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Abstract

Mechanistic mathematical models of biological systems usually contain a
number of unknown parameters whose values need to be estimated from
available experimental data in order for the models to be validated and used
to make quantitative predictions. This requires that the models are prac-
tically identifiable, that is, the values of the parameters can be confidently
determined, given available data. A well-designed experiment can produce
data that are much more informative for the purpose of inferring parameter
values than a poorly designed experiment. It is, therefore, of great inter-
est to optimally design experiments such that the resulting data maximise
the practical identifiability of a chosen model. Experimental design is also
useful for model discrimination, where we seek to distinguish between mul-
tiple distinct, competing models of the same biological system in order to
determine which model better reveals insight into the underlying biological
mechanisms. In many cases, an external stimulus can be used as a control
input to probe the behaviour of the system. In this paper, we will explore
techniques for optimally designing such a control for a given experiment, in
order to maximise parameter identifiability and model discrimination, and
demonstrate these techniques in the context of commonly applied ordinary
differential equation models. We use a profile likelihood-based approach to
assess parameter identifiability. We then show how the problem of optimal
experimental design for model discrimination can be formulated as an opti-
mal control problem, which can be solved efficiently by applying Pontryagin’s
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1. Introduction

Mechanistic mathematical models that describe the dynamics of biologi-
cal systems usually contain a number of parameters, whose values are often
difficult to measure directly, and are instead determined by fitting the model
to available experimental data. Certain experimental data can be more in-
formative than others for the purpose of inferring model parameters. This
naturally raises the question of how to optimally design an experiment such
that the data it produces are the most informative. This idea dates back
over a century, as discussed in [1], with [2] serving as an early example. In
mathematical biology, the ideas of experimental design have been applied
to models of signalling pathways [3, 4], gene regulatory networks [5], yeast
fermentation [6], and PKPD models to study the effects of drugs [7], and
also in physics to models of crystallisation [8] and polymerisation [9]. These
studies illustrate that a few well-designed experiments have the potential to
provide as much, or even more, insight into the system being modelled as
many naively-designed ones. Therefore, optimal experimental design is of
great interest, as it can reduce costs by requiring fewer experiments, and
improves the effectiveness of experiments in biological research.

In this paper, we discuss optimal experimental design in the context of
ordinary differential equation (ODE) models. Two important tasks in a
modelling study are parameter estimation and model selection. These two
objectives are inherently intertwined, and can both benefit from careful ex-
perimental design. The ability to accurately estimate parameter values is
referred to as practical parameter identifiability, and can be understood as
the inverse of the uncertainty in parameter estimates. Therefore, designing
an experiment to optimise parameter identifiability aids parameter estima-
tion. Alternatively, we can optimise the experiment for model discrimination,
aiming to maximise the discrepancy between the predictions made by com-
peting models: this discrepancy in predictions makes it easier to distinguish
between the models given data, and to select the model that most accu-
rately represents the biological system. Although these objectives share a
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connection, they are nonetheless distinct. Previous authors recognised this
connection, as reflected in numerous papers that discuss both simultane-
ously [1, 6]. However, it is worthwhile to elaborate on the similarities and
distinctions between them.

1.1. Parameter identifiability

Practical parameter identifiability refers to the ability to confidently iden-
tify the values of model parameters given available data, which are often
noisy, and limited in resolution [10]. Practical identifiability should be distin-
guished from structural identifiability, which refers to the ability to uniquely
determine parameter values in an idealised situation where the data are free
from observational noise, and of arbitrarily high precision [11, 12]. We fo-
cus on practical, rather than structural, identifiability in this paper, since
practical identifiability accounts for the noisy and limited nature of realis-
tic experimental datasets. A well-designed experiment will provide sufficient
data to reduce the uncertainty in the parameter estimates, thereby improving
practical identifiability.

There are several approaches for measuring practical identifiability. Many
earlier works on experiment design use criteria based on the Fisher Informa-
tion Matrix (FIM), which depends only on the local likelihood landscape at
the point of maximum likelihood [13, 1]. Bayesian approaches also give rise to
measures of uncertainty based on the posterior distribution [14]. In this pa-
per, we will use a profile likelihood-based approach [15, 5], where the widths
of the 95% confidence intervals for parameter values are used as a measure
of practical identifiability. This approach incorporates global information
about the likelihood landscape, and therefore provides a more accurate view
of identifiability than the FIM, while being computationally cheaper than
the Bayesian approach [16, 17].

1.2. Model discrimination

In contrast to the problem of improving parameter identifiability, model
discrimination involves two or more models, which may incorporate alter-
native mechanisms, or different parameter values for the same underlying
dynamics. In order to select the most appropriate model, we aim to design
an experiment in such a way that the predictions of the models differ as much
as possible.

The notions of model discrimination and parameter identifiability are dis-
tinct, but related. Consider a scenario where the practical identifiability of a
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model with undetermined parameters is poor given existing data, and model
fitting yields multiple parameter sets that reproduce the data well and rep-
resent distinct hypotheses about the underlying biological mechanisms. We
can recast the problem of overcoming non-identifiability as a model discrim-
ination problem, by selecting two or more parameter sets obtained this way,
and designing a new experiment to maximise the difference in model output
under the selected parameter sets. This allows us to iteratively improve our
understanding of the biological system. Such an iterative approach is com-
mon in biological research [1, 13, 18]. The approach described in Sec. 1.1
would be more suitable for the first iteration of model parameterisation,
while the model discrimination approach for experimental design would be
more suitable for later iterations, since it assumes more knowledge of the
parameter values.

1.3. Design of experimental inputs

There are many aspects of an experiment that can be varied. For a
dynamical model in mathematical biology, these aspects include the initial
conditions of the experiment, the time span, the measurement or observa-
tion times and their frequency, the observation procedure, which variables to
measure, any external stimuli or inputs to the experiment, and more. Each
of these has received some attention in the literature [1, 10, 19, 20].

In this work, we choose to focus on optimally designing an external stim-
ulus, or control input, to the experiment. In existing works that discuss the
design of controls for experiments, the control input is often restricted to take
simple forms, such as step functions or low degree polynomials [4, 13, 21, 22].
These restrictions simplify analysis, and can be sufficient in experiments
where the ability to precisely manipulate the stimulation is limited. How-
ever, in settings where advances in experimental technology permit more
precise manipulation of experimental inputs, it is natural to relax these lim-
itations. In this work, we therefore consider both continuous controls, where
the control can be arbitrary piecewise continuous functions of time, and
“bang-bang” controls [23], where the control is restricted to two discrete
values, and compare their performance.

In order to constrain the design space, all other aspects of the experiment
will be considered fixed, and cannot be changed in the design. Notably, we
assume that the observations are made at evenly spaced times ti = i∆t,
i = 0, . . . , nt, with T = nt∆t being the time span of the experiment. We
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consider the experiment parameters T, nt and ∆t to be fixed. Experiment
design approaches based on varying these parameters are discussed in [24].

