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Abstract: Simultaneous space-time focusing (SSTF) is sometimes claimed to reduce the
longitudinal extent of the high-intensity region near the focus, in contradiction to the original
work on this topic. Here we seek to address this confusion by using numerical and analytical
methods to investigate the degree of localization of the spatio-temporal intensity of an SSTF
pulse. The analytical method is found to be in excellent agreement with numerical calculations
and yields, for bi-Gaussian input pulses, expressions for the three-dimensional spatio-temporal
intensity profile of the SSTF pulse, and for the on-axis bandwidth, pulse duration, and pulse-front
tilt (PFT) of the SSTF pulse. To provide further insight, we propose a method for determining
the transverse input profile of a non-SSTF pulse with equivalent spatial focusing. We find that
the longitudinal variations of the peak axial intensities of the SSTF and spatially equivalent (SE)
pulses are the same, apart from a constant factor, and hence that SSTF does not constrain the
region of high intensity more than a non-SSTF pulse with equivalent focusing. We demonstrate
that a simplistic method for calculating the pulse intensity exaggerates the degree of intensity
localization, unless the spatio-temporal couplings inherent to SSTF pulses are accounted for.
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1. Introduction

Simultaneous space-time focusing (SSTF) is a phenomenon that has been exploited for well over
a decade in the fields of microscopy and laser machining [1-5]. It localizes time-dependent
processes to a particular axial depth by ‘focusing’ the pulse in time to achieve full temporal
recompression (shortest pulse duration) only at the focus. The benefits of SSTF in applications
such as multiphoton imaging [1-3,5] and laser machining [4,5] have been discussed by several
authors.

As illustrated in Fig. 1, simultaneous space-time focusing is achieved by introducing a spatial
chirp — i.e., displacing transversely each frequency within the pulse by a different amount
— before focusing the spatially-chirped pulse with an achromatic optic, such as a lens. SSTF
is sometimes claimed to lead to tighter localization of the region of high intensity near the
focus. The standard argument proposed for this is as follows: as the pulse focuses spatially, the
increase in local bandwidth — i.e., the bandwidth at a particular spatial location — decreases the
pulse duration, which increases the intensity more rapidly than would occur from the reduction
in transverse size of the pulse alone. However, introducing a spatial chirp also increases the
transverse size of the input pulse. This, on its own, reduces the focal spot size of the beam in
the direction of the spatial chirp, and reduces the Rayleigh range of the beam in that dimension.
Therefore, to understand how SSTF works it is important to disentangle the effects of tighter
focusing from those arising from the changes in local bandwidth.
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Fig. 1. Schematic of a linear simultaneous space-time focus. A pulse chirped transversely
along the x-axis is focused by a lens and propagates a distance z to the output plane. The
nominal Gaussian beamlet is shown for the central frequency wy in black and for an arbitrary
beamlet with a different frequency w in blue, where wy is the spot size and Ax is the
transverse distance between the two different frequencies.

There appears to be some confusion in the literature about these points. In the original papers
on this topic [1-3] it is not stated that SSTF localizes the region of high intensity more tightly,
only that it can localize the region in which a time-dependent process occurs, due to the reduction
in pulse duration. For example, Durst et al. [2] state that “the axial characteristics of SSTF [in
two-photon excitation fluorescence (TPEF)] are determined by the input spatial profile”. This
contrasts with later work [6,7], which refers to the “axial localization of intensity with SSTF”. If
SSTF does indeed lead to greater localization of the high-intensity region, then it could be used
to localize purely intensity-dependent processes, such as the optical field ionization of gases [8].
Possible applications would then include ionization injection in laser-wakefield accelerators [9].

The aim of this paper is to clarify whether SSTF does or does not improve the degree of axial
localization of the high intensity region near the focus. We define, for a given SSTF pulse, a
method for determining the spatially equivalent non-SSTF pulse and use numerical methods,
and an analytical approximation, to demonstrate that SSTF does not localize the region of high
intensity any more than a non-SSTF pulse with spatially equivalent focusing. The analytical
approach yields, for the case of a bi-Gaussian input pulse which has a Gaussian transverse spatial
profile and a Gaussian spectrum, analytical expressions for the three-dimensional spatio-temporal
intensity profile of the SSTF pulse, and for the axial evolution of the peak intensity, pulse duration,
bandwidth, temporal chirp, and the pulse-front tilt (PFT). Finally, we show that a commonly used
method for calculating the pulse intensity fails for SSTF pulses if it does not account for the
pulse-front tilt, and that this can lead to an overestimate of the degree of intensity localization.

