
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The first point to be made is that it will not be possible, in

®V(X) > K(X). that

general, to find a splitting isomorphism, J : H

will be a ring isomorphism. However, for any two given elements of
I . . ev . . .

positive grading x and y, in H (X), it will, indeed, always be

possible to find a J such that J(x)+J(y) = J(xy). This is clear since

H2n(

X) is the associated 2n'" graded ring of K(X), for X € Fp. In
general, however, multiplication in the filtered K-theory of two

elements, J(x) and J(y), produces "error terms" in filtration higher

than that of J(x):J(y). However, we do have:

4.3.1 Proposdition: (i) Let x € Hgn(X) and y € Hgl(X) for some X € Fp

Let J be any splitting isomorphism satisfying (3.2.2). Then,

J(x)-J(y) = J(xy) mod K (X).

2n+21+1

(ii) H®V(X) S Kq(X) as rings.
Proof: This is obvious. O

1

In order to be able to deal with these "error terms" in a systematic

way, we make the following definition.

o on+21+21
4.3.2 Definition: Let M, : BN(X) x HOL(X) » HOD (X) be the

mapping defined by (u,v) ~ J—1(J(u)-J(v)), restricted to the dimension

2n+21+2im, for 1 2z 0.

It is evident from this definition that

(4.3.3) NI Iw)) = T M (u,)
i20

and that Mo(u,v) = uv, Before we apply these functions to the problem
of developing product formulae for higher order operations, it will

be necessary to quote the following:
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4.3.4 Lemma: Let J be any splitting isomorphism satisfying

(3.2.2) and let u and v be two elements in HS'(X) for X € Fp'

Then:

(1) 302 oHu).p ) = 3(z T3w.p B30 = 0j(v).p7Y)
920 Q>0 Q20
in K®(X), and

(ii) = OE[J_1{J(u).J(v)}]p_q ={z Og(u)p_q}-{ z OE(U)P-q}
Q0 q>0 >0
in HQT'(X).

Proof: This follows directly from (3.2.10), (3.h.4), above, and

2.19 of [24]. o

Applying the definition (4.3.3) to (L4.3.4) and fixing a

dimension, we get:

4.5.5 Preposition: In the notation of (4.3.k4):

_ a . .
(1) 0%(w.v) = T = oM (8% (w), 82(v))
J S rJ J
r=0 1+j=q-r
.. 4 q-r i J
(i1) Zp o, (M (wv)) = = o5(u).o5(v).
r=0 ‘ r i+j=q

4.3.6 Corollary: In the notation of (4,3.8): (i) If J is a ring

homomorphism then:
oY () = T ok(w) 03 .
J T .. J J
i+j=q
(i) If J is such that J(uv) = J(u) J(v), then:

o}(u.v)= Y Oj_(u).OfT(u).
i+j=q
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What (L4.3.5) tells us is that, on the pseudo primary level, a
product formula with a general splitting isomorphism contains

a series of "

error terms", the images of the M. 's,for i > 1. The main
result of this section is that this presence of error terms is

a pseudo primary effect, only. That is to say, a pyramid of

higher order operations, although built over a base of pseudo
operations, exhibits a product behaviour that does not include

these error terms.

We shall require the parallel notion to (L.2.15), namely an

admissible pair of a given order for a relation of products, in

place of compositions:

4.3.7 Definition: Suppose we are given a relation of the form:

r .
q _ (=)4-84
J(uu) = 121 as © 7 (u)

(=)

G

where all of the coefficients, a., are prime to p. Suppose,
moreover, that there exist pairs, [J,uv], [J,u] and [J,v], such
that: (i) [J,wv] is a (q,N,0)-pair of the first (or second) kind,
(ii) [J,ul is a (q—s1*-q—sg* c.o%g-s, B¥Byx L. B, O*x ...*x0)-
mixed pair of the first (or second) kind and (iii) [J,v] is a

(51* So* ... xS, C,= C2* P T 0)-mixed pair of the
first {(or second) kind, where Bi+Ci = N+1, for 1<i<r. If N is

the greatest integer for which this can be done, we shall say

that [J,u*v] is an admissible product pair of order N, for the

given relation.