1.4. Overview

This paper seeks to achieve two related but distinct objectives which
are, (I) improving practical identifiability of a single model that contains
undetermined parameters, and (II) discriminating between a pair of models
with known parameters, by optimally designing a control input. For each of
these objectives, we state the mathematical formulation of the problem, then
demonstrate the experimental design procedure using simple ODE models.

In Sec. 2, we review the profile likelihood-based approach for identifiabil-
ity analysis and quantification of parameter uncertainty, and the construc-
tion of confidence intervals for parameter values using profile likelihoods. We
then demonstrate optimally designing a control input to an experiment to im-
prove the practical identifiability of a model, using the logistic and Richards
growth laws for population growth as examples. The main contribution of
this section is to demonstrate how to use a profile likelihood-based metric for
practical identifiability in the context of optimal experimental design, and
how to deal with the associated computational challenges.

In Sec. 3, we formulate the model discrimination problem as a open-loop
optimal control problem. The control problem, which has an unusual form,
is then solved by applying the Pontryagin’s Maximum Principle (PMP). We
use the same population growth models to illustrate the process of optimal
experimental design. This section introduces a new way to formulate the
model discrimination problem, and implements an efficient algorithm to solve
the optimisation problem. The main novelty of this section, compared to
earlier works, is to allow the control function to take a general form, providing
greater flexibility in experiment design. Finally, the results are summarised,
and their significance is addressed, in Sec. 4.

2. Optimal experimental design for parameter identifiability

In this section, we consider using a control to improve the identifiability
of a model. We quantify the practical identifiability of a parameter in a
model as the width of the 95% confidence interval for that parameter, which
is found via its univariate profile likelihood. The method of profile likelihoods
is one of the main techniques for practical identifiability analysis, and has
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been used in many studies [10, 16, 17, 25, 26, 27]. Here we introduce the
approach briefly.

Consider a general ODE model given by Eq. (1), and an observation
model, Eq. (2),

dx

dt
= f(x, t,u;θ), x(0) = x0, (1)

yi(θ,u) = g(x(ti;θ,u);θ) + ξi, i = 0, . . . , nt, ξi ∼ N (0, σ2), (2)

where x denotes the state variables, u the control variables, θ the parameters,
y the observables, which are measured at time-points ti, i = 0, . . . , nt, and ξ
the observational noise. Let ymodel,i(θ,u) denote the output of the model,
and ydata,i denote the experimental data. We use the notation θ−i to denote
the parameter vector with θi, the ith parameter, removed. Let L(ydata|θ, σ)
denote the likelihood function, and θ∗, σ∗ be the MLE generated using avail-
able data. The normalised univariate profile likelihood function li(θ

′
i) for

parameter θi is defined to be

li(θ
′
i) = max

θ−i,σ

[
logL(ydata|θ, σ)|θi=θ′i

]
− logL(ydata|θ∗, σ∗), (3)

which will henceforth be referred to as the profile likelihood function for
brevity. The profile likelihood function can be used to construct an approx-
imate 95% confidence region (which is usually an interval, but can possibly
be a union of disjoint intervals if the profile likelihood is multi-modal) for the
value of θi [26, 28],

{θi|li(θi) > −χ2(0.95; 1)/2 ≈ −1.92}. (4)

We use ∆θi to denote the size of the confidence interval, which depends on
the control u. For a given model parameter θi that we would like to estimate,
the goal of experimental design is to minimise ∆θi by optimally choosing a
control function, u(t). This problem is rather difficult to formulate as a
traditional optimal control problem, as the objective, ∆θi, cannot be easily
expressed as a function of the state and control variables. To make the
problem easier, we will restrict our attention to the case of a scalar control
taking the form of a window function,

u(t) =

{
umax, τ0 < t < τ0 + τ,

0, otherwise,
(5)
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where umax ≥ 0 is the height of the window function, 0 ≤ τ0 ≤ T is the
time when the control is turned on, and τ ≤ T − τ0 is the duration for
which the control is turned on. We have effectively parameterised the control
with three control parameters, umax, τ0, and τ . We use MATLAB’s fmincon
optimisation routine to perform the optimisation in the calculations for the
profile likelihoods (Eq. (3)), and use the fzero root-finding routine to find the
lower and upper bounds of the confidence intervals, as defined in Eq. (4).

2.1. Logistic growth model

We now illustrate the process for designing an experiment to optimise
parameter identifiability with the logistic growth model. Here, we use logistic
growth to describe the dynamics of a population of cells in a cell proliferation
assay. The model equations are

dC

dt
= rC

(
1− C

K

)
− δC := fL(C; (r, δ,K)), C(0) = C0, (6)

yi = C(ti) + ξi, ξi ∼ N(0, σ2), i = 1, . . . , nt, (7)

where C(t) is the number density of cells at time t, yi is the noisy mea-
surement of cell density at time ti, r > 0 the proliferation rate, K > 0 the
carrying capacity, and δ ≥ 0 the rate of cell death. The model parameters
are θ = (r, δ,K). The units for the quantities in the logistic model and the
control, used throughout the rest of the paper, are

[C] = [K] = [σ] = cell/mm2, [t] = h, [r] = [δ] = h−1, [τ ] = [τ0] = h. (8)

The logistic model, as usually given in the literature, does not explicitly
include the death term, since it can be absorbed into the linear proliferation
term. If we define the effective growth rate and carrying capacity as

reff = r − δ, Keff = K

(
1− δ

r

)
= K

(reff
r

)
, (9)

then
fL(C; (r, δ,K)) = fL(C; (reff, 0, Keff)) for all C ≥ 0.

There are biologically relevant reasons why we might introduce an explicit
death term. For example, it is plausible that the proliferation rate is density-
dependent while the death rate is density-independent, or we might be in-
terested in estimating both parameters separately, such as in [29], where
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the authors used a linear decay term to represent the necrosis of tumour
cells, separate from the logistic growth term. However, the addition of the
death term means that the parameters r, δ and K in both models are struc-
turally non-identifiable, since a change in the value of one of the three can
be compensated by a corresponding change in the value of the other two, by
holding reff and Keff constant. It can be shown that reff and Keff are, how-
ever, structurally identifiable parameter combinations (see Supplementary
Materials S.3).

Now, suppose we have the following parameter set as “ground truth”,
representing a best educated “guess” of the parameter values before the ex-
periment:

r̂ = 0.45 h−1, δ̂ = 0.15 h−1, γ̂ = 1,

K̂ = 3900 cell/mm2, σ = 20 cell/mm2. (10)

Such a “guess” can be informed by existing knowledge of biological systems
similar to the one being studied. These values are chosen so that the effec-
tive parameter values, reff and Keff as defined in Eq. (9), approximate the
parameter values inferred using an experimental dataset from a proliferation
assay with MDCK cells in [16]. The other experimental parameters are set
to be

∆t = 0.25 h, nt = 100, T = 25 h, C0 = 100 cell/mm2,

which are realistic for such an experiment. We now consider three possible
ways to introduce a control into the experiment.

