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Abstract

This thesis concerns preconditioning for Toeplitz-related systems. Specifi-
cally, we consider functions of Toeplitz matrices, i.e. h(T,)x, = b,, where

h(z) is an analytic function and T,, € C™*" is a Toeplitz matrix.

We propose the absolute value circulant matrix |h(C,,)| as a preconditioner
for h(T,), where C,, € C™" is the optimal circulant preconditioner, the su-
peroptimal circulant preconditioner, or Strang’s circulant preconditioner
derived from T,,, and show that |h(C,)|"h(T},) has clustered spectra that

account for the effectiveness of such preconditioner.

When h(T,) is a real matrix, we can first premultiply it by the anti-
identity matrix Y;, € R™ to obtain a (real) symmetric matrix Y,,h(7},)
without normalizing the original matrix. To ensure |h(C),)| is an effective
preconditioner for Y, h(T,), we show that |h(C),)|"'Y,,h(T},) has clustered
spectra around +1. As Y, h(T),,) is symmetric yet possibly indefinite, we
can use the minimal residual method for the corresponding linear system

with guaranteed convergence that depends only on its eigenvalues.

We further show that the ideas of symmetrization and absolute value
preconditioning for Toeplitz systems can be extended to the block Toeplitz
matrix case. An application on time-stepping methods for evolutionary

ordinary/partial differential equation problems is also discussed.

Numerical results are given to demonstrate the effectiveness of our pro-

posed preconditioners.
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Chapter 1

Introduction

In this thesis, we investigate the applicability of circulant preconditioners for Toeplitz-
related systems, in particular, considering systems defined by functions of Toeplitz
matrices, i.e. h(71,)x, = b,, where h(z) is an analytic function and 7, € C»™ is a
Toeplitz matrix. We note that h(7T,,) is not a Toeplitz matrix in general. However,
when h(z) = z, the system reduces to the usual Toeplitz system, i.e. T,,x, =b,. In

the following sections, we provide the research aims and the thesis outline.

1.1 Aims of research

Circulant preconditioners for functions of Toeplitz matrices have been recently of
interest in the literature for their crucial applications. For example, the Toeplitz
matrix exponential e’ arises from the discretization of integro-differential equations
with a shift-invariant kernel. Solving these equations is often required in areas like
option pricing [58], [137]. Related work on computing the exponential of block Toeplitz
matrices arising in approximations of Markovian fluid queues can also be found in [I1].
As for the matrix sine and cosine functions, an example application which arises in
finite element semidiscretization of the wave equation is solving the following system
of second order differential equations [80]
d2
v Ty =0, y(0) =yo, y'(0) =0,

whose solution is given by
y(t) = cos(tT), ) yo + T,  sin(¢ Ty, ) g

Jin, Zhao, and Tam [99] are the first to propose using optimal circulant pre-

conditioners for functions of matrices. The authors provided some properties of such



preconditioners and numerically demonstrated their effectiveness for certain functions
of Toeplitz matrices, including e?, sin z, cos z, In(1 + z), and (1 - z)~!(1 + 22). Later,
Bai, Jin, and Tao [7] proposed the use of superoptimal circulant preconditioners in
the same context and illustrated their success in a series of numerical experiments.
We present in this thesis a collection of theoretic results that explain the effec-
tiveness of circulant preconditioners for functions of Toeplitz matrices, and their cor-
responding numerical results that support our findings. In addition, we propose the
use of absolute value circulant preconditioners for functions of Toeplitz matrices. An
extension of our results to block Toeplitz systems is also provided. Each main chapter
contains new contributions to numerical analysis in the context of preconditioning for

structured systems.

1.2 Thesis outline

This thesis is structured as follows.

We first review in Chapter [2]the background on Toeplitz matrices before presenting
our main results. Different aspects of Toeplitz matrices, including the asymptotic
spectral distribution, direct and iterative solvers, and the related preconditioning
techniques, are discussed. Also, we introduce a number of key concepts, such as
absolute value circulant matrices and functions of matrices, and notation that are
crucial for developing our results in later chapters.

In Chapter |3 we summarize several common Krylov subspace methods that we
use throughout this thesis. A pseudocode of these methods and their convergence
results relevant to our work on Toeplitz-related systems are provided.

Chapter (4] provides our main results on preconditioning for functions of Toeplitz
matrices. In particular, we consider h(7,)x, = b,, where h(z) is an analytic function
and T, is the Toeplitz matrix generated by a continuous complex-valued function f
defined on [-m,7]. We show that the absolute value circulant matrix |h(c(7},))]| is
an effective preconditioner for h(T,), provided that ¢(7},) is the optimal circulant
preconditioner for 7},. Numerical tests are performed to support our results.

In Chapter [5 considering the Toeplitz matrices generated by functions in the
Wiener class, we show that our results provided in Chapter |4 also apply to super-
optimal circulant preconditioners and Strang’s circulant preconditioners. Numerical
results are provided to demonstrate the effectiveness of these circulant precondition-

ers.



As a simple application, we present in Chapter [6] time-stepping methods for evo-
lutionary ordinary differential equation problems to illustrate how our results can
be used. A further generalization of our work to the block Toeplitz all-at-once sys-
tems arising from time-dependent partial differential equation problems is also briefly
discussed.

In Chapter [7] we comment on an extension of our work to block Toeplitz systems.
We show that both block Toeplitz matrices with Toeplitz blocks and block Toeplitz
matrices with commuting Hermitian blocks can be symmetrized by a simple per-
mutation matrix. The corresponding absolute value block circulant preconditioners
for these symmetrized block Toeplitz matrices are also given. Numerical results are
provided to illustrate the success of our proposed preconditioners.

Chapter |8 concludes this thesis and provides a few directions for future research.
We in particular present some preliminary results concerning the asymptotic spectral

distribution of symmetrized Toeplitz matrices.



Chapter 2

Toeplitz matrices

Before discussing our proposed research, as Toeplitz matrices are of utmost impor-
tance to our work, we give the background on such matrices and the existing methods
in the literature for solving the linear systems that involve them.

Throughout this thesis, we assume that the given Toeplitz matriz T,, € C" is

associated with the spectral symbol/generating function f via its Fourier series
S[f] — Z akeik:p
k=—oc0

defined on [-m,7]. We have

Qo a1 = G_(p-2) A—(n-1)
ai ap Qa—1 a—(n-2)
T,=| : a;  ag : :
Ap-2 a_q
Qp-1 Qp-2 ai Qo

where

1 ™ .
ay f f(z)e ™ dr, k=0,+1,+2,.. .,

21 Ja
are the Fourier coefficients of f. Namely, the entries of a Toeplitz matrix are constant

along its diagonals.

Several important properties of T,, associated with f are listed as follows [T18] 25].

o If f is complex-valued, T, is non-Hermitian for all n.
o If f is real-valued, 7T, is Hermitian for all n.
e If f is real-valued and positive, T,, is Hermitian positive definite for all n.

e If f is real-valued and even, T), is (real) symmetric for all n.

Such a matrix is named after Otto Toeplitz for his work on bilinear forms related

to Laurent series [I53] and we refer to [73] for details.

4



2.1 Spectral distribution of Toeplitz matrices

In this section, we discuss the asymptotic distribution of singular values and eigen-
values of Toeplitz matrices.
Let LP([-m,7]), 1 < p < oo, denote the space of all (equivalence classes of)

Lebesgue integrable functions f defined on [-7, 7] equipped with the norm

= ( [ as) <o

and let | f|e be the essential supremum norm.

Definition 2.1.1 [179] Let f(x) € L'([-m,7]). A sequence {)\,(Cn)} is said to be dis-

tributed as f(x) if for any continuous function F(x) with compact support

lim = 3 FO\™) = % f: F(f(x))da.

n—>o00 n k:l

We write
A r

The singular value and spectral distribution of Toeplitz matrices has been of in-
terest over the past few decades. The earliest result on the eigenvalue distribution
of Toeplitz matrices was established by Szegé [73], namely the eigenvalues of the
Toeplitz matrix T),[ f] generated by a real-valued f e L*([-7,7]) are asymptotically
distributed as f. Considering the same class of functions, Avram and Parter [3, [12§]
showed that the singular values of T,,[ f] are distributed as | f|. Tyrtyshnikov [160, 15§]
later generalized the result for T,,[ f] generated by f € L?([-m,7]). Zamarashkin and
Tyrtyshnikov [I72] further weakened the requirement on f and showed that the same
result holds for f € L'([-m,7]). Based on an approximation class sequence approach,
Garoni, Serra-Capizzano, and Vassalos [68] recently provided the same theorem for
f e LY([-m,m]) in the framework of the newly developed theory of Generalized Lo-
cally Toeplitz (GLT) sequences. The GLT theory aims to study and compute the
spectral symbol of matrices arising from discretising differential operators, and we
refer to [67] for its latest development. The spectral distribution of block Toeplitz
matrices has also been studied for example by Tyrtyshnikov and Zamarashkin [162],
and Tilli [I51] (152, (15, [T42].

We provide the generalized Szeg6 theorem in the following.



Theorem 2.1.1 [75, [3, 128, (160, (158, (172, [151] Let f € L ([-m,x]). Let T,[f] €
Crn be the Toeplitz matriz generated by f. Then,

o(T.[f]) ~ /1.
If, moreover, f is real-valued, then
ATLL) ~ f.

The following simple example illustrates the point: we consider

whose generating function is f(z) = —el* +2 - e =2 - 2cosz. In Figure [2.1] we see
that the eigenvalues of T, [ f] are distributed as f(z) =2 -2cosz on [-7,7].

4
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Figure 2.1: Spectral distribution of T,,[ f] with f(z) =2-2cosz at n = 512.

Having knowledge about the asymptotic spectra of Toeplitz matrices is crucial to
developing efficient solvers for them, such as preconditioned Krylov subspace methods
which will be discussed in details in Chapter [3]

2.2 Toeplitz solvers

Toeplitz matrices are ubiquitous: they arise in many different fields of mathematics

and scientific computing, including numerical ordinary/partial differential equations,



image restoration, numerical solution of convolution integral equations, queueing net-
works, and option pricing, to name just a few. For more applications related to
Toeplitz matrices, see for example [25] [118]. These applications often involve solving
Toeplitz-related systems with a large dimension, so it is of high importance to develop
efficient solvers that provide fast computation. Due to the wide-ranging applicability
of Toeplitz systems and the computational consideration of applications, an extensive
amount of work has been devoted to developing fast algorithms, known as Toeplitz

solvers, for solving such systems.

2.2.1 Direct methods

Developing fast direct methods was primarily the focus of early research on Toeplitz
solvers. Direct solvers are said to be fast if they are of about O(n?) complexity.
In 1946, Levinson [108] was the first to propose a fast direct solver, which was a
significant improvement over methods such as Gaussian elimination, that require
O(n3) operations. Levinson-type variants [I55] 173, 174] with similar complexity
were later developed. Similarly, Schur-type fast solvers were proposed by Bareiss [§]
and Rissanen [134]. Displacement equation-type fast solvers were also proposed for
example by Heinig [77], Gohberg, Kailath, and Olshevsky [69], and Gu [74].
Superfast direct solvers, which are defined to be direct solvers that require less than
O(n?) costs, have then been developed since the 1980s. Various superfast Toeplitz
solvers with only O(nlog®n) complexity can be found in [116, [II, 13 16, 53]. However,
Bunch indicated in [I8] that the Schur solvers and the Levinson solvers are weakly
stable in some cases, but both could be highly unstable in the case of indefinite
and nonsymmetric Toeplitz matrices. The author identified that if 7T}, has a singular
or ill-conditioned principal submatrix, a breakdown will occur, which could lead to
numerical instabilities in these algorithms. Some methods were therefore developed to
avoid breakdowns [54], [I50]. In particular, T. Chan and Hansen [41], [42] proposed the
look-ahead Levinson algorithm to enhance the numerical stability for solving Toeplitz
systems. The basic idea of the algorithm is that it will look ahead to the next well-
conditioned leading principal submatrix if a singular or a nonsingular ill-conditioned
submatrix occurs. However, this look-ahead strategy increases the complexity to an
overall O(n3) operation, as it requires condition number estimates for all leading
principal submatrices. Several extensions of look-ahead Toeplitz solvers were also
proposed in [65] [66]. However, reliable look-ahead strategies are difficult to design and
the resulting algorithms may not be fast. Some other superfast solvers [163, [45] [170]

can also be found in the literature.



2.2.2 Iterative methods

Other than direct solvers, iterative methods can also be used to solve Toeplitz sys-
tems. In fact, for a large class of Toeplitz systems, Krylov subspace methods like
the conjugate gradient method can achieve overall O(nlogn) complexity. Since a
Toeplitz matrix-vector product is required at each iteration of a typical Krylov sub-
space method, it is crucial to compute this product in a fast manner in order to reduce
the overall complexity.

One way to compute such Toeplitz matrix-vector multiplication is to use Fast
Fourier Transforms (FFT) [51, 166]. We first embed 7), into a 2n x 2n circulant

matrix, namely
T, B.|ld.| |T.dn
B, T,|| 0| |[B.d.|’

where
0 Ap-1 - as a
a_(n-1) 0 Ap-1 Qs
Bn = : G_ny1 0 :
a_9 Ap-1
a_1 a_9 a,(n,l) 0

As will be explained in Section [2.3.1] the product 7,d,, for any vector d,, can be
computed by several FFTs in O(2nlog2n) = O(nlogn) operations.

Due to the reduction in complexity and the ability to solve a large class of (e.g. in-
definite or non-Hermitian) Toeplitz systems for which direct solvers could be unstable

[T18], iterative solvers are competitive alternatives to solving Toeplitz systems.

2.2.2.1 Preconditioning for Toeplitz systems

As will be discussed in Chapter |3 the convergence rate of Krylov subspace methods,
such as the conjugate gradient method, depends on eigenvalues. Besides, the eigen-
values of Toeplitz matrices are distributed as their generating function and hence are
not usually clustered as mentioned in Section 2.1} Therefore, the number of iterations
required for a Krylov subspace method to converge is in general large. Due to this
property of Toeplitz matrices, preconditioning is desired to improve complexity.

Suppose originally we want to solve an n x n nonsingular system
A, x, =b,.
We can achieve the same goal by solving the following system instead
P1A,x, = P'b,,
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where a preconditioner P, is any n x n nonsingular matrix.

Provided that we solve the linear system using a Krylov subspace method, the
convergence rate will depend on P;'A, instead of A,. In order to accelerate the
convergence, the preconditioner P, should be well chosen such that the following
criteria are satisfied [4, 25, [92) 118 [47, [, 168]:

1. For any vector d,,, the product P;'d, = v, can be computed efficiently or the

system P,v, =d, can be solved efficiently.

2. The spectrum of P! A, is clustered and/or P;! A, is well-conditioned compared
to A,,.

In the next section, we will explain why circulant matrices as preconditioners for
Toeplitz systems can be effective by illustrating that they satisfy the abovementioned

criteria under certain assumptions.

2.3 Circulant matrices

A circulant matrix C,, € C™" is defined by

¢ Cp-1 0 C2 (1
C1 ¢ Cp-1 &)
Cn = (6] Co :
Cn-2 Cn-1
Ch-1 Cp2 = C (G

Note that C), itself is a Toeplitz matrix, and every row of C), is a right cyclic shift of

the row above it.

2.3.1 Diagonalization of circulant matrices

Theorem 2.3.1 [52, Theorem 3.2.2 and Theorem 3.2.3] Let C,, € C™™ be a circulant
matriz. Then, C,, is given by

Cn = Fq:AnFna

where F,, € Cv" s the Fourier matriz of which the entries are gien by [F,];r =
ﬁe%iﬂ“/”, 4, k=0,1,....,n—-1, and A,, € C™ is the diagonal matriz in the eigende-

composition of C,,.



Due to the diagonalization of circulant matrices C,, = F;*A, F,, (see Section 3.2 in
[52]), one can easily show that for any vector d,, the product C;'d,, (or C,d,,) can
be efficiently computed as follows.

Since the first column of F, is Lnln, where 1,, = (1,1,1...,1)T e R", we have

v
F.C.eq = ! A1
n“nCl — \/ﬁ nLtn;

where e; = (1,0,...,0)7 € R™. Therefore, the diagonal matrix A, can be com-

puted in O(nlogn) operations by taking an FFT of the first column of C,. Since
C.l=FrA\'F,, C'd, for any vector d,, can then be computed by several FFTs in
O(nlogn) operations once A, is obtained. Therefore, C), has the potential to be an

efficient preconditioner due to this low-complexity computation.

2.3.2 Absolute value circulant matrices

As circulant matrices are diagonalizable, we can define their corresponding absolute

value matrix [167].

Definition 2.3.1 [12]] Let C, € C™" be a circulant matriz. The absolute value
circulant matrix |C,| € C™" of C,, is defined by

|Cn| = (C:;Cn)l/2
= (C’TLC;;)I/2
E[An|Ey,

where F,, € C" is the Fourier matriz and |A,| € R™™ is the diagonal matriz in the

eigendecomposition of C,, with all entries replaced by their magnitude.

By definition, |C,,| is Hermitian positive definite provided that C,, is nonsingular.
Also, since |C,,] itself is a circulant matrix, |C),|~*d,, for any vector d,, can be computed
by several FFTs in O(nlogn) operations. Due to these desired properties, |C),| can

be used as a preconditioner in cooperation with Krylov subspace methods.

2.3.3 Circulant matrices as preconditioners

Strang [146] and Olkin [I123] are the first to independently propose using circulant
matrices as preconditioners for Toeplitz matrices. Numerical results in [148] showed
that such preconditioners are effective for solving a wide range of Toeplitz systems.

Theoretical results that guarantee fast convergence with circulant preconditioners
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were later given by R. Chan and Strang [34]. Other circulant preconditioners, such as
optimal circulant preconditioners by T. Chan [40], Huckle’s preconditioners [86], and
superoptimal preconditioners by Tyrtyshnikov [I57], were developed for the Toeplitz
matrices generated by certain real-valued and positive functions f. The restriction
on f was later relaxed for example in [29, [I41] 55] to allow f to have zeros.

Work has also been done on preconditioning for Hermitian indefinite Toeplitz
systems [33], 121], non-Hermitian Toeplitz systems [88], and nonsymmetric Toeplitz
systems [I30]. Tyrtyshnikov, Yeremin, and Zamarashkin [I61] proposed improved cir-
culant preconditioners and showed that the eigenvalues of the preconditioned matrices
were clustered around unity for the Toeplitz matrix generated by sparsely vanishing
functions f in L2([-m,7]), i.e. the zero set of f is of measure zero. Di Benedetto and
Serra Capizzano [56], and Oseledets and Tyrtyshnikov [125] later provided a unifying
way of constructing circulant preconditioners. For references on the development of
preconditioning for Toeplitz matrices, we refer to [118] 25, 124].

We first provide the following definition in relation to the clustered spectra around
+1 produced by absolute value circulant preconditioners, which is relevant to our main

results.

Definition 2.3.2 [12d, Definition 4.5] A sequence of matrices {H,}>, is said to
have clustered spectra around +1 if for any € > 0 there exist positive integers M and
N such that for all n > N, at most M eigenvalues X\ of H, are such that |\ -1| > €
and A+ 1] > €.

Remark A sequence of matrices having clustered spectra around unity can be defined

in a similar way.

In what follows, we provide three commonly used circulant preconditioners. Given

a Toeplitz matrix T, € C»n

Qo a1 = G_(p-2) A—(n-1)
ay Gy G-1 A_(n-2)
T, =| : a; Qg : )
An—2 a_1
Qp-1 Ap-2 ai Qg

we provide the following circulant preconditioners for T,.

11



2.3.3.1 Optimal circulant preconditioners

We let
Mg, ={F:\,F, | A, is any n x n diagonal matrix}

be the set of all circulant matrices [52]. The optimal circulant preconditioner [40]
c(T,,) e Cvn for T, is defined to be the minimizer of

“Tn—CnHF

over all C), € Mg, , where |- | g is the Frobenius norm.

The entries of ¢(T,,) can be explicitly obtained:

c Cp-1 -+ C2 (O
1 C Cp-1 Ca
o(T)=: a ¢ =~ |,
Cn-2 . Cp-1
Ch-1 Cp—2 = € C

where

n

(n-k)ag+kag_n 0<k<n
C = B

Chtk O0<-k<n

Remark In fact, optimal circulant preconditioners can be defined for general square

matrices. However, we only focus on Toeplitz matrices in this thesis.

Let 0(A,) € C»" denote the diagonal matrix whose diagonal is equal to the

diagonal of A,, € C**". The following theorem provides some important properties of
o(Ty).

Theorem 2.3.2 [25, [26] Let T,, € C™" be a Toeplitz matriz and let ¢(T,,) € C™" be
the optimal circulant preconditioner for T,. Then, the followings hold:

(i) c¢(T,) is uniquely determined by T,, and is given by
o(Tp) = F*6(F,T,F)F,.

