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Abstract

Understanding bacterial transport through porous media is crucial for de-
termining the efficiency of bioremediation strategies. Specifically, chemo-
taxis – the movement of bacteria in response to chemical gradients – plays
a crucial role by directing bacteria towards higher chemical concentrations.
Therefore, understanding the behaviour of chemotactic bacteria in porous
media can help design more effective bioremediation strategies by facil-
itating the movement of bacteria towards subsurface contaminant sites.
There have been many laboratory studies of bacterial transport in the
subsurface environment using various methods and techniques. Unfor-
tunately, the existing mathematical models, cannot aid in resolving the
inconsistencies between mathematical simulations and experimental data.
In particular, when using the upscaled Keller-Segel model derived using
gas kinetic theory.

In this thesis we aim to is to develop effective media models of bacterial
chemotactic transport in porous media. Our method of upscaling through-
out the thesis uses asymptotic homogenisation. This method is especially
useful when dealing with highly heterogeneous systems since it captures
the whole system’s behaviour without accounting for the physical hetero-
geneity; another objective is to understand the theoretical limitations of
the upscaling procedure, thus providing a framework for further uses of
the asymptotic homogenisation on more refined models.

To achieve these objectives, we gave a detailed outline of a simple Keller-
Segel model in a periodic microstructure and providing an argument of
the model’s limitations and validity. First, we established the model’s
validity at the pore scale. Second, we identified the varying timescales
of the different processes governing the transport model. Through the
second step, we identified three different limiting cases of the transport
model. Then we applied the homogenisation method to derive three ef-
fective forms of the Keller-Segel model according to the advective flow
strength. Finally, applying the effective models on two case studies, we
validated the effective models through direct comparison using the results
from performing the exact simulations or by comparing the predictions of
the effective model against experimental data.



In all the effective models derived using asymptotic homogenisation, we
found that the upscaled chemotaxis process is affected by the attractant’s
upscaled diffusive process regardless of any flow dispersion effects. These
findings differ from the upscaled model developed using the average vol-
ume method, where the chemotaxis flow contributes to the dispersion pa-
rameter. Nevertheless, both methods yielded the same simulation results,
thus showing the robustness of the two upscaling methods. However, the
homogenised models in this thesis are easier to simulate and carry out
extensive numerical investigations. Finally, using numerical simulations
we showed that the order of the relative error between the homogenised
model and the exact solution of the bacterial density is

√
ε, which is the

same order as the error in the homogenised substrate gradient. How-
ever, the error analysis did not include limiting case of dominant additive
timescales.

The insight gained in this thesis has significant implications for the devel-
opment of experimental studies concerning chemotactic transport, where
it can guide the development of experimental protocols to achieve bet-
ter control of the different factors that may affect chemotactic transport.
Furthermore, it supports the application of asymptotic homogenisation to
develop different mathematical models. For instance, to develop an effec-
tive Keller-Segel model under different assumptions that overcome some of
the limitations imposed in this thesis or apply asymptotic homogenisation
to other mathematical approaches that deal with different bias transport
processes in porous media.
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Chapter 1

Introduction

Over the past decades, organic pollutants have been discarded irresponsibly [142]. In
the United States alone, it is estimated that conventional decontamination techniques
will cost $1 trillion [142, 49]. Often, the key contributors to the spread of organic
contamination in soil and groundwater is the unintentional release and improper
disposal of solvents and petroleum-based products into the soil. These organic com-
pounds often form non-aqueous phase liquids (NAPLs) that acts as long-term sources
of contamination [216]. While large NAPL pools can be removed, residual amounts
often remain lodged in the soil. Even under flowing water, these trapped NAPLs may
stay immobile, acting as small, scattered sources of contamination that gradually dis-
solve into groundwater. The natural flow of the groundwater forms a contaminated
plume downstream of the NAPL source which is difficult to eliminate (see Figure 1.1).
Recognising the high cost and impracticality of fully removing all trapped contami-
nants, researchers have explored the role of the microbial communities in subsurface
environments and how they can be used to develop safe alternatives to physicochem-
ical remediation strategies, such as pump-and-treat methods [128, 104, 149].

Bioremediation is an alternative remediation strategy where removing pollutants
involves bacterial populations. It is an environmentally friendly and cost-effective
method for treating contamination and can be applied to various contaminants, in-
cluding NAPLs [187]. Studies have shown that bacterial populations migrate chemo-
tactically toward contaminants [85, 110, 147, 149, 152, 151, 215]. Others provided
experimental evidence of chemotaxis’s role in the biodegradation of different pollu-
tants [130, 205, 171]. However, only some laboratory studies mimicking subsurface
environments investigated if microbial motility and chemotaxis migration can occur
in heterogeneous media. [144, 77, 122, 66, 111]. As a result, experimental data sets
are limited, and there is still much to be done to explore how confinement at the pore
scale alters bacterial motility and chemotaxis.

This chapter provides general background on bacterial transport in porous me-
dia. First, we start with the well-demonstrated and characterised microbial transport
processes in an aqueous system: random motility and chemotaxis. The former allows
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Figure 1.1: A zone contaminated by DNAPL showing the source of the contamina-
tion (gray) and plume (yellow). At the pore scale, the dissolved con-
taminant resides in the aqueous phase (adopted and modified from Pak
et al. [148]).

bacteria to move independently of chemical signals, whereas the latter allows motile
bacteria to detect chemical gradients in their environment. Next, we set the stage to
discuss the current thesis’s justification, relevance, and limitations by reviewing some
pertinent laboratory and mathematical studies on random motility and chemotactic
migration in porous media. Finally, the chapter concludes with an outline of the re-
maining chapters of the thesis. Note that more specific background reviews regarding
the mathematical model developed in this thesis and the computational case studies
are presented within each main research chapter.

1.1 Bacterial Transport in Bulk Aqueous Solution

Motility is a critical strategy for bacteria to navigate their environments. Berg and
Brown [31] were the first to quantify the swimming behaviour of a single bacterial
cell in an isotropic solution using a three-dimensional microscope. The behaviour is
regarded as a three-dimensional random walk consisting of constant runs interrupted
by brief reorientations. The swimming pattern of an individual cell consists of a
series of runs and tumbles. Like diffusion, the ultimate macroscopic consequence
of all random motility is the uniform distribution of cells within a medium. This
behaviour is quantified at the level of the individual cell by the linear run speed, the
duration of the run, and the turn angle between two successive runs. Later, Lovely
and Dahlquist [126] linked the individual behaviour with the macroscopic transport
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parameter describing the motility at the population scale, µ∗0 as

µ∗0 =
v2
sτ

3(1− 〈cos θ〉)
, (1.1.1)

where vs is the experimentally measured bacterial swimming speed, τ is the mean
run time, 〈cos θ〉 is the bacterial directional persistence and θ is the turn angle distri-
butions. This definition is reduced to the commonly used equation for bulk diffusion
for a bacterial cell with no random walk bias [65],

µ∗0 =
v2
sτ

3
. (1.1.2)

The parameters in Eq.(1.1.1) are measured using either a three-dimensional track-
ing microscope [31, 197] or a three-dimensional defocused particle tracking method-
ology [208]. Other experimental techniques can directly quantify the diffusive-like
macroscopic parameter, such as capillary assays [3, 175] and stopped-flow diffusion
chamber [80, 5]. The parameters obtained with all the different approaches are con-
sistent [116, 5]. In general, the average run length of bacteria is longer than the
diffusion length of chemical solutes, and thus, the random motility is one order of
magnitude slower than dissolved chemicals in the aqueous phase.

Chemotaxis is the biased random movement of bacteria in response to a chemical
concentration gradients in their environment. The process is controlled by specialised
proteins called chemoreceptors located at the surface of the bacterium’s cell body.
When attached to certain substances in the environment, these receptors initiate
a signalling cascade within the bacterium that eventually regulates flagellar rota-
tion. The direction and velocity of the chemotactic movement is regulated by the
bacterium’s ability to compare the fraction-bound receptors at different times as it
swims across certain concentration gradients [166, 32]. This results in an extended
bacterial run length to either approach or flee the increasing chemical gradient.

There are two common chemotactic strategies: the metabolism–independent and
the metabolism–dependent mechanisms. The former is the strategy by which the
bacterium reacts to the concentration of attractant chemicals in its local surroundings
and is independent of the current metabolism state of the bacteria. The latter is
where the bacteria react to metabolites created during the nutrient breakdown rather
than directly detecting it [69, 74]. However, studies often adopt the convention that
views chemotaxis as being attracted by the nutritional preferences of bacteria. The
correlation between the chemotactic and metabolic preferences of the bacteria was the
main strategy adopted by many early studies [4, 188, 134] and later when studying
the chemotactic migration towards environmental pollutants in the bioremediation
field [105, 152, 151, 86, 109].

In a static bulk medium, a single bacterium chemotaxis is quantified as a biased
random walk style [66]. At the population level, the chemotactic migration of bacteria
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is described following a convective-like transport coefficient [16, 166, 44]. For instance,
in a shallow chemoattractant gradient, the chemotactic velocity is given by

v∗c =
χ∗0
3

K∗d
(K∗d + s∗)2∇

∗s∗, (1.1.3)

where χ∗0 is the chemotactic sensitivity coefficient, K∗d is the attractant receptor disso-
ciation coefficient, and s∗ is the chemoattractant concentration and∇∗ is the gradient.

1.2 Bacterial Transport in Porous Media

In general, observing bacterial activities in field studies can be challenging due to
the complexity of the environment. The subsurface environment is often highly het-
erogeneous, with a wide range of different types of soil and rock and varying levels
of porosity and permeability. Also, the flow dynamics in subsurface environments
can be complex, with varying flow rates and directions. On the other hand, labora-
tory studies operate on much shorter time and spatial scales than most field studies,
making it easier to control and isolate a single process to study. Bacterial motility
and chemotaxis are often studied at various lengths and time scales in the field and
the laboratory. The different spatial scales vary from 1 − 10 [m] in field studies,
10−1− 1 [m] in packed columns, 10−2 [m] in micro-models (e.g., microfluidic devices),
10−3 [m] in capillary assay and 10−5 − 10−6 [m] in tracing microscopes.

1.2.1 Bacterial Random Motility in Porous Media

The ability of the bacterium to navigate the solid matrix in a static porous medium
is impacted by the limited amount of space it must move before changing orientation.
Because of this, the actual overall movement of the swimming bacterium is longer than
what it would be in a bulk aqueous solution. Many experimental studies [164, 23,
24, 153, 178, 144] have qualitatively supported the predicted decrease in the random
motility of bacteria in porous media. To describe the random motility, these studies
used the following up-scaling defined as [24]

µ∗eff

ε
=
µ∗0
τb
, (1.2.1)

where µ∗eff is the effective random motility, ε is the porosity and τb is the bacterial tor-
tuosity. Note that, the up-scaling in Eq.(1.2.1) has the same form as the conventional
method for up-scaling the diffusion parameter of a solute, D∗s ,

D∗eff

ε
=
D∗s
τ0

, (1.2.2)

where τ0 is the solute tortuosity, which is an empirical parameter that accounts for
the effect of the morphology of the porous medium on diffusion [26]. To estimate τb,
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the bacteria is assumed to be more likely to collide with solid surfaces, a behaviour
similar to Knudsen diffusion given by

µ∗k =
dpvs

3
, (1.2.3)

where dp is the mean-pore size [89, 23, 65, 24, 77, 64, 45]. When the Knudsen diffusion
dominates, the bacterial tortuosity is defined as

τb = τ0

(
1 +

µ∗0
µ∗k

)
. (1.2.4)

Note that if the pore size exceeds the mean bacterial run length, the tortuosities of the
substrate and bacteria are assumed to be equal [124]. In many experimental studies,
gas kinetic theory significantly underestimated bacterial tortuosity in static saturated
soil columns [145]. Chen et al. [45] reported that the failure was due to a violation of
the majority of the assumptions required to apply Knudson diffusion. Unlike gaseous
particles, bacteria do not reflect when they come into contact with a solid surface;
instead, they exhibit steric inhibition, where they start a series of tumbles (hops)
until a sufficiently large turn angle is achieved that leads to moving away from the
solid surface [197, 107, 119, 108, 120, 34, 106].

Several studies were devoted to quantifying the bacterial behaviour near solid sur-
faces. Nonetheless, these previous microscope observations gave divergent observa-
tions. For example, some experimental studies reported that motility decreases depo-
sition at the solid surface [55], while others reported higher deposition of motile strains
in parallel plate flow [131]. In addition, some packed-bed studies reported that motile
bacteria strains have less surface attachment than non-motile bacteria [164, 43, 127].
On the other hand, recent research by Mok et al. [136] reported a higher accumulation
of motile bacteria on flat surfaces than on concave surfaces. To derive the random
motility of the bacteria in view of the swimming behaviour of the bacteria near the
solid porous phase, Licata et al. [117] modified the random motility in Eq.(1.1.1)
using analysis similar to what was used in [126] to a homogeneous porous medium.
The analysis demonstrated that bacterial diffusivity differs from Knudson diffusion.
Moreover, they argued that in the limit of large pore size, dp � vsτ , the bacteria’s
random motility at the pore level is the same as in Eq.(1.1.1). At small pore size,
dp � vsτ , the modified random motility is set as

µ∗p =
1

6

(1 + 〈cos θ〉)
1− 〈cos θ〉

vsτ. (1.2.5)

However, the directional persistence 〈cos θ〉 values depend on the effect of the con-
fined geometries on the turning mechanism of the bacterium and the effect of steric
inhibition.

A recent work by Bhattacharjee and Datta [35] focused on the swimming trajec-
tories generated by the steric inhibition. They suggested a new method to estimate
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the long-time bacterial translational diffusivity using experimental measurements of
bacterial hopping and trapping near solid surfaces, thus, the long-time diffusivity is
measured as ≈ 〈lh〉/3〈τt〉, where lh is the hop lengths and τt is the trapping durations
of the bacteria on the solid surface. Here, the hop lengths are assumed to be much
larger than the run length of the bacterium in bulk liquid, which reflects the profound
effect of small pore size on bacterial random motility. Later Dehkharghani et al. [58]
suggested the large-scale diffusivity in pore space is regulated by the cutoff of their
persistent motility,

µ∗p =
µ∗0(

1 + lrun

dp
(1− 〈cos θ〉)

) , (1.2.6)

where, lrun = vsτ is the bacterium’s run length in bulk. However, they also reported
that this local measurement of random motility fails to predict effective diffusivity
for relatively larger pore sizes.

Flow in porous media complicates the interactions between bacteria and the solid
matrix. The transport of bacteria in advective flows has often been treated in the
same manner as the solute dispersion experiments in porous media. Thus, the effects
of the flow on the bacteria’s motility can be quantified with the bacterial longitudinal
αL and transverse dispersion αT ; the dispersion coefficients defined as

µ∗L = αLvf +
µ∗eff

ε
, µ∗T = αTvf +

µ∗eff

ε
, (1.2.7)

where vf is the averaged linear velocity of the flow, and the conventional upscaling of
a solute’s diffusivity is defined as

D∗L = αsLvf +
D∗eff

ε
, D∗T = αsTvf +

D∗eff

ε
. (1.2.8)

According to the Taylor–Aris dispersivity for solute [68, 53], the longitudinal disper-
sivity increases as a function of the pore-scale Péclet number Pe = vfdp/µ

∗
0. Recently,

experimental observation and theoretical analysis showed that the hydrodynamic dis-
persion exhibited by the self-propelled bacteria could be different from passive solute
particles. Dehkharghani et al. [57], in their experimental study using a microfluidic
device equipped with a periodic lattice of cylindrical pillars, reported that the longi-
tudinal dispersivity of the bacteria exhibits a non-monotonic behaviour as a function
of pore-scale Péclet number. Later, Peng and Brady [154] showed, using theoretical
analysis of active Brownian particles, that the shear rate can hinder the bacterial
dispersion in parallel flows under certain flow and confinement circumstances. They
showed that the classical Taylor dispersion theory is valid whenever the mean-pore
length exceeds the bacterial run length.

1.2.2 Chemotaxis Migration in Porous Media

In static porous media, different experimental studies have identified and documented
chemotactic migration. Sharma et al. [176] observed that the non–chemotactic bac-
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teria migration is diffusive while the metabolic–mediated chemotactic migration is
observed by the distinctive chemotactic bands formed. A chemotactic band refers to
a pattern formation phenomenon in which the bacteria self-organise into a dense band
when placed in one end of a capillary tube (or rings of bacteria in the case of agar
plates) [99, 2]. Under specific growth conditions, the band profile is maintained, and
the band propagates at constant speed as a gradient of an energy source is created,
causing the population to preferentially move in the direction of the higher concen-
tration of the chemical [113, 38]. Pedit et al. [153], detected the chemotactic response
by observing the migration of the bacteria located in the glass-backed reservoir in
response to a localised attractant gradient near the glass bead packed capillary es-
say. Pedit et al. [153] reported that the chemotactic response in capillaries filled with
glass beads was found to be smaller than that observed in bulk aqueous solution.
Sometimes, the chemotactic migration could not be detected in conventional sand-
packed columns [164, 23] often due to limited detection methods. However, even when
using magnetic resonance imaging (MRI), Olson et al. [144] only detected and quan-
tified a small but statistically significant chemotactic response. In swarm plate assays
filled with sand, Roush et al. [167] detected an enhanced chemotactic response, prob-
ably due to the relatively large gradient generated by consumption. Wang et al. [201]
observed an enhanced chemotactic migration toward higher nutrient concentrations
in static porous media over long periods of time. Because the attractant gradient
generated by consumption is proportional to the bacterial abundance, the interplay
between chemotactic bacteria and population increase is what causes the enhanced
chemotactic migration.

Chemotaxis also helps bacteria move through a porous matrix with the advective
flow. Wang and Ford [199, 200], observed and quantified bacterial chemotaxis mi-
gration in a heterogeneous porous media under typical groundwater flow conditions
using sand columns. Interestingly, they reported that chemotactic bacteria were less
likely to deposit on the solid surface compared to non-chemotactic bacteria [196, 199].
Using a microfluidic device with a periodic pattern of staggered cylinders, Long and
Ford [122] observed the chemotactic bacteria’s migration in a direction perpendicu-
lar to the flow. In addition, as the flow rate increased, they observed a decrease in
transverse chemotactic migration. In general, bacterial chemotaxis was quantified by
the effective chemotaxis sensitivity coefficient in all the above studies as [144, 122]

χ∗eff

ε
=
χ∗0
τb
. (1.2.9)

Recently, de Anna et al. [54] used a microfluidic model system. The system con-
sists of microfluidic device fabricated to mimic heterogeneous porous microstructure
using a disordered arrangement of discs and crescent-shaped obstacles. Unlike the
previous studies, which focused on macro-scale observations of bacterial displace-
ments, de Anna et al. [54] focused on observing the effect of chemical gradient distri-
bution at the pore scale on the chemotactic bacteria.
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1.2.3 Mathematical Modelling and Computations

Many of the laboratory studies mentioned above utilised mathematical simulations
to broaden their findings in order to incorporate the effects of the various param-
eters that can influence bacterial migration in porous media, such as porosity and
flow rates. Because of the small computational domain, it was possible to under-
take direct simulations in certain experimental research. For instance, Dehkharghani
et al. [57] examined the effect of fluid flow on the transport of swimming bacteria
and conducted direct Langevin simulations. de Anna et al. [54] also was able to per-
form direct simulations of the Keller-Segel model [98, 100] benefiting from the small
computational domain. The Keller-Segel model direct simulations consists of two
equations describing the transport of chemoattractant concentration and bacterial
density. The chemoattractant concentration field s∗ satisfies the following advection-
diffusion equation,

∂s∗

∂t∗
= ∇∗ ·

(
D∗s∇∗s∗ − v∗s∗), (1.2.10)

where v∗ = (u∗, v∗) is the velocity field that satisfies the Stokes equations with no-slip
conditions on the perimeter of the solid obstacles. The bacterial concentration field
b∗ satisfies the following equation,

∂b∗

∂t∗
= ∇∗ ·

(
µ∗0∇∗b∗ − [v∗c + v∗]s∗). (1.2.11)

de Anna et al. [54] assumed that the chemotactic velocity of the bacteria is linearly
dependent on the chemoattractant concentration gradient,

v∗c = λ∇∗s∗, (1.2.12)

where λ is the strength of the chemotactic response. Both species are equipped
with no-flux boundary conditions on the perimeter of pillars. In most laboratory
experiments, however, it is not possible to conduct direct simulations due to the
complexity of the porous structure; instead, simulations are performed on effective
medium models. Olson et al. [146] proposed the following effective medium model

∂s∗

∂t∗
= ∇∗ ·

(
D∗eff∇∗s∗ − v̄∗s∗), (1.2.13a)

∂b∗

∂t∗
= ∇∗ ·

(
µ∗eff∇∗b∗ − [v̄∗c + v̄∗]s∗), (1.2.13b)

where, v̄∗ = (u∗, 0) is the averaged linear velocity of the flow (Darcy flow), and the
effect chemotaxis velocity, v̄∗c , is defined in terms of Eq.(1.1.3) and Eq.(1.2.9) as:

v̄∗c =
χ∗eff

ε
v∗c . (1.2.14)
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The effective tensors are defined in terms of Eq.(1.2.7) and Eq.(1.2.8) as

D∗eff =

(
D∗L 0
0 D∗T

)
, µ∗eff =

(
µ∗L 0
0 µ∗T

)
. (1.2.15)

Note that an effective medium model often refers to a macro-scale model with effective
parameters that captures the effects of pores on chemotactic transport. The tortuosity
τ0 needed in the effective parameters is challenging to measure and is often obtained
by the averaged best-fit solution to experimental data [144]. Olson et al. [144, 146]
postulated that less chemotactic migration occurs when reducing bead size than is
observed in the larger beads, and thus, the migration is reduced when the run length
is similar to the mean pore size. However, Long and Ford [122] numerical simulations
of the effective model above did not show any chemotactic response even though the
run length was smaller than the mean pore length. In fact, under a slow flow rate,
the experimentally observed chemotactic response was several orders of magnitude
higher than any observed in conventionally packed columns.

Valdés-Parada et al. [194] applied the volume averaging method (VAM) to up-
scale the Keller-Segel model and obtained an effective medium model. Two effective
coefficients concerning the bacterial chemotactic transport were introduced: a total
motility tensor, representing the combined effect of the flow and chemotaxis dis-
persion, and a total velocity vector, representing the additive chemotaxis and flow
advection. Afterward, Porter (2011) applied the effective Keller-Segel model to the
experimental study of Long and Ford [122]. The simulations using the successfully
predicted the chemotactic drift compared to the model in Eqs.(1.2.13). However, the
model simulations underestimated the transverse chemotactic migration at slow flow
rates. Although the effective medium model upscaled using VAM reduced the compu-
tational complexity due to microstructure, it continues to be numerically challenging
to determine the effective parameters of the bacterial equation due to the dependence
on the spatial distribution of the chemical gradient.

From this discussion, it is clear that a comprehensive understanding of chemo-
tactic transport in porous media is lacking. Moreover, the majority of the findings
of the previous studies remain at the empirical level; and the mathematical models
did not successfully predict or explain many of the experimental observations. The
contribution of this thesis is in the context of upscaling a Keller-Segel model which
also include cellular growth/death and consumption of the attractant using asymp-
totic homogenisation method. Unlike volume averaging, asymptotic homogenisation
requires detailed understanding of the time scales governing the mass transport mod-
els. Thus, in this thesis the effective medium model is different than the one derived
in Valdés-Parada et al. [194].
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1.3 Outline of Thesis

In Chapter 2, we outline a two-dimensional Keller-Segel model in arbitrary periodic
porous media, considering metabolic rates and flow. First, we describe the porous
domain, which is comprised of periodic subdomains, each of which is a duplicate
of a typical representative volume element (RVE). After that, we give an argument
concerning the validity of the continuum model at the pore scale. Namely, we follow
the common assumption that the behaviour of the bacteria when the run length
is much smaller than a given pore measure is diffusive. In the aqueous phase of the
porous domain, the flow is unidirectional and is governed by the Stokes equations with
no-slip boundary conditions at the interface between the aqueous phase and the pore
solid surface. Then, we give a detailed description of a Keller-Segel model, including
the attractant’s consumption rates and cellular growth and death rates. The bacteria
are assumed not to attach to the solid phase of the porous structure assuming that
the duration the bacteria spend on the solid surface is negligible. Lastly, we perform
a non-dimensional analysis of the model. This step is vital to understanding the
microscopic behaviour governing the transport model. The model in this chapter is
not novel. However, the argument we give to estimate the carrying capacity of the
logistic growth is first proposed in our work.

In Chapter 3, we derive an effective form of the model described in Chapter 2.
The chapter starts by illustrating the concepts of the formal asymptotic homogenisa-
tion method. Before applying the asymptotic homogenisation, it is vital to describe
accurately the model at the micro-scale by proposing all the possible scales of the
different processes governing the mass transfer of the two species. At the pore scale,
we argue that the two species’ mass flow is governed only by the advection strength.
The main objective of Chapter 4 is to give a numerical validation of the effective
models developed in Chapter 2. The work in this chapter is particularly relevant to
the paper by Yan and Hilpert [211], where we compare simulations of the effective
model with the direct simulations of the original model. Chapter 5 is relevant to the
paper by Long and Ford [122]; where we use the relevant effective model in Chapter
3, however, since the microfluidic device is three-dimensional, it is important account
for the affects of the shallow depth on the model defined in Chapter 2 and 3. For this,
we introduce a depth-averaged flow and implement Taylor diffusivity theory. Then,
we compare the simulation results of the effective model with the experimental data
and the model’s results developed by volume averaging in Porter et al. [157]. Finally,
in Chapter 6, we summarise the main results and suggest some directions for future
work.
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1.4 Statement of Originality

In Chapter 2, the model described is not original; however, the estimation of the
carrying capacity in the logistic growth term is. In Chapter 3, we claim the originality
of the asymptotic homogenisation approach starting from Section 3.3. In Chapter 4,
the application of the homogenised model and the analysis are original. Although the
ideas behind the numerical simulations were borrowed from to the paper by Yan and
Hilpert [211]. Finally, in Chapter 5 the originality is claimed starting from Section 5.2
with the except to the data used for comparison without simulation results.
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Chapter 2

Keller-Segel Model Incorporating
Confinement, Flow and Metabolic
Rates

Microbial activity and chemotaxis play an important role in the bioremediation field
in aiding the removal of subsurface contaminants [181]. However, the mathemat-
ical models used to describe the biodegradation process in a porous medium of-
ten incorporate the microbial metabolic rates but neglect the role of chemotaxis in
the biodegradation process. On the other hand, mathematical models used to ex-
plore chemotaxis transport in porous media often ignored the population’s metabolic
processes. In this chapter, we describe a general form of the classical Keller-Segel
model [99, 97, 115, 82, 50] that incorporates spatial confinement, medium flow, and
microbial proliferation as in [125, 211, 212]. We will consider a simplified model as
an important step toward gaining a deeper understanding of microbial chemotactic
migration in subsurface environments.

We begin with a brief discussion of the assumptions that justify applying a con-
tinuum model to describe microbial transport in a porous medium. Then we describe
a two-dimensional general Keller-Segel model consisting of two mass transport equa-
tions for the substrate and bacterial concentrations under flow conditions. We assume
a completely dissolved substrate and bacterial suspension in the aqueous phase. Ad-
vection of the two species in an aqueous medium is described by a unidirectional
laminar flow where we neglect any possible shear rate effects over the bacteria swim-
ming behaviour. The model timescales and governing fluxes are defined using realistic
parameter values found in the literature, measured in non-porous aqueous phase un-
der quiescent conditions. We carry out a non-dimensional analysis to determine the
model’s characteristic time and spatial scales. This step is vital for starting the
asymptotic homogenisation process in the following chapter.
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2.1 Domain of the Model

Through out this chapter we assume an arbitrary periodic porous medium. The
domain of interest is Ω∗ ⊂ R2 characterised by the global/macro length-scale L∗x1

(see
Figure 2.1) and boundaries ∂Ω∗ such that

Ω∗ = [0, Lx∗1 ]× [−Lx∗2/2, Lx∗2/2], (2.1.1)

The domain consists of two periodic phases, a solid phase Ω∗s and an aqueous phase
Ω∗f , such that

Ω∗ = Ω∗s ∪ Ω∗f . (2.1.2)

The domain boundaries consist of the solid-aqueous interface, denoted by Γ∗s, and
those of the exterior boundary, denoted by Γ∗,

∂Ω∗ = Γ∗s ∪ Γ∗. (2.1.3)

The exterior boundaries are the union of the four sides of the domain Ω∗ as seen in
Figure 2.1,

Γ∗ = Γ∗T ∪ Γ∗B ∪ Γ∗L ∪ Γ∗R, (2.1.4)

without any loss of generality, we assume the exterior boundary and solid-aqueous
interface do not intersect. The mass transport of both the bacteria and the attractant
concentration takes place in the aqueous phase Ω∗f which is assumed to be connected
and saturated by an aqueous fluid. The aqueous phase Ω∗f is what we refer to as a
saturated porous medium. A point in Ω∗f is referred to as x∗ = (x∗1, x

∗
2), hence, the

differential operators are of the form,

∇∗ =

(
∂

∂x∗1
,
∂

∂x∗2

)
, (2.1.5)

∇∗2 =
∂2

∂x∗21

+
∂2

∂x∗22

. (2.1.6)

The domain Ω∗f is locally periodic and defined as the union of periodic sub-domains
viewed as linear translations of a spatial unit-cell characterised by the local/micro
length-scale l∗y1

. The two spatial scales are well separated, i.e.

ε =
l∗y1

L∗x1

� 1, (2.1.7)

where ε is the dimensionless separation of scale parameter. The periodic sub-domains
(microstructure) are represented either as square arrays or a periodic structure of
hexagonal arrays and with porosity φ (see Figure 2.1). Further details are given in
Section 3.1 of Chapter 3.

Remark 2.1. In the case of a random porous medium, Auriault [20] argues that
random and periodic media have the same macroscopic descriptions when they exist.
Therefore, understanding the effective model in a periodic structure is an important
step to gain insight into chemotactic migration in a random porous medium.
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Figure 2.1: A schematic plot of the rectangular region domain Ω∗ = [0, Lx∗1 ] ×
[−Lx∗2/2, Lx∗2/2]. For the solid phase, Ω∗s, we consider two porous con-
figurations: a square array of solid circular inclusions and a hexagonal
array of solid circular inclusions. The aqueous phase, the saturated
porous structure, of the domain is denoted by Ω∗f . See text for further
details. Notice that the periodic porous media are not restricted to the
given two microstructures.

2.2 Validity of the Continuum Models in Porous

Media

Models of chemotactic transport in porous media have been represented either by
continuum models defined at the pore scale and then upscaled to a macroscopic
scale [195] or by direct pore scale simulations using Boltzmann simulations [125, 211,
212]. When developing continuum models, there are some continuum requirements
that must be met at the pore scale. We inspect the validity of continuum assumptions
of passive tracer transport in porous media using the Knudsen number. The Knudsen
number (Kns) is the dimensionless ratio of the molecular mean free path length to
the pore length scale, and is written:

Kns =
λs
ly∗1
� 1. (2.2.1)

Here λs is the mean free path; the mean distance travelled by a particle before colliding
with another. Formally, the Knudsen number in liquids with the mean free path of
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molecules of about 10−10[m] [169] is small, because the typical local/micro length-
scale l∗y1

is of order 10−4[m]. Therefore, the collision of tracer molecules mainly occurs
between the free molecules, this leads to Fickian diffusion, and thus the continuum
assumption for the tracer equation is met [217, 84, 163].

On the other hand, the measurements of the diffusivity (random motility) of a
bacterial population in aqueous bulk fluid is related to the microbial swimming be-
haviour. The swimming pattern of a single bacterium, such as E. coli, consists of
a consecutive sequence of runs and tumbles that resembles a random walk [78]. A
rapid tumble (0.1 [s]) interrupts a run, which usually lasts for seconds, and subse-
quently causes a change in direction [40, 78, 208]. Thus, the swimming dynamics of
a single bacterium in confinement is different to that in bulk fluid. A Knudsen–like
number, also known as the confinement parameter, is used to quantify the strength
of confinement and to validate the continuum assumptions [75, 71, 154]. We set the
mean path of a single bacterium – in absence of environmental cues – as the run
length, lrun = vsτ , with single bacterium swimming speed vs and the time between
consecutive tumbles τ ∼ 1 [s]. For swimming speed between 20 − 40 [µm s−1] and
τ ∼ 1 [s], we have lrun ∼ 20− 40 [µm], which gives:

Knb ≈
lrun

ly∗1
∼ O(10−1). (2.2.2)

A bacterium travels its entire run-length of order lrun without colliding with the
pore’s solid walls in the limit Knb � 1. On the other hand, when Knb > 1, the
swimming trajectories of the bacterium become frequently disrupted by the pore
walls, affecting the swimming dynamics and the random motility of the bacterium.
Thus, to ensure the validity of the continuum assumption [135, 162], we consider
l∗y1

such that confinement parameter in (2.2.2) is less than one. In the presence of
chemical cues, the bacterium travels a distance lch = D∗s/vs to test for environmental
cues before it diffuses [79], and thus, for a typical chemical diffusion, D∗s , of order
10−9 − 10−10 [m2 s−1], we have:

Knch ∼
lch
ly∗1
� 1, (2.2.3)

which is sufficient to justify applying a continuum approach to describe chemotactic
migration in porous structures. It is worth noting that the above discussion best fits
the simplified case where the suspended bacterial population remains in its planktonic
structure, neglecting the possibility of forming biofilm. Furthermore, the population is
assumed to remain sparse to the extent that the effects of crowding-induced collisions
are negligible.

Remark 2.2. The pore confinement induces shear rates that may affect the chemo-
tactic drift, however, as a first step toward upscaling chemotactic migration we only
address the classical Keller-Segel model governed by simplified assumptions.
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2.3 Description of the Mathematical Model

In this section, we formulate the general model describing the chemotactic migration
of microbial growth in a porous medium.

