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Abstract

Acquiring high-quality data is a major challenge in science and engineering. Data collection,
whether through large-scale online surveys or carefully conducted laboratory experiments, is
often costly, time-consuming, and constrained by limited resources. Consequently, designing
optimal experiments to gather informative and valuable data is crucial for the efficient allocation

of resources and, ultimately, for making better decisions.

Bayesian experimental design (BED) provides a principled mathematical framework for design-
ing experiments to efficiently learn about a phenomenon of interest. This thesis focuses on
information-theoretic BED, employing expected information gain (EIG) as the design criterion.
Maximising the EIG ensures that the collected data is most informative about the underlying
scientific question or hypothesis. This approach has the potential to significantly enhance the
quality and efficiency of data acquisition, addressing the critical challenges of high costs, time

constraints, and limited resources.

Despite its potential, the practical application of BED has historically been limited by significant
computational challenges. The primary challenge lies in calculating the EIG, which is intractable
for most realistic problems. Furthermore, adaptive experimental design, which leverages the
information gained from previous experiments to guide the design of subsequent ones, adds an

additional layer of computational complexity.

This thesis focuses on developing scalable and computationally efficient BED approaches to
overcome these challenges. We introduce a novel class of methods called policy-based BED (PB-
BED), which leverages deep learning to fully amortise the cost of adaptive experimental design,
enabling real-time design decisions. Additionally, we introduce a semi-amortised approach that
allows for periodic refinement of the design policy during the experiment itself, based on the
actual data collected. This approach enhances the adaptability and robustness of the PB-BED
framework, ensuring that the design strategy remains optimal as new information is gathered.
Finally, we introduce a unified model-agnostic framework for designing large-scale contextual

experiments using information-theoretic principles.



The contributions made in this thesis represent a step towards automated and reliable experi-
mental design strategies that have the potential to accelerate scientific discovery and improve

data-driven decision making across various domains.
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Chapter 1

Preliminaries

1.1 Introduction

Data plays a pivotal role in the modern world, serving as the foundation for both scientific
discoveries and industry advancements. In recent years, sophisticated statistical models trained
on large datasets have been increasingly employed to guide decision-making processes in an
automated and autonomous manner (Araujo et al., [2020; Bogert et al.|[2021;|Adlung et al., 2021)).
However, the quality and relevance of the data used to train these models can vary significantly.
Datasets may be affected by noise, redundancy, or bias, or may not be directly applicable to the
specific tasks at hand. When models are trained on suboptimal data, they tend to inherit and
even exacerbate the biases and limitations present in it. The resulting models may then produce
biased analyses and predictions, which can lead to misleading conclusions and poor downstream
decision-making (Barocas and Selbst, 2016; |Corbett-Davies et al.l 2017; |[Ntoutsi et al., [2020;
Paullada et al., |2021; Mehrabi et al., |2021; Budach et all 2022). Consequently, high-quality
and relevant data is an invaluable asset in the modern data-driven landscape (Hutchinson et al.,

2021; Paleyes et all 2022; Priestley et al., 2023]).

In some cases, data is entirely generated by external sources, leaving no control over the data ac-
quisition process and necessitating the use of available data as-is. However, in many situations,
opportunities exist to influence the data acquisition process, potentially leading to improve-
ments in the quality of the collected data. These opportunities include carefully choosing survey
questions, selecting promising compounds for drug discovery trials, calibrating laboratory equip-
ment for precise measurements, and strategically choosing data points for annotation in machine
learning tasks. Such controllable variables offer crucial opportunities to maximise the usefulness

and quality of the acquired data.



This controlled data acquisition process can be formalised through the lens of optimal experimen-
tal design (Fisher,|1935; Ryan and Morgan, 2007)). In this work, we adopt the Bayesian approach
to designing experiments (Lindley, 1956; Chaloner and Verdinelli, 1995} [Ryan et al., 2016; Rain-
forth et al.| [2024), as it provides a unified, coherent, and self-consistent framework. Bayesian
experimental design (BED) is a model-based framework that effectively integrates all available
information, making it particularly advantageous in multi-step adaptive experiment settings,
where decisions are made sequentially with incomplete information. This allows for consistent
updates to the model, ensuring that each decision aligns with the evolving understanding of the

experimental system.

1.1.1 Brief history of optimal experimental design

Optimal experimental design (OED) emerged in the early 20th century within the framework of
classical, frequentist statistics. The origin of the field is commonly attributed to Sir Ronald A.
Fisher, whose 1935 book, The Design of Experiments, formalised foundational techniques such as
analysis-of-variance, factorial design, confounding, and provided applications of data collection
and analysis (Fisher} |1935; Box, |1980). However, the conceptual foundations of OED can be
traced back further to the doctoral work of Danish statistician Kirstine Smith. In her thesis,
Smith| (1918) discusses how the residual error variance could guide the design of experiments
where the resulting data are used to fit polynomial linear models from first to sixth order.
This work introduced what we now refer to as G-optimal designs for single-factor experiments.
During this early period, a significant focus was on parameter learning for linear models, leading
to the development of several “alphabetic” optimality criteria. Examples of these include A-, D-,
E-, and G-optimality (Smith} [1918} Box 1982)), c-optimality (Elfving, 1952), and T-optimality
(Atkinson and Fedorov, [1975). These criteria, based on the Fisher information matrix, are
computationally tractable and well-suited for the predominantly used linear models at the time.

However, they yield only locally optimal designs in non-linear settings (Ryan et all |2016]).

The Bayesian approach to optimal experimental design has its roots in information theory (Shan-
non, (1948]). Specifically, Dennis V. Lindley mathematically formalised the notion of information
provided by an experiment, establishing the concept of ezpected information gain (EIG) as a
principled criterion for choosing designs (Lindley, |1956). The EIG quantifies the anticipated re-
duction in uncertainty about the model parameters after observing the experimental outcomes,
as measured by the expected reduction in Shannon entropy between the prior and posterior
distributions on those parameters. Drawing on principles from decision theory (Raiffa and

Schlaifer], [1961)), Lindley later formulated a more general, decision-theoretic approach to design-



ing optimal experiments, utilising an arbitrary utility function as a design criterion (Lindley),
1972)). Under this broader utility-based framework, it can be shown that some of the frequentist
alphabetic optimality criteria have corresponding Bayesian analogs (Chaloner and Verdinelli,
1995; Ryan et al., 2016). The Bayesian approach to experimental design, however, offers several
advantages over classical methods, including the ability to handle non-linear models, incorporate

prior knowledge, and integrate uncertainty and risks into the decision-making process.

The increase in computational resources and the development of simulation-based methods have
led to the emergence of many model-specific Bayesian optimal design methodologies in the
literature. For example, Han and Chaloner (2004 consider nonlinear mixed-effects models,
Cook et al.| (2008]) focus on epidemiology models, and Miiller et al.| (2006) examine dose-finding.
A comprehensive review of the developments in Bayesian experimental design during this period

can be found in Ryan et al.| (2016)).

Recent advancements in scalable variational methods, employing neural networks to approxi-
mate unknown densities, have significantly enhanced the capabilities and practical applicability
of BED methods. These improvements facilitate more efficient estimation and optimisation of
information objectives in a model-agnostic manner (Foster et al., 2019} [2020; Kleinegesse and
Gutmann) 2020, |2021} |Go and Isaac, [2022)). However, these approaches are designed for a sin-
gle experiment or multiple non-adaptive experiments. The challenge of performing multiple
experiments adaptively has remained somewhat under-explored. This limitation restricts the
applicability of BED, particularly in scenarios requiring real-time decision-making where adap-
tive strategies could provide significant advantages. The computational demands of adaptive
BED, which involves iterative updates and optimisations based on newly acquired data, make

it difficult to deploy in settings where quick data processing and decision-making are crucial.

1.1.2 Research contributions and thesis outline

Recent advancements in non-adaptive BED, which include static and single-step methods, have
been substantial. A variety of scalable and robust techniques are now available for optimising
single experiments (Foster et all [2019; |[Kleinegesse and Gutmann, [2020; |Go and Isaac, [2022).
However, adaptive BED, which allows for the incorporation of past data or other forms of per-
sonalisation into design decisions, presents distinct challenges. Traditional methods in adaptive
BED often fall short in terms of scalability and real-time processing capabilities, especially when
applied to complex, high-dimensional models. These methods tend to be very computationally

intensive, thereby hindering their practical application in scenarios that demand quick decision-
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Figure 1.1: Timeline of key developments in Bayesian Experimental Design (BED).
The field was pioneered by |Lindley| (1956)), shortly following the foundational work of Shannon
in information theory (Shannon,|1948). The 2000s and 2010s saw the development of numerous
model-specific computational methods. Most recently, those methods have evolved into model-
agnostic, scalable approaches powered by flexible deep learning modules, significantly expanding
effectiveness and scope.

making. Addressing these limitations is crucial for the effective implementation of adaptive BED

in various domains.

This thesis focuses on advancing the field of adaptive BED by addressing the critical requirements
for automated, real-time updates in a scalable and model-agnostic fashion. The key innovations

introduced in this thesis are as follows:

e A novel, fully amortised, policy-based adaptive BED method, called Deep Adaptive
Design (DAD), that leverages deep learning to eliminate the computational overhead
associated with the sequential design problem, facilitating real-time design decisions. This

method is introduced in Chapter

e An extension of DAD to support models without explicit likelihood functions (implicit
Deep Adaptive Design, or iDAD). Similar to DAD, iDAD is fully amortised, and offers
real-time experimental design for differentiable simulator models. This method is intro-

duced in Chapter §3

e A semi-amortised policy-based BED approach that enables adaptivity of the policy itself,
resulting in a more robust yet still computationally efficient method for adaptive experi-

mentation. This method is introduced in Chapter

e An information-theoretic approach to Contextual Optimisation via BED (CO-BED). Here
experiments are performed in parallel (i.e. not sequentially), and adaptation of the ex-

perimental designs is achieved by conditioning on instance-specific contextual information.

This method is introduced in Chapter

10
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Chapter §6]identifies key challenges and opportunities in the field of BED and discusses potential

directions for future research.

The remainder of this chapter is structured as follows: Section introduces the technical back-
ground necessary for understanding the content presented throughout this thesis, while Section
provides a comprehensive review of the related literature on previous BED approaches,

highlighting their strengths and limitations.

1.2 Background

This section outlines the foundational concepts critical to the methodologies developed in this
thesis. It begins with an overview of the Bayesian approach to learning, explaining how Bayesian
principles facilitate the inference of unknown parameters from data ( Next, intro-
duces the core concepts from information theory, which form the basis of Bayesian experimental

design (BED). Finally, §1.2.3|introduces the main principles of BED and its key objective.

1.2.1 The Bayesian approach to learning

Statistical models are essential tools for describing and understanding real-world phenomena.
These models typically express an observed quantity y € ) as a stochastic function of some
unknown parameters, sometimes called latent variables, § € ©, and some covariates © € X, which
might be fixed (i.e. predefined, including = = @), stochastic (and modelled independently), or
directly controlled (i.e. designed). The main goal is to infer, fit or learn the values of the

parameters 6 that best explain some observed data (z,y).

The Bayesian framework offers a principled and coherent approach to statistical modelling
(Bernardo and Smithl 2009; \Gelman et al.||2013]). It treats the parameters 6 as random variables
with associated probability distributions that reflect the inherent uncertainty about their true
values. Initial beliefs and knowledge about the plausible values for 6 are encoded through the
prior distribution p(6), which can be informed by domain expertise, previous empirical stud-
ies, or theoretical considerations. Priors are usually specified explicitly in closed form, allowing
for direct evaluation of the prior density p(#). Occasionally, priors might only be defined implic-
itly, meaning the exact analytical form of p(f) is not specified but we can draw samples from
it. The process of specifying the prior distribution is known as prior elicitation and constitutes
a crucial step in the Bayesian workflow (Winkler, |1967; |(O’Hagan, 2019; Gelman et al., |2020;
Mikkola et al., 2021)).
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Figure 1.2: Graphical representation of the Bayesian
e model we consider. The goal is to infer the unobserved
parameters 6 from a dataset hy = {z;,;}/_, contain-
ing T observed covariate-outcome pairs. This dataset
can be available in its entirety from the outset (offline
or batch learning) or arrive sequentially one observa-

tion at a time (online learning).

T

The relationship between the observed data y with covariates x, and the parameters 4 is described
by the likelihood function p(y|6,z). As with the prior, the likelihood can be explicit, with
an analytic closed-form expression, allowing direct computation of p(y | 8, x)—the probability of
observing y given 6 and x, or implicit, meaning that we can sample y | 6, z but cannot evaluate its
density. Implicit models are common in real-world applications as they make fewer assumptions
about the underlying data-generating process; however, as we will see later, this flexibility

trades-off against computational efficiency.

Remark 1.1. We will use the notation p(6) and p(y|0,x), to denote the prior and likelihood
functions, respectively, regardless of whether they are implicit or explicit. In cases where this
distinction is important, we will highlight the relevant assumptions and discuss any implications

for the methods and results presented.

The prior distribution and the likelihood function together form a joint generative model for
the underlying data generating process (DGP) of interest p(6,y|&) = p(8)p(y |0, z). Given an
observed value y associated with a covariate x, we can update the prior to a posterior distribution
by applying Bayes’ rule

_p0,y|)
p(f]z,y) = DR (1.1)

The denominator, known as the Bayesian marginal likelihood, model evidence, or prior predictive
distribution, normalises the posterior probability and is constant with respect to #. Computing

it involves integrating over all possible values for
pyle) = | p(O(y10.2)d0 = By ly 0. (1.2
€

Computing this marginal exactly is often intractable, as the integral required is not available
in closed form. Analytic solutions exist only in special cases, such as conjugate models, where
the prior and likelihood distributions are chosen to ensure mathematical convenience (Diaconis
and Ylvisaker, [1979). As a result, the posterior is in general intractable and we resort to

computational methods to approximate it. We briefly discuss the main approaches next.

12



Computational methods for posterior inference

The core challenge in the Bayesian approach to learning is evaluating the posterior distribution
(1.1), which is usually intractable due to the intractable marginal likelihood (1.2)). There are two
main computational strategies that aim to address this intractability: sample-based approaches

and optimisation-based approaches.

Sample-based approaches, such as Markov Chain Monte Carlo (MCMC), are the founda-
tional technique for Bayesian inference. These methods generate samples from the posterior
distribution by constructing a Markov chain whose equilibrium distribution matches that of the
posterior. Prominent algorithms include the Metropolis-Hastings (Metropolis et al.| |1953; |Hast-
ingsl 1970)), the Gibbs sampler (Geman and Geman|, 1984), and Hamiltonian Monte Carlo (HMC,

see Betancourt} 2017, for a review), among others.

Optimisation-based approaches, such as Variational Inference (VI), aim to find the best
approximation of the posterior within a constrained family of distributions (Wainwright et al.,
2008; Blei et al, 2017, Zhang et al., 2018). These methods reformulate Bayesian inference as an
optimisation problem, where the objective is to minimise a measure of dissimilarity between the

true posterior and its approximation.

Practical considerations. The choice between sample-based and optimisation-based ap-
proaches depends on several technical and methodological considerations. MCMC methods
provide asymptotically exact samples from the posterior distribution, but they can be compu-
tationally expensive and slow to converge, particularly for high-dimensional problems. Conse-
quently, they may not be well-suited for large-scale applications or situations requiring rapid
approximations. Moreover, sample-based approaches generally rely on an explicit likelihood
function, rendering them inapplicable to models with intractable likelihoods. Lastly, sample-
based methods, as their name suggests, do not produce closed-form posterior distributions,

potentially restricting the scope of downstream applications for which they can be employed.

In contrast, optimisation-based approaches like VI produce a closed-form, explicit posterior
within a chosen family of distributions. VI can handle both explicit and implicit likelihood
functions. This approach is often faster than sample-based methods, making it appealing for
large-scale problems or when quick approximations are needed. However, the speed comes at
the cost of potentially introducing bias if the chosen family of distributions does not contain
the true posterior. The statistical properties of VI are less well-understood, adding a layer of

uncertainty to its reliability.
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Offline vs online learning

In the context of statistical learning, including the Bayesian framework described here, we can

distinguish between two main paradigms: offline (batch) learning and online learning.

In offline learning, we assume access to a fixed dataset hy = {(z;,v;)}.,, consisting of T
covariate-observation pairs. The goal is to learn the parameters 6 by leveraging the entire
dataset at once. In the Bayesian setting, this involves computing the posterior distribution
p(@|hr). Offline learning is suitable when all the data is available simultaneously, and the

model and inference procedure are not expected to change over time.

In contrast, online learning considers a setting where data arrives sequentially, one observa-
tion at a time. At time ¢, given access to the previous data h; 1 = {(@,yz)}f;% and a new
covariate-observation pair (z, yt), the objective is to update the parameters 6 based on this new
information. In the Bayesian framework, this involves computing the updated posterior distri-
bution p(0 | ht) o< p(6 | he—1)p(y: |6, x¢). Online learning allows for adaptivity and refinement of
the model as new data becomes available, making it useful in scenarios with streaming data,
evolving environments, or large datasets that cannot be processed in batch mode. However, it
poses significant computational challenges due to the need for repeated posterior updates after

each new observation, which, as discussed, is usually very computationally costly.

Illustrative examples

We present several illustrative examples to demonstrate various scenarios, including simple con-
jugate models with tractable posteriors, models with explicit likelihoods but intractable poste-

riors, and models with both intractable likelihoods and intractable posteriors.
We start with an example of a simple conjugate model with a tractable posterior.
Example 1.2 (Bayesian linear regression). We model the relationship between outcomes y € R

and covariates x € R as y = 0T x + ¢, where § € R? represents the regression coefficients, and

€ is the noise term, assumed to be normally distributed with known variance o2, € ~ N(0,02).

e Prior: The coefficients come from a multivariate normal distribution with zero mean and

known covariance matriz, 0 ~ N(0,3)7").

e Likelihood: Since § and e are both Gaussian, then we also have p(y | x,0) = N (y; 0"z, 02).

14



For a dataset of size N, {(z,y;)}},, we have
N N
pyin [0, 21:8) = [ [ pyi | 2i,0) = [[ NV (wi;0" i, 07) (1.3)

i=1 =1

e Posterior: Due to the conjugacy between the Gaussian prior and likelihood, the posterior

distribution is also Gaussian and can be computed in closed form:
p(@ ‘ T1:N, yl:N) = N(Qa ,U’gOSta ESOSt)u (14>

where ugOSt = UJQEgOStXTy, and EgOSt = (0'6_2XTX + (Eg”or)_l)_l.
Next, we explore a scenario where both the prior and the likelihood are simple and explicit, but
the resulting posterior complex and intractable.

Example 1.3 (Hidden object location finding). Suppose € R? corresponds to the unknown

location of an object. We observe the log-intensity of a signal it emits at some location x € R2.

e Prior: The location is drawn from a standard normal distribution: 6 ~ N (02,12).

o Likelihood: The signal log-intensity observed at & € R? decreases according to the inverse-
square law: p(logy |6, x) = N (logy;log u(0, x),0?), where u(6,z) = 61 + m, with
5172 > 0 fized.

e Posterior: Due to the nonlinear relationship between 0 and x in the likelihood model, the

posterior distribution p(0 |y, x) is no longer Gaussian and not available in closed form.

Finally, we present an example of a model with an intractable likelihood and posterior.

Example 1.4 (Stochastic SIR model). We consider the Susceptible-Infectious-Recovered (SIR)

model (Cook et al., |2008), a widely-used epidemiological model based on a system of stochastic

differential equations (SDEs). The SIR model describes the dynamics of disease spread within a
fized population of size N. It assumes that at any given time 7 > 0, the population is divided
into three compartments: susceptible individuals S(7), infected individuals I(T), and recovered
indiwiduals R(T). Susceptible individuals can become infected and transition to the infected com-
partment, while infected individuals can recover from the disease and move to the recovered
compartment. Assuming a constant total population size N, we define the state population vec-
tor as Y (1) = (S(7),I(1))". For the purpose of modeling, we focus on the dynamics of the
susceptible and infected populations, noting that the recovered population can be derived from the

conservation of total population: R(t) = N — S(1) — I(7).

15



e Prior: The model parameters B and ~y have log-normal priors

B ~ Log-N(0.50,0.50%) ~ ~ Log-N'(0.10, 0.50?). (1.5)

e Likelihood: The system of Ité SDFEs that defines the stochastic SIR model is given by

dY (7) = £(X(7))dr + G(Y (7))dW (1), (1.6)

where f is a drift vector, G is a diffusion matriz and W () is a vector of independent

Wiener processes. The drift vector and diffusion matrix are given by

S(r)I(r S()I(t

- (])V( ) —\/B (])V( ) 0

f(X(7)) = and G(X(1)) = )
PECTER EEERNG o

(1.7)
The likelihood p(y |0, T) is not available in closed form, as the SDE system does not have

an analytic solution.

e Posterior: The posterior distribution p(0 |y, ) is intractable due to the intractable like-

lihood.

1.2.2 Information theory basics

Information theory has played a pivotal role in shaping the development of modern machine
learning, providing a rigorous mathematical framework for quantifying and manipulating infor-
mation. Its principles and concepts have inspired the development of information-based method-
ologies across many fields, including (neural) data compression and data acquisition. Examples
of the latter include Bayesian experimental design, Bayesian optimisation, and Bayesian active

learning, where we can leverage information-theoretic measures to guide data acquisition.

This subsection aims to review the core concepts from information theory that are relevant to
the work presented in this thesis. For a more comprehensive overview of the field, please refer

to |Cover and Thomas| (1999)) or [MacKay| (2003).

Remark 1.5. All definitions and results are applicable to both continuous and discrete random

variables and are presented in a way that covers both.

Definition 1.6 (Entropy, cross-entropy, relative entropy/KL divergence). Let Z be a random

variable with distribution p(z).

16



o The (Shannon) entropy of Z is
H[Z] = H[p(2)] = Ey()[ - log p(2)]. (1.8)
e The cross-entropy between the distribution p(z) and another distribution on z, q(z), is
Hlp(2) | 4(2)] = Ep(z)[—log q(2)]. (1.9)

o The relative entropy or Kullback-Leibler divergence from p(z) to q(z) is

p(z)
KL(p(2) [l a(2)) = By [log q”] — HIp(2) |l a(=)] - HIp(2)] (1.10)
Entropy, defined in Equation (1.8), quantifies the average level of uncertainty inherent in the
outcomes of a random variable Z. A higher entropy value indicates greater unpredictability or
uncertainty in these outcomes. In contrast to other statistical measures of uncertainty, such as
variance, entropy is a scale-invariant measure, meaning it remains unaffected by changes in the

scale of the random variable Z.

Cross-entropy, defined in Equation , measures the discrepancy between two probability
distributions, typically the true distribution p(z) and a model distribution ¢(z). In most practical
settings, the true distribution p(z) is unknown, and the goal is to approximate it with the
model distribution ¢(z). The Kullback-Leibler (KL) divergence, or relative entropy, defined
in Equation , extends this concept by specifically quantifying the inefficiency of using
the model distribution ¢(z) when the true distribution is p(z). minimising the KL divergence
KL(p(z) || g(z)) is equivalent to minimising the cross-entropy H[p(z) || ¢(z)], as the entropy term
H{[p(z)] is independent of the model distribution ¢(z).

minimising the KL divergence, or equivalently, minimising the cross-entropy between the true
and model distributions, is a common objective in many machine learning tasks. Gibbs’ in-
equality, introduced in the following proposition, demonstrates that both the KL divergence
and cross-entropy achieve their minimal values when the true distribution p(z) and the model

distribution ¢(z) are identical, i.e., p = q.

Proposition 1.7 (Gibbs’ inequality). The relative entropy, or Kullback-Leibler divergence, be-

tween any two probability distributions on z, p(z) and q(z) is non-negative, i.e.
KL(p(2) [l q(z)) = 0, (1.11)
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with equality if and only if p = q. The relative entropy equals the difference between cross-entropy

and entropy, so the inequality can also be written as:

Hlp(2)] < Hlp(2) | 4(2)]- (1.12)

Proof. By Jensen’s inequality we have

q(Z)] [CI(Z)]

KL(p(z z)) =—=E,, [log—=| > —logE,,y | —=| = —logE,,[1] =0 1.13
() 19(:) = ~Eye 108 253 | = ~t0g By | 451 = g1 (113)
with equality holding if and only if p = ¢. O

Remark 1.8 (Intuition from compression). The concept of Kullback-Leibler (KL) divergence
can be intuitively understood through the lens of data compression. In information theory, the
entropy H[p(z)] of a distribution p(z) represents the optimal expected codelength for encoding
messages drawn from that distribution. If we use a model q(z) to encode data that is actually

distributed according to p(z), the expected codelength becomes the cross-entropy H[p(z)||q(2)].

The KL divergence, KL(p(2)||q(z)), measures the extra bits required per data point due to the in-
efficiency of using the model q(z) instead of the true distribution p(z). This additional cost in the
average description length is the "penalty" for assuming the wrong model. Thus, KL(p(z)||q(z))
quantifies the overhead or inefficiency introduced by this assumption, offering a measure of how

suboptimal the model q(z) is when used to describe or compress data that was generated by p(z).

Definition 1.9 (Joint and conditional entropy). Let X and Y be two random variables with a

joint probability distribution p(x,y).
o The joint entropy H[X,Y] is defined as

H[X,Y] = Ep(z,y)[_ log p(z,y)]. (1.14)

e The conditional entropy H[X | Y] is defined as
H[X ‘ Y] = Ep(a:,y)[_ logp(a: ‘ y)] (1'15)

Proposition 1.10 (Chain rule of entropy). Let X and Y be two random variables with a joint

probability distribution p(x,y). The joint entropy equals:
H[X,Y|=H]Y|+ H[X|Y]=H[X|+ H[Y | X]. (1.16)
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More generally, the joint entropy of X1, ..., X, distributed according to p(x1,...,xy,) is

H[le"‘aXTl]:ZH[Xi‘Xi—lv"'aXl] (117)
=1

Proof. Note log p(z,y) = logp(y) + log p(z |y) = log p(x) + logp(y | z), taking expectation with
respect to the joint p(x,y) gives the result. Repeated application gives the more general result.

O]

Definition 1.11 (Mutual information, MI). Let X and Y be two random variables with joint
probability distribution p(x,y) and marginal distributions p(x) and p(y), respectively. The mutual

information I(X;Y') is the relative entropy between the joint and the product of marginals:

P\,
HXGY) = KEp,0) [ 0)p(0) = By [10g 252, (1.18)
Proposition 1.12 (Some properties of MI).

e Non-negativity: 1(X;Y) > 0 with equality if and only if X and Y are independent.
o Symmetry: [(X;Y)=I1(Y;X).
e MI and entropy: I(X;Y) = H[X]|+ H[Y] - H[X,Y].
e MI and conditional entropy: I(X;Y)=H[Y| - H[Y |X]=H[X]-H[X|Y].
Proof. Non-negativity follows from Gibbs’ inequality I(X;Y) > 0, with equality if and only

if p(z,y) = p(z)p(y), i.e. if X and Y are independent. For the remaining properties: note that
we can rewrite the definition of I(X;Y) as

I(X;Y) = Epay [log pfzix]’jé;)] Ep(ay) {log W} (1.19)
= Ep(zy) [log p(@ | y)] — Ep(z,y) [p(2)] (1.20)

= H[X] - H[X |Y] (next two equalities follow from Proposition (1.21)

= H[Y] - H[Y | X] (1.22)

= H[X]|+ H[Y] - H[X,Y]. (1.23)

O
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The mutual information is the reduction in the uncertainty of X due to knowledge of Y, as per
Equation . By symmetry, it is also equal to the reduction in the uncertainty of Y due to
knowledge of X, as per Equation . In other words, X gives us as much information about
Y as Y gives about X.

Remark 1.13 (Conditioning reduces entropy). From Equation and by non-negativity of
mutual information, we have H[X] > H[X |Y].

Remark 1.14 (Entropy <= Self-information). The mutual information of a random variable
X with itself is the entropy of X

I(X;X) = H[X] — H[X | X] = H[X]. (1.24)

Definition 1.15 (Conditional MI). Let X, Y and Z be random variables with a joint probability

distribution p(x,y, z). The conditional mutual information of X and Y given Z is

I(X;Y| Z) = KL(p(z,4,2) | p(x | 9w | 2)) = Ep(oger [bg W (1.25)

Proposition 1.16 (Chain rule of MI). Let Xi,..., Xn,Y be random variables, then

n
I<X1a---aXn§Y):ZI(Xi§Y|Xi—1;-'->X1) (1.26)
i=1

Proof. Using the conditional entropy formulation of MI and applying the chain rule of entropy

I(X1,..., X Y) = H|

o

o Xn] — H[ X4, ..., X, | Y] (Equation (1.21)) (1.27)

I
M=

N
H(Xi|:):,-_1,...,X1)—ZH(Xi]:L‘i_l,...,Xl,Y) (Proposition [1.10))
1 i=1

.
Il

(1.28)

=Y I(X;Y [ Xi,..., X1) (1.29)
=1

O
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- @ e Figure 1.3: Graphical representation of the gen-

eral class of Bayesian models we consider. The
parameters 6 are unobserved. Designs &£, which
are under our our control, and outcomes y are

@‘/ observed. Contexts ¢ (if present) can be deter-

ministic or stochastic.

1.2.3 Bayesian experimental design (BED)

In the Bayesian approach to learning, as outlined in Section the goal is to infer the
parameters 6 of a model p(#)p(y|6,z) from data pairs of covariates and outcomes, (2, y;)N ;.
In some cases, this data is passively received from external sources without any control over its
generation. A typical example is financial data, where x could represent company financials (e.g.,
quarterly revenue, costs, profit), and y could be the stock return over the subsequent quarter.
In such cases, the data is fixed, as variables like revenue, costs, and profit are inherently beyond

our influence. This scenario is known as classical supervised learning.

However, in many scenarios, we have the ability to impact the data acquisition process, which
can significantly enhance the utility of the data we collect for the purpose of learning 6. Examples
include choosing questions to ask in a survey, selecting promising compounds for drug discovery
trials, calibrating laboratory equipment for precise measurements, and choosing specific data

points for annotation in machine learning tasks, to name a few.

We denote the covariates under our control as &, which we refer to as experimental design
variables or simply designs. Depending on the field, these variables may also be called actions (in
the bandits literature and reinforcement learning), treatments (in causal inference), or controls
(in optimal control). If there are any elements that we cannot control, we denote them by ¢
and refer to them as context variables, such that £ Uc = x. Contexts can be deterministic or
stochastic and modelled separately. The general class of Bayesian models we consider, shown in
Figure factorises as p(y, ¢, &,0) = p(0)p(c)p(y|6,&,c). For clarity of exposition we assume
¢ = x throughout most of this thesis, so that the underlying model factorises as p(y,§,0) =
p(@)p(y|0,¢&). However, in general, the theory and methods we discuss are adaptable to scenarios

that include contexts (e.g., Chapter .

Figure illustrates how the choice of a design £ can influence how much we learn about 6. Our
initial uncertainty about 6 is reflected in the prior p(6), shown in Figure An experiment

with design & leads to an outcome y;, resulting in a posterior distribution p(6|&;,y1) that
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(a) Prior over 6. (b) Posterior p(€ &1, y1). (c) Posterior p(0 | &2, y2)

Figure 1.4: Hypothetical posteriors under two experiments with different designs and therefore
outcomes. The posterior under the first design-outcome pair (£1,¥1) in is barely different
from the prior and therefore not very informative. The posterior under the second design-
outcome pair (§2,y2) in is more peaked and therefore much more informative.

barely differs from the prior, indicating little new information was gained . In contrast,
an experiment using design &£ with outcome ys, produce a considerably narrower, more peaked
posterior distribution p(0|&2,y2) (1.4c). We could therefore conclude that the data (§2,y2) is
inherently more informative about € than (£1,y1), as it makes us more confident, or equivalently,
less uncertain, in its estimate. This illustration intuitively guides us to what characterises an
optimal experimental design—it is one that maximises information gain and, correspondingly,

reduces our uncertainty regarding the unknown parameters of the model.

Information gain

Mathematically, we define the information gain as the difference between the Shannon entropy

of the prior and that of the posterior.

Definition 1.17 (Information gain). Given a model p(6)p(y|6,&), the information gain about

the model parameters 0 of an experimental design £ and outcome y is

1Go(&,y) = H[p(0)] — H[p(0| &, y)] = Epg¢,4)[logp(0 &, y)] — Eyg)llog p(0)], (1.30)

where H|[.] denotes the Shannon entropy, defined in Equation (@

Information gain vs relative entropy. Note that the entropy of the posterior distribution
p(0]&,y) can be less or greater than the entropy of the prior distribution p(). In other words,
the information gain can be positive or negative, i.e. we have 1Gy(¢,y) € R. However,

from the point of view of the posterior distribution, its relative entropy (or KL divergence)
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(1.10) to the prior is always non-negative. Note that we can write

IGo(€,y) = KL(p(0| &, 9) | p(0)) + (H[p(0)] — H[p(0] &, y) || p(9)]), (1.31)

and H[p(0)] # H[p(@|&,vy)|lp(0)], unless p(0|&,y) = p(f). However, the two quantities are
related; once averaged over all possible outcomes, y the two are in fact equivalent ((1.37)).

Expected Information Gain (EIG)

The information gain can be used to rank design-outcome pairs (£,y), i.e. once the experiment
& was been conducted and the outcome y was received. To select designs before observing y, we
average over all possible outcomes we might observe if we ran that experiment. This gives us

the Expected Information Gain (EIG, Lindley, 1956):
Definition 1.18 (Expected information gain (EIG)). Given a model p(0)p(y | 0,€), the expected

information gain about the model parameters 8 of an experimental design & is

EIGy(§) = Eyy )l 1Go (&, y)] = HIp(0)] — Epqy ) [HP(O] €, )]] (1.32)

where p(y |§) = By [p(y | 0,€)] is the marginal distribution of the outcome under the model.

Expected information gain and expected relative entropy. As we saw, the difference
between the prior and posterior entropies does not equal the relative entropy, 1Gy(§,y) #

KL(p(81&,y) || p(0)). If we take expectation with respect to p(y|{) in both sides of Equa-

tion (|1.31)):

Epy| o) [1Go(&: )] = Epgy o) [KL0(O €, ) [ p(0))] + Epiy ey [HIp(0)] — Hp(0] &, y) | (0)]]
(1.33)

Expanding the entropy and cross-entropy in the second expectation, and using the fact that

under our model p(y | §)p(0]&,y) = p(@)p(y10,¢)

Epiyle) [Hp(O)] = H[p(0|£,9) | P(O)]] = Epy | e)p(0] e 108 2(0)] — Epy | e)p(0y[log p(0)]  (1.34)
= Epopp(y 0.9 108 P(0)] = Epy | e)p(o)[log p(0)]  (1.35)
= Eyp)[log p(6)] — Epg)[log p(0)] = 0. (1.36)
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In other words

as required.

Expected information gain and mutual information. Again using the fact that under

our model p(y | §)p(0]&,y) = p(0)p(y|0,§), we can re-write the EIG as follows:

EIGo(&) = Epy ¢ [1Go(&,9)] = H[p()] = Epqy ) [HP(O] €, 9)]] (1.38)
= Ep(y|e)p(0) 6,9 [l0g p(0 €, y)] — Epg) [log p(0)] (1.39)
= Ep0)p(y|0.¢) logp(0 &, y)] — Epg) [log p(0)] (1.40)
= Epwole) [10% Im} (1.41)
— 1(0;Y | &). (1.42)

In other words, the EIG of a design £ equals the mutual information (MI) between the parameters
f and the outcome y under the design £. The next proposition formalises the various equivalent

formulations of the expected information gain.

Proposition 1.19 (Equivalent EIG formulations). The expected information gain can be ex-

pressed as
EIGy(€) = Epy ) [1Go(&,y)]  Definition (1.43)
=B,y 6 [KL(p(O 1€, y) | p(0))] expected KL formulation (1.44)
0
=1(6;Y &) =Eppy¢) [log m] mutual information (1.45)
=H[O] - H[O|Y,{] =Ey@y|e) [log p(i‘(;y)} posterior formulation (1.46)
=H[Y [£] - H[Y |©,&] =Epgy|e) [log W] likelihood formulation  (1.47)
= H[O|+ H[Y |£{] — H[Y,©|,]  joint entropy formulation (1.48)

Proof. The expected KL formulation was derived in Equation ((1.37). The conditional entropy
and joint entropy formulations follow directly from Proposition ((1.12)) (to keep the notation

consistent, we are denoting the random variables in capitals). ]

Remark 1.20 (Non-negativity of the EIG). Since the EIG is equivalent to a mutual information,
we have ElGy(&) > 0 with equality if and only if 0 and y | & are independent.
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Remark 1.21 (EIG and conditional MI). The EIG is not a conditional mutual information.
Recall that conditional mutual information (Deﬁmtion quantifies the amount of information
shared between two random wvariables conditioned on a third random variable. The conditional
mutual information is an expectation over the joint distribution of the three random variables.
In contrast, the EIG (Definition whilst involving conditioning, is the mutual information
between the parameters 0 and the outcomes y given a specific, fixed experimental design &, not
averaged over a distribution of £. It is an expectation over the joint distribution of the two

random variables, conditional on the design p(y, 6 ]¢).

Remark 1.22 (EIG and BALD). The likelihood formulation of Equation 1s known as
Bayesian Active Learning by Disagreement (BALD, Houlsby et al., |2011)) in the Bayesian active

learning literature.

Decision-theoretic design criteria

Whilst the EIG is the predominant criterion for design selection within the Bayesian experimental
design framework (Foster], |2021; Rainforth et al.; [2024), alternative choices are also possible.
Lindley| (1972)) expanded upon the EIG criterion by developing a more general decision-theoretic
approach that allows for the optimisation of an arbitrary wtility function. The general recipe for
optimising designs starts with a utility function that maps 6, designs &, and outcomes y to real
numbers, u : 6,&,y — R. This function assigns a utility to the design-outcome pair (&, y) under
the assumption that 6 is the true parameter. Averaging over all possible parameters gives the

expected utility for a given design-outcome pair (£, y):
U(é.vy) = Ep(9|§,y) [U(Q,ﬁ,y)] (149)
Averaging over all possible outcomes then gives a design criterion that can be optimised:

U(€) = Epgy ) [U(E )] (1.50)

The EIG criterion is a specific instance within this more general framework, and can be derived
by setting the utility function u to the log-ratio of the posterior and prior densities, which then

gives an expected utility U equal to the relative entropy (KL divergence) between posterior and

prior, as seen in Equation ([1.37)):
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e PU1EY)
u(®,€,y) =1 870

U(&y) = KL(p(0[& ) [ p(0)) U(§) = EIGg(¢) (1.51)
This decision-theoretic framework enables the integration of highly specific objectives by select-
ing appropriate utility functions tailored to particular problems. However, developing suitable
and robust utility functions presents considerable challenges. This difficulty contributes to the
prevalent use of EIG as a design criterion. EIG is favoured not only for its simplicity and
convenient mathematical properties but also because it consistently yields effective designs in

practical applications.

Despite its appealing mathematical characteristics, the EIG has its drawbacks—it is notori-
ously difficult to estimate and optimise, especially in cases involving complex models with high-

dimensional parameter and design spaces.
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1.3 Literature review: Computational methods for BED

In this section, we review existing computational methods for estimating and optimising EIG,
a central mathematical object in BED. The primary challenge in working with EIG is its dou-
bly intractable nature (Rainforth et al., 2018; [Zheng et al., |2018), a complexity that persists
regardless of the formulation used (Proposition . The term “doubly intractable” refers to

the presence of two levels of computational intractability:

1. Outer level. This involves computing an integral (expectation) over a function of some
quantity. This expectation is difficult to compute due to the integration over complex
distributions that are not straightforward to handle analytically. Standard Monte Carlo

methods can be applied, but only when the inner quantity is tractable.

2. Inner level. The function within the integral depends on quantities that are them-

selves intractable and cannot be to computed analytically—either the posterior distribu-

tion p(#|&,y) (in [1.43] [1.44] and [1.46)), or the Bayesian marginal distribution p(y|¢) (in
[[.45] [[.47 and [[.45).

This means that estimating it for any given design £ poses a significant challenge, which in turn
makes the optimisation task of finding the optimal design £* = argmax¢ EIGg(&) even more
computationally demanding. Initially, we focus on computational methods for single experiments
before considering the additional complexities introduced by multiple experiments in a non-

adaptive or adaptive manner.

1.3.1 EIG estimation

Although all EIG formulations from Proposition (1.19)) are doubly intractable, some might be

easier to work with, depending on the problem at hand, and assumptions we are willing to make.

Sample-based approaches

One possible approach is to use Monte Carlo to approximate the unknown distribution in the

inner loop—the Bayesian marginal p(y | &), or the posterior p(6|&,y).

Nested (double-loop) Monte Carlo. Starting with the likelihood formulation from Equa-
tion ((1.47)), we can employ a nested Monte Carlo (NMC), also known as double-loop Monte

Carlo (DLMC), estimator, using L samples to approximate the Bayesian marginal and N for
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the outer expectation

p(yn ’ Hn,Ov 5)

EIG(¢) m UNMC (& L) = Ky log : (1.52)
’ 7 31 PYn | Ot €)
Its finite-sample Monte Carlo estimator then is:
BIG(E) ~UMMO(E N, L) = Z P(Yn | 00, ) (1.53)
N b

n=1 LZE 1p<yn’0néa )

where we sample 6,0 ~ p(6), yn ~ p(y|0n,0,&) and 0, ¢ ~ p(f). This estimator has been widely
studied and applied in the context of BED (Hamada et al., 2001; |Cook et al., [2008; Ryan et al.,
2014; Beck et al., [2018; Rainforth et al.| 2018, among others).

However, this estimator has several limitations, including:

1. Bias: the estimator is biased (in fact it constitutes a lower bound). It is, however, consis-

tent, i.e. INMC(&; N, L) — EIG(¢) as N, L — co.

2. Slow convergence: its computational cost is O(NL), has an RMSE convergence rate
O(N~Y2 4 L1, and overall rate O(T~/3) when choosing L o v/N, which is asymptoti-
cally optimal (Rainforth et al.| 2018).

3. Numerical instability: The estimate of the Bayesian marginal distribution may suffer
from arithmetic underflow if all likelihoods are exceedingly small, leading to a numerically

zero denominator.

4. Requires analytic likelihood: to compute Equation (1.52)) we need to be able to evaluate

the likelihood, making the estimator unsuitable for implicit models.

Monte Carlo with Laplace approximation. Rather than approximating the Bayesian
marginal, Monte Carlo with Laplace approximation (MCLA) approximates posterior distri-
bution p(0]&,y) analytically using a Gaussian centered at the maximum a posteriori (MAP)
estimate, é, and covariance, f](é), given by the inverse of the Hessian matrix at that MAP
estimate (Papadimitriou, 2004; |Long et al., 2013, |2015; Beck et al., |2018, among others). |Beck
et al.| (2018) derive the following MCLA estimator:

I, (€) ~ TMOLA (g, N) = — i <—1log (2m) det(£(6,))) — & ~ log p(8 )) (1.54)
) N — 2 n 2 n )
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where 6,, ~ p(6). This method relies on an analytic likelihood and prior and further assumes that
the posterior is Gaussian. Due to this strong assumption, MCLA tends to introduce significant

bias and does not provide an asymptotically consistent estimator.

Nested Monte Carlo with Importance Sampling. To enhance the Nested Monte Carlo
(NMC) approach and address some of its inherent limitations, particularly numerical stability
and bias, incorporating importance sampling offers a viable solution. This method, referred to
as Nested Monte Carlo with Importance Sampling (NMCIS), leverages an approximation ¢(6)
to the posterior p(f|€&,y), to guide the sampling process for a better estimate of the Bayesian

marginal:

_ _ p(®)p(y 0, ¢) 1~ p00)p(y 1 606,6)
o1 = [ ooyl 0.0 = [ o) 2Ty Z—ww )

which then gives the following EIG estimator:

N
1 yn ’ 971 07 )
EIGg(€) = I"™CBS (¢, N, L) .= — log , (1.56)
N; 126 1wn€p(yn|9n€7 )

where w,, ¢ = zgg”’g are the importance weights, 6, 0 ~ p(6), yn ~ p(y|6n,0,€) and b, ¢ ~ q(0).

One practical choice for the proposal ¢(#) is the Laplace approximation of the posterior discussed
above, q(0) = N (é, ﬁ](é)) The statistical properties for this estimator, including its optimal
settings, have been thoroughly studied, for example, in Beck et al.| (2018).

Remark 1.23 (Analytic likelihood assumption). Generally, all the sample-based approaches
require the likelthood function to be analytic. When this is not the case, the typical workflow
involves approximating the likelihood function as a separate step (e.g. |Huan and Marzoukl (2015)

use a polynomial chaos surrogate) then applying the chosen sample-based estimator.

Variational approaches

In recent years, variational methods utilising neural network-based estimators have gained in-
creasing popularity in the field of Bayesian experimental design. This is largely due to their
ability to effectively approximate complex distributions, a capability that has been greatly en-
hanced by advancements in machine learning and deep learning techniques (Foster et al., [2019;

Kleinegesse and Gutmann, [2020; |Foster et al., [2020; Kleinegesse and Gutmann, 2021)).

Variational estimators produce functional approximations to one or more of the densities in-
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volved in the computation of the EIG. By removing the inner level of intractability, variational
approaches achieve a convergence rate of (’)(Tfl/ 2), which is the same as conventional Monte
Carlo estimators (Foster et al.l [2019). However, this comes at the cost of introducing some bias.
The good news is that these estimators often provide a lower or upper bound on the true EIG,

allowing us to effectively sandwich it.

Although variational estimators introduce bias, there are ways to mitigate this issue. Sufficiently
powerful approximators can minimise the magnitude of the bias. Moreover, hybrid approaches
that integrate techniques like importance sampling can further reduce bias and, in some cases,
even guarantee asymptotic consistency. Table provides a summary of the variational esti-

mators discussed below, along with their statistical properties.

Variational posterior. Suppose we approximate the mapping y — p(6|&,y) using a varia-
tional posterior g,(6 |y, &) and use it in place of the true one posterior in Equation (1.46). This

gives us a variational lower bound on the EIG (simple corollary of Gibbs inequality :

0l1-e) (L57)

OS q
EIGo(€) > LP(€, ap) = Epop(y|0,) [log ) p(9)
which is tight if and only if ¢,(0 | y,§) = p(0 |y, &). The corresponding Monte Carlo estimator is

N
LPU(E, gp) ~ LP(E, qpi N) = s > log 4y (On | yn, )
N p(0n)

n=1

On ~ (), yn ~ p(y10n, &)  (1.58)

This bound was fist introduced in the context of BED by [Foster et al.| (2019). It has been
previously used for mutual information estimation (Barber and Agakov, 2003) and is also known
as the Barber-Agakov (BA) bound. Note that this bound requires us to be able to evaluate the

prior density only, i.e. it is applicable to models with implicit likelihood functions.

Remark 1.24 (Analytic prior assumption). The variational posterior estimator equals the neg-
ative cross-entropy @ between the joint and the approximate posterior, upto an additive con-
stant, i.e. LPY(E q,) = —H (p(0,y &) || @ (On | yn,€)) + const. Therefore, if we are only inter-
ested in ranking designs (as opposed to their exact EIG), the analytic evaluation of the prior is

actually not necessary.

Variational marginal. Instead of approximating the posterior, we could learn ¢,,,(.| &) : y —

p(y] &), a variational approximation of the marginal likelihood. Using it in place of the true one
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in Equation (|1.47)) yields a variational upper bound on the EIG

mar, 97
EIGy(&) U™ B (&, qm) = Epo)p(y|0,6) [log W] 7 (1.59)

which is tight if and only if ¢,,,(y| &) = p(y|£). The corresponding Monte Carlo estimator is

N

~ n 077,7
L™S(E, ) LS, gt V) = 1 D log qy z’/ ‘ 5) B~ D(60), g ~ Py | 0y €). (1.60)
el 'm \Yn

In the context of BED, the variational marginal estimator was proposed in [Foster et al.| (2019).
Note that it is related to the NMC (DLMC) estimator (1.52)), in that it provides a direct,
closed-form approximation to the sampling-based sum in the denominator, i.e. ¢n(y|&) =~
%Zle p(y|0e,€), 6 ~ p(0y). As with the NMC, this bound requires an explicit likelihood

function.

Remark 1.25 (NMC gives an upper bound). Although it does not give an analytic approzima-
tion, setting qm(y|&) = %ZZLZI p(y]0e, &) is a valid choice, meaning that the NMC' estimator

also constitutes an upper bound to the FIG.