(i) We have
amax(c(Tn)) < Omaz(Th),

where oma:(Ay) denotes the largest singular value of A,,.

(iii) If T,, is Hermitian, then ¢(T),,) is also Hermitian. Furthermore, we have

Amin (T1) € Amin(€(T1)) € Amaa (¢(T0)) < Ammaa(Th),

where Apin(An) and Az (Ay) denote the smallest and largest eigenvalue of A, re-
spectively. In particular, if T, is positive definite, then so is ¢(T},).

12



Considering the Toeplitz matrices generated by positive functions in the Wiener

class, i.e. T}, whose entries satisfy

oo
Z |ak| < 00,
k=—o00

R. Chan proved that ¢(7,)~'T, has clustered spectra around unity for sufficiently

large n.

Theorem 2.3.3 [21, [22] Let f be a positive function in the Wiener class. Let
T,, € Cvn be the Toeplitz matriz generated by f and let ¢(T,) € C™" be the optimal
preconditioner for T,,. Then, ¢(T,)™ T, has clustered spectra around 1 for sufficiently

large n.

R. Chan and Yeung later extended the result to positive functions in C[-7, 7], the
Banach space of continuous complex-valued functions defined on [-m, 7] equipped

with the supremum norm | - | c.

Theorem 2.3.4 [30] Let f € C[-m, 7] be a positive function. Let T, € C™" be the
Toeplitz matriz generated by f and let ¢(T,) € C™™ be the optimal preconditioner for
T,. Then, ¢(T,) VT, has clustered spectra around 1 for sufficiently large n.

Optimal preconditioners have undergone many extensions and generalizations.
Their properties, such as the stability in numerical ordinary differential equation
problems, have been studied for example by Jin in [20, 07, 99, 19| 98] 48], and related

preconditioners like modified optimal preconditioners can be found in [IT1].

2.3.3.2 Superoptimal circulant preconditioners

Similar to ¢(7,,), the superoptimal circulant preconditioner [157] t(T,) € C™ for T,

is defined to be the minimizer of
”ITL - Cngn”F

over all C,, e Mg,

The following theorem provides a relation between t(7},) and ¢(T},).

Remark Superoptimal circulant preconditioners are also defined for general square

matrices.
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Theorem 2.3.5 [26, Theorem /] Let T, € C™™ be a Toeplitz matriz and let ¢(T),) €
Cr=n be the optimal circulant preconditioner for T,. If both T,, and c¢(T,) are nonsin-
gular, then the superoptimal circulant preconditioner t(T,) € C™™ for T, exists and
s given by

t(T,) = (1) eo(TuTy).

Considering the effectiveness of ¢(7T;,) for T,,, R. Chan, Jin, and Yeung showed the

following result.

Theorem 2.3.6 [27, Theorem 5] Let f be a positive function in the Wiener class.
Let T,, € C™™ be the Toeplitz matrixz generated by f and let t(T,) € C™™ be the
superoptimal circulant preconditioner for T,. Then, t(T,,)™'T,, has clustered spectra

around 1 for sufficiently large n.

Like optimal circulant preconditioners, superoptimal circulant preconditioners

have been generalized over the years for example in [46), [7, 49] 96].

2.3.3.3 Strang’s circulant preconditioners

Strang’s circulant preconditioner s(T,,) € C* [146] for T,, is defined by

S0 Sn-1 S2 81
S1 S0 Sp-1 52
s(Tn) =] : S1 So I
Sp-2 . Sp-1
Sp-1 Sp—2 0 S1 S0

where
ap  0<k<|n/2]

Sp=1akn |n/2|<k<n
Sper 0<-k<n
with |n/2] denotes the greatest integer m < n/2. Namely, s(7,) copies the central

diagonals of T}, and wraps them around to form a circulant matrix.

Remark Strang’s circulant preconditioners can only be defined for Toeplitz matrices
by the definition given. For other matrices, R. Chan, Ng, and Plemmons [30] proposed

the generalized Strang type circulant preconditioners.

For the Toeplitz matrix generated by positive functions in the Wiener class,
Strang’s circulant preconditioners are effective in the sense that the eigenvalues of

the preconditioned matrices are clustered.
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Theorem 2.3.7 [3]] Let f be an even positive function in the Wiener class. Let
T, € R™™ be the Toeplitz matriz generated by f and let s(T,) € R™™ be Strang’s
circulant preconditioner for T,,. Then, s(T,)"'T, has clustered spectra around 1 for

sufficiently large n.

Using a purely linear algebra approach, R. Chan later extended the result via the

following theorem.

Theorem 2.3.8 [2]] Let [ is a positive function in the Wiener class. Let T, €
Cr=n be the Toeplitz matriz generated by f and let s(T,) € C™" be Strang’s circulant
preconditioner for T,,. Then, s(T,)~'T, has clustered spectra around 1 for sufficiently

large n.

With more knowledge about f, descriptive convergence rates of the conjugate

gradient method for s(7;,)~'7,, can be found for example in [34] [37].

2.3.3.4 Other circulant preconditioners

There are also other circulant preconditioners proposed for Toeplitz matrices over
years in the literature.
For the Toeplitz matrices generated by certain positive functions, i.e. positive

functions whose Fourier coefficients satisfy
[ee]
2
D [kllaxl® < oo,
k=0

Huckle’s preconditioners developed in [86] were shown to be able to give clustered
spectra.

Circulant preconditioners constructed by embedding the Toeplitz matrix into a
2n-by-2n circulant matrix have also been used. R. Chan’s preconditioners [21] and
the preconditioners constructed by Ku and Kuo [I03] belong to this category.

{w}-circulant preconditioners C,,(w) € C™" were proposed by Potts and Steidl
131, 132], namely C,(w) = Q: Fr A, F, 2, where A,, e C™" is the diagonal matrix in

the eigendecomposition of C),(w), F,, € C™" is the Fourier matrix, and
Q, = diag(1,ewni e?wnl  e(n=Duwnl) ¢ Crom

is a unitary matrix with w, € [-m, -7 + 27/n).

Best circulant preconditioners by R. Chan, Yip, and Ng [39, 32] were proposed to
solve ill-conditioned Toeplitz systems. For more about other circulant precondition-
ers, we refer to [118] 25].
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2.4 Noncirculant preconditioners

Other than circulant preconditioners, noncirculant preconditioners have also been
used for Toeplitz systems.

Optimal transform-based preconditioners were proposed, due to the desired prop-
erty that they can be diagonalized by a fast transform. Optimal sine transform-
based preconditioners [10} 31l 14], 87], optimal cosine transform-based preconditioners
[23, 119, [100], and optimal Hartley transform-based preconditioners [12, 89] belong
to this kind.

Band-Toeplitz matrices have also been used as preconditioners for certain ill-
conditioned Toeplitz systems, for example see [28|, 35 139, 140}, [76], 110].

Other preconditioners were also proposed, such as approximate inverse-free pre-

conditioners [169]. For more about noncirculant preconditioners, we refer to [118] 25].

2.5 Functions of Toeplitz matrices

In this section, we review a few definitions and several properties of matrix functions
for developing our main results on functions of Toeplitz matrices.

Throughout this thesis, we assume that the given function h(z) is analytic with
radius of convergence r. It is therefore sufficient to consider the following represen-
tation of matrix functions via the Taylor series expansion of h(z). Also, without loss
of generality, we choose « in the series representation of h(z) to be zero in order to

simplify notation.
Theorem 2.5.1 [79, Theorem 4.7] Suppose h(z) has a Taylor series expansion
h(z) =Y ar(z-a)F,
fry

where ay, = h(k,;(a), with radius of convergence r. If A, € Cv™ then h(A,) € C™™ is

defined and is given by
h(An) = Z CLk(An — Oé]n)k
k=0

if and only if each of the distinct eigenvalues Aq,...,\s of A, satisfies one of the
conditions

(a) [Ni-af <r,

(b) |\i—al = r and the series for K™=V (X), where n; is the index of X, is convergent
at the point A\=X\;, i=1,...,5.
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As trigonometric matrix functions of Toeplitz matrices will be discussed in Chapter

[], we provide their definition in the following.

Definition 2.5.1 [7Y] For any A, € C",

1 1

€An — [n+An + A721+ Ai + e
2! 3!
1 1 1
sind,=A, - A3+ =A> - — AT 4+ ...,
3! 5! 7!
1 1 1
cosAp,=1I,- =A%+ —=At - — A0 4 ...
2! 4! 6!
. 1., 1 . 1 .
sinhA, = A, + =A) + —A> + — Al + -+
3! 5! 7!
and
1, 1, 1
coshA, =1+ =A; + =A, + =A + .
2! 4! 6!

We also provide the following important theorems concerning matrix functions

that will be used to prove our main results.

Theorem 2.5.2 [79, Theorem 1.18] Let h(z) be analytic on an open subset Q2 ¢ C
such that each connected component of €2 is closed under conjugation. Consider the
corresponding matriz function h(z) on its natural domain in C™" i.e. the set D =
{A, e Cn: A(A,) € Q}. Then, the followings are equivalent:

(a) h(Az) =h(A,)* for all A, €D.

(b) h(A,) = h(A,) for all A, €D.

(c) h(R™"nD) c Rmn,

(d) h(RnQ)cR.

Theorem 2.5.3 [79, Theorem 4.8] Suppose h(z) has the Taylor series expansion
h(z) = Z ar(z - a)k,
k=0

where ay, = h(k;!(a), with radius of convergence r. If A, € C™" with p(A, —al,) <,

then for any matriz norm | - |

K-1
LEREMOEACIIALE ma (A~ 0L) KA (al, + 1A, - L))

The following lemma shows that Y, h(T,) is (real) symmetric when T, is a real
Toeplitz matrix, which will be used in Chapter [4]
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Theorem 2.5.4 Suppose h(z) is an analytic function on |z| < r with radius of con-
vergence r. Let Y, € R be the anti-identity matriz. If A, € R™™ with p(A,) <r is
(real) persymmetric, i.e. Y, A, = ALY, then h(A,) is also (real) persymmetric.

Proof We start by showing that A% is persymmetric for any nonnegative integer k:

YnAk = YnAnAfl_l
= ATy Ak-1
= AZYnAnAﬁ_Z
= (A£)2YnAlr€L_2

= (AZ)kYn
= (AZ)TYn'

Since h(z) is analytic on |z| <7, it has the following Taylor series representation:

h(z) =)
k=0

with radius of convergence r. By Theorem and the assumption that p(A,) <,

we have

k=0
Thus,

K
Y,h(A,) = Y, lim ZakA,’fb
K—oo =0

K

= lim ZakYnAfL
K—oo =0

K
= lim Y a,(A¥)"Y,
K—>ook:0
K
= lim(z ar(AFNTY,
K—oo =0
= h(A)TY,.

Moreover, h(A,) is a real matrix when A, is a real matrix by Lemma (c).
The result follows. |
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Chapter 3

Krylov subspace methods

Throughout this thesis, we focus on Krylov subspace methods as Toeplitz iterative
solvers. In this chapter, we briefly review the following three commonly used meth-
ods: the conjugate gradient method, the minimal residual method, and the general-
ized minimal residual method for solving a linear system A,x =b,,. For each of these
methods, we provide a pseudocode and the convergence results related to precondi-
tioning for Toeplitz matrix functions.

Given an initial guess X7(10) and the corresponding initial residual r%o) = bn—Anxsz),

we define the k-th Krylov subspace
Ki(An, 1) = span{r®, 4,5, 42¢0 . A1y, k=1,2,....

Krylov subspace methods for finding x,, € C™" satisfying A,x,, = b, compute

iterates ng) for which

x(F) — x(® ele(An,r%O)), k=1,2,...,

ey 0 . . .
from some initial guess xﬁb ), and thus require one matrix-vector product computation

at each iteration. The vector rgk) =b, - Anxgﬁ), k=0,1,2,..., is the k-th residual. If
XSLO) =0, then
x e Kp(An,by),  k=1,2,....

Thus, the iterates and residuals of any Krylov subspace method satisfy
k 0 & (0
X,(1 ) —X§L ) - Zoz,;A;rgl)
i=0
for some coefficients a;,7=0,1,2,---,k — 1. Hence,

x;k) = X;O) + q(An)rglO), (3.1)
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where ¢(z) is the polynomial of degree k — 1 given by

k=1
q(z) = Z ;2"
i=0
Premultiplying (3.1)) by A,, and then subtracting it from b,,, we obtain
bn - AnX§Lk) = bn - AnX1(10) - AnQ(An)rgLO)y

and therefore

rt? = - Ag(A)r
= p(A)rs, (3.2)

where
k=1
p(z) = 1-2) o2
i=0

k
= 1- Z CYi,lZZ
i=1

is a polynomial of degree k that satisfies p(0) = 1.

3.1 Generalized minimal residual method

One of the most widely used iterative methods for non-Hermitian problems is the gen-
eralized minimum residual (GMRES) method developed by Saad and Schultz [136].
A typical GMRES implementation is given in Algorithm [I The idea of GMRES is

to find the k-th iterate xg@) that minimizes
an - AnX%k) HZ

over x + Ki(A,, ).
GMRES is based on the Arnoldi method [2] given in Algorithm [2| which uses a

modified Gram-Schmidt process to construct an orthogonal basis

{qgll)a q7(12)7 e »quk)}

for le(An,rq(lo)). We can view this method as a computation of projections onto

successive Krylov subspaces in matrix form. Let
Or=[aV q@ .. qM]ecm
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Algorithm 1 Generalized minimal residual method [61], Algorithm 7.1]

Choose x, compute r'”) = b, - 4,x, set q{" =1 )/||r(0)||
for k=1 untll convergence do

Do step k of the Arnoldi method

Update the QR factorization of Hjqy in (3.4)

Solve yy, = arg min ||\ .e; - Hi1 kYk|2

Set xM = x + Qryr

<Test for convergence>
end for

Algorithm 2 Arnoldi method [61]

Choose g € C* with [q\"]|, = 1
for k=1,2,... do
W, = Anqgk)
for j=1,2,...,k do
ik = (qff),wn)
W, =W, —hy kqg)

end for
P k= HWnHQ
qff“”) = Wn/hk+1,k
end for
and let
hyy - hy
A e P (3.3)
hi -1 P

be an upper Hessenberg matrix. Defining

H,
Hk+1,k = k T G(C(k+1)><k, (34)
hk+1,kek

we have

AnQi = QuHy+ hppalel
= Qre1Hps1r, k=1,2,...,

(0)
where e; = (0,...,0,1)7 is the k-th coordinate k-vector. Choosing q( ) = ” ’2’50)” the

k-th iterate X7(1 ) corresponds to

i =% + Quyi
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for some yj, € CF,

We can restate GMRES as solving the following least squares problem

min by = Ay = min [r? - A,Qkyil»

xie xD 0 (An ) yie

= min [r8” = Quer Hror kY2
yreCk

= min HQk+1(Hrv(zO)”2el - H’f*l:kyk)HQ
yreCk

= 1min H ||r7(10) ”261 - Hk+1,ky16H27
y1reCk

where e; = (1,,0...,0)7 is the first coordinate (k + 1)-vector. We can then solve this
least squares problem using the QR factorization of the Hessenberg matrix Hy.q,
which can be achieved by one additional Givens rotation for each k since Hy.qy is
built up by adding the last column for each k.

Assuming the (full) QR factorization of Hy j_; is

Vi Hi g1 = Ry,

where R;, € CkF-1 is upper triangular, we have

Vi V! Hippr o hy
H. . k )
e [

R, Vihy]
= ; 3.5
l hk+1,k_ ( )
where hy, = [h1 ), hay ... hix]?. In other words, premultiplying (3.5) by
1 .
Gk+1 — 1 € (Cl<c+1,k:+17
Ck+1  Sk+1
—Sk+1 Ck+1]

where cgy1 = cosfp,1 and sp,1 = sinf,,; represent the appropriate rotation to zero

out the entry hyi1 x, can render the QR factorization of Hy.1, as Hyi1 = Vi1 Rgs1-

Namely,
Vi Ry, Vh
Gk+1 l & 1] Hk+1,k = Gk+1 [ g h;’: IZ] .
—_—————
|7 Rk+1

k+1

The full GMRES algorithm given requires increasing storage and operations as k

increases. If the number of iterations needed to solve a linear system is large, this
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creates significant demands of storage and computation. In such case, one can for
example use GMRES(!) [136] (restarted GMRES), which simply restarts every [ steps

and uses the newest iterate as the initial guess for the next GMRES cycle.

3.1.1 Convergence of GMRES

Let II;, be the set of polynomials of degree at most k and let A(A,) be the set of all
eigenvalues of the matrix A, e C»n.
By (3.2), we have the following theorem that relates the convergence of GMRES

with minimal polynomials.

Theorem 3.1.1 [61] Let A, € C™" and let vy, *) be the k-th residual of GMRES.
Then,
x5

15 ~ petlp(0)-1

[Px(An) 2

As a consequence, we have the following result.

Corollary 3.1.2 [61] Let A,, e C™. Then, GMRES will terminate with the solution

within n iterations in exact arithmetic.

We have now a guarantee that GMRES will converge within a number of iterations
equal to the dimension of the system. In fact, we can improve this termination bound
if we have information about the minimal polynomial of the matrix.

Let k(B,) = || Bull2| By |2 denote the condition number of B,, € C™,

Theorem 3.1.3 [61, Theorem 7.1] Let A, € C»" and let r ") be the k-th residual
of GMRES. If A, is diagonalizable, i.e. A, = V,A, V! where A, is the diagonal
matrix containing the eigenvalues of A, and V,, is the matriz whose columns are the

eigenvectors, then

RRP .
<k(V, min i
”rg)) ||2 ( )pkd_[k,p(()) 1) A(A ) Hpk( )H2

Proof By Theorem and the assumption that A, = V,A, V1,

N

min | pe(VaA Vi )2

||I‘(0)||2 "~ prelly,p(0)=1

< ValofVitle  min - fpe(An) |
— — piell,p(0)=1
k(Vn)
< #(Va) min x |pe(Ai)]2- I

pkEHk p(O) DY EA(An
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From Theorem [3.1.3] we immediately have the following corollary.

Corollary 3.1.4 [61] Let A, € Cvn. If A, is diagonalizable with k distinct eigen-
values, then GMRES will terminate with the solution within k iterations in exact

arithmetic.

Even though, by Theorem we have a convergence bound that depends on
k(V,) and a term depending on the spectrum of A,,, knowledge about x(V},) is usually
not available and therefore this result is often not easily applicable. Besides, the
eigenvalues of A, alone cannot fully describe the convergence of GMRES. In fact,
Greenbaum, Ptak, and Strakos in [72] provided the following negative result in this
regard. Given any n eigenvalues and any nonincreasing convergence curve terminating
at or before the n-th iteration, for any given b, there exists a matrix A, ¢ C™"
with those eigenvalues and an initial guess XSLO) such that GMRES will give such a
convergence curve. More negative results can be found for example in [59, [60].

Preconditioning [I35] can be incorporated in the GMRES method provided in
Algorithm [T The application of a left preconditioner P, requires only minor modifi-
cations to GMRES and a right preconditioner is also readily applied; see for example
[61]. In the left PGMRES method, the initial residual is replaced by the precondi-
tioned residual ) = P1(b, - Anx,(lo)) and the vector w,, becomes w,, = PglAnr,(f)
at each step of the Arnoldi method (Algorithm [2)).

3.2 Minimal residual method

The minimal residual (MINRES) method developed by Paige and Saunders [120]
can be regarded as a special case of GMRES when the matrix is Hermitian. A
pseudocode of the algorithm is presented in Algorithm [3| for reference. Similar to
GMRES, MINRES finds the k-th iterate X%k) that minimizes

[b, — Aux s

over x\) + Ki(A,, r%o)).

However, unlike GMRES the Arnoldi method used in the previous section can
be simplified to a 3-term recurrence known as the Lanczos method [105] [106] for
Hermitian matrices to generate an orthonormal basis for the Krylov subspace. We

can write the Lanczos method in matrix form: recalling (3.3, the upper Hessenberg
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Algorithm 3 Minimal residual method [61], Algorithm 2.4]

Set r (0) W(O) = WS) = 0
Choose x. compute r$” = b, - A,x", set y; = HI'7(11)H2
Set 1 =1, 50—81—07 co=c1=1
for k=1 untll convergence do
r® )
n [k
5y = (Ann(lk) (k)>
r D = A, e - 5l — Y (the Lanczos method)
(k+1)
Yre1 = [rn 2
ap = 0k — cp-1SkYe (update the QR factorization)
a1 =y O‘% + 7]%+1
Qg = S0k + Cho1Ck Yk
Q3 = Skp-17k
Ch+1 = O[Ot Ska1 = Vks1/0a (Givens rotation)

(k:+1) (r(k) o Wy(lk 1) PN Wn )/(]{1

;k) _ ;k 1) + Cpoy 77X$zk 1)
1= =Skl
<Test for convergence>
end for

matrix Hj, in this case is simplified to be a Hermitian tridiagonal matrix of recurrence

coefficients denoted by H), € Ck<k namely

a; B
. B oy B
Hy = P2 as
N Br-1
Br-1 Qg

where a; = h” and 5@ = hi+1,i = hi,i+1a 1= ]_, ey k-1.

