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Abstract

This thesis concerns preconditioning for Toeplitz-related systems. Specifi-

cally, we consider functions of Toeplitz matrices, i.e. h(Tn)xn = bn, where

h(z) is an analytic function and Tn ∈ Cn×n is a Toeplitz matrix.

We propose the absolute value circulant matrix ∣h(Cn)∣ as a preconditioner

for h(Tn), where Cn ∈ Cn×n is the optimal circulant preconditioner, the su-

peroptimal circulant preconditioner, or Strang’s circulant preconditioner

derived from Tn, and show that ∣h(Cn)∣−1h(Tn) has clustered spectra that

account for the effectiveness of such preconditioner.

When h(Tn) is a real matrix, we can first premultiply it by the anti-

identity matrix Yn ∈ Rn×n to obtain a (real) symmetric matrix Ynh(Tn)

without normalizing the original matrix. To ensure ∣h(Cn)∣ is an effective

preconditioner for Ynh(Tn), we show that ∣h(Cn)∣−1Ynh(Tn) has clustered

spectra around ±1. As Ynh(Tn) is symmetric yet possibly indefinite, we

can use the minimal residual method for the corresponding linear system

with guaranteed convergence that depends only on its eigenvalues.

We further show that the ideas of symmetrization and absolute value

preconditioning for Toeplitz systems can be extended to the block Toeplitz

matrix case. An application on time-stepping methods for evolutionary

ordinary/partial differential equation problems is also discussed.

Numerical results are given to demonstrate the effectiveness of our pro-

posed preconditioners.
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Chapter 1

Introduction

In this thesis, we investigate the applicability of circulant preconditioners for Toeplitz-

related systems, in particular, considering systems defined by functions of Toeplitz

matrices, i.e. h(Tn)xn = bn, where h(z) is an analytic function and Tn ∈ Cn×n is a

Toeplitz matrix. We note that h(Tn) is not a Toeplitz matrix in general. However,

when h(z) = z, the system reduces to the usual Toeplitz system, i.e. Tnxn = bn. In

the following sections, we provide the research aims and the thesis outline.

1.1 Aims of research

Circulant preconditioners for functions of Toeplitz matrices have been recently of

interest in the literature for their crucial applications. For example, the Toeplitz

matrix exponential eTn arises from the discretization of integro-differential equations

with a shift-invariant kernel. Solving these equations is often required in areas like

option pricing [58, 137]. Related work on computing the exponential of block Toeplitz

matrices arising in approximations of Markovian fluid queues can also be found in [11].

As for the matrix sine and cosine functions, an example application which arises in

finite element semidiscretization of the wave equation is solving the following system

of second order differential equations [80]

d2

dt2
y + T 2

ny = 0, y(0) = y0, y′(0) = y′0,

whose solution is given by

y(t) = cos(tTn)y0 + T
−1
n sin(tTn)y

′
0.

Jin, Zhao, and Tam [99] are the first to propose using optimal circulant pre-

conditioners for functions of matrices. The authors provided some properties of such
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preconditioners and numerically demonstrated their effectiveness for certain functions

of Toeplitz matrices, including ez, sin z, cos z, ln(1 + z), and (1 − z)−1(1 + z2). Later,

Bai, Jin, and Tao [7] proposed the use of superoptimal circulant preconditioners in

the same context and illustrated their success in a series of numerical experiments.

We present in this thesis a collection of theoretic results that explain the effec-

tiveness of circulant preconditioners for functions of Toeplitz matrices, and their cor-

responding numerical results that support our findings. In addition, we propose the

use of absolute value circulant preconditioners for functions of Toeplitz matrices. An

extension of our results to block Toeplitz systems is also provided. Each main chapter

contains new contributions to numerical analysis in the context of preconditioning for

structured systems.

1.2 Thesis outline

This thesis is structured as follows.

We first review in Chapter 2 the background on Toeplitz matrices before presenting

our main results. Different aspects of Toeplitz matrices, including the asymptotic

spectral distribution, direct and iterative solvers, and the related preconditioning

techniques, are discussed. Also, we introduce a number of key concepts, such as

absolute value circulant matrices and functions of matrices, and notation that are

crucial for developing our results in later chapters.

In Chapter 3, we summarize several common Krylov subspace methods that we

use throughout this thesis. A pseudocode of these methods and their convergence

results relevant to our work on Toeplitz-related systems are provided.

Chapter 4 provides our main results on preconditioning for functions of Toeplitz

matrices. In particular, we consider h(Tn)xn = bn, where h(z) is an analytic function

and Tn is the Toeplitz matrix generated by a continuous complex-valued function f

defined on [−π,π]. We show that the absolute value circulant matrix ∣h(c(Tn))∣ is

an effective preconditioner for h(Tn), provided that c(Tn) is the optimal circulant

preconditioner for Tn. Numerical tests are performed to support our results.

In Chapter 5, considering the Toeplitz matrices generated by functions in the

Wiener class, we show that our results provided in Chapter 4 also apply to super-

optimal circulant preconditioners and Strang’s circulant preconditioners. Numerical

results are provided to demonstrate the effectiveness of these circulant precondition-

ers.
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As a simple application, we present in Chapter 6 time-stepping methods for evo-

lutionary ordinary differential equation problems to illustrate how our results can

be used. A further generalization of our work to the block Toeplitz all-at-once sys-

tems arising from time-dependent partial differential equation problems is also briefly

discussed.

In Chapter 7, we comment on an extension of our work to block Toeplitz systems.

We show that both block Toeplitz matrices with Toeplitz blocks and block Toeplitz

matrices with commuting Hermitian blocks can be symmetrized by a simple per-

mutation matrix. The corresponding absolute value block circulant preconditioners

for these symmetrized block Toeplitz matrices are also given. Numerical results are

provided to illustrate the success of our proposed preconditioners.

Chapter 8 concludes this thesis and provides a few directions for future research.

We in particular present some preliminary results concerning the asymptotic spectral

distribution of symmetrized Toeplitz matrices.
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Chapter 2

Toeplitz matrices

Before discussing our proposed research, as Toeplitz matrices are of utmost impor-

tance to our work, we give the background on such matrices and the existing methods

in the literature for solving the linear systems that involve them.

Throughout this thesis, we assume that the given Toeplitz matrix Tn ∈ Cn×n is

associated with the spectral symbol/generating function f via its Fourier series

S[f] =
∞
∑
k=−∞

ake
ikx

defined on [−π,π]. We have

Tn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a0 a−1 ⋯ a−(n−2) a−(n−1)
a1 a0 a−1 ⋱ a−(n−2)
⋮ a1 a0 ⋱ ⋮

an−2 ⋱ ⋱ ⋱ a−1

an−1 an−2 ⋯ a1 a0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where

ak =
1

2π ∫
π

−π
f(x)e−ikx dx, k = 0,±1,±2, . . . ,

are the Fourier coefficients of f . Namely, the entries of a Toeplitz matrix are constant

along its diagonals.

Several important properties of Tn associated with f are listed as follows [118, 25].

• If f is complex-valued, Tn is non-Hermitian for all n.

• If f is real-valued, Tn is Hermitian for all n.

• If f is real-valued and positive, Tn is Hermitian positive definite for all n.

• If f is real-valued and even, Tn is (real) symmetric for all n.

Such a matrix is named after Otto Toeplitz for his work on bilinear forms related

to Laurent series [153] and we refer to [73] for details.
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2.1 Spectral distribution of Toeplitz matrices

In this section, we discuss the asymptotic distribution of singular values and eigen-

values of Toeplitz matrices.

Let Lp([−π,π]), 1 ≤ p < ∞, denote the space of all (equivalence classes of)

Lebesgue integrable functions f defined on [−π,π] equipped with the norm

∥f∥p = (∫

π

−π
∣f(x)∣p dx)

1
p

< ∞

and let ∥f∥∞ be the essential supremum norm.

Definition 2.1.1 [172] Let f(x) ∈ L1([−π,π]). A sequence {λ
(n)
k } is said to be dis-

tributed as f(x) if for any continuous function F (x) with compact support

lim
n→∞

1

n

n

∑
k=1

F (λ
(n)
k ) =

1

2π ∫
π

−π
F (f(x))dx.

We write

λ
(n)
i ∼ f.

The singular value and spectral distribution of Toeplitz matrices has been of in-

terest over the past few decades. The earliest result on the eigenvalue distribution

of Toeplitz matrices was established by Szegő [73], namely the eigenvalues of the

Toeplitz matrix Tn[f] generated by a real-valued f ∈ L∞([−π,π]) are asymptotically

distributed as f . Considering the same class of functions, Avram and Parter [3, 128]

showed that the singular values of Tn[f] are distributed as ∣f ∣. Tyrtyshnikov [160, 158]

later generalized the result for Tn[f] generated by f ∈ L2([−π,π]). Zamarashkin and

Tyrtyshnikov [172] further weakened the requirement on f and showed that the same

result holds for f ∈ L1([−π,π]). Based on an approximation class sequence approach,

Garoni, Serra-Capizzano, and Vassalos [68] recently provided the same theorem for

f ∈ L1([−π,π]) in the framework of the newly developed theory of Generalized Lo-

cally Toeplitz (GLT) sequences. The GLT theory aims to study and compute the

spectral symbol of matrices arising from discretising differential operators, and we

refer to [67] for its latest development. The spectral distribution of block Toeplitz

matrices has also been studied for example by Tyrtyshnikov and Zamarashkin [162],

and Tilli [151, 152, 115, 142].

We provide the generalized Szegő theorem in the following.
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Theorem 2.1.1 [73, 3, 128, 160, 158, 172, 151] Let f ∈ L1([−π,π]). Let Tn[f] ∈

Cn×n be the Toeplitz matrix generated by f . Then,

σ(Tn[f]) ∼ ∣f ∣.

If, moreover, f is real-valued, then

λ(Tn[f]) ∼ f.

The following simple example illustrates the point: we consider

Tn[f] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2 −1
−1 2 −1

⋱ ⋱ ⋱

⋱ ⋱ −1
−1 2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n

whose generating function is f(x) = −eix + 2 − e−ix = 2 − 2 cosx. In Figure 2.1, we see

that the eigenvalues of Tn[f] are distributed as f(x) = 2 − 2 cosx on [−π,π].

0 100 200 300 400 500 600

0

0.5
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1.5
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2.5

3

3.5

4

Figure 2.1: Spectral distribution of Tn[f] with f(x) = 2 − 2 cosx at n = 512.

Having knowledge about the asymptotic spectra of Toeplitz matrices is crucial to

developing efficient solvers for them, such as preconditioned Krylov subspace methods

which will be discussed in details in Chapter 3.

2.2 Toeplitz solvers

Toeplitz matrices are ubiquitous: they arise in many different fields of mathematics

and scientific computing, including numerical ordinary/partial differential equations,
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image restoration, numerical solution of convolution integral equations, queueing net-

works, and option pricing, to name just a few. For more applications related to

Toeplitz matrices, see for example [25, 118]. These applications often involve solving

Toeplitz-related systems with a large dimension, so it is of high importance to develop

efficient solvers that provide fast computation. Due to the wide-ranging applicability

of Toeplitz systems and the computational consideration of applications, an extensive

amount of work has been devoted to developing fast algorithms, known as Toeplitz

solvers, for solving such systems.

2.2.1 Direct methods

Developing fast direct methods was primarily the focus of early research on Toeplitz

solvers. Direct solvers are said to be fast if they are of about O(n2) complexity.

In 1946, Levinson [108] was the first to propose a fast direct solver, which was a

significant improvement over methods such as Gaussian elimination, that require

O(n3) operations. Levinson-type variants [155, 173, 174] with similar complexity

were later developed. Similarly, Schur-type fast solvers were proposed by Bareiss [8]

and Rissanen [134]. Displacement equation-type fast solvers were also proposed for

example by Heinig [77], Gohberg, Kailath, and Olshevsky [69], and Gu [74].

Superfast direct solvers, which are defined to be direct solvers that require less than

O(n2) costs, have then been developed since the 1980s. Various superfast Toeplitz

solvers with only O(n log2 n) complexity can be found in [116, 1, 13, 16, 53]. However,

Bunch indicated in [18] that the Schur solvers and the Levinson solvers are weakly

stable in some cases, but both could be highly unstable in the case of indefinite

and nonsymmetric Toeplitz matrices. The author identified that if Tn has a singular

or ill-conditioned principal submatrix, a breakdown will occur, which could lead to

numerical instabilities in these algorithms. Some methods were therefore developed to

avoid breakdowns [54, 150]. In particular, T. Chan and Hansen [41, 42] proposed the

look-ahead Levinson algorithm to enhance the numerical stability for solving Toeplitz

systems. The basic idea of the algorithm is that it will look ahead to the next well-

conditioned leading principal submatrix if a singular or a nonsingular ill-conditioned

submatrix occurs. However, this look-ahead strategy increases the complexity to an

overall O(n3) operation, as it requires condition number estimates for all leading

principal submatrices. Several extensions of look-ahead Toeplitz solvers were also

proposed in [65, 66]. However, reliable look-ahead strategies are difficult to design and

the resulting algorithms may not be fast. Some other superfast solvers [163, 45, 170]

can also be found in the literature.
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2.2.2 Iterative methods

Other than direct solvers, iterative methods can also be used to solve Toeplitz sys-

tems. In fact, for a large class of Toeplitz systems, Krylov subspace methods like

the conjugate gradient method can achieve overall O(n logn) complexity. Since a

Toeplitz matrix-vector product is required at each iteration of a typical Krylov sub-

space method, it is crucial to compute this product in a fast manner in order to reduce

the overall complexity.

One way to compute such Toeplitz matrix-vector multiplication is to use Fast

Fourier Transforms (FFT) [51, 166]. We first embed Tn into a 2n × 2n circulant

matrix, namely

[
Tn Bn

Bn Tn
] [

dn
0
] = [

Tndn
Bndn

] ,

where

Bn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 an−1 ⋯ a2 a1

a−(n−1) 0 an−1 a2

⋮ a−n+1 0 ⋱ ⋮

a−2 ⋱ ⋱ an−1

a−1 a−2 ⋯ a−(n−1) 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

As will be explained in Section 2.3.1, the product Tndn for any vector dn can be

computed by several FFTs in O(2n log 2n) = O(n logn) operations.

Due to the reduction in complexity and the ability to solve a large class of (e.g. in-

definite or non-Hermitian) Toeplitz systems for which direct solvers could be unstable

[118], iterative solvers are competitive alternatives to solving Toeplitz systems.

2.2.2.1 Preconditioning for Toeplitz systems

As will be discussed in Chapter 3, the convergence rate of Krylov subspace methods,

such as the conjugate gradient method, depends on eigenvalues. Besides, the eigen-

values of Toeplitz matrices are distributed as their generating function and hence are

not usually clustered as mentioned in Section 2.1. Therefore, the number of iterations

required for a Krylov subspace method to converge is in general large. Due to this

property of Toeplitz matrices, preconditioning is desired to improve complexity.

Suppose originally we want to solve an n × n nonsingular system

Anxn = bn.

We can achieve the same goal by solving the following system instead

P −1
n Anxn = P

−1
n bn,
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where a preconditioner Pn is any n × n nonsingular matrix.

Provided that we solve the linear system using a Krylov subspace method, the

convergence rate will depend on P −1
n An instead of An. In order to accelerate the

convergence, the preconditioner Pn should be well chosen such that the following

criteria are satisfied [4, 25, 92, 118, 47, 9, 168]:

1. For any vector dn, the product P −1
n dn = vn can be computed efficiently or the

system Pnvn = dn can be solved efficiently.

2. The spectrum of P −1
n An is clustered and/or P −1

n An is well-conditioned compared

to An.

In the next section, we will explain why circulant matrices as preconditioners for

Toeplitz systems can be effective by illustrating that they satisfy the abovementioned

criteria under certain assumptions.

2.3 Circulant matrices

A circulant matrix Cn ∈ Cn×n is defined by

Cn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

c0 cn−1 ⋯ c2 c1

c1 c0 cn−1 c2

⋮ c1 c0 ⋱ ⋮

cn−2 ⋱ ⋱ cn−1

cn−1 cn−2 ⋯ c1 c0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Note that Cn itself is a Toeplitz matrix, and every row of Cn is a right cyclic shift of

the row above it.

2.3.1 Diagonalization of circulant matrices

Theorem 2.3.1 [52, Theorem 3.2.2 and Theorem 3.2.3] Let Cn ∈ Cn×n be a circulant

matrix. Then, Cn is given by

Cn = F
∗
nΛnFn,

where Fn ∈ Cn×n is the Fourier matrix of which the entries are given by [Fn]jk =

1√
n
e2πijk/n, j, k = 0,1, . . . , n − 1, and Λn ∈ Cn×n is the diagonal matrix in the eigende-

composition of Cn.
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Due to the diagonalization of circulant matrices Cn = F ∗
nΛnFn (see Section 3.2 in

[52]), one can easily show that for any vector dn the product C−1
n dn (or Cndn) can

be efficiently computed as follows.

Since the first column of Fn is 1√
n
1n, where 1n = (1,1,1 . . . ,1)T ∈ Rn, we have

FnCne1 =
1

√
n

Λn1n,

where e1 = (1,0, . . . ,0)T ∈ Rn. Therefore, the diagonal matrix Λn can be com-

puted in O(n logn) operations by taking an FFT of the first column of Cn. Since

C−1
n = F ∗

nΛ−1
n Fn, C−1

n dn for any vector dn can then be computed by several FFTs in

O(n logn) operations once Λn is obtained. Therefore, Cn has the potential to be an

efficient preconditioner due to this low-complexity computation.

2.3.2 Absolute value circulant matrices

As circulant matrices are diagonalizable, we can define their corresponding absolute

value matrix [167].

Definition 2.3.1 [129] Let Cn ∈ Cn×n be a circulant matrix. The absolute value

circulant matrix ∣Cn∣ ∈ Cn×n of Cn is defined by

∣Cn∣ = (C∗
nCn)

1/2

= (CnC
∗
n)

1/2

= F ∗
n ∣Λn∣Fn,

where Fn ∈ Cn×n is the Fourier matrix and ∣Λn∣ ∈ Rn×n is the diagonal matrix in the

eigendecomposition of Cn with all entries replaced by their magnitude.

By definition, ∣Cn∣ is Hermitian positive definite provided that Cn is nonsingular.

Also, since ∣Cn∣ itself is a circulant matrix, ∣Cn∣−1dn for any vector dn can be computed

by several FFTs in O(n logn) operations. Due to these desired properties, ∣Cn∣ can

be used as a preconditioner in cooperation with Krylov subspace methods.

2.3.3 Circulant matrices as preconditioners

Strang [146] and Olkin [123] are the first to independently propose using circulant

matrices as preconditioners for Toeplitz matrices. Numerical results in [148] showed

that such preconditioners are effective for solving a wide range of Toeplitz systems.

Theoretical results that guarantee fast convergence with circulant preconditioners
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were later given by R. Chan and Strang [34]. Other circulant preconditioners, such as

optimal circulant preconditioners by T. Chan [40], Huckle’s preconditioners [86], and

superoptimal preconditioners by Tyrtyshnikov [157], were developed for the Toeplitz

matrices generated by certain real-valued and positive functions f . The restriction

on f was later relaxed for example in [29, 141, 55] to allow f to have zeros.

Work has also been done on preconditioning for Hermitian indefinite Toeplitz

systems [33, 121], non-Hermitian Toeplitz systems [88], and nonsymmetric Toeplitz

systems [130]. Tyrtyshnikov, Yeremin, and Zamarashkin [161] proposed improved cir-

culant preconditioners and showed that the eigenvalues of the preconditioned matrices

were clustered around unity for the Toeplitz matrix generated by sparsely vanishing

functions f in L2([−π,π]), i.e. the zero set of f is of measure zero. Di Benedetto and

Serra Capizzano [56], and Oseledets and Tyrtyshnikov [125] later provided a unifying

way of constructing circulant preconditioners. For references on the development of

preconditioning for Toeplitz matrices, we refer to [118, 25, 124].

We first provide the following definition in relation to the clustered spectra around

±1 produced by absolute value circulant preconditioners, which is relevant to our main

results.

Definition 2.3.2 [129, Definition 4.5] A sequence of matrices {Hn}
∞
n=1 is said to

have clustered spectra around ±1 if for any ε > 0 there exist positive integers M and

N such that for all n > N , at most M eigenvalues λ of Hn are such that ∣λ − 1∣ > ε

and ∣λ + 1∣ > ε.

Remark A sequence of matrices having clustered spectra around unity can be defined

in a similar way.

In what follows, we provide three commonly used circulant preconditioners. Given

a Toeplitz matrix Tn ∈ Cn×n

Tn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a0 a−1 ⋯ a−(n−2) a−(n−1)
a1 a0 a−1 a−(n−2)
⋮ a1 a0 ⋱ ⋮

an−2 ⋱ ⋱ a−1

an−1 an−2 ⋯ a1 a0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

we provide the following circulant preconditioners for Tn.

11



2.3.3.1 Optimal circulant preconditioners

We let

MFn = {F ∗
nΛnFn ∣ Λn is any n × n diagonal matrix}

be the set of all circulant matrices [52]. The optimal circulant preconditioner [40]

c(Tn) ∈ Cn×n for Tn is defined to be the minimizer of

∥Tn −Cn∥F

over all Cn ∈ MFn , where ∥ ⋅ ∥F is the Frobenius norm.

The entries of c(Tn) can be explicitly obtained:

c(Tn) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

c0 cn−1 ⋯ c2 c1

c1 c0 cn−1 c2

⋮ c1 c0 ⋱ ⋮

cn−2 ⋱ ⋱ cn−1

cn−1 cn−2 ⋯ c1 c0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where

ck =

⎧⎪⎪
⎨
⎪⎪⎩

(n−k)ak+kak−n
n 0 ≤ k < n

cn+k 0 < −k < n
.

Remark In fact, optimal circulant preconditioners can be defined for general square

matrices. However, we only focus on Toeplitz matrices in this thesis.

Let δ(An) ∈ Cn×n denote the diagonal matrix whose diagonal is equal to the

diagonal of An ∈ Cn×n. The following theorem provides some important properties of

c(Tn).

Theorem 2.3.2 [25, 26] Let Tn ∈ Cn×n be a Toeplitz matrix and let c(Tn) ∈ Cn×n be

the optimal circulant preconditioner for Tn. Then, the followings hold:

(i) c(Tn) is uniquely determined by Tn and is given by

c(Tn) = F
∗
n δ(FnTnF

∗
n )Fn.

(ii) We have

σmax(c(Tn)) ≤ σmax(Tn),

where σmax(An) denotes the largest singular value of An.

(iii) If Tn is Hermitian, then c(Tn) is also Hermitian. Furthermore, we have

λmin(Tn) ≤ λmin(c(Tn)) ≤ λmax(c(Tn)) ≤ λmax(Tn),

where λmin(An) and λmax(An) denote the smallest and largest eigenvalue of An, re-

spectively. In particular, if Tn is positive definite, then so is c(Tn).
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Considering the Toeplitz matrices generated by positive functions in the Wiener

class, i.e. Tn whose entries satisfy

∞
∑
k=−∞

∣ak∣ < ∞,

R. Chan proved that c(Tn)−1Tn has clustered spectra around unity for sufficiently

large n.

Theorem 2.3.3 [21, 22] Let f be a positive function in the Wiener class. Let

Tn ∈ Cn×n be the Toeplitz matrix generated by f and let c(Tn) ∈ Cn×n be the optimal

preconditioner for Tn. Then, c(Tn)−1Tn has clustered spectra around 1 for sufficiently

large n.

R. Chan and Yeung later extended the result to positive functions in C[−π,π], the

Banach space of continuous complex-valued functions defined on [−π,π] equipped

with the supremum norm ∥ ⋅ ∥∞.

Theorem 2.3.4 [36] Let f ∈ C[−π,π] be a positive function. Let Tn ∈ Cn×n be the

Toeplitz matrix generated by f and let c(Tn) ∈ Cn×n be the optimal preconditioner for

Tn. Then, c(Tn)−1Tn has clustered spectra around 1 for sufficiently large n.

Optimal preconditioners have undergone many extensions and generalizations.

Their properties, such as the stability in numerical ordinary differential equation

problems, have been studied for example by Jin in [20, 97, 99, 19, 98, 48], and related

preconditioners like modified optimal preconditioners can be found in [111].

2.3.3.2 Superoptimal circulant preconditioners

Similar to c(Tn), the superoptimal circulant preconditioner [157] t(Tn) ∈ Cn×n for Tn

is defined to be the minimizer of

∥In −C
−1
n Tn∥F

over all Cn ∈ MFn

The following theorem provides a relation between t(Tn) and c(Tn).

