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Appendix D. Proof of Theorem 3.1

Proof. We denote the unbounded and finite of Problem (i) as Ui and Fi for i ∈ {5, 6, 7}, respectively. The
combination of outcomes of BSP subproblems (6) and (7) are A = {(U6,U7), (U6,F7), (F6,U7), (F6,F7)}.
Similarly, the possible outcomes of BSP Problem (5) is B = {U5,F5}. This proof is to show that the solution
of BSP Problem (5) can be determined by solving BSP subproblems (6) and (7), i.e., there is a surjective map-
ping A → B from the outcomes of (6) and (7) A to the outcomes of BSP Problem (5) B (Byeon and Van Hen-
tenryck, 2022). For clarity and brevity, we denote the variables (x1, . . . ,xn,uy1, . . . ,uyn,vy1, . . . ,vyn,u)
as (x,uy,vy,u) and (y1, . . . ,yn,ux1, . . . ,uxn,w) = (y,ux,w).

1. If U6: We denote the unbounded ray of Problem (6) as (x̃, ũy, ṽy, ũ) and U6(x̃, ũy, ṽy, ũ) :=
∑n

i=1

(
γic

T
i x̃i−

γiũ
T
yi(byi −Hyiẑ)− γiṽ

T
yi(eyi + Eyiẑ)

)
− ũT (qy − Ryẑ) < 0. Note that U6 = ∞ and without the loss

of generality, we can assume the variable w to be zero in Problem (7). Then,

(a) If U7: Let (ỹ, ũx, 0) be the unbounded ray of Problem (7). Then µ̃1 := (x̃, ũy, ṽy, ũ,0,0,0) and
µ̃2 := (0,0,0,0, ỹn, ũx, 0) are respective an unbounded ray of Problem (5). In this case, Problem
(5) is unbounded.

(b) Else if F7: Let (ŷ, ûx, 0) be the optimal solution of Problem (7) with optimal objective value
as D7. Then for any α > 0, (0,0,0,0, ŷ, ûx, 0) + α(x̃, ũy, ṽy, ũ,0,0,0) is a feasible solution
to Problem (5) with objective value as D7 − αU6 which increases as α increases. Therefore,
µ̃1 := (x̃, ũy, ṽy, ũ,0,0,0) is also an unbounded ray for Problem (5).

2. Else If F6: We denote the optimal solution of Problem (6) as (x̂, ûy, v̂y, û) and let D6(x̂, ûy, v̂y, û) :=∑n
i=1

(
γic

T
i x̂i− γiû

T
yi(byi−Hyiẑ)− γiv̂

T
yi(eyi+Eyiẑ)

)
− ûT (qy −Ryẑ) be the optimal objective value.

Then,

(a) If U7: Let (ỹ, ũx, w̃) be the unbounded ray of Problem (7). Then µ̃3 := (x̂w̃, ûyw̃, v̂yw̃, ûw̃, ỹ, ũx, w̃)
is a feasible solution of Problem (5) and the objective value

∑n
i=1 ỹ

T
i (bi−Diẑ)+ũT

xi(bxi−Hxiẑ)−
w̃D6 is positive because µ̃3 yields a positive objective value indicates an unbounded direction in
Problem (5). Therefore, µ̃3 is an unbounded ray of Problem (5) and Problem (5) is unbounded.

(b) Else if F7: Let (ŷ, ûx, ŵ) be the optimal solution of Problem (7) with optimal objective value as
D7. First, note that µ̂4 := (x̂ŵ, ûyŵ, v̂yŵ, ûŵ, ŷ, ûx, ŵ) is a feasible solution of Problem (5).
Suppose w > 0, we introduce auxiliary variables (x′,u′

y,v
′
y,u

′) = ( x
w ,

uy

w ,
vy

w , u
w ). Then Problem

(5) can be rewritten as

max
w>0

D(w) (B:1)

where

D(w) := max
y≥0,ux≥0

n∑
i=1

yT
i (bi −Diẑ) + uT

xi(bxi −Hxiẑ)−wD6

s.t. Eq. (7b)–Eq. (7c)

Note that Problem maxw>0 D(w) (B:1) is equivalent to Problem (7) where the nonnegativity
constraint for w is restricted by strict inequality. Therefore, we have maxw>0 D(w) ≤ D7.
When w = 0, Problem (5) can be decomposed into Problem (7) with a restriction w = 0
(denoted as Problem (7)’) and Problem (6) with right-hand side be replaced by 0 (denoted as



Problem (6)’). Taking the dual of Problem (6)’, we obtain a dual objective function of max 0.
Note that Problem (6)’ is either unbounded or zero at optimality, as an easy solution is all
variables at zero. Therefore the optimum must be zero otherwise problem (6) is unbounded.
This implied also that Problem (5) when w = 0 is also bounded above by D7, which proves that
µ̂4 := (x̂, ŵ, ûyŵ, v̂yŵ, ûŵ, ŷ, ûx, ŵ) is the optimal solution of Problem (5).

