
MNRAS 520, 2204–2216 (2023) https://doi.org/10.1093/mnras/stad016 
Advance Access publication 2023 January 25 

Black hole discs and spheres in galactic nuclei – exploring the landscape of 

vector resonant relaxation equilibria 

Gergely M ́ath ́e , 1 ‹ Ákos Sz ̈olgy ́en 
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A B S T R A C T 

Vector resonant relaxation (VRR) is known to be the fastest gravitational process that shapes the geometry of stellar orbits in 

nuclear star clusters. This leads to the realignment of the orbital planes on the corresponding VRR time-scale t VRR 

of a few 

million years, while the eccentricity e and semimajor axis a of the individual orbits are approximately conserved. The distribution 

of orbital inclinations reaches an internal equilibrium characterized by two conserved quantities, the total potential energy among 

stellar orbits, E tot , and the total angular momentum, L tot . On time-scales longer than t VRR 

, the eccentricities and semimajor axes 
change slowly, and the distribution of orbital inclinations are expected to evolve through a series of VRR equilibria. Using a 
Monte Carlo Markov Chain method, we determine the equilibrium distribution of orbital inclinations in the microcanonical 
ensemble with fixed E tot and L tot for isolated nuclear star clusters with a power-law distribution of a , e , and m , where m is the 
stellar mass. We explore the possible equilibria for nine representative E tot –L tot pairs that co v er the possible parameter space. 
For all cases, the equilibria show anisotropic mass segregation, where the distribution of more massive objects is more flattened 

than that for lighter objects. Given that stellar black holes are more massive than the average main-sequence stars, these findings 
suggest that black holes reside in disc-like structures within nuclear star clusters for a wide range of initial conditions. 

Key words: Gravitation – Methods: numerical – Galaxies: evolution – Galaxies: kinematics and dynamics – Galaxies: nuclei. 
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 I N T RO D U C T I O N  

upermassive black holes (SMBHs) are observed in the cores of most
earby galaxies (Genzel et al. 2010 ; Kormendy & Ho 2013 ). In many
ases, these SMBHs are surrounded by a dense population of stars
nd compact objects that form the nuclear star cluster (Neumayer,
eth & B ̈oker 2020 ). The nuclear star cluster of the Milky Way
xhibits a rich diversity of spatial structures. Orbits of old, low-mass
tars follow a spherical distribution, while a young coeval population
f massive (mostly O, B, WR type) stars orbits in one or two warped
tructures, the so-called clockwise and counterclockwise discs (Seth
t al. 2008 ; Bartko et al. 2009 ; Lu et al. 2009 ; Yelda et al. 2014 ).
he innermost cluster of stars, also know as the S-cluster, displays
nisotropy too; it is also possibly characterized by two discs, the
o-called black and red discs (Ali et al. 2020 ; Peißker et al. 2020 ;
on Fellenberg et al. 2022 ). The origin of this complex structure is
ontro v ersial but two main formation channels were proposed: (i)
he in situ episodic star formation (e.g. Loose, Kruegel & Tutukov
982 ; Mihos & Hernquist 1994 ; Mapelli et al. 2012 ; Mastrobuono-
attisti et al. 2019 ) and (ii) the episodic migration events of massive

tars and globular clusters into the nuclear star cluster (Tremaine,
striker & Spitzer 1975 ; Milosavljevi ́c & Merritt 2001 ; Antonini

t al. 2012 ; Antonini 2013 ; Antonini 2014 ; Gnedin et al. 2014 ;
ntonini, Barausse & Silk 2015 ; Arca-Sedda et al. 2015 ; Arca Sedda
019 ). Both channels may contribute to the observed distrib ution, b ut
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t is unclear if and how they may give rise to the observed warped
tructures. 

The gravitational processes shaping the geometry of stellar or-
its have a temporal hierarchy in nuclear star clusters (Kocsis &
remaine 2011 ). Within 0.001–1 pc, the central SMBH dominates

he potential and drives orbital motion on Keplerian ellipses with
rbital periods of t orb = 10–10 4 yr. The spherical component of the
tellar distribution and general relativity drive apsidal precession on
ime-scales of t prec = 10 4–5 yr. Mutual gravitational torques between
eplerian orbits accumulate coherently, leading to an enhanced

ate of relaxation of orbital inclination (vector resonant relaxation,
RR) and eccentricity (scalar resonant relaxation, SRR) (Rauch &
remaine 1996 ). The coherence time for non-axisymmetric torques
which drive eccentricity change) is limited by apsidal precession,
 prec , while the axisymmetric component of the torque continues
o accumulate coherently well beyond t prec until the orbital planes
eorient. The orbital plane orientation is described by its angular
omentum vector direction ˆ L i , which changes on the corresponding
RR time-scale of t VRR = 10 6–7 yr while the eccentricity ( e ) and

emimajor axis ( a ) are conserved (Eilon, Kupi & Alexander 2009 ;
ocsis & Tremaine 2015 ). Eccentricity diffusion takes place on

he longer scalar resonant relaxation time-scale, t SRR = 10 8–9 yr
Bar-Or & Fouvry 2018 ; Fouvry & Bar-Or 2018 ; Fouvry, Bar-
r & Chavanis 2019 ). The semimajor ax es e xhibit Brownian motion
ith the shortest coherence time, i.e. t orb , and the longest diffusion

ime, t 2b = 10 8–10 yr, describing two-body relaxation. In summary,
hase-space mixing unfolds at a different rate in different subspaces,
ccording to the following hierarchy: (1) mean anomaly on t orb , (2)
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1 J ij� = 0 for � = 2 n + 1 if n is an integer, and � = 0 does not affect the 
ev olution, lea ving � ∈ { 2, 4, . . . ∞ } . In practice, we truncate the Hamiltonian 
and keep � ≤ � max = 50 as in Sz ̈olgy ́en & Kocsis ( 2018 ). This ef fecti vely 
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rgument of periapsis on t prec , (3–4) argument of ascending node and
rbital inclination on t VRR , (5) eccentricity on t SRR , and (6) semimajor
xis on t 2b . 

Hopman & Alexander ( 2006 ) argued that VRR can randomize 
rbital inclinations of old low-mass stars to produce the observed 
pherical geometry from an initially flattened distribution. Given that 
he ages of young O, B, WR stars in the Galactic centre are marginally
onger than the VRR time-scale, Kocsis & Tremaine ( 2011 ) argued
hat the warped clockwise disc may display a realization of the VRR
tatistical equilibrium, which may be far from isotropic. Ho we ver, 
heir model assumed a thin-disc approximation and did not self- 
onsistently account for the backreaction of the disc on the objects 
n the spherical distribution. This approximation was relaxed in 
z ̈olgy ́en & Kocsis ( 2018 ), where the statistical equilibrium of VRR
as computed self-consistently for all stars in the system using a 
onte Carlo Markov Chain (MCMC) method. That work showed 

hat more massive objects settle to a more flattened distribution 
han low-mass objects. In a series of papers on direct N -body
imulations, Antonini et al. ( 2012 ), Perets & Mastrobuono-Battisti 
 2014 ), and Tsatsi et al. ( 2017 ) investigated single-mass nuclear
tructures formed from the merger of 12 star clusters on initially 
nclined orbits and found that the system remains anisotropic and 
etains rotation for 12 Gyr (see also Arca-Sedda, Kocsis & Brandt
018 , for simulations of the merger of 11 star clusters). Further,
astrobuono-Battisti et al. ( 2019 ) have simulated the evolution with 

ve inclined single-mass discs and also found that the system remains 
attened throughout the simulation. Recently, Panamarev & Kocsis 
 2022 ) have run direct N -body simulations of nuclear star clusters
ith initially a disc embedded in a spherical population and found 

hat anisotropy persists for 10 Myr in systems lacking a massive 
pherical component, but if the spherical component is massive and 
early isotropic, the disc dissolves in the simulation and becomes 
pherical. Anisotropy has been shown to persist in simulations 
f rotating globular clusters too without a central massive object 
Einsel & Spurzem 1999 ; Breen, Heggie & Varri 2017 ; Tiongco,
 esperini & V arri 2017 , 2018 ) consistently with observed systems