2.2. Using uK as the control variable

The first way to introduce a control is to assume that we can additively
modulate the carrying capacity, K. This can be done by, for example, chang-
ing the amount of nutrients provided to the cell culture. The model equations
(Eq. (6)) can be modified to

dC

dt
= rC

[
1− C

K − uK(t)

]
− δC, (11)

where 0 ≤ uK(t) < K has units cell/mm2, and takes the form of a window
function, as in Eq. (5). Applying this control allows us to effectively observe
the behaviour of the system in two different conditions: when uK = 0, and
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when uK = umax. If another parameter set θ = (r, δ,K) yields the same
model output as θ̂ = (r̂, δ̂, K̂) in the absence of observational error, then the
parameters must satisfy the following three equations:

reff = r − δ = r̂ − δ̂, (12a)

Keff = K(1− δ/r) = K̂(1− δ̂/r̂), (12b)

(K − umax)(1− δ/r) = (K̂ − umax)(1− δ̂/r̂). (12c)

It can be shown that this set of equations imply θ = θ̂, so in the presence of
the control, the model is at least structurally identifiable.

In Fig. 1, we demonstrate how the profile likelihood curves change as the
control parameters (umax, τ0, and τ) are varied. First, in Fig. 1(a), we show
the profile likelihoods with no control applied. Since the model is known
to be structurally non-identifiable, so that a change in one parameter can
be perfectly compensated for by changes in other parameters, we obtain a
flat top for all three profile likelihood functions, as expected. Nonetheless,
we can identify lower bounds for r and K. This is because we restrict all
parameters to be non-negative, based on the biological interpretations of the
model. A value of r below reff, or a value of K below Keff, would require a
negative δ to compensate, which is not allowed, hence the profile likelihood
functions for r and K drop sharply at these values.

Fig. 1(b) shows the results of applying a very weak control, of magnitude
umax = 50 cells/mm2 (compared to K̂ = 3900 cells/mm2), in a modestly
sized time window. This results in only a marginal improvement in parame-
ter identifiability, as the flat top in the profile likelihoods in Fig. 1(a) changes
to a curved one, yet the parameters remain practically non-identifiable (re-
call that we consider a parameter to be practically identifiable if and only
if the confidence interval is finite, and the profile likelihood has a unique
global maximum). Increasing the magnitude of the control to umax = 200
cells/mm2 while maintaining the same values for τ0 and τ (Fig. 1(c)) ren-
ders all parameters identifiable, and increasing it to umax = 400 cells/mm2

(Fig. 1(d)) further improves the accuracy of the parameter estimates. In
Fig. 1(e), the control is applied at the beginning of the experiment, rather
than in the middle. Since K has relatively little impact on the dynamics in
the early phase of the experiment, placing the window during which uK is
active early on is less effective for improving parameter identifiability than at
a later time, and the parameters remain non-identifiable. Finally, Fig. 1(f)
shows that non-identifiability will also persist if the control is applied too
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briefly, since there are too little data within the control window to observe
the dynamics of the system. On the other hand, applying the control for too
long (Fig. 1(g)) also results in non-identifiability, but for the opposite reason.
In this case, we have too little data outside the window.

Furthermore, we observe that the shapes of the profile likelihood curves
of the three parameters tend to be similar, and the widths of the correspond-
ing confidence intervals are highly correlated, as can be seen in the bivariate
likelihood plots. In each of those plots, the confidence region, represented
by the yellow pixels, forms a very narrow ridge, indicating that the com-
bination of any two parameters is identifiable, even if individually they are
not. This is a consequence of the fact that reff and Keff are both structurally
identifiable parameter combinations. For this reason, it is sufficient to look
at the identifiability of r to understand the overall identifiability of the whole
model. Therefore, the rest of this section will focus on r.
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Figure 1: The profile likelihood functions for the parameters in the logistic model with uK

as an additive control (Eq. (11)), using a synthetic dataset generated with the parameter
values in Eq. (10), with uK(t) being a window function as in Eq. (5) with height umax,
turning on at t = τ0, with a width of τ , and uδ and ur set to zero. Starting from the left,
the first three columns show the univariate profile likelihoods for r, δ and K, respectively,
and the next three columns show the bivariate profile likelihoods for r–δ, r–K, and δ–K,
respectively. The green dashed lines in the univariate likelihood plots denote the MLEs,
and the red dashed lines denote the parameter values used to generate the data. These
are denoted with green and red stars in the bivariate plots. The parameter units are as in
Eq. (8).
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Next, we explore the effects of the control on identifiability more system-
atically by plotting ∆r, the width of the confidence interval of r, as a function
of the control variables. First, in Fig. 2(a-c), we take umax = 200 cells/mm2,
τ0 = 10 h, τ = 10 h which, as shown in Fig. 1, makes the model parameters
identifiable. Then, we vary one control parameter at a time while leaving
the other two fixed, and plot ∆r as a function of the varying parameter. We
observe that ∆r decreases monotonically as umax increases, confirming our
earlier observations, while the effects of τ0 and τ on ∆r are more nuanced.
There seem to be two good choices for τ0: one around τ0 = 9 h and another
around τ0 = 15 h, which are the local minima of ∆r as a function of τ0. We
will later provide an intuitive explanation for this using local sensitivity.

Figure 2: The widths of the confidence intervals for r, ∆r, in the logistic model with
additive control uK (Eq. (11)), using the synthetic dataset generated with the parameter
values in Eq. (10), as a function of the control parameters for uK defined in Eq. (5). (a-c)
∆r as a function of a single varying control parameter. The control parameter being varied
is labelled on the x-axis in each plot, while the other control parameters are held fixed at
umax = 200 cells/mm2, τ0 = 10 h, τ = 10 h. Units are in Eq. (8). (d) ∆r shown as a
function of τ0 and τ , represented as a heat-map, with umax = 1200 cells/mm2 fixed. The
red dashed line marks the line τ0 + τ = 25 h. The two red stars denote local minima of
∆r at (τ0, τ) = (6.3 h, 12.4 h), (19.5 h, 5.5 h).

In order to further look into the effects of the location of the control
window on parameter identifiability, we fix umax and plot ∆r as both τ0 and
τ vary in Fig. 2(d), which contains Fig. 2(b,c) as cross-sections. We can
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ignore the part of the plot above the red diagonal dashed line as it represents
the region where τ0 + τ > T , in which case the control stays on past the end
of the experiment, which is no different than the case of τ0 + τ = T . We
observe that there are two diagonal valleys (darkest blue) representing the
combinations of (τ0, τ) that give the highest degree of identifiability. One
of these two valleys represents τ0 < 20 h and τ0 + τ ≈ 19 h, and the other
represents τ0 > 13 h and τ0 + τ ≈ 25 h.

Altogether, the results show that in order to achieve identifiability, the
magnitude of the control must be high enough, and the timing and duration
of the control window [τ0, τ0+τ ] must be chosen carefully, so that the span of
time where the system behaviour depends strongly on the parameter being
acted upon by the control (K in this case), overlaps significantly with both
the time span inside the window when the control is turned on, which is
[τ0, τ0 + τ ], and the time span outside of it.

