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Abstract

The aim of the note is to discuss different definitions of solutions to
the Cauchy problem for the Navier-Stokes equations with the initial
data belonging to the Lebesgue space Lz(R3)

Dedicated to Professor Nicola Fusco on the occasion of
his 60th birthday.

1 Introduction

We consider the classical Cauchy problem for the Navier-Stokes sys-
tem, describing the flow of a viscous incompressible fluid:

ov+v-Vvo—Av = =V .
e S B WCR
with
lv(x,t)] =0, t>0, |z] - o0 (1.2)
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and
v(+,0) =vo(-) € L3(R?) (1.3)

where div vy = 0.

There are essentially two methods for constructing the solutions:
the perturbation theory and the energy method. In the first approach,
we treat the non-linear term as a perturbation and try to find the best
spaces in which such treatment is possible. The scaling symmetry of
the equation

v(x,t) . va(z,t) = Av(dz, \%t)

q(z,t) a(@,t) = Rg(ha, A%t) (1.4)

plays an important role in the choice of the function spaces, with
the scale-invariant spaces being at the borderline of various families
of spaces for which the method works. The most general result in
this direction is due to Koch and Tataru [13]. The choice of L3(R3)
in (1.3) represents a well-known simple example of such a border-line
space. The perturbation method cannot work for Lz_s(R3) for any
0 > 0. The perturbation approach goes back to the papers of Oseen
and Leray [18, 17|, but in the context of the scale-invariant spaces it
was pioneered by Kato [7].

The energy method is based on the natural a-priori energy estimate

¢
/ ]v(:c,t)]zda:—i—// 2[Vv(:c,t’)\2d:cdt’§/ lvo(z)|* dz, (1.5)
R3 0 JR3 R3

and was pioneered by Leray in [17]. The natural condition on the
initial data in the context of the energy method is vg € Lo(R3). The
energy method gives global weak solutions for any initial data in Lo,
but the regularity and, more importantly, uniqueness of the solutions
is unknown, and possibly does not hold, see [8].

In many cases it is desirable to have a good theory of the weak
solution for initial data vg € L3(R3), but the original theory of the
weak solutions, which needs vy € L2(R3), does not cover that case.
Various approaches have been developed to adapt the theory of the
weak solutions so that it would allow vy € L3(R?). For example, in
the paper of Calderon [2] the author decomposes an L3 initial data vg
as

vo = g + V3 (1.6)

so that v} is small in L3 and v3 belongs to Ly N L3. Due to the
smallness, the initial data v} generates a global smooth solution v!



by perturbation theory, and we can write down the equation for v? =
v — ! and solve it via the energy method.

A more general approach, to be discussed in some detail below,
was developed by Lemarie-Rieusset, see [16].

Here we consider another method for constructing global weak
solutions for vy € L3(R?). The method is very simple and, moreover, is
easily extendable to problems in unbounded domains with boundaries.
The method of Calderon probably also allows such extensions quite
easily, whereas the extension of the (more general) concepts from [16]
does not appear to be straighforward.

The main idea is as follows. Let v! be the solution of the linear
version of our problem (obtained from the original system simply by
omitting the non-linear term). We now seek the solution v of the
original non-linear problem as

v =10 +0%. (1.7)

It is easy to see that the “correction” v? should be in the energy class.
The “first correction” v?! is given by

vt — AvH £ VP = —divel @ ol (1.8)
We have
vi@v! € Loo(]0, oo ,L%(R3))ﬂLg([0,oo[ ,L%(R?’)) C L4(]0,00[ , Lo (R3)),
(1.9)
Hence
vt @ ol € Ly(R? x (0,7)) (1.10)

for every T > 0, which is enough to have v?! in the energy class on

every bounded time interval. From this it is heuristically clear that
we should have v = v! + v2, where v? is in the energy class on every
bounded time interval. The general idea that the correction v? might
be easier to deal with than the full solution v is standard, and has been
already suggested by considerations in Leray’s classical paper [17], and
also been often used in the works on other PDEs.

We now discuss more technical details. We start with the defi-
nition of the mild solutions solutions, which is usually considered in
connection with the perturbation method for the problem (1.1) - (1.3).



Definition 1.1. A function v € C([0,T]; L3(R3))NL5(Q7), satisfying
the identity

t
v(x,t) = /F(a:—y,t)vo(x)dx—i—//K(:c,y,t—s) cv(y, s)@u(y, s)dyds
R3 0 R3
(1.11)
for all z = (x,t) € Qr = R3x]0,T, is called a mild solution to
problem (1.1)- (1.8) in Qr.

Here, I' is the known heat kernel and a kernel K is derived with
the help of I' as follows:

qu)(l‘a yvt) = F(:B - yvt)a

A ( 9 Foaki
"™ Oy 0y Oy Y OYmy;0ys

Although mild solutions are known to be unique, their global exis-
tence is an open problem. So, they exist locally in time and, moreover,
in proofs that are available to the authors, the time interval of the ex-
istence of mild solutions depends not only on the value |vg||3gs but
on the integral modulus of continuity of vy in L3(R3) as well.

The classical existence results about the weak solutions rely upon
relatively simple considerations based on the energy estimate (1.5).
The main issue in this approach is the uniqueness, which at the mo-
ment can only be proved via regularity. For our set up, such a notion of
weak solutions is already known due to Lemarie-Rieusset, see [16]. In
this paper, we shall call them local energy Leray-Hopf solutions or just
local energy solutions or even just Lemarier-Rieusset solutions. The
important feature of those solutions is that the very rich e-regularity
theory developed by Caffarelli-Kohn-Nirenberg is applicable to them.
Here, it is a definition, which is essentially given by Lemarie-Rieusset,
see also [9)].

ijs(:ﬂayvt) =9 (m,y,t).

Definition 1.2. We call a pair of functions v and q defined in the
space-time cylinder Qr = R3x]0,T| a local energy weak Leray-Hopf
solution to the Cauchy problem (1.1)—(1.3) if they satisfy the following
conditions:

v € Loo(0,T; Ly,uni), VU € Lounig(0,T), q € L (0,15 Ls 1,.(R*){1.12)

v and q meet (1.1) in the sense of distributions; (1.13)
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the function t — /v(:z:,t) ~w(zx)dzis continuous on [0,T] (1.14)
R3

for any compactly supported function w € Lo(R3);
for any compact K,

[o(8) = vo()lLory =0 as ¢ — +0; (1.15)

/<p|v x,t) \de+2//g0]Vv]2dxdt<// v[* (D + Ap)

0 R3 0 R3
v Ve([u? + 2q)) dwdt(1.16)
for a.a. t €]0,T[ and for all nonnegative smooth functions ¢ vanishing
in a neighborhood of the parabolic boundary of the space-time cylinder
R*x]0, T;

for any wo € R3, there exists a function ¢y, € L3(0,T) such that
2

qu(ZL', t) = q(livt) - Cfto(t) = q;ﬁo(x7t) + qgo(l‘,t), (1'17)
for (x,t) € B(xg,3/2)x]0,T], where
dhyot) = =gl P+ o [ K@= y)eln) @ ot dy,
B(:L"o7

1
Gat) = [ K-y - K- y):
R3\ B(z0,2)

and K (x) = V2(1/|z]).

v(y,t) ®v(y,t)dy

Here, marginal Morrey spaces

L unif = {u e Lm,lOC(Rg) : HUHQ,um’f = Sup HuHm,B(zo,l) < oo}
zo€ER3

and

T

L unif(0,T) :={u € L,,(0,T; LmJOC(Rg) : sup / / |u(z, )| dxdt
zo€B(x0,1) 9

B(zo,1)



< oo}

have been used.