Mass Balance Equations. We examine a model where a substrate dissolved in an
aqueous medium is degraded by the bacterial population suspension. The substrate
concentration and the bacteria population are governed by the system

∂s∗

∂t∗
+∇∗ · J∗s = G∗s(s

∗, b∗) in [0, T ∗]× Ω∗f , (2.3.1a)

∂b∗

∂t∗
+∇∗ · J∗b = G∗b(s

∗, b∗) in [0, T ∗]× Ω∗f . (2.3.1b)

Eq.(2.3.1a) represents the transport of the completely dissolved substrate concen-
tration in an aqueous fluid, s∗ = s∗(t∗,x∗), in the aqueous phase Ω∗f of the porous
medium. Note that J∗s denotes the sum of substrate fluxes. Eq.(2.3.1b) determines
the evolution of the bacteria population, b∗ = b∗(t∗,x∗), in the aqueous phase with
sum of the fluxes J∗b . We assume that the dissolved substrate and bacteria population
within a free suspension do not change the aqueous fluid viscosity. In the substrate
equation, the kinetics represents the consumption of the substrate and are expressed
by the function G∗s, which depends on both species. The function G∗b expresses the
overall generation rate of the microbial population. The dissolved substrate and the
bacterial suspension population are viewed as two miscible solvents having the same
viscosity.

Boundary and Initial Conditions. There are two forms of boundary conditions,
the solid-aqueous interface conditions defined on Γ∗s, and exterior boundary conditions
defined on Γ∗. At the solid-aqueous interface Γ∗s, we assume a no-flux conditions for
both the bacteria and substrate concentrations,

−n · J∗s = 0 at Γ∗s, (2.3.2a)

−n · J∗b = 0 at Γ∗s, (2.3.2b)

where n is the unit outward normal vector at the solid-aqueous interface. Thus,
the interface conditions are assumed to be non-reactive with no dissolution of the
substrate, or any attachment-detachment of the bacteria on the solid matrix. To
close the model, we define the initial and exterior boundary conditions. The model
is equipped with an initial substrate concentration and the initial microbial density
in the aqueous phase given by:

s∗(0,x∗) = s∗in(x∗) in Ω∗f , (2.3.3a)

b∗(0,x∗) = b∗in(x∗) in Ω∗f . (2.3.3b)
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For notational simplicity, the general form for the exterior boundary conditions is
written with a slight abuse of notation as follows:

−n · J∗s = H∗s (x∗, s∗, b∗) at Γ∗, (2.3.4a)

−n · J∗b = H∗b (x∗, s∗, b∗) at Γ∗. (2.3.4b)

These exterior boundary conditions are represented by the two flux functions,
H∗s [M m s−1] in Eq.(2.3.4a), and H∗b [cells m s−1] in Eq.(2.3.4b).

The Net Fluxes. The substrate net flux given in Eq.(2.3.1a) is the sum of molec-
ular diffusion (modelled using Fick’s law) and advection, and reads

J∗s = −D∗s∇∗s∗︸ ︷︷ ︸
diffusion flux

+ v∗s∗︸︷︷︸,
advection flux

(2.3.5)

where D∗s is a constant diffusion coefficient and v∗ is the medium flow within the
aqueous phase. The net flux of bacteria density in Eq.(2.3.1b) accounts for both the
random and biased movement under medium flow, and reads

J∗b = −D∗b∇∗b∗︸ ︷︷ ︸
diffusion flux

+ v∗cb
∗︸︷︷︸

chemotactic flux

+ v∗b∗︸︷︷︸ .
advection flux

(2.3.6)

Here, v∗c is the chemotactic velocity of the bacteria population, while D∗b is a constant
diffusivity coefficient representing the random motion of the bacteria population.

Remark 2.3. The results throughout this thesis are also applicable if we assume con-
stant second order tensors, that is, letting: D∗s := D∗s and D∗b := D∗b (see Chapter 5).
In general, to apply the asymptotic homogenisation methods the tensors are assumed
to be symmetric and positive definite [11].

2.3.1 Advection Flux

The aqueous phase can be stagnant or we impose a flow with a constant velocity in the
x1-direction. The advective fluxes are modelled assuming a porous medium saturated
with a Newtonian fluid (aqueous fluid). The flow at the pore scale is assumed to
remain concentration-independent, and with small Reynolds number

Re =
ρV ∗ly∗1
µ

� 1, (2.3.7)

where µ [kg m−1 s−1], ρ [kg m−3] and V ∗ are the viscosity, density and characteris-
tic speed of the flow, respectively. A macroscopic gradient of pressure in the x∗1-
coordinate direction (the axial direction) forces the flow through the pores. The
unidirectional velocity satisfies the following two-dimensional Stokes equations:

∇∗ · v∗ = 0 in Ω∗f , (2.3.8a)
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µ∇∗2v∗ −∇∗p∗ = 0 in Ω∗f , (2.3.8b)

v∗ = 0 at Γ∗s, (2.3.8c)

where v∗ = (u∗, v∗) [m s−1] and p∗ [kg m−1 s−2] are the velocity and pressure, re-
spectively. Unless stated otherwise, the walls at Γ∗T ∪ Γ∗B are equipped with no-flow
boundary conditions, i.e.

−n · v∗ = 0 at Γ∗T ∪ Γ∗B. (2.3.9)

We set the inflow and outflow boundary conditions as

−n · v∗ = V ∗ at Γ∗L, (2.3.10a)

−n · v∗ = −V ∗ at Γ∗R, (2.3.10b)

where V ∗ is the characteristic velocity in a domain. We impose the conditions in
Eqs.(2.3.10) for convenience. In general, these conditions should be replaced with
experimentally measured pressure drop values in the domain [179, 159]. Note that the
results in subsequent chapters can easily be modified to include the effect of stresses
on the lateral walls Γ∗T and Γ∗B. Great care should be taken when considering the
effect of the global shear rate on the microbial population with dominant advection,
and thus, any possible affects of the induced shear rates on the microbial swimming
behaviour should be investigated [154].

Remark 2.4. Under the assumption that all the forces, including the pressure gradi-
ents, remain constant over the entire domain Ω∗f , posing Stokes equations (2.3.8) and
(2.3.10) on porous media generates purely periodic velocity fields [161]. Furthermore,
the Neumann boundary condition in (2.3.9) gives uniform flow (plug flow) free from
global shear affects.

2.3.2 Chemotactic Flux

The chemotactic drift in Eq.(2.3.6) is expressed in the following generic form,

v∗c = χ∗(s∗)∇∗s∗, (2.3.11)

where χ∗(s∗) is a chemotactic sensitivity function and ∇∗s∗ is the gradient of a non-
metabolic attractant concentration. The functional form of χ∗(s∗) is not well estab-
lished [114], and in Table 2.1 we give a few of the most commonly used chemotactic
sensitivity functions.

The chemotactic velocity developed in Rivero et al. [166] was first derived for
one-dimensional domains and has since been extended to two dimensions by Ford
and Cummings [76] and to three dimensions by Chen et al. [44]. The model has the
following form:

v∗c =
2

3
vs tanh

(
χ∗0
2vs

K∗d ‖∇∗s∗‖
(K∗d + s∗)2

)
∇∗s∗

‖∇∗s∗‖
. (2.3.12)
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Chemotactic Velocity Form of χ∗(s∗)

Constant χ̄∗0

Logarithmic
χ∗0
s∗

Receptor Law χ∗0
K∗d

3(s∗ +K∗d)2

Rivero et al. [166]
2

3
vs tanh

(
χ∗0
2vs

K∗d ‖∇∗s∗‖
(K∗d + s∗)2

)
1

‖∇∗s∗‖

Table 2.1: Some Chemotactic velocity models that have been used in experimental
studies. Here, K∗d , vs, and χ∗0 are the receptor constant, the bacteria
swimming velocity, and the chemotactic sensitivity constant, respectively.
They are related by χ̄∗0 = χ∗0/K

∗
d .

Here, the unit vector ∇∗s∗/ ‖∇∗s∗‖ points in the direction of the gradient of the
attractant concentration, vs is the swimming speed of the bacteria, χ∗0 is the chemo-
tactic sensitivity parameter, and K∗d is the receptor saturation constant. The bacteria
will increase their chemotactic velocity up to the maximum theoretical chemotactic
velocity, which is given by

max
t∗, x∗

|v∗c | =
2

3
vs. (2.3.13)

The maximum theoretical chemotactic velocity is in good agreement with the exper-
imental observations in Ahmed and Stocker [5], where the experimentally evaluated
chemotactic velocity can reach ∼ 36% of the E.coli swimming speed. In the same
context, Chen et al. [44] reported that in most experimental settings, the argument
in Eq.(2.3.12) is bounded like

ξ∗ =
χ∗0
2vs

K∗d
(K∗d + s∗)2

‖∇∗s∗‖ � 1, (2.3.14)

which gives:

‖∇∗s∗‖ � 2vs(s
∗ +K∗d)2

χ∗0K
∗
d

. (2.3.15)

If the condition in Eq.(2.3.14) holds, then the chemotactic velocity is often reduced
to a simpler form of the receptor law,

v∗c ∼
χ∗0K

∗
d

3(s∗ +K∗d)2
∇∗s∗. (2.3.16)
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The advantage of the chemotactic velocity defined in Eq.(2.3.12) is that the velocity
never exceeds the bacterial swimming speed. In contrast, large gradients of chemoat-
tractant concentration can lead to an unrealistic population velocity when using the
receptor law in Eq.(2.3.16).

In Figure 2.2, we plotted the magnitude of chemotactic velocity in Eq.(2.3.12) as
a function of the chemoattractant gradient and concentration. The plots show that
the computed chemotactic velocities reach 1.4× 10−3 [cm s−1], which is about 60% of
the swimming speed of E.coli, and is thus within the theoretical chemotactic velocity.
On the other hand, in Figure 2.3, the magnitude of chemotactic velocity is plotted
using the receptor law in Eq.(2.3.16), for the same values used in Figure 2.2, and we
see that it exceeded the bacteria swimming speed. The region where the receptor law
gives unrealistic chemotactic velocity values in Figure 2.3(a) is when ξ∗ > 1. On the
other hand, the velocities shown in Figure 2.3(b), computed using the receptor law
when for ξ∗ < 1, are close to the ones seen in Figure 2.2(b). Thus, the receptor law
is valid for shallow chemoattractant gradient values, mathematically:

‖∇∗s∗‖ � 2 [mM cm−1]. (2.3.17)

This demonstrates that the receptor law is a good general approximation of the
chemotactic velocity, provided that condition (2.3.15) is satisfied. In most microfluidic
experiments the generated chemical gradients are shallow, so the condition in (2.3.15)
is satisfied. There are some exceptions found in the Dahlquist et al. [51] and Ahmed
and Stocker [5] studies, where the non-dimensional argument ξ∗ was reported to
exceed unity. As the steepness of the gradient is temporary and covers a short spatial
region, the receptor law has been reported to fit the data most closely [114].

2.3.3 Model Kinetics

Motivated by biodegradation, the general Keller-Segel model represents a reactive
transport model where the population migrates toward a fully dissolved chemoat-
tractant which is consumed as a source–energy taxis [189, 7, 123]. The energy gained
by the bacteria is transformed to another component by a co-metabolic process to be
utilised for maintenance and growth [6]. We describe a simple reactive process where
the substrate decays due to bacteria consumption. In the following, we will consider
specific forms for G∗s and G∗b in Eq.(2.3.1b) to capture the population consumption,
growth, and decay.

2.3.3.1 Saturated Monod Kinetics

The bacteria growth starts when there is an energy source available to support both
cell maintenance and growth. Using Michaelis-Menten kinetics, the uptake rate of a
planktonic microbial population is written as

q∗s = −ds∗

dt∗
= q∗max

s∗

s∗ +K∗s
, (2.3.18)
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(a) (b)

Figure 2.2: Plots of the magnitude of chemotactic velocity, ‖v∗c‖ [cm s−1] of E.coli
bacteria under a chemoattractant gradient in 1D using Eq.(2.3.12).
The values of the gradient, ‖∇∗s∗‖ [mM cm−1], vary from 0 to 20
[mM cm−1], and the chemoattractant concentration ‖s∗‖ [mM] varies
from 0 to 1 [mM]. The magnitude of chemotactic velocity defined in
Eq.(2.3.12) is plotted in (a), and in (b) we plotted ‖v∗c‖ when ξ∗ < 1.
For these simulations we assumed the following values of the parameters,
vs = 22 [µm s−1], χ∗0 = 4× 10−5 [cm2 s−1], K∗d = 0.125 [mM] [5].

(a) (b)

Figure 2.3: Plots of the magnitude of chemotactic velocity, ‖v∗c‖ [cm s−1] with the
same parameter values used in Figure 2.2. Here we used the chemotactic
velocity defined using the receptor law in Eq.(2.3.16). The chemotactic
velocity plotted exceeds the bacteria swimming speed in (a), but in (b)
when satisfying the conditions ξ∗ < 1, the magnitude of chemotactic
velocity remains in an acceptable range as in Figure 2.2.

21



where q∗max [(mg substrate/mg cells)s−1] is the maximum specific uptake rate and K∗s
is the same as the constant of the Michaelis-Menten kinetics [42]. The enzyme reac-
tions at the microbial membrane limit the substrate flux into the cell, which is reflected
in the saturation in the uptake kinetics [42]. When the bacteria consumption reaches
saturation, an analogy between the microbial uptake and the Michaelis-Menten en-
zymic kinetics is possible. At saturation the specific growth rate, µ∗b [s−1], is related
to Eq.(2.3.18) in the following way [42, 182]:

µ∗b = Y q∗s , 0 < µ∗b < µ∗max, (2.3.19)

where µ∗max [s−1] is the maximum specific growth rate and Y [mg cells/mg substrate],
is the yield coefficient,

db∗

dt∗
= −Y ∗ds

∗

dt∗
. (2.3.20)

Setting the maximum specific growth to be

µ∗max = Y ∗q∗max, (2.3.21)

and the specific growth rate to be

µ∗b = µ∗max

s∗

s∗ +K∗s
, (2.3.22)

the uptake rate can be rewritten as:

µ∗s = −µ
∗
max

Y ∗
s∗

s∗ +K∗s
. (2.3.23)

The relation given in Eq.(2.3.22) is referred to as Monod kinetics, an empirical relation
valid in the case of saturated kinetics [42]. The bacteria decay rate is set using the
natural decay of the bacteria, expressed by a first-order reaction, r∗decay, as

r∗decay = K∗b b
∗, (2.3.24)

where K∗b [s−1] is the constant bacteria death rate.

2.3.3.2 Kinetics of Inhibition

The microbial growth kinetics are affected by competitive inhibition, non-competitive
inhibition, self-inhibition, and product and toxicity inhibition. The kinetics of inhi-
bition are used to describe the observed growth limitation that is not captured by
the Monod kinetics. There are many models used to describe different inhibitions,
wherein the inhibition kinetics reduce the growth rate of the population. Here, we
are interested in competitive inhibition, which we also refer to as growth inhibition,
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where the population growth is described using the product of Monod kinetics with
a logistic growth term,

µ∗i = µ∗max

s∗

s∗ +K∗s

(
1− b∗

K∗c

)
, (2.3.25)

such that µ∗i is the Monod-inhibition growth kinetics, with carrying capacity constant
K∗c . Taking cues from Sakanoue [170], we can express the carrying capacity constant
of the population as a function of the microbial biochemistry properties, hence

K∗c = (1− ω) b∗max, (2.3.26)

where the dimensionless parameter ω = K∗b /µ
∗
max is the ratio between the constant

decay rate and the maximum specific growth rate. Note that the death rate, K∗b ,
commonly used in the literature is always smaller than µ∗max, and thus, ω < 1. One
possible estimation of b∗max is taken to be the maximum population size sustained by
a bacteria population at the end of batch growth as reported in Kargi [95]. In a batch
culture the nutrients are available to sustain population growth without any spatial
restrictions. The rate of change of the bacteria concentration in batch growth is
defined in Eq.(2.3.20), where at the end of a batch growth the bacteria concentration
estimation is as follows:

b∗max = b∗in + Y ∗(s∗in − s∗min), (2.3.27)

where s∗in and s∗min are the concentrations at the beginning and the end of the batch
growth. Here, the values of b∗in and s∗min are negligible when compared with b∗max and
s∗in [95]. Thus, we can approximate Eq.(2.3.27) as:

b∗max ∼ Y ∗s∗in. (2.3.28)

From Eq.(2.3.28) and ω, we have a new measurable estimation of K∗c connecting the
carrying capacity of the logistic growth with the bioavailability of the substrate to
the population.

2.3.3.3 The Net Generation and Consumption Rate

While the substrate consumption rate is expressed using saturated Michaelis-Menten
kinetics, the bacteria net generation rate is expressed as the sum of the saturated
Monod-inhibition kinetics and the natural decay rate. Therefore, the final form of
the generation and consumption rates read,

G∗b(s
∗, b∗) = µ∗max

s∗

s∗ +K∗s

(
1− b∗

K∗c

)
b∗ −K∗b b∗, (2.3.29a)

G∗s(s
∗, b∗) = −µ

∗
max

Y ∗
s∗

s∗ +K∗s
b∗. (2.3.29b)
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The biomass accumulation due to growth can affect the model in different ways. First,
the biomass can change the viscosity of the aqueous fluid [121]. Second, the collective
swimming behaviour can affect the spatial distribution of the chemoattractant gradi-
ent [47]. Third, the accumulation of biomass leads to clogging of the pores, increased
crowding-induced collisions [34, 36, 17] and the formation of biofilm [138, 158]. In
our simplified model, we assume that the population remains below a threshold, that
is, b∗max < b∗crowd, and thus, we avoid dealing with such effects.

2.3.4 Solid-Aqueous Interface

To restrict the chemotactic drift to the fluid phase, we set a non-reactive solid-aqueous
interface. Such simplification can be justified when considering several experimental
studies involving microfluidic devices [122, 87, 106]. Thus, we set Neumann boundary
conditions for both species,

−n∗ · (D∗s∇∗s∗) = 0 on Γ∗s, (2.3.30a)

−n∗ · (D∗b∇∗b∗) = 0 on Γ∗s, (2.3.30b)

where we used the flow condition, v∗ = 0 (see Eq.(2.3.8c)).

2.4 The Mathematical Model

From the preceding section, we write the model describing chemotactic migration of
bacterial population in a saturated porous medium as

∂s∗

∂t∗
= ∇∗ · (D∗s∇∗s∗ − v∗s∗)− µ∗max

Y ∗
s∗

s∗ +K∗s
b∗ in [0, T ∗]× Ω∗f , (2.4.1a)

∂b∗

∂t∗
= ∇∗ · (D∗b∇∗b∗ − [v∗ + χ∗(s∗)∇∗s∗]b∗),

+ µ∗max

s∗

s∗ +K∗s

(
1− b∗

K∗c

)
b∗ −K∗b b∗ in [0, T ∗]× Ω∗f , (2.4.1b)

where v∗ is an incompressible steady flow. The chemotactic transport model is sup-
plemented by appropriate boundary conditions on the solid-aqueous interface and the
external boundaries, and by an initial data condition. The initial datum is:

s∗(t,x) = s∗in(x), and b∗(t,x) = b∗in(x), (2.4.2)

defined on Ω∗f . Thus, the initial data regularity is postulated, and consequently, the
model is well-posed. On the solid-aqueous interface, we have

−n∗ · (D∗s∇∗s∗) = −n∗ · (D∗b∇∗b∗) = 0 on Γ∗s. (2.4.3)
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The Neumann boundary condition at the interface in (2.4.3) correspond to a non-
reactive transport regime at the pore boundaries. With a slight abuse of notation,
the other external boundary conditions are expressed as:

−n · (D∗s∇∗s∗ − v∗s∗) = H∗s (x∗, s∗, b∗), (2.4.4a)

−n · (D∗b∇∗b∗ − [v∗ + χ∗(s∗)∇∗s∗]b∗) = H∗b (x∗, s∗, b∗). (2.4.4b)

The exact definitions of H∗b and H∗b are detailed in the two case studies in Chapter
4 and Chapter 5. Lastly, as stated earlier, we assume a no-flow and no-flux external
boundary condition at Γ∗T and Γ∗B, such that in (2.4.4b) we have:

H∗s (x∗, s∗, b∗) = H∗b (x∗, s∗, b∗) = 0. (2.4.5)

2.5 The Mathematical Model Time Scales

For a system of this nature, there are several timescales that affect the transport
dynamic at the pore scale. To characterise the system, it is crucial to understand the
relative magnitudes of the various timescales involved in the system dynamics. Here,
we choose to define the system time using the longitudinal length of the domain, Lx∗1 .
The characteristic diffusivity times of the two species read

T ∗s =
L2
x∗1

D∗s
, T ∗b =

L2
x∗1

D∗b
, (2.5.1)

where T ∗s is the time scale of substrate diffusion and T ∗b is the time scale of the
bacteria’s random motility. The characteristic time for the medium advection is
expressed as

T ∗V =
Lx∗1
V ∗

, (2.5.2)

where V ∗ is the averaged velocity of the flow. The advection times are typically shorter
than the diffusivity times. Advection becomes negligible if the ratio of advective times
to the diffusion times satisfies

T ∗V /T
∗
s ≤ O(ε), (2.5.3)

where ε is the separation of scale parameter given in Eq.(2.1.7). Hence, the two species
passively diffuse at the pore scale, and mass transport is dominated by diffusion and
random motility. The swimming motion of bacteria is characterised by a sequence of
runs and reorientation (tumble) phases. For convenience, we assume that the bacteria
swim in a unidirectional fashion and define the bacterial swimming time as:

T ∗swim ∼
Lx∗1
v∗s

, (2.5.4)
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where v∗s is the average swimming speed [202]. Note that when defining T ∗swim we
are imposing that the bacterium does not change direction while swimming, which
is not true. In contrast, the run time between two successive tumbles τ , briefly
discussed in Section 2.2, gives a better biological meaning to the swimming time of
the bacteria. When exposed to chemoattractant signals, the bacteria travel up the
gradient via a sensing and adaptation process [184, 48, 214]. The adaptation response
is determined when the bacteria recognise a change in attractant concentration. As
a result, the chemotactic drift time scale depends on the spatiotemporal distribution
of the attractant stimuli. An estimate for the chemotactic drift time scale is

T ∗χ ∼
L∗

V ∗c
, (2.5.5)

where V ∗c (V ∗c 6= 0) is an estimation of the chemotactic velocity magnitude at (t∗,x∗).
The characteristic length, L∗, is the sensing length in the direction of the attractant.
Determining the characteristic length, L∗ is not easy, and is affected by the complexity
of the spatiotemporal environment surrounding the swimming bacteria. In general,
L∗ � Lx∗1 , and thus,

T ∗χ � O(T ∗swim). (2.5.6)

The characteristic different kinetics rates are defined as

T ∗max =
1

µ∗max
, T ∗decay =

1

K∗b
, (2.5.7)

where T ∗max and T ∗decay are the time scales of maximum metabolic rate and microbial
death rate, respectively. Finally, we assume that the mass fluxes defined at Γ∗L and
Γ∗R do not affect the mass transfer inside the domain.

2.6 Non-dimensionalisation

We set the characteristic length to be the longitude length, Lx∗1 [59, 156]. Thus, the
two-dimensional Cartesian coordinate system becomes:

(x∗1, x
∗
2) = Lx∗1(x1, x2). (2.6.1)

Consequently, in Section 2.1 the domain Ω with boundaries ∂Ω is

Ω = [0, 1]× [−Lx2/2, Lx2/2], (2.6.2)

where Lx2 = Lx∗2/Lx∗1 . Thus, the domain consists of two phases, a solid phase Ωs, and
an aqueous phase Ωf , can be rewritten as

Ω = Ωs ∪ Ωf . (2.6.3)
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The domain boundaries are denoted as

∂Ω = Γs ∪ Γ. (2.6.4)

where Γs represents the solid-aqueous interfaces, and Γ represents the exterior bound-
ary,

Γ = ΓT ∪ ΓB ∪ ΓL ∪ ΓR. (2.6.5)

We fix the characteristic time scale to be the diffusion time scale of the substrate
(chemical)

t∗ = T ∗s t =
L2
x∗1

D∗s
t. (2.6.6)

It follows from (2.6.1) and (2.6.6) that the dimensionless differential operators are

∂

∂t∗
=

1

T ∗s

∂

∂t
, (2.6.7a)

∇∗ =
1

Lx∗1
∇, (2.6.7b)

∇∗2 =
1

L2
x∗1

∇2. (2.6.7c)

Note that the aforementioned characteristic scales are fixed throughout this work.

2.6.1 Dimensionless Stokes Equations

In addition to introducing the spatial change of variables given in (2.6.1) into (2.3.8),
we scale the following variables as follows

v∗ = V ∗v, p∗ = P ∗p, (2.6.8)

where V ∗ is the characteristic scalar velocity, and the viscous pressure scale is given
as

P ∗ ∼ µV ∗

Lx∗1
, (2.6.9)

where µ is the aqueous fluid viscosity. It follows that the dimensionless form of the
Stokes equations are

∇ · v = 0 in Ωf , (2.6.10a)

∇2v −∇p = 0 in Ωf , (2.6.10b)

v = 0 at Γs. (2.6.10c)

The Neumann boundary conditions, Eq.(2.3.10), are

−n · v = 1 at ΓL, (2.6.11a)

−n · v = −1 at ΓR, (2.6.11b)

and at ΓT ∪ ΓB we have the no-flow conditions −n · v = 0.
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2.6.2 Dimensionless Keller-Segel Model

We derive the dimensionless form of the balance equations in Eqs.(2.4.1) using the
spatial and temporal scaling given by Eq.(2.6.1) and Eq.(2.6.6) while scaling the
substrate and bacteria concentrations by

s∗ = s∗ms, b∗ = b∗mb, (2.6.12)

where s∗m and b∗m are a pair of constant reference concentrations. The dimensionless
chemotactic migration model is

∂s

∂t
= ∇ · (∇s− Pe vs)− Da

Y

s

s+ κs
b in [0, T ]× Ωf , (2.6.13a)

∂b

∂t
= ∇ · (δ∇b− [Pe v + Peb χ(s)∇s]b),

+ Da
s

s+ κs

(
1− b

κc

)
b− κbb in [0, T ]× Ωf . (2.6.13b)

The dimensionless form of the solid-aqueous interface conditions in (2.4.3) is

−n · (∇s) = 0 at Γs, (2.6.14a)

−n · (δ∇b) = 0 at Γs. (2.6.14b)

With the initial substrate concentration and bacteria density initial concentrations
given in Eq.(2.3.3b). They are non-dimensionalised as

s(0,x) = sin(x), b(0,x) = bin(x), (2.6.15)

defined on Ωf , where sin(x) = s∗in(x∗)/s∗m and bin(x) = b∗in(x∗)/b∗m. The dimensionless
numbers in (2.6.13)–(2.6.22) are defined as

Pe =
T ∗s
T ∗V

, Peb =
T ∗s
T ∗swim

, Da =
L2
x∗1
µ∗max

D∗s
, κb =

L2
x∗1
K

D∗s
, (2.6.16)

where Pe is the advective Péclet number, Peb is the bacterial swimming Péclet num-
ber, and Da and κb are the metabolic and decay Damkóhler numbers, respectively.
In addition, because of the non-dimensionalisation we have the following new dimen-
sionless parameters,

δ =
D∗b
D∗s

, κs =
K∗s
s∗m

, κc =
K∗c
b∗m

, Y = Y ∗
(s∗m
b∗m

)
. (2.6.17)

Here, δ � 1 is the dimensionless bacterial motility coefficient, and κs is the di-
mensionless half-saturation constant of the Monod kinetics. Using Eq.(2.3.26), the
dimensionless carrying capacity constant, κc, is written as:

κc = (1− ω)
b∗max

b∗m
. (2.6.18)
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The chemotaxis velocity is scaled by the bacteria swimming speed, hence

χ(s)∇s =
χ∗(s∗)∇∗s∗

vs
. (2.6.19)

As such, in (2.6.19) the chemotaxis sensitivity functions defined in Eq.(2.3.12) and
Eq.(2.6.20a) have the following dimensionless forms

χ(s) =
2

3
tanh

(
Υ0

κd
(s+ κd)2

‖∇s‖
)

1

‖∇s‖
, (2.6.20a)

χ(s) = χ0
κd

(s+ κd)2
. (2.6.20b)

The dimensionless parameters in Eq.(2.6.20a) are

Υ0 =
χ∗0

2vsLx∗1
κd =

K∗d
s∗m

, χ0 =
χ∗0

3vsLx∗1
, (2.6.21)

where κd is the dimensionless receptor constant and χ0 is the receptor sensitivity
constant.

Dimensionless External Boundaries. Finally, the external boundary conditions
can be written with a slight abuse of notation as:

−n · (∇s− Pe vs) = Hs(x, s, b), (2.6.22a)

−n · (δ∇b− [Pe v + Peb χ(s)∇s]b) = Hb(x, s, b), (2.6.22b)

where Hs and Hb are the dimensionless mass influx for the substrate and bacteria,
respectively. In addition to no-flux and no-flow boundaries at ΓT and ΓB:

Hs(x, s, b) = Hs(x, s, b) = 0. (2.6.23)

The dimensionless forms of the external boundaries at ΓT and ΓB are given in later
chapters.

2.7 Concluding Remarks

This chapter describes a general Keller-Segel model in a saturated periodic porous
medium. Although the model itself is not novel, the novelty in our work comes
from the upscaling of the model in the next chapters. Therefore, the aim of defin-
ing the model under simplified assumptions is to focus on upscaling the chemotactic
transport mechanism in the aqueous phase only. We started by defining a simplified
two-dimensional periodic porous structure saturated with an aqueous fluid of con-
stant viscosity in the x1-direction. Lastly, we introduced the two coupled reactive
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transport equations of a dissolved substrate concentration consumed by the bacteria
for growth; and the bacterial population that exhibits chemotactic migration toward
a higher gradient concentration of the substrate. We included a logistic term to
control the growth density accumulation and gave an estimation to the carrying ca-
pacity parameter. Logistic growth is also used to justify the simplified assumption
of no pore-clogging, constant fluid viscosity and ignoring biofilm formation. In the
upcoming chapters, to investigate the effect of a steep gradient, we shall apply both
chemotactic velocities defined in Eq.(2.3.12)-(2.3.16). Below we state the main limi-
tations of the current model.

We can extend the model’s domain to three-dimensions, providing we apply the
Neumann boundary conditions to the medium flow to the lateral walls. This will
avoid the cases where the population exhibits trapping by the shear rate at lateral
walls. Furthermore, due to the assumption of weak porosity and the sparse suspended
population, we can neglect the clogging of the pore and the influence of density-
dependent cell-cell collisions. Thus, we considered constant motility and chemotactic
sensitivity parameters [34, 17, 37]. The metabolic reactions only appear in the fluid
phase, and no reactions occur in the solid phase. The chemotactic drift occurs in
the aqueous phase; therefore, we assumed a non-reactive solid-aqueous interface to
ensure that neither bacterium nor the substrate is being absorbed.
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Chapter 3

Asymptotic Homogenisation
Method

In this chapter we aim to apply the asymptotic homogenisation method – the two-scale
expansion method – to develop a macroscopic model for the chemotactic migration
model based on the Keller-Segel model described in Chapter 2. The macroscopic
model, also known as the effective model (upscaled model), is obtained by deriving
effective parameters (upscaled parameters) which capture the influence of the porous
medium on the transported species [8, 21]. The asymptotic expansion method is an
upscaling technique referred to as “Homogenisation” in the mathematics literature.
As with the volume averaging method (VAM) [203], the asymptotic homogenisation
method is a formal upscaling method, as there is no guarantee that the asymptotic ex-
pansion holds. The results from the two-scale method can be made mathematically
rigorous using two-scale homogenisation theory [30]. However, using such rigorous
methods is beyond the scope of our work. The effective models in this chapter are
novel in the field of homogenisation. These models are a much-needed tool to in-
vestigate the role of chemotaxis in the biodegradation of a contaminate in porous
media.

