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Abstract

When high-frequency data is available, realised variance and realised absolute variation can be cal-
culated from intra-day prices. In the context of a stochastic volatility model, realised variance and
realised absolute variation can estimate the integrated variance and the integrated spot volatility re-
spectively. A central limit theory enables us to do filtering and smoothing using model-based and
model-free approaches in order to improve the precision of these estimators.

When the log-price process involves a finite activity jump process, realised variance estimates the
quadratic variation of both continuous and jump components. Other consistent estimators of integrated
variance can be constructed on the basis of realised multipower variation, i.e., realised bipower, tripower
and quadpower variation. These objects are robust to jumps in the log-price process. Therefore, given
adequate asymptotic assumptions, the difference between realised multipower variation and realised
variance can provide a tool to test for jumps in the process.

Realised variance becomes biased in the presence of market microstructure effect, meanwhile re-
alised bipower, tripower and quadpower variation are more robust in such a situation. Nevertheless
there is always a trade-off between bias and variance; bias is due to market microstructure noise when
sampling at high frequencies and variance is due to the asymptotic assumptions when sampling at low
frequencies. By subsampling and averaging realised multipower variation this effect can be reduced,

thereby allowing for calculations with higher frequencies.
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Chapter 1

Introduction

Analysing properties of financial structures is a major focus of financial theory. The issues at stake are
the description of price dynamics and the development of concepts and theories to this effect. In the
past two decades, markets have become increasingly volatile and new tools are required to quantify
the magnitude of fluctuations.

Volatility is a measure of how rapidly the price of a financial asset fluctuates; it is the standard
deviation of the returns per unit of time in a time series. Volatility measures the uncertainty of future
price changes, and as such is a reflection of risk. Basic pricing models, such as in Black and Scholes
(1973), assume constant volatility, but this hardly reflects reality. Stochastic volatility models deal
with this issue, but their parameters are not easy to estimate. When high-frequency data is available,
both realised variance and realised multipower variation can be used to estimate integrated variance.

Complete records of prices are available for many financial assets at a high-frequency and this
enables us to calibrate continuous time models. More precisely, within a semimartingale process the
sum of high-frequency squared returns can estimate quadratic variation. This is why realised variance
can be used as an estimator of integrated variance in a stochastic volatility model. This result has
been extensively studied in the recent literature, Andersen and Bollerslev (1998a), Barndorff-Nielsen
and Shephard (2002a) and Comte and Renault (1998). However this is an asymptotic result and
infinitesimal returns do not occur in real life. An asymptotic theory of estimation error was developed
to distinguish between true underlying variability and measurement noise. This is how filtering and
smoothing, carried out both with and without a model, can improve the estimations of integrated
variance (see Barndorff-Nielsen, Nielsen, Shephard and Ysusi (2004)). In this thesis we will apply
these models and methods to our INTEL dataset.

Now as far as integrated volatility is concerned, studies by Taylor (1986), Ding, Granger and Engle



(1993) and more recently by Forsberg and Ghysels (2004) showed that absolute returns were more
persistent than squared returns. Realised absolute variation can be computed from high-frequency data
as the sum of absolute intra-day returns in order to estimate the integrated volatility of a stochastic
volatility model. Asymptotic considerations on the error distribution presented in Barndorff-Nielsen
and Shephard (2003) will allow us to do filtering and smoothing to improve this estimation, with or
without a model.

Although realised variance and realised absolute variation estimate different objects, a joint asymp-
totic distribution will enable us to estimate integrated variance and integrated spot volatility with both
estimators. This combined estimation shows that absolute returns should be preferred to squared re-
turns. These early results of the thesis have been recently reinforced by subsequent research (e.g.
Forsberg and Ghysels (2004)). The problem with realised absolute variation is that it is unable to esti-
mate integrated variance, however Barndorff-Nielsen and Shephard (2003) introduced a new estimator
based on absolute returns that can estimate it, called realised multipower variation.

Even though realised variance consistently estimates integrated variance under a continuous log-
price process, whenever log-prices incur jumps, realised variance will estimate the quadratic variations
of both continuous and jump components. In Barndorff-Nielsen and Shephard (2004a) realised bipower
variation (a special case of realised multipower variation) was introduced as a consistent estimator
of integrated variance in the presence of finite activity jumps (see Barndorff-Nielsen, Shephard and
Winkel (2005) for the infinite activity case). It only estimates the quadratic variation of the continuous
component. In the case of a stochastic volatility process combined with jumps, the difference between
realised variance and realised bipower variation gives an estimate of the quadratic variation of the
jump component. These properties are at the basis of a test for jumps in the log-price sample path,
c.f. Barndorff-Nielsen and Shephard (2006).

Still following the concept of realised multipower variation, realised tripower and quadpower vari-
ations can also estimate integrated variance. These estimators are robust to jumps in the log-price
process, just as bipower variation, which is why they can also be used to test for the presence of jumps.
Here such tests for jump will be established and studied.

Given that tripower and quadpower variation are built from more adjacent absolute returns, these
estimators have the potential to be more robust to market microstructure noise than realised bipower
variation. This property can also be secured with the skipped version of realised bipower variation.

True price processes are empirically known to be contaminated by market microstructure effects.
The observed returns diverge from the true values owing to a variety of market frictions. Market

microstructure effects cause mismatches between semimartingales and observations on a very fine time



scale. While it is theoretically necessary to use very small intervals in order to capture volatility,
empirically there is an accumulation of noise. Asymptotic results based on the idea of increasing
data frequency can be invalidated by microstructure noise. There exists a trade-off between bias and
variance across the sampling frequencies.

Even though we show that realised tripower and quadpower variations are more robust to these
microstructure effects than realised variance and realised bipower variation, alternative estimators are
still needed. Zhang, Mykland and Ait-Sahalia (2005) proposed consistent subsampling and averaging
estimators based on realised variance. Following this method, alternative estimators based on bipower,
tripower and quadpower variations will be object of further scrutiny in this thesis.

The main contributions of this work are

e the combined estimation of integrated variance using realised variation and realised absolute

variation and the analysis of its implications,

e testing for jumps in the log-price process using tripower, quadpower and the skipped version of

bipower variation,

e the analysis of the effects of market frictions on multipower variation and the study of more

robust estimators based on it.

The programming codes used in this thesis were written in S-PLUS and OX by the author. Selected

parts of these codes are included in an Appendix.

1.1 Outline of the thesis

In a first stage, Chapter 2 sets the theoretical framework for this thesis, discusses the main charac-
teristics of financial data and introduces the databases used later on. An overview of the evolution
of financial price modelling up to stochastic volatility models is presented, along with the necessary
probabilistic and statistical concepts.

Chapter 3 focuses on realised variance and realised absolute variation. Important results for these
estimators are presented and the estimation of integrated variance and integrated volatility is carried
out empirically based on asymptotic results. We then proceed to jointly estimate integrated variance
and integrated volatility from realised variance and the square of realised absolute variation. The use
of absolute returns is beneficial in some respects but also poses some problems. This is briefly analysed

at the end of the chapter.



In Chapter 3 we have assumed that the price process was continuous. However in Chapter 4 we
include a jump component and study realised tripower, quadpower and the skipped version of realised
bipower variation as estimators of integrated variance. A hypothesis test for the presence of jumps
is formulated based on these estimators as well as realised variance, and the asymptotic distribution
theories necessary for these tests are developed in this chapter.

All the work carried out so far can be invalidated in the presence of market microstructure effect.
In Chapter 5 this effect is described, along with its potential impact on our estimators. Realised
bipower, tripower and quadpower variation are examined in presence of market microstructure effect
and new, more robust estimators based on them are introduced.

We conclude in Chapter 6 and present further possible work and finally, some programming codes

are included in the Appendix.
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Chapter 2

Theoretical background

In this chapter we will describe our data (Section 2.1) and give a small introduction to financial price
models (Section 2.2) and necessary probabilistic and statistical concepts (Section 2.3) to situate our-

selves in the financial context.

2.1 Financial data

Theoretical and empirical finance is based mostly in our days in continuous time models. This is
possible due to computer technology and the improvement of data collection and analysis. Today
finance is not only based on yearly, monthly, weekly or daily observation, intra-day data is available
and it gives an incessant flow of information. As high-frequency data is available, it allows an almost
continuous recording of prices.

There is a crucial difference between daily, weekly,... data and high-frequency data. The first
kind is received at equal, regular time intervals while intra-day data arrives at random instants with
different time intervals between them. Therefore preliminary data processing is needed. Discretization
is applied to fix the time intervals, abnormal observation need to be rejected and interpolation is
needed to complete missing data (see for example Shiryaev (1999)).

Although almost continuous record of financial prices are available and can improve our statistical
analysis, problems arise due to the market microstructure effects (e.g. discreteness of prices, bid/ask
bounce, irregular trading, etc.). Market microstructure effects and possible robust estimators will be
studied in chapter 5 of this thesis.

The analysis carried out in this thesis will be based on high-frequency data. We will use asset

prices and exchange rates. We will focus on a single actively traded stock, INTEL stock transaction
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prices and on the extensively employed United States Dollars/German Deutsche Mark series.

2.1.1 INTEL dataset

Intel stocks are traded on the NASDAQ exchange which predominantly focuses on high technology
stocks. The dataset will be constructed from the Trade and Quotes (TAQ) Database. The TAQ
Database is the collection of intra-day trades and quotes for all the securities listed in all the main
United States of America equity markets. All this information is available on a collection of CD-ROMs,
with each month having between 3 and 10 separate CDs. This is a very large database. The database

includes information on:
e Process options: trades, quotes, daily statistics;
e Time periods: dates ranges, years, quarters, time ranges,...;
e Security: all securities are listed;
e Number format: no decimal, decimal;
e Time format: hour/min/sec, seconds,...;
e Date format: YY/MM/DD, DD/MM/YY,...;
e Quotes and Trades fields: exchange, time, bid, bid size,...;

e Exchanges: AMEX, BOSTON, CINCINNATI, MIDWEST, NYSE, PACIFIC, NASD, PHILADEL-
PHIA, INSTINET, CBOE.

Further information can be found on the NYSE website (www.nyse.com).

We will work only with transaction prices although a similar analysis can be done based on quote
data. The TAQ database includes each transaction price, but we will take the last recorded price
every five minutes to have regularly spaced data (last tick method, e.g. Wasserfallen and Zimmer-
mann(1985)). We take the prices every five minutes from 9:30 a.m. (when the market opens) until
4:00 in the afternoon (when the market closes) for every working day from the first of October of 1998
to the twenty-ninth of September of 2000.

Problems with missing data and split markets can be encountered in this dataset. It consists 39,816
observations (79 observations each day for 504 days), and there are 199 missing values. There are just

seven days with missing values, and four of them have missing values because the market closed early
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that day. To obtain a complete database, a linear interpolation or a Brownian bridge can be used.
Figure 2.1a shows a day with missing values and Figure 2.1b illustrates both methods (observations
56-59 and 61-64 are missing). The problem with the linear interpolation is that the variance of the

returns will be approximately zero for that interval, so we will use a Brownian bridge.
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Figure 2.1: a) One day with missing values and b) the Brownian Bridge and the linear interpolation methods to complete

the observations.

Equity prices used to be decreed by the New York stock exchange to have to be integer multiples
of 1/8 of a Dollar until June 24 of 1997. Afterwards and until January 29 of 2001, they were integer
multiples of 1/16 of a dollar. The commission charged by dealers was a fixed number of these ticks.
Whenever the price was too high, the percentage of the commission was very small. The Stock
Exchange tried to maintain the prices between ten and one hundred, so when the price was too high,
the share was divided into two half-priced ones. Split markets are not a problem for our work because
we can always multiply the series by two from the day the share was split on. Also we are working
with intra-day prices and markets are split at the end of the day, so they do not affect our returns.

In Figure 2.2a the INTEL prices are plotted for the whole of our sample. We can observe how
for the end of August of 2000 the prices had tripled, but afterwards, during the last month of our
series, the prices fell abruptly. Figure 2.3a plots the intra-day prices every five minutes on a randomly
selected day. With this data structure there are always 79 observations a day. In Figure 2.2b the five

minutes returns of the dataset can be observed. The five-minutes intra-day returns, of the randomly

selected day can be observed in Figure 2.3b.
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Figure 2.2: a) INTEL prices without split market, b) Intel five minutes returns.
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Figure 2.3: a) Intra-day prices every five minutes and b) the corresponding intra-day returns of a randomly selected day

of the INTEL series.
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2.1.2 Exchange rates dataset

In this thesis we will also work with the United States Dollars/German Deutsche Mark series em-
ployed extensively in previous papers (see for example Andersen, Bollerslev, Diebold and Labys(2001),
Barndorff-Nielsen and Shephard(2002a)). It covers from the 1st of December 1986 until the 30th of
November of 1996 and ignores weekend breaks. It reports every five minutes the prices computed by
averaging the bid and ask log-quotes for the two closest ticks from the Reuters screen (see Dacorogna,
Gencay, Miiller, Olsen and Pictet (2001)). Missing data were interpolated and a Brownian bridge was
added when there were sequences of very small price changes (see Barndorff-Nielsen and Shephard
(2002a)). The dataset consists on 705,313 observations. Figure 2.4 shows the complete exchange rates
series and the corresponding five minutes returns. The data was shifted for the exchange rate to start
at zero at time zero. A random day was selected and the intra-day rates and intra-day five minutes

returns are shown in Figure 2.5.
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Figure 2.4: a) United States Dollar/German Deutsche Mark series and b) the corresponding returns.
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Figure 2.5: a) Intra-day rates every five minutes and b) the corresponding intra-day returns of a randomly selected day

of the exchange rate series.

2.2 Modelling uncertainty of prices

Although we do not intend to give here a detailed account of the existing theories relating to modelling
financial prices and returns, we shall briefly discuss those that will introduce our main topic of volatility.
For a more complete discussion see for example Dothan (1990) or Duffie (1992).

Markowitz (1952) introduced the mean-variance analysis which reveals the role of covariance to
determine the risk of portfolios and the importance of diversification. These ideas influenced the later
theories of CAPM (Sharpe (1964)) and APT (Ross (1976)). These theories are related to the reduction
of unsystematic risks, where unsystematic risk is the one that can be reduced by diversification, it is
the risk that the investor can influence by his actions.

To understand risk we need to understand the stochastic behaviour of the prices. The first statisti-
cians that addressed this problem were Cowles (1933), Working (1934) and Cowles and Jones (1937).
Not much attention was paid to their work even though they arrived to interesting conclusions: inde-
pendence of returns. Kendall (1953) also studied this problem. His empirical study on the speculative
prices showed that they vary in a highly irregular way, so Kendall concluded that the series fluctu-

ate as if ”... the Demon of Chance drew a random number ... and added it to the current price to
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determine the next ... price”. The prices seem to behave as a random walk and the returns seem
to be independent. Osborne (1959) concluded that the logarithms of the prices were the ones that
behaved as a Brownian motion. Later Samuelson (1965) introduced the Geometric Brownian motion
to describe the prices.

As it is well known, returns are approximately uncorrelated. This does not mean that they are
independent as y? and yi2+s or | y; | and | y;+s | are positively correlated. This positive correlation
explains the clustering phenomenon. The essence of the clustering phenomenon is that large (small)
values of y; imply large (small) subsequent values (of uncertain sign).

Assume the returns can be described with the following model y; = o¢; where the ¢; are independent
standard normally distributed variables such that ¢; ~ N(0,1) and the o is a constant that is the
standard deviation of the returns called volatility. However, this model is inconsistent with real data.
The returns’ empirical distribution densities are not normal; they have heavier tails and are more
leptokurtotic. In Figure 2.6 a histogram of the INTEL daily returns shows that they are far from
Gaussian.

More complicated models should be implemented to incorporate these properties. The assumption
that the unconditional distribution of the returns is Gaussian can be analytical attractive but does
not reflect the real behaviour of prices. So now we will assume that the conditional distribution of the
returns is Gaussian, i.e.

Law(y: | Fi-1) = N(0,07)

for some F;_j-measurable variable 0? = o2?(w) where F; represents the history of the y; process.
This will be formalised in the next section of this chapter. Then the unconditional distribution of
the returns Law(y;) is a mixture of a conditionally normal distribution Law(y; | F;—1) averaged over
the distribution of o2. This will extend the class of linear Gaussian models incorporating non-linear
conditionally Gaussian models.

The first model of this type introduced into the literature was the ARCH model by Engle (1982).

It incorporates the cluster phenomenon and defines

2 2 2
o =ao0t+ a1y Tt oY

Many other models were constructed based on the ARCH model trying to incorporate the other
empirical distribution characteristics. The best known is the GARCH model by Bollerslev (1986) in
which

0'1-2 = o + alyf_l + -+ aqyiQ—q + ﬁlo-iz—l +- ﬁpo-'i?—P'
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be constructed to estimate integrated variance and to estimate the SV models. We will define these
concepts in the following chapters. More about stochastic volatility can be found in Taylor (1994),

Ghysels, Harvey, and Renault (1996), Shephard (1996) and Shephard (2005).

2.3 Probabilistic and statistical concepts

Before proceeding we review some concepts and methods of probability theory following Mikosch (1998)
which provide the framework for our study.

Taking Kolmogorov’s probabilistic approach (Kolmogorov (1933)) we shall assume a probability
space (2, F, P) where 2 is the space of events w; F is a g-algebra of subsets of 2; and P is a probability
on F. In our context €2 can be interpreted as the market situation and F as the observable market
events.

We can define our probability space more specifically by assuming that we have a flow (F;)¢>0 of
o-algebras such that

FoCFC...CFRC...CF.

This flow is called a filtration, the probability space is called a filtered probability space or stochastic
basis and F; can be interpreted as the information that is available up to time t inclusive. Then
if we say prices S; are F;-measurable, we mean prices are formed on the basis of the developments
observable on the market up to time t.

A stochastic process X = (X;)i>0 on a stochastic basis is a collection X; of random variables
on a probability space such that for each t X; is F;-measurable. The paths of a stochastic process
(the random function t — X; = X(t,w)) usually can be right-continuous with left limits (cadlag) or
left-continuous with right limits (caglad). Sometimes the paths are jump-functions that change only
at jump discontinuities.

A crucial difference between left-continuous functions and right-continuous ones is that with left-
continuity, one can predict the value at t knowing the values before ¢. So a predictable g-algebra P is
the o-field generated by the adapted caglad process.

A filtration is usually linked up with a stochastic process. The stochastic process X is said to be

adapted to the filtration F; if

o(X;) C Fi for allt > 0.
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The stochastic process X is always adapted to the natural filtration generated by X:
ft = O'(XS,S < t)

Thus adaptedness of a stochastic process X means that the X;s do not carry more information than

Fi.
Now consider a stochastic process X and some information F; at the present time, so let us ask how
this information influences the knowledge of the future behaviour of X. If F, and X are dependent,

X can be better predicted with the information F; than without it. The conditional expectation of

X, given F;
E(Xt I -7:3)

is the mathematical tool to describe this.

2.3.1 Martingales

The notion of martingale is crucial in stochastic finance. Martingales represent fair games; in price
dynamics, the notion of martingale underlie the idea of markets without opportunities of arbitrage
(no riskless profits are possible). We give now some basic definitions, but a more extensive description
about martingales and stochastic calculus and the proofs of theorems and lemmas can be found in
Mikosch (1998) and Shiryaev (1999) (with a financial approach) or @ksendal (1998) and Protter (1990)
(for a more mathematical exposition).

Martingale. A stochastic process is a martingale with respect to the filtration F; if
e E(|] X;|)<ooforallt>0

o X is adapted to F;

e E(X;|Fs)=Xsforall0<s <t

Martingale Difference. We call a (discrete) stochastic process £ = (z,) a martingale difference

if
o E(|z,|) <ooforalln>0
e 1 is adapted to F,

o E(zp | Fn-1)=0.

20



Clearly, if x is such a process then the corresponding process of sums X, where X,, = Xo+z1+...+ Iy,

i1s a martingale.

A very important concept is that of a local martingale. For it we need the following definition of
a stopping time. A random variable 7 is a stopping time for the filtration F; if {r < t} € F; for all
t. We can interpret 7 as the time when an investor changes his holdings, he has to decide whether to
sell or not at ¢t with the information available until t.

Local Martingale. We call a stochastic process X a local martingale if there exists an increasing

sequence of stopping times (74) (called localizing sequence) and each stopped sequence
X = (Xrpnt, Ft)

is a martingale.

A sufficiently general class of stochastic processes for financial economics is the semimartingale
class. This class is not just fairly wide, but it is important as we can define stochastic integrals with
respect to semimartingales.

Semimartingale. An adapted, cadlag process is a semimartingale if it can be representable as
Xy =Xo+ At + My

where A is a process of locally bounded variation and M is a local martingale, both defined in some
stochastic basis (Q, F, (F;)¢>0, P). A function f is of bounded variation if the supremum of its variation
> | fxig1) — f(z;) | over partitions z; is finite.

Quadratic Variation. The concept of quadratic variation will be essential in our later exposition,

and it is one of the most important aspects of semimartingales. Quadratic variation is defined as

(X)e =p— lim S{X(th) — X ()Y

for any partition 0 =t§ < t] <--- <}, =t where sup;{t],, —t[} — 0 for r — oco. This series looks

at the partial sums of squared increments over tiny intervals of time.

2.3.2 Lévy process and Brownian motion

Lévy process

The Lévy processes are certain stochastic processes with independent increments. They form a very
important class of stochastic processes which include Brownian motions and Poisson processes. A Lévy

process is a semimartingale.
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Lévy Process. A cadlag stochastic process X = (X;)s>0 defined on the probability space (2, F, P)

is called a (d-dimensional) Lévy process if
o Xo=0 (P-as.);

e for each n > 1 and each collection tg,t1,... where 0 < t5 < t; < --- < t,, the variables
Xito, Xt; — Xitgy -+, Xt, — Xt,_, are independent

(independent increments);

e forall s> 0andt >0,

d
Xivs — Xs = Xy — Xo
(the homogeneity property of increment).

A more formal discussion of these issues is given in Sato (1999).

Brownian motion

Brownian motion is named after the biologist Robert Brown whose research dates to the 1820’s.
Early in this century, Bachelier (1900), Einstein (1905) and Wiener (1923) started developing the
mathematical theory of Brownian motion, but Wiener (1923) was the first to put Brownian motion on
a firm mathematical basis.

Brownian Motion. We call a continuous Gaussian random process B = (B;)i>0 a standard

Brownian motion (BM) or a Wiener process if
e By =0
o E(B;) =0;
o Cov(Bs, B;) = min(s,t).

With this definition we can obtain that this is a process with homogeneous independent Gaussian
increments. Hence, the Wiener process is a Lévy process with additional important characteristic of

continuous trajectories.

Some properties of Brownian motion.

1. The sample paths of a Brownian Motion are non-differentiable. Brownian sample paths do not

have bounded variation on any finite interval [0, 7.
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2. Brownian Scaling. For any ¢ > 0 and ¢ > 0, write
Bt(c) = C_ch2t.
Then B(©) is Gaussian, with mean zero and variance t and covariance cov(Bgc), Bt(c)) = cov(Bg, By).

3. Time Inversion. Write
Xt = tBl/t'

Then X has mean zero and covariance cov(Xs, X;) = min(s,t). So X is a Brownian motion

obtained from B by time inversion.

4. Quadratic Variation. As defined before, take a partition of [0,¢] such that 0 = tén) < t§”’ < e <L

,({1) = t. The mesh of the partition sup; (tgn) — tz@l) — 0 when n — 00, so the quadratic variation

of the Brownian motion converge in mean square

Z(Bti+1 - Bti)2 — t.
From here we can also obtain an essential result

(dBy)? = dt.
Some processes derived from Brownian motion

Brownian Motion with Drift. If we form ut + 0B; (replace N(0,t) by N(ut,ot) in the defini-
tion of Brownian increments), we obtain a Brownian motion with drift 4 and diffusion coefficient o,
BM(u,0).

Brownian Bridge. This process is derived from a Brownian motion. Consider the process
Xt =B —th
where B; is a Brownian motion and 0 <t < 1. Then we have that
Xo=By—0B; =0 and X, =B, —-1B; =0,

for this reason it is called standard Brownian bridge or tied down Brownian motion.
Geometric Brownian Motion. A Brownian motion may assume negative values, which is not a
property of financial prices. Paul Samuelson (1965) pointed out that the logarithms of prices, and not

the prices themselves, varied in accordance with a Brownian motion giving the Geometric Brownian

motion

1
St = Soexp{(p — 502)?5 + 0Bt}
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2.3.3 1Ito6 Calculus

Here we will discuss some aspects of the theory of stochastic integrals, consider fot H,dM; where the
integrator M is a semimartingale and the integrand H is a previsible and bounded process. Generally
M is a Brownian motion. This integral can be interpreted in an economic way. Think of the integrator
M as a stock price. The increments over [t,t + u] represent new information. Think of the integrand
H as the amount of stock held. The investor has no advance warning of the price change over the
immediate future but has to base his decisions in what he knows up to then. The value of the portfolio
is the stochastic integral fot Hy,dM,.

Remember the sample paths of a Brownian motion are nowhere differentiable and have unbounded
variation. Then the Brownian sample paths cannot be integrated with respect to themselves in a
context of ordinary integrals. We must define in this section the It6 stochastic integral and the It

lemma (it is the stochastic analogue of the ordinary chain rule of differentiation).

It6 stochastic integral

It is impossible to define the integral fot BsdB;s path by path as a Riemann or Riemann-Stieltjes
integral. Usually we can define fOT fedB; with 0 < t < T as the limit of Zj ft; (Btj — Btj_l) where
t; € [tj—1,t;] and when n — oo in the partition 0 = tp < --+ < ¢, = T. Itd integral is defined when
& =tj-1. This fact is important in finance because the only available information is the past.

It6 (1944) extended the notion of stochastic integral. The Ito integral is defined as the mean square
limit of suitable Riemann-Stieltjes sums. Let the process C = (Cy,t € [0,T]) be the integrand of the
stochastic integral where C is adapted to the Brownian motion (i.e. Cy is a function of B;, s < t)
and the integral fOT E(C?)ds is finite. Then one can find a sequence (C(™) of simple processes (i.e.
stochastic processes whose sample paths are step functions) such that

T
/ E(C, — C™)2ds — 0.
0

A process I(C) exists on [0, T] such that
E[SUPOStST(It(C) - It(C(n)))2] — 0.
The mean square limit I(C) is called the Itd stochastic integral of C. It is denoted by

t
L(C) = /0 C.dB, tel0,T)

For a given partition 0 =t <t; < -+ <itp-1 <tp =T and t € [tk_1,tk], It(C) is close to the
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Riemann-Stieltjes sum
k—1

> Cty(By = Byy) + Cuy_y (Bt — By,

i=1
and this approximation is the closer (in mean square sense) to the value of I;(C') the more dense the
partition is.
Much more could be explained about Itd stochastic integral, but that is not the aim of this work,

so for further reference see for example Mikosch (1998), Shiryaev (1999), @ksendal (1998) or Protter
(1990).

Ito lemma

Now that the It6 stochastic integral has been defined, we need a tool to calculate them and to do some

operation. This tool is the It6 lemma.
The Itd lemma is the stochastic analogue of the classical chain rule of differentiation. Recall the

deterministic chain rule: Let f and g be differentiable functions, then [f(gs)]’ = f'(gs)gs- In integral

form: f(g:) — f(90) = fot f'(9s)dgs.
Now consider a stochastic process X = (X;)s>o defined on a filtered probability space (Q, F, (Ft)tz0, P),
it is an Ito process if there exist two nonanticipating processes a = (a(t,w))>0 and b = (b(t,w))t>0

such that
t
P(/Ia(s,w)lds<oo)=1, t >0,
0

P(/Otbz(s,w)ds<oo) =1, t>0,

and

t t
X; = Xo + / a(s,w)ds + / b(s,w)dBs,
0 0

where B = (B¢, Fi)t>0 is a Brownian motion and Xy is a Fo-measurable random variable.

For brevity we can consider the following stochastic differential notation:
dX; = a(t,w)dt + b(t,w)dB;.

Now let F(t, ) be a function from the class C1? and let X be a process with the previous stochastic

differential. For each t > 0, we have the following It6 formula for F(t, Xy),

troF OF 1 5*F LoF
F(t,X;) = F(0,Xo) + /0 [E + a(s,w)g + §b2(s,w)%—2—] ds + A Eb(s,w)st.

The proof of the lemma and further discussion can be found in many books; refer, for example, to

Durrett (1984) or Rogers and Williams (1987).

25



Stochastic differential equations

A stochastic differential equation (SDE) is the equation

t t
X: = Xp +/ a(s, Xs)ds +/ b(s, Xs)dBs;
0 0

where the first integral is a Riemann integral and the second one is an It6 stochastic integral. The
Brownian motion B is the driving process of the SDE.

The SDE has two kinds of solutions, strong and weak solutions. A strong solution to the SDE
dX: = Xo + a(t, Xy)dt + b(t, X;)dB; is a stochastic process X = (Xi)i>o0 that satisfy the following

conditions:

e X is adapted to Brownian motion, i.e. at time ¢ it is a function of By, s <,
e the Riemann and It6 integrals are well defined,

e X is a function of the underlying Brownian sample path and of the coefficient functions a(t, )

and b(t, ).

For weak solutions the path behaviour is not essential, we are only interested in the distribution of X.
The initial condition Xy and the coefficient functions a(t, z) and b(¢,z) are given, so we have to find a
Brownian motion such that the SDE holds. Weak solutions X are sufficient in order to determine the
distributional characteristics of X; we do not have to know the sample paths of X. A strong or weak

solution X of the SDE is called a diffusion.

Ornstein-Uhlenbeck process

A Ornstein-Uhlenbeck (OU) process is a solution of the SDE
dXt = —)\Xtdt + O'dBt
with A > 0. Using the It6 formula we can verify that the process X = (X¢)¢>o with

t
X = Xoe M+ a/ e t=9)4B,
0

is its unique solution.
We can generalize this process by using a Lévy process instead of a Brownian motion obtaining
the following SDE
dX; = =2 Xydt + dZ;.
A key property of the OU process is mean reversion. OU processes are useful for modelling purposes

as in stochastic volatility models.
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Square root process

The Feller’s square root process, also called the Cox-Ingersoll-Ross takes the form
dXt = "')‘{Xt — f}dt + wy/ XtdBt

with £, A and w > 0 and the assumption that £ > w?/2. Notice that the process (X;);>o cannot be
negative.
The square root process is a special case of the constant elasticity of variance (CEV) process. See,

for instance, Feller (1951) or Cox, Ingersoll and Ross (1985).

More about OU and CEV processes can be found in, for example, Rolski, Schmidli, Schmidt and
Teugels (1999).

2.3.4 State space representation and Kalman filter

The state space representation is a useful tool when working with time series. It allows the application
of the Kalman filter for predicting and smoothing. The state space models, as explained in Harvey
(1993) specify the relationship between the state vector (mx1), a;, and the vector (Nx1) of observed

variables at time t, y;, via a measurement equation
Yt = Ztay + di + € t=1,---,T

where Z; is a matrix (Nxm), d; is a vector (Nx1) and ¢ is a vector (Nx1) of serially uncorrelated
disturbances with mean zero and covariance matrix H;.

