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 A B S T R A C T

Complex decision-making problems in industrial and infrastructure systems often involve hierarchical and 
sequential interactions across multiple layers, but existing optimization approaches face challenges in coor-
dinating decision-making across these levels in a computationally efficient manner. To this end, this paper 
examines Mixed-Integer Multi-Level problems with Sequential Followers (MIMLSF), a specialized optimization 
model aimed at enhancing upper-level decision-making by incorporating anticipated outcomes from lower-level 
sequential market-clearing processes. We introduce a novel approach that combines lexicographic optimization 
with a weighted-sum method to asymptotically approximate the MIMLSF as a single-level problem, capable of 
managing multi-level problems exceeding three levels. To enhance computational efficiency and scalability, we 
propose a dedicated Benders decomposition method with multi-level subproblem separability. To demonstrate 
the practical application of our MIMLSF solution technique, we tackle a unit commitment (UC) problem 
within an integrated electricity, gas, and carbon market clearing framework in the Northeastern United States, 
enabling the incorporation of anticipated costs and revenues from gas and carbon markets into UC decisions. 
This ensures that only profitable gas-fired power plants (GFPPs) are committed, allowing system operators to 
make informed decisions that prevent GFPP economic losses and reduce total operational costs under stressed 
electricity and gas systems. The case study not only demonstrates the applicability of the MIMLSF model 
but also highlights the computational benefits of the dedicated Benders decomposition technique, achieving 
average reductions of 32.23% in computing time and 94.23% in optimality gaps compared to state-of-the-art 
methods.
1. Introduction

Sequential decision-making is fundamental to many real-world sys-
tems and plays a central role in the operation and clearing of multi-
scale energy markets spanning temporal, spatial and sectoral dimen-
sions. Moreover, critical operations such as unit commitment (UC) are 
executed ahead of time, often without full knowledge of subsequent 
sequential system and market outcomes. This lack of awareness and 
coordination can result in suboptimal or economically inefficient de-
cisions, as the initial decisions may fail to incorporate the market 
conditions that subsequently emerge. Approaches based on multi-level 
or hierarchical structures can help decision-makers such as system oper-
ators, regulators, and strategic agents anticipate and adapt to expected 
market conditions, thereby enhancing risk management and overall 
decision performance.
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1.1. Bilevel and multi-level optimization

To mathematically formulate this hierarchical decision-making
framework, hierarchical optimization problems have been extensively 
studied. In classic bi-level programming, the structure comprises an 
upper-level leader and a lower-level follower, with the follower’s 
actions acting as constraints on the leader’s decisions, as represented 
in Fig.  1(a). This bi-level optimization programming is extensively 
reviewed in the literature, see Beck et al. (2023) and Kleinert et al. 
(2021). Multi-level programming, with more than two levels, has 
been gaining increasing attention due to its applicability to real-
world problems (Lu et al., 2016). Multi-level programming can address 
nested hierarchies where multiple agents make decisions in sequence 
driven by individual objectives. As an example, the structure of a 
classic tri-level problem with a nested decision-making hierarchy is 
depicted in Fig.  1(b) (Avraamidou & Pistikopoulos, 2019). In this 
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Fig. 1. Different models of hierarchical decision making process. (a) classic bi-level problem; (b) classic tri-level problem; (c) tri-level problem with sequential 
ML and LL problems; (d) multi-level problem with 𝑛 sequential LL problems. UL: Upper-Level, ML: Middle-Level, LL: Lower-Level.
classic tri-level optimization problem, the first decision-maker at the 
upper-level formulates an optimization problem whose constraints 
include the optimization problem of the second decision-maker. This 
second decision-maker’s problem further incorporates the optimization 
problem of a third decision-maker in the constraints, making for a 
nested decision-making hierarchy (Avraamidou & Pistikopoulos, 2019). 
Recently, a special tri-level structure involving two sequential followers 
has been studied in Byeon and Van Hentenryck (2020), as shown in Fig. 
1(c). In this special framework, unlike the classic tri-level problem, the 
middle-level problem does not anticipate the solutions of the lower-
level problem. This special tri-level optimization framework has been 
applied to diverse power system problems, such as heat unit commit-
ment in sequential heat–electricity markets (Mitridati et al., 2019) and 
sequential national–local market operations for flexible service bid-
ding (Paredes et al., 2023) and merchant transmission investment (Xia 
et al., 2025).

Multi-level problems, even for the case of bi-levels, are recog-
nized as strongly NP-hard, presenting significant computational chal-
lenges (Fakhry et al., 2022). There are two main solution techniques 
for bilevel problems with convex lower-level problems: the Karush–
Kuhn–Tucker (KKT)-based formulation and the strong duality-based 
formulation (Zare et al., 2019). The KKT-based approach incorpo-
rates the complementary slackness conditions, which are typically lin-
earized using big-M constraints and require additional auxiliary binary 
variables (Nasrolahpour et al., 2018). Although effective for small to 
medium-sized instances, this method often encounters computational 
difficulties in large-scale problems due to the rapid increase in the 
number of auxiliary variables (Byeon, 2020). In contrast, the strong 
duality approach enforces the optimality of the lower-level problem 
through a single strong duality constraint, thereby eliminating the need 
for auxiliary variables associated with the linearization of comple-
mentary slackness conditions (Savelli et al., 2020; Xia et al., 2024). 
However, this formulation may lead to bilinear terms in the strong 
duality condition. These bilinear terms can be linearized using ex-
act McCormick relaxations for some specific problems (McCormick, 
1976), or alternatively reformulated through problem-specific tech-
niques when applicable (Savelli et al., 2020; Xia et al., 2024). It has 
been shown that the strong duality approach can significantly reduce 
computational time, in some cases by orders of magnitude, particularly 
when the lower-level problem is more complex than the upper-level 
problem (Zare et al., 2019).

Unlike bi-level problems, tri-level and more complex multi-level 
problems often cannot be efficiently solved using traditional meth-
ods (Avraamidou & Pistikopoulos, 2019). To address these problems, 
researchers have developed both decomposition methods and column-
and-constraint generation approaches (Dvorkin et al., 2018; Florensa 
et al., 2017; Gan et al., 2022; Ghorbani-Renani et al., 2021; Muñoz-
Delgado et al., 2019; Sadeghi et al., 2017; Wu & Conejo, 2017). 
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Additionally, multi-parametric and heuristic approaches offer alter-
native solutions (Avraamidou & Pistikopoulos, 2019; Chouhan et al., 
2022; El-Meligy et al., 2021; Fakhry et al., 2022). In general, solution 
methods with theoretical guarantees for multi-level hierarchical opti-
mization remain limited. Existing approaches often rely on metaheuris-
tic or perturbation-based schemes that neither fully exploit hierarchical 
dependencies nor provide rigorous convergence guarantees (Tilahun 
et al., 2012). Recent work has proposed proximal-gradient methods 
for particular convex tri-level settings (Shafiei et al., 2024); however, 
the associated convergence results typically require strong convex-
ity, and their practical computational performance remains largely 
unexplored (Shafiei et al., 2024). More recently, Sato et al. (2021) in-
troduced a gradient method with theoretical guarantees. Nevertheless, 
these methods do not readily extend to general multi-level hierarchical 
problems (Sato et al., 2021).

In multi-level problems with multiple lower levels, one strategy is to 
treat upper-level decisions and preceding lower-level outputs as fixed 
parameters. While KKT- or strong-duality-based reformulations can in 
principle handle such structures, they result in highly complex single-
level models. KKT-based formulations introduce numerous auxiliary 
variables, limiting scalability as the number of lower levels grows. 
Strong-duality approaches, in contrast, produce bilinear terms where 
dual variables are multiplied by primal variables from preceding stages, 
resulting in nonlinear constraints across levels. The single-level formu-
lations resulting from both approaches are not only computationally 
challenging, but also significantly hinder the use of decomposition 
techniques for efficient solution.

1.2. Sequential multi-scale markets

In energy systems, multi-scale market operations involve interde-
pendent decision-making across temporal, spatial, and sectoral layers. 
These interdependencies stem from physical and economic linkages 
introduced by specific technologies and market mechanisms. Technolo-
gies such as gas-fired power plants (GFPPs), combined heat and power 
(CHP) units, and heat pumps create cross-carrier physical couplings, 
while instruments such as carbon pricing introduce economic inter-
actions across sectors. GFPPs connect the gas and electricity sectors 
through fuel-to-power conversion, while CHP units extend this coupling 
to the heat sector by simultaneously producing electricity and heat. As 
a result, decisions made in one market, such as electricity, can influence 
subsequent operations in other markets, such as natural gas and carbon, 
as well as across different temporal stages.

For example, electricity markets are organized hierarchically and 
cleared sequentially, each operating at different temporal resolutions 
ranging from months to minutes. This structure has been widely mod-
eled in strategic bidding (Rintamäki et al., 2020; Wozabal & Rameseder, 
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2020) and energy management (Jiao et al., 2022; Putratama et al., 
2023). Moreover, while markets for different energy sectors are sec-
torally independent, they are becoming increasingly interconnected. 
For example, although the electricity and natural gas markets typi-
cally operate independently, they are interconnected through GFPPs. 
Currently, these two markets are cleared sequentially in the United 
States (Byeon & Van Hentenryck, 2020), and there is significant re-
search interest in how their interdependence affects problems includ-
ing generation expansion planning (Bent et al., 2018), strategic bid-
ding (Dimitriadis et al., 2023) and UC (Byeon & Van Hentenryck, 
2020). Additionally, the sequence in which electricity and heat markets 
are cleared (Mitridati et al., 2020, 2019), as well as the design of 
carbon markets—which can be cleared either simultaneously or se-
quentially with the electricity market (Chen et al., 2021; Dimitriadis 
et al., 2023; Jiang et al., 2023)–will affect market outcomes. The
temporal and sectoral dimensions are also crucial for current market 
models, particularly impacting the coordination of day-ahead and real-
time markets for electricity and natural gas. A range of coordination 
approaches have been proposed, ranging from sequentially decoupled 
to fully uncoordinated and purely stochastic approaches (Chen et al., 
2022; Ordoudis et al., 2019; Schwele et al., 2021). In addition, recent 
research has increasingly focused on the spatial and temporal dynamics 
of local electricity markets. Notably, Khan et al. (2022) have developed 
a bidding strategy for producers participating in sequential market 
clearing at wholesale and retail levels. Moreover, the study in Pare-
des et al. (2023) explores a sequential market clearing framework, 
which models the stacking of flexibility revenues of distributed energy 
resources in sequential national and local markets.

As previously discussed, GFPPs play a critical role in linking the 
electricity and gas markets. These plants are notable for providing en-
vironmental benefits, low capital costs, high efficiency, and operational 
flexibility (Wang et al., 2018). Nevertheless, GFPPs encounter signifi-
cant challenges when these two markets operate independently (Byeon 
& Van Hentenryck, 2020). This is particularly problematic when GFPPs 
must bid in the electricity market without knowledge of actual gas 
prices (i.e., fuel costs), which can lead to substantial economic losses, 
as evidenced during the 2014 polar vortex (Byeon & Van Hentenryck, 
2020; Gil et al., 2016; PJM, 2014) in the Northeastern United States. 
Proposals to enhance coordination between electricity and gas net-
works have been suggested (Chen et al., 2022; Ordoudis et al., 2019; 
Schwele et al., 2021), yet these markets typically clear independently, 
heightening financial risks during high stresses for GFPPs on both net-
works. In response, a new bid-validity constraint has been introduced 
in Byeon and Van Hentenryck (2020) to ensure that only profitable 
GFPPs can be committed, taking into account solely the gas costs.

The growing significance of climate change has prompted stake-
holders and regulators to push organizations toward incorporating en-
vironmental externalities into their strategic and investment decisions 
through carbon taxes, permits, and market-based mechanisms (Dhavale 
& Sarkis, 2018). The carbon cap-and-trade system, which enables the 
trading of emission allowances within regulatory constraints (European 
Commission, 2024), is a cost-effective mechanism for reducing green-
house gas emissions and promoting decarbonization across the energy 
sector. Recent studies have focused on integrating carbon markets with 
traditional energy sectors, including electricity (Cheng et al., 2023; 
Hua et al., 2024; Li et al., 2024), natural gas, and heat markets (Dim-
itriadis et al., 2023; Zhu et al., 2024), to optimize environmental 
and economic outcomes. The introduction of the carbon market has 
redefined the roles of GFPPs, which traditionally participate as sellers 
in the electricity market and buyers in the gas market. Now, these 
entities also engage as either sellers or buyers in the carbon market, 
depending on their emission levels and allowances. Notably, the study 
by Chen et al. (2021) provides an analysis of GFPPs’ participation 
in the electricity, gas, and carbon markets, focusing on market equi-
libria and the potential for market power exploitation by strategic 
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energy producers. However, their analysis does not extend to oper-
ational decision-making, such as day-ahead UC, and thus overlooks 
how participation in multiple interdependent markets affects short-
term scheduling. This gap can result in suboptimal UC outcomes and 
increased financial risks for GFPPs, particularly under volatile gas and 
carbon prices. As carbon markets expand, their influence on opera-
tional costs and investment decisions will grow, making it essential 
to capture carbon-market feedback within UC models. Ignoring these 
interactions may reduce GFPP profitability and system flexibility and 
increase overall operational costs.

In theory, a fully integrated market framework that jointly opti-
mizes across energy systems and timescales could achieve the high-
est level of cost efficiency (Ordoudis et al., 2019). In practice, how-
ever, such integration remains challenging due to technical limita-
tions and regulatory fragmentation. Accordingly, there is a need for 
modeling approaches that enable coordinated decision-making across 
markets while preserving existing market arrangements, including the 
sequential nature of real-world market operations.

1.3. Formulations for multi-scale market coordination

The proposed multi-level formulation, illustrated in Fig.  1(d), pro-
vides a structural representation of hierarchical multi-scale market 
coordination. A comparison of the proposed method with different 
decision structures and solution paradigms is summarized in Table  1.

Unlike the classical bilevel model shown in Fig.  1(a), in which 
the leader anticipates the outcome of a single lower-level problem 
(possibly aggregating multiple parallel lower-level problems), the pro-
posed model considers a sequence of interdependent follower stages. 
In practice, due to temporal differentiation in market clearing and in-
stitutional separation across markets, lower-level decisions are cleared 
sequentially rather than jointly optimized. Representing the stage-wise 
process as a single aggregated lower-level problem ignores the sequen-
tial nature of real market clearing. The leader therefore anticipates a 
centralized and jointly optimized response that does not reflect actual 
market operations. As a result, the implied upper-level strategy is de-
rived from distorted market signals and may yield suboptimal decisions 
and economic inefficiencies in practice.

It also differs from classic tri-level models as shown in Fig.  1(b), 
where the middle and lower levels are embedded within a fully nested 
optimization hierarchy. In practical multi-scale market settings, clear-
ing typically follows sequential procedures rather than iterative bidi-
rectional information exchange across decision levels. Classical nested 
tri-level structures do not explicitly capture this non-iterative sequential 
clearing process, nor do they naturally represent temporally ordered 
market stages that unfold sequentially. Moreover, the proposed model 
extends the sequential tri-level structure illustrated in Fig.  1(c) by 
accommodating multiple sequentially linked market stages, thereby 
generalizing the classic three-level setting.

The proposed formulation further departs from fully centralized 
integrated models that jointly optimize all sectors and timescales within 
a single problem, thereby disregarding institutional separation, as well 
as from purely sequential but non-hierarchical market models in which 
stages are cleared consecutively without a cross-level coordination 
mechanism. It preserves the sequential structure of multi-scale markets 
and their institutional separation while enabling market coordination.

1.4. Research gaps and contributions

The increasing interdependence among energy markets has intro-
duced new coordination challenges. In practice, operational and plan-
ning decisions are often made without fully accounting for the cou-
plings that exist across multiple scales, leading to suboptimal decisions 
and reduced system-level efficiency. This hierarchical and sequential 
structure of decision-making can be naturally represented as a multi-
level optimization problem, where each level models interdependent 
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Table 1
Comparison of decision structures and solution paradigms.
 Model type Solution approach Scalability Consistency 

w/ sequential 
market 
structure

Market 
coordination

≥ 3
hierarchical 
levels

 

 Bilevel (convex LL) KKT reformulation; strong 
duality-based reformulation; 
decomposition methods

Medium–High No Limited No  

 Classic tri-level Metaheuristic algorithms; 
gradient-based methods

Low No Yes Yes (3 levels only) 

 Sequential Stage-by-stage solving High Yes No N/A  
 Centralized Direct centralized optimization; 

decomposition methods; heuristics
Low–Medium No Yes N/A  

 Proposed MIMLSF Asymptotic approximation; 
dedicated decomposition

High Yes Yes Yes (𝑛 levels)  
Fig. 2. Theoretical Contributions. The equation numbers in parentheses denote the complete mathematical formulation of the optimization model. Case I: general 
formulation; Case II: coefficients in Problem (1) satisfy 𝑐𝑇𝑥1 = 𝑐𝑇1 , 𝑐

𝑇
𝑥𝑖 = 0,∀𝑖 ∈ [𝑛]+; Case III: Case II without the upper dual complicating constraints (1e). The first 

block corresponds to Contribution C1 (Section 2), while the second and third blocks correspond to Contribution C2 (Section 3). RMP: Relaxed Master Problem; 
BSP: Benders Subproblem.
market decisions occurring across distinct temporal, spatial, and sec-
toral dimensions. Addressing cross-scale interactions demands mod-
eling frameworks capable of representing hierarchical and sequential 
decision structures, coupled with efficient solution methods that deliver 
high-quality results. Despite recent progress, significant methodological 
gaps remain in developing scalable approaches capable of handling the 
added complexity of multi-scale market operations. This need for scal-
able and efficient decision frameworks is consistent with broader trans-
formations in industrial systems under Industry 4.0, where data-driven 
and automated decision-making tools are increasingly adopted to man-
age large-scale, interconnected operations (Addula & Sekhar Sajja, 
2024)

To bridge this gap, this paper proposes a multi-level solution frame-
work and validates it through a real-world case study. The contri-
butions of this paper are threefold: the theoretical contributions (C1 
and C2) are illustrated in Fig.  2, where each block represents a key 
theoretical component of the proposed framework, while the mod-
eling contribution (C3) is demonstrated through a real-world case 
study on integrated electricity–gas–carbon market operations in the 
Northeastern United States:

C1 Single-level approximation of the MIMLSF problem: We investigate 
the Mixed-Integer Multi-Level problems with Sequential Follow-
ers (MIMLSF) (i.e., a 𝑛+1-level mixed-integer problem with 𝑛
sequential followers problem), as presented in Fig.  1(d). We 
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propose a lexicographic optimization combined with a weighted-
sum approach to transform the MIMLSF problem into a single-
level problem (SLP), which asymptotically approximates the 
original MIMLSF problem as the scaling factor 𝛾 approaches 1, 
defined in Section 2 (see the first block of Fig.  2).

C2 Dedicated Benders subproblem decomposition for the SLP: We pro-
pose a dedicated Benders decomposition approach for the single-
level MIMLSF approximation problem (i.e., SLP). The key con-
tributions are: (i) proving that the complex Bender Subproblem 
(BSP) can be separated into two more tractable problems (BSP1 
and BSP2), which can be solved either sequentially or indepen-
dently, depending on the upper-level objectives (see the second 
block of Fig.  2); and (ii) demonstrating that these separated BSPs 
can be further decomposed into 𝑛 problems while addressing 
numerical challenges (see the third block of Fig.  2).

