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Abstract

When an econometric model coincides with the mechanism generating the data in an unchanging
world, the theory of economic forecasting is reasonably well developed. However, less is known
about forecasting when model and mechanism differ in a non-stationary and changing world. The
paper addresses the basic concepts; the invariance of forecast accuracy measures to isomorphic
model representations; the roles of causal information, parsimony and collinearity; a reformulated
taxonomy of forecast errors; differencing and intercept corrections to robustify forecasts against
biases due to shifts in deterministic factors; the removal of structural breaks by co-breaking; and
forecasting using leading indicators.

1 Introduction

The theory of economic forecasting is reasonably well developed assuming the econometric model coin-
cides with the mechanism generating the data in a (difference) stationary world: see, for example, Klein
(1971) and Granger and Newbold (1986). Consider ann-dimensional stochastic processxt with density
Dxt

(xt|Xt−1,θ) for θ ∈ Θ ⊆Rk, which is a function of past informationXt−1 = (. . .x1 . . .xt−1).
A statistical forecast̃xT+h for periodT + h, conditional on information up to periodT is given by
x̃T+h = fT (XT ), wherefT (·) reflects that a prior estimate ofθ may be needed. Forecasts calculated
as the conditional expectation̂xT+h = E[xT+h|XT ] are unbiased, and no other predictor conditional on
only XT has a smaller mean-square forecast error (MSFE) matrix:

M [x̂T+h | XT ] = E
[
(xT+h − x̂T+h) (xT+h − x̂T+h)′ | XT

]
.

However, when the model is mis-specified for the mechanism inan unknown way, and requires
estimation from available data, less is known about forecasting, particularly in a non-stationary economy
subject to unanticipated structural breaks. In such a setting, not only is it extremely difficult to correctly
model the underlying processes, the costs of failing to do soare large. Nevertheless, despite the lack of
strong and specific assumptions, many useful insights can bederived, albeit usually articulated in special
cases. Consequently, we consider some results that can be established, extending research reported in
Clements and Hendry (1993, 1994, 1995a, 1995b, 1996b) and Hendry and Clements (1994a, 1994b).

There are many ways of making economic forecasts, includingguessing; ‘informal models’; ex-
trapolation; leading indicators; surveys; time-series models; and econometric systems. By focusing
on statistical forecasting, we will not be concerned with the first three here, but section 11 discusses
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leading indicators based on Emerson and Hendry (1994). Scalar time-series models include Kalman
(1960) and Box and Jenkins (1976), with the latter’s autoregressive integrated moving-average models
(ARIMAs) being a dominant class, based on the Wold decomposition theorem (Wold, 1938: any purely
non-deterministic stationary time series can be expressedas an infinite moving average; see Cox and
Miller, 1965, p.286–8, for a lucid discussion). Also see Harvey and Shephard (1992). The most com-
mon multivariate time-series form is the vector autoregression (VAR): see e.g., Doan, Litterman and
Sims (1984). However, economic forecasting based on econometric models of multivariate time-series
will be our primary focus, since such systems consolidate empirical and theoretical knowledge of how
economies function, provide a framework for a progressive research strategy, and help explain their own
failures as well as provide forecasts.

The success of econometric model-based forecasts depends upon:

(a) there being regularities to be captured;
(b) such regularities being informative about the future;
(c) the proposed method capturing those regularities; and:
(d) excluding non-regularities that swamp the regularities.

The first two are characteristics of the economic system; thelast two of the forecasting method. The
history of economic forecasting in the UK suggests that there are some regularities informative about
future events, but also major irregularities as well (see e.g., Burns, 1986, Wallis, 1989, Pain and Brit-
ton, 1992, and Cook, 1995). The dynamic integrated systems with intermittent structural breaks that
are formalized below seem consistent with such evidence. However, achieving (c) without suffering
from (d) is difficult, and motivates the conceptual structure proposed below, as well as the emphasis
on issues such as parsimony and collinearity, and the re-examination of the role of causal information
when forecasting models are mis-specified. Several resultstranspire to be misleading once model mis-
specification interacts with non-stationary data (denoting thereby the general sense of processes whose
first two moments are not constant over time). Conversely, itbecomes feasible to account for the em-
pirical success of procedures that difference data, or use intercept corrections (see e.g., Theil, 1961,
Klein, 1971, and Wallis and Whitley, 1991), although these methods have no rationale when models are
correctly specified. Potential improvements also merit investigation, so co-breaking is considered, and
shown to clarify some problems experienced with leading indicators.

The structure of the paper is as follows. The first three sections discuss the background concepts,
models, and measures. The next three sections deduce their implications for causal information, parsi-
mony, and collinearity, in an attempt to account for recent forecast failures, but only the first seems to
be important. To resolve that problem, a reformulated taxonomy of forecast errors highlights forecast
biases as due to unmodelled shifts in deterministic factors, providing a rationale for both differencing
and intercept corrections to offset breaks. The alternative of removing regime shifts by co-breaking is
proposed and applied to forecasting using leading indicators.

In more detail, section 2 considers the basic concepts needed to develop the analysis of forecasting
when the model and mechanism differ. The notions of (un)predictable and forecastable are discussed:
despite their close usage, the former is a property whereas forecasting is a procedure. Next,§3 describes
the framework for economic forecasting using a vector autoregression in integrated-cointegrated vari-
ables. The issue of measuring forecast accuracy is described in §4, since evaluation may be dependent
on the transformations examined for vector processes, or when forecasting more than 1-step ahead; that
section focuses on the invariance, or otherwise, of putative measures to isomorphic representations of
the model.

Then§5 discusses the role of causal information in economic forecasting, and shows that non-causal
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variables may outperform in forecasting when the model and mechanism differ in a world subject to
structural breaks. An example highlights the potential importance of excluding irrelevant, but changing,
effects. The possible role of parsimony inh-step ahead forecasting is discussed in§6, but only a small
effect is found for the constant-parameter cases examined.Section 7 shows that collinearity has little
effect on forecast accuracy in constant worlds, but a largereffect if the collinearity alters, so parsimony
may have a justification in non-constant processes.

Based on the analyses in Hendry and Clements (1994b) and Clements and Hendry (1996c),§8
shows that intercept corrections (non-zero values for a model’s error terms over the forecast period)
can help robustify forecasts against biases due to structural breaks. The taxonomy of forecast errors
in §9 allows for structural change in the forecast period, the model and DGP to differ over the sample
period, the parameters of the model to be estimated from the data, and the forecasts to commence from
incorrect initial conditions. This re-emphasizes the possible role of non-causal variables, and warns of
the potential dangers of selecting policy models by forecast-accuracy criteria. It also demonstrates the
central role of shifts in deterministic factors, confirmingthe apt naming of intercept corrections, and
the potential efficacy of differencing. The differential impact of structural breaks on models with and
without cointegration feedbacks highlights that the latter equilibrium correct, but do not error correct
between equilibria.

Next,§10 considers the removal of regime-shift non-stationarityby co-breaking, namely the cancel-
lation of breaks across linear combinations of variables, analogous to cointegration removing unit roots.
Such an outcome would allow a subset of variables to be forecast as anticipated. Finally, forecasting
using leading indicators is discussed in§11 based on Emerson and Hendry (1996), raising issues of
cointegration and co-breaking within the indices, and between their components and macro-economic
variables. Since composite leading indicators (CLIs) are unlikely to co-break to mitigate regime shifts,
the effects of adding CLIs to macro models may be potentiallyharmful. Given that most of the conven-
tional results for constant-parameter cointegrated stationary processes do not seem to apply in realistic
settings,§12 concludes that a formal theory of forecasting for mis-specified models under irregular and
substantive structural breaks requires development, but is feasible.

2 Concepts

In this section, we define the predictability of a stochasticprocess relative to the available information,
and the resulting forecastability of the series, then draw some implications.

2.1 Unpredictability

νt is an unpredictable process with respect to the informationsetIt−1 if:1

Dνt
(νt | It−1) = Dνt

(νt) , (1)

so the conditional and unconditional distributions coincide. Unpredictability is invariant under non-
singular contemporaneous transforms: e.g., ifνt is unpredictable, so isBνt where|B| 6= 0. However,
unpredictability is obviously not invariant under intertemporal transforms since ifut = νt +Af(It−1):

Dut
(ut | It−1) 6= Dut

(ut)

1The definition is equivalent to the statistical independence ofνt from It−1 and does not connote ‘wild’: indeed, knowing
Dνt

(νt) may be highly informative relative to not knowing it.
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whenA 6= 0. The concept resolves the apparent ‘paradox’ that (e.g.) although the change in the log of
real equity prices may be unpredictable, the level is predictable: sincext = ∆xt+xt−1, the ‘prediction’
of the current level is merely its immediate past value. Below, we assume the time seriesxt is of interest,
and the information setIt−1 includes at least the history ofxt. Whenxt = νt, therefore,xt must be an
innovation, and (weak) white noise when its second moment exists.

