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Abstract

A previous model developed by the authors investigates the growth patterns of
keratinocyte cell colonies after they have been applied to a burn site using a spray
technique. In this paper we investigate a simplified one-dimensional version of the
model. This model yields travelling wave solutions and we analyse the behaviour of
the travelling waves. Approximations for the rate of healing and maximum values
for both the active healing and the healed cell densities are obtained.
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1 Introduction

We have recently developed a mathematical system that models the growth
of keratinocyte colonies that have been sprayed onto a burn site (Voges et al.,
2006). Here we outline the essential ideas that lead us to the subject of this

paper.

When burns are extensive, conventional skin grafts are not adequate to provide
wound coverage and other procedures must be used. A current method to
assist with skin repair in burn patients is to use cultured epithelial autografts
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(CEA) (Green et al. (1979), O’Connor et al. (1981), Gallico et al. (1984) and
DeLuca et al. (1989)). This technique involves taking epidermal cells from an
unburnt area of the patient’s body and then expanding the skin cells in culture
by plating the cells onto a feeder layer of growth-arrested 3T3 cells (a mouse
fibroblast cell line). This allows for optimal epidermal cell growth. An epithelial
sheet is formed and then grafted onto the patient’s burn to provide permanent
coverage (O’Connor et al., 1981). This procedure has several disadvantages. It
may take 3-4 weeks for the graft to be available (Green, 1991). In addition, the
cell sheets are hard to handle as they are very fragile (Harris et al. (1998) and
Williamson et al. (1995)). Thirdly, the production of CEA is labor intensive
and the process of growing the sheets of cells is expensive (Fraulin et al.,
1998). Chalumeau et al. (1999) estimated that the cost of this treatment was
approximately US$80 000 for children and US$110 000 for adults.

A novel way of delivering epidermal cells is to use a spray apparatus. The
paper by Wood (2003) discusses the cultured epithelial autograft suspension
that is sprayed onto a wound, CellSpray®, that is manufactured by Clinical
Cell Culture Ltd in Bentley, Western Australia. Wood has found that cells in
suspension are ready for clinical use in as short as five days and, as mentioned
above, are a lot easier to handle and administer than CEA in sheet form.

Figure 1 shows the results of experiments carried out at Queensland University
of Technology (QUT) where cells have been sprayed onto a prepared surface.
The cells have been cultured for 2 hours.

Fig. 1. The distribution of sprayed cells that have been cultured for two hours, from
experiments carried out at QUT. This picture is kindly provided by Damien Harkin,
un-published data. The bar shown has a distance of 100um.

The model developed previously to simulate the growth of colonies sprayed



onto the skin consists of a system of partial differential equations (PDE’s) that
assume the evolution of the cell density can be represented by an extension of
the Fisher equation to allow for (a) the keratinocyte cells undergoing a phe-
notype change to become quiescent and (b) contact inhibition of proliferation.
The governing equations are
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where D; is the random motility (diffusion) coefficient, k; relates to the rate
of proliferation and \; is the rate of conversion (i = 1,2,3). The maximum
density is uy and space can be occupied by uq, us, ug or ¢ cells. When cells are
sprayed on, it is possible that the cell density is not at its maximum. However,
for the purpose of this paper, we assume that the initial clumps are at their
maximum density. Here D;, k; and \; are taken to be constants.

There are four different clonal types: highly active, moderately active, least
active and quiescent cells. We denote the density of the highly active cells by
uy (cells per unit area), the density of the moderately active cells by us, the
density of the least active cells by uz and quiescent cell density by ¢.

The equation for the quiescent cell density has a simple form. We are assuming
that the quiescent cells do not undergo random motility (migration) and do
not proliferate. It can be seen that cell proliferation is assumed to cease when
either the space is fully occupied or the cells have become quiescent. There is
a transition from a highly active cell to a moderately active cell and then a
moderately active cell to a least active cell. The least active cell then becomes
quiescent. The reverse transitions are not possible (Barrandon, 1993).

Full details are available in Voges et al. (2006).

While the original modelling is in two dimensions (the burn space) and involves
different clonal types, here we investigate a novel model in one dimension and
involving only one active species. The governing equations are
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where u(x,t) represents the active cell density and ¢(z, t) represents the quies-



cent cell density with x representing distance and ¢ representing time. Here D
is the random motility of the cells, k is a measure of the proliferative capacity
of the cells, ug is the maximum cell density and A\ characterises the rate at
which active cells become quiescent. The initial and boundary conditions are
discussed later.

Sherratt (2000) has argued that models of competing close-packed cell popula-
tions should include contact inhibition of migration. Here we have followed the
approach adopted by Pettet et al. (1996b) and Gaffney et al. (1999) in that we
have not included contact inhibition in the random motility terms. Numerical

results obtained when Equation (4) below is solved with the term ‘32712‘ replaced

by % ((1 —u— q)g—Z) are very similar and here we adopt the simpler form for
the random motility. This paper is concerned with cell invasion into an empty
wound space. If the wound space is occupied by cells of either type then the
model could be revised to include contact inhibition explicitly.

In this system, the active cells stop proliferating locally if u + ¢ = ug, that is,
if the region is fully occupied by active and/or quiescent cells.

In the first part of this paper, we nondimensionalise the equations and present
the numerical results for different parameter values showing normal and im-
paired healing. The numerical solution of the PDE’s exhibits travelling wave
behaviour. In Section 4 we apply travelling wave analysis to obtain a con-
straint on the wave speed and numerically solve the travelling wave equations.
Section 5 examines four overlapping regions of the solution depending on the
dominate terms in the equations to obtain a better understanding of the so-
lution. Section 6 uses an approximation to the travelling wave equations to
obtain an approximate solution for ¢(z,t). This approximate solution is used
to obtain a closed form approximate solution. An estimate for the maximum
active cell density and the final skin cell density are also obtained. These ap-
proximations predict the cell densities to about 1% accuracy for all values of
the model parameter o > 1. All the tables are located in the Appendix.