2. Model of SSTF

SSTF can be modelled by considering the input pulse as a superposition of monochromatic
Gaussian beamlets which are offset from the optical axis by a transverse distance Ax(w) =
a(w — wp), where w and wy are respectively the angular frequencies of the beamlet and the
centre of the spectrum of the input pulse. The chirp scaling factor « is used to control the
direction and strength of the spatial chirp and all stated values of a are normalized by the factor
norm = Wo/Aw, where Aw is the full-width at half maximum (FWHM) bandwidth of the input
pulse.

We assume that each beamlet propagates in the z-direction, and that it has a waist of spot size
wo (defined as the radius at which the intensity is 1/e? of the peak value) located in the front focal
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plane of a lens of focal length f. The lens is taken to be located at the origin (see Supplement 1
for a diagram of the coordinate system).
In the input plane (z = —fp) the amplitude of each beamlet may then be written as,

—izrU(w) ik
W P |2

where Ax(w) = a(w — wyp) and generally, the complex beam parameter ¢(z) = z — zo — izr, such
that g(—fp) = —izr. Here zo = —fy is the position of the input beam waist and zg = nw% /A is the
Rayleigh range, where wy is the spot size at the waist, and A is the wavelength.

We assume that the pulse has a Gaussian spectrum U(w) = (2I)~"/2 exp [-(w — wo)?/(4T)],
peaked at the central frequency wg, where I' = a(1 +iy) is a complex parameter that characterizes
the temporal width and chirp of the pulse, with @ = 21n2/ Tgo’ in which 7 is the FWHM
fully-compressed pulse duration of the intensity profile. For simplicity, in this work we set the
input temporal chirp factor y = 0.

Uin(x,y, —f(),(/.)) = - Ax(w)]z +y2} ) (1)

2.1. Spatially-equivalent pulse

As discussed above, for an SSTF pulse, the degree of intensity localization around the focus
could depend on the increased input beam size in the direction of the spatial chirp, as well as on
the longitudinal variation of the pulse duration. In order to disentangle these effects we define a
‘spatially equivalent’ (SE) pulse Usg that has the same transverse amplitude profile as the SSTF
pulse, but no spatio-temporal coupling. We define the input transverse amplitude profile of the SE
pulse to be equal to the integral of the modulus of the input SSTF field over the spectrum of the
pulse, in other words, the transverse profile of the SE pulse is taken to be the projected amplitude
of the SSTF pulse. As described in Supplement 1, the full spatio-spectral amplitude of the SE
pulse is then given by: (i) multiplying by the spectrum of the SE pulse; and (ii) multiplying by a
constant factor that ensures that the SSTF and SE pulses have the same total energy. The input
SE pulse is therefore defined by:

~1/4 -
. 40°T U(w) [ ik iky*
Uln v, ~fo. — l b 2
st ) ( " ) e eI M= M
where,
2
Wox = Wo 1+ 40521—‘. (3)
"o

Figure 2 shows, schematically and quantitatively, the spatio-spectral intensity profiles of the
input SSTF and SE pulses. The spatial chirp of the SSTF pulse is evident in Fig. 2(b); in contrast,
the SE pulse shown in in Fig. 2(c) is seen to have the same transverse extent as the SSTF pulse,
but with no coupling between the transverse position and the spectrum. Table 1 gives the laser
parameters assumed throughout this work.