We can understand this intuitively by thinking about the source of the
non-identifiability. For any set of parameter values, we need sufficient data
on the violation of at least one condition in Eq. (12) in order to confidently
conclude that it does not reflect the data. If umax is not sufficiently high,
then any set of parameters that satisfy Eq. (12b) would also approximately
satisfy Eq. (12c), leaving us with effectively only two conditions. If the control
window is too short, then we will not have enough data on the violation of
Eq. (12c). Similarly, if the control window is too large, leaving us little data
on system behaviour outside of the window, then we would not be able to
conclude a violation of Eq. (12b). In all of these cases, we have two conditions
and three unknown parameters, preventing unique identification of parameter
values.

This idea provides a heuristic approach to approximate the optimal con-
trols in terms of parameter sensitivity. Let ϕθj(t) be the local sensitivity of
the solution with respect to parameter θj, defined as

ϕθj(t) =
∂Cmodel(t;θ, C0)

∂θj
, (13)

where Cmodel is the output of the model, Eq. (6). The sensitivities are calcu-
lated using the following ODE, which can be derived from Eq. (6) using the
chain rule:

dϕθj

dt
=

∂f(C;θ)

∂C
ϕθj +

∂f(C;θ)

∂θj
, ϕθj(0) = 0.
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We plot the sensitivities with respect to r, δ and K in Fig. 3. A larger value
of |ϕθ(t)| means the solution is more sensitive to a change in the parameter
θ at time t, while holding the other parameter values constant. We have
ϕθ(0) = 0, since the initial condition is fixed. For the sake of this heuristic,
let us define the sensitive interval for parameter θ as

Tθj =

{
t ∈ [0, T ] : |ϕθj(t)| ≥

1

2
max
t′∈[0,T ]

|ϕθj(t
′)|
}
. (14)

This interval represents the time span during which the solution is relatively
more sensitive to the parameter. For K, we have TK ≈ [13 h, 25 h]. As
a heuristic for optimal control, we should ensure that the control window
[τ0, τ0+τ ] covers roughly half of TK , so that we have sufficient time to observe
the system both when the control is on, and when it is off. This condition
gives us two sensible options: one with τ0 < 13.5 h and τ0 + τ ≈ 19 h, and
another with τ0 ≈ 19 and τ0 + τ = 25. These two options each correspond
to a local minimum of ∆r with respect to τ0 and τ as we found in Fig. 2(d).
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Figure 3: Local sensitivities of the logistic model (Eq. (6)) with parameter values from
Eq. (10), with respect to the model parameters r, δ, K, as defined in Eq. (13). Units are
[t] = h, [ϕr] = [ϕδ] = cells · h/mm2, [ϕK ] = 1.

Since the local sensitivities ϕθ, and therefore Tθ, are much cheaper to
compute compared to ∆θ, this heuristic provides a cheaper alternative to
the profile likelihood-based approach. A major disadvantage of it, however,
is that it only uses local information in the parameter space, which is the same
major weakness of using the FIM to perform identifiability analysis, hence all
criticisms of FIM also apply here. Furthermore, the heuristic method does
not take into account the ways the parameters compensate for each other
(which is encoded in the second mixed partial derivatives of the likelihood
function with respect to the parameters, that is, the off-diagonal elements of
the FIM). Furthermore, local sensitivity analysis by itself can be misleading—
this is illustrated in Sec. 2.3.
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2.3. Using uδ as the control variable

We now consider applying a different control, uδ, to the experiment, where
we additively modulate the death rate, δ. A plausible way to apply this
control is to add a toxin that kills cells. The model equations (Eq. (6)) in
the presence of uδ can be written as

dC

dt
= rC

[
1− C

K

]
− (δ + uδ(t))C, (15)

where uδ has units h
−1. Applying the same reasoning from the beginning of

Sec. 2.2, it can be shown that any parameter set θ can produce the same
model output as θ̂ if the following two equations are satisfied:

reff = r − δ = r̂ − δ̂,

Keff = K(1− δ/r) = K̂(1− δ̂/r̂).

These two equations are not sufficient to uniquely determine (r, δ,K), and
therefore the model remains structurally non-identifiable in the presence of
uδ. This means that applying uδ as an additive control will not improve
parameter identifiability. However, this is not revealed by local sensitivity
analysis (Fig. 3(b)), which suggests that applying uδ in the early stages of
the experiment might be useful for improving parameter identifiability. This
demonstrates that local sensitivity analysis, while a useful heuristic, cannot
fully replace identifiability analysis for experimental design.

2.4. Using ur as the control variable

We consider one last control input to the experiment, ur, which additively
modulates the proliferation rate of the cells, r. This can be done by e.g.
applying a certain signalling protein that accelerates the cell cycle, therefore
speeding up growth, corresponding to a temporarily elevated r. The model
equations (Eq. (6)) in the presence of uδ can be written as

dC

dt
= (r + ur(t))C

[
1− C

K

]
− δC, (16)

where ur(t) has units h−1. With ur as the control variable, the conditions
for two parameter sets θ = (r, δ,K) and θ̂ = (r̂, δ̂, K̂) to produce the same
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model output in the absence of observational noise is

reff = r − δ = r̂ − δ̂, (17a)

Keff = K(1− δ/r) = K̂(1− δ̂/r̂), (17b)

K

(
1− δ

r + umax

)
= K̂

(
1− δ̂

r̂ + umax

)
, (17c)

which are sufficient to ensure that θ = θ̂, and therefore the addition of ur

makes the model parameters structurally identifiable.
As in Sec. 2.2, we explore how ∆r changes as the control parameters

change. We centre our explorations around umax = 0.02 h−1, τ = 10 h,
τ0 = 10 h, which makes the model identifiable, and vary one or two of these
parameters at a time. The results are plotted in Fig. 4.

Figure 4: Similar to Fig. 2, except the applied control variable is ur instead of uK . (a-
c) The widths of the confidence intervals of r, ∆r are shown as a function of one of
the control parameters for ur as defined in Eq. (5), with the other two held fixed at
umax = 0.02, τ0 = 10, τ = 10. The units are given in Eq. (8). (d) ∆r shown as a function
of τ0 and τ , represented as a heat-map, with umax = 0.02 fixed. The red dashed line marks
the line τ0 + τ = 25. The two red stars denote the local minima of ∆r at (τ0, τ) =(5.6 h,
13.0 h), (20.5 h, 4.5 h).

We observe that the overall shape of ∆r in the ur case shown in Fig. 4
is similar to that for uK , shown in Fig. 2. A higher umax, the magnitude of
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the control, is always helpful for improving identifiability. The combinations
of (τ0, τ) that give the highest degree of identifiability satisfy either τ0 < 16
h and τ0 + τ ≈ 18 h, or τ0 > 16 h and τ0 + τ ≈ 25 h. The sensitive
interval (Eq. (14)) for r is Tr ≈ [8, 22], and the above combinations represent
windows that roughly overlap with half of this interval, so our sensitivity-
based heuristic is still valid in this case.

The results in this section show that an intelligent choice of the control
variable, along with a strategic choice of the control, can be effective at re-
moving structural non-identifiability and improving practical identifiability.
This choice can be informed by using profile likelihoods to inspect the de-
pendence of uncertainty in parameter estimates on the control. We have also
shown a heuristic way to select the control, which involves computing local
sensitivities of the parameters and some simple calculations. This heuristic
is intuitive to understand, and is much less computationally expensive, but
should be used only in conjunction with structural identifiability analysis.