21(

Suppose,now, that u and v are elements in Hgn(X) and H°(X),
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respectively, for some space, X € Fp' As usual, we denote by X and y
the respective Zp—reductions of these elements. What we propose to
show is that, under these circumstances, one may generate a pair of
"higher order Cartan formulaé'provided certain higher order mixed

operations are defined on X and on y. More precisely, we have:

4.3.8 Theorem: (i) In the notation given above, let us suppose that

there exists some higher order mixed operation,

_B1*B2*...*Bq+1,0*...*0

gxq-1+*...%0 ’
which we shall denote by Q, which is defined on X. Suppose, moreover,

that there exists some
5C1*C2*...*Cq+1,0*...*0
O*x1*...%q

which we shall denote by ?} which 1s defined on y, such that
C.+B. = N+1, for 1<is<gqtl. Then, 52’0 is defined on (x.y) and,

modulo the total indeterminacy, we have (where A means the sum of the

result of termwise multiplication):

(4.3.9.1) 5§’O<x.g> = 2(x) A ¥(y).

(ii) With the same notation, let us suppose that there exists some

operation,

B1*B2*...*Bq+1,0*...*0

q*q-1*...*0

2

which we shall denote by €, such that it is .defined on X. Suppose,

moreover, that there exists some

C1*Cg*...*cq+1,0*...*0

Pox1x...xq

which will be denoted by ¥, such that it is defined on ¢, where

Ci+Bi = N+1, for 1<i<q+l. Then, modulo the total indeterminacy, we

have (with A as above):

O

(4.3.9.11) @2’ x.4) = a(x)re(y).
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Proof: (i) We shall proceed by induction on the order, N. The

primary case is trivial as it is just the ordinary Cartan fomula
for the reduced Steenrod powers. Consider the case of order 2. By

(L.3.5-1) we have, mod p2

(4.3.10) 5§(uu) = ¥ 6}(u).6§(v) +p M1(6i(u),53(u)).
i+j=q itj=q-1 J

By hypothesis, we know that every term in (4.3.10) is divisible by
p. Which term in a product of terms is actually divided by p is deter-
mined by the existence of pairs. = In this way we divide (4.3.10)

by p to get, modulo p:

.50 c.,0

B
xy) = L& (x).®.9 (y) +T.

2,0(
1 J

(4.3.11) @
q

Here, for each pair, (i,j), such that i+j = q, it is clear that
(Bi’cj) is either (1,2) or (2,1), depending on which term of the
product admits a pair of order 2. The value of T is given by:

- =i =
(4.3.12) T = p;[. .§ M1(OJ(u),OJ
1+)=q-1

(v))]1.

Let us consider an arbitrary term of T, M1(6§(u),6§(v)) for i+j=gq-1.
By definition, this is the first "error term”" in the product
gg(u).ég(u). But, by hypothesis, [J,u*v] is an admissible product
pair of the second kind for (4.3.6-1). It follows that 6§(u).6§(v)

is p-divisible. Now, by definition of M1, we see that this error
term must also be p-divisible. This is true for every term within
the square brackets in (4.3.12). It follows, then, that T must be
zero since it is the mod p reduction of a sum of p-divisible terms.

This proves the theorem for second order operations of the second

kind.

As inductive hypothesis, let us assume that we have the formula
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(4.3.9-1) for N<s. We wish to show that it holds for (s+1) order

operations as well. Consider:

=N,0 =1 ="J
(4.3.13) o (xy) = £ &t (x) .87 (y) +7T.
q < s 1

i+j=q
This is (4.3.5-i) evaluated mod p5+1, divided by p°. As above, T'
will be the error terms of operations of order up to and including
s. By inductive hypothesis, these terms have '"good" Cartan formulae
and, hence no error terms. It follows that T' = O.

This completes the proof of (1).