Lemarie-Rieusset proved local in time existence of a local energy
solution for vg € Lo ynif. But, what seems to be more important, he
showed that if vg € E5, where E,, is the completion of C’&%(R:%) =
{v e CP(R3) : dive =0} in L,,(R3), then the above solution exists
globally, i.e., for any 7" > 0. The corresponding uniqueness theorem is
also true saying that if one has two local energy solutions to (1.1)—(1.3)
with the same initial data and one of them belongs to C([0,T7]; Es),
then they coincide on the interval |0, T'[. It should be noticed that the
space L3(IR?) is continuously imbedded into E3 and of course into Fs.
So, in this sense, local energy solutions can be regarded as a possible
tool to study the case of initial data belonging to L3(R3). That has
been exploited in the paper [25] on the behaviour of Ls-norm of a
solution as time tends to a possible blow up. Moreover, as it has
been shown there, the limit of a sequence of solutions with weakly
converging Ls-initial data is a local energy solution as well. By the
way, the same has been proven for initial data from H?2 in papers, see
[19] and [23]. However, the aforesaid scheme does not work in the case
of unbounded domains say as a half space Ri. The reason is simple:
it is unknown how to construct local energy solutions in unbounded
domains that are different from R3.

The aim of the presented note is to give a definition of global
weak solutions to the Cauchy problem for the Navier-Stokes system
with Lgs-initial data that it is not based on the conception of local
energy solutions. This approach seems to be interesting itself and
certainly simplifies the above mentioned proofs in papers [23] and
[25]. Moreover, it works well for other unbounded domains.

The new definition relies on two simple facts. Consider a Stokes
problem:

ot — Avt = —Vq!, divel =0 (1.18)

in x]0, oo,
vl(z,t) =0 (1.19)

for all (z,t) € 99 x [0, oo, and
v1(-,0) = vo() € L3(Q). (1.20)
Assume that © C R? is so good that v! obeys the following estimates:

10! 13,00, 2x10,001 + 10" [l5,0x10,001 < €llv0ll3,2 (1.21)
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and c
Vol ot < —||v 1.22
H ( )H3,Q = \/EH 0H3,Q ( )

for all £ > 0. It is well known that (1.21) and (1.22) are satisfied if
Q=R or if Q =R3 (for other cases, see [6]).

In what follows, it is assumed that = R? and thus we may let
q' = 0. The general case will be discussed elsewhere.

Definition 1.3. Let vg € L3(R3) and let v' be a solution to problem
(1.18)-(1.20). A function v, defined in Qn = R3x]0, 00|, is called a
weak Lz-solution to problem (1.1)-(1.8) if v = v' + v?, where v? €
LQ,OQ(QT)HW;’O(QT) with Qr = R3x]0, T[ for any T > 0 and satisfies
the following conditions:

O? +02- Vol — A+ V¢ = -l - Vo2 =02 Vol ot Vol, dive? =0
(1.23)
in Quo in the sense of distributions with q¢*> € L3 (0,T; LQJOC(R?))) for
T > 0; i i
for all w € Ly(R3), the function

t [ v*(x,t) - w(z)de (1.24)
/

is continuos at any t € [0, 00[;
[V )l o ps — O (1.25)

ast ] 0;
¢

¢

1

2/|v2(x,t)|2d$+//|Vv2|2dazds§/ v!' @ v Voldrds (1.26)
R3 0 R3 0 R3

for allt > 0;
for a.a. t >0

t
/go(x,t)|1)2(x,t)|2da:+2//90|Vv2|2d:17d5 <

R3 0 R3

¢
< // (21}1 ®v: Volo 4 0?2 (Ap + dip)+ (1.27)
0 R3



+v - Vo([v? 2 4+ 2¢* + 20 - v2)>da:ds
for any non-negative function ¢ € C§°(Qo)-
Remark 1.4. If ||vo|l3rs < M, then

‘|

50000 T IV 3,0, < c(MVT (1.28)

0%}, = llv

Remark 1.5. Indeed, any weak Ls-solution is a local energy solution.
Theorem 1.6. Problem (1.1)-(1.3) has at least one weak Ls-solution.

The following important property of weak Ls-solutions, in fact,
can be regarded as another strong motivation for introducing them.

To explain it, let us consider a sequence vém) € L3(R3) such that

(m)

in L3(R?). We denote by u(™ a weak solution to the Cauchy problem
(1.1)~(1.3) with initial data v{™.

Theorem 1.7. There ezists a subsequence of u(™ (still denoted by
u™ ) such that:

in Lo(Qr) for any T > 0 and
u™ oy

in L31oc(Qso), where u is a weak Lz-solution to the Cauchy problem
(1.1)-(1.8) with initial data vg.

Now, let us discuss some uniqueness issues related to weak Ls-
solutions to the Cauchy problem (1.1)-(1.3). We start with the fol-
lowing auxiliary statement:

Proposition 1.8. Let v and v be two weak Ls-solutions to the the
Cauchy problem for the Navier-Stokes equations corresponding to the
initial data vy € L3(R3). Suppose that v € L3 oo op. There exists an
absolute constant p > 0 such that if, for some number 0 < Ty < T,

v = voll3,00,Qr, < s (1.29)

then v =7 in Q.



Remark 1.9. Condition (1.29) holds if

li ) — vl =0. 1.30

i [[u(-, £) = vo(*) s e (1.30)

An elementary modification of the final part of the proof of Propo-
sition 1.8 gives the following statement.

Theorem 1.10. Let v and v be two weak Ls-solutions to the the
Cauchy problem for the Navier-Stokes equations corresponding to the
initial data vo € L3(R3). Suppose that v* € L5(Qr). Then v = v in
Qr.

Theorem 1.11. Let v be a weak Ls-solutions to the Cauchy problem
for the Navier-Stokes equations corresponding to the initial data vy €
L3(R3). Then there exists Ty = T(vo) > 0 such that v € Ls(Qr,).

Remark 1.12. From the proof of Theorem 1.11, it follows also that
U2 € L3»OO(QT0)'

Our final result is (see also [12] for a different set up):

Theorem 1.13. Let v and v be weak Ls-solutions to the Cauchy
problem (1.1)-(1.8) with the same iniyial data vy from L3(R3). Let
v € L3 oo(Qr). Then v =7 in Qr.

Our paper is rather expository and some statements in it have
been already known. We prove them in order to demonstrate how our
new conception of weak L3-solutions works and that it is in a good
accordance with the previous definitions of solutions to the Cauchy
problem (1.1)—(1.3). We recommend papers [3], [5], [6], [7] and mono-
graphs [14] and [16] for more details and references.

The paper is organized as follows. In the second section, the exi-
tence of weak Lg-solutions is proven. Sequences of weak Ls-solutions
are studied in the third secion. The uniqueness of weak Ls-solutions
and related questions are discussed in fourth section. To make the pa-
per more or less self-contained, we give a simple proof of the existense
of mild solutions with the initial data from L3(R?) in the Appendix.

2 Existence

In this section, we are going to prove Theorem 1.6.



The first step of our proof is to solve the problem in bounded
domains 2 = B(R). We do this in a standard way by considering
several simple linear problems and applying Leray-Schauder principle.

Assume that

a€ J(Q), (2.1)
where the space 3(@) is the completion of C§%(€2) in La2(€2).
Proposition 2.1. Let Qr = 2x]0,T[ and

w',w € Loo(Qr), divw =0 in Qr. (2.2)
There exists a unique solution u to the initial boundary value problem

ou— Au+divu @ w+ Vp =

= diviw'@u+u@w' +w @w!), divu=0 in Qr,
ulaaxo) =0, (2.3)

Uli=0 = a

in the following sense:
w e C(0,T); La(9)) 0 La(0, T3 JY(Q), Dy € Lo(0,T5 (JH(Q)):

for a.a. t € [0,T]

—

(Oru(z,t) - v(z) + Vu(z,t) : Vo(z))dx

(w(z,t) @ w(z,t) +w'(z,t) @ u(z, t)+

D\@

Hu(z,t) @ w(z,t) + w(z,t) @ w'(z,t)) : Vo(z)dz (2.4)

for allv e 3%(9),
[u(-,t) = a()llz.0 =0 (2.5)

as t — +0.