In Section 3.1, we state some of the basic concepts used in the asymptotic ho-
mogenisation procedure. Next, in Section 3.2, we write the classical derivation of
Darcy’s law using the asymptotic homogenisation of the Stokes equations. Our con-
tribution to the field of asymptotic homogenisation starts from Section 3.3 where we
present the microscopic description for the three limiting cases of the general Keller-
Segel model stated in Chapter 2. The asymptotic homogenisation of the three limiting
cases is detailed in Section 3.4, 3.5 and 3.6.
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3.1 Preliminaries

Formal homogenisation approaches are based on the concept of representing a hetero-
geneous medium by an equivalent macroscopically homogeneous one (see Figure 3.1).
The first step is to identify two spatial scales. First is the global (large) scale Lx∗1 ,
at which the flow, transport, and other processes are observed; and second is the
local scale ly∗1 on which we observe small fluctuations at the pore scale. Assuming
separation of the two spatial scales, the ratio between the two scales is defined by

ε =
ly∗1
Lx∗1
� 1, (3.1.1)

where the dimensionless geometric factor in (3.1.1) is referred to as the dimensionless
separation of scale parameter. We denote the saturated porous medium as Ωε to
indicate that the domain is ε-periodic. Furthermore, ψε(t,x) is said to be an ε-
periodic function if

ψε(t,x + εei) = ψε(t,x), (3.1.2)

where ei (i = 1, 2) is the Cartesian unit vector. The unit periodicity cell Y (also
known as the representative volume element (RVE)) consists of a smooth partition

Y = Y 0 ∪ Σ0, (3.1.3)

where Y 0 is the local fluid phase and Σ0 is the local solid phase. For each multi-index
j ∈ Z2, we write Ωε as

Ωε =
⋃
j∈Z2

Y j
ε , (3.1.4)

where Ωε ⊂ Ω = [0, Lx1 ]× [−Lx2/2, Lx2/2] represents the aqueous phase of the porous
medium. For each j, Y j

ε is homothetic to Y 0 such that

Y j
ε = ε

(
Y 0 + j

)
. (3.1.5)

Furthermore, the solid-aqueous interface phase of the domain is

Γs =
⋃
j∈Z2

∂Σj
ε, (3.1.6)

such that ∂Σj
ε = ε (∂Σ0 + j). Thus, we introduce the microscopic (local/fast) spatial

variable y

y =
x

ε
, (3.1.7)
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Figure 3.1: Conceptual illustration of the asymptotic homogenisation approach (di-
mensionless). For more details, please refer to text.

here x is what we refer to as the macroscopic (global/slow) spatial variable. Thereby,
we write the ε-periodic function given in Eq.(3.1.2) in terms of the two spatial vari-
ables:

ψε = ψε(t,x,x/ε) = ψε(t,x,y), (3.1.8)

where (t,x,y) ∈ [0, T ]×Ωε×Y 0. Here the function ψε is Y -periodic but not periodic
in time. The method of asymptotic expansions begins with an assumption that the
pore scale function in (3.1.8) is expanded in terms of the period ε,

ψε = ψ0︸︷︷︸
zero order approximation

+ εψ1︸︷︷︸
first order correction

+ ε2ψ2︸︷︷︸
second order correction

+O(ε3), (3.1.9)

wherein ψk = ψk(t,x,y) for k = 1, 2, . . . are Y -periodic. We define our first order
approximation as the sum of the zero and the first order correction functions given
in Eq.(3.1.9),

ψ1,ε ∼ ψ0 + εψ1. (3.1.10)
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Using the chain rule, we obtain

∇ψε = ∇xψε + ε−1∇yψε, (3.1.11a)

∇2ψε = ∇2
xψε + 2ε−1∇x · ∇yψε + ε−2∇2

yψε, (3.1.11b)

where ∇x =
(
∂/∂x1, ∂/∂x2

)
and ∇y =

(
∂/∂y1, ∂/∂y2

)
. We also introduce the follow-

ing averaging operators

〈ψε〉Y 0 =
1

|Y 0|

∫
Y 0

ψεdy, (3.1.12a)

〈ψε〉 =
1

|Y |

∫
Y 0

ψεdy, (3.1.12b)

where ψε depends on the local spatial scale, |Y 0| is the area (or volume in three
dimensions) of the fluid phase (RVE) and |Y | is area (or volume) of the union of the
fluid and solid phase (RVE or the unit periodic cell). We refer to (3.1.12a) as the
average operator over Y 0 and (3.1.12a) as the average over Y . These two operators
are related in the following way:

〈ψε〉 = φ〈ψε〉Y 0 , (3.1.13)

where φ = |Y 0|/|Y | is the porosity in the periodic porous structure.
Next, we use the formal asymptotic homogenisation to derive Darcy’s law and the

homogenised form of the model stated in Chapter 2.

3.2 Darcy Velocity

The method of two-scale asymptotic expansions has been used to deduce Darcy’s law
starting with the steady Stokes equations at the pore scale [102, 101, 118, 172, 21].
In this section we give a detailed description of this derivation. At the pore scale a
steady flow is possible if the ratio between the pressure gradient at the global scale
and the viscosity term at the local scale is fixed [21]. The order of the corresponding
pressure gradient in the dimensional Stokes equation in Eqs.(2.6.10) is

∇∗p∗ ∼ O
(
P ∗

Lx∗1

)
, (3.2.1)

where P ∗ is the global pressure drop, then we have the order of the dimensionless
pressure gradient with respect to the parameter ε is

∇p ∼ O
(
ε0
)
. (3.2.2)

The order of the dimensional viscous term at the local scale is

µ∇∗2v∗ ∼ O

(
µV ∗

l2y∗1

)
. (3.2.3)
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Returning to the dimensional Stokes equation in Eqs.(2.6.10), we assume that the
fluid pressure balances the local viscous force, the pressure gradient should assume
the same order of magnitude as the viscous term,

µV ∗

l2y∗1
∼ O

(
P ∗

Lx∗1

)
. (3.2.4)

Therefore, in the scaling from Section 2.6, the order of the dimensionless viscous term
with respect to the parameter ε is

∇2v ∼ O(ε2). (3.2.5)

Thus the Stokes equations at the microscopic scale are

∇ · vε = 0 in Ωε × Y 0, (3.2.6a)

ε2∇2vε −∇pε = 0 in Ωε × Y 0, (3.2.6b)

vε = 0 on ∂Σ0, (3.2.6c)

where vε and pε are periodic in y. We start with the asymptotic expansion for the
pressure and the velocity field:

pε(x,y) = p0 + εp1 + ε2p2 +O(ε3), (3.2.7)

vε(x,y) = v0 + εv1 + ε2v2 +O(ε3), (3.2.8)

where vi and pi are periodic in y for i = 1, 2, · · · . The formal asymptotic expansion
starts with substituting (3.2.7), (3.2.8) and the differential operators in (3.1.11) into
(3.2.6) to obtain a cascade of equations corresponding to different orders in ε

O(ε−1) : ∇yp0(x,y) = 0 in Y 0, (3.2.9)

∇y · v0(x,y) = 0 in Y 0, (3.2.10)

O(ε0) : ∇2
yv0 −∇yp1(x,y)−∇xp0(x,y) = 0 in Y 0, (3.2.11)

∇x · v0(x,y) +∇y · v1(x,y) = 0 in Y 0. (3.2.12)

The expansion of the solid interface boundary condition given in Eq.(3.2.6c) implies

vk = 0 on ∂Σ0 for k = 0, 1, . . . . (3.2.13)

At the lowest order, we obtain the following local problem,

∇yp0 = 0 in Y 0, (3.2.14a)

∇y · v0 = 0 in Y 0, (3.2.14b)

v0 = 0 on ∂Σ0, (3.2.14c)
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and we note that p0 = p0(x) depends only on the global variable, x. Next, we solve
for v0 and p1 using the following equations:

∇2
yv0 −∇xp0 −∇yp1 = 0, in Y 0, (3.2.15a)

∇y · v0 = 0 in Y 0, (3.2.15b)

v0 = 0 on ∂Σ0. (3.2.15c)

The linear problem defined in Eqs.(3.2.15) is a well-posed boundary value problem
for v0, and the solution v0 exists and is unique [21]. Since the forcing term ∇xp0 only
depends on the global variable, this motivates a solution of the form

v0 = −Kj(y)
∂p0

∂xj
, p1 = −πj(y)

∂p0

∂xj
+ p̄1(x). (3.2.16)

Here we are using the Einstein summation convention for the index j = 1, 2. The
functions Kj(y) = (Kj

1 , K
j
2) and πj(y) (for j = 1, 2) are unknown functions of the

local scale and represent the local variations in v0 and p1, respectively. The term
p̄1(x) is constant on the local scale and is introduced as an additive constant function
with respect to y. In general, the term p̄1(x) is neglected unless we are interested
in computing the first correction v1. The functions Kj(y) and πj(y) are obtained
by substituting Eqs.(3.2.16) into the local problem given in Eqs.(3.2.15) to give the
cell-problem

∇y ·Kj = 0 in Y 0, (3.2.17a)

∇yπj = ∇2
yKj + ej in Y 0, (3.2.17b)

Kj = 0 on ∂Σ0, (3.2.17c)

such that 〈πj〉 = 0, and πj, Kj are Y -periodic in y, and ej is the Cartesian unit vector
in the j-th direction. The system in Eqs.(3.2.17) describes a classical formulation of
a cell problem that can be solved numerically for a prescribed RVE, Y 0. Once solved,
we can take the average of the velocity in Eq.(3.2.16) over the periodic cell, Y . The
permeability tensor K0 relates to the effective velocity, Darcy’s law, as

〈v0〉 = −K0∇x〈p0〉, (3.2.18)

where the intrinsic permeability tensor, K0, with components given by the expression

K0
ij =

1

|Y 0|

∫
Y 0

Kj
i (y)dy, i, j = 1, 2. (3.2.19)

The permeability tensor is a symmetric positive-definite tensor that depends upon
the RVE geometry. The effective velocity given by Eq.(3.2.18) defines Darcy’s law
via homogenisation using a two-scale expansion method. The pressure field is derived
from the expansion of the divergence equation at O(ε0):

∇x · v0 +∇y · v1 = 0, (3.2.20)
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which, when integrated over the RVE, yields∫
Y 0

∇y · v1dy = −∇x ·
∫
Y 0

v0dy. (3.2.21)

Using the divergence theorem we have,∫
Y 0

∇y · v1dy =

∫
∂Σ0

v1 · nds = 0, (3.2.22)

where we have used the periodicity of v1 and the boundary condition in (3.2.13).
Then we deduce that

∇x · 〈v0〉 = −∇y · 〈v1〉 = 0. (3.2.23)

Eq.(3.2.18) and the incompressibility condition in Eq.(3.2.23) defines Darcy’s law
with the permeability tensor as in Eq.(3.2.19). Corresponding to Eq.(3.2.18) and
Eq.(3.2.23), Darcy’s law leads to

∇x ·
(
−K0∇x〈p0〉

)
= 0 on Ω. (3.2.24)

Local Darcy Velocity The spatial distribution of the flow fluxes at the micro-scale
is visualised using the zero-order approximation given in Eq.(3.2.16), hence

v0 = −K(y) · ∇xp0 in Y 0, (3.2.25a)

∇y · v0 = 0 in Y 0, (3.2.25b)

v0 = 0 on ∂Σ0. (3.2.25c)

Taking the average of the local flow in (3.2.25) over Y 0 gives the averaged-pore flow
(seepage flow), that is, 〈v0〉Y 0 ; and from (3.1.13) we have

〈v0〉 = φ〈v0〉Y 0 . (3.2.26)

Furthermore, the vi are divergence-free in y for i = 1, 2 . . . , meaning

vi = 0 on ∂Σ0, (3.2.27a)

n · vi = 0 on ∂Σ0. (3.2.27b)

Revisiting the expansion of the incompressibility condition, we have

∞∑
i=0

εi
[
∇x · vi +∇y · vi+1

]
= 0, (3.2.28)

where, for i = 0 we proved in Eq.(3.2.21) that the mean zero order approximation is
divergence free. Using the same steps, we show that for i = 0, 1, · · · , we have

∇x · 〈vi〉 = 0. (3.2.29)

The identities in Eqs.(3.2.25) and (3.2.25) are used in the upcoming derivation of the
effective form of the mass transport model.
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The Effective External Conditions. The Stokes equations in (3.2.6), when posed
in a porous material, produce purely periodic velocity fields only if all forces, including
pressure gradients, are constant across the domain [73]. The effective form of the
Neumann conditions are

−n · 〈v0〉 = 1 at ΓL, (3.2.30a)

−n · 〈v0〉 = −1 at ΓR, (3.2.30b)

−n · 〈v0〉 = 0 at ΓT ∪ ΓB. (3.2.30c)

Note that the Darcy velocity in Eq.(3.2.18) and Eq.(3.2.24) generates uniform flow
(plug flow) and, as expected, the local velocities depend on the local spatial variable
(for all i = 1), hence

vi = vi(y). (3.2.31)

By using the Neumann boundary conditions and eliminating any normal stresses
generated at the walls, we avoid dealing with entry effects and boundary layers at the
walls. Thus, the averaged flow is constant on the whole domain and purely periodic
on the local scale.

3.3 Microscopic Description of the Model

The heuristic derivation of an effective model using asymptotic homogenisation starts
with a microscopic description of the model. The model should be constructed using
estimates of the relative “weights” of the system’s various processes using the non-
dimensional microscopic parameter ε. For any time scale T , a parameter, P = T ∗s /T

∗

is said to be of order εp if [168],

O(εp+1)� P� O(εp−1). (3.3.1)

The expression in (3.3.1) is referred to as the domain of validity of the parameter
P. To set the different microscopic descriptions we utilise the different time scales
defined in Section 2.5 of Chapter 2.

Remark 3.1. The arguments follow the dimensional analysis in Chapter 3 and are
based on the known parameter values used in Chapter 4 and Chapter 5.

Advection Mass Flow. The flowing groundwater bulk motion carries both mi-
crobes and contaminants. The advective transport of the microorganisms in the
porous medium has an average value equal to the average velocity of the flow, pro-
vided the microorganisms do not interact with the solid interface [191, 155]. Since
groundwater velocities vary significantly between locations, we consider three scenar-
ios of advective flow regimes classified by the Péclet number, Pe = T ∗s /T

∗
V , where T ∗s

38



is the substrate diffusion time and T ∗V is the advection time as discussed in Section 2.5
of Chapter 2. According to the literature (e.g., Auriault and Adler [21], Royer [168])
we have:

Diffusion regime : Pe ≤ O(ε) (3.3.2)

Advection–diffusion regime : Pe = O(ε0) (3.3.3)

Advection–dispersion regime: Pe = O(ε−1) (3.3.4)

No continuum macromodel : Pe ≥ O(ε−2). (3.3.5)

The diffusion regime describes solute transport in stagnant flow, where diffusion dom-
inates advection. When the weights of advection and diffusion are equivalent on the
micro-scale, we have an advection-diffusion regime. Note that both the diffusion
regime and the advection-diffusion regime are categorised as “diffusion dominated
mixing” regimes when the transport diffusion is more pronounced at the microscopic
scale. The advection-dispersion regime is categorised as “Taylor dispersion mediated
mixing” when the transport process from advection dominates over those of diffusion
at the macroscopic scale causing particles to be distributed at the microscale. At
high Péclet number, Pe ≥ O(ε−2), homogenisation cannot be used, and transport is
completely dependent upon the macroscopic boundary conditions [21, 168].

Metabolic Reactions. The reaction rate is described using a Damköhler–like num-
ber in (2.6.16), which measures the speed of changes in the substrate concentration
due to consumption in well-stirred mixtures. From known values of the metabolic
rates, we deduce that

Da = T ∗s /T
∗
max ∼ O(ε−1), (3.3.6)

κb = T ∗s /T
∗
decay∼ O(ε−1), (3.3.7)

with κb < Da. Here T ∗max and T ∗decay are the time scales of maximum metabolic rate
and microbial death rate, respectively (see Eq.(2.5.7) in Section 2.5). Despite this, we
will formally assume these parameters are of O(ε0) in the following section. Note that
the Damköhler–like number is associated with microbial consumption. However, since
the metabolic reaction rates are diffusion limited, bacteria consumption generates the
rate of depletion for the substrate, which is also related to the rate of the population’s
growth expansion. We approximate the depletion/growth expansion velocity as:

η∗µ ∼
√
D∗s/T

∗
max [m s−1], (3.3.8)

η∗K ∼
√
D∗s/T

∗
K∗ [m s−1], (3.3.9)

and subsequently the time scale for the depletion time is:

T ∗µ =
L∗x1

η∗µ
. (3.3.10)
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Its is worth noting that the time scale in Eq.(3.3.10) is significantly smaller than it
counterpart in well-stirred mixtures, hence

T ∗µ � T ∗max. (3.3.11)

Using (3.3.10) we define a Péclet–like number as the ratio between the diffusion time
and the metabolic velocity speed time, hence

Peµ ∼ T ∗s /T
∗
µ =
√

Da ∼ O
( 1√

ε

)
. (3.3.12)

We postulate due to the mesoscale order of the depletion flow it is sufficient to neglect
the effect of the generating mass fluxes at the macroscopic scale. As a result, the
metabolic times do not define a limiting case in our work. Note that, the reaction
rates dominate when the Damköhler number is of order ε−2. Therefore, we consider
Da ∼ O(ε0) in the following sections.

Chemotactic Drift The last process to discuss is the chemotactic transport of the
microbial population. We define a chemotactic Péclet–like number as:

Peχ = T ∗s /T
∗
χ . (3.3.13)

As explained in Section 2.5, determining T ∗χ , the chemotactic drift time scale, is not
straightforward since it varies in time and space. Thus, in the upcoming homogenisa-
tion we only consider chemotactic fluxes with time scales equivalent to the substrate
diffusion times, hence

Peχ ∼ O(ε0). (3.3.14)

Note that since Peb ∼ O(ε−1) it safe to assume that the chemotactic drift is always
slowly varying in time, that is Pebχ(sε) ∼ O(Peχ).

Initial Conditions. We only assume initial concentrations which are defined glob-
ally, that is

sε(0,x,y) = sin(x), bε(0,x,y) = bin(x). (3.3.15)

This lets us avoid dealing with sophisticated extensions resulting from local fluctua-
tions generated by the locally defined initial conditions.

External Boundary Conditions. The time scales governing the mathematical
model inside the domain are assumed to remain unaffected by any mass fluxes at the
external boundaries. Therefore, it suffices to apply the homogenisation procedure,
assuming Ω = R2. Later, in Chapters 4 and 5, the relevant homogenised external
boundary conditions are imposed while asserting the system’s well-posedness.

Finally, throughout this thesis, it should be clear that the only limiting cases
relevant to the model we intend to upscale are the ones related to the three advective
Péclet regimes shown in Figure 3.2.
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Weak Chemotactic Drift

𝑃𝑒 ~ 𝑂(𝜀) 𝑃𝑒 ~ 𝑂(𝜀() 𝑃𝑒 ~ 𝑂(𝜀)*)

Figure 3.2: The three limiting cases we upscale in this chapter.

Remark 3.2. As stated before, the formal method of asymptotic expansions can be
made rigorous using two-scale homogenisation theory. In loose terms, the mathemat-
ical theory aims at establishing the existence and uniqueness of a solution ψε in some
energy space (see Allaire et al. [11] ), and that the solution ψε converges as ε → 0.
However, this is beyond the scope of this study.

3.4 Chemotactic Transport in a Diffusion Regime

In a diffusion-dominated regime, the diffusion time scale dominates the mixing envi-
ronment whereas advection becomes negligible at the macro-scale. Such a regime is
characterised by the advective Péclet number in the following range,

O(ε2)� Pe� O(ε0). (3.4.1)

Chemotactic transport at the microscope scale in a diffusion-dominated mixing envi-
ronment is described as:

∂sε
∂t

= ∇ ·
(
∇sε − εP̃evεsε

)
− Da

Y

sε
sε + κs

bε in [0, T ]× Ωε × Y 0, (3.4.2a)

∂bε
∂t

= ∇ ·
(
δ∇bε −

{
εP̃evε + Pebχ(sε)∇sε

}
bε
)

+ Da
sε

sε + κs

(
1− bε

κc

)
bε − κbbε in [0, T ]× Ωε × Y 0, (3.4.2b)

such that Pe = εP̃e where P̃e = O(ε0). At the solid-aqueous interface we assume
no-flux and no-slip conditions, hence

−n · ∇sε = −n · (δ∇bε) = 0. (3.4.2c)

We close the model with the initial concentrations defined in (3.3.15).
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3.4.1 The Homogenised Model

Assuming separation of spatial scales, ε� 1, the formal asymptotic homogenisation
method begins by expanding the two species in terms of ε,

sε(t,x,y) = s0 + εs1 + ε2s2 +O(ε3), (3.4.3a)

bε(t,x,y) = b0 + εb1 + ε2b2 +O(ε3), (3.4.3b)

where the functions si = si (t,x,y) and bi = bi (t,x,y) are periodic in y. For simplic-
ity, we assume a uniform flow that depends solely on the local variable, y, and thus
the velocity can be expanded as:

vε(y) = v0 + εv1 + ε2v2 +O(ε3). (3.4.4)

A preliminary step before starting the asymptotic expansion is to expand the nonlin-
ear terms in the model. First, we expand the chemotaxis sensitivity function χ(sε)
using the Taylor expansion about s0, hence

χ(sε) = χ(s0) + ε{s1 + εs2 + · · · }χ′(s0)

+
1

2
ε2{s1 + εs2 + · · · }2χ′′(s0) +O(ε3)

= χ̂0 + εχ̂1 + ε2χ̂2 +O(ε3),

(3.4.5)

where χ0, χ1, and χ2 in the last line of (3.4.5) are given by
χ̂0 = χ(s0)

χ̂1 = s1χ
′(s0)

χ̂2 = {s2χ
′(s0) + 1

2
s2

1χ
′′(s0)}.

(3.4.6)

Then we expand the substrate gradient,{
∇sε = ε−1∇ys0 + [∇xs0 +∇ys1]

+ε[∇xs1 +∇ys2] + ε2[∇xs2 +∇ys3] +O(ε3).
(3.4.7)

Combining the two expansions in (3.4.5) and (3.4.7), we obtain the expansion of the
chemotaxis velocity

vcε = Pebχ(sε)∇sε
= ε−1Pebχ̂0∇ys0 + Peb

{
χ̂0[∇xs0 +∇ys1] + χ̂1∇ys0

}
+εPeb {χ̂0[∇xs1 +∇ys2] + χ̂1[∇xs0 +∇ys1] + χ̂2∇ys0}+O(ε2)

= ε−1v−1
c + v0

c + εv1
c +O(ε2).

(3.4.8)

We expand the nonlinear kinetics using Taylor expansion about (s0, b0). Due to
the slow mass flow generated by the kinetics, it suffices to consider the zero-order
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approximation, for which the approximated kinetics read
Gs(sε, bε) ≈ Da

Y

s0

s0 + κs
,

Gb(sε, bε) ≈ Da
s0

s0 + κs

(
1− b0

κc

)
b0 − κb0.

(3.4.9)

To perform a formal asymptotic expansion of the model in Eqs.(3.4.2) we postulate
the ansatz sε and bε in Eqs.(3.4.3)–(3.4.4) and all the associated expansions therein.
The asymptotic homogenisation result concerning the model in Eqs.(3.4.2) is given
below.

Proposition 3.3. Under the assumptions in Eqs.(3.4.3)–(3.4.4) and assuming the
parameters other than ε are formally of O(ε0), the averaged zero order approximations

S(t,x) = s0(t,x), and B(t,x) = b0(t,x), (3.4.10)

are the solutions of the homogenised model

∂S
∂t

= ∇ ·
(
Dh∇S

)
− Da

Y

S
S + κs

B in [0, T ]× Ω,

∂B
∂t

= ∇ ·
(
δDh∇B −

[
Peb
{
Dhχ(S)∇S

}]
B
)

+ Da
S

S + κs

(
1− B

κc

)
B − κbB in [0, T ]× Ω,

(3.4.11)

with the effective diffusion tensor given by

Dh =
〈

(∇yω)T + I
〉
Y 0
, (3.4.12)

where ω(y) = (ω1(y), ω2(y))T is the solution of the cell-problem, such that the two
components satisfy the following cell-problem (j = 1, 2):

∇y · [∇yωi + ei] = 0 in Y 0,

−n · [∇yωi + ei] = 0 on ∂Σ0,

ωi is Y − periodic, and 〈ωi〉Y 0 = 0,

(3.4.13)

with the initial conditions {
S(0,x) = Sin(x) = sin(x),

B(0,x) = Bin(x) = bin(x).
(3.4.14)

The homogenised chemotactic sensitivity function defined is written as:

χ(S) =
2

3
tanh

(
Υ0

κd
(S + κd)2

‖∇S‖
)

1

‖∇S‖
, (3.4.15a)
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χ(S) = χ0
κd

(S + κd)2
. (3.4.15b)

We remark that the velocity field no longer appears in the cell problem
Eqs.(3.4.13), suggesting that it does not play a role in the transport process at
the pore scale. Additionally, it is worth noting that the velocity has no effect on
the homogenised model in Eqs.(3.4.11). Thus, for Péclet number of order O(ε) the
model is equivalent to stagnated flow, that is, when vε = 0.

The derivation of the effective model is detailed in the next section using formal
asymptotic techniques. However, as stated in Remark 3.2, undertaking the rigorous
justification to prove the existence and uniqueness of the two homogenised solutions
(S,B) as ε→ 0 is beyond the scope of this thesis.

3.4.2 The Formal Asymptotic Expansion

As in any method of asymptotic analysis, we need to substitute the postulated ansatz
into Eq.(3.4.3)–(3.4.9) together with substituting the differential operators in (3.1.11)
into the partial differential equation under consideration. We then obtain a cascade
of local substrate and bacteria problems at different orders of ε. At O(ε−2), we have
the following local substrate problem:

∇2
ys0 = 0 in Y 0, (3.4.16a)

−n · ∇ys0 = 0 on ∂Σ0. (3.4.16b)

At the same order, the local equations for the bacteria are:

∇y(δ∇yb0 − Peb{b0χ̂0∇ys0}) = 0 in Y 0, (3.4.17a)

−n · (δ∇yb0 − Peb{b0χ̂0∇ys0}) = 0 on ∂Σ0. (3.4.17b)

The solution of the substrate problem at order ε−2 is unique and depends only on the
global variable x. To prove this, we multiply the boundary value problem in (3.4.16)
by s0 and integrate the results over Y 0. Utilising Green’s formula and the periodicity
assumption over Y , we find:

0 =

∫
Y 0

s0∇y · (∇ys0) dy

= −
∫
Y 0

∇ys0 · ∇ys0dy +

∫
∂Σ0

n · ∇ys0ds︸ ︷︷ ︸
=0

= −
∫
Y 0

|∇ys0|2dy, (3.4.18)

which implies that the zero-order approximation of the substrate concentration is a
constant function in y,

s0 = s0 (t,x) . (3.4.19)
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From the result in (3.4.19), we have ∇ys0 = 0. Thus, the bacteria equation in (3.4.17)
is reduced to

∇y(δ∇yb0) = 0 in Y 0, (3.4.20a)

−n · (δ∇yb0) = 0 on ∂Σ0. (3.4.20b)

Repeating the same argument used to show the result in (3.4.18), the local bacteria
problem given in (3.4.20) has solution

b0 = b0 (t,x) . (3.4.21)

At O(ε−1), we have the following local substrate problem,

∇y · [∇xs0 +∇ys1] = −∇x · ∇ys0 in Y 0, (3.4.22a)

−n · [∇xs0 +∇ys1] = 0 on ∂Σ0, (3.4.22b)

with the local bacteria problem at O(ε−1) given by

∇y · (δ
[
∇xb0 +∇yb1

]
) = ∇y ·

(
Pebb0χ̂0∇ys0

)
+∇y ·

(
Pebχ̂0[∇xs0 +∇ys1]b0

)
+∇y ·

(
Peb[b1χ̂0 + b0χ̂1]∇ys0

)
−∇x ·

(
δ∇yb0

)
in Y 0, (3.4.23a)

−n ·
(
δ[∇xb0 +∇yb1]

)
= 0 on ∂Σ0. (3.4.23b)

Since s0 and b0 are functions of x only, we have

∇ys0 = ∇yb0 = 0. (3.4.24)

Thereby, the terms involving the local gradients in Eq.(3.4.22) and Eq.(3.4.23) vanish.
Therefore, the local substrate equation in Eq.(3.4.22) is simplified to

∇y · [∇xs0 +∇ys1] = 0 in Y 0, (3.4.25a)

−n · [∇xs0 +∇ys1] = 0 on ∂Σ0. (3.4.25b)

Furthermore, since b0 and χ̂0 are functions of x only, utilising the local problem
(3.4.25), we see that the following term in Eq.(3.4.23) vanishes,

∇y ·
(
Pebχ̂0[∇xs0 +∇ys1]b0

)
= Pebb0χ̂0∇y ·

(
[∇xs0 +∇ys1]

)
= 0. (3.4.26)

Therefore, (3.4.23) become

∇y · (δ [∇xb0 +∇yb1]) = 0 in Y 0, (3.4.27a)

−n · (δ [∇xb0 +∇yb1]) = 0 on ∂Σ0. (3.4.27b)

We notice that at O(ε−1) both local problems in (3.4.25) and (3.4.27) have the same
structure. As a direct consequence of the Fredholm Alternative stated in Lemma 3.4
[70, 13], the local boundary value problems in (3.4.25) and (3.4.27) admit two unique
solutions up to an additive constant function in x.
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Lemma 3.4. There is a unique solution, up to an additive constant, to the boundary
value problem

∇2
yζ(y) = g(y) in Y 0, (3.4.28)

−n · ∇yζ(y) = h(y) on ∂Σ0, (3.4.29)

where ζ is periodic in y, if and only if the compatibility condition∫
Y 0

g(y)dy =

∫
∂Σ0

h(y)ds, (3.4.30)

is satisfied.

The two solutions s1 and b1 take the following form:

s1(t,x,y) = ω(y) · ∇xs0 + s̄1(t,x), (3.4.31a)

b1(t,x,y) = ω(y) · ∇xb0 + b̄1(t,x), (3.4.31b)

where s̄1 and b̄1 are additive functions independent of y. The first correction functions
of the bacteria and substrate concentrations in Eqs.(3.4.31) are defined using the
correction vector function ω(y) = (ω1(y), ω2(y))T , where the two components satisfy
the following cell-problem:

∇y · [∇yωi + ei] = 0 in Y 0,

−n · [∇yωi + ei] = 0 on ∂Σ0,

ωi is Y − periodic, and 〈ωi〉Y 0 = 0.

(3.4.32)

The final step in the asymptotic homogenisation starts with collecting terms of O(ε0).
The local substrate problem at this order is

∇y · [∇xs1 +∇ys2] =
∂s0

∂t
−∇x · ([∇xs0 +∇ys1])

+
Da

Y

s0

s0 + κs
b0 in Y 0, (3.4.33a)

−n · [∇xs1 +∇ys2] = 0 on ∂Σ0, (3.4.33b)

and the local bacteria problem is

∇y ·
(
δ
[
∇xb1 +∇yb2

])
=
∂b0

∂t
−∇x ·

(
δ [∇xb0 +∇yb1]

)
+∇x ·

(
Pebχ̂0[∇xs0 +∇ys1]b0

)
+∇x ·

{
Peb(b1χ̂0 + b0χ̂1)∇ys0

}
+∇y · (Peb{b0χ̂2 + b1χ̂1 + b2χ̂0}∇ys0)

+∇y ·
(
Peb{b1χ̂0 + b0χ̂1}[∇xs0 +∇ys1]

)
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+∇y · (Pebχ̂0[∇xs1 +∇ys2]b0)

−Da
s0

s0 + κs

(
1− b0

κc

)
b0 + κbb0 in Y 0, (3.4.34a)

−n ·
(
δ [∇xb1 +∇yb2]

)
= 0 on ∂Σ0. (3.4.34b)

As a result of (3.4.24), the terms containing the local gradient of the substrate vanish;
hence, the local equation in (3.4.34) reduces to

∇y · (δ [∇xb1 +∇yb2]) =
∂b0

∂t
−∇x ·

(
δ
[
∇xb0 +∇yb1

])
+∇x ·

(
Pebχ̂0[∇xs0 +∇ys1]b0

)
+∇y ·

(
Peb{b1χ̂0 + b0χ̂1}[∇xs0 +∇ys1]b0

)
+∇y · (Pebχ̂0[∇xs1 +∇ys2]b0)

−Da
s0

s0 + κs

(
1− b0

κc

)
b0 + κbb0 in Y 0, (3.4.35a)

−n · (δ [∇xb1 +∇yb2]) = 0 on ∂Σ0. (3.4.35b)

The local problem in (3.4.33) admits a unique solution if and only if the following
solvability condition is satisfied,∫

Y 0

{∂s0

∂t
−∇x ·

([
∇xs0 +∇ys1

])
+

Da

Y

s0

s0 + κs
b0

}
dy = 0. (3.4.36)

Next, substituting s1 given by (3.4.31a) into (3.4.36), we write the solvability condi-
tion in terms of the averaged operator ( see Eq.(3.1.12b)) as:

∂〈s0〉
∂t

= ∇x ·
{ 1

|Y |

∫
Y

[
∇xs0 +∇y

(
ω(y)∇xs0 + s̄1

)
+

Da

Y

s0

s0 + κs
b0

]
dy
}

= ∇x ·
(
〈I +∇yω

T 〉Y 0∇x〈s0〉
)
− Da

Y

〈 s0

s0 + κs
b0

〉
= ∇x ·

(
Dh∇x〈s0〉

)
− Da

Y

〈 s0

s0 + κs
b0

〉
, (3.4.37)

where the effective diffusion tensor Dh is defined by:

Dh = 〈I +∇yω
T 〉Y 0 . (3.4.38)

Note that in Eqs.(3.4.37) we utilised the following relationship

∇xs0 = 〈∇xs0〉Y 0 =
1

φ
〈∇xs0〉 =

1

φ
∇x〈s0〉. (3.4.39)

Similarly, the local bacteria problem in (3.4.35) admits a unique solution provided
the following solvability condition is satisfied:∫

Y 0

{∂b0

∂t
−∇x ·

(
δ[∇xb0 +∇yb1]−

{
Pebχ̂0[∇xs0 +∇ys1]

}
b0

)
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+∇y ·
(

Pebχ̂0[∇xs0 +∇ys1]b1

)
+∇y ·

(
Pebχ̂1[∇xs0 +∇ys1]b0

)
+∇y ·

(
Pebχ̂0[∇xs1 +∇ys2]b0

)
−Da

s0

s0 + κs

(
1− b0

κc

)
b0 + κbb0

}
dy = 0. (3.4.40)

As a result of the solid-aqueous interface conditions in (3.4.25) and (3.4.33) and since
χ̂0 is independent of y, the following terms in (3.4.40) vanish, hence

∫
Y 0

∇y · (Pebχ̂0[∇xs0 +∇ys1]b0)dy =

∫
∂Σ0

Pebχ̂0b0{n · [∇xs0 +∇ys1]}ds = 0,∫
Y 0

∇y · (Pebχ̂0[∇xs0 +∇ys1]b1)dy =

∫
∂Σ0

Pebχ̂0b1{n · [∇xs0 +∇ys1]}ds = 0,∫
Y 0

∇y · (Pebχ̂0[∇xs1 +∇ys2]b0)dy =

∫
∂Σ0

Pebχ̂0b0{n · [∇xs1 +∇ys2]}ds = 0.