Table 1. Table of laser parameters for SSTF simulations

Pulse energy, £ 1]
Central wavelength, 2 800 nm
Fully-compressed pulse duration, 7,0 45 fs
Input spot size, wy 10 mm
Focal length, fj Central wavelength 1m

Figure 3 provides further details of the spatio-spectral and spatio-temporal intensity profiles,
in the input plane, for both the SSTF and SE pulses. The correlation between frequency and
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Fig. 2. Spatio-spectral intensity profiles in the input plane (z = —f;) before being focused
by the lens for: (a) the polychromatic beam (@ = 0), prior to introduction of the spatial chirp;
(b) the SSTF pulse (@ = —3), after introduction of spatial chirp in the x-direction; and (c) the
spatially-equivalent pulse (¢ = —3) with same spatial amplitude as the SSTF but with all
frequency components overlapped spatially.

transverse position for the SSTF pulse can clearly be seen in Fig. 3(a), whereas this is absent for
the SE pulse. Figures 3(b) and (b”) show that, for both SSTF and SE input pulses, the temporal
intensity profiles are independent of the transverse coordinate x. However, it can be seen that the
FWHM duration of the SSTF pulse is longer (123 fs) than that of the SE pulse (45 fs), owing
to the reduced local bandwidth of the SSTF pulse. The global bandwidth — i.e., the spatially
integrated bandwidth — always remains the same because the pulse propagates in vacuum and
is assumed to be the same for both the SSTF and SE pulses. Figures 3(c) and (c’) show that
the transverse intensity profiles of the SSTF and SE pulses are identical in shape, which is a
consequence of the definition of the SE pulse. However, as shown in Figs. 3(d) and (d’), the SE
pulse has a greater on-axis intensity owing to its shorter pulse duration.

2.2. Numerical treatment

The field beyond the lens can be calculated numerically by the Collins method [10], which gives
the spatio-spectral amplitude as,

~ 1 . DY .
0 rw) = e [ [ ooy @)

1
s = {@ 463 +53) + D2 +5%) - 20axg +yyo)]}, )

where A, B, C, and D are the elements of the transfer matrix describing the propagation of a ray
from the input plane 7 = —fj to the output plane z = z. The integral can be evaluated numerically
for arbitrary input amplitude U™ (rg, w). Here, however, we assume the spatio-spectral amplitudes
given by Eqs. 1 and 2 for the SSTF and SE pulses respectively. The ray transfer matrix is
calculated in Supplement 1. The Rayleigh range after the lens z; = fo2 /zr is used to normalize
the longitudinal axis. In performing the calculations, a hybrid grid is used which increases the
axial resolution from 764 um to 306 um for the region within z; of the focus. The Collins
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Fig. 3. Comparison between the intensity distributions of the input SSTF pulse (left column)
and the corresponding SE pulse (right column) before being focused by the lens for the
case @ = —3. The pulse parameters are given in Table 1. (a), (a’) Show the spatio-spectral
domain for y = 0; (b), (b’) show the spatio-temporal domain for y = 0; (c), (c’) show the
transverse spatial profile at the temporal peak of the laser pulse 7 = 0; and (d), (d’) are
lineouts of the data in (c), (¢’) aty = 0.
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method gives U (x, y, ) at a particular axial position z, which can then be numerically Fourier
transformed to the time-domain to give U°"(x, y, t) at each axial position z; repeating this for
different longitudinal axial positions z in a grid that spans a number of Rayleigh ranges around
the focus gives the full spatio-temporal profile U°"(x, y, z, ). The fields are then shifted from the
lab-frame coordinate 7 to the light-speed coordinate 7, as is explained in Supplement 1.

2.3.  Analytical treatment

As described in detail in Supplement 1, for an SSTF pulse formed by Gaussian input beamlets
defined by Eqgs. 1 and 2, the spatio-spectral amplitude of the SSTF pulse in the region beyond the
lens is given by,

q'(0) -

U™y 5 w) = Uw) or P[lk(fo+Z)]eXP[ ol 2)]

q(0) g (
! (6)
X exp § ———— [Ax(@)*(z ~ fo) + 2foxAx(w)] ¢ .
wyq'(2)
where, ,
0

q’(z)=z—z{)—iz§=z—fo—klig. @)

"o

is the complex radius for a Gaussian beam beyond the lens, as given by the ABCD law.
Similarly, the spatio-spectral amplitude of the SE pulse in the region beyond the lens is found
to be,