Remark Superoptimal circulant preconditioners are also defined for general square

matrices.
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Theorem 2.3.5 [26, Theorem 4] Let Tn ∈ Cn×n be a Toeplitz matrix and let c(Tn) ∈

Cn×n be the optimal circulant preconditioner for Tn. If both Tn and c(Tn) are nonsin-

gular, then the superoptimal circulant preconditioner t(Tn) ∈ Cn×n for Tn exists and

is given by

t(Tn) = c(T
∗
n )

−1c(TnT
∗
n ).

Considering the effectiveness of t(Tn) for Tn, R. Chan, Jin, and Yeung showed the

following result.

Theorem 2.3.6 [27, Theorem 5] Let f be a positive function in the Wiener class.

Let Tn ∈ Cn×n be the Toeplitz matrix generated by f and let t(Tn) ∈ Cn×n be the

superoptimal circulant preconditioner for Tn. Then, t(Tn)−1Tn has clustered spectra

around 1 for sufficiently large n.

Like optimal circulant preconditioners, superoptimal circulant preconditioners

have been generalized over the years for example in [46, 7, 49, 96].

2.3.3.3 Strang’s circulant preconditioners

Strang’s circulant preconditioner s(Tn) ∈ Cn×n [146] for Tn is defined by

s(Tn) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

s0 sn−1 ⋯ s2 s1

s1 s0 sn−1 s2

⋮ s1 s0 ⋱ ⋮

sn−2 ⋱ ⋱ sn−1

sn−1 sn−2 ⋯ s1 s0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where

sk =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

ak 0 ≤ k ≤ ⌊n/2⌋

ak−n ⌊n/2⌋ < k < n

sn+k 0 < −k < n

with ⌊n/2⌋ denotes the greatest integer m ≤ n/2. Namely, s(Tn) copies the central

diagonals of Tn and wraps them around to form a circulant matrix.

Remark Strang’s circulant preconditioners can only be defined for Toeplitz matrices

by the definition given. For other matrices, R. Chan, Ng, and Plemmons [30] proposed

the generalized Strang type circulant preconditioners.

For the Toeplitz matrix generated by positive functions in the Wiener class,

Strang’s circulant preconditioners are effective in the sense that the eigenvalues of

the preconditioned matrices are clustered.
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Theorem 2.3.7 [34] Let f be an even positive function in the Wiener class. Let

Tn ∈ Rn×n be the Toeplitz matrix generated by f and let s(Tn) ∈ Rn×n be Strang’s

circulant preconditioner for Tn. Then, s(Tn)−1Tn has clustered spectra around 1 for

sufficiently large n.

Using a purely linear algebra approach, R. Chan later extended the result via the

following theorem.

Theorem 2.3.8 [21] Let f is a positive function in the Wiener class. Let Tn ∈

Cn×n be the Toeplitz matrix generated by f and let s(Tn) ∈ Cn×n be Strang’s circulant

preconditioner for Tn. Then, s(Tn)−1Tn has clustered spectra around 1 for sufficiently

large n.

With more knowledge about f , descriptive convergence rates of the conjugate

gradient method for s(Tn)−1Tn can be found for example in [34, 37].

2.3.3.4 Other circulant preconditioners

There are also other circulant preconditioners proposed for Toeplitz matrices over

years in the literature.

For the Toeplitz matrices generated by certain positive functions, i.e. positive

functions whose Fourier coefficients satisfy

∞
∑
k=0

∣k∣∣ak∣
2 < ∞,

Huckle’s preconditioners developed in [86] were shown to be able to give clustered

spectra.

Circulant preconditioners constructed by embedding the Toeplitz matrix into a

2n-by-2n circulant matrix have also been used. R. Chan’s preconditioners [21] and

the preconditioners constructed by Ku and Kuo [103] belong to this category.

{ω}-circulant preconditioners Cn(ω) ∈ Cn×n were proposed by Potts and Steidl

[131, 132], namely Cn(ω) = Ω∗
nF

∗
nΛnFnΩn, where Λn ∈ Cn×n is the diagonal matrix in

the eigendecomposition of Cn(ω), Fn ∈ Cn×n is the Fourier matrix, and

Ωn = diag(1, ewni, e2wni, . . . , e(n−1)wni) ∈ Cn×n

is a unitary matrix with wn ∈ [−π,−π + 2π/n).

Best circulant preconditioners by R. Chan, Yip, and Ng [39, 32] were proposed to

solve ill-conditioned Toeplitz systems. For more about other circulant precondition-

ers, we refer to [118, 25].
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2.4 Noncirculant preconditioners

Other than circulant preconditioners, noncirculant preconditioners have also been

used for Toeplitz systems.

Optimal transform-based preconditioners were proposed, due to the desired prop-

erty that they can be diagonalized by a fast transform. Optimal sine transform-

based preconditioners [10, 31, 14, 87], optimal cosine transform-based preconditioners

[23, 119, 100], and optimal Hartley transform-based preconditioners [12, 89] belong

to this kind.

Band-Toeplitz matrices have also been used as preconditioners for certain ill-

conditioned Toeplitz systems, for example see [28, 35, 139, 140, 76, 110].

Other preconditioners were also proposed, such as approximate inverse-free pre-

conditioners [169]. For more about noncirculant preconditioners, we refer to [118, 25].

2.5 Functions of Toeplitz matrices

In this section, we review a few definitions and several properties of matrix functions

for developing our main results on functions of Toeplitz matrices.

Throughout this thesis, we assume that the given function h(z) is analytic with

radius of convergence r. It is therefore sufficient to consider the following represen-

tation of matrix functions via the Taylor series expansion of h(z). Also, without loss

of generality, we choose α in the series representation of h(z) to be zero in order to

simplify notation.

Theorem 2.5.1 [79, Theorem 4.7] Suppose h(z) has a Taylor series expansion

h(z) =
∞
∑
k=0

ak(z − α)
k,

where ak =
h(k)(α)
k! , with radius of convergence r. If An ∈ Cn×n, then h(An) ∈ Cn×n is

defined and is given by

h(An) =
∞
∑
k=0

ak(An − αIn)
k

if and only if each of the distinct eigenvalues λ1, . . . , λs of An satisfies one of the

conditions

(a) ∣λi − α∣ < r,

(b) ∣λi−α∣ = r and the series for h(ni−1)(λ), where ni is the index of λi, is convergent

at the point λ = λi, i = 1, . . . , s.
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As trigonometric matrix functions of Toeplitz matrices will be discussed in Chapter

4, we provide their definition in the following.

Definition 2.5.1 [79] For any An ∈ Cn×n,

eAn = In +An +
1

2!
A2
n +

1

3!
A3
n +⋯,

sinAn = An −
1

3!
A3
n +

1

5!
A5
n −

1

7!
A7
n +⋯,

cosAn = In −
1

2!
A2
n +

1

4!
A4
n −

1

6!
A6
n +⋯,

sinhAn = An +
1

3!
A3
n +

1

5!
A5
n +

1

7!
A7
n +⋯,

and

coshAn = In +
1

2!
A2
n +

1

4!
A4
n +

1

6!
A6
n +⋯.

We also provide the following important theorems concerning matrix functions

that will be used to prove our main results.

Theorem 2.5.2 [79, Theorem 1.18] Let h(z) be analytic on an open subset Ω ⊆ C
such that each connected component of Ω is closed under conjugation. Consider the

corresponding matrix function h(z) on its natural domain in Cn×n, i.e. the set D =

{An ∈ Cn×n ∶ Λ(An) ⊆ Ω}. Then, the followings are equivalent:

(a) h(A∗
n) = h(An)

∗ for all An ∈ D.

(b) h(An) = h(An) for all An ∈ D.

(c) h(Rn×n ∩D) ⊆ Rn×n.

(d) h(R ∩Ω) ⊆ R.

Theorem 2.5.3 [79, Theorem 4.8] Suppose h(z) has the Taylor series expansion

h(z) =
∞
∑
k=0

ak(z − α)
k,

where ak =
h(k)(α)
k! , with radius of convergence r. If An ∈ Cn×n with ρ(An − αIn) < r,

then for any matrix norm ∥ ⋅ ∥

∥h(An) −
K−1

∑
k=0

ak(An − αIn)
k∥ ≤

1

K!
max
0≤t≤1

∥(An − αIn)
Kh(K)(αIn + t(An − αIn))∥.

The following lemma shows that Ynh(Tn) is (real) symmetric when Tn is a real

Toeplitz matrix, which will be used in Chapter 4.

17



Theorem 2.5.4 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let Yn ∈ Rn×n be the anti-identity matrix. If An ∈ Rn×n with ρ(An) < r is

(real) persymmetric, i.e. YnAn = ATnYn, then h(An) is also (real) persymmetric.

Proof We start by showing that Akn is persymmetric for any nonnegative integer k:

YnA
k = YnAnA

k−1
n

= ATnYnA
k−1
n

= ATnYnAnA
k−2
n

= (ATn)
2YnA

k−2
n

⋮

= (ATn)
kYn

= (Akn)
TYn.

Since h(z) is analytic on ∣z∣ < r, it has the following Taylor series representation:

h(z) =
∞
∑
k=0

akz
k

with radius of convergence r. By Theorem 2.5.1 and the assumption that ρ(An) < r,

we have

h(An) =
∞
∑
k=0

akA
k
n.

Thus,

Ynh(An) = Yn lim
K→∞

K

∑
k=0

akA
k
n

= lim
K→∞

K

∑
k=0

akYnA
k
n

= lim
K→∞

K

∑
k=0

ak(A
k
n)
TYn

= lim
K→∞

(
K

∑
k=0

ak(A
k
n))

TYn

= h(An)
TYn.

Moreover, h(An) is a real matrix when An is a real matrix by Lemma 2.5.2 (c).

The result follows.
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Chapter 3

Krylov subspace methods

Throughout this thesis, we focus on Krylov subspace methods as Toeplitz iterative

solvers. In this chapter, we briefly review the following three commonly used meth-

ods: the conjugate gradient method, the minimal residual method, and the general-

ized minimal residual method for solving a linear system Anx = bn. For each of these

methods, we provide a pseudocode and the convergence results related to precondi-

tioning for Toeplitz matrix functions.

Given an initial guess x
(0)
n and the corresponding initial residual r

(0)
n = bn−Anx

(0)
n ,

we define the k-th Krylov subspace

Kk(An, r
(0)
n ) = span{r

(0)
n ,Anr

(0)
n ,A2

nr
(0)
n , . . . ,Ak−1

n r
(0)
n }, k = 1,2, . . . .

Krylov subspace methods for finding xn ∈ Cn×n satisfying Anxn = bn compute

iterates x
(k)
n for which

x
(k)
n − x

(0)
n ∈ Kk(An, r

(0)
n ), k = 1,2, . . . ,

from some initial guess x
(0)
n , and thus require one matrix-vector product computation

at each iteration. The vector r
(k)
n = bn −Anx

(k)
n , k = 0,1,2, . . . , is the k-th residual. If

x
(0)
n = 0, then

x
(k)
n ∈ Kk(An,bn), k = 1,2, . . . .

Thus, the iterates and residuals of any Krylov subspace method satisfy

x
(k)
n − x

(0)
n =

k−1

∑
i=0

αiA
i
nr

(0)
n

for some coefficients αi, i = 0,1,2,⋯, k − 1. Hence,

x
(k)
n = x

(0)
n + q(An)r

(0)
n , (3.1)
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where q(z) is the polynomial of degree k − 1 given by

q(z) =
k−1

∑
i=0

αiz
i.

Premultiplying (3.1) by An and then subtracting it from bn, we obtain

bn −Anx
(k)
n = bn −Anx

(0)
n −Anq(An)r

(0)
n ,

and therefore

r
(k)
n = r

(0)
n −Anq(An)r

(0)
n

= p(An)r
(0)
n , (3.2)

where

p(z) = 1 − z
k−1

∑
i=0

αiz
i

= 1 −
k

∑
i=1

αi−1z
i

is a polynomial of degree k that satisfies p(0) = 1.

3.1 Generalized minimal residual method

One of the most widely used iterative methods for non-Hermitian problems is the gen-

eralized minimum residual (GMRES) method developed by Saad and Schultz [136].

A typical GMRES implementation is given in Algorithm 1. The idea of GMRES is

to find the k-th iterate x
(k)
n that minimizes

∥bn −Anx
(k)
n ∥2

over x
(0)
n +Kk(An, r

(0)
n ).

GMRES is based on the Arnoldi method [2] given in Algorithm 2, which uses a

modified Gram-Schmidt process to construct an orthogonal basis

{q
(1)
n ,q

(2)
n , . . . ,q

(k)
n }

for Kk(An, r
(0)
n ). We can view this method as a computation of projections onto

successive Krylov subspaces in matrix form. Let

Qk = [q
(1)
n q

(2)
n . . . q

(k)
n ] ∈ Cn×k
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Algorithm 1 Generalized minimal residual method [61, Algorithm 7.1]

Choose x
(0)
n , compute r

(0)
n = bn −Anx

(0)
n , set q

(1)
n = r

(0)
n /∥r

(0)
n ∥2

for k = 1 until convergence do
Do step k of the Arnoldi method
Update the QR factorization of Hk+1,k in (3.4)

Solve yk = arg min ∥∥r
(0)
n ∥2e1 −Hk+1,kyk∥2

Set x
(k)
n = x

(0)
n +Qkyk

<Test for convergence>

end for

Algorithm 2 Arnoldi method [61]

Choose q
(1)
n ∈ Cn with ∥q

(1)
n ∥2 = 1

for k = 1,2, . . . do
wn = Anq

(k)
n

for j = 1,2, . . . , k do
hj,k = ⟨q

(j)
n ,wn⟩

wn = wn − hj,kq
(j)
n

end for
hk+1,k = ∥wn∥2

q
(k+1)
n = wn/hk+1,k

end for

and let

Hk =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

h11 ⋯ ⋯ h1k

h21 h22 ⋮

⋱ ⋱ ⋮

hk,k−1 hk,k

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Ck×k (3.3)

be an upper Hessenberg matrix. Defining

Hk+1,k = [
Hk

hk+1,keTk
] ∈ C(k+1)×k, (3.4)

we have

AnQk = QkHk + hk+1,kq
(k+1)
n eTk

= Qk+1Hk+1,k, k = 1,2, . . . ,

where ek = (0, . . . ,0,1)T is the k-th coordinate k-vector. Choosing q
(1)
n =

r
(0)
n

∥r(0)n ∥2
, the

k-th iterate x
(k)
n corresponds to

x
(k)
n = x

(0)
n +Qkyk
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for some yk ∈ Ck.

We can restate GMRES as solving the following least squares problem

min
x
(k)
n ∈ x

(0)
n +Kk(An,r

(0)
n )

∥bn −Anx
(k)
n ∥2 = min

yk∈Ck
∥r

(0)
n −AnQkyk∥2

= min
yk∈Ck

∥r
(0)
n −Qk+1Hk+1,kyk∥2

= min
yk∈Ck

∥Qk+1(∥r
(0)
n ∥2e1 −Hk+1,kyk)∥2

= min
yk∈Ck

∥∥r
(0)
n ∥2e1 −Hk+1,kyk∥2

,

where e1 = (1, ,0 . . . ,0)T is the first coordinate (k + 1)-vector. We can then solve this

least squares problem using the QR factorization of the Hessenberg matrix Hk+1,k,

which can be achieved by one additional Givens rotation for each k since Hk+1,k is

built up by adding the last column for each k.

Assuming the (full) QR factorization of Hk,k−1 is

V ∗
k Hk,k−1 = Rk,

where Rk ∈ Ck,k−1 is upper triangular, we have

[
V ∗
k

1
]Hk,k−1 = [

V ∗
k

1
] [
Hk,k−1 hk

hk+1,k
]

= [
Rk V ∗

k hk
hk+1,k

] , (3.5)

where hk = [h1,k h2,k . . . hk,k]T . In other words, premultiplying (3.5) by

Gk+1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
ck+1 sk+1

−s̄k+1 ck+1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Ck+1,k+1,

where ck+1 = cos θk+1 and sk+1 = sin θk+1 represent the appropriate rotation to zero

out the entry hk+1,k, can render the QR factorization of Hk+1,k as Hk+1,k = Vk+1Rk+1.

Namely,

Gk+1 [
V ∗
k

1
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
V ∗
k+1

Hk+1,k = Gk+1 [
Rk V ∗

k hk
hk+1,k

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Rk+1

.

The full GMRES algorithm given requires increasing storage and operations as k

increases. If the number of iterations needed to solve a linear system is large, this

22



creates significant demands of storage and computation. In such case, one can for

example use GMRES(l) [136] (restarted GMRES), which simply restarts every l steps

and uses the newest iterate as the initial guess for the next GMRES cycle.

3.1.1 Convergence of GMRES

Let Πk be the set of polynomials of degree at most k and let Λ(An) be the set of all

eigenvalues of the matrix An ∈ Cn×n.

By (3.2), we have the following theorem that relates the convergence of GMRES

with minimal polynomials.

Theorem 3.1.1 [61] Let An ∈ Cn×n and let r
(k)
n be the k-th residual of GMRES.

Then,

∥r
(k)
n ∥2

∥r
(0)
n ∥2

≤ min
pk∈Πk,p(0)=1

∥pk(An)∥2.

As a consequence, we have the following result.

Corollary 3.1.2 [61] Let An ∈ Cn×n. Then, GMRES will terminate with the solution

within n iterations in exact arithmetic.

We have now a guarantee that GMRES will converge within a number of iterations

equal to the dimension of the system. In fact, we can improve this termination bound

if we have information about the minimal polynomial of the matrix.

Let κ(Bn) = ∥Bn∥2∥B−1
n ∥2 denote the condition number of Bn ∈ Cn×n.

Theorem 3.1.3 [61, Theorem 7.1] Let An ∈ Cn×n and let r
(k)
n be the k-th residual

of GMRES. If An is diagonalizable, i.e. An = VnΛnV −1
n where Λn is the diagonal

matrix containing the eigenvalues of An and Vn is the matrix whose columns are the

eigenvectors, then

∥r
(k)
n ∥2

∥r
(0)
n ∥2

≤ κ(Vn) min
pk∈Πk,p(0)=1

max
λi∈Λ(An)

∥pk(λi)∥2.

Proof By Theorem 3.1.1 and the assumption that An = VnΛnV −1
n ,

∥r
(k)
n ∥2

∥r
(0)
n ∥2

≤ min
pk∈Πk,p(0)=1

∥pk(VnΛnV
−1
n )∥2

≤ ∥Vn∥2∥V
−1
n ∥2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
κ(Vn)

min
pk∈Πk,p(0)=1

∥pk(Λn)∥2

≤ κ(Vn) min
pk∈Πk,p(0)=1

max
λi∈Λ(An)

∥pk(λi)∥2.
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From Theorem 3.1.3, we immediately have the following corollary.

Corollary 3.1.4 [61] Let An ∈ Cn×n. If An is diagonalizable with k distinct eigen-

values, then GMRES will terminate with the solution within k iterations in exact

arithmetic.

Even though, by Theorem 3.1.3, we have a convergence bound that depends on

κ(Vn) and a term depending on the spectrum of An, knowledge about κ(Vn) is usually

not available and therefore this result is often not easily applicable. Besides, the

eigenvalues of An alone cannot fully describe the convergence of GMRES. In fact,

Greenbaum, Pták, and Strakoš in [72] provided the following negative result in this

regard. Given any n eigenvalues and any nonincreasing convergence curve terminating

at or before the n-th iteration, for any given bn there exists a matrix An ∈ Cn×n

with those eigenvalues and an initial guess x
(0)
n such that GMRES will give such a

convergence curve. More negative results can be found for example in [59, 60].

Preconditioning [135] can be incorporated in the GMRES method provided in

Algorithm 1. The application of a left preconditioner Pn requires only minor modifi-

cations to GMRES and a right preconditioner is also readily applied; see for example

[61]. In the left PGMRES method, the initial residual is replaced by the precondi-

tioned residual r
(0)
n = P −1

n (bn −Anx
(0)
n ) and the vector wn becomes wn = P −1

n Anr
(k)
n

at each step of the Arnoldi method (Algorithm 2).

3.2 Minimal residual method

The minimal residual (MINRES) method developed by Paige and Saunders [126]

can be regarded as a special case of GMRES when the matrix is Hermitian. A

pseudocode of the algorithm is presented in Algorithm 3 for reference. Similar to

GMRES, MINRES finds the k-th iterate x
(k)
n that minimizes

∥bn −Anx
(k)
n ∥2

over x
(0)
n +Kk(An, r

(0)
n ).

However, unlike GMRES the Arnoldi method used in the previous section can

be simplified to a 3-term recurrence known as the Lanczos method [105, 106] for

Hermitian matrices to generate an orthonormal basis for the Krylov subspace. We

can write the Lanczos method in matrix form: recalling (3.3), the upper Hessenberg
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Algorithm 3 Minimal residual method [61, Algorithm 2.4]

Set r
(0)
n = w

(0)
n = w

(1)
n = 0

Choose x
(0)
n , compute r

(1)
n = bn −Anx

(0)
n , set γ1 = ∥r

(1)
n ∥2

Set η1 = γ1, s0 = s1 = 0, c0 = c1 = 1
for k = 1 until convergence do

r
(k)
n = r

(k)
n /γk

δk = ⟨Anr
(k)
n , r

(k)
n ⟩

r
(k+1)
n = Anr

(k)
n − δkr

(k)
n − γkr

(k−1)
n (the Lanczos method)

γk+1 = ∥r
(k+1)
n ∥2

α0 = ckδk − ck−1skγk (update the QR factorization)
α1 =

√
α2

0 + γ
2
k+1

α2 = skδk + ck−1ckγk
α3 = sk−1γk
ck+1 = α0/α1; sk+1 = γk+1/α1 (Givens rotation)

w
(k+1)
n = (r

(k)
n − α3w

(k−1)
n − α2w

(k)
n )/α1

x
(k)
n = x

(k−1)
n + ck+1ηx

(k+1)
n

η = −sk+1η
<Test for convergence>

end for

matrix Hk in this case is simplified to be a Hermitian tridiagonal matrix of recurrence

coefficients denoted by Ĥk ∈ Ck×k, namely

Ĥk =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

α1 β1

β1 α2 β2

β2 α3 ⋱

⋱ ⋱ βk−1

βk−1 αk

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

where αi = hii and βi = hi+1,i = hi,i+1, i = 1, . . . , k − 1.

3.2.1 Convergence of MINRES

By Theorem 3.1.3 and the fact that Hermitian matrices are unitarily diagonalizable,

we have the following theorem.

Theorem 3.2.1 [61] Let An ∈ Cn×n be Hermitian and let r
(k)
n be the k-th residual of

MINRES. Then,

∥r
(k)
n ∥2

∥r
(0)
n ∥2

≤ min
pk∈Πk,p(0)=1

max
λi∈Λ(An)

∥pk(λi)∥2.

By Theorem 3.2.1, we know that MINRES will perform well in exact arithmetic

when the eigenvalues of An are clustered. With more knowledge about the spectrum

of An, a more descriptive error bound can be found via the following theorem.
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Theorem 3.2.2 [171, Theorem 3.1] Let An ∈ Cn×n be Hermitian and let r
(k)
n be the

k-th residual of MINRES. If the eigenvalues of An are ordered such that

λ1 ≤ ⋅ ⋅ ⋅ ≤ λp ≤ −b1 ≤ λp+1 ≤ ⋅ ⋅ ⋅ ≤ λn1−q ≤ −b2 ≤ λn1−q+1 ≤ ⋅ ⋅ ⋅ ≤ λn1 < 0

and

0 < λn1+1 ≤ ⋅ ⋅ ⋅ ≤ λn1+m ≤ b3 ≤ λn1+m+1 ≤ ⋅ ⋅ ⋅ ≤ λn−l ≤ b4 ≤ λn−l+1 ≤ ⋅ ⋅ ⋅ ≤ λn,

where b1, b2, b3, and b4 are positive constants with b1−b2 = b4−b3, then for k ≥ p+q+m+l

∥r
(k)
n ∥2

∥r
(0)
n ∥2

≤ 2 (

√
b1b4 −

√
b2b3

√
b1b4 +

√
b2b3

)

[(k−p−q−m−l)/2]

⋅ max
λ∈[−b1,−b2]∪[b3,b4]

∣P (λ)∣,

where

P (λ) ∶=
p

∏
j=1

(
λ − λj
λj

) ⋅
n1

∏
j=n1−q+1

(
λj − λ

λj
) ⋅

n1+m
∏

j=n1+1

(
λ − λj
λj

) ⋅
n

∏
j=n−l+1

(
λj − λ

λj
).