C3 A practical MIMLSF case study on an integrated electricity–gas–
carbon market framework: We demonstrate our MIMLSF approach 
through a four-level Unit Commitment with Gas and Carbon 
Awareness (UCGCA) case study in the Northeastern United 
States networks. By incorporating economic feedback from gas 
and carbon markets, the UCGCA model makes improved UC de-
cisions that mitigate gas price spikes and prevent GFPP financial 
losses while reducing total operational costs compared to exist-
ing approaches. The computational experiments indicate that the 
proposed dedicated Benders decomposition method significantly 
outperforms the direct centralized approach implemented with 
a state-of-the-art solver.
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𝐌𝐈𝐌𝐋𝐒𝐅 ∶ min
𝒛∈{0,1}𝑚,

𝒙1≥0,𝒚1≥0,…,
𝒙𝑛≥0,𝒚𝑛≥0

𝑐𝑇𝑧 𝒛 +
𝑛
∑

𝑖=1
𝑐𝑇𝑥𝑖𝒙𝑖 (1a)

s.t. 𝒛 ∈ , 𝒛 ∈ {0, 1}𝑚, (1b)

𝐻𝑥𝑖𝒛 + 𝐺𝑥𝑖𝒙𝑖 ≥ 𝑏𝑥𝑖, ∀𝑖 ∈ [𝑛], (1c)

𝐻𝑦𝑖𝒛 + 𝐺𝑦𝑖𝒚𝑖 ≥ 𝑏𝑦𝑖, ∀𝑖 ∈ [𝑛], (1d)

𝑅𝑦𝒛 +
𝑛
∑

𝑖=1
𝑆𝑦𝑖𝒚𝑖 ≥ 𝑞𝑦, (1e)

(𝒙1, 𝒚1,… ,𝒙𝑛, 𝒚𝑛) ∈ argmin 𝑐𝑇1 𝒙1 (1f)

s.t. 𝐴1𝒙1 +𝐷1𝒛 ≥ 𝑏1, (1g)

(𝒙2, 𝒚2,… ,𝒙𝑛, 𝒚𝑛) ∈ argmin 𝑐𝑇2 𝒙2 (1h)

s.t. 𝐴2𝒙2 + 𝐵2𝒙1 +𝐷2𝒛 ≥ 𝑏2, (1i)
…………

(

𝒙𝑛, 𝒚𝑛
)

∈ argmin 𝑐𝑇𝑛 𝒙𝑛 (1j)

s.t. 𝐴𝑛𝒙𝑛 + 𝐵𝑛𝒙𝑛−1 +𝐷𝑛𝒛 ≥ 𝑏𝑛. (1k)

Box I. 
The rest of the paper is organized as follows: Section 2 intro-
duces the MIMLSF model and we prove that it can be asymptotically 
approximated as an SLP. Section 3 presents the dedicated Benders 
decomposition with further decomposition on the Benders subproblems 
for the SLP. Section 4 presents the UCGCA formulation and results for 
the UCGCA case studies are presented in Section 5.  Section 6 discusses 
the policy and operational implications of the proposed model and its 
case study findings. Lastly, Section 7 concludes the paper.

2. Single-level approximation of the MIMLSF problem

In this section, we present the general MIMLSF formulation and 
prove its asymptotic approximation to a single-level problem. This sec-
tion corresponds the first block of Fig.  2. In what follows, the notation 
[𝑛] represents the set {1,… , 𝑛}, and [𝑛]+ denotes the set {2,… , 𝑛} for 
an integer 𝑛 ≥ 2, where 𝑛 indicates the number of sequential problems. 
The symbol 𝟏 represents the vector of ones. Square brackets around 
variables indicate the dual variables associated with each constraint.

The MIMLSF problem, characterized as an 𝑛+1-level structure with 
𝑛 sequential followers (where ‘1’ is the upper level), is presented in 
Problem (1) and illustrated in Fig.  1(d). To improve readability, the 
problem at level 𝑖+1 is referred to as the 𝑖th lower-level problem, 
where 𝑖 ∈ [𝑛] indicates its sequential position. The term ‘lower-level’ 
is used to denote the position of 𝑛 sequential problems within the 
hierarchy of decision-making. We use boldface letters to represent 
vectors of variables, such as 𝒙𝑖 and 𝒚𝑖, where 𝒙𝑖 indicates the primal 
variable vector of the 𝑖th lower-level problem, and 𝒚𝑖 represents the 
dual variable vector. A summary of the notation is provided in Table  2 
(see Box  I).

In the upper-level problem, the decision variables are modeled as 
an 𝑚-dimensional binary vector, 𝒛, where 𝒛 ∈ {0, 1}𝑚. The feasible 
region, denoted as , encompasses all binary vectors of dimension 
𝑚, where each component 𝑧𝑖 of the vector 𝒛 can take a value of 
either 0 or 1. Furthermore, the vectors 𝒙𝑖 ∈ R𝑛𝑥𝑖  and 𝒚𝑖 ∈ R𝑛𝑦𝑖  are 
defined for each 𝑖 ∈ [𝑛], representing the primal and dual variables 
of the 𝑖th lower-level problem, respectively. The mathematical repre-
sentation of (1) with appropriate dimensions for any specific problem 
can be used to derive the vectors (𝑐 , 𝑐 , 𝑏 , 𝑏 , 𝑞 , 𝑐 , 𝑏 ) and matrices 
𝑧 𝑥𝑖 𝑥𝑖 𝑦𝑖 𝑦 𝑖 𝑖
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(𝐻𝑥𝑖, 𝐺𝑥𝑖,𝐻𝑦𝑖, 𝐺𝑦𝑖, 𝑅𝑦, 𝑆𝑦𝑖, 𝐴𝑖, 𝐵𝑖+ , 𝐷𝑖), ∀𝑖 ∈ [𝑛], ∀𝑖+ ∈ [𝑛]+. The upper-
level constraints (1c) and (1d) are defined as upper primal coupling 
constraints and upper dual coupling constraints for each 𝑖 ∈ [𝑛], respec-
tively. Moreover, constraint (1e) is defined as upper dual complicating 
constraints as it accounts for the cumulative impact of the dual variables 
𝒚𝑖 from all lower-level problems.

The binary decision variables 𝒛 from the upper-level problem are 
passed onto 𝑛 sequential lower-level constraints, as suggested in con-
straints (1g), (1i) (1k). In addition, the nomination determined in the 
(𝑖 − 1)𝑡ℎ lower-level problem will be fed into the 𝑖th (next) lower-level 
problem and is modeled by the constraints for 𝑖th (next) lower-level 
problem 𝐴𝑖𝒙𝑖 + 𝐵𝑖𝒙𝑖−1 + 𝐷𝑖𝒛 ≥ 𝑏𝑖 where 𝑖 ∈ [𝑛]+. Sequential followers 
framework requires that the (𝑖 − 1)𝑡ℎ lower-level problem does not 
anticipate the solutions of the 𝑖th (next) lower-level problem (𝒙𝑖, 𝒚𝑖)
since constraints and objective function of the (𝑖 − 1)𝑡ℎ lower-level 
problem are not dependent on the variables of the 𝑖th lower-level prob-
lem. In this formulation, sequential followers refer to the hierarchical 
decision-making stages in the problem structure, and their decision-
making processes are modeled in Eqs. (1f)–(1k). The corresponding 
mathematical optimization formulations are referred to as sequential 
lower-level problems.

Without loss of generality, we present the lower-level problems 
in (1) with linear constraints. However, the models can be extended 
to convex lower-level problems (e.g., second-order cone programming 
(SOCP)) by replacing the linear constraints with appropriate conic 
forms. This extension is particularly relevant for applications in radial 
distribution networks (Savelli & Morstyn, 2021; Xia et al., 2025) and 
gas network problems (Byeon & Van Hentenryck, 2020).

This MIMLSF (1) is formulated as a nested multi-level optimization 
problem that captures hierarchical coordination in multi-scale energy 
markets. Although these markets are structurally interdependent, they 
are not jointly optimized in practice; instead, each layer clears con-
ditional on prior outcomes. The proposed MIMLSF reflects this insti-
tutional structure while enabling coordinated decision-making through 
an integrated mathematical representation of cross-sector and intertem-
poral dependencies. Within this framework, the upper-level decision 
anticipates and incorporates the lower-level best-response mapping, 
ensuring that the leader’s optimization is constrained by the followers’ 
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Table 2
Notation summary for the MIMLSF and the SLP.
 Symbol Type Description  
 𝒛 Decision variable Binary decision vector at the upper level  
 𝒙𝑖 Decision variable Vector of primal variables for follower 𝑖  
 𝒚𝑖 Decision variable Vector of dual variables for follower 𝑖  
 𝒖𝑥𝑖 , 𝒖𝑦𝑖 , 𝒖,𝒘, 𝒗𝑦𝑖 Decision variable Vectors of dual variables associated with upper-level constraints, strong-duality 

conditions, and linearization constraints in the SLP
 

 𝒔𝑦𝑖 Decision variable Auxiliary variable vector introduced for bilinear term linearization in the SLP  
 𝐴𝑖 , 𝐵𝑖 , 𝐷𝑖 Parameter Lower-level constraint matrices for follower 𝑖  
 𝐻𝑥𝑖 , 𝐺𝑥𝑖 Parameter Upper-level primal coupling matrices associated with follower 𝑖  
 𝐻𝑦𝑖 , 𝐺𝑦𝑖 Parameter Upper-level dual coupling matrices associated with follower 𝑖  
 𝑅𝑦 , 𝑆𝑦𝑖 Parameter Upper-level dual complicating matrices  
 𝑌𝑦𝑖 , 𝐾𝑦𝑖 , 𝐸𝑦𝑖 Parameter Matrices associated with bilinear term linearization in the SLP  
 𝑏𝑖 , 𝑏𝑥𝑖 , 𝑏𝑦𝑖 , 𝑞𝑦 , 𝑒𝑦𝑖 Parameter Right-hand-side vectors of the corresponding constraints  
 𝑐𝑧 , 𝑐𝑥𝑖 Parameter Upper-level objective coefficient vectors  
 𝑐𝑖 Parameter Objective coefficient vectors of follower 𝑖  
 𝛾 Parameter Asymptotic scaling parameter  
 𝛾𝑖 Parameter Scaling factor for follower 𝑖  
optimal reactions. Section 4 presents a detailed four-level UCGCA 
example to demonstrate the practical applicability of the model.

We make the following assumptions throughout this paper: 

Assumption 1.  The following problem is feasible and bounded.

min
𝒛∈{0,1}𝑚,𝒛∈,
𝒙1≥0,𝒚1≥0,…,
𝒙𝑛≥0,𝒚𝑛≥0

𝑐𝑇𝑧 𝒛 +
𝑛
∑

𝑖=1
𝑐𝑇𝑥𝑖𝒙𝑖

s.t. 𝐸𝑞𝑠. (1c), (1d), (1e), (1g), (1i), (1k) : All primal constraints

Assumption  1 provides a lower bound on the optimal objective 
value of Problem (1) by relaxing the optimality of the sequential 
lower-level problems.

Assumption 2.  The dual of each follower problem is feasible once the 
leader variables and the realized preceding lower-level primal variables 
are given.

Since the feasible regions of the followers’ dual problems are in-
dependent of both 𝒛̂ and the preceding lower-level primal solutions 
𝒙𝑖−1,∀𝑖 ∈ [𝑛]+, this assumption ensures that each follower problem 
is bounded from below for any admissible combination of 𝒛̂ and 
preceding-stage outcomes. Consequently, strong duality holds between 
the corresponding primal and dual formulations at every stage of 
the sequential multi-level framework. This is a reasonable assump-
tion because, otherwise, the follower problem would be infeasible or 
unbounded for any admissible leader decision and preceding-stage 
realization. In the bilevel optimization problem, if the lower-level 
problem is infeasible for a feasible upper-level decision, then no bilevel-
feasible solution exists. Likewise, if there is a feasible upper-level 
solution such that the corresponding lower-level problem is unbounded 
below, then the bilevel problem is infeasible (Xu & Wang, 2014). In the 
MIMLSF setting, the same statement holds, with respect to a feasible 
upper-level decision and the realized optimal responses from preceding 
lower-level markets. In our case study, follower problems remain 
feasible and bounded under the considered system setting, as further 
discussed in Section 5. In general, infeasibility or unboundedness of 
a follower problem can be detected through feasibility checks and 
refinement procedures to ensure that the multi-level problem remains 
well-defined (Fischetti et al., 2018).

We also assume that each follower stage clears in a timely manner 
upon receiving upstream signals. This reflects the institutional design 
of sequential and time-constrained market operations, where clearing 
is required to deliver an outcome within regulated deadlines. Even 
under rapidly changing conditions, market rules and established oper-
ating protocols, together with predefined operating envelopes, provide 
operational safeguards that ensure the clearing stage can still return 
6 
a feasible and economically efficient decision. Nevertheless, if sub-
stantial inter-market delays occur, the resulting uncertainty motivates 
future extensions of the proposed framework toward uncertainty-aware 
multi-level formulations. Such extensions could incorporate stochas-
tic economic feedback from lower-level multi-scale market-clearing 
processes to represent delay-induced information lags.

Theorem 2.1.  The MIMLSF problem (1) can be asymptotically approxi-
mated by the following single-level problem (SLP) (2) for some 𝛾 ∈ (0, 1). 
Moreover, when 𝛾 → 1, the optimal solution of problem (2) converges to 
the optimal solution of problem (1). In SLP (2), the scaling factor applied 
for the 𝑖th lower-level/sequential problem is denoted by 𝛾𝑖, with 𝛾1 = 𝛾, 
𝛾2 = 𝛾(1 − 𝛾), and continuing as 𝛾𝑛 = (1 − 𝛾)𝑛−1. The terms enclosed in 
squared brackets are dual variables. 

𝐒𝐋𝐏 ∶ min
𝒛∈{0,1}𝑚,
𝒙≥0,𝒚≥0,

𝒖𝑥≥0,𝒖𝑦≥0,
𝒖≥0,𝒔𝑦≥0,
𝒘≥0,𝒗𝑦≥0

𝛾𝑐𝑇𝑧 𝒛 +
𝑛
∑

𝑖=1
𝛾𝑐𝑇𝑥𝑖𝒙𝑖 (2a)

s.t. 𝒛 ∈ , 𝒛 ∈ {0, 1}𝑚, (2b)

𝐻𝑥𝑖𝒛 + 𝐺𝑥𝑖𝒙𝑖 ≥ 𝑏𝑥𝑖, ∀𝑖 ∈ [𝑛],
[

𝒖𝑥𝑖 ≥ 0
]

(2c)

𝛾𝑖𝐻𝑦𝑖𝒛 + 𝐺𝑦𝑖𝒚𝑖 ≥ 𝛾𝑖𝑏𝑦𝑖, ∀𝑖 ∈ [𝑛],
[

𝒖𝑦𝑖 ≥ 0
]

(2d)

𝑅𝑦𝒛 +
𝑛
∑

𝑖=1
𝑆𝑦𝑖

𝒚𝑖
𝛾𝑖

≥ 𝑞𝑦, ∀𝑖 ∈ [𝑛], [𝒖 ≥ 0] (2e)

𝐴1𝒙1 +𝐷1𝒛 ≥ 𝑏1,
[

𝒚1 ≥ 0
]

(2f)

𝐴𝑖𝒙𝑖 + 𝐵𝑖𝒙𝑖−1 +𝐷𝑖𝒛 ≥ 𝑏𝑖, ∀𝑖 ∈ [𝑛]+,
[

𝒚𝑖 ≥ 0
]

(2g)

𝒚𝑇𝑖 𝐴𝑖 + 𝒚𝑇𝑖+1𝐵𝑖+1 ≤ 𝛾𝑖𝑐
𝑇
𝑖 , ∀𝑖 ∈ [𝑛 − 1],

[

𝒙𝑖 ≥ 0
]

(2h)

𝒚𝑇𝑛 𝐴𝑛 ≤ 𝛾𝑛𝑐
𝑇
𝑛 ,

[

𝒙𝑛 ≥ 0
]

(2i)
𝑛
∑

𝑖=1

(

𝒚𝑇𝑖 𝑏𝑖 − 𝒔𝑇𝑦𝑖𝟏
)

≥
𝑛
∑

𝑖=1
𝛾𝑖𝑐

𝑇
𝑖 𝒙𝑖 [𝒘 ≥ 0] (2j)

𝑌𝑦𝑖𝒚𝑖 +𝐾𝑦𝑖𝒔𝑦𝑖 ≥ 𝛾𝑖(𝑒𝑦𝑖 + 𝐸𝑦𝑖𝒛), ∀𝑖 ∈ [𝑛],
[

𝒗𝑦𝑖 ≥ 0
]

(2k)

Proof.  Please refer to Appendix  A. □

In Problem (2), the upper-level constraints (2b)–(2e) correspond to 
those in (1b)–(1e), where the dual variables 𝒚𝑖 are rescaled by 𝛾𝑖 to re-
cover their original scales. The lower-level primal constraints (2f)–(2g) 
are identical to (1g), (1i), and (1k). The corresponding dual con-
straints (2h)–(2i) involve 𝒚𝑖 as the dual variables associated with the 
lower-level primal problem. The proposed formulation employs a single 
linear strong duality constraint (2j), which, together with the pri-
mal and dual feasibility conditions, exactly enforces the lower-level 
optimality conditions (see proof in Appendix  A). The bilinear terms 
𝒚𝑇𝐷 𝒛 in the strong duality condition (2j) are linearized via the exact 
𝑖 𝑖
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McCormick relaxation technique in Problem (2), introducing auxiliary 
variables 𝒔𝑇𝑦𝑖𝟏 satisfying 𝒔𝑇𝑦𝑖𝟏 = 𝒚𝑇𝑖 𝐷𝑖𝒛 and enforcing the additional con-
straints specified in (2k). The number of introduced auxiliary variables 
and constraints depends on the sparsity pattern of 𝐷𝑖, as each nonzero 
entry induces a corresponding bilinear interaction between 𝒚𝑖 and 𝒛. 
For bilinear terms involving binary variables 𝒛 and bounded continuous 
variables 𝒚𝑖, the McCormick linearization (also known as the Big-M 
method in this setting) provides an exact linearization of the original 
bilinear terms.

In this section, Theorem  2.1 establishes a single-level asymptotic 
reformulation of MIMLSF, clarifying how the original multi-level prob-
lem can be approximated by a SLP. The resulting SLP formulation 
provides the structural foundation for the solution approach developed 
in the next section. The aforementioned linearization step introduces 
additional variables and constraints, but it does not constitute the 
primary source of the problem’s computational complexity. The large-
scale nature of the problem arises from the embedded binary decisions 
and hierarchical structural coupling inherent to the original formula-
tion. To address this intrinsic mixed-integer complexity, a dedicated 
Benders decomposition scheme will be developed in the next section. 

3. Dedicated Benders decomposition with multi-level subproblem 
separability

In this section, we propose a dedicated Benders decomposition 
approach with enhanced subproblem separability to effectively solving 
the single-level problem (2), building upon Byeon and Van Hentenryck 
(2022). This section relates to the second and third blocks of Fig. 
2. While standard solvers may be capable of solving the single-level 
approximation of a tri-level model with sequential middle and lower 
levels of moderate complexity (i.e., 𝑛 = 2), as indicated in Xia et al. 
(2025) and Paredes et al. (2023), they might struggle when addressing 
more intricate, larger-scale, or deeper hierarchical (i.e., multi-level) 
problems. In this case, Benders decomposition offers an alternative for 
solving the large-scale complex SLP (2).