Appendix E. Corollary 1

Corollary 1. Let P6 and R6 be the set of all extreme points and rays of BSP1 (6) and P7 and R7 be the set
of all extreme points and rays of BSP2 (7), respectively. With P6, P7, R6 and R7, the single-level problem
(2) is equivalent to the following problem:

min
z∈{0,1}m,z∈Z

γcTz z + t (E.1a)

s.t.

t ≥
n∑

i=1

(
ŷT
i (bi −Diz) + ûT

xi(bxi −Hxiz)
)
− ŵ

[ n∑
i=1

(
γic

T
i x̂i − γiû

T
yi(byi −Hyiz)− γiv̂

T
yi(eyi + Eyiz)

)
(E.1b)

− ûT (qy −Ryz)

]
, ∀(x̂, ûy, v̂y, û, ŷ, ûx, ŵ) ∈ P6 × P7,

n∑
i=1

(
γic

T
i x̃i − γiũ

T
yi(byi −Hyiz)− γiṽ

T
yi(eyi + Eyiz)

)
− ũT (qy −Ryz) ≥ 0, ∀(x̃, ũy, ṽy, ũ) ∈ R6, (E.1c)

0 ≥
n∑

i=1

(
ỹT
i (bi −Diz) + ũT

xi(bxi −Hxiz)
)
, ∀(ỹ, ũx, 0) ∈ R7, (E.1d)

0 ≥
n∑

i=1

(
ỹT
i (bi −Diz) + ũT

xi(bxi −Hxiz)
)
− ŵ

[ n∑
i=1

(
γic

T
i x̂i − γiû

T
yi(byi −Hyiz)− γiv̂

T
yi(eyi + Eyiz)

)
(E.1e)

− ûT (qy −Ryz)

]
, ∀(x̂, ûy, v̂y, û) ∈ P6, (ỹ, ũx, w̃) ∈ R7 : w̃ > 0.

Proof. As suggested in the proof of Theorem 3.1, µ̂4 := (x̂, ŵ, ûyŵ, v̂yŵ, ûŵ, ŷ, ûx, ŵ) is an extreme points
of Problem (7) iif (x̂, ûy, v̂y, û, ŷ, ûx, ŵ) ∈ P6 × P7, which is shown in Eq. (E.1b). The proof of Theorem
3.1 also suggests that there are three extreme rays:

1. µ̃1 := (x̃, ũy, ṽy, ũ,0,0,0), ∀(x̃, ũy, ṽy, ũ) ∈ R6

2. µ̃2 := (0,0,0,0, ỹn, ũx, 0), ∀(ỹ, ũx, 0) ∈ R7

3. µ̃3 := (x̂w̃, ûyw̃, v̂yw̃, ûw̃, ỹ, ũx, w̃), ∀(x̂, ûy, v̂y, û) ∈ P6, (ỹ, ũx, w̃) ∈ R7 : w̃ > 0

Thus, Eqs. (E.1c)–(E.1e) hold and are equivalent to the projection of the feasible region of the linear
relaxation of Problem (2) onto the space of z.

Appendix F. Proof of Theorem 3.2

Proof. Built upon Theorem 3.1, it suffices to show that solving Problem (8) is sufficient to obtain the optimal
solution or unbounded ray of Problem (7) with cTxi = γic

T
i conditions (i.e., Problem (F.1)). First, Problem
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Algorithm 1: Benders Separation Algorithm for Theorem 3.1

Input: ẑ ∈ {0, 1}m, ẑ ∈ Z
1 Solve Problem (6);
2 if Problem (6) is unbounded with an unbounded ray (x̃, ũy, ṽy, ũ) ∈ R6 then
3 Solve Problem (7) with D = ∞ (i.e., by fixing w = 0);
4 if Problem (7) is unbounded with an unbounded ray (ỹ, ũx, 0) ∈ R7 then
5 Add the feasibility cuts (E.1c) and (E.1d) to the RMP;
6 else
7 Add the feasibility cut (E.1c) to the RMP;

8 else
9 Obtain its optimal solution (x̂, ûy, v̂y) ∈ P6 and let D6 be its optimal objective value;

10 Solve Problem (7) with D6;
11 if Problem (7) is unbounded with an unbounded ray (ỹ, ũx, w̃) ∈ R7 then
12 Add the feasibility cut (E.1e);
13 else
14 Obtain its optimal solution (ŷ, ûx, ŵ) ∈ P7;
15 Add the optimality cut (E.1b);
16 Update the best primal bound with the obtained feasible solution;