A corollary concerns the convergence rate for An with clustered spectra around

±1, which is relevant to our main results on Toeplitz matrix functions, is given in the

following.

Corollary 3.2.3 [171, Theorem 3.2] Let An ∈ Cn×n be Hermitian, let r
(k)
n be the k-th

residual of MINRES, and let 0 < ε < 1. If the eigenvalues of An are ordered such that

λ1 ≤ ⋅ ⋅ ⋅ ≤ λp ≤ −1 − ε ≤ λp+1 ≤ ⋅ ⋅ ⋅ ≤ λn1−q ≤ −1 + ε ≤ λn1−q+1 ≤ ⋅ ⋅ ⋅ ≤ λn1 ≤ −δ < 0

and

0 < δ ≤ λn1+1 ≤ ⋅ ⋅ ⋅ ≤ λn1+m ≤ 1 − ε ≤ λn1+m+1 ≤ ⋅ ⋅ ⋅ ≤ λn−l ≤ 1 + ε ≤ λn−l+1 ≤ ⋅ ⋅ ⋅ ≤ λn,

where δ > 0 is a constant independent of n, then

∥r
(k)
n ∥2

∥r
(0)
n ∥2

≤ 2Bε[(k−p−q−m−l)/2],

where k ≥ p + q +m + l and

B ∶= max

⎧⎪⎪
⎨
⎪⎪⎩

(
1 + ε

δ
)

q

⋅ (
2

δ
)

m

⋅ 2l, 2p ⋅ (
2

δ
)

q

⋅ (
1 + ε

δ
)

m⎫⎪⎪
⎬
⎪⎪⎭

.
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If a Hermitian positive definite preconditioner Pn is employed, the above theorems

hold with An replaced by P −1
n An. Since P

1/2
n P −1

n AnP
−1/2
n = P

−1/2
n AnP

−1/2
n when Pn is

Hermitian positive definite, P −1
n An is similar to the Hermitian matrix P

−1/2
n AnP

−1/2
n .

Hence, it suffices to consider the preconditioned matrix P −1
n An, which we want to

have a clustered spectrum. This method differs only slightly from Algorithm 3: r
(1)
n

is replaced by r
(1)
n = P −1

n (bn −Anx
(0)
n ) and, at each iteration,

δk = ⟨P −1
n Anr

(k)
n , r

(k)
n ⟩

and

r
(k+1)
n = P −1

n Anr
(k)
n − δkr

(k)
n γkr

(k−1)
n .

3.3 Conjugate gradient method

The conjugate gradient (CG) method was invented by Hestenes and Stiefel [78] for

solving Hermitian positive definite systems Anxn = bn. The k-th iterate x
(k)
n of CG

minimizes the error

∥xn − x
(k)
n

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
e
(k)
n

∥An

over x
(0)
n +Kk(An, r

(0)
n ), where ∥un∥An =

√
u∗
nAnun. Equivalently, the k-th iterate x

(k)
n

of CG minimizes the functional

φ(xn) =
1

2
x∗nAnxn − x∗nbn

over x
(0)
n + Kk(An, r

(0)
n ). A typical CG implementation is given in Algorithm 4, and

CG requires only one matrix-vector product with An at each iteration to compute

x
(k)
n .

Algorithm 4 Conjugate gradient method [61, Algorithm 2.1]

Choose x
(0)
n , compute r

(0)
n = bn −Anx

(0)
n , and set p

(0)
n = r

(0)
n

for k = 0 until convergence do
αk = ⟨r

(k)
n , r

(k)
n ⟩/⟨Anp

(k)
n ,p

(k)
n ⟩

x
(k+1)
n = x

(k)
n + αkp

(k)
n

r
(k+1)
n = r

(k)
n − αkAnp

(k)
n

<Test for convergence>
βk = ⟨r

(k+1)
n , r

(k+1)
n ⟩/⟨r

(k)
n , r

(k)
n ⟩

p
(k+1)
n = r

(k+1)
n + βkp

(k)
n

end for

27



3.3.1 Convergence of CG

We also provide several convergence theorems of CG that are relevant to precondi-

tioning for Toeplitz-related systems.

Theorem 3.3.1 [61] Let An ∈ Cn×n be Hermitian positive definite and let e
(k)
n be the

error of the k-th CG iterate. Then,

∥e
(k)
n ∥An

∥e
(0)
n ∥An

≤ min
p∈Πk,p(0)=1

max
λ∈Λ(An)

∣p(λ)∣.

If k = n, one can choose the n-th degree polynomial that passes through all the

eigenvalues of An with p(0) = 1 and obtain the following corollary.

Corollary 3.3.2 [61] Let An ∈ Cn×n be Hermitian positive definite. Then, CG will

terminate with the solution within n iterations in exact arithmetic.

Using Theorem 3.3.1, one can choose p to be the k-th degree Chebyshev polynomial

and obtain the following theorem.

Theorem 3.3.3 [61] Let An ∈ Cn×n be Hermitian positive definite and let e
(k)
n be the

error of the k-th CG iterate. Then,

∥e
(k)
n ∥An

∥e
(0)
n ∥An

≤ 2 (

√
κ(An) − 1

√
κ(An) + 1

)

k

.

By Theorem 3.3.1 and 3.3.3, we can expect that CG will perform well in exact

arithmetic when the eigenvalues of An are clustered. Similar to MINRES, with more

knowledge about the spectrum of An, a more descriptive error bound can be found

for example in [4] and via the following theorem.

Theorem 3.3.4 [118, Theorem 2.3] Let An ∈ Cn×n be Hermitian positive definite and

let e
(k)
n be the error of the k-th CG iterate. If the eigenvalues of An are ordered such

that

0 < λ1 ≤ ⋅ ⋅ ⋅ ≤ λi ≤ b1 ≤ λi+1 ≤ ⋅ ⋅ ⋅ ≤ λn−j ≤ b2 ≤ λn−j+1 ≤ ⋅ ⋅ ⋅ ≤ λn,

then for k ≥ i + j

∥e
(k)
n ∥An

∥e
(0)
n ∥An

≤ 2 (
b − 1

b + 1
)

k−i−j

⋅ max
λ∈[b1,b2]

⎧⎪⎪
⎨
⎪⎪⎩

i

∏
l=1

(
λ − λl
λl

)
n

∏
l=n−j+1

(
λl − λ

λl
)

⎫⎪⎪
⎬
⎪⎪⎭

,

where b =
√
b2/b1 ≥ 1.
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The following corollary concerns the convergence rate for An with clustered spectra

around 1. As we will see in Chapter 4, this corollary applies to Toeplitz matrix

functions with clustered spectra.

Corollary 3.3.5 Let An ∈ Cn×n be Hermitian positive definite, let e
(k)
n be the error of

the k-th CG iterate, and let 0 < ε < 1. If the eigenvalues of An are ordered such that

0 < δ < λ1 ≤ ⋅ ⋅ ⋅ ≤ λi ≤ 1 − ε ≤ λi+1 ≤ ⋅ ⋅ ⋅ ≤ λn−j ≤ 1 + ε ≤ λn−j+1 ≤ ⋅ ⋅ ⋅ ≤ λn,

then
∥e

(k)
n ∥An

∥e
(0)
n ∥An

≤ 2 (
1 + ε

δ
)

i

εk−i−j,

where k ≥ i + j.

A Hermitian positive definite preconditioner Pn can be easily incorporated with

CG to achieve such a clustered spectrum of eigenvalues. In Algorithm 5, a precondi-

tioned conjugate gradient algorithm for P −1
n An is given. Note that P −1

n An is similar

to the Hermitian positive definite matrix P
−1/2
n AnP

−1/2
n , provided both An and Pn

are Hermitian positive definite. With An replaced by P −1
n An, the abovementioned

theorems concerning the convergence rate of CG hold.

Algorithm 5 Preconditioned conjugate gradient method [61, Algorithm 2.2]

Choose x
(0)
n , compute r̂

(0)
n = P −1

n (bn −Anx
(0)
n ), set p

(0)
n = r̂

(0)
n

for k = 0 until convergence do
αk = ⟨r̂

(k)
n , r̂

(k)
n ⟩/⟨P −1

n Anp
(k)
n ,p

(k)
n ⟩

x
(k+1)
n = x

(k)
n + αkp

(k)
n

r̂
(k+1)
n = r̂

(k)
n − αkP −1

n Anp
(k)
n

<Test for convergence>
βk = ⟨r̂

(k+1)
n , r̂

(k+1)
n ⟩/⟨r̂

(k)
n , r̂

(k)
n ⟩

p
(k+1)
n = r̂

(k+1)
n + βkp

(k)
n

end for

Other well-known iterative methods such as multigrid methods [17, 156], domain

decomposition methods [43, 154], the biconjugate gradient stabilized (BiCGStab)

method [164], BiCGStab(l) [144], the quasi-minimal residual (QMR) method [64],

and induced dimension reduction (IDR) methods [145] can also be used. However,

as we do not implement these methods in this thesis, we refer the readers to [109,

165, 124, 168, 61, 71, 114, 75, 63, 70, 5] for more detailed discussions about iterative

solvers.
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3.4 Conclusions

We have discussed several typical Krylov subspace methods, including CG, MINRES,

and GMRES. Their algorithm and the convergence results relevant to Toeplitz matrix

functions have also been provided. In the numerical tests provided in the subsequent

chapters, these methods will be used to demonstrate the effectiveness of our proposed

preconditioners.
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Chapter 4

Optimal preconditioners for
functions of Toeplitz matrices1

Instead of directly dealing with a n × n (real) nonsymmetric Toeplitz system Tnxn =

bn, where

Tn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a0 a−1 ⋯ a−n+2 a−n+1

a1 a0 a−1 a−n+2

⋮ a1 a0 ⋱ ⋮

an−2 ⋱ ⋱ a−1

an−1 an−2 ⋯ a1 a0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n,

Pestana and Wathen suggested in [129, 112] that one can premultiply it by the anti-

identity matrix Yn, defined as

Yn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

. .
.

1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n,

to obtain the symmetric system YnTnxn = Ynbn (i.e. a Hankel system), where

YnTn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

an−1 an−2 ⋯ a1 a0

an−2 . .
.

. .
.

a−1

⋮ a1 a0 . .
.

⋮

a1 a0 a−1 a−n+2

a0 a−1 ⋯ a−n+2 a−n+1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n.

Using a suitable absolute value circulant matrix ∣Cn∣ as a preconditioner, they further

proved that the eigenvalues of the preconditioned matrix ∣Cn∣−1YnTn are clustered

around ±1.

1This chapter is adapted from two papers [81, 84]. My main contribution to the paper in
collabration with Andy Wathen is proving the theorems as well as providing the numerical results
therein.
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In this chapter, we show that Pestana and Wathen’s idea of using Yn as a reorder-

ing device and ∣Cn∣ as a preconditioner can also be applied to systems defined by

analytic functions of Toeplitz matrices, i.e. systems of the form h(Tn)xn = bn, where

h(z) is an analytic function and Tn is the Toeplitz matrix generated by a continuous

complex-valued function f defined on [−π,π]. Based on these ideas, we show that one

can solve the symmetrized system Ynh(Tn)xn = Ynbn using MINRES with guaranteed

convergence that depends only the eigenvalues of Ynh(Tn).

In particular, we show that the eigenvalues of ∣h(c(Tn))∣−1Ynh(Tn) are clustered

around ±1 under certain assumptions, where c(Tn) is the optimal circulant precondi-

tioner for Tn. As for a general non-Hermitian h(Tn), we also provide similar results

for its normal equation system with the preconditioner ∣h(c(Tn))∣.

Given a circulant matrix Cn, we remark that ∣h(Cn)∣ and h(Cn) are circulant ma-

trices. By the diagonalization of circulant matrices Cn = F ∗
nΛnFn, we have ∣h(Cn)∣ =

F ∗
n ∣h(Λn)∣Fn and h(Cn) = F ∗

nh(Λn)Fn. Therefore, for any vector dn the products

∣h(Cn)∣−1dn and h(Cn)−1dn can be efficiently computed by several FFTs in O(n logn)

operations.

It must be noted however that fast matrix vector multiplication with the matrix

h(Tn) is not readily achieved by circulant embedding, in contrast to the simplest case

h(z) = z, though sparsity may still help. Indeed, for eTn the matrix-vector product

can be computed efficiently for example by a fast algorithm in [107, 102].

4.1 Preliminaries on c(Tn) and Tn

We first provide some lemmas concerning Toeplitz matrices.

Lemma 4.1.1 [38, Lemmas 1 and 3] Let f ∈ C[−π,π]. Let Tn ∈ Cn×n be the Toeplitz

matrix generated by f and let c(Tn) ∈ Cn×n be the optimal circulant preconditioner for

Tn. Then,

∥Tn∥2 ≤ 2∥f∥∞

and ∥c(Tn)∥2 ≤ 2∥f∥∞, n = 1,2, . . . .

Lemma 4.1.1 states that the 2-norm of the circulant matrix and that of the Toeplitz

matrix generated by f are bounded by a constant independent of n.

Theorem 4.1.2 [38, Theorem 1] Let f ∈ C[−π,π]. Let Tn ∈ Cn×n be the Toeplitz

matrix generated by f and let c(Tn) ∈ Cn×n be the optimal circulant preconditioner for
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Tn. Then, for all ε > 0 there exist positive integers M (ε) and N
(ε)
M such that for all

n > N
(ε)
M

c(Tn) − Tn = Vn +Wn,

where

rank(Vn) ≤ 2M (ε)

and

∥Wn∥2 ≤ ε.

Proof This proof is adapted from Theorem 1 in [38].

Suppose f ∈ C[−π,π]. Let Tn[f] ∈ Cn×n be the Toeplitz matrix generated by f

and let Cn[f] ∈ Cn×n be the optimal circulant preconditioner for Tn[f].

By the Weierstrass approximation theorem, for any ε > 0 there exists a trigono-

metric polynomial

pM(x) =
M

∑
k=−M

ρke
ikx

such that

∥f − pM∥∞ ≤ ε.

For all n > 2M , we decompose

Cn[f] − Tn[f] = Cn[f] −Cn[pM] +Cn[pM] − Tn[pM] + Tn[pM] − Tn[f]

= Cn[f − pM] − Tn[f − pM] +Cn[pM] − Tn[pM]

= Cn[f − pM] − Tn[f − pM] + Vn +W n,

where both

Vn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

n−M
n ρM ⋯ n−1

n ρ1

⋱ ⋮
n−M
n ρM

n−M
n ρ−M
⋮ ⋱

n−1
n ρ−1 ⋯ n−M

n ρ−M

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(4.1)

and

W n = −

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1
nρ−1 ⋯ M

n ρ−M
1
nρ1 ⋱ ⋱ ⋱ ⋱

⋮ ⋱ ⋱ ⋱ ⋱ ⋱
M
n ρM ⋱ ⋱ ⋱ ⋱ ⋱ ⋱

⋱ ⋱ ⋱ ⋱ ⋱ ⋱ M
n ρ−M

⋱ ⋱ ⋱ ⋱ ⋱ ⋮

⋱ ⋱ ⋱ ⋱ 1
nρ−1

M
n ρM ⋯ 1

nρ1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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are Toeplitz matrices.

We can see from (4.1) that

rank(Vn) ≤ 2M.

By Lemma 4.1.1, we have

∥Cn[f − pM] − Tn[f − pM]∥2 ≤ ∥Cn[f − pM]∥2 + ∥Tn[f − pM]∥2

≤ 2∥f − pM∥∞ + 2∥f − pM∥∞

≤ 4ε. (4.2)

We now estimate ∥W n∥2. For all ∣k∣ ≤M , we note that

∣ρk∣ = ∣
1

2π ∫
π

−π
pM(x)e−ikx dx∣

≤ ∣
1

2π ∫
π

−π
(pM(x) − f(x))e−ikx dx∣ + ∣

1

2π ∫
π

−π
f(x)e−ikx dx∣

≤ ∥f − pM∥∞ + ∥f∥∞

≤ ε + ∥f∥∞.

By the definition of Wn, we have

∥W n∥∞ = ∥W n∥1

=
M

n
∣ρ−M ∣ + ⋯ +

2

n
∣ρ−2∣ +

1

n
∣ρ−1∣

+
1

n
∣ρ1∣ +

2

n
∣ρ2∣ + ⋯ +

M

n
∣ρM ∣

≤
2

n
(1 + 2 +⋯ +M)(ε + ∥f∥∞)

=
1

n
M(1 +M)(ε + ∥f∥∞).

Therefore, we have

∥W n∥2 ≤ (∥W n∥∞∥W n∥1)
1/2

≤
1

n
M(M + 1)(ε + ∥f∥∞).

Thus, if we pick

N
(ε)
M ∶= max{M(M + 1)(1 +

∥f∥∞
ε

),2M}

= M(M + 1)(1 +
∥f∥∞
ε

),
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we get

∥W n∥2 ≤ ε. (4.3)

We therefore conclude that for all n ≥ N
(ε)
M , there exist positive integers M > 0

and N
(ε)
M such that for all n > N

(ε)
M

Cn[f]
²
c(Tn)

− Tn[f]
²
Tn

= Vn +Cn[f − pM] − Tn[f − pM] +W n
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Wn

,

where

rank(Vn) ≤ 2 M
¯
M(ε)

and, by (4.2) and (4.3),

∥Wn∥2 = ∥Cn[f − pM] − Tn[f − pM] −W n∥2

≤ ∥Cn[f − pM] − Tn[f − pM]∥2 + ∥W n∥2

≤ 5ε.

The result follows.

Theorem 4.1.2 indicates that the difference between the circulant matrix and the

Toeplitz matrix generated by f can be decomposed into the sum of a low rank matrix

and a small norm matrix for sufficiently large n. In the next section, this theorem will

be used to prove that a similar decomposition holds for Toeplitz matrix functions.

4.2 Main results

In this section, we show that the preconditioned matrix

∣h(c(Tn))∣
−1h(Tn)

can be decomposed into the sum of a unitary matrix, a low rank matrix, and a small

norm matrix when n is sufficiently large under certain assumptions.

Without loss of generality, we assume that h(z) is represented by the following

Taylor series:

h(z) =
∞
∑
k=0

akz
k.
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Theorem 4.2.1 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f ∈ C[−π,π] with 2∥f∥∞ < r. Let Tn ∈ Cn×n be the Toeplitz matrix

generated by f and let c(Tn) ∈ Cn×n be the optimal circulant preconditioner for Tn.

Then, for all ε > 0 there exist integers M (ε) and N
(ε)
M such that for all n > N

(ε)
M

h(c(Tn)) − h(Tn) = Rn +En,

where

rank(Rn) ≤ 2M (ε)

and

∥En∥2 ≤ ε.

Proof Since h(z) is analytic on ∣z∣ < r by assumption, we can write it as the following

Taylor series representation:

h(z) =
∞
∑
k=0

akz
k

with radius of convergence

r = ( lim
k→∞

∣
ak+1

ak
∣)

−1

.

By the assumption that 2∥f∥∞ < r and Lemma 4.1.1, we have

r > 2∥f∥∞

> ∥Tn∥2

≥ ρ(Tn)

= max
j

∣λj(Tn)∣

≥ ∣λj(Tn)∣, j = 1,2, . . . , n,

where ρ(Tn) denotes the spectral radius of Tn and λj(Tn) denotes the j-th eigenvalue

of Tn. Therefore, by Lemma 2.5.1, we have

h(Tn) =
∞
∑
k=0

akT
k
n .

Similarly, we have

h(c(Tn)) =
∞
∑
k=0

akc(Tn)
k.

We now decompose

h(c(Tn)) − h(Tn)

= h(c(Tn)) −
K

∑
k=0

akc(Tn)
k

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∆
(1)
n

+
K

∑
k=0

akc(Tn)
k −

K

∑
k=0

akT
k
n

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Φn

+
K

∑
k=0

akT
k
n − h(Tn)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∆
(2)
n

.
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We first obtain an upper bound for ∥∆
(1)
n +∆

(2)
n ∥2. Using Theorem 2.5.3, we have

∥∆
(1)
n +∆

(2)
n ∥2

≤ ∥∆
(1)
n ∥2 + ∥∆

(2)
n ∥2

= ∥h(c(Tn)) −
K

∑
k=0

akc(Tn)
k∥

2
+ ∥h(Tn) −

K

∑
k=0

akT
k
n∥

2

≤
max0≤t≤1 ∥c(Tn)K+1h(k+1)(tc(Tn))∥2

(K + 1)!
+

max0≤t≤1 ∥TK+1
n h(k+1)(tTn)∥2

(K + 1)!

≤
∥c(Tn)K+1∥2

(K + 1)!
max
0≤t≤1

∥h(k+1)(tc(Tn))∥2 +
∥TK+1

n ∥2

(K + 1)!
max
0≤t≤1

∥h(k+1)(tTn)∥2.

By Lemma 4.1.1,

max
0≤t≤1

∥h(k+1)(tTn)∥2 = max
0≤t≤1

∥
∞
∑
k=0

(K + k + 1)!

k!
aK+k+1(tTn)

k∥
2

≤ max
0≤t≤1

∞
∑
k=0

(K + k + 1)!

k!
∣aK+k+1∣∥tTn∥

k
2

≤
∞
∑
k=0

(K + k + 1)!

k!
∣aK+k+1∣∥Tn∥

k
2

≤
∞
∑
k=0

(K + k + 1)!

k!
∣aK+k+1∣(2∥f∥∞)k.

We now show that ∑
∞
k=0

(K+k+1)!
k! ∣aK+k+1∣(2∥f∥∞)k is a convergent series using the

ratio test. By the assumption that 2∥f∥∞ < r = (limk→∞ ∣
ak+1
ak

∣)−1, we have

lim
k→∞

∣
aK+k+2

aK+k+1

∣(
K + k + 2

k + 1
)(2∥f∥∞) = lim

k→∞
∣
ak+1

ak
∣(2∥f∥∞)

< (
1

r
)(2∥f∥∞)

which is a constant less than 1 because 2∥f∥∞ < r.

Therefore, by the ratio test,

∞
∑
k=0

(K + k + 1)!

k!
∣aK+k+1∣(2∥f∥∞)k =∶m(2∥f∥∞)

is convergent. We conclude that m(2∥f∥∞) is independent of n.

Hence,

max
0≤t≤1

∥h(k+1)(tTn)∥2 ≤m(2∥f∥∞).

Similarly,

max
0≤t≤1

∥h(k+1)(tc(Tn))∥2 ≤m(2∥f∥∞).
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Therefore,

∥∆
(1)
n +∆

(2)
n ∥2

≤
∥c(Tn)K+1∥2

(K + 1)!
max
0≤t≤1

∥h(k+1)(tc(Tn))∥2 +
∥TK+1

n ∥2

(K + 1)!
max
0≤t≤1

∥h(k+1)(tTn)∥2

≤
∥c(Tn)∥K+1

2

(K + 1)!
m(2∥f∥∞) +

∥Tn∥K+1
2

(K + 1)!
m(2∥f∥∞)

≤
(2∥f∥∞)K+1

(K + 1)!
m(2∥f∥∞) +

(2∥f∥∞)K+1

(K + 1)!
m(2∥f∥∞)

=
(2∥f∥∞)K+1

(K + 1)!
(2m(2∥f∥∞)) =∶ εK

which converges to zero as K goes to infinity. Therefore, for a given εK > 0, there

exists an integer K such that for all k >K,

∥∆
(1)
n +∆

(2)
n ∥2 ≤ εK ≤ ε. (4.4)

We next show that Φn can be decomposed into the sum of a fixed rank matrix

and a small norm matrix. First, by Theorem 4.1.2, for all ε > 0 there exist integers

N1 and M1 > 0 such that for all n > N1,

c(Tn) − Tn = Vn +Wn,

where

Vn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

◇ ⋯ ◇

⋱ ⋮

◇

◇

⋮ ⋱

◇ ⋯ ◇

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

with diamonds representing nonzero entries by (4.1),

rank(Vn) ≤ 2M1,

and

∥Wn∥2 ≤ ε.
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We then decompose Φn into

Φn =
K

∑
k=0

akc(Tn)
k −

K

∑
k=0

akT
k
n

=
K

∑
k=1

ak(c(Tn)
k − T kn )

=
K

∑
k=1

ak(
k−1

∑
j=0

c(Tn)
j(c(Tn) − Tn)T

k−1−j
n )

=
K

∑
k=1

ak(
k−1

∑
j=0

c(Tn)
j(Vn +Wn)T

k−1−j
n )

=
K

∑
k=1

ak(
k−1

∑
j=0

c(Tn)
jVnT

k−1−j
n )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Rn

+
K

∑
k=1

ak(
k−1

∑
j=0

c(Tn)
jWnT

k−1−j
n )

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∆
(3)
n

.