Variational marginal and likelihood. The variational marginal estimator can be easily
modified to also accommodate implicit likelihood models. This involves introducing an additional
density, q;(y | 6, &), that serves as a surrogate for the unknown likelihood, leading to the following

approximation

m 0,§
EIGo(€) ~ 7™ (&, a0, am) = Epayp(y| 0,6) [bg %] : (1.61)

and a corresponding finite-sample Monte Carlo estimator:

7 n ena
L7 6 1) = 27 €t ) = 3 o g LB g 0). 0~ 0l 100,6)

n=1

(1.62)

The estimator was proposed in |Foster et al| (2019) and does not form an upper, nor a lower
bound on the EIG. The main advantage of this estimator is that it only requires samples from the
prior distribution p(f) and the observation model p(y|6,§), therefore accommodating models
where these distributions are only implicitly defined. This means that both of these densities
can be implicitly defined, allowing for greater flexibility of the underlying models. However,

since 7™ is not an upper or a lower bound, quantifying its bias and evaluating the overall
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reliability of its estimates can be particularly challenging. In particular, the estimator is not

guaranteed to be consistent, and generally remains biased.

Variational nested Monte Carlo (VNMC). Recall that NMCIS uses a proposal ¢(6)
to better approximate the Bayesian marginal distribution, with traditional approaches using a
Laplace approximation (as in Beck et all 2018, , for example). We could instead learn such a
more flexible proposal distribution ¢, (0 |y, ), and (hopefully better) approximate the marginal

in a similar manner:

_ _ KO 10.6) o~ (00p(y|06:8)
sl ) = [ 201ty 06900 = [ 0,00, " 0L Z o) (163

The variational NMC estimator (VNMC) estimator, proposed by [Foster et al.| (2019), forms a

variational upper bound on the EIG and is given by:

Py |90’ ) (1.64)

EIGg(€) <UY™C(E qu3 L) = Epao)p(y | 00.6)q0 (01,1 | 9.6) |108 7 )
b i Bt

Its corresponding finite-sample MC estimator is:

N
(VNMC o ~ 1VNMC qv; N, L) P (Wn [ On0, ) > ) 1.65
(5 q ) (é. z:l ( L 25:1 wn,ﬁp(yn | en,Za f) ( )

p(gn,f)
Q(gn,ﬁ | gvyn)

v (0] &, yn). The bound can generally be tightened in two ways: either by letting L — oo or

where wy, ., = are the importance weights, 0,0 ~ p(8),yn ~ (Y |0n0,8),0ne ~
if ¢u(0|yn,&) = p(0|yn,&) for any L > 1. What this means is that in addition to asymptotic
consistency, the finite sample estimator IVNMC (ffers lower bias than the traditional NMC for
the same number of inner samples L, as long as g, approximates the posterior better than the

prior. Note that VNMC requires an explicit likelihood function as well as an explicit prior.

Adaptive Contrastive Estimation (ACE). |Foster et al.|(2020]) propose a simple modifica-
tion of the VNMC estimator ([1.64]) that turns it into a variational lower bound. This is achieved
by incorporating the initial sample used in the numerator p(y | 6o, §) into the denominator, ef-

fectively overestimating the marginal p(y | £) and thereby creating a lower bound:

p(y 6o, §)

p(00)p(y | 0¢,6)
T Zt=0 "5 e

EIGg(€) = L2P(&, ¢; L) = Epa)p(y | 60.6)a(6r.1, 196 |108 (1.66)
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Its corresponding finite-sample MC estimator is given by

0n,0,€)
£ACE(E g L) ~ LA (g, iV, 1) T
N nZ:l L+1 Ze 0 Wn Zp(yn ‘ en 2 )

P y are the importance weights, 0,0 ~ p(6), yn ~ p(y | 0n,0,&), and by, ¢ ~

Where wn’m = Q(Gn,é |§7yn

(0] &, yn). The term “contrastive” in ACE refers to the use of samples 6.7, which serve as
contrasts or negative samples to the “primary” or positive sample #p—despite originating from
the same distribution, these contrastive samples did not generate the observed y ~ p(y | 8o, ).
The “adaptive” part stems from the fact that the proposal distribution ¢(6 |y, &) can depend on

(or be adapted to) the value of the design-outcome pair (£, y).

Similar to VNMC, the ACE bound can be tightened in two ways: in the limit as L — oo or
for any L > 1if q(0]y,&) = p(0|y,&). Thus, LACF is asymptotically consistent and its finite
MC estimator, LACE tends to exhibit low bias as long as q reasonably approximates the true
posterior. Note that the ACE bound requires an explicit likelihood function as well as an explicit

prior.

Prior Contrastive Estimation (PCE). Choosing the prior as a proposal, i.e. setting
q(0]y,&) = p(#) gives a much simpler, albeit inherently less powerful, lower bound on the

EIG:

p (y ‘ 007 g)
T S0P (y]60,€)

EIGy(€) > LY(& L) = Epoq)py | 00.0)p(61.0) | 108 (1.68)
The bound is tight in the limit L. — oo, meaning that the estimator is asymptotically consistent.
Its corresponding finite-sample Monte Carlo estimator is given by

N

A 1 p(yn |9n 075)
LPCE(é;L) A LPCE(f;N, L)=— log d , (1.69)
N nz::l %ﬂ Zf:o p(yn ‘ en,éy g)

where 6, ¢ ~ p(0),yn ~ p(y | bn0,§). Foster et al.|(2020)) propose this as a simpler alternative to
the ACE bound ([L.66)), referring to it as the “prior” contrastive estimator (PCE) due to the use
of the prior as the proposal distribution. The PCE is the the lower bound counterpart to the
NMC estimator —the two are identical, except for the inclusion of the “primary” sample
in the estimation of the Bayesian marginal distribution in the denominator. Note that the PCE

bound requires only an explicit likelihood function, i.e. the prior can be implicit.

Remark 1.26 (PCE is sample-based). The PCE bound does not actually make any variational
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approzimations. Since it was proposed as a special case of the ACE bound and has mainly been

discussed in the context of variational BED, we include it here.

Likelihood-free ACE. For cases when the likelihood is not available in closed form, [Foster
et al.| (2020]) propose a likelihood-free version of the ACE bound. LF-ACE introduces a function,
called a critic, that maps parameters and outcomes to real numbers U : 6,y — R. The bound

holds for any such U and is given by:

exp(U(0o,))
1 ZL p(Be) exp(U(0¢,9))
L+1 24£=0

EIGg(&) > LY A€, q,Us L) = Epoy)p(y | 60.6)a(01.1 | .€) | 108

a(0¢ 1y,€)

(1.70)

The finite-sample Monte Carlo estimator is given by:

1 ¢ U(On,0,yn)
-A ~LF-A . 05
ELF CE QELF CE(&?Q) Ua N7 L) = Nzlog 1 L - Un9 ’ (171>
n=1 1 2 t=0 Wn,tU (On,e, yn)

where wy, o = % are the importance weights, 0, 0 ~ p(0),yn ~ p(y|6n0,§), and 6, o ~

(0] &, yn). The bound can be tightened only for the optimal critic, which is equal to the
likelihood upto an additive term, i.e. U*(0,y) = p(y|0,&) + c(y), where c(y) is an arbitrary
function of the outcome. With the optimal critic, the bound can be tightened in two ways: in
the limit as L — oo or for any L > 1if ¢(0|y,&) = p(0]y,§). Note that LF-ACE requires an

explicit prior.

InfoNCE. We can simplify the LF-ACE bound by choosing q(0 |y, &) = p(#), which gives the

InfoNCE bound popular in the representation learning literature (van den Oord et al., 2018)

U(H()a y)
EIG(¢) > LMONE(E U L) = Epa0)pty | 60.6)p(01.) |108 : (1.72)
p\bo )Py | Vo p\b1.L %Hzéon(eg’y)
Its corresponding finite-sample Monte Carlo estimator is given by
1 & U (0.0, Yn)
EInfoNCE(g, U, L) ~ EInfoNCE(& U;N,L) = ¥ Zlog n,0> Yn ’ (1.73)

L
=2 o UBneyn)

where 6, 4 s P(0),yn ~ p(y|bno,&). As before, the optimal critic is U*(0,y) = p(y |0, &) + c(y),

with ¢ being an arbitrary function that doesn’t depends on 6.

Compared to the LF-ACE, an advantage of the InfoNCE is that it does not require an analytic
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prior, so it is completely distribution-free. A disadvantage is that the bound can be tightened
only asymptotically as L — oo and for the optimal critic U*. Additionally, the bound cannot
exceed log(L + 1) (Poole et al., |2019), meaning that LfoNCE ¢an exhibit significant bias when

estimating large EIGs or when using small number of inner samples L.

NWJ. [Kleinegesse and Gutmann| (2020) were the first to adapt the NWJ lower bound (Nguyen
et al., [2010) for BED. Similar to the InfoNCE lower bound, NWJ is completely distribution-free
and has been effectively used in representation learning contexts (Belghazi et al., 2018]). For any

critic function U : 0,y — R, the NWJ bound is given by

1
EIGg (5) > 'CNWJ (67 U) = Ep(@)p(y 16,€) [U(97 y)] - ng(é‘)p(y | €) [exp(U(Q, y))] (174)

The corresponding finite-sample Monte Carlo estimator for this bound is

N
. 1 11
Ve U) = LG U N M) = Y U (Onsyn) =~ 57 D exp(U(Omoym)),  (175)
n=1

where 0, ~ p(0),yn ~ p(y|0n,§),0m ~ p(@), and y,, ~ p(y|60,&). The bound is tight for the

optimal critic U*(0,y) = log p;?(yl |€§) + 1. This means that the finite sample estimator £LNWY is

unbiased when using this optimal critic. Although this estimator is generally not guaranteed

to be consistent—since there is no guarantee that we find the optimal critic U*—the NWJ
estimator should exhibit lower bias (particularly if we allow sufficiently flexible family of critics

U).

Remark 1.27. The NWJ bound (Nguyen et al., |2010) is a bound on a KL-divergence between
two distributions and as such is more general-purpose than the InfoNCE (van den Oord et al.,

2018), which is a bound on the mutual information.

Choosing an estimator

Selecting an appropriate variational EIG estimator is largely driven by the specific application.

This subsection outlines some of the key considerations.

1. Model complexity and availability of analytic densities. This is perhaps the most
important factor. If our Bayesian model has an analytic prior and likelihood, estimators
like the ACE or its upper bound counterpart VNMC, might be preferred as they provide

consistent and low-bias estimates. If the prior is not available in closed form (this is usually
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Implicit Implicit

Estimator Eq Bound Consistent Bias likelihood  prior
LPSY(E q) 1.57)  Lower X High v X
UE(E, q) 1.59)  Upper X High X v
I™(E qu, qm) 1.61 NA X High v v
UVNMC (¢ ) 1.64) Upper v Low X X
UNMC(¢) 1.52)  Upper v Low X v
LACE(E ¢, L) 1.66) Lower v Low X X
LPCE(E L) 1.68))  Lower v High X v
LUF-ACE(¢ o U L) (1.70)  Lower v Low v X
LNCE (¢ 17 L) 1.72)  Lower X High v v
LNWVI(¢ ) 1.74)  Lower X Low(er) v v

Table 1.1: Overview of variational estimators of the Expected Information Gain
(EIG), EIGg(¢) (1.32). We assume generative model p(6,y | &) that factorizes as a prior over
parameters # and an observation likelihood, i.e. p(8)p(y |6, €) as given. Here, & € R? represents
the design variables over which we wish to optimize. The various estimators may additionally
optimize over paratmeterised densities, denoted by ¢, and/or a function U mapping parameters
and outcomes to real numbers, U : 8 x y — R. L € N, is a fixed hyper-parameter that we
generally don’t optimize over; unless the bound is already tight, increasing L leads to a tighter

bound.

the case if we've already done one round of experiments and our posterior becomes the new
prior, more details in . If a distribution-free approach is required, the options are
generally not great, as all estimators require exponential sample complexity. The InfoNCE
estimator is generally easier to work with due to its lower variance, but the NWJ estimator

leads to somewhat lower bias.

2. Bias and consistency. As discussed, it is generally difficult to obtain unbiased EIG
estimators. However, employing sandwich bounds where possible, such as combining ACE
and VNMC or PCE and NMC, can effectively provide a comprehensive view of potential

biases with no additional computational overhead.

3. Computational resources. Estimators that require a higher number of samples, such as
NMC/PCE, may offer tighter, asymptotically consistent estimates, but as discussed, their
convergence rate is slow. These estimators are suitable for situations where computational
resources (during the experiments itself) are adequate and where the precision of the
estimate is important. Variational estimators, such as variational marginal or variational

posterior, converge at the regular MC rate. However, they usually introduce a bias and
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may require substantial computational resources to accurately learn the density (which,

however, can be done offline, before the experiment itself).

A summary of assumptions and properties of these estimators can be found in Table

1.3.2 EIG optimisation

Having efficient estimators of the EIG is crucial but not sufficient to identify optimal designs;
optimising EIG is equally essential. Traditionally, the estimation and optimisation of the EIG
have been treated as two distinct, separate problems. This separation has often led to using
gradient-free optimisation methods to tackle the inherent intractability of EIG. Examples include
simple approaches like grid and enumeration (Han and Chaloner, 2004; van den Berg et al., 2003;
Ryan, [2003)), evolutionary algorithms (Hamada et al., 2001} |Price et al., 2018), and Gaussian
process surrogates (Overstall and McGree, |2020) and Bayesian optimisation (Kleinegesse and

Gutmann, 2018} von Kiigelgen et al., 2019; [Foster et al., [2019).

Dividing the BED problem into two separate stages, estimation and optimisation, can sometimes
be advantageous, as it allows for the independent modification and enhancement of each phase.
However, this approach often leads to inefficiencies, as it can result in excessive computational
effort being spent on precisely estimating the EIG for designs that are ultimately suboptimal.
Moreover, gradient-free optimisation methods, which are often employed in the two-stage ap-
proach, do not scale well with increasing dimensionality, making them a poor choice for complex

models with high-dimensional parameter and design spaces.

In response to these challenges, recent advancements have shifted towards more scalable gradient-
based methods that jointly estimate and optimise variational lower bounds on the EIG (Foster
et al.| 2020} [Kleinegesse and Gutmann), 2020}, [Foster et al.l [2021}; Ivanova et al.| 2021} |Blau et al.,
2022). These methods simultaneously learn the variational densities ¢ or functions U while
optimising the design, thereby avoiding the inefficiencies associated with the two-stage approach.
In this subsection, we review the key components required for the joint gradient-based estimation
and optimisation of variational EIG bounds: the parameterisation of variational families and

the reparameterisation trick.

Parameterising variational distributions

The variational EIG estimators, summarised in Table require us to define a variational family

Q and find the ¢ that will optimise the bound. Finding the optimal ¢ is crucial for obtaining a
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5 ‘ ‘ Figure 1.5: Joint EIG estimation and opti-
— EIGy(¢) misation. The true EIG (solid red line) and its
p - L ¢) corresponding lower bound (dashed blue line) as
functions of the design £. By maximising the vari-
ational lower bound L(&, ¢) simultaneously with
respect to & and the variational parameters ¢, we
focus computational resources on the parts of the
design space that are most promising. Specifi-
cally, the lower bound is relatively tight near the
maximum of the true EIG, achieved at z = 1,
w w w w L ensuring that computational resources are not
wasted on suboptimal designs.

Expected information gain

Design parameter, &

tighter lower bound on the true EIG, which in turn leads to more effective optimisation of the
design variables £. The variational family should be expressive enough to closely approximate the
true distribution whilst remaining tractable for optimisation. Here, we briefly discuss possible
parameterisations for ¢ € Q, where ¢ can represent a variational approximation to a variational
approximation to a posterior ¢(f | y,&), a marginal ¢(y | £), or a likelihood ¢(y | 0,£). We

generalise these cases as ¢(- | D), with D represents the respective combinations of 6, y, and &.

Assuming that 6 € Rd, a common choice for @ is a multivariate diagonal Gaussian distribution
with parameters ¢ = (u,diag(c?)). Here the parameters ¢ parameterise the variational family

Q. Often referred to as mean-field VI, this can be expressed as

46(-|D) = N (s p, ding(0?)) (1.76)

This choice of variational family is suitable if we expect the true distribution p(- | D) to have
approximately normally distributed and uncorrelated components. However, mean-field VI may
struggle to capture complex more complex distributions (e.g. multimodal) or correlations be-
tween the components, which can limit the quality of the EIG estimates and the effectiveness of

the optimisation process.

It is important to note that different variational distributions ¢ need to be learned for different
D. To improve efficiency and enable sharing of information across different D, we can employ
amortised variational inference (Kingma and Welling, [2014; Gershman and Goodman, 2014). In
this approach, instead of using fixed constants for the parameters of the variational distribution,
we learn functions (D) and o(D). We parameterise these by neural networks, so the variational

distribution can be written as
qs(-| D) = N (NN, (D), diag(NNy,(D))) ¢ = (¢1, ¢2). (1.77)
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As before, the variational family O is parameterised by the neural network parameters ¢. By
leveraging neural networks to learn a mapping from data to the parameters of the variational
distribution, amortised variational inference allows us to learn a function that maps data to
distributions, rather than fitting a separate posterior for each individual dataset. This weight-
sharing approach can significantly improve the efficiency of the optimisation process, as the
learned mapping can be reused for different datasets without the need to learn a new variational

distribution from scratch.

For more flexible ways to parametrise Q, one might consider employing more expressive families,
for example, full covariance Gaussian distributions. Another popular approach is Normalizing
flows (Rezende and Mohamed, 2015)), which are a class of invertible transformations, parame-
terised by (invertible) neural networks, that are used to transform a simple base distribution,
such as a standard normal, into a more complex target distribution. By conditioning the param-
eters of the normalizing flow on the input data D, we can learn a highly flexible and expressive
variational families. This class of models, known as conditional normalizing flows (Winkler
et al., 2019 |Ardizzone et al., 2019)), have been successfully employed in the context of amortised
neural likelihood and/or posterior estimation (Radev et al., [2020; [Papamakarios et al., 2021}

Radev et al., [2023).

Once we have selected a variational family we can use stochastic gradient ascent to learn (near)

optimal parameter values ¢*. The details of this procedure are discussed in the next subsection.

Remark 1.28 (Optimising critics). Some of the variational bounds on EIG, such as the In-
foNCE and NWJ , iwvolve a critic function U : 0,y — R instead of variational
distributions. This critic is typically unnormalised and can be viewed as a learnable discrimi-
nator that distinguish between samples from the joint distribution p(0,y|&) and the product of
marginals p(0)p(y | ). Similar to the variational parameters, we parameterise the critic with a
neural network with parameters ¢ and optimise Uy jointly along with the designs and potentially

other variational distributions using gradient-based methods.

Stochastic optimisation and the reparameterisation trick

We provide the generic recipe for optimising the variational EIG estimators (Table using
stochastic gradient ascent (SGA) schemes (Robbins and Monro, [1951)).

The bounds in Table are generally defined as £(£,¢) = Epg) ¢(y.e,010)[9(0,y, &, @)], where £
are the designs and ¢ are neural network parameters of variational families or critics; for NMC

of Equation (|1.52) and PCE of Equation (|1.68)) we have ¢ = @. The function f is stochastic
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and simulates the outcome y; the function g varies across different bounds and may involve

known densities, variational densities and/or critics. For example, for the InfoNCE bound in

Equation (1.72), we have:

f(y,6,010) = p(y[0,6)p(01. | y) (1.78)

0y, 6) =1
9(0,y,€,9) Ogﬁzle(y¢(ae,y)+U¢(9,y))

(1.79)

As usual, we estimate L(,¢) using a finite N-sample Monte Carlo estimator, denoted as
L(E ¢ N):

1 N

L(&0) = L& & N) =5 > 905,90, &,0), where 0~ p(0),y; ~ f(4,£,010).  (1.80)

n=1

To optimise L(, ¢), we need to compute its gradient Ve 4 L(€, @) = Ve sEp9) r(y.¢,6 | 6) [9(0,y,&, &)],
accounting for the fact that the parameters over which we optimise appear in the distributions
with respect to which expectations are taken. To deal with this issue we apply the reparameter-
isation trick (Mohamed and Rezende| 2015; Rezende et al., |2014; Kingma and Welling, 2014]),

also known as the law of the unconscious statistician among (conscious) statisticians.

The reparameterisation trick involves introducing a new random variable € ~ p(€) with a fixed
distribution, e.g. a standard normal, and defining a deterministic transformation T'(e, &, ¢)
that maps € to the desired distribution of y. When this is possible the variable y is called
reparametrisable (most continuous distributions are reparametrisable). This allows us to rewrite

the loss function in terms of an expectation that does not depend on the optmisisable parameters

£(§a¢) = IEp(@)p(e) [9(97T(67£7¢)7§7¢)]' (181)

We can then freely swap the order of the expectation and the gradient operators and obtain an

unbiased estimate of the expectation using a simple Monte Carlo:
vf,¢£(§7 (b) = Ep(e)p(e) [v£,¢g(67 T(67 57 ¢)7 57 (b)] ~ v§:¢ﬁ(§7 ¢7 N) (182)

Standard stochastic optimisation schemes, such as Adam (Kingma and Ba, [2014) or AdamW
(Loshchilov and Hutter, [2017)), can be employed to find £*, ¢* ~ arg max¢ 4 L(&, ¢). Our optimal
design is £* and an N-sample estimate of the EIG it achieves is given by E({*, ¢*; N) ~ EIGg(&").

Remark 1.29 (Reparameterisation in practice). Reparametrisation is handled automatically
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Non-adaptive design Adaptive design

‘ Design T' experiments ‘ Design ’

l (T iterations)

‘ Observe ’

‘ Observe T outcomes

(. J (. J

(a) Non-adaptive, static, batch or open-loop (b) Adaptive, sequential or closed loop

Figure 1.6: The two classes of design strategies for multiple experiments.

in modern auto-differentiation software and deep learning frameworks such as PyTorch (Paszke
et all |2019) or TensorFlow (Abadi et al., |2016). In practice this means that as long as a
distribution is reparametrisable (e.g. in PyTorch torch.distributions.<D>.has_rsample is
True), there is no need to manually find and implement the transformation T, as all necessary

computations are handled internally.

1.3.3 Multiple experiments

Throughout our discussion so far, we focused on designing a single experiment, denoted by £ to
learn about the parameters 6 in a Bayesian model p(8)p(y |6,&). However, in many cases, we
need to conduct multiple experiments in order to gather sufficient information or data. There are

two main approaches to designing these multiple experiments: static and sequential (Figure|[L.6)).

In the static approach, also known as batch or open-loop approach, all of the experiments are
designed and conducted in parallel at once. This means that each experiment is planned indepen-
dently of the others. In contrast, the sequential approach, also known as adaptive or closed-loop
approach, involves designing and conducting experiments in a dynamic, iterative manner. In this
approach, the results of each experiment are used to inform the design of the next experiment,
allowing the experimenter to adapt to new information and optimise the experiments over time.
This approach allows for more efficient use of resources and can potentially yield better results

than the static approach.

In this subsection, we consider the scenario where we want to perform 7" experiments with designs
&1, ...,&r. We will refer to the sequence of design-outcome pairs from these T' experiments as

the history, and we will denote it by hy = {(&, vi) ;.
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Live experiment Figure 1.7: Traditional adaptive BED life-
cylce. We obtain the design & by optimising
the expected information gain about the under-
lying model parameters 6, EIGg. An experi-
ment with design & is then conducted to ob-
tain an outcome y;. The pair (&, ;) is added
to the existing data of experimental histories
ht = (&, yt)Uhy—1, with hy = &, and the under-
lying model is updated by fitting the posterior
p(01]hy). This cycle is repeated for T iterations.

T iterations

Update posterior

Observe y;

Non-adaptive experimentation

Instead optimising the expected information gain with respect to a single design, we can define
a vector of designs & = (&1,...,&r), where each element &; represents the design of the i-th
experiment in the batch. We can then estimate and optimise EIGy(£) using any of the methods
described in the previous subsection to obtain an optimal set of designs for the experiments in

the batch.

Once the experiment is completed and we have obtained the experimental history hr, we can

use our favourite Bayesian inference method to obtain the posterior distribution

p(e)p(le ‘ 97 fl:T)
p(yrr | €1r)

p(0|hr) = (1.83)
This posterior distribution represents our updated beliefs about the values of our unknown

parameters of interest, given the information we have obtained from the experiment.

There are scenarios in which static design may be the most appropriate choice for conducting
experiments (Zanette et al., 2021; Matsushima et al., [2020). For instance, static design may
be useful when experiments need to be performed in parallel, such as when multiple agents are
collecting data asynchronously. In addition, static design may be useful when it is impractical
to run adaptive experiments, due to engineering challenges or other limitations. For example,
if an experiment involves a complex physical system that is difficult to control or manipulate, a

static design may be more feasible than an adaptive one.

Often however, static design strategies are selected over adaptive ones due to the computational

cost of traditional sequential BED methods, which we introduce next.
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Traditional adaptive BED

In practice, it is often possible to conduct multiple experiments in sequence rather than in
parallel. In these situations, allowing the design of each experiment & to be influenced by the
t—1
1=

data collected in previous experiment iterations h;—1 = {(&;,v;)};_; can make the experiment

less wasteful and more efficient at gathering useful information.

The traditional approach to designing adaptive experiments is a three-stage procedure illustrated
in Figure To find the current optimal design & we first fit the posterior distribution of the

unknown parameters based on h;_1—the experimental data collected so far

p(O0] he—1) o< p(0)p(y1:4—110, E1:e—1)- (1.84)

In the second stage, we select the optimal experimental design by maximizing the EIG using the

updated posterior distribution as our new prior

& = argmax EIG (¢), (1.85)

p(yt | 07 67 ht—l)

p(ye | €, hi—1) (1.86)

hi_
EIGy"™(€) = Ep(0) he—r)p(ye | 0.6h-1) |108
We refer to EIGS’S*1 as the one-step or incremental EIG. In the third and final step we conduct
an experiment with design & and obtain an outcome ¥;. The design-outcome is added to the

history hy = hi—1 U (&, y¢) and the process repeats.

There are two major limitations with this approach: its myopic nature and significant compu-

tational cost involved.

Computational cost. Estimating the posterior p(f|h) in Equation , and the subse-
quent EIG optimisation in Equation makes it impractical for long sequences of experiments
or scenarios requiring rapid decision-making, such as those involving human participants. Addi-
tionally, even when we employ asymptotically exact inference methods such as HMC, in practice
we only obtain approximate posteriors due to finite computational budget. Even small errors
in these approximations can propagate through the EIG optimisation and ultimately lead to

suboptimal designs.

Myopic nature. This one step ahead greedy or myopic design strategy focuses on optimising
the next best choice of £ without considering the potential impact of future experiments. Efforts

to mitigate this limitation include non-myopic strategies such as those proposed in [Huan and
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Marzouk (2016, which use approximate dynamic programming, or techniques from the field of

Bayesian optimisation (Gonzalez et al., 2016; Jiang et al., 2020). However, these approaches

still rely on posterior approximations and involve significant additional computational costs.

In order to run experiments in (near) real-time, one typically had to either abandon adaptivity
or Bayesian optimality in their experimental design. In Chapters and we will see that
it is actually possible to overcome these issues by learning a design policy upfront, before ex-
perimentation begins. This policy can then be deployed to make design decisions based on the
previously gathered data, avoiding any posterior computations. This policy-based approach will

enable us to make non-myopic design decisions in real time.

Illustrative examples revisited

We revisit the examples from the previous section to demonstrate some applications of actively
acquiring data. We also highlight some of the key challenges that arise when designing adaptive

experiments, and that will be addressed throughout this thesis.

Example 1.30 (BED for a Bayesian linear regression model). Suppose we can choose the values
of all the covariates x, so that our designs § = x. Let = = (&1,...,&N) denote our design matriz

andy = (y1,...,yn) As already established, the posterior is also Gaussian

p(9 ‘ E, Y) _ N(M508t7 Egost)7 ugost _ O’;QEgOStETy and Zzost _ (O'E_QETE + (Egrior)—l)—I‘
(1.87)
Note that the posterior variance matrix does not depend on the outcome vector y. The entropy

of a d-dimensional Gaussian N (z;p,X) is
1 d
H[Z] = 5 log det(X) + 5(1 + log(27)). (1.88)

The EIG of the design matrixz = therefore is:

EIGy(E) = H[p(0)] — Epy =) [H[p(0|Z, y)]] (1.89)
= %log det(Eng) + g(l +1og(27)) — Epry | 2) %log det(Z5°") + g(l + log(2m))

(1.90)

= %log det(Egmr) — %log det(EZoSt). (1.91)

44



a) Prior p(B) b) Posterior p(B|&1, y1) c) Posterior p(6]&2, y2)

% True location (parameter 6) <> Measurement point (design &) .
Low  gignal intensity (outcome y) High

Figure 1.8: Hidden object location finding. The red cross marks the true but unknown
location of the object, €, representing our parameter of interest. Measurement point £ is marked
by a diamond, with its fill colour corresponding to the observed signal intensity. Panel a): The
prior distribution p(f) reflects our initial uncertainty about the location of the object, before
any data is acquired. Panel b): The posterior p(f|£1,y1) after observing y; at measurement
location &; remains similar to the prior, suggesting that the design-outcome pair (&1, y1) provided
limited new information. Panel c¢): The posterior p(é | &2, y2) after observing ys at measurement
location & is significantly narrower, indicating that the acquired design-outcome pair (§2,y2) is
notably more informative. Posteriors estimated with HMC.

Maximizing the EIG is therefore equivalent to minimzing det(EgOSt), so the optimal design is
=* = argmindet(o, 22T = + (257"~ (1.92)

and can be found using standard optimisation techniques.

It s important to note that the model does not benefit from adaptivity, as the optimal design =*
does not depend on the observed outcomes y. Put differently, even if we were to design experi-

ments sequentially, the design at each step would not be influenced by the previous outcomes.

Example 1.31 (BED for hidden object location finding). As previously discussed, the loca-
tion finding model has a simple Gaussian likelthood, but a complicated intractable posterior. We
use this model as a more realistic example, compared to the illustrative one in Figure to
demonstrate how different design choices (in this case measurement location) impacts the in-
formativeness of the data we end up collecting. Figure a) shows the prior distribution p(6),
which reflects our initial uncertainty about the object’s location. The true location of the object,
marked by a red cross and sampled from that prior 0 ~ p(0), is our target for discovery. Ob-
serving a signal intensity y = y1 at this location leads to the posterior shown in Figure b).
This posterior remains similar to the prior, indicating that the data (&1,y1) provides limited
new information. Figure c) shows the posterior distribution after a measurement is taken at

location © = &, which corresponds to the most likely location, according to our prior (and the
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location that mazimises EIG). This posterior is notably narrower and non-Gaussian. The data

(&2,y2) is more informative than (&1,y1), as it reduces uncertainty about 6 more effectively.

Unlike the simple linear regression of the last example (where the optimal designs did not depend
on the observed outcome), we can intuitively that employing an adaptive strategy in choosing
measurement location can be very beneficial. However, performing the posterior updates after
each new measurement is taken will be very computationally costly and, for example, impractical

to do in real time. These challenges are addressed in Chapter {3

Example 1.32 (BED for stochastic SIR model). Recall that the Susceptible-Infected-Recovered
(SIR) model is a widely used epidemiological model that describes the spread of an infectious
disease through a population. In the context of BED, the aim is to estimate these two model
parameters, infection rate 5 and recovery rate vy, by observing state populations Y (1) at particular

measurement times T, which serve as the experimental design variables. The SIR model has been

studied extensively in the context of BED, for example, in |Kleinegesse and Gutmann| (2018);
|Dehideniya et al| (2018); |Kleinegesse et al| (2020). These works highlight the challenges and

complezities involved in working with implicit models. The lack of an analytic likelihood function
makes the problem quite hard as conventional Monte Carlo methods (such as HMC used in the
previous example) are not readily applicable. The core problem of performing quick and adaptive

design decisions with implicit models is addressed in depth in Chapter {3

46



1.4 Beyond parameter learning: Goal-oriented Bayesian experi-

mental design

Conventional Bayesian experimental design chooses designs & that maximise the expected infor-
mation gain EIGy(§) about the parameters 6 of a generative model p(6,y | £). This approach is
equivalent to uniformly minimising the uncertainty of all the components of the parameters 4, as
measured by Shannon entropy. However, in many practical applications, the primary objective
may not be to necessarily reduce uncertainty about all parameters. Instead, the focus might
be on a specific subset of parameters or on a distinct quantity of interest z which is derived
from the parameters, such as z = f,(#). These quantities are often more directly relevant to the

downstream objectives of the experiment, such as decision-making or predictive performance.

To address these needs, goal-oriented BED (Attia et al., 2018, Wu et al.;2021; Zhong et al.| 2024)

shifts the focus towards learning about such quantities of interest (Qol). These Qols may be
deterministic or stochastic functions of the model parameters . To encompass both deterministic
and stochastic Qols, we introduce the notation p(z|6), which represents a proper probability
distribution if f, is stochastic, and a Dirac delta function 6(z — f,(0)) if f. is deterministic. We
assume that the Qol are conditionally independent of the outcomes y given the full set of model

parameters, i.e. p(z|y,0) = p(z|0).

Illustrative examples

Example 1.33 (Nuisance parameters). As another example, suppose that 6 = (Otarget, ), where
n is a set of nuisance parameters, that are of no interest to our learning objectives. In such
cases, the Qol simplifies to z = Otarger. This approach is particularly relevant in causal inference
settings, where we may wish to learn conditional average treatment effects and treat the rest of

the model parameters as nuisance variables.

Example 1.34 ((Contextual) Bayesian optimisation). Bayesian optimisation (BO) (see|SnoeH]
for a review) considers the problem of finding the global mazimiser of an unknown,

expensive to evaluate objective function

¢ = argmax £ (€), (1.93)
Ee=

whish is modelled probabilistically and assigned a prior p(f). We can obtain a (noisy) measure-

ment of [ at a selected point &, i.e. y| f,&~p(y|f(£)).
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We can introduce variables that we cannot control, but affect the outcomesy. We refer to these as
contexts ¢, which can be known in advance or treated as stochastic, coming from some underlying

distribution p(c). The overall data generating process then becomes:

f~p(f) e~ple) ylf,e,&~plylf(§),c) (1.94)

(Contextual) BO can naturally be formulated within the BED framework. The only missing piece
is identifying the quantity of interest. One possibility is to try to learn f uniformly. However,
recall that our explicit goal is to find the argmax of f and not the entire function! Specifically,

any information about f in regions where it is way below its maximum is not going to be useful.

Possible goal-oriented Qol include z = argmaxec= f(§) (Herndndez-Lobato et all, |2014) and
z = maxeez f(§) (Wang and Jegelka, |2017). These are explored in detail in
, presented in §9] of this thesis.

Example 1.35 (BED for active causal discovery). Active causal discovery aims to uncover
the causal structure of a system by performing interventions and observing their effects
let all, 12022; |Tigas et al) |2022; |Annadani et al), |2023). The goal is to efficiently learn the

underlying causal Directed Acyclic Graph (DAG), g = (V,E), where V represents the set of
vertices (variables), E represents the set of directed edges indicating causal relationships, and
X, are the random wvariables indexed by V. Additionally, it seeks to learn the parameters of

mechanisms that describe how the direct causes affect each variable X,,.

In a Structural Causal Model (SCM |Peters et all, |2017), each variable X; has an associated

structural equation, which is a deterministic function of its direct causes X pq(;):

X; = fi(Xpagi),€i30), i€V, (1.95)

where fi(+;0) are causal mechanisms, parameterised by 0, and €; are exogenous noise variables.
An experiment in causal discovery corresponds to selecting the intervention target vertices and
their corresponding states to set those targets. In other words, the experimental design & repre-
sents the choice of interventions to perform, specifying which variables to intervene on and their
respective intervention values, and the goal is to gain information about the graph g, as well as

the parameters 6 of the causal mechanisms f;(-;6).

The goal is to gain information about the graph and the mechanism parameters z = (g,0). Recent

work by |Annadani et al| (fQO%JIﬂ explores differentiable multi-target causal BED, enabling the

'Full citation: Annadani, Y., Tigas, P., Ivanova, D. R., Jesson, A., Gal, Y., Foster, A., & Bauer, S.
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optimisation of interventions for efficient causal discovery. The approach leverages gradient-
based optimisation to find optimal interventions, taking into account the specific goals of learning

the causal DAG and mechanism parameters.

1.4.1 EIG formulation and estimation for goal-oriented BED

Our generative model is still given by p(8)p(y | 0,€), but the objective is to gain information
about the Qol z. To formulate the appropriate EIGs, we first write down the relevant distribu-

tions on z, expressing them as expectations to facilitate sample-based approximations.

Prior. Using the law of total probability, we marginalise the joint (6, z) over 6 and get:
p(:) = [ 006,200 = [ p()p(z[6)d6 = By p(:]0) (1.96)

Likelihood. We need to integrate over all possible 6 that are compatible with z. Again, using

the law of total probability, we marginalise over 6 to get

plylz¢€) = /p(GIZ)P(ylﬁz,f)d@ = /p(GIZ)p(yW,{)dH = Epo|2lp(y[60,8)],  (1.97)

where p(6 | z) is the posterior of 6 given z. Note that this posterior can be complicated to obtain
if f, is stochastic or complicated. If f, is simple, for example, deterministic and invertible, then
p(0]2) =6(0—f,1(0)) and we have p(y | z,£) = p(y | 0,€). Other situations, where p(6 | z) might

be easy is in the case of nuisance parameters (Example 2), where p(0 | z) = p(n).

Joint. To get the joint on Qols and observations, we need to marginalise over 6. Using the

law of total probability and the fact that y 1L 2|6, we have:
pey19) = [ 90,2188 = [ O(=0)ply16.d0 = By ol | Op(y 0.6 (1.98)

Information gain. As with conventional BED, the information gain about z from a design &£

and an observation y is the difference between the entropy of the prior and that of the posterior

1G.(¢,y) = H[p(z)] — H[p(z]y,€)]. (1.99)

(2023). Differentiable multi-target causal Bayesian experimental design. In International Conference on Machine
Learning (pp. 34263-34279). However, this work was not included in this thesis as the personal contribution of
DRI to the paper was low.
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Conditional posterior entropy formulation. We turn I1G,(,y) into a valid selection cri-

terion by integrating over all possible outcomes y under the design £, which has a distribution

p(y|&) = [p@)p(y|6,&)do = p(g[(y|0£)] gives us

=H[Z] - H[Z|Y,{] =Epy.|¢) [log p(;g),ﬁ)} (cf. Equation (1.46)) (1.101)
=1(Z;Y |€¢) (cf. Equation (1.45)). (1.102)

Expanding the densities inside the log using the expressions we derived in the previous section:

EIGZ(&) = IEp(y,z|§) log p(;’(ij); f)] (1.103)
fp 10,y,)p(0 |y, &)do
=E,..  p(z]0,y,8) =p(z]6 1.104
Plw=1e) | Ey 0 [p(2]0) ] p(z]6,y,€) = p(=9) (1.104)
[ E [p(210)]
—E,, . |log 201y . 1.105
P(y’ |5) _Og Ep(@) [p(z\@)] ] ( )

Therefore, to approximate this form of the EIG we need:

1. Samples from the joint y, z ~ p(y, z | €) for the outer expectation. We do this by sampling
0 ~p0), z~p(z|0), y~ply|d, &), keeping y, z and ignoring 6’ samples. The difficulty

of sampling from this joint distribution depends on the specific form of f,.

2. Samples from the posterior given outcomes 6 ~ p(0 |y, ) for the inner expectation in the
numerator. Note that if this posterior is intractable this procedure can quickly become
computationally prohibitive. For example, if we use M samples to approximate the outer

expectation, we need to run M separate MCMC chains, one for each y sampled in Step 1.

3. Samples from the prior € ~ p(f) for the inner expectation in the denominator. This is
usually straightforward, as it does not depend on the observed data or the goal-oriented

quantity of interest.

4. Being able to evaluate p(z|6). The difficulty of this step depends on the specific form of
the function f,. If f, is deterministic, i.e., there is a one-to-one mapping between 8 and z,
then evaluating p(z | 0) is straightforward, whilst if f, is stochastic or involves complex,

non-linear transformations, evaluating p(z | ) can be challenging.
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Conditional likelihood entropy formulation. Using the properties of mutual information,

we can equivalently write

IAIERS)

EIG.(¢) = H[Y |¢] = H[Y [ Z,&] = Eyyz | ) {log p(y]2)

] (cf. Equation (1.47)), (1.106)

which we can re-arrange and expand as follows:

E | )[p(y\eai)]] . (1.107)

EIG.(§) = Epy.z | ¢) [log Igp(e)z [p(y6,8)]

To approximate this form of the EIG we need

1. Samples from the joint y, z ~ p(y, z | €) for the outer expectation. We do this by sampling
0 ~p(0), z~p(z|0),y~ply|b,¢&), keeping y, z and ignoring & samples. The difficulty

of sampling from this joint distribution depends on the specific form of f,.

2. Samples from the posterior on 6 given the Qols 6 ~ p(f] z) for the inner expectation in
the numerator. Depending on the relationship between 6 and z, this might be easy or not

be straightforward. Note that this needs to be done for all z-s sampled in Step 1.

3. Samples from the prior 6 ~ p(f) for the inner expectation in the denominator. This is

usually straightforward, as it does not depend on the observed data or the Qol z.

4. Being able to evaluate p(y |6, &), which is easy for explicit likelihood-based models.

If these four criteria are met, constructing a nested Monte Carlo estimator for the EIG is
straightforward. This situation, where the likelihood function is available but the posterior
distribution of the model parameters given the goal-oriented quantity of interest is intractable,

is referred to as a semi-implicit likelihood model in Foster| (2021)).

Black-box variational estimators for goal-oriented BED

We can employ black-box variational estimators can be employed to approximate the goal-

oriented EIG, by learning a critic function that approximates the unknown density ratio % =

p(z
%. To use these variational estimators, we only need an efficient way to obtain joint sam-
ples y,z ~ p(y, z | ), which may be straightforward or challenging depending on the specific
problem setting. Omnce we have these joint samples, we can use estimators such as InfoNCE

(1.72)), NWJ (1.74), or LF-ACE (1.70) if an analytic prior is available.
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1.5 Related fields: Bayesian optimisation, Bayesian active learn-

ing and Bayesian Reinforcement Learning

Bayesian experimental design shares many similarities with the related fields of Bayesian optimi-
sation (BO), Bayesian active learning (BAL), and model-based Bayesian reinforcement learning
(BLR). While these approaches share the common goal of efficient information gathering and
decision-making under uncertainty, they differ in their specific objectives, applications, and the

role of the underlying models, as summarised in Table

1.5.1 Bayesian optimisation

Bayesian optimisation (BO) (Brochu et al) 2010; [Snoek et al., 2012; Shahriari et al. 2015)

provides a framework for finding the global maximiser of a black-box objective function, i.e.,
a function that is unknown in closed form and has unknown gradients It has been applied in

various practical settings, including recommended systems and marketing, where we wish to op-

timising advertising budgets to maximise returns (Letham and Bakshy, 2019), hyper-parameter

optimisation (HPO) and neural architecture search (NAS) (Wu et al. [2019; Ru et al., 2020}

Turner et al., 2021; [Victoria and Maragatham| 2021)), as well as many scientific applications in

chemistry (Guo et al| 2023), pharmacology (Sano et al., |2020)), fusion (Chung et al., [2020)), to

name a few.

The objective in BO is to find £ = argmaxecz f(§). To guide the search, the black-box
function f is modelled probabilistically, typically using a Gaussian process prior (Williams and

Rasmussen), |2006), although other models can also be considered (Bergstra et al., [2011; Hutter

let al 2013} Shah et al., [2013} Neiswanger et al., [2019).

After the surrogate model has been selected, the next key step is choosing an acquisition function

a, that ranks .. Many such functions have been proposed and used, including probability of

improvement (PI, [Kushner} [1964), expected improvement (EI, [Mockus et al., [1978), Thompson

sampling (Thompson, 1933), among others. More recently, there has been a focus on more

principled, information-theoretic acquisition functions, which choose sampling locations based

on the entropy of the distribution of the unknown maximiser £*. Examples include: entropy

search (ES, |Hennig and Schuler, 2012), predictive entropy search (PES, |Hernandez-Lobato
2014), max-value entropy search (MES, Wang and Jegelka, 2017)), as well as more recent

modifications improve their speed, scalability and efficiency (e.g. |Alvi et all 2019; [Hvarfner|
et al., 2022; Nguyen et al., |2022; Ru et al., 2018, among other works).
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Overview of key information-theoretic BO objectives

Given data h, typical information-theoretic acquisition functions maximise the mutual infor-
mation between the location of the global optimum £* = argmaxecz f(€) and the queried point
(&,y). Depending on the form chosen, we get ES (Hennig and Schuler, [2012) or PES (Hernandez-
Lobato et al., |2014):

a(§) = I(& (& y) | ) (1.108)
= H[p(£" [ he)] — Epy | hya) [HIPE [ (€ y) Uhe)]]  ES, cf. Equation (1.46) (1.109)

= Hp(y|h,§)] — Ep(§*|ht)[H[p(y | he,z,€7)]] PES, cf. Equation (1.47) (1.110)

Instead, MES (Wang and Jegelkal 2017) considers the mutual information between the queried

point (§,y) and the maximum value, y* = f(£*), instead of its argmax:

aMF(€) = I(y*5 (&,9) [ he) = HIp(y | hiy )] = Eper 1) [H [P(y [ Bes 2, )] (1.111)

Remark 1.36. BO with information based objective can be viewed as a special case of the goal-
oriented BED framework discussed in {1.J. In this context, the goal or quantity of interest in BO
is either the mazimum value of the objective function y* (in MES) or the the global mazximiser

&* (in ES or PES). See Example for more details.

Computing the mutual information acquisition function. As discussed, mutual infor-
mation (MI) is doubly intractable to compute in general. In BO, it is common to choose a GP as
the surrogate model due to their flexibility and tractability. When working with GPs we can use

closed-form expressions or efficient approximations to compute the MI acquisition effectively.

If we choose to employ a more general model, any of the estimators prevously discussed can be
used (see Table for an overview). For example, in Chapter §5|we combine max-value entropy

search (MES) with the InfoNCE estimator for contextual optimisation.

1.5.2 Bayesian active learning

Bayesian active learning (BAL) is another closely related field to BED. The aim of BAL is
to train machine learning models in a data-efficient manner by iteratively acquiring the most
informative labels (MacKay, 1992; |Cohn et al., [1996). BAL can be viewed as a special case of
BED (Rainforth et al.,|2024; Foster, 2021)), where the designs correspond to the inputs for which
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labels are acquired, typically chosen from a finite pool of unlabeled data points.

In the context of BAL, the EIG for the model parameters is often referred to as the Bayesian
Active Learning by Disagreement (BALD) score (Houlsby et all 2011). It is exactly equivalent
to the EIG as presented in Equation (see Remark , and quantifies the expected re-
duction in uncertainty about the model parameters after acquiring the label for a particular data
point. One of the key challenges in BAL is performing active learning in batches, which involves
combinatorial optimisation over the pool of unlabeled data points. Various BAL methods have
been proposed in the literature to address this challenge, such as BADGE (Ash et al., |2019),
BatchBALD (Kirsch et al.l |2019), and PowerBALD and its variants (Kirsch et al., [2021)).

For a comprehensive overview of BAL, its applications, and recent advances, please refer to|Ren

et al.| (2021)), Zhan et al.| (2022), or Kirsch| (2024).

1.5.3 Bayesian model-based reinforcement learning

Reinforcement learning (RL, Sutton, |1990; [Sutton and Barto, [2018; Arulkumaran et al., [2017),
including Bayesian formulations (Ghavamzadeh et al.; 2015), is a vast subfield of machine learn-
ing, broadly focused on optimal decision-making. More concretely, in an RL setup, an agent in-
teracts with its environment (simulated or real), governed by a Markov Decision Process (MDP),
that provides a formal framework for modeling the state transitions (environment dynamics) and
rewards (or penalties) based on the agent’s actions. The goal is to find an action-selection strat-
egy, or policy, that optimises long-term reward. This process involves balancing exploration
(trying new actions) and exploitation (using actions that are known to give high rewards). This

trade-off is particularly important in scenarios with sparse rewards (Ladosz et all 2022).

Considering the broad scope and generality of the RL framework, it is not surprising that many
problems, including BED, can be formulated within it. Indeed, Foster| (2021)) showed that the
sequential experimental design problem described in Section can be treated as a special
case of a Bayes-adaptive Markov Decision Process (BAMDP, Ross et al. 2007; |Guez et al.,2012).
In this formulation, the transition model of the BAMDP corresponds to the model parameters
0, whilst the reward is defined by the incremental EIG. Unlike conventional RL rewards, such
as scoring points in a game, the EIG functions as an intrinsic reward promoting knowledge

acquisition about the model environment.