Benders decomposition involves iteratively solving a Relaxed Master 
Problem (RMP) with binary variables and a Benders Subproblem (BSP) 
with continuous variables to find the optimal solution of the original 
problem by introducing cuts based on the feasibility and optimality 
of subproblems until the upper and lower bounds converge within a 
predefined tolerance. For a detailed review of Benders decomposition, 
see Rahmaniani et al. (2017). To facilitate the application of Benders 
decomposition, (2) is initially reformulated as follows with a given 𝒛̂: 
min
𝒛̂

𝛾𝑐𝑇𝑧 𝒛̂ + 𝑓 (𝒛̂) (3a)

s.t. 𝒛̂ ∈ , 𝒛̂ ∈ {0, 1}𝑚, (3b)

 where 𝑓 (𝒛̂) is defined as 

𝑓 (𝒛̂) ∶= min
𝒙≥0,𝒚≥0,

𝒖𝑥≥0,𝒖𝑦≥0,𝒖≥0,
𝒔𝑦≥0,𝒘≥0,𝒗𝑦≥0

𝑛
∑

𝑖=1
𝛾𝑐𝑇𝑥𝑖𝒙𝑖 (4a)

s.t. Eq. (2c) − Eq. (2k) 𝑤𝑖𝑡ℎ 𝒛 𝑟𝑒𝑝𝑙𝑎𝑐𝑒𝑑 𝑏𝑦 𝒛̂ (4b)

 For a guess 𝒛̂, then the corresponding BSP of Problem (2) is derived 
by taking the dual of Problem (4): 

𝐁𝐒𝐏 ∶ max
𝒙≥0,𝒚≥0,𝒗𝑦≥0,
𝒘≥0,𝒖≥0,𝒖𝑥≥0,

𝒖𝑦≥0,𝒔𝑦≥0

𝑛
∑

𝑖=1

(

𝒚𝑇𝑖 (𝑏𝑖 −𝐷𝑖𝒛̂) + 𝒖𝑇𝑥𝑖(𝑏𝑥𝑖 −𝐻𝑥𝑖𝒛̂)
)

−
[ 𝑛
∑

𝑖=1

(

𝛾𝑖𝑐
𝑇
𝑖 𝒙𝑖 − 𝛾𝑖𝒖

𝑇
𝑦𝑖(𝑏𝑦𝑖 −𝐻𝑦𝑖𝒛̂) − 𝛾𝑖𝑣𝑇𝑦𝑖(𝑒𝑦𝑖 + 𝐸𝑦𝑖𝒛̂)

)

− 𝒖𝑇 (𝑞𝑦 − 𝑅𝑦𝒛̂)
]

(5a)

s.t. 𝒚𝑇𝑖 𝐴𝑖 + 𝒚𝑇𝑖+1𝐵𝑖+1 + 𝐺
𝑇
𝑥𝑖𝒖𝑥𝑖 ≤ 𝛾𝑖𝑐

𝑇
𝑖 𝒘 + 𝛾𝑐𝑇𝑥𝑖, ∀𝑖 ∈ [𝑛 − 1], (5b)

𝒚𝑇𝐴 + 𝐺𝑇 𝒖 ≤ 𝛾 𝑐𝑇𝒘 + 𝛾𝑐𝑇 , (5c)
𝑛 𝑛 𝑥𝑛 𝑥𝑛 𝑛 𝑛 𝑥𝑛

7 
𝐴1𝒙1 − 𝐺𝑇𝑦1𝒖𝑦1 − 𝑌
𝑇
𝑦1𝒗𝑦1 − 𝑆

𝑇
𝑦1𝒖∕𝛾1 ≥ 𝑏1𝒘, (5d)

𝐴𝑖𝒙𝑖 + 𝐵𝑖𝒙𝑖−1 − 𝐺𝑇𝑦𝑖𝒖𝑦𝑖 − 𝑌
𝑇
𝑦𝑖 𝒗𝑦𝑖 − 𝑆

𝑇
𝑦𝑖𝒖∕𝛾𝑖 ≥ 𝑏𝑖𝒘, ∀𝑖 ∈ [𝑛]+, (5e)

𝐾𝑇
𝑦𝑖𝒗𝑦𝑖 ≤ 𝒘, ∀𝑖 ∈ [𝑛]. (5f)

While the single-level problem (2) can be iteratively solved through 
the RMP and BSP (5), the latter is computationally intensive because 
it involves constraints associated with both the primal variables 𝒙𝑖
(𝑖 ∈ [𝑛], see (5d) and (5e)) and the dual variables 𝒚𝑖 (𝑖 ∈ [𝑛], see (5b) 
and (5c)). Moreover, the complexity of BSP (5) scales with the number 
of lower-level problems 𝑛. The strong duality condition (2j) acts as a 
complicating constraint in the SLP (2), coupling the 𝑛 sequential lower-
level problems. Its corresponding dual variable 𝒘 therefore serves as 
a linking variable in BSP (5), appearing on the right-hand side of 
each constraint. The following subsections develop solution techniques 
to efficiently solve the complex BSP (5), addressing three cases with 
distinct upper-level objectives (1a) and constraint requirements on (1e), 
as summarized in Table  3.

3.1. Benders subproblem decomposition for Case I

This subsection discusses the methodologies outlined in the upper 
second blocks of Fig.  2 for Case I. To further decompose the Benders 
subproblem (5), we show that the complex BSP (5) can be solved by 
sequentially solving two more tractable problems. In other words, the 
Benders cuts of (2) can be obtained by solving two problems that are 
more tractable than the original Benders subproblem. 

Theorem 3.1.  Benders subproblem (5) can be solved by two more tractable 
problems sequentially. First, solve problem (6)

𝐁𝐒𝐏𝟏 ∶ min
𝒙≥0,𝒖𝑦≥0,
𝒗𝑦≥0,𝒖≥0

𝑛
∑

𝑖=1

(

𝛾𝑖𝑐
𝑇
𝑖 𝒙𝑖 − 𝛾𝑖𝒖

𝑇
𝑦𝑖(𝑏𝑦𝑖 −𝐻𝑦𝑖𝒛̂) − 𝛾𝑖𝒗𝑇𝑦𝑖(𝑒𝑦𝑖 + 𝐸𝑦𝑖𝒛̂)

)

− 𝒖𝑇 (𝑞𝑦 − 𝑅𝑦𝒛̂) (6a)

s.t. 𝐴1𝒙1 − 𝐺𝑇𝑦1𝒖𝑦1 − 𝑌
𝑇
𝑦1𝒗𝑦1 − 𝑆

𝑇
𝑦𝑖𝒖∕𝛾1 ≥ 𝑏1, (6b)

𝐴𝑖𝒙𝑖 + 𝐵𝑖𝒙𝑖−1 − 𝐺𝑇𝑦𝑖𝒖𝑦𝑖 − 𝑌
𝑇
𝑦𝑖 𝒗𝑦𝑖 − 𝑆

𝑇
𝑦𝑖𝒖∕𝛾𝑖 ≥ 𝑏𝑖, ∀𝑖 ∈ [𝑛]+, (6c)

𝐾𝑇
𝑦𝑖𝒗𝑦𝑖 ≤ 𝟏, 𝑖 ∈ [𝑛]. (6d)

 Then, solve problem (7) where D6 is the optimal value of problem (6) if it 
has a finite optimum, ∞ otherwise (i.e., by fixing 𝒘 = 0): 

𝐁𝐒𝐏𝟐 ∶ max
𝒚≥0,𝒖𝑥≥0,

𝒘≥0

𝑛
∑

𝑖=1

(

𝒚𝑇𝑖 (𝑏𝑖 −𝐷𝑖𝒛̂) + 𝒖𝑇𝑥𝑖(𝑏𝑥𝑖 −𝐻𝑥𝑖𝒛̂)
)

−𝒘D6 (7a)

s.t. 𝒚𝑇𝑖 𝐴𝑖 + 𝒚𝑇𝑖+1𝐵𝑖+1 + 𝐺
𝑇
𝑥𝑖𝒖𝑥𝑖 ≤ 𝛾𝑖𝑐

𝑇
𝑖 𝒘 + 𝛾𝑐𝑇𝑥𝑖, ∀𝑖 ∈ [𝑛 − 1], (7b)

𝒚𝑇𝑛 𝐴𝑛 + 𝐺
𝑇
𝑥𝑛𝒖𝑥𝑛 ≤ 𝛾𝑛𝑐

𝑇
𝑛 𝒘 + 𝛾𝑐𝑇𝑥𝑛. (7c)

Proof.  Please refer to Appendix D of the supplementary material. □

Theorem  3.1 suggests that the BSP (5) can be solved by two 
tractable problems (6) and (7), and the RMP with feasibility and 
optimality cuts are given in Corollary 1 and the dedicated Benders 
decomposition algorithm is presented in Algorithm 1. For further 
details on Corollary 1 and Algorithm 1, please see Appendix E in the 
supplementary material.

3.2. Benders subproblem decomposition for Case II

In this section, we examine a specific instance of Case I, referred 
to as Case II, which allows for a significantly strong alternative to 
Theorem  2.1. This subsection details the methodologies presented in 
the lower second blocks of Fig.  2 for Case II. We examine a special 
configuration of the upper-level objectives represented by 𝑐𝑇𝑧 𝒛 + 𝑐𝑇1 𝒙1, 
i.e., 𝑐𝑇𝑥1 = 𝑐𝑇1 , 𝑐𝑇𝑥𝑖 = 0 for all 𝑖 ∈ [𝑛]+. These conditions can be 
approximated as 𝑐𝑇 = 𝛾 𝑐𝑇  as 𝛾 approaches 1. This special configuration 
𝑥𝑖 𝑖 𝑖
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Table 3
Summary of cases and their descriptions.
 Case Upper-level objective requirements Constraint requirements Extra notes  
 I 𝑐𝑇𝑧 𝒛 +

∑𝑛
𝑖=1 𝑐

𝑇
𝑥𝑖𝒙𝑖 None None  

 II 𝑐𝑇𝑧 𝒛 + 𝑐𝑇1 𝒙1 None Special case of Case I  
 III 𝑐𝑇𝑧 𝒛 + 𝑐𝑇1 𝒙1 No (1e) Special case of Case II 
is adopted by the UCGCA model introduced in the next section. We 
denote the BSP under this special condition is BSP’ (5)’ where the RHS 
of constraints (5b) and (5c) becomes 𝛾𝑖𝑐𝑇𝑖 (𝒘+1), ∀𝑖 ∈ [𝑛]. We prove that, 
unlike the approach specified in Theorem  2.1 which involves solving 
two problems sequentially, the BSP’ (5)’ can be addressed through two
independent problems. 

Theorem 3.2.  BSP (5) can be decomposed into two more tractable 
problems, (6) and (8), which can be solved separately. 

𝐁𝐒𝐏𝟐 ∶ max
𝒚≥0,𝒖𝑥≥0

𝑛
∑

𝑖=1
𝒚𝑇𝑖 (𝑏𝑖 −𝐷𝑖𝒛̂) + 𝒖𝑇𝑥𝑖(𝑏𝑥𝑖 −𝐻𝑥𝑖𝒛̂) (8a)

s.t. 𝒚𝑇𝑖 𝐴𝑖 + 𝒚𝑇𝑖+1𝐵𝑖+1 + 𝐺
𝑇
𝑥𝑖𝒖𝑥𝑖 ≤ 𝛾𝑖𝑐

𝑇
𝑖 , ∀𝑖 ∈ [𝑛 − 1], (8b)

𝒚𝑇𝑛 𝐴𝑛 + 𝐺
𝑇
𝑥𝑛𝒖𝑥𝑛 ≤ 𝛾𝑛𝑐

𝑇
𝑛 . (8c)

Proof.  Please refer to Appendix F of the supplementary material. □

The proof of Theorem  3.2 implies that the Benders cuts for the 
SLP (2) with 𝑐𝑇𝑥𝑖 = 𝛾𝑖𝑐𝑇𝑖  conditions can be obtained by solving Problems 
(6) and (8) separately and comparing their objective values. This simpli-
fies the Benders cut generation algorithm as described in Algorithm 2 
and the RMP is presented in Corollary 2. For further details on Corol-
lary 2 and Algorithm 2, please see Appendix G in the supplementary 
materials.

3.3. Benders decomposed subproblems with further multi-level separation 
for Case III

In this section, we investigate a particular instance of Case II, 
referred to as Case III, that introduces advanced features building 
on Theorem  3.2. This subsection examines the approach suggested in 
the third blocks of Fig.  2. While Theorem  3.2 demonstrates that the 
computation of BSPs with the special upper-level objectives can be 
theoretically separated into two more tractable problems (6) and (8) 
(i.e., decomposed into a primal-related problem (6) and a dual-related 
problem (8)), the complexity of solving these problems still increases 
with the number of lower-level problems 𝑛. Additionally, the use of 
the weighted-sum method introduces scaling factors 𝛾𝑖 to the objective 
functions for variables (𝒙, 𝒖𝑥, 𝒖𝑦) in the subproblems defined by (6) 
and the dual variables 𝒚 in (8) are scaled accordingly. This scaling 
may introduce numerical issues, particularly as 𝛾 approaches 1 (and 
therefore (1 − 𝛾) → 0) and as the number of lower-level problems 
increases. To address this issue, we propose the following Theorem: 

Theorem 3.3.  BSP1 (6) can be further decomposed into 𝑛 problems 
that can be solved sequentially if there are no upper dual complicating 
constraints (1e) and BSP2 (8) can be further decomposed into 𝑛 problems 
and solved in parallel.

Proof.  Please refer to Appendix H of the supplementary material. □

Theorem  3.3 demonstrates that when solving BSP (6) with a fixed 
upper-level decision 𝒛̂ from the master problem, only connecting vari-
ables (e.g. 𝒙𝑖, 𝑖 ∈ [𝑛 − 1]) need to be exchanged between sequential 
lower-level problems, limiting the information flow between them. 
Without it, solving the single-level problem (2) would require directly 
incorporating variables and constraints from 𝑛 lower-level agents into 
BSP1 (6) and BSP2 (8). Such direct incorporation would require scaling 
factors to capture the sequential relationships between lower-level 
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problems, leading to significant numerical scalability challenges. In-
stead, Theorem  3.3 enables a more scalable solution approach. It allows 
BSP (6) and BSP (8) to be solved either sequentially or independently 
by leveraging the interpretation of scaling factors across 𝑛 problems. 
This approach eliminates computational burden, reduces information 
exchange, and avoids the scalability issues associated with solving 
BSP (6) and BSP (8) as 𝑛 coupled lower-level problems.

4. Practical implementation of MIMLSF: Four-level unit commit-
ment with gas and carbon awareness model

In this section, we provide an application of the MIMLSF model 
by proposing a four-level Unit Commitment with Gas and Carbon 
Awareness (UCGCA) model that coordinates the electricity, gas, and 
carbon markets. The design of the bid-validity constraints for GFPPs 
and the coupling between three markets are introduced in Section 4.1. 
The relationship between the UCGCA model and the MIMLSF problem 
is then discussed in Section 4.2. The mathematical formulations for 
UC, economic dispatch (ED), gas market clearing, and carbon market 
clearing problems are detailed in Appendix  B. The ED problem is also 
referred to as the electricity market clearing problem.

Fig.  3 illustrates the interactions among the electricity, gas, and 
carbon markets. Fig.  3(a) illustrates the proposed four-level hierarchical 
UCGCA model, which incorporates bid-validity constraints for GFPPs. 
In contrast, Fig.  3(b) presents a non-hierarchical benchmark model 
(BM) without gas and carbon coordination, which may lead to invalid 
GFPP bids and financial losses. The four-level UCGCA illustrates the hi-
erarchical and cross-market propagation of decisions across electricity, 
gas, and carbon markets. The upper-level UC determines the commit-
ment status of generating units and their eligibility for dispatch. The 
resulting electricity dispatch specifies the output of GFPPs, which deter-
mines gas demand through the heat-rate relationship. Electricity gen-
eration and associated gas consumption jointly determine carbon emis-
sions. Deviations from allocated allowances induce carbon allowance 
trading. By incorporating downstream price signals into early-stage UC 
decisions, the proposed UCGCA model improves cross-market coordi-
nation and reduces financial risk. In contrast, the BM model follows 
a three-stage sequential structure in which stages are cleared consecu-
tively without incorporating anticipated downstream price signals into 
UC decisions, and thus lacks cross-market coordination.

Specifically, in the UCGCA model, the upper-level UC problem is 
managed by Independent System Operators (ISOs). The commitment 
decisions, including the on/off statuses 𝑜𝑢,𝑡, and indicators for generator 
𝑢 start-ups 𝑣+𝑢,𝑡 and shut-downs 𝑣−𝑢,𝑡 at time 𝑡, are fed into the ED problem 
(i.e., electricity market clearing) to determine the power output 𝑝𝑢,𝑡. 
This power schedule 𝑝𝑢,𝑡 for GFPPs generates a gas demand 𝑙𝐺𝐹𝑃𝑃𝑗,𝑡  at 
the corresponding gas network junction 𝑗, which is approximated using 
the heat rate curve (9), as further discussed in Section 4.1. The power 
output 𝑝𝑢,𝑡 and the satisfied gas demand 𝑙𝑗,𝑡 lead to carbon emissions, 
enabling participants to trade surplus allowances or purchase addi-
tional allowances in the carbon market. A net allowance greater than 
zero indicates a surplus, allowing participants to sell on the market for 
a profit; conversely, a deficit requires purchasing allowances, incurring 
costs. The derived dual solutions, including zonal gas prices 𝜓𝑘,𝑡 and 
carbon prices 𝜋𝑒𝑡 , are then incorporated into the upper-level bid-validity 
constraints to ensure only profitable GFPPs are committed. The design 
of this bid-validity constraint is discussed in Section 4.1.

The BM is structured as a three-stage sequential optimization prob-
lem: initially, the UC and ED are solved to determine the power outputs 
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Fig. 3.  Unit commitment with and without gas and carbon awareness. (a) UCGCA: A four-level hierarchical unit commitment framework in which upper-level 
commitment decisions anticipate sequential electricity–gas–carbon market clearing outcomes. Gas and carbon price signals are incorporated into the upper-level 
via bid-validity constraints, ensuring that GFPP commitments remain financially viable and mitigating financial risk exposure under volatile gas and carbon prices. 
(b) BM: A conventional unit commitment model without cross-market coordination. Commitment decisions are made without anticipating downstream gas and 
carbon market outcomes; under elevated gas and carbon prices, this may lead to economically infeasible GFPP bids and associated financial losses.
of GFPPs. These outputs then inform the gas demand induced by GFPPs 
𝑙𝐺𝐹𝑃𝑃𝑗,𝑡  required for gas market clearing, which is calculated using the 
heat rate curve (9). Subsequently, the carbon market is cleared based 
on actual emissions and submitted bids. Fig.  3(b) shows the three-
stage BM structure without any bid validity constraints specifically for 
GFPPs, and invalid bids can be calculated after the three-stage market 
clearing. Notably, the BM does not account for the economic viability 
of GFPPs. These plants submit their bids in the electricity market prior 
to the realization of gas and carbon prices. As a result, they may 
incur financial losses from invalid bids, especially under conditions of 
high stress in gas and electricity networks. The fundamental difference 
between the UCGCA and BM frameworks is that the UCGCA anticipates 
gas and carbon market outcomes within the UC process, whereas the 
BM clears these markets sequentially without such awareness, leaving 
GFPPs vulnerable to price volatility and financial losses, as observed 
during the 2014 polar vortex (PJM, 2014) in the Northeastern United 
States.

4.1. The physical and economic coupling of three markets and the bid 
validity constraints

The physical coupling between electric and gas network is expressed 
through the heat rate curve (9) for GFPPs, which is approximated 
as a quadratic function relating gas consumption 𝑙𝐺𝐹𝑃𝑃𝑗,𝑡  to electricity 
generation 𝑝𝑢,𝑡: 

𝑙𝐺𝐹𝑃𝑃𝑗,𝑡 =
∑

𝑢∈ (𝑗)∩ 𝑔
𝐻𝐺
𝑢,2𝑝

2
𝑢,𝑡 +𝐻

𝐺
𝑢,1𝑝𝑢,𝑡 +𝐻

𝐺
𝑢,0, ∀𝑗 ∈  , 𝑡 ∈  . (9)

The physical coupling between the electric and gas markets with the 
carbon market is facilitated through the power generation level 𝑝𝑢,𝑡 and 
the satisfied gas demand 𝑙𝑗,𝑡. The latter is computed as the difference be-
tween the gas demand profile 𝑑𝑔𝑗,𝑡 and the gas load shed 𝑞𝑗,𝑡. Specifically, 
the emission levels are determined by the Carbon Intensity (CI) factors 
𝜅𝑢 and 𝜅𝑗 , which are multiplied by their respective cleared quantities, 
as shown in Eq. (10). 
𝐸𝑢,𝑡 = 𝜅𝑢𝑝𝑢,𝑡, ∀𝑢 ∈  , 𝑡 ∈ [𝑇 ], (10a)

𝐸𝑗,𝑡 = 𝜅𝑗 𝑙𝑗,𝑡, ∀𝑗 ∈  , 𝑡 ∈ [𝑇 ]. (10b)

The power generation levels of GFPPs significantly influence the 
load on the gas system and carbon emission levels and, consequently, 
natural gas prices and carbon prices. These prices, in turn, determine 
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the profitability of GFPPs, which place their bids in the electricity 
market prior to realizing gas and carbon prices. These dynamics are 
captured in the bid-validity constraints (11), designed to compare the 
GFPPs’ marginal bids 𝜌𝑢,𝑡 (see the definition and related constraints of 
𝜌𝑢,𝑡 in Appendix  B.1) in the electricity market with the economic real-
ities of the gas and carbon markets. It ensures that their participation 
remains economically viable and profitable by aligning commitment 
decisions 𝑜𝑢,𝑡 with anticipated outcomes from gas and carbon markets. 
𝛼𝑢 represents the risk aversion level of GFPP 𝑢, modulating the rela-
tionship between the plant’s expected profits and the risks it faces in 
volatile markets. A lower value of 𝛼𝑢 indicates a more risk-averse GFPP, 
meaning it would prefer to de-commit to avoid potential financial 
losses.

