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Abstract

The first contribution of this thesis is a new regularity theorem for time harmonic
Maxwell’s equations with less than Lipschitz complex anisotropic coefficients.
By using the LP theory for elliptic equations, it is possible to prove H' and
Hélder regularity results, provided that the coefficients are WP for some p > 3.
This improves previous regularity results, where the assumption W1 for the
coefficients was believed to be optimal. The method can be easily extended to
the case of bi-anisotropic materials, for which a separate approach turns out to

be unnecessary.

The second focus of this work is the boundary control of the Helmholtz and Max-
well equations to enforce local constraints inside the domain. More precisely, we
look for suitable boundary conditions such that the corresponding solutions and
their derivatives satisfy certain local non-zero constraints. Complex geometric
optics solutions can be used to construct such illuminations, but are impractical
for several reasons. We propose a constructive approach to this problem based
on the use of multiple frequencies. The suitable boundary conditions are expli-
citly constructed and give the desired constraints, provided that a finite number
of frequencies, given a priori, are chosen in a fixed range. This method is based
on the holomorphicity of the solutions with respect to the frequency and on the

regularity theory for the PDE under consideration.

This theory finds applications to several hybrid imaging inverse problems, where
the unknown coefficients have to be imaged from internal measurements. In
order to perform the reconstruction, we often need to find suitable boundary
conditions such that the corresponding solutions satisfy certain non-zero con-
straints, depending on the particular problem under consideration. The multiple
frequency approach introduced in this thesis represents a valid alternative to the
use of complex geometric optics solutions to construct such boundary conditions.

Several examples are discussed.
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Chapter 1

Introduction

Two of the main questions in the analysis of partial differential equations are the regularity
and the boundary control of solutions. Regularity theory allows to infer smoothness of solu-
tions from suitable smoothness assumptions on the coefficients. Broadly speaking, boundary
control of PDE is the search for suitable boundary conditions such that the corresponding
solutions satisfy certain properties. This thesis deals with these two problems for stationary
PDE in electromagnetics, namely the Helmholtz and Maxwell equations. Moreover, several
applications to hybrid imaging inverse problems are discussed.

As far as regularity is concerned, the theory is very developed for elliptic PDEs, whence
for the Helmholtz equation. On the other hand, for time-harmonic Maxwell’s equations the
situation is more complicated. For example, the assumption of Lipschitz continuity on the
coefficients was believed to be optimal to have Holder continuous solutions. However, by
using the LP theory for elliptic PDE and a formulation of Maxwell’s equations in terms of
a coupled elliptic system, we show that it is possible to significantly lower the regularity
assumption on the coefficients. Moreover, the method can be easily applied to the case of
complex bi-anisotropic material.

In this thesis, by boundary control we mean the search for suitable boundary conditions
such that the solutions to the Helmholtz and Maxwell equations and their derivatives satisfy
certain non-zero constraints inside the domain. The problem is not trivial since we are
interested in studying the non-constant coefficient case. Moreover, the construction of these
boundary conditions should be independent of the coefficients for the applications to inverse
problems we consider. Classically, these boundary conditions are constructed by means of
the complex geometric optics (CGO) solutions. However, this construction depends on the
coefficients and is numerically impracticable for several reasons. In this work, we show how
a multiple frequency approach can solve these issues. This theory relies upon the regularity
properties for Maxwell’s equations we have derived.

Finally, we show how this multi-frequency method can be applied to several hybrid
imaging inverse problems. As detailed below, these techniques have been established in the
last years in order to tackle the issues of the current imaging modalities, in particular to

obtain images with high resolution and high contrast. The problem is usually modelled
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by the Helmholtz or Maxwell equations, and it is fundamental to be able to control the
behaviour of the solutions inside the domain. Since the coefficients are unknown, the multi-
frequency approach discussed in this thesis represents a valid alternative to the use of CGO
solutions.

In the following three sections, these three topics are illustrated in more detail, and full
details are given in Chapters and [4 respectively. Finally, in Chapter [5] some open
problems are discussed and Appendix [A] contains some of the codes used for the numerical
simulations.

Most of the content of this thesis is also contained in these journal articles:

[1] G. S. Alberti. On multiple frequency power density measurements. Inverse Problems,
29(11):115007, 25, 2013.

[2] G. S. Alberti. On multiple frequency power density measurements II. The full Max-
well’s equations. arXiv preprint, arXiv:1311.7603, 2013.

[8] G.S. Alberti. Enforcing local non-zero constraints in PDEs and applications to hybrid
imaging problems. arXiv preprint, arXiv:1406.3248, 2014.

[4] G. S. Alberti and Y. Capdeboscq. Elliptic Regularity Theory Applied to Time Har-
monic Anisotropic Maxwell’s Equations with Less than Lipschitz Complex Coefficients.
SIAM J. Math. Anal., 46(1):998-1016, 2014.

1.1 Regularity theorems for Maxwell’s equations

Let O C R3 be a bounded domain (connected open set) in R?, with C*! boundary. Let
g, 0 € L™ (Q; R3X3) and p € L™ (Q; (C3X3) be matrix-valued functions such that

Ru)e, AP <g-of,  E€RP

(1.1) .
= S, H(H,U75)HL<>°(Q)3 < A

for some A > 0. The 3 x 3 matrix ¢ represents the electric permittivity, o is the electric
conductivity and p stands for the complex magnetic permeability.

Consider a given frequency w € C and current sources
(1.2) ¢ € H(curl,Q), J, J,, € L* (Q;(C3) , divJ,, =01in Q, (curlp — Jp,) - v =0 on 09,

where v denotes the outward unit normal to 2. We are interested in the regularity of the
time-harmonic electromagnetic fields £ and H, that is, the weak solutions F, H € H (curl, Q)

of the time-harmonic Maxwell’s equations

curl =iwpH + Jpy, in €,
(1.3) curlH = —i(we +i0)E + J in Q,
E xv=yxvon .
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For simplicity, we set q, = we 4+ io. Our focus is the dependence of the regularity of £ and
H on the coefficients i, € and o, the current sources J, and J,,, and the boundary condition
. The precise dependence on the regularity of the boundary of 2 is beyond the scope of
this thesis. We refer the reader to [23, [59) 48] where domains with rougher boundaries are
considered. For x € N* and p > 1 we denote by W*P (curl, Q) and W*P (div, 2) the Banach

spaces

WP (curl, Q) = {v € W IP (Q;C%) : curlv € W HP(Q; C?)},
WP (div, Q) = {v € W12 (Q;C?) : dive € WHHP(Q;C) },

equipped with canonical norms. The space W2 (curl, ) is the space H (curl, £2) mentioned
above, whereas W12 (div, Q) is commonly denoted by H (div,{2) and H*(curl, ) is defined
in ([2.21).

It is very well known that when the domain is a cylinder Q' x (0, L), the electric field E
has only one component, E = (0,0,u)”, the physical parameters are real, scalar and do not
depend on the third variable, then u satisfies a second order elliptic equation in the first two
variables

div (4~ 'Vu) + w?eu=0in Q.

In such a case, the regularity of u follows from classical elliptic regularity theory (see Pro-
position . In particular, u is Holder continuous due to the De Giorgi-Nash Theorem (at
least in the interior). The regularity of E' and H is less clear in the general situation, when
the material parameters are anisotropic and/or complex valued. Assuming that the coeffi-
cients are real, anisotropic, suitably smooth matrices, Leis [83] established well-posedness in
H'(Q). The regularity of the coefficients was reduced to globally Lipschitz in Weber [109],
for a C? smooth boundary, and C! for a C*! domain in Costabel [58].

Neither the H' nor the Holder regularity of the electric and magnetic fields for complex
anisotropic less than Lipschitz media have been addressed so far. Anisotropic dielectric para-
meters have received a renewed attention in the last decades. They appear for example in
the mathematical theory of liquid crystals, in optically chiral media, and in meta-materials.
In this thesis we show that the theory of elliptic boundary value problems can be used to
study the general case of complex anisotropic coefficients.

The main result reads as follows.

Theorem 1.1. Assume that and hold, and that

g,0 € W3 (Q;R3X3) , e Whate (2 C3X3) for some § > 0,
Jm € LP (4 (C?’) , Jo € WHP (div, Q) and o € WP (2 (C3) for some p > 2.

If (E,H) € H(curl,Q) x H¥(curl,Q) is a weak solution of with |w| < M for some
M >0, then E,H € W1 (€; C?) with ¢ = min (p,3 + §) and

I(E, H)lyr.aoues < CUNE, H) |l 2002 + 10lwre@ics) + 1 ellwm@iv,e) + 1 mll o @ies)
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for some constant C' depending on Q, A, §, M, q and ||(qu,u ”W1,3+6(Q-(c3x3)2 only. In
particular, if p > 3, then E,H € C%* (ﬁ; (C3) with o = min(l — %, %5)

Our approach is classical and fundamentally scalar. It is oblivious of the fact that Max-
well’s equations is posed on vectors, as we consider the problem component per component,
just like it is done by Leis in [84]. Namely, Maxwell’s equations are written as a coupled
elliptic system, to which we apply the LP theory for elliptic equations. A general LP the-
ory for vector potentials has been developed very recently by Amrouche & Seloula [24] 25].
Applying their results would lead to similar regularity results for scalar coefficients.

We then study the case when only one of the two coefficients is complex-valued. We
consider the case when £,0 € Wh3+? (Q;R?’X?’) and g € L®(Q,R3*3). In that situation,
a Helmholtz decomposition of the magnetic field into H = T + Vh, where T' € H' () is
divergence free, provides additional insight on the regularity of H. Indeed, the potential
h then satisfies a real scalar second order elliptic equation, and therefore enjoys additional

regularity properties.

Theorem 1.2. Assume that and hold, that Q) is simply connected, Su = 0,
M >0 and that

e, 0 € WhHite (Q;R?’X?’) for some § > 0,
Im € LP (Q; (C3) ,Jo € WHP (div, Q) and o € WP (Q; (C3) for some p > 3.

If (E,H) € H(curl,Q) x H*(curl,Q) is a weak solution of with |w| < M, then there
exists 0 < o < min(1 — %, 3%) depending only on Q and A given in such that E €
C%e(Q; C3) with

IEllcon@esy < CUIE L2 + 1@llwrm@cs + Ielwre@ive) T 1mllze@.co)
for some constant C' depending on 2, A, 6, M and ||qu||yy1.5+5q,caxs) only.

This is a generalisation of the result proved by Yin [112] who assumed instead €,0 €
Whee (Q;R) and pu € L (;R) and claimed optimality: this is not the minimal regularity
requirement to prove Holder continuity of the electric field.

Finally, we show that, as far as interior regularity is concerned, the analogue of The-

orem [I.T] holds for more general constitutive relations, for which Maxwell’s equations read

(1.4) { curlE = iw (CE + pH) + Jm in Q,

curlH = —iw (eE+&H) + Je in Q,

provided that (,& € L (Q;C?’X?’) are small enough to preserve the underlying elliptic
structure of the corresponding coupled elliptic system. These constitutive relations are
commonly used to model the so called bi-anisotropic materials [64].

We do not claim that requiring that (one of) the parameters is in W13+9 for some 6§ > 0
is optimal. We are confident that it is sufficient to assume W3 regularity. However, this

does not seem to work with this proof: the bootstrap argument used stalls in this case.
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1.2 Using multiple frequencies to enforce local constraints in
PDE

1.2.1 The Helmholtz equation

Let d = 2 or d = 3 be the dimension of the ambient space,  C R? be a smooth bounded
domain and consider the Helmholtz equation
(1.5)

©

—div(a Vugd) — (w?e + iwo)uf =0 in Q,
UL = @ on 0,

where a € L®°(Q;R%¥9) is a real and uniformly elliptic symmetric tensor with ellipticity
constant A > 0 and ¢,0 € L®(; R) satisfy A~! < e < A and either 0 =0 or A™! <o < A.
Let A = [Kmin, Kmax] € Ry represent the set of admissible frequencies w for some 0 <
Kinin < Knax-

We want to find suitable illuminations ; such that the corresponding solutions to
satisfy certain non-zero constraints in €. For example, we may look for d + 1 illuminations

©1,--.,9d+1 such that for some C' > 0

2 Va1 ufl .. uid-&-l
(1.6) |uf'(z)] > C, det [Vud® -+ VuL™'] (z) > C, det TuP ...yt (x) > C,
or, more generally, for b illuminations 1, ..., ¢, such that the corresponding solutions verify
r conditions given by
(1.7) Kj(uil,...,uﬁb)(x)}za j=1,...,n

where the maps ¢/ depend on u5’ and their derivatives. As discussed in Section these
conditions are motivated by the reconstruction algorithms of several hybrid imaging tech-

niques. More precisely, we are interested in the following class of sets of measurements.

Definition 1.3. Take Q' C Q. Let b,r € N* and C > 0. Given a finite subset K C A, a set
of measurements K x {©1,...,¢p} is (¢, C)-complete in Q' if for every x € €/ there exists
wy € K such that

(1.8) ’C](uf;, u%)(:v)‘zc, j=1...,m

y Yoy

In particular, the constraints given in (1.6)) characterise ((get, C')-complete sets, where
C4et is defined by

Ccllet(U’l? ce 7ud+1) - ulv

Cget(ula e ,ud+1) = det [Vu2 VudJrl} :
1 d+1

3 1 d+1 u u

Cer(ty - uTT) = det |G gin

The problem of constructing (¢, C)-complete sets is usually set for a fixed frequency

w € A. The classical way to tackle this problem is by means of the so called complex
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geometric optics solutions. Introduced by Calderén [51] and developed by Sylvester and
Uhlmann [102], CGO solutions are particular highly oscillatory solutions of the Helmholtz
equation in R? such that for t > 1 (a =1, d = 2)

u (z) & et (cos(tag) + isin(tzs)) in CH(€;C),

and can be used to determine suitable illuminations by using the estimates proved by Bal

and Uhlmann [36] (see also |31}, 30, 19]). For example, setting @1 ~ u‘(g)ﬂ, Y2 A %u‘%)g and

Y3~ %ufg)g gives an open set of illuminations whose solutions satisfy the first two constraints
of . Thus, CGO solutions represent a very important theoretical tool. However, this
approach presents several drawbacks. First, the suitable boundary conditions can only be
constructed when the parameters are very smooth. Second, since t > 1, the exponential
decay in the first variable gives very small lower bounds C and the high oscillations make this
approach hardly implementable. Furthermore, the construction depends on the coefficients
a, € and o, that are usually unknown in inverse problems.

In this thesis we propose an alternative constructive strategy to this issue based on the
use of multiple frequencies in the fixed range A = [Kpin, Kmax]. Namely, given the maps ¢/,
we shall give conditions on the illuminations such that the corresponding solutions satisfy
the required properties, provided that a finite number of frequencies are used in the range
A. These conditions may depend on a, and never depend on € and o. More precisely, we
state the main results regarding the constraints in 1) Let K™ be the uniform partition

of A into n — 1 intervals, so that #K (™ = n. We start with the two-dimensional case.

Theorem 1.4. Assume a € C%1(Q;R?*2) and that Q C R? is convex. If V' € Q then there
exist C > 0 and n € N depending Q, ', A, A and Ha||00,1(§_R2X2) such that

K(n) X {1, X1, xg}
is (Cget, C)-complete in €.

In three dimensions the situation is more complicated and we shall assume that a is close

to a constant matrix. For simplicity, here we take a = 1.

Theorem 1.5. Assume a = 1 and that Q C R3. There exist C > 0 and n € N depending
on Q, A and A such that
K™ x {1, 21,29, 23}

is (Cdet, C)-complete in €.

The main idea behind this method is simple: if the illuminations are suitably chosen
then the zero level sets of functionals depending on uf move when the frequency changes.

The main steps of the proof are as follows.

1. The map w ~ uf € C'(Q;C) is holomorphic: this is a consequence of classical elliptic

regularity theory and of the structure of the equation.
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2. The constraints (|1.6)) are satisfied in w = 0 for some Cp > 0: in the two-dimensional case,
this is true for some Cy > 0 depending on  and A only by a result of Alessandrini [6]

(see also [10} 41]), and in three dimensions this is trivial if a is constant, with Cy = 1.

3. Momm’s lemma [85]: Let 0 < » < R and g be holomorphic in {|w| < R}. If |g(0)] > Cp
then there exists w € (r, R) such that |g(w)| > C(r, R, Cy,sup |g|) > 0.

For every x € ), we apply this lemma to w Cget(uﬁl, o ub™) (), and obtain that
there exists w, € A such that |}, (usl, ..., uli™)(z)] > C > 0.

4. Finally, a bound on ||8wu2€||01(§,© shows that the above condition is satisfied for w close

to wy, and this gives the result if n is chosen big enough.

Step 2 clarifies the difference between the two and the three dimensional cases. In three
dimensions, results regarding critical points similar to the ones discussed in [6] are false [47],
and the assumption a ~ 1 is necessary for this proof to work (see also the recent work by
Bal and Courdurier [32] for a different approach to the case w = 0 in 3D).

With this method, the drawbacks of CGO solutions are mostly solved:

e The smoothness of the coefficients required for the multi-frequency method is lower than
the smoothness required to construct CGO solutions. Indeed, consider for simplicity the
constraints introduced in and suppose a = 1 and ¢ = 0. The CGO approach requires
e € C1(Q) [36], while with this method we only need to assume ¢ € L>°(£2;R). In general,
the regularity assumption for this theory is in some sense minimal: we only need the
constraints given by to be meaningful in every z € €, namely ¢/(ud',...,ul’) €
C(9). In other words, if the maps ¢ depend on the derivatives of uZ’ up to the x-th
order, then we shall assume that the coefficients a, ¢ and o are smooth enough so that
ult € CR(Q;C).

e The lower bound C given by the CGO solutions may be very small and depend on the
unknowns a, € and ¢. This method gives a lower bound C' that depends on the coefficients
only through the ellipticity constant and their smoothness, which can be considered as a

priori data.

e The construction of suitable CGO illuminations strongly depends on the coefficients. With
this approach, the construction of good illuminations is always independent of € and o,
since € and ¢ disappear when w = 0, and may depend on a. In particular, when dealing
with the constraints in , we have seen that in two dimensions the construction is also

independent of a.

As it is clear from the sketch of the proof, this machinery can be used in different other
situations. In particular, there is no need to consider the particular constraints given in .
General constraints as in can be considered, as long as they are satisfied in w = 0 and
the maps ¢/ depend holomorphically on u&" and satisfy a certain growth condition, that is

verified by all relevant examples.
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It is worth mentioning that this approach has been recently successfully adapted to the

conductivity equation with complex coefficients by Ammari et al. in [20].

1.2.2 Maxwell’s equations

It is natural to generalise this approach to the full Maxwell’s equations, as the Helmholtz
model often is merely an approximation of this system for hybrid imaging. Maxwell’s system
of equations reads

curlEf = iwqu in €,
(1.9) curlHY = —i(we + i0)EJ in Q,

Ef x v = x v on 0.
As before, we look for illuminations ; and frequencies w such that the corresponding solu-

tions verify r conditions given by
(1.10) (B HEY), ..., (ES, HE)) (2)]| > C >0,  j=1,...,m

where the maps ¢/ depend on (E5?, H??) and their derivatives. An example of such condi-

tions with » = 1 and b = 3 is given by
(1.11) |det [ES* ES* EZ] (z)| = C > 0.
More precisely, we are interested in the following class of sets of measurements.

Definition 1.6. Let b,r € N*, C' > 0 and K be a finite subset of A. A set of measurements
K x {¢1,...,0p} is (¢, C)-complete if for every x € Q there exists w, € K such that

(1.12) | ((BS HEY, ..., (B, H))(2)| >C,  j=1,...,r

In particular, the constraints given in 1' define (Cé‘gt, C')-complete sets, where Cé‘gt is
defined by

(1.13) ML ((ut,vh), (u?,0?), (ud,0v?)) = det [ut w? ud].

Complex geometric optics solutions for Maxwell’s equations have been studied by Colton
and Péaivarinta [57]. As before, they can be used to obtain suitable solutions [55], but have
the drawbacks discussed before.

By using the regularity results discussed in the previous section, it is possible to extend
the multi-frequency approach to this case with some changes. In particular, the case w =0
has to be carefully studied since w = 0 is an eigenvalue with infinite multiplicity of the above
problem.

As in the previous case, step 2 of the proof requires that the constraints given by
are satisfied in w = 0. In this case, € disappears from system and so the construction
will always be independent of £ but may depend on u and o. However, if the constraints
are independent of H then the construction will also be independent of p.

In the next section, we illustrate how this theory can be applied to several hybrid imaging

inverse problems.
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1.3 Applications to hybrid imaging inverse problems

Nowadays, many medical imaging modalities are available in our hospitals and laboratories.
Among the most known, we can mention the X-ray Computerised Tomography (CT), Mag-
netic Resonance Imaging (MRI) and Ultrasound Imaging (UI). Other techniques, such as
Optical Tomography (OT), Electrical Impedance Tomography (EIT) and Microwave Ima-
ging, are less widespread but well developed. The reader is referred to [13] 95| for a survey
on the general topic of imaging techniques. Although this variety of modalities, over the last
years much research has been done on the physical and mathematical aspects of medical ima-
ging techniques to overcome their drawbacks. One of the main problems relies on the need
for images with high resolution and high contrast. Unfortunately, modalities such as CT,
MRI and UI provide high resolution images but fail to exhibit the contrast between different
types of tissues. On the other hand, other modalities like OT, EIT and Microwave Imaging
display good contrast but low resolution, since the related inverse problems are severely
ill-posed. For instance, the mathematical formulation of the EIT leads to the well-known
Calderon problem |75, [76] [102) 46, 27, 8, 51, 9], 43].

In order to tackle this problem, hybrid (or coupled physics) imaging techniques have been
developed. By combining measurements coming from two different modalities it is possible
to obtain high-resolution and high-contrast images. The reader is referred to the works by
Ammari [22], Kuchment [77], Arridge and Scherzer [26] and Bal [30] for a review of the state
of the art in hybrid techniques. Many possible couplings have been studied over the last
decade, such as optical with ultrasonic waves |36} [35] [19], electric currents with ultrasonic
waves [14] 53], [79], 18], 311, 111, EIT with MRI [98, 09, O7] and microwaves with ultrasounds
[105, [16, 15].

Generally, a hybrid problem involves two steps. First, internal functionals are measured
inside the domain and, second, from their knowledge the unknown coefficients of the PDE
have to be reconstructed. In other words, the Calderén problem is characterised by boundary
measurements, whereas hybrid problems rely upon internal measurements.

Many hybrid problems are governed by the Helmholtz equation , e.g. microwave
imaging by ultrasound deformation [105, [16] [5], quantitative thermo-acoustic [35, 19], transi-
ent elastography and magnetic resonance elastography [17, [82] 37| (for which the Helmholtz
equation is used as a one-dimensional approximation). The internal measurements are al-
ways linear or quadratic functionals of uf and of Vug. For example, in microwave imaging
by ultrasound deformation, that is modelled by with a scalar-valued a and o = 0, the

internal measurements have the form
2
a(z) |Vugl* (z),  e(@)[uf|(z)?, weq,
in thermo-acoustic, modelled by (1.5)) with @ =& =1 and ¢ > 0, we measure

o(x)[ufl (z)?,  weqQ
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and with transient elastography the internal measurements are
ub(x), x € Q.

In order for these measurements to be meaningful at every = € €2, they need to be non-zero:
otherwise, we would measure only noise. Moreover, we shall see that conditions like or,
more generally, for some map (, are necessary to reconstruct the unknown parameters a,
e and/or o or to obtain good stability estimates [105] 80, [37]. Thus, being able to determine
suitable illuminations independently of the unknown parameters is fundamental, and these
can be given by the multi-frequency approach developed in this thesis and discussed in the
previous section. It should be mentioned that stability of Holder type has been proved by
Alessandrini in the context of microwave imaging by ultrasound deformation with a = 1
without requiring any non-zero constraint [7].

It is worth observing that the nature of this approach, for which the frequency w depends
on the points in the domain, is better suited in cases where the internal data are collected
locally, as for instance in microwave imaging by ultrasound deformation. On the other
hand, it is more restrictive when the internal data are measured in the whole domain, as in
thermo-acoustic imaging. Namely, we will have redundant measurements in some parts of
the domain, where is satisfied for two or more frequencies.

Similarly, several problems are modelled by the Maxwell’s equations [97, 33, 138, [55],
and the second step usually requires the availability of solutions satisfying certain non-zero
constraints inside the domain, such as or, more generally, , for some maps ¢J
depending on the particular problem under consideration. As above, the multi-frequency
approach developed in this work can be applied to all these situations.

It is worth mentioning that the underlying physical principle was employed by Ren-
zhiglova et al. in an experimental study on magneto-acousto-eletrical tomography, where
dual-frequency ultrasounds were used to obtain non-zero internal data [92].

In the following subsections, some examples of applications are discussed. (Full details
are given in Chapter 4} where further techniques are considered.) In all these cases, CGO
solutions can be used to obtain suitable illuminations. Considering their several drawbacks,
we believe that the multi-frequency approach described in this thesis represents a valid, or

possibly better, alternative.

1.3.1 Microwave imaging by ultrasound deformation

We consider the hybrid problem arising from the combination of microwaves and ultrasounds
that was introduced in [16]. In addition to the previous assumptions, we suppose that a
is scalar-valued. In microwave imaging, a is the inverse of the magnetic permeability, € is
the electric permittivity and A = [Kpin, Kmax] represent the admissible frequencies in the
microwave regime.

Given a set of measurements K x {y;} we consider internal measurements of the form

(1.14) e = euliug, EY9 =aVu? -Vul,
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where uf’ are given by || For simplicity, we denote e, = (eff)ij and similarly for E.

These internal energies have to be considered as known functions in Q' € .

We need to choose a suitable set of measurements K x {¢;} and find a and € in Q' from
the knowledge of efj and EZJJ in €. This can be achieved via two reconstruction formulae
for a/e and e, respectively, which we shall now describe. Their applicability is guaranteed if
K x {pi} is a (Cqet, C)-complete set of measurements in Q. Therefore, the multi-frequency

method discussed in this work can be easily applied.

Theorem 1.7. Let K x {¢;} be a (Cget, C)-complete set in Q. Take x € Q' and w, € K as
in Definition[I.3. Then there exists ¢ > 0 depending on a priori data only such that

IV (ew, /tr(ew,)) (@) = eC°,

and a/e is given in terms of the data by

1V (e ix(e ) (@) & (x) = 2 ) 0Bo) —tr(ew Buv) ()

€ tr(ew, )?

Moreover, if e € H*(S;R) then loge is the unique solution to the problem

—div (¢ Y el Vu) = —=div (¢ V (X, ell)) +2X3, (B —well)  in (Y,
u = log e jaoy on 0.

The formula for a/e was first derived in [16] for the two-dimensional case, and we have
extended it to any dimension. The formula to reconstruct ¢ is new.
1.3.2 Magnetic resonance electrical impedance tomography (MREIT)

In this example, we model the problem with the Maxwell’s equations . Combining
electric currents with an MRI scanner, we can measure the internal magnetic fields HJ'
[08, @9, 97]. Assuming p = 1, the electromagnetic parameters to image are £ and o, and
both are assumed isotropic.

Let K x {1, 02,3} be a ((M, C)-complete set of measurements. We shall show that
qw = we + io satisfies a first order partial differential equation in 2. This equation is of the
form

vquw = F(W7Qw7Hcfi7AHfi) in Q’

where M, is the 3 x 6 matrix-valued function given by
M, = [ curlHS x e; curlHS! x ey --- curlHS® xe; curlHS® x ey ] ,
and F' is a given vector-valued function. If
(1.15) det [ES*  ES* EZS] (2)] >0,
then M,,(z) admits a right inverse M !(z). The equation for g, becomes

(1.16) Vau(x) = F(w, qu, HS', AHE )M ().
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Since K x {¢1, 2,3} is (¢34, C)-complete, is satisfied everywhere in Q for some
w = wg. We shall see that in this case it is possible to integrate and reconstruct g,
uniquely, provided that ¢, is known at one point of Q.

Therefore, we have seen that (¢ é\gt, C')-complete sets are sufficient to be able to image the
electromagnetic parameters, and can be constructed with the multiple frequency approach

discussed in this thesis.



Chapter 2

Existence and regularity results for
the Helmholtz and Maxwell equations

In this chapter we study well-posedness and regularity for the Helmholtz and Maxwell equa-
tions. The results regarding the Helmholtz equation (Section and the well-posedness for
Maxwell’s equation (Section are classical, whereas the regularity theory for Maxwell’s

equations discussed in Section is new. One of the main aims of this careful analysis is
to show that the maps w — uf € C* and w — (ES, HY) € C* are holomorphic.