(3.4.41)
As before, rewriting the solvability condition in (3.4.40) using the average operator,
we have

∂〈b0〉
∂t

=
1

|Y |

∫
Y 0

(
∇x · (δ[∇xb0 +∇yb1])︸ ︷︷ ︸

I1

−∇x · {Pebχ̂0[∇xs0 +∇ys1]b0︸ ︷︷ ︸
I2

}dy
)

+

〈
Da

s0

s0 + κs

(
1− b0

κc

)
b0 − κbb0

〉
. (3.4.42)

Substituting b1, given in (3.4.31b), into I1 gives

I1 = ∇x ·
{ δ

|Y |

∫
Y 0

[∇xb0 +∇yb1]dy
}

= ∇x ·
{ δ

|Y |

∫
Y 0

[∇xb0 +∇y{ω∇xb0 + b̄1}]dy
}

= ∇x ·
(
δ〈I +∇yω

T 〉Y 0∇x〈b0〉
)

= ∇x ·
(
δDh∇x〈b0〉

)
. (3.4.43)

Next, substituting s1 into I2 we obtain

I2 = ∇x ·
(Pebb0χ̂0

|Y |

{∫
Y 0

[∇xs0 +∇ys1]dy
})

= ∇x ·
(Pebb0χ̂0

|Y |

{∫
Y 0

[∇xs0 +∇y{ω∇xs0 + s̄}]dy
})

= ∇x ·
(〈

I + (∇yω)T
〉
Y 0

〈
Pebb0χ̂0∇xs0

〉)
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= ∇x ·
(
Dh
〈
Pebb0χ̂0∇xs0

〉)
. (3.4.44)

Therefore, from Eq.(3.4.43) and Eq.(3.4.44), the solvability condition in (3.4.42) be-
comes

∂〈b0〉
∂t

= ∇x ·
(
δDh∇x〈b0〉 −Dh

〈
Pebb0χ̂0∇xs0

〉)
+

〈
Da

s0

s0 + κs

(
1− b0

κc

)
b0 − κbb0

〉
. (3.4.45)

Since the equations in (3.4.37) and (3.4.45) are independent of the local variable,
using (3.1.13) yields:

φ
∂s0

∂t
= ∇x ·

(
φDh∇xs0

)
− φ
(Da

Y

s0

s0 + κs
b0

)
, (3.4.46)

φ
∂b0

∂t
= ∇x ·

(
φδDh∇xb0 − φDhPeb

[
χ(s0)∇xs0

]
b0

)
+ φ

(
Da

s0

s0 + κs

(
1− b0

κc

)
b0 − κbb0

)
. (3.4.47)

Then, by dividing by the porosity parameter, φ, in (3.4.47) we obtain the homogenised
transport equations in (3.4.11) after setting

S = s0, and B = b0. (3.4.48)

The initial conditions in Eq.(3.3.15) are upscaled by simply taking the average of
their zero order approximations over Y , hence

S(0,x) = Sin = sin(x), (3.4.49)

B(0,x) = Bin = bin(x). (3.4.50)

3.5 Chemotactic Transport in an

Advection-Diffusion Regime

In this section we assume an advection-diffusion mixing environment where the time
scales of both diffusion and advection are comparable, which defines the next interest-
ing case in the category of “diffusion-dominated mixing”. This regime is characterised
by the following range of the global Péclet number:

O(ε)� Pe� O(ε−1). (3.5.1)

The chemotactic transport in an advection-diffusion mixing regime is

∂sε
∂t

= ∇ · (∇sε − Pevεsε)−
Da

Y

sε
sε + κs

bε in [0, T ]× Ωε × Y 0, (3.5.2a)
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∂bε
∂t

= ∇ · (δ∇bε − {Pevε + Pebχ(sε)∇sε} bε)

+ Da
sε

sε + κs

(
1− bε

κc

)
bε − κbbε in [0, T ]× Ωε × Y 0, (3.5.2b)

with the solid-aqueous interface conditions defined as:

−n · ∇sε = −n · (δ∇bε) = 0, (3.5.2c)

and the globally defined initial conditions given in Eq.(3.3.15).

3.5.1 The Homogenised Model

For the formal asymptotic expansion of the model in Eqs.(3.5.2) we apply the same
ansatz used for Proposition 3.3. The results concerning the model in Eqs.(3.5.2) are
given below.

Proposition 3.5. Under the assumptions in Eqs.(3.4.3)–(3.4.4) and assuming the
parameters other than ε are formally of O(ε0), the averaged zero order approximations

S(t,x) = s0(t,x) and B(t,x) = b0(t,x), (3.5.3)

are the solutions of the homogenised model

∂S
∂t

= ∇ ·
(
Dh∇S − Pe〈v0〉Y 0S

)
− Da

Y

S
S + κs

B in [0, T ]× Ω,

∂B
∂t

= ∇ ·
(
δDh∇B −

[
Pe〈v0〉Y 0 + Peb

{
Dhχ(S)∇S

}]
B
)

+ Da
S

S + κs

(
1− B

κc

)
B − κbB in [0, T ]× Ω,

(3.5.4)
where 〈v0〉Y 0 is the averaged zero order approximation of the Darcy velocity, with the
effective diffusion tensor given by

Dh =
〈

(∇yω)T + I
〉
Y 0
, (3.5.5)

with ω(y) = (ω1(y), ω2(y))T , where the two components satisfy the cell-problem (j =
1, 2): 

∇y · [∇yωi + ei] = 0 in Y 0,

−n · [∇yωi + ei] = 0 on ∂Σ0,

ωi is Y − periodic, and 〈ωi〉Y 0 = 0,

(3.5.6)

with the initial conditions

S(0,x) = Sin(x), and B(0,x) = Bin(x), (3.5.7)

where Sin(x) = sin(x) and Bin(x) = bin(x).
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Here we have the same upscaled chemotactic function given in Eqs.(3.4.15). We
point out that the cell-problem in (3.5.6) remains independent of the advection in-
dicating that the diffusion is dominant at the pore scale. This is also the case for
Pe ≈ O(ε). However, in the case of Pe ≈ O(ε) we have a pure diffusion model while
in the case of Pe ≈ O(ε0) advection appears at the macroscopic scale.

3.5.2 The Formal Asymptotic Homogenisation

Following the same steps as in Section 3.4.1, at O(ε−2) we obtain two local problems
identical to (3.4.17) and (3.4.16), respectively. The zero order approximations of the
two concentrations depend only on the global variables, hence

s0 = s0 (t,x) , b0 = b0 (t,x) . (3.5.8)

At O(ε−1), we have the following local substrate problem,

∇y · [∇xs0 +∇ys1] = ∇y · (Pev0s0)−∇x · ∇ys0 in Y 0, (3.5.9a)

−n · [∇xs0 +∇ys1] = 0 on ∂Σ0, (3.5.9b)

and the following local bacteria problem,

∇y · (δ
[
∇xb0 +∇yb1

]
) = ∇y ·

(
{Pev0

+∇y ·
(
Pebb0χ̂0∇ys0

)
+∇y ·

(
Pebχ̂0[∇xs0 +∇ys1]b0

)
+∇y ·

(
Peb[b1χ̂0 + b0χ̂1]∇ys0

)
−∇x ·

(
δ∇yb0

)
in Y 0, (3.5.10a)

−n ·
(
δ[∇xb0 +∇yb1]

)
= 0 on ∂Σ0. (3.5.10b)

Comparing the local problems given in Eqs.(3.5.9) and Eqs.(3.5.10) with their coun-
terparts in Eqs.(3.4.22) and Eqs.(3.4.23), we notice they are similar, except for the
new addition of an advection flux. Thus, to avoid redundancy, we omit the terms
shown to vanish in the previous section, and in this section we show how the new
advection fluxes in (3.5.9) and (3.5.10) vanish. We compute

∇y · (Pev0s0) = Pe
[
s0∇y · v0︸ ︷︷ ︸

=0

+v0 · ∇ys0︸ ︷︷ ︸
=0

]
= 0, (3.5.11)

∇y · (Pev0b0) = Pe
[
b0∇y · v0︸ ︷︷ ︸

=0

+v0 · ∇yb0︸ ︷︷ ︸
=0

]
= 0. (3.5.12)

Then the local substrate equations at O(ε−1) are

∇y · [∇xs0 +∇ys1] = 0 in Y 0, (3.5.13a)
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−n · [∇xs0 +∇ys1] = 0 on ∂Σ0. (3.5.13b)

As we have seen in Section 3.4, the local problem in (3.5.13) leads to the following
simplified local problem,

∇y · (δ [∇xb0 +∇yb1]) = 0 in Y 0, (3.5.14a)

−n · (δ [∇xb0 +∇yb1]) = 0 on ∂Σ0. (3.5.14b)

At this order, the flow has no role in distributing the two species at the local level.
Furthermore, the two local problems have a similar structure to their counterparts in
Section 3.4, which means they have the same unique solutions s1 and b1 in (3.4.31).
The correction vector function ω(y) = (ω1(y), ω2(y))T is a solution of the cell-problem

∇y · [∇yωi + ei] = 0 in Y 0,

−n · [∇yωi + ei] = 0 on ∂Σ0,

ωi is Y − periodic, and 〈ωi〉Y 0 = 0.

(3.5.15)

As always, the last step in the asymptotic homogenisation begins by collecting the
terms at O(ε0), hence

∇y · [∇xs1 +∇ys2] =
∂s0

∂t
−∇x · ([∇xs0 +∇ys1]− Pev0s0)

+∇y · (Pe{v0s1 + v1s0})

+
Da

Y

s0

s0 + κs
b0 in Y 0, (3.5.16a)

−n · [∇xs1 +∇ys2] = 0 on ∂Σ0, (3.5.16b)

and for the bacteria we have

∇y ·
(
δ
[
∇xb1 +∇yb2

])
=
∂b0

∂t
−∇x · (δ [∇xb0 +∇yb1]− Pev0b0)

+∇y · (Pe{v0b1 + v1b0})
+∇x ·

(
Pebχ̂0[∇xs0 +∇ys1]b0

)
+∇x ·

{
Peb(b1χ̂0 + b0χ̂1)∇ys0

}
+∇y · (Peb{b0χ̂2 + b1χ̂1 + b2χ̂0}∇ys0)

+∇y ·
(
Peb{b1χ̂0 + b0χ̂1}[∇xs0 +∇ys1]

)
+∇y · (Pebχ̂0[∇xs1 +∇ys2]b0)

−Da
s0

s0 + κs

(
1− b0

κc

)
b0 + κbb0 in Y 0, (3.5.17a)

−n ·
(
δ [∇xb1 +∇yb2]

)
= 0 on ∂Σ0. (3.5.17b)

Once more, we notice the apparent similarities between the local problems in (3.5.16)
and (3.5.17) and their counterparts in (3.4.33) and (3.4.34), apart from the advective
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fluxes. As before, Lemma 3.4 guarantees unique solutions, s2 and b2, to the two
local problems if and only if certain solvability conditions are met. The solvability
condition for the boundary value problem (3.5.16) is∫

Y 0

{∂s0

∂t
−∇x ·

([
∇xs0 +∇ys1

]
− Pev0s0

)
+∇y · (Pe{v0s1 + v1s0})

+
Da

Y

s0

s0 + κs
b0

}
dy = 0. (3.5.18)

As result of the divergence theorem, the no-slip condition of the local velocities in
(3.2.27) and the perspicuity of the expansions, we show that the terms in (3.5.18)
vanish in the following fashion,∫

Y 0

∇y · (Pe{v0s1}) dy = Pe

∫
∂Σ0

s1{n · v0}ds = 0, (3.5.19a)∫
Y 0

∇y · (Pe{v0s1}) dy = Pe

∫
∂Σ0

s0{n · v1}ds = 0. (3.5.19b)

Then, we rewrite the solvability condition using the average operator over Y as

∂〈s0〉
∂t

= ∇x ·
{

1

|Y |

∫
Y 0

(∇xs0 +∇ys1)dy

}
︸ ︷︷ ︸

Ia

−∇x ·
{

1

|Y |

∫
Y 0

(
Pev0s0

)
dy

}
︸ ︷︷ ︸

Ib

+
Da

Y

{
1

|Y |

∫
Y 0

( s0

s0 + κs
b0

)
dy

}
︸ ︷︷ ︸

Ic

. (3.5.20)

Substituting for s1, given (3.4.31), we obtain

Ia = ∇x ·
{

1

|Y |

∫
Y 0

(∇xs0 +∇ys1)dy

}
= ∇x ·

{
1

|Y |

∫
Y 0

(
∇xs0 +∇y

{
ω(y)∇xs0 + s̄1

)
dy
}}

= ∇x ·
{

1

|Y |

∫
Y 0

([
I +∇yω

T
]
∇xs0

)
dy

}
= ∇x ·

(
φ〈I +∇yω

T 〉Y 0∇xs0

)
= ∇x ·

(
〈I +∇yω

T 〉Y 0∇x〈s0〉
)
, (3.5.21)
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where the last line of Eq.(3.5.21) is derived using the fact that s0 is a function of x
only, along with the identities given in Eq.(3.1.13) and Eq.(3.4.39). Finally, we write
Eq.(3.5.21) using the effective diffusion tensor Dh in Eq.(3.4.38) as

Ia = ∇x ·
(
Dh∇x〈s0〉

)
. (3.5.22)

Along the same lines, we show that Ib has the following form

Ib = ∇x ·
{

1

|Y |

∫
Y 0

(
Pev0s0

)
dy

}
= ∇x ·

{
Pe〈v0s0〉

}
= ∇x ·

{
Pe〈v0〉Y 0〈s0〉

}
. (3.5.23)

The consumption rate in Ic is approximated in a similar fashion as in Section 3.4, so
that we have

Ic =
1

|Y |

∫
Y 0

( s0

s0 + κs
b0

)
dy =

〈 s0

s0 + κs
b0

〉
. (3.5.24)

Finally, from Eq.(3.5.22), Eq.(3.5.23) and Eq.(3.5.24) we arrive at the final form of
the homogenised substrate equation in (3.5.2a),

∂〈s0〉
∂t

= ∇x ·
(
Dh∇x〈s0〉 − Pe〈v0〉Y 0〈s0〉

)
− Da

Y

〈 s0

s0 + κs
b0

〉
. (3.5.25)

Following the same argument as for the local substrate equation, the local bacteria
problem in (3.5.17) admits a unique solution b2 if and only if the following condition
is satisfied:∫

Y 0

{∂b0

∂t
−∇x ·

(
δ[∇xb0 +∇yb1]−

{
Pev0 + Pebχ̂0[∇xs0 +∇ys1]

}
b0

)
+∇y ·

(
Pe
{
v0b1 + v1b0

})
+∇y · (Peb{b0χ̂2 + b1χ̂1 + b2χ̂0}∇ys0)

+∇y ·
(
Peb{b1χ̂0 + b0χ̂1}[∇xs0 +∇ys1]

)
+∇y · (Pebχ̂0[∇xs1 +∇ys2]b0)

−Da
s0

s0 + κs

(
1− b0

κc

)
b0 + κbb0

}
dy = 0. (3.5.26)

Once more, we remove the terms containing the local gradient of substrate as a result
of Eq.(3.4.24). Moreover, we exclude the chemotactic and advective fluxes following
the same arguments in (3.4.41) and (3.5.19), respectively. Thereby, the solvability
condition in (3.5.26) written in terms of the averaged operator becomes

∂〈b0〉
∂t

= ∇x ·
{

δ

|Y |

∫
Y 0

(∇xb0 +∇yb1)dy

}
︸ ︷︷ ︸

I1a
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−∇x ·
{

1

|Y |

∫
Y 0

(
Pev0b0

)
dy

}
︸ ︷︷ ︸

I1b

−∇x ·
{

1

|Y |

∫
Y 0

(
Pebχ̂0[∇xs0 +∇ys1]

}
b0

)
dy

}
︸ ︷︷ ︸

I1c

+

{
Da

|Y |

∫
Y 0

(
s0

s0 + κs

(
1− b0

κc

)
b0 − κbb0

)
dy

}
︸ ︷︷ ︸

I1d

. (3.5.27)

Substituting b1, given in (3.4.31b), into I1a, we obtain:

I1a = ∇x ·
{

δ

|Y |

∫
Y 0

∇x · (∇xb0 +∇yb1)dy

}
= ∇x ·

{
δ

|Y |

∫
Y 0

(
∇xb0 +∇y{ω∇xb0 + b̄1}

)
dy

= ∇x ·
(
δ〈I +∇yω

T 〉Y 0∇x〈b0〉
)

= ∇x ·
(
δDh∇x〈b0〉

)
. (3.5.28)

In the same way as in (3.5.23), we write I1b as

I1b = ∇x ·
{

1

|Y |

∫
Y 0

(
Pev0b0

)
dy

}
= ∇x ·

{
Pe〈v0〉Y 0〈b0〉

}
. (3.5.29)

For the chemotactic flux in I1c we use s1 given in (3.4.31a), to obtain the following:

I1c = ∇x ·
{

1

|Y |

∫
Y 0

(
Pebχ̂0[∇xs0 +∇ys1]b0

)
dy

}
= ∇x ·

{
Pebb0χ̂0

|Y |

(∫
Y 0

[∇xs0 +∇y{ω∇xs0 + s̄}]dy
)
b0

}
= ∇x ·

{
Pebb0χ̂0

|Y |

∫
Y 0

([
I +∇yω

T
]
∇xs0

)
dy

}
= ∇x ·

{〈
I +∇yω

〉
Y 0

〈
Peb{χ̂0∇xs0}b0

〉}
= ∇x ·

(
Dh
〈
{Pebχ̂0∇xs0}b0

〉)
. (3.5.30)

The kinetics in I1d are

I1d =
〈

Da
s0

s0 + κs

(
1− b0

κc

)
b0 − κbb0

〉
. (3.5.31)
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From (3.5.28), (3.5.29), (3.5.30) and (3.5.31), we obtain the final form of the effective
bacteria equation, hence

∂〈b0〉
∂t

=∇x ·
(
δDh∇x〈b0〉 −

[
Pe〈v0〉Y 0〈b0〉+ Peb

{
Dh〈χ̂0b0∇xs0〉

}])
+
〈

Da
s0

s0 + κs

(
1− b0

κc

)
b0 − κbb0

〉
. (3.5.32)

The two effective equations in (3.5.25) and (3.5.32) are independent of the local
variable, and thus we can omit the average operator as we did in Section 3.4.1.
Finally, writing the effective equations in terms of S and B leads to the desired
results in (3.5.4). The initial conditions are the same as in Eqs.(3.4.50).

3.6 Chemotactic Migration in an

Advection-Dispersion Regime

In this section we deal with a transport model where the advection time scale is much
shorter than that of diffusion for the two species, while the chemotactic drift time
scale is comparable to that of substrate diffusion. Such regimes are classified by the
following range of Péclet number values

O(ε−1) ≤ Pe� O(ε−2). (3.6.1)

In such cases, a local Péclet number is introduced and is defined as: Peloc = (V ly∗1 )/D∗s ,
such that

Pe = ε−1Peloc. (3.6.2)

Thereby, the microscopic description of the model is as follows

∂sε
∂t

= ∇ ·
(
∇sε − ε−1Pelocvεsε

)
− Da

Y

sε
sε + κs

bε in [0, T ]× Ωε × Y 0, (3.6.3a)

∂bε
∂t

= ∇ ·
(
δ∇bε −

{
ε−1Pelocvε + Pebχ̂(sε)∇sε

}
bε
)

+ Da
sε

sε + κs

(
1− bε

κc

)
bε − κbbε in [0, T ]× Ωε × Y 0. (3.6.3b)

We note that the presence of ε−1 means that the advection, diffusion, and reaction
terms are all of the same order of magnitude. The model is equipped with the same
interface conditions and initial conditions as in the previous section.
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3.6.1 The Homogenised Model

The local Péclet number in Eq.(3.6.2) asserts that at the local scale the advection
time is shorter than the diffusion time. Thus, at the microscopic scale we introduce a
fast time, τ = t/ε, associated with advection acting on a short time scale. We write
down the asymptotic expansion for the species at the micro-scale as [39]:

sε(t, τ,x,y) = s0 + εs1 + ε2s2 +O(ε3), (3.6.4a)

bε(t, τ,x,y) = b0 + εb1 + ε2b2 +O(ε3), (3.6.4b)

where si and bi are periodic in y, but not periodic in τ , hence

si = si(t, τ,x,y), (3.6.5)

bi = bi(t, τ,x,y). (3.6.6)

The time differential operator at the local scale is written [39]:

∂ψε
∂t
7→ ∂ψε

∂t
+ ε−1∂ψε

∂τ
. (3.6.7)

Now, we state our formal asymptotic result. As before, we postulate the expansions
sε and bε in Eqs.(3.6.4), and the flow velocity expansion given in (3.4.4).

Proposition 3.6. Let us assume the expansions as in Eq.(3.4.4) and Eqs.(3.6.4), and
assuming the parameters other than ε are formally of O(ε0), the averaged first order
approximations, {

S(t,x) = s0(t,x) + εs̄1(t,x),

B(t,x) = b0(t,x) + εb̄1(t,x),
(3.6.8)

and V(x) = 〈v0〉Y 0 + 〈v1〉Y 0, are the solutions of the homogenised model

∂S
∂t

= ∇ ·
(
Ddis∇S − PeVS

)
− Da

Y

S
S + κs

B in [0, T ]× Ω,

∂S
∂t

= ∇ ·
(
D̄dis∇B −

[
PeV + Peb

{
Dchχ(S)∇S

}]
B
)

+ Da
S

S + κs

(
1− B

κc

)
B − κbB in [0, T ]× Ω,

(3.6.9)

with the dispersion tensors
Ddis =

〈[
(∇yξ)T + I

]
− Peloc

[
v0 ⊗ ξ

]〉
Y 0
,

D̄dis =
〈
δ
[
(∇yξ

δ)T + I
]
− Peloc

[
v0 ⊗ ξδ

]〉
Y 0
,

Dch =
〈

(∇yξ)T + I
〉
Y 0
,

(3.6.10)
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where ξ(y) = (ξ1, ξ2)T is the solution of the cell-problem
Pelocv0 · ∇yξi −∇y · [∇yξi + ei] = Peloc{〈v0〉Y 0 − v0} · ei in Y 0,

−n · [∇yξi + ei] = 0 on ∂Σ0,

ξi is Y − periodic, and 〈ξi〉Y 0 = 0,

(3.6.11)

and ξδ(y) = (ξδ1, ξ
δ
2)T is the solution of the cell-problem

Pelocv0 · ∇yξ
δ
i −∇y ·

(
δ
[
∇yξ

δ
i + ei

] )
= Peloc{〈v0〉Y 0 − v0} · ei in Y 0,

−n ·
(
δ
[
∇yξ

δ
i + ei

] )
= 0 on ∂Σ0,

ξδi is Y − periodic, and 〈ξδi 〉Y 0 = 0,
(3.6.12)

with the initial conditions

S(0,x) = Sin(x), and B(0,x) = Bin(x), (3.6.13)

where Sin(x) = sin(x) and Bin(x) = bin(x).

Remark 3.7. The outer-product in (3.6.10) defines a tensor, and therefore for any
two vectors a and b we have

[
a⊗ b

]
ij

= aibj.

The upscaled chemotactic function given in Eqs.(3.4.15). The model in Proposi-
tion 3.6 is referred to as the “Taylor mediated mixing regime” analogous to Taylor’s
examination of dispersion in a tube [190]. In these advective regimes we consider
the interplay between advection and diffusion at the pore-scale level. Proposition 3.6
shows two effective models. In contrast to the previous sections, the pore flow appears
in the two cell-problems in (3.6.11) and (3.6.12), with a forcing term that measures
the fluctuations between the local pore flow and the averaged pore flow. The sec-
ond effective model, given by Eqs.(3.6.8), is defined at the macroscopic scale, with
effective species concentrations assuming the sum of the first two non-oscillating ex-
pansions. On the other hand, the effective velocity is comprised of the sum of the
mean zero and first pore flow approximation. In theory, the flow may depend on both
local (fast) and global (slow) spatial variables. However, under the assumptions we
imposed on the Stokes equations, the Darcy flow is purely periodic; it depends only
on the fast variable. Furthermore, if the averaged pore flow (seepage flow) is derived
as in Section 3.2, then 〈v1〉Y 0 = 0 [132, 133]. Thus, in (3.6.8) we have

V = 〈v0〉Y 0 . (3.6.14)

Unlike the previous two regimes the cell problems Eqs.(3.6.11)–(3.6.12) have contri-
butions from both advection and diffusion. The tensors Ddis and D̄dis in (3.6.10)
are referred to as the hydrodynamic dispersion tensors, which resemble the classical
models dealing with hydrodynamic dispersion in porous media (e.g., [26, 27]). The
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two tensors can be broken into diffusive and mechanical dispersion components. For
the substrate dispersion tensor, we have

Ddis =
〈
(∇yξ)T + I

〉
Y 0︸ ︷︷ ︸

diffusion

−
〈
Peloc

[
v0 ⊗ ξ

]〉
Y 0︸ ︷︷ ︸

mechanical-dispersion

, (3.6.15)

and the same realisation applies to D̄dis. The chemotactic tensor Dch appearing in
the chemotactic flux term consists only of the diffusion component of the substrate
tensor (3.6.15), which indicates the slow nature of the chemotactic drift. In addition,
it reflects the fact that the chemotactic sensitivity mechanism is restricted to the
diffusive flux close to the cell.

Remark 3.8. The factor ε−1 is the natural scaling factor for the advection term [150]
for infinite thin cylindrical domains, in particular. Note that we can use the natural
scale for all the three limiting cases, however, the trade-off is to solve three cell-
problems. However, if the local Péclet number is Peloc � 1, we can safely assume
that we are dealing with advection-diffusion regimes, and thus we can use a more
convenient scale. Otherwise, the natural scaling is used.

3.6.2 Formal Asymptotic

As in the previous sections, we start the upscaling process by substituting the asymp-
totic expansions shown in (3.4.4), (3.6.4), (3.4.5), (3.1.11) and (3.6.7) into the model
(3.6.3). Then we collect the terms of O(ε−2), which gives the local problem of the
substrate

∇y · (∇ys0 − Pelocv0s0) = 0 in Y 0, (3.6.16a)

−n · ∇ys0 = 0 on ∂Σ0, (3.6.16b)

and the local problem of the bacteria

∇y ·
(
δ∇yb0 −

[
Pelocv0 + Pebχ̂0∇ys0

]
b0

)
= 0 in Y 0, (3.6.17a)

−n ·
(
δ∇yb0

)
= 0 on ∂Σ0. (3.6.17b)

As in the previous sections, the two local problems’ solutions are independent of the
local variable y. To prove this, we multiply (3.6.16) by s0 and integrate over Y 0, to
find:

0 =

∫
Y 0

{
s0∇2

ys0 − s0∇y · (Pelocv0s0)
}
dy

=

∫
Y 0

s0∇2
ys0dy︸ ︷︷ ︸

I3a

−
∫
Y 0

s0∇y · (Pelocv0s0) dy︸ ︷︷ ︸
I3b

. (3.6.18)
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We start with I3a in (3.6.18), which can be rewritten as:

I3a =

∫
Y 0

s0∇2
ys0 =

∫
Y 0

{
∇y · (s0∇ys0)− |∇ys0|2

}
dy. (3.6.19)

By applying the divergence theorem, the periodicity of s0 on Y , and the solid-aqueous
interface condition given in (3.6.16), we have

I3a =

∫
Y 0

{
∇y · (s0∇ys0)− |∇ys0|2

}
dy

=

∫
∂Σ0

s0 [n · (∇ys0)] ds−
∫
Y 0

|∇ys0|2dy

= −
∫
Y 0

|∇ys0|2dy. (3.6.20)

Note that we can rewrite I3b as:

I3b =

∫
Y 0

s0∇y · (Peloc[s0v0]) dy =

∫
Y 0

s0 (Peloc [v0 · ∇ys0]) dy, (3.6.21)

we can also rewrite I3b as:

I3b =

∫
Y 0

s0∇y · (Peloc[s0v0]) dy

=

∫
Y 0

s2
0 (Peloc [∇y · v0]) dy +

∫
Y 0

s0 (Peloc [v0 · ∇ys0]) dy. (3.6.22)

We introduce the following integral

I3c =

∫
Y 0

∇y ·
(
Peloc

[
s2

0v0

])
dy

=

∫
Y 0

s2
0 (Peloc [∇y · v0]) dy + 2

∫
Y 0

s0 (Peloc [v0 · ∇ys0]) dy. (3.6.23)

Then from Eq.(3.6.21), Eq.(3.6.22) and Eq.(3.6.23), we can rewrite I3b in the following
way:

I3b =

∫
Y 0

s0∇y · (Peloc[s0v0]) dy

=

∫
Y 0

∇y ·
(
Peloc

[
s2

0v0

])
dy︸ ︷︷ ︸

I3c

−
∫
Y 0

s0∇y · (Peloc [s0v0]) dy︸ ︷︷ ︸
I3b

. (3.6.24)

We can show that I3c vanishes by means of the divergence theorem, periodicity, and
the solid-aqueous interface condition:

I3c =

∫
Y 0

∇y ·
(
Peloc

[
s2

0v0

])
dy = Peloc

∫
∂Σ0

s2
0

(
n · v0

)
ds = 0. (3.6.25)
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Thus, from the result in (3.6.25) in (3.6.24) we find that

I3d =

∫
Y 0

s0∇y · (Peloc[s0v0]) dy = 0. (3.6.26)

Collecting the results above yields:

−
∫
Y 0

|∇ys0|2dy = 0. (3.6.27)

Thus, the zero-order approximation, s0, depends only on the global spatial variable
x, that is

s0 = s0(t, τ,x). (3.6.28)

With this, and because of Eq.(3.6.28), the local gradient of the substrate seen in
Eq.(3.6.17) vanishes, hence ∇ys0 = 0. Thus, the chemotactic flux term in (3.6.17)
disappears and the local problem becomes

∇y · (δ∇yb0 − Pelocv0b0) = 0 in Y 0, (3.6.29a)

−n ·
(
δ∇yb0

)
= 0 on ∂Σ0. (3.6.29b)

The local problem in Eqs.(3.6.29) has the same structure as the local problem in
Eqs.(3.6.16), and when applying the same argument, we conclude that

b0 = b0(t, τ,x). (3.6.30)

At O(ε−1), we obtain the following local problem for the substrate

∇y · ([∇xs0 +∇ys1]− Pelocv0s1) =
∂s0

∂τ
−∇x · ∇ys0

+∇x · {Pelocv0s0} (3.6.31a)

+∇y · {Pelocv1s0} in Y 0,

−n · [∇xs0 +∇ys1] = 0 on ∂Σ0. (3.6.31b)

For the bacteria equation we have

∇y · (δ[∇xb0 +∇yb1]− Pelocv0b1) =
∂b0

∂τ
−∇x · ∇yb0

+∇x · {Pelocv0b0}
+∇y · (Pelocv1b0)

+∇x ·
(
Pebb0χ̂0∇ys0

)
+∇y ·

(
Peb[b1χ̂1 + b1χ̂0]∇ys0

)
+∇y · {Pebχ̂0[∇xs0 +∇ys1]b0} in Y 0, (3.6.32a)
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−n ·
(
δ
[
∇xb0 +∇yb1

])
= 0 on ∂Σ0. (3.6.32b)

As previously stated, the zero order approximations for both species are independent
of the local variable y, which implies

∇ys0 = ∇yb0 = 0. (3.6.33)

So the relevant terms in (3.6.31) and (3.6.32) vanish. As a result of (3.6.33) and
(3.2.27), the following terms in (3.6.31) and (3.6.32) vanish,

∇y · (Pelocv1s0) = Peloc{s0∇y · v1︸ ︷︷ ︸
=0

+v1 ·∇ys0︸ ︷︷ ︸
=0

} = 0, (3.6.34)

∇y · (Pelocv1b0) = Peloc{b0∇y · v1︸ ︷︷ ︸
=0

+v1 · ∇yb0︸ ︷︷ ︸
=0

} = 0. (3.6.35)

This reduces the local problem in (3.6.31) to the following form

Pelocv0 · ∇ys1 −∇y · [∇xs0 +∇ys1] = −∂s0

∂τ
−∇x · {Pelocv0s0} in Y 0, (3.6.36a)

−n · [∇xs0 +∇ys1] = 0 on ∂Σ0, (3.6.36b)

and the local problem in (3.6.32) to:

Pelocv0 · ∇yb1 −∇y · (δ [∇xb0 +∇yb1]) = −∂b0

∂τ
−∇x · {Pelocv0b0}
− ∇y · {b0v

0
c} in Y 0, (3.6.37a)

−n · (δ [∇xb0 +∇yb1] = 0 on ∂Σ0, (3.6.37b)

where in (3.6.37), the zero-order approximation of the chemotaxis velocity is

v0
c = Pebχ̂0[∇xs0 +∇ys1]. (3.6.38)

To show that the two local problems in (3.6.36) and (3.6.37) admit a unique solu-
tion up to an additive constant function (independent of y) we use the results in
Lemma 3.9 [12].

Lemma 3.9. The boundary value problem

Pelocv0 (y) · ∇yζ −∇2
yζ(y) = g(y) in Y 0, (3.6.39a)

−n · ∇yζ(y) = h(y) on ∂Σ0, (3.6.39b)

has a unique solution in H1(Y 0), up to an additive constant, if and only if the com-
patibility condition ∫

Y 0

g(y)dy =

∫
∂Σ0

h(y)ds (3.6.40)

is satisfied.
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As a result of Lemma 3.9, the local problem for the substrate in (3.6.36) admits
a unique solution s1 if and only if the following solvability condition is satisfied:∫

Y 0

(∂s0

∂τ
+∇x · {Pelocv0s0}

)
dy = 0. (3.6.41)

The integral in (3.6.41) gives the first effective problem at O(ε−1), and can be de-
scribed in terms of the averaged operator in Eq.(3.1.12b) as:

∂〈s0〉
∂τ

+ 〈∇x · {Pelocv0s0}〉 = 0. (3.6.42)

Since s0 is independent of y, we may write Eq.(3.6.42) as:

∂s0

∂τ
+ Peloc〈v0〉Y 0 · ∇xs0 = 0. (3.6.43)

Then, when substituting (3.6.43) into (3.6.36), we can eliminate the local time vari-
able, and thus we have

Pelocv0 · ∇ys1 −∇y · [∇xs0 +∇ys1] = Peloc

(
〈v0〉Y 0 − v0

)
· ∇xs0 in Y 0, (3.6.44a)

−n · [∇xs0 +∇ys1] = 0 on ∂Σ0.
(3.6.44b)

As before, we seek a solution to the local problem in (3.6.44) having the form:

s1(t,x,y) = ξ(y) · ∇xs0(t,x) + s̄1(t,x), (3.6.45)

where the two components of the vector function, ξ
(
y) = (ξ1(y), ξ2(y)

)T
, satisfy the

following cell-problem:
Pelocv0 · ∇yξi −∇y · [∇yξi + ei] = Peloc{〈v0〉Y 0 − v0} · ei in Y 0,

−n · [∇yξi + ei] = 0 on ∂Σ0,

ξi is Y − periodic, and 〈ξi〉Y 0 = 0.

