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Abstract

If G is a group acting on a set 2, and a, 8 € Q, the directed graph whose
vertex set is  and whose edge set is the orbit (o, 3)¢ is called an orbital
graph of G. These graphs have many uses in permutation group theory. A
graph I is said to be primitive if its automorphism group acts primitively
on its vertex set, and is said to have connectivity one if there is a vertex o
such that the graph I'\ {a} is not connected. A half-line in T is a one-way
infinite path in I'. The ends of a locally finite graph I' are equivalence
classes on the set of half-lines: two half-lines lie in the same end if there

exist infinitely many disjoint paths between them.

A complete characterisation of the primitive undirected graphs with con-
nectivity one is already known. We give a complete characterisation in the
directed case. This enables us to show that if G is a primitive permutation
group with a locally finite orbital graph with more than one end, then G
has a connectivity-one orbital graph I'; and that this graph is essentially
unique. Through the application of this result we are able to determine

both the structure of GG, and its action on the end space of T.

If o € Q, the orbits of the stabiliser G, are called the a-suborbits of G. The
size of an a-suborbit is called a subdegree. If all subdegrees of an infinite
primitive group G are finite, Adeleke and Neumann claim one may enu-
merate them in a non-decreasing sequence (m,). They conjecture that the
growth of the sequence (m,) is extremal when G acts distdnce transitively
on a locally finite graph; that is, for all natural numbers m the stabiliser in
G of any vertex a permutes the vertices lying at distance m from o tran-

sitively. They also conjecture that for any primitive group G possessing



a finite self-paired suborbit of size m there might exist a number ¢ which
perhaps depends upon G, perhaps only on m, such that m, < c(m—2)r‘1.
We show their questions are poorly posed, as there exist primitive groups
possessing at least two distinct subdegrees, each occurring infinitely often.
The subdegrees of such groups cannot be enumerated as claimed. We give
a revised definition of subdegree enumeration and growth, and show that
under these new definitions their conjecture is true for groups exhibiting

exponential subdegree growth above a prescribed bound.
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Chapter 1

Introduction

In this thesis we exploit the relationship between graph theory and group theory to
characterise an important class of infinite directed graphs, and use this characterisa-
tion to investigate the orbital graphs of infinite primitive permutation groups. These
results are applied to determine fundamental properties of infinite primitive groups
whose suborbits are finite, including their structure and subdegree growth.

If G is a permutation group acting on a set  and a, 8 € Q, the graph (£, (o, 8)¢)
whose vertex set is {2 and whose edge set is the orbit (o, B)€ is called an orbital graph
of G. Note such graphs are directed. Indeed, all graphs appearing in this paper
will be directed unless otherwise stated; all paths, however, will be undirected. A
connected graph T is said to have connectivity one if there exists a vertex a € VI’
such that the induced graph I' \ {a} is not connected. Such graphs resemble trees in
many respects, a property that underpins many of the results presented in this thesis.

A group G is said to act primitively on a set € if the only G-congruences are the
trivial and universal equivalence relations. It is well known that for such groups every
orbital graph (€2, (o, 3)¢) is connected whenever a and § are distinct. A graph is said
to be primitive if its automorphism group acts primitively on its vertex set, and is
locally finite if every vertex is adjacent to only finitely many vertices.

A half-line is a one-way infinite, cycle-free path. An end of an infinite locally finite
graph I is an equivalence class on the set of half-lines of I': two half-lines lie in the

same end if there exist infinitely many disjoint paths in I' joining a point in one to
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a point in the other. An end is thin if any set of pairwise disjoint half-lines in it is

finite, otherwise it is thick.

If G is a group acting on a set Q and a € Q, the orbits of G, on  are called the
a-suborbits of G; the cardinality of any a-suborbit is called a subdegree of G. There

is a natural pairing of suborbits, described in detail in Chapter 2.

If Q is a countable set then there is a natural topology on Sym (2), that of point-

wise convergence, described in Section 2.1. Any group G < Sym (£2) is said to be

closed if it is closed in Sym (€2) under this topology.

A group of automorphisms G of a graph I' acts distance-transitively on I' if it is
vertex-transitive, and for all £ > 1 the vertex-stabiliser GG, is transitive on all vertices
at distance k from ain I'. A group of permutations of a set 2 is distance-transitive if it
acts distance-transitively on some graph I' with VI' = ; a graph is distance-transitive
if its automorphism group acts upon it distance-transitively. The infinite locally finite
distance-transitive graphs were classified by Macpherson [17] and, independently, by

Ivanov [13].

This work is divided into sections as follows. Chapter 2 is conceived as setting up
notation and language, and as a collection of tools that will be used throughout this

thesis.

In Chapter 3 we introduce the concept of subdegree growth. In [1, Remark 29.8],
Adeleke and Neumann observe that if an infinite primitive group G possesses a finite
suborbit whose pair is also finite, then every suborbit of G is finite, and one may
enumerate them in a non-decreasing sequence as m; < mg < ---. They observe m, <
mq(my —1)""! for all sufficiently large r, and ask whether the subdegree growth rates
of infinite primitive groups that act distance-transitively on locally finite distance-
transitive graphs are extremal. Furthermore, they conjecture that for any primitive
group G possessing a finite self-paired suborbit of size m there might exist a number
¢ which perhaps depends upon G, perhaps only on m, such that m, < c(m —2)r1
for all r. We show this question is poorly posed, as it does not consider the possible

existence of a primitive group G whose suborbits are all finite, such that for some
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fixed element a € €2 the group G has infinitely many a-suborbits with cardinality
m, and infinitely many with cardinality m', with m and m’ distinct. For such a
group, with m < m/, the subdegree m’ does not occur in the sequence (m,). In this
chapter we give examples of such groups, and in the process detail original methods
for constructing examples of infinite primitive groups and primitive one-ended graphs.
This chapter concludes with a revised definition of subdegree growth that takes into

account the existence of these groups.

In Chapter 4 we turn our attention to infinite primitive graphs, and obtain a com-
plete characterisation of the locally finite primitive connectivity-one directed graphs.
This result is a generalisation of Jung and Watkins’ famous classification of the locally
finite primitive connectivity-one undirected graphs.

In Chapter 5 we show any primitive group possessing a locally finite orbital graph
with more than one end has an orbital graph with connectivity one, and this graph
is essentially unique. These results, and those of Chapter 4, underpin all subsequent
arguments made in this thesis.

As an illustration of the power of the mathematics contained in Chapters 4 and
5, we apply them in Chapter 6 to examine infinite generously transitive permutation
groups. A group G is generously transitive on a set  if, given any a, 8 € (2, there
exists g € G such that o9 = § and $9 = o. Finite generously transitive groups have
been studied extensively by Neumann [25]. We show if G is an infinite primitive group
posseésing a locally finite orbital graph with more than one end then G is generously
transitive if and only if G is distance—transitive.

In Chapter 7 we explicitly describe the structure of any primitive group possessing
a locally finite orbital graph with more than oneéﬁd.

If G is a group acting on an infinite locally finite graph I' then there is a natural
action of G on the set of ends of I'. In [9], Halin showed one may infer details of Aut I
from its action on the end space of I'. Interest in this area has continued since; more
recently, in [20], Méller classified all locally finite connected graphs with infinitely
many ends admitting an automorphism group that acts transitively on the end space,

and in [21] investigated the structure of those locally finite connected graphs with



infinitely many ends that possess a vertex-transitive group of automorphisms that
fixes an end. Chapter 8 continues in this vein as we illustrate how the results in
Chapters 4 and 5 can be used to determine the action of a primitive edge-transitive
group on the end space of a locally finite graph.

Finally, in Chapter 9 we examine the subdegree growth of primitive groups, and
show a revised form of Adeleke and Neumann’s conjecture is true for groups whose

subdegree growth rate is exponential.



Chapter 2

Preliminaries

The theoretical background required to appreciate and understand this thesis is pre-
sented herein; all group theory may be found in [2] and [5], while the graph theory has
been taken from [8]. In the lovely survey paper [33], Watkins builds upon the basic
notions of finite graphs to produce an overview of infinite graph theory, of which the
relevant concepts are also presented here. Much of what is currently known regarding

groups acting on infinite graphs is summarised in the accessible survey paper [22].

2.1 Group theory

Throughout this work, G will be a group of permutations of an infinite set Q. If
a € Q and g € G, we denote the image of o under g by of. Following this notation,
all permutations will act on the right. The set of images of o under all elements
of G is called an orbit of G, and is denoted by a®. There is a natural action of G
on the n-element subsets and n-tuples of Q via {a1,...,0,}? = {af,..., 09} and
(ag,...,0n)? == (af,...,0f) respectively. If a € 2, we denote the stabiliser of o in
G by G,, and if ¥ C §2 we denote the setwise and pointwise stabilisers of ¥ in G by
Gixy and G(z) respectively. The group G is transitive on {2 if G has one orbit on {2,

namely Q itself. A transitive group G is said to act regularly on Q2 if G, = 1 for each

a € Q.



A G-congruence on ) is an equivalence relation =~ on 2 satisfying
axfpea = p,

for all o, 3 € Q and g € G. A transitive group G is primitive on 0 if the only G-
congruences admitted by ) are the trivial and universal equivalence relations. The

following is well known.

Theorem 2.1. ([2, Theorem 4.7]) If G is a transitive group of permutations on €,

and || > 1, the following are equivalent:
(i) G is primitive on
(i) for every a € §, the stabiliser G, is a mazimal subgroup of G. ]

Given a, 8 € Q, the set (a, 8)C is called an orbital of G. It is diagonal if o = .
An a-suborbit is an orbit of G, on 2. When the choice of « is obvious, the term
a-suborbit will be abbreviated to suborbit. If ‘G is transitive on (2, the subdegrees of
G are the cardinalities of the a-suborbits of G for some fixed o € (.

There is a natural pairing between orbitals of G: if A := (o, 8)¢ is an orbital,
then its pair A* is the orbital (g, a)®. There is also a natural correspondence between
the orbital A and the ao-suborbit A(a), where A(a) := {7y | (a,7) € A}. For every
a-suborbit T of G, there is an orbital A such that T = A(a), namely the orbital
A := (a, B)¢, where 3 is some vertex in T. Thus, one may deduce that the above
correspondence is bijective. The pair of the a-suborbit A(a) is the suborbit A*(a).
A suborbit A(a) or orbital A is said to be self-paired if it is equal to its pair.

If 1 is a countable set, there is a natural complete topology on Sym  described
in [3], that of pointwise convergence. Enumerate the set Q as {71:72,73, - - .}, then a
sequence of permutations (g,) tends to the limit g if and only if, for any k > 1, we
have 7" = v} and 'y,fl = 'y,f_l for all sufficiently large n. A basis for the open sets in
this topology consists of all cosets of pointwise stabilisers of finite sets. If G < Sym (,
the closure of G is the intersection of all closed subgroups of Sym € that contain G,

and is denoted by G.
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Theorem 2.2. ([3, Proposition 2.6]) If G < Sym (Q2) then G and its closure G have
the same orbits on n-tuples of Q) for allm > 1. O

2.2 Graph theory

Throughout this thesis, a graph will be a directed graph without multiple edges or
loops. A graph I' will be thought of as a pair (VT, ET'), where VT is the set of
vertices and ET the set of edges of T'. The set ET consists of ordered pairs of distinct
elements of VI. Two vertices o, 3 € VT are adjacent if either (a, ) or (8, a) lies
in ET. An undirected path of length r in T is a sequence of r + 1 vertices such that
consecutive vertices are adjacent. A path zj...Z,y1 between z; and x4 is directed
if (z;, zi41) € ET for all integers ¢ satisfying 1 <4 < r. A path z; ...z, of length 7
is a cycle of length r if £, = T,41; a loop is a cycle of length one. A reduced path is a
path without cycles.

Two vertices are connected if there exists an undirected path in I" between them,
while a graph is connected if any two vertices are connected. A geodesic between
two vertices is a path of minimal length connecting one to the other. The distance
between two connected vertices o and B in T is denoted by dr(a, §), and is defined
to be the length of any geodesic between them. When there can be no ambiguity

“as to the graph in question, dr(a, ) will be abbreviated to d(c, 8). Given a vertex
a € VT, the sphere of radius r, denoted by S,(a,T'), is defined to be the set of all
vertices of I that lie at distance r from a; when it is’ obvious which graph is being
considered, S,(c) will often be used instead. The r-ball B,(c,T') about o is defined
by

B,(a,T):={B €T | dr(a,B) <r}.

A tree is a connected cycle-free graph. In a tree T', given any two vertices a and
8, there is exactly one geodesic between them, which we denote by [a, B]7. If we wish
to exclude o or B from the geodesic we write (a, 8]z or [, B)r respectively.

A graph T is infinite if VT is infinite and is locally finite if, for all @ € VT, the

sphere Si(a,T) is finite. The in-valency of a vertex o is equal to the number of



vertices (G such that (3, a) € ET; the out-valency is equal to the number of vertices
v such that (@, y) € ET. The valency of « is the size of the sphere S;(a, T'). A graph

is regular if every vertex has the same valency.

An element ¢ € Sym (VT) is an automorphism of T' if it preserves the edge-
structure of I'; that is,

e € ET' & ¢ € ET.

The set of all automorphisms of the graph I" form a group called the automorphism
group of I', denoted by Aut I'. A graph is primitive if Aut I" is primitive on the set
VT, and is automorphism-regular if Aut I" acts regularly on VT.

We use the term undirected graph to mean a directed graph with the property
that, whenever (o, §) € ET, we have (8,a) € ET. In this case, we will replace each
pair of edges (a, §) and (8, a) with the unordered pair {a, 8}. A group acting on a
graph I' is said to be vertez-transitive or edge-transitive if it acts transitively on the
set of vertices or edges of I" respectively. Similarly, a graph admitting such a group
will be referred to as being vertez- or edge-transitive.

If G < Sym(2) and A is an orbital of G, the graph (Q2, A) is called an orbital
graph of G. Note such graphs are necessarily edge-transitive. The following theorem

due to D. G. Higman gives a useful test for primitivity.

Theorem 2.3. ([11]) A transitive group of permutations of a set Q is primitive if

and only if every non-diagonal orbital graph of G is connected. ]

If " is a graph and W is a subset of VT, the subgraph of ' induced by W is the
graph (W, (W x W) N ET'). We denote the subgraph of I" induced by the set VT \W
as I' \ W. The connectivity of an infinite connected graph T is the smallest possible
size of a subset W of VI for which the induced graph I' \ W is disconnected. A
block of T' is a connected subgraph that is maximal subject to the condition it has
connectivity strictly greater than one. If I' has connectivity one, then the vertices o
for which I'\ {a} is disconnected are called the cut vertices of T.

Consider the following construction. Let Vj be the set of cut vertices of I', and

let V; be a set in bijective correspondence with the set of blocks of I'. We let T' be



CHAPTER 2: PRELIMINARIES 9

Figure 2.1: A connectivity-one graph and its block-cut-vertex tree

a bipartite graph whose parts are V1 and Vo, Two vertices o € V; and = € V, are
adjacent in T if and only if o is contained in the block corresponding to z; in this case,
there are two edges in T between the vertices a and z, one going in each direction.
Thus, T' can be considered to be an undirected graph. In fact, this construction yields
a tree, which is called the block-cut-vertex tree of I'. Note that if I has connectivity
one and block-cut-vertex tree T', then any group G acting on I" has a natural action on
T. Figure 2.1 shows an undirected primitive connectivity-one graph and its associated

block-cut-vertex tree.

Conversely, suppose we are given an undirected tree T. Colour one part of the
natural bipartition of T' violet and the other blue. If every blue vertex has valence
at least three, one may construct a connectivity-one graph I' with block-cut-vertex
tree T' that is not a tree as follows. Take VT to be the violet vertices of T, and for
each blue vertex b of T insert edges in I' between the violet vertices to which b is
adjacent in T, in such a way as to obtain a subgraph A, of I' which has connectivity
strictly greater than one. Then I" will have connectivity one, and for each blue vertex
b of T the graph A, will be a block of I'. If all violet vertices of T have valency m,
and the graphs A, are all vertex-transitive and pairwise isomorphic, then we denote
the graph I' by ['(m, A). Figure 2.1 shows the graph I'(2,A), where in this case
A is an undirected 3-cycle, along with its block-cut-vertex tree. It should be noted
that, although each connectivity-one graph gives rise to a unique 2-coloured tree, each

2-coloured tree may give several connectivity-one graphs.
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A concept that is fundamental to the arguments contained herein is that of an
end. A half-line L of a graph I' is a one-way infinite reduced path z;z,z5... in T.
There is a natural equivalence relation on the set of half-lines of I': two half-lines
L and L, are equivalent if there exists an infinite number of pairwise-disjoint paths
connecting a vertex in L; to a vertex in Ly. The equiva,lencé classes of this relation
are called the ends of I'. An end is called thick if it contains infinitely many disjoint

half-lines, otherwise it is called thin. By convention, a finite graph has no ends.

Theorem 2.4. ([33, Corollary 1.5]) If T is an infinite locally finite connected vertez-

transitive graph then T has 1, 2 or 2% ends. J

The image one should have in mind when picturing infinite vertex-transitive
graphs with one end is that of an infinite grid, while graphs with infinitely many
ends resemble trees. Vertex-transitive graphs with two ends are called strips; how-
ever, as we shall see in Corollary 5.2, such graphs are not primitive and familiarity

with them is therefore not required.