2 Nondimensionalisation

Before displaying numerical solutions and carrying out the mathematical anal-
ysis we nondimensionalise the system. It should be noted that it is possible to
write the first equation in the form

du 0?u A
E—D@jtku(uo—z—u—q), (3)

although we retain the form (1) for our analysis.



There are various ways to carry out the nondimensionalisation. Here we scale
the cell densities by the maximum density, ug, and adopt a timescale that
is associated with the rate at which active cells become quiescent. We then
obtain
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where u* = L ¢* = L t* = X, 2" = ¢ with L? = D and a = "0, The
asterisks have been dropped for notational convenience. The distance scale,
L, represents the distance that the active cells can migrate, assuming random
motility in the characteristic time t*. Note that we require o > 1 for net

growth.

We model the ingrowth between two colonies that have been sprayed onto the
wound, as shown in Figure 2. We assume that there are no cells in the wound
initially so that u(z,0) = ¢(x,0) = 0 inside the burn where —l, < z < 0,
ly positive, and u(x,0) = 1 and ¢(z,0) = 0 for a sprayed cell colony where
0 < x < l;. We assume that the left end of the domain is the burn centre
so that we impose a no flux condition there, namely g—z =0at x = —ly. We
assume that the centre of the colony is at « = [; where we also have a no flux
condition so that % =0at x=1.

Fig. 2. A schematic diagram of the wound area at ¢t = 0. Here —I3 is the centre of
the burn and [; is the centre of the active cell colony.

3 Numerical Solutions

Equations (4) and (5) are solved using the method of lines and a finite dif-
ferences spatial discretisation, as implemented by the NAG Fortran Library
routine DO3PCEF.



Figure 3 shows the evolution of the active cell density represented by wu(z,t)
(blue dot-dash line), the quiescent cell density represented by ¢(z,t) (red dot-
ted line) and the total cell density (u + ¢, solid black line) as a function of
x at equally spaced time for the scaled maximum proliferation rates a = 2
and a = 10. Active cells migrate into the wound space and proliferate to start
to close the wound. These active cells become quiescent and the wound space
behind the pulse of active cells is filled with quiescent cells. The region of
cells is then occupied by proliferating and/or quiescent cells (solid black line).
For certain o values, the cells never completely close the wound, for example
a = 2 as shown in Figure 3(a). Proliferation has stopped and the cells become
quiescent, so the wound does not completely fill.

It is interesting to note the similarity of these solutions with those discussed in
Pettet et al. (1996a) which models the wound-healing process in soft tissue. In
that model, the capillary tips display a chemotactic response to the presence
of a chemoattractant. The tip profile is very like the active cell distribution in
the model being discussed here.

Fig. 3. Typical numerical solutions for u(x,t), ¢(x,t) and u(x,t) + q(z,t) plotted as
a function of x at equally spaced times ¢. The solution for the active species (blue
dot-dash line) appears to evolve to a pulse while the solutions for the quiescent cells
(red dotted line) and u + ¢ (solid black line) resemble a travelling wave, all moving
with constant shape and speed from right to left. (a) Here o = 2. Every tenth
dimensionless time step up to 50 is shown. From the numerical solutions where the
wave forms, the maximum of u is about 0.1489 and ¢ tends to approximately 0.8003.
(b) Here o = 10. Every fourth dimensionless time step up to 16 is shown. From the
numerical solutions where the wave forms, the maximum of u is about 0.6547 and
q tends to 1.0027, approximately.

In our model we observe that as « increases, the maximum density of the
active cells (maximum wu) increases. Another observation is that, as expected,
the time to healing is shorter (i.e. healing occurs faster) as « increases.



3.1  Impaired Healing

Figure 4 shows an example with @ = 0.9 which leads to impaired healing.
Since o < 1, the net growth of active cells is negative (the transformation to
quiescence exceeds the proliferative growth).
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Fig. 4. An example of impaired healing where @ = 0.9 and dimensionless time is
to 100. Healing has completely stopped. (a) The distribution of active cells as a
function of time. (b) The distribution of quiescent cells as a function of time.

3.2 Time for the Wound to Heal

Choosing different values of the maximum scaled proliferation rate, a, we
can estimate the time it takes for the wound to heal. We assume that the
wound is “healed” when the centre of the wound has a cell density of 80%
of the maximum possible cell density. We choose the centre of the wound to
be —l; = —100. Figure 5 shows a plot of the time to healing against the
maximum scaled proliferation rate, o (black solid line). As expected, when
the maximum scaled proliferation rate is small, the wound takes a long time
to heal and when the maximum scaled proliferation rate is large, the wound
heals more quickly.

The time to healing can be determined approximately by the distance the wave
has travelled divided by the speed of the travelling wave. The scaled distance
of the wound considered is 100 dimensionless units and the dimensionless
speed is shown in Section 4 to be approximately 2y/a — 1. Therefore, a good

approximation to the healing time is T}, = 2\‘/{32% + t. where t. is the time it

takes to set up the travelling wave. The equation 19y = \/% + 1 is shown to
be a good approximation (red dotted line) in Figure 5.
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Fig. 5. A plot of the scaled healing time as a function of the scaled maximum

proliferation rate, obtained from the numerical solutions (solid black line). The

approximation Tigy = 20_1 + 1 is shown as a red dotted line.

3.8 Limiting Value of the Scaled Quiescent Cell Density

The limiting value of the scaled quiescent cell density (¢), which we denote by
N, is determined by the time evolution of the quiescent cells. Column one of
Table A.2 shows the numerical values of N for different o values. The value
of ¢ is the most useful quantity for cell biologists since it corresponds to the
healed cell densities.

4 Travelling Wave Analysis

The numerical results suggest that the system may, under certain conditions,
have travelling wave solutions. We seek a wave of cells moving into the wound
with constant shape and speed.