2.1 The Helmholtz equation

Let © C R? be a smooth bounded domain for some d > 2. In this section we study the

Dirichlet boundary value problem for the Helmholtz equation

(2.1) —div(a Vuy,) — (w?e +iwo) u, = 0
' Uy = on 01,

where a € L®(Q;R¥9) and e € L>(Q;R) and satisfy

(2.2a) a=d", AP <Eag <AL,
(2.2b) A7 <e <A almost everywhere,

o € L>®(Q;R) and satisfies
(2.3) 0 <o <A almost everywhere
for some A > 0. In some situations, we shall assume either

(2.4) o=0, or

(2.5) o> A"! almost everywhere.

13

in €,

£ eRY,
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2.1.1 Well-posedness
2.1.1.1 The real case — o =0

We study here the case of real coefficients, namely we assume that o = 0.

First of all, we study existence, uniqueness and stability with homogeneous Dirichlet
boundary conditions. The space H1(;C) denotes the continuous antidual of H}(£2;C)
and given ¥ C R, we denote v = {w € C: w? € ¥}.

Proposition 2.1. Assume that holds. There exists ¥ = {\;:l € N*} C Ry with
N\ — 400 such that for w € C\ VX and f € H-Y(Q;C) the equation

(2.6) —div(aVu) —w?cu=f

has a unique solution u € Hg(Q; C) satisfying
(27) ey < @M1+ sup =L 7,
~ H(QC) = ’ lens A — w2 H=H(20)
Moreover, for fized f € H=1(Q;C), the map w € C\ ¥+ u € H}(Q;C) is holomorphic.

Proof. Consider the sesquilinear form A on H}(Q; C) defined by A(u,v) = Jo a Vu-Vudx for
any u,v € H}(Q;C), and the associated operator L = —div(aV-): H}(;C) — H~1(;C)
defined by (Lu,v) = A(u,v), where (, ) denotes the duality pairing between H}(£2;C) and
H=1(Q;C). By , the form A is continuous and satisfies the coercivity condition

A(u,u) > A1 /Q \Vul? dz > C(Q)A! ||u||§,5(9;(c) . u€ HNQ;0),

by Poincaré inequality. Therefore, in view of the Lax-Milgram Theorem [104, Chapter VI,
Theorem 1.4| the operator L is invertible with

(2.8) |71 < C(,A).
We introduce the operator M, : L?(Q;C) — L?(Q; C) defined by f + ¢ f. By the chain
HY(Q;C) = L2(2;C) 25 12(0;C) — H1(2;C) L5 BY(Q;C)

and using Kondrachov Compactness Theorem [68, Theorem 7.22] we obtain that S :=
L=YM.: HY(Q;C) — H}(;C) is compact. For u,v € H}(Q;C) we have

A(Su,v) = (Mu,v) = / ewv dr = (u, M.v) = A(u, Sv),
Q

and A(Su,u) = [q€ lu|* dz. We have thus proven that S is compact, self-adjoint and

positive. By the spectral theory for compact and self-adjoint operators [104, Chapter VI,

Theorem 4.2] S has a countable set of eigenvalues {m; > 0:1 € N*}, with 7, — 0. Define
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Y ={N=1/m:1€N} and take w € C\ VE. If w = 0 the claim follows from (2.8). If
w #0, 1' is equivalent to (w‘Q — S) u=w 2L~ f, whence

(2.9) u=w?(w?- S)_1 L7y,

Moreover, [104], (4-5), Section VI.4] gives
-2 o\ 2 1/N
(210) [l 2=9)7") < | 1 +sup |5

Combining (2.8)), (2.9) and (2.10]) we obtain ([2.7)).

Finally, the holomorphicity of w — wu is a consequence of the so called Analytic Fredholm
Theorem [91, Theorem VI.14]. O

} = ‘w2| [1 + sup
leN*

w
A\ — w?

As a consequence, we immediately obtain the following result regarding the Dirichlet

boundary value problem ({2.1]).

Corollary 2.2. Assume that holds and take w € C\ VX with |w| < M. Then for
every f € H-1(;C) and ¢ € H*(Q;C) the problem

{ —div(aVu) —w?cu = f in Q,

(2.11) U= on 011,

has a unique solution u € H*(Q; C) with

1
(2.12) [ull g1 0y < C (4 A, M) [1 + Sup m} (el ey + 111 040)) -

Moreover, for fived f € H=1(Q;C) and ¢ € H*(Q;C), the map w € C\ ¥ u € HY(Q;C)

is holomorphic.
Proof. Write u = v + ¢ with v € H(€;C). Then (2.11) is equivalent to

—div(aVv) — w?ev = f + div(aVe) + w?ep.
Since Hdiv(ach) + wZapHH—l(Q;C) < C(QLA) [1+ |w2H ol g1 (), the result is an imme-
diate consequence of Proposition [2.1 O
2.1.1.2 The complex case — o >0
We study here the case of complex coefficients, namely we assume ([2.3) and ({2.5)).

Proposition 2.3. Assume that , and hold and take M > 0. There exists
n > 0 depending on Q and A only such that for w € C with |w| < M and Sw > —n and
f € HY(Q;C) the equation

(2.13) —div(aVu) — (W +iwo)u = f
has a unique solution u € H(Q; C) satisfying

ull a0y < C Il 00

for some C > 0 depending on Q, A and M only.
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Proof. Let T,: H(Q;C) — H1(;C) be the continuous operator defined by T,u =

—div(aVu) — (w?e + iwo) u and consider the associated continuous bilinear form
Ay (u,v) = / aVu-Vodr — / (w?e + iwo)ut dr, u,v € HY(€;C).
Q Q

We claim that A, is coercive if Sw > —n for some 1 > 0 small enough. A straightforward

calculation shows that

RAw(u, u) = /

Q

SAy(u,u) = —Rw (2%@)/ e |ul® da +/ o |uf? dx) .
Q Q

Suppose now that |w| < M and Sw > —n for some 7 > 0. There holds

aVu-Vudr + ((SW)Q - (%W)Q)/

e |u? dx + gw/ o |ul? dz,
Q Q

RAL (u,u) > / aVu-Vudx — (§Rw)2/
Q Q

> A ||VU”i2(Q;<c3) — (Rw)*A HUH%Q(Q;C) —nA ||UH%2(Q;(C)
> (A = nAe()) IVl e — (Rw)2A [ulla g
> e1(2,A) | Vul 20,00y — (R)A 7200 »

e |ul? dx—l—min(%w,O)/ o |ul? dz
Q

provided that n < ny for some 7; > 0 depending on 2 and A only. Similarly we have

S Ay (u, u)| = R ‘2%w/5|u|2 dx+/0|u|2 do
Q Q

> |Rw| </ o |ul?® dz — 277/ e |ul? dx)
Q Q

> [Reo] (A" = 20) ulF2 (.0
> |Rw| ca(A) ull 720y »

provided that 1 < 7y for some 72 > 0 depending on A only.
Define 1 = min(n1,n2). If |Rw| < c2A™!, the previous inequalities yield

[RAG (u, w)| + [SAw(u,u)| > a1 HVUH%Q(Q;CS) — (Rw)’A ”UH%?(Q;C) + |[Rw| ez HUH%Q(Q;(C)

2
> c1 ||Vl 72 cs) -

Similarly, if |Rw| > coA~! there holds

—1
o~ _CQA |§Rw| |3%w| Cx
Rt + 94 w)] = s (D Rl + D 19

caA 1 |Rw]

> Cx

> 20 (Rl + A9 ()
A 2 2 2 211112

> 22 (e | Vullfaaen — )Ml o) + A IRl [ula(0))
coct A1

=37 IVl 22 e -
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Combining the last two inequalities we obtain
2
[ Aw(u, u)| = C(Q, A, M) HUHH(%(Q;(C) ) Sw > —n.
Finally, Lax-Milgram theorem [I04, Chapter VI, Theorem 1.4] gives the result. O
As a consequence, we immediately obtain the following result regarding the Dirichlet
boundary value problem ({2.1)).

Corollary 2.4. Assume that , and hold and take M > 0. There existsn > 0
depending on Q and A only such that the following is true. For any w € C with Sw > —n
and |w| < M, f € HY(Q;C) and p € H*(Q;C) the problem

{ —div(a Vu) — (w?e +iwo)u = f in Q,

(2.14) U= on 012,

has a unique solution u € H(Q; C) with

(2.15) Il @y < € [lella@e + 1l a-1@o)]

for some C > 0 depending on Q, A and M only.

Proof. Write u = v + ¢ with v € H}(Q; C). Then is equivalent to
—div(aVv) — (w’e + iwo)v = f + div(aVe) + (w’e + iwo)p.

Since ||div(aVe) + (w?e + iwo*)ngH,l(Q.(C) < C( A, M) [l g1 a0y, the result is an imme-
diate consequence of Proposition [2.3] O

2.1.2 Regularity

Standard elliptic regularity theory allows us to study the regularity of the solution u €
HY(Q;C) to (2.11) and (2.14). We shall assume
(2.16) acCrheq; RdXd), g,0 € W L2(Q;R)

for some k € N and a € (0,1). (For simplicity of notation, C~™% denotes L> for m € N*,

and W1 denotes L>°, with corresponding norms.)

Proposition 2.5. Take k € N, aw € (0,1) and M > 0. Assume that , and
hold. Take w € C with |w| < M, f € CF29(Q;C), F € C*1%(Q;C?) and p € C*%(Q;C).
Let uw € HY(;C) be a solution to

—div(a Vu) — (w?e + iwo) u = divF + f in Q,
U= on 0f).

Then u € C*%(Q;C) and

lullen@e) < € (el + Iellona@e) + 1 lor-ze@e) + IFllorra@es)

for some C > 0 depending on Q, A, k, a, M, ||a||C“_1va(§;RdXd) and ||(g,0)|[yn-1.00 ()2
only.

Proof. 1t follows from [67, Theorem 5.21]. O
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2.1.3 Holomorphicity in w

In this subsection we study the dependence of the solutions u, on w. We come back to the

original problem

—div(a Vuy,) — (w?e + iwo) u, = 0 in Q,
ol {aavu - )

Uy = @ on 012,

for a fixed ¢ € C%%(Q;C). We now want to show that the map w + u, € C*(Q;C) is
holomorphic.
We first give a more general result, that will be used also for Maxwell’s equations. Given

two Banach spaces Y7 and Y5, we denote the Banach space of bounded linear operators from
Ys to Y7 by B(Y27}/1)

Lemma 2.6. Let Y be a Banach space. Take an operator T: D(T) CY — Y, let D C C
be an open set and E: D — B(Ya,Y1) be holomorphic. Take two subsets Y1 C Y and
Y2 € D(T) NY1 equipped with norms || |ly, and || [ly,, respectively. Assume that for all
w € D the operator (T — Ew)*lz Y1 — Y5 is well-defined and bounded. Take N € Yy and let
g: D — Y7 be such that g(w) — g(wo) = (Ew — Ew, )N for all w,w, € D. Then the map

weD+— (T —E,) gw) ey
s holomorphic.

Proof. Denote the map w € D+ (T — E,) " 'g(w) € Y by f. Take wy € D: we shall prove

that f is holomorphic in wg. In view of the holomorphicity of the map E we have

E,—FE
(2.17) lim ———* = F,,
w—wo W — W
for some F,,, € B(Y2,Y1). A straightforward calculation shows that for any w € D we have
(T — Euy)(f(w) — f(wo)) = (Ew — Ewy) (N + f(w)), where the equality makes sense in Yj.
Therefore

f) = Fen) _ gy 1B = B vy g,

w — W w —wo
whence by (2.17)) the limit
tim L) g (N f )

w—rwo W — Wo

exists and is finite in Y5. Namely, the map f is holomorphic in wy. ]

Proposition 2.7. Take k € N and o € (0,1). Assume that , and hold and
take p € C*%(Q; C).
If holds then the map

C\VE — C*Q;C), wr— uy,

is holomorphic, where u,, denotes the unique solution to gwen by Corollary .
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If holds then the map
{weC:|Sw| <n} — CHYC), wruy,
s holomorphic, where n and u,,, the unique solution to , are giwen by Corollary .

Proof. Write u, = v, + ¢, and without loss of generality suppose that div(aVe) = 0.
Thus —div(aVu,) — (w?e + iwo)v, = (w?e + iwo)yp. Setting Lv = —div(aVv) and M,v =

(w?e + iwo)v, this equation can be recast as
(L — My)v, = M.

We apply Lemmawith Y = L}(Q;C), D = C\VXZ if holdsand D = {w € C : |Sw| <
n} if holds, D(T) = H}(;C), T = L, Y1 = CF29(Q; C), Yo = C*(Q; C)N HE (95 C),
E, = M,, N = ¢ and g(w) = M.

If holds, the assumptions are verified by Propositions and If holds,
the assumptions are verified by Propositions and This concludes the proof. O

2.2 Maxwell’s equations

Let © C R3 be a smooth bounded domain with a simply connected boundary 9. In this

section we study the Dirichlet boundary value problem for the Maxwell’s system

(2.18a) curlE, = iwuH, in Q,
(2.18b) curlH,, = —i(we + io) E,, in Q,
(2.18c) E,xv=¢pxv on 012,

where p1,e,0 € L®(2;R3*3) are symmetric real tensors satisfying the conditions

ATHEP <g-pg, ATNEP<E-eg, AT <0, €€RE

H(O',E,,UJ)HLOO(Q;R;:,Xg)g S A’ n= MT7 £ = {—jT? o= O‘T

(2.19)

for some A > 0. The natural functional space associated to (2.18) is
H(curl, Q) = {u € L*(;C3) : curlu € L*(€;C3)}.

We shall study problem ([2.18]) with an illumination satisfying

(2.20) ¢ € H(curl,Q), curly - v = 0 on 0.

The second of these conditions is required to make the problem well-posed if w = 0 (see
Subsection [2.2.1)). For the same reason, we need to add some constraints on H,. Namely,
we look for solutions (E,, H,) € H(curl,Q) x H#(curl, ), where

(2.21) H*(curl, ) = {v € H(curl,Q) : div(pv) =0 in , pv-v =0 on 002}.

Note that div(puv) = 0 is a formulation of Gauss’s law and is implicit in (2.18]) when w # 0.
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2.2.1 Well-posedness

We first study well-posedness for the problem at hand. The case w # 0 was studied in
[101], and the problem is well-posed except for a discrete set of complex resonances. Well-
posedness in the case w = 0 will follow from a standard argument involving the Helmholtz
decomposition.

We now justify the introduction of the additional constraints curly - v = pH - v =0 on
09 in order to make well-posed in the case w = 0. In view of [86, (3.52)] we have

(2.22) curlw - v = divpg(w X v), w € H(curl,Q),
whence from ([2.18a)) we obtain
iwpH,, - v =curlE, - v = divgg(E, X v) = divga(p x v) = curlp - v on 0f).

This suggests to assume (2.20) and impose puH,, - v = 0 on 0S).

The main well-posedness result reads as follows.

Proposition 2.8. Assume that (2.19) and (2.20) hold and take M > 0. There existn,C > 0
depending on Q, A and M such that for all w € C with |Sw| < n and |w| < M the problem

curlB, = iwuH, mn €,

curlH, = —i(we + i0)E,, in ,
(2.23) div(pHy,) =0 in €,

By, Xv=pXv on 082,

uH,-v=20 on 0L2.

admits a unique solution (E,,, H,) € H(curl, Q) x H¥(curl, Q) satisfying

1(Ews Ho)ll geunyz < C el greuna) -

The rest of this subsection is devoted to the proof of Proposition [2.8] As far as the case
w # 0 is concerned, we follow [I0I]. The case w = 0 is standard, but requires additional
care.

To simplify our study of , we first do a lifting of the boundary condition ¢. Namely,

write
(2.24) E,=E,+¢,
where E,, € Hy(curl,Q) = {u € H(curl,Q) : u x v = 0 on 92}, and obtain

(2.25) { curlE,, = iwpH,, — curlp in €,

curlH, = —i(we +i0)E,, — i(we + i0)yp in Q.
Introduce the space

X = L%(Q;C3) x {v € L*(Q;C?) : div(uw) = 0in Q, pv-v = 0 on 9N},
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equipped with the norm || (u, v)||% = HUH%Q(Q;C;;)—i—HvH%Q(Q;Cg). Consider its subspace D(T') =
Hy(curl, ©2) x HH(curl, Q) and the operator

T:D(T) — X, T(u,v) =1 (5_1(Curlv —ou), —u_lcurlu).

In view of (2.22)) we have curlu - v = 0 for all u € Hp(curl, ). Therefore T'(u,v) € X for all
(u,v) € D(T), and so T is well-defined.
The following lemma states that ([2.25) can be recast as a Fredholm-type equation in-

volving the operator T'.

Lemma 2.9. Assume that and hold and take w € C and (E,, H,) € D(T).
Then (E,,, H,,) is a solution to if and only if

(2.26) (T — w)(E,, Hy,) = (w +ie o), ip teurlyp).

Proof. Showing this equivalence is just a matter of writing down the relevant identities, and
the details are left to the reader. O

The previous lemma states the equivalence between and the Fredholm-type equa-
tion . The first natural step towards the study of the latter is the characterisation of
the spectrum of 7', which we will denote by o(T).

The spectrum of an extension T’ of T was studied in [I0I]. Consider the space X =
L2(;C%) x L*(;C%) equipped with the norm [|(u, v)[|% = l[ull72o.cs) + 1] 72 (qucs), its

subspace D(T') = Hy(curl, Q) x H(curl, Q) and the operator

T:D(T) — X, T(u,v) =1i (e7!(curlv — ou), —,u_lcurlu).

Lemma 2.10. Assume that holds. The spectrum of T is discrete and is a pure point

spectrum.

Proof. Proposition 3.1 in [I01] states that the spectrum of T is discrete. Moreover, a careful
look at the proof, that is based on the Analytic Fredholm Theorem [91, Theorem VI.14],

shows that every element of the spectrum is an eigenvalue. O

As it has already been already pointed out, 7'(0, Vp) = 0 for every p € H'(Q; C), namely
T is not injective. Therefore 0 € o(T). The restriction we set in this work to the domain
and the codomain of the operator T" are motivated by the need of studying , whence
(2.26)), also in the case w = 0. Thus, we shall now prove that 0 ¢ o(T).

Lemma 2.11. Assume that holds true. The operator T is invertible and T—1: X —

D(T) is continuous, namely
[(w,0)|| < CIT(w,0)llx,  (u,0)€X

for some C > 0 depending on Q2 and A only.
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Proof. Let (F,G) € X. We need to show that there exists a unique (u,v) € D(T') such that
T(u,v) = (F,G) and that H(u,v)HX < C|(F,G)| x, for some C > 0 depending on  and A
only. In the following we shall denote different such constants with the same letter c.

Let us rewrite T'(u,v) = (F,G) as

(2.27) { ou — curlv = ieF in Q,

curlu = ipG in €.

In view of the Helmholtz decomposition [69, Chapter I, Corollary 3.4|, we can write u =
Vp+curl® for some p € H'(2;C) and ® € H*(; C?) such that div® = 0in Q and xv =0
on 0f2. Since curl(curl®) = V(div®) — A® = —A®, the second equation of yields

—Ad =iuG in €,

divd =0 in Q,

dxv=0 on 0f).

Thus @ is uniquely determined by G and in view of [69, Chapter I, Theorem 3.8| there holds

We now want to find suitable boundary conditions satisfied by p. We denote the surface
gradient by Vg, the surface divergence by divgg and the surface scalar curl by curl,, [86,
Section 3.4|. By (2.22)) and [86] (3.15)] we have

0 =iuG - v = curlcurl® - v = divyg(curl® x v) = curl,,curl® on 0.

(Note that curl® - v = divgo(P x v) = 0 on 91, so that curl® is a tangential vector field,
and so we can apply to it the surface scalar curl.) As a result, since 052 is simply connected,
there exists a unique r € H'(9Q;C) such that curl® = —Vgr on dQ and [y, rds = 0.
Poincaré inequality gives

(2.29) 171l i1 000y < lIVoarllzaa,csy = ¢ lleurl®| 1250, cs) »

where L?(02, C?) denotes the space of tangential vector fields in L?(9Q,C3). Asu x v =0
on 02 we have Vgor x v = —curl® x v = Vp x v = Vgap X v on 92, whence Vyop = Vaqr
on Jf). Since p is defined up to a constant, we can set p = r on 9. Thus, in view of the
first equation of , we must look for a solution to

—div(oVp) = div(ocurl® — icF) in Q,
p=r on 0f).

Therefore, p is uniquely determined by ®, F' and r and the following estimate holds
2l ey < @ (leuri®ll 2 aen) + 1F Nl 2gaueny + Il ony)
(2.30) < ¢ (lleun®] s gy + I Fl 2

< ¢ (161 2uen + 1 Fll e )
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where the second inequality is a consequence of (2.29)) and the third one follows from (2.28]).
We have proven that u is uniquely determined by F' and G and combining (2.28)) and ([2.30)

gives the estimate

H“Hm(g;@) <cl(F,G)lx-

The well-posedness for v follows from [69, Chapter I, Theorem 3.5] applied to the first
equation of (2.27). Indeed, div(cu—ieF’) = 0in 2 and so there exists a unique v € H (curl, 2)

such that
curlv = ou — ieF’ in Q,
div(pv) =0 in Q,
po-v =20 on 0,

and the norm estimate [[v[| ;2(q.c3) < c(HuHH(Q;@) + ‘FHLQ(Q;(CP,)) holds.
Finally, we have proven that there exists a unique (u,v) € D(T') such that (2.27) holds

true. Moreover, thanks to the estimates on the norms of u and v, T~ is continuous. O
We now show that the spectrum of T' is purely imaginary.

Lemma 2.12. Assume that holds. There exists n > 0 depending on 0 and A such
that o(T) C {w € C : |Sw| > n}.

Proof. In the proof, we shall denote several constants depending on Q2 and A by C.

Take w € o(T) and assume that |Sw| < 7 for some > 0. Since T C T there holds
o(T) C o(T). Hence w € o(T). By Lemma w is an eigenvalue of T. Therefore there
exists (u,v) € D(T) \ {0} such that T'(u,v) = w(u,v), namely

(2.31) { curlv — ou = —wieu in ,

curlu = iwpw in €.
Since u X v =0 on 992 and w # 0 by Lemma in view of we obtain

curlv = ou — wicu in £,

div(pv) =0 in Q,

po-v =20 on 0f2.
Therefore [69, Chapter I, Theorem 3.5| yields
(2.32) [0l 2esy < CA + |w) [[ull 20y -
From the second equation of and [86], Corollary 3.51] we obtain

HUHLQ(Q;C3) <C HCUYIUHB(Q;(CS) < Clwl ||”HL2(Q;<CS) .

Hence, in view of (2.32) there holds [lul;2(q.cs) < C'|w| (1 + [w]) ul 12(q,cs), whence

(2.33) w| > C,

since u # 0. Thus, we can take n small enough so that fw # 0.
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We now integrate the first equation of (2.31]) against @ and the second equation against

v. An integration by parts gives

/Uu-ud:z::wi/8u-udaz+wi/,lw-v.
Q Q Q

Taking the imaginary part of this equality, since Rw # 0, we infer that fQ eu-udr = fQ JTOR

Therefore, taking the real part we obtain

—1
0= [owade ([ euends) 2 Clulbgen lifac = C
Q Q

whence 1 > |Sw| > C. Choosing n < C' we obtain a contradiction. O

The following result gives an estimate on H (T —w)~ Y| for [Sw| < 7.

Lemma 2.13. Assume that holds and take M > 0. There exist C;n > 0 depending
on Q, A and M such that o(T) C {w € C: |Sw| > n} and

(T —w)7 M <C, ISw| <7, |w| < M.

Proof. In the proof, we shall denote several constants depending on €2, A and M by C.

In view of Lemma there exists ' > 0 depending on © and A such that {w € C :
ISw| < 7'} C p(T). Take now w € C such that |Sw| < n for some n < 7.

Take (u,v) € D(T) and (F,G) € X such that (T — w)(u,v) = (F,G). Then

(2.34) { —curlv + ou — iewu = ieF in €,

curlu — iwpv = ipG in Q.
Arguing as in the proof of Lemma we obtain
(2.35) [0l L2(se8) < CUlull 2 (auesy + 11l L2 oscsy)-

Testing the first equation of ([2.34]) against @ and the second equation against v, integrating
by parts gives and taking the real part give

(2.36) / au-udm—i—%w(/ Eu‘ud:c—i—/ pv - vdr) = —%(/ eF -u— pG -vdr).
Q Q Q Q
Estimate ([2.35) yields
'3(/Q eF -u— pG -vdz)| < O(||(F, Gl 20092 vl 2,csy + 1F | 2009 Gl L2 0s09))

< C(IF, Dl 2(quesy 1ull L2 (aues) + I1(F G122 (q02)s

and

/au~udw+%w(/au-udx+//ﬂ)-u.)
Q Q Q

2/0u-udx—|%w\(/su-u—i-;w-vdx)
Q Q

1 —nA) ||U”i2(Q;<c3‘) —nA HUH%Q(Q;C:”)

1 OnA) [ullZagues — 1C I F I 22000 -
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Combining these two inequalities with ([2.36]) we obtain

(A" = CnA) [lulZ2ouc0) < CUE Oz uenye 1l p2gaues) + 1 G T ues))-

As a consequence, choosing 7 sufficiently small such that A=! — CnA > 0, there holds
lulz sy < CUCE Gl ooy Il 2 ey + 1, @) 2 gyes)), which with simple algebra
yields ||ull f2q.c3) < ClI(F, G)|[2(0;cs)2- Combining this bound with (2.35) gives the result.

O

We are now in a position to prove Proposition [2.8

Proof of Proposition[2.8 1t follows immediately from (2.24)) and Lemmata2.9/and2.13] O

2.2.2 Regularity

As far as the regularity is concerned, we assume that
(2.37) e, 0 € WRTLP(Q R3S € WRHLP(Q; C3)

for some p > 3 and k € N. The main regularity result for problem (2.23) is given in
Proposition [2.15] We need the following preliminary result, that follows from the general

regularity theory for Maxwell’s equations discussed in Section 23]

Proposition 2.14. Assume that and hold true with p > 3 and k € N. Let
n > 0 be as in Lemma[2.13 and take w € C with |Sw| < n and |w| < M and (F,G) € X
such that F € WrHLP(Q; C3) and G € WP (Q;C3). Let (u,v) € D(T) be a solution to

(2.38) (T —w)(u,v) = (F,G).
Then u,v € WTLP(Q; C3) and

(2.39) \|(U7U)||Wm+1m(n;<c?>)2 <C (H(U, U)HL2(Q;C3)2 + HF”WHLP(Q;CS) + HGHWW»(Q;C?’))
for some C > 0 depending on Q, M, A, k, p and ||(u, 6,0’)||Wn+l,p(Q;R3><3)3 only.
Proof. Since (2.38) can be rewritten as

curlu = iwpwv + ipG in €,
curlv = —i(we + io)u — ieF in Q,

the result immediately follows from Theorem if Kk = 0 and from its higher regularity
counterpart (which will be given in Section it k > 1. O

Proposition 2.15. Assume that (2.19), (2.20) and (2.57) hold for some p >3 and x € N.
Take n,M > 0 as in Proposition 2.8, For w € C with |Sw| < n and |w| < M let (E,, H,,) €
H(curl, )2 be the unique solution to . Then (E,, Hy,) € C%(€;C%) and

||(Ewan)ch(ﬁ;C6) <C ||50||W*‘+1*p(9;<c3)

for some C > 0 depending on Q, A, M, k, p and H(,u,E,a)||WK+1,p(Q;R3X3)3 only.



2.3. REGULARITY THEOREMS FOR MAXWELL’S EQUATIONS 26

Proof. We have already seen that setting F,, = F + ®, (Ew, H,,) is a solution to 1D with
F =¢q,pand G = ig~tcurlp. Thus, in view of Proposition[2.14 E,,, H,, € W"t1r(Q; C3)

and

I(Ee, Hw)HWn+1,p(Q;cc3)2 = C(H(va HW)HL2(Q;(C3)2 + H‘Eilq‘d@HW“HﬂP(Q;Ci‘)

+ H“_ICHTISOHWW(Q;@))

for some C' > 0 depending on Q, M, A, k, p and ||(y, €, O‘)Hwn—o—l,p(Q;R:ixg)g only. Combining

this inequality with the estimate for H(Ew, H, 2 given in Lemma [2.13[ we obtain

) HH(Curl,Q -
the result, as W*T1P(Q; C?)? is continuously embedded into C*(£2; CY). O

2.2.3 Holomorphicity in w

We finally show that w — (E,,, H,) is holomorphic, as a consequence of Lemma

Proposition 2.16. Under the hypotheses of Proposition the map
{weC:|Sw| <n,|w <M} — CF(Q;CY), w+— (B, Hy)
is holomorphic, where (E,, H,,) is the unique solution to .

Proof. Since E,, = E,,+, it is enough to show the holomorphicity of the map w — (E,,, H,).
By Lemma [2.9] there holds

(B, Hy) = (T —w) H(w+ic to)p, ip teurly).