The elements of a; are not observable but they are known to be generated by the transition equation
of a Markov process

op =Thoy 1+ ¢+ t=1,.---,T

where T; is a matrix (mxm), ¢ is a vector (mx1) and 7; is a vector (mxl) of serially uncorrelated
disturbances with mean zero and covariance matrix Q.

Further assumptions are needed to complete the specifications of the state space system: the initial
state vector ag has a mean of ag and a covariance matrix Fp; the disturbances €; and 7; are uncorrelated

with each other in all time periods and are uncorrelated with ag.
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Representaion of an ARMA (p,q) model

The ARMA(p,q) model
Yt = P1Ye—1 + - + ¢pyt—p + 6 + 61601+ + 9q€t_q

can be represented in the state space form as

Yy = Ziat

z{ = (1 ;n—l)/
o1 1
¢2 Im—l 91

ap = ap_1 + €t
¢m 0’ om—l

where m = max(p,q + 1). Unless p = ¢ + 1, some of the AR or MA coefficients will equal zero.

Kalman filter

Once a model is in a state space form, the Kalman filter can be applied. It is a recursive procedure for
calculating the optimal estimator of the state vector given all the information that is currently avail-
able. Once the end of the series is reached optimal predictions of future observations can be made.
Smoothing, a backward recursion, enables optimal estimators of the state space to be calculated at all

time using the complete sample.

Filtering
Let a; be the optimal estimator of oy based on all the observations up to y;. Let P; be the (mxm)
covariance matrix of the estimation error, P, = E((oy — a¢)(a¢ — az)’).

Assume that at time t — 1, a;—1 and P:_; are given. The optimal estimator of a; is given by the

prediction equation
ajt—1 = Tra—1 + ¢ and Pyj_1 = TP T) + Q
fort =1,..-,T. The estimator of y; is
Ytlt—1 = Ztayp—1 + dy t=1,---,T.
The MSE of the prediction error vector
Vt = Yt — Ygjt—1 t=1,---,T
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is
F, = ZtPt|t_1Z£ + H,.

Once the new observations become available, the estimator can be updated by
ar = ay—1 + Pop1 ZiFy  (ye — Ziage—n — dy) and P, = Pyy1 — Pyy1ZiF, ' ZyPyq

fort =1,---,T. Given the initial conditions ag and Py, the Kalman filter gives the optimal estimators
as each new observation is available. When the T observations have been processed, prediction and

smoothing can be done.

Prediction

The optimal estimator to predict ary; based on the information available up to T' is given by

aryir = Tr1ar4i-1 + e 1=1,2,..

with arir = ar. The associated MSE matrix is obtained from
Pror = TryiPro—irTra + QT 1=1,2,..
with Ppr = Pr. The predictor is
1T = ZrHa74yT + drti l=1,2,..

with prediction MSE
MSE(§ryyr) = Zr+1ProyrZr + Hra

Smoothing

Once filtered, smoothing will allow us to take into account the information available after time £.
The smoothed estimator is based on more information than the filtered one so generally its MSE is
smaller. The algorithm consists of recursions which start with the final quantities given by the filter

and go backwards. The equations are

/

ayr = @t + Pt*(at-l-lIT — Tiy10¢ — ci41) and Fyr=F+ Pt*(Pt-l-llT - Pt+1|t)Pt*

where Py = BT, P}, witht =T —1,---,1.
See Harvey (1993) for further description of the state space representation and Kalman (1960),

Kalman and Bucy (1961), Harvey (1993) and Hamilton (1994) for further explanation about the

Kalman Filter.
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Chapter 3

Realised Variance and Realised

Absolute Variation

3.1 Introduction

Volatility is a measure of how rapidly the price of a financial asset fluctuates; it is the standard deviation
of the returns per unit of time. Volatility measures the uncertainty of future price changes; it reflects
the risk and is an essential aspect of pricing. Basic pricing models, such as the Black-Scholes model
discussed in Black and Scholes (1973), assume constant volatility, but this assumption hardly reflects
reality. Stochastic volatility models deal with this problem, but they are not easy to estimate. When
high-frequency data is available, the sum of the squared increments of the intra-day log-prices (called
realised variance) and the sum of the absolute values of these increments (called realised absolute
variation) can be constructed to estimate integrated variance as explained in this chapter.

Here intra-day prices are used to calculate realised variance and realised absolute variation. Given
a stochastic volatility model where the log-prices are a continuous semimartingale, realised variance
and realised absolute variation are used to estimate the integrated variance and the integrated spot
volatility respectively. As in Barndorff-Nielsen, Nielsen, Shephard and Ysusi (2004) a limit theory
enables us to do filtering and smoothing using a model based and model free approach to improve
the precision of the estimators. A combined estimation of integrated variance (using realised variance
and realised absolute variation) gives guidance about which of these two estimators to use. Finally, an
analysis about the benefits and faults of using realised absolute variation is done following the results
in Forsberg and Ghysels (2004).

When an underlying continuous process is assumed for the log-prices, the use of high frequency
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data to measure volatility can give misleading results because discrete observations are contaminated
by market microstructure effects. Although the efficiency of realised variance and absolute variation is
measured with asymptotic results, using data at the highest available frequency will not necessarily be
the best approach. Nevertheless, in this chapter, we will assume that our observations are not affected
by market microstructure noise in order to reach some conclusions; we will come back to this problem
in Chapter 5, which will be entirely dedicated to market frictions.

The outline of this chapter is as follows. In Section 3.2 we present some definitions and results for
realised variance and realised absolute variation given in the main literature. We apply the methods of
estimation proposed in Barndorff-Nielsen, Nielsen, Shephard and Ysusi (2004) to our INTEL dataset
in Section 3.3 and in Section 3.4 we extend these for the realised absolute variation. Finally in Section
3.5 we perform and analyse a combined estimation of integrated variance using both realised variance

and realised absolute variation.

3.2 Framework and properties

A standard model in financial economics is a stochastic volatility (SV) model for log-prices Y; which

follows the equation
t t
Y; :/ audu-{—/ o, dWs, t>0, (3.1)
0 0

where we denote A4; = f(f aydu. The processes oy and A; are assumed to be stochastically independent
of the standard Brownian motion W. Here o; is called the instantaneous or spot volatility, o2 the

corresponding spot variance and A; the mean process. A simple example of this process is
t
A = pt + Bo?*, where o = / olds.
0

The process o2* is called the integrated variance.
More generally A; is assumed to have continuous locally bounded variation paths and it is set that
M, = f(f osdW,, with the added condition that fot 02ds < oo for all t. This is enough to guarantee

that M, is a local martingale. So the original equation (3.1) can be rewriten as
)/:f = At + Mt-

Under these assumptions Y; is a continuous semimartingale.
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It is essential to define a discretised version of Y; based on intervals of time of length 6 > 0. Given

the previous framework, let the d-returns be
yj:}/]ﬁ—y'(j—l)é J:1,2,3>7l_t/5J

Then, independently of the model for the volatility, if A and ¢ are stochastically independent of W,
this implies that

yjlaj, I/J2 ~ N(aj, z/f) (3.2)
where a; = Aj5 — A(;_1)s and V? = ]23* — 0(2;‘_1) s+ Usually a; is called the actual mean and 1/]2 the

actual variance.

One of the most important aspects of semimartingales is the quadratic variation (QV), defined as

n
[Y]t - pnli»n;o Z()/tj - }/tj_l)27
Jj=1
for any sequence of partitions t(()n) =0< tg") <... < t,(ln) =t with supj{t§-") - t§-7i)1} — 0 as n — o0.

As A; is assumed to be continuous and of finite variation we obtain that
t
Y]e = (Al + 204, M, + (M), = (M), = [ o2du
0

where

n
[X7 Y]t - pnh—{%o Z(th - th—l)(Ytj - Ytj—1)-
j=1

This holds since the quadratic variation of any continuous, locally bounded variation process is
zero (see Hull and White (1987)).

Now, based on the spot volatility, o;, we can define alternatively the integrated spot volatility

. t
ai I =/ osds
0

and the actual spot volatility

= ol — 08.]:‘1)6 i=1,2,3,...,[t/5].

It is important to notice that the actual spot volatility is different from the square root of the actual

variance, so (1/3[-1])2 # 3.

More about SV models can be found in, for example, Shiryaev (1999) or Shephard (2005).
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3.2.1 Realised variance

Realised variance has been used in financial econometrics for many years, examples include Rosenberg
(1972), Merton (1980), Poterba and Summers (1986), Schwert (1989), Hsieh (1991), Zhou (1996), Tay-
lor and Xu (1997), Christensen and Prabhala (1998), Andersen, Bollerslev, Diebold and Ebens (2001),
Andersen, Bollerslev, Diebold and Labys (2001). Recent literature using quadratic variation for semi-
martingales has been the independently and concurrently development by Andersen and Bollerslev
(1998a), Comte and Renault (1998) and Barndorff-Nielsen and Shephard (2001). Many other papers
on realised variance exist which are discussed in Dacorogna et al. (2001) and in the reviews by Ander-
sen, Bollerslev and Diebold (2005) and Barndorff-Nielsen and Shephard (2005). Here we will give an
overview of the main definitions and results from these papers for applications later in this chapter.

The realised quadratic variation process is defined as

[t/6]
P =3 g2,
j=1

soasd | 0
Y5l 5 [Y])e.

For daily series, suppose there are |t/6| = M intra-h observations during each fixed h time period

(here h denotes the period of a day) defined as

Yji = Y(i—1)h+46 — Y(i—1)h+(—1)5>

for the j—th intra-h return for the i—th period. Then the realised variance is defined by the summation

of the squares of these M intra-period returns

M
[YM]?] = Z yjz,iv
j=1

and the realised volatility by its square root

Vivml? =

In the case of the realised variance, under semimartingales, as M — oo then

M
[YM]?] = Zngz e Vi2 = [Y]in - [Y](i—l)hv
j=1

so the realised variance can be used as an estimator of the actual variance.
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The realised variance can be calculated for each day separately. Therefore a daily time series of

length T can be constructed
M M M
2 2 2
DUnn D Vi ) Yir
=1 j=1 j=1

of realised variances.

Figure 3.1 illustrates a time series of realised variances. In the top part of this figure the realised
variances and their ACF were computed using M=78, which corresponds to using five minutes returns
data based on the INTEL dataset (described in Chapter 2). The realised variances computed using
M=6, sixty minutes returns, and the correspondent ACF are illustrated in the bottom part of the figure.
It can be observed that the realised variance series calculated using five minutes returns (M=78) is
much less jagged than the series calculated using 60 minutes returns (M=6). All the correlograms

have the usual slow decay behaviour and it starts at quite a low level for M=6.
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Figure 3.1: Realised variance series computed using 5 and 60 minutes INTEL returns and its autocorrelation function.

0.002

0.001
4

0.000
.

T

T T T T
[} 100 200 300 400 500 0 10

34



In Barndorff-Njelsen and Shephard (2002a), Barndorff-Nielsen and Shephard (2003) and Barndorf-
Nielsen and Shephard (2004b) the previous theory has been extended to a Central Limit Theorem
(CLT). In these papers the CLT is presented under somewhat restrictive assumptions. Recently
Barndorff-Nielsen, Graversen, Jacod, Podolskij and Shephard (2005) and Barndorff-Nielsen, Graversen,

Jacod and Shephard (2006) give weaker conditions on the log-price process which ensure that the CLT
holds.

For the SV model (3.1), when § | 0

52 (vl — Y1) L

— N(0,1),
V2 JEodds

under the assumptions that a is of locally bounded variation, fot o2du < 0o and that oy is cadlag.

This limit theory enabled Barndorff-Nielsen and Shephard (2002a) to construct models in order to

obtain better estimates of the actual variance using the realised variance.

3.2.2 Realised absolute variation

An alternative approach to the realised variance would be using the sum of the absolute value of the
increments of the intra-day log-prices, fj |y;,:|, named realised absolute variation. This is empirically
attractive for using absolute values iszless sensitive to possible large movements in high-frequency
data. Taylor (1986) and Ding, Granger and Engle (1993) recognized that empirically absolute re-
turns are more persistent than squared returns. Andersen and Bollerslev (1997) and Andersen and
Bollerslev(1998b) empirically studied the properties of realised absolute variation of speculative assets,
nevertheless the approach was abandoned in their subsequent work due to the lack of appropriate the-
ory. Ghysels, Santa-Clara and Valkanov (2003) and Forsberg and Ghysels (2004) retake the interest in
absolute returns and provide empirical and theoretical explanations for the outperformance of realised
absolute variation.

Barndorff-Nielsen and Shephard (2003) derived a limit theorem for the realised power variation

process
/8]

Yol = 3 il
j=1
as 6 | 0. Given that realised absolute variation is a special case of realised power variation, r = 1, the
asymptotic result can be used to study the properties of the integrated spot volatility.
Barndorff-Nielsen and Shephard (2003) gave the Central Limit Theorem for the realised power

variation process with some restrictive conditions. Barndorff-Nielsen, Graversen, Jacod, Podolskij
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and Shephard (2005) and Barndorff-Nielsen, Graversen, Jacod and Shephard (2006) provide some

general limit results for realised power and bipower variation which are proved under much weaker

assumptions.

For the SV model (3.1) where a is of locally bounded variation, fot o2du < 0o and o; is cadlag, we

have that for é | 0,
t
it S 6 / ords
0

and
_1(51 r/Q[Y [r] fO ’"ds L

pr o1/ \/ ugto, Y5

L N0, 1),

where p, = E(|X|") and v, = Var(]X|") with X ~ N(0,1).
In particular, this implies that
;"
dt
From these, we can obtain the relevant result for our case (r = 1) where
Yoyl 2

= O%.

where pu; = \/2/7, and where
Ll - v

\/5 (Tl [Yé]

If M is the number of intra-day observations during each day as before, then the realised absolute

L N(,1).

variation, i.e. a scaled sum of the absolute value of the intra-day changes of log-prices, will be defined

here as

V]! (1 _

m_ 1]

[YM][.I] converges to v; .

1)

and therefore, [YM][ b a:,El] - a(z[lll)h when M — oo. So, v;

Consequently we can use the realised absolute variation as an estimator of v; ', just as the realised
variance is used as an estimator of v2.

Using the intra-day INTEL prices, the realised absolute variation using five and sixty minutes
returns were plotted, as well as their correspondent autocorrelation functions (Figure 3.2). As M gets
smaller, the series become more jagged. Also, the autocorrelation is higher when the value of M is big,

and it shows a slower decay. If we compare the ACF of the realised absolute variation with the one of

the realised variance (Figure 3.1), we can notice it is marginally stronger.
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Figure 3.2: Realised absolute variation computed using 5 and 60 minutes INTEL returns and their autocorrelation func-

tion.

3.3 Estimations with realised variance

Although estimating v? by using [YM]?] has attractions, the variance of the error is quite high even
when using large values of M.

From equation (3.2) we must expect that if the realised variance is a good estimator of the actual
variance, then the daily returns divided by the square root of the realised variance must have a Gaussian
distribution. In Figure 3.3 we can see from the qq-plots that there are some problems even when we
use the five minutes returns to calculate the realised variance.

So while realised variance converges to the integrated variance when M — oo, the difference may
not be negligible for a given frequency. Meddahi (2002) characterizes this difference for a given fre-

quency using It6 Lemma. The process governing the volatility is more general than the one presented
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here, including both leverage effect and drift. Given an Eigenfunction Stochastic Volatility model
(Meddahi (2001)) he found the finite sample properties of the difference. Under leverage effect the
correlation between the difference and the integrated variance was nonzero but so small that in prac-
tice it did not matter. Other authors as Goncalves and Meddahi (2005) and Nielsen and Frederiksen

(2005) have studied the finite sample behaviour of realised variance.
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Figure 3.3: QQ-plot of the daily returns divided by the square root of realised variance calculated using 5 and 60 minutes

INTEL returns.

It is convenient to try to use the complete time series structure to construct more efficient estimators
of v and I/i[l] using the asymptotic results. More precise estimators can be obtained by pooling
neighbouring time series observations, for realised variances and absolute variations tend to be highly
correlated through time. So in this section we will apply the methods presented in Barndorff-Nielsen,
Nielsen, Shephard and Ysusi (2004) on our INTEL dataset to estimate the actual variance with a
linear model of realised variances.

[2]

Instead of estimating v? using [Yy];”, the authors introduced a new class of linear estimators of a

sequence of actual variances

The estimator is of the form

A
@R
I

CE(ngp) + A[YM]LQ;)

where
M M M /
2] _ 2
Yu)B} = (Z Yisr D Yiasls-- ,Zy?,p> -

In these models the realised variance as well as the expectation of the actual variance are taken
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into account, so if the realised variance does not explain it satisfactorily less weight will be given to
the actual variance and more to the expectation. We shall expect from the asymptotic theory that
when using a bigger value of M to calculate the realised variance, we will get a higher weight for it.

The asymptotic theory of realised variance implies that, as M — oo

M L :
T (08— 2, ) 2, % v (0,20i090%,) )

where the actual quarticity v} is defined as f(iih_l)h oids. If the A from the model is a matrix of
non-stochastic weights, then

M L .

- (A[YM]IS%;, - Ayfzp) Vi, > N (o, zAdmg(u;p)A'). (3.3)

To solve the model it needs to be assumed that the realised variances are a covariance stationary
process, so stationarity is at the daily level. Then E(v2,) = (tE(v?) where v = (1,1,...,1)". We should
note that it will be convenient if A is a matrix of non-negative weights.

The weighted least squares estimators (see Casella and Berger (1990)) require that
c=(I—- A\

and

A = Cou(vk, [Yar)2) |Cou([Yar))]
= Cov(w?y) [Cov(¥a )]
This comes from the fact that
P = 2+

where u; are the asymptotically uncorrelated errors.

The asymptotic results were applied by the authors to obtain the covariance of u;, so

-1
2
A= Cov(yip) Cov(uf:p) + K;—E(uf)I

Then as M — 0o, A — I and 1//3; B2
In practice, A should be estimated from the data. They carried it out in two different ways
1. by estimating A by using empirical averages from the data,

2. implying A from an estimated parametric model.
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3.3.1 Model free estimator

When estimating A by using empirical averages from the realised variance time series, the assumptions
that the realised variances are a covariance stationary process and that the daily process is ergodic are

needed. By using the fact that

Il
—

K3

e T
BOD) = (550 D wk) & B0,

i=1"" j=1

then

w

as T and M go to infinity. Likewise Cov([Yy] [321,) can be estimated using averages of the time series.

The authors obtained A with

R o R -1
A= (CovqYM]L?L) - %E(ufﬂ) (CovqYM]L?L)) .

Then
é=(I- A
and
v, = eE(3,) + AlYu))
where

. 1 T M
B0, = (32D vh) & EGD).

i=1 j=1
As illustration, a single actual variance is estimated using a single realised variance sequence,

s = p = 4. The weights & and A are given in Table 3.1 for the INTEL dataset for various values of
M. For small values of M the regression estimator puts a small weight on the realised variance and a

bigger one on the unconditional mean of the variance. As M increases, this fact reverses.

M min % A

78 5 0.1313 0.8686
39 10 0.1843 0.8156
26 15 0.2556 0.7443
19 20 0.2829 0.7170
13 30 0.4442 0.5557
6 60 0.6007 0.3992

Table 3.1: Estimated weights for the estimation of v7.
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Models with lags and leads

In a dynamic case, lags and leads are used. When using one lag and one lead and the contemporaneous
realised variance, A will be a 3x3 matrix and ¢é a 3x1 vector. When using 5 minutes returns, which

corresponds to setting M=78, we obtain that

0.80451 0.11113 0.00113 0.08323
A=1]011113 0.74133 0.11113 ¢ =] 0.03640 |,
0.00113 0.11113 0.80451 0.08323

so the second row gives the smoothed estimator

V2 = 0.036E(v2) + 0.111[¥7s]% | +0.741 (Y] + 0.111(¥z4)1%,. (3.4)

The corresponding result for 60 minutes returns, M=6, is
V2 = 0.374E(2) + 0.153[¥6 ]2, + 0.318[v6]? + 0.153[ve],. (3.5)

In both cases some weight is given to the neighbouring values of the realised variance, although
the weight on the contemporaneous realised variance is not very much smaller than in the univariate
case. The weight on the unconditional mean of the variance is the one reduced.

When using two lags and two leads, the following smoothed estimator for the sixty minutes returns
is

v2 = 0.321E(2) + 0.043[Ye)'?, + 0.139[¥6)1?), + 0.312[¥6)!? + 0.139[v6 )P, + 0.043[v6],.
Here the usual decay in the weight, as we go further away in time, can be seen.
Figure 3.4 shows the fourth row of A for the case of estimating v? using three lags and three leads

together with [YM]?]. It displays the weights drawn against lag length. It indicates how quickly the

weights focus on [Yir]; as M increases.
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Figure 3.4: Weights for estimating v? using 8 lags and 3 leads for different values of M.

Logarithms

The estimation can be improved by the use of logarithms. Logarithms can give us a better finite
sample behaviour and the limit theorem may be more accurate on logarithmic scale. Theoretically
the matrix A of non-stochastic weights should be non-negative, but in practice we can obtain negative
values. If we use logarithms, there is no restriction on the signs of the elements of A.

By using log-realised variance
2
log(Y]%, = (toglYarl?, logl¥aa] s, . log¥ar)¥),
to estimate
2 2 2 2\’
logvg., = (logus Jogvg q,... ,logl/p) :

a similar model to the previous one was established in Barndorff-Nielsen, Nielsen, Shephard and Ysusi
(2004)

e

logv2, = cE(logv?,) + Alog[YM]EL. (3.6)
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Using the asymptotic result of equation (3.3) and the Delta method, it is easy to find the new

asymptotic distribution

(—:sf)—g 0 0
M 0 . 0
VL (Atog([¥3]) ~ Atog(u?,)) vy 12, 5 N (o, 248 | A').
00 o

They used the fact that

M
1 T % Zly 7, 1/4
j= i

(TZ_; T ) E((v?)?)
v= Z y],i)
7=1
and that

Z log[Yn)? B E(logu?)

to implement the estimator (3.6). Here the weighted least square statistic sets
c=(I—- A

and

NS
I

(Cov(logus > log[Yp]¥ )) (CO’U(ZOQ[YM]S%L)) N
4

~1
= (Cov(logi?,)) (Cw(logvﬁ ' ?‘ZE(('E)Q)I> |

So, as M — o0, lo/gZ%p 2 logvfzp.

In the case a single value of realised variance is used for the log-based estimation using the INTEL
data, the weights are given in Table 3.2. Again for large values of M the regression estimator puts
more weight on the log-realised variance and less on the unconditional mean. Although this situation
reverses when M decreases, the realised variance is much more highly weighted when logarithms are
used.

In the dynamic case, the smoothed estimator of log(v?), in the case of M=78 using one lag, one

lead and the contemporaneous log-realised variance, is

e —

log(v?) = 0.040E(log(?)) + 0.072l0g([Yzs]i*),) + 0.815l0g([Y7s])™) + 0.072l0g([Y7s)%,).
and in the case M=6

log(v?) = 0.231E(log(v?)) + 0.075log([Ys)),) + 0.617l0g([¥s]!?)) + 0.075log([Ye]2 ).
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A

M min % A

78 5 0.1027 0.8972

39 10 0.1594 0.8405

26 15 0.2074 0.7925
19 20 0.2569 0.7430
13 30 0.2870 0.7129
6 60 0.3458 0.6541

Table 3.2: Estimated weights for the estimation of log(v?).
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Figure 3.5: Weight vector for estimating log(v}) using 3 lags, 3 leads and the contemporaneous observation for different

values of M.

Even when M is small, few weight is given to the unconditional expectation of the log-variance and
almost all of it is given to the log of the realised variance and its lag and lead. This fact can be observed
as well from Figure 3.5. This graph shows the weights of the smoothed estimator of log(v?) using 7
log-realised variances, 3 lags, 3 leads and the contemporaneous log-realised variance for different values

of M. Compared to Figure 3.4, most of the weight is given to log( [YM]?]) independently of the value
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of M. Also if we compare the previous equations (the smoothed estimators of log(v?) using one lag
and one lead) to equations (3.4) and (3.5) (the smoothed estimators of v? using one lag and one lead),

we observe that much more weight is given to the contemporaneous realised variance when logarithms

are used.

3.3.2 Model based estimator

Properties of the error

To estimate A from a parametric model, Barndorff-Nielsen and Shephard (2002a) assume that £, w?
and 7 exist and are respectively the mean, variance and autocorrelation function of the continuous
time stationary process 2. As before let u; = [YM]?] — v2; then, they use the following properties of
v2 to derive the second order properties of [YM]?]. They derived them under the assumptions that

A; = 0 and that o is stochastically independent of W.

E(]) = h¢
Var(v?) = 2wr;*
Cov{v},v}is} = wOri;

where

Xk kK *k *ok
<>7‘hs =Tsyh — 2"ns + Ts—hs

t t
¢ =/ Tudu and ri =/ o du.
0 0

So with the second order properties of Viz, the second order properties of [Yas] ?1 can be fully established,

E(Yml?) = E@?) + E(w) = hé + o(1)

Var([YM]?]) = Var(viz) + Var(u;) + o(1)

Coo(Yu)?, Yal) = Cov(v?,v2,) +o(1).

As Var(v?) and Cov(v?, I/,L-2+s) have been fully established, it is only necessary to find Var(u;) to
determine these second order properties. Using the asymptotic result where

ih

VMu; 5 MN(O,Qh / aﬁdu),

(i—1)h
then
Var(vVMu;) 5 20%(W? + €2)
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as M — oco. So now it can be obtained that

2h?
Var(Yu)?) = 7 24N 4 201 4 0(1)

Cov([Yaul?, [Yam2)) = w20rft +o(1).

Model

Suppose that we wish to estimate v, using [YM][SZ;,,, then the best model based linear estimator is

v2, = (I—-AWE(W?) + AlYy2

= hfL + A([YM]s:p - hfL),

where
A= (oo, (a2 (Cov(van2h))

In order to implement this approach a model for 7 is needed to imply this A matrix. For mod-
elling the stochastic volatility Barndorff-Nielsen and Shephard (2002a) use a process whose resulting
autocorrelation function will be r; = exp(—Al|t|). The non-Gaussian Ornstein-Uhlenbeck (OU) process,
which is the solution to the SDE

do} = ~XoZdt + dzy

where z; is a Levy process with non-negative increments, has the previous acf.

For this process

rt = )\—2{6~)‘t — 1+ Xt}

and

implying that the asymptotic moments are

E(W) = ¢h
2 2 _\n
Var(vy) = —)-\T(e — 1+ Ah)

(1 _ e-—Ah)2(e—)\h(s—1))
2(e=* — 1+ \h)

Cor{v,v24) =

The autocorrelation model for the v? is that one for an ARMA(1,1).
2} .

In calculating v? . Barndorff-Nielsen and Shephard (2002a) conveniently placed [Yy];” into a linear

state-space representation so the filtering, smoothing and forecasting can be carried out using the
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Kalman filter. Set o; = v? — h¢ and u; = o,vy; then
[YM]?] = hf + (1 0) a; + O4V14

¢ 1 Og
Qi+l = o + V2;.-
0 0 fo v

Here v; is a zero mean, white noise sequence uncorrelated with u; with an identity covariance

matrix. Also, ¢, §, and o, are the autoregressive root, the moving average root and the variance of the

innovation to the ARMA(1,1) representation of the v? process, and finally o, = /2M~1h2(w? + £€2)

from the asymptotic result for the Var(u;).

Superposition of processes

Usually the OU volatility model is too simple to fit the long-range dependence financial time series
have, so a superposition of processes to describe v? should be used.

The authors used superposition of J OU independent process that are not necessarily identically
distributed, so

J J
aszaE(]) and ) w;=1
=

j=1
2(5)

where w; are the weights that must be larger or equal to zero and o} are the processes with memory
Aj. Assume that

E(af(j)) = w;§ and Var(atg(j)) = wjw?

SO

E(Uf) =€ Var(o}) =w?,

w
J
Cov(o},0f,,) = ZCovo't at+s = Z wjexp(—A;|sl]).

The linearity of the superposxtlon of the processes gives that
J .
_ Z VZ?(J)
j=1

where v}V = ?f?)* 0?}95 and ¢20)* = ; o2 gy,

An important fact is that each independent process of the superposition is itself an ARMA(1,1) so
the autocovariance function of the superposition is just the addition of the autocovariance function of
each OU process. Then as each process may have different parameters, the acf of the superposition

will be the addition of slowly and quickly decaying components describing better the acf of 1/?.
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As an empirical illustration, a set of superposition based models have been fitted to the realised
variance time series constructed using five minutes INTEL returns. The model allows different degrees
of memory. Based on the prediction error decomposition obtained with the Kalman filter, the quasi-
likelihood function (Harvey 1993) is used to estimate the parameters of the model.

A complication is that ¢, 8, o, and o, are needed to perform the Kalman filter but they are functions
of the parameters we need to estimate (£, A\,w). To estimate these last parameters we need the output
from the Kalman filter to construct the quasi-likelihood function. Therefore we need the Kalman filter
output to estimate the parameters, but we need the parameters to do the Kalman filter. An optimising
procedure is used giving initial values for £, A\,w. The parameters obtained after this procedure are
given in Table 3.3.

There is a dramatic shift when going from J=1 to J=2. The Box-Pierce statistic gives a measure
of fit of the model which shows this large jump when going from J=1 to superposition model. The
Box-Pierce statistic is used to test the null hypothesis that the first K autocorrelations of a time series
are zero. It isbased on QQ = n f: R,2c where Ry is the kth sample autocorrelation of the residual series.
If the model is correct, a,symp]‘éz’;ically Q follows a Chi-square distribution with K — p — ¢ degrees of
freedom (for an ARMA(p,q))-

J £ w? A1 Ao A | M| w Wy ws Lo BPy,
1] 740 185.3] 0.947} — — — 1.00 | — — —34,860 | 34.13
2| 7.520 185.3 0.067 1.322 - — 0.193] - — —34,683 | 14.29
3| 7.56 173.6/ 0.031 0.072 1.17 - 0.037] 0.153 — —-34,676| 13.71
4| 7.51] 173.9f 0.043, 0.116] 0.97 6.72 0.138 0.033] 0.729| -34,670| 13.41

Table 3.3: Fit of the superposition of J volatility processes for a SV model based on realised variance using M=78. Pa-

rameters, Quasi-likelihood (Lg) and Boz-Pierce (BP) statistic.

In Figure 3.6 the autocorrelation function for the fitted series for different values of J together with
the empirical correlogram are shown for M=78 and M=6. The model with J=1 is totally unable to fit
the data. In both cases the superposition of three processes is the best, picking up the longer-range

dependence in the data.
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Figure 3.6: ACF of [YM]?] and the fitted version for various values of J.

3.3.3 Comparison

Previously a model free and a model based estimator were used to obtain a better estimation of the
actual variance. The model free estimator is quick and easy to compute while the model based esti-
mation is computer intensive. So now it is important to make a comparison between the smoothed
series obtained with each approach. In Table 3.4 the correlation between the model based series and
the model free series (for different number of lags and leads) are displayed. As the number of lags
and leads increases and as the value of M increases the correlation increases as well, so the connection
between the estimators becomes stronger. In Figure 3.7 the first 105 values of the smoothed series
are plotted. The model free series is calculated using 2 lags and 2 leads and the contemporaneous
observation. These series are presented for M=78 and M=6. Although the model based series seems

to be less sensitive to large values, there exists a strong connection between these two series.

amin. 1omen. 60min.

