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Abstract

We present a first-principles investigation of the spin-ice state in Dy, Ti,O; using a magnetic
source-free exchange and correlation (xc) functional, implemented in the CaSTEP electronic-
structure code. By comparing results from the conventional local spin-density approximation, we
show that a spin-ice state in Dy, Ti,O7 can be reliably obtained by removing the magnetic sources
from the xc contributions to the potential, and we contrast this against the computed ground states
of other frustrated pyrochlore magnets.

1. Introduction

Materials that show long-range, non-collinear magnetic spin textures occur widely in Nature [1-3]. A
system with collinear order has a global quantisation axis along which all the spins are aligned or anti-
aligned, while for a non-collinear state, each ordered spin can potentially have a different local direction.
Such non-collinear states are commonly found, for example, in systems where the spin—orbit interaction
leads, in a low-energy approximation, to single-ion anisotropy or to a Dzyaloshinskii-Moriya interaction
[4-6].

Following the initial incorporation of collinear magnetism into density functional theory (DFT)
within the local density approximation, attempts were made to describe non-collinear magnetism using
the formalism of DFT. Studies of non-collinear magnetism appeared a decade after the introduction of
spin-DFT [7], using disordered magnetic moments in the coherent-potential approximation [8-10] and
with spin-spiral models [11-13]. Sandratskii and Guletskii obtained the band structure of a spin spiral
in Fe without self-consistency [14] and in 1988 Kiibler et al gave the first self-consistent band structure
calculation of non-collinear magnetism [15]. For a review see [16, 17]. To incorporate spin—orbit coup-
ling (SOC) required the development of a fully relativistic treatment [18]. To achieve this, all electrons
are treated non-collinearly within the spin-polarised coupled Dirac equation. After development of the
methods, the main hindrance in the use of DFT for non-collinear magnetism is the accuracy of the
functionals. The optimised effective potential (OEP) method [19-21] has been shown [22] to success-
fully describe the magnitudes of magnetic moments, and therefore represents a candidate route to extend
DFT’s exchange and correlation (xc) functionals. Sharma et al [23] extended the spin-density formalism
to non-collinear spin via the OEP, which has the advantage that it does not rely on the local collinear-
ity of spins required when applying standard functionals. Eich and Gross [24] made a similar extension
within a local density-like approximation.