We want to apply Lemma 2.6 with ¥ = X, D = {w € C : [Sw| < n,|w] < M}, V1 =
{(F,G) € X : F € WrtlP(Q;C?), G € WrP(Q;C?)} with the norm || lwe+1ics) X
I e .03 Yo = D(T)NWHTEP(Q; C?)? equipped with the norm || [y et (qucoy2, Buw = wi

leurly). Let us now

where i: Yo — Y7 is the inclusion, N = (0, ) and g(w) = (¢ g, ip~
check that the assumptions of the lemma are verified. The continuity of the inclusion
Yy C Yj is trivial. The continuity of (7" — w)_lz Y7 — Y5 follows from Lemma and
Proposition [2.14, Finally, a direct computation shows that g(w) — g(wo) = (w — wg)N.
Therefore, the result follows by Lemma as WrHLP(Q; C3)? is continuously embedded

into C*(Q; CO). O

2.3 Regularity theorems for Maxwell’s equations

Let us recall the main hypotheses. Let © C R? be a bounded domain in R?, with C'!
boundary. Let ,0 € L™ (Q; R3X3) and p € L™ (Q; C3X3) be matrix-valued functions such
that

AP <€ (Ru)e, ATHEP<E 08, EERY
T

(2.40) o~
= K, H(H)Uvg)HLOO(Q;R?’X?’)?’ <A
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for some A > 0. Consider a given frequency w € C and current sources
(2.41) ¢ € H(curl,Q), Je, J, € L? (2 C3) , divJy, =0 1in Q, (curlp — J,,) - v = 0 on 09Q.

We are interested in the regularity of the weak solution (E, H) € H(curl, Q) x H*(curl, )
of

curl = iwpH + Jp, in Q,
(2.42) curlH = —i(we +i0)E + J. in Q,
E xv=pxvon .

In Section [I.1| we stated some of the main results. We anticipate here the other two main
results of this section. The first one deals with the H!(Q) regularity for E. Note that no

regularity assumption is made on pu, apart from ([2.40)).

Theorem 2.17. Assume that holds, and that € and o also satisfy

(2.43) e,0 € W3+ (G R*P) for some § > 0.

Suppose that the source terms Jpm,, Jo and ¢ satisfy , Je € H(div,Q) and ¢ €

H' (;C?). Take |w| < M for some M > 0. If (E,H) € H(curl,Q) x H*(curl,Q) is a
weak solution of , then E € H! (Q; (C3) and

(244) | Ell g a8y < CUNE, H)ll 2 oucop + el oies) + 1 Imll2ics) + 1ell vy
for some constant C depending on !, A, 6, M and ||(o, 5)||W173+5(Q-R3X3)2 only.

Our second result is devoted to the H'(Q) regularity of H. Naturally, interior regularity
for H follows from the interior regularity of E, due to the (almost) symmetrical role of the
pairs (E,we+io) and (H,wy) in Maxwell’s equations. The difference between Theorem [2.17]
and Theorem comes from the fact that involves a boundary condition on E, not
on H.

Theorem 2.18. Assume that holds, and that p also satisfies
(2.45) € W (Q; €33 for some § > 0.

Suppose that the source terms Je, Jy and @ satisfy and p € H' (Q; (C3). Take |w| < M
for some M > 0. If (E,H) € H(curl,Q) x H"(curl, Q) is a weak solution of (2.43), then
HecH! (Q;C3) and

||H||H1(Q,(C3) < C(H(Ev H)HLQ(Q;(C3)2 + ||90”H1(Q;(C3) + ||(']€7 Jm)||L2(Q;(C3)2>
for some constant C' > 0 depending on 0, A, 6, M and ||p|lyr1.5+50,cox3y only.

This section is structured as follows. Subsection [2.3.1] is devoted to the proof of The-
orems and of Theorem the WP counterpart of Theorem with
appropriately smooth coefficients in a domain with C*! boundary. Then, § focuses on
the particular case when p is real-valued and is devoted to the proof of Theorem Finally,
§[2.3.3]is devoted to the result for the generalised bi-anisotropic Maxwell’s equations.
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2.3.1  W'? regularity for £ and H

Our strategy is to consider a coupled elliptic system satisfied by each component of the
electric and magnetic field, where in each equation, only one component appears in the
leading order term. In a first step, we show that the electric and magnetic fields are very
weak solutions of such a system. This system was already introduced, in its strong form, in

Leis [84], and was used recently in Nguyen & Wang [89).

Proposition 2.19. Assume that and hold true. Let (E,H) in H(curl, ) x
H*(curl, ) be a weak solution of (2.49).

o If holds and J. € H(div,Q), for each k = 1,2,3, E}, is a very weak solution of
(2.46) —div (¢, VEL) = div ((Okqw) F — qu (ex X (Jm + iwpH)) + iexdive) in Q,

where e is the unit vector in the k-th direction. More precisely, E} satisfies for any

® c W22(Q;C)

(2.47) /QEkdiV (¢ZV®) dz = /69(6k<1>)qu -vdo — /89 (er X (E xv))-(¢LV®)do

+ / ((Okqw)E — qu (eg X (Jp + iwpH)) + iegdiv,) - VO du.
Q

o If holds, for each k =1,2,3, Hy is a very weak solution of
(2.48) —div (uVHy) = div ((Opp)H — p (e x (Je — igu,E))) in Q.

More precisely, Hy satisfies for any ® € W22(Q; C)

(2.49) /Q Hydiv ('V®) do = — /6 . (ex X (H x v)) - (u'V®) do

s [ (Ot = per x (7.~ i0.B)) - T da
Q

Proof. We detail the derivation of for the sake of completeness. The derivation of
is similar, thanks to the intrinsic symmetry of Maxwell’s equations .

We multiply the identity curlE = iwpH + J,, by ® = ge; for some g € WH2(Q;C),
integrate by parts and multiply the result by e;. We obtain

el/g(iwuH+Jm)-eldm‘:el/E-(Vx@)dw—el/ (E xv)-®do,
Q Q onN

which can be written also as

/g(iw,uH—i—Jm) dm—i—/ J(E xv) dU:/Engdx.
Q o0 Q

Note that since E € H(curl, Q) by assumption, F x v is well defined in H ~3 (0£;C?) and

this formulation is valid. Next, we cross product this identity with e, and take the scalar
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product with e;. Using the vector identity a x (b x ¢) = (a - ¢)b— (a - b) ¢ on the right-hand

side, we obtain

(2.50) e;- / ger X (lwpH + Jp,) dx + e; / ger X (E xv) do
Q 19)

Z/Eiakg—Ekaigdx,
Q

for any ¢ and k in {1,2,3} and g € W2(Q;C). In view of 1-) we have that g,/ V® €
HY(Q;C3) for any ® € W22(Q;C). Thus, applying with ¢ = (quVCP) for any
i=1,2,3 and ® € W22(Q;C) we find that

/Ezﬁk VCI) dw—/Eka qu(I) dr+e; - / ekX(EXI/) do
Q [2}9)

qu(b e X (lwpH + Jp,) dx.

@\

Summing over i, this yields
(2.51) / E- 0 (¢)V®) dz = / Eydiv (¢/ V®) dz
+/ (er x (E xv))- (gL V®)do + / 0w (er x (iwpH + Jp)) - VO dz.
o0 Q

We then use the second part of Maxwell’s equations. We test curlH — J. = —iq,F
against V (0,®) i for ® € W22(Q; C) and obtain

/ quE-0O) (V@) dx = i/ curl(H) - V (8k6) dx — i/ Jo -V (8;@6) dx
Q Q Q
=i (/ (0x®@)curlH - vdo — / (8k5) Je-vdo + / div.J, 0, ® d:):)
[2)9] [2)9] Q

=i (—i/ (0x®)quE - vdo + / diVJ68k<1>d:v> .
1) Q
Since J. € H (div, ), the boundary term is well defined. Writing the left-hand side of the

above identity in the form

/ WE -0y (V) do = / B0, ({IV®) dr / (Oha) E - VB da,
Q Q

Q
we obtain
- / (Orqu)E - VO dx +/ E -0, (q:‘CVE) dx = / (0x®)quE - vdo + i/ div.J.0,® dx
Q Q o9 Q
Inserting this identity in (2.51)) we obtain (2.47)). O

To transform the very weak identities given by Proposition into regular weak for-
mulations, we shall use the following lemma. Given r € (1,00), we write r’ the solution of
L1 9
r r! '
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Lemma 2.20. Assume that and hold with § = 0. Given r > 6/5, u €
L2(Q;C)NL7(Q;C), F e (WL (Q;C)), let B be the trace operator given either by B® = ®
on O or by B® = p"'V® - v on 0Q for & € W22(Q;C).

If for all ® € W22(Q; C) such that B® = 0 there holds

(2.52) / wdiv(p! V®) dx = (F, ®),
Q

then w € WL (Q; C) and

(2.53) ”V“HLT(Q;@) <C HF”(WL?"(Q;(C))’

for some constant C' depending on ., A, ||plly1.3q,cox3) and v only.

Proof. We first observe that, since r > 6/5, then both terms of identity (2.52) are well
defined as W22(Q;C) ¢ WH5(;C) and ¢ + 715 = 1. Let ¢ € D() be a test function and
fix i = 1,2 or 3. Let ®* € W2(Q;C) be the unique solution to the problem

div(p'Vo*) = 0 in Q,

B®* =0 on 0f.

In the case of Neumann boundary conditions, we add the normalisation condition fQ P  dr =
0. Since p € Wh3 (Q, (C3X3), it is known [28, Theorem 1] that for any ¢ € (1, co) there holds

(2.54) 12* lyrac) < C Yl Lo

for some C' = C(q,, A, ||NHW1,3(Q;C3X3)) > 0. In particular, ®* € WH4(Q;C) for all ¢ <
00. The usual difference quotient argument (see e.g. [0, [67]) shows in turn that ®* €

W22 (Q;C), as 1 is regular. Thus, by assumption we have

/Quam dx| = /Qudiv(uTV@*) dz| = [(F,2")| < | Fll )y 127w e -
which in view of (2.54) gives
' | wbswda| < CIF gy ey Wl
as required. ]

We are now equipped to write the main regularity proposition for E, which will lead to

the proof of Theorem [2.17] by a bootstrap argument.

Proposition 2.21. Assume that (2.40), (2.41) and (2.45) hold and

(2.55) Jm € LP (Q;C%) , J. € WP (div, Q) and ¢ € WP (Q;C?)

for some p > 2. Assume that (E, H) € H(curl,Q) x H*(curl, Q) is a weak solution of
with ¢ =0 and |w| < M for some M > 0.
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Suppose that E € Li(;C3) and H € L*(;C), with 2 < q,5 < oo and write r =
min((3q +¢6)(q+3+06) ', p,s). Then E € WL (Q;C3) and

(2.56)  [Ellwrrcs) < CUBNLaaes) + 1 HI s ez + 1 el 2
+ 1Tl ogoycs) + 1divdell pogoic))
for some constant C depending on Q, A, M, ||(€7U)||W173+5(Q~R3X3)2 and v only.

The corresponding proposition regarding H is as follows.

Proposition 2.22. Assume that (2.40), (2.41)) and (2.45) hold and

Je € LP (€ C%) and ¢ € WP (Q; C?)

for some p > 2. Assume that (E,H) € H(curl,Q) x H*(curl, Q) is a weak solution of
with ¢ =0 and |w| < M for some M > 0.

Suppose that E € L*(§;C3) and H € L4(%;C), with 2 < ¢q,s < oo and write r =
min((3q + ¢8)(q+3+06) ", p,s). Then H € Whr(€;C3) and

(2.57) [H 1. 0yc3) < C(HHHLQ(Q;(C3) N EN s (cs) + 1 Imll 2y + ”J6||LP(Q;(C3))
for some constant C' depending on 2, A, M, ”MHW173+5(Q;(C3><3) and r only.
We prove both propositions below. We first prove Theorems and [2.18]

Proof of Theorems and[2.18 Let us prove Theorem first. Considering the system
satisfied by E — ¢ and H, we may assume ¢ = 0. Since H € L? (Q;(CS), we may apply
Proposition with p = s = 2 a finite number of times with increasing values of ¢q. For
gn > 2 we obtain E € W' (Q;C?), with r, = min(g,(3 + 6) (¢, + 3 + &71,2). Ifr, =2,
the result is proved. If r, < 2, Sobolev embeddings show that F € Ln+! (Q; CS) with

5q2 46

— " >+ —
94003 —qn) !

Gn+1 = Qqn + 9414’

using the bounds ¢, > 2 and 9 + ¢ (3 — ¢,) > 0, which follows from 7, < 2. Thus the
sequence 1, converges to 2 in a finite number of steps.

The proof of Theorem [2.1§]is similar, using Proposition [2.22] in lieu of Proposition [2.21
to bootstrap. The details are left to the reader. ]

We now prove Theorem

Proof of Theorem[1.1l Suppose first p < 3 and § < 3. From Theorem m (resp. The-
orem and Sobolev Embeddings, we have E € L5(Q;C3) (resp. H € L%(;C3)). We
apply Propositions and a finite number of times, with ¢ = s. Starting with
@n > 6 = qo we obtain E (and H) € W™ (Q; C3), with 7, = min(¢,(3+6)(3+5+¢,) "%, p).
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If r,, = p, the result is proved. If r, < p, Sobolev embeddings imply that E and H belong
to Ldn+1(£); C3), with

5q2 q3o 120

= i > | =

since g, > 6,0 <3 and 946 (3 — ¢,) > 0 (as r, < 3). Thus the sequence r,, converges to p
in a finite number of steps.

Suppose now p > 3 and 0 € (0,00). The previous argument shows that £ and H are in
W13(Q; C3). One more iteration of the argument concludes the proof if p < 346, and shows
otherwise that F and H are in L>°(;C3?), and the result is obtained by a final application

of Propositions and O

We now prove Proposition [2.21

Proof of Proposition|2.21. We subdivide the proof into four steps.
Step 1. Variational formulation. Since E x v = 0 on 052, multiplying identity (2.47) by
—i shows that for every ® € W22(Q;C) and k = 1,2,3 there holds

(2.58) / Epdiv((o — iwe)'V®) dx = / F, - Vodr —i / (Or®)quE - v do,
Q Q o0

where we set
Fi, = —i(0kquw)E + iqy (ex X (Jm + iwpH)) + ediv/e.

Since (Oxqu)E € La3+O)a+3+e) (€;C3), we have that Fy, € L"(Q;C3).

Step 2. Interior regularity. Given a smooth open subdomain €2y such that Qg C €, we
consider a cut-off function x € C§° (;R) such that x =1 in ©p. A computation gives for
® c W22(Q;C)

/ N Ediv((o — iwe)TV) da = / Erdiv((o — iwe) 'V (x®)) de + Th(®),
Q Q

where Tj,(®) = — [, Ex(div((c — iwe)T®Vx) + (0 — iwe)Vy - V@) dz. Thus, by (2.58) we
obtain

/ XEpdiv((o — iwe) T V) dx = / Fy - V(x®) dz + Ty (®),
Q Q

since x is compactly supported. Using Sobolev embeddings and the fact that Fj is in
L™ (Q;C3), we verify that ® — [, Fy, - V(x®) dz + Tp(®) is in (W' (Q;C)). Thanks to
Lemma we conclude that xE € W17 (Q;C), namely E € Wb (Qg; C3).

Step 3. Boundary regularity.  Take now xo € 9. Since 99 is of class C1! there
exists a ball B centred in xp and an orthogonal change of coordinates ¥ € CU1(B;R3)
such that in the new system w; = ¥;(x) we have ¥(B N Q) = {uz < 0} N B(0, R), where
B(z,R) = {y : ly —z| < R}. We can now express the relevant quantities with respect to
the coordinates u1,usg,u3. Let the components of vectors be marked by tildes if they are

expressed in the u; coordinate system. Denoting L = curlE we have (see [109, Lemma 3.1|)

E=(VU)E, L=(VU)L =y, 0, 0)xE,
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and the corresponding identities for H, as VWV is an orthogonal matrix chosen so that
det V¥ = 1. Therefore, using the notation V = (dy;, Quy, Ous ), implies

?xl?:iwﬁf:[—l—jm,N )

V x H =—i(we +i0)E + Je,

E1:E2:0 OHU3:0.
where £ = (VU)e(VI)T, 6 = (VU)o (VDT J, = (VO)J,, i = (V) u(VE)T and J,, =
(VW)J,,. Namely, Maxwell’s equations in the new coordinates u; can be written in
the same form. Note that €, 6 and f satisfy condition for some A > 0. Moreover, since
VU € Who(B;R3*3), the regularity assumptions (2.43) and (2.53) hold for &, & and for
the sources J,, J,,. Furthermore, E € W' (BNQ;C3) if E € W ({uz < 0} N B(0, R); C3).

We have shown that without loss of generality we can assume that around zg the bound-

ary is flat. More precisely, suppose that BNQ = {z-e3 < 0}NB(0, R) and take y € D(B;R)
such that y = 1 in a neighbourhood B of z.

Let us first consider the two tangential components of E, that is, F; with j = 1,2.
Proceeding as in step 2 we obtain for every ® € W%2(Q;C) N Wol’Q(Q; C)

/ xE;div((o — iwe) T V®) dx = / E;div((o — iwe) TV (x®)) dx + T;(®),
Q Q

where T;(®) = — [, Ej(div((c — iwe)T®Vy) + (0 — iwe)Vy - V@) dz. In view of identity
(2.58)), since x® = 0 on 99, we have

/ xE;div((o — iwe)TV®) da = / Fj - V(x®) dz + T;(®).
Q Q
As in step 2, thanks to Lemma we conclude that yE; € Wh(Q;C) for j = 1,2.

Let us now turn to the normal component E3. Consider the first part of Maxwell’s equa-
tions , curlE = iwpH + Jp, in the quotient space where every element of L” (B; (C3)
is identified with nought, that is, W~42(B;C3)/L"(B;C3). We find 0 = —cwlE =
—curl(Egeg) = e3 x VEj, since iwuH + J,, € L" (Q;(C3) and F,Ey € WY (B;C). In

other words,
(2.59) VE; =e3(e3 - VE;) in W2(B;C?)/L"(B; C?).

Therefore, taking now the divergence of the second identity in Maxwell’s equations ([2.42]),
and using the fact that divJ, € L"(Q;C) and F € L" (Q;C3) we obtain, in the quotient
space W12 (B; (C)/LT (B; (C),

0 =div((c—iwe)E) = div(E3(c—iwe)es) = VE3-((0—iwe)ez) = (e3-VE3) e3-((0—iwe)es).
Hence, in view of 1) and l} we obtain VFE3 € L™ (B; C3), whence E € W (B; C3).
Step 4. Global regularity. Combining the interior and the boundary regularities, a

standard ball covering argument shows E € W17 (Q;C3). The estimate given in ({2.56)
follows from Lemma [2.20) O



2.3. REGULARITY THEOREMS FOR MAXWELL’S EQUATIONS 34

We now turn to the proof of Proposition Naturally, the interior estimates can be
obtained in the exact same way, substituting the very weak formulations for the components
of E by the corresponding identities for the components of H. The boundary estimates

require different arguments, and we detail this step below.

Proof of Proposition[2.23. Boundary regularity. By (2.49), for every ® € W?%2(Q;C) and
k =1,2,3 there holds

(2.60) /Q Hpdiv(p'V®) dz = /Q Gy -Vodx — /8 . (er x (H xv)) - (uTV®) do,

where
G = (Oep)H — (e x (Je — iquE)) € L™ (5 C?),

-1

since (Opp)H € LIBH)(a+3+0) (. C3),

Take xo € 92. As in the proof of Proposition we can assume that 0f) is the plane
x - e3 = 0 in a neighbourhood B of zy. Again let us focus on the tangential components
first. Take x € D(B;R) such that y = 1 in a neighbourhood B of z¢ and j = 1,2.

We choose a test function satisfying a Neumann type boundary condition, that is ® €
W22(Q; C) such that "' V® - v = 0 on 9. We have

/Q xH ;div(u' V®) dx = /Q H;div(u"V (x®)) dz + R(®),
where R(®) = — [, H; (div(uT®Vy) + uVy - V®) dz. From identity we obtain
(2.61) /QXdeiv(uTVq)) dx = /QGj -V(x®) dz + R(®) + S(®),
where
S(@®) == [ (e (1 x e) - (T V(F) do

As before, the functional ® — [, G; - V(x®) dx 4+ R(®) is in (W' (Q;C)). We shall now
prove that S € (W' (Q;C)). Since u"V® -v = 0 on Q and v = e3 on B, we have
x(e; x (H x e3)) - (uI'V®) = 0, thus

5(@®) == [ (e (1 x e9) - (V) T o

By hypothesis we have H € W17 (curl, Q), whence H x v € W1/ (9; C3). Tt follows that
(e; x (H x e3)) - (un"'Vx) € W=/ (9Q; C3). As a result (see [70, Theorem 1.5.1.2]),

[S@)=Cl®f g < Ol e

(99:0)
for some C' > 0 independent of ®; in other words S € (W' (Q;C)). We can now apply
Lemma to (2.61) and obtain yH; € W17 (Q;C). The rest of the proof follows faithfully
that of Proposition 2.21] O
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To conclude this section, we point out that higher regularity results follow naturally

under appropriate assumptions.

Theorem 2.23. Suppose that (2.40) and (2.41) hold and take k € N*, M > 0 and |w| < M.
Assume additionally that 09 is of class C*™' and that

(we +i0), p € WP (Q;C3) | Joy I € WP (div, Q) © € WrP(Q; C3)

for some p > 3. If (E,H) € H(curl,Q) x H¥(curl,Q) is a weak solution of (2.43), then
E.HeW-HP (Q; (C3) and there holds

H(E7H)mep(g;((:3)2 < C(”(E7 H)”LQ(Q;C3)2 + HSDHWW?(Q;@) + H(Je7 Jm)”wmp(div,Qﬁ)
for some constant C depending on Q, A, k, p, M, ||(e, U)HWW(Q;R?,”)Q and || pllyyr.p(q,coxs)-

Proof. The proof is done by induction. Theorem corresponds to k = 1. Assume that for
some £ > 2, Theorem [2.23| holds for x — 1.

For simplicity, we shall consider in its strong form, but every step can be made
rigorous by passing to the suitable weak formulation.

By using a change of coordinates as in the proof of Proposition [2.21] we can assume
without loss of generality that QN B(0, R) = {z-e3 < 0} N B(0, R). Indeed, the assumption
0Q € C™! implies that the regularity assumptions on the coefficients and on the source
terms and the conditions E, H € WP are insensitive to a C™! change of coordinates.

For i = 1,2 we have

curl O, E = iwpd; H + J, in QN B(0,R),
curl O;H = —iq,0,E + J. in QN B(0, R),_
0;F x e3 = 0;p X e3 on agﬂ{:L"eg = O}QB(O,R),

where J! = 0;J. + 1(0;q,)E and J,, = 0;Jp + iw(0;u) H. By assumption, we have F, H €
Wr=LP (Q; C?), therefore J.,J}, € W* 1P (div,Q) and J}, - v € WH_I_%’p(aQ;(C). Ap-
plying Theorem [2.23| with £ — 1 in lieu of k to the above system shows that 0;F,0;H €
We—Lp (Q; C3).

An argument similar to the one given in the third step of the proof of Proposition [2.21
allows us to infer that O3E,03H € Wr—Lp (Q;(C3), whence £, H € WP (Q;(C3). The

corresponding norm estimate follows by Theorem and the argument given above. O

2.3.2  Proof of Theorem [1.2| using Campanato estimates

The purpose of this section is to prove Theorem [I.2] We shall apply classical Campanato
estimates for elliptic equations to , namely the elliptic equations satisfied by E. We
first state the properties of Campanato spaces that we shall use, and then proceed to the
proof of Theorem [1.2]
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For A > 0 and p > 1 we denote the Campanato space by LP*(Q;C) [52], namely the
Banach space of functions u € LP (2; C) such that

1 p

—_— u(z)dz
’Q(x7 p)‘ Q(z,p)

U(y) - dy < 00,

[Whao= s p /
x€Q,0<p<diam Q(z,p)

where Q(z,p) = QN {y € R?: |y — x| < p}, equipped with the norm

Py 1 S R
Lemma 2.24. Take A > 0.
1. If X > 3 then L** (Q;C) is isomorphic to %3 (ﬁ; (C).

2. Suppose A < 3. Ifu € L*(Q;C) and Vu € L> (Q;C3) then u € L*2T2(Q;C), and the

embedding is continuous.

3. Suppose § >0 and X # 1. If f € L37 (Q;C) and u € L* (;C) with Vu € L>* (Q; C3)
then fu € L*N (Q; C) with X' = min(A426(3+6)",3(1+0)(3+0)"1), and the embedding

1S continuous.

Proof. Statements (1) and (2) are classical, see e.g. [106, Chapter 1]. For (3), note that
Holder’s inequality implies that f € L273(1+5)(3+5)71(Q;C). When A\ < 1, the result follows
from [60, Lemma 4.1]. When A > 1, (3) follows from (1) and (2). O

We now state the regularity result regarding Campanato estimates we will use. It can
be found in [I06] (Theorems 2.19 and 3.16).

Proposition 2.25. Assume and Spu = 0. There exists A, € (1,2] depending only on
Q and on A, such that if F € L** (Q;(C3) for some X € [0,\,,), and u € WH2 (Q; C) satisfies

—div(uVu) = divF in Q,
uVu-v=F v on 082,
then Vu € L** (Q; (C3) and
(2.62) IVull 2aesy < ClF | 2 ucs) »

where the constant C' depends only on A and €.

Alternatively, assume and . For all A € [0,2], if F € L*>* (Q;(CS), f e
L2 (Q;C), and u € W2 (Q; C) satisfies

—div(pVu) = div(F) + f in Q,
u=0 on 052,

then Vu € L** (Q; (CB) and

(2.63) IVull 2 ocsy < C (HFHL?J(Q;(C?’) + ||f”L2(Q;(C)) ;

where the constant C' depends on A, Q, and || p|ly1 545 q.cox3) only.
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We first study the regularity of H following a variant of an argument given in [112].

Proposition 2.26. Assume that Q is simply connected, that and hold with
Su =0 and J,, € L*>MQ) with 1 < X < A, where N\, is given by Proposition 2.25, Let
(E,H) € H(curl,Q) x H*(curl,Q) be a weak solution of with ¢ = 0 and |w| < M.
Then H € L** (Q; (C3) and

(2.64) IH | 2003y < CUIEN 12co) + el 2 0ue3))
where the constant C' depends only on A, \, M and €.

Proof. Since —igq,FE + J. is divergence free in Q, and  is C"! and simply connected, it is
well known that there exists T € H'(Q; C3) such that —ig,E + J. = curlT, satisfying

(2.65) 1Tl i1 09y < C (el 2uesy + 1 Ell L2 (ucs))

where C' depends on €2, A, and M only, see e.g. [69, Chapter I, Theorem 3.5|. Thanks to
Lemma this implies pI' € L?%(Q; C3) c L>2(Q; C?).

As H — T is curl free in €, in view of [69, Chapter I, Theorem 2.9| there exists h €
H'(Q;C) such that H — T = Vh. The potential 4 is defined up to a constant by

div(uVh) = —div(uT") in Q,
uVh-v=—-uT v on 0f2.

Note that the boundary condition follows from H € H*(curl, ). Thanks to estimate (2.62)
in Proposition [2:25] we have

(2.66) VRl 2acsy < ClBT (| 2 qcs) < C 171 1.9 -
The conclusion follows from the identity H = T'+Vh and the estimates (2.65)) and (2.66]). [

We now adapt Proposition 2.21] to be able to use Campanato estimates in the bootstrap

argument.

Proposition 2.27. Assume that 2 is simply connected, that and hold with
Su = 0 and that holds. Suppose J,, € LQ’S‘(Q;(C?’) and divJ, € LZ’:\(Q;(C) for some
1<A< Ay, where X, is given by Proposition . Let (E,H) € H(curl,Q) x H*(curl, )
be a weak solution of with ¢ =0 and |w| < M.

If VE € L? (Q;C3*3) for some \g € [0,00) \ {1} then VE € L**(Q;C)?, with
AL = min(j\, Ao +25(346)71,3(1+0)(346)7). Moreover there holds

(267)  [[VE|2aqcp <C <||E||L2(Q;(C3) +IVE| 230 @icy0 + el 20,09
1l 2 ey + Vel 2300 )

where the constant C depends only on 2, A, A1, M and H(E,U)HW1,3+5(Q,R3X3)2.
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Proof. In view of Theorem and Proposition for each k = 1,2,3, E), € H(€;C) is
a weak solution of

(2.68) —div ((0 — iwe)VEy) = div (—i0kqw F + Sk) in Q,

with
Sk = iq, (ex X (Jm +iwpH)) + epdiv /.

Thanks to Proposition we have that S, € L2’;\(Q; C). Furthermore there holds 0yq,F €
L2%0 (Q;C3) with Ao = min (Mo +20(3+6)"1,3(1+6)(3+6)7") in view of Lemma m
Thus

(2.69) — i0kque E + Sy, € LM (;C%) .

