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ABSTRACT

Vector resonant relaxation (VRR) is known to be the fastest gravitational process that shapes the geometry of stellar orbits in
nuclear star clusters. This leads to the realignment of the orbital planes on the corresponding VRR time-scale #tygrg of a few
million years, while the eccentricity e and semimajor axis a of the individual orbits are approximately conserved. The distribution
of orbital inclinations reaches an internal equilibrium characterized by two conserved quantities, the total potential energy among
stellar orbits, Eiy, and the total angular momentum, L. On time-scales longer than #ygrg, the eccentricities and semimajor axes
change slowly, and the distribution of orbital inclinations are expected to evolve through a series of VRR equilibria. Using a
Monte Carlo Markov Chain method, we determine the equilibrium distribution of orbital inclinations in the microcanonical
ensemble with fixed Ey, and Ly for isolated nuclear star clusters with a power-law distribution of a, e, and m, where m is the
stellar mass. We explore the possible equilibria for nine representative Ey,—L pairs that cover the possible parameter space.
For all cases, the equilibria show anisotropic mass segregation, where the distribution of more massive objects is more flattened
than that for lighter objects. Given that stellar black holes are more massive than the average main-sequence stars, these findings
suggest that black holes reside in disc-like structures within nuclear star clusters for a wide range of initial conditions.
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1 INTRODUCTION

Supermassive black holes (SMBHs) are observed in the cores of most
nearby galaxies (Genzel et al. 2010; Kormendy & Ho 2013). In many
cases, these SMBHs are surrounded by a dense population of stars
and compact objects that form the nuclear star cluster (Neumayer,
Seth & Boker 2020). The nuclear star cluster of the Milky Way
exhibits a rich diversity of spatial structures. Orbits of old, low-mass
stars follow a spherical distribution, while a young coeval population
of massive (mostly O, B, WR type) stars orbits in one or two warped
structures, the so-called clockwise and counterclockwise discs (Seth
et al. 2008; Bartko et al. 2009; Lu et al. 2009; Yelda et al. 2014).
The innermost cluster of stars, also know as the S-cluster, displays
anisotropy too; it is also possibly characterized by two discs, the
so-called black and red discs (Ali et al. 2020; Peiker et al. 2020;
von Fellenberg et al. 2022). The origin of this complex structure is
controversial but two main formation channels were proposed: (i)
the in situ episodic star formation (e.g. Loose, Kruegel & Tutukov
1982; Mihos & Hernquist 1994; Mapelli et al. 2012; Mastrobuono-
Battisti et al. 2019) and (ii) the episodic migration events of massive
stars and globular clusters into the nuclear star cluster (Tremaine,
Ostriker & Spitzer 1975; Milosavljevi¢ & Merritt 2001; Antonini
et al. 2012; Antonini 2013; Antonini 2014; Gnedin et al. 2014;
Antonini, Barausse & Silk 2015; Arca-Sedda et al. 2015; Arca Sedda
2019). Both channels may contribute to the observed distribution, but
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it is unclear if and how they may give rise to the observed warped
structures.

The gravitational processes shaping the geometry of stellar or-
bits have a temporal hierarchy in nuclear star clusters (Kocsis &
Tremaine 2011). Within 0.001-1 pc, the central SMBH dominates
the potential and drives orbital motion on Keplerian ellipses with
orbital periods of #,, = 10-10* yr. The spherical component of the
stellar distribution and general relativity drive apsidal precession on
time-scales of #yr. = 10+ yr. Mutual gravitational torques between
Keplerian orbits accumulate coherently, leading to an enhanced
rate of relaxation of orbital inclination (vector resonant relaxation,
VRR) and eccentricity (scalar resonant relaxation, SRR) (Rauch &
Tremaine 1996). The coherence time for non-axisymmetric torques
(which drive eccentricity change) is limited by apsidal precession,
fprec, While the axisymmetric component of the torque continues
to accumulate coherently well beyond #,. until the orbital planes
reorient. The orbital plane orientation is described by its angular
momentum vector direction L;, which changes on the corresponding
VRR time-scale of fygg = 107 yr while the eccentricity (e) and
semimajor axis (a) are conserved (Eilon, Kupi & Alexander 2009;
Kocsis & Tremaine 2015). Eccentricity diffusion takes place on
the longer scalar resonant relaxation time-scale, fsgr = 108 yr
(Bar-Or & Fouvry 2018; Fouvry & Bar-Or 2018; Fouvry, Bar-
Or & Chavanis 2019). The semimajor axes exhibit Brownian motion
with the shortest coherence time, i.e. 71, and the longest diffusion
time, o, = 1080 yr, describing two-body relaxation. In summary,
phase-space mixing unfolds at a different rate in different subspaces,
according to the following hierarchy: (1) mean anomaly on #,,, (2)
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argument of periapsis on fyr., (3—4) argument of ascending node and
orbital inclination on tygg, (5) eccentricity on fsgr, and (6) semimajor
axis on tyy,.

Hopman & Alexander (2006) argued that VRR can randomize
orbital inclinations of old low-mass stars to produce the observed
spherical geometry from an initially flattened distribution. Given that
the ages of young O, B, WR stars in the Galactic centre are marginally
longer than the VRR time-scale, Kocsis & Tremaine (2011) argued
that the warped clockwise disc may display a realization of the VRR
statistical equilibrium, which may be far from isotropic. However,
their model assumed a thin-disc approximation and did not self-
consistently account for the backreaction of the disc on the objects
in the spherical distribution. This approximation was relaxed in
Szolgyén & Kocsis (2018), where the statistical equilibrium of VRR
was computed self-consistently for all stars in the system using a
Monte Carlo Markov Chain (MCMC) method. That work showed
that more massive objects settle to a more flattened distribution
than low-mass objects. In a series of papers on direct N-body
simulations, Antonini et al. (2012), Perets & Mastrobuono-Battisti
(2014), and Tsatsi et al. (2017) investigated single-mass nuclear
structures formed from the merger of 12 star clusters on initially
inclined orbits and found that the system remains anisotropic and
retains rotation for 12 Gyr (see also Arca-Sedda, Kocsis & Brandt
2018, for simulations of the merger of 11 star clusters). Further,
Mastrobuono-Battisti et al. (2019) have simulated the evolution with
five inclined single-mass discs and also found that the system remains
flattened throughout the simulation. Recently, Panamarev & Kocsis
(2022) have run direct N-body simulations of nuclear star clusters
with initially a disc embedded in a spherical population and found
that anisotropy persists for 10 Myr in systems lacking a massive
spherical component, but if the spherical component is massive and
nearly isotropic, the disc dissolves in the simulation and becomes
spherical. Anisotropy has been shown to persist in simulations
of rotating globular clusters too without a central massive object
(Einsel & Spurzem 1999; Breen, Heggie & Varri 2017; Tiongco,
Vesperini & Varri 2017, 2018) consistently with observed systems
(Bianchini et al. 2013; Boberg et al. 2017; Jeffreson et al. 2017;
Ferraro et al. 2018; Kamann et al. 2018; Lanzoni et al. 2018).
Direct N-body simulations have also shown evidence of anisotropic
mass segregation in globular clusters (Szolgyén, Meiron & Kocsis
2019; Tiongco, Collier & Varri 2021), which is in part due to
VRR, especially in massive clusters (Meiron & Kocsis 2019). In
Szolgyén, Mathé & Kocsis (2021), we have confirmed the conclusion
of Szolgyén & Kocsis (2018) that massive objects rapidly settle to
the mid-plane of a disc due to VRR with time-dependent direct
N-body simulations of nuclear star clusters harbouring an SMBH.
Recently, Gruzinov, Levin & Zhu (2020) and Magnan et al. (2021)
also confirmed these results using mean field theory methods. Given
that the stars observed in the clockwise disc in the Milky Way’s
centre are much more massive than average (Bartko et al. 2010), the
VRR statistical equilibria have the potential to explain the observed
structures. However, existing studies were limited to special initial
configurations and did not attempt to explore the total landscape of
possible outcomes for a wide range of initial conditions.