Letting z = x + at, we write u(z,t) = U(z) and ¢(x,t) = Q(z) where a is the
wave speed. Here a is positive since we are considering waves moving to the
left. Substituting the solution forms into the system of equations (4) and (5)
gives

aU'=U"4+aU(1-U-Q) -1, (6)
a@Q' = U, (7)
with U(—o0) = U(oc0) = Q(—o00) = 0. Here a prime denotes differentiation

with respect to z. Recall that o = kug/A and that we assume « > 1 to obtain
travelling waves.



We let S = U’ to obtain the system

S'=aS—aU(l—U—-Q)+U, (8)

U =8, 9)
1

Q=-U. (10)

There are two steady states, the wounded state (S,U, Q) = (0,0,0) and the
healed state (0,0, N), where N is arbitrary, and these satisfy the given initial
conditions.

We examine the behaviour of the system near the steady states by linearising
about the steady states and finding their stability. Set s; = S,u; = U and
q1 = @ — @, where () = 0 far in front of the wave and () = N far behind the
wave.

The linearised equations are

sy =as; —aui(1 — Q) + uy, (11)
ull =31 (12)
1
Ay 13
a0 CLU1 (13)

These equations can be integrated by substituting s; = u} and u; = aq] from
equations (12) and (13) into equation (11) respectively, for instance, to obtain

s = auy — aag; (1 — Q) + ag).
This can be integrated with respect to z to obtain the equation
s1 = au; — aaq (1 — Q) + aq + ¢, (14)

where ¢ is a constant of integration. Far in front and far behind the wave,
u1 = ¢; = 1 = 0, and therefore ¢ = 0.

Substituting expression (14) into equation (12) gives the two linear equations

uy = au; — aaq (1 — Q) + aqy, (15)
1

' — . 16

41 aul ( )

The eigenvalues of the Jacobian of the linearised system (15) and (16) are
given by

,u:%i%\/az—él(oz(l—Q)—l).



For the wounded steady state (U, Q) = (0, 0) the eigenvalues are

1
= gi?/az—él(oz—l).

We are assuming that « > 1, therefore, the critical point (0, 0) can be classified
as:

e an unstable node when a > 2y/a — 1 (two positive unequal eigenvalues),

e an unstable node when a = 2/ — 1 (one positive repeated eigenvalue), or

e an unstable spiral when a < 2v/a— 1 (a complex conjugate pair of eigen-
values with positive real parts).

We require v and ¢ to be non-negative to be biologically realistic and therefore
a spiral solution is not relevant. This gives us a constraint on the speed in front

of the wave, namely,
a > Qmin = 2V — 1. (17)

The dimensional form of the wave speed is ayin = 24/D(kug — A). For the
dimensioned Fisher equation (equations (1) and (2) with A = 0, so that ¢ = 0),
the minimum wave speed is 2/ Dkug which is an equivalent result. Thus, the
presence of a term that models the transition to quiescence, A, slows down the
speed of the wave.

To find the approximate scaled wave speed numerically, we follow the tech-
nique used in Maini et al. (2004), and the results are shown in Figures 6 and 7.
We find the wave speed at the positions u = 0.5, v = 0.1 and u = 0.01. At each
time ¢;, the position of z; where u takes a particular value (v = 0.5, u = 0.1
and u = 0.01) is obtained using linear interpolation between the computed u
values. The wave speed is estimated using ﬁ%

As time increases, the wave speed is eventually faster than the minimum wave
speed, amin = 2/ — 1. Over time the estimates of the wave speed at each of
the u positions (u = 0.5, v = 0.1 and u = 0.01) converge to the same value, if
we have a true travelling wave (unaffected by boundary conditions, etcetera).
This behaviour is seen for all a values under the condition that the active cell
density, u, does in fact reach 0.5.

For the unwounded steady state (U, Q) = (0, N), the eigenvalues are

= %W “4a(l=N)— 1),

The critical point (0, N) can be classified as:

e an unstable node when a? > 4(a(1 — N) — 1) with N < 1 — 1 (two positive

«
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Fig. 6. The numerical wave speeds for when u = 0.5 (blue dot-dash line), u = 0.1
(red solid line), u = 0.01 (black dotted line) and the asymptotic minimum wave
speed a = 2v/a — 1 (solid black line) for a = 10.
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Fig. 7. The numerical wave speeds for when v = 0.1 (red solid line), u = 0.01 (black
dotted line) and the asymptotic minimum wave speed a = 2v/a — 1 (solid black
line) for o = 2.

unequal eigenvalues),

e asaddle when a? > 4(a(1 — N) — 1) with N > 1 — X (one positive and one
negative eigenvalue),

e an unstable node when a? = 4(a(1 — N) — 1) (one positive repeated eigen-
value), or

e an unstable spiral when a? < 4(a(1 — N) — 1) (a complex conjugate pair of
eigenvalues with positive real parts).

For the unstable steady state (0,0), the only way a trajectory can be formed
to the unstable state (0, N) is in the case of a saddle via the stable separatrix.
We therefore require a® > 4(a(1 = N)—1)and N >1—<. When N >1 -1
then a? > 4(a(1 — N) — 1) is always satisfied. Therefore, a constraint is that
N>1-1

11



4.1 Numerical Solutions of the Travelling Wave Equations

We want to solve

S'=aS—aU(l-U—-Q)+U, (18)

U =S8, (19)
1

Q=0 (20)

numerically using a shooting method to compare these travelling wave forms
with the solutions of the original equations.

In order to determine the behaviour of this system near the steady state
(S,U,Q) = (0,0, N) we assume a power series for ) near the steady state,
but retain only terms of second degree, in the form Q(Z) = N — C,Z + CyZ?
where Z = e**, C, and C} are constants and Re(u) < 0 because z — oc.

Recalling that U = a@’, our expression for U is
U= a(—puC,Z 4 2uCyZ%).