𝛼𝑢𝜌𝑢,𝑡 ≥
(

(2𝑝𝑢,𝑡𝐻𝐺
𝑢,2 +𝐻

𝐺
𝑢,1)𝜓𝑘,𝑡 + (2𝑦𝑢,𝑡 − 1)𝜅𝑢𝜋𝑒𝑡

)

𝑜𝑢,𝑡,

∀𝑘 ∈ , 𝑖 ∈ (𝑘), 𝑢 ∈  (𝑖) ∩ 𝑔 . (11)

The right-hand side of Eq.  (11) is composed of two main components:

1. Marginal Natural Gas Cost (2𝑝𝑢,𝑡𝐻𝐺
𝑢,2 + 𝐻𝐺

𝑢,1)𝜓𝑘,𝑡: The term
(2𝑝𝑢,𝑡𝐻𝐺

𝑢,2 + 𝐻𝐺
𝑢,1) represents the derivative of the heat rate 

curve (9), representing the amount of natural gas needed to gen-
erate one additional unit of electricity. This term is multiplied by 
the zonal gas prices 𝜓𝑘,𝑡 to represent the marginal cost of GFPP 
𝑢.

2. Marginal Carbon Trading Cost or Revenue (2𝑦𝑢,𝑡 − 1)𝜅𝑢𝜋𝑒𝑡 : When 
𝑦𝑢,𝑡 = 1, indicating the GFPP with deficit allowances which 
purchases emission allowances in the carbon market, adding a 
marginal cost 𝜅𝑢𝜋𝑒𝑡  to generate one additional unit of electricity. 
On the other hand, when 𝑦𝑢,𝑡 = 0, the GFPP with surplus 
allowances sells its carbon allowances, leading to a negative 
term of −𝜅𝑢𝜋𝑒𝑡 , which represents the marginal revenue gained.

In the gas market modeling, dual solutions associated with the flux 
conservation constraints represents the marginal costs at gas junction 
𝑗. However, the US natural gas spot price is zonal, the zonal natural gas 
prices 𝜓𝑘,𝑡 at zone 𝑘 are then computed based on averaging the prices 
of a subset of junctions (Byeon & Van Hentenryck, 2020). In the case 
study, we examine two distinct gas pricing zones following Bent et al. 
(2018), Borraz-Sanchez et al. (2016): the Transco Zone 6 Non NY Zone 
and the Transco Leidy Zone. The Transco Zone 6 Non NY Zone typically 
exhibits higher prices due to its location in a major gas consumption 
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Fig. 4. Electric and gas transmission networks in the Northeastern United States, depicted with simplified point-to-point connections. Node markers are sized 
proportionally to maximum supply and load capacities at (𝜂𝑒, 𝜂𝑔) = (1, 1), with gas system markers shown on a logarithmic scale. GFPPs in the electric network 
are connected to their nearest natural gas receipt points in the gas network.
area, while the Transco Leidy Zone, situated in the Marcellus Shale 
production area, generally maintains lower prices due to abundant 
natural gas supplies. The selection of these zones enables analysis of 
price dynamics across regions with significant price differentials.

The bid-validity constraint (11) is added to the upper-level UC 
problem and it introduces nonlinearity into the model and these terms 
can be linearized by using the big-M technique. The bid-validity con-
straint (11) enables GFPPs to hedge against the risks associated with 
high gas prices and emission costs/revenue. This risk management is 
vital, ensuring that committed GFPPs consider all relevant costs and 
potential revenues following their bid submissions in the electricity 
market. By incorporating this constraint into the UC problem, system 
operators can improve the financial viability of GFPPs and prevent 
default or large financial losses. This is especially important during ex-
treme demand events, such as the 2014 polar vortex in the Northeastern 
United States, to avoid defaults or financial losses (PJM, 2014).

4.2. Relationship between the four-level UCGCA model and the MIMLSF 
problem

The UCGCA model is a specific instance of the MIMLSF prob-
lem where 𝑛 = 3, corresponding to the three sequential lower-level 
problems. The UCGCA model features a specialized structure for the 
dedicated Benders decomposition as outlined in Section 3.2: the ob-
jective function of the upper-level UC problem includes: (1) 𝑐𝑇𝑧 𝒛: costs 
associated with the binary variable 𝒛, encompassing no-load and start-
up costs, (2) 𝑐𝑇𝑥1𝒙1: costs of selected supply bids from electrical power 
generating units, which is exactly the objective function of the second-
level ED problem (i.e., 𝑐𝑇𝑥1 = 𝑐𝑇1 , 𝑐

𝑇
𝑥𝑖 = 0,∀𝑖 ∈ [𝑛]+, the upper-level 

objective is 𝑐𝑇𝑧 𝒛 + 𝑐𝑇1 𝒙1 and the first lower-level objective is 𝑐𝑇1 𝒙1). 
Therefore, the dedicated Benders decomposition with subproblem sep-
arability introduced in Section 3.2 for Case II can be effectively applied 
for the UCGCA model.

5. Case study

This section presents a case study on the integration of the IEEE 
36-bus Northeastern US bulk electric power system (Allen et al., 2008; 
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Bent et al., 2018) with a 117-junction multi-company gas transmission 
network spanning from Pennsylvania to Northeast New England (Bent 
et al., 2018; Borraz-Sanchez et al., 2016; Byeon & Van Hentenryck, 
2020), as depicted in Fig.  4. In Fig.  4, blue connections represent 
electricity transmission lines, with blue markers indicating the locations 
and magnitudes of electricity generation and load levels. Similarly, 
green connections represent natural gas transmission lines, with green 
markers indicating the locations and magnitudes of gas supply and 
demand levels. The gas electric coupling nodes are depicted in red 
circle which specifies the location of GFPPs and the GFPP of the electric 
power network were linked to the closest natural gas receipt point in 
the gas system. As discussed in Section 4.1, we consider two natural 
gas pricing zones: Transco Zone 6 Non NY Zone and Transco Leidy 
Line Zone. Fig.  5 shows the pricing junctions for these zones. Transco 
Zone 6 Non NY Zone are represented by square markers, whereas the 
pricing points/junctions for Transco Leidy Line Zone are represented by 
diamond markers. The pricing points are based on previous studies Bent 
et al. (2018), Byeon and Van Hentenryck (2020) and the GasPower-
Models.jl repository https://github.com/lanl-ansi/GasPowerModels.jl. 
The gas network construction follows Bent et al. (2018), Byeon and 
Van Hentenryck (2020). Under this setting, fixed (firm) gas demand 
is relatively small, while the flexible gas production capacity beyond 
the firm level is large in aggregate. Consequently, total available gas 
supply is sufficient to meet firm and flexible gas demand, as well as 
the fuel requirements of GFPPs under normal operating conditions. 
Under stressed conditions where gas deliverability is limited, flexible 
gas demand may not be fully satisfied within network constraints; 
where necessary, high-penalty gas load shedding ensures that feasibility 
is maintained. Natural gas storage introduces inter-temporal flexibility 
that can buffer supply–demand mismatches arising from sequential 
clearing and network constraints; incorporating such dynamics will be 
addressed in future work.

To analyze system behavior under different market conditions, we 
varied both electrical and gas load parameters in our case study. 
We examined electrical load increases of 20% and 60% (i.e., 𝜂𝑒 =
1.0, 1.2, 1.6) and gas load increases ranging from 10% to 130% (i.e., 𝜂𝑔 =
1.0, 1.1,… , 2.3). These parameter variations allowed us to evaluate the 

https://github.com/lanl-ansi/GasPowerModels.jl
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Fig. 5. Electric and Gas Transmission Networks in the Northeastern United States. Diamond markers represent pricing points/junctions in Transco Zone 6 Non 
NY Zone, while square markers denote those in Transco Leidy Line Zone. The pricing points are obtained based on Bent et al. (2018), Byeon and Van Hentenryck 
(2020) and the GasPowerModels.jl repository (https://github.com/lanl-ansi/GasPowerModels.jl).
Table 4
Carbon intensity of generators in the electric network, sourced from Savelli et al. (2022). Fuel types include Oil (O), Coal (C), Open Cycle Gas Turbine (G-O), 
Combined Cycle Gas Turbine (G-C), Hydro (H), Refuse (R), Nuclear (N), and Others (E).
 Fuel type O C G-O G-C H R N E  
 CI (𝑡CO2∕MWh) 0.777 0.937 0.651 0.394 0 0.120 0 0.300 
economic viability of GFPP under increasing gas costs, assess the effec-
tiveness of bid-validity constraints, and demonstrate the performance 
advantages of the proposed UCGCA approach. The electric network 
examined includes 91 generators of various fuel types, each character-
ized by specific CI values referenced by Savelli et al. (2022), as listed 
in Table  4. The UC data is derived from the RTO Unit Commitment 
Test System, with further details provided in Federal Energy Regulatory 
Commission (2022). Bid prices for participants in the carbon market 
are sampled from normal distributions with standard deviations of 
$10/𝑡CO2 and means equal to $30.24/𝑡CO2. Negative prices are set 
to zero. The mean value is based on the California Cap-and-Trade 
Program’s carbon allowance prices for Q3 2024 (California Air Re-
sources Board, 2024). In the absence of specific allowance data, we 
allocate carbon allowances to each generator at 50% of their maximum 
emission potential, calculated as the maximum power output multiplied 
by the carbon intensity. On the other hand, carbon allowances for 
each gas load junction are set at 165% of the firm gas load under 
standard conditions (i.e., when 𝜂𝑔 = 1.65) multiplied by the carbon 
intensity (CI) factor for natural gas, which is set at 55 𝑡CO2/mmcf 
according to United States Environmental Protection Agency (2023). 
The selection of 𝜂𝑔 = 1.65 represents an intermediate stress point on 
the gas network, positioned in the middle of the tested range (𝜂𝑔 =
1.0, 1.1,… , 2.3). The cost associated with gas load shedding is set to 
$130/mmBtu (Byeon & Van Hentenryck, 2020), while the cost for 
acquiring additional external carbon allowances is priced at $50/𝑡CO2. 
The risk aversion level, 𝛼𝑢, is set to 100%. The model runs were per-
formed using C++/Gurobi 11.0.0 on an Apple M1, 3.2 GHz processor 
with 16 GB of RAM, with each run having a wall-time limit of 1 h. The 
analysis covers a single time-period (i.e., 𝑇 = 1). The proposed UCGCA 
model and solution approach naturally generalizes to a multi-period 
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unit commitment setting by introducing inter-temporal constraints, 
such as ramping limits, minimum up/down times, and start-up/shut-
down decisions, see constraints in Problem (B.1). In that case, the 
first-level problem becomes a multi-period UC model with additional 
time-coupling constraints, while the decomposition framework remain 
unchanged. The computational complexity would increase due to inter-
temporal coupling, but the underlying sequential multi-level structure 
and solution approach are directly applicable.

5.1. Effectiveness of the bid-validity constraints

The performance of the UCGCA (Fig.  3(a)) and BM (Fig.  3(b)) 
models is compared under varying system stress conditions to evaluate 
the impact of incorporating anticipated gas and carbon market out-
comes into the UC problem. The electrical system stress is characterized 
by load increases of 20% and 60% (stress levels 𝜂𝑒 = {1.0, 1.2, 1.6}, 
representing normal, slight, and high stress), while the gas network 
stress reflects load increases from 10% to 130% (stress levels 𝜂𝑔 =
{1.0, 1.1,… , 2.3}). The financial losses in BM are quantified by calcu-
lating the sum of the difference between the violated GFPPs’ marginal 
bids 𝜌∗𝑢,𝑡 times the risk aversion level 𝛼𝑢 in the electricity market and the 
realized costs of gas and carbon (2𝑝∗𝑢,𝑡𝐻𝐺

𝑢,2 +𝐻
𝐺
𝑢,1)𝜓

∗
𝑘,𝑡 + (2𝑦∗𝑢,𝑡 − 1)𝜅𝑢𝜋𝑒∗𝑡 , 

multiplied by the power produced 𝑝∗𝑢,𝑡, i.e.,

𝐹 𝑖𝑛𝑎𝑛𝑐𝑖𝑎𝑙 𝐿𝑜𝑠𝑠𝑒𝑠

=
∑

𝑡∈[𝑇 ]

∑

𝑢∈𝑔

max
(

0, (2𝑝∗𝑢,𝑡𝐻
𝐺
𝑢,2 +𝐻

𝐺
𝑢,1)𝜓

∗
𝑘,𝑡 + (2𝑦∗𝑢,𝑡 − 1)𝜅𝑢𝜋𝑒∗𝑡 − 𝛼𝑢𝜌∗𝑢,𝑡

)

𝑝∗𝑢,𝑡.

In contrast, UCGCA does not incur any financial loss due to the enforce-
ment of the bid-validity constraints (11).

https://github.com/lanl-ansi/GasPowerModels.jl
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Fig. 6. Cost performance comparison between BM and UCGCA under varying electrical (𝜂𝑒) and gas (𝜂𝑔) stress levels, with the 𝑥-axis representing 𝜂𝑔 . 
Positive/negative differences indicate higher/lower UCGCA values relative to BM. Panels show differences in: (a) electric costs, (b) gas costs, (c) gas load shed, (d) 
emission costs, (e) financial losses, where UCGCA avoids GFPP losses through bid-validity constraints, and (f) total costs, where BM total costs include electric, gas, 
carbon market costs, and financial losses, while UCGCA total costs comprise only market costs because UCGCA avoids financial losses. (g)–(i) Direct comparison 
of total costs between models at 𝜂𝑒 = {1, 1.2, 1.6}.
Fig.  6 illustrates the differences in cost and gas load shed between 
the UCGCA and the BM. Fig.  7 extends this comparison to differences 
in gas prices between the two models across all instances. Note that 
the positive/negative differences indicate higher/lower values achieved 
in the UCGCA. Fig.  6 illustrates the differences in cost and gas load 
shed between the UCGCA and the BM. BM’s total costs include electric, 
gas, carbon market costs, and financial losses from unprofitable GFPPs. 
In contrast, UCGCA only incurs electric, gas, and carbon market costs, 
as its bid-validity constraints prevent unprofitable operations and fi-
nancial losses. For direct comparison, Fig.  6(g), (h) and (i) show the 
actual total costs of both models. Furthermore, Fig.  7 illustrates gas 
price differences between the models across all instances. We focus 
on two gas price regions, represented by black solid lines for Transco 
12 
Zone 6 Non-NY and dashed lines for Transco Leidy Line Zone. These 
zonal prices are derived from average values of selected junctions (see 
Fig.  5). To capture system-wide effects, the blue line shows the mean 
price difference across all junctions, with the shaded blue area around 
the blue line indicates the 95% percentile interval, showing the range 
where most of the price differences occur. For direct comparison, Fig. 
7(d), (e) and (f) show the actual zonal gas prices of both models.

Under normal electrical conditions (𝜂𝑒 = 1), the BM begins to suffer 
financial losses at a gas network stress level of 𝜂𝑔 = 1.8, with financial 
losses escalating to $10.8M as 𝜂𝑔 reaches 2.3 (see Fig.  6(e)). These 
losses are primarily due to unprofitable GFPPs, which result from the 
lack of awareness of gas and carbon market clearing outcomes. The BM 
also experiences higher gas load shedding due to increased network 



Y. Xia et al. Computers & Industrial Engineering 218 (2026) 112112 
Fig. 7. Comparison of natural gas prices between BM and UCGCA under varying electrical (𝜂𝑒) and gas stresses (𝜂𝑔), with the 𝑥-axis representing 𝜂𝑔 . Note that 
positive/negative differences indicate higher/lower values in UCGCA compared to BM. The shaded area around the blue line indicates the 95% percentile interval, 
showing the range where most of the junction prices differences fall. Plots (a)–(c) show the natural gas price differences between UCGCA and BM at electrical 
stress levels 𝜂𝑒 = {1, 1.2, 1.6}, while plots (d)–(f) present the corresponding zonal gas prices for both models at the same 𝜂𝑒 values.
congestion, leading to significant rises in gas costs and abrupt spikes 
in zonal natural gas prices in the Transco Zone 6 Non-NY area. In 
contrast, the UCGCA model shows a more resilient response to these 
conditions, as evidenced by the negative differences in zonal gas prices 
at Transco Zone 6 Non-NY and reduced gas load shed from 𝜂𝑔 = 1.8, 
as shown in Fig.  7(a) and Fig.  6(c), respectively. Additionally, the 
reduction in carbon allowance deficits among gas and power market 
participants contributes to lower overall emission costs. Although the 
UCGCA has increased electric costs from de-committing unprofitable 
GFPPs with lower bids (see the positive difference in Fig.  6(a)), its total 
costs are significantly reduced (see the large negative difference in Fig. 
6(f)). This cost efficiency is achieved through bid-validity constraints 
that prevent financial losses from invalid bids, mitigate the impacts of 
gas congestion, and significantly lower gas costs. Fig.  6(g) presents a 
direct cost comparison between the two models under normal electrical 
system conditions (𝜂𝑒 = 1). The results, with BM shown in red and 
UCGCA in blue, demonstrate that UCGCA consistently achieves cost 
reductions when the gas network experiences congestion.

As electrical stress increases to 𝜂𝑒 = 1.2, the advantages of the 
UCGCA’s operational adjustments become more apparent. For the BM, 
financial losses and gas price spikes occur earlier, starting at 𝜂𝑔 =
1.6, with losses increasing to $12.3M by 𝜂𝑔 = 2.3. Conversely, the 
UCGCA maintains a lower cost profile even as gas stress intensifies, 
demonstrating effective management of network operations and costs, 
see the significant cost difference of $17.6M at 𝜂 = 2.3 in Fig.  6(f). 
𝑔
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This is due to the UCGCA’s effective selection of better-committed 
generators, which reduces the severity of sudden price increases in 
the Transco Zone 6 Non-NY area, as evidenced by the maximum price 
difference of $84.88/mmBtu at 𝜂𝑔 = 1.6 in Fig.  7(b). Note that in Fig. 
7(b) and (e), there is a drop in Transco Zone 6 Non-NY gas prices at 
𝜂𝑔 = 1.8, which results from the presence of optimality gaps for some 
hard instances.

The contrast between the outcomes of the BM and UCGCA becomes 
even more pronounced under the highest electrical stress level, 𝜂𝑒 = 1.6. 
In this scenario, the UCGCA successfully avoids the significant financial 
losses from invalid bids that the BM begins to incur at 𝜂𝑔 = 1.5. 
The UCGCA’s overall costs are $20.6M lower than those of the BM at 
𝜂𝑔 = 2.3, suggesting its superior ability to manage costs effectively. 
Fig.  6(i) further provides the actual values of total costs under BM 
and UCGCA at 𝜂𝑒 = 1.6. Notably, at 𝜂𝑔 = 1.5, the difference in zonal 
gas prices at Transco Zone 6 Non-NY between the BM and UCGCA 
reaches $95.39/mmBtu (see Fig.  7(c) and (f)), indicating that the 
UCGCA significantly mitigates the impact of gas network congestion 
by committing alternative generators, thereby effectively reducing gas 
load shedding costs.