Non-collinearity arises in a number of magnetic compounds that adopt the pyrochlore lattice, a
three-dimensional arrangement of corner-sharing tetrahedra, which is known to exhibit a high degree
of geometrical frustration [25, 26]. For example, the pyrochlore oxide Dy,Ti,O; [27] exhibits an inter-
esting non-collinear magnetic structure owing to the strong Ising-like crystal-field anisotropy at each
Dy site. The Dy>* ions are magnetic and the ] = 15/2 manifold is split by the crystal field, leading to
a =10 pp ground state moment. The ground state is separated from crystal-field excited states by a gap
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of a few hundred Kelvin [28]. The crystal-field anisotropy constrains the magnetic moments to lie along
the local (111) axes [29, 30]. An effective ferromagnetic coupling between these moments results from
the combination [31] of dominant long-range dipolar interactions (D =1.41 K) with antiferromagnetic
nearest-neighbour exchange (J = —3.72K) [32]. As a result of this combination of interactions and the
local anisotropy, below about 1K the system settles into a disordered spin-ice state. This state is char-
acterized by a 2-in 2-out’ spin configuration (meaning that two spins point in and two spins point out
of each tetrahedron), analogous to proton displacement vectors in Pauling’s model of hydrogen disorder
in water ice, the residual configurational entropy measured for these materials being close to Pauling’s
predicted value for ice [33, 34]. The excitations in spin ice are created by reversing a single spin, which
thereby produces a pair of magnetic monopoles which can move independently through the lattice [35].
Studying these monopole excitations has become of great current interest [36—38], but an import-
ant scientific aim is to understand the local electronic properties of Dy,Ti,O; in more detail, particu-
larly as the monopole transport may arise from the precise local arrangement of spins [38, 39]. Hitherto
there have been limited first-principles simulations of the spin-ice state in Dy,Ti,O7, and the spin-ice
physics is generally understood within the low-energy description of the underlying magnetic energy-
levels described above, invoking only crystal field levels and single-ion anisotropy effects [40, 41]. The
bulk of the first-principles work carried out on pyrochlore materials focuses on electronic and structural
effects. Early work investigating the electronic structure of a range of pyrochlores, including Dy, Ti,O7,
had success matching x-ray emission spectra [42]. Similar success has also been achieved in using DFT
to study further pyrochlore materials [43, 44]. DFT has also been applied to compare the results of neut-
ron scattering experiments in magnetic pyrochlores by calculating the phonon spectra [45]. Little work
has been done from first-principles on the magnetic configurations of Dy,Ti,O7, although there have
been attempts at understanding magnetic behaviours in other magnetic pyrochlore materials [46—48].
Since the ordered spin-ice magnetic structure is inherently non-collinear and highly degenerate, it
provides a challenge for spin-DFT calculations, particularly with the xc functionals currently at our dis-
posal. Such systems result in large parameter spaces with complicated energy environments, which exist-
ing functionals fail to represent accurately owing to the inclusion of magnetic sources in the xc field
[49]. As a result, minimisation into the correct magnetic ground state is not straightforward in these
calculations. A question is whether DFT can stabilise the experimentally observed spin-ice state without
imposing it through constraints or model Hamiltonians. In this work we show that removing magnetic
source terms from the exchange-correlation allows the spin-ice configuration in Dy,Ti,O7 to emerge
within self-consistent spin-DFT, something that the local spin-density approximation (LSDA) fails to
achieve. Here we present results of spin-DFT calculations where we make use of a source-free version
of the well-known LSDA functional, which we have implemented into CASTEP, to stabilise the spin-ice
state. By making comparisons to calculations performed using the conventional LSDA, we show that
realising the spin ice state is possible because of the use of the source-free functional. We also present
calculations on two further pyrochlore materials, Nd,Zr,O; and Sm,Ti,O;, which are known to host
an ordered all-in, all-out (AIAO) spin texture [50-52]. These latter examples show that the source-free
LSDA correctly predicts that the AIAO state is of lower energy than a spin-ice state, which is not stable
in the two materials considered. We anticipate that this new functional will prove useful in the study of
other frustrated and non-collinear magnetic materials using DFT.

2. Source-free methods

2.1. Theory

The description of magnetism in electronic structure calculations uses the spin density, or equivalently,
the magnetisation, which is a continuous vector field; computationally this is discretised onto a grid

in order to perform calculations. For calculations of magnetic properties there are then two key para-
meters: the charge density n(r) and the magnetisation density m(r). The accuracy of a DFT calculation
depends on the choice of xc functional [53, 54], with different functionals capturing different aspects
of a physical system. In standard DFT we have an xc functional Ex[n] and an associated xc-potential,
Vie(r), given by the functional derivative:

Vie(r) = 5E§;[”r()r)] - (1)

In calculating the xc spin-potential for a non-collinear density we cannot use the analogue of
equation (1), since the density in a non-collinear treatment is not a scalar field. Instead the electron
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potentials can be expressed as 2 x 2 matrices, where we use spinors to account for the vector magnet-
isation [55]. We can express the xc spin potential in terms of a non-spin potential and a magnetic field
via a four-component potential [55-57]

VXC (1’) = Vi (T) L+ MBBXC (7‘) ‘g, (2)

where the magnetic field B, is the vector part of the xc potential, o is the vector of Pauli spin
matrices, pp is the Bohr magneton, and I, is the 2 x 2 identity matrix. We can then relate each term
in equation (2) separately to Ex.: (i) the scalar potential Vi.(r) is found using equation (1), taking the
density to be the scalar part of the non-collinear density; (ii) the vector term, or the magnetic field, is
given by

0By [n(r),m(r)]

Bie(r) = - dm(r)

3)

Much research has gone into developing xc functionals specific to non-collinear spin [23, 24].
However, there is no widely-used, accurate functional that consistently replicates experimentally-observed
magnetic states, and most currently available xc functionals are simple extensions to functionals designed
for collinear systems [58, 59]. To make use of functionals such as the LSDA, at each point in space we
rotate the vector spin-density such that it lies along the z-axis, allowing us to decompose it into spin-up
(n4) and spin-down (1) densities which can be used to calculate Ey. [60, 61]. We then take the func-
tional derivative of Ey [ny,n,] with respect to ny and ;. This yields By along the z-axis. Then, we carry
out the inverse rotation on By, and we finally obtain a non-collinear vector By, which however remains
locally parallel (at every point in real space) to the magnetisation density, or the spin density. As the
resulting energy is calculated point-wise, the method imposes a non-physical constraint that the magnet-
isation must be locally collinear with By.(r).

