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Abstract

We investigate the breakdown of a system of micellar aggregates in a sur-
factant solution following an order-one dilution. We derive a mathematical
model based on the Becker–Döring system of equations, using realistic ex-
pressions for the reaction constants fit to Molecular Dynamics simulations.
We exploit the largeness of typical aggregation numbers to derive a contin-
uum model, substituting a large system of ordinary differential equations
for a partial differential equation in two independent variables: time and ag-
gregate size. Numerical solutions demonstrate that re-equilibration occurs in
two distinct stages over well-separated time-scales, in agreement with experi-
ment and with previous theories. We conclude by exposing a limitation in the
Becker–Döring theory for re-equilibration and discuss potential resolutions.

Keywords: surfactant; micellization; aggregation kinetics.

1. Introduction

A surfactant is a chemical that preferentially accumulates at interfaces.
Surfactants in water have both hydrophilic and hydrophobic groups. At the
surface of water, the individual molecules (monomers) orient themselves so
that the hydrophobic group protrudes from the water, lowering the surface
tension. As the bulk surfactant concentration is increased, the amount of
adsorbed surfactant increases until it becomes energetically more favourable
for monomers to combine within the bulk and form aggregates that orient
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their hydrophobic components towards the centre of the cluster. These ag-
gregates can have various sizes and shapes but for many simple surfactants
with a single hydrocarbon chain the aggregates are approximately spherical
and contain of the order of 100 monomers [10]. The distribution of aggregate
sizes is localized around this optimum value with a half-width of the order of
the square root of the aggregation number. Aggregates that are much smaller
than the mean aggregation number are energetically highly unfavourable and
consequently appear in much lower concentrations [1, 2, 3, 27]. Clusters
around the optimum aggregation number are called micelles, and the bulk
surfactant concentration at which micelles first form is called the critical mi-
celle concentration (CMC). The CMC is well-defined for a given surfactant at
a given temperature and a common empirical means of determining its value
is by determining the bulk concentration above which the surface tension is
constant.

The re-equilibration of a surfactant solution upon a disturbance from
equilibrium is of great importance for the adsorption kinetics of micellar
solutions. Much of the experimental and theoretical work aimed at under-
standing dynamic systems of micelles was performed in the 1960s and 1970s,
with Aniansson and Wall [1, 2, 3] producing the generally accepted theoret-
ical description for the available kinetic data. The key assumption of this
theory is that the breakdown and formation of aggregates occurs via stepwise
monomer loss and gain. This leads to the Becker–Döring description, first
introduced by Becker and Döring in 1935 [5].

The Becker–Döring equations are a special case of Smoluchowski coagu-
lation theory [33] which, more generally, allows all aggregates sizes to com-
bine and dissociate. Coagulation theory has been used to model aggregation
in numerous situations. (For a review see [37] and references therein.) The
original Becker–Döring formulation describes a system in which the monomer
concentration is held constant. This can be interpreted as a phase transi-
tion in which a supersaturated gas condenses to form liquid drops at con-
stant pressure. Penrose and Lebowitz [29] extend this theory to account
for systems which conserve mass. Billingham and Coveney [7] consider the
formation of micelles in a system out of thermodynamic equilibrium, and a
reduced description of this system which preserves all the properties of the
infinite-dimensional Becker–Döring equations is presented by Coveney and
Wattis [12]. Coagulation theory has also been analysed in more complex
situations, such as within a flowing fluid, with particular application to bi-
ological systems. For example, Band et al. [4] combine the Becker–Döring
theory with an advection-diffusion model to describe crystal aggregation in
the lower urinary tract, while Guy et al. [15] model the formation of a blood
clot in a shearing flow.
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In almost all situations considered, either the monomer concentration is
held constant, or the aggregates are assumed to have a uniform concentration
distribution, both of which simplify the analysis significantly. Billingham [6]
relaxes the latter assumption when applying the Becker–Döring theory to
the coagulation of monomers choosing rate constants that produce realistic
equilibrium aggregate distributions, and determines asymptotic solutions for
the formation of micelles upon a slow influx of monomer into a solution. Ani-
ansson and Wall [1] consider a realistic aggregation distribution comprised
predominantly of either monomers or aggregates localized around the large
optimum aggregation number, with aggregates in between occurring at much
lower concentrations. However, they make the crucial assumption that the
deviation from equilibrium is sufficiently small to derive a set of linearized
Becker–Döring equations describing the variations in aggregate concentra-
tions from their equilibrium values. Their model predicts that the relaxation
occurs in two stages on well-separated timescales, which are inherently re-
lated to the shape of the aggregate distribution.

The existence of a two-timescale re-equilibration process was verified ex-
perimentally by Lang et al. [22]. The first, more rapid, timescale corresponds
to the replenishment of monomer via release of individual monomers from
aggregates. However, to return the monomer to its equilibrium value requires
some aggregates to break down entirely. Some of the monomers released re-
plenish the monomer concentration to its critical value, while the remainder
join those aggregates which have not broken down. The associated relax-
ation times differ by at least three orders of magnitude, with monomer loss
occurring on the µs–ms timescale and complete micelle breakdown on the ms–
minutes timescale [10]. Aniansson et al. [3] showed how their model could
be used to fit Lang’s experimental data and extract information about the
aggregate distribution, and the theory has since been applied by numerous
experimentalists [8, 14, 17, 23, 24, 28, 39].