(ii) The second half of (L.3.8) follows almost immediately from

(4.3.5-1i). Evaluating this equation mod pN and dividing by pN'—1
gives:

N,0 & N-r,0
(b.3.1h) 20 (xy) + ¥ O (M (x,y)) =

4 r=1 &7F r

Bi,O Cj,O
I o (x).@.° (y).
i+Jj=q J

,0

. N- . R . . . .
Since Im Qq—i is contained in Im @g’r and this 1s contained 1in the

indeterminacy of the right-hand side of (4.3.14), we have the desired

result.

This completes the proof of (4.3.8). O

4.3.15 Remanks:

(i) Notice how in both halves of this proof, the actual value of

Mi( , ) was not needed. This, however, should not be surprising as
the value of Mi( , ) is dependent upon J and higher order operations
allow J to vary.

(ii) Note that we have avoided the use of operations of type greater

than zero in (4.3.8). In the case of operations of the second kind,

this was done purely for the sake of notational simplicity. In the
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case of (4.3.8-ii), the reason is the following one. Suppose that
we are given two Qp-vectors, {ui} and {Vj}’ representing the Zp—
vectors, {x.}, {yj}, respectively, with 0<i<a and 0<j<B. We
set M equal to a+R. Suppose, moreover, that for each pair (1,3)
with i and j in their respective index sets, there exist suitable

Qi and Wj, in the sense of (4.3.8), defined upon Xs and gj,

respectively, with the sum of their order N+1. These hypotheses

N+M ,M

are sufficient to assure us that & is defined on the vector,

i+¥—k (Xi'yj)’ 0<k <M, but are, actually, considerably stronger.
Thiy guarantee, namely, that @gii is defined upon (xi-yj), for each
suitable pair, (i,j), such that i+j = k, and for each appropriate
k. Consequently, we are in a position to apply (k4.3.8-ii),

repeatedly, once for each pair, (i,3).

(iii) There are several second order "Cartan formulae" in the
literature to which (4.3.8) might be compared. Let us consider one

in particular, 3.4 of [26]. If we take p to be odd, q = 3 and N = 2

=2#%2%1%1,0%0%0x0 _ =

s o .
and apply our (L4.3.8-1) we get that if O 0% 1%0 Q is

. 2n . 1% 1%2%2,0x0%0%0 — . .
D i =
defined on X € HZp (X) and if D0k 142%3 ¥ is defined on
21 =2,0 . . =2,0 _ = —
y € HZp (X). then ®3 is defined on X-y and that ®3 (x+y) = Q(x) A¥(y)

n HZ§n+2l+6m(X)/Im P3. If we take these same hypotheses and apply
3.4 of [26] (where we have taken k = 3 and § = 1), we get the same

result but with greater indeterminacy. The value of Q@ in Kobayashi's

2n+21+6m(

result is Im [P3+-6* H%p K(Z,2n) x K(%,21))], where § is the

map X -~ K(%,2n) x K(Z,21) defined by §(z) = (g(z),h(z)), where

g : X~ K(%,2n) (respectively, h : X+ K(2,21)) is such that

*, 21
)

g*(an) = x (respectively. h ( = y) with Y21 the mod p reduction

of the fundamental class of Hz2l(K(z,2i)).
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(iv) In [29], Milgram considers a new approach to higher order product
formulae, namely the study of smash products of fiberings. The main
result of [29] , 4.2.3, seems to agree with (4.3.8-i) (for N = 2 = p)
when we restrict to the category Fp. Furthermore, the terms Ezn(k)

2n . -
and £""(n-k-1) in [29] appear to play a rdle parallel to that of our

admissible product pairs. (See remark (v), below.)

(v) The result of (L4.3.8) can be expressed in other terms.

Equivalent with this theorem is the following result:

4.3.8' Theonem: (i) With x,y,u and v as above, we suppose that

[J,u*v] is an admissible product pair of order N for the relation:
(4.3.16-1) 0Xu-v) = ¥ 0(u)-8%(v).
J .. J J
i+j=q
Then, modulo the total indeterminacy, we have:

(4.3.17-1) @ %xy) = £ B (0)3.0 (y),
1 i+j=q

where Bi+cj = N+1, for each pair (i,j) such that i+j = q.

