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ABSTRACT: We apply exceptional generalised geometry to the study of exactly marginal
deformations of A/ = 1 SCFTs that are dual to generic AdS5 flux backgrounds in type
IIB or eleven-dimensional supergravity. In the gauge theory, marginal deformations are
parametrised by the space of chiral primary operators of conformal dimension three, while
exactly marginal deformations correspond to quotienting this space by the complexified
global symmetry group. We show how the supergravity analysis gives a geometric interpre-
tation of the gauge theory results. The marginal deformations arise from deformations of
generalised structures that solve moment maps for the generalised diffeomorphism group
and have the correct charge under the generalised Reeb vector, generating the R-symmetry.
If this is the only symmetry of the background, all marginal deformations are exactly
marginal. If the background possesses extra isometries, there are obstructions that come
from fixed points of the moment maps. The exactly marginal deformations are then given
by a further quotient by these extra isometries.

Our analysis holds for any N/ = 2 AdSj5 flux background. Focussing on the particular case
of type IIB Sasaki-Einstein backgrounds we recover the result that marginal deformations
correspond to perturbing the solution by three-form flux at first order. In various explicit
examples, we show that our expression for the three-form flux matches those in the literature
and the obstruction conditions match the one-loop beta functions of the dual SCFT.

KeEyworDS: AdS-CFT Correspondence, Flux compactifications
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1 Introduction

The AdS/CFT correspondence allows the study of a wide class of superconformal field
theories in four dimensions, many of which are realised as the world-volume theories of
D3-branes at conical singularities of Calabi-Yau manifolds. Examples are N' = 4 super
Yang-Mills or the Klebanov-Witten model, which are obtained by putting D3-branes in flat
space or at the tip of the cone over T! respectively.

An interesting feature of N' = 1 SCFTs is that they can admit exactly marginal
deformations, namely deformations that preserve supersymmetry and conformal invariance.
A given N' = 1 SCFT can then be seen as a point on a “conformal manifold” in the
space of operator couplings. The existence and dimension of the conformal manifold for a
given theory can be determined using N/ = 1 supersymmetry and renormalisation group
arguments [1-4]. For instance, N' = 4 super Yang-Mills admits two exactly marginal
deformations, the so-called 8- and cubic deformations. What is more difficult to determine
is the precise geometry of the conformal manifold.

Using AdS/CFT, the same questions can be asked by studying deformations of the
supergravity background dual to the given SCFT. For N' = 4 super Yang-Mills, the
supergravity dual of the full set of marginal deformations is known only perturbatively.
In [5], the first-order perturbation was identified with the three-form fluxes of type IIB,
and the corresponding linearised solution was given in [6]. The second-order solution,
including the back-reacted dilaton and metric, was constructed in [7], which also identified
an obstruction to the third-order solution, corresponding to the vanishing of the gauge
theory beta functions. This required considerable effort, and it seems far from promising to
reconstruct the full solution from a perturbative analysis. On the other hand, using duality
transformations, Lunin and Maldacena were able to build the full analytic supergravity dual
of the B-deformation [8]. The same transformation applied to T or YP¢ manifolds gives
the gravity duals of the S-deformation of the Klebanov-Witten theory and more general
N =1 quiver gauge theories [8]. For the other marginal deformations of Y”¢ models, the
identification of the gravity modes dual to them can be found in [9] but no finite-deformation
gravity solutions are known.

The Lunin-Maldacena (LM) solution has a nice interpretation in generalised complex
geometry [10, 11], a formalism that allows one to geometrise the NS-NS sector of supergrav-
ity [12, 13]. One considers a generalisation of the tangent bundle of the internal manifold,
given by the sum of the tangent and cotangent bundles. The structure group of this gener-
alised tangent bundle is the continuous T-duality group O(d, d). The transformation that
generates the LM solution is then identified as a bi-vector deformation inside O(d, d) [10].
However, this is not the case for the other marginal deformation of N’ = 4. In order to
capture all exactly marginal deformations, one is tempted to look at the full U-duality group.
This requires considering exceptional or Eg4) x R™ generalised geometry [14, 15], where the
U-duality groups appear as the structure groups of even larger extended tangent bundles.

The main motivation for this paper is to lay the foundations for applying exceptional
generalised geometry to the study of exactly marginal deformations of a generic SCFT with
a supergravity dual. As the first step of this programme we perform a linearised analysis



of the exactly marginal deformations. To do this, we use the description of N'= 2 AdSs
backgrounds in terms of “exceptional Sasaki-Einstein” structures, given in [16]. This is a
generalisation of the conventional G-structure formalism where generalised structures are
defined by generalised tensors that are invariant under some subgroup of Ey4) X R*. The
relevant structures for AdSs; compactifications are a hypermultiplet (or H) structure J,
and a vector-multiplet (or V) structure K. These structures are naturally associated with
the hypermultiplet and vector-multiplet degrees of freedom of the five-dimensional gauged
supergravity on AdSs, hence their names [17]. Together they are invariant under a USp(6)
subgroup of Eg(g) x R* and also admit a natural action of the USp(2) local symmetry of
N = 2 supergravity in five dimensions.! Although our specific examples will focus on type
IIB geometries, the same analysis applies equally to generic N = 2 AdS5 solutions of type
IIB or eleven-dimensional supergravity.

This generalised geometric description of the internal geometry translates naturally to
quantities in the dual field theory, which is particularly useful when analysing marginal
deformations. Indeed, since hypermultiplets and vector multiplets of the gauged supergravity
correspond to chiral and vector multiplets of the dual SCFT [18], the deformations of the
H and V structures map directly to superpotential and Kéhler deformations of the dual
SCFT. Using the properties of the N' = 1 superconformal algebra, Green et al. [3] showed
that marginal deformations can only be chiral operators of (superfield) dimension three
and that the set of exactly marginal deformations is obtained by quotienting the space of
marginal couplings by the complexified global symmetry group. The main result of this
paper will be to reproduce these features from deformations of generic solutions on the
supergravity side: the supersymmetric deformations must preserve the V structure but can
deform the H structure. In addition, the exactly marginal deformations are a symplectic
quotient of the marginal deformations by the isometry group of the internal manifold. This
corresponds to the global symmetry group of the dual field theory.

The paper is organized as follows: we begin in section 2 with a discussion of marginal
deformations of N' = 1 SCFTs focussing on a number of classic examples that are dual
to AdSs x M type IIB backgrounds, where M is a Sasaki-Finstein manifold. In section 3,
we review the reformulation of AdSs backgrounds in terms of exceptional generalised
geometry [16, 19]. We then describe how the moduli space of generalised structures appears
and outline how this reproduces the findings of [2-4]. For concreteness, in section 4
we specialise to type IIB Sasaki-Einstein backgrounds. We find the explicit linearised
supersymmetric deformations corresponding to the operators in the chiral ring, matching the
Kaluza-Klein analysis of [20], and recover the result that the supersymmetric deformations
give rise to three-form flux perturbations [6]. In section 5, we give the explicit examples of
S% TH! and YP4, and show that our expression for the three-form flux on S® matches the
supergravity calculation of Aharony et al. [7], and reproduces the flux of the LM solution
for generic Sasaki-Einstein manifolds. We conclude with some directions for future work in
section 6.

We use the standard nomenclature N' = 2 to denote backgrounds with eight supercharges in five
dimensions, even though this is the minimal amount of supersymmetry.



2 Marginal deformations of ' =1 SCFTs

Conformal field theories can be seen as fixed points of the renormalisation group flow where
the beta functions for all couplings vanish. Generically, since there are as many beta functions
as there are couplings, CFTs correspond to isolated points in the space of couplings. This is
not the case for supersymmetric field theories, where non-renormalisation theorems force the
beta functions for the gauge and superpotential couplings to be linear combinations of the
anomalous dimensions of the fundamental fields [1]. If global symmetries are present before
introducing the marginal deformations, the number of independent anomalous dimensions
will be smaller than the number of couplings and not all beta functions will be independent.
The theory then admits a manifold of conformal fixed points, M.. This is equivalent to
saying that a given SCFT at a point p € M. admits exactly marginal deformations, namely
deformations that preserve conformal invariance at the quantum level. The dimension of
the conformal manifold is given by the difference between the number of classically marginal
couplings and the number of independent beta functions. The two-point functions of the
exactly marginal deformations at each point p € M, define a natural metric on M. known
as the Zamolodchikov metric.

Recently, developing the argument in [2], the authors of [3] proposed an alternative
method to analyse the N’ = 1 exactly marginal deformations of four-dimensional SCFTs,
which does not use explicitly the beta functions for the superpotential couplings, but instead
relies on the properties of the N/ = 1 algebra. Take a four-dimensional N'= 1 SCFT at some
point p in the conformal manifold and consider all possible marginal deformations. These
are of two types: “Kéhler deformations” which are perturbations of the form [ d*0 V where
V is a real primary superfield of mass dimension A = 2, and “superpotential” deformations
which have the form [ d20 © where O is a chiral primary superfield with A = 3.2 The
results of [3] are that:

e there are no marginal Kéhler deformations since they correspond to conserved currents;

e there is generically a set of marginal superpotential deformations O;, with the generic
deformation W = h'Q; parametrised by a set of complex couplings {h'};

e if the undeformed theory has no global symmetries other than the U(1)gr R-symmetry,
all marginal deformations are exactly marginal;

e however if the original SCF'T has a global symmetry G that is broken by the generic
deformation W = h'Q;, then the conformal manifold, near the original theory, is given
by the quotient of the space of marginal couplings by the complexified broken global
Ssymmetry group

M. = {h'}/GE, (2.1)

where M. is K&hler with the Zamolodchikov metric.

2Here we give the mass dimension of the operator written as an N = 1 superfield. In component notation,
in both cases the contribution to the Lagrangian has dimension A = 4.



The reduction (2.1) can be viewed as a symplectic quotient for the real group G, where
setting the moment maps to zero corresponds to solving the beta function equations for the
deformations. Note also that the vector space of couplings A’ (modulo G*) parametrise the
tangent space T, M. at the particular SCF'T p € M, and so define local coordinates on
the conformal manifold near p. Thus, as written, (2.1) is only a local definition.

More generally one can also consider operators O = A + 6 + 0?F, that are chiral
primary superfields of any dimension, modulo the relations imposed by the F-terms of
the SCFT. The lowest components A form the chiral ring under multiplication A” = AA’
subject to the F-term relations, whereas the §%-components satisfy Fan = AFy + A'Fy,
and hence transform as a derivation on the ring (specifically like a differential “dA”). In
what follows it will be useful to define the infinite-dimensional complex space of couplings
{4%,+""} corresponding to deforming the Lagrangian by a term A = 4 Fy4, ++"*A; for generic
chiral ring elements A; and §%-components F4,. The 7' terms are supersymmetric, while
the +"* terms break supersymmetry, and generically neither are marginal. One of our results
is that the supergravity analysis implies that there is a natural hyper-Kahler structure on
this space, since the pair (7¢,~%) arise from the scalar components of a hypermultiplet in
the bulk AdS space. More precisely, if there is a global symmetry G, one naturally considers
the space defined by the hyper-Kihler quotient?

M= {+'7"}))G. (2.2)
The conformal manifold is then a finite-dimensional complex submanifold of M
M. C M, (2.3)

with the A; couplings 7" set to zero and only the exactly marginal v* coefficients (denoted
h; above) non-zero.

We now give three examples of SCFTs whose conformal manifolds have been analysed
and whose gravity duals will be discussed in the rest of the paper.

2.1 N =4 super Yang-Mills

The most studied example of a SCFT in four dimensions is N' = 4 super Yang-Mills. The
fields of the theory are, besides gauge fields, six scalars and four fermions, all in the adjoint
representation of the gauge group SU(N) and transforming non-trivially under the SU(4)
R-symmetry. In /' = 1 notation, these fields arrange into a vector multiplet and three
chiral superfields ®’. The theory has a superpotential

Wit = $hejp tr(D' @I 0F) (2.4)

which is antisymmetric in the fields, and the coupling is fixed by A = 4 supersymmetry to
be equal to the gauge coupling, h = 7. In this notation, only the SU(3) x U(1) subgroup of
the R-symmetry is manifest.

3For more on this hyper-Kéhler quotient see section 3.2.



The marginal deformations compatible with A/ = 1 supersymmetry are given by the
chiral operators

W = Lheiji tr(D'QTOF) + L fp tr(@' DI D) (2.5)

where f;;1 is a complex symmetric tensor of SU(3) and h is a priori different from the gauge

coupling 7. In all there are eleven complex marginal deformations. The superpotential (2.5)

breaks the global SU(3) symmetry, leaving the U(1)g symmetry of A" = 1 theories. Therefore,

the conformal manifold is

M. = {h, fij}/SU(3)", (2.6)

with complex dimension dim(M,.) = 11 — 8 = 1 4+ 2. The first deformation is an SU(4)
singlet corresponding to changing both 7 and h, the other two are true superpotential
deformations.