A graph is complete if it is undirected, and any two distinct vertices are adja-
cent. The finite complete graph on ¢ vertices will be denoted by K. If t > 3, the
connectivity-one graph I'(m, K;) in which each vertex belongs to m > 2 blocks, each
of which is isomorphic to K, is primitive and edge-transitive with infinitely many
ends. Figure 2.1 illustrates the graph I'(m, K3) and its block-cut-vertex tree, while
in Figure 2.2 we see the graph I'(3, Kj).

A group acting on a graph I' is said to be k-distance-transitive if, for any four
vertices ay, oz, 81,82 € VT with d(aq, ap) = d(61, B2) < k, there exists g € G such
that of = B, and af = [, and is distance-transitive if it is k-distance-transitive
for all positive integers k. A graph is distance-transitive if its automorphism group
acts upon it distance-transitively. The locally finite infinite distance-transitive graphs

were classified by Macpherson [17] and independently by Ivanov [13] thus.

Theorem 2.5. ([17, Theorem 1.2]) A locally finite infinite graph is distance-transitive
if and only if it is a regular combinatorial tree or is I'(m, K;) for some m > 2 and

t > 3, where K, is the complete graph on t vertices. n
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Figure 2.2: The graph I'(3, K})

Interestingly, Moller shows in [23] if T' is locally finite with more than one end,

then T is distance-transitive if and only if I" is 2-distance-transitive.

Two graphs I'; and I's are quasi-isometric if there exists a map ¢ : VI'y — VI

and there exist constants a,b > 0 such that for all o, 3 € VI we have

dr, (0, 6) ~ b < dra(8(), 9(8)) < a.dr, (e, ) +b.

In [21, Proposition 1], Moller shows if two locally finite connected graphs are quasi-

isometric, then there is a natural bijection between their ends.

Lemma 2.6. If G is a primitive group of permutations of an infinite set Q) and T';
and Ty are two orbital graphs of G then there is a natural bijection between the ends

of 'y and the ends of I's.

Proof. Suppose both T'y = (€, (a1,5)%) and Ty = (£, (e, 82)€) are locally finite
orbital graphs of G. Put m; := dr,(a2,(32) and my := dr,(aq,01), and let a :=
max {m;, ma}. Since both I'; and I'; are connected, any edge in I'; corresponds to a,

path of length m; in 'y, and any edge in I'; corresponds to a path of length ms in
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I'y. Thus, if o, 8 € Q then dr, (o, 8) < mi.dr,(a, 8) < a.dr,(a, 8), and dr,(a, B) <
ma.dr, (o, B) < a.dr, (o, B). Therefore (1/a)dr, (o, 8) < dr,(a, 8) < a.dr,(a, B), so 'y

and I'; are quasi-isometric. O

Henceforth, no distinction will be made between an end of I'; and its corresponding
end in I'y. Furthermore, we define a permutation-end of G to be an end of an orbital
graph of G. By the above lemma, the set of permutation-ends of G is equal to the
set of ends of an orbital graph of G, and is independent of the orbital graph chosen.

2.3 Relations

A relation R of arity n on a set §2 is a subset R C Q™. A relational structure is a pair
(€2; R), where R is a set of relations on the set €.

Let 2 be a non-empty set and let R be a set of relations on 2. Since Sym Q acts
on the set of n-tuples of €2, there is a natural action of Sym €2 on fR. An element
o € Sym {2 is said to be an automorphism of the relational structure (2; fR) if for all

R € fR,
R’ = R.

The set of all automorphisms of the relational structure (Q; fR) forms a group called
the automorphism group of (£2;R), denoted by Aut (Q2;R).

Suppose we are given two relational structures (€;9R;) and (€; Rs), and a bijec-
tive map ¢ : Ry — Ro. A map ¢ : U — Qy is said to be an isomorphism between the
relational structures (21; R1) and (Q2; Ry) if and only if p(R) = ¢(R) for all relations
R € My, where o(R) denotes the set {(¢(a1),...,0(a)) | (au,...,0,) € R}. Two
relational structures are isomorphic if there exists an isomorphism between them.

Let G be a permutation group acting on a non-empty set Q. If © is an orbit of
G on Q" then it may be considered to be a relation of arity n on (. Following [3],
we define R to be the set of relations consisting of all orbits of G on Q" where n
takes every value in the set of natural numbers. The canonical relational structure

associated with G is the relational structure (Q; Rg).
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Theorem 2.7. ([3, Theorem 2.6]) If Q is a countably infinite set then G < Sym (Q is
closed if and only if G is the automorphism group of the canonical relational structure

of G. 0



Chapter 3

Subdegree enumeration and

growth

3.1 Background

Interest in the subdegree growth of infinite primitive permutation groups possessing

a finite suborbit whose pair is also finite stems from the following observation.

Theorem 3.1. If G is a group acting primitively on the infinite set Q, POSSessing
a finite suborbit whose pair is also finite, then every suborbit of G is finite and Q) is

countable.

Proof. Fix o € Q and let 3% be a finite a-suborbit whose pair is finite. Let T be
the orbital graph (£, (o, 8)¢). By Theorem 2.3, T is connected. Furthermore, the
out-valency of a in I' is equal to |3%| and the in-valency of a is equal to the size of
the suborbit paired with 3%=. Since both these sets are finite, the in-valency and the
out-valency of « are finite, so the valency of « is finite. Because I is vertex-transitive,
I is locally finite, so for all 7 > 0 the sphere S,(a,T') is finite.

Since T is connected, Q = [J;2; Sr(,T). Thus € is a countable union of finite
sets, and is therefore countably infinite.

Since G|, fixes each sphere Sy.(a, I') setwise, every a-suborbit of G is finite. Because

G is primitive on €, it acts transitively on (2, so every suborbit of G is finite. O

14
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Henceforth, any group whose suborbits are all finite will be described as being
locally finite. Thus a primitive group is locally finite if and only if it has a locally
finite orbital graph; of course, if it has a locally finite orbital graph then all its orbital
graphs will be locally finite.

Note this theorem is not true if we merely require a primitive group G to possess
a finite suborbit. Indeed, in [7] Evans constructs an infinite primitive group acting

on an uncountable infinite set (2, possessing a finite suborbit whose pair is infinite.

Adeleke and Neumann in [1, Remark 29.8] observe if G acts primitively on an
infinite set (2 and has a non-trivial self-paired finite suborbit of size m then 2 is
countable, all the suborbits of G are finite, m > 2, and if the suborbits are arranged
in a non-decreasing sequence 1 = my < m; < --- then m, < (m — 1)m,_; for all
sufficiently large r. They then ask whether the subdegree growth rates of infinite
primitive groups that act distance-transitively on locally finite distance-transitive
graphs are extremal and conjecture there might exist a number ¢ which perhaps

depends upon G, perhaps only on m, such that m, < c(m — 2)"1.

In fact, this approach is naive, as it does not consider the existence of a locally
finite primitive group G, possessing at least two distinct subdegrees m and m' such
that infinitely many a-suborbits have cardinality m, and infinitely many have cardi-
nality m’. Such subdegrees will henceforth be said to occur infinitely often. Indeed,
if G has at least two subdegrees, each occurring infinitely often, of which m is the
smallest, then under the above enumeration method m, = m for all sufficiently large

r. Any subdegree of G that is strictly larger than m would therefore not be present

in the subdegree sequence (m,).

In the following section, we give examples of such groups. In subsequent sections
we define comprehensive methods for enumerating the subdegrees of locally finite

infinite primitive groups and measuring their subdegree growth.
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3.2 Examples and constructions

3.2.1 Monster groups

In [27], Olshanskil shows for every prime p > 100, there is an infinite group in
which all non-trivial proper subgroups are of order p. We propose to call such groups
Tarski—Ol’shanskil monster groups of order p. If p is a prime number greater than
10" and T}, is such a group, fix any non-trivial proper subgroup H < T,. Let T}, act
on the set of right cosets Q := {Hg | g € T,} via

(Hg)? = Hyyg'.

The kernel K of this action is a normal subgroup of T}, and is therefore trivial. Indeed,
suppose K is a non-trivial, proper normal subgroup of T,. Then every non-trivial,
proper subgroup of the quotient group 7,/K is of the form H’'/K for some proper
subgroup H' of T, with K < H'. Now T,/K is infinite, and every element has finite
order, so T,/ K contains a non-trivial, proper subgroup H'/K, with K < H' < T,.
This is absurd, however, since both H’ and K must have order p. Hence T, is simple,
and its action on (2 is faithful.

The stabiliser of the coset H.1 € § is the group H < T,. Since every subgroup of
T}, has order p, this group is a maximal subgroup of Tp. Furthermore, every element
of the finite group H has order p, so the orbits of H acting on Q \ {H} must all
have size p. Hence T}, acts primitively on Q, with all non-trivial suborbits finite of
size p. The group T, contains no elements of infinite order, so, as we shall see in
Theorem 7.2, every orbital graph of this group must have one end. Thus, T, is an
example of a locally finite primitive group with one permutation-end, whose suborbits

are all bounded above.

3.2.2 Infinitely-ended constructions

Suppose we are given an integer m > 2, a locally finite primitive edge-transitive graph
A with connectivity at least two, and an edge-transitive primitive non-regular group

H of automorphisms of A. We will construct a primitive and edge-transitive group
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of automorphisms G of the graph I'(m, A) such that the subgroup of Aut A induced
by Gyay is equal to H, the closure of H in Aut A. This construction will provide
a natural way of manufacturing large primitive groups from smaller ones, analogous
to the method, discussed in Section 2.2, of creating infinitely-ended primitive graphs
from primitive graphs with connectivity strictly greater than one.

We begin by describing a relational structure based on the graph I'(m, A). Let T
denote this graph, and, for any graph I" with connectivity one, define B(I") to be
the set of blocks of I. Let R be a set of relations on the set VA such that EA € fR.
Since all blocks of I' are isomorphic to A, we may, for each block A of I, choose a
graph isomorphism

QOA:A—->A.

For each relation R € R define Ra := pa(R), where

oa(R) == {(palar),...,palan)) | (01,...,0n) € R}.

Now define R := {Ra | R € R} and observe the relational structure (VA;Ra) is
isomorphic to (VA;R).

For each vertex a € VA the graph I" \ {a} is not connected. One connected
component of '\ {a} contains all vertices in A\ {a}; the other connected components
are disjoint from A\ {a}. Define I'), to be the subgraph of I" consisting of all connected
components of I' \ {a} that are disjoint from A \ {a}, and let T';, be the subgraph
of I" induced by VT, U {a}. This graph has connectivity one, and for two vertices
a, 3 € VA the graphs I'y and I'g are isomorphic.

Now fix a € VA and let

G, = U RA.

A€B(Ta)
This is a set of relations on the set VI',, so we may define X, to be the relational

structure (VTy,; G,). For each v € VA choose a graph isomorphism ¢, : I'y — Iy,
with ¢, the identity map. Now define &, = ¢,(6,), where ¢,(&,) = {¢,(R) |
R € G,}, and let X, be the relational structure (VT'y;&,). The mapping ¢, is thus
an isomorphism between the relational structures ¥, and X,. This observation will

underpin the proof of our next lemma.
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Now let

and define I'(m, A, R) to be the relational structure (VI'; & U%R). This structure has

many important properties, the most useful being
Aut T'(m, A,R) < Aut I'(m, A).

To see this simply observe EA € R. Recall that for each block A of I'(m,A) the
relational structure (VA;Ra) is isomorphic to (VA;fR). Henceforth, such relational
structures will be referred to as relational blocks of T'(m, A, R).

Recall that we have been given a primitive and non-regular group H that acts
edge-transitively on A. The canonical set of relations SRy consists of all orbits of H

on VA", where n takes every value in the set of natural numbers. Let
G := Aut I'(m, A, Rpy).

We will show the subgroup of Aut A induced by Gy, is equal to H, the closure of H
in Aut A.

Lemma 3.2. Let T be the block-cut-vertex tree of I'(m, A) and let x be the vertex of
T corresponding to A. If o € VA and 8 € VT lie in the same component of T \ {z}
then the subgroup of Aut A induced by Gy g} is isomorphic to H,.

Proof. Let G’ be the subgroup of Aut A induced by Go,p,n}- It is clear that G' <
Aut (VA; Ry). By Theorem 2.7, Aut (VA; Ry) = H. Thus,

G' < H,.

Choose any automorphism h € H,. We will extend this to an automorphism o of
['(m,A,Rpy) that fixes §.
For each pair of vertices 71,72 € VA the relational structures Y, and X,, are

isomorphic, so we may choose an isomorphism

Plyiy) Yy — Loy,
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which is equal to the identity map when ;3 = 7. We now construct a mapping
o : I(m,A,Ry) — I'(m,A,Ry) as follows. For each § € VT there exists a unique
vertex v € VA such that § € X, so set

0% ‘= 6¢(‘7,'yh),

It is simple to check this is a well-defined automorphism of I'(m, A, Ry). Since o and
B lie in the same component of T'\ {z}, the vertex o must be the unique element of

VA such that 8 € ©,. Hence 8° = 3, so G' = H,,. m

Theorem 3.3. Suppose H is a primitive non-reqular edge-transitive group of au-
tomorphisms of a locally finite graph A with at least three vertices and connectivity
strictly greater than one. If m > 2 then the group Aut I'(m, A, Ry) acts primitively
and edge-transitively on the graph T'(m,A). Furthermore, the group induced by its
action on VA is H, the closure of H in Aut A.

Proof. We begin by showing the subgroup of Aut A induced by Aut I'(m, A, Rg) on
VAis H. Let G = Aut I'(m, A,Ry) and let G’ be the subgroup of Aut A induced
by the action of G{ay on VA. By construction, G < Aut I'(m,A). Fix a € VA,
and note that by applying Lemma 3.2 with 3 = a we have G/, = H,. Furthermore,
G' < Aut (VA,Rg) = H, so

H, <G <H.

QOur choice of a was arbitrary, so we may choose a vertex v € VA that is distinct

from o and note that

H,<G <H.

Since H acts primitively and non-regularly on VA, the group TI-., does not fix «;

whence G’ does not fix a. Thus
H,<G <H.

Since H acts primitively on VA the same must be true of H; therefore H, is a

maximal subgroup of H. Consequently G’ = H.
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It remains to show G acts primitively and edge-transitively on the graph I'(m, A).
By construction G acts transitively on the relational blocks of I'(m, A,Rpy), and
therefore acts transitively on the set of blocks of the graph I'(m, A).

The action of G on the vertices of I is transitive. Indeed, suppose ¢ is any vertex
in VI. Then there exists a block A of I' containing §. Choose g € G such that
A9 = A. Since G’ = H, and H acts transitively on the vertices of A, there exists an
automorphism h € Gyay such that 69" = o |

Furthermore, the stabiliser G, transitively permutes the blocks of I' that contain
a. For, suppose A’ is a block of I" containing . Then there is an automorphism g € G
such that A9 = A’. We again observe that since G’ = H, and H acts transitively on
the vertices of A, there exists an automorphism h € G4} such that al = 9. Thus
AM = A and oM = a.

Since H acts vertex- and edge-transitively on A, and G, transitively permutes the
blocks of I" that contain o, we must have G is edge-transitive on I'.

Finally, let p be a non-trivial G-congruence on VI'. Let T be the block-cut-vertex
tree of I'. Choose § € p(a) \ {a} of minimal distance in T from «. We claim a and
0 lie in a common block of I'. Indeed, suppose this is not the case. Let z be the
vertex adjacent to § in the geodesic [, f]r, and let v be the vertex adjacent to z
in [a, B)7. The vertex = corresponds to a block A’ of I, which, since o and S lie in
distinct blocks, is not equal to A. Because G acts transitively on the blocks of T,
the group induced on VA’ by Gq (a1} is isomorphic to H, acting on VA. Since H is
primitive and non-regular on VA, there exists g € G, (a7} such that 39 # 8. Thus
B, 3¢ € p(a) share a common block, and our claim is established. So, without loss of
generality, we may assume a and § lie in A. Now p induces a H-congruence on VA,
so we must have VA C p(a). Furthermore, G, acts transitively on the blocks of I’

that contain a, so p is the universal relation. Hence G acts primitively on T O

If H is a primitive and non-regular group of permutations of a set Q, with |Q| > 3,
possessing an orbital graph A with connectivity strictly greater than one, then the
primitive group G constructed above will be called the m-fold graph product of H,
and will be denoted by G(m, H). By the above theorem, this group acts primitively
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on the vertex set of I'(m,A). Since this graph is an orbital graph of G(m, A), all
orbital graphs of G' will have infinitely many ends by Lemma 2.6.

Example 3.4. Let p be a prime number with p > 10'° and let T, be a Tarski-
Ol’shanskil monster group of order p. Recall this group acts primitively on its coset
space 2. Let A be an orbital graph of T,. Then A is a one-ended primitive graph,
and therefore has connectivity strictly greater than one.

By Theorem 3.3, the group G(m, T,)) acts primitively on I'(m, A), and has infinitely
many distinct subdegrees, each occurring infinitely often. In fact, for all « € VT, the
a-subdegrees of G(m,T,) are m(m — 1)"~!p" for r > 1. For each positive integer r

there are infinitely many o-suborbits of G(m, T,) with cardinality m(m — 1)"1p".

3.2.3 One-ended constructions

Let C and D be permutation groups acting on sets I' and A respectively. Define K :=
CA2 = {f| f: A — C}, and note this a group under the following multiplication:
given f1, fo € K and § € A,

(f12)(6) == f1(8) f2(5).