(ii) Using the same notation, let us suppose that [J,u*v] is an
admissible product pair of order N for the relation:
. q i j & r q-r
(4.3.16-11) OJ(u-v)= T OJ(u)-e (v) - P O] (Mr(u,u)).
i+j=q =
Then, modulo the total indetermiracy, we have:
B. ,0 C.,0

x-y) = T @ (x)-®.7 (y),
i+j=q

.. N,O
(L.3.17-11) @q (

where Bi+cj = N+1, for each pair (i,j) such that i+j = q.

(vi) We note that Q (KT'(F ) = H™'/(H"" e...0 H™') (

where we have
factored out (r+1)-fold products), the pth indecomposable quotient

associated with Qp—cohomOlogy theory applied to spaces in Fp, is



-109-

the associated graded ring of Qr(KO(Fp)). Consequently, our higher
order operations, ® and ®, restrict to indecomposable quotients in

~ev
Z .
HZ (Fp)

We conclude this section with a pair of particularly "nice" product
formulae for certain higher order operations. Let X,y,u and v be as

above. We have:

4.3.18 Theorem: Suppose that Qgg’q is defined on X and on Y. Then

320

q is defined on X,4 and on X<y and, modulo the total indeterminacy,

one has:

_Qso(

. = _q’o
Xey) ®2q (

X)ey + x-¢2q y).

Proof: The hypotheses imply that the following congruences are
satisfied for pairs [J,u] and [J,v]:

N PR —Dg-i _ .
(i) Oiqlﬂd EefllW)E Mpql),fM‘051SqH, and

..y =29-J —2q-J 2q-J :
(i1) @?l%u)EequW)E(ﬂqu),fM‘®QSJS&kL

By (L.3.5-1), we have, modulo pt:

2q —oq-i . q-1 2q-r

(4.3.19) 6§q(u-v) = 5 qu'l(u)-63(u)+ r p T Mr(62q'r"l(u),o (v)).
i=0 r=1 i=0

But, by the above congruences, (i & ii), we may rewrite (L.3.19) as:

(4.3.20) Biq(u~u) = 6§q(u)-v + u-@?q(v), modulo pq.

Moreover, the hypotheses imply that each term in (4.3.20) is individually
divisible by pq_1. Stronger yet, they guarantee that each term in (h.3.20)
admits the definition of 53&0. The result now follows from the

definitions. O
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4.3.21 Remark: Taking q = 2 in (L4.3.18) yields the results of theorem

8.4 of [10]. As in (4.3.15-1ii), however, the value of the indeterminacy
has been reduced in our case. The differences in our value of Q and Adem's

is, once again, the image of 6*H2n+2l+2qm(K(Z,2n) x K(z2,21)).

A similar result to (4.3.18), couched in rather different terms, is the
following. We take X,y,u and v as above. Suppose that [J,u] and [J,v]
are both (2qxq, q*q, 0*0)-mixed pairs of the second kind, for some

splitting isomorphism, J. Then we have:

4.3.22 Theorem: With the hypotheses given above, [J,u*v] is an

admissible product pair for the. relations:

(1) oo%ury) =z 6§<u) -6§(u> and
1+3=2q

(i) 6§<u-v> = = 63(11)-6;}(\;).
1+J=q

Moreover, modulo the total indeterminacy, we have {where - is interpreted as
being distributive over pairs):

5d*q,0%0 = 33%a,0%0, . 33*a,0%0
Oogng Xey) = @y o)y ¥ @y T (y)

X+y
Pece§: That [J,u) and [J,v] are both (2g*g, gq*q, 0*0)-mixed pairs

implies the following set of congruences:

(i) E?PHu)E—?kHV)EOQﬁJ),ﬁW1SiSqJ,
(i1) 6§_i (u) = 6§-i(v) = O(pq—i), for 1<i<qg-1 and
(ii1) Biq(u) = 6§q(v) = 531(11) = 63-(\;) = O(pq_1).

The result now follows from these congruences in a similar fashion
to the way in which the result of (4.3.18) followed from the set of

congruences listed in the proof (L4.3.18). o
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§4. Some Calculations.