Here, we have used the notation j 1(Q) for the completion of C5o(fY)
in the Sobolev space W, (Q).
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Proof. We are going to apply the Leray-Schauder principle. To this
end, let

X = Ly(0,T; J()).

Given u € X, define v = A(u) as a solution to the following problem:

v e C([0,T]; La(2)) N La(0, T JYQ)), 9w € La(0,T; (JAQ)));

(2.6)
for a.a. t € [0, T
/ (Opv(z,t) - v(x) + Vo(z,t) : Vo(z))dx
Q
= / fla,t) - 0(x)de (2.7)
Q
for all v € }%(Q),
[o(-,8) = a()ll2.0 = 0 (2.8)

as t — +0. Here, f = —div(u @ w+ w! @ u + v ® w! + v ® wh).
Such a function v exists and is unique (for given u) since

F € Lo(0,T; (X))

So, the operator A is well defined. Let us check that it satisfies all the
requirements of the Leray-Schauder principle.
Continuity: Let v' = A(u!) and v? = A(u?). Then

/(&g(vl—vz)ﬁ—i—V(vl—zﬁ) : Vo)dz = / ((u —u?)@uw+w! @ (u! —u?)+
Q Q
+(u' —u?) ® wl) : Vudz

and letting v = v! — v?, we find

1
§3t\|v1*v2||§,Q+||V01*W2||§,Q < c(w,wh)|[u' —?[|l2.0] Vo' Vo220

and thus

sup [[v! — 0?20 < c(w, w')|u' —u?||2,qp
0<t<T

The latter implies continuity.

11



Compactness: As in the previous case, we use the energy estimate

sup [[vll3.q + VoI5 < clw, wh)(|ullq +1).
<t<T

The second estimate comes from (2.7) and has the form

0]

o < 2 1 2 1).
La(0,T5(J5())) — IVol[g, + c(w, w)([Jullz,o + 1)

Combining the above bounds, we observe that sets, which are bounded
in X, remain to be bounded in

W = {w e Ly(0,T; JA(Q)), duw € La(0,T; (JL(2))}.

Now, for v = AA(v) with A € [0, 1], after integration by parts, we
find that, for a.a. ¢t € [0, T, the identity

/(('“)tv05+Vv : Vo)dx = A/(w1®v+v®w1+w1®w1) : Vo—(w-Vv)-v)dz
Q Q

holds for any v € 35(9) If we insert v(-) = v(+,t) into the latter
relation, then another identity

/(w~V1))~vdw—O

Q

ensures the following estimate:

1
§0t / ]v|2dzc + / \VUIQdac < c(wl)(||vH2,Q +1)||Vv||2.0-
Q Q

Hence,

o / w2z < c(w!)([o]3q + 1)
QO

and thus
0], < c(lw!loog, T llall3q) = B2

Now, all the statements of Proposition 2.1 follow from the Leray-
Schauder principle. Proposition 2.1 is proved. O

12



Let w, be a standard mollifier and let

(u)o(z,t) = /wg(x—x’)u(x’,t)dm', (01 oz, t) = /wg(z—x')vl(m',t

Q R3

(o]
It is easy to check that div(u),(-,t) =0 if t — u(-,t) € J(Q).
Now, we wish to show that, given ¢ > 0, there exists at least one
function w2 such that:

u® € C([0,T]; La()) N La(0, T; J5(Q)),  dul € Lo(0,T; (JA(Q))');
(2.9)
for a.a. t € [0,T]

/ (Oul(, 1) - () + Vul(z, 1) : VI())da
Q
_ /(u@(a;,t) © (1) (2, 1) + (1), 1) © ul(, )+

Q
uf(w,t) @ (v)g(x,1) + (V)2 1) @ (v1)p(x,1)) : VO(z)dz  (2.10)

for all v € 3%(9),
[u?( 1) —a()]l20 = 0 (2.11)

as t — +0.
We notice that (2.9)-(2.11) can be regarded as a weak form of the
following initial boundary value problem

Oul — Aul + (u®), - Vul + Vp? = f, dive’ =0 in Qr,
ullpoxom =0, (2.12)
ulli=0 = a
with f = —div(u® ® (Ul)g + (Ul)g ®u+ (v1), ® (Ul)g)~
Proposition 2.2. There exists a unique function u? defined on Qoo

such that it satisfies (2.9)-(2.11) for any T > 0.

Proof. Let us fix an arbitrary T > 0.

To simplify our notation, let us drop upper index o for a moment.
The idea is the same as in Proposition 2.1: to use the Leray-Schauder
principle. The space X is the same as in the proof of Proposition 2.1.

13



But the operator A will be defined in a different way: given v € X,
we are looking for w = A(u) so that

w € C([0,T7; La(Q)) N La(0, T 35(9)), dyw € Ly(0, T ( 3() '),
for a.a. t € [0,T]

/ (Opw(z,t) - v(z) + Vw(z,t) : Vo(z))dx
Q

:/(w(:v,t) ()2, 1) + (01)(2, ) @ w(z, £)+
() ® (0o ) + (0106 8 (010, 8) VO (214

for all v € }%(Q),
[w(-t) = a()ll2.0 = 0 (2.15)

as t — 4+0. By Proposition 2.1, such a function exists and is unique.
Continuity: Do the same as in Proposition 2.1:

I:= *atllw — w3+ [V(w? —wh)3g

/ —w'® (ul)g> : V(w? — w')da
Q

Q
+ [ w'® @W? —ul),: V(w? —wh)de
/
[ (e P - wh) 4 (@ - wh) @ (1)) T - wl)do

The first integral in the right hand side of the above identity vanishes.
Hence,
I <[ = u)plooolw! 2]V (w? - w')

+ll(vh), (w? = w20 V(w? - w')

2,0

14



It follows from the Hoélder inequality that
dillw? — w5 o+ [V(w? —wh)[3q <

< c(o)w' 3 allu® — utll3 g + c(o)lvoll3 gsll(w® — wh)[3 0
and thus

2

w? —w' 3 o, < (o, T [[w'|2.00,0r: [volla o) [0? = ull[3 g,

The latter gives us continuity.
Compactness: In our case, the usual energy estimate implies the fol-
lowing:

1
sl + IVole = [ (we @, + ©),0w
Q

Tt @ (0, + (1), ® (v1),) : Veds =
= —/((v1>g®w+w®(v1>g+(v1)g®<v1>g) : Vwda
Q

(2.16)

IN

< c(ll(vh),

< c(lv'ls.0llwl

sallwllo o+ 1)o7 ) [Vewlze

IN

0ot [0 13 o) I V|20
2 8
< o s.allwl3 o IVwll3 o + cllvt |1 ol Vullza <
1 4
< §va||§,9 + c|v' 2 allwlz g + cllv'[q-

Since . .
o' a0 < [0 15 llv' 15 g,

we have
2 2 15 2 15 13
Ilwlzn + [Vulza < dlv (3 allwlza + clv |3 allv]2 o

Then

t
o (lwlBaexp (< [ o' 50ds)) <
0

3 5
< cllt3gllet |2 exp (— e

o _
=
_
Fon
o)

.
(Va)
N—
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and thus

t
Juliie < lal e (¢ [ 10415 ods) +
0
t t
3 5
ve [ I @lEale e (¢ [ 104(6) B ods)dr <
0 T
t
< lal e (¢ [ 10! ods) +
0

t t
3 5
sl Mo [ IO ge (¢ [ 1046) [ ads)dr.
0 T

Now, a rough estimate looks like:

t t
3 5
Julie < exp (c [ ot 150ds) (lalBo+ello! sy [ o)1 0dr) <
0 0

3 5
30+ clo'l3 eop ViU I g, )

t
< exp (< [ o' 3 ads) (Ia
0

So, we have

3 5
Il seor < exp (el I3, ) (lala + ello'l} .o VTV 120, )
and

3 5
sar Tellv'l3 w0 VT2 o

Vw3 g, < llall3q + clwll3 . qllv"
Hence, the required energy estimate takes the form
w3, < clllvtlsor 1030000 T llall20), (2.17)

where a constant ¢ is independent of p.