Aniansson and Wall’s model is still the cornerstone for the analysis of
micellar kinetic data, with the theory on micelle exchange kinetics remaining
essentially unchanged. Recently, Rusanov et al. [20, 18, 19, 21, 32] provided
mathematical analysis of the micellization process, based on the Aniansson
and Wall kinetic model. Their theory outlines no fewer than nine character-
istic kinetic times of micellization in non-ionic surfactant solutions, although
they propose no method of probing these experimentally.

While some temperature-jump and pressure-jump experiments do indeed
satisfy the limit of small disturbances from equilibrium examined by Ani-
ansson and Wall, there are many physically important situations in which
deviations from equilibrium are not small. Large-deviation re-equilibration
has been well studied only in scenarios where there are a finite number of
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aggregates, all of which occur in equal concentrations at equilibrium (for ex-
ample [4, 37]). However, the re-equilibration of a surfactant with a realistic
aggregate distribution following an order-one dilution has not been analysed
in detail. As a consequence, the Aniansson and Wall model has been ap-
plied to many situations where the deviations from equilibrium are much too
large for the linearized theory to be applicable. In this paper we use the
full Becker–Döring model to investigate the relaxation upon an order-one
dilution (which leaves the system above the CMC) of a micellar surfactant
solution with a realistic equilibrium aggregate distribution. In this case, the
monomer concentration must be replenished to its equilibrium value via the
breakdown of some of the aggregates, while a proportion of surfactant will
still reside in aggregate form. We describe the mechanism by which this
is achieved and the restructuring process of aggregates that ensues, demon-
strating that the two-timescale behaviour predicted by Aniansson and Wall
for small deviations from equilibrium is still a prominent feature.

Richardson et al. [31] exploit the large number of monomers that typi-
cally comprise an aggregate to derive a continuum model for the formation
of lipid/protein microdomain structures within plasma membranes which in-
teract via Smoluchowski coagulation theory. Tracking the evolution of a
continuous function rather than the concentration of all individual species
vastly simplifies the problem, and we employ a similar strategy in this paper.

We first validate our continuum model by comparing its predictions with
simulations of the discrete Becker–Döring system. We then use this represen-
tation to elucidate the two-timescale behaviour and to analyse the two stages
of re-equilibration. We show that the relative concentration of smaller ag-
gregates to the micelle concentration is a key parameter, setting the relative
timescales at which the two processes occur.

The predictions of our models are compared with experimental data
obtained from stopped-flow experiments [10]. Here, surfactant solution is
rapidly mixed with water by being forced into a mixing chamber and then
into an observation cell. When the flow is stopped the reaction is monitored
by using fluorescence techniques to measure the spectroscopic response with
time.

We conclude by discussing surfactant systems for which our description
fails. In such circumstances the assumptions made by the Becker–Döring
theory must be relaxed, and a new mechanism for micelle breakdown must
exist, which we analyse in a follow-up to this paper.
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2. A discrete model

2.1. The Becker–Döring equations

As discussed in the Introduction, the self-assembly and dissociation of
aggregates is assumed to occur via stepwise monomer loss and gain [1, 2, 3],
in the following reaction scheme:

monomer + n-mer
κ+
n

⇋
κ−

n

(n+ 1) -mer. (1)

Here, we use the term n-mer to denote an aggregate containing n monomers,
and κ±

n are the association and dissociation rate coefficients. The reaction
kinetics for this system are described by the Becker–Döring equations [5]

dXn

dT = κ+
n−1X1Xn−1 − κ−

n−1Xn − κ+
nX1Xn + κ−

nXn+1, (2)

for n ≥ 2, where Xn = Xn(T ) denotes the (molar) concentration of an
aggregate containing n monomers at time T .

The net bulk concentration of monomer contained in all aggregates is
given by

Cb =
∞
∑

n=1

nXn. (3)

Under the assumption that Cb is conserved for all time, the free monomer
concentration is determined by

X1(t) = Cb −
∞
∑

n=2

nXn(t) = X1(0)−
∞
∑

n=2

n
(

Xn(t)−Xn(0)
)

. (4)

Along with (2), this gives us an infinite-dimensional system of ODEs for
X2(t),X3(t), · · · . The solution of this system requires us to specify all the
initial concentrations X1(0),X2(0), . . ..

For mathematical simplicity, it is customary to truncate the system at
some large finite value n = N and to assume that all the reaction rates are
equal (see, for example, [36]). This is equivalent to setting

κ±

n =

{

κ± 1 ≤ n ≤ N − 1,

0 n ≥ N.
(5)

As we will see below, this approximation fails to capture the correct physics
for many real-life systems, and we will focus on analysing the system (2), (4)
with reaction rates consistent with real surfactants.
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2.2. The equilibrium distribution