Using Lemma 4.1.1, we can estimate the norm of ∆
(3)
n :

∥∆
(3)
n ∥2 = ∥

K

∑
k=1

ak
k−1

∑
j=0

c(Tn)
jWnT

k−1−j
n ∥

2

≤
K

∑
k=1

∣ak∣∥
k−1

∑
j=0

c(Tn)
jWnT

k−1−j
n ∥

2

≤ ∥Wn∥2

K

∑
k=1

∣ak∣
k−1

∑
j=0

∥c(Tn)∥
j
2∥Tn∥

k−1−j
2

≤ ∥Wn∥2

K

∑
k=1

∣ak∣
k−1

∑
j=0

(2∥f∥∞)j(2∥f∥∞)k−1−j

= ∥Wn∥2

K

∑
k=1

∣ak∣
k−1

∑
j=0

(2∥f∥∞)k−1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
mK

≤ mKε, (4.5)

where mK is a constant independent of n.

We now estimate the rank of Rn by investigating its sparsity structure. Simple

computations similar to those in the proof of [120, Lemma 3.11] yield the following
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provided that n is sufficiently large

c(Tn)
αVnT

β
n ≈

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

◇ ⋯ ◇ ◇ ⋯ ◇

⋮ ◇ ⋮ ⋮ ◇ ⋮

◇ ⋯ ◇ ◇ ⋯ ◇

◇ ⋯ ◇ ◇ ⋯ ◇

⋮ ◇ ⋮ ⋮ ◇ ⋮

◇ ⋯ ◇ ◇ ⋯ ◇

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where the rhombuses represent the nonzero entries and appear only in the four (α +

1)M1 by (β + 1)M1 blocks in the corners, provided that n is larger than 2 max(α +

1, β + 1)M1. Since the rank of

Rn =
K

∑
k=1

ai(
k−1

∑
j=0

c(Tn)
jVnT

k−1−j
n )

is determined by that of ∑
K−1
j=0 c(Tn)jVnT

K−1−j
n , which is a block matrix with only four

nonzero KM1 by KM1 blocks in its corners, it follows that

rankRn ≤ 2 KM1
²
M(ε)

if we assume n > 2M (ε).

Hence, we pick

N
(ε)
M ∶= max{N1,2M

(ε)}

and, combining (4.4) and (4.5), it follows that for all n > N
(ε)
M

∥∆
(1)
n +∆

(2)
n +∆

(3)
n

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
En

∥2 ≤ (mK + 1)ε.

The result follows.

From Theorem 4.2.1, we can derive the following corollaries on the clustered spec-

tra of ∣h(c(Tn))∣−1h(Tn), depending the positive definiteness of h(Tn).

Corollary 4.2.2 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f ∈ C[−π,π] with 2∥f∥∞ < r. Let Tn ∈ Cn×n be the Toeplitz matrix

generated by f and let c(Tn) ∈ Cn×n be the optimal circulant preconditioner for Tn.

If ∥h(c(Tn))−1∥2 is uniformly bounded with respect to n, then for all ε > 0 there exist

integers M (ε) and N
(ε)
M such that for all n > N

(ε)
M

∣h(c(Tn))∣
−1h(Tn) = Qn + R̃n + Ẽn,
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where Qn is unitary,

rank(R̃n) ≤ 2M (ε),

and

∥Ẽn∥2 ≤ ε.

Proof As h(c(Tn)) is a circulant matrix, we write h(c(Tn)) = U∗
nh(Λn)Un where

h(Λn) is the diagonal matrix in the eigendecomposition of h(c(Tn)). We then have

∣h(c(Tn))∣ = F ∗
n ∣h(Λn)∣Fn

= F ∗
nh(Λn)Fn(F

∗
n h̃(Λn)Fn

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Qn

)−1

= h(c(Tn))Q
−1
n , (4.6)

where h̃(Λn) = diag( h(Λi)
∣h(Λi)∣), and Qn is unitary.

By Theorem 4.2.1, for all ε > 0, there exist positive integers NM and M such that

for all n > NM

h(c(Tn)) − h(Tn) = Rn +En,

where

rank(Rn) ≤ 2M

and

∥En∥2 ≤ ε.

We have

h(c(Tn))
−1h(Tn) = In + h(c(Tn))

−1(h(Tn) − h(c(Tn)))

= In + h(c(Tn))
−1(−Rn) + h(c(Tn))

−1(−En).

Further using (4.6),

∣h(c(Tn))∣
−1h(Tn) = Qnh(c(Tn))

−1h(Tn)

= Qn +Qnh(c(Tn))
−1(−Rn)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
R̃n

+Qnh(c(Tn))
−1(−En)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Ẽn

.

Since Qn is unitary, we know

rank(R̃n) = rank(Qnh(c(Tn))
−1Rn)

= rank(Rn)

≤ 2M
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and

∥Ẽn∥2 = ∥Qnh(c(Tn))
−1En∥2

= ∥h(c(Tn))
−1En∥2

≤ m0ε,

where m0 is a constant independent of n, resulting from the uniform boundedness of

∥h(c(Tn))−1∥2. The result follows.

Assuming f is a real-valued, we know by Theorem 2.5.2 (a) that h(Tn) is Hermitian

when Tn is Hermitian. Similarly, h(c(Tn)) is Hermitian when c(Tn) is Hermitian. We

can now show that the eigenvalues of ∣h(c(Tn))∣−1h(Tn) are clustered around ±1 using

Corollary 4.2.2. Note however that both R̃n and Ẽn in the corollary are non-Hermitian

in general. Besides, one must deal with the unitary matrix Qn instead of the usual

identity matrix in the matrix decomposition. Therefore, Cauchy’s interlacing theorem

that was used for example in [25] to show clustered spectra does not straightforwardly

apply. Nevertheless, we are still able to show the clustered spectra of our concerned

preconditioned matrices via a simple trick.

Corollary 4.2.3 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f ∈ C[−π,π] with 2∥f∥∞ < r be real-valued. Let Tn ∈ Cn×n be the

Toeplitz matrix generated by f and let c(Tn) ∈ Cn×n be the optimal circulant pre-

conditioner for Tn. If ∥h(c(Tn))−1∥2 is uniformly bounded with respect to n, then

∣h(c(Tn))∣−1h(Tn) has clustered spectra around ±1 for sufficiently large n.

Proof By Corollary 4.2.2, for all ε > 0 there exist positive integers N and M such

that for all n > N

∣h(c(Tn))∣
−1/2h(Tn)∣h(c(Tn))∣

−1/2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Hn

= ∣h(c(Tn))∣
1/2Qn∣h(c(Tn))∣

−1/2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Qn

+ ∣h(c(Tn))∣
1/2R̃n∣h(c(Tn))∣

−1/2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Rn

+ ∣h(c(Tn))∣
1/2Ẽn∣h(c(Tn))∣

−1/2

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
En

,

where Qn is similar to Qn,

rank(Rn) ≤ 2M,

and

∥En∥2 ≤ ε.

We introduce the following matrix decomposition
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[
Hn

H∗
n

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
H

= [
Qn

Q∗
n

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Q

+[
Rn

R∗
n

]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
R

+[
En

E∗n
]

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
E

,

where Q has only eigenvalues ±1,

rank(R) ≤ 4M,

and

rank(E) ≤ ε.

Note that all H, Q, R, and E are Hermitian. By [15, Corollary 3] (Theorem B.2.3),

we know that there are at most 2(4M) = 8M eigenvalues of H that are not around

±1. Thus, H has clustered spectra around ±1 by Definition 2.3.2. As the eigenvalues

of H are the same as the singular values of Hn up to ± sign, the singular values

of Hn are clustered around 1. Consequently, as Hn is Hermitian and is similar to

∣h(c(Tn))∣−1h(Tn), we conclude that ∣h(c(Tn))∣−1h(Tn) has clustered spectra around

±1.

As a consequence of Corollary 4.2.3, we have the following two cases.

(i) If h(Tn) is Hermitian indefinite, MINRES together with a Hermitian positive

definite preconditioner ∣h(c(Tn))∣ should be used [168, Section 5].

(ii) If both h(Tn) and h(c(Tn)) are Hermitian positive definite, i.e. ∣h(c(Tn))∣

reduces to h(c(Tn)), CG can be applied and the eigenvalues of the preconditioned

matrix are clustered around unity in this case.

We will illustrate these two cases in the next section where the trigonometric

functions ez, sin z, and cos z are under consideration.

Remark If both h(Tn) and h(c(Tn)) are Hermitian negative definite, the situation

is similar to Case (ii) since we can premultiply the matrices by −In to make them

positive definite.

In the general case where h(Tn) is non-Hermitian, we consider its normal equations

system via the follow corollaries.

Corollary 4.2.4 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f ∈ C[−π,π] with 2∥f∥∞ < r. Let Tn ∈ Cn×n be the Toeplitz matrix

generated by f and let c(Tn) ∈ Cn×n be the optimal circulant preconditioner for Tn. If
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∥∣h(c(Tn))∣−1∥2 is uniformly bounded with respect to n, then for all ε > 0 there exist

integers M (ε) and N
(ε)
M such that for all n > N

(ε)
M

[∣h(c(Tn))∣
−1h(Tn)]

∗∣h(c(Tn))∣
−1h(Tn) = In +Rn +En,

where

rank(Rn) ≤ 4M (ε)

and

∥En∥2 ≤ ε.

Proof By Corollary 4.2.2, we know that for all ε > 0 there exist positive integers NM

and M such that for all n > NM

∣h(c(Tn))∣
−1h(Tn) = Qn + R̂n + Ên,

where Qn is unitary,

rank(R̂n) ≤ 2M,

and

∥Ên∥2 ≤ ε.

We then have

[∣h(c(Tn))∣
−1h(Tn)]

∗∣h(c(Tn))∣
−1h(Tn)

= (Qn + R̂n + Ên)
∗(Qn + R̂n + Ên)

= Q∗
nQn

²
In

+ R̂∗
n(In + R̂n + Ên) + (In + Ê

∗
n)R̂n

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Rn

+ Ên + Ê
∗
n + Ê

∗
nÊn

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
En

= In +Rn +En.

It immediately follows that

rank(Rn) ≤ 4M

and

∥En∥2 ≤ ε
2 + 2ε.

Since [∣h(c(Tn))∣−1h(Tn)]∗∣h(c(Tn))∣−1h(Tn) in Corollary 4.2.4 is Hermitian pos-

itive definite, by Cauchy’s interlacing theorem we know that its eigenvalues of are

mostly close to 1 when n is sufficiently large. In this case, CG can be used.
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Corollary 4.2.5 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f ∈ C[−π,π] with 2∥f∥∞ < r. Let Tn ∈ Cn×n be the Toeplitz matrix

generated by f and let c(Tn) ∈ Cn×n be the optimal circulant preconditioner for Tn. If

∥h(c(Tn))−1∥2 is uniformly bounded with respect to n, then

[∣h(c(Tn))∣
−1h(Tn)]

∗∣h(c(Tn))∣
−1h(Tn)

has clustered spectra around 1 for sufficiently large n.

In the special case where h(Tn) is (real) nonsymmetric, we show in the following

corollaries that it is not necessary to normalize the original matrix in order to have

clustered spectra around ±1. Namely, we can symmetrize h(Tn) by premultiplying it

with Yn and then precondition the symmetric matrix Ynh(Tn) with ∣h(c(Tn))∣. As in

Case (i) before, we can employ MINRES in this special case.

Corollary 4.2.6 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f ∈ C[−π,π] have real Fourier coefficients and suppose 2∥f∥∞ < r.

Let Tn ∈ Rn×n be the real Toeplitz matrix generated by f , let c(Tn) ∈ Rn×n be the real

optimal circulant preconditioner for Tn, and let Yn ∈ Rn×n be the anti-identity matrix.

If ∥∣h(c(Tn))∣−1∥2 is uniformly bounded with respect to n, then for all ε > 0 there exist

integers M (ε) and N
(ε)
M such that for all n > N

(ε)
M

∣h(c(Tn))∣
−1Ynh(Tn) = Qn + R̂n + Ên,

where Qn ∈ Rn×n is orthogonal and symmetric,

rank(R̂n) ≤ 2M (ε),

and

∥Ên∥2 ≤ ε.

Proof As h(c(Tn)) is a circulant matrix we write h(c(Tn)) = F ∗
nh(Λn)Fn where h(Λn)

is the diagonal matrix in the eigendecomposition of h(c(Tn)). We then have

∣h(c(Tn))∣ = F ∗
n ∣h(Λn)∣Fn

= F ∗
nh(Λn)Fn(F

∗
n h̃(Λn)Fn

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
C̃n

)−1

= h(c(Tn))C̃
−1
n , (4.7)

where h̃(Λn) = diag(
h(Λn)j
∣h(Λn)j ∣) with h(Λn)j being the j-th eigenvalue of h(Λn).

45



By Theorem 4.2.1, we know that for all ε > 0, there exist integers M (ε) and N
(ε)
M

such that for all n > N
(ε)
M

h(c(Tn)) − h(Tn) = Rn +En,

where

rank(Rn) ≤ 2M (ε)

and

∥En∥2 ≤ ε.

By (4.7), we have

∣h(c(Tn))∣
−1Ynh(Tn) = Yn∣h(c(Tn))∣

−1h(Tn)

= Yn∣h(c(Tn))∣
−1(h(c(Tn)) −Rn −En)

= YnC̃n
²
Qn

+Yn∣h(c(Tn))∣
−1(−Rn)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
R̂n

+Yn∣h(c(Tn))∣
−1(−En)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Ên

.

Since C̃n itself is a real Toeplitz matrix, Qn = YnC̃n is symmetric. Thus, we can

show that Qn is orthogonal:

QT
nQn = (YnC̃n)

T (YnC̃n)

= C̃T
n (Y

T
n Yn)C̃n

= C̃T
n C̃n

= (F ∗
n h̃(Λn)Fn)

TF ∗
n h̃(Λn)Fn

= F ∗
n ∣h̃(Λn)∣

2

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
In

Fn

= In.

We have

rank(R̂n) = rank(Yn∣h(c(Tn))∣
−1Rn)

= rank(Rn)

≤ 2M (ε)

and

∥Ên∥2 = ∥Yn∣h(c(Tn))∣
−1En∥2

≤ ∥h(c(Tn))
−1En∥2

≤ m0ε,
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where m0 is a constant independent of n, resulting from the uniform boundedness

assumption on ∥h(c(Tn))−1∥2. The result follows.

Corollary 4.2.7 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f ∈ C[−π,π] have real Fourier coefficients and suppose 2∥f∥∞ < r.

Let Tn ∈ Rn×n be the real Toeplitz matrix generated by f , let c(Tn) ∈ Rn×n be the real

optimal circulant preconditioner for Tn, and let Yn ∈ Rn×n be the anti-identity matrix.

If ∥h(c(Tn))−1∥2 is uniformly bounded with respect to n, then ∣h(c(Tn))∣−1Ynh(Tn) has

clustered spectra around ±1 for sufficiently large n.

4.3 Trigonometric functions of Toeplitz matrices

In this section, we particularly consider the case where the Toeplitz matrix is Hermi-

tian and h(z) = ez, sin z, or cos z to provide concrete examples of our results.

Note that the convergence radius of these functions is infinity. In other words, the

condition that 2∥f∥∞ < r = ∞ is readily satisfied.

4.3.1 Preconditioning for eTn

For h(z) = ez, the assumption that ∥∣h(c(Tn))∣−1∥2 = ∥∣ec(Tn)∣−1∥2 is uniformly bounded

with respect to n holds and can be shown easily via the following lemmas.

Lemma 4.3.1 [79, Theorem 10.2] For An,Bn ∈ Cn×n,

e(An+Bn)t = eAnteBnt

for all t if and only if AnBn = BnAn.

Lemma 4.3.2 Let f ∈ C[−π,π]. Let Tn ∈ Cn×n be the Toeplitz matrix generated by f

and let c(Tn) ∈ Cn×n be the optimal circulant preconditioner for Tn. Then,

∥(ec(Tn))−1∥2 ≤ e
2∥f∥∞ , n = 1,2, . . . .

Proof By Lemma 4.3.1

ec(Tn)e−c(Tn) = ec(Tn)−c(Tn)

= In,

e−c(Tn) is the inverse of ec(Tn). Further using Lemma 4.1.1, we have

∥(ec(Tn))−1∥2 = ∥e−c(Tn)∥2

≤ e∥cn[f]∥2

≤ e2∥f∥∞ .
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Assuming f is real-valued, eTn is Hermitian for all n and we have the following

corollary.

Corollary 4.3.3 Let f ∈ C[−π,π] be real-valued. Let Tn ∈ Cn×n be the Hermitian

Toeplitz matrix generated by f and let c(Tn) ∈ Cn×n be the optimal circulant precon-

ditioner for Tn. Then, for all ε > 0 there exist integers M (ε) and N
(ε)
M such that for

all n > N
(ε)
M

(ec(Tn))−1eTn = In + R̃n + Ẽn,

where

rank(R̃n) ≤ 2M (ε)

and

∥Ẽn∥2 ≤ ε.

Proof Since c(Tn) (or Tn) is Hermitian when f is real-valued, we can write c(Tn) =

Z∗
nDnZn whereDn is the diagonal matrix with real eigenvalues di being the eigenvalues

of c(Tn) and Zn is a unitary matrix. Consequently, ec(Tn) = Z∗
ne

DnZn is positive

definite as its eigenvalues are all of the form edi > 0. Thus,

∣ec(Tn)∣ = Z∗
n ∣e

Dn ∣Zn

= Z∗
ne

DnZn

= ec(Tn).

By Lemma 4.3.2 that ∥(ec(Tn))−1∥2 is uniformly bounded with respect to n and

Corollary 4.2.2, we know that for all ε > 0 there exist integers M (ε) and N
(ε)
M such

that for all n > N
(ε)
M

(ec(Tn))−1eTn = In + R̃n + Ẽn,

where

rank(R̃n) ≤ 2M (ε)

and

∥Ẽn∥2 ≤ ε.

Since both eTn and ec(Tn) in this case are Hermitian positive definite, CG can be

used.

Corollary 4.3.4 Let f ∈ C[−π,π] be real-valued. Let Tn ∈ Cn×n be the Toeplitz matrix

generated by f and let c(Tn) ∈ Cn×n be the optimal circulant preconditioner for Tn.

Then, (ec(Tn))−1eTn has clustered spectra around 1 for sufficiently large n.
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4.3.2 Preconditioning for sinTn and cosTn

We provide similar results for h(z) = sin z (or cos z) in this subsection.

Unlike ez, ∥(sin c(Tn))−1∥2 is unbounded in general. From

∥(sin c(Tn))
−1∥2 = max

i
∣

1

sinλi
∣,

we know that ∥(sin c(Tn))−1∥2 could be arbitrarily large since sinλi could be close to

zero, where λi is the i-th eigenvalue of c(Tn). Therefore, the uniform boundedness of

∥(sin c(Tn))−1∥2 is required.

Consider now the case where sinTn is Hermitian. Unlike the case with the matrix

exponential, we cannot use CG for sinTn since it is not positive definite in general.

By the diagonalization of sinTn = Z∗
n(sinDn)Zn, where Dn is the diagonal matrix

with real eigenvalues di being the eigenvalues of Tn, we see that its eigenvalues are

all of the form −1 ≤ sindi ≤ 1. MINRES together with the Hermitian positive definite

preconditioner ∣ sin c(Tn)∣ should be used.

Corollary 4.3.5 Let f ∈ C[−π,π] be real-valued. Let Tn ∈ Cn×n be the Hermitian

Toeplitz matrix generated by f and let c(Tn) ∈ Cn×n be the optimal circulant precondi-

tioner for Tn. If ∥(sin c(Tn))−1∥2 is uniformly bounded with respect to n, then for all

ε > 0 there exist integers M (ε) and N
(ε)
M such that for all n > N

(ε)
M

∣ sin c(Tn)∣
−1 sinTn = Qn + R̃n + Ẽn,

where Qn is Hermitian and unitary,

rank(R̃n) ≤ 2M (ε),

and

∥Ẽn∥2 ≤ ε.

Corollary 4.3.6 Let f ∈ C[−π,π] be real-valued. Let Tn ∈ Cn×n be the Toeplitz matrix

generated by f and let c(Tn) ∈ Cn×n be the optimal circulant preconditioner for Tn. If

∥(sin c(Tn))−1∥2 is uniformly bounded with respect to n, then ∣ sin c(Tn)∣−1 sinTn has

clustered spectra around ±1 for sufficiently large n.

With sin z replaced by cos z, Corollaries 4.3.5 and 4.3.6 still hold.
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4.4 Numerical results

In this section, we demonstrate the effectiveness of our proposed preconditioners using

CG, MINRES, and GMRES.

Throughout all numerical tests, eTn is computed by the MATLAB R2016b built-

in function expm while sinTn, cosTn, and other matrix functions are computed by

funm. The vector bn is generated by ones(n,1) and the initial guess is the zero

vector. Also, we use pcg to solve Hermitian positive definite systems. For Hermitian

indefinite systems, we use minres. As a comparison, GMRES is also used and is

executed by gmres. The stopping criterion used is

∥r
(j)
n ∥2

∥bn∥2

< 10−7,

where r
(j)
n is the residual vector after j iterations.

Example 4.1. We first consider the following Grcar matrix

Tn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 1
−1 ⋱ ⋱ ⋱ ⋱

⋱ ⋱ ⋱ ⋱ 1
⋱ ⋱ ⋱ 1

⋱ ⋱ 1
−1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n. (4.8)

Table 4.1 (a) and (b) show the numerical results for the system using MINRES

and GMRES, respectively. The preconditioner appears effective for speeding up the

convergence rate for both Krylov subspace methods. Figure 4.1 shows the spectra of

YnTn before and after the preconditioner ∣c(Tn)∣ is applied at different n. We observe

that the spectra are highly clustered around ±1.
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(i) -4 -3 -2 -1 0 1 2 3 4

(ii) -1.5 -1 -0.5 0 0.5 1 1.5

(a) n = 128

(i) -4 -3 -2 -1 0 1 2 3 4

(ii) -1.5 -1 -0.5 0 0.5 1 1.5

(b) n = 256

(i) -4 -3 -2 -1 0 1 2 3 4

(ii) -1.5 -1 -0.5 0 0.5 1 1.5

(c) n = 512

Figure 4.1: Spectra of YnTn with Tn given in Example 4.1 at different n (i) with no
preconditioner or (ii) with the preconditioner ∣c(Tn)∣.
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Table 4.1: Numbers of iterations with (a) MINRES for YnTn and (b) GMRES for Tn
with Tn given in Example 4.1.

(a)

n with no preconditioner with ∣c(Tn)∣
128 49 13
256 49 12
512 49 11
1024 47 11

(b)

n with no preconditioner with c(Tn)
128 94 6
256 158 6
512 218 6
1024 213 5

Example 4.2. We consider the Toeplitz matrix polynomial h(Tn) ∈ Rn×n, where

h(z) = z2 + z + 1 and Tn is the Grcar matrix given by (4.8).

Table 4.2 (a) and (b) show the numbers of iterations for the system. In Figure

4.2 (a) and (b), we show the spectra of Ynh(Tn) before or after the preconditioner

∣h(c(Tn))∣ is applied at different n. Again, we observe a speed-up in convergence and

the clusters of eigenvalues around ±1.

Table 4.2: Numbers of iterations with (a) MINRES for Ynh(Tn) and (b) GMRES for
h(Tn) with h(Tn) given in Example 4.2.

(a)

n with no preconditioner with ∣h(c(Tn))∣
128 144 16
256 167 15
512 194 14
1024 190 13

(b)

n with no preconditioner with h(c(Tn))
128 128 9
256 256 8
512 512 8
1024 1024 7
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(i) -15 -10 -5 0 5 10 15

(ii) -1.5 -1 -0.5 0 0.5 1 1.5 2

(a) n = 128

(i) -15 -10 -5 0 5 10 15

(ii) -1.5 -1 -0.5 0 0.5 1 1.5 2

(b) n = 256

(i) -15 -10 -5 0 5 10 15

(ii) -1.5 -1 -0.5 0 0.5 1 1.5 2

(c) n = 512

Figure 4.2: Spectra of Ynh(Tn) with h(Tn) given in Example 4.2 at different n (i)
with no preconditioner or (ii) with the preconditioner ∣h(c(Tn))∣.
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Example 4.3. In this example, the Toeplitz hyperbolic sine function sinhTn ∈

Rn×n is considered, where Tn is again the Grcar matrix given by (4.8). Note that both

sinhTn and Yn sinhTn become highly ill-conditioned when n = 512. Hence, we only

show the numerical results up to n = 256.