We can therefore view adaptive BED as making sequential decisions with the goal of learn-
ing about the underlying model parameters, driven by an intrinsic, information-based reward

(namely, mutual information), which is based on the uncertainty the agent has about the envi-
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ronment. If the agent is exploring highly uncertain areas of the environment, the reward is high.
Various methods that utilise different approximation techniques for computing this mutual in-
formation reward have been developed (Kolter and Ngj 2009; [Still and Precup, 2012} Mohamed
and Rezende, |2015; Houthooft et al.,[2016). It is worth noting that in RL, other types of intrinsic
rewards are also possible, such as rewarding novel behaviours (Lehman and Stanley, 2011; Risi

et al., 2009; Hong et all 2018).

This view of BED falls into the subfield of RL known as pure (or unsupervised) exploration
(see Ladosz et all 2022, for a review), more concretely within intrinsically motivated model-
based reinforcement learning (Singh et al., |2005). However, a key distinction exists between
conventional BED and conventional RL approaches: in BED, the models are often mechanistic
and provided by scientists and domain experts. In contrast, in RL, the dynamics models are
typically learned through interactions with the environment, or from a static dataset of state-

action-reward trajectories (offline RL, |Agarwal et al., 2020; |Levine et al., [2020)).

Remark 1.37 (BED and System Identification). System Identification in robotics (Ljung,
2010; |Nelles and Nelles, |2020; | Zhao et al., |2020; |Hofer et al., |2021) can be viewed as a sub-field
or special case of model-based RL, where the goal is to identify a dynamics model from data, as
opposed to merely fitting any model to data, which is more common in conventional RL settings.
BED can also be viewed as a system identification problem, as it aims to efficiently learn about

the underlying system dynamics through strategic experimentation.

Remark 1.38 (BED and Active Inference). Active Inference in neuroscience (Friston et al.,
2016, 2017; \Smith et all, |2022) shares core conceptual similarities with both model-based RL
and BED. The active inference framework posits that perception and learning are processes of
minimising variational free energy, while action selection, planning, and decision-making are
understood in terms of minimising expected free enerqgy (Friston, |2010). Free energy minimisation
1s closely linked to information mazximisation, Bayesian inference, and Bayesian model selection.
Despite these similarities, active inference is a distinct framework with its own set of assumptions
and implications. This opens avenues for future research to explore connections between the two

fields, potentially enriching both by integrating insights and methodologies.

Remark 1.39. Finally, we note that the relationship between BED and exploration in model-
based RL becomes even more apparent in the context of the policy-based approach to BED (PB-
BED) that we introduce in this thesis ( @ @ . Future work may further elucidate con-
nections, exploring how these methodologies can be integrated to enhance both the theoretical

understanding and practical applications of PB-BED.
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Abstract

We introduce Deep Adaptive Design (DAD),
a method for amortizing the cost of adaptive
Bayesian experimental design that allows exper-
iments to be run in real-time. Traditional se-
quential Bayesian optimal experimental design ap-
proaches require substantial computation at each
stage of the experiment. This makes them un-
suitable for most real-world applications, where
decisions must typically be made quickly. DAD
addresses this restriction by learning an amor-
tized design network upfront and then using this
to rapidly run (multiple) adaptive experiments
at deployment time. This network represents a
design policy which takes as input the data from
previous steps, and outputs the next design using a
single forward pass; these design decisions can be
made in milliseconds during the live experiment.
To train the network, we introduce contrastive in-
formation bounds that are suitable objectives for
the sequential setting, and propose a customized
network architecture that exploits key symmetries.
We demonstrate that DAD successfully amortizes
the process of experimental design, outperforming
alternative strategies on a number of problems.

1. Introduction

A key challenge across disciplines as diverse as psychology
(Myung et al., 2013), bioinformatics (Vanlier et al., 2012),
pharmacology (Lyu et al., 2019) and physics (Dushenko
et al., 2020) is to design experiments so that the outcomes
will be as informative as possible about the underlying pro-
cess. Bayesian optimal experimental design (BOED) is a
powerful mathematical framework for tackling this prob-
lem (Lindley, 1956; Chaloner & Verdinelli, 1995).

In the BOED framework, outcomes y are modeled in a
Bayesian manner (Gelman et al., 2013; Kruschke, 2014)

*Equal contribution 'Department of Statistics, University of
Oxford, UK *Work undertaken whilst at the University of Oxford.
Correspondence to: Adam Foster <adam.foster @stats.ox.ac.uk>.

Proceedings of the 38" International Conference on Machine
Learning, PMLR 139, 2021. Copyright 2021 by the author(s).

using a likelihood p(y|6,&) and a prior p(f), where & is
our controllable design and @ is the set of parameters we
wish to learn about. We then optimize £ to maximize the ex-
pected information gained about 6 (equivalently the mutual
information between y and 6):

1(€) = Epo)p(yio.) log p(yl0, &) —logp(yl)] . (1)
The true power of BOED is realized when it is used to design
a sequence of experiments &1, ..., {7, wherein it allows us
to construct adaptive strategies which utilize information
gathered from past data to tailor each successive design &;
during the progress of the experiment. The conventional,
iterative, approach for selecting each &, is to fit the posterior
p(0]&1.¢—1, Y1.4—1) representing the updated beliefs about 6
after t—1 iterations have been conducted, and then substitute
this for the prior in (1) (Ryan et al., 2016; Rainforth, 2017;
Kleinegesse et al., 2020). The design &; is then chosen as
the one which maximizes the resulting objective.

Unfortunately, this approach necessitates significant com-
putational time to be expended between each step of the
experiment in order to update the posterior and compute the
next optimal design. In particular, /() is doubly intractable
(Rainforth et al., 2018; Zheng et al., 2018) and its optimiza-
tion constitutes a significant computational bottleneck. This
can be prohibitive to the practical application of sequential
BOED as design decisions usually need to be made quickly
for the approach to be useful (Evans & Mathur, 2005).

To give a concrete example, consider running an adaptive
survey to understand political opinions (Pasek & Krosnick,
2010). A question &, is put to a participant who gives their
answer y; and this data is used to update an underlying
model with latent variables 6. Here sequential BOED is of
immense value because previous answers can be used to
guide future questions, ensuring that they are pertinent to
the particular participant. However, it is not acceptable to
have lengthy delays between questions to compute the next
design, precluding existing approaches from being used.

To alleviate this problem, we propose amortizing the cost of
sequential experimental design, performing upfront training
before the start of the experiment to allow very fast design
decisions at deployment, when time is at a premium. This
amortization is particularly useful in the common scenario
where the same adaptive experimental framework will be
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deployed numerous times (e.g. having multiple participants
in a survey). Here amortization not only removes the com-
putational burden from the live experiment, it also allows
for sharing computation across multiple experiments, analo-
gous to inference amortization that allows one to deal with
multiple datasets (Stuhlmiiller et al., 2013).

Our approach, called Deep Adaptive Design (DAD), con-
structs a single design network which takes as input the
designs and observations from previous stages, and outputs
the design to use for the next experiment. The network is
learned by simulating hypothetical experimental trajectories
and then using these to train the network to make near-
optimal design decisions automatically. That is, it learns a
design policy which makes decisions as a function of the
past data, and we optimize the parameters of this policy
rather than an individual design. Once learned, the network
eliminates the computational bottleneck at each iteration of
the experiment, enabling it to be run both adaptively and
quickly; it can also be used repeatedly for different instanti-
ations of the experiment (e.g. different human participants).

To allow for efficient, effective, and simple training, we
show how DAD networks can be learned without any direct
posterior or marginal likelihood estimation. This is achieved
by reformulating the sequential BOED problem from its
conventional iterative form, to a single holistic objective
based on the overall expected information gained from the
entire experiment when using a policy to make each design
decision deterministically given previous design outcome
pairs. We then derive contrastive bounds on this objective
that allow for end-to-end training of the policy parameters
with stochastic gradient ascent, thereby sidestepping both
the need for inference and the double intractability of the
EIG objective. This approach has the further substantial
benefit of allowing non-myopic adaptive strategies to be
learned, that is strategies which take account of their own
future decisions, unlike conventional approaches.

We further demonstrate a key permutation symmetry prop-
erty of the optimal design policy, and use this to propose
a customized architecture for the experimental design net-
work. This is critical to allowing effective amortization
across time steps. The overall result of the theoretical for-
mulation, novel contrastive bounds, and neural architecture
is a methodology which enables us to bring the power of
deep learning to bear on adaptive experimental design.

We apply DAD to a range of problems relevant to applica-
tions such as epidemiology, physics and psychology. We
find that DAD is able to accurately amortize experiments,
opening the door to running adaptive BOED in real time.

2. Background

Because experimentation is a potentially costly endeavour, it
is essential to design experiments in manner that maximizes

the amount of information garnered. The BOED framework,
pioneered by Lindley (1956), provides a powerful means of
doing this in a principled manner. Its key idea is to optimize
the experimental design £ to maximize the expected amount
of information that will be gained about the latent variables
of interest, #, upon observing the experiment outcome y.

To implement this approach, we begin with the standard
Bayesian modelling set-up consisting of an explicit likeli-
hood model p(y|6, £) for the experiment, and a prior p(6)
representing our initial beliefs about the unknown latent.
After running a hypothetical experiment with design ¢ and
observing y, our updated beliefs are the posterior p(0|¢, y).
The amount of information that has been gained about €
can be mathematically described by the reduction in entropy
from the prior to the posterior

IG(¢,y) = H[p(0)] = Hp(0I¢, )] 2

The expected information gain (EIG) is formed by taking
the expectation over possible outcomes y, using the model
itself to simulate these. Namely we take an expectation with

respect to y ~ p(yl€) = Ey(o)[p(y]6. &) yielding

1(§) =Epye) IG(£, y)]
=Ep0)p(y10,¢) log p(01€, y) — log p(0)]
=Ep0)p(yl0,¢) log p(y]0, &) — log p(yl€)]

which is the mutual information between y and 6 un-
der design £. The optimal design is defined as &* =
argmax,cz I(£), where = is the space of feasible designs.

It is common in BOED settings to be able to run multiple
experiment iterations with designs &, ..., {7, observing re-
spective outcomes ¥, ..., yr. One simple strategy for this
case is static design, also called fixed or batch design, which
selects all &1, ..., &7 before making any observation. The de-
signs are optimized to maximize the EIG, with y;.7 in place
of y and &;.7 in place of &, effectively treating the whole
sequence of experiments as one experiment with enlarged
observation and design spaces.

2.1. Conventional adaptive BOED

This static design approach is generally sub-optimal as it
ignores the fact that information from previous iterations can
substantially aid in the design decisions at future iterations.
The power of the BOED framework can thus be significantly
increased by using an adaptive design strategy that chooses
each & dependent upon &;1.;—1,%1.4—1. This enables us to
use what has already been learned in previous experiments
to design the next one optimally, resulting in a virtuous cycle
of refining beliefs and using our updated beliefs to design
good experiments for future iterations.

The conventional approach to computing designs adaptively
is to fit the posterior distribution p(0|£1.4—1, y1.¢—1) at each
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step, and then optimize the EIG objective that uses this
posterior in place of the prior (Ryan et al., 2016)

P(ytgaft)]
ey B log =122 (3
(&) = Epoleromtpna—1)p(uil0.6) { & pwley | ©

where p(yt|§t) = Ep(e‘gl:t—lyyl:t—l) [p(yt‘e’ ft)]

Despite the great potential of the adaptive BOED frame-
work, this conventional approach is very computationally
expensive. At each stage ¢ of the experiment we must com-
pute the posterior p(0|€1.+—1,y1.t—1), which is costly and
cannot be done in advance as it depends on y;.;—1. Further-
more, the posterior is then used to obtain £; by maximizing
the objective in (3), which is computationally even more
demanding as it involves the optimization of a doubly in-
tractable quantity (Rainforth et al., 2018; Foster et al., 2019).
Both of these steps must be done during the experiment,
meaning it is infeasible to run adaptive BOED in real time
experiment settings unless the model is unusually simple.

2.2. Contrastive information bounds

In Foster et al. (2020), the authors noted that if £ € = is con-
tinuous, approximate optimization of the EIG at each stage
of the experiment can be achieved in a single unified stochas-
tic gradient procedure that both estimates and optimizes the
EIG simultaneously. A key component of this approach is
the derivation of several contrastive lower bounds on the
EIG, inspired by work in representation learning (van den
Oord et al., 2018; Poole et al., 2019). One such bound is the
Prior Contrastive Estimation (PCE) bound, given by

p(y|907§)
T o p(yle. ©)

where 6y ~ p(0) is the sample used to generate y ~
p(y|0,€) and 6;.;, are L contrastive samples drawn inde-
pendently from p(6); as L — oo the bound becomes tight.
The PCE bound can be maximized by stochastic gradient
ascent (SGA) (Robbins & Monro, 1951) to approximate the
optimal design &. As discussed previously, in a sequential
setting this stochastic gradient optimization is repeated T’
times, with p(#) replaced by p(0|&1,t—1, y1:+—1) at step ¢.

I(§) = E |log “)

3. Rethinking Sequential BOED

To enable adaptive BOED to be deployed in settings where
design decisions must be taken quickly, we first need to
rethink the traditional iterative approach to produce a formu-
lation which considers the entire design process holistically.
To this end, we introduce the concept of a design function,
or policy,  that maps from the set of all previous design—
observation pairs to the next chosen design.

Let h; denote the experimental history (§1,y1), -+, (¢, Yt)-
We can simulate histories for a given policy 7, by sampling

af ~ p(0), then, foreach t = 1,..., T, fixing & = 7(hi—1)
(where hg = @) and sampling y; ~ p(y|6, ;). The density
of this generative process can be written as

p@p(hrlt, ™) =p@) [T pwlo.c). G

The standard sequential BOED approach described in § 2.1
now corresponds to a costly implicit policy 7, that per-
forms posterior estimation followed by EIG optimization to
choose each design. By contrast, in DAD, we will learn a
deterministic 7 that chooses designs directly.

Another way to think about 7 is that it is the policy which
piecewise optimizes the following objective for & |h:—1

p(yt|07§1‘)
1 =E log ————=>—1| (6
ht,l(gt) p(0lht—1)p(yt]0,&+) 0og p(yt‘ht—lagt) ( )

where p(yt'ht—h &) = ]Ep(e\hafﬂ [p(yt\é’, §t)} It is thus
the optimal myopic policy—that is a policy which fails to
reason about its own future actions—for an objective given
by the sum of EIGs from each experiment iteration. Note
that this is not the optimal overall policy as it fails to account
for future decision making: some designs may allow better
future design decisions than others than others (Gonzélez
et al., 2016; Jiang et al., 2020).!

Trying to learn an efficient policy that directly mimics 7
would be very computationally challenging because of the
difficulties of dealing with both inference and EIG estima-
tion at each iteration of the training. Indeed, the natural way
to do this involves running a full, very expensive, simulated
sequential BOED process to generate each training example.

We instead propose a novel strategy that reformulates the
sequential decision problem in a way that completely elimi-
nates the need for calculating either posterior distributions
or intermediate EIGs, while also allowing for non-myopic
policies to be learned. This is done by exploiting an im-
portant property of the EIG: the total EIG of a sequential
experiment is the sum of the (conditional) EIGs for each ex-
periment iteration. This is formalized in the following result,
which provides a single expression for the expected infor-
mation gained from the entire sequence of 1" experiments.

Theorem 1. The total expected information gain for policy
7 over a sequence of I’ experiments is

T

Ir(m) = Ep(o)p(hr|o,m [Zt_l Ihtl(ét)} )
=E,0)p(hr|o,x) log p(hr|0, ) —log p(hr|m)] (8)
where p(hr|m) = Epg)[p(hr|0,T)].

'To give an intuitive example, consider the problem of placing
two breakpoints on the line [0, 1] to produce the most evenly sized
segments. The optimal myopic policy places its first design at 1/2
and its second at either 1/4 or 3/4. This is suboptimal since the
best strategy is to place the two breakpoints at 1/3 and 2/3.
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The proof is given in Appendix A. Intuitively, Zr () is the
expected reduction in entropy from the prior p(6) to the fi-
nal posterior p(6|hr), without considering the intermediate
posteriors at all. Note here a critical change from previous
BOED formulations: Zr () is a function of the policy, not
the designs themselves, with the latter now being random
variables (due to their dependence on previous outcomes)
that we take an expectation over. This is actually a strict
generalization of conventional BOED frameworks: static
design corresponds to policy that consists of 7" fixed designs
with no adaptivity, for which (8) coincides with I(&;.7),
while conventional adaptive BOED approximates 7.

By reformulating our objective in terms of a policy, we have
constructed a single end-to-end objective for adaptive, non-
myopic design and which requires negligible computation
at deployment time: once 7 is learned, it can just be directly
evaluated during the experiment itself.

4. Deep Adaptive Design

Theorem 1 showed that the optimal design function 7* =
arg max, Zr(7) is the one which maximizes the mutual in-
formation between the unknown latent 6 and the full rollout
of histories produced using that policy, hr. DAD looks to
approximate 7* explicitly using a neural network, which
we now refer to as the design network mg4, with trainable
parameters ¢. This policy-based approach marks a major
break from existing methods, which do not represent de-
sign decisions explicitly as a function, but instead optimize
designs on the fly during the experiment.

DAD amortizes the cost of experimental design—by train-
ing the network parameters ¢, the design network is taught
to make correct design decisions across a wide range of
possible experimental outcomes. This removes the cost of
adaptation for the live experiment itself: during deployment
the design network will select the next design nearly in-
stantaneously with a single forward pass of the network.
Further, it offers a simplification and streamlining of the
sequential BOED process: it only requires the upfront end-
to-end training of a single neural network and thus negates
the need to set up complex automated inference and opti-
mization schemes that would otherwise have to run in the
background during a live experiment. A high-level summary
of the DAD approach is given in Algorithm 1.

Two key technical challenges still stand in the way of re-
alizing the potential of adaptive BOED in real time. First,
whilst the unified objective Z7 () does not require the com-
putation of intermediate posterior distributions, it remains
an intractable objective due to the presence of p(hr|m). To
deal with this, we derive a family of lower bounds that are
appropriate for the policy-based setting and use them to con-
struct stochastic gradient training schemes for ¢. Second,
to ensure that this network can efficiently learn a mapping

Algorithm 1 Deep Adaptive Design (DAD)

Input: Prior p(6), likelihood p(y|6, &), number of steps T’
Output: Design network
while training compute budget not exceeded do
Sample 6y ~ p(#) and set hy = &
fort=1,...,T do
Compute & = w4 (hi—1)
Sample y; ~ p(y|0o, &)

Set hy = {(&1,y1), -, (&6, 9e) }
end

Compute estimate for dLr/d¢ as per § 4.2
Update ¢ using stochastic gradient ascent scheme

end
At deployment, 7, is fixed, we take & = mg(h¢—1), and
each y; is obtained by running an experiment with &;.

from histories to designs, we require an effective architec-
ture. As we show later, the optimal policy is invariant to
the order of the history, and we use this key symmetry to
architect an effective design network.

4.1. Contrastive bounds for sequential experiments

Our high-level aim is to train 74 to maximize the mutual
information Zy(my). In contrast to most machine learn-
ing tasks, this objective is doubly intractable and cannot
be directly evaluated or even estimated with a conventional
Monte Carlo estimator, except in very special cases (Rain-
forth et al., 2018). In fact, it is extremely challenging and
costly to derive any unbiased estimate for it or its gradi-
ents. To train 74 with stochastic gradient methods, we will
therefore introduce and optimize lower bounds on Iy (my),
building on the ideas of § 2.2.

Equation (8) shows that the objective function is the ex-
pected logarithm of a ratio of two terms. The first is the like-
lihood of the history, p(hr|6, ), and can be directly evalu-
ated using (5). The second term is an intractable marginal
p(hr|m) that is different for each sample of the outer expec-
tation and must thus be estimated separately each time.

Given a sample 6y, hr ~ p(6, hr|m), we can perform this
estimation by introducing L independent contrastive sam-
ples 01.1, ~ p(6). We can then approximate the log-ratio in
two different ways, depending on whether or not we include
6o in our estimate for p(hy|m):

hop|0o, 7
9.(00.., hr) = log — p(LT| 0, ) o
751 2o P(hr|0g, )
herl0o,
fr(0o.L, hr) = log p(hr|fo, ) 10

1+ iz p(her|fe, )

These functions can both be evaluated by recomputing the
likelihood of the history under each of the contrastive sam-
ples 61.1,. We note that g cannot exceed log(L+ 1), whereas
f is potentially unbounded (see Appendix A for a proof).
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We now show that using ¢ to approximate the integrand
leads to a lower bound on the overall objective Zp (), whilst
using f leads to an upper bound. During training, we focus
on the lower bound, because it does not lead to unbounded
ratio estimates and is therefore more numerically stable. We
refer to this new lower bound as sequential PCE (sPCE).

Theorem 2 (Sequential PCE). For a design function m and
a number of contrastive samples L > 0, let

Lp(m, L) = Epg,hr|m)p6o1.) [92(00:L, hr)] (1)

where gr,(0o.L, hr) is as per (9), and 0y, hy ~ p(0, hr|r),
and 61.;, ~ p(0) independently. Given minor technical
assumptions discussed in the proof, we have®

Lp(m, L)1 Zr(n)as L — oo (12)
at a rate O (L_l).

The proof is presented in Appendix A. For evaluation pur-
poses, it is helpful to pair sSPCE with an upper bound, which
we obtain by using f as our estimate of the integrand

Ur(mt, L) = Epoy,hp|m)p(or.) 0o, )] (13)

We refer to this bound as sequential Nested Monte Carlo
(sSNMC). Theorem 4 in Appendix A shows that U (m, L) sat-
isfies complementary properties to L7 (7, L). In particular,
Lrp(n,L) < Zp(r) < Up(m, L) and both bounds become
monotonically tighter as L increases, becoming exact as
L — oo atarate O(1/L). We can thus directly control
the trade-off between bias in our objective and the computa-
tional cost of training. Note that increasing L has no impact
on the cost at deployment time. Critically, as we will see
in our experiments, we tend to only need relatively modest
values of L for Ly (m, L) to be an effective objective.

If using a sufficiently large L proves problematic (e.g. our
available training time is strictly limited), one can further
tighten these bounds for a fixed L by introducing an amor-
tized proposal, ¢(6; hr), for the contrastive samples 6.1,
rather than drawing them from the prior, as in Foster et al.
(2020). By appropriately adapting Lr(, L), the proposal
and the design network can then be trained simultaneously
with a single unified objective, in a manner similar to a vari-
ational autoencoder (Kingma & Welling, 2014), allowing
the bound itself to get tighter during training. The result-
ing more general class of bounds are described in detail in
Appendix B and may offer further improvements for the
DAD approach. We focus on training with sPCE here in the
interest of simplicity of both exposition and implementation.

4.2. Gradient estimation

The design network parameters ¢ can be optimized using a
stochastic optimization scheme such as Adam (Kingma &

gy, 1 « means that 1, is a monotonically increasing sequence

in L with limit z.

Ba, 2014). Such methods require us to compute unbiased
gradient estimates of the sPCE objective (11). Throughout,
we assume that the design space = is continuous.

We first consider the case when the observation space ) is
also continuous and the likelihood p(y|6, &) is reparametriz-
able. This means that we can introduce random variables
e1.r ~ p(e), which are independent of &;.7 and 0.z,
such that y; = y(6o,&,€e:). As we already have that
& = mg(he—1), we see that h; becomes a deterministic
function of h;_; given ¢; and 6. Under these assumptions
we can take the gradient operator inside the expectation and
apply the law of the unconscious statistician to write?

aty
d¢

We can now construct unbiased gradient estimates
by sampling from p(6o.r)p(e1.r) and evaluating,
dgr,(0o.L, hr)/d¢. This gradient can be easily com-
puted via an automatic differentiation framework (Baydin
et al., 2018; Paszke et al., 2019).

d
= Ep(ao;L)p(61;T) |:d¢gL(60:L7 hT):| . (14)

For the case of discrete observations y € ), first note that
given a policy 74, the only randomness in the history hr
comes from the observations yi, . . ., yr, since the designs
are computed deterministically from past histories. One
approach to computing the gradient of (11) in this case is
to sum over all possible histories hr, integrating out the
variables y;.7, and take gradients with respect to ¢ to give

e d
i =E LZ i (P 100)91. B m))] . as)

where the expectation is over 6., ~ p(f). Unbiased gradi-
ent estimates can be computed using samples from the prior.
Unfortunately, this gradient estimator has a computational
cost O(|Y|T) and is therefore only applicable when both
the number of experiments 7" and the number of possible
outcomes || are relatively small.

To deal with the cases when it is either impractical to enu-
merate all possible histories, or ) is continuous but the
likelihood p(hr|6, 7e) is non-reparametrizable, we propose
using the score function gradient estimator, which is also
known as the REINFORCE estimator (Williams, 1992). The
score function gradient, is given by

oy p(hrlfo, 74) >d
——=E || log — log p(hp|6o, me)
de ( Z£=op(hT|9z,7r¢) do
d L
_dd)logZp(hTWgﬂr(ﬁ)] (16)
£=0

*We use da/db and da/db to represent the Jacobian matrices
of partial and total derivatives respectively for vectors a and b.
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where the expectation is over 0y, hr ~ p(0, hy|7) and
1.1, ~ p(0), and unbiased estimates may again be obtained
using samples. This gradient is amenable to the wide range
of existing variance reduction methods such as control vari-
ates (Tucker et al., 2017; Mohamed et al., 2020). In our
experiments, however, we found the standard score function
gradient to be sufficiently low variance. For complete deriva-
tions of the gradients estimators we use, see Appendix C.

4.3. Architecture

Finally, we discuss the deep learning architecture used for
m4. To allow efficient and effective training, we take into ac-
count a key permutation invariance of the BOED problem as
highlighted by the following result (proved in Appendix A).

Theorem 3 (Permutation invariance). Consider a permu-
tation o € Sy acting on a history h}, yielding hi =
(§o(1)s Yo (1))s s (Eo k) Yo(i))- For all such o, we have

Z-Iht—l(gt) Z‘lhtfl(é-t)

t=1
such that the EIG is unchanged under permutation. Further,
the optimal policies starting in h}, and h? are the same.

E hy=hi|=E

hi = hﬁ}

This permutation invariance is an important and well-studied
property of many machine learning problems (Bloem-Reddy
& Teh, 2019). The knowledge that a system exhibits per-
mutation invariance can be exploited in neural architecture
design to enable significant weight sharing. One common
approach is pooling (Edwards & Storkey, 2016; Zaheer et al.,
2017; Garnelo et al., 2018a;b). This involves summing or
otherwise combining representations of multiple inputs into
a single representation that is invariant to their order.

Using this idea, we represent the history h; with a fixed
dimensional representation that is formed by pooling repre-
sentations of the distinct design-outcome pairs of the history

R(he) =3 oy (6, 00), (17)

where Ey, is a neural network encoder with parameters ¢,
to be learned. Note that this pooled representation is the
same if we reorder the labels 1, ...,¢. By convention, the
sum of an empty sequence is 0.

We then construct our design network to make deci-
sions based on the pooled representation R(h;) by setting
mg(he) = Fy,(R(ht)), where Fy, is a learned emitter net-
work. The trainable parameters are ¢ = {¢1,$2}. By
combining simple networks in a way that is sensitive to the
permutation invariance of the problem, we facilitate param-
eter sharing in which the network Ey, is re-used for each
input pair and for each time step ¢. This results in signif-
icantly improved performance compared to networks that
are forced to learn the relevant symmetries of the problem.

(a) DAD (b) Fixed
3.
21 o
o
i o o . °
! A ®eo0 ® o OOOOO a
%] o e g o ° 4 9000000
14 e o e e © *
- o e ©
Py
-3- T T
3 2 4 0 1 2 33 -2 -1 0 1 2 3

Signal in'(ensityIOW igh Experiment order1

hi 30

Figure 1. An example of the designs learnt by (a) the DAD network
and (b) the fixed baseline for a given 6 sampled from the prior.

5. Related Work

Existing approaches to sequential BOED typically follow
the path outlined in § 2.1. The posterior inference per-
formed at each stage of the conventional approach has been
done using sequential Monte Carlo (Del Moral et al., 2006;
Drovandi et al., 2014), population Monte Carlo (Rainforth,
2017), variational inference (Foster et al., 2019; 2020), and
Laplace approximation (Lewi et al., 2009; Long et al., 2013).

The estimation of the mutual information objective at each
step has been performed by nested Monte Carlo (Myung
et al., 2013; Vincent & Rainforth, 2017), variational bounds
(Foster et al., 2019; 2020), Laplace approximation (Lewi
et al., 2009), ratio estimation (Kleinegesse et al., 2020), and
hybrid methods (Senarathne et al., 2020). The optimization
over designs has been performed by Bayesian optimization
(Foster et al., 2019; Kleinegesse et al., 2020), interacting
particle systems (Amzal et al., 2006), simulated annealing
(Miiller, 2005), utilizing regret bounds (Zheng et al., 2020),
or bandit methods (Rainforth, 2017).

There are approaches that simultaneously estimate the mu-
tual information and optimize it, using a single stochastic
gradient procedure. Examples include perturbation analysis
(Huan & Marzouk, 2014), variational lower bounds (Foster
et al., 2020), or multi-level Monte Carlo (Goda et al., 2020).

Some recent work has focused specifically on models with
intractable likelihoods (Hainy et al., 2016; Kleinegesse &
Gutmann, 2020; Kleinegesse et al., 2020). Other work has
sought to learn a non-myopic strategy focusing on specific
tractable cases (Huan & Marzouk, 2016; Jiang et al., 2020).

6. Experiments

We now compare DAD to a number of baselines across a
range of experimental design problems. We implement
DAD by extending PyTorch (Paszke et al., 2019) and
Pyro (Bingham et al., 2018) to provide an implementation
that is abstracted from the specific problem. Code is publicly
available at https://github.com/ae—foster/dad.
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Method Lower bound, £39  Upper bound, Usg
Random 8.303 £ 0.043 8.322 £+ 0.045
Fixed 8.838 £+ 0.039 8.914 £+ 0.038
DAD 10.926 + 0.036 12.382 4 0.095
Variational 8.776 £ 0.143 9.064 + 0.187

Table 1. Upper and lower bounds on the total EIG, Z3q (), for the
location finding experiment. Errors indicate +1 s.e. estimated over
256 (variational) or 2048 (others) rollouts.

As our aim is to adapt designs in real-time, we primarily
compare to strategies that are fast at deployment time. The
simplest baseline is random design, which selects designs
uniformly at random. The fixed baseline completely ignores
the opportunity for adaptation and uses static design to learn
a fixed &1, ..., & before the experiment. We use the SG-
BOED approach of Foster et al. (2020) with the PCE bound
to optimize the fixed design &;.77. We also compare to tailor-
made heuristics for particular models as appropriate.

Similarly to the notion of the amortization gap in amortized
inference (Cremer et al., 2018), one might initially expect
to a drop in performance of DAD compared to conventional
(non-amortized) BOED methods that use the traditional iter-
ative approach of § 2.1. To assess this we also consider using
the SG-BOED approach of Foster et al. (2020) in a tradi-
tional iterative manner to approximate 7, referring to this as
the variational baseline, noting this requires significant run-
time computation. We also look at several iterative BOED
baselines that are specifically tailored to the examples that
we choose (Vincent & Rainforth, 2017; Kleinegesse et al.,
2020). Perhaps surprisingly, we find that DAD is not only
competitive compared to these non-amortized methods, but
often outperforms them. This is discussed in § 7.

The first performance metric that we focus on is total EIG,
Zr(m). When no direct estimate of Zy(7) is available,
we estimate both the sPCE lower bound and sNMC up-
per bound. We also present the standard error to indicate
how the performance varies between different experiment
realizations (rollouts). We further consider the deployment
time (i.e. the time to run the experiment itself, after pre-
training); a critical metric for our aims. Full experiment
details are given in Appendix D.

6.1. Location finding in 2D

Inspired by the acoustic energy attenuation model of Sheng
& Hu (2005), we consider the problem of finding the loca-
tions of multiple hidden sources which each emits a signal
whose intensity attenuates according to the inverse-square
law. The fotal intensity is a superposition of these signals.
The design problem is to choose where to make observations
of the total signal to learn the locations of the sources.

We train a DAD network to perform T' = 30 experiments
with K = 2 sources. The designs learned by DAD are

o
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Figure 2. Generalizing sequence length for the location finding
experiment. The DAD network and the fixed strategy were trained
to perform 7" = 30 experiments, whilst other strategies do not
require pre-training. The fixed strategy cannot be generalized
to sequences longer than its training regime. We present SPCE
estimates with error bars computed as in Table 1.

visualized in Figure 1(a). Here our network learns a complex
strategy that initially explores in a spiral pattern. Once it
detects a strong signal, multiple experiments are performed
close together to refine knowledge of that location (note
the high density of evaluations near the sources). The fixed
design strategy, displayed in Figure 1(b) must choose all
design locations up front, leading to an evenly dispersed
strategy that cannot “hone in” on the critical areas, thus
gathering less information.

Table 1 reports upper and lower bounds on Zr () for each
strategy and confirms that DAD significantly outperforms
all the considered baselines. DAD is also orders of mag-
nitude faster to deploy than the variational baseline, the
other adaptive method, with DAD taking 0.0474 £ 0.0003
secs to make all 30 design decisions on a lightweight CPU,
compared to 8963 secs for the variational method.

Varying the Design Horizon In practical situations the
exact number of experiments to perform may be unknown.
Figure 2 indicates that our DAD network that is pretrained
to perform 7" = 30 experiments can generalize well to
perform 77 # 30 experiments at deployment time, still
outperforming the baselines, indicating that DAD is robust
to the length of training sequences.

Training Stability To assess the stability between differ-
ent training runs, we trained 16 different DAD networks.
Computing the mean and standard error of the lower bound
on Zp(m) over these 16 runs gave 10.91 + 0.014, and the
matching upper bounds were 12.47 +0.046. We see that the
variance across different training seeds is modest, indicating
that DAD reaches designs of a similar quality each time.
Comparing with Table 1, we see that the natural variability
across rollouts (i.e. different 6) with a single DAD network
tends to be larger than the variance between the average
performance of different DAD networks.
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Method Deployment time (s)
Frye et al. (2016) 0.0902 £ 0.0003
Kirby (2009) N/A
Fixed N/A
DAD 0.0901 £ 0.0007
Badapted 25.2679 + 0.1854

Table 2. Deployment times for Hyperbolic Temporal Discounting
methods. We present the total design time for 7" = 20 questions,
taking the mean and £1 s.e. over 10 realizations. Tests were
conducted on a lightweight CPU (see Appendix D).

Method Lower bound  Upper bound
Fryeetal. (2016) 3.500 +0.029 3.513 4+ 0.029
Kirby (2009) 1.861 £0.008 1.864 + 0.009
Fixed 2.518 £ 0.007 2.524 £+ 0.007
DAD 5.021 + 0.013  5.123 £ 0.015
Badapted 4454 £0.016 4.536 +0.018

Table 3. Final lower and upper bounds on the total information
Zr(m) for the Hyperbolic Temporal Discounting experiment. The
bounds are finite sample estimates of L (, L) and Ur (m, L) with
L = 5000. The errors indicate 1 s.e. over the sampled histories.

6.2. Hyperbolic temporal discounting

In psychology, temporal discounting is the phenomenon that
the utility people attribute to a reward typically decreases
the longer they have to wait to receive it (Critchfield &
Kollins, 2001; Green & Myerson, 2004). For example, a
participant might be willing to trade £90 today for £100
in a month’s time, but not for £100 in a year. A common
parametric model for temporal discounting in humans is the
hyperbolic model (Mazur, 1987); we study a specific form
of this model proposed by Vincent (2016).

We design a sequence of 7' = 20 experiments, each tak-
ing the form of a binary question “Would you prefer £R
today, or £100 in D days?” with design £ = (R, D) that
must be chosen at each stage. As real applications of this
model would involve human participants, the available time
to choose designs is strictly limited. We consider DAD,
the aforementioned fixed design policy, and strategies that
have been used specifically for experiments of this kind:
Kirby (2009), a human constructed fixed set of designs;
Frye et al. (2016), a problem-specific adaptive strategy; and
Vincent & Rainforth (2017), a partially customized sequen-
tial BOED method, called Badapted, that uses population
Monte Carlo (Cappé et al., 2004) to approximate the pos-
terior distribution at each step and a bandit approach to
optimize the EIG over possible designs.

We begin by investigating the time required to deploy each
of these methods. As shown in Table 2, the non-amortized
Badapted method takes the longest time, while for DAD,
the total deployment time is less than 0.1 seconds—totally
imperceptible to a participant.
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Figure 3. An example of the designs learnt by two of the problem-
specific baselines and DAD. We plot the difference in perceived
value of the two propositions “£R today” and “£100 in D days”
for a certain participant, represented by a specific value of the
latent variable 0. A difference of 0 indicates that the participant is
indifferent between the two offers.

Table 3 shows the performance of each method. We see that
DAD performs best, surpassing bespoke design methods that
have been proposed for this problem, including Badapted
which has a considerably larger computation budget. Figure
3 demonstrates how the designs learnt by DAD compare
qualitatively with the two most competitive problem-specific
baselines. As with Badapted, DAD designs rapidly cluster
near the indifference point.

This experiment demonstrates that DAD can successfully
amortize the process of experimental design in a real appli-
cation setting. It outperforms some of the most successful
non-amortized and highly problem-specific approaches with
a fraction of the cost during the real experiment.

6.3. Death process

We conclude with an example from epidemiology (Cook
et al., 2008) in which healthy individuals become infected
at rate 0. The design problem is to choose observations
times & > 0 at which to observe the number of infected
individuals: we select T' = 4 designs sequentially with an
independent stochastic process observed at each iteration.
We compare to our fixed and variational baselines, along
with the adaptive SeqBED approach of Kleinegesse et al.
(2020).

First, we examine the compute time required to deploy each
method for a single run of the sequential experiment. The
times illustrated in Table 4 show that the adaptive strategy
learned by DAD can be deployed in under 0.01 seconds,
many orders of magnitude faster than the non-amortized
methods, with SeqBED taking hours for one rollout.

Next, we estimate the objective Zr(7) by averaging the
information gain over simulated rollouts. The results in
Table 4 reveal that DAD designs are superior to both fixed
design and variational adaptive design, tending to uncover
more information about the latent 6 across many possible
experimental trajectories. For comparison with SeqBED, we
were unable to perform sufficient rollouts to obtain a high
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Method Deployment time (s) Ip(m)
Fixed N/A  2.023 + 0.007
DAD 0.0051 £ 12%  2.113 + 0.008
Variational 19350 £ 2% 2.076 +£0.034
SeqBED* 25911.0 1.590

Table 4. Total EIG Zr(w) and deployment times for the Death
Process. We present the EIG %1 s.e. over 10,000 rollouts (fixed
and DAD), 500 rollouts (variational) or *1 rollout (SeqBED). The
IG can be efficiently evaluated in this case (see Appendix D).
Runtimes computed as per Table 2.

quality estimate of Zr (). Instead, we conducted a single
rollout of each method with # = 1.5 fixed. The resulting
information gains for this one rollout were: 1.590 (SeqBED),
1.719 (Variational), 1.678 (Fixed), 1.779 (DAD).

7. Discussion

In this paper we introduced DAD—a new method utilizing
the power of deep learning to amortize the cost of sequential
BOED and allow adaptive experiments to be run in real
time. In all experiments DAD performed significantly better
than baselines with a comparable deployment time. Further,
DAD showed competitive performance against conventional
BOED approaches that do not use amortization, but make
costly computations at each stage of the experiment.

Surprisingly, we found DAD was often able to outperform
these non-amortized approaches despite using a tiny fraction
of the resources at deployment time. We suggest two reasons
for this. Firstly, conventional methods must approximate
the posterior p(f|h;) at each stage. If this approximation
is poor, the resulting design optimization will yield poor
results regardless of the EIG optimization approach chosen.
Careful tuning of the posterior approximation could alleviate
this, but would increase computational time further and it is
difficult to do this in the required automated manner. DAD
sidesteps this problem altogether by eliminating the need
for directly approximating a posterior distribution.

Secondly, the policy learnt by DAD has the potential to be
non-myopic: it does not choose a design that is optimal for
the current experiment in isolation, but takes into account
the fact that there are more experiments to be performed in
the future. We can see this in practice in a simple experiment
using the location finding example with one source in 1D
with prior § ~ N (0, 1) and with T = 2 steps. This setting
is simple enough to compute the exact one-step optimal
design via numerical integration. Figure 4 [Left] shows the
design function learnt by DAD alongside the exact optimal
myopic design. The optimal myopic strategy for ¢t = 1 is
to sample at the prior mean §; = 0. At time ¢ = 2 the
myopic strategy selects a positive or negative design with
equal probability. In contrast, the policy learnt by DAD is
to sample at £&; ~ —0.4, which does not optimize the EIG
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Figure 4. 1D location finding with 1 source, 7" = 2. [Left] the
design function, dashed lines correspond to the first design &1,
which is independent of y;. [Right] Z(7), the total EIG =1 s.e.

for T' = 1 in isolation, but leads to a better overall design
strategy that focuses on searching the positive regime §» >
&, in the second experiment. Figure 4 [Right] confirms that
the policy learned by DAD achieves higher total EIG from
the two step experiment than the exact myopic approach.

Limitations and Future Work The present form of DAD
still possesses some restrictions that future work might look
to address. Firstly, it requires the likelihood model to be
explicit, i.e. that we can evaluate the density p(y:|0, &:).
Secondly, it requires the experiments to be conditionally in-
dependent given 6, i.e. p(y1.7|0,&1.7) = Hthl (10, &),
which may not be the case for, e.g. time series models.
Thirdly, it requires the designs themselves, &;, to be contin-
uous to allow for gradient-based optimization. On another
note, DAD’s use of a policy to make design decisions es-
tablishes a critical link between experimental design and
model-based reinforcement learning (Sekar et al., 2020).
Though DAD is distinct in several important ways (e.g. the
lack of observed rewards), investigating these links further
might provide an interesting avenue for future work.

Conclusions DAD represents a new conception of adap-
tive experimentation that focuses on learning a design policy
network offline, then deploying it during the live experiment
to quickly make adaptive design decisions. This marks a de-
parture from the well-worn path of myopic adaptive BOED
(Sec. 2), eliminating the need to estimate intermediate pos-
terior distributions or optimize over designs during the live
experiment itself; it represents the first approach to allow
adaptive BOED to be run in real-time for general problems.
As such, we believe it may be beneficial to practitioners in
a number of fields, from online surveys to clinical trials.
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A. Proofs

We begin by showing that gy, (6.1, hr) from equation (9) is bounded by log(L + 1) and that f1,(6o.r, hr) from equation
(10) can potentially be unbounded. For the former

p(hr|0o, )

gr.(0o.1., hr) = log - (18)
41 2ovmo P(hr|0e, )
hrl|0
= log plhr] 2’”) +log(L +1) (19)
p(h’T|007 7T) + Zl:l p(hT|92a 71')
<log(1l) +log(L + 1). (20)
For the latter we have
fr(Bo:, hr) = log ~ pL(hT|907 ™) — +ooas max p(hr|fe, ) — 0 with p(hp|6y, 7) held constant.
7 201 P(hr|0, ) lsesl
Next we present proofs for all Theorems in the main paper, with each restated for convenience.
Theorem 1. The total expected information gain for policy m over a sequence of T experiments is
T
Tr(m) = Epopinriom | Y, Ihes (&) ™
=Ep0)p(nr|0,7) log p(hr|f, m) — log p(hr|T)] ®)

where p(hr|T) = By [p(hr|0, 7)].

Proof. We begin by rewriting I, , in terms of the information gain. This closely mimics the development that we presented
in Section 2. By repeated appplication of Bayes Theorem we have

P(y:]0, &)
ht—l(ft) p(Ohe—1)p(ye|0,&¢) I og (yt|ht 17€t) 21

[ p(‘g‘htfl)p(yt|9a§t) }
= Epoin, p(uilo.c,) |10 22
P(6lhe—1)p(ye|6.£) L gp(9|ht71)p(yt|ht71>§t) 2
[ p(0|ht717€t>yt)
=E log ————>—=~ 23
R R T (23)
= Ep(glht—l) [—log p(0]hi—1)] +E (y¢,01&¢,he—1) log p(Ohi—1, &, yt)] (24)
=Epoih,_) [=10gp(01hi—1)] + Epy,te0 b )p(01he -1 .60,50) 108 PO Re—1, &ty Y1) (25)
=Epierh_r) [HIPOlhe—1) | — H[p(Oht—1, &, ye) ]] . (26)

Now noting that each I, , (&) is completely determined by h;_1 and 7 (in particular noting that &; is deterministic given
these, while 6 is already marginalized out in each I, , (&;)), we can write

T
IT<7T) = Ep(hﬂ‘”) |:Z Ihtl(gt):| 27

t=1

[
M=

Ep(ht—1|ﬂ) I:Iht—l(é-t)} (28)

ﬁ
Il
—_

and substituting in our earlier formulation for I, , (&)

Il
]~

Ep(ht—ﬂﬂ) I:Ep(yt‘gt,ht—l) [H[p(gvlt*l)] - H[p(9|ht*17£t7 yt) ] H . (29)

o~
Il
—

85



Deep Adaptive Design: Amortizing Sequential Bayesian Experimental Design

We now observe that we can write hy = hy—1 U {(&;, y+)}, which allows us to rewrite this as

I
[M]=

Ep (o) [H [ p(Olhe—1)] — H[p(6]hs)]] (30)
= Epnrim) [HIp(Olhe—1)] — H[p(0]he)]] 31)
= Ep(hrim) [Z H[p(8lhi—1)] — H[pwmt)]] (32)
= Epnypim [H]p(0)] — H[p(6]h1)]]. (33)

where the last line follows from the fact that we have a telescopic sum. To complete the proof, we rearrange this as

= Ep@,hyp|x) [log p(0]hr) —log p(6)] (34
p(@)p(hr|0, 7)
=E log —————-—~- —1 0 35
p(@)p(hrlom) |08 g T og p(0) (35)
= Ep0)p(hr 0,7 [logp(hr|0, 7) — log p(hr|T)] (36)
as required. O

Theorem 2 (Sequential PCE). For a design function 7 and a number of contrastive samples L > 0, let

Lr(m, L) = Epgg,hr|m)p6r.1) (92 (O0:L, hr)] (11)

where gr,(0o.1., hr) is as per (9), and 0y, hr ~ p(0,hr|r), and 01.1, ~ p(0) independently. Given minor technical
assumptions discussed in the proof, we have®

Lr(m,L) 1 Zr(rw) as L — oo (12)

at a rate O (L_l).

Proof. We first show that L7 (7, L) is a lower bound on Zr(7):

= Ep(00,hr1m) Ep(or.1.) llog LLH Zgzz:r:;% W)} %)

= By g0 hr i Ep(01.0) [log ( - i - ép (ﬁ(%)T ))] (39)
now introducing the shorthand p(6,7) == p (6p.1\(¢}) = Hf=07j¢g p(0;),

= Ep(09,hr|m) Ep(0:1.1) llog L Zf_ﬁ;iﬂ’;ﬂp(%i)] ' @0

&1, 1 = means that 21, is a monotonically increasing sequence in L with limit z.
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Now by the systemtry on term in side the log, we see that this expectation would be the same if it were instead taken over
p(0;, hr|m)p(6;) forany i € {0, ..., L} (with i = 0 giving the original form). Furthermore, the result is unchanged if
we take the expectation over the mixture distribution %H Zf:o p(0:, hr|m)p(05.;) = p(hr|m) 15 T Zf:(] p(0;|hr)p(6;.%)
and thus we have

1 L -4
+1 > oo P(Oclhr)p(04.7)
= EphrimB 1 sk p@idnno5) [log 200 S
= ]Ep(hT|7r) [KL (ﬁ(QO:L |hT)| ‘p(GO:L)) } (42)
where p(6o.1|hr) = L%rl Zf:o p(0e|hr)p(6;.%), which is indeed a distribution since
| L
[ttt = g S ( [ todvnrase - [ oioiians ) =1 @3)
=0

Now by Gibbs’ inequality the expected KL in (42) must be non-negative, establishing Zr(w) — Lr(mw, L) > 0 and thus
Zp(mw) > Lp(w, L) as required.