The group D acts on C2 via

F48) = F(6%7).
The wreath product W of C by D is defined to be the semidirect product of K by D;
that is, W is the set {(f,d) | f € K,d € D} under the multiplication

(fr,d1)(f2,d2) = (flfgl_l,vdldz)-

The wreath product of C by D is written C Wra D. When the set A is clear from
the choice of D, it is usual to simply write C Wr D. There is a natural action of the

group W on the set T2 := {¢ | ¢ : A — T}, called the product action, defined as
follows. Given ¢ € I'® and (f,d) € W,

D (6) = p(67) F(697),

for all § € A. Under certain conditions, this action is primitive.
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Theorem 3.5. ([5, Lemma 2.7A]) Let C and D be permutation groups acting on I’
and A respectively. If |T|,|A| > 1 and W := CWra D then W acts primitively on
I'2 under the product action if and only if A is finite, D acts transitively on A and

C is primitive but not regular on I'. [

In the case where A is finite, the description of W = C'Wra D and its product
action on the set I'® can be simplified significantly. If A = {43, ...,d,}, the group CcA
is isomorphic to the group C™, and there is a bijection between I'* and I'™. In this
way, an element f € C® can be thought of as the element (f(81),..., f(0m)) € c™;
similarly, an element ¢ € I'® can be thought of as the element (p(d1),...,¥(0n)) €
['™. Thus, the group W is defined on the set C™ x D, with multiplication

((Cs1y---1C5m)1A)((C5y5- - -5 65, ), d) = (cslc:si,,_l, . '>C5mC:s;in"1’dd,)'

The product action of W on I'™ can now be defined as follows. Given a vertex

©=Ysyy---,7Y,) € '™ and w = (c5,,...,¢5,)d €W,
w -1 m\a&~
P = ((’Y§f-1)d e (V) 1)-

The following result allows one to construct infinitely many examples of locally

finite primitive groups with one permutation-end.

Theorem 3.6. If G is a locally finite primitive group of permutations of an infinite set
Q and m > 2, then G WrSym (m) is a locally finite primitive group of permutations

of Q™ with one permutation-end.

This result may be deduced from the following lemmas. Fix a group G acting
primitively on an infinite set (), possessing a finite suborbit whose pair is also finite.
Let I be an orbital graph of G on €2, and define H := G Wr Sym (m). By Theorem 3.5,
the group H acts primitively on the set Q™ under the product action. Fix a,B €N
such that a and § are adjacent in ', with (o, 8) € ET. Let o := (a,...,a) € O™
and B := (8,a,...,a) € Q™, and define

where H acts on 2™ via the product action.
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Lemma 3.7. The vertez (71, ..,vm) i adjacent to a in A if and only if

3 dr(oy ) = 1
i=1

Proof. Let v := (m,...,7m) € VA. Since A is an orbital graph of H on Q™, it is
edge transitive. Therefore v lies in the sphere 53 (a, A) if and only if there exists
g=(91,---,9m)0 € H such that (a, 8) is equal to (a,7) or (7,2). If (o, 8)? = (2, 7)
then g € Hy and s0 g1, ..., 9m € Go. Thus v = 8% = (6%, q, . . .,a)?, and therefore
S dr(a,v) = dr(a,B%) = 1. Otherwise, if (a,8)? = (v,a) then g7 = g, so
92, -, 9m € Go but % = a. Thus y = ¢ = (09, 0,...,a) and Y ", dr(e, i) =
dr(a, %) = 1.

Conversely, suppose ¥ = (71,..-,7m) € VA and Y 1*, dr(a,) = 1. Then there
exists a unique value of ¢ such that dr(a, ;) = 1 and «y; = o for all j # 4. Thus, there
exists g; € G such that (o, )% is equal to (a,7;) or (i, ). Let o € Sym (m) be the
2-cycle (1i) and set g := (g1,1,...,1)0 € H. If (o, )% = (o, ) then g € Hy and
= (% a,...,0) = (ma,.. .,a)? =1, and therefore dp(a,7) = 1. On the other
hand, if (a, 8)* = (i, @) then §7 = aand @ = (o, q,...,0)° = (Vi @, ..., )" =7,
so again da(a,7) = 1. We have thus shown (11,---,7m) € Si((@,...,a),A) if and
only if Y7, dr(a,7v) = 1. Since A is vertex-transitive the hypothesis holds for any
vertex (01,...,0m) € VA. O

Lemma 3.8. The vertez (71, .-, fym}) lies in the sphere Sp((d1,...,0m),A) if and only
if

Z dr (i, 1) =

i=1

Proof. We proceed by induction. Since H is vertex-transitive, the hypothesis holds
when 7 = 1 by Lemma 3.7. Fix § = (1,...,0m) € VA and k > 1 and suppose the
hypothesis is true for all 7 < k. Choose ¥ = (71, -.,7m) € VA with Yo dr(6i, ) =
k+1. Since >, dr(d;, ;) > 2 there exists j for which one may choose 7} € S1(7;,T)
such that dr(8;, ;) = dr(d;,7v;) — 1. Let vh =« for all 4 # j and put 7 :=
(Y4, - - s Vi)- Now D% dr(8;,7;) = k, so by assumption, 7' € Si(d, A); furthermore,
da(v,7) = 1,807 € Sk—1(8,A) U Sp(d,A) U Sk41(8,A). If v lies in Sp_1(d,A) or
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Sk(8, A) then by assumption )., dr(;, v:) is equal to k — 1 or k respectively; since
this is not the case, we must have v € Sgy1(d, A).

Conversely, suppose ¥ = (71, - - - ,Ym) € Sky1(0,A). Since da(d,7y) > k we have
S dr(d;,7:) = k+1 by the induction hypothesis. Since A is connected, there exists
Y = (Vs V) € Sk(&, A)NS1(y, A). Now 37, dr(di, i) = k and 352, dr(vi, i) =
1. For each i we have dp(&;, ) < dr(6i,7)) + dr(v},v); whence, > 7", dp(d;,7:) <
S (@r(8i, 7)) + dr(v), 1)) = k+ 1. Hence >, dr(di,7:) = k+ 1. O

Lemma 3.9. The graph A is infinite, primitive, locally finite and edge-transitive,

with one end.

Proof. The group H acts primitively on VA by Theorem 2.3, so the graph A is
primitive. It is infinite because VA = Q™ is infinite, and is locally finite by Lemma 3.7;
furthermore, since A is an orbital graph of H on Q™, it is edge-transitive.

It remains to prove that A has one end. We will show, for all » > 1, given any pair
of vertices 7,4 € Sr41(a, A), there is a path connecting « to J that is not contained in
the ball B,(a, A). From this, we may deduce there is no finite subgraph of A that one
may remove to leave at least two disjoint infinite connected components. Whence, A
has precisely one end.

We begin by observing that, given any two vertices (y1,...,7mn) and (6y,...,d,,)
in VA, for any path in T between 7; and J; there exists a corresponding path in A
between (v1,72,---,¥m) and (81,72, ...,7Ym). Indeed, by Lemma 3.7, if £ lies on the
path in T between 7, and &3, then (§,72, ..., ¥m) lies on the corresponding path in A
between (y1,72, - --,¥m) and (81,72, ...,¥m). This observation can also be made for
paths between 7; and §; for all 7 satisfying 1 <7 < m.

Fix r > 1 and two distinct vertices v = (v1,...,7m) and § = (4y,... ,0m) in
Sry1(a, A). Let B, := Br(a, A). We will describe four vertices &y, ... ,§&4 € VA\ B,
such that there exist paths in A between 7 and {;; between § and €4; and between ¢;
and {41 for 1 <4 < 4 that are all disjoint from B;, thus showing there exists a pai;l
in A\ B, from v to 4.

Let d, := dr(a,8) — 1 and d,, = dr(om,Ym) — 1. Choose a vertex Y. €
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VT'\ By(am,T) such that there is a path in I between ,, and /. that is disjoint from
B, (am,T'). Similarly, choose a vertex 8; € VT \ B,(ay,T) such that there is a path
in I between 4; and §; that is disjoint from By, (ay,T). Now define

= (11,72 -+ » Y1, Vo)
€2 := (01,02, ..., Om1,Vrm);
= (8,62, -, 0m1,7");
= (81,69, .., 6m1, 0m)-

The path in I between +,, and +;, that is disjoint from By (o, I') corresponds to
a path in A between (v1,...,Ym-1,Ym) and (71, ...,Ym—1,7,,) Which, by Lemma 3.8,
is disjoint from B,. Hence, there exists a path in A\ B, between 7 and &;. A similar
argument shows there exists a path in A\ B, between § and §4.

Finally, observe that any vertex x = (x1,...,Xm) € VA satisfying x; € VI \
B,(a;,T") for some ¢ does not lie in B, by Lemma 3.8. Therefore, there exist paths in
A\ B, between §1 and &; between £, and £3; and between & and §4. Hence, A has

precisely one end. O

Thus the proof of Theorem 3.6 is complete.

Example 3.10. Let p be a prime number greater than 10'° and let 7, be a Tarski-
Ol’shanskil monster group of order p. Recall this group acts primitively on its coset
space . Let G := T, WrSym (2). This group acts primitively on the set Q2 by

2

Theorem 3.6, and has precisely three non-trivial subdegrees, 2p,p? and 2p?, each

occurring infinitely often.

Example 3.11. The orbital graphs of the group G(m, T,,) Wr Sym (2) have precisely
one end. Furthermore, this group has infinitely many distinct subdegrees, each oc-

curring infinitely often.
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3.3 Enumeration and growth

3.3.1 The upper and lower subdegree sequences

As the above examples show, the concept of subdegree growth requires re-examining.
We begin by clarifying some terminology. Let G act primitively on an infinite set
(2, possessing a finite suborbit whose pair is also finite. Then every suborbit of G is
finite. Fix o € .

If S is a set, a multiset chosen from S is a function u from S into the non-negative
integers. Informally, one may think of a multiset chosen from S as being a set in which
each element s € S occurs with multiplicity u(s). This definition may be extended
naturally to allow elements of s to occur infinitely often in the multiset, by defining
the extended non-negative integers to be the set comprising the non-negative integers
and the first infinite cardinal number Ry, and extending u to be a function from S to
the extended non-negative numbers.

The set of subdegrees of G is defined to be the set whose elements are the cardi-
nalities of its a-suborbits. The multiset of subdegrees of G is a function pu from the
set of subdegrees to the extended non-negative integers defined as follows. If m is any
subdegree of G then p(m) is the number of a-suborbits with cardinality m. Having
defined this multiset formally, we shall speak of it informally as a set of elements of
the set of subdegrees, in which some elements occur with multiplicity greater than
one.

For our given group G, there exists a minimal ordinal number x such that one
may enumerate all elements of the multiset of subdegrees as a monotonic increasing
sequence (m.) for v < k. This sequence (mv) is called the subdegree sequence of G,
and the ordinal number « is called the height of G. Despite our informal treatment
of the multiset of subdegrees, the precise definition of the subdegree sequence of G is
hopefully clear: (m,) is a non-decreasing sequence of elements of the set of subdegrees,
in which each subdegree m appears in the sequence with multiplicity p(m).

By Theorem 3.1, the set of subdegrees of G is a finite or countably infinite set.

Since each entry occurs with multiplicity one, we may enumerate all its elements
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M; < M, < ---. The sequence (M,) is called the upper subdegree sequence of G. The
lower subdegree sequence of G is the sequence (m,)r<,. Note that both the upper and
lower subdegree sequences are subsequences of the subdegree sequence of GG, and are

indexed by the natural numbers.

Lemma 3.12. If G is a locally finite primitive group with height h then
w<h<uw

Proof. Let X and Y be the set and multiset of subdegrees of G respectively. Since G
acts on an infinite set, and all subdegrees of G are finite, Y is infinite, so the height
of G is at least w.

Each subdegree in X occurs with multiplicity at most R in Y, so the subdegree

sequence can be enumerated in a non-decreasing sequence of length at most w?. [

Subdegree growth is similar in many ways to the growth of connected locally finite
infinite graphs, an area of research that is already well-establish. Following [33], if
t; <ty <tz <---is a sequence of positive real numbers, we define the concept of

growth as follows. If there exist positive real numbers c;, c; and d > 1 such that

Clrd <t < c2'rd7

we say that the sequence has polynomial growth of degree d. A sequence exhibiting
polynomial growth of degree 0 is often called bounded. The growth is subezponential

if, for all @ > 1,

it is exponential if there exists a constant a > 1 such that both liminft,/a" and

r—00

limsupt,/a" are non-zero and finite. The growth is said to be super exponential if
r—00
liminf ¢, /a” is infinite for all a > 1.

r—00
The growth of an infinite locally finite vertex-transitive connected graph I' is the
growth of the sequence (| B,(a,I')|). A great deal of work has been done in this area.
It was shown in [12] that it is precisely the two-ended graphs that have growth of

degree one. As we will see, such graphs cannot be primitive. Furthermore, Trofimov
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has shown in [32] that if a locally finite graph has polynomial growth then it is not
primitive. All locally finite infinitely-ended vertex-transitive graphs have exponential
sphere growth, while it is noted in [33] that one-ended graphs exhibit all possible
rates of growth of degree at least 2, except super exponential.

By examining the growth of both the lower and upper subdegree sequences, one
may obtain similar results pertaining to subdegree growth rates. It is natural to con-
sider the subdegree growth of primitive groups in this way. Indeed, the intuitive but
flawed approach taken by Adeleke and Neumann in [1, Remark 29.8] only considered
the existence of primitive groups with height w. For such groups, the lower subdegree
sequence is equal to the subdegree sequence (although it is not necessarily equal to
the upper subdegree sequence), so the two approaches are equivalent in this case.

For groups with height w, the growth of the upper subdegree sequence is of sec-
ondary importance, as all relevant subdegree information can be found in the lower
subdegree sequence. However, this is not the case for groups with height strictly

greater than w.

Lemma 3.13. If an infinite primitive group G whose subdegrees are all finite does

not have height w, then the lower subdegree sequence is always bounded.

Proof. Suppose G has height h > w, and let (m,) be the subdegree sequence of G.
Then there are finite constants ¢, := 1 and ¢, := m,, such that ¢; < m, < ¢, for all

r<w. | .

The growth of the upper subdegree sequence will be used only to differentiate
between the subdegree growth of groups exhibiting a bounded lower subdegree se-
quence; thus, when referring to the subdegree growth of a group, unless otherwise
stated, it is the lower subdegree growth to which we are referring.

The constructions detailed in this chapter may be used to create myriad examples
of groups with exponential, subexponential and polynomial growth, several of which
are given below. The final example illustrates how they may also be used to show

that the above list of possible rates of growth is not exhaustive.
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Example 3.14. Fix m > 2 and ¢ > 3, and let G := Aut I'(m, K;,1). The group G
acts distance-transitively on VI', and has height w. The upper and lower subdegree

sequences of G are equal, with M, = m, = m(m — 1)""1¢", for all r € N.

Example 3.15. If p is prime, and p > 109, then the group G(m, T,) has a bounded
lower subdegree sequence, with m, = mp for all integers r > 1. However, M,, = m(m—
1)"~1p" for all r > 1. Intuitively, while this group exhibits slow subdegree growth when
compared to groups with non-bounded lower subdegree sequences, when instead it
is compared with other groups possessing bounded lower subdegree sequences ité

subdegree growth is extremely fast.

Example 3.16. Given a prime integer p with p > 10'°, both T, and T, Wr Sym (2)
have bounded upper and lower subdegree sequences. The subdegree growth of these
groups is therefore, intuitively, very slow. Indeed, T,, provides a lower bound on both

upper and lower subdegree growth rates.

Example 3.17. Fix integers m,t > 2 and define I" ;= I'(m, K;11). Let G := Aut T
and let H := G WrSym (2). This group acts primitively on the set Q := VI x VT,
with all subdegrees finite. Choose vertices o and 8 adjacent in I" and let A be the
orbital graph (2, ((a, @), (@, 8))"). We shall denote the number of H, 4)-orbits in the
sphere S,((e,a),A) by n,, and fhe number of H(qq)-orbits in the ball B.((a, @), A)
by N,.

Since G acts distance transitively on I', n, = [r/2], where [r/2] denotes the
smallest integer greater than or equal to r/2. Furthermore, the subdegrees of H in
the sphere S,((a, @), A) are 2m(m — 1)"~1t" and 2m?(m — 1)™2¢" for r > 2, and, if r
is even, m2(m — 1)"2t".

The largest suborbit in the sphere S,((a, ), A) has size 2m?(m — 1)"2¢", and for

all sufficiently large integers r,
2m2(m _ 1)r—2t'r' S (m _ 1)2r—2t2r.

Thus, there exists an integer R such that, for all 7 > R, the largest suborbit in
S,((a, ), A) has cardinality strictly less than the cardinality of every suborbit in

A\ Bor((a, @), A).
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Now consider the lower subdegree sequence (m,) of H which, in this case, is equal
to the subdegree sequence of H. Choose r > R and find the largest integer s > 2
such that

ms = 2m?(m — 1)" %",

Our aim is to find the number of subdegrees that are less than or equal to m,, and
from this determine s. |

Since m;, is the largest suborbit in B,((a, a), A) we have s > N,. Furthermore,
M is strictly less than the cardinality of every (o, a)-suborbit in A\ By, ((a, ), A), so
there can be at most Vs, suborbits with cardinality less than or equal to m,. Hence
s < Ny, and therefore N, < s < N,,. Since N, = Z:=1 n;, we have N, > r(r +1)/4
and N, < r(r+1)/2. Thus

r(r+1)/4< s <r(2r+1).