The same conclusions can be reached by studying the beta functions of the deformed
theory [1, 7]. One can show that the beta function equations for the gauge coupling and
the superpotential deformations are proportional to the matrix of anomalous dimensions.
At one loop, this (or more precisely its traceless part) is

2
’Yij—N —4

= W(fiklfjkl — 36 frum ™) =0, (2.7)

corresponding to the SU(3) moment maps, when we view (2.6) as a symplectic quotient.
This equation imposes eight real conditions on fjjx. One can remove another eight real
degrees of freedom using an SU(3) rotation of the fields ®¢. Together, these reduce the
superpotential deformation to [1]

W = Lheijp tr(®'DTOF) + f5tr(@1020% + B320L) + £, tr((@1)% + (92)° + (9%)%) . (2.8)

The coupling f3 is the so-called 3-deformation, and fy is often called the cubic deformation.
As mentioned above, the first term in this expression is to be interpreted as changing h and
T together.

One can go beyond the one-loop analysis. The deformed theory has a discrete Zs x Zs
symmetry, which forces the matrix of anomalous dimensions of the ®* to be proportional
to the identity. One can then show that the beta function condition (at all loops) reduces
to just one equation, thus again giving a three-dimensional manifold of exactly marginal
deformations. Since this will be relevant for the gravity dual, we stress that the only
obstruction to having exactly marginal deformations is the one-loop constraint (2.7).

2.2 Klebanov-Witten theory

The Klebanov-Witten theory is the four-dimensional SCFT that corresponds to the world-
volume theory of N D3-branes at the conifold singularity [21]. This is an N'=1 SU(N) x
SU(N) gauge theory with two sets of bi-fundamental chiral fields A; and B; (i = 1,2)
transforming in the (IN, N) and (N, N) respectively. The superpotential is

W = he®Pe% tr(Aa Bs AgBg) | (2.9)

“This term can also be written as tr(e™?®!®2®? — e ™32 P') where £ is complex [8].



and preserves an SU(2) x SU(2) x U(1)r global symmetry, under which the chiral fields
transform as (2,1,1/2) and (1,2,1/2) respectively. The R-charges of the fields A; and
B, are such that the superpotential has the standard charge +2. The superpotential is
not renormalisable, suggesting that the theory corresponds to an IR fixed point of an RG
flow. Indeed, one can show that this theory appears as the IR fixed point of the RG flow
generated by giving mass to the adjoint chiral multiplet in the Zs orbifold of NV = 4 super
Yang-Mills [21].

Classically, the marginal deformations of the KW theory are given by the following
chiral operators

W = he®Pei tr(Aq Ba AgBg) + [ tr(AqBsAsBj)

(2.10)
+ T[tr(Wﬂ/Vl) — tr(WQWQ)] s

where the tensor faﬁ’dg is symmetric in the indices o3 and &3, and therefore transforms in
the (3, 3) of the SU(2) x SU(2) global symmetry group. The deformation 7 does not break
the global symmetry of the theory and corresponds to a shift in the difference of the gauge
couplings (1/¢7 —1/g3).

The exactly marginal deformations of the KW theory were found in [22]. Only three
components of the fO‘B’é‘B term are exactly marginal, so we have five exactly marginal
deformations in total. This is in agreement with the dimension of the conformal manifold,
given by .

M = {h, fo548 71 /(SU(2) x SU(2)). (2.11)

One reaches the same conclusions by studying the beta functions of the deformed
theory [21]. These are equivalent to the SU(2) x SU(2) moment maps, which take the form

_ W6 7 1 W5 _
18 = I e = 3075 a5 = 0. 212)
. L 1w L _ .
“Yag' = faﬁawfagm - §5a5faﬂmfaﬁ+ﬁ =0.

These remove six real degrees of freedom. We can also redefine the couplings using the
SU(2) x SU(2) symmetry to remove another six real degrees of freedom, leaving three
complex parameters. The exactly marginal deformations are then given by

W = heaBEdB tI‘(AaBdAgBB) + T[tr(Wﬂ/Vl) - tr(WQWQ)}
+ fB(A]_BiAQBQ + A]_BQAQBi) + fQ(AlBiAlBi + AQBQAQBQ) (2.13)
+ fg(AlB2AlB2 + AgBiAQBi) .
The deformation parametrised by fgz is the 3-deformation for the KW theory, since it is the
deformation that preserves the Cartan subgroup of the global symmetry group (U(1) x U(1)
in this case).
2.3 YP9 gauge theories

The KW theory is the simplest example of an N' = 1 quiver gauge theory in four dimensions.
A particularly interesting class of these theories arise as world-volume theories of D3-branes



probing a Calabi-Yau three-fold with a toric singularity, where the singular Calabi-Yau
spaces are cones over the infinite family of Sasaki-Einstein Y?*¢ manifolds [23, 24].5 These
theories have rather unusual properties, such as the possibility of irrational R-charges. The
field theories dual to the infinite family of geometries were constructed in [25], which we
review quickly.

The properties of the dual field theories can be read off from the associated quiver. The
fields theories have 2p gauge groups with 4p + 2¢ bi-fundamental fields. Besides the U(1)g,
they have an SU(2) x U(1)r global symmetry. The 4p 4 2q fields split into doublets and
singlets under SU(2): p doublets labelled U, ¢ doublets labelled V', p — ¢ singlets labelled Z
and p + ¢ singlets labelled Y. The general superpotential is

q

W = heag (Z(U,?Vkﬁng_l—FVko‘U,’fﬂng Z Z;U8 1 Yoj U} ) (2.14)
k=1 Jj=q+1

where the o and 8 indices label the global SU(2). The R-charges of the fields are

ry = %pq_2(2p — (4p* = 3¢H)Y?)

rv =3¢ (3¢ —2p+ (4p — 3612)1/2) (2.15)
ry = éq‘Q( 4p® + 3¢ + 2pg + (2p — @) (4p” — 3¢*)"/?), ‘
rz = 2q72(=4p® + 3¢> — 2pq + (2p + q)(4p* — 3¢%)"/?)

while their charges under the additional U(1)r symmetry are respectively 0, 1, —1 and 1.
The marginal deformations of these theories are given by [22]

q p
W = (heas + fup) (Z(U,&Vkﬁm_l +VEUL Yar) + Y ZjU;*HYQj_lUf) + 7 Ogange »
k=1 Jj=q+1
(2.16)

where f5 is symmetric and Ogauge is an operator involving differences of gauge couplings.
Note that W preserves U(1)p, but the f,z terms break the SU(2) to U(1). The SU(2)

moment maps giving the beta functions are

6abcfbjTC =0, (217)

where fo5 = f%(04)as, which has the solution f* = r%!®. Modding out by the SU(2)
action leaves a single deformation that is exactly marginal, namely the analogue of the
[B-deformation for the YP9 theories. As mentioned previously, the S-deformation breaks the
global symmetry to its Cartan generators. Thus one can take f3 non-zero, or equivalently

Ji1=—fa = fﬁ . (2-18)

Note that the counting is in agreement with the dimension of the conformal manifold,
given by
M. = {ha foaﬁa T}/SU(2)C = {ha f,Ba T} . (219)

5The integer numbers p and ¢ satisfy 0 < ¢ < p. Note that Y''° = T!!, the five-dimensional manifold in
the KW theory.




Naively the quotient gives the wrong counting. However f,3 does not completely break
SU(2) but instead preserves a U(1), meaning that the quotient removes only two complex
degrees of freedom.

3 Deformations from exceptional generalised geometry

According to AdS/CFT, the supergravity dual of a given conformal field theory in four
dimensions is a geometry of the form AdSs x M, where the AdSs factor reflects the conformal
invariance of the theory. The duals of exactly marginal deformations that preserve N' =1
supersymmetry are expected to be of the same form, but with a different geometry on the
internal manifold. Generically, the solution will also have non-trivial fluxes and dilaton, if
present. These solutions should be parametrically connected to the undeformed solution, so
that the moduli space of exactly marginal deformations of the gauge theory is mapped to
the moduli space of AdSs vacua.

Finding the full supergravity duals of exactly marginal deformations is not an easy task;
few exact solutions are known, and those that are were found using solution-generating
techniques based on dualities [8]. The idea of this paper is to exploit as much of the
symmetry structure of the supergravity as possible to look for the generic exactly marginal
deformations. This is most naturally done in the context of exceptional generalised geometry,
where by considering an extended tangent bundle that includes vectors, one-forms and
higher-rank forms, one finds an enhanced Egj4) X R* structure group and the bosonic fields
are unified into a generalised metric.

In this section, we outline the general results applicable to arbitrary AdSs supergravity
backgrounds, whether constructed from type II or eleven-dimensional supergravity. In
particular, we find the supergravity dual of the field theory results of [3]. In the following
section, we discuss the specific case of type IIB compactifications on Sasaki-Einstein
manifolds giving considerably more detail.

3.1 Generalised structures and deformations

Consider a generic supersymmetric solution of the form AdSs x M, where M can be
either five- or six-dimensional depending on whether we are compactifying type II or
eleven-dimensional supergravity. We allow all fluxes that preserve the symmetry of AdSs.

We are looking for the duals of N'= 1 SCFTs in four dimensions and so the dual
supergravity backgrounds preserve eight supercharges, that is N’ = 2 in five dimensions. A
background preserving eight supercharges is completely determined by specifying a pair
of generalised structures [17]: a “vector-multiplet structure” K and a “hypermultiplet
structure” J,, a triplet of objects labelled by o = 1,2,3. Each structure is constructed
as a combination of tensors on M built from bilinears of Killing spinors [19], but for the
moment the details are irrelevant. One should think of them as defining a generalisation of
the Sasaki-Einstein structure in type IIB to a generic AdS;5 flux background in type II or
M-theory.



Supersymmetry implies that the structures K and J,, satisfy three differential condi-
tions [16, 19]. The two of particular relevance to us take the form

11 (V) :)\a/c(K, K, V) VvV, (3.1)
LicJo = €apy gy s (3.2)

where the triplet of functions p, (V') are defined to be

o (V) = —%eagfy /tr(Jg ﬁVJ7)~ (3.3)

The third condition is
LgkK=0. (3.4)

The constants A\, are related to the AdSs cosmological constant and can always be fixed to
Al =X =0, A3 =3. (3.5)

Again the details are not important here, but for completeness note that ¢(K, K, V) is the
Eg(6) cubic invariant (see (A.9)) while the symbol L denotes the Dorfman or generalised Lie
derivative (see (A.22)), which generates the group of generalised diffeomorphisms GDiff,
namely the combination of diffeomorphisms and gauge transformations of all the flux
potentials. In particular one can show that K is a “generalised Killing vector”, that is Lx
generates a generalised diffeomorphism that leaves the solution invariant, and this symmetry
corresponds to the R-symmetry of the SCFT. In analogy to the Sasaki-Einstein case, we
sometimes refer to K as the “generalised Reeb vector”. In addition, the functions p, have
an interpretation as a triplet of moment maps for the group of generalised diffeomorphisms
acting on the space of J, structures. As such we will often refer to (3.1) as the moment
map conditions.

To find the marginal deformations of the N' = 1 SCFT we need to consider perturbations
of the structures K and .J, that satisfy the supersymmetry conditions, expanded to first
order in the perturbation. These are of two types,® which correspond to the two types of
deformation in the SCFT

0K #0, 0J,=0 : Kahler deformations,
0K =0, 0Jy,#0 : superpotential deformations.

The easiest way to justify this identification is to note that, from the point of view of
five-dimensional supergravity, fluctuations of K live in vector multiplets and those of J,
live in hypermultiplets. According to the AdS/CFT dictionary, vector multiplets and
hypermultiplets correspond to real primary superfields and chiral primary superfields in
the SCFT [18].

SThere is actually a third type where both §.J, # 0 and 6K # 0, but in this case none of the supergravity
fields are perturbed: instead it corresponds to a deformation of the Killing spinors, implying the background
admits more than eight supersymmetries. For this reason it will not interest us here.

~10 -



Let us first consider the Kéhler deformations, where we hold J, fixed and deform K.
Looking at the moment maps (3.1), we see the left-hand side depends only on J, and so
does not change, but the right-hand side can vary, thus we must have

/ (K, 5K, V) =0 VWV, (3.6)

The K tensor is invariant under an Fyy4) C Egg) subgroup. Decomposing into Fyy)
representations, we find 27 = 1 4+ 26 and a singlet in the tensor product 26 x 26 =1+ .. ..
Writing

0K = aK + Ko, V =bK + Vag, (37)

the terms that form a singlet in the cubic invariant are

/abC(K,K,K)+/C(K,K26,V26) =0. (3.8)

This must vanish for all b and Vag. The first term is generically non-vanishing, so we must
take a = 0 implying there is no singlet component in § K. We cannot simply scale K. For
the second term, the singlet in 26 x 26 appears in the symmetric product so is generically
non-zero in ¢(K, Kag, Vag).” Given that it must vanish for any Vag, Ka2g must itself vanish.
Together these mean § K' = 0, so there are no deformations of K that satisfy the moment
maps. This matches the field theory analysis that there are no deformations of Kéhler type.
For the superpotential deformations we can solve (3.1) and (3.2) to first order in d.J,.
We can do this in two steps. First we solve the linearised moment map conditions (3.1).
This gives an infinite number of solutions which correspond to #?-components and fields
in the chiral ring of the dual gauge theory; generically these are not marginal. Imposing
the first-order generalised Lie derivative condition (3.2) will select a finite number of these
modes that are massless in AdS5 and correspond to the actual marginal deformations.