(7) with cTxi = γic
T
i conditions is:

max
y≥0,
ux≥0,
w≥0

n∑
i=1

(
yT
i (bi −Diẑ) + uT

xi(bxi −Hxiẑ)

)
−wD6 (F.1a)

s.t. yT
i Ai + yT

i+1Bi+1 +GT
xiuxi ≤ γic

T
i (w + 1), ∀i ∈ [n− 1], (F.1b)

yT
nAn +GT

xnuxn ≤ γnc
T
n (w + 1). (F.1c)

We introduce auxiliary variables as (y′,u′
x) = ( y

w+1 ,
ux

w+1 ) and Problem (F.1) can be rewritten as

max
y′≥0,u′

x≥0
w≥0

n∑
i=1

(
y

′T
i (bi −Diẑ) + u

′T
xi (bxi −Hxiẑ)

)
+w

[
n∑

i=1

y
′T
i (bi −Diẑ) + u

′T
xi (bxi −Hxiẑ)−D6

]
(F.2a)

s.t. y
′T
i Ai + y

′T
i+1Bi+1 +GT

xiu
′

xi ≤ γic
T
i , ∀i ∈ [n− 1], (F.2b)

y
′T
n An +GT

xnu
′

xn ≤ γnc
T
n . (F.2c)

Suppose Problem (8) has a finite optimum D8 at (ŷ, ûx) and D8 > D6. Then, for any α > 0, (y′,u′
x,w) =

(ŷ, ûx, α) is feasible to Problem (F.2) and its objective value increases as α increases, and thus Problem (F.2)
is unbounded, so is Problem (F.1). Note that by converting (y′,u′

x,w) to the solution of Problem (F.1) using
(y′,u′

x) = ( y
w+1 ,

ux

w+1 ), we can see that (ŷ, ûx, 1) is an unbounded ray of Problem (F.1). When D8 ≤ D6,
the term multiplied by w in the objective function of (F.2) can be disregarded, thus Problem (F.2) and
Problem (8) have a finite optimum D(F.2) at (ŷ, ûx, 0). Otherwise, when Problem (8) is unbounded with an
unbounded ray of (ỹ, ũx), Problem (F.1) is unbounded by (ỹ, ũx, 0).

Appendix G. Corollary 2

Corollary 2. Let P6 and R6 be the set of all extreme points and rays of Problem (6) and P8 and R8 be the
set of all extreme points and rays of Problem (8), respectively. With P6, P6, R8, and R8, the single-level
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problem (2) is equivalent to the following problem:

min
z∈{0,1}m,z∈Z

γcTz z + t (G.1a)

s.t.

t ≥
n∑

i=1

(
ŷT
i (bi −Diz) + ûT

xi(bxi −Hxiz)
)
, ∀(x̂, ûy, v̂y, û, ŷ, ûx) ∈ P6 × P8, if D6 ≥ D8, (G.1b)

n∑
i=1

(
γic

T
i x̃i − γiũ

T
yi(byi −Hyiz)− γiṽ

T
yi(eyi + Eyiz)

)
− ũT (qy −Ryz) ≥ 0, ∀(x̃, ũy, ṽy, ũ) ∈ R6, (G.1c)

0 ≥
n∑

i=1

(
ỹT
i (bi −Diz) + ũT

xi(bxi −Hxiz)
)
, ∀(ỹ, ũx, 0) ∈ R8, (G.1d)

n∑
i=1

(
ŷT
i (bi −Diz) + ûT

xi(bxi −Hxiz)
)
≤

n∑
i=1

(
γic

T
i x̂i − γiû

T
yi(byi −Hyiz)− γiv̂

T
yi(eyi + Eyiz)

)
(G.1e)

− ûT (qy −Ryz), ∀(x̂, ûy, v̂y, û, ŷ, ûx, ŵ) ∈ P6 × P8, if D6 < D8.

Proof. As suggested in the proof of Theorem 3.2, µ̂4 := (x̂, ŵ, ûyŵ, v̂yŵ, ûŵ, ŷ, ûx, ŵ) is an extreme points
of Problem (14) iif (x̂, ûy, v̂y, û, ŷ, ûx, ŵ) ∈ P6 × P8 and D6 ≥ D8, which is shown in Eq. (G.1b). The
proof of Theorem 3.1 also suggests that there are three extreme rays:

1. µ̃1 := (x̃, ũy, ṽy, ũ,0,0,0), ∀(x̃, ũy, ṽy, ũ) ∈ R6

2. µ̃2 := (0,0,0,0, ỹn, ũx, 0), ∀(ỹ, ũx, 0) ∈ R8

3. µ̃3 := (x̂, ûy, v̂y, û, ŷ, ûx, ŵ), ∀(x̂, ûy, v̂y, û, ŷ, ûx, ŵ) ∈ P6 × P8 : if D6 < D8

Thus, Eqs. (G.1c)–(G.1e) hold and are equivalent to the projection of the feasible region of the linear
relaxation of Problem (2) onto the space of z.