Remark 2.3. If a =0, then we can see how constants depends on T

w3 g, < elllvolls.oc) VT (2.18)
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Now, we need to evaluate the first derivative in time. Indeed,
fowwl?, < clVwlBare [ (juPlwa+@)aPul+(w),l")ds
(J2(2)) J

< clVul g+ (@0l lulBate [ (00PluP+Iw),l!)do <
Q

< | Vulzate(@)wllzoc.or llzate(l@ol3allwlis o +1(@hel10) <

< el Vull o + (@) 1wl s 0 Iullf 0 + cllolE allwlfo o + ' 140)

Then

o 2 N < \v} 2 2 2

10001 51y < IV IB 0 + o) w3 ol

3 5
tellol o ol o, + ellv! 13 e.0p VTV 120,
and thus
ol <
L2(0,T5(J3())")
< (o, 0" b.rs [0 30000 T lallac) (1+ Il ). (2:19)

Making use of similar arguments as in the proof of Proposition 2.1,
we conclude that for each fixed ¢ > 0 the operator A is compact.

Now, for w = AMA(w) with A € [0, 1], after integration by parts, we
find that, for a.a. ¢t € [0,7],

/(&w-'ﬁ—l— Vw : Vv)dx = )\/((vl)g®w—|—w® (v1) o+
Q Q

(0, ® (0))) : V5 — (w), - Vo) - B)de

[¢]
for any v € J3(Q). If we insert ¥(-) = w(,t) into the latter relation,
then the identity

/((w)g -Vw) - wdxr =0

Q
and previous arguments ensure the estimate (2.17). Now, let us prove
the uniqueness for for fixed ¢ and T'. Coming back to the proof of
continuity of the operator A, we find

Orllu? — w30 + IV (? —uh)l5 o <

17



< c(@llut 3 allu® = '3 o + clo)llvoll3 pall(u® — uh)|3 o

From this, it follows that u! = u? on the interval ]0, T[. Selecting a a
sequence of T, — oo we can construct a unique function v satisfying
all statements of the proposition. Proposition 2.2 is proved. O

Now, we wish to extend statements of Proposition 2.2 to £ = R3.
From now on, let us assume that a = 0.

Proposition 2.4. Given ¢ > 0, there exists a unique function u,
defined on Qoo = R3x]0, 00|, such that, for any T > 0, u € W217’£O(QT)
and Oyu € Lo(Qr), and u satisfies the idenity

/(—u - Oyw + Vu : Vw)dzdt =
Qoo

= /(u®(u)g+(v1)9®u+u®(vl)g+(v1)g®(vl)g) : Vwdzdt (2.20)
Qoo
for any w € C§(Qx) and the initial condition u(-,0) = 0.

Proof. Let o be fixed and u(®) is a sequence of solutions from Propo-
sition 2.2 for Q; = B(Ry) with Ry — oco. According to (2.18), the
energy estimate

[u®13 ge < elllvolls zs) VT (2.21)

holds for any 7' > 0. Here, Q% = €}, x]0,T].
Now, let us derive some additional estimates. First, we have

/(\Btu(k)]2 + %&\Vu(k)IZ)da: = —/ ((u<k>)g Vu® + (1), - Va4
Qk Qk

+u® .V (vh), + (1), - V(vl)g> AP da.

Moreover, it is easy to check
k k
()| < (@)™ |y, 00, 1.

(@)l < c(@)[[v"l300,08 < c(o)llvolls rs-

IV(@)ol < c(@)l1v'll3,00,08 < c(0)llvollses-

18



Then, we find

[0 + 07u Pyt < @I . g IV B0, +
Qp

k k
te(@)luoll s IVu® B g, + () l100]3 g 1113 o o0+

te()llvolls.zs / (1) V (o) ol <
Qp

< ot e(0)llvollsrs | (01l 1(V0h)lls.0, <

< ...+ c(o)]|vo

srsllvt 130, V0! ls0, <

1
<t C(Q)Wllvo!\é,u@-
Integration in ¢ gives

10012 s + 190P ]y o gr < (o, T, Jollsge):  (222)

As usual, let us assume that functions u(®) are extended by zero
to the whole space R3. Then, according to (2.21) and (2.22), one can
select a subsequence (still denoted by u(¥)) such that

u®) — Vulk) —~ Vu, du® — g
in LQ(QT) with QT = R?’X]O,T[ and
i

for any set of the form K x]0,T[, where K is a compact in R3. More-
over, the limit function u satisfies estimates

ul5 o, < c(llvolls rs) VT (2.23)
and
18sull3 g + IVull2,00.0r < (o, T, [|volls rs)

for any 7" > 0 and the identity (2.20).
It remains to prove the uniqueness. We have the same inequality
as in the proof of the previous proposition

Orllu? — w5 s + IV (u? = u)[5ps <

1

< c(o)lut 5 pellv? = w3 s + clo)lvoll3 e ll(u® — wh)I[3 ga,

which implies the required property. Proposition 2.4 is proven. O
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Now, we are going to prove the main theorem by passing to the
limit as ¢ — 0. To this end, we shall split u into four parts in the
following way:

u = u>! + u?? + u?? + u>?

so that, for ¢ = 1,2, 3,4,
ot — Au?t + Vp>t = i, divu®' =0

n Qoo,
u?(x,0) =0

for € R3, where
f1 = —(u), - Vu, f2 =1 - V(vl)g,

f3 = _<U1)@ - Vu, f4 = _(Ul)g ) V(Ul)g'

We now can the introduce the pressure p = p? so that

p= p2,1 + p2,2 _|_p2,3 + p2,4‘

Let us start with evaluation of u?!'. Here, our main tool is the

Solonnikov coercive estimates of the linear theory. One can use the
standard consequences of the energy bound, the multiplicative in-
equalities, and Hoélder inequality and find

100> |s1,00 + IV s .00 + | VD™

S7Z7QT S

< e(s)|1 M lsor < C(s, vollspe) VT (2.24)
provided

-+ - =4.
s+l

For ¢« = 2, we may apply the known estimate of the heat potential

T

1-36-1)

We take s = 4 and try to estimate || 2|4 s o, Indeed, we have
3727

C
Vo (- )l rs < pEeny [[vo ()3, (2.25)
2

with

1F2C )4 g < luC,t) - V(0)o(,B)lla <

SIS

20



<l ) llg ms [V (0 ) llaps <
< s 1) llg s VO (5 )[4 s <

1

< Jlu 2,oo,QTCFHvo(')II3,R3-

8

Hence,

1 7
1£205,3 55 < lull20.0r T3 [00() 350 < e(lluollss) T,

which implies

100u®? 1 43,3/9.00 + IV 4> (|4/3,3/2.00 + VD> las33/2,00 <

7
< cll£2llas/2.0r < Clllvolls ) T2

Next, let ¢ = 3. Then, by (2.23),

P2 Gt los s = [1(01)o () Vul, t)llossms < Mot (1) Iz re |Vl ) o s <

| —

< c(||lvollsrs)

N

t
and thus

5
||f3H6/5,3/2,R3 <Tzc(|lvolls s )-

Applying a Solonnikov estimate one more time, we find

t 2’3’\6/5,3/2,QT + HV2U2’3||6/5,3/2,QT + ”Vp2’3 \6/5,3/2,QT <
||Ovu

5
< el llessa2.0r < Cllvollsrs)TTe.