Table 4.3 (a) and (b) show the numbers of iterations for the system. The conver-

gence rate appears accelerated with our proposed preconditioners. Figure 4.3 shows

the expected clusters of eigenvalues when the preconditioner ∣ sinh c(Tn)∣ is applied.

Table 4.3: Numbers of iterations with (a) MINRES for Yn sinhTn and (b) GMRES
for sinhTn with Tn given in Example 4.3.

(a)

n with no preconditioner with ∣ sinh c(Tn)∣
32 39 21
64 106 24
128 172 22
256 391 20

(b)

n with no preconditioner with sinh c(Tn)
32 32 14
64 64 14
128 124 13
256 240 11
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(i) -10 -5 0 5 10

(ii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2

(a) n = 64

(i) -10 -5 0 5 10

(ii) -3 -2 -1 0 1 2 3

(b) n = 128

(i) -10 -5 0 5 10 15

(ii) -3 -2 -1 0 1 2 3

(c) n = 256

Figure 4.3: Spectra of Yn sinhTn with Tn given in Example 4.3 at different n (i) with
no preconditioner or (ii) with the preconditioner ∣ sinh c(Tn)∣.
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Example 4.4. The next example is the nonsymmetric Toeplitz matrix generated

by f(x) = eix + 2e−ix, namely

Tn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2
1 ⋱

⋱ 2
1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n. (4.9)

We remark that both Tn and YnTn in this case are highly ill-conditioned. For example,

we have κ(T128) = κ(Y128T128) = 3.6884 × 1019. Therefore, we consider the numerical

results up to n = 64.

Table 4.4 shows the numbers of iterations for the system. Note that both MINRES

and GMRES fail to converge when n = 64 due to the large condition number. In Figure

4.4, we nevertheless still observe the highly clusters of eigenvalues around ±1 up to

n = 512.

Table 4.4: Numbers of iterations with (a) MINRES for YnTn and (b) GMRES for Tn
with Tn given in Example 4.4.

(a)

n with no preconditioner with ∣c(Tn)∣
8 8 5
16 16 5
32 32 5
64 no convergence no convergence

(b)

n with no preconditioner with c(Tn)
8 8 3
16 10 3
32 32 3
64 no convergence 4
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(i) -3 -2 -1 0 1 2 3

(ii) -1.5 -1 -0.5 0 0.5 1 1.5

(a) n = 128

(i) -3 -2 -1 0 1 2 3

(ii) -1.5 -1 -0.5 0 0.5 1 1.5

(b) n = 256

(i) -3 -2 -1 0 1 2 3

(ii) -1.5 -1 -0.5 0 0.5 1 1.5

(c) n = 512

Figure 4.4: Spectra of YnTn with Tn given in Example 4.4 at different n (i) with no
preconditioner or (ii) with the preconditioner ∣c(Tn)∣.
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Example 4.5. We consider the matrix exponential eTn with the symmetric pos-

itive definite Tn generated by f(x) = x2. Note that the symmetrization device Yn is

not used since eTn is already symmetric in this example.

Table 4.5 shows the numbers of iterations required with CG and GMRES for eTn .

It is apparent that the proposed preconditioners are effective for speeding up the rate

of convergence of CG. In Figure 4.5, we further show the spectra of the preconditioned

matrices at different n. We observe that the highly clustered spectra independent of

n. In Figure 4.5 (i) and (ii), the contrast between the spectra of the matrices is

shown. In Figure 4.5 (iii), we show the zoom-in spectrum of (ii) and observe that the

eigenvalues are highly clustered around 1. Due to the highly clustered eigenvalues, a

fast convergence rate for CG is expected (see for example Section 3.3.1 or [6]).

Table 4.5: Numbers of iterations with (a) CG and (b) GMRES for eTn , with Tn given
in Example 4.5.

(a)

n with no preconditioner with ec(Tn)

128 257 9
256 450 8
512 657 8
1024 833 8

(b)

n with no preconditioner with ec(Tn)

128 76 6
256 127 5
512 205 5
1024 320 5
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(i) 0 2000 4000 6000 8000 10000 12000 14000 16000 18000

(ii) 0 5 10 15 20 25 30

(iii) -0.5 0 0.5 1 1.5 2 2.5

(a) n = 128

(i)

0 0.5 1 1.5 2

10
4

(ii) 0 5 10 15 20 25 30

(iii) -0.5 0 0.5 1 1.5 2 2.5

(b) n = 256

(i)

0 0.5 1 1.5 2

10
4

(ii) 0 5 10 15 20 25 30

(iii) -0.5 0 0.5 1 1.5 2 2.5

(c) n = 512

Figure 4.5: Spectra of eTn with Tn given in Example 4.5 at different n (i) with no
preconditioner or (ii) with the preconditioner ec(Tn). (iii) Zoom-in spectrum of (ii).
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Example 4.6. Next, we consider the symmetric indefinite Toeplitz matrix Tn

generated by f(x) = x2 − π.

Table 4.6 shows the numbers of iterations for the system. In Figure 4.6 (a) and

(b), we also show the spectra of Tn before and after the preconditioner ∣c(Tn)∣ is used.

We again observe rapid convergence and the expected clusters around ±1.

Table 4.6: Numbers of iterations with (a) MINRES and (b) GMRES for Tn given in
Example 4.6.

(a)

n with no preconditioner with ∣c(Tn)∣
128 76 11
256 159 11
512 321 10
1024 648 10

(b)

n with no preconditioner with c(Tn)
128 74 6
256 150 7
512 299 6
1024 595 6
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(i) -4 -2 0 2 4 6 8

(ii) -5 0 5

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(a) n = 128

(i) -4 -2 0 2 4 6 8

(ii) -3 -2 -1 0 1 2 3 4

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(b) n = 256

(c) (i) -4 -2 0 2 4 6 8

(ii) -3 -2 -1 0 1 2 3 4

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(c) n = 512

Figure 4.6: Spectra of Tn given in Example 4.6 at different n (i) with no preconditioner
or (ii) with the preconditioner ∣c(Tn)∣. (iii) Zoom-in spectrum of (ii).
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Example 4.7. We also consider cosTn with the same symmetric indefinite Tn

considered in Example 4.6.

Table 4.7 shows the numbers of iterations for the system. Again, we observe a

significant reduce in the iteration counts for both MINRES and GMRES with the pro-

posed preconditioners. In Figure 4.7, we also show the spectra of ∣ cos c(Tn)∣−1 cosTn

at different n and observe the expected clusters around ±1.

Table 4.7: Numbers of iterations with (a) MINRES and (b) GMRES for cosTn with
Tn given in Example 4.7.

(a)

n with no preconditioner with ∣ cos c(Tn)∣
128 58 24
256 110 24
512 212 24
1024 417 22

(b)

n with no preconditioner with cos c(Tn)
128 58 12
256 110 13
512 212 11
1024 417 11
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(i) -1 -0.5 0 0.5 1

(ii) -3 -2 -1 0 1 2 3

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(a) n = 128

(i) -1 -0.5 0 0.5 1

(ii) -4 -2 0 2 4 6

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(b) n = 256

(i) -1 -0.5 0 0.5 1

(ii) -40 -30 -20 -10 0 10 20

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(c) n = 512

Figure 4.7: Spectra of cosTn with Tn given in Example 4.7 at different n (i) with no
preconditioner or (ii) with the preconditioner ∣ cos c(Tn)∣. (iii) Zoom-in spectrum of
(ii).
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Example 4.8. We now consider the complex Toeplitz matrix Tn whose entries

are given by

ak =

⎧⎪⎪
⎨
⎪⎪⎩

(1 + ∣k∣)−1.1 + i(1 + ∣k∣)−1.1 k ≠ 0

0 k = 0
. (4.10)

As Tn is non-Hermitian, we resort to its normal equations system. The matrix function

considered in this example is the matrix exponential.

Table 4.8 (a) and (b) show the numbers of iterations for the system using CG

and GMRES, respectively. Again, we observe that the preconditioners are effective

for speeding up the rate of convergence. In Figure 4.8, the highly clustered spectra

around 1 are observed.

Table 4.8: Numbers of iterations with (a) CG for (eTn)∗eTn and (b) GMRES for eTn

with Tn given Example 4.8.

(a)

n with no preconditioner with ec(Tn)

128 24 7
256 43 7
512 76 8
1024 155 9

(b)

n with no preconditioner with ec(Tn)

128 19 6
256 26 6
512 38 7
1024 55 7
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Figure 4.8: Spectra of (eTn)∗eTn with Tn given in Example 4.8 at different n (i) with
no preconditioner or (ii) with the preconditioner ec(Tn). (iii) Zoom-in spectrum of (ii).
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Example 4.9. This example concerns of sinTn with Tn given by (4.10). Table

4.9 shows the iteration counts with CG and GMRES for the system. The numbers

of iterations are reduced significantly with our proposed preconditioners. Figure 4.9

shows the expected clusters of eigenvalues around 1.

Table 4.9: Numbers of iterations with (a) CG for (sinTn)∗ sinTn and (b) GMRES for
sinTn with Tn given in Example 4.9.

(a)

n with no preconditioner with sin c(Tn)
128 151 18
256 308 26
512 1104 22
1024 1429 27

(b)

n with no preconditioner with sin c(Tn)
128 48 11
256 96 13
512 180 11
1024 353 12
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Figure 4.9: Spectra of (sinTn)∗ sinTn with Tn given in Example 4.9 at different n
(i) with no preconditioner or (ii) with the preconditioner sin c(Tn). (iii) Zoom-in
spectrum of (ii).
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Example 4.10. Finally, we consider the hyperbolic cosine function. Namely,

coshTn with Tn given by (4.10).

Table 4.10 shows the iteration counts for the system. In Figure 4.10 (a) and (b),

we show the spectra before and after the preconditioner cosh c(Tn) is applied. In the

zoom-in spectrum shown in Figure 4.10 (c), we observe that the eigenvalues cluster

around 1.

Table 4.10: Numbers of iterations with (a) CG for (coshTn)∗ coshTn and (b) GMRES
for coshTn with Tn given in Example 4.10.

(a)

n with no preconditioner with cosh c(Tn)
128 10 6
256 19 7
512 41 8
1024 75 9

(b)

n with no preconditioner with cosh c(Tn)
128 12 6
256 19 6
512 29 7
1024 43 7

Remark Among the matrices tested in the numerical examples, several of them are

ill-conditioned and yet the proposed circulant preconditioning technique still appears

to be working moderately well in those cases. However, those are just particular ex-

amples in which the condition number is not extremely large. In fact, our proposed

circulant preconditioner fails to work for the severely ill-conditioned matrix in Ex-

ample 4.4 when the dimension increases, which is in line with the well-known results

such as [139, 140] that circulant preconditioners are not optimal for ill-conditioned

Toeplitz matrices. As will be discussed in Section 8.1.4, band-Toeplitz preconditioners

are preferred in the ill-conditioned case.

4.5 Conclusions

We have proposed the use of ∣h(c(Tn))∣ as a preconditioner for h(Tn), where Tn is

generated by f ∈ C[−π,π] and c(Tn) is the optimal circulant preconditioner derived

from Tn. Also, we have provided several theorems that account for the effectiveness

of ∣h(c(Tn))∣.
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The decomposition of the obtained preconditioned matrices is often a key to ex-

plain the effectiveness of a circulant type preconditioner. Much work has been devoted

to showing such decomposition holds in the literature, see for example in [95, 93].

Even for nonsymmetric matrices [120, 127] for which CG and MINRES cannot be

straightforwardly applied, such decomposition is still a heuristic indicator to design

effective preconditioners. We remark that for nonsymmetric matrices error bounds

for Krylov subspace methods do not depend on eigenvalues in general, which is a

stark contrast to our case with the symmetrized matrix Ynh(Tn).

Moreover, we have given a series of numerical examples concerning different h(z)

and different Tn. In each of those examples, we have observed significant reductions in

numbers of iterations needed for convergence and the expected clusters of eigenvalues.

Even though in many examples GMRES requires fewer iterations than MINRES, it

is not necessarily a reduction in work recalling from Chapter 3 that the cost of GMRES

increases for every iteration whereas MINRES has a constant cost per iteration. The

rapid convergence guarantees established here for MINRES are an indication of the

success of our preconditioning approach; it is not perhaps surprising that related

preconditioning strategies such as those we have used with GMRES are also successful.
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Figure 4.10: Spectra of (coshTn)∗ coshTn with Tn given in Example 4.10 at different
n (i) with no preconditioner or (ii) with the preconditioner cosh c(Tn). (iii) Zoom-in
spectrum of (ii).
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Chapter 5

Superoptimal preconditioners for
functions of Toeplitz matrices1

In this chapter, we show that superoptimal circulant preconditioners and Strang’s

circulant preconditioners are also effective for systems defined by analytic functions

h(z) of Toeplitz matrices.

Specifically, we show that ∣h(t(Tn))∣−1h(Tn) can be decomposed into the sum of a

Hermitian unitary matrix, a low rank matrix, and a small norm matrix, provided that

Tn is the Toeplitz matrix generated by a positive function in the Wiener class and

t(Tn) is the superoptimal circulant preconditioner for Tn. Moreover, we show that

Strang’s circulant preconditioner s(Tn) for Tn also satisfies such a decomposition. As

a result, ∣h(t(Tn))∣−1h(Tn) and ∣h(s(Tn))∣−1h(Tn) have clustered spectra around ±1.

Numerical examples are given to support our results. As a comparison, ∣h(c(Tn))∣ is

also used in the numerical tests, where c(Tn) is the optimal circulant preconditioner

used in the previous chapter.

Note that while it only takes O(n) operations to construct s(Tn) and c(Tn) (see

Section 2.3.3.3), t(Tn) requires O(n logn) operations to be built using a fast algorithm

proposed in [157].

Throughout this chapter, we assume that f is a positive function in the Wiener

class, namely
∞
∑
k=−∞

∣ak∣ < ∞,

where ak, k = 0,±1,±2, . . . , are the Fourier coefficients of f .

Recalling Theorem 2.1.1, the eigenvalues of the corresponding Toeplitz matrix

Tn must be positive, i.e. Tn is Hermitian positive definite for all n. By Theorem

2.5.2, h(Tn) is also Hermitian positive definite for all n. Hence, neither the normal

1This chapter is adapted from [82].
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equations matrix of h(Tn) nor the symmetrization matrix Yn are considered in this

chapter.

5.1 Preliminaries on Tn, t(Tn), and s(Tn)

We will require the following lemmas in order to show our main results.

Lemma 5.1.1 [27, Lemma 1] Let f be a positive function in the Wiener class. Let

Tn ∈ Cn×n be the Toeplitz matrix generated by f , let t(Tn) ∈ Cn×n be the superopti-

mal circulant preconditioner for Tn, and let c(T 2
n) ∈ Cn×n be the optimal circulant

preconditioner for T 2
n . Then,

∥Tn∥2 ≤ fmax,

∥t(Tn)∥2 ≤
f 2

max

fmin

,

and ∥c(T 2
n)

−1∥2 ≤
1

f 2
min

, n = 1,2, . . . .

Lemma 5.1.2 [27, Corollary] Let f be a positive function in the Wiener class. Let

Tn ∈ Cn×n be the Toeplitz matrix generated by f and let c(Tn) ∈ Cn×n (or c(T 2
n)) be

the optimal circulant preconditioner for Tn (or T 2
n). Then,

lim
n→∞

∥c(Tn)
2 − c(T 2

n)∥2 = 0.

Theorem 5.1.3 [27, Theorem 5] Let f be a positive function in the Wiener class.

Let Tn ∈ Cn×n be the Toeplitz matrix generated by f and let t(Tn) ∈ Cn×n be the

superoptimal circulant preconditioner for Tn. Then, for all ε > 0 there exist integers

N and M > 0 such that for all n > N

t(Tn) − Tn = Vn +Wn,

where

rank(Vn) ≤ 2M

and

∥Wn∥2 ≤ ε.

Proof With t(Tn) = c(Tn)−1c(T 2
n) by Theorem 2.3.5, we first decompose

t(Tn) − Tn = c(Tn) − Tn − t(Tn)c(T
2
n)

−1[c(Tn)
2 − c(T 2

n)],
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where c(Tn) (or c(T 2
n)) is the optimal circulant matrix for Tn (or T 2

n). By Theorem

4.1.2, we know that for all ε > 0 there exist integers N1 and M > 0 such that for all

n > N1

t(Tn) − Tn = Vn +Wn − t(Tn)c(T
2
n)

−1[c(Tn)
2 − c(T 2

n)],

where

rank(Vn) ≤ 2M

and

∥Wn∥2 ≤ ε.

By Lemma 5.1.1 and 5.1.2, we know that there exits a positive integer N2 such

that for all n > N2

∥t(Tn)c(T
2
n)

−1[c(Tn)
2 − c(T 2

n)]∥2 ≤ ∥t(Tn)∥2∥c(T
2
n)

−1∥2∥c(Tn)
2 − c(T 2

n)∥2

≤ (
f 2
max

fmin
)(

1

f 2
min

)ε

≤
f 2
max

f 3
min

ε.

Hence, we pick N ∶= max{N1,N2} and for all n > N

∥Wn + t(Tn)c(T
2
n)

−1[c(Tn)
2 − c(T 2

n)]
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Wn

∥2 ≤ (1 +
f 2
max

f 3
min

)ε.

The result follows.

Similarly, we require the following results for Strang’s preconditioners.

Lemma 5.1.4 [21, Theorem 1] Let f be a positive function in the Wiener class. Let

Tn ∈ Cn×n be the Toeplitz matrix generated by f and let s(Tn) ∈ Cn×n be Strang’s

circulant preconditioner for Tn. Then,

∥s(Tn)∥2 ≤ fmax.

Theorem 5.1.5 [21, Theorem 2] Let f be a positive function in the Wiener class.

Let Tn ∈ Cn×n be the Toeplitz matrix generated by f and let s(Tn) ∈ Cn×n be Strang’s

circulant preconditioner for Tn. Then, for all ε > 0 there exist integers N and M > 0

such that for all n > N

s(Tn) − Tn = Vn +Wn,

where

rank(Vn) ≤ 2M

and

∥Wn∥2 ≤ ε.
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5.2 Main results

In this section, we show that the preconditioned matrix

∣h(t(Tn))∣
−1h(Tn) (or ∣h(s(Tn))∣

−1h(Tn))

can be decomposed into the sum of a Hermitian unitary matrix, a low rank matrix,

and a small norm matrix for sufficiently large n under certain conditions. As a result,

the preconditioned matrix has clustered spectra around ±1.

As in Chapter 4 before, without loss of generality, we assume that h(z) is repre-

sented by the following Taylor series:

h(z) =
∞
∑
k=0

akz
k.

Theorem 5.2.1 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f be a positive function in the Wiener class and suppose f2max
fmin

< r. Let

Tn ∈ Cn×n be the Toeplitz matrix generated by f and let t(Tn) ∈ Cn×n be the superopti-

mal circulant preconditioner for Tn. Then, for all ε > 0 there exist integers M (ε) and

N
(ε)
M such that for all n > N

(ε)
M

h(t(Tn)) − h(Tn) = Rn +En

where

rank(Rn) ≤ 2M (ε)

and

∥En∥2 ≤ ε.

Proof The proof of this theorem echoes that of Theorem 4.2.1 with slight modi-

fications: mainly replacing Lemma 4.1.1 and Theorem 4.1.2 by Lemma 5.1.1 and

Theorem 5.1.3, respectively.

Corollary 5.2.2 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f be a positive function in the Wiener class and suppose f2max
fmin

< r.

Let Tn ∈ Cn×n be the Toeplitz matrix generated by f and let t(Tn) ∈ Cn×n be the super-

optimal circulant preconditioner for Tn. If ∥h(t(Tn))−1∥2 is uniformly bounded with

respect to n, then for all ε > 0 there exist integers M (ε) and N
(ε)
M such that for all

n > N
(ε)
M

∣h(t(Tn))∣
−1h(Tn) = Qn + R̂n + Ên,
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where Qn is Hermitian and unitary,

rank(R̂n) ≤ 2M (ε),

and

∥Ên∥2 ≤ ε.

Corollary 5.2.3 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f be a positive function in the Wiener class and suppose f2max
fmin

< r.

Let Tn ∈ Cn×n be the Toeplitz matrix generated by f and let t(Tn) ∈ Cn×n be the super-

optimal circulant preconditioner for Tn. If ∥h(t(Tn))−1∥2 is uniformly bounded with

respect to n, then ∣h(t(Tn))∣−1h(Tn) has clustered spectra around ±1 for sufficiently

large n.

By Lemma 5.1.4 and Theorem 5.1.5, we can show similar results for Strang’s

preconditioners.

Theorem 5.2.4 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f be a positive function in the Wiener class and suppose fmax < r.

Let Tn be the Toeplitz matrix generated by f and let s(Tn) be Strang’s circulant pre-

conditioner for Tn. Then, for all ε > 0 there exist integers M (ε) and N
(ε)
M such that

for all n > N
(ε)
M

h(s(Tn)) − h(Tn) = Rn +En,

where

rank(Rn) ≤ 2M (ε)

and

∥En∥2 ≤ ε.

Proof Similar to showing Theorem 5.2.1, the proof of this theorem can be done

with Lemma 5.1.1 and Theorem 5.1.3 replaced by Lemma 5.1.4 and Theorem 5.1.5,

respectively.

Corollary 5.2.5 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f be a positive function in the Wiener class and suppose fmax < r.

Let Tn ∈ Cn×n be the Toeplitz matrix generated by f and let s(Tn) ∈ Cn×n be Strang’s

circulant preconditioner for Tn. If ∥h(s(Tn))−1∥2 is uniformly bounded with respect to

n, then for all ε > 0 there exist integers M (ε) and N
(ε)
M such that for all n > N

(ε)
M

∣h(s(Tn))∣
−1h(Tn) = Qn + R̂n + Ên,
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where Qn is Hermitian and unitary,

rank(R̂n) ≤ 2M (ε),

and

∥Ên∥2 ≤ ε.

Corollary 5.2.6 Suppose h(z) is an analytic function on ∣z∣ < r with radius of con-

vergence r. Let f be a positive function in the Wiener class and suppose fmax < r.

Let Tn ∈ Cn×n be the Toeplitz matrix generated by f and let s(Tn) ∈ Cn×n be Strang’s

circulant preconditioner for Tn. If ∥h(s(Tn))−1∥2 is uniformly bounded with respect to

n, then ∣h(s(Tn))∣−1h(Tn) has clustered spectra around ±1 for sufficiently large n.

5.3 Numerical results

In this section, we demonstrate the effectiveness of ∣h(t(Tn))∣, ∣h(s(Tn))∣, and ∣h(c(Tn))∣

for h(Tn)xn = bn using CG, MINRES, and GMRES. The settings such as convergence

criterion are the same as those used in Chapter 4.

In all numerical tests, we consider the Hermitian Toeplitz matrix Tn generated by

f(x) = 2
∞
∑
k=0

sin (kx) + cos (kx)

(1 + k)1.1

in the Wiener class, which is analysed in [27]. The entries of Tn are given by

ak =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

1+i
(1+k)1.1 k > 0

2 k = 0

ā−k k < 0

.

Example 5.1. We first consider eTn . Table 5.1 shows the numbers of iterations

needed for eTn with or without the preconditioners. It is observed that the proposed

preconditioners are efficient for speeding up the convergence rate of CG. In Figure

5.1 (i) and (ii), the contrast between the spectrum of the preconditioned matrix with

et(Tn) is shown at different n. In Figure 5.1 (iii), we see that the eigenvalues of the

preconditioned matrices are highly clustered around 1. A fast convergence rate of

CG is expected due to the clustered eigenvalues. Figure 5.2 and 5.3 show similar

observations for eTn when preconditioned by es(Tn) and ec(Tn) respectively.
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Figure 5.1: Spectra of eTn given in Example 5.1 at different n (i) with no precondi-
tioner or (ii) with the preconditioner et(Tn). (iii) Zoom-in spectrum of (ii).

77



(i) 0 500 1000 1500 2000

(ii) 0 2 4 6 8 10 12

(iii) -0.5 0 0.5 1 1.5 2 2.5

(a) n = 128

(i) 0 1000 2000 3000 4000 5000

(ii) 0 5 10 15

(iii) -0.5 0 0.5 1 1.5 2 2.5

(b) n = 256

(i) 0 2000 4000 6000 8000 10000 12000

(ii) 0 5 10 15 20

(iii) -0.5 0 0.5 1 1.5 2 2.5

(c) n = 512

Figure 5.2: Spectra of eTn given in Example 5.1 at different n (i) with no precondi-
tioner or (ii) with the preconditioner es(Tn). (iii) Zoom-in spectrum of (ii).
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Figure 5.3: Spectra of eTn given in Example 5.1 at different n (i) with no precondi-
tioner or (ii) with the preconditioner ec(Tn). (iii) Zoom-in spectrum of (ii).
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Table 5.1: Numbers of iterations with (a) CG or (b) GMRES for eTn given in Example
5.1.

