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Appendix D. Proof of Theorem 3.1

Proof. We denote the unbounded and finite of Problem (i) as U; and F; for i € {5,6, 7}, respectively. The
combination of outcomes of BSP subproblems (6) and (7) are A = {(Us,Uz), (Us, F7), (Fs,Uz), (Fe, F7)}.
Similarly, the possible outcomes of BSP Problem (5) is B = {Us, F5}. This proof is to show that the solution
of BSP Problem (5) can be determined by solving BSP subproblems (6) and (7), i.e., there is a surjective map-
ping A — B from the outcomes of (6) and (7) A to the outcomes of BSP Problem (5) B (Byeon and Van Hen-
tenryck, 2022). For clarity and brevity, we denote the variables (z1, ..., &Tn, Uy1, ..., Uyn, Vy1, - - -, Vyn, U)
as (x, uy, vy, u) and (Y1,...,Yn, Ugl, .., Ugn, W) = (Y, Uy, W).

1. IfUs: We denote the unbounded ray of Problem (6) as (&, @y, Dy, &) and Us (&, Uy, Ty, @) == Y1 (vicl &;—
Vit (byi — Hyi2) — 7i0 (eyi + Eyi2)) — a’ (g, — Ryz) < 0. Note that Us = oo and without the loss
of generality, we can assume the variable w to be zero in Problem (7). Then,

(a) If Ur: Let (g, u,0) be the unbounded ray of Problem (7). Then f; := (&, @y, 0y, @, 0,0,0) and
iz :=(0,0,0,0, Yy, @,,0) are respective an unbounded ray of Problem (5). In this case, Problem
(5) is unbounded.

(b) Else if F7: Let (§,4,,0) be the optimal solution of Problem (7) with optimal objective value
as ©7. Then for any a > 0, (0,0,0,0,9,7,,0) + (&, 4y, y,u,0,0,0) is a feasible solution
to Problem (5) with objective value as ®7 — alfs which increases as « increases. Therefore,
fi1 = (&, Uy, 0y, @, 0,0,0) is also an unbounded ray for Problem (5).

2. Else If F5: We denote the optimal solution of Problem (6) as (&, @y, 0y, @) and let Dg(&, Gy, Dy, @) 1=
Z?zl (’yiciT;%i — fyﬂlgi(byi —Hy2)— 0 (eyl + Eylz)) T(qy — R, 2) be the optimal objective value.
Then,

(a) IfUz: Let (g, @y, W) be the unbounded ray of Problem (7). Then fig := (W, G, W, 0,0, W, Y, Uy, W)
is a feasible solution of Problem (5) and the objective value > i, g7 (b;—D;2)+a’;(byi — Hyi2) —
WD is positive because fiz yields a positive objective value indicates an unbounded direction in
Problem (5). Therefore, fi3 is an unbounded ray of Problem (5) and Problem (5) is unbounded.

(b) Else if F7: Let (¢, 4, w) be the optimal solution of Problem (7) with optimal objective value as

D7. First, note that 4 = (&w, 4w, 0w, 4w, fg,ﬁx,'d)) is a feasible solution of Problem (5).
Suppose w > 0, we introduce auxiliary variables (z', u;, v, u') = (&, Zu 2u 1) Then Problem

(5) can be rewritten as

ggg{@(w) (B:1)
where
@( = y>r0[131(>0 Z yl b — ,z + ’u, (b — Hmz) — wDg

s.t. Eq. (7b)7Eq. (70)

Note that Problem max,so@(w) (B:1) is equivalent to Problem (7) where the nonnegativity
constraint for w is restricted by strict inequality. Therefore, we have max,so@(w) < Dy.
When w = 0, Problem (5) can be decomposed into Problem (7) with a restriction w = 0
(denoted as Problem (7)’) and Problem (6) with right-hand side be replaced by 0 (denoted as



Problem (6)’). Taking the dual of Problem (6)’, we obtain a dual objective function of maxO0.
Note that Problem (6) is either unbounded or zero at optimality, as an easy solution is all
variables at zero. Therefore the optimum must be zero otherwise problem (6) is unbounded.
This implied also that Problem (5) when w = 0 is also bounded above by ©7, which proves that
fra = (&, W, Uy, DyW, 4W, Y, Uy, W) is the optimal solution of Problem (5).

O

Appendix E. Corollary 1

Corollary 1. Let Ps and Rg be the set of all extreme points and rays of BSP1 (6) and P7; and R~ be the set
of all extreme points and rays of BSP2 (7), respectively. With Pg, Pz, Re and Ry, the single-level problem
(2) is equivalent to the following problem:

. T

t E.1
e Maez TEET (E.1a)
s.t.

n n
i=1 ]

(E.1b)

0> (4] (bi — Diz) + @ity(bei — Huiz)),  V(§,1x,0) € Ry, (E.1d)
=1
n n
0 > Z (:ljo(bl — Diz) + ﬁ'fz(bu — Hmz)) — ’li)|: (’}/ZCZT:fil — ’ylﬂ;(byz — Hyiz) — ’Yi'ag;‘(eyi + Eylz))
=1 =1

(E.le)

—a’(q, — Ryz)}7 Y(&, by, 0y, ) € Pe, (§, Uy, W) € Ry : W > 0.

