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Abstract

The adoption of game-theoretic models throughout artificial intelligence and

computer science has prompted extensive research into algorithms and heuris-

tics for computing game theoretic solution concepts, of which mixed strategy

Nash equilibrium is one of the most prominent examples. This paper considers

the issues surrounding the computation of mixed strategy Nash equilibria in

weighted Boolean games : a natural, compact, and expressive class of games that

has been widely studied in the artificial intelligence and multi-agent systems

communities. In a weighted Boolean game, each player pursues the satisfaction

of a weighted set of propositional logic goals by selecting a truth assignment for

a set of propositional variables under its unique control; players aim to choose

so as to maximise the total weight of formulas satisfied. Unfortunately, the

obvious representation of a mixed strategy in weighted Boolean games is of size

exponential in the number of variables a player controls. Weighted Boolean

games, however, also allow for randomisation at the level of the propositional

variables, which gives rise to a more compact model of randomised strategies,

which we call behavioural strategies. We provide a detailed theoretical analysis

of Nash equilibria in behavioural strategies. Two results are significant from an

algorithmic point of view: (a) behavioural equilibria correspond to mixed and

correlated equilibria that satisfy a specific independence property; and (b) they

allow for exponentially fewer supports than mixed equilibria. These findings

suggest two ways in which one can leverage existing algorithms and heuristics

for computing mixed equilibria to find behavioural equilibria. The first is a
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naive approach, in which we search for mixed equilibria and check whether they

satisfy the aforesaid independence property. The second is more sophisticated

and is based on support enumeration. In an additional third approach, which is

inspired by the linear programming characterisation of correlated equilibria, we

use numerical methods to find behavioural equilibria directly. In an extensive

experimental study, we compare the performance of these approaches—with and

without attendant heuristics—for finding some and all behavioural equilibria of

a weighted Boolean game.

Keywords: Multi-agent Systems, Game Theory, Boolean games, Nash

Equilibrium, Equilibrium Computation

1. Introduction

Boolean games are a compact and expressive class of logic-based games,

which have attracted considerable attention within the multi-agent systems

community [1, 2, 3, 4, 5, 6, 7]. In a Boolean game, each player i exercises unique

control over a set of Boolean variables �i, and the pure strategies available5

to player i correspond to the set of valuations for �i, that is, the set of all

possible assignments of truth or falsity to the variables in �i. Preferences in

Boolean games are defined by associating each player i with a propositional logic

formula �i, which that player desires to satisfy. When every player has selected a

valuation for her variables, the resulting overall valuation determines whether or10

not each player’s goal is satisfied. Strategic considerations arise in Boolean games

because the satisfaction of a player’s goal may depend on the choices made by

other players. Boolean games are a natural model for studying strategic behaviour

in multi-agent systems: the use of logical goals/specifications is common in the

Artificial Intelligence (AI) and automated verification communities; and the fact15

that players act by assigning values to Boolean variables mirrors the behaviour

of computer programs.

Our present work studies a generalisation of Boolean games, called weighted

Boolean games. In such a game, each player is associated with a goal set �i
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of weighted Boolean formulas of the form (�,m), where � is a propositional20

logic formula and m 2 R represents i’s value for the formula �. The utility a

player obtains from a valuation is then simply the sum of weights associated with

formulas that are satisfied by the valuation: each player aims to strategically

choose a valuation so as to maximise this utility.

Research on Boolean games has focussed almost exclusively on pure strategy25

Nash equilibria. A basic result in this area is that checking for the existence of

pure strategy Nash equilibria is ⌃p
2-complete [2]. A comprehensive collection

of high intractability results for pure Nash equilibrium and related concepts in

weighted Boolean games can be found in the work by Mavronicolas et al. [7].

As in conventional non-cooperative games, pure strategy Nash equilibria are30

not guaranteed to exist in Boolean games. It is therefore natural to consider

mixed strategy Nash equilibria for Boolean games, but what little research has

been carried out on mixed strategies in Boolean games has pointed to very

high computational complexity. For example, Ianovsky and Ong proved that

the problem of checking whether there exists a mixed Nash equilibrium of a35

given Boolean game in which each player gets a given payo↵ is NEXPTIME-

complete [8]. Note that a mixed strategy in a Boolean game is naturally defined

as a probability distribution over the 2|�i| truth-value assignments (or valuations)

that player i may make to its variables. The obvious representation of such mixed

strategies involves explicitly listing a probability for each of these valuations.40

Unfortunately, this representation is at least of size exponential in the number

of variables a player controls, which means it is clearly unrealistic as a practical

representation scheme.

In this paper, we present and investigate an alternative representation of

randomised strategies, which is specific for (weighted) Boolean games and which45

we refer to as behavioural strategies. The idea is that, rather than randomising at

the level of valuations, with behavioural strategies we randomise at the level of

propositional variables. Thus, instead of having to list a probability for all 2|�i|

valuations for player i, we only need to list |�i| probabilities: one probability for

each variable. There are several reasons for studying such behavioural strategies.50
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First, as we have already hinted, the behavioural strategy representation of

mixed strategies is exponentially more succinct than the naive representation. If

we are to use mixed strategies in Boolean games, then a succinct representation

is essential : it would not be possible to use the naive representation for anything

other than very small games. Of course, there are surely many other succinct55

representations possible, but given their naturalness, behavioural strategies are

worth investigating.

Second, there are some situations in which behavioural strategies are the only

feasible solution. Imagine a situation in which a player controls two variables. A

regular mixed strategy would involve choosing a valuation for both these variables60

from a certain probability distribution. But this implies that the selection of

values can be coordinated. If this is not possible—for example, if the variables

correspond to situations where communication between them is impossible—then

a behavioural strategy may be the only feasible way of randomising.

Our main contributions in the present paper are threefold. Our first contri-65

bution is to introduce this representation of mixed strategies (Section 2), and

our second is to provide a detailed theoretical analysis of mixed strategies by

behavioural strategies and the accompanying behavioural equilibrium concept

(Section 3). We find that equilibria in behavioural strategies are not guaranteed

to exist (Proposition 8) and that, even in the two-player case, the unique equi-70

librium may involve randomisation with irrational probabilities (Proposition 9).

Our third contribution is the identification of three approaches to computing

behavioural equilibria in two-player weighted Boolean games (Section 4) and

an extensive experimental study in which we compare the performance of algo-

rithms based on these three approaches, where we also come to consider various75

heuristics suitable for our algorithms (Section 5).

Two of our theoretical results in Section 3 lie at the basis of the algorithms

presented in Section 4. We give a characterisation of Nash equilibria in be-

havioural strategies as equilibrium profiles of mixed strategies that satisfy a

particular independence property we refer to as the behavioural independence80

property (BIP) (Proposition 4). As a corollary we find that a similar observation
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holds for correlated equilibria (Corollary 7). Furthermore, we show that the

number of supports of a behavioural strategy is polynomial in the set of outcomes,

rather than exponential as in the case of mixed strategies (Proposition 3).

These findings suggest two ways in which one can leverage existing algorithms85

and heuristics for computing mixed equilibria to find behavioural equilibria. The

first is a naive approach, in which we search for mixed equilibria and check

whether they satisfy the aforesaid independence property (Section 4.1). The

second approach is more sophisticated and is based on support enumeration,

which checks each for the existence of a behavioural equilibrium with that support90

(Sections 4.2 and 4.3). We explore both the use of linear programming and

numerical methods to perform these checks. A third approach, which is inspired

by the linear programming characterisation of correlated equilibria, allows us to

use numerical methods to find behavioural equilibria immediately (Section 4.4).

In our experimental study in Section 5, we exploit the optimisations provided95

by the standard game-solving toolkit GAMBIT [9] for the naive approach. The

support enumeration method can be enhanced by using a support elimination

heuristic (Section 4.3), which enables us to filter out sets of pure strategies that

we know cannot be the support of a behavioural equilibrium.

2. Boolean Games and Weighted Boolean Games100

Boolean games provide a concise and elegant representation of strategic

games with binary payo↵s in {0, 1}. Boolean games were first presented by

Harrenstein et al. [1], although more general definition (now the “standard”) was

given by Bonzon et al. [10, 2, 3]. In the latter model, each player chooses the

values for a set of propositional variables under its unique control in pursuit of105

the satisfaction of a goal, which is expressed as a formula of propositional logic.

In this paper, we will extend the traditional framework of Boolean games to

weighted Boolean games, in which the preferences of the players are given by a

set of weighted formulas, rather than by a single, unweighted one. This approach

is inspired by Ieong and Shoham’s marginal contribution nets for cooperative110
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games [11], Elkind and Wooldridge’s hedonic coalition nets for hedonic games [12],

and the weighted Boolean formula games proposed by Mavronicolas et al. [7].

In what follows, we make extensive use of the standard language of proposi-

tional logic, in which formulas are constructed from a finite set � of Boolean

variables, using the classical Boolean connectives ¬ (negation), ^ (conjunction), _115

(disjunction), ! (material implication), and $ (bi-implication).

Formally, a (weighted) Boolean game is given by a structure

(N,�1, . . . ,�n,�1, . . . ,�n),

where N is a set of n players, �i is the set of (propositional) variables

controlled by player i, and �i is a finite goal set (or Boolean net) for player i

consisting of rules of the form (�,m). We assume that the sets �1, . . . ,�n

are pairwise disjoint, that is, i 6= j implies �i \ �j = ;. We further assume120

that every variable is controlled by some player, so � = �1, . . . ,�n. Each rule

(�,m) 2 �i consists of a propositional formula � and a real number m 2 R.1 The

goal set �i represents the preferences of player i, in a manner that we describe

below. The special class of weighted Boolean games in which each player’s goal

set �i consists of a single pair (�i, 1) we refer to as 01-Boolean games. We125

then also say that �i is player i’s goal and simply write �i for (�i, 1). The games

in this class correspond to Boolean games as they were originally conceived.