3. Optimal experimental design for model discrimination

In the previous section, we explored how to improve the identifiability of
model parameters by designing an experiment based on a single hypothesis
about the underlying dynamics, represented by the “ground truth” param-
eter set. We now consider a slightly different scenario, where we would like
to decide between multiple competing hypotheses, presented by models with
different equations and parameter values. This scenario can arise if there are
multiple proposed mechanisms that can, in theory, lead to similar observa-
tions, or if parameter fitting using existing data resulted in a multi-modal
posterior distribution for the parameter values, where each mode can be seen
as a distinct model. In this scenario, we seek to optimally distinguish two
models with fixed parameter values by carefully designing a control input.
Suppose that the two models can be written as

dxi

dt
= fi(xi, t,u), yi = gi(x) + ξi, xi(0) = x0, i = 1, 2, (18)

and xi(t;u(t)) is the solution to these models given the control input u(t).
Since the two models describe the same system, we assume that they share
the same initial condition. We wish to maximise the squared difference be-
tween model measurements over time, that is, we want to find u(t) to max-
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imise the cost functional

argmax
u∈U

J [u] = argmin
u∈U

∫ T

0

L(x,u)dt,

L(x,u) = − [g1(x1(t;u(t)))− g2(x2(t;u(t)))]
2 +α · u(t), (19)

where U denotes the set of values the control variable is allowed to take,
and α encodes the cost of applying the control. We note that, in practice,
the measurements are noisy, and made at discrete time points (e.g. yi,j =
g(xi(tj))), and the integrals should be replaced with summation. However,
for simplicity, we assume that we have access to noiseless measurements in
continuous time. The integrand L is known as the Lagrangian, it is assumed
to be continuous in all its inputs, and all of its partial derivatives are assumed
to be continuous. We consider both the case of continuous control, and bang-
bang control. In continuous control, each of the control variables may take
any value between zero and an imposed upper bound. The upper bounds
represent what is realistically achievable in an experimental setting, or a
“safe” level beyond which we might alter the system dynamics too much
for the model to be valid. In bang-bang control, the control variable is
a piecewise constant function that may only take the value of zero or the
upper bound. While continuous control allows more flexibility and greater
room for optimisation, in an experiment it is often difficult to fine-tune the
precise value of the control, so bang-bang control may be more applicable.
For this reason, bang-bang control has seen wide-ranging applications, such
as cancer chemotherapy [30] and viral treatment [31].

To solve this optimal control problem, we apply Pontryagin’s Maximum
Principle (PMP), using the Forward-Backward Sweep (FBS) algorithm to
solve the resulting systems of equations numerically [32, 33, 34, 35]. The
details of the FBS algorithm are given in Supplementary Materials S.1. We
will now illustrate the aforementioned approach for experimental design by
applying PMP with the FBS algorithm to optimally discriminate between
models of cell proliferation.
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3.1. Logistic model with additive controls

First, consider discriminating between two instances of the logistic model
with the following two parameter sets:

dC1

dt
= 0.45C1

(
1− C1

3900

)
− 0.15C1 = fL(0.45, 0.15, 3900), (20a)

dC2

dt
= 0.3C2

(
1− C2

2600

)
= fL(0.3, 0, 2600), (20b)

where fL is from Eq. (6). The timespan of the experiment is taken to be T =
25 h, and the initial condition is C(0) = 100 cells/mm2. The first parameter
set was chosen to coincide with those in Eq. (10), and the second parameter
set has the same effective parameter values reff and Keff (Eq. (9)) as the
first parameter set, which means they give rise to identical solutions without
control. We might be interested in discriminating these two models from a
biological perspective to determine whether the mechanism represented by
the linear death term genuinely exists within the system.

We first consider the model with additive controls, as we have done in
Sec. 2. As discussed in Sec. 2.3, applying uδ additively does not remove
structural identifiability, as both models yield the exact same solution for
any uδ. Therefore, we consider only applying uK or ur.

When applying uK additively, the model equations become

dC1

dt
= 0.45C1

(
1− C1

3900− uK(t)

)
− 0.15C1, (21a)

dC2

dt
= 0.3C2

(
1− C2

2600− uK(t)

)
. (21b)

We take uK,max = 1200 cells/mm2 and αK = 0.03 cells/mm2. A much larger
αK (e.g., αK = 0.1 cells/mm2) results in u∗

K(t) ≡ 0, as the cost of the control
is too great to be compensated by the reward of being able to discrimi-
nate the models. On the other hand, a much smaller αK (e.g., αK = 0.005
cells/mm2) results in u∗

K(t) ≡ uK,max, as a larger uK is always helpful in
discriminating between the two models in this case, and the cost of turning
uK on is negligible. Therefore, there is a range for αK to make the problem
non-trivial.

In Fig. 5, we show the result of applying the FBS algorithm to the optimal
control problem, with uK the control variable. The strategy implied by the
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Figure 5: Results for discriminating between logistic models with additive uK as control
(Eqs. (19), (21)), uK,max = 1200 cells/mm2, and αK = 0.03 cells/mm2. (a) The optimal
control u∗

K(t), as found by the algorithm, and the corresponding trajectories of the state
variables C1, C2, as well as their difference over time. (b) The trajectories of the adjoint
variables λ1, λ2 corresponding to the optimal control. (c) unew

K , the update to the control,
computed at the final iteration before termination of the algorithm. It is very close to
u∗
K , suggesting that further iterations will not lead to significant changes in the control.

(d) The cost functional J [u] over the iterations, showing its convergence near the final

iterations. The units are given in Eq. (10), and [uK ] =cells/mm2, [J ] = (cells/mm
2
)2.

resulting optimal control can be summarised as allowing both solutions to
reach roughly Keff/2 without much intervention, then abruptly turning on
the control. In the early stages of the experiment (for small t), the carrying
capacityK (and therefore the control variable uK) has relatively little impact
on the solutions of both models, so the control remains low. From t ≈ 9.5 h,
the impact of the control on discriminating the two model solutions is large
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enough to overcome the cost of applying the control, and uK is turned on to
the maximum, where it remains until t ≈ 23.3 h. After this point, the control
is almost turned off completely until t = T , when it is exactly zero, as we
know it must be. We can relate this control strategy to the local sensitivity,
ϕK . In Fig. 3(c), we can observe that ϕK is monotonically increasing with
time. The period of time where u∗

K = uK,max roughly coincides with the
time window where ϕK is large. This is expected, since the control is likely
to be most effective in distinguishing between the model solutions at points
where the models are sensitive to the parameter associated with the control.
Interestingly, the optimal control has a small “bump” near t ≈ 24 h. The
reason for its presence is not immediately apparent, however removing the
“bump” results in a higher cost functional, suggesting that it is not simply
a numerical artifact.