Substituting our expressions for U and @ into equation (6) and taking the first

power in Z, we obtain, as expected, 1 = 0 or i = %i%\/cﬂ —4(a(l = N)—1).

The second power in Z results in the relationship
1
4ap*Cy = 8Cyp® — aap*C? — auC? + 2auCy(1 — = — N),
Q

which can be rearranged to obtain

—C2a(ap + 1)

v = 2(2p(a —2p) —a(1 = N) + 1)’

Having found an expression for Cj, in terms of C,, we can use

C?alap+1)

@=N=Coet = 22ula —2p) —a(l—N)+1)° " (21)
_ uz C’goz(a,u + 1) eQ,uz
U=a <—Caue (2u(a —2p) —a(l — N) + 1)” ) ’ (22)

and

C?a(ap+ 1)
— _ 2 pz 9 a 2 2uz 2
> ( P77 B s LU R

as initial values when shooting from right to left.
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We numerically solve the system of equations (18), (19) and (20) from z = 20
to z = —20 where the initial conditions are given by equations (21), (22) and
(23). We choose p = § — %\/aQ —4(a(l = N)—1) and C, = 0.5. Since this
approximation is only used for z — oo, we choose the negative u as we require
Z = et to decay as z — oo. Here C, is an arbitrarily chosen positive constant.
The value of C, varies the position of the wave, but has no effect on the shape
of U and ). Our initial starting position, z = 20 is arbitrarily chosen with the
constraints that z is positive (since we chose negative p) and Z = e/ is small.
Changing the value of z, keeping it positive, not too large and not too small,
does not change the value of N nor the shape of U and @), just the position
of the wave.

Choosing the minimum wave speed (17) and the value of N that allows U and
@ to approach zero as z — —o0, we solve the system of equations (18), (19)
and (20) for different a values. Figure 8 shows the numerical solutions of these
equations for a = 2,6 and 10. In each of the figures, the blue dotted line is
the solution for S, the green dot-dash line is the solution for U and the solid
red line is the solution for Q).

Table A.1, shown in the Appendix, compares the maximum of U from the
travelling wave solutions with the maximum of U from the PDE numerics
for different . For a > 10 we need to specify N to over 10 decimal place
accuracy to shoot successfully. The decimal place accuracy required increases
as « increases due to the exponentially small terms as o gets larger. We give
the value of N to five decimal places since the numerical solutions are very
sensitive to the solution values chosen for large z. When integrating, N has to
be precise otherwise the values of U and () do not tend to zero as z — —oc.

For @« = 4 and a = 8, the travelling wave solutions are compared to the
solutions to equations (4) and (5) in Figure 9.

Since Q' = %U, we observe that the integral of U from z = —o0 to 2 = 00 is
equal to aN, where N = Q(o0). This shows that, for each «, the values of a
and N both affect the area under U and hence the shape and height of U.

We now want to look at the relationship between the parameter values a and
N for a fixed « in equations (18), (19) and (20). For a = 2 and 10, we vary a
and choose N such that U and () approach zero as z — —o0. We use the same
initial z, C, and p values as above and the initial values given by equations
(21), (22) and (23). The length of the domain is determined by the requirement
that both U and @ go to approximately zero within the domain. Figure 10(a)
shows N versus a for a = 2 and Figure 10(b) shows N versus a for a = 10.
It can be seen that for a fixed v value there exist solutions for different a and
hence N.

13
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Fig. 8. The numerical solutions of the travelling wave equations. The travelling wave
equations are solved on the interval —20 < z < 20. The solution for S is shown in
the blue dotted line, U in the green dot-dash line and @ in the red solid line. (a)
Here @ = 2, a = 2 and N = 0.80023894. The maximum of U is 0.1487. (b) Here
a=6,a~ 4472 and N = 1.00335. The maximum of U is 0.5209. (c¢) Here o = 10,
a =6 and N = 1.00264556. The maximum of U is 0.6551.

Figures 11(a) and (b) show the solutions S, U and @ for o = 2 and 10,
respectively, for different a values. The value of N is then determined such
that S, U and @) approach zero as z — —oo. Figure 11(a) shows the solutions
when @ = 2 for a = 1 (black), 2 (red) and 4 (blue). Figure 11(b) shows the
solutions for v = 10 and a = 2 (black), 6 (red) and 10 (blue). For a < ampin,
U becomes negative before going back to zero. This reinforces the argument
above that it is biologically unrealistic to have a < 2y/a — 1. It can be seen
from the figures that changing the value of a significantly changes the shape
of both U and Q. The travelling wave solutions for U and () have the same
shape as the solutions to the PDE’s when a = 2 for o = 2 in Figure 11(a)
and a = 6 for &« = 10 in Figure 11(b). This figure shows the dependance
on the parameters of the solution of the travelling wave ordinary differential
equations (ODE’s).

In this section we first show how to solve the travelling wave ODE’s by using

14
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a series expansion to cope with the numerical difficulty of z — oo. Then we
solve the travelling wave ODE’s for a wide choice of parameter values a and
a. We observe that as the key parameter a is increased, for fixed o, we first
see a region where the travelling wave ODE solutions are physically unreal-
istic (negative) and then a region where we get physically realistic solutions.
The minimum value of the parameter a where we switch between the above
behaviours gives the best fit with the PDE solution that arose from compact
initial data.
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S,Uand Q
S,Uand Q

Fig. 11. The travelling wave solutions of S (dotted line), U (dot-dash line) and @
(solid line) for a fixed value of o but with varying a values. Here N is determined
such that S, U and @ go to zero as z — —oo. The shape and height of U and @
greatly vary depending on the value of a. (a) Here o = 2 and the solutions to S, U
and @ are shown for a = 1 (black), 2 (red) and 4 (blue). For a = 1, which is below
the predicted minimum wave speed of 2, U and @) go below zero. The solution when
a = 2 resembles the solution to the PDE’s. (b) Here o = 10 and the solutions to S,
U and @ are shown for a = 2 (black), 6 (red) and 10 (blue). For a = 2, which is
below the predicted minimum wave speed of 6, U and @Q go below zero. The solution
when a = 6 resembles the solution to the PDE’s.