3.2 Exactly marginal deformations and fixed points

We now turn to how the supergravity structure encodes the SCF'T result that all marginal
deformations are exactly marginal unless there is an additional global symmetry group G.
The key point, as we will see, is that the differential conditions (3.1) appear as moment
maps for the generalised diffeomorphisms.

A priori, to see if the marginal deformations are exactly marginal one needs to satisfy
the equations (3.1) and (3.2) not just to first order, but to all orders in the deformation. In
general this is a complicated problem: typically there can be obstructions at higher order
that mean not all marginal deformations are actually exactly marginal. For example, a
detailed discussion of deformations of N'=4 up to third order is given in [7].

However, viewing the conditions (3.1) as a triplet of moment maps provides an elegant
supergravity dual of the field theory result that does not require detailed case-by-case

"The F4 Dynkin diagram has no symmetries, so the fundamental representation is equivalent to its dual.
This means the singlet in 26 x 26 appears in the symmetric or the antisymmetric product. For F4 the
singlet appears in the symmetric product [26]. The real form Fy4) has the same complexification as F4, so
it also admits a symmetric product.
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calculations. The generic situation is discussed in some detail in [16], which we now review.
Moment maps arise when there is a group action preserving a symplectic or hyper-Kéhler
structure. Here the u, correspond to the action of generalised diffeomorphisms, that is
conventional diffeomorphisms and/or a form-field gauge transformations, acting on the
structure J,. Thus to get physically distinct solutions we need to satisfy the moment map
conditions (3.1) and then identify solutions that are related by a generalised diffeomorphisms.
Formally this defines a subspace of hypermultiplet structures

M = {Ja ¢ fta = Aav}/GDiffx (3.9)

where ~ is the function
V) = [ eli KV, (310)

and GDiffx is the subgroup of generalised diffeomorphisms that leave K invariant. (We
are considering the moduli space of solutions for J, for fixed K.) By construction (3.9)
defines a hyper-Kéhler quotient and hence M is hyper-Kéahler. The condition (3.2) then
defines a Kihler subspace M. C M (see [16]). We can also consider first imposing (3.2)
and then the moment maps (3.1). Let Aﬁ( be the space of H-structures J,(x) for fixed K.
Imposing (3.2) defines a Kahler subspace Ny C A{{( . The moment map conditions then
take a symplectic quotient of My rather than a hyper-Kéhler quotient. We then have the
following picture [16]

Al

H

(3.2)
— N
HK quotient (S‘I)J( lsympl. quotient (3.1)
3.2
M8 M

c (3.11)

A nice property of moment map constructions is that generically there are no obstruc-
tions to the linearised problem: every first-order deformation around a given point p € M
in the hyper-Ké&hler quotient (or alternatively p € M. for the symplectic quotient) can be
extended to an all-order solution. The only way this fails is if the symmetry group at p
defining the moment map has fixed points. In our context this means there are generalised
diffeomorphisms that leave the particular J, and K structures invariant, that is one can
find V such that the generalised Lie derivatives vanish

LyJ,=LyK=0. (3.12)

These V' generate isometries of the background (beyond the U(1)g R-symmetry), corre-
sponding to the global symmetry group G of the dual field theory. In other words, the
vector component of V is a Killing vector.® Thus we directly derive the result that every
marginal deformation is exactly marginal in the absence of global symmetries.

8For example, for M = S° the isometry group is SO(6) ~ SU(4) D U(1)r x SU(3), so V would give the
Killing vectors that generate SU(3).
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Suppose now that the global symmetry group G is non-trivial. By construction, those
V that generate G fall out of the linearised moment map conditions — they trivially
solve the moment maps as LyJa = 0. Thus to solve the full non-linear problem, one
must somehow impose these additional conditions. It is a standard result in symplectic
(or hyper-Kéhler) quotients that the missing equations correspond to a quotient by the
global group G on the space of linearised solutions. Suppose {7,7/'} are coordinates on
the space of linearised deformations, corresponding to couplings of operators F4, and A;.
Imposing (3.2) then restricts to the marginal operators {h;} C {+*,7"*}. By construction,
there is a flat hyper-Kihler metric on {7¢,7"*} and a flat Kéhler metric on {h;}. In addition
there is a linear action of G on each space that preserves these structures. The origin is a
fixed point of G corresponding to the fact that we are expanding about a solution with a
global symmetry. The moduli space of finite deformations then corresponds to a quotient
of each space by G (at least in the neighbourhood of the original solution). Thus we have

. (3.2)
{v',7"} ——— {hi}
HK quotient by GJ/ sympl. quotient by G
—~ (3.2)
M M. (3.13)

This structure is discussed in little more detail in section 4.4. We see that we directly
recover the field theory result (2.1) that the conformal manifold is given by M. = {h;}/G =
[hi}/GE.

Note that interpreting the supersymmetry conditions in terms of moments maps nicely
mirrors the field theory analysis of the moduli space of marginal deformations. Indeed
imposing (3.2) and solving the linearised moment maps (3.1) is equivalent to restricting
to chiral operators of dimension three that satisfy the F-term conditions. The further
symplectic quotient by the isometry group G then corresponds to imposing the D-term
constraints and modding out by gauge transformations.

4 The case of D3-branes at conical singularities

The results summarized in the previous section are completely general and apply to any
AdSs flux background. To make the discussion more concrete we will focus on deformations
of N = 1 SCFTs that are realised on the world-volume of D3-branes at the tip of a
Calabi-Yau cone over a Sasaki-Einstein (SE) manifold M.

Before turning to the generalized geometric description of the supergravity duals, we
present their description in terms of “conventional” geometry.
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4.1 The undeformed Sasaki-Einstein solution

In the ten-dimensional type IIB solution dual to the undeformed SCFT, the metric takes
the form®

dS%O — 62Ad82(R1,3) + 672Ad82(CY)
1
= i da’ds” + 5 (dr? +1%ds*(SE)) (4.1)
= ds*(AdSs) + ds*(SE),

where the radial direction of the cone together with the four-dimensional warped space
form AdSs. In the second and third line we have used the explicit form of the warp factor
for AdSs, e® = r. The solution has constant dilaton, e? = 1, and five-form flux given by

Fy = 4(V01AdS +VO]5) s (4.2)
where vols is the volume form on M. The metric on the SE manifold locally takes the form
dsip = 02 + dskg, (4.3)

where o is called the contact form and the four-dimensional metric is Kéhler-Einstein (KE),
with symplectic two-form given by
w=3do. (4.4)

There is also a holomorphic (2,0)-form 2, compatible with w
wAQ=0, w/\w:%Q/\Q, (4.5)

satisfying
dQ = 3ic A Q. (4.6)

The five-dimensional volume form is then
vols = —30 AwAw. (4.7)

The forms o, 2 and w define an SU(2) structure on the Sasaki-Einstein manifold.

It will be useful in what follows to introduce a (2,0) bi-vector « that is obtained from
by raising its indices with the metric. Then the complex structure I for the Kéhler-Einstein
metric can be written as

" = —w™ = Li(a™Q,, — a"Q,,) . (4.8)

The R-symmetry of the field theory is realised in the dual geometry by the Reeb vector
field &, satisfying
1o =1, 1edo = 0. (4.9)

Locally we can introduce a coordinate i such that

o=3(dy+mn), £€=30y. (4.10)

In these conventions the radius of AdSs is R = 1, so the cosmological constant is A = —6.
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If a tensor X satisfies L X = igX, we say it has charge ¢ under the action of the Reeb
vector. The objects defining the SU(2) structure on M have definite charge

Leo=Lew =L =0, LeQ = 3i€). (4.11)

The R-charge r is related to ¢ by ¢ = 3r/2. For example, (2 is charge +3 under the Reeb
vector and has R-charge +2.
The contact and Kéhler structures allow a decomposition of the exterior derivative as

d=0+0+0 AL, (4.12)
where 0 is the tangential Cauchy-Riemann operator, which satisfies [27]
P=0"=0, 00+00=—2wA L. (4.13)

For calculations, it is useful to introduce a frame such that the complex, symplectic and
contact structure have the following form

Q= (e +ie) A (e* +ie?),
w=e*NedFetned, (4.14)
o=ce".

In terms of the dual frame the bi-vector « is

o= (ég — ié5) AN (é4 — iég) . (4.15)

If the SE manifold is “regular” the Reeb vector defines a U(1) fibration over a Kéhler-
Einstein base. This is the case for S and T*!, dual to A' =4 SYM and the N' = 1 KW
theory, where the base manifolds are respectively CP? and CP! x CP!. The YP? spaces are
generically not fibrations.

4.2 Embedding in exceptional generalised geometry

In this section we review the description of supersymmetric AdSs x M solutions in Egg) X Rt
generalised geometry following [16, 17]. Although we will focus on type IIB for definiteness,
we stress that the construction is equally applicable to solutions of eleven-dimensional
supergravity. In particular, details of the embedding of the generic M-theory AdSs solution
of [28] into Eg() X RT generalised geometry are given in [16].

The idea of exceptional generalised geometry is to build a generalised tangent bundle E
over M, which encodes the bosonic symmetries of supergravity. The structure group of
is Eg(g) X R*, mirroring the U-duality group of five-dimensional toroidal compactifications.
The generalised tangent bundle E can be written as

E~TM&T*M&TM & NT*M & NT*M S N°TM . (4.16)

The different components correspond physically to the charges of type IIB supergravity:
momentum, winding, D1-, D3-, D5- and NS5-brane charge. One can combine the T*M
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and AST*M factors into SL(2;R) doublets. This way of writing the generalised tangent
bundle corresponds to the decomposition of the 27’ representation of Eg(6) according to a
GL(5; R) x SL(2; R) subgroup, where GL(5;R) acts on the five-dimensional space M, and
SL(2; R) corresponds to S-duality. A generalised vector V' is a section of E. We will use the
following notation for the components of a generalised vector
27" =(5,1)+ (5',2) + (10,1) + (1,2), (4.17)
VM = {vm’ Aim’ Pmnp; O-imnpqr} )
where m,n=1,...,5and ¢t =1, 2.
We will also need the adjoint representation of Egg) X R*, which decomposes as

78 +1=(25,1)+(1,3) +(10,2) + (10’,2) + (5,1) + (5/,1) + (1,1),

M _ g.m i i imn mnpq (418)
A N_{T nvaijmnaﬁ 7Cmnpq7’7 ’E}

r™  is the adjoint of GL(5;R), aij is the adjoint of SL(2;R), B’ is an SL(2;R) doublet
of two-forms, and Ci,y,pg is a four-form. In addition, there is also a doublet of bi-vectors
B and a four-vector ¥4, The B’

accommodating the NS-NS and R-R two-form potentials, and the R-R four-form potential

mn and Cpypnpg fields above can be thought of as

of the supergravity theory.

The generalised structures K and J, transform under Egg) X R* as an element of the
27’ and a triplet of elements in the 78 [17].10 The J, form an SU(2) triplet under the Egq ()
adjoint action, corresponding to the R-symmetry of the N' = 2 supergravity

[Ja» J8] = 2K€apydy (4.19)
where £? is the volume form on M. The normalisations of K and .J, are fixed by
oK, K,K)=r>,  tr(JoJs) = —K20as, (4.20)

where c is the cubic invariant of Eg), and tr is the trace in the adjoint representation
(see (A.9) and (A.10)). The two structures are compatible, which means they satisfy

Jo-K =0, (4.21)

where - is the adjoint action on a generalised vector: 78 x 27" — 27 (see (A.7)).

The generalised structures K and .J, are combinations of the geometric structures on
M built from bilinears of the N/ = 2 Killing spinors [19]. For Sasaki-Einstein manifolds,
these are the Reeb vector £, the symplectic form w and the holomorphic two-form 2. In
this case, K and J, take the following simple form in terms of the GL(5;R) x SL(2;R)
decompositions given in (4.17) and (4.18) [17]

K=¢(—-o0ANhw,
Jy = sku'(Q—ia), (4.22)
J3 %/{(I—i(az)ij —anQ+iana),

10WWe are abusing notation by not distinguishing between representations and the fibre of the corresponding
vector bundle of which the objects are sections.
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where J. = J; + iJo, 09 is the second Pauli matrix and the SL(2; R) vector is
ul = (—i,1). (4.23)

Here we are using a compact notation where we suppress all tensor indices. Thus K

has only vector and three-form components given by K" = £ and Kyunp = (0 A W) mnp,

whereas J; has only two-form and bi-vector components given by (J4)! = = %uian, and

(J4)imn = —ifyig™". Finally, J; has GL(5;R) adjoint £1™ . SL(2;R) adjoint —i% (o)’

four-form —#£ (€2 A Q)pnpq and four-vector £(a A o)™ components.

7

Note that K depends only on the Reeb vector and the contact structure, whereas J,
depends only on the complex structure of the Kéhler-Einstein metric.