Unpredictability is relative to the information set used; e.g., it can happen that forJt−1 ⊂ It−1:

Dut
(ut | Jt−1) = Dut

(ut) yet Dut
(ut | It−1) 6= Dut

(ut) .

However,Jt−1 ⊂ It−1 does not preclude predictability. Unpredictability may also be relative to the
time period, in that we could have:

Dut
(ut | It−1) = Dut

(ut) for t = 1, . . . , T (2)

yet:
Dut

(ut | It−1) 6= Dut
(ut) for t = T + 1, . . . , T +H, (3)

or vice versa. Finally, unpredictability may be relative tothe horizon considered in that:

Dut
(ut | It−2) = Dut

(ut) yet Dut
(ut | It−1) 6= Dut

(ut) .

However, the converse, that :

Dut
(ut | It−1) = Dut

(ut) yet Dut
(ut | It−2) 6= Dut

(ut)

is not possible asIt−2 ⊆ It−1 by definition.
Sequential factorization of the joint density ofX1

T yields the prediction representation:

DX

(
X1

T | I0, ·
)

=

T∏

t=1

Dxt
(xt | It−1, ·) . (4)

Consequently, predictability requires combinations withIt−1: the ‘causes’ must be in train. Such causes
need not be direct, and could be very indirect: e.g., a variable’s own lags may ‘capture’ actual past
causes. Thus, when the relevantIt−1 is known, structure is not necessary for forecasting, even under
changed conditions. Unfortunately, thatIt−1 is known is most unlikely in economics, with important
implications for understanding why ‘ad hoc’ methods can work well, as seen below.

2.2 Moments

Forecasting tends to focus on first and second moments assuming these exist. Then,νt is unpredictable
in mean att if:

E [νt | It−1] = E [νt] .

Similarly, νt is unpredictable in variance att if:

V [νt | It−1] = V [νt] .

The converse of the latter includes (e.g.) autoregressive conditional heteroscedastic processes (ARCH
or GARCH: see Engle, 1982, Bollerslev, Chou and Kroner, 1992, and Bollerslev, Engle and Nelson,
1994), or stochastic volatility schemes (see Shephard, 1996). Consequently, unpredictability in mean is
not invariant under non-linear contemporaneous transforms, as in the weak white-noise ARCH process:

E [νt | It−1] = E [νt] but E
[
νtν

′
t | It−1

]
6= E

[
νtν

′
t

]
.
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2.3 Forecastability

A forecasting rule is any systematic operational procedurefor making statements about future events.
We will focus on statistical forecasting using formal estimated econometric models. Whereas pre-
dictability is a property (of a stochastic process in relation to an information set), forecasting is a process.
Moreover, forecasting is undertaken for a purpose, so its evaluation depends on how well it achieves that
intent. Consequently, it is extremely difficult to define ‘forecastability’. One could perhaps define events
as forecastable relative to a loss measure if the relevant procedure produced a lower expected loss than
(say) the historical mean. This would be consistent with thechange in the log of real equity prices
being unforecastable, but the level forecastable using a random walk, on the criteria of bias orMSFE.
Unfortunately, as shown in§4, MSFE rankings for multivariate, multi-step forecasts depend onthe
transformations used, so can alter in accuracy relative to the historical mean of the transform, rendering
most definitions ambiguous.

2.4 Implications

These concepts have a number of important implications applicable to most statistical forecasting meth-
ods. First, from (1), since the conditional mean of an unpredictable process is its unconditional mean,
predictability is necessary for forecastability. However, it is not sufficient, since the relevant information
set may be unknown in practice. Further, there is a potentialambiguity in the use of the phrase ‘informa-
tion set’ in the contexts of predictability and forecasting: It−1 denotes the conditioning set generated by
the relevant events, whereas forecastability also requires knowledge of howIt−1 enters the conditional
density in (1). For example,vt−1 may matter, but in an awkward non-linear way that eludes empirical
modelling.

Secondly, translating ‘regularity’ as a systematic relation between the entity to be forecast and the
available information, then conditions (a)–(d) above are sufficient for forecastability. They may not be
necessary in principle (e.g., inspired guessing; precognition etc.), but for statistical forecasting, they
seem close to necessary as can be seen by considering the removal of any one of them (e.g., if no
regularities exist to be captured).

Thirdly, if the occurrence of large ex ante unpredictable shocks (such as earthquakes, or oil crises),
induces their inclusion in later information sets (moving from (2) to (3) above), the past will be more ex-
plicable than the future is forecastable (cf. stock-marketcommentators?). Consequently, when the ‘true’
It−1 is unknown, to prevent the baseline innovation error variance being an underestimate, forecast-
accuracy evaluation may require ‘unconditioning’ from within-sample rare events that have been mod-
elled post hoc.

Fourthly, from (4), intertemporal transforms affect predictability, so no unique measure of pre-
dictability, and hence of forecast accuracy, exists. Linear dynamic econometric systems are invariant
under linear transforms in that they retain the same error process, and transformed estimates of the
original are usually the direct estimates of the transformed system: such transforms are used regularly
in empirical research. But by definition, the predictability of the transformed variables is altered by
any transforms that are intertemporal (e.g., switching from yt on yt−1 to ∆yt on yt−1).2 This pre-
cludes unique generic rankings of methods, adding to the difficulty of theoretical analysis and practical
appraisal.

Next, since new unpredictable components can enter in each period, forecast error variances could
increase or decrease over increasing horizons from any given T , as a consequence of (2) versus (3).

2While 1-stepMSFEs are invariant to that particular transform, measures suchasR2 are not.
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For integrated processes,V[xT+h|IT ] is non-decreasing inh when the innovation distribution is ho-
moscedastic. Otherwise, when the initial forecast periodT increases with real time, forecast uncertainty
will be non-decreasing inh unless the innovation variance is ever-decreasing (sinceh-steps ahead from
T becomesh− 1 from T + 1).3

Finally, and the focus of§5, when the ‘true’It−1 is unknown one cannot prove that ‘genuinely’
relevant information must always dominate non-causal variables in forecasting. Rather, one can show in
examples that the latter can be the ‘best available’ forecasting devices on some measures in the absence
of omniscience (i.e., when the model is not the DGP). First, however, we need to explain the class of
processes and models under analysis, and consider how forecast accuracy will be measured.

3 The framework

For an econometric theory of forecasting to deliver relevant conclusions about empirical forecasting, it
must be based on assumptions that adequately capture the appropriate aspects of the real world to be
forecast. Consequently, we consider a non-stationary (evolutionary) world subject to structural breaks,
where the model differs from the mechanism, and requires estimation from available data. The present
analysis considers integrated-cointegrated mechanisms which are linear inxt, but are also subject to
shifts in the deterministic factors. Generalizations to longer lags, and non-linear relations seem feasible
but await formal development.

3.1 The data generation process

For exposition, the data generation process (DGP) is definedover the periodt = 1, . . . , T by a first-order
vector autoregressive process (VAR) in then variablesxt:

xt = τ + Υxt−1 + νt where νt ∼ INn [0,Ω] , (5)

denoting an independent normal error with expectationE[νt] = 0 and variance matrixV[νt] = Ω. The
DGP is integrated of order unity (I (1)), and satisfiesr < n cointegration relations such that:

Υ = In + αβ′, (6)

whereα andβ aren×r matrices of rankr.4 Then (5) can be reparameterized as the vector equilibrium-
correction model (VEqCM):

∆xt = τ + αβ′xt−1 + νt, (7)

where∆xt andβ′xt areI(0). Let:
τ = γ − αµ, (8)

whereµ is r × 1 andβ′γ = 0 so in deviations about means:5

(∆xt − γ) = α
(
β′xt−1 − µ

)
+ νt (9)

where the system grows at the unconditional rateE[∆xt] = γ with long-run solutionE
[
β′xt

]
= µ.

3Chong and Hendry (1986) show that forecast confidence intervals may be non-monotonic inh when parameters are
estimated: see§6.

4In (5), none of the roots of|I− ΥL| = 0 lies inside the unit circle (whereL is the lag operator,Lsxt = xt−s), and
α′

⊥Φβ
⊥

is rank(n − r), whereΦ is the mean-lag matrix (hereΥ), whenα⊥ andβ
⊥

aren × (n − r) matrices of rank
(n − r) such thatα′α⊥ = β′β

⊥
= 0.

