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Abstract. We present a mathematical model to describe the distribution of surfactant pairs
in a multilayer structure beneath an adsorbed monolayer. A mesoscopic model comprising of a set
of ordinary differential equations that couple the rearrangement of surfactant within the multilayer
to the surface adsorption kinetics is first derived. This model is then extended to the macroscopic
scale by taking the continuum limit that exploits the typically large number of surfactant layers,
which results in a novel third-order partial differential equation. The model is generalized to allow
for the presence of two adsorbing boundaries, which results in an implicit free-boundary problem.
The system predicts physically observed features in multilayer systems such as the initial formation
of smaller lamellar structures and the typical number of layers that form in equilibrium.
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1. Introduction. Surfactant mixtures are used in a wide range of domestic
and personal care products [11, 12]. The use of multiple surfactants in such prod-
ucts provides a synergistic enhancement in performance, and flexibility in processing.
Typically, mixed surfactant systems exhibit more pronounced interfacial adsorption
than single surfactant systems [7]. Furthermore, the addition of an electrolyte to a
mixed surfactant solution may increase the concentration of surfactant adsorbed at
the interface significantly compared with the solution in the absence of electrolyte
[9, 10, 14]. In such cases, surfactant is observed to adsorb not only as a monolayer
at an interface, but as a multilayer structure that extends into the bulk beneath the
interface [9].

The accumulation of surfactant near an interface is a desirable property that is
exploited in many applications. For example, in commercial and industrial detergents,
a higher interfacial surfactant concentration improves the cleaning performance. Un-
derstanding the self-assembly process of multilayers at interfaces is vital in gaining
insight into the mechanism by which detergent formulations work, and in biological
applications such as lipid multilayer formation in cell membranes [1]. In recent years,
multilayer formation has been observed in porcine and bovine samples of pulmonary
surfactant in vitro by Follows et al. [4]. Furthermore, exogenous surfactant is used
therapeutically in the treatment of infant respiratory distress syndrome, a condition
often suffered by premature neonates born before 26 weeks gestation that arises due
to a lack of type II pneumocytes, which secrete pulmonary surfactant in the lungs
[6, 13]. Despite their numerous applications, the properties that govern the formation
of such surfactant multilayers are yet to be fully characterized. In current applica-
tions of surfactant systems it is the dynamic and not the static properties that are of
more importance, and a greater understanding would enable these properties to be
optimized and the functionality of the system to be improved.

In this paper we present a mathematical model for the self-assembly of surfactant
in a multilayer structure such as those observed in [9, 10, 14], neglecting the effect of
any counterions that may be present and any bulk solution effects such as aggregation.
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Fig. 2.1. Schematic diagram of a surfactant multilayer structure and (b) the simplified model
set-up.

We consider two situations: (i) the adsorption of a surfactant multilayer at an inter-
face, and (ii) the adsorption of a surfactant solution onto two surfaces that are in close
proximity to one another. For the first situation we consider the mesoscopic problem
and derive a semi-discrete model to describe the movement of surfactant between each
layer in the multilayer structure. We then extend this model to the macroscopic scale
and derive a one-dimensional, third-order, nonlinear partial differential equation to
describe the spatio-temporal evolution of a multilayer structure. For the second situ-
ation we show that the macroscopic model is described by an implicit free-boundary
problem.

2. Modelling assumptions. We consider the formation of a surfactant multi-
layer structure beneath a monolayer adsorbed at a surface that may be either solid or
liquid. The multilayer structure consists of a series of stacked bilayers and each bilayer
is a planar arrangement of surfactant monomer pairs that are adsorbed either to a
monomer at the surface, or to a monomer pair in an adjacent bilayer (Figure 2.1(a)).
When in such an adsorbed configuration, we refer to these monomer pairs as surfac-
tant pairs or bilayer molecules, as opposed to dimers, which we use to refer to pairs
of surfactant molecules bound together in the bulk solution.

In this paper we are concerned only with the behaviour of the surfactant in the
multilayer structure and so neglect any free monomer or aggregates in the bulk that
are typically present in such systems [9, 10, 14]. Thus, in our model surfactant can only
exist either as surfactant pairs in a bilayer or as adsorbed monomer in the monolayer.

We neglect any electrostatic effects that may be present between bilayers and
model the movement of bilayer molecules between adjacent layers as an adsorption
process. We consider a one-dimensional domain D := {x : x ∈ [0,∞]}, where the
x-axis points downwards into the solution and the boundary x = 0 corresponds to the
adsorbing surface. The domain D is divided into K compartments each of length h so
that the ith compartment represents the ith bilayer in the multilayer structure, and
denote the total number of bilayer molecules in this compartment by B̄i. We assume
that surfactant bilayer molecules must dissociate into monomers before adsorbing at
the surface x = 0 and we denote the number of adsorbed surfactant monomers at the
interface of our set-up by Γ̄. A schematic of the simplified model set-up we consider
is shown in Figure 2.1(b).

We assume that bilayer molecules can only move to adjacent compartments, i.e.,
to a compartment directly above (closer to the interface) or below (further from the
interface), and only do so provided there is an available adsorption site. An adsorption
site is simply a space in a bilayer where a bilayer molecule in the layer above or below
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Fig. 2.2. Schematic diagram for the two possible adsorption sites available for a molecule
existing in the ith compartment: (a) V̄i = (B̄i−1 − B̄i)

+; (b) H̄i = (B̄i+1 − B̄i)
+.

has not been covered. Specifically, a molecule may move into the ith layer by adsorbing
onto an exposed molecule that is in either the (i − 1)th or (i + 1)th compartment, as
shown in Figure 2.2. We denote the number of available adsorption sites in the (i−1)th

layer onto which a molecule in the ith layer may adsorb by1

V̄i = (B̄i−1 − B̄i)
+, (2.1)

The number of available adsorption sites in the (i+ 1)th layer to which a molecule in
the ith layer may adsorb is denoted by

H̄i = (B̄i+1 − B̄i)
+. (2.2)

The possible adsorption sites are shown schematically in Figure 2.2.
Assuming that the movement of bilayer molecules between adjacent layers is spon-

taneous we may write down a series of single-step ‘reactions’ for their movements. The
movement of a molecule in the (i+1)th compartment to the ith compartment can be
written in reaction form as follows

Bi+1 + Vi
āi→ Bi for i = 1, . . . ,K, (2.3a)

Bi+1 +Hi
c̄i→ Bi for i = 2, . . . ,K, (2.3b)

where Bi,Hi,Vi denote the species in the ith compartment (i.e., either a bilayer
molecule or a vacancy), and āi and c̄i denote the corresponding rate constants for
the reactions. Here, the total number of vacancies in the first bilayer is given by

V̄1 = Γ̄− B̄1. (2.4)

Similarly, the movement of a molecule in the (i − 1)th compartment to the ith com-

1Throughout this paper we use the notation (·)+ that is defined by

(z)+ =
1

2
(z + |z|) =

{

z, z ≥ 0,

0, z < 0.
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partment can be written in reaction form as

Bi−1 + Vi
b̄i→ Bi for i = 2, . . . ,K, (2.5a)

Bi−1 +Hi
d̄i→ Bi for i = 2, . . . ,K, (2.5b)

and b̄i and d̄i denote the corresponding rate constants for the reactions.