In this section we shall be considering several applications of our
higher order operations. These shall take the form of calculations
on explicit cohomology elements. It will be convenient (and merciful)
to restrict ourselves to the simplest case, when the type of our
operation is zero. For higher types, the results can be readily

generalised by taking sums.

We begin this short, rather eclectic, section by establishing some
machinery. Let us, for the moment, restrict ourselves to the case
where p = 2 and where the degree of our operation is even. Under

these circumstances, (4.2.8) becomes:

2q-1 . . ..
(L.4.1) s (x'-x°Y) eiq'l e} = 0 (mod 2°9),
i=0

for all odd k. By (3.4.2), this is equivalent with:

2q . .
hh2) roxt 23t ol = 0 (279).
. J J
1=0
Now, since (L4.4.2) is valid for all odd k, we may choose k = 1 and

k = -1. Writing out (L.4.2) for these two values of k and adding

them together yields:

62q—21 O21 = 0 (mod 22q—1)..

(.k4.3) 1 3

i M

1=0
Let us, now, apply this relation in a particular situation. Let X
be a space 1n F2 and let £ be a complex k-bundle over X. We denote

by T the Thom space of £ and by uw the Qz—Thom class (the image of

the 2-Thom class under coefficient inclusion). It follows from

q-—
(4.4.3) that, mod <9 1, we have:
(h.h) 8% = s 225292 oy )
. J = J Kk+2i '

1=1
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Now, let T. denote the 1" poag polynomial. Using the well-known
result that the Chern character commutes with the Thom isomorphism
applied to the inverse of the Todd polynomial, we see that we have

proved the following:

4.4.5 Theorem: With the above notation, modulo 22q—1’ we have:

q . .
—~2q 21 —2g-21 -1
o-u =
7 [i§1 27" 0] T2i(£)] uu
2k+h
in H GO

4.4.6 Corollary: (i) With the above notation, let us suppose that

the Chern classes of £ are, for integral classes a,b,c and d:

¢, = ha, c. = b, ¢, = 2c and c) = 4d. Then the following third

1 2 3

order operation is defined on X = p u:
3,0 — ' b
0> (x) = o [Sq (v) +d] v x,
modulo its indeterminacy.

(ii) With the above notation and ¢, = 2a, ¢, = 2b, cy =c and c) = 2d
we have, modulo the indeterminacy:

5.°00x) = o 1S () +a+ acl ux .

Let us remain in the context of p = 2 and let us consider a
particular space in F2, namely CP . We let z denote the image of

the canonical two-dimensional generator under coefficient inclusion,

Z > 9_. We shall denote the mod 2 reduction of Z by 7. We record the

£~
<

following obvious result for later use:

4.4.7 Proposition: If Si“o'zk is defined to be the non-zero element

. 2q+2k
in szq (

€P) then the indeterminacy of 52’0 is zero.

Proo§: This follows directly from the defining criteria of 52’0 and

(3.4.25). o
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Using (4.4.5), we may generalise theorem A of [18] (we use the above

notation):

4.4.8 Theorem: Let k be some positive integer and consider the

bundle, kn, where n is the canonical line bundle over CP . Suppose

)

that there is some integer q such that: (i) 2q < k, (ii) (t , the

binomial coefficient, is divisible by 2N, for all t, 1 < t < 2g-1

.. k . ... - —] ~
and (iii) (Eq) 1s divisible by 2N 1but not by 2N_ Then Qg’o(zk) is
q

defined and, with no indeterminacy, we have:

~k, _ ~k+2q
(qu ) =z .

Proof: Note that the total Chern class of kn is Zci = (1+z)k and

that ci(kn) = (?)zl. Furthermore, the Thom space of

~

kn = T(kn) = ¢P"/¢P*" . Denoting by 1 the collapsing map : P~ + D(kn),
we see that 1 (u) = Zk, with u, the Thom class. Now, applying

(4L.L4.5) in this situation, we get:

(L.L, ) 6§qu = [D + oN-1,247 w,

where D is some polynomial in the < 1 <1 < 2q-1, and, by the

hypotheses, is divisible by 2N. The hypotheses, also assure us that
[J,u] is a (2q,N,0)-pair of the second kind. Dividing by 2N_1,

. * )
reducing mod 2 and applying 1 to (L.4.9) gives that

EN’O(ZR) = ;k+2qn That the indeterminacy vanishes follows from (L4.h4.7).