Table  5 presents the distribution of committed generators across 
different fuel types for nine representative instances. In the BM, the 
number of committed generators remains consistent regardless of vari-
ations in 𝜂𝑔 . Conversely, the UCGCA model responds to a highly stressed 
gas network by altering its commitments based on the value of 𝜂 . For 
𝑔
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Table 5
Number of committed generators by fuel type when 𝛼𝑢 = 100%. Columns represent committed generator counts by fuel types: Oil (O), Coal (C), Gas (G), Hydro 
(H), Refuse (R), Nuclear (N), and Others (E).
 𝜂𝑒 𝜂𝑔 Model O C G  H R N E 
 
1.0

1.0 UCGCA 3 4 9 11 0 10 3 
 1.8 UCGCA 5 6 9 11 0 10 3 
 2.3 UCGCA 5 6 8 11 1 11 3 
 * BM 3 4 9 11 0 10 3 
 
1.2

1.0 UCGCA 5 5 11 11 0 10 3 
 1.8 UCGCA 6 4 10 11 0 11 3 
 2.3 UCGCA 7 6 8 11 0 12 3 
 * BM 5 5 11 11 0 10 3 
 
1.6

1.0 UCGCA 7 6 12 11 0 12 3 
 1.8 UCGCA 8 5 11 11 0 13 3 
 2.3 UCGCA 8 5 10 11 0 13 3 
 * BM 7 6 12 11 0 12 3 
example, at 𝜂𝑒 = 1.6, the UCGCA model strategically de-commits two 
GFPPs and one coal-fired generator and replaced by one oil-type and 
one nuclear-type generator as 𝜂𝑔 increases from 1.0 to 2.3.

In summary, the UCGCA model, by incorporating anticipated out-
comes from sequentially cleared markets into the unit commitment 
process, not only prevents financial losses for GFPPs but also moderates 
gas prices, reduces network congestion, and significantly lowers overall 
system costs.

5.2. Effectiveness of the dedicated Benders decomposition method

The computational efficiency of the UCGCA model was assessed 
using two approaches: conventional approach using Gurobi to solve 
the SLP (2) without decomposition (denoted as C) and a dedicated 
Benders Decomposition (denoted as B) for solving SLP (2) introduced 
in Section 3.2. The dedicated Benders Decomposition is enhanced 
with two acceleration schemes: an in-out acceleration scheme with 
perturbation (Byeon & Van Hentenryck, 2022; Fischetti et al., 2017) 
and a normalization condition in the Benders subproblem (BSP) (Byeon 
& Van Hentenryck, 2022; Fischetti et al., 2010). We evaluate the 
performances of C and B across various scenarios, using combinations 
of gas network stress (𝜂𝑔 = {1, 1.1,… , 2.3}), electrical system conditions 
(𝜂𝑒 = {1, 1.2, 1.6}), and risk-aversion levels (𝛼𝑢 = {80%, 100%, 120%}). 
This parametric combination yields 126 distinct test instances (14 gas 
stress levels × 3 electrical stress levels × 3 risk factors). We adopt 
the conservative tolerance in Gurobi to ensure numerical stability and 
solution reliability. For C, we let Gurobi parameters with Numer-
icFocus=3, FeasibilityTol=1e-9, OptimalityTol=1e-9,
IntFeasTol=1e-9 and TimeLimit=3600. For B subproblems, we 
let Gurobi parameters with NumericFocus=3, FeasibilityTol
=1e-9, DualReductions=0, BarHomogeneous=1,
BarQCPConvTol=1e-7, Aggregate=0 and ScaleFlag=0. For B
master problems, we let Gurobi parameters with FeasibilityTol
=1e-9, OptimalityTol=1e-9 and IntFeasTol=1e-9. The de-
tailed computational performance of C and B for varying parameters 
(𝜂𝑒, 𝜂𝑔 , and 𝛼𝑢) is presented in Tables  C.14–C.16 of Appendix  C in the 
supplementary material.

The 126 test instances are categorized according to their com-
putational complexity. We classify an instance as hard if either C
or B fails to achieve optimality within the time limit (3600 s), and 
as easy if both methods converge to optimal solutions within this 
limit. Fig.  8 compares computational performance between methods
C and B for hard instances. In Fig.  8(a) and (b), the red dashed line 
represents equal performance between the two methods. Among 52 
hard instances, C only outperforms B in only three cases (𝛼𝑢, 𝜂𝑒, 𝜂𝑔) =
{(80%, 1, 2.1), (80%, 1, 2.2), (80%, 1.2, 2)}, achieving slightly smaller op-
timality gaps as shown by the few points above the reference line 
in Fig.  8(b). However, B demonstrates superior performance in most 
hard cases, with the majority of points falling below the red dashed 
line, indicating both smaller optimality gaps and shorter computing 
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times. C’s performance deteriorates significantly for more challenging 
instances, either failing to find any incumbent solution (shown by 
100% optimality gaps in Fig.  8(b)) or producing solutions with large 
optimality gaps.

Table  6 summarizes the computational performance of both meth-
ods across different instance types. In summary, B demonstrates supe-
rior computational performance compared to C across all test instances. 
On average, B demonstrates superior performance, reducing solution 
times by 32.23% (from 1549.85 s to 1050.55 s) and optimality gaps 
by 94.23% (from 16.80% to 0.97%). B’s advantage is particularly 
pronounced in computationally challenging instances, reducing both 
solution times by 31.72% (from 3600 s to 2458.11 s) and optimality 
gaps by 94.20% (from 40.71% to 2.36%). Even for easy instances, B
shows efficiency improvements, solving problems 43.73% faster than
C (61.45 s versus 109.20 s). These results demonstrate that B not 
only provides high quality solutions but also achieves them more 
efficiently, making it particularly valuable for large-scale applications 
where computational performance is important.

5.3. Strong duality analysis and numerical performance with different scal-
ing values

In this section, we examine how the scaling factor 𝛾 = {0.9, 0.99,
0.999, 0.9999, 0.99999} affects the strong duality condition and numeri-
cal stability for each lower-level market-clearing problem under three 
extreme conditions (𝜂𝑒, 𝜂𝑔) = {(1, 1), (1.2, 1), (1.6, 1)}. Let (𝒛∗,𝒙∗, 𝒚∗)
denote the optimal solution of SLP (2). Theorem  2.1 proves that as 𝛾
approaches 1, constraints (2j) ensure strong duality for each sequential 
lower-level problem. We quantify the strong duality gaps (SDG) using 
the absolute percentage difference between primal and dual objectives 
relative to the primal objective for three lower-level problems:

𝑆𝐷𝐺𝑒 =
|

|

|

|

|

𝑐𝑇1 𝒙
∗
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For these three extreme cases where GFPPs incur no financial losses, 
the results from BM (without scaling factors) should match those from 
UCGCA (with scaling factors). We measure this convergence using the 
total cost difference between UCGCA and BM solutions, where total 
costs comprise electricity, gas, and carbon market costs:

𝑇𝐶_𝐷𝑖𝑓𝑓 =
|

|

|

|

𝑇𝐶𝑈𝐶𝐺𝐶𝐴 − 𝑇𝐶𝐵𝑀

𝑇𝐶𝐵𝑀
|

|

|

|

× 100
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Fig. 8. Comparison of computational effectiveness between using Gurobi to solve the SLP (2) without decomposition (denoted as C) and a dedicated Benders 
Decomposition (denoted as B) for hard instances (i.e., when the computational time of C or B reaches the 1-hour limit). (a) Computational times of C and B. (b) 
Optimality gaps of C and B.
Table 6
Averaged computational performance comparison between C and B.
 Instance type C B

 Time (s) Gap (%) Time (s) Gap (%)
 All Instances 1549.85 16.80 1050.55 0.97
 Easy Instances 109.20 0.00 61.45 0.00
 Hard Instances 3600.00 40.71 2458.11 2.36
Fig.  9 demonstrates how the strong duality gaps and total cost 
differences vary with 𝛾. The upper plots (a)–(c) show that as 𝛾 ap-
proaches 1, the total strong duality gaps decrease significantly from 
initial values of 130.60%, 191.03%, and 164.13% (at 𝛾 = 0.9) to less 
than 0.4% (at 𝛾 = 0.9999), aligning with Theorem  2.1. When 𝛾 is 
small (𝛾 = 0.9), we observe both high SDG values and large 𝑇𝐶_𝐷𝑖𝑓𝑓
values (reaching nearly 40% as shown in plots (d)–(f)), indicating that 
the single-level approximation fails to approach the original multi-
level problem optimal solutions. The lower plots (d)–(f) show that 
𝑇𝐶_𝐷𝑖𝑓𝑓 consistently exhibits a U-shaped pattern across all three 𝜂𝑒
cases, with values decreasing from nearly 40% at 𝛾 = 0.9 to a minimum 
of approximately 0.1% at 𝛾 = 0.9999. However, when 𝛾 increases to 
0.99999, both performance metrics deteriorate. Notably, at 𝜂𝑒 = 1.6, the 
total SDG increases to 5.89% (where 𝑆𝐷𝐺𝑐 accounts for 5.86% of this 
total), and 𝑇𝐶_𝐷𝑖𝑓𝑓 rises to approximately 0.4%, indicating numerical 
instability at this extreme value.

Our analysis identifies 𝛾 = 0.9999 as the optimal choice for solving 
UCGCA, where total SDG remains below 0.4% for all 𝜂𝑒 conditions, 
and 𝑇𝐶_𝐷𝑖𝑓𝑓 reaches its minimum value (approximately 0.1%) for 
all three cases. This value achieves the best balance between ap-
proximation accuracy and computational stability across (𝜂𝑒, 𝜂𝑔) =
{(1, 1), (1.2, 1), (1.6, 1)}.

5.4. Discussion

The single-level approximation quality depends on both the scaling 
factor value and the problem structure. Section 5.3 examines how dif-
ferent scaling factors influence the solution quality of each lower-level 
market-clearing problem relative to the original multi-level optimiza-
tion problem using the UCGCA case study. Theoretically, as the scaling 
factor 𝛾 → 1, the reformulated SLP problem satisfies the strong duality 
condition for all lower-level market-clearing problems and converges 
to the optimal solution of the original multi-level problem. We show 
that 𝛾 = 0.9999 as the optimal choice for solving UCGCA. In practice, 
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the appropriate magnitude of 𝛾 depends on the number of lower-
level problems 𝑛 considered. For example, values around 0.99 have 
been effectively applied in tri-level optimization settings, see Byeon 
and Van Hentenryck (2020) and Mitridati et al. (2019). In practical 
implementation, as 𝑛 increases, potential numerical scaling issues can 
be mitigated by appropriately normalizing the magnitudes of decision 
variables across levels.

Importantly, Theorem  3.3 is introduced to address the scalability 
issue arising when solving all lower-level problems connected through 
𝛾-scaling. By separating the BSP into primal-related and dual-related 
subproblems (BSP1 and BSP2), Theorem  3.3 enables each BSP to be 
further decomposed into 𝑛 smaller problems that can be solved sequen-
tially or in parallel according to the inherent structure of the lower-level 
interactions. The decomposition leverages the stage ordering encoded 
in the 𝛾-based formulation to determine the direction of information 
flow across successive follower stages, enabling sequential or parallel 
computation. Importantly, 𝛾 itself does not enter the computation of 
the optimal solution as a multiplicative scaling factor. As a result, this 
approach improves numerical stability and scalability of the MIMLSF 
problem.

The proposed MIMLSF scales effectively due to its hierarchical 
decomposition. Although the approximated SLP remains a large-scale 
mixed-integer optimization problem, computational tractability can be 
achieved through the proposed Benders decomposition, which sepa-
rates integer decisions in the master problem from multiple BSPs (see 
Theorem  3.1–3.3). As network detail increases, the number of variables 
and constraints naturally grows, raising computational effort. However, 
each subproblem incorporates only its own network constraints and 
can be solved independently or in parallel, significantly mitigating 
full cross-network coupling. Moreover, the numerical experiments are 
conducted on a highly complex multi-energy networks for the north-
eastern United States, combining an IEEE 36-bus electricity system with 
a multi-company gas network and carbon market interactions (see Fig. 
4). The substantial computational gains observed in Section 5.2 under 
this high-dimensional and tightly coupled setting indicate that the 
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Fig. 9. Strong Duality Gap (SDG) and total cost differences under different scaling factors 𝛾 and 𝜂𝑒 conditions: (a)–(c) show the SDG percentages for 
electricity, gas, and carbon market clearing problems, and (d)–(f) present the total cost differences between UCGCA and BM for three extreme instances 
(𝜂𝑒, 𝜂𝑔) = (1, 1), (1.2, 1), (1.6, 1).
improvements are driven by the structural properties of the proposed 
decomposition rather than by particular network simplifications. Con-
sequently, for more complex multi-energy system models with stronger 
hierarchical coupling and higher dimensionality, similar computational 
advantages can reasonably be anticipated from the proposed method. 

6. Management and policy implications

This section synthesizes the key insights from the UCGCA case 
study and the MIMLSF problem, highlighting their operational, strate-
gic, and regulatory implications for system operators, GFPPs, and the 
coordinated integration of electricity, gas, and carbon markets.

6.1. Implications for system operators

The growing need for improved coordination between electricity 
and gas system operations has been recognized in both UK and US 
policy frameworks. In the UK, the Ofgem report Review of GB Energy 
System Operation identifies institutional and legal barriers to cross-
system coordination, rooted in the separate regulatory frameworks 
governing the Electricity System Operator and the Gas System Oper-
ator (Ofgem, 2021). As part of recent reforms, NESO has been assigned 
responsibility for electricity and gas system planning (National Energy 
System Operator (NESO), 2025), as well as electricity system operation, 
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while National Grid Gas retains responsibility for gas system opera-
tion (Ofgem, 2025). This fragmentation is cited as a key obstacle to 
whole-system decision-making and may prevent operators from deliv-
ering the most cost-effective and reliable solutions to meet net-zero 
targets. The report also highlights that greater coordination could be 
achieved through better information sharing and the development of 
a common language between the electricity and gas sectors. In the 
US, FERC Order 787 permits limited information exchange between 
electricity and natural gas transmission operators, acknowledging the 
operational risks introduced by growing interdependencies (Byeon & 
Van Hentenryck, 2020). These developments reflect increasing policy 
awareness that separate system operations can lead to inefficiencies, 
and that improved coordination and institutional alignment are needed 
to ensure reliable and efficient system outcomes.

Within this context, the UCGCA model developed in this paper 
offers a practical solution to support decision-making in interdependent 
yet decentralized energy systems. The model enables electricity system 
operators to account for fuel and emissions cost exposure when schedul-
ing GFPPs. The UCGCA model incorporates bid-validity constraints 
that reflect anticipated gas and carbon prices, along with generator-
specific risk preferences, supporting more informed, cost-effective, and 
lower-risk scheduling decisions. It enables conditional bidding, allow-
ing GFPPs to avoid commitment when projected costs are too high, 
thereby reducing financial risk under volatile market conditions. As 
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system operators consider reforms to better manage market interde-
pendencies, the UCGCA model offers a realistic and adaptable tool 
for improving cost-efficiency and reducing financial risk in multi-scale 
market environments.

6.2. Implications for gas-fired power plants

In electricity markets, GFPPs submit bids without knowing realized 
gas prices, as the gas market clears subsequently based on fuel demand 
induced by electricity dispatch (Byeon & Van Hentenryck, 2020). Re-
peated exposure to volatile input costs, without adequate hedging or 
cost recovery mechanisms, can lead to contractual defaults or market 
exit, with adverse implications for system adequacy, resource avail-
ability, and reliability. In extreme situations, GFPPs may be required 
to remain online for reliability purposes while incurring substantial 
financial losses. A prominent real-world example occurred during the 
2014 polar vortex in the northeastern United States, when GFPPs were 
obligated to operate despite extreme fuel price spikes and no guarantee 
of cost recovery, resulting in substantial financial losses (PJM, 2014). 
These risks extend beyond rare events and reflect a broader struc-
tural issue in power system decision-making, where actions are taken 
without fully accounting for cascading effects across interdependent, 
multi-scale energy markets. As interdependencies among electricity, 
gas, and carbon markets continue to increase, there is a growing 
need for coordination mechanisms that explicitly capture these link-
ages to support more informed operational decisions and improve the 
risk management and financial viability of GFPPs. In response, the 
proposed UCGCA framework enables system operators to incorporate 
cross-market price signals into UC decisions and supports richer bidding 
profiles for GFPPs.

It is important to note that GFPPs can mitigate financial risks 
through various operational and contractual strategies, such as securing 
flexible gas supply arrangements, contracting storage access, improving 
gas and carbon price forecasting, and developing bilateral or hedging 
agreements. While these measures help manage risks, they do not 
address the more fundamental limitation that key operational decisions, 
such as UC, are made without full knowledge of the interactions among 
electricity, gas, and carbon markets. The UCGCA model complements 
these operational strategies by introducing system-level market aware-
ness into the UC process. It acts as a form of ‘‘double insurance’’: even 
if GFPPs submit inaccurate bids due to imperfect forecasts, especially 
under high-demand or network-stressed conditions that amplify gas and 
carbon price volatility, system operators can apply the UCGCA model 
to make more informed commitment decisions. This helps prevent 
significant financial losses that would otherwise be incurred by GFPPs 
and enhances overall system efficiency.

6.3. Implications for cross-market coordination and decarbonization

The carbon market introduces environmental cost signals through 
emissions trading schemes or carbon taxes that directly influence oper-
ational dispatch decisions and long-term investment incentives (U.K. 
Government, 2016). The relative impact of gas and carbon markets 
on system outcomes depends on prevailing system conditions: gas 
market dynamics tend to exert stronger influence when fuel supply is 
constrained or demand rises, whereas carbon pricing becomes more 
binding as decarbonization targets tighten and emissions caps become 
more restrictive.

Effective integration of carbon markets with electricity and gas mar-
kets requires institutional and market mechanisms that internalize car-
bon price signals into operational decisions while remaining compatible 
with existing market structures. The proposed UCGCA framework pro-
vides such a mechanism by explicitly incorporating carbon allowance 
price signals into upper-level commitment. This ensures that carbon 
costs are reflected in generation scheduling and market-clearing out-
comes while preserving institutional separation across markets. Such 
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coordinated integration across electricity, gas, and carbon markets 
strengthens the role of carbon pricing as an effective decarbonization 
instrument, aligns operational incentives with clean energy objectives, 
and supports a coherent transition toward a low-carbon energy system. 

7. Conclusion

Decision-making in multi-scale energy markets is becoming increas-
ingly interdependent and sequentially coupled across temporal, spatial, 
and sectoral layers. A central challenge arises from the need to make 
forward decisions before the outcomes of subsequent, interdependent 
stages are realized. However, while interdependence across energy 
systems continues to grow, current market arrangements remain in-
stitutionally fragmented and temporally sequential, highlighting a gap 
in coordination mechanisms across multi-scale markets. This lack of 
coordination is evident in day-ahead unit commitment (UC) decisions, 
which are made before downstream market conditions in natural gas 
and carbon systems are realized. As a result, gas-fired power plants 
(GFPPs) committed in the day-ahead market can become exposed 
to volatile price risks from these markets. When downstream prices 
rise substantially, the committed GFPPs may become unprofitable to 
operate. Under normal conditions, such units might withdraw from the 
market; however, during extreme events such as the 2014 polar vortex, 
some generators were required to continue operating to maintain sys-
tem reliability, resulting in substantial financial losses. These cases are 
not isolated events but reflect systemic shortcomings in current market 
designs, where decisions across coupled multi-scale markets remain 
poorly coordinated.

To address these challenges, we propose a Mixed-Integer Multi-
Level problem with Sequential Followers (MIMLSF) for coordinating 
the hierarchical and sequential structure of coupled energy markets. 
By treating downstream markets as embedded lower-level decision 
problems, the MIMLSF formulation enables upper-level decisions to 
internalize and remain aware of the cross-market dependencies. This 
framework provides a general foundation for improving coordination, 
reliability, and economic efficiency across tightly linked systems.

To solve this computationally challenging MIMLSF problem, we 
asymptotically approximate the multi-level problem as a single-level 
problem. Specifically, we combine lexicographic optimization with a 
weighted-sum method through a scaling parameter 𝛾. To enhance 
computational performance, we develop a dedicated Benders decompo-
sition technique for the single-level problem. This technique first sep-
arates the complex Benders subproblem (BSP) into two tractable BSPs, 
and then further decomposes these two BSPs into 𝑛 tractable problems 
where 𝑛 is the number of sequential problems. This multi-level BSP 
separation reduces information exchange, eliminates the computational 
burden and avoids scalability issues of solving the complex BSP as an 
𝑛-coupled problem.