3.2.1 Convergence of MINRES

By Theorem [3.1.3] and the fact that Hermitian matrices are unitarily diagonalizable,

we have the following theorem.

Theorem 3.2.1 [61] Let A, € C™™ be Hermitian and let ry, ") be the k-th residual of

MINRES. Then,
P

[rn
i)l
”I‘(O) H " prelly,p(0)=1 /\ig/{?ficn) Hpk( )H2

By Theorem [3.2.1} we know that MINRES will perform well in exact arithmetic
when the eigenvalues of A,, are clustered. With more knowledge about the spectrum

of A,,, a more descriptive error bound can be found via the following theorem.
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Theorem 3.2.2 [171, Theorem 3.1] Let A, € C*™*" be Hermitian and let t&) be the
k-th residual of MINRES. If the eigenvalues of A, are ordered such that

)\1S"'S)\pﬁ—blS)\p+1S"'S)\nl_qﬁ—bgﬁ)\nl_qﬂS"'S)\nl <0
and
0<)\n1+1S"'S/\n1+meBS>\n1+m+lS"'S)\n—lSb4g>\n—l+1g"'g)\n7

where by, by, b3, and by are positive constants with by—by = by—bs, then for k > p+q+m+l

k-p—g-m-l
el (\/Wm)“ R
Dl ™ \Whibs+ Vbabs

max POV,

”I- )\e[—bl,—bg]u[bg,b4

where

P(A)::ﬁ(Aggj). 5 ()\j/\_)\)‘"ﬁm(/\;\‘)\j)‘ I ()\j/\_/\).

j=1 j j=ni-q+1 J j=ni+1 J j=n—l+1 J

A corollary concerns the convergence rate for A, with clustered spectra around
+1, which is relevant to our main results on Toeplitz matrix functions, is given in the

following.

Corollary 3.2.3 [171, Theorem 3.2] Let A, € C™" be Hermitian, let v& be the k-th
residual of MINRES, and let 0 < e < 1. If the eigenvalues of A,, are ordered such that

M S A<=l A < S A oS-+ Ay g1 < S A, £-0<0
and

O<5S)\n1+lé"'s>\n1+mg1_€S)\n1+m+1S"'S)\nflg1+€S)\n7l+1g"'g)\n7

where § >0 is a constant independent of n, then

||rv(1k)||2 k—p—q-m~—1)/2
< 2Bel(k=p=a=m-D/2]

e,

where k>p+qg+m+1 and

w5 = 5
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If a Hermitian positive definite preconditioner P, is employed, the above theorems
hold with A, replaced by P:'A,. Since Pi*P1A, Pyt = P2 A, P when P, is
Hermitian positive definite, P,'A, is similar to the Hermitian matrix P, 1 2AnPJ 12,
Hence, it suffices to consider the preconditioned matrix P;!A,, which we want to
have a clustered spectrum This method differs only slightly from Algorithm |3 I r(l)

is replaced by i) = P (b, - Anxgo)) and, at each iteration,
5k = < 1A I'T(lk) %k)>

and
Y = P A - gDy Y.

3.3 Conjugate gradient method

The conjugate gradient (CG) method was invented by Hestenes and Stiefel [78] for
solving Hermitian positive definite systems A,x, = b,,. The k-th iterate ng) of CG
minimizes the error
%, = x| 4,
—_—
e
over X\ + K (An, ), where |u,| 4, = v/uiA,u,. Equivalently, the k-th iterate x\”

of CG minimizes the functional

o(xp) = —x rApx, - X2 by,

over x\V + Ki(Ap,r )). A typical CG implementation is given in Algorithm , and

CG requires only one matrix-vector product with A,, at each iteration to compute
(k)
Xy, -

Algorithm 4 Conjugate gradient method [61], Algorithm 2.1]

Choose x , compute r =b,-A XfI ), and set p( ) =¥
for k=0 untll convergence do
o = (50} 4,000 1)
) - () +akp(k)
(k+1) _ rglk) o Anpfzk)
<Test for convergence>

By _( (k+1),r(k+1 >/( (k)er(lk))

p) _ p(e1) g ()

end for
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3.3.1 Convergence of CG

We also provide several convergence theorems of CG that are relevant to precondi-

tioning for Toeplitz-related systems.

Theorem 3.3.1 [61] Let A, € C™" be Hermitian positive definite and let e™ be the
error of the k-th CG iterate. Then,

[etla,

A
||e(0)|| pEHk p(0)= 1>\g\l(afﬁ) (VI

If k£ =n, one can choose the n-th degree polynomial that passes through all the
eigenvalues of A,, with p(0) =1 and obtain the following corollary.

Corollary 3.3.2 [61)] Let A, € C™" be Hermitian positive definite. Then, CG will

terminate with the solution within n iterations in exact arithmetic.

Using Theorem3.3.1], one can choose p to be the k-th degree Chebyshev polynomial

and obtain the following theorem.

Theorem 3.3.3 [61] Let A, € C™" be Hermitian positive definite and let e, ) be the
error of the k-th CG iterate. Then,

He(k)HAn - ( H(An) —l)k
Dla, \Wr(A)+1

By Theorem [3.3.1] and [3.3.3, we can expect that CG will perform well in exact

arithmetic when the eigenvalues of A,, are clustered. Similar to MINRES, with more

len

knowledge about the spectrum of A,,, a more descriptive error bound can be found

for example in [4] and via the following theorem.

Theorem 3.3.4 [118, Theorem 2.3] Let A,, € C™" be Hermitian positive definite and
let ) be the error of the k-th CG iterate. If the eigenvalues of A, are ordered such
that

0<)\1S"'S)\iﬁblS/\Zq.l<"'§)\n_jﬁb2§)\n_j+1S"'ﬁ)\n,

then for k>1+j

e, 2(5-1)’”‘1_ - i(A—)\l) I (AI—A)
”e(O)“ A, b+1 Aelbr,b2] | 12 Al I=n—j+1 Al ’

where b=+/by[by > 1.
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The following corollary concerns the convergence rate for A,, with clustered spectra
around 1. As we will see in Chapter [ this corollary applies to Toeplitz matrix

functions with clustered spectra.

Corollary 3.3.5 Let A, € C»™" be Hermitian positive definite, let e, *) be the error of
the k-th CG iterate, and let 0 < e < 1. If the eigenvalues of A,, are ordered such that

0<5<)\1S"'§)\Z‘<1—€S/\Z‘+1S“‘S)\n_]‘S1+€§)\n_]‘+1§"'§)\n,

||e(k)|| T+e) L. .
n <2 _ 1 ]
1@, T\ )T

then

where k > 1 + j.

A Hermitian positive definite preconditioner P, can be easily incorporated with
CG to achieve such a clustered spectrum of eigenvalues. In Algorithm [5 a precondi-
tioned conjugate gradient algorithm for P;!A, is given. Note that P;!A, is similar
to the Hermitian positive definite matrix P, Y A, Py Y 2, provided both A, and P,
are Hermitian positive definite. With A, replaced by P,;!A,, the abovementioned

theorems concerning the convergence rate of CG hold.

Algorithm 5 Preconditioned conjugate gradient method [61, Algorithm 2.2]

Choose x), compute £ = P;1(b, - A,xy )) set p =
for k=0 untll convergence do
k) a(k N k) (k
o, = (27, #7) /(P Apt” piY)
(k+1) (k) p(k‘)
A(k+1) A(k) akP 14, p

<Test for convergence>
a(k+1) A(k+1)\ //a(k) o(k
By, = ((+) (+>/((),r7(1))

pl) _ kD) g (0)

end for

Other well-known iterative methods such as multigrid methods [17, [156], domain
decomposition methods [43, [154], the biconjugate gradient stabilized (BiCGStab)
method [164], BiCGStab(l) [144], the quasi-minimal residual (QMR) method [64],
and induced dimension reduction (IDR) methods [145] can also be used. However,
as we do not implement these methods in this thesis, we refer the readers to [109,
165, 124, 168, ©61), [71, 114, [75], 63) [70, [5] for more detailed discussions about iterative

solvers.
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3.4 Conclusions

We have discussed several typical Krylov subspace methods, including CG, MINRES,
and GMRES. Their algorithm and the convergence results relevant to Toeplitz matrix
functions have also been provided. In the numerical tests provided in the subsequent
chapters, these methods will be used to demonstrate the effectiveness of our proposed

preconditioners.
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Chapter 4

Optimal preconditioners for
functions of Toeplitz matrices!

Instead of directly dealing with a n x n (real) nonsymmetric Toeplitz system T,x,, =

b,,, where
Qo a1 A_p+2 G-p4l
ay ap Q-1 A_n+2
Tn = aq agp € Rnxn’
QAp-2 ’ a-1
Gp-1 Qap-2 ay Qo

Pestana and Wathen suggested in [129, [112] that one can premultiply it by the anti-
identity matrix Y,,, defined as

Y, =
1

nxn
e R,

to obtain the symmetric system Y,,T,x,, = Y,,b,, (i.e. a Hankel system), where

Qp-1 QAp-2 ay Qo
Qp-2 a1
Y, 1, = e R™",
ai Qo
451 ap Q-1 )
| Qo a1 A-p+2  G-py1 |

Using a suitable absolute value circulant matrix |C),| as a preconditioner, they further
proved that the eigenvalues of the preconditioned matrix |C),|"'Y, T, are clustered

around =+1.

!This chapter is adapted from two papers [81, 84]. My main contribution to the paper in
collabration with Andy Wathen is proving the theorems as well as providing the numerical results
therein.
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In this chapter, we show that Pestana and Wathen’s idea of using Y,, as a reorder-
ing device and |C,| as a preconditioner can also be applied to systems defined by
analytic functions of Toeplitz matrices, i.e. systems of the form h(7},)x, = b,,, where
h(z) is an analytic function and T, is the Toeplitz matrix generated by a continuous
complex-valued function f defined on [-, 7]. Based on these ideas, we show that one
can solve the symmetrized system Y, h(T,)x, = Y, b, using MINRES with guaranteed
convergence that depends only the eigenvalues of Y, h(T},).

In particular, we show that the eigenvalues of |h(c(T,))|'Y,,h(T,,) are clustered
around +1 under certain assumptions, where ¢(7},) is the optimal circulant precondi-
tioner for T,,. As for a general non-Hermitian h(7},), we also provide similar results
for its normal equation system with the preconditioner |h(c(T},))|-

Given a circulant matrix C,,, we remark that |h(C,,)| and h(C,,) are circulant ma-
trices. By the diagonalization of circulant matrices C,, = F;*A, F,,, we have |h(C,,)| =
Frh(Ay)|F, and h(C,) = Fih(A,)F,. Therefore, for any vector d, the products
|h(C)|*d,, and h(C),)~'d,, can be efficiently computed by several FFTs in O(nlogn)
operations.

It must be noted however that fast matrix vector multiplication with the matrix
h(T,) is not readily achieved by circulant embedding, in contrast to the simplest case
h(z) = z, though sparsity may still help. Indeed, for e’ the matrix-vector product
can be computed efficiently for example by a fast algorithm in [107, 102].

4.1 Preliminaries on ¢(7},) and T,
We first provide some lemmas concerning Toeplitz matrices.

Lemma 4.1.1 [38, Lemmas 1 and 3] Let f € C[-m,w]. Let T,, € C¥™ be the Toeplitz
matriz generated by f and let c(T,,) € C™ be the optimal circulant preconditioner for
T,. Then,

12
and ()]

IN

2] flloo
Nflew, m=1,2,....

IN

Lemmal4.1.1|states that the 2-norm of the circulant matrix and that of the Toeplitz

matrix generated by f are bounded by a constant independent of n.

Theorem 4.1.2 [38, Theorem 1] Let f € C[-m,7]. Let T,, € C™™ be the Toeplitz

matriz generated by f and let c¢(T,) € C™*™ be the optimal circulant preconditioner for
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T,. Then, for all € > 0 there exist positive integers M) and N](\;) such that for all
n>N ]E;)
(T, =T, =V, + Wy,
where
rank(V,,) < 2M©

and
||Wn||2 <e.

Proof This proof is adapted from Theorem 1 in [38].

Suppose f € C[-m,m]. Let T,[f] € C»" be the Toeplitz matrix generated by f
and let C,,[ f] € C»™ be the optimal circulant preconditioner for T,,[ f].

By the Weierstrass approximation theorem, for any € > 0 there exists a trigono-

metric polynomial
M
pM(x) — Z pkelkz
k=—M
such that
|f=pulle <€

For all n > 2M, we decompose

Colf1-Tulf] = Culf]-Culpm]+ Culpam] - Tulpar] + Tulpa] - Tl f]
= Culf-pm] -Tulf =prm] + Coulpam] - Tnpar]
= Culf =pu) = Tulf = par] + Vo + W,

where both ) u LA
e PM 4l
Y
Vi=|u o (4.1)
n P-M
| nT_lp—l n;MP—M |
and ) " -
0 lp—l n P-M
%/01 -
W, =[P
n P-M
. . . %,0_1
| Yo Ao 0
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are Toeplitz matrices.
We can see from (4.1]) that

rank(V},) < 2M.

By Lemma [4.1.1} we have

||Cn[f —pM] —Tn[f—pM]||2

IN

|Culf = parlll2 + [ Tulf = Pl
21 f = parlloo + 2] f = Pl oo
< e (4.2)

IN

We now estimate |, .. For all |k| < M, we note that

1 ™ .
|k ‘2— [ pu(x)e ™ da
™ J-7

1

+_
2

o [ - sl [ e as

|f = parlloo + [ f]leo
€+ [ flleo-

IN

IN

By the definition of W,,, we have

Wl = [Wals

2 1
= ol =lpoaf+ [
n n n

1 9 M
+—|p1| + =|p2| + - + —|pul
n n n

IN

2
= (142 M) (et |f])
1
= M1+ M) (et |fl)
Therefore, we have

Wl

IN

([T ol [T )2
1
MM+ 1)(e+ [ fle).

IN

Thus, if we pick
[/l

€

N](\;) = maX{M(M+1)(1+

= M1y Wy

€

),QM}
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we get
Wl <e. (4.3)

We therefore conclude that for all n > N ](\f,), there exist positive integers M > 0
and N such that for all n > N{¢

Cn[f]_Tn[f] :Vn+On[f_pM]_Tn[f_pM]+Wna

—— N—\—

where
rank(V,) <2 M
—
M)

and, by and ,

IWalla = 1Culf = par] = Talf = par] = W2
|Clf = par] = Tl f = par]ll2 + Wl
51

IN

IN

The result follows. |

Theorem [4.1.2] indicates that the difference between the circulant matrix and the
Toeplitz matrix generated by f can be decomposed into the sum of a low rank matrix
and a small norm matrix for sufficiently large n. In the next section, this theorem will

be used to prove that a similar decomposition holds for Toeplitz matrix functions.

4.2 Main results

In this section, we show that the preconditioned matrix
[P (c(Ta))I ™ R(T,)

can be decomposed into the sum of a unitary matrix, a low rank matrix, and a small
norm matrix when n is sufficiently large under certain assumptions.
Without loss of generality, we assume that h(z) is represented by the following

Taylor series:
h(z) =) a2
k=0
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Theorem 4.2.1 Suppose h(z) is an analytic function on |z| < r with radius of con-
vergence r. Let f € C[-m, 7] with 2||f|e < r. Let T,, € C¥™ be the Toeplitz matriz
generated by f and let ¢(T,) € C™™ be the optimal circulant preconditioner for T,.
Then, for all € >0 there exist integers M(©) and N]E;) such that for all n > N](\?

h(e(Ty)) = h(T,) = Ry + E,,

where
rank(R,,) < 2M©
and

HEnHQ <e.

Proof Since h(z) is analytic on |z| < 7 by assumption, we can write it as the following

Taylor series representation:
h(z) =) apz"
k=0

-1
r= ( lim ) .
k—oo
By the assumption that 2| f|. <7 and Lemma we have
r> 2[fle

> [Tl

> p(T,)
= max|)‘j(Tn)|
J

with radius of convergence

AR+1
Qg

> @)L G=12...n,

where p(T),) denotes the spectral radius of T,, and A;(7},) denotes the j-th eigenvalue
of T},. Therefore, by Lemma [2.5.1] we have

k=0
Similarly, we have
h(e(T)) = > are(T,)".
k=0
We now decompose

K K K K
= h(c(Ty)) = Y awc(T)" + > awe(Th)* = > an T+ > ap T = h(T,) .
k=0 k=0 k=0 k=0

AD @, A®
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We first obtain an upper bound for [AY + A |,. Using Theorem [2.5.3 we have

1A + AP,
AN 5+ AP,

|n(e(T)) - f ae(T)"|, + [1(T) - éakaHQ

maxo<<1 ||c(7; )K”h(k”)(tC(T )2 | MaXogre1 | TE D (LT,) ||

IN

) (K +1)! (K+1)!
1) s T
| <(K 1 1>'"2 ma [ACD (e T)le + ey ma IRV (T

By Lemma [4.1.7]

max |R* DT, = max ‘ Z (K+ k +1)! aK+k+l(tTn)kH
T WMMHW I
< 5 Wmmuw I
<5 e 21 )

We now show that 72, (K+k+1)'| iiki1](2] floo)* is a convergent series using the

ratio test. By the assumption that 2| f|e. <7 = (limg_ e |“§—;1

)=, we have

K+k+2
(——)Clfl)

QK +k+2 Qk+1

lim

k—oo

lim
k—oo

()@If10)

(2] flle)

QK +k+1

A

which is a constant less than 1 because 2| f|o <7

Therefore, by the ratio test,

K+k+1
Z (k—_)|af<+k+1|(2”f”°°)k =2 (2] o)

is convergent. We conclude that my)y..) is independent of n.
Hence,

k
max [ A D (AT,) 2 < meyy g

Similarly,

(k+1)
max [ A (e(Tn)) 2 < 1m0y
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Therefore,

1A + AP,

[e(T) s ; el P ;
S (K41 osis [RED Ee(T))le + (K +1)! sist IR GT)
() 5 |05
S K1) et el )
2] fle) ! 2] fle) ™!
S (K1) el * (K + 1) el
2] fle)

W@m(?uﬂ\m)) =t ek

which converges to zero as K goes to infinity. Therefore, for a given ex > 0, there

exists an integer K such that for all £ > K,
[AY + AP s < e <. (4.4)

We next show that ®,, can be decomposed into the sum of a fixed rank matrix
and a small norm matrix. First, by Theorem [4.1.2] for all € > 0 there exist integers
N and M; > 0 such that for all n > Ny,

(T,) -T, =V + W,

where

&
<&

with diamonds representing nonzero entries by (4.1)),

rank(V},) < 2M,

and
(W2 < e.
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We then decompose ®,, into
K K
o, = Z arc(T,)" - Z aTF
k=0 k=0

= kZl ax(c(To)" - T,))

K

- S a5 Y () - TTE)

K k-1
- S TV Vs W)

K k-1 ‘ K - | |
= Y (X ALY VAT ) + 3 an(Y o(Ta) W),
k=1 7=0 i o
Ry, RO

Using Lemma , we can estimate the norm of AS)’):

K k-1
H Sap 3 (T, Y W, Th H
k=1 j=0 2
K

k-1
> laxl| (T y Wi
k=1 j=0

3
|AS 5

IN

IN

K k-1
. bl
[Wall2 - laxl 3 (T I T0ll5~
k=1 3=0

IN

K k-1 ' '
HWnHzg_:l k| 2(2!\1”1\00)3(2Hf|\oo)’“’1’”

K k-1
= [Wall2 ) larl 32l f o)™

k=1 §=0

mg

mre, (4.5)

IN

where my is a constant independent of n.
We now estimate the rank of R, by investigating its sparsity structure. Simple

computations similar to those in the proof of [120, Lemma 3.11] yield the following
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provided that n is sufficiently large

o(T,)*V, TP
PO R
o o O O

where the rhombuses represent the nonzero entries and appear only in the four (a +
1)M; by (B + 1)M; blocks in the corners, provided that n is larger than 2max(a +
1,5+ 1)M. Since the rank of

K k-1
R, =Y a;(d (T, YV, Tk 1)
k=1 j=0

is determined by that of Zjli[)l (T,)7V,, TE "7 which is a block matrix with only four
nonzero K M; by K M, blocks in its corners, it follows that

rank R, <2 KM,
——
M(e)

if we assume n > 2M (),
Hence, we pick
N9 = max {Ny,2M©)}

and, combining |) and 1' it follows that for all n > N ]E;)

IAD + AD + AD |, < (mg + 1e.