In this paper, we generalize the study of Szolgyén & Kocsis (2018)
to explore the VRR equilibria of isolated nuclear star clusters for a
range of initial conditions. We use the same NRING-MCMC method
and assume a power-law density cusp with a distribution of m, a,
and e. We sample the microcanonical ensemble of the system with
fixed total VRR energy and angular momentum, E\, and L. Here,
VRR energy refers to the time-averaged potential energy among
the stellar orbits over the orbital period and the apsidal precession
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period. Given that a and e are approximately conserved for each
star during VRR, Ey, is also (approximately) conserved during
VRR. Furthermore, L is exactly conserved for an isolated system.
These two conserved quantities characterize the possible statistical
equilibria of VRR independently of the initial conditions. We explore
the possible outcomes in different systems with different Eyo—Lio
pairs through nine representative cases. For each, we generate 100
realizations for the initial distributions and evolve the systems with
NRING-MCMC to reach the equilibrium. We examine the level of
anisotropy as a function of m, a, and e and investigate under what
conditions can the massive objects such as stellar mass black holes
form flattened substructures in equilibrium.

The rest of this paper is organized as follows. First, in Section 2,
we specify the VRR model and the adopted initial distributions and
introduce the NRING-MCMC method used in this paper. In Section 3,
we present the resulting statistical equilibrium distributions of orbital
inclinations for different masses and semimajor axes for different
initial conditions. Finally, in Section 4, we discuss the implications
of our findings.

2 METHODS

2.1 Effective Hamiltonian of VRR

In nuclear star clusters, the reorientation of the orbital planes
is accelerated by the coherent accumulation of the axisymmetric
torques between stellar orbits. The corresponding effective two-
body Hamiltonian of VRR is derived by averaging the Hamiltonian
over the orbital and the apsidal precession period. This eliminates
the mean anomaly and argument of pericenter from the dynamical
variables and leads to the Hamiltonian Hygrr = Z,< ; H VRR such
that

/ dr/ 4 70 () )
=7

where r is the distance from the SMBH, r, = a(l — ¢) and r, = a(l
+ e) are the periapsis and apoapsis, respectively, i and j denote the
™ and j* particle, and

HVRR

0; (r) = o @)

2m%a; (Vzu —”) (V _rp,i)

is the surface density of the smeared (i.e. time averaged) stellar orbit
for the i particle (Kocsis & Tremaine 2015). The semimajor axis and
eccentricity, or equivalently the Keplerian orbital energy, Hep, i =
—Gmgyvpum;/(2a;), and the magnitude of the angular momentum,
L; = m;[Gmsypua;(1 — €?)]'/2, are approximately conserved dur-
ing VRR, given the axisymmetric and stationary nature of the
pairwise potentials. The dynamical variables are the z component
of the angular momentum and the argument of node in an arbitrary
reference frame, or equivalently, the unit vectors L; of the angular
momentum direction. Equation (1) is expressed with these variables
explicitly in a multipole expansion as

= TPy (Li - L) 3)
=0

where ¢ is the multipole index, which is a non-negative integer,!
and [, are pairwise coupling coefficients, which are positive

VRR _
HYRR =

]‘,7”( =0 for £ = 2n + 1 if n is an integer, and £ = 0 does not affect the
evolution, leaving £ € {2, 4, ... co}. In practice, we truncate the Hamiltonian
and keep £ < €max = 50 as in Szdlgyén & Kocsis (2018). This effectively
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constants given explicitly with the parameters {m;, mj, a;, aj, e,
e;} by equations (7) and (10) in Kocsis & Tremaine (2015). During
VRR, m;, a;, and e; are constant for all i, drawn randomly from their
respective distribution functions, implying that 7;;, is a quenched
random matrix for each £.

The orbit- and precession-averaged interactions are modelled with
Hygrgr, which is expected to approximately reproduce the correct
statistical properties on the corresponding tyggr time-scale, i.e. after a
time-scale much longer than the apsidal precession time but for much
less than the scalar resonant relaxation and two-body relaxation time
(Rauch & Tremaine 1996; Eilon et al. 2009; Kocsis & Tremaine
2015; Meiron & Kocsis 2019; Szolgyén et al. 2021). The angular
momentum direction unit vectors are expected to settle into statistical
equilibrium for the instantaneous values of (m;, a;, e;). As a, e
change slowly on longer time-scales, the system is expected to evolve
through a series of VRR equilibria. In this paper, we determine
the distribution of I for different initial conditions and (m, a, e)
distributions.

2.2 Conserved quantities
2.2.1 Semimajor axis, eccentricity, and mass parameters

During VRR, the masses, semimajor axes, and eccentricities are
approximately conserved for each star, respectively. In all our models,
we draw these parameters from power-law distributions. In our
fiducial model, we adopt distributions o (m =2 a%e!) in the ranges
mimpin € [1, 100], a/amin € [1, 100], and e € [0, 0.3], respectively.
We also explore cases with thermal and superthermal eccentricity
distributions. These simple models lack the compositional complex-
ity of the Milky Way’s nuclear stellar cluster in order to allow us to
clearly identify features generated purely by VRR dynamics.

Note that the mass distribution of young stars in the clockwise disc
of the Milky Way is extremely top heavy dN/dm oc m=%43 =03 but
this may be at least in part due to the preferential anisotropic mass
segregation caused by VRR (Szolgyén & Kocsis 2018). The mass
function of all components scales with m~!7 %92 (Lu et al. 2013).