(3.6.46)

Here, the vector function ξ captures the corrections corresponding to the axial and
transverse dispersions acting on the solute concentration at the microscopic scale.
On the other hand, from Lemma 3.9, the local problem of the bacteria in (3.6.37)
has a unique solution up to a constant function with respect to y, if and only if the
following solvability condition is satisfied:∫

Y 0

(∂b0

∂τ
+∇x · {Pelocv0b0}+ b0{∇y · v0

c}
)
dy = 0. (3.6.47)

At this order, and with the aid of the local substrate problem in (3.6.44), we have:∫
Y 0

b0{∇y · v0
c}dy =

∫
Y 0

∇y · {Pebχ̂0[∇xs0 +∇ys1]b0}dy
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= Pebχ̂0b0

(∫
∂Σ0

n · [∇xs0 +∇ss1]ds
)

= 0. (3.6.48)

Then, we write the integral in (3.6.48) in terms of the averaged operator, giving:

∂〈b0〉
∂τ

= −∇x · 〈Pelocv0b0〉 = −Peloc〈v0 · ∇xb0〉. (3.6.49)

Following the same steps as before, we rewrite (3.6.49) to obtain the first effective
equation for the bacteria at O(ε−1), hence

∂b0

∂τ
+ Peloc〈v0〉Y 0 · ∇xb0 = 0. (3.6.50)

We use Eq.(3.6.50) to remove the local time variable from the local problem in
(3.6.37). Thus, we have

Pelocv0 · ∇yb1 −∇y ·
(
δ[∇xb0 +∇yb1]

)
= Peloc

(
〈v0〉Y 0 − v0

)
· ∇xb0

− b0∇y · v0
c in Y 0, (3.6.51a)

−n · [∇xb0 +∇yb1] = 0 on ∂Σ0. (3.6.51b)

Comparing the local problem of the substrate in Eqs.(3.6.44) with the local problem
of the bacteria in Eqs.(3.6.51), we notice that the latter has an extra term consisting
of the local divergence for the chemotactic velocity, ∇y · v0

c . This new term did
not appear in the two regimes discussed in Section 3.4 and Section 3.5. Note that,
although the chemotaxis velocity is not divergence free with respect to the local
variable y,

∇y · v0
c 6= 0, (3.6.52)

the local problem in (3.6.51) is still a linear problem with respect to b1. As a result,
we seek a solution for the local problem in (3.6.51) with a different structure to that
for the substrates, such that

b1(t,x,y) = ξδ(y) · ∇xb0 + ξ̂b0 + b̄1(t,x). (3.6.53)

Here, the components of the vector function ξδ(y) = (ξδ1(y), ξδ2(y))T are the solutions
of following cell problem:

Pelocv0 · ∇yξ
δ
i −∇y ·

(
δ
[
∇yξ

δ
i + ei

] )
= Peloc{〈v0〉Y 0 − v0} · ei in Y 0,

−n ·
(
δ
[
∇yξ

δ
i + ei

] )
= 0 on ∂Σ0,

ξδi is Y − periodic, and 〈ξδi 〉Y 0 = 0.
(3.6.54)
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The scalar function ξ̂ is the solution of the following cell problem:
Pelocv0 · ∇yξ̂ −∇y ·

(
δ∇yξ̂

)
= −∇y · v0

c in Y 0,

−n ·
(
δ∇yξ̂

)
= 0 on ∂Σ0,

ξ̂ is Y − periodic, and 〈ξ̂〉Y 0 = 0.

(3.6.55)

We rewrite the chemotactic drift in (3.6.38) by inserting s1 given in (3.6.45), hence

v0
c = Pebχ̂0[I +∇yξ]∇xs0. (3.6.56)

Thus we have a scalar function ξ̂ that depends on both the macroscopic and micro-
scopic spatial variables.

Next, the terms of O(ε0) give the local substrate equation:

Pelocv0 · ∇ys2 −∇y ·
[
∇xs1 +∇ys2

]
= −

[∂s0

∂t
+
∂s1

∂τ

]
+∇x · [∇ys1 +∇xs0]

−∇x · {Peloc[v1s0 + v0s1]}
− ∇y · {Peloc[v2s0 + v1s1]}

+
Da

Y

s0

s0 + κs
b0 in Y 0, (3.6.57a)

−n · [∇xs1 +∇ys2] = 0 on ∂Σ0, (3.6.57b)

and the local bacteria equation:

Pelocv0 · ∇yb2−∇y ·
(
δ
[
∇xb1 +∇yb2

])
= −

[∂b0

∂t
+
∂b1

∂τ

]
+∇x ·

(
δ[∇yb1 +∇xb0]

)
−∇x · {Peloc[v1b0 + v0b1]}
− ∇y · {Peloc[v2b0 + v1b1]}
− ∇x · {Pebb0χ̂0[∇xs0 +∇ys1]}
− ∇x ·

{
Peb(b1χ̂0 + b0χ̂1)∇ys0

}
−∇y · {Pebb0χ̂0[∇xs1 +∇ys2]}
− ∇y · {Peb(b1χ̂0 + b0χ̂1)[∇xs0 +∇ys1]}
− ∇y ·

(
Peb(b2χ̂0 + b1χ̂1 + b0χ̂2)∇ys0

)
−Da

s0

s0 + κs

(
1− b0

κc

)
b0 + κbb0 in Y 0, (3.6.58a)

−n · [∇xb1 +∇yb2] = 0 on ∂Σ0. (3.6.58b)

Invoking Lemma 3.9 for the solvability of the above local problem leads to the fol-
lowing condition:∫

Y 0

([∂s0

∂t
+
∂s1

∂τ

]
− {∇x · [∇ys1 +∇xs0]− Pelocv0s1}︸ ︷︷ ︸

I2a

+∇x · {Pelocv1s0}︸ ︷︷ ︸
I2b
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+∇y · {Peloc[v2s0 + v1s1]}︸ ︷︷ ︸
I2c

−Da

Y

s0

s0 + κs
b0

)
dy = 0. (3.6.59)

Using the local velocity’s properties, it is straightforward to show that in (3.6.59) the
following integral vanishes,

I2c =

∫
Y 0

∇y · {Peloc[v2s0 + v1s1]} dy

=

∫
Y0

∇y · {Peloc[v2s0 + v1s1]} dy

= Peloc

∫
∂Σ0

n ·
[
v2s0 + v1s1

]
dy

= Peloc

∫
∂Σ0

{ [
n · v2]︸ ︷︷ ︸

=0

s0 + [n · v1]︸ ︷︷ ︸
=0

s1

}
dy = 0. (3.6.60)

Next, substituting s1 given in (3.6.45) into I2a, and integrating over Y 0, we find

I2a =

∫
Y 0

{∇x · [∇ys1 +∇xs0]− Pelocv0s1}dy

= ∇x ·

(∫
Y 0

([
∇y

{
ξ(y) · ∇xs0 + s̄1(t,x)

}
+∇xs0

]
− Pelocv0

{
ξ(y) · ∇xs0 + s̄1(t,x)

})
dy

)
= ∇x ·

(∫
Y 0

({
[∇yξ

T + I]∇xs0 − Peloc[v0 ⊗ ξ]∇xs0

}
− Pelocv0s̄1

)
dy
)
. (3.6.61)

Rewriting (3.6.61) in terms of the averaged operator gives

I2a = ∇x ·
(〈[

(∇yξ)T + I
]
− Peloc

[
v0 ⊗ ξ

]〉
Y 0
∇x〈s0〉 − Peloc〈v0〉Y 0〈s̄1〉

)
= ∇x ·

(
Ddis∇x〈s0〉 − Peloc〈v0〉Y 0〈s̄1〉

)
, (3.6.62)

where Ddis is a dispersion tensor defined as:

Ddis =
〈[

(∇yξ)T + I
]
− Peloc

[
v0 ⊗ ξ

]〉
Y 0
. (3.6.63)

Lastly, rewriting I2b in terms of the averaged operators yields:〈
∇x · [v1s0]

〉
= ∇x ·

(
〈v1〉Y 0{φs0}

)
= ∇x ·

(
〈v1〉Y 0 〈s0〉

)
. (3.6.64)
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From (3.6.60), (3.6.62) and (3.6.64), the solvability condition in (3.6.59) gives us the
following effective equation:

∂〈s0〉
∂t

+
∂〈s1〉
∂τ

=∇x ·
(
Ddis∇x〈s0〉 − Peloc

[
〈v0〉Y 0〈s̄1〉+ 〈v1〉Y 0〈s̄0〉

])
− Da

Y

〈 s0

s0 + κs
b0

〉
. (3.6.65)

Combining (3.6.43) and (3.6.65) by multiplying (3.6.65) with ε and then adding the
result to (3.6.43), we obtain:

∂〈s0〉
∂τ

+ ε
∂〈s1〉
∂τ

=∇x ·
(
εDdis∇x〈s0〉 − Peloc

[
〈v0〉Y 0〈s0 + εs̄1〉+ ε〈v1〉Y 0〈s0〉

])
− εDa

Y

〈 s0

s0 + κs
b0

〉
. (3.6.66)

Note that we neglected the term ∂〈s0〉/∂t from Eq.(3.6.65), representing the small
time behaviour, since it is of order ε. Taking the average of the first order approxi-
mation for the substrate concentration and using (3.6.45) yields the sum of the first
two non-oscillating terms of the expansion

〈s1,ε〉 = 〈s0 + εs1〉
= 〈s0〉+ ε〈s1〉
= 〈s0〉+ ε

〈
ξ(y) · ∇xs0 + s̄1

〉
= 〈s0〉+ ε〈ξ(y)〉 · ∇x〈s0〉+ 〈s̄1〉
= 〈s0〉+ ε〈s̄1〉. (3.6.67)

Furthermore, at the slow scale, we can extrapolate the following approximation:

ε〈s1,ε〉 = ε〈s0〉+O(ε2) ∼ ε〈s0〉. (3.6.68)

Then we rewrite the effective equation in (3.6.66) in terms of (3.6.67) and (3.6.68) as:

∂〈s1,ε〉
∂τ

=∇x ·
(
εDdis∇x〈s1,ε〉 − Peloc

[
〈v0〉Y 0 + 〈v1〉Y 0

]
〈s1,ε〉

)
− εDa

Y

〈 s0

s0 + κs
b0

〉
. (3.6.69)

Then, writing the effective model in (3.6.69) in terms of the slow time variable yields

∂〈s1,ε〉
∂t

=∇x ·
(
Ddis∇x〈s1,ε〉 − ε−1Peloc

[
〈v0〉Y 0 + 〈v1〉Y 0

]
〈s1,ε〉

)
− Da

Y

〈 s0

s0 + κs
b0

〉
. (3.6.70)

67



Omitting the terms involving the local gradient of the substrate from (3.6.71) leads
to the local bacteria equation that reads

Pelocv0 · ∇yb2−∇y ·
(
δ
[
∇xb1 +∇yb2

])
= −

[∂b0

∂t
+
∂b1

∂τ

]
+∇x ·

(
δ[∇yb1 +∇xb0]

)
−∇x · {Peloc[v1b0 + v0b1]}
− ∇y · {Peloc[v2b0 + v1b1]}
− ∇x · {Pebb0χ̂0[∇xs0 +∇ys1]}
− ∇y · {Pebb0χ̂0[∇xs1 +∇ys2]}
− ∇y · {Peb(b1χ̂0 + b0χ̂1)[∇xs0 +∇ys1]}

−Da
s0

s0 + κs

(
1− b0

κc

)
b0 + κbb0 in Y 0, (3.6.71a)

−n · [∇xb1 +∇yb2] = 0 on ∂Σ0. (3.6.71b)

Then, the solvability of the local bacterial equation states that the local problem in
(3.6.71) admits a unique solution if and only if the following compatibility condition
is satisfied:∫

Y 0

([∂b0

∂t
+
∂b1

∂τ

]
− {∇x ·

(
δ[∇yb1 +∇xb0]

)
− Pelocv0b1

)}︸ ︷︷ ︸
I3a

+
{
∇x · Pelocv1b0

}︸ ︷︷ ︸
I3b

+∇y · {Peloc[v2b0 + v1b1]}︸ ︷︷ ︸
I3c

+∇x ·
{

Pebb0χ̂0[∇xs0 +∇ys1]
}

︸ ︷︷ ︸
I3d

+∇y ·
{

Pebb0χ̂0[∇xs1 +∇ys2]
}

︸ ︷︷ ︸
I3e

+∇y ·
{

Peb(b1χ̂0 + b0χ̂1)[∇xs0 +∇ys1]
}

︸ ︷︷ ︸
I3f

−Da
s0

s0 + κs

(
1− b0

κc

)
b0 + κbb0

)
dy = 0. (3.6.72)

The two terms in I3b and I3c have a similar structure to I2b and Ibc treated earlier,
and thus I3c vanishes, while I3b yields:〈

∇x · [v1b0]
〉

= ∇x ·
(
〈v1〉Y 0 〈b0〉

)
. (3.6.73)

Next, because of the solid-aqueous interface conditions in (3.6.57) and the divergence
theorem, the integral I3e vanishes in the following manner:

I3e =

∫
Y 0

∇y ·
{

Pebb0χ̂0[∇xs1 +∇ys2]
}
dy
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= Pebb0χ̂0

∫
∂Σ0

n · [∇xs1 +∇ys2]︸ ︷︷ ︸
=0

ds

= 0. (3.6.74)

In a similar way, we use the divergence theorem and the interface conditions in (3.6.44)
to show that the integral I3f also vanishes,

I3f =

∫
Y 0

∇y ·
{

Peb(b1χ̂0 + b0χ̂1)[∇xs0 +∇ys1]b0

}
dy

= Peb

∫
∂Σ0

(b1χ̂0 + b0χ̂1)
(

n · [∇xs0 +∇ys1]︸ ︷︷ ︸
=0

)
ds

= 0. (3.6.75)

Next, when we substitute s1 in (3.6.45) into I3b and rewrite I3b in terms of the average
operator to obtain:

I3b =
1

|Y |

∫
Y 0

∇x ·
{

Pebχ̂0[∇xs0 +∇ys1]b0

}
dy

= ∇x ·

(
Pebχ̂0

|Y |

∫
Y 0

[
∇xs0 +∇y

{
ξ∇xs0 + s̄1

}]
b0dy

)

= ∇x ·

(
Pebb0χ̂0

[
1

|Y |

∫
Y 0

[I +∇yξ
T ]dy

]
∇xs0

)
,

= ∇x ·

(
Pebb0χ̂0φ

[
1

|Y 0|

∫
Y 0

[I +∇yξ
T ]dy

]
∇xs0

)
,

= ∇x ·
(
DchPeb

〈
b0χ̂0∇xs0

〉)
, (3.6.76)

where, Dch is referred to as the chemotactic dispersion tensor, and is defined as

Dch = 〈I + (∇yξ)T 〉Y 0 , (3.6.77)

Note that Dch consists of the diffusion part of the substrate dispersion tensor Ddis.
Moving forward, we resolve I3a by substituting b1 in (3.6.53) into I3a, which we express
in terms of the averaged operator as:

I3a =
1

|Y |

∫
Y 0

{
∇x ·

(
δ[∇yb1 +∇xb0]

)
− Pelocv0b1

}
dy

= ∇x ·

(
1

|Y |

∫
Y 0

{
δ
[
∇y

{
ξδ(y) · ∇xb0 + ξ̂b0 + s̄1

}
+∇xb0

]
− Pelocv0

{
ξδ(y) · ∇xb0 + ξ̂b0 + b̄1

}}
dy

)
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= ∇x ·

(
1

|Y |

∫
Y 0

(
δ[∇yξ

δ + I]− Peloc[v0 ⊗ ξδ]
)
∇xb0 − Peloc

[
v0b̄1

+
(
δ∇yξ̂ − Pelocv0ξ̂

)
b0

]
dy

)
. (3.6.78)

We set D̄dis as the dispersion tensor for the bacteria density:

D̄dis =
〈
δ
[
(∇yξ

δ)T + I
]
− Peloc

[
v0 ⊗ ξδ

]〉
Y 0
. (3.6.79)

Also, we set 〈u〉Y 0 as the pore average drift velocity:

〈û〉Y 0 = 〈δ∇yξ̂ − Peloc{v0ξ̂}〉Y 0 , (3.6.80)

where ξ̂ depends on the local and global scales. We rewrite the compatibility condition
(3.6.71) as:

∂〈b0〉
∂t

+
∂〈b1〉
∂τ

= ∇x ·
(
D̄dis∇x〈b0〉 −

{
Peloc

[
〈v0〉Y 0〈b̄1〉+ 〈v1〉Y 0〈b0〉

]}
−
[
〈u〉Y 0〈b0〉+ Dch

〈
Pebb0χ̂0∇xs0

〉])
+
〈

Da
s0

s0 + κs

(
1− b0

κc

)
b0 − κbb0

〉
. (3.6.81)

Note that as in the substrate equation, we neglect the term ∂〈b0〉/∂t representing
the short time behaviour since it is of order ε. We derive the final form for the
effective bacteria equation by applying the same argument used for (3.6.65)-(3.6.70).
First, we deduce the following identities involving the first order approximation for
the bacteria:

〈b1,ε〉 = 〈b0〉+ ε〈b̄1〉, (3.6.82a)

ε〈b1,ε〉 ∼ ε〈b0〉. (3.6.82b)

Then, we multiply (3.6.81) by ε. Adding the first effective equation (3.6.50) and
(3.6.81) and rescaling for the global time yields:

∂〈b1,ε〉
∂t

= ∇x ·
(
D̄dis∇x〈b1,ε〉−

{
Pe
[
〈v0〉Y 0 + 〈v1〉Y 0

]
〈b1,ε〉

+
[
ε−1〈û〉Y 0〈b1,ε〉+ DchPeb

〈
b0χ̂0∇xs0〉

]})
+
〈

Da
s0

s0 + κs

(
1− b0

κc

)
b0 − κbb0

〉
. (3.6.83)

Note that, the drift velocity u depends on two different spatial scales. To amend this,
we rescale the drift velocity into the global scale in the following way:

û(t,x,y) = ε
(
∇xξ − Peξv0

)
= εu(t,x). (3.6.84)
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Moreover, the average operator is 〈?〉Y 0 = ε2〈?〉εY 0 . Finally, we have the effective
problem expressed as:

∂〈b1,ε〉
∂t

= ∇x ·
(
D̄dis∇x〈b1,ε〉−

{
ε−1Peloc

[
〈v0〉Y 0 + 〈v1〉Y 0

]
〈b1,ε〉

+ ε2〈u〉εY 0〈b0〉+ Dch
〈
Pebχ̂0∇xs0b0

〉})
−
〈

Da
s0

s0 + κs

(
1− b0

κc

)
b0 − κbb0

〉
. (3.6.85)

As a result of the scaling, we note that the scaled drift velocity is of order εs, and
thus, it is negligible. Lastly, letting

φS = 〈s1,ε〉 = φ[s0 + εs̄],

φB = 〈b1,ε〉 = φ[b0 + εb̄],

V = 〈v0〉Y 0 + 〈v1〉Y 0,

(3.6.86)

we write the two effective equations accordingly as:

∂S
∂t

= ∇ ·
(
Ddis∇S − PeVS

)
− Da

Y

S
S + κs

B in [0, T ]× Ω,

∂B
∂t

= ∇ ·
(
D̄dis∇B −

[
PeV + Peb

{
Dchχ(S)∇S

}]
B
)

+ Da
S

S + κs

(
1− B

κc

)
B − κbB in [0, T ]× Ω.

(3.6.87)

The effective model has the same effective initial conditions as (3.4.50). Since the
first order approximation of the flow velocity, we have

V = 〈v0〉Y 0 . (3.6.88)

3.7 Concluding Remarks

Using the formal asymptotic expansion technique, we developed an effective (up-
scaled) form of the general Keller-Segel model described in Chapter 2. To initiate the
asymptotic homogenisation, we provided a microscopic description of the model, in
which we asserted that the chemotactic velocity and reaction rates generating fluxes
vary slowly. As a result, there are only three limiting cases regarding advective flow to
consider. The advective Péclet number identifies three transport regimes. Pe ≤ O(ε)
corresponds to the diffusion regime, Pe = O(ε0) to the advection-diffusion regime,
and Pe = O(ε−1) to the advection-dispersion regime. The fluxes of the substrate
equation when scaled up are

Pe ≤ O(ε) : Jhs = Dh∇S, (3.7.1a)
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Pe = O(ε0) : Jhs = Dh∇S − Pe〈v0〉Y 0S, (3.7.1b)

Pe = O(ε−1): Jdis
s = Ddis∇S − Pe〈v0〉Y 0S, (3.7.1c)

where S, Dh, Ddis and 〈v0〉Y 0 are the effective substrate concentration, the effec-
tive diffusion tensor, the dispersion tensor, and the mean-pore flow (seepage flow),
respectively. The upscaled bacterial population fluxes read as:

Pe ≤ O(ε) : Jhs = δDh∇B − Peb
{
Dhχ(S)∇S

}
B, (3.7.2a)

Pe = O(ε0) : Jhs = δDh∇B −
[
Pe〈v0〉Y 0 + Peb

{
Dhχ(S)∇S

}]
B, (3.7.2b)

Pe = O(ε−1): Jdis
s = D̄dis∇B −

[
Pe〈v0〉Y 0 + Peb

{
Dchχ(S)∇S

}]
B, (3.7.2c)

where B and D are the effective bacterial density and chemotactic tensor, respec-
tively. The effective diffusion tensor associated with the random motility of bacteria,
substrate diffusion, and chemotactic drift is identical and is obtained by solving the
cell-problem provided in Eqs.(3.4.13).

On the other hand, when transport is dominated by advection, this gave rise to
the dispersion tensors D̄dis and Ddis computed using cell-problems in Eqs.(3.6.11)
and Eqs.(3.6.12), while the chemotactic tensor Dch consists of the diffusion part of
the substrate dispersion tensor. Although the divergence of the chemotactic velocity
appears at the local scale, as shown in (3.6.51), at the global scale these effects are of
order ε2, and thus are neglected. Notably, the chemotactic velocity has no dispersion
effects on the population.

Note that the effective model’s primary objective is to approximate the effect
of the microstructure on substrate transport and chemotactic bacteria populations.
Consequently, the effective model has the same modelling restrictions as the original
model. Furthermore, the upscaling can be applied to different versions of the gener-
alised Keller-Segel model provided the proposed changes have no effect on the scaling
argument underlying the three limiting cases. For instance, we can include a globally
defined retardation factor, or assume flow velocity profiles with dependency on the
spatial global variable.
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Chapter 4

Travelling Chemotactic Waves in a
Periodic Porous Medium

In the previous chapter, the derivation of effective models for the Keller-Segel model
using formal asymptotic homogenisation was presented based on the assumption that
advective flow is the only important process affecting the homogenisation procedure.
This chapter uses the effective models developed in Chapter 3 in a numerical study
relating to the travelling chemotactic bacteria bands (travelling wave solutions) within
the subsurface contamination bioremediation field. We aim to demonstrate that the
asymptotic homogenisation method is reliable for deriving simple, effective models
that can easily be used in numerical studies of the Keller-Segel model in porous
media. Also, we aim to validate the effective model numerically by comparing the
simulation results of the effective model with direct simulations of the original model.

This chapter is structured as follows: In Section 4.1, we provide a brief overview on
travelling chemotactic bands, thereby highlighting the novelty in applying the effective
models developed using asymptotic homogenisation in this thesis. In Section 4.2, the
mathematical models used in this chapter are described in reference to the models in
Chapter 2. In Section 4.3, we introduce a new reference frame suitable for simulating
travelling wave solutions. Next, the different microscopic models considered in this
chapter are connected to the related homogenisation results in Chapter 3 using the
new reference frame. In Section 4.4, we conduct several numerical investigations
to study the effects of chemotaxis on the travelling bands and also to evaluate the
validity and accuracy of the effective model in comparison to direct simulations of
the original model.

4.1 Background Studies

It is widely known that the formation of chemotactically moving bands in capillary
tubes was first observed by Adler [2], and the study reported that the moving bands
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are caused by the chemical gradients formed when microorganisms consume their
energy source. Kennedy and Aris [103] were the first to explore the effects of growth
and decay on travelling bands using mathematical analysis. They discovered that
while travelling bands can be generated without chemotaxis, the chemotaxis effect is
characterised by an increase in the speed of travelling bands. Lauffenburger et al. [114]
extended the mathematical study of Kennedy and Aris [103] by examining the effect of
varying chemosensory sensitivity functions on the chemotactic bands. Subsequently,
to have a non-dissipating chemotactic travelling wave solution for the Keller-Segel
model described in Chapter 2, cell growth and death must be considered. However,
a travelling wave solution can be generated without chemotaxis if the logistic growth
is added to model [210, 141]. On the other hand, the formation of a chemotactic
travelling wave solution in a Keller-Segel system without microbial metabolic activity
is possible. It has been ascribed to singularities in the logarithmic sensitivity function
(see Table 2.1, Chapter 2). Conversely, when the model is equipped with a receptor
sensitivity, while excluding the bacteria growth, the system only produces dissipating
travelling bands that eventually vanish [210].

Travelling chemotactic bacteria bands in porous media have been observed and
investigated in several studies related to the bioremediation of subsurface contamina-
tion. For instance, Pedit et al. [153] investigated the role of chemotaxis and microbial
metabolic activities in promoting the biodegradation of subsurface contaminants and
observed that chemotaxis could occur in porous media using modified capillary exper-
iments. The experimental results revealed that the fitted data for the effective chemo-
tactic sensitivity parameters are less directly quantifiable than the other model param-
eters. To simulate travelling chemotactic bands in porous media, Long and Hilpert
[125] and Yan and Hilpert [211] implemented the Lattice-Boltzman method to the
upscaled Keller-Segel model suggested in Olson et al. [144] in a mobile aqueous phase
using hydrodynamic dispersion and tortuosity parameters based on empirical observa-
tions reported in the literature (see Eqs.(1.2.13) in Section 1.2.3 of the Introduction).
Therefore, to the best of our knowledge, the use of formal mathematical upscaling
to derive a simplified, effective form of the chemotaxis–diffusion–advection–reaction
model to study chemotactic bands in porous media has not been reported.

4.2 Mathematical Model

In our set-up we consider the rectangular domain described in Chapter 2 with a length
of L∗x1

= 6.25 [cm] and width of L∗x2
= 0.65 [cm]. The porous structure consisted of a

square array of circular inclusions with a porosity of 0.45 (Figure 4.1). The medium
flow satisfied the Stokes equations described in Eqs.(2.3.8), and the mass transport
equations satisfy Eqs.(2.4.1). As mentioned previously in Section 2.4 of Chapter 2,
there are no-flux and no-flow conditions at the solid–aqueous interface (Eq.(2.4.3)),
and the typical no-flux and no-flow conditions at the lateral walls, Γ∗T and Γ∗B, that
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is,

H∗s (x∗, s∗, b∗) = H∗b (x∗, s∗, b∗) = 0. (4.2.1)

To close the model, it is essential to assign the initial concentrations of the two species
and the external boundary conditions at ΓR and ΓL. Through the model closure,
we identify different case studies, which we utilise to conduct different numerical
investigations. In the first case study, we consider the case of in an immobile aqueous
phase. For the second case study, advective flow is included to examine the effect
of the flow on the chemotactic bands. The initial concentration of the substrate is
assumed to be uniformly distributed on Ω∗f , that is,

s∗(0,x∗) = s∗in, (4.2.2)

whereas the initial concentration of the bacteria is injected into subdomain Ω∗in; hence,

b∗(0,x) = b∗in1Ω∗
in

(x). (4.2.3)

More details on the model closure will be introduced in the subsequent chapter. The
parameter values are listed in Table 4.1. More details on the model closure will be
introduced in the subsequent chapter.

Remark 4.1. It should be noted that 1A is the indicator function defined using the
Iverson bracket as: 1A(x) = [x ∈ A].

Non-dimensionalisation. We assume that ly∗1 = ly∗2 = 250 [µm] is the microscopic
length scale and Lx∗1 = 6.25 [cm] is the macroscopic length scale, and thus the sep-
aration of scales assumption holds, that is, ε = ly∗1/Lx∗1 ∼ 4 × 10−3 � 1. Following
the same dimensionless analysis as in Section 2.6, we can obtain the Stokes equations
in Eqs.(2.6.10) and Eqs.(2.6.11). We choose the reference concentrations of the two
species as their initial concentrations:

s∗m = s∗in, b∗m = b∗in. (4.2.4)

Therefore, the dimensionless initial concentrations are expressed as:

s(0,x) = 1, b(0,x) = 1Ωin
. (4.2.5)

Thus, we have the dimensionless equations that satisfy the mass transfer of the two
species in (2.6.13), the solid–aqueous interface in (2.6.14), and the no-flux conditions
at the lateral walls in (2.6.23). Lastly, the boundary conditions at ΓL and ΓR is left
to be specified later in this chapter. The dimensionless parameters used are listed in
Table 4.2. Note that any change in these values will be highlighted in the text.
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Figure 4.1: Schematic sketch of the porous domain investigated in this chapter.
Where the domain length is L∗x1

= 6.25 [cm] and width is L∗x2
=

0.65 [cm]. The microstructure consisting of square arrays of circular
inclusions, where the dimension of the representative volume element is
ly∗1 = ly∗2 = 250 [µm].

4.3 Changing Variables for Numerical

Simulations

As the bacterial bands and substrate waves are very thin compared to the size of the
domain, front propagation is traditionally resolved numerically in large computational
domains. Therefore, we proposed a change of variables to transform the domain Ωε

into a larger domain. Based on the work of Allaire and El Ganaoui [9] and Allaire
and Habibi [10], we fixed the size of the periodic cell as Y i

ε , and increased the total
number of cells. Consequently, the size of the global domain was changed to an order
of 1/ε (Figure 4.2). Particularly, rather than using the macroscopic space variable,
x ∈ Ωε, the microscopic space variable, y = x/ε, is utilised. Similarly, the microscopic
diffusion time variable,

τ = ε−2t (4.3.1)

with t ∈ [0, T ], is utilised. Within this new frame of reference, all periodicity cells are

of a unit size, and the computational domain, Ω̂ε = ε−1Ωε , as well as the computa-
tional time interval, [0, T̂ ] = [0, ε−2T ], increased as ε→ 0.

According to the new frame, we reformulated the ε-periodic domain in Section 3.1
of Chapter 3 in the following way:

Ω̂ε =
⋃
j∈Z2

Ŷ j
ε ⊂ Ω̂. (4.3.2)
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Parameter Dimensional value and units References

L∗x1
6.25 cm Assumed

L∗x2
0.75 cm Assumed

l∗y1
= l∗y2

250 µm Assumed

D∗s 7.5× 10−10 m2s−1 Pedit et al. [153]
D∗b 3.2× 10−11 m2s−1 Pedit et al. [153]
χ∗0 1.8× 10−9 m2s−1 Pedit et al. [153]
K∗d 2.1 mg L−1 Yan et al. [212]
v∗s 4.8× 10−5 m s−1 Pedit et al. [153]
K∗b 1.66× 10−5 s−1 Yan et al. [212]
q∗max 1.42× 10−4 (mg substrate/mg cell) s−1 Yan et al. [212]
Y ∗ 1.79 mg cell/mg substrate Yan et al. [212]
K∗s 0.5 mg L−1 Yan et al. [212]
µ∗max 2.54× 10−4 s−1 Computed

b∗in 22.3 mg L−1 Yan et al. [212]
s∗in 28.3 mg L−1 Yan et al. [212]
b∗max 50.65 mg L−1 Computed

Table 4.1: Dimensional parameters of the P. putida G7 bacterial strain, which is
known to be attracted to naphthalene (the substrate). Any addition or
change in the parameter values will be highlighted in the text.

For simplicity, we assumed a domain consisting of N ×M periodic units, such that
both N and M are integer numbers defined by:{

N = ε−1Lx1 ,

M = ε−1Lx2 .
(4.3.3)

The periodicity of the domain in the new frame is defined by linear translations using:

Ŷ j
ε =

(
Y 0 + j

)
, (4.3.4)

where j ∈ Z2 and Y 0 ⊂ Y = [0, 1]2 (Figure 4.3). It should be noted that the periodic
units Y and Y 0 are the same as those listed in Section 3.1. Hereafter, all quantities
are denoted using a hat, and for any periodic function, uε(t,x), defined on [0, T ]×Ωε,

we introduce a rescaled function, ûε(τ,y), defined on [0, T̂ ]× Ω̂ε, as:

ûε(τ,y) = uε(ε
2τ, εy) = uε(t,x), (4.3.5)

which satisfies the following relations
∇yûε(τ,y) = ε∇xuε(ε

2τ, εy) = ε∇xuε(t,x),

∂ûε(τ,y)

∂τ
= ε2∂uε(ε

2τ, εy)

∂t
= ε2∂uε(t,x)

∂t
.