Finally, for the last term, we have
1FC O lls /2.0 = 101 (1) - V(1) o () 32,8 <
< o' D)lls sl Vo s s <
< llvolf g

and thus L
174 13/2.01 < €T [uoll go-

Coercive Solonnikov estimates give

||3tu2’4”3/2,QT + ||V2U2’4||3/2,QT + HVP2’4||3/2,QT <
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1
< ol fHls/2.00 < Clllvollsps)Ts. (2.26)

In what follows, we are going to use the following Poincare type
inequalities:

T

( / |Vp2’1]%d$) St

T~

0 B(zo,R) B(wo,R)
(2.27)
r 9
p>? — [p*? 224 8
/ / B(a:o R)|2dmdt < CRS /( / |Vp*> ’3d$) dt;
0 B(Io, 0 B(xo,R)
(2.28)
T T .
7~ gy ot < cBE [ ([ 95 Ea) fa
0 B(zo,R) 0  B(zo,R)
(2.29)
/ / PPt [P pag, )| 2 ddlt < ch/ / |Vp24 2dzdt.
0 B xo, 0 B 5507
(2.30)

Now, let us see what happens if o — 0. We can select a subsequence
(still denoted as the whole sequence) with the following properties: for
any T > 0,

ul — u, Vu? = Vu

in LZ(QT)7

ul = u
n L3(0 T L3 IOC(R )),

p?—=p
in Ls(0,T; L3 15c(R*)). Moreover, limit functions u and p satisfy the

2 27

energy estimate

1
|ul2,0r < c(llvoll3rs) T (2.31)

and the Navier-Stokes equations in () in the sense of distributions.
From the estimates above, it follows that the function

t— /u(x,t) ~w(x)dz
R3

is continuous on [0, oo| for all w € Lo(R3).
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Let us show that u and p satisfy the local energy inequality. Indeed,
we have

¢
/@2(x,t)|u9(x,t)|2dx+2//¢2|Vu9|2dxds <

R3 0 R3

t
< [ [ (P + 0) + ), V(e + 29)+
0 R3

+(v1)g Qul : Vuly? + (vl)g Qul : ul @ Ve’
+ul ® (vl)g  Vule? + 1l ® (vl)g cul @ Vi+
+(U1)g ® (Ul)g : Vule? + (Ul)g ® (Ul)g tul ® V@Z)dxds

for all ¢ € C§°(RY).
Further, we observe that

[(u?)p — UHz,B(R)x]o,T[ = [[(u® —u)p — (u)p —u 3,B(R)x]0,T[ <

< [I(u® = u)e

3,B(R)x)0,7[ T [|(W) o — ull3,B(R)xj0,7] <
< |[(u? = u)lls,Be2r)xjo,71 + [ (w)e = vll3,B(rR)x)0,7] — O

as 9 — 0. This, of course, implies

t
[ (e + a6 + () VP (utf? 4 29)) dnds
0 R3

t
// (]u\Q(Agog + 0i0%) +u - V2 (Ju)® + 2p)>dxds.
0 R3

Next, first, we notice that

¢
//((vl)g—vl)@)ug : Vulp? + (01, — o) @ul : u9®V<p2)dxds —0
0 R3

and

¢
// (vl @u : Vule? + vt @ ul : u9®Vg02>dxds =
0

R3
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t
= —//(ug Vol - ulpdrds.

0 R3

Now, let us consider the case
Y E Cﬁo(R‘%x]O, oo).

Here, of course, we have

t t
—//(ug Vo) - ulpidads — —//(u - Vol) - upideds =
0 R3

0 R3

t
://(vl®u:Vu<,02+vl®u:u®V<p2)dxds.
0 R3

The same arguments give

¢
// (ug ® (1), : Vulp? +ul @ (v, ul ® V(pQ)dxds —
0 R3

t
//(u®v1:Vucp2+u®vl :u®th2>dxds
0 RS

for any ¢ € C§°(R3x]0, 00[). The last term can be treated in the same
manner and thus the following estimate comes out:

¢
/@2(x,t)\u(x,t)]2dx+2//¢2\Vu]2dwds <

R3 0 R3

t
< [ [ (wPae + 06 + - Tul + 20+
0 R3

+ol @u: Vue? + vl @u:u® Ve?+
+u vl Vup? +u@ vl i u® Vp+

+ol @ vl Vup? +vl @l tu® Vg02>da:ds
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for any ¢ € C§°(R3x]0, ool).

In order to extend our local energy inequality to all function ¢ €
C§°(R*), we take a function y(t) such that x(t) = 1if ¢ > ¢ > 0 and
x(t) = 0if t < /2 with 0 < x/(t) < ¢/e. Consider 1) = xp with
¢ € C3°(RY) as a cut-off function in the local energy inequality and
see what happens if ¢ — 0. The only term we should care of is the
term containing the derivative in time:

t t €
//\u]28tw2dacds = //leu\28tcp2dwds+//cpz\u|28txzd:rd8—ll+12.

0 R3 € R3 0 R3

¢
L —>//]u\28tap2dacds.
0 R?

To estimates the second term, we can use the energy estimate:

Obviously,

12| < clul} o0 q. < Clllvollzrs)v/E — 0.

So, the local energy inequality is proven.
From the last inequality, we can deduce that

t
/@2(:U)|u($,t)\2dx+2//@2|Vu|2d;vds <

R3 0 R3

t
< // (|u\2A<p2 +u-V<p2(]u|2 +2p)+
0 R3

+vl @u: Vup? + ol @ u:u® Vp+
+u vl Vup? +u@ vl i u® Vp+
+ol @l Vup? + vt @l tu® Vg02>da:ds
for any ¢ € C§°(R?).
Now, we wish to get a global energy inequality. We can take a

function ¢ satisfying 0 < ¢ < 1 such that p(z) = 1 if || < R and
o(x) =0if |[x] > 2R and |Vp(z)| < ¢/R.
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The only term to be treated carefully is

¢
1= //u-chdea:ds.

0 R3

Indeed, we have

I=1+ 1+ I3+ Iy,

t
I = / / u- Vo (0> — [p*] ar))dads,

0 RS

B(2R) \ B(R). Then, by (2.27), we have

1] <l g //yp21 P L Fdads) <

t

c 1
< R’“H&A(R)X]O,t[RS(/( / |Vp*
(R)

0 A

where

where A(R) :=

win

9 4 2
de)?’dt)B 50
as R — oo.

As to the second term, we use (2.28) and show

2
1Bl < Sllulls agny //yp” P2l bdods)” <
t
§
< *HUH3 A(R)x]0,4[ R4 |Vp?
0

A(R)

3 dx) dt)g

as R — oo.
From (2.29) it follows that

t
2
C 2
| 13] < R\UHs,A(R)x}o,t[(/ p*? — AR )|2da:ds>3
0 A(R)
t
C 1 23,8 % %
< R’“HS,A(R)X]O,t[R2</( / |Vp? \5dx) dt> ~0
0 A(R)
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as & — oo.
Finally, for the fourth term, we derive from (2.30)

t
2

C 3 z
[14] < R|U||3,A(R)x}o,t[(/ / p>t — [p2’4]A(R)|2dxds) ’ <
0 A(R)

t

C
§R||UH3,A(R)x]0,t[R</ / |Vp*?

0 A(R)

2
%dxdt) 550

as R — oo.
The global energy inequality has been proven. That’s all.