§S=0p 0.9854 0.9318 0.8028

1 lag 1 lead 0.9786 0.9599 0.8490

2 lags 2 leads 0.9783 0.9657 0.8628
logarithms 0.9860 0.9340 0.7920
logs 1 lag 1 lead 0.9841 0.9563 0.8231

Table 3.4: Correlation between the model free and model based smoothers.
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Figure 3.7: Model free using 2 lags and 2 leads and model based estimators of v? for M=78 and M=6 .

3.4 Estimations with Realised Absolute Variation

In this section we will repeat the modelling and estimation methods from Barndorff-Nielsen, Nielsen,
Shephard and Ysusi (2004) applied in the previous section but now using the realised absolute variation.

When estimating z/im with realised absolute variation, the variance of the error is quite high even
when using large values of M, so a model should be established. As with the realised variance a linear

(1)

model, now for v;’ can be defined as

vip = cE(vE)) + AYalb)

where

1 M M M /
it = e (32 1350 3 et 3 i)
j=1 j=1 J=1

M1

and
/
A = (0,000, 1)

We know that

| M L ™ :
T ([YM].[SIL - VE;])) 'ngzp - N<07 (5 - 1)Adzag(V§:p)Al)'

Therefore, we can obtain for the realised absolute variation that

M 2 L T . 2
- (A[YM]LI:L - AI/EI]D) Vep = N(O, (—2— — 1)Adzag(1/s:p)A').
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Assuming that the realised absolute variations are a covariance stationary process, the weighted
least square estimator gives in this case that
¢ = (I-An

A 2 -
A = Cov(VEI],) (COU(VL}I])) + (% _ 1) E(]’(/fr)h1>

Again we can obtain the estimators in a model free or a model based manner. We first look at the

model free approach.

3.4.1 Sample based method

When using empirical averages, if we have a covariance stationary process of realised absolute variations

and an ergodic daily process, then we know that

T
LS il 2 Bl
1=1

and
N 2
IR WARET
i=1 j=1

when M and T go to infinity. With these results we can obtain the estimates, as

A= (CovqYM]L%;,) -(5-1) 5‘]\#1) (Covivaih)) .

The Cov([YM]Ll;;,) is easily calculated from the data, and as we are working in daily bases we set h = 1.
Our first results are obtained using a single value of realised absolute variation in the model,
s = p = ¢. From Table 3.5 we can appreciate that, as expected, as M gets larger the weight given to
the realised absolute variation becomes more important. The difference in the weights when using 5
minute returns compared to when using 60 minutes returns is very illustrative in this sense.
If we go back to Table 3.1, we can notice that more weight is given to the realised absolute variation

than to the realised variance, suggesting the realised absolute variation is more robust.
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A

M min % A

78 5 0.0802 0.9197

39 10 0.1413 0.8586

26 15 0.2050 0.7949
19 20 0.2513 0.7486
13 30 0.3652 0.6347
6 60 0.5536 0.4463

Table 3.5: Estimated weights for the estimation of ulm.

Models with lags and leads

using one lag, one lead and the contemporaneous

Now in a dynamic approach, let us estimate Vﬂ,

realised absolute variation.

When working with five minutes returns we obtain the following matrices

0.86617 0.07172 0.01856 0.04354
A=]0.07172 0.83031 0.07172 ¢= | 0.02624 |,
0.01856 0.07172 0.86617 0.04354

so from the second row of the matrices the weights are obtained, giving the following estimator

v = 0.026 E(WM) +0.071[Yzg ]l + 0.830[Y7) ™ + 0.071[v7)lY .

1

Observe that much more weight is given to the contemporaneous realised absolute variation than to
the lag and lead. Nevertheless, if we compare this estimator to the previous one with no lags or leads,
less weight is given to the expectation and the weight given as a total to the realised absolute variation
(lag, contemporaneous and lead) has increased.

When the realised absolute variation is calculated with sixty minutes returns, the estimator is

M = 0.331E@M) + 0.159[v5)M | +0.349[v5)!" + 0.159(v5) .

Again we can appreciate that as a smaller value of M is used, the less weight is given to the realised
absolute variation. By using one lag and one lead, the weight in the expectation of I/i[ll decreases,
and the weight given in total to the realised absolute variation increases compared to the estimation

without lags or leads, independently of the value of M.
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The number of lags and leads can be increased in the model. When using two lags and two leads
for the estimation, we obtained a 5x5 matrix for A and a 5x1 vector for ¢é. Using their third rows, the

following models are obtained when using five and sixty minutes returns consecutively,

Y = 0.015E(wM) + 0.016[Yzs)l, + 0.062[Yrs]Y | + 0.826[¥zs]! + 0.062(¥7s)MY | + 0.016(v7]1,

1 —

v = 0.253E@M) + 0.073[ve)lY, + 0.133[v6]Y, + 0.332[¥6]1M + 0.133[v6 )Y, + 0.073[¥6]lY,

Here, again, as higher the value of M gets, the bigger the weight given to the contemporaneous
realised absolute variation. Also, the closer the lags or the leads are to the contemporaneous re-
alised absolute variation, the bigger the weight given to them. Now, the weights of the unconditional
expectation are even smaller because the actual spot volatility can be better explained with the lags.

In Figure 3.8 the weights of a model using three lags, three leads and the contemporaneous realised
absolute variation are plotted for different values of M. It shows how quickly the weights focus on the
contemporaneous observation of the realised absolute variation as M increases (quicker than in the

realised variance case in Figure 3.4).

0.8
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T ] !

Figure 3.8: Weights for estimating actual volatility using 3 lags and 3 leads for different values of M.
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Logarithms

A similar analysis can be established using log-realised absolute variations. The relevant asymptotic

results obtained with the Delta method is the following

2

oy 0 0
M(Al (Y] ) = Alog(iy) 12, w0 5 N0 (T -1)ar| N Y
B Og\|YM|s:p) — Og(ys:p)) |Vs:p’ Vsip — ) (5 - ) :
: ;
0 0 iy
so now we can use the fact that
M 2
1 & '21 Ui v?
- J= p 1
(T; 1 ¥ 2) HE((V'[I])Q)
B (T“J; |y5i) :
and that T
1
7> logl¥all! £ Elogul™)
i=1
to obtain the estimators.
This allows us to construct the estimate
logyg}}, = éE(logVle])) + fllog[YM][sl:L,

and given that the realised absolute variations are a covariance stationary process, then the weighted

least squares estimator set

é=(I—-A)

and

-1
2

- 0 )+ (5-1) 78 1

A = Cov(logvs:p)(Cov(logl/s;p)+(2 1)ME<( [1])2>I> .

Vi
First, by setting s = p = i, i.e. using just the contemporaneous realised absolute variation, and
using logarithms, the results shown in Table 3.6 are obtained. As before, for smaller values of M used,
the weight given to the realised absolute variation gets smaller as well. Compared to Table 3.5, when
using logarithms and M is small, higher values for the weight of the log-realised absolute variation are

found. The weights given to the log-realised variances (Table 3.2) were larger to the weights given to

the realised variances (Table 3.1) for every value of M. For the realised absolute variation we can see

they increase just when M is small.
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A

M min ¢ A

78 5 0.0862 0.9137

39 10 0.1465 0.8534

26 15 0.2045 0.7954
19 20 0.2633 0.7366
13 30 0.3337 0.6662
6 60 0.4718 0.5281

Table 3.6: Estimated weights for the estimation of logul[”.

When using one lag and one lead in the logarithm model, the same conclusions can be obtained.

For five minutes returns we get the model
T _ 1] ] [1] 1]
v, 0.032E(logv; ') + 0.067log[Y7s); ", + 0.833log[Yzs]; ' + 0.067log[Y7s]: 1,

and for sixty minutes

——

U = 0.316 E(logr™™) + 0.10110g[Ye)!"; + 0.47900g[Y5)!") + 0.101l0g( YL

In Figure 3.9 the weights of the log-model using three lags, three leads and the contemporaneous
observation are shown for different values of M. When using logarithms the weights given for small
values of M are much higher than those obtained for the estimator based on the raw realised absolute

variation (compare to Figure 3.8).

3.4.2 Model based estimation

In order to construct a model based estimator of the actual spot volatility, we need to derive the first
and second moments of 1/1-[1]. If £ is the mean of o4, w is its variance, and r is its autocorrelation

function, it is known that
E(Vim) = h¢, Va,r(ui[l]) = 2wrt*, and Cov{z/im, V1'[-1+]s} = W Oret

where

t
* % * % * %k *
<>r,*,*8 = Torh — 2r." + 1 p, Ty = /0 rudu,
t
*k *d
and ri= [ r,du.
0

%)
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Figure 3.9: Weights for estimating log(ulm) using 3 lags and 3 leads for different values of M.

So with the second order properties of gy, the second order properties of ui[l] can be fully established.

In a stochastic volatility model context, realised absolute variation can be written as
1 1
Yl = v 4w,

SO
M M
_ m_om_ 1 3 [ 2 3 1)
[ M] \/—M,u j=1| J I J» P J»

where

tid

6j,i ~ N(O, 1)
2 2% 2%
.. = . — g .
Vji T(i—1)h+ 28 (i~1)h+ U500
(1] 1]« 1]+
Vi (i—Dh+32 7 (—1)py UZHRY

t t
atm* = /audu and o'tz*::/ oldu.
0 0
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As stated before 7é 1/[1]
E(\/Muill/i[l]) # 0.

Nevertheless, it is known that vMu; = M N(0 1)h f , 0odu) s
E(\/Muilui[l]) = o(1).

The second order properties of [Ya] El] can now be found. First set

0y — B4 Bw) = ke + —0
E(Yu];") = E@)+ E(ui) h§+m (1),

Var([YM]El]) = Va,r(uim) + Var(u;) + o(1),

Cov((Yul, Yarlll) = Cov@™ WMy + 0(1).

Just Var(u;) is left to be found to determine these second order properties. Again from the fact that

ih
\/Mui—L—»MN 0, (Zr-—l)h/ oldu
2 (i—-1)h

3

we have that

T
Var(VMu;) = (=—1)hE / o2du) + o(1)
( (F-1)rE(f _,, otde) +
™
— (.2_ 1)h/(1 " E(02)du + o(1)
™
- (5 1) (02du) + o(1)
m B2 2
= (5 1) (Var(oy) + E“(0y)) + 0o(1)
SO
il 2 2 | ¢2
Var(vVMu;) = (5 — 1)h (w”+ &%) +0(1).
With these results the variance of the realised variation and its covariance can be established,
2
(1] DA h 2 2 2, % i
Var([Yu); ') = (2 1)M(w + &%) + 2wry, +Mo(1),
Cov([Ya), [Yar)l,) = w20r2s + 0(1).
Model

Similar to the realised variance case, for modelling the stochastic volatility, a process with an autocor-
relation function as ry = exp(—A|t|) will be used. The process, which is the solution to the stochastic

differential equation
doy = —Aowdt + dzyg (3.7)
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where 2; is a Levy process with non-negative increments, has the previous acf.
For this process r* = A72{e™ — 1 + At} and Or¥ = A72(1 — e~ *)2e=2(6-Dh 5 > 0; implying

that the asymptotic moments are

EwY) = ¢h,
2
Var@V) = %(e‘)‘h-l—i—)\h)
o SAR\2(,—A(s—D)h
Cortly = U )

2(e=* — 1+ Ah)

The autocorrelation model for the I/i[l] is that one for an ARMA(1,1), so the following linear state-

space representation can be used:

[YM]P = §h+(1 0)a¢+0'u’U1i
¢ 1 Og
Qit1 = a; + V2;
0 O 00
where
(07 [1] fh and U; = Oy V15.

Here v; is a zero mean, white noise sequence with an identity covariance matrix; ¢, 6, and o, are the
autoregressive root, the moving average root and the variance of the innovation of the process. Finally
02 is found from the asymptotic result for the Var(u;). The Kalman filter can be used for predicting
and smoothing 1/[ ]

Again, just one of the previous volatility models is too simple to fit the long-range dependence

financial time series have, so processes will be superposed to describe o,,. In this case, we have

J J
:Zat(j) and ij=1
7=1 j=1
where w; are the weights that must be larger or equal to zero and o'fj )
Aj.
Using the previous model z/i[l] can be estimated for the INTEL dataset. The model was fitted using

are the processes with memory

five and sixty minutes returns, determining the number of processes needed in the superposition and
estimating the parameters.

When using five minutes returns, the empirical ACF is best described with the superposition of
three processes (Figure 3.10); adding an additional process to obtain a superposition of four processes
does not contribute. Yet two processes were not enough to describe the acf, so this third component

is essential. From Table 3.7 it can be seen how two of the processes have a lot of memory (low values
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of A) and the other one has very low memory (high value of ). There is an important difference in
the Box-Pierce statistic of the models based on one process and two processes. It can be noticed that
the model-based estimator with only one process do not give a good fit. It is until the superposition
of three processes is used when the long-range dependence of the data is picked up.

The model is fitted as well for smaller value of M, first for fifteen minutes returns. Again the
superposition of three processes is the model that gives the best fit. Two of the components have
small values of A and just one a large value explaining the long-range dependence. The same happens
when using sixty minutes returns; the best fit was found when using three processes. Also, two of the
components have persistent variance (low value of )\), and the fit does not improve when changing to

four the number of processes, but it does when changing from two to three.

06k Empirical acf and fitted acf from SV model (5 min.)
0sf

Y

2 — Empirical — 1 process
0.4 _\‘

— == 2 processes -4-&- 3 processes
-%--%- 4 processes

03}
02 i

0.1F

0.0f

PPUNS DU S S U TS SN VO S SN SO T SR N T YD WO S SN S SO G AU (N S S S SN N A0 WA U S S S S ST T S

. N S B
0 10 20 30 40 50 60 70 80 90 100 110 120

Figure 3.10: Using M=78, ACF of [YM]EI] and the fitted version for various values of J.

£ w? A1 A2 A3 A4 w1 Wy w3 Lg BPy,
J=1 341 539 0.64 - - - 1.000 - - -11,191] 53.61
J=2 348 5.08 0.03 0.57 - - 0.18 - - —10,834] 13.41
J=3 348 7.02l 0.04 0.61 291.9 - 0.15 0.26| - —-10,804| 10.88
J=4 3.49 7.05| 0.04] 0.61 57.3 | 291.90 0.19 0.32] 042| —10,804{ 10.89

Table 3.7: Fit of the superposition of J volatility processes for a SV model based on realised absolute variation using

M=78. Parameters, Quasi-Likelihood (Lg) and Boz-Pierce (BP) statistic.
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Comparison

A comparison can be made of the smoothed series from the model free and the model based approach.
Table 3.8 gives the correlation between the model based estimators and the model free estimators
with different number of lags and leads and for different values of M. As the number of lags and leads
increases they become more closely correlated, and also as M increases the connection between the
estimators becomes stronger. In Figure 3.11 the first 200 estimated values of 1/2-[1] from the time series
are shown. The time series correspond to the model free estimators using two lags and two leads

and the smoothed model based estimator. It can be appreciated that there exists a close connection

between these two estimators.

omin. 1dmin. 60min.

S=0p 0.9587 0.8941 0.7838

1 lag 1 lead 0.9805 0.9612 0.9508

2 lags 2 leads 0.9811 0.9692 0.9772
logarithms 0.9586 0.8925 0.7702
logs 1 lag 1 lead 0.9781 0.9507 0.8836

Table 3.8: Correlation between the model free and model based smoothers.
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Figure 3.11: Model free using 2 lags and 2 leads and model based estimators of u,m for M=78 and M=6 .
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3.5 Combined estimation

So far we have worked with separate and incompatible estimators: realised variance and realised ab-
solute variation. A model to estimate v? given [YM]?] and a model to estimate z/i[l] given [YM]P] have
been studied. It is worth exploring the possibility of estimating v? and (l/i[l])2 given both [YM]?] and
([YM]EI])Q. In Figure 3.12 the squared realised absolute variation and the realised variance calculated
from the INTEL returns are plotted. Although both variables are very similar for a given M, the

realised variance is more jagged, and the values of the daily observations move in a wider range.
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o
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o
o
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Figure 3.12: Realised variance and squared realised absolute variation for five (a) and sizty (b) minutes INTEL returns.

To get a combined estimation for

let us define

Ti = Oi -+ Uu;
0; = p+ni
! ! E(M)?)
where u; = o | M = 2 | are the errors (where uln), u = E(6;) = and
u£ | m E?)
(Yarl{™)?
T, = 2 |
[Ynl;
To set a linear model, let us define
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where

Then

A = Cov(6;,Y;)Cov(T;)!
= Cou(6;,0; + &)Cov(L;)!
::(Cw@ﬂ+CWWmﬂy%ﬂmrl
= Cov(6;)Cov(Y;)L.

((v!”)? _ (BTN (Y
)\ B vl )

¢c=(I—-Au and A = Cov(8;)Cov(T;) L.

So for the estimator

A=Cow ((Vim)2, 1/3) COU(([YM]£11)2> [YM]?]) B

and
Coo( (2,12 = Cov (a2, Wae)?) = Cou(ul?, ul?)

the following asymptotic result is needed to find the estimator. We know from Barndorff-Nielsen and

Shephard (2003) that

VAL S S W A A C S S R e
W 2, |1 N0, 1 iy = N(0,Q)
Yuml" — v (u3 — p1)py v 2y,

1 1
where p, = E|X|” where X ~ N(0,1). By using the Delta method, the corresponding asymptotic

result can be obtained

3 1)
i . 4 22 2(us — p)ur ey
V“h‘“"lﬂ—)N(O’( (-1 1,0, 4 =NO.Q)
2(pu3 — p1)py Yy 2v;

from where
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A= (Cov(<[YM1£”>2, varli?) - (4(% .

Coo((arl?, i)

1) 4 B0

o (H3= $1) hE( (3] [1])

(k1)

)

The C’o'u(([YM]El])Q, [YM]?]) can be estimated by averages of the time series. Also, as T and M

go to infinity the following results from Barndorff-Nielsen and Shephard (2003) can be applied, with

which we can fully calculate 6,

|-

©
[aery

N =
.MH

)
s

| =

3
—

| =
.Mq

-~
—

Yl 2 EQM)  where =
Y, ]?] 5 B( where [Yarl; 2l _
[YM]ES] where [YM]?]
[YM]£4] 5 E(v where

1
VMupy 52
Zly]zl2

\/M M .
= — E yjal%
M3 j=1

YM [4] — _Z ijll4

M
Z lyj,i ;

In Table 3.9 the results are displayed. When estimating (v, [t ]) and using large values of M, most

of the weight is given to the realised absolute variation and almost no weight is given to the realised

variation. When the M is small, more weight is given to the realised variance.

When estimating

v? again the weight given to the squared realised absolute variation is higher than that given to the

realised variance for large values of M, and smaller when M is small. These gives us a first evidence

that working with absolute values can give better estimations than squaring,.

()2 %
min | ()2 md? | (vd? v
5 0.9858 —0.0593 0.5315 0.4482
10 0.8203 0.0206 0.4256 0.4494
15 0.6506 0.1066 0.5272 0.2641
20 0.6598 0.0744 0.2445 0.4918
30 0.2377 0.3035 0.2169 0.3607
60 —0.5233 0.8037 —0.5536 0.9122

Table 3.9: Weights for ([YM]E;I])2 and [YM].[s2]
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Logarithms

. . . . log((v}")?)
A similar argument will be used for logarithms. In this case, 6; = ,

lOg(y,?)
and T; = (log(([YM]z[_l])z)

2 ) . So now the linear model can be set as
log([Yn);™)

——

<Zog<<u£”>2>> (E(Zog«u}”)?)) ) (log(([YM1£”>2)>
~ =c + A 2] X
log(v?) E(log(v?)) log([Yml;™)

Again, assuming that the different realised power variations are covariance stationary processes,

the weighted least square statistic sets

and

Using the Delta method and the previous asymptotic results, it can be obtained that

v2

9
" <109(([YM]£1])2) - 109((%[1])2)) [ N(O (4(5 - 1) iy 2R )>

h 8 (4]
P\ log([Ya)) - log(wM) g 4 gt
So by using the data, it will be possible to calculate
4h = v2 oh uz— Ul[3]
A (1]y2 (2] M(E B 1)E((u.1 )2) A_/fusululE(uillug)
A = (Cov(tog(((ralh) tog(al™) = { "0 o IR
heree(fn)  #E(oy)

Cov (log(([YM]EI])Q), log([YM]z[?])) o

zog«u}”)?))

and obtain the estimators of
log(v?)

In Table 3.10 the weights are displayed. Again the weights given to the square realised absolute
variation are very high for both estimations. Nevertheless, when using logarithms it seems that the

square realised absolute variation can give better estimations for bigger values of M, but for smaller

values of M the realised variance can give better estimations.
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)

log((v")?) log(v?)
min | log(((Ym)s)?)  log(Yarl®) | log(((Yarl™)?)  log((Ya)?)
5 0.9199 —0.0067 0.3287 0.5757
10 0.8019 0.0534 0.3134 0.5266
15 0.6309 0.1718 0.2261 0.5659
20 0.5198 0.2249 0.0899 0.6533
30 0.1354 0.5417 —-0.2797 0.9806
60 —0.6526 1.2140 —1.0464 1.6733

Table 3.10: Weights for log(([YM]Lll)z) and log([YM][s2]) when estimating log((uzm)2) and log(v?).

In this section the combined estimation was only performed on a model free basis. This is due to
the fact that model based estimation is technically challenging and its comparative advantages are not
obvious. Specifying the driving process of the spot volatility (e.g. and OU process) will determine the
properties of the spot variance. It is unclear which underlying processes are required for the squared

integrated spot volatility and the integrated variance for us to apply the method.

3.5.1 Absolute returns vs squared returns

The combined estimations performed in this section indicate that absolute returns can give better
results than squared returns for the estimation of integrated variance. This is consistent with Forsberg
and Ghysels (2004) who provide a theoretical explanation for the fact that realised absolute varia-
tion outperforms realised variance when estimating integrated spot volatility and integrated variance
respectively.

Using population moments, these authors prove that the use of absolute values yields a higher
persistence. When using high-frequency data for the estimation, the bias due to sampling errors is
much smaller with absolute returns (realised absolute variation) than with squared returns (realised
variance). Although we do not account for jumps until Chapter 4, the authors did study the effect
of discrete jumps on the log-price process and concluded that absolute returns were immune to their
presence. They highlighted three reasons that made absolute returns more persistent than squared
returns: 1) desirable population predictability features, 2) better sampling error behaviour and 3)
immunity to jumps.

From this we can conclude that realised absolute variation is a better estimator of integrated spot

volatility than realised variance is of integrated variance. Nevertheless, the main interest is to estimate
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integrated variance. Let us compare the asymptotic error distributions for the realised variance process

and the squared realised absolute variation process, as well as their logarithmic transformations. In

the first case we compare

t t
[Yg]?] — / oldu L MN(O,2/5/ aﬁdu)
0 0

and

([Y5]£11)2 B (/0 audu)2 L MN (0, %(g _ 1)/0 UﬁdU(/o Uudu)2>

therefore the following inequality needs to hold for absolute returns to give better results than square

2 /t . /t ) /t 2
——— [ oy, du> [ odu oudu) .
43-1DJo 0 ( 0 )

Whether the inequality will hold is unclear, so now we will use a logarithmic transformation where

y t
tog (Yalf*) ~tog [ otdu) & MN (0 2 Jpout) )

returns,

0 6 (Jo o2du)?

and

log(([Ya],[gl])Q) - log((/ot audu)2) L N (0, 4(%5— 1) (f§ aij‘;)
0 Tudu

t
———Wz /t Uﬁdu > __—(fo agdu)g’.
43-1)Jo (

to obtain that

Again it is unclear whether this is true. But even if it was, we could only say that squared realised
absolute variation is a better estimator of the squared integrated spot volatility than realised variance
is of the integrated variance. Nevertheless that is not exactly what we are looking for as ( fot oy du)?
will not always equalise our object of interest, fot o2du. Therefore we would then need to estimate the
integrated variance with ( fg owdu)?, adding up an extra error.

Forsberg and Ghysels (2004) also set some regression models to predict I/t2+1 with v? or with Vtm.
They obtained a better fit after using I/t[l] as regressor. Ghysels, Santa-Clara and Valkanov (2003)
obtained similar empirical results.

Although it is unclear whether realised absolute variation can give better estimations of the inte-
grated variance than realised variance, studies point towards the use of absolute returns rather than
squared returns. Forsberg and Ghysels (2004) and Andersen, Bollerslev and Diebold (2003) studied

bipower variation, introduced by Barndorff-Nielsen and Shephard (2004a), as estimator and predictor

of integrated variance and reported that it would improve upon realised variance.
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3.6 Conclusions

In this chapter, given an SV model for the log-prices and the concepts of quadratic and power variation,
the availability of high frequency data enabled us to use a time series of realised variances to estimate
actual variances and a time series of realised absolute variation to estimate actual spot volatilities.
When using the raw realised variances (or realised absolute variations) as estimators, the errors were
large especially when M was small. Using the asymptotic distributions of these errors, we improved
the estimations via a model based and a model free approach. Both approaches tended to give similar
results when M was large and when several lags and leads were used in the model free estimator.

A combined estimation, using both realised variance and realised absolute variation to estimate
the actual variance and the actual spot volatility gave interesting results. A higher weight is given
to the realised absolute variation in most cases showing that better estimations can be achieved by
taking absolute values instead of squaring. This gives us a first insight into the properties of realised

multipower variation, that are explained in the next chapter.
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Chapter 4

Multipower Variation and Test for

Jumps

When the log-price process incorporates a jump component, realised variance will no longer estimate
the integrated variance since its probability limit will be determined by the continuous and jump
components. Instead realised bipower variation, tripower variation and quadpower variation are con-
sistent estimators of integrated variance even in the presence of jumps. In this chapter we derive the
limit distributions of realised tripower and quadpower variation, allowing us to compare these three
estimators of integrated variance. Using the limit theories for the differences of the errors, a test for
jumps is done with each estimator. As in the previous chapter, market microstructure noise will not
be incorporated to our log-price process; its effect on our estimators will be studied in Chapter 5.
The main contribution of this chapter is the use of tripower and quadpower variation to test for the

presence of jumps in the log-price process.

4.1 Introduction

Recently, econometric methods have been developed to split the continuous and jump components of
a log-price process using bipower variation (Barndorff-Nielsen and Shephard(2004a)). In this chapter
we will consider alternative estimators of integrated variance in stochastic volatility models where
the contribution to the quadratic variation of the log-prices process from the continuous and jump
components can also be differentiated. Such estimators are the tripower and quadpower variation.

Firstly, we will derive the asymptotic distribution of these estimators and later, we will use these
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asymptotic results to test for jumps in the log-price process. The power of our estimators can then
be compared to those found in similar studies by Andersen, Bollerslev and Diebold (2003), Barndorff-
Nielsen and Shephard (2006) and Huang and Tauchen (2005).

The outline of this chapter is as follows. Section 4.2 reviews some definitions and results for
quadratic and bipower variation with corresponding results for tripower and quadpower variation
given in Section 4.3. In Section 4.4 we present the asymptotic theory of these estimators and in Sec-
tions 4.5 and 4.6 we test for jumps on simulated and empirical data respectively. Section 4.7 concludes.

The proofs of the asymptotic theories can be found in the Appendix.

4.2 Quadratic and bipower variation

4.2.1 Quadratic variation

A standard model in financial economics is a stochastic volatility (SV) model for log-prices Y; which

follows the equation
t t
Y: =/ asds+/ osdWs, t>0, (4.1)
0 0

where A; = fot asds. The processes 0 and A are assumed to be stochastically independent of the
standard Brownian motion W, ¢ is cadlag and A is assumed to have locally bounded variation sample
paths with the extra condition that f(f 02ds < oo for all t. As introduced in Chapter 3, o is called the
instantaneous or spot volatility, 02 the corresponding spot variance and A the mean process.

We will assume that Y is a semimartingale (SM). A SM is defined as the process that can be
decomposed as Y = A + M where A is a process with locally bounded variation paths and M is a
local martingale (see Protter(1990)). If A is continuous and M = fot oudW, then Y is a member of

the continuous stochastic volatility semimartingale (SV.SM¢) class. Here, a key role is played by the

t
ot =/ olds,
0

n

[Y]t = pnll-»nc}o Z()/tj - }/tj_1)2
j=1

integrated variance

and the quadratic variation

for any sequence of partitions t(()n) =0< tgn) <...<tf =t with supj{t§n) - t§7i)1} for n — oo.
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Assume that we have observations every § > 0 periods of time, so given the previous framework,

let the j — th return be

If high-frequency financial data is available, the realised variance process

/8]
e =Y w2,
=1

can be defined.
The relationship between realised variance and quadratic variation was studied in the previous

chapter and is well known to be

t
[mﬁﬂmﬁ/aw
0

ifY € SVSME.

4.2.2 Bipower variation

Barndorft-Nielsen and Shephard (2004a) introduced the bipower variation process, defined as

[t/6]—1
{Y}£T’s] — p%lﬁ)l 51—(r+s)/2 Z I y; Irl Yit1 Is’ r s > 0.
j=1

Here we will focus on the case where 7 = s = 1, so the realised bipower variation process

t/6]—1
Ly U0
Vshi'= D lyillysm |

J=1

is an estimator of {Y}P’l] and therefore of 02* as well. These authors show that in the SV.SM¢ case

under some regularity conditions
t
- 1,1
el 2 [ o2
0

Furthermore,

w31 — a2yt 2o,

giving them a tool to test for jumps.
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4.2.3 Effect of jumps
We now consider the following process consisting of a continuous and a jump component
Y, = Y;(l) + )/;(2)

where Y1) € SV SM¢ and

Nt

Yt(g) = Z G

i=1

with Ny < oo for all t > 0 a finite activity simple counting process and {¢;} a collection of non-zero

random variables.

Notice that in this case the quadratic variation is

N
Y] = of*+)
i=1
= [y(l)]t+[y(2)]t,

so both components, the continuous and the jump one, contribute to the total quadratic variation.
In Barndorff-Nielsen and Shephard (2004a) it is shown that the realised variance incorporates the

contribution to the quadratic variation of both the continuous and jump components
2] p
Ysl B [,
but the realised bipower variation just incorporates the contribution of the continuous one
2 n e [° o
prA{Ysh = / osds.
0

These results imply that

Nt
Vel — ur2{ws it B ek,

1=1

4.2.4 Testing for jumps using Realised bipower variation

By using realised variance and realised bipower variation, it is possible to identify the continuous
component and the jump component of the log-price process, so to test for jumps in the log-price
process we only need to know the convergence in distribution of the estimators. In Barndorff-Nielsen
and Shephard (2004a) the joint distribution theory for the realised variance error and the realised

bipower variation error was firstly given. Recently Barndorff-Nielsen, Graversen, Jacod, Podolskij
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and Shephard (2005) and Barndorff-Nielsen, Graversen, Jacod and Shephard (2006) have unified the
asymptotic treatment of some volatility measures, where the following result can be seen as a special
case. The necessary limit theory for the difference of the realised variance and the realised bipower

variation is
1

8124/ [¥ gdds

where 9py ~ 0.6091. This theory is later used by Andersen, Bollerslev and Diebold (2003), Barndorft-

(vl = 2 H) 5 N(0,95)

Nielsen and Shephard (2006) and Huang and Tauchen (2005) to carry out the testing.
In this thesis we assume that the jump component of the log-prices is a finite activity jump process,
though Barndorff-Nielsen, Shephard and Winkel (2005) obtained the conditions for the convergence in

probability and central limit theorem to hold under an infinite activity jump process.