(4.3.6)
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Parameter Definition Value

ε ly∗1/Lx∗1 4× 10−3

δ D∗b/D
∗
s 0.04267

Da µ∗maxL
2
x∗1
/D∗s 112.18

ω K∗b /µ
∗
max 0.065

κc (1− ω)
(
b∗max/b

∗
in

)
2.12

κb KbL
2
x1
/D∗s 7.33

κd Kd/s
∗
in -

κs Ks/s
∗
in -

Peb vsLx∗1/D
∗
s 4× 103

χ0 χ∗0/(3vsLx∗1) 2× 10−4

Υ0 χ∗0/(2vsLx∗1) 1× 10−3

λ Pebχ0 0.8

Y Y ∗
(
s∗in/b

∗
in

)
2.27

bin 1

sin 1

Table 4.2: Computed dimensionless parameter values according to Table 4.1. Any
addition or changes to the listed parameter values will be highlighted in
the text.

Lastly, the periodic flow velocity is rescaled as:

v̂(y) = v(εy) = v(x). (4.3.7)

Therefore, our model of interest can be redefined on [0, T̂ ]×Ω̂ε, and is rewritten (after
dropping the subscript y) as:

∂ŝε
∂τ

= ∇ · (∇ŝε − P̂e v̂ε)−
D̂a

Y

ŝε
ŝε + κs

b̂ε in [0, T̂ ]× Ω̂ε, (4.3.8a)

∂b̂ε
∂τ

= ∇ · (δ∇b̂ε − [P̂e v̂ε + P̂ebχ(ŝε)∇ŝε]b̂ε)

+ D̂a
ŝε

ŝε + κs

(
1− b̂ε

κc

)
b̂ε − κ̂bb̂ε in [0, T̂ ]× Ω̂ε. (4.3.8b)
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(a)

(b)

Figure 4.2: Schematic illustration adapted from [10] showing in (a) the standard
homogenisation in a fixed domain Ωε and in (b) the rescaled homogeni-
sation process with a constant periodicity cell and increasing domain
Ω̂ε = ε−1Ωε.

In addition, the non-dimensional parameters are rescaled as:

P̂e = εPe, P̂eb = εPeb D̂a = ε2 Da, κ̂b = ε2κb. (4.3.9)

The no-flux boundary conditions at the solid–aqueous interface, ∂Σ0, are expressed
as:

−n · (∇ŝε) = −n ·
(
δ∇b̂ε

)
= 0. (4.3.10)

The three limiting cases are classifies in the new reference frame as:
P̂e ∼ O(ε2) ⇐⇒ Pe ∼ O(ε)

P̂e ∼ O(ε) ⇐⇒ Pe ∼ O(ε0),

P̂e ∼ O(ε0) ⇐⇒ Pe ∼ O(ε−1).

(4.3.11)

It should be noted that the homogenisation developed in Chapter 3 is invariant under
the proposed change of variable. In the subsequent sections, we reformulate the
homogenised models presented in Chapter 3 according to the different limiting cases.
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Figure 4.3: Schematic sketch of the domain using the new reference frame Ω̂ε where
Γ̂s = ε−1Γs and Γ̂ = ε−1Γ. The domain consists of M × N = 30 × 25
periodic unit cells Ŷε, where each cell is a translation of the unit cell Y 0;

The rest of this chapter focuses on the numerical simulation of the related effective
(upscaled) models in Chapter 2. Primarily, we seek to investigate the various aspects
that influence the formation of chemotactic travelling wave solutions, and validating
the model whenever possible.

4.4 Numerical Investigations

In this section, we perform a series of numerical simulations. Furthermore, when
feasible, direct simulations of the periodic porous structure were performed. All the
numerical simulation results are generated using the finite element simulation software
COMSOL Multiphysics™(version 5.3a). A mesh refinement procedure is used in all
of the simulations to verify that the simulation results are numerically stable.

4.4.1 Immobile Aqueous Phase

Microbial transport in an immobile aqueous phase is relevant in the bioremediation
field. Typically, the underground flow is very slow (e.g. 1 ft/year) [14], and even when
the rate of movement of the underground water is higher, the bacteria may be drawn
to stagnant flow regions. In this case study, we assume that the effects of the medium
flow at the pore scale are negligible. It should be noted that the case study considered
in this section describes bacterial population chemotactic flow triggered by chemical
gradients which are generated by the metabolic consumption of the population.
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Figure 4.4: Schematic sketch showing the initial bacteria concentrations injected
into Ω̂in. (a) represents the case study when we assume an immobile
aqueous phase, and (b) the case study when we assume a mobile aqueous
phase. The dimensionless length and diameter of the initial injections
is set as 20.

4.4.1.1 The Homogenised Model

Here, P̂e ∼ O(ε2), which corresponds to the work in Section 3.4, Chapter 3. As
previously discussed, we can obtain the following effective model when rescaling:

∂Ŝ
∂τ

= ∇ ·
(
Dh∇Ŝ

)
− D̂a

Y

Ŝ
Ŝ + κs

B̂, (4.4.1a)

∂B̂
∂τ

= ∇ ·
(
δDh∇B̂ −

{
P̂eb
{
Dhχ(Ŝ)∇Ŝ

}}
B̂
)

+ D̂a
Ŝ

Ŝ + κs

(
1− B̂

κc

)
B̂ − κ̂bB̂, (4.4.1b)

for all (τ,y) ∈ [0, T̂ ] × Ω̂ε. We close the model using no-flux external boundary

conditions at Γ̂L and Γ̂R:

Ĥs(y, Ŝ, B̂) = Ĥb(y, Ŝ, B̂) = 0. (4.4.2)

For the initial bacterial concentration, we assume that it to be injected into the
locations shown in Figure 4.4. In the subsequent simulations, we assume that φ =
0.45. Note that the homogenised chemotactic velocity is written as:

v̂c0 = P̂eb
{
χ(Ŝ)∇Ŝ

}
, (4.4.3)
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Porosity (φ) 0.35 0.45 0.55 0.65 0.75 0.85

Dh 0.524 0.615 0.679 0.738 0.799 0.869

Table 4.3: Some values of the effective diffusion parameters, Dh, computed by as-
suming Y 0 as in Figure 4.3 for different porosities.

For the sensitivity function, we have the homogenised receptor sensitivity function,

χ(Ŝ) = χ0
κd

(Ŝ + κd)2
, (4.4.4)

with the parameter values given in Table 4.2.

4.4.1.2 Effective Diffusion Tensors

We computed the effective diffusion tensors using the cell-problem in Eqs.(3.4.13),
stated in Section 3.4 of Chapter 3, on Y 0 at a fixed porosity, φ. The computed
effective diffusion tensors are diagonal, that is,

Dh = DhI, (4.4.5)

where I is an identity tensor. The only parameter affecting Dh is the porosity, φ. As
illustrated in Table 4.3, the effective diffusion increases with increasing porosity.

4.4.1.3 Effects of Growth Kinetics

For the first numerical investigation, we excluded the bacterial growth and decay
rates, and thus in effective model we set,

D̂a
Ŝ

Ŝ + κs

(
1− B̂

κc

)
B̂ − κ̂bB̂ ∼ 0. (4.4.6)

To demonstrate the evolution of the bacterial waves, we plotted 1D advancing bacte-
rial wave solutions at the domain centreline. The advancing bands in Figure 4.5 can
be observed to dissipate rapidly while leaving a microbial density tailing behind close
to the initial injection location. When δ ∼ 0.04, which corresponds to the substrate
diffusion coefficient: D∗s = 7.5×10−10 [m2/s], the results revealed that the population
is less likely to drift away in search of energy sources in the absence of population
growth.

Similar to the simulations in Yan and Hilpert [211], when δ ∼ 0.4, that is,
D∗s = 7.5 × 10−11 [m2/s], we observe in Figure 4.6 that the population travelled a
longer distance in shorter times, indicating an increase in the wave speed. Conse-
quently, an enhancement in the substrate removal is observed compared to when
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Figure 4.5: Plots showing the simulation results for the model in Eqs.(4.4.1) assum-
ing the absence of growth/decay kinetics with the relevant parameters
in Table 4.2. In (a) we give a one-dimensional (1D) bacteria traveling
wave solution (solid lines) and the substrate fronts (dashed lines) plotted
at τ = 0, 800, 1200, 2000, 2800. In (b) we plotted the profiles of the
chemotactic velocity given in Eq.(4.4.3) at τ = 800, 1200, 2000, 2800.
The plot in (c) shows the time evolution of 1D bacterial traveling bands
and in (d) the plot shows the time evolution of 1D substrate fronts. The
dashed lines in (c) and (d) corresponds to the travelling waves plotted
in (a) at τ = 0, 800, 1200, 2000, 2800.

δ ∼ 0.04 is used. These results indicate that uptake alone can sufficiently generate
sustainable gradient concentrations to achieve travelling waves covering the entire
domain when the substrate diffusion is on the same order as the bacterial motility.
However, substrate diffusion generally is one order of magnitude less than bacterial
motility.

To understand how the consumption rate and substrate diffusivity influence the
formation of chemotactic travelling wave solutions, we estimate their effects on the
chemotactic drift. Without loss of generality, we assumed that the bacterial waves
follows the trail of the front of the substrate concentration s∗min, and that the concen-
tration is sufficient for bacterial to consume to survive, such that

s∗min � K∗s and s∗min � K∗d , (4.4.7)
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Figure 4.6: Results of the simulations of the same model in Figure 4.5 for δ = 0.4.
In (a) we show the one-dimensional (1D) bacteria bands (solid lines) and
the substrate fronts (dashed lines) plotted at τ = 0, 100, 300, 500, 700.
In (b) we plotted the profiles of the chemotactic velocity at τ =
100, 300, 500, 700 for the same chemotactic velocity used in Figure 4.5.
In (c) we plotted the time evolution of 1D bacterial traveling wave so-
lutions (bands) and in (d) we plotted the time evolution of 1D substrate
fronts. The dashed lines in (c) and (d) corresponds to the travelling
waves plotted in (a) at τ = 100, 300, 500, 700.

where K∗s and K∗b are the Michaelis constant and the receptor saturation constant,
respectively. Then, from (4.4.7) we have constant chemotactic sensitivity function
and the linear uptake rate:

χ∗(s∗min) = χ̄∗0, and k∗s(s
∗) ∼ k∗mins

∗
min, (4.4.8)

where χ̄∗0 ∼ χ∗0/K
∗
d (Table 2.1) and k∗min [s−1] is set as:

k∗min ∼
µ∗max

K∗sY
∗ b
∗
in. (4.4.9)

Assuming a non-porous medium, the uptake rate in Eq.(4.4.9) generates mass flow,
which can be defined as

V ∗min ∼ s∗min

√
k∗minD

∗
s , (4.4.10)
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where V ∗min [m s−1mg L−1(substrate)]. Thus, the substrate concentration fluxes can
be approximated using

∇∗s∗ ∼ V ∗min

D∗s
. (4.4.11)

Lastly, the strength of the chemotactic velocity is estimated using the following chemo-
tactic Péclet–like number approximated as:

P̂eχ ∼
χ̄∗0V

∗
minL

∗
x∗1

D∗sD
∗
b

. (4.4.12)

Therefore, at a low substrate concentration s∗min = 0.01� K∗s , we have

δ = 0.04 =⇒ P̂eχ ∼ 0.06, (4.4.13)

δ = 0.4 =⇒ P̂eχ ∼ 0.6. (4.4.14)

This indicates that a slower substrate diffusion enhances the strength of the chemo-
tactic drifts, or equivalently, the chemotactic drift mechanism enhanced the bioavail-
ability of the substrate.

However, the random motility rate is generally one order of magnitude less than
the diffusivity of most dissolved chemicals, and thus this argument is nonrealistic.
Eqs.(4.4.7)–(4.4.12) suggest that the chemotactic strength can be increased by in-
creasing the initial density of the population, which can be achieved by including the
growth kinetics, which we can see in Figure 4.7. The plots of the simulations of the
full model in Figure 4.7 generated travelling wave solutions at a constant speed with
a higher peak values, despite the fact that the chemotactic velocities plotted in Fig-
ure 4.7(b) are slower than those in Figure 4.6(b). This suggests that the enhancement
in the qualitative and quantitative properties of the travelling wave can be attributed
to the combined contributions from both the chemotactic and growth mechanisms.

4.4.1.4 Effects of Chemotaxis Drift

By neglecting the chemotactic drift (i.e., χ0 = 0), we obtained a model closely related
to Fisher–Kolmogorov–Petrovsky–Piskunov equation (F-KPP) [141]. We simulated
the F-KPP-like model and compared the obtained travelling wave solution plotted
in Figure 4.8(b) to the chemotactic wave solution in Figure 4.7(a). The chemotactic
wave solutions appear to be faster, and exhibited higher peak values and sharp fronts
compared to the F-KPP wave solutions. It should be noted that the exclusion of
both chemotactic drift and logistic growth terms inhibited the formation of travelling
waves, as it is demonstrated in Figure 4.8(a) where the density diffuses near the initial
injection site. In contrast, chemotactic models can generate travelling waves solution
in the absence of the logistic term, as reported in Yan and Hilpert [211] and Yan et al.
[212]. Furthermore, in their study they estimated the effective diffusion coefficients
by Taylor dispersion theory in the tube.

85



C
he

m
ot

ax
is

 V
el

oc
ity

C
on

ce
nt

ra
tio

ns

!" − $%%&'()*+, !" − $%%&'()*+,

0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

Ti
m

e

!" − $%%&'()*+,

1

0.8

0.6

0.4

0.2

0
0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

Ti
m

e

!" − $%%&'()*+,

t = 1500

t = 850

t = 500
t = 300

2

1.5

1

0.5

0

4 = 5666
4 = 7866
4 = 7566
4 = 966

0 50 100 150 200 250
0

0.5

1

1.5

2

0 50 100 150 200 250
0

0.02

0.04

0.06

0.08

(d)(c)

(a) (b)

!" − $%%&'()*+, !" − $%%&'()*+,

4 = 5666
4 = 7866
4 = 7566
4 = 966

C
h

e
m

o
t
a
x

i
s
 
V

e
l
o

c
i
t
y

C
o

n
c
e
n

t
r
a
t
i
o

n
s

!" − $%%&'()*+, !" − $%%&'()*+,

0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

T
i
m

e

!" − $%%&'()*+,

1

0.8

0.6

0.4

0.2

0
0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

T
i
m

e

!" − $%%&'()*+,

t = 1500

t = 850

t = 500
t = 300

2

1.5

1

0.5

0

4 = 5666
4 = 7866
4 = 7566
4 = 966

0 50 100 150 200 250
0

0.5

1

1.5

2

0 50 100 150 200 250
0

0.02

0.04

0.06

0.08

(d)(c)

(a) (b)

!" − $%%&'()*+, !" − $%%&'()*+,

4 = 5666
4 = 7866
4 = 7566
4 = 966

C
h
e
m

o
t
a
x
i
s
 V

e
l
o
c
i
t
y

C
o
n
c
e
n
t
r
a
t
i
o
n
s

!" − $%%&'()*+, !" − $%%&'()*+,

0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

T
i
m

e

!" − $%%&'()*+,

1

0.8

0.6

0.4

0.2

0
0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

T
i
m

e

!" − $%%&'()*+,

t = 1500

t = 850

t = 500
t = 300

2

1.5

1

0.5

0

4 = 5666
4 = 7866
4 = 7566
4 = 966

0 50 100 150 200 250
0

0.5

1

1.5

2

0 50 100 150 200 250
0

0.02

0.04

0.06

0.08

(d)(c)

(a) (b)

!" − $%%&'()*+, !" − $%%&'()*+,

4 = 5666
4 = 7866
4 = 7566
4 = 966

C
h
e
m

o
t
a
x
i
s
 V

e
l
o
c
i
t
y

C
o
n
c
e
n
t
r
a
t
i
o
n
s

!" − $%%&'()*+, !" − $%%&'()*+,

0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

T
i
m

e

!" − $%%&'()*+,

1

0.8

0.6

0.4

0.2

0
0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

T
i
m

e

!" − $%%&'()*+,

t = 1500

t = 850

t = 500
t = 300

2

1.5

1

0.5

0

4 = 5666
4 = 7866
4 = 7566
4 = 966

0 50 100 150 200 250
0

0.5

1

1.5

2

0 50 100 150 200 250
0

0.02

0.04

0.06

0.08

(d)(c)

(a) (b)

!" − $%%&'()*+, !" − $%%&'()*+,

4 = 5666
4 = 7866
4 = 7566
4 = 966

C
h
e
m

o
t
a
x
i
s
 V

e
l
o
c
i
t
y

C
o
n
c
e
n
t
r
a
t
i
o
n
s

!" − $%%&'()*+, !" − $%%&'()*+,

0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

T
i
m

e

!" − $%%&'()*+,

1

0.8

0.6

0.4

0.2

0
0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

T
i
m

e

!" − $%%&'()*+,

t = 1500

t = 850

t = 500
t = 300

2

1.5

1

0.5

0

4 = 5666
4 = 7866
4 = 7566
4 = 966

0 50 100 150 200 250
0

0.5

1

1.5

2

0 50 100 150 200 250
0

0.02

0.04

0.06

0.08

(d)(c)

(a) (b)

!" − $%%&'()*+, !" − $%%&'()*+,

4 = 5666
4 = 7866
4 = 7566
4 = 966

C
he

m
ot

ax
is

 V
el

oc
ity

C
on

ce
nt

ra
tio

ns

!" − $%%&'()*+, !" − $%%&'()*+,

0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

Ti
m

e

!" − $%%&'()*+,

1

0.8

0.6

0.4

0.2

0
0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

Ti
m

e

!" − $%%&'()*+,

t = 1500

t = 850

t = 500
t = 300

2

1.5

1

0.5

0

4 = 5666
4 = 7866
4 = 7566
4 = 966

0 50 100 150 200 250
0

0.5

1

1.5

2

0 50 100 150 200 250
0

0.02

0.04

0.06

0.08

(d)(c)

(a) (b)

!" − $%%&'()*+, !" − $%%&'()*+,

4 = 5666
4 = 7866
4 = 7566
4 = 966

C
he

m
ot

ax
is

 V
el

oc
ity

C
on

ce
nt

ra
tio

ns

!" − $%%&'()*+, !" − $%%&'()*+,

0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

Ti
m

e

!" − $%%&'()*+,

1

0.8

0.6

0.4

0.2

0
0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

Ti
m

e

!" − $%%&'()*+,

t = 1500

t = 850

t = 500
t = 300

2

1.5

1

0.5

0

4 = 5666
4 = 7866
4 = 7566
4 = 966

0 50 100 150 200 250
0

0.5

1

1.5

2

0 50 100 150 200 250
0

0.02

0.04

0.06

0.08

(d)(c)

(a) (b)

!" − $%%&'()*+, !" − $%%&'()*+,

4 = 5666
4 = 7866
4 = 7566
4 = 966

C
he

m
ot

ax
is

 V
el

oc
ity

C
on

ce
nt

ra
tio

ns

!" − $%%&'()*+, !" − $%%&'()*+,

0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

Ti
m

e

!" − $%%&'()*+,

1

0.8

0.6

0.4

0.2

0
0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

Ti
m

e

!" − $%%&'()*+,

t = 1500

t = 850

t = 500
t = 300

2

1.5

1

0.5

0

4 = 5666
4 = 7866
4 = 7566
4 = 966

0 50 100 150 200 250
0

0.5

1

1.5

2

0 50 100 150 200 250
0

0.02

0.04

0.06

0.08

(d)(c)

(a) (b)

!" − $%%&'()*+, !" − $%%&'()*+,

4 = 5666
4 = 7866
4 = 7566
4 = 966

Ch
em

ota
xis

 Ve
loc

ity

Co
nce

ntr
ati

on
s

!" − $%%&'()*+, !" − $%%&'()*+,

0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

Tim
e

!" − $%%&'()*+,

1

0.8

0.6

0.4

0.2

0
0 50 100 150 200 250
0

500

1000

1500

2000

2500

3000

Tim
e

!" − $%%&'()*+,

t = 1500

t = 850

t = 500
t = 300

2

1.5

1

0.5

0

4 = 5666
4 = 7866
4 = 7566
4 = 966

0 50 100 150 200 250
0

0.5

1

1.5

2

0 50 100 150 200 250
0

0.02

0.04

0.06

0.08

(d)(c)

(a) (b)

!" − $%%&'()*+, !" − $%%&'()*+,

4 = 5666
4 = 7866
4 = 7566
4 = 966

𝝉
𝝉
𝝉
𝝉

𝝉
𝝉
𝝉
𝝉

𝑦! 𝑦!

𝑦!𝑦!

𝜏 = 1200

𝜏 = 800 𝜏 = 1600

𝜏 = 2000

𝜏 = 0
𝜏 = 800

𝜏 = 1200
𝜏 = 1600

𝜏 = 2000

Figure 4.7: Simulation plots of the full model given in Eqs.(4.4.1) with the
growth/decay kinetics for the parameters given in Table 4.2, where
δ = 0.04. The plots in (a) show the bacterial chemotactic bands
(solid lines) and substrate fronts (dashed lines) plotted at τ =
0, 800, 1200, 2000, 2800, (b) chemotactic velocity plotted at τ =
800, 1200, 2000, 2800. In (c) and (d) plots show the time evolution of
the 1D bacterial waves and 1D substrate fronts, respectively. The dashed
lines in (c) and (d) corresponds with the bacterial bands and substrate
waves in (a).

4.4.1.5 Initial Substrate Concentration Effects

From a strictly mathematical perspective, the carrying capacity parameter value, κc,
bounds the microbial density; thus, the logistic term serves as a competitive inhibition
bounding the microbial density growth. But, it can also highlight how the initial
substrate concentration influences the buildup of biomass in the domain. Recall that{

K∗c ∼ (1− ω)b∗max,

b∗max ∼ Y ∗s∗in,
(4.4.15)

where ω = K∗b /µ
∗
max (refer to Eq.(2.3.26) and Eq.(2.3.28) in Section 2.3, Chapter 2).

Therefore, any decrease in the initial concentration of the substrate results in a de-
crease in b∗max. Thus, by substituting b∗max for b∗in in Eqs.(4.4.7)–(4.4.12), we deduce
that decreasing the initial substrate concentration decreases the chemotaxis effects,
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lation results of the effective chemotactic model in Eqs.(4.4.1) in the
absence of any metabolic rates, and in (b) we show the propagating
Fisher–Kolmogorov–Petrovsky–Piskunov equation (F-KPP) waves ob-
tained when χ0 = 0 in Eqs.(4.4.1).
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Figure 4.9: Plots showing the chemotactic bacterial bands for the full chemotac-
tic model Eqs.(4.4.1), including the growth/decay kinetics assuming the
parameter values in Table 4.2. (a) Wave speeds for the three initial
concentrations plotted for the same time interval. The wave speeds
in (a) were plotted by tracking the position of position of the band
peak against time τ . In (b) we plotted the travelling bacterial bands
when s∗in = 28.3 [mgL−1], (c) when s∗in = 10 [mgL−1], and (d) when
s∗in = 5 [mgL−1].

thus affecting the qualitative properties of the travelling wave solutions. The travel-
ling wave solution plots in Figure 4.9 illustrate the correlation between the decreased
initial concentration values and the decreased speed and peak values.
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4.4.2 Mobile Aqueous Phase

The Darcy flow presented in Section 3.2, Chapter 3 is used to calculate the local flow
v̂0(y) and the pore-averaged flow 〈v̂0〉Y 0 . Under the new reference frame, the effective
model is expressed as:

∂Ŝ
∂τ

= ∇ ·
(

Ds∇Ŝ − P̂e〈v̂0〉Y 0Ŝ
)
− D̂a

Y

Ŝ
Ŝ + κs

B̂ (4.4.16a)

∂B̂
∂τ

= ∇ ·
(

Db∇B̂ −
[
P̂e〈v̂0〉Y 0 + P̂eb

{
Dchχ(Ŝ)∇Ŝ

}]
B̂
)

+ D̂a
Ŝ

Ŝ + κs

(
1− B̂

κc

)
B̂ − κ̂bB̂. (4.4.16b)

The effective tensors in Eqs.(4.4.16) are as defined in Chapter 3 according to the
remaining two limiting cases. We close the effective model by defining the initial
concentrations and the external boundary conditions. As before, the initial substrate
concentration is uniformly distributed throughout the domain. The initial bacteria
concentration occupies a circular subdomain Ω̂in of radius r̂ ∼ 10 (Figure 4.4(b)). At

Γ̂L and Γ̂R, we assign periodic boundary conditions such that the observed domain
is expanded by translations in the axial direction (flow direction). The periodic
conditions described are written in terms of the new coordinates as:

−n · (Ds∇Ŝ − P̂e〈v̂0〉Y 0Ŝ)|Γ̂L
= Ĥs(y, Ŝ, B̂)|Γ̂R

, (4.4.17a)

−n · (Db∇B̂ − [P̂e〈v̂0〉Y 0 + P̂eb
{

Dchχ(Ŝ)∇ ˆ̂
S
}

]B̂)|Γ̂L
= Ĥb(y, Ŝ, B̂)|Γ̂R

. (4.4.17b)

The right-hand side of (4.4.17) is expressed as:

Ĥs(y, Ŝ, B̂) = n · (Ds∇Ŝ − P̂e〈v̂0〉Y 0Ŝ), (4.4.18)

Ĥb(y, Ŝ, B̂) = n · (Db∇B̂ − [P̂e〈v̂0〉Y 0 + P̂eb
{

Dchχ(Ŝ)∇Ŝ
}

]B̂). (4.4.19)

For continuity, the concentrations are set as:

Ŝ(τ,y)|Γ̂L
= Ŝ(τ,y)|Γ̂R

, and B̂(τ,y)|Γ̂L
= B̂(τ,y)|Γ̂R

. (4.4.20)

The effective flow conditions at the inlet and outlet is expressed as:

−n · 〈v̂0〉Y 0|Γ̂L
= n · 〈v̂0〉Y 0|Γ̂R

, and − 〈v̂0〉Y 0 |Γ̂L
= 〈v̂0〉Y 0|Γ̂R

. (4.4.21)

As mentioned previously (see Remark 3.8 in Section 3.6 of Chapter 3), the natural
scaling of the Péclet number in infinite cylinders is Pe ∼ O(ε−1). Hence, in the new

reference frame, it is equivalent to P̂e ≥ O(ε0); otherwise, we assume that we are
dealing with an advection–diffusion regime.
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Figure 4.10: Plots showing the simulation results of the model described in Sec-
tion 4.4.2 of the chemotactic bacterial waves (solid lines) and the sub-
strate (dashed lines) in stagnant flow (a) when no growth/decay kinet-
ics were considered and (b) when growth/decay kinetics were considered
at τ = 0, 800, 1000, 1200. The plots in (c) and (d) are repeated sim-

ulation results when P̂e = 0.02 at τ = 0, 800, 1000, 1200. Note that
the parameters given in Table 4.2 were used.

4.4.2.1 Advection–Diffusion Regime

When there is an advection–diffusion regime, the effective model shown in Section 3.5,
Chapter 3, is applied by letting

Ds := Dh, Db := δDh, Dch := Dh, (4.4.22)

where Dh is the same effective diffusion tensor computed in Eq.(4.4.5). Next, we

simulate the effective model for P̂e = 0.02, 0.1. For better visualisation of the effect
of flow on the travelling band, we compare between the two numerical simulations
when assuming an immobile aqueous phase and in an advective flow. The plots in
Figure 4.10(a) and (b), in the absence of flow, show the microbial density splitting
into two travelling peaks moving downstream and upstream. As expected, the ex-
clusion of the growth term resulted in the generation of slower travelling bands that
dissipated rapidly (Figure 4.10(a)) when compared to the behaviour observed during
the simulation of the full model (Figure 4.10(b)). Moreover, the full model simula-
tion generates travelling bands that move faster with higher density peaks. On the
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Figure 4.11: Numerical simulations for the full effective model in Eqs.(4.3.8) and

Eqs.(4.3.10) when (a) P̂e = 0.02 and (b) P̂e = 0.1 at τ = 450, 750.
Note that the plots here are 2D visualisation of the bacteria bands given
in Figure 4.10(c) and (d).

other hand, the plots in Figure 4.10(c) and (d) show that the flow simply carries the
travelling bands, where the bands appear to be translated by the same distance in
the direction of the flow.

The plots in Figure 4.11 show a two-dimensional illustration of the behaviour
of the travelling bands under the effects of the two flow regimes: P̂e = 0.02 and
P̂e = 0.1. We observe that the density profiles plotted at the same time, t = 450, 750,
were identical in shape regardless of the flow velocity values. Thus, we conclude that
in such advective-diffusion regimes, chemotactic bands are invariant under uniform
flow. This observed Galilean invariance behaviour of the chemotactic waves has been
reported in Yan and Hilpert [211].

4.4.2.2 Advection–Dispersion Regimes

When P̂e ≥ 1, we have the effective model developed in Section 3.6, Chapter 3.
Therefore, we assign

Ds := Ddis, Db := D̄dis, Dch := Dch. (4.4.23)
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Figure 4.12: Semi-log plots for the eigenvalues of the dispersion tensors of the sub-
strate, the bacteria, and the chemotactic drift. The x-axis is the loga-
rithmic scale of the Péclet number and y-axis is the linear scale of the
bacterial dispersion tensors components.

Next, we compute the effective dispersion tensors by simulating the cell-problems
shown in Eqs.(3.6.11)–(3.6.12). The simulation results of the tensor components are

P̂e = 0−100 are shown in the semi-log plots in Figure 4.12. When P̂e < 1, we retrieve
the diffusion tensor defined in (4.4.5), as expected. However, for P̂e � 1, we have
dispersion tensors written as

Ddis,ij
s = Ddis

⊥ δij + (Ddis
‖ −Ddis

⊥ )
uiuj
|u|2

, (4.4.24a)

Ddis,ij
b = Ddis

⊥ δij + (Ddis
‖ −Ddis

⊥ )
uiuj
|u|2

, (4.4.24b)

where δij is the Kronecker delta and u = Pe〈v0〉Y 0 [81]. The two eigenvalues, Ddis
‖

and Ddis
⊥ , represent the longitudinal and transverse components of the dispersion

tensor. The following observations arise from the semi-log plots. First, Figure 4.12(a),
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(b), and (c) reveal that Ddis
‖ > Ddis

⊥ for both species with an increase in the Péclet
number values. Second, the bacteria have larger dispersions than the substrate. The
chemotactic longitudinal dispersion values grow as the Péclet number increases, while
the transverse dispersion values increase at a considerably slower rate. The computed
dispersion tensors in Figure 4.12 suggest that the injected bacterial density should
exhibit axial elongation in the direction of the flow.

It is noteworthy to mention that employing the same numerical methods as
those used in the scenario where P̂e > 1 resulted in a negative bacterial density
and ultimately led to divergence. There has been a lot of work going into develop-
ing stable numerical methods to simulate unsteady dynamical transport for a single
species [177, 207]. For instance, the Lattice-Boltzmann method has been used to pro-
vide numerically stable solutions in the case of a single transport equation [198]. Later,
the Lattice-Boltzmann method was developed for chemotactic bacteria [125, 211].
However, we were not able to apply any alternative numerical methods in this chap-
ter.

To illustrate the effect of the dispersion on the bacterial bands profiles, we assume
the traveling bacteria bands remain being Galilean invariant under the unidirectional
flow for larger Péclete numbers. As such the expanding bacterial bands are moved
by the translational velocity. There are two frames of reference here: (τ,y) the frame
where the fluid particles are moving at a constant speed in the y1 direction, and
(τ ′,y′) the frame which is moving with the fluid particles. Thus, for the Galilean
translation of position and time we have,

y = y′ + P̂e〈v̂0〉Y 0τ ′, (4.4.25)

τ = τ ′, (4.4.26)

where 〈v̂0〉Y 0 is the unidirectional flow in the y1 direction. Then by transforming the
model in Section 4.4.2 via

Ŝ(τ,y) := ŝ(τ ′,y′), B̂(τ,y) := b̂(τ ′,y′), (4.4.27)

and by the expanded partial derivatives using chain rule,

∂

∂τ ′
=

∂

∂τ
+ P̂e〈v̂0〉Y 0 · ∇, (4.4.28)

∇′ = ∇, (4.4.29)

we obtain the following dispersive set of equations,

∂ŝ

∂τ ′
= ∇′ ·

(
Ds∇′ŝ

)
− D̂a

Y

ŝ

ŝ+ κs
b̂ (4.4.30a)

∂b̂

∂τ ′
= ∇′ ·

(
Db∇′b̂− P̂eb

{
Dchχ(ŝ)∇′ŝ

}
b̂
)
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Figure 4.13: Plots showing the numerical simulations of the model described in
Eqs.(4.4.30). The Plots show the effect of the effective diffusion ten-
sor (left) and dispersion tensor (right) on the growth expansion of the

population. The dispersion tensor is computed for P̂e = 5.

+ D̂a
ŝ

ŝ+ κs

(
1− b̂

κc

)
b̂− κ̂bb̂, (4.4.30b)

and with the corresponding transformed periodic boundary conditions. The two
tensors Ds, Db and Dch in the case of an advection-diffusion regime are defined in
Eq.(4.4.22), and in the case of a advection-dispersion regime the tensors are defined
Eq.(4.4.23).

In Figure 4.13 we plotted the simulation results of the model in Eqs.(4.4.30)
showing the effect of the diffusion and dispersion tensors on the expanding bacterial
bands when P̂e = 5. In comparison to the travelling bands governed by diffusion
alone, the dispersion tensor appears to smooth out the chemotactic fronts without
compromising their symmetry. Furthermore, the dispersion effects appears to produce
shallower chemotactic peaks.

It is worth noting that Yan and Hilpert [211] numerical study using multiple-
relaxation-time (MRT) lattice-Boltzmann method showed that the uniform velocity

does not affect the formation and the shape of bacterial bands when P̂e = 0.01, 1.
Their numerical observations agree with what is well known: that advection trans-
ports the microbial population with an equal average velocity to that of the under-
ground flow as long as there is no interaction between the porous solid matrix [191].