Algorithm 2: Benders Separation Algorithm for Theorem 3.2

Input: ẑ ∈ {0, 1}m, ẑ ∈ Z
1 Solve Problem (6) and (8) independently and let D6 and D8 denote their respective objective value;
2 if D8 = ∞ with an unbounded ray (ỹ, ũx) ∈ R8 then
3 Add feasibility cuts (G.1d) to the RMP;
4 else
5 Obtain the optimal solution of Problem (8) (ŷ, ûx) ∈ P8;
6 if D6 = ∞ with an unbounded ray (x̃, ũy, ṽy, ũ) ∈ R6 then
7 Add the feasibility cut (G.1c);
8 else
9 Obtain the optimal solution (x̂, ûy, v̂y, û) ∈ P6;

10 if D6 < D8 then
11 Add the feasibility cut (G.1e) to the RMP;
12 else
13 Add the optimality cut (G.1b) to the RMP;
14 Update the best primal bound with the obtained feasible solution;
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Appendix H. Proof of Theorem 3.3

Proof. For BSP1 (Problem (6)), if without the upper dual complicating constraints (1e), the separated
Benders subproblem (6) becomes

min
x≥0,uy≥0,vy≥0

n∑
i=1

γic
T
i xi − γiu

T
yi(byi −Hyiẑ)− γiv

T
yi(eyi + Eyiẑ) (H.1a)

s.t. A1x1 −GT
y1uy1 − Y T

y1vy1 ≥ b1, (H.1b)

Aixi +Bixi−1 −GT
yiuyi − Y T

yivyi ≥ bi, ∀i ∈ [n]+, (H.1c)

KT
yivyi ≤ 1, i ∈ [n]. (H.1d)

We observe that the objective for the ith lower level problems are scaled by γi. As discussed in the proof
of Theorem 2.1 in Appendix A, this scaling reflects the sequence of computations. Specifically, the (i− 1)th

problem is computed first, and the results of xi−1 are subsequently treated as parameters in the ith problem
to compute (xi,uyi,vyi), ∀i ∈ [n]+. Therefore, for each i ∈ [n], the ith subproblem takes the following form:

min
x≥0,uy≥0,vy≥0

γic
T
i xi − γiu

T
yi(byi −Hyiẑ)− γiv

T
yi(eyi + Eyiẑ) (H.2a)

s.t. Aixi +Bix̂i−1 −GT
yiuyi − Y T

yivyi ≥ bi, (H.2b)

KT
yivyi ≤ 1. (H.2c)

Here, x̂i−1 is treated as a fixed parameter obtained from solving the (i−1)th subproblem. The term Bix̂i−1

is included only for i ≥ 2 and omitted when i = 1. Consequently, the impact of the scaling problem can be
mitigated through this sequential computation process.

For BSP2 (Problem (8)), we replace n dual variables y′ with y′
i = yi/γi and u′

x with u′
xi = uxi/γi, then

Problem (8) becomes

max
y′≥0,u′

x≥0

n∑
i=1

γiy
′T
i (bi −Diẑ) + γiu

′T
xi (hxi −Hxiẑ) (H.3a)

s.t. y
′T
i Ai + (1− γ)y

′T
i+1Bi+1 +GT

xiu
′

xi ≤ cTi , ∀i ∈ [n− 1], (H.3b)

y
′T
n An +GT

xnu
′

xn ≤ cTn . (H.3c)

As γ approaches to 1, the term (1− γ)y
′T
i+1Bi+1 approaches to 0 and can be disregarded from the problem.

Therefore, for γ sufficiently close to 1, Problem (H.3) can be decomposed into n independent subproblems,
one for each i ∈ [n], of the following form:

max
y≥0,ux≥0

yT
i (bi −Diẑ) + uT

xi(hxi −Hxiẑ) (H.4a)

s.t. yT
i Ai +GT

xiuxi ≤ cTi . (H.4b)

These subproblems can be solved independently in parallel, with no coupling terms remaining when γ
approaches to 1.

For a given ẑ, valid cuts can be generated using Corollary 2, after solving the decomposed subprob-
lems (H.2) and (H.4) for all i ∈ [n], involving the variables xi, uyi, vyi, yi, and uxi.
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