Determination of the aggregate size distribution for different surfactants
and different micelle shapes is a subject of extensive debate. Since con-
centrations in the intermediate aggregate region are orders of magnitude
smaller than those close to the optimum aggregation number, there are no
direct experimental methods available for their measurement. It is, how-
ever, possible to calculate an equilibrium aggregate size distribution from
knowledge of the chemical potential differences between monomers in dif-
ferent sized aggregates. This may be done via Molecular Dynamics (MD)
simulations [13, 16, 25] or by Molecular Thermodynamics (MT) [26, 27, 30].
Either method predicts a distribution characterized by the following key fea-
tures. Almost all surfactant material is contained within either a region of
pre-micellar aggregates (monomer, dimers, trimers etc) or a region of proper
micelles close to the peak aggregation number. These are connected by an
intermediate region containing a very low concentration of aggregates; see
figure 1. (The change in slope at n = 90 arises from a change in the model
from a sphere to a rod with spherical end-caps. In reality, micelles will pass
through an ellipsoidal shape between spheres and rods that smooths out the
distribution.) These predictions are in agreement with experimental tech-
niques such as light-scattering methods or small-angle neutron scattering
(SANS) experiments which may be used to determine the optimum aggrega-
tion number, and stopped-flow experiments to determine the CMC [10].

In modelling terms, an equilibrium distribution corresponds to a steady
solution of the Becker–Döring system. Substitution of Xn = X ∗

n = constant
into (2), (4) yields a system of algebraic equations to determine X ∗

n , in terms
of the reaction coefficients κ±

n and the net surfactant concentration Cb. At
equilibrium, the principle of microscopic reversibility requires that each mech-
anistic step in a reversible reaction must itself be in equilibrium, and so
equation (2) implies that

κ+
nX ∗

1X ∗

n − κ−

nX ∗

n+1 ≡ κ+
i X ∗

1X ∗

i + κ−

i X ∗

i+1, (6)

for all n, i ≥ 1. To ensure that the system contains a finite amount of
surfactant, we must have X ∗

i → 0 as i → ∞, and hence

κ+
nX ∗

1X ∗

n ≡ κ−

nX ∗

n+1 (7)

for all n. Given the reaction coefficients, (7) determines the equilibrium
distribution

X ∗

n = X ∗

1
n
n−1
∏

i=1

(

κ+
i

κ−

i

)

, (8)
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Figure 1: An equilibrium aggregate size distribution predicted by MD simulation for
the polyoxyethylene glycol alkyl ether surfactant C10E8 at a bulk concentration Cb =
10mM [10].

in terms of the monomer concentration X ∗

1 , which is related to the net con-
centration Cb by

Cb =
∞
∑

n=1

nX ∗

1
n
n−1
∏

i=1

(

κ+
i

κ−

i

)

. (9)

In practice, the reaction rates are not well characterized. Instead, we
suppose that the equilibrium distribution itself is known, for some particular
bulk concentration Cb, either from MD or from MT, and takes a form similar
to that shown in figure 1. We can then use (7) to relate the reaction rates:

κ−

n =

(

X ∗

1X ∗

n

X ∗

n+1

)

κ+
n (10)

for n ≥ 1, which enforces the principle of microscopic reversibility.
For the association rates, ultrasonic adsorption studies [34, 38] suggest

that reactions proceed at a diffusion-controlled rate, so that

κ+
n ∝ NAσn (D1 +Dn) , (11)

where NA is the Avogadro number, Dn represents the diffusion coefficient of
an aggregate of size n, and σn is the collision radius. We may take σn to be
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the sum of the aggregate radii, r1+rn (with rn proportional to n1/3), and the
Stokes–Einstein equation provides a relation between the diffusion coefficient
of an aggregate and its size, namely

Dn =
kBT

6πµrn
, (12)

where kB is the Boltzmann constant, and T and µ are the temperature and
viscosity of the solution. This provides the estimate

κ+
n ∼

(

kBNAT

6πµ

)

(

1 + n1/3
)2

n1/3
, (13)

which gives κ+
1 ∼ 6 × 105m3mol−1 s−1 for a surfactant in water at 300K.

For the polyoxyethylene glycol alkyl ether surfactants C6E3 and C8E6, with
CMCs of order 100mM and 12mM [11, 35], equation (13) predicts reaction
timescales of order 10−5 s and 10−4 s respectively. These are in line with
spectroscopic stopped-flow experiments on the CnEm series, where rapid re-
equilibration is observed to occur before data acquisition begins, that is, on
a timescale less than 10ms [10].

We note that the estimate (13) predicts rather weak dependence of the
association rates upon aggregate size; for example κ+

200 is roughly twice κ
+
1 . In

contrast, we will see that the dissociation rates κ−

n vary significantly with n.
As a first approximation, we will therefore suppose henceforth in this paper
that the association rates are all equal. Given an equilibrium distribution
X ∗

n , we may thus use (10) to determine all the reaction rates

κ+
n = κ+

1 , κ−

n =

(

X ∗

1X ∗

n

X ∗

n+1

)

κ+
1 , (14)

for n = 2, 3, 4, . . ., in terms of a single rate constant κ+
1 .