~1/4
7 rout ¥ . 4a2F
Ugg (x,y, 2, w) = U(w) exp [i(kz + fo)| fo [ 1 + =
’ @®)
g o |5 [ }
9:(2)q’(2) 7@ " q (Z)
where
4(2) = 2= fo — iz oqr- ©)
with an effective Rayleigh range z;, . given by,
Z
TRett = Ty (10)

2
1 +4%T
Wo

The spatio-temporal profile of the SSTF and SE pulses can also be determined analytically
if certain approximations are made. First, the frequency dependence of the complex Gaussian
parameters is neglected when taking the Fourier transform of the spatio-spectral field to obtain
the spatio-temporal field. Second, it is assumed that I" is real. With these assumptions the
spatio-temporal amplitudes of the SSTF and SE pulses in the region beyond the lens can be
shown to be:

"(0) |T"(z) —izr iko
Uout Y, 2, — U q( [ 2 + 2
env(x Y2 7) 0 q(O) T q’(z) exXp Zq’(z) (x y )

exp [-T"(z) (T —i 2afox )

woq'(2)
(11)

, dor) I (T (B
w2 7:(2)q'(2) e (Z) ‘

12)

Uggt,env(x’ Y2 T) = UQfO 1
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where,

1 1 4a? 7

PO T W70 (1
and the retarded time is given by,
+
S (i3 (14)
¢

in which v, is the group velocity of the medium surrounding the lens.

3. Results

In this section, we consider the evolution of some key features and parameters of the SSTF pulse,
before studying the degree of axial localization. Numerical calculation of the spatio-spectral fields
was performed using the Collins method described in Section 2.2, and results were compared
with key analytical results derived in Supplement 1.

Figure 4 shows the spatio-spectral (left column) and spatio-temporal (right column) intensity
distributions at various axial positions z’ = z — fy relative to the focus fy. The most striking
feature of Fig. 4 is that the transverse chirp of the SSTF pulse away from focus is converted to a
pulse-front tilt (PFT) [11] — i.e., the arrival time of the peak of the pulse depends linearly on
transverse position — as previously observed for an SSTF pulse [12]. This effect is absent for the
SE pulse, as expected. The analytical model gives the angle 6(z) of the PFT, measured from the
X-axis, as,

1
tan 6(z) = _2%

f; 2
1+ | ==
( VZ;(Z;?.eff )
The results shown in Fig. 4 are in excellent agreement with these analytical expressions.

We note that it has previously been shown that the PFT cannot be compensated by applying a
counter-acting PFT to the input pulse [13].

5)

3.1. Centroid, ellipsoidal spot size, bandwidth and pulse duration

In order to understand the evolution of the peak axial intensity of the SSTF pulse in the focal
region, we first determine the longitudinal dependence of the key parameters of the pulse from
the numerical simulations as follows.

For each longitudinal position z, the time at which the peak axial intensity occurs is found. At
this time, a cross-section of the pulse in the xy-plane is taken. Along the x-axis, the D4CQ) beam
diameter is calculated in terms of the second moment of the transverse intensity distribution
I(x,y)[14,15]. The 1/ e? Gaussian spot size w, can then be calculated from the D4€), beam
diameter as w, = D4Q, /2. The same method is used to calculate the spot size wy. The on-axis
full-width at half maximum (FWHM) bandwidths and pulse durations are calculated for each
value of z by recording the intensity profile that passes that point on the optical axis in the spectral
and temporal domains, respectively.

The evolution of these key parameters is plotted in Figs. 5(a)—(d). Figures 5(a) and (b) confirm
that, for the SSTF pulse, the on-axis bandwidth increases (and the pulse duration decreases) as
the focus is approached. Away from the focus, the on-axis pulse duration can increase from the
fully-compressed value of 45fs by as much as a factor of 4.5 for the highest chirp considered
(a = £6). Also evident in Fig. 5(c) is the decrease of the focal spot size in the x-direction with
increasing |a@|. As expected, no such change in focal spot size is observed in the y-direction.
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Fig. 4. Evolution of the spatio-spectral (left column) and spatio-temporal (right column)
intensity profiles of the SSTF and SE pulses (for @ = —3) in the focal region. The lower half
of each plot shows the intensity profile of the SSTF pulse, and the upper half shows that for
the SE pulse, both plotted for y = 0. The z” positions at which the fields are calculated are
given for each panel in the left column. The solid white line shows the PFT predicted by
Eq. (15).
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Fig. 5. Variation with z’ of key on-axis parameters of the numerically simulated SSTF and
SE pulses, showing: (a) the FWHM bandwidth Awp(z); (b) the FWHM pulse duration 7p(z);
(c) the spot size wy(z) in the x-direction; and (d) the spot size wy(z) in the y-direction. For all
plots, the SSTF and SE pulses are indicated by the solid lines and triangles respectively.