Proof. As suggested in the proof of Theorem 3.1, ji4 := (&, W, Uy W, Dy W, AW, §, Uy, W) is an extreme points
of Problem (7) iif (&, 1y, 0y, @, Y, 4y, W) € Ps X Pz, which is shown in Eq. (E.1b). The proof of Theorem
3.1 also suggests that there are three extreme rays:

1. iy == (&, @iy, By, @,0,0,0), V(& i, 0, a) € R
2. ﬂ? = (07070707:&713,&170)7 v(g7am70) S R?
3. i3 1= (81, G0y, DD, GAD, §, lhy, ), V(& Thyy, By, ) € P, (§, Ghg, W) € Ry 110 > 0

Thus, Egs. (E.1c)—(E.le) hold and are equivalent to the projection of the feasible region of the linear
relaxation of Problem (2) onto the space of z. O

Appendix F. Proof of Theorem 3.2

Proof. Built upon Theorem 3.1, it suffices to show that solving Problem (8) is sufficient to obtain the optimal
solution or unbounded ray of Problem (7) with ¢, = ;¢! conditions (i.e., Problem (F.1)). First, Problem
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Algorithm 1: Benders Separation Algorithm for Theorem 3.1

Input: 2 € {0,1}",2€ Z

Solve Problem (6);

if Problem (6) is unbounded with an unbounded ray (&, U, vy, w) € R¢ then

Solve Problem (7) with © = oo (i.e., by fixing w = 0);

if Problem (7) is unbounded with an unbounded ray (g, d,,0) € Ry then
| Add the feasibility cuts (E.1c) and (E.1d) to the RMP;

else

L Add the feasibility cut (E.1c) to the RMP;

Ise

9 Obtain its optimal solution (&, @, ¥,) € Ps and let D¢ be its optimal objective value;
10 Solve Problem (7) with Dg;

11 if Problem (7) is unbounded with an unbounded ray (g, 4., w) € Ry then

- N

0]
0]

12 | Add the feasibility cut (E.le);

13 else

14 Obtain its optimal solution (g, @,, W) € Pr;

15 Add the optimality cut (E.1b);

16 Update the best primal bound with the obtained feasible solution;

(7) with ¢, = ;¢! conditions is:

T, 1.2 T s ) _
max Z (yl (bi — DiZ) + uy, (b Hmz)> wDg (F.1a)
ug >0, i=1
w>0
s.t. leAz + yZHBH_l + Gfluu < yiciT(w + 1), Vi € [n - 1], (Flb)
Y A 4+ GL gy < Anel(w +1). (F.1c)

We introduce auxiliary variables as (y',u;) = (%7, o) and Problem (F.1) can be rewritten as

n

max Y (y;% — D;2) +u (b — H)) +w | Yy (b — Di2) + w)l (bei — Hui2) — Dg| (F.2a)

y’Z&g&ZO ) Pt
sty Ai+ Y Bip + Ghug, < v, Vie[n—1], (F.2b)
ynTAn + anum < 7n07:€~ (F.2c)

Suppose Problem (8) has a finite optimum Dg at (g, 4,) and Dg > Dg. Then, for any a > 0, (v, v, w) =
(9, G, «) is feasible to Problem (F.2) and its objective value increases as « increases, and thus Problem (F.2)
is unbounded, so is Problem (F.1). Note that by converting (y’, u,, w) to the solution of Problem (F.1) using
(y,ul,) = (wiﬂ, %), we can see that (g, 4., 1) is an unbounded ray of Problem (F.1). When Dg < Dg,
the term multiplied by w in the objective function of (F.2) can be disregarded, thus Problem (F.2) and
Problem (8) have a finite optimum D 2y at (§, @,,0). Otherwise, when Problem (8) is unbounded with an

unbounded ray of (g, @), Problem (F.1) is unbounded by (g, @, 0). O

Appendix G. Corollary 2

Corollary 2. Let Pg and Rg be the set of all extreme points and rays of Problem (6) and Ps and Rg be the
set of all extreme points and rays of Problem (8), respectively. With Pg, Ps, Rs, and Rs, the single-level
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problem (2) is equivalent to the following problem:

. T
t G.1
ze{o,rlrﬁ»l"q,zez Ve E (G.1a)
s.1.
t>> (9] (b — Diz) + 0L, (byi — Huiz)), V(&, 1y, Dy, 4, §,@,) € Ps x Py, if Dg > Ds, (G.1b)
i=1

3

(vied @i — Yitiy; (bys — Hyiz) — YiOp(eys + Eyiz)) — @' (qy — Ryz) >0, V(& @y, 0y, @) € R, (G.1lc)

0 Z Z ('g;T(b’L - Diz) + ﬂi(bm - H’inz)) ) V('g, ﬂ’:wo) € R87 (Gld)
=1
S (97 (b — Diz) + 6L (bai — Hyiz)) <3 (vicl & — il (byi — Hyiz) — 700 (eyi + Eyi2)) (G.1e)
=1 =1
—a% (g, — Ryz), V(& 1y, by, 0,7, 0, W) € Ps x Ps, if Dg < Ds.