4.3 Tripower and Quadpower variation

Barndorff-Nielsen and Shephard (2004a) generalised bipower variation by multiplying together a finite
number of absolute returns raised to some non-negative power, calling this multipower variation.
Tripower variation and quadpower variation are particular cases of this idea. The tripower variation

process is defined as

[¢/8] -2

{Y}Lr,s,u] — plgfg 51—(r+s+u)/2 Z I Yj Irl Yit1 Isl Yiso Iu’ r 8, u > 0’
j=1

and estimated with the realised tripower variation process

1¢/6]—2

(Ys}rol = gi-trtstw)/2 > Ly My Flyjs2 %, r8,u>0.
i=1

We will focus on the case where r = s = u = 2/3. Analogously the quadpower variation process is

defined as

[t/6] -3
{Y}i[ﬁr,s,u,v] — p%l%l 51—(r+s+u+v)/2 Z | Yj Irl Yit1 Isl Yisa lul Yt |v> r s >0
J=1

and estimated with the realised quadpower variation process

[t/8] -3

(Yslrowt) = g=retutol/2 Ny 1 yige [ yies [0 7s,u,0 > 0.
j=1

We will consider the special case where r = s =u=v =1/2.
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Given that Y € SV SM¢, we can get new estimators of the integrated variance based on the

following results
_3 (2/3,2/3,2/3] P -
/‘L2/3{Y5}t Y - /0 Usd3>

and

t
- 2) 21 )
A 2 [

So we can also obtain that

VP AP 2

and that
[Yé]?] _ /l1_4{Y6}£1/2’1/2’1/2’1/2] 20

4.3.1 Effect of jumps

When a jump component is present in the log-price process, as in subSection 4.2.3, tripower variation
and quadpower variation does not incorporate the contribution to quadratic variation of the jump

component, so
-3 (2/3,2/3,2/3] p ¥ 2
poa{¥s}i T —’/0 o5ds

and

t
A 2, [ o2y

These results imply that
N
2 - 2/3,2/3,2/3
Yol — gy (Yl 222 B 5
i=1

and that N
t
- 1/2,1/2,
Yol — iy (Y /222 2 S

i=1 1
As a consequence of this, tripower and quadpower variation provide an alternative to bipower variation
in testing for jumps, we only need the asymptotic distributions which will be obtained in the next
section.
Barndorff-Nielsen, Shephard and Winkel (2005) generalised these results, showing that multipower
variation, dr{}%}t{rl""’”} with Y77, r; = 2, converges in probability to integrated variance, when a

jump process of finite activity is added to the log-price process, if maz{ry,...,rs} < 2. Here d, is a

constant that only depends on ry,...,7s.
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4.3.2 Daily time series

To produce daily time series, assume a fixed time interval h > 0 (here it denotes the period of a day)

with |t/§] = M intra-h returns, during each fixed h time period, defined as

Yii = Yi—)htjs — Y(i=1)h+(j—1)s

for the j — th intra-h return in the ¢ — th period.
The daily realised tripower variation (RTV), can then be defined as

2/3,2/3,2/3
N2/3{Y }[/ / /]“Ng/gz ijzl/'yj—i—lzl/,yj—i— 2,4 |2/
Jj=1

and the daily realised quadpower variation (RQV) as

(Yo }[1/2 1/2,1/2,1/2)

Ty = iy Z |y Y2 i 12 a2 12 vass |2

We will also study the skipped version of the daily realised bipower variation (RSBV)

ur2 (Yol = Zlyﬂuymn

These three estimators converge in probability to the actual variance whether or not jumps are present
in the log-price process. Furthermore, if such jumps are present their contribution to the quadratic

N;
variation, > can be estimated by the differences RV-RTV, RV-RQV and RV-RSBV.

]7
Jj=N;_1+1

4.4 Asymptotic theory

4.4.1 Asymptotic distributions for the difference between realised tripower, quad-

power and skipped version of bipower variation and realised variance

To allow us to implement the test for jumps we need to extend from the convergence in probability to
convergence in distribution.

As in Barndoff-Nielsen, Graversen, Jacod, Podolskij and Shephard (2005) and Barndoff-Nielsen,
Graversen, Jacod and Shephard (2006) let us assume that given the SV model in equation (4.1) A is
of locally bounded variation and ¢ is cadlag. These and additional more technical conditions on the
driving process of ¢, also stated in the previous papers, enable us to obtain the asymptotic distribu-

tions below. Additionally, here we will set A = 0.
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Theorem 1

IfY € SVSM¢ thenasé |0

1

812,/ ¥ odds

(s VY2252 — ())& N(0,91v)

where

OTV = astiys(Hajshy)s + 2Majaliysy — 2) — 7= 1.0613

and p, = E(| z|") = 2/2 (ZP((T+)1))

Proof. See appendix A4.1.

Theorem 2

IfY € SVSM€thenasd | 0

1

5172, [ [ otds

(s a2 /208 () 2 N0, 9v)

where

dov = mﬂl-/g(u{*u;;; + 2u§u;/42 + 2u1u1‘/22 —2) — 9~ 1.37702

and pr = E(| 2 [7).

Proof. See appendix A4.2.

Theorem 3

Y ¢ SVSM¢thenasd |0

1

51/2\/f0t olds

N;2{Y6}£1’0’1] [ ][2]) —>N(0 19SBV)
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where

dspv = put + 2u7? — 5 ~ 0.60907

and i, = B(| 2 ).

Proof. See appendix A4.3.

A consequence of this last limit is that there is no difference in distribution between working with
the realised bipower variation or working with the realised skipped version of bipower variation.

From the previous asymptotic distribution we can observe that

Ypy = Vspv < drv < Vgv;

i.e. realised bipower variation is more efficient than realised tripower and quadpower variation. So in
ideal conditions, when 0 | 0 and there is no microstructure effect, we can expect that realised bipower
variation will give us better results. Nevertheless, real financial series are finite and microstructure
effect exists so it is uncertain which will give us the highest power in the test for jumps when working
with empirical data.

Now that the three necessary asymptotic distributions have been obtained, the tests for jumps in

the log-price process can be carried out.

4.4.2 Testing for jumps

Following Barndorff-Nielsen and Shephard (2006) two different tests for jumps can be established, a
linear test and a ratio test. The linear tests are based on the previous limit theories while the ratio

tests utilize the following convergence results. For the realised tripower variation process

(2/3,2/3,2/3
t

(/‘2_/33{)/6}
[¥5)

§51/2

where 97y ~ 1.0613; for the realised quadpower variation process

_1)

(1/2,1/2,1/2,1/2]
t

(/‘1—/42 {Y&}




where Yqy ~ 1.37702; and for the realised skipped bipower variation process

u—Z{Yts}Ll,O,l]
( [Y5]t2 B 1) L
= N(0,9s8v)

where Yspy ~ 0.60907.

When working with real data both the linear and ratio test are infeasible as fg otds cannot be

observed even when high-frequency data is available . In such situations the following estimators are

needed

1) Realised Quarticity (E1)

M
_ 4 -
MN41{YM}£ = MN41 Zyjz
j=1
2) Realised Tripower Variation with r = s = u = 4/3 (E2)

M-2

4/3,4/3,4/3
4/3{Y }[ [3ABAL] - 4/32 Iy]z|/3|yj+lz|/|yj+2zl/3
j=1

3) Realised Quadpower Variation withr =s =u=1v =1 (E3)

M-3

- 1,1,1,1 -
M V= Murt S Ly 1 yien 1 wieos || 953, |
j=1

As pointed out in Barndorff-Nielsen and Shephard (2006), the quadratic variation for the jump

component cannot be negative, so the following estimators can be used

min (0, py{(Yar}e P2 — ),

min, (0, u1/2{Y }[1/2 1/2,1/2,1/2) [YM]?])

-2 1,0,1 2
min (0, w2 {Ya)o! - va?).
A bias is introduced to the test statistics because we use finite values of M, therefore our estimators

will have less components in the summation compared to the realised variance. This problem can be

dealt with the modified estimators

M [2/3 2/3,2 3]

M [1/2,1/2,1/2,1 2]
(M 3)“1/2{ M :

(5 i 0.
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In small samples in the feasible test, the result from Barndorff-Nielsen and Shepard(2003) given

by Jensen’s inequality,
t
h

t _2\2 21
(fo as)
may not hold, so additionally we will use the adjusted ratio

t/\
max (1 fo aﬁds ) .

(JE 022

4.5 Simulations

The test for jumps will be applied to a simple simulated process. A constant elasticity of variance

(CEV) process will be used. Specifically the Feller (1951) or Cox, Ingersoll and Ross (1985) square

root process for o2

do} = —Mo? — £}dt + wodByy, £ > w?/2, A >0,
where B is a standard Brownian motion process. The square root process has a marginal distribution
02 ~T (2w %, 20w™%) =T'(v,a), v>1,

with a mean of £ = v/a and a variance of w? = v/a%2. We will take A = 0 and rule out the leverage
effect by assuming Cor{By, W;} = 0. We will take h =1, A =0.01, v =4 and a = 8. The jumps will
be i.i.d. N(0,8v/a), thus a jump has the same variance as that expected over a (8 x 100)% of a day

when there are no jumps.

4.5.1 Finite sample behaviour of the estimators
Finite sample behaviour when there are no jumps

Firstly we will try to assess, given that there are no jumps, the accuracy of the convergence in prob-
ability for each of our estimators. To do so, we will simulate data corresponding to 1000 days from
the previous process without jumps. The realised values for bipower, tripower, quadpower and the
skipped version of bipower variation are calculated for different values of M (M=12, 72 and 288, i.e.

120, 20 and 5 minutes returns). Figures 4.1, 4.2, 4.3 and 4.4 correspond to the first 250 observations of
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realised bipower, tripower, quadpower and the skipped version of bipower variation respectively. The
left hand graphs show the actual variance together with the realised values to assess the probability
limit. As market microstructure noise is not added to our series, they become more accurate as the
value of M increases. The magnitude of the difference seems to be large in times of high volatility.
From these graphs, no particular estimator seems to outperform any of the others. The plots in the
middle show the differences between the realised series and the actual variance, i.e. the errors, together
with their confidence interval. The drastic fluctuations in the bands correspond to changes in the level
of the variance process, with wider bands at levels of higher variance. The right hand graphs give
the corresponding QQ-plot which should be a 45 degree line if the asymptotic results hold. There is
an improvement in all the cases as M increases although the asymptotic theory does not provide a
accurate guide to the finite sample behaviour. Even when using 5 minutes returns, there are problems
due to heavy tails. Overall nothing can be concluded about which estimator shows better finite sample

behaviour.
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Figure 4.1: Left graphs: Actual variance and realised bipower variation. Middle graphs: realised bipower variation minus

actual variance and confidence interval. Right graphs: QQ-plot of the realised bipower vartation error.
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Figure 4.2: Left graphs: Actual variance and realised tripower variation. Middle graphs: realised tripower vartation minus

actual variance and confidence interval. Right graphs: QQ-plot of the realised tripower variation error.
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Figure 4.3: Left graphs: Actual variance and realised quadpower variation. Middle graphs: realised quadpower variation

minus actual variance and confidence interval. Right graphs: QQ-plot of the realised quadpower variation error
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Figure 4.4: Left graphs: Actual variance and skipped version of realised bipower variation. Middle graphs: skipped version
of realised bipower variation minus actual variance and confidence interval. Right graphs: QQ-plot of the skipped version

of realised bipower vartation error.

An alternative view to assess the finite sample behaviour is given in Tables 4.1 and 4.2. They
record the bias from zero and standard deviation of the errors (the corresponding realised series minus
the actual variance). The bias should be zero and the standard deviation should be around one if
the limit theory describes properly the behaviour of our statistics. The coverage rate is also reported.
Given the asymptotic distributions of each of our estimators (see appendix), this is the percent of the
standardised statistics which are under, in absolute values, the 97.5% quantile (setting the confidence
level at 95%) of a Normal distribution. Table 4.1 gives the infeasible results (given that we are using
simulations) and Table 4.2 gives the feasible results. In this last table we use the realised quarticity
(E1) to estimate the integrated quarticity. As we are not including market microstructure noise, the

results improve for larger values of M. All of the estimators seem to have a similar and good finite

sample behaviour.
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M BV TV Qv SBV
Bias | SD | Cov | Bias | SD | Cov || Bias | SD | Cov || Bias | SD | Cov
12 || —.189 | .950 | 96.8 || —.203 | .992 | 95.6 || —.208 | 1.02 | 95.4 || —.216 | .989 | 96.2
24 || —.148 | 971 | 96.1 | —.146 | .969 | 96.0 || —.143 | .971 | 96.1 || —.138 | .997 | 96.0
72 i —.108 | .995 | 95.2 || —.085 | .988 | 95.2 || —.076 | .993 | 95.5 || —.070 | 1.01 | 94.8
144 || —.074 | 1.01 | 946 | —.081 | 1.02 | 946 || —.089 | 1.01 | 94.8 || —.071 | 1.01 | 95.1
288 || —.047 | .986 | 94.6 || —.028 | .990 | 95.2 || —.021 | .989 | 95.3 || —.020 | 1.00 | 94.3
976 || —.016 | .983 | 96.2 || —.023 | .987 | 95.5 || —.033 | .986 | 95.2 || —.026 | 1.00 | 95.4

Table 4.1: Bias, standard deviation and coverage of the infeasible standardised realised bipower, tripower, quadpower and

skipped bipower variation error.

M BV TV QV SBV
Bias | SD | Cov || Bias | SD | Cov || Bias | SD | Cov | Bias | SD | Cov
12 || —.611 | 1.51 | 86.0 || —.575 | 1.45 | 85.9 || —.558 | 1.44 | 84.9 || —.634 | 1.51 | 85.7
24 || —.423 | 1.26 | 89.3 || —.389 | 1.23 | 89.1 || —.368 | 1.21 | 89.3 || —.419 | 1.28 [ 89.2
72 || —.253 | 1.09 | 91.9 || —.209 | 1.07 | 929 || —.188 | 1.07 | 93.0 || —.213 | 1.11 | 92.0
144 || —.169 | 1.07 | 93.1 || —.165 | 1.06 | 93.2 || —.165 | 1.05 | 93.5 || —.163 | 1.05 | 93.0
288 || —.110 | 1.01 | 94.4 || —.082 | 1.01 | 94.2 || —.071 | 1.01 | 94.2 || —.083 | 1.02 | 93.4
576 || —.059 | .994 | 95.9 || —.061 | .997 | 95.2 || —.067 | .996 | 95.0 || —.071 | 1.01 | 95.3

Table 4.2: Bias, standard deviation and coverage of the feasible standardised realised bipower, tripower, quadpower and

skipped bipower variation error.

Finite sample behaviour in the presence of jumps

As stated in this chapter, realised bipower variation and our three other estimators are robust to the
presence of jumps. It will be convenient to study their finite sample behaviour in the presence of rare
jumps. In Figure 4.5 we use RBV, RTV, RQV and RSBV to find the integrated variance and the
quadratic variation of the jump component of the first 50 days of a series of simulated data. The data
was simulated from the SV plus jump process explained previously. Realised values are calculated
based on M=288. In the left hand side figures, the true integrated variance is shown together with
the integrated variance estimated with the a)RBV, b)RTV, ¢)RQV and d)RSBV. For all the cases our
estimators work rather well by not incorporating the variation due to the jumps. In the right hand

side figures, the true quadratic variation of the jump component is shown together with the estimated
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one using a)RV-RBV, b)RV-RTV, ¢)RV-RQV and d)RV-RSBV. All of them seem to give accurate

estimations but we need to apply the asymptotic distributions to obtain stronger conclusions.
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Figure 4.5: Simulation from a jump plus diffusion based SV model, estimating the integrated variance (left hand side
figures) and the quadratic variation of the jump component (right hand side figures) with M=288. Rows correspond to

RBV, RTV, RQV and RSBYV respectively.

4.5.2 Null distribution
Infeasible test

Now instead of examining the finite sample behaviour of our estimators per se, we will investigate
their accuracy in the tests for jumps. We will simulate a one thousand day process first without
any jumps. We will do the infeasible linear and ratio tests for jumps using each one of the estima-
tors (realised bipower variation, realised tripower variation, realised quadpower variation and realised
skipped bipower variation) for different values of M, expecting not to reject the null hypothesis (the
null hypothesis implies no jumps). The test statistics are plotted in Figure 4.6 for M=288 for a)RBV,
b)RTV, ¢)RQV and d)RSBV. In the left hand side graph the linear test statistics are shown together
with twice their standard error. In the middle graph this is repeated for the ratio test. The hypothesis

of no jumps will be rejected every time a value falls below twice the standard error (setting a 95%
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confidence level), therefore the ratio test seems to give better results than the linear one. The right
hand side graph shows the normal QQ-plot of the two tests. If the asymptotic approximations were
accurate they should lay on the 45 degree line. Both test have good QQ-plots, although the one of the

ratio test is slightly better for all our estimators.

a) RBV
2f . o+t L o [+ + Ratio, 25}4&29& /
4 + |+ ++ + . x x Ratio
++ + + ot o 45 d
0 * *.n:— ++**+;* +* b :3"*&% 0 i+ * * e ++:5b,+ “* 1 M "+2“"‘3'F 0.0 e
L ‘\4/" Wvﬁ\j L»:»P 11‘;'\4?‘:’& + *4” +*#+ """4,-*:# :.“:q.i*"’-* 2 5 /
| t :‘\:}-’W_PM—nWV"V—WW\W,f“\ L. [
-21*.+.*’.|.+l:41.—2..+.T1,++.+‘ﬁ'. A N
0 50 100 0 50 100 -2.5 0.0 2.5
b) RTV
2'5_ + ' + + Linear 25*_++Ralio
-+ + + : + +
" W *""’*w~+ + e I **¢*+ o ’M
0.0 ok "ﬁ‘rj*ﬁ'if}'&”“_f_;' - 00F it ++ + ﬂﬁ#‘* +f+£*”# o
F e S 3 TR M
25 st e e e e
RPN AN B [ B B
0 50 100 0 50 100
c) RQV
++ Li [ i
25 ++ . Ix:ear , 25 F+++Rauo
L ; +:+ VI ty N + *ﬁ‘ﬁ* N ++” W
00 - ,4.*.:,,,,_..._,_.4-.4_1_ + 4 ...*.",.."_..g,.‘? e 0 0 — g R EE L
+ ATy <. ey : +H ity
55 T ~£w:‘*;:'+\)rxx ) o Kt
2.5+ + — - AN
P S [
0 50 100 0
d) RSBV
Linear + * Ratio
2 ++ + ++ . P
+ + +H o+t
0 ¢””'+#**+4r+“+"¢ 0-¢+*+ s
¥ L, W _,,-l-,;H_.A..+..~...tm,...v,w....;.m., T T - M . ]
Y I PANLE S 4ol
ot + 3+ -2 h3~.~¢\:~——-~.--~»-4\--
Lo e b Y [ ot PSP M B
0 50 100 0 50 100 =25 0.0 2.5

Figure 4.6: T-statistics plus twice their standard errors from simulations from the null distribution for the infeasible linear
(left hand side) and ratio tests (middle) for M=288 and for a)RBV, b)RTV, c)RQV and d)RSBV. QQ-plots are given in

the right hand side.

In Table 4.3 the bias from zero of the linear test statistics, their standard deviation and the coverage
rates for one-sided linear tests are recorded for the series using the four estimators (RBV, RTV, RQV,
RSBV). The bias should tend to zero and the standard deviation to one if the asymptotic theory is
describing properly the behaviour of the t-test. The coverage rate tells the probability of not rejecting
the null hypothesis when it is true, i.e., finding no jumps when the process is continuous. Here we are
taking a = .05 so the coverage rates should be (1 —a) *100% if the asymptotic distribution fit properly
the finite sample test statistics. In this table the infeasible test is done, i.e. the actual quarticity is
used to calculate the linear test statistic.

In Table 4.4 the bias, standard deviation and coverage rate are reported for the infeasible ratio

test. In both the linear and ratio tests we obtain better results as the value of M gets larger. In this
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case, the infeasible linear and ratio test give very similar results. Realised tripower and quadpower
variation give slightly better results than the estimators based on bipower variation. Realised bipower

variation and its skipped version overestimate the jumps.

M 12 72 288
Bias | SD | Cove | Bias | SD | Cove || Bias | SD | Cove
RBV || —-.363 | 1.16 | 874 || —.191 | 1.00 | 92.8 || —.115 | 1.00 | 93.5
RTV || —.313 | 1.13 | 88.5 || —.180 | 1.00 | 92.9 || —.103 | .994 | 94.1
RQV || —.313 | 1.14 | 89.0 || —.181 | 1.00 | 93.3 || —.104 | .999 | 94.3
RSBV || —424 | 1.22 | 859 | —.199 | 1.03 | 92.2 || —.129 | 1.01 | 93.6
Table 4.3: Bias, standard deviation and coverage of the infeasible linear test.
M 12 72 288
Bias | SD | Cove | Bias | SD | Cove | Bias | SD | Cove
RBV || —.379 | 1.08 | 85.2 || —.196 | .987 | 92.6 || —.110 | .993 | 93.3
RTV || —.328 { 1.07 | 89.5 || —.185 | .985 | 94.1 || —.099 | .985 | 93.7
RQV || —.329 | 1.08 | 89.7 || —.183 | .987 | 93.8 || —.101 | .992 | 94.4
RSBV || —.433 [ 1.15 | 85.5 || —.199 | 1.01 | 92.4 || —.127 | 1.01 | 93.7

Table 4.4: Bias, standard deviation and coverage of the infeasible ratio test.

Feasible tests

As explained previously the use of the integrated quarticity is infeasible in practice, so estimators for
it should be used. The feasible test statistics, using the quadpower variation (E3) as the estimator of
the integrated quarticity, are plotted now in Figure 4.7 for M=288 for a)RBV, b)RTV, ¢c)RQV and
d)RSBV. The left hand side and middle graphs show the t-test statistics of the linear and ratio test
respectively. The QQ-plots of both tests are shown in the right hand side graphs. Comparing this
figure with Figure 4.6 (the feasible with the infeasible case), a deterioration is visible in the QQ-plots

specially for the linear test.
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Figure 4.7: T-statistics plus twice their standard errors from simulations from the null distribution for the feasible linear
(left hand side) and ratio tests (middle) for M=288 and for a)RBV, b)RTV, ¢)RQV and d)RSBV. QQ-plots are given in

the right hand side.

In Table 4.5 the bias, standard deviation and coverage is reported for the linear test statistic using
the realised quarticity (E1), the realised tripower variation with r = s = u = 4/3 (E2) and the realised
quadpower variation with 7 = s = u = v = 1 (E3) given M=288. In Table 4.6 the results for the feasible
ratio tests are shown for M=288 using E1, E2 and E3 to estimate the actual quarticity. In the feasible
case, confirming the results from the previous QQ-plots, the ratio tests give much better results than
the linear tests. Realised tripower and quadpower variation outperform the other estimators when
testing for jumps if the process is continuous. Bipower variation and its skipped version overestimate
the presence of jumps.

In the case where the integrated quarticity is infeasible and there are no jumps in the process, the
realised quarticity seems to be its best estimator (nevertheless when a jump component is present it

will be the worse one as explained later on). There is little to choose between its other two estimators,

E2 and E3.
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El E2 E3
Bias | SD | Cove | Bias | SD | Cove | Bias | SD | Cove
RBV || —.086 | .997 | 93.5 | —.165 | 1.03 | 91.6 || —.173 | 1.04 | 91.3
RTV || —.075 | .992 | 943 || —.154 | 1.02 | 92.1 || —.167 | 1.03 | 91.6
RQV | —.076 | .999 | 94.8 || —.149 | 1.02 | 92.8 || —.167 | 1.04 | 91.7
RSBV || —.103 { 1.01 | 944 | —.161 | 1.04 | 92.9 || —.175 | 1.05 | 92.2

Table 4.5: Bias, standard deviation and coverage of the feasible linear test for M=288.

El E2 E3
Bias | SD | Cove | Bias | SD | Cove || Bias | SD | Cove
RBV || —.041 | .986 | 94.9 || —.110 | .980 | 93.7 || —.113 | .980 | 93.6
RTV || —.015 | .987 | 96.4 || —.094 | 971 | 94.1 || —.099 | .976 | 94.1
RQV || —.007 | .998 | 97.1 || —.087 | .968 | 94.8 || —.097 | .980 | 94.4
RSBV || —.056 | .994 | 95.0 || —.117 | .985 | 94.1 || —.124 | .989 | 94.0

Table 4.6: Bias, standard deviation and coverage of the feasible ratio test with M=288.

4.5.3 Alternative distribution

In this section we will add a jump component to the simulated process to assess the test for jumps
when they are present in the log-price process. Each day the same number of jumps are added to
the process (one thousand days will be simulated). The jumps will be i.i.d. N(0,8v/a) and several
simulations with a different 8 will be done to assess the performance of the test with different sizes of
jumps. The one-sided hypothesis test is done every day and the level of significance is 5%. Table 4.7
reports the bias, standard deviation and the coverage for the linear infeasible test when one jump is
added every day with 8 = 50% and 8 = 20%. In this case the coverage reports the percent of times
we do an error type II, i.e. we accept the null hypothesis when there are jumps. It can be seen that as
the size of the jump increases, the easier it is to detect the jump. As M becomes larger, the results of

the hypothesis test improve. Almost no jumps are detected when the jumps are very small, especially

when the sample frequency is low.
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M 12 72 288
Bias SD | Cove || Bias SD | Cove || Bias SD | Cove

50%
RBV || —.728 | 1.75 | 78.1 || —1.55 | 3.21 | 69.8 | —3.49 | 6.42 | 55.0
RTV | —-.639 | 1.60 | 79.5 || —1.36 | 2.70 | 70.5 || —2.91 | 5.19 | 56.5
RQV || —.623 | 1.55 | 79.7 || —1.27 | 247 | 71.1 || —2.65 | 4.66 | 57.7
RSBV || —.796 | 1.82 | 769 || —1.54 | 3.05 | 69.2 || —3.51 | 6.48 | 54.9
20%
RBV || —469 | 1.25 | 85.2 || —.190 | 1.17 | 89.9 || —.389 | 1.49 | 87.3
RTV || —407 [ 1.23 | 8.2 || —.143 | 1.13 | 914 || —.327 | 1.35 | 88.5
RQV || —.384 | 1.22 | 86.8 | —.139 | 1.14 | 90.7 || —.291 | 1.28 | 90.1
RSBV | —.505 | 1.28 | 83.9 || —.224 | 1.15 | 90.6 || —.399 | 1.46 | 87.0

Table 4.7: Bias, standard deviation and coverage of the infeasible linear test when one jump is added every day.

M 12 72 288
Bias SD | Cove || Bias SD | Cove || Bias SD | Cove

50%
RBV || —.529 | 1.15 | 81.8 || —.967 [ 1.63 | 73.5 || —2.18 | 2.99 | 57.0
RTV || —.467 | 1.11 | 84.3 || —.862 | 1.44 | 75.2 || —1.84 | 2.48 | 59.3
RQV || —.459 | 1.11 | 86.8 || —.807 | 1.36 | 76.8 || —1.68 | 2.26 | 60.5
RSBV || —.579 | 1.21 | 79.6 || —.965 | 1.60 | 73.1 || —2.19 | 3.03 | 57.8
20%
RBV || —.421 | 1.06 | 86.7 || —.172 | 1.08 | 90.8 || —.331 | 1.24 | 88.2
RTV || —.361 | 1.04 | 884 || —.129 | 1.06 | 92.4 || —.278 | 1.15 | 90.0
RQV || —.347 | 1.04 | 89.9 | —.123 | 1.07 | 92.0 || —.246 | 1.12 | 91.0
RSBV || —468 | 1.12 | 84.6 || —.203 | 1.07 | 91.3 || —.344 | 1.21 | 884

Table 4.8: Bias, standard deviation and coverage of the infeasible ratio test when one jump is added every day.
For the infeasible ratio test, the results for each one of the estimators (RV, RTV, RQV and RSBV)

are reported in Table 4.8 when one jump is added each day . As under the null distribution, when

we do the infeasible test there is not much difference between the linear and the ratio cases. Again if
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the size of the jump is small, it is more difficult to detect. As expected, as the value of M increases,
the rate of accepting the null falls. Notice that the tests based on realised bipower variation and its
skipped version seem to have more power than the ones based on the other estimators. This result can
be misleading because the real size of the tests may be different for each estimator (in the previous
section we found that the null distribution of the tests based on realised tripower and quadpower
variation fit better the test statistics).

Now we will do the feasible tests using the three estimators for the integrated quarticity ((E1), (E2)
and (E3)). Table 4.9 shows the finite sample behaviour of the linear test when M=288. Immediately
we can see how the realised quarticity is not giving adequate results when jumps are present in the
process. Just as the realised variance does not give a good estimation of the integrated variance in
the presence of a jump component, the realised quarticity does poorly in estimating the integrated
quarticity. The realised quarticity incorporates the variation due to the jump component and not just
the one due to the continuous component. Nevertheless, the other two estimators, E2 and E3 give
good and similar results.

Table 4.10 shows the finite sample behaviour for the feasible ratio test when M=288. When using
the estimators E2 and E3 for the integrated quarticity, the results are encouraging and very similar to
the ones obtained with infeasible tests. In contrast, when using the realised quarticity as the estimator,

there is a little number of rejections of the null hypothesis.

El E2 E3
Bias SD | Cove | Bias | SD | Cove || Bias | SD | Cove

50%
RBV || —.851 [ 1.05 | 72.9 || —3.22 | 5.72 | 55.4 || —3.38 | 6.06 | 54.5
RTV || —.725 | .961 | 84.6 || —2.69 | 4.61 | 56.8 | —2.83 | 4.91 | 56.6
RQV | —.669 | .927 | 90.4 || —2.44 | 4.13 | 58.4 || —2.58 | 4.40 | 57.7
RSBV || —.843 | 1.05 | 73.1 || —3.19 | 5.71 | 55.9 || —3.37 | 6.09 | 55.3
20%
RBV | —.218 | 1.03 | 91.5 || —.427 | 1.45 | 86.0 || —.436 | 1.47 | 85.7
RTV | —.179 | .998 | 93.8 || —.365 | 1.31 | 87.9 || —.379 | 1.33 | 87.3
RQV | —.156 | .988 | 94.8 || —.323 | 1.25 | 88.9 | —.343 | 1.27 88.5
RSBV || —.235 | .995 | 92.5 || —.415 | 1.40 | 86.2 || —.433 | 1.42 | 86.2

Table 4.9: Bias, st. deviation and coverage of the feasible linear test when one jump is added every day for M=288.
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El E2 E3
Bias SD | Cove || Bias SD | Cove || Bias SD | Cove

50%
RBV || —.667 | .875 | 92.8 || —2.10 | 2.88 | 58.2 || —2.16 | 2.96 | 57.7
RTV | —.549 | .808 | 96.6 || —1.72 | 2.32 | 60.6 || —1.79 | 2.42 | 59.9
RQV || —.498 | .782 | 976 || —1.54 | 2.07 | 624 | —1.61 | 2.17 | 61.1
RSBV || —.656 | .877 | 93.3 || —2.07 | 2.87 | 59.2 || —2.14 | 2.97 | 58.5
20%
RBV || —.185 | .956 | 94.2 || —.328 | 1.22 | 884 | —.331 | 1.23 | 88.3
RTV || —.143 | 918 | 96.6 || —.267 | 1.13 | 90.6 || —.274 | 1.13 | 904
RQV || —.117 | 906 | 97.3 | —.228 | 1.08 | 91.9 || —.239 | 1.02 | 91.3
RSBV || —.203 | .924 | 95.8 || —.327 | 1.16 | 88.7 || —.337 | 1.18 | 88.5

Table 4.10: Bias, standard deviation and coverage of the feasible ratio test when one jump is added every day for

M=288.