We next show monotonicity in L, i.e. Ly (w, Ly) > Ly(mw, Ly) for Ly > Ly > 0, using similar argument as above

1 ZLI )
p(hrl6;, )
Lr(m, L) — Lo(m, L1) = Epog,hr|m) Epor.1,) 108 L1+1 0 (44)
L2+1 Z] Op(hT|9j77T)

L S (p6ilhr) [p(6:))
= Ep(6o,hr 10 Ep(0r.1,,) |108 “T =1, 45
L I.+1 23‘:0 (p(9j|hT)/P(9 ))
[ 2 (il hr)p(65.s,)) /PGy )
= EP((’o’hT\F)Ep(Gl:LQ) log 1 L e (46)
L L2+1 Z (p(ej|hT)p(90:L2))/p(002L2)
[ S0 p(8il A )p (B, "2)
_ Ep(%,hﬂw)Ep(é)l:LQ) log L1+1 0 0:L 7
L2+1 Z] op(9 |hr)p(0,, OL )

LS p(Oilhr)p(y s, )] 48)
T 320 p(0;1hr)p(65.0,,)
= Ey(hrjm) [KL(P1]]p2)] >0 (49)

= EpnrimE 1 st 6, nrp05t) llog

where py and p, are, respectively, the distributions in the numerator and denominator in (48). The result then again follows
by Gibbs’ inequality.

Next we show Lr(m,L) — Ip(w) as L — oo. First, note that the denominator in (11), %ﬂ ELO p(hr|0p, ), is a
consistent estimator of the marginal p(hr|r), since L+L1 p(hr|b, ™) — 0, and by the Strong Law of Large Numbers

L L
1 as.
11 2 phrloe ) +1 Z (hrl0e, ®) == Eyo) [p(hr|0, m)] = p(hr 7). (50)
(=1 (=1

Now from (38) we also have that

2 S o p(hr|fe, )
p(hr|T)

IT(ﬂ') — ,CT(TI', L) = Ep(907hT|7r)IEp(91:L) log (51)

51 to PUhr|6,m)
p(hr[m)

and we have log — 0 almost surely as L — oo. The minor technical assumption, which is required to
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establish convergence is that there exist some 0 < k1, ko < 00 such that®

hrl|0
< M < ko VO,hr. (52)
p(hr|m)

using this assumption, the integrand of (51) is bounded, because

L
1 e P(hr 0o, 7)

B p(hr|0s, ™
O | ‘ <L+ i Z plhr|m) ). ey
p(hr|0e, ) . plhr|0e,m)
e e ) PO}
< max (|log k2|, [log x1]) (55)
< 0. (56)

Thus, the Bounded Convergence Theorem can be applied to conclude that Zy(7) — Lp(m, L) — 0 as L — oo.

Finally, for the rate of convergence we apply the inequality log z < x — 1 to (38) to get

Lk
o P(h7|0e, )
Zr(m) = Lo(m, L) = Ep(oy,hr|m) Epor.1) [log o ;(2T|7T) -
Ly
o P(hp|be, )
<E E T - ”
= Ep(bo,hr|m)Tp(01:1) [ p(hT|7T) -
%H (P(hT\Hoﬂ') + 25:1 Epo,..) [p(hr|0e, 77)})
= Ep00,hr|m) p(hr|m) - (59)
_ ri1 (o) + Lp(hrm))
= Ep(go’hT\w) |: (hT|7T) -1 (60)
1 p(hr|0o, )
B plhrlo,7) 61
T 1 500 hr|m) { p(hr|m) (61)
C
e 2
L+1’ .

where we can conclude C' < oo using (52). Combining this with the our previous result showing that L (7, L) is a lower
bound on Z7(7), we have shown that

C
0<Zp(m) — Lo(m, L) < I+1 (63)

This establishes the O(L~1) rate of convergence. O

Theorem 3 (Permutation invariance). Consider a permutation o € Sy acting on a history hi, yielding hi =
(6o(1),Yo(1))s -+ (Eo(k)s Yo(k))- For all such o, we have

T T
E D> Iney (60) E > In (&)
t=1 t=1

such that the EIG is unchanged under permutation. Further, the optimal policies starting in h,lC and hi are the same.

hy = hi,

hy = hﬁ}

Technical note: In this statement, the first expectation is with respect to p(hr|m) for policy 7 and the second is with respect
to p(hr|n’), where for t > k we set (h;) = w(o~'(h;)) where 0! acts on the first k labels by permutation and as the
identity on other labels. This means we remove explicit variability under permutation caused by 7, and show that no other
source of variability can arise.

>In practice, we can actually weaken this assumption significantly if necessary by making s and sz dependent on hr and @
then assuming that the expectation E, gy, n|x)Ep(oy, ) [l0g |: (85, hr)|] is finite for i € {1,2} and j € {0,1}. This then permits
k1(hr,0) — 0 and k2(hr,0) — oo for certain hr and 6, provided that these events are zero measure under both p(6, hr|7) and
p(0)p(hr|m), thereby avoiding potential issues with tail behavior in the limits of extreme values for 6.

88



Deep Adaptive Design: Amortizing Sequential Bayesian Experimental Design

Proof. To begin, we set up some notation. Given the partial history hj, = h, we complete the experiment by sampling
(&, y¢) fort = k + 1,..., T. We denote the resulting full history as k1., and define h2. similarly. Next, we use Theorem 1 to
rewrite the conditional objective under consideration as

T

Epnt.m) [Z In,_, (&) |hi = Dy | = B0l TT7 4 p(wel0.60) [log p(hy|0, ) — log p(hip|m)] (64)
t=1

= Epoint) [17. .., p(welo.c) 108 P(OIRT) —log p()] (65)

= Ep(ﬂh}q)p(h%\hi,@,ﬂ) DOgP(9|h1T) - logp(e)] . (66)

A central point of the proof is that the posterior distribution p(6|h¢) is invariant to the order of the history. Indeed, we have

t

p(9|ht) O(p(@) Hp(ys|97§s) (67)

s=1

which shows that p(6|hi) = p(0|h). Given a continuation of the history (€x41,Yk+1), - (T, y7), if We use the same
continuation starting from 4}, and h3 to give hi. and h% then we have p(6|ht.) = p(6|h3.). However, we need to show that
the continuations (€x41, Yk+1), ---» ({7, y7) are equal in distribution.

We now show that the sampling distributions of (€41, Yk+1), .-, (7, yr) are equal starting from h}, and h?. We have
shown that 6 ~ p(6|h},) is unchanged in distribution if we instead sample 6 ~ p(6|h3?). Further, we have

G =7(hy) &y =7(h3) (68)

which, by the construction of 7/ implies &}, 1= & 11- Together, these results imply that the observations yy 41 and Y7 11
are equal in distribution. Proceeding inductively, since h}. 41 and h? 1 are equal in distribution a similar argument shows
that hj,_, and h3 . , have the same distribution. Continuing in this way, we have that h7. and h3. are equal in distribution.
Together, these results imply that

Epont)p(nt nt 0. [108P(0lht) —1ogp(0)] = Epoinzyp(n2 n2.0,7) [l0g p(6]hF) — log p(6)] (69)
which conclude the first part of the proof.

To establish the permutation invariance of the optimal policy 77*, we reason by induction starting with k = T — 1, using
a dynamic programming style argument. Given hr_1, the total EIG is a function of p(f|hr_1) and {7. Since we do not
need to account for future asymmetry in the policy, we immediately have that the optimal final design 7 only depends on
p(0)hr—1), which implies that is invariant to the order of the history.

We now assume that the optimal policy is permutation invariant starting from k£ + 2. Using the previous result (69), we
separete out the design &, 1 and substitute 7* for both 7 and 7’ (since it is permutation invariant for the steps after k + 1 by
inductive hypothesis) to give

1
B 01n )0 (5 110,51) TV s pCel0, (1)) 108 P(Ol) — log p(6)] 70
— 2
= B 0102 )p (i1 10.6411) T Pl 077 (he 1) 108 P(O1RT) — logp(6)]

To extend the optimal policy to k + 1, we consider choosing ;41 and then following 7* thereafter. As (70) shows us, the
decision problem for 1 is the same starting from £}, and k7 because the posterior distributions p(6|h}.) and p(6|h}) are
equal, and the optimal policy after £ + 1 does not depend on history order. This implies that the optimal choice of &1 is the
same for i}, and h3. This implies that the optimal policies starting in i}, and h3 are the same. This completes the proof. [

Theorem 4. For a design function w and a number of contrastive samples L > 1, let

p(hr|0o, )

Ur(r, L) = E |log —2 1)
7 21 p(hr|0e,7)
where the expectation is over 6y, hr ~ p(8, hp|r) and 01.;, ~ p(0) independently. Then,
Ur(m,L) | Ip(m) as L — oo (72)

at a rate O(L1).
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Proof. We first show Uy (m, L) is an upper bound to Zp ()

hT|907ﬂ-) [ p(hT|907ﬂ-):|
log gl [log EEE0 T (73)
LS p(hrl0p 7 B (0o.tirim) p(hr|m)

L
> p (MWJ)N (74)
=1

Ur(m, L) = Ir(m) = Epy,hrm) Epor.r)

=

= Ep(90,hr|mEpo:.1) [bgp(th7r log (

now using Jensen’s inequality

—_

L
> By, [p(hr|be, ﬂ]ﬂ (75)

1

L
> plhr|r) ﬂ (76)

(=1

2 Ep90,hr|m) llng(hThT — log (

o~

Siks

= Ep00,hr|m) [logp(hﬂﬂ — log (

= Ep(60,hr|m) log p(hr|m) —log p(hr|T) a7
—0. (78)

To show monotonicity in L, pick Ly > L; > 0 and consider the difference

& 52 plhr|f,m)
5 = Z/{T(TF, Ll) — UT(ﬂ', Lg) = EF(QoyhT\ﬂ)EP(elsz) log B I h 0 . (79)
I, iz1 p(hrl0;, )
Notice that we can write expression in the numerator L% Zfil p(hrl0;, ™) =Kz . [ Zk 1p(hrll,, ™ )} , where
the indices Jj have been uniformly drawn from 1,..., L. We have
1 & 1 &
0= Ep(@o,hT\‘lr)Ep(91:L2) 10g EJ1,~~~~,JL1 fl ;p(hTWJk, 77):| - log fl izzlp(hT|9i7 W)] (80)
now applying Jensen’s Inequality
1 &
> Booo.hrm Ep01.0,) | B, llog i > p(hrl,,, ﬂ)] log —— Zp(hTIGu ﬂ)] @1
k=1
then use the fact that any L;-subset of 61, ..., §1, has the same distribution
1 & 1 &
= Ep(ao,hT\ﬂ')EP(el:Lﬂ |}Og fl Zp(hT‘eiv W) — log fl Zp(hT‘eiv 77)] =0 (82)
i=1 i=1

which establishes monotonicity.

Finally, convergence is shown analogously to Theorem 2. Again we adopt the assumption (52). The Strong Law of Large
Numbers gives us almost sure convergence log (% Z;:l p(hrl|e, 71')) — log p(hp|m) as L — co. Applying the Bounded
Convergence Theorem, as in Theorem 2, we have

. . p(hr|m)
lim (Urp(, Lp(m, L E o Ep(o;, lim lo (83)
Jim (Ur(m, L) = Zr(m, L)) = Ep(oo i 1) Epor.1) [LHOO g TS hrlen)

=0. (84)
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Finally, for the rate of convergence, we have

Ur(m, L) — Ir(7) = Eygg hr|m)Epeor.r) |l0g iZfl_)f};T(lgleh ﬂ)] (85)
= Ep(9o,hr1m) Ep(01.1) B log (i Z Wﬂ (86)
r L
= Ep(00,hrim Ep(o1.0) B log (1 + i; (W - 1))] 87
= Ep90,hrm) Ep(:.1) _i(l)"x:] (88)
Ln=1
where z = 1 ZZL:1 (% — 1) and we have applied the Taylor expansion for log(1 + z). We have
Ep(00.hr|m)Ep(01.1) [2] = 0 (89)
2
Ep(00.hrmEpor.2) 7] = %Eme(),hﬂw)Emm) {(W - 1) } (90)
and higher order terms are o(L~') (Angelova, 2012; Nowozin, 2018). This shows that Uz (m, L) — Z(7) — 0 at a rate
O(L™1). This concludes the proof. O
B. Additional bounds

In this section, we consider a more general lower bound on Zr () based on the ACE bound of Foster et al. (2020). We
consider a parametrized proposal distribution ¢(6; h) which can be used to approximate the posterior p(6|h7). One
example of such a proposal would be an amortized variational approximation to the posterior that takes as input A7 and
outputs a variational distribution over 6. It would be possible to share the representation R(hr) from (17) between the
design network and the inference network. However, the following theorem is not limited to variational posteriors, and
concerns any parametrized proposal distribution.

Theorem 5. For a design function , a number of contrastive samples L > 1, and a parametrized proposal q(0; hr), we
have the sequential Adaptive Contrastive Estimation (sACE) lower bound

p(hr|bo, )
Ir(m) > Ep(6,hrm)a(01.15h1) log 1 EL p(hr|0¢,m)p(07) oD
L+1 246=0 — q(O¢;hr)
and the sequential Variational Nested Monte Carlo (sVNMC) upper bound
p(hr|6o, )
Tr(m) < Epoo hrimaoriaine) 108 3 S p0irl0emn@0) ©2)
L £ut=1 q(0¢;hr)

Proof. We begin by showing the sACE lower bound. The proof closely follows that of Theorem 2. We have the error term

p(hr|o, m) p(hr|o, 7)
dsacke = Epay,hp|m) {log — Ep00,nr1m) Eq(01.05h1) 108 L p ©3)
o p(hr|m) o o L-lﬁ—l 20 p(hZ(IZZh)Tp)(W)
Ll . Z; o p(hT(lzb;)I;(‘%)
+ = ;
= Ep(00,hr1m)Eq(01.0:h1) |108 p(hﬂ;) _— (94)
L
1 p(0c|hr)

=E E . I 95
p(0o,hr|m)=q(01.15hr) |f3g <L +1 e (](9£§hT) ©5)
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now introducing the shorthand q(@0 Lihr) i=q (90:L\{4}; hT) = Hf:o,j# q(0;; hr),

(96)

Zé op(eth)Q(% L:hT)
=F Eo g, .nm |log ZF1
p(0o,hr|m)=q(01:15hT) |:Og q(GO:L7 hT)

Now by the systemtry on term in side the log, we see that this expectation would be the same if it were instead
taken over p(6;, hr|m)q(0y.7; hr) for any ¢ 6 {0,...,L}. Tt is also the same if we take the expectation over

ot S (0, her|m)a(05,5; hr) = p(hr|m) g S0 p(0:lhr)a(05,5 s hr) and thus we have

et S0 p(Oclhr)a (655 ; hT):| ©7)

= EphrmE o 52 w0z ) {log 4(00.1.; hr)

= Ep(nrm [KL (G(00:; br)llq(0o:1; hr)) | (98)
where ¢(0o..; hr) = L+1 Zz o P(0|h)q (055 ; hr), which is indeed a distribution since

L

/q(eo:L;hT)de)O:L = Z </p(9p|hT )do, - / ( OL,hT)d90L> =1. (99)

Now by Gibb’s inequality the expected KL in (98) must be non-negative, establishing the required lower bound.

Turning to the sVNMC bound, we use a proof that is close in spirit to Theorem 4. We have the error term

p(the(),ﬂ-) p(hT|90,7T)
dsVNMC = EP(GOJLT‘W)]E(I(OI:L;}LT) log L hol02,7)p(0 - EP(GOJLT‘W) log —————= (100)
Pk S plerl)
p(hr |0, 7)p(00)
= Ep(e[j,hT‘ﬂ')]Eq(elzL;hT) [10gp(hTW IOg ( Z (9@, h,T) (101)
now using Jensen’s inequality
i 1 p(hr|0s, ™)p(00)
>E 1 -1 — E —_ 102
> Epb0,hr|m) -ng(hT‘ﬂ— og (L ; a(6eshr) [ (60 ) (102)
r L
= Ep9o,hr|m) |logp(hr|m) —log ( Z p(00) [P(hr|0g, )])} (103)
- o
= Ep9o,hr|m) |logp(hr|T) 10%( Z hT|7T)>] (104)
L =1
= Ep(9g,hr|r) log p(hr|m) — log p(hr|m) (105)
=0. (106)
This establishes the upper bound. O
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C. Gradient details

C.1. Score function gradient

Recall that our sPCE objective is

L1y, L) = Ep(oo..)p(hrl60,74) 9L (002, hr)] (107)

= Ep(0o.0)p(hr(60,70) llog - gﬁi&ﬁe%)] (108)
= Ep(00.1)p(hrl60.7) [log = fi (Oh;(f;";rz)%) +log(L + 1) (109)

Differentiating this gives:
CZL—(Z =Ep60.1) [/ o ( (hr|6o, ms) log Zfi(:]j(f;’;rz)ﬂqs)) thl (110)
~Eyu,.| [ plhrito, ) log . ﬁ(oh;fi]gi)w (d‘; | gp(hTeo,%)> dhy (112)

L
d d
/ (hr|bo, mp) <¢10gp(hT|9o,7T¢>)> dhr — /P(th9o7W¢)(w10gzp(hT9&%)th] (113)
£=0
p(hr|bo, ms)
>0 p(hrlfe,76)

In line (112) we used the log-trick -L f(z) = f(z) (<L log f(z)) and again in line (114) (in the reverse direction), together
with the fact f %p(hTWQ,ﬂ'(ﬁ)th = d% fp(hT‘go,ﬂ'qg)th = 0.

L
d d
= Epo..)Ep(hr|00.74) {log ( Ing(hTQO»T%)) 7 10gZP(hT9677T¢)] . (114)
=0

C.2. Expanded reparametrized gradient

For completeness, we provided a fully expanded form of the gradient in (14), computed using the chain rule. In practice,
derivatives of this form are calculated automatically in PyTorch (Paszke et al., 2019).

Initially, we set up some additional notation. Suppose £ the design is of dimension D; and y the observation is of dimension
D5. Then u = (&, y) is of dimension Dy + Ds. For an arbitrary scalar quantity x, we have

Ox da s} fé} 6]
u (agfm ag(gn azfl) ay<1§2>) (115)
and 9 -
u _ 85(1) ag(DU oy 8§(d) oy (P2) ag(d)
or _( ox oz Zd 1 dg(d) oz Zd 1 ggw) oz : (116)

This notation enables us to concisely and clearly deal with both scalar and vector quantities. In general, the derivatives
0a/Ob and da/db represent a matrix of shape (dim a, dim b) where one or both of a, b may have dimension 1. This notation
is particularly attractive because the Chain Rule for partial derivatives can be concisely expressed as follows. Suppose
a = a(by(c), ..., bn(c), ¢), then the total derivative is given by

da _ Oa " da db;

—_—= _—— 117
de  Oc + pt ob; dc (117)

where the normal rules of matrix multiplication apply. We now apply this in the context of the function g(6y.r., hr) which
was defined in Section 4.2.
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We have g = g(6o.L, u1, ..., ur). The Chain Rule implies that

89 dut
Z s o (118)

We also have, fort = 1, ..., T, that us = u(p, ht—1,00,€:) = u(d, u1, ..., ut—1, o, €¢). This represents the dependence of &;
on h;_; via 7y, and the further dependence of y; on 0y and ¢;. Expanding the derivatives again using the Chain Rule gives

g [ Ouy Ouy dug
. 119
z%( +3 gude) o
Again, we can expand the total derivative to give

3%& 3Ut Ous Ou, du,
oy o (Ge T (Ge s ete)). 2

Rather than continuing in this manner, we observe that the current expansion (120) can be split up as follows

dg aut @ Ouy Oug @ Ouy Oug du,
Z ou, 06 T > ou, Du. 06 > Du, D, Ou, do

(121)

1<s<t<T 1<r<s<t<T

which shows that we have completely enumerated over all paths of length 1 and 2 through the computational graph, and the
final term with a total derivative concerns paths of length 3 or more. This approach can be naturally extended to enumerate
over all paths. To write this concisely, we introduce a new variable k£ which denotes the length of the path, and then a sum
over all increasing sequences 1 < ¢; < ... < t, < T. This gives

T
dg Z Z (9g aU/tk 8Ut2 aUtl
— = . (122)
dep k=1 |1<t;<..<t,<T Ouy, Qu, ., Ougy 99
This can be written concisely as
dg ag 8ut 41 autl
2 I 123
d(b Z 8utk H 8utj 8¢ ( )

ke{1,...,T}
1<t <. <t <T

where the product is interpretted in the order given in (122) for the matrix multiplication to operate correctly, and an empty
product is equal to the identity.

D. Experiment details

Our experiments were implemented using PyTorch (Paszke et al., 2019) and Pyro (Bingham et al., 2018). An open-source
implementation of DAD, including code for reproducing each experiment, is available at https://github.com/
ae-foster/dad. Full details on running the code are given in the README . md file.

D.1. Location Finding

In this experiment we have K hidden objects or sources in R%, d € {1,2, 3} and aim to learn their locations, § = {0 }X_,.
The number of sources, K, is assumed to be known. Each of the sources emits a signal with intensity obeying the inverse-
square law. In other words, if a source is located at 85, and we perform a measurement at a point &, the signal strength will
be proportional to m.

Since there are multiple sources, we consider the total intensity at location &, which is a superposition of the individual ones

() _”Z T E 2y
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Figure 5. Log-total intensity

where oy, can be known constants or random variables, b, m > 0 are constants controlling background and maximum signal,
respectively. Figure 5 shows the effect b and m have on log total signal strength.

We place a standard normal prior on each of the location parameters 65 and we observe the log total intensity with some
Gaussian noise. We therefore have the following prior and likelihood:

O "~ N(04,14), logy | 6,€ ~ N(log (0, €), 0). (125)

The model hyperparameters used in our experiments can be found in the table below.

Parameter Value
Number of sources, K 2
Base signal, b 10~1
Max signal, m 10~4
a1, 0 1
Signal noise, o 0.5

We trained a DAD network to amortize experimental design for this problem, using the neural architecture outlined in
Section 4.3. Both the encoder and the decoder are simple feed-forward neural networks with a single hidden layer; details in

the following table. For the encoder

Layer  Description Dimension  Activation
Input &y 3 -
H1 Fully connected 256 ReLU
Output  Fully connected 16 -
and for the emitter
Layer  Description Dimension  Activation
Input  R(h:) 16 -
H1 Fully connected 2 -
Output ¢ 2 -

Since the likelihood is reparametrizable, we use (14) to calculate approximate gradients. We optimized the network using
Adam (Kingma & Ba, 2014) with exponential learning rate annealing with parameter . Full details are given in the

following table.
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Figure 6. Posterior distributions of the location finding example with K = 1 source R.

Parameter Value
Inner samples, L 2000
Outer samples 2000
Initial learning rate 5x107°
Betas (0.8, 0.998)
y 0.98
Gradient steps 50000
Annealing frequency 1000

We used a greater number of inner and outer samples for a more accurate estimate of Zp () for evaluation when computing
the presented values in Table 1 and in our Training Stability ablation, specifically L = 5 x 10° inner samples, and 256
(variational) or 2048 (other methods) outer samples.

Deployment times Deployment speed tests were performed on a CPU-only machine witht the following specifications:

Memory 16 GB 2133 MHz LPDDR3
Processor 2.8 GHz Quad-Core Intel Core i7
Operating System  MacOS BigSur v.11.2.3

We took the mean and +1 s.e. over 10 realizations. Deployment times for all methods are given in the following table

Method Deployment time (s)
Random 0.0026 = 0.0001
Fixed 0.0018 £ 0.0001
DAD 0.0474 £ 0.0003

Variational 8963.2 +42.2

Discussion details In the discussion, we used a simpler form of the same model with K = 1 source and § € R, £ € R. In
this simplified setting, we can calculate the true optimal myopic (greedy) baseline using numerical integration. We evaluate
equation (1) using line integrals as follows

p(ylo)
1 = Olhi—1)E 1 do 126
¢(€) /p( |he—1)Ep(yl0) |:0g [ p(0|hy_1)p(y|0")d6’ (126)
= [ b0l Ep 0 [log / p(e’ht_np(ye’)de/} d8+C (127)
where C' = —H (p(y|0)) is the entropy of a Gaussian, location independent and therefore constant with respect to £. We

calculate (127) for a range of designs, { € Egy4, and select the optimal design £* = arg maxz,, I;(£). The integrals

themselves are also calculated using numerical integration on a grid, G4, and use sampling to calculate the inner
expectation; further details can in the table below.
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Figure 7. Comparison of two gradient methods for the hyperbolic temporal discounting model with 7" = 10 experiments.

Parameter Value
Design grid, Zyiq 300 equally spaced from -3 to 3
6 grid, Ogriq 600 equally spaced from -4 to 4

y samples for inner expectation 400

It is important to emphasize that even in this simple one-dimensional setting evaluating the myopic strategy is extremely
costly and may require more sophisticated numerical integration techniques (e.g. quadrature) as posteriors become more
peaked. Furthermore, as Figure 6 indicates, the resulting posteriors are complex and multi-modal even in 1D. This
multi-modality may also be a reason why the variational method does not work well in this example.

D.2. Hyperbolic temporal discounting

We consider a hyperbolic temporal discounting model (Mazur, 1987; Vincent, 2016; Vincent & Rainforth, 2017) in which a
participant’s behaviour is characterized by the latent variables § = (k, «) with prior distributions

logk ~ N(—4.25,1.5) a ~ HalfNormal (0, 2) (128)

where the HalfNormal distribution is a Normal distribution truncated at 0. For given k, o, the value of the two propositions
“£R today” and “£100 in D days” with design £ = (R, D) are given by

100

Ww=R i = . 129
0 . = 15D (129)

The probability of the participant selecting the second option, V7, rather than 1} is then modelled as

i =W
p(y:1|k,a,R,D)=e+(1—2e)q>< ! 0) (130)
e
where ® is the c.d.f. of the standard Normal distribution, i.e.
21
D(z) :/ ——exp (—327) (131)
oo V2T

and we fix e = 0.01. We considered the iterated version of this experiment, modelling 7" = 20 experiments with each
sampled setting for the latents k, cv.

We began by training a DAD network to amortize experimental design for this problem. The design parameters R, D have
the constraints D > 0 and 0 < R < 100. We represented R, D in an unconstrained space {4, & and transformed them using
the maps

D =exp (&) R =100 sigmoid(¢,.) (132)

We used the neural architecture outlined in Section 4.3. For the encoder £, we used the following network with two hidden
layers
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Layer Description Dimension  Activation
Design input &4, &, 2 -
H1 Fully connected 256 Softplus
H2 Fully connected 256 Softplus
H3 Fully connected 16 -
H3’ Fully connected 16 -
Output yOH3+(1—y)©HY 16 -

The emitter network F, similarly used two hidden layers as follows

Layer  Description Dimension  Activation
Input  R(h;) 16 -
HI Fully connected 256 Softplus
H2 Fully connected 256 Softplus
Output  &4,&, 2 -

Since the number of experiments we perform is relatively large (1" = 20), we constructed a score function gradient estimator
of (16) (see also § C.1 for details) and optimized this network with Adam (Kingma & Ba, 2014).We used exponential
learning rate annealing with parameter . Full details are given in the following table.

Parameter Value
Inner samples, L 500
Outer samples 500
Initial learning rate 1074
Betas (0.9, 0.999)
y 0.96
Gradient steps 100000
Annealing frequency 1000

For the fixed baseline, we used the same optimization settings, except we set the initial learning rate to 10~1. We trained the
DAD and fixed methods on a machine with 8 Intel(R) Xeon(R) CPU E5-2637 v4 @ 3.50GHz CPUs, one GeForce GTX 1080
Ti GPU, 126 GiB memory running Fedora 32. Note this is not the machine used to conudct speed tests. For the Badapted
baseline of Vincent & Rainforth (2017), we used the public code provided at https://github.com/drbenvincent/
badapted. We used 50 PMC steps with 100 particles. For the baselines of Frye et al. (2016) and Kirby (2009),
we used the public code provided at https://github.com/drbenvincent /darc-experiments-matlab/
tree/master/darc—experiments, which we reimplemented in Python. These methods do not involve a pre-training
step, except that we did not include time to compute the first design £; within the speed test, as this can be computed before
the start of the experiment.

To implement the deployment speed tests fairly, we ran each method on a lightweight CPU-only machine, which more
closely mimics the computer architecture that we might expect to deploy methods such as DAD on. The specifications of
the machine we used are described below

Memory 7.7GiB
Processor Intel Core M-5Y10c CPU @ 0.80GHz x 4
Operating System  Ubuntu 16.04 LTS

The values in Table 2 show the mean and standard error of the times observed from 10 independent runs on a idle system.
To make the final evaluation for each method in Table 3, we computed the sPCE and sSNMC bounds using L = 5000
inner samples and 10000 outer samples of the outer expectation. We present the mean and standard error from the outer
expectation over 10000 rollouts.

D.2.1. ABLATION: TOTAL ENUMERATION

We compare the two methods for estimating gradients for the case of discrete observations: total enumeration of histories
(Equation 15) and score function gradient estimator (Equation 16). To this end we train DAD networks to perform 7" = 10
experiments, which gives rise to a total of 2'° = 1024 possible histories.
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Figure 8. Comparison of posteriors obtained from a single rollout of the Death Process, used to compute the information gains quoted in
Section 6.3. The dashed line indicates the true value § = 1.5 used to simulate responses.

Find that the two methods perform the same, both quantitatively and qualitatively. Table 5 reports the estimated upper and
lower bounds on the mutual information objective, indicating statistically equal performance of the two methods (mean
estimates are within 2 standard errors of each other). Figure 7 demonstrates the qualitative similarity in the designs learnt by
the two networks.

Lower bound, £19  Upper bound, U1
Complete enumeration 4.068 £ 0.0124 4.090 £ 0.0126
Score function gradient 4.037 £0.0126 4.058 £ 0.0128

Table 5. Final lower and upper bounds on the total information Zyo(7) for the Hyperbolic Temporal Discounting experiment with 7" = 10
experiments and different gradient estimation schemes (see § 4.2 and § C.1 for details). The bounds are finite sample estimates of
Lio(m, L) and U0 (m, L) with L = 5000. The errors indicate +1 s.e. over the sampled histories.

D.3. Death process

For the Death Process model (Cook et al., 2008), we use the settings that were described by Kleinegesse et al. (2020).
Specifically, we use a truncated Normal prior for the infection rate

0 ~ TruncatedNormal(p = 1,0 = 1, min = 0, max = 00). (133)
The likelihood is then given by
n=1—exp(—£0) y|6, & ~ Binomial(N,n) (134)

where we set N = 50. We consider a sequential version of this experiment as in Kleinegesse et al. (2020), with 7" = 4 and
in which an independent stochastic process is observed at each step, meaning there are no constraints relating &1, ..., &4 other
than the natural constraint £, > 0.

We began by training a DAD network to perform experimental design for this problem. We used the neural architecture
outlined in Section 4.3. For the encoder Ey4, we used the following network with two hidden layers

Layer  Description Dimension  Activation
Input &y 2 -
H1 Fully connected 128 Softplus
H2 Fully connected 128 Softplus
Output  Fully connected 16 -

The emitter network F, similarly used two hidden layers as follows

Layer  Description Dimension  Activation
Input  R(h¢) 16 -
H1 Fully connected 128 Softplus
H2 Fully connected 128 Softplus
Output & 1 Softplus
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Although the number of experiments we perform is relatively small (7" = 4), we could not use complete enumeration due to
the prohibitively large size of the outcome space (|| = 51). Hence, we constructed a score function gradient estimator of
(16) (see also § C.1 for details) and optimized the DAD network with Adam (Kingma & Ba, 2014).We used exponential
learning rate annealing with parameter . Full details are given in the following table.

Parameter Value
Inner samples, L 500
Outer samples 500
Initial learning rate 0.001
Betas (0.9,0.999)
v 0.96
Gradient steps 100000
Annealing frequency 1000

For the fixed baseline, we used the same optimization settings, except we set the initial learning rate to 10~! and we set
v = 0.85. We trained the DAD and fixed methods using the same machine as used for training in Section D.2. For the
variational baseline, we used a truncated Normal variational family to approximate the posterior at each step. We used SGD
with momentum to optimize the design at each step, and to optimize the variational approximation to the posterior at each
step. We used exponential learning rate annealing with paramter . The settings used were

Parameter Value
Design inner samples 250
Design outer samples 250
Design initial learning rate 1072
Design v 0.9
Design gradient steps 5000
Inference initial learning rate 1073
Inference 0.2
Inference gradient steps 5000
Momentum 0.1
Annealing frequency 1000

For the SeqBED baseline, we used the code publicly available at https://github.com/stevenkleinegesse/
segbed. The speed tests except for SeqBED were implemented as in Section D.2. For SeqBED and the variational method,
we did not include the time to compute the first design as deployment time, as this can be computed before the start of the
experiment. Due to its long-running nature, we implemented the speed test for SeqBED using a more powerful machine
with 40 Intel(R) Xeon(R) CPU E5-2680 v2 @ 2.80GHz processors and 189GiB memory. Therefore, the timing value for
SegBED given in Table 4 represents a significant under-estimate of the expected computational time required to deploy this
method. However, we note that SeqBED can be applied to a broader class of implicit likelihood models.

For evaluation of Z, () in the Death Process, it is possible to compute the information gain H[p(0)] — H [p(6|hr)] to high
accuracy using numerical integration. We then took the expectation of the information gain over rollouts, see Table 4 for the
exact number of rollouts used. This gives us an estimate

Zs(7) = Ep(nr|m) [H[p(0)] — H[p(6]h7)]] (135)

which is shown to be a valid form for the total EIG in Section A.

For a comparison with SeqBED which is too slow to use this evaluation, we instead performed one rollout of each of
our methods using a fixed value & = 1.5. This is close in spririt to the evaluation used in Kleinegesse et al. (2020).
Figure 8 shows the posterior distributions obtained from this rollout. The information gains were then computed using the
aforementioned numerical integration and are quoted in Section 6.3. We observe that, visually, the posterior distributions are
similar, and cluster near to the true value of 6.
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Abstract

We introduce implicit Deep Adaptive Design (iDAD), a new method for performing
adaptive experiments in real-time with implicit models. iDAD amortizes the cost
of Bayesian optimal experimental design (BOED) by learning a design policy
network upfront, which can then be deployed quickly at the time of the experiment.
The iDAD network can be trained on any model which simulates differentiable
samples, unlike previous design policy work that requires a closed form likelihood
and conditionally independent experiments. At deployment, iDAD allows design
decisions to be made in milliseconds, in contrast to traditional BOED approaches
that require heavy computation during the experiment itself. We illustrate the
applicability of iDAD on a number of experiments, and show that it provides a fast
and effective mechanism for performing adaptive design with implicit models.

1 Introduction

Designing experiments to maximize the information gathered about an underlying process is a key
challenge in science and engineering. Most such experiments are naturally adaptive—we can design
later iterations on the basis of data already collected, refining our understanding of the process with
each step [36, 45, 51]. For example, suppose that a chemical contaminant has accidentally been
released and is rapidly spreading; we need to quickly discover its unknown source. To this end,
we measure the contaminant concentration level at locations &1, . . ., &7 (our experimental designs),
obtaining observations y1, . . ., yr. Provided we can perform the necessary computations sufficiently
quickly, we can design each &; using data from steps 1,...,¢ — 1 to narrow in on the source.

Bayesian optimal experimental design (BOED) [7, 32] is a principled model-based framework for
choosing designs optimally; it has been successfully adopted in a diverse range of scientific fields
[52, 58, 60]. In BOED, the unknown quantity of interest (e.g. contaminant location) is encapsulated
by a parameter ¢, and our initial information about it by a prior p(6). A simulator, or likelihood,
model y|6, ¢ describes the relationship between 6, our controllable design £, and the experimental
outcome y. To select designs optimally, the guiding principle is information maximization—we select
the design that maximizes the expected (Shannon) information gained about 6 from the data y, or,
equivalently, that maximizes the mutual information between 6 and y.

This naturally extends to adaptive settings by considering the conditional expected information gain
given previously collected data. The traditional approach, depicted in Figure 1a, is to fit a posterior
p(0)&1:4—1,y1.t—1) after each iteration, and then select & in a myopic fashion using the one-step
mutual information (see, e.g., [51] for a review). Unfortunately, this approach necessitates significant
computation at each ¢ and does not lend itself to selecting optimal designs quickly and adaptively.

Recently, Foster et al. [17] proposed an exciting alternative approach, called Deep Adaptive Design
(DAD), that is based on learning design policies. DAD provides a way to avoid significant computation

35th Conference on Neural Information Processing Systems (NeurIPS 2021), Sydney, Australia.

103



" Live experiment ) é o } depll)y )
£ Policy Design =
. £ o =
Design o) Critic :
o o
o T iterations <
T iterations ~ =,
)
£ 2
Infer (——= Observe é Infer data Observe %
@)
N\ J - J

(a) Traditional BOED: costly computa- (b) Policy-based BOED using iDAD: a design policy and critic are
tions (design optimisation and parameter learnt before the live experiment. The policy enables quick and
inference) are required at each iteration. ~ adaptive experiments, the critic assists likelihood-free inference.

Figure 1: Overview of adaptive BOED approaches applicable to implicit models.

at deployment-time by, prior to the experiment itself, learning a design policy network that takes
past design-outcome pairs and near—instantaneously returns the design for the next stage of the
experiment. The required training is done using simulated experimental histories, without the need to
estimate any posterior or marginal distributions. DAD further only needs a single policy network to
be trained for multiple experiments, further allowing for amortization of the adaptive design process.
Unfortunately, DAD requires conditionally independent experiments and only works for the restricted
class of models that have an explicit likelihood model we can simulate from, evaluate the density of,
and calculate derivatives for, substantially reducing its applicability.

To address this shortfall, we instead consider a far more general class of models where we require only
the ability to simulate y|6, £ and compute the derivative y/JE, e.g. via automatic differentiation [5].
Such models are ubiquitous in scientific modelling and include differentiable implicit models [19], for
which the likelihood density p(y|6, &) is intractable. Examples include mixed effects models [15, 18],
various models from chemistry and epidemiology [1], the Lotka Volterra model used in ecology [19],
and models specified via stochastic differential equations (such as the SIR model [10]).

To perform rapid adaptive experimentation with this large class of models, we introduce implicit
Deep Adaptive Design (iDAD), a method for learning adaptive design policy networks using only
simulated outcomes (see Figure 1b). To achieve this, we introduce likelihood-free lower bounds on
the total information gained from a sequence of experiments, which iDAD utilizes to learn a deep
policy network. This policy network amortizes the cost of experimental design for implicit models
and can be run in milliseconds at deployment-time. To train it, we show how the InfoNCE [57]
and NWIJ [37] bounds, popularized in representation learning, can be applied to the policy-based
experimental design setting. The optimization of both of these bounds involves simultaneously
learning an auxiliary critic network, bringing an important added benefit: it can be used to perform
likelihood-free posterior inference of the parameters given the data acquired from the experiment.

We also relax DAD’s requirement for experiments to be conditionally independent, allowing its
application in complex settings like time series data, and, through innovative architecture adaptations,
also provide improvements in the conditionally independent setting as well. This further expands the
model space for policy-based BOED, and leads to additional performance improvements.

Critically, iDAD forms the first method in the literature that can practically perform real-time adaptive
BOED with implicit models: previous approaches are either not fast enough to run in real-time for
non-trivial models, or require explicit likelihood models. We illustrate the applicability of iDAD on a
range of experimental design problems, highlighting its benefits over existing baselines, even finding
that it often outperforms costly non-amortized approaches. Code for iDAD is publicly available at
https://github.com/desi-ivanova/idad.

2 Background

The BOED framework [32] begins by specifying a Bayesian model of the experimental process,
consisting of a prior on the unknown parameters p(6), a set of controllable designs &, and a data
generating process that depends on them y|0, £; as usual in BOED, we assume that p(6) does not
depend on &. In this paper, we consider the situation where y|6, £ is specified implicitly. This means
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that it is defined by a deterministic transformation, f(g; 8, £), of a base (or noise) random variable, &,
that is independent of the parameters and the design; e.g., € ~ A (g;0, I). The function f is itself
often not known explicitly in closed form, but is implemented as a stochastic computer program (i.e.
simulator) with input (6, &) and e corresponding to the draws from the underlying random number
generator (or equivalently the random seed). Regardless, the resulting induced likelihood density
p(y|0, &) is still generally intractable, but sampling y|6, £ is possible.

Having acquired a design-outcome pair (£, y), we can quantify the amount of information we have
gained about 6 by calculating the reduction in entropy from the prior to the posterior. We can further
assess the quality of a design & before acquiring y, by computing the expected reduction in entropy
with respect to the marginal distribution of the outcome, p(y|{) = E,9)[p(y|0,§)]. The resulting
quantity, called the expected information gain (EIG), is of central interest in BOED and is defined as

p(O¢, Py,

1(&) = Epoyp(ulo.c) {10% (pé)y)} = Epo)p(i0.6) [log M] : 1)
Note that I(£) is equivalent to the mutual information (MI) between the parameters # and data
y when performing experiment £. The optimal ¢ is then the one that maximises the EIG, i.e.
&* = argmaxe I(£). Performing this optimization is a major computational challenge since the
information objective is doubly intractable [46]. For implicit models, the cost becomes even greater as
the likelihood is also not available in closed form, so estimating it, along with the marginal likelihood
p(y|€), is already itself a major computational problem [11, 20, 33, 54].

Jointly optimizing the design variables for all undertaken experiments at the same time using (1) is
called static experimental design. In practice, however, we are often more interested in performing
multiple experiments adaptively in a sequence &1, ..., &p, so that the choice of each & can be
guided by past experiments, namely the corresponding history hi—1 = {(&;, ;) }i=1.t—1. The typical
approach in such settings is to sequentially perform (approximate) posterior inference for 0|h;_1,
followed by a one-step look ahead (myopic) BOED optimization that conditions on the observed

history. In other words, to determine the designs &1, . . ., {7, we sequentially optimize the objectives
p(el0, & he—1)
Iy, =E . . ) [log——————5|, t=1,...,T. 2)
he-1 (&) = Epoln, )ptyelo.ehi ) (108 p(0ilE, )

However, such approaches incur significant computational cost during the experiment itself, particu-
larly for implicit models [16, 21, 30]. This has critical consequences: in most cases they cannot be
run in real-time, undermining one’s ability to use them in practice.

2.1 Policy-based adaptive design with likelihoods

For tractable likelihood models, Foster et al. [17] proposed a new framework, called Deep Adaptive
Design (DAD), for adaptive experimental design that avoids expensive computations during the
experiment. To achieve this, they introduce a parameterized deterministic design function, or policy,
7 that takes the history h,_; as input and returns the design {; = m,(h;—1) to be used for the next
experiment as output. This set-up allows them to consider the objective

T
Ir(ms) = Epo)p(nr|o,rs) [Z fhtl(&)] &= me(hi-1), 3)

t=1
which crucially depends on the policy 7 rather than the individual design &;. Learning a policy
up-front, rather than designs, is what allows adaptive experiments to be performed in real-time.

Under the assumption that y; is independent of i;_; conditional on the parameters 6 and the design &;,
i.e. p(ye0, &, he—1) = p(y:]0, &), Foster et al. [17] showed that the objective can be simplified to

p(hrl0, 7T¢7)

T
p(hT|7T¢) :| ’ p(hT|0’7r¢) = t];{p(yt\@,gt), 4)

Zr(7g) = Epo)p(hr|0,ms) {10%

To deal with the marginal p(hy|m,) in the denominator, they then derived several optimizable lower
bounds on Z7(7), such as the sequential Prior Contrastive Estimation (sPCE) bound

p(hr|0o, 74)
%4_1 ZeL:o p<hT|9€>7T¢)

LT (g, L) = B 0)p(hr10,74)p(61.1) [log
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The parameters of the policy ¢, which takes the form of a deep neural network, are now learned
prior to the experiment(s) using stochastic gradient ascent on this bound with simulated experimental
histories. Design decisions can then be made using a single forward pass of 74 during deployment.
Unfortunately, training the DAD network by optimizing (5) requires the likelihood density p(hr|60, 7)
to be analytically available—an assumption that is too restrictive in many practical situations. The
architecture for DAD also assumes conditionally independent designs, which is unsuitable in some
settings like time-series data. Our method lifts both of these restrictions.

3 Implicit Deep Adaptive Design

We have seen that the traditional step-by-step approach to adaptive design for implicit models
[16, 21, 30] is too costly to deploy for most applications, whilst the only existing policy-based
approach, DAD [17], makes restrictive assumptions that prevent it being applied to implicit models.
We aim to relax the restrictive assumptions of the latter, making policy-based BOED applicable to all
models where we can sample from y|6, £ and compute the derivative 0y /0¢, a strict superset of the
class of models that can be handled by DAD. This requires new training objectives for the policy
network that do not involve an explicit likelihood and are not based on conditionally independent
experiments, along with new architectures that work for non-exchangeable models like time series.

3.1 Information lower bounds for policy-based experimental design without likelihoods

To establish a suitable likelihood-free training objective for the implicit setting, our high-level idea is
to leverage recent advances in variational MI [see 42, for an overview], which have shown promise
for static BOED [16, 28, 29]. While using these bounds in the traditional framework of (2) would
not permit real-time experiments, one could consider a naive application of them to the policy
objective of (3) by replacing each I, , with a suitable variational lower bound that uses a ‘critic’
U; : H'™1 x © — R to avoid explicit likelihood evaluations, where 7!~! and © are the spaces of
histories and parameters respectively. An effective critic successfully encapsulates the true likelihood,
tightening the bound. Although its form depends on the choice of bound, all critics are parametrized
and trained in the same way, namely by a neural network Uy, which is optimized to tighten the bound.
Unfortunately, replacing each I, , involves learning 1" such critic networks and requires samples
from all posteriors p(6|h;—1 ), which will typically be impractically costly.

To avoid this issue, we show that we can obtain a unified information objective similar to (4), even
without conditionally independent experiments. The following proposition therefore marks the first
key milestone in eliminating the restrictive assumptions of [17], by establishing a unified objective
without intermediate posteriors that is valid even when the model itself changes between time steps.

Proposition 1 (Generalized total expected information gain). Consider the data generating distribu-
tion p(hr|0,7) = [1,_1.0 P(y£|0, &, he—1), where & = m(hs—1) are the designs generated by the
policy and, unlike in (4), vy, is allowed to depend on the history hy_1. Then we can write (3) as

Ir(m) = Ep@oyp(hr)o,r) logp(hr |0, m)] — Epp ) [log p(hr|m)] . (6)

Proofs are presented in Appendix A. The advantage of (6) is that we can draw samples from
p(0)p(hr|0, ) simply by sampling our model and taking forward passes through the design network.
However, neither of the densities p(hr|0, ) and p(hr|r) are tractable for implicit models.

To side-step this intractability, we observe that Zr(7) takes an analogous form to a MI between 6
and hp. For measure-theoretic reasons, namely because the 1.7 are deterministic given y;.7 (see
Appendix A for a full discussion), it is not the true MI. However, the following two propositions
show that we can treat Zy () as if it were this MI. Specifically, we show that the InfoNCE [57]
and NWIJ [37] bounds on the MI can be adapted to establish tractable lower bounds on our unified
objective Zr (7). These two bounds both utilize a single auxiliary critic network Uy, that is trained
simultaneously with the design network.

Proposition 2 (NW1J bound for implicit policy-based BOED). For a design policy m and a critic
function U : HT x © — R, let

E%W](W, U) = ]Ep(e)p(hﬂe,n) [U(hT, 9)] — 6_1Ep(9)p(hT|7T) [exp(U(hT, 9))} , )

then Ip(m) > LYY (7, U) holds for any U. Further, the inequality is tight for the optimal critic
Uswi(hr,0) =logp(hr|0, ) — log p(hr|m) + 1.
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Algorithm 1: Implicit Deep Adaptive Design with (iDAD)

Input: Differentiable simulator f, sampler for prior p(6), number of experimental steps T’
Output: Design network g, critic network Uy,
while Computational training budget not exceeded do
Sample 6 ~ p(f) and set hg = @
fort=1,...,T do
Compute & = my(hi—1)
Sample e; ~ p(e) and compute y; = f(e4; &, 0, he—1)
Set hy = {(51) yl)v ) (ftv yt)}
end
Estimate VL1 (74, Uy) as per (10) where Lr is LYY (7) or LYCE (8)
Update the parameters (¢, ¢) using stochastic gradient ascent scheme

end
For deployment, use the deterministic trained design network 4 to obtain a designs &; directly.

Proposition 3 (InfoNCE bound for implicit policy-based BOED). Let 0.1, ~ p(61..) =[], p(0;) be
a set of contrastive samples where L > 1. For design policy m and critic function U : HT x© — R, let
exp(U(hT, 90))

L
51 2o (U (A, 67))
then Ir(w) > LYE(m,U; L) for any U and L > 1. Further, the optimal critic, Uycp(hr,0) =

log p(hr|0, ) 4+ c(hy) where c(hr) is any arbitrary function depending only on the history, recovers
the sPCE bound in (5); the inequality is tight in the limit as L — oo for this optimal critic.