At the adsorbing surface a bilayer molecule in the first bilayer may dissociate
into two monomers, which then adsorb to the surface provided it is not saturated.
If the monolayer is not saturated, that is, Γ̄ < Γ̄sat, say, then the number of vacant
adsorption sites is given by

V̄m = Γ̄sat − Γ̄, (2.6)

where the subscript ‘m’ notation is used to denote the different species in the mono-
layer.

Similarly, two adsorbed monomers from the monolayer may spontaneously desorb
and form a bilayer molecule in the first bilayer provided there is an available adsorption
site. The number of available adsorption sites for molecules in the first bilayer are
given by

V̄1 = (Γ̄− B̄1)
+, and H̄1 = (B̄2 − B̄1)

+. (2.7)

We assume that the adsorption–desorption processes associated with the monolayer
occur as single-step reactions given by

B1 + 2Vm
ām→ 2G, 2G + V1

b̄m→ B1, 2G +H1
d̄m→ B1, (2.8)

where G denotes an adsorbed monomer in the monolayer, Vm denotes a vacancy in
the monolayer, and ām, b̄m, and d̄m are the corresponding rate constants.

3. Mesoscopic model.

3.1. Governing equations. The areal concentration of adsorbed monomers
in the monolayer (molm−2) at time t̂ is given by Γ̂(t̂) = NAΓ̄(t̂)/A, where NA is
Avogadro’s constant and A is the interfacial surface area of our domain. Similarly,
the concentration of bilayer molecules in the ith bilayer (molm−2) at time t̂ is given by
B̂i(t̂) = NAB̄i(t̂)/A for i = 1, . . . ,K. We non-dimensionalize the model by rescaling
the variables as follows

t̂ =
K3

ā1Γsath3
t, Γ̂ = ΓsatΓ, B̂i = ΓsatBi for 1 ≤ i ≤ K, (3.1)

where Γsat is the saturation concentration of the monolayer (molm−2) and h is the
depth of a bilayer molecule. The timescale is chosen to conserve a dominant bal-
ance when we consider the continuum approximation in §4. We invoke the law of
mass action to obtain a system of (K + 1) ordinary differential equations (ODEs) for
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Γ, B1, . . . , BK :

ǫ3
dΓ

dt
= 2

(

Qa
m −Qb

m −Qd
m

)

, (3.2a)

ǫ3
dB1

dt
= −

(

Qa
m −Qb

m −Qd
m

)

+Qa
1 −Qb

2 +Qc
1 −Qd

2, (3.2b)

ǫ3
dBi

dt
= Qa

i −Qa
i−1 +Qb

i −Qb
i+1 +Qc

i −Qc
i−1 +Qd

i −Qd
i+1,

for i = 2, . . . ,K − 2, (3.2c)

ǫ3
dB

K−1

dt
= Qa

K−1 −Qa
K−2 +Qb

K−1 −Qb
K +Qc

K−1 −Qc
K−2 +Qd

K−1, (3.2d)

ǫ3
dB

K

dt
= −Qa

K−1 +Qb
K −Qc

K−1, (3.2e)

where ǫ = 1/K, and the fluxes are given by

Qa
m = amV

2
mB1 = am(1− Γ)2B1, (3.3a)

Qb
m = bmV1Γ

2 = bm (Γ−B1)
+
Γ2, (3.3b)

Qd
m = dmH1Γ

2 = dm(B2 −B1)
+Γ2, (3.3c)

Qa
1 = V1B2 = (Γ−B1)

+B2, (3.3d)

Qa
i = aiViBi+1 = ai(Bi−1 −Bi)

+Bi+1, for i = 2, . . . ,K − 1, (3.3e)

Qb
i = biViBi−1 = bi(Bi−1 −Bi)

+Bi−1, for i = 2, . . . ,K, (3.3f)

Qc
i = ciHiBi+1 = ci(Bi+1 −Bi)

+Bi+1, for i = 1, . . . ,K − 1, (3.3g)

Qd
i = diHiBi−1 = di(Bi+1 −Bi)

+Bi−1, for i = 2, . . . ,K − 1. (3.3h)

Here am, bm, and dm are the dimensionless rate constants for the surface reactions,
scaled with ā1/Γsat, and ai, bi, ci, and di are the dimensionless bulk rate constants,
scaled with ā1, so a1 = 1; Vi and Hi correspond to the dimensionless concentration
of vacancies above and beneath the ith bilayer respectively, scaled with Γsat, and Vm

corresponds to the dimensionless concentration of vacancies in the monolayer, scaled
with Γsat. To close the system we prescribe the initial conditions

Γ(0) = Γ0 and Bi(0) = Bi0 for i = 1, . . . ,K, (3.4)

for some constants Γ0 and Bi0 , for i = 1, . . . ,K.

Upon summation of (3.2a)–(3.2e) and integration with respect to t we obtain an
equation expressing mass conservation,

Γ(t) + 2

K
∑

i=1

Bi(t) = Γ0 + 2

K
∑

i=1

Bi0 := S, (3.5)

where S is a constant and denotes the total dimensionless concentration of surfactant
in the system.
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3.2. Steady-state solutions. We first examine the steady-state solutions of
(3.2). To simplify the analysis we make the assumption that Bi ≤ Bi−1 ∀ 1 ≤ i ≤ K.
This is physically reasonable since we anticipate a decreasing concentration of surfac-
tant with depth, and indeed this has been observed in such systems as those described
in [9]. We note that there exists no empirical method to measure all the rate param-
eters in the model and so to proceed further we assume that the constants ai and bi
are equal, i.e., ai = bi = ci = di = 1 for i = 1, . . . ,K (since the rate constants have
been scaled with ā1). Since we do not expect a molecule existing in the ith layer to
experience any directional preference in the site into which it adsorbs, this assumption
is physically reasonable. However, we may expect the adsorption behaviour at the
interface to differ from within the bulk, so we make no assumptions on the size of am
and bm. The steady-state configuration is determined by setting

Qa
m −Qb

m −Qd
m = Qa

i −Qb
i+1 = Qc

i = Qd
i = 0, for all 1 ≤ i ≤ K, (3.6)

which yields

Bi = Γ

(

Γ2

Γ2 + a∗(1 − Γ)2

)i

for i = 1, . . . ,K. (3.7)

Here a∗ = am/bm is the ratio of adsorption to desorption rates, i.e., if a∗ > 1 then the
equilibrium between the monolayer and the first bilayer the shifts to favour existence
in the adsorbed monolayer state, while if a∗ < 1 then the equilibrium favours existence
in the bilayer.