We demonstrate our method’s effectiveness on a four-level unit 
commitment with gas and carbon awareness (UCGCA) problem for the 
Northeastern United States, under conditions replicating the extreme 
market stresses of the 2014 polar vortex. This awareness is achieved 
by incorporating anticipated gas and carbon market outcomes into the 
UC problem, and those GFPPs who is expected to experience financial 
losses due to high gas and carbon costs will be de-committed. Compared 
with existing approaches in which system operators lack awareness of 
subsequent market outcomes, our approach achieves $20.6 million in 
total cost savings (a 22.7% reduction) while also avoiding financial 
losses for GFPPs exposed to volatile gas and carbon prices. Moreover, 
the dedicated Benders decomposition technique achieves a 94.23% 
reduction in optimality gaps and a 32.23% reduction in computing time 
compared to direct solution methods. We also demonstrate that 𝛾 =
0.9999 provides the best balance between approximated solution qual-
ity and numerical stability across three extreme cases in the UCGCA 
problem.
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In summary, we propose a multi-level optimization problem with 
convex sequential followers to address multi-scale energy market co-
ordination problems, and develop an asymptotic single-level reformu-
lation with theoretical convergence guarantees to the original multi-
level optimum, along with a dedicated Benders decomposition method. 
The proposed MIMLSF model and solution approach are validated 
through a real-world case study of coupled electricity, gas, and car-
bon markets in the Northeastern United States. Therefore, the con-
tribution lies in a new hierarchical–sequential modeling framework, 
a theoretically grounded asymptotic reformulation with convergence 
guarantees, and a scalable decomposition architecture for coordinated 
decision-making in multi-scale markets. The proposed framework sig-
nificantly improves computational efficiency while maintaining high 
solution quality, thereby enabling scalable and reliable decision-making 
in large-scale energy systems.

Promising directions for future work include extending the de-
terministic MIMLSF formulation to stochastic and chance-constrained 
frameworks that account for renewable uncertainty and inter-temporal 
decision lags in integrated energy systems. Future work will also extend 
the numerical study to a multi-period framework and evaluate scala-
bility under inter-temporal constraints. In addition, the effectiveness 
of multi-level Benders separation techniques will be validated through 
real-world case studies.
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Appendix A. Proof of Theorem  2.1

Proof.  Using strong duality conditions of the 𝑛 − 1 sequential lower-
level problems (i.e., Eqs. (1f)–(1k)), the sequential problem is equiva-
lent to the equation in Box  II. In Problem (A.1), constraints (A.1b), 
(A.1d), (A.1h) and constraints (A.1e), (A.1i) represent the primal and 
dual constraints of the 𝑖th lower-level problem, respectively. Eqs. (A.1f) 
and (A.1j) enforce the strong duality to ensure optimality by posing 
a reversed weak duality constraint. Sequential followers framework 
requires that the (𝑖 − 1)𝑡ℎ lower-level problem does not anticipate the 
solutions of the 𝑖th (next) lower-level problem (𝒙𝑖, 𝒚𝑖) since constraints 
and objective function of the (𝑖 − 1)𝑡ℎ lower-level problem are not 
dependent on the variables of the 𝑖th lower-level problem. Therefore, 
we can solve the 𝑛 sequential lower-level problems in 𝑛 steps:

1. solve the 1st lower-level problem and obtain the optimal primal 
and dual pairs (𝒙∗1 , 𝒚∗1);

2. solve the 2nd lower-level problem with 𝒙1 fixed to the values 𝒙∗1
and obtain the optimal primal and dual pairs (𝒙∗2 , 𝒚∗2);
. . .

n. solve the 𝑛th lower-level problem with 𝒙𝑛−1 fixed to the values 
𝒙∗  and obtain the optimal primal and dual pairs (𝒙∗, 𝒚∗).
𝑛−1 𝑛 𝑛
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Accordingly, Problem (A.1) can be expressed as a Lexicographic opti-
mization problem as follows (Ehrgott, 2005): 
(𝒙, 𝒚) ∈ argmin

𝒙1≥0,𝒚1≥0,…,
𝒙𝑛≥0,𝒚𝑛≥0

< 𝑐𝑇1 𝒙1, 𝑐
𝑇
2 𝒙2,… , 𝑐𝑇𝑛 𝒙𝑛 > (A.2a)

s.t. 𝐴1𝒙1 +𝐷1𝒛 ≥ 𝑏1, (A.2b)

𝐴𝑖𝒙𝑖 + 𝐵𝑖𝒙𝑖−1 +𝐷𝑖𝒛 ≥ 𝑏𝑖, ∀𝑖 ∈ [𝑛]+, (A.2c)

𝒚𝑇𝑖 𝐴𝑖 ≤ 𝑐𝑇𝑖 , ∀𝑖 ∈ [𝑛]+, (A.2d)

𝒚𝑇𝑖 (𝑏𝑖 −𝐷𝑖𝒛 − 𝐵𝑖𝒙𝑖−1) ≥ 𝑐𝑇𝑖 𝒙𝑖, ∀𝑖 ∈ [𝑛]+. (A.2e)

 For given upper-level binary decisions 𝒛̄, any optimal solution (𝒙∗, 𝒚∗)
of Problem (A.2) satisfies the following conditions: 
(𝒙∗1 , 𝒚

∗
1) ∈ argmin

𝒙1≥0,𝒚1≥0
𝑐𝑇1 𝒙1 (A.3a)

s.t. 𝐴1𝒙1 ≥ 𝑏1 −𝐷1𝒛̄,

𝐴2𝒙2 + 𝐵2𝒙1 ≥ 𝑏2 −𝐷2𝒛̄.
[

(𝒙∗𝑖 , 𝒚
∗
𝑖 ) ∈ argmin

𝒙𝑖≥0,𝒚𝑖≥0
𝑐𝑇𝑖 𝒙𝑖 (A.3b)

s.t. 𝐴𝑖𝒙𝑖 ≥ 𝑏𝑖 −𝐷𝑖𝒛̄ − 𝐵𝑖𝒙∗𝑖−1,

𝒚𝑇𝑖 𝐴𝑖 ≤ 𝑐𝑇𝑖 ,

𝒚𝑇𝑖 (𝑏𝑖 −𝐷𝑖𝒛̄ − 𝐵𝑖𝒙∗𝑖−1) ≥ 𝑐𝑇𝑖 𝒙𝑖
]

∀𝑖 ∈ [𝑛]+,

 Observe from Problem (A.3b), any feasible solution (𝒙̂𝑖, 𝒚̂𝑖) of the 𝑖th 
lower-level problem is optimal, ∀𝑖 ∈ [𝑛]+. That is because, by strong 
duality forced in the third constraints of (A.3b), the pair (𝒙̂𝑖, 𝒚̂𝑖) satisfies 
for ∀𝑖 ∈ [𝑛]+: 
𝒙̂𝑖 ∈ argmin

𝒙𝑖≥0
𝑐𝑇𝑖 𝒙𝑖 (A.4a)

s.t. 𝐴𝑖𝒙𝑖 ≥ 𝑏𝑖 −𝐷𝑖𝒛̄ − 𝐵𝑖𝒙∗𝑖−1.

𝒚̂𝑖 ∈ argmax
𝒚𝑖≥0

𝒚𝑇𝑖 (𝑏𝑖 −𝐷𝑖𝒛̄ − 𝐵𝑖𝒙∗𝑖−1) (A.4b)

s.t. 𝒚𝑇𝑖 𝐴𝑖 ≤ 𝑐𝑖.

 Using the lexicographic optimization combined with the weight-sum 
method and the optimality conditions of Problem (A.2), given in Prob-
lems (A.3a) and (A.4), we can approximate Problem (A.2) with 𝛾 ∈
(0, 1) as Problem (A.5). The scaling factor applied for the 𝑖th lower-
level/sequential problem is denoted by 𝛾𝑖, with 𝛾1 = 𝛾, 𝛾2 = 𝛾(1 − 𝛾), 
and continuing as 𝛾𝑛 = (1 − 𝛾)𝑛−1: 

min
𝒙1≥0,𝒚1≥0,…,
𝒙𝑛≥0,𝒚𝑛≥0

𝑛
∑

𝑖=1
𝛾𝑖𝑐

𝑇
𝑖 𝒙𝑖 (A.5a)

s.t. 𝐴1𝒙1 +𝐷1𝒛 ≥ 𝑏1,
[

𝒚1 ≥ 0
]

(A.5b)

𝐴𝑖𝒙𝑖 + 𝐵𝑖𝒙𝑖−1 +𝐷𝑖𝒛 ≥ 𝑏𝑖, ∀𝑖 ∈ [𝑛]+.
[

𝒚𝑖 ≥ 0
]

(A.5c)

 where 𝒚𝑖 is obtained by the dual solution associated with the 𝑖th primal 
constraint of Problem (A.5). Note that 𝒚𝑖 is scaled by 𝛾𝑖 as the objective 
function of 𝑖th lower-level problem is scaled by 𝛾𝑖.

As a result, the multi-level problem can be approximated by Prob-
lem (1) for some 𝛾 ∈ (0, 1) by taking the dual constraints and reversed 
weak duality conditions of Problem (A.5). It remains to show that the 
single-level problem (2) is indeed an asymptotic approximation of the 
multi-level problem (1).

To this end, we introduce 𝑛 auxiliary variables for dual variables 
𝒚̃1, 𝒚̃2,… , 𝒚̃𝑛 where 𝒚̃1 = 𝒚1

𝛾 , 𝒚̃2 = 𝒚2
𝛾(1−𝛾) ,… , 𝒚̃𝑛 = 𝒚𝑛

(1−𝛾)𝑛−1  (i.e., 𝒚̃𝑖 =
𝒚𝑖
𝛾𝑖
), 

then Problem (2) becomes 
min

𝒛∈{0,1}𝑚,
𝒙1≥0,𝒚1≥0,…,
𝒙𝑛≥0,𝒚𝑛≥0

𝛾ℎ𝑇 𝒛 + 𝛾𝑐𝑇𝑥1𝒙1 +⋯ + 𝛾𝑐𝑇𝑥𝑛𝒙𝑛 (A.6a)

s.t. 𝒛 ∈ , 𝒛 ∈ {0, 1}𝑚, (A.6b)

𝐻 𝒛 + 𝐺 𝒙 ≥ 𝑏 , ∀𝑖 ∈ [𝑛], (A.6c)
𝑥𝑖 𝑥𝑖 𝑖 𝑥𝑖
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(𝒙1, 𝒚1,… ,𝒙𝑛, 𝒚𝑛) ∈ argmin 𝑐𝑇1 𝒙1 (A.1a)

s.t. 𝐴1𝒙1 +𝐷1𝒛 ≥ 𝑏1, (A.1b)

(𝒙2, 𝒚2,… ,𝒙𝑛, 𝒚𝑛) ∈ argmin 𝑐𝑇2 𝒙2 (A.1c)

s.t. 𝐴2𝒙2 + 𝐵2𝒙1 +𝐷2𝒛 ≥ 𝑏2, (A.1d)

𝒚𝑇2 𝐴2 ≤ 𝑐𝑇2 , (A.1e)

𝒚𝑇2 (𝑏2 −𝐷2𝒛 − 𝐵2𝒙1) ≥ 𝑐𝑇2 𝒙𝑛, (A.1f)
……

(

𝒙𝑛, 𝒚𝑛
)

∈ argmin 𝑐𝑇𝑛 𝒙𝑛 (A.1g)

s.t. 𝐴𝑛𝒙𝑛 + 𝐵𝑛𝒙𝑛−1 +𝐷𝑛𝒛 ≥ 𝑏𝑛, (A.1h)

𝒚𝑇𝑛 𝐴𝑛 ≤ 𝑐𝑇𝑛 , (A.1i)

𝒚𝑇𝑛 (𝑏𝑛 −𝐷𝑛𝒛 − 𝐵𝑛𝒙𝑛−1) ≥ 𝑐𝑇𝑛 𝒙𝑛. (A.1j)

Box II. 
𝐻𝑦𝑖𝒛 + 𝐺𝑦𝑖𝒚̃𝑖 ≥ 𝑏𝑦𝑖, ∀𝑖 ∈ [𝑛], (A.6d)

𝑅𝑦𝒛 +
𝑛
∑

𝑖=1
𝑆𝑦𝑖𝒚̃𝑖 ≥ 𝑞𝑦, (A.6e)

𝐴1𝒙1 +𝐷1𝒛 ≥ 𝑏1, (A.6f)

𝐴2𝒙2 + 𝐵2𝒙1 +𝐷2𝒛 ≥ 𝑏2, (A.6g)

𝐴3𝒙3 + 𝐵3𝒙2 +𝐷3𝒛 ≥ 𝑏3, (A.6h)
…

𝐴𝑛𝒙𝑛 + 𝐵𝑛𝒙𝑛−1 +𝐷𝑛𝒛 ≥ 𝑏𝑛, (A.6i)

𝛾 𝒚̃𝑇1 𝐴1 + 𝛾(1 − 𝛾)𝒚̃𝑇2 𝐵2 ≤ 𝛾𝑐𝑇1 , (A.6j)

𝛾(1 − 𝛾)𝒚̃𝑇2 𝐴2 + 𝛾(1 − 𝛾)2𝒚̃𝑇3 𝐵3 ≤ 𝛾(1 − 𝛾)𝑐𝑇2 , (A.6k)

𝛾(1 − 𝛾)2𝒚̃𝑇3 𝐴3 + 𝛾(1 − 𝛾)3𝒚̃𝑇4 𝐵4 ≤ 𝛾(1 − 𝛾)2𝑐𝑇3 , (A.6l)
…

(1 − 𝛾)𝑛−1𝒚̃𝑇𝑛 𝐴𝑛 ≤ (1 − 𝛾)𝑛−1𝑐𝑇𝑛 , (A.6m)
𝛾 𝒚̃𝑇1 (𝑏1 −𝐷1𝒛) +⋯ + (1 − 𝛾)𝑛−1𝒚̃𝑇𝑛 (𝑏𝑛 −𝐷𝑛𝒛) ≥ 𝛾𝑐𝑇1 𝒙1

+ 𝛾(1 − 𝛾)𝑐𝑇2 𝒙2 +⋯ + (1 − 𝛾)𝑛−1𝑐𝑇𝑛 𝒙𝑛. (A.6n)

 Given that the upper level variables 𝒛 is fixed to 𝒛̂, we denote 𝑃 (𝒛̂)
and 𝑃 (𝒛̂) as the objective value of the Lexicographic optimization prob-
lem (A.2) and the modified single-level problem (A.6), respectively. Let 
the set (𝒙̂1, 𝒚̂2,… , 𝒙̂𝑛, 𝒚̂𝑛) be the optimal solution of 𝑃 (𝒛̂).

For the 1st lower-level problem, as 𝛾 approaches to 1, Eqs.  (A.6j) 
and (A.6n) becomes: 
𝒚̃𝑇1 𝐴1 ≤ 𝑐𝑇1 , (A.7a)

𝒚̃𝑇1 (𝑏1 −𝐷1𝒛̂) ≥ 𝑐𝑇1 𝒙1. (A.7b)

which implies that given fixed upper-level decision 𝒛̂, (𝒙̂1, 𝒚̂1) approxi-
mate the optimal and dual solution of Problem (A.3a). This is because 
Eq. (A.6f) poses the primal feasibility for problem (A.3a), and when 
𝛾 → 1, 𝒚̂1, becomes feasible to the dual of Problem (A.3a) as ensured 
by constraints (A.7a). Eq. (A.7b) ensures the strong duality condition. 
Therefore, as 𝛾 → 1, the pair (𝒙̂1, 𝒚̂1) is a feasible solution to 𝑃 (𝒛̂) and 
has the same optimal objective value.

For the 2nd lower-level problem, as 𝛾 approaches to 1, (A.6k) 
becomes 
𝒚̃𝑇2 𝐴2 ≤ 𝑐𝑇2 . (A.8a)

Similarly, the primal feasibility is guaranteed by constraint (A.6g). 
To prove the strong duality condition, we combine Eq. (A.6j)×𝒙  and 
1

19 
Eq. (A.6n) and we have: 

𝑐𝑇1 𝒙1 ≥ 𝒚̃𝑇1𝐴1𝒙1 + (1 − 𝛾)𝒚̃𝑇2 𝐵2𝒙1, (A.9a)

𝑐𝑇1 𝒙̂1 ≤ 𝒚̃𝑇1 (𝑏1 −𝐷1𝒛̂) + (1 − 𝛾)𝒚̃𝑇2 (𝑏2 −𝐷2𝒛̂) +⋯ +
(1 − 𝛾)𝑛−1

𝛾
𝒚̃𝑇𝑛 (𝑏𝑛 −𝐷𝑛𝒛̂)

(A.9b)

−
(

(1 − 𝛾)𝑐𝑇2 𝒙2 + (1 − 𝛾)2𝑐𝑇3 𝒙3 +⋯ +
(1 − 𝛾)𝑛−1

𝛾
𝑐𝑇𝑛 𝒙𝑛

)

.

Therefore, we have 

𝒚̃𝑇1 (𝐴1𝒙1 − 𝑏1 +𝐷1𝒛̂) ≤ (1 − 𝛾)
(

𝒚̃𝑇2 (𝑏2 −𝐷2𝒛̂ − 𝐵2𝒙1) − 𝑐𝑇2 𝒙2

+ (1 − 𝛾)(𝒚̃𝑇3 (𝑏3 −𝐷3𝒛) − 𝑐𝑇3 𝒙3) +⋯ +
(1 − 𝛾)𝑛−2

𝛾
(𝒚̃𝑇𝑛 (𝑏𝑛 −𝐷𝑛𝒛) − 𝑐𝑇𝑛 𝒙𝑛)

)

.

(A.10a)

The left-hand-side term is non-negative according to the primal
Eq. (A.6f), which means that the right-hand side term of (A.10a) is also 
non-negative. As 𝛾 → 1, the scaling terms (1 − 𝛾),… , (1−𝛾)

𝑛−2

𝛾  approach 
to 0, therefore we have: 

𝒚̃𝑇2 (𝑏2 −𝐷2𝒛̂ − 𝐵2𝒙1) ≥ 𝑐𝑇2 𝒙2, (A.11a)

which implies that 𝒙̂2 and 𝒚̂2 approximate the optimal primal and dual 
solutions of Problem (A.3b) with fixed 𝒛̂.

Similarly, for the 3rd lower-level problem, as 𝛾 approaches to 1, 
Eq. (A.6l) ensures the dual feasibility condition as follows: 

𝒚̃𝑇3 𝐴3 ≤ 𝑐𝑇3 . (A.12a)

To prove the strong duality condition, we combine Eq. (A.6l)×𝒙2 and 
the non-negativity right-hand side term of Eq. (A.10a) as follows, 

𝑐𝑇2 𝒙2 ≥ 𝒚̃𝑇2 𝐴2𝒙2 + (1 − 𝛾)𝒚̃𝑇3 𝐵3𝒙2, (A.13a)

𝑐𝑇2 𝒙2 ≤ 𝒚̃𝑇2 (𝑏2 −𝐷2𝒛̂ − 𝐵2𝒙1) + (1 − 𝛾)
(

(𝒚̃𝑇3 (𝑏3 −𝐷3𝒛) − 𝑐𝑇3 𝒙3)

+⋯ +
(1 − 𝛾)𝑛−3

𝛾
(𝒚̃𝑇𝑛 (𝑏𝑛 −𝐷𝑛𝒛) − 𝑐𝑇𝑛 𝒙𝑛)

)

.

(A.13b)

Therefore, we have 

𝒚̂𝑇 (𝐴2𝒙̂2 − 𝑏2 +𝐷2𝒛̂ + 𝐵2𝒙̂1) ≤ (1 − 𝛾)
(

𝒚̂𝑇 (𝑏3 −𝐷3𝒛 − 𝐵3𝒙̂2) − 𝑐𝑇 𝒙̂3
2 3 3
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+⋯ +
(1 − 𝛾)𝑛−3

𝛾
(𝒚̂𝑇𝑛 (𝑏𝑛 −𝐷𝑛𝒛) − 𝑐𝑇𝑛 𝒙̂𝑛)

)

.

(A.14a)

The left-hand side term of Eq. (A.14a) is non-negative according to the 
primal constraint Eq. (A.6g), which means that the right-hand side term 
is also non-negative. As 𝛾 approaches to 1, we have: 
𝒚̂𝑇3 (𝑏3 −𝐷3𝒛̂ − 𝐵3𝒙̂2) ≥ 𝑐𝑇3 𝒙̂3, (A.15a)

which implies that 𝒙̂3 and 𝒚̂3 approximate the optimal primal and dual 
solutions of Problem (A.3b) with fixed 𝒛̂.