The analytical model gives the on-axis FWHM bandwidth and duration of the SSTF pulse as,

(16)

and,

a7

2 9
1+ :
( V Z;{Z;{,eﬁf )
respectively, where the effective Rayleigh range z; i is given by Eq. (10). Figure 6 compares

these results with the numerical results shown in Fig. 5 for different values of |a|. Excellent
agreement is obtained. As expected, the results are the same for positive and negative values of .

3.2.  \Variation of peak axial intensity

Having established how the key parameters of the SSTF pulse evolve in the focal region, we now
compare the longitudinal variations of the peak intensities of the SSTF and SE pulses. Figure 7(a)
shows the variation with z” of the peak axial intensity Ipeak(z) = max {goc|U°"'(x, y, z, 1)|?} of the
SSTF pulse. For convenience, in this work we assume an input pulse energy of & = 1J. We see
that as the magnitude of the spatial chirp increases, the region of high intensity becomes more
tightly localized around the focus. The degree of localization is independent of the sign of the
spatial chirp, which makes sense since reversing the sign of the spatial chirp does not change the
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Fig. 6. Comparison of (a) the on-axis FWHM bandwidth calculated directly from the fields
(solid lines) with the analytical expression given by Eq. (16) (stars); (b) the on-axis FWHM
pulse duration calculated directly from the fields (solid lines) with the analytical expression
given by Eq. (17) (stars).

initial transverse distance of each frequency component from the optical axis. A further striking
feature of Fig. 7(a) is that the peak intensity of the SSTF pulse at focus (z” = 0) is independent of
.

These findings are in agreement with the analytical model, which gives the peak axial intensity
of the SSTF pulse as,

(18)

2
Jout @) = (ZRU() 1

peak \Z fo ) \/1 . (ZZ_R)Z\/] + (Z;:;ﬁr)z.

This result shows that the peak axial intensity is independent of @ and that the region of high
intensity becomes more localized as || increases, since zR o decreases with |e|. Figure 7(a)
compares directly the longitudinal evolution of the peak axial intensity of the SSTF pulse
calculated from Eq. (18) (stars) with the numerical results (solid lines). Excellent agreement is
observed.

Figure 7(b) shows the longitudinal variation of the peak axial intensity for the SE pulse. It can
be seen that, unlike for the SSTF pulse, the peak axial intensity at focus increases with |@|. This
finding is in agreement with the analytical model, for which the peak axial intensity of the SE
pulse is found to be,

2
Iﬁfak(z)— zRUo 4aF . (19
V \/ 1+( - )

ZR eff

It can be seen that the analytical model predicts that the longztudinal variations of the peak
axial intensities of the SSTF and SE pulses are identical. Further, on axis the peak intensity of
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Fig. 7. Longitudinal variation of the peak axial intensity calculated numerically from the
fields as Ipeak = 80C|E|r2nax (lines) with the analytical results (stars) for: (a) the SSTF pulse,
Eq. (18); and (b) the SE pulse, Eq. (19). In (c) the longitudinal variation of the normalized
peak axial intensities of the SSTF (solid lines) and SE (dashed lines) pulses are compared.
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the SE pulse is everywhere larger than that of the SSTF pulse by a constant factor that increases
with |a|. These results are consistent with the numerical results shown in Fig 7(c), which shows
excellent agreement between the normalized longitudinal profiles of the peak axial intensities of
the SSTF and SE pulses. Figure 7(b) compares directly the longitudinal evolution of the peak
axial intensity of the SE pulse calculated from Eq. (19) (stars) with the numerical results (dashed
lines). Again, excellent agreement is observed.