3 Weak Convergence of Initial Data

Here, we are going to prove Theorem 1.7.
We know that v2(™) satisfies the energy estimate
0?3 o, < (MVT

for any T' > 0, where

M :=sup Hv(()m)H&Rz < 0.
m

Then, one may proceed as in the proof of Theorem 1.6, splitting
v2™) and ¢2(™) so that:

p2(m) 21 22 4,23 4, 24

and
q2(m) — 2l 22 2By 2

and, for ¢t =1,2,3,4,
Opu™' — Au>' +Vp*' = f1, dive® =0

n Qoo, '
u®'(2,0) = 0

for x € R3, where

fl = _U2(m) . V'UQ(m), f2 = _U2(m) . vvl(m)’
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3= ol g2m) o 1m) gy l(m)

To evaluate u?!, Solonnikov’s coercive estimates and the energy
bound are used. As a result, we find

10w s1.0r + IV s.0r + 1VP* 107 <
< c(9)If M lswor < Cls, MINT (3.1)
provided
3 2
242y
s l

If i = 2, one can exploit estimates (2.25) for v! with s = 4 and
show

IF2C, 01 s < 0200 (1) - VO D)

< v?

<

S
ol

—~ W

™) (s 1) o [ VO (- )[4 <
1
< Hv2<m>Hzoo,QTc;Hvém)«)\\g,Rs.
8
Hence,

1 i
1721153 g < 0™ ™ 2,000 T % [06™ (I3 s < e(M)T,

which implies

la/33/2.00 <

100u®||a/33/2.00 + V202 |4/33/2.00 + VP>

7
< el fPllaszz/2.0r < C(M)T2.

If © = 3, then similar arguments lead to the bound

1002 658200 + V214> llo/5.3/2.00 + 1V 67537200 <
5
< cllfPlless/2.00 < C(M)TTz.

Finally, for the last term, we have
||3tu2’4”3/2,QT + ||V2U2’4||3/2,QT + HVP2’4||3/2,QT <

1
< CHf4H3/2,QT <C(M)Ts. (3.2)

Now, let m — oco. We can select a subsequence (still denoted as
the whole sequence) such that, for any 7" > 0,

U2(m) RN U2, V’UQ(m) N VU2
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in L2(QT)7 2(m) 9

v — v

in L3(0,T; Ly 100 (R?)),
q2(m) N q2

in Ls(0,T; L3 4.(R?). Moreover, limit functions v = v! 4+ v* and
2 5
q = ¢° satisfy the estimate
[?l2.gr < c(M)TT

and the Navier-Stokes equations in () in the sense of distributions.
It is easy to see that the function

t— [ v*(x,t) - w(z)de
/

is continuous on [0, 00| for all w € La(R?).
Let us show that v? and ¢? satisfy the local energy inequality.
Indeed, we have

¢
/@2(x,t)|vz(m)(x,t)|2dx+2//¢2|V1}2(m)|2d90d5

R3 0 R3

t
< // <‘v2(m)|2(902 _i_awz) 1 p2(m) V@Q(’v2(m)‘2 +2q2(m))+
0 R3
+v1(m) ® v2(m) . VU2(m)§02 + Ul(m)® . v2(m) ® v(p2+
+v2(m) ® Ul(m) . VUz(m)QD2 + U2(m) ® ,Ul(m) . ,UZ(m) ® V(P2+
Lplm) g 41(m) VvQ(m)ch 1plm) g yl0m) L 2(m) o chQ)dacds

for all p € C5°(RY).
The first thing to notice is:

t
[ [ (2R + 01) 02 - (2 4 242) ) dods -
0 R3

t
// (|v2|2(Agp2 + 0i0%) +u - V2 ([0 + 2q2)>dxds.
0 R3
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As in the previous section, let us consider two cases. In the first
one, it is assumed that

¢ € C°(R3x]0, 00]).

Then .
// ((vl(m) v ® v sz(m)<p2+
0 R3
+(,Ul(m) _ Ul) ® ,l)?(m) . ,U2(m) ® V(pQ) dxds — 0
and

t
// (vl @ 02 Vp2Mp? 4yl @ o2 2(M) V<p2>dxds =
0 R3

t
=— / /(’UQ(m) Vol - v M 2drds.
0 R3
Next, one can observe that

t t
—//(vQ(m) Vo) - 0¥ ldeds — — / /(v2 -Vl - v?pideds =

0 R3 0 R3

t
= // (Ul ®v?: Volp? + vl @ vt ® V@Q)dzz:ds.
0 R3
The same arguments imply

t
// <1)2(m) @™ VoM 2 4 2 m) g 1(m) . 42(m) ®Vg02>dmds —
0 R3

t
// (1)2 vl Vi +i vt it e V(pQ)dxds
0 R3

for any ¢ € C§°(R3x]0,00[). The last term is treated in the same
manner. Hence,

¢
/@2(x,t)|v2(x,t)|2da:+2//<p2|VU2|2d:Uds <

R3 0 R3
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t
< [ [(1P@e + o) + 0 T + 260+
0 R3
+ol @ 0?1 Vol + ol @ 0% 1 0? @ V4
+v2 @t Vil + 0¥ @ ol v @ Vit
+ol @ ol Vil + ol @ol i v? @ chQ) dzxds

for any ¢ € C§°(R3x]0,0[). In order to extend our local energy
inequality to all function ¢ € C§° (R*), we can exploit the same cut-off
function x(¢) as in the proof of the existence theorem. Letting 1) = x¢
with ¢ € C§°(R?*), we observe that the only term that should be

treated carefully is the term containing the derivative in time. Indeed,
for example, consider the term

where

Indeed,
t t
AS//|’U1HU2HV’U2|dl‘dS§/H’Ul
0 R3 0
t

2 8 2 38
< / ot g 10213 s V07115 s < 1015 . g0 5.0, V07115 -

0

5,23 [[0°]| 10 ga [ V0? o o ds <

Now, let us make the evaluation of the most important term
t t e
//|v2|28t¢2dxds: //X2|v2|28tg02da:ds+//<p2|212|28t><2d3:ds:
0 R3 € R3 0 R3
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=1 + I

¢
L —>//]02]2@<p2d$ds.

0 R3

Obviously,

To estimates the second term, the energy estimate is used and, there-
fore,
|Ia| < ][5 0. < C(M)y/E = 0.

So, the local energy inequality has been proven and takes the form:

t
/wz(ﬂ:)v2(w,t)2dx+2//<p2|w?|2dxds <

R3 0 R3

¢
< [ [ (0P + 2 9P + 20)+
0 R3
+ol @ 0% : Vol + ol @ 0?1 0? @ V4
+0? @ vl Vol + v @ ol 1 v? @ Vit
+ol @ovl: Vil + ol @l i v? @ V<p2> dxds
for any ¢ € C5°(R3).
From the latter relation we can deduce the global energy inequality,
using the same arguments as in the proof of the existence theorem.

Hence, the limit function v = v! +v? is a weak Ls-solution starting
with initial data vg.

4 Uniqueness

Let us start with a proof of Proposition 1.8.