5 Approximate Results from the Travelling Wave Equations for
Large a

Performing a shrinking transformation, by rescaling the independent variable
4

z =a( (¢ = 2) in equations (6) and (7), we obtain

U:%U+aU(1—U—Q)—U, (24)
Q=U, (25)

where the notation () represents differentiation with respect to ¢, U = U(()
and @ = Q().

Substituting equation (25) into equation (24) we now examine
G -G+aQ1-Q-Q) -0 =0, (26)

for Q(¢) where —oo < ¢ < oo and the parameters a?, o are assumed large.
We only consider a? = 4(a — 1) as this gives the stable PDE travelling wave
that we computed. The boundary conditions are Q,Q — 0 as ¢ — +oo and
Q) — 0 as ¢ — —oo. We seek solutions of the form @, Q > 0 for all ¢ since Q
and U = Q are cell densities, and define N := Q(oc0) = [ Q({)dC.

16



We expect Q(¢) to be as shown in Figures 12 and 13 where we have normalised
¢ = 0 to be at the maximum of Q, that is, of U. The solution extends through
four overlapping regions with distinctive behaviour when oo > 1. These regions
are defined by:

1) Q,Q small for ¢ large and negatlve (linear behaviour),
2) @ small but Q order 1, and = L () order 1; effectively ¢ < 0,

(1)

(2) Q

(3) Q, Q order 1, 2Q small; effectively ¢ > 0,

(4) @,Q small, Q near N for ¢ large and positive (linear behaviour).

o 2 e @

15l .
@~y

0.5F

Q(Q) and its derivatives

-0.5

Fig. 12. The solutions for @) (red solid line), Q (green dash-dot line), Q (blue dotted
line) and %Q = %U (blue solid line) for & = 10 are shown. The solution @ is
divided into four regions, depending on the dominant terms in equation (26).

5.1 Approzimate Solution in Region (1)

In Region (1) we have @ and @ small, resulting in the linearised version of
equation (26):

%’Q’—Qﬂa—l)c):o. (27)

Solutions of the form @) = Ae¢ exist for i such that

1
A = 4 (0= D =0, (28)

where A is a constant and Re(t > 0) since ¢ is negative. The only positive
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@ (@ ®) (4)

L5 Q—y 1
(%]
(0]
2
g U
2
o |
©
%) 0.5 !
o |
S, |
&)
O .

-05f U7 .

-1 -05 0 0.5 1 15 2 2.5 3 3.5
¢

Fig. 13. The solutions for @ (red solid line), @) (green dash-dot line), () (blue dotted
line) and ?12@ = a%U (blue solid line) for & = 35 are shown. The solution @ is
divided into four regions, depending on the dominant terms in equation (26). Note
that Q goes up to nearly 8 (not shown).

root of equation (28) for a® = 4(a — 1) is

2

<a2 + \/a4 —4a?(a — 1)) = %.

L=

DN | —

For a? large, Ae®¢/2 changes significantly over a small length scale a2 in (.
Thus the non-zero influence in Region (1) will get smaller as « gets larger. In
Region (1) the solution of equation (27) is given by

2 4
Q= Ae™/? with QRQ=U= %AG“QC/Q and Q) = %AG“QC/Q. (29)

Note that G%Q =0 = “2—2Q = ‘%fAe"ZC/2 which shows that all the terms in

equation (27) are necessary. Also note that % —
used later.

a2

% as ( — —oo which will be

5.2 Approzimate Solution in Region (2)

Since the behaviour shown in (29) forces Q to become O(1) before @ does, we
can no longer neglect the @) term and we hence require Region (2). We drop

18



the term involving () in equation (26) to obtain

G- 0+aQ0-Q)-@=0.

Writing X = Q, Y = () we obtain

X =Y, (30)
1 1
~Y =Y —aX(1- - - X) (31)
a o
T T T T
2L T T M e e LT o T T T T T ]
T T T e o T L Nl s ™~ T T T T
1.8F T TP g AN T T T T
B D e 4 S UV UR I VO S ~ T T T T
16 T e s U e T P T
T T T o L0 L Lt L L 4y T >~ T T T T
14+ v L ORI ON G T T T
T T A L L LL L L e o \mT N A
] VO OO
N : : S S i : : : : i
2+ <+ L <L €L L L <L <L € + +
0.8l T Ay 4L L4 L4y T T T T
T © L e L 1L L L L4 e W T T T
06 T /v e e e e e e e T T T
T s T T
04F T S T S U N NO s T T
T B U S T T
0.2F T/ v w i r L L L e T T T
A U S e
O ® < va oo T T T T T I T T T T o @&-TT
i i i i i i
0 0.2 0.4 0.6 0.8 1
X

Fig. 14. The (X,Y’) phase plane for « = 10 and a = 6.

The (X, Y") phase plane system, shown in Figure 14 for o« = 10, has the critical
points (X,Y) = (0,0) and (X,Y) = (1 —1,0). We seck an orbit (X (¢),Y(€))
leaving the node at (0,0) and travelling to the saddle at (1 — X,0). Note that
when equations (30) and (31) are solved in linearised form near X =Y =0 as
¢ — —o0, ie. as (X,Y) = (Q, Q) — (0,0), we obtain (%, £)Ae?*¢/2 — (0,0).

27 4
a2

= % as ( — —oo, which agrees with

By integrating X we see that % =

QIO

Region (1) smoothly.