Next, we consider a few variations of the optimal control problem, to
determine how various factors impact the optimal control. Changing the
value of αK does not result in a qualitative change in the optimal control.
Fig. 6 shows that with a higher value of αk = 0.05 cells/mm2, the control
is turned on over a shorter window between t ≈ 12 h and t ≈ 22.3 h, but
retains the same shape as in Fig. 5. The small bump near t = T is still
present. The optimal bang-bang control for the same α, as found by direct
optimisation, is turned on at t ≈ 9.4 h, almost the same time as when the
optimal continuous control is ramped up sharply to its maximum, and turned
off at t ≈ 23.4 h, very close to the time when the optimal continuous control
decreases sharply to near zero. The bang-bang optimal control achieves an
objective value of J = −779401 (cells/mm2)2, only slightly worse than the
continuous optimal control, which is J = −784470 (cells/mm2)2. These
results show that in this case, we do not gain much from allowing the control
to take continuous values, and a bang-bang optimal control is both easier to
compute, and experimentally easier to implement.
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Figure 6: Comparison of the solutions of variations of the optimal control problem. The
blue curve is the same control as in Fig. 5. The orange curve is the optimal continuous
control with a different value for the weight of control cost, α, and the yellow curve is
the optimal bang-bang control using the same value of α as the blue curve. The units are
[t] = h, [uK ] = cells/mm2.

The optimal control for model discrimination is quite different from the
optimal control for improving parameter identifiability, discussed in Sec. 2.2.
This highlights that model discrimination and improving identifiability are
distinct problems. In the model discrimination problem, we are essentially
proposing a new experiment in addition to the experiment with which we
calibrated our two models. For the new experiment to be the most useful,
we want to observe the system behaviour in an environment as different to
the first experiment as possible, i.e., with the control turned to a maximum,
whereas in the problem of identifiability improvement, we are essentially
conducting two experiments at once, so the data should be split between
when the control is on or off.

Next, we consider the case of applying ur as the control variable, with
the following model equations:

dC1

dt
= (0.45 + ur(t))C1

(
1− C1

3900

)
− 0.15C1, (22a)

dC2

dt
= (0.3 + ur(t))C2

(
1− C2

2600

)
. (22b)

The optimal control found by the FBS algorithm is shown in Fig. 7. The
optimal control is roughly constant, at ur ≈ 0.7 h−1 over most of the domain,
with a noticeable bump near the inflection point of the solutions, and ramps
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down smoothly to zero as t → T . The strategy seems to be to turn on the
control early so that both solutions reach their carrying capacity quickly,
then maintain the control in order to observe the difference in Keff for the
two models.

The reason for a local maximum in u∗
r near the inflection point of the

two model solutions is not immediately clear, but a possible explanation
can be given using local sensitivity. Examine the plot of local sensitivity ϕr

(Fig. 3(a)) and the associated model solution (yellow curve in Fig. 9), we
can observe that the inflection point of the model solution is near the global
maximum of ϕr. Therefore, the local maximum of the control, u∗

r, is close to
where both model solutions are most sensitive to the parameter r, which is
sensible for the objective of distinguishing the two model solutions. The win-
dow in time where the optimal bang-bang control is turned on covers most
of the time span of the simulation, but it is turned off a short time before
t = T , around the same time as the optimal continuous control is ramped
down. The bang-bang control achieved an objective value of J = −4618503
(cells/mm2)2, compared to J = −6388826 (cells/mm2)2 for the optimal con-
tinuous control (dashed purple line in Fig. 7), which is a noticeably worse
performance.
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Figure 7: Results of FBS (Algorithm 1) applied to the optimal control problem for discrim-
inating between logistic models with additive ur as control (Eqs. (19), (22)), ur,max = 1
h−1, and αr = 500000 h(cells/mm2)2, showing the optimal control u∗

K(t) found by the
algorithm, the corresponding trajectories of the state variables C1, C2, and their difference
over time. The optimal bang-bang control is also shown for comparison. The units are
[C] = cells/mm

2
, [t] = h, [ur] = h−1.
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3.2. Logistic model with multiplicative controls

Next, we again consider the case for distinguishing between two instances
of the logistic model, but now the controls are assumed to affect the asso-
ciated parameters multiplicatively, rather than additively. While this is a
small conceptual difference compared to the previous problem in Sec. 3.1, it
nonetheless results in significant changes in the outcome. The model equa-
tions (Eq. (20)) in the presence of multiplicative controls can be written as

dC1

dt
= 0.45(1 + ur(t))C1

(
1− C1

3900(1− uK(t))

)
− 0.15(1 + uδ(t))C1,

(23a)

dC2

dt
= 0.3(1 + ur(t))C2

(
1− C2

2600(1− uK(t))

)
. (23b)

Note that Eq. (23b) does not contain uδ because δ = 0 in that model, so a
multiplicative uδ has no effect. The control variables ur, uδ, uK are dimen-
sionless in this formulation. As before, we only consider applying one control
variable at a time, while setting the other two to zero.

In contrast to the case of additive controls, where uδ is ineffective in
removing structural non-identifiability and ur and uK are effective, as shown
in Sec. 2, in the multiplicative case uK is ineffective in removing structural
non-identifiability, whereas ur, uδ are effective (Fig. 8). For ur, the strategy
implied by the optimal control seems to be to turn the control on during
most of the time span of the simulation, then ramp it down smoothly to
zero as t → T . This is because ur has an impact on the difference between
the two solutions throughout the time span of the simulation, but towards
the end of the simulation the cost of keeping it on outweighs the gain in the
difference between model solutions. Comparing the shape of u∗

r in Fig. 8(a)
to that in the additive control case shown in Fig. 7, we can observe that in
both cases, u∗

r has a local maximum near the inflection points of the two
model solutions but, in the multiplicative case, u∗

r decreases more rapidly
after that point, whereas it stays near a constant value for a period of time
in the additive case. This is because ur has a larger effect on the steady
state of the models in the additive case compared to the multiplicative case.
Therefore, as the model solutions approach the steady state Keff, the effect of
ur on model difference diminishes in the multiplicative case, while the effect
remains significant in the additive case as the model solution approaches the
steady state.
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In the case of uδ, the optimal control strategy involves setting its value
to the maximum for most of the simulation time span, followed by a sharp
decrease in the control as t approaches T . This can be explained by the fact
that the model solution C2 is entirely unaffected by uδ, due to its parameter δ2
being equal to zero, whereas C1 is influenced by uδ at all time. Maintaining a
high value of uδ depresses C1 relative to C2, which is helpful for distinguishing
the two model solutions in all stages of the experiment.

Figure 8: Results of the FBS (Algorithm 1) applied to the optimal control problem for
discriminating between logistic models with multiplicative controls (Eq. (19), (23)). (a)
The control variable is ur, with umax

r = 0.5, αr = 700000 (cells/mm2)2. Here uδ = uK ≡
0. (b) The control variable is uδ, with umax

δ = 0.5, αδ = 1300000 (cells/mm2)2. Here

ur = uK ≡ 0. The units are [C] = cells/mm
2
, [t] = h, and ur and uδ are dimensionless.