5γ = β
⊥

(α′

⊥β
⊥

)−1α′

⊥τ . The decomposition usingτ = γ − αµ is not orthogonal sinceγ ′αµ 6=0, but as a DGP, (9)
is isomorphic to (7).
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3.2 The model class

The form of the model coincides with (5) as a linear representation ofxt, but is potentially mis-specified:

xt = τ p + Υpxt−1 + ut, (10)

where the parameter estimates(τ̂ : Υ̂ : Ω̂) are possibly inconsistent, withτ p 6= τ andΥp 6= Υ.
Empirical econometric models like (10) are not numericallycalibrated theoretical models, but have
error processes which are derived, and so are not autonomous: see Gilbert (1986), Hendry (1995a),
and Spanos (1986) inter alia. The theory of reduction explains the origin and status of such empirical
models in terms of the implied information reductions relative to the process that generated the data.
Some reductions, such as invalid marginalization, affect forecast accuracy directly, whereas others, such
as aggregation, may primarily serve to define the object of interest.

Two specific models considered below are defined by(τ p = τ , Υp = Υ) and(τ p = γ, Υp =

In). The first model is the DGP in sample. Although empirical econometric models are invariably not
facsimiles of the DGP, they could match the data evidence in all measurable respects – i.e., be congruent;
but as we allow for forecast-period structural change, the model will not coincide with the DGP in the
forecast period. The second model is given by:

∆xt = γ + ξt

which is correctly specified only whenα = 0 in (9), in which caseξt = νt. It is a VAR in the differences
of the variables (DVAR), and is mis-specified in sample by omitting the cointegrating vectors.

4 Measuring forecast accuracy

Although econometric analyses could begin by specifying a loss function from which the optimal pre-
dictor is derived, a well-defined mapping between forecast errors and their costs is not typical in macro-
economics. Consequently, measures of forecast accuracy are often based on theMSFE matrix:

Vh ≡ E
[
eT+he

′
T+h

]
= V [eT+h] + E [eT+h] E

[
e′T+h

]
(11)

whereeT+h is a vector ofh-step ahead forecast errors. Such measures may lack invariance to non-
singular, scale-preserving, linear transformations for which the associated model class is invariant, so
MSFE comparisons may yield inconsistent rankings between forecasting models on multi-step ahead
forecasts depending on the particular transformations of variables examined (e.g., level or differences).
Clements and Hendry (1993) show analytically that for multi-step forecasts, the trace, determinant, and
the whole matrixVh lack invariance.

Denote the linear forecasting system by:

Γst = ut with ut ∼ INn+k [0,Σ] (12)

wheres′t = (x′
t : z′t), zt are them available predetermined variables andΣ is symmetric, positive

semi-definite: for example, in (5),z′t = (1,x′
t−1) andΓ = (In : −τ : −Υ). Then the likelihood and

generalized variance of the system in (12) are invariant under scale-preserving, non-singular transfor-
mations of the form:

MΓP−1Pst = Mut

so:
Γ∗s

∗
t = u∗

t with u∗
t ∼ INn+k

(
0,MΣM′

)
. (13)
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In (13),s∗t = Pst, M andP are respectivelyn×n and(m+ n)×(m+ n) known non-singular matrices
where|M| = 1, andP is the upper block-triangular matrix:

P =

[
In P12

0 P22

]
,

with |P22| 6= 0. Then: ∣∣MΣM′
∣∣ = |Σ| , (14)

so the systems (12) and (13) are isomorphic. Forecasts and forecast confidence intervals made in the
original system and transformed after the event tox∗

t , or made directly from the transformed system,
are identical; and this remains true when parameters are estimated by any method that is invariant
(e.g., maximum likelihood). For example, if a system is estimated forxt on xt−1 by full-information
maximum likelihood with∆̂xt obtained by identity, then the forecastŝ∆xT+h of ∆xT+h are identical
to those obtained from modelling∆xt on xt−1 with x̂t obtained by identity. A point of potential
confusion is that the differences of the forecasts ofx̂T+h may not equal̂∆xT+h despite using∆x̂T+h =

x̂T+h−x̂T+h−1 if at h = 1, the actual initial conditionxT is subtracted: this adds an intercept correction
setting the model back on track, often markedly improving the forecasts as shown below. Nevertheless,
the forecasts themselves are invariant to linear transforms; the present issue is the lack of invariance of
some measures of their accuracy.

For transformations involvingM only (i.e.,P = In+m), the matrix measureVh and determinant
are invariant, but the trace is not: see Granger and Newbold (1986). WhenM = In, for transforma-
tions usingP, neither the determinant nor theMSFE matrix are invariant forh > 1, even though the
distribution of theut is unaffected by (13): see Clements and Hendry (1996a).

Invariance toP transformations in a measure requires accounting for covariances between different
step-ahead errors, leading to a generalized forecast-error second-moment matrix (GFESM, which is
close to predictive likelihood: see Bjørnstad, 1990):

Φh = E
[
EhE

′
h

]
,

whereEh stacks the forecast errors up to and includingh-steps ahead:

E′
h =

[
e′T+1, e

′
T+2, . . . , e

′
T+h−1, e

′
T+h

]
.

Then,|Φh| is also unaffected byM transforms, since denoting the vector of stacked forecast errors from
the transformed model bỹE′

h:

Ẽ′
h =

[
e′T+1M

′, e′T+2M
′, . . . , e′T+h−1M

′, e′T+hM
′
]
,

we have: ∣∣∣Φ̃h

∣∣∣ =
∣∣∣E
[
ẼhẼ

′
h

]∣∣∣ =
∣∣E
[
EhE

′
h

]∣∣ ,

since|In ⊗ M| = 1.
Although invariance is useful to determine a unique measurefor a fixed model independently of its

representation, it is not compelling, and often several forecast-accuracy indices are reported.

5 Causal information in economic forecasting

We now consider the role of causal information in economic forecasting first when the model coincides
with the mechanism, then when it does not; the mechanism is allowed to be non-constant over time.
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In the first case, causal information is always useful, and produces better forecasts than non-causal.
Adding further variables produces no improvement. Even when the model is mis-specified, causally-
relevant information generally improves forecasts providing the mechanism generates stationary data.
Such a result cannot be shown for a mis-specified model of a non-constant mechanism, and non-causal
additional variables potentially can be more useful than causally-relevant ones so long as the model
remains mis-specified.

To demonstrate these claims, we assume all parameters are known: estimation uncertainty would
reinforce the main conclusion. While sufficiently poor estimates would weaken any conclusions from
the first case, our concern is to establish that causally-relevant variables cannot be relied upon to produce
the ‘best’ forecasts when the model is mis-specified, and parameter uncertainty would strengthen this
finding.

5.1 Model coincides with the mechanism

Consider the DGP in (5) for then I(1) variablesxt. Here, (5) is both the model and the DGP, although it
could be written in a lower-dimensional parameter space in terms ofI(0) transformations of the original
variables as in (9) above. The notation is simplest when the mechanism is constant, so we prove the
result for 1-step forecasts in that setting first.

The in-sample conditional expectation ofxT+1 givenxT is:

E [xT+1 | xT ] = τ + ΥxT

and this delivers the (matrix) minimumMSFE. Under the present assumptions, the resulting forecast
error is a homoscedastic innovation against all further information:

E [νT+1 | xT ] = 0 and V [νT+1 | xT ] = Ω. (15)

Consequently, adding any further variableszt−1 to (5) will not improve the forecast accuracy of mean
or variance.

Conversely, replacing anyxi,t−1 by any or all elements fromzt−1 will lead to inefficient forecasts
unless there is perfect correlation betweenxi,t andzt. Denote the resulting regressor vector byxt−1,
then, forecasting from:

xt = γ + Γxt−1 + et,

whereE[et|xt−1] = 0 using:
x̃T+1 = γ + ΓxT ,

the forecast error is:

eT+1 = xT+1 − x̃T+1 = (τ − γ) + ΥxT − ΓxT + νT+1.