A (pure) strategy for player i is a truth valuation for the variables under

the control of i, that is, an assignment of either truth or falsity to each element

of �i. Pure strategies for a player i are conveniently represented as subsets vi130

of �i, intuitively consisting of those variables that are set to true. A profile (of

pure strategies) or outcome is a tuple v = (v1, . . . , vn) consisting of one pure

strategy for each player. Each such strategy profile v = (v1, . . . , vn) naturally

corresponds to the valuation given by v1 [ · · · [ vn and propositional formulas

1
Restricted classes of games can be studied by putting further restrictions on the values

that m can take. This paper concerns the general model without such restrictions.
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r r̄

pq 0, 1 1, 0

pq̄ 0, 1 0, 1

p̄q 0, 1 0, 1

p̄q̄ 1, 0 0, 1

G1

rs rs̄ r̄s r̄s̄

pq 1, 0 0, 0 0, 1 0, 1

pq̄ 1, 0 0, 1 0, 0 0, 0

p̄q 0, 1 1, 0 0, 0 1, 0

p̄q̄ 0, 1 0, 1 1, 0 1, 0

G2

Figure 1: Two two-player Boolean games, G1 and G2.

over � can thus straightforwardly be interpreted on strategy profiles using the135

standard semantics of propositional logic. By v |= ' we will denote that the

valuation corresponding to strategy profile v satisfies formula '.

Player i with goal set �i seeks to maximise a utility function ui which is

defined such that, for all profiles v,

ui(v) =
X

(�,m)2�i

(m · sgn(v, �)),

where

sgn(v, �) =

8
<

:
1 if v |= �

0 otherwise.

For a player i with goal �i in a 01-Boolean game, this reduces to ui(v) = sgn(v, �i),

that is, ui(v) = 1 if v |= �i, and ui(v) = 0 otherwise. We let (v�i, v
0
i) denote the

profile (vi, . . . , vi�1, v
0
i, vi+1, . . . , vn). Moreover, we have pq̄r̄ denote the profile140

in which variable p is set to true and variables q and r to false, and similarly for

other profiles and strategies.

We present two examples of two-player 01-Boolean games in Figure 1. In G1,

player 1 controls variables p and q, and chooses rows, whereas player 2 controls r

and chooses columns. The goals of the two players are given by �1 = (p $145

q) ^ (p $ ¬r) and �2 = ¬�1, respectively. Observe that thus G1 is a zero-sum

game, which is not a general characteristic of Boolean games, as witnessed by

game G2, where the players have goals �0
1 = (p^r^s)_(¬p^q^¬s)_(¬p^¬q^¬r)

and �
0
2 = (p ^ q ^ ¬r) _ (¬p ^ r ^ s) _ (¬q ^ r ^ ¬s), respectively.
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2.1. Mixed and Behavioural Strategies150

Although Boolean games have mostly been studied in the context of pure

strategies, they admit two intuitive ways in which a player can randomise over

her choices. The first is the natural interpretation of mixed strategies for Boolean

games, in which each pure strategy is played with a certain probability. Thus,

a mixed strategy is defined by a probability distribution over pure strategies.155

However, a second natural interpretation is also possible, in which we randomise

at the level of individual variables. In this latter setting, for each variable, the

controlling player assigns the probability that this variable will be set to true.

In this second setting, which is the main focus of this paper, we say that players

have behavioural strategies.160

Thus, formally, a mixed strategy for player i controlling variables �i is a

probability distribution over 2�i , that is, a function �i : 2�i ! [0, 1] such that
P

v22�i �(v) = 1. A mixed strategy profile is then a tuple � = (�1, . . . ,�n),

where each �i is a mixed strategy for player i. By contrast, a behavioural

strategy for player i controlling variables �i is a function �i : �i ! [0, 1], with165

the intended interpretation that �i(p) is the probability that variable p will be

assigned the value true.2 We write �i(p̄) for 1 � �i(p). There is an obvious

one-to-one correspondence between pure strategies and behavioural strategies

2
Our terminology is inspired by a close formal relationship between our concept of be-

havioural strategy and the one that is commonly known from the theory of extensive-form games.

A behavioural strategy for a player i in an extensive-form game is a function that assigns to

each information set of i a probability distribution over the actions available to i (see, e.g., Chap-

ter 6 in [13] for an extensive presentation). For every Boolean game G on a set of variables �

we can define an extensive-form game of imperfect information of height |�| whose behavioural

strategies correspond to the behavioural strategies in the original Boolean game. All vertices of

same height compose a separate information set and at each of them one propositional variable

can be set to true or false by the player controlling the respective variable. The extensive-form

game to the right thus depicts the extensive-form game associated with game G1 in Figure 1.

A straightforward bijection now maps the behavioural strategies of G onto the behavioural

1

1

2

pqr

r

pqr̄

r̄

q

2

pq̄r

r

pq̄r̄

r̄

q̄

p

1

2

p̄qr

r

p̄qr̄

r̄

q

2

p̄q̄r

r

p̄q̄r̄

r̄

q̄

p̄

strategies in of EG in such a way that very

behavioural profile in G yields the same prob-

ability distribution over the outcomes as

the corresponding profile does in EG. The

extensive-form games thus obtained from

Boolean games, however, do not generally

satisfy the property known as perfect recall,

rendering much of the theory on extensive-

form games inapplicable to our setting.
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that take values in 0 and 1: define for pure strategy vi behavioural strategy �
v
i

such that �i(p) = 1 if p 2 v, and �i(p) = 0, otherwise.170

Clearly, every behavioural strategy �i corresponds to a mixed strategy �̂i

such that, for every vi 2 2�i ,

�̂i(vi) =
Y

p2vi

�i(p) ·
Y

p2�i\vi

�i(p̄).

We also say that behavioural strategy �i induces mixed strategy �̂i, and that �̂i

is sustained by �i.

As the domain �i of a behavioural strategy is exponentially smaller than the

domain 2�i of a mixed strategy, the former provides a concise representation of

the latter. This representation, however, is not complete. If a player controls

only one variable, her mixed and behavioural strategies coincide. However, if

she controls more than one variable, not every mixed strategy is induced by

a behavioural strategy. For instance, in game G1 in Figure 1, no behavioural

strategy for the row player induces the mixed strategy �Row defined such that

�Row(pq) = �Row(p̄q̄) =
1
2 and �Row(pq̄) = �Row(p̄q) = 0. We say that a mixed

strategy �i : 2�i ! [0, 1] has the behavioural independence property (BIP)

if for all p 2 �i and all vi, wi 2 2�i ,

�i(vi [ {p}) · �i(wi \ {p}) = �i(wi [ {p}) · �i(vi \ {p}). (BIP)

The following result then gives a complete characterisation of when a mixed

strategy profile is sustained by a behavioural one.

Proposition 1. A mixed strategy �i : 2�i ! [0, 1] is sustained by some be-

havioural strategy �i : �i ! [0, 1] if and only if �i has the behavioural indepen-

dence property. Moreover, �i is sustained by a behavioural strategy if and only

if it is sustained by a behavioural strategy �i such that for all p 2 �i and every
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strategy vi in 2�i with �i(vi) > 0,

�i(p) =
�i(vi [ {p})

�i(vi [ {p}) + �i(vi \ {p})
.

Sketch of proof: The “only if”-direction of the first part is straightforward by

expanding and rearranging the terms. For the opposite direction, assume that,

for all p 2 �i and all vi, wi 2 2�i ,

�i(vi [ {p}) · �i(wi \ {p}) = �i(wi [ {p}) · �i(vi \ {p}). (⇤)

Define for each player i the behavioural strategy �i : �i ! [0, 1] such that175

�(p) =
P

vi22� : p2vi
�(vi) for every pi 2 �i. For every  ✓ �i, moreover, define

the mixed strategy �i| : 2 ! [0, 1] such that �i| (vi) =
P

ui22�\ �(vi [ ui)

for all vi 2 2 . Observe that, defined thus, �i| is a well-defined probability

distribution over 2 . By induction on the size of  , it can now be proven that

�i| (vi) =
Q

p2 \vi
�(p) ·

Q
p2 \vi �(p̄) for every  ✓ �i and every vi 2 2 .180

The result then follows by setting  = �i.

The “only if”-direction of the second part is immediate. For the opposite

direction, let vi 2 2�i such that �i(vi) > 0 and define

c =
Y

q2vi\(�i\{p})

�i(q) ·
Y

q2vi\(�i[{p})

�i(q̄).

Since �i(vi) > 0, also c > 0. Now assume �i sustains �i. Then, both �i(vi [

{p}) = �(p) · c and �i(vi \ {p}) = �(p̄) · c. Therefore, �i(p) =
�i(vi[{p})

c . As

�i(p) + �i(p̄) = 1, moreover,

�i(p) =
�i(vi [ {p})

c · (�i(p) + �i(p̄))
=

�i(vi [ {p})
�i(vi [ {p}) + �i(vi \ {p})

.

This concludes the proof sketch. 2

With this characterisation in place, we can decide whether a mixed strategy

is sustained by a behavioural one, but the question remains how computationally
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complex this question is in general. If the mixed strategy is represented explicitly,185

say as a list associating a probability with each pure strategy, the problem is

“padded” to such an extent that it is easily seen the problem can be solved in

polynomial time by leveraging Proposition 1. The more interesting case is, if the

mixed strategy is given by a polynomially-sized Turing machine that outputs

the probability for each pure strategy in polynomial time. This leads us to the190

following decision problem.

behavioural strategy

Given: A player i, a set �i of variables with |�i| � 2, and a mixed

strategy �i : 2�i ! [0, 1] represented by a Turing machine of

polynomial size in |�i| that returns �i(vi) in polynomial time

for each pure strategy vi.