Bianchini et al. 2013 ; Boberg et al. 2017 ; Jeffreson et al. 2017 ;
erraro et al. 2018 ; Kamann et al. 2018 ; Lanzoni et al. 2018 ).
irect N -body simulations have also shown evidence of anisotropic 
ass se gre gation in globular clusters (Sz ̈olgy ́en, Meiron & Kocsis

019 ; Tiongco, Collier & Varri 2021 ), which is in part due to
RR, especially in massive clusters (Meiron & Kocsis 2019 ). In
z ̈olgy ́en, M ́ath ́e & Kocsis ( 2021 ), we have confirmed the conclusion
f Sz ̈olgy ́en & Kocsis ( 2018 ) that massive objects rapidly settle to
he mid-plane of a disc due to VRR with time-dependent direct 
 -body simulations of nuclear star clusters harbouring an SMBH. 
ecently , Gruzinov , Levin & Zhu ( 2020 ) and Magnan et al. ( 2021 )
lso confirmed these results using mean field theory methods. Given 
hat the stars observed in the clockwise disc in the Milky Way’s
entre are much more massive than average (Bartko et al. 2010 ), the
RR statistical equilibria have the potential to explain the observed 

tructures. Ho we v er, e xisting studies were limited to special initial
onfigurations and did not attempt to explore the total landscape of
ossible outcomes for a wide range of initial conditions. 
In this paper, we generalize the study of Sz ̈olgy ́en & Kocsis ( 2018 )

o explore the VRR equilibria of isolated nuclear star clusters for a
ange of initial conditions. We use the same NRING-MCMC method 
nd assume a power-law density cusp with a distribution of m , a ,
nd e . We sample the microcanonical ensemble of the system with
xed total VRR energy and angular momentum, E tot and L tot . Here,
RR energy refers to the time-averaged potential energy among 

he stellar orbits o v er the orbital period and the apsidal precession
eriod. Given that a and e are approximately conserved for each
tar during VRR, E tot is also (approximately) conserved during 
RR. Furthermore, L tot is exactly conserved for an isolated system. 
hese two conserved quantities characterize the possible statistical 
quilibria of VRR independently of the initial conditions. We explore 
he possible outcomes in different systems with different E tot –L tot 

airs through nine representativ e cases. F or each, we generate 100
ealizations for the initial distributions and evolve the systems with 
RING-MCMC to reach the equilibrium. We examine the level of 

nisotropy as a function of m , a , and e and investigate under what
onditions can the massive objects such as stellar mass black holes
orm flattened substructures in equilibrium. 

The rest of this paper is organized as follows. First, in Section 2 ,
e specify the VRR model and the adopted initial distributions and

ntroduce the NRING-MCMC method used in this paper. In Section 3 ,
e present the resulting statistical equilibrium distributions of orbital 

nclinations for different masses and semimajor axes for different 
nitial conditions. Finally, in Section 4 , we discuss the implications
f our findings. 

 M E T H O D S  

.1 Effecti v e Hamiltonian of VRR 

n nuclear star clusters, the reorientation of the orbital planes 
s accelerated by the coherent accumulation of the axisymmetric 
orques between stellar orbits. The corresponding ef fecti ve two- 
ody Hamiltonian of VRR is derived by averaging the Hamiltonian 
 v er the orbital and the apsidal precession period. This eliminates
he mean anomaly and argument of pericenter from the dynamical 
ariables and leads to the Hamiltonian H VRR = 

∑ 

i<j H 

VRR 
ij such 

hat 

 

VRR 
ij = −G 

∫ r a ,i 

r p ,i 

d r 
∫ r a ,j 

r p ,j 

d r ′ 
σi ( r ) σj 

(
r ′ 

)
| r − r ′ | (1) 

here r is the distance from the SMBH, r p = a (1 − e ) and r a = a (1
 e ) are the periapsis and apoapsis, respectively, i and j denote the

 

th and j th particle, and 

i ( r ) = 

m i 

2 π2 a i 

√ (
r a ,i − r 

) (
r − r p ,i 

) (2) 

s the surface density of the smeared (i.e. time averaged) stellar orbit
or the i th particle (Kocsis & Tremaine 2015 ). The semimajor axis and
ccentricity, or equi v alently the K eplerian orbital energy, H Kep, i =
Gm SMBH m i /(2 a i ), and the magnitude of the angular momentum,
 i = m i [ Gm SMBH a i (1 − e 2 i )] 

1 / 2 , are approximately conserved dur-
ng VRR, given the axisymmetric and stationary nature of the 
airwise potentials. The dynamical variables are the z component 
f the angular momentum and the argument of node in an arbitrary
eference frame, or equi v alently, the unit vectors ˆ L i of the angular
omentum direction. Equation ( 1 ) is expressed with these variables

xplicitly in a multipole expansion as 

 

VRR 
ij = −

∞ ∑ 

� = 0 

J ij� P � 

(
ˆ L i · ˆ L j 

)
(3) 

here � is the multipole index, which is a non-ne gativ e inte ger, 1 

nd J ij� are pairwise coupling coefficients, which are positive 
MNRAS 520, 2204–2216 (2023) 
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Table 1. Representative systems in dimensionless VRR energy and total 
angular momentum ( E tot , L tot ), equations ( 4 –5 ). 

E tot / L tot L low L med L high 

E high ( −0.03, 0.16) ( −0.03, 0.20) ( −0.03, 0.38) 
E med ( −0.33, 0.15) ( −0.33, 0.35) ( −0.32, 0.82) 
E low ( −0.58, 0.15) ( −0.58, 0.40) ( −0.58, 0.88) 
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onstants giv en e xplicitly with the parameters { m i , m j , a i , a j , e i ,
 j } by equations (7) and (10) in Kocsis & Tremaine ( 2015 ). During
RR, m i , a i , and e i are constant for all i , drawn randomly from their

espective distribution functions, implying that J ij� is a quenched
andom matrix for each � . 

The orbit- and precession-averaged interactions are modelled with
 VRR , which is expected to approximately reproduce the correct

tatistical properties on the corresponding t VRR time-scale, i.e. after a
ime-scale much longer than the apsidal precession time but for much
ess than the scalar resonant relaxation and two-body relaxation time
Rauch & Tremaine 1996 ; Eilon et al. 2009 ; Kocsis & Tremaine
015 ; Meiron & Kocsis 2019 ; Sz ̈olgy ́en et al. 2021 ). The angular
omentum direction unit vectors are expected to settle into statistical

quilibrium for the instantaneous values of ( m i , a i , e i ). As a , e
hange slowly on longer time-scales, the system is expected to evolve
hrough a series of VRR equilibria. In this paper, we determine
he distribution of ˆ L for different initial conditions and ( m , a , e )
istributions. 

.2 Conser v ed quantities 

.2.1 Semimajor axis, eccentricity, and mass parameters 

uring VRR, the masses, semimajor axes, and eccentricities are
pproximately conserved for each star, respectively. In all our models,
e draw these parameters from power-law distributions. In our
ducial model, we adopt distributions ∝ ( m 

−2 , a 0 , e 1 ) in the ranges
 / m min ∈ [1, 100], a / a min ∈ [1, 100], and e ∈ [0, 0.3], respectively.
e also explore cases with thermal and superthermal eccentricity

istributions. These simple models lack the compositional complex-
ty of the Milky Way’s nuclear stellar cluster in order to allow us to
learly identify features generated purely by VRR dynamics. 