Let xt = ζ + Ψxt + wt (say) withE [wt|xt] = 0 andV [wt|xt] = Φ, so:

eT+1 = (τ − γ + Υζ) + (ΥΨ− Γ)xT + ΥwT + νT+1

with mean:
E [eT+1 | xT ] = (τ − γ + Υζ) + (ΥΨ − Γ)xT = 0 (16)

so thatγ = τ + Υζ andΥΨ = Γ; and variance:

V [eT+1 | xT ] = Ω + ΥΦΥ′. (17)
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Thus, the forecasts are conditionally unbiased (16), but inefficient (17).
Next, in a non-constant DGP,§9 shows that the main non-constancies of interest concern direct or

indirect changes in the deterministic components of (5). Either τ can change, or ifΥ changes, the
unconditional means of theI(0) components alter. We only consider the former. Letτ change toτ ∗, so
the DGP in the forecast period becomes:

xT+1 = τ ∗ + ΥxT + νT (18)

Since the model also switches to (18) by being the mechanism,the forecast errors have the same prop-
erties as in (15), and the previous result is unchanged. Its converse, that (18) will dominate incorrect
models, is more tedious to show, but follows from a generalization of the argument in (16) and (17).

Such powerful results are not surprising; but the assumption that the model coincides with the mech-
anism is extremely strong and not empirically relevant.

5.2 Model does not coincide with the mechanism

First, we show that if the process is stationary, predictivefailure is unconditionally unlikely, irrespective
of how badly the model is specified (see Hendry, 1979), but that causal information dominates non-
causal. Even so, non-causal might help, if it acts as a proxy for the omitted causal variables.. Then we
provide an example where causal information does not help once structural breaks are introduced.

Reparameterize the system as in (9):

∆xt = γ + α
(
β′xt−1 − µ

)
+ νt. (19)

There are many ways in which a model could be mis-specified forthe mechanism in (19), but we only
consider omission of theI(0) cointegrating components. Denote the model by:

∆xt = δ + ρ
(
β′

1xt−1 − µ1

)
+ ηt (20)

whereβ′
1 is (perhaps a linear transform of) a subset of ther cointegrating vectors in (19), andµ1 is the

unconditional expectation ofβ′
1xt. Then, asE[β′

1xt−1] = µ1, δ = γ, and hence for known parameters
in (20) and forecast̂∆xT+1 = γ + ρ(β′

1xT − µ1):

E

[
∆̂xT+1

]
= γ

so forecasts are unconditionally unbiased, though inefficient. Adding any omittedI(0) linear combina-
tions ofxt−1 will improve forecasts, as will adding any∆xt−1 which proxy for omittedβ′

2xt−1.
Thus, the notion of basing forecasting on ‘causal models’ still has substance, perhaps qualified by

the need to estimate parameters from small samples of badly-measured data. However, once the model
is not the mechanism and the mechanism is non-constant, the dominance of causal information over
non-causal cannot be shown. We consider a counter example where non-causal information dominates
causal on at least one forecast criterion, unless omniscience is assumed. The result may help explain
some of the apparent success of the approach in Box and Jenkins (1976).

Consider a world in which GNP(Y ) is ‘caused’ by the exchange rate(E):

Yt = αEt−1 + εt with εt ∼ IN
[
0, σ2

ε

]
for t ∈ T1 (21)

whereT1 = [1, T1]. Then atT1 + 1, the DGP changes to:

Yt = βRt−1 + υt with υt ∼ IN
[
0, σ2

υ

]
for t ∈ T2 (22)
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whereT2 = [T1+1, T ]. The collapse of Bretton Woods, leaving the ERM, or enteringEMU are potential
examples, albeit that the model is overly simplistic. We assume thatEt andRt are driftless random
walks, but are always positive (otherwise, shifts in intercepts would be needed), given by∆Et = et and
∆Rt = rt with mean-zero, white-noise innovationset andrt, and variancesσ2

e andσ2
r .

Throughout,Yt is predictable in mean from the universal information set, since (settingDt = 1

whent ∈ T1, zero otherwise):

E [Yt | It−1] = αDtEt−1 + β (1 −Dt)Rt−1.

However, using the criterion of unbiasedness of forecasts,Yt is forecastable from (Et−1, Rt−1) afterT1

only if the switch point is known. For example,the model based on regressingYt onEt−1 andRt−1,
namely:

Yt = ψ1Et−1 + ψ2Rt−1 + ut (23)

will not suffice as:6

E

[(
ψ̂1

ψ̂2

)]
=

(
ψ1

ψ2

)
'
(

Kα

(1 −K)β

)
,

whereK = T1 (T1 − 1) / (T (T − 1)). Forecasting usinĝYt = ψ1Et−1 + ψ2Rt−1 for t ∈ T2 yields:

E

[
Ŷt | It−1

]
' KαEt−1 + (1 −K)βRt−1 = βRt−1 +K (αEt−1 − βRt−1) ,

so that:
E

[
Yt − Ŷt | It−1,Dt = 0

]
= −K (αEt−1 − βRt−1) .

AsE is the relative price of two currencies, it could move wildlydue to the other country’s behaviour,
swamping any predictability fromR to produce badly biased forecasts.

Consider an alternative forecasting procedure that ignores the information onEt−1, Rt−1 and sim-
ply uses the time series onYt. For example, differencing once yields:

∆Yt = αet−1 + ∆εt t ∈ T1

∆YT1+1 = βRT1
− αET1−1 + υT1+1 − εT1

∆Yt = βrt−1 + ∆υt t > T1 + 1

(24)

so fort ∈ T2:
E [∆Yt] = E [βrt−1 + ∆υt] = 0

and hence the forecast̃Yt = Yt−1 is unconditionally unbiased (albeit ‘inefficient’). Thus,even though
Yt−1 does not directly enter the DGP,̃Yt = Yt−1 is better in terms of bias than̂Yt, which included
the correct causal variableRt−1. However,Ỹt is slightly biased conditionally onYt−1, since after the
break:7

E

[
Yt − Ỹt | Yt−1

]
= E [∆Yt | Yt−1] = E [βrt−1 + ∆υt | Yt−1] = E [υt−1 | Yt−1] 6= 0.

The inability to prove that causally-relevant variables will dominate for mis-specified models has
important implications. First, there exist methods of robustifying forecasts against structural breaks

6The analytical calculations depend on what is assumed aboutthe time-series properties ofEt andRt. If these are not
independent driftless random walks, but (e.g.) are correlated, or have heteroscedastic errors after the regime shift,then a
somewhat different, but related, analysis is needed. Appendix A provides the derivation.

7At the switch point, sinceK ' 1, the relative biases conditional onIT1
could go either way asE[YT1+1 − ŶT1+1|IT1

] '

βRT1
− αET1

, whereasE[YT1+1 − ỸT1+1|IT1
] = βRT1

− αET1−1 − E[εT1
|IT1

], and hence could be constructed to be
smaller forỸT1+1.
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that have occurred: the differencing in (24) is one example,and others are noted below. Alternatively,
other forms of non-causal information may prove relevant, such as intercept corrections. Secondly,
the differenced process in (24) is close to an ARIMA with a large negative moving-average root and
an outlier at the break point, although that is not the DGP (see the analysis of multi-step estimators
in Clements and Hendry, 1996d). Thirdly, for large enough unmodelled breaks, ‘causal’ models will
lose onMSFE (and related criteria) to models that are robustified against breaks; this is examined
further in§9 below. Finally, while the example is specifically constructed to demonstrate the possibility
of dominating causal information,§9 provides a general class that also does so, and highlights the
distinction between error-correction and equilibrium-correction mechanisms.

6 Parsimony

It is not easy to find formal reasons for the advantages of parsimony in forecasting, despite a general
folklore that it matters. Estimated parameter variances decline with sample size, whereas inconsisten-
cies do not, so any trade-off rapidly moves against parsimony: we show below that in correct model
specifications, large parameter variances due to ‘collinearity’ cannot be a justification. The origins of
the arguments for parsimony in the methods of Box and Jenkins(1976) are because of lack of identifica-
tion in ARIMA models when there are redundant common factors, so do not generalize to other model
classes. There is some evidence that empirically, parsimony may help (see, e.g., the basis for ‘Bayesian
DVARS’ in Doanet al., 1984). In practice, model mis-specification and structural change seem likely to
be more important than parameter uncertainty, leading to analternative justification noted below, but we
first consider a case where parsimony can be shown to matter. We focus onh-step ahead scalar forecasts
under correct specification, drawing on Hendry and Clements(1993).

Consider a stationary first-order autoregression defined by:

yt = ρyt−1 + εt where εt ∼ IN
[
0, σ2

ε

]
,

with |ρ| < 1. ThenE [yt] = 0 andE
[
y2

t

]
= σ2

y = σ2
ε /
(
1 − ρ2

)
.