Problem: Is there a behavioural strategy �i : �i ! [0, 1] for i that in-

duces �i, that is, �̂i = �i?

Leveraging the first part of Proposition 1, we find that Behavioural Strategy

is coNP-complete.

Proposition 2. behavioural strategy is coNP-complete.195

Sketch of proof: For membership in coNP, it su�ces to observe that one can

check in polynomial time one can verify for given valuations vi and wi and

propositional variable p whether �i(vi[{p})·�i(wi\{p}) 6= �i(wi[{p})·�i(vi\{p}).

The first part of Proposition 1 then yields the result.

For coNP-hardness, we reduce tautology. Let ' be a formula over a set

of k propositional variables in �i and p a variable in �i. Now define the mixed

strategy �i : �! [0, 1] such that for every vi 2 2�i ,

�i(vi) =

8
>>>><

>>>>:

1
2k if vi [ {p} |= ' and vi \ {p} |= ',

2
2k if |vi| is even, and vi [ {p} 6|= ' or vi \ {p} 6|= ' ,

0 otherwise.
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Observe that, defined thus, �i is a well-defined mixed strategy that, moreover,200

can be represented by a Turing machine of size polynomial in |�i|. We can then

show that �i is sustained by a behavioural strategy if and only if ' is a tautology.

This concludes the proof sketch. 2

The prospects for an e�cient algorithm for deciding sustenance of mixed

strategies by behavioural strategies are therefore rather bleak. The second part205

of Proposition 1 nevertheless enables us to formulate an algorithm, which we

refer to as behavioural (Algorithm 1), which identifies some pure strategy vi

that �i assigns positive probability to, sets the values for �i as in Theorem 1, and

checks whether �i in fact induces �i. We can thus check in time O(|�i| · 2|�i|)

whether a given mixed strategy �i is sustained by a behavioural one.210

2.2. Mixed and Behavioural Supports

A key concept for both mixed and behavioural strategies is their support.

In Section 4, we will see the important role they play in the computation of

behavioural equilibria. The (mixed) support S�i of a mixed strategy �i is

the set of pure strategies that are given positive probability under �i. That is,215

S�i = {vi 2 2�i : �i(vi) > 0}. It is easy to see that the set of possible mixed

supports for player i in a Boolean game is of size doubly exponential in the

number |�i| of propositional variables.

If we restrict attention to mixed strategies �̂i that are induced by behavioural

strategies �i : �i ! [0, 1], we find that the number of supports is exponentially

smaller. Let vi in be a pure strategy in 2�i . It can then easily be appreciated

that vi 2 S�̂i
if and only if, for all p 2 �i, �i(p) = 1 implies p 2 vi, and

�i(p) = 0 implies p /2 vi. For instance, if �i is such that �i(p) = 0, �i(q) = 1, and

�i(r) =
1
2 , then S�̂i

= {p̄qr, p̄qr̄}. Thus, the support of a behavioural strategy

is fully determined if we know, for each variable p 2 �i, whether �i(p) = 0,

�i(p) = 1, or �i(p) 2 (0, 1). It follows that the number of possible supports of

mixed strategies that are induced by behavioural strategies, which we also refer

to as behavioural supports, is 3|�i|. This number is of size polynomial in the

12



Algorithm 1 behavioural(�i, �i)

Input: a list �i[1 · · · |�i|] of propositional variables in �i, a mixed strategy �i over 2
�i .

Output: The behavioural strategy �i : �i ! [0, 1] that induces �i, or “null” if none exists.

1: Initialise map �i : �i ! [0, 1]

2: // Find any wi 2 2
�i with �i(wi) > 0.

3: wi  0

4: for vi = 0 to 2
|�i| � 1 do

5: if �i(vi) > 0 then

6: wi  vi

7: Break

8: // Determine value of �i(p) for each p 2 �i.

9: for j = 1 to |�i| do
10: if �[j] 2 wi then

11: �i[�i[j]] �i(wi)/(�i(wi) + �i(wi \ {�i[j]}))
12: else

13: �i[�i[j]] �i(wi [ {�i[j]})/(�i(wi [ {�i[j]}) + �i(wi))

14: // Lastly, check if �i induces �i.

15: for vi = 0 to 2
|�i| � 1 do

16: prod  1

17: // For each bit of vi, multiply prod by �i[�i[j]] if the bit is 1, and by 1 � �i[�i[j]]

otherwise.

18: v0i  vi

19: for j = 1 to |�i| do
20: if v0i ⌘ 1 (mod 2) then

21: prod  prod ⇤ �i[�i[j]]

22: v0i  v0i � 1

23: else

24: prod  prod ⇤ (1� �i[�i[j]])

25: v0i  v0i / 2

26: if �i(vi) 6= prod then

27: return null

28: return �i

number 2|�i| of pure strategies and, consequently, exponentially smaller than the

number of supports for mixed strategies for i. To make this precise, we define a

behavioural support function for player i as a function Bi : �i ! {0, 1, 2}.

We can now associate with each behavioural strategy �i a behavioural support
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function B�i such that, for all p 2 �i,

B�i(p) =

8
>>>><

>>>>:

0 if �i(p) = 0,

1 if �i(p) = 1, and

2 if �i(p) 2 (0, 1).

Formally, we have the following result.

Proposition 3. Let player i control �i in a Boolean game. Then,

|{S�̂i
: �i is a behavioural strategy}| = 3|�i|.

Moreover, for �i a behavioural strategy for player i and v 2 2�i , we have vi 2 S�̂i
220

if and only if for all p 2 �i both (i) B�i(p) = 0 implies p /2 vi, and (ii) B�i(p) = 1

implies p 2 vi.

Proof: For the first part we define a one-one and onto mapping that associates

every behavioural support function B 2 {0, 1, 2}�i with a mixed support XB ✓

2�i such that vi 2 XB if and only if for all p 2 �i both B(p) = 1 implies p 2 vi,225

and B(p) = 0 implies p /2 vi.

To see that XB is a behavioural support, let �B
i be defined such that �B

i (p) =

0 if B(p) = 0, �B
i (p) = 1 if B(p) = 1, and �

B
i (p) = 1

2 otherwise. It then holds

that Si(�̂B
i ) = XB .

To see that the mapping is one-one, assume B 6= B
0. Without loss of230

generality, we may assume that one of the following cases obtains. For some

p 2 �i, (i)B(p) = 1 andB
0(p) = 0, (ii)B(p) = 2 andB

0(p) = 0, or (iii)B(p) = 2

and B
0(p) = 1. Let vi 2 XB. Then, if (i), p 2 vi, and it follows that vi /2 XB.

If (ii), then vi [ {p} 2 XB as well. However, vi [ {p} /2 XB0 . Similarly, if (iii),

then vi \ {p} 2 XB , but vi \ {p} /2 XB0 . In each case we find that XB 6= XB0 , as235

desired.
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To show that the mapping is onto, let �i be a behavioural strategy and vi a

pure strategy for player i. Then, the following equivalences hold:

�̂i(vi) = 0 i↵
Q

p2vi
�i(p) ·

Q
p2�i\vi �i(p̄) = 0

i↵ �i(p) = 0 for some p 2 vi, or �i(p) = 1 for some p 2 �i \ vi

i↵ B�i(p) = 0 for some p 2 vi, or B�i(p) = 1 for some p 2 �i \ vi

i↵ vi /2 XB�i
.

Hence, XB�i
= S�̂i

, which also proves the second part of the proposition. 2

Clearly, S�̂i
= S�̂0

i
whenever B�i = B�0

i
. We therefore also introduce the following

notation for the behavioural support corresponding to a behavioural support

function Bi:

B̂i = {vi 2 2�i : for all p 2 �i, B(p) = 0 implies p /2 vi, and B(p) = 1 implies p 2 vi}.

Using the sgn-function introduced on page 7, the second part of Proposition 3

can also be stated more concisely as follows: vi 2 B̂i if and only if for all

p 2 �i we have Bi(p) 2 {sgn(v, p), 2}. If �i = {p1, . . . , pk}, this observation240

furthermore establishes a connection between the ternary list representation

[Bi(p1), . . . , Bi(pk)] of behavioural support functions Bi and the binary list

representation [sgn(vi, p1), . . . , sgn(vi, pk)] of pure strategies vi. Whether pure

strategy vi is contained in support B̂i can now be decided by means of a straight-

forward symbolic (pairwise) comparison of the entries in the list representations245

of vi and Bi.

3. Behavioural Equilibrium

Nash equilibrium is arguably the most prominent solution concept in game

theory and applies to strategy profiles from which none of the players has an

incentive to deviate. Nash equilibria can be defined for mixed and behavioural250

strategies alike, using the concept of expected utility.
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Let �(v) =
Q

i2N �i(vi) and define the expected utility of a mixed strategy

profile � = (�1, . . . ,�n) for a player i in the conventional manner as

ui(�) =
X

v22�

�(v)ui(v).

If, for a given a profile � = (�1, . . . ,�n) of mixed strategies, ui(�i,��i) �

ui(�0
i,��i) for all mixed strategies �0

i for player i, then we refer to �i as a best

response for player i to ��i. Profile � = (�1, . . . ,�n) is a Nash equilibrium

in mixed strategies (henceforth also mixed equilibrium), if for all players i,

�i is a best response to ��i. A Nash equilibrium � = (�1, . . . ,�n) is a pure

Nash equilibrium if �i(vi) 2 {0, 1} for all players i and vi 2 2�i . Analogously,

we define a Nash equilibrium in behavioural strategies, or simply a be-

havioural equilibrium, as a profile � = (�1, . . . ,�n) of behavioural strategies

such that, for all players i and all behavioural strategies �0
i,

ui(�̂i, �̂�i) � ui(�̂
0
i, �̂�i).