4.2.1 Supersymmetry conditions

For a supersymmetric compactification to AdSs, the structures K and J, must satisfy the
differential conditions (3.1)—(3.4). Let us explain a little more the form of these conditions.

The key ingredient is the generalised Lie derivative L. This encodes the differential
geometry of the background, unifying the diffeomorphisms and gauge symmetries of the
supergravity. Given two generalised vectors V and V' as in (4.17), the generalised Lie
derivative is given by

Ly V' = L0 4+ (LN — 00dNY) + (Lpp) — 10dp + €55dNT A NT)

. . ) . 4.24
+ (Ly0o" —1ydo’ +dp AN —dN A YY), (4.24)

where L is the ordinary Lie derivative. This can be extended to an action on any generalised
tensor. For example, the action on the adjoint representation is given in (A.16). One
always has the choice to include the supergravity fluxes in the structures K and J, or as a
modification of the generalised Lie derivative. Here the latter option turns out to be more
convenient. This defines a “twisted generalised Lie derivative” L, which takes the same
form as (4.24) but with the substitutions

AN = dN =0, Fi, dp— dp —1,F5 — e\ A FY . (4.25)

Although we will not discuss the details, there is actually a natural hyper-Kahler
geometry on the space of J, structures [17]. There is also an action of generalised diffeo-
morphisms taking one J, into another. This action preserves the hyper-Kéahler structure.
The conditions (3.1) can then be viewed as moment maps for the action of the generalised
diffeomorphisms. By construction the space M of solutions to this condition in (3.9) is also
hyper-Kéahler. The generalised Lie derivative condition (3.2) takes a Kéhler slice of this
space. Note that for the SE structure (4.22) and five-form flux given in (4.2), we have

Lk = Le, (4.26)

and thus Lg generates the U(1)g symmetry. We have shown this for the particular case of
SE, but this is actually a general result. Thus the slice taken by condition (3.2) essentially
fixes the R-charge of J; to be 43, and J3 to be zero.
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The supersymmetry conditions can also be viewed as the internal counterpart of the
supersymmetry conditions in five-dimensional gauged supergravity [29]: (3.1) comes from
the gravitino and gaugino variations (as does (3.4)), while (3.2) is related to the hyperino
variation (recall K is associated to the vector multiplets, while J, is associated to the
hypermultiplets).

As discussed in [16], it is easy to show that the structures in (4.22) defined for Sasaki-
Einstein manifolds satisfy the supersymmetry conditions (3.1)—(3.4). The first two reduce
to (4.4), (4.6) and (4.11), thus fixing the constants A, as in (3.5), while condition (3.4)
gives no extra equations. Note that since the deformations we are after leave the structure
K invariant, the latter condition will play no role in the following.

4.3 Linearized deformations

The structures K and J, lie in orbits of the Eg) action. The linearized deformations are
therefore elements in the adjoint of Eg(g), which take us from a given point in these orbits
corresponding to the original solution (in the case of Sasaki-Einstein, this is (4.22)), to
another point in the orbit corresponding to the structures of the deformed geometry. We
have seen that from the gauge theory we expect the marginal deformations A to leave the
structure K invariant, while deforming J,. This implies

SK=A-K=0, 6Jo=][AJa] 0. (4.27)

As we will discuss in more detail in appendix B, the deformations A are doublets under the

SU(2) generated by J,
A A(T)
g 4.28
AE:*2) ( )

with A_ = [J;, A;].'" The signs + denote the charge under J3, [J3, A+] = +iAy, and r is
the charge under the action of Ly corresponding to their R-charge

LAY = 34D (4.29)

The difference in the R-charge of the two components follows from (3.2), (4.29) and the
definition A_ = [J, Ay].

We now need to find pairs of solutions for A satisfying the linearised supersymmetry
conditions and, for definiteness, R-charge r > 0. In the next subsection, we start by
first finding solutions to the linearised moment maps. We then have to mod out by
the symmetry, identifying deformations that are related by diffeomorphisms or form-field
gauge transformations as corresponding to the same physical deformation. This process
corresponds to finding the bulk modes dual to the bosonic components of all chiral superfields:
namely the chiral ring operators A; (associated to A_) and the related supersymmetric
deformations of the Lagrangian Fj4, (associated to Ay). Then in the following subsection,
we turn to finding the subset of marginal deformations. The technical details are discussed
in appendix B. Here we outline the procedure and present the results.

"Strictly speaking, this should be A— = x~'[J4,.A+], but we have dropped the factors of  for ease of
presentation in this section.
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4.3.1 The chiral ring

The linearised moment map equations are given by'?
Spa(V) = /mr(Ja,ivA) =0 VVe27, (4.30)

where we are using the fact that the deformation leaves K invariant.

We start by looking for A, that solve (4.30). The A4 deformations can be distinguished
by which components of the Eg() x RT adjoint (4.18) are non-zero. They fall into two
classes

Ay =B'+p, A =dy, (4.31)

where the first contains only two-forms and the corresponding bi-vectors, and the second
contains only sl entries.

As shown in appendix B.3.1, the two-form part of the A solutions to (4.30) consists
of two independent terms

B = —Lia | [Q+ 5007 50) + Lo A (01 0)| — s, (4.32)

where ) and ¢ are the holomorphic two-form and the contact form on the SE manifold, and
the SL(2; R) vector u’ is defined in (4.23). The bi-vector part of the solution is obtained by
raising indices with the SE metric. The term in the brackets is completely determined by a
function f on the SE manifold satisfying

of =0, Lef =iqf. (4.33)

Note that f is holomorphic with respect to 0 if and only if it is the restriction of a
holomorphic function on the Calabi-Yau cone over the Sasaki-Einstein base [20]. The second
term depends only on a primitive (1,1)-form ¢ on the KE base that is closed under both 0
and 0

SAw=0, 06 =00=0. (4.34)

Imposing that the deformation A, has fixed R-charge r — 2, and using (4.11), gives
Lef =3irf,  Led=3i(r—2)5, (4.35)

so that f is a homogeneous function on the Calabi-Yau cone of degree %r.

Let us now consider /l+. Its only non-zero components are aij € sly, which are again
determined by a function f on the manifold

Ay = —Lfata;, (4.36)
where u; = eijaj and the function f is holomorphic

of =0. (4.37)

12 As we discuss in appendix B.3, the actual deformation is by A = Re A4 so that the deformed structures
are real. This do not affect the discussion that follows.
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The deformations of fixed R-charge r — 2 satisfy

Lef =3i(r-2)f, (4.38)

so that f is a homogeneous function on the Calabi-Yau cone of degree %(r —2).

For each solution A, one can generate an independent solution A_ by acting with
J4+. Indeed, any deformation of the form A_ = [J;, A] is automatically a solution of the
moment maps, provided A, is. The explicit form of these deformations for A_ and A_is
given in (B.15) and (B.17). Thus the solutions of the linearised moment maps consist of an
infinite set of deformations Ay labelled by their R-charge r, which are generated by the
two holomorphic functions, f and f, and a (1,1)-form, §, and another independent set of
deformations A_ generated by f, f' and &'. Together these give the general solution to

the deformation problem. Arranging these deformations as in (4.28), we find three types of

.A(_T) f/ f~/ 5!
E-00.0 -

with charge r given respectively by » > 0, r > 2 and r = 2.

multiplets, schematically,

Let us now identify what these solutions correspond to physically. For this it is
convenient to compute the action of the linearised deformations on the bosonic fields of type
IT supergravity and then interpret the multiplets (4.39) in terms of Kaluza-Klein modes
on the Sasaki-Einstein manifold. One way to read off the bosonic background is from the
generalised metric G. This is defined in (B.43) and encodes the metric, dilaton, the NS-NS
field By and the R-R fields Cy, Cy and Cy. As discussed in appendix B.4, the two-form and
bi-vector deformations f and their partners f’ at leading order generate NS-NS and R-R
two-form potentials, and a combination of internal four-form potential and metric'?

1\ _(Catg N %f’Q/\Q—FQ%Q/\oA(@f’JQ)—F... (4.40)
f Cy —iBy FQ+ 55 00F Q) + Lo A (DF Q) ) '

Similarly one can show that the holomorphic function f and its partner f’ correspond to
the axion-dilaton, and NS-NS and R-R two-form potentials

f! Cy — iBs 10
(-G

Finally the two-form and bi-vector deformations ¢ and its partner ¢’ generate NS-NS and
R-R two-form potentials and a component of the internal metric

& qgm (jéujé’ + j(;/_le)m
~ " ml. 4.42

13The full form of the four-form potential and metric is given by (B.15) with 7’ = ;qaf’ﬂ and &' =
1 e
A(0f' JQ).

4q(q—1)
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The KK spectrum for a generic Sasaki-Einstein background was analysed in [20] by
solving for eigenmodes of the Laplacian on the manifold. The states arrange into long and
short multiplets of N' = 2 supergravity in five dimensions. Our multiplets (4.40), (4.41)
and (4.42) are indeed the short multiplets of [20].

In terms of the bulk five-dimensional supergravity, each (A(_T), .AS:_Z)) doublet of fixed
R-charge corresponds to a different hypermultiplet. In the dual field theory the AS:_Q) piece
corresponds to the §%-component of a chiral superfield while the A(_r) piece corresponds to
the lowest component [18]. We then have the following mapping between supergravity and
field theory multiplets

/
({;) ~tr Oy, superpotential deformations, » > 0,
JE/
7 ~ tr WaWaOf, coupling deformations, r > 2, (4.43)
6/
51 Ogauge 1 difference in gauge couplings, r = 2.

For S° the first two sets of multiplets correspond to the operators tr(®*) and tr(W,W®*),
where ® denotes any of the three adjoint chiral superfields of N' = 4 SYM, and the
last multiplet is not present. For T!, one has tr(O;) = tr(AB)*, tr(WaWe0;) =
tr[(W3 + WE)(AB)*] and Ogayge = tr(W3 — W3) where A and B denote the two doublets
of bi-fundamental chiral superfields. In analogy with the T™! case, for a generic SE the
operators Oy and O j are products of chiral bi-fundamental superfields of the theory, while
Ogauge corresponds to changing the relative couplings of the gauge groups.

The tower of deformations gives the space M defined in (2.2). In particular, the
A_ = (f",f,8) ~ A; deformations parametrise the chiral ring, while Ay = (f, f,8) ~ Fa,
parametrise the superpotential deformations.

4.3.2 Marginal deformations

The marginal deformations are a subspace of solutions in M that also satisfy the second
differential condition (3.2). At first order in the deformation, this is

(LA, Jo] =0, (4.44)

where we have used again the fact that the deformations leave K invariant. Since the
commutators with J, are non-zero, this condition amounts to the requirement

LgA=0 =  L:A=0. (4.45)

In other words, the R-charge of A vanishes. Comparing with (4.39) we see that the A4_
components always have positive R-charge and therefore are not solutions of (4.44). Thus
marginal deformations can only be given by the ASIQ) components with » = 2. This is
consistent, because, as we have mentioned, the A, components correspond to deforming
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the SCFT by 62 terms, which are supersymmetric, whereas the A_ terms correspond to the
lowest component of a chiral superfield and so do not give supersymmetric deformations.
From (4.35) and (4.38) we see that the ASE) components (r = 2) are'4
f of degree 3, f = constant , seHb (M), (4.46)

prim

corresponding precisely to superpotential deformations with A = 3, a change in the original
superpotential (and at the same time of the sum of coupling constants), and a change in
the relative gauge couplings respectively.

4.3.3 Linearised supergravity solution

We want now to compute the supergravity solutions at linear order. As discussed in detail
in appendix B.4, this can be done by looking at the action of the marginal deformations A
and fl+ on the generalised metric, which encodes the bosonic fields of type IIB supergravity.
We first consider the effect of a A, deformation to linear order. As already mentioned,
such a deformation generates NS-NS and R-R two-form potentials, given by

Co —iBy = —i(fQ+ £0(9f Q) + 3io A (Of Q) — 2i6. (4.47)
Taking an exterior derivative, the complexified flux G3 = d(Cy — iB3) to leading order is
G3=—310f NQ+4fc AQ— 20 ANO(Of ). (4.48)

The (1,1)-form § € H2(M) is closed and therefore does not contribute to the flux. On the
Calabi-Yau cone, it is well-known that superpotential deformations correspond to imaginary
anti-self-dual (IASD) flux [6]. The G3 here is the component of the IASD flux restricted to
the Sasaki-Einstein space.

Now consider the effect of a marginal /1+ deformation to linear order. As we show in
appendix B.5, such a deformation allows for non-zero, constant values of the axion and
dilaton, given by

f=0Cy—ip. (4.49)

We stress that this calculation and the expressions for the leading-order corrections to
the solution (4.48) for the NS-NS and R-R three-form flux and the axion-dilaton in (4.49)
are valid for any Sasaki-Einstein background. One simply needs to plug in the expressions
for the holomorphic form and contact structure of the given Sasaki-Einstein space. These
objects are given in terms of a frame in (4.14). We will give the explicit form of the frame
for the examples of S°, T*! and the Y?*¢ manifolds, and compare the flux with some known
results in section 5.