We examine the effect on forecastingh-steps ahead of estimatingρ relative to imposing it at zero.
Since:

yT+h = ρhyT +

h−1∑

j=0

ρjεT+h−j, (25)

theh-step conditional forecast error from the estimated model using ŷT+h = ρ̂hyT in (25) is:

ε̂T+h = yT+h − ŷT+h =
(
ρh − ρ̂h

)
yT +

h−1∑

j=0

ρjεT+h−j, (26)

so that for forecasting the levelyT+h on aMSFE basis (see Schmidt, 1974, Baillie, 1979, Chong and
Hendry, 1986, and Campos, 1992, noting the caveats in Clements and Hendry, 1993):

M [ε̂T+h | yT ] '
(
1 − ρ2h

)
σ2

ε

(1 − ρ2)
+ T−1h2ρ2(h−1)

(
1 − ρ2

)
y2

T

= σ2
y

[(
1 − ρ2h

)
+ T−1h2ρ2(h−1)

(
1 − ρ2

)
y†2T

]
, (27)

wherey†T = yT /σy. When a forecast of zero (the unconditional mean) is used instead, sõyT+h = 0 ∀h,
then (again for levels):

M [ε̃T+h | yT ] =

(
1 − ρ2h

)
σ2

ε

(1 − ρ2)
+ ρ2hy2

T
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= σ2
y

[(
1 − ρ2h

)
+ ρ2hy†2T

]
. (28)

Hence, the relativeMSFE, denotedR (·), is:

R (ε̃, ε̂, h) =
M [ε̃T+h | yT ] − M [ε̂T+h | yT ]

σ2
y

= T−1ρ2(h−1)
(
1 − ρ2

) [
φ2

ρ=0 − h2
]
y†2T , (29)

whereφ2
ρ=0 = Tρ2/

(
1 − ρ2

)
is the non-centrality parameter of theF-test ofH0: ρ = 0 in (25). Thus,

the condition for retaining the estimated coefficient rather than imposing it arbitrarily at zero becomes
increasingly stringent ash increases, crudely expressed as needingtρ > h. Although the term as a whole
is tending to zero, this provides some basis for parsimony inestimation for forecasting. A cross-over of
sign inR (·) must occur at someh: there always exists anh at which negativeR (·) values occur. The
formula in (29) also explains why forecast confidence bands are non-monotonic inh, and can exceed
the unconditional forecast uncertainty (see Chong and Hendry, 1986, and Ericsson and Marquez, 1989).
Further, whenφ2

ρ=0 > 1, a weighted average of the estimated and imposed models willoutperform
either, matching the optimal weight for pooling the models obtained in Hendry and Clements (1994b).
This leads in turn to a scientific basis for intercept corrections using zero as the long-run outcome (e.g.,
for second-differenced data). At first sight, therefore, a formula such as (29) seems promising.

Unfortunately, Hendry and Clements (1993) show that the result does not generalize easily, nor is
the effect large in Monte Carlo studies. Single parameters in vector systems cannot be selected by such
a criterion, since powering a matrix has very indirect effects on its elements. More generally, parameter
uncertainty is of orderO

(
T−1

)
in stationary processes, and even smaller for unit-root processes, as

against other errors ofO (1). Consequently, sampling uncertainty does not seem to be themost serious
problem, particularly as we now show that collinearity cannot justify parsimony for forecasting unless
structural breaks occur.

However, as noted earlier, one argument for parsimony is excluding non-constant aspects. If an
‘irrelevant’ variable with a non-zero mean is neverthelessestimated as significant in a model, perhaps
because it proxies another omitted effect (or acts likeEt−1 in (23)), biased forecasts will result when
that variable undergoes a change in its time-series behaviour. After a break, re-estimation on a least-
squares criterion will reveal its irrelevance, so the modelwill revert to a relatively constant fit despite the
forecast failure. However, a ‘more parsimonious’ model that excluded that effect would have produced
better forecasts. One route that such effects may act along is collinearity, so we next look at that.

7 Collinearity in forecasting

One might anticipate that parsimony would have a more important role when there was substantial
‘collinearity’ in the explanatory variables. Despite the non-uniqueness of collinearity (see Hendry,
1995a), we investigate such a possibility in this section using the static regression model :

yt = β′xt + νt where νt ∼ IN
[
0, σ2

v

]
(30)

with xt ∼ INk [0,Ω] independently of{νt} . For largeT :
√
T
(
β̂ − β

) fa Nk

[
0, σ2

vΩ
−1
]
.

Then fork regressors with estimated coefficients and known future values ofx:

ŷT+1 = β̂
′
xT+1,
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so that the forecast error:

ν̂T+1 = yT+1 − ŷT+1 = vT+1 − x′
T+1

(
β̂ − β

)
,

and hence:
M [ν̂T+1 | xT+1] ' σ2

v

(
1 + T−1x′

T+1Ω
−1xT+1

)
. (31)

FactorizeΩ asH′ΛH whereΛ is diagonal,H′H = Ik andHxt = zt, so thatzt ∼ INk [0,Λ], and:

yt = γ′zt + νt where γ = Hβ. (32)

Thenx′
T+1Ω

−1xT+1 equals:

x′
T+1

(
H′ΛH

)−1
xT+1 = x′

T+1H
′Λ−1HxT+1 = z′T+1Λ

−1zT+1 =
k∑

i=1

z2
i,T+1

λi

. (33)

On average,E[z2
i,T+1] = λi, and therefore,E[x′

T+1Ω
−1xT+1] = k. Hence:

M [ν̂T+1] ' σ2
v

(
1 + T−1k

)
. (34)

This shows that any ‘collinearity’ inxt is irrelevant to forecasting so long as the marginal process
remains constant. Alternatively, the model is invariant under linear, and therefore orthogonal, transforms
as shown in (32), so 1-step forecasts are unaffected.

However, whenβ stays constant, butΩ changes toΩ∗, with Λ changing toΛ∗ then:

E

[
k∑

i=1

z2
i,T+1

λi

]
=

k∑

i=1

λ∗i
λi

, (35)

so:

M [ν̂T+1] ' σ2
v

(
1 + T−1

k∑

i=1

λ∗i
λi

)

Thus, changes in the eigenvalues of the least-well determinedβi corresponding to the smallestλi will
induce the biggest relative changes inM [ν̂T+1]. For example, whenλ1 = 0.001 but λ∗1 = 0.1 then
even forT = 100, the error variance is doubled. Thus, simplification could pay dividends for ex ante
forecasting in such a state of nature.

Generalizations to dynamic systems are less clear cut, since the collinearity can alter only if the
system specification changes, which anyway induces a structural break in some equations. However,
(30) might be the only equation of interest in a system, in which case the analysis applies. Again we see
a potential case for tighter parameterization once breaks are allowed.

8 Intercept corrections

Intercept corrections (ICs) are non-zero values for a model’s error terms added over a forecast period
to adjust a model-generated forecast to prior beliefs, allow for anticipated future events that are not
explicitly incorporated in a model, or ‘fix-up’ a model for perceived mis-specification over the past: see,
for example, Wallis and Whitley (1991). A general theory of the role of intercept corrections in macro-
econometric forecasting is provided in Hendry and Clements(1994b): here we establish the effects of
one commonly-used IC following Clements and Hendry (1996c).
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A typical IC for a1-step ahead forecast is to add in the residual from the final sample observation
to the first period forecast value. To see the consequences, consider the simple example of a stationary
first-order autoregressive process:

yt = ρyt−1 + εt where εt ∼ IN
[
0, σ2

v

]
(36)

and|ρ| < 1. Let ρ̂ denote the estimate ofρ, then the conventional forecast of periodT + 1 givenT is:

ŷT+1 = ρ̂yT ,

with forecast error:
ε̂T+1 = yT+1 − ŷT+1 = (ρ− ρ̂) yT + εT+1.

The intercept-correcting forecast is:

ŷι,T+1 = ŷT+1 + ε̂T = ρ̂yT + ε̂T ,

with a forecast error̂ει,T+1 given by

ε̂ι,T+1 = yT+1 − ŷι,T+1 = (ρ− ρ̂) yT + εT+1 − ε̂T = ∆ε̂T+1,

so that the IC differences the original forecast error. We use this result in the next section to help correct
for forecast biases arising from unanticipated structuralbreaks.

9 A taxonomy of forecast errors

To clarify the impact of structural breaks on forecasting, we reconsider the taxonomy of forecast errors
in Clements and Hendry (1994). Despite allowing general structural change in the forecast period, the
model and DGP to differ over the sample period in any way, the parameters of the model to be estimated
(perhaps inconsistently) from the data, and the forecasts to commence from initial conditions (denoted
by x̂T ) which may differ from the ‘true’ valuesxT , nevertheless some useful results can be established.
The present analysis will highlight the role of changes in deterministic terms.