Observe that this definition only takes into account players deviating from a

behavioural strategy to another behavioural strategy. Even so, we find that

the mixed profile �̂ induced by a behavioural equilibrium � is also a Nash

equilibrium in mixed strategies. The key insight is every mixed as well as every255

behavioural strategy profile may be assumed to have a pure best response for

each player. Intuitively—and with a slight abuse of terminology—one could

say that behavioural equilibria are exactly those mixed equilibria that satisfy

the behavioural independence property. More formally, we have the following

proposition, which also implies that every pure equilibrium defines a behavioural260

equilibrium.

Proposition 4. If � = (�1, . . . ,�n) is a behavioural equilibrium, then �̂ =

(�̂1, . . . , �̂n) is an equilibrium in mixed strategies. Moreover, a mixed strategy

profile � = (�1, . . . ,�n) is sustained by a behavioural equilibrium if and only if �

is a mixed equilibrium and satisfies the behavioural independence property.265
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Proof: First assume that � = (�1, . . . ,�n) is a behavioural equilibrium and, for

contradiction, that �̂ = (�̂1, . . . , �̂n) is not a mixed equilibrium. Then, there is

some player i and some pure strategy vi such that ui(�̂�i, vi) > ui(�̂). Define

behavioural strategy �
⇤
i such that, for all p 2 �i, we have that �

⇤
i (p) = 1 if

p 2 vi, and �
⇤
i (p) = 0 otherwise. Then, �̂⇤

i = vi, and it follows that � is not a270

behavioural equilibrium.

For the “only if”-direction of the second part, let � be a profile of mixed

strategies that is sustained by a behavioural equilibrium �
⇤. By the first part, �̂⇤

is an equilibrium in mixed strategies. Moreover, by Proposition 1, we know

that � satisfies the behavioural independence property.275

Finally, for the “if”-direction, assume that � is a mixed equilibrium and

satisfies the behavioural independence property. By Proposition 1, some pro-

file � = (�1, . . . ,�n) of behavioural strategies sustains �, that is, (�̂1, . . . , �̂n) =

(�1, . . . ,�n). Then, ui(�̂) � (�̂�i,�
0
i) for all players i and all mixed strategies �0

i.

Hence, in particular, ui(�̂) � (�̂�i, �̂
0
i) for all behavioural strategies �

0
i for player i.280

It follows that � is a behavioural equilibrium that sustains �. 2

Proposition 4 also yields a behavioural analogue to the well-known Indi↵erence

Principle, which intuitively says that a profile � is a mixed equilibrium if and only

if, given ��i, each player i is indi↵erent between playing any two pure strategies

in the support of �i, and weakly prefers any pure strategy in the support of �i285

to any pure strategy that is not. This eventually gives us an algorithm to check

for the existence of behavioural Nash equilibria. The following proposition is a

corollary of Proposition 4 and the Indi↵erence Principle for mixed strategies.

Proposition 5 (Behavioural Indi↵erence Principle). Let � be a behavioural

strategy profile in a Boolean game G. Then, � is a behavioural equilibrium if and290

only if ui(vi, �̂�i) = ui(v0i, �̂�i) and ui(vi, �̂�i) � ui(v00i , �̂�i), for all players i

and strategies vi, v
0
i 2 S�̂i

and v
00
i /2 S�̂i

.

As a corollary we obtain the following result, which has a stronger behavioural

flavour.
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Corollary 6. A behavioural strategy profile � is a behavioural Nash equilibrium295

if and only if for every player i and every behavioural strategy �
0
i, we have

ui(�̂i, �̂�i) = ui(�̂0
i, �̂�i), if B�i = B�0

i
, and ui(�̂i, �̂�i) � ui(�̂0

i, �̂�i), otherwise.

In particular, if �i(p) 2 (0, 1), then i is indi↵erent among all values of �i(p).

Another important game-theoretic solution concept is correlated equilibrium

[14, 13, Chapter 8]. Let ⇡ : 2� ! [0, 1] denote a probability distribution over

the set 2� of pure strategies profiles of a weighted Boolean game. Then, ⇡ is a

correlated equilibrium if for all players i and all actions vi, v0i 2 2�i ,

X

w�i22��i

⇡(w�i, vi)ui(w�i, vi) �
X

w�i22��i

⇡(w�i, vi)ui(w�i, v
0
i). (CE)

Correlated equilibrium extends mixed Nash equilibrium in the sense that a

probability distribution ⇡� : 2� ! [0, 1] induced by a mixed equilibrium � =300

(�1, . . . ,�n) will be a correlated equilibrium. By virtue of Proposition 4, we

find that the analogous statement holds for behavioural equilibria as well. As,

moreover, ⇡� is a correlated equilibrium if � is a mixed equilibrium, we have the

following counterpart of Proposition 4 for correlated equilibria.

Corollary 7. If � = (�1, . . . ,�n) is a behavioural equilibrium, then ⇡�̂ is a

correlated equilibrium. Moreover, a probability distribution ⇡� : 2� ! [0, 1] is

induced by a mixed profile �̂ sustained by a behavioural equilibrium � if and only

if ⇡ is a correlated equilibrium and satisfies the following independence property:

for all v, w 2 2� and p 2 �: ⇡(v [ {p}) · ⇡(w \ {p}) = ⇡(w [ {p}) · ⇡(v \ {p}).

3.1. Properties of Behavioural Equilibria305

While Nash’s theorem [15, 16] guarantees that every Boolean game has a

Nash equilibrium in mixed strategies, we have seen that behavioural strategies

are strictly less expressive than mixed strategies. Therefore, Nash’s theorem

does not guarantee the existence of a behavioural Nash equilibrium. Instead, we

make the following observation.310
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Proposition 8. Behavioural equilibria are not guaranteed to exist in Boolean

games.

To see this, consider again the Boolean game G1 depicted in Figure 1 and assume

for contradiction that � = (�1,�2) is a behavioural equilibrium. This game

has only one Nash equilibrium in mixed strategies, namely, � = (�1,�2) such315

that �1(pq) = �1(p̄q̄) =
1
2 , �1(pq̄) = �1(p̄q) = 0, and �2(r) = �2(r̄) =

1
2 . By

Proposition 4, it thus follows that �̂ = �. Now consider the pure strategies v1 =

pq and w1 = pq̄ for player 1. Then, �1(pq) · �1(p̄q̄) =
1
4 6= 0 = �1(p̄q) · �1(pq̄).

Hence, mixed strategy �1 does not satisfy the behavioural independence property,

and by Proposition 1 it follows that �1 is not sustained by any behavioural320

strategy of player 1, in particular not by �, a contradiction.

This example is significant because it shows that even zero-sum 01-Boolean

games in which one player controls only one variable are not guaranteed to have

behavioural Nash equilibria. Note, however, that if every player controls just one

propositional variable, mixed and behavioural strategies coincide. Hence, in that325

special case, Nash equilibria are guaranteed to exist by virtue of Nash’s theorem.

In Section 5.5, we present some empirical data suggesting that in behavioural

equilibria are considerably more common than pure equilibria.

It is commonly known that two-player strategic games always have a mixed

Nash equilibrium in rational probabilities. We find that this is no longer the

case for behavioural Nash equilibria. For an example, consider again the

Boolean game G2 in Figure 1. We find it has a (unique) behavioural equi-

librium �
⇤ = (�⇤

1 ,�
⇤
2) in which every variable is played with probability

p
5�1
2 .

To see this, consider the support S�⇤ = (2�1 , 2�2). By the Indi↵erence Principle

(Proposition 5), the expected utility of player 1 at p̄q and p̄q̄ against �⇤
2 should

be identical, that is �⇤
2(r) · �⇤

2(s̄) + �
⇤(r̄) · �⇤(s̄) = �

⇤
2(r̄) · �⇤

2(s) + �
⇤(r̄) · �⇤(s̄).

Hence, �⇤
2(r) = �

⇤
2(s). Thus, we have:

u1(pq, �̂
⇤
2) = �

⇤
2(r) · �⇤

2(s) = �
⇤
2(r)

2, and

u1(p̄q,�
⇤
2) = �2(r) · �2(s̄) + �

⇤
2(r̄) · �2(s̄) = 1� �2(r).
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As player 1 is similarly indi↵erent between pq and p̄q, we obtain �
⇤
2 (r)

2+�
⇤
2 (r)�

1 = 0. It follows that �⇤
2 (r) = �

⇤
2 (s) =

p
5�1
2 is the only solution in [0, 1]. Indeed,330

it can easily be checked that u1(v1, �̂⇤
2) =

⇣p
5�1
2

⌘2
for every v1 2 2�1 . An

analogous argument for player 1 yields �
⇤
1(p) = �

⇤
2(q) =

p
5�1
2 , and, hence,

that �
⇤ is a behavioural equilibrium. By more tenacious reasoning, it can

moreover be seen that the game has no behavioural equilibria in which one of

the players plays some propositional variable with probability 1. Hence, �⇤ is335

unique, even though, interestingly, G2 has infinitely many mixed equilibria.

Proposition 9. A two-player Boolean game with both players controlling at least

two variables may have a unique and irrational behavioural Nash equilibrium.

4. Computing Behavioural Equilibria

The theoretical results obtained in the previous sections give rise to three340

natural ways to compute behavioural equilibria in two-player Boolean games.

After presenting these approaches, we evaluate them by means of a detailed

experimental study in the next section.