The proof can be similarly applied to the remaining lower-level 
problems. In addition, the single-level problem (A.6) contains bilinear 
terms in constraints (A.6n) 𝒚𝑇𝑖 𝐷𝑖𝒛 where 𝑖 ∈ [𝑛]. The exact McCormick 
relaxation technique can be applied to linearize the bilinear terms 
𝒚𝑇𝑖 𝐷𝑖𝒛 with auxiliary variables 𝒔𝑇𝑦𝑖𝟏 = 𝒚𝑇𝑖 𝐷𝑖𝒛. As such, additional 
linearization constraints 𝑌𝑦𝑖𝒚𝑖 + 𝐾𝑦𝑖𝒔𝑦𝑖 ≥ 𝛾𝑖(𝑒𝑦𝑖 + 𝐸𝑦𝑖𝒛), ∀𝑖 ∈ [𝑛] with 
proper dimensions of matrices 𝑌𝑦, 𝐾𝑦, 𝐸𝑦 and vectors 𝑒𝑦 are introduced 
in constraint (2k). The reason to incorporate 𝛾𝑖 in the right-hand side is 
that the upper-bound of variable 𝒚𝑖 will also be scaled by 𝛾𝑖 since the 
𝑖th lower-level objective function is scaled by 𝛾𝑖 and consequently the 
range of the dual variables 𝒚𝑖 will also be scaled by 𝛾𝑖.

In summary, 𝒙̂1 is an approximate solution of 𝑃 (𝒛̂) that becomes 
increasingly close to the optimal solution of Problem 𝑃 (𝒛̂) as 𝛾 → 1, and 
the pair (𝒙̂𝑖, 𝒚̂𝑖) with 𝑖 ∈ [𝑛]+ is the exact response of the follower 𝑖 with 
respect to 𝒙̂𝑖−1 for any 𝛾 ∈ (0, 1). Therefore, the approximation may sac-
rifice the leader’s optimality when 𝛾 is not large enough, but it always 
gives a feasible solution. The proposed single-level reformulation (2) 
can represent all lower-level optimality conditions using a single linear 
constraint, which is not achievable with conventional KKT- or strong-
duality-based approaches. The resulting single-level formulation further 
enables efficient decomposition, as detailed in Section 3. □

Appendix B. Detailed formulation of the UCGCA model

In what follows, the electricity transmission grid is represented by 
an undirected graph 𝑒 = ( , ) and the natural gas transmission 
system is by a directed graph 𝑔 = ( ,). The letter   denotes the 
set of time periods {0, 1,… , 𝑇 }. [𝑎, 𝑏]Z denotes the set of integers in 
interval [𝑎, 𝑏].

B.1. The upper-level unit commitment problem

The problem (B.1) is a classic UC problem with additional calcula-
tion of marginal bids for GFPPs and the bid validity constraints. Tables 
B.7 and B.8 summarize the parameters and variables of the UC problem.

min
∑

𝑡∈[𝑇 ]

∑

𝑢∈

(

𝑐𝑢𝑜𝑢,𝑡 + 𝑟𝑢,𝑡 +
∑

𝑏∈𝐵𝑢

𝛽𝑢,𝑏𝑠𝑢,𝑏,𝑡

)

(B.1a)

s.t.

𝑟𝑢,𝑡 ≥ 𝐶𝑢,ℎ(𝑜𝑢,𝑡 −
∑

𝑛∈[ℎ]
𝑜𝑢,𝑡−𝑛), ∀ℎ ∈ 𝛹𝑢, 𝑢 ∈  , 𝑡 ∈ [𝑇 ], (B.1b)

𝑟𝑢,𝑡 ≥ 0, ∀𝑢 ∈  , 𝑡 ∈ [𝑇 ], (B.1c)

𝑜𝑢,𝑡 = 𝑜̄𝑢,0, ∀𝑢 ∈  , 𝑡 ∈ [0, 𝜏𝑢,0 + 𝜏𝑢,0]Z, (B.1d)
∑

𝑡′∈[𝑡−𝜏𝑢+1,𝑡]Z

𝑣+𝑢,𝑡′ ≤ 𝑜𝑢,𝑡, ∀𝑢 ∈  , 𝑡 ∈ [max{𝜏𝑢, 𝜏𝑢,0 + 1}, 𝑇 ]Z, (B.1e)

∑

𝑡′∈[𝑡−𝜏𝑢+1,𝑡]Z

𝑣+𝑢,𝑡′ ≤ 1 − 𝑜𝑢,𝑡−𝜏𝑢 , ∀𝑢 ∈  , 𝑡 ∈ [max{𝜏𝑢, 𝜏𝑢,0 + 1}, 𝑇 ]Z,

(B.1f)

𝑣+𝑢,𝑡 − 𝑣
−
𝑢,𝑡 = 𝑜𝑢,𝑡 − 𝑜𝑢,𝑡−1, ∀𝑢 ∈  , 𝑡 ∈ [𝑇 ], (B.1g)

𝑤𝑢,𝑏,𝑡 ≤ 𝑜𝑢,𝑡, ∀𝑏 ∈ 𝑢, 𝑢 ∈  𝑔 , 𝑡 ∈ [𝑇 ], (B.1h)

0 ≤ 𝑠𝑒 ≤ 𝑠̄ 𝑤 , ∀𝑏 ∈  , 𝑢 ∈  𝑔 , 𝑡 ∈ [𝑇 ], (B.1i)
𝑢,𝑏,𝑡 𝑢,𝑏 𝑢,𝑏,𝑡 𝑢
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𝑠̄𝑢,𝑏𝑤𝑢,𝑏+1,𝑡 ≤ 𝑠𝑒𝑢,𝑏,𝑡, ∀𝑏 ∈ [1,𝑢 − 1]Z, 𝑢 ∈  𝑔 , 𝑡 ∈ [𝑇 ], (B.1j)

𝜌𝑢,𝑡 =
∑

𝑏∈[𝐵𝑢−1]
𝛽𝑢,𝑏(𝑤𝑢,𝑏,𝑡 −𝑤𝑢,𝑏+1,𝑡) + 𝛽𝑢,𝐵𝑢𝑤𝑢,𝐵𝑢 ,𝑡, ∀𝑢 ∈  𝑔 , 𝑡 ∈ [𝑇 ],

(B.1k)
∑

𝑏∈𝑢

𝜅𝑢𝑠
𝑒
𝑢,𝑏,𝑡 − 𝐸

0
𝑢,𝑡 ≥ −𝑀

𝑒
𝑢(1 − 𝑦𝑢,𝑡), ∀𝑢 ∈  𝑔 , 𝑡 ∈ [𝑇 ], (B.1l)

∑

𝑏∈𝑢

𝜅𝑢𝑠
𝑒
𝑢,𝑏,𝑡 − 𝐸

0
𝑢,𝑡 ≤𝑀

𝑒
𝑢𝑦𝑢,𝑡, ∀𝑢 ∈  𝑔 , 𝑡 ∈ [𝑇 ], (B.1m)

𝑇ℎ𝑒 𝑏𝑖𝑑 − 𝑣𝑎𝑙𝑖𝑑𝑖𝑡𝑦 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 (11), (B.1n)

𝜓𝑘,𝑡 =
1

|𝑘|
∑

𝑗∈𝑘

𝜋𝑔𝑗,𝑡, ∀𝑘 ∈ , 𝑡 ∈ [𝑇 ], (B.1o)

𝑣+𝑢,𝑡, 𝑣
−
𝑢,𝑡, 𝑜𝑢,𝑡 ∈ {0, 1}, ∀𝑢 ∈  , 𝑡 ∈ [𝑇 ], (B.1p)

𝑤𝑢,𝑏,𝑡 ∈ {0, 1}, ∀𝑏 ∈ 𝑢, 𝑢 ∈  𝑔 , 𝑡 ∈ [𝑇 ]. (B.1q)

𝑦𝑢,𝑡 ∈ {0, 1}, ∀𝑢 ∈  𝑔 , 𝑡 ∈ [𝑇 ]. (B.1r)

The objective of the UC is to minimize the total cost of operating 
the power system over 𝑇 . This total cost includes the start-up cost 𝑟𝑢,𝑡, 
no-load cost 𝑐𝑢𝑜𝑢,𝑡 and the costs of the selected supply bids of each 
power generating unit ∑𝑏∈𝐵𝑢 𝛽𝑢,𝑏𝑠𝑢,𝑏,𝑡. The non-negative start-up cost 𝑟𝑢,𝑡
is calculated based on the length of time generator 𝑢 has been offline. 
The expression 𝑜𝑢,𝑡−

∑ℎ
𝑛=1 𝑜𝑢,𝑡−𝑛 equals one when generator 𝑢 reactivates 

after being offline for ℎ time periods, as shown in (B.1b). Eq. (B.1d) 
suggests the initial operational status for each unit 𝑢. Constraints (B.1e) 
and (B.1f) provide formulation for the minimum up- and down-time 
where 𝜏𝑢 and 𝜏𝑢 are the minimum uptime and downtime of unit 𝑢. In 
addition, the logical constraint between the binary variables for the on–
off 𝑜𝑢,𝑡, start-up 𝑣+𝑢,𝑡, and shut-down 𝑣−𝑢,𝑡 statuses of generator 𝑢 is stated 
in Eq. (B.1g).

To include the bid-validity constraints for GFPPs, the formulation 
for calculating the marginal bid 𝜌𝑢,𝑡 is necessary. To this end, we 
introduce the binary variables 𝑤𝑢,𝑏,𝑡 to indicate whether a bid 𝑏 ∈ 𝑢
for a generating unit 𝑢 is selected during time period 𝑡. Eq. (B.1h) states 
that the bid of a generator 𝑢 can be selected only when it is committed. 
Constraint (B.1i) ensure that when the power generation 𝑠𝑒𝑢,𝑏,𝑡 is non-
negative, the bid 𝑏 is used (i.e., 𝑤𝑢,𝑏,𝑡 = 1) and constraint (B.1j) 
further states that the (𝑏 + 1)𝑡ℎ bid is selected iif  the 𝑏th bid is fully 
used. As such, the marginal/maximum bid 𝜌𝑢,𝑡 of GFPP 𝑢 at time 
period 𝑡 is calculated by the constraints involving 𝑤𝑢,𝑏,𝑡 as shown in 
Eq. (B.1k). Constraints (B.1l) and (B.1m) suggests that the GFPP 𝑢 has 
deficit carbon allowances when 𝑦𝑢,𝑡 = 1, and 0 otherwise. Furthermore, 
the bid-validity constraints (B.1n) is introduced to ensure that only 
profitable GFPPs will be committed. Eq. (B.1o) calculates the zonal 
gas prices 𝜓𝑘,𝑡 at zone 𝑘 and time 𝑡. Here, |𝑘| denotes the number of 
elements in the pricing point set 𝑘, and 𝜋𝑔𝑗,𝑡 represents the gas price at 
node 𝑗 within zone 𝑘 at time 𝑡.

B.2. The second-level economic dispatch (electricity market clearing) prob-
lem

min
∑

𝑡∈[𝑇 ]

∑

𝑢∈

∑

𝑏∈𝐵𝑢

𝛽𝑢,𝑏𝑠𝑏,𝑡 (B.2a)

s.t.
∑

𝑢∈ (𝑖)
𝑝𝑢,𝑡 − 𝑑𝑒𝑖,𝑡 =

∑

𝑙∈∶𝑙𝑡=𝑖
𝑓𝑙,𝑡 −

∑

𝑙∈∶𝑙ℎ=𝑖
𝑓𝑙,𝑡, ∀𝑖 ∈  , 𝑡 ∈ [𝑇 ], (B.2b)

𝑝𝑢,𝑡 =
∑

𝑏∈𝑢

𝑠𝑒𝑢,𝑏,𝑡, ∀𝑢 ∈  , 𝑡 ∈ [𝑇 ], (B.2c)

0 ≤ 𝑠𝑒𝑢,𝑏,𝑡 ≤ 𝑠𝑏, ∀𝑏 ∈ 𝑢, 𝑢 ∈  , 𝑡 ∈ [𝑇 ], (B.2d)

𝑝 𝑜 ≤ 𝑝 ≤ 𝑝 𝑜 , ∀𝑢 ∈  , 𝑡 ∈ [𝑇 ], (B.2e)

𝑢 𝑢,𝑡 𝑢,𝑡 𝑢 𝑢,𝑡
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Table B.7
Parameters of the electricity system.
 Parameter Description  
 𝑒 = (𝑁, ) Undirected graph where 𝑁 is a set of buses indexed by 𝑖 = {1,… , 𝑁} and  is a set of lines 

indexed with 𝑙 = {1,… , }
 

  Set of generators, indexed by 𝑢 = {1,… , 𝑈}  
  𝑔 ⊆ 𝑈 Set of GFPPs  
  (𝑖) ⊆ 𝑈 Set of generators located at 𝑖 ∈   
 𝑢 Set of supply bids submitted by 𝑢 ∈  , indexed by 𝑏 = 1,… , 𝐵𝑢  
 𝛽𝑢,𝑏 Bid price of 𝑏 ∈ 𝐵𝑢 submitted by 𝑢 ∈   
 𝑠𝑢,𝑏 Maximum amount of active power generation of bid 𝑏 ∈ 𝐵𝑢  
 𝑀𝑒

𝑢 Maximum gap between actual emissions and initial allowances of GFPP 𝑢 ∈  𝑔  
 𝑝

𝑢
, 𝑝𝑢 Minimum/maximum real power generation of generator 𝑢 ∈   

 𝑅𝑢 , 𝑅𝑢 Ramp-down/-up rate of generator 𝑢 ∈   
 𝑐𝑢 No-load cost of 𝑢 ∈   
 𝛹𝑢 Set of counts of time periods with distinct start-up costs of generator 𝑢 indexed by ℎ  
 𝐶𝑢,ℎ Start up cost of generator 𝑢 ∈   when 𝑢 is turned on after it has been offline for some time

∈ [𝛹𝑢,ℎ , 𝛹𝑢,ℎ+1]
 

 𝑜𝑢,0 , 𝑝𝑢,0 Initial on–off status/real power generation of generator 𝑢 ∈   
 𝜏𝑢 , 𝜏𝑢 Minimum up/down time of generator 𝑢 ∈   
 𝜏𝑢,0 , 𝜏𝑢,0 The time that generator 𝑢 ∈   has to be active/inactive from 𝑡 = 0  
 𝑏𝑙 Line susceptance of line 𝑙 ∈   
 𝑓𝑙 Real power limit of line 𝑙 ∈   
 𝐸0

𝑢,𝑡 Allocated carbon allowances for GFPP 𝑢 ∈  𝑔 during 𝑡 ∈ [𝑇 ]  
 𝜅𝑢 Carbon intensity (CI) parameters of GFPP 𝑢 ∈  𝑔  
 (𝑑𝑒𝑖,𝑡)𝑖∈ Electricity load profile during 𝑡 ∈ [𝑇 ]  
 𝛥𝑙 Maximum voltage angle difference between two end-points of line 𝑙 ∈   
 𝜃𝑖 , 𝜃𝑖 Minimum/maximum voltage angle at node 𝑖 ∈   
Table B.8
Variables of the UC problem.
 Variable Description  
 Binary variables  
 𝑜𝑢,𝑡 1 if generator 𝑢 ∈   is on during 𝑡 ∈ [𝑇 ], 0 otherwise  
 𝑣+𝑢,𝑡 1 if generator 𝑢 ∈   becomes online during 𝑡 ∈ [𝑇 ], 0 otherwise  
 𝑣−𝑢,𝑡 1 if generator 𝑢 ∈   becomes offline during 𝑡 ∈ [𝑇 ], 0 otherwise  
 𝑤𝑢,𝑏,𝑡 1 if generator 𝑏 ∈ 𝑢 is selected during 𝑡 ∈ [𝑇 ], 0 otherwise  
 𝑦𝑢,𝑡 1 if GFPP 𝑢 ∈  𝑔 has deficit carbon allowances during 𝑡 ∈ [𝑇 ], 0 otherwise 
 Continuous variables  
 𝑟𝑢,𝑡 Start-up cost of generator 𝑢 ∈   during 𝑡 ∈ [𝑇 ]  
 𝜌𝑢,𝑡 Maximum allowable bidding price for generator 𝑢 ∈  𝑔 to generate power 

at its scheduled level during 𝑡 ∈ [𝑇 ]
 

𝑝𝑢,0 = 𝑝𝑢,0, ∀𝑢 ∈  , (B.2f)

𝑝𝑢,𝑡 − 𝑝𝑢,𝑡−1 ≤ 𝑅𝑢𝑜𝑢,𝑡−1 + 𝑝𝑢𝑣+𝑢,𝑡, ∀𝑢 ∈  , 𝑡 ∈ [𝑇 ], (B.2g)

𝑝𝑢,𝑡−1 − 𝑝𝑢,𝑡 ≤ 𝑅𝑢𝑜𝑢,𝑡 + 𝑝𝑢𝑣
−
𝑢,𝑡, ∀𝑢 ∈  , 𝑡 ∈ [𝑇 ], (B.2h)

𝑓𝑙,𝑡 = −𝑏𝑙(𝜃𝑙ℎ ,𝑡 − 𝜃𝑙𝑡 ,𝑡), ∀𝑙 ∈  , 𝑡 ∈ [𝑇 ], (B.2i)

− 𝑓 𝑙 ≤ 𝑓𝑙,𝑡 ≤ 𝑓 𝑙 , ∀𝑙 ∈  , 𝑡 ∈ [𝑇 ], (B.2j)

𝜃𝑖 ≤ 𝜃𝑖,𝑡 ≤ 𝜃𝑖, ∀𝑖 ∈  , 𝑡 ∈ [𝑇 ], (B.2k)

− 𝛥𝑙 ≤ 𝜃𝑙ℎ ,𝑡 − 𝜃𝑙𝑡 ,𝑡 ≤ 𝛥𝑙 , ∀𝑙 ∈  , 𝑡 ∈ [𝑇 ]. (B.2l)

The problem (B.2) is a classic ED problem and the objective of 
the ED is to minimize the costs of the selected supply bids of each 
power generating unit 𝑢. Table  B.9 summarizes the variables of the ED 
problem. Eq. (B.2b) is a real power balance constraint with 𝑙ℎ and 𝑙𝑡
representing the head and tail of line 𝑙 ∈  , respectively. Eq. (B.2c) 
shows that the real power generation of unit 𝑢 is equal to the sum 
of quantities of all selected bids and Eq. (B.2d) constrains the power 
generation 𝑠𝑒𝑢,𝑏,𝑡 from bid 𝑏 ∈ 𝑢 to be no more than the submitted 
amount 𝑠𝑏. The bounds for real power generation 𝑝𝑢,𝑡 is suggested 
in Eq. (B.2e) and the initial power at 𝑡 = 0 is specified in (B.2f). 
The ramp-up and ramp-down constraints for generators are given in 
constraints (B.2g) and (B.2h). This paper assumes DC-OPF and the line 
flow 𝑓𝑙,𝑡 is formulated in Eq. (B.2i) and it is bounded by flow limits 
as suggested in Eq. (B.2j). Eqs. (B.2k)–(B.2l) state the voltage angle 
bounds on each bus and the bounds on the angle difference of two 
adjacent buses respectively.
21 
B.3. The third-level gas market clearing problem

This natural gas market clearing problem (B.3) is a classic steady-
state model of natural gas network with Weymouth equation to capture 
the relationship between pressures and flux. Tables  B.10 and B.11 
summarize the parameters and variables of the gas market clearing 
problem.

min
∑

𝑡∈[𝑇 ]

∑

𝑗∈

⎛

⎜

⎜

⎝

∑

𝑠∈𝑗

𝑐𝑗,𝑠𝑠
𝑔
𝑠,𝑡 + 𝑘𝑗𝑞𝑗,𝑡

⎞

⎟

⎟

⎠

(B.3a)

s.t.