4.4 Moment maps, fixed points and obstructions

The linearised analysis above has identified the supergravity perturbations dual to marginal
chiral operators in the SCFT. However, this is not the end of the story. Really we would
like to find the exactly marginal operators. In the gravity dual this means solving the

14¢71,1
Hprim

(M) denotes the cohomology of primitive (1, 1)-forms.
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supersymmetry equations not just to first order but to all orders. In general there are
obstructions to solving the supersymmetry conditions to higher orders, and not all marginal
deformations are exactly marginal [7]. As we saw in section 2, in the field theory these
obstructions are related to global symmetries [3].

As we discussed in section 3.2, the fact that the supergravity conditions in exceptional
generalised geometry appear as moment maps gives an elegant interpretation of the field
theory result. This analysis was completely generic, equally applicable to type II and
eleven-dimensional supergravity backgrounds. We will now give a few more details, using
the Sasaki-Einstein case as a particular example.

The key point is that generically there are no obstructions to extending the linearised
solution of a moment map to an all-orders solution. The only case when this fails is
when one is expanding around a point where some of the symmetries defining the moment
map have fixed points (see for instance [30]). Since here the moment maps are for the
generalised diffeomorphisms, we see that there are obstructions only when the background
is invariant under some subgroup G of diffeomorphisms and gauge transformations, called
the stabiliser group. Such transformations correspond to additional global symmetries
in the SCFT. Furthermore, one can use a linear analysis around the fixed point to show
that the obstruction appears as a further symplectic quotient by the symmetry group G.
This mirrors the field theory result that all marginal deformations are exactly marginal
unless there is an enhanced global symmetry group and that the space of exactly marginal
operators is a symplectic quotient of the space of marginal operators.

To see this in a little more detail let us start by reviewing how the conditions (3.1)
appear as moment maps [16, 17] and how the obstruction appears. We will first consider
M , the space of chiral ring elements and §?-components, and then at the end turn to the
actual marginal deformations. As we stressed above, this discussion is completely generic
and not restricted to Sasaki-Einstein spaces. One first considers the space A{{( of all possible
hypermultiplet structures compatible with a fixed K, in other words

AR = (J(x): J, - K =0}, (4.50)

Since each point p € .A{I{ is a choice of structure defined by a triplet of functions J,(x) on
M, the space Aﬁ( is infinite dimensional. Nonetheless it is hyper-Kéhler. A tangent vector
v at the point p can be thought of as a small change in the structure

Ve (1) = 8Ju(x) = [A(z), Jo(z)] € T,AK | (4.51)

where A(z) is some Eg(g) X R™ element. The hyper-Kahler structure is characterised by a
triplet of closed symplectic forms, €2,. These symplectic structures €, are defined such that,
given a pair of tangent vectors v,v’ € Tp.Ag , the three symplectic products are given by

Qo (v,0') = eag,y/tr(vgvfy) = 2/mtr([/l, A'JL). (4.52)

The generalised diffeomorphism group acts on J,(z) and hence on A. Furthermore its
action leaves the symplectic forms €, invariant. Infinitesimally, generalised diffeomorphisms

~ 93 -



are generated by the generalised Lie derivative so that 6.J, = LyJ, e TpAg . Thus, just
as vector fields parametrise the Lie algebra of conventional diffeomorphisms via the Lie
derivative, one can view the generalised vectors V as parametrising the Lie algebra goiff
of the generalised diffeomorphism group.!®> One can then show that the p, (V) in (3.1)
are precisely the moment maps for the action of the generalised diffeomorphism group on
AE. As written they are three functions on AE x gdiff where J, gives the point in ALK
and V parametrises the element of goiff, but they can equally well be viewed as a single
map u: AE — goiff* x R® where goiff* is the dual of the Lie algebra. Solving the moment
map conditions (3.1) and modding out by the generalised diffeomorphisms to obtain M
as in (3.9) is a hyper-Kéhler quotient. As discussed in [17], one subtlety is that, in order
to define a quotient, the right-hand side of the conditions A7, given in (3.10) and which
depends on K, must be invariant under the action of the group. Thus the quotient is really
defined not for the full generalised diffeomorphism group, but rather the subgroup GDiffx
that leaves K invariant. Infinitesimally V' parametrises an element of the corresponding Lie
algebra goiffx if Ly K = 0. Thus we have the quotient (3.9).

The linearised analysis of the last section first fixes a point p € AE corresponding
to the Sasaki-Einstein background satisfying the moment map conditions, and then finds
deformations of the structure §.J, € Tp.A{I{ for which the variations of the moment maps
Spa (V) vanish for all V. If we view u, as a single map Su: T, AE — gdiffy x R3, the
linearised solutions live in the kernel. Suppose now that p is fixed under some subset
of generalised diffeomorphisms, that is we have a stabiliser group G C GDiffy. The
corresponding Lie subalgebra g C goiffy is

g={V € goiffx : LyJo = 0}. (4.53)

At a generic point in A satisfying the moment map conditions, all elements of GDiffx
act non-trivially and so the stabiliser group is trivial. Thus solving duq (V) = 0 we get a
constraint for every V € goiffi. In constrast, at the point p, we miss those constraints
corresponding to V € g. Thus we see that the obstruction to extending the first-order
deformation to all orders lies precisely in g* x R3, that is, it is the missing constraints. Put
more formally,'® the embedding i: g — goiff; induces a map i*: goiff}, — g* on the dual
spaces and, at p, we have an exact sequence

dp ook i*
T, AE s goiff x RY " g x RY . (4.54)

The map dy is not onto and the obstruction is its cokernel g* x R3.

The standard argument for moment maps at fixed points actually goes further. Let U
be the vector space of linearised solutions du, (V) = 0 at p, up to gauge equivalence. For
the Sasaki-Einstein case it is the space of solutions, dual to the couplings of the operators
(Ai, Fa,), given in (4.43). Formally U is defined as follows. Recall that the space of solutions

5Note from (4.24) that shifting the form components A* and p of V by exact terms does not change Ly,
furthermore it is independent of o¢. Thus different generalised vectors can parametrise the same Lie algebra
element.

63ee for example the note in section 5 of [30].
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is ker §u C TpAK. The action of GDiffc on p € AKX defines an orbit O C AE, and modding
out by the tangent space to the orbit 7,0 at p corresponds to removing gauge equivalence,
so that

U =kerdp/T,0 . (4.55)

The moment map construction means that the hyper-Kéahler structure on Tp.Aﬁ descends
to U. By definition, the stabiliser group G acts linearly on Tp.Ag and this also descends
to U. Furthermore it preserves the hyper-Kahler structure. Thus we can actually define
moment maps fi, for the action of G on Y. The standard argument is then that the space
of unobstructed linear solutions can be identified with the hyper-K&ahler quotient of &/ by
G, so near p we have

M=UJG={AEU: [i, =0}/G, (4.56)

just as in (2.2). The idea here is that if we move slightly away from p we are no longer
at a fixed point and there are no missing constraints. Thus we really want to take the
hyper-Kéahler quotient in a small neighbourhood of .AI[{{ near p. However we can use the
tangent space TPA{{{ to approximate the neighbourhood. The moment map on Tp.Ag can
be thought of in two steps: first we impose du, = 0 at the origin and mod out by the
corresponding gauge symmetries, reducing TpAfI( to the space U. However this misses the
conditions coming from the stabiliser group G which leaves the origin invariant. Imposing
these conditions takes a further hyper-Kéahler quotient of & by G. Finally, note that since
G acts linearly on U, the obstruction moment maps fi, are quadratic in the deformation A.
This exactly matches the analysis in [7], where in solving the deformation to third-order
the authors found a quadratic obstruction. What is striking is that we have been able to
show how the obstructions appear for completely generic supersymmetric backgrounds.

This discussion has been somewhat abstract. Let us now focus on the simple case of S°
to see how it works concretely. The full isometry group is SO(6) ~ SU(4). However, only
an SU(3) subgroup preserves J, and K, hence

for S° the stabiliser group is G = SU(3).

Rather than consider the full space of linearised solutions (4.43), for simplicity we will just
focus on f and f’, and furthermore assume both functions are degree three: L¢f = 3if and
Lef" = 3if". In terms of holomorphic functions on the cone C3, this implies both functions
are cubic

f = fijkzizjzk y f/ = f/iijiZjZk . (457)

The coefficients (f*, f'/F) parametrise a subspace in the space of linearised gauge-fixed
solutions U. Using the expressions (4.31) and (4.52) one can calculate the hyper-Kéahler
metric on the (f“*, f"7%) subspace. Alternatively, one notes that the hyper-Kéhler structure
on Ag descends to a flat hyper-Kahler structure the subspace, parametrised by f“* and
f"7% as quaternionic coordinates. We then find the three symplectic forms

Q3 = $idf7* Adfie — 3df7F Adfiy,

_ (4.58)
Qp =df7* adf],
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where Q4 = Q; + i€ and indices are raised and lowered using d;;. The SU(3) group acts
infinitesimally as

5fl]k — a[ilfjk:]l ,

5 fridk — gli, ikl (4.59)
where tra = 0 and af = —a. This action is generated by the vectors
pa) = a's (7 O0m — fmd™ + [T 00 — fid"™), (4.60)

where 0, = 0/9f%* and 8;jk = 0/0f"Jk. Tt is then easy to solve for the (equivariant)
moment maps fiq(a) satisfying i,q)Qa = dfia(a), to find

fis(a) = ia’; (fM firr = 7% fla)

i R (4.61)
fr(a) = a's fM .
Solving the moment maps fi,(a) = 0 for all aij gives
%i(fiklfjk;z . %yjfklmfklm _ f/ikl]?j{kl + %yjf/klmfl/slm) =0, (4 62)

ikl 7 1ci phim 7
% Firg = 530%™ fram = 0.

Imposing these conditions and modding out by SU(3) then gives the unobstructed deforma-
tions living in M. If we actually included all the modes in (f, f') we would find polynomials
with arbitrary coefficients f¥~% but the construction would be essentially the same. This
also applies to the (f, f') modes. Since H2(S?) = 0 there are no (4, 8’) solutions on S°.

So far we have discussed how the existence of fixed points leads to obstructions in the
construction of the space M. However ultimately we would like to find the unobstructed
exactly marginal deformations M,.. Returning to the generic case, recall that the marginal
deformations corresponded to a subspace given by the ASS) components of the full set of
deformations, satisfying the condition (4.45). (In the Sasaki-Einstein case these are given
in (4.46).) Let us denote this subspace by U, C U. Since L J, is a holomorphic vector on
M with respect to one of the complex structures [16], U is a Kéhler subspace. Furthermore,
taking the hyper-Kéahler quotient by GG and then restricting to the marginal deformations is
the same as restricting to the marginal deformations and then taking a symplectic quotient
by G using only the moment map A%fi,. In other words the diagram

U — U

| [

M=Uf)C —— M. =U |G (4.63)

commutes. This is because the action of Lx which enters the generalised Lie derivative
condition (3.2) commutes with the action of Ly generating G.'7 Given U, /G = U./GE, we
see that we reproduce the field theory result (2.2).

1"We have [ﬁv, ﬁK] = i’LvK = 0 since by definition Ly K = 0 if V is in the stabiliser group G.
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It is simple to see how this works in the case of S°. The marginal modes correspond
to f/ = f/ = 0, while f is restricted to be degree three and f constant (recall § and ¢’
are absent on S%). Since constant f is invariant under SU(3), the moment map conditions
fio, = 0 on the marginal modes reduce to a single condition that comes from fi3 (given
A1 = A2 = 0), namely

(™ Fiw — 2655 fram) =0, (4.64)
since the fi, moment map is satisfied identically as f' = f = 0. Comparing with section 2,
we see that we indeed reproduce the field theory result that the exactly marginal deformations
are a symplectic quotient of the marginal deformations by the global symmetry group G.

5 Examples

In the previous section we derived the first-order supergravity solution dual to exactly
marginal deformations on any Sasaki-Einstein background. We now apply this to the
explicit examples of the supergravity backgrounds dual to N' = 4 super Yang-Mills, the
N =1 Klebanov-Witten theory and N =1 YP¢ gauge theories.

5.1 N =4 super Yang-Mills

The Sasaki-Einstein manifold that appears in the dual to N’ = 4 SYM is S°, whose

four-dimensional Kihler-Einstein base is CP2. The metric on S° can be written as!®

ds?(S%) = da? + s2d6? + 2d¢? + s2cadgs + s2s2dg? (5.1)

where the coordinates are related to the usual complex coordinates on C3, pulled back to
S°, by

21 = cae'?! 29 = Sqcpe'?? 23 = Su50€ %3 . (5.2)

We can take the following frame for S°

e1 = cidgﬁl + cgsidgbg + sisgd@ ,
eg +ies = 3/ 240 — iegiw/Qcasad(ﬁl + ie?’iw/Qcacgsadqﬁg + ie3iw/2casasgd¢3 , (5.3)
eq +iez = e3i¢/23ad9 — ie3i¢/2098a39d¢2 + iegiw/2093a39d¢3 ,

where 31 = ¢1 + ¢2 + ¢p3. The complex, symplectic and contact structures are defined in
terms of the frame in (4.14). One can check they satisfy the correct algebraic and differential
relations (4.9)—(4.11).