By looking at the signs of each term in equation (24), we see that at the
maximum of U, we have U positive, U = 0 and U negative, which forces
U+ @ < 1. This also holds in the neighbourhood and to the left of this
point. Using U 4+ @ < 1, in Region (2) we require Qax to remain less than
1 — Xpax = 1—(1—%) ziasU:XﬁXmaX: 1—%. Note that in
Region (2), Q(¢) = [°,. X (¢)d( increases without bound as we move towards
(X,Y) = (1—21,0) in the (X,Y) phase plane. Since @ should remain less than
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i in Region (2), the region must finish before U — 1 — i and we move into
Region (3).

Region (2), as shown in Figures 12, 13 and 14, has both @ and @ no longer
growing unboundedly as ( increases, and then () is drawn towards 1 — é as

Q — 0.
5.8 Approzimate Solution in Region (3)

In Region (3) we have @, @ bounded and order 1, and Q—EQ small for a? large,
since () is bounded, so the model equation is

Q=aQ(1-Q-Q)—Q. (32)

We write Q = Q%, so for Q # 0 we have

dQ .
@—a(l—Q—Q)—l.
Then
Q=1-Q—Ce ¢, (33)

for constant C.

For ¢ increasing we want a solution with @ — 0, so that @ — 1 to this order of
approximation (since o large means e~““ is extremely small, for all constant
(). Further, for a constant B,

Q=1+Be *+...,
as ( — 0o. We need to use Region (4) to find N = Q(co0) more accurately.

On the other hand, when we consider ( decreasing, () becomes small (note
Q(¢) is monotonic since Q = U > 0). Initially it appears that we could
accurately, to leading order, let Q@ — 0 and Q — 0 as ¢ decreases to —co, 0
that C' = 1. However, this is not asymptotically correct. For o > 1, if we take
C' =1 in the Region (3) solution, we have (Q, Q) — (0,0) as { — —oo in our
solution, so apparently we do not need Region (2), but if we check a—gQ we find
it is the same size asymptotically (but not numerically) as the biggest terms
in equation (32). Further as Q — 0 we have Q = —Q + aQ + O(Q?), so that
Q = Ael* D¢ = Ae¢/* ) which contradicts the actual Region (1) behaviour,
which is Ae?¢/2, as ¢ — —oo. Hence, Region (2) is necessary. But the choice
C =1 turns out to be useful, as we see in Section 6.
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We now wish to find the maximum of @, which occurs at @ = @, by consid-
ering %(1 —Q—Ce Q) = —14+aCe@ = 0. Then Quax = Upax = 1 — Q. — 1

[0}

for Q, = % By examining the computed values of the maximum of u from
the PDE’s (4) and (5), we find that when C' = 1.1, the approximation U,y is
accurate to about 1% for 6 < o < 100. This is illustrated in Table A.1 in the

Appendix.

Hence we obtain 0 .
UmaxEQmax:]-_ e - (34)

a a
where we have taken C' = 1.1. This is a good approximation for the maximum
of U for large a.

Thus, for ¢ decreasing, Region (3) ends when @ = O(™2) (and U = Upax),
and we then move into Region (2). To this order we have Q, = 2% small,
so that Qmax =1- % — i is near 1 — é which gets us “near” the saddle
point shown in Figure 14, where (X,Y) = (Q,Q) = (1 — i,O), for a large.
This gives us the correct overlap to match Regions (2) and (3).

5.4  Approzimate Solution in Region (4)

We finally consider the limit ¢ — oo in equation (26), where not only Q — 0
but @ — N. In Region (4) our model equation is

S@-Q+aQ1-N)-Q=0. (35)
We want a solution Q = —Be "<, where B is a constant, with Re(7) > 0, so
that .
§ﬂ2+ﬂ+@(1—N)—1:0. (36)
Choosing the positive root of (36) since ( is positive, we obtain
1
o= 3 <—a2 + \/a4 —4a’a(l = N) + 4a2> .

From Region (3) we have Q = 1+ Be ¢ + ... as ( — 00, so that to leading
order for large o we have i = 1 (by matching Be™¢). We define lim;_., Q(¢) =
N = Ny + N where Ny = 1 from matching with Region (3), and N — 0 as
a — oo. Then a(1 — N) must be asymptotically smaller than 1 so that to
leading order ji = (—a®+ va* + 4a?) (using a? > a?a(1 — N)). Next we use
the Binomial Theorem to expand the term va* + 4a%2 = a>+2+. .. for a > 1.
Thus i = 3(—a?+a®+2+...) = 1+... holds, and we can match onto Region
(3) only provided 1 = N < 1 ie. N =1+0(2).

1
a
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We can find the limiting value NV more accurately by substituting ) = 1+
N + Be™¢ into equation (26) to obtain

B _
——e ¢ —Be* —aBe¢(Be * = N — Be %) + Be ¢ =0,
a

resulting in N ~ —;. Hence,
aa

_ 1
aa

5.5  The Results from Matching These Regions

So far we have Region (2) lifting the orbit from Region (1) towards the point
Qmax = 1 — % — é at Q, = % so that we can match onto Region (3).
In Region (3) we can smoothly match onto Region (4) when N =1+ —L; for
a>1.

Note that Region (2) is very narrow for large a, as we can see from Figures
12 and 13, which implies that the active cells reach their maximum density
very quickly, almost before there is any change in the quiescent cell density.
Then in Region (3), @ decays more slowly while Q increases as the active cells
change into healed tissue.

6 An Approximation to the Travelling Wave Equations

The rescaling ( = £ of the travelling wave equations, resulting in equations

(24) and (25), allows us to neglect the term 5U if @ is large, to obtain an
approximation to the travelling wave equations, namely,

U=aU(l1-U-Q)-U, (37)
Q="U, (38)

where U = U(() and @ = Q(¢). We now examine this model for « > 1 and
a’? = 4(a — 1), even though a? is no longer necessarily large.

This system is the same as previously discussed in 5.3 which has the solution
U=1-Q+ Che ¢,

where (5 is a constant.