En

The result follows. |

From Theorem [4.2.1] we can derive the following corollaries on the clustered spec-
tra of |h(c(T,))|"th(T,), depending the positive definiteness of h(T,,).

Corollary 4.2.2 Suppose h(z) is an analytic function on |z| < r with radius of con-
vergence r. Let f € C[-m, 7| with 2| f|e < 7. Let T, € C™" be the Toeplitz matriz
generated by f and let ¢(T,) € C™™ be the optimal circulant preconditioner for T,.
If |h(e(T)) o is uniformly bounded with respect to n, then for all € > 0 there exist
integers M) and NJE;) such that for all n > N](\;)

W(e(T ) W(T) = Qu + B+ Eny
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where @, is unitary,
rank(R,) < 2M©,

and

HEnHQ <e.

Proof As h(c¢(T,)) is a circulant matrix, we write h(c(71,)) = Urh(A,)U, where
h(A,) is the diagonal matrix in the eigendecomposition of h(c(7},)). We then have

[p(e(T))| = EZh(AW)IE,
Fyh(An)F(Frh(An)Fn) ™
Q
= W(c(T))@x', (4.6)
where h(A,) = diag(%), and @, is unitary.

By Theorem [4.2.1] for all € > 0, there exist positive integers Ny, and M such that
for all n > Ny,
h(e(Ty)) = h(Ty,) = Ry + En,

where
rank(R,) <2M
and
HEn H2 <e.
We have
h(e(T)) (T) = Lo+ h(e(T0) ™ (R(T) = M(e(T2))
= I+ h(C(Tn))_l(_Rn) + h(C(Tn))_l(_En)'
Further using ,

(T W(T) = Quh(e(T0)) ™ I(T})

= Qn+ th(C(Tn))_l(_Rn) + th(C(Tn))_l(_En) .

Rn E n

Since @, is unitary, we know

rank(R,,)

rank(Q,h(c(T},)) ' R,)
= rank(R,)
2M

IN
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and

”En la = Hth(C(Tn))_lEn (P
[2(c(T0)) ™ B2

IN

moe,

where mg is a constant independent of n, resulting from the uniform boundedness of
|h(c(T},)) 7|2 The result follows. |

Assuming f is a real-valued, we know by Theorem[2.5.2] (a) that h(7},) is Hermitian
when T, is Hermitian. Similarly, h(¢(7},)) is Hermitian when ¢(7,,) is Hermitian. We
can now show that the eigenvalues of |h(c(7},))|"*h(T,) are clustered around +1 using
Corollary Note however that both R, and E,, in the corollary are non-Hermitian
in general. Besides, one must deal with the unitary matrix (), instead of the usual
identity matrix in the matrix decomposition. Therefore, Cauchy’s interlacing theorem
that was used for example in [25] to show clustered spectra does not straightforwardly
apply. Nevertheless, we are still able to show the clustered spectra of our concerned

preconditioned matrices via a simple trick.

Corollary 4.2.3 Suppose h(z) is an analytic function on |z| < r with radius of con-
vergence v. Let f e C[-m,m] with 2|f|le < 7 be real-valued. Let T,, € C™" be the
Toeplitz matriz generated by [ and let ¢(T,) € C™™ be the optimal circulant pre-
conditioner for T,. If |h(c(T,)) 2 is uniformly bounded with respect to n, then
|h(c(Ty))|[h(T),) has clustered spectra around 1 for sufficiently large n.

Proof By Corollary for all € > 0 there exist positive integers N and M such
that for all n > N

(T )2 R(T)A(e(T)) 2
= (T M2Qul (T2 + R (T ) 2R (e(T)) |2 + [ (T )2 E B (e(T)| V2,

Qn Rn En

where @, is similar to @,

rank(R,) < 2M,

and

[€nl2 <€

We introduce the following matrix decomposition
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P N P R P

H Q R &

where Q has only eigenvalues +1,
rank(R) <4M,

and

rank(&) <e.
Note that all H, Q, R, and £ are Hermitian. By [I5, Corollary 3] (Theorem B.2.3)),

we know that there are at most 2(4M) = 8M eigenvalues of H that are not around
+1. Thus, H has clustered spectra around +1 by Definition 2.3.2] As the eigenvalues
of H are the same as the singular values of H, up to + sign, the singular values

of H, are clustered around 1. Consequently, as H, is Hermitian and is similar to
|h(e(T,))|[*h(T,,), we conclude that |h(c(T;,))|"'h(T,) has clustered spectra around

+1. |

As a consequence of Corollary [4.2.3] we have the following two cases.

(i) If A(T,) is Hermitian indefinite, MINRES together with a Hermitian positive
definite preconditioner |h(c(7},))| should be used [168, Section 5.

(ii) If both h(T,) and h(c(T,)) are Hermitian positive definite, i.e. |h(c(T},))]
reduces to h(c(T},)), CG can be applied and the eigenvalues of the preconditioned
matrix are clustered around unity in this case.

We will illustrate these two cases in the next section where the trigonometric

functions e?, sin z, and cos z are under consideration.

Remark If both h(7},) and h(c(7,)) are Hermitian negative definite, the situation
is similar to Case (ii) since we can premultiply the matrices by —I,, to make them

positive definite.

In the general case where h(7T),) is non-Hermitian, we consider its normal equations

system via the follow corollaries.

Corollary 4.2.4 Suppose h(z) is an analytic function on |z| < with radius of con-
vergence r. Let [ € C[-m, 7] with 2||f|e < r. Let T,, € C™™ be the Toeplitz matriz
generated by f and let c¢(T,) € C™™ be the optimal circulant preconditioner for T,. If
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I|R(c(T))| 2 s uniformly bounded with respect to m, then for all € > 0 there exist
integers M) and Nﬁ;) such that for all n > N](V;)

[T (T) T IR((T) [ (T = L + R + En,

where
rank(R,,) < 4M©
and

||EnH2 <e€.

Proof By Corollary 4.2.2] we know that for all e > 0 there exist positive integers N,
and M such that for all n > Ny,

(AT ) I(T) = Qu + Ry + E,,
where (), is unitary,
rank(R,) < 2M,

and
||En||2 <e.

We then have
[R(e(T) BT V1R (e(T))| T R(T)

(Qn + En + E\n)*(Qn + En + En)
Q:Qn+Ri(I,+ R, + E,) + (I, + E)R,

—
In

Ry
+ E,+E +EF,

En
= I,+R,+FE,.

It immediately follows that
rank(R,,) <4M

and
IEn]2<e®+2e. |

Since [|h(c(Ty))|[*h(T) ] |h(c(T)) | h(T},) in Corollary is Hermitian pos-
itive definite, by Cauchy’s interlacing theorem we know that its eigenvalues of are

mostly close to 1 when n is sufficiently large. In this case, CG can be used.
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Corollary 4.2.5 Suppose h(z) is an analytic function on |z| < r with radius of con-
vergence r. Let f € C[-m, 7] with 2||f|e < r. Let T,, € C¥™ be the Toeplitz matriz
generated by f and let ¢(T,) € C™™ be the optimal circulant preconditioner for T,. If
Ih(c(T0)) 2 is uniformly bounded with respect to n, then

[AC(T)) (T T 1R (e(T)) [T R (T)
has clustered spectra around 1 for sufficiently large n.

In the special case where h(T,) is (real) nonsymmetric, we show in the following
corollaries that it is not necessary to normalize the original matrix in order to have
clustered spectra around +1. Namely, we can symmetrize h(T,,) by premultiplying it
with Y,, and then precondition the symmetric matrix Y,,h(T,,) with |h(c(T,))]. As in
Case (i) before, we can employ MINRES in this special case.

Corollary 4.2.6 Suppose h(z) is an analytic function on |z| < r with radius of con-
vergence r. Let f € C[-m, 7] have real Fourier coefficients and suppose 2| f|o < 7.
Let T,, € R be the real Toeplitz matriz generated by f, let ¢(T,) € R™" be the real
optimal circulant preconditioner for T,,, and let Y, € R™" be the anti-identity matriz.
If |[|h(e(Tu))|[ 2 is uniformly bounded with respect to n, then for all € >0 there exist
integers M() and N]E;) such that for all n > N]ff,)

|h(C(Tn))|_1Ynh(Tn) =Qn+ Rn + Em
where ), € R™™ is orthogonal and symmetric,
rank(R,) < 2M©,

and

HE\nHQ <e.

Proof As h(c¢(T,)) is a circulant matrix we write h(c(7},)) = F,;rh(A,,) F,, where h(A,,)

is the diagonal matrix in the eigendecomposition of h(c(7},)). We then have

[P (e(T2)))]

Folh(An)|Fy
Fyh(An)F(Frh(An) Fn) ™

[ —

C”L
= W(c(T)C, (4.7)
where h(A,) = diag(‘zgﬁ—:;jl) with h(A,,); being the j-th eigenvalue of h(A,,).
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By Theorem we know that for all € > 0, there exist integers M(9) and N ](\f[)

such that for all n > N ]E;)

h(c(T,)) - h(T,) = R, + E,,

where

and

By (4.7), we have

|h(C(Tn))|_1Ynh(Tn)

rank(R,,) < 2M(©

||En||2 <e.

Yn|h(C(Tn))|_lh(Tn)

Yalh(e(T ) (W((T)) = R = En)

Y, G, + Yol h(e(To)) [T (=Ra) + Yol R(c(To)) | (= En) -
Qn

R, En

Since C,, itself is a real Toeplitz matrix, Q,, = Y,,C,, is symmetric. Thus, we can

show that (), is orthogonal:

QZQn =
We have
rank(R,)
and
| Bl

(YaCo)" (Yo Cin)

Cr (YY),

ore,

(Fyh(An)F)T Frh(A,)F,
Fy (A, F,

——
In

I,.

= rank(Y,|h(c(T,))| ™ R,)
= rank(R,)
< 2M©

= HYn’h(c(Tn))‘ilEn HZ
Hh(C(Tn))_lEn |2

IA

IA

mo¢,
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where myg is a constant independent of n, resulting from the uniform boundedness

assumption on |h(c(7,))t|2. The result follows. |

Corollary 4.2.7 Suppose h(z) is an analytic function on |z| < r with radius of con-
vergence r. Let f e C[-m, 7] have real Fourier coefficients and suppose 2| f|o < 7.
Let T, € R be the real Toeplitz matriz generated by f, let c(T,) € R¥™™ be the real
optimal circulant preconditioner for T,,, and let Y, € R™" be the anti-identity matriz.
If |h(e(T)) )2 is uniformly bounded with respect to n, then |h(c(T,))| ' Yoh(T,,) has

clustered spectra around +1 for sufficiently large n.

4.3 'Trigonometric functions of Toeplitz matrices

In this section, we particularly consider the case where the Toeplitz matrix is Hermi-
tian and h(z) = e, sin z, or cos z to provide concrete examples of our results.
Note that the convergence radius of these functions is infinity. In other words, the

condition that 2| f]le <7 = oo is readily satisfied.

4.3.1 Preconditioning for -

For h(z) = e?, the assumption that ||h(c(T},))[ |2 = [[|e™)|~| 5 is uniformly bounded

with respect to n holds and can be shown easily via the following lemmas.
Lemma 4.3.1 [79, Theorem 10.2] For A,, B, € C™",

e(AnJan)t — eAnteBnt
for all t if and only if A, B, = B, A,.

Lemma 4.3.2 Let f e C[-m,7]. Let T,, € C¥™ be the Toeplitz matriz generated by f

and let c(T,,) € C™" be the optimal circulant preconditioner for T,,. Then,
[(ecT) Ly < 21l n=12....
Proof By Lemma [4.3.1
ec(Tn) g=c(Tn)  —  oe(Tn)=c(Tn)
= I,
e~(Tn) is the inverse of e“("»). Further using Lemma [4.1.1] we have

[Tz = e,

< elealfll

< i~
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Assuming f is real-valued, e’ is Hermitian for all n and we have the following

corollary.

Corollary 4.3.3 Let f € C[-m, 7] be real-valued. Let T, € C™™ be the Hermitian
Toeplitz matriz generated by f and let c(T,) € C™" be the optimal circulant precon-
ditioner for T,,. Then, for all € > 0 there exist integers M9 and N]E;) such that for
alln >N jﬁf,)

(eC(T”))_leT” =1, +R, + En,

where
rank(R,) < 2M©

and
||En||2 <e.

Proof Since ¢(7,,) (or T,,) is Hermitian when f is real-valued, we can write ¢(7},) =
2D, Z, where D,, is the diagonal matrix with real eigenvalues d; being the eigenvalues
of ¢(T;,) and Z, is a unitary matrix. Consequently, e“(Tn) = Z*ePnZ  is positive

definite as its eigenvalues are all of the form e? > 0. Thus,

T = Zje™ 2,
= ZyePZ,

= ),

By Lemma that ||(e¢(Tn))=1|5 is uniformly bounded with respect to n and
Corollary , we know that for all € > 0 there exist integers M(9) and N JE;) such
that for all n > N ](\;)

(CaSi T R,+E,,

where
rank(R,,) < 2M©

and
|Ea2<e. 1

Since both eT» and e“(*») in this case are Hermitian positive definite, CG can be

used.

Corollary 4.3.4 Let f € C[-7, ] be real-valued. Let T, € C™" be the Toeplitz matriz
generated by f and let ¢(T,) € C™™ be the optimal circulant preconditioner for T,.

Then, (e<(Tn))1eTn has clustered spectra around 1 for sufficiently large n.
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4.3.2 Preconditioning for sinl;,, and cosT,,

We provide similar results for h(z) =sinz (or cosz) in this subsection.

Unlike e, |(sine(T5,)) 7|2 is unbounded in general. From

[ (sine(T5)) ™ 2 = max | ——
i |sin A

)

we know that [(sinc(7},))~!||2 could be arbitrarily large since sin \; could be close to
zero, where ); is the i-th eigenvalue of ¢(7},). Therefore, the uniform boundedness of
| (sine(T5)) 2 is required.

Consider now the case where sin T, is Hermitian. Unlike the case with the matrix
exponential, we cannot use CG for sin7;, since it is not positive definite in general.
By the diagonalization of sinT,, = Z*(sin D, )Z,, where D, is the diagonal matrix
with real eigenvalues d; being the eigenvalues of T},, we see that its eigenvalues are
all of the form -1 <sind; < 1. MINRES together with the Hermitian positive definite

preconditioner |sin¢(T,,)| should be used.

Corollary 4.3.5 Let f € C[-m, 7| be real-valued. Let T,, € C™" be the Hermitian
Toeplitz matrixz generated by f and let ¢(T,,) € C™™ be the optimal circulant precondi-
tioner for T,,. If ||(sinc(T},)) |2 is uniformly bounded with respect to n, then for all
€ >0 there exist integers M) and NJE;) such that for all n > NE)

|sinc(T;,)| ™ sinT}, = Q, + R, +E,,
where @, is Hermitian and unitary,
rank(R,) < 2M©,

and
||En||2 <e€.

Corollary 4.3.6 Let f € C[-7, 7] be real-valued. Let T, € C™" be the Toeplitz matriz
generated by f and let ¢(T,) € C™™ be the optimal circulant preconditioner for T,. If
I(sinc(T,)) Yo is uniformly bounded with respect to n, then |sinc(T,)| " sinT,, has

clustered spectra around +1 for sufficiently large n.

With sin 2z replaced by cos z, Corollaries [£.3.5] and [4.3.6] still hold.
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4.4 Numerical results

In this section, we demonstrate the effectiveness of our proposed preconditioners using
CG, MINRES, and GMRES.

Throughout all numerical tests, e is computed by the MATLAB R2016b built-
in function expm while sin7,,, cosT},, and other matrix functions are computed by
funm. The vector b, is generated by ones(n,1) and the initial guess is the zero
vector. Also, we use pcg to solve Hermitian positive definite systems. For Hermitian
indefinite systems, we use minres. As a comparison, GMRES is also used and is
executed by gmres. The stopping criterion used is

AP

<1077,
[bunl2

where rgj ) is the residual vector after 7 iterations.

Example 4.1. We first consider the following Grear matrix

e R™™, (4.8)

Table (a) and (b) show the numerical results for the system using MINRES
and GMRES, respectively. The preconditioner appears effective for speeding up the
convergence rate for both Krylov subspace methods. Figure [4.1] shows the spectra of
Y, T,, before and after the preconditioner |¢(7},)| is applied at different n. We observe
that the spectra are highly clustered around +1.
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(i) -1.5 -1 0.5 0 05 1 15
(a) n =128
(i) -4 -3 -2 -1 0 1 2 3 4
L o oeo® o o L le e e e !
(i) -1.5 -1 -0.5 0 05 1 15
(b) n = 256
L eoas————CEEesss———— | IS
(1) -4 -3 -2 -1 0 1 2 3 4
L e o®& ¢ o | I 00 | e e @ e !
(ii) -1.5 -1 -0.5 0 05 1 15
(c) n=>512

Figure 4.1: Spectra of Y,,T,, with T;, given in Example 4.1 at different n (i) with no
preconditioner or (ii) with the preconditioner |c(7T},)|.
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Table 4.1: Numbers of iterations with (a) MINRES for Y,,7,, and (b) GMRES for T,
with T), given in Example 4.1.

n with no preconditioner | with |¢(7},)]
128 49 13
(a) | 256 49 12
012 49 11
1024 47 11

n with no preconditioner | with ¢(7},)
128 94 6
(b) | 256 158 6
512 218 6
1024 213 )

Example 4.2. We consider the Toeplitz matrix polynomial h(7T,) € R™" where
h(z) =2?+z+1 and T, is the Grear matrix given by (4.8).

Table (a) and (b) show the numbers of iterations for the system. In Figure
(a) and (b), we show the spectra of Y, h(T,,) before or after the preconditioner
|h(c(T,))| is applied at different n. Again, we observe a speed-up in convergence and

the clusters of eigenvalues around +1.

Table 4.2: Numbers of iterations with (a) MINRES for Y,,h(7,) and (b) GMRES for
h(T,) with h(T,) given in Example 4.2.

n with no preconditioner | with |h(c(T,))|
128 144 16
(a)| 256 167 15
512 194 14
1024 190 13

n with no preconditioner | with h(c(7},))
128 128 9
(b) | 256 256 8
512 012 8
1024 1024 7
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(i) -15
e  eame e e o e e e
(ii) -1.5 -1 -0.5 0 0.5 1 1.5 2
(a) n =128
(i) -15 10 5 0 5 10 15
L o o eame o L & e e o L e
(11) 1.5 -1 -0.5 0 0.5 1 1.5 2
(b) n = 256

(1) 15 10 5 0 5 10 15

L e o e o o | ¢ o e® e | o |

(ii) -1.5 -1 -0.5 0 0.5 1 1.5 2
(c) n=>512

Figure 4.2: Spectra of Y, h(T,) with h(T},) given in Example 4.2 at different n (i)
with no preconditioner or (ii) with the preconditioner |h(c(T},))|.
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Example 4.3. In this example, the Toeplitz hyperbolic sine function sinh7,, €
R™*" is considered, where T}, is again the Grecar matrix given by . Note that both
sinh7T}, and Y, sinh 7,, become highly ill-conditioned when n = 512. Hence, we only
show the numerical results up to n = 256.

Table [4.3| (a) and (b) show the numbers of iterations for the system. The conver-
gence rate appears accelerated with our proposed preconditioners. Figure |4.3| shows

the expected clusters of eigenvalues when the preconditioner |sinh ¢(7,,)| is applied.

Table 4.3: Numbers of iterations with (a) MINRES for Y, sinh 7}, and (b) GMRES
for sinh T;, with 7, given in Example 4.3.

n | with no preconditioner | with |sinh¢(T,,)|
32 39 21
(a)| 64 106 24
128 172 22
256 391 20
n with no preconditioner | with sinh ¢(7},)
32 32 14
(b) | 64 64 14
128 124 13
256 240 11
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(ii) -2.5 -2 1.5 -1 -0.5 0 0.5 1 1.5 2
(a) n =64

(i) -10 -5 0 5 10

L el eco a@mmees o | o eoemmw o o |

(i) -3 -2 -1 0 1 2 3
(b) n =128

@000 e 0 0 0 0 0 00000 eI eeccecocooccccem !

(i) -10 -5 0 10 15

(ii) -3 2 4 o0 1 2 3
(c) n =256

Figure 4.3: Spectra of Y,, sinh T}, with 7, given in Example 4.3 at different n (i) with
no preconditioner or (ii) with the preconditioner |sinh ¢(7},)|.



Example 4.4. The next example is the nonsymmetric Toeplitz matrix generated

by f(z) = el + 27 namely

T.=|" . 7 |erm (4.9)
1

We remark that both 7, and Y,, T}, in this case are highly ill-conditioned. For example,
we have k(Ti2g) = k(Y128T128) = 3.6884 x 1019, Therefore, we consider the numerical
results up to n = 64.