If the lower subdegree sequence of H exhibits polynomial growth of degree d > 1

then there exist positive real numbers ¢, ¢, such that for all £ > 1,
c1k® < my < okl

However, for all 7 > R we may choose a maximal integer s with m; = 2m?(m—1)"2¢".
For all sufficiently large r we therefore have s% < ré(2r + 1)¢ < 2m2?d(m — 1)4r-Ddr,
so the lower subdegree growth rate of H is not polynomial.

Although the growth of the lower subdegree sequence of H is faster than polyno-
mial growth, it is not exponential. Indeed, for all r > R there exists an integer s,
with m,, = 2m?(m —1)""%t" and s, > r(r + 1)/4. Hence, for all ¢ > 1,

. ms, _ 2m*(m— 1)
7.1_1_,1{.10 asr < ar(r+1)/4 =0.

The group H is thus an example of a group exhibiting subexponential, non-
polynomial growth. The existence of such a group demonstrates that the list of
possible growth rates given previously is not exhaustive. On reflection, at some fu-
ture date, it may prove necessary to refine the classification of possible rates of growth
in light of this; for our needs, however, the large classes of exponential, subexponential

and polynomial growth suffice.
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3.3.2 The average subdegree sequence

Let G act primitively on an infinite set €2, and suppose every subdegree of G is finite.
A natural, but flawed, alternative method for enumerating the subdegrees of G is as
follows. Fix an orbital graph I' of G, and a vertex a € Q. Let b.(a,I') be the ball-size
| B-(a,T)|, and let N,(c,T') be the number of suborbits of G, in B,(a,T'). When it is
clear from the context, we shall suppress the use of a and I'. The sequence (b,/N,)
is then the average subdegree sequence of G with respect to the graph I'. The growth
of this sequence can be used as a measure of the subdegree growth of G.

The usefulness of average subdegree growth as a measure of subdegree growth is
limited by its dependence on the orbital graph chosen. It is possible, however, to
determine the extent of this dependence.

For a real number & let |£]| denote the largest integer less than or equal to &.

Lemma 3.18. Let G be a primitive group of permutations of an infinite set €2, with
locally finite orbital graphs Ty and Ta. If (b,(T'1)/N,(T'1)) and (b,(I'2)/N,(T'2)) are the
average subdegree sequences with respect to I'y and I'y respectively, then there exists a
constant a > 0 such that, for all integersr > 1,

bL"/aJ(F2) < b’r(Fl) < bar(F2) .
Nor(T2) = Np(T'1) = Nipjay(T2)

Proof. In the proof of Lemma, 2.6, it was shown there exists a constant a > 0 such
that
(1/a)dr, (e, B) < dr,(a, B) < a.dr, (e, 5)

for all a, B € . Observe that if 8 € B,(a,T1) then dr, (o, ) < 7, and so dr,(a, 8) <
ar and B € Bu(a,I2).

Similarly, if 8 € Bjy/q) (@, T2) then dr, (e, 8) < |r/a] < r/a; thus (1/a)dr, (o, B) <
r/a and dr,(a, ) < r. Hence

Bl_r/aj (OA, F2) g B'r(a, 1-‘1) g Bar(aa F2)

Thus
N|_,,-/a_| (Fz) g Nr(Fl) g Na.r(r2)
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and

bl_r/a_] (Fg) < bT(Pl) < ba’r(rz)- ]

It would be interesting to know if it is 'possi_ble to improve this result. If bounds
can be found that are independent of r, the average subdegree growth would be

essentially independent of the orbital graph chosen.

A further, and more serious, limit on the usefulness of average subdegree growth
rates is their lack of subtlety. As an illustration, suppose we are given integers
m,t > 2. The groups G := Aut I'(m, Kyy1) and H := G WrSym (2) acting on
Q:=VI(m, K1) and Q x § respectively are manifestly dissimilar; all non-diagonal
orbital graphs of the former have infinitely many ends; all non-diagonal orbital graphs
of the latter have just one. Their many differences are encapsulated by their lower
subdegree growth rates, with G exhibiting exponential growth, and H subexponen-
tial non-polynomial growth. However, if one were instead to compare the average
subdegree growth rates the groups, no such distinction is possible.

Indeed, define T := [(m, Kiy1) and A := (9%, (o, @), (o, 3))H), where a and 3
are adjacent in I'. The average subdegree growth rate of G with respect to T is

exponential, with

v

lim (IBr(a,I‘)I)l/"

m(m_ 1)r—1tr 1/r
r—oo \ Np(a,T")

r

(m — 1)t.

Furthermore, |B,(a, I')| < 7|Sr(e, T')[, so the limit is equal to (m — 1)t.
By Lemma 3.8,

1Sk (e, @), A)| = Z |Sk(, F)llsr—k(aa F)l,

m(r + 1)|B,(a, T)|
(m—1) '

Hence |Br(a, )| < |Br((a, @), A)| < K(r + 1)| Br(e, T)|, where K :=m/(m — 1).

|Br((o, @), A)| <

Two vertices (71,72), (61, d2) € VA lie in the same H, (a,) Orbit if and only if the
sets {dr(a, m),dr(a, 12)} and {dr(e, 61),dr(a, 62)} are equal. Thus if n, denotes the
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number of (@, a) — suborbits in S.((o, ), A) then 1 <n, <r, so
r < N,((a,a),A) <12

Whence the average subdegree growth of H is exponential, with

rli_)I{.lo (%:—8’7%)1/? = (m — 1)t.

In light of these problems we will henceforth focus only on the relationship between

the lower and upper subdegree growth rates of a group, and its structure.



Chapter 4

A complete characterisation of the
primitive directed graphs with

connectivity one

The primitive undirected graphs with connectivity one were classified by Jung and
Watkins in [14], wherein they show the blocks of such graphs are primitive, pairwise-
isomorphic and have at least three vertices. When one considers the general case of a
directed primitive graph with connectivity one, however, this result no longer holds.
In this chapter we address this problem, and obtain a complete classification of the

graphs in question.

4.1 Local structure

Let T" be a primitive graph with connectivity one whose blocks have at least three
vertices, and suppose G is a vertex- and edge-transitive group of automorphisms of T
Since I' is a vertex-transitive graph with connectivity one, every vertex is a cut vertex.
Fix some block A of T, and let H be the subgroup of the automorphism group Aut A
induced by the setwise stabiliser G{a} of VA in G. Let T be the block-cut-vertex tree
of ', and let  be the vertex of T' that corresponds to the block A. Our aim in this

section is to show H is primitive but not regular.

34
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If z; and 7 are distinct vertices of the tree T, we use C(T \ {z1}, z2) to denote

the connected component of T\ {z;} that contains the vertex .

Lemma 4.1. If G acts primitively on the vertices of T, then the group H acts prim-

itively on the vertices of A.

Proof. Fix a € VA and suppose, for a contradiction, the group H does not act
primitively on VA. Then there is a vertex v € VA \ {a} such that the graph A’ :=
(VA, (o, 7)H) is not connected. Let I := (VT, (, 7)¢). We will show that this graph
cannot be connected, and hence that G cannot be primitive.

Let {A;}ier be the set of connected components of A’ and let

¢i=J @\ {z},0)nVT.
seA;

Suppose d; € C; and §; € C;, with ¢ # j. We claim J; and §; are nbt adjacent in I".
Indeed, since the distancg dr(a,7) between o and 7 in T is equal to 2, if §; and §;
are to be adjacent in I", it must be the case that dr(;, ;) = 2. If either 6, or J; is
not adjacent to = in T then dr(é;,d;) > 2, so they cannot be adjacent in I". If on the
other hand §; and d; are adjacent to x in T', they both lie in VA = VA’ and therefore
§; € A; and §; € A;. In this case, if they are adjacent in I then there exists g € G
such that either (&, d;) or (d;,6;) is equal to (a,7)?. Such an automorphism must fix
V A setwise, and therefore lies in Gay. Thus, there exists an element A € H such
that either (;,8;) or (§;,6;) is equal to (@, )", meaning that §; and §; are adjacent in
A’, which contradicts the fact that ¢; and d; are in distinct components of A’. Hence,
6; and d; are not adjacent in I".

Therefore, there can be no path in I between a vertex in C; and a vertex in C;

whenever i # j, and so the graph I is not connected. 0

Fix distinct vertices a, 3 € VI. Recall [, f]r is the T-geodesic between o and
3, while (a, 8)r is the T-geodesic [, BT excluding both o and 8. Since dr(a, B) is

even we may choose a vertex y € (o, B)r that is distinct from « and 3.
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Lemma 4.2. If g € G, does not fity € VT, and § ¢ C(T \ {y}, ), then &9 &
C(T \ {y},8). Similarly, if g € Gp does not fix y and 6 ¢ C(T \ {y},0) then

69 ¢ C(T \ {y}, ).

Proof. If 6 ¢ C(T \ {y}, ) and 69 € C(T \ {y},B) then 6,6° ¢ C(T \ {y}, ), so
we must have g € G,,. Similarly, if § & C(T \ {y},8) and 69 € C(T \ {y}, @) then
6,09 € C(T \ {y}, B), so we must have g € Gg,,. O

Lemma 4.3. If g € G, does not fix the vertez y and 6 ¢ C(T\{y}, o) then dr(y, §9) >
dr(y, ). Similarly, if g € Gg does not fixy and § & C(T \ {y},B) then dr(y, %) >
dT(y7 6)

Proof. Let y' be the vertex adjacent to y in [o,y|r. If § & C(T \ {y},a) then y €
[, 8]7. Since g € Gy \ G, both y and ¢/’ lie on the geodesic [§, 9], with y' € [89, y]7.
Thus dr(6%,y) = dr(69,y') + dr(y',y). Now dr(69,y) > dr(d,y) + dr(y,y’), so
dr(89,y) > dr(6,y) + 1 > dr(d,y). Interchanging o and 3 in the above argument

completes the proof of this lemma. O

Lemma 4.4. Let g1,...,9n € Ga and hy,...,h, € Gp, and suppose G, = Gg,y-
If there exists v € VI such that Goy < G, then, for some m < n, there exist
93:---19m € Ga \ Gy and g; € Ga \ Gy U {1} together with hi,...,h,_; € G5\ G,
and hl, € Gg \ G, U {1} such that

,Yg'lh'l...ginhﬁn — ,yglhl...gnhn.

Proof. The proof of this lemma will be an inductive argument. Suppose there exists
v € VT such that G,y < G,.

Let n = 1. When considering h; € G we have two cases: either h; € G, or
h1 € Gg\ Gy. If hy € Gy then by € Gy = Goy, 50 g1hy € G,. In this case, redefine
g1 := g1h; and set by := 1. Alternatively, if hy € Gg \ G, then set A} := h,. Having
found a suitable hj, we will now construct g; from the (possibly redefined) element
g1 € Go. We again have two cases: either g; € G, or g; € G, \ G, Ifg ¢ G,

then g, € Goy and so g, € G,. In this case, we can choose g := 1. Otherwise, if
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g1 € G4 \ Gy, then choose g; := g1. In choosing g| and A in this way we ensure

h1 _ "hf
Y =y

so the hypothesis holds when n = 1.

Let k be a positive integer, and suppose the hypothesis is true for all integers
n<k. Fixgi,...,gc+1 € Gy and hy, ..., hg1 € G, and set 7 1= y9th1-Gkr1hrsr We
will use induction to construct elements g3,...,4,, € G, \ G, and g] € G, \ G, U {1}
together with hy,... k), _; € G \ G, and h], € Gg\ G, U {1} such that

'

“hi..g kI
,7911 gmm___fY,

where m is some integer less than or equal to k + 1.

We begin by considering hy.1 € Gp. There are two cases: either hx11 € Gy or
hit1 € Gg\ Gy. If hiyy € Gy then hgyy € Ggy = Gay, 50 gry1hry1 € Go. In this
case, redefine gx1 := grt1hi+1 and set A’ := 1. If, on the other hand, hyy; € Gp\ Gy,
then set h' := hgy1.

If we now consider the (possibly redefined) element gx,; € G,, there are again
two cases: either gry1 € Gy, or gry1 € Go \Gy. If gry1 € Gy then gxiy € Goy = Gpy,
80 hrgr+1h’ € Ggs. In this case, redefine hy, := hggr+1h’; then

,y’ — ,Ygl hi ...gkhk ,

so we can apply the induction hypothesis to y9P1-9"% and we are done. If, on the

other hand, gx+1 € G4 \ Gy, then set ¢’ := gi41, and observe

' grihi...gxhrg’ R’
Y= :

By the induction hypothesis, for some m < k there exist g5,...,9,, € G, \ G, and
gy € Gy \ G, U {1} together with hf,...,h;,_; € Gg\ Gy and h;, € Gg\ G, U {1}

such that
,),glhl---gkhk — 79'1h'1---9§nh'm_

Set ghi1:=9 € Go \ Gy and k== h' € Gg\ G, U {1}. Then

'h...g' h! ]
791 1 9m+1Vm+1 — v,

so the hypothesis holds for n = k + 1. 0O
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We are now in a position to present the main result of this section.

Theorem 4.5. Let G be a vertez-transitive group of automorphisms of a connectivity-
one graph I' whose blocks have at least three vertices, and let T' be the block-cut-vertez

tree of I'. If there exist distinct vertices a, 8 € VI such that, for some vertices
al718’ € (aa /B)T)

(i) [a, e N (G, Blr = 0; and

(ii) Gawr = Gpp;
then G does not act primitively on VT.

Proof. Suppose G acts primitively on VT and there exist distinct vertices o, 3 € VT
with o/, 3’ € (o, B)r such that (i) and (ii) hold. We will show the group (Gq, Gg)
generated by G, and Gjp is not transitive on VI'. Then G, < (G4, Gg) < G, which
will contradict the assumption that G is primitive.

Choose y € [o, 8|, and observe that by (ii) we have Go, = Gs,. Without loss
of generality, suppose dr(y,a) < dr(y,B3). As G acts primitively on VT the orbit
(3{GaGs) contains .. Therefore, there exist elements 91,---,9n € G, and hy,...,h, €
Gp such that o = p9h1--9nhn By Lemma 4.4, we can find 92 -1 9 € Go \ Gy and
91 € Go \ Gy U {1} together with hj,...,h;,_; € Gs\ G, and hl, € G5\ G, U {1}
such that

o= /Bg:,lhll"'g;nhin.
Suppose these autdmorphisms are chosen so that m is minimal.

Now either g7 € Go \ Gy or ¢ = 1. If gf = 1 then 8% = B and therefore
B9 = B. Thus (9%"2-9mPm = q, contradicting the minimality of m. So we must
have g1 € G4\ Gy. Since § ¢ C(T'\{y}, @), we may apply Lemma 4.2 and Lemma 4.3
to obtain dr(y, 8%) > dr(y, 8) and 8% & C(T \ {y}, B).

We now observe h; # 1. Indeed, if Ay = 1 then m = 1 and o = 9 since 91 € G,
this is clearly not possible.

Thus, A} € G \ G, and B9 ¢ C(T \ {y},B), and we can again deduce from
Lemma 4.2 and Lemma 4.3 that dr(y, 39™) > dp(y, 8%) > dr(y, B), and G9%h ¢

C(T\{y},0).
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We may continue to apply Lemma 4.2 and Lemma, 4.3 to obtain 39h9m & C(T\
{y}, 8) and dr(y, B9"19m) > dr(y, B). Now either k., € Gs\Gyor h,, =1. Ifh, =1
then a = B9 9m, 50 dp(y, o) = dr(y, B9P9m) > dp(y, B). If !, € G5\ G, then, by
Lemma 4.3, dg(y, B9P1-9mhm) > dr(y, B); that is, dr(y, a) > dr(y, 8). Thus, in both
cases dr(y,a) > dr(y, 8). This contradicts our assumption that dr(y, o) < dr(y, 8).
Hence o ¢ 3{C=Cs) and so (G,, Gp) cannot act transitively on the set VT. O

Theorem 4.6. Let G be a vertez-transitive group of automorphisms of a connectivity-
one graph I' whose blocks have at least three vertices. If G acts primitively on VI

and A is some block of T then Gyay is primitive and not regular on VA.

Proof. Suppose A is a block of I’ and Gyay acts primitively and regularly on VA. If T
is the block-cut-vertex tree of I" then there exists a vertex x € VT corresponding to
the block A. Choose distinct vertices o and 3 in VA, and observe Go = Go,ia} < Gp
and G = Gga} < Go. Furthermore, z € (a, 8)r; hence G cannot act primitively
on VT by Theorem 4.5. O

4.2 Global structure

In this section we will employ Theorem 4.6 to give a complete characterisation of the

primitive connectivity-one directed graphs.

Lemma 4.7. Suppose T' is a vertez-transitive graph with connectivity one, whose
blocks are vertez-transitive, have at least three vertices and are pairwise isomorphic.
If A is a block of T and H is the subgroup of Aut A induced by the action of (Aut T')g43
on A, then H = Aut A.

Proof. Let T' denote the block-cut-vertex tree of I', and let A be a block of I'. We will
show any automorphism of the directed graph A may be extended to an automorphism
of I'.

We begin by asserting that if A; and A, are blocks of I', and a; and ay are vertices
in A; and A respectively, then there exists an isomorphism p : A; — A such that

of = ay. Indeed, by assumption, there exists an isomorphism p’ : A; — A;. Define
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af = o/l’/. Since the block Aj is vertex-transitive, there exists an automorphism 7 of
A, such that )" = ay. Let p := p’r. Then p : Ay — A, is an isomorphism, with
of =af =0a)" = a.