We now have an approximation for U in terms of ) over the whole domain

for a large, which is U + @ = 1 for () > i See Figure 15 for the importance
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of this limit curve U + ) = 1 which is an envelope for the family of solution
curves as o — 0Q.

We know that far in front of the wave, U = () = 0 which will give us the

condition on Cs, namely, C'y, = —1. This ensures that the trajectory starts at

the origin in this phase plane. Then

dQ

— Y 10—
U(Q) =56 =1-Q - (39)
and J

U(z) :ad—Q =1-Q—e9, (40)

z

hold in the (U, Q) phase plane with either ¢ or z as the parameter.

Figure 15 shows this phase plane and several trajectories using (39) where
a = 50,10,6 and 2. For a < 1, the phase portrait has no trajectory for
positive U.

0.9r
0.8¢
0.7r

0.6+ U+Q =1

0.4r
0.3r
0.2r
0.1r

0 0.2 0.4 0.6 0.8 1
U

Fig. 15. Phase plane for (U, Q) for the system given by (37) and (38). The parameter
a takes the values 50, 10, 6, and 2 and the steady states are marked (e). The plot
corresponding to the smallest o value has the smallest maximum value of U.

The numerical solutions of the approximation (40) are a good fit for all «
values. Figure 16 shows the numerical solutions to equations (4) and (5) (black
solid line) compared with the numerical solution to the approximation (red
dot-dashed line) for a = 1.1,2 and 50.

6.1 Approzimate Analytical Solution of Q =1 — Q — e %

To find a closed form approximate solution for ) and hence U we analyse the
approximate equation Q = 1 — Q — e~ *?. This cannot be solved explicitly.
For a@ large, e~*? tends to zero, and the equation ) = 1 — @ can be solved
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Fig. 16. Numerical results of the PDE’s (4) and (5) for v and ¢ are shown in solid
black lines. These are compared to the numerical solutions to (40) which are shown
in red dot-dash lines. (a) Here o = 1.1 and a =~ 0.6325 and the time for the system
of equations (4) and (5) is t = 300. (b) Here @ = 2 and a = 2 and the time for the
system of equations (4) and (5) is t = 30. (c) Here w = 50 and a = 14 and the time
for the system of equations (4) and (5) is t = 5.

in closed form. For a@ close to zero, a Maclaurin expansion for e=®? for aQ)
small can be used to get an approximation.

The solution to Q =1 — Q is Q = 1 — Cse~¢ where Cj is a constant. Setting
an arbitrary value for Q(¢ = 0), Qo, our solution then becomes @ =1 — (1 —

Qo)e_g.

We obtain an approximate equation using a Maclaurin expansion for a() small,
only retaining quadratic terms, namely

Q= (a—1)Q ~ ;Q%
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Solving this first order differential equation results in

(41)

where () is the constant of integration.

. . . Qlo(oz—l)—oz2 .
Again, taking Q(0) = @y, we obtain Cy = BT eyt We require C} to be
positive since if Cy < 0, the solution is unbounded for finite ¢. For Cy to be
positive, we require )y < (O‘ Hol),

Substituting the expression for (4 into the expression for (), we obtain

2(a—1)

Q:oﬂjL(Q2 (a—1) — a?)e(a-1)¢

As we require (Qy < (0‘21) , we choose Qg = é for a > 2. The approximation

for () we obtain is

2(a—1) - 1
Q(¢) = m(»(&M’ﬁng (43)
(=2, Q>4
and thus
1— 2(a—1) —e 2+<a<;<2))? (o= 1)4) if Q<<
U(C) = %wam(wm C o (44)
(1—Lye ¢ — ema-0=0)e7) ifQ>1

Figure 17 shows the numerical solution of @ from (40) for Q(0) = 1078 (shown
in dotted red) compared with the analytical approximation of (), expression
(43) (shown in solid black). Recall that ( = 2. This figure also shows the
approximation for U given by equation (40) (shown in dotted red) and (44),
the analytical solution to U (shown in solid black). Here o = 2,10 and 50
and a = 2v/a — 1. For a = 2 the approximation for large a) where z > 0 is
not accurate since « is not large. This can be seen in Figure 17(a). We choose
Qo = i for a = 2.
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UandQ

40

Fig. 17. A comparison between the numerical solution of (40) (black solid line)

and the analytical approximation of @ given by (43) and (44) (where ( = £) (red

a

dot-dash line). Here a = 2v/a — 1. The approximation is not accurate for small «.
(a) Here a = 2. (b) Here a = 10. (c¢) Here o = 50.

6.2  Approzimate Upper Bound for U

The maximum U value has been discussed in Section 5.3 and hence for this
case where Cy = —1 we obtain

Umale_—__7 (45)
as an approximation to the original maximum u value.

Figure 18 compares the numerical maximum value of U obtained from the
PDE’s and the approximation (45) for 1.1 < « < 10, which can also be seen
in Table A.1 in the Appendix, and for 1.1 < o < 100. As can be seen from
these figures, this approximation to the maximum value of u is very close to
that obtained numerically.

Table A.1 shows that for a 2 6 the approximation equation (34) with C' = 1.1
actually is better for larger a than that of equation (45) where C' = 1. Again
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this shows the small, but non-vanishing, correction due to Region (2).

1 T T T T T T T T 1.2

Maximum of U

20 40 60 80 100

Fig. 18. The blue solid line shows the maximum numerical values of U, the green
dashed line shows the approximation Upax = 1 — lnTa — é and the red dotted
line shows the approximation Up.x = 1 — % — é It can be seen that the
approximation Upax = 1— IHTO‘ — é is better for a < 6 while the other approximation
is better for o 2 6. (a) This figure shows the approximation for 1.1 < o < 10. (b)

This figure shows the approximation for 1.1 < a < 100.