The marginal deformations are given in terms of a function f which is of charge
three under the Reeb vector and the restriction of a holomorphic function on C2. In our
parametrisation the Reeb vector field is

§ =30y = 0g, + 0py + 0y (5.4)
and the coordinates z; have charge +1

BHere s, and c, are shorthand for sin o and cos «, and similarly for 6.
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Thus, f must be a cubic function of the z;. An arbitrary cubic holomorphic function on C3
has ten complex degrees of freedom and can be written as

f=fi*zz, (5.6)

where fU¥ is a complex symmetric tensor of SU(3) with ten complex degrees of freedom.
This is the same structure as the superpotential deformation (2.5). As mentioned before,
not all components of f correspond to exactly marginal deformations because we still need
to take into account the broken SU(3) global symmetry. This imposes the further constraint

FE fir — 365 5 frm = 0, (5.7)
which removes eight real degrees of freedom. We can also redefine the couplings using the
SU(3) symmetry to remove another eight real degrees of freedom, leaving a two-complex
dimensional space of exactly marginal deformations. Thus, there are two independent
solutions

fa x 212223, (5.8)

and
frocad +25 + 23, (5.9)

corresponding to the -deformation and the cubic deformation in (2.8).
The supergravity dual of the S-deformation was worked out in [8]. One can check that
using our frame for S° and taking

fs = —3vz12023, (5.10)

where v is real, our expression (4.48) for the three-form fluxes reproduces those in the
first-order S-deformed solution [8]. To generate the complex deformation of LM, we promote
v to v — io, where both v and ¢ are real. This reproduces the LM fluxes with 7 =i. The
full complex deformation with general 7 can be obtained using the SL(2; R) frame from [31].

Unlike the B-deformation, the supergravity dual of the cubic deformation is known only
perturbatively. Aharony et al. have given an expression for the three-form flux for both
the 8 and cubic deformations to first order [6]. Again, one can check that our expression
reproduces this flux for both fz and fy.

We saw that the marginal deformations (4.46) also allow for closed primitive (1, 1)-forms
that do not contribute to the flux. If such terms are not exact, if they are non-trivial in
cohomology, they give additional marginal deformations. On CP?, the base of S°, there are
no closed primitive (1, 1)-forms that are not exact, and so the marginal deformations are
completely determined by the function f.

5.2 Klebanov-Witten theory

A similar analysis can be performed for deformations of the Klebanov-Witten theory. In
this case the dual geometry is T, the coset space SU(2) x SU(2)/U(1) with the topology
of 82 x $3. T1! can also be viewed as a U(1) fibration over CP! x CP! with metric [32]

ds*(TH") = 4(dep + cos 61dgy + cos add)” + § Y (d6} + sin®6,d¢7) . (5.11)
i=1,2
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Each SU(2) acts on one CP!, and the U(1) acts as shifts of ©». The Reeb vector field is
£ =30y . (5.12)

As with S°, a holomorphic function on the cone over T™! determines the marginal
deformations. In this case, the cone is the conifold, defined by

A2+ E+22=0, 2 € Ch. (5.13)
The conifold equation can also be written as
det Zz'j =0 s (5.14)

where Z;; = asza, 0% = (o,il) and o are the Pauli matrices. We can choose complex

coordinates A, and B (o = 1,2), corresponding to each CP!, which are dual to the chiral
fields of the gauge theory

7 23 + ?2’4 21 — i%’g _ A1B1 A1By . (5'15)
21 +izg —z3 + iz AsBy A2Bo
The complex coordinates z, can be parametrised by

1 0 0y i 0 Oy i
=g (sin 51 sin 5265(7#—@—&52) —icos 51 cos 22e2w+¢1+¢2)> )

T
11 0 0y i 0 Oy i (5.16)
=5 <COS 51 sin ge%(w‘bl*@) + isin 51 cos ;eé(w‘ﬁl”’?)) )
__1 01 o 02 fwrori—02) gy 01 02 i (w—d1+62)
z24 = —21(005251n2e2 —isin 7 cos e= )
from which we see they have charge 3/2 under the Reeb vector field
Lezg = 3iz,. (5.17)
We can take the following frame for T
e = %(dw + cos 61d¢; + cosBadga) ,
ea +ies = J=e/2d6) + Joe/Zsindidgy (5.18)

e4 +iez = ﬁeiw/Qdﬁz + %eiW? sin Oad oo .

The complex, symplectic and contact structures are defined in terms of the frame in (4.14).
One can check they satisfy the correct algebraic and differential relations (4.9)—(4.11).

The function f defining the marginal deformations is of weight three under the Reeb
vector and a restriction of a holomorphic function on the conifold. Thus f must be a
quadratic function of the z,, namely

f = fPzaz = [P A,B, AR By, (5.19)
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where f% is symmetric and traceless (by condition (5.13)), or analogously faﬁ’dg is sym-
metric in af and &f3. These deformations are the SU(2) x SU(2)-breaking deformations
in (2.10) and generically give nine complex parameters. We remove six real degrees of
freedom when solving the moment maps to account for the broken SU(2) x SU(2) symmetry.
The moment maps are precisely the beta function conditions given in (2.12). We can also
redefine the couplings using SU(2) x SU(2) rotations to remove another six real degrees
of freedom, leaving a three-complex dimensional space of exactly marginal deformations

labelled fg, fo and f3 in (2.13). We have

2, 2 2 2
Jp o<zl +25 — 23 — 23,

fo o< 23 — 23, (5.20)
faoxzi — 2.
The first of these is the g-deformation for the KW theory. The supergravity dual of the
-deformation was worked out in [8]. One can check that using our frame for T'! and
taking
f=giv(ad + 25 — 25— 24) (5.21)

our expression (4.48) reproduces the three-form fluxes that appear in the first-order (-
deformed solution [8]. To our knowledge, the fluxes for the other deformations were not
known before.

Unlike CP?, CP! x CP' admits a primitive, closed (1,1)-form § that is not exact
(specifically the difference of the Kéhler forms on each CP!), giving one more exactly
marginal deformation, corresponding to a shift of the B-field on the S%2. On the gauge
theory side, this corresponds to the SU(2) x SU(2)-invariant shift in the difference of the
gauge couplings in (2.10). Together with h, coming from the superpotential itself, one finds

a five-dimensional conformal manifold.

5.3 YPY gauge theories

We can repeat the analysis of the Klebanov-Witten theory for the N = 1 quiver gauge
theories of section 2.3. The dual geometries are the family of Sasaki-Einstein spaces known
as YP4, which have topology S? x S3 (recall 0 < ¢ < p and Y'? = TH1). The metric is [24]
ds*(YP?) = (1 — y)(d6® + sin® 0d¢) + w(y)'q(y) ' dy* + 55w(y)g(y)(AB + cos 6de)?
+ 1(dy — cos 0 + y(dB + cos Bdg))?,

(5.22)
where the functions w(y) and ¢(y) are
2(a —y?) a — 3y* +2y°
_ _ Az Sy 2y” 5.23
w(y) Ty a(y) PR (5.23)

and a is related to p and ¢ by

1 p2 — 3q2
a=-—"——"—\/4p> -3¢ . (5.24)
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The Reeb vector field is
§ =30y . (5.25)

As with S°, a holomorphic function on the cone over YP¢ determines the marginal
deformations. The complex coordinates that define the cone for a generic Y9 are known
but rather complicated [33]. However, we need only the coordinates that can contribute to
a holomorphic function with charge +3 under the Reeb vector — fortunately there are only
three such coordinates

3
; 6
_ iw—e) .2 Y _N1/2
b = e ST -,
. 0L
by = el ¥+ gin? 3 (y —yi) /2, (5.26)
i=1
0 3
— ¥ sin 2 cos — ) Y/2
bs = €'Y sin 5 CO8 5 H(y yi) .

1

7

The y; are the roots of a certain cubic equation and are given in terms of p and ¢ as

y1 = 1p71(2p — 3¢ — (4p* — 34*)V/?),
yo = Lp71(2p + 3¢ — (4p* - 34*)V/?), (5.27)
Ys=35 —Yyr—Y2.

The coordinates b, actually have charge 4+3 under the Reeb vector
Leb, = 3ib (5.28)

and so the holomorphic function that encodes the marginal deformations will be a linear
function of the b,.
We can take the following frame for any Y#¢

e = %(dw — cos 0d¢ + y(dp + cos 0dd>)) ,
. N 1/2
ey + ies = ¥/? (16y> (df +isin6do¢), (5.29)
es +ies = V2w (y) T 2q(y) T2 (dy + Fiw(y)q(y)(dB + cosfdg)) .

The complex, symplectic and contact structures are defined in terms of the frame in (4.14).
One can check they satisfy the correct algebraic and differential relations (4.9)—(4.11).

The function f defining the marginal deformations is of weight three under the Reeb
vector and a restriction of a holomorphic function on the cone. Thus f must be a linear
combination of the b,, namely

f=f,. (5.30)

These deformations are the SU(2)-breaking deformations in (2.16) and generically give three
complex parameters. We remove two real degrees of freedom when solving the moment
maps to account for the broken SU(2) symmetry (leaving a U(1) unbroken). The moment
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maps are precisely the beta function conditions given in (2.17). We can also redefine the
couplings using SU(2) rotations to remove another two real degrees of freedom, leaving a
one-complex -dimensional space of exactly marginal deformations. The single independent
solution is

fp ocbs. (5.31)

This is the S-deformation for the quiver gauge theory. The supergravity dual of the (-
deformation for Y7 was worked out in [8]. One can check that using the frame for Y74
given in (5.29) and taking (5.31), our expression (4.48) reproduces the three-form fluxes that
appear in the first-order S-deformed solution [8]. Together with h and 7 (dual respectively
to the axion-dilaton and the B-field on the S?), one finds a three-dimensional conformal
manifold.

6 Discussion

In this paper we have used exceptional generalised geometry to analyse exactly marginal
deformations of N' = 1 SCFTs that are dual to AdSs; backgrounds in type II or eleven-
dimensional supergravity. In the gauge theory, marginal deformations are determined by
imposing F-term conditions on operators of conformal dimension three and then quotienting
by the complexified global symmetry group. We have shown that the supergravity analysis
gives a geometric interpretation of the gauge theory results. The marginal deformations are
obtained as solutions of moment maps for the generalised diffeomorphism group that have
the correct charge under the Reeb vector, which generates the U(1)g symmetry. If this
is the only symmetry of the background, all marginal deformations are exactly marginal.
If the background possesses extra isometries, there are obstructions that come from fixed
points of the moment maps. The exactly marginal deformations are then given by a further
quotient by these extra isometries.

For the specific case of Sasaki-Einstein backgrounds in type IIB we showed how
supersymmetric deformations can be understood as deformations of generalised structures
which give rise to three-form flux perturbations at first order. Using explicit examples, we
showed that our expression for the three-form flux matches those in the literature and the
obstruction conditions match the one-loop beta functions of the dual SCFT.

Our analysis holds for any N' = 2 AdSs5 background. It would be interesting to apply it
to one of the few examples of non-Sasaki-Einstein backgrounds, such as the Pilch-Warner
solution [34]. This is dual to a superconformal fixed point of N' = 4 super Yang-Mills
deformed by a mass for one of the chiral superfields. Another natural direction would be to
apply our analysis to backgrounds dual to SCFTs in other dimensions. For example, one
can study AdS, backgrounds in M-theory, such as AdS; x S7, where the solution-generating
technique of Lunin and Maldacena to find the -deformation also applies.

It would be interesting to see whether our approach can be used to go beyond the
linearised analysis and find the all-order supergravity backgrounds dual to the deformations;
so far only the dual of the S-deformation has been obtained. With these in hand, one would
be able to perform many non-trivial checks of the AdS/CFT correspondence, including
calculating the metric on the conformal manifold.
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Our formalism has applications other than AdS/CFT. Supersymmetric deformations
of the geometry give rise to moduli fields in the low-energy effective action obtained after
compactifying on the internal manifold. Determining the number and nature of moduli
fields that arise in flux compactifications is difficult in general as we lose many of the
mathematical tools used in Calabi-Yau compactifications. In our formalism, fluxes and
geometry are both encoded by the generalised structure whose deformations will give all the
moduli of the low-energy theory. The generalised geometry points to a new set of tools to
understand these deformations, such as generalisations of cohomology and special holonomy.

We hope to make progress on these points in the near future.
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A Eg) for type IIB

In this section we provide details of the construction of Egg) x R* generalised geometry for
type 1IB supergravity compactified on a five-dimensional manifold M. (For more details
and the corresponding construction in eleven-dimensional supergravity see [17, 35].) We
decompose the relevant Egg) representations according to a GL(5;R) x SL(2;R) subgroup,
where SL(2;R) is the S-duality group and GL(5;R) acts on M.