Let z be the vertex of T' that corresponds to A. For k£ > 0, define I';, to be the
subgraph of T' induced by the set {a € VT' | dr(z, @) < 2k + 1}. We will show any
automorphism oy, : I'y — I'; admits an extension oxyq @ I'ry1 — I'ryr1. Whence, by
induction, the lemma will follow.

Fix £k > 0 and let o4 : Ty — I'; be an automorphism. Let {e;}ic; be the set
of vertices in VT, \ VI'4_1 (where VI'_; := ). Each vertex «; belongs to a unique
block A; of Ty, and, if £ > 1, the block A; possesses exactly one vertex in I'y,_;. Since
I' is vertex transitive, any two vertices lie in the same number of blocks of T', so let
{Ai;}jes be the set of blocks of I" that contain «; and are distinct from A;. Each
block A; ; is wholly contained in I'r}; and has exactly one vertex in I'y, namely ;. If
i €1, set o :=ajf and A, := AJ*. Then A; = A; for some i’ € I. For all j € J there
exists an isomorphism p; ; : A;; — Ay such that af*’ = o/. Thus, we may define a

mapping o1 : Ley1 — Feyp with

g% if B € VI
6‘7k+1 —
gres it B € VA

This is clearly a well-defined automorphism of I'; . O

The primitive undirected graphs with connectivity one have the following complete

characterisation.

Theorem 4.8. ([14, Theorem 4.2]) If I' is a vertez-transitive undirected graph with
connectivity one, then it is primitive if and only if the blocks of T' are primative,

pairwise isomorphic and each has at least three vertices. ]

This useful result seems to suggest a similar characterisation may be possible for

directed primitive graphs with connectivity one. This is indeed the case.

Theorem 4.9. IfI' is a vertez-transitive directed graph with connectivity one, then it
is primitive if and only if the blocks of I' are primitive but not automorphism-reqular

pairwise isomorphic and each has at least three vertices.
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Proof. Let T' be a directed vertex-transitive graph with connectivity one. Suppose
the blocks of I' are primitive but not automorphism—regular, pairwise isomorphic and
each has at least three vertices. Let = be a non-trivial Aut I-congruence on VT.
We will show this relation must be universal, and thus that I" is a primitive graph.
Since the relation is non-trivial, there exist distinct vertices o, 3 € VT such that
o =~ (3. Let T be the block-cut-vertex tree of I, let v € VT be the vertex in the
geodesic [a, B]r such that dr(8,) = 2, and let A be the block of I' containing 3 and
,),; By Lemma 4.7, the group (Aut I')(4} acts primitively but not regularly on VA.
Thus, there exists an automorphism g € (Aut I'), {2} that does not fix 3. We are
considering the full automorphism group of the connectivity-one graph I', so there
must therefore exist an element g’ € (Aut I'),,,,(a} that does not fix 8. Thus, § and
(9 are distinct vertices in A. Now a ~ f, so a ~ 39, and therefore 5 ~ 9. Since
(Aut I')¢a} is primitive on VA and ~ induces a non-trivial (Aut I"){x}-congruence on
VA, this relation must be universal in A. By assumption, Aut I" acts transitively on
the blocks of T, so if two vertices lie in the same block then they must lie in the same
congruence class. Thus, if v is any vertex of I', and azi012;. ..z, is the geodesic
in T between o and v, then a and o4 lie in a common block, so @ = a;. Similarly,
a1 & oag and g & a3, SO @ = az and o =~ az. Continuing in this way we eventually

obtain o = . Hence, this congruence relation is universal on VT.

Conversely, suppose the group Aut I acts primitively on VT'. Since T is a directed
primitive graph with connectivity one, we can obtain an undirected graph I" with
vertex set VT and edge set {{a, 5} | (o, B) € ET'}. Two vertices are adjacent in T if
and only if they are adjacent in I'. As Aut I' is primitive on VT and Aut I' < Aut I,
it follows that Aut I must be primitive on VT, and hence that I' is a primitive
undirected graph. Since I' has connectivity one, the same is true of I, so we may
apply Theorem 4.8 to deduce the blocks of I' are primitive, pairwise isomorphic and
each has at least three vertices. Now, given a block A of T, there is a block A’ of IV
such that VA = VA’. Therefore, the blocks of I" have at least three vertices, and are
primitive but not automorphism-regular by Theorem 4.6. It remains to show they

are pairwise isomorphic. Fix some block A of I and an edge (o, B) € EA. Let T’y be
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the orbital graph (VT, (o, B)***T). As Aut T is primitive, this graph is a connected
subgraph of I'. Thus, every block of I' must contain an edge in ET;. Furthermore, if
A’ is a block of T, then any automorphism of I' mapping the edge (o, 3) to an edge
in A’ must map A to A’. Since I'; is edge-transitive, the blocks of I' must be pairwise

isomorphic. O]



Chapter 5
Orbital graphs of primitive groups

To a permutation group theorist, orbital graphs offer a pictorial representation of a
group’s action on a set, often bestowing a vantage point from which many properties
of the group may be completely determined. As such, it is natural to wish to obtain a
class of graphs whose structure is well known, in which there lies an orbital graph of
each locally finite infinite primitive group. When considering groups with more than
one permutation-end, we will show this is indeed possible; the question as to whether
this can be achieved for groups with just one permutation-end remains open.

Much of what is currently known about graphs with more than one end is under-
pinned by the work of Dicks and Dunwoody in their seminal text [4]. An accessible

summary of their results pertaining to locally finite graphs can be found in [22].

5.1 The canonical orbital graph

In [24], Méller shows every connected locally finite primitive undirected graph with

more than one end is closely related to one with connectivity one.

Theorem 5.1, ([22, Theorem 15]) If I' is a connected locally finite primitive undi-
rected graph with more than one end then there exist vertices a, B € VT such that the

undirected graph (VT,{a, B}**T) has connectivity one and each block has at most

one end. !
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Since any infinite vertex-transitive connectivity-one graph has infinitely many

ends, the following is immediate from Theorem 2.4, Lemma 2.6 and Theorem 5.1.

Corollary 5.2. IfT' is a locally finite primitive edge-transitive graph then T has 0, 1

or 280 ends. 0

Recall that the set of permutation-ends of a locally finite primitive group is equal
to the set of ends of any one of its orbital graphs. A consequence of the above
corollary therefore, is that locally finite infinite primitive groups either have precisely
one permutation-end, or they have uncountably many.

We can use Theorem 5.1 to tell us a great deal about the orbital graphs of infinite

primitive permutation groups.

Theorem 5.3. If G is a primitive group of permutations of an infinite set ) then G
has a locally finite orbital graph with more than one end if and only if G has a locally

finite orbital graph with connectivity one such that each block has at most one end.

The proof of this theorem relies on the following lemmas. Let G be a primitive

group of permutations of an infinite set (2.

Lemma 5.4. If G has a locally finite orbital graph with more than one end then G

has an orbital graph with connectivity one.

Proof. Suppose G has a locally finite orbital graph I with more than one end. Let I’
be the undirected graph whose vertex set is €2, and whose edge set is {{a,8} | (o, B) €
ET}. By Theorem 5.1, we can find vertices a, 8 € €2 such that the undirected graph
(€2, {a, B}*** ') has connectivity one. Now G is a primitive subgroup of Aut T, so the
undirected graph I := (Q, {a, 8}°) is a connected subgraph of (2, {a, B} 1Y, and
therefore has connectivity one. Hence, the directed graph I' := (€, (a, 8)¢) also has

connectivity one. 0

The following three lemmas are generalisations of several observations made in
[24]. Although Méller restricts his attention to automorphism groups of undirected

graphs, for our purposes his arguments require only trivial modification.
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Lemma 5.5. IfT is a locally finite connectivity-one orbital graph of G and a, 8 € VT
lie in the same block A of ', then a block of A' := (VA,(c, B)™) is a block of
IV := (VT, (a, B)°).

Proof. Since A’ is the subgraph of IV induced by VA in I, any block © of A’ is a
connected subgraph of I with connectivity at least two, so it must be contained in
some block A of IV. If VA C VA then A is a block of A’, so we must have A = ©.
Thus, it suffices to show VA C VA.

Without loss of generality, suppose (a,3) € EA. If VA = {a, 3} then VA C
VA and we are done. So, suppose VA # {a,}. Since a block has connectivity
strictly greater than one, any two edges in A lie in a common cycle. It is therefore
sufficient to show that if ajas...q, is a cycle in A with a; = a and as = (3, then
a1, Qs,...,0, € VA. |

Let T be the block-cut-vertex tree of I'. Since a and S lie in the same block of T,
we have dr(a, 3) = 2, and so since G acts transitively on the edges of I, the images
of any two vertices adjacent in I are at distance 2 in T. Now the cycle oy ...0p,
in A is a cycle in IV and therefore gives us a closed path ajviaovs...v_104 in T,
where each v; is the vertex in T corresponding to the block in I' containing the edge
between a; and ;1. Since all the o; are distinct, we must have v; = ... = v,_;.
Furthermore, since oy = a and ap = 3, we know v; corresponds to the block A, and

therefore a4, ...,a, € VA. Hence VA C VA. n

Let T be a locally finite orbital graph of G with more than one end. Fixa, 5 € VT
such that I'® := (VT, (a, 8)¢) has connectivity one. Let A; be a block of I'™ con-
taining o, and let GW .= Gya,}- This group acts primitively on VA; by Lemma, 4.1.
If A; has more than one end then find B, € A; such that I'®@ := (VA4 (q, 5)¢)
has connectivity one. Let A2 be a block of I'® containing o and put G@ := Gz}
Again we note this group acts primitively on VA, by Lemma 4.1. For i > 2, if A; has
more than one end, find Bir1 € A; such that T6+D := (VA;, (@, Biz1)®”) has connec-
tivity one. Let A;y; be a block of ™) containing a and put GV := Gya,,,3. By

Lemma 4.1, this group acts primitively on V A;,;.
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Lemma 5.6. There is an n > 1 such that A,, has at most one end.

Proof. Let s; be the size of the smallest orbit of G on VI'® and let n; be the
number of blocks in I'® that contain a. Since G¢~1) is vertex- and edge-transitive on
I'®. and each edge lies in a unique block, G¢~Y acts transitively on the blocks of I'¥;
therefore, the stabiliser GV acts transitively on the blocks of I'® that contain a.
Thus s; is simply n; multiplied by the size of the smallest orbit of G,(;f) on A;; that is,
8; = n;8;41. If there were no n > 1 such that A,, has at most one end then n; > 2 for
all ¢ > 1, and therefore s; > s;4; for all ¢ > 1. Since all values of s; are non-negative,

this is a contradiction. | O
Lemma 5.7. For alli > 1 the graph A; is a block of (VT, (o, 3;)°).

Proof. We use an inductive argument. Suppose A; is a block of the orbital graph
(VT, (o, 8:)%). Now A;yq is a block of (VA;, (o, Biy1)¢141), so by Lemma 5.5 it is a
block of (VT, (a,Bi+1)€). By construction we know A; is a block of (VT, (o, 5,)%),
and so the induction hypothesis is true for all 7 > 1. O

Proof of Theorem 5.8. Suppose G has a locally finite orbital graph with connectivity
one such that each block has at most one end. Such a graph has more than one end.

Conversely, suppose G has a locally finite orbital graph with more than one end.
By Lemma 5.4, G has a locally finite connectivity-one orbital graph I. Using the
notation described above, if we set TV := T then, by Lemma 5.6, there exists a
positive integer n such that A, has at most one end. Put I' := (VT, (a, 5,)¢). By
Lemma 5.7, A, is a block of I", and since A, # I, we see IV has connectivity one.
Furthermore, G acts edge-transitively on I, so every block of TV is isomorphic to A,

and thus has at most one end. 0
Combining Theorem 4.6, Theorem 4.9 and Theorem 5.3 we obtain the following,.

Theorem 5.8. If G is a primitive group of permutations of an infinite set Q then
G has a locally finite orbital graph with more than one end if and only if G has a
locally finite orbital graph U with connectivity one, whose blocks are primitive but not

automorphism-regular, are pairwise tsomorphic, have at least three vertices and at
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most one end. Furthermore, if A is a block of ', then Gy acts primitively but not

regularly on VA. O

If G is a primitive group of permutations of an infinite set 2 and I' is a locally
finite orbital graph with connectivity one whose blocks have at most one end, then
we shall call I' a canonical orbital graph of G. If T is such a graph, and A is a block
of I" containing precisely one end ¢, then € will be called a block-end of T'. If an end ¢
is not a block-end of T', it will be called a tree-end, as it corresponds to an end of the
block-cut-vertex tree of I'.

Observe that G permutes the block-ends of I' transitively. Indeed, G acts edge-
transitively on I', and each edge belongs to a unique block of I', so G permutes the
blocks, and therefore the block-ends, transitively.

Since I' has connectivity one, any thick ends of I' must be block-ends. Thus, if I'

has a thick end then G acts transitively on the thick ends of I'.

5.2 Uniqueness

Recall from Chapter 2 that if G is a primitive group and I'; and I'; are orbital graphs
of G then there is a natural bijection between the ends of I'; and the ends of I's.

If T is a tree, and a, B € VT, there is exactly one geodesic in T' between a and g,
which we denote by [o, B]r. If € is an end of T, then there is precisely one half-line in
T that lies in € with initial vertex a. We denote this half-line by [, €)r. ‘A connected
subgraph C of a graph I is said to contain the end ¢ if for every half-line («;)ien lying
in € we have o; € VC for all sufficiently large <.

Lemma 5.9. Suppose I'y and I's are canonical orbital graphs of a primitive group G.

If € is a block-end of I'y then € is a block-end of I's.

Proof. Let Ty and T5 be the block-cut-vertex trees of I'; and I'; respectively. Suppose,
for a contradiction, that there is a block-end € of I'; that is a tree-end of I'y. Since e
is a tree-end of I'y, it is an end of T5. As it is a block-end of I'y, there exists a block

A, of T'; whose end is ¢, and a vertex £ € VT; \ VT corresponding to the block A;.
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Figure 5.1: The trees 77 and 715

The following argument is illustrated in Figure 5.1. Fix a € V Ay, and let C be
the connected component of T \ {a} containing €. Since € is an end of A; and ¢ is
contained in C, there must be infinitely many vertices in V' A; that lie in C. Choose
o' € VA;\ {a} such that o € C, and fix any vertex ¢ € [a, €)1, N [0/, €)7,. Let B be
the vertex adjacent to z in [z, §]r,. Since (3 is adjacent to z in T}, we have 3 € VA;.
If B = a then redefine o := o’. In this way, we can be sure § # a.

Since 8 € VA; and G,y is primitive but not regular on V'Ay, there is an element
g € Gaqa,} such that g9 # 8. Now B € [, 6]ry, so [, 0]7, # [o,0]7,. However,
g € G, s0 [a,0]7, = [, 891, and therefore § # 9. There is only one half-line in T}
with initial vertex o conﬁained in the end ¢, so if g € G, then g must fix the half-line
[, €)1, pointwise. The vertex d lies on this half-line, so G, < G5. Since & # 89, the

automorphism g cannot lie in G,. This, however, is absurd, as € is the end of Al, and

g€ Ga,{Al} < Ga,e- 0

If " is a locally finite connected graph, an automorphism g € Aut I is called
hyperbolic if g fixes precisely two thin ends of I' and leaves no non-empty finite subset

of VT invariant.

Theorem 5.10. ([31, Proposition 3.4]) If T is an undirected tree and G is g group
of automorphism of T' containing no hyperbolic elements, then either G fizes some

vertez or leaves some edge invariant, or G fizes some end of the tree T. m

Lemma 5.11. Suppose G 1is a primitive group of permutations of an infinite set and

I’y and T’y are canonical orbital graphs of G. Let Ty be the block-cut-vertex tree of T'y.
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If Ay is a block of 'y then there exists x € VT such that Gia,y < G, and for all

ay, o € VA, we have dp, (o4, z) = dry(az, 7).

Proof. If A, is infinite, then it contains exactly one block-end € of I';, which by
Lemma 5.9 is a block-end of I'y. Let A, be the block of I'; whose end is € and let z
be the vertex of T3 corresponding to the block As. Then Gia} = Ge = Giay) = Gy,
so we have G{ Ay} fixes some vertex in 7. |

Now assume V'A; is finite. Since Gya,} cannot contain a hyperbolic element, we
may use Theorem 5.10 to deduce that Gy} must fix a vertex of T3, or leave some
edge of T, invariant, or fix an end of 7. We show that, in the latter two cases, the
group must still fix some vertex of T5. Indeed, since no element of G may interchange
two adjacent vertices of T3, if the group Gy} leaves some edge {c, z} of T invariant,
then it must fix both o and z pointwise. Furthermore, if € is some end of T fixed by
the group Gy,,}, take x to be any vertex in T3 such that the connected component of
T3 \ {z} containing the end € contains no element in VA;. Since VA; is finite, there
are infinitely many choices for such a vertex. Then any half-line in € whose root lies
in VA; must contain the vertex z. Thus, if G{,,) fixes the end ¢, it must also fix the
vertex .

Finally we observe that, since Gya,} is transitive on VA, if a;,ap € VA; then

dr, (01, x) = dp, (09, T). O

Henceforth, if A, is a block of I';, the vertex x in the above lemma will be referred
to as the centroid of A, in T5. Since the above arguments are symmetric in I'; and
T, we can also make reference to the centroid of Ay in Ti, where A, is any block of
Iy, and T is the block-cut-vertex tree of I';.