(a)

n with no preconditioner with et(Tn) with es(Tn) with ec(Tn)

128 34 11 11 10
256 53 11 11 11
512 79 11 12 11
1024 121 12 13 12

(b)

n with no preconditioner with et(Tn) with es(Tn) with ec(Tn)

128 26 11 11 10
256 35 11 12 11
512 46 12 13 11
1024 62 12 13 12

Example 5.2. Table 5.2 shows the numerical results using MINRES and GMRES

for cosTn. Again, we observe that the preconditioners ∣ cos t(Tn)∣, ∣ cos s(Tn)∣, and

∣ cos c(Tn)∣ appear effective for cosTn. In Figure 5.4, we further show the spectrum of

∣ cos t(Tn)∣−1 cosTn with different n. We conclude that the highly clustered eigenvalues

around ±1 seem independent of n. In Figure 5.5 and 5.6, we also observe the expected

clusters of eigenvalues when the system is preconditioned by ∣ cos s(Tn)∣ and ∣ cos c(Tn)∣

respectively.

Table 5.2: Numbers of iterations with (a) MINRES or (b) GMRES for cosTn given
in Example 5.2.

(a)

n with no preconditioner with ∣ cos t(Tn)∣ with ∣ cos s(Tn)∣ with ∣ cos c(Tn)∣
128 178 29 42 23
256 412 32 50 36
512 952 49 46 31
1024 2152 47 48 35

(b)

n with no preconditioner with cos t(Tn) with cos s(Tn) with ∣ cos c(Tn)∣
128 128 18 21 15
256 256 18 20 16
512 512 21 24 18
1024 1024 21 24 18
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Figure 5.4: Spectra of cosTn given in Example 5.2 at different n (i) with no precon-
ditioner or (ii) with the preconditioner ∣ cos t(Tn)∣. (iii) Zoom-in spectrum of (ii).
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Figure 5.5: Spectra of cosTn given in Example 5.2 at different n (i) with no precon-
ditioner or (ii) with the preconditioner ∣ cos s(Tn)∣. (iii) Zoom-in spectrum of (ii).
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Figure 5.6: Spectra of cosTn given in Example 5.2 at different n (i) with no precon-
ditioner or (ii) with the preconditioner ∣ cos c(Tn)∣. (iii) Zoom-in spectrum of (ii).
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Example 5.3. We next consider the system defined by the hyperbolic sine func-

tion. Table 5.3 shows the numerical results using CG for sinhTn. The numbers of

iterations needed are reduced significantly with the proposed preconditioners. In Fig-

ures 5.7 - 5.9, we observe the clusters around 1 when the system is preconditioned by

our proposed preconditioners.

Table 5.3: Numbers of iterations with (a) CG or (b) GMRES for sinhTn given in
Example 5.3.

(a)

n with no preconditioner with sinh t(Tn) with sinh s(Tn) with sinh c(Tn)
128 38 11 11 9
256 57 11 12 11
512 82 11 12 11
1024 129 12 13 12

(b)

n with no preconditioner with sinh t(Tn) with sinh s(Tn) with sinh c(Tn)
128 27 11 11 10
256 36 11 12 11
512 47 12 13 11
1024 63 12 13 12
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(c) n = 512

Figure 5.7: Spectra of sinhTn given in Example 5.3 at different n (i) with no precon-
ditioner or (ii) with the preconditioner sinh t(Tn). (iii) Zoom-in spectrum of (ii).
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(a) n = 128
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Figure 5.8: Spectra of sinhTn given in Example 5.3 at different n (i) with no precon-
ditioner or (ii) with the preconditioner sinh s(Tn). (iii) Zoom-in spectrum of (ii).
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Figure 5.9: Spectra of sinhTn given in Example 5.3 at different n (i) with no precon-
ditioner or (ii) with the preconditioner sinh c(Tn). (iii) Zoom-in spectrum of (ii).
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Example 5.4. Lastly, we consider the Toeplitz matrix polynomial

h(Tn) = T
3
n + T

2
n + Tn + In.

Table 5.4 shows the numerical results for h(Tn). We conclude that the precondi-

tioner h(t(Tn)) and h(s(Tn)) appear effective for h(Tn). In Figures 5.10 - 5.12, we

again observe the clusters of eigenvalues around 1 with our proposed preconditioners.

Table 5.4: Numbers of iterations with (a) CG or (b) GMRES for h(Tn) given in
Example 5.4.

(a)

n with no preconditioner with h(t(Tn)) with h(s(Tn)) with h(c(Tn))
128 32 9 9 9
256 40 9 9 8
512 50 9 9 9
1024 63 9 9 9

(b)

n with no preconditioner with h(t(Tn)) with h(s(Tn)) with h(c(Tn))
128 27 10 10 9
256 35 10 10 9
512 43 9 10 9
1024 51 10 10 9
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Figure 5.10: Spectra of h(Tn) given in Example 5.4 at different n (i) with no precon-
ditioner or (ii) with the preconditioner h(t(Tn)).
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Figure 5.11: Spectra of h(Tn) given in Example 5.4 at different n (i) with no precon-
ditioner or (ii) with the preconditioner h(s(Tn)).
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Figure 5.12: Spectra of h(Tn) given in Example 5.4 at different n (i) with no precon-
ditioner or (ii) with the preconditioner h(c(Tn)).
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5.4 Conclusions

In this chapter, considering superoptimal circulant preconditioners and Strang’s pre-

conditioners, we have provided several theorems that explain their effectiveness for

h(Tn) with Tn generated by a positive function in the Wiener class. A number of

numerical examples concerning different functions h(z) have been given to support

our results. In each example, we have observed significant improvements in conver-

gence and the expected clusters of eigenvalues around ±1. Also, while all proposed

preconditioners appear effective, h(c(Tn)) works best among them. This finding is

in accordance with the results given in [149] in which c(Tn) is shown to be superior

compared with t(Tn) and s(Tn) for the Toeplitz matrices generated by continuous

functions.
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Chapter 6

Application to time-stepping
methods for ordinary differential
equations1

In this chapter, we illustrate that the symmetrization technique and absolute value

preconditioning can be employed on time-stepping problems for ordinary differential

equations (ODEs) as simple applications.

In particular, we describe one simple and frequently arising situation: banded

(real) nonsymmetric Toeplitz matrices, where we can guarantee rapid convergence of

the appropriate iterative method by manipulating the problem into a symmetric one

without recourse to the normal equations. Moreover, considering simple bidiagonal

nonsymmetric Toeplitz matrices, we show that the minimal polynomial of the matrices

when preconditioned by Strang’s circulant preconditioner is quadratic. As a result,

Krylov subspace methods like GMRES will converge in two steps. The result that

we establish in this setting is the guaranteed convergence of an iterative method for

an all-at-once formulation in a number of iterations independent of the number of

time-steps.

6.1 Theta method

We consider only a scalar linear ordinary differential equation,

dy

dt
= ay + f, y(0) = y0,

1This chapter is adapted from the book chapter with Eleanor McDonald, Jennifer Pestana, and
Andy Wathen [112]. My main contribution to this work is showing Theorem 6.1.1.
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on the time interval [0, T ]. For simplicity, we consider only the simple two-level

θ-method, which gives

y(k+1) − y(k)

τ
= aθy(k+1) + a(1 − θ)y(k) + f (k), y(0) = y0,

where θ ∈ [0,1] and τ is the constant time step with nτ = T . Euler’s method corre-

sponds to the choice θ = 1 and the trapezoidal rule to θ = 1/2.

The discrete equations to be solved are

(1 − aθτ)y(k+1) = (1 + a(1 − θ)τ)y(k) + τf (k), k = 0,1,2, . . . , n − 1, (6.1)

with y(0) = y0.

A usual approach is solving the equations (6.1) sequentially for k = 0,1,2, . . . , n−1,

which is exactly forward substitution for the all-at-once system

Tn

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

y(1)

y(2)

y(3)

⋮

y(n)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
yn

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

τf (0) + (1 + a(1 − θ)τ)y0

τf (1)

τf (2)

⋮

τf (n−1)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
fn

where

Tn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 − aθτ
−1 − a(1 − θ)τ ⋱

⋱ ⋱

−1 − a(1 − θ)τ 1 − aθτ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n. (6.2)

However, we can see that the coefficient matrix Tn in the all-at-once system is a

nonsymmetric Toeplitz matrix, provided that a and τ are real numbers. Hence, the

symmetrization technique given in the previous chapters applies.

Thus, we have

YnTn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−1 − a(1 − θ)τ 1 − aθτ

. .
.

. .
.

−1 − a(1 − θ)τ . .
.

1 − aθτ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n

and Strang’s absolute value circulant preconditioner ∣Sn∣ for Tn is given by

∣Sn∣ =
RRRRRRRRRRR

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 − aθτ −1 − a(1 − θ)τ
−1 − a(1 − θ)τ ⋱

⋱ ⋱

−1 − a(1 − θ)τ 1 − aθτ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

RRRRRRRRRRR

∈ Rn×n.
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Remark It is interesting to note that the condition number of Tn in (6.2) depends

on the coefficients a, θ, and τ in general. Although the singular values of Tn are

distributed as the norm of its generating function, the condition number of Tn is

not the mainly determined by ∣f ∣. In fact, even if ∣f ∣ does not have any zero, the

corresponding Toeplitz matrix can still be ill-conditioned or even singular. The fol-

lowing example illustrates this observation. Choosing a = 1/τ and θ = 1, we have the

bidiagonal Toeplitz matrix

Tn[f] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
−1 0

⋱ ⋱

−1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n

generated by f(x) = −eix. Clearly, f(x) has no zeros since ∣f(x)∣ = 1 and yet Tn[f] is

singular.

Example 6.1. In Tables 6.1 and 6.2, we show the numerical results for YnTnyn =

Ynfn using MINRES with Strang’s absolute value circulant preconditioner ∣Sn∣ and

observe that MINRES converges in 4 iterations independently of n. The parameters

for the presented results are a = −0.3, τ = 0.2, and θ = 0.8; similar behaviour has been

observed for many other sets of parameters. The eigenvalues of the preconditioned

matrix for this problem are shown in Table 6.2.

Table 6.1: Condition numbers κ(Tn) for a time-dependent linear ODE using the θ-
method for Tn given by (6.2) and the numbers of iterations with MINRES and the
preconditioner ∣Sn∣ for YnTn.

n κ(Tn) Iterations

10 10.474 4
100 30.852 4
1000 33.887 4

In fact, for such a simple bidiagonal Toeplitz matrix Tn, we can show that the

minimal polynomial of S−1
n Tn is quadratic with Strang’s preconditioner Sn. Therefore,

this is a rare situation in which it is possible to show that GMRES must terminate

with the solution in 2 iterations.

Theorem 6.1.1 Suppose α ≠ 0 and β ≠ α ∈ C. Assuming n ≥ 2, if

Tn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

α
β α

⋱ ⋱

β α

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Cn×n
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Table 6.2: Eigenvalues of the preconditioned system (to 4 decimal places). Repeated
eigenvalues are shown in brackets with the number of repeated eigenvalues indicated.

n Eigenvalues of ∣Sn∣
−1YnTn

10 {−0.7206, (−1 × 4), (1 × 4),3.1155}
100 {−0.4975, (−1 × 49), (1 × 49),2.0157}
1000 {−0.4966, (−1 × 499), (1 × 499),2.0139}

is preconditioned by

Sn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

α β
β ⋱

⋱ ⋱

β α

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Cn×n,

then the minimal polynomial of S−1
n Tn is quadratic.

Proof Simple calculations yield

Bn = S
−1
n Tn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 −αn−1β
detSn

⋱
αn−2β2

detSn

⋱ ⋮

1 (−1)n−1αβn−1
detSn
αn

detSn

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n,

where

detSn =

⎧⎪⎪
⎨
⎪⎪⎩

αn + βn if n is odd

αn − βn if n is even
.

We can now easily show that Bn satisfies

(Bn − In)(Bn −
αn

detSn
In) = 0.

Since (Bn − In) ≠ 0 and (Bn −
αn

detSn
In) ≠ 0, (Bn − In)(Bn −

αn

detSn
In) is the minimal

polynomial of Bn.

Since the minimal polynomial of the preconditioned coefficient matrix in this case

is quadratic, we know that the Krylov subspace is of dimension 2. Because of its

minimization property, GMRES termination must occur within 2 iterations. We note

that MINRES for YnTn takes 4 iterations (Table 6.1).
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6.2 Multistep method

In order to examine a slightly more complex system where the minimal polynomial

is not as trivial as before, we examine also a 2-step backward differentiation formula

(BDF2) time stepping method. We remark that the generalization to the multistep

method is straightforward.

We now require two initial conditions y−1 and y0. For the BDF2 method, we have

y(k+1) − 4
3y(k) + 1

3y(k−1)

τ
= 2

3ay(k+1) + 2
3f

(k+1), y(0) = y0, y(−1) = y−1,

where τ is the constant time step with nτ = T . The discrete equations to be solved

are

(1 − 2
3aτ)y

(k+1) = 4
3y(k) − 1

3y(k−1) + 2
3τf

(k+1), k = 0,1,2, . . . , n − 1,

with y(0) = y0 and y(−1) = y−1. The corresponding all-at-once system is

Tn

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

y(1)

y(2)

y(3)

⋮

y(n)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
yn

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2
3τf

(1) + 4
3y0 −

1
3y−1

2
3τf

(2) − 1
3y0

2
3τf

(3)

⋮
2
3τf

(n)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
fn

,

where

Tn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 − 2
3aτ

−4
3 ⋱

1
3 ⋱ ⋱

⋱ ⋱ ⋱
1
3 −4

3 1 − 2
3aτ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n. (6.3)

The coefficient matrix Tn in (6.3) has an additional subdiagonal but is still a non-

symmetric Toeplitz matrix if a and τ are real numbers. Thus, we have

YnTn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
3 −4

3 1 − 2
3aτ

. .
.
. .
.
. .
.

1
3

. .
.
. .
.

−4
3

. .
.

1 − 2
3aτ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n

and Strang’s absolute value circulant preconditioner ∣Sn∣ for Tn is given by

∣Sn∣ =
RRRRRRRRRRR

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 − 2
3aτ

1
3 −4

3

−4
3 ⋱ 1

3
1
3 ⋱ ⋱

⋱ ⋱ ⋱
1
3 −4

3 1 − 2
3aτ

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

RRRRRRRRRRR

∈ Rn×n.
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Example 6.2. Applying MINRES to solve the system YnTnyn = Ynfn with ∣Sn∣

as a preconditioner and a random initial guess, from the results in Table 6.3 we see

convergence in 6 iterations independently of n. The parameter values for the presented

results are again set as a = −0.3 and τ = 0.2. As we have used implicit time-stepping,

we have no restrictions on the value of τ to maintain stability. Also, as implied

by Theorem 6.1.1, it is the lower diagonal Toeplitz structure of Tn that ensures the

number of unique eigenvalues of the preconditioned matrix so it is expected that

other parameter values behave in the same manner for the symmetrized system. The

eigenvalues of the preconditioned matrix in this case are shown in Table 6.4.

Table 6.3: Condition numbers κ(Tn) for a time-dependent linear ODE using the
BDF2 method for Tn given by (6.3) and the numbers of iteration with MINRES and
the preconditioner ∣Sn∣ for YnTn.

n κ(An) Iterations

10 29.33 6
100 67.49 6
1000 67.67 6

Table 6.4: Eigenvalues of the preconditioned system (to 4 decimal places). Repeated
eigenvalues are shown in brackets with the number of repeated eigenvalues indicated.

n Eigenvalues of ∣Sn∣
−1YnTn

10 {−1.0442, (−1 × 3),−0.6781,0.9219, (1 × 3),3.3921}
100 {−1.0610, (−1 × 48),−0.4410,0.9424, (1 × 48),2.2736}
1000 {−1.0610, (−1 × 498),−0.4401,0.9425, (1 × 498),2.2720}

6.3 Conclusions

We have shown that for simple nonsymmetric Toeplitz matrices with real entries the

use of a simple trick gives symmetry so that convergence estimates for MINRES that

are based only on eigenvalues rigorously apply.

It is further observed how this preconditioning can be applied in the context of

time-stepping problems for ODEs and that convergence is achieved in a small number

of iterations independent of the number of time-steps.
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This approach for time-dependent problems may not be advantageous for such

a simple problem considered here because MINRES requires matrix-vector products

with Tn and Yn as well as solution of a system with ∣Sn∣ at each iteration. However,

its potential for time-dependent problems for partial differential equations (PDEs) is

more interesting. In [113], McDonald, Pestana, and Wathen employed the same tech-

niques for time-dependent evolutionary PDEs problems, namely they symmetrized

the all-at-once nonsymmetric block Toeplitz system resulting from discretising the

PDE using a permutation matrix and then proposed an absolute value block circu-

lant preconditioner for such symmetrized system. Rapid convergence that depends

only on eigenvalues can then be guaranteed. We will briefly discuss how these tech-

niques can be applied to block Toeplitz matrices in the next chapter and refer the

readers to [113] for more discussions on time-dependent PDEs problems.
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Chapter 7

Extension to block Toeplitz
systems

In this chapter, we present our preliminary results on how the symmetrization tech-

nique and absolute value preconditioning described in Chapter 4 can be generalized

to block Toeplitz systems.

A block Toeplitz matrix T(n,m) ∈ Cnm×nm is given by

T(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A(0) A(−1) ⋯ A(−(n−1))
A(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ A(−1)
A(n−1) ⋯ A(1) A(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

with the blocks A(k) ∈ Cm×m, ∣k∣ ≤ n − 1. We consider in particular the following two

types of block Toeplitz matrices: real block Toeplitz matrices with Toeplitz blocks

(BTTB) and block Toeplitz matrices with commuting Hermitian blocks (BTHB).

We propose two simple permutation matrices that can symmetrize BTTB matrices

and BTHB matrices, respectively. Then, we introduce their corresponding absolute

value block circulant matrix that can be used as a preconditioner for these block

Toeplitz systems. As a result, Krylov subspace methods like MINRES can be em-

ployed with guaranteed convergence that depends only on eigenvalues. Numerical

tests are performed to support our results.

We remark that our results can be further extended to the multilevel Toeplitz

case. However, we restrict our focus to block Toeplitz matrices in this chapter for the

ubiquitous applications involving them.
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7.1 Block Toeplitz matrices with Toeplitz blocks

We first consider block Toeplitz matrices with Toeplitz blocks (BTTB) in this section.

Let T(n,m) ∈ Cnm×nm be a BTTB matrix, namely

T(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

T(0) T(−1) ⋯ T(−(n−1))
T(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ T(−1)
T(n−1) ⋯ T(1) T(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where the blocks T(k) ∈ Cm×m, ∣k∣ ≤ n − 1, are Toeplitz matrices.

Like Toeplitz systems, BTTB systems have many crucial applications in numerical

differential equations, networks, and image processing (see [25, 118, 92] for more

examples).

We assume that the entries of the given BTTB matrix T(n,m) are denoted by

[T(n,m)]p,q;r,s = a
(r−s)
p−q

for 1 ≤ p, q ≤m and 1 ≤ r, s ≤ n. Also, T(n,m) is associated with its generating function

f(x, y) via the Fourier series

∞
∑
j=−∞

∞
∑
k=−∞

a
(j)
k ei(jx+ky)

defined on [−π,π] × [−π,π], where the Fourier coefficients a
(j)
k are given by

a
(j)
k =

1

(2π)2 ∫

π

−π
∫

π

−π
f(x, y)e−i(jx+ky) dxdy, j, k = 0,±1,±2, . . . .

Several important properties of T(n,m) associated with f for any n and m are listed

as follows.

• If f is real-valued, T(n,m) is Hermitian, i.e. a
(j)
k = ā

(−j)
−k .

• If f is real-valued with f(x, y) = f(−x,−y), T(n,m) is symmetric, i.e. a
(j)
k = a

(−j)
−k .

• If f is real-valued with f(x, y) = f(∣x∣, ∣y∣), T(n,m) satisfies a
(j)
k = a

(∣j∣)
∣k∣ .

For more properties of BTTB matrices, we refer to Chapter 5 of [25].

We now show that a real BTTB matrix T(n,m) ∈ Rnm×nm can be symmetrized by

the permutation matrix

Y(n,m) = Yn ⊗ Ym ∈ Rnm×nm

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ym

. .
.

Ym

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.
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Theorem 7.1.1 Let T(n,m) ∈ Rnm×nm be a real BTTB matrix, namely

T(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

T(0) T(−1) ⋯ T(−(n−1))
T(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ T(−1)
T(n−1) ⋯ T(1) T(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where the blocks T(k) ∈ Rm×m, ∣k∣ ≤ n − 1, are real Toeplitz matrices and let Y(n,m) =

Yn ⊗ Ym ∈ Rnm×nm. Then,

Y(n,m)T(n,m) = T
T
(n,m)Y(n,m).

Proof As the blocks T(k) ∈ Rm×m, ∣k∣ ≤ n − 1, are real Toeplitz matrices,

YmT(k) = T
T
(k)Ym, ∣k∣ ≤ n − 1.

Thus,

(Y(n,m)T(n,m))
T = (

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ym

. .
.

. .
.

Ym

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

T(0) T(−1) ⋯ T(−(n−1))
T(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ T(−1)
T(n−1) ⋯ T(1) T(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

)T

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

YmT(n−1) ⋯ YmT(1) YmT(0)

⋮ . .
.

. .
.

YmT(−1)

YmT(1) . .
.

. .
.

⋮

YmT(0) YmT(−1) ⋯ YmT(−(n−1))

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(YmT(n−1))
T ⋯ (YmA(1))

T (YmA(0))
T

⋮ . .
.

. .
.

(YmT(−1))
T

(YmT(1))
T . .

.
. .
.

⋮

(YmT(0))
T (YmT(−1))

T ⋯ (YmA(−(n−1)))
T

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

YmT(n−1) ⋯ YmT(1) YmT(0)

⋮ . .
.

. .
.

YmT(−1)

YmT(1) . .
.

. .
.

⋮

YmT(0) YmT(−1) ⋯ YmT(−(n−1))

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= Y(n,m)T(nm).

As Y(n,m) is symmetric,

Y(n,m)T(n,m) = (Y(n,m)T(n,m))
T

= T T(n,m)Y
T
(n,m)

= T T(n,m)Y(n,m).
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7.1.1 Block circulant matrices with circulant blocks

A block circulant matrix with circulant blocks (BCCB) C(n,m) ∈ Cnm×nm is given by

C(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

C(0) C(n−1) ⋯ C(1)
C(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ C(n−1)
C(n−1) ⋯ C(1) C(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where the blocks C(k) ∈ Cm×m, k ≤ n − 1, are circulant matrices.

Theorem 7.1.2 [52, Theorem 5.8.1] Let C(n,m) ∈ Cnm×nm be a BCCB matrix. Then,

C(n,m) is given by

C(n,m) = (Fn ⊗ Fm)∗Λ(n,m)(Fn ⊗ Fm),

where Fn ∈ Cn×n is the Fourier matrix and Λ(n,m) ∈ Cnm×nm is the diagonal matrix in

the eigendecomposition of C(n,m).

7.1.1.1 Diagonalization of BCCB matrices

Due to the diagonalization of BCCB matrices, one can easily show that for any vector

dnm the product C−1
(n,m)dnm (or C(n,m)dnm) can be efficiently computed as follows.

Since the first column of Fn ⊗ Fm is 1√
nm

1nm, where 1nm = (1,1,1 . . . ,1)T ∈ Rnm,

we have

(Fn ⊗ Fm)C(n,m)e1 =
1

√
nm

Λ(n,m)1nm,

where e1 = (1,0, . . . ,0)T ∈ Rnm. Therefore, the diagonal matrix Λ(n,m) can be com-

puted in O(nm logmn) operations by taking a two dimensional FFT of the first

column of C(n,m). Since C−1
(n,m) = (Fn ⊗ Fm)∗Λ−1

(n,m)(Fn ⊗ Fm), C−1
(n,m)dnm for any vec-

tor dnm can then be computed by several two dimensional FFTs in O(nm lognm)

operations once Λ(n,m) is obtained.

7.1.1.2 Absolute value BCCB matrices

The absolute BCCB matrices are readily well-defined, since BCCB matrices are di-

agonalizable by Fn ⊗ Fm.