Write the closed system (5) inI(0) space using then variablesyt (r of which areβ′xt−1 andn− r

are∆xt) as:8

yt = φ + Πyt−1 + εt with εt ∼ INn [0,Ωε] , (37)

where by construction, the unconditional mean ofyt is:

E [yt] = (In − Π)−1 φ = ϕ (38)

so:
yt − ϕ = Π (yt−1 − ϕ) + εt.

This formulation is convenient for distinguishing betweenchanges that induce biased forecasts, and
those that do not.

Theh-step ahead forecasts at timeT for h = 1, . . . ,H are (usingϕ̂ = (In − Π̂)−1φ̂):

ŷT+h − ϕ̂ = Π̂ (ŷT+h−1 − ϕ̂) = Π̂h (ŷT − ϕ̂) , (39)

8The identities determining the future values of the cointegrating vectors are omitted for simplicity: see Hendry and
Doornik (1994). The analysis is conditional on assuming such vectors remain unchanged, so the transformed system remains
I(0) after the structural change.
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where ‘∧’s on parameters denote estimates, and on random variables,forecasts. Although the initial
condition is uncertain, we assumeE[ŷT ] = ϕ so on average it is unbiased.

Prior to forecasting,(φ : Π) changes to(φ∗ : Π∗) whereΠ∗ still has all its eigenvalues less than
unity in absolute value, so fromT + 1 the data are generated by:

yT+1 = φ∗ + Π∗yT + εT+1.

Lettingφ∗ = (In − Π∗) ϕ∗:

yT+h − ϕ∗ = Π∗ (yT+h−1 − ϕ∗) + εT+h = (Π∗)h (yT − ϕ∗) +

h−1∑

i=0

(Π∗)i εT+h−i. (40)

Many other factors could induce serious forecast errors such as large blips (e.g., 1968(1) and (2) for
consumers’ expenditure in the UK), but we construe the first blip to be the above change in the mean,
followed by a second shift superimposed thereon. From (39) and (40), theh-step ahead forecast error
ε̂T+h = yT+h − ŷT+h is:

ε̂T+h = ϕ∗ − ϕ̂ + (Π∗)h (yT − ϕ∗) − Π̂h (ŷT − ϕ̂) +

h−1∑

i=0

(Π∗)i εT+h−i. (41)

Deviations between sample estimates and population parameters are denoted byδϕ = ϕ̂ − ϕp, where
ϕp = (In − Πp)

−1φp, andδΠ = Π̂ − Πp, with (ŷT − yT ) = δy. To obtain a clearer interpretation
of the various sources of forecast errors, we ignore powers and cross-products in theδs for parameters,
but not those involving parameters interacting with initial conditions. Appendix B details the derivation,
and definesCh andFh.

Table I combines the possible sources of forecast errors that arise from the above decompositions.

Table I: Forecast error taxonomy

ε̂T+h '
(
(Π∗)h − Πh

)
(yT − ϕ) (ia) slope change

+
(
In − (Π∗)h

)
(ϕ∗ − ϕ) (ib) equilibrium-mean change

+
(
Πh −Πh

p

)
(yT − ϕ) (iia) slope mis-specification

+
(
In −Πh

p

) (
ϕ − ϕp

)
(iib) equilibrium-mean mis-specification

−Fhδν
Π (iiia ) slope estimation

−
(
In −Πh

p

)
δϕ (iiib ) equilibrium-mean estimation

−
(
Πh

p + Ch

)
δy (iv) initial condition uncertainty

+
h−1∑

i=0

(Π∗)i εT+h−i (v) error accumulation.

In the present formulation, the second and fourth rows aloneinduce biases, whereas the remainder
only affect forecast-error variances. The role of econometrics in reducing each of the forecast errors is
discussed in Clements and Hendry (1994) and Hendry and Clements (1994a): here we concentrate on
the consequences and properties of breaks.

First, we establish the approximate unbiasedness of forecasts based on estimates ofΠ in equation
(37) when the model is correctly specified andφ = 0, even thoughE[δν

Π] 6= 0. Sinceεt ∼ INn[0,Ωε],
an antithetic-variate argument based on normality (or moregenerally, any symmetric error distribution:
see e.g., Hendry and Trivedi, 1972) can exploitP (εt) = P (−εt). Sinceyt (εt) = −yt (−εt) in VARs,
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whereasΠ̂ is an even function ofεt, so Π̂ ({εt}) = Π̂ ({−εt}), denoting forecast errors bŷand˜

respectively when the generating process is{εt} ({−εt}), for 1-step ahead:

ε̂T+1 =
(
Π − Π̂

)
yT + εT+1 and ε̃T+1 = −

(
Π − Π̂

)
yT − εT+1 (42)

and these average to zero for every possible error process drawing. Although the system is a dynamic
process, the parameter estimate bias does not necessarily bias the forecasts. WhenE[δφ] 6= 0, or for
more complicated processes, the result is not exact, but suggests that finite-sample forecast error biases
are unlikely to be the most serious problem.

Next, taking expectations in Table I, assuming such finite-sample biases are negligible:

E [ε̂T+h] =
(
In − (Π∗)h

)
(ϕ∗ − ϕ) +

(
In − Πh

p

) (
ϕ − ϕp

)
. (43)

However, almost all estimation methods ensure that residuals have zero means in-sample, in which case
the second term is zero by construction. Then, forecasts will be biased only to the extent that the long-
run mean shifts from the in-sample population value. The forecast-error bias is zero for mean-zero
processes (ϕp = ϕ∗ = 0), or when shifts inφ∗ offset those inΠ∗ to leaveϕ unaffected (ϕ∗ = ϕ).
Only direct or induced shifts in the deterministic factors lead to serious forecast biases. Moreover, such
effects do not die out as the horizon increases, but convergeto the full impact of the shift. There are
variance effects as well, which are detrimental on aMSFE basis; and the ex ante forecast-error variance
estimates will mis-estimate those ruling ex post, but theseproblems seem likely to be dominated by
mean-shift structural breaks. Although non-linearities,asymmetric errors, or roots moving onto the
unit circle could generate more complicated outcomes, the basic finding points up the requirement for
eliminating systematic forecast-error biases.

By way of contrast, changes in the dynamics, and dynamic parameter mis-specifications, are both
multiplied by mean-zero terms, so vanish on average: indeed, they would have no effect whatever on
the forecast errors if the initial condition equalled the equilibrium mean. Conversely, the larger the
disequilibrium at the time of a shift in slope, the larger theresulting impact; but asΠ∗, Π andΠp (by
assumption) have all their roots inside the unit circle, these effects die out as the horizon expands.

At the time when the parameter change occurs, forecasts willbe incorrect from almost any statistical
procedure. However, consider the period following the break. ForecastingT + 2 from T + 1 using (39)
will generate the same bias asT + 1 (given by (43) forh = 1). However, some robustness to regime
shifts which would otherwise bias forecasts can be obtainedeither by intercept corrections (ICs) that
carry forward the shift from timeT + 1; or by suitable differencing to eliminate the changed intercept
in later periods. For the former, at timeT + 1 to forecast timeT + 2, subtracting the previous forecast
error will on average produce unbiased forecasts (at a cost in forecast-error variance):

E [ε̂T+2 | IT+1] − E [ε̂T+1 | IT ] = 0. (44)

This IC again differences the forecast errors that would otherwise have been made, but possibly at a
large cost in terms of increased forecast error variance forlarger values ofh: see Clements and Hendry
(1996c).

Alternatively, first differencing theI(0) data produces the naive forecast∆ỹT+2 = 0, or ỹT+2 =

yT+1, and asE[yT+h] = ϕ∗ + (Π∗)h(ϕ − ϕ∗), the mean forecast error is:

E [ε̃T+2] = E [yT+2 − ỹT+2]

= (Π∗)2 (ϕ − ϕ∗) − Π∗ (ϕ − ϕ∗)

= Π∗ (In − Π∗) (ϕ∗ − ϕ) .
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The bias vanishes atΠ∗ = 0 and is smaller than (43) in general. Thus, once again, a non-causal
variable (yt−1) can dominate on some forecast-accuracy measure; and overdifferencing need not be
disadvantageous (noting that some of the∆yt are second-differencedxt).

Clements and Hendry (1996c) show that a VEqCM and DVAR for (5)have identical forecast-error
biases when a forecast is made before a break occurs for a horizon that includes the break. This is so
despite the former including, and the latter excluding, allthe cointegration information; however, their
forecast-error variances will differ. The biases for the VEqCM do not depend on whether the forecast
starts pre or post the break: thus, there is no error correction after the break. However, the DVAR has
different biases pre and post for breaks inα andµ, and these are usually smaller than the corresponding
biases from the VEqCM. A forecasting model like∆2x̃T+1 = ∆2xT seems robust to many of the shifts,
but may ‘over-insure’ by not predicting any developments ofinterest, merely ‘tracking’ by never being
badly wrong.