𝑠𝑔𝑗,𝑡 − 𝑙𝑗,𝑡 − 𝑙
𝐺𝐹𝑃𝑃
𝑗,𝑡 =

∑

𝑎∈∶𝑎𝑡=𝑗
𝜙𝑎,𝑡 −

∑

𝑎∈∶𝑎ℎ=𝑗
𝜙𝑎,𝑡, ∀𝑗 ∈  , 𝑡 ∈  , (B.3b)

𝑠𝑔𝑗,𝑡 =
∑

𝑠∈𝑗

𝑠𝑔𝑠,𝑡, ∀𝑗 ∈  , 𝑡 ∈ [𝑇 ], (B.3c)

𝑙𝑗,𝑡 = 𝑑𝑔𝑗,𝑡 − 𝑞𝑗,𝑡, ∀𝑗 ∈  , 𝑡 ∈ [𝑇 ], (B.3d)

0 ≤ 𝑞𝑗,𝑡 ≤ 𝑑𝑔𝑗,𝑡, ∀𝑗 ∈  , 𝑡 ∈ [𝑇 ], (B.3e)

𝜙𝑎,𝑡 ≥ 0, ∀𝑎 ∈ , 𝑡 ∈  , (B.3f)

𝑠𝑔𝑗 ≤ 𝑠𝑔𝑗,𝑡 ≤ 𝑠𝑔𝑗 , ∀𝑗 ∈  , 𝑡 ∈ [𝑇 ], (B.3g)

𝛼𝑐𝑎𝜋𝑎ℎ ,𝑡 ≤ 𝜋𝑎𝑡 ,𝑡 ≤ 𝛼𝑐𝑎𝜋𝑎ℎ ,𝑡, ∀𝑎 ∈ 𝑐 , 𝑡 ∈ [𝑇 ], (B.3h)

𝛼𝑣𝑎𝜋𝑎ℎ ,𝑡 ≤ 𝜋𝑎𝑡 ,𝑡 ≤ 𝛼𝑣𝑎𝜋𝑎ℎ ,𝑡, ∀𝑎 ∈ 𝑣, 𝑡 ∈ [𝑇 ], (B.3i)

𝜋 − 𝜋 ≥ 𝑊 𝜙2 , ∀𝑎 ∈  ⧵ ( ∪ ), 𝑡 ∈ [𝑇 ], (B.3j)
𝑎ℎ ,𝑡 𝑎𝑡 ,𝑡 𝑎 𝑎,𝑡 𝑣 𝑐
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Table B.9
Variables of the ED problem.
 Variable Description  
 𝑠𝑒𝑢,𝑏,𝑡 Real power generation from 𝑏 ∈ 𝑢 of generator 𝑢 ∈   during 𝑡 ∈   
 𝑝𝑢,𝑡 Real power generation of generator 𝑢 ∈   during 𝑡 ∈   
 𝑓𝑙,𝑡 Real power flow on line 𝑙 ∈  during 𝑡 ∈   
 𝜃𝑖,𝑡 Voltage angle on node 𝑖 ∈  during 𝑡 ∈   
Table B.10
Parameters of the gas system.
 Parameter Description  
  = ( ,) Directed graph representing a natural gas transmission network, where  is a set of 

junctions, indexed with 𝑗 = {1,… , 𝑉 }, and  ⊆  ×  is a set of connections, indexed with 
𝑎 = {1,… , 𝐴}

 

 𝑐 ⊆  Set of compressors  
 𝑣 ⊆  Set of control valves  
 𝜅𝑗 Cost of demand shedding at junction 𝑗 ∈   
 (𝑑𝑔𝑗,𝑡)𝑗∈ Gas demand profile during 𝑡 ∈   
 𝑠𝑔𝑗 , 𝑠𝑔𝑗 Lower/Upper limit on natural gas supply at junction 𝑗 ∈   
 𝑐𝑗 (⋅) Cost function for gas supply at junction 𝑗 ∈   
 {𝐻𝐺

𝑢,𝑗}𝑗=0,1,2 Coefficients of the heat rate curve of GFPP 𝑢 ∈  𝑔  
 𝑊𝑎 Pipeline resistance (Weymouth) factor of connection 𝑎 ∈   
 𝜋𝑗 , 𝜋𝑗 Minimum/maximum squared pressure at junction 𝑗 ∈   
 𝛼𝑐𝑎 , 𝛼𝑐𝑎 Lower/upper compression ratio of connection 𝑎 ∈ 𝑐  
 𝛼𝑣𝑎 , 𝛼𝑣𝑎 Lower/upper control ratio of connection 𝑎 ∈ 𝑣  
  Set of pricing zones, indexed by 𝑘 = {1,… , 𝐾}  
 (𝑘) Set of junctions that belong to 𝑘 ∈   
Table B.11
Variables on the gas system.
 Variable Description  
 𝑠𝑔𝑗,𝑡 Amount of gas supplied at junction 𝑗 ∈  during 𝑡 ∈ [𝑇 ]  
 𝑠𝑠,𝑡 Amount of gas supply from 𝑠 ∈ 𝑗 during 𝑡 ∈ [𝑇 ]  
 𝜋𝑗,𝑡 Pressure squared at 𝑗 ∈  during 𝑡 ∈ [𝑇 ]  
 𝜙𝑎,𝑡 Gas flow on 𝑎 ∈  during 𝑡 ∈ [𝑇 ]  
 𝑙𝑗,𝑡 Satisfied gas demand at 𝑗 ∈  during 𝑡 ∈ [𝑇 ]  
 𝑞𝑗,𝑡 Gas demand shedding at 𝑗 ∈  during 𝑡 ∈ [𝑇 ]  
 𝑙𝐺𝐹𝑃𝑃𝑗,𝑡 Total amount of gas consumed by the GFPP located at 𝑗 ∈  ∩  during 𝑡 ∈ [𝑇 ] 
𝜋𝑗 ≤ 𝜋𝑗,𝑡 ≤ 𝜋𝑗 , ∀𝑗 ∈  , 𝑡 ∈ [𝑇 ], (B.3k)

𝑇ℎ𝑒 ℎ𝑒𝑎𝑡 𝑟𝑎𝑡𝑒 𝑐𝑢𝑟𝑣𝑒 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡 (9). (B.3l)

Eq. (B.3b) shows the flux conservation constraint with 𝑎ℎ and 𝑎𝑡
representing the head and tail of connections 𝑎 ∈ , respectively. 
Eq. (B.3c) calculates the total gas production at junction 𝑗 ∈  . The 
satisfied gas demand is calculated based on the gas demand profile 𝑑𝑔𝑗,𝑡
minus the gas load shedding 𝑞𝑗,𝑡 (Eq. (B.3d)), where there exists a high 
penalty cost for gas demand shedding. In addition, the gas demand 
shedding should not exceed the demand profile, as shown in Eq. (B.3e). 
This model assumes a predetermined gas flow direction as enforced 
by the non-negativity of 𝜙𝑎,𝑡 in Eq. (B.3f). The bounds for natural 
gas supplies 𝑠𝑔𝑗,𝑡 are [𝑠

𝑔
𝑗 , 𝑠

𝑔
𝑗 ]. In addition, a single compressor machine 

approximation is assumed in this work and the change in pressure 
through compressors and control valves are stated in Eqs. (B.3h)–(B.3i). 
The relaxed Weymouth equation, as stated in Eq. (B.3j), is used to 
model steady state gas flows. The bounds on the nodal pressure is 
modeled in (B.3k). Lastly, Eq. (B.3l) shows the heat rate curve for 
calculating the demand induced by GFPPs 𝑙𝐺𝐹𝑃𝑃𝑗,𝑡 . The gas balancing 
constraint (B.3b) yields dual variable 𝜋𝑔𝑗,𝑡, representing the nodal gas 
price at junction 𝑗 for time period 𝑡.

The cost structure at each gas supply junction 𝑗 consists of two com-
ponents: a production cost represented by a piecewise linear function, 
and a gas shedding penalty 𝜅𝑗 . The production cost curve is divided into 
multiple segments 𝑗 , spanning the range [0, 𝑠̄𝑔𝑗 ]. Each segment 𝑠 ∈ 𝑗
has an associated marginal cost 𝑐𝑗,𝑠, which is non-decreasing across 
consecutive segments (𝑐𝑗,𝑠 ≤ 𝑐𝑗,𝑠+1). To model this segmented structure, 
we define supply variables 𝑠𝑔𝑗,𝑡 representing the gas quantity produced 
from each segment 𝑠 at time 𝑡. These segment-specific supply variables 
22 
are connected to the junction’s total gas flow through constraint (B.3c), 
with the total cost captured in objective function (B.3a).

B.4. The fourth-level carbon market clearing problem

The fourth level of the UCGCA model is the carbon emission trading 
scheme and is detailed in Problem (B.4). Tables  B.12 and B.13 provide 
a summary of the parameters and variables. 

min
∑

𝑡∈[𝑇 ]

(

∑

𝑖∈∪
𝑐𝑖,𝑡𝑒𝑖,𝑡 + 𝜅𝑒𝑞𝑒𝑡

)

(B.4a)

s.t. 0 ≤ 𝑒𝑖,𝑡 ≤ 𝐸𝑠𝑢𝑟𝑝𝑙𝑢𝑠𝑖,𝑡 , ∀𝑖 ∈  ∪  , 𝑡 ∈ [𝑇 ], (B.4b)
∑

𝑖∈∪
𝑒𝑖,𝑡 + 𝑞𝑒𝑡 =

∑

𝑖∈∪
𝐸𝑑𝑒𝑓𝑖𝑐𝑖𝑡𝑖,𝑡 , [𝜋𝑒𝑡 ] ∀𝑡 ∈ [𝑇 ]. (B.4c)

 We adopt an allowance-based carbon market architecture where each 
participant receives an initial allocation of carbon allowances 𝐸0

𝑖,𝑡. 
Eq. (B.4a) shows the objective of the carbon trading mechanism, which 
aims to minimize the costs associated with carbon emissions trading. 
This objective function includes costs from internal transactions within 
the market, represented as 𝑐𝑖,𝑡𝑒𝑖,𝑡, and external acquisitions of emission 
quotas as a last resort, denoted by 𝜅𝑒𝑞𝑒𝑡 , where 𝑞𝑒𝑡  incurs a higher 
cost due to external purchases. Market participants can trade their 
allowances based on their positions. Those experiencing deficits, where 
actual emissions 𝐸𝑖,𝑡 exceed their initial allowances 𝐸0

𝑖,𝑡, must acquire 
additional allowances to meet this inelastic emission demand 𝐸𝑑𝑒𝑓𝑖𝑐𝑖𝑡𝑖,𝑡 . 
Conversely, participants with surpluses, where initial allowances 𝐸0

𝑖,𝑡
exceed their actual emissions 𝐸𝑖,𝑡, can sell their excess allowances 𝑒𝑖,𝑡 at 
bid prices 𝑐 , as constrained by (B.4b). The calculation of actual carbon 
𝑖,𝑡
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Table B.12
Parameters of the carbon trading mechanism.
 Parameters Description  
 𝑐𝑖,𝑡 Offers to sell surplus carbon allowances by unit 𝑖 during time period 𝑡 ∈ [𝑇 ]. 
 𝑘𝑒 Cost incurred for acquiring additional external carbon allowances.  
 𝐸0

𝑖,𝑡 Allocated carbon allowances for unit 𝑖 during time period 𝑡 ∈ [𝑇 ].  
 𝜅𝑖 Carbon intensity (CI) parameters for unit 𝑖.  
Table B.13
Variables of the carbon trading mechanism.
 Variables Description  
 𝑒𝑖,𝑡 Amount of emission allowances unit 𝑖 sold during time period 𝑡 ∈ [𝑇 ].  
 𝑞𝑒𝑡 Quantity of external emission allowances bought at price 𝑘𝑒 during time period 𝑡 ∈ [𝑇 ]. 
 𝐸∗

𝑖,𝑡 Actual carbon emissions produced by unit 𝑖 during period 𝑡.  
 𝐸𝑑𝑒𝑓𝑖𝑐𝑖𝑡

𝑖,𝑡 Carbon allowance deficit for participant 𝑖 in period 𝑡  
 𝐸𝑠𝑢𝑟𝑝𝑙𝑢𝑠

𝑖,𝑡 Carbon allowance surplus for participant 𝑖 in period 𝑡  
Table C.14
Computational performance for C and B across different values of 𝜂𝑒 and 𝜂𝑔 levels when 𝛼 = 0.8.
 𝜂𝑔 𝜂𝑒 = 1 𝜂𝑒 = 1.2 𝜂𝑒 = 1.6

 C B C B C B

 Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) 
 1.0 0.00 6.27 0.00 40.53 0.00 8.21 0.00 25.43 0.00 5.82 0.00 57.29  
 1.1 0.00 5.46 0.00 34.61 0.00 6.74 0.00 58.20 0.00 2.99 0.00 43.04  
 1.2 0.00 5.46 0.00 23.69 0.00 3.44 0.00 89.05 0.00 1.77 0.00 42.56  
 1.3 0.00 4.52 0.00 24.20 0.00 5.51 0.00 57.81 0.00 7.53 0.00 34.65  
 1.4 0.00 9.62 0.00 39.54 0.00 5.26 0.00 61.44 0.00 2.47 0.00 44.29  
 1.5 0.00 7.56 0.00 25.84 0.00 4.97 0.00 82.48 0.02 3600 (†) 0.00 626.37  
 1.6 0.00 6.49 0.00 37.43 0.15 3600 (†) 0.00 62.29 100 (‡) 3600 (†) 2.69 3600 (†)  
 1.7 0.00 6.48 0.00 23.87 4.50 3600 (†) 3.47 3600 (†) 100 (‡) 3600 (†) 2.57 3600 (†)  
 1.8 6.34 3600 (†) 1.64 3600 (†) 100 (‡) 3600 (†) 3.54 3600 (†) 100 (‡) 3600 (†) 6.86 3600 (†)  
 1.9 100 (‡) 3600 (†) 1.78 3600 (†) 100 (‡) 3600 (†) 3.31 3600 (†) 100 (‡) 3600 (†) 7.85 3600 (†)  
 2.0 4.24 3600 (†) 0.00 66.10 2.67 3600 (†) 4.79 3600 (†) 9.62 3600 (†) 5.30 3600 (†)  
 2.1 3.92 3600 (†) 4.67 3600 (†) 5.22 3600 (†) 5.11 3600 (†) 100 (‡) 3600 (†) 5.27 3600 (†)  
 2.2 4.39 3600 (†) 5.30 3600 (†) 5.70 3600 (†) 4.83 3600 (†) 6.70 3600 (†) 5.05 3600 (†)  
 2.3 0.00 38.42 0.00 30.37 0.00 78.00 0.00 53.30 0.00 42.23 0.00 18.23  
Table C.15
Computational performance for C and B across different values of 𝜂𝑒 and 𝜂𝑔 levels when 𝛼 = 1.0.
 𝜂𝑔 𝜂𝑒 = 1 𝜂𝑒 = 1.2 𝜂𝑒 = 1.6

 C B C B C B

 Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) 
 1.0 0.00 5.59 0.00 38.44 0.00 5.09 0.00 25.97 0.00 3.01 0.00 55.63  
 1.1 0.00 9.10 0.00 35.12 0.00 4.67 0.00 59.02 0.00 2.77 0.00 41.06  
 1.2 0.00 8.15 0.00 24.08 0.00 5.42 0.00 88.72 0.00 3.40 0.00 42.62  
 1.3 0.00 7.69 0.00 24.73 0.00 7.46 0.00 57.58 0.00 5.59 0.00 43.79  
 1.4 0.00 6.12 0.00 38.10 0.00 5.91 0.00 59.80 0.00 3.64 0.00 37.81  
 1.5 0.00 7.23 0.00 23.63 0.00 5.79 0.00 82.46 0.00 893.21 0.00 88.97  
 1.6 0.00 5.91 0.00 37.08 0.00 8.95 0.00 79.54 100 (‡) 3600 (†) 2.60 3600 (†)  
 1.7 0.00 5.72 0.00 23.68 0.80 3600 (†) 3.74 3600 (†) 100 (‡) 3600 (†) 2.55 3600 (†)  
 1.8 3.33 3600 (†) 1.48 3600 (†) 100 (‡) 3600 (†) 3.50 3600 (†) 100 (‡) 3600 (†) 2.40 3600 (†)  
 1.9 2.96 3600 (†) 1.77 3600 (†) 100 (‡) 3600 (†) 3.52 3600 (†) 100 (‡) 3600 (†) 2.52 3600 (†)  
 2.0 4.15 3600 (†) 0.00 65.69 2.05 3600 (†) 0.00 144.64 0.00 22.35 0.00 34.15  
 2.1 3.67 3600 (†) 0.00 54.43 1.91 3600 (†) 0.00 145.36 0.72 3600 (†) 0.00 30.20  
 2.2 3.75 3600 (†) 0.00 52.53 0.21 3600 (†) 0.00 179.46 0.00 2.97 0.00 22.71  
 2.3 2.44 3600 (†) 0.00 37.70 0.00 2185.13 0.00 152.32 0.00 13.29 0.00 45.98  
emission levels is discussed in Eq. (B.4). The carbon emission balancing 
constraint (B.4c) yields dual variable 𝜋𝑒𝑡 , representing the carbon price 
for time period 𝑡.

Appendix C. Computational performance

We evaluate the performances of C and B across various scenarios, 
using combinations of gas network stress (𝜂𝑔 = 1, 1.1,… , 2.3), electrical 
system conditions (𝜂𝑒 = 1, 1.2, 1.6), and risk-aversion levels (𝛼𝑢 =
80%, 100%, 120%). The comparison was made across all instances, as 
provided in Tables  C.14–C.16. The symbol † indicates that a method 
23 
reaches the time limit and the symbol ‡ that the method did not find 
any incumbent solution.

Appendix D. Supplementary data

Supplementary material related to this article can be found online 
at https://doi.org/10.1016/j.cie.2026.112112.

Data availability

Data will be made available on request.
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Table C.16
Computational performance for C and B across different values of 𝜂𝑒 and 𝜂𝑔 levels when 𝛼 = 1.2.
 𝜂𝑔 𝜂𝑒 = 1 𝜂𝑒 = 1.2 𝜂𝑒 = 1.6

 C B C B C B

 Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) Gap (%) Time (s.) 
 1.0 0.00 6.54 0.00 38.26 0.00 6.59 0.00 25.69 0.00 2.74 0.00 56.20  
 1.1 0.00 7.78 0.00 34.78 0.00 4.98 0.00 59.48 0.00 4.05 0.00 41.57  
 1.2 0.00 9.27 0.00 23.99 0.00 6.04 0.00 90.13 0.00 3.15 0.00 42.48  
 1.3 0.00 6.41 0.00 24.60 0.00 4.60 0.00 58.08 0.00 3.57 0.00 29.14  
 1.4 0.00 6.91 0.00 38.02 0.00 4.20 0.00 60.56 0.00 2.22 0.00 46.28  
 1.5 0.00 7.25 0.00 23.69 0.00 7.21 0.00 82.93 0.00 1581.03 0.00 614.12  
 1.6 0.00 7.36 0.00 36.63 0.78 3600 (†) 0.00 72.40 100 (‡) 3600 (†) 2.52 3600 (†)  
 1.7 0.00 6.94 0.00 23.53 4.56 3600 (†) 4.49 3600 (†) 100 (‡) 3600 (†) 2.47 3600 (†)  
 1.8 6.42 3600 (†) 1.90 3600 (†) 100 (‡) 3600 (†) 3.65 3600 (†) 100 (‡) 3600 (†) 2.39 3600 (†)  
 1.9 9.50 3600 (†) 1.68 3600 (†) 100 (‡) 3600 (†) 3.07 3600 (†) 100 (‡) 3600 (†) 2.38 3600 (†)  
 2.0 3.53 3600 (†) 0.00 57.87 0.00 1865.32 0.00 104.05 1.59 3600 (†) 0.00 55.19  
 2.1 3.53 3600 (†) 0.00 57.05 0.00 54.49 0.00 352.49 0.00 7.67 0.00 51.96  
 2.2 3.58 3600 (†) 0.00 54.30 0.00 923.93 0.00 169.06 0.00 7.77 0.00 36.24  
 2.3 4.19 3600 (†) 0.00 60.33 0.00 19.19 0.00 141.28 0.00 14.10 0.00 31.32  
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