Proof. As suggested in the proof of Theorem 3.2, ji4 := (&, W, Uy W, Dy W, AW, §, Uy, W) is an extreme points
of Problem (14) #f (&, 4y, Dy, @, G, Uy, W) € Ps X Pg and Dg > Dg, which is shown in Eq. (G.1b). The
proof of Theorem 3.1 also suggests that there are three extreme rays:

1. fiy == (&, iy, Dy, @,0,0,0), V(& i,, v, 4) € R

2. ﬂ? = (0707 07 07:!:]717 ﬁr>0)7 V(’g, az70) S RS

3. fig 1= (&, 41y, By, 6, g, W),  V(E, by, By, 1, G, Gy, W) € Pg x Py : if Dg < Dy
Thus, Egs. (G.1¢)—(G.1e) hold and are equivalent to the projection of the feasible region of the linear
relaxation of Problem (2) onto the space of z. O

Algorithm 2: Benders Separation Algorithm for Theorem 3.2
Input: 2€ {0,1}"™,2€ Z

1 Solve Problem (6) and (8) independently and let Dg and g denote their respective objective value;
2 if Dg = oo with an unbounded ray (g, a,) € Rg then

3 | Add feasibility cuts (G.1d) to the RMP;

4 else

5 Obtain the optimal solution of Problem (8) (g, @) € Ps;

6 if D = oo with an unbounded ray (&, @y, ¥y, %) € R¢ then

7 | Add the feasibility cut (G.1c);

8 else

9 Obtain the optimal solution (&, iy, ¥y, %) € Ps;
10 if Dg < Vg then

11 | Add the feasibility cut (G.le) to the RMP;
12 else

13 Add the optimality cut (G.1b) to the RMP;

14 L Update the best primal bound with the obtained feasible solution;




Appendix H. Proof of Theorem 3.3

Proof. For BSP1 (Problem (6)), if without the upper dual complicating constraints (le), the separated
Benders subproblem (6) becomes

n
: T T z T S
mzo,ugg%,vyzo Z;%'Ci i — %‘uyi(byi - Hyz) - %"in(eyi + Eyi2) (H.1a)
s.t. A1$1 - Ggluyl — Kﬁvyl Z bl, (Hlb)
A;x; + Bix,_1 — G;uyz - ijg’vyi >b;, Vie [’I’L]+, (H.lc)
Ky, <1, i€n). (H.1d)

We observe that the objective for the i*" lower level problems are scaled by 7;. As discussed in the proof
of Theorem 2.1 in Appendix A, this scaling reflects the sequence of computations. Specifically, the (i — 1)"
problem is computed first, and the results of x;_; are subsequently treated as parameters in the :** problem
to compute (i, wyi, vy;), Vi € [n]T. Therefore, for each i € [n], the i*®® subproblem takes the following form:

3 T T 5 T 5
o o i @ ity by = HyiZ) = vivyieyi + ByiZ) (H.2a)
s.t. Ai:ci + Bié\ci—l - G;uyz - ny’l}yz > bi, (H2b)
K;;vyi <1. (H.2c)

Here, &;_ is treated as a fixed parameter obtained from solving the (i—l)th subproblem. The term B;&; 1
is included only for ¢ > 2 and omitted when ¢ = 1. Consequently, the impact of the scaling problem can be
mitigated through this sequential computation process.

For BSP2 (Problem (8)), we replace n dual variables y’ with y, = y;/v; and u!, with w/, = w,;/7;, then
Problem (8) becomes

' N ' R
Y, (b — Dy iUz (hai — Hys H.
e Z;v ui' ( 2) + ity ( 2) (H.3a)
s.t. y;TAi +(1- ’y)y;leiH + szu/m < ciT, Vi € [n—1], (H.3b)
Y An+ G, <cf. (H.3¢)

As 7 approaches to 1, the term (1 — v)y;LBiH approaches to 0 and can be disregarded from the problem.
Therefore, for « sufficiently close to 1, Problem (H.3) can be decomposed into n independent subproblems,
one for each i € [n], of the following form:

These subproblems can be solved independently in parallel, with no coupling terms remaining when -~
approaches to 1.

For a given 2, valid cuts can be generated using Corollary 2, after solving the decomposed subprob-
lems (H.2) and (H.4) for all i € [n], involving the variables @;, wy;, vy, yi, and ;. O
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