The continuum model we derive in §3 is valid for any equilibrium distri-
bution X ∗

n resembling that shown in figure 1, with surfactant concentrated in
narrow neighbourhoods of n = 1 and n = m (the peak aggregation number),
separated by an intermediate region of very low concentration. However, we
will find it helpful to fix ideas by focusing on a particular fit to the equilibrium
distribution, namely

X ∗

n

X ∗
1

= A exp(b− bn) +
B

m3/2
exp

(

−βm (n/m− 1)2
)

+
C

m2
exp(−dn/m),

(15)

where A, B, C, b, β, d and m are fitting parameters. The first term rep-
resents the spike at n = 1 and the small number of pre-micellar aggregates.
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The second term captures the distribution of proper micelles with a width
determined by β. The third term is a slowly decaying exponential to repre-
sent the concentration of intermediate aggregates: the value of C can be used
to control the ratio of maximum to minimum aggregate concentrations. The
scaling of the second and third terms bym−3/2 andm−2, respectively, ensures
that the importance of these terms relative to each other and to the monomer
concentration depends on the coefficients A, B and C and not on the most
probable aggregation number, m. The distribution (15) captures the key
features predicted by MT illustrated in figure 1. In particular, the largeness
of m ensures the high relative concentration of monomer to aggregates, as
well as a narrow Gaussian spread around n = m.

We can fix two parameters, for example A and B, by requiring the right-
hand side of (15) to be equal to 1 when n = 1 and by specifying the net
concentration:

1 = A+
B

m3/2
e−β(m−1)2/m +

C

m2
e−d/m, (16)

Cb =
Cb
X ∗

1

=
A

(1− e−b)2
+

B

m3/2

∞
∑

n=1

ne−βm(n/m−1)2 +
Ce−d/m

m2 (1− e−d/m)
2 . (17)

Here we have introduced for convenience the dimensionless bulk concentra-
tion Cb, scaled with the equilibrium monomer concentration X ∗

1 . In figure 2,
we show a typical MD prediction for the surfactant C6E3 alongside our ansatz
(15), with chosen parameter values b = 4.7, β = 0.765, C = 3.47 × 10−4,
d = 2.72, Cb = 10 and m = 34 from which we infer that A ≈ 1 and B ≈ 2.26.

For many realistic surfactants, the concentration of aggregates in the in-
termediate region is extremely low, which corresponds to very small values
of C. As we will find, this leads to extreme separation of timescales in the
re-equilibration process: rapid disassociation via stepwise monomer release
followed by excruciatingly slow micelle reassembly to reach the equilibrium.
To begin with, we shall consider systems for which C is not too small, which
serves to illustrate the behaviour without compromising computational ex-
pediency.

2.3. The post-dilution distribution

We now consider a surfactant system that starts in equilibrium with a
known distribution, Xn = X ∗

n , before being instantaneously diluted. Upon
dilution of the system by a factor D > 1, the initial distribution Xn(0)
becomes X ∗

n/D, and the new equilibrium distribution, say X n, satisfies

X 1X n

X n+1

=
X ∗

1X ∗

n

X ∗
n+1

, (18)
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Figure 2: Comparison between equilibrium distribution for the surfactant C6E3 at a bulk
concentration Cb = 10, predicted by MT (dashed) and the ansatz (15) (solid) with A = 1,
b = 4.7, B = 2.26, β = 0.765, m = 34, C = 3.47× 10−4, d = 2.72 [9].

for n ≥ 1, from (2) and (10), assuming that the rate constants κ±

n are unaf-
fected by a dilution. Equation (18) may be used recursively to give

X n = νnX ∗

n , (19)

for n ≥ 1, where ν is determined implicitly by

∞
∑

n=1

nX ∗

n (1−Dνn) = 0, (20)

which enforces global conservation of surfactant.
In figure 3 we plot the dependence of ν on the dilution factor D for

the equilibrium distribution (15) with illustrative parameter values b = 10,
C = 0.5, d = 1, β = 0.2, m = 100 and Cb = 10, from which we deduce that
A ≈ 1 and B ≈ 2.27. Provided we dilute by a factor D < Cb so that there
remains sufficient surfactant to replenish the depleted monomer to its criti-
cal value, then ν remains close to 1. In this case, the equilibrium monomer
concentration X 1 after dilution is only slightly smaller than the pre-dilution
equilibrium concentration X ∗

1 . On the other hand, when the solution is di-
luted so that the total bulk concentration is below X ∗

1 , there is insufficient
surfactant in the form of aggregates to replenish the monomer to the CMC,
and ν then decreases significantly. In figure 3 this is clearly evident upon di-
lution by a factor D > Cb = 10 in this case. These observations reinforce the
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Figure 3: The dependence of the parameter ν on the dilution ratio D for the equilibrium
distribution (15) with parameter values b = 10, β = 0.2, C = 0.5, d = 1, m = 100 and
Cb = 10. The dashed curves show the asymptotic prediction (21).

fact that, as surfactant is added to solution, it exists only in monomer form
until the bulk concentration reaches a well-defined critical concentration (the
CMC), while further increases in bulk concentration increase the monomer
concentration only marginally, so that the majority of the excess surfactant
exists in aggregate form.

The distinctive form of the graph shown in figure 3 may be understood
by analysing the implicit relation (20) asymptotically in the limit m → ∞.
The analysis outlined in §3.2 shows that ν and D are related approximately
by

ν ∼



















(

Cb −D

(Cb − 1)D

)1/m

D < Cb,

Cb

D
D > Cb.

(21)

These are shown in figure 3 as dashed curves, which are virtually indistin-
guishable from the exact relation (20).