4.1. A Naive Approach: bne naive

Our first approach is naive in that it first searches for mixed Nash equilibria345

and then checks whether those found satisfy the behavioural independence

property. The soundness of this method relies on Propositions 1 and 4. The

advantage of this approach is that it allows leveraging the optimisations for

finding mixed equilibria in general strategic games, such as those provided by

GAMBIT [9].350

There are algorithms to enumerate the mixed Nash equilibria of two-player

games—for example, the Lemke-Howson algorithm, Linear Complementarity

(LCP), or Support Enumeration [17, 18, 19, 20]. Consequently, Proposition 4 gives

us a naive algorithm, to check the existence of behavioural Nash equilibria: given

a Boolean game, we can iterate through the mixed Nash equilibria of the game and355
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Algorithm 2 bne naive all(G)

Input: A nondegenerate Boolean game G = (N,�1, . . . ,�n, �1, . . . , �n) where for all

i  N , �i[1 · · · |�i|] is a list of propositional variables.

Output: A behavioural Nash equilibrium � of G or outputs “No behavioural NE” if

no behavioural Nash equilibrium exists.

1: ⌃⇤  mixed equilibria(G)

2: // Determine the mixed equilibria of G.

3: behavioural ne  false

4: for � 2 ⌃⇤
do

5: Let � be an n-dimensional vector

6: for i = 1 to n do

7: �i  behavioural(�i,�i)

8: if �i = null then

9: �  null

10: Break

11: if � 6= null then

12: behavioural ne  true

13: output �

14: // ‘Break’ at this point in bne naive some

15: if not behavioural ne then

16: output “No behavioural NE.”

check using behavioural whether they have equivalent behavioural strategy pro-

files. This algorithm—which has a variable helper program mixed equilibria

that finds all mixed Nash equilibria—we refer to as bne naive. The algorithm

comes in two varieties: bne naive all, to compute all behavioural equilibria,

and bne naive some, to find a first behavioural equilibrium. Algorithm 2360

presents the pseudo-code for bne naive all; bne naive some only di↵ers in

that ‘Break’ is inserted after line 13.

In order to analyse the time complexity of bne naive, let f(n) be the time

complexity of the selected algorithm mixed equilibria used to compute the

mixed Nash equilibria of a game with n outcomes. Observe that f will generally365

be an exponential function. Then, finding the mixed Nash equilibria of G takes

time f(2|�|). Let M be the number of mixed equilibria of G. Recall that

behavioural has time complexity O(|�i| · 2|�i|), so checking behavioural for
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all players takes time in the order of
P

i2N |�i|·2|�i| 
P

i2N |�i|·2|�| = |�|·2|�|.

Therefore, bne naive has overall time complexity O(f(2|�|) +M · |�| · 2|�|).370

Observe that this naive approach involves first computing all mixed equilibria

and then checks those found for their satisfying the behavioural independence

property, that is, for their being sustained by a behavioural strategy profile. This

is only feasible if the number of mixed equilibria is finite, and we will duly restrict

our experiments to such games (also see Section 5.2). A finite number of mixed375

equilibria is guaranteed for non-degenerate games, that is, for two-player

games in which the number of pure best responses to no mixed strategy exceeds

the size of its support [17, 21]. It is known that, in a precise formal sense, almost

all strategic-form games are non-degenerate and, accordingly, are guaranteed

to have a finite and odd number of mixed Nash equilibria [22]. It is important380

to note that in 01-Boolean games specifically, degeneracy no longer necessarily

occurs with probability zero. Rather, all non-trivial 01-Boolean games tend to

be degenerate [23].

4.2. Two Support Enumeration Methods: bne se lp and bne se num

Our second approach is inspired by the Support Enumeration algorithm385

for finding mixed Nash equilibria in normal-form games [24, 25, Chapter 4].

By leveraging the result of Proposition 3 that there are only 3|�| behavioural

supports, obtain two algorithms for finding behavioural equilibria that run

polynomially in the number of 2|�| of outcomes. The first is based on linear

programming and the second uses numerical methods.390

The support enumeration algorithm for mixed equilibria iterates through

the possible mixed strategy supports and solves a linear feasibility problem

to find mixed equilibria with this support. This feasibility program, se lp, is

depicted in Figure 2 and captures the conditions of the Indi↵erence Principle

under which a two-player strategic game has a mixed Nash equilibrium �395

with support S = (S1, S2). Since linear feasibility programs can be solved

in time polynomial in the size of its constraints, solving se lp is polynomial

in |2�1 | · |2�2 | = 2|�|. Recall that, although the linear feasibility program is
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X

v�i22��i

��i(v�i)ui(vi, v�i) = xi 8i 2 {1, 2}, vi 2 Si (1)

X

v�i22��i

��i(v�i)ui(vi, v�i)  xi 8i 2 {1, 2}, vi 2 2�i \ Si (2)

�i(vi) � 0 8i 2 {1, 2}, vi 2 Si (3)

�i(vi) = 0 8i 2 {1, 2}, vi 2 2�i \ Si (4)
X

vi22�i

�i(vi) = 1 8i 2 {1, 2} (5)

Figure 2: Linear feasibility program se lp for mixed support S = (S1, S2) (adapted from [25]).

polynomial in the number of outcomes, there are exponentially many possible

mixed strategy supports.400

Our methods, however, exploit the result of Proposition 3 that the number of

behavioural supports is only 3|�i|. By virtue of Proposition 4, it then su�ces to

test, e.g., by invoking behavioural, whether any mixed equilibrium found with

some behavioural support also satisfies the behavioural independence property.

This gives us our first support enumeration algorithm for finding behavioural405

equilibria, bne se lp which runs polynomially in the number of outcomes.

Like bne naive, bne se lp also comes in two varieties: bne se lp all (Al-

gorithm 3), which finds all behavioural equilibria, and bne se lp some which

computes some if there is any. Algorithm bne se lp uses helper methods

mixed support, which translates a behavioural support function B into the410

corresponding mixed strategy support B̂ it induces, and utility, which defines

the utility function vector for the Boolean game that is needed to define the

linear feasibility program.

As in the original support enumeration algorithm for finding mixed Nash

equilibria, we require that the input game has finitely many mixed Nash equilibria.415

Given this assumption, the following result entails that, if there is a solution to

se lp for some mixed support, it will always be unique. In this way we preclude

that solving se lp for some support B̂ yields a solution that does not have the

behavioural independence property, even if there is another solution to se lp

for B̂ that does.420
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Algorithm 3 bne se lp all(G)

Input: G = ({1, 2},�1,�2, �1, �2) is a Boolean game with finitely many mixed NE.

Output: all behavioural equilibria �⇤ of G, where �i : �i ! [0, 1] for i 2 {1, 2}, or
null if none exists.

1: Ĝ ({1, 2}, 2�1 , 2�2 ,utility(G))

2: behavioural ne  false

3: for B1 = 0 to 3|�1| (sorted in increasing order of size) do

4: for B2 = 0 to 3|�2| (sorted in increasing order of size) do

5: // support i represents a behavioural support for player i. The jth trinary bit

of Bi is 1 if bi(�i[j]) = 0; 2 if bi(�i[j]) = 1; and 0 otherwise.

6: for i = 1 to 2 do

7: B̂i  mixed support(Bi)

8: if there is a solution (�1,�2, x1, x2) to se lp(Ĝ, B̂1, B̂2) then

9: (�1,�2) (behavioural(�1), behavioural(�2))

10: if �1 6= and �2 6= then

11: behavioural ne  true

12: output (�1,�2)

13: // ‘Break’ at this point in bne se lp some.

14: if not behavioural ne then

15: output “No behavioural Nash equilibria.”

Proposition 10. If a two-player game has two mixed equilibria with the same

support, then it has infinitely many mixed equilibria.

Sketch of proof: Assume two-player game G has two mixed equilibria �
⇤ =

(�⇤
1 ,�

⇤
2) and ⌧

⇤ = (⌧⇤1 , ⌧
⇤
2 ) such that S�⇤ = S⌧⇤ . Without loss of generality we

may assume that �⇤
1 6= ⌧

⇤
1 . Now consider an arbitrary � 2 [0, 1], and let ��

1 be425

defined such that ��
1 (vi) = � · �1(vi) + (1� �) · �0

1(vi), for each pure strategy vi.

By the Indi↵erence Principle for mixed strategies it then follows that (��
1 ,�

⇤
2) is

a mixed equilibrium as well. Hence, G has infinitely many mixed equilibria. 2

Thus, if there is more than one solution to se lp for some support vector

S = (S1, S2), then the respective game has infinitely many mixed equilibria.430

Our second support enumeration algorithm, bne se num, is depicted in Algo-

rithm 4. It di↵ers from bne se lp in that it solves a non-linear program se num,

represented in Figure 3, instead of se lp. In a similar way as se lp captures the
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X

v�i22��i

⇣ Y

p2v�i

�i(p) ·
Y

p22��i\v�i

(1� �i(p))
⌘
· ui(vi, v�i) = xi 8i 2 {1, 2}, vi 2 B̂i (6)

X

v�i22��i

⇣ Y

p2v�i

�i(p) ·
Y

p22��i\v�i

(1� �i(p))
⌘
· ui(vi, v�i)  xi 8i 2 {1, 2}, vi 2 2�i \ B̂i (7)

�i(p) � 0 8i 2 {1, 2}, Bi(p) = 2 (8)

�i(p)  1 8i 2 {1, 2}, Bi(p) = 2 (9)

�i(p) = 1 8i 2 {1, 2}, Bi(p) = 1 (10)

�i(p) = 0 8i 2 {1, 2}, Bi(p) = 0 (11)

Figure 3: Non-linear feasibility program se num for behavioural supports B = (B1, B2).

conditions of the mixed Indi↵erence Principle, se num reflects the conditions of

the Behavioural Indi↵erence Principle. As se num solves towards values �i(p)435

for propositional variables p directly, bne se num can moreover dispense with

the check whether the solutions to se num satisfy the behavioural independence

property.