Although such devices can improve forecast accuracy, especially on bias measures, they entail noth-
ing about the usefulness for other purposes of the forecasting model. Even if the resulting (intercept
corrected or differenced) forecast is more accurate than that from (39), this does not imply choosing the
‘robustified’ model for policy, or later modelling exercises. If any policy changes were implemented on
the basis of mechanistic forecasts, the latter would have the odd property of continuing to predict the
same outcome however large the policy response. Thus, theremay be benefits to pooling robust predic-
tors with forecasts from econometric systems in the policy context, and this is a hypothesis to consider
if encompassing fails: see Hendry and Mizon (1996).

10 Co-breaking

At this point in the analysis, econometric systems do not seem to be doing well relative to rather naive
methods when the objective is forecasting. We cannot establish the relevance of causal information, yet
can show cases where such systems perform poorly. Parsimonyhas not been demonstrated as uniformly
beneficial, and ad hoc adjustments such as intercept corrections appear to be of value. We now introduce
an alternative approach to handling structural breaks thatseems well suited to econometric systems, and
transpires to link back closely to cointegration.

Co-breaking is defined as the cancellation of breaks across linear combinations of variables. The
breaks could be changes in any ofα, β, γ, or µ as before, but again we focus on one-off shifts in the
last two (soΥ stays constant). Thus, the relevant regime shifts areµ∗ = µ + ∇µ andγ∗ = γ + ∇γ

where:
∆xT+1 = γ∗ + α

(
β′xT − µ∗

)
+ νT+1. (45)

Then from (45):

∆xT+1 =
[
γ + α

(
β′xT − µ

)
+ νT+1

]
+ [∇γ − α∇µ]

= ∆̃xT+1 + [∇γ − α∇µ] . (46)

The first term is the constant-parameter value of∆xT+1 and the second term is the composite intercept
shift. Form them linear combinationsφ′∆xT+1:

φ′∆xT+1 = φ′∆̃xT+1 + φ′ [∇γ − α∇µ] . (47)

Thenm-dimensional equilibrium-mean co-breaking requires thatφ′α∇µ = 0; whereasq-dimensional
drift co-breaking requiresφ′∇γ = 0. We now establish that each is almost certain to occur, so a sub-
system will be independent of the breaks (see Hendry, 1995c,for a general formulation and analysis of
co-breaking).
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First, ‘common trends’ are equilibrium-mean co-breaking.Sinceα′
⊥α = 0, when∇γ = 0:

α′
⊥∆xT+1 = α′

⊥γ + α′
⊥νT+1. (48)

Thus, then − r dimensional subsetα′
⊥∆xT+1 is unaffected by the shift in the equilibrium mean.

This result comes close to explaining the effectiveness of differencing as a ‘solution’ to intercept shifts,
noted above. Alternatively, it could be used to characterize ‘common trends’ as those combinations not
affected by shifts in underlying equilibria.

Secondly, cointegrating vectors are drift co-breaking when they are trend free (i.e.,β′γ = β′γ∗ =

0). Thus, premultiply (45) byβ′ when∇µ = 0:

β′∆xT+1 = β′α
(
β′xT − µ

)
+ β′νT+1, (49)

thereby eliminating the shift in the drift parameter. Providingβ′α 6= 0, the resulting subsystem is unaf-
fected by changes in the trend rates of growth in the economy.Conversely, a vector that eliminated such
breaks would look like a cointegration vector, so discrimination between cointegration and co-breaking
may not be easy (and may be perhaps unnecessary). Thus, a subset of equations remains constant de-
spite the break. If these were really ‘structural’ (see e.g., Hendry, 1995b) they would continue to be
constant across further breaks. The remaining variables tobe forecast would need extra differencing or
intercept corrections pending further developments.

Consequently, there are concepts that suggest that econometric systems may yet prove a superior
vehicle even in the forecasting context. We now apply this notion to help account for the potential
benefits of econometric systems over leading indicators, precisely because the former involves causal
information and the latter does not.

11 Forecasting using leading indicators

Indices of leading indicators are often used in both forecasting and in macro-economic modelling:
see, inter alia, Artis, Bladen-Hovell, Osborn, Smith and Zhang (1993), Diebold and Rudebusch (1989,
1991a, 1991b), Lahiri and Moore (1991), Neftci (1979), Stock and Watson (1989, 1992), and Zarnowitz
and Braun (1992). However, the procedures used to select thecomponents of composite leading indi-
cators (CLIs), and construct the resulting indices, are altered frequently. It is proposed in Emerson and
Hendry (1994) that this phenomenon may be due to ignoring issues of cointegration within the indices,
and between their components and macro-economic variables, and to the possibility that non-causal
indicator systems are unlikely to co-break to mitigate regime shifts.

First, an indicator is any variable believed informative about another variable of interest; an index is
a weighted average of a set of component indicators. A leading indicator is any variable whose known
outcome occurs in advance of a variable that it is desired to forecast; a CLI is a combination of such
variables. The Harvard A-B-C curves were the earliest construction meant to serve as a prediction
system (see Persons, 1924).

Co-breaking provides conditions under which regime shiftsvanish for linear combinations of vari-
ables. Such an outcome either entails a coincidentally equal effect, or a genuine relationship: across
many breaks, the former seems unlikely, leading to poor forecasts. This highlights the key distinction
between an indicator – which is non-causal of, and non-caused by, the target – and a causally-related
variable. The former is unlikely to systematically experience the same shifts as the target. Thus, al-
though CLIs and econometric models face similar problems for ex ante forecasting in a world of regime
shifts, CLIs should suffer relatively when the mappings of the indicators to the outcomes are not causal
relations.
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Non-constant processes pose problems for all forecasting approaches. In leading-indicator meth-
ods, breaks can occur for reasons that would not affect an econometric model which embodied co-
breaking relations. For example, the demand for money alters for portfolio reasons as well as transac-
tions changes, so the demand function could be stable for a regime shift in interest rate policy, yet the
correlation with GNP be unstable. Conversely, CLIs with a causal basis, that are both cointegrated with,
and co-break with, the target, will maintain constant relationships with that target and hence provide a
useful forecasting procedure, but one that is tantamount toan econometric model.

11.1 CLIs added to econometric systems

Next, consider adding a CLI to a DVAR for the DGP in (5):

∆xt = θ + Θ∆xt−1 + vt. (50)

As shown above, such approximations can be robust to regime shifts, particularly inµ (see Clements
and Hendry, 1995b). Denote the CLI byct−1 = ϕ′xt−1 and add it to (50), taking the special caseΘ = 0
for simplicity, so that the augmented DVAR becomes:

∆xt = δ + ρct−1 + ut. (51)

Whenϕ′ = h′β′ (whereh is r× 1), the CLI is a cointegrating combination, so{ut} will be stationary.
Generallyρ 6= 0, with ρϕ′ of rank 1 andE[ct] = h′µ (if ϕ′ does not cointegratext, {ut} will be
stationary only ifρ = 0). WhenΘ 6= 0, both∆xt−1 andct−1 will proxy the omitted cointegrating
vectors, probably reducing the significance of the latter. However, ifct−1 does enter empirically, the
intercept in (51) will depend onµ. Similar reasoning applies to a CLI based on differenced data.

There are interesting implications of this analysis under regime shifts inγ andµ. The CLI will im-
prove forecasting performance relative to the DVAR only if co-breaking occurs using the CLI’s weights.
Sinceβ is co-breaking for shifts in the growth rateγ when the cointegrating vectors do not trend (so
β′γ = 0), whereas{ut} depends onγ, a CLI will be a poor proxy in such a state of nature relative
to the correct cointegrating vectors. Further, although the DVAR is little affected by changes inµ, the
CLI-based model in (51) depends onµ and will experience similar predictive failure to the VEqCM,
so the robustness of (50) to shifts in the equilibrium mean islost as well. Emerson and Hendry (1994)
offer some empirical evidence supporting this argument.

12 Conclusion

Despite the relative weak assumptions that the economy under analysis is non-stationary and subject
to unanticipated structural breaks, that the model may differ from the mechanism in unknown ways,
and that it requires estimation from available data, many useful insights can be derived. The resulting
implications often differ considerably from those derivedwhen the model is assumed to coincide with a
constant mechanism. The fundamental concepts of predictability and forecastability point towards many
of the general problems confronting successful forecasting. Causal information cannot be shown to
uniformly dominate non-causal in such a setting, and there are no unique measures of forecast accuracy
although some measures are not even invariant across isomorphic model representations. Also, intercept
corrections have a theoretical justification in a world subject to structural breaks of unknown form,
size, and timing by ‘robustifying ’ forecasts against deterministic shifts. Such ICs reveal that the best
forecasting model is not necessarily the best policy model.