Table[4.4]shows the numbers of iterations for the system. Note that both MINRES
and GMRES fail to converge when n = 64 due to the large condition number. In Figure
4.4 we nevertheless still observe the highly clusters of eigenvalues around +1 up to
n =>512.

Table 4.4: Numbers of iterations with (a) MINRES for Y,,7,, and (b) GMRES for T,
with 7), given in Example 4.4.

n | with no preconditioner | with |¢(7},)|
8 8 )
(a)| 16 16 )
32 32 5

64 no convergence no convergence

n | with no preconditioner | with ¢(7},)
8 8 3
(b)| 16 10 3
32 32 3
64 no convergence 4

o6



(i) -1.5 -1 0.5 0 05 1 15
(a) n =128
(i) -3 -2 1 0 1 2 3
L e o - ¢ L ¢
(i) -1.5 -1 -0.5 0 05 1 15
(b) n = 256
S . S
(1) -3 -2 1 0 1 2 3
L e o 1 & 1 e e
(ii) -1.5 -1 -0.5 0 05 1 15
(c) n=512

Figure 4.4: Spectra of Y,,T,, with T;, given in Example 4.4 at different n (i) with no
preconditioner or (ii) with the preconditioner |c(7T},)|.
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Example 4.5. We consider the matrix exponential e’» with the symmetric pos-
itive definite 7, generated by f(x) = 2. Note that the symmetrization device Y,, is
not used since e’» is already symmetric in this example.

Table [4.5| shows the numbers of iterations required with CG and GMRES for eT».
It is apparent that the proposed preconditioners are effective for speeding up the rate
of convergence of CG. In Figure|4.5] we further show the spectra of the preconditioned
matrices at different n. We observe that the highly clustered spectra independent of
n. In Figure (i) and (ii), the contrast between the spectra of the matrices is
shown. In Figure [4.5| (iii), we show the zoom-in spectrum of (ii) and observe that the
eigenvalues are highly clustered around 1. Due to the highly clustered eigenvalues, a
fast convergence rate for CG is expected (see for example Section or [6]).

Table 4.5: Numbers of iterations with (a) CG and (b) GMRES for e with T, given
in Example 4.5.

n with no preconditioner | with e<(T»)
128 257 9

(a) | 256 450 8
512 657 8
1024 833 8
n with no preconditioner | with e<(T»)
128 76 6

(b) | 256 127 5
512 205 )
1024 320 )

o8



600006600 lo ° lo o ° | ° | ° | ° |

(i) 0 2000 4000 6000 8000 10000 12000 14000 16000 18000

o0-®- L L L L L I

(i) 0 5 10 15 20 25 30
L lg P Il culmw o Il Il I
iii) -0.5 0 0.5 1 1.5 2 2.5
(i)
(a) n=128
a— PAPSPNPN PAIPSIPNIP PP P P P \ P P P Py oL P Py o I
0 0.5 1.5 2
0) x10%
(ii) 0 5 10 15 20 25 30
L lg P Il ouimm @ Il Il I
(iii) -0.5 0 0.5 1 1.5 2 25
(b) n =256
- ") 00000000 0000000000600 0—0—0 0 I
0 0.5 1 1.5 2
(i) x10*
(i) 0 i 5 10 15 20 25 30
(iii) -0.5 0 05 1 1.5 2 25
(c) n =512

Figure 4.5: Spectra of e’ with T, given in Example 4.5 at different n (i) with no
preconditioner or (ii) with the preconditioner e“(T»). (iii) Zoom-in spectrum of (ii).
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Example 4.6. Next, we consider the symmetric indefinite Toeplitz matrix T,
generated by f(x) =% -.

Table shows the numbers of iterations for the system. In Figure (a) and
(b), we also show the spectra of T}, before and after the preconditioner |¢(T,)| is used.

We again observe rapid convergence and the expected clusters around +1.

Table 4.6: Numbers of iterations with (a) MINRES and (b) GMRES for T,, given in
Example 4.6.

n with no preconditioner | with |¢(T},)|
128 76 11

(a) | 256 159 11
512 321 10
1024 648 10
n with no preconditioner | with ¢(7},)
128 74 6

(b) | 256 150 7
512 299 6
1024 595 6
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Figure 4.6: Spectra of T}, given in Example 4.6 at different n (i) with no preconditioner
or (ii) with the preconditioner |¢(7},)|. (iii) Zoom-in spectrum of (ii).
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Example 4.7. We also consider cosT,, with the same symmetric indefinite 7,
considered in Example 4.6.

Table shows the numbers of iterations for the system. Again, we observe a
significant reduce in the iteration counts for both MINRES and GMRES with the pro-
posed preconditioners. In Figure [£.7, we also show the spectra of |cosc(T,)| " cos T,

at different n and observe the expected clusters around +1.

Table 4.7: Numbers of iterations with (a) MINRES and (b) GMRES for cosT,, with
T, given in Example 4.7.

n with no preconditioner | with |cosc(T,)|
128 58 24
(a) | 256 110 24
512 212 24
1024 417 22
n with no preconditioner | with cosc(7},)
128 o8 12
(b) | 256 110 13
012 212 11
1024 417 11
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Figure 4.7: Spectra of cosT,, with T,, given in Example 4.7 at different n (i) with no
preconditioner or (ii) with the preconditioner |cosc(7T,)|. (iii) Zoom-in spectrum of

(ii).

63



Example 4.8. We now consider the complex Toeplitz matrix 7, whose entries

are given by

. 4.10
0 k=0 ( )

{(1 F IR (LR k£0
Qp =
As T, is non-Hermitian, we resort to its normal equations system. The matrix function
considered in this example is the matrix exponential.

Table (a) and (b) show the numbers of iterations for the system using CG
and GMRES, respectively. Again, we observe that the preconditioners are effective
for speeding up the rate of convergence. In Figure [£.8] the highly clustered spectra

around 1 are observed.

Table 4.8: Numbers of iterations with (a) CG for (e’»)*e?» and (b) GMRES for e’»
with 7,, given Example 4.8.

n with no preconditioner | with e<(T»)
128 24 7

(a) | 256 43 7
512 76 8
1024 155 9
n with no preconditioner | with e<(Z»)
128 19 6

(b) | 256 26 6
512 38 7
1024 55 7
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Figure 4.8: Spectra of (e’n)*e™ with T,, given in Example 4.8 at different n (i) with
no preconditioner or (ii) with the preconditioner e®(™). (iii) Zoom-in spectrum of (ii).
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Example 4.9. This example concerns of sinT,, with T}, given by (4.10)). Table
[4.9] shows the iteration counts with CG and GMRES for the system. The numbers

of iterations are reduced significantly with our proposed preconditioners. Figure
shows the expected clusters of eigenvalues around 1.

Table 4.9: Numbers of iterations with (a) CG for (sin7,)*sin7,, and (b) GMRES for
sinT},, with T,, given in Example 4.9.

n with no preconditioner | with sin¢(7,,)
128 151 18
(a) | 256 308 26
512 1104 22
1024 1429 27
n with no preconditioner | with sinc(7,,)
128 48 11
(b) | 256 96 13
512 180 11
1024 353 12
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Figure 4.9: Spectra of (sinT,)*sinT, with T,, given in Example 4.9 at different n
(i) with no preconditioner or (ii) with the preconditioner sinc(7,,). (iii) Zoom-in

spectrum of (ii).
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Example 4.10. Finally, we consider the hyperbolic cosine function. Namely,
coshT,, with T,, given by (4.10)).

Table shows the iteration counts for the system. In Figure [£.10] (a) and (b),
we show the spectra before and after the preconditioner cosh ¢(7},) is applied. In the
zoom-in spectrum shown in Figure [£.10] (c), we observe that the eigenvalues cluster
around 1.

Table 4.10: Numbers of iterations with (a) CG for (coshT},)* cosh T}, and (b) GMRES
for cosh T;, with T, given in Example 4.10.

n with no preconditioner | with cosh ¢(T;,)
128 10 6
(a) | 256 19 7
512 41 8
1024 5 9
n with no preconditioner | with cosh ¢(75,)
128 12 6
(b) | 256 19 6
512 29 7
1024 43 7

Remark Among the matrices tested in the numerical examples, several of them are
ill-conditioned and yet the proposed circulant preconditioning technique still appears
to be working moderately well in those cases. However, those are just particular ex-
amples in which the condition number is not extremely large. In fact, our proposed
circulant preconditioner fails to work for the severely ill-conditioned matrix in Ex-
ample 4.4 when the dimension increases, which is in line with the well-known results
such as [139, [140] that circulant preconditioners are not optimal for ill-conditioned
Toeplitz matrices. As will be discussed in Section[8.1.4] band-Toeplitz preconditioners

are preferred in the ill-conditioned case.

4.5 Conclusions

We have proposed the use of |h(¢(T,))| as a preconditioner for h(T,), where T, is
generated by f € C[-m, 7] and ¢(T,,) is the optimal circulant preconditioner derived

from T,,. Also, we have provided several theorems that account for the effectiveness

of |h(c(T))|.
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The decomposition of the obtained preconditioned matrices is often a key to ex-
plain the effectiveness of a circulant type preconditioner. Much work has been devoted
to showing such decomposition holds in the literature, see for example in [95] ©3].
Even for nonsymmetric matrices [120, 127] for which CG and MINRES cannot be
straightforwardly applied, such decomposition is still a heuristic indicator to design
effective preconditioners. We remark that for nonsymmetric matrices error bounds
for Krylov subspace methods do not depend on eigenvalues in general, which is a
stark contrast to our case with the symmetrized matrix Y,,h(T,).

Moreover, we have given a series of numerical examples concerning different h(z)
and different 7},. In each of those examples, we have observed significant reductions in
numbers of iterations needed for convergence and the expected clusters of eigenvalues.

Even though in many examples GMRES requires fewer iterations than MINRES; it
is not necessarily a reduction in work recalling from Chapter [3|that the cost of GMRES
increases for every iteration whereas MINRES has a constant cost per iteration. The
rapid convergence guarantees established here for MINRES are an indication of the
success of our preconditioning approach; it is not perhaps surprising that related

preconditioning strategies such as those we have used with GMRES are also successful.
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Figure 4.10: Spectra of (coshT},)* coshT,, with T}, given in Example 4.10 at different
n (i) with no preconditioner or (ii) with the preconditioner cosh¢(T,). (iii) Zoom-in
spectrum of (ii).

70



Chapter 5

Superoptimal preconditioners for
functions of Toeplitz matrices!

In this chapter, we show that superoptimal circulant preconditioners and Strang’s
circulant preconditioners are also effective for systems defined by analytic functions
h(z) of Toeplitz matrices.

Specifically, we show that |h(t(7},))|"*h(T},) can be decomposed into the sum of a
Hermitian unitary matrix, a low rank matrix, and a small norm matrix, provided that
T, is the Toeplitz matrix generated by a positive function in the Wiener class and
t(T,) is the superoptimal circulant preconditioner for T,,. Moreover, we show that
Strang’s circulant preconditioner s(7},) for T,, also satisfies such a decomposition. As
a result, |h(t(T,))| " h(T;) and |h(s(Ty))| " h(T,) have clustered spectra around +1.
Numerical examples are given to support our results. As a comparison, |h(c(T,))| is
also used in the numerical tests, where ¢(7},) is the optimal circulant preconditioner
used in the previous chapter.

Note that while it only takes O(n) operations to construct s(7;,) and ¢(7,,) (see
Section[2.3.3.3)), t(T},) requires O(nlogn) operations to be built using a fast algorithm
proposed in [157].

Throughout this chapter, we assume that f is a positive function in the Wiener

class, namely
oo
Y Jak| < oo,
k=—oc0

where ap, k=0,+1,+2, ..., are the Fourier coefficients of f.

Recalling Theorem [2.1.7], the eigenvalues of the corresponding Toeplitz matrix
T, must be positive, i.e. T, is Hermitian positive definite for all n. By Theorem
, h(T,) is also Hermitian positive definite for all n. Hence, neither the normal

'This chapter is adapted from [82].
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equations matrix of h(7T,) nor the symmetrization matrix Y,, are considered in this

chapter.

5.1 Preliminaries on T, t(7,), and s(T},)

We will require the following lemmas in order to show our main results.

Lemma 5.1.1 [27, Lemma 1] Let f be a positive function in the Wiener class. Let
T, € Cvn be the Toeplitz matriz generated by f, let t(1,) € C™™ be the superopti-
mal circulant preconditioner for T,, and let ¢(T?) € C™" be the optimal circulant

preconditioner for T?. Then,

HTn”Q < fmaxa
2
LTl < 555,
frnin
B 1
and |c(T3) |y < Fom n=1,2 ...

Lemma 5.1.2 [27, Corollary] Let f be a positive function in the Wiener class. Let
T,, € C be the Toeplitz matriz generated by f and let c(T,) € C" (or ¢(T?)) be

the optimal circulant preconditioner for T,, (or T?). Then,
lim [e(T},)? - e(T2) |2 = 0.

Theorem 5.1.3 [27, Theorem 5] Let f be a positive function in the Wiener class.
Let T, € C™™ be the Toeplitz matrixz generated by f and let t(T,) € C™™ be the

superoptimal circulant preconditioner for T,. Then, for all € > 0 there exist integers

N and M >0 such that for all n > N
HT,)-T, =V, +W,,

where

rank(V,) <2M

and
W2 < e.

Proof With ¢(T,,) = ¢(T,,)'¢(T?) by Theorem [2.3.5, we first decompose

t(1,) T =c(To) - T, - t(Tn)C(Trf)_l [C(Tn)2 - C(Tg)],
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where ¢(T},) (or ¢(T?)) is the optimal circulant matrix for 7,, (or 772). By Theorem
4.1.2) we know that for all € > 0 there exist integers N; and M > 0 such that for all
n > N;
t(T) = T = Voot Wo = (L) e(T3) " [e(T)” = e(T3)],
where
rank(V,,) <2M

and
||Wn||2 <e.

By Lemma [5.1.1] and [5.1.2] we know that there exits a positive integer N, such
that for all n > N,

[t(Ta)e(T) " [e(T)* = o(T)]]12

IN

[T I 1e(T2) o e(T3)? - o(T2)s
< ()

2
mazx

= 3
f min

Hence, we pick N := max {Ny, Na} and for all n > N

€.

| Wo + 6(T) (T e(Th)? - (T |2 < (1+ ’2”“”’”)6-

3
fmin

Wy
The result follows. |

Similarly, we require the following results for Strang’s preconditioners.

Lemma 5.1.4 [21, Theorem 1] Let f be a positive function in the Wiener class. Let
T, € Cv be the Toeplitz matriz generated by f and let s(T,) € C™" be Strang’s

circulant preconditioner for T,. Then,

I5(Th) ]2 € fmax-

Theorem 5.1.5 [21, Theorem 2] Let f be a positive function in the Wiener class.
Let T, € C be the Toeplitz matriz generated by f and let s(T,) € C™™ be Strang’s
circulant preconditioner for T,,. Then, for all € >0 there exist integers N and M >0
such that for alln > N

s(Ty) =Ty = Vo + Wy,
where

rank(V,,) <2M

and

HWnHQ <e.
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5.2 Main results

In this section, we show that the preconditioned matrix
R (t(T))[ (L) (or [A(s(T0))| " R(T3))

can be decomposed into the sum of a Hermitian unitary matrix, a low rank matrix,
and a small norm matrix for sufficiently large n under certain conditions. As a result,
the preconditioned matrix has clustered spectra around +1.

As in Chapter [4| before, without loss of generality, we assume that h(z) is repre-
sented by the following Taylor series:

h(z) =) a2
k=0

Theorem 5.2.1 Suppose h(z) is an analytic function on |z| < r with radius of con-

2
vergence r. Let f be a positive function in the Wiener class and suppose J;J”‘”” <r. Let

min

T,, € C" be the Toeplitz matriz generated by f and let t(T,,) € C™™ be the superopti-

mal circulant preconditioner for T,,. Then, for all € > 0 there exist integers M) and
N](\;) such that for all n > N](\;)

ht(T,))-MT,) =R, + E,

where

rank(R,) < 2M©

and
||En||2 <e.

Proof The proof of this theorem echoes that of Theorem with slight modi-
fications: mainly replacing Lemma and Theorem by Lemma and
Theorem [5.1.3} respectively.

Corollary 5.2.2 Suppose h(z) is an analytic function on |z| < r with radius of con-
Finae
f

min

vergence r. Let f be a positive function in the Wiener class and suppose <r.
Let T,, € C™ be the Toeplitz matriz generated by f and let t(T,,) € C™™ be the super-
optimal circulant preconditioner for T,. If |h(t(T,)) |2 is uniformly bounded with
respect to n, then for all € > 0 there exist integers M) and Nﬁ;) such that for all
n>N ]E;)

IW(HT ) () = Qu + R + B,
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where @, is Hermitian and unitary,
rank(R,) < 2M ),

and

HE\nHQ <e.

Corollary 5.2.3 Suppose h(z) is an analytic function on |z| < r with radius of con-
Im

2
ax

vergence r. Let f be a positive function in the Wiener class and suppose
Let T,, € C be the Toeplitz matriz generated by f and let t(T,,) € C™™ be the super-
optimal circulant preconditioner for T,. If |h(t(T,)) "2 is uniformly bounded with
respect to m, then |h(t(T,))|*h(T,) has clustered spectra around +1 for sufficiently

large n.

By Lemma and Theorem [5.1.5] we can show similar results for Strang’s

preconditioners.

Theorem 5.2.4 Suppose h(z) is an analytic function on |z| < r with radius of con-
vergence r. Let f be a positive function in the Wiener class and suppose fupax < T.
Let T, be the Toeplitz matrixz generated by f and let s(T,) be Strang’s circulant pre-
conditioner for T,,. Then, for all € > 0 there exist integers M(©) and N]E;) such that
for alln>N g;)

h(s(T,)) - h(T,) = R, + E,,

where
rank(R,) < 2M©

and
HEnHQ <e.

Proof Similar to showing Theorem [5.2.1] the proof of this theorem can be done
with Lemma and Theorem [5.1.3| replaced by Lemma and Theorem 5.1.5|

respectively.

Corollary 5.2.5 Suppose h(z) is an analytic function on |z| < r with radius of con-
vergence r. Let f be a positive function in the Wiener class and suppose fupax < T.
Let T, € C™ be the Toeplitz matrix generated by f and let s(T,) € C™" be Strang’s
circulant preconditioner for T,. If |h(s(T,)) |2 is uniformly bounded with respect to
n, then for all € >0 there exist integers M) and N](\;) such that for all n > N](\;)

A(s(T) ' A(T5) = Qu + Ry + Ey,
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where @, is Hermitian and unitary,
rank(R,) < 2M©,

and
||En”2 <e.

Corollary 5.2.6 Suppose h(z) is an analytic function on |z| < r with radius of con-
vergence r. Let [ be a positive function in the Wiener class and suppose fupax < T.
Let T, € C™" be the Toeplitz matrix generated by f and let s(T,) € C™" be Strang’s
circulant preconditioner for T,,. If |h(s(T},)) 2 is uniformly bounded with respect to
n, then |h(s(T,))|*h(T,) has clustered spectra around +1 for sufficiently large n.

5.3 Numerical results

In this section, we demonstrate the effectiveness of |h(t(T},))|, |h(s(T}))|, and |h(c(T},))|
for h(T},)x, = b, using CG, MINRES, and GMRES. The settings such as convergence
criterion are the same as those used in Chapter [4

In all numerical tests, we consider the Hermitian Toeplitz matrix 7), generated by

sin (kz) + cos (kx)
=2 Z (1+Fk)Ht

in the Wiener class, which is analysed in [27]. The entries of T,, are given by

% k>0
ap =12 k=0.
a_p k<0

Example 5.1. We first consider e’». Table shows the numbers of iterations
needed for e’ with or without the preconditioners. It is observed that the proposed
preconditioners are efficient for speeding up the convergence rate of CG. In Figure
(i) and (ii), the contrast between the spectrum of the preconditioned matrix with
e!(Tn) is shown at different n. In Figure (iii), we see that the eigenvalues of the
preconditioned matrices are highly clustered around 1. A fast convergence rate of
CG is expected due to the clustered eigenvalues. Figure and show similar

observations for e» when preconditioned by es(Tn) and e<(T) respectively.
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Figure 5.1: Spectra of e» given in Example 5.1 at different n (i) with no precondi-
tioner or (ii) with the preconditioner e/™»). (iii) Zoom-in spectrum of (ii).

7



ammee—o ° lo | | !