Let © be some fixed infinite set and let G be a primitive group of permutations
of Q. Recall that, given any locally finite primitive connectivity-one orbital graph
I'; of G, if each vertex lies in m distinct blocks and A is a block of I';, we write the
graph I'; as ['(m, A). All locally finite primitive connectivity-one orbital graphs of G
can be written in this way. Since G acts transitively on the set of blocks of I'(m, A),

there is a natural equivalence relation on the set of such graphs: the orbital graph
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Iy is equivalent to I'y if I'y = I'(m, A’) for some block A’ of T'; satisfying VA = VA
It is under this equivalence relation that a canonical orbital graph of a primitive

permutation group can be considered essentially unique.

Theorem 5.12. If G is a locally finite primitive group of permutations of an infinite

set () then the canonical orbital graphs of G are equivalent.

Proof. Suppose the group G has two canonical orbital graphs I'y = I'(my, A;) and
Iy = I'(mg, Az). By Theorem 4.9, both m; and m, are at least two, and the graphs A,
and A, are primitive but not automorphism-regular, and have at least three vertices.
Let T3 and T, be the block-cut-vertex trees of I'y and I'y respectively. We wish to
show there is a block Aj of I'; such that VA; = VA, From this we will deduce that
the graphs I'; and T, are equivalent. Set d := sup{dr, (o, B) | @, 8 € VA;}. This is
finite, by Lemma 5.11, so we may fix o, 3 € V/A; such that dp,(a, ) = d. Let x5 be
the vertex of T3 that is adjacent to o in the line [, B]1,. Since z, is adjacent to « in
T, it must lie in VT; \ VT, and therefore corresponds to some block A of T'5. Let
c1 be the centroid of A; in T5.

| We begin by showing Gofr} = Ga,{Aé}. Now c; and @ must lie in the same
connected component of T3 \ {a}, and 8 and z, lie in the same component of T} \ {a},
so ¢; and zz are in the same component of T, \ {a}. Since z, is adjacent to o in

[a, B, it follows that x5 € |a, ¢1]p,, and therefore Gae; < Gz, Thus
Goiri} < Gaey < Gag, = Gayay)-

Now choose v € A3 \ {a} and repeat this argument, replacing the vertex B with
7, the tree 15 with T; and the block A; with A}. Whence, there exists a block Aj of

I'; containing o such that G4 (a1} < Gaqary, and therefore
Ga,{Al} < Ga,{A’z} < Ga,{A’l}-

Since G, is transitive on the blocks of I'; containing «, there exists g € G, such that
A{ = A}. As there are only finitely many such blocks, Aﬁ’" = A; for some natural

number n. Now G, 14,3 < Ga(a,}s, and therefore Ga{r)e < Ga, {A}s2- If We continue
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in this way we eventually obtain
Ga,{Al} S Ga,{A1}9 S o S Ga,{Al}gn;

however, A{u = Aq, so it followskthat Ga,{a:} = Go,fa.}3e. Thus

Gao a1} = Ga,{ny}-

We now show Gya,} = Gay}- Let v be the vertex in [z,, Blr, adjacent to z,, and
observe v € VAy. Now Gy does not act regularly on VA3, so there is an element
g € Goqaz) such that 49 # ~. Therefore x5 is the only vertex in [z3, Bz, N[22, 691,
Thus dr,(8,69) = dn,(8,22) + dr(8%,22) = (d—1)+(d—-1) = 2d — 2. Now
g € Goqny} = Gaa,}, and B € VAy, so 39 € VA,. Furthermore, d = dr,(«, §) must
be even, so if d > 2, then d > 4, and therefore dr, (05, ﬂg).——- 2d — 2 > d. This is not
possible, as d was chosen to be maximal. It must therefore be the case that d = 2.
Since no two vertices of A; are at distance greater than d in T5, all vertices of A; are
adjacent to x5 in T3, and therefore lie in A5. Now A; contains at least three vertices,
each of which is adjacent to x5 in T5, and so, since Gyy,; is transitive on V'A;, it must
be the case that G{a,} fixes the vertex z;, and therefore fixes VA5 setwise. Thus
Gy < Gy I Gayy # Gayy then Goiasy = Gaa} < Giay < Giayy, which
cannot happen since Gy} is primitive on VA;. Hence Ga,y = Giayy-

Finally, since G{a,} and Gya;) are transitive on VA; and VAj respectively, and
a € VA, N VA, we have VA = afs = ofuan = VA, Furthermore, since
G, is transitive on the set of blocks of I'; that contain , and on the set of blocks
of Ty containing a, we have mi = |Gy : Goa}| = |Ga : Gayqayy| = ma. Hence

I'y = I'(my, Ay) and VAj = V Ay, so the graphs I and T'; are equivalent,. O

It is now possible to describe every locally finite connectivity-one orbital graph of

a primitive group G.

Theorem 5.13. If G is a locally finite primitive group of permutations of an infinite
set Q0 with more than one permutation-end then G has a canonical orbital graph
I'(m,A), and the canonical orbital graphs of G are precisely the graphs T'(m, A’),
where A’ is an orbital graph of Gyay acting on the set VA.
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Proof. Suppose G has a locally finite orbital graph with more than one end. Then
by Theorem 5.8, G has a canonical orbital graph I'(m, A). Set T' :=I'(m, A), and fix
vertices a, B € VA such that T' = (£, (o, 8)¢). Suppose I" is also a canonical orbital
graph of G. We show there exists an orbital graph A’ of G{a} acting on VA such
that A’ is a block of IV and IV = ['(m, A’). By "Théorem 5.12, the graph IV must be
equivalent to T, so there exists a block A’ of I such that [ = T'(m,A')and VA" = VA,
Let (a, @) be an edge in A’. Since I" is edge-transitive, I = (€, (o, BNE). If (v,96)
is any edge in A/, then there exists an element g € G such that (7v,d) = (o, B9,
but such an automorphism must fix the block A’, and therefore lies in G(ary = Gya}-
Hence A’ is an orbital graph of Gy} acting on the set VA. | |

Conversely, suppose A’ is an orbital graph of G{a} acting on VA. We show the
connectivity-one graph I'(m, A’) is a canonical orbital graph of G.

It is simple to check that G < Aut I'(m, A’), so we begin by showing G is edge-
transitive on I'(m, A’). Suppose A} and A} are blocks of I'(m, A’). Then there exist
blocks A; and A, of T'(m, A) such that VA; = VA] and VA; = VA;. Since G acts
edge-transitively on I'(m, A), it acts transitively on its blocks. Therefore, there exists
an automorphism g € G such that A = Aj. Since G < Aut I'(m, A’), we must
also have A;? = A}, so G permutes the blocks of I'(m, ) transitively. Thus G is
transitive on the blocks of I'(m, A) and acts edge-transitively on each block, so it
must act edge-transitively on the whole graph I'(m, A').

It remains to show the blocks of I'(m,A’) have at most one end. This follovvé
immediately from Lemma, 2.6, since both A and A’ are orbital graphs of G;,y acting
on VA, they must have the same ends.

Hence, ['(m, A) is a connectivity-one orbital graph of G in which each block has

at most one end, and is therefore a canonical orbital graph of the group G. O

Thus, for any primitive group G possessing a canonical orbital graph I', when
speaking of the permutation-ends of G as being the ends of I, it makes sense to
refer to the block-ends and tree-ends of G as being, respectively, the block-ends and
tree-ends of its canonical orbital graph. This can be extended to include any group

G with just one permutation-end ¢, by defining the block-end of G to be the end .



Chapter 6

Paired suborbits of infinite

primitive permutation groups

It was shown in Theorem 3.1 that if G is a primitive group of permutations of an
infinite set €2, possessing a finite suborbit whose pair is also finite, then (2 is countably
infinite and every suborbit of G is finite. For many years it was an open question
whether the pair of every finite suborbit of an infinite primitive group G was also
finite. This question was answered when, in [7], for each infinite cardinal x, Evans
constructs a primitive permutation group with a finite suborbit whose pair has size
K.

While Evans’ impressive result sheds light on the size of paired suborbits, it is still
not known which infinite primitive permutation groups possessing a finite suborbit
have the property that every suborbit is self-paired. Such groups are called generously
transitive. Finite generously transitive groups have been studied extensively by Neu-
mann in [25], in which he showed that generous transitivity implies a strong condition
on the centraliser ring and the permutation character of the group. We consider the
infinite case, and, by examining the possible orbital graphs of G, obtain a complete

characterisation of the locally finite generously transitive groups with more than one

permutation-end.

Lemma 6.1. If G is a locally finite infinite distance-transitive group then every sub-
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orbit of G is self-paired.

Proof. If A is an orbital of G then there exist vertices o, 3 € VT such that A =
(a, B)C. Since G is distance-transitive, there exists g € G such that (a, 8)? = (8, @),
so A* = (8,0)¢ = (a,8)9¢ = (a,B)¢ = A ‘Hence, every orbital of G is self-paired.
If T is a suborbit of G, then there is a vertex a € VT, and an orbital A of G, such
that T = A(a). Whence T* = A*(a) = A(a) = T. O

Lemma 6.2. Suppose I' is a canonical orbital graph of a primitive group of permu-
tations G of an infinite set ), and that G has more than one permutation-end. If all

the suborbits of G are all self-paired then I' is distance-transitive.

Proof. Since T is a canonical orbital graph of G, any block A is primitive but not
automorphism-regular, with at least three vertices and at most one end, and ' =
I'(m, A) for some m > 2. Suppose I' is not distance transitive. By Theorem 2.5, A
is not complete, so its diameter must be at least two. We may therefore choose a
geodesic aajaqeas in T, such that o, oy and o all lie in the block A, but a3 does not.
We will show the orbital (a, a3)€ is not self-paired.

Suppose the orbital (@, a3)C is self-paired. Then there exists g € G such that
(a,03)9 = (a3,0). Let T be the block-cut-vertex tree of I'. Then there is a vertex
1 € VT corresponding to the block A, and a vertex zo € VT corresponding to the
block of I' containing o and a3 but not o and a;. The T-geodesic from o to as is
the path aziaszo03. Since G < Aut T we have g € Aut T. Now the T-geodesic from
a to a3 is unique, so (a, a3)? = (as, «) implies (o, 1, ag, T, a3)9 = (03, Za, 0, 71, Q);
that is, g € Gq,. However, dr(as, @) # dr(az, a3), so no such g € G,, exists. O
Theorem 6.3. If G is a locally finite infinite primitive permutation group with more
than one permutation-end, then every suborbit of G is self-paired if and only if G s

distance-transitive.

Proof. Suppose G is an infinite primitive group with a locally finite orbital graph with
more than one permutation-end. If G acts distance-transitively on some distance-

transitive orbital graph I'(m, K;) then all suborbits of G are self-paired by Lemma, 6.1,
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Now consider the converse. By Theorem 5.8, there is a canonical orbital graph I'
of G with connectivity one. If every suborbit of G is self-paired then, by Lemma 6.2,
I must be distance-transitive, so for some m,t > 2 we have I' = I'(m, K3).

We claim that if every suborbit of G is self-paired, then G must act distance-
transitively on I'. Fix a € VT and suppose G does not act distance-transitively on
I'. Then there exists r > 1 such that S,(o,I') contains distinct vertices G,y with
B & +C~. If G, acts transitively on the blocks containing ¢, then 3 and v may be
chosen in distinct components of I'\ {a}. If G, does not act transitively on the blocks
containing a then we may choose 8 and «y in S (e, I') lying in distinct components of
I\ {a}, satisfying B & v®=. In both cases, a lies on every I-geodesic between 8 and
v and dr(a, ) = dr(a,v). Thus (8,7)¢ = (v,8)¢ implies that there exists g € G,
such that 39 = «, which is not possible. We therefore conclude the orbital (3,7)¢ is
not self-paired. Hence, if A := (3,7)%, then the suborbit A(a) is not self-paired. O

If one removes the stipulation that G have an orbital graph with more than one
end from the above theorem then the hypothesis is no longer true. To see this, let I" be
the rdistance-transitive graph I'(m, K;y1) and let G be the group Aut I' Wr Sym (2).
This is a primitive group of permutations of VI' x VI'. By Theorem 3.6, every
orbital graph of G is locally finite and has one end. Since all locally finite distance-
transitive graphs have infinitely many ends, G does not have a distance-transitive
orbital graph; however, every suborbit of G is self-paired. Indeed, fix an orbital
((71,72), (1,82))¢ of G in VI x VI. Since Aut I is distance—fransitive, all its sub-
orbits are self-paired, so there exist gi, go € Aut I' such that (y;,6;)% = (01, 71) and
(7y2,02)% = (82,72). Taking g € Aut T Wr Sym (2) to be the permutation (g1, g2).1 we
have ((71,72), (61, 02))? = ((01,82), (71,72))- Hence, every orbital and therefore every
suborbit of G is self-paired.



Chapter 7

The structure of infinite primitive

groups

While the classification of the finite simple groups and the O’Nan-Scott Theorem
describe the structure of finite primitive permutation groups, their infinite cousins
remain at best abstruse. Infinitary versions of the O’Nan-Scott Theorem, [18] for
example, lack generality and are further weakened by our incomplete understanding
of the infinite simple groups. When considering primitive groups whose suborbits are
all finite, rather than requiring the existence of a minimal normal subgroup, one may

instead use the theory developed thus far to determine their structure.

Suppose we are given a non-empty set of groups {Gy, | ¢ € U}. The free product of
the G is a group G which, together with a collection of homomorphisms iy : Gy — G,
satisfies the following. Given a set of homomorphisms ¢, : G¢ — H into some group
H there is a unique homomorphism ¢ : G — H such that i,p = @y. The group G
will be denoted by Frycy Gy.

If X is a non-empty subset of the group G, the normal closure of X in G is
the intersection of all normal subgroups of G that contain X, and is itself a normal
subgroup of G. Let H be a group and {Gy | ¢ € ¥} be a non-empty set of groups
such that, for all ¢ € ¥, the group H is isomorphic to a subgroup H,, of Gy via a
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monomorphism

<p¢ZH—->G¢.

We define the free product of the G with amalgamated subgroup H to be the group
G :=F/N,

where F is the free product Fryey Gy, and N is the normal closure in F' of the set
{(R¥)"h* | ¥, u € ¥, h € H}. Intuitively, one may think of the free product of the
G, with amalgamated subgroup H as being the largest group generated by the Gy
in which the subgroups H, are considered to be equal.

The most common example of an amalgamated free product is when there are two
groups G; and G,, with subgroups H; and H, that are isomorphic via ¢ : Hy — H,.
In this case the free product of G; and G5 with amalgamated subgroup H; is denoted
by G1 *z, G». A detailed introduction to free groups and free products can be found

in [16], or, more recently, in [29)].

Let G be a group acting on a graph I'. An inversion is a pair consisting of an
element g € G and a directed edge (z,y) € ET such that (z,y)? = (y, z); if there is
no such pair the group G is said to act without inversiononI'. If G acts on I" without
inversion, we define the quotient graph G/T" to be the graph whose vertex and edge
set are the quotients of VI' and ET respectively under the action of G; a fundamental
domain of 'mod G is a subgraph of I' that is isomorphic to G/T. A segment of T

is a subgraph of ' consisting two adjacent vertices and a directed edge of I' between

them.

Theorem 7.1. ([30, Theorem 6]) Let G be a group acting on a graph I' and let
P = {{z,y},(z,y)} be a segment of I'. If P is a fundamental domain of ' mod G

then T is a tree if and only if G = Gz *G,,, Gy- ]

Using this powerful theorem, we may apply the results of Chapter 5 to determine

the structure of locally finite infinite primitive permutation groups with more than

one permutation-end.



98

Theorem 7.2. If G is a locally finite infinite primitive group of permutations of an
infinite set Q with more than one permutation-end, then G has a canonical orbital
graph I'(m, A) and

G = Go *6, (4 G},

where o € VA, and Goqay is a non-trivial mazimal proper subgroup of Gyay that fizes

no element in VA\ {a}.

Proof. Let G be an infinite primitive group possessing a finite suborbit whose pair
is also finite, and suppose G has an orbital graph with more than one end. By
Theorem 5.8, G has a canonical orbital graph I' of the form I'(m, A), where m > 2
and A is a primitive but not automorphism-regular graph, with at least three vertices
and at most one end. Let T be the block-cut-vertex tree of I'. Then G < Aut T.
There is a natural bipartition of T', one part containing the vertices of I', and the
other containing vertices corresponding to the blocks of I'. Since GG preserves this
bipartition, the group G acts on T without inversion, and has two orbits on the
vertices of T

Let £ € VT correspond with the block A of I', and fix & € VA. Then (a, 1)
is an edge in T. If we define T' := (VT,(a,1)%), then T" is an edge-transitive
tree upon which G acts without inversion, with fundamental domain the segment

{{a,z}, (e, z)}. Hence, by Theorem 7.1,
G = G, *Goo Gz

Since A is the block of I' corresponding to the vertex x of T, the stabiliser G; is equal
to Gia}. As Gyay acts primitively on VA, the group G, (a3 is maximal in Giay. By
Theorem 4.6, G (2} fixes no vertex in VA \ {a}. [



Chapter 8

Primitive groups and ends of

graphs

We novsf consider groups acting edge-transitively on a locally finite primitive graph
and investigate their action on the end space.

Let G be a primitive and edge-transitive group of automorphisms of a locally
finite primitive directed graph I' with more than one end. By Theorem 5.8, G has a
canonical orbital graph IV. Furthermore, I" and I have the same ends by Lemma 2.6,
so without loss of generality, one may assume I is a canonical orbital graph of G. We
assume G is closed. Recall G and its closure G in Sym (2) have the same orbits on
VT. Let T be the block-cut-vertex tree of I'.