The generalised tangent bundle is

E~TM&TM @ (T*M & N3T*M & N°T*M) & N°T*M

(A.1)
~TM & (T*M @ S) & N’ T*M & (N°T*M ® S),
where S transforms as a doublet of SL(2;R). We write sections of this bundle as
V=v+AN+p+to, (A.2)

where v € [(TM), X e T(T*M ® S), p € T(A3T*M) and ¢ € T(AT*M ® S). The adjoint
bundle is

adF=RO(TM@T*M)® (S®S*)®(S®ATM)® (S A*T*M)

A3
& NTM & NT*M . (A-3)
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We write sections of the adjoint bundle as
A=l+r+a+p"+B'+y+C, (A.4)

where [ € I'(R), » € T'(End T'M), etc. The eg(g) subalgebra is generated by setting [ = r%, /3.
We take {é,} to be a basis for T'M with a dual basis {e®} on T*M so there is a natural
gls action on tensors. For example, the actions on a vector and a three-form are

(r-v)® =r%v°, (- Nave = =% Adbe — % Nade — %N aba - (A.5)

Our notation follows [36]. Wedge products and contractions are given by

(v A u)* Tt = (pp_:—pﬁ/)!v[“l"'uapﬂ“'“pﬂo’] )
AAPlar.ay,y = ((JqJ!rq?!/)! (a1.-aqPagi1.ag, ]
(VaN)ay..aq_p = ;vbl"'bp/\bl.,.bpal...aqp ifp<gq, (46)
(0oA)2Lt-a = ql!Ual.,.ap_qbl...bq)\blmbq T )
(JuagA)®, = (p_ll)!vaq'“c?l)\bcl...cp1 ;
d!

UANPlacr..as = (g—1)N(d+1- q)!Aa[al"ﬂq—lpaqmad] ‘

We define the adjoint action of A € T'(ad F) on a generalised vector V € I'(E) to be
V' = A -V, where the components of V' are
V' =l4rv+ yop+ e BN,
No=IN+7- N +a" ;N —yi0" + v1B" + B p,

/ i g i j (A7)
p=lp+r-p+viC+e€;B 107 +e;N NB,
o' =lo'+r-0'+adjo) —CAXN+pAB.
We define the adjoint action of A on A’ to be A” = [A, A’], with components
I'=3(72C" =4/ 2C) + fen(B*2B" — p*LBY),
= =) e (T BY — 8" 3j BY) — {lea(B".B" — "B
+ (j72§C" = §9' 5§ C) = 31(vaC" =410,
al/ij — (CL . CL/ o al . a)zj 4+ Ejk(ﬁiJB,k o B/i_lBk) . %5ij€kl(ﬁk—lBll . ﬁ,k_lBl) , (A 8)
B/li — (7“ 'IBIi _ 7“/ . Bz) 4 (CL . ,8/ o CL/ i B)Z _ ("}/_JB/i —’Y/JBi), .
B//i — (T‘ . Bli —’l“, . Bz) + (a . B _a/ . B)z + (,Bi_lcl —,Bli_lo),
V' =y =) e B A Y
" =(r-C' —r-C)—e;B'ANBY.
The cubic invariant for Eg) is
c(V,V,V)==3(1,p A p+e€ijp AN AN — 2€51,\'07) . (A.9)
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The ¢y Killing form or trace in the adjoint is

tr(A,A") = %(% tr(r) tr(r’) + tr(rr’) + tr(aa’) + y2C" + ' 2C + €3 2BY + B”@BU) .
(A.10)

We now define the generalisation of the Lie derivative. We introduce the dual generalised
tangent bundle E* and define a projection

Xad: E*®E — ad F . (A.11)

We embed the usual derivative operator in the one-form component of E* via the map
T*M — E*. In coordinate indices M one defines

Om for M =m,
V= (A.12)

0  otherwise.
Our choice of projection is
O XaqaV=00v+d\ +dp. (A.13)
The generalised Lie derivative is then defined as
LyW = VBogWA — (8 x,q V)AWPE. (A.14)

This can be extended to act on tensors using the adjoint action of 9 x,q V' € I'(ad F ) in the

second term. We will need explicit expressions for the generalised Lie derivative of sections
of E and ad F.
The generalised Lie derivative acting on a generalised vector is
LyV' = L0 + (LN = 1 dN) + (Lop’ — 1dp + €5;dN A NY) (A.15)
+ (Lo —ayda’ +dp AN —dX A p). ‘

The generalised Lie derivative acting on a section of the adjoint bundle is
Ly A= (ﬁvl + %’y_ndp + ieklﬁde)\l)
+ (Lor + jyajdp — STyadp + €558 2jdN — tleg 8P dAL)
+ (Loa’j + B 0N — 367 €87 JdAN) + (Lo — yodN) (A.16)
+ (LyB' 41 - dN +a';dN + BLdp) + (Loy)
+ (LyC +7-dp+€jd\ A BY).

The generalised tangent bundle E' is patched such that on overlapping neighbourhoods,
U; NUj, a generalised vector V' € I'(F) is patched by

Vi = et hany, | (A.17)
where AZ@') and A(ij) are locally a pair of one-forms and a three-form respectively, and the
action of e 4@ is the exponentiated adjoint action. To define the isomorphism (A.1)

between E and TM @& (T*M ® S) @ ... we need a choice of connection
vV =eBHO7 (A.18)
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where the “untwisted” generalised vector V is a section of TM & (T*M ® S) @ ..., and B’
and C are two- and four-form gauge potentials, with gauge transformations given by

A 5] 7 _ A 1_ j
() = By + My Cu = C) +dAy) + g€ By A dAg,)

We identify the fields B? with the NS-NS and R-R two-form potentials, and C with the
R-R four-form potential

(A.19)

B! = By, B = (s, C=0y. (A.20)
The gauge-invariant field strengths are then
Fi=dB', Fy=dC—1ie;FinDI. (A.21)

For calculations, it often proves simpler to work with sections of TM & (T*M ® S) & . ..
and include the connection in the definition of the generalised Lie derivative. Following this
convention, throughout this paper the generalised tensors we write down will be “untwisted”.
When B? and C are included, the generalised Lie derivative simplifies in a manner analogous
to the H-twisted exterior derivative of generalised complex geometry, dg =d — HA. We
define the twisted generalised Lie derivative Ly of a generalised tensor u by

Lyp:= e_Bi_CLeBi+CV(eBi+Cu e_Bi_C) . (A.22)

We find that ﬁv has the same form as Ly but includes correction terms involving the fluxes.
The net effects of this in (A.15) and (A.16) are the substitutions

AN = AN =9, Fi . dp — dp — 1, F5 — e\ A FY. (A.23)

B Supersymmetry conditions and deformations

In this appendix we give a detailed discussion of the deformations of the Sasaki-Einstein
structure and of the derivation of the constraints from supersymmetry. We start with a
brief description of the generalised structures and then move to their deformations and the
conditions that supersymmetry imposes on them.

B.1 The generalised structures

In studying backgrounds with non-trivial fluxes it is often convenient to rewrite the super-
symmetry conditions of ten-dimensional supergravity as equations on differential forms.
In this paper we use the reformulation of the supersymmetry variations proposed in [17],
which recasts the supersymmetric background as an integrable exceptional structure in
Eg(6) % RT generalised geometry. The structure is defined by the generalised tensors K and
Jo introduced in section 4.2. These are globally defined objects that reduce the structure
group of the generalised frame bundle so that there is A/ = 2 supersymmetry in five
dimensions. The latter amounts to the existence of a pair of Killing spinors on the internal
manifold. Since the internal spinors transform in the 8 representation of the local group
USp(8), a pair of Killing spinors is invariant under a reduced USp(6) group.
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Computing the tensor product of the Killing spinors, one finds the structures K and
Jo, transforming in the 27" and 78 of Eg). One can show that K is left invariant by
an Fy4) subgroup of Eg). At a point on the internal manifold, K parametrises the
coset Eg) x RT /F4qa), equivalent to picking an element in the 27 of Eg() such that
c(K, K, K) > 0. A choice of K for the whole manifold then defines an F4) structure.

Similarly the triplet J,, at a point on M, parametrises the coset Egg) % RT/SU*(6),
equivalent to picking three elements in the 78 of Eg) that form a highest weight suy
subalgebra of ¢g(5). A choice of J, for the whole manifold then defines an SU*(6) structure.
The space of SU*(6) structures is the infinite-dimensional space of sections of .J,. This
space inherits the hyper-Kéahler structure from the coset at a point.

The normalisations of K and J, are fixed by the Eg) cubic invariant (A.9) and the
trace in the adjoint representation (A.10)

(K, K,K)=r*,  tr(JoaJs) = —K%0ap - (B.1)
The form of the Eg)-invariant volume x? depends on the compactification ansatz. For
type II compactifications in the string frame of the form
910 = €**g10-q + ga (B.2)
the invariant volume includes a dilaton dependence and is given by

K% = e_2¢e(8_d)A@. (B.3)

For the Sasaki-Einstein backgrounds we consider, this is simply x? = vols.
The two structures are compatible and together define a USp(6) structure if they satisfy

Jo - K =0, (B.4)
where - is the adjoint action (A.7) on a generalised vector.

B.2 Embedding of the linearised deformations in generalised geometry

In this section we will justify the choice of (4.31) for the linearised deformation. As
already mentioned, K is left invariant by an Fy4) subgroup of Ege) while the triplet J,
is left invariant by SU*(6). Together J, and K are invariant under a common USp(6)
subgroup. We argued in section 3.1 that the dual of marginal deformations should leave K
invariant, but modify the J,. This means that at a point on the internal manifold they
must be elements of the coset Fy4) x RT/USp(6). The 52 (adjoint) representation of F 4
decomposes under USp(6) x SU(2) as

52 = (1,3) @ (21,1) @ (14,2). (B.5)

The first term corresponds to the triplet J, and its action simply rotates the J, among
themselves. The second term is the adjoint of USp(6), which leaves both K and J, invariant.
Therefore, the deformations are in the (14, 2) and form a doublet under the SU(2) defined
by J,. We can choose them to be eigenstates of J3

[J3, Ap\] = £iAk ALy . (B.6)
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The non-trivial eigenstates correspond to A = 0,1,2. From the SU(2) algebra (4.19) we
see that the eigenstates with A = 2 are Jy themselves. The eigenstates with eigenvalue
zero are in USp(6), or in other words they leave J, and K invariant, and we will therefore
not consider them. To simplify notation we will call the A = £1 eigenstates A,. We note
that we can generate an eigenstate with eigenvalue —ix from A, by acting with Jy, as the
Jacobi identity implies

[.]3, K,_I[Ji,.Ai]] = :Fili[Ji,Ai] . (B.7)

We also note that complex conjugation also gives the eigenstate with opposite eigenvalue.
Since Ly commutes with the action of J3 we can also label states by their R-charge as
in (4.29), so that we have doublets

A
./4 = (AS:_Q)) y T 2 0 (B8)

We have chosen r > 0 for definiteness. Those doublets with » < 0 will be related by complex
conjugation. (Note this convention leads to a slight over-counting for 0 < r < 2, since the
doublets with charge r have complex conjugates with charge —r + 2. However, it is the
most convenient form to adopt for out purposes.)

To compute the eigenstates with A = 1 it helps to note that the Eg) action of J3
acts separately on {B*, 5'}, a'; and {r,C,v,l} (see (A.8)). Using this we can organise the
eigenstates as

A, =B+ 3, A =[J , A)=r+C+~y+1, (B.9)
A =dy, A_ =[], A ] =B"+p". (B.10)

As complex conjugation gives the eigenstate with opposite eigenvalue, using this basis, the
modes {A+,A’i,A+,A’i} fill out the possible +ik eigenstates. In fact we will find that,
with this basis, imposing 7 > 0 actual restricts to only A, and /Lr.

One can use the forms defining the SU(2) structure on a SE manifold, 2, w and o, and
the corresponding vectors to decompose the eigenstates. It is straightforward to verify that

the eigenstate A, is given by
Ay = =30 [fQ+ 2w+ 0+ 0 AD)] — 30" [fa — 2pwh — F — €A )], (B.11)

where the vector u’ is defined in (4.23), 7 is a (0,1)-form, © is a (1,0)-vector on the base,
@ is a primitive (1,1)-form on the base, and p and f are arbitrary complex functions on
the SE manifold. The w? and & terms in the bi-vector are obtained from the two-forms by
raising indices with the metric g™".

The requirement that the deformation leaves K invariant (/l+ - K = 0) translates to
constraints on the components of A, namely

cAWAB' =0, 1B = B'5(0 Aw), (B.12)
which impose p = 0 and © = #f. Thus the A, deformation that leaves K invariant is

Ay = —Lia@ [fQ+ 2@+ o0 AD)] - dat [fa+2@+EAD)], (B.13)
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where we have omitted the vector symbols ff and it is understood that all terms in the
bi-vector part are obtained by raising the GL(5) indices of the corresponding forms with
the metric ¢”". Note that the two-form and bi-vector components are related by

B' = —¢(99), (B.14)

where we lower the indices of the bi-vector with the undeformed metric g. The A_ mode in
the same multiplet as A, is given by A_ = x~![J;, A, ] and has the following form

A= <2if’]l4 —ifT+i(jasg@ +oAd) + 5@ +EA v’)JjQ))

_ (B.15)
+GFANQ+ QN AY )+ (3 ana+anEAD)+if,

where we should regard f’ as distinct from f.
Similarly, we can construct the .,Zl+ deformation that leaves K invariant. It has only
i

@

components, given by
Ay = —Lfata;. (B.16)
The A_ mode in the same multiplet as A, is given by A_ = x7'[J;, A,] and has the
following form
A = (=3’ Q) + (-L@' fa), (B.17)
where again we should regard f’ as distinct from f . We see this is of the form B’ 4 3 as
expected from (B.10).