3.3. Richards model with additive controls

We provide another example for model discrimination using the Richards
model, which is an extension of the logistic model for proliferation. Richards [36]
introduced an additional “shape parameter” γ to the logistic model, which
provides more flexibility in describing the shape of the growth curve. The
model can be written as

dC

dt
= rC

[
1−

(
C

K

)γ]
= fR(C; r, γ,K), (24)

where the units and interpretations of the quantities in this model remain
the same as in the logistic model. It has been shown in [26] that the Richards
model, without control, is practically non-identifiable given a realistic amount
of data, with the identifiability of the parameter γ being especially poor. We
plot typical solutions to the Richards model, and demonstrate its practical
non-identifiability in Fig. 9. The black dots are synthetic data generated
by perturbing the exact solution to the Richards model using a parameter
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set with γ = 8 (blue curve), by adding Gaussian i.i.d. noise with σ = 400
cell/mm2. This parameter set and noise magnitude are within biologically
realistic ranges, as found in [16]. The other three curves are the solutions of
the Richards model using parameter sets found by fitting the model to the
data (i.e. MLEs), with γ free (i.e. simultaneously fitting three parameters,
r,K and γ), γ = 3 or γ = 1 fixed (i.e. fitting the remaining two parameters,
r and K), respectively. Notice that the differences between the curves are
small, and the parameter set obtained by fitting the full model (corresponding
to the yellow curve) is far from the true parameter values, a symptom of
non-identifiability. If we mistakenly believed that the true parameter set has
γ = 3, or if the logistic model (γ = 1) was the true model, the data would
be insufficient to refute either belief, as the red and purple curves fit just as
well.

Figure 9: Illustrations of typical solutions of the logistic and Richards models. The
blue, red, yellow, and purple curves are the solution to the Richards model (Eq. (24))
with the parameters (r, γ,K) = (0.225, 8, 2381), (0.235, 3, 2433), (0.222, 3.709, 2435), and

(0.291, 1, 2605), respectively. The units are [r] = h−1, [K] = cell/mm
2
, [γ] = 1.

Therefore, as an example, we seek to design an experiment to discriminate
between the two instances of the Richards model that correspond to the blue
and red curve in Fig. 9, using additive control inputs:

dC1

dt
= (0.225 + ur(t))C1

[
1−

(
C1

2381− uK(t)

)8
]
− uδ(t)C1, (25a)

dC2

dt
= (0.235 + ur(t))C2

[
1−

(
C2

2433− uK(t)

)3
]
− uδ(t)C2. (25b)
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Figure 10: Results of the FBS algorithm (Algorithm 1) applied to the optimal control prob-
lem for discriminating between Richards models with additive controls (Eq. (19), (25)).
(a) The control variable is ur, with umax

r = 0.4 h−1, αr = 30000 h(cells/mm2)2. (b)
The control variable is uδ, with umax

δ = 0.2 h−1, αδ = 500000 h(cells/mm2)2. (c) The
control variable is uK , with umax

K = 1200 cells/mm2, αK = 0.03 cells/mm2. The units are

[C] = cells/mm
2
, [t] = h, and ur, uδ and uK are dimensionless.

In Fig. 10, we present the optimal control obtained with the FBS algo-
rithm in the case where one of the three control variables, ur, uδ, and uK , is
applied individually. Unlike the case of distinguishing between logistic mod-
els in Sec. 3.1 and 3.2, all three controls are at least somewhat effective. Out
of the three, ur helps the least to distinguish between the two models. The
optimal control u∗

r never hits the imposed upper bound umax
r , and it is turned

on relatively briefly. The difference between the models in the presence of
the control is negligibly greater than that in the absence of the control.

Both uδ and uK are much more effective. The control strategy implied by
u∗
δ allows both models to approach their respective carrying capacity, then

turns uδ on abruptly to maximum. This is a sensible strategy—the effect of
uδ is similar for both models in the earlier phase, where both model solutions,
C1 and C2, display exponential growth, and uδ lowers the effective growth
rate reff by the same amount for both models, so it is useless to turn on the
control in that phase. The control is turned on during the later saturation
phase, where both model solutions approach their respective steady states.
The steady state, with uδ treated as a constant, can be written as

K

(
1− δ + uδ

r

)1/γ

.

A greater value of γ diminishes the effect of uδ on the steady state (since the
exponent 1/γ approaches zero, so the steady state approaches K, effectively
independently from uδ), therefore, the steady state of model 2, which has
a lower γ, is decreased much more by a positive uδ compared to that of
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model 1. The difference in steady states means turning the control on in the
saturation phase allows the two models to be easily distinguished.

In contrast, uK modifies the Keff of both models by the same amount,
which means the case of using uK as the control variable requires a different
strategy from the case of using uδ. The strategy in the case of uK is to first
allow both models to get close, but not too close, to their respective carrying
capacities, then cyclically and abruptly turn uK on and off so that both model
solutions stay near, but not too close, to their respective carrying capacities.
Recall that in the absence of the control, the two model solutions are best
distinguished by their behaviour just before they approach K. This control
strategy maximises the amount of time spent within the regime where the
behaviours of the two models are most different, and thereby maximises the
difference between the two model solutions.

3.4. Logistic and Richards model with additive controls
In the final example, we consider the problem of discriminating between

instances of the logistic model and the Richards model, again using additive
controls:

dC1

dt
= (0.225 + ur(t))C1

[
1−

(
C1

2381− uK(t)

)8
]
− uδ(t)C1, (26a)

dC2

dt
= (0.291 + ur(t))C2

[
1− C2

2605− uK(t)

]
− uδ(t)C2. (26b)

In the absence of controls, the solutions to these two models are the blue and
purple curves in Fig. 9, which are very similar. We plot the optimal controls
for discriminating between these two models, as found by the FBS algorithm,
in Fig. 11.

For the case of applying ur, the strategy is to turn on the control in two
stages. First, the control is turned on from the beginning of the experiment
until both C1 and C2 are near their inflection point, at around t ≈ 5 h, at
which point the control is turned off. Since the Richards model approaches
its carrying capacity much quicker than the logistic model after this point, we
are able to observe a significant difference between the two model solutions.
Later, the control is turned on again from t ≈ 10 h, and gradually ramped
down to zero. Since K1 and K2 are different, control maximises the difference
between the two models by allowing the logistic model to approach its carry-
ing capacity quicker, so we can observe the two different limiting behaviours
for longer.
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Figure 11: Results of the FBS algorithm (Algorithm 1) applied to the optimal control
problem for discriminating logistic and Richards models (Eqs. (19), (26)). (a) The control
variable is ur, with umax

r = 0.5 h−1, αr = 30000 h(cells/mm2)2. (b) The control variable is
uδ, with umax

δ = 0.2 h−1, αδ = 30000 h(cells/mm2)2. (c) The control variable is uK , with

umax
K = 1200 cells/mm2, αK = 0.03 cells/mm2. The units are [C] = cells/mm

2
, [t] = h,

and ur, uδ and uK are dimensionless.