Note that the mass distribution of young stars in the clockwise disc
f the Milky Way is extremely top heavy d N /d m ∝ m 

−0.45 ± 0.3 , but
his may be at least in part due to the preferential anisotropic mass
e gre gation caused by VRR (Sz ̈olgy ́en & Kocsis 2018 ). The mass
unction of all components scales with m 

−1.7 ± 0.2 (Lu et al. 2013 ). 
The adopted semimajor axis distribution corresponds to a mean 3D

umber density of n ( r ) ∝ r −2 , which corresponds to the equilibrium
onfiguration for the massive objects in mass-segregated systems
Bahcall & Wolf 1977 ; O’Leary et al. 2009 ) and is also close
o the observed number density for the young massive stars in
he Galactic centre (Bartko et al. 2010 ). Note ho we ver that the
pherical distribution of old stars follows a shallower density slope
f n ( r ) ∝ r −1.38 (Sch ̈odel et al. 2018 ; Gallego-Cano et al. 2020 ),
nd other estimates of the young stars suggest a steeper profile of
 

−2.9 (Bartko et al. 2009 ; Lu et al. 2009 ). Nuclear star clusters in
ther galaxies show a deprojected 3D-number density profile scaling
etween r −1 and r −3 (Neumayer et al. 2020 ). 

The adopted fiducial eccentricity distribution, truncated at e = 0.3,
s representative of the massive young O-type stars in the Galactic
entre (Yelda et al. 2014 ). To explore the effects of the eccentricity
istribution, we run additional models with a thermal f ( e ) ∝ e and
 superthermal f ( e ) ∝ e /(1 − e 2 ) 1/2 eccentricity distribution for 0

e ≤ 0.95. Here ‘thermal’ refers to the fact that this distribu-
ion represents a uniform phase-space distribution for an isotropic
ystem, which represents statistical equilibrium for isolated single-
omponent systems, while this particular ‘superthermal’ eccentricity
NRAS 520, 2204–2216 (2023) 

mounts to gravitational softening for angular separation cos −1 ( ̂  L i · ˆ L j ) ≤
/ (2 � max ) (Kocsis & Tremaine 2015 ). 

s
4

w
d

istribution has more high-eccentricity orbits than the isotropic
hermal distribution, and this represents statistical equilibrium for
azor-thin discs (Valtonen & Karttunen 2006 ; Samsing et al. 2022 ).
he observed distribution of S-stars in the innermost region of the
alactic centre is super-thermal, see fig. 21 in Gillessen et al. ( 2009 ).

n these additional models, we explore cases with a high level of
nitial anisotropy as described in Section 2.2.2 . 

.2.2 Total VRR energy and total angular momentum 

or an isolated nuclear star cluster undergoing VRR, the statistical
quilibrium is specified by maximizing the entropy for fixed total
ngular momentum and VRR energy, L tot = | ∑ 

i L i | and E tot =
 VRR . In the remainder of this paper, we use the normalized
imensionless L tot and E tot quantities, defined as 

 tot = −
∑ 

ij 

∑ � max 
� = 2 J ij� P � 

(
ˆ L i · ˆ L j 

)
∑ 

ij 

∑ � max 
� = 2 J ij� 

, (4) 

 tot = 

∣∣∣∑ N 

i= 1 L i 

∣∣∣∑ N 

i= 1 | L i | 
, (5) 

hich are bounded between −1 ≤ E tot ≤ 0.5 and 0 ≤ L tot ≤ 1 since
 ij� > 0 and −0.5 ≤ P � ( x ) ≤ 1 for all even � and | x | ≤ 1. 2 The

ase of E tot = −1 and L tot = 1 corresponds to a razor-thin disc in
hysical space in which all angular momentum vectors are parallel
o that ˆ L i · ˆ L j = 1. Further, ( E tot , L tot ) = ( −1, 0) is a razor-thin
ounter-rotating disc, where half of the stars orbit in the opposite
ense in the same plane. The limit ( E tot , L tot ) = (0, 0) represents
n isotropic distribution, and (0, 0.5) is the spherical distribution
ith the largest possible net rotation, where there are no retrograde
rbits in projection. 3 An example with maximum positive E tot = 0.5
s obtained in the case with N = 2, two orthogonal orbits having a
emimajor axis ratio approaching infinity. 4 

We explore the behaviour of the system for nine representative
 E tot , L tot ) pairs given in Table 1 and also shown in Fig. 1 . These
alues were chosen to co v er the whole parameter space from nearly
pherical to highly anisotropic configurations and with small to high
evels of net rotation. Note that we do not include cases with E tot 

 0 as these cases are rather contrived like the one noted abo v e.
imilarly, ev olving a razor -thin disc ( E tot = −1) with VRR would
e highly unrealistic as in this case two-body relaxation makes the
isc puff up, rapidly increasing E tot (Cuadra, Armitage & Alexander
008 ). VRR may dominate once the disc is not razor thin. For this
eason, we restrict attention to the range −0.6 ≤ E tot ≤ 0. 

Given that ( E tot , L tot ) are conserved during VRR and that the
tatistical equilibrium maximizes entropy for fixed ( E tot , L tot ), the
Note that ( E tot , L tot ) with E tot = 0 and L tot > 0.5 cannot be attained by any 
ystem. 
 Note that the E tot may be positive for the adopted definition (equation 3 ), 
hich omits the unimportant � = 0 monopole term as that term does not 
irectly affect the time evolution of VRR. 
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Figure 1. Scatter plot of the normalized total energy and angular momentum 

( E tot , L tot ) (equations 4 and 5 ) adopted in the MCMC simulations. We generate 
100 realizations around the 9 target v alues sho wn in Table 1 for the fiducial 
choice of eccentricity distribution truncated at a maximum eccentricity of 
0.3. We run two additional models with low energy for a thermal and a 
superthermal distribution truncated at e = 0.95 (see legend). Small blue Xs 
show the target values, blue dots show a scatter plot of the actual individual 
realizations, and the horizontal blue error bars show the full range of E tot 

for the median L tot and similarly for the vertical error bars for L tot . The dots 
with different colours represent different assumptions for the eccentricity 
distribution. 
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Figure 2. The dimensionless total energy–angular momentum ( E tot , L tot ) 
pairs of hypothetical astrophysical systems of (i) cluster infall and (ii) in-situ 
star formation scenarios. Faint black dots show the individual realizations for 
the ensemble of 32 × 100 different realizations (32 different number of sub- 
clusters ( N sub ) with 100 different realisation for each). The three lines (with 
triangle symbols) correspond to the 25 per cent , 50 per cent , and 75 per cent 
percentile of the cumulative distribution, respectively. The parameter regions 
co v ered by our actual MCMC simulations are shown with shaded rectangles 
for comparison, with the same colouring scheme as in Fig. 1 . In the top 
panel, we test scenario (i), where we assume that the system is built up of 
N sub number of counter-rotating, thin discs of 128 stars each, with randomly 
chosen rotational axes. By varying N sub , all the different ( E tot , L tot ) cases can 
be reproduced except for low L tot –low-to-moderate E tot configurations, which 
correspond to thin discs with almost the same fraction of co- and counter- 
rotating particles. The bottom panel tests scenario (ii), where we assume that a 
fraction of the 4096 stars is contained in N sub number of thin, counter-rotating 
discs of 128 stars with randomly oriented rotational axis just as in the top 
panel, but the rest of the stars are assumed to reside in a massive counter- 
rotating thin disc. The number of subsystems (i.e. randomly oriented discs) 
decreases from the upper left to lower right corner, as labelled with numbers. 
The bottom panel shows that the low E tot –high L tot , moderate E tot –moderate 
L tot , and high E tot –low-to-moderate L tot cases are best represented with N sub = 

(6, 17, 31), respectively. The three cases correspond to a disc/(disc + sphere) 
mass fraction of 81 . 25 per cent , 46 . 87 per cent , and 3 . 12 per cent , respec- 
tively. 
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quilibrium distribution is not expected to depend on the details of
he initial condition other than setting the values of ( E tot , L tot ). 