3.3. Heuristic methods for calculating the intensity of SSTF pulses

In the section above we showed that the region of high intensity of a SSTF pulse is no more
localized than that of the spatially equivalent pulse. This may seem to contradict the intuitive
statement that shorter laser pulses have higher peak intensities. Here we use a simple model to
show that such logic fails for pulses with spatiotemporal couplings.

The intensity of a bi-Gaussian laser pulse may be written in the form [16]:

1 x2 y2 T 2
I(x,y,2,T) N EINE exp [— @R w (2)2] exp l—21n2 (Tp (Z)) l . (20)

For a pulse of this form, the loci of constant intensity are ellipses aligned to the x- and y-axes.
In terms of the energy & of the pulse, the peak on-axis intensity can be written as,

EFV — 111_2 L
Tea(2) = 4\/: We(@Wy(2)Tp(2)° -

Equation (21) is commonly used to calculate the longitudinal variation of the on-axis intensity
for a bi-Gaussian laser pulse, which we shall call the ellipsoidal focal volume (EFV) method.

The left side of Fig. 8 compares the longitudinal variation of the peak axial intensities of
the SSTF and SE pulses calculated directly from the fields with those calculated from Eq. (21),
where w,(z) and w)(z) were determined from the numerically-calculated intensity distributions, as
described in § 2.2. It can be seen from the left side of Fig. 8(a) that the EFV method overestimates
in the degree of axial localization of the high intensity region of the SSTF pulse, and (incorrectly)
suggests that the SSTF pulse is more localized than the SE pulse. In contrast, as evident from the
left-side of Fig. 8(b), the EFV method does correctly calculate the longitudinal intensity variation
of the SE pulse.

The reasons for this failure are evident from Fig. 9. This shows that, when used with a spot
size wy(z), the EFV method significantly overestimates the peak intensity of a pulse with PFT
since it underestimates the focal volume of the pulse. However, if the fluence-based spot size
wy(z) is used instead, then the EFV method correctly calculates the peak axial intensity for both
SSTF and SE pulses, as can be seen from the right side of Fig. 8. Here, the fluence-based
spot size wy(z) is calculated from the second moment of the transverse fluence distribution,
Fo%(x,y,7) = f_ 0; dr I°®(x, y, z, T), rather than from the transverse intensity profile at the peak of
the pulse.

The analytic model gives the instantaneous spot size as,

, w’(0
Wi = —2O 22)
2
1+ 4(;2F
0
and the fluence-based spot size as,
wi(z) = w'(0) (23)
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Fig. 8. Comparison of the heuristic EFV method (stars) given by Eq. (21) using both the
instantaneous spot size wy(z) (left side) and the fluence-based spot size wy(z) (right side).
The EFV methods are plotted against the correct peak axial intensities for (a) SSTF pulses
(solid lines); and (b) SE pulses (dashed lines).

The spot size of each Gaussian beamlet after the lens is given by,

12
w'(z) = w'(0) u(iy (24)
@R
where w’(0) = /Aozg /7. For beams without PFT, such as the SE pulse, the instantaneous and
fluence-based spot sizes are the same, such that w,(z) = w,(z), as evident in Fig. 8(b). In this
case, the instantaneous and fluence-based spot sizes are both equal to the instantaneous spot size
of the SSTF pulse.

For SSTF beams, each beamlet is focused to a waist at z = f with a spot size in the x-direction
of w’(0). The SSTF pulse is formed from a superposition of these beamlets, and, as such, the
superposition is expected to be constrained to a transverse size (in the x-direction) that is set by
w’(0). It is clear from Eq. (23) that the the focal spot size of the fluence distribution w,(0) is
equal to w’(0). This is independent of & as seen in Fig. 9(c). In the x-direction the spot size of
the fluence distribution increases with distance from the focus with an effective Rayleigh range