The adopted semimajor axis distribution corresponds to a mean 3D
number density of n(r) o =2, which corresponds to the equilibrium
configuration for the massive objects in mass-segregated systems
(Bahcall & Wolf 1977; O’Leary et al. 2009) and is also close
to the observed number density for the young massive stars in
the Galactic centre (Bartko et al. 2010). Note however that the
spherical distribution of old stars follows a shallower density slope
of n(r) o« ¥ 138 (Schodel et al. 2018; Gallego-Cano et al. 2020),
and other estimates of the young stars suggest a steeper profile of
29 (Bartko et al. 2009; Lu et al. 2009). Nuclear star clusters in
other galaxies show a deprojected 3D-number density profile scaling
between ! and r—3 (Neumayer et al. 2020).

The adopted fiducial eccentricity distribution, truncated at e = 0.3,
is representative of the massive young O-type stars in the Galactic
centre (Yelda et al. 2014). To explore the effects of the eccentricity
distribution, we run additional models with a thermal f(e) & e and
a superthermal f(e) o e/(1 — e*)"? eccentricity distribution for 0
< e < 0.95. Here ‘thermal’ refers to the fact that this distribu-
tion represents a uniform phase-space distribution for an isotropic
system, which represents statistical equilibrium for isolated single-
component systems, while this particular ‘superthermal’ eccentricity

amounts to gravitational softening for angular separation cos™'(L; - L )=
7 /(2€max) (Kocsis & Tremaine 2015).
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Table 1. Representative systems in dimensionless VRR energy and total
angular momentum (Ejo(, Liot), €quations (4-5).

Eror / Liot Liow Lined Lhigh

Ehigh (—0.03, 0.16) (—0.03, 0.20) (—0.03, 0.38)
Emed (=0.33,0.15) (=0.33,0.35) (—0.32,0.82)
Eow (—0.58,0.15) (—0.58, 0.40) (—0.58, 0.88)

distribution has more high-eccentricity orbits than the isotropic
thermal distribution, and this represents statistical equilibrium for
razor-thin discs (Valtonen & Karttunen 2006; Samsing et al. 2022).
The observed distribution of S-stars in the innermost region of the
Galactic centre is super-thermal, see fig. 21 in Gillessen et al. (2009).
In these additional models, we explore cases with a high level of
initial anisotropy as described in Section 2.2.2.

2.2.2 Total VRR energy and total angular momentum

For an isolated nuclear star cluster undergoing VRR, the statistical
equilibrium is specified by maximizing the entropy for fixed total
angular momentum and VRR energy, Ly = | >, L;| and Ei,y =
Hygrgr. In the remainder of this paper, we use the normalized
dimensionless L, and E quantities, defined as
Lmax s s
E. — Zij Ze:z Tije Py (Li 'Lj) )
ot = = Cmax ’
Zi j Ze:z Tije
N

‘Zi:l L ’
ML

which are bounded between —1 < E,, < 0.5 and 0 < L,y < 1 since
Jije > 0 and —0.5 < Py(x) < 1 for all even £ and |x| < 1.2 The
case of Eic = —1 and Ly, = 1 corresponds to a razor-thin disc in
physical space in which all angular momentum vectors are parallel
so that L; - L j = 1. Further, (Eyo, L) = (=1, 0) is a razor-thin
counter-rotating disc, where half of the stars orbit in the opposite
sense in the same plane. The limit (Eyy, L) = (0, 0) represents
an isotropic distribution, and (0, 0.5) is the spherical distribution
with the largest possible net rotation, where there are no retrograde
orbits in projection.3 An example with maximum positive Ei, = 0.5
is obtained in the case with N = 2, two orthogonal orbits having a
semimajor axis ratio approaching infinity.*

We explore the behaviour of the system for nine representative
(Etots Lioy) pairs given in Table 1 and also shown in Fig. 1. These
values were chosen to cover the whole parameter space from nearly
spherical to highly anisotropic configurations and with small to high
levels of net rotation. Note that we do not include cases with E;y
> 0 as these cases are rather contrived like the one noted above.
Similarly, evolving a razor-thin disc (E,, = —1) with VRR would
be highly unrealistic as in this case two-body relaxation makes the
disc puff up, rapidly increasing E;, (Cuadra, Armitage & Alexander
2008). VRR may dominate once the disc is not razor thin. For this
reason, we restrict attention to the range —0.6 < E, < 0.

Given that (Ey, L) are conserved during VRR and that the
statistical equilibrium maximizes entropy for fixed (Eio, Liot), the

Lo = (5)

2Here, Jije = 0 for odd ¢ (Kocsis & Tremaine 2015).

3Note that (Eyo, Liot) With Eyop = 0 and Loy > 0.5 cannot be attained by any
system.

4Note that the E may be positive for the adopted definition (equation 3),
which omits the unimportant £ = 0 monopole term as that term does not
directly affect the time evolution of VRR.
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Figure 1. Scatter plot of the normalized total energy and angular momentum ] T e \‘\ !
(Etot, Ltot) (equations 4 and 5) adopted in the MCMC simulations. We generate -0.8- \‘\\\ ‘\ ]
100 realizations around the 9 target values shown in Table 1 for the fiducial i \*\\\\i\i]_ |
choice of eccentricity distribution truncated at a maximum eccentricity of 1
0.3. We run two additional models with low energy for a thermal and a 1
superthermal distribution truncated at e = 0.95 (see legend). Small blue Xs 0.0+——— -— E— —
show the target values, blue dots show a scatter plot of the actual individual 1 367\2 e —_
realizations, and the horizontal blue error bars show the full range of Eiy Ny . N ey
for the median L and similarly for the vertical error bars for Li. The dots il ‘N\‘ *‘2‘ 0 b il
with different colours represent different assumptions for the eccentricity '0'2i V Ty \“».\ i
distribution. Ty "\]: Bt |
] 8 & T, oo, - ]
equilibrium distribution is not expected to depend on the details of -0.4- N A S _
the initial condition other than setting the values of (Eo, Liot)- " 1 3\\,,\ ot 0 . ]
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2.3 Initial conditions -0.6 i Hit e “‘? 1
To understand the astrophysically relevant range of initial conditions, Lty
we identify the energy—angular momentum pairs of (i) the cluster 1 \“'\ .\‘:\\ 1
infall scenario and (ii) the in sifu episodic star-formation scenario, -0.87 “\\ .
respectively. Fig. 2 shows the potential energy—angular momentum ] ]
pairs of the 9 combinations corresponding to Table 1 simulated
in this work (coloured regions, same as that in Fig. 1), along T T