.3 Initial conditions 

o understand the astrophysically rele v ant range of initial conditions, 
e identify the energy–angular momentum pairs of (i) the cluster 

nfall scenario and (ii) the in situ episodic star-formation scenario, 
espectively. Fig. 2 shows the potential energy–angular momentum 

airs of the 9 combinations corresponding to Table 1 simulated 
n this work (coloured regions, same as that in Fig. 1 ), along
ith the astrophysically rele v ant range (black lines). The top panel

hows scenario (i) with different numbers of infalling episodes N sub , 
ssuming that each episode delivers a thin counter-rotating subcluster 
f 128 stars with randomly oriented rotational axis. Clearly, the E low 

nd E med cases of Table 1 correspond to three or less infall episodes,
hile the E high case corresponds to approximately 30 infall episodes. 
ote that the ( L low , E low ) and ( L low , E med ) of Table 1 do not arise
aturally in this formation scenario, these cases represent thin-disc 
onfigurations with almost equal numbers of co- and counter-rotating 
articles. The bottom panel shows scenario (ii) for which, in an initial
n situ star-formation period, we vary the relative fraction of stars in
hin, randomly oriented, counter-rotating discs relative to a massive 
re-existing thin-disc population of stars. Here, the total number 
f stars in the cluster is set to be 4096, while the number N sub of
hin discs of 128 stars decreases from the left to the bottom right
orner as indicated by the numbers. Scenario (ii) leads to a narrower
egion in the ( L tot , E tot ) space, compared to the selected values in
able 1 . Cases of ( E low , L high ), ( E med , L med ), and ( E high , L med ) can be
eproduced with particular numbers of subclusters, N sub = (6, 17, 
1), which correspond to a disc/(disc + sphere) mass fractions of
1 . 25 per cent , 46 . 87 per cent , and 3 . 12 per cent , respectively. 
To obtain an initial realisation of the selected values of ( E tot , L tot )

hown in Table 1 , we generate the initial conditions for the angular
omentum vectors of different stars as follows. We generate the 

uperposition of N sub = 32 thin discs of 128 stars each. In particular,
or ( E low , L high ), the normal vectors of the 32 thin discs are nearly
MNRAS 520, 2204–2216 (2023) 
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2208 G. M ́ath ́e, Á. Sz ̈olgy ́en and B. Kocsis 

M

p  

a  

v  

w  

i  

r  

f  

F  

r
t  

p  

L  

T

2

F  

(  

a  

e  

a  

a  

b  

a  

s  

V  

t  

i  

t  

t  

t  

n  

p  

E  

F  

p  

r  

t  

a  

t  

p  

t  

f  

1
≤

 

N  

s  

c  

a  

c  

I  

r  

o  

N  

h  

t  

5

x
6

a  

N  

t  

o  

(
 

K  

s  

a  

p  

h
m  

i  

2  

s  

d  

e  

l  

b
(  

s  

e  

b  

l  

o  

o  

M  

p  

w  

i  

s  

a  

a  

i  

a  

H  

m  

m  

h  

i

3

W  

t  

L  

t  

d  

(  

e  

f  

e  

b  

d

3

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/520/2/2204/7005224 by U
niversity of O

xford user on 02 M
ay 2023
arallel, while for ( E high , L low ), their normal vectors are drawn from
n isotropic distribution. More specifically, the angular momentum
ectors of each subsystem were first drawn from a polar cap region
ith opening angle cos θ sub 

max = 0 . 994 so that the spread of orbital
nclinations is θ sub 

max = 0 . 11 rad. Then, the subsystems were rotated,
espectively, as solid bodies by an angle that was again drawn
rom a polar cap distribution with a different opening angle θ sys 

max .
urthermore, since the rotation by 180 ◦ does not change E tot but
educes L tot , a κ sys fraction of the subsystems was flipped by 180 ◦

o explore different values of L tot for fixed E tot . 5 We repeat this
rocedure by adjusting θ sys 

max and κ sys to obtain systems with ( E tot ,
 tot ) within a 5 per cent tolerance around the target v alues sho wn in
able 1 . 

.4 Monte Carlo Markov Chain simulator 

or each initial distribution, we use the NRING-MCMC method
Sz ̈olgy ́en & Kocsis 2018 ) to find the equilibrium distribution. This
lgorithm perturbs the system randomly in steps to reach the maximal
ntropy state in phase space while keeping ( E tot , L tot ) constant to
pproach the microcanonical ensemble. In particular, in each step,
 randomly selected pair of angular momentum vectors is rotated
y a random angle around their pairwise-total angular momentum
xis. This procedure preserves the total angular momentum of the
ystem and conserves H 

VRR 
ij for the pair exactly, while the total

RR energy changes by � E tot due to the interaction energy between
he pair and the rest of the system. The proposed step is accepted
f the cumulative change � E tot is lower than a pre-defined energy
olerance. The energy tolerance is specified such that it is smaller
han 10/ N times the smallest particle energy of any object within
he system E 1p , min = − min i 

∑ 

j H 

VRR 
ij . Here, N = 4096 is the

umber of objects in the system. Note that since the minimum one-
article energy is much lower than the mean one-particle energy,
 tot does not change more than 0 . 007 per cent during the simulation.
urthermore, for this choice, we find that the acceptance rate for the
erturbation proposals is around ∼ 24 per cent , which facilitates the
apid convergence of the simulations to maximize entropy. We run
he algorithm for 8.39 × 10 7 number of simulation steps, i.e. 4915
verage number of accepted perturbing steps per star. Note that since
he pairwise energy is proportional to the product of the masses, the
erturbation acceptance rate is lower for the more massive objects in
he cluster. The mean acceptance rate is (23 . 25 , 0 . 63 , 0 . 31) per cent
or the lightest, intermediate, and heaviest stars in linear mass bins of
 ≤ m / m min ≤ 32.83, 32.83 ≤ m / m min ≤ 65.66, and 65.66 ≤ m / m min 

100, respectively. 6 

The simulations were run in parallel with the openMP version of
RING-MCMC (see Section 3 for a full list of simulations). While one

imulation takes about 5 days to run on a single machine with 8 CPU
ores, all 900 simulations (i.e. 800–900k CPU hours) were run within
 month using parallel e x ecution on the high-performance computing
lusters of the National Informatics Infrastructure Development
nstitute in Hungary. In comparison, a direct N -body simulation
equires to simulate a much larger number of particles by a factor
f 10–100 ×, to a v oid e xcessiv e two-body relaxation artefacts, i.e.
 ∼ 10 5 −10 6 particles. This on average takes at least ≈2000 GPU
ours or ≈90 days to carry out for an indi vidual simulation. Gi ven
hat a large sample of simulations with different initial realizations
NRAS 520, 2204–2216 (2023) 

 Note that J ij� 
= 0 in equation ( 1 ) only for even � for which P � ( x ) = P � ( −
 ). 
 Note that the mass bins are chosen differently here than in Fig. 4 . 

T  

z  

t  

o  

s  
re required to map out the typical behaviour in a reliable way, direct
 -body simulations are not used in this paper. Ho we ver, this method

hat relies on double orbit averaging neglects the possible changes
f eccentricity and semimajor axes, which may affect the solution
Panamarev & Kocsis 2022 ). 