However, when P̂e = 10, Yan and Hilpert [211] reported that the downstream bands
become much more populated than the upstream ones. Thus, it remains to be verified
if utilising the MRT lattice-Boltzmann method with the current effective dispersion
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Figure 4.14: Schematic sketch showing (a) the subdomain Ω̂′ε with microstructure
consisting of N = 250 circular inclusion, where in (b) we give a closer
look at the microstructure of the subdomain. The homogenised subdo-
main is shown in (c) and (d).

components calculated in this thesis would provide the same outcomes.
Next, we investigate the validity and accuracy of the model based on the results

of the previous numerical simulations.

4.4.3 Model Validation

In previous sections, we were able to provide numerical simulations of effective models
in both the mobile and immobile aqueous phases, which are primarily influenced
by diffusion. However, due to the inherent numerical instability of the unsteady
advection-dispersion system, it is not possible to do similar numerical simulations
when advection dominates the transport. In this section, we validate the effective
models by comparing the numerical results of the direct simulation of the model in a
porous domain with the results of the simulation of the effective models.

The direct numerical simulation at the microscale is carried out on a subdomain
Ω̂′ε, as shown in Figure 4.14. The subdomain, which consists of a single array of
circular inclusions with a porosity of 0.45, we are able to conduct direct simulations
as a result of the symmetry of the transport problem. Thus, by direct simulations we
refer to the numerical simulations of model stated in Eqs.(4.3.8) defined on Ω̂′ε with
no-flux boundary conditions at the solid–aqueous interface and external boundaries.
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Figure 4.15: Plots of the simulation results showing the location of the peaks for
both the exact and effective travelling waves using the parameter val-
ues listed in Table 4.2. The density peaks obtained from the chemotac-
tic model simulation and the density peaks obtained from the F-KPP
model simulation are plotted for the same time steps in (a) and (b),
respectively.

On the other hand, the simulations of the corresponding homogenised model are
carried out on the homogenised subdomain Ω̂′

The validation process involves computing the relative errors between the exact
and effective wave solutions using the density peak values and the travelling wave
speed. We defined the relative variation as:

E(ûε) =
|ûε(τ,y)− Û(τ,y)|

|ûε(τ,y)|
, (4.4.31)

where ûε and Û represent the exact (direct) and effective numerical solutions in terms
of the new reference frame explained in Section 4.3, respectively. The relative errors
in Eq.(4.4.31) are computed at equidistant time steps (∆t = 10) and same location
on both domains. Furthermore, we consider the relative maximum and minimum
bounds defined as:

Min = min
t∈Î
|E(u)|, and Max = max

t∈Î
|E(u)|, (4.4.32)

where Î ⊂ [0, T̂ ] is the time interval where the formation of the travelling wave
solutions at a constant speed occurs.

We start our investigation by plotting the direct and effective chemotactic and F-
KPP travelling wave solutions. Figure 4.15(a) shows that at each time step, the exact
chemotactic travelling wave solution bounds the effective travelling wave solution from
above. In contrast, the exact and effective F-KPP travelling wave solution is almost
identical. Consequently, it suggests that the accuracy of the homogenised travelling
wave solutions depends on the homogenised effective chemotactic velocity term.

In the classical homogenisation theory, the estimated errors in a pure diffusion
process are of O(ε) and the error of gradients is estimated to be O(

√
ε) [10]. When
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Figure 4.16: Relative errors in the density peaks and speed, plotted for the same
time steps for different initial substrate concentrations.

computing and plotting the relative errors of the travelling wave solutions shown in
Figure 4.9 in Figure 4.16, we notice that the relative errors in all the plots are of order√
ε or less (ε = ly∗1/Lx∗1 = 4 × 10−3). In particular, we observe that the maximum

relative error is of order
√
ε when the initial concentration is s∗in = 28.2 [mg/L], and

is of order ε when the initial concentration is s∗in = 5 [mg/L]. Hence, the effective
substrate gradient that results from bacterial consumption explains the observed large
relative errors. On the other hand, the chemotactic density peaks get smoother when
the bioavailability of the substrate goes down (see Figure 4.9). Consequently, the
gradients generated by bacterial consumption are shallow, leading to better accuracy.
Thus, the travelling bacterial bands at low initial substrate concentrations depend
more on bacterial growth. Note that the error analysis supports what was stated in
Chapter 3, namely that the effects of metabolic terms on the overall mass flow at the
microscale level are negligible.

In the case of advection-diffusion-chemotaxis regimes, simulations produced bacte-
rial bands that display Galilean invariance. Based on this, the error analysis is similar
to the one conducted assuming stagnant flow. However, we cannot provide a defini-
tive numerical error analysis for a dispersion-advection-chemotaxis regime. If the
expected behaviour of the travelling bands remains Galilean invariance, then the pre-
vious error analysis is valid. However, using the MRT Lattice-Boltzman method, Yan
and Hilpert [211] reported different behaviour for large Péclet numbers where the two
chemotactic travelling peaks fail to maintain symmetry. Therefore, more numerical
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research needs to be developed to fully understand how chemotactic bacteria move
when large-scale advection is the dominant force.

4.5 Concluding Remarks

In this chapter, we used a case study concerning travelling chemotactic bands to test
the accuracy of the effective models developed in Chapter 3. The effective mod-
els followed the simple assumptions presented in Chapter 2, in which the transport
of the bacterial population is assumed to be similar to that of passive solutes, so
it was easier to focus on the mathematical homogenisation performance and accu-
racy. First, we examined the effects of solute diffusion, metabolic rate, chemotactic
drift, and bioavailability of the initial substrate on the travelling chemotactic bands.
Then, we used these simulations to conduct numerical error analysis, comparing the
effective models’ simulations with the original model’s direct simulations. The anal-
ysis showed that the effective substrate gradient generated errors in the chemotactic
advective term. The results support the conclusion that the homogenised model pro-
duces a good approximation of the exact model. Unfortunately, our conclusions were
restricted to chemotactic bands at static and weak flow rates, as we could not conduct
complete numerical simulations in the case of dominant advective flow.
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Chapter 5

The Transverse Chemotactic
Migration in a Porous Microfluidic
Device

In this chapter, we continue the argument started in Chapter 4 in order to assess
and validate the effective models presented in Chapter 3. Previously, in Chapter 4,
we were able to provide numerical validation analysis for two of the three limiting
cases and the related two effective models developed in Section 3.4 and Section 3.5
of Chapter 3. The numerical validation consisted of comparing the numerical data
obtained from the simulations of the homogenised models with the original model’s
direct simulation. This chapter deals with a case study that addresses the last limiting
case concerning the dominant advective flow.

In the experimental study of Long and Ford [122], a flow-based microfluidic gradi-
ent generator had been fabricated, so it consists of a periodic microstructure in a thin
microchannel. They used the microfluidic device to observe and illustrate the role
of chemotaxis in the transverse migration of a suspended microbial population in a
direction perpendicular to the flow. Their study used an effective Keller-Segel model
using conventional approaches to predict the recorded observations. However, the ef-
fective model could not produce any chemotactic drift. Even when they increased the
effective chemotactic sensitivity constant by 100-fold, the simulation results failed to
predict the data. Following that, Porter et al. [157] applied the effective chemotactic
model developed in Valdés-Parada et al. [195] using the volume averaging method.
Although their simulations generated chemotactic migration, the simulations under-
estimated the chemotactic migration in slow flows.

In this chapter, we start in Section 5.1 by giving an overview of Long and Ford
[122]. Next, section 5.2 describes the laminar flow and the Keller-Segel model in the
three-dimensional microchannel. Then, in Section 5.3, we propose a depth-average
approach to redefine the mathematical model in the two-dimensional domain. Next,
we develop a new depth-averaged Darcy flow model using asymptotic homogenisation,
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and we upscale the effective depth-averaged mathematical model using the work in
Chapter 3. Then, in Section 5.5, we conduct several analytical and numerical investi-
gations using the effective parameters to quantify the role of the porous microstructure
in mixing enhancement in a flow-based microfluidic gradient generator. Lastly, in Sec-
tion 5.6, we apply the effective model developed using asymptotic homogenisation to
fit the experimental data.

5.1 Overview of the Experimental Study

The microfluidic main functionality is that it provides direct visualisation and quan-
tification through tracking of colloids [22, 25] and bacteria [67, 112, 83, 91]. In addi-
tion, experimental protocols in microfluidic technology provide means to controlling
and manipulating fluid flows with length scales of less than a millimetre [186, 185],
enabling the creation of highly controlled chemoattractant gradients, which are fun-
damentally important in studying chemotactic migration.

Long and Ford [122] fabricated a simple two-inlet microfluidic gradient generator
(T-sensor) with cylindrical pillars. The device operates by injecting two injectates
through two arms of the device at the same flow rates (see Figure 5.1). The two
streams merge at the head of the main channel to produce an interface boundary
layer, where the mixing occurs. The dimensions of the main porous T-sensor channel
are: 

Length : Lx∗1 = 8.3 [cm],
Width : Lx∗2 = 0.6 [cm],
Depth : H∗ = 13 [µm].

(5.1.1)

The main channel is composed of a micro-porous structure consisting of hexagonal
arrays of thin impermeable cylinders with a radius of 100 [µm] and a height of H∗ =
13 [µm]. Thus, we choose the representative volume element (the periodic unit cell)
as a three-dimensional (3D) element with the following dimensions:

Local length : ly∗1 = 425.7 [µm],
Local width : ly∗2 = 246 [µm],

Depth : H∗ = 13 [µm].
(5.1.2)

Therefore, we have ε = ly∗1/Lx∗1 ∼ 5 × 10−3 � 1. Long and Ford [122] conducted
several tests, including tracer, bacterial control, and chemotactic tests: The tracer
test is performed by injecting a fluorescein solution and phosphate buffer; the bac-
terial control test involves the injection of a motile bacterial suspension (E.coli) and
phosphate buffer, and the chemotactic test involves the use of a bacterial suspension
and a chemoattractant (α-methylaspartate). Three linear velocities were used,

V ∗avg = 5 [m/day],

V ∗avg = 10 [m/day],

V ∗avg = 20 [m/day].

(5.1.3)
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Figure 5.1: Schematic illustration of the T-sensor, where (a) shows the top view
of the device in the x∗1x

∗
2-plane with the main channel dimensions with

length of Lx∗1 = 8.3 [cm] and width of Lx∗2 = 0.6 [cm], note that the
height of the channel H∗ = 13 [µm] is much smaller that its width. In
(b) we show a cross section illustrating the microstructure of the main
channel and zoomed-in view in (c). The two-dimensional periodic cell
is shown in (d) with dimensions of ly∗1 = 425.7 [µm] and ly∗2 = 246 [µm].

Note that, in packed column studies, the linear velocities in Eq.(5.1.3) refer to the
superficial velocity, which is related to the interstitial velocity by V ∗i = φ−1V ∗avg [160].
The data obtained were collected for all the tests at three transverse profiles in the
main channel: 

l∗2[cm] : x∗1 = 2 [cm] = 0.02 [m],

l∗4[cm] : x∗1 = 4 [cm] = 0.04 [m],

l∗6[cm] : x∗1 = 6 [cm] = 0.06 [m].

(5.1.4)

The normalised bacteria were counted in 23 out of the 25 pores in a square region
of 50× 50 µm at the centre of each pore. No measurements were taken at the pores
adjacent to the lateral walls, where they observed an accumulation of bacteria.
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5.2 The Mathematical Model

In this section, we focus on the main channel of a T-sensor, where we extend the
mathematical model description given in Chapter 2 from a 2D to a 3D domain.
Before that, we need to address a fundamental issue concerning the validity of the
Keller-Segel model in the 3D microchannel. Particularly, the issue of the shallow
depth of the rectangular channel. We notice that the Knudsen-like number for the
channel depth H∗ [75, 71, 154] exceeds unity, that is

KnH =
lrun

H∗
> 1, (5.2.1)

where lrun is run length of a single bacterium (for more details see Section 2.2).
However, we adopted the same assumption as Long and Ford [122] and Porter et al.
[157], where they assume that the Keller-Segel model outlined in Chapter 2 remains
valid. This approach implies that the bacteria at the pore level move according to
the Keller-Segel model and do not experience any significant changes in their motility
due to the shallow channel depth. It is important to note that this assumption may
not hold, and further research is needed to understand the effect of the depth on the
bacteria motility. However, it is beyond the scope of this thesis especially since these
effects are not trivial [75, 96, 137, 63, 29, 33, 46].

5.2.1 Very Thin Porous Medium (VTPM)

In the porous microchannel, there are two parameters of interest: the geometrical
parameter of the porous structure, ε = ly∗1/Lx∗1 ∼ 5×10−3, and dimensionless thickness
parameter of the channel, H = H∗/Lx∗1 ∼ 1.5× 10−4, and H � ε constitutes a very
thin porous medium (VTPM) [72]. The domain representing the main channel is
expressed as:

Ω∗ = Ω∗ × [−H∗/2, H∗/2]. (5.2.2)

Note that hereafter, the objects related to the 3D channel geometry are denoted using
a bold font. We assign Ω∗f = Ω∗f × [−H∗/2, H∗/2] to describe the fluid phase in the
main channel, such that Ω∗f ⊂ Ω∗. Therefore, the differential operators is written as:

∇∗ =

(
∂

∂x∗1
,
∂

∂x∗2
,
∂

∂z∗

)
, (5.2.3)

∇∗2 =
∂2

∂x∗21

+
∂2

∂x∗22

+
∂2

∂z∗2
. (5.2.4)

There are six faces of the main channel: the inlet, Γ∗L, and outlet, Γ∗R; the lateral sides
Γ∗T and Γ∗B; and the two parallel plates that form the ceiling, Γ∗ceiling, and floor, Γ∗floor,
of the channel, and are separated by the depth, H∗. The microstructure consists of
a 3D solid–aqueous interface, Γ∗s, which refers to the outer faces of the cylinders and
the two parallel plates.
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Figure 5.2: An illustration showing the effect of the shallow channel on the flow.
In (a) we plot a rectangular duct channel (not proportional to the real
domain measurements); (b) shows the uniform axial flow (the axial flow
in the main channel), and (c) the parabolic flow between the two parallel
plates in the z∗-direction. Note that the cylindrical pillars are omitted
for clarity and the horizontal velocity profile in (b) represents the ho-
mogenised/averaged velocity profile.

5.2.2 Laminar Flow in VTPM

The fully developed flow in the main channel is laminar because the Reynolds number
is very low, hence

Re =
ρV ∗d?

µ
� 1, (5.2.5)

where ρ, µ, V ∗, and d? are the fluid density, dynamical viscosity, and characteristic
hydraulic diameter, respectively. Here, we define the hydraulic diameter globally and
locally as:

d? =
2HW?

H + W?
, W ? ∈ {Lx∗2 , ly∗2}. (5.2.6)

Thus, the values of the hydrodynamic Reynolds number are below 1 for the flow
velocities reported in Long and Ford [122],

Re ∼ 10−2 − 10−4. (5.2.7)

Furthermore, when confined between two plates, the viscous flow in absence of a
porous medium becomes almost uniform in the x∗1x

∗
2-plane, except for a thin boundary

layer of a small thickness of O(H∗) near the sidewalls (Figure 5.2) [41]. The vertical
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velocity component can be neglected, or equivalently, we assume a constant pressure
in the z∗-direction [139, 129]. Such a flow is known as a Hele–Shaw flow, and solved
using lubrication theory. However, the direct application of lubrication theory is not
feasible owing to the porous structure of the model. Therefore, we model the flow
using the Stokes equations in the following manner:

∇∗ · v∗ = 0 in Ω∗f , (5.2.8a)

∇∗p∗ = µ∇∗2v∗ in Ω∗f , (5.2.8b)

v∗ = 0 at Γ∗s, (5.2.8c)

where v∗ = (u∗, v∗, w∗). We assign a normal inflow and outflow constant velocity at
the inlet and outlet, respectively; hence,

−n · v∗ = V ∗ at Γ∗L, (5.2.9a)

−n · v∗ = −V ∗ at Γ∗R. (5.2.9b)

The aforementioned inlet and outlet conditions ensure that the average flow values
in the main channel are consistent with the experimentally reported values. Lastly,
the channel walls, Γ∗T , Γ∗B, Γ∗ceiling and Γ∗floor, are assumed to be equipped with no-slip
conditions.

5.2.3 The Keller-Segel Model in VTPM

Here, we extend the model described in Section 2.1 of Chapter 2 to a 3D domain.
Since the chemoattractant α-methylaspartate is a non-metabolic chemoattractant for
E.coli bacteria [134, 213, 206], we neglect the kinetic terms in Eqs.(2.4.1). Hence, the
chemoattractant and the bacteria transport equations, including chemotaxis, satisfy
the following equations in the main channel,

∂s∗

∂t∗
= ∇∗ · (D∗s∇∗s∗ − v∗s∗) in [0, T ∗]×Ω∗f , (5.2.10a)

∂b∗

∂t∗
= ∇∗ · (D∗b∇∗b∗ − [v∗ + χ∗(s∗)∇∗s∗]b∗) in [0, T ∗]×Ω∗f . (5.2.10b)

As the interface conditions, which include the two parallel plates, we have:

−n∗ · (D∗s∇∗s∗) = −n∗ · (D∗b∇∗b∗) = 0 at Γ∗s, (5.2.11a)

We define the external boundary conditions by specifying H∗s and H∗b (see Section 2.4
of Chapter 2). The concentration fluxes at the inlet, Γ∗L, are described using Danck-
werts boundary conditions{

H∗s (x∗, s∗, b∗) = n · (v∗s∗i ),
H∗b (x∗, s∗, b∗) = n · ([v∗ + χ∗(s∗)∇∗s∗]b∗i ),

(5.2.12)
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Parameter Dimensional value and units References

D∗s (α-methylaspartate) 8.6× 10−10 m2s−1 Long and Ford [122]
D∗f (Fluorescein) 4.9× 10−10 m2s−1 Long and Ford [122]

D∗b 3.0× 10−10 m2s−1 Long and Ford [122]
χ∗0 2.4× 10−8 m2s−1 Long and Ford [122]
K∗d 0.125 mM Long and Ford [122]
v∗s 2.33× 10−5 m s−1 Ahmed and Stocker [5]

ŝ∗i (α-methylaspartate) 0.3 mM Long and Ford [122]

ĉ∗i (Fluorescein) 0.12 mM Long and Ford [122]

Table 5.1: Dimensional parameter values used in this chapter.

where s∗i and b∗i are the injected species defined at the inlet,

s∗i = ŝ∗i1[0,Lx∗2
/2]×[−H∗/2,H∗/2], and b∗i = ŝ∗i1[−Lx∗2

/2,0]×[−H∗/2,H∗/2]. (5.2.13)

The outlet boundary conditions, Γ∗R, are defined as:{
H∗s (x∗, s∗, b∗) = n · (v∗s∗),
H∗b (x∗, s∗, b∗) = n · ([v∗ + χ∗(s∗)∇∗s∗]b∗),

(5.2.14)

whereas at Γ∗T , Γ∗B, Γ∗ceiling and Γ∗floor we impose no-flux conditions, that is,

H∗s (x∗, s∗, b∗) = H∗b (x∗, s∗, b∗) = 0. (5.2.15a)

Lastly, the initial concentrations on Ω∗f are expressed as:

b∗(0,x∗) = s∗(0,x∗) = 0. (5.2.16)

The parameters assumed in the model are given in Table 5.1. These parameters were
calculated in a bulk aqueous phase under quiescent conditions [122].

5.2.4 Non-dimensionalisation

We utilised the same scaling presented in Section 2.6, where the spatial scale is ex-
pressed as:

(x∗1, x
∗
2, z
∗) = Lx∗1(x1, x2, z), (5.2.17)

where z = z∗/Lx∗1 . The differential operators in Eq.(5.2.4) are expressed as

∇ =

(
∂

∂x1

,
∂

∂x2

,
∂

∂z

)
, (5.2.18)
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∇2 =
∂2

∂x2
1

+
∂2

∂x2
2

+
∂2

∂z2
. (5.2.19)

Consequently, we write the model in the 3D domain expressed as:

Ω = Ω× [−H/2, H/2], (5.2.20)

where H = H∗/Lx∗1 � 1. The non-dimensional Stokes equations are expressed as:

∇ · v = 0 in Ωf , (5.2.21a)

∇2v −∇p = 0 in Ωf , (5.2.21b)

v = 0 at Γs. (5.2.21c)

We impose no-slip boundary conditions at ΓT , ΓB, Γceiling and Γfloor and a unit normal
velocity at the inlet and outlet.

For the transport equations, we apply the same scaling argument used in Sec-
tion 2.6. Here, we selected the reference concentrations as:

s∗m = ŝ∗i , b∗m = b̂∗i . (5.2.22)

Thus, the chemotactic transport model is expressed as:

∂s

∂t
= ∇ · (∇s− Pevs) in [0, T ]×Ωf , (5.2.23a)

∂b

∂t
= ∇ · (δ∇b− [Pev + Pebχ(s)∇s]b) in [0, T ]×Ωf , (5.2.23b)

while the dimensionless interface conditions at Γs are expressed as:

−n · (∇s) = −n · (δ∇b) = 0, (5.2.24)

and the initial concentrations,

b(0,x) = s(0,x) = 0 on Ωf . (5.2.25)

The Danckwerts boundary conditions at ΓL are written as:{
Hs(x, s, b) = n · (Pevsi),

Hb(x, s, b) = n · ([Pev + Pebχ(s)∇s]bi),
(5.2.26)

where si and bi are the dimensionless injected concentrations,

si = 1[0,Lx2/2]×[−H/2,H/2], and bi = 1[−Lx2/2,0]×[−H/2,H/2], (5.2.27)

while the dimensionless outlet boundary conditions, ΓR, is expressed as:{
Hs(x, s, b) = n · (Pevs),

Hb(x, s, b) = n · ([Pev + Pebχ(s)∇s]b).
(5.2.28)

At the channel walls, ΓT , ΓB, Γceiling and Γfloor, the no-flux conditions are written as:

Hs(x, s, b) = Hb(x, s, b) = 0. (5.2.29)

Lastly, the non-dimensional parameters of the model are given in Table 5.2.
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Parameter Definition Value

δ (α-methylaspartate) D∗b/D
∗
s 0.3488

δ0 (Fluorescein) D∗b/D
∗
0 0.6122

κd Kd/s
∗
i 0.41667

Peb vsLx∗1/D
∗
s 2.25× 103

χ0 χ∗0/(3vsLx∗1) 4.14× 10−3

ε−1 (l∗y1
/L∗x1

)−1 195

φ |Y0|/|Y| 0.4

Table 5.2: Following Table 5.1, we computed the dimensionless parameter values
corresponding to the parameters found in Long and Ford [122].

5.2.5 Revisiting the Periodic Homogenisation Method

As in any asymptotic homogenisation method, the domain periodicity unit should
first be defined. As illustrated in Figure 5.3, the 3D representative volume element is
expressed as:

Y = Y0 ∪Σ0, (5.2.30)

where the fluid phase Y0 represents the local porous medium and Σ0 represents the
solid phase, with the boundaries ∂Σ0 defining the aqueous–solid interface, such that:

Y = Y × [−H/2, H/2], Y0 = Y 0 × [−H/2, H/2] Σ0 = Σ0 × [−H/2, H/2],
(5.2.31)

where Y , Y 0 and Σ0 are shown in Figure 5.4. Accordingly, we reformulated the
problem in the domain Ωε × Y0. By convention, any point (x,y, z) ∈ Ωε × Y0

refers to x = (x1, x2) ∈ Ωε and (y, z) = (y1, y2, z) ∈ Y0, where y = x/ε is the only
local variable [72]. Assuming a dominant advective Péclet regime, Pe ∼ O(ε−1), the
asymptotic expansions are expressed as:

sε(t, τ,x,y, z) = s0 + εs1 + ε2s2 +O(ε3), (5.2.32a)

bε(t, τ,x,y, z) = b0 + εb1 + ε2b2 +O(ε3), (5.2.32b)

where si = si(t, τ,x,y, z), and bi = bi(t, τ,x,y, z) are periodic in y for i = 1, 2 . . . (see
Section 3.1). Here τ = ε−1t is the advection local time. The flow in the x1x2-plane
is almost uniform (see Section 5.2.2). Therefore, the velocity field was asymptoticly
expanded as:

vε(y, z) = v0 + εv1 + ε2v2 +O(ε3). (5.2.33)
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Figure 5.3: Schematic plots showing 3D (a) Y periodic unit, (b) Y 0 aqueous phase,
and (c) Σ0 solid phase.

Figure 5.4: Schematic plots showing the simplified 2D (a) Y periodic unit, (b) Y 0

aqueous phase, and (c) Σ0 solid phase with boundaries defining the
aqueous-solid interface ∂Σ0.

From a computational perspective, the application of the asymptotic homogeni-
sation on Ωε ×Y0 is accompanied by simulation difficulties owing to the high mesh
resolution required to resolve the narrow gap. Whereas calculations for Ωε× Y 0 offer
a significant reduction in the computational complexity. Therefore, we proposed a
two-step procedure to derive the homogenised model. The first step aims to reduce
the domain dimensionality by applying the classical Taylor–Aris dispersivity for so-
lute [68, 53] in a rectangular duct. Hence, we employ a 2D Keller-Segel model with
the concentrations and the flow written in depth-averaged form,

sε(t,x,y) =
1

|H|

∫ H/2

−H/2
sε(t,x,y, z)dz, (5.2.34)

bε(t,x,y) =
1

|H|

∫ H/2

−H/2
bε(t,x,y, z)dz, (5.2.35)
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vε(y) =
1

|H|

∫ H/2

−H/2
vε(y, z)dz, (5.2.36)

where sε, bε and vε are defined in Ωε×Y 0 (see Figure 5.4). The second step involves
applying asymptotic homogenisation to the depth-averaged models.

Remark 5.1. The dispersivities defined using the classical Taylor–Aris theory for so-
lutes should not be confused with those arising from the porous medium when applying
asymptotic homogenisation in Chapter 3.

5.3 Depth-Averaged Flow

As illustrated in Figure 5.2, in a free microchannel (non-porous), the flow in the
shallow direction is of a parabolic profile, and it is almost uniform along the width
of the channel. For the aspect ratio ε̄ = H∗/Lx∗2 � 1, the 3D velocity field can be
approximated as follows [139]:

ṽ(x, z) = v(x)f(z). (5.3.1)

The parabolic Poiseuille profile, described using f(z), demands that [139],

f(z) =
1

H

∫ H/2

−H/2
f(z)dz = 1. (5.3.2)

Therefore, the average value of Eq.(5.3.1) over the channel depth is the 2D depth-
averaged velocity that satisfies the following Brinkman equations [140]:

∇ · v = 0 in Ωf , (5.3.3a)

∇2v −∇p = k2v in Ωf , (5.3.3b)

v = 0 at Γs, (5.3.3c)

where k =
√

12H−1 is the square root of the dimensionless drag force. The drag
force accounts for the resistance induced by the parallel plates on the flow, where the
drag term is the non-dimensional form of the volume viscous drag force and is defined
as [209]:

F ∗µ = −12
µV ∗

H∗2
[N]. (5.3.4)

To write the microscopic description of the Brinkman equations in Eqs.(5.3.3), we
assume the fluid pressure balances the viscous force in the flow direction. Thus, the
pressure gradient (dimensional) in the flow direction is expressed as:

∇∗p∗ ∼ O
(
P ∗

Lx∗1

)
. (5.3.5)
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Therefore, with respect to ε, the dimensionless pressure is

∇p ∼ O
(
ε0
)
. (5.3.6)

We assume that the pressure and the local stress have the same order of magnitude
(see Section 3.2), such that

P ∗

Lx∗1
∼ µV ∗

l2y∗1

12

H2
. (5.3.7)

Note that, H2/12 ∼ O(ε2), and thus, the dimensionless viscous term is

∇2vε ∼ O(ε4). (5.3.8)

Therefore, the microscopic Brinkman equations are written as: 1

∇ · vε = 0 in Y 0, (5.3.9a)

ε4∇2vε −∇pε = k2vε in Y 0, (5.3.9b)

vε = 0 at ∂Σ0. (5.3.9c)

Next, we apply the asymptotic expansion to the microscopic Brinkman equations to
derive Darcy’s law for VTPM.

5.3.1 Formal Asymptotic Expansion of Brinkman Equations

As in any asymptotic analysis method, the postulated ansatz should be substituted
into the partial differential equation under consideration. Hence, we start by substi-
tuting the following expansion of the depth-averaged velocity,

vε(y) = v0(y) + εv1(y) + ε2v2(y) +O(ε3), (5.3.10)

and the expansion of the pressure into (5.3.9). At the lowest order of O(ε−1), we
have:

∇yp0 = 0 on Y 0, (5.3.11)

∇y · v0 = 0 on Y 0, (5.3.12)

which implies that p0 = p0(x). The next order gives:

k2v0 −∇xp0 −∇yp1 = 0 on Y 0, (5.3.13a)

∇x · v0 +∇y · v1 = 0 on Y 0. (5.3.13b)

1In the thesis examination, the examiners expressed unease about the deduction of (5.3.9) from
(5.3.3). Although the derivation has been modified in this corrected version, that unease remains.
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The linear problem in Eq.(5.3.13a) has a solution (in Einstein summation convention):

v0 = −Kj(y)

k2

∂p0

∂xj
, p1 = −qj(y)

∂p0

∂xj
+ q̄1(x), (5.3.14)

where qj and Kj are Y -periodic. By substituting the two solutions into Eq.(5.3.13a),
we can obtain:

K
0

j(y) =
(
ej +∇yqj

)
, (5.3.15)

where ej is the Cartesian unit vector in the j-th direction. In addition, by averaging
Eq.(5.3.15) over the unit cell, we can obtain the depth-averaged permeability tensor:

K
0

j =
1

|Y |

∫
Y 0

(
ej +∇yqj)dy. (5.3.16)

From Eq.(5.3.14) and Eq.(5.3.12), we have:

∇y ·
(
ej +∇yqj

)
= 0. (5.3.17)

To solve Eq.(5.3.17), we will assume a boundary condition which is compatible with
Eq.(5.3.17), that is

−n ·
(
ej +∇yqj

)
= 0 at ∂Σ0. (5.3.18)

Therefore, to compute the permeability tensor in Eq.(5.3.16), we solve the following
cell-problem:

∇y ·
(
ej +∇yqj

)
= 0 on Y 0, (5.3.19)

−n ·
(
ej +∇yqj

)
= 0 at ∂Σ0, (5.3.20)

such that 〈qi〉 = 0. Returning to Eq.(5.3.13b) and taking the average over Y , gives

∇x · 〈v0〉 = −∇y · 〈v1〉 = 0, (5.3.21)

which is the incompressibility condition. Then the 2D depth-averaged velocity in
Eq.(5.3.14) is defined as:

〈v0〉 = −H
2

12
K

0∇x〈p0〉, (5.3.22)

and ∇x · 〈v0〉 = 0. Based on the definition of the incompressibility condition in
(5.3.21), the no-slip boundary conditions (Dirichlet) gives the Neumann boundary
condition [88],

−n · 〈v0〉 = 0 at ΓT ∪ ΓB. (5.3.23)

Finally, the upscaled inlet and outlet conditions written as:

−n · 〈v0〉 = 1 at ΓL, (5.3.24a)

−n · 〈v0〉 = −1 at ΓR. (5.3.24b)

The equation in Eq.(5.3.22) is related to the averaged velocity in a Hele-Show cell
and the theory of lubrication [129]. Furthermore, it is consistent with the results
in Fabricius et al. [72] and Almqvist et al. [15].

110



5.3.2 Local Depth-Averaged Flow

The approximation for the depth-averaged velocity at the microscopic scale is purely
periodic and satisfies:

v0(y) = −H
2

12
K0(y)∇xp0, (5.3.25a)

∇x · v0 = 0. (5.3.25b)

Furthermore, it exhibits the following properties (for all i):

−n · vi = 0 on ∂Σ0. (5.3.26a)

Thus, we defined a 2D periodic flow that takes into account the effect of viscous drag
imposed by the shallow depth of the channel.

5.4 Depth-Averaged Keller–Segel Model

It is important to note that in our analysis, we are assuming that the Keller-Segel
model is valid at the pore level. This assumption means that we consider the two
species are transported as passive solutes despite the shallow depth of the main chan-
nel. Thus, to construct the model in 2D, we must address the dispersal effects of
shallow depth on the two species.

For times shorter than t∗ < H∗2/D∗s , the parabolic flow generates concentration
gradients, whereas for t∗ > H∗2/D∗s , the gradients are uniformly spread [53, 112].
Under the assumption that the shallow depth does not affect chemotactic fluxes, Chu
et al. [47] proposed that the classical Taylor–Aris dispersivity theory is valid for times
greater than the cross-section (depth) diffusion time scales. Note that their proposed
assumption is made without any restrictions on the values of H∗.

In the context of the experimental study in Long and Ford [122], for the main
channel devoid of cylindrical pillars, we computed the cross-section diffusion time as
follows: H∗2/D∗s ∼ 0.2 [s]. The short diffusion time indicates that the dispersion of the
substrate begins after the concentration travels a short distance of order ε2. Moreover,
the diffusion time is much shorter than both the bacterium run time (τ ∼ 1 [s]) and
the bias run time for chemotactic gradients τch ∼ v2

s/D
∗
s = 0.9 [s]. Therefore, the

gradients generated by the shallow channel depth at t∗ < H∗2/D∗s are negligible.
Thus, we have the microscopic description continuum model of the following form:

∂s̄ε
∂t

= ∇ · (Ds∇s̄ε − ε−1Pelocvεs̄ε), (5.4.1a)

∂b̄ε
∂t

= ∇ · (δDb∇b̄ε − [ε−1Pelocvε + Pebχ(s̄ε)∇s̄ε]b̄ε), (5.4.1b)

for all (t,x) ∈ on [0, T ] × Ωε, where Ds and Db are the chemoattractant and bacte-
rial population dispersivity with respect to the channel depth, respectively. The flow
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is approximated by the depth-averaged velocity vε, satisfying the Brinkman equa-
tions (5.3.9). The boundary conditions at all external boundaries and the initial
conditions for the variables in Section 5.2.4 are modified according to the discussed
depth-averaged approximation. The classical Taylor–Aris dispersivity theory for so-
lutes scales with the square of the depth Péclet number defined as:

Peh =
V ∗D∗s
H∗

, (5.4.2)

where the characteristic velocity V ∗ is generated by the pressure drop in a channel
devoid of cylindrical pillars. The longitudinal dispersions (x1-direction) are estimated
as follows:

D∗‖s ∼ D∗s [1 + γPe2
h], (5.4.3a)

D∗‖b ∼ D∗b [1 + δ−2γPe2
h], (5.4.3b)

where γ = 7.95/210 [62, 61, 68, 53]. Setting

D‖s = D∗‖s /D∗s , D‖b = D∗‖b /D
∗
b , D⊥s = 1, D⊥b = δ. (5.4.4)

where the classical Taylor dispersion only appears in the flow direction [28, 61, 183].
The dispersion tensors in Eq.(5.4.1) are written as follows:

Dijs = D⊥s δij + (D‖s −D⊥s )
uiuj
|u|2

, (5.4.5)

Dijb = D⊥b δij + (D‖b −D
⊥
b )
uiuj
|u|2

, (5.4.6)

where δij is the Kronecker delta and u = Pev̄ε [81].