The authors of [56] highlight another important problem with standard functionals. From the
Maxwell equations, for any arbitrary magnetic field, B, the divergence of the field should be zero
(V - B=0), which follows from the absence of magnetic sources. However, this condition is not met for
the common functionals, LSDA and PBE, which give results consistent with magnetic sources existing on
the surfaces of a sample of the material. In [56] a method is suggested for improving these functionals
that we reproduce in outline here. Starting from the Helmholtz theorem, a vector field can be decom-
posed into two components: one of which is divergence free and one that is curl free [62],

B(r)=V xA+ V6. (4)

To ensure that the magnetic field is source free we must explicitly subtract the term V¢ that contributes
to the divergence of the field. We have the freedom to select the gauge and chose ¢ such that it is the
solution to the Poisson equation,

V2¢(r) = —4nV -B. (5)

The source-free magnetic field B can then be constructed using

~ 1
B(1) =B()+ -6 (), ©
T
and we can then obtain the xc magnetic field in terms of the substitution,
B(r) —sB(r), (7)

where s is an empirical scaling parameter.

We have implemented this source-free method in the plane-wave pseudopotential code CASTEP as a
new xc functional labelled LDA_SF, which may be selected as a parameter when initialising a calcula-
tion. The source-free LSDA described in [56] is an alteration of the existing functional that requires only
a manipulation of the xc magnetic field already present in LSDA calculations. Each time the xc energy
and potential is calculated, the potential is used to construct the xc magnetic field By.(r). Using the
procedure described above, we can then calculate the source-free field B, (r) and reconstruct the spin-
potential. It is this potential that is then used in the Hamiltonian of the system. Critically, this is not a
one-shot approach: the correction is calculated every time the xc potential is required and is therefore
self-consistent.
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To implement the method, we make use of the plane-wave basis set in order to efficiently solve the
Poisson equation in equation (5). In a plane-wave basis, ¢(r) can be expressed as

o(r)= ZCGJ,eiGJ"r, (8)
Gj

where G; are the reciprocal lattice vectors and cg; are the Fourier expansion coefficients of ¢(r). The
Fourier expansion allows us to efficiently compute the Laplacian of the scalar potential ¢,

V2 (r) == |G cge ™. 9)

Gj

We can also express By (r) in terms of its Fourier coefficients bg;:

By (r) =) bge¥”. (10)
Gj

For a given vector Gj, the Fourier coefficients of V - By (r) follow from
F |V By (n] (Gj) =iG; - bg,, (11)

where .# denotes the Fourier transform. By rearranging equation (5) and substituting the reciprocal
space expressions in equations (9) and (11), we come to an expression for the Fourier coefficients of

¢(r),
_iG;-bg
TGP

(12)

Knowing these coefficients, we can build the source-free magnetic field and reconstruct the spin-
potential using equation (2). We note that the corrected xc potential is no longer strictly local as we
use knowledge of the gradient of the potential when solving the Poisson equation. Owing to the use of
a plane-wave basis set, these additional computations are very efficient; the source-free functional is still
semi-local, and so results in calculations that are only slightly larger compared to the standard LSDA
functional.

2.2. Tests on elemental magnetic materials

To test the validity of the implementation of the source-free LSDA, we performed calculations on a
range of elemental magnets and magnetic compounds. The main focus of the testing is on body-centred
cubic or a-Fe, where we performed magnetic calculations on a geometry optimised unit cell. Total ener-
gies are converged to better than 10 meV using a 7 X 7x7 Monkhorst Pack (MP) k-point-grid and a
plane-wave cut-off radius of 1600 eV. We included SOC and used norm-conserving relativistic pseudo-
potentials throughout. Similarly, other calculations are converged to better than 100 meV/atom. Each of
the materials tested have a ferromagnetic phase which we investigate using a quantisation axis aligned
with the crystallographic c-direction. We initialised spin along this direction in each material to ensure
that the energy minimisation returned a state with long-range magnetic order.