We test the convergence of the Monte Carlo method using the
olmogoro v–Smirno v (KS) test with respect to the last simulation

tep shown in Fig. 3 . The figure shows the progression of the KS test
t the n th simulation step as a function of n . There are 3 groups of
anels showing the respective outcomes for low, intermediate, and
eavy objects with 1 ≤ m / m min < 2, 2 ≤ m / m min < 16, and 16 ≤
 / m min ≤ 100 from top to bottom as labelled. The number of stars

n the three mass bins are ( N light , N intermediate , N heavy ) = (2058, 1816,
22), representing (50 . 3 per cent , 44 . 3 per cent , 5 . 4 per cent ) of all
tars. The 3 × 3 different subpanels correspond to simulations with
ifferent ( E tot , L tot ) as labelled for the cases shown in Table 1 . For
xample, the top left-hand subpanels have ( E tot , L tot ) = ( −0.03, 0.16),
abelled E high –L low (these are nearly isotropic configurations), and the
ottom right-hand subpanels have ( −0.58, 0.88), labelled E low –L high 

these are flattened unidirectional discs). The shaded region in each
ubpanel shows the range of possible outcomes among the 100 differ-
nt realizations with the given ( E tot , L tot ). The coloured lines (orange,
urgundy, blue) show the 10 per cent , 50 per cent , and 90 per cent
evels of the cumulative distribution among the 100 realizations. The
utput of the KS test displays a mean convergence within a factor
f ∼5 . 6 per cent during the final 3.3 × 10 6 number of the proposed
CMC steps. The highest median convergence rate is for the light

articles with 3 . 9 per cent and the lowest for the heavy particles
ith 8 . 5 per cent . On average, all the convergence rates vary in this

nterv al. The le v el of conv er gence is attained in a lar ger number of
teps for higher mass objects, which is expected as the high-mass stars
re mo v ed less in angular momentum direction space if paired with
 low-mass star and the acceptance rate is also lo wer. For lo w- and
ntermediate-mass stars, the distributions are clearly well converged
s they show no systematic change in the corresponding panels.
o we ver , con vergence may not be fully complete for the highest
ass stars in the most anisotropic lowest energy configurations with
inimal total angular momentum. The statistical fluctuations are also

igher for the heavy stars, as there are almost a factor 10 less of them
n the cluster than light- or intermediate-mass stars, respectively. 

 RESULTS  

e generate a sample of 100 systems with different random realiza-
ions of the initial conditions specified in Section 2 for the 9 ( E tot ,
 tot ) pairs listed in Table 1 for the fiducial eccentricity distribution

runcated at e = 0.3. In addition, for the thermal and superthermal
istributions, we generate 100 systems for two pairs – ( E tot , L tot ) =
 − 0.58, 0.88) and ( − 0.58, 0.38), respectively – with a maximum
ccentricity of e = 0.95. We run NRING-MCMC for 8.39 × 10 7 steps
or all of these 13 × 100 systems to approach the microcanonical
quilibrium. Here, we examine the equilibrium geometry represented
y the distribution of angular momentum vectors for objects with
ifferent masses, semimajor axes, and eccentricities. 

.1 Mass dependence 

he 3 × 3 panels of Fig. 4 show the equilibrium distribution of the
 component of the normalized angular momentum unit vectors, i.e.
he cosine of the orbital inclination, for the selected 3 × 3 pairs
f ( E tot , L tot ) of Table 1 . Here and in all other figures below, we
tack the final 3.36 × 10 6 MCMC steps of all 100 realizations
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Figure 3. KS test to probe the convergence of the MCMC method for 
the ( E tot , L tot ) of Table 1 for three different mass ranges, increasing from 

top to bottom as labelled. For each realization, the test is performed with 
respect to the last MCMC step, and the result is shown as a function of the 
MCMC step number n step . The distributions tend to converge with large n step . 
The convergence is best for m / m min < 2 for all cases, particularly ( E high , 
L low ) (spherical system). Convergence is slowest for m / m min > 16, but even 
in this case, there is clear convergence for ( E low , L med ) (flat disc with a 
limited counter-rotating component), while the convergence may not be fully 
established for m / m min ≥ 16, ( E low , L low ) (counter-rotating flat disc). 
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or a fixed ( E tot , L tot ) to minimize the statistical fluctuations and
aximize the resolution. The solid lines represent the equilibrium 

istributions for different mass groups, while the faint dash–dotted 
how the initial distribution (approximately identical for different 
ass groups) for reference. We distinguish 3 mass groups (light, 

ntermediate, heavy) as 1 ≤ m / m min < 2, 2 ≤ m / m min < 16, and 16
m / m min ≤ 100, which may, respectively, resemble typical main- 

equence stars, B-stars, and O-stars or stellar BHs for example. The
nclination distributions are normalized with the maximum values 
or each histogram so that d N/ d ̂  L z = 1 at ˆ L z = 1 by construction.
he shape of the initial distributions are qualitatively similar for 
ll the different mass populations, but they strongly depend on the
 tot –L tot parameters. We find that the mean variation of samples

not shown) is less than 8 . 5 per cent with respect to the stacked
quilibrium distribution shown in the figure. 

Fig. 4 shows that the equatorial regions of the angular momentum
phere are depopulated by VRR as E tot decreases (note that E tot 

ecreases from top to bottom rows of panels, and L tot increases from
eft to right columns of panels as labelled and as shown in Table 1 ).
he equilibrium distributions show the coexistence of spherical and 
isc components for all ( E tot , L tot ) pairs. We decompose the systems
rudely into an isotropic and an anisotropic component, labelled 
sphere’ and ‘disc’ by 

 sphere = 

2 min ρ( ̂  L z ) ∫ 1 
−1 ρ( ̂  L z ) d ̂  L z 

, f disc = 1 − f sphere , (6) 

here ρ( ̂  L z ) = d N/ d ̂  L z is calculated using the stacked histograms
or a given ( E tot , L tot ). This decomposition assigns all of the
nisotropy to the ‘disc’ component, thus corresponding to an upper 
imit of the disc fraction and a lower limit for the spherical fraction.
he ‘thickness’ of the disc may be specified by the width of the peak
f the ˆ L z distribution near 1 (co-rotating component with the total 
ngular momentum vector) and −1 (counter-rotating component), 
laborated in more detail in Fig. 6 below. We calculate f sphere and f disc 

raction for stars in the three different mass bins, separately. 
The different mass groups show the following trends. 

(i) Light particles (burgundy solid lines) resemble a nearly 
sotropic distribution for E high with f sphere = 96 per cent of the 
bjects in the isotropic distribution. For E med and E low , the distribution
as a more significant disc component with a significant increase 
or L high cases; the isotropic fraction is f sphere = (78 , 63) per cent
nd (46 , 36) per cent , respectively. The thickness of the disc of light
articles is clearly larger than that for the heavier mass components.
(ii) Intermediate mass particles (orange solid lines) are also close 

o a spherical distribution for E high with f sphere = 86 per cent . For
 med , the isotropic fraction decreases with a heavy drop for L high .
 sphere = (40 , 30) per cent is for L low , L med , and L high , respectively.
or E low , f sphere is around 6 per cent . In those cases, these stars clearly
ettle into a flattened disc-like structure. 

(iii) Heavy particles (violet solid lines) settle in a disc even for
 high ; here, f sphere = 33 per cent . The distribution for E med and E low 

learly resembles a thin disc. 

Note that the initial distributions (dotted lines) are statistically 
dentical for the different mass stars in each panel, respectively. Thus,
he simulations show evidence of anisotropic mass se gre gation due
o VRR, in which the heavier components settle into a disc-like
quilibrium for all ( E tot , L tot ). 