Given the concentration of surfactant in the monolayer, Γ, equation (3.7) provides
the concentration of surfactant in the subsequent bilayers. The monolayer concentra-
tion may be determined via conservation of mass (3.5), which provides the implicit
relationship,

S = Γ

(

1 + 2
K
∑

i=1

(

Γ2

Γ2 + a∗(1− Γ)2

)i
)

= Γ

(

1 +
2Γ2

a∗(1− Γ)2

[

1−
(

Γ2

Γ2 + a∗(1− Γ)2

)K
])

. (3.8)

In the limit K → ∞ and when Γ is not close to 1, (3.8) simplifies to give a cubic
equation for Γ:

a∗(Γ− S)(1 − Γ)2 + 2Γ3 = 0. (3.9)

For all positive values of a∗ and S, there is a unique real solution of (3.9) for Γ ∈ (0, 1),
the behaviour of which as a function of S resembles a Langmuir-type isotherm [2]
between the bulk and surface concentrations (see Figure 3.1(a)). Furthermore, we
note that (3.9) reduces to

Γ ∼ S − 2
S3

a∗
+ . . . as S → 0. (3.10)

In the case when K → ∞ and Γ ∼ 1, the asymptotic expansion of (3.8) yields

Γ ∼ 1−
√

2ξ

a∗S , (3.11)
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Fig. 3.1. (a) Steady-state surface concentration Γ, given by (3.9) (continuous lines) and the
leading-order asymptotic approximation (3.10) (dashed lines) versus total surfactant concentration,
S. (b) The steady-state distribution of surfactant in the multilayer structure, Bi, given by (3.7) for
S = 200, with a∗ =0.1 (black continuous line), 1 (red dashed line), and 10 (blue dot-dashed line).

where ξ is given by solving

− log(1− ξ)

ξ
=

2K

S ≡ 1

M
, (3.12)

and M is a measure of the surfactant per unit layer. In the limit when K → ∞ and
K/S → ∞, ξ → 1 and (3.11) reduces to the asymptotic expansion given by taking
the limit S → ∞ in (3.9).

For the physical scenarios of interest in this paper, the net concentration of surfac-
tant is large compared with the concentration of surfactant in each cell so henceforth
we shall consider the case S ≫ 1. The asymptotic approximation in this limit, (3.10),
provides an excellent representation of the dependence of the surface concentration
on total surfactant concentration, as shown in Figure 3.1(a). Using this expression
for Γ is determined, the resulting steady-state distribution of surfactant within the
multilayer is given by (3.7), and is presented in Figure 3.1(b).

3.2.1. Time-dependent solutions. In this section we compute the solutions
to the system of ODEs (3.2) using the MATLAB solver ode45, for the parameters
K = 100, am = 2, bm = dm = 0.2, and ai = bi = ci = di = 1 for i = 1, . . . ,K. Three
scenarios for the initial distribution of bilayers are of interest:

1. Physically, one expects the distribution to be monotonically decreasing with
depth [9] so it is reasonable to assume that the initial conditions are given by
a monotonically decreasing distribution. Thus, we solve the system of ODEs
(3.2) subject to the initial conditions

Γ0 = 0.8, Bi0 = Γ0exp

(

−
(

i

σ(K + 1)

)2
)

, for 1 ≤ i ≤ K, σ = 0.3.

(3.13)
The surfactant concentration is observed to transition smoothly from the
initial configuration to the steady-state solution (3.7) as t increases (Fig-
ure 3.2(a)). During the evolution, each bilayer undergoes a transient period
in which the concentration fluctuates as the multilayer structure reorganizes
amongst the layers (Figure 3.2(b,c)). Following this, the concentration of



8 C. E. MORGAN ET AL.

adsorbed surfactant at the interface rises above its equilibrium value, before
approaching this from above (Figure 3.2(d)).

2. We next consider the situation where the initial concentration of each bilayer
is randomly distributed over [0, 1], simulating a randomly arranged surfactant
structure in solution, whose concentrations are shown for the example consid-
ered here by the red crosses in Figure 3.3(a). As Figures 3.3(a) and (b) show,
there is a rapid transient from the noisy initial data to a seemingly smooth
distribution by time t ≈ 10−3, following which the concentration in each bi-
layer converges to the steady-state distribution on an order-one timescale.
We also observe an interesting feature of the formation of ‘smooth humps’
and ‘sharp troughs’ for small time in Figure 3.3(a), that indicate that the
system evolves to the final multilayer structure by first forming smaller mul-
tilayer regions (separated by the sharp troughs of much lower concentration),
which eventually combine to form the full multilayer structure. It has indeed
been observed experimentally that during the formation of a full multilayer
in LAS the structure is often first fragmented into lamellae, in a disordered
‘mosaic spread’ [8]. The fact that the model is able to reproduce such features
that are characteristic of the transition that the multilayer structure evolves
through is encouraging.

3. Finally, we consider a set-up in which the surfactant is uniformly distributed
in each bilayer but the concentration in the adsorbing surface is zero. Such
a configuration could describe a scenario in which the surfactant solution is
placed in a container with a lid, which is instantaneously removed at t = 0. In
this case, Figure 3.4 shows that, after an initial transient, the distribution of
bilayer molecules evolves in an almost identical way to that with the randomly
distributed initial condition shown in Figure 3.3, with the formation of smaller
regions of higher concentration (smooth peaks) again separated by regions of
lower concentration (sharp troughs).

Motivated by the apparent piecewise continuous behaviour of the concentration
distribution displayed in Figures 3.2–3.4, which arises as a result of the typically
large number of bilayers in a multilayer structure, in the following section we make a
continuum approximation to the system of ODEs (3.2) to derive a partial differential
equation (PDE) that describes a macroscopic model for the system evolution.

4. Macroscopic model.

4.1. Governing equation. We now consider the limit ǫ = 1/K → 0 to derive
a continuum approximation to the system of ODEs (3.2). Then, B(x, t) provides
the continuous approximation to the concentration of bilayer molecules in the ith

compartment where

B(x, t) ≈ Bi(t), x = iǫ. (4.1)

Similarly we define

Qa(x, t) ≈ Qa
i (t), Qb(x, t) ≈ Qb

i(t), Qc(x, t) ≈ Qc
i(t), Qd(x, t) ≈ Qd

i (t), (4.2)
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Fig. 3.2. Plots of the numerical solutions to the system of ODEs (3.2) subject to the ini-
tial conditions (3.13). (a) The numerical solution to Bi (solid black lines) versus i at times
t = 0.001, 0.01, 0.1. The initial condition (3.13) and steady-state solution (3.7) are shown as the
red dashed line and green dot-dashed line respectively. (b)–(d) Comparison of the numerical solu-
tions (black line) with the steady-state solutions (3.7) (green, dot-dashed line) for B20, B40 and Γ.
Here am = 2, bm = dm = 0.2, ai = bi = ci = di = 1 for i = 1, . . . ,K and K = 100.
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Fig. 3.3. Plots of the numerical solutions to the system of ODEs (3.2) for (a) random initial
data (red crosses) and at times t = 5 × 10−5 (black solid line), t = 1 × 10−4 (black dashed line),
t = 1.5× 10−4 (black dotted line), and t = 2× 10−4 (black dot-dashed line); (b) times t = 1× 10−3