The optimal control strategy for applying uδ is to simply turn on the
control to maximum limit from the beginning of the experiment until t ≈ 15,
then abruptly turn it off. The effective growth rate for the Richards model
is more heavily impacted by the control than that of the logistic model, so
turning on the control depresses C1 more than C2, allowing us to distinguish
between the two models. The control is turned off in the later stages of
the experiment as the difference between C1 and C2 is already significant,
and the cost of applying the control in that stage outweighs the additional
discrepancy it can cause between the two models. Lastly, for the case of
applying uK , the strategy is similar to the one seen in Fig. 10, where we use
the control to keep both C1 and C2 away from their equilibrium values, so
we can distinguish the two models by their behaviour as they approach their
carrying capacity.

Summarising the results of this section, we find that it is possible to design
an optimal control to enable us to differentiate between two models that were
previously indistinguishable, or produce very similar solutions without such
intervention. We can understand the optimal control strategies intuitively by
looking at how the control variable affects the difference between the models
at various points in time, using local sensitivities of the parameters associated
with the control variable as a rough guide. Whether the control variables act
on model parameters additively or multiplicatively can make a big difference,
as an efficient control strategy in one scenario may prove entirely ineffective
in the other.
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4. Discussion

This works examines how to achieve two objectives, maximising the prac-
tical parameter identifiability of a model and discriminating between two
models to the greatest extent, by designing a control input. As such, it
presents several major innovations over existing research [1, 5, 13, 14, 15].
First, we utilise profile likelihoods as a measure of practical identifiability,
providing a more “global” view across the parameter space, as opposed to
the measures that rely on point estimates that were considered in prior work.
In addition, we considered both general continuous controls as well as piece-
wise constant (“bang-bang”) controls for the problem of designing optimal
control inputs in an experiment—this grants a greater degree of flexibility
compared to earlier work which restricted the space of allowed controls to
simpler classes of functions.

We have established that the problems of model discrimination and im-
proving identifiability, although related, represent distinct objectives and
that, as a result, the optimal controls for achieving those objectives are dif-
ferent. This difference arises from the fact that the two objectives makes
different assumptions on the availability of prior knowledge concerning the
system. In tackling the problem of improving identifiability, we used an as-
sumed set of parameter values to generate the synthetic data in order to
evaluate the profile likelihoods. In contrast, for model discrimination, the
model parameters are fixed at values that encode much more prior knowl-
edge on the parameters. In the case where such knowledge is derived from an
earlier experiment, in the model discrimination problem the optimal experi-
mental design should ideally be very different from the earlier experiment to
avoid collecting redundant information. On the other hand, there is less need
to avoid repeating a similar experimental design if the goal is to maximise
identifiability.

Our results highlight that structural non-identifiability issues can poten-
tially be addressed by adding a control variable to the model, and incorpo-
rating the corresponding external stimulus into the experiment. The logistic
model with a death term is structurally non-identifiable, as a change in δ,
the death rate, can be perfectly compensated for by a corresponding change
in the growth rate, r, and the carrying capacity, K. Adding the appropriate
control variable allows the system to be observed in a state that otherwise
would not be accessible, providing additional information on the underlying
mechanisms. For example, using ur as a control variable, with a window func-
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tion for control, allows us to observe the system in two states, a state where
the control is off, and another where the control is on. In this scenario, a
change in δ can no longer be compensated for by changing r and K to obtain
identical behaviour in both states. However, this approach can only succeed
if knowledge of how the stimulus impacts the mechanisms (e.g., whether it
induces an additive or multiplicative change in a parameter, and to what ex-
tent) is available. Without this knowledge, introducing the control variable
introduces additional unknowns, which prevents the extraction of additional
information on the parameters. For example, suppose we wish to introduce
an external stimulus that modulates the growth rate, represented by the
control variable ur, but do not know how much this stimulus changes r in
advance. It would be necessary to introduce another unknown parameter,
say ρ, as a coefficient of ur in the model. This ρ must be estimated in the
same way as the original model parameters r, δ and K. As a result, the
inference problem becomes more complicated and requires more data, pre-
venting any gains from introducing the control variable. One possibility of
circumventing this issue is to test the control mechanism on a system with
known dynamics.

We also demonstrated that the optimal control for model discrimination
depends on the control variable. The optimal strategy for control variables
acting on different model parameters can be completely different. For ex-
ample, in Fig. 10, the optimal strategies for the three control variables are
qualitatively and quantitatively distinct. In some cases, the shape of the
optimal continuous control is close to a window function, such as the case
of an additive control uK for distinguishing two logistic models with death
terms in Fig. 5, therefore it provides only a minor improvement upon the
optimal bang-bang control. In this case, we might prefer to implement the
bang-bang control in practice, since it requires relatively simple experimental
techniques, whereas continuous control requires the ability to modulate the
control mechanism more precisely. In other cases, the optimal continuous
control significantly out-performs the optimal bang-bang control, due to its
increased flexibility. This is the case for an additive ur (Fig. 7), where the
optimal continuous control has a significantly lower cost compared to the
optimal bang-bang control. In these cases, the implementation of the contin-
uous control is preferred, if it is feasible to carry out in the experiment. Note
that bang-bang controls, or more generally piecewise constant controls, are
more commonly used in control applications, due to the fact that they are
both easier to compute and to implement compared to continuous controls.
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The FBS algorithm with adaptive update rate, based on PMP, is ade-
quate for solving continuous optimal control problems, at least for the exam-
ples considered in this work. We have investigated alternative algorithms for
solving the optimisation problem, such as direct control, or a hybrid method
combining FBS and direct control (see Supplementary Material Sec. S.4). In
summary, the hybrid method can out-perform FBS in certain cases, but its
implementation is more difficult. Other methods for solving optimal control
problems, such as shooting methods for PMP [37, Sec. 7], dynamic program-
ming methods based on Hamilton-Jacobi-Bellman equations [38], and more
recent machine learning-based methods [39, 40, 41], may also be appropriate.

This paper employs a frequentist, profile likelihood-based approach to
measure parameter identifiability. However, it could be replaced with a
Bayesian framework, which offers greater flexibility in quantifying parameter
uncertainty, and mitigates the potential impact of a poorly chosen “ground
truth” parameter set. In the Bayesian approach, instead of having a single
“ground truth” parameter set as in Eq. (10), we have a prior distribution
of parameter values, which could be simply a normal distribution centred
at a “best guess”, or the posterior distribution from a previous iteration of
the experiment, if available. To evaluate a certain experiment design, we
could sample multiple parameter sets from the prior, and simulate the model
at each parameter set to create an ensemble of model outputs, which bet-
ter accounts for the uncertainty in prior knowledge. Finally, we can use
e.g. MCMC or approximate Bayesian computation to build a posterior dis-
tribution by fitting to the ground truth ensemble. The drawback is that
this approach incurs a much higher computational cost, which can render it
impractical in many applications.

There are many future directions in which to extend the methods consid-
ered in this paper. We can generalise the methods in Sec. 2 by optimising
the practical identifiability of multiple parameters at the same time, using
multi-objective optimisation. It would also be useful to consider the case of
applying multiple control inputs at the same time. Finally, a key limitation of
the approach proposed in this paper is the use of sets of fixed “ground truth”
parameter values to guide the design process. A more robust approach would
be to replace the ground truth parameter sets with a prior distribution over
the parameters, which would better account for uncertainty.
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