In this chapter we will show every orbit of the closed group G on the set of tree-

ends of I' has size 2%°. The following result will be fundamental to our argument.

Theorem 8.1. ([6, Theorem 2.8]) If G and H are closed subgroups of Sym (2), where
Q is a countable set and H < G, then either |G : H| < Ng or |G : H| = 2%, The

former holds if and only if H contains the pointwise stabiliser in G of some finite

subset of 1. O

Lemma 8.2. For any tree-end € of I', if a is an n-tuple of vertices with G, < G.,

then G4 < Ge.

Proof. Enumerate the set VI as {71,72,73, - - .}, and recall that an element g € G is
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the limit of a sequence of permutations (g,) of VT if and only if, given k > 1, there
exists an integer N; such that, for all n > Nj we have 4/ = +7 and 'yf’:l = ’y,-g_l

whenever 1 <7 < k.

Suppose G, < G, but G, £ G, and fix
g € Gy \ Ge.

Since g € G, there exists a sequence (g,) of permutations in G’6 such that

gn — 9.

If o = (ai,...,a,) then choose k¥ > 1 such that {o1,...,0n} C {7,...,7}. Since
gn — g, there exists an integer Ny such that, for all n > N; we have /" = ~/

whenever 1 <17 < k. Hence, for all n > Ny,
o = q.

Let T be the block-cut-vertex tree of I', and let [, €)r be the unique half-line of
T rooted at oy lying in the end €. For all n > N we have g, € G,, ¢, therefore g,
fixes every vertex on [oy, €)r. Since g lies in G, but not G, there exists = € [aq, €)r
such that z9 # z; furthermore, if y € [z, €)r then y9 # y. Therefore, we may choose
B € [z,e)r N VT such that B9 # 3. Since B € VT, there is an integer k¥’ such that
B = qx; because g, — g, there exists Niz > 1 such that for all n > N, we have
Yo = Y- Fix N := max(Ng, Ni). Then, for all n > N we have g, € G, but
B9 = B9 # (3, so gn & G, a contradiction. ]

Lemma 8.3. If there is an end € of I' and an n-tuple @ = (cu, ..., ay) of vertices of

T such that G, < G, then, for 1 <i < n, the orbit €¢= is finite.

Proof. Suppose G4 < Ge. Then, for all i satisfying 1 <4 < n we have G, < Gy e
Therefore
|Go; : Go| = |Go; : Gay e |Gaye : Ga
= |€9%]|Gay e : Gal-
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Observe

n—1

|Ga1 . Ggl = H |Ga1...am : Ga1...am+1

m=1
n—1

=1 o™,
m=1

Since G < Aut I" and T is locally finite, each orbit |ai‘fﬁl'“°‘m| is finite, so |Gq, : G4l

is finite. A similar argument shows |G,, : G| is finite for each ¢ satisfying 1 <i < n.
We have already seen
|Ga; : Ga| = [€7%|Gaye : Gal,

so one may deduce |e%=:| is finite. O

Lemma 8.4. If € is a tree-end of T with |G| < 2% then, for all o € VT, the orbit

eCe is finite.
Proof. Let € be a tree-end of T, and let H := G.. Now

€] = |G : G|
= |G: H||H : G.

If |€6] < 2% then |G : H| < 2%, and, since G and H are both closed, we may apply
Theorem 8.1 to deduce that there exists an n-tuple of vertices a such that G, < H,
and |G : H| < Ro.

Suppose |€€] < 2% and a = (o, ..., Q) is an n-tuple of vertices of I such that

G4 < G.. By Lemma 8.2 we have
Gy < Ge.

Fix a € VI and let o = (a,01,...,0n); then Gy < Ga < G., and so, from

Lemma 8.3, the orbit €= is finite. 0

Theorem 8.5. ([28]) Let T' be an infinite connected vertez- and edge-transitive di-
rected graph with finite but unequal in-valency and out-valency. Then there is an

epimorphism ¢ from the verter set of I' to the set of integers Z such that (o, B) is an
edge of T' only if o(B) = v(a) + 1. O
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Corollary 8.6. Suppose G is a primitive group of permutations of an infinite set €,
and every suborbit of G is finite. If a € Q and A(o) and A*(a) are paired a-suborbits
then |A(a)| = |A*(a)|.

Proof. Suppose G is a primitive group of permutations of an infinite set €2, and every
suborbit of G is finite. Fix an element a € Q and let A(a) and A*(a) be paired
a-suborbits. Suppose |A(a)| # |A*(a)|. We will show this implies G cannot be
primitive, contradicting our original assumption.

Choose B € A(a) and let I" be the orbital graph (€, (o, 8)¢). As G is primitive,
this graph is connected, and because A(a) and A*(«) are finite, T' is locally finite,
with in-valency |A(a)| and out-valency |A*(a)|. As these are not equal, we may apply
Theorem 8.5 to deduce that there is an epimorphism ¢ from the vertex set of T to
the set of integers Z such that (v, §) is an edge of T only if p(8) = p(v) + 1.

Without loss of generality, we may assume ¢(a) = 0. If apoy - - -, is any cycle
in T" with ap = @, we must have ) ;" ¢(e;) = 0. Thus, there can be no odd cycles
in I' containing . Since I' is vertex-transitive, it contains no odd cycles. Hence
the G-congruence given by v = § if and only if dr(v, d) is even, is non-trivial and

non-universal. Whence, GG is not primitive. O

Recall that in light of Lemma 2.6, the permutation-ends of G are defined to be
the ends of any orbital graph of G.

Theorem 8.7. Let G be a locally finite primitive group of permutations of an infinite
set Q) that is closed in Sym (). If € is a permutation-end of G then precisely one of
the following holds.

(i) |e¢] =1 and G has just one permutation-end;
(ii) |€%| = No and € is a block-end of G;
(iii) |e€] = 2% and € is a tree-end of G.

Proof. If G has precisely one permutation-end, then it is clear (i) holds, so suppose

G has more than one permutation-end.
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By Theorem 5.8, G has a canonical orbital graph I'. If € is a block-end of G then
every block of I' contains a block-end. Since G permutes the blocks of T transitively,
1t acts transitively on its set of block-ends. There are countably many blocks in I, so
|€%] = R and (ii) holds.

It remains to show that if ¢ is a tree-end of G then |eG|.-—— 2% Suppose € is a
tree-end of G and |e| < 2%o,

Let T be the block-cut-vertex tree of I'. Since ¢ is a tree-end of G, it is an énd
of T. By Lemma 8.4, if |¢¥| < 2% then for all & € VT, the orbit €C= is finite. Fix
a € VI. Since %= is finite, there exists a vertex o/ € VT that lies in [, €)7 such that
Goo < Ge. Put m := |0/ @=|, and note m = |¢%=|. By Corollary 8.6, |aC«'| = m.

Now choose B € (o, €)r. A similar argument shows there exists 3’ € (8, €)r such
that Gpp < G..

In choosing 8 and @’ in this way we ensure G5 < Gg g and |3'%| = |e%=| = m.
We again apply Corollary 8.6 to deduce |a®#'| = m. Hence

m = |aGﬁ’|

= |Gp : Gop|
= |Gp : Gapl||Gpp : Gaal-

If |Ggp : Ggol = 1 then Ggp < G, and s0 G < Ggp and Gpp < Go o,
with o/, 8 € (a,F)r and [0, d/]r N (G,0]r = 0. Applying Theorem 4.5 we see
G is not primitive, which contradicts our original assumption; thus, we must have
|G : Gpol > 1. This implies |Gg : Gga| < m; that is, |3%¢'| < m. However,
|B%#'| = | 84| by Corollary 8.6; furthermore, 3 and 3’ we chosen so that Gz < G.
Hence |e%8| < m.

Since o was chosen arbitrarily, we may now set a := (3 and repeat the above
argument. Eventually, we will find |¢=| = 1. However, this is also a contradiction.
Indeed, let z be the vertex of T' that is adjacent to « in [a, €)r. This vertex corresponds
to some block A of T' that contains a. By Theorem 4.6, the group G, (4} fixes no
vertex in VA \ {a}, and therefore cannot fix the half-line [, €)7. Whence, we must

have |G| = 2%. O



Chapter 9
Subdegree growth rates

In this chapter we give bounds on the growth of the lower and upper subdegree
sequences of infinite locally finite primitive groups, and show that, when the growth of
the lower subdegree sequences is fast enough, the rate of growth uniquely determines
the group. Following this, we show that in many cases the number of permutation

ends of a group is determined by its multiset of subdegrees.

9.1 Subdegree growth and group structure

Let G be a primitive group of permutations of an infinite set {2, with every subdegree
of G finite, and suppose I' is an orbital graph of G. Fix a € Q. An upper bound can
be found for the growth of the lower subdegree sequences by bounding the growth
of s, := |Sy(a,T)|, since G, fixes S,(a,T') setwise. The following simple observation

gives a useful upper bound.
Lemma 9.1. IfI' is an infinite locally finite primitive graph then, for all r > 1,
sp < s1(s1 — 1)"7L.

Proof. Since T' is vertex-primitive, it is connected and every vertex has valency s;.
Thus for all 7 > 1, any vertex in the sphere S, (o, I') is connected to at least one vertex

in S,_1(a,T'), and is therefore adjacent to at most s; — 1 vertices in Sr+1. Whence

sy < sr_1(s1 — 1). 0
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A corresponding bound is easily obtained for the growth of the upper subdegree

sequence.

Lemma 9.2. Let G be a locally finite primitive group of permutations of an infinite

set Q1. If (M,) is the upper subdegree sequence of G, then for all T > 1,
M, <2M;(2M; — 1)™ 1,

Proof. Fix o € 2 and choose 3 € 2 such that the suborbit 3% is of size M;. Let T
be the orbital graph (€, (e, 3)¢), and let A(c) denote the suborbit 3%=.

If A*(a) is the suborbit paired with A(a) then |A*(a)| is also equal to M; by
Corollary 8.6. Since S; = A(a) U A*(a), the valency of T is at most 2M;.

If the upper subdegree sequence contains just one subdegree then there is nothing
to prove, so suppose this is not the case. Choose r > 1 such that M, and M, ; are
elements of the upper subdegree sequence of G; since all members of this sequence
are distinct, there exists an integer £ > 1 such that M, is the largest subdegree in the
sphere S; but not in S;y;. Thus, there exists a vertex v € S; such that ~ is adjacent
to a vertex & € Sy; with |§%+] > M,.

Since |6%«| > M,, we have |6%| > M,,,, and therefore
Myyq <692 < (s1 = Y| < My(s1 - 1). O

If I is a locally finite primitive graph with connectivity one, and T is the block-
cut-vertex-tree of I, we define the block-distance between two vertices & and 8 in T

to be
— dT(O!, /8)
: ———-—2 .

bd(a, B)

Informally, one may think of the block-distance between o and 3 as being the number
of blocks of I" through which any geodesic between a and 8 must pass.

If I' is an infinite locally finite primitive graph and a € VT, we define n,.(I") to be

the number of a-suborbits of Aut I' in S,(o,T). Since G acts transitively on I', this

definition is independent of our choice of a. When there can be no ambiguity as to

the identity of the graph in question, n,.(I") will be written as n,.
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Let {f-}r>0 be the sequence of Fibonacci numbers defined by the relation fr41 =

fr+fr_iforr>1and fo=fi=1.

Theorem 9.3. If I" is a locally finite primitive graph with connectivity one that is

not distance-transitive then n, > f, for all T > 1.

Proof. Fix a € VI'. To each vertex 3 in VI choose a geodesic in I" from o to (3
and assign a label 4(8) := (ly,...,l;), where k = bd(a, §), and for all r satisfying
1 < r < k the integer [, is the number of vertices at block-distance r from « in the
geodesic. It is simple to check that, since I' has connectivity one, this is independent
of the geodesic chosen. Let L, be the set of labels for vertices in S,(a,I') and put
k. :=|L,|. It is very easy to see two vertices 3, 5’ € S,(a, ) lie in the same a-suborbit
only if ¢(8) = ¢(F'). Thus n,(T') > k,.

By Theorem 2.5, if " is not distance-transitive then the blocks of I" have diameter

at least 2. We claim that, in this case,
kry1 > ke + ke, (9.1)

Indeed, for all > 1 there is an injective correspondence from L, into L,,; via the
map sending (l1,...,l) € L, to (ly,...,lk,1) € L,.y;. Fix r > 1 and note there
are k,_; labels in L, whose last entry is 1. If (l1,...,lk-1,1) is such a label, then
(li,...,1k-1,2) is a label in L,;. Therefore, there are at least k,_; labels in L,
whose final entry is 2; we have already seen there are k, labels in L,,; whose final
entry is 1, so we must have k.1 > k, + k,_1, as claimed. Since ky = k; = 1 we have

ne > k. > fr forallr > 0. O

It is well known that

: /r _ .
rl-l—arga fr 2 ’

consequently it is possible to find a lower bound for the growth of the sequence (n;’ N.

Corollary 9.4. If T is a locally finite primitive graph with connectivity one that is

not distance-transitive then

liminf n,/" > 1+2\/5. 0
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The bound given in the above corollary is sharp; that is, it cannot be improved
upon. Indeed, consider the Peterson graph Ps. This is a finite primitive distance-
transitive graph with diameter 2. Let " := I'(2,Ps) and G := Aut I, and fix o € VT.
It is hopefully clear that two vertices 8, 3' € Sy(a,T") lie in the same orbit of Gy if
and only if ¢(8) = £(8'). Thus n, = k,. We claim, for all 7 > 1,

k,-+1 =k, + ky_1. (92)

Indeed, let L be the elements of L, whose last entry is 1, let L be those elements
whose last entry is 2 and put k. := |L,| and k! := |L!|. Since Ps has diameter 2
we have k. = k| + k!. We may assign to each label £ € L the unique label in L]_,
obtained by changing the last entry in £ from 2 to 1. Hence k! > k._,. We may
also assign to each label £ € L!_; a unique label in L! obtained by changing the last
entry in £ to 2, so k/_; > k. Whence k! = k!_,. Similarly, we assign to each label
(I1,..-,lk) € Ly_q the label (l,...,lk,1) € L., and to each label (Iy,...,l, 1) € L.
the label (I;,...,lx) € Lr,_;. Such a correspondence is bijective, so k,_; = k... Thus
kriy =k, 1+ k' =kl + k. =k, + k.1, as claimed.

Now ko = k; =1 and so by (9.2), for all » > 0 we have n, = k, = f,. Thus

lim nY/" = 1++/5
r—00 r 2 '

Let I be any infinite locally finite connected vertex- and edge-transitive graph,

and fix o € VT. For v € S;(a) we define

a(v) :=[81(a) N S (7)l;
b(v) :=|S1(a@) N Sry1()];
() :=|S1(@) N Sp1 (V)]

The following lemma is an extension of an observation by Macpherson in [17]. The

argument presented here is based on that given by Dicks and Dunwoody in [4].

Lemma 9.5. If there exists a natural number Ry such that, for all 8,y € VI with
d(e, B) > Ro and d(ca,y) > Ro, we have c(B) = c(v) and b(B) = b(7), then T has

more than one end.
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Proof. Suppose, for all 3,7 € VI with d(a,8) > Ry and d(a,vy) > Rp, we have
c(B) = ¢(7y) and b(B) = b(y). We will describe an infinite set of vertices s, such that
the complement s* := VT \ s is infinite, and the set of edges s from s to s* is finite,
thus showing I' must have more than one end.

Fix an edge (ap, 1) € VT and define s := {y € VT' | Ro+1 < d(ao, ) = d(oa,7)+
1}. This set and its compliment are both infinite. Indeed, given a positive integer
n one may choose a vertex v € VI with d(ap,v) = 2n + 1. There exists a geodesic
a0P1Bs . . . Bon7y of length 2n + 1 between ag and . If e is the edge between 8, and
Br+1 then, since I' is edge-transitive, there exists an automorphism of I' mapping e to
the edge (ap, o). Therefore, both s and s* contain vertices in S, (ap, I') U Spi1(v, T).
Whence s and s* are infinite.

We now show ds is finite. Suppose e € E is an edge between 8 € s and v € s*.
Write i = d(co, ).

We claim d(ao,v) = 1+ d(ay,7). Observe d(ag, ) < d(ap, 8) +d(B,v) =i + 1,
and d(ao, B) < d(ao,7) + d(08,7), so d(a,7) > d(aw, B) — d(B,7) = i — 1. Hence,

i—1<d(ap,v) <i+1.

We now consider three cases: when d(ao,v) = i — 1, when d(ay,v) = i and finally
when d(ag,7y) > ¢ and d(aq,7) <7 —1, and in each case show the claim is true.

Suppose d(ao,¥) =i —1. Then d(ag, 8) = d(ao, ) +d(v, ), so there is a geodesic

from o to @ that contains v. Hence
S1(ao) N Si—2(7) € Si(aw) N S;_1(B);

however, since i—1 > Ry we have |S1(a0)NS;_2(7)| = () = c(B) = |Sl(a0)ﬂ5i_1(18)|,
s0 the two sets must be equal. Now oy € Si(ao) N S;_1(8), so a1 € Si(ag) N Si—2(7);
that is, d(a,7) =1 — 2 = d(ap,7) — 1 as claimed.