Definition 7.1.1 Let C(n,m) ∈ Cnm×nm be a BCCB matrix. The absolute value BCCB

matrix ∣C(n,m)∣ ∈ Cnm×nm of C(n,m) is defined by

∣C(n,m)∣ = (C∗
(n,m)C(n,m))

1/2

= (C(n,m)C
∗
(n,m))

1/2

= (Fn ⊗ Fm)∗∣Λ(n,m)∣(Fn ⊗ Fm),

103



where Fn ∈ Cn×n is the Fourier matrix and ∣Λ(n,m)∣ ∈ Rnm×nm is the diagonal matrix

in the eigendecomposition of C(n,m) with all entries replaced by their magnitude.

Remark ∣C(n,m)∣ is Hermitian positive definite by definition, provided that C(n,m) is

nonsingular.

7.1.1.3 Optimal BCCB preconditioners

We let

MFn⊗Fm = {(Fn ⊗ Fm)∗Λ(n,m)(Fn ⊗ Fm) ∣ Λ(n,m) is any nm-by-nm diagonal matrix}

be the set of all BCCB matrices (Section 5.8 of [52]). The optimal BCCB precondi-

tioner [44] c(T(n,m)) ∈ Cnm×nm for T(n,m) is defined to be the minimizer of

∥T(n,m) −C(n,m)∥F

over all C(n,m) ∈ MFn⊗Fm .

Remark Optimal BCCB preconditioners are defined for general square matrices.

Let δ(A(n,m)) ∈ Cnm×nm denote the diagonal matrix whose diagonal is equal to

the diagonal of A(n,m). The following theorem provides some important properties of

c(T(n,m)).

Theorem 7.1.3 [25, Theorem 5.6] Let T(n,m) ∈ Cnm×nm be a BTTB matrix and let

c(T(n,m)) ∈ Cnm×nm be the optimal BCCB preconditioner for T(n,m). Then, the follow-

ings hold:

(i) c(T(n,m)) is uniquely determined by T(n,m) and is given by

(Fn ⊗ Fm)∗δ((Fn ⊗ Fm)T(n,m)(Fn ⊗ Fm)∗)(Fn ⊗ Fm).

(ii) We have

σmax(c(T(n,m))) ≤ σmax(T(n,m)).

(iii) If T(n,m) is Hermitian, then c(T(n,m)) is also Hermitian. Furthermore, we

have

λmin(T(n,m)) ≤ λmin(c(T(n,m))) ≤ λmax(c(T(n,m))) ≤ λmax(T(n,m)).
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7.1.2 Preconditioning for BTTB systems

Many preconditioners have been used for block Toeplitz systems, including block

diagonal preconditioners and Schur complement preconditioners [50, 122]. For BTTB

systems, band BTTB preconditioners were proposed by Serra-Capizzano [138, 57], Ng

[117], and Jin [91]. BCCB matrices have also been used as preconditioners for BTTB

systems for example by R. Chan and Jin [24], Ku and Kuo [104], and Jin [94, 90].

For a large class of BTTB matrices, e.g. the BTTB matrices generated by sparsely

vanishing functions [159], optimal BCCB preconditioners for example are shown to

be effective. A key to their success is the fact that the difference between a BTTB

matrix and its corresponding optimal BCCB preconditioner can be decomposed into

the sum of a low rank matrix and a small norm matrix for sufficiently large n and m.

Given a real BTTB matrix T(n,m) ∈ Rnm×nm, we first symmetrize it using Y(n,m) and

propose using an absolute value BCCB matrix ∣C(n,m)∣ ∈ Rnm×nm as a preconditioner

for Y(n,m)T(n,m). The following theorem, which generalizes Proposition 4.1 in [129] to

the two dimensional block matrix case, accounts for the effectiveness of ∣C(n,m)∣.

Theorem 7.1.4 Let T(n,m) ∈ Rnm×nm be a real BTTB matrix, let C(n,m) ∈ Rnm×nm be

a real BCCB matrix, and let Y(n,m) = Yn ⊗ Ym ∈ Rnm×nm. Suppose for all ε > 0 there

exist positive integers N and M such that for all n > N and all m >M

C−1
(n,m)T(n,m) = I(n,m) + R̃(n,m) + Ẽ(n,m),

where

rank(R̃(n,m)) ≤ O(n) + O(m)

and

∥Ẽ(n,m)∥2 ≤ ε.

Then,

∣C(n,m)∣
−1Y(n,m)T(n,m) = Q(n,m) + R̂(n,m) + Ê(n,m),

where Q(n,m) is symmetric and orthogonal,

rank(R̂(n,m)) ≤ O(n) + O(m),

and

∥Ê(n,m)∥2 ≤ ε.

Proof The proof echoes to that of Corollary 4.2.6.

105



By setting the block dimension m = 1, we recover Proposition 4.1 of [129] in the

following.

Corollary 7.1.5 [129, Proposition 4.1] Let Tn ∈ Rn×n be a real Toeplitz matrix, let

Cn ∈ Rn×n be a real circulant matrix, and let Yn ∈ Rn×n be the anti-identity matrix.

Suppose for all ε > 0 there exist positive integers N such that for all n > N

C−1
n Tn = In + R̃n + Ẽn,

where

rank(R̃n) ≤ O(n)

and

∥Ẽn∥2 ≤ ε.

Then,

∣Cn∣
−1YnTn = Qn + R̂n + Ên,

where Qn is symmetric and orthogonal,

rank(R̂n) ≤ O(n),

and

∥Ê(n,m)∥2 ≤ ε.

7.1.3 Symmetrizing other BTTB matrices

In the special case where the BTTB matrices are symmetric at the block level, we

show that they can be symmetrized by another permutation matrix in addition to

Y(n,m) = Yn⊗Ym. Namely, considering a real BTTB matrix T(n,m) ∈ Rnm×nm such that

T(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

T(0) T(1) ⋯ T(n−1)
T(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ T(1)
T(n−1) ⋯ T(1) T(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

where the blocks T(k) ∈ Rm×m, k ≤ n−1, are real Toeplitz matrices, we can symmetrize

it using the permutation matrix

Y(n,m) = In ⊗ Ym ∈ Rnm×nm

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

Ym
⋱

Ym

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.
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Theorem 7.1.6 Let T(n,m) ∈ Rnm×nm be a real BTTB matrix such that

T(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

T(0) T(1) ⋯ T(n−1)
T(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ T(1)
T(n−1) ⋯ T(1) T(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where the blocks T(k) ∈ Rm×m, k ≤ n − 1, are Toeplitz matrices and Y(n,m) = In ⊗ Ym ∈

Rnm×nm. Then,

Y(n,m)T(n,m) = T
T
(n,m)Y(n,m).

Proof As the blocks T(k) ∈ Rm×m, k ≤ n − 1, are real Toeplitz matrices,

YmT(k) = T
T
(k)Ym, k ≤ n − 1.

Thus,

(Y(n,m)T(n,m))
T = (

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ym
⋱

⋱

Ym

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

T(0) T(1) ⋯ T(n−1)
T(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ T(1)
T(n−1) ⋯ T(1) T(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

)T

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

YmT(0) YmT(1) ⋯ YmT(n−1)
YmT(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ YmT(1)
YmT(n−1) ⋯ YmT(1) YmT(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

T

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(YmT(0))
T (YmT(1))

T ⋯ (YmT(n−1))
T

(YmT(1))
T ⋱ ⋱ ⋮

⋮ ⋱ ⋱ (YmT(1))
T

(YmT(n−1))
T ⋯ (YmT(1))

T (YmT(0))
T

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

YmT(0) YmT(1) ⋯ YmT(n−1)
YmT(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ YmT(1)
YmT(n−1) ⋯ YmT(1) YmT(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= Y(n,m)T(nm).

As Y(n,m) is symmetric,

Y(n,m)T(n,m) = (Y(n,m)T(n,m))
T

= T T(n,m)Y
T
(n,m)

= T T(n,m)Y(n,m).

We emphasize that Y(n,m) = Yn ⊗ Ym is sufficient to symmetrize a general real

BTTB matrix, including the one mentioned above. Hence, we only focus on using

Y(n,m) in this chapter.
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7.2 Block Toeplitz matrices with commuting Her-

mitian blocks

In this section, we consider block Toeplitz matrices with commuting Hermitian blocks

(BTHB). Let T(n,m) ∈ Cnm×nm be a BTHB matrix, namely

T(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A(0) A(−1) ⋯ A(−(n−1))
A(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ A(−1)
A(n−1) ⋯ A(1) A(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where the blocks A(k) ∈ Cm×m, ∣k∣ ≤ n−1, commute and are Hermitian (hence simulta-

neously diagonalizable). Such matrices can be found for example in evolutionary PDE

problems [113]. Similar to the previous section, we propose here a way to symmetrize

a BTHB matrices and their corresponding absolute value preconditioner.

We first show that one can obtain a Hermitian matrix by premultiplying T(n,m)

by the permutation matrix

Y(n,m) = Yn ⊗ Im ∈ Rnm×nm

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Im

. .
.

Im

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Theorem 7.2.1 Let T(n,m) ∈ Cnm×nm be a BTHB matrix, namely

T(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A(0) A(−1) ⋯ A(−(n−1))
A(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ A(−1)
A(n−1) ⋯ A(1) A(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where the block A(k) ∈ Cm×m satisfies A∗
(k) = A(k), ∣k∣ ≤ n − 1, and Y(n,m) = Ym ⊗ In ∈

Rnm×nm. Then,

Y(n,m)T(n,m) = T
∗
(n,m)Y(n,m).
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Proof As the blocks A(k) ∈ Cm×m, ∣k∣ ≤ n − 1, are Hermitian matrices,

(Y(n,m)T(n,m))
∗ = (

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Im

. .
.

. .
.

Im

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A(0) A(−1) ⋯ A(−(n−1))
A(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ A(−1)
A(n−1) ⋯ A(1) A(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

)∗

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A(n−1) ⋯ A(1) A(0)

⋮ . .
.

. .
.

A(−1)

A(1) . .
.

. .
.

⋮

A(0) A(−1) ⋯ A(−(n−1))

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∗

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A∗
(n−1) ⋯ A∗

(1) A∗
(0)

⋮ . .
.

. .
.

A∗
(−1)

A∗
(1) . .

.
. .
.

⋮

A∗
(0) A∗

(−1) ⋯ A∗
(−(n−1))

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A(n−1) ⋯ A(1) A(0)

⋮ . .
.

. .
.

A(−1)

A(1) . .
.

. .
.

⋮

A(0) A(−1) ⋯ A(−(n−1))

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= Y(n,m)T(n,m).

As Y(n,m) is symmetric,

Y(n,m)T(n,m) = (Y(n,m)T(n,m))
∗

= T ∗(n,m)Y
∗
(n,m)

= T ∗(n,m)Y(n,m).

The result follows.

7.2.1 Block circulant matrices with commuting Hermitian
blocks

A block circulant matrix with commuting Hermitian blocks (BCHB) C(n,m) ∈ Cnm×nm

is given by

C(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A(0) A(n−1) ⋯ A(1)
A(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ A(n−1)
A(n−1) ⋯ A(1) A(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where the blocks A(k) ∈ Cm×m, k ≤ n − 1, commute and are Hermitian.
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7.2.1.1 Diagonalization of BCHB matrices

Theorem 7.2.2 Let C(n,m) ∈ Cnm×nm be a BCHB matrix. Then, C(n,m) is given by

C(n,m) = (Fn ⊗Um)∗Υ(n,m)(Fn ⊗Um),

where Fn ∈ Cn×n is the Fourier matrix, Um ∈ Cm×m is a unitary matrix in the eigen-

decomposition of the blocks of C(n,m), and Υ(n,m) ∈ Cnm×nm is the diagonal matrix in

the eigendecomposition of C(n,m).

Proof Given a block circulant matrix C(n,m) ∈ Cnm×nm, it can be written as

C(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A(0) A(n−1) ⋯ A(1)
A(1) ⋱ ⋱ ⋮

⋮ ⋱ ⋱ A(n−1)
A(n−1) ⋯ A(1) A(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=
n−1

∑
k=0

Π−k
n ⊗A(k),

where

Πn =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
⋱

1
1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n

is the fundamental circulant matrix.

As the Hermitian blocks A(k) ∈ Cm×m, k ≤ n − 1, commute by assumption, there

exists a unitary matrix Um ∈ Cm×m such that A(k) = U∗
mΛ(k)Um, k ≤ n − 1. Using the

eigendecomposition Πn = F ∗
nΩnFn, where Fn ∈ Cn×n is the Fourier matrix, we write

C(n,m) as

C(n,m) =
n−1

∑
k=0

Π−k
n ⊗A(k)

=
n−1

∑
k=0

(F ∗
nΩ−k

n Fn) ⊗ (U∗
mΛ(k)Um)

= (Fn ⊗Um)∗ (
n−1

∑
k=0

Ω−k
n ⊗Λ(k))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Υ(n,m)

(Fn ⊗Um),

where Fn⊗Um is unitary and Υ(n,m) is the diagonal matrix in the eigendecomposition

of C(n,m).
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7.2.1.2 Absolute value BCHB matrices

As block circulant matrices do not commute in general, we require an additional

property that all the blocks are simultaneously diagonalizable in order to define their

absolute value block circulant matrix for our purposes.

Definition 7.2.1 Let C(n,m) ∈ Cn×n be a BCHB matrix. The absolute value BCHB

matrix ∣C(n,m)∣ ∈ Cnm×nm of C(n,m) is defined by

∣C(n,m)∣ = (C∗(n,m)C(n,m))
1/2

= (C(n,m)C
∗
(n,m))

1/2

= (Fn ⊗Um)∗∣Υ(n,m)∣(Fn ⊗Um),

where Fn ∈ Cn×n is the Fourier matrix, Um ∈ Cm×m is the unitary matrix in the eigen-

decomposition of the blocks of C(n,m), and ∣Υ(n,m)∣ ∈ Rnm×nm is the diagonal matrix in

the eigendecomposition of C(n,m) with all entries replaced by their magnitude.

Remark ∣C(n,m)∣ is Hermitian positive definite by definition, provided that the blocks

A(k), k ≤ n − 1, are nonsingular.

7.2.1.3 Optimal block circulant preconditioners

For A(n,m) ∈ Cnm×nm partitioned as

A(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A0,0 A0,1 ⋯ A0,n−1

A1,0 A1,1 ⋯ A1,n−1

⋮ ⋱ ⋱ ⋮

An−1,0 An−1,1 ⋯ An−1,n−1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where the blocks Ak,k ∈ Cm×m, k ≤ n − 1, we define δ̃(A(n,m)) ∈ Cnm×nm as

δ̃(A(n,m)) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A0,0

A1,1

⋱

An−1,n−1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (7.1)

Let D̃(n,m) ∈ Cnm×nm be the set of all matrices of the form given by (7.1) and let

M̃Fn = {(Fn ⊗ Im)∗Λ̃(n,m)(Fn ⊗ Im) ∣ Λ̃(n,m) ∈ D̃(n,m)}.

The optimal block circulant preconditioner [44] c̃(T(n,m)) ∈ Cnm×nm for T(n,m) is defined

to be the minimizer of

∥T(n,m) −W(n,m)∥F

over all W(n,m) ∈ M̃Fn .
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Remark Optimal block circulant preconditioners are defined for general square ma-

trices.

The following theorem provides some important properties of c̃(T(n,m)).

Theorem 7.2.3 [25, Theorem 5.3] Let T(n,m) ∈ Cnm×nm be a BTHB matrix and let

c̃(T(n,m)) ∈ Cnm×nm be the optimal block circulant preconditioner for T(n,m). Then, the

followings hold:

(i) c̃(T(n,m)) is uniquely determined by T(n,m) and is given by

(Fn ⊗ Im)∗δ̃((Fn ⊗ Im)T(n,m)(Fn ⊗ Im)∗)(Fn ⊗ Im).

(ii) We have

σmax(c̃(T(n,m))) ≤ σmax(T(n,m)).

(iii) If T(n,m) is Hermitian, then c̃(T(n,m)) is also Hermitian. Furthermore, we

have

λmin(T(n,m)) ≤ λmin(c̃(T(n,m))) ≤ λmax(c̃(T(n,m))) ≤ λmax(T(n,m)).

7.2.2 Preconditioning for BTHB systems

Like BTTB matrices, we have the following theorem for the symmetrized BTHB

matrices on the effectiveness of absolute value BCHB preconditioners.

Theorem 7.2.4 Let T(n,m) ∈ Cnm×nm be a BTHB matrix, let C(n,m) ∈ Cnm×nm be a

BCHB matrix, and let Y(n,m) = Yn ⊗ Im ∈ Rnm×nm. Suppose for all ε > 0 there exist a

positive integer N such that for all n > N and all m > 0

C−1
(n,m)T(n,m) = I(n,m) + R̃(n,m) + Ẽ(n,m),

where

rank(R̃(n,m)) ≤ O(n)

and

∥Ẽ(n,m)∥2 ≤ ε.

Then,

∣C(n,m)∣
−1Y(n,m)T(n,m) = Q(n,m) + R̂(n,m) + Ê(n,m),

where Q(n,m) is Hermitian and unitary,

rank(R̂(n,m)) ≤ O(n),

and

∥Ê(n,m)∥2 ≤ ε.
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Proof The proof echoes to that of Theorem 7.1.4.

Remark Note that rank(R̃(n,m)) is assumed to be bounded byO(n) instead ofO(n)+

O(m) as in Theorem 7.1.4, since C(n,m) approximates the blocks of T(n,m) exactly.

Similar results involving c̃(T(n,m)) that satisfy such assumptions can be found for

example in Theorem 5.8 and Corollary 5.9 of [25].

7.3 Numerical results

In this section, we demonstrate the effectiveness of ∣C(n,m)∣ and ∣C(n,m)∣ for the system

T(n,m)xnm = bnm and T(n,m)xnm = bnm, respectively, using MINRES and GMRES.

The settings such as convergence criterion are the same as those used in Chapter 4.

Example 7.1. We first consider the symmetric indefinite BTTB matrix T(n,m) =

Tn ⊗ Tm ∈ Rnm×nm, where Tn ∈ Rn×n is generated by f1(x) = x2 − π and Tm ∈ Rm×m is

generated by f2(x) = 2 + 2 cosx. The preconditioner we used is the optimal BCCB

matrix ∣c(Tn ⊗ Tm)∣.

Table 7.1 (a) and (b) show the numbers of iterations with MINRES and GMRES

for the system, respectively. We observe that a reduction in iterations when the

preconditioner is applied. Figure 7.1 shows that the clusters of eigenvalues around

±1 appear as n and m get large.

Table 7.1: Numbers of iterations with (a) MINRES and (b) GMRES for T(n,m) given
in Example 7.1.

(a)

n m nm with no preconditioner with ∣c(Tn ⊗ Tm)∣

16 16 256 175 55
16 32 512 671 76
32 16 512 508 93
32 32 1024 1846 142

(b)

n m nm with no preconditioner with c(Tn ⊗ Tm)

16 16 256 143 14
16 32 512 373 20
32 16 512 330 36
32 32 1024 789 51
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(i)-15 -10 -5 0 5 10 15 20 25

(ii) -6 -4 -2 0 2 4 6

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(a) (n,m) = (8,16)

(i) -15 -10 -5 0 5 10 15 20 25

(ii) -6 -4 -2 0 2 4 6

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(b) (n,m) = (16,16)

(i) -15 -10 -5 0 5 10 15 20 25

(ii) -40 -30 -20 -10 0 10 20 30 40 50

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(c) (n,m) = (32,16)

Figure 7.1: Spectra of T(n,m) given in Example 7.1 at different (n,m) (i) with no
preconditioner or (ii) with the preconditioner ∣c(Tn ⊗Tm)∣. (iii) Zoom-in spectrum of
(ii).
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Example 7.2. We consider the nonsymmetric BTTB matrix T(n,m) = Tn ⊗ Tm ∈

Rnm×nm, where Tn ∈ Rn×n is generated by f(x) = x2 and Tm ∈ Rm×m is the Grcar

matrix given in (4.8). The preconditioner used here is the optimal BCCB matrix

∣c(Tn ⊗ Tm)∣.

Table 7.2 shows the numbers of iterations for the system and Figure 7.2 shows

its spectrum at different (n,m). We again observe improved convergence when the

preconditioner is applied. The eigenvalues of the preconditioned matrix are getting

close to ±1 as the dimensions grow, even though they are not highly clustered. We

will explain the loosely clusters of eigenvalues in the conclusion of this chapter.

Table 7.2: Numbers of iterations with (a) MINRES for Y(n,m)T(n,m) and (b) GMRES
for T(n,m) given in Example 7.2.

(a)

n m nm with no preconditioner with ∣c(Tn ⊗ Tm)∣

16 16 256 877 128
16 32 512 3308 148
32 16 512 3848 199
32 32 1024 14454 236

(b)

n m nm with no preconditioner with c(Tn ⊗ Tm)

16 16 256 244 45
16 32 512 497 47
32 16 512 500 57
32 32 1024 1008 66
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(i) -30 -20 -10 0 10 20 30

(ii) -3 -2 -1 0 1 2 3 4

(a) (n,m) = (8,16)

(i) -30 -20 -10 0 10 20 30

(ii) -5 0 5

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(b) (n,m) = (16,16)

(i) -30 -20 -10 0 10 20 30

(ii) -6 -4 -2 0 2 4 6 8

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(c) (n,m) = (32,16)

Figure 7.2: Spectra of Y(n,m)T(n,m) with T(n,m) given in Example 7.2 at different (n,m)

(i) with no preconditioner or (ii) with the preconditioner ∣c(Tn ⊗ Tm)∣. (iii) Zoom-in
spectrum of (ii).
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Example 7.3. We now consider a simple symmetric indefinite BTHB matrix,

namely the block Toeplitz matrix with diagonal blocks T(n,m) = Tn ⊗Dm, where Tn ∈

Rn×n is generated by f(x) = x2 − π and Dm ∈ Rm×m is the diagonal matrix

Dm =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
1 + 100

m

1 + 2 ⋅ 100
m

⋱

1 + (m − 1) ⋅ 100
m

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (7.2)

As all diagonal matrices commute, Dm satisfies the requirement of being commut-

ing Hermitian. Also, the preconditioner used is the optimal block circulant matrix

∣̃c(T(n,m))∣ = ∣c(Tn) ⊗Dm∣, where c(Tn) ∈ Rn×n is the optimal circulant preconditioner

for Tn.

Table 7.3 shows the iterations counts for MINRES and GMRES. Again, we see that

the convergence is significantly improved with the proposed preconditioner. Figure

7.3 shows the expected clusters of eigenvalues around ±1 at different (n,m).

Table 7.3: Numbers of iterations with (a) MINRES and (b) GMRES for T(n,m) given
in Example 7.3 .

(a)

n m nm with no preconditioner with ∣c(Tn) ⊗Dm∣

16 16 256 431 8
16 32 512 975 8
32 16 512 1192 11
32 32 1024 2403 11

(b)

n m nm with no preconditioner with c(Tn) ⊗Dm

16 16 256 220 6
16 32 512 438 6
32 16 512 451 6
32 32 1024 887 6
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(i) -300 -200 -100 0 100 200 300 400 500

(ii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2

(a) (n,m) = (8,16)

(i) -300 -200 -100 0 100 200 300 400 500 600

(ii) -2 -1.5 -1 -0.5 0 0.5 1 1.5 2

(b) (n,m) = (16,16)

(i) -300 -200 -100 0 100 200 300 400 500 600

(ii) -15 -10 -5 0 5 10 15

(iii) -2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

(c) (n,m) = (32,16)

Figure 7.3: Spectra of T(n,m) given in Example 7.3 at different (n,m) (i) with no
preconditioner or (ii) with the preconditioner ∣c(Tn)⊗Dm∣. (iii) Zoom-in spectrum of
(ii).
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Example 7.4. We consider a nonsymmetric BTHB matrix - the block Toeplitz

matrix with diagonal blocks T(n,m) = Tn ⊗Dm, where Tn ∈ Rn×n is the Grcar matrix

given by (4.8) and Dm ∈ Rm×m is the diagonal matrix given by (7.2). Note that T(n,m)

in this case can be symmetrized by Y(n,m), and the preconditioner used is the absolute

value optimal block circulant matrix ∣̃c(T(n,m))∣ = ∣c(Tn) ⊗Dm∣.

Both Table 7.4 and Figure 7.4 show that our proposed preconditioner appears

effective.

Table 7.4: Numbers of iterations with (a) MINRES for Y(n,m)T(n,m) and (b) GMRES
for T(n,m) given in Example 7.4.