Fig. 5 shows the equilibrium distribution function in the two- 
imensional plane spanned by ˆ L z (i.e. the cosine inclination) and 
he particle mass m for the same 3 × 3 values of ( E tot , L tot ) as
MNRAS 520, 2204–2216 (2023) 
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M

Figure 4. The distributions of the angular momentum unit vector z components, ˆ L z , (i.e. the cosine of the inclination angle) for different mass populations 
for systems with different ( E tot , L tot ) in different panels. The initial and the final distributions are shown with faint dash-dotted and solid lines, respectively. 
Burgundy, orange, and violet lines show the respective distributions for the mass population ranges 1 ≤ m / m min < 2, 2 ≤ m / m min < 16, and m / m min ≥ 16. The 
distribution functions are ensemble averaged over 100 different realizations and also averaged over the last 3.35 × 10 6 MCMC steps of the simulations. The 
distributions are normalized by the sample size and the maximum bin value for the different mass populations, separately. Different panels show systems with 
different total VRR energy increasing from top row to bottom and different net rotation increasing from left column to the right column, as specified in Table 1 . 
In all cases, the distributions show evidence of anistropic mass se gre gation. In comparison to the initial distributions, the equilibrium distributions are more 
spherical for the low-mass components and more flattened for the high-mass components. The heavy particles settle into a disc-like equilibrium distribution 
even for the high- E tot cases. 
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n the panels of Fig. 4 . We stack again the 100 different realiza-
ions of the systems (ensemble average) and the last 3.35 × 10 6 

CMC steps and normalize the 2D histograms with the highest
alues in each logarithmic mass bin such that the density attains a
aximum of unity (typically at ˆ L z = 1) for each m . Thus, we show

he equilibrium distribution function f eq ( m, ˆ L z ) / max ˆ L z ( f eq ( m, ˆ L z )).
his representation provides detailed information of anisotropic mass
e gre gation as a function of mass. High-energy simulations show that
he angular momentum vector distribution is predominantly spherical
or particles with masses 1 ≤ m / m min ≤ 12, but it is highly anisotropic
or higher masses. For higher masses, the distribution is restricted
o a small region around ˆ L z = 1, implying a thin-disc configuration
n physical space, where the disc thickness reduces with increasing
 , especially for E high and E med . The distribution function shows

nisotropy (i.e. variations in the ˆ L z direction) for the counter-rotating
omponent for L low and L med but not for L high . 

Fig. 6 shows the cumulative distribution of the inclina-
ion angle arccos 

(
ˆ L z 

)
as a function of mass e v aluated as

 mo ving av erage with lg 10 ( m/m min ) between lg 10 ( m/m min ) ±
g 10 (2). Blue, orange, and violet dash–dotted lines show the
5 per cent , 50 per cent , and 75 per cent levels of the cumulative
istribution. We stack the realizations and the last 3.36 × 10 6 MCMC
teps as before. For E high , the distributions are widely distributed
n inclinations; they are close to spherical with the (25 per cent,
0 per cent, 75 per cent) levels near 60 ◦, 90 ◦, 120 ◦ for m / m min ≤ 10
nd L low with a systematic shift to wards lo wer inclinations for high
NRAS 520, 2204–2216 (2023) 
asses for L med , L high . For smaller E tot , the equilibrium configuration
ends to be more disc-like where the (25 per cent −75 per cent )
evels either move close to small inclinations towards 0 ◦, creating
 unidirectional disc (i.e. for ( E low , L high )), or close to 180 ◦ to
reate a counter-rotating disc (i.e. for ( E low , L low )). In both cases,
he disc thickness decreases with increasing mass. Further, note that
he fraction of counter-rotating stars decreases to below 25 per cent
or intermediate mass stars for ( E med , L med ) and ( E low , L med ). The
iscontinuities at high masses are due to small number statistics. 
The fact that the higher mass particles tend to settle to discs is the

atural consequence of the system evolving towards its maximum
ntropy state. As massive particles decrease their mutual inclination
ith the rest of the cluster, on average a large number of light particles

re able to get perturbed on orbits with higher mutual inclination
hat resembles the isotropic distribution in the limiting case, which
y definition maximizes the system entropy. In order to conserve the
otal VRR energy and angular momentum, the system cannot become
ompletely isotropic. In our simulations, any proposed step with a
eavy partner tends on average to decrease the mutual inclination of
he heavy particle with respect to the cluster’s angular momentum. 

Fig. 7 shows the evolution of the cosine orbital inclination of a
articular heavy particle of mass m / m min = 45.81, semimajor axis
 / a min = 12.95, and eccentricity e = 0.24 in all the accepted MCMC
teps for an ensemble of 100 simulations for ( E high , L med ). This
gure uses the same colouring scheme as Figs 3 , 4 , 6 and additionally
ncodes the mass (light, intermediate, heavy) of the interaction

art/stad016_f4.eps
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Figure 5. The two-dimensional equilibrium distribution of VRR as a function of ˆ L z and m (i.e. cos inclination and mass). We stack the different realizations and 
the last simulation steps as in Fig. 4 and normalize the histogram with the maximum value for each mass bin. Different panels show systems with different ( E tot , 
L tot ), as in Table 1 . The distribution is clearly more anisotropic for increasing mass and decreasing E tot , as the angular momentum vector directions are more 
and more confined to the regions close to ˆ L z = ±1. This resembles a co-rotating and a counter-rotating disc in physical space. Note that the counter-rotating 
structure (region near ˆ L z = −1) is most prominent for L low and for low-mass stars. 
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artner with the marker size. Light particles are plotted with smaller 
arkers with an increasing marker size for heavier objects. Both 

he 2D and the marginal distributions support our findings that heavy 
articles tend to settle to a disc. The marginal distribution shows a sig-
ificant excess at ˆ L z = 1. This represents orbits that on average reside 
n a thin, counter-rotating disc-like structure in physical space. Fig. 
 further support our findings and complements Fig. 7 with the dis-
ribution of the rotation angle �ϕ (left) and that of the partner masses
 / m min (right). These distributions suggest that in contrast to heavy-,

ight particles on average got excited on orbits with high inclinations 
hich correspond to a spherical structure in the physical space. 
Ho we ver, note that the tendency for heavy objects to form discs
ay depend on the assumed level of initial deviation from the 

xact isotropic distribution, i.e. E tot = −0.03 instead of 0. The 
xpected deviation from isotropy in an idealized, one-component 
ystem is proportional to ∝ 1 / 

√ 

N , where N is the total number of
articles. Thus, for N ∼ 10 6 , spherical systems may in principle 
 xist ev en closer to isotropy with E tot ∼ −0.001, where forming a
isc population of heavy objects would be more difficult due to the
onservation of the total VRR energy. This expectation is confirmed 
y recent direct N -body numerical simulations of Panamarev & 

ocsis ( 2022 ), where an almost exact isotropic massive spherical 
ystem drives the disc into a spherical configuration, including its 
assive stars. This is not seen in our models with N = 4096, where

hot noise leads to larger deviations from isotropy. 