Thus, we can use a high-performance numerical solver to find equilibria

in behavioural strategies of the form �i : �i ! [0, 1] immediately. Again, we440

distinguish between bne se num all and bne se num some, which compute

all and some behavioural equilibria in a given weighted Boolean game, respectively.

As the constraints of se num are not linear, however, for bne se num we do no

longer have a runtime polynomial in the number of outcomes.

4.3. Weakly Dominated Strategies and the Support Elimination Heuristic445

A well-known computational bottleneck of the original support enumeration

algorithms for finding mixed equilibria is the sheer number of supports it iterates

through. To this end, Porter et al. [24] proposed a heuristic based on the concept

of eliminating, what they called, conditionally dominated strategies, a concept

that is closely related to that of strict dominance between strategies.450

Here, we propose a similar heuristic, which, however, is founded on the

concept of weak dominance. The key observation is that, if a given mixed

support contains a pure strategy that is weakly dominated within this support,
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Algorithm 4 bne se num all(G)

Input: G = ({1, 2},�1,�2, �1, �2) is a Boolean game with finitely many mixed equi-

libria, where �1 = {p11, . . . , pk1} and �2 = {p12, . . . , p`2}.
Output: all behavioural equilibria �⇤ of G, where �⇤

i : �i ! [0, 1] for i 2 {1, 2}, or
null if none exists.

1: Ĝ ({1, 2}, 2�1 , 2�2 ,utility(G))

2: behavioural ne  false

3: for B1 = 0 to 3|�1| (sorted in increasing order of size) do

4: for B2 = 0 to 3|�2| (sorted in increasing order of size) do

5: for i = 1 to 2 do

6: B̂i  mixed support(Bi)

7: if there is a solution (�1(p
1
1), . . . ,�1(p

k
1),�1(p

1
2), . . . ,�1(p

`
2), x1, x2) to

se num(Ĝ, B̂1, B̂2) then

8: behavioural ne  true

9: output (�1,�2)

10: // ‘Break’ at this point in bne se num some.

11: if not behavioural ne then

12: output “No behavioural Nash equilibria.”

that strategy will receive zero probability in every mixed equilibrium with that

support. Hence, there are no mixed equilibria with that support, and the latter455

can duly be ignored in our search for behavioural equilibria.

Formally, given a mixed support S = (S1, S2), we say that a pure strategy

vi 2 Si for player i is weakly dominated with respect to S�i if there

is some v
0
i 2 2�i such that u(v0i, w�i) � u(vi, w�i) for all w�i 2 S�i, and

u(v0i, w
0
�i) > u(vi, w0

�i) for some w
0
�i 2 S�i. Thus, the following corollary of the460

Indi↵erence Principle provides the formal basis for our heuristic.

Proposition 11. Let S = (S1, S2) be a mixed support and vi a pure strategy for

player i that is weakly dominated with respect to S�i. Then, there is no mixed

equilibrium �
⇤ = (�⇤

1 ,�
⇤
2) with vi 2 S�⇤

i
and S�⇤

�i
= S�i.

Proof: Assume for contradiction that there is some mixed equilibrium �
⇤ =465

(�⇤
1 ,�

⇤
2) with with vi 2 S�⇤

i
and S�⇤

�i
= S�i. Having assumed that vi is weakly

dominated in S, there is also some some v0i 2 Si such that u(v0i, w�i) � u(vi, w�i)

for all w�i 2 S�i, and u(v0i, w
0
�i) > u(vi, w0

�i) for some w
0
�i 2 S�i. For every
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p q r p q r p q r p q r p q r

B
1
1 : 0 0 0 B

7
1 : 0 2 0 B

13
1 : 1 0 2 B

19
1 : 2 0 0 B

25
1 : 2 2 0

B
2
1 : 0 0 1 B

8
1 : 0 2 1 B

14
1 : 1 1 0 B

20
1 : 2 0 1 B

26
1 : 2 2 1

B
3
1 : 0 0 2 B

9
1 : 0 2 2 B

15
1 : 1 1 2 B

21
1 : 2 0 2 B

27
1 : 2 2 2

B
4
1 : 0 1 0 B

10
1 : 1 0 0 B

16
1 : 1 2 0 B

22
1 : 2 1 0

B
5
1 : 0 1 1 B

11
1 : 1 0 0 B

17
1 : 1 2 1 B

23
1 : 2 1 1

B
6
1 : 0 1 2 B

12
1 : 1 0 1 B

18
1 : 1 2 2 B

24
1 : 2 1 2

Table 1: The 27 behavioural support functions for a player controlling variables p, r, and r.

mixed strategy ��i with S��i = S�i, we have ��i(w0
�i) > 0. It then follows

that
P

w�i22��i ��i(v�i)ui(vi, w�i) <
P

w�i22��i ��i(w�i)ui(v0i, w�i), which is470

at variance with the Indi↵erence Principle. 2

Thus, when searching for mixed equilibria by mixed support enumeration,

if a mixed support S = (Si, S�i) contains a pure strategy vi that is weakly

dominated with respect to it, one can ignore any mixed support (S0
i, S�i) where

v1 2 S
0
1.475

For an example, let player 1 control propositional variables p, q, and r. Her

possible behavioural supports are then enumerated in Table 1. Now suppose

that pqr̄ is weakly dominated with respect to B̂2, where B2 is a behavioural

support function for player 2. Now consider B
14
1 = (1, 1, 0), for which B̂

14
1 =

{pqr̄}. By Proposition 11, there is no behavioural equilibrium with support480

(B14
1 , B2). However, any behavioural strategy �i with B�i(p) = 2, B�i(q) = 1

and B�i(r) = 0, will also put positive probability on pqr̄. Hence, neither is there

a behavioural equilibrium with support (B22
1 , B2), which can thus be ignored

accordingly. Similarly, one will find no behavioural equilibria with behavioural

supports (B22
1 , B2), (B15

1 , B2), (B16
1 , B2), (B18

1 , B2), (B24
1 , B2), (B25

1 , B2), or485

(B27
1 , B2) either.

For both bne se lp and bne se num we have implemented this procedure

and we refer to as the support elimination heuristic. This heuristic main-

tains a list recording which pure strategies of each player are weakly dominated
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with respect to which behavioural support of the other player. Initially this list490

is empty. Both bne se lp and bne se num iterate through all behavioural sup-

ports (B1, B2). The heuristic is called in every iteration before checking whether

there is a solution to se lp(Ĝ, B̂1, B̂2), respectively, to se num(Ĝ, B̂1, B̂2). In-

tuitively, the heuristic checks whether the list contains a records for Bi and some

v�i 2 B�i for either player i. Any such a record indicates that v�i is weakly495

dominated with respect to B̂i and that there is no behavioural equilibrium with

support (B̂1, B̂2). The iteration is therefore then broken o↵ and the algorithm

continues with the next behavioural support. If there is no such entry, the

heuristic computes all pure strategies that are weakly dominated with respect

to either B̂1 and B̂2, if this has not been done before in an earlier iteration500

already, and adds corresponding records to the list. It then checks if among

the new records there are any for some pure strategy v1 or v2. If so, iteration

is broken o↵ and the algorithm continues with the next behavioural support.

Otherwise, the algorithm proceeds to the next line and tries to find a solution to

se lp(Ĝ, B̂1, B̂2), in the case of bne se lp, and to se num(Ĝ, B̂1, B̂2), in the505

case of bne se num.

4.4. Finding Behavioural Equilibria via Correlated Profiles: bne corr num

Our final approach is to exploit the well-known fact that correlated equilibria

can be found using a single linear feasibility program. Observe that the very

definition of correlated equilibrium (see page 18) almost immediately yields a510

linear feasibility program when the right-hand term of the defining inequality CE

is brought to the left, and additional constraints are included that assure that ⇡

is a probability distribution over 2�. By replacing the linear constraints by

non-linear ones involving propositional variables immediately, we obtain the

non-linear program corr num depicted in Figure 4. In virtue of Corollary 7,515

corr num can only have behavioural profiles as solutions. We can find these

solutions by invoking a numerical solver, and the algorithm that does so, we

refer to by bne corr num.
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The crucial di↵erence between correlated and mixed strategies is that with

the former, the players can correlate the randomisations over their pure strate-520

gies, whereas they are assumed to randomise independently when playing mixed

strategies. In Boolean games, mixed and behavioural strategies are related in

a much similar way. With mixed strategies players can correlate the probabili-

ties they assign to their own propositional variables, whereas with behavioural

strategies the randomisations over their propositional variables are independent.525

Correlated equilibria can e�ciently be found by solving a linear program. Al-

gorithms for computing mixed equilibria are computationally harder and have

to deal with the independence of mixed strategies played by di↵erent players.

Algorithms for computing behavioural equilibria, moreover, must not only deal

with the independence of the behavioural strategies played by di↵erent players,530

but also with the independence of the randomisations over the propositional

variables of a single player. As they search for behaviourally independent mixed

equilibria, our first two approaches towards computing behavioural equilibria

could be seen as dealing with the two types of independence separately, whereas

bne corr num deals with both types of non-correlation simultaneously.535

Another advantage of this approach, which bne corr num shares with

bne se num, is that it is not restricted to two-player games or games with

only a finite number of mixed equilibria. Similarly, bne corr num can also be

used to find solutions in games with an infinite number of mixed equilibria, in

particular, also in the non-trivial class of degenerate 01-Boolean games. The540

numerical solver we invoke in our experiments (see Section 5), however, outputs

at most one solution. Accordingly, we can use this algorithm only to find some

behavioural equilibrium and cannot guarantee that we have found them all.