Proof. Our first remark is that, given € > 0 and R > 0, there exists
a number R,(T,R,c) > 0 such that if B(zg,R) C R?®\ B(R.) and
to — R% > 0 then

1 3
[l el ml et < -

Q(z0,R)
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For v and ¢! = 0, it is certainly true. For ¢2, we can use arguments
similar to those used in the previous section. Indeed, if ¢> = p>! +
p?? + p?3 + p?4, then, for example, we have

[ P = s Fdeds <
Q(20,R)
T T 4
< 12/ / P!~ [0 (oo, | deds < 13/( / (VpH!|fdz) dt <
0 B(zo,R) R 0  B(zo,R))
z 4
< 13/< / (Vp2! %dx)gdt—>0
R2
0 R3\B(R.))

as R, — oo for any fixed R > 0. Since v € L3 (Qr), it is not
so difficult to show that the pair v and ¢? satisfies the local energy
inequality (in fact, the local energy identity) and thus, by e-regularity
theory developed in [1], we can claim that

C
0(z0)| < =

as long as zp and R satisfy the conditions above. According to [4],
v is locally bounded as it belongs to L3 (Q7). Therefore, we can
ensure that v € Leo(Qsr) for any § > 0. Here, Qs7 = R3x]4, T7.
Then, we can easily show that, for any 6 > 0, v? € W22’1(Q57T),
Vo? € L oo(Qs1), and V¢ € Ly(Qs). The latter allows us to
state that the energy identity

t t
1
2/]v2(w,t)]2dx+//\V02|2dafds—//vl®v:Vv2dafds
R? 0 R3

0 R3

holds for any ¢ > 0 and, moreover,
/ <8tv2(:n,t)-w(ac)—|—(v(x,t)-Vv(a:,t))-w(ﬂz)+VU2(m,t) : Vw(:n))da: =0
R3

for any w € C§5H(R?) and for a.a. t €]0,t[.
As 72, we have

/(—52-8tw—6®'6:Vw+V’62:Vw)da:dtzo
Qr
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for any w € C§o(Qr). Using known approximative arguments, see for
example [26], we deduce from the last identity that

to
/ < — 20—V Vo + Vo2 Vv2)dxdt+
4

+/§2(x,t0) 02z, to)dx — /'172(56,5) v?(z,8)dx = 0
R3 R3
for any to € [9,T].
Let w = v? — v2. Then

to

1 1
/ / ou? - Pt — / 02w, to) P+ / 02 (z, 6)[2da+
R3 R3

0 R3

to
+//(—U®U:Vw+V02 : Vw)dwdt:().
6 R3
Adding the last two identities, we find

/[aﬂ(x,to)-ﬁ(x,to)—a’z(m,5)-v2(;p,5)_;|02(x,t0)|2+;|z}2(a;,5)12}d:c+
R3
to
+// <7U®U Vw—087: Vo2 +Vo?: Vw+ Vo2 : sz)dxdt =0
§ R3
or

/ [P t0) 0?2, 10) - %|v2(9:,t0)|2}dx+
R3

to
+// <—v®v : Vw—o20 : Vo2+Vo? : Vw+Vo? VUZ) dxdt = a(6),
0 R3

where o(d) — 0 as § — 0.
We also know that 02 satisfies the energy inequality

to

1
2/IEQ(x,to)\de—|—//|V52|2d:vdt<
R3

0 R3
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to
§//5®5:V52dxdt.

0 R3

Subtracting the previous identity from the last inequality, we show

/]w z,to) 2dm+//|v 22dadt <

0 R3

to
g//ﬁ@ﬁ:vﬁzdxdﬂr

0 R3

+// <—v®v : Vw—0070 : Vo2 +Vo? : Vw+Vo? : Vv2>dxdt—a(6)
0 R3
and then, passing to the limit as § — 0, we find

/\w x, to \zdx+//|Vw\ dxdt <

0 R3

to to
< // (5@5: Vw—v®u : Vw)d:cdt = //(w®v+v®w) : Vwdzxdt.
0 R3 0 R3

So, finally,
to

/\tho )| dx+//|Vw| dxdt <

0 R3

to to
< c//\vl\Qlw\zd:cdt—i—c//|U2|2\w]2dxdt:d1+c[2.

0 R3 0 R3

Estimate for I; has been already derived:

2 3
Il<c //]v Y, t de/\th dedt 5 //]Vw| dacdlt)5

0 R3 0 R3
to 2 5
c(/gl(t)/]w(x,tﬂ?d:vdt 5 //|Vw\2dxdt>5
0 R3 0 R3
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where

g\ (t) = / [0y, £)Pdy.
R3

To estimate the second term, we are going to exploit condition
(1.29) that implies the existence of § €]0,T1] with the following prop-
erty:

[v*13,00,05 < 20

Then for ty <, we have

to
< / 10212 s 02 gt <
0

to to
< CHU2|§’OO’QtO //|Vw|2d:ndt < 4u20//|Vw|2d:Edt.
0 R3 0 R3
Letting
8u20 =1,
we find
to to
/|w(:v,t0)|2d:v+//Vw|2dxdt < c/gl(t)/|w(:r,t)\2dxdt
R3 0 R3 0 R3

for 0 < tp < 4. Hence, w = 0 on the interval ]0,4[. On the other hand,
we know that v € Ls(Qsr) and thus v? € Ls(Qs7) and the same
arguments as above give w = 0 on the whole interval |0, T'[. O

Now, we wish to prove Theorem 1.11.

Proof. 1t is enough to show that there exists a weak Ls-solution u
that belongs to Ls(Qr,) for some Ty > 0 with the same initial data.
Indeed, by Theorem 1.10, v = w in Q7,. To this end, let us go back
to our approximating solution v¢. For this smooth solution, we have
the known estimate

[022ll5.0r, < ell((@')e + (@39)) ® (1) + 9295 01,

with an absolute constant ¢. So, we have
v 2l5,0z, < c(l[v*¢l50r, + 10415,z 105,05, + 10115.01,)
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If we assume that

1
1
o' 5.0z, < 5 (1.1
then it is not difficult to show that
2,0 1 1
”U |57QTO S 5”1} |57QT0'

And the same bound is true for the limit function. So, HU2H57QTO < 0.
Condition (4.1) gives an estimate on Tj.

The statement of Theorem 1.13 follows immediately from Propo-
sition 1.8 and Corollary 5.1 reading that any weak Ls-solutions is a
mild solution on a short time interval.

5 Appendix

The aim of this section is to give an elementary proof of the existence
of a mild solution to the Cauchy problem (1.1)-(1.3). To this end, let
us consider first the following Stokes problem

Orw — Aw + Vr = —div F| divw =0
in Qs and
w(-,0)=0
in R3.
Given F € C§°(Qr; R3*3), there exists a unique function w such

that w € C([0,T]; L3(R?)) N Ls(Qr) and /|w|Vw € La(Qr) with the

estimate
lwlisecor + lwlls.or < clFlls g,

where ¢ > 0 is an absolute constant. Moreover, w can be expressed in
the following way

w(z,t) = /t/K(:c —y,t —7)F(y, 7)dydr.

0 R3

So, we have the linear integral operator G : C§°(Qr) C L%(QT) —
Lg(QT) N C([0,T]; L3(R3)). We denote by the same symbol the ex-
tension of this operator to the whole space L 5 (Qr). We wish to show

37



that

t

GF(x,t) = GoF (z,t) := //K(m —y,t —7)F(y, 7)dydr

0 R3

for F e L 5 (R3). To this end, we first shall show that Gy : Ls (R3) —
L4(R3) is bounded. We know, see for example [10], that

c
)| < Ko(z, t T Ea—
Let
g(z,t) //Ko x—y,t —7)|F(y,7)|dydr
0 R3
and
_
s = T

Then we have
3
|Ko(z —y,t —7)F(y,7)| = | Koz — y, t — 7)[ 77 |[F(y, 7)|3 x |F(y,7)|5

x|Ko(w —y,t = 7)| 7
By Hoélder inequality, we find

1
xt <c // | |2—|—t )40|F(y, )’2dyd7')4
x—y -7

2_1
|F(y, 7 Qdydf 5 ! - dydT) :
(|l — yP +t—T)1

0]R3

urllw

The last factor can be evaluated as follows:

t o]

2
// 40dyd7'—c/ 34d7’/rdr40 < C(T).
’x_y|2+t_7' (r2+1)17

0 R3 0

So, we have

192 )14 s < C(T)|IF| /daz// Fly,7)|3dydr =
9Ol < COIIFNE ) S t_ﬂwr |

R3 0 R3
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t

3 29 5
—cIFI} g, [t-nH [ 1P kaydr <

0 R3

T
3 _2 5
DIFIE g, [1e=717% [ 1) dyar.
27
0 R3

Hence,

loC-Dlli o, < COIFIS //Fy zdydT/u—Tr ae <

0 R3
4
CI)IFI ,,

Next, our arguments are as follows. Omne can find a sequence
FM ¢ 0°(Qr) such that F(™) — F in Lg(QT) as m — oo. Let

w(™) be a solution to the above Stokes system. It is easy to check
that

t
et = [ [ K-yt =nF gy
0 R3

As we know, the following estimate is valid:
k
0™ = w®|3.00,05 + 0™ —w®l5.0p < | FT — FO|5 ) .