4.5.4 Real size tests

When doing the previous tests for jumps, even if we set a confidence level of 95% the real size of
the tests will not be exactly 5%. This is due to the fact that the asymptotic distributions do not fit
properly our test statistics when using finite samples. When using bipower variation and its skipped
version this problem is accentuated. Therefore it is inadequate to compare the results obtained from
the tests where we added jumps to the log-price process. Each test has a different size depending on
the estimator and the sample size used.

The real critical values corresponding to the desired confidence level need to be found. Given these
critical values, test for jumps with a real size of 5% can then be done and compared.

Using Monte Carlo simulations, the real critical values for the tests for jumps with size of 5% are
found for each test statistic and different values of M . In Table 4.11 the critical values (CV) of the
linear infeasible tests are displayed with the quantiles of the Normal distribution (NQ) that correspond
to them. The better the fit of the asymptotic distribution, the closer the critical value will be to the

value of the 95, quantile. Now, using the simulated series where one daily jump was added to the
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log-price process the test for jumps can be repeated with a given fixed size of 5%. In Table 4.11 we
give the power of the test (Pow) for different jump sizes (8 = 50% and 20%), i.e. the percent of times
we reject the null hypothesis given that there are jumps in the process. In Table 4.12 we display the
results for the ratio infeasible tests.

From the tables we can confirm that the test statistics based in tripower and quadpower variation
have better sample behaviour under the null distribution than the ones based on bipower variation
and its skipped version. Also the ratio test statistics have better finite sample behaviour than the
linear ones. Nevertheless it is not obvious how to conclude which of the tests have a better power. It
seems that when the sample frequency is low, the tests based on tripower and quadpower variation
have better power. Nevertheless it seems this is not true for higher frequencies, the tests based on
bipower variation and its skipped version seem to have a bigger power. Also in the case when the
smaller jumps are added, tripower and quadpower variation outperform the bipower variation and the

oposite happens when big jumps are added to the process.

M 12 72 288
CV | NQ | Pow | Pow || CV | NQ | Pow | Pow || CV | NQ | Pow | Pow
B 50% | 20% 50% | 20% 50% | 20%
RBV | 2.46 | 99.3 | 0.092 | 0.063 || 1.93 | 97.3 | 0.199 | 0.057 || 96.8 | 1.85 | 0.343 | 0.085
RTV | 2.27 | 98.8 | 0.095 | 0.064 || 1.84 | 96.7 | 0.195 | 0.061 || 96.1 | 1.75 | 0.346 | 0.080
RQV | 2.09 { 98.2 | 0.106 | 0.067 || 1.80 | 96.4 | 0.184 | 0.069 | 95.7 | 1.71 | 0.337 | 0.077
RSBV || 2.63 | 99.6 | 0.093 | 0.056 || 1.88 | 97.1 | 0.202 | 0.062 || 96.7 | 1.83 | 0.353 | 0.076

Table 4.11: Crifical values, Normal quantiles and power of the infeasible linear tests when one jump is added every day.

M 12 72 288
CV | NQ | Pow | Pow | CV | NQ | Pow | Pow | CV | NQ | Pow | Pow
Ié; 50% | 20% 50% | 20% 50% | 20%
RBV || 2.24 | 98.8 | 0.064 | 0.050 || 1.85 { 96.9 | 0.170 | 0.054 |} 1.82 | 96.6 | 0.331 | 0.076
RTV | 2.03|97.9 | 0.061 | 0.045 || 1.71 | 95.7 | 0.172 | 0.064 | 1.78 | 96.3 | 0.323 | 0.065
RQV | 1.99 | 97.7 | 0.045 | 0.039 || 1.76 | 96.1 | 0.147 | 0.067 || 1.72 | 95.8 | 0.309 | 0.062
RSBV || 2.36 | 98.1 | 0.068 | 0.042 | 1.84 | 96.8 | 0.174 | 0.061 || 1.79 | 96.4 | 0.336 | 0.073

Table 4.12: Critical values, Normal quantiles and power of the infeasible ratio tests when one jump is added every day.
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In Tables 4.13 and 4.14 the real critical values, the corresponding Normal quantiles and the power
of the feasible linear and ratio tests are given using each of the estimators of the integrated quarticity
(E1, E2, E3) when M=288. It can be seen immediately that the lowest power is obtained when using
El as the estimator. The other two estimators give better and very similar results as expected. Also

there is not much to choose between the linear and ratio tests.

El E2 E3
CV | NQ | Pow | Pow || CV | NQ | Pow | Pow || CV | NQ | Pow | Pow

B 50% | 20% 50% | 20% 50% | 20%
RBV | 1.78 | 96.3 | 0.164 | 0.058 || 2.00 | 97.8 | 0.331 | 0.077 || 2.03 | 97.9 | 0.336 | 0.078
RTV || 1.70 | 95.6 | 0.117 | 0.051 || 1.96 | 97.5 | 0.318 | 0.065 || 1.98 | 97.7 | 0.332 | 0.068
RQV || 1.66 | 95.2 | 0.089 | 0.053 {{ 1.90 | 97.2 | 0.311 | 0.063 || 1.96 | 97.6 | 0.306 | 0.060
RSBV || 1.77 | 96.2 | 0.167 | 0.048 || 1.96 | 97.5 | 0.333 | 0.068 || 1.98 | 97.7 | 0.338 | 0.070

Table 4.13: Critical values, Normal quantiles and power of the feasible linear tests for M= 288 when one jump is added

every day.

El E2 E3
CV|NQ | Pow | Pow || CV | NQ | Pow | Pow | CV | NQ | Pow | Pow

B 50% | 20% 50% | 20% 50% | 20%
RBV | 1.63 | 94.9 | 0.078 | 0.052 || 1.79 | 96.4 | 0.330 | 0.078 || 1.80 | 96.5 | 0.331 | 0.077
RTV || 1.52 | 93.6 | 0.070 | 0.042 || 1.73 | 95.9 | 0.315 | 0.064 || 1.75 | 96.1 | 0.317 | 0.062
RQV | 1.46 | 92.8 | 0.062 | 0.051 || 1.65 | 95.2 | 0.310 | 0.062 || 1.70 | 95.6 | 0.307 | 0.063

RSBV || 1.63 | 94.9 | 0.090 | 0.046 || 1.78 | 96.3 | 0.327 | 0.067 || 1.77 | 96.2 | 0.337 | 0.068
Table 4.14: Critical values, Normal quantiles and power of the feasible ratio tests for M=288 when one jump is added

every day.

From this section we can conclude that the realised tripower and quadpower variation give bet-
ter results under the null hypothesis. Nevertheless once a jump component is added to the log-price
process, the conclusion of which test gives the biggest power is unclear. Microstructure noise was not
added to these simulations, so further research is needed to assess the power of test based on these

estimators with contaminated series.
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4.6 Empirical data

4.6.1 Testing for jumps

To illustrate empirically the test for jumps we will use the United States Dollar/ German Deutsche
Mark series employed extensively in previous papers (see for example Andersen, Bollerslev, Diebold
and Labys (2001), Barndorff-Nielsen and Shephard(2002a)). This series covers from 1st of December
1986 until 30th of November 1996 and reports every five minutes the most recent quote on the Reuters
screen. This dataset was kindly supplied by Olsen and Associates in Zurich (see Dacorogna, Gencay,
Miiller, Olsen and Pictet (2001).

In this section we will study the feasible ratio test for jumps using the realised quadpower variation

with r=s=u=v=1 (E3) to estimate the actual quarticity. In Figure 4.8 the ratio statistic
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wherer =71 = ... =rp and ) . ;7 = 2, is plotted together with twice the standard error for the first
250 days for a)RBV, b)RTV, ¢)RQV and d)RSBV with M=144. In all of the cases, we can observe a
considerable number of values below twice the standard error pointing out the existence of jumps in
the series. Just by looking at the graphs we cannot conclude anything about the different estimators

so further results are reported in Table 4.15.
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Figure 4.8: Ratio t-statistics plus twice their standard errors from the first 250 observations of the Dollar/DM series for

¢)RBV, b)RTV, ¢)RQV and d)RSBV with M=144.
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Table 4.15 shows for different values of M the sum of the first five correlation coefficients of the
Dollar/ DM series and the average values over the sample of the realised variance and of the bipower,
tripower, quadpower and skipped version of bipower variation. It also shows for each of these estima-

tors the proportions of rejections of the null hypothesis at the 5% level and 1% level.

M | corr | RV | BV | 5%r | 1%r || TV | 5%r | 1%r | QV | 5%r | 1%r || SB | 5%r | 1%r
12 .001 | .459 || .387 | .183 | .081 || .357 | .164 | .043 || .339 | .140 | .024 || .357 | .218 | .098
24 002 | 463 || .396 | .207 | .101 || .372 | .192 | .078 || .354 | .177 | .051 || .373 | .232 | .118
72 | —.001 | .488 || .442 | .224 | .120 || .416 | .233 | .109 || .402 | .217 | .089 || .415 | .283 | .157
144 | —.056 | .511 || 473 | .228 | .116 | .448 | .250 | .126 || .432 | .255 | .113 || .442 | .341 | .186
288 | —.092 | .532 || .502 | .188 | .095 || .481 | .227 | .108 || .467 | .252 | .107 || .471 | .368 | .211

Table 4.15: Sum of the first five correlation coefficients of the Dollar/ DM series (corr). Average value of realised
variance (RV), realised bipower (BV), tripower (T'V), quadpower (QV) and skipped bipower (SB) variation. Proportion

of rejections of the null hypothesis at the 5% (5%r) and 1% (1%r) level.

Firstly we can see how the sum of correlations increases when the value of M increases, reaching
large values for M=144 (-.056) and M=288 (-.092) possibly explained by the microstructure effect. This
fact surely is affecting the number of rejections of the null hypothesis as it decreases when M=288 for
most of the estimators.

From the simulations in the previous section we know that the tests based on realised tripower
and quadpower variation have bigger sizes (given a confidence level) compared to the tests based on
realised bipower variation when using finite samples. This may explain the values in Table 4.15 for
M=12, 24 and 72. This fact reverses when M=144 and 288 perhaps due to the microstructure effect,
this gives us a first reason to think realised tripower and quadpower variation are more robust in the
presence of such microstructure noise. The bias of the skipped version of realised bipower variation is
almost the same as the one of realised tripower variation, nevertheless the proportion of rejections of
the null hypothesis is higher. In fact, it is the highest compared to all the other estimators and it is
the only estimator for which the number of rejections are not reduced when M=288.

Although these give us a preliminary insight into the behaviour of these estimators in the presence
of microstructure noise, further research has to be done to obtain stronger conclusions. What we can

conclude now however is that certainly the Dollar/DM series contains jumps.
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4.6.2 Case study

As explained before a large value of the realised variance can be explained by the presence of jumps or
by high volatility in the continuous component. As in Barndorff-Nielsen and Shephard (2006) we will
contrast two days, one in which the extreme value of the quadratic variation is caused by the jump
component and in another one where it is caused by the continuous component. We will compare the
behaviour of each of our estimators of integrated variance on these days.

On one of the days, January 15th 1988, we have a huge increase in the Dollar/DM rate (Figure
4.9, upper graph). This increase is reflected in the realised variance and not in the other estimators
of the integrated variance indicating the presence of a jump component. In contrast on August 19th
1991 (Figure 4.9, lower graph) there is a constant increase of the rate. Here the large estimated value
of the quadratic variation is due to the integrated variance so we cannot expect it to be caused by a
jump but by high volatility.
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Figure 4.9: Dollar/DM rates from January 5th to January 18th 1998 (upper graph) and from August 13th to August 25th
1991 (lower graph). In the upper graph the large realised variance is due to a jump component and in the lower graph it

is due to high volatility in the continuous component.
In Figure 4.10 we look carefully at the ratio t-statistics of the days around January 15th 1988. In

all the cases ( a)RBV, b)RTQ, ¢)RQV and d)RSBV ) there is no doubt about the presence of a jump,

the statistics are significantly below the 99% critical values. We reject the null hypothesis of no jumps
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independently of the estimator used.
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Figure 4.10: January 5th to January 18th 1998. Ratio t-statistics and 99% critical values of the Dollar/DM series for

a)RBV, b)RTV, ¢)RQV and d)RSBV with M=288. On January 15th a jump occured.
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Figure 4.11: August 13th to August 25th 1991. Ratio t-statistics and 99% critical values of the Dollar/DM series for

a)RBV, b)RTV, ¢)RQV and d)RSBV with M=288. On August 19th the large value of the realised variance is caused by

’

high volatility on the continuous component and not a jump.
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In Figure 4.11 we plot again the ratio t-statistic along with the 99% critical values using our four
estimators but now for the days around August 19th 1991. In all the cases we reject the presence of
jumps, instead the increase of the quadratic variation is due to a quick movement in the rates.

Note that all the estimators give the same result for August 19th but not for the surrounding days.

When using the skipped version of the realised bipower variation three jumps are found during the

period studied.

4.7 Conclusions

The aim of this chapter was to give alternative estimators from the realised bipower variation to test
for the presence of jump in the log-price process. For that we provided the asymptotic distribution
for the differences between realised variance and realised tripower variation, realised variance and
realised quadpower variation and realised variance and realised skipped bipower variation. Using
simulated data we found out that these estimators are reliable; giving even better results than the
realised bipower variation under the null hypothesis. The test statistics based on realised tripower and
quadpower variation have better finite sample behaviour, nevertheless it is unclear which of the tests
is the most powerful. As expected, the performance of all the tests improves when using large values
of M.

When using a feasible test, the integrated quarticity needs to be estimated. Under the presence
of jumps, realised quarticity gives a great number of rejections of the null hypothesis as it estimates
poorly the integrated quarticity. The other estimators give encouraging results.

The test for jumps was also done in empirical data, the Dollar/DM series. Results need to be
interpreted carefully when working with real data, as it is well known that the price process is con-
taminated by market microstructure effects. Even though the previous tests for jumps were based on
asymptotic results, its implementation using extremely large values of M can give misleading answers
as this noise accumulates. The larger the value of M we use, the closer we get to the asymptotic results
but also the more the microstructure effect will disturb the real process.

By using the skipped version of the realised bipower variation, i.e. realised skipped bipower varia-
tion and by giving less weight to adjacent observations, i.e. realised tripower and quadpower variation,
we tried to solve this problem but further work is needed to assess the effectiveness of these estimators

in the presence of microstructure noise.
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4.8 Appendix: Proofs
For the following three proofs let us first define the generalised multipower variation as

L LMY A
YM(g) = i > ( I1 gi’(myi—i—i’—l))-
i=1

i'=1

As in Barndoff-Nielsen, Graversen, Jacod, Podolskij and Shephard (2005) and Barndoff-Nielsen,
Graversen, Jacod and Shephard (2006) let us assume that all the g; are continuous with at the most

polynomial growth and that Y € SV.SM¢. So if g;(y) = |y|?/!, we get

t
Y(o)e = ulys [ olds,

Barndoff-Nielsen, Graversen, Jacod, Podolskij and Shephard (2005) show that
t
VMYM(g); —Y(g)) — / w?oldBs (4.2)
0

where

I I-1 I I
W2 = Var(IIl wf2/7) +2 2 Cov( H1 2/, H1 |uz-+j|2/1).
i= j= i= i=

A4.1 Tripower Variation

We are mainly interested in the distribution of the following object
[Y6]£2] _ u;/SS{Y6}£2/3,2/3,2/3] .

To obtain it, we need to find the joint distribution of the realised variance error and the realised

tripower variation error, i.e., the distribution of

[t/8)-2

N t
Mo/ pORNT 23] i1 [23] yjaa 123 — [ 02ds
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By Barndorff-Nielsen and Shephard (2002a) we know that

: [t/d] ) t ) L
——— - — oids | = N(0,2).
\/6f;azds<j§y” e ) o

A particular case of equation (4.2) gives us
7 [t/6] -2 ; .
\/ 5ft oids ( Z | y; 73] Yj+1 [273] Yj+2 /3 —u§/3/0 o';,?ds> = N(0,w?)
J=1

w§ — Var(] u |2/3| u/ |2/3| o’ |2/3)

where

+QCO’U(| u '2/3| o |2/3| U’ I2/3’| ' |2/3| " |2/3| u" |2/3)
+QCO’U(| u |2/3| ' |2/3| u" I2/37| u” |2/3| u" |2/3| u(IV) |2/3)

where u, v/, v” and u” are iid Normal(0,1).

Remember that VJ? =/ 6%‘—1) 02ds, so if A =0 we obtain that

1t/3)-2 vi(uf —1)

. 5\U;

) Cov( ) ( 2/3 2/3 2/3 2/3] u, 23 _ 8 )>>
2/3

j=1 Vit Vin ]+2(| Uj I Uj+1 I2/3| Uj42 I

ki1 ko t
2 (™ / olds
k3 k4 0

where
ki = Var(u?)
ky = k3 =3Cou(u? |u >3« 23" 23
k‘4 — w% — Var(l u |2/3l ul I2/3| u// |2/3)

¥2C0u(| u 3]l P9 P, PR IO P

+200’U(| u |2/3| o |2/3| u” I2/3>| o’ |2/3| u™" I2/3| u(IV) I2/3)'

This implies that
[£/8]

t
. Z yJ IN o2ds

? [t/8] -2
012y) Jo osds \ g 2, 1 272 a1 [P yjee [7° = fy o3ds

J:

kv uggke
/-1'2/3]{"3 N2/3k4
2 2
~ NJ|O0,
2 3.0613
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by using the results that

Var(l u |2/3| ' |2/3| " ‘2/3 /J’Z/B _ /J’g/B

C’O’U(l u |2/3| o |2/3! u" ‘2/3,| ' i2/3| u” I2/3| u" |2/3

)

Cov(u?, | u P3| PP u" PP) = pg/suds — 133
) = NZ/gNg/S_Ng/B
)

CO’U(I u |2/3| u |2/3I u" !2/3, I u" |2/3| u" |2/3| u(IV) ‘2/3 N4/3N3/3 _ “8/3

where p, = E(| 2 |7) .

With this joint distribution, the limit theory necessary for the test for jumps can be obtained

(P — kg ) PR (0,9

5172,/ ¥ ods

OTV = sty s (15 aky)s + 2Ha/shy s — 2) — 7 = 1.0613.

where

A4.2 Quadpower Variation

Now we are interested in the distribution of the following object

We need to find the following joint distribution

el
‘ — [, o2ds
7=1
[¢/6]-3
Z V195 Ty Ty Ty [ = 11 JEa2ds

From equation (4.2) we can obtain that

[t/6] -3 ¢
t 1/2 1/2 1/2 12 4 / 2 L 2
- E Yi Vi Yi | y; — ogids | - N(O,w
5f0t a;‘ds ( = I J I I Jj+1 ' I Jj+2 | Jj+3 I 1/2 0 ( 4)

where

w2 = Var(VTullw [o [« )
+2Cou(y/Tullw Tw T [/l o || || w” || u¥) |)
+2Cou(y/Tu T T [Tw |,/ | w || ul¥) |[u®) |)
+2Cou(y/Tu T T [Tw |, /| w [| ) || u¥) |[uVD) ).
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IfV ——f(J 1 02ds and A = 0 then

|t/6]—3
5“1Cov( Z ( ij(uj 0 )
i=1 \vViVirZiravia(V/Il ui ] i [l wjve [[ujqs [ — N‘ll/g)

ki k t
LA / odds
k‘3 k4 0

where

ki = Var(uz)

ky = ks=4Cov(u’®, /[ u |l v || u” [[u" )

ko = wi=Var(y/ ul[u [ [[u"])

+2Cou(y/Tu o T @ ],/ o || w || w || utV) )
+2Cou(y/Tu T o T TTa |,/ || w || wd) || V) |)
+2Cou(y/Tu [ [ w [ |,/ u || V) | ul¥) || ulVD |),

Implying that
1t/8) t o
. }: yJ Jo o2ds

1/2 t 4 |_t/5J-—3
012\ Joosds \ it 2 VIw o T Toss] - Jy olds
—4
LN (0,( i u1/2k2>>
N1/2k3 N1/2k4
2 2
~ N|{O,
2 3.37702

as
Var(lu [2[ o 21 V2" 12) = pi =i
Cov(w?, | w |2/ V21" 21" ) = pgopd sy — i)
o R b e A e L e R e A e R e R R B AP i
Cou(|w [V/2) u' [V2 " V2] 12, PR L2 VD 2 a2 = ity —
Cov(| u ,1/2l o’ |1/2| U’ |1/2l u" ,1/2,, " ,1/2, wIV) ll/2| uV) '1/2| uVD |1/2) _ Nl#?/g _ u§/2.

Finally we can obtain the limit distribution that we were originally looking for

1
([Y][ ] Nl/g{Y} [1/2,1/2,1/2, 1/2]) N(0,90v)

51/2\/f0t odds
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where
IQv = p1hi (iR + 26ipT)y + 2mpTy — 2) — 9 = 1.37702

and p, = E(| z |7).

A4.3 Skipped Bipower Variation

Lastly we will obtain the asymptotic distribution of the difference of the realised variance errors and

the skipped version of the realised bipower variation errors,
Y5l — (Yo

The joint distribution we need to find is

e
3 yj2 — fo o2ds
j=1
/5] -2 .
Z |y | Y2 | =11 Jy o3ds

J=1
From equation (4.2) we obtain that

t o 2 ! 2 L 2
Ny 1| Yj - oids | = N(O,w
6f(f oids ( ; |5 || Y2 | ,“1/0 ) (0,wisv)

wisy = Var(|u || v |) +2Cov(| u || u” || & || uV))).

where

Note that the term Cov(| u || u” |,] v || «" |) is not included as it equals zero.

: 85 :
Given that 1/]2 = féé_l) 02ds and A = 0, now we can obtain that

[t/6]-2 V2(U2 - 1)
5—1001)( > ( - 2))
j=1 \/’_/J"\/ Vj+2(| uj || ujte | —pi)
LA kL ko /t ogds
k3 k54 0

where
ki = Var(u?)
ky = k3=2Cov(u? |ullu"])
ks = wisy=Var(Jul|u"|)+2Cov(|u]||u” || u" || +IV) ).

102



The joint distribution can now be expressed as
(/4]

2t 2

1 ng yj fO 0'st L vlo kl Mf2k2
1/2 t 4 B [t/8]—-2 ! -2]{5 _4k

) VfO oids /~‘12 Z I Y H Yt I _f(;‘« afds Hy K3 Ky R4

Jj=1

2 2
~ N0,
2 2.60907

Var(u?

)
Var(jullu"]) = 1-ut
Cov(| u | u" |, u" || ul™ |)

)

l/|

pap — 143

Cov(u?,| u || u

Therefore the limit theory is

1

8§12,/ ¥ oids

dspy = p7* + 2u7? — 5 ~ 0.60907

(vl = ¥} 1) 5 N (0, 9s5v)

where

and pr = E(l z IT)
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Chapter 5

Market Microstructure Effect

5.1 Introduction to market microstructure effect

Realised variance and multipower variation may suffer from a bias problem due to autocorrelation in
the intra-day returns. It has many sources referred to as market microstructure effects. These effects
induce serial correlation in high-frequency returns, used to calculate realised variance or multipower
variation; therefore they have an impact on the integrated variance estimation. To reduce this bias,
small values of M (number of intra-day observations) can be chosen but by sampling at low frequencies
we do not incorporate all the information in the data and our estimators of integrated variance will be
inefficient /inconsistent. Realised variance gives a perfect estimation of integrated variance when prices
are observed in continuous time, hence its calculation should be based on returns that are sampled at
the highest possible frequency. So there is a trade-off between bias and variance; bias due to market
frictions when sampling at high frequencies and variance due to the asymptotic assumptions that do
not hold when sampling at low frequencies. The asymptotic results are based on the idea of samples
of increasingly higher frequencies hence the presence of market microstructure effects can potentially
invalidate them.

True prices could not equal the observed prices due to the interpolation method or market frictions.
Equidistant price data must be interpolated from the observed prices and an error can arise from
the econometric method used to construct this artificial price series (previous-tick or interpolation
methods). Market microstructure noise can have many different origins. For stock indices the serial
correlation can be caused by non-synchronous trading (Lo and MacKinlay (1990)). When individual
securities are not traded simultaneously, they incorporate shocks non-synchronously to the common

factor that is driving their price. This results in correlated price changes at the index level. For liquid
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assets the bid/ask bounce (Roll (1984)) induces negative serial correlation. When there is no new
information arriving at a given moment in time, the price bounces between bid and ask prices. This
effect can be strong in high-frequency data. For less liquid assets inactive trading causes a positive
serial correlation. Transaction costs, misrecorded prices and the discrete nature of data that implies
rounding errors may also contribute to this effect. See Andersen, Bollerslev, Diebold and Labys (1999),
Andersen, Bollerslev, Diebold and Labys (2000), Bai, Russell and Tiao (2001) and Oomen (2002) for
a more complete description of the bias caused by market microstructure effects.

Because market microstructure effects are present in virtually all price series, we need to find a
way for these effects to have a negligible impact on the estimation of actual variance when using
high-frequency data.

A first approach is the selection of an optimal sampling frequency that minimizes the bias. Bandi
and Russell (2003), Hansen and Lunde (2006) and Ait-Sahalia, Mykland and Zhang (2005) study
different methods to obtain such a frequency. It needs to be high enough to produce a volatility
estimate with negligible sampling variation, yet low enough to avoid market microstructure bias. In
Andersen, Bollerslev, Diebold and Labys (1999) the volatility signature plot was introduced to provide
some initial guidance. This is a plot of average realised variance against sampling frequency; the bias
is expected to increase at high-frequency levels.

A second approach is the use of alternative estimators for the integrated variance which are unbiased
in the presence of market microstructure effects. Zhang, Mykland and Ait-Sahalia (2005) developed
a class of such estimators, based on realised variance and subsampling and averaging. They propose
and compare different estimation methods: 1) calculating realised variance at the highest possible
frequency and completely ignoring the noise, 2) sampling sparsely at a lower frequency, 3) using the
optimal sampling frequency, 4) using the subsampling and averaging method, 5) bias-correcting the
subsampling and averaging method. Andersen, Bollerslev, Diebold and Ebens (2001), Hansen and
Lunde (2006), Oomen (2004) and Barndorff-Nielsen, Hansen, Lunde and Shephard (2004) give other
approaches to correct the bias for the realised variance. Here, we will study alternative estimators
based on realised multipower variation.

In this chapter, we shall first describe how the market microstructure effect will be incorporated
into our original model. The contamination due to market microstructure effects will be treated as
that of an observation error. We shall then be in a position to assess realised bipower, tripower and
quadpower variation in the presence of these effects. We shall thereafter introduce and study new
estimators based on multipower variation and the subsampling and averaging method. Finally a com-

parison between these two approaches will be made.
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5.1.1 Modelling market microstructure noise

Empirically, it is well known that the price process is contaminated by market microstructure effects.
This is why even though our previous tests for jumps were based on asymptotic results, their imple-
mentations using extremely large values of M can give misleading answers due to noise accumulation.
The larger the value of M, the closer we get to the asymptotic results but also the more market
microstructure effects disturb the real process.

We will try to combat the microstructure effect problem by using the skipped version of the
realised bipower variation, and by taking more adjacent observations into account, i.e., realised tripower
variation and realised quadpower variation (introduced in Chapter 4). Also new estimators based on
subsampling and averaging will be defined. To asses the effectiveness of these estimators in the presence
of microstructure noise we need to model a contaminated process.

The additive model is a popular one, which assumes that the noise is independent and identically
distributed across time and also independent of the true price process. This model has been analysed by
Bandi and Russell (2003), Corsi, Zumbach, Miiller and Dacorogna (2001), Hansen and Lunde (2006)
and Zhang, Mykland and Ait-Sahalia (2005). We will use it for simplicity although more general
models have been already proposed by Ait-Sahalia, Mykland and Zhang (2005), Hansen and Lunde
(2004) and Oomen (2002).

Let us define the contaminated log-price process as
Y=Y +m

where Y; is the true log-price, 7; the microstructure noise and Y; the observed log-prices. The returns

are defined as

}7]-5 — )7(j._1)5 = {Ygé - Y(j—l)é} + {77J'<S - 77(j—1)6}

Yi = YiTE

for j = 1,2, ..., [t/5].
Given a fixed time period h > 0 (here h denotes the period of a day) with |¢/6] = M intra-h
returns, let us now define

Yji = f’(i-1)h+j5 - Y(i—l)h-l—(j—l)é

for j =1,2,...,M. Hence §;; is the j — th intra-day observed return for the ¢ — th day and can also be
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seen as
Yii = Yji + €ji-
For the previous model we will impose the following assumptions

(1) The random shocks 7; are Gaussian i.i.d. with mean zero and variance o
(2) yjileje Vi, g

(3) The true log-price process Y; will follow the same SV model as in the previous chapters of this

2
n*

thesis, i.e., Y; follows the equation

¢ ¢
Y, = / adu + / osdWs, t>0,
0 0

where we denote A; = fg a,du. The processes 0; and A; are assumed to be stochastically independent
of the standard Brownian motion W, o, is cadlag, A; is assumed to have continuous locally bounded
variation paths and f(f o2ds < oo for all t.

Let us now simulate one thousand days of a contaminated log-price process. The true process will
be based on the CEV process described in Chapter 4 of this thesis where A = 0 and the leverage effect
is ruled out.

The true returns and the contaminated returns of the first five days of our simulated series are
shown in Figure 5.1 and 5.2 with o7 = 0.0001 and o; = 0.001 respectively. In both figures we plot
the returns for M=12, M=72 and M=288. It can easily be seen that as the value of M gets larger,
the series are substantially more affected by the market microstructure noise, i.e. higher frequencies
are more affected than lower frequencies. Obviously the difference between the true and the observed
returns also depends on the variance of the noise. In Figure 5.2, where the variance of the noise is
quite big, the noise completely hides the true process when M=288.

The problems caused by the market microstructure noise will depend on 0727 hence it is important to
know some empirical values. For this we can use the empirical noise-to-signal ratio, the ratio between
the noise variance and the estimated average integrated variance. In Bandi and Russell (2003) this
ratio equals 0.0002829 for IBM stock prices; in Hansen and Lunde (2006) it equals 0.000177 for Alcoa
Inc stock prices. To be coherent with these ratios in our simulations we need 02 = 0.0001. Therefore

n
we will study the cases where o2 = 0.00001, o7 = 0.0001 and o2 = 0.001.
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Figure 5.1. Plot of the true and observed return process with o2 = 0.0001.
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Figure 5.2. Plot of the true and observed return process with o2 =0.001.
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5.2 Bipower, tripower and quadpower variation in the presence of

market microstructure noise

Realised bipower variation has recently been used to split the components of quadratic variation into
one due to the continuous component and one due to the jump component of log-price processes. This
allows us to test for the presence of jumps (see Barndorff-Nielsen and Shephard (2004a and 2006)).
Realised tripower, quadpower and the skipped version of bipower variation were studied in the previous
chapter of this thesis as alternative estimators which can be used to test for jumps in the price process.