Using the formula (15) to fit the pre-dilution equilibrium distribution X ∗

n ,
we find that the initial and equilibrium states following dilution have exactly
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the same form, namely

Xn(0)

X 1

= A0 exp(b− bn) +
B0

m3/2
exp

(

−βm (n/m− 1)2
)

+
C0

m2
exp(−dn/m),

(22)

X n

X 1

= A exp
(

b− bn
)

+
B

m3/2
exp

(

−βm (n/m− 1)2
)

+
C

m2
exp

(

−dn/m
)

,

(23)

where

A0 =
A

νD
, B0 =

B

νD
, C0 =

C

νD
,

b = b− log ν, B = Bνm−1 exp

(

m log2 ν

4β

)

, C =
C

ν
,

β = ωβ, m = ωm, d = d−m log ν,

(24a–j)

and

ω = 1 +
log ν

2β
. (25)

Equation (23) implies that the dilution has the effect of shifting the op-
timum aggregation number from m to m, given by (24f ). We illustrate the
dependence of the ratio ω = m/m on the dilution ratio D in figure 4, for
the equilibrium distribution (15). The dashed curves show the leading-order
approximations corresponding to (21) in the limit m → ∞, namely

ω ∼



















1− 1

2mβ
log

(

(Cb − 1)D

Cb −D

)

D < Cb,

1− 1

2β
log

(

D

Cb

)

D > Cb.

(26)

So long as D < Cb, we observe that 1− ω = O(1/m), where m is chosen
to be large. The peak in the distribution is thus shifted only very slightly
to the left by the dilution. This result validates the common assumption
that the optimum aggregation number in a micellar solution is constant for
a given surfactant. However, when the dilution is increased above the value
Cb, the optimum aggregate size falls rapidly, with surfactant predominantly
residing in monomer form for finite dilution ratios D & e2βCb. This models
the break-up of aggregates into monomers as the net bulk concentration falls
below the CMC.
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Figure 4: The dependence of the post-dilution peak aggregation number ω on the dilution
ratio D for the equilibrium distribution (15) with parameter values b = 10, β = 0.2,
C = 0.5, d = 1, m = 100 and Cb = 10. The dashed curves show the asymptotic prediction
(26).

2.4. Non-dimensionalization and scaling

We scale the concentrations following dilution with the equilibrium monomer
post-dilution concentration X 1 = νX ∗

1 , while an appropriate timescale is set
by the monomer association rate. We therefore define the dimensionless
quantities Xn, Xn and τ as follows:

Xn = X 1Xn X n = X 1Xn, T =
τ

κ+
1 X 1

. (27a–c)

The non-dimensional initial and final distributions are then given by

Xn(0) =
1

νD

X ∗

n

X ∗
1

, Xn = νn−1X ∗

n

X ∗
1

, (28a,b)

for n ≥ 1. As described above, the parameter ν is determined from (20) for
a given initial distribution X ∗

n and dilution factor D.
The non-dimensional Becker-Döring equations (2), (4) may be written as

dXn

dτ
= X1Xn−1 −

Xn−1

Xn

Xn −X1Xn +
Xn

Xn+1

Xn+1, (29a)

X1 = 1−
∞
∑

n=2

n
(

Xn −Xn

)

, (29b)

where we have used (14) to eliminate the rate constants κ±

n . Given the
initial post-dilution distribution (28a), the system of equations (29) is used
to determine the evolution towards the equilibrium (28b).
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2.5. Numerical solutions

In figure 5 we show the evolution of a typical distribution of aggregates,
given by (15), with b = 10, β = 0.2, C = 0.5, d = 1, m = 100 and Cb = 10,
upon a two-fold dilution. We solve (20) to give ν ≈ 0.992 in this case,
highlighting again the weak dependence of the equilibrium monomer concen-
tration on the dilution factor provided the bulk concentration exceeds the
CMC. We then solve the system (29) numerically.

As predicted for re-equilibration following a weak dilution [1, 2, 3], the
generic behaviour of the system is via a two-stage process. Firstly, the po-
sition of the micelle peak shifts to the left while retaining its magnitude,
as aggregates shed individual monomers to replenish the concentration of
monomers. This is called the τ1 process [1, 2, 3]. However, since the ener-
getic stability of aggregates falls rapidly with decreasing aggregation number,
this process becomes unfeasible before it has supplied enough material to re-
plenish the monomer to its new equilibrium value. As a result, some of the
aggregates have to break down completely to replenish the monomer fully
to the new equilibrium. The remaining monomers associate with those ag-
gregates which have not broken down to increase their typical aggregation
number and hence their energetic stability. Thus the position of the peak in
the aggregate distribution moves to the right and reduces in magnitude. This
second process is called the τ2 process [1, 2, 3]. The τ2 process is governed by
the rate at which micelles are able to break down entirely, which is set by the
concentration of aggregates in the intermediate region: the lower the concen-
tration of aggregates, the longer the time taken to re-equilibrate. These two
distinct mechanisms are clearly illustrated in the graph of monomer concen-
tration X1 versus time in figure 6. The monomer concentration initially rises
rapidly, over a timescale of 0 ≤ τ . 1 before the rate of replenishment slows,
finally reaching equilibrium when τ ≈ 50.