.2 Semimajor axis dependence 

ig. 9 shows the distribution of the angular momentum vector 
irections as in Fig. 4 , but here we group the particles not only
y mass but also by their semimajor axes. There are now 3 × 3
locks of panels with 3 × 3 values of ( E tot , L tot ), and there are 3 × 3
ubpanels with different ( a , m ) within each block as labelled. The
quilibrium distributions are shown by burgundy solid lines, and the 
nitial distribution is shown with orange dotted lines for reference. 
he 3 mass groups (light, intermediate, heavy) are the same as before

1 ≤ m / m min < 2, 2 ≤ m / m min < 16, 16 ≤ m / m min ≤ 100) and are shown
n different rows of subpanels, and the 3 semimajor axis groups (inner, 
iddle, and outer) are chosen uniformly on a logarithmic scale as (1
a / a min < 4.64, 4.64 ≤ a / a min < 21.5, 21.5 ≤ a / a min ≤ 100) and

hown in different subcolumns. The L tot parameter increases from 

eft to right, while the E tot decreases from top to bottom in the 3 × 3
anels as in Table 1 . The stacking and normalization are the same as
n Fig. 4 . During VRR, the level of anisotropic mass se gre gation is
eakly inhomogeneous in semimajor axis. We find that the spherical 

raction f sphere (Equation 6 ) is systematically higher in the innermost
egion, particularly for the most spherical initial condition E high for 
ll L tot or for systems with a high net rotation L high for all E tot . 7 For
 E med , L low ) and ( E med , L med ), the middle region has the smallest f sphere .

.3 Eccentricity dependence 

he equilibrium distributions are qualitatively very similar for the 
hermal and super-thermal eccentricity distribution simulations to 
he results presented abo v e for which the distribution was truncated
t e ≤ 0.3. This is not surprising as the VRR energy (particularly,
MNRAS 520, 2204–2216 (2023) 

art/stad016_f5.eps
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M

Figure 6. The ensemble and MCMC-step-averaged cumulative distributions of the inclination angle cos −1 ( ̂  L z ) (shown in degrees) as a function of mass for 
systems with ( E tot , L tot ) given by Table 1 . The lines show the moving average with respect to m , where lg 10 ( m/m min ) is between lg 10 ( m/m min ) ± lg 10 (2). The 
blue, orange, and violet coloured dash–dotted lines show 25 per cent , 50 per cent , and 75 per cent of the cumulative distributions. High-energy cases resemble 
a spherical distribution with a median inclination close to 90 ◦ except for stars heavier than m / m min ≥ 10. Heavy stars tend to systematically shift towards an 
inclination of 0 ◦ or 180 ◦. For moderate and low energies, the distribution is more flattened, where the disc thickness decreases with higher m . Note that for low 

L tot (left-hand panels), there is a flattened counter-rotating disc component, implying that the 25 per cent and 75 per cent cumulative levels approach 0 ◦ and 
180 ◦, especially for high masses and for low E tot (see also Fig. 4 ). Also note the the discontinuous variations for large m are due to low number statistics. For 
( E med , L med ) and ( E low , L med ), the trough shows that the counter-rotating fraction does not reach 25 per cent for intermediate masses. 
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 ij� in Equation 3 ) is weakly sensitive to e for e ≤ 0.9 (see Kocsis &
remaine 2015 ). 

 C O N C L U S I O N S  A N D  DISCUSSION  

n this paper, we generalized the work of Sz ̈olgy ́en & Kocsis ( 2018 )
o determine the range of possible statistical equilibria of orbital
nclinations during VRR for a variety of astrophysically motivated
nitial conditions (see Section 2.3 ). Since the equilibria depend on
he initial conditions only through the conserved quantities, the total
RR energy, and total angular momentum, ( E tot , L tot ), we explored

he outcome on a 3 × 3 grid in this space for low, intermediate, and
igh values (Table 1 ; Equations 4 and 5 ). We considered nuclear star
lusters with multiple mass, semimajor axis, and eccentricity com-
onents with power-law distributions for each. For the eccentricity
istribution, we mostly focused on the case limited to e ≤ 0.3, as
bserved for the young stars in the Galactic centre, but also examined
wo other cases with a thermal and superthermal distribution and
ound the outcome to be independent of eccentricity. The initial
istributions for the orbital inclinations were chosen to be the same
or objects with different m , a , and e , so the systematic dependence of
rbital inclinations in the equilibrium sample must come from VRR.
e constructed a large sample of initial distributions and evolved

hem using NRING-MCMC to obtain the microcanonical ensemble
or fixed ( E tot , L tot ). The MCMC method reached convergence at
he 8 per cent level or better (Fig. 3 ). The resulting equilibrium
NRAS 520, 2204–2216 (2023) 
istributions show systematic differences for different E tot , L tot , m ,
nd a . 

Our findings show that anistropic mass se gre gation is a general
biquitous outcome of VRR beyond the isolated cases found pre-
iously (Sz ̈olgy ́en & Kocsis 2018 ; Sz ̈olgy ́en et al. 2019 ; Magnan
t al. 2021 ; Tiongco et al. 2021 , see Figs 4 , 5 , and 6 abo v e). Light
articles generally settle to a more spherical spatial configuration,
hile the heavy particles se gre gate to a more disc-like configuration

han the initial configuration (Fig. 5 ). In doing so, the heavier objects
o not merely retain the initial level of anisotropy but even amplify
t, while lighter objects become more spherically distributed. The
 v erall lev el of anisotropy is set by E tot and L tot . Small E tot leads to
 disc-like structure of both heavy and light objects, in which the
hickness of the disc is smaller for the heavier objects (Fig. 6 ). High
 tot leads to the coexistence of spherical and disc-like distributions.

n this case, a large fraction of objects are spherically distributed with
he exception of the heaviest objects, which settle into a thick disc.
he disc is counter-rotating for low L tot and mostly unidirectional for
igh L tot . 
We find weak systematic trends with semimajor axis, where the

evel of anisotropy is slightly larger for low L tot and slightly smaller
or high L tot in the inner regions with respect to that in the outer
egions (Fig. 9 ). In other words, the disc is slightly thinner in the
nner region for low L tot but thicker in the inner region for large
 tot . Ho we ver, we note that while the systematic trends with mass
re more pronounced and are expected to be robust, the trends with
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Figure 7. The distribution of the orbital inclination cosine ˆ L z of the accepted 
steps for a particle with mass m = 45.81 m min , semimajor axis a = 12.95 a min ,s 
and eccentricity e = 0.24 in accepted MCMC steps for an ensemble of 
100 different simulation with high energy E high and moderate total angular 
momentum L med . The colour-coding scheme matches Figs 3 , 4 , and 6 , and 
larger symbols denote larger interacting partner mass. The histograms on the 
sides show the marginal distributions in the MCMC steps (top) and in ˆ L z 

(right). The former resembles a uniform distribution as expected, where the 
average number of accepted steps decreases for increasing partner mass, and 
the latter clearly indicates a systematic excess at ˆ L z = 1, representing a disc 
structure. 
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espect to semimajor axis may be affected by the large variation 
f the VRR time-scale and the time-scales of other effects such as
calar resonant relaxation and two-body relaxation for a vast range 
f semimajor axes in the nuclear star cluster. 
The cases explored in the space of ( E tot , L tot ) are useful to

nderstand the qualitative outcome for arbitrary initial conditions. 
 or e xample, to obtain the equilibrium outcome for the mixture
igure 8. The distribution of the rotation angle �ϕ (left) and the companion mas
5.81, semimajor axis of a / a min = 12.95, and eccentricity of e = 0.24 in an ensemb
or the rotation angle, we used the same colouring scheme as for Figs 3 , 4 , and 6 . 
egion around π more, which corresponds to large rotation angles. While with inc
igher peaks of moderate- and large-mass particles. The double-peaked distribution
f companion masses ∝ m 