(i) o 500 1000 1500 2000
Lo—o—cumm—o Il Il Il Il Il ° I
(i) 0 2 4 6 8 10 12
L Il ° ol o—coammmmD -0 lo Il I
iii) -0.5 0 0.5 1 1.5 2 25
(i)
(a) n=128
amse-o—o ° 1 ° 1 1 1 ° 1
(i) 0 1000 2000 3000 4000 5000
(ii) 0 5 10 15
Ll e el e ecommmme oo ! . ! |
(iii) -0.5 0 0.5 1 1.5 2 25
(b) n =256
(i) 0 " 2000 4000 6000 8000 10000 12000
(ii) 0 - 5 10 15 20
(iii) -0.5 0 0.5 1 1.5 2 25
(¢) n =512

Figure 5.2: Spectra of e» given in Example 5.1 at different n (i) with no precondi-
tioner or (ii) with the preconditioner e*("»). (iii) Zoom-in spectrum of (ii).
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tioner or (ii) with the preconditioner e“(™). (iii) Zoom-in spectrum of (ii).
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Table 5.1: Numbers of iterations with (a) CG or (b) GMRES for e’» given in Example

5.1.

n with no preconditioner | with et(Zn) | with es(Zn) | with e<(Tn)
128 34 11 11 10

(a) | 256 53 11 1 11
512 79 11 12 11
1024 121 12 13 12
n with no preconditioner | with e!(Z») | with es(T») | with e<(*»)
128 26 11 11 10

(b) | 256 35 11 12 11
512 46 12 13 11
1024 62 12 13 12

Example 5.2. Table|5.2{shows the numerical results using MINRES and GMRES
for cosT,,. Again, we observe that the preconditioners |cost(T},)|, |coss(T},)|, and
|cos ¢(T,)| appear effective for cosT,,. In Figure 5.4} we further show the spectrum of
|cost(T,,)|[ ! cosT,, with different n. We conclude that the highly clustered eigenvalues

around +1 seem independent of n. In Figure [5.5and [5.6] we also observe the expected

clusters of eigenvalues when the system is preconditioned by |cos s(7},)| and | cos ¢(T},)|

respectively.

Table 5.2: Numbers of iterations with (a) MINRES or (b) GMRES for cosT,, given
in Example 5.2.

n with no preconditioner | with |cost(7},)| | with |coss(T},)| | with |cosc(T},)
128 178 29 42 23
(a)| 256 412 32 50 36
512 952 49 46 31
1024 2152 47 48 35
n with no preconditioner | with cost(7},) | with coss(7},) | with |cosc(T},)
128 128 18 21 15
(b)| 256 256 18 20 16
512 512 21 24 18
1024 1024 21 24 18
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Figure 5.5: Spectra of cosT), given in Example 5.2 at different n (i) with no precon-
ditioner or (ii) with the preconditioner |coss(7},)|. (iii) Zoom-in spectrum of (ii).
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Figure 5.6: Spectra of cosT), given in Example 5.2 at different n (i) with no precon-
ditioner or (ii) with the preconditioner |cosc(T,)|. (iii) Zoom-in spectrum of (ii).
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Example 5.3. We next consider the system defined by the hyperbolic sine func-

tion. Table [5.3| shows the numerical results using CG for sinh7,,. The numbers of

iterations needed are reduced significantly with the proposed preconditioners. In Fig-

ures [5.7] - we observe the clusters around 1 when the system is preconditioned by

our proposed preconditioners.

Table 5.3: Numbers of iterations with (a) CG or (b) GMRES for sinh7,, given in

Example 5.3.
n with no preconditioner | with sinh¢(7},) | with sinh s(7},) | with sinh¢(7},)
128 38 11 11 9
(a)| 256 57 11 12 11
512 82 11 12 11
1024 129 12 13 12
n with no preconditioner | with sinh#(7,,) | with sinh s(7},) | with sinhe(7},)
128 27 11 11 10
(b)| 256 36 11 12 11
512 47 12 13 11
1024 63 12 13 12
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Figure 5.7: Spectra of sinh 7}, given in Example 5.3 at different n (i) with no precon-
ditioner or (ii) with the preconditioner sinh¢(7,,). (iii) Zoom-in spectrum of (ii).
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Figure 5.8: Spectra of sinh 7}, given in Example 5.3 at different n (i) with no precon-
ditioner or (ii) with the preconditioner sinh s(7,). (iii) Zoom-in spectrum of (ii).
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Figure 5.9: Spectra of sinh 7}, given in Example 5.3 at different n (i) with no precon-
ditioner or (ii) with the preconditioner sinh¢(7},). (iii) Zoom-in spectrum of (ii).
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Example 5.4. Lastly, we consider the Toeplitz matrix polynomial
h(T,) =T +T2+T, +1,.

Table shows the numerical results for h(7},). We conclude that the precondi-
tioner h(t(T,)) and h(s(T;)) appear effective for h(T,). In Figures - [5.12) we

again observe the clusters of eigenvalues around 1 with our proposed preconditioners.

Table 5.4: Numbers of iterations with (a) CG or (b) GMRES for h(7T,) given in
Example 5.4.

n with no preconditioner | with h(¢(T,,)) | with h(s(7T,)) | with h(c(T,))
128 32 9 9 9
()| 256 40 9 9 8
512 50 9 9 9
1024 63 9 9 9

n with no preconditioner | with h(¢(7,)) | with h(s(T,)) | with h(c(T,))

128 27 10 10 9
(b)| 256 35 10 10 9
512 43 9 10 9
1024 51 10 10 9
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Figure 5.10: Spectra of h(7},) given in Example 5.4 at different n (i) with no precon-
ditioner or (ii) with the preconditioner h(¢(7,)).
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Figure 5.11: Spectra of h(7},) given in Example 5.4 at different n (i) with no precon-
ditioner or (ii) with the preconditioner h(s(T},)).
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Figure 5.12: Spectra of h(7},) given in Example 5.4 at different n (i) with no precon-
ditioner or (ii) with the preconditioner h(c(T},)).
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5.4 Conclusions

In this chapter, considering superoptimal circulant preconditioners and Strang’s pre-
conditioners, we have provided several theorems that explain their effectiveness for
h(T,) with T,, generated by a positive function in the Wiener class. A number of
numerical examples concerning different functions h(z) have been given to support
our results. In each example, we have observed significant improvements in conver-
gence and the expected clusters of eigenvalues around +1. Also, while all proposed
preconditioners appear effective, h(c(T,)) works best among them. This finding is
in accordance with the results given in [149] in which ¢(7},) is shown to be superior
compared with ¢(7),) and s(7,,) for the Toeplitz matrices generated by continuous

functions.
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Chapter 6

Application to time-stepping
methods for ordinary differential
equations!

In this chapter, we illustrate that the symmetrization technique and absolute value
preconditioning can be employed on time-stepping problems for ordinary differential
equations (ODEs) as simple applications.

In particular, we describe one simple and frequently arising situation: banded
(real) nonsymmetric Toeplitz matrices, where we can guarantee rapid convergence of
the appropriate iterative method by manipulating the problem into a symmetric one
without recourse to the normal equations. Moreover, considering simple bidiagonal
nonsymmetric Toeplitz matrices, we show that the minimal polynomial of the matrices
when preconditioned by Strang’s circulant preconditioner is quadratic. As a result,
Krylov subspace methods like GMRES will converge in two steps. The result that
we establish in this setting is the guaranteed convergence of an iterative method for
an all-at-once formulation in a number of iterations independent of the number of

time-steps.

6.1 Theta method

We consider only a scalar linear ordinary differential equation,

d
d_:l,j:ay+f7 y(o):y07

IThis chapter is adapted from the book chapter with Eleanor McDonald, Jennifer Pestana, and
Andy Wathen [112]. My main contribution to this work is showing Theorem
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on the time interval [0,7']. For simplicity, we consider only the simple two-level

f-method, which gives

(k+1) _ (k)
% = afy**D +a(1-0)y® + f® O =y,

where 6 € [0,1] and 7 is the constant time step with n7 = 7. Euler’s method corre-
sponds to the choice 6 = 1 and the trapezoidal rule to 6 = 1/2.

The discrete equations to be solved are
(1-af7)y* D =1+a(l-0)7)y® +7f®  £=0,1,2,...,n-1, (6.1)

with y(0) = g,.
A usual approach is solving the equations (6.1]) sequentially for £ =0,1,2,... ,n-1,

which is exactly forward substitution for the all-at-once system

y(1 7fO +(1+a(l-0)T)yo
@) FO)

7| y® |- e
e 7 f1)

—_———
Yn f,
where
1-abt
-1-a(l1-0)r

T, = ) e R™", (6.2)
-1-a(1-6)7 1-ab7

However, we can see that the coefficient matrix 7), in the all-at-once system is a
nonsymmetric Toeplitz matrix, provided that a and 7 are real numbers. Hence, the
symmetrization technique given in the previous chapters applies.

Thus, we have

-1-a(1-0)1 1-af7]

Y, T, = i : e R™"
-1-a(l-0)7
1-abt

and Strang’s absolute value circulant preconditioner |S,| for T,, is given by

1-afr -1-a(l-6)r

-1-a(l1-0)T

1S, = ¢ RV,

-1-a(l-6)r 1-afr
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Remark It is interesting to note that the condition number of T}, in depends
on the coefficients a, 6, and 7 in general. Although the singular values of T,, are
distributed as the norm of its generating function, the condition number of T, is
not the mainly determined by |f|. In fact, even if |f| does not have any zero, the
corresponding Toeplitz matrix can still be ill-conditioned or even singular. The fol-
lowing example illustrates this observation. Choosing a = 1/7 and 6 = 1, we have the

bidiagonal Toeplitz matrix

T.lf]= o |eRm
-1 0
generated by f(z) = —ei. Clearly, f(x) has no zeros since |f(z)| =1 and yet T,,[ f] is

singular.

Example 6.1. In Tables[6.1] and we show the numerical results for Y, Ty, =
Y,f, using MINRES with Strang’s absolute value circulant preconditioner |S,| and
observe that MINRES converges in 4 iterations independently of n. The parameters
for the presented results are a = —0.3,7 = 0.2, and 6 = 0.8; similar behaviour has been
observed for many other sets of parameters. The eigenvalues of the preconditioned
matrix for this problem are shown in Table [6.2]

Table 6.1: Condition numbers k(7)) for a time-dependent linear ODE using the 6-

method for T, given by (6.2) and the numbers of iterations with MINRES and the
preconditioner |S,| for Y, T,.

n k(T,,) | Tterations
10 10.474 4
100 | 30.852 4
1000 | 33.887 4

In fact, for such a simple bidiagonal Toeplitz matrix 7T,,, we can show that the
minimal polynomial of ST, is quadratic with Strang’s preconditioner S,,. Therefore,
this is a rare situation in which it is possible to show that GMRES must terminate

with the solution in 2 iterations.

Theorem 6.1.1 Suppose a#0 and f+a € C. Assuming n > 2, if
Q@
SO R P
) 5 X
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Table 6.2: Eigenvalues of the preconditioned system (to 4 decimal places). Repeated
eigenvalues are shown in brackets with the number of repeated eigenvalues indicated.

n Eigenvalues of |S,| 1Y, T,

10 120.7206, (—1 x 4), (1 x 4),3.1155}
100 | {-0.4975, (-1 x 49), (1 x 49),2.0157}
1000 | {-0.4966, (~1 x 499), (1 x 499), 2.0139}

18 preconditioned by

o g
s=|? L oo
b «
then the minimal polynomial of S;'T,, is quadratic.
Proof Simple calculations yield

_anflﬁ
1 det S),

an—262

det Sy,

B,=S,'T, = e R™™,

1 (_l)nflaﬂnfl
detﬁS'n
(e

L det Sy, _

where
det S, = {a” + /™ if nis odd

an—pB" if niseven
We can now easily show that B, satisfies

< _I.)=0.

Bn_In Bn_ q1 .0 1n
( )( det .S,

Since (B, — I,,) # 0 and (B, - v%1,) # 0, (B, - 1,)(B, - =%+-1,,) is the minimal

~ det S, ~ det S,
polynomial of B,. |

Since the minimal polynomial of the preconditioned coefficient matrix in this case
is quadratic, we know that the Krylov subspace is of dimension 2. Because of its
minimization property, GMRES termination must occur within 2 iterations. We note
that MINRES for Y,, T}, takes 4 iterations (Table .
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6.2 Multistep method

In order to examine a slightly more complex system where the minimal polynomial
is not as trivial as before, we examine also a 2-step backward differentiation formula
(BDF2) time stepping method. We remark that the generalization to the multistep
method is straightforward.

We now require two initial conditions y_; and yy. For the BDF2 method, we have

(k+1) _ 4 (k) 4 1 (k-1)
y y + 3y _
3 3 = %ay(k+1) + %] (k+1)7 Y(O) = Yo, y( b =Y,

-
where 7 is the constant time step with n7 = T. The discrete equations to be solved
are

(1- %aT)y(kH) = %y(k) - %y(k_l) + %Tf(k+1)a k=0,1,2,...,n-1,

with y(® =y, and y(-1) = y_;. The corresponding all-at-once system is

y® %Tf;” + %yol— Y
y(2) 5712(2) - 3%
T, y(3) = ng(:S) ,
y(n) %Tf(”)
—
Yn f.
where
1- %ar
4
E]
T.=| 3 e R, (6.3)
1 .;1 2
3 -3 1 - ECLT

The coefficient matrix 7, in (6.3) has an additional subdiagonal but is still a non-

symmetric Toeplitz matrix if @ and 7 are real numbers. Thus, we have

- 1 4 2 1
3313(17'

Y. T,=| 1 . e R™"

2 1 4
1 %GT 3 3
_1§ 3
— nxn
|Sn| = 3 eR .
1 4 2
5 —3 1- sat
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Example 6.2. Applying MINRES to solve the system Y, T,y, = Y,f, with |S,|
as a preconditioner and a random initial guess, from the results in Table [6.3] we see
convergence in 6 iterations independently of n. The parameter values for the presented
results are again set as a = —0.3 and 7 = 0.2. As we have used implicit time-stepping,
we have no restrictions on the value of 7 to maintain stability. Also, as implied
by Theorem [6.1.1], it is the lower diagonal Toeplitz structure of 7,, that ensures the
number of unique eigenvalues of the preconditioned matrix so it is expected that
other parameter values behave in the same manner for the symmetrized system. The

eigenvalues of the preconditioned matrix in this case are shown in Table [6.4]

Table 6.3: Condition numbers x(7,) for a time-dependent linear ODE using the
BDF2 method for T,, given by (6.3) and the numbers of iteration with MINRES and
the preconditioner |S,,| for Y,,T,,.

n k(Ay) | Tterations
10 29.33 6
100 67.49 6
1000 | 67.67 6

Table 6.4: Eigenvalues of the preconditioned system (to 4 decimal places). Repeated
eigenvalues are shown in brackets with the number of repeated eigenvalues indicated.

n Eigenvalues of |S,| 1Y, T,

10 {-1.0442, (-1 x 3), -0.6781,0.9219, (1 x 3), 3.3921}
100 | {-1.0610, (-1 x 48),-0.4410,0.9424, (1 x 48),2.2736}
1000 | {-1.0610, (-1 x 498), —0.4401,0.9425, (1 x 498), 2.2720}

6.3 Conclusions

We have shown that for simple nonsymmetric Toeplitz matrices with real entries the
use of a simple trick gives symmetry so that convergence estimates for MINRES that
are based only on eigenvalues rigorously apply.

It is further observed how this preconditioning can be applied in the context of
time-stepping problems for ODEs and that convergence is achieved in a small number

of iterations independent of the number of time-steps.
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This approach for time-dependent problems may not be advantageous for such
a simple problem considered here because MINRES requires matrix-vector products
with T;, and Y, as well as solution of a system with |S,| at each iteration. However,
its potential for time-dependent problems for partial differential equations (PDEs) is
more interesting. In [I13], McDonald, Pestana, and Wathen employed the same tech-
niques for time-dependent evolutionary PDEs problems, namely they symmetrized
the all-at-once nonsymmetric block Toeplitz system resulting from discretising the
PDE using a permutation matrix and then proposed an absolute value block circu-
lant preconditioner for such symmetrized system. Rapid convergence that depends
only on eigenvalues can then be guaranteed. We will briefly discuss how these tech-
niques can be applied to block Toeplitz matrices in the next chapter and refer the

readers to [113] for more discussions on time-dependent PDEs problems.
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Chapter 7

Extension to block Toeplitz
systems

In this chapter, we present our preliminary results on how the symmetrization tech-
nique and absolute value preconditioning described in Chapter 4| can be generalized
to block Toeplitz systems.

A block Toeplitz matrix T\, ) € C"™*"™ is given by

ﬁm) Ay Aoy

= (1) ’ S

Tinmy 5 Y
Ap-1y - Agy A

with the blocks Ay € C™ ™, |k| <n—1. We consider in particular the following two
types of block Toeplitz matrices: real block Toeplitz matrices with Toeplitz blocks
(BTTB) and block Toeplitz matrices with commuting Hermitian blocks (BTHB).

We propose two simple permutation matrices that can symmetrize BT'TB matrices
and BTHB matrices, respectively. Then, we introduce their corresponding absolute
value block circulant matrix that can be used as a preconditioner for these block
Toeplitz systems. As a result, Krylov subspace methods like MINRES can be em-
ployed with guaranteed convergence that depends only on eigenvalues. Numerical
tests are performed to support our results.

We remark that our results can be further extended to the multilevel Toeplitz
case. However, we restrict our focus to block Toeplitz matrices in this chapter for the

ubiquitous applications involving them.
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7.1 Block Toeplitz matrices with Toeplitz blocks

We first consider block Toeplitz matrices with Toeplitz blocks (BTTB) in this section.
Let Ty, m) € C"™ ™ be a BTTB matrix, namely

;(m Ty - T(—(gz—l))
T(n m) — (1) .. .
) : ‘.. S.. T(—l)
Tn-ty - Tay T

where the blocks Ty € C™™, |k| <n -1, are Toeplitz matrices.

Like Toeplitz systems, BT'TB systems have many crucial applications in numerical
differential equations, networks, and image processing (see [25, 118, 2] for more
examples).

We assume that the entries of the given BTTB matrix T, ) are denoted by

(r-s)
[T(nym)]p,qms = Qp—q

for 1 <p,g<mand 1<r,s<n. Also, T(, ) is associated with its generating function
f(z,y) via the Fourier series

i i al(cj)ei(j:wrky)

j:—oo k=—o0

defined on [-m, 7] x [-7, 7], where the Fourier coefficients a,(cj ) are given by

G _ 1 Trr -i(je L=
a,’ CRE —/:W [W f(z,y)e Uk dady, Jyk=0,+£1,£2 ...

Several important properties of 1, ,,,) associated with f for any n and m are listed

as follows.

(4)

o If f is real-valued, T{, ) is Hermitian, i.e. a; 9)

:Clk.

() _ o),

o If f is real-valued with f(x,y) = f(-2,-y), T(nm) is symmetric, i.e. a

o If f is real-valued with f(x,y) = f(|z],|y]), T(nm) satisfies a,ij) = a‘(lg').

For more properties of BT'TB matrices, we refer to Chapter 5 of [25].
We now show that a real BTTB matrix T{, ,,) € R"™" can be symmetrized by

the permutation matrix

Yr(n,m) — Yn ® Ym € Rrmxnm
Yo
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Theorem 7.1.1 Let T\, ,,) € R "™ be a real BTTB matriz, namely

Ty Ty - Tie@m-1y)
’ : : Ty
Tn-ty - Tay T

where the blocks Ty € R™*™, |k| < n =1, are real Toeplitz matrices and let Yinm) =
Y, ®Y,, e Rimxnm _ Then,

Yin,m)T(n7m) = T(j;l,m) }/(nvm)

Proof As the blocks T{;y € R™ ™ |k| <n -1, are real Toeplitz matrices,

YmT(k):T(Cg) . |kl <mn-1.
Thus,
Y T T(.—l) . T(—(fz—l))
Vorm Tenm)" = T(sl) T(:_n a
Y. Tin-1) Tay T
[V, Tn-1) YoToy  YuTw) |
_ ' YinT (-1
YTy . :
| YTy YoTiy o YTy
[(ViT1)" YnAdm)t  YmAw)"
_ : (YnT(-1y)"
(Yo Tt0))" o :
| (YnTo)" (YnT(1)" Yo An-1)))" |
—YmT(nJ) Y1) YT (0) -
) ; ' Yo T(-1)
Yo Ty . :
| YTy YT w YT ey
= Ym)Tinm)-

As Y, m) is symmetric,

_ T
Yoy Tinm) = (Ym)Tinm))
T T
TinmyY (nm)

T
T(mm)}/(n,m) : I
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7.1.1 Block circulant matrices with circulant blocks

A block circulant matrix with circulant blocks (BCCB) C;, ) € C"™"™ is given by

Coy Cum1 - Cu
| @ ' :
C(n,m) . O(n—l) 5
Ci-ty =+ Cay  Coy

where the blocks Uy € C™*™, k <n -1, are circulant matrices.

Theorem 7.1.2 [52, Theorem 5.8.1] Let C(y, my € C™ "™ be a BCCB matriz. Then,
Cln,m) 18 given by
C(n,m) = (Fn ® Fm)*A(n,m)(Fn ® Fm)a

where F,, € C™™ is the Fourier matriz and A, ) € C"™"™ s the diagonal matriz in

the eigendecomposition of C(pm)-

7.1.1.1 Diagonalization of BCCB matrices

Due to the diagonalization of BCCB matrices, one can easily show that for any vector

d,..,, the product C(‘nl’m)dnm (or Cnm)dnm) can be efficiently computed as follows.