5.4.1 The Depth-Averaged Homogenised Keller-Segel
Model

The channel-depth dispersion tensors, Ds and Db, are symmetric and positive definite;
therefore, when we apply the asymptotic homogenisation, we obtain an upscaled
model similar to the one derived in Section 3.6 of Chapter 3, hence

∂S̄
∂t

= ∇ ·
(
D

dis
s ∇S̄ − Pe〈v̄0〉Y 0S̄

)
in [0, T ]× Ω, (5.4.7a)

∂B̄
∂t

= ∇ ·
(
D

dis
b ∇B̄ −

[
Pe 〈v̄0〉Y 0 +D

ch{Pebχ(S̄)∇S̄}B̄
)

in [0, T ]× Ω. (5.4.7b)

The dispersion tensors in Eqs.(3.6.10) are rewritten as follows:
D

dis
s =

〈[
Ds(∇yξ)T + I

]
− Peloc

[
v̄0 ⊗ ξ

]〉
Y 0
,

D
dis
b =

〈[
δDb(∇yξ)T + I

]
− Peloc

[
v̄0 ⊗ ξ

]〉
Y 0
,

D
ch =

〈
Ds(∇yξ)T + I

〉
Y 0
,

(5.4.8)
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where ξ solves the following cell problem written in general form:
Pelocv · ∇yξi −∇y ·

(
D [∇yξi + ei]

)
= Peloc{〈v̄0〉Y 0 − v̄0} · ei in Y 0,

−n ·
(
D [∇yξi + ei]

)
= 0 on ∂Σ0,

ξi is Y − periodic, and 〈ξi〉Y 0 = 0,
(5.4.9)

where D ∈ {Ds, δDb}. The Danckwerts boundary conditions at ΓL are{
Hs(x, S̄, B̄) = n · (Pe〈v̄0〉Y 0S̄i),
Hb(x, S̄, B̄) = n · ([Pe〈v̄0〉Y 0 +D

ch
(
Pebχ(S̄)∇S̄

)
]B̄i),

(5.4.10)

where S̄i = 〈ŝi〉 and B̄i = 〈b̂i〉, such that

ŝi = 1[0,Lx2/2], and b̂i = 1[−Lx2/2,0]. (5.4.11)

The dimensionless outlet boundary conditions, ΓR, follow:{
Hs(x, S̄, B̄) = n · (Pe〈v̄0〉Y 0S̄),

Hb(x, S̄, B̄) = n · ([Pe〈v̄0〉Y 0 +D
ch
(
Pebχ(S̄)∇S̄

)
]B̄).

(5.4.12)

We apply a no-flux condition at ΓT ∪ ΓB and zero initial concentrations for the two
species to close the effective model. The depth-averaged model homogenisation gives
the following dispersion tensors:

Ddis,ij
s = Ddis

⊥ δij + (Ddis
‖ − Ddis

⊥ )
uiuj
|u|2

, (5.4.13a)

Ddis,ij
b = Ddis

⊥ δij + (Ddis
‖ − Ddis

⊥ )
uiuj
|u|2

, (5.4.13b)

where δij is the Kronecker delta and u = Pe〈v̄0〉Y 0 .

5.4.2 The Classical Homogenised Keller-Segel Model

In past studies involving T-sensors, the classical 2D model was applied when studying
the mass transport of passive Brownian particles. The convention is justified for T-
sensors with a small aspect ratio, since the axial velocity (x1x2 − plane) becomes
uniform [94]. Thus, the effects of the parabolic flow in the shallow depth over the
transport of passive Brownian particles can be neglected [94, 68]. Furthermore, the
flow velocity is described using the 2D Stokes flow, and the domain is reduced to two
dimensions. The classical model is described in Section 3.6 of Chapter 3 and can be
retrieved from the depth-averaged model in (5.4.1). For the ease of the reader, we
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present the above classical model,

∂S
∂t

= ∇ ·
(
Ddis∇S − PeVS

)
− Da

Y

S
S + κs

B in [0, T ]× Ω,

∂S
∂t

= ∇ ·
(
D̄dis∇B −

[
PeV + Peb

{
Dchχ(S)∇S

}]
B
)

+ Da
S

S + κs

(
1− B

κc

)
B − κbB in [0, T ]× Ω.

(5.4.14)

The dispersion tensors is defined as:
Ddis =

〈[
(∇yξ)T + I

]
− Peloc

[
v0 ⊗ ξ

]〉
Y 0
,

D̄dis =
〈
δ
[
(∇yξ

δ)T + I
]
− Peloc

[
v0 ⊗ ξδ

]〉
Y 0
,

Dch =
〈

(∇yξ)T + I
〉
Y 0
,

(5.4.15)

where ξ(y) = (ξ1, ξ2)T is the solution of the cell-problem
Pelocv0 · ∇yξi −∇y · [∇yξi + ei] = Peloc{〈v0〉Y 0 − v0} · ei in Y 0,

−n · [∇yξi + ei] = 0 on ∂Σ0,

ξi is Y − periodic, and 〈ξi〉Y 0 = 0,

(5.4.16)

The Danckwerts boundary conditions at ΓL are{
Hs(x,S,B) = n · (Pe〈v0〉Y 0Si),
Hb(x,S,B) = n · ([Pe〈v0〉Y 0 + Dch

(
Pebχ(S)∇S

)
]Bi),

(5.4.17)

where Si = 〈ŝi〉 and Bi = 〈b̂i〉, such that

ŝi = 1[0,Lx2/2], and b̂i = 1[−Lx2/2,0]. (5.4.18)

The dimensionless outlet boundary conditions, ΓR, follow:{
Hs(x,S,B) = n · (Pe〈v0〉Y 0S),

Hb(x,S,B) = n · ([Pe〈v0〉Y 0 +D
ch
(
Pebχ(S)∇S

)
]B).

(5.4.19)

We apply a no-flux condition at ΓT ∪ ΓB and zero initial concentrations for the two
species to close the effective model. The classical model homogenisation gives the
following dispersion tensors:

Ddis,ij
s = Ddis

⊥ δij + (Ddis
‖ −Ddis

⊥ )
uiuj
|u|2

, (5.4.20a)

Ddis,ij
b = Ddis

⊥ δij + (Ddis
‖ −Ddis

⊥ )
uiuj
|u|2

, (5.4.20b)

where δij is the Kronecker delta and u = Pe〈v0〉Y 0 .
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5.5 Numerical Investigations

All numerical simulations were obtained using COMSOL Multiphysics™(version 5.3a)
using a default element type and solver. In each simulation step, we conducted a
mesh refinement procedure to verify that the obtained data were independent of the
computational elements for all simulations.

Remark 5.2. For all simulations assuming both chemotactic sensitivity functions
defined in Eqs.(3.4.50), the effective model provided the same results. Furthermore,
the time-stepping simulations at a steady state gave the same results when simulating
the stationary model.

5.5.1 Effective Dispersion Tensors

In this section, the simulation results are obtained assuming the classical effective
model described in Section 5.4.2. The effective tensors for the bacterial population
and the tracer (fluorescein) were obtained by solving the cell problem in (5.4.16) de-
fined on the periodic unit cell shown in Figure 5.4. The zero order flow approximation
in (5.4.16) is derived by upscaling the 2D Stokes equation in porous media, as demon-
strated in Section 3.2. Note that the simulations showed that dispersion tensors in
Eqs.(5.4.15) to be diagonal.

The log-log plots of two dispersion components computed using a range of values
of the Péclet number, Pe = 1 − 6 × 104. As expected, the dispersion tensors are
decomposed into the sum of a diffusive term and mechanical dispersion term; thus,
the log-log plots reveal that the mechanical term does not kick in when the Péclet
number values define diffusion-advective regimes. The plots demonstrate that when
Pe < O(ε−1), we obtain isotropic diffusion tensors,

Ddis = DhI. (5.5.1)

The mechanical effects of the flow start when the Péclet number reaches O(ε−1). For
that order, we obtain two diagonal dispersion tensors with longitudinal and transverse
components. The tensors are expressed in Eq.(5.4.20). The transverse dispersion is
visualised by the eigenvector perpendicular to the flow (x2-direction), whereas the
longitudinal dispersion is visualised by the eigenvector describing the dispersions in
the direction of the flow (x1-direction). At the order ε−1, the two eigenvalue plots
Ddis
⊥ and Ddis

‖ initially appear to follow power law behaviour. As the flow velocity
increases, the transverse eigenvalue overtakes the longitudinal eigenvalue. However,
when the value of the Péclet number reaches ε−2, the transverse eigenvector reaches
an inflexion point and plateaus from the initial power law growth, whereas the longi-
tudinal dispersion continues following power law behaviour.
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The behaviour of two hydrodynamic dispersion eigenvalues, illustrated in Fig-
ure 5.5, agrees with the behaviour of the experimental results from Daneyko et al.
[52] using a similar microstructure. In the log-log plots of the chemotactic tensor of
the transverse eigenvalue Dch

⊥ and the longitudinal eigenvalue Dch
‖ , the variation be-

tween the two eigenvalues is quite small in comparison. Both eigenvalues remain close
to each other for all Peloc, resulting from computing the chemoattractant tensor Dch

without the effect of mechanical dispersion. Including the classical Taylor dispersion
of the chemoattractant and bacterial suspension generated by the shallow channel
geometry would not change the general effective tensor behaviour in Figure 5.5.

In conclusion, according to the plots in Figure 5.5, we expect an enhanced trans-
port in the transverse direction of the flow for both species. Thus, the pore structure
enhances the mixing in the main channel of the T-sensor. However, the chemotactic
tensor experiences small variations in its two eigenvalues; thus, the chemotactic drift
enhancement depends on the mixing efficiency between the two species. Mixing in
the T-sensor occurs at the interface between the two injected species.

5.5.2 Effective Mixing Boundary Layer

The mixing efficiency of T-sensor is often measured by the width of the mixing bound-
ary layer between two streams. The mixing boundary layer is a transition zone be-
tween two streams characterised by a large concentration gradient. An increase in the
width of the mixing zone indicates efficient mixing across the interface. To uncover
the effect of the porous microstructures on the mixing boundary layer, we consider
the single species model describing the tracer and microbial tests. The simulations of
the non-chemotactic tests are achieved by letting: δ = 1 and χ0 = 0 in the bacteria
equation. In Figure 5.6, we plotted the spatial distribution for the chemoattractant
concentrations and chemoattractant gradient in the main channel. In the plots, the
mixing layer of the concentration and the chemotactic gradient plume broaden at
the channel centreline: x∗2 = 0. The effectiveness of the mixing process in the main
channel is correlated with the broadening of the propagated concentration in the axial
direction, following a normal distribution [204, 173, 192]. At a transect located at x∗1,
the concentration C = C∗/C∗i reads as follows:

F (x∗2) = C =
1

2

[
1− erf

(
x∗2

σ∗
√

2

)]
. (5.5.2)

The standard deviation detected at time t∗ asymptotically approaches

σ∗ =
√
D∗t∗. (5.5.3)

Assuming a steady-state system, by replacing t∗ with the diffusion time, T ∗ = x∗1/V
∗,

we arrive at the following theoretical estimation of the boundary layer width:

δ∗(x∗1) =

√
x∗1D

∗

V ∗
. (5.5.4)
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(a)

(b)

Figure 5.6: Numerical results of the homogenised model in the 2D domain: (a)
dimensional spatial distribution of the chemoattractant concentration
S∗ under different flow velocities and (b) spatial concentration of the

chemoattractant gradient ‖∇∗S∗‖ =
√(

∂S∗/∂x∗1
)2

+
(
∂S∗/∂x∗2

)2
. The

plots were obtained by solving (5.4.16) defined on the periodic unit cell
shown in Figure 5.4. The zero order flow approximation in (5.4.16) is
derived by upscaling the 2D Stokes equation in porous media, as demon-
strated in Section 3.2.

The broadening of the mixing zone down the channel is generated by cross-stream
flux rates, whereas translational diffusion is absent. Similarly, in the porous T-sensor,
the dispersion in the transverse direction is critical in enhancing the mixing process,
whereas the longitudinal dispersion is absent [1, 52]. Thus, we write Eq. (5.5.2) using
the homogenisation results as follows:

Feff(x∗2) = Ceff =
1

2

[
1− erf

(
x∗2

σ∗eff

√
2

)]
. (5.5.5)

Thus, the effective theoretical boundary layer is estimated by

δ∗eff(x∗1) =

√
x∗1D

∗Ddis
⊥

V ∗
. (5.5.6)

Finally, we write Eq.(5.5.4) and Eq. (5.5.6) in dimensionless form at transect
x2(i) = iε (for i = 1, · · ·N), respectively, as follows:

δ(i) =
√
iεPe−1, (5.5.7)

δeff(i) =
√
iεPe−1

⊥ , (5.5.8)

where Pe⊥ = (Lx∗1V
∗)/(D∗Ddis

⊥ ). The exact width of the effective boundary layer
is equal the full width at half maximum (FWHM) of the Gaussian function (see
Figure 5.7 for more details).
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Figure 5.7: (a) Illustration of the non-dimensional mixing boundary layer. (b)
Full width at half maximum of the Gaussian probability density curve
FWHM. Using direct numerical simulations, we computed FWHM us-
ing a MATLAB function [143] ((FWHM) = 2

√
2 ln 2 σ ∼ 2.355σ).

As expected, the broadening of the mixing layer is enhanced in the porous mi-
crostructure (see Figure 5.8). The increase in transverse dispersion increases the
boundary layer widths. However, Figure 5.8 reveals that the broadening of the exact
mixing layer reaches a limit, then plateaus. This result can be explained formally by
the fact that, in such cases, the exact boundary layer reaches a saturation level near
the boundaries not accounted for in Eq.(5.5.8) [90]. Interestingly, as the flow velocity
increases to V ∗ = V ∗avg = 20 [m/day], the exact mixing layer does not saturate, which
may predict hindered mixing by the flow.

5.6 Comparison Against Experimental Data

In this section we test the effective model predictions against the data in Long and
Ford [122] and the simulation results of the upscaled model in Porter et al. [157]. We
aim to test the validity of upscaled model and provide more insight regarding the
transport of bacterial population in such experiments.

5.6.1 Testing the Classical Homogenised Model

Traditionally, the linear velocity measurements reported in Long and Ford [122] refer
to the superficial velocities obtained by estimating the permeability of porous media
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Figure 5.8: Plots of the boundary layer width at transient locations represented with
indices i = 2 · · · 195, such that x1(i) ← i. Here we are solving (5.4.16)
defined on the periodic unit cell shown in Figure 5.4. where the zero or-
der flow approximation in (5.4.16) is derived by upscaling the 2D Stokes
equation in porous media, as demonstrated in Section 3.2. Red curves
denote the width of boundary layers computed assuming the original
model defined in a 2D non-porous domain, whereas blue curves denote
boundary layers using the homogenised model.

using the Carman-Kozeny equation [180, 165, 56, 174, 92]. In the context of asymp-
totic homogenisation, the superficial (Darcy velocity) and the interstitial (mean pore
velocity) linear velocities are related as follows:

〈v∗0〉Y 0︸ ︷︷ ︸
interstitial

velocity

= φ−1 〈v∗0〉︸︷︷︸
superficial
velocity

, (5.6.1)

where φ = 0.4. It is worth noting that it has been shown that the experimentally
estimated permeability is not the same as the permeability obtained using upscaling
methods [193, 174]. However, since any detailed informations regarding the pressure
drop and volumetric flow rates are inaccessible, we set the provided experimental
readings of the linear velocities as the characteristic flow at the inlet and the outlet
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in Eq.(5.2.9). For comparison reasons, we consider the reported linear flow velocities
in (5.1.3) to represent both the superficial velocity, 〈v∗0〉Y 0 = V ∗avg and interstitial
linear velocity, 〈v∗0〉Y 0 = φ−1V ∗avg.

Figure 5.9 displays the simulation results for the tracer data, while Figure 5.10
shows the results for the bacterial controlled data. The simulation for 〈v∗0〉Y 0 =
φ−1V ∗avg and 〈v∗0〉Y 0 = V ∗avg, are almost the same. For the chemotactic data test,
when setting 〈v∗0〉Y 0 = φ−1V ∗avg, the classical model provided better predictions for
V ∗avg = 10, 20 [m/day]; however, it failed to improve the predictions of the density
peak location and height for V ∗avg = 5 [m/day], as seen in Figure 5.11. The results
of the upscaled model developed using the volume averaging method in Porter et al.
[157] were equivalent to the homogenised classical model if we set 〈v∗0〉Y 0 = V ∗avg, as
shown in Figure 5.11. By looking at the chemotactic test data alone, we can conclude
that an increase in the average pore water velocity makes chemotactic transverse
migration less likely. Porter et al. [157] claim that their effective chemotactic model
without chemotactic drift fits the data better when the average flow is greater than
20 [m/day]. However, based on our simulations, 〈v∗0〉Y 0 = φ−1V ∗avg, gave a better fit
of the data for flow velocities starting from 10 [m/day], as seen in Figure 5.11.

So far, we have seen that the classical model developed using the asymptotic ho-
mogenisation method and the upscaled model developed using volume averaging gave
similar predictions for the same mean pore flow. However, it is important to note
that the two upscaled models are distinct. The volume averaging method considers
the dispersion effects of the chemotactic velocity in each periodic subdomain. There-
fore, the resulting upscaled model depends on the simulation results at each of the
4700 subdomains since the chemoattractant gradient values change in space and time.
However, according to simulations conducted by Porter et al. [157], the chemotactic
drift averaged zero in most subdomains, except for a small region near the entrance
characterised by steep gradients, as illustrated in Figure 5.6. Therefore, the computed
chemotactic dispersion at each subdomain had no significant influence on the overall
distribution of the bacterial density. However, using the asymptotic homogenisation
method, we established that the chemotactic drift role only appears globally before
applying the procedure. Thus, simulating the effective model is less expensive. Lastly,
the identical simulation results of the two upscaled models indicate the robustness
of the two upscaling methods. Furthermore, it serves as numerical validation for the
effective model in Section 3.6 of Chapter 3.

5.6.2 Testing the Homogenised Depth-Averaged Model

In general, in T-sensor devices, the diffusion appears in the transverse direction of
the flow [93, 41, 129]. Thus, any change in the longitude component has no ef-
fect. Therefore, when we imposed the classical longitude dispersion the simulation
results of the classical homogenised model shown in Figures 5.9, 5.10, and 5.11 re-
mained unchanged (simulation results are not shown). Thus, any discrepancies be-
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Figure 5.9: Plots with the predicted tracer profiles using the homogenised classical
model in (5.4.14)-(5.4.19) modified to consider the transport of the tracer
alone. The profiles were plotted against the experimental data from Long
and Ford [122]. In these simulations we assumed both the superficial ve-
locity, 〈v∗0〉Y 0 = V ∗avg, and interstitial linear velocity, 〈v∗0〉Y 0 = φ−1V ∗avg.

tween the depth-averaged and classical homogenised models are attributable to the
differences between local depth-averaged and the classical Darcy flow models at the
local scale. The effect of the local flow appears when computing the dispersion tensors
in Eqs.(5.4.8) associated with the cell problems in Eqs.(5.4.9).

In Figure 5.12, we notice some improvement in the tracer concentrations using the
depth-averaged homogenised model, especially for V ∗avg = 20 [m/day]. Interestingly,
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Figure 5.10: Plots with the predicted bacteria profiles for the non-chemotactic test
(control test) using the classical model in (5.4.14)-(5.4.19) modified to
consider the transport of the bacteria alone. The bacterial density was
scaled by the initial injected density and plotted against the experimen-
tal data from Long and Ford [122]. As in Figure 5.9, we assumed both
the superficial velocity, 〈v∗0〉Y 0 = V ∗avg, and interstitial linear velocity,
〈v∗0〉Y 0 = φ−1V ∗avg.

when using the depth-averaged model, the bacterial densities gave worse predictions
as the density curves became flatter with increased flow velocities, as shown in Fig-
ure 5.13. Furthermore, as seen in Figure 5.14, the depth-averaged homogenised model
fails to generate any chemotactic transverse migration when compared to the classical
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Figure 5.11: Plots of the predicted chemotactic bacterial population profiles using the
classical model in (5.4.14)-(5.4.19), the bacterial density was scaled by
the initial injected density and plotted against the experimental data
from Long and Ford [122]. As before, in the simulations we assumed
both the superficial velocity, 〈v∗0〉Y 0 = V ∗avg, and interstitial linear ve-
locity, 〈v∗0〉Y 0 = φ−1V ∗avg.

model. Therefore, we deduce that when using the depth-average model the chemo-
tactic drift plays no role in the transport of the chemotactic bacteria population.
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Figure 5.12: Plots comparing the predicted tracer profiles obtained from simulat-
ing the homogenised classical model in (5.4.14)-(5.4.19) and the depth-
averaged model in (5.4.7)-(5.4.12) after being modified to account for
the tracer transport only. The tracer profiles are plotted against the
experimental tracer data from Long and Ford [122] while assuming
〈v∗0〉Y 0 = 〈v̄∗0〉Y 0 = φ−1V ∗avg.
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Figure 5.13: Repeated tests comparing the predicted control profiles against the ex-
perimental control data from Long and Ford [122]. Here we conducted
simulations of the classical model in (5.4.14)-(5.4.19) and the depth-
averaged model in (5.4.7)-(5.4.12) after being modified to account for
the transport of the bacterial density in the control test only. In the
simulations we assumed that 〈v∗0〉Y 0 = 〈v̄∗0〉Y 0 = φ−1V ∗avg.
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Figure 5.14: Plots comparing the chemotactic test data from Long and Ford [122]
against the predictions obtained from the simulations of the classical
model in (5.4.14)-(5.4.19) and the depth-averaged model in (5.4.7)-
(5.4.12). Here we are assuming 〈v∗0〉Y 0 = 〈v̄∗0〉Y 0 = φ−1V ∗avg.
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5.7 Discussion and Conclusions

This chapter investigated the performance and accuracy of the homogenised Keller-
Segel model in flow-based microfluidic devices. First, we expressed the Stokes flow
and the classical Keller-Segel model in the main channel. Then, we proposed two ap-
proaches to express the transport model in two dimensions (the classical and depth-
averaged models). The simulation results of the homogenised classical Keller-Segel
model were identical to the results using the upscaled model developed using the
volume averaging method, which reinforces the claim regarding the robustness of the
two upscaled models. We claim that the identical simulation results are a numerical
validation of the proposed upscaled model using asymptotic homogenisation. Further-
more, we argued that using asymptotic homogenisation gives a much simpler model
that is easier to simulate.

Following that, we conducted two numerical studies. In the first study, we com-
puted the effective dispersivities associated with the classical effective model and
verified that the dispersion tensor’s behaviour agrees with behaviour of the experi-
mentally computed tensors with similar microstructure. Then, we used the tensors to
investigate and analyse the effect of the microstructure on enhancing the mixing zone.
We compared the effective models with the experimental data in the second numerical
study. In the non-chemotactic model, the simulations provided better predictions for
the passive tracer data with the depth-averaged model. However, the classical model
presented a better fit for the bacterial control test. The trend continued when sim-
ulating for the chemotactic test data. Overall, the depth-average model failed to fit
the chemotactic test data. The inconsistency between the predictions suggests that
the suspended bacterial population no longer behaves as a passive tracer. We provide
a general discussion concerning these inconsistencies below.

The most important point we want to address concerns the application of the clas-
sical Taylor dispersion theory to the bacterial motility. Note that, when developing
the depth-averaged model, we followed the suggestions in the study of Chu et al. [47]
to justify applying the classical Taylor dispersivities as in the case for diffusiophoretic.
However, the simulations results were not in favour of the generalisation suggested
in Chu et al. [47]. One reason is that although diffusiophoresis colloid transport model
is similar to the Keller-Segel model where the chemotactic velocity is replaced with

χ(s∗)∇∗s∗ := Γp∇∗ log s∗, (5.7.1)

where Γp denotes the diffusiophoretic mobility of the suspended colloidal particles [18,
19, 47], the size of the particles is much smaller (0.1 − 10 [nm]). In general, large
colloidal particles carried by the flow are sterically excluded from the region of slow
fluid motion near the walls. Therefore, larger solutes actually move faster than smaller
solutes [53]. In fact, as we have mentioned in the Chapter 1, Peng and Brady [154]
showed that classical Taylor dispersion is applicable only when KnH � 1. This is
not the case for the microfluidic device in Long and Ford [122] where KnH > 1.
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Therefore, the Keller-Segel model in VTPM in Section 5.2.3 is not well defined, since
the bacteria motility at the pore scale is no longer diffusive. Moreover, the swimming
behaviour of bacterial changes near the wall when KnH � 1 depending on the flow
velocity values [154].
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Chapter 6

Conclusions

This chapter will conclude the thesis by summarising the most significant findings and
connecting those findings to the main objectives of the research. In addition, it will
explain the study’s limitations and provide future directions that could be pursued
by subsequent research.

6.1 Review of the Thesis

This thesis addresses the chemotactic transport of bacteria suspension in a satu-
rated porous medium under different flow conditions. The body of this thesis was
motivated by several experimental studies investigating the role of chemotaxis in en-
hancing the removal of contaminants in subsurface environments. We organised the
chapters to serve two aims: the first concerns describing the mathematical model in a
porous medium; the second concerns performing different numerical investigations of
theoretical and experimental case studies. The investigations aimed to validate the
effective model we derived by comparing the predicted results of the effective model
with direct simulations of the Keller-Segel model in porous media or using experimen-
tal data. In Chapter 2, we proposed a classical Keller-Segel model that incorporated
confinement, unidirectional flows and metabolic rates. We started with a discus-
sion about the validity of defining a continuum model at the pore scale. It follows
that assuming a weak porosity domain is sufficient to ensure theoretical validity of
the continuum model in a porous microstructure. More simplified assumptions were
introduced to limit the chemotactic mechanism to the aqueous phase. In Chapter
3, we applied the asymptotic homogenisation procedure by first scaling the differ-
ent processes according to their effects on mass flow at the microscopic scale. We
argued, using dimensionless analysis, that the chemotactic velocity and metabolic
rate processes effects on the mass transport appear only at the global scale. The
only limiting cases affecting the mass transport are related to the flow strength, and
thus, we have three effective regimes: the diffusion, the advection-diffusion and the
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advection-dispersion transport regimes. The homogenisation procedure revealed that
the chemotactic drift is scaled according to the diffusion time scale of the substrate
(chemoattractant) effective tensor. Compared to the upscaled Keller-Segel model ob-
tained using volume averaging methods in Valdés-Parada et al. [195], the effective
models developed using asymptotic homogenisation are of a simpler form. Moreover,
we included metabolic terms not considered in Valdés-Parada et al. [195].

Next we used the homogenised Keller-Segel model to conduct several numerical in-
vestigations concerning two case studies. The first case study, investigated in Chapter
4, concerns travelling chemotactic bands in porous media under different flow regimes.
The validation method is achieved by comparing between the simulation results of
the exact model defined on a simple microstructure and the homogenised model. In
addition, we used the effective model to illustrate the effect of the interplay of growth
and chemotactic drift on the travelling wave speed. Starting with the effective model
defined in an immobile aqueous phase, the simulation results of the homogenised
model were in excellent agreement with those of the exact model. Thus showing that
our earlier arguments of a non-dominant impact of the metabolic rates and chemo-
tactic drifts at the pore scale were justified. When we included the weak advective
flows, we observed a Galilean transformation of the same bands as in the immobile
phase. Therefore, the validation of the advection-diffusion regime followed from the
validation argument of the stagnant flow simulations. However, in the case of the
advection-dispersion regime, we were not able to provide any numerical validation
due to the numerical instability of the unsteady system.

The second case study, investigated in Chapter 5, involved a microfluidic device.
The device fabricated by Long and Ford [122] was one of the earliest studies which
attempted to elucidate the interplay between flow and chemotactic drift in porous
media. The confined geometry, in particular, the shallow depth, departed from the
geometry assumed in Chapter 2. Therefore, we proposed two approaches, the first
was to follow Porter et al. [157] and ignore the dispersion effects caused by the shal-
low depth, the second approach was to introduce the classical Taylor dispersivities,
as suggested by Chu et al. [47], into the Keller-Segel model before homogenisation.
The simulation results of the first approach were identical to those found in Porter
et al. [157], and thus provided a form of a numerical validation to the homogenised
model. The second approach showed much improvement in the homogenised model
predictions for the tracer test data than those for bacterial controlled test data. We
took these observations as an indication that the bacterial population does not al-
ways follow the classical Taylor dispersivity as also suggested by Dehkharghani et al.
[57] and Peng and Brady [154]. Furthermore, despite applying the classical Taylor
dispersivity theory to the chemoattractant equation, the simulation results showed an
improvement for higher flow velocities, but failed to capture the experimental data
for slower flow velocity. We concluded that applying the classical Keller-Segel model
is problematic due to the difficulties caused by the shallow channel depth on the
swimming behaviour of the suspended bacterial population.
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6.2 Future Work

There are several potential expansions of the current study, which can roughly be
divided into four categories: model validation, experimental studies, simulations, and
extension. Below we briefly discuss the different possible extensions of the current
study.

Throughout this thesis, we validated the predictions of the models derived in
Chapter 2 using full-scale simulations or experiments. Given the limited availability of
experimental data, it was more fruitful to pursue numerical validation against direct
numerical solutions. Thus, to complete the numerical validation, we are exploring
some numerical simulations concerning the direct simulations of the travelling wave
solution for the unsteady system concerning the dominant advective regime [198,
211, 177, 207]. The results in this thesis lend a novel quantitative understanding of
the impact of chemotactic transport in subsurface environments. In Chapter 5, we
aimed to demonstrate the potential of our upscaled mathematical models in designing
future experimental studies that take into consideration the impact of confined flows.
As in Walsh and Saar [198], our study demonstrated that bacterial chemotaxis is
better studied in a static medium. The effect of wall shear rates should be included
for the flow-stopped microfluidic devices, either by increasing the channel depth to
include the classical Taylor dispersion, or by accurately including the modified Taylor
dispersion and effective microbial velocities as reported in Dehkharghani et al. [57]
and Peng and Brady [154].

Furthermore, the simulations using the multi-relaxation lattice-Boltzmann
method in Yan and Hilpert [211] and Yan et al. [212] can be repeated using the
derived upscaled parameters in our thesis and, thus, enhance our understanding of
the effect of the large differences in diffusivity time scales of the different species
on the chemotactic wave shape in dominant advective regimes. Furthermore, more
sophisticated homogenisation techniques can benefit from our results, where in situ
substrate gradient measurements can be implemented to the upscaled Keller-Segel
model owing to the insight of chemotactic drift responses in a porous medium. Fi-
nally, the possibilities for model extension are vast. For example, in a static medium,
the model can be extended to include cell-cell interaction and clogging effects, while
in weak and strong flows, the retardation impact on the transport model and the
effect of the different flow velocities on the measurements of the retardation factors
could be included (see Dentz et al. [60]). Note that the models derived in this thesis
can naturally be adopted for diffusiophoretic colloids or any other biased movement
of particles.

132



Bibliography

[1] R. C. Acharya, A. J. Valocchi, C. J. Werth, and T. W. Willingham. Pore-scale
simulation of dispersion and reaction along a transverse mixing zone in two-
dimensional porous media. Water Resources Research, 43(10):W10435, 2007.

[2] J. Adler. Chemotaxis in bacteria. Science, 153(3737):708–716, 1966.

[3] J. Adler. A method for measuring chemotaxis and use of the method to deter-
mine optimum conditions for chemotaxis by escherichia coli. Microbiology, 74
(1):77–91, 1973.

[4] J. Adler, G. L. Hazelbauer, and M. Dahl. Chemotaxis toward sugars in es-
cherichia coli. Journal of Bacteriology, 115(3):824–847, 1973.

[5] T. Ahmed and R. Stocker. Experimental verification of the behavioral founda-
tion of bacterial transport parameters using microfluidics. Biophysical Journal,
95(9):4481–4493, 2008.

[6] M. Alexander. Biodegradation and bioremediation. Academic Press, San Diego,
1999.

[7] G. Alexandre, S. Greer-Phillips, and I. B. Zhulin. Ecological role of energy taxis
in microorganisms. FEMS Microbiology Reviews, 28(1):113–126, 2004.

[8] G. Allaire. Homogenization and two-scale convergence. SIAM Journal on Math-
ematical Analysis, 23(6):1482–1518, 1992.

[9] G. Allaire and K. El Ganaoui. Homogenization of a conductive and radiative
heat transfer problem. Multiscale Modeling & Simulation, 7(3):1148–1170, 2009.

[10] G. Allaire and Z. Habibi. Homogenization of a conductive, convective, and
radiative heat transfer problem in a heterogeneous domain. SIAM Journal on
Mathematical Analysis, 45(3):1136–1178, 2013.

[11] G. Allaire, E. Bonnetier, G. Francfort, and F. Jouve. Shape optimization by
the homogenization method. Numerische Mathematik, 76(1):27–68, 1997.

133
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