LYE(m,Us L) = Ep00)p(harl0,7) Ep(orr) |108 )

We propose these two alternative bounds due to their complementary properties: the NWJ bound can
have large variance, but tends to be less biased. That is, the NWJ bound tends to be tighter for good
critics, but is itself more difficult to reliably estimate and thus optimize. While the NW]J critic must
learn to self-normalize, the InfoNCE bound avoids this issue but typically will not be tight for finite
L even with an optimal critic (note EI}CE < log(L + 1) [42]). Consequently, only the NWJ objective
recovers the true optimal policy if our critic has infinite capacity and our optimization scheme is
perfect, i.e. arg max, maxy LYW (7, U) = 7* # arg max, maxy LYE(r, U; L) in general, but it
can be more difficult to work with in practice. We present a third bound that provides a potential
solution to this, and further discuss the relative merits of the two bounds, in Appendix A.

We note that for both bounds the optimal critic does not depend on the learned policy. The final
trained critic can be used to approximate the density ratio p(hr|0, 7)/p(hr|7) = p(0|hr)/p(60),
either directly in the case of the NWJ critic, or via self-normalization for the InfoNCE bound. We can
use this to help approximate the posterior over € given the collected real data from the experiment.
This means we can perform likelihood-free inference after training the critic, which extends previous
results [28, 29] from the static to the adaptive policy-based setting.

3.2 Parameterization and gradient estimation

In practice, we represent the policy 7 and the critic U as neural networks, g and Uy, respectively, such
that the lower bounds become a function £(74, Uy ) of their parameters. By simultaneously optimiz-
ing L(my, Uy ) with respect to both ¢ and ¢, we both learn a tight bound that accurately represents
the true MI and a design policy network that produces high-quality designs under this metric.

We optimize these bounds using stochastic gradient methods [26, 49]. For this, we must account for
the fact that the parameter ¢ affects the probability distributions with respect to which expectations
are taken. We deal with this problem by utilizing the reparametrization trick [35, 48], for which we
assume that design space = and observation space ) are continuous. To this end, we first formalize
the notion of a differentiable implicit model in the adaptive design setting as

Yt = f(gt;é-t(ht—l)vevht—l)v Where 9 Np(a)’ Et Np(s) Vt € {1a .. 7T} (9)

and we assume that we can compute the derivatives J f /9¢ and O f /Oh. Interestingly, it is possible to
use an implicit prior without access to the density p(#), and we do not need access to 9 f /9.
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Figure 2: Overview of network architectures used in iDAD.

Under these conditions, we can express the bounds in terms of expectations that do not depend on ¢
or 1, and hence move the gradient operator inside. For LY (my,, Uy; L), for example, we have

exp(Uy (hr(e1.r,mg),00)) ] . (10)
51 Yoico (U (hr (€11, 7g), 6:))

While each element of the history h7 depends on ¢ in a possibly nested manner, we do not need to
explicitly keep track of these dependencies thanks to automatic differentiation [5, 41].

VoL = B, )p(err) lvw log

Like DAD, our new method—which we call implicit Deep Adaptive Design (iDAD)—is trained with
simulated histories h = {(&;,y;) }i=1.7 prior to the actual experiment, allowing design decision to
be made using a single forward pass during deployment. Unlike DAD, however, it does not require
knowledge of the likelihood function, nor the assumption of conditionally independent designs, which
significantly broadens its applicability. A summary of the iDAD approach is given in Algorithm 1.

3.3 Network architectures

The iDAD approach involves the simultaneous training of the policy w4 and critic Uy, networks. It
is essential to choose the neural architectures of these two components carefully to learn effective
policies: poor choices of critic architecture will lead to loose, unrepresentative, bounds, while poor
choices of policy architecture will directly lead to ineffective policies. Good choices of architecture
need to balance flexibility with ease of training, and will typically require the incorporation of
problem-specific inductive biases. A high-level summary of our architectures is shown in Figure 2.

The critic network, Uy, takes a complete history hr and the parameter 6 as input, and outputs a scalar.
Our suggested architecture first encodes the two inputs separately to representations of the same
dimension, using a history encoder, E, , and a parameter encoder, E,,, respectively. The output of
the critic is then simply taken as their dot product Uy (hr,0) = Ey, (hr) " Ey,(0); after training,
the two encodings correspond to approximate sufficient statistics [9]. This setup corresponds to a
separable critic architecture, as is commonly used in the representation learning literature [3, 8, 57].
While we use a simple MLP for £, , the setup for Fy, varies with the context as we discuss below.

The policy network, 7y, takes the available history, h;, as input, and outputs a design. Our suggested
architecture makes use of a history encoder, Ey, , of the same form as E,, , except that it must now
take in varying length inputs; its output remains a fixed dimensional embedding. We then pass this
embedding through an MLP to produce the design &;,1. At the next iteration of the experiment, the
same policy network is then called again with the updated history A1 = he U {(E41, Ye+1) }-

We use the same architecture for both history encoders, Fy, and Ey, , but do not share network
parameters between them. This architecture first individually embeds each design—outcome pair
(&4, y¢) to a corresponding representation, r, using a simple MLP that is shared across all time steps.
The produced history encoding is then an aggregation of these representations, with how this is done
depending on whether the experiments are conditionally independent, i.e. y; 1l hy_1|6, &, or not.

Foster et al. [17] proved that if experiments are conditionally independent, then the optimal policy is
invariant to the order of the history. We prove that the same is true for the critic in Proposition 5 in
Appendix C. In our setup, we can exploit this result by using a permutation invariant aggregation
strategy for {rq,...,r;} when conditional independence holds. The simplest approach to do this
would be to use sum-pooling [62], as was done in DAD. However, to improve on this, we instead
propose using a more advanced permutation invariant architecture based on self-attention [13, 25,
39, 47, 59], namely that of Parmar et al. [40]; we find this provides notable empirical gains. When
conditional independence does not hold, this approach is no longer appropriate and we instead use an
LSTM [22] for the aggregation. See Appendix C for further details.
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4 Related work

Adaptive policy-based BOED has only recently been introduced [17] and has not yet been extended
to implicit models—the gap that this work addresses. Previous approaches to adaptive experiments
usually follow the two-step greedy procedure described in Section 2. Methods for MI/EIG estimation
without likelihoods include the use of variational bounds [15, 16, 28] and ratio estimation [27, 30];
approximate Bayesian computation together with kernel density estimation [43]; and approximating
the intractable likelihood first, for example via polynomial chaos expansion [24], followed by
applying likelihood-based estimators, such as nested Monte Carlo [46]. The maximization step
in more traditional methods tends to rely on gradient-free optimization, including grid-search,
evolutionary algorithms [44], Bayesian optimization [15, 30], or Gaussian process surrogates [38].
More recently, gradient-based approaches have been introduced [15, 28], some of which allow the
estimation and optimization simultaneously in a single stochastic-gradient scheme [16, 23, 29].
From a posterior estimation perspective, likelihood-free inference can be performed via approximate
Bayesian computation [33, 54], ratio estimation [56], conventional MCMC for methods that make
tractable approximation to the likelihood [23, 24], or as a byproduct of MI estimation [16, 27, 29, 30].

S Experiments

We evaluate the performance of iDAD on a num-  Table 1: Key properties of considered methods.
ber of real-world experimental design problems

and a range of baselines. A summary of all the Adaptive Real-time Implicit
methods that we consider is given in Table 1. Random X N/A v
Since we aim to perform adaptive experiments in  Equal interval X N/A v
real-time, we focus mostly on baselines that do  MINEBED X N/A 4
not require significant computational time dur- SG-BOED X N/A 4
ing the experiment. These include heuristic ap- B?Argtlonal ; ‘)/‘ ')/(
proaches that require no training, namely equal iDAD v % 7

interval designs (when possible) and random de-
signs, as well as static BOED approaches, where we, non-adaptively, choose all the designs prior to
the experiment by optimising the mutual information objective of Equation (1) with & = {&1, ..., &7}
andy = {y1,...,yr}. The static BOED approaches we consider are the MINEBED method of [28]
and the likelihood-free ACE approach of [16], where we use the prior as a proposal distribution,
referring to this baseline as SG-BOED. We also implement the expensive traditional non-amortized
myopic strategy described in Section 2, for which we use the variational approach of [16], with
the Barber-Agakov bound [4, 15], at each experiment step (see Appendix D.3 for details). Finally,
where possible, we compare our method with DAD [17], in order to assess the performance gap
that would arise if we had an analytic likelihood. This comparison is done primarily for evaluation
purposes—because it has access to the likelihood density, DAD serves as an upper bound on the
performance iDAD can achieve; one should use explicit likelihood methods whenever possible.

The main performance metric that we focus on is the total EIG, Zr (), as given in (6). In cases
where the likelihood is available, we estimate the Zo(7) using the SPCE lower bound in (5) and its
sister upper bound, the sequential Nested Monte Carlo bound [sNMC; 17]. To ensure that the bounds
are tight, we evaluate them with a large number of contrastive samples, i.e. L > 10°. Where the
likelihood is truly intractable, we assess the iDAD strategy in a more qualitative manner by looking at
the optimal designs and approximate posteriors. For the adaptive experiments, we further consider the
deployment time (i.e. the time required to propose a design), which is a critical metric for our aims.
All deployment times exclude the time needed to determine the first experiment as it can be computed
up-front, during the training phase. Timings for training the policy itself are given in Appendix D.

5.1 Location Finding

We first demonstrate our approach on the location finding experiment from [17]. Inspired by the
acoustic energy attenuation model [53], this experiment involves finding the locations of multiple
hidden sources, each emitting a signal with intensity that decreases according to the inverse-square
law. The fotal intensity—a superposition of these signals—can be measured noisily at any location.
The design problem is choosing where to measure the total signal in order to uncover the sources.

109



Table 2: Lower bounds on the total information, Zyo(), for the location finding experiment in
Section 5.1. The bounds were estimated using L = 5 x 10° contrastive samples. Errors indicate +1
standard errors estimated over 4096 histories (128 for variational). Corresponding upper bounds are
given in Table 6 in Appendix D.

Method \ 6 dim. 4D 6D 10D 20D

Random 4791 £0.040 3468 £0.014 1.889£0.011 0.552 £ 0.006
MINEBED 5518 £0.028 4.221 £0.028 2.458 £0.029 0.801 £ 0.019
SG-BOED 5.547 £ 0.028 4.215£0.030 2.454 +0.029 0.803 £0.019
Variational 4.639 £0.144 3.625+£0.165 2.181 £0.151 0.669 £ 0.097
iDAD (NWJ) 7.694 £ 0.045 5.765£0.036 3.252 £0.039 0.877 £ 0.022
iDAD (InfoNCE) 7.750 £0.039 5.986 + 0.037 3.251 £ 0.039 0.871 + 0.020
DAD 7.967 +0.034 6.300 £0.030 3.337 £0.039 0.937 £ 0.022

Table 3: Lower and upper bounds on MI Z; () for different network architectures on location

finding experiment using the InfoNCE bound. All estimates obtained as in Table 2.

Design Critic Lower bound  Upper bound
Attention Attention 7.750 + 0.039 7.863 + 0.043
Attention  Pooling 7.567 +0.037 7.632 + 0.039
Pooling Attention  7.398 £ 0.040 7.470 £ 0.042
Pooling Pooling 7.135£0.034 7.192 £ 0.041

In Table 2 we can see that iDAD substantially outper-
forms all baselines including, perhaps surprisingly,
the traditional (non-amortized) adaptive variational
approach, despite its large computational cost shown

Table 4: Deployment time of adaptive meth-
ods in 2D, measured on a CPU. Errors were
calculated on the basis of 10 runs.

Table 4. The poor performance of the variational ap- _Method Deployment time (sec.)
proach is likely driven by the inability of the mean-  Variational 2256.0 £+ 1%
field variational family to capture the highly non- iDAD (NWJ) 0.0167 £+ 2%
Gaussian true posterior, highlighting the detrimental _1DAD (InfoNCE) 0.0168 £ 2%
effect that wrong posteriors can have on determining  DAD 0.0070 + 6%

optimal designs when using the traditional sequen-
tial BOED approach.

Table 2 further shows that the performance gap to the likelihood-based DAD method is small, even
as the dimension of the design and parameter space grows. Though the information gained by all
methods decreases with the dimensionality, this is to be expected: in higher dimensions it is inherently
more difficult to infer the relative direction of the sources from observing their intensity. Overall, this
experiment demonstrates that iDAD is able to learn near-optimal amortized design policies without
likelihoods, while being run in milliseconds at deployment.

Ablation: attention to history. We next assess the benefit of utilizing our proposed more sophis-
ticated permutation invariant architectures, compared to the simple pooling of [62] used in [17].
Our approach incorporates attention layers into both networks that we train. This leads us to four
possible combinations of network architectures. Table 3 compares the efficacy of the resulting design
policies and strongly suggests that incorporating attention mechanisms in either and/or both networks
improves performance, with inclusion in the design network particularly important.

We preform further ablation studies to investigate and demonstrate important properties of our method,
such as its scalability with the number of experiments 7, stability between different training runs and
performance to errors in the design network (introduced by not training the network to convergence).
Results and discussion are provided in Appendix D.4.4.

5.2 Pharmacokinetic model

Our next experiment is taken from the pharmacokinetics literature and has been studied in other recent
works on BOED for implicit models [28, 63]. Specifically, we consider the compartmental model
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a) Concentration trajectories b) iDAD strategy, T =5 c) Ml estimates, T =5
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Figure 3: Plots for pharmacokinetics experiment. a) Visualisation of model showing concentration
level as a function of measurement time for 3 values of 6, resulting in a quick (), average (6,),
or slow (6;) trajectory. b) Designs selected by an iDAD policy trained with InfoNCE. ¢) MI lower
bounds achieved by iDAD and baselines. All estimates obtained as in Table 2.

of [50], for which the distribution of an administered drug through the body is governed by three
parameters: absorption rate k,, elimination rate k., and volume V', which form the parameters of
interest, i.e. 0 = (kq, ke, V). Given T' = 5 patients, the design problem is to adaptively choose blood
sampling times, 0 < &; < 24 hours, for each, measured from the the point the drug was administered
(with patient 2 not being administered until after sampling patient 1 etc). Plausible concentration
trajectories are shown in Figure 3a). Full details and further results are given in Appendix D.5.

We first qualitatively consider the design policy of iDAD (trained with the InfoNCE objective) in
Figure 3b). As we have not yet observed any data, the optimal design for the first patient (bottom row)
is the same for all 6. For the second patient, only guided by &; and the outcome y1, iDAD is already
able to distinguish between quickly and slowly decaying concentration trajectories: it proposes a
significantly earlier measurement time for the quickly decaying trajectory (purple triangle, 6,) and
later time for the slowly decaying one (yellow diamond, ;). For the third patient, iDAD always
targets the peak of the drug concentration distribution which is quite similar for all §. Measurements
for the last two patients are made soon after the drug has been administered (~ 15 — 30 min), when
concentration levels increase rapidly, to capture information about how quickly the drug is absorbed.

To provide more quantitative assessment and compare to our base-

lines, we again consider the final EIG values as shown in Fig- N A S R

ure 3c). This reveals that the iDAD strategies perform best among

the methods that are applicable to implicit models, confirming that

the learnt policies propose superior designs. The performance gap 5

to DAD, which relies on explicit likelihoods, is not statistically g

significant (at the 5% level) for iDAD trained with InfoNCE, while § N

significant, but still small, for NWJ. = ~ bAD

Finally, we consider the convergence of the iDAD networks under o :328 Em),T)CE)

the different training objectives and compare to DAD for reference. . . [ [ [ .

As shown in Figure 4, although all three converge to approximately O ey o o0
raining step

the same value, they do so at rather different speeds: while DAD
requires about 5000 gradient updates, implicit methods need longer
training and tend to exhibit higher variance, particularly NWJ.

Figure 4: Convergence of MI
lower bounds.

5.3 SIR Model

In this experiment, we demonstrate our approach on an implicit model from epidemiology. Namely,
we consider a formulation of the stochastic SIR model [10] that is based on stochastic differential
equations (SDEs), as done by [29]. Here, individuals in a fixed population belong to one of three
categories: susceptible, infected or recovered. Susceptible people can become infected and then
recover, with the dynamics of these two events being governed by two model parameters—the
infection rate 8 and the recovery rate . Our aim is to determine the optimal times 7 at which to
measure the number of infected people, I(7), in order to estimate the two parameters. This implicit
model is challenging because data simulation is expensive, since we need to solve many SDEs, and
experimental designs have a time-dependency. See Appendix D.6 for full details.
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Figure 5: a) Epidemic trajectories for 3 realization of (3, ) with different reproduction numbers
R = 3/~. b) Designs selected by an iDAD policy trained with NWJ. ¢) Example posterior estimates
from the critic network given data generated with the ground-truth parameters shown by the red cross.

We train a iDAD networks to perform 7" = 5 experiments Table 5: MI lower bounds (41 s.e.).
and compare against random, equal interval, and static
design baselines; DAD cannot be run because the problem  Method Lower bound
corresponds to a true implicit model. Table 5 shows lower R 1915 + >
bound estimates on the MI and demonstrates that iDAD Egﬂglo irzterval 2:263 T 8833

outperforms all compared methods. Note that a degree of MINEBED 3400 + 0.001
caution is required when analysing the results, as they are SG-BOED 3'752 T 0'020
influenced by unavoidable biases in the estimation process. iDAD (NWT) 3.869 - 0.001

Namely, a critic is still require;d to est'imate the MI lower iDAD (InfoNCE)  3.915 -+ 0.020
bound, and there may be variations in the effectiveness
of these critics, with less effective ones corresponding to
looser bounds and therefore underestimating the true MI. Nonetheless, for other models where such
checks are possible, we have found the bounds to be relatively tight, while, even if this turns out not
to be the case here, the fact that the critics for the static approaches are easier to train should mean our
relative evaluations for iDAD (and Random) are still conservative compared to the other baselines.

Figure 5 further demonstrates important qualitative results for this model. Figure 5a) shows different
epidemic trajectories, i.e. the number of infected I(7) people as a function of measurement time T,
whilst 5b) plots their corresponding designs obtained from the learned iDAD policy. Importantly,
diseases with a significantly different profile, e.g. a slow (R = 1.3) or a fast (R = 8.0) spread result
in different sets of optimal designs, highlighting the adaptivity of iDAD. Finally, Figure 5c) shows
an example posterior distribution estimate from the learnt iDAD critic network, which we see is
consistent with the ground truth parameters.

6 Discussion

Limitations. The benefit that iDAD can be used in live experiments comes at the cost of substantial
training that can be computationally expensive. However, this is mitigated by its amortization of
the adaptive design process, such that only one network needs training, even if we have multiple
experiment instances. The cost—performance trade-off can also be directly controlled by judicious
choices of architecture and the amount of training performed. Another natural limitation is that the
use of gradients naturally restricts the approach to continuous design settings, something which future
work might look to address.

Conclusions. In this paper we introduced iDAD—the first policy-based adaptive BOED method
that can be applied to implicit models. By training a design network without likelihoods upfront,
iDAD is thus the first method that allows real-time adaptive experiments for simulator-based models.
In our experiments, iDAD performed significantly better than all likelihood-free baselines. Further,
by using models where the likelihood is available as a test bed, we found that it was able to almost
match the analogous likelihood-based adaptive approach, which acts as an upper bound on what
might be achieved without access to the likelihood itself. In conclusion, we believe iDAD marks a
step change in Bayesian experimental design for implicit models, allowing designs to be proposed
quickly, adaptively, and non-myopically during the live experiment.
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A Proofs

We present proof for all propositions made in the paper, restating each for convenience. We also
include additional discussion on technical aspects of the paper.

A.1 Unified objective for non-exchangeable experiments

Proposition 1 (Generalized total expected information gain). Consider the data generating distribu-
tion p(hr|0,7) = [[,—1.0 P(Ye]0, &, he—1), where & = w(hy—1) are the designs generated by the
policy and, unlike in (4), y; is allowed to depend on the history hy_,. Then we can write (3) as

Ir(m) = Epoyp(nro.m) log p(hr|0, ™)] — Ep(nyix) log p(hr|m)] . (6)
Proof. Starting with the definition of the total EIG (3) of a policy 7:
T
Iy (7) = Ep@p(irioam) | D ,_, I (€1) (11)

we have by linearity of expectation
T

=D Bo@wnrio.m) [In_ (&)] (12)
and since [, , doesn’t depend on data acquired after ¢ — 1 (the future doesn’t influence the past)
T
=D Eo @i 10.m) [Tnes (€0)] (13)
which, applying Bayes rule, is equivalent to
T
= Eathaimpoiney) [ni (6] (14)

Next, using Bayes rule we similarly rearrange I, ,:

p(yt|975t7ht1)}
Ilt—l :E t—1 t tsllt—1 10 15
hiar (§0) = Ep(olhe—)p(vil6.&: ){ & s 1) (as)
p(eytvgtaht—1>:|
P(9h11):ﬂ(yt|9,§t’ht1)|: g p(9|ht—l) (16)
= Ep0)h—1)p(y:0,60,h0—1) 108 P(Olye, E6, he—1)] — Epoin,_,) [log p(0|he—1)] (17)

= Ep(e‘ytvft1ht—l)p(yt|§tyht—l) [lng(9|yt, &t htfl)} - Ep(&\ht,l) [Ing(e‘htfl)} (18)
and noting hy = hy—1 U {(§e, ye) }

= Epolnop(wilee o) 108 P(0110)] = Epojn, ) log p(0]hi-1)] (19)

= Epylgr i) []Ep(mht) [og p(01he)] = Ep(ojn, 1) [logp(GIhtq)]} (20)
Substituting this in (14), noting that # has already been integrated out, yields

T
Zr(m) =Y Eptuoiim Eatuuleoha-) |Eptelng 10gp(O1he)] = Epoin, ) [10gp(9|ht—1)]}

ey
T
=2 Botuim [Epwmt) log p(01he)] = Ep(ojn, ) [10gp(9|ht71)]} (22)
T
= Ep(hrim) {Zt_l Epoin) log p(Bhe)] — Epojn, ) [IOgP(ehtﬂ@ ; (23)
since we have a telescopic sum this simplifies to

= Ep(hr|n) [Ep(e\hT) [log p(8lhr)] — Ep ) [log p(0)] ] 24)

and finally we apply Bayes rule again to rewrite as
= Ep(nr|m)p(0lhr) [10%29(9 |h) — Ep(o) [log p(8)] ] (25)
= Ep0)p(hr|0.x) log p(0]h7) — log p(0)] (26)
= ]Ep(Q)p(hTw,Tr) [logp(hT|97 7T) - p(hT|7r)] 27
O
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A.2 Objective function as a mutual information

We provide some additional discussion on the interpretation of Z(7) in (6) as a mutual information.
First, Zp(7) is not a conventional mutual information between 6 and hr. This is because, for the
deterministic policy 7 considered in this paper, the random variable A1 does not have a density with
respect to Lebesgue measure on =7 x V7', Indeed, since the designs &;.7 are deterministic functions
of the observations y;.7, to express the sampling distribution of hr we would have to use Dirac
deltas, specifically

T
p(yrr, &1r)0, ) = H Or(he_r) (§)P(Yel0, &by he—1)- (28)

t=1

Due to the presence of Dirac deltas, this is not a conventional probability density, and hence we do
not regard Zr () as the conventional mutual information between 8 and hr.

We note that we defined p(hr|60, ) in Proposition 1 differently to p(y1.7, &1.7]0, 7) in (28). Specifi-
cally, our definition
T
p(hrlf, m) = Hp(ytlﬁé, hi—1) (29)

t=1

only involves probability densities for y;.7, meaning that our p(hr|6, ) is a well-defined probability
density on VT, Formally, we can treat the designs &;, not as additional random variables, but as
part of the density for y;.7. Indeed, since the policy 7 is deterministic, it is possible to reconstruct
hi—1 and & from y;.;—; and 7, so we could write p(y¢|0, y1.t—1,7) = p(y+|0, &, he—1). In this
formulation, only y;.7 are regarded as random variables. This provides a formal justification for the
form of p(hr|6, 7) that we give in Proposition 1. In this setting, we could formally identify Zr () as
the mutual information between 6 and y;.7.

However, it is helpful to think of Zr(7) as a mutual information between 6 and hr, because this
naturally leads to critics that have access to 6 and hr, rather than € and y;.7. This way of thinking
also connects naturally to the case of stochastic policies, which we now discuss.

If we consider additional noise in the design process so that designs are no longer a deterministic
function of past data, then Zr () is the mutual information between 6§ and hr. In this case, we
introduce an additional likelihood for designs p(&|w, h), leading to the overall sampling distribution
for the data
T
p(hr|0,m) = T ] p(&lm: he)p(yel6, &, 1) (30)

t=1

Unlike in the deterministic case, this is valid probability density on 2% x Y. If we now consider the
mutual information between ¢ and hp for a fixed policy m we have

1(6,hr) = Ey(oyp(nrio.m) | 108 Hthlp(ft|7T7 hi—1)p(ys10, &, he—1) 31)
rm L f@)p(e)Hlep(£t|wvhtfl)p(thaft»htfl) do
r T T
_ 7, R _ 0,8, hi_
= Ep@)p(hrlom) |108 =7 [Ti1 P&l he—1) Ht_lTp(yt| ey hi1) ] (32)
L Ht:1 p(§t|77a ht—l) f@ p(ﬁ) Ht:1 p(yt|9a &t ht—l) do
r T
- 0,6, hi—
= Eyopnrion |log ALt PO S i) (33)
L f@ p(0) Ht:l p(yt|9,§t7ht—1) do

noticing that the design likelihood terms cancel out in the integrand, and we reduce to the same
integrand given in Proposition 1. Even when the policy is stochastic, the integrand in I(60, hr) only
involves terms of the form p(y|6, &, hi—1), and the likelihood of the design process completely
cancels. Thus, the stochasticity of the designs is only present in the sampling distribution p(hr|6, 7).
We therefore see that, as we consider the limiting case of p({|w, h) as it approaches a deterministic
policy, only the sampling distribution of designs in I(6, hr) changes, with the integrand remaining
the same. Under mild assumptions, then, the mutual information between 6 and hr approaches Zr ()
in this limit.
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A.3 NW]J and InfoNCE bounds

The next two propositions show that the two bounds—NW]J and InfoNCE—can be applied to the
policy-based adaptive BOED setting.

Proposition 2 (NW1J bound for implicit policy-based BOED). For a design policy m and a critic
Sfunction U : HT x O > R, let

Ly (7, U) = Epoypnrio,m [U(hr, 0)] = e~ Epoyp(hz|m) lexp(U (hr, )], @)
then Iy (w) > LYY (7, U) holds for any U. Further, the inequality is tight for the optimal critic
Uswy(hr,0) =logp(hr|6, 7) — log p(hr|m) + 1.

Proof. Letw : H* — = be any (deterministic) policy taking histories h; as inputs and returning a

design ¢ as output, U : H” x © — R be any function and define g(hr,0) = n e‘x‘:([g((&?(ez; -
p(holm ,

First, we multiply the numerator and denominator of the unified objective (6) by g(hr,6) > 0

Zr(m) = Epo)p(hr|6.7) {bg m} (34)
= w8 [ T3 )
= Ep0)p(nr10,7) 108 9(hr, )] + Ep0)p(inrio,m) {log m} (36)
Next, note that the second term is a KL divergence between two distributions

= KL(p(0)p(hr|0, )|[p(hr, ) 2 0 (38)
where p(hr,0) = p(0)p(hr|m)g(hr,0) is a valid distribution since

exp(U(hr,0))
p(@)p(hr|m)g(hr,0)d0dhr = E - 39)
| wOwtbrimathr )d0atr =B
= Epp)1 = 1. (40)
Therefore, we have
Ir(m) = Ep(o)p(nrio,x) [log g(hr, 0)] (41)
= Ep(e)p(hﬂﬁ,ﬂ) [U(hT7 9) — log Ep(hT\w) eXp(U(hT, 9))] (42)
= Ep(@)p(hﬂ@,ﬂ) [U(hT7 9)} - Ep(@) [lOg ]Ep(hT“ﬂ') eXp(U(th 9))} (43)
Now using the inequality log z < e~ 'x
> Ep)p(hrlo,m) U (hr, 0)] — € Epo)p(np|n) lexp(U (hr, 0))] (44)
= L3 (7, U) (45)
Finally, substituting U* (hr, ) = log £ ISI(I}?’J‘T;TT;) + 1 in the bound we get
hr|, ) _ p(hr|0,T)
LYV (. U*) =E log PTIO™) G 1 B2 el 46
7 (mU") = Epoyphriom) 108 ) ¢ Bt | =0 (46)
p(hr|6, )
=7 1-E —_ 47
(7)) + p(O)p(hr|m) [ o) 47)
=ZIr(n), (48)

where we used E,,9)p (1|7 [”;?ET'?;:;)} = Ep(0)p(hr|o,x) [1] = 1, establishing that the bound is tight

for the optimal critic.
O
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Proposition 3 (InfoNCE bound for implicit policy-based BOED). Let 0.1, ~ p(01..) =] [, p(0;) be
a set of contrastive samples where L > 1. For design policy  and critic function U : HT x© — R, let
exp(U(hr, bo))

L
%.H Zi:o exp(U(hr,0;))

then Ir(w) > LYE(m,U; L) for any U and L > 1. Further, the optimal critic, Uycp(hr,0) =
log p(hr|0, ) 4+ c(hr) where c(hr) is any arbitrary function depending only on the history, recovers
the sPCE bound in (5); the inequality is tight in the limit as L — oo for this optimal critic.

LYE(m,Us L) = Ep00)p(hal0,7) Ep(or.r) |108 ; (8

Proof. Letn : H* — = be any (deterministic) policy taking histories i, as inputs and returning a
design ¢ as output. Choose any function (critic) U : HT x © — R.
We introduce the shorthand

exp(U(hr, 0
g(hr,00.L) = — f( (hr, 00))
751 im0 XP(U (A, 6:))

Starting with the definition of the unified objective from Equation (6) we multiply its numerator and
denominator by g(hr,6o.1,) > 0 to get

49)

p(hr|0o, )
7 =K log ————— 50
T(ﬂ—> p(600)p(hr|00,m) |:Og p(hT|7T) (50)
where p(0o)p(hr |00, 7) = p(0)p(hr|0, 7)
[, p(hr|bo, )
= Ep(60)p(hr160,m)p(81.1) _10% “plhrl) (51)
p(hTOOaﬂ')g(hT;GO:L)]
p(00)p(hr|00,m)p(01.1) | g p(hT‘W>g(hT,90;L)

We next split the expectation into two terms one of which does not contain the unknown likelihoods
and equals LNCF

-F 0 ol 0 ].Og p(hTWOaﬂ-) :|
p(00)p(hr|00,7)p(01.1) | p(hT\W)g(hT,t%;L)

+ EP(G'O)P(hTWO,W)P(@l:L) [1Og g(hT7 901[/)] (53)

p(hr|fo, ) NCE
= EP(GL));U(}LTIGO,W);U(OLL) IOg p(hT‘W)g(hT, 90‘L) +L (ﬂ-, U; L)

We now show that the first term is a KL divergence and hence non-negative. To see why, first write

p(hr|0o, )
E I 54
p(6o)p(hr|fo,mp(01:2) {og p(hr|m)g(hr,bo.1) 9
p(00)p(hr|0o, m)p(1.1.) ]

=E p01..) |10 55
p(60)p(hr|60,m)p(01.L) |: gp(90)p(hT|ﬂ)p(91:L)g(hT,Go;L) (35)

p(00)p(hr|0o, 7)p(61:1.)
=E 1 56
p(00)p(hr|00,7)p(01.1) {Og 500, b ) (56)
= K L(p(hr|0o, m)p(0o.1)||p(0o.L, hr|T)). (57

and p(0y.1,, hr|m) is a valid distribution since
/ﬁ(eozL7hT|7T)d90;thT = /p(ao)P(hT|7T)p(91;L)9(hT,90;L)d90:thT (58)
eXp(U(th 90))
=FE (01, , (59)
p(eo)p(hT‘907 )p(e L) llil ZZL:O eXp(U(hT,ez))
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because of the symmetry 6y £ 0;Vji=1,...,L
- Si—oexp(U(hr, 0;))
- (00)p(hr|6o,m)p(61:1)
L+1 p\Vo)p{hr|Vo,m)p(U1:L %HZf:OeXp(U(hT,Qi))
=1. (61)

(60)

Thus we have established

Ir(r) = KL(p(hy|0o, ©)p(00.0)||p(00:1, hr|m)) + LYCE (n,U; L) > LYCE (n,U; L).  (62)

Next, substituting U*(hr,6) = logp(hr|0,7) + c(hr) in the definition of LNCE (7 U; L) we
obtain

p(hr|0o, ™) exp(c(hr))
LYCE (7, U*; L) = Ep(a0)p(he|00,m)p(01.1) [ (63)
R A S g plher |05, 7) exp(c(hr))
p(hrl0o, )
=E 00)p(hr|00,7)p(01. y (64)
p(00)p(hr|60,m)p( L)LLZf_op(hT@m)

which is exactly the sSPCE bound (5), which is monotonically increasing in L and tight in the limit as
L — oo [see 17, Theorem 2]. O

A.4 A note on optimal critics

An interesting feature of our approach is that, for both the InfoNCE and NW1J bounds, the optimal
critics do not depend on the policy. This is because we include the designs as explicit inputs to the
critics. Indeed, we have

T

Uxce(hr, 0) = log (Hp(ytﬁ,ét, htl)) + c(hr), (65)

t=1

Hz;lp(yt‘eaghht—l) ) +1 (66)

) IT,—, p(yel0, &, h—r) dB

In previous work that utilized critics for gradient-based BOED [16, 28], it was typical to not treat the
designs &1.7 as an input to the critic, which renders the optimal critic implicitly dependent on the
designs. This makes more sense for static designs, for which the additional design input does not
change. Our approach avoids an implicit dependence between policy and optimal critic which may
be beneficial for the joint optimization.

Uiy (hr, 0) = lo
(hr,0) g<f@p(

B Theoretical Comparison and Additional Bounds

Recently, a number of studies have discussed the challenges of estimating mutual information, an in
particular those associated with variational MI estimators [34, 42, 55].

Starting with the InfoNCE bound, it is trivial to show that the bound cannot exceed log(L + 1), where
L is the number of contrastive samples used to approximate the marginal in the denominator. Indeed,

exp(U(hr,6)))
LYCE (7, U; L) = Ep(00)p(har|00.m) Ep(0r.1) llog (67)
! T e Sileen(U(hr, 6:)
exp(U(hr,6p))
< IOg(L + 1) + EP(GO)p(hTWOuﬂ')EP(GI:L) |:10g exp(U(hT 90)) (68)
=log(L +1) (69)

This means that the corresponding Monte Carlo estimator will be highly biases whenever the true
mutual information exceeds log(L + 1), regardless of whether we have access to the optimal critic or
not. This high bias estimator, however, comes with low variance [see e.g. 42, for discussion]. With
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the optimal critic we would require exponential (in the MI) number of samples to accurately estimate
the true mutual information.

It might appear at first that the NWJ bound might offer a better trade-off between bias and variance.
Recall from the proof of Proposition 2, we have for the optimal critic

hr|6, ) _ p(hr|0, )
NWJ N =FE 1 plhr|f; m) 1—¢'E e 70
LYW (2, U*) = Epoyptnriom) | 108 ol | 71T E EOuter) | T e | (70)

of which we form a Monte carlo estimate using N (M) samples for the first (second) term, respectively
th|9n,7T hTm|977La )

Zl p(hrn|T) (1 Zl p(hp,m|m) ) ’ 7
where 0,,, hr,, ~ p(0)p(hr|d,n) are samples from the joint distribution and 6,,, hy,, ~
p(0)p(hr|r) are samples from the product of marginals. The first term is a Monte Carlo esti-
mate of the mutual information, while the second has mean zero, meaning that this estimator is
unbiased. The second term, however has variance which grows exponentially with the value of the
(true) mutual information [see Theorem 2 in 55]. What this means is that even with an optimal
critic, we will need an exponential (in the MI) number of samples to control the variance of the NWJ
estimator. One might then hope that the variance can be reduced when using a sub-optimal critic
at the cost of introducing some (hopefully small) bias. Unfortunately, according to a recent result
[see Theorems 3.1 and 4.1 in 34, and the discussion therein], it is not possible to guarantee that a
likelihood-free lower bound on the mutual information can exceed log(N). Indeed, the authors show

theoretically and empirically that all high-confidence distribution-free lower bounds on the mutual
information require exponential (in the the MI) number of samples.

Constructing a better lower bound on the mutual information—one that does not need exponential
number of samples—therefore, requires us to make additional assumptions. Foster et al. [17] propose
one such bound, namely the sequential Adaptive Constrative Estimation (SACE). The sACE bound
introduces a proposal distribution ¢(8; h7), which aims to approximate the posterior p(f|hr). Since
implicit models were not the focus of the work in [17] the proposed bound, relies on analytically
available likelihood. The following proposition shows we can derive a likelihood-free version of the
sACE bound.

Proposition 4 (Sequential Likelihood-free ACE). For a design function m, a critic function U, a
number of contrastive samples L > 1, and a proposal q(0; hr), we have the sequential Likelihood-
free Adaptive Contrastive Estimation (sLACE) lower bound

U(hr,6p)

L U(hr,00)p(0
T o i)
The bound is tight as L — oo for the optimal critic U*(hr,0) = logp(hr|0,7) + c(hr), where

c(hr) is arbitrary. In addition, if ¢(0; hr) = p(0|hr), the bound is tight for the optimal critic
U*(hr,0) withany L > 0.

LFE (7, U, g5 L) = Ep(00)p(hr 00,m)a(01,5h) | 108 <ZIr(r). (72)

Proof. The proof follows similar arguments to the ones in Propositions 2 and 3. First let

U(hr,60)

g(theozL) = 1 ZL U(ht,00)p(02) (73)
L+1 £=0 q(0¢;hr)
Starting with the definition of the EIG:
p(hT |907 ﬂ-)
Z =E ) |log ——— 74
(™) p(60)p(hr|00,m) [ 0g p(hr|m) (74)
since ¢(0;; hr) is a valid density
p(hT|90, 7'(')

= Ep00)p(hrl60,m)q(61.5h7) {bg “phlT) (75)
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multiplying its numerator and denominator inside the log by g(hr, 6o.1,) > 0

_E 1 p(hr|0o, ™)g(hr,00.1)
= Lp00)p(hr|60,m)q(01.L;hr) |08 p(hT|7T)g(hT QO'L)

(76)

B (00)p(hr|00,7)q(01.2:hr) 108 g(R1, 00.1)]

EP 0 76 57 01'L7 T 10 6

The first term is exactly the sSLACE bound, £$-ACE (7, U, ¢; L). We now show that the second term is
a KL divergence between two distribitions and hence non-negative. To see this

p(hr|6o, ) ]
E v |00, 1:L3hr lo 78
p(00)p(hr|00,m)q(01.L:hT) [ gp(hT|7T)9(hT,90;L) (78)
p(0o)p(hr|00, m)q(0:1.1; hr) }
=E x o lo 79
P fomatiu i) { ® plhrlm)g(hr, bo.0)p(00)a(Or.e: hr) 7
= K L(p(6o)p(hr|00, m)q(01:1; hr)||p(h, 00:1)), (80)
since p(hr,00.1) == p(hr|m)g(hr, 0...)p(00)q(01.1; hr) is a valid density. Indeed:
/ﬁ(hT,GO;L)thdQO:L = Ey(01.1:h0)p(hr|r) [P(00)g(hr, 00.1)] (81)
U(hrt,0
= Eq(01.;h0)p(hr|m) |P(00) (b 60) (82)

(hr.,00)p(8
T g Llnbe)
U(h1,00)p(00)
q(GO»hT) (83)

U(ht,00)p(8e)
L+1 Zf 0 q(0ghr) |

= EQ(GO:L;hT)p(hT\W)

by symmetry

_1 ZL U(ht,00)p(8e)
o E L+1 £=0 q(ez;hT) 84
= Tq(0o:L;hr)p(hr|m) | 77 L U(hz,00)p(82) (84)

L+1 2o q(0¢;hr)

_1. ' (85)

With the optimal critic we recover the sACE bound from [17], which under mild conditions converges
to the mutual information Zr (7). To see that start by writing

p (h’T|907 ﬂ—)

1 EL p(hr|0e,m)p(0c)
L+1 £44=0 q(O¢shr)
The denominator is a consistent estimator of the marginal, provided that each term in the sum is
bounded, and so by the Strong Law of Large Numbers we have

LFAF(m, U, q; L) = Epo0)p(hr|00.m)a(01.05h) | 108 (86)

p (hrl0e, ™) p (60)
L +1 Z g (0c; hr) — p(hr|n) a.s. as L — oo, (87)

which establishes p01nt—w1se convergence of the integrand to p(hr|6y, 7)/p(hr|7). We can apply
Bounded convergence theorem to establish £52F (7, U*, ¢; L) — Zr(7) as L — oc.

If in addition ¢(0; h7) = p(f|hr) we have by Bayes rule:

S * (hT 9 5
LFAE(m,U*, ¢; L) = Ep(09)p(hr (60, 7)p(01.1 b7 | 108 | }?Tlee)vﬂ')p(ez) (88)
> W
p(hr|bo, )
= Ep(00)p(hr100,m)p(01.1.|h7) [log T (89)
T+1 Ze:() p(hT|7T)
p(hr|0o, )
=E log ——————= 90
p(60)p(hr|00,m) {Og p(hr|m) (90)
— Ip(7) VL >0. ©1)
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In practice, we parameterize the policy, the critic and the density of the proposal distribution by
neural networks 7, Uy, and g and optimize £5+*“F with respect to the parameters of these networks,
¢, and ¢ with SGA. As before, optimizing with respect to ¢ improves the quality of the designs,
proposed by the policy, whilst optimizing with respect to ¢ and ( tightens the bound. If the parametric
density q¢ and the critic U, are expressive enough, so that we can recover the optimal critic and the
true posterior, then the bound is tight for any number of contrastive samples L. If, on the other hand,
we fix ¢ (0; hr) = p(0) instead of training it, then we recover the InfoNCE bound. Therefore, as
long as g¢ approximates the posterior better than the prior, then even an imperfect proposal g; can
benefit training.

In addition to introducing another set of optimizable parameters, ¢, the SLACE bound assumes that
we know the prior p(6) and can evaluate its density.

C Neural architecture

C.1 Permutation invariance of the critic for exchangeable experiments

We show that if the BOED problem is exchangeable then the critic function U should be permutation-
invariant.

Proposition 5 (Permutation invariance). Let o be a permutation acting on a history h. yielding

hZ = {(&oi) yg(i))}iTzl. If the data generating process is conditionally independent of its past given
0, then the optimal critics for both (7) and (8) are invariant under permutations of the history, i.e.

p(0) Hp(ytw»gt(htfl)vhtfl) =p(0) Hp(yt‘eaft) = U*(hy,0) = U*(ht,0). 92)

t=1 t=1

Proof. This is a direct consequence from the form of the optimal critics. To see this formally, let A,
be a history and hZ be a permutation of it.

Starting with the InfoNCE bound we have

Ukice (R, 0) = log p(hi|0, ) + c(h) (93)
T

= IOng(yt|97ft) +c({(&,ye) Hoh) 94
t=1

since ¢(hr) is arbitrary, we can choose it to be permutation invariant

T
= lOg Hp(ya(t) |97 é-(r(t)) + C({(ga(t)v yo'(t))}z—’:1) (95)
t=1
= log p(h%16, ) + c(h3") (96)
= Ugcg (b7, 0) o7

Similarly, for the optimal critic of the NWJ bound we have
p(hy|6, m)
p(hy|m)
[, p(uilf. &)
Ep) {Hle P(ys19, 53)}

[T P(Wow)]f: o))

Usiwy (h, 0) = log +1 (98)

= log +1 (99)

= log L +1 (100)
Ep(&) |:Hs:1 p<yo(s)|97£a(s)):|
p(h%|97ﬂ—) * 2
=log——F—++1= h7,0). 101
0g p(h%|ﬂ') + UNWJ( T ) ( )
O
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Figure 6: History encoder architectures for different classes of models. When conditional indepen-
dence of the experiments holds, we use self-attention, followed by sum-pooling, making the history
encoder permutation invariant. When experiments are not conditionally independent we use LSTM
and only keep its last hidden state. We train two separate history encoders—one for the design
network 7, and one for the critic network Uy, although we note that all the weights except those in
the head layers can be shared.

To the best of our knowledge, we are the first to propose a critic architecture that is tailored to
BOED problems with exchangeable models. Previous work in the static BOED setting, where MI
information objective is optimized with variational lower bounds and thus require the training of
critics [e.g. 28, 63], did not discuss what an appropriate critic architecture might be. In particular,
in all experiments [28, 63] use a generic architecture for both exchangeable and non-exchangeable
problems. An expressive enough generic architecture should be able to obtain the optimal critic, and
thus achieve a tight bound, however, the optimisation process will be considerably more difficult as
the network needs to learn this key invariance structure. We therefore recommend using permutation
invariant architectures whenever the model is exchangeable, especially if achieving tight bounds (and
therefore learning an optimal critic) is of importance.

C.2 Further details on the history encoder

Figure 6 shows the history encoders we use in the policy network 7, and the critic network Uy,. First,
we encode the individual design-outcome pairs, (&, y:), with an MLP, which gives us a vector of
representations r; € R™, where m is the encoding dimension we have selected. The representations
{r;},_, are row-stacked into a matrix R of dimension ¢ X m, which we then aggregate back to a
vector of size m by an appropriate layer(s).

When conditional independence of the experiments holds, we apply 8-head self-attention, based
on the Image Transformer [40] and as implemented by [14]. Applying self-attention leaves the
dimension of the matrix R unchanged. We then apply sum-pooling across time ¢, which gives us the
final encoding vector € R™.

When experiments are not conditionally independent, we pass the matrix R though an LSTM with
two hidden layers and hidden state of size m (see the LSTM module in Pytorch for more details).
The LSTM returns hidden state vectors associated with the history h; for each ¢; we keep the last
hidden state of the last layer, which is our final encoding vector £ € R™.

In both cases the resulting encoding E is a vector of size m. It is passed through final fully connected
"head" layers, which output either a design (in the case of the policy) or a vector (in the case of the
critic). We train two separate history encoders—one for the design network 74 and one for the critic
network Uy, although we note that all the weights except those in the head layers can be shared.

D Experiments

D.1 Computational resources

All of the experiments were implemented in Python using open-source software. All estimators and
models were implemented in PyTorch [41] (BSD license) and Pyro [6] (Apache License Version 2.0),
whilst MIFlow [61] (Apache License Version 2.0) was used for experiment tracking and management.
The self-attention architecture from [14] was used to implement the self-attention mechanisms in the
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design and critic networks. For full details on package versions, environment set-up and commands
for running the code, see instructions in the README . md file.

Experiments were ran on internal GPU clusters, consisting of GeForce RTX 3090 (24GB memory),
GeForce RTX 2080 Ti (11GB memory) and GeForce GTX 1080 Ti GPUs (11GB memory).

The deployment-time of iDAD (Table 4) was estimated on a lightweight CPU machine with the
following specifications

Processor 2.8 GHz Quad-Core Intel Core i7
Memory 16 GB
Operating system  macOS Big Sur v11.2.3

D.2 CO2 Emission Related to Experiments

Experiments were conducted using a private infrastructure, which has an estimated carbon efficiency
of 0.432 kgCO2eq/kWh. A cumulative of 160 hours of computation was performed on hardware
of type RTX 2080 Ti (TDP of 250W), or similar. The training time of each experiment (including
the baselines that require optimization), took on average between 1-3 GPU hours, depending on the
number of experiments 7.

Total emissions are estimated to be 17.28 kgCOqeq of which 0% was directly offset.

Estimations were conducted using the Machine Learning Impact calculator presented in [31].

D.3 Traditional sequential BOED with variational posterior estimator

The variational posterior estimator from [15] is based on the Barbar-Agakov lower bound [4], which
takes the form

i 0;
LP(E, qy) = Epoyp(ylo.e) [bg W] < Z(§), (102)

where ¢y, is any normalized distribution over the parameters 6. The bound is tight when ¢, (6; y,§) =
p(0)y, &), i.e. if we can recover the true posterior. We assume mean-field variational family and
optimize the parameters 1) by maximizing the bound (102) using stochastic gradient schemes.
Simultaneously we optimize the bound with respect to the design variable £ to select the optimal
design £*. At the inference stage, denoting by y* the outcome of experiment £*, we obtain an
approximate posterior by evaluating gy, (6; y*,£*), i.e. we reuse the learnt variational posterior. We
repeat this process at each stage of the experiments by substituting the the approximate posterior,
gy (0;y*,€*), as the prior in (102).

D.4 Location Finding

In this experiment we have K hidden objects (sources) in R? and we wish to learn their locations,
6 = {61,...,0k}. The number of sources, K, is assumed to be known. Each source emits a
signal with intensity obeying the inverse-square law. Put differently, if a source is located at 6y,
and we perform a measurement at a point £, the signal strength emitted from that source only
will be proportional to To=eT® EHQ The total intensity at location &, emitted from all K sources, is a

superposition of the individual ones

0 _“Z 0 P 1oy

where o, can be known constants or random variables, b > 0 is a constant background signal and m
is a constant, controlling the maximum signal.