5. Experimental Evaluation

We conducted a detailed experimental study comparing the run-time perfor-545

mance of bne naive, bne se lp, bne se num, and bne corr num, the four
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�i(p) � 0 8i 2 {1, 2}, p 2 �i (13)

�i(p)  1 8i 2 {1, 2}, p 2 �i (14)

Figure 4: Non-linear feasibility program corr num for finding behavioural equilibria via

correlated profiles.

approaches towards computing behavioural equilibria in two-player weighted

Boolean games presented in the previous section.

In our experiments, we measured the average running time of our algorithms

on a library of 959 weighted Boolean games with a finite number of mixed550

equilibria. These games were obtained by first randomly generating about 40,000

weighted Boolean games and then selecting from these those with a finite number

of mixed equilibria (cf. Section 5.2). In addition, we also built two other libraries,

one consisting of 959 weighted Boolean games and the other containing 440

01-Boolean games. The games in these latter two libraries are not constrained to555

have a finite number of mixed equilibria, and on them we measured the average

running time of bne se num and bne corr num to find a first behavioural

equilibrium.

With our experiments we aim to obtain a clear picture of the relative advan-

tages of the three di↵erent approaches towards computing behavioural equilibria560

in terms of average running time. In addition, we measure the impact of heuris-

tics on the performance of our algorithms. Accordingly, we want to see how

the optimisations of computing mixed equilibria as provided by the GAMBIT

package a↵ect the performance of bne naive, and to what extent the elimination

heuristic accelerates the computations of bne se lp and bne se num. Finally,565

we want to see if—when put to use for the purposes of finding behavioural
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equilibria in two-player games—numerical solvers can compete in practice with

state-of-the-art LP solvers. As the constraints in se lp are linear for two-player

games only, a positive answer to the latter question would improve the prospects

for computing behavioural equilibria in many-player games.570

To these ends, we implemented our algorithms in the programming language

Python. To solve the linear program se lp invoked by bne se lp we used the

LP solvers provided by the PuLP package [26], which was specially developed

for Python. To perform the numerical computations of se num invoked by

bne se num, we chose the default numerical solver SLSQP from the SciPy575

package [27]. We ran all our experiments on an Intel© Core® i5-6500 machine

with 3.20GHz on each of the four cores, and cache and RAM memory of 6144 KB

and 7.7 GB, respectively.

Our experimental results section concludes with a brief study of a question

that is somewhat tangential to the main concerns of the section. Using the580

three game libraries that we use in our experiments, we investigate the frequency

with which behavioural equilibria exist in games. We find that, in our experi-

mental libraries at least, behavioural equilibria are rather common, which is an

encouraging indication of their applicability.

5.1. Our Experiments585

Our experiments are divided into two groups: Group I and Group II. In the

first, we measure the average running times of our algorithms bne naive all,

bne se lp all, and bne se num all to find all behavioural equilibria in a

given weighted Boolean game (Section 5.3). In the second, we compare the aver-

age running times of bne naive some, bne se lp some, bne se num some,590

as well as of bne corr num to find a first behavioural equilibrium (Section 5.4).3

3
The SLSQP solver from the SciPy package only gives one solution. Accordingly, our

implementation of bne corr num is not suited as an algorithm for finding all behavioural

equilibria. The same concern, however, does not apply to bne se num, whose implementation

also invokes the SLSQP solver every time it calls se num. Observe, that by virtue of Propo-

sition 10, one need to find at most one behavioural equilibrium in each support in order to

find all behavioural equilibria of the game, provided that one restricts attention to games with
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In both groups of experiments, we run bne naive, bne se lp, and bne se num

with (experiments I.1 and II.1) and without attendant heuristics (experiments I.2

and II.2). Without heuristics, we let bne naive invokes the support enumeration

that solves se lp for every mixed support when it calls mixed equilibria to595

compute all mixed equilibria. The performance of bne naive can be enhanced

by invoking EnumMixed provided by the GAMBIT to this purpose instead. The

support enumeration algorithms bne se lp and bne se num can be optimised

by implementing the support elimination heuristic as described in Section 4.3.

To obtain a proper understanding of the computational ramifications of600

the essential di↵erences between our algorithms, we first tested our algorithms

without any heuristics. In this way, we aim to chart the benefits for bne se lp

and bne se num of there being only 3|�| behavioural supports to iterate through.

In experiments I.2 and II.2 we compare the computational impact of the di↵erent

heuristics that are available for our algorithms.605

As each of bne naive all, bne naive some, bne se lp all, bne se lp some,

and bne se num all requires games with only a finite number of mixed equi-

libria as input, experiments I.1, I.2, II.1, and II.2 have duly been performed on

games from Library 1. However, when searching for a first behavioural equilib-

rium, bne corr num and bne se num some are not so constrained. Hence,610

we also performed a third set of experiments, II.3, in which the performance

of these algorithms on games from Libraries 2 and 3 are compared, that is,

on weighted Boolean games and 01-Boolean games with a potentially infinite

number of mixed equilibria.4

Tables 2 and 3 give a schematic overview of our experiments.615

a finite number of mixed equilibria. We observe the latter restriction in our experiments on

library 1.
4
As virtually all non-trivial 01-Boolean games are degenerate, they tend to have an infinite

number of mixed equilibria. Testing bne naive and bne se lp on non-degenerate 01-Boolean

games only is therefore bound to lead to rather distorted results. No such concerns apply to

bne se num some and bne corr num as they do not require games with a finite number of

mixed equilibria as input.
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algorithm heuristics Library

I.1 bne naive all none Library 1
bne se lp all none
bne se num all none

I.2 bne naive all GAMBIT: EnumMixed Library 1
bne se lp all support elimination
bne se num all support elimination

Table 2: Group I of experiments: searching for all behavioural Nash equilibria. Library 1:

weighted Boolean games with a finite number of mixed equilibria.

5.2. Sampling of Weighted Boolean Games

For the purposes of our experiments, we have built three libraries of two-player

weighted Boolean games:

Library 1: 959 weighted Boolean games with a finite number of mixed equilibria

Library 2: 950 weighted Boolean games with any number of mixed equilibria620

Library 3: 440 01-Boolean games with any number of mixed equilibria

To build Library 1, we randomly generated about 40,000 weighted Boolean

games and used GAMBIT [9] to compute the extreme mixed Nash equilibria,

of which there are only a finitely many.5 We checked whether any two of

these extreme mixed Nash equilibria had the same support for one of the625

players. If so, by Proposition 10, the game in question has an infinite number

of equilibria and was duly eliminated from the library. To generate the initial

40,000 weighted Boolean games, we developed a weighted Boolean game generator,

which randomly assigns the control of propositional variables to the players and

produces a random Boolean preference net �i. To the latter end we deployed the630

Boolean formula generator CNFGen [28]. Our game generator takes three inputs:

a number of variables (ranging from 2 to 8), a number of clauses (ranging from 1

to 10), and the clause width of the goal formulas (ranging from 1 to 10). It

outputs a random weighted Boolean game selected uniformly at random according

5
The extreme mixed equilibria of a strategic game are those mixed equilibria that

cannot be defined as a convex combination of any other mixed equilibria in the game. Every

finite strategic game has only a finite number of extreme equilibria.
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algorithm heuristics libraries

II.1 bne naive some none Library 1
bne se lp some none
bne se num some none
bne corr num none

II.2 bne naive some GAMBIT: EnumMixed Library 1
bne se lp some support elimination
bne se num some support elimination

II.3 bne se num some none Library 2
bne se num some support elimination Library 3
bne corr num none

Table 3: Group II of experiments: searching for some (the first) behavioural equilibrium.

Library 1: weighted Boolean games with a finite number of mixed equilibria. Library 2:

weighted Boolean games with any number of mixed equilibria. Library 3: 01-Boolean games

with any number of mixed equilibria.

to the parameters. Observe that due to these parameter setting our experiments635

are restricted to weighted Boolean games with no more than 8 propositional

variables. Accordingly, a player can have at most 128 pure strategies at her

disposal in any of these games.

The games in libraries 2 and 3 are generated by the same techniques, except

that there was no need to filter out games with an infinite number of mixed640

equilibria.

5.3. Experiments Results: Finding All Behavioural Equilibria

In experiment I.1, we measured the average running time of, respectively,

bne naive all, bne se lp all, and bne se num all, to compute all be-

havioural equilibria of weighted Boolean games drawn from Library 1. The645

results are depicted graphically in Figure 5. We find that bne naive all starts

solving 2 ⇥ 2 games reasonably fast at about 1
10 th of a second per game, but

quickly times out for larger games. The graph shows exponential growth in the

number of outcomes, which is consistent with the asymptotic time complexity of

our algorithm, given that the time taken to compute the mixed Nash equilibria650

is exponential in the number of outcomes of the game. All existing algorithms

for computing mixed Nash equilibria in the general case either have unknown
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Figure 5: Experiments I.1 and I.2: the average run-time of finding all behavioural equilibria

on Library 1, weighted Boolean games with a finite number of equilibria.

runtime or are exponential in the number of outcomes [29]. These two facts

suggest that the computation of all mixed equilibria when mixed equilibria is

called in bne naive all does indeed take time exponential in the number of655

outcomes.

The support enumeration algorithm bne se lp all basically only di↵ers

from bne naive all in that it iterates through behavioural supports, which are

exponentially fewer in number than the mixed supports bne naive has to check.

The gradient of bne se lp all’s appears to be proportionate to the growth of660

the number of behavioural supports in a Boolean game as the number of variables

increases. This impression is reinforced by the much similar average running

times of bne se num all’s on this library. We have seen that bne se lp all

has to solve the linear program se lp for an exponentially smaller number of

supports than bne naive all. Our results seem to confirm our expectation665

that the number of behavioural supports being polynomial in the number of

outcomes represents a major and tangible practical benefit for bne se lp all

when computing all behavioural equilibria.