Since the first column of F,, ® I, is ﬁlnm, where 1, = (1,1,1...,1)7 e R,
we have .
Fn®Fanme Z—Anm 1nm7
( ) (n,m)€1 \/% (n,m)
where e; = (1,0,...,0)T e R". Therefore, the diagonal matrix A, ,,) can be com-

puted in O(nmlogmn) operations by taking a two dimensional FFT of the first
column of C(,, ). Since C(‘nlm) =(F,® Fm)*A(‘; m)(Fn ® F,), C(‘nlm)dnm for any vec-
tor d,,,, can then be computed by several two dimensional FFTs in O(nmlognm)

operations once A, ) is obtained.

7.1.1.2 Absolute value BCCB matrices

The absolute BCCB matrices are readily well-defined, since BCCB matrices are di-
agonalizable by F,, ® F},.

Definition 7.1.1 Let C, ) € C"*"™ be a BOCCB matriz. The absolute value BCCB
matrix |C, m)| € C™mm of C,, 1y is defined by

|C(n7m)| = (C’(*n,m)CY(”W’L))1/2
_ (C(n,m)C* )1/2

(n,m)

(Fn ® Fm)*|A(n,m)|(Fn ® Fm)u
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where F,, € C" is the Fourier matriz and |A¢, )| € RP™ "™ s the diagonal matriz

in the eigendecomposition of C, .y with all entries replaced by their magnitude.

Remark |C(n7m)| is Hermitian positive definite by definition, provided that C, ) is

nonsingular.

7.1.1.3 Optimal BCCB preconditioners

We let
M, o5, = {(Fn ® Fn)* Ay (Fo ® Frp) | Agnmy is any nm-by-nm diagonal matrix}

be the set of all BCCB matrices (Section 5.8 of [52]). The optimal BCCB precondi-

tioner [44] c(Tnmy) € Crm*mm for T\, ) is defined to be the minimizer of
|Tnmy = Cnmy |2
over all C(, ) € Mg, 08,
Remark Optimal BCCB preconditioners are defined for general square matrices.

Let 6(Anm)) € Ctm™mm denote the diagonal matrix whose diagonal is equal to

the diagonal of A, ;). The following theorem provides some important properties of
C(T(mm)).

Theorem 7.1.3 [25, Theorem 5.6/ Let T, ) € C"™ ™ be a BTTB matriz and let
c(Tinmy) € Crmxnm be the optimal BOCB preconditioner for T, my. Then, the follow-
1ngs hold:

(i) c(Tinmy) is uniquely determined by Ty, my and is given by

(F® ) 0((Fn ® Fip) Ty (Fr ® F1n)* ) (Fp ® Fy).

(ii) We have
O'maz(C(T(n,m))) < O-mam(T(n,m))‘
(tii) If Tipmy is Hermitian, then c(T(nmy) s also Hermitian. Furthermore, we

have
)\mm(T(n,m)) < )‘mm(c(T(n,m))) < /\maw(c(T(n,m))) < /\maac(T(n,m))‘
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7.1.2 Preconditioning for BTTB systems

Many preconditioners have been used for block Toeplitz systems, including block
diagonal preconditioners and Schur complement preconditioners [50, 122]. For BTTB
systems, band BTTB preconditioners were proposed by Serra-Capizzano [138,57], Ng
[117], and Jin [01]. BCCB matrices have also been used as preconditioners for BTTB
systems for example by R. Chan and Jin [24], Ku and Kuo [104], and Jin [94, 90].
For a large class of BTTB matrices, e.g. the BTTB matrices generated by sparsely
vanishing functions [159], optimal BCCB preconditioners for example are shown to
be effective. A key to their success is the fact that the difference between a BTTB
matrix and its corresponding optimal BCCB preconditioner can be decomposed into
the sum of a low rank matrix and a small norm matrix for sufficiently large n and m.

Given a real BT'TB matrix T(,, ;,,) € R"™*" we first symmetrize it using Y(,, ,,,) and
propose using an absolute value BCCB matrix |C(,, ,,,)| € R"™™™ as a preconditioner
for Y(nm)T(n,m)- The following theorem, which generalizes Proposition 4.1 in [129] to

the two dimensional block matrix case, accounts for the effectiveness of |Cp m)l-

Theorem 7.1.4 Let Ty, ;) € R ™™ be q real BTTB matriz, let Cg, ) € R be
a real BOCB matriz, and let Y(,, ) = Y, ® Y, € R Suppose for all e > 0 there
exist positive integers N and M such that for alln > N and all m > M

oy Linm) = Linmy + Binmy + Enm)

where
rank( Rinmy) < O(n) + O(m)
and
HE(n,m) |2 <e.
Then,

-1 _ D -
|C(n,m)| Yv(n,m)T(n,m) = Q(n,m) + R(n,m) + E(n,m):

where Qnm) s symmetric and orthogonal,
rank(Rin.m)) < O(n) + O(m),

and
HE(n,m) ||2 <eE.

Proof The proof echoes to that of Corollary |4.2.6, |}
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By setting the block dimension m = 1, we recover Proposition 4.1 of [129] in the

following.

Corollary 7.1.5 [129, Proposition 4.1] Let T,, € R™" be a real Toeplitz matriz, let
C, € R be a real circulant matriz, and let Y, € R™™" be the anti-identity matriz.

Suppose for all € >0 there exist positive integers N such that for all n > N

CT,=1,+ R, + E,,

where
rank(R,) < O(n)
and
||En ”2 <e.
Then,

|Cn|_1YnTn = Qn + En + Ena

where @, is symmetric and orthogonal,
rank(R,) < O(n),

and

| Enmy 2 < €.

7.1.3 Symmetrizing other BTTB matrices

In the special case where the BTTB matrices are symmetric at the block level, we
show that they can be symmetrized by another permutation matrix in addition to
Yinm) =Y, ®Y,,. Namely, considering a real BTTB matrix T, ,,) € R"*"™ such that

Twoy Tay - T
T : . :
T _ (D :
Tn-ry - Tay T

where the blocks T(;) € R™*™, k <n-1, are real Toeplitz matrices, we can symmetrize

it using the permutation matrix

JJ(n,m) — [n ® Ym € Rrmxnm
Yo

Y
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Theorem 7.1.6 Let T\, ) € R ™™ be a real BTTB matriz such that

Toy Tay - Tw-
B
Ty - Tay T

where the blocks T(yy € R™ ™k <n -1, are Toeplitz matrices and Y m) = 1, ® Yy, €
Rrmxnm = Then,
Yy L) = T,y Y-

Proof As the blocks T € R™™ k <n -1, are real Toeplitz matrices,

YmT(k) =T(:I,;) ms k<n-1.

Thus,
Yin g(m T T
T _ I Y
(%n,m)T(n,m)) ( : .. T(l)
Ym T(n—l) T(l) T(O)
_ T
YTy YT YT -1y
_ | YTy :
REYITEY w0 YTy Yl
[ (VoT0))" (YaT(wy)” (Yo T(n-1))"
_ (YmT(l))T : :
: (Yo Ty)*
| (YinT(n-1))" (YnT)"  (YuT(0)”
[ Y, Ty YuT() o YTy
_ | YTy :
: Y1)
REYATEY) w0 YTy Yl
= Do) T(nm)-

As Y, m) 1s symmetric,

@(n,m)T(n,m) = (@(n,m)T(n,m))T
T T
T(n,m)g/(n,m)

T
T(n,m) @(n,m) : I

We emphasize that Y, ,,) =Y, ® Y, is sufficient to symmetrize a general real

BTTB matrix, including the one mentioned above. Hence, we only focus on using

Y(n,m) in this chapter.
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7.2 Block Toeplitz matrices with commuting Her-
mitian blocks

In this section, we consider block Toeplitz matrices with commuting Hermitian blocks

(BTHB). Let T(;,,) € C™ ™ be a BTHB matrix, namely

ﬁw) Ay Aceay)

- (1) ' :

7—(n,m) . . A(,l)
Aw-1y = Agy A

where the blocks Ay € C™™ |k| <n—1, commute and are Hermitian (hence simulta-
neously diagonalizable). Such matrices can be found for example in evolutionary PDE
problems [IT3]. Similar to the previous section, we propose here a way to symmetrize
a BTHB matrices and their corresponding absolute value preconditioner.

We first show that one can obtain a Hermitian matrix by premultiplying 7, m)

by the permutation matrix

y(n,m) — Yn ® Im € Rrmxnm
I,

I

Theorem 7.2.1 Let T, ) € C*™ ™ be a BTHB matriz, namely

ﬁm) Ay A(—(_n—l))

A :

ﬁn’m) . .. A(,l)
Aw-1y = Agy A

where the block Ay € C™™ satisfies Azk) = Awy, [kl <n-1, and Yinm)y = Ym ® I, €
Rnrmxnm = Then,
y(n,m)’]zn,m) = ﬁ;,m)y(n,m)
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Proof As the blocks Ay € C™ ™, |k| <n -1, are Hermitian matrices,

I,
_ i(o) Ay Aoy
(3/(71,7'1)7271,771))>€ = ( i ' (1) A(—l) )*
]m . A(nfl) cee A(l) A(O)
[ A1 Agy Ao |
_ Ay
Ay
| Ay Ay A(-(n-1))
AZn—l) Azl) Azo)
_ Al
Aftl) ) )
| A(O) A(—1) A(—(n—l))_
Aoy Aqy A
) - Ay
Ay ' :
| Aoy Acn A(—(n—l))_
= y(n,m)ﬁn,m)

As Y(nm) is symmetric,

y(n,m)ﬁn,m) = (y(n,m) 7zn,m) ) ¥
(nam) Y (mm)
ﬁ;,m)y(nvm) :

The result follows. |}
7.2.1 Block circulant matrices with commuting Hermitian
blocks

A block circulant matrix with commuting Hermitian blocks (BCHB) C, ) € Cmnm

is given by

ﬁ(@ Awp-1y - Agn

Conmy = | 7V ) :
n,m : ._. A(n_l)
Aw-1y = Aq) A

where the blocks Ay € C™ ™k <n -1, commute and are Hermitian.
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7.2.1.1 Diagonalization of BCHB matrices

Theorem 7.2.2 Let C,, 1) € C"™™ be o BCHB matriz. Then, Cg, ) is given by
C'(n,m) = (Fn ® Um)*T(n,m)(Fn ® Um)7

where F,, € Cv" 4s the Fourier matriz, U, € C™™ s q unitary matriz in the eigen-
decomposition of the blocks of Cpmy, and Y,y € C*™ "™ s the diagonal matriz in

the eigendecomposition of Cipm)-

Proof Given a block circulant matrix C(, ;) € C*™ ™™ it can be written as

Aoy Aw-y - A
A o
Commy = ) '
(nm) : . Aoy
Ap-1y - Ay A
n-1
= ZH;k@)A(k),
k=0
where
1
I, = o e
1

is the fundamental circulant matriz.

As the Hermitian blocks Ay € C™™ k <n -1, commute by assumption, there
exists a unitary matrix U, € C™™ such that Ay = Uy AUy, k <n—1. Using the
eigendecomposition II,, = F*Q, F,,, where F, € C»" is the Fourier matrix, we write

Cinm) s

n—1
K
Clnmy = ;}Hn ® A
n—1

= Y (EXNFF) @ (U A Un)
k=0

n-1
= (F,oUy,)* (kz Q@ Ay) (F, ® Up),
=0

~

T (n,m)

where F,, ® Uy, is unitary and Y, ,,, is the diagonal matrix in the eigendecomposition
of C(n,m)- I
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7.2.1.2 Absolute value BCHB matrices

As block circulant matrices do not commute in general, we require an additional
property that all the blocks are simultaneously diagonalizable in order to define their

absolute value block circulant matrix for our purposes.

Definition 7.2.1 Let C(, ) € C™" be a BCHB matriz. The absolute value BCHB
matrix |Conm)| € C"™ ™ of Cy, 1y is defined by

|C(n,m) | = (CZn,m)C(n’m) ) 2
(C(n,m)C* )1/2

(n,m)

= (Fn ® Um)*|T(n7m)|(Fn ® Um),

where F,, € C*" is the Fourier matrix, U, € C™™ is the unitary matrix in the eigen-
decomposition of the blocks of C(ymy, and | Y, my| € R ™ 4s the diagonal matriz in

the eigendecomposition of Cnmy with all entries replaced by their magnitude.

Remark |C(, )| is Hermitian positive definite by definition, provided that the blocks

Ay, k <n -1, are nonsingular.

7.2.1.3 Optimal block circulant preconditioners

For Ay, m) € C"™"™ partitioned as

AO,O AO,I AO n-1

)

Aq A o Aipa

)

A(n7m)= . *. .
Anfl,() Anfl,l Anfl,nfl

where the blocks Ay, € C™™ Lk <n -1, we define g(A(n,m)) € Crmxnm gg
Ao

Aq

3(Apnmy) = (7.1)

An—l,n—l

Let 5(n’m) e Crmxnm he the set of all matrices of the form given by |) and let
Mpn = {(Fn ® [m)*K(mm)(Fn ® [m) | K(n’m) € 5(n’m)}.

The optimal block circulant preconditioner [44] €(T (s m)) € CP™ ™™ for T, ) is defined
to be the minimizer of

”ﬁn,m) - W(n,m) HF
over all W, ) € MVFn
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Remark Optimal block circulant preconditioners are defined for general square ma-

trices.
The following theorem provides some important properties of €(7(,, m))-

Theorem 7.2.3 [25, Theorem 5.3] Let Ty my € C"™ "™ be a BTHB matriz and let
(T (n,m)) € Crmxmm pe the optimal block circulant preconditioner for Tiy my. Then, the
followings hold:

(1) A(Tnmy) is uniquely determined by Ty and is given by

(Fo® L) 0((Fn ® L) Tinmy (Fro ® L)) (F ® Iy).
(i) We have
O—max(g(ﬁn,m) )) < Omam’(’]zn,m) )

(tii) If Tinmy is Hermitian, then ¢(T(,m)) is also Hermitian. Furthermore, we
have

Amm(ﬁn,m)) < )\mm(’cv(ﬁn,m))) < Armz:v(’é,(7zn,m))) < Amam(ﬁn,m))-

7.2.2 Preconditioning for BTHB systems

Like BTTB matrices, we have the following theorem for the symmetrized BTHB

matrices on the effectiveness of absolute value BCHB preconditioners.

Theorem 7.2.4 Let T, ) € C"™ "™ be a BTHB matriz, let C,my € C™ ™ be q
BCHB matriz, and let YV, m) = Yo ® I, € R ™™ Suppose for all € > 0 there exist a
positive integer N such that for alln> N and all m >0

Conmy Tenm) = Iinm) + Binmy + Enmys

where
mnk(ﬁ(n,m)) <O(n)
and
HEv(n,m) |2 <e.
Then,

|C(n,m)|_1y(n,m)7zn,m) = Q(n,m) + R(n,m) + E(n,m)7

where Qnm) 15 Hermitian and unitary,
rank( Rin.m)) < O(n),

and

| Enmll2 < €.
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Proof The proof echoes to that of Theorem [7.1.4] [}

Remark Note that rank(ﬁ(n,m)) is assumed to be bounded by O(n) instead of O(n)+
O(m) as in Theorem [7.1.4] since C(,,) approximates the blocks of 7, ) exactly.
Similar results involving (7)) that satisfy such assumptions can be found for

example in Theorem 5.8 and Corollary 5.9 of [25].

7.3 Numerical results

In this section, we demonstrate the effectiveness of |C(;, )| and |Cp m)| for the system
Ttnm)Xnm = bpm and Tm)Xnm = bpm, respectively, using MINRES and GMRES.
The settings such as convergence criterion are the same as those used in Chapter [l

Example 7.1. We first consider the symmetric indefinite BTTB matrix T, ;) =
T, ® T,, € Rvmxnm where T,, € R™" is generated by fi(z) = 22 - 7 and T, e R™™ is
generated by fo(x) = 2+ 2cosx. The preconditioner we used is the optimal BCCB
matrix |¢(T, ® T),)|.

Table [7.1] (a) and (b) show the numbers of iterations with MINRES and GMRES
for the system, respectively. We observe that a reduction in iterations when the
preconditioner is applied. Figure shows that the clusters of eigenvalues around

+1 appear as n and m get large.

Table 7.1: Numbers of iterations with (a) MINRES and (b) GMRES for T, ,,) given
in Example 7.1.

n | m | nm | with no preconditioner | with |c(T,, ® T),)|
16 | 16 | 256 175 25
(a)| 16 | 32 | 512 671 76
32 116 | 512 208 93
32 1321024 1846 142
n | m | nm | with no preconditioner | with ¢(7,, ® T),)
16 | 16 | 256 143 14
(b)| 16 | 32 | 512 373 20
32 116 | 512 330 36
32 | 32 | 1024 789 o1
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(ii)25 =2 45 4 05 0 05 1 15 2 25
(¢) (n,m) = (32,16)

Figure 7.1: Spectra of T, ) given in Example 7.1 at different (n,m) (i) with no
preconditioner or (ii) with the preconditioner |¢(7;, ® T},,)|. (iii) Zoom-in spectrum of

(ii).
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Example 7.2. We consider the nonsymmetric BT'TB matrix T\, ,,,) = T, ® T, €
Rrmxnm - where T,, € R™" is generated by f(x) = 22 and T, € R™™ is the Grcar
matrix given in . The preconditioner used here is the optimal BCCB matrix
(T, ® T,

Table shows the numbers of iterations for the system and Figure shows
its spectrum at different (n,m). We again observe improved convergence when the
preconditioner is applied. The eigenvalues of the preconditioned matrix are getting
close to +1 as the dimensions grow, even though they are not highly clustered. We

will explain the loosely clusters of eigenvalues in the conclusion of this chapter.

Table 7.2: Numbers of iterations with (a) MINRES for Y(,, ;n)7(5,m) and (b) GMRES
for T{;, m) given in Example 7.2.

n | m | nm | with no preconditioner | with |¢(7,, ® T,,,)|
16 | 16 | 256 877 128

(a)| 16 | 32 | 512 3308 148
32|16 | 512 3848 199
32 | 32 ] 1024 14454 236
n | m | nm | with no preconditioner | with ¢(7,, ® T,,,)
16 | 16 | 256 244 45

(b)| 16 | 32 | 512 497 A7
3216 | 512 500 57
32 | 32 | 1024 1008 66
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(c) (n,m) = (32,16)
Figure 7.2: Spectra of Y{;, ;n)T{(n,m) With T{; ;) given in Example 7.2 at different (n,m)

(i) with no preconditioner or (ii) with the preconditioner |c(T,, ® T,)|. (iii) Zoom-in
spectrum of (ii).
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Example 7.3. We now consider a simple symmetric indefinite BTHB matrix,
namely the block Toeplitz matrix with diagonal blocks Ty, ) = 15, ® Dy, where T, €

R™n is generated by f(x) =% - and D,, € R™™ is the diagonal matrix

1
D,, = 1+2. 10 . (7.2)
1+(m-1)-1%

As all diagonal matrices commute, D,, satisfies the requirement of being commut-
ing Hermitian. Also, the preconditioner used is the optimal block circulant matrix
[E(Tinm))| = c(T) ® Dy,|, where ¢(T,) € R™™ is the optimal circulant preconditioner
for T,,.

Table|7.3[shows the iterations counts for MINRES and GMRES. Again, we see that
the convergence is significantly improved with the proposed preconditioner. Figure

shows the expected clusters of eigenvalues around +1 at different (n,m).

Table 7.3: Numbers of iterations with (a) MINRES and (b) GMRES for 7, ) given
in Example 7.3 .

n | m | nm | with no preconditioner | with |c(T},) ® D,,|
16 | 16 | 256 431 8
(a)] 16 | 32 | 512 975 8
32|16 | 512 1192 11
32 | 32 | 1024 2403 11
n | m | nm | with no preconditioner | with ¢(7},) ® D,,
16 | 16 | 256 220 6
(b)| 16 | 32 | 512 438 6
32 116 | 512 451 6
32 | 32 | 1024 887 6
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Figure 7.3: Spectra of 7, ) given in Example 7.3 at different (n,m) (i) with no
preconditioner or (ii) with the preconditioner |¢(7},) ® D,,|. (iii) Zoom-in spectrum of

(ii).
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Example 7.4. We consider a nonsymmetric BTHB matrix - the block Toeplitz
matrix with diagonal blocks Ty, m) = T}, ® Dy, where T, € R™*" is the Grcar matrix
given by and D,, € R™™ is the diagonal matrix given by . Note that 7, m)
in this case can be symmetrized by )(,,m), and the preconditioner used is the absolute
value optimal block circulant matrix [¢( 7, m))| = [¢(T) ® Dyl

Both Table [7.4] and Figure [7.4] show that our proposed preconditioner appears

effective.