Interior regularity. Given a smooth open subdomain €2y such that Qo C Q, introduce a
cut-off function x € D(Q) such that y =1 in Q. From ({2.68]) we deduce

(2.70) —div ((0 — iwe)V(xEg)) = div (x (—10kqw E + Sk)) + fr in Q,
where
fe = =Vx - (—i0kqy E + Si) — (0 — iwe)VE}, - Vx — div((o — iwe) Ex V) € L*(Q;C).

As A < 2 and (0 — iwe) satisfies (2.43), we may apply Proposition [2.2] (with (o — iwe) in
lieu of p1) to show that V(yFE}) is in L*M (Q; (Cg), which implies VE € LM (Qg; (C3X3).

Boundary regularity. By using a change of coordinates as in the proof of Proposition
2.21] we can assume without loss of generality that Q N B(0,R) = {z - e3 < 0} N B(0, R).
Indeed, the assumption 092 € C*! implies that the regularity assumptions on € and on the
source terms and the condition VE € L™ are insensitive to a C1'! change of coordinates,
as L™ is a multiplier space for L2,

Let us focus on the tangential components first. Take x € D(B(0, R); R) such that y = 1
in a neighbourhood B of 0 and j € {1,2}. Identity yields, for j = 1,2

—div((o — iwe)V(xE;j)) = div (x (—i0jqw E + S;)) + f; in €,

where f; = —Vx - (—=i0jqw E + S;) — (0 — iwe)VE; - Vx — div((o — iwe) E; V) € L*(€;C).
Note that £ x v = 0 on 0 implies xE1 = xF2 = 0 on 02. Proposition together
with |j then shows that V(yE;) belongs to L*M (Q;(C3) for j = 1,2. Arguing as
in the proof of Proposition we also derive that V(yE3) € L (Q;C3). Therefore
V(xE) € L*>M (B; (C3X3), and in turn VE € LM (B; (C3X3).

Global regularity. Combining the interior and the boundary estimates we obtain that

VE is in L*M (Q;C33), together with (2.67). O

We are now ready to prove the global Hélder regularity result.
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Proof of Theorem[I.3 Considering the system satisfied by E — ¢ and H, we may assume
@ = 0. Choose any A > 1 such that A < Ay and A< 3”%2. Holder’s inequality shows
that J,, € LQ’S‘(Q; C?) and divJ, € L2’5‘(Q; C). We apply Proposition a finite number
of times, starting with VE € L% (Q;(CSXS) for some A\, < 1 (in the initial step we
take Ao = 0, in view of Theorem [2.17), and obtain that VE € L2*+1 (Q;C33), with
Ant1 = min(S\, (n+1)20 ((5+3)71). If \p41 = 1, Proposition could not be applied
another time (as A\g = 1 is excluded). An easy workaround of course is to reduce 0 to a
nearby irrational (just for this step), and proceed. We stop the iterative procedure as soon
as Apt1 > 1 and we infer that VE € L?* (Q; (C3X3) for some 1 < A < . A final application
of Propositionﬂgives VE ¢ [2min(A301+9)3+9)7") (€2; C**3); the result then follows from
Lemma 2,241 O

2.3.3 Bi-anisotropic materials

In this subsection, we investigate the interior regularity of the solutions of the time harmonic

Maxwell’s equations for bi-anisotropic materials

(2.71) { curlf = iw (CE + pH) + Jm in Q,

curlH = —iw (eE+¢H) + Je in Q,

for ¢, p,e,& € L®(Q;C3*3) and w € C\ {0}. Note that in this subsection we use a different
notation for the material parameters.

As far as the author is aware, this question was previously studied only recently in
[63], where the parameters are assumed to be at least Lipschitz continuous. In this more
general context, hypothesis is not sufficient to ensure ellipticity. As we will see in
Proposition the leading order parameter for the coupled elliptic system is the tensor

Re —Se RE -

_ap | S Re ¢ R
(2.72) A—Aij = | ®e —s¢ ®p —Su |
I¢C RC Sp Rup
where the Latin indices ¢, j = 1, ..., 4 identify the different 3 x 3 block sub-matrices, whereas

the Greek letters a, 8 = 1,2, 3 span each of these 3 x 3 block sub-matrices. We assume that
Ais in L®(Q;R)2*12 and satisfies a strong Legendre condition (as in [56,[67]), that is, there
exists A > 0 such that

(2.73) A?jﬁﬁéﬁé >A ', neR?  and Al e qupyiexiz < A
The following result gives a sufficient condition for (2.73) to hold true.

Lemma 2.28. Assume that €q, 10, K, X are real constants, with ey > 0 and o > 0. Let

(2.74) e=ceols, p=pols, &= (x—irk)l3, (= (x+ir)ls,
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where I3 is the 3 x 3 identity matriz, and construct the matrix A as in . If
(2.75) X2 + /‘&2 < gol0,

then A satisfies .

Remark 2.29. This result shows that a wide class of materials satisfy the strong Legendre
condition . Considering for simplicity the case of constant and isotropic parameters,
the constitutive relations given in describe the so-called chiral materials. It turns out
that is satisfied for natural materials [10§].

Proof. A direct calculation shows that the smallest eigenvalue of A is (g + o — (€3 — 2e040 +
p3 + 4x* + 4k2)1/2) /2, which is strictly positive since x? + k2 < £gp. O

We now give the regularity assumptions on the parameters. In contrast to the previous
situation, here the mixing coefficients £ and ¢ fully couple electric and magnetic properties.

We are thus led to assume that
(2.76) ,& 1, € WhH3He (Q;(C3X3) for some & > 0.

The theorem below shows that at least as far as interior regularity is concerned, Theorem [I.]

also applies in this more general setting.

Theorem 2.30. Assume that (2.75) and (2.76) hold. Suppose that the current sources J.
and Jy, are in WHP(div, Q) for some p > 2.
If E and H in H(curl, Q) are weak solutions of , then E,H € VVZZ’q(Q;(C?’) with

C

q = min(p, 3 + 6). Furthermore, for any open set Qg such that Qo C Q there holds

H(E»H)le,q(go;cii)Q < C(H(EaH)HL?(Q;C?’)? + ||(J€, Jm)leaP(div,QP)v
where C' is a constant depending on ), Qq, q, A, w and H(z—:,,u,f,C)||W173+5(Q,C3X3)4 only. In
0,1-2
particular, if p > 3 then E,H € C,, . *(£;C?).

The proof of this result is a variant of the proof of Theorem In this case, the system
is written in R'? (instead of a weakly coupled system of 6 complex unknowns). The first

step is to derive an appropriate very weak formulation.

Proposition 2.31. Under the hypotheses of Theorem let E,H € H (curl, Q) be a weak
solution of )

Then for each k =1,2,3, (Ex, Hy) is a very weak solution of the elliptic system

—div (eVE + {VHy) = div ((0ke)E + (0k€) H — € (e x (\wCE + iwpH + Jp,)))
+div (¢ (e X (iweE + iwEH — J.)) + iw ™ tegdive) in Q.

—div ((VEy + uVHy) = div ((0xC)E + (Okp) H 4+ (e x (iweE + iwEH — Jp)))
+div (¢ (e X (—iwCE — iwpH — Jp)) — iw tegdivy,) in Q.
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More precisely, for any ® € W22(Q; C) there holds
Jo Erdiv (e7V®) dz + [, Hidiv (£7V®) da = [, ((Oke) E + (0k€) H) - V@ da

— Jo(e (ex x (lWCE + iwpH + Jp)) + £ (e x (—iwe B — iwEH + J.))) - VO da
(2.77)
+ [o (iwtdivieey) - V@ da + [, (0kP) (cE + {H) - vdo

— [oq (er x (H xv)) - (£TV®) do — [, (ex X (E x v)) - (TV®) do,
and
Joy Brdiv (CTV) dax + [, Hydiv (5TV®) da = [,(0C) E + (D) H) - VB dac

2.18) + [y (1 (g X (weE +iwEH — J.)) + ¢ (e X ((WCE + iwpH + Jp))) - VO da
2.78
— [o (iw™tdivyer) - VO do + [,o(0x®)(CE + pH) - vdo

— [50 (er x (Exv))- ((TV®)do — [, (ex x (H x v)) - (1 V®) do.
Proof. We detail the derivation of for the sake of completeness. Then, is a
consequence of the intrinsic symmetry of .
We test curlE = iwCE + iwpH + J,, against ® = ge; for some g € W2 (€; C), integrate
by parts and multiply the result by e;. We obtain

el/g(iwCE+iwuH+Jm)-eldx:el/E~(V><<f>)dq:—/ (Ex@)-uda
Q Q [2)9]

Which can be written also

/ G (GwCE + iwpH + Jy) da + /
Q [2)9]

g(E xv) da:/Engdx

Q
Note that since E € Wh?(curl, ) by assumption, E x v is well defined in W32 (89; (C3)
and this formulation is valid. Next, we cross product this identity with e, and take the
scalar product with e;. Using the vector identity a x (bx¢) = (a-¢)b— (a-b)c on the
right-hand side, we obtain

(2.79)
ei./geﬁC X (lwCE + iwpH + Jp,) dCC-i-ei'/
o o0

for any ¢ and k in {1,2,3}. Proceeding in a similar way with curlH = —iw (e E + {H) + J.

gey X (E X V) do = / E;0,g — Fr0;g do,
Q

we obtain

(2.80)

€e; - / geg X (—iwaE — iwa-i- Je) dr +e; / geg X (H X V) do = / Hzc‘)kg — Hkaigdo,
Q 0 Q

Q
Next, we use the second part of Maxwell’s equations. We test curl(H) — J. = —iweE —

iwH against V (9;®) & for ® € H?(;C) and obtain

- / (eE + €H) - 0 (V) do = —iw™! / cwrlH -V (8,8) da + i / JoV (0uB) da
Q Q Q
= —jw! (/ (Ox®)curlH - v ds —/ (akti) Je-vds +/ divJ.0,® da:)
o0 o0 Q

= jw™! <iw/ (0x®)(eE + €H) - vds — / divJ.0,® d:):) .
onN Q
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Since J, € W2 (div, Q) the boundary term is well defined. Therefore, since

/ (eE + £H) -, (V) do = / E .0y (€7V%) do — / (Ohe) B - Vb dz
Q Q Q
+/ H-0 (£7V0) da:—/ (0k€) H - VO du,
Q Q
we have
(2.81) /E-@k (eTVo) dm—/((@ks)E—i-(@kf) H)-V(bdx—ir/ H-0, (¢'V®) dx
Q Q Q
= / (Ox®)(eE+ EH) - vds + iw_l/ divJ.0,® dx
o0 Q
Applying 1D with g = (éTVq))Z, for some ¢ = 1,2, 3 we find
/E O (eTV®), do = - /E,c (e'Ve), d:ce,--/ (e"V®), er x (Exv) do
o0

e; / ( TV(ID) er X (IlwCE + iwpH + Jy,) dz.
Q
Summing over i, this yields
(2.82) - / E- 0 (eTV®) da = / e (ey x (lwCE + iwpH + Jp)) - VO dx
Q Q
- / Ey, - div (aTVi)) dz —/ (er x (E xv)) - (1V®)do.
Q o0
Similarly, applying 1} with g = ({T VCID)i and summing over ¢ we find
(2.83) / H- 0 ('V®) dx / € (eg x (—iweE — iwéH + J.)) - VO dx

— / Hy, - div (¢'V®) do — / (ex x (H x v)) - (£1V®)do
Q o0
Inserting (2.82) and (| - in we obtain O

We only study interior regularity for the problem at hand. The boundary regularity does
not follow easily from the method used in §[2.3.1} Indeed, mixed boundary terms appear in

(2.77) and (2.78)), and the technique used in Proposition and in Proposition with
test functions satisfying either Dirichlet or Neumann boundary conditions, does not apply,

as both conditions would be required simultaneously.

The “very weak to weak” Lemma [2.20] adapted to this mixed system is given below.

Lemma 2.32. Assume (W and (2.70 (-) hold, and let A be given by (-)
Given r > 6, ue L? (Q ]R4) nL" (Q ]R4) and F e Wb’ (Q,R4) ,if

(2.84) Aujaa(Agﬂagqﬂ) de = (F;, @), & e W2 (Q;RY) nWy? (4 RY),
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then v € WhHT (Q;R4) and

(2.85) IVull rraxsy < ClIF |y oray

for some constant C = C(r,Q, A, ||(,&, i, C)”W1’3(Q_C3X3)4).

Proof. Let 1 € D (Q;R) be a test function and take o* € {1,2,3} and j* € {1,...,4}. Since

A satisfies the strong Legendre condition ([2.73)), the system

(2.86) { 80(14%68,8@) = 0+ Oar¥ in Q,

P, =0 on 01,

has a unique solution ®, € H} (;R?*) (see e.g. [56} 67]). Further, since Af}ﬂ € WH3(Q: R),
by [50, Theorem 1.7, Remark 1.8] for any ¢ € (1, 00)

(2.87) ||‘I’*HWM(Q;R4) <c ||1/’||Lq(Q;R4)

for some ¢ = ¢(q, 2, A, ||5,§,,u,C\|W173(Q,C3X3)4) > 0. Hence, the usual difference quotient
argument given in [67] shows that ®, € W?2?2 (Q; R4). Therefore, by assumption we have

/Quj*aaw dx :’/Qujaa(A;‘faB@i)daz = |(F3, )| <IF lyrrmay | Pelliprropay:
which in view of (2.87) gives
/Q W Dot d| < ¢ | Pl qumey 101l sy
whence the result. O

The following proposition mirrors Propositions and Theorem then follows
by the bootstrap argument used in the proof of Theorem [I.1}

Proposition 2.33. Under the hypotheses of Theorem and given q € [2,00), set r =
min((3q + ¢6)(q+3+06) ", p). Let E and H in H(curl,Q) be weak solutions of .

Suppose B, H € L1(Q;C3). Then E,H € VV&;Z(Q;(CZ%) and for any open subdomain g
such that Qo C Q there holds

(2.88) 1(E, H)llyr ey < CUE H) | Logaucys + 11(Jes Tm) lwrir(aiv.0)2)
for some constant C' = C(r, 2, Qo, A, w, ||(€,&, w1, C)”W175+3(Q;(C3><3)4)‘

Proof. From (2.77) we see that for every compactly supported ®!, ®2 € W22(Q;C) and
k =1,2,3 there holds

Jo Bxdiv (7901 + Hydiv (VT do = [, Fi - V& da,

(2.89) _ . 7
Jo Exdiv (¢TV®?) + Hydiv (17V®?) do = [, Gy - V&2 da,
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with
Fi, = (0ke) E + (0k€) H — € (e, X (lwCE + iwpH + Jp,))
+ €& (e x (iweE +iwEH — J,)) + iw MdivJ.ey,
and
Gr = (0kQ) E + (Opp) H + pi (e X (lweE + iwlH — J¢))
— ( (e X (IwCE + iwpH + J,)) — iw™tdivJ,,ey.

By construction, Fy, Gy, € L"(Q; C?).
Given a smooth subdomain €, we consider a cut-off function x € D(2) such that x =1

in Q. A straightforward computation shows

Joy X Erdiv(eTVOT) + x Hydiv gW@) dz = [, Fy - V(x®') dz + Tp(®L),
Joy X Erdiv(CTV®2) + y Hydiv HTV@) dz = [, Gy V(x®2) dz + Ry(d?),

where

Tr(®Y) = — /Q By (div(eT @1Vy) + eVy - VOI) + Hy (div(¢T @1Vx) + £V - VL) da,
and

R(®?%) = — /Q E(div(¢T®2Vx) + (Vx - V@2) + Hy,(div(p" @2Vy) + uVy - VO2?) dz.

This last system can be reformulated in the form (2.84]), with A given by (2.72). We
then apply Lemma and obtain xEy, xHy € WL (£;C), namely E, H € W5 (Qg; C3).
Finally, (2.88) follows from ([2.85)). O



Chapter 3

Using multiple frequencies to enforce
local constraints in PDE

The focus of this chapter is the multiple frequency approach to the problem of finding
suitable boundary conditions such that the corresponding solutions to the Helmholtz and
Maxwell equations satisfy certain non-zero constraints. In Section [3.1] we describe the stand-
ard approach, based on complex geometric optics solutions. In Section[3.2] some preliminary
results on holomorphic functions and elliptic equations are discussed. Then, Sections
and contain the main results for the Helmholtz equation and Maxwell’s equations, re-
spectively. Finally, in Section some additional results are discussed.

3.1 Complex geometric optics solutions

In this section we discuss the classical approach to construct illuminations such that the
corresponding solutions to the Helmholtz equation satisfy certain non-zero local constraints.
The illuminations are traces on the boundary of particular highly oscillatory solutions to
the Helmholtz equation, called complex geometric optics (CGO) solutions. This technique
can be extended to Maxwell’s equations: CGO solutions for Maxwell’s equations have been
introduced by Colton and Péivérinta [57], and can be used to satisfy non-zero constraints.
For examples of applications, see [55, 33].

The rest of this section is devoted to the study of CGO solutions for the Helmholtz
equation. In particular, we shall show how these can be used to satisfy local constraints
by analysing a particular example. For simplicity, we study the two-dimensional case, but

everything can be extended to three dimensions. We consider the constraints

(3.1a) lul| > C,
(3.1b) |VuZ x Vul | > C.

These characterise ((x, C)-complete sets of measurements (Definition [1.3]), where

Cx(ul, u?, u?) = (ul,VUQ X VUS) .

45
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These constraints are weaker than the ones considered for ((get, C')-complete sets (§
and naturally arise in the context of microwave imaging by ultrasound deformation (§ .

Introduced by Calderon [51] and developed by Sylvester and Uhlmann [102], CGO solu-
tions have been extensively used over the last years in inverse problems to exhibit solutions

with good properties to the equation
Au+qu=0 in €.

The reader is referred to [30] for a review on this topic. The CGO solutions we are interested

in are complex solutions to

(3.2) —div(aVu) —wicu =0 in R
of the form

1
(3.3) ug(z) = %eptm (1+ )

where p; =t (e; +ieg), t > 0 and 9, € C! (RZ). Before going into the details, let us explain
the rationale behind this construction. The main idea is that for sufficiently smooth a and

g, if t is big enough then 1, is negligible and so

1 1
(3.4) ug(z) = —=ePt'" = —e'®1 (cos(t wa) + isin(txq)),

Va Va
whose real and imaginary parts satisfy the required properties , as we shall see later
on. As a result, the traces of the real and imaginary parts constitute a ((x,C)-complete set
of measurements.
More formally, let a,e € L>(R?; R) satisfy and take wy € R\ vE. In this section
the frequency wy will be kept fixed. We need to introduce the spaces Hj for s > 0 as the

completion of D(R?) with respect to the norm

lallg = ([ 0+ el - A)Suﬁdx)é,

where (I—A)zu = F~! ((1 + |§]2)%}"u> and F denotes the Fourier transform. The following
result, due to Bal and Uhlmann [36], shows that 1; and its derivatives are actually small in

Q for big values of ¢, provided that a and e satisfy the regularity assumption

Ava €

a S4+146
+wi- e H?
a

va

(3.5) -

for some § > 0.

Proposition 3.1 (|36, Proposition 3.3]). Let § > 0, a,e € L>°(R?;R) satisfy and
and take wy € R\ VE. Then there exist ¢, ty > 0 satisfying the following property: for every
t >ty there exists 1y € C1(R%;,C) such that u; given by s a solution to and

C
(3.6) lelos @y < 5
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For ¢ > to and u as in Proposition [3.1 denote the real and imaginary parts of u; by
uf = Ruy and ul = Suy, respectively. Let us now prove that the traces on 9§ of these
solutions form a ((x, C)-complete set of measurements with fixed wavenumber wy, provided

that t is big enough.
Proposition 3.2. Under the assumptions of Propositz’on there exist t >ty and C' > 0
such that
{wo} x {ut\amuﬂamuﬁan}
is a ((x, C)-complete set of measurements in €.

Proof. In the following, the O symbol will involve constants independent of € . In view
of (3.3) and the bound (3.6)), we have for z € Q as t — oo

une)? = e (L4 () P + 2 gu()]) = e (14 O(1/1).

Therefore there exist t; > tg and C' > 0 such that |us(x)| > C for any t > t; and = € Q, and

so (3.1a]) is satisfied.

Similarly, for the gradient we have

ept'x

Vuy(x) = J/a

oPtT < Va (t(e1 +1ie2) +O(1)),

NG —%(1 +i(x)) + pe (1 + i) + th(@) -

whence
txy

Vuy (x) =t

(cos(tzz)er — sin(trz)es + O(1/t)),

Vva

g™ Q]
B

Vul(z) =t (sin(txa)er + cos(tza)ea + O(1/1)).

As a consequence

2ta, e2tr
(cos(tajg)2 + sin(tzy)? + O(l/t)) = ¢?

Vau, x Vul(z) =12 (14+0(1/1)).

Therefore there exist t3 > t2 and C' > 0 such that ’Vug X Vu%(x)| > (C for any t > t3 and
z € Q, and so (3.1b)) is satisfied.

Finally, in order to obtain the result we choose t = max{ty,t3}. O

The previous result can be slightly strengthened with the following argument. Since by
Proposition ud, depends continuously on the boundary condition, there exists § > 0
such that {wo} x {1, 92,3} is a ((x,C)-complete set for some C' > 0, provided that
P2 _u;\BQHCLa(ﬁ;C) < dand [[¢r _uinHCLa(ﬁ;C) < 0 for a fixed

HSOljut\aﬂHCLa@;C) <9,
t>t.

In summary, in this subsection we have proved that CGO solutions are a very powerful
theoretical tool to construct complete sets of measurements for sufficiently smooth a and
¢ and for any frequency wg. However, this construction has the drawbacks discussed in
Section
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3.2 Preliminaries

3.2.1 Holomorphic functions

Holomorphic functions in a Banach space setting were studied in [103]. Let E and E’ be
complex Banach spaces, D C F be an open set and take f: D — E’. We say that f admits
a Gateaux differential in xg € D with respect to the direction y € F if the limit

L f@o+7y) = f(o)

7—0 T

exists in E'. We say that f is holomorphic in xg if it is continuous in xy and admits a Gateaux
differential in xy with respect to every direction y € E. We say that f is holomorphic in D
(or simply holomorphic) if it is holomorphic in every point of D. With this definition, it is
clear that this notion extends the classical notion of holomorphicity for functions of complex
variable.

The following lemma summarises some of the basic properties of holomorphic functions

that are of interest to us.

Lemma 3.3. Let E,...,E,, E and E’ be complex Banach spaces. Let D C E be an open

set.

1. If f: By X -+ X E,. — E' is multilinear and bounded then f is holomorphic.
2. If f: D — Ey and g: E1 — E’ are holomorphic then go f: D — E’ is holomorphic.

3. Take f = (f,...f"): D — Ey X --- X E.. Then f is holomorphic if and only if f7 is

holomorphic for every j=1,...,7.

Proof. Parts 1 and 3 trivially follow from the definition. Part 2 is shown in [I10]. O

The following result is a quantitative version of the unique continuation property for

holomorphic functions of one complex variable.

Lemma 3.4. Take Cy,D >0, 6 € (0,1) and r € (0,0]. Let g be a holomorphic function in
B(0,1) such that |g(0)| > Cy and suppq 1) |g| < D. There exists w € [r,1) such that

lg(w)| = C

for some constant C > 0 depending on 0, Cy and D only.

Proof. Since [0, (14 6)/2] C [r,1), it is sufficient to show that there exists C' > 0 depending
on 0, Cy and D only such that

max |g] > C.
[0,(1+6)/2]

By contradiction, suppose that there exists a sequence (g, ), of holomorphic functions in
B(0,1) such that suppgq)lgnl < D, [ga(0)] > Co and maxg 116)/2) [gn] — 0. Since
supp(o,1) |9n| < D, by standard complex analysis, up to a subsequence g, — goo for some
goo holomorphic in B(0,1). As maxp 144)/2] [gn| — 0, we obtain g = 0 on [0, (1 + 0)/2],

whence ¢goo = 0, which contradicts |go(0)| > Cp. O
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Remark 3.5. Although elementary, the proof of Lemma does not give the dependence of
the constant C' on the parameters 8, Cy and D. Even though we shall not need the precise
estimate, we present a possible derivation for the sake of completeness.

In view of [85] there is a Jordan curve I' in r < |w| < 1 around the origin such that

9 1 /logsu ' 1/2 2
log lg(w)/g(0)] > —~C ([;( g pﬂ&>””“m) ﬁ)  wer

1—r 1-—t¢

for an absolute constant C' > 0. By the Jordan curve theorem there exists w € (r, 1) such
that

r 1—1¢

- 2
~ Clogsupp 1) lg/g(0)] /1 L\ dt
1—r o \1—1¢

- _C‘log(DC’O’l)'

- 1—7r

> 1 /logsu ; 12?2
10g\g(w)/g(0)]2_1€ </0 < g pB<07>\g/g(0)\> dt) |

Therefore

C

()] > 19(0) (D315 > Co(DCTY)™

12» > CO(DC()*l)_ue’

¢
whence the constant given in Lemma is C = Co(DCy 1)~ 1-7.

It is possible to generalise the previous result to holomorphic functions defined in an

ellipse. The proof is elementary, but needed to show the precise dependence of C' on Ry — 7.

Lemma 3.6. Take 0 <r < Ry < M and 0 <n < Rs. Let g be a holomorphic function in

the ellipse

() (Sw)?
Ry R3

such that |g(0)| > Co > 0 and supg |g| < D. There exists w € (r, R1) such that

E={weC: <1}

lg(w)| = C

for some constant C > 0 depending on M, Ry —r, n, Coy and D only.

Proof. Several positive constants depending on M, Ry — r, 1, Cp and D will be denoted by
c. Without loss of generality, we can always suppose Ry < Rj.
~ 2 )2
Set B:=+/RZ+ RZ < V2M, r; = R;/B and E := {w € C : %JFM < 1}. The

2

~ 2
map ¢1: E — E, w — Pw is bi-holomorphic and the segment (r, R;) C F is transformed via
¢7into (r/B8, R1/B) C E. Consider now a bi-holomorphic transformation ¢: B(0,1) — E.

The existence of this map is a consequence of the Riemann mapping theorem, and an explicit
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formula is given in [88, page 296]. In particular, Uy can be chosen so that ¥9(0) = 0 and
U, ((r/B,R1/B)) = (', 1) for some 7' € (0,1). Since (Ry —7)/B > cand 1 < ri/ry =
R1/Ry < M/n we have 1 —1" > ¢, as the ratio r1/ry determines the deformation carried out
by 9. Hence ' < 6 with # =1 — c.

Consider now the map ¢': B(0,1) — C defined by ¢’ = g o 11 0 1)3. We have that
g’ is holomorphic in B(0,1), |¢'(0)| = [g(0)] > Co and suppy1ylg’'| = supglg| < D. By
Lemma applied to ¢’ and v’ we obtain the result. O

3.2.2 Elliptic equations
3.2.2.1 Asymptotic distribution of the eigenvalues of elliptic operators

Let Q C R? be a bounded smooth domain. As in Proposition we consider the eigenvalues
A; for the problem
—div(aVz) = Nez, z € H&(Q;R),

where a and ¢ satisfy (2.2]). We suppose that 0 < A\; < Ay < ... and count the eigenvalues
with multiplicity. We have the following result, regarding the asymptotic distribution of the

eigenvalues. The result is classical, and in the case a = e = 1 it is known as Weyl’s lemma.

Lemma 3.7. Assume that holds true. There exist Cy,Co > 0 depending on Q and A
such that
Cili <\ < Coli, €N~

Proof. Let §; denote the set of all I-dimensional subspaces of H}(Q;R). In view of the

Courant—Fischer—Weyl min-max principle [96, Exercise 12.4.2| we have

fQ aVu - Vudx

A= glel?l uer%??{(o} [eu?dx Len
Therefore we have
(3.7) A2 <N < A2, l € N¥,
where
Jo Vu - Vudz

= min max
H= Des, weD\{0}  [u?dx

By the min-max principle, y; are the eigenvalues of the Laplace operator on §2, and so they
satisfy
2 2
cild <y < eold, l e N*

for some ¢;, co > 0 depending on €2 (see [96, Theorem 12.14] or [74, Chapter 5, Lemma 3.1]).
Combining this inequality with (3.7]) yields the result. O
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3.2.2.2 Critical points of solutions to elliptic equations in two dimensions

We state here a result due to Alessandrini regarding the absence of critical points of solutions

to elliptic PDE in two dimensions.

Lemma 3.8. Let Q@ C R? be a bounded smooth domain and take ¥ € Q. Let a €
COL(Q; R?*2) satisfy and ¢ € C*(Q;R) such that psq has one minimum and one
mazimum. Let u € HY(Q;R) be the solution to

—div(aVu) =0 in 0L,
U= on 0f).