(black solid line), t = 1 × 10−2 (black dashed line), t = 1 × 10−1 (black dotted line) and the
green dot-dashed curve denotes the steady-state solution (3.7). Here am = 2, bm = dm = 0.2,
ai = bi = ci = di = 1 for i = 1, . . . ,K and K = 100.
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Fig. 3.4. Plots of the numerical solutions to the system of ODEs (3.2) (black lines) for (a)
uniform initial data (red continuous line) and for the time intervals t ∈ [5× 10−4, 10−3, 1× 10−3];
(b) times t = 1 × 10−3 (black solid line), t = 1 × 10−2 (black dashed line), t = 1 × 10−1 (black
dotted line) and the green dot-dashed curve denotes the steady-state solution (3.7). Here am = 2,
bm = dm = 0.2, ai = bi = ci = di = 1 for i = 1, . . . ,K where K = 100.

and, assuming these are all smooth, continuously differentiable functions of x and t
we expand (3.2c) as a Taylor series about ǫ = 0. This leads to

ǫ3
∂B

∂t
= ǫ

∂

∂x
(Qa −Qb +Qc −Qd)−

1

2
ǫ2

∂2

∂x2
(Qa −Qb +Qc −Qd) +O(ǫ3), (4.3)

where

Qa(x, t) = a(x)θ[−Bx]

(

−ǫBBx − ǫ2Bx
2 +

ǫ2

2
BBxx

)

+O(ǫ3), (4.4a)

Qb(x, t) = b(x)θ[−Bx]

(

−ǫBBx + ǫ2Bx
2 +

ǫ2

2
BBxx

)

+O(ǫ3), (4.4b)

Qc(x, t) = c(x)θ[Bx]

(

ǫBBx + ǫ2Bx
2 +

ǫ2

2
BBxx

)

+O(ǫ3), (4.4c)

Qd(x, t) = d(x)θ[Bx]

(

ǫBBx − ǫ2Bx
2 +

ǫ2

2
BBxx

)

+O(ǫ3), (4.4d)

and θ[·] is the Heaviside function.

As assumed thus far, on the microscopic scale, a bilayer molecule should express
no bias towards which direction it will move nor to which adsorption site it will occupy.
Thus, we set the coefficients a(x) = b(x) = c(x) = d(x) = 1. Under this assumption,
at leading order, (4.3) reduces to the third-order nonlinear PDE

∂B

∂t
=

∂

∂x

(

sgn(Bx)
(

Bx
2 −BBxx

)

)

0 < x < ∞, 0 < t. (4.5)

4.2. Boundary conditions. We expect to impose three boundary conditions
on the third-order PDE (4.5), which we derive from the continuum approximation to
the ODEs at either end of the discretized domain D. First we consider the boundary
condition at the adsorbing surface, x = 0, by expanding the dimensionless versions of
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(3.2a), (3.2b), and (3.2c) for i = 2 about ǫ = 0. This gives,

ǫ3

2
Γ̇ = Jm at x = 0, (4.6a)

ǫ3Bt + ǫ4Btx + · · · = J1 − Jm at x = 0, (4.6b)

ǫ3Bt + 2ǫ4Btx + · · · = J2 − J1 at x = 0, (4.6c)

where ˙ denotes differentiation with respect to t and

Jm = Qa
m −Qb

m −Qd
m, (4.7a)

J1 = Qa
1 −Qb

2 +Qc
1 −Qd

2, (4.7b)

J2 = Qa
2 −Qb

3 +Qc
2 −Qd

3. (4.7c)

Summing (4.6a)–(4.6c) leads to

ǫ3

2
Γ̇ + 2ǫ3Bt + 3ǫ4ǫBtx + . . . = J2 at x = 0. (4.8)

With a(x) = b(x) = c(x) = d(x) = 1, (4.8) implies that

B2
x −BBxx = 0 on x = 0, (4.9)

to leading order, while (4.6b) at leading order gives

0 = θ[Γ−B](Γ−B)B on x = 0. (4.10)

Assuming that am, bm, and dm are O(1) as ǫ → 0, (4.6a) gives, to leading order,

0 = am(1− Γ)2B − bmθ[Γ−B]Γ2(Γ−B) on x = 0. (4.11)

Provided B(0, t) 6= 0, (4.10) implies that either Γ = B(0, t) or Γ < B(0, t). If
the latter were true then (4.11) would imply that B(0, t) > 1 which contradicts the
modelling assumption that there is a unit dimensionless saturation concentration in
the monolayer and bilayers. Thus, by (4.11) the final boundary condition at the
adsorbing surface is

Γ = B = 1 on x = 0. (4.12)

This condition indicates that the monolayer equilibrates much more rapidly than the
multilayer (the dynamics could be captured asymptotically by considering a shorter
timescale). It is, however, possible to obtain a distinguished limit in which the mono-
layer evolves on the same timescale as the multilayer structure if am, bm, and dm
are order ǫ3. In this case, on setting am = ǫ3αm, bm = ǫ3βm and dm = ǫ3δm, the
leading-order terms in (4.6)–(4.8) provide the boundary conditions

B2
x −BBxx = 0 on x = 0, (4.13a)

with B(0, t) = Γ(t) and
dΓ

dt
= 2αm(1 − Γ)2Γ. (4.13b)

Equation (4.13b) represents the kinetic adsorption of surfactant monomers from the
first bilayer onto the adsorbing surface and possesses similar characteristics to the well-
known Langmuir-Hinshelwood equation for adsorption of free surfactant monomers
from the bulk [2].
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Equation (4.13b) can be integrated with respect to t to obtain an implicit expres-
sion for Γ(t), namely

log

(

Γ

1− Γ

)

+
1

1− Γ
= 2αmt+ log

(

Γ0

1− Γ0

)

+
1

1− Γ0
, (4.14)

where Γ(0) = Γ0 < 1. We note that the limiting behaviour of Γ(t) in (4.14) for t ≪ 1
and as t → ∞ is given by

Γ ∼ Γ0

(

1 + 2αm(1− Γ0)
2t+ . . .

)

as t → 0, (4.15a)

Γ ∼ 1− 1

2αmt
+ . . . as t → ∞. (4.15b)

Thus, the adsorbed concentration will increase linearly for early time, and approach
the dimensionless (unit) saturation concentration algebraically for large times.

Next we consider the boundary condition at the bottom of the multilayer by
expanding the sum of (3.2d) and (3.2e), which yields

3ǫ3Bt − 3ǫ4Btx + . . . = JK−1 at x = 1, (4.16)

where JK−1 = −Qa
K−2 +Qb

K−1 −Qc
K−2 +Qd

K−1. Again we set a(x) = b(x) = c(x) =
d(x) = 1 to obtain, at leading order,

B2
x −BBxx = 0 at x = 1. (4.17)

Integrating (4.5) with respect to x and applying the boundary conditions (4.9)
and (4.17) yields an expression for net conservation of surfactant,

d

dt

(
∫ 1

0

B(x, t) dx

)

= 0. (4.18)

Equation (4.18) is consistent with (3.5) which gives, as ǫ → 0,

M =

∫ 1

0

B(x, t) dx, (4.19)

where M = ǫS/2 is the normalized net concentration of bilayers as introduced in
(3.12) and is assumed to be order one. Note that M ≤ 1, with M = 1 corresponding
to all layers being completely filled.