with the astrophysically relevant range (black lines). The top panel
shows scenario (i) with different numbers of infalling episodes Nyp,
assuming that each episode delivers a thin counter-rotating subcluster
of 128 stars with randomly oriented rotational axis. Clearly, the Ejqoy,
and E,eq cases of Table 1 correspond to three or less infall episodes,
while the Ejgp, case corresponds to approximately 30 infall episodes.
Note that the (Liow, Eiow) and (Liow, Emeq) of Table 1 do not arise
naturally in this formation scenario, these cases represent thin-disc
configurations with almost equal numbers of co- and counter-rotating
particles. The bottom panel shows scenario (ii) for which, in an initial
in situ star-formation period, we vary the relative fraction of stars in
thin, randomly oriented, counter-rotating discs relative to a massive
pre-existing thin-disc population of stars. Here, the total number
of stars in the cluster is set to be 4096, while the number Ny, of
thin discs of 128 stars decreases from the left to the bottom right
corner as indicated by the numbers. Scenario (ii) leads to a narrower
region in the (L, Ei) space, compared to the selected values in
Table 1. Cases of (Eiow, Lhigh), (Emeds Lmed), and (Epigh, Lmeq) can be
reproduced with particular numbers of subclusters, Ny, = (6, 17,
31), which correspond to a disc/(disc + sphere) mass fractions of
81.25 per cent, 46.87 per cent, and 3.12 per cent, respectively.

To obtain an initial realisation of the selected values of (E, L)
shown in Table 1, we generate the initial conditions for the angular
momentum vectors of different stars as follows. We generate the
superposition of Ny, = 32 thin discs of 128 stars each. In particular,
for (Eiow, Lhigh), the normal vectors of the 32 thin discs are nearly

00 02 0.4 0.6 0.8 1.0
Ltot

Figure 2. The dimensionless total energy—angular momentum (Eior, Liot)
pairs of hypothetical astrophysical systems of (i) cluster infall and (ii) in-situ
star formation scenarios. Faint black dots show the individual realizations for
the ensemble of 32 x 100 different realizations (32 different number of sub-
clusters (Ngyp) with 100 different realisation for each). The three lines (with
triangle symbols) correspond to the 25 per cent, 50 per cent, and 75 per cent
percentile of the cumulative distribution, respectively. The parameter regions
covered by our actual MCMC simulations are shown with shaded rectangles
for comparison, with the same colouring scheme as in Fig. 1. In the top
panel, we test scenario (i), where we assume that the system is built up of
Ngub number of counter-rotating, thin discs of 128 stars each, with randomly
chosen rotational axes. By varying Ngyp, all the different (Eior, Lior) cases can
be reproduced except for low Lio—low-to-moderate E configurations, which
correspond to thin discs with almost the same fraction of co- and counter-
rotating particles. The bottom panel tests scenario (ii), where we assume that a
fraction of the 4096 stars is contained in Ny, number of thin, counter-rotating
discs of 128 stars with randomly oriented rotational axis just as in the top
panel, but the rest of the stars are assumed to reside in a massive counter-
rotating thin disc. The number of subsystems (i.e. randomly oriented discs)
decreases from the upper left to lower right corner, as labelled with numbers.
The bottom panel shows that the low Eio—high Ly, moderate Eio(—moderate
Liot, and high Eio—low-to-moderate Ly cases are best represented with Ngyp =
(6, 17, 31), respectively. The three cases correspond to a disc/(disc + sphere)
mass fraction of 81.25 per cent, 46.87 per cent, and 3.12 per cent, respec-
tively.
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parallel, while for (Epigh, Liow), their normal vectors are drawn from
an isotropic distribution. More specifically, the angular momentum
vectors of each subsystem were first drawn from a polar cap region
with opening angle cos 65" = 0.994 so that the spread of orbital
inclinations is 63" = 0.11rad. Then, the subsystems were rotated,
respectively, as solid bodies by an angle that was again drawn
from a polar cap distribution with a different opening angle 6.5 .
Furthermore, since the rotation by 180° does not change Ey but
reduces Liy, a kg fraction of the subsystems was flipped by 180°
to explore different values of Ly, for fixed E,,.> We repeat this
procedure by adjusting 6:¥° and kg to obtain systems with (E,
L) within a 5 per cent tolerance around the target values shown in
Table 1.

2.4 Monte Carlo Markov Chain simulator

For each initial distribution, we use the NRING-MCMC method
(Szodlgyén & Kocsis 2018) to find the equilibrium distribution. This
algorithm perturbs the system randomly in steps to reach the maximal
entropy state in phase space while keeping (Ei, L) constant to
approach the microcanonical ensemble. In particular, in each step,
a randomly selected pair of angular momentum vectors is rotated
by a random angle around their pairwise-total angular momentum
axis. This procedure preserves the total angular momentum of the
system and conserves H;J"® for the pair exactly, while the total
VRR energy changes by AE,, due to the interaction energy between
the pair and the rest of the system. The proposed step is accepted
if the cumulative change AE,, is lower than a pre-defined energy
tolerance. The energy tolerance is specified such that it is smaller
than 10/N times the smallest particle energy of any object within
the system Ejp min = — min; ) Hi}'RR. Here, N = 4096 is the
number of objects in the system. Note that since the minimum one-
particle energy is much lower than the mean one-particle energy,
E\ does not change more than 0.007 per cent during the simulation.
Furthermore, for this choice, we find that the acceptance rate for the
perturbation proposals is around ~ 24 per cent, which facilitates the
rapid convergence of the simulations to maximize entropy. We run
the algorithm for 8.39 x 107 number of simulation steps, i.e. 4915
average number of accepted perturbing steps per star. Note that since
the pairwise energy is proportional to the product of the masses, the
perturbation acceptance rate is lower for the more massive objects in
the cluster. The mean acceptance rate is (23.25, 0.63, 0.31) per cent
for the lightest, intermediate, and heaviest stars in linear mass bins of
1 < mimpyin < 32.83, 32.83 < m/my;, < 65.66, and 65.66 < m/miy;,
< 100, respectively.®

The simulations were run in parallel with the openMP version of
NRING-MCMC (see Section 3 for a full list of simulations). While one
simulation takes about 5 days to run on a single machine with § CPU
cores, all 900 simulations (i.e. 800-900k CPU hours) were run within
amonth using parallel execution on the high-performance computing
clusters of the National Informatics Infrastructure Development
Institute in Hungary. In comparison, a direct N-body simulation
requires to simulate a much larger number of particles by a factor
of 10-100x, to avoid excessive two-body relaxation artefacts, i.e.
N ~ 103—10° particles. This on average takes at least ~2000 GPU
hours or ~90 days to carry out for an individual simulation. Given
that a large sample of simulations with different initial realizations

SNote that Jije # 0 in equation (1) only for even £ for which P¢(x) = P¢(—
X).
©Note that the mass bins are chosen differently here than in Fig. 4.
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are required to map out the typical behaviour in a reliable way, direct
N-body simulations are not used in this paper. However, this method
that relies on double orbit averaging neglects the possible changes
of eccentricity and semimajor axes, which may affect the solution
(Panamarev & Kocsis 2022).