21

There is a case for increased parsimony when making multi-step forecasts in constant-parameter
worlds, but it is weak, particularly given the absence of anyrole for collinearity. However, even if the
forecasting model remains constant, a break in the correlation structure of the regressors can induce
poor forecasts due to variance effects from the least significant variables retained, consistent with the
need to eliminate non-systematic effects.

The taxonomy of sources of forecast error clarifies the rolesof model mis-specification, sampling
variability, error accumulation, initial condition mis-measurement, intercept shifts, and slope-parameter
changes. While structural breaks reduce forecastability,the consequences of many forms of break can
be derived analytically. Further, models may be differentially susceptible to structural breaks, as shown
analytically for VEqCMs and DVARs.

Co-breaking suggests the possibility of eliminating structural breaks by taking linear combinations
of variables, which may help produce more robust subsystems. Finally, while leading indicators based
on ex post correlations should forecast well in constant-parameter processes, they seem unlikely to
provide a reliable forecasting approach under structural breaks as their intercepts are not likely to co-
break when variables are genuine indicators that are not linked causally to the target. Thus, causal
information retains a central role.

In many ways, this research aims to discover why methods suchas Box–Jenkins or DVARs ‘work’
when econometric systems fail. Some potential answers havebeen proposed, namely, that they impose
(so do not estimate) unit roots; that their formulation therefore retains the full values of the previous
levels of the transformed variables which ensures a form of error correction; they restrict the informa-
tion used by appealing to parsimony claims, and thereby happen to exclude non-systematic effects that
might otherwise swamp forecastability; and overdifferencing removes permanent breaks in determinis-
tic factors (perhaps at the cost of inducing negative moving-average residuals) demonstrated above to
be central to avoiding systematic forecast error biases. Their very advantages as forecasting devices that
are robust against deterministic shifts mitigate against their use in a policy setting.

The case for continuing to use econometric systems seems to depend in practice on their competing
successfully in the forecasting arena. Cointegration, co-breaking, model selection procedures and rigor-
ous testing help, but none of these ensures immunity to predictive failure from new forms of break. Thus,
there is a powerful case for adopting more robust forecasting approaches than intercept corrections: a
key development must be error-correction methods that do not eliminate other sources of information
such as cointegration. An approach that incorporates causal information in the econometric system for
co-breaking and policy, but operates with robustified forecasts merits development.

Many of the conclusions entail positive prescriptions for action; many are at first sight counter-
intuitive (but then intuition is just the legacy of previously unquestioned beliefs); and many of the
difficulties have possible remedies. In particular, we haveonly just begun to explore the implications of
forecasting across structural breaks with mis-specified models, and many surprises undoubtedly await
future researchers.
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13 Appendices

13.1 A: Parameter estimates

From the properties of theI(1) variables in the example, the expectations of the estimates ofλ1 andλ2

in (23) are:

E

[(
λ̂1

λ̂2

)]
= E
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)−1(
T−2

∑T
t=1Et−1Yt

T−2
∑T

t=1Rt−1Yt

)


'



(
T−2

∑T
t=1 E

[
E2

t−1

]
0

0 T−2
∑T

t=1 E
[
R2

t−1

]
)−1(

αT−2
∑T1

t=1 E
[
E2

t−1

]

βT−2
∑T

t=T1+1 E
[
R2

t−1

]
)


=



(
T−2

∑T
t=1 (t− 1) 0

0 T−2
∑T

t=1 (t− 1)

)−1(
αT−2

∑T1

t=1 (t− 1)

βT−2
∑T

t=T1+1 (t− 1)

)




25

=

[(
2T (T − 1)−1 0

0 2T (T − 1)−1

)(
1
2αT

−2T1 (T1 − 1)
1
2βT

−2 (T (T − 1) − T1 (T1 − 1))

)]

=

(
Kα

(1 −K)β

)
,

where:

K =
T1 (T1 − 1)

T (T − 1)
.

13.2 B: Taxonomy derivations

First, we make the approximation:

Π̂h = (Πp + δΠ)h ' Πh
p +

h−1∑

i=0

Πi
pδΠΠh−i−1

p = Πh
p + Ch. (52)

Also, using (52), letting(·)ν denote forming a vector and⊗ a Kronecker product:

Ch

(
yT − ϕp

)
=
(
Ch

(
yT − ϕp

))ν
=

(
h−1∑

i=0

Πi
p ⊗

(
yT − ϕp

)′
Πh−i−1′

p

)
δν

Π = Fhδν
Π.

To highlight components due to different effects (parameter change, estimation inconsistency, and esti-
mation uncertainty), we decompose the terms(Π∗)h (yT − ϕ∗) andΠ̂h(ŷT − ϕ̂) in (41) into:

(Π∗)h (yT − ϕ∗) = (Π∗)h (yT − ϕ) + (Π∗)h (ϕ − ϕ∗)

and:

Π̂h (ŷT − ϕ̂) =
(
Πh

p + Ch

) (
δy −

(
ϕ̂ − ϕp

)
+ (yT − ϕ) −

(
ϕp − ϕ

))

=
(
Πh

p + Ch

)
δy −

(
Πh

p + Ch

)
δϕ +

(
Πh

p + Ch

) (
yT − ϕp

)

=
(
Πh

p + Ch

)
δy −

(
Πh

p + Ch

)
δϕ + Fhδν

Π + Πh
p (yT − ϕ) − Πh

p

(
ϕp − ϕ

)

so(Π∗)h (yT − ϕ∗) − Π̂h(ŷT − ϕ̂) yields:
(
(Π∗)h − Πh

p

)
(yT − ϕ) − Fhδν

Π −
(
Πh

p + Ch

)
δy

− (Π∗)h (ϕ∗ − ϕ) + Πh
p

(
ϕp − ϕ

)
+
(
Πh

p + Ch

)
δϕ. (53)

The interactionChδϕ is like a ‘covariance’, but is omitted from the table. Hence (53) becomes:
(
(Π∗)h − Πh

)
(yT − ϕ) +

(
Πh − Πh

p

)
(yT − ϕ)

− (Π∗)h (ϕ∗ − ϕ) + Πh
p

(
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)

−
(
Πh
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)
δy − Fhδν

Π + Πh
pδϕ.

The first and third rows have expectations of zero, so the second row collects the ‘non-central’ terms.
Finally, for the termϕ∗ − ϕ̂ in (41), we have (on the same principle):

(ϕ∗ − ϕ) +
(
ϕ − ϕp

)
− δϕ.
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14 Alternative derivation

This takes the initial parameterization and derives the result to check the answer. From:

yt = φ + Πyt−1 + εt with εt ∼ INn [0,Ωε] , (54)

theh-step recursion is:

yT+h = φ + ΠyT+h−1 + εT+h

=
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Next, the model forecasts:
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Need a mechanism for approximating stochastic properties of Π̂h. Use:

Π̂h = (Πp + δΠ)h ' Πh
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Also, neglect interaction, so:
ChyT ' Chϕ

asE[yT ] = ϕ. Then:
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and:
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The most complex term is:
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Combining, first the terms in variance components:

−
h−1∑

i=0

Πi
pδφ −Fhδν

Π − Di

(
δφ + φp

)

where:
h−1∑

i=0

Πi
pδφ =

(
In − Πh

p

)
δϕ.

The covariance terms−Di(δφ + φp) have been dropped in general: but may not be negligible.
Next, those in slope conditions:

+
(
(Π∗)h − Πh

p

)
(yT − ϕ) =

(
(Π∗)h − Πh

)
(yT − ϕ) +

(
Πh − Πh

p

)
(yT − ϕ)

and finally in the equilibrium mean factors:
(
In − (Π∗)h

)
ϕ∗ −

(
In − Πh

p

)
ϕp +

(
(Π∗)h − Πh

p

)
ϕ

=
(
In − (Π∗)h

)
ϕ∗ −

(
In − Πh

p

)
ϕp −

((
In − (Π∗)h

)
−
(
In − Πh

p

))
ϕ

=
(
In − (Π∗)h

)
(ϕ∗ − ϕ) −

(
In − Πh

p

) (
ϕp − ϕ

)
.

This delivers the above taxonomy table. Hence biased forecasts unlessϕp = ϕ. Butϕp 6= ϕ would
entail non-zero mean residuals in-sample, which seems unlikely.