4.3. Steady-state solution. Considering the steady version of (4.5) subject to
the boundary conditions (4.9) and (4.17) we find that the steady-state concentration
profile satisfies

(B′)2 −BB′′ = 0, where ′ :=
d

dx
, (4.20)

which can be integrated subject to the boundary condition (4.12) (or (4.13b)) to give
the general solution

B(x) = e−kx. (4.21)

The net concentration condition (4.19) implies that

M =
1

k

(

1− e−k
)

. (4.22)
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Fig. 4.1. Comparison of the steady-state solution (4.21) of the macroscopic model (blue curve)
with the steady-state solution (3.7) and (3.9) of the mesoscopic model for a∗ = 10−1, 10, 101, and 102

(black curves), with K = 200 and S = 100.

As discussed in §3.2, for the physical scenarios of interest we expect the concentration
of bilayers in the multilayer to decrease with depth, and so we expect that k > 0.
The parameter k provides an estimate of the number of bilayers that we would expect
to form for a given concentration of surfactant, M , with preliminary experiments
suggesting qualitative agreement with the predicted result (4.22) [8].

We note that, although this continuum model predicts that the equilibrium sur-
face concentration, Γ, is equal to unity (from (4.12)), the mesoscopic model predicts
that the adsorbed concentration is not necessarily equal to unity (equation (3.8)).
However, as shown in (3.10), the steady-state value of Γ approaches 1 asymptotically
as S → ∞, which is a requirement of the continuum model to ensure a non-zero
bulk surfactant concentration M = ǫS/2 in the limit ǫ → 0, and so this result is
asymptotically consistent. As observed in Figure 4.1, the steady-state solutions for
the continuum model (4.21) compare well with the mesoscopic model, (3.7) and (3.9)
when the parameter a∗ is order one, with the difference between the two steady states
B(x) and Bi within the expected error ǫ = 1/K. This discrepancy is reduced when
a∗ ≫ 1 and increases when a∗ ≪ 1, which is to be expected from the asymptotic
expansion of Γ as S → ∞ given in (3.10) for which this expansion is no longer valid.

4.4. Linear stability analysis. We consider a small perturbation to the steady-
state solution (4.21), to determine if the perturbation decays with time and thus
whether the steady-state solution we have found is linearly stable. Provided Bx < 0
for x ∈ [0, 1] we perturb as follows

B(x, t) = e−kx + δb(x, t), δ ≪ 1, (4.23)

and, upon substitution into (4.5) and linearizing with respect to δ we find that

bt = −e−kx
(

k3b+ k2bx − kbxx − bxxx
)

. (4.24)

Seeking a separable solution to (4.24), b(x, t) = X(ξ)eλk
3t where ξ = kx, we find that

X(ξ) and the normalized growth rate λ satisfy the eigenvalue problem

X(1 + λeξ) +X ′ −X ′′ −X ′′′ = 0, 0 < ξ < k, (4.25a)

X = X ′′ + 2X ′ = 0, on ξ = 0, (4.25b)

X ′′ + 2X ′ +X = 0, on ξ = k. (4.25c)
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The amplitude of the eigenfunction X(ξ) is arbitrary so we eliminate this degree of
freedom by setting X ′(0) = 1. We introduce the new dependent variables

u = eξX, v = eξ(X ′ +X), w = e−ξ(X ′′ + 2X ′ +X), (4.26)

to allow (4.25) to be written as the first-order system

u′ = v, v′ = e2ξw, w′ = λe−ξu, (4.27)

subject to the boundary conditions

u = 0, v = 1, w = 0, ξ = 0, (4.28a)

w = 0, ξ = k. (4.28b)

If λ > 0 then (4.27) and (4.28a) imply that u, v, and w are all positive for ξ > 0
and hence condition (4.28b) cannot be satisfied. Thus λ < 0 and the steady-state
solution is linearly stable. The eigenvalues may be determined numerically by solving
the initial-value problem given by (4.27) and (4.28a) for a given (negative) value of λ
and inferring the corresponding value of k that satisfies (4.28b).

For each domain length, k, there is a countably infinite set of negative eigenvalues,
λ. As k decreases we observe that |λ| rapidly increases and so for small values of |λ|,
k must be large. This suggests that the solution to (4.25) may be approximated using
the WKBJ method, by setting X(ξ) ∼ A(ξ)eφ(ξ), which is valid when either |λ| or k
is large. The general solution given this ansatz is approximately given by

X(ξ) ∼ e−2ξ/3

{

C1e
3λ1/3eξ/3 + C2e

−3λ1/3eξ/3/2 cos

(

3
√
3λ1/3eξ/3

2

)

+C3e
−3λ1/3eξ/3/2 sin

(

3
√
3λ1/3eξ/3

2

)}

, (4.29)

where C1, C2, and C3 are integration constants. The boundary conditions (4.25b,c)
lead to the solvability condition

√
3

2
sin

(

3
√
3λ1/3

2

(

ek/3 − 1
)

)

+
1

2
cos

(

3
√
3λ1/3

2

(

ek/3 − 1
)

)

=
1

2
exp

(

9λ1/3

2

(

ek/3 − 1
)

)

, (4.30)

whose solution, λ, may be written in the form

λ = −
(

2 (φ+ π/6)

3
√
3
(

ek/3 − 1
)

)3

, (4.31)

where φ satisfies the transcendental equation

sinφ = −1

2
e−

√
3(φ+π/6). (4.32)

The solutions of (4.32) are approximately given by φ ≈ nπ, where n = 1, 2, 3, . . ., and
hence the eigenvalues are given approximately by

λ ∼ −
(

(6n+ 1)π

9
√
3
(

ek/3 − 1
)

)3

, n = 1, 2, 3, . . . . (4.33)
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The approximation (4.33) provides an excellent representation of the numerically de-
termined eigenvalues from the full system, (4.27), as observed in Figure 4.2.

0 1 2 3 4 5

−50

−40

−30

−20

−10

0

λ

k

Fig. 4.2. Linear growth rate λ versus domain size k for the eigenvalue problem (4.25). The
solid blue curves are found by numerical solution of (4.27); the black dashed curves show the ap-
proximation given by (4.33).

We note that, for the problem on the semi-infinite domain, the steady-state so-
lution (4.21) is exponentially small for large x and one cannot linearize (4.5) about
an exponentially small function in x. Thus, the problem is non-uniform in the limit
k → ∞, which corresponds to the semi-infinite domain. In this limit the eigenvalues,
λ, in (4.33) are all exponentially small and the corresponding eigenfunctions, X , have
unbounded amplitude.

4.5. Time-dependent solutions. Given smooth initial data B(x, 0) = B0(x)
the PDE (4.5), boundary conditions (4.9), (4.17), and (4.12) (or (4.13b)) form a closed
system. We consider two possible boundary conditions at x = 0 of interest:

(i) the surfactant concentration on the adsorbing surface remains constant,
(4.12);

(ii) the surfactant concentration on the adsorbing surface is time dependent,
(4.13b);
and compare these results with the dimensionless mesoscopic model in §3.