A useful way to assess the correction to By is to visualize the magnetic field lines, since it is easy to
demonstrate that the source terms have been removed from the field.

In figure 1, we compare the field lines due to By in a-Fe. Using both the conventional LSDA
(figures 1(a) and (b)) and the source-free LSDA (figures 1(c) and (d)) we find magnetic moments on
each atom aligned along the c-axis. For the LSDA (figures 1(a) and (b)), the field lines are parallel
throughout the entire infinite crystal, implying the presence of a magnetic source at the surface of the
system. It is clear that these field lines for a-Fe are also globally collinear with the magnetisation, which
is one of the issues with the LSDA highlighted in [56].

If instead we study the field lines due to the source-free functional (figures 1(c) and (d)) we see that
they form closed loops around the Fe ions. As we have used the same quantisation axis in both calcula-
tion, the magnetisation is also collinear with the c-axis when using the source-free LSDA. However, it is
clear then that the field lines for B, are no longer constrained to be locally collinear with the magnet-
isation when the source terms are removed.

We see similar results for the By field lines in hexagonal close-packed (hcp) Co (figure 2). Using
the LSDA (figure 2(a)) we again see parallel field lines aligning with the magnetisation which lies along
the c-axis for both Co ions. From the source-free LSDA (figure 2(b)) we see the non-collinearity of the
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Figure 1. Field lines for B¢ in a-Fe calculated with the source-free and source-uncorrected LSDA. (a) and (b) xc field calculated
using the conventional LSDA functional. (c) and (d) xc fields calculated using the source-free LSDA functional. Colour of the
field lines represents the magnitude of the field at that point, from white at low fields to red at high fields. Vectors show the direc-
tion of the field flow with size and colour representing magnitude. These are plots of the discretised magnetisation from our basis
grid. Where the field magnitude is lower than 10% of the maximum, vectors have been omitted for clarity. Magnetic moments lie
in the negative c-direction in both cases.

field lines. Close to the Co ions, field lines emerge from the centre of the ion and terminate again at the
centre of the ion. The behaviour further from the Co in the interstitial region is more complicated.

An example of the effects of the source-free functional on the xc field lines on a non-elemental mag-
net, FeTe, is shown in the supplemental material [63]. In this case, the field lines flow between the layers
of Fe ions past the Te ions. It is less obvious that the xc field lines in FeTe represent a source-free field.
We lose the simplicity of the elemental magnets by including non-magnetic ions which complicate the
exchange interactions. However, we still see the improved non-collinearity arising from the source-free
functional.

3. Spin ice ground states

We now turn to the application of the source-free methodology to the problem of the spin-ice magnetic
structures. In order to model a spin-ice state in Dy,Ti,O; we used a primitive unit cell including 22
atoms, with lattice parameters of 7.19 A calculated by DFT structural relaxation [64].

The spin structure was calculated with a 5x5x5 MP k-point-grid with a plane-wave cut-off of
840 eV using norm-conserving relativistic pseudopotentials such that the calculations are converged to
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Figure 2. Magnetic field lines in hcp-Co calculated with (a) conventional LSDA and source-free LSDA. Colour of the field lines
represents the magnitude of the field at that point, from white at low fields to red at high fields.

within 50 meV per atom. Convergence testing for Dy, Ti,O7 is shown in the SM [63]. For calculations
on Nd,Zr,0; and Sm,Ti,O; we used plane-wave cut-off energies of 843 eV and 860 eV respectively with
a 5x5x5 MP k-point-grid. The SCF calculation was performed using the ensemble density functional
theory minimisation scheme. We performed identical calculations treating xc with both conventional
LSDA and the newly-implemented source-free LSDA to compare the resulting spin configurations. In
the case of both conventional LSDA and the source-free LSDA we initialise a non-collinear spin on each
of the Dy ions along the direction of the local (111) direction in the 2-in-2-out spin ice configuration.
Based on testing of the scaling parameter s in the SM [63], we conclude that there is no a priori reason
to use any value other than s=1 in equation (7), although it may still be used as an empirical parameter
to better capture the experimental magnetic moments. However, we note that using extreme values of s
(s>1.5 or s<0.5) can result in unphysical electronic structure.