Next, suppose d(a1,7) = @ Then d(eu,v) = d(as,8) + d(7, 8), so there is a

geodesic from o to 7 that contains 3. Hence

S1(01) N Siv1(7) € Si(au) N Si(B);
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however, since i —1 > R, we have 1S1(e1) NSit1 ()] = b(7) = b(B) = |S1(a1) NSi(B)],
so the two sets must be equal. Now o € Si(a) N Si(B), so ap € Si(e1) N Siv1(7);
that is, d(ao,v) =i+ 1 = d(ay,7) + 1 as claimed.
| Finally, if d(ag,v) > 4 and d(a,v) < i—1, then d(ay,7)+1 <@ < d(ap, ). In fact,
since d(ap,v) < d(ay,v) + d(a1, ag) = d(ay,v) + 1, we have d(ag,v) > 1+ d(01,7),
s0 d(ap,y) = 1+ d(a,7) as claimed.
Now v € s*, so either d(ap,v) < Ry + 1 or d(a,7) # d(aq,3) + 1. The latter is
not true by the above argument, so we must have d(ap,y) < Ro + 1. Hence, there
are only finitely many « € s* that are adjacent to a vertex in s, so Js is finite, and T’

has more than one end. O

Theorem 9.6. IfT" is an infinite vertex- and edge-transitive locally finite graph with

one end then n.(I') > 2 for all large enough r.

Proof. Let T" be an infinite locally finite graph with one end, and fix o € VI'. We
claim there is an integer Ry such that for all 7 > Ry there exist vertices 71,72 € Sy(a)
with ¢(71) # c(72) or b(m) # b(y2)-

Suppose no such Ry exists. Then there exists an infinite sequence (r;) such that
for all v1,72 € Sy, () we have c(11) = ¢(12) and (1) = b(72). For each ¢ > 1 choose
v € Sr,(c) and set ¢, := c(v) and b, := b(y). It is easy to see ¢,, > c,_, and
by, < b,,_,. Since 1 < ¢, < |S1(@)] and 1 < b, < |Si(a)| for all ¢ > 0, there exists
constants k, ¢ and b such that, for all ¢ > k we have ¢,, = c and b,, = b. Put Ry := ry.
Suppose there exists r > Ry such that S,(a) contains two vertices v; and vy, with
c¢(71) # c(y2). Without loss of generality, one may suppose c(71) > c(72). However,
r > Ry so c(72) > c and ¢(y1) > ¢. If 4 is chosen so r; > r then ¢, > ¢(71) > ¢ which
is a contradiction.

It must therefore be the case that, for all r > Ry, we have c(y) = c for all
v € Sy(a). A similar argument shows that for all r > Ry, we have b(7y) = b for all
v € Sy(a). Hence, by Lemma 9.5, the graph I' must have more than one end. Since
this is not the case, our claim must be true.

Let G := Aut I'. It is clear that two vertices 7,72 € Sr(a) lie in the same
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orbit of G, only if ¢(y1) = ¢(72) and b(y1) = b(7y2). Hence, for all r > Ry we have
n.(T) > 2. ‘ | O

Theorem 9.7. Let G be a primitive group of permutations of an infinite set Q. If G
is locally finite with more than one permutation-end then the lower subdegree sequence
of G grows exponentially if and only if G is distance-transitive. In this case, G has

height w, and its subdegree sequence (m,) satisfies

lim mi/" = (_m_—l) my,

r—o0 m
where G acts distance-transitively on the infinite locally finite distance-transitive graph
T'(m, Ki1+1). Furthermore, if the growth of the lower subdegree sequence of G 1is not

exponential, then it is polynomial.

Proof. Suppose G is a primitive group of permutations of an infinite set 2, possessing
an orbital graph with more than one end, and G has a finite suborbit whose pair is also
finite. By Theorem 3.1, every suborbit of G is finite. Let (m,.) be the lower subdegree
sequence of G. Note that, if G acts distance-transitively on the locally finite infinite
distance-transitive graph I'(m, K3, 1), then every suborbit is self-paired, G has height
w, so (m,) is equal to the subdegree sequence of G, and the subdegree growth of G

is exponential with

lim m}/" = (m_—_l) miy

r—00 m
(=)
= —— | ms.
m
Now consider the converse. Suppose G does not act distance-transitively on any
locally finite infinite distance-transitive graph. We will show that the lower subdegree
growth of GG is bounded above by some polynomial.
By Corollary 9.4, lim inf nt/™ > (1++/5)/2 > 3/2. Hence, there exists an integer
R such that, for all r > R, we have n, > (3/2), and thus N, > (3/2).
Fix r > R and observe that my, < s1(s; —1)"~! by Lemma 9.1. We may choose
an integer N such that, for all n > N, we have (3/2)" > s;(s; — 1). Thus, for all
n>N,

mpy, < N;L
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Furthermore, given any integer s with N,_; < s < N, the subdegree m, satisfies
ms < s1(s1—1)""1. Since s > N,_; we also have s > N | > (3/2)"D > g;(s; —

1)1 > my,, so the growth of the lower subdegree sequence of G is polynomial. O

If one removes the condition that G have more than one permutation-end then

the following is obtained.

Theorem 9.8. Suppose G is an infinite locally finite group of permutations of an
infinite set €1, and G is not distance-transitive. If (m,) is the lower subdegree sequence

of G then

lirn_l)glfm,l,/r <42m; — 1.
Proof. Suppose G is a locally finite primitive group of permutations of an infinite set
(2 and does not act distance-transitively on any graph. If G has an orbital graph with
more than one end then its lower subdegree growth is subexponential by Theorem 9.7.
So, suppose G has an orbital graph with precisely one end; every orbital graph of G
therefore has one permutationQend. Let A(c) be a suborbit of size m,, and let T' be
the orbital graph (2, A). Then S;(, ') = A(a) U A*(a). Let s, := |S,(e,T')| and
ny := n.(T), and let N, be the sum »._; n;. Since all suborbits of G are finite, one
may deduce from Corollary 8.6 that A*(«), the suborbit paired with A(a), also has

cardinality m;. Thus, s; < 2m;. Our aim is to show

liminf m!/™ < v/2m; — 1. (9.3)

r—00

From the proof of Theorem 9.7, my, < s1(s;—1)""". We again note it is sufficient
to show (9.3) holds when G = Aut I
By Theorem 9.6, there exists an integer Ry such that n, > 2 for all 7 > Ro. Hence,

for sufficiently large r,

N,.ZR0+2(7'—R0)
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Thus, if a > 1,
lim sup m}\{TN’ <limsup (s; — 1)’"/N"
r—00 r—00
< limsup (s, — 1)7/(@r—Fo)
r—00
= 2m1 — 1.
Hence lim inf m!/™ < v/2m; — 1 as required. O
r—0o0

Corollary 9.9. If G is a group acting primitively on an infinite set Q) with a finite
suborbit whose pair is also finite, then the subdegrees of G are all finite. If (m,) is

the lower subdegree sequence of G then

liminf m}™ > v/2m; — 1

r—00
if and only if G acts distance-transitively on some locally finite infinite distance-

transitive graph T'(m, K1) withm > 2 andt > 2, orm = 2 and t > 4.

Proof. Suppose G is a locally finite primitive group of permutations of an infinite set
Q. If G does not act distance-transitively on any locally finite orbital graph and (m,.)

is the lower subdegree sequence of G then

lim inf mY"™ < v/2my — 1

r—o0
by Theorem 9.8.

Now suppose G acts distance-transitively on a locally finite distance-transitive
graph I By Theorem 2.5, we may write I' = I'(m, K;) for some m > 2 and
t > 2. Observe that liﬁ g)lf m,l,/ "= (m—1)t, so 1i7I‘I_£ inf m,l,/ ">V2m; —1 precisely
whenm >2andt>2, orm=2and t > 4. N 0

All known examples of primitive groups with locally finite one-ended orbital graphs

exhibit subexponential lower subdegree growth; furthermore, it seems highly unlikely

that examples exhibiting exponential growth exist.

Conjecture 9.10. If G is a group acting primitively on an infinite set Q with a finite
suborbit whose pair is also finite, then the subdegrees of G are all finite and G has

exponential lower subdegree growth if and only if G is distance-transitive.
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9.2 Subdegree growth and ends of orbital graphs

We begin by observing that the relationship between the subdegree growth of a primi-

tive group G and its permutation-end structure is more subtle than one might expect.

Theorem 9.11. If (m,) is the lower subdegree sequence of a locally finite infinite
primitive group G < Sym (Q) then there exist infinite primitive groups G' and G”
whose suborbits are all finite, with lower subdegree sequences (m'.) and (m!) respec-

twely, such that G has one permutation-end, and G” has infinitely many permutation-

ends, with

m,. < 2m,
and

m < 2m,
fbr allr > 1.

Proof. Fix o € Q, and write a := (o, @) € Q2. Take G’ := G Wr Sym (2) and consider
its action on Q2. By Theorem 3.6, all suborbits of G’ are finite and every orbital
graph has one end. Furthermore, for every suborbit 3%« of G, the set (8, a)G'a is d
suborbit of G’; since |(8, )%e| = 2|3%|, we have m/. < 2m,.

Let G” be the group G(2, G) constructed in Chapter 3.2.2, and let A be an orbital
graph of G acting on ) with connectivity greater than one; by Theorem 3.3, G”
acts primitively on the vertex set of the graph I'(2,A). Indeed, this graph is an
orbital graph of G”. Since I'(2, A) has infinitely many ends, every orbital graph of
G" has infinitely many permutation-ends. Furthermore, the action of ’{’ Ay on VA
is isomorphic to the action of G on VA = 2; thus, for each subdegree m, of G, the
group G, ( Ay has an orbit on VA of size m,. Hence, for each subdegree m, of G, the

group G" has a suborbit of size 2m,. Whence, m; < 2m,.. O

It should be noted that both the difference between m, and m;., and the difference
between m, and m”, may grow arbitrarily large, leaving gaps in the range of possible

rates of growth.
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Some growth rate are only exhibited by groups with precisely one end. The

following is immediate from Theorem 9.7.

Theorem 9.12. If G is a locally finite primitive group of permutations of an infinite
set 2, and the lower subdegree growth of G is subexponential but not polynomial, then

G has precisely one permutation-end. ]

Example 3.17 illustrates that groups with subexponential, non-polynomial lower
subdegree growth exist.

All known examples of locally finite primitive groups with exponential lower sub-
degree growth have infinitely many permutation-ends. Indeed, it seems highly likely
that such growth rates cannot be achieved by groups with just one permutation-
end. If true then the above theorem and the following conjecture would allow one
to naturally partition the non-polynomial rates of growth of infinite primitive groups

according to the number of permutation-ends possessed by each group.

Conjecture 9.13. If G is an infinite primitive permutation group whose subdegrees
are all finite, and the lower subdegree sequence of G grows exponentially, then G has

2% permutation-ends.

In Section 3.3.1 it was shown that there exist examples of infinite primitive groups
with precisely one permutation-end, and infinite primitive groups with infinitely many
permutation-ends, both possessing bounded lower subdegree sequences. If, instead
of examining just the lower subdegree sequence, one considers the whole subdegree
sequence, it is again possible to determine the permutation-end structure of those

infinite primitive groups exhibiting specific rates of subdegree growth.

Theorem 9.14. If G is an infinite primitive permutation group whose subdegrees are

all finite and bounded above, then G has precisely one permutation-end.

Proof. Suppose G is an infinite primitive permutation group with more than one
permutation-end whose subdegrees are all finite. By Theorem 5.8, G has an orbital
graph of the form I'(m, A) for some integer m > 2, and for some primitive graph A.

Let I' denote the graph I'(m, A) and let T be the block-cut-vertex tree of I".
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Observe that if o and 3 are vertices in I" and z € VT lies on the T-geodesic [a, 8]
between a and (3, then G, 3 < G, and therefore

|Go : Gopl = |Ga : Gazl|Gayz : Gagl

Hence, the cardinality of the suborbit 3% is equal to the product |zC«||3%=|.
Thus, if all subdegrees of G are bounded above, then there exists a finite number

k such that any automorphism in G fixing the sphere Si(a, I') pointwise must also fix

every vertex in I', and therefore every vertex in T'. However, in light of Lemma 4.5,

such a group cannot be primitive. O

Using a similar argument, it is sometimes possible to determine the permutation-

end structure of a primitive group by knowing just one subdegree.

Theorem 9.15. If G is an infinite primitive permutation group whose subdegrees
are all finite, and at least one subdegree is prime, then every orbital graph of G has

precisely one end.

Proof. Again suppose that G is an infinite primitive permutation group with more
than one permutation-end whose subdegrees are all finite. Let I' be a connectivity-
one orbital graph of G of the form I'(m, A), the existence of which is assured by
Theorem 5.8, and let T be the block-cut-vertex tree of this graph.

Recall that, given o, 3 € VI and a vertex z € VT lying on the T-geodesic [a, BT
between « and 3, the cardinality of the suborbit z% is equal to |z%||BC=|.

Since G acts edge-transitively on I', it permutes the blocks of I'. By Theorem 4.6,
the setwise stabiliser in G of each block acts primitively on the vertices of the block;
whence, for each vertex o € VT, the stabiliser G,, transitively permutes the blocks
of T that contain a. Thus G acts transitively on the sphere S1(a, T'), which has
cardinality m > 2.

If A is a block of T, then by Theorem 5.8, A has at least three vertices, and G,
acts primitively ‘but not regularly on VA. Thus if « € VA, then Ga,{A} fixes no vertex

in A\ a. The block A corresponds to some vertex & € S1(a, T), s0 Gq 4 fixes no vertex
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in Si(z,T) \ {a}. Therefore, for each vertex v in Si(z, T) \ {a}, there exists a prime
number p dividing the cardinality of the orbit y®~=. Hence mp divides v%=.

Since G, acts transitively on the sphere Si(a,T), for all vertices v in Sa(a, T)
there exist primes p and ¢ such that pq divides the subdegree |y®*|; therefore, the
same is true of all vertices in T lying at distance greater than two from a. Siﬁce this

includes all vertices in I" \ {a}, no subdegree of G is prime. O

In this section, our discussion of the relationship between the permutation-end
structure of a primitive group and its subdegree growth rate contained an obvious
omission: groups exhibiting polynomial growth. Groups with just one permutation
end, and groups with infinitely many permutation-ends, are well represented in the
class of groups with polynomial growth. It may be that it is possible to determine the
permutation-end structure of such groups from the order of their growth; however, at

present too little is known to offer anything more than spurious conjecture.
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Conclusions

By constructing examples of primitive groups whose suborbits are all finite, with
at least one occurring with infinite multiplicity, we have shown the conjecture of
Adeleke and Neumann was incorrect in its stated form. The methods used to create
these examples can be utilised to manufacture bespoke examples of infinite primitive
groups; these construction methods will form a useful tool in any further investigation
of the subdegree growth rates of such groups.

By extending the concept of subdegree growth to include primitive groups of height
greater than w, we were able to show that primitive groups exhibiting an exponential
subdegree growth rate above a prescribed bound were totally determined by the rate
of growth. In addition, it was shown that in many cases it is possible to classify
the possible subdegree growth rates of infinite primitive groups according to the end
structure of their orbital graphs.

In order to significantly improve upon these results, it will be necessary to address
the recondite nature of one-ended primitive graphs. It may be possible to obtain
results analogous to Theorems 4.9 and Theorem 5.8, characterising a class of one-
ended graphs and showing that every infinite primitive group possessing a locally
finite one-ended orbital graph has an orbital graph in this class. Little has been done
in this area. In [15], Jung defines several different equivalence relations on the set of
half-lines of a locally finite graph, and shows the equivalence classes of these relations

are similar to ends in many respects; this approach may prove fruitful, as one-ended

7
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primitive graphs possess infinitely many of these end-like structures.

In Chapter 6 we classified the generously transitive primitive groups possessing
a locally finite orbital graph with more than one end. An improved understanding
of locally finite one-ended primitive graphs could lead to a classification of the gen-
erously transitive primitive groups possessing a locally finite orbital graph with one
permutation-end, and thus a complete classification of the locally finite generously
transitive primitive groups.

In Chapter 8 the permutation-end structure of a locally finite closed primitive

group was fully characterised by orbit length.

“Much of the theory underpinning this thesis was presented in Chapters 4 and 5
in which we classified the infinite locally finite primitive directed graphs with con-
nectivity one, and showed that any locally finite primitive group with more than one
permutation-end has a connectivity one orbital graph whose blocks have at most one
end, and that this graph is essentially unique. This thesis is not an exhaustive ac-
count of the potential applications of these results; indeed, through their careful use
it may be possible to extend the contents of Chapter 7 and determine necessary and
sufficient conditions for the primitivity of a group acting vertex- and edge-transitively
on a locally finite graph with more than one end. Such a result would be extremely
interesting, and would lead naturally to a result analogous to Theorem 3.5, giving
necessary and sufficient conditions for an amalgamated free product G := A x5 C to
act primitively on the set of right cosets of A in G. Some progress has already been
made in this area by the author, which he intends to continue in his post-doctoral

work.

The author intends to publish this work over four papers; the first classifying the
infinite locally finite primitive directed graphs, the second describing the canonical
orbital graph of an infinite locally finite group with more than one permutation-
end, proving its existence and uniqueness. The latter will also contain both the
classification of the infinite locally finite generously transitive groups with more than
one permutation-end, and the observation that infinite locally finite primitive groups

with more than one permutation-end can be written as amalgamated free products
?
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as illustrations of possible applications. In the third paper the construction of groups
with height strictly greater than w, and the revised definition of subdegree growth
will be published, along with the contents of Chapter 9. A fourth and final paper is
planned, containing the complete characterisation of the permutation-end structure

of infinite locally finite primitive groups.
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