(a)

n m nm with no preconditioner with ∣c(Tn) ⊗Dm∣

16 16 256 551 14
16 32 512 1145 14
32 16 512 1569 15
32 32 1024 2511 15

(b)

n m nm with no preconditioner with c(Tn) ⊗Dm

16 16 256 256 9
16 32 512 507 9
32 16 512 508 8
32 32 1024 950 8
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(i) -300 -200 -100 0 100 200 300

(ii) -1.5 -1 -0.5 0 0.5 1 1.5

(a) (n,m) = (8,16)

(i) -400 -300 -200 -100 0 100 200 300 400

(ii) -1.5 -1 -0.5 0 0.5 1 1.5

(b) (n,m) = (16,16)

(i) -400 -300 -200 -100 0 100 200 300 400

(ii) -1.5 -1 -0.5 0 0.5 1 1.5

(c) (n,m) = (32,16)

Figure 7.4: Spectra of Y(n,m)T(n,m) with T(n,m) given in Example 7.4 at different (n,m)

(i) with no preconditioner or (ii) with the preconditioner ∣c(Tn) ⊗Dm∣.

120



7.4 Conclusions

We have discussed how the symmetrization technique and absolute value precondi-

tioning can be extended to block Toeplitz matrices. Considering two special types

of block Toeplitz matrices, we proposed two simple permutation matrices that can

symmetrize them. The corresponding absolute value block circulant preconditioners

were also provided. When the block dimension is equal to unity, our results recover

those for the usual Toeplitz matrices.

Moreover, numerical examples have been given to illustrate our results. Even

though our preconditioners are able to improve convergence, negative results were in

fact shown by Serra-Capizzano and Tyrtyshnikov [143] that circulant type precondi-

tioners are not optimal for multilevel Toeplitz systems. Namely, the eigenvalues of

the preconditioned matrices are not tightly clustered. As a result, constructing other

effective preconditioners like band block Toeplitz preconditioners will be a direction

for future research.
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Chapter 8

Conclusions

This thesis has aimed to extend the use of absolute value circulant preconditioners in

the context of functions of Toeplitz matrices.

Chapter 2 covered not only the background on Toeplitz matrices but also the direct

solvers and iterative solvers for them. Other aspects such as the asymptotic spectra

and the circulant-based preconditioning techniques for Toeplitz matrices were also

provided, together with the three commonly used circulant preconditioners, includ-

ing optimal circulant preconditioners, superoptimal circulant preconditioners, and

Strang’s circulant preconditioners.

We then discussed the following Krylov subspace methods: CG, MINRES, and

GMRES as well as the related convergence results concerning Toeplitz systems in

Chapter 3.

In Chapters 4 and 5, we provided our main results on preconditioning for functions

of Toeplitz matrices, proposing the use of absolute value circulant preconditioners for

systems defined by analytic functions of Toeplitz matrices. A number of theorems

that account for the effectiveness of optimal circulant preconditioners, superoptimal

circulant preconditioners, and Strang’s circulant preconditioners in this context were

also given, with numerical examples to support our results.

Later in Chapter 6, we explored how our results on the symmetrization tech-

nique and absolute value preconditioning can be applied in time-stepping methods

for ODE/PDE problems.

In Chapter 7, we showed our preliminary results on preconditioning for block

Toeplitz systems. Considering two kinds of block Toeplitz matrices: block Toeplitz

matrices with Toeplitz blocks (BTTB) and block Toeplitz matrices with commut-

ing Hermitian blocks (BTHB), we demonstrated that they can be symmetrized by

a permutation matrix. We also defined the related absolute value block circulant

preconditioners and illustrated their effectiveness via a number of numerical tests.
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8.1 Future work

In the course of my research, I noticed the following directions for future research.

8.1.1 Asymptotic spectral distribution of symmetrized Toeplitz
matrices1

In the previous chapters, we showed that for sufficiently large n we have the following

matrix decomposition

YnTn = YnCn − YnRn − YnEn,

where YnRn is a low rank matrix and YnEn is a small norm matrix.

From such decomposition, we can see that the singular values of YnTn[f] with

f ∈ L1([−π,π]) are in fact distributed as ∣f ∣, since premultiplying Tn[f] by an unitary

matrix (Yn) does not alter its singular values. In other words, as YnTn[f] is symmetric,

the eigenvalues of {YnTn[f]}n are essentially distributed as ∣f ∣ up to ± sign.

The following simple example illustrates my observation: we consider

Tn[f] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2
1 2

⋱ ⋱

1 2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Rn×n

generated by f(x) = 2 + eix and n = 512. In Figure 8.1 (a), we see that the singular

values of YnTn[f] are distributed as ∣f(x)∣ =
√

5 + 4 cosx. In Figure 8.1 (b), we observe

that the eigenvalues of YnTn[f] are distributed essentially as ±∣f ∣. Such bidiagonal

matrix arises for example in time stepping methods for ODEs, as discussed in Chapter

6.

The following theorem provides a relationship with YnTn and YnCn that could

help explain my observation.

Theorem 8.1.1 Let Cn ∈ Rn×n be a circulant matrix and let Yn ∈ Rn×n be the anti-

identity matrix. Then,

YnCn = U
∗
nΣn∣Λn∣Un,

where Un ∈ Cn×n is a unitary matrix and Σn∣Λn∣ ∈ Rn×n is the diagonal matrix in

the eigendecomposition of YnCn, having only eigenvalues ±∣λj ∣ with λj being the j-th

eigenvalue of Cn.

1This subsection is partially adapted from [83, 62], which is joint work mainly with Mohammad
Ayman Mursaleen and Stefano Serra-Capizzano.
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Figure 8.1: (a) Singular value and (b) spectral distribution of YnTn[f] with f(x) =
2 + eix at n = 512.

Proof Recalling the definition of absolute circulant matrices ∣Cn∣ = F ∗
n ∣Λn∣Fn ∈ Rn×n,

we have

YnCn = YnF
∗
nΛnFn

= YnF
∗
n Λ̃nFn

´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¶
C̃n

F ∗
n ∣Λn∣Fn

= YnC̃n
²
Qn

∣Cn∣

= Qn∣Cn∣,

where Λ̃n ∈ Cn×n is the diagonal matrix having the sign of eigenvalues of Λn ∈ Cn×n as

its eigenvalues. Note that ∣Cn∣ is symmetric by Definition 2.3.1.

Moreover, Yn∣Cn∣ is symmetric as ∣Cn∣ itself is a real Toeplitz matrix, i.e.

Yn∣Cn∣ = (Yn∣Cn∣)
T

= ∣Cn∣
TY T

n

= ∣Cn∣Yn.

Similarly, we know that Qn = YnC̃n is also symmetric.

As any circulant matrices commute, we have

Qn∣Cn∣ = YnC̃n∣Cn∣

= Yn∣Cn∣C̃n

= ∣Cn∣YnC̃n

= ∣Cn∣Qn,
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namely Qn and ∣Cn∣ commute. Therefore, there exists a unitary matrix Un ∈ Cn×n

such that both UnQnU∗
n and Un∣Cn∣U∗

n are diagonal.

Furthermore, Qn is orthogonal as

QT
nQn = (YnC̃n)

T (YnC̃n)

= C̃T
n Y

T
n YnC̃n

= C̃T
n C̃n

= (F ∗
n Λ̃nFn)

∗(F ∗
n Λ̃nFn)

= F ∗
n ∣Λ̃n∣

2

±
In

Fn

= In.

With Qn being both symmetric and orthogonal, we have Qn = U∗
nΣnUn where Σn,

having only eigenvalues ±1, is the diagonal matrix of the eigenvalue decomposition of

Qn.

As a result,

YnCn = Qn∣Cn∣

= U∗
nΣn∣Λn∣Un,

where Σn∣Λn∣ is the diagonal matrix in the eigenvalue decomposition of YnCn, having

only eigenvalues ±∣λj ∣ with λj being the j-th eigenvalue of Cn. The eigenvalues of

YnCn are therefore all of the form ±∣λj ∣ while its singular values are of ∣λj ∣.

In other words, for sufficiently large n, we have

YnTn = YnCn − YnRn − YnEn

= U∗
nΣn∣Λn∣Un − YnRn − YnEn.

Assuming C̃
1/2
n exists and is real, we have Σn is similar to Yn (i.e. Σn = (C̃

1/2
n Un)∗YnC̃

1/2
n Un).

Thus, there are roughly half of the eigenvalues of YnCn are positive/negative provided

that ∣Λn∣ has only nonzero entries. The same result also holds for YnTn, since both

YnCn and YnTn have the same asymptotic spectral distribution (see Theorem 6.1 in

[160]). As a result, YnTn is always indefinite for sufficiently large n.

Like nonsymmetric Toeplitz matrices, the asymptotic spectral distribution of block

Toeplitz matrices can be investigated in a similar fashion.
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Theorem 8.1.2 Let C(n,m) ∈ Rnm×nm be a block circulant matrix with circulant blocks

and let Y(n,m) = Ym ⊗ Yn ∈ Rnm×nm. Then,

Y(n,m)C(n,m) = U
∗
(n,m)Σ(n,m)∣Λ(n,m)∣U(n,m),

where U(n,m) ∈ Cnm×nm is a unitary matrix and Σ(n,m)∣Λ(n,m)∣ ∈ Rnm×nm is the diagonal

matrix in the eigendecomposition of Y(n,m)C(n,m), having only eigenvalues ±∣λj ∣ with

λj being the j-th eigenvalue of C(n,m).

Theorem 8.1.3 Let C(n,m) ∈ Cnm×nm be a block circulant matrix with commuting

Hermitian blocks A(k) ∈ Cm×m, ∣k∣ ≤ n − 1, and let Y(n,m) = Ym ⊗ In ∈ Rnm×nm. Then,

Y(n,m)C(n,m) = U
∗
(n,m)Σ(n,m)∣Υ(n,m)∣U(n,m),

where U(n,m) ∈ Cnm×nm is a unitary matrix and Σ(n,m)∣Υ(n,m)∣ ∈ Rnm×nm is the diagonal

matrix in the eigendecomposition of Y(n,m)C(n,m), having only eigenvalues ±∣λj ∣ with

λj being the j-th eigenvalue of C(n,m).

8.1.2 Preconditioning for block Toeplitz systems

As discussed in Chapter 7, both the symmetrization technique and absolute value

preconditioners can be extended to block Toeplitz systems. The BTHB systems

mentioned have certain applications for example in [113] on time-dependent PDEs

problems. We remark that the all-at-once BTHB matrix T(n,m) examined in [113] is

of a relatively simple block lower triangular structure, i.e.

T(n,m) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A(0)
A(1) ⋱

⋮ ⋱ ⋱

A(p−1) ⋱ ⋱ ⋱

⋱ ⋱ ⋱ ⋱

A(p−1) ⋯ A(1) A(0)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

More complicated block Toeplitz systems could be found in other applications.

Hence, further developing absolute value preconditioning techniques for other

block Toeplitz systems is a direction for future research.

8.1.3 Matrix-vector multiplication h(Tn)dn

We recall that a matrix-vector multiplication is required at each iteration of Krylov

subspace methods. Although it was shown O(n logn) complexity is achievable for
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certain Toeplitz matrix exponential eTn [107, 102], the multiplication h(Tn)dn for

any vector dn, as mentioned in Chapter 4, is not readily computed efficiently in

general.

Therefore, developing efficient numerical methods for computing h(Tn)dn will

be future work. If such efficient computation is possible, fast iterative solvers for

functions of Toeplitz matrices can be achieved.

8.1.4 Preconditioning for nonsymmetric ill-conditioned Toeplitz
systems

For symmetric ill-conditioned Toeplitz systems, band-Toeplitz preconditioners [28,

35, 139, 140] have been shown to be effective as discussed in Section 2.4. A direction

for future research will be developing band-Toeplitz preconditioners for nonsymmet-

ric ill-conditioned Toeplitz systems. A possible approach is to first symmetrize a

nonsymmetric Toeplitz matrix with the anti-identity matrix Yn and then design an

effective band-Toeplitz preconditioner that can give clustered spectra at ±1 for the

symmetrized matrix.
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Appendix A

Notation

A.1 Vector/Function spaces

• C: The complex plane

• Cn: The space of n-dimensional complex vectors

• Cm×n: The space of m × n complex matrices

• R: The real plane

• Rn: The space of n-dimensional real vectors

• Rm×n: The space of m × n real matrices

• C[−π,π]: The Banach space of continuous complex-valued functions defined on

[−π,π] with the supremum norm ∥ ⋅ ∥∞

• Lp[−π,π], 1 ≤ p < ∞: The Banach space of functions f equipped with the norm

∥f∥p = (∫

π

−π
∣f(x)∣p dx)

1
p

< ∞

• L∞[−π,π]: The Banach space of functions f equipped with the essential supre-

mum norm
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A.2 Krylov subspaces

• Kk(An, r
(0)
n ): The Krylov subspace of dimension n of An ∈ Cn×n and an initial

residual r
(0)
n

• Πk: The set of polynomials of degree at most k

• CG: The conjugate gradient method

• GMRES: The generalized minimal residual method

• MINRES: The minimal residual method

A.3 Linear algebra

• diag(a1, a2, . . . ): A diagonal matrix having a1, a2, . . . as its entries

• In: The n × n identity matrix

• Fn: The n × n Fourier matrix

• Yn: The n × n anti-identity matrix

• Tn: An n × n Toeplitz matrix

• Cn: An n × n circulant matrix

• ∣Cn∣: The n × n absolute value circulant matrix of Cn ∈ Cn×n

• c(Tn): The n × n optimal circulant preconditioner for Tn ∈ Cn×n

• t(Tn): The n × n superoptimal circulant preconditioner for Tn ∈ Cn×n

• s(Tn): Strang’s n × n circulant preconditioner for Tn ∈ Cn×n

• T(n,m): An nm × nm block Toeplitz matrix with Toeplitz blocks

• C(n,m): An nm × nm circulant matrix with circulant blocks (BCCB)

• ∣C(n,m)∣: The nm × nm absolute value BCCB matrix of C(n,m) ∈ Cnm×nm

• c(T(n,m)): The nm × nm optimal BCCB preconditioner for T(n,m) ∈ Cnm×nm

• T(n,m): An nm × nm block Toeplitz matrix with commuting Hermitian blocks
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• C(n,m): An nm × nm block circulant matrix with commuting Hermitian blocks

(BCHB)

• ∣C(n,m)∣: The nm × nm absolute value BCHB matrix of C(n,m) ∈ Cnm×nm

• c̃(T(n,m)): The nm × nm optimal block circulant preconditioner for T(n,m) ∈

Cnm×nm

• δ(An): The diagonal matrix whose diagonal is equal to the diagonal of the

matrix An ∈ Cn×n

• Λ(An): The spectrum of the matrix An ∈ Cn×n

• λmax(An): The largest eigenvalue of the matrix An ∈ Cn×n

• λmin(An): The smallest eigenvalue of the matrix An ∈ Cn×n

• σmax(An): The largest singular value of the matrix An ∈ Cn×n

• σmin(An): The smallest singular value of the matrix An ∈ Cn×n

• κ(An): The condition number of the matrix An ∈ Cn×n

• ρ(An): The spectral radius of the matrix An ∈ Cn×n

• rank(A): The rank of the matrix A ∈ Cm×n

• span(v1,v2, . . . ): The span of the vectors v1,v2, . . .

• A⊗B: The Kronecker product of the matrices A and B

• AT : The transpose of the matrix A ∈ Cm×n

• A∗: The conjugate transpose of the matrix A ∈ Cm×n

• A−1
n : The inverse of the matrix An ∈ Cn×n

A.4 Complex analysis

• h(z): An analytic function
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Appendix B

Linear algebra results

B.1 Matrix norms

A function ∥ ⋅ ∥ ∶ Cn×n → R is called a matrix norm [85] if for all An,Bn ∈ Cn×n it

satisfies the following axioms:

• ∥An∥ ≥ 0 (Nonnegative)

• ∥An∥ = 0 if and only if An = 0 (Positive)

• ∥cAn∥ = ∣c∣∥An∥ for all complex scalars c (Homogeneous)

• ∥An +Bn∥ ≤ ∥An∥ + ∥Bn∥ (Triangle inequality)

• ∥AnBn∥ ≤ ∥An∥∥Bn∥ (Submultiplicative).

Theorem B.1.1 [85] Let A ∈ Cm×n and let ∥ ⋅ ∥ be a vector norm on Cn. We define

∥ ⋅ ∥ on Cm×n by

∥A∥ = max
∥x∥=1

∥Ax∥.

For example, we have the following matrix norms. In each case, we take A = [aij] ∈

Cm×n.

The maximum column sum matrix norm

∥A∥1 = max
1≤j≤n

m

∑
i=1

∣aij ∣.

The maximum row sum matrix norm

∥A∥∞ = max
1≤i≤m

n

∑
i=1

∣aij ∣.
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The spectral norm

∥A∥2 = max{
√
λ ∶ λ is an eigenvalue of A∗A}.

An important matrix norm that is not induced by a vector norm is the Frobenius

norm.

Definition B.1.1 [85] Let A ∈ Cm×n. The Frobenius norm of A is defined by

∥A∥F = (
n

∑
j=1

m

∑
i=1

∣aij ∣
2)

1
2

.

The above matrix norms satisfy the following properties:

• ∥A∥2 ≤ ∥A∥F ≤
√
n∥A∥2

• 1√
m
∥A∥1 ≤ ∥A∥2 ≤

√
n∥A∥1

• 1√
n
∥A∥∞ ≤ ∥A∥2 ≤

√
m∥A∥∞

• ∥A∥2 ≤
√

∥A∥1∥A∥∞.

Definition B.1.2 [85] A matrix norm ∥ ⋅ ∥ on Cm×n is said to be unitarily invariant

if

∥UAV ∥ = ∥A∥

for all A ∈ Cm×n and for all unitary matrices U ∈ Cm×m, V ∈ Cn×n.

Remark Both the Frobenius norm and the spectral norm are unitarily invariant.

Definition B.1.3 [85] Let An ∈ Cn×n. The condition number κ(An) of An is defined

by

κ(An) = ∥A−1
n ∥∥An∥.

Definition B.1.4 [85] Let An ∈ Cn×n. The spectral radius ρ(An) of An is defined by

ρ(An) = max{∣λ∣ ∶ λ is an eigenvalue of An}.

Theorem B.1.2 [85] Let An ∈ Cn×n. If ∥ ⋅ ∥ is any matrix norm, then

ρ(An) ≤ ∥An∥.
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B.2 Singular values and eigenvalues

Theorem B.2.1 [85, Cauchy’s interlacing theorem] Let An,Bn ∈ Cn×n be Hermitian

and let the eigenvalues of An,Bn,An +Bn be arranged in an increasing order. Then,

for every pair of integers j, k such that 1 ≤ j, k ≤ n and j + k ≥ n + 1

λj+k−n(An +Bn) ≤ λj(An) + λk(Bn)

and for every pair of integers j, k such that 1 ≤ j, k ≤ n and j + k ≤ n + 1

λj(An) + λk(Bn) ≤ λj+k−1(An +Bn).

Theorem B.2.2 [15, Proposition 2] Let σ ∈ R,w ∈ Cn with ∥w∥ = 1 and define H ∶=

wσw∗. Let X ∈ Rn×n be diagonal with exactly t distinct eigenvalues denoted by λi (1 ≤

i ≤ t). Write Pi for the orthogonal projection onto the eigenspace χi corresponding to

λi and define θi by

∥Piw∥ = cos θi where θi is chosen in [−
π

2
,
π

2
].

Define yet the t × t matrix

Y =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

λ1

⋱

λt

⎤
⎥
⎥
⎥
⎥
⎥
⎦

+ yσy∗, where y =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

cos θ1

⋮

cos θt

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.

Then, the eigenvalues of X +H are the eigenvalues of X, of which single copies of

multiple eigenvalues are replaced by the eigenvalues of Y .

Theorem B.2.3 [15, Corollary 3] If in the conditions of Theorem B.2.2 H is a

Hermitian rank-k matrix (for 1 ≤ k ≤ n), then the eigenvalues of X + H are the

eigenvalues of X of which at most k copies of each different eigenvalue have been

perturbed. Moreover, at most kt of the total number of eigenvalues are perturbed.

B.3 Kronecker products

Definition B.3.1 The Kronecker product of A ∈ Cm×n and B ∈ Cp×q is defined by

A⊗B =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

a11B ⋯ a1nB
⋮ ⋱ ⋮

am1B ⋯ amnB

⎤
⎥
⎥
⎥
⎥
⎥
⎦

∈ Cmp×nq.

The Kronecker product satisfies the following properties:
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• A⊗ (B +C) = A⊗B +A⊗C

• (A +B) ⊗C = A⊗C +A⊗B

• (kA) ⊗B = A⊗ (kB) = k(A⊗B)

• (A⊗B) ⊗C = A⊗ (B ⊗C)

• (A⊗B)∗ = A∗ ⊗B∗,

where A,B, and C are matrices and k is a scalar.

Moreover, if A,B,C, and D are matrices of appropriate size that can form the

matrix products AC and BD, we have the mixed-product property

(A⊗B)(C ⊗D) = (AC) ⊗ (BD).

B.4 Fourier matrices

Definition B.4.1 The Fourier matrix Fn ∈ Cn×n is defined by

Fn =
1

√
n

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 ⋯ 1
1 ωn ω2

n ⋯ ωn−1
n

1 ω2
n ω2⋅2

n ⋯ ω
2⋅(n−1)
n

⋮ ⋯ ⋯ ⋯ ⋯

1 ωn−1
n ω

(n−1)⋅2
n ⋯ ω

(n−1)⋅(n−1)
n

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where ωn = e2πi/n.

Remark Note that Fn is unitary.

B.5 Fast Fourier transforms

In this section, we provide an algebraic approach to drive a fast Fourier transform

(FFT), namely an algorithm to compute the matrix-vector product Fndn efficiently.

The key idea is to factorize

F n =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1 1 ⋯ 1
1 ωn ω2

n ⋯ ωn−1
n

1 ω2
n ω2⋅2

n ⋯ ω
2⋅(n−1)
n

⋮ ⋯ ⋯ ⋯ ⋯

1 ωn−1
n ω

(n−1)⋅2
n ⋯ ω

(n−1)⋅(n−1)
n

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ Cn×n,
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to reveal its relation with F n/2. Assuming n is even, simple calculations yield

F n = [
In/2 Dn/2
In/2 −Dn/2

] [
F n/2

F n/2
]Πn,

where Dn/2 ∈ Cn/2×n/2 is the diagonal matrix with entries (1, ωn, ω2
n, . . . , ω

(n/2)−1
n ) and

Πn ∈ Rn×n is the permutation matrix that separates the incoming vector into its even

and odd parts.

A simple example demonstrates this idea. When n = 4, we have

F 4 = [
I2 D2

I2 −D2
] [
F 2

F 2
]Π4

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1
1 i

1 −1
1 −i

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 1
1 i2

1 1
1 i2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
1

1
1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Therefore, the original transform with F n reduces to two similar transforms with

F n/2, which involve n/2 multiplications and n additions/subtractions. Consequently,

we repeat the same process and count the number of work needed recursively. The

complexity of the final work count turns out to be O(nd) = O(n logn) provided that

n = 2d. Therefore, the matrix-vector product Fndn can be computed in O(n logn)

operations. For FFTs with an arbitrary positive integer n and other related subjects,

we refer to [166, 147, 124].

B.6 Commuting matrices

Definition B.6.1 [85] Let An,Bn ∈ Cn×n. We call An and Bn simultaneously diago-

nalizable if there is a single similarity matrix Sn ∈ Cn×n such that both S−1
n AnSn and

S−1
n BnSn are diagonal.

Theorem B.6.1 [85] Let An,Bn ∈ Cn×n and let F be a given family of Hermitian

matrices. There exists a unitary matrix Un such that UnAnU∗
n is diagonal for all

An ∈ F if and only if AnBn = BnAn for all An,Bn ∈ F.
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Appendix C

Approximation theory results

The following selected results from approximation theory are used in this thesis.

C.1 Polynomial approximations

Definition C.1.1 [101] A trigonometric polynomial on [−π,π] is an expression of

the form

p(x) =
M

∑
k=−M

ake
ikx.

The numbers k are called the frequencies of p(x) and the largest integer k such that

∣ak∣ + ∣a−k∣ ≠ 0 is called the degree of p(x).

Theorem C.1.1 [133, Weierstrass approximation theorem] For any f ∈ C[−π,π] and

for any ε > 0, there exists a polynomial on [−π,π] such that

∥f(x) − p(x)∥∞ ≤ ε

for all x ∈ [−π,π].

C.2 Fourier series

Definition C.2.1 [101] The Fourier series S[f] of a function f ∈ L1([−π,π]) is the

trigonometric series

S[f] =
∞
∑
k=−∞

ake
ikx,

where the Fourier coefficients

ak =
1

2π ∫
π

−π
f(x)e−ikx dt, k = 0,±1,±2, . . . .
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