3. A continuum model

3.1. Introduction

In figures 2 and 5 we exploited the largeness of the optimum aggregation
number m by joining the discrete set of values for each species concentration
to form a smooth curve. Tracking the evolution of a single continuous func-
tion rather than the concentration of many aggregates provides a welcome
simplification and invites us to seek a continuum limit to the Becker–Döring
equations (29) in the limit 1/m → 0. This approach both reduces the nu-
merical complexity of the problem and uncovers analytical simplifications
which provide deeper insight into the re-equilibration process. Richardson
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Figure 5: The solid curve shows the evolution of an initial pre-dilution distribution given
by (15) with b = 10, β = 0.2, C = 0.5, d = 1, m = 100, Cb = 10 and D = 2, at (a) τ = 0,
(b) τ = 100, (c) τ = 500, (d) τ = 5000. The dot-dash line shows the equilibrium
distribution. The pre-dilution distribution is shown as a dashed line in (a).
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Figure 6: Monomer concentration X1(τ ) versus time for the pre-dilution distribution (15)
with b = 10, β = 0.2, C = 0.5, d = 1, m = 100, Cb = 10 and D = 2 on (a) the τ1 timescale,
(b) the τ2 timescale.

et al. [31] utilize a similar approach to model the formation of lipid/protein
microdomain structures within plasma membranes.

To implement our continuum model, we first exploit the fact that, in our
distribution representation (15), the first exponential is solely responsible
for the spike behaviour near n = 1. We may therefore approximate the
pre-dilution equilibrium distribution (15) as

X ∗

n

X ∗

1

=











1 n = 1

B

m3/2
exp

(

−βm (n/m− 1)2
)

+
C

m2
exp(−dn/m) n ≥ 2.

(30)

Outside a narrow neighbourhood of the optimal aggregation number n = m,
the ansatz (15) indicates that the concentration scales with m2. We therefore
choose to describe the pre-dilution equilibrium distribution of aggregates by
the continuous order-one function Y (n/m) = m2X ∗

n/X ∗

1 for n ≥ 2, that is,

Y (x) = B
√
mexp

(

−βm(x− 1)2
)

+ Cexp (−dx) . (31)

The post-dilution concentration is similarly scaled with m2 by defining

y(n/m, t) = m2Xn(t) (32)

for n ≥ 2. The initial and equilibrium post-dilution concentrations are then
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given by the continuous functions

y0(x) = y(x, 0) =
Y (x)

νD
= B0

√
m exp

(

−βm (x− 1)2
)

+ C0 exp(−dx), (33a)

y(x) = lim
t→∞

y(x, t) = Y (x)νmx−1

= B
√
m exp

(

−βm (x− ω)2
)

+ C exp
(

−dx
)

, (33b)

which replace (22) and (23) respectively, while the corresponding monomer
concentrations are

X1(0) =
1

νD
, lim

t→∞

X1(t) = X1 = 1. (34)

The parameters in (33) are still related to the pre-dilution distribution by
(24).

3.2. Integral relations

In the continuum limit, the non-dimensional pre-dilution bulk concentra-
tion Cb is now expressed as an integral, namely

Cb = 1 +

∫

∞

0

xY (x) dx. (35)

Using the fit (31) to Y (x), we find that this integral may be evaluated to
give

Cb − 1 = B

√

π

β
G
(

√

βm
)

+
C

d2
, (36)

where for convenience we introduce the function

G(s) =
1

2

(

e−s2

√
π s

+ erfc (−s)

)

. (37)

We can use equation (36) to evaluate B in terms of all the other fitting
parameters. Since G

(√
βm
)

∼ 1 with exponential accuracy as m → ∞, no
further asymptotic error is incurred by using the approximation

B ∼
√

β

π

(

Cb − 1− C

d2

)

. (38)

For example, with β = 0.2, m = 100, C = 0.5, d = 1,and Cb = 10, we obtain
B ≈ 2.27; the value differs from that obtained using the discrete model in
§2.2 by a factor of less than 10−5.
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The value of ν corresponding to a given dilution ratio D can now be
determined from the continuum version of (20), namely

Cb

νD
= 1 +

∫

∞

0

xy(x) dx, (39)

with y(x) given by (33b). Again, this integral may be calculated explicitly
to give

Cb

D
− ν = B

√

π

β
ωe−βm(1−ω2)G

(

ω
√

βm
)

+
C

(d−m log ν)2
, (40)

where ω is still defined by (25). The right-hand side of (40) is exponentially
small unless ν and ω are asymptotically close to 1. We therefore obtain the
leading-order relation

ν ∼ Cb

D
, (41)

which is valid for ν < 1, that is, for D > Cb.
The right-hand side of (40) comes into play when

ω = 1− κ

mβ
, (42)

so that ν = e−2κ/m, with κ = O(1). In this case, equation (40) is approxi-
mated by

Cb

D
− e−2κ/m ∼ (Cb − 1) e−2κ

(

1− κ

βm

)

eκ
2/βm +

C

(d+ 2κ)2
(43)

with exponential accuracy. For the parameter values used in figure 3, we
note that C is relatively small, while Cb is relatively large. This allows us to
simplify (43) further by neglecting the terms proportional to C, correspond-
ing to the contributions from the tail of the distribution. Finally, neglecting
terms of order 1/m, we obtain the leading-order approximation