6.3 Mazximum Slope of Q)

We can find an approximation for the slope of () with the knowledge that the
slope = % = éU . The maximum slope of @) is therefore the maximum of U
divided by a. Using the approximations (45) and (17), the maximum slope of
Q is
_a—Ina—-1

QMaxSlope ~ 20 /—a — 1 .
A plot of the maximum slope versus « is shown in Figure 19 and this is com-
pared with the numerical maximum slope obtained from the PDE’s. It can be
seen that the slope increases until « is approximately 5.5 and then decreases.
This is in contrast to Murray (2002) who investigated the corresponding slope
for the Fisher equation and determined that the wave front becomes less steep
as the wave moves faster. In our model this is only true for o greater than
approximately 5.5 (% = 5.4861). The switch in choice of optimal C,
from C' =1 to C = 1.1 occurs at about the same value o =~ 6.

6.4 Approzimate Upper Bound for )

From the approximation (39) we can derive approximate values for QQ(occ) = N.
As z — oo far behind the wave, U — 0 and from (39), N — 1 — e V. Note
that for a very large, e " ~ 0 and therefore N — 1.
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Fig. 19. A graph of the maximum slope of @) versus a. The maximum slope deter-
mined from the PDE’s at x = —100 (red dotted line) is compared to the approxi-

mate maximum slope 05;1“—\/0% (black solid line). The approximation is reasonably
accurate.

Table A.2 in the Appendix shows, for different v values, a comparison between
the numerical value of N far behind the wave and the approximations of N
obtained from solving 1 — N — e~ = (. These values are consistent with the
constraint N > 1— é Figure 20 shows these results graphically. It can be seen

from the numerical results that N values are above unity for o large.

Maximum of Q

Fig. 20. Blue solid line shows the maximum value of ) obtained from the full nu-
merical solutions of the PDE’s and the red dot-dashed line shows the approximation
obtained from solving 1 — N — e~ N = for N with 1.1 < o < 10.

6.5 Approzimation of Q(oco) = N Using Perturbation Techniques

We now seek a more accurate approximation for Q(oco) = N. In Section 5 we
used the transformation { = £ on the travelling wave equations (6) and (7) to
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obtain equations (24) and (25). Substituting equation (7) into (6) we obtain

Q(¢) = eQ(¢) +aQ()(L — Q) — Q(Q)) = Q(C). (46)

where € = a% < 1. For a < 2,¢ > i which means the approximation is less

accurate due to € being quite large.

Applying perturbation techniques, we substitute

Q= Qo+ €Q1+€Qx+ O(¢”),
into equation (46).

At zeroth order we obtain
Qo = 04@0(1 - Qo - Qo) - Qo-

This is equivalent to solving the system of equations (37) and (38) which
results in the first order differential equation Qy = 1 — Qg — e~*%° which can
not be solved analytically for (.

At first order we obtain

Q1= Qo+ @Qo(—Ql - Q1)+ 04@1(1 — Qo — Qo) — Q1.

Since we are interested in the solution as z — oo, we allow Q1,Q; — 0.
We hence obtain @); in terms of @)y, namely Q)1 = QQ—Q;) as z — 00. Using
Qo = 1—Qp—e 29 we obtain Qp = Qo(l —2ae2@0 — q2()pe @0 +ale20Q0),
As z — oo we allow Qy — 0 and hence @ = 1—(,. Therefore, Q; = Q _

aQo
L(1—a(1 = Qo))? where Qp is the solution to Qg =1 — e,

Recall that Q = Qg + €Q; + O(€?). Replacing a* = 4(a — 1), we can conclude
that

(1 - ol - Qo))
4a—Da

where @)y is the solution to Qy = 1 — e~2%0,

N =Q(x) ~ Qo+ (47)

The solution to equation (47) for different o values is shown in Table A.2 in

the Appendix. It can be seen that the approximation is very accurate for «

large but not as accurate for small a. The approximation N = 1—e~*" is more
2
accurate for v < 6 and then the approximation N = Q(00) ~ Qo+ %

where Q) is the solution to Qg = 1 — e~2?0_ is more accurate for a > 6.
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7 Conclusion

We have investigated the dynamics of a simplified model of the growth pat-
tern of cells that are sprayed onto a burn to facilitate the healing process. In
this model there are two species, one of which migrates into the burn space,
proliferates and undergoes a transition to a quiescent cell type that neither
migrates nor proliferates. The proliferation of the active cells is modulated by
contact inhibition.

The numerical solution of the governing partial differential equations reveals
that the invading pulse of active cells and the resulting wave of quiescent
cells appears to show a travelling wave structure. The stable invading wave
of healing cells travels at the slowest possible speed a = 2v/a — 1 in terms of
the parameter o« = kug/A. A linear stability analysis about the steady states
gives a lower bound on the wave speed in terms of the dimensionless maximum
proliferation rate of the active cells, a.. A further investigation of the travelling
wave equations leads to an approximate solution, Q = 1 — Q — e~*%, which in
turn leads to estimates of the maximum nondimensional active cell density as
well as the final nondimensional cell density within the burn. The maximum
active cell density approximation, Uy, = 1 — Lthae é, is best for a@ 2 6 and

the approximation, Uy, = 1 — IHTQ — é, is best for 1 < a < 6.

Several approaches are used to obtain improvements to the estimate of the
final cell density using perturbation techniques. These are compared with the
results obtained from the numerical solution of the original partial differential
equations and the approximations are good for large «; for a = 6 we have
accuracy to better than the third decimal place using N = Q(o0) =~ Qo +
% where Qg is the solution to Qy = 1 — e %0, For a < 6 we find
N to 1% accuracy by using N = 1 — e~*". The dimensional quantities are
obtained by multiplying U,.x and N by uqg.

The switch value of approximately @ = 6 arises from the maximum of the
graph of the active cell density U divided by the wave speed a (which amounts
to the maximum of the quiescent cell density) plotted against «, as given in
Figure 19.

In this paper we investigated a problem related to the healing of wounds from
burns. From our model analysis we derived a set of travelling wave equations
which yielded an interesting mathematical analysis.
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