We test the convergence of the Monte Carlo method using the
Kolmogorov—Smirnov (KS) test with respect to the last simulation
step shown in Fig. 3. The figure shows the progression of the KS test
at the nth simulation step as a function of n. There are 3 groups of
panels showing the respective outcomes for low, intermediate, and
heavy objects with 1 < m/my, < 2, 2 < m/mpi, < 16, and 16 <
mimpyin < 100 from top to bottom as labelled. The number of stars
in the three mass bins are (Njight, Nintermediates Nheavy) = (2058, 1816,
222), representing (50.3 per cent, 44.3 per cent, 5.4 per cent) of all
stars. The 3 x 3 different subpanels correspond to simulations with
different (E, L) as labelled for the cases shown in Table 1. For
example, the top left-hand subpanels have (E\o(, Liot) = (—0.03,0.16),
labelled Ey;gn—Liow (these are nearly isotropic configurations), and the
bottom right-hand subpanels have (—0.58, 0.88), labelled Ejow—Lhign
(these are flattened unidirectional discs). The shaded region in each
subpanel shows the range of possible outcomes among the 100 differ-
ent realizations with the given (Eyy, Lio)- The coloured lines (orange,
burgundy, blue) show the 10 per cent, 50 per cent, and 90 per cent
levels of the cumulative distribution among the 100 realizations. The
output of the KS test displays a mean convergence within a factor
of ~5.6 per cent during the final 3.3 x 10° number of the proposed
MCMC steps. The highest median convergence rate is for the light
particles with 3.9 per cent and the lowest for the heavy particles
with 8.5 per cent. On average, all the convergence rates vary in this
interval. The level of convergence is attained in a larger number of
steps for higher mass objects, which is expected as the high-mass stars
are moved less in angular momentum direction space if paired with
a low-mass star and the acceptance rate is also lower. For low- and
intermediate-mass stars, the distributions are clearly well converged
as they show no systematic change in the corresponding panels.
However, convergence may not be fully complete for the highest
mass stars in the most anisotropic lowest energy configurations with
minimal total angular momentum. The statistical fluctuations are also
higher for the heavy stars, as there are almost a factor 10 less of them
in the cluster than light- or intermediate-mass stars, respectively.

3 RESULTS

We generate a sample of 100 systems with different random realiza-
tions of the initial conditions specified in Section 2 for the 9 (E\y,
Liy) pairs listed in Table 1 for the fiducial eccentricity distribution
truncated at e = 0.3. In addition, for the thermal and superthermal
distributions, we generate 100 systems for two pairs — (Eyy, Lio) =
(— 0.58, 0.88) and (— 0.58, 0.38), respectively — with a maximum
eccentricity of e = 0.95. We run NRING-MCMC for 8.39 x 107 steps
for all of these 13 x 100 systems to approach the microcanonical
equilibrium. Here, we examine the equilibrium geometry represented
by the distribution of angular momentum vectors for objects with
different masses, semimajor axes, and eccentricities.

3.1 Mass dependence

The 3 x 3 panels of Fig. 4 show the equilibrium distribution of the
z component of the normalized angular momentum unit vectors, i.e.
the cosine of the orbital inclination, for the selected 3 x 3 pairs
of (Ei, L) of Table 1. Here and in all other figures below, we
stack the final 3.36 x 10° MCMC steps of all 100 realizations
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Figure 3. KS test to probe the convergence of the MCMC method for
the (Etot, Lior) of Table 1 for three different mass ranges, increasing from
top to bottom as labelled. For each realization, the test is performed with
respect to the last MCMC step, and the result is shown as a function of the
MCMC step number ngep. The distributions tend to converge with large ngep.
The convergence is best for m/mpyi, < 2 for all cases, particularly (Ehigh,
Liow) (spherical system). Convergence is slowest for m/mpmi, > 16, but even
in this case, there is clear convergence for (Ejow, Lmed) (flat disc with a
limited counter-rotating component), while the convergence may not be fully
established for m/mpmin > 16, (Ejow, Liow) (counter-rotating flat disc).

2209

for a fixed (E, L) to minimize the statistical fluctuations and
maximize the resolution. The solid lines represent the equilibrium
distributions for different mass groups, while the faint dash—dotted
show the initial distribution (approximately identical for different
mass groups) for reference. We distinguish 3 mass groups (light,
intermediate, heavy) as 1 < m/my, < 2, 2 < m/mpy;, < 16, and 16
< m/mpyi, < 100, which may, respectively, resemble typical main-
sequence stars, B-stars, and O-stars or stellar BHs for example. The
inclination distributions are normalized with the maximum values
for each histogram so that dN/dL, = 1 at .. = 1 by construction.
The shape of the initial distributions are qualitatively similar for
all the different mass populations, but they strongly depend on the
E\—L parameters. We find that the mean variation of samples
(not shown) is less than 8.5 per cent with respect to the stacked
equilibrium distribution shown in the figure.

Fig. 4 shows that the equatorial regions of the angular momentum
sphere are depopulated by VRR as E\, decreases (note that Ey
decreases from top to bottom rows of panels, and L increases from
left to right columns of panels as labelled and as shown in Table 1).
The equilibrium distributions show the coexistence of spherical and
disc components for all (E\y, Lio) pairs. We decompose the systems
crudely into an isotropic and an anisotropic component, labelled
‘sphere’ and ‘disc’ by

2 min p(f, )
fsphere = 7AZA s fdisc =1

- fs ere s (6)
oL dL "

where p(L.) = dN/dL. is calculated using the stacked histograms
for a given (E, Li). This decomposition assigns all of the
anisotropy to the ‘disc’ component, thus corresponding to an upper
limit of the disc fraction and a lower limit for the spherical fraction.
The ‘thickness’ of the disc may be specified by the width of the peak
of the L. distribution near 1 (co-rotating component with the total
angular momentum vector) and —1 (counter-rotating component),
elaborated in more detail in Fig. 6 below. We calculate fiphere and faise
fraction for stars in the three different mass bins, separately.
The different mass groups show the following trends.

(i) Light particles (burgundy solid lines) resemble a nearly
isotropic distribution for Eyjn With finere = 96 per cent of the
objects in the isotropic distribution. For E\eq and Ejqy,, the distribution
has a more significant disc component with a significant increase
for Lygn cases; the isotropic fraction is fippere = (78, 63) per cent
and (46, 36) per cent, respectively. The thickness of the disc of light
particles is clearly larger than that for the heavier mass components.

(i1) Intermediate mass particles (orange solid lines) are also close
to a spherical distribution for Epign with fiphere = 86 per cent. For
Eineqs the isotropic fraction decreases with a heavy drop for Lyigp.
Ssphere = (40, 30) per cent is for Ligy, Lied, and Lygn, respectively.
For Ejow., fophere 18 around 6 per cent. In those cases, these stars clearly
settle into a flattened disc-like structure.