B.3 Supersymmetry conditions

We are interested in deformations of the Sasaki-Einstein background that preserve super-
symmetry. This is equivalent to requiring that the deformed structures are integrable, that
is the new J, and K must satisfy (3.1) and (3.2). At linear order in the deformation these
conditions reduce to

Spie(V) = /mr(Ja,ivA) 0 vveor, (B.18)
[LxA,J,)=0. (B.19)

As we want the deformed structures to be real, we take the deformation to be A = Re A4,
where Re A} = %(AJF + A% ). In this section we give the derivation of the constraints that
these equations impose on the defomations A,. For the other deformations we give only
the final results for the constraints, which can be derived in a similar fashion.

B.3.1 Moment map conditions

Let us first consider the deformation A, and the conditions from duz = 0. Given the
form of J3 (4.22), only the aij, ", Cmnpg and ™™ components of the generalised Lie
derivative contribute. The relevant terms are

Ly Ay = (ejiBjdN — ey gFdN)
+ (B 0dN — 16" 5e1B72dN) + (e5d N A BY) (B.20)
= _[d)‘l7 A+] ’
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where B' and ' are the two-form and bi-vector components of A,. We use this and
rearrange the trace to give

/Htr(Jg,IZV.%L_) o //itI'(Jg, [d)\i,/h]) o //ﬁtl‘(d)\i, [J3,./l+]), (B.21)

with a similar expression for /li Using that A, is an eigenstate of .J3 with eigenvalue +ix

and the form of the trace (A.10), this simplifies to
//ﬁ;tr(d)\i, [J3, A4]) o /RQEijﬁin)\j
(B.22)
x /eijd(ﬁl_: vols) A M|

where we have used vols(8°1dN) o< (8°1vols) A dN. When combined with the contribution
from IA/V/li, this should hold for arbitrary A/ and so we require

d[(ﬂi - (ﬂi)*)ﬂolzs] =0. (B.23)
Using the explicit form of A, (B.13), this condition gives
o(r.) =0,
0w =0, (B.24)

Of NQU+ 3O A (P2Q) =200 + 2Q A Le(029) .
The analysis of du follows from similar manipulations. For du there are terms that must
vanish for arbitrary v and p. The terms in p give

20f = Le(0.9)

of =0,
(B.25)
d(viQ) =0,
0(v.Q) = —4Afw.
The terms in v give
ov = —2ifQ,
of =0, (B.26)
Adw AT+ 400 + LQ A Le(729) = 21Q A (72Q) + QA Of .
Taken together, the moment map conditions on the deformation A, are
o(r.) =0, (B.27)
ow =0, (B.28)
20f = Le(0729), (B.29)
of =0, (B.30)
0(r.0) = —4fw, (B.31)
o = —2ifQ, (B.32)
0 = —3wAD. (B.33)
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Note that we have simplified some expressions using
dw Ao = —iQ A (029), wA (1.Q) = —iQAD, (B.34)

where 0 is an arbitrary (0,1)-form with respect to I.

We want to solve the system (B.27)-(B.33) of differential equations to derive the form
of the deformation. From (B.27) we know v_{2 is closed under 0, and so it may be written
as the sum of a J-closed term and a J-exact term. However, we also have Hé’O(M ) =20
for a five-dimensional Sasaki-Einstein space M, and so only a 0-exact term is needed. We
make an ansatz

5.0 = _?a f, (B.35)

where f has a well-defined scaling under &, L¢f = igf, and ¢ is non-zero.'¥ Next (B.31)
gives

0(v.Q) = zi&’)f =2i00f — Afw = —4fw. (B.36)

We can solve this by taking f to be holomorphic, which also solves (B.30). The ansatz for
v_Q, together with the scaling under ¢ and holomorphicity of f are enough to satisfy (B.29).
We can invert (B.35) and write © as

i _
v=—0f. B.
2q8f4 (B.37)
Then (B.32) is automatically satisfied
_ i _ i _ _
U= — Q) = —(—4¢fQ) = -2ifQ .

where we have used 9(9f.Q) = —4qfQ for a holomorphic function f.2°

If we take @ = mﬁ(afj_l) + 9, (B.33) becomes

0 = 0 g57,=0(0f 2) +0)
= m(—%(@fm) 2 A Le(0F ) + 86

= L&f AQ—i ‘% W A (0f Q) + 95 (B.39)
3lw A (0fQ) +0
=-3wAU,

implying 7 = %qafﬁ, in agreement with above, and 96 = 0. Finally, (B.28) implies 95 = 0.

191f ¢ = 0 and f is holomorphic, f is necessarily constant. But from (B.32), a constant f requires Q to be
D-exact, which is not true. The only solution to the differential conditions for constant f is f = 0, and so we
do not need to consider the case of ¢ = 0.

20Tn general one has 9(9f.Q) = %(q2 +4q — No)fQ and H(9f.Q) = %(q2 —4q — Ao) fQ for a function
satisfying Af = Aof and L¢ f = igf [20].
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Taken together, these determine the ./1+ solutions of the moment map equations. For
example, the two-form component of A, is

B' = —git’ | fQ+ 5,0, 1;0(0f Q) + o A (D fﬁ)] —iu's, (B.40)

where f is holomorphic with respect to 0 (and hence has charge ¢ > 0 under the Reeb
vector) and ¢ is O- and O-closed (and hence has charge zero). The bi-vector component is
determined from this using (B.14). Notice that f-dependent terms and § are independent
of each other, so we really have two eigenmodes within this expression. In fact, this solution
to the moment map equations corresponds to the AS:Q) modes with r > 0 labelled by f
and ¢ in (4.39).
Consider now the deformations A, in (B.16). A similar analysis of the moment
maps gives
of =0, (B.41)

SO f is holomorphic (and hence has charge ¢ > 0 under the Reeb vector). This solution
corresponds to the AS:_Q) modes with r > 2 labelled by f in (4.39).

So far we have examined A, and A, , which correspond to the AS:fQ) modes in (4.39)
and are parametrised by the holomorphic functions f and f, and a 8- and d-closed (1,1)-form
5. Now we comment on the A modes, defined by A" = KTy, AS:72)]. Naively, one
might think we should solve the moment maps from scratch for an .A(f) deformation. For
example, the deformation would be calculated using the generic form of A_, given by (B.15),
and would then lead to differential conditions on the components of A, from which A_
is generated. Fortunately, given a solution Ay to the deformed moment maps (B.18),
one can show that A_ = xk~![J,, A,] is automatically a solution too. The components
of A_ are determined by A4 and the differential conditions on the components of A_
reduce to the differential conditions on A, that we have already given. For example, we
have seen that A, is completely determined by a holomorphic function f and a d- and
O-closed (1,1)-form 6. As A_ = x~1[J;, A,] is automatically a solution, it too is determined
by a holomorphic function f’ and a d- and O-closed (1,1)-form ¢’. Similarly ./Ahr will be
determined by holomorphic function f’. Here, we should note, however, because of our
slight over-counting, the r = 2 case with constant f’ is actually the complex conjugate of
the r = 0 case of A,.

B.3.2 Lie derivative along K

At first order in a generic deformation A € 78 of Eg), the generalised Lie derivative
condition is given by (4.44). It is straightforward to check that the commutators are
non-zero for both J; and J3, and so the condition reduces to LxgA=0. From (4.26), we
know that the generalised Lie derivative along K reduces to the conventional Lie derivative
along &, and so the deformation condition is simply

ﬁg.A =0. (B.42)

We see that the deformation must have scaling dimension zero under the Reeb vector
field. Using the explicit form of A, and /l+, we find f is charge +3 and f is charge zero
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(which together with 0 f = (0 implies f is constant). We also have 0 is charge zero, which is
consistent with it being d- and J-closed. This agrees with (4.46). These are precisely the
conditions for the deformations to be marginal.

B.4 Generalised metric

We have deformed the geometry by two-forms and bi-vectors, but the bosonic fields of type
IT supergravity do not include bi-vectors. As is typical in generalised complex geometry,
acting on the bosonic fields, the bi-vector deformation can be traded for deformations by a
gauge potential. We first construct the generalised metric and then give the dictionary for
translating a bi-vector deformation into a two-form deformation.

A generalised metric defines a USp(8) structure. K and J, together define a USp(6)
structure and so also define a generalised metric, though reconstructing the metric from
them may be complicated.?! For this reason it proves simpler to construct the generalised
metric from scratch. For a generalised vector V' decomposed as in (4.17), the generalised
metric, in the untwisted basis, is

G(V, V) = 0", + hi]’)\im)\jm + %pmlQOspmlQOg’ + %hijUi gimi-.ms , (B.43)

mi...ms

where h;; is the standard metric on SL(2)/SO(2) and we have raised/lowered indices using
the metric gmn.2>

The generalised metric defines a USp(8) structure and so should be left invariant by a
USp(8) subgroup of Eg) x R*. Using the adjoint action on V' € 27/, one can show that

USp(8) is generated by elements of the Egg) x RT adjoint satisfying

=0, a;; = —aj; ,
Tmn = —Tnm, Cmnpg = —Ymnpg s (B.44)
B =g B = gt |
One can read off the new bosonic background by constructing the deformed generalised
metric. The metric, axion-dilaton and four-form R-R potential receive corrections starting
at second order. At first order, only the two-form potentials, B and C5, are corrected. If

we consider a deformation by a two-form B* and a bi-vector ?, at first order the resulting
two-form deformation is

By =B' —gB%, Cy=B*+gply. (B.45)

We see that the bi-vector can be traded for a two-form contribution. This will become
more complicated at higher orders in the deformation due to terms from contractions of the
bi-vector with the two-form.

As previously mentioned, this procedure is analogous to what is done when trading
p-deformations in generalised complex geometry for metric and B-field deformations (see
for example equations (3.3) and (3.4) in [37]).

21For example, the conventional metric can be recovered from the three- and four-forms defining a Ga
structure, but the relation between the two is not trivial.
22We have chosen Cy = ¢ = 0 for the backgrounds we consider, so h;; is simply d;;.
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B.4.1 Flux induced by deformation

Using (B.45) we have that our two-form deformation Re A, = B* + 3 will induce NS-NS
and R-R two-form potentials given by

Cy=2B?,  By=2B'. (B.46)
The complexified potential is

Cy —iBy = —2i(B' +1B?). (B.47)
Using the explicit form of /Lr that solves the deformed moment maps (B.40), this is

Oy —iBy = —i [fQ + 3y (05 ) + o A (0 Q) + 25} , (B.48)

where L¢ f =igqf. From (B.42), this deformation will correspond to a marginal deformation
if ¢ = 3 and ¢ is d-closed. The complexified potential then simplifies to

Co —iBy = —i[fQ+ £0(0f2Q) + L0 A (O Q) +26] . (B.49)
Taking an exterior derivative, the resulting complexified flux Gg = d(Cy —iBs) is

Gs = —i(0f ANQ+ £00(0f Q) +i2w A (9f2Q) —io A (9 + 0)(0f0Q))

s — g (B.50)

where we have used dé = 0, w A (Of2Q) =i0f A Q and (O f.Q) = —12fQ. We stress once
more that this flux is valid for marginal deformations of any Sasaki-Einstein structure and
reproduces the first-order fluxes of the f-deformation of Lunin and Maldacena [8].

B.5 Marginal deformations and the axion-dilaton

Let us now consider the effect of an fl+ deformation. Such a deformation is marginal if f is
charge zero under &, which, when combined with df = 0, implies f is simply a constant
complex number. The physical effect of such a marginal deformation can be found from its
action on the SL(2;R) doublets that appear in the generalised metric. For example, the
undeformed generalised metric contains terms of the form

G A) = S AN .. (B.51)
To first order, the deformed generalised metric will then be

GO+ M+ 6A) = 855 (N + A SN + 6N) + ...

C (B.52)
= (52']‘ + 2mij))\l_1/\j +...,
where ) ;
Imf —Ref
1
=1 - |, B.
" 2<—Ref—1mf> (5:5%)
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which is simply the real part of (B.16). We now want to compare this to the form of the
generalised metric when the axion-dilaton is included. From [31], we see this is

G\ N) = higA N + .. (B.54)
where
C2+e 2 —Cy

hij=e? | : B.55
J € ( _CO 1 ( )

Expanding the fields to linear order, we find

—¢ —Co

hz" — 52.. + . B.56
J J <_CO (}S ( )

By comparing this expression with the deformed metric m;;, we see we can encode a
first-order change in the axion-dilaton by taking f = Cy — i¢.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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