Cb −D

(Cb − 1)D
∼ e−2κ, (44)

and hence

ν ∼
(

Cb −D

(Cb − 1)D

)1/m

, (45)

which is valid when D < Cb. Figure 3 demonstrates that the simple approxi-
mations (41) and (45) are extremely accurate whenD > Cb and whenD < Cb

respectively. We recall that realistic surfactants are likely to be modelled by
even smaller values of C, in which case we can expect our approximations to
be even better.
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3.3. The governing equations

After using (32) to scale the aggregate concentrations, we find that it is
necessary also to rescale the time variable τ via

τ = mt (46)

to obtain a dominant balance in the governing equations. This result is in
keeping with figures 5 and 6, where the evolution to equilibrium was observed
to occur over a large τ timescale. This longer timescale is a consequence of
the large size of the typical aggregation number m, since larger aggregates
will take longer to release all their monomers and break down entirely.

To obtain the continuum version of (29) we substitute (32) into (29a) and
Taylor expand for small ǫ ≡ 1/m to obtain

∂y

∂t
=
(

1−X1(t)
)∂y

∂x
+

ǫ

2

(

1 +X1(t)
)∂2y

∂x2
− ǫ

∂

∂x

(

y′

y
y

)

, (47a)

where we neglect terms of order ǫ2, and prime denotes differentiation with
respect to x. Similarly, substituting our continuum representation into (29b)
and approximating the series as an integral provides

X1(t) =
Cb

νD
−
∫

∞

0

xy(x, t) dx, (47b)

which enforces net conservation of surfactant and closes the system.
We note that X1 tends towards 1 as the system approaches equilibrium,

so that the first term on the right-hand side of (47a) will eventually become
comparable with the remaining terms on the right-hand side. We therefore
retain terms of order ǫ in (47a) to ensure that the system is balanced at
leading order during the entire evolution to equilibrium.

The initial condition for the problem is given by (33a), that is

y(x, 0) =
B0√
ǫ
exp

(

−β

ǫ
(x− 1)2

)

+ C0 exp(−dx). (48)

In addition, the system (47) requires two boundary conditions. The first of
these is obtained by writing the Becker–Döring equation (29a) with n = 2
in terms of our continuous function y and scaled time t:

ǫ3
∂y(2ǫ, t)

∂t
= X2

1 −
y(ǫ, t)

y(ǫ)
− ǫ2X1y(2ǫ, t) + ǫ2

y(2ǫ)y(2ǫ, t)

y(3ǫ)
. (49)

Again neglecting terms of O (ǫ2), we obtain the boundary condition

y(0, t) = X1(t)
2y(0), (50)
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which implies that y(0, t) instantaneously falls to X1(0)
2y(0) for t = 0+. This

indicates that dimers rapidly dissociate to replenish the depleted monomer,
and is a consequence of the large difference between the concentrations of
monomer and dimer in the solution. This rapid depletion occurs over a much
shorter timescale on which t = O (ǫ3) and all other aggregate concentrations
remain fixed. The second boundary condition is provided by ensuring that
we have a finite quantity of surfactant, which requires

y(x, t) → 0 as x → ∞. (51)

If we set X1 = 1 and y = 1 then (47a) reduces to the standard diffusion
equation. As discussed in the Introduction, there are many applications in
which a ready supply of monomer ensures that X1 remains effectively fixed
at its equilibrium value. The assumption of constant monomer concentration
may also be used to approximate the evolution of a system subject to very
small dilutions, as in Aniansson and Wall [1, 2, 3].

3.4. Comparison between discrete and continuum models

In figure 7 we compare the evolution predicted by the Becker–Döring
equations (29) with that predicted by our continuum model, using the distri-
bution (15) with b = 10, β = 0.2, C = 0.5, d = 1, Cb = 10 andm = 100, upon
a two-fold dilution. The parabolic equation (47a) is solved by the method
of lines: a discretization in x produces a system of nonlinear ordinary differ-
ential equations in t which are solved using an implicit Euler scheme. The
agreement between the evolutions predicted by the two models is excellent,
except, as expected, in a small region as x approaches zero where the dis-
crete distribution rises to the monomer concentration (since y is a continuous
representation of the aggregate distribution for n ≥ 2). The monomer con-
centration is also accurately captured by the continuum model, as illustrated
in figure 8.

In figure 9 we use (47a) to plot the evolution of the position of the max-
imum in the aggregate distribution. The distinct two-step behaviour of the
re-equilibration is clearly apparent, with the position of the peak moving
rapidly to the left to begin with, reaching a minimum at t ≈ 0.5 before very
slowly rising back to the new equilibrium value, at x = ω ≈ 0.980 for this
choice of parameters.

As discussed in §2.5, the rate at which the τ2 process occurs is depen-
dent upon the concentration of aggregates in the intermediate region, which
implies a vast separation between the timescales of the τ1 and τ2 processes
when the relative concentration of intermediate aggregates is very low. This
is shown in figure 10: as C becomes very small, following the order-one τ1

20



process, the monomer concentration plateaus at a pseudo-equilibrium, which
takes an exponentially long time to evolve towards the actual equilibrium
(figure 11).