We first examine the magnetic field lines of By in Dy,Ti;O;. The xc field lines for both function-
als are shown in figure 3, where it is still possible to see that these remain locally collinear around the
Dy ions in the case of the conventional LSDA (figure 3(a)), aligning with the magnetisation which is
localised around these ions. In the interatomic regions it is less clear that the field lines are collinear,
largely due to the lack of significant spin density. Instead these regions are dominated by numerical
noise. However, for the source-free functional (figure 3(b)), the field lines display more obvious non-
collinearity and no longer follow the magnetisation. We show below that by better capturing the physics
of the internal fields using the source-free LSDA, we are able to realise the observed ground-state mag-
netic structure.

The improvement in non-collinearity provided by the source-free LSDA leads us to realise a spin-
ice structure in Dy,Ti;O; which we find is not possible using conventional LSDA, despite using the
same spin-ice initialisation. The resulting spin structures are shown in figure 4 where we have taken our
spin density and projected it onto the Dy ions using Mulliken analysis. Calculations using non-collinear
spins may fall into different local minima depending on the initialisation of the spin texture. In order
to test the robustness of our method, these calculations were performed a number of times for different
arrangements of spins conforming to the 2-in-2-out initialisation, and in each case for the given con-
vergence parameters, we realise a spin-ice state using the source-free LSDA functional. Conversely, while
conventional LSDA results in a non-collinear configuration of spins, there is no well-defined magnetic
structure and a different arrangement is found each time (e.g. figure 4(a)), indicative of the randomly-
initialised orbitals falling into a different local minimum each time we perform the calculation. By
removing the unphysical source terms from the By it appears we improve the energy landscape which
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Figure 3. Magnetic field lines of By, for a primitive unit cell of Dy, Ti,O7 calculated using the (a) conventional LSDA and (b)
source-free LSDA, The opacity of the field lines represents the relative strength of the field. For the conventional LSDA field there
is a local collinearity with the spin projected onto the Dy atoms, whereas for the source free functional By is no longer aligned
with the magnetisation. Dy, Ti and O ions are shown in green, silver and red respectively.

aids in the minimisation, and the source-free functional is then able to reliably reproduce the spin-ice
structure in Dy, Ti,O; (figure 4(b)).

The treatment of localized f states often involves the inclusion of Hubbard U [65-68], as LSDA is
known not to capture the correlation effects in these systems. We note that elsewhere in the literature
[68, 69] generalised gradient approximation (GGA)+U calculations of the electronic structure of
Dy, Ti,O7 suggest that the inclusion of a Hubbard U parameter is required to describe the splitting of
the Dy 4f bands observed in experiment. With the inclusion of a Hubbard U parameter in our LSDA
calculations using the source-free functional and the DFT+U scheme we observe very similar effects on
the density of states to those seen using the standard LSDA (and more broadly those seen using the PBE
functional, as discussed in [68]), namely a straightforward splitting of the Dy 4f bands around the Fermi
energy, where we do not expect the addition of a Hubbard U to affect the occupancies of bands in the
ground state. Our calculations with a Hubbard U on the Dy 4f electrons of up to 4.5V minimize to
the spin-ice structure. It is notable that a shortcoming of our approach is that LDA+U treatments of
4f states, while being more localized than pure LDA, do not have a structure described by LS-coupling,
which is a prerequisite of a realistic crystal-field description of 4f states. As a result, LDA-computed
crystal-field splittings of 4f states are typically significantly larger than those consistent with experi-
ment. This implies that although we are able to realize the observed magnetic structure in Dy,Ti,0; the
underlying electronic structure is not expected to be identical with the effective model (described in the
introduction) that assumes that the 2/ + 1 degenerate states that belong to the lowest energy, are split by
crystal field effects.
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Figure 4. Example magnetic configurations of Dy, Ti, Oy calculated using (a) conventional LSDA, and (b) source-free LSDA,
shown in the conventional unit cell. Dy ions and Ti ions are shown in green and silver respectively. The red arrows show the non-
collinear spin density projected onto a local atomic basis for the Dy ions. Oxygen atoms are not shown.