We place a standard normal prior on each of the location parameters 65 and we observe the log-total
intensity with some Gaussian noise. We therefore have the following prior and likelihood:

0i % N(00,10) logy |0, €~ N(log u(0,€).0%) (104)
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D.4.1 Training details

All our experiments are performed with the following model hyperparameters

Parameter

Value

Number of sources, K

ag

Max signal, m
Base signal, b
Observation noise scale, o

The architecture of the design network 74 used in Table 2 and all its hyperparameters are in the

2
1Yk
10~4
10~1
0.5

following tables. For the encoder of the design-outcome pairs we used the following:

Layer Description iDAD, InfoNCE iDAD, NWJ  Activation
Input &y 3 3 -
H1 Fully connected 64 64 ReLU
H2 Fully connected 512 512 ReLU
Output Fully connected 64 64 -
Attention 8 heads 64 64 -

The output of the encoder, R(h;), is fed into an emitter network, for which we used the following:

Layer  Description iDAD, InfoNCE iDAD, NWJ Activation
Input  R(h:) 64 64 -
H1 Fully connected 256 256 ReLU
H2 Fully connected 64 64 ReLU
Output  Fully connected 2 2 -

The architecture of the critic network Uy, used in Table 2 and all its hyperparameters are in the tables

that follow. First, the encoder network of the latent variables is:

Layer  Description iDAD, InfoNCE iDAD, NWJ  Activation
Input 0 4 4 -
H1 Fully connected 16 16 ReLU
H2 Fully connected 64 64 ReLU
H3 Fully connected 512 512 ReLU
Output  Fully connected 64 64 -

For the design-outcome pairs encoder we use the same architecture as in the design network, namely:

Layer Description iDAD, InfoNCE iDAD, NWJ Activation
Input &y 3 3 -
H1 Fully connected 64 64 ReLU
H2 Fully connected 512 512 ReLU
Output Fully connected 64 64 -
Attention 8 heads 64 64 -
The output of the encoder, R(h;), is fed into fully connected head layers:
Layer  Description iDAD, InfoNCE iDAD, NWJ Activation
Input  R(h:) 64 64 -
H1 Fully connected 1024 1024 ReLU
H2 Fully connected 512 512 ReLU
H3 Fully connected 512 512 ReLU
Output  Fully connected 64 64 -

The optimisation was performed with Adam [26] with ReduceLROnPlateau learning rate scheduler,

with the following hyperparameters:
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a) EIG surface b.1) MCMC posterior of 6, b.2) MCMC posterior of 6,

Optimal .
e Op & EIG 02 AT N X True value _3 X True value

3 2 1 0 1 2 3 3 2 41 o 1 2 3 3 2 a1 o0 1 2 3
X X X

Figure 7: a): EIG surface induced by the prior; b) Samples from p(6|£1, y1 )—the posterior distribution
of the locations, after performing experiment £; and observing y;, along with a KDE.

Parameter iDAD, InfoNCE iDAD, NWJ
Batch size 2048 2048
Number of contrastive/negative samples 2047 2047
Number of gradient steps 100000 100000
Initial learning rate (LR) 0.0005 0.0005
LR annealing factor 0.8 0.8
LR annealing frequency (if no improvement) 2000 2000

D.4.2 Performance of the variational baseline

As we saw in Table 2, this variational approach to (myopic) adaptive BOED performed very poorly,
despite its large computational budget. The likely reason for that is that the mean-field variational
approximation cannot adequately capture the complex non-Gaussian posterior of this problem.
Figure 7 clearly demonstrates this: before any data is observed it is optimal to sample at the origin
(since the prior is centered at it). After observing a low signal (the locations in this example are not
close to the origin), we can only conclude that the sources are not within a small radius of the origin,
but anywhere outside of it would be a plausible location, as indeed indicated by the fitted posteriors.

D.4.3 Hyperparameter selection

We did not perform extensive hyperparameters search; in particular, the network sizes were guided
by two hyperparametes: hidden-dimension (H D = 512) and encoding dimension (ED = 64). We
set-up all the networks to scale up with the number of experiments as follows:

* Design-outcome encoder has three hidden layers of sizes [64, HD, ED].

* Design emitter network has three hidden layers of sizes [HD/2, ED, 2], where 2 is the
dimension of the design variable.

* The latent encoder for the critic network has four hidden layers of sizes [16,64, HD, ED].

* The critic design-outcome encoder’s head layer has four hidden layers of sizes [HD x
log(T),HD x log(T)/2, HD, ED].

Since our multi-head attention layer has 8 heads, the encoding dimension we use has to be a multiple
of 8. In addition to ED = 64 we tried ED = 32 which provided marginally worse results. We did
not try other values for these hyperparameters.

For the learning rate, we tried 0.001, which was too high, as well as 0.0005 (which we selected) and
0.0001 (which yielded very similar results).

We performed similar level of hyperparameter tuning for all trainable baselines as well (DAD,
MINEBED and SG-BOED).
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Table 6: Upper bounds on the total information, Z;o(7), for the location finding experiment in
Section 5.1. The bounds were estimated using L = 5 x 105 contrastive samples. Errors indicate +1
s.e. estimated over 4096 histories (128 for variational). Lower bounds are presented in Table 2.

Method \ § dim. 4D 6D 10D 20D

Random 4794 £0.041 3.506 +0.004 1.895 £0.003 0.552 + 0.001
MINEBED 5.522£0.028 4229 £0.029 2459 +£0.029 0.801 £0.019
SG-BOED 5.549 +0.028 4.220 £0.030 2.455 +£0.029 0.803 £+ 0.019
Variational 4.644 £0.146 3.626 £0.167 2.181 £0.152 0.669 £+ 0.097
iDAD (NWJ) 7.806 £0.050 5.851 £0.041 3.264 £0.039 0.877 £0.022
iDAD (InfoNCE) 7.863 + 0.043 6.068 = 0.039 3.257 + 0.040  0.872 £ 0.020
DAD 8.034 £0.038 6.310£0.031 3.358 £0.040 0.953 £+ 0.022

Table 7: Upper and lower bounds on the total information, Zoq (1), for the location finding experiment
in 2D from Section 5.1. The bounds were estimated using L = 5 x 10° contrastive samples. Errors

indicate 1 s.e. estimated over 4096 histories.

Method Lower bound Upper bound

Random 7.000 £0.034  7.020 £ 0.034
MINEBED 7.672£0.030  7.690 £ 0.031
SG-BOED 7.701 £0.030  7.728 £ 0.031
iDAD (NWJ) 9.961 £ 0.033 10.372 £+ 0.048
iDAD (InfoNCE) 10.075 £ 0.032  10.463 + 0.043
DAD 10.424 £0.031 10.996 £ 0.049

D.4.4 Further ablation studies

Scalability with number of experiments. We first demonstrate that iDAD can scale to a larger
number of experiments 7. We train policy networks to perform 7' = 20 experiments and compare
them to baselines in Table 7. We omit the variational baseline as it is too computationally costly
to run for a large enough number of histories, and as we saw in the previous subsection, it is not
particularly suited to this model.

Training stability. To assess the robustness of the results and the stability of the training process,
we trained 5 additional iDAD networks with each of the two bounds, using different seeds but the
same hyperparameters (described in Subsection D.4.1) we used to produce the results of the location
finding experiment in 2D (Table 2 in the main text). We report upper and lower bounds on the mutual
information along with their mean and standard error in the table below.

Estimator Bound Runl Run2 Run3 Run4 Run5 Mean SE
InfoNCE Lower 7.826 7.682 7.856 7.713 7.804 17.776 0.034
InfoNCE  Upper 7933 7.791 17.856 7.807 7.925 7.862 0.029
NWIJ Lower 7.820 7.545 7.592 7.555 7.691 7.641 0.052
NWIJ Upper 7976 7.640 7.669 7.651 7.800 7.747 0.064

We can see that the iDAD networks trained with InfoNCE are highly stable, with the 5 additional runs
achieving very similar mutual information values to each other and to the iDAD network used the
report the results in the main paper. The performance of the iDAD networks trained with the NWJ
bound is more variable and empirically achieve slightly lower average value of mutual information.
This higher variance is in-line with the discussion in Section B.

We similarly verify the robustness of the static baselines, reporting the results in the table below:
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Table 8: Ablation study on the performance of iDAD as a function of training time for the location
finding experiment.

Training budget MI lower bound

0.1% 3.38
1.0% 6.09
2.0% 6.46
4.0% 6.81
8.0% 7.08
16.0% 7.33
32.0% 7.56
64.0% 7.78
100.0% 7.82

Estimator Bound Runl Run2 Run3 Run4 Run5 Mean SE

SG-BOED Lower 5.537 5536 5473 5523 5518 5.517 0.013
SG-BOED  Upper 5.553 5548 5491 5541 5531 5533 0.012

MINEBED Lower 5460 5.506 5553 5.539 5565 5.524 0.021
MINEBED Upper 5473 5526 5.567 5554 5574 5540 0.022

Performance sensitivity to errors in the policy. Finally, we investigate the effect of slight errors
in the design policy network. To this end, we look at the performance achieved by partially trained
design networks (there will be some errors or inaccuracies in networks that were not trained until
convergence). Table 8 shows the performance of iDAD as a function of training time, demonstrating
that small errors in the network only lead to small drops in performance.

In detail, our results show that with just 8% of the total training budget, this slightly inaccurate
network still performs relatively well, achieving total mutual information of 7.1, compared to the
fully trained network that reached 7.8. We also highlight that iDAD outperforms all baselines with as
little as 1% of the total training budget (the best performing baseline achieves mutual information of
5.5, see Table 2).

D.5 PK model

The drug concentration z, measured & hours after administering it, and the corresponding noisy
observation y are given by

DV koe

z(&;0) = V ke —k

[e7Fe8 —e7hal] y(6:0) = 2(&0)(1+€) +1 (105)

where 6 = (kq, ke, V'), Dy = 400 is a constant, € ~ A/(0,0.01) is multiplicative noise to account
for heteroscedasticity and n ~ N0, 0.1) is an additive observation noise. Since both noise sources
are Gaussian, the observation likelihood is also Gaussian i.e.

y(€;0) ~ N (2(&;6),0.012(&;0)% +0.1) (106)

The prior for the parameters 6 that we used

log 1 0.05 0 0
logf ~ N log0.1 |, 0 005 O (107)
log 20 0 0 0.05

D.5.1 Training details

The architecture of the design network 74 used for Figure 3 and 4 and all its hyperparameters are in
the following tables. For the encoder of the design-outcome pairs we used the following:
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Layer Description iDAD, InfoNCE iDAD, NWJ Activation

Input &y 2 2 -
H1 Fully connected 64 64 ReLU
H2 Fully connected 512 512 ReLU
Output Fully connected 32 32 -
Attention 8 heads 32 32 -

The outputs of the encoder, { R(h;)}}_;, are summed and the resulting vector (of dimension 32) is
fed into an emitter network, for which we used the following:

Layer  Description iDAD, InfoNCE iDAD, NWJ Activation
Input  R(h:) 32 32 -
H1 Fully connected 256 256 ReLU
H2 Fully connected 32 32 ReLU
Output  Fully connected 1 1 Sigmoid

The architecture of the critic network Uy, used in Figures 3 and 4 and all its hyperparameters are in
the following tables. For the encoder of the design-outcome pairs we used the same architecture as
for the design network, namely:

Layer Description iDAD, InfoNCE iDAD, NWJ Activation
Input &y 2 2 -
H1 Fully connected 64 64 ReLU
H2 Fully connected 512 512 ReLU
Output Fully connected 32 32 -
Attention 8 heads 32 32 -

The resulting pooled representation, R(hr) is fed into fully connected critic head layers with the
following architecture:

Layer  Description iDAD, InfoNCE iDAD, NWJ Activation
Input  R(hr) 32 32 -
H1 Fully connected 512 512 ReLU
H2 Fully connected 256 256 ReLU
H3 Fully connected 512 512 ReLU
Output  Fully connected 32 32 -

Finally, for the latent variable encoder network we used:

Layer  Description iDAD, InfoNCE iDAD, NWJ Activation
Input 0 3 3 -
H1 Fully connected 8 8 ReLU
H2 Fully connected 64 64 ReLU
H3 Fully connected 512 512 ReLU
Output  Fully connected 32 32 -

The optimisation was performed with Adam [26] with the following hyperparameters:

Parameter iDAD, InfoNCE iDAD, NWJ
Batch size 1024 1024
Number of contrastive/negative samples 1023 1023
Number of gradient steps 100000 100000
Initial learning rate (LR) 0.0001 0.0001
LR annealing factor 0.8 0.5
LR annealing frequency (if no improvement) 2000 2000
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Method Lower bound  Upper bound Deployment time
Random 2.523 £0.033 2.523 £ 0.033 N/A
Equal interval 2.651 +£0.022 2.651 + 0.022 N/A
MINEBED 2.955+£0.030 2.956 £ 0.030 N/A
SG-BOED 2985+ 0.027 2.985 + 0.027 N/A
Variational 2.683 +0.093 2.683 £+ 0.093 5054 +1%
IDAD (NWJ) 3.163 £ 0.023  3.163 £ 0.023 0.007 £ 7%
IDAD (InfoNCE)  3.200 + 0.024 3.200 + 0.024 0.007 £+ 8%
DAD 3.234 +£0.023 3.234 £ 0.023 0.002 £ 7%

Method Lower bound  Upper bound Deployment time
Random 3.344 £0.034 3.345 £ 0.034 N/A
Equal interval 3.422 £0.026 3.423 £ 0.026 N/A
MINEBED 3.849 £ 0.034 3.849 £ 0.034 N/A
SG-BOED 3.824 £0.034 3.824 £ 0.034 N/A
Variational 3.624 £ 0.099 3.624 £ 0.099 10552 +£8%
IDAD (NWJ) 4.034 £ 0.025 4.034 £ 0.025 0.007 £ 6%
IDAD (InfoNCE)  4.045 £ 0.026 4.045 £ 0.026 0.007 £ 5%
DAD 4.116 £0.024 4.117 +0.024 0.007 £ 8%

Table 9: Upper and lower bounds on the total information, Z5(7), for the pharmacokinetic experiment.
Errors indicate +1 s.e. estimated over 4096 (126 for variational) histories and L = 5 x 10°.

Table 10: Upper and lower bounds on the total information, Z;o(7), for the pharmacokinetic experi-
ment. Errors indicate £1 s.e. estimated over 4096 (126 for variational) histories and L = 5 x 10°.

D.5.2 Hyperparameter selection

Hyperparameter selection was done in a way similar to the Location Finding experiment (see D.4.3).
We tried encodin dimensions ED = 32,64 and selected the smaller size as there were no clear
benefits to larger networks (relatively speaking, this is an easier model that the location finding). We
used the same hidden dimension, i.e. HD = 512. In terms of learning rates, we tried 0.0001, 0.0005
and 0.001; we found 0.0001 to be appropriate, although NWJ bound was exhibiting high variance, so
used a smaller learning rate annealing factor for that network (0.5 vs 0.8 for InfoNCE). We performed
similar level of hyperparameter tuning for all trainable baselines as well (DAD, MINEBED and
SG-BOED).

D.5.3 Further results

Table 9 reports the results shown in Figure 3c), along with the corresponding upper bounds and
deployment times, while Table 10 reports the results for 7" = 10.

Training stability. To assess the robustness of the results and the stability of the training process, we
trained 5 additional iDAD networks with each of the two bounds, using different seeds but the same
hyperparameters we used to produce the results of the pharmacokinetic experiment (Figure 3c) and
corresponding Table 9). We report upper and lower bounds on the mutual information along with
their mean and standard error in the table below.

Method Bound Runl Run2 Run3 Run4 Run5 Mean SE
iDAD, InfoNCE Lower 3.209 3.165 3.198 3.221 3.128 3.185 0.019
iDAD, InfoNCE Upper 3.210 3.166 3.201 3.223 3.130 3.186 0.019
iDAD, NWIJ Lower 3.034 3.049 2.608 3.149 3.082 3.034 0.107
iDAD, NWJ Upper 3.034 3.049 2.609 3.150 3.083 3.034 0.107

We repeat the same procedure for the static baselines. The results reported in the table below
demonstrate the training stability of these baselines as well.
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Method Bound Runl Run2 Run3 Run4 Run5 Mean SE

SG-BOED Lower 2932 2452 2448 2991 2962 2757 0.140
SG-BOED Upper 2932 2453 2449 2992 2962 2757 0.140

MINEBED Lower 2912 2213 3.014 2092 2941 2.634 0.221
MINEBED Upper 2914 2213 3.015 2.092 2942 2.635 0.222

D.6 SIR Model

Generally speaking, the SIR model advocates that, within a fixed population of size N, susceptible
individuals S(7), where 7 is time, can become infected and move to an infected state /(7). The
infected individuals can then recover from the disease and move to the recovered state R(7). The
dynamics of these events are governed by the infection rate 8 and recovery rate ~y, which define the
particular disease in question. In the context of BOED, the aim is generally to estimate these two
model parameters by observing state populations at particular measurement times 7, which are the
experimental design variables. The SIR model has been studied extensively in the context of BOED,
e.g. in [12, 27, 29, 30].

Stochastic versions of the SIR model are usually formulated via continuous-time Markov chains
(CTMC), which can be simulated from via the Gillespie algorithm [2], yielding discrete state
populations. However, iDAD requires us to differentiate through the sampling path of the state
populations to the experimental designs, which is impossible if the simulated data is discrete as
gradients are undefined. Thus, we here implement an alternative formulation of the stochastic SIR
model that is based on stochastic differential equations (SDEs), as studied in [29], which yields
continuous state populations that can be differentiated.

Following [29], let us first define a state population vector X(7) = (S(7), (7)) ", where we can
safely ignore the population of recovered R(7) for modelling purposes because we assume that the
total population stays fixed. The system of 1td6 SDEs that defines the stochastic SIR model is given by

dX(7) = £(X(7))dr + G(X(7))dW (1), (108)

where f is a drift vector, G is a diffusion matrix and W (7) is a vector of independent Wiener
processes. [29] showed that the drift vector and diffusion matrix are given by

S(r)I(t S(T)I(r
_ @I _ /33010 0

f(X(7)) = S(n)I(r) ) = W AT

B -~  — 7 I (T)
Given the system of Itd SDEs in (108), as well as the above drift vector and diffusion matrix, we
can then simulate state populations X (7) by solving the SDE using finite-difference methods, such
as e.g. the Euler-Maruyama method. See [29] for more information on the SDE-based SIR model,
including derivations of the drift vector and diffusion matrix.

and G(X(t (109)

Importantly, we note that [29] further used the solutions of (108) as an input to a Poisson observation
model, which increases the noise in simulated data. We here opt to simply use the solutions of (108)
as data and do not consider an additional Poisson observational model.

D.6.1 Training details

As previously mentioned, the design variable for this model is the measurement time 7 € [0, 100].
When solving the SDE with the Euler-Maruyama method, we discretize the time domain with a
resolution of A7 = 1072, We here only use the number of infected I(7) as the observed data, as
others might be difficult to measure in reality. The total population is fixed at N = 500 and the
initial conditions are X (7 = 0) = (0,2)". The model parameters 3 and v have log-normal priors,
i.e. p(8) = Lognorm(0.50,0.50%) and p(~y) = Lognorm(0.10, 0.50?). Importantly, because solving
SDE:s is expensive, we pre-simulate our data on a time grid, store it in memory and then access the
relevant data during training.

We present the network architectures and hyper-parameters corresponding to the 7' = 5 iDAD results
shown in Table 5 of the main text. For the encoder of the design-outcome pairs we used:
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Layer Description iDAD, InfoNCE iDAD, NWJ Activation
Input &y 2 2 -
H1 Fully connected 8 8 ReLU
H2 Fully connected 64 64 ReLU
H3 Fully connected 512 512 ReLU
Output  Fully connected 32 32 -
The resulting representations, { R(h;) tT:]l, are stacked into a matrix (as new design—outcome pairs

are obtained) and fed into an emitter network, which contains an LSTM cell with two hidden layers.
We only keep the last hidden state of the LSTM’s output and pass it through a final FC layer:

Layer Description iDAD, InfoNCE iDAD, NWJ Activation
Input {R(hy)} ! 32 xt 32 xt -
H1 &H2 LSTM 32 32 -
H3 Fully connected 16 16 ReLU
Output Fully connected 1 1 -

The architecture of the critic network Uy, used in Table 5 and all its hyper-parameters are in the tables

that follow. First, the encoder network

of the latent variables is:

Layer Description iDAD, InfoNCE iDAD, NWJ Activation
Input 0 2 2 -
H1 Fully connected 8 8 ReLU
H2 Fully connected 64 64 ReLU
H3 Fully connected 512 512 ReLU
Output  Fully connected 32 32 -

For the design-outcome pairs encoder we use the same architecture as in the design network, namely:

Layer Description iDAD, InfoNCE iDAD, NWJ Activation
Input &y 2 2 -
H1 Fully connected 8 8 ReLU
H2 Fully connected 64 64 ReLU
H3 Fully connected 512 512 ReLU
Output  Fully connected 32 32 -

The outputs of the encoder, { R(h;)}+, are stacked and fed into an LSTM cell with two hidden layers.
We only keep the last hidden state of the LSTM’s output and pass it through a FC layer:

Layer Description iDAD, InfoNCE iDAD, NWJ Activation
Input {R(ho)}} 32 xt 32 xt -
H1 &H2 LSTM 32 32 -
H3 Fully connected 16 16 ReLU
Output Fully connected 32 32 -

The optimization was performed with
hyper-parameters:

Adam [26] with learning rate annealing with the following

Parameter iDAD InfoNCE iDAD, NWIJ
Batch size 512 512
Number of contrastive/negative samples 511 511
Number of gradient steps 100000 100000
Initial learning rate (LR) 0.0005 0.0005
LR annealing factor 0.96 0.96
LR annealing frequency 1000 1000
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Figure 8: Approximate posteriors for the SIR model.

D.6.2 Further results

Different number of experiments 7. In Table 11 we show lower bound estimates when applying
iDAD with the InfoNCE lower bound to the SDE-based SIR model for different number of measure-
ments 7T'. The design network and critic architectures are the same as for 7" = 5. Table 11 shows
that more measurements yield higher expected information gains, as one might intuitively expect.
Furthermore, the increase in expected information gain saturates with increasing 7', which is why we
presented the results for 7' = 5 in the main text. The biggest increase, however, occurs from 7" = 1 to
T = 2. This is intuitive, because the SIR model has two model parameters that we wish to estimate
but we only gather one data point with one measurement. Hence, in order to accurately estimate both
of these parameters, we would need at least 2 measurements, which is reflected in Table 11. We note
that all of these numbers, with the exception of 1" = 1, are larger than those found by [29]. This
increase in expected information gain may be explained by the fact that [29] use an additional Poisson
observation model, which means that the resulting data are inherently noisier and less informative.

Table 11: InfoNCE lower bound estimates (£ s.e.) when applying iDAD to the SDE-based SIR
model for different number of measurements 7.

T iDAD, InfoNCE iDAD, NWJ
1 1.396 £0.018 1.417 £ 0.001
2 2714+£0.019 2.699 + 0.001
3 3.554+£0.021 3.515 £ 0.001
4 3.600 £0.018 3.749 £ 0.001
5 3.915+£0.020 3.869 £+ 0.001
7 4.027 £0.019 3.911 £ 0.001

10 4.100 £+ 0.020 4.019 £ 0.001

Training stability. To assess the robustness of the results and the stability of the training process, we
trained 5 additional iDAD networks with each of the two bounds, using different seeds but the same
hyperparameters we used to produce the results of Table 5 in the main text. We report upper and
lower bounds on the mutual information along with their mean and standard error in the table below.

Method Bound Runl Run2 Run3 Run4 Run5 Mean SE
iDAD, InfoNCE Lower 3900 3919 3919 3901 3.887 3.906 0.007
iDAD, NWJ Lower 3.872 3.838 3.854 3883 3848 3.859 0.009

We repeat the same procedure for the static baselines. The results reported in the table below
demonstrate the training stability of these baselines as well.

Method Bound Runl Run2 Run3 Run4 Run5 Mean SE
SG-BOED Lower 3.713 3.765 3.767 3.764 3.739 3.749 0.012
MINEBED Lower 3.373 3438 3376 3.379 3420 3.397 0.015
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Step-DAD: Semi-Amortized Policy-Based Bayesian Experimental Design

Desi R Ivanova“' Marcel Hedman“' Cong Guan? Tom Rainforth !

Abstract

We develop a semi-amortized, policy-based, ap-
proach to Bayesian experimental design (BED)
called Step-wise Deep Adaptive Design (Step-
DAD). Like existing, fully amortized, policy-
based BED approaches, Step-DAD trains a design
policy upfront before the experiment. However,
rather than keeping this policy fixed, Step-DAD
periodically updates it as data is gathered, refin-
ing it to the particular experimental instance. This
allows it to improve both the adaptability and the
robustness of the design strategy compared with
existing approaches. Empirically, Step-DAD con-
sistently demonstrates superior decision-making
and robustness compared with current state-of-
the-art BED methods, substantially improving the
quality of the data gathered.

1. Introduction

Adaptive experimentation plays a crucial role in science
and engineering: it enables targeted and efficient data ac-
quisition by sequentially integrating information gathered
from past experiment iterations into subsequent design deci-
sions (MacKay, 1992; Atkinson et al., 2007; Myung et al.,
2013). For example, consider an online survey that aims to
infer individual preferences through personalized questions.
By strategically tailoring future questions based on insights
from past responses, the survey can rapidly hone in on rele-
vant questions for each specific individual, enabling precise
preference inference with fewer, more targeted questions.

Bayesian experimental design (BED) offers a principled
mathematical framework for solving the adaptive design
problem (Chaloner & Verdinelli, 1995; Ryan et al., 2016;
Rainforth et al., 2024). In the BED framework, the quan-
tity of interest (e.g. individual preferences), is represented
as an unknown parameter 6 and modelled probabilistically
through a joint generative model on 6 and experiment out-
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comes given designs. The goal is then to choose designs that
are maximally informative about . Namely, we maximize
the Expected Information Gain (EIG, Lindley, 1956; 1972),
which measures the expected reduction in our uncertainty
about # from running an experiment with a given design.

The traditional adaptive BED approach, illustrated in Fig 1a,
involves iterating between making design decisions by opti-
mizing the EIG of the next experiment step, and updating
the underlying model through Bayesian updates that condi-
tion on the data obtained so far. Unfortunately, this approach
leads to sub-optimal design decisions, as it is a greedy, my-
opic, strategy that fails to plan ahead and consider future
experiment steps (Huan & Marzouk, 2016; Foster, 2021).
Furthermore, it requires substantial computation to be un-
dertaken at each experiment iteration (in the form of the
posterior updates and EIG optimizations), making it imprac-
tical for real-time applications (Rainforth et al., 2024).

Foster et al. (2021) showed that this traditional framework
can be significantly improved upon by instead taking a
policy-based BED (PB-BED) approach. As shown in Fig 1b,
their Deep Adaptive Design (DAD) framework, and its sub-
sequent extensions (Ivanova et al., 2021; Blau et al., 2022;
Lim et al., 2022), are based on learning a design policy net-
work that maps from experimental histories to new design
decisions. This policy network is trained upfront before the
experiment, then deployed to make design decisions auto-
matically at run time. This provides a fully amortized ap-
proach that eliminates the need for any significant computa-
tion during the experiment itself, thereby enabling real-time,
adaptive, and non-myopic design strategies that represent
the current state-of-the-art in adaptive BED.

In principle, these fully amortized approaches can learn the-
oretically optimal design strategies (in terms of total EIG).
In practice, learning a policy that remains optimal for all
possible experiment realizations is rarely realistic. In par-
ticular, the dimensionality of experimental history expands
as the experiment progresses, making it increasingly diffi-
cult to account for all possible eventualities through upfront
training alone. Moreover, deficiencies in our model can
mean that data observed in practice can be highly distinct
from the simulated data used to train the policy.

To address these limitations, and allow utilisation of any
computation that is available during the experiment, we in-
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(a) Traditional adaptive BED

(b) Fully-amortized PB-BED

(c) Semi-amortized PB-BED

Figure 1. Overview of adaptive BED approaches. The traditional BED approach fits a posterior after each experiment iteration and
optimizes for the next step best designs (i.e. greedily). Fully amortized policy-based BED approaches like DAD train a policy once offline,
before the live experiment, then deploy this as a fixed policy to make adaptive design decisions during the experiment itself. Our proposed
semi-amortized PB-BED approach enables periodic policy refinement, assimilating data from the real-world live experiment.

troduce a hybrid, semi-amortized PB-BED approach, called
Step-wise Deep Adaptive Design (Step-DAD). As illustrated
in Fig lc, Step-DAD periodically updates the policy during
the experiment. This allows the policy itself to be adapted
based on previously gathered data, refining it to maximize
performance for the particular realization of the data that
we are observing. In turn, this allows Step-DAD to make
more accurate design decisions and provides significant im-
provements in robustness to observing data that is dissimilar
to that generated in the original policy training. Our em-
pirical evaluations reveal that Step-DAD is able to provide
substantial improvements in state-of-the-art design perfor-
mance, while still using substantially less computation than
the traditional BED approach.

2. Background

Guided by the principle of information maximization,
Bayesian experimental design (BED, Lindley, 1956) is a
model-based framework for designing optimal experiments.
Given a model p(6)p(y | 6, &), describing the relationship
between experimental outcomes y, controllable designs &
and unknown parameters of interest 6, the goal is to select
the experiment £ that maximizes the expected information
gain (EIG) about 6. The EIG, which is equivalent to the
mutual information between parameters and outcomes, is
the expected reduction in Shannon entropy from the prior to
the posterior distribution of 6:

I(&,y) = Epyo[Hp(0)] = H[p(0|£,9)]], (1)

where p(y |£) = E,)[p(y]0,)] is the prior predictive
distribution of our model.

2.1. Traditional Adaptive BED

BED becomes particularly powerful in adaptive experimen-
tal contexts, where we allow the future design decision at
time ¢, &, to be informed by the data acquired up to that
point, hy_1 = (&1,91), .-, (§&—1,Yy¢—1), which we refer
to as the history. In the traditional adaptive BED frame-
work (Ryan et al., 2016), this is done by assimilating the data

into the model by fitting the posterior p(@ | h;_1 ), followed
by the maximization of the one-step ahead or incremental
EIG for the next design

IhFl (Ef) = Ep(ylét,htfl) [H[p(@ | ht—l)] - H[p(@ | hf)](]zv)
where p(y | &, hi—1) = Ep(o |y [p(y 0, €1, hu—1)] repre-
sents the marginal outcome distribution under our updated
model. We use the superscript i; 1 to emphasize condition-
ing on the history currently available, setting hy = &. This
is a closed-loop approach (Foster, 2022; Huan & Marzouk,
2016), explicitly integrating all of the acquired data to refine
beliefs about § and inform subsequent design decisions.

Whilst this traditional framework offers a principled and
systematic way to optimize experimental designs, it comes
with some limitations. One drawback is its myopic nature
that greedily maximizes for the next best design and over-
looks the impact of future experiments, ultimately leading
to sub-optimal design decisions. Another limitation is the
significant computational expense incurred from the itera-
tive posterior inference and EIG optimization. In general,
the posterior computation is intractable and the EIG (2) esti-
mation is doubly intractable (Rainforth et al., 2018; Foster
et al., 2019). Since both of these steps must be conducted at
each step of the experiment, the traditional adaptive BED
approach is often impractical for real-time applications.

2.2. Amortized Policy-Based BED

In response to the limitations of traditional adaptive BED,
Foster et al. (2021) introduce the idea of amortizing the
adaptive design process through learnt policies. This amor-
tized policy-based BED (PB-BED) approach represents a
significant advancement over the traditional framework, de-
livering state-of-the-art non-myopic design optimization
whilst enabling real-time deployment.

PB-BED reformulates the design problem using a policy
m, which maps experimental histories to subsequent design
choices, 7 : hy_1 — &;. The optimal policy is now the one
that maximizes the total EIG across the entire sequence of
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T experiments (Foster et al., 2021; Shen & Huan, 2021)

Zi () = Ephyn) [H[p(0)] — H[p(0 | hr)]], 3)
p(0)p(hr | 0,7) logp(hr [0, 7) —log p(hr | T)] (4)

where p(hr |0, 7) = [T,_; p(ye | 0,6, 1), p(hr | 7) =
E,)[p(hr |0, )], and § = m(hs_1) are all evaluated au-
toregressively. This policy-based formulation strictly gener-
alizes the traditional adaptive BED approach, which can
be viewed as learning a specific policy that maximizes
the incremental one-step-ahead EIG (2) at each iteration,

m(he-1) = argmaxe, [*7%,(&).

Whilst the total EIG formulation (3) provides a unified train-
ing objective for the policy, it remains doubly intractable
like the standard EIG. The original Deep Adaptive De-
sign (DAD) of Foster et al. (2021) addressed this by using
tractable variational lower bounds of the EIG (Foster et al.,
2019; 2020; Kleinegesse & Gutmann, 2020) coupled with
stochastic gradient ascent (SGA) schemes to directly train
a policy network taking the form of a deep neural network
directly mapping from histories to design decisions. It thus
provided a foundation for conducting PB-BED in practice.

A number of extensions to the DAD approach have since
been developed, e.g. (Ivanova et al., 2021; Blau et al., 2022;
Lim et al., 2022), broadening its applicability to a wider
class of models by proposing alternative policy training
schemes. All share a core methodology, where the policy
network is trained only once, offline, with hypothetical ex-
perimental histories simulated from the assumed generative
model p(8)p(hr | 6, 7). Once trained, it remains unchanged
during the live experiment and across multiple experimental
instances (e.g. different survey participants), as illustrated
in Fig 1b. This fully amortized approach eliminates the need
for posterior inference and EIG optimization at each step
of the experiment, thereby allowing design decisions to be
made almost instantly at deployment.

3. Semi-Amortized PB-BED

Fully amortized PB-BED methods enable real-time deploy-
ment and provide design decisions that are typically superior
to those of the traditional framework. However, there are
many problems where we can afford to perform some com-
putation during the experiment itself. It is therefore natural
to ask whether we can usefully exploit such computational
availability to further improve the quality of our design deci-
sions? In particular, the fact that the current state-of-the-art
approaches for design quality are all fully amortized sug-
gests that improvements should be possible when this is not
a computational necessity.

To address this, we note that the computational gains of
fully amortized PB-BED methods comes at the cost of their
inability to adapt the policy itself in response to acquired

experimental data. We argue that this rigidity leads to sub-
optimal designs decisions, particularly in scenarios where
the real-world experimental data significantly deviates from
the simulated histories used during training of the policy.
Two primary factors contribute to this issue:

Imperfect training In fully amortized PB-BED we simu-
late experimental histories to try and learn a policy that will
generalize across the entire experimental space—effectively
learning a regressor from all possible histories to design
decisions. However, the effectiveness of any learner with fi-
nite data/training is inevitably limited, especially in regions
of the input space where training data is sparse. In short,
we are learning a policy to cover all possible histories we
might see, but at deployment we are dealing only with a
specific history that may be similar to few, if any, of the
histories with simulated during training. This challenge
is particularly exacerbated in experiments with extended
horizons, due to the high dimensionality of the resulting
histories. Additionally, the finite representational capacity
of the policy hinders perfect approximation even with in-
finite data. Together these lead to a discrepancy between
the learned policy 7 and the true optimal design strategy 7*,
producing an approximation gap for the learned policies.

Double reliance on the generative model Fully amortized
PB-BED relies on the generative model to both simulate
experimental histories for policy training and to evaluate
the success of our design decisions via the total resulting
information gained. In other words, we use the model in
both the expectation and information gain elements of the
EIG in (3). This dual reliance magnifies the consequences
of model misspecifications (Overstall & McGree, 2022;
Go & Isaac, 2022). Moreover, even if the model is well-
specified from a Bayesian inference perspective (Uppal &
Wang, 2003), there might still be significant discrepancies
between the prior-predictive distribution, p(hr|), used to
simulate data in the policy training and the true underlying
data generating distribution.

The upshot of this is that we may see data at deployment
that is highly distinct to any of that simulated during the
policy training. The lack of mechanisms for integrating real
experimental data into the policy means that fully amortized
approaches have no mechanism to overcome this issue. This
can be characterized as a form of generalization gap—the
learned policy fails to generalize to the real-world experi-
mental conditions, caused by its inability to integrate and
respond to the actual experimental data gathered so far.

3.1. Online policy updating

To address these limitations, we propose a semi-amortized
PB-BED framework, which introduces dynamic adaptability
by allowing periodic updates to the policy during deploy-
ment in response to acquired experimental data.
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The core idea behind our semi-amortized approach is based
on the intuition that whilst a fully amortized policy is
a strong starting point, it can be significantly enhanced
through targeted refinements during the experiment. Focus-
ing first on the case of a single policy update, the following
proposition formalizes this intuition and lays the theoretical
foundation for semi-amortized PB-BED.

Proposition 3.1 (Decomposition of total EIG). For any
design policy m, the total EIG of a T-step experiment can
be decomposed as

Tisr(m) = Tisr () + Epn, ) [I'z}-l«THHT(ﬂ')L %)
for any intermediate step 1 < 7 < T, where
If—?—l—)T(ﬂ—) =
(h7+11T ‘ h‘l')e,ﬂ-) (6)

Epo1n)p(heirir | hrs0,m) |10 £
. 7, p(hTJrl:T ‘ hT77T)

Proof. We can write the likelihood and marginal as
p(hT | Ha 7T) = p(h‘T | Ha ﬂ-)p(h‘r-i—l:T | h’T7 Ha 7T)
p(hT |7T) = p(hT |7T)p(h7+1:T | h7'7 7T)
Substituting in the definition of total EIG (3) and rearranging

p(h- 9, W)]

Tisr(m) = Epoyp(n.10.7) {log p(hy )

p(h‘f'-‘rliT | hTa 07 7T)

E - o |1
p(hr|7)p(0|hr)p(hrt1.7|hr ,0,m) |:Og p(hr+1:T | h_”ﬂ.)
=T 57 (7)) + Epi, ) [If;l_m(w)] as required. O

The decomposition of the total EIG into two distinct
components—the EIG accumulated up to an intermediate
step 7, and the expected EIG for subsequent steps condi-
tional on the history i gathered until that point—highlights
a crucial aspect of our semi-amortized approach: that the
optimality of a policy for the later phases of the experiment,
from step 7 + 1 to 7', is solely determined by the model
and already collected data h,. That is, it is independent of
the policy deployed during the first 7 experiments. As such,
we can use a strategy where, regardless of the initial policy
performance, we can construct a new policy at some inter-
mediate step 7 that optimizes future remaining experimental
designs, without being constrained by past decisions.

Our semi-amortized approach is now based around exploit-
ing this flexibility to refine the policy midway through the
experiment by introducing a step design policy 7°(7). Ini-
tially, (") uses the fully amortized policy 7y, for the first
7 steps of the experiment. After step 7, it switches to a new
policy 7, which is trained to maximize the total remaining
EIG, ', (), as defined in (6).

T

This gives us an infer-refine process for semi-amortization
in PB-BED that mirrors the two stage procedure characteris-
tic of traditional adaptive BED (cf Fig. 1a and Fig. 1c). The
infer stage entails fitting the posterior distribution p(6 | h.)
with the data up to 7. The subsequent refine stage learns
a customized policy 73, for the remaining steps of the ex-
periment by maximizing (6). It therefore allows for more
effective design decisions than the fully amortized approach.
However, unlike the traditional BED approach, which is
greedy and requires updates at every experimental step, our
semi-amortized method offers a superior non-myopic design
strategy and allows for selective updates.

It is important to acknowledge that this approach requires
some computation to be performed during the live exper-
iment, which can pose challenges in applications where
design decisions must be made very quickly. However,
in many applications there is computation time available,
and our semi-amortized PB-BED approach can exploit this,
even if the available time is limited. In particular, as we will
show in subsequent sections, significant improvements to
the policy can often be achieved with minimal additional
training, such that substantial gains are often possible with-
out drastically compromising deployment speed. As such,
semi-amortized PB-BED still maintains large computational
benefits over traditional adaptive BED.

Multi-step policy updates We can naturally extend our ap-
proach to include a multi-step update mechanism, enabling
a more dynamic and responsive policy adaptation over the
course of the live experiment. To this end, we define a
refinement schedule, T = 19,71, -+ , Txk—an increasing
sequence defining the points at which the policy is refined.
We adopt the convention 7y = 0 and hy = &, marking the
offline optimization of the fully-amortized policy 7. For
T > 0, we follow our two-stage infer-refine procedure.

4. Step-Wise Deep Adaptive Design

We introduce Step-Wise Deep Adaptive Design (Step-
DAD) as a way of implementing the semi-amortized PB-
BED in practice. Building on DAD and the infer-refine
procedure outlined in the last section, Step-DAD employs
stochastic gradient ascent schemes to optimize variational
lower bounds on the remaining EIG (6) to sequentially train
the step policy 7°(7) in a scalable manner. An overview of
Step-DAD is presented in Algorithm 1.

The two key components of Step-DAD’s aforementioned
infer-refine procedure are an inference method for approxi-
mating p(@|h,), and a refinement strategy for using this to
update our policy. Standard inference techniques (such as
variational inference and Monte Carlo methods) are used
for the former as discussed in our experiments. Our focus
here will instead be on our specialized procedure for policy
refinement and the policy architecture itself.
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Algorithm 1 Overview of Step-DAD

Input: Generative model p(8)p(y | 6, &), experimental bud-
get T, refinement schedule 7={7, 71,..., Tk +1}>
with 70=0, 741 =T, training budgets {N;, }r=1.x

Output: Dataset hy = {(&, y¢) be=1.7

OFFLINE STAGE: BEFORE THE LIVE EXPERIMENT

> Set hg = J.

while Computational budget does not exceed Ny do
> Train fully-amortized 7, as in Foster et al. (2021)

end
ONLINE STAGE: DURING THE LIVE EXPERIMENT
for k=1,... K+ 1do
for 7,_1 <t <71do
> Compute design &; = The, | (hy)
> Run experiment &;, observe an outcome ¥
> Update the dataset hy = hy—1 U (&, yt)
end
If K = K + 1 then return At end
while Computational budget does not exceed Ny, do
> Fit a posterior p(6 | hr, )
> Fine-tune policy 7, by optimizing (7)
end
end

4.1. Policy refinement

Due to its doubly intractable nature, the task of optimizing
the remaining EIG, If;_’;l _(m), presents a notable chal-
lenge (Rainforth et al., 2018; Foster et al., 2019). In select-
ing an appropriate scalable and computationally tractable
estimator for it, we wish to ensure compatibility with a wide
range of inference schemes for p(@ | k., ). Namely, as this
serves as an updated ‘prior’ during the policy refinement, it
is important that we use an EIG estimator that does not re-
quire evaluations of the prior density, to ensure compatibility
with sampling-based inference schemes.

Lower bound estimators such as the explicit-likelihood-
based sequential Prior Contrastive Estimator (sSPCE, Fos-
ter et al., 2021), as well as the implicit likelihood In-
foNCE (van den Oord et al., 2018; Ivanova et al., 2021)
and NWJ (Nguyen et al., 2010; Kleinegesse & Gutmann,
2020) bounds, align with this requirement. For generative
models with explicit likelihoods (implicit models are dis-
cussed in Appendix A), we, therefore, choose to employ the
sPCE lower bound, defined as

5% () = E [log — Pmcrer o, )
Th

%M Zfzo p(hr+1:7 | O, )

(M

Here, the expectation is taken over a ‘positive’ prior sam-
ple 6y ~ p(6y | hr, ), future design-outcome pairs under it

heyv1m ~ H?:Tk.g-l p(hy | h'erOagt)’ & = m(hi—1), and
L ‘contrastive’ prior samples 6;.7, ~ Hngl p(0e]| hry).

Step-DAD parameterizes 7 by a neural network and opti-
mizes an appropriate objective, such as Eii(fl _p(m), with
respect to the network parameters using standard stochastic
gradient ascent (SGA) schemes (Robbins & Monro, 1951;
Kingma & Ba, 2014). Following (Foster et al., 2021), we
use path-wise gradients in the case of reparametrizable dis-
tributions (Rezende et al., 2014; Mohamed et al., 2020), and

score function (REINFORCE) otherwise (Williams, 1992).

4.2. Policy architecture

It is possible to optimize (7) by training an entirely new pol-
icy mp,,, at each refinement step 7y, allowing flexibility to
even select different architectures. Though such a strategy
may occasionally be advantageous, we instead, we propose
a more pragmatic and lightweight approach: leveraging the
already established fully amortized policy 7y, as a baseline
and fine-tuning it for subsequent steps. Though our exper-
iments perform a full fine-tuning of all policy parameters,
it is also possible to implement more parameter-efficient
methods, for example, only adjusting the last few layers.

For the policy architecture, similar to (Foster et al., 2021),
we individually embed each design-outcome pair (&;,y;) €
h¢ into a fixed-dimensional representation before aggre-
gating them across ¢ into a summary vector. This allows
condensing varied-length experimental histories into a con-
sistent dimensionality, enabling the handling of variable
history sizes. Finally, the summary vector is then mapped
to the next experimental design &;4;. For the aggregation
mechanism, the choice between permutation invariant and
autoregressive architectures depends on the nature of the
data. When the data h; is exchangeable, permutation in-
variant architectures like DeepSets (Zaheer et al., 2017) or
SetTransformer (Lee et al., 2019) are suitable. In contrast,
sequential or time-series data would benefit from autoregres-
sive models like transformers (Vaswani et al., 2017).

5. Related Work

The idea of using a design policy in the context of adap-
tive BED was first proposed by Huan & Marzouk (2016).
Leveraging dynamic programming principles, the policy
they learn aims to establish a mapping from explicit poste-
rior representations—serving as the state in reinforcement
learning (RL) terminology—to subsequent design choices.
As aresult, each iteration of the experiment necessitates sub-
stantial computational resources for updating the posterior.
The concept of fully amortized policy-based BED, which
directly maps data collected to design decisions, has only
recently been introduced (Foster et al., 2021) and subse-
quently extended to differentiable implicit models (Ivanova
et al., 2021). RL algorithms have also been employed to
optimize design policies, as explored by Blau et al. (2022)
and Lim et al. (2022). None of these previous approaches
have looked to refine the policy during the experiment itself.
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As discussed in § 2.1, adaptive BED has traditionally em-
ployed a two-step greedy strategy, involving EIG optimiza-
tion and posterior inference optimization. For EIG esti-
mation established methods include nested Monte Carlo
(Myung et al., 2013; Vincent & Rainforth, 2017), variational
bounds (Foster et al., 2019; 2020; Kleinegesse & Gutmann,
2020) and ratio estimation (Kleinegesse & Gutmann, 2019;
Kleinegesse et al., 2021). The subsequent EIG maximiza-
tion has historically relied on gradient-free optimization,
including grid-search, evolutionary algorithms (Price et al.,
2018), Bayesian optimization (Kleinegesse et al., 2021; Fos-
ter et al., 2019), or Gaussian process surrogates (Overstall &
McGree, 2020). Thanks to advancements in gradient-based
methods, EIG estimation and optimization can be performed
jointly in a SGA scheme (Huan & Marzouk, 2014; Foster
et al., 2020; Kleinegesse & Gutmann, 2021).

The inference scheme used for model updates in the tra-
ditional BED framework is often contingent on the avail-
ability of a closed-form likelihood. In cases where it is
available, Monte Carlo based methods are typically used,
such as Sequential Monte Carlo (Del Moral et al., 2006;
Drovandi et al., 2014) or population Monte Carlo (Rainforth,
2017). In likelihood-free settings, techniques like approxi-
mate Bayesian computation (ABC) (Lintusaari et al., 2017;
Sisson et al., 2018), ratio estimation (Thomas et al., 2016),
or approximating the likelihood first, e.g. via polynomial
chaos expansion (Huan & Marzouk, 2013), are typically
utilized. In addition to the presence of a likelihood function,
practical considerations influencing the choice of posterior
inference methods include a trade-off between speed and
accuracy, weighing options like (amortized) variational in-
ference (Zhang et al., 2018) against asymptotically exact,
but slow MCMC methods such as HMC (Betancourt, 2017).

The challenge of model misspecification in BED remains
a relatively underexplored area, with foundational insights
provided by (Farquhar et al., 2021) and (Overstall & Mc-
Gree, 2022). Fully amortized PB-BED is particularly vul-
nerable to model misspecification due to its reliance on a
singular learning phase without the capacity to integrate real-
world experimental feedback. Addressing these challenges
in the literature is limited, with some approaches recom-
mending the adoption of a more robust EIG objective as a
potential solution (Go & Isaac, 2022). Our semi-amortized
PB-BED methodology, whilst not directly tackling the is-
sue of misspecification, inherently enhances robustness by
enabling iterative data integration and policy refinement.