An important issue to investigate is whether these estimators still give adequate results when market
microstructure noise is present. The fact of skipping observations (skipped version of bipower varia-
tion) or using a number of adjacent observations to compute the estimators (tripower and quadpower
variation) may help to reduce the bias caused by market microstructure effects. Using simulated con-
taminated data we shall compute realised bipower, tripower and quadpower variation and the skipped
version of bipower variation and thereby attempt to assess the accuracy of these contaminated esti-

mations.

5.2.1 Signature plots

As a first approach we will use signature plots where the average values of the estimators are displayed
for different sampling frequencies. The sampling frequencies measured in minutes will be displayed on
a logarithmic scale in our signature plots. In all this chapter we will use the modified estimators (see
subSection 4.4.2 in this thesis) so each of them will be computed with the same number of observations.
This therefore avoids the bias caused by finite values of M. If the estimators are affected by market
microstructure effects, the bias will get bigger as the sampling frequency increases because these effects
induce serial correlation in the high-frequency returns.

This problem is evident from Figure 5.3. The size of the bias will depend on the variance of the noise.
When the variance is big (Figure 5.3 lower graph) all the estimators are biased for sampling frequencies
above thirty minutes. There does not seem to be an evident difference between the estimators used.
Only the skipped version of the realised bipower variation gives a slight improvement in the highest
frequencies, but even for this estimator the bias is quite severe and it will not give reliable results.

Bias is still present in the highest frequencies (above ten minutes) when using a smaller variance
for the noise (Figure 5.3 upper graph) although it seems to be quite smaller. Here there does not seem

to be much difference between the estimators in any of the sampling frequencies.
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It is impossible to say from the signature plots whether one estimator is more robust to market

microstructure noise than the others, hence we need to study them further.
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Figure 5.3. Signature plot when microstructure noise is present for simulated data.

5.2.2 Finite sample behaviour

As the signature plots just gave us a preliminary insight into the problem of autocorrelation in our
estimators when market microstructure noise is present, we will now assess the accuracy of the mixed
normal asymptotic approximation to their distribution in the case of contaminated observations.

We studied in Chapter 4 the finite sample behaviour of realised bipower, tripower and quadpower
variation if computed with true data. Here we shall focus again on their finite sample behaviour but
this time in the case when they are computed with contaminated data.

If market microstructure noise did not have any effect on our estimators, we would have the

following limit distribution for the realised bipower variation error

[t/8)-1

1 _ . t L
p Z | 5 1| Gj+1 | —/o o2ds p = N(0,vpv)
i=1

5172, [ otds

where vgy ~ 2.60907,
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for the realised tipower variation error

) 1t/6) -2 t )
{“2_/% | G5 P G P72 a7 —/0 afds} L N, vrv)

8§12/ [% g4ds j=1

where vy =~ 3.0613,

for the realised quadpower variation error

1 { ) Lt/éJ—s\/ . .
H1/9 | 95 1| G1 | Tiae || Gjes | —/ 02d8} - N(0,vgv)
§1/2,/ [2 atds / j=1 ! o

where voy ~ 3.37702

and for the skipped version of realised bipower variation error

. 1t/6]—2 . .
{Nfz Z | G5 |l Fj+2 | —/0 Uzds} ~ N(0,vsBv)

812,/ [¥ atds j=1

where vgpy ~ 2.60907.

In Table 5.1 the bias, standard error and coverage rate of the previous infeasible errors are recorded
for 0,27 = 0.00001, 0727 = 0.0001 and 072] = 0.001. From this table we can see that realised tripower and
quadpower variation seem to be the least affected by the market microstructure noise. Nevertheless,
when the variance of the noise is too big the noise completely hides the true process and with high
sampling frequencies none of the estimators give adequate results. When the noise is not that big,
there are still some problems beyond 5 minutes returns. In all the cases low sampling frequencies do
not seem to be heavily affected by the noise but our theory is based on asymptotic assumptions hence
low frequencies lead to inefficient estimations. So far none of our estimators seem to solve the problem

of microstructure noise if the noise’s variance is sufficiently big.

5.2.3 Test for jumps in the presence of noise

The main interest of bipower variation is that a test for jumps in the price process can be established
by substracting realised variance from realised bipower variation. It can also be performed with re-
alised tripower or quadpower variation. When market frictions are present the real power of this test

is unknown as both the realised variance and the realised bipower (tripower or quadpower) variation
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are affected. We shall study the effect of market microstructure noise on the test by applying it to

simulated contaminated data.

M BV TV Qv SBV
Bs | SD [Cov | Bs | SD |{Cov| Bs | SD | Cov || Bs SD | Cov
107°
24 —.11 1 1.01 | 954 | —.11 | 1.01 | 95.0 || —.11 | 1.02 | 95.5 || —.13 | 1.01 | 95.6
72 —.06)1.02 | 948 | —.06|1.04 | 944 || —.05|1.04 | 943 || —.07 | 1.05 | 94.0

144 {| .03 | .97 | 96.3 | —.03 | .97 [ 96.0 | —.02| .98 | 955 || —.01 | 1.01 | 95.0
288 || 0L | 98 | 946 | .10 | 1.00 | 944 | .09 |1.02|950 | .11 | 1.02 | 94.3
720 || .51 | 1.02 | 91.0 | 47 |1.03]|91.7| 45 |1.03/924 | .52 | 1.01 | 92.3
1440 || 1.50 | 1.11 | 67.0 || 1.37 | 1.10 | 70.7 || 1.29 | 1.09 | 72.4 || 1.49 | 1.12 | 67.3
1074
24 || —.08[1.00]951 ) —.09|1.01]952]| —.09]1.01]957]| —09] 1.01 | 95.3
72 08 | 1.05]943 | .08 |1.05]|93.7]| .07 |1.06]93.9] .08 | 1.06 | 93.6
144 || 41 [1.04 {916 | .39 |1.03|91.4 | .38 [1.05|909 | .43 | 1.06 | 91.0
288 || 1.32 | 1.13 | 725 || 1.23 | 1.14 | 743 || 1.17 | 1.15 | 77.0 || 1.31 | 1.17 | 71.5
720 || 539 | 1.89 | 1.7 || 495 | 1.81 | 2.8 || 469 | 1.77 | 46 || 5.22 | 1.80 | 1.5
1440 || 156 | 405 | O || 143 |3.78| 0 | 135|362 0 | 148 | 381 | 0
1073
24 19 | 1.08 931 .15 |1.08]933| .12 |1.09|935]| .18 | 1.09 | 92.5
72 || 1.59 | 1.41 | 63.3 | 1.45 | 1.39 | 66.4 || 1.39 | 1.38 | 69.5 || 1.54 | 1.38 | 65.1
144 || 4.86 | 2.11 | 6.1 | 4.48 [ 2.03| 83 || 425 |1.99 | 11.3 || 466 | 1.99 | 7.3
288 || 142 {404 0 || 131|382 0 | 122 (366} 0 | 133|378 0
720 || 576 | 145| 0 | 525|133 0 | 494 (126 0 | 525|129 | 0
1440 || 164 | 389 | 0 150 | 354 | 0 141 {333 © 148 | 345 | 0

Table 5.1: Bias, standard deviation and coverage rate of the infeasible standardised realised bipower, tripower, quadpower

and skipped bipower variation error in the presence of microstructure notse.

If the test is not affected by market microstructure effects then the convergence results of Theorems
1, 2 and 3 of this thesis should hold. An infeasible ratio test for jumps can be based on these results

using each one of our estimators.

Table 5.2 shows the bias and standard deviation of the test statistics as well as the coverage rate
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of the test when there are no jumps in the real process for different values of the variance of market
microstructure noise. Table 5.3 also shows the bias, standard deviation and coverage rate of the test
but this time when a jump of given size is included. It appears from these tables that the presence of
jumps is underestimated when prices are contaminated by market microstructure noise. Even when

jumps are big, the noise can dominate the process and completely hide them.

M 24 144 1440
Bias SD | Cove | Bias | SD | Cove || Bias SD | Cove

1079
RBV || —.308 | 1.06 | 89.6 | —.099 | .99 | 93.3 || .982 | 1.15 | 97.8
RTV || —.258 | 1.02 | 91.1 || —.070 | 0.98 | 93.9 || .663 | 1.16 | 97.8
RQV || —.256 | 1.03 | 91.3 || —.073 | 0.99 | 94.3 | 499 | 1.14 | 97.5
RSBV | —.327 | 1.06 | 87.9 || —.084 | .99 | 93.8 || —.004 | 0.96 | 95.6
10~4
RBV | —.283 |1.05| 89.2 || .179 |1.02 | 958 || 3.72 | 1.65 | 99.9
RTV || —.238 | 1.03 | 91.4 | .1001 |1.01| 96.3 || 245 | 1.32 | 99.9
RQV || —.230 | 1.04 | 92.7 || .055 |1.02 | 96.3 || 1.84 | 1.21 | 99.7
RSBV || —.317 | 1.08 | 88.4 || —.112 | 1.01 | 94.2 || .014 | .969 | 95.8
1073
RBV | —.101 | 1.04 | 924 || 1.03 |1.02| 99.1 || 571 | 0.89 | 100
RTV || —.098 | 1.05 | 93.3 | .627 | 1.04 | 98.7 | 3.69 | 0.98 | 100
RQV || —.103 | 1.06 | 93.6 || .445 |1.04 | 98.1 || 2.77 | 1.01 | 100
RSBV || —.292 | 1.09 | 88.8 || —.152 | .996 | 93.5 || .014 | 0.96 | 96.1

Table 5.2: Bias, standard deviation and coverage rate of the infeasible ratio test for jumps in the presence of microstruc-

ture noise.

When market microstructure noise is affecting the price process the test for jumps can be ineffective
and give totally wrong anéwers. For low frequencies jumps are difficult to detect and for high frequen-
cies they are hidden by the market microstructure noise. In the presence of jumps, the skipped version
of realised bipower variation gives slightly better results, even though the improvement is negligible.
If either the noise’s variance is too big or the jumps are too small then none of our estimators will be

reliable. We should therefore resort to an alternative estimator.
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M 24 144 1440
Bias | SD | Cove || Bias | SD | Cove | Bias | SD | Cove

o2 = || 1074

50%

RBV || —426 | 1.14 | 85.0 || —.327 | 1.36 | 85.5 || 3.18 | 1.74 | 99.7
RTV || —-371 109 | 873 || —.344 | 1.26 | 85.7 || 1.97 | 1.41 | 99.3
RQV || —.350 | 1.08 | 87.6 || —.342 | 1.21 | 86.8 || 1.40 | 1.28 | 98.9
RSBV || —.479 | 1.16 | 84.2 || —.578 | 1.38 | 83.6 || —.501 | 1.25 | 83.4
20%

RBV || —.291 [ 1.07 | 89.5 || .096 | 1.06 | 944 || 3.65 | 1.64 | 100
RTV || —.237 1 1.04 | 915 || .023 |1.02 | 944 || 2.36 | 1.31 | 100
RQV || —.223 | 1.05 | 919 || —.004 | 1.02 | 94.6 | 1.75 | 1.19 | 99.7
RSBV || ~.317 | 1.09 | 87.8 || —.179 | 1.01 | 92.6 || —.081 | .998 | 94.3
0727 = 1073

50%

RBV || —.211 | 1.08 | 90.5 || .915 | 1.04 | 98.5 | 5.63 | .909 | 100
RTV || —-.212 |1.09 | 90.5 || .573 | 1.05| 981 | 3.61 | 1.01 | 100
RQV || —.207 | 1.10 | 90.8 || .413 | 1.06 | 98.2 || 2.69 | 1.03 | 100
RSBV || —.384 | 1.14 | 85.6 || —.174 | 1.01 | 93.3 || —.055 | .993 | 94.0
20%

RBV | —.161 | 1.07 | 91.5 995 |1.02] 99.2 || 5.67 | 0.91 | 100
RTV | —.162 | 1.07 | 91.5 642 | 1.05| 984 || 3.64 | 1.01 | 100
RQV || —.160 | 1.09 | 91.6 || .477 | 1.05 | 98.7 || 2.72 | 1.03 | 100
RSBV || —.332 [ 1.13 | 86.5 || —.109 | .984 | 944 || —.029 | 0.99 | 94.6

Table 5.3: Bias, standard deviation and coverage rate of the infeasible ratio test for jumps in the presence of microstruc:

ture noise when the price process includes a jump component.
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5.3 Estimators based on subsampling and averaging

5.3.1 General estimator of actual variance

Realised variance computed from the highest possible frequency data ought to provide the best possible
estimate for actual variance but market microstructure effects can really invalidate asymptotic results.
Although realised bipower, tripower and quadpower variation seem to prove adequate when the vari-
ance of the market microstructure noise is small, they are unreliable whenever it is large. Zhang,
Mykland and Ait-Sahalia (2005) have introduced a new estimator for the actual variance based on
realised variance that gives better results. They point out that although sampling at low frequency
merely reduces the impact of market microstructure effects rather than to correct them for the volatil-
ity estimations, subsampling and averaging seems to be the only way to deal with them. Hence in
order to benefit from the low frequency data properties they propose to select a number of subgrids
of the original grid of observation times. Then they average the estimators derived from the sub-
grids to obtain a new estimator which is less biased than realised variance in the presence of market
microstructure effects.

The necessary assumptions are, as in the case of realised variance, that the log-prices Y; follow the
stochastic volatility model described previously in this thesis.

They suppose that the total grid of observation times G = {to,---,t,} is partitioned in K non-
overlapping subgrids G*) for k = 1,---, K. This can also be seen as G = UK_,G(¥) where G¥)NG(H) = ¢
when £k # 1.

To select the k" subgrid G*) they start with ¢5_; and then pick every Kth sample point after that

until the end of the series, T. In other words,

g(k) = (th—1,tho1+K) th—142K," " ’tk—1+nkK)

for k = 1,---,K where ny is the integer making ty_14n,x the last element in the corresponding
subgrid.
The number of elements in the total grid is n + 1 whereas each subgrid has ny 4+ 1 elements. The

ny need not be the same for all k.

Afterwards they calculate the realised variance for each subgrid, i.e.

[Yf({ljs]t = Z (Ytj+ - Ytj)2

tjtj+€GR)

where if t; € G (k) then tj+ denotes the following element in gk
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By taking the average over all the subgrids

Mx

Y6 (avg)
k:

they get a new estimator of the actual variance. Given a constant K,asn — oo and so d | 0

t
MWWMmz/ﬁm
0

5.3.2 New estimators based on realised variance, bipower, tripower and quad-

power variation

First, let us define

) 260G+1)
0%5; = / o,du,
28§

, 8(25+3)
)\25,]' = / Uudu,
8§(2j+1)

0 3(j+1) R
05; = / o, du.
6j

Following the idea of Zhang, Mykland and Ait-Sahalia (2005) and focusing on the case when K=2,

we can define for realised variance

v 1 (2)
Yl = 5 (50 + ()
where
|t/25] -1 [8/26] -1 a
[YQ(;)]t = Z (Yos+2)5 — Yizipe)” = Z (va5.5)°
j=0 7=0
|t/26]-1 \t/26]-1
low Z (026 j€25.5)° = Z (0525€5,2) + 05,25 +1€5,25+1)°
7=0 7=0
given that (yé};?j)2 = (y2; + 3/2j-|—1)2 and
1¢/26) -2 L @ )
[Y2(52)]t = Z (Yioj43)s — Y(2j+1)8 Z (y253
j=0 '
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|t/25] -2 1t/25)—2
z
LN (esgCes)’ = D (05251650541 + O52542€5242)°
2
éé?j)2 = (Y241 + Y2j42)%

Notice that

given that (y

2 _ 9 2
0255 = 0525 + 050541

As realised bipower, tripower and quadpower variation were constructed to obtain better estima-
tions than realised variance when market microstructure effects were present, we may expect that new
estimators using the subgrid and averaging technique on bipower, tripower and quadpower variation
will also be less biased than the estimator based on realised variance. Here we define these alternative

estimators.

Bipower Variation

Let us define the new estimator based on bipower variation,

1,1)(av 1 1)4[1,1 2)4(1,1
e = S (1Y + )
where
/26| -2
ynhiny o e Y, — Y95 || Yioizars — Yeo; |
[Yo5' 1 = Z | (2j+2)6 (27)6 11 £(2j+4)8 (2j+2)6
§=0
|t/26]~2 "
1 1
= Z | yéé?j | v26541 |
j=0
|t/26]~2
law
2> | osges; | o241 |
§=0
|t/26]—2
= Z | 05,25€525 T 06,2j+1€525+1 || 06,2j+2€5,2j+2 T 0525+3€5,2j+3
j=0
and
t/26]-3
Y(2) 1]  _ e Y, \ — Y. I
o5 li = Z | Yioj+3)6 — Y(2j+1)6 || Yi2j+5)6 — Y(2j+3)s
j=0
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|t/26]-3 :
(2) 2)
Z | Y25 j I Yas,5+1 |
i=0
|t/26]—3
law
2N | AasC265 1l Azsg+1Casg |
Jj=0
1t/26] -3
Z | 052j+1€52j+1 + 06,2542€5.25+2 || 06,.2j+3€52j+3 + 05.2j+4€52j+4 | -
j=0

I

In this case notice that

(A2 2 1/2/,.2 2 1/2
026,j026,j+1 = (05,2j + 05,2j+1) / (052542 + 05,2j+3) 2,

Tripower Variation

The tripower variation case can be defined as

2/3,2/3)(av 1 2/3,2/3,2/3 2),(2/3,2/3,2/3
[v5)12/3:2/3:2/3) 9)25([Y2(;)]£ [32/32/3) | [y D)[2/3.2/ /1)

where

1t/26] -3

[YQ((SI)]?/ 32/3.2/3) Z | Yooia2p — Yiojyo 3] Yigjaars — Yiojsays 13| Yigjrers — Yijraps [2°
=0
1£/26] -3

1 1 2/3) ,,(1) 2/3
= Z ' yég’)j ,2/3| yé&?jq.l ' / l y26,j+2 ' /

=0
\t/25]-3

2/3 2/3 2/3
2N | ousges; 7Pl oasieas g 173 024025542 [
J=0
1t/26) -3
2/3 2/3
= E | 052j€52; + 05.2j+1€6,2j+1 | 3| 059542€50542 + 052543652543 |
=0
. . 12/3
| 052j+4€52j+4 + 05,2j+5€5.2j+5 |

and

t/26) 4
3 2/3
[}3(5)]1[52/3'2/3’2/3] = Z | Yioj43)5 — Y(2j+1)s %3] Yioj1806 — Yi2j4+3)6 %3] Yigj4m5 — Yiojasys 1/

=0
|t/26]—4

2 2 2/3) ,.(2) 2/3
= Z l yéd,)j |2/3| @/éa,)j+1 | / | Y2542 | /
j=0
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lt/26] -4

!
2N hasjCass [P AasjrrCas gt 3] NasjraCas iz [P
j=0
1t/26] 4

2/3 2/3
_S_ i 06,2j+1€52j+1 + 05 2j+2€52j+2 | / | 065,2j+3€5,2j+3 1 05,2+4€52j+4 | /
J=0

2/3
| 05,2j+5€5,2j+5 + 05.2j+6€5,2j+6 | /3.

Here notice that

2/3 2/3  _2/3

(a2 2 1/3, 2 2 1/3, 2 2 1/3
0957926, j+1925 j+2 = (6,25 + 052541) "*(052j12 + 052j43) / (05944 + O52j45) /3,

Quadpower Variation

Finally, let us define the following estimator based on quadpower variation,

1/2,1/2,1/2,1/2 1/ ()401/2,1/2,1/2,1/2 2)1[1/2,1/2,1/2,1/2
[YJ]E/ /2,1/2,1/2)(avg) 25([Y2(5)]£/ /2,1/ /]+[Y2(6)]1[ﬁ/ /2,1/ /])
where
|£/26]—4
[Y2(61)]£1/2,1/2,1/2,1/2] _ Z | Yioj42)6 — Yios |1/2| Yoj406 — Yioj42)8 |1/2
i=0
| Yoj+6)5 — Y(2j+4)6 |12 Y186 — Y(2j+6)s /2
2 1) (1) (1)
1 1 i 1/2
= Z | yéé,)j /2] Y25,5+1 /2] Y26,5+2 | /2l Y25,5+3 kK
Jj=0
L2 . 5
2N | ousgeasy IV?] oas 1605541 12| 095 j4oeas, 42 |M/%| 025 €28 43 |
=0
|¢/26]| -4
= Y |ospsesn + 0szrreszit1 V2] 0s254ae52542 + 0543652543 |12
j=0
| 05.0j+4€5.2j+4 + O62j+5€6.2j+5 | /2| Osjr6€s52j+6 + Os2i7€82547 |/
and
|¢/26] 5
Yy /2R > 1 Yjam)s — Yioj41)s 12| Yoj1505 — Yizjwaps |2
j=0

| Yioj4m8 — Y2458 k& Y(2j+9)5 — Y(2j47)6 M2
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1t/26] -5

1/2 1/2 1/2)..(2) 1/2
Z |y25 l/‘y26,g+1| |y263+2|/‘y26j+3‘/
=0

1t/26]~5
1/2
Z | Mas,iCosg 1M Aasj1Cas it |M2] Moo jaCasjna |V/2] AosjraCossvs |2
j=0
1t/26] -5

law

) . . . 1/2 1/2
= D losajmesajn + ospsraesnsea V7 0254560548 + Os2jsacora |V
j=0

, . _ , 1/2 1/2
| 05,2j+5€8,2j+5 T 05,25j4+6€525+6 | / | 06,2j+7€6.2j+7 + 05,2j+8€5,2j+8 | / .

Here we have that

2 12 1/2 12

1/4, 2 1/4
26]026]+1 26,j+27 26,7+3 T (06 23+05 2]+1) / (

2 1/4, 2 2 1/4
052j421052j+3) / (052j+41052j+5) / )4,

2 2
(052j+61052j4+7

5.3.3 Daily time series

In order to produce daily time series, we need to consider a fixed time period h (corresponding to the
period of one day) with |t/§] = M intra-day observed (and contaminated) returns, during each day,
defined as
Fii = Y 1)h+(j+1)6 — Y/(i—l)h+j6a
for the j — th intra-day return in the ¢ — th period.
Let us point out that a bias is introduced by using finite values of M because each estimator
will have a different number of components in the summation. To avoid this the following modified

estimators will be used throughout this chapter

av 1) 41,1 M/2—-1 2) 4[1,1
arf e = 3 (gl + g,

3y

[YM]£2/3,2/3,2/3](avg) _ %( M/2 2y,

2) 412/3,2/3,2/3
P2 () RIS/ | M1y @) a/s2121])

M2—3 Y pmy2lt

[YM][1/2,1/2,1/2,1/2](avg) l( M/2 Y

1/2,1/2,1/2,1/2) (2)
M/2=3 M/][/ /2 +M/z Y,

(1/2,1/2,1/2,1/2)
A )

)

1,0,1)(av M/2 1) 1[1,0,1] | M/2—-1+,(2) 7[1,0,1]
{00 = 3 (g kO + S R Y).
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5.3.4 Asymptotic distributions

To assess the behaviour of our new estimators under market microstructure noise we need them to

converge in distribution.
Given the assumptions in Barndoff-Nielsen, Graversen, Jacod, Podolskij and Shephard (2005) and

Barndoff-Nielsen, Graversen, Jacod and Shephard (2006), we can obtain the asymptotic distributions
below by setting A = 0.

Result 1
IfY e SVSM¢thenasd |0

(1) ¢ o2ds 2 1 t
1 Y25 (2 fot L unN 0, /agds .
20\ [v,; t—fo o2ds 1 2/ Jo

Hence we get

1

812,/ [T ods

¢
([Ya]ﬁ‘“’g) ——/0 agds) L N(0,3).

Result 2
fY e SVSMC¢thenasé |0

Y(l) (1,1] i 2d8 k1,2 k2’2 t
JL [2‘52)[11] ulft L MN|o, /a;f;ds
28 [y — p? [y olds koo ki2/ J0
2.592 0.988 t
MN |0, / olds |.
0.988 2.592 0

1

Hence we get

. ([Ya]y’l](avg) — 1 /Ot Ugds) 4 N<0, 19Bvs)

51/2 /ft 4ds

where gy s = (2ky 2 + 2k22)/2 >~ 3.581.

Result 3
IfY e SVSMCthenasd |0
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i <[Y2(51)]£2/3’2/3’2/3] — 35 Jy afds) Lo <O <k1,3 k2,3> /t Ny
\/ 5% — , o.ds
26 [Yz((sz)]£2/3’2/3’2/3] _ Ng/s f(f o2ds kas kis ) Jo
3.049 1.018 t
~ MN| O, / olds ).
1.019 3.049 / Jo

Hence we get

1 v t
([Y5]£2/3'2/3’2/3]( 9) ‘Ng/s/o afds) ‘Ii’N(O,ﬁBTS)

5124/ [F odds

where Uprg = (2]&‘1,3 + 2k2,3)/2 ~ 4.067.

Result 4
IfY € SVSM¢ thenasé | 0

(1)4(1/2,1/2,1/2,1/2) 4 [t 2
_< 20 7t 172 Jo )-»L MN(O,( b 24)/ afjds>
0

2 , ) ,
20 \ [ D)2 s J o2ds kaa ki
3.377 1.013\ ¢
~ MmN/ o, / agds |.
1.013 3.377 ) Jo

Hence we get

1 a !
([Y5]£1/2’1/2’1/2’1/2]( vg) _ N‘f/z/ aﬁds) L N(0,03Q5>
0

81/24/ [t otds

where dpgs = (2/‘61,4 + 2](32,4)/2 ~ 4.389.
The derivations of these results are given in appendix A5.1

5.3.5 Signature plots

Now, in order to assess now the accuracy of our estimators we will use the simulated series described
in Section 5.1.1. Firstly we shall check whether the use of subgriding and averaging in the calculations

of the estimators reduces the bias caused by market microstructure effects.
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Figure 5.4. Signature plot for the subgriding and averaging estimators when microstructure notse is present.

Signature plots in logarithmic scale (Figure 5.4) show that the bias is still a problem when very
high frequencies are used to calculate the estimators. Nevertheless, it appears that the use of subgrids
and averaging reduces the bias. By comparing the upper graph in Figure 5.4 to the upper graph in
Figure 5.3, we can see that now all the estimators seem robust to microstructure noise when using
five minutes returns. There is still some bias for frequencies larger than two minutes but not as much
as with the standard estimators. From the lower graph, where the variance of the microstructure
noise is large, notice that the bias is still quite important for high frequencies but this time just for
sampling frequencies above fifteen minutes. As in Figure 5.3, here again there is no obvious difference
between the estimators. Although subgriding and averaging lowers the bias due to autocorrelation in
high-frequency data, it increases the bias due to discretization in low frequency data. With ninety

minutes returns a bias can be observed, certainly because of the subsampling.

5.3.6 Finite sample behaviour

To reinforce the results, Tables 5.4, 5.5 and 5.6 give an alternative and more complete view of the
analysis. By using the asymptotic distributions of the estimators calculated using subgriding and

averaging (results 1, 2, 3 and 4) we can compare these new estimators with the standard ones more
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precisely. These tables report the bias, standard deviation and coverage rate of the infeasible stan-

dardised t-statistics.

M RV RV, RBV RBV;
Bias | SD | Cov || Bias SD Cov Bias SD | Cov | Bias SD Cov

0

12 |} —.018 | 1.01 | 95.3 || —.155 | .995 | 96.4 | —.172 | .999 | 96.8 || —.422 | .953 | 97.2
72 4 —.047 | 1.03 | 945 || —.082 | .995 | 954 | —.081 | 1.02 | 94.9 || —.109 | 1.03 | 93.9
144 || —.033 | 1.00 | 95.2 || —.081 | 1.01 | 95.7 || —.080 | .962 | 96.4 || —.086 | 1.02 | 94.5
288 || —.013 | .984 | 95.5 || —.043 | .999 | 96.2 || —.027 | .976 | 95.5 || —.067 | .996 | 95.8
720 || —.004 | .955 | 95.7 || —.014 | .982 | 95.7 || —.015| 983 [94.8 || —.040 | .974 | 95.5
1440 || .041 | .988 | 95.3 || 0.017 | .960 | 96.1 008 | 978 |1 953 | .013 981 | 95.6
10—

12 040 [ 1.04 | 95.1 || —.147 | 999 | 96.3 || —.150 | 1.01 | 96.3 || —.418 | .952 | 97.3
72 141 | 1.06 | 93.6 || —.007 | 1.00 | 95.2 082 | 1.05 | 943 | —.046 | 1.03 | 93.6
144 508 | 1.07 | 90.6 || .145 | 1.03 | 94.6 406 | 1.04 | 91.6 || .123 1.06 | 94.2
288 1.53 | 1.156 | 63.5| .580 | 1.04 | 89.2 1.33 | 1.13 | 72,5 || .512 1.05 | 90.1
720 599 {191 ]| 0.2 242 | 1.21 | 35.8 539 | 1.88 | 1.7 || 2.23 1.21 | 423
1440 || 17.0 [ 423 | O 6.94 | 1.98 0 15.6 | 4.05 0 6.55 1.96 0.1
1073

12 176 | 1.09 | 934 || —.097 | 1.02 | 955 || —.031 | 1.07 | 95.0 || —.386 | .966 | 97.1
72 1.85 | 141 [ 57.1 || .683 | 1.12 | 86.1 1.59 | 141 {633 | .571 1.14 | 88.5
144 536 |2.11| 2.8 213 | 1.34 | 4714 | 485 | 2.10 | 6.1 1.98 1.36 | 524
288 153 (411} O 6.16 | 2.05 | 0.6 142 | 4.04 0 5.87 2.11 1.5
720 60.1 {146 | O 244 | 6.05 0 57.5 | 14.5 0 24.1 6.22 0
1440 || 169 | 394 | O 69.3 | 16.2 0 164 | 38.9 0 69.4 16.8 0

Table 5.4: Bias, standard deviation and coverage rate of the infeasible standardised realised variance error, the infeasible

standardised realised bipower variation error and the subsampled ones in the absence and presence of microstructure noise.
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M RTV RTV,, RQV RQV;
Bs SD | Cov Bs SD Cov Bs SD | Cov Bs SD Cov

0
12 —.194 | 998 | 96.4 || —.518 | 877 |97.7 || —.217 | 997 | 96.9 || —.707 | .706 | 99.2
72 —.072 | 1.03 | 942 | —095 | 1.04 |943 | —.069 | 1.04 | 946 || —.089 | 1.05 | 93.9

144 || —.075 | 963 | 96.2 || —.073 | 1.05 |94.5{ —.070 | 974 | 95.8 | —.072 | 1.05 | 94.8
288 || —.024 | 990 | 95.1 || —.057 | 1.00 | 953 ) —.026 | 1.01 | 94.6 || —.052 | 1.02 | 94.7
720 || —.003 | .991 | 94.7 | —.032 | .964 | 959 | .006 | .993 | 94.9 || —.023 | .960 | 96.1
1440 | .010 | .982 | 95.5 | .022 980 1958 || .006 | .980 | 95.5 | .028 985 | 95.3

10~4

12 || —-.169 | 1.02 | 96.4 | —513 | .875 |97.7| —.193 | 1.02 | 96.4 || —.699 | .705 | 99.3
72 078 | 1.06 | 93.7 | —.037 | 1.04 |94.2| .074 | 1.06 | 939 || —.033 | 1.04 | 94.1
144 || 391 | 1.04 | 914 || .122 | 1.07 | 936 | .38 | 1.05 {909 | .118 | 1.08 [ 93.5
288 || 1.23 | 1.14 | 74.3 | 497 | 1.05 | 908 | 117 | 115 | 77.0| 489 | 1.07 | 89.9
720 || 496 | 1.81 | 2.8 || 2.09 | 1.19 |46.7| 469 | 177 | 46 || 2.02 | 1.19 |49.0
1440 || 143 | 378 | © 6.13 | 189 | 0.1 || 1355 | 3.62 | 0 587 | 1.83 | 04

10~3
12 || —.053 | 1.08 | 94.7 | —.486 | .889 |97.6 || —.080 | 1.09 | 95.1 || —.682 | .710 | 99.0
72 145 | 1.39 | 664 | 524 | 115 [89.1| 1.39 | 1.38 | 69.5 | .497 | 1.14 | 88.7
144 || 448 | 203 | 83 || 1.85 | 1.37 |565 ) 425 | 1.99 |11.3 || 1.77 | 1.37 | 583
288 || 132 | 3.82 | 0O 549 | 206 | 23 || 122 | 366 | 0 525 | 2.03 | 34
720 || 525 | 133 | O 224 | 5.86 0 494 | 126 | 0 213 | 564 0
1440 || 150 | 355 | O 64.3 | 15.6 0 141 {333 1] 0 61.3 | 14.9 0

Table 5.5: Bias, standard deviation and coverage rate of the infeasible standardised realised tripower variation error, the

infeasible standardised realised quadpower variation error and the subsampled ones in the absence and presence of mi-

crostructure noise.