Then there exists C > 0 depending on Q, ', A, oscaqp and Hcp||02(§_R) such that
Vu(@)| >, wed

Proof. We adopt Einstein summation convention. Set ¢ = v/deta € C%(Q;R), @ = ¢ la
and b; = ¢ '9;a;;. Hence deta = 1. Since a € C%'(Q; R?*?) and u € H?(Q;R) by standard

elliptic regularity theory, a trivial calculation gives

dij&@ju + Ejﬁju =0 in Q.
The result readily follows from [6, Theorems 1.1 and 2.1]. O
3.3 The Helmholtz equation

3.3.1 The main result

Given a smooth bounded domain Q C R?, d = 2,3, in this section we consider problem ({2.1)

—div(a Vug) — (w?e +iwo) uf = 0 in Q,
(3-8) o _
uLH = @ on 0f.

Let us recall the assumptions on the coefficients. We assume that a € L°(Q; R?*?) and
e € L>°(Q;R) and satisfy

(3.92) a=a’, AP <Eat<AKP,  CeR]
(3.9b) A™! <e <A almost everywhere

for some A > 0 and that o € L*>°(€;R) and satisfies either

(3.10) o=0, or
(3.11) A™! <o < A almost everywhere.

Moreover, we suppose

(3.12) a € O L@ R, £ g e WHLR(O:R)
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Figure 3.1: The domain D and the admissible set A.

(a) D=C\ VI if holds.

Sw
a0 Vi Vv A Vv Vv R
(b) D ={w e C:|Sw| <n}if holds.
Sw
_- 7 —-
A Rw
- 1 -

for some k € N and a € (0,1).

Let A = [Knin, Kmaz) € B(0, M) represent the frequencies we have access to, for some
0 < Kpin < Kpaz < M. In view of Corollaries and problem (3.8)) is well-posed for
every w € D, where

(3.13) p_ JC\VE if (3.10) holds,
| {weC:[Sw| <y} if (BII) holds.

Here we have used the notation v = {w € C : w? € ©}. Figure represents the domain
D and the admissible set of frequencies A. Note that ul, € C*(£2;C) by Proposition [2.5|

Definition 3.9. Given a finite set K C A and ¢1,...,p, € C%%(Q;C), we say that K x

{¢1,-..,0p} is a set of measurements.

We shall study a particular class of sets of measurements, namely those whose corres-

ponding solutions !, to

(3.14)

—div(a Vu}) — (w?e + iwo) ul, = 0 in Q,
ul, = @; on 01},

and their derivatives up to the s-th order satisfy some non-zero constraints inside the domain.
Let b € N* be the number of illuminations and r € N* be the number of constraints. These

are described by a map (, which we now introduce. For b, r € N* let
(3.15a) ¢=(¢4...,¢"): C™Q;C) — C(Q;C)" be holomorphic, such that
(3.15b) Hg‘(ul, . 7Ub)||c(§;cy <ce(1+ H(ul, . 7ub)HSCH(§;C)b) and

(3.15¢) HDC(ulw--aub)HB(C“(@C)b,C(ﬁ;C)T) <eg(1+ H(ul’ e 7“b)“80n(§;6)b)
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for some ¢ > 0 and s € N*. For simplicity, we shall use the notation C¢ = (c¢, 5,7, k, @).

We now consider some examples of maps (’s.

Example 3.10. The following example has already been introduced in Section [I.2] and
it turns out to be the most relevant one. Take b = d+ 1, r = 3 and k = 1 and let

Caer: CH(Q; C)H — C(Q; C)? be defined by

Ccllet(u17 e 7ud+1) - ’U,17

Cget(ula e ,ud+1) = det [Vqﬂ vudJrl] :
1 d+1

3 1 d+1 u u

Cer(ty - uTT) = det |G gyin

In view of Lemma the map (4t 18 holomorphic. Simple calculations show that (3.15b))
holds true with s, = d + 1 and (3.15¢)) with s. = d, and so we can set s = d + 1.

In § we shall study the construction of ((get, C')-complete sets of measurements.
Then, as simple consequences, it will be possible to construct complete sets associated to
weaker constraints, which are introduced in the following two examples and are useful in

the applications.

Example 3.11. We remove here the third constraint given by Cget and we weaken Cget to
require only two linearly independent gradients instead of d. Namely, take b = 3, r = 2 and
k=1 and let {x: C1(;C)3 — C(9;C)? be defined by

CX (ul’ u2’ US) —

(ul, Vu? x Vu3) if d =2,
(u', (Vu? x Vud)s) ifd =3.

Note that (2 = Cget in two dimensions. In view of Lemma , the map (x is holomorphic.
Similarly, simple calculations show that holds true with s, = 2 and with
s. = 1, and so we can set s = 2.

The map (x has already been introduced in Section 3.1} The constraints given by this
map will be used in § [4.1.0]

Example 3.12. Here we simply remove the second constraint given by Cﬁet. Namely, take
b=d+1,r=2and k=1 and let ¢} ,: C1(Q;C)4"! — C(Q;C)? be defined by

wl T
C(/iet(ula s 7ud+1) = (ula det |:vu1 R vud+1:| )

Obviously, this map still satisfies assumption (3.15)).
The constraints characterised by this map will be used in §

We now give the precise definition of (¢, C)-complete sets of measurements, already
introduced in Section [I.2
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Definition 3.13. Take Q' C Q. Let b,r € N* be two positive integers, C' > 0 and let { be
as in (3.15)). A set of measurements K X {@1,...,¢p} is (¢, C)-complete in ' if for every
x € O there exists w, € K N D such that

1. ‘Cl(uijz, .. ,ugz)(az)‘ > C,
(3.16) : :
r. ‘Cr(ui}z, . ,uZz)(x)l > C.

An equivalent characterisation of (¢, C')-complete sets is given in the following remark.

Remark 3.14. Let K x {®1,...,¢p} be ((,C)-complete in " and define

Qw:{$€W3jinli7.I}T|Cj(ui),... ub)(ac)’ > C/2}, we K.

Y W
. ] 1 b . . . 7/ .
Since ( (uw, .. ,uw) is continuous, {2, are open sets in 2. Moreover, 1D yields

O = U 0.

weK

In other words, a (¢, C')-complete set of measurements naturally gives a cover of the domain
Y into #K subdomains, such that the constraints (3.16]) are satisfied in each subdomain

for different frequencies.

We now describe how to choose the frequencies in the admissible set A. Let K™ be the

uniform partition of A into n — 1 intervals so that #K ™ = n, namely

(3.17) IR N N O H(Km — Koin)-

The main result of this section reads as follows.

Theorem 3.15. Assume that (3.9), and either or hold. Let ¢ be as in
and @1, ..., pp € C**(Q;C). If

(3.18) ¢ (uf, .. ub) (@) = Co, j=1,....r,z€

for some Co > 0 then there exist C > 0 and n € N depending on Q, A, |A|, M, C¢,

lallgnmro gz, & 0)lwn @iy [0illcragaiey and Co such that

K(n) X {9017 . .,ng}
is (¢, C)-complete in .

In the following remark we discuss assumption (3.18)) and the dependence of the con-

struction of the illuminations on the electromagnetic parameters.
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Remark 3.16. This result allows an a priori construction of (¢, C)-complete sets, since C
and n depend only on a priori data, provided that the illuminations @1, ..., @ are chosen in
such a way that holds true. It is in general much easier to satisfy than ,
as w = 0 makes problem simpler. More precisely, there exist many results regarding
the conductivity equation [10) 53, 11T), 37, [32], 31 [34] (see also §[3.2.2.2] and §3.3.2)).

Note that with w = 0 does not depend on ¢ and o, so that the construction of

the illuminations (1, ..., pp is always independent of € and ¢. For the same reason, their

construction may depend on a.

We shall see in § (Examples and that there exist occulting illuminations,
that is, boundary conditions for which a finite number of frequencies is not sufficient, and so
assumption (3.18]) cannot be completely removed. Yet, it is very likely that this assumption
can be considerably weakened (see §

We now comment on the dependence of C' on | A| and M.

Remark 3.17. The proof of this result is based on Lemma [3.6] Thus, by Remark [3.5] the
constant C' goes to zero as |A| — 0 or M — oo. In particular, this approach gives good
estimates for frequencies in a moderate regime (e.g. with microwaves), but these estimates

get worse for very high frequencies.
Finally, we comment on the regularity assumption on the coefficients.

Remark 3.18. The regularity of the coefficients required for this approach is much lower

than the regularity required if CGO solutions are used (see Section [1.2)).

Before proving this result, we first weaken assumption (|3.18]).

Corollary 3.19. Assume that (3.9), and either or hold. Let a €
L®(Q; R satisfy . Let ¢ be as in and 1, ..., € CH*(Q;C). Suppose that
for some Cy > 0

(3.19) ¢ (ag, ..., a5)(z)| = Co, j=1,...,r, z €,
where ﬂé € HY(Q; C) is the solution to with a in lieu of a and w =0, namely

—div(aVay) =0  inQ,
il = o on 0N2.

There exist 6,C > 0 and n € N depending on Q, A, |A|, M, C¢, ”chn—La(ﬁRdxd)f
(&, o) lwn-1.00 ()25 [9illoria @iy and Co such that if ||a — al| gr-1.0(gpaxay < 0 then

K(N) X {9017 . .,ng}
is (¢, C)-complete in V.

Remark 3.20. A typical application of the corollary is in the case where a is a small perturb-
ation of a known constant tensor a. Then, the construction of the illuminations ¢1,..., ¢

is independent of a.
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o6

Proof. Several positive constants depending on 2, A, |A|, M, C¢, Co, \|a|]cﬁ_1,a(§.Rdxd),

(&, ) lwn-1.00 )2 a0 [[0il| oy, ) Will be denoted by c.
An immediate calculation shows that

—div(a V(% — u%)) =div((a — a)Vué) in €,
ﬂé — ug =0 on 0.

In view of Propositions and or [2.3] we have

iy — U oy < €l1@ = V]| gor sy < €6

provided that |la — dHC“_lva(ﬁ;RdXd) < §. Therefore, since the map ¢ is holomorphic we

obtain

167 (b ) = () |y < €6 = Lo

By choosing 0 so that ¢d < Cp/2, by (3.19) we obtain that (3.18) is satisfied with Cp/2 in

lieu of Cy. As a consequence, the result immediately follows from Theorem

O

The rest of this subsection is devoted to the proof of Theorem [3.15] For simplicity, we

shall say that a positive constant depends on a priori data if it depends on Q, A, |A|, M,

Ot all sy 1€ llwre 1@z 93]l aey and Co only:

Lemma 3.21. Under the hypotheses of Theorem|5.15, set

¢’: D — C(Q;0C), wl—>§j(ui,... ub).

? W

The map 67 : D — C(2; C) is holomorphic for all j.

Proof. Tt immediately follows from Proposition (3.15a) and Lemma parts 2 and

3.

We next study some a priori bounds on 67 and 9,,67.

O]

Lemma 3.22. Assume that the hypotheses of Theorem[3.15 hold true and take j =1,...,r

and w € B(0,M)ND.

1. If holds true then there exists C > 0 depending on a priori data such that

. S
(a) HHZJH(J(@(C) <C [1  SUPen- IAz—lw"’l} ’

. s+2
(5) 062l ¢y < € [1 + Supjen- ﬁ]

2. If holds true then there exists C' > 0 depending on a priori data such that

(a) H%Hc@;m <0
<

) 20y < ©
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Figure 3.2: The admissible sets A and A.
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Proof. In view of Corollary 2.2 and Proposition 2.5 we have
whence we obtain part la from (3.15b).
It can be easily seen that J,u’, is the solution to

—div(a V(9,ul,)) — w?e O,ul, = 2weut, in Q,

Ouul, =0 on Of.
Arguing as before, from Corollary 2.2 and Proposition 2.5 we obtain

' 2
3.21 Ot || s < C |1+ su .
(3.21) [ (QC) e T — w2
Since 8,6/, = Dgg‘%wum(awu}u, -0, 0,ul) we have
j _ j 1 b
108l oy = 1Dy Ot 0 [ e
' 1 b
= HDggug,,...,ug) HB(C"(Q;(C)E’,C(@C)) [ty - - Dustiy) Hm(ﬁ;@)b
s+2
<C |1+ sup .
ten+ | A — w?|

where the last inequality follows from (3.15¢), (3.20) and (3.21]). Part 1b is now proved.
Part 2 can be proved analogously, by using Corollary in lieu of Corollary The

details are left to the reader.

In the following two lemmata we study the case where ([3.10)) holds true, and how to deal

with the presence of the eigenvalues (see Figure .

Lemma 3.23. Under the hypotheses of Theorem assume that holds true. Then
there exist N € N*, § > 0 and 8 > 0 depending on Q, A, |A| and M only and a closed

interval A = [Kpmin, Kmaz) € A such that
A% %) =5,  A2C (), A= 8

for somel < N.
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Proof. In view of Lemma there exists N € N* depending on €2, A and M only such that

[0, K2, ] NS C{A1,..., v} In particular, #(A%2NX) < N. Therefore there exists [ < N

such that [A% N (A, Ai1)| = A% (N +1)71 Write A% N (A, Ais1) = [p. ¢] and define A by
2 2

=p+ ’;:,l +’1 3(|]é +‘1)]. This concludes the proof, since ‘AQ} depends on |A| and N

only O

Thanks to Lemma by taking a subinterval of the original admissible set A, without

loss of generality we can assume that
(3.22) d(A%, %) >6, A C (M, N), L<N

for some 6 > 0 and N € N* depending on 2, A, |A| and M only. Moreover, the new size of
A is comparable with the size of the original .4 by means of constants depending on Q, A,
|A| and M only.

The main idea is to apply Lemma to the maps w HZJ(x) and use the fact that
in w = 0 they are non-zero. However, in the case where holds true we first need
to remove the singularities in the poles £v/A1, ..., v/ Ay. This is done with the following

result.

Lemma 3.24. Under the hypotheses of Theorem if and hold true then
for any x € Q the function

(N —w?)®
)\f ’

=

(3.23) w € B(0, Kpaz) — g2 (w) := 07 ()
=1

is holomorphic in B(0, Kynay) and

sp o] <C
B(0,Kmax)

for some C > 0 depending on a priori data.

Proof. Different positive constants depending on a priori data will be denoted by C. In view

of Lemma the map w € C\ VY 05,(:1;) € C is holomorphic and by Lemmam part
la, it is meromorphic in B(0, K;pqz). For w € B(0, Kpax) N D we have

|93 ()| < |62 (x H ‘Al

- C“Nslnl =l 1 o = o]

<CH|>\lfw|

=1

1 1
l+sup——55 +sup ——53|,
1<n N = w27 N = w2|S]
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where the second inequality follows from Lemma [3.22] part la. As a consequence

|gg:( <CH})\l—w‘ 1+ sup

1< [N — w?]?

_C[H‘Al_w2‘+. i [ ’d-i-l
=1

HlflgN ‘)\l — w2|

<C,
where the first inequality follows from
|\ —w?| >4, [ > N,
and the third inequality from
N —w?| <2M?%, 1< N.

Therefore the map gi is holomorphic in B(0, K,4,) and the bound on supB(Omeaz)‘g%’
holds. O

The next lemma is the last step needed for the proof of Theorem [3.15

Lemma 3.25. Under the hypotheses of Theorem assume that if holds then
holds. Then for every x € SV there exists w, € A such that

‘92)30(56)‘20, j=1...,r
for some C > 0 depending on a priori data.

Proof. Different positive constants depending on a priori data will be denoted by C.
First case — Assumption . Take z € (' and define g/ as in l} where N is given
by (3:22). Set
.
9z = H -
j=1

In view of Lemma the map g, is holomorphic in B(0, Kinar) and maxpgg g, ,..) ‘gx‘ <C.
Moreover, |g;(0)| > C§ by (3.18). Therefore, by Lemma [3.6| with 7 = Ky, and Ry = Ry =
Koo there exists w, € [r, R] = A such that ‘gx(wx)} > C. As a consequence, in view of
(13.23]) we obtain

rs

4 Al
|H9 ’_|gl‘ WI’HW w2|7“8—0

since \; > A1 > C(Q,A) and |)\l — wfc‘ < 2M?2. The result now follows from Lemma @7
part la.
Second case — Assumption . Take x € O/ and define

w)=[]¢)(x), weD.
j=1
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In view of Lemma the map g, is holomorphic in D and by Lemma [3.22] part 2a,

maxB(O’M)mD’gA < C. Moreover, |g,(0)] > Cj by lb Therefore, by Lemmawith
r = Kiin, R1 = Kpaz, and Ry = 7 there exists w, € A such that ‘gz (wz)‘ > (. The result

now follows from Lemma [3.:22] part 2a. O
We are now ready to prove Theorem [3.15]

Proof of Theorem[3.15 Different positive constants depending on a priori data will be de-
noted by C or Z.

If holds true, by Lemma we can assume ((3.22). Thus, in view of Lemma
for every = € (¥ there exists w, € A such that

‘HZ)Z(QJ)‘EC, j=1...,m
Thus, by Lemma [3.22] parts 1b and 2b, there exists Z > 0 such that
(3.24) 07,(z)| > C, WElwe— Zywe +ZINA, j=1,...,r.

Recall that A = [Kin, Kmaz) and that wl(n) = Koin + %(Kmm — Kpin)- It is trivial to
see that there exists P = P(Z,|A|) € N such that

P
(3.25) AL, I, =[Knin+{®-1)2 Knin+pZ].
p=1
Choose now n € N big enough so that for every p =1, ..., P there exists 7, = 1,...,n such

that w(p) := wl(:) € I,,. Note that n depends on Z and |A| only.

Take now = € €. Since |[w, — Z,w; + Z]| = 2Z and |I,| = Z, in view of (3.25) there
exists p=1,..., P such that I, C [wy — Z,w, + Z]. Therefore w(p) € [wy — Z,w, + Z] N A,
whence by (3.24) there holds ‘Hi ®) (z)] = C for all j =1,...,7. Recalling the definition of
¢’ this implies

1 (U o) @) > C =1,

As a consequence, K™ x {p1,..., ¢} is (¢, C)-complete in ' since w(p) € K™. The

theorem is proved. ]

3.3.2 Construction of ({4, C')-complete sets of measurements

In this subsection we apply Theorem and Corollary to construct ((get, C')-complete
sets of measurements (Example . Let us recall the definition of the map (4ot Take
b=d+1,r=3and k =1 and let (et = ((leyr Gor (3p): CLQ; )T — C(Q;C)? be
defined by

Céet(ul? cee 7ud+1) = 17

Cget (u17 s 7ud+1) = det [VUQ te Vud+1] )
. d+1

CGeeul, . u™t) = det | ) u

Vul' - Vudtt
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for u' € C1(Q; C).

The construction of ((get, C')-complete sets of measurements depends on the dimension.
Indeed, the validity of for Qget and Cget depends on the dimension, as we shall see
later.

As far as the two-dimensional case is concerned, the precise statement of Theorem

reads as follows.

Theorem 3.26. Assume that holds with d = 2, that a € C%(Q; R**?) and that Q is
conver. Assume that either or holds. If Q' € Q then there exist C > 0 and
n € N depending on Q, ', A, [A], M and ||al| co.1(qpexz) such that

K(n) X {1, X1, 1’2}
is (Cget, C)-complete in €.

Proof. The main point of the proof of this theorem is satisfying (3.18]). Then, the result will
follow immediately from Theorem Thus, it remains to prove that

|G (ubyud ud) ()] > Co, j=1,....3, 2

for some Cy > 0 depending on 2, €', A and HG’HCOJ(Q-R?X?)'
Several positive constants depending on , €/, A and Ha||00,1(§_R2x2) will be denoted by
C. Recall that, setting “zg = 17, we have

—div(aVui) =0 in 092,
u% =X 1 on 0f).

Since u(l) =1, the thesis is equivalent to show that
(3.26) [y(2)] == |det [Vud Vui] (2)] >C, ze.

Fix now z € €. Since Q is convex, in view of Lemma we have § = ‘Vu%(a:)‘ > C.
Set V+ud = (—0ud, d1ud). Therefore {3~ 1Vud(x), 37!V ud(x)} is an orthonormal basis

of R?. As a consequence there holds
Vui(x) = (Vug() - 872 Vg (2)) Vg (2) + (Vug(e) - F7V g (2)) V().

Setting a = Vud(z) - B72Vud(z) and v = u} — aud, since v(z) = Vud(z) - Viud(x) we have
B~ 2y(z)V+ud(z) = Vo(x), whence

(3.27) (@) = BVo(z)].

Since €2 is convex and v is the solution to

—div(aVv) =0 in 092,

V= Ty — QT on 02,
we can apply again Lemma and obtain |Vu(z)| > C (note that || < C by standard
elliptic regularity theory — see Proposition [2.5)). As a consequence, in view of (3.27) we

obtain ((3.26)). O
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Remark 3.27. It is possible to remove the assumption on the convexity on the domain,
provided that the boundary conditions are chosen in such a way that the assumptions of
Lemma are satisfied. For further details, the reader is referred to [41], 111 [1J.

Remark 3.28. In order to satisfy the constraints corresponding to (., by the strong max-
imum principle it is enough to choose 1 > Cy > 0. Indeed, in this way assumption (3.18]
for j = 1,2 is easily satisfied (see Proposition . However, we decided to avoid this gen-
eralisation here since if @1 # 1 then it is slightly more complicated to satisfy for ¢ get.

It can be seen that in the general case it is sufficient to set w2 = z1p1 and @3 = z2p1 [1].

As far as the three-dimensional case is concerned, results similar to Lemma [3.8] are not
true [47, 29, BI]. As a consequence, in order to satisfy we assume that a is close to a
constant matrix. In §[3.5.1] we shall investigate if it is possible to remove this assumption
(see also [32]).

The precise statement of Theorem [I.5] reads as follows.

Theorem 3.29. Assume that (3.9) and hold with d =3, kK =1 and a € (0,1). As-
sume that either or holds. Let a € R3*3 satisfy . There exist 0,C > 0 and
n € N depending on Q, A, «, |A|, M and ”aHCOva(ﬁ;R3X3) such that if ||a — &HCO’a(ﬁgR3X3) <4
then

K™ x {1, 21, 39, 23}

is (Cget, C)-complete in Q.

Proof. This result is an immediate consequence of Corollary [3.19] since in the case w = 0

we have @' =1 and @' = x;_q fori =2,...,d+ 1 as @ is constant, and so
Céet(a(l)v s vﬂgﬂ) =1,
(g, .., adt )y =det [er -+ eq] =1,
G, a8 = det [(1) "o ﬁﬂ 1,
whence is satisfied with Cy = 1. ]

We shall now comment on assumption and give some examples to show that
it cannot be completely removed. In other words, the boundary conditions ¢; have to
be properly chosen since there exist occulting illuminations for which a finite number of
frequencies are not sufficient to satisfy the desired constraint. For simplicity, we study the
two-dimensional case.

As a model case, we consider the first two constraints relative to ((qet, C')-complete sets
of measurements. First, we provide a counterexample for condition ‘UH > C and show that

it is not enough to assume ¢ # 0.
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Example 3.30. Supposed =2, Q2 = B(0,1),a = ¢ = 1 and 0 = 0. We choose the boundary
condition ¢1(x1,x2) = x1, so that u(l) = x1 does not satisfy |i as }ué‘ 7 Cy > 0. In this
case the Helmholtz equation (3.8)) can be written in polar coordinates (r,6) and reads

Up U
uw+—r—|—%+ku:0.
r r
It is straightforward to see that

! _ Jilwr) cos
u,,(r,0) = (@) 0

satisfies the above equation, where J; is the Bessel function of the first kind of order 1 and
w? > 0 is not an eigenvalue of the problem. Thus, {u}u} represents a family of solution
to the Helmholtz equation with fixed boundary condition and varying frequency. However,

condition }ui‘ > C' cannot hold since u},(0, z9) = 0 for every w and for every x5 € (—1,1).

Next, we study condition ‘det [Vui Vui” > (. Since it expresses the linear independ-
ence of the gradient of the solutions inside the domain, we shall see that it is not possible

to require o and ¢3 to be just linearly independent.

Example 3.31. We consider the situation of Example[3.30] Suppose Q = B(0,1),a=¢=1
and o = 0. We choose the boundary conditions y2(x1,x2) = z1 and @3 = 1, so that (3.18])
is not verified, since det [Vu% Vu%] = det [61 O] = 0. It is straightforward to see that the
corresponding solutions to (3.14)) are
J
() = 20

J1(w)

where J,, is the Bessel function of the first kind of order n and w? > 0 is not an eigenvalue

cos 0, up (r,0) =

of the problem.

Take a matrix-valued function A: @ — GL(2), where GL(2) denotes the set of 2 x 2
invertible matrices. By viewing A(x) as a change of coordinates in 7,2, the tangent space
in x to Q, we get

det [AVuZ A~ AVu3 A7 =det (A [Vu? Vud] A7) =det [Vu? Vul].

w

Therefore, as far as det [Vu2

” Vui] is concerned, we can express the gradient in any system

of coordinates.
In this case, writing Vu!, with respect to ey and e, we have Vu!, = %%69 + agffer.

Hence

10u?,  10u 1 Ji(wr)
det [VU/E} vug] = det [T‘@@ 7'80] = det [ T Jl1(w) sin 0 O] .

Thus, we have det [VuZ Vul] (z1,0) = 0 for every w and for every ; € (—1,1) and so
‘det [Vuf, VUS’J” > (' cannot be satisfied by using many measurements with these fixed

illuminations and varying wavenumbers.
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3.4 Maxwell’s equations

Given a smooth bounded domain Q C R? with a simply connected boundary 05, in this
section we consider Maxwell’s equations with p,e,u € L®(Q;R3*3) and ¢ € H(curl, )
satisfying
(3.282) AT [EP < €opug, ATMEP <Eeg, ATHEP<E-0f,  EER
(3.28b) [[(0,€, 1)l oo (maxsys <A, p= pt,e=e" o =0", pe,o0 € WETLP(Q;R3*3),
(3.28¢) curlp-v =0 on Q and ¢ € WrT1P(Q; C?)
for some A >0, kK € N and p > 3.

As before, let A = [Kpin, Kmaz] € B(0, M) be the frequencies we have access to.

Definition 3.32. Given a finite set K C A and ¢1,...,¢, € WrTLP(Q; C3) satisfying
(3.28c), we say that K X {¢1,...,0p} is a set of measurements.

We shall study a particular class of sets of measurements, namely those whose corres-
ponding solutions (E!, H') € H(curl, Q) x H*(curl, ) to

curl B! = iwpHY in €,
(3.29) curl H), = —i(we + io) E}, in Q,
El xv=¢;xv on 01},

and their derivatives up to the s-th order satisfy some non-zero constraints inside the domain.
Let b € N* be the number of illuminations and r € N* be the number of constraints. As

before, these are described by a map (, which we now introduce. For b,r € N* let

(3.30a) ¢ =(¢t,...,¢"): CF(Q;C%" — C(; C)" be holomorphic, such that

(3.30b) [|¢((u',0h),. .., (ub,vb))HC@;C)r < ce(14 ||((uh,0h),. .., (ub,vb))HsCﬂ@;C(S)b),
(8:30¢) [[D¢(qut wt).tutr o s(cm@icny ooy < e+ [(@h vl (0 [ o)

for some ¢ > 0 and s € N*. For simplicity, we shall use the notation C¢ = (c¢, s,7, K, p).
We now consider some examples of maps (’s. In Section [£.2] we shall see that these

examples are motivated by some hybrid inverse problems.

Example 3.33. This example has already been introduced in Section [1.2] Take b = 3,
r=1, k=0 and let Cé\;[t be defined by

Cé\gt((ul,vl), (ug,v2), (us,v3)) = det [ul U9 U3] , (us,v;) € C(Q;C%).

The map C(]i\gt is multilinear and bounded, whence holomorphic. Assumptions (3.30b]) and
1) are obviously verified. In this case, the condition characterising (Cé\/e[t, C')-complete

sets of measurements is

(3.31) |det [EL E2 E3](z)| > C.

In other words, (3.31)) signals the availability, in every point, of three independent electric

fields and, in particular, of one non-vanishing electric field.
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Example 3.34. Take b = 6, 7 = 1 and x = 1. First consider the function n: C'(Q; C3)? —
C(£); C?) given by
n(ur, uz) = (Vug)ug — (Vug)uy + divugus — divusuy — 28(Vuy )ug 4+ 24(Vug)uy.
Define now ¢®: C*(€; C%)% — C(;C) by
¢ ((ur, 1), .-, (ug, v6)) = det [n(ur, uz) n(us,us) n(us, ug)] -

As before, the map ¢ satisfies 1) The interpretation of the corresponding constraint
is not immediate, and the reader is referred to § for an application.