4.5.1. Constant surfactant concentration on the adsorbing surface. We
prescribe a rapidly decaying Gaussian distribution for the initial surfactant distribu-
tion so that surfactant is initially localized in a small boundary layer near the surface
with negligible concentration in the bulk:

B(x, 0) = e−(x/σ)2 , (4.34)

where σ is taken to be small. We solve (4.5) numerically on the domain x ∈ [0, 1]
subject to the boundary conditions (4.9), (4.12) and (4.17) and initial condition (4.34).
As for the mesoscopic model, the system evolves from the initial profile to the steady-
state solution (4.21) in a smooth manner (Figure 4.3).

4.5.2. Time-dependent surfactant concentration on the adsorbing sur-

face. In this section we consider the case where the parameters am, bm, and dm are
of order ǫ3 so that the boundary condition on the adsorbing surface, to leading order,
is time dependent and given by (4.13b). Equation (4.5) can be solved subject to the
boundary conditions (4.9), (4.13b) and (4.17), and we prescribe the initial data

B(x, 0) = Γ0e
−(x/σ)2 , (4.35)
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Fig. 4.3. (a) Plots of the numerical solution to (4.5), (4.9), (4.12), and (4.17) at times
t = 0.0001 (blue dashed), t = 0.0005 (blue dotted), t = 0.001 (black dashed), and t = 0.01 (black
dotted). The initial condition (4.34) is plotted by the red continuous curve for σ = 0.2 and the green
dot-dashed curve denotes the steady state solution, B0, given by (4.21).

via the method of lines on the domain x ∈ [0, 1]. As we would expect, the system
evolves from its initial configuration in a qualitatively similar way to that for constant
surfactant concentration on the adsorbing boundary in §4.5.1 but with the surfactant
concentration at the adsorbing boundary now evolving with time (Figure 4.4(a)).
Figures 4.4(b,c) show the evolution of the numerical solution for Γ(t) and B(0.1, t) to
the steady-state solution (4.21).

4.5.3. Similarity solution. Clarkson et al. have categorized the symmetry
reductions to a general class of third-order nonlinear partial differential equations
that includes (4.5) using classical Lie methods [3]. Three reductions to equation (4.5)
were found, namely

B(x, t) = f(η), η = x− ct, (4.36a)

B(x, t) = t3mf(η), η =
x

tm+1/3
, (4.36b)

B(x, t) = e3mtf(η), η = xe−mt. (4.36c)

In the context of the multilayer problem the physically relevant reduction is (4.36b),
with m = −1/12 to ensure that mass is conserved. The resulting similarity solution
describes the spreading of an initially concentrated distribution of surfactant on an
infinite domain −∞ < x < ∞. Thus, we replace the boundary conditions on the
adsorbing surface, B = Γ and (4.9) with the symmetry conditions

Bx(0, t) = Bxx(0, t) = 0. (4.37)

Since one expects the number of bilayers to decay as x → ∞, and given the symmetry
of the problem, we make the plausible assumption that Bx < 0, ∀x > 0. Thus, the
reformulated problem to solve using a similarity solution is given on the half-space
x ∈ [0,∞):

Bt = −
(

B2
x −BBxx

)

x
, 0 < x < ∞, (4.38a)

Bx(0, t) = Bxx(0, t) = 0, (4.38b)

B2
x −BBxx → 0, as x → ∞. (4.38c)
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Fig. 4.4. (a) Plots of the numerical solution to (4.5), (4.9), (4.13b), and (4.17) for space step
△x = 0.01 and times t = 0.005 (black dashed) and t = 0.5 (black dotted). The initial condition
(4.35) is denoted by the red continuous curve and the steady-state solution (4.21) is denoted by the
green dot-dashed curve. (b) Plots of the evolution of surface concentration Γ(t) according to (4.13b)
(black continuous curve); the steady-state value for Γ (black dashed line); the mesoscopic model (3.2)
(blue-continuous curve) and the steady-state value (3.8). (c) Comparison of the numerical solution
(black continuous line), against the steady-state solution, B0, (black dashed line) given by (4.21)
at x = 0.1, and the corresponding plots for the mesoscopic model (blue curves). Here σ = 0.3,
Γ0 = 0.8, αm = 2, βm = δm = 0.2, ai = bi = ci = di = 1, and K = 100.

To close the problem we impose net conservation of mass:
∫ ∞

0

B(x, t) dx = 1, (4.38d)

where, without loss of generality, the net concentration of surfactant in x ∈ (0,∞)
has been scaled to 1.

The corresponding similarity solution is found to have compact support, with

B(x, t) =

{

t−1/4B0f(η), 0 < η < ηc,

0, otherwise,
(4.39)

where η = xt−1/4Γ
1/3
0 and the parameters B0 and ηc are to be determined as part

of the solution. Substituting (4.39) into (4.38), integrating (4.38a) with respect to η
once and applying boundary conditions (4.38b) we obtain the initial-value problem:

f(η)f ′′(η) − (f ′(η))2 +
1

4
ηf = 0, f(0) = 1, f ′(0) = 0, (4.40)
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Fig. 4.5. (a) Comparison of the numerical solution to (4.38) (black curves), with the similarity
solution f(η) given by the numerical solution to (4.40) (red dashed curve). (b) Numerical solution
(black curves) to (4.38) subject to the initial condition (4.43) (red dashed curve) on the truncated
domain x ∈ [0, 10] for t ∈ [0.01, 0.02, . . . , 0.1] and space step △x = 0.1.

with ηc determined from

f(ηc) = 0, (4.41)

and B0 determined from the equation for conservation of mass, (4.38),
∫ ηc

0

f(η) dη = B
−4/3
0 . (4.42)

We note that, by a suitable change of variable, one can reduce (4.40) to a second-order
autonomous ODE, although the result has no known analytical solution. Therefore,
we instead compute the solutions to the initial-value problem (4.40) numerically. The
numerical values for the parameters ηc ≈ 3.784 and Γ0 ≈ 0.523 are obtained using
(4.41) and (4.42), and the result is displayed in Figure 4.5(a). We solve (4.38) via the
method of lines subject to the initial condition

B(x, t0) = B0t
−1/4
0 e−x2/σ2

, σ =
2t

−1/4
0√
πΓ0

, (4.43)

and plot f(η) = t1/4B(ηΓ
−1/3
0 t1/4, t)/B0 for different values of t in Figure 4.5(a),

which shows the convergence of the numerical solution to the similarity solution as
t increases. The evolution of the concentration, B(x, t), is shown in in Figure 4.5(b)
for reference.