125



M RSBV RSBV,
Bs SD Cov Bs SD Cov

0

12 || —.230 | .968 | 97.1 || —.551 .848 98.5
72 || —.093 | 1.05 |94.3 | —.113 1.04 94.6
144 || —.068 | .994 | 94.9 || —.095 1.07 94.3
288 || —.023 | 1.01 |94.6 || —.057 1.03 93.5
720 .001 970 | 95.2 || —-.010 974 95.2
1440 || .022 991 [ 95.2 | .022 975 95.2
104

12 || —.208 | .981 | 97.0 || —.546 848 98.3

72 075 1.06 | 93.6 || —.048 1.05 94.7
144 429 1.06 |91.0 | .115 1.09 92.9
288 1.31 1.68 | 71.5 || .526 1.07 89.7
720 5.22 1.80 1.5 2.22 1.21 43.0
1440 || 14.8 3.81 0 6.34 1.88 0.1
1073

12 || —.095] 1.05 | 96.1 || —.512 .863 98.1

72 1.54 1.38 | 65.1 || .552 1.15 88.5
144 4.66 1.99 | 7.3 1.92 1.38 54.2
288 13.3 3.78 0 5.61 1.99 1.5
720 52.5 12.9 0 22.3 5.68 0
1440 || 148 34.5 0 63.3 15.0 0

Table 5.6: Bias, standard deviation and coverage rate of the infeasible standardised skipped version of realised bipower

variation error and the subsampled ones in the absence and presence of microstructure noise.

As revealed by the asymptotic distribution, our new estimators are less efficient than the stan-
dard ones. The tables confirm this fact. When there is no market microstructure noise, the standard
estimators give better results than the new estimators, i.e., they are less biased and their standard
deviation is closer to one. When microstructure noise is added to the price series, the new estimators
seem to be more robust for higher frequencies. When the variance of the noise equals 0.0001, the
bias, standard deviation and coverage rate of the new estimators exhibit a significant improvement

on frequencies above M = 144. Nevertheless for M = 720, even if the new estimators behave better
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than the standard ones, the bias is too big. In the case when the variance of the noise is 0.001 the
new estimators will be preferred for values of M higher than 24, but the noise will completely hide the
process for frequencies higher than M = 144. Irrespectively of the size of the microstructure noise, the
estimators based on realised tripower variation and realised quadpower variation give the best results

although the differences between all the estimators are very subtle.

5.4 Comparison of the bias of the different estimators caused by

market microstructure effects

When sampling at the highest frequencies, i.e. when § becomes asymptotically small, market mi-
crostructure effects can invalidate the estimation of actual volatility. When working with very high
frequencies the return process will be very heavily contaminated and hide the true variation of the
log-prices. Although the efficiency of all the estimators studied in this thesis is based on asymptotic
conditions (§ | 0), the existence of microstructure noise introduces a bias due to noise accumulation.
Here we will try to determine the bias of each of our estimators when market microstructure noise is
present.

In order to obtain analytical results we need to use a simplified version of the model that incorpo-
rates microstructure noise into our price process. To this effect, let us define here the contaminated

returns as

Yi =Yi T &
for j = 1,2,...|t/d] where y; is the true return and ¢; is the market microstructure noise. Notice that
the difference between this and the original model (Section 5.1.1) is that the noise is added to the
returns and not to the log-prices.

Let us impose the following assumptions

(1) The random shocks €; are Gaussioan i.i.d. with mean zero and variance w?¥; where w is a constant
6j

§(i-1)
(2) The true returns are Gaussian i.i.d. with mean zero and variance 6¥;.

(3) y; L g;.

and ¥; = 3 o2du.

The bias of the realised variance, bipower, tripower and quadpower variation can be obtained from

the following expressions. The derivation of these results can be consulted on the appendix A5.2. Let
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us set K = §~1/2q then

(2] 2 /3]
E([Vsli")=(1+K*6 Y ¥,
j=1

Pt .
= [y o2du + bias,,

1t/6]—1
11
B = i+ K93S e
L[S o2du + biasp,
|t/6)~2
2/3,2/3,2/3
E(Y5)/22%8) = 3 (1 + K28 ;‘:‘1 R AR A

P ot .
= [y 02du + biasy,

t/6]~3

3 2) b
B[Vl /22 = it (1 + K28 > N R A A
]:

Pt .
=[5 o2du + biasg,

The bias of the sampling and averaging version of our estimators are given below. In appendix

A5.2 the derivation of these results are also given.

2](avg) ) {t/26] -1 [t/26] -2
E([Y5)," ") = (1 + K?)1/2 (5 Zl (W25 + ¥gjt1) + 6 Zl (U241 + ‘1’2j+2))
j= j=

Pt :
= f5 o2du + biasryss

. lt/28)-2 o . \t/26)-3
B = 2258 vl vy )
Jj= Jj=

P

t .
= aﬁdu + biaspyss

|t/26)-3 |t/26] -4
2/3,2/3,2/3](a _ 1/3.1/3 1/3 1/3 +1/3 +1/3
E([y;)P/32/28@) = 2 1 +K2)25( J_Zzl Uo5 VoiaVoiya + jz;_l YA ZIAR O +5)

Pt :
> [, o2du + biaspss
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[3,1,1 1)(avg) [t/26] -4 |t/26] -5 )
Bale =5 = vk vty ullfieor L Wl ble s
J= j=

As previously described, we can observe how the bias grows by sampling more and more frequently.
In all the cases we can observe how the bias explodes as the sampling frequency increases; as 6 | 0 the
bias tends to infinity. Observe that the bias depends on the sampling frequency and on the variance
of the noise added to the returns.

Here we obtained that

biasy, ~ biasy, ~ biasy, ~ biasqy,

if we define that as ~ by if %? — 1 when § — 0. Similarly we obtained that
biasryss ~ biaspyss ~ biastyss ~ biasqyss.

A different relationship would have been expected. The use of adjacent observation is thought to
reduce the bias. The problem is that we are using a simplified version of the original model that
incorporates the market microstructure effects. By adding the noise to the returns and not to the
prices, we are not including into our model the complete accumulation of noise. Nevertheless, these

results give an preliminary insight of the problem.

5.5 Conclusions

The aim of this chapter was to introduce market microstructure effects and determine how they
affect the estimation of the actual variance when using high-frequency data. It is well known that
estimators of actual variance become biased in the presence of market frictions when increasing the
sampling frequency, nevertheless their asymptotic properties oblige us to sample at the highest possible
frequency. Alternative approaches are needed to overcome the bias-variance trade-off.

When high-frequency data is available, the usual financial practice is to sample sparsely to reduce
the bias caused by the market microstructure effect in the realised variance. In this chapter we claimed
that using adjacent observations, i.e. realised bipower, tripower and quadpower variation reduces this
bias without throwing away too much information. Although these estimators improved the results
given by realised variance, the market microstructure noise can completely hide the true process if

its variance its big enough. Therefore we constructed alternative estimators based on the sampling
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and averaging technique introduced by Zhang, Mykland and Ait-Sahalia (2005). These estimators are

considerably more robust to the noise although a bias still exists when using very high frequencies.
Recently a lot of research is being focused on market microstructure noise, its effects, its quantifi-

cation and correction. Here we just gave some alternative estimators that improved the use of realised

variance, although they did not turn out to be completely robust to the noise. Further research is

needed in this area.

5.6 Appendix: Derivations

A5.1 Derivation of the asymptotic distributions for the subsampling and averaged

based estimators

For the derivation of the asymptotic distributions of this chapter we will set the assumptions in
Barndoff-Nielsen, Graversen, Jacod, Podolskij and Shephard (2005) and Barndoff-Nielsen, Graversen,
Jacod and Shephard (2006) to hold. Also we set A = 0.

Derivation for Realised Variance

We need to find the covariance matrix of
1)[2
/i ( Y2(6 £] ft 2d3>
(2)4[2 t
26 [ ) [ ] fO 2ds
Notice the following results when ¢ | 0,

1 t
5’5 ( [Y2(61) ]?] / : dS)

t/26] -2
la'w 9 )
\/ Z (0s,25€5,2j + 05,2 +1€5, 2]+1) (059, + ‘76,2j+1))

Lt/26J —2
/ 2 2 2
= Ua,zj(fa,zj = 1)+ 05241652541 — 1) + 206,2j06,2j+165,2j€5,2j+1))

[t/26j -2 Lt/25J -2 )
26 Z 25,] = 25 Z 062j+052j+1)
7=0
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| /2812

= 25 Z 062]+062j+1+206210623+1)
j=0

S / oids.
0

This comes from the fact that

Lt/25J 2 1(1 [t/26]—2 1 /1 [t/26] -2
25 Z% 0623 +0523+1+20523052J+1) 5(5 Z (U§,2j+0§,2j+1)> +§(5 Z 20§,Qj0§,2j+1>
j= §=0 §=0
t t
2 1/2/ a‘;ds+1/2/ oids
0 0
as
Lt/é] 1 1[t/26J-2
_ 4
Z "64 = 3 Z (05,2j+0§,2j+1)
j=0
t
2 /a?ds
0
and
Lt/&J -2 ] |t/26]—2 |t/26]—2
_ 2
Z 05,J06,1+1 = g( Z 06,2j0§,2j+1+ Z 0§,2j+10§,2j+2>
§=0 j=0
t
2, /agds.
0
With the previous results it is easy to obtain the variance,
L _ [ o
| 14/26]-2
l
= % Z 0505V ar(€o; = 1) + 0595 1V ar(€dgj41 — 1) + 403 5,05 551V ar(es 25652 11)
=0
. Lt/26J—2
= 2(_5 Z 031,2]'+U§,2j+1+2‘7§,2j0§,2j+1)
Jj=0

2 2/ ohds.
0

Analogously, we can obtain that
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Var <\/16([Y(2) 2 f(f 2d3)> 22 f(f oids.

For the covariance, we have that

co (o= [t o [ dw)
o (- L))o (- [ )
1

law 2 (.2
2 B ({ (o30(cho = 1)+ 30(chs — 1) + 2050051¢50651) + (0Fa(ea — 1) + oFa(ehs — 1)
+20'5,205’365,265,3> + ... } . { (ag’l(e?;,l -1)+ 032(6%,2 —1)+ 205, 0'5’2657165’2)

+(‘7§,3(€§,3 - 1)+ 03,4(63,4 -1+ 206,306,465,365,4) + ... }

| L/28)=3
= 95 Z Ug,sz(fg,zj - 1% + U§,2j+1E(€§,2j+1 - 1)2)
. 2513
= 25( JZO 0623+0623+1)

Rt /agds
0
Then
o Ly _ [ o2gs) L (@ [ 2\ 2 [
ov %([Y% ]t - 0 Os S)’ 2—5([Y26 ]t - 0 Usds) - 0 0'st

Derivation for Realised Bipower Variance

We need to find the covariance matrix of

I (/J’I Y 1 = f o 2d8>

% [Y(2 [1 1 f(; 24
If 6 | 0, we have that

1 - 1)4[1,1 !
Var( 55 ( N12[Y2(6)]£ ]_/Oafd3)>
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|/26] —4 |t/26)—4
law 1 _4 2
= %/J,l Var Z Iyg(g,] | y25J+1 | —p1 Z 024,j026,j+1
t/26]—4
Z | 026,j€24,5 || 025,7+1€26,5+1 | 1026,]026,3-1»-1)
=0
) |t/26]—4
_ —4
= o5t Var( Z | 05,25€525 + 0s52j+165.25+1 || (05.2j+2€525+2 + 05.2j+3€5,2j+2) |
§=0

2,2 2 1/2(,.2 2 1/2
~p1(059; + 052541) / (052542t 052j+3) / )

N

[ 1 —4
= o5H Var

Assume that as 6 | 0 then 052; = 052;+1, therefore

] |t/26]|—4
—4
55#1 Var ( Z | 05,25€8,25 + 05,2j+1€5,2j+1 || 052j4+2€525+2 + 05,2j+3€5,25+2
j=0
2( .2 2 1/2( .2 2 1/2
—p1(0525 + 05 2j+1) / (059542 + T525+3) / )
z ] |t/26] -4
aw —4 2
= %Ml Var( Z 06,2j06,2j+2 | €5, + €5,2j+1 || €5,25+2€5,2j+3 | —2N106,2j05,2j+2)
j=0
and
Lt/26J —4 Lt/25] —4
_ 2/ 2 2 2/2
5 Z 0263 26,]-1—1 = 25 Z ‘7623+062J+1) g (‘76,2j+2+‘76,2j+3)/
=0
[t/26j —4

law 2 2
= 25 > 4035050542
=0

J_
» t
— / olds.
0

The variance can now be obtained

t/26] ~4
L 5 + || € € | —2ujos2;0 )
25#1 Var Z 062506,25+2 | €5,5 T €6,25+1 5,2j+2€6,25+3 ,U'l 6,2506,25+2

i=0
. [t/26J -4
= égm Z 03205 2542 (VC”"(I €5 + €5.2j+1 || €5.2542€5.25+3 | —207)
2
+2COU(| €5+ €s2541 || €6242€82j+8 | —207), | €542 + €5.2543 I] €62+4€8.2j+5 | —2N1))

. 1t/26] 4
= 5#1 4Cr +2C) Z 0§,2j0§,2j+2
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t
2 1/4u74(Ch + 2C2) / olds
0

1

t
2.592 / olds,
0

where

C, Var(| u 4+ u” H u" +u(IV) I)
C, = CO’U(| u +u// ” u" +u(IV) ‘7| u" +u(IV) H u(V) +u(VI) I)

The same procedure holds to obtain

1/ o @11 E P 4 L4
Var ——(ul Yo5 1t —/ asds) - 1/4p7 (C’1+2C2)/ o.ds
t
~ 2592 / ods.
0

Now we should obtain the covariance. We need to assume that when ¢ | 0 then os2; = 0525+1, SO

L op (101 "o 1 (2@ 2
COU( %(“1 Yos 1o = 0 Usds)’ 25(“1 Y25 0 asds)

[t/26]—4
! -
- 2611 ‘Cov( ) ospos2i+2(] €s2i + €521 || €si42€62543 | —2u7),
j=0
[t/26] -5
2
> 0e25+10525+3 | 62541 + €s2iw2 | €62j4a¢6244 | —2u1))
j=0
1 [t/26] -5
! -
g %:U’l 4 Z 0’(%,2]'0'(%,2]'4_2 (2C0’U(| €5,25 + €5,25+1 ” €5,2j+2€6,2j+3 I _2/1%7
Jj=0
2
| €5.2j+1 + €6,2j+2 || €6,2j+3€5,.2j+4 | —2u2) + 2Cou(| €52 + €5,2j+1 || €5,2j+2€6.2j+3 | —2,2,
2
| €5,2j+3 + €825+ || €525+5€5,25+6 | —2,u1))
|t/25]—5
- %“1—4 Z 05,2j06,2j+2(2C3 + 2Cy)
j=0

t
LA 1/4#1-4(203 + 2C4)/ O';Ids
0

t
:0.988/ ohds
0
where
Cs = Coo(|u +u" || u” +u™ [ fu’ +u” || ™) + ™))
Ci = Cov(|t +u" [|u" +u™) || ul™) 4l D+ ulVID) ).
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Derivation for Realised Tripower Variance

We need to find the covariance matrix of

7 <u2/3[Y2(51)][2/3 2/3,2/3] f(f afds)
26

95 2)+[2/3,2
2/3[Y2(6 ][ /3,2/3,2/3] fg o2ds
If 5 | 0, we have that

1/ _ 1),[2/3,2/3,2/3 t
Var ( 25( 3 v e/ /00§d8)>

aw 1 _g e s e s s en a3 s a
5¥ia 2/3V‘”"( Zo |y26_7 %/ | Y2641 %/ | Yas.j+2 %/ ~Ho/3 Z 096,57 26,J+1025,J+2)

j= j=

law 1 _g e 2/3 2/3 2 o232 523

= o5H 2/3Va7"( S Jousseans 2] oasireasgan [M°] ousjaeeasjvn [P —13/30%5 0555410 26,J+2)

/3816
25:“‘2/3‘/0'7‘ Z I 06,27€5,25 + 05,25+1€8,25+1 |2/3| (06,2j+2€6,2j+2 + 0'5,2j+3€6,2j+3) |2/3

=0

| (05,2j+4€5,2j+4 T 05,2j+5€5, 2j+5) | 2/3 —N2/3(0'5 2j T 0% 23)2 (‘76 2j+2 1 05 2g+3)2/6

2/6
(06,2j+4 + 05,2j+5) / )

Assume that as 6 | 0 then o52; = 05,2541, SO We obtain that

1¢/26]—6

2/3 2/3
5u2/3Var Z | 0625€5,2j + Oo2541€525+1 | 13| 05,25 +2€825+2 + 06243652543 | /
j=0

2/3 3 .2 2 2/6( 2 2 2/6, 2 2 2/6
| 052;+4€6,2j+4 T 06,2j+5€6,2j+5 % — i 3(05 25 + 052541) / (052542 + 52j43) / (052j+4 T 05.2;+5) /
j

|t/26]—6
law 1 _ 2/3 2/3 _2/3
= a2t 2/%‘/“7"( Z 5/2; 5/23+2 5/2J+4(| €55 T €5,2j+1 /3 €505 +2€5,2j+3 /3] €5,j+4 T €52j+5 /3
j=0
“2#3/3))
and
| Lt/28)- | /286
4/3 4/3  _4/3 2 2 2/3( .2 2 2/3(2 p 2/3
25 Z gé,J 2é,J+1 2§,3+2 = 3 > (9525 052541) 3(03 9542 + 82j43)" (03 244 + 032j45)"
=0
| le/28)-6

law 4/3 4/3 4/3
- 25 Z 4o 52] 523+2 62]+4

2 / gds.
0
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So then we find that

|t/26]—6
~6 o213 23 23 2/3 2/3 2
,u2/3Var( > 052i052j+2052; 14l €55 + €5.2541 3] €5.2j40€525+3 [/3] €52 13652544 |23
Jj=0
3
‘2N2/3))
) [t/26]—6
Z G343 4/3
5“2/3 6,2j96,2j+2962j+4

&=

I

2
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| €5,2542 + €5.2543 [*/3| €52j1a€52545 [7/°] €5,2j+6€5,2j+7 |2/ ~2433)
+2Cou(| €55 + €s2j+1 1*/%] €s2j12€52543 |73] €525 44652545 [/ —2u33),
| €s2ja+ espias 12| es2546€82547 177°] €5 48€82540 122 —2u3/3))
|t/26]~6
4/3_4/3 _4/3

1 6
= ‘2‘5“2/3(05+206+207) 2, 95,2596,25+295,2j+4
—

t
Tt 1/4;12'/%(6'5 + 2Cs + 206)/ oids

0
t
~ 3.049/ olds,
0
where
Cs = Var([ o+ u” |2/3| "+ u(IV) !2/3| U(V) -I-’U,(VI) I2/3)
Ce = CO’U(I u + o l2/3‘ um_l_u(IV) l2/3l U(V) + U(VI) |2/3,
0" V) 23] V) 4 (VD) 213 (VID | o (VIID) 12/3).

C;, = CO’U(I U +u/l |2/3| u" _,_u(IV) |2/3| u(V) +’U,(VI) |2/3,

V) (VD) 2/3)  (VII) |, (VIIT) 12/3,,.(IX) | (X) 2/3
R [“/°| u +u 1“/°| u + u't |49,

The same procedure holds to obtain

1 ! t
0 0

25 2/3
t
~ 3.049 / otds.
0

Now to obtain the covariance, we need to assume that when d | 0 then 059; = 05241, s0

1 vri2/32/32/8 _ [* o [1 (3. ,02/32/3.2/3] /t 2
CO’U( 26( 2/3[ ] 0 O'SdS), 25 (iu2/3[y ] 0 Usds)
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tw 1 |t/26]—6 5 ) )
2/3 23 2/3 2 2 2
= . , 2 2 3
25“2/300'” Z 06,2;95,2j+2 52]+4(| €5,2j T €5,2j+1 |3] €5,2j+2 + €5,2j43 |3 €5,2j4+4 + €5,25+5 |3 —2u2/3),
Jj=0
[t/26|—7
o2/3 2/3

2/3 2/3 2/3
Z 0525+19625+3%8, 23+5(| €5,2j+1 + €525+2 l / ‘ €5,2j43€625+4 ( / | €5,2j+5€6,25+6 2/3 —2,u3 )
» J J 2/3

[t/26) 7

law 1 §ss 4/3 _4/3 43
. ) 2/3 2/3
55H2/3 Z 0520525420 62]+4(QCOU(I65,2J+€5,2J+1 P/3) €525 12682543 17/3] €52 44€62545 22 —203 3,

| €52j41 + €5.2542 [7/°] €5,2j+3€5.2j44 |3 €5,2j+5€5,2j46 |/ —2,u3/3)
+2000(| €5.2; + €s2j1 [*°] e2542€52543 7| €62 5ae82545 172 ~203 5,
| €5,.2j+3€5,2j+4 |2/3| €6,25+5€5,2j+6 |2/3| €5,2j+7 T €5,2j+8 |2/3 —2u§/3)
+2Cov(| €525 + €5241 |73 €s9j42€52543 [7/°] €5,2j+4€5,2j+5 |/ —2N3/3,
| €s2j+5€525+6 /3] €5.247 + es2j+8 |3 €s2j19€525 410 |2/ —2,u§’/3))
1 /200 4/3 4/3 _4/3
= 55Ha) Z T52j962j+295.2j+4(2C8 + 2Co + 2C1o)
LN 1/4u2'/63(2C8 + 2Cg + 2C10) /Ot otds

t
~ 1.028 / otds
0

where

Cs = COU(] u +u” |2/31 " +u(IV l2/3] u +u (VI) '2/3

l o+ " ‘2/3| ’U,(IV) +u (V) ‘2/3| u(VI) +u (VII) l2/3)

Cy = Cov(|u +u" |2/3| W 4 V) |2/3| w4 (VD) |2/3,
| wIV) 4 V) |2/3| VD 4 o (VID) 23] (VI 4 (1) 12/3)

Cio = Cov(|u +u" |23 u” +uTV) 23 V) L VD 213,
| wVD 4 o, (VID) ,2/3| LV 4, (IX) |2/3, W) (XD |2/3).

Derivation for Realised Quadpower Variance

We need to find the covariance matrix of

1),(1/2,1/2,1/2,1/2
: (um[y;a irz/za2ar2 _ e, 2ds>

98 _ 2).[1/2,1/2,1/2,1/2
25 1/42[};( )][/ /2:1/2,1/2] fofds
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If § | 0, we have that

1 (1)1[1/2,1/2,1/2,1/2 t
Var \/ 5(N1/2[Y ]E/ /2:1/2,1/2] /Oagds)

o 1 [t/25)-8 |t/26]~8
#ganer( 2 VI 1800 1088 1185 | — T 1075202,
2% H/2 26,5 11 26,541 1l Y25,5+2 y263+3 K12 V/025,j026,j+1026,j+2025,j+3
§=0
o 1 Lt/26J—8
a'w . 1172 1/2 1/2 2
S5tV ar > lowsgeas; V2] oasii1€08541 V2] 025 a2eas vz [Y2] 025501625501 [V
J=0
G2 12 12 1)2
N1/2 26,5926,j+1926,j+2926,j+3
) |t/26]—8
. . ) . 1/2 1/2
5”1/2‘/“7‘ ( Y a0 + Osnjuresaint [V2] (0s2i42€s0i42 + T5543652543) |
j=0

| (06,2j+4€5,2j+4 + 05,2;+5€5,25+5) |1/2| (0’6,2j+6€5,2j+6 + 06,2j47€5,2+7) Il/2

4 2 2 \1/4/ 2 2 1/4, 2 2 1/4, 2 2 1/4
11/2(0525 + 0595) “(T52j42 + 05 2543) / (05244 + 05 2j+5) / (052j+6 + T52j+7) / )

Assume that as ¢ | 0 then o59; = 052541, SO

) [t/26]—8
e 1/2 1/2
% 1/2 Var Z I 06,2j€6,2j + 06,2j+1€6,2j+1 ‘ / I 05,2542€6,254-2 + 06,2j+3€8,2j+3 I /
Jj=0
| 050 a4 . . |1/2 . . . L |1/2
5,2j+4€6.2j+4 T 062j+5€82j+5 | /| 05,2j46€5,2j+6 + 05,2+7€5,25+7 |
4 [ 2 2 1/4/ 2 2 1/4, 2 2 1/4, 2 2 1/4
—11/2(05 25 + 050541) " (052542 + 052j43) " (05244 + 052545) / (052545 T 05 247) / )
law 1 L4/200-¢ 1/2 1/2  1/2  1/2
aw . NV T /2
25“1/2‘/‘”( Z 052596,2+296,25+495, 23+6(| €55 + €5,2j+1 | / | €5,2j+2€6,2j+3 | /
=0
1/2 1/2 4
| €5,5+4 + €5,2j+5 | /2| €5,j+5 + €5,2j+7 | / —2N1/2)>
therefore
| 14/20]-8
% Z 026,j925,5+1026,j+2026,5+3
j=0
|_t/25J -8
2 2 2 2 2 2 2
25 Z (0505 T 052521005 2512 + 05.2543)(05 9544 + 052,45 (0F 2516 + 05 9;47)
Lt/26J -8
law 1

Z 405,2j06,25+205,2j+405,2j+6

LA / 4ds
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So now the variance can be obtained

. 1t/26]-8

1 3 1/2 1/2  _1/2  _1/2 1/2 1/2

a5t1/2V ar ( D 05905254205 0544%5 2546(] €65+ €5,2541 1'?] 5200652543 |V
i=0

| €52543€5,2j+4 |"/?| €52i45€525+6 |'/* —2u‘f/z))

1 \t/26|~8
_ =+ ,-8
- 25.“1/2 Z 05,2j06,2j+206,2j+405,2j+6(
Jj=0

Var(\/ | €55+ €s2j+1 || €542€825+3 || €62+4€52j+5 || €s25+0€52547 | — 241 )2)

+2C0U(\/| €5, + €5.2j+1 || €5.25+2€525+3 || €5,2j+4€52j+5 || €525 +6€5,2547 | — 2,u‘1‘/2),

\/ | €5,2542 + €5,2543 || €52j+a€52j+5 || €5,2j46€52i+7 || €52j+8€525+90 | — 2041 12)

+200”(\ﬂ €5, + €5,25+1 || €52j+2€525+3 || €5,2j+4€52j+5 || €52j+6€525+7 | — 211 2),

\/| €5,2j+4 T €5,25+5 H €5,2j+6€6,2j+7 || €5,25+8€6,2j+9 || €5,25+10€6,25+11 | - 2#%/2)

+200U(\/| €5, 1+ €5.25+1 || €5.2j+2€5,25+3 || €5,2j+4€5.25+5 || €5,2j46€525+7 | — 2/1‘11/2),

\/| €6,25+6€6,25+7 | €5,25+8€5,25+9 || €5,2j+10€5,2j+11 I €5,2j+12 T €52+13 | - 2#?/2))

|t/26]—8
1 _
= %MI/SQ(CH + 2C13 + 2C13 + 2C14) Z 052j062j+2052j+406,2j+6
=0
¢
LN 1/4,u1_/82 (C11 +2C12 +2Ch13 + 2014)/ agds
0
¢
~ 3.378/ oids,
0
where
Oy = Var(\ﬁu’ || w4+ udV) || u) 4+ uD || uVID 4 u(VIID) |)
Cip = CO’U(\/T’U/ +u H u" + ulIVv) H uV) + uVI) H uVII) + u(VIII) |,
\/, W+ ) || u) 4 uVD || VI 4y VID || UX) 4 y(X) |),
Cps = Cov(\ﬂu’ o || w + ulV) [ wV) 4+ uVD || uVID 4 (VI |,

\/l w0 VD || wVID 4 VI || uUX) 4 yX) || 0XD 4 (X1 |),
O = Cov(\ﬂu’ || w + u@) || u) 4+ uVD || uVID 4 uVID |

\/| w(VID 4 (VI || 4UX) 4 ) || uXD) 4 o(XID) || WXTIT) 4y (XIV) ),

The same procedure holds to obtain

1 [/ g @101/2,1/2,1/2,1/2) b p s t,
Var Y (M1/2[Y25 g = / o5 ds) = 1/4p1,5(C11 4+ 2C12 + 2C13 + 2014)/ osds
0 0

¢

t
3.378 / otds.
0
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Now to obtain the covariance, we need to assume that when & | 0 then 059, = 052;+1, 50

1 (1)111/2,1/2,1/2,1/2] t, 1 (21[1/2,1/2,1/2,1/2] E o,
Cov(\/%( 1/2[Y26 It A asds), 55(,%/2[1/ li A asds)

/26| —7

law 1 —4
= 2—5u1/2000 Z V/06,25062j42062+495.25+6(
j=0

\/ | €6.2j + €5.2j41 Il €5252 + €5.2543 || €525 + €245 || €52546 + €6.2j47 | — 2041 /a),s
1t/25]—8

Z \/06,2j+1‘75,2j+306,2j+506,2j+7(
j=0

\/| €5,2j+1 1 €5,2j+2 I €5,2j+3€6,2j+4 I €5,25+5€6,25+6 I €5,25+7€6,25+8 | — 2/1‘11/2))

1 \t/26)-8
o _820-0'0-0'
o H1/2 6,2j96,2j+206,2j+496,2j+6
j=0

2001’(\/ | €6.2j + €5.2541 || €5.2542€52543 || €525 44€52i+5 || €52j+6€5,2547 | — 2141 2,

\/| €5,2j+1 + €52j+2 || €525+3€52j+4 || €5.2j+5€525+6 || €52547€52j+8 | — 2/1‘11/2)

+2C O’U(\/ | €525 + €5.2541 || €525 42652543 || €525 44652545 || €5256€5.2547 | — 261 95

\/ | €5,2j+3€52j+4 || €6,2j+5€52i+6 || €6.2547€5.2548 || €525+9 + €525410 | — 241 /o)

+200’U(\/| €5,2j 1 €5,2j+1 || €5,2j+2€5,2j+3 I €6,2j4+4€6,25+5 | €5,25+6€5,25+7 | — 2//11/2,

\/I €5,2j+5€6,25+6 I €5,25+7€6,2j+8 | €5,2j+9 T €525+10 I €5,2j+11€5,25+12 | — 2#%/2)

+200U(\/ | €525 + €5.25+1 || €5.2j+2€52543 || €6.2544€52545 || €s.2546€52i47 | — 2043 /o

\mé,2j+766,2j+8 || €5,2j+9 + €5,2j+10 || €5.2j+11€52j+12 || €5,2j+12€525413 | — 2/1‘11/2)

|t/28) -7
1
25,“1/2 Z 05,2j06,2j+205,2j+4962j+6(2C14 + 2C15 + 2C16 + 2C17)
pard

t
LA 1/4#1-/2(2014 + 2C15 + 2C16 + 2C17) /0 ngs

t
~ 1.013 / oids
0

where
Ciy = Cov(\/l W+ || w4 uIV) || uV) 4 VD || (VI (VD) |
\/|7u11 Fa [ w4 u®) || alVD 4+ VD || oV 4y dX) |)
Cis = Cov(\/l o +u || u +uldV) || uW) 4 VD || VI 4 (VI |
\/ru(IV) +uW) || VD 4 uVID || wVIID) 4 ylIX) || () 4 4(XD) |)
Cie = Cov(\ﬁu’ + o || w” + uV) || uV) 4 VD || (VI 4 (VD) |
\/ﬁ(w) + uVID || w(VIIT) 4 g, (IX) I w(X) 4 (XI) I w(XII) 4 (XTII) )
Cir = CO’U(WL +u || u” + uV) || uV) 4 VD || VI (VI |
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\ﬂu(VIII) 4 uX) || uX) 4 XD || XTD) 4 (XTI || (XIV) 4 (XV) ),

A5.2 Bias in the presence of market microstructure effects

Here we will obtain the bias of all our estimators given market microstructure noise. For that, let us
define here the contaminated returns as §; = y; +¢; for j = 1,2,...[t/6] where y; is the true return
and ¢; is the market microstructure noise. Notice that the difference between this and the original
model (Section 5.1.1) is that the noise is added to the returns and not to the log-prices.