Table 7.4: Numbers of iterations with (a) MINRES for Y, m)7(n,m) and (b) GMRES
for T(s,m) given in Example 7.4.

n | m | nm | with no preconditioner | with |c(7},) ® D,,|
16 | 16 | 256 551 14
(a)| 16 | 32 | 512 1145 14
32 116 | 512 1569 15
32 1321024 2511 15
n | m | nm | with no preconditioner | with ¢(7},) ® D,,
16 | 16 | 256 256 9
(b)| 16 | 32 | 512 507 9
32 | 16 | 512 508 8
32 | 32 | 1024 950 8
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Figure 7.4: Spectra of Y m)T(n,m) With T(,m) given in Example 7.4 at different (n,m)
(i) with no preconditioner or (ii) with the preconditioner |¢(7},) ® D,,|.
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7.4 Conclusions

We have discussed how the symmetrization technique and absolute value precondi-
tioning can be extended to block Toeplitz matrices. Considering two special types
of block Toeplitz matrices, we proposed two simple permutation matrices that can
symmetrize them. The corresponding absolute value block circulant preconditioners
were also provided. When the block dimension is equal to unity, our results recover
those for the usual Toeplitz matrices.

Moreover, numerical examples have been given to illustrate our results. Even
though our preconditioners are able to improve convergence, negative results were in
fact shown by Serra-Capizzano and Tyrtyshnikov [143] that circulant type precondi-
tioners are not optimal for multilevel Toeplitz systems. Namely, the eigenvalues of
the preconditioned matrices are not tightly clustered. As a result, constructing other
effective preconditioners like band block Toeplitz preconditioners will be a direction

for future research.
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Chapter 8

Conclusions

This thesis has aimed to extend the use of absolute value circulant preconditioners in
the context of functions of Toeplitz matrices.

Chapter[2]covered not only the background on Toeplitz matrices but also the direct
solvers and iterative solvers for them. Other aspects such as the asymptotic spectra
and the circulant-based preconditioning techniques for Toeplitz matrices were also
provided, together with the three commonly used circulant preconditioners, includ-
ing optimal circulant preconditioners, superoptimal circulant preconditioners, and
Strang’s circulant preconditioners.

We then discussed the following Krylov subspace methods: CG, MINRES, and
GMRES as well as the related convergence results concerning Toeplitz systems in
Chapter

In Chapters 4 and 5], we provided our main results on preconditioning for functions
of Toeplitz matrices, proposing the use of absolute value circulant preconditioners for
systems defined by analytic functions of Toeplitz matrices. A number of theorems
that account for the effectiveness of optimal circulant preconditioners, superoptimal
circulant preconditioners, and Strang’s circulant preconditioners in this context were
also given, with numerical examples to support our results.

Later in Chapter [0, we explored how our results on the symmetrization tech-
nique and absolute value preconditioning can be applied in time-stepping methods
for ODE/PDE problems.

In Chapter [7]j we showed our preliminary results on preconditioning for block
Toeplitz systems. Considering two kinds of block Toeplitz matrices: block Toeplitz
matrices with Toeplitz blocks (BTTB) and block Toeplitz matrices with commut-
ing Hermitian blocks (BTHB), we demonstrated that they can be symmetrized by
a permutation matrix. We also defined the related absolute value block circulant

preconditioners and illustrated their effectiveness via a number of numerical tests.
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8.1 Future work

In the course of my research, I noticed the following directions for future research.

8.1.1 Asymptotic spectral distribution of symmetrized Toeplitz
matriced]

In the previous chapters, we showed that for sufficiently large n we have the following
matrix decomposition
YnTn = YnCn - Yan - YnEn7

where Y,,R,, is a low rank matrix and Y, F,, is a small norm matrix.

From such decomposition, we can see that the singular values of Y,,T,,[ f] with
f € LY([-m,7]) are in fact distributed as | f|, since premultiplying 7,,[ f] by an unitary
matrix (Y;,) does not alter its singular values. In other words, as Y,,T},[ f] is symmetric,
the eigenvalues of {Y,,T,,[ f]}. are essentially distributed as |f| up to + sign.

The following simple example illustrates my observation: we consider

Tn[f] = c R
1 2

generated by f(z) =2+ e and n = 512. In Figure (a), we see that the singular
values of Y, T,,[ f] are distributed as | f(z)| = /5 + 4cosz. In Figure (b), we observe
that the eigenvalues of Y,,T,[f] are distributed essentially as +|f|. Such bidiagonal
matrix arises for example in time stepping methods for ODEs, as discussed in Chapter
101,

The following theorem provides a relationship with Y, 7, and Y,,C, that could

help explain my observation.

Theorem 8.1.1 Let C,, € R™" be a circulant matrixz and let Y,, € R™" be the anti-

wdentity matriz. Then,

where U, € C¥™ s a unitary matriz and X,|A,| € R™™ is the diagonal matriz in
the eigendecomposition of Y,,C,,, having only eigenvalues £|\;| with \; being the j-th

eigenvalue of C,,.

!This subsection is partially adapted from [83] [62], which is joint work mainly with Mohammad
Ayman Mursaleen and Stefano Serra-Capizzano.
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Figure 8.1: (a) Singular value and (b) spectral distribution of Y, 7,,[f] with f(x) =

2+ el at n =512

Proof Recalling the definition of absolute circulant matrices |C,| = F7|A,|F,, € R™™,

we have

Y,C, = Y,FiAF,

Y, F*A,F, F*|\,|F,

—_——

6;TL
—
Qn

QulCal,
where A, € C»" is the diagonal matrix having the sign of eigenvalues of A,, € C™" ag
its eigenvalues. Note that |C,,| is symmetric by Definition [2.3.1]

Moreover, Y, |C,| is symmetric as |C,,] itself is a real Toeplitz matrix, i.e.

Yn|Cn| = (Yn|Cn|)T
= |CH|TYTLT
|C|Y .

Similarly, we know that Q,, = Y,,C, is also symmetric.

As any circulant matrices commute, we have
= Yn|Cn‘C;n
= |Cn|Qm
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namely @), and |C,| commute. Therefore, there exists a unitary matrix U, e C"
such that both U,Q,U; and U,|C,|U; are diagonal.

Furthermore, @),, is orthogonal as

QrQn = (YaC)" (YaCh)
- C'yy,C,
= 01T,
= (FrAF) (FrALF)
= F K[ F,

~—
In

= I,.

With @,, being both symmetric and orthogonal, we have @Q,, = U 3, U,, where X,

having only eigenvalues +1, is the diagonal matrix of the eigenvalue decomposition of

@n-

As a result,

UpSn|An|Un,

where ¥,|A,| is the diagonal matrix in the eigenvalue decomposition of Y,,C,,, having
only eigenvalues +|\;| with A; being the j-th eigenvalue of C,. The eigenvalues of

Y, C,, are therefore all of the form +|\;| while its singular values are of |A;|. [}

In other words, for sufficiently large n, we have

YnTn

Y, Cp - Y, R, - Y,E,
US| An|Up = YRy — Yo En.

Assuming OM? exists and is real, we have ¥, is similar to Y, (i.e. ¥, = (5,1/2 Un)* Y, N,i/ZUn).
Thus, there are roughly half of the eigenvalues of Y,,C,, are positive/negative provided
that |A,| has only nonzero entries. The same result also holds for Y,,T,,, since both
Y,,C,, and Y, T, have the same asymptotic spectral distribution (see Theorem 6.1 in
[160]). As a result, Y, T, is always indefinite for sufficiently large n.

Like nonsymmetric Toeplitz matrices, the asymptotic spectral distribution of block

Toeplitz matrices can be investigated in a similar fashion.
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Theorem 8.1.2 Let C(,, ) € R"™ ™ be q block circulant matriz with circulant blocks
and let Y my = Y, ® Y, € R Then,

Yinm)Cnm) = Uy my Enm) A nm) [Ugnm)

where Uy )y € C™nm s g unitary matric and X, m)|Amm)| € RM™ ™ is the diagonal
matriz in the eigendecomposition of Yinm)Cnmy, having only eigenvalues =|\;| with

Aj being the j-th eigenvalue of Cym).

Theorem 8.1.3 Let C(, ) € C"™ ™™ be a block circulant matriz with commuting
Hermitian blocks Ay € C™ ™ |k <n—1, and let Vi m) = Yo ® I, € R Then,

y(n,m)c(n,m) = U(*mm)z(n,m)|T(n,m)|U(n,m)7

where Uy, my € C™ ™ s q unitary matric and 3, ;)| T (n,m)| € RM™ ™ 4s the diagonal
matriz in the eigendecomposition of Vinm)Cinm), having only eigenvalues £|\;| with

A; being the j-th eigenvalue of Cy, ).

8.1.2 Preconditioning for block Toeplitz systems

As discussed in Chapter [7] both the symmetrization technique and absolute value
preconditioners can be extended to block Toeplitz systems. The BTHB systems
mentioned have certain applications for example in [I13] on time-dependent PDEs
problems. We remark that the all-at-once BTHB matrix T, ,,) examined in [113] is

of a relatively simple block lower triangular structure, i.e.

T(n,m)

Ap-y - Ay A

More complicated block Toeplitz systems could be found in other applications.
Hence, further developing absolute value preconditioning techniques for other

block Toeplitz systems is a direction for future research.

8.1.3 Matrix-vector multiplication h(7},)d,

We recall that a matrix-vector multiplication is required at each iteration of Krylov

subspace methods. Although it was shown O(nlogn) complexity is achievable for
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certain Toeplitz matrix exponential e’» [107, 102], the multiplication h(7),)d,, for
any vector d,, as mentioned in Chapter 4] is not readily computed efficiently in
general.

Therefore, developing efficient numerical methods for computing h(7),)d, will
be future work. If such efficient computation is possible, fast iterative solvers for

functions of Toeplitz matrices can be achieved.

8.1.4 Preconditioning for nonsymmetric ill-conditioned Toeplitz
systems

For symmetric ill-conditioned Toeplitz systems, band-Toeplitz preconditioners [28|
35, 139, [140] have been shown to be effective as discussed in Section A direction
for future research will be developing band-Toeplitz preconditioners for nonsymmet-
ric ill-conditioned Toeplitz systems. A possible approach is to first symmetrize a
nonsymmetric Toeplitz matrix with the anti-identity matrix Y,, and then design an
effective band-Toeplitz preconditioner that can give clustered spectra at +1 for the

symmetrized matrix.

127



Appendix A

Notation

A.1 Vector/Function spaces

e C: The complex plane

e Cm: The space of n-dimensional complex vectors

Cmxn. The space of m x n complex matrices
e R: The real plane

e R": The space of n-dimensional real vectors

R™": The space of m x n real matrices

C[-m,]: The Banach space of continuous complex-valued functions defined on

[-7, 7] with the supremum norm || - | e

e [P[-m, 7], 1 <p<oo: The Banach space of functions f equipped with the norm

= ( [k as) <o

Le°[-m, m]: The Banach space of functions f equipped with the essential supre-

muim norm
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A.2 Krylov subspaces

o (A, rT(ZO)): The Krylov subspace of dimension n of A, € C»" and an initial

residual rflo)

IT: The set of polynomials of degree at most &

CG: The conjugate gradient method

GMRES: The generalized minimal residual method

MINRES: The minimal residual method

A.3 Linear algebra
e diag(ay,as,...): A diagonal matrix having a;,as, ... as its entries
e [,: The n xn identity matrix
e F,: The n x n Fourier matrix
e Y,,: The n xn anti-identity matrix
e T,: An n xn Toeplitz matrix
e (,: An n xn circulant matrix
e |C,]: The n x n absolute value circulant matrix of C,, € C"
e ¢(T,): The n xn optimal circulant preconditioner for 7,, € C»"
e t(7,): The n xn superoptimal circulant preconditioner for 7,, € C"
e s(T,): Strang’s n x n circulant preconditioner for T, € C»"
® T(m): An nm x nm block Toeplitz matrix with Toeplitz blocks
o C(um): An nm x nm circulant matrix with circulant blocks (BCCB)
® |Clnmyl: The nm x nm absolute value BCCB matrix of C, ) € Crmxnm

o c(T(nm)): The nm x nm optimal BCCB preconditioner for T, ) € Crmxnm

Tnmy: An nm x nm block Toeplitz matrix with commuting Hermitian blocks
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® Cinm): An nm x nm block circulant matrix with commuting Hermitian blocks
(BCHB)

|C(n,m)|: The nm x nm absolute value BCHB matrix of C, ,) € Crmxmm

® A(T(nm)): The nm x nm optimal block circulant preconditioner for T, m) €

Cnmxnm

e 0(A,): The diagonal matrix whose diagonal is equal to the diagonal of the

matrix A, € C»»
e A(A,): The spectrum of the matrix A, € C»
® Mnax(An): The largest eigenvalue of the matrix A, € Cn
® M\uin(A,): The smallest eigenvalue of the matrix A, € C»»
® 0nax(A,): The largest singular value of the matrix A, € C*"
e 0nin(Ay,): The smallest singular value of the matrix A, € C™"
e k(A,): The condition number of the matrix A,, € C»»
e p(A,): The spectral radius of the matrix A,, e C**"
e rank(A): The rank of the matrix A e C™»
e span(vy,Vva,...): The span of the vectors vy, va,...
e A® B: The Kronecker product of the matrices A and B
e AT: The transpose of the matrix A e Cm*»
e A*: The conjugate transpose of the matrix A e C™*n

e Al The inverse of the matrix A,, € Cv»

A.4 Complex analysis

e h(z): An analytic function
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Appendix B

Linear algebra results

B.1 Matrix norms

A function | - || : C»" - R is called a matriz norm [85] if for all A, B, € C™™" it

satisfies the following axioms:
e [A,]>0 (Nonnegative)
e |A,||=0if and only if A, =0 (Positive)
o ||cA,| =]|c||An]| for all complex scalars ¢ (Homogeneous)
o |A,+ B,| <A +|B.| (Triangle inequality)
o |A,B,| < |A.l|B. (Submultiplicative).

Theorem B.1.1 [85] Let A e C™" and let |- | be a vector norm on C*. We define
|| on Cm™m by
| Al = max | Ax].

Ix[=1

For example, we have the following matrix norms. In each case, we take A = [a;;] €
(men‘

The mazimum column sum matriz norm
m
| Allx = {Q%; i
The mazimum row sum matrix norm
n
| Al = g%; jaijl-
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The spectral norm
| Als = max{V/A: X is an eigenvalue of A*A}.

An important matrix norm that is not induced by a vector norm is the Frobenius

norm.

Definition B.1.1 [8)] Let A € C™. The Frobenius norm of A is defined by

||A||F:(zz|aij|2) .
j=li=1

The above matrix norms satisfy the following properties:

[All2 < A F < /[ Al
o Al <Al <Vl Alx
o FlAle < [Al2 < vm|Ale

[All2 < VIA[L[A] o

Definition B.1.2 [83] A matriz norm |- | on C™" is said to be unitarily invariant

of

[UAV] = [ A]

for all A e C™™ and for all unitary matrices U € C™m Ve Crxn,
Remark Both the Frobenius norm and the spectral norm are unitarily invariant.

Definition B.1.3 [85] Let A, € C¥". The condition number k(A,) of A, is defined
by
R(An) = A [ Anll

Definition B.1.4 [85] Let A, € C". The spectral radius p(A,) of A, is defined by
p(A,) = max{|\|: X\ is an eigenvalue of A, }.
Theorem B.1.2 [85] Let A, e Cv™. If || is any matriz norm, then

p(An) < [[An].-
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B.2 Singular values and eigenvalues

Theorem B.2.1 [85, Cauchy’s interlacing theorem] Let A, B, € C™™ be Hermitian
and let the eigenvalues of A,, B, A, + B, be arranged in an increasing order. Then,

for every pair of integers j, k such that 1< j,k<n and j+k>n+1
Njskn(Ap + By) < Aj(Ay) + \ie(By)

and for every pair of integers j, k such that 1< j,k<n and j+k<n+1
Aj(An) + Me(Bn) € Ajir-1(An + By).

Theorem B.2.2 [15, Proposition 2] Let 0 € R,w € C* with |w| =1 and define H :=
wow*. Let X e R™™ be diagonal with exactly t distinct eigenvalues denoted by A; (1 <
i <t). Write P; for the orthogonal projection onto the eigenspace x; corresponding to
A; and define 6; by

].

|Paw| = cosb; where 0; is chosen in [—g,

bo | 3

Define yet the t x t matrix

A\ cos 0,
Y = +yoy”, where y =
A cos 0,

Then, the eigenvalues of X + H are the eigenvalues of X, of which single copies of

multiple eigenvalues are replaced by the eigenvalues of Y.

Theorem B.2.3 [14, Corollary 3] If in the conditions of Theorem H is a
Hermitian rank-k matriz (for 1 < k < n), then the eigenvalues of X + H are the
eigenvalues of X of which at most k copies of each different eigenvalue have been

perturbed. Moreover, at most kt of the total number of eigenvalues are perturbed.

B.3 Kronecker products

Definition B.3.1 The Kronecker product of A e C™" and B e CP*4 is defined by
auB G,lnB
A®B = : : e CmP g,

a1 B - apn B

The Kronecker product satisfies the following properties:
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A®(B+(C)=A®@B+A®C

(A+B)eC=A9C+A®B

(kA)e B=A® (kB) =k(A® B)

(A®B)®(C=A®(Be()
e (A® B)* = A* ® B*,

where A, B, and C' are matrices and k is a scalar.
Moreover, if A, B,C', and D are matrices of appropriate size that can form the

matrix products AC' and BD, we have the mixed-product property

(A® B)(Ce® D) =(AC)® (BD).

B.4 Fourier matrices

Definition B.4.1 The Fourier matriz F,, € C™" is defined by

1 1 1 1
) 1 w, w? wnt
F,=—|1 w? w22 g(n—l) 7
_1 wn-1 T(Ln—l)Q wén—l)(n—l)_

where w,, = e2mi/n,

Remark Note that F), is unitary.

B.5 Fast Fourier transforms

In this section, we provide an algebraic approach to drive a fast Fourier transform
(FFT), namely an algorithm to compute the matrix-vector product F,d,, efficiently.

The key idea is to factorize

1 1 1 1
1wy 2 wnt
2 wi'(n—l) c (C”X”7

|
3
I
—_
. &
[\
&
[\~
[\

i w1 wgn—l)Q u17(Ln—1)-(n_1)
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to reveal its relation with Fn/Q. Assuming n is even, simple calculations yield

— |z D F
F,=|"? n/2 AT |
[In/Q _Dn/Q Fn/?

where D, € C/2/2 ig the diagonal matrix with entries (1,w,,w?, ... LM 2)_1) and
IT,, e R™™ is the permutation matrix that separates the incoming vector into its even
and odd parts.

A simple example demonstrates this idea. When n =4, we have

= _ |2 Dy Fy
R A

1 1 11 1

1 -i 1 i2 1

Therefore, the original transform with F,, reduces to two similar transforms with
FH/Q, which involve n/2 multiplications and n additions/subtractions. Consequently,
we repeat the same process and count the number of work needed recursively. The
complexity of the final work count turns out to be O(nd) = O(nlogn) provided that
n = 2¢. Therefore, the matrix-vector product F,d, can be computed in O(nlogn)
operations. For FFTs with an arbitrary positive integer n and other related subjects,

we refer to [166), 147, 124].

B.6 Commuting matrices

Definition B.6.1 [8]] Let A, B, € C". We call A,, and B,, simultaneously diago-
nalizable if there is a single similarity matriz S, € C™™ such that both S;'A,S, and

S-1B,S, are diagonal.

Theorem B.6.1 8] Let A,, B, € C" and let § be a given family of Hermitian
matrices. There exists a unitary matriz U, such that U,A,U} is diagonal for all

A, €5 if and only if A,B,, = B, A, forall A,,B, €§.
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Appendix C

Approximation theory results

The following selected results from approximation theory are used in this thesis.

C.1 Polynomial approximations

Definition C.1.1 [101] A trigonometric polynomial on [-m, 7] is an expression of
the form

M _
p(x) = Z apelF?.
k=M

The numbers k are called the frequencies of p(x) and the largest integer k such that
lag| + |a_r| # 0 is called the degree of p(x).

Theorem C.1.1 [133, Weierstrass approzimation theorem] For any f € C[-m, 7] and

for any € > 0, there exists a polynomial on [-7, 7] such that

1f(z) = p(2)]o S €

for all x € [-7,m].

C.2 Fourier series

Definition C.2.1 [101] The Fourier series S[f] of a function f e L*([-m,m]) is the

trigonometric series
oo
ik
S[f1= ) are™,
k=—o00
where the Fourier coefficients

1 m .
ay / f(x)e ke dt, k=0,+1,+2,....

" s
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