As discussed in the Introduction, many surfactants exhibit equilibrium
distributions with extremely low concentrations of intermediate aggregates.
However, it has been observed that such surfactant systems are able to
re-equilibrate on a timescale much shorter than the Becker–Döring theory
would suggest. For example, the surfactant C12E8 at a bulk concentration
ten times the CMC has a typical concentration of intermediate aggregates
10−15 times lower than the concentration of proper micelles [10]. For such
a system, the Becker–Döring theory predicts that the τ1 and τ2 processes
will occur on timescales of the order of ms and hundreds of years respec-
tively, while stopped-flow experiments suggest re-equilibration on the order
of seconds [10]. It is thus evident that, while the Becker–Döring theory
and our continuum model accurately describe the re-equilibration process
for many surfactant systems, it fails to capture the physical mechanism of
re-equilibration in all situations. This implies that there must be an alter-
native route that permits re-equilibration over sensible timescales for such
surfactants and we will address this question in a follow-up paper.

4. Conclusions

In this paper, we examined the mechanism via which a micellar surfac-
tant solution re-equilibrates following an order-one dilution. This extends
the theory of Aniansson and Wall [1, 2, 3] who consider only small variations
in concentration. During re-equilibration, aggregates must release material
to replenish the concentration of monomers back to its critical value, and we
adopted the usual assumption that the breakdown or assembly of surfactant
aggregates occurs via stepwise monomer loss or gain respectively. This leads
to the set of coupled nonlinear ordinary differential equations known as the
Becker–Döring equations. We considered a typical realistic system, in which
the surfactant exists predominantly either in monomer form or as large ag-
gregates (micelles) centred around an optimum aggregation number, with an
intermediate separating region of much lower concentration.

For the majority of surfactant systems, the number of monomers that
comprise a micelle is large. This permits the derivation of a continuum model,
comprising a partial differential equation governing the evolution of aggregate
concentrations coupled to an integral equation for the monomer concentra-
tion. Validation of the continuum model against the discrete Becker–Döring
system showed excellent agreement while removing the complexity of track-
ing each species individually, which vastly simplifies numerical computation.
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Figure 7: Comparison between the concentration profile evolutions predicted by the
Becker–Döring equations (29) (dashed) and by the continuum model (47a) (solid) at times
at (a) t = 0, (b) t = 1, (c) t = 5, (d) t = 50. The pre-dilution distribution (15) and con-
tinuum version (31) are used, with parameter values b = 10, β = 0.2, C = 0.5, d = 1,
m = 100, Cb = 10 and D = 2. The dot-dash line shows the equilibrium distribution.
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Figure 8: Comparison between the evolutions in the monomer concentration X1(t) pre-
dicted by the Becker–Döring equations (29) (dashed) and by the continuum model (47a)
(solid) on (a) the τ1 timescale, (b) the τ2 timescale. The pre-dilution distribution (15) and
continuum version (31) are used, with parameter values β = 0.2, C = 0.5, d = 1, m = 100,
Cb = 10 and D = 2.
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Figure 11: Concentration profile distribution at (a) t = 0.3, (b) t = 105 for a pre-dilution
distribution (31) with parameter values β = 0.2, C = 0, m = 100, Cb = 10 and D = 2.
The profile effectively assumes a pseudo-equilibrium, taking an exponentially longer time to
attain the actual system equilibrium. The dot-dash line shows the equilibrium distribution.
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The re-equilibration process was shown still to be characterized by two
distinct stages, which are referred to as the τ1 and τ2 processes, in agree-
ment with the behaviour observed following small dilutions [1, 2, 3], and was
validated against observations from stopped-flow experiments.

In the τ1 process, following dilution, the depleted monomer is replen-
ished by the shedding of individual monomers from aggregates near micellar
size, leading to a decrease in the dominant aggregate size. This occurs on
a timescale of the order of microseconds. The τ2 process is characterized
by the entire breakdown of some aggregates via stepwise monomer release.
Here, some of the monomers released remain in this form to replenish the
monomer to the equilibrium, while the remainder associate with some of the
aggregates which have not dissociated. This has the simultaneous impact of
increasing the dominant aggregate size while decreasing the total concentra-
tion of surfactant contained in aggregates.

The relative timescales of the τ1 and τ2 processes are related to the relative
concentration of aggregates in the intermediate region. For typical surfac-
tants, this is often many orders of magnitude lower than the concentration
of proper micelles, leading to well-separated timescales. A key result of our
analysis is that the separation between the time-scales of the τ1 and τ2 pro-
cesses is exponentially large when the relative concentration of intermediate
aggregates is low. In such cases, experimental observations indicate that the
systems are able to re-equilibrate on a timescale very much shorter than this
would suggest. While the Becker–Döring theory would predict that the τ1
and τ2 processes will occur on timescales of the order of ms and hundreds of
years respectively, stopped-flow experiments indicate re-equilibration on the
order of seconds [10].

We conclude that the standard theory fails to predict the correct re-
equilibration times for such surfactant systems. An alternative mechanism
for re-equilibration that correctly explains the observed behaviour will be
proposed in a follow-up to this paper.
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