6. Experiments

We empirically evaluate our semi-amortized Step-DAD ap-
proach on a range of design problems, comparing its per-
formance against DAD to determine the additional EIG
achieved by the step policy 7*(7) over Th—the fully amor-

Table 1. Source Location Finding. Upper and lower bound esti-
mates of total EIG. For Step-DAD we report best finetuning step,
7 = 6 with the rest in Table 8 in the Appendix. Errors indicate
+1s.e., computed over 16 (2048) histories for step methods (rest).

Method Lower bound (1)  Upper bound (7)
Random 3.612 £0.012 3.613 £0.012
Static 3.945 £ 0.026 3.946 £ 0.026
Step-Static (7 = 6) 3.974 £ 0.008 3.975 £ 0.008
DAD 6.771 £ 0.012 6.803 £ 0.013
Step-DAD (7 = 6) 7.605 £+ 0.078 7.609 £ 0.078

tized one. We consider several other baseline strategies for
comparison. Static design learns all T" designs prior to the
experiment and remain fixed throughout it. We consider a
Step-Static approach where, akin to a semi-amortized static
method, at step 7, we randomly select 7 designs from the
total of 7" and retrain the 7" — 7 remaining ones. Wherever
appropriate, we include a Random design strategy serving
as a naive, non-optimized benchmark, as well as problem-
specific baselines if available.

Our main metric for assessing the quality of various design
strategies is the total EIG, Z;_, (), as given in (3). We
approximate it via the sSPCE lower bound (7) along with
its upper bound counterpart—the sequential Nested Monte
Carlo estimator (SNMC, Foster et al., 2021). For the remain-
ing EIG (6), we leverage the decomposition from Proposi-
tion 3.1, estimating the expectation over the partial history
h with N = 16 realizations. Details on experimental setup,
training and evaluation, are provided in Appendix B.

6.1. Source Location Finding

We consider the source location finding experiment from
Foster et al. (2021), which draws upon the acoustic energy
attenuation model detailed in Sheng & Hu (2005). The ob-
jective of the experiment is to infer the locations of some
hidden sources from noisy measurements, y, of their com-
bined signal intensity. Each source emits a signal whose in-
tensity diminishes following the inverse-square law relative
to distance. The full model is described in Appendix B.4.

We begin by learning a fully amortized DAD policy to per-
form T' = 10 experiments to locate a single source. A
training budget of 50K gradient steps was employed for this
policy, as it was found that further training did not signifi-
cantly improve performance for our chosen architecture.

We run Step-DAD for 7 = 1,...,9, using importance sam-
pling to approximate the posterior p(f | k). Results pre-
sented in Table 1 highlight the best performing finetuning
step, 7 = 6, at which Step-DAD surpasses all baseline
methods. Table 8 in the Appendix details performances
across all 7 values, revealing that steps 7 = 4, 5, 7 exhibit
performance statistically equivalent to that of 7 = 6.
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Figure 2. Sensitivity to training budget for location finding exper-
iment. DAD policies are trained for 50K or 10K steps, Step-DAD
policies are refined for 0.5K and 2.5K steps, resp. Step-DAD out-
performs its respective DAD baseline for all 7. Errors show %1s.e.

Sensitivity to training budget We investigate the overall
resource efficiency of Step-DAD by comparing to DAD
under two training regimes. Concretely, we consider two
budget levels for the training of the fully amortized policy:
full pre-training budget of 50K gradient steps, and reduced
pre-training budget of 10K steps (5x lower), with a subse-
quent fine-tuning of 0.5K and 2.5K steps, respectively.

Figure 2 presents a conservative comparison between the
two methods by showing upper bound estimates for DAD
and lower bound estimates for Step-DAD. The findings
illustrate that Step-DAD surpasses the corresponding DAD
baseline across both budget levels. The Step-DAD variant
that starts with a modest pre-training budget of 10K steps,
followed by a fine-tuning phase of 2.5K steps (dashed red
line with triangle markers), consistently outperforms the
DAD model trained on a 50K step budget (solid blue line
with square markers), except at the boundary tuning steps
7 = 1and 7 = 9. The performance advantage of Step-
DAD is most pronounced when fine-tuning occurs midway
through the experiment (7 = 5, 6), where our method can
effectively leverage the accumulated data to refine the policy
and have enough experiments remaining to usefully deploy
the improved customized policy.

Scaling up In the more complex setting of locating multiple
sources, our method demonstrates strong performance gains
compared to DAD. We consider 2, 4 and 6 sources, resulting
in 4-, 8- and 12-dimensional unknown parameter, respec-
tively. The consistent positive EIG difference for Step-DAD,
reported in Table 2, highlights the scalability of our method
to higher-dimensional parameter spaces.

Table 2. Location finding multiple sources. Errors show +1s.e.
0 dim EIG difference DAD, total EIG (upper)

4 0.701 £ 0.023 6.483 £ 0.055
8 0.426 £ 0.014 7.111 £ 0.067
12 0.423 +0.012 6.956 + 0.056

3.0 —A— Step-DAD (10K/2.5K), lower
- -5~ DAD (10K), upper
& 2.0
)
=
€3]
= 1.0
=
0.0

10 15 2.0 25 30 35
Prior Mean Shift

Figure 3. Sensitivity to prior perturbations in the source location
finding experiment with one source and 7' = 10. Total EIG from
7 = 6 for Step-DAD remains robust despite increasing shift, whilst
that for the DAD baseline drops to zero.

6.2. Robustness to prior perturbations

In BED, selecting an appropriate prior is critical, particu-
larly in scenarios where data is sparse and therefore the prior
has significant influence on the posterior (Simchowitz et al.,
2021; Go & Isaac, 2022). We evaluate the robustness of
Step-DAD when the prior distribution at test time, 5(6), di-
verges from the one utilized during the offline training phase,
p(0). This scenario mirrors real-world situations where the
conditions during the live experiment may not match those
assumed during the training of the fully amortized policy.

We assess robustness using the total EIG under an alterna-
tive model defined as

p(hr|0,7)
p(hr | )

where the p(hr | 7) = Ez9)[p(hr |0,7)] and p(0) is the
perturbed prior distribution.

Ty (1) = E50)p(hr|o,m) {log } , (8

The results for the source location finding design problem
are shown in Figure 3. It reveals that Step-DAD consistently
outperforms the DAD baseline across all degrees of prior
shift we consider, with the EIG for DAD decreasing to essen-
tially zero with the increased prior shift, whilst Step-DAD is
able to deliver positive information gains. This robustness
is anticipated due to Step-DAD’s ability to assimilate the
data gathered and make policy adjustments in light of new
evidence, which is crucial for maintaining an informative
design strategy under uncertain model assumptions.

6.3. Hyperbolic Temporal Discounting

Temporal discounting describes the tendency for individ-
uals to prefer for smaller immediate rewards over larger
delayed ones. This phenomenon is a key concept in psy-
chology and economics and has been widely applied to
study important social and individual behaviors (Critchfield
& Kollins, 2001), including dietary choices (Bickel et al.,
2021; McClelland et al., 2016), exercise habits (Tate et al.,
2015), patterns of substance abuse and other unhealthy be-
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Figure 4. Hyperbolic temporal discounting. EIG improvement
of Step-DAD over DAD after fine-tuning the policy at step 7. The
fully amortized DAD network is trained for 100K steps, whilst
subsequent policy refinement is perfomed for 1K steps.

Table 3. Hyperbolic temporal discounting. Upper and lower
bound estimates of total EIG, Z; —,20(). Errors indicate + 1 s.e.,
computed over 16 (2048) histories for the step methods (rest). All
baselines except DAD are as reported in Foster et al. (2021).

Method Upper bound (1) Lower bound (1)
Kirby (2009) 1.861 £ 0.008 1.864 £+ 0.009
Static 2.518 +0.007 2.524 +0.007
Frye et al. (2016) 3.500 £ 0.029 3.513 £ 0.029
BADapted 4.454 + 0.016 4.536 + 0.018
DAD 4,778 + 0.013 4.808 + 0.014
Step-DAD (7=10) 6.711 £ 0.040 6.721 £ 0.040

haviour (Holt et al., 2003; Story et al., 2014).

An individual’s time delay preference is typically measured
by asking them a series of questions “Would you prefer
$R now or $100 in D days time?” The tuple £ = (R, D)
defines our experimental design, and the the outcome of the
experiment y is the participant’s decision to either accept or
reject the delay. For example, a participant might prefer an
immediate R = $90 over $100 in D = 30 days, but might
choose differently if the delay was shortened to D = 7 days.

Single update Using the hyperbolic discounting model
introduced in Mazur (1987) and as implemented by Vincent
(2016), we train DAD policy for 100K gradient steps, aimed
at designing 1" = 20 experiments. We select a grid of tuning
steps 7 in the range from 2 to 18 in increments of 2. For
posterior inference, we use simple importance sampling to
draw samples from the posterior p(é | h,) and 1% of the
original training budget (i.e. 1K gradient steps).

Figure 4 reports the results and illustrates that our method
yields an improvement in total EIG across all tuning steps
7 when compared to the baseline DAD policy. The maxi-
mal increase occurs around the middle of the experiment,
aligning with intuition: at this point, sufficient data has been
accumulated to inform a meaningful posterior update, whilst
sufficient number of experiments remain to effectively de-
ploy the refined policy. Table 3 demonstrates the superiority
of Step-DAD over conventional baselines, including those

Table 4. Hyperbolic temporal discounting: extrapolating de-
signs. Comparison of EIG upper bound for DAD and lower bound
for Step-DAD across different tuning steps 7 with 7' = 40. Error-
bars indicate +1s.e. computed over 16 histories.

EIG from 7 (1) EIG from 27 (1)

T DAD Step-DAD DAD Step-DAD
5 39£024 484+014 214+036 4.6+0.18
6 34£030 51+£007 17+£030 4.7+0.12
7 30£035 444+030 13+023 444+0.11
8§ 26+036 47+013 1.0+£019 4.2+0.13

derived from psychology research (Kirby, 2009; Frye et al.,
2016; Vincent & Rainforth, 2017) and traditional BED ap-
proaches such as BADapted (Vincent & Rainforth, 2017).
It also outperforms the static BED strategy, highlighting
the effectiveness of adaptive design strategies in extracting
more valuable information from experiments.

Multiple updates and design extrapolation We extend
the deployment of DAD and Step-DAD to T' = 40 exper-
iments, doubling the scope at which they were originally
trained, i.e. without retraining the DAD network. Step-DAD
is fine-tuned at two steps, 7 and 27, with 7 € {5,6,7,8}.
As Table 4 shows, Step-DAD demonstrates significantly im-
proved capacity to extract information in the later stages of
the experiment, beyond its initial training. This highlights
the robustness and flexibility of our method in extending
experimental horizons.

7. Conclusions

In this work, we introduced the idea of a semi-amortized
approach to PB-BED that enhances the flexibility, robust-
ness and effectiveness of fully amortized design polices.
Our method, Step-wise Deep Adaptive Design (Step-DAD),
dynamically updates its step policy in response to new data
through a systematic ‘infer-refine’ procedure that refines the
design strategy for the remaining experiments in light of the
experimental data gathered so far. This iterative refinement
enables the step policy to evolve as the experiment pro-
gresses, ensuring more robust and tailored design decisions,
as demonstrated in our empirical evaluation. Step-DAD
marks a step forward in our ability to conduct more efficient,
informed, and robust experiments, opening new avenues for
exploration in various scientific domains.

Impact Statement

While the deployment of adaptive data acquisition tech-
niques must always be carefully considered to avoid impart-
ing biases or other negative effects, the focus of this work
is on purely methodological advancements and we do not
envision any direct potential negative societal consequences
relative to previous work in the area.
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A. Further EIG bounds
The sequential Nested Monte Carlo (sSNMC) (Foster et al., 2021) upper bound is given by

hr 417 | hry B0, 7)
uf_Ni/IlC T(7T) :=E |log p( ’Rs 1705 7 )
' h %Zle p(thJrl:T ‘ 9@,7‘(‘)

which we use to evaluate different design strategies.

For implicit models we can utilize the InfoNCE bound (van den Oord et al., 2018), which is given by

exp(U(hr, o))
Lintonce (T, Us L) == Ep00)p(hr|60,m) Ep6,:1) 108 : (10)
nto p(bo)p(hT|Vo P01 %HziLzoexp(U(hT79i))
where U is a learnt critic function, U : At X 6 — R.
or the NWJ bound (Nguyen et al., 2010), given by:
Laws(m,U) = Epoyp(nrio,) [U(hr,0) — € Epoyp(nrx) [exp(U(hr, 6))]] 1n

B. Experiment details
B.1. Computational resources

The experiments were conducted using Python and open-source tools. PyTorch (Paszke et al., 2019) and Pyro (Bingham
et al., 2018) were employed to implement all estimators and models. Additionally, MIFlow (Zaharia et al., 2018) was utilized
for experiment tracking and management. Experiments were performed on two separate GPU servers, one with 4xGeForce
RTX 3090 cards and 40 cpu cores; the other one with 10xA40 and 52 cpu cores. Every experiment was ran on a single GPU.

B.2. Evaluation details

When evaluating fully amortized policies, we employ the sPCE (7) lower bound and sNMC (9) upper bound using a large
number of contrastive samples, L = 100000, drawn from the prior p(6) to approximate the inner expectation. The outer
expectation is approximated using N = 2048 draws from the model p(6)p(hr |, 7). To approximate this quantity for
Step-DAD efficiently, we use

AI<7TS(T)7 7Tho) =17 (WS(T)) - Il—>T(7rho) (12)
= Ep(n,|m) [Ifh—ﬁ(”s(r)) - If—TH—>T(7Th0)] (13)

1 s(T
2 N (£¢;1—>T(7T ™) - ufh—m(”ho)) ’ (14)

and add that difference to the lower bound estimate of Z; - (7).

B.3. Baselines

Static The Static (fixed) baseline pre-selects a fixed &1, ..., 7 ahead of the experiment. This non-adaptive approach used
sPCE bound to optimize the design set &1, ..., &p.

Step-Static Step-Static computes a set of designs for &1, ..., & before a posterior update and subsequent computation of
designs &, ..., Ep.

Random As the name implies, this baseline selects a random sample of designs &1, ..., &p. Thus the most non-informed
naive approach.
B.4. Location Finding

The objective of the experiment is to ascertain the location, 6, of K sources. K is presumed to be predetermined. The
intensity at each selected design choice, £, represents a noisy observation logy | 8, £ centered around the logarithm of the
underlying model, p(6, €).
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1(6,€) —b+z (15)

In the given context, oy, may be either predetermined constants or random variables, b > 0 represents a fixed background
signal, and m is a constant representing maximum signal.

logly | 0,¢] ~ N(log 1u(6,€),07) (16)

. .. iid.
We assumed a normal standard prior at training: 6, "~ N\ (04, I4)

B.4.1. TRAINING DETAILS

The following model hyper parameters were used.

Table 5. Source location finding. Parameter Values

Parameter Value
oy 1 for all &
Max signal, m 1074
Base signal, b 10~1

Observation noise scale, ¢ 0.5

Table 6. Source location finding. Parameters for training pre-training DAD/Step-DAD

Parameter Value
Batch size 1024
Number of negative samples 1023
Number of gradient steps (default) 50000
Learning rate (LR) 0.0001

Table 7. Source location finding. Parameters for Step-DAD finetuning

Parameter Value

Number of theta rollouts 16
Number of posterior samples 20000
Finetuning learning rate (LR) 0.0001

B.4.2. OPTIMAL T

The optimal value for EIG difference occurs at a range around 7 = 6 (Table 8). As expected, for small values of 7, small
values for EIG difference are observed as there has not been a significant number of rollouts for the experiment to deviate
from the pre-training data. Past the peak at 7 = 6, the EIG difference once again drops as there are not enough experimental
steps left to exploit any benefits which would arise from finetuning on the now extensive experimental history. The remaining
decision space is too small.

B.4.3. SCALING UP

As a further ablation, we test the robustness of a semi-amortized approach to the more complex task of location finding with
multiple sources of signal. We find a positive EIG difference in all cases, once again demonstrating the benefits of using
the semi-amortized Step-DAD network compared to the baseline fully amortized DAD network. Increasing the number
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Table 8. Source location finding. Total EIG for Step-DAD for various tuning steps 7.

T Lower bound Upper bound
1 (Worst) 6.826 (- 0.065) 6.837 (£ 0.065)
2 7.187 (£ 0.097)  7.196 (£ 0.098)
3 7.403 (£ 0.098) 7.409 (£ 0.099)
4 7.588 (£ 0.103) 7.592 (£ 0.104)
5 7.536 (£ 0.183) 7.540 (£ 0.183)
6 (Best)  7.605 (+ 0.078) 7.609 (£ 0.078)
7 7.560 (£ 0.149) 7.568 (x 0.149)
8 7.382 (£0.123)  7.395 (£ 0.123)
9 7.255 (£ 0.069) 7.277 (£ 0.069)
DAD 6.771 (£ 0.012) 6.803 (£ 0.013)

of sources leads to a reduction in the EIG difference. However, this is expected given the increasing complexity of the
task compared to the fixed number of steps post 7 to adjust the decision making policy in the semi amortized setting. All
experiments were run with 7 = 7.

C. Hyperbolic Temporal Discounting

Building on Foster et al. (2021), Mazur (1987) and Vincent (2016), we consider a hyperbolic temporal discounting model. A
participant’s behaviour is characterized by the latent variables § = (k, o) with prior distributions as follows:

logk ~ N(—4.25,1.5) « ~ HalfNormal(0, 2) (17)

HalfNormal distribution denotes a Normal distribution truncated at 0. For given k, «, the value of the two propositions “£R
today” and “£100 in D days” with design £ = (R, D) are given by:

100
= = 1
=R Vi=ios (18)
Participants select V; in place of Vj with probability modelled as:
Vi — WV
p(y_1|k,a,R,D)—e+(1—2e)<1>< la 0) (19)
We fix e = 0.01 and ¢ is the c.d.f of the standard Normal Distribution.
=1 1
d(z) = —— exp—=22 20
0= e o)

As in Foster et al. (2021), the design parameters R, D have the constraints D > 0 and 0 < R < 100. R, D are represented
in an unconstrained space &4, &, and transformed using the below maps.

2h

D =exp(éa) R =100-sigmoid(¢,)

The following table gives the hyperparameters for training the DAD/Step-DAD policies for the hyperbolic temporal
discounting model
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Table 9. Hyperbolic Temporal Discounting model. Parameters for training pre-training DAD/Step-DAD

Parameter Value
Batch size 1024
Number of negative samples 1023
Number of gradient steps (default) 100000
Learning rate (LR) 5x 1075
Annealing frequency 1000
Annealing factor 0.95

StepDAD: number of posterior draws 20000

Table 10. Hyperbolic Temporal Discounting model. Parameters for Step-DAD finetuning

Parameter Value

Number of theta rollouts 16
Number of posterior samples 20000
Finetuning learning rate (LR) 5 x 107
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CO-BED: Information-Theoretic Contextual Optimization via Bayesian
Experimental Design

Desi R. Ivanova ' T Joel Jennings?> Tom Rainforth! Cheng Zhang?> Adam Foster >

Abstract

We formalize the problem of contextual optimiza-
tion through the lens of Bayesian experimental
design and propose CO-BED—a general, model-
agnostic framework for designing contextual ex-
periments using information-theoretic principles.
After formulating a suitable information-based
objective, we employ black-box variational meth-
ods to simultaneously estimate it and optimize the
designs in a single stochastic gradient scheme. In
addition, to accommodate discrete actions within
our framework, we propose leveraging continuous
relaxation schemes, which can naturally be inte-
grated into our variational objective. As a result,
CO-BED provides a general and automated solu-
tion to a wide range of contextual optimization
problems. We illustrate its effectiveness in a num-
ber of experiments, where CO-BED demonstrates
competitive performance even when compared to
bespoke, model-specific alternatives.

1. Introduction

Contextual optimization (CO) is an important problem that
arises in a wide range of applications, such as drug design
(Krause & Ong, 2011), nuclear fusion (Char et al., 2019;
Chung et al., 2020), and robotics (Deisenroth et al., 2014;
Kupcsik et al., 2017). The goal in such scenarios is to
maximize a context-dependent reward function by assigning
optimal actions to different contexts.

A concrete example of this problem is a personalized mar-
keting campaign. Here different actions, such as sending
marketing materials or discounts for products, are chosen
based on context information such as customers’ demo-

fWork partially conducted during an internship at Mi-
crosoft Research Cambridge. 'Department of Statistics, Uni-
versity of Oxford “Microsoft Research. Correspondence to:
Desi R Ivanova <desi.ivanova@stats.ox.ac.uk>, Adam Foster
<adam.e.foster @microsoft.com>.

Proceedings of the 40" International Conference on Machine
Learning, Honolulu, Hawaii, USA. PMLR 202, 2023. Copyright
2023 by the author(s).

graphics, preferences, and past engagements with the brand.
The ultimate goal is to maximize revenue, but this first re-
quires us to gather data and learn about customers’ behavior.

We consider a problem setting where we first gather data in
an experimentation stage that consists of performing actions
on a number of different contexts in parallel. At the end
of the experiment, data is collected and used to inform a
strategy that is then deployed (without additional feedback).
The success of the first stage is judged on the performance
of the deployed strategy: better data in the first phase should
lead to better decisions and lower regret at deployment time.

Making best use of resources in the data gathering stage ne-
cessitates experimental design: we want to gather as much
useful information as possible for our downstream decision-
making in the deployment phase. Our first contribution
is to formalize this using an information-theoretic form
of Bayesian experimental design (BED, Lindley, 1956;
Chaloner & Verdinelli, 1995; MacKay, 1992), thereby pro-
viding a highly principled framework for choosing designs
(or actions) to be optimally informative.

Unfortunately, information-theoretic BED approaches have
not previously been applied in the CO setting, or indeed
with contextual information more generally. Moreover,
while substantial recent progress has been made in un-
derlying computational challenges of information-theoretic
BED (Foster et al., 2019; Kleinegesse & Gutmann, 2020;
Foster et al., 2020; Ivanova et al., 2021), this has generally
focused on targeting information gain in model parameters,
rather than the contextual optima we are interested in.

Targeting information gain in optima has separately been
considered in the Bayesian optimization (BO) literature,
where it is commonly referred to as entropy search (ES,
Hennig & Schuler, 2012; Hernandez-Lobato et al., 2014;
Wang & Jegelka, 2017). However, these approaches have
not been applied in contextual settings, and their usage
has been heavily dependent on exploiting model-specific
properties to make the required computations tractable; they
cannot be directly applied in more general settings.

In this paper, we propose using an information-theoretic
BED approach to CO and introduce CO-BED—a general,
model-agnostic framework for designing large-scale con-
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textual experiments. We begin by formulating a suitable
information-theoretic objective, the contextual max-value
EIG (CMV-EIG). Importantly, CMV-EIG is transductive: it
measures how much information an observation at one con-
text contains about the optimum at another. As it represents
a mutual information between finite-dimensional random
variables, we can use black-box variational methods to si-
multaneously estimate CMV-EIG and optimize the designs
in a single stochastic gradient scheme.

Gradient-based BED has hitherto been restricted to contin-
uous designs, a significant limitation for contextual opti-
mization where discrete actions are common (e.g. contex-
tual bandits). In CO-BED, we therefore propose using the
Gumbel-Softmax continuous relaxation (Maddison et al.,
2016; Jang et al., 2016) to smoothly handle discrete actions.

By framing CO using BED, CO-BED does not sacrifice
modelling flexibility to attain computational tractability. It
instead offers a general-purpose approach that applies to
a wide range of problems in seemingly disparate fields,
including contextual bandits (Chu et al., 2011; Agrawal
& Goyal, 2013; Langford & Zhang, 2007), contextual BO
(Swersky et al., 2013; Ginsbourger et al., 2014; Pearce &
Branke, 2018; Pearce et al., 2020) and structural equation
models (Pearl, 2009). CO-BED naturally facilitates the
design of large batch parallel experiments, increasingly a
requirement for many applications (Groves et al., 2018;
Kirsch et al., 2019; Zanette et al., 2021; Ruan et al., 2021).

We demonstrate the benefits of CO-BED in a series of ex-
periments. Even when compared against bespoke, model-
specific alternatives, we find it consistently performs on par
or better, highlighting its effectiveness as a highly appli-
cable and efficient solution. We further find it is able to
scale gracefully, with effective performance maintained on a
problem with a 5000 dimensional design space. Our results
showcase the promising potential of CO-BED as an off-the-
shelf tool for contextual optimization in various settings.

2. Background
2.1. BED with Expected Information Gain

Bayesian experimental design (BED, Lindley, 1956) is a
principled model-based framework for designing optimal
experiments. BED considers a Bayesian model with experi-
mental outcomes y, controllable design a and latent parame-
ter ¢ with prior p(¢) and likelihood model p(y | v, a). The
expected information gain (EIG) about the parameters 1) is
the expected reduction in entropy from the prior to the pos-
terior distribution of 1) under an experiment with design a:

EIG(a) = B,y [H[p(v)] — Hp(¥ | a,y)]]

, (1)
= Ep)p(ylv,a) {108“ W}

where p(y | a) = Ep,y)[p(y | ,a)] is the Bayesian
marginal distribution of the outcomes and is typically in-
tractable. The EIG is equivalent to I(1); y | a)—the mutual
information (MI) between the parameters and the experi-
mental outcome under the design.

A common setting, referred to as batch, static or fixed (Fos-
ter, 2021), is to optimize D designs A = (ay,...,ap)
simultaneously to maximize the joint information objective,
EIG(A). By designing and executing informative actions,
we collect a dataset D = (A,y), which we use to update
the model parameters in a Bayesian fashion by comput-
ing the posterior p(¢) | D). To make inferences about any
other quantity of interest, say (, we compute its posterior
predictive distribution, p(¢ | D) = Epy 0y (¢ | D, )]

2.2. Black-box MI Estimation and Optimization

Despite its highly desirable properties, estimating and max-
imizing the EIG (1) is notoriously difficult. This is due to
its doubly intractable (Rainforth et al., 2018; Zheng et al.,
2018) nature, which is characterized by the nested expecta-
tion structure involving a nonlinear function of an intractable
term (for further details see Foster et al., 2019). To tackle
this challenge, we can draw upon recent advances in self-
supervised representation learning (see Poole et al., 2019,
for a review) that have inspired the development of flexible,
model-agnostic approaches for the joint estimation and op-
timization of information objectives. One such method is
based on the InfoNCE lower bound (van den Oord et al.,
2018), which has been successfully applied in a variety of
model-agnostic BED contexts (Foster et al., 2020; Ivanova
etal., 2021; Kleinegesse & Gutmann, 2021), and is given by

EIG(a) > L(a,U; L) ==
exp(U(y; to)) @)

1 e exp(U(y, e))

EP(#’O:L)P(’!/\&#PO) log

where ¢y ~ p(1)) is a primary or ‘positive’ sample from the
prior, y ~ p(y | a,1)y) is a realisation of the outcome under
it, and 1., ~ HiL:1 p(1;) are independent ‘contrastive’
samples. The function U : ) x ¥ — R is arbitrary and
commonly referred to as a critic. The bound becomes tight
in the limit as L — oo for the optimal critic U*(y, ) =
p(y | ¥, a)+ c(y), where ¢(y) can be any function that only
depends on the outcome y.

If the likelihood p(y | 1, a) is analytically available, we
can use it in (2) directly, instead of learning a critic U, thus
recovering the PCE bound from Foster et al. (2020). When
the likelihood is not analytically available, i.e. when we are
dealing with implicit models, we parameterize U by a neural
network with parameters ¢ and optimize the lower bound
L(a,Uy; L) jointly with respect to ¢ and A, simultaneously
tightening the bound and optimizing the design.
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Figure 1. A stylized example. The dark (resp. light) shaded area
shows our prior uncertainty about y | a, ¢ arising from uncertainty
in 10, measured by one (resp. two) st. dev. from the mean. We want
to select actions in experimental contexts c1, c2, c3 (orange dotted
lines) whose outcomes will be most informative about m™ (red
cross) in the evaluation context ¢* (grey dashed line).

2.3. Max-value Entropy Search (MES)

The goal of (non-contextual) Bayesian optimization is to
find the global maximizer a, = arg max,c 4 f(a) of some
expensive, black-box function f. Max-value Entropy Search
(MES, Wang & Jegelka, 2017) was proposed as a compu-
tationally efficient alternative to earlier methods, such as
Entropy Search (ES, Hennig & Schuler, 2012) and Pre-
dictive Entropy Search (PES, Hernandez-Lobato et al.,
2014). Whilst ES and PES aim to maximize I (a,;y | a)—
the MI between the outcome under the action queried
and the maximizer, MES instead uses the maximum value,
m = maxac4 f(a) and maximizes I(m;y | a) w.rt. a.
The computational efficiency of MES stems from the fact
that both m and y are one-dimensional, which reduces the
complexity of approximations and makes them more robust
and efficient for high-dimensional problems.

Information-theoretic ES methods are popular in large batch
BO, as joint MI objectives naturally handle this case. MES,
like many information-theoretic approaches to BO, focused
on a non-contextual Gaussian process (GP) model (Williams
& Rasmussen, 2006) for the black-box function f, allowing
for the use of closed-form formulae to approximate the MI.

3. Method

We introduce our approach, CO-BED: Contextual Optimiza-
tion via Bayesian Experimental Design. At its core, CO-
BED seeks to design a set of experiments for exploration
purposes, allowing us to gather high-quality data that will
lead to better decisions in the subsequent deployment stage.
Code is available at https://github.com/microsoft/co-bed.

Problem Formulation. We extend the Bayesian model
of Section 2.1 by incorporating a context vector c that is
not under the experimenter’s control, with the likelihood be-
coming p(y | a, ¢, ). Further, we now take y to represent
a reward with y € R. We denote by m(c) = E [y | ay, c]
the maximum value achievable in some context ¢ where

a, = argmaxaec4 E [y | a,c] is the action that achieves
it. Similar in spirit to MES, we wish to learn about these
max-values by choosing a large batch of actions to use in
an experiment. Unlike MES, we want to a) accommodate
contextual information these actions are taken under, and b)
make our decisions in a transductive manner that targets the
specific contexts in which our max-values will be evaluated.
Formally, given an externally provided set of experimental
contexts C = (cy,...,cp), we seek to design a batch of ac-
tions A = (ay,...,ap) that will be maximally informative
about the max rewards m* = (m(cj),...,m(c},.)) fora
given set of evaluation contexts C* = (cj, ..., c},.) which
are representative of contexts seen in deployment.

The contexts C and C* are fixed but arbitrary, so they can
be the same, subsets of, or distinct from each other; this
is a strict generalization of the standard contextual setting
C = C~*. This added flexibility can be essential in practical
applications where we know about the contexts we will
encounter at deployment. In the personalized marketing
example, the experimental contexts C could represent the
customers in a given city who will participate in a real-world
experiment, while the evaluation contexts C* may represent
the customers in a whole region where the campaign will be
rolled out with the updated model.

We emphasize that the goal of the design process is to obtain
data that will aid in learning about the maximum rewards
in the evaluation contexts, m*, rather than maximizing the
rewards in the experimental contexts. This is illustrated in
Figure 1, where choosing Action A leads to higher rewards
in the experimental contexts, but these rewards will be unin-
formative about the value of m*, since this action is a priori
known to be sub-optimal for the context of interest c*. This
example also demonstrates thatthe typical EIG objective,
which aims to reduce uncertainty uniformly across all model
parameters 1, is also generally sub-optimal for efficiently
learning about max-values of interest. Specifically, spending
experimental resources to learn the parameters associated
with Action A would be ineffective and wasteful.

3.1. Contextual Max-value EIG

Following the principles of information-theoretic BED, we
formulate a new objective, the contextual max-value ex-
pected information gain (CMV-EIG), for CO. Our objective
focuses on the transductive gain of information about the
maximum values m* in the evaluation contexts C* when
choosing designs A in the experimental contexts C:

ply Im*,C,A)
p(y | C,A)
=I(m*;y | C,C*A).

CMV-EIG(A; C,C*) :=E |log 3)

Note that this is equal to the MI between finite-dimensional
random variables (m™* and y). The expectation is taken over
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Algorithm 1 CO-BED

EXPERIMENTATION PHASE

Input: Model p(v)p(y, m*|¢, c,c*, a), initial A and Uy,
experimental contexts C, evaluation contexts C*

Output: A batch of actions A* for evaluation contexts C*

Experimental design of A
while Computational budget not exceeded do
> Sample 1 ~ p(1)
> Sample y, m* ~ p(y, m* | C,C* A)
> Estimate £(A, Uy; L) (4) using samples and up-
date the parameters (A, ¢) using SGA

end
Execution of experiment, data gathering and model updating
> In parallel across i = 1, ..., D, for each experimental

context c;, apply action a; obtained in previous stage,
receive outcome y;. Sety = {y;}2,,D = {y,C, A}
> Estimate p(¢ | D), use it to infer optimal actions
A" = argmaxp e 40+ Epqp)Ely | A, C*, 9]
DEPLOYMENT PHASE
> Apply A* to obtain outcomes y*

the joint distribution of outcomes and quantities of interest,
marginalizing out the parameters: p(y, m* | C,C* A) =
Ep,p) [p(m* | C*,9)p(y | ¥, C, A)]. Similarly, the likeli-
hood term is given by p(y | m*, C, A) = E,(yjm=) [p(¥ |
¥, C, A)], and the marginal outcome in the denominator is
p(y | C,A) =Ey [p(y | ¥, C,A)].

By incorporating the concept of experimentation and eval-
uation contexts, our new objective enables more flexible
and targeted experimental design by efficiently allocating
resources to learn about the specific contexts of interest.

3.2. Lower bounding CMV-EIG

Our CMV-EIG objective is intractable as none of the like-
lihood terms involved in (3) are available analytically. To
side-step this, we leverage a variational lower bound, which
can be optimized with gradients using samples only. Specif-
ically, utilizing an auxiliary critic function U(y, m*) € R,
we adapt the InfoNCE mutual information lower bound in-
troduced by (van den Oord et al., 2018) and used in standard
implicit-likelihood BED settings by (Ivanova et al., 2021;
Kleinegesse & Gutmann, 2021) to our CMV-EIG objective:

exp(U(y, mg))
=1 2 pexp(U(y, mj))
< CMV-EIG(A; C, C*),

L(A,U;L)=E |log

“)

&)

where the expectation is taken with respect to p(y, mj |
C,C*,A)p(mj,; | C*). The bound holds for any number
of contrastive samples L > 1 and critic U, and becomes
tight as L — oo for the optimal one U*(y, m*) = log p(y |
m*, C, A) + ¢(y), where ¢(y) is an arbitrary function of y.

The key technical challenge we now face is to find a way
to approximate the expectation (4) (or more specifically
its gradients) in an unbiased manner. We can do that by
generating joint samples y, m* ~ p(y, m* | C,C*, A) =
Ep ) [p(m* | 1, C*)p(y | ¥, C, A)], and contrastive max-
values mj,; ~ Hlep(m} | C*), where p(mj; | C*) =
Ep () [p(my | 4, C*)]. To obtain a sample from the joint,
we first sample a parameter ¢ ~ p(1)), then conditionally
sample the outcomes y ~ p(y | ¥, C, A) from our model.

To sample the corresponding max-rewards m* | ) ~
p(m* | ¥, C*), we distinguish three cases. First, in cer-
tain situations, we might be able to compute A, analyti-
cally, with many linear and parametric models falling into
this category. For example, if E[y | 1, a, ¢] depends lin-
early on a, then computing m™* amounts to solving a linear
program. Second, if A is discrete, we can determine the opti-
mal actions, A, = argmaxa E [y | ¢, A, C*] by complete
enumeration. This captures the majority of the contextual
bandit literature. (Note that the expectation here is only over
observation noise, since there is no functional uncertainty.)
Third, when the previous options are not feasible, we choose
a finite grid of possible actions, Ac A, and get an estimate
of m* | 9 by complete enumeration over A.

3.3. InfoNCE lower bound optimization

Having established how to generate joint samples, we now
focus on optimizing £ with respect to the designs and the
critic. To do this in practice, we represent the critic as
a neural network, Uy, and optimize its parameters ¢ to
improve the tightness of the bound; optimizing with respect
to A improves the quality of the designs. We highlight that,
whilst CMV-EIG resembles the MES objective (outlined
in § 2.3), our approach to determining the optimal designs
is quite distinct. Concretely, in its estimation procedure,
MES first approximates then maximizes the MI directly.
CO-BED never actually computes the MI (3) explicitly,
however, provided a sufficiently flexible architecture for Uy,
we expect to obtain tight, high-quality estimates.

We aim to converge to the true MI maximum by jointly opti-
mizing with respect to ¢ and designs A in a single stochastic
gradient scheme. Whilst differentiating with respect to ¢ is
straightforward, taking gradients with respect to A presents
a technical challenge due to two reasons: 1) A affects the
sampling of the expectation in (4); and 2) unlike network
parameters, actions can be continuous or discrete.

Continuous action space. Assuming that the actions are
continuous and that the experimental outcomes y ~ p(y |
¥, C, A) are differentiable with respect to A, we can form
a pathwise gradient estimator (Mohamed et al., 2020) for
Va.oL(A,Ug; L) and optimise it with standard automatic
differentiation (Baydin et al., 2018; Paszke et al., 2019) and
stochastic gradient schemes (Kingma & Ba, 2014).
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Discrete action space. Previous gradient-based BED meth-
ods that utilize variational bounds on MI have primarily
focused on fully differentiable models (see § 4 for a discus-
sion), and avoided dealing with discrete designs. Here we
propose a simple and practical way to handle discrete actions
through the use of Gumbel-Softmax relaxation (Maddison
et al., 2016; Jang et al., 2016). This allows us to treat the
actions as continuous during the training process and apply
pathwise gradients in this case as well.

Suppose we have K > 2 possible discrete actions, so that
we can represent each action (ag)%._, as a one-hot vector of
size K and A = (a1,...,ap) as a D x K matrix. Rather
than learning A directly, we introduce a distribution over
the actions 7, where o € RP*X are trainable parameters,
representing the probabilities of selecting each action in
each of the D contexts. Specifically, during training, the
probability of selecting action k in context d is given by:
exp((log aak + ga,k)/7)

Td,k = ) (6)
S exp((log aaj + ga5)/7)

where g4, ~ Gumbel(0, 1) is Gumbel noise and 7 > O is a
temperature hyper-parameter. We optimize the parameters
o and those of the critic network ¢ jointly with SGA by
sampling A ~ 7, and and estimating V ¢ L(A,Uy; L).
At inference time, once the policy is trained, the opti-
mal design for experiment d in the batch is given by
ag = argmax, {Taqr}r_,.

Optimizing 7, involves making hyper-parameter choices,
notably determining an appropriate value of the tempera-
ture 7, and deciding on whether or not to anneal it during
training. At high temperatures, the estimates of the gradi-
ents Vo ¢ L(A, Ug; L) tend to be low-variance, providing a
strong learning signal for the policy to find good actions A.
Conversely, at low temperatures, gradients tend to exhibit
higher variance, but 7, is closer to the discrete arg max that
we use to select the optimal action at inference time. We
explore these hyper-parameter choices in an ablation study
(see § 5.5), demonstrating the robustness of our framework
to different temperature settings.

4. Related Work

CO-BED draws inspiration from several methods across
somewhat separate fields to deliver a more general approach
to contextual optimization. Our objective (3) most closely
relates to MES for Bayesian optimization (Wang & Jegelka,
2017), but differs in two key ways: we focus on CO, in-
stead of finding a single maximizer, and do not use special
properties of GPs for MI estimation. Bayesian Algorithm
Execution (BAX, Neiswanger et al., 2021) extends MES
beyond global optima to any computable function property.
Rooted in the representation learning literature, InfoNCE (4)
(van den Oord et al., 2018; Wu et al., 2018) has been used

in BED for non-contextual parameter learning (Foster et al.,
2020; Ivanova et al., 2021; Kleinegesse & Gutmann, 2021).

The problem we address with CO-BED relates to contex-
tual Bayesian optimization, where most of the work to date
has focused on iterative acquisition (i.e. batch size 1) that do
not use information-theoretic criteria to choose designs. Ex-
amples of these methods include Profile Expected Improve-
ment (PEI, Ginsbourger et al., 2014), Multi-task Thompson
Sampling (MTS, Char et al., 2019) and knowledge-gradient
based methods, such as LEVI, CLEVI, REVI (Pearce &
Branke, 2018) and ConBO (Pearce et al., 2020). Many tradi-
tional (non-contextual) BO methods have looked at the large
batch setting, using information-based criteria (Hennig &
Schuler, 2012; Wang et al., 2018), and alternatives such as
local penalization (LP, Gonzalez et al., 2016), Multi-points
Expected Improvement (g-EI, Chevalier & Ginsbourger,
2013), and the parallel knowledge-gradient (Wu & Frazier,
2016). To the best of our knowledge, the method of Groves
et al. (2018), combining LEVI and LP, is the only one that
considers the large batch, contextual setting and is thus
the only one directly comparable to CO-BED. Sussex et al.
(2022) considered BO in a structural equation model, in a
non-contextual case with a known causal graph.

Our method also relates to the broad framework of con-
textual bandits. A significant portion of bandits-related
research has focused on the online, linear case (Auer, 2002;
Abe et al., 2003; Chu et al., 2011; Dani et al., 2008; Abbasi-
Yadkori et al., 2011; Li et al., 2019). Additionally, some
connections with the BO literature have been established
with the introduction of Gaussian process bandit optimiza-
tion methods, such as GP-UCB (Srinivas et al., 2010) and its
contextual version, CGP-UCB (Krause & Ong, 2011). More
recently, there has been an increased interest in the large
batch setting (Han et al., 2020; Ruan et al., 2021; Zhang
et al., 2021), where the goal is to achieve (some notion of)
optimal regret by performing a few rounds of batched ex-
periments. Closest to our problem set-up is the work of
Zanette et al. (2021), who aim to design a single batch to
collect a good dataset that is used to learn a near-optimal
policy to be used at deployment time. Our approach differs
from typical contextual bandits methods in that we focus on
information-based criteria, instead of asymptotic regret, and
do not restrict ourselves to linear models.

Our method is the first to consider contextual information
in the the Bayesian experimental design framework. Us-
ing variational bounds for EIG estimation in BED for non-
contextual parameter learning was first proposed in Foster
etal. (2019). Approaches that use such bounds and optimize
experimental designs using stochastic gradient procedures
at the same time have subsequently been developed (Foster
et al., 2020; Kleinegesse & Gutmann, 2020; 2021; Foster
et al., 2021; Ivanova et al., 2021). All of these methods
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Figure 2. Discrete actions: designs and key metrics (further available in § A.2). The dashed grey lines show the evaluation contexts C*.

are limited in their ability to deal with discrete designs as
they either assume fully differentiable models, or resort to
gradient-free methods (Kleinegesse & Gutmann, 2020).

Finally, Bayesian active learning (MacKay, 1992; Houlsby
et al., 2011) and Bayesian (active) causal discovery (Mur-
phy, 2001; Tong & Koller, 2001), which can be viewed as
important special cases of BED, often focus on the large
batch setting, which is of particular interest for our method;
notable examples of large-batch methods from the two fields
include BatchBALD (Kirsch et al., 2019) and CBED (Tigas
et al., 2022). Our use of an explicit evaluation context set
C* is akin to transductive active learning (MacKay, 1992;
Yu et al., 2006; Reitmaier et al., 2015; Wang et al., 2021), in
which one seeks data that will improve model predictions at
specific inputs. The focus in active learning is to make accu-
rate predictions, whereas CO-BED addresses the problem of
choosing optimal actions, accepting prediction uncertainty
at certain actions once they are known to be sub-optimal.

5. Empirical Evaluation

We compare the performance of CO-BED to a number
of baselines across contextual optimization settings includ-
ing contextual bandits, contextual BO, and causal structure
learning. We examine continuous and discrete contexts and
actions using parametric and GP-based reward models.

The baselines that we consider include model-agnostic ones,
such as random designs, upper-confidence bound (UCB,
Auer, 2002) and Thompson sampling (Thompson, 1933).
We note that MTS (Char et al., 2019) reduces to pure Thomp-
son sampling in our setting since C is not under the experi-
menter’s control. We also consider bespoke, model-specific
baselines: in the experiment with GPs, we compare against
LEVI + LP (Groves et al., 2018). For the experiment in-
volving contextual bandits, we compare CO-BED to the
Sampler-Planner (S-P) algorithm of (Zanette et al., 2021)
and all baselines therein.

Evaluation metrics. Our evaluation metrics include the
CMV-EIG itself, which we estimate by evaluating (4) with

the learnt critic and optimized design. We also consider
three evaluation metrics that are useful for assessing the
performance of the updated model in the deployment phase:
the accuracy of inferring m* and A*, measured by the MSE
between the ground truth and the mean estimate under the
posterior p(¢) | D), and regret from deploying the inferred
optimal actions A* in the evaluation contexts C*. See
Appendix A.1 for exact details on computing metrics.

5.1. Parametric models

We begin our empirical evaluation with two simple paramet-
ric models to ensure that our method aligns with intuition
and the theory presented in the previous section. Both mod-
els have a one-dimensional, continuous context.

The first model we consider has four possible discrete ac-
tions, two of which are a priori known to be sub-optimal,
whilst the other two generate rewards with the same mean,
but different variances. As Figure 2 demonstrates, our
method has automatically identified the intuitive optimal
strategy of A/B testing only the top-performing actions.
Both qualitatively and quantitatively, CO-BED performs on
par with Thompson sampling and significantly outperforms
the other baselines considered: the random strategy wastes
resources by querying sub-optimal treatments, whilst UCB;
only ever queries the action with higher variance.

Next, we apply CO-BED to a problem involving continuous
actions, designing a batch of 40 experiments to learn about
the max-values at 39 evaluation contexts. The Bayesian
model takes the form y = exp(—(a — g(v, ¢))?/h(, c) —
/\ag) + ¢, where g and h are parametric functions and e
is Gaussian observation noise, and we can obtain the max
values in closed form. As Table 1 shows, our method out-
performs the baselines on all metrics.

5.2. Gaussian Processes

We consider modelling the unknown function relating con-
text and treatment to outcomes using a Gaussian Process
(GP; Williams & Rasmussen, 2006). We explore the setting
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Table 1. Continuous actions: 40D design, evenly spaced between -3.5 and 3.5, to learn max-values at 39 evaluation contexts equal to the
midpoints of the grid. Random,, samples actions from N (0, o),  in UCB,, is the confidence bound considered. Further details in § A.2.

Method CMV-EIG MSE(m*) | MSE(A) | Regret |
Randomg o 5.407 +0.003  0.0041 4+ 0.0001 0.544 4+ 0.023  0.091 + 0.002
Random; o 5.798 +0.004 0.0024 4+ 0.0002 0.272 +0.018  0.060 + 0.002
Randoms g 4.960 + 0.004 0.0042 4+ 0.0002 0.450 4+ 0.021  0.090 + 0.002
UCBy 5.774 4+ 0.003  0.0069 4+ 0.0005 0.747 +0.055 0.082 £ 0.002
UCB; 5.876 +0.003  0.0030 + 0.0002 0.338 +0.024 0.067 £ 0.002
UCB, 5.780 +0.004 0.0031 +0.0002 0.378 + 0.031  0.069 £ 0.002
Thompson  6.184 +0.004 0.0017 & 0.0001  0.161 +0.007 0.051 £ 0.001
CO-BED 6.527 +0.003  0.0014 £ 0.0001 0.143 + 0.018  0.044 + 0.001
1.3 —— CO-BED 301 S —— CO-BED
—— LEVI 4.5 —— LEVI
1.24 —— LEVI + LP 404 —— LEVI + LP
—— Random : —— Random
@11 —— Thompson © 351 —— Thompson
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Figure 3. Results from the Gaussian Process example. Left: the regret evaluated on C* after experimentation ({. better). Right: the lower
bound on the CMV-EIG at the end of training (1 better). Plots show the mean +1 s.e. from 5 seeds. See Appendix A.3 for details.

in which experimental design begins affer the acquisition of
initial, observational data. We focus on the challenging case
of confounded observational data (Greenland et al., 1999),
in which the context influences the treatment chosen in the
observational data. Our experimental designs must learn to
counterbalance this bias. This experiment facilitates a com-
parison with bespoke GP methods for experimental design.
We include the method of Groves et al. (2018) that combines
the Local Expected Value of Improvement (LEVI; Pearce
& Branke, 2018) acquisition function with Local Penaliza-
tion (LP; Gonzdlez et al., 2016), as one of the few existing
approach for batch design for contextual optimization.