Example 3.35. Take b =6, r = 2 and x = 1. The map ¢ considered here involves two
conditions. The first one is given by ¢(?), and the second one refers to the availability of one
non-vanishing electric field. More precisely, we define ¢(®): C(€; C%)% — C(€;C)? by

¢ ((ur,v1),- - (us,v6)) = (CP((ur, 01), .- (ug, v6)) , (ua)2).
As before, the map ¢ satisfies (3.30). The interpretation of the corresponding constraint
is not immediate, and the reader is referred to § for an application.

We now give the precise definition of ({, C')-complete sets of measurements for Maxwell’s
equations. The only difference with the Helmholtz equation (Definition [3.13) is that here,

for simplicity, we require the constraints to hold in the whole domain {2.

Definition 3.36. Let b,r € N* be two positive integers, C' > 0 and let ¢ be as in (3.30)).
A set of measurements K x {¢1,...,0} is (¢, C)-complete if for every x € §) there exists
w; € K such that

(3.32) (B, HL ), ..., (BL HY ) (@) >C, 2€Q,j=1,...,m
Let K be as in (3.17). The main result of this section reads as follows.

Theorem 3.37. Assume that holds. Let & € WRP(Q; R3%3) be an arbitrary matrix

valued function satisfying . Let ¢ be as in and @1,...,pp € WETLP(Q; C3)
satisfy . Suppose that

(3.33) I ((ES, Hy), ..., (EY, HY)) ()] > Co, zeQ, j=1,...,r

for some Cy > 0, where (E4, H}) € H(curl, Q) x H¥(curl, Q) is the solution to with

6 in liew of o and w = 0, namely

curlEé =0 in 2, curlﬁé = 61% n §Q,
(3.34) qiy(&Eg) =0 inQ, diY(uHé) =0 inQ,
Eyxv=y;xv on 02, pHi-v =0 on 082.

There exist §,C > 0 and n € N depending on Q, A, |A|, M, C¢, ||(e, 0, M)HWHLP@;Rgxg),
il wrs1o@csy and Co such that if |lo = 6|[ywrrpggaxsy < 6 then

K(n) X {Solw"?(pb}

is (¢, C)-complete.
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Proof. The proof of this theorem is very similar to the proof of Corollary in the case
where (3.11)) holds true. The results of Section have to be used in place of the corres-
ponding results of Section The details are left to the reader. O

In the following remark we discuss assumption (3.33) and the dependence of the con-
struction of the illuminations on the electromagnetic parameters (cfr. Remark [3.16)

Remark 3.38. Suppose that we are in the simpler case & = ¢. This result states that we can
construct a (-complete set of measurements, if the illuminations ¢1,...,y, are chosen in
such a way that holds true. It is in general much easier to satisfy than ,
as w = 0 makes problem simpler. Note that does not depend on ¢, so that
the construction of the illuminations ¢1, ..., is always independent of €. For the same
reason, their construction may depend on ¢ and p. However, in the cases where the maps
¢’ involve only the electric field E, it depends on o, and not on € and u (see Corollary.

A typical application of the theorem is in the case where o is a small perturbation
of a known constant tensor 6. Then, the construction of the illuminations q,..., ¢ is
independent of o (see Corollary . A similar argument would work if p is a small
perturbation of a constant tensor i . We have decided to omit it for simplicity, since in the
applications we have in mind the maps ¢/ do not depend on the magnetic field H, thereby
making assumption independent of p.

Finally, we comment on the regularity assumption on the coefficients (cfr. Remark(3.18]).

Remark 3.39. The regularity of the coefficients required for this approach is much lower
than the regularity required if CGO solutions are used. Indeed, if the conditions depend on
the derivatives up to the (k — 1)-th order, with this approach we require the parameters to
be in W*? for some p > 3, while with CGO we need at least W**2? [55].

In the case where the conditions given by the map ( are independent of the magnetic
field H, Theorem [3.37] can be rewritten in the following form.

Corollary 3.40. Assume that holds. Let 6 € W*P(Q;R3*3) be an arbitrary mat-

riz valued function satisfying and ¢ be as in and independent of H. Take
U1, .., € WEH2P(Q: C). Suppose that

(3.35) ‘Cj(le,...,Vwb)(xH > Cy, reQ, j=1,...,r
for some Cy > 0, where w' € HY(Q; C) is the solution to

div(6Vw?) = 0 in Q,
w = 1 on 0.

There exist 6,C > 0 and n € N depending on Q, A, [Al, M, C¢, [|(g,0, 1) llyns1p @ raxs)
“wi”Wﬁ+2,p(§;CS) and Cy such that if ||o — 6\|Wﬁ+1,p(§;R3X3) < § then

KM s {Vapy, ..., Vi)

is (¢, C)-complete.
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In other words, if the required constraints do not depend on H, then the problem of find-
ing (-complete sets is completely reduced to satisfying the same conditions for the gradients
of solutions to the conductivity equation, as in the Helmholtz case. This last problem has
received a considerable attention in the literature (see Remark .

3.5 Additional results
3.5.1 A genericity property

In § we showed that the construction of ((get, C')-complete sets of measurements in
three dimensions requires the assumption a = ag for some constant matrix ag. As we saw
before, the presence of critical points in the case w = 0 cannot be excluded in the three-
dimensional case. As a result, it may be hard to satisfy assumption if a is arbitrary
[31), 32]. However, we shall show in this section that assumption is not necessary, and
that for generic boundary conditions the zero set still moves when the frequency varies. In
other words, the occulting illuminations considered in Examples [3.30] and [3.31] are chosen in
a residual set.

Let us consider problem with ¢ = 0. We shall substitute w? — w in order to make

some calculations simpler:

—div(a Vud) — weul = in Q,
(3.36) { ub = on 0f2.

The current technique does not allow to consider constraints such as the determinant. We

restrict ourselves to consider the constraint
|0y ul ()] > C.

Namely, we study the construction of ({y,, C)-complete sets of measurements, where (g, (u) =
Or1u. This constraint is weaker than the one given by Cget but stronger than requiring the
absence of critical points.

For a C? bounded domain © C R3, let Diff?(Q) denote the open subset of C?(Q;R?)
consisting of maps F which are diffeomorphisms to their images Qf := F(9).

It is convenient to change the way frequencies are chosen in the admissible set A. For
n € N* let K™ := K2"+1) denote the uniform partition of A such that #K ™ = 27 4 1.
With this definition, there holds K™ C K(+1),

The main result of this subsection reads as follows.

Theorem 3.41. Let a € C?(R3;R3*3) and ¢ € C%(R3) be such that a = a” and holds
true and Q C R3 be a C? bounded domain. Take a generic F € Diff2(Q) and Q' € QF. For
a generic ¢ € C2(QF;R) there exist n € N and C' > 0 such that

K™ x {p}

is a (Ca,, C)-complete set in Q' for problem in QF.
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Remark 3.42. In this case, we have no quantitative a priori estimates on n and C', in contrast
to the results given in Sections [3.3] and [3.4] This is natural and unavoidable with generic
boundary conditions. Indeed, we have shown in Examples and that there are
occulting illuminations for which the result would not be true. As a consequence, as the
chosen generic illumination approaches an occulting illumination, n — oo and C' — 0.

The rest of this subsection is devoted to the proof of this theorem.

It can be easily checked that Proposition still holds for problem , so that the
map w € C\ ¥ +— uf € C1(Q;C) is holomorphic (see [T]).

Asin Proposition we consider the system of eigenvalues ¥ = {\;}; and eigenfunctions
{zi}i given by

(3.37) —div(aVz) = Nez, z € H&(Q;R),

subject to the condition ||| 2.k = [q €27 dz = 1. Classical elliptic theory [62] gives that
{%} is an orthonormal basis of L?(Q;R) and an orthogonal basis of H3(Q;C). Moreover,
Proposition [2.5| yields z; € C1(€;R) and

(3.38) lztllor ey < eX

for some P, ¢ > 0 depending on {2 and A only.

We now introduce a good set of boundary conditions:

B(Q) = {¢ € C*(;R) : for all € Q there exists w € C\ ¥ such that d,, u?(x) # 0}.

1 Yw

In the following result we show that if ¢ is chosen in B(£2) then a finite number of frequencies

are sufficient to obtain measurements with a non-vanishing first partial derivative.

Proposition 3.43. Let Q C R? be a C? bounded domain and ' € Q. Take p € B(L).
Then there exists n € N and C > 0 such that K™ x {p} is a (Cp,,C)-complete set of

measurements in ).

Proof. By construction of K| it is possible to choose w, € K™ \ ¥ and w € A\ ¥ such
that w, — w and w, # w for all n € N. Indeed, it is enough to choose w € A\ Up K (™)
and use the fact that U, KW = A. For z € Q' the map w € C\ ¥ — dyui(z) € C is

holomorphic and non-zero, as ¢ € B(2). Therefore by the analytic continuation theorem

there exists n, € N such that 9,,ug, (x) # 0. Since dp,ub, is continuous, there exists
ry > 0 such that

(3.39) Oz uf, (y) # 0, y € B(z,ry).
Since ¥ C U,eev B(z,72) and  is compact, there exist z1,...,zy € € such that / C
UN | B(x;,74,). Therefore, choosing n = max{ny,,...,n.y }, in view of K™ C K("+1) and

(3.39) we obtain
> lonub(z) >0,  wel
weK M\
By using the continuity of d,,uf we obtain that D owe R\ |0z, us(x)| > C > 0 for all
x € ¥ for some C > 0, which gives the result. O
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We now need a preliminary result that follows from the pointwise convergence of the

Fourier series associated to the eigenfunctions z; of a compactly supported smooth function.

Lemma 3.44. Let Q C R3 be a C? bounded domain and take xo € Q. Then there exists
I* € N such that 0y, 21+ (zo) # 0.

Proof. It is enough to show that if g € C§°(€;R) then g = >7,(g, 21) 12(o;r)21 converges in
C(;R). Indeed, then take g € C§°(Q;R) such that 0., g(xo) # 0.

Define gn = » 15,,(9, 20) 12(ir)21 € H} (5 R). We shall show that g, — 0 in C1(Q;R).
Let f € H}(;R) such that —div(aVg) = ef in Q. Since (s z1) 2 ir) = (f5 21) L2 (i), We
have

—div(aVg,) = ¢ fp in Q,
where fn, = >, (f,20)r2ir)21- Since f € H} (3 R), then f,, — 0 in H}(Q;R). By the
regularity assumption on a and ¢, this implies g, — 0 in H3(Q2). Finally, the result follows
by the Sobolev embedding theorem. O

Let us introduce the set of boundary conditions

O1(Q) = {v € C*(GR) : (v,4) 12(90) # O},
for any I € N*, where ¢ = (aVz) - v € C°(O%; R).
Lemma 3.45. Let Q C R3 be a C? bounded domain and take | € N*.
1. The set Oy(Q) is open and dense in C?(Q;R) for every | € N*.
2. There exists C > 0 depending on  and A such that ||| g-1/290;r) < CAi-

Proof. 1. Since the map v — (v,wl)Lz(aQ) is continuous, the set O;(f2) is open. We now
show that it is dense. Take v € C?(€;R) \ O;(2). By unique continuation for the Cauchy
problem for elliptic equations [12, Theorem 1.7], we have that ¢); # 0. Therefore there exists
¢ € C*(Q;R) such that (¢,41)2(a0) # 0. As a consequence, v, = v+ ¢b/n € 0y(2) and
vp, — v in C?(;R).

2. Let ¢ € H'/?(0Q;R) and take v € H'(Q;R) such that Av = 0 and v = ¢ on 9.
Simple integrations by parts yield — (¢, ©) g-1/290;r)x H1/2(90:8) = M(215 V) 12(r), Whence

(%1 0) -17200.0) < /2 00.7) | < M2l 20wy 1011 220m) < (ANl 172008 -
as desired. O

Since the map w + ug is holomorphic, by differentiating the equation satisfied by ug it

can be easily proven by induction that for all m € N*

(3.40) —div(a V(Jul)) —we dTuf = medud  in Q,
. IMuf =0 on 0f).

We shall now show that if the eigenvalues A; are all simple then the set B(f2) is generic.
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Proposition 3.46. Let 2 C R3 be a C? bounded domain. The set G() := MO(Q) is
generic in C?(Q;R). Moreover, if the eigenvalues \; are all simple then G(2) C B(Q).

Proof. The first part immediately follows from Lemma [3.45] part 1.
Let us now prove the second part. Take ¢ € G(2). Hence

(3.41) (@) r200) #0, €N

By contradiction, assume that ¢ ¢ B(), i.e. there exists z¢g € Q such that 9, us(zo) = 0
for every w € C\ X. Therefore for any m € N there holds

(3.42) Oy (05 uf) (z0) = 0, weC\ 2.

By Lemma there exists [* € N* such that 0y, 2+ (x0) # 0. Moreover, from (3.36|) and
(13.40) we obtain

m! m m!
W(Ui7 ZI)L2(Q;R) = (_1) m((p, ¢1)L2(8Q;R)'

w Tw?

(343) (8mu‘p ZI)LQ(Q;R) = (

Therefore, for any w € B(0, A\;x) \ ¥ and [ > [* there holds
105 4E, 20) 2wyl o iy < €0 A) (054G, 20) 2y | N
(W1, ) ir-1/2 00y x L2 (90R) [N
A — w|mH
A
(A — w]
)\ZP+1
(A — Ay )l
[2(P+1)/3

< (A, m)

é C(Q7 A7 m7 SO)
< c(Q,A,m, @)

< (A, m, )

where the first inequality follows from , the third inequality from Lemma part 2,
and the fifth from Lemma [3.7 As a consequence, we can choose m large enough such that
the Fourier series 00 us = Y, (05'u&, 21) r2(q;r) 2 converges in C 1(Q). As aresult, combining
(]3'42[) and (]3.43[) we have 0 =), W((p, V1) £2(09) 9z, 21(70), whence

(@, Y1) L2 (00 1
_()\l*——w)r(’”rl) O, 2+ (0) = W(% V1) 12 (00) 01 21(0),
LA

for all w € B(0, \j+) \ X. By assumption, \; # A+ for every [ # [*. As a consequence, since
Oz, 21+ (20) # 0, letting w go to A« we obtain (p, 11+) 12(an) = 0, which contradicts (3.41). [

Remark 3.47. The assumption on the simplicity of the eigenvalues seems essential, or at
least not easily removable. In the general case, the set G(§2) would be
G(Q) = ﬂ {p € C*(%;R) : there exists I* such that Z(gp,wﬁ)p(amaxlzﬂ (x0) # 0},
2o €EN o
where « identifies all the eigenfunctions corresponding to the same eigenvalue. Therefore,

the set G(2) does not seem to be generic at a first glance.
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For general domains €2, the eigenvalues A\; may have multiplicity bigger than one. How-
ever, this is a consequence of special symmetries in {2 and in the parameters. Indeed, for a

generic domain all the eigenvalues are simple.

Proposition 3.48 (|73, Example 6.3]). Let Q C R3 be a C? bounded domain. For a generic
F € Diff?(Q), all the eigenvalues of in QF are simple.

We are now ready to prove Theorem [3.41]

Proof of Theorem[3.41l The result immediately follows from Propositions and
.43 O

3.5.2 On the number of needed frequencies with real analytic coefficients

In this section we show that, in the case of real analytic coefficients, we can give a precise
estimate on the number n of needed frequencies in Theorems [3.15] and

3.5.2.1 The Helmholtz equation
We first study the Helmholtz equation

—di T\ 2 . i _ .
(3.44) { div(a Vu,) — (we +iwo)u, =0 in Q,

u, = @; on 01},

where Q C R? is a smooth bounded domain and a,c and o satisfy (3.9), (3.12) and either
(3.10) or (3.11) and are real analytic in €2, namely

(3.45) a € C(LRPY) o 0 e CYILR).

This assumption guarantees that u’, € C¥(Q;C). Define D as in (3.13), so that (3.44)) is
well-defined for w € D.

Lemma 3.49 ([87]). Assume that (3.9), and either or hold true. If
w € D and p; € HY(Q;R) then u}, € C¥(2;C).

We shall consider (¢, C')-complete sets of measurements, where for k € N and b,r € N*

we let
(3.46a) C=(¢h...,¢"): C"(;C)° — C(Q;C)" be holomorphic, such that
(3.46b) ((C(C)%) C C¥(;0)"

Note that these assumptions are slightly different from the ones considered before and are
satisfied for all the maps ¢ we have in mind (see Section . The main result of this

subsection concerning the Helmholtz equation reads as follows.
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Theorem 3.50. Assume that (3.9), (3.19), and either or hold true.
Suppose that A = [Knmin, Kmaz] C D and take ¢ as in , Let ¢1,...,0, € HY(;R) be
such that

(3.47a) Cul,...,ub) #0, j=1,...,r, we D,

w?

(3.47b) (up, ... u)(x) #0, j=1,...,m, z €.
If QY € Q then
{(wl, o war) € AT w Y, x it is (¢, C)-complete in Q' for some C > 0}

is open and dense in A1

Note that assumption (3.47b)) corresponds to (3.18]), and (3.47a)) simply represents the
non-triviality of ¢7.

Remark 3.51. This result shows that almost any d+1 frequencies in A give a (¢, C')-complete
set for some C' > 0. An a priori estimate on C cannot be obtained by choosing frequencies
in an open and dense set in A%t!. Indeed, C' — 0 when the frequencies are chosen near the

residual set.

Remark 3.52. The assumption ' € Q is made only for simplicity, and the result is still true
if Q' = Q. However, the proof would be slightly more involved, since we would need to study
the analyticity of u?, up to the boundary. Such a level of sophistication was unjustified in this
work, since assumption is far too strong for the applications, and it is expected that
it can be considerably weakened (see Chapter [5)). However, the real analyticity assumption

is crucial for this proof, that is based on the structure of analytic varieties.

We now discuss the corresponding result for Maxwell’s equations. The proof of these
two results will be given at the end of this subsection and will follow from a general result

that does not involve partial differential equations.

3.5.2.2 The Maxwell’s equations

Let © C R3 be a smooth bounded domain and consider problem
curl B! = iwpHY in Q,

(3.48) curl H), = —i(we + io) E}, in Q,
Bl xv=p; xv on 01},

where p,e,0 and ¢; satisfy (3.28) and

(3.49) e, 0 € C¥(Q;R33).

This assumption guarantees that (E', HY) € C*(£;C5). Define D = {w € C : [Sw| <
N, |w| < M} as in Proposition so that (3.48) is well-defined for w € D.
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Lemma 3.53. Assume that and hold true. If w € D then (E! H!) €
C¥(;CY).

Proof. In view of Proposition (EL, H!) are solutions to the following elliptic system

—div (Qwv(EZ;)k) = div ((akqg)) EZ; — lwqy (ek X IUHZ;)) in €,
—div (uV(HL)k) = div ((Opp) HY — ip (e X quEL)) in Q.

whose coefficients are real analytic functions. Therefore the result follows from [87]. An

alternative proof is given in [63]. O
We shall consider (¢, C)-complete sets of measurements, where for x € N and b, r € N*
(3.50)  ¢: CF(Q;C%Y — C(;C)" is holomorphic and ¢(C*(Q;C%)?) C C¥(Q;C)".

Note that these assumptions are satisfied for all the maps ¢ we have in mind (see Section.

The main result of this subsection concerning the Maxwell’s equations reads as follows.

Theorem 3.54. Assume that and hold true and take ¢ as in . Let
O1,..-,0p be as in and such that

C(BLHY, ..., (BL HY))#0,  j=1,...,r, we D,
CESHY), ... (B HY))(2) #0,  j=1,...,r, z€Q.

If Q' € Q then
{(wl, o war) € AT {wpd, x {giti is (¢, C)-complete in Q' for some C' > 0}
is open and dense in AL

Analogous comments to those given in Remarks [3.51] and [3.52] are applicable also in this

context.

3.5.2.3 Proof of Theorems [3.50] and [3.54]
Theorems and will be a consequence of the following result.

Proposition 3.55. Let Q,Q C R? be smooth domains such that ' € Q. Let D C C be an
open set such that 0 € D and A C D. Consider a map

0: D— C¥(Q;C)\ {0}, w0,
such that for all x € Q, w € D+ 6,(x) € C is holomorphic and 0y(x) # 0. The set
(o wa) € AT min((f] + + |6y, ]) > 0]

is open and dense in AL

We first show how to prove Theorems [3.50] and [3.54] from this result.
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Proof of Theorems and . We prove only Theorem the proof of Theorem [3.54
is very similar, and the details are left to the reader.
Define 6 by

0, = HCJ(U&},,UEJ)
j=1

In view of Lemma and the map 6: D — C¥(Q;C) is well-defined and by
Proposition and , we obtain that w € D +— 6,(x) € C is holomorphic for all
x € Q. Suppose now that 6, = 0 for some w € D. Since ¢7(ul,...,ul) is real analytic in €,
this implies that ¢7(ul, ..., u?) = 0 for some j, which contradicts . As a consequence,
we have that 6, # 0 for all w € D. Moreover, y(z) # 0 for all z € Q by (3.47b). We can

apply Proposition [3.55] and obtain that

d+1 r

L wu) € A min Y TGl b,)] > 0
L
is open and dense in A?*!. Note that the condition mingr ZZI} H§:1 ‘Cj(uip, e ufdp” >0

is equivalent to
for all z € € there exists p such that H;Zl‘Cj(uip, ce UZ,,)‘ > 0,

namely

for all 2 € (¥ there exists p such that for all j =1,...,7,

Cj(uuljp,...,ub )| > 0.

Wp

This last condition is equivalent to the fact that {wy}, x {¢i}i is a ((, C)-complete set of

measurements in 2 for some C > 0, as ¢’ (uip, . ,u&p) is continuous. This concludes the

proof. O

The rest of this subsection is devoted to the proof of Proposition [3.55 which based on
the structure of analytic varieties.

An analytic variety in Q) is the set of common zeros of a finite collection of real analytic

functions in Q, namely {z € Q: fi(z) =--- = fy(x) = 0}, for some f1,..., fnv € C¥(Q;C).
For wy,...,wy € A we shall consider the analytic variety
N
Z(wi, .. wn) ={x € Qi 0y () =+ = Oy () =0} =) Z(wi).
i=1

Analytic varieties can be stratified into submanifolds of different dimensions.

Lemma 3.56 (|45, Corollary 2.11]). Let X be an analytic variety in Q. There exists a

locally finite collection {A;}; of pairwise disjoint connected analytic submanifolds of Q@ such

that
x=JA.
l
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The decomposition X = U;A; is called stratification of X. With this in mind, we can
define the dimension of an analytic variety X = U;A; by

(3.52) dim X := max dim A4;.
The main result leading to the proof of Proposition [3.55]is the following

Lemma 3.57. Under the hypotheses of Proposition let Q" be a smooth domain such
that Q' € Q" € Q and X be an analytic variety in Q such that X N Q" # (. Then the set

{we A:dim(Z(w)N X NQ") =dim(X NQ")}
is finite.

Proof. By contradiction, suppose that the set is infinite. Since A is compact, there exist
wp,w € A, wp, — w such that dim(Z(w,) N X N Q") = dim(X N Q") and w, # w for all
n € N. Therefore, in view of (3.52)), there exist connected analytic submanifolds S,, such
that

(3.53) Sp C Z(wp)NXNQ”
and
(3.54) dim S, = dim(X N Q).

Since X N Q" £ (, we can take arbitrary x,, € S, for all n € N. Up to a subsequence,
we have z,, — x, for some = € Q. By Lemma applied to X, there exists an open
neighbourhood U of = and a finite collection {A4;}; of analytic submanifolds of € such that

XNnU =UA,.
Therefore, as S,, C X, up to a subsequence we have
(3.55) S,NU C A4;n Q") n €N,

for some [. Moreover, since =, € S, and =, — x, up to a subsequence we have S, N U # ()
for all n € N. Thus, by (3.54), we obtain dim(S, NU) = dim(X N Q") for all n € N, whence

by (3.55)
(3.56) dim(S, NU) = dim A4j, n e N.

In view of (3.53) we have 60, (y) = 0 for all y € S, " U. Therefore, by (3.55)), (3.56), [61]
Theorem 1.2| and 6,, € C¥(£2; C) we obtain

A[QZ(OJn), n € N.

Moreover, since z,, € A for all n, we have x € A;. As a consequence, as Z(w,) is closed,
we infer that x € Z(w,,) for all n € N, namely 6, (z) =0 for all n € N. Since w — 0,(z) is

holomorphic, this implies 6g(z) = 0, which contradicts the assumptions. O
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We are now in a position to prove Proposition [3.55

Proof of Proposition[3.55 Let G = {(w1,...,wat1) € AT ming; (|0, | + -+ + |0,y ]) >
0}. Since the map (w1, ..., wgq1) = ming:(|0w, | + -+ + [0, ,|) is continuous, G is open. It
remains to show that G is dense in A%+

Take (@1, ...,0441) € A% and € > 0 and let Q" be as in Lemma [3.57, We equip A%*!

with the norm

lws, - - wasr)|l = maxfwy| .
We now want to construct an element (wi,...,wqs+1) € G such that
(3.57) H(WI,...,Wd+1)—((,Dl,...,(:)d+1)“ <e.

Set wy = @1; obviously we have |w; — @;| < . Suppose now that we have constructed
Wi, ...,wp such that |w; — ;| < e for all j = 1,...,p. Let us describe how to construct
wpt1. I Z(wi,...,wp) N Q" = 0, then it is enough to choose wpi1 = Wpi1. Otherwise,
applying Lemma with X = Z(wi,...,wp), we obtain that the set

{we A:dim(Z(w) N Z(wr,...,wp) NQ') =dim(Z(w1,...,w,) NQ")}
is finite. Therefore, we can choose wp41 € A such that
dim(Z (w1, ..., wpt1) N Q") < dim(Z(wy,...,wpy) NQ")

and |wp1 —@py1| < €. Therefore, as by 6,,, € C¥(2;C)\ {0} we have dim Z(w;) < d—1, we
obtain dim(Z(wi,...,w4+1) N Q") < 0, namely Z(wi,...,wq+1) N Q" = (. In other words,
(W1, ...,wqr1) € G. By construction, (3.57) is satisfied. This concludes the proof. O

3.5.3 Numerical experiments on the number of needed frequencies

In this subsection we will describe some numerical experiments to investigate the number of
needed frequencies with non-analytic coefficients. FreeFem--+ has been used [72], [71] (see
Listing in Appendix [A| for the codes).

For simplicity, we consider the Helmholtz equation in 2D with ¢ = 0 and the map («

given by b =3, r =2 and
<>1< (Ul, 'LL2, u?)) = u17 C>2< (ula ’U,2, u3) = det [VUQ Vug] )

(see Example. We have performed a numerical test in 3% = 6561 different cases, namely
for different choices of the parameter distributions in the material.

Take © = B(0,1). We now describe the coefficients we have used. Set ¢ = 0.35, r = 0.2
and P, = (—¢,—c), P, = (—c¢,c¢), P3 = (¢,—c) and Py = (¢,¢). Let x; be the characteristic

function of B(P;,r) (or, more precisely, a smooth approximation of it). Then we set

4 4
a:1+ZaZXZ7 6:1+Z/BZX17
i=1

i=1
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Figure 3.3: A particular combination of the coefficients.

where «;, 8; € {0,1,2} (see Figure . This construction gives 3% different combinations.
In view of Theorem [3:26] we choose the illuminations ¢; = 1, 3 = z1 and 3 = 2.
The sequence (wp), of Theorem is given by

(3.58) we =\ + o+ g,

for some «, 8 > 0 such that A\ + a + 8 < A3. (As in Proposition the sequence (\);
denotes the Dirichlet eigenvalues of the problem.) These conditions ensure that the chosen
frequencies lie between the first and the second Dirichlet eigenvalue, which simplifies the
numerical computation. For any combination of the coefficients, we compute the minimum
number #K of needed frequencies such that {w, : p = 1,...,#K} x {¢i}i is a ((x,C)-
complete set of measurements in € for some C' > 0. The results are summarised in Table[3.1]
These figures suggest that in practical applications the number of needed frequencies could
be quite small. In particular, these figures correspond to the theoretical result given in

Theorem |3.50, as d + 1 = 3 in two dimensions.

Table 3.1: Number of combinations of coefficients per number of needed frequencies to obtain
a ((x,C)-complete set of measurements in €.

Needed frequencies (#K) 2 3 >4
Combinations of coefficients 1609 4952 0




Chapter 4

Applications to hybrid imaging
inverse problems

In this chapter we show how to apply the multi-frequency method developed in the previous
chapter to several hybrid imaging inverse problems. In Section[d.I] we consider two problems
modelled by the Helmholtz equation. More precisely, in § we consider the case 0 = 0,
whereas in § we consider the case ¢ > 0. In Section we consider two problems

modelled by Maxwell’s equations.

4.1 Problems modelled by the Helmholtz equation

4.1.1 Microwave imaging by ultrasound deformation

This section is devoted to the discussion of the hybrid problem introduced in § and to

the proofs of the results therein presented.