Figure 5. Example magnetic configurations of Dy, Ti,O; calculated using an all-in, all-out spin initialisation. Dy ions and
Ti ions are shown in green and silver respectively. The red arrows show the non-collinear spin density projected onto a local
atomic basis for the Dy ions. Oxygen atoms are not shown.

As was seen with the magnetic moment of our set of test materials (see supplemental material [63]),
the spin-only magnetic moment on the Dy’" is unchanged under the source-free functional, from 5.0u3
using conventional LSDA. The application of a Hubbard U parameter also does not significantly affect
the moment size. This is in good agreement with experiment and with other DFT studies [69, 70].

To further test the capabilities of the source-free functional, we performed calculations on Dy,Ti,0;
with the initial spin in both AIAO and random configurations. We see in figure 5 that the final
spin orientation has not remained in the AIAO state, instead it has begun to fall into the spin-ice
state seen above. Calculations with a random initialisation resulted in randomly oriented moments.
Correspondingly, we find that the total energy of the spin-ice state in figure 4(b) is 2.2 eV lower in
energy than the AIAO calculation and 0.85 ¢V lower than the randomly initialised calculations—well
outside the computational uncertainty in both cases.

To show that the source-free functional provides systematic improvement to the magnetism in the
wider class of materials, we have also performed calculations on Nd,Zr,O; and Sm,Ti,O; which are
known to have an ATAO ground-state magnetic structure [50, 52, 71]. We initialised each calculation
with both a spin-ice state and an AIAO state. In the case of Nd,Zr,07, the final spin configurations are
shown in figure 6 (top). For the AIAO initialisation, we find that the resultant spin state is very similar
to the initialisation, with some deviation from the local (111) direction. However, when we compare it
to the result of a computation following initialisation in the spin-ice structure, which is known not to be
a stable state in this material, we see a random arrangement of spins. This is much like the conventional
LSDA calculations of Dy, Ti,O; shown in figure 4(a). The final AIAO state is found to be 0.4 eV lower in
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Figure 6. (Top) Example magnetic configurations of Nd,Zr,O; calculated using two different spin initialisations, (left) all-in,
all-out and (right) spin-ice configurations. Nd ions and Zr ions are shown in orange and green respectively. The red arrows show
the non-collinear spin density projected onto a local atomic basis for the Nd ions. (Bottom) Example magnetic configurations for
Sm, Ti; Oy calculated using two different spin initialisations, (left) all-in, all-out and (right) spin-ice configurations. Sm ions and
Tiions are shown in pink and silver respectively. Oxygen atoms are not shown.

energy than the state found by initialising a spin-ice. We see similar results for Sm,Ti,O; (figure 6 (bot-
tom)) where we return an AIAO state and we fail to find a spin-ice configuration. In this latter case, the
total energy for the ATAO state is found to be 1.0 eV lower that for state found following spin-ice initial-
isation. Interestingly, by initialising the spin-ice state in Sm,Ti,05, the final state is found to be similar
to the 1, ground state seen in a different pyrochlore, Er,T1,0; [72-74].

4. Conclusions

In conclusion, we have implemented a recently-developed xc functional in a plane-wave code CASTEP,
which provides a correction to the LSDA that removes magnetic sources from the resulting xc mag-
netic field, with the aim of improving the ability to describe non-collinear magnetic spin states. We have
demonstrated our implementation of this functional by performing calculations on a number of simple
magnetic materials. We applied the functional to the famous spin-ice material Dy,Ti;O; and find that
where the LSDA is unable to capture the spin-ice state when initialised in this configuration, the source-
free functional reproducible realises a spin-ice configuration. We are able to achieve these results using a
method that is both simple to implement and is comparable to the LSDA in its computational expense.
We hope that the availability of the source-free xc functional in CaSTEP might allow the calculation of
exotic magnetic textures which were previously inaccessible to DFT.
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