/zl’izl’{ o Although the beamlets overlap in the focal plane, and have a transverse size (in the

x-direction) set by w’(0), for an SSTF pulse the beamlets associated with different frequencies
propagate at different angles to the system axis. As a consequence, the resulting spatio-temporal
distribution of the fields exhibits a pulse-front tilt, and hence the transverse intensity profile at the
peak of the pulse has a spot size w,(0) that is smaller than that of each beamlet, i.e., w,(0)<w’(0).
Increasing the magnitude of the spatial chirp (i.e., increasing |@|) will increase the magnitude
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Fig. 9. Illustration of the reason why EFV methods might fail to calculate correctly the
intensity of a SSTF pulse. (a) Shows the spatio-temporal intensity profile at z/ = 0 of
an SSTF pulse with @ = —=3. The solid white line shows the PFT predicted by Eq. (15).
The black lines superimposed on the spatio-temporal intensity distribution illustrate the
estimated focal volume, assuming the instantaneous spot size wy(z) and pulse duration 7p(z);
whereas the grey lines illustrate the estimated focal volume assuming the fluence-based spot
size wy(z) obtained from the fluence. Comparison of (b) the instantaneous spot size wy(z)
calculated directly from the intensity (lines) with the analytical expression given by Eq. (22)
(stars) and (c) the fluence-based spot size wy(z) calculated directly from the fluence (lines)
with the analytical expression given by Eq. (23) (stars). In (b) and (c) the color scheme is the
same as in Figs. 5-8.

of the PFT, and hence will decrease the instantaneous spot-size w,(0). This behavior is evident
from Eq. (22) and Fig. 9(b).

We note also that at large distances from the focus the PFT of the SSTF pulse becomes small,
so that the instantaneous and projected spot sizes become equal. This is seen in Fig. 9(b) and (c)
and is consistent with Egs. (22) and (23).

4. Conclusion

In this work we have attempted to address some confusion in the literature about the degree, and
causes, of localization of the high-intensity region of a SSTF pulse. To this end we used numerical
and analytical methods to investigate the degree of localization of the spatio-spectral and spatio-
temporal amplitudes and intensities of a SSTF pulse formed from a non-temporally-chirped,
bi-Gaussian input pulse. The analytical model was found to be in excellent agreement with the
numerical simulations, and also yielded expressions for the three-dimensional spatio-temporal
intensity profile and the on-axis bandwidth, pulse duration, and pulse-front tilt of the SSTF pulse.

In order to compare the behavior of SSTF and non-SSTF pulses, we proposed a general
definition for the non-SSTF pulse with spatially-equivalent focusing. Our calculations show that
the duration of a SSTF pulse increases with distance away from the focus, as expected. However,
despite this, the degree of localization of the high-intensity region of a SSTF pulse was found, for
the bi-Gaussian input pulses we considered, to be no better than that of the spatially-equivalent
(SE) pulse. As such the SSTF method offers no advantage in constraining the region of high
intensity over focusing a non-SSTF pulse with equivalent focusing, in agreement with the original
literature on this subject [2,3].

We found that a simple, heuristic method can correctly calculate the longitudinal intensity
variation if the spot size is calculated from the fluence of the pulse, but that it overestimates the
degree of intensity localization if the spot size is calculated from the transverse intensity profile
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at the peak of the pulse. This difference in behavior is caused by the PFT exhibited by SSTF
pulses in the focal region.

In this work we showed that SSTF does not provide tighter localization of the region of
high pulse intensity than a non-SSTF pulse with spatially-equivalent focusing, and hence offers
no advantages for purely intensity-dependent processes. However, SSTF does provide several
advantages in other contexts. For example, for purely fluence-dependent processes, SSTF allows
the effective Rayleigh range (or, equivalently, the depth of field) to be reduced whilst keeping the
fluence-based spot size constant. Further, as discussed by Durfee et al. [7], SSTF increases the
pulse duration, and reduces the peak intensity, in the regions surrounding the focus, which can
reduce unwanted nonlinear effects such as self-phase modulation or self-focusing.

We emphasize that our results were obtained for the special case of non-temporally-chirped,
bi-Gaussian input pulses. The numerical method and techniques for benchmarking pulses
against their conventional counterparts that we outline could readily be extended to other spatial
and spectral profiles, including structured spatiotemporal optical wavepackets with additional
spatiotemporal couplings [17-20], and the analytical approach could be extended to the case of
temporally-chirped input pulses. We would expect, however, that the main conclusions of the
present paper would broadly apply for more general cases.
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