Concretely, we let ¢ € [-1,1]2,a € [—1,1] which are
inputs to ¢ : [—1,1]3> — R, an unknown function modelled
as ¢ ~ GP(0,k). We use a simple Gaussian likelihood
ylc,a,vp ~ N(ip(c,a),0?) and a radial basis kernel, k.
At design time, we condition v on a fraction of the 100
observational data points. At evaluation time, we sample
possible ground truth functions v from the GP conditional
on all 100 observational data (to give consistent evaluation).

Our results in Figure 3 show that CO-BED outperforms a
wide range of baselines on this problem, particularly with
more existing data, demonstrating that CO-BED can learn
to deal with a complex prior that is defined by conditioning
on confounded observational data. Baselines using LP do
well, but LP’s heuristic batch design strategy does not reach
the same standard as an information-optimal design.

5.3. Contextual Linear Bandits

Next, we evaluate our method on the contextual linear ban-
dit problem described in Zanette et al. (2021), comparing
CO-BED to their model-specific Sampler-Planner (S-P) al-
gorithm, as well as the baselines considered therein—a
constant strategy (Const), which always chooses action 1,
largest norm strategy (Norm), which chooses the feature
with the largest norm, and a random design strategy. The
reward model is defined by y = ¢(a,c)Ty + ¢, where
¥ = (¥1,...,1%20), is a 20-dimensional parameter vector,
a = 1,...,10 are the possible actions, ¢ = 1,2, 3 are the
possible contexts, and ¢ : A x C — R?0 is a feature map,
which is assumed to be known. The problem is set up so
that most actions yield zero average rewards. Specifically,
only actions 1, 2, and 3 can lead to non-zero rewards in all
contexts, which can be used to reduce uncertainty in certain
dimensions of the parameter vector, ¥. Actions 6 and 7
give rise to non-zero features in the last dimension; however,
9o 1s essentially zero. All other actions yield exactly zero
features. Full experiment details are given in Appendix A.4.

Figure 4 presents the results, noting that, for consistency
with Zanette et al. (2021) we report the average reward,
instead of regret. CO-BED outperforms the bespoke S-P al-
gorithm at lower (< 15) design batch sizes and performs on
par with it for larger, both in terms of information as well as
the value of the rewards obtained during deployment. This
outperformance is due to its ability to learn the information-

161



(a) Estimated CMV-EIG

(b) Average rewards

(c) Design distribution over actions
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Figure 4. Linear contextual bandit results. CO-BED performs on par with the bespoke S-P algorithm both from (a) an information
standpoint (1 better) and (b) value of the rewards obtained during deployment (1 better). The black horizontal line in (b) represents
Supervised Learning (SL), an approximate upper bound on performance. Panel (c) shows the marginal distribution over actions of the

designs obtained from each method, excluding Const.

optimal designs, as shown in Figure 4(c), specifically in its
avoidance of querying actions 6 and 7, thanks to the strong
close to O prior on 5. Since S-P does not take prior in-
formation into account, it spends some of its experimental
resources on those actions, which hurts performance when
the experimental budget is low.

5.4. Unknown Causal Graph

Finally, we explore our method in the context of a struc-
tural equation model (Pearl et al., 2000; Pearl, 2009). We
look at contextual optimization in a business-inspired sce-
nario with an unknown causal graph. We specifically con-
sider a binary context vector ¢ € {0, 1}* which indicates
which business areas a customer is active in, and treatments
a € [0, 1]¢ representing investment in different promotional
activities. The unobserved variable r € R* indicates the
revenue generated in each business area. We related these
quantities using a structural equation model with a par-
tially unknown causal graph. The unknown component
of the graph describes which treatments effect which rev-
enue streams, concretely we assume the structural equations
TP = ¢ Z§:1 Gj0;ja; where G;; is a binary matrix and
6;; are unknown linear coefficients. The total cost of treat-
ments is simply s = Z§:1 aj, and the total observed profit

isy = >, 7 — s+ e where € is Gaussian noise. The
whole system is summarized in Figure 5.

This example also allows us to explore the scalability of our
method. We use a fixed number of experimental contexts
D = 200 and vary the number of possible actions £ up to
25, yielding designs of up to 5000 dimensions to optimize.
For evaluation, we let C* consist of all 2¥ — 1 non-zero
binary contexts, and estimate the optimal treatments given
observation y by fitting a Lasso (Tibshirani, 1996) due to
the infeasability of Bayesian inference in this case. See
Appendix A.5 for complete details. Our results in Figure 6

Figure 5. Causal graph considered in Section 5.4. The existence of
edges from a; to r; is unknown. Unfilled nodes are not observed.
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CO-BED
Random 0.667
Random 0.750
Random 0.833
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UCB 1.0
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Regret

T T T
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Figure 6. Results from the Unknown Causal Graph experiment
showing regret on C™* after experimentation designed with differ-
ent methods ({ better). Plots show mean +1 s.e. over 5 seeds.

show that our method is successful on this larger problem
and outperforms a range of baselines. In particular, UCB
baselines struggle here as they do not introduce heterogene-
ity between treatments.

5.5. Robustness of the Gumbel-Softmax relaxation

We perform a series of ablation studies to investigate
the overall robustness of the Gumbel-Softmax relaxation
scheme. We focus particularly on how different choices
surrounding the temperature parameter 7 can affect the per-
formance of our framework. All experiments are performed
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(a) Training curves

(b) CMV-EIG estimates at the end of training
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Figure 7. Robustness of the Gumbel-Softmax relaxation scheme. Panel (a) shows moving average estimates of CMV-EIG (4) (window
size of 25) against gradient steps for different fixed values of 7 (i.e. no annealing). Panel (b) presents CMV-EIG estimates computed at the
end of training across 32 initializations of the training parameters (i.e. different seeds). The mean values are marked by green triangles
and red dots for scenarios with and without temperature annealing, respectively. Annealing is applied every 10K steps with a factor of 0.5.
Error bars indicate 42 st.dev., computed over the 32 seeds. The black dashed line indicates the CMV-EIG estimate reported in § 5.1
achieved by CO-BED, which was trained with temperature annealing and initial 7 = 2.0.

using the simple parametric model from § 5.1.

Figure 7(a) shows the training curves of the CMV-EIG lower
bound (4) for three different temperature values. As an-
ticipated, there are noticeable training instabilities at low
temperature values (7 = 0.1), which stem from the high
variance in the estimates of the gradient V, 4 L(A, Uy; L).
In contrast, both moderate and high temperatures (7 = 2.0
and 7 = 10.0) yield stable training trajectories. Impor-
tantly, despite these variations, all three settings ultimately
converge towards similar values.

Next, we assess the stability across multiple training runs
by optimizing L(A, Uy; L) over 32 different seeds, show-
ing the results in Figure 7(b). As expected, variability is
larger at lower temperature values, which also tend to re-
sult in lower CMV-EIG estimates. Nevertheless, all of the
CMV-EIG mean values fall within a relatively tight range
between 4.7 and 4.9. However, it is worth noting that the
larger CMV-EIG estimates at higher temperatures might be
a byproduct of using soft designs during training, where we
sample A ~ 7, but use the discrete arg max during de-
ployment. Thus, soft training with high temperature values
can potentially introduce a subtle train-test mismatch and
overestimate CMV-EIG. This issue can be resolved by em-
ploying hard training or by relying on additional evaluation
metrics such as regret and various accuracy metrics (as we
do in the experiments section). Finally, Figure 7(b) also
suggests that temperature annealing does not significantly
affect performance but can help improve training stability,
particularly at low temperatures.

6. Discussion

Limitations. CO-BED offers a high degree of general-
ity as it applies to a wide range of contextual optimization
problems. However, this generality comes at the cost of

increased computational cost, as it involves learning opti-
mal actions by maximizing a lower bound on the CMV-EIG
objective that requires training a (small) neural network. In
many real-world applications, however, this cost is small
relative to the overall cost of the experiment which may
take several months to run, e.g. in marketing or medical
scenario. Additionally, although common in the BO and ban-
dits literature, future work could investigate ways to lift the
assumption that y is continuous and explore more efficient
ways to cheaply compute or approximate the conditional
max-values m* | C*, 4. Finally, in our experiments, we
considered a scenario close to Zanette et al. (2021) involv-
ing one round of experimentation followed by one round
of deployment, but there is no conceptual reason to prevent
multiple, adaptive rounds.

Conclusions. We introduced CO-BED—the first method
to introduce contextual aspects in the field of BED and
to formally connect it to contextual optimization. By tak-
ing an information-theoretic approach, CO-BED offers a
general-purpose framework that unifies seemingly disparate
fields into a single cohesive framework. Our method can
be end-to-end trained with gradients by employing black-
box variational methods to simultaneously estimate our pro-
posed CMV-EIG objective and optimize the designs in a
single stochastic gradient scheme. Given the importance of
discrete actions in optimization settings, we introduce an
approach using the Gumbel-Softmax trick to handle them
smoothly. We demonstrated the flexibility and effectiveness
of our method across a variety of experiments, performing
on par or outperforming alternative, bespoke strategies.
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A. Experiments

We implement all experiments in Pyro (Bingham et al., 2018), which is a probabilistic programming framework on top of
PyTorch (Paszke et al., 2019). Our code will be open-sourced upon publication.

A.1. Computing evaluation metrics

Once we have an experimental design A, we simulate the deployment phase of our main set-up (Algorithm 1) to evaluate
how well experimental data using A enables us to perform at test time.

We begin by sampling a ground-truth parameter 1,.. We then sample experimental data y | e, C, A. The knowledge of
the experimenter at this point is encapsulated in the posterior p(¢) | C, A,y). Under this posterior, we can then estimate

optimal actions and optimal achievable outcomes for the evaluation contexts c7, ..., c}. via
a;osl,i = arg gjf‘x Ewwp(wl,C,A,y) []E[y | a/’ c;‘k? ¢]] (7
a/
i
mgosl,i = ;I/lgﬁ El/}Np(w\,C,A,y) [E[y | a ’Cf’ Q/JH . (8)

These can be compared with their counterparts under e

e = arg maxEly | a', ¢, e )
a
Mirnei = MaxEly | a’, ¢}, Yiuel; (10)

giving us the ‘treatment recovery’ and ‘reward recovery’ MSEs, which are

D*

1
2
Lieatment = ﬁ Z Ha;()st,i - aéue,i|| (In
i=1
1 &
— 2
Lreward - E Z |m;ost7i - m:;ue,i| ' (12)
i=1

Finally, we evaluate the regret under e from acting with Af; as opposed to Ag,.. This is defined as

* * * 1
T = Mypye,; — ]E[y | apost,i’ C;, wtrue} = D* Z T (13)

7

To give a less biased evaluation, this procedure is repeated for several thousand ground truth parameters ., and the results
are averaged. The exact number of true models considered is given in the following sections.

A.2. Parametric models

Training details All experiment baselines ran for SOK gradient steps, using a batch size of 2048. We used the Adam
optimiser (Kingma & Ba, 2014) with an initial learning rate of 0.001 and exponential learning rate annealing with a
coefficient of 0.96 applied every 1000 steps. We used a separable critic architecture (Poole et al., 2019) with simple MLP
encoders with ReLLU activations and 32 output units.

For the discrete treatment example: we added batch norm to the critic architecture, which helped to stabilise the optimisation.
We had one hidden layer of size 512. Additionally, for the Gumbel-Softmax policy, we started with a temperature 7 = 2.0
and hard=False constraint. We applied temperature annealing every 10K steps with a factor of 0.5. We switch to
hard=True in the last 10K steps of training.

For the continuous treatment example: We used MLPs with hidden layers of sizes [design dimension X 2;412; 256] and 32
output units.

Note: In order to evaluate the EIG of various baselines, we train a critic network for each one of them with the same
hyperparameters as above.
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Table 2. Discrete treatments: evaluation metrics of 10D design

Method EIG estimate MSE(m*) Hit rate(A) Regret
UCBy 1.735 £ 0.005 2.541 £0.104 0.513+0.01 1.170 £ 0.036
UCB; 2514 £0.006 1.003 +0.043 0.496 £0.01 1.119 +0.035
UCB2 2.504 £0.006 0.965+0.045 0.497 £0.01 1.169 £ 0.037
Thompson 4.607 £ 0.007 0.620 £ 0.024 0.498 £0.01 1.112 + 0.035
Random 3.573 £0.006 1.953+£0.070 0.503+£0.01 1.150 4 0.036
Ours 4.729 £ 0.009 0.594 = 0.025 0.501 £0.01 1.152 + 0.035

Posterior inference details After completing the training stage of our method

(Algorithm 1), we need to deploy the learnt optimal designs in the real world in 041

order to obtain rewards y. This experimental data is then used to fit a posterior 03

p(¥|D).

There are many ways to do the posterior inference and the quality of the results will
crucially depend on the accuracy of the fitted posteriors. In both of our examples
and for all baselines we use Pyro’s self-normalised importance sampling (SNIS).
Samples from this posterior are used for the evaluation metrics.

o
)

o
=

Error in parameter estimates
o
P

We validate the accuracy of estimated posteriors by running various sanity checks, 0.0 01 02 03
. . . . . . . Standard deviation of posterior
including diagnostic plots such as Figure 8, showing the standard deviation of our

posterior mean estimate (a measure of uncertainty about the parameter) and Lo
error to the true parameter. The red line shows the rolling mean over 200 points
of the latter, and the grey band—the 2 standard deviations. For this plot we used
the example of the continuous action with D = 20 experimental contexts.

Figure 8. Posterior checks

Evaluation metrics details As discussed in the main text, we evaluate how well

we can estimate m* by sampling a ground truth 1; from the prior and obtaining a corresponding ground truth m*. We
approximate the max-values m* empirically using 2000 posterior samples of 1) We similarly estimate v using 2000 posterior
samples. We define the optimal action under the posterior model to be the average (with respect to that posterior) optimal
action when actions are continuous or UCB( when discrete. Finally, the regret is computed as the average difference between
the true max value (from the true environment and the true optimal action) and the one obtained by applying the estimated
optimal action. We used 4000 (resp. 2000) true environment realisation for the continuous (resp. discrete) example.

A.2.1. DISCRETE ACTIONS EXAMPLE

Model We first give details about the toy model we consider in Figure 2. Each of the four treatments a = 1,2,3,4 is a
random function with two parameters ¢, = ({5, 1, ¢, 2) with the following Gaussian priors (parameterised by mean and
covariance matrix):

5.00 9.00 0 5.00 225 0
Y~ N <(15.0) ’ < 0 9.00>> vz v N <<15.0> ’ ( 0 2.25)> (14

—2.0 1.21 0 -7.0 1.21 0
Vs NN((—I.O)’( 0 1.21)) Va NN(( 3.0>’< 0 1.21)) (15)

and reward (outcome) likelihoods:

yle,a, v ~ N (f(c,a,1),0.1) (16)
f(ca 371/1) = —02 + B(a7 1/’)0 + V(aa 7@ (17)
Y= (Ya1 + a2 +18)/2 (18)
B = (Yap—7+9)/3 (19)

Intuition about the parameterisation: The first component of each 1); defines the mean reward at context ¢ = —3, while the
second one defines the mean reward at context ¢ = 3. The reward is then the quadratic equation that passes through those
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Table 3. Discrete treatments example: 10D design, stability across training seeds

Method EIG estimate MSE(m*) Hit rate(A) Regret

UCBy 1.740 + 0.003  2.709 £ 0.058 0.500 + 0.005 1.150 &+ 0.017
UCBi .0 2.508 +0.002 0.993 £0.016 0.498 + 0.004 1.140 £ 0.007
UCB2 ¢ 2.505 +0.006 0.991 £0.023 0.497 £0.003 1.145 £ 0.015
Thompson 4.536 £0.173 0.773 £ 0.127 0.500 +0.003 1.148 + 0.018
Random 3.573 £0.333  2.369 +£0.382 0.502 +0.003 1.166 % 0.008
Ours 4.769 - 0.048 0.628 = 0.025 0.502 + 0.005 1.160 £ 0.021

Table 4. Continuous actions: 40D design training stability. Mean and standard error are reported across 6 different training seeds.

Method EIG estimate MSE(m*) MSE(A) Regret

Randomg o 5.548 & 0.044 0.0037 & 0.0002 0.451 £ 0.033 0.083 + 0.004
Random; ¢ 5.654 £ 0.128 0.0031 & 0.0004 0.343 £ 0.044 0.069 £ 0.006
Randomgy g 5.118 + 0.163 0.0045 £ 0.0003 0.498 4+ 0.032 0.086 + 0.004
UCBy 5.768 + 0.002 0.0066 £ 0.0002 0.729 4+ 0.022 0.082 £ 0.001
UCB1 5.892 + 0.006 0.0031 £ 0.0001 0.354 +0.013 0.068 £ 0.001
UCB2,¢ 5.797 £ 0.004 0.0030 £ 0.0001 0.343 +0.011 0.071 £ 0.001
Thompson 6.184 + 0.004 0.0017 & 0.0001 0.161 + 0.007 0.051 4 0.001
Ours 6.538 + 0.008 0.0013 + 0.0001 0.131 £ 0.006 0.042 + 0.0001

points and the leading coefficient is equal to —1.

Experimental and evaluation contexts

We use experimental and evaluation contexts of the same sizes. The experimental

context, c is an equally spaced grid of size 10 between —3 and —1. We set the evaluation context c* = —c. Figure 2 in the
main text visually illustrates this: the z-axis of the points in each plot are the experimental contests, while the dashed gray
lines are the evaluation contexts.

Further results Table 2 shows all the evaluation metrics for the discrete treatment example from the main text. Our
method achieves substantially higher EIG and lower MSE for estimating the max-rewards. On all other metrics, all methods
perform similarly. This is to be expected since Treatments 1 and 2 have exactly the same means and due to the way the
model was parameterised (by the value of the quadratic at contexts 3 and -3), the probability of the optimal treatment being
1 or 2 is exactly 50% (the hit rate all baselines achieve). Note that UCB; and UCB,, achieve statistically identical results,
which is expected given they select the same designs.

Training stability We perform our method with the same hyperparameters but different training seeds and report the mean
and standard error in Table 3.

A.2.2. CONTINUOUS TREATMENT EXAMPLE

Model For the continuous treatment example we use the following model:
Prior: ¥ = (¢g, ¥1,%2,%3), 1; ~ Uniform[0.1,1.1] iid (20)
Likelihood:  y|c,a, 1) ~ N (f(¢,a, c),c?), (21)
where
(a—9(.0)" | :
f(¥,a,c) =exp _W — Aa g(h,e) = Yo +Y1c+Pac”  h(,c) = 3. (22)

The parameter ) is a cost weight, we set A = 0.1 in our experiments.
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Table 5. Continuous actions: 20D design to learn about 19 evaluation contexts.

Method EIG estimate MSE(m™*) MSE(A) Regret

Randomg o 4.262 + 0.004 0.0086 4+ 0.0003 1.046 £+ 0.041 0.120 % 0.002
Random; o 4.264 + 0.004 0.0068 4 0.0003 0.799 £+ 0.033 0.114 &+ 0.002
Randomsy g 4.116 £ 0.003 0.0083 £+ 0.0003 1.002 £+ 0.044 0.127 +£ 0.003
UCBy 5.093 £ 0.004 0.0074 £+ 0.0004 0.800 £ 0.047 0.097 + 0.002
UCB, ¢ 5.040 £ 0.004 0.0072 £ 0.0004 0.764 £ 0.041 0.097 + 0.002
UCB2.¢ 5.038 £ 0.004 0.0048 £ 0.0003 0.573 +0.033 0.086 £ 0.002
Thompson 4.924 + 0.045 0.0055 4+ 0.0004 0.547 4+ 0.054 0.093 +£ 0.003
Ours 5.642 + 0.003 0.0034 + 0.0002 0.065 + 0.002 0.034 + 0.027

Table 6. Continuous treatment example: 60D design to learn about 59 evaluation contexts.

Method EIG estimate MSE(m™*) MSE(A) Regret

Randomg s 6.033 + 0.003 0.0026 £ 0.0001 0.307 &+ 0.019 0.068 + 0.002
Random; g 5.877 4+ 0.004 0.0025 £ 0.0002 0.310 4+ 0.023 0.064 + 0.002
Randoms ¢ 6.153 £ 0.003 0.0022 £+ 0.0002 0.226 + 0.019 0.055 £ 0.002
UCBy 6.106 = 0.003 0.0056 £ 0.0004 0.586 4+ 0.045 0.077 £ 0.002
UCB 6.200 + 0.003 0.0027 £ 0.0003 0.305 4+ 0.028 0.063 +£ 0.002
UCB2 6.234 + 0.003 0.0024 £ 0.0002 0.252 £+ 0.024 0.064 +£ 0.002
Thompson 6.656 + 0.018 0.0012 £ 0.0001 0.105 4+ 0.008 0.043 £ 0.001
Ours 6.932 + 0.003 0.0007 + 0.0001 0.069 £ 0.009 0.033 + 0.001

Experimental and evaluation contexts The experimental context, c is an equally spaced grid of size D = 40 (or 20 or
60 in Further Results below) between —3.5 and and 3.5. The evaluation context c* is of size D* = D — 1 and consists of
the midpoints of the experimental context.

Baselines Since we have a continuous treatment, for the random baseline we consider sampling designs at random from
N(0,0.2), N(0,1) or (0, 2), which we denote by Randomy.2, Random; and Randoms, respectively.

Training stability We perform our method with the same hyperparameters but different training seeds and report the mean
and standard error in Table 4.

Further results We report the results of the same experiment, but with a smaller and larger batch sizes of experimental
and evaluation contexts. Table 5 shows results for an experimental batch size of 20 contexts to learn about 19 evaluation
contexts. Finally, Table 6 shows results for an experimental batch size of 60 contexts to learn about 59 evaluation contexts.

A.3. Gaussian Processes

We take ¢ € [—1,1]? and a € [—1,1]. We consider a GP ¢y ~ GP(0, k) where k is a radial basis kernel with length-scale 3.
Observations are sampled as y|c, a, ) ~ N(¢(c,a), o?).

Formally, the confounding bias in observational data arises from the causal graph in Figure 9. Concretely, we created 100
initial observational data points; this data was then held fixed across all experiment runs and seeds. The data was created by

sampling ¢; "% Unif(—1, 1). To create a confounded dataset with c acting as a confounder, we take a = sign(c; )Unif(0.8, 1).
Finally, we let y = 1 + sin(7(¢; — ¢2)) — (a — sin(7(cy + ¢2)))?. Note, this function is not used for evaluation, instead we
sample possible ground truth functions from the GP conditioned on all 100 observational data points. This allows us to
validate the robustness of our method to different ground truth functions, and is in keeping with our other experiments. For
the purely random existing data, we resample using exactly the same procedure, except a ~ Unif(—1, 1) in this case.

The experimental context C was an evenly spaced 7 x 7 grid with corners at (+1, £1). The evaluation context C* was an
evenly spaced 4 x 4 grid with corners at (+0.8, +0.8).
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Figure 9. The form of the causal graph that generates observational data for Section 5.2.

—— CO-BED 4.5 1 —— CO-BED
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Figure 10. Results from the Gaussian Process example with purely random existing data. We show the mean £1 s.e. from 5 random seeds.

Since it is not possible to sample the infinite dimensional v, we instead take joint samples of 1) evaluated at
(ciai)2,, (c;,gk)f;iizl where g1, ...,9¢ is a uniform grid covering [—1,1]. From this set of joint samples, we
compute each (m}k) ?:*1 by maximising over the grid. Sampling of the multivariate Gaussian admits pathwise derivatives,
which we utilise to optimise the design.

For the random baseline, we sample a ~ Unif(—1, 1). For LP, we follow Groves et al. (2018) and use a penalization function
of the form 1 — k%(a, a’). The kernel £V is chosen to be a RBF kernel with the same length-scale as the kernel of the GP
model itself. We apply the same penalization scheme for the UCB + LP baseline. Table 7 details all the settings used in this
experiment.

We also performed the same experiment, but with observational ¢, a sampled independently and uniformly (no confounding
bias). In this case, the benefits of CO-BED are reduced (Figure 10), although it still does on par with the best of the baselines.
Likely, this is because simply ‘spreading out’ designs is a good approach in this case.

A.4. Contextual Linear Bandits

The random features ¢(a, ¢) are sampled from N'(0, X, ), where the covariance matrices are all diagonal and of the form
Yo, = diag(1079,...,107%,1,107%,...,107?), with the position of 1 specified as follows:

e Casec=1: (2171)11 =1, (2271)22 1, (2371)33 =1,

e Case c = 2: (21 2)44 = 1, (2272)11 = 1, (2372)55 = 1,

)

e Casec=3: (2173)66 = 1, (2273)77 = 1, (2373)11 = 1,
We define the following prior on the parameters t: 11.19 ~ N (0, 1.0) iid, and 199 ~ N(0,0.1).

Experimental and evaluation contexts The experimental contexts C are sampled uniformly from {1,2,3}, whilst
C* = (1,2, 3). We varied the design dimension 2, 5,10, 15, . .., 60.

Training details All experiments baselines ran for 100K gradient steps, using a batch size of 1024. We used the Adam
optimiser (Kingma & Ba, 2014) with initial learning rate 1e~3 and exponential learning rate annealing with coefficient
0.96 applied every 1000 steps. We used a separable critic architecture (Poole et al., 2019) with simple MLP encoders with
ReLU activations hidden units determined by the size of the design. Concretely, we use MLPs with sizes [input_dim,
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Table 7. Parameter settings for the Gaussian Process experiment.

Parameter Value
Intrinsic context dimension 2
Intrinsic treatment dimension 1
Experimental batch size, D 49
Evaluation batch size, D* 16
RBF kernel length-scale %
Observation noise o 0.1
Treatment grid size 128
Number of training steps 50000
Initial learning rate 0.001
Learning rate decay factor 0.96
Training batch size 2048
Critic encoding dimension 32
Critic hidden dimension 256

Number of ground truth evaluation functions 3000

2xinput_dim, 4xinput_dim, input_dim], where input_dim is equal to D (resp. D*) for encoding the outcomes
y (resp. max-values m*).

We added batch norm to the critic architecture, which helped to stabilize the optimisation. Additionally, for the Gumbel—
Softmax policy, we started with a temperature 7 = 5.0 and hard=False constraint. We applied temperature annealing
every 20K steps with a factor 0.5. We switch to hard=True in the last 20K steps of training.

Note: In order to evaluate the EIG of various baselines, we train a critic network for each one of them with the same
hyperparameters as above.

A.5. Unknown Causal Graph

Structural equation modelling (Pearl et al., 2000; Pearl, 2009) is a mainstay of causal reasoning in statistics. The causal
assumptions of this experiment are captured explicitly in Figure 5. This causal graph captures the intuition that ¢ represents
contexts that cannot be changed in the short run and a represents actions that are directly manipulated.

We consider a binary context vector ¢ € {0, 1}* indicating which business areas a customer is active in, and treatments
a € [0, 1) representing investment in different promotional activities. The unobserved variable r € R indicates the revenue
generated in each business area. The unknown component of the causal graph relates to which treatments effect which
revenue streams, with r; = ¢; Z§:1 G;j0;ja; where G5 is a binary causal graph and 0;; are linear coefficients. The latent
variables of the model are therefore ) = {G, 8}, each a matrix of shape k x £. In the prior, we sample each component of G
independently from Bernoulli(3/2k) and each component of 6 X HalfN ormal(1). Note that, given our set-up, any sample
of G results in the overall causal graph being acyclic, side-stepping some of the complexities of learning distributions
over causal graphs more generally (Annadani et al., 2021; Geffner et al., 2022). The total cost of treatments is simply
s= Z§:1 a;, and the total profit is y = Zle r; — 8 + € where € is sampled € ~ N(0.252).

At design time, we create a random experimental context C € {0,1}P** We fix D = 200,k = 8 and sample each
component of the context from Bernoulli(0.5). This context is sampled once and fixed across seeds and baselines, to focus
differences on quality of experimental design.

For CO-BED, we represent a in logit space, and use an initialization of N (0, 1). We can compute conditional maximum
rewards m* | ¢*, GG, 0 using the formula

k . k
* 1 lfU' > 07 * * *
Uj = -1+ E ciGinij, CLj = { J s m = E ( E ciGijGijaj> — (Zj. (23)

= 0 otherwise o1 \iot

For the random baselines, we restricted ourselves to designs placed at the extrema, i.e. a € {0, 1}5. Since the functional
relationships in the model are linear, using only extreme values is likely to substantially improve the quality of the baseline.
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Table 8. Parameter settings for the Unknown Causal Graph experiment.

Parameter Value
Intrinsic context dimension, & 8
Intrinsic treatment dimension, ¢ 5,10, 15,20,25
Experimental batch size, D 200
Experimental context sampling probability 0.5
Evaluation batch size, D* 255
Observation noise scale 0.25
Graph prior probability %
Linear coefficient prior HalfNormal(1)
Random baseline probability p 0.667,0.75,0.833
Number of training steps 400000
Initial learning rate (critic) 3x 1076
Initial learning rate (design) 3x107°
Learning rate decay factor 0.998
Training batch size 4096
Critic encoding dimension 256
Critic hidden dimension 512
Number of ground truth evaluation functions 10000

We sampled the baseline design components independently from Bernoulli(p) for various values of p. The UCB designs
were computed by first calculating upper confidence bounds on each entry of G ® 6 (here, ® indicates the Hadamard, or
element-wise, product).

At evaluation time, we created a systematic evaluation context C € RP"** that consists of all D* = 2¥ — 1 non-zero
binary context vectors of length k. This means that our evaluation is ‘comprehensive’ in the sense that it covers all possible
contexts that might be observed. With our choice k = 8 we have D* = 255, which is slightly larger than the total number
of experiments D = 200.

Our standard approach for evaluation is to first sample a ground truth ¥* from the prior, sample experimental outcomes
c ~ p(y|C,A,¢*), and then compute the posterior p(¢|y, C, A). However, in this case, computing this posterior
constitutes solving a partial causal discovery problem on an adjacency matrix of size k x ¢; doing this accurately is an area
of ongoing active research. Instead, we substitute the posterior calculation for a point estimate. We begin by observing that
y+s=>, i ¢iGij0;5a; + € can be interpreted as a linear model with coefficient equal to the pointwise product G © ¢ and
covariates given by the outer product of a and c. We therefore estimate G ® 6 by fitting a Lasso (Tibshirani, 1996) to the
data that was sampled under ¢)*. The Lasso has a long history in causal discovery, and is considered a robust approach to
estimating the causal parents (Friedman et al., 2008; Shortreed & Ertefaie, 2017). We select the Lasso penalty weight «
using cross validation independently for each run. Our results appear to accord very well with the ground truth graphs and
optimal actions, particularly at lower dimensions, indicating that our approach to approximate causal discovery is suitable in
this case.

Figure 11 shows additional metrics from our experiment. Interestingly, we see that CO-BED does not outperform other
methods on the EIG metric, despite this being the objective that is directly optimised. We believe that this finding is related
to the EIG objective for these large scale experiments being near to its maximum value of log(4096) = 8.318. It is not
possible to exceed this bound without increasing the batch size further. Secondly, for the baselines, the critic can fully adapt
to a fixed design throughout 400000 training iterations, whereas for CO-BED, the critic has to adapt to a design that changes
during training, and is therefore likely to improve further with yet longer training. This experiment shows convincingly
that the InfoNCE objective can give good training gradients for experimental designs even when it is close to saturation at
log(batch size). Finally, Table 8 details the settings used in our experiment.
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Chapter 6

Discussion

6.1 Frequently asked questions (FAQs)

In this section, I aim to answer some of the frequently asked questions related to Chapters 2-5.

What data do you use to train the policy? Or (more educated) versions of it, such as
“How do you generate training data to learn the policy?” or “ What distribution do the simulated

experiments come from?”, is probably the most frequently asked question.

Unlike traditional supervised learning, where one typically begins with a labeled dataset, in
BED, we start with no data at all. Instead, we rely on our model (or simulator) to generate

hypothetical trajectories that then serve as the training data.

A standard assumption in BED is that the underlying model used to generate the data is
correct. This means we simulate data from this model, which is assumed to perfectly represent
the system we aim to learn about. The simulation process involves sampling parameters 6 and

possible outcomes 7y under the experimental designs & fort =1,...,T.

Throughout this thesis, we train the policies in an online manner, meaning that data is simulated
as the policy is updated. Future research can look into offline policy training, i.e. using pre-

simulated design-outcome trajectories (e.g. from a random policy).

How sensitive are the results to the model? How can we reduce the sensitivity?
Since BED is a model-based approach, the results are inherently sensitive to (the accuracy of)
the assumed model. The exact level of sensitivity will depend on the discrepancy between the

assumed model and the real-world process, or how much we perturb the model.
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Cost

Non-amortized

Amortised

» Deployments

Figure 6.1: Amortization over time. The red line represents the cost of non-amortized (tra-
ditional) experimental design, which increases linearly with each experiment instance (deploy-
ment). The blue curve represents the cost of performing amortized BED: the initial expenditure
is higher, but the cost per deployment is very small compared to the non-amortized approaches.

If the model is misspecified, the learned policy may perform poorly in real-world scenarios. To
reduce sensitivity, we can use more flexible model families, incorporate robustness techniques
(e.g., model averaging or adversarial training), or perform sensitivity analysis to understand how

changes in the model affect performance. For further discussion, see Section [6.2.1]

What is the computational cost of the amortization? If that is taken into account,
are policy-based BED approaches (like DAD) still faster? Under what conditions?
Amortization incurs an upfront computational cost during policy training. Once trained, how-
ever, policy-based approaches like DAD can quickly generate designs without requiring any
significant computation during the live experiment itself. This represents a trade-off that is
illustrated in Figure we shift the computational burden to the beginning, avoiding costly

computations during the experiment.

Overall, the cost-efficiency of PB-BED depend on the specific use-case. The conditions favoring
amortized approaches include: a) Large number of expected deployments; b) Availability of
computational resources for upfront training; ¢) Scenarios where rapid deployment is crucial. If
total computational cost is the primary concern, amortized methods become more efficient only

as the number of deployments increases beyond the break-even point.

Why does the traditional myopic baseline perform so poorly? Table 1 in Chapter
shows that the myopic adaptive design strategy using variational posteriors performs on par

with the static design strategy. This result is rather unexpected, as we would expect that an
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Figure 6.2: Location finding experiment. Example set of posteriors for 7' = 30 randomly
sampled designs. We use Hamiltonian Monte Carlo (HMC), as implemented in Stan
, to approximate the posteriors after each experiment iteration. The figure clearly
shows that the posteriors are not Gaussian at the early stages of the experiment, when data is
limited, meaning that standard mean filed VI would perform poorly in this setting.

adaptive strategy, albeit myopic, would perform better than a static one. The reason for this
under-performance was the fact that we used a simple Gaussian variational family (mean field
variational inference), which is very far from the true posteriors in this model. Figure shows
an example of how these true posteriors look like. Additionally, one thing that was not discussed
in the paper is that the posteriors are symmetric, which aligns with the model definition. Say

we have K = 2 sources, and suppose we sample 6 = él, 0y = 0.

0, = 6.0, =0 _ p(01 = 01,02 = 0a2)p(y | 61 = 61,05 = b2) o

p(l 1,2 2|ya€) p(y|) ( )
p(01 = 02,05 = 01)p(y | 61 = 0,0 = 01)

- Py 1) (62)

This symmetry implies that we cannot distinguish between the two sources. To address this, we
could either modify the model to make the parameters identifiable or “symmetrize” the posteriors

to better align with the ground truth.

Re-running the same experiment using HMC, as implemented in Stan (Carpenter et al., 2017),

to approximate the posteriors after each experiment iteration gives the following results:

Lower bound : 10.906 + 0.069 Upper bound 41.078 + 3.182, (6.3)
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where we have used L = 100K inner samples, and standard errors have been computed over 256

parameter rollouts. The code for these results is made [publicly available on GitHub.

6.2 Limitations and future work

Recent advancements in Bayesian experimental design, specifically policy-based BED, have sub-
stantially improved the scalability, practicality, and versatility of the framework, making it
applicable in real-time situations. The introduction of policy-based BED approaches (,
represents a significant breakthrough in the field, opening up new avenues for further research
in both methodology and applications. In this section, we explore some of the limitations in the

current set-up and suggest potential areas for future research.

6.2.1 Model misspecification

BED is fundamentally a model-based framework, where domain experts and scientists typically
construct the generative model p(0)p(y|0,£). Many such models have been developed and
successfully applied across various fields, including physics (Dushenko et al., 2020; Loredo|,2004),
bio-informatics (Vanlier et al.; 2012), neuroscience (Shababo et al., 2013), epidemiology (Cook
et al., 2008), and psychology (Vincent and Rainforth, |2017;|Watson, 2017), among others. These
applications typically involve mechanistic models, with BED playing a crucial role in system

identification (Ljung, 2010).

A typical assumption in BED is that the underlying generative model is correct, i.e., it accurately
represents the underlying data generating process (DGP). However, the models we work with are
rarely a perfect representation of the DGP, leading to what is known as model misspecification

or model discrepancy. Model misspecification can occur in two ways:

e Prior misspecification: If the prior p(f) does not align with the observable data char-
acteristics, it can lead to erroneous inferences and suboptimal designs. In BED, we often
start without data, which means we cannot perform prior predictive checks to evaluate this
alignment. Consequently, this can result in prior misspecification. For example, DasGupta
and Studden| (1991) and [Ryan et al.| (2016)) show that prior misspecification leads to poor
results even when EIG computation can be done in closed form. The impact is particularly

pronounced in scenarios involving a batch of static experiments (as in Chapter or in
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fully amortised adaptive experiments (as in Chapters and . However, in settings
with repeated closed-loop experiments (as in Chapter , the repeated refinement of the
posterior diminishes the influence of the initial prior, thus reducing concerns about how

well it was specified (as long as the prior has full support).

e Likelihood misspecification: Likelihood misspecification occurs when the likelihood
function, which models how the data is generated from the parameters, fails to accurately
represent the true data-generating mechanism. Specifically, this means there is no param-
eter 6* such that p(y|6*, &) matches the true distribution of the outcome p(y|£) (Bryn-
jarsdottir and O’Haganl, [2014; |Grinwald and Van Ommen), [2017; [Kennedy and O’Haganl,
2001; [Kleijn and Van der Vaart, 2012)). This form of misspecification can seriously affect
the estimated posterior distributions, leading to biased estimates and suboptimal exper-
imental decisions. Unlike prior misspecification issues, which can be mitigated through
repeated updates in closed-loop experiments, likelihood misspecification does not resolve
with iterative updates, making it a more persistent challenge in the experimental design

process.

While misspecification is inevitable in any Bayesian setting, it poses unique challenges in BED
because the same (misspecified) model is used to both fit the data and guide the acquisition of
new data. Although model misspecification cannot be completely eliminated, various strategies
can be employed to mitigate its effects. However, their application in BED has been somewhat

limited so far. Examples include:

Full Bayesian workflow for BED. Developing and implementing a comprehensive and au-
tomated Bayesian workflow (Gelman et al., 2013} 2020) that includes prior elicitation, rigorous
model checking, and validation processes can significantly mitigate the risks associated with

misspecification.

Robust objective functions. Developing objective functions that are robust to misspecifi-
cation can help minimise its impact. For example, (Go and Isaac| (2022); Ouyang et al. (2016])
modify the EIG to reduce the impact of prior specification. Defining objectives that do not

assume the model is correct apriori is an important area for future research.

Better models. Coming up with good, realistic models presents substantial challenges, as it is
a complex and often time-intensive process that requires translating sophisticated domain knowl-

edge into precise mathematical formulations. However, developing or learning more accurate
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and realistic likelihood models can significantly improve their adaptability to the complexities

of real-world phenomena. This can be achieved through various approaches:

e Advanced modelling techniques: Hierarchical, non-parametric, or a combinations of
learnt and mechanistic models can adapt better to real-world complexities. However, this
often involves a trade-off with analytic tractability, as more complex models may not admit

analytical or easy to approximate solutions.

e Data-driven methods: Data-driven methods, such as Variational Autoencoders (VAEs)
(Kingma and Welling} 2014), Generative Adversarial Networks (GANs) (Goodfellow et al.,
2014), normalising flows (Papamakarios et al., 2021), diffusions (Song and Ermon, 2019;
Vahdat et al., 2021, or transformer-based models (Vaswani et al.l 2017)), present possible
alternatives to mechanistic models. However, these learnt methods typically require large
amounts of training data to be effective, and the Bayesian treatment of all parameters
in such large-scale models often becomes impractical. Simplifications to a few stochastic
parameters (e.g. stochastic final layer) have been explored and may present a viable path

forward (Sharma et al., 2023).

e Hybrid methods: Exploring a balanced integration of traditional mechanistic models

with modern data-driven approaches could provide an interesting area for research.

6.2.2 Evaluating BED methods

Evaluating different BED strategies is a non-trivial task. Traditional metrics from supervised
learning, such as F-scores, RMSE, accuracy, etc., are not directly applicable as they do not align
with the core objective of BED, which is to optimise the data acquisition process itself, rather
than to predict or classify data that has already been collected. The commonly used evaluation

metric for BED is itself the EIG of a design strategy (or an estimate of it).

Whilst the EIG aligns with the objective of BED (it is the same metric we optimise), relying

solely on EIG as an evaluation metric has significant limitations, including:

e Model dependence. This is closely related to the previous section. The EIG calculations
depend heavily on the specific model used, which can be problematic if the model does
not accurately represent the underlying processes (as discussed in the previous two sub-

sections). As a result, the utility of EIG-focused evaluation is rather limited.

e Difficulty dealing with implicit models. Reliably estimating EIG for implicit models
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can be particularly difficult, as it is usually not possible to determine the tightness or

looseness of the learnt bounds.

e Applicability to downstream tasks. It is possible that the data collected through BED
strategies might be used for a variety of downstream tasks that involve training different

models from the one used in data collection.

There are two key aspects that future research should look to develop: metrics and benchmarks.

Development of appropriate metrics. To comprehensively assess the efficacy of BED
strategies, new metrics are needed. These metrics should evaluate various aspects, including
the quality and diversity of the collected data, performance on downstream tasks, potential
fairness considerations, suitability for intended applications, and cost-effectiveness in terms of

computational and sample resources (such as FLOPs and number of simulated samples required).

Development of appropriate benchmark tasks. The lack of a comprehensive suite of
benchmarks in the BED field complicates the evaluation of new methods. Without established
benchmarks, researchers must repeatedly re-implement tasks and algorithms for each new study,
which is not only wasteful and time-consuming but also hinders the rapid evaluation and ad-
vancement of new BED methods. Other fields have demonstrated the value of benchmarks, such
as ImageNet for image classification (Russakovsky et al., 2015) and Kodak for image compres-
sion (Franzen| |1999) in supervised learning, as well as benchmarks in simulation-based inference
(Lueckmann et al.,2021) and reinforcement learning Bellemare et al.| (2013));|Duan et al.| (2016)).
Developing similar benchmarks for BED could greatly facilitate methodological comparisons and

foster innovation in the field.

6.2.3 PB-BED, model-based Reinforcement Learning and Active Inference

As noted in Section the PB-BED framework we introduced in this thesis shares conceptual
similarities with model-based Reinforcement Learning (MBRL) (Doll et al., [2012; Moerland
et all 2023) and Active Inference (Friston) 2010; Friston et al.l [2017; Smith et al., [2022). In
MBRL, an agent learns a model of the environment and uses this model to plan and make
decisions that maximise long-term reward. PB-BED can be viewed as a special case of reward-
free MBRL, where the model is provided by domain experts, and the objective is to learn about

the model parameters. Active Inference, a framework from neuroscience, also shares similarities
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with PB-BED in terms of minimising variational free energy (VFE), which is equivalent to

maximising mutual information between sensory and internal states.

Despite these similarities, PB-BED, MBRL, and Active Inference have distinct assumptions and
implications. Future work could explore the relationships between these frameworks in more
depth. For example, investigating how PB-BED could be formulated within the Active Inference
setting or how techniques from MBRL could be adapted to improve the efficiency, scalability
and robustness of PB-BED. Additionally, the incorporation of model uncertainty in MBRL and
Active Inference could be informed by the principles of optimal experimental design employed
in PB-BED. Exploring these connections could lead to the development of more sample-efficient

and robust learning algorithms for a wide range of applications.

6.2.4 Engineering

The introduction of deep learning modules into BED has considerably enhanced its capabilities.
However, it necessitates specialised software, such as automatic differentiation (Paszke et al.
2019), stochastic gradient optimization (Kingma and Ba, 2014; Loshchilov and Hutter} [2017),
and model tracking (Zaharia et al.,|2018)), which are primarily available in Python. Additionally,

specialised hardware (GPU servers) might also be required.

Although the research community typically provides code for their proposed methods, as demon-
strated in the published papers included in this thesis, the lack of standardisation across different
frameworks often complicates the integration, application, and comparative evaluation of these
methods. This fragmentation can significantly hinder progress in the field by creating barriers

to quick experimentation and reproducibility.

Moreover, many existing scientific models (simulators) are written in a variety of programming
languages, such as FORTRAN and MATLAB. This poses additional challenges for applying
modern BED techniques, including those discussed in this thesis, which require differentiating

through the model. This is not feasible across different languages or even across frameworks.

Addressing these engineering challenges requires long-term vision, investment, and commitment.

A few initial steps (by no means exhaustive) include:

¢ Development and support of a usable open-source BED framework: Establishing
a user-friendly, open-source framework for BED would be beneficial. A solid starting point

would be to create a comprehensive suite of benchmark tasks, as previously discussed.
e Providing the right incentives: (This point goes beyond the BED field and applies
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to the academic ML community more broadly.) The lack of incentives for developing and
supporting software in academia, particularly in the academic machine learning community
where software is crucial yet frequently undervalued, presents a challenge. Enhancing
software quality in research settings likely requires a shift in academic and funding policies.
Promoting positions that combine research with software development or hiring research
engineers into academic teams are potential strategies that could shift the focus towards

better software practices.

6.2.5 Real-world applications

The methodologies and improvements in adaptive BED discussed throughout this thesis hold
significant potential for a wide range of scientific and industrial applications. The non-myopic
aspect of DAD and iDAD (Chapters §2| and , combined with the ability to run in real time,
opens the door to applications where decisions need to be made quickly, such as interactive
surveys or adaptive educational tools. Partially amortised methods like Step-DAD (Chapter
allow us to leverage any available time between experiments to refine and adapt design
policies, enhancing the efficacy of the design strategy over time. Running adaptive experiments
via personalisation, including contextual information upfront, can be very valuable in cases
where we run experiments on large batches of subjects, for example, in personalised medicine or

targeted marketing (Chapter .

Realising this potential in practice requires addressing several key challenges, many of which

have already been discussed in this section. We summarise them here:

e More robust methods. Enhancing the robustness of BED, particularly with regards to
model misspecification (as discussed in §6.2.1)).

e Comprehensive evaluation. Reliable and trustworthy deployment of BED strategies

requires comprehensive evaluation metrics (as discussed in §6.2.2)).

e Engineering. In addition to the engineering challenges in academia discussed in §6.2.4]
real-world applications introduce additional challenges such as deploying in operational
environments, managing large datasets, maintaining and updating models, and ensuring

data privacy and security.

The main factor that could drive advancements across all these facets is interdisciplinary

collaboration. Working closely with domain experts from academic or industry labs is the
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only way to bridge theoretical research and practical implementation, and ensure that BED

solutions are both scientifically rigorous and viable in practice.
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6.3 Conclusion

In this thesis, we presented a series of advancements in the field of Bayesian experimental
design (BED), with a particular focus on scalable and adaptive design strategies. We introduced
several novel methods that leverage deep learning techniques to amortise the cost of sequential
experimental design, enabling rapid and effective design decisions in real time. Deep Adaptive
Design (DAD, Chapter and its extension to implicit models (iDAD Chapter , have been
shown to outperform existing approaches in terms of both the quality of the designs produced
and the computational efficiency of the design process. Furthermore, we introduced a semi-
amortised approach, Step-DAD (Chapter , which allows for periodic refinement of the design
policy during the experiment itself, based on the actual data collected. This enhances the
adaptability and robustness of the design strategy. In the context of batch experimentation,
we formalised the problem of contextual optimization through the lens of BED and introduced
CO-BED (Chapter , a general, model-agnostic framework for designing large-scale contextual

experiments using information-theoretic principles.

The increased flexibility and efficiency that these new approaches introduce have the potential
to make adaptive BED more accessible and widely applicable. However, challenges remain,
particularly surrounding model misspecification, robust evaluation metrics, and the engineering
considerations involved in deploying machine learning systems. Future research could explore
combining mechanistic and data-driven models, defining application-oriented benchmarks for
BED, and collaborating with domain experts to translate methodological advances into real-

world applications.

We hope that the novel BED techniques we proposed in this thesis present a step towards a new
era of automated and efficient experimentation strategies that, through practical applications,

can drive scientific progress across a wide range of fields.
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