Let us impose the following assumptions

(1) The random shocks ¢; are Gaussioan i.i.d. with mean zero and variance w?>¥; where w is a constant

and ¥; = % 66(];‘—1) o2du.

(2) The true returns are Gaussian i.i.d. with mean zero and variance ¢¥;.

(3) Y; 1 €j.

For all the cases assume u; and v; are uncorrelated, i.i.d standard Normal random variables also

let us set k = wé~1/2.

Realised Variance

- /8]
E(m]i ]) = E( ”.?)

j=1
[t/4]

= E( Z (y]2 + 2y;e; + E?))
j=1
/8] /6] 1t/8]

= E( y?)-{-E(ZQyjsJ)—l-E( 63)
j=1 j=1 j=1

Given that

[t/4] 0 [t/é]
E( > yj) - ¥ sy,
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Lt/4) 1t/4]
E( > 5?) = w?§™! Z 0v;.

j=1 Jj=

Realised bipower variation

B(raf) - E(Wij—l 5) 111 | )

i=1
[t/6]-1
= E( > lyit+ell g I)
j=1
law Lol 1/2
= E( S 820 P w ) || 82T+ w v | )
j=1
[t/6]—-1
1/2.+.1/2
= Z 5\1’_7/ \I’J_/HE< l u; + k’l)j H Ujy1 + k’Uj_H I )
j=1
lt/6] -1

- Z 5202 V1 + k2 V1 + k2
t

LN ,u%(1+k2)/ oldu.
0

Realised tripower variation

1¢/6) -2
E ( [Y5]£2/3’2/3’2/3]> =E( Y 1w PP g /3] 12 12/3)

j=1
\t/5)—2
= E( >, lyite 23] yjeja1 3] yisagjra PP )
7=1
[t/5]—2
! 1/2 1/2 2
w g3 820 ;4w Py PP 87 U2 + w8 7P
7=1
1/2
| 51/2‘1’;422“3'“ + w‘Iljigij 2/ )
1t/6])—2
= Z 5‘1’;/3\1’;_/1_31\11%_32 ( I u; + k’l)j |2/3| Uj41 + k"Uj_H |2/3‘ Uj+2 + k’l)j+2 |2/3 )
j=1
[t/6] -2

3
- X 50 Sy (VI RY)

t
L ,u2/3(1+k2)/ oldu.
0
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Realised quadpower variation

|t/é]-3
= 1(1/2,1/2,1/2, . ; 7
E ( [75][/2:1/21/2 1/2]) — E( ) \/l Ui Il G | G 1| Gjses | )

j=1
[£/5]-3
= E( > \/l Yi + &5 | yinrgin |l Yiragise || Yjaeivs | )
j=1
, lt/8)-3
- E( Z | 51/2‘1’1/2“3 + w‘I’l/QU /2| 51/2‘1’%21““1 + w\Ifgl'fl’UjH K&
j=1

l 2 1/2

[t/6]~-3

1/4+1/4 +,1/4 +,1/4
= ) Y My ﬂﬂ%iz‘%iﬁ(\ﬁw + kvj || wjrr + kvja || wjpe + kvjae || wits + kvjes l)
i=1
1t/6)~3

_ 1/4.1/4 = 1/4 - 1/4 4
- Z ov; \I’jérlquifI’Jis 1/2((\/ 1+k2)1/2)
j=1
2 /fll/g(l + kz)/a,zdu.
Estimators based on subsampling and averaging

Subsampled and averaged realised variance

- [2l(ap 1 [ y
p(1wfo) = 3E(WP + E)
) [t/26] -1 [t/26) -2
law 2(1+w ( AR 2T EDY 5(‘I’2j+1+‘1’2j+2))
j=1 Jj=1

t
2, (1 +w26'1)/ agdu.
0

Given that
1t/26] -1
- _(1
e () -3 )
=1
t/26]~1
= E( Z (925 + §2j+1)2>
j=1
|t/26)-1
= E( Z (555 + 202 U241 + 37%3'+1>
=1
1t/26) 1 1t/26] -1 t/26)-1
= E( Y (+ €2j)2) + QE( > (y25 + €2)(w2g41 + €2j+1)) + E( > (v +€2551)
j=1 j=1 j=1
t/26)-1
1wl D 6(Wa5 + Uajta)-
i=1
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Subsampled and averaged realised bipower variation

Y, a 1 ~
E([Y(S]PJ]( vg)) — §E<[}/2(1)][1 1 n [Y 2)][1 1])
! 1, \t/26]—2 g2 |t/26]—3 /
= 12 p1/2
= sml+w’s ( Z L0, + Z Uyh 0 2J/+3)

t
P 2(1 4wl )/ agdu.
0

Given that
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1 _ (1) | ~(1
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25—
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[t/26]-2
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j=1
[t/26j 2
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|£/26]~2
=31 +kD48 Y u P,
j=1

Subsampled and averaged realised tripower variation

l 1 [t/26]-3 / / [t/26] -4
aw 1/351/3 ¢1/3 1/3 ¢l/3 ¢1/3
2 hs (14w’ ( z wPul,ulls, Z R 2;+5)
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0

Given that
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1t/26] -3
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Subsampled and averaged realised quadpower variation
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1 |t/26]—4 |t/26]—5
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Chapter 6

Conclusion

The main objective of this thesis is the measurement of the variability of log-prices based on the
innovative use of high-frequency financial data and its inherent challenges. There is a need to exploit
the availability of these data to estimate the volatility process efficiently. The pricing of options
and other derivatives, asset allocation weights and many investment decisions rely on its accurate
estimation. Different estimators were studied throughout this thesis with a view to overcome various
obstacles; we need efficient and consistent estimators, we need to be able to separate the continuous
component from the jump component of the log-price process and we need estimators robust to the
market microstructure effect given the very fine time intervals we are working with.

A commonly used and well studied estimator of integrated variance is the realised variance, the sum
of squared high-frequency returns. Its probability limit and distribution theory, based on the theory
of quadratic variation, is well known and implemented (e.g. Andersen and Bollerslev (1998a), Comte
and Renault (1998), Barndorff-Nielsen and Shephard (2001)). Nevertheless, the estimation error can
be very large and is likely to be so if the volatility in the market is high. This is why we need its
asymptotic analysis and modelling. A linear state space representation in conjunction with a model for
the dynamics of volatility has previously been used to provide a more accurate estimation of the actual
variance. Here, we extended the theory of realised variance to provide similar results using the sum of
absolute returns, realised absolute variation. We studied its statistical properties as an estimator of
integrated spot volatility in the context of stochastic volatility models. High-frequency data allowed
us to use a model based and a model free approach to the problem of measuring integrated spot
volatility; the estimation error was thereby considerably reduced. Both approaches tended to be quite
similar when M was large and we employed lags and leads. When using a logarithmic transformation,

the finite sample performance of the asymptotic approximation of the distribution improved even for
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moderate values of M. It is important to point out that leverage effect, jumps in the process and market
microstructure effect were not considered in the modelling. Recent literature (e.g. Meddahi (2002))
established that leverage effect would not affect the estimation, nevertheless ignoring the jumps in
the process or the market microstructure effect can completely invalidate the results. Therefore these
issues were studied carefully in this thesis.

Realised absolute variation was considered as an estimator of integrated spot volatility given that
absolute returns are known to be more robust to extreme observations and jumps than squared returns.
After a joint estimation of integrated variance and squared integrated spot volatility using realised
variance and the squared realised absolute variation, we could confirm that more weight was given to
the latter. After some more analysis we could conclude that the squared realised absolute variation
estimated the squared integrated spot volatility better than realised variance did integrated variance.
Nevertheless with absolute returns we can only estimate integrated spot volatility and our real aim
is to estimate integrated variance. The main contribution of Chapter 3 was the combined estimation
of integrated variance using realised variance and realised absolute variation and the analysis of its
implications. Nevertheless further research is needed to determine how realised absolute variation can
be used to estimate realised variance and how efficient this estimation could be.

The fact that absolute returns should be preferred when estimating the variability of returns forces
us to look at the generalisation of quadratic variation called multipower variation. This measure,
specifically bipower variation, was originally proved to be robust to jumps in Barndorff-Nielsen and
Shephard (2004a). In the case of a stochastic volatility plus infrequent jump process, the quadratic
variation of the jump component can be estimated by the difference between the realised variance
and realised bipower variation. This fact provides a tool to test for the presence of jumps in the
log-price process (as in Andersen, Bollerslev and Diebold (2003), Barndorff-Nielsen and Shephard
(2005) and Huang and Tauchen (2005)). Alternative estimators based on multipower variation are
also robust to jumps, i.e. tripower and quadpower variation. We found their asymptotic distributions
and developed a linear and ratio test for jumps both for these estimators and for the skipped version
of bipower variation. To our knowledge this is the first time test for jumps have been implemented
using tripower, quadpower and the skipped version of bipower variation. We could determine realised
tripower and quadpower variation gave better results under the null hypothesis. Once jumps were
added to the process the power of the tests will depend on the sample frequency and the size of the
jumps, so it is not possible to give a conclusion about which of the estimators gave a better power.
The addition of finite or infinite activity jump processes and the magnitude of the jumps will obviously

determine the power of our test and the robustness of our asymptotic theories. This issue needs further

148



attention and has recently been examined in Barndorff-Nielsen, Shephard and Winkel (2005).

Once jumps have been accounted for, a perfect estimation of the integrated variance will be possible
in the hypothetical situation where prices are observed in continuous time. This fact suggests that
returns should be sampled at the highest possible frequency, but this leads to a bias problem due to
market microstructure effects that can completely invalidate our previous estimations and tests. These
effects cause intra-day returns to be autocorrelated. There is therefore a trade-off between bias and
variance when choosing the sample frequency. There is an urgent need for estimators of the integrated
variance which are robust to these effects. We studied realised bipower, tripower and quadpower
variation under this perspective. These estimators were found to be more robust than realised variance,
so by using absolute returns and adjacent observations the effect of the market microstructure noise can
be reduced. Nevertheless with large noise variance or at very high frequencies, none of the estimators
provided reliable results.

Based on the idea of Zhang, Mykland and Ait-Sahalia (2005), alternative estimators based on
multipower variation were defined using the subsampling and averaging method. Their asymptotic
distributions were derived, enabling us to look at their finite sample behaviour. This approach improved
the results significantly and showed that the subsampled and averaged versions of realised tripower
and quadpower variation outperformed all the other estimators. Notice the important improvements
achieved when using two subgrids to define the estimators. It would be interesting to determine how
much can be gained by increasing the number of subgrids.

By using a simplified model for the market microstructure noise, the bias for each estimator was
found analytically. As expected, their bias tended to infinity as the sampling frequency increased.
Nevertheless, because of the model used, we could not compare the robustness of the estimators under
market microstructure noise.

We should point out that we assumed the noise to be independent and identically distributed
across time and independent of the true price process. It has been proven that empirically this was
not always true. In order to either confirm or invalidate our findings, a similar research should be
carried out under a more general specification where the noise may be autocorrelated and need not be
independent of the latent price process.

At the moment many efforts are concentrated on the correct estimation of integrated variance
using high-frequency data. So far all the various difficulties encountered in this estimation have been
addressed on the basis of realised variance. It has been the main focus of ongoing research. Our
objective in this thesis was to prove how other estimators based on multipower variation could be as

effective as realised variance, but with extra advantages (robustness to jumps and market microstruc-
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ture effects). More work needs to be done but we can conclude estimators based on absolute returns

seem to outperform those based on squared returns.
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Chapter 7

Appendix: SPLUS and OX codes

In this appendix selected parts of the codes used in this thesis is included.

SPLUS code

I. Brownian bridge

SPLUS code to put the data in matrix form adding a Brownian Bridge wherever there are missing

values.

matpricintbb<-matrix(0,79,504)
i<-1
s<-0
for (d in 14153:14882)
{m<-114
if (date[i]==d)
s<-s+1
while (date[i]==d)
{if ((min[i]<193)&& (min[i]>113))

{if (minfijJ==m)
{matpricintbb[m-113,s]<-priceintelbbli]
i<-1+1
m<-m+1}

else
{ j<-0
if (m==114)

prl<-matpricintbb[192,s-1}
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else
prl<-matpricintbb[m-114,s]
while(min[i]'=m)
{i<-j+1
m<-m+1}
pri<-matrix(0,j+2,1)
pri[l}<-prl; pri[j+2]<-priceintelbbli]
n<-j+2
value<-matrix(0,n,1)
value[l]<-0
for (i in 2:n){
ad<-rnorm(1,0,3/(n-1))
valueli]<-value[i-1]+ad}
subs<-value[n|/(n-1)
for (i in 2:n){
value[i]<-valueli]-((i-1)*subs)}
adpr<-(pri[n-pri[1])/(n-1)
for (i in 2:n){
value[i]<-valueli]+((i-1)*adpr)
pri[i]<-pri[1]+value[i] }
for (w in 1:j4+1)
matpricintbb[m-j+w-2-113,s]<-pri[w} } }
else
{if (i>1)
y<-min[i-1]+1
if (i==1)
y<-0
if (((min[i]>192)&&(y<193)))
{j<-0
prl<-matpricintbb[y-114,s]
while((y<193))
{i<-j+1
y<-y+1
m<-m+1}
pri<-matrix(0,j+2,1)
pri[1]<-prl; pri[j+2]<-priceintelbbli]
n<-j+2
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value<-matrix(0,n,1)

value[1]<-0

for (i in 2:n){
ad<-rnorm(1,0,5/(n-1))
valueli]<-value[i-1]+ad}

subs<-value[n]/(n-1)

for (i in 2:n){
value[i]<-value[i]-((i-1)*subs) }

adpr<-(pri[n]-pri[1])/(n-1)

for (i in 2:n){
value[i]<-value[i]+((i-1)*adpr)
pri[i]<-pri[1]+valuefi]}

for (w in 1:j+1)
{matpricintbb{m-j+w-2-113,s]<-pri[w]} }

if (((min[i]<114)&&(y<193)&&(y>114)))

{i<-0

prl<-matpricintbb[y-114,s-1]

while((y<193))
{i<-j+1
y<-y+1}

pri<-matrix(0,j+2,1)

pri[1]<-prl; pri[j+2]<-priceintelbb(i]

n<-j+2

value<-matrix(0,n,1)

value[1]<-0

for (i in 2:n){
ad<-rnorm(1,0,5/(n-1))
valueli]<-value[i-1]+ad}

subs<-value[n]/(n-1)

for (i in 2:n){
valueli] <-valueli]-((i-1)*subs)}

adpr<-(pri[n]-prif1])/(n-1)

for (i in 2:n){
valueli)<-valueli]+((i-1)*adpr)
pri[i]<-pri[1]+value[i]}

for (w in 1:5+1)
{matpricintbb[y-j+w—2—113,s—1]<-pri[w]} }
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i<-i+1}}}

II. Combined estimation

SPLUS code for the model free combined estimation. It obtains the values for the matrix A and the

vector c.

tshatsqcombsqreabvr<-matrix(0,504,60)
tshatsqcombrevl<-matrix(0,504,60)

m<-3

mu3<-sqrt(8/pi)

covsqravrv<-matrix(0,2,2)

covsqravrv([l,1]<-var(sqreabvr[,m])
covsqravrv(l,2]<-var(sqreabvr[,m],revl{,m])
covsqravrv[2,1]<-var(sqreabvr|,m],revl[,m])

covsqravrv([2,2]<-var(revl[,m])

invcovsqravrv<-solve(covsqravrv)

covsgerror<-matrix(0,2,2)
covsqerror[1,1]<-4*(((pi/2)-1)*erevisqreabvr[m])/div[m]
covsqerror|1,2]<-2*(((mu3-sqrt(2/pi))/sqrt(2/pi))*ereabvarthrrevim])/div(m]
covsqerror[2,1]<-2*(((mu3-sqrt(2/pi)) /sqrt(2/pi)) *ereabvarthrrev(m]) /div|m]
covsqerror|2,2]<-(2*esqrevl[m])/div{m]

hatsqA <-(covsqravrv-covsqerror)%*%(invcovsqravrv)

hatsqc<-diag(c(1,1))-hatsqA

10,4

III. Common functions

These functions are called in several OX programs. For convenience they will just be presented here.

dailysum(const multfact, const M, const leads, const n)
{ decl i,j;
decl dailyest=zeros(1,n);
for(i=0; i<n; i++)
{ for (j=M*i; j<((M*(i+1))-1-leads); j++)
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{ dailyest([0][i]-+=multfact[0][j}; } }

return dailyest; }

RVSG2F (const multfact, const M, const n)
{ decl i,j;
decl dailyest=zeros(1,n);
for(i=0; i<n; i++)
{ for (j=(M*1)+1; j<((M*(i+1))-2); j++)
{ dailyest[0][i]+=(multfact[0][j]+multfact[0][j+1])"2;
j++i b}

return dailyest; }

CIR( const n, const v1, const al, const lambdal, const delta, const xstart, xstop)
decl mY = zeros(2,n);
decl i,ul,u2;
decl phil = exp(-lambdal*delta);
decl omegal = sqrt( v1 /sqr(al));
decl psil = v1/al;
decl x = xstart;
for (i=0; i<n; i++)
{ ul = (rann(2,1))’;
mY[0][i] = x*delta;
x += (-lambdal*(x-psil)*delta) + (omegal*sqrt(x*lambdal*delta)*u1{0][0]);
mY/(1][i] = sqrt(mY/[0][i])*ul [O][1];
xstop[0] = x;

return mY; }

mr.r(const r)

{ return (2.0"(0.5*r))*exp(loggamma(0.5+(0.5*r))-loggamma(0.5)); }

meansecov(const tstat, const por)

{ decl biassd=meanr(tstat);

decl SEs4=sqrt(varr(tstat));

decl matres = (fabs(tstat).<quann(por)); }

maxi(const compl, const comp2)

{ return compl.*(compl.>comp2) + comp2.*(compl.<comp?2); }
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IV. Test for jumps

OX code to simulate a process with a jump component and to perform a test for jumps on it.

#include <oxstd.h>

#include <oxfloat.h>

main()

{decl Delta = 1.0, psil, omegal, delta, gamma, xstop;
decl i, M;n = 1000, vl = 4.0, al = 8.0, mStar=1440;
decl lambdal = -log(0.99)*ones(1,1);

decl fabsylag,RV,RAPV,ymax; decl j,z,z1,22,23,x,st,yt,yp;

decl noise = CIR(n*mStar,v1,al,lambdal,1.0/mStar,(v1/al),&xstop);

decl sseed = noise[0][};

decl yseed = noise[1][];

dec] sO = sseed;

decl yO=yseed;

decl q, nj, ij;

for (q=0; q<8; q++)
if (q==0) nj=0, ij=0;
if (q==1) nj=1, ij=0.5;
if (q==2) nj=1, ij=0.2;
if (q==3) nj=1, ij=0.1;
if (q==4) nj=2, ij=0.5;
if (q==>5) nj=2, ij=0.2;
if (q==6) nj=2, ij=0.1;
if (q==7) nj=>5, ij=0.1;

decl y1=y0; decl s1=s0;
decl jump_proc = zeros(1,n*mStar);
for (i=0; i<n; i++)
{ decl inp=mStar*i;
decl finp= (mStar*(i+1))-1;
dec! ijump = ranmultinomial(nj,ones(1,1*mStar)/(1*mStar));
jump_proc [inp:finp] = ij*((v1/al)+(v2/a2)).*rann(1,1*mStar).*ijump; }

yl += jump.proc;

decl RVerror,IVerror,CPPerror, Averror,Rjump;
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decl qqgx,logqqx,qqtstat,logqqtstat;
decl rtestl=new matrix[5][1],logrtestl=new matrix[5][1];

decl xresultsl=new matrix[5][3];

for (i=1; i<6; i++)
{if (i==1) M = 12;

if (i==5) M = 576;

jump?2i = jump_proc.*jump.proc;
jump2 = aggregater(jump2i,mStar/M);
y = aggregater(yl,mStar/M);
s=aggregater(sl,mStar/M);

decl fabsylagl = fabs(lag0(y’,-1)’); decl fabsylag2 = fabs(lag0(y’,-2)’);

decl fabsylag3 = fabs(lag0(y’,-3)’);

decl RV = aggregater(y.*y,M);

decl RAPV1 = (M/(M-1)).*dailysum((fabs(y).*fabsylagl),M,1,n)./sqr(mrr(1.0));

decl RTriV = (M/(M-2)).*(dailysum((fabs(y)."(2/3)).* (fabsylagl."(2/3))
*(fabsylag2."(2/3)),M,2,n))./(mr_r(2.0/3.0)*sqr(mr r(2.0/3.0)));

decl RQuadV =(M/(M-3)).*(dailysum(sqrt(fabs(y).*fabsylagl
*fabsylag2.*fabsylag3),M,3,n))./(sqr(sqr(mrrx(1.0/2.0))));

decl RModBV =(M/(M-2)).*dailysum((fabs(y).*fabsylag2),M,2,n)./sqr(mrr(1.0));

decl Rjump = RAPV1-RV;

decl RjumpTV = RTriV-RV;

decl RjumpQV = RQuadV-RV;

decl RjumpMBV = RModBV-RV;

decl porl=0.95; decl por=1-porl;

decl s4=M.*M.*s.*s;

decl s2=aggregater(s,M);

decl s4a=(1.0/M)*aggregater(s4,M);

decl Els4 = (M*aggregater(y.*y.*y.*y,M))./(mr_r(4.0));

decl E2s4 = ((M/(M-2))*M*dailysum((fabs(y).’\(4/3)).*(fabsylagl.’\(4/3))
.*(fabsylag2./\(4/3)),M,2,n))./(mr_r(4.0/3.0)*sqr(mr_r(4.0/3.0)));

decl E3s4 = ((M/(M-3))*M*dailysum(fabs(y).*fabsylagl
*fabsylag2 *fabsylag3,M,3,n))./(sqr(sqr(mrx(1.0))));
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decl tstatl=((sqrt(M))./(sqrt((0.6091)*E1s4))).*Rjump;

decl rattstatl=((sqrt(M))./(sqrt((0.6091)*(maxi(1,E1s4./(RAPV1.*RAPV1)))))).*((RAPV1./RV)-1);

decl tstat1TV=((sqrt(M))./(sqrt((1.06131)*E1s4))).*RjumpTV;

decl rattstat1TV=((sqrt(M))./(sqrt((1.06131)*(maxi(1,Els4./(RTriV.*RTriV)))))). *((RIriV./RV)-1);

decl tstat1QV=((sqrt(M))./(sqrt((1.37702)*E1s4))).*RjumpQV;

decl rattstatlQV=((sqrt(M))./(sqrt((1.37702)
*(maxi(1,E1s4./(RQuadV.*RQuadV)))))).*((RQuadV./RV)-1);

decl tstat1MBV=((sqrt(M))./(sqrt((0.6091)*E1s4))).*RjumpMBV;

decl rattstatIMBV=((sqrt(M))./(sqrt((0.6091)
*(maxi(1,E1s4./(RModBV.*RModBV)))))).*((RModBV./RV)-1);

meansecov (tstatl, por); meansecov(tstat1TV, por);

meansecov (tstat1QV, por); meansecov(tstatlMBV, por);

meansecov (rattstatl,por); meansecov(rattstat1TV,por);
(

meansecov (rattstat1QV,por); meansecov(rattstatlMBV por);

RVerror = (aggregater(s,mStar)+aggregater(jump2,M))-RV;
RVerror = (aggregater(s,mStar))-RV;

IVerror = aggregater(s,mStar)-RAPV1;

CPPerror = aggregater(jump2,M)-(Rjump);

133

V. Real quantiles

We need to add the following OX code to the simulation to obtain the Normal quantile correspondent to the

real size test (see Chapter 4).

decl matres= (rattstat3MBV.<quann(por));
decl meanw=meanr(matres);
while (meanw>0.05)

{ por-=0.0005;

matres= (rattstat3MBV.<quann(por));

meanw= meanr(matres); }
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V1. Microstructure noise and subsampling

After simulating our price process, this is the part of the OX program that incorporates market microstructure

noise and calculates the subsampling and averaging estimators.

decl varnoise=0.001;

decl p=cumulate(y’)’;

decl micrnoise=sqrt(varnoise).*rann(rows(p),columns(p));
decl pn=p+micrnoise;

decl yn=(diff0(pn’,1))’;

yn[}[0]=yo[][0];

decl yl=yn;

for (i=1; i<7; i++)
{if (==1) M = 12

if (i==6) M = 1440;

y = aggregater(yl,mStar/M);

decl ysg=aggregater(y,2);

decl yls=y, y2s, y3s,j;

for(j=0; j<n; j++)
y2s=dropc(yls,(j*M)-(2%)));
y3s=dropc(y2s,(j*M)-(2%j)+(M-2));
yls=y3s;

decl ysg2=aggregater(y1s,2);

decl fabsyllagl = fabs(lagO(ysg’,-1)’); decl fabsyllag2 = fabs(lag0(ysg’,-2)");
) .

)
7),

decl fabsy2lagl = fabs(lag0(ysg2’.-

1)’); decl fabsy2lag2 = fabs(lag0(ysg2’,-2)’);
decl fabsy2lag3 = fabs(lag0(ysg2’,-3)’)

)

(
decl fabsyllag3 = fabs(lagO(ysg’,-3
(
( ;
decl RVSG1=aggregater((ysg.*ysg),M/2);
decl RVSG2=aggregater((ysg2.*ysg2),(M-2)/2);
decl RVSG=(RVSG1+RVSG2)/2;
decl RBVSGI1 = ((M/2)/((M/2)-1)) *dailysum((fabs(ysg).*fabsyllagl),M/2,1,n)./sqr(mrr(1.0));
decl RBVSG2 = ((M/2)/((M/2)-2)) *dailysum((fabs(ysg2). *fabsy2lag1),(M/2-1),1,n)./sqr(mrr(1.0));
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decl RBVSG=(RBVSG1+RBVSG2)/2;

decl RTriVSG1 = ((M/2)/((M/2)-2)).*(dailysum((fabs(ysg).”(2/3)).*(fabsyllagl.”(2/3))
*(fabsyllag2.7(2/3)),M/2,2,n))./(mr_r(2.0/3.0)*sqr(mr.x(2.0/3.0)));

decl RTriVSG2 = ((M/2)/((M/2)-3)).*(dailysum((fabs(ysg2)."(2/3)).* (fabsy2lagl.”(2/3))
F(fabsy2lag2.7(2/3)),(M/2-1),2,n))./(mr.r(2.0/3.0)*sqr(mr.x(2.0/3.0)));

decl RTriVSG=(RTriVSG1+RTriVSG2)/2;

decl RQuadVSG1 =((M/2)/((M/2)-3)).*(dailysum(sqrt(fabs(ysg).*fabsy1llagl
Ffabsyllag2.*fabsyllag3),M/2,3,n))./(sqr(sqr(mrx(1.0/2.0))));

decl RQuadVSG2 =((M/2)/((M/2)-4)).*(dailysum(sqrt(fabs(ysg2).*fabsy2lagl
*fabsy2lag2. *fabsy2lag3),(M/2-1),3,n))./(sqr(sqr(mrx(1.0/2.0))));

decl RQuadVSG=(RQuadVSG1+RQuadVSG2)/2;

decl RModBVSG1 =((M/2)/((M/2)-2)).*dailysum((fabs(ysg).*fabsy1lag2),M/2,2,n)./sqr(mrr(1.0));

decl RModBVSG2 =((M/2)/((M/2)-3)).*dailysum((fabs(ysg2).*fabsy2lag2),(M/2-1),2,n)./sqr(mr r(1.0));

decl RModBVSG=(RModBVSG1+RModBVSG2)/2;

decl stSGerror= (1.0./(sqrt((3/2)*s4a))).*sqrt(M/2).*(RVSG-s2);

decl stSGerrorB= (1.0./(sqrt((3.581/2)*s4a})).*sqrt(M/2).*(RBVSG-52);

decl stSGerrorT= (1.0./(sqrt((4.067/2)*s4a))).*sqrt(M/2).*(RTriVSG-s2);

decl stSGerrorQ= (1.0./(sqrt((4.389/2)*s4a))).*sqrt(M/2).*(RQuadVSG-s2);
decl stSGerrorMB= (1.0./(sqrt((3.581/2)*s4a))).*sqrt(M/2).*(RModBVSG-s2);

meansecov(stSGerror, por); meansecov(stSGerrorB, por);

meansecov(stSGerrorT, por); meansecov(stSGerrorQ, por);

meansecov(stSGerrorMB, por); }
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