5. Two adsorbing boundaries. Our model system so far has comprised only
one adsorbing surface. In this section, we now extend the model by considering a
multilayer structure that has formed between two adsorbing surfaces. We now consider
a finite dimensionless domain D := {x : x ∈ [0, 1]} with two monolayers at x = 0 and
x = 1. We define the dimensionless monolayer concentrations at the left and right-
hand boundaries to be Γ1(t) and Γ2(t) respectively. The two adsorbing surfaces may
be distinct, for example one could be an air–liquid interface while the other could be
a solid surface. We suppose that the dimensional saturation concentrations at the left
and right boundaries are Γsat,1 and Γsat,2 respectively, and without loss of generality
assume that Γsat,2 ≤ Γsat,1. The derivation of the mesoscopic model for this situation
is analogous to that in §3 and so we omit the details here.
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5.1. Governing equations. In §4 we assumed that, given an initial concentra-
tion profile that monotonically decreases with distance from the adsorbing boundary,
the concentration would remain monotone decreasing for all time and so the sgn(Bx)
term in (4.5) would play no role. However, for the case where there are two adsorbing
boundaries, we expect that the concentration should decrease as we move away from
each boundary, at least locally to the interfaces. Thus Bx must take different signs in
the domain. For simplicity, let us assume that Bx changes sign just once in 0 < x < 1
and the continuum model may then be described by an implicit-moving-boundary
problem.

The analogous continuum limit to the mesoscopic model considered in §4 for two
adsorbing surfaces is given by

∂B

∂t
=

∂

∂x

(

sgn(Bx)
(

Bx
2 −BBxx

)

)

0 < x < 1, t > 0, (5.1a)

with

B(x, t) =

{

B1(x, t), 0 ≤ x < s(t),

B2(x, t), s(t) ≤ x ≤ 1,
(5.1b)

where x = s(t) denotes the free boundary where the sign of Bx changes, so that
sgn(Bx) = sgn(x− s(t)). The boundary conditions on the fixed boundaries are

(B1x)
2 −B1B1xx = 0, B1 = Γ1(t) on x = 0, (5.1c)

(B2x)
2 −B2B2xx = 0, B2 = Γ2(t), on x = 1, (5.1d)

and on the free boundary

[B]
+
− = [|Bx|]+− =

[

sgn(Bx)
(

B2
x −BBxx

)]+

− = 0 on x = s(t), (5.1e)

where [·]+− denotes the jump in the expression across the curve x = s(t). The functions
Γi(t) for i = 1, 2 depend on the orders of magnitude of the adsorption rate parameters
as described in §4.2, and are given by

Γi(t) = 1, if aim, b
i
m, d

i
m are order 1, (5.2a)

dΓi

dt
= 2αi

m(σi − Γi)
2Γi, if aim, b

i
m, d

i
m are order ǫ3, (5.2b)

for i = 1, 2, where αi
m = aimǫ

−3, σ1 = 1, and σ2 = Γsat,2/Γsat,1 ≤ 1. Equation (5.2a)
corresponds to constant surfactant concentration on the adsorbing surface and (5.2b)
corresponds to the situation where the adsorbed surfactant concentration evolves with
time. The initial conditions are given by

B(x, 0) = f(x), Γ1(0) = Γ01, and Γ2(0) = Γ02, (5.3)

for some specified function f(x) and constants Γ01 and Γ02.

5.2. Steady-state solution. For the case where the two boundaries are identi-
cal and σ2 = 1, the steady-state solution to (5.1) is given by

B0(x) =

{

ekx, 0 ≤ x < s,

ek(1−x), s ≤ x ≤ 1,
(5.4)
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Fig. 5.1. (a) Plots of total surfactant concentration, M , against s given by (5.7) for
σ2 ∈ [0.1, 0.2, . . . , 0.9]. The red curve denotes σ2 = 0.8. (b) The steady-state solutions, B0(x), given
by (5.6) are plotted by the black curves for M ∈ [0.1, 0.2, . . . , 0.8, 0.85], and σ2 = 0.8. The blue curve
denotes B0(s).

where s = 1/2 and k is given by the implicit equation imposing conservation of mass,

M =
2

k

(

ek/2 − 1
)

. (5.5)

When the two boundaries are physically different, σ2 < 1 and the steady-state
solution to (5.1) is now given by

B0(x) =

{

σ2
x/(2s−1), 0 ≤ x < s,

σ2
(2s−x)/(2s−1), s ≤ x ≤ 1,

(5.6)

where s is given by the implicit equation

M =
(2s− 1)

log(σ2)

(

2σ2
s/(2s−1) − σ2 − 1

)

. (5.7)

Moreover, since σ2 < 1 (5.7) implies that s > 1/2 and in the limit M → 0, with σ2

fixed, we find that s → 1/2. Conversely, in the limit s → 1 we find that the maximum
total surfactant concentration is given by

M ∼ (σ2 − 1)

log(σ2)
. (5.8)

The above features of (5.7) are summarized in Figure 5.1(a), which shows the effect
of the relative saturation concentrations, σ2, and total surfactant concentration, M ,
on the position of the free boundary, s. In Figure 5.1(b) we present the steady-
state solution, B0(x), given in (5.6), for different surfactant concentrations, M . The
discontinuity in B′

0 at x = s appears to vanish as the total surfactant concentration
decreases, i.e., [B′

0]
± → 0 as M → 0.

5.3. Time-dependent solutions. To solve (5.1) numerically to determine the
time evolution to steady state we first map the problem onto a fixed domain via the
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transformation:

0 < x < s(t) : X =
x

s(t)
, B1(x, t) = U(X, t), (5.9a)

s(t) < x < 1 : X =
1− x

1− s(t)
, B2(x, t) = V (X, t). (5.9b)

Substituting this transformation into (5.1) results in the problem given on X ∈ [0, 1]:

∂U

∂t
= − 1

s(t)3
∂

∂X

(

(

UX
2 − UUXX

)

)

+
X

s(t)

ds

dt
UX , (5.10a)

∂V

∂t
=

1

(1− s(t))3
∂

∂X

(

(

VX
2 − V VXX

)

)

− X

(1− s(t))

ds

dt
VX , (5.10b)

U = Γ1, V = Γ2, U2
X − UUXX = V 2

X − V VXX = 0 on X = 0, (5.10c)

U = V, (s(t)− 1)UX = −s(t)VX , on X = 1, (5.10d)

s(t)2
(

V 2
X − V VXX

)

= −(s(t)− 1)2
(

U2
X − UUXX

)

on X = 1, (5.10e)

with initial conditions

U(X, 0) = f(s(0)X), V (X, 0) = f(1 + (s(0)− 1)X). (5.10f)

Plots of the numerical solutions to the problem (5.10) subject to the initial con-
ditions

f(x) = B0 + κ(x− s0)
2, s(0) = s0, (5.11)

where κ is a constant, are shown in Figure 5.2(a). The profile evolves from the initial
configuration, instantaneously forming a corner at the moving boundary x = s(t)
that persists for all time. The corresponding plot for the evolution of the moving
boundary is shown in Figure 5.2(b) and for large t there is excellent agreement with
the steady-state solution. We also observe that, for small t, the free boundary is
almost stationary, before the free boundary moves towards the equilibrium in a non-
monotonic fashion as the system undergoes reorganization. In the following section
this small-time dynamical behaviour of the concentration profile in the region near
the free boundary is investigated.