−2.65 (fitted with violet) deviates slightly from the initial 
ompared to those with heavy particles. This is the natural consequence of the fact
hat corresponds to a higher � E energy change on average. 
f two systems with an initial spherical and a disc component or
ith two discs, it is sufficient to calculate the total normalized ( E tot ,
 tot ). This is similar to asking the outcome for mixing water and

ce; the total thermal energy per particle of the mixture specifies its
emperature and hence the outcome to be either water or ice or the

ixture of the two. Similarly, ( E tot , L tot ) are preserved during VRR
nd given its value for the mixture; one can simply interpolate the
esults shown in this paper to obtain the qualitative behaviour of
he equilibrium configuration. Interestingly, in this context, we find 
hat heavier objects form an ordered flattened structure even in the
resence of an initially nearly spherical disordered configuration. 
n this analogy, the ‘freezing point’ of the angular momentum 

istribution is ef fecti vely higher for the heavier objects, implying
hat they may settle to the ordered disc state in thermal equilibrium
ith lower mass objects being in the disordered spherical phase. 
urthermore, there is an inevitable angular momentum shot noise 
nisotropy for a finite number of objects, even if initially nearly
pherically distributed (4096 in our simulations), and this anisotropy 
s absorbed by the distribution of highest mass stars to form an
rdered disc within the disordered spherical ambient medium. 
These findings may also be interesting with regards to the statistical

hysics of long-range interacting systems (Campa et al. 2014 ) and
antalizing connections to condensed matter physics. It has been 
hown that the leading-order quadrupolar approximation of VRR is 
qui v alent to the Maier Saupe model of liquid crystals (Kocsis &
 remaine 2015 ; Roupas, K ocsis & T remaine 2017 ). Indeed, orbit
v eraging o v er the apsidal precession time results in axisymmetric
ass annuli, which resemble the axisymmetric molecules of liquid 

rystals. In nearly coplanar cases, the VRR interaction resembles 
hat of vortex crystals and the N-vector model of spin systems
K ocsis & T remaine 2011 , 2015 ; Touma & T remaine 2014 ). This
orrespondence leads to a qualitative similarity between the statistical 
hysics of these systems. Interestingly, VRR admits the curious 
ossibility of ne gativ e absolute temperature equilibria, given that 
he VRR energy is bounded from abo v e (Kocsis & Tremaine 2011 ;
oupas et al. 2017 ; Tak ́acs & Kocsis 2018 ). Further, given the non-
dditive nature of the energy of subsystems, different ensembles (e.g. 
anonical and microcanonical) are inequi v alent for VRR (Roupas 
t al. 2017 ; Roupas 2020 ). Both VRR and liquid crystals exhibit
 phase transition between a disordered isotropic phase and an 
MNRAS 520, 2204–2216 (2023) 

s m / m min (right) for the accepted steps of a particle with mass of m / m min = 

le of 100 different simulations with ( E tot , L tot ) = ( E high , L med ) (see Table 1 ). 
The figure shows that the distribution of light particles tends to populate the 
reasing mass, small rotation angles are fa v oured, which corresponds to the 
 of �ϕ is a consequence of the fact that −�ϕ = 2 π − �ϕ. The distribution 
one of ∝ m 

−2 (orange). Interactions with light particles are o v er-represented 
 that interaction of heavy particles gets rejected on average more often since 
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M

Figure 9. Similar to Fig. 4 showing the distribution of the cosine of the orbital inclinations, ˆ L z , but showing both the mass and semimajor axis dependence. 
Orange dotted lines represent the ensemble-averaged initial conditions; the burgundy solid lines show the stacked final distributions. There are 3 × 3 large blocks 
of panels with ( E tot , L tot ) given in Table 1 , and each block consists of 3 × 3 subpanels with different a (inner, middle, and outer regions on a logarithmic scale 
shown by columns from left to right) and m (low, intermediate, and high for rows from top to bottom; see text for definitions). The figure shows that different 
regions in a weakly affect the distributions with respect to variations due to m ; the distribution is qualitatively the same for different semimajor axes. Systematic 
changes are most prominent for L high or E high , showing a larger spherical component in the innermost region. 
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rdered disc-like nematic phase (Roupas et al. 2017 ; Tak ́acs & Kocsis
018 ; Roupas 2020 ), which may be lopsided (Touma, Tremaine &
azandjian 2019 ; Tremaine 2020a , b ; Zderic et al. 2020 ). The
hase transition is known to be first order for the single-component
odel (i.e. all objects have the same fixed m , a , and e ) under

ertain conditions, namely if the total angular momentum of the
tar cluster is below a critical value for VRR and if the external
agnetic field is small for liquid crystals. While phase separation is
NRAS 520, 2204–2216 (2023) 
enerally unexpected for non-additive systems (Campa et al. 2014 ),
he findings of this paper show in contrast that flattened structures
re ubiquitous for the high-mass components of the system, such as
tellar mass black holes, and may coexist with a spherical distribution
f low-mass objects. 
An exploration of the allo wed di versity of equilibrium configu-

ations may be rele v ant in a variety of contexts beyond explaining
he geometry of the discs in the Galactic centre. If massive stellar
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bjects settle into flattened disc-like configurations, the resulting 
quilibrium distributions should contain a large number of stellar 
ass black holes. Such a population of black holes (i) may influence

he stellar orbits affecting precision tests of general relativity (Merritt 
t al. 2010 ; Meyer et al. 2012 ; Gravity Collaboration 2020 ), (ii)
ould regulate the accretion flow in active galactic nuclei potentially 
orming IMBHs (Kocsis, Yunes & Loeb 2011 ; McKernan et al. 2012 ),
iii) could lead to X-ray flares as they traverse through gas (Bartos
t al. 2013 ), (iv) lead to a distinct class of sources of gravitational
aves for LIGO/VIRGO/KAGRA observations (Bartos et al. 2017 ; 
tone, Metzger & Haiman 2017 ; Tagawa, Haiman & Kocsis 2020 )
nd pulsar-timing array observations (Kocsis & Levin 2012 ), and (v)
an produce extreme mass ratio inspirals observable by LISA (Kocsis 
t al. 2011 ; Gair et al. 2004 ; Amaro-Seoane et al. 2007 ; Babak et al.
017 ). 
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2216 G. M ́ath ́e, Á. Sz ̈olgy ́en and B. Kocsis 

M

T
T
T
T  

V  

v

Y  

Z

T

remaine S., 2020a, MNRAS , 491, 1941 
remaine S., 2020b, MNRAS , 493, 2632 
remaine S. D., Ostriker J. P., Spitzer L., Jr, 1975, ApJ , 196, 407 
satsi A., Mastrobuono-Battisti A., van de Ven G., Perets H. B., Bianchini P.,

Neumayer N., 2017, MNRAS , 464, 3720 
altonen M., Karttunen H., 2006, The Three-Body Problem. Cambridge Univ.

Press, Cambridge 
on Fellenberg S. D. et al., 2022, ApJ , 932, L6 
NRAS 520, 2204–2216 (2023) 
elda S., Ghez A. M., Lu J. R., Do T., Meyer L., Morris M. R., Matthews K.,
2014, ApJ , 783, 131 

deric A., Collier A., Tiongco M., Madigan A.-M., 2020, ApJ , 895, L27 

his paper has been typeset from a T E 

X/L 

A T E 

X file prepared by the author. 
D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/520/2/2204/7005224 by U
niversity of O

xford user on 02 M
ay 2023

http://dx.doi.org/10.1093/mnras/stz3181
http://dx.doi.org/10.1093/mnras/staa420
http://dx.doi.org/10.1086/153422
http://dx.doi.org/10.1093/mnras/stw2593
http://dx.doi.org/10.3847/2041-8213/ac68ef
http://dx.doi.org/10.1088/0004-637X/783/2/131
http://dx.doi.org/10.3847/2041-8213/ab91a0

	1 INTRODUCTION
	2 METHODS
	3 RESULTS
	4 CONCLUSIONS AND DISCUSSION
	ACKNOWLEDGEMENTS
	DATA AVAILABILITY
	REFERENCES