Figure 5 also depicts the results for the second set of experiments I.2. For these

experiments, bne naive all, bne se lp all, and bne se num all are aug-670

mented with their respective heuristics. The graph for bne naive all(EnumMixed)
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Figure 6: Experiments II.1 and II.2: The average run-time of finding the first behavioural

equilibria on Library 1, weighted Boolean games with a finite number of equilibria.

shows the e↵ectiveness of the optimisations provided by GAMBIT’s EnumMixed

algorithm for finding all mixed equilibria. The support elimination heuristic can

similarly be seen to provide a significant e�ciency gain for both bne se lp all

and bne se num all. Interestingly, the graphs of bne se lp all and bne se num all675

again virtually coincide. This indicates that the computational bottleneck of

these support enumeration methods is indeed the sheer number of supports for

which se lp and se num have to be solved. It also suggests that the di↵erence

between the time taken by PuLP to solve se lp and that of SciPy’s SLSQP

tool to solve se num is negligible in comparison with the number of times these680

subroutines are called by bne se lp all and bne se num all, respectively.

Although on Boolean games with a small number of propositional variables,

bne naive(EnumMixed) performs better than both support enumeration meth-

ods, our experimental data also suggest that this advantage quickly evaporates

as the number of variables increases. Altogether, we venture the conclusion that685

the optimisations provided by the GAMBIT package for computing mixed equi-

libria do not o↵set the advantage bne se lp and bne se num gain by iterating

through behavioural supports rather than mixed supports.
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Figure 7: Experiments II.3: The average run-time of finding the first behavioural equilibria on

Library 3, general weighted Boolean games.

5.4. Experimental Results: Finding a First Behavioural Equilibrium

The results of the experiments II.1 and II.2 for finding a first behavioural690

equilibrium are graphically depicted in Figure 6. The first thing that stands

out is that the overall picture that emerges is very similar to that for experi-

ments I.1 and I.2 in the previous section. The fact that bne se lp some and

bne se num some have to call the subroutines se lp and se num at most 3|�|

times gives them an exponential edge over bne naive some, irrespective of695

whether heuristics are considered or not. Again, the relative performance of

the support enumeration algorithms bne se lp some and bne se num some

is very similar. When the support elimination heuristic is applied, the small

advantage of bne se num some over bne se lp some is noteworthy: SciPy’s

numerical solver SLSQP appears to outperform PuLP’s LP solver. It is equally700

surprising that this di↵erence in performance is not visible when the heuristic is

dispensed with. Moreover, the data exhibit a marked and significant improve-

ment in average running time when bne se lp some and bne se num some

are augmented with the support elimination heuristic.

Algorithm bne corr num uses numerical methods to solve the non-linear705

program corr num once for each weighed Boolean game. As such it is based

on quite di↵erent principles to the other algorithms considered. Yet, its average
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running time appears to be of a similar order to that of the support enumeration

algorithms bne se lp some and bne se num some when run without the sup-

port elimination heuristic. Even though, with the heuristic, bne se lp some710

and bne se num some outperform bne corr num, the latter still seems to

have an exponential advantage over bne naive some (both with and without

EnumMixed heuristic). Due to the very definition of bne corr num, however,

it seems unlikely that this advantage can directly be attributed to there being

exponentially fewer behavioural supports than mixed supports.715

The performance of bne se num some and bne corr num on the games

from Library 1 is encouraging. As the soundness of these two algorithms does

not depend on the input being a weighted Boolean game with a finite number of

mixed equilibria, this may suggest their feasibility for finding a first behavioural

equilibrium also in games without this restriction. In the last sets of experi-720

ments II.3, we therefore compare the average running times of bne se num some

and bne corr num on games from Libraries 2 and 3. The experiments for

general weighted Boolean games, as depicted in Figure 7, are reassuring: the

run-time behaviour of both bne se num some and bne corr num seems to

be hardly, if at all, a↵ected by the constraint on the input games being lifted.725

It should be noted, however, that the games from Library 2 are more likely to

have pure equilibria, which are generally easier to find. In future experiments,

we hope to investigate the robustness of these findings when larger games are

considered.

In the last set of experiments, we investigated 01-Boolean games from Li-730

brary 3. Our data, as depicted in Figure 8, show a markedly faster computation

time for bne se num some on this class of games, whereas the results for

bne corr num are comparable with those on general weighted Boolean games.

We suspect that this is due to the high likelihood of a randomly generated

two-player 01-Boolean game having a pure equilibrium.6 Moreover, as in our735

6
If payo↵s to outcomes are chose uniformly at random and independently for both players,

the probability of an outcome in which both players receive payo↵ 1 is one in four. Any such

outcome would be a Nash equilibrium!
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Figure 8: Experiments II.3: The average run-time of finding the first behavioural equilibria on

Library 3, 01-Boolean games.

support enumeration algorithms, supports are sorted by increasing order of size,

bne se num some will find pure equilibria first. As no such assumption can

be made for bne corr num, this would explain bne se num some’s superior

performance. To test this hypothesis, we augmented bne corr num with a

preprocessing procedure that searches for pure equilibria first. We found that the740

resulting algorithm bne corr num(pure first) has almost identical average

run-times as bne se num with the support elimination heuristic, corroborating

our conjecture.

5.5. Frequency of Behavioural Nash Equilibria

We conclude this section with an issue that is somewhat tangential to the main745

concerns of e�ciently computing behavioural strategies, but that is nevertheless

very relevant if one is interested in actually using behavioural strategies. The

question is what proportion of weighted Boolean games actually have behavioural

equilibria. We know that not all games have behavioural equilibria: but if we

then discovered, for example, that behavioural equilibria are in fact very scarce,750

then that would greatly reduce their appeal as a practical solution concept.

To answer this question, we studied the games in the three libraries used in

the experiments described above. For each game, we checked for the existence

of a behavioural equilibrium: our findings are summarised in Table 4 (the 100%

statistics for Library 3 are due to the high probability of randomly generating a755
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Library # games with PNE # games with BNE

Library 1 818 (85.3%) 903 (94.2%)
Library 2 917 (96.5%) 936 (98.5%)
Library 3 440 (100%) 440 (100%)

Table 4: Frequency of pure and behavioural equilibria in Libraries 1, 2, and 3.

01-Boolean game with a pure equilibrium). As this table shows for Libraries 1

and 2, behavioural equilibria occur more frequently than pure Nash equilibria.

This are encouraging results, although more work is needed to get precise

understanding of the distribution of behavioural equilibria.

6. Summary, Conclusions, and Future Research760

To date, relatively little research has considered the use of randomised

strategies in (weighted) Boolean games. We have begun to rectify this omission.

Mixed strategies in weighted Boolean games have prohibitive space requirements,

motivating our introduction of behavioural strategies, in which players randomise

at the level of individual variables. We have presented definitions for mixed and765

behavioural strategies for weighted Boolean games. Our main theoretical and

algorithmic results are as follows: we have completely characterised the conditions

under which a mixed strategy has an equivalent behavioural strategy; proven

several theorems about behavioural Nash equilibria in Boolean games, including

an analog to the Indi↵erence Principle; and presented several algorithms and a770

complexity result for important computational problems in Boolean games.

Our theoretical results suggest three approaches towards computing be-

havioural equilibria in weighted Boolean games. The first approach is a naive

one, the second is based on support enumeration methods, and the third is

inspired by the concept of correlated equilibrium. On this basis, we formulated775

and implemented seven algorithms, each tailored to either computing all be-

havioural equilibria or finding a some behavioural equilibrium. In an extensive

experimental study on two-player games, we found that in both settings, the

naive algorithms are clearly outperformed by those based on the other two
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approaches. Our experiments also showed that a support elimination heuristic780

can significantly enhance the performance of the support enumeration algorithms,

whereas for the naive algorithms they suggest that optimising the computation

of mixed equilibria provides relief on small games only.

Our support enumeration algorithms we implemented both with numerical

and LP solvers to find behavioural equilibria with a given support. In our785

experiments, the performance of the algorithms using the numerical solvers

was, quite surprisingly, at least comparable to that of the algorithms using

LP solvers. This observation is encouraging as it o↵ers a perspective on the

computation of behavioural equilibria in many-player games, where the conditions

of the Indi↵erence Principle can no longer be represented by a linear feasibility790

program. An important question in this context is, however, how well the

algorithms using numerical solvers scale as the size of the games increases.

Similar considerations apply to the “correlated” algorithm bne corr num,

which also invokes a numerical solver.

Some of the algorithms we have presented for finding behavioural Nash equi-795

libria require that the weighted Boolean game taken as input has finitely many

mixed Nash equilibria. While only degenerate games have infinitely many equi-

libria, it should be noted that degeneracy is far more common among 01-Boolean

games than among general strategic games. Future work may include producing

further algorithms for this degenerate case, which our experiments suggest may800

involve the use of numerical methods. Another approach to dealing with general

weighted Boolean games could exploit the fact that every strategic game has

a finite number of extreme equilibria (cf, footnote 5). An an easily checkable

characterisation of behavioural equilibria in terms of the extreme mixed equilibria

of a weighted Boolean game, could form the basis of algorithms for computing805

behavioural equilibria in a similar way as the behavioural independence property

does in this paper.

The connection between weighted Boolean games with imperfect recall and

extensive-form games, as delineated in footnote 2, may furthermore provide an

important source of algorithms and complexity results for both of these models.810
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A similar remark applies to Nash equilibria in stationary strategies for games

played on graphs (also see [30]).7

Finally, as behavioural equilibria are not guaranteed to exist, establishing the

computational complexity of the decision problem whether a weighted Boolean

game has a behavioural equilibrium is also an interesting question, which we815

had to leave open.
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