6. Small-time analysis for the formation of ‘sharp troughs’. Thus far we
have shown that, for both the mesoscopic and macroscopic models, if the initial con-
ditions are non-monotonic, then we observe the formation and evolution of smooth
humps and sharp troughs in the solution, which eventually decay for large time. These
nonlinear features in the evolution of the bilayer distribution, for certain initial con-
ditions, suggest that smaller multilayer regions that are separated by regions of lower
concentration (sharp troughs) initially form, before eventually combining together to
create the final multilayer structure. In this section we probe the initial formation of
these sharp trough regions, as exhibited by the mesoscopic model in Figure 3.3, or the
corner at the moving boundary for the macroscopic model shown in Figure 5.2(a). We
may investigate the instantaneous formation of the corner in the macroscopic model
by considering the small-t asymptotic expansion of B(x, t) via

B ∼ B0 + g1(η)t
2/3 + g2(η)t

4/3 + . . . , as t → 0, (6.1)
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Fig. 5.2. Plots of the numerical solution to the macroscopic model for the two-adsorbing-
surfaces problem given by (5.10) subject to the initial conditions (5.11) (red curve). Figure (a)
shows plots of B(x, t) at times t ∈ [0.005, 0.01, . . . , 0.1] (black curves) and the steady-state solution
given by (5.6)–(5.7) is denoted by the green curve. The black curve in Figure (b) compares the
evolution of the moving boundary s(t) with the steady-state solution for s, denoted by the green
curve. Here, B0 = 0.755, κ = 0.5, and s0 = 0.7.

where η = (x − s0)t
−1/3 is order one, s(0) = s0 and gi for i = 1, 2, . . . are to be

determined. Substituting into (5.1a) we obtain an equation for g1(η) at leading order

B0 (sgn(g
′
1)g

′′
1 )

′ − 1

3
ηg′1 +

2

3
g1 = 0. (6.2)

We suppose that the initial condition for B is locally quadratic near its minimum
at x = s0, so that

B(x, t) ∼ B0 + κ(x− s0)
2 + . . . , as t → 0 and x → s0. (6.3)

Then (6.3) and the boundary conditions (5.1e) to leading order give

g1(η) ∼ κη2, as η → ±∞, (6.4)

[g1]
+
− = [|g′1|]+− = [sgn(g′1)g

′′
1 ]

+
− = 0, on η = 0. (6.5)

We note that (6.2) is invariant under the transformation η → −η and so g1(η) is an
odd function. Hence, we may solve the reduced problem on the half-space η > 0:

g′′′1 − 1

3
ηg′1 +

2

3
g1 = 0, (6.6a)

g1(η) ∼ κη2, as η → ∞, (6.6b)

g′′1 = 0, on η = 0, (6.6c)

where we have scaled η ∼ B
−1/3
0 and κ ∼ B

2/3
0 .

Equation (6.6) possesses an explicit solution given by

g1(η) = 9κ
1F2(− 2

3 ;
1
3 ,

2
3 ;

η3

27 )

G [−1/3]
+ 2κη

1F2(− 1
3 ;

2
3 ,

4
3 ;

η3

27 )

G [4/3]
, (6.7)

where pFq(a1, . . . , ap; b1, . . . , bq; z) is the generalized hypergeometric function [5] and
G[z] denotes the Gamma function [5]. The solution (6.7) is compared with the nu-
merical solution to (5.10) subject to the initial condition (5.11) in Figure 6.1. As
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Fig. 6.1. Plot of the leading-order similarity solution in the small-t analysis given by (6.7)
(blue) and the numerical solution to (5.10) plotted as (B(ηt1/3 +s0, t)−B0)t−2/3 at t = 10−9 (cyan
dot-dashed) subject to the initial condition (5.11) (red dot-dashed), for parameters B0 = 0.755,
s0 = 0.7, and κ = 0.5.

anticipated, the instantaneous appearance of the corner at η = 0 is clear, which is
representative of the ‘sharp troughs’, and both curves are observed to match well for
small η.

7. Discussion. In this paper we systematically derived mesoscopic and macro-
scopic models using mass-action kinetics to describe the evolution of surfactant pairs
in a multilayer structure consisting of repeating bilayers. The macroscopic descrip-
tion results in a novel nonlinear third-order partial differential equation (PDE) that
provides a continuous description for the concentration of surfactant that exists in
the bilayers beneath the adsorbing surface. Of particular interest is the presence of
a term that induces a switch in the system characteristics depending on the sign of
the concentration gradient. This PDE is coupled to a Langmuir–Hinshelwood-type
equation to describe the evolution of the adsorbed surfactant concentration at the
surface.

We began by considering the set-up in which a bilayer structure may form beneath
a single adsorbing interface. We showed that if the initial distribution of surfactant
is monotonically decreasing as we move from the interface, as is typically the case in
a surfactant multilayer set-up, then it remains so for all time. However, if the initial
conditions are not monotonic then we observe the formation of ‘smooth humps’ and
‘sharp troughs’ in the evolution of the concentration profile, that eventually decay for
large time. This is consistent with the physical observation that multilayer structures
generally form from distinct lamellar fragments, i.e., smooth humps in the concentra-
tion profile, that are separated in space by regions of lower surfactant concentration
(sharp troughs).

In steady state, the concentration of surfactant in each bilayer decays exponen-
tially with depth. The resulting steady state was shown to be linearly stable, and
provides a method for estimating the number of bilayers expected to form given the
adsorption properties of the system and the total surfactant concentration, which
qualitatively agrees with that observed experimentally [8].

The model was extended to consider the scenario in which there are two adsorbing
boundaries. For such a configuration, in steady state the concentration now decreases
in an exponential manner as we move away from either boundary, so that the con-
centration attains a minimum value at some intermediate position that is dictated
by the relative adsorption affinity of these interfaces (dimensionless parameter σ2)
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and the total mass of surfactant in the system (dimensionless parameter M). With
equal adsorption affinities the minimum occurs at the midpoint between the two in-
terfaces; otherwise, the minimum is located further from the interface with a stronger
adsorption affinity. At this minimum, the concentration profile forms a corner that
corresponds to a discontinuity in the spatial derivative of the bilayer concentration.

We explored the temporal evolution towards equilibrium of a system with two
adsorbing boundaries. In this case, the discontinuity in gradient that is present in
the equilibrium distribution was shown to form instantaneously, and to evolve with
time towards its equilibrium position. To track the motion of this point requires
an implicit free-boundary-problem description and appropriate extra conditions to
close the problem, and we showed that the early-time formation of this corner can be
described by a similarity solution.

The results of this paper have exposed a richness in the kinetic behaviour exhibited
during the formation and structural reordering of surfactant bilayers. The continuum
model derived provides a simplified description that lends itself to ready mathematical
analysis that gives insight into the physical behaviour observed. The models derived
here provide a solid foundation from which generalizations and extensions may be
made that should allow for a deeper understanding of the multilayer kinetics that
takes place in a range of physical situations.

An interesting generalization to this model would be to examine the impact that
the geometry of the adsorbing interface has on the adsorption kinetics. While our
one-dimensional model implicitly assumes adsorption at a flat interface, in reality the
surface could be curved, introducing the possibilities of crowding. Such a generaliza-
tion might also be used to provide a deeper understanding of the aggregation process
for micelles, in which the geometries of the adsorbing interface are both complex and
time varying.
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