<q
This completes the proof. O
Ly 20,0280 _ , _ .
4.4.10 Cerellary: (1) Qh’ (z7) is defined and, with zcro indeterminacy,

~12

is equal to z .

~

(ii) @2’0(2 ) is defined and, with zero indeterminacy, is equal to
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We remain in the context of HZ;(CPm). Let o{g) be the usual function

which assigns to any natural number the number of ones in its dyadic

expansion. We continue to use the above notation. We have:

(g+1),0

~ . ~q+ .
4.4.11 Theorem: & Z is defined and equal to z1 1, with no
aQ .

indeterminacy.

Proof: Let J be the splitting isomorphism for CP that assigns vy, the
Hopf bundle over CPm, to the generator, z. The value of the Chern

Ty (gqe1)t.

character in dimension 2(q+1) of y is then, clearly, Zz
Using the fact that v2(r!) = r-a(r), (where vp(s) denotes the power

of p in the expression resulting from writing s as a product of powers

of distinct primes) and the definition of Og we get:

(L.4.12) 0dz = pola+t)-1 a+1

Consequently, we may conclude that [J,z] is a (q,a(q+1),0)-pair of

the first kind. Thus, clearly.

(L.k.13) @Z(Q+1)’OZ = 79" for all q > 1.

Now we must show that the indeterminacy is zero. By (3.3.34-i) we
see that i1t is sufficient to show that

Oq-122)/2a(q+1)-2].= 0.

1 (ad
(4.4, 1h) o*[(OJZ + 05

Now, J is clearly a ring isomorphism so we may apply {4.3.6-ii) to

calculate Og—]zg. Using (4.4.12), we see that (4.L.1k4) is equivalent

to the following statement:

q-1 —1 )+al(1+1)=-
a(q+1)—14_ 5 2a(q i)ta(i+1)-2 is divisible by 2

1=0

(L.4.15) k =2 a(q+1)—1.

We consider the two cases, g being even or odd, separately. Firstly,
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let g be an even natural number. Then g-1 is odd and k becomes:
(451 .

(L.4.16) sala+t)-1 22 so(a-i)+a(i+t)-1
1=0

3

where [x] denotes the integer part of x. Since a(a)+a(b) > a(a+b),

we have shown {L4.4.15) to hold.

Now let q be an odd number. In this case we may write k as:

-1
( +1) ] (9'2_—1) . . q_‘]
(b4, 17) 2% 4y 2&(q—1)+a(1+1)—1 \ 22a(_zrh+1) _o.
i=0
. _‘] . .
Consider the value 2a(35_u+1)_g_ Substituting the value 2n+1 for q,

this becomes 2(a(n+1)=1). We may now conclude the validity of (L.L4.15)

in the case q is o0dd by noting that:
(4.4.18) 2(a(n+1)=1) > a(2(n+1))-1 = aln+1)-1.

This completes the proof. O

4.4.19 Remank: One might be tempted to think that (L.4.11) could be

extended, using (4.3.8-ii), to the following:

(4.4.20) ¢;(q*r)'a(r)+1’oir = 73T mod 0.

Applying the "higher order Cartan formula" can produce additional

divisibility, however. An easy counter-example to (L.4.20) is

1,0 ~3 -

3 0.

o

We conclude this section with a result of a rather different sort
from the ones above. Let E8 denote the exceptional Lie group and

let X be a finite H-space such that, as an algebra one has:

* ~ * ~ .
(4. h.21) HZ3(X)==HZ3(E8)==E(x3,x7,x15,x19,x27,x35,x39,xu7) 8 T3(x8,x2o)

where E denotes an exterior algebra and T3 denotes a polynomial

algebra, truncated at height 3. Given an algebra, A, we shall write
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PA and QA for the primitives and indecomposables of A, respectively.
We claim that the algebra structure alone, is sufficient to prove
that Eg is "irreducible mod 3", that is to say, Eg is not 3-equivalent
to a product of non-trivial spaces. For the exceptional Lie group,
irreducibility was shown in [113]. In [253], Kane shows via a rather
complicated BP argument that the algebra structure alone, is
sufficient to demonstrate irreducibility. We shall deduce this fact

as a corollary of the following:

4.4,22 Theorem: With X as above, 5§’O is defined on a generator, Q¢
L6

of PHZ3 (QX) and takes the coset of dsg» a generator of PHZ?B(QX),

as value.