(iii) Heavy particles (violet solid lines) settle in a disc even for
Enign; here, fiphere = 33 per cent. The distribution for Eyeq and Eoy
clearly resembles a thin disc.

Note that the initial distributions (dotted lines) are statistically
identical for the different mass stars in each panel, respectively. Thus,
the simulations show evidence of anisotropic mass segregation due
to VRR, in which the heavier components settle into a disc-like
equilibrium for all (E, Lior)-

Fig. 5 shows the equilibrium distribution function in the two-
dimensional plane spanned by L. (i.e. the cosine inclination) and
the particle mass m for the same 3 x 3 values of (Ei, Lio) as
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Figure 4. The distributions of the angular momentum unit vector z components, L., (i.e. the cosine of the inclination angle) for different mass populations
for systems with different (Eior, Lior) in different panels. The initial and the final distributions are shown with faint dash-dotted and solid lines, respectively.
Burgundy, orange, and violet lines show the respective distributions for the mass population ranges 1 < m/mpin < 2,2 < m/mpin < 16, and m/mpyin > 16. The
distribution functions are ensemble averaged over 100 different realizations and also averaged over the last 3.35 x 10° MCMC steps of the simulations. The
distributions are normalized by the sample size and the maximum bin value for the different mass populations, separately. Different panels show systems with
different total VRR energy increasing from top row to bottom and different net rotation increasing from left column to the right column, as specified in Table 1.
In all cases, the distributions show evidence of anistropic mass segregation. In comparison to the initial distributions, the equilibrium distributions are more
spherical for the low-mass components and more flattened for the high-mass components. The heavy particles settle into a disc-like equilibrium distribution

even for the high-E cases.

in the panels of Fig. 4. We stack again the 100 different realiza-
tions of the systems (ensemble average) and the last 3.35 x 10°
MCMC steps and normalize the 2D histograms with the highest
values in each logarithmic mass bin such that the density attains a
maximum of unity (typically at L, = 1) for each m. Thus, we show
the equilibrium distribution function fuq(m, L.)/ max; (fu(m, L.)).
This representation provides detailed information of anfSotropic mass
segregation as a function of mass. High-energy simulations show that
the angular momentum vector distribution is predominantly spherical
for particles with masses 1 < m/my,;, < 12, but it is highly anisotropic
for higher masses. For higher masses, the distribution is restricted
to a small region around L. = 1, implying a thin-disc configuration
in physical space, where the disc thickness reduces with increasing
m, especially for Ey,, and Epeq. The distribution function shows
anisotropy (i.e. variations in the L. direction) for the counter-rotating
component for Ligy, and Lyeq but not for L;g.

Fig. 6 shows the cumulative distribution of the inclina-
tion angle arccos (ﬁz) as a function of mass evaluated as
a moving average with 1g,,(m/mpyi,) between lg,,(m/mmyin) =
1g,0(2). Blue, orange, and violet dash—dotted lines show the
25 per cent, 50 per cent, and 75 per cent levels of the cumulative
distribution. We stack the realizations and the last 3.36 x 10 MCMC
steps as before. For Eyg,, the distributions are widely distributed
in inclinations; they are close to spherical with the (25 per cent,
50 per cent, 75 per cent) levels near 60°, 90°, 120° for m/muy;, < 10
and Ly, with a systematic shift towards lower inclinations for high

MNRAS 520, 2204-2216 (2023)

masses for Lied, Lhign. For smaller Eyy, the equilibrium configuration
tends to be more disc-like where the (25 per cent—75 per cent)
levels either move close to small inclinations towards 0°, creating
a unidirectional disc (i.e. for (Eiw, Lnigh)), or close to 180° to
create a counter-rotating disc (i.e. for (Ejoy, Liow))- In both cases,
the disc thickness decreases with increasing mass. Further, note that
the fraction of counter-rotating stars decreases to below 25 per cent
for intermediate mass stars for (Eyed, Lmed) and (Ejgw, Lmed). The
discontinuities at high masses are due to small number statistics.
The fact that the higher mass particles tend to settle to discs is the
natural consequence of the system evolving towards its maximum
entropy state. As massive particles decrease their mutual inclination
with the rest of the cluster, on average a large number of light particles
are able to get perturbed on orbits with higher mutual inclination
that resembles the isotropic distribution in the limiting case, which
by definition maximizes the system entropy. In order to conserve the
total VRR energy and angular momentum, the system cannot become
completely isotropic. In our simulations, any proposed step with a
heavy partner tends on average to decrease the mutual inclination of
the heavy particle with respect to the cluster’s angular momentum.
Fig. 7 shows the evolution of the cosine orbital inclination of a
particular heavy particle of mass m/my;, = 45.81, semimajor axis
alay, = 12.95, and eccentricity ¢ = 0.24 in all the accepted MCMC
steps for an ensemble of 100 simulations for (Enigh, Lmed). This
figure uses the same colouring scheme as Figs 3, 4, 6 and additionally
encodes the mass (light, intermediate, heavy) of the interaction
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Figure 5. The two-dimensional equilibrium distribution of VRR as a function of L - and m (i.e. cos inclination and mass). We stack the different realizations and
the last simulation steps as in Fig. 4 and normalize the histogram with the maximum value for each mass bin. Different panels show systems with different (Eo,
Liot), as in Table 1. The distribution is clearly more anisotropic for increasing mass and decreasing Ey, as the angular momentum vector directions are more
and more confined to the regions close to L. = 41. This resembles a co-rotating and a counter-rotating disc in physical space. Note that the counter-rotating
structure (region near L . = —1) is most prominent for Loy, and for low-mass stars.

partner with the marker size. Light particles are plotted with smaller
markers with an increasing marker size for heavier objects. Both
the 2D and the marginal distributions support our findings that heavy
particles tend to settle to a disc. The marginal distribution shows a sig-
nificant excess at L. = 1. This represents orbits that on average reside
in a thin, counter-rotating disc-like structure in physical space. Fig.
8 further support our findings and complements Fig. 7 with the dis-
tribution of the rotation angle A¢ (left) and that of the partner masses
m/mp, (right). These distributions suggest that in contrast to heavy-,
light particles on average got excited on orbits with high inclinations
which correspond to a spherical structure in the physical space.

However, note that the tendency for heavy objects to form discs
may depend on the assumed level of initial deviation from the
exact isotropic distribution, i.e. E = —0.03 instead of 0. The
expected deviation from isotropy in an idealized, one-component
system is proportional to o 1/+/N, where N is the total number of
particles. Thus, for N ~ 10°, spherical systems may in principle
exist even closer to isotropy with E,; ~ —0.001, where forming a
disc population of heavy objects would be more difficult due to the
conservation of the total VRR energy. This expectation is confirmed
by recent direct N-body numerical simulations of Panamarev &
Kocsis (2022), where an almost exact isotropic massive spherical
system drives the disc into a spherical configuration, including its
massive stars. This is not seen in our models with N = 4096, where
shot noise leads to larger deviations from isotropy.