4.1.1.1 Formulation of the Problem

The object under examination is a smooth bounded domain Q C R?, for d =2 or d = 3. In

the microwave regime, the electric field ug in Q is assumed to satisfy the Helmholtz equation

—_di ey _ 2 _ :
(4.1) { div(a Vug) — w”euf in Q,

ub = %) on 012,

where a € C%(€; R) is the inverse of the magnetic permeability, e € L>(Q;R) is the electric
permittivity and w is the frequency. We assume ([3.9). The use of the Helmholtz equation is
a very common scalar approximation of the Maxwell equations [49] 107, [16], [30]. As we have
seen in Section problem is well-posed provided that w is not a resonant frequency.

Practitioners can choose a frequency w € A C Ry in a fixed range (not a resonant
frequency), a real illumination ¢ on the boundary and measure the generated current on
the boundary aaa"—f. As described in [I6], these measurements are combined with localised
ultrasonic waves focusing in small regions B = B(z,r) inside Q, for z € Q and r < |Q].

Focusing ultrasounds is possible by using time reversal techniques [66] 40, [39]. We assume

78
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that the electromagnetic parameters are affected linearly with respect to the amplitude of
the ultrasonic perturbation, that is supposed to be small. Moreover, this modification is
localised only in the region B. Under these assumptions, denoting the modified coefficients

by a and £ we have

a=a (14 coaxs),
E=¢ (14 ccaxn),
where « is the amplitude of the ultrasonic signal and ¢, and c. are known functions. The
corresponding electric field ug is the solution to
—div(aVug) —weuh =0  in Q,
uo =@ on 0f).

The density current aaé%‘ﬁ on the boundary of the domain is a measurable datum.
We now see how the internal energies can be determined by studying the change between
a%‘—f and aaaiyﬁ. We consider a wavenumber w and two fixed illuminations ¢ and . By

asymptotic analysis techniques [21] 16], there holds

ous  Ouf

deq(2)a
~ |p) 2l

(2ot d a(2)Vus(z) - Vul(2) + |B|w? cc(2)ae(2)uf (2)ul (2) + o(|B]),

where do denotes the integration with respect to the surface area. Since the left hand side

is known, by choosing different values for « the internal power density data
EZ¥(2) = a(2)Vug(2) - Vul(z),  ef¥(2) = e(2) uf(2)ul(2)

are recovered for every z € ', where ' € Q is the set of all possible centres where the
ultrasonic beams are focused. Note that the “polarised” data with ¢ # v is available for a
fixed w, but this argument does not allow the reconstruction of the cross-frequency data

E¥Y (z) = a(z)Vuil(z) . Vufz(z), A (z) =¢e(2) uzﬁl(z)zﬁ/’2 (2).

wWiw2 wiw2 w

We thus chose not to use cross-frequency data for the reconstruction, in contrast to [16].
Let us now precisely describe the inverse problem under consideration. Given a set of
measurement K x {;} we consider the unique solution u!, € H*(Q;R) to the problem

Pt iy 2 :
(4.3) idlv(a Vul,) —weul, =0 in Q,
ul, = @; on 0.

We define the internal data by

(4.4) e o, =eul, ul

ij (N v Y%
s g2 Ew, = aVuw1 Vuwg.

For simplicity, we denote ey, = (egm)ij and e, := e, and similarly for E. The matrices
ew and E,, are to be considered as known matrix-valued functions. We study the inverse

problem of determining the parameters a and € in £ from the knowledge in €’ of e, and
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E,, with a properly chosen set of measurements. Note that this reconstruction problem is
slightly different to the one studied in [I6], where the full matrices

Corwr 7 Cwiwn Ew1w1 s Ewlwn
(4.5) e=1| . o, E= : : ;
Conwi 0 Cwnpwn Ewnwl ce Ewnwn
are supposed to be known, with K = {w1,...,w,}. In our case, we suppose that only the

diagonal blocks are measurable.

4.1.1.2 Reconstruction Algorithm

We now discuss the exact formulae given in Subsection In the statement of The-
orem the class of ((get, C')-complete sets of measurements was required. However, as we
shall see in the proofs, weaker constraints are sufficient. In particular, the relevant map is
the map (« introduced in Example Recall that (y is given by k =1, b =3, r = 2 and

(4.6) Cx(ut,u? u?) = (u!, Vu? x Vu?) if d =2,
o (u', (Vu? x Vud)s) ifd =3.
Let us recall the constraints given by the map (ge¢ studied in §[3.3.2)
Céet(ul’ cee 7ud+1) = ’LLl,
Cd26t (ul’ cee 7ud+1) = det [Vu2 . vud-i-l] ’
u1 ... ud-‘rl
Cget (ul? cee 7ud+1) = det |:VU1 .. Vud+1

We have (L = Cdlet and Cget has simply been removed. As far as (2 is concerned, we have
that (2 = (3, if d = 2, and if d = 3 the constraint {(VUQ X Vu3)3| > (' is weaker than
‘det [Vu2 Vu? Vu4] ‘ > C since only two linearly independent gradients are required. As

a consequence, the construction of ((x, C')-complete sets can be done by adapting the results
of § In particular we have the following

Proposition 4.1. Assume that (5.9) and hold. Take s € R and ¢1 € CH*(;R)
such that mingg @1 > ¢ > 0.

o Suppose d =2, a € COU1(Q;R?*2) and that Q) is convex. If ' € Q then there exist C > 0
and n € N depending on Q, Q', A, |A|, M, ¢, s, ||‘P1H01»Q(§;R) and Ha||co,1(§;R2X2) such
that

K™ x {1,271 + s, 22 + s}

is (Cx, C)-complete in €.

o Suppose that d = 3 and that hold with k = 1 and o € (0,1). Let a € R**? satisfy
. There exist 0,C > 0 and n € N depending on Q, A, |A|, o, M, ¢, s, H(leoLa(ﬁ;R)
and Ha||Co,a(§;R3X3) such that if ||a — dHC,ﬁ,l,a(ﬁ;Rdxd) < then

K™ x {¢1,21 + 8,22 + s}
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is (Cx, C)-complete in .

Proof. The proof is very similar to the proofs of Theorems and
We start with the two-dimensional case. In view of Theorem [3.15] it is enough to show
that
‘Ci(ué,ug,ug)‘ > C, j=1,2 2V

for some Cy > 0 depending on Q, ', A, ¢ and HaHCO»l(ﬁ;RQXQ) only. For j = 1, this follows
trivially by minggq ¢1 > ¢ and the strong maximum principle [68, Theorem 8.19]. For j = 2,
this has already been proved in the proof of Theorem as Vud x Vu3 = det [Vug Vug] )
Note that this condition is independent of s, since Vs = 0.

The three-dimensional case is a simple consequence of Corollary ]

We restate here the first part of Theorem The new contribution of this work is the
proof of the bounds (4.8]), since (4.9) was already obtained in [16].

Theorem 4.2. Take C > 0 and let K x{p1, 2,93} be a (Cx, C)-complete set in . Suppose

(4.7) |ES ()],

eii(m)‘gb, reQ, wekK,i=1,23

w
for some b > 0. Takex € Q' and w, as in Definition[3.13. Then there exists ¢ > 0 depending
on A and b such that

tr(ey, ) tr(Ey,) — tr(ew, Fu, )
tr(ey, )?

(4.8) (z) > cC®,

and a/e is given in terms of the data by

9 a tr(ey, ) tr(E,, ) — tr(ew, Eu, )

(49) ew, /trles)) @)} 2(2) =2 e ()

Remark 4.3. It is worth noting that in presence of noise the dependence of w on x does
not constitute a source of instability during the reconstruction performed in . As in
Remark [3.14] we define for each w € K the set G, = {z € @' : |ul,(z)| > C/2 and |Vu2(z)x
Vul(z)| > C/2}. In view of Proposition Gy, is open. Since K x {¢;} is a ((x,C)-
complete set, Q' can be written as ' = U e G,,, and so we can consider a smooth partition
of unity {¢, }wer subject to the cover {Gy}wer. Denote by r,, the value for a/e obtained
via with w. In view of Theorem ry, is a well-defined function in G,,. We can now

reconstruct a/w in ' using
g(.ﬁ) = Z Tw (7)Y (), e
weK

Thus, with this formulation we have removed the dependence of w on z and so no additional

instability occurs.
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Proof. For simplicity we write simply w = w,. In view of Definition and (4.6)) we have
(4.10)  |u,(z)| > C, |VuZ ()] [Vl (2)] |sin v,z vy ()| = |Vl x Vul(z)] > C.

In particular, tr(e,)(x) > 0, and so we may divide by tr(ew). Following the argument given
in the proof of Proposition 3.3 in [I6] we obtain
9 a tr(ey)tr(E,) — tr(ewFy)
‘v(ew/tr(ew)) 2 g =2 tr(ew)z :
We now prove (4.8]). For cleanliness of notation we shall denote several positive constants
depending on A and b simply by ¢ = ¢(A,b) > 0. Until the end of the proof, all the functions

will be considered evaluated in . We equip the space of real symmetric matrices with the
Hilbert-Schmidt scalar product defined by (A, B) = tr(A B). We claim that

tr(E,)

(4.11) |(B2)" — B22E3%| < | Bull (1 + 2 ") /T = cos Oz
tr(ey) ’

As a consequence of this inequality, which we shall prove later, we get

02
(4.12) V1=cosbe, p, |Bu|l > ¢ —,
1+ r(Ew)
tr(ew)

since by there holds
|(B2)" = B22E3%| = | (V- vud)” = |Vu2|* [Vl | = eC?.

Note that, from the definition of e, and E,,, we have (efjj)2 = e“eﬂf and (ELJ)2 < E(’L}EZJ]
In particular,
2
(4.13) lewl = [> (ed)” =tr(en), B = EJ)? < t(E
,J 7]
Combining (4.12f) and (4.13)) we obtain

tr(ey) tr(Ey) — tr(eyEy)
tr(ey)?

tr(ew)(1 — cosbe,,k,) || Ewl|
tr(ey)?
cC4r(ey)

tr(ew)2tr (E,) (1 + )2

which gives the desired result since the denominator is bounded by a constant depending
on b, and tr(e,) > cC?.
Let us now turn to the proof of (4.11). We use the notation g = E,/ || Eu|| — ew/ ||€w]-

By (4.7) and (4.13]) we have

>

v

’(Ei?’) E22E33‘ _’ E23)2 | E || HE ||2 ‘%2 33 | £yl 22E33
lew|? H ew|| lewl
||E I 22E3S _ 2238
lewll
2
Bl B2 4 1Bl aa) g 1B 22 0 )y B 29 g
= lew||
tr(E,,)

< elBull (14 4 VT eos
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since |g2,3] + [93,3] + g2.2| < cllgll < ey/1 = cos O, &, O

We now derive the reconstruction formula for & given in Theorem It is based on the
knowledge of the ratio G := a/e, that can be computed via the formula . Since this
reconstruction involves the derivative of the data, we need a stable way to obtain € from G.

The following lemma reviews the derivatives and the trace of products of functions in

Sobolev Spaces.

Lemma 4.4. Take u,v € H(;C)NL>®(£;C). Thenuv € HY(2;C), V(uv) = u Vv+v Vu
and (uv)p0 = waoian. If in addition v > ¢ > 0 almost everywhere then u/v € H'(Q;C),
V(u/v) = Vu/v —uVo/v? and (u/v)sa = woo/visn-

Proof. Tt easily follows from [62, Section 5.5, Theorem 1] and [68, Lemma 7.5]. O

Recall that if we consider a ((x, C')-complete set of measurements K x {¢;} we have that

el >C>0 g
w

Theorem 4.5. Let K x {1, @2, p3} be a ((x,C)-complete set. Suppose € € HI(Q; R). Then
log e is the unique solution to the problem

—div (G Y, el Vu) = —-div (GV (X ell)) + 23, (B —w?ell) in Y,

u = logepa on 09

Proof. By Proposition we infer that u,ul, € H'(;R) N L®°(;R). Therefore, by
Lemma we get that vl ul, € HY(Q;R) N L>®(Q;R). Since ¢ € HY(QR) N L*®(R) we
obtain that e € H'(;R). Hence by Lemma 7.5 in [68] we have

V(ujuy) =V (e /e) = (Ve — ¢, V(loge)) /e,

with loge € H'(Q;R). Moreover, by Lemma and Proposition an easy calculation
yields
—div (a V(ubul)) = 2w?el! — 2B} in Q,

w

Combining the last two identities it is immediate to show that
2wel — 2Bl = —div(G Vel) + div (Gel! V(loge)),

whence the result follows by summing all these equations with w € K. O

4.1.1.3 Numerical Experiments

Here we describe some numerical simulations of the reconstruction algorithm discussed in
the last section. FreeFem+ -+ has been used [72] [71] (see Listing in Appendix |A| for the
codes). The exact formulae given in Theorem and Theorem will be used to image
the electromagnetic parameters a and e.

In both cases, the construction of ({x,C)-complete sets of measurements by means of
the multi-frequency approach turns out to be effective. Further, in two dimensions, the
reconstruction procedure gives better results than the one described in [16]: with about one

seventh of the available data, the reconstruction errors are about half of the previous ones.
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Two-Dimensional Example Since the two-dimensional case has been tested thoroughly
in [16], we have decided to study the same example in order to be able to make a comparison.
There are two main differences. First, the formula for the reconstruction of ¢ is not the same.
Second, in our case the available data is smaller since we do not use the cross-frequency data.

Let Q@ = B(0,1) be the unit disk. We use a uniform mesh of the disk with about 3000

triangles and 1600 vertices. The coefficients are given by

2 in B, 2 in B,
1.2 in C, 1.8 in C,
a= €=
2.5 in E, 1.2 in F|
1 otherwise, 1 otherwise.

The set B is the rectangle with diagonal (0,0.4) — (0.3,0.5). The set C' is the area delimited
by the curve ¢t — (0.3+p(t) cos(t), —0.2+p(t) sin(t)), where p(t) = (2043 sin(bt)—2sin(15t)+
sin(25t))/100. The set E is the ellipse of centre (—0.3,0.1), with vertical axis of length 0.3
and horizontal axis of length 0.2. These parameters represent three inclusions of different
contrast in a homogeneous background medium. This is the typical practical situation, since
cancerous tissues have typically higher values in the parameters [I11I]. The coefficients a
and e are shown in Figure
Let Q' = B(0,0.8) be the subdomain where the internal energies are constructed (see
§ . We also suppose that a and € are known in 2\ . We choose the illuminations
01 = 3 =1+ 2 and p3 = 9+ 2 and K = {1,v/3,V/7}. The illuminations satisfy the
assumptions of Proposition [4.1] The set K is chosen in a different way, in order to be able
to compare these results with [I6]. In [16], the boundary conditions 1, z1, z2 and the same
K were chosen: these illuminations satisfy the hypotheses of Proposition [4.1
Let a* and €* denote the approximated coefficients. We first reconstruct G = a*/* in
x € € by means of the formula
a:(x) _y tr(ey) tr(FEy,) — tr(ewEy)
\V(ew/tr(ew))fg tr(ew)?

averaging over all the w € K such that |V(ew/tr(ew))\g > 1072, Since for every x € (V' the

(),

6*

set of such w is not empty, the chosen set of measurements turns out to be ({x, C')-complete
in Q.
Then, we use Theorem [4.5[ to image loge* € H():

~div(G 3 el Vlioge")) = —div(G V(Y ell)) +2 3 (B —wPell) g
» w weK

*is given by a* = Ge*, which, in absence of noise, gives a good approximation.

Finally, a
The reconstructed coefficients are shown in Figure [1.2]

In Tablewe compare these findings with the numerical experiments performed in [16].
Even if the non-availability of the cross-frequency data makes the number of measurable
internal energies much smaller (about one seventh), the L? norms of the errors a — a* and
e — ¢* in this work are about half the corresponding norms obtained in [I6]. This is due to

the better reconstruction formula used for .
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Figure 4.1: The reference parameters.

(a) The coefficient a. (b) The coefficient ¢.

Figure 4.2: The reconstructed parameters.

(a) The coefficient a*. (b) The coefficient £*.

Table 4.1: A comparison with the numerical experiments carried out in [16].

Numerical experiments in [16] Numerical experiments in this work

Illuminations 1,21, 29 1+ 2,29+ 2
Frequencies K 1,V3,V7 1,V3,V7
Number of energies 81 12

la—a*|, 3.5-1071 1.6-1071

e — &), 15-1071 0.8-107"
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Figure 4.3: A section of the electric permittivity & in €'.

(a) The reference parameter &. (b) The reconstructed parameter €*.

Three-Dimensional Example Take Q = B(0,1) and ' = B(0,0.8). We use a mesh
with about 30000 tetrahedra and 6000 vertices. For simplicity, we choose ¢ = 1 and € =
14+0.8 X B(0,0.3) and are interested in imaging the electric permittivity €. As before, we choose
the set of measurements {1, V3, \ﬁ} x {x1 + 2,22 + 2}, which a posteriori turns out to be
((x, C)-complete in . The same reconstruction procedure described in the two-dimensional
example is used. The reconstruction error is [|e¢ — *|, ~ 1.3 - 1071, A comparison between

the reference and the reconstructed parameters is shown in Figure [£.3]

4.1.2 Quantitative thermo-acoustic tomography (QTAT)

In thermo-acoustic tomography [90], the combination of acoustic waves and microwaves is
carried out in a different way, if compared to the hybrid problem studied in the previous
subsection. The absorption of the microwaves inside the object under investigation results
in local heating, and so in a local expansion of the medium. This creates acoustic waves
that propagate outside the domain, where they can be measured. In a first step [65] [78] 35|,

it is possible to measure the amount of absorbed radiation, which is given by
2
ef(x) = o) [uf(x)]”, ze€Q,

where Q C R? is a smooth bounded domain, for d = 2,3, ug is the unique solution to

(4.14) { —Auf — (W? + iwo)ud =0 in Q,

ul = on 012,
and o € L*(;R) satisfies (3.11). The problem of QTAT is to reconstruct o from the
knowledge of eZ.

Let A € Ry N B(0, M) denote the range of the admissible frequencies and let K x

{¢1,...,¢4+1} be a set of measurements. By using the polarisation formula, we can measure

the quantities

€ (z) = o(x)ul,(z)ul,(x), x €.
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We shall see that it is possible to reconstruct o if K x {¢1,...,¢441} is a ({s, C)-
complete, where ()., C*(®;C)¥ — C(Q;C)? was introduced in Example and is
given by

1 d+1
1 d+1y _ (1 u U
Cp(u'y . yu )-(u,det [Vul Vudﬂ])’
Since a = 1, the construction of ({},C)-complete sets of measurements can be easily

achieved with the multi-frequency approach in any dimensions.

Proposition 4.6. Assume that a = ¢ = 1 and that o € L*(Q;R) satisfies . Then
there exist C > 0 and n € N depending on Q, A, M and |A| only such that

K™ x {1,21,... 24}

is a ((op, C)-complete set of measurements in €.

Proof. It follows immediately from Theorem [3.15] since the assumption a = 1 yields (3.18))
with C() =1. ]

If K x{¢1,..., 0441} is a ((}o;, C)-complete set then for any = € § there exists w, € K

such that ) .
u P u
ul, ()] >, |det [v;;f v;;éﬂ] (2)] > C.
Wa Wy

With this assumption, it is possible to apply the following reconstruction formula. We use

the notation o, = e’ /el! wherever ul, # 0 and A, = [Va2 .-+ Vad™].

Proposition 4.7 ([19, Theorem 3.3|). Assume that a = =1 and let 0 € L*=(2; R) satisfy
. Let K x{¢1,...,04+1} be a (i, C)-complete set in Q. There exists ¢ > 0 depending
on Q, A and M such that

|det A, (z)] > cC, x € Q.

Moreover, o can be reconstructed via

R, (z) - S, () + divSv,, ()

2w

o(x)

, T € €,

where v, = A7 div(A,)T (the divergence acts on each column,).

In [19], in order to find the suitable illuminations, complex geometric optics solutions are
used; these have several drawbacks, as it was discussed in Section [I.2] The multi-frequency
approach allows to choose a priori simple illuminations and a finite number of frequencies

to satisfy the desired constraints.
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4.2 Problems modelled by Maxwell’s equations

4.2.1 Magnetic resonance electrical impedance tomography (MREIT)

Let us recall the problem discussed in §[1.3.2] In MREIT, the combination of electric currents
with an MRI scanner allows to measure the generated magnetic fields. The reader is referred
to [08, 99, 97| and to the references therein for the details of this hybrid technique. From
the knowledge of H, the electromagnetic parameters have to be imaged. Consider problem
(13.29)

curl B, = iwH}, in Q,
(4.15) curlH}, = —ig,E}, in €,

El xv=p;xv on 0f).
Recall that g, = we +io. We assume u = 1 and €,0 > 0, namely we study the isotropic
case. Given a set of measurements K x {©1,...,pp}, we measure H! in Q and want to
reconstruct € and o.

Two interesting issues of practical importance are not considered in this work. First,
the case where only one or two components of the magnetic fields are measured. In such
a case, the rotation of the MRI scanner is avoided. The reader is referred to [100], where
a low frequency approximation is considered. Second, it is possible to consider anisotropic

coefficients, which in some cases are a better model for human tissues [33].

4.2.1.1 First method

We now describe the first method to reconstruct o and e. Let K x {1, 2, ¢3} be a (¢M, C)-

complete set of measurement in €2, where Cé‘gt is given by
(! oh), (w2, 0%), (u,0%) = det [u! w? W?],

as in Example [3:33]
By using the multi-frequency approach developed in this thesis, (Cé‘gt, C')-complete sets

can be explicitly constructed.

Proposition 4.8. Assume that holds with k = 0 and let & € R3*3 satisfy .
There exist 6 > 0 and C' > 0 depending on Q, A, [Al, M and ||(€, 0)[lyy1.p@raxs) such that
’Lf ||U — a-”lep(ﬁ;RSX?’) S 6 then

K™ x {e1,ey,e3}

is ((3L, C)-complete in Q.

Proof. We want to apply Corollary with ¢ = Cé\gt and ¢; = x; for i = 1,2,3. We only
need to show that (3.35) holds. Since w® = z;, for every = € Q there holds

((Vu', Vu?, Vu®) (z) = det [e1 es es] =1,

as desired. O
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We then show why these sets of measurements are useful to reconstruct the parameters.
Since K x {1, 2, 3} is a ((M, C)-complete set of measurement, for every x € Q) there
exists w, € K such that
det[ BL, B2 E3, J(@)| > C.

Thus, (4.15) implies

(4.16) |det[ curlH} —curlH? = curlH3 ](ac)! = ‘qiz det| E}

Wz

B3, EJ, (@)=

with C’ = CA~3. This inequality will be necessary in the following.

We now proceed to eliminate the unknown electric field from system , in order
to obtain an equation with only € and ¢ as unknowns and the magnetic field as a known
datum. An immediate calculation shows that for any w € K and ¢ = 1,2,3 there holds

curl(igjtcurl HY) = iwH{ in €, whence
Vq, x curlH!, = g curleurl HY, — 2wH! = —q,AH! — q?wH, in Q,

where the last identity is a consequence of the fact that HY is divergence free, since p = 1.

Taking now scalar product with e; for j = 1,2 we have
V. - (curlHY x e;) = —q,A(HL); — gw(H); in Q.

We can now write these 6 equations in a more compact form. By introducing the 3 x 6

matrix

MU(Jl) = [ curlHY x e; curlH! x ey -+ cuwrlH? x e; curlH? x ez ]

and the six-dimensional horizontal vector
Vw = ((Hulj)la (Hc}z)% ) (HE,)l, (HE))Q)
we obtain

(4.17) quML(ul) = —quAv, — qiwvw in Q.
We now want to right invert the matrix Mu(jl) to obtain a well-posed first order PDE for
qw- The following lemma gives a sufficient condition for the matrix Mfﬁ) to admit a right

mverse.

Lemma 4.9. Let G1,Go,Gs € C3 be linearly independent. Then the 3 x 6 matriz
[Glxel G1X62 G3><e1 G3Xeg]
has rank three.

Proof. Take u € C? such that G; x ej-u=0for everyi=1,2,3 and j = 1,2. We need to
prove that u = 0. Since e; x u-G; =0 for all i and j and {G; : i = 1,2,3} is a basis of C3

by assumption, we obtain e; x u = 0 for j = 1,2, namely u = 0. [
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As in Remark define now for any w € K the set

/
Q= {z €Q: |det [curlH} curlH? cwlH3] (z)| > %}

Since %/ < (', in view of 1' we obtain the cover

Q= UQw.

weK

As the sets Q, are relatively open in 2, they must overlap, and this will be exploited below
in the reconstruction. For any w € K and = € §,, in view of Lemma the matrix
Mogl)(x) admits a right inverse, which with an abuse of notation we denote by (Mogl))_l(x).
Therefore, problem becomes

(4.18) Vo = —quAv, (M) — Zwu, (MDY in €.

It is now possible to integrate this PDE and reconstruct € and ¢ in every x € ) if these
are known for one value zg € Q. It is the nature of the multi-frequency approach that the
relevant conditions are satisfied only locally for a fixed value of the frequency w € K. In
other words, is not satisfied everywhere but only in £2,. As a consequence, it is not
possible to reconstruct € and o in x after one simple integration of . The process is
more involved, and is similar to the algorithm described in [31].

Suppose now that g, (x¢) is known for some zg € Q and take z € Q. Let Q7 for je Jy
be the connected components of €),, for a suitable set J,. Since € is compact, from the

cover Q= J e U e, S, We can extract a finite subcover

a-U U

weK jeJ!,
where J/, C J, is finite. Hence, as Q is connected and QZ, are relatively open in  and
connected, we can find a smooth path ~y: [0,1] — Q such that (0) = x¢, v(1) = = and

M-1

7([0’ 1]) - U 7([tmatm+1])7

m=0

for some M € N*, where tg = 0, tpy = 1 and Y([tm, tm+1]) C Q&Tn for some w,, € K and
Jm € JJ, . Starting with m = 0, we integrate (4.18)) with w = w,, along ([tm,tm41]) and
obtain g, in y(ty41). Thus, we can reconstruct o and € in y(t;,41) and so qu,, ., (Y(tm+1))-

Repeating this process M — 1 times we obtain £(z) and o(x), as desired.

4.2.1.2 Second method

We discuss here another method to reconstruct € and o from the knowledge of H.

The relevant constraints are given by b =6, r = 1, kK = 2 and

P ((ug, 1), ..., (ug,v6)) = det [n(ui,u2) n(us,us) nlus, ue)]
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where n: C1(Q;C3)?2 — C(Q;C3) is given by
(4.19)  n(ur,uz) = (Vur)ug — (Vug)uy + divugus — divuguy — 21 (Vg )ug + 21(Vug)uq,

as in Example [3:34]

As in the previous case, ((®-complete sets can be explicitly constructed using Corol-
lary [3.40L Let I denote the 3 x 3 identity matrix.

Proposition 4.10. Assume that holds with x = 1 and take & > A™'. There exist
6,C > 0 depending on 2, A, |A[, M and ||(¢,0)|lyy2p gaxsy such that if o = 61| yyap@rexs) <
& then

K(n) X {62, V($1$2), es, V($2x3), e, V(l‘lxg)}

is (¢, C)-complete in Q.

Proof. We want to apply Corollary with ¢ = ¢® and ¢ = za, Yy = 2129, 13 = 3,
V4 = T2x3, 5 = o1 and Y = x123. We only need to show that (3.35) holds. Since w® = 1;,
a trivial calculation shows that for every z € Q

¢ (le, . Vwﬁ)(x) = det [n(eg,V(xlxg)) n(es, V(zaxs)) n(el,V(xlxg))] =1,
as desired. ]

Remark 4.11. In [33], complex geometric optics solutions are used to construct suitable
boundary conditions. With this approach, the six illuminations are given explicitly and
do not depend on the coefficients. However, it has to be noted that the assumption

o = 61lly2p(qpraxsy < 6 can be restrictive (see Remark (3.38).

We now show how the coefficients can be reconstructed by using (¢ (@), C')-complete sets.
Let K x {@1,...,96} be a (¢, C)-complete set of measurements. Namely, for every
x € Q there exists w, € K such that

(4.20) |det[ n(EL ,EZ) n(E3 ,EL) n(E3 . ES) |(z)|>C

for some C > 0 independent of x, where 7 is given by (4.19)).
In view of (4.15)), for w € K there holds

curleurl B}, - B2 — curleurl E2 - EL, = 0 in €.
An easy calculation shows that substituting E!, = i curlH{, in this identity we obtain
(4.21) V., - n(curlHL, curlH2) = g, y(curlHL, curl H?) in €,
where v: C1(Q; C3)%2 — C(Q;C) is defined by

v(u1,uz) = (Vdivuy) - ug — (Vdivug) - ug — Aug - ug + Aug - ug.
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Repeating the same argument with the other illuminations and combining the resulting

equations we have
(4.22) Vg,M® = q,(y(curlH}, curlH?), y(curlH3, curlHY), y(curl H?, curl HS)) in Q,
where MU(JQ) is the 3 x 3 matrix-valued function given by

M = [ n(curlH}, curlH2) n(curlH3, curlHy) n(curlHJ, curlHS) |

w

By definition of 7 and since curlHY, = —ig,, B! we have n(curlH! , curlH2) = —g2n(EL, EZ),
whence
MP = —q3 [ 0(BS E2) (B3 EL) n(ESEY) .

w

Therefore, inverting M£2) in 1D we obtain

Vaw = qu(y(curlHY curlH2), . .. y(curlH2, curlHS)) (M)~ in 0,

w

where

Q= {w e Q:|det [ n(ELE2) n(ES EL) n(ES ED) | (2)| > 5}

In view of 1) we have ) = Uwek S, and so g, can be reconstructed everywhere in

following the algorithm discussed previously, provided that g, is known at one point in €.