Proog: Let a,

N be a generator in PHZ?E(QX). In [253] it is shown that

one has the following relation:

o -
(4.4.23) Pla,,) = agg-

Let us pass to Qs—coefficients and write b22 and b58 for Q3—liftings

of sy and a58’ respectively. Now, let k be any integer prime to 3

and q any natural number. It follows from 2.1h of [24] and (L4.2.8)

that:

q-1 . s .
(4.h.2L) (1-k%") 8% - 2 K k), O} 0(3%),
i=1

i

where T3(k) denotes the pseudo operation given in (L.2.8):
(b.2.8") 1900 = (1x¥) 83+ (k) 6§_1O}+...+(k(q—1)m-kqm) 509",

Applying (L4.4.2k) to b22 and taking q = 9 gives:

=9 12,30,y g0 B
) 07 b22 -k “T7(k) 0 b22 = 0(37).

(4.h.25) (1—k18

. . L e
This follows since PHSO(QX) = PH’ (9X) = 0, by coprimitivity. By
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(4.L.25) and (L.4.23) we see that there exists a bh6 € PHh6(QX) such
that

6, =3 18
(4.4.26) (1) 83 byg = (1-k"®) by, moa (3%).

Now since v3(1—kqm) = 1+v3(qm), (k.4.26) vecomes

(h.4.27) 65 by = 3b.g, moa (9).

5h

Since PH” (2X) = 0, we see that [J,b58] forms a (3,2,0)-pair of the

second kind. This gives the result. a

4.4.28 Corollary: The X given above is not 3-equivalent with a product

of non-trivial spaces.

Proof: 1f X were to be reducible mod 3, then Xh? would have to

be primitive. This would contradict the previous theorem. o

§5. The CC-InuanLant and the Hopf Invariant.

We conclude this chapter with a brief section on the ew-invariant
of Adams [5},[21] and its formwlation in terms of our pseudo
rrimary and higher order operations. The Hopf invariant, which

is very closely related to the more general ac-inVariant, will

be discussed a~d the famous "Hopf invariant one" problem will be

considered.

Let X be a CW complex of the following form:

2n 2n 2n 2n
(4.5.1) Xx=5 'Ue Ue SU...Ue S
for the n; € % such that n; <n, < ... <ng. Let hi denote
on.

Ie

a generator of HZ *(X) = Z, for 1 < i < s. These elements are

of exact CW filtration 2ni and we may, consequently, consider



-118-

the images under some splitting isomorphism J. Say J(hi) = Ei

. 1
for 1 <1 < s, (We will deliberately confuse hi and k*(hi)).
The reduced unitary K-theory of X is a direct sum of s copies

of Z.

The total Chern character of any of these elements, hi, is of

the form:

h

(4.5.2)  en(h.) = +@i,i+1hi+1+ 3

. re. h L +e. ...
i el,s s Ql,S—] s-1 e1,5—2 s-2

In (L.5.2), ai J./Z denotes the ec—invariant of the map that
b

attaches the njth cell in X to the ith skeleton of X. Clearly ei ; =0
9

for i > j and e, 3 is the coefficient of hj in the image of the

b

njth component of the Chern character of a class of exact

filtration 2ni. Thus:

(n.-n.) (n.-n.)

- _ 1 J 1 J 1 J )
(h.5.3) ey shy = Chni+(nj—ni)](hi) = /p % hy)

This gives an integrality condition on the unreduced ec—invariant,
(n.-n.)

namely that p J 1 e 3 € Qp.
b

4.5.4 Example: In 7.4 of [5], Adams considers X = ¢p° and

[92]
=
Q
E
0
&+
=
o]
s
(]
I
o

}. Our formulation (4.5.3) shows that
2. _h, = oJ(h ) = h2 (for p = 2).