3.2 Semimajor axis dependence

Fig. 9 shows the distribution of the angular momentum vector
directions as in Fig. 4, but here we group the particles not only

by mass but also by their semimajor axes. There are now 3 x 3
blocks of panels with 3 x 3 values of (E\o, Lio), and there are 3 x 3
subpanels with different (a, m) within each block as labelled. The
equilibrium distributions are shown by burgundy solid lines, and the
initial distribution is shown with orange dotted lines for reference.
The 3 mass groups (light, intermediate, heavy) are the same as before
(1 <mlmpyin < 2,2 <milmy, < 16, 16 < m/my,;, < 100) and are shown
indifferent rows of subpanels, and the 3 semimajor axis groups (inner,
middle, and outer) are chosen uniformly on a logarithmic scale as (1
< alayin < 4.64, 4.64 < alay;,, < 21.5, 21.5 < alay;, < 100) and
shown in different subcolumns. The L, parameter increases from
left to right, while the E\,, decreases from top to bottom in the 3 x 3
panels as in Table 1. The stacking and normalization are the same as
in Fig. 4. During VRR, the level of anisotropic mass segregation is
weakly inhomogeneous in semimajor axis. We find that the spherical
fraction fyphere (Equation 6) is systematically higher in the innermost
region, particularly for the most spherical initial condition Ejgy, for
all Ly or for systems with a high net rotation Ly;g for all E.” For
(Emeds Liow) and (Emed, Linea), the middle region has the smallest fiphere-

3.3 Eccentricity dependence

The equilibrium distributions are qualitatively very similar for the
thermal and super-thermal eccentricity distribution simulations to
the results presented above for which the distribution was truncated
at e < 0.3. This is not surprising as the VRR energy (particularly,

"Note that the conclusions may be affected by small number statistics for
high-mass stars (m > 16 mupyiy) in the innermost region (ai,) and by the slow
convergence of the MCMC method.
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Figure 6. The ensemble and MCMC-step-averaged cumulative distributions of the inclination angle cos~!(L.) (shown in degrees) as a function of mass for
systems with (Eyo, Liot) given by Table 1. The lines show the moving average with respect to m, where 1g,,(m /mpin) is between 1go(m /mmin) +1g¢(2). The
blue, orange, and violet coloured dash—dotted lines show 25 per cent, 50 per cent, and 75 per cent of the cumulative distributions. High-energy cases resemble
a spherical distribution with a median inclination close to 90° except for stars heavier than m/mm;, > 10. Heavy stars tend to systematically shift towards an
inclination of 0° or 180°. For moderate and low energies, the distribution is more flattened, where the disc thickness decreases with higher m. Note that for low
Lt (left-hand panels), there is a flattened counter-rotating disc component, implying that the 25 per cent and 75 per cent cumulative levels approach 0° and
180°, especially for high masses and for low Eio (see also Fig. 4). Also note the the discontinuous variations for large m are due to low number statistics. For
(Emed, Lmed) and (Ejow, Lmed), the trough shows that the counter-rotating fraction does not reach 25 per cent for intermediate masses.

Jije in Equation 3) is weakly sensitive to e for e < 0.9 (see Kocsis &
Tremaine 2015).

4 CONCLUSIONS AND DISCUSSION

In this paper, we generalized the work of Szolgyén & Kocsis (2018)
to determine the range of possible statistical equilibria of orbital
inclinations during VRR for a variety of astrophysically motivated
initial conditions (see Section 2.3). Since the equilibria depend on
the initial conditions only through the conserved quantities, the total
VRR energy, and total angular momentum, (Eyy, L), We explored
the outcome on a 3 x 3 grid in this space for low, intermediate, and
high values (Table 1; Equations 4 and 5). We considered nuclear star
clusters with multiple mass, semimajor axis, and eccentricity com-
ponents with power-law distributions for each. For the eccentricity
distribution, we mostly focused on the case limited to ¢ < 0.3, as
observed for the young stars in the Galactic centre, but also examined
two other cases with a thermal and superthermal distribution and
found the outcome to be independent of eccentricity. The initial
distributions for the orbital inclinations were chosen to be the same
for objects with different m, a, and e, so the systematic dependence of
orbital inclinations in the equilibrium sample must come from VRR.
We constructed a large sample of initial distributions and evolved
them using NRING-MCMC to obtain the microcanonical ensemble
for fixed (Ey, Liot). The MCMC method reached convergence at
the 8 per cent level or better (Fig. 3). The resulting equilibrium

MNRAS 520, 2204-2216 (2023)

distributions show systematic differences for different Eyy, Lo, m,
and a.

Our findings show that anistropic mass segregation is a general
ubiquitous outcome of VRR beyond the isolated cases found pre-
viously (Szolgyén & Kocsis 2018; Szolgyén et al. 2019; Magnan
et al. 2021; Tiongco et al. 2021, see Figs 4, 5, and 6 above). Light
particles generally settle to a more spherical spatial configuration,
while the heavy particles segregate to a more disc-like configuration
than the initial configuration (Fig. 5). In doing so, the heavier objects
do not merely retain the initial level of anisotropy but even amplify
it, while lighter objects become more spherically distributed. The
overall level of anisotropy is set by E\, and L. Small Ey,, leads to
a disc-like structure of both heavy and light objects, in which the
thickness of the disc is smaller for the heavier objects (Fig. 6). High
E\ leads to the coexistence of spherical and disc-like distributions.
In this case, a large fraction of objects are spherically distributed with
the exception of the heaviest objects, which settle into a thick disc.
The disc is counter-rotating for low L, and mostly unidirectional for
high L.

We find weak systematic trends with semimajor axis, where the
level of anisotropy is slightly larger for low Ly, and slightly smaller
for high L in the inner regions with respect to that in the outer
regions (Fig. 9). In other words, the disc is slightly thinner in the
inner region for low Ly, but thicker in the inner region for large
L. However, we note that while the systematic trends with mass
are more pronounced and are expected to be robust, the trends with
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Figure 7. The distribution of the orbital inclination cosine L. of the accepted
steps for a particle with mass m = 45.8 1mpin , semimajor axis a = 12.95amin ,s
and eccentricity e = 0.24 in accepted MCMC steps for an ensemble of
100 different simulation with high energy Enijgh and moderate total angular
momentum Lpeq. The colour-coding scheme matches Figs 3, 4, and 6, and
larger symbols denote larger interacting partner mass. The histograms on the
sides show the marginal distributions in the MCMC steps (top) and in L.
(right). The former resembles a uniform distribution as expected, where the
average number of accepted steps decreases for increasing partner mass, and
the latter clearly indicates a systematic excess at L.=1, representing a disc
structure.

respect to semimajor axis may be affected by the large variation
of the VRR time-scale and the time-scales of other effects such as
scalar resonant relaxation and two-body relaxation for a vast range
of semimajor axes in the nuclear star cluster.