4.2.2 Inverse problem of electro-seismic conversion

Electro-seismic conversion is the generation of a seismic wave in a fluid-saturated porous
material when an electric field is applied [I13]. The problem is modelled by the coupling
of Maxwell’s equations and Biot’s equations. We consider the hybrid inverse problem in-
troduced in [55]. In the first step, by inverting Biot’s equation, the quantity D! = LE!
is recovered in €2, where L > 0 is a possibly varying coeflicient representing the coupling
between electromagnetic and mechanic effects. In a second step, the electromagnetic para-
meters ¢ and o have to be imaged from the knowledge of D?. As in the previous cases, we
assume that ¢ = 1 and that € and o are isotropic.

Let K x {¢1,...,06} be a set of measurements. Since curlH!, = —iq,E!, this problem
is very similar to the one discussed in § and L plays the role of —ig,. Therefore,
it K x{p1,...,06} 1s ¢@-complete, it is possible to reconstruct the coefficient L. Once L
is known, the electric field can be easily obtained as E! = L~!D! . Finally, ¢ and o can be
reconstructed via

wq,EL(z) = curleurl EL (z),

provided that E! is non vanishing. In particular, this is true if ’(Ei)g’ (z) > 0. This suggests
to consider (¢(®, C)-complete sets, where b = 6, r = 2, k = 1 and ¢¥): C1(Q;C%)6 —
C(;C)? is given by

C(g)((ulvvl)a R (uﬁavﬁ)) = (4(2)((’“1?’01)? SRR (uﬁv Uﬁ)) ) (u1)2)7



4.2. PROBLEMS MODELLED BY MAXWELL’S EQUATIONS 93

as in Example If K x {¢1,...,06} is (®-complete then it is possible to uniquely
reconstruct o and ¢ if these are known at one point in €.
The construction of ¢ (3)-complete sets of measurements is analogous to the construction

of (@-complete sets, and the proof of the following result is left to the reader.

Proposition 4.12. Assume that holds with k = 1 and take & > A~'. There exist
9,C > 0 depending on 2, A, |A|, M and [|(¢, o) |ly2.p ggaxsy such that if ||o — 61|20 rexs) <
0 then

K(n) X {eg, V(a:lxg), €es, V(xgxg), ey, V(l’l.rg)}

is (¢3), C)-complete in Q.

The same comment given in Remark is relevant here: in [55], complex geometric

optics solutions are used to make this problem solvable.



Chapter 5

Conclusions

In this section the main contributions of this thesis are summarised and some open problems

are discussed.

5.1 Regularity theory for Maxwell’s equations

Previous results concerning the regularity of the time harmonic Maxwell’s equations require
coefficients in W1 to have solutions in H' and/or in C%®, and the Lipschitz continuity
assumption was believed to be optimal. In this thesis we have shown that the result is still
true with coefficients in W13+9 for some 6 > 0. Boundary regularity and higher regularity
have been proven as well. The proof is based on the LP theory for elliptic systems and on the
reduction of Maxwell’s equations into a coupled elliptic systems. The same method applies
to the case of bi-anisotropic materials, for which a different approach is not needed.

The case § = 0 cannot be handled with the current method, as the bootstrap argument
used fails in this case. A natural question arises: what is the minimal regularity assumption
on the coefficients to have H' or Hoélder continuous solutions? By using the Helmholtz
decomposition, this problem is strictly related to optimal regularity for solutions to elliptic

equations. With this approach, W3 seems to be sufficient, but possibly not optimal.

5.2 Local constraints in PDE

Motivated by several hybrid imaging inverse problems, we studied the boundary control
of solutions of the Helmholtz and Maxwell equations to enforce local non-zero constraints
inside the domain. Classically, suitable boundary conditions are determined as traces of
complex geometric optics solutions. However, this approach has several drawbacks: the
coefficients need to be very smooth, the construction depends on the (unknown) coefficients
and is numerically unstable.

In this thesis we have proposed a new multiple frequency approach to this problem and
have shown its effectiveness in several contexts. More precisely, if the required constraints
are verified in the case w = 0, which corresponds to the conductivity equation, then they are

verified also in the case w > 0, provided that a finite number of frequencies, given a priori,

94
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are chosen in a fixed range. The proof is based on the holomorphicity of the solutions with
respect to w, and does not depend on the particular structure of the Helmholtz equation or
of Maxwell’s equations.

In § we showed that, under the assumption of real analytic coefficients, almost any
d 4 1 frequencies in a fixed range give the required constraints, where d is the dimension
of the ambient space. The proof is based on the structure of analytic varieties, and so the
hypothesis of real analytic coefficients is crucial. However, this assumption is far too strong
for the applications. Thus, a very natural question to ask is whether it is possible to lower
the assumption of real analytic coefficients. The strategy to tackle this problem may be to
use local expansions of solutions to elliptic PDE in harmonic polynomials [44] 03] [94].

Satisfying the constraints in the case w = 0 is usually straightforward in two dimensions,
but may present difficulties in 3D if a (or o in the case of Maxwell’s equations) is not
constant. We have seen in Section that the method may work even if the constraint
is not verified in the case w = 0: when dealing with the constraints |[Vug| > C, a generic
choice of the boundary condition ¢ is sufficient. However, choosing a generic boundary
condition may give a very low constant C' and a very high number of frequencies, if the
boundary condition is chosen near the residual set. Therefore, an open problem is to find an
alternative to the study of the constraints in w = 0. In particular, as far as the Helmholtz
equation is concerned, an asymptotic of uf for high frequencies w [42) [54] may give the

required non-zero constraints, and by holomorphicity this would still give the desired result.
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Appendix A

Codes

This appendix contains some of the FreeFem++ [72] codes that have been written by the
author for the numerical simulations of this thesis.

Listing contains the code used in § to reconstruct a and e in microwave
imaging by ultrasound deformation in two dimensions. The corresponding code for the three-
dimensional case is very similar and thus has been omitted. The main relevant difference is

in the construction of the three-dimensional mesh of the sphere, which is achieved as in [81].

Listing A.1: Microwave imaging by ultrasound deformation — code used in §4.1.1.3

// 1. Meshes
verbosity=0;

border BDEXT(t= 0, 2*pi){x= 1.0*cos(t); y= 1.0*sin(t);};
border BDEIT(t= 0, 2*pi){x= 0.9%cos(t); y= 0.9*sin(t);};
border BDINT(t= 0, 2*pi){x= 0.8%cos(t); y= 0.8*sin(t);};

real XEL=-0.3, YEL= 0.1,
XCA= 0.3, YCA=-0.2,
RXE= 0.2, RYE= 0.3,
XB1= 0.0, YB1= 0.4,
LXB= 0.3, LYB= 0.1;

func real rca(real t)
{return 0.2 +0.03*sin(5*t) -0.02*sin (15*t)+ 0.01*xsin (25*t) ;}

border el(t=0,2*pi){x= XEL+ RXEx*cos(t); y=YEL+ RYEx*sin(t);};
border can(t=0,2*pi){x= XCA+rca(t)*cos(t);y=YCA+rca(t)*sin(t);};

border bol(t=0, 1) {x= XB1+LXB*t ; y=YB1 s T
border bo2(t=0, 1) {x= XB1+LXB ; y=YB1 +LYBx*t s I
border bo3(t=0, 1){x= XB1+LXB-LXB*t; y=YB1 +LYB s g
border bo4(t=0, 1) {x= XB1 ; y=YB1 +LYB -LYBxt; };

// NaturalMesh is adapted to the coefficients and is used to collect
the intermnal data.

int NP =80; int NP2=10;

mesh NaturalMesh=buildmesh (BDEXT (NP) + BDEIT(NP) + BDINT (NP)

+el (4xNP2) + can(NP) + bol(NP2) + bo2(-NP) + bo3(NP2)+ bo4(-NP));
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mesh NaturalMeshInt=buildmesh (BDINT(NP) + el (4*NP2)
+can(NP) + bol(NP2) + bo2(-NP) + bo3(NP2) + bo4(-NP));

// MeasureMesh is uniform and is used for the reconstruction.
NP=56;

mesh MeasureMesh=buildmesh (BDEXT (2%NP) +BDEIT (2*xNP)+BDINT (2%NP) ) ;
mesh MeasureMeshInt = buildmesh (BDINT (2*NP)) ;

plot (NaturalMesh); plot(MeasureMesh) ;

// 2. The Finite Element Spaces
// Pl is used for the solutions, and PO is used for the coefficients
and the derivatives of the elements in P1.

fespace CNath(NaturalMesh,bPO);
fespace CMeash(MeasureMesh,PO);
fespace CMeasInth(MeasureMeshInt ,PO);
fespace PNath(NaturalMesh,P1);
fespace PMeash(MeasureMesh,P1);
fespace PMeasInth(MeasureMeshInt ,P1);

// 3. Construction of the coefficients a and ¢

func ellipse = ((x-XEL)*(x-XEL)/(RXE*RXE) + (y-YEL)*(y-YEL)/(RYE*RYE
) <= 1);

func canada = (sqrt((x-XCA)*(x-XCA)+(y-YCA)*(y-YCA)) - rca(atan (y-
YCA,x-XCA)) <= 0 );

func recta = (((x-XB1-LXB)*(x-XB1) <= 0)*((y-YB1-LYB)*(y-YB1) <=0));

CMeash reg = region;

CMeash Ring 1.0%x(region==reg(0.95,0.0));

CMeash Ring2 Ring + 1.0*(region==reg(0.85,0.0));
CMeash Interior = 1.0 - Ring;

CMeash Interior2 1.0 - Ring2;

real a0=1.0, al=2.50, a2=2.00, a3=
ep0=1.0, epl=1.20, ep2=2.00, ep3

o=

.2,
1.8;

CNath aRef ,epsiRef; // The reference parameters
CNath FE=ellipse, CA=canada, BO=recta;

aRef = a0 + (al -a0)x*FE + (a3 -a0)=*CA + (a2 -a0)x*B0;
epsiRef ep0 + (epl -epO)*FE + (ep3 -ep0)*CA + (ep2 -ep0)*BO;

CMeash aplot=aRef, epsiplot=epsiRef;
// 4. Variational problems

PNath us,vs,phis;
CMeash test;

test []=1; int le=test[].sum; // length of the vectors in CMeash
int bc=2; // number of boundary conditions
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real omega; // parameter for the frequency
func phil=x+2; func phi2=y+2; // boundary conditions

// Variational formulation of the Helmholtz equation

problem Helx(us,vs) = int2d(NaturalMesh) (aRef *(dx(us)*dx(vs)+dy (us) *
dy(vs)))-int2d (NaturalMesh) (omega~2*epsiRef *us*vs)+on(1l,us=phil);

problem Hely(us,vs) = int2d(NaturalMesh) (aRef*(dx(us)*dx(vs)+dy(us)*
dy(vs)))-int2d (NaturalMesh) (omega~2*epsiRef*us*vs)+on(1l,us=phi2);

// 5. The frequencies K

int dim=3; reall[int] KInit=[1,sqrt(3),sqrt(7)];// chosen frequencies
cout<<"The chosen set of frequencies is: "<<KInit<<endl;

//uu containts all the solutions to the equation
int dim2=dim*bc; PNath[int] uu(dim?2) ;

// With the following code, the frequencies that are too close to an
eigenvalue of the problem are removed from "KInit". The set of
the remaining valid frequencies is "K".
int ¢=0; int ¢2=0; int now=dim;
for (int i=0;i<now;i++) {
omega=KInit (i); Helx;
if (int2d (NaturalMesh) (us~2) <800) {
uulcl=us; c++; Hely; uulcl=us; c++;KInit(c2)=KInit (i) ;c2++;
}
if (int2d(NaturalMesh) (us~2) >= 800) dim=dim-1;
X

real[int] K(dim) ;
for (int i=0;i<dim;i++) K(i)=KInit (i) ;
cout <<"The new set of frequencies is: "<<K<<endl;

// 6. Construction of the internal measurements

macro createeE(u,v,e,E) {
PMeash udeux = u*v;
CMeash dudeux = dx(u)*dx(v)+dy(u)*dy(v);
E = aRef*dudeux*Interior + Ring;
e = epsiRef*udeux*Interior + Ring;

Y7/

// We now construct the vectors e and E containing the full matrices
e and E (see and ). However , only the non-diagonal blocks
e, and FE, will be used for the reconstruction.

dim2=dim*bc; c=0;

PMeash[int] e(dim2~2); CMeash[int] E(dim2~2);

for (int i=0;i<dim2;i++) {
for (int j=0;j<dim2; j++) {createeE(uulil,uuljl,elc],E[c]);c++;}

X

// 7. Reconstruction of G =a/e

PMeash[int] eb(bc~2); CMeash[int] Eb(bc~2); // "eb" and "Eb"
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represent a single diagonal block of the matrices e and E, namely
eb=e¢e, and Eb=F,.

// The macro "blocks" creates the left hand side "LHSb" and the
right hand side "RHSb" in formula (4.9) for a fixed frequency w.
More precisely, given as inputs eb=e, and Eb=FE,, we obtain as
outputs LHSb=WKewﬂI@wD@ and RHSb=2“wwﬂﬂﬁ£;fw“E“.

macro blocks (eb,Eb,LHSb,RHSb) {

PMeash treb; CMeash trEb,trPEb; PMeash[int] Pb(bc~2);

CMeash[int] PbC(bc~2); CMeash trebC;

treb=eb[0]+eb[3];trebC=treb; trEb=Eb[0]+Eb[3];

for (int i=0;i<bc~2;i++) {Pb[il=eb[il/treb; PbC[i]l=Pb[i];}

trPEb=PbC [0]*Eb [0]+PbC [1]*Eb [2]+PbC [2]*Eb [1]+PbC [3]*Eb [3];

RHSb=2*(trEb-trPEb) /trebC;

LHSb=dx (Pb [0]) *dx (Pb [0]) +dy (Pb [0]) *dy (Pb [0]) +dx (Pb[1]) *dx (Pb
[1])+dy (Pb[1]) *dy (Pb[1]) +dx (Pb [2]) *dx (Pb [2]) +dy (Pb [2]) *dy (
Pb[2])+dx (Pb[3])*dx (Pb[3])+dy(Pb[3])*dy(Pb[3]);

Y7/

// The macro "createblock" creates the numb-th diagonal block "out"
of the full matrix "in".
macro createblock (in,numb,out) {
int c¢=0;
for (int i=0;i<bc;i++) {
for (int j=0;j<bc;j++) {
int ind=(dim*bc+1) *2*numb+j+i*dim*bc;out[cl=in[ind];c++;
e
};
Y7/

// With the following code the left and right hand sides of are
computed for every w and saved in the vectors "LHS" and "RHS".
CMeash[int] LHS(dim), RHS(dim);
for (int 1=0;1<dim;1++) {
createblock(e,l,eb); createblock(E,1,Eb);
blocks (eb,Eb,LHS[1],RHS[1]);
¥

// Now the function G =ua/ec is reconstructed. We apply formula (4.9)
and average over the set of frequencies w that give a left hand
side bigger than 0.01. If such a set is empty, we set G=1.

CMeash G,Gref=aRef/epsiRef;

int bad=0; reall[int] 1lhs(le);reall[int] rhs(le); reall[int] Gvect(le);

for (int i=0;i<le;i++) {

c=0;
for (int j=0;j<dim;j++) {
lhs=LHS[j][];rhs=RHS[j]1[];
if (1lhs[i]1>0.01) { Gvect[i]l=Gvect[il+rhs[i]l/1lhs[i];c++; }
}
if (c>0) Gvect[il=Gvect[il]/c;
if (c=0) { Gvect[il]l=1;bad++; }

}

cout<<"Bad points: "<<bad<<endl;

G[]=Gvect; G=GxInterior2 + Ring2x*Gref;
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"in" of the finite

// The macro "smooth" smoothens the function
element space of type PO over the mesh "Mesh"
macro smooth(Mesh,in,1) {
fespace TEMP(Mesh,P0O);TEMP out; int nbt=Mesh.nt;
int[int] tr(3);int ee=0;
for (int i=0;i<nbt;i++) {
tr (0)=Mesh([i].adj(ee);ee=1; tr(l)=Mesh([i].adj(ee); ee=2;
tr (2)=Mesh[i].adj(ee); out[](i)=(l*in[]J[il+in[][tr(0)]+in
[Dltr(1)1+in[]1[tr(2)]1)/(1+3);
+
in=out*Interior2 + Ring2x*in;

}Y//
smooth (MeasureMesh ,G,3) ;

// 8. Reconstruction of ¢

11

// We now compute w:=)  w’e}

PNath w=K(0) ~2*xe[0]; c=0;
for (int i=1;i<dim2;i++){w=w+K(c) "2*%el[i*(dim2+1)];if (i % 2==1)c++;}

// Theorem is applied. Notation: tre=)  ell, trE=)> El'.
PMeash tre=e[0]; CMeash trE=E[0];
for (int i=1;i<dim2;i++) {

tre=tret+te[i*(dim2+1)]; trE=trE+E[i*(dim2+1)];
}
CMeash epsi,a; // the reconstructed parameters
PMeasInth u,v,epsilInt,epsiRefInt=epsiRef ,aRefInt=aRef;
problem logepsi(u,v)=

int2d (MeasureMeshInt) (Gxtre* (dx (u)*dx (v)+dy (u) *dy (v)))

-int2d (MeasureMeshInt) (G*x(dx(tre)*dx(v)+dy(tre) *dy(v)))

-int2d (MeasureMeshInt) ((2*xtrE-2*w)*v)+on(3,u=0) ;
logepsi; epsilnt=exp(u);

// a is reconstructed via a= Ge
a=GxepsiInt; smooth(MeasureMesh,a,4); epsi=epsilnt;

// The reference and reconstructed parameters are plotted
real[int] colors(.9:.01:3.3);

plot (aplot,fill=1,nbiso=500, viso=colors,ps="aRef.ps");

plot (epsiplot ,fill=1,nbiso=500,viso=colors,ps="epsiRef .ps");
plot(a,fill=1,nbiso=500,viso=colors ,ps="a.ps");

plot (epsi,fill=1,nbiso=500,viso=colors,ps="epsi.ps");

// The reconstruction errors are computed

cout <<endl<<

"Error in epsi: "<<sqrt(int2d(MeasureMeshInt) ((epsiRefInt-epsilnt)
~2) )<<

". Error in a: "<<sqrt(int2d(MeasureMeshInt) ((aRefInt-a)~2))<<endl;

We now describe the code used in § to compute the number of needed frequencies
to obtain a ((x, C)-complete set of measurements. For simplicity, Listing contains only
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the computation for a fixed combination of coefficients a and €. The complete code can then

be obtained with a simple iteration.

Listing A.2: Numerical simulations on the number of needed frequencies — code used inm
// 1. Macros

// The macro "refinemesh" refines the mesh "Mesh" near the zeros.
macro refinemesh(Mesh,lalpha,beta,af,epsif) {
real omega,tl,t2;
int nbt=Mesh.nt; dint[int] Z1(nbt);
fespace MOm(Mesh,P0); fespace Mim(Mesh,P1);
MOm a=af,epsi=epsif,zeros; Mim u,v,ul,u2,u3d,det,phi;
problem Hel(u,v)= int2d(Mesh) (a*(dx (u)*dx (v)+dy (u)*dy(v)))
-int2d (Mesh) (omega*epsi*u*v)+on(1l,u=phi) ;

Z21=1; omega=lalphat+beta; phi=1; Hel; ul=u; phi=x; Hel; u2=u;
phi=y; Hel; u3=u; det=dx(u2)*dy(u3)-dx(u3)x*dy(u2);
createZ (Mesh ,ul,det,Z1);

for (int j=0;j<nbt;j++) zeros[]1(j)=Z1(j);

Mesh=splitmesh (Mesh,l+1l*zeros) ;

u=0;v=0; zeros=0;

a=af ;epsi=epsif; nbt=Mesh.nt; int[int] Z2(nbt);Z2=1;
phi=1; Hel; ul=u; phi=x; Hel; u2=u;phi=y; Hel;

u3=u; det=dx(u2)*dy (u3)-dx(u3)*dy(u2);

createZ (Mesh,ul ,det,Z2);

for (int j=0;j<mnbt;j++) zeros[]1(j)=Z22(j);
omega=lalpha+beta/2;Hel; phi=1; Hel; ul=u; phi=x; Hel;
u2=u;phi=y; Hel; u3=u; det=dx(u2)x*dy(u3)-dx(u3)*dy(u2);
createZ (Mesh ,ul,det,Z2);

for (int j=0;j<mbt;j++) zeros[1(j)=22(j);
Mesh=splitmesh (Mesh, 1+2*zeros) ;

u=0;v=0; zeros=0;

a=af ;epsi=epsif; nbt=Mesh.nt; int[int] Z3(nbt);Z3=1;
omega=lalpha+beta; phi=1; Hel; ul=u; phi=x; Hel; u2=u;
phi=y; Hel; u3=u; det=dx(u2)*dy(u3)-dx(u3)x*dy(u2);
createZ (Mesh,ul ,det,Z3);

for (int j=0;j<nbt;j++) zeros[](j)=Z3(j);
omega=lalpha+beta/2;Hel; phi=1; Hel; ul=u; phi=x; Hel;
u2=u;phi=y; Hel; u3=u; det=dx(u2)*dy(u3)-dx(u3)x*dy(u2);
createZ (Mesh,ul ,det,Z3);

for (int j=0;j<mnbt;j++) zeros[]1(j)=Z3(j);
omega=lalpha+beta/3;phi=1; Hel; ul=u; phi=x; Hel; u2=u;
phi=y; Hel; u3=u; det=dx(u2)*dy(u3)-dx(u3)x*dy(u2);
createZ (Mesh ,ul,det,Z3);

for (int j=0;j<mbt;j++) zeros[1(j)=23(j);
Mesh=splitmesh (Mesh,b1+3*zeros) ;

plot (Mesh) ;
Y//

// The macro "createZ" finds the zeros of the functions "u" and "v
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More precisely, the inputs are the mesh "Mesh" with "nbt"
triangles, two functions "u" and "v" in the finite element space
of type Pl associated to "Mesh" and a vector Z € {0,1}"®. The
vector Z is modified according to the following rule: if "u" and
"v" have constant sign values on the vertices of the j-th
triangle of "Mesh" then we set Z(j):=0.

macro createZ(Mesh,u,v,Z){

int nbt=Mesh.nt; real t1,t2,t3,t4;

for (int j=0;j<nbt;j++) {
ti=ul[] [Mesh[j][0]]*ul][Mesh[jI[1]1]1;
t2=ul[] [Mesh[j][0]]*ul][Mesh[j1[2]];
t3=v [l [Mesh[j]1[0]]1*v[][Mesh[jl[11];
t4=v[][Mesh[j1[0]]*v[][Mesh[jI[2]];
if (min(min(t1,t2) ,min(t3,t4))>0) Z(j)=0;

Y7/

// The macro "findl" computes the number of needed frequencies "K"
with the mesh "Mesh". If compared with the notation in (3.58), we
have lalpha= \; +« and beta=f so that w;=M +a+3/(i+1). Denote
the triangles of "Mesh" by t; for j=0,...,nbt—1. For ¢=0,...,6
define x(7) :#{j:Zi:O lul, | or Y. _o|det(u? ,u} )| has a zero in t;} so that
the desired output is K =min{i: x(:) =0} +1.

macro findl (Mesh,lalpha,beta,af,epsif K) {

int [int] chi(7); real omega,ii;K=0;
int nbt=Mesh.nt; int[int] Z(abt); Z=1;
fespace MOm(Mesh,P0); fespace Mim(Mesh,P1);
MOm a=af,epsi=epsif,zeros; Mim u,ul,u2,u3,v,phi,det;
problem Hel(u,v)= int2d (Mesh) (a*(dx (u)*dx (v)+dy (u) *dy(v)))
-int2d (Mesh) (omega*epsi*u*v)+on(1l,u=phi) ;
for (int i=0;i<7;i++) {
ii=i;omega=lalpha+beta/(ii+1); phi=1; Hel; ul=u; phi=x;
Hel;u2=u;phi=y; Hel; u3=u;det=dx(u2)*dy(u3)-dx(u3)*dy(u2);
createZ (Mesh,ul,det,Z);
for (int j=0;j<mbt;j++) zeros[]1(j)=Z(j);
chi(i)=Z.sum;
if (chi(i)==0) {K=i+1;break;}
}
cout<<"chi: "<<chi<<endl;

Y7/

// With the macro "eigenvalues" the first two eigenvalues of the
problem are computed and stored in the vector "lambda".
macro eigenvalues (Mesh,af,epsif,lambda) {
fespace Vhl1(Mesh,P1); fespace Vh(Mesh,P1l);
Vhl a=af,epsi=epsif; Vh ul,u2;
real sigma = 10;
varf op(ul,u2)= int2d (Mesh) (a*x(dx(ul)*dx(u2) + dy(ul)x*dy(u2))
- sigma*epsi* ul*u2 ) + on(l,ul=0) ;
varf b([ul],[u2]) = int2d(Mesh) (epsi* ulxu2 );
matrix OP= op(Vh,Vh,solver=Crout,factorize=1);
matrix B= b(Vh,Vh,solver=CG,eps=1e-20) ;
lambda=1; int nev=lambda.sum; lambda=0; Vh[int] eV(nev);
int kk=EigenValue (0P ,B,sym=true,sigma=sigma,value=lambda,
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vector=eV,tol=1e-10,maxit=0,ncv=0) ;

Y7/

// 2. Meshes

verbosity=

0;

border BORD(t= 0, 2*pi){x= 1.0*cos(t); y= 1.0*sin(t); };

int NP =
real[int]
real [int]

border el
border el
border el
border el

155; real r=.2; real p=.35;
xel(4); xel=[-p,-p,p,pl;
yel(4); yel=[-p,p,-p,pl;

0(t= 0, 2*pi){x= xel(0)+ rxcos(t);y=yel(0)+r*sin(t);};
1(t= 0, 2*pi){x= xel(1l)+ r*cos(t);y=yel(1)+r*sin(t) ;};
2(t= 0, 2*xpi){x= xel(2)+ r*xcos(t);y=yel(2)+r*sin(t);};
3(t= 0, 2*xpi){x= xel(3)+ r*xcos(t);y=yel(3)+r*sin(t);};

func ellioO
func ellil
func elli?2
func elli3

((x-xel(0))"2/r"2
((x-xel(1))"2/r"2
((x-xel(2))"2/r"2
((x-xel(3))"2/r"2

(y-yel(0))~2/r~2 <=
(y-yel(1))~2/r~2 <=
(y-yel(2))-2/r~2 <=
(y-yel(3))~2/r-2 <=

+ o+ 4+ +

Il

mesh Mesh = buildmesh (BORD(NP)); plot(Mesh);
fespace MO(Mesh,PO);
fespace M1(Mesh,P1);

// 3. Coefficients a and &

// The following is simply an arbitrary choice for the coefficients.

int c0=2; int b0=2; int cl=1; int bl1=3;
int ¢2=3; int b2=3; int c¢c3=1; int b3=2;
func af = 1+b0O*elliO+bl*ellil+b2*elli2+b3*elli3;
func epsif = 1+cO*elliO+cl*ellil+c2*elli2+c3*elli3;

// 4. Computation of the number of needed frequencies

int K; real M=15; reall[int] lambda(2);
eigenvalues (Mesh,af ,epsif,lambda);

real lalpha=(lambda (1) -lambda(0))/M+lambda(0) ;
real beta=(lambda (1) -lambda(0))*(1-2/M);

// With the following iteration, the final number of needed

frequencies "K" is computed. If at a first attempt K >3 then the
mesh is refined and the computation repeated, up to three times.

for (int i=1;i<4;i++) {
cout <<"Refinement iteration: "<<i<<endl;

int nbt=Mesh.nt; cout <<"Number of triangles: "<<nbt<<endl;

refinemesh (Mesh,lalpha,beta,af,epsif);
findl (Mesh,lalpha,beta,af,epsif K);
if (K>0) if (K<4) break;

}

if (K>0) cout<<"The number of frequencies is "<<K<<endl;
if (K==0) cout<<"The number of frequencies is bigger than 8."<<endl;
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