(n2—n )e
1,2

invariant for X. We have just seen in (4.5.4) an example of a

In the case where s = 2, we call PP the mod p Hopf

space with mod 2 Hopf invariant one. Notice that we need not

reduce mod # because the action of p; serves to identify

all the elements in a mod 2 coset.
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Let us, now, formulate the well known "Hopf invariant one"
problem in terms of what we have just established above. We
consider the case where p = 2 and refer the reader to [23] for
the parallel proof when p is odd. For the even case, we also

cite [22].

It is a classical result of Steenrod [36] that:

4.5.5 Theorem: Let K be a two cell complex = s U6 egq. That 1is,
K is a g-sphere with a (2q)-cell attached by a map §, representing
a class a 1in n2q_1(Sq). Then, the following are equivalent:

(i) S% : HZ%(K) - Hzgq(K) is zero.

(i1) There is no element of Hopf invariant one in = 1(Sq).

2q

It is also classical that if an element of Hopf invariant one
does exist in nzq 1(Sq). then q must be of the form 2°, for some
s > 0 [9]. This follows because the S&, for g = 2%, are the only

non-decomposable reduced Steenrod powers.

The famous result of Adams [1] regarding the Hopf invariant one

problem will follow as a corollary of:

)(x) = 0 for

i n+2(q-1)
1<s < 2+v2(q) for q an even integer and such that HZ2

' n+2(qg-
4.5.6 Theorem: Let X € Fp be such that HZg (a-s

(x) =

for q odd. (Here, v (q) is the function that assigns to an integer
D

q, and a prime, p, the exponent of p when g is decomposed as a

2 . . n
product of primes,)Then @q’o is defined on every element of HZ2(X).

Before we proceed with the proof, we recall the following technical

lemma, due to Adams [4]:
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4.5.7 Lemma: Let k be an odd integer equal to the generator of
G8/j1 for q even and let k be a generator of Gy, if g is odd.

(Here Gs denotes the group of units in ZS.) Then:

(x3-1)

(1) Vs 2+v2(q) for even q, and

(i1) vg(kq-1)

1 for odd q.

Proof of 4.5.6: Case I: n and q are even.

By the generalised Adem relations (see (4.2. 8), above) we have:

S T
(4.5.8) (1-x%) 9% = ¢ k¥ l(k) ot , mod 2%
I D J

Let ¢4 be a Q2 representative of E in HZZ(X). By the vanishing
hypotheses of (4.5.6) we may truncate (4.5.8) to get:

_ q-3-v.(q) . . .
(4.5.9) (1-x%) 6(y) = = 27 W% (k) Bi(y) . moa 29.
i=0

Choose k to be an odd generator of G8/i1. Now by (4.2.8), the

3vala) gy (L.5.7-1)

2+v2(q).

right hand side of (4.5.9) is zero mod 2

tells us that the left side of (L.5.9) is zero mod 2

+
Dividing (4.5.9) by 22 vg(q), therefore, tells us that

Bﬁ(g) = 0 mod 2. By (3.4.6) and (3.3.1), we obtain the desired

result.

Case I1: n is even and q is odd.

This is virtually the same as case I where (4.5.9) becomes:

_ 2 .. .
(L.5.10) (1-x?) e}(g) = ¥ x71¥x) @3
i=0

(y), mod o4,

The left hand side is zero mod 2 and the right hand side is

zero mod b by (L.5.7-1i). The result follows as in case I.



-121-

Case II1: n is odd and q is either even or odd.

Since our pseudo operations are stable, we may consider the

suspension of X in place of ¥X. This reduces to either case I

or II.

This completes the proof. O

4.5.11 Corellaw: Unless n = 1,2,4 or 8, there exists no

element of Hopf invariant one in Ton ,(Sn).
-1

Procf: This classical result of Adams follows from (L.5.6)

because 2+v2(q) < q only when 2q > 8. Setting n = 2q shows

that the only possible cases where Hopf invariant one may

exist is when n = 2,4,8 or in the trivial case where n = 1.

[m}
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