The cases explored in the space of (Ey, Li) are useful to
understand the qualitative outcome for arbitrary initial conditions.
For example, to obtain the equilibrium outcome for the mixture

1.0

p(N)

0.5

0.0

2213

of two systems with an initial spherical and a disc component or
with two discs, it is sufficient to calculate the total normalized (Eq,
Liot). This is similar to asking the outcome for mixing water and
ice; the total thermal energy per particle of the mixture specifies its
temperature and hence the outcome to be either water or ice or the
mixture of the two. Similarly, (Ey, L) are preserved during VRR
and given its value for the mixture; one can simply interpolate the
results shown in this paper to obtain the qualitative behaviour of
the equilibrium configuration. Interestingly, in this context, we find
that heavier objects form an ordered flattened structure even in the
presence of an initially nearly spherical disordered configuration.
In this analogy, the ‘freezing point’ of the angular momentum
distribution is effectively higher for the heavier objects, implying
that they may settle to the ordered disc state in thermal equilibrium
with lower mass objects being in the disordered spherical phase.
Furthermore, there is an inevitable angular momentum shot noise
anisotropy for a finite number of objects, even if initially nearly
spherically distributed (4096 in our simulations), and this anisotropy
is absorbed by the distribution of highest mass stars to form an
ordered disc within the disordered spherical ambient medium.
These findings may also be interesting with regards to the statistical
physics of long-range interacting systems (Campa et al. 2014) and
tantalizing connections to condensed matter physics. It has been
shown that the leading-order quadrupolar approximation of VRR is
equivalent to the Maier Saupe model of liquid crystals (Kocsis &
Tremaine 2015; Roupas, Kocsis & Tremaine 2017). Indeed, orbit
averaging over the apsidal precession time results in axisymmetric
mass annuli, which resemble the axisymmetric molecules of liquid
crystals. In nearly coplanar cases, the VRR interaction resembles
that of vortex crystals and the N-vector model of spin systems
(Kocsis & Tremaine 2011, 2015; Touma & Tremaine 2014). This
correspondence leads to a qualitative similarity between the statistical
physics of these systems. Interestingly, VRR admits the curious
possibility of negative absolute temperature equilibria, given that
the VRR energy is bounded from above (Kocsis & Tremaine 2011;
Roupas et al. 2017; Takdcs & Kocsis 2018). Further, given the non-
additive nature of the energy of subsystems, different ensembles (e.g.
canonical and microcanonical) are inequivalent for VRR (Roupas
et al. 2017; Roupas 2020). Both VRR and liquid crystals exhibit
a phase transition between a disordered isotropic phase and an

100

109 10! 102
m/Mmin

Figure 8. The distribution of the rotation angle A¢ (left) and the companion mass m/mm;i, (right) for the accepted steps of a particle with mass of m/mmpin =
45.81, semimajor axis of a/amin = 12.95, and eccentricity of e = 0.24 in an ensemble of 100 different simulations with (Etot, Liot) = (Ehigh, Lmed) (see Table 1).
For the rotation angle, we used the same colouring scheme as for Figs 3, 4, and 6. The figure shows that the distribution of light particles tends to populate the
region around 7 more, which corresponds to large rotation angles. While with increasing mass, small rotation angles are favoured, which corresponds to the
higher peaks of moderate- and large-mass particles. The double-peaked distribution of Ag is a consequence of the fact that —A¢ = 2w — Ag. The distribution
of companion masses o« m =2 (fitted with violet) deviates slightly from the initial one of o« m~2 (orange). Interactions with light particles are over-represented
compared to those with heavy particles. This is the natural consequence of the fact that interaction of heavy particles gets rejected on average more often since

that corresponds to a higher AE energy change on average.
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Figure 9. Similar to Fig. 4 showing the distribution of the cosine of the orbital inclinations, L., but showing both the mass and semimajor axis dependence.
Orange dotted lines represent the ensemble-averaged initial conditions; the burgundy solid lines show the stacked final distributions. There are 3 x 3 large blocks
of panels with (Eor, Liot) given in Table 1, and each block consists of 3 x 3 subpanels with different a (inner, middle, and outer regions on a logarithmic scale
shown by columns from left to right) and m (low, intermediate, and high for rows from top to bottom; see text for definitions). The figure shows that different
regions in a weakly affect the distributions with respect to variations due to m; the distribution is qualitatively the same for different semimajor axes. Systematic
changes are most prominent for Lyigh or Epigh, showing a larger spherical component in the innermost region.

ordered disc-like nematic phase (Roupas et al. 2017; Takacs & Kocsis generally unexpected for non-additive systems (Campa et al. 2014),
2018; Roupas 2020), which may be lopsided (Touma, Tremaine & the findings of this paper show in contrast that flattened structures
Kazandjian 2019; Tremaine 2020a, b; Zderic et al. 2020). The are ubiquitous for the high-mass components of the system, such as

phase transition is known to be first order for the single-component stellar mass black holes, and may coexist with a spherical distribution
model (i.e. all objects have the same fixed m, a, and e) under of low-mass objects.

certain conditions, namely if the total angular momentum of the An exploration of the allowed diversity of equilibrium configu-
star cluster is below a critical value for VRR and if the external rations may be relevant in a variety of contexts beyond explaining
magnetic field is small for liquid crystals. While phase separation is the geometry of the discs in the Galactic centre. If massive stellar
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objects settle into flattened disc-like configurations, the resulting
equilibrium distributions should contain a large number of stellar
mass black holes. Such a population of black holes (i) may influence
the stellar orbits affecting precision tests of general relativity (Merritt
et al. 2010; Meyer et al. 2012; Gravity Collaboration 2020), (ii)
could regulate the accretion flow in active galactic nuclei potentially
forming IMBHs (Kocsis, Yunes & Loeb 2011; McKernan et al. 2012),
(iii) could lead to X-ray flares as they traverse through gas (Bartos
et al. 2013), (iv) lead to a distinct class of sources of gravitational
waves for LIGO/VIRGO/KAGRA observations (Bartos et al. 2017,
Stone, Metzger & Haiman 2017; Tagawa, Haiman & Kocsis 2020)
and pulsar-timing array observations (Kocsis & Levin 2012), and (v)
can produce extreme mass ratio inspirals observable by LISA (Kocsis
et al. 2011; Gair et al. 2004; Amaro-Seoane et al. 2007; Babak et al.
2017).
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