Let w € C([0,T]; L3(R®)) N Ls(Q7) be a limit function. It is a unique
solution to the Stokes problem with the limit function F. We need to
show that w = Gy F'. Indeed,

IGoF — GoF "™ |10, = |GoF — w™ |10, < C(T)|F — F™)

5 .
§7QT

Simply by interpolation, we can state that w € L4(Q7) and |w —
™ ||1,gr — 0 and, hence,

w = G(F).
Now, our further arguments are quite standard. We let
V(1) =T ) xv(), w1 =[Viser

and let
o) = V4 G0 @ v¥))
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with v(®) = 0. Using previous estimates, we have
™+ = V3000 + [0*Y = Viis.or < cllv®E o, -

Thus

o™ V5.0 < IVlis.or +clo®I2 o,

The objective, now, is to show
oD 5.0, < 2(T).
Arguing by induction, we arrive at the estimate
[0 15,0, < e4r*(T) + £(T) = &(T) (4er(T) + 1).

Let us impose the additional assumption

1
T < —.
A(T) < 16¢
Later on, we shall show that it is possible. Now, assume that the
above condition holds. We have

and thus

oD — (R (k+1) _

UUC)H&QT <

37007QT + HU

< 2dl[o™ —o® V50, (0P 5,07 + 0*Vls.0r) <

1 1
< 8en(T)[v® =0V 0, < Z 00 -0 V]l5 g, < LoD - D)5q, <

1 1
< oh oM 5.0, = F/@(T).
Therefore,
k=1 ‘
[v® — o5 0 <3 oY — 0I5, <

i=m

k—1 1

=m

So, (™ — v in L5(Q7). Then

1o = 0™ 3.00.07 < 2ello®™ = 05,07 (0™ 5,07 + 107 |l5,07) <

40



< 8cl[v® — o™ 5 g w(T).

This means that v(™ — v in C([0,T]; L3(R?)). So, the existence of
mild solution has been proven. Uniqueness follows easily form the
same arguments as above. See the additional assumption when prov-
ing strong convergence of the whole sequence.
Now, going back to the assumption on the smallness of (T, we
have
K(T) =1, + 17,

where

I =l(V)ells.ar: 1o =1V = Vells.ors Vol t) = T(-,1) * (v0),(),

and (vg), is a standard mollification of vyg. With Ig, we proceed as

follows )
IZ < cllvo — (vo)ollsrs < 390

for some fixed ¢ > 0. Next,

_1
(V)5 0)lls,ms < et [ (v0)olla,s,

where

Hence,
1 1
Iy = 1(V)ells,or < €T [[(v0)llars-

The right hand side of the latter inequality can be made small for a
given p at the expense of T

Now, I wish to show that the constructed above mild solution is
in fact a weak Lg-solution in Q7. To this end we need to show that
w:=v—vl € Ly o(Qr)N W;’O(QT) and satisfy the energy inequality.
We start with local energy inequality

¢
1
I:= 2/902(x)|w(:v,t)|2d:v+//902|Vw\2dxds <

R3 0 R3

t
1 1
< [ [ (GluPac + Ju- v (up + 20+
0 R3

+ol@w: Vwp? + vl @ w: w® Vei+
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+w @ v Vwp? + w@ v w® Vet
+ol vl Vuwel + ol @l tw® chz)d:nds
for any ¢ € C§°(R?). Here, the pressure 7 is defined by the equation
ow — Aw+Vr = —divo ®v

and we know
Il g + 17113 e < o0

Assuming that 0 < ¢ < 1, p(z) = 1, if |z] < R, p(z) = 0 if
|z| > 2R, and |Vy| < ¢/R, we find

1 1 1
1< elwl g R+ cplluldop + cpllwlserlrly gt

+e(llv la@rllwllaer + 15 )12+

1
teg (o' s.erlwlson + 0o 1wl er)

From the latter bound, we can easily get all the statements.

Corollary 5.1. Let be v be a weak Lsz-solution. There exists T > 0
such that v is a mild solution in Q.

Indeed, we know that there exist a mild solution « in Qr for some
T > 0 depending on vg. By the previous observation, it is a weak
Ls-solution in Q7. By the uniqueness theorem, v = u.

References

[1] Caffarelli, L., Kohn, R.-V., Nirenberg, L., Partial regularity of
suitable weak solutions of the Navier-Stokes equations, Comm.
Pure Appl. Math., Vol. XXXV (1982), pp. 771-831.

[2] Caldern, C. P., Existence of weak solutions for the Navier-Stokes
equations with initial data in Lp. Trans. Amer. Math. Soc. 318
(1990), no. 1, 179-200.

[3] Cannone, M., Harmonic analysis tools for solving the incompress-
ible Navier-Stokes equations. Handbook of mathematical fluid dy-
namics. Vol. ITI, 161-244, North-Holland, Amsterdam, 2004.

42



[4]

[10]

[11]

Escauriaza, L.; Seregin, G.; Sverak, V. L3 -solutions of Navier-
Stokes equations and backward uniqueness. (Russian) Uspekhi
Mat. Nauk 58 (2003), no. 2(350), 3-44; translation in Russian
Math. Surveys 58 (2003), no. 2, 211-250.

Galdi, Giovanni P., An introduction to the Navier-Stokes initial-
boundary value problem. Fundamental directions in mathemat-
ical fluid mechanics, 1-70, Adv. Math. Fluid Mech., Birkhuser,
Basel, 2000.

Giga, Y., Solutions for semilinear parabolic equations in L, and
regularity of weak solutions of the Navier Stokes system, J. Dif-
ferential Equations, 62 (1986), pp. 186-212.

Kato, T., Strong LP-solutions of the Navier-Stokes equation in
R™, with applications to weak solutions. Math. Z. 187 (1984),
no. 4, 471-480.

Jia, H., Sverak, V., Are the incompressible 3d Navier-Stokes
equations locally ill-posed in the natural energy space? J. Funct.
Anal. 268 (2015), no. 12, 3734-3766.

Kikuchi, N., Seregin, G.,Weak solutions to the Cauchy problem
for the Navier-Stokes equations satisfying the local energy in-
equality, AMS translations, Series 2, Volume 220, pp. 141-164.

Koch, G., Nadirashvili, N., Seregin, A., Sverdk, V., Liouville
theorems for the Navier-Stokes equations and applications. Acta
Math. 203 (2009), no. 1, 83-105.

Koch, H., Solonnikov, V. A., L,-estimates for a solution to the
nonstationary Stokes equations. Function theory and phase tran-
sitions. J. Math. Sci. (New York) 106 (2001), no. 3, 3042-3072.

Kozono, H,; Sohr, H., Remark on uniqueness of weak solutions to
the Navier-Stokes equations. Analysis 16 (1996), no. 3, 255-271.

Koch, H., Tataru, D., Well-posedness for the Navier-Stokes equa-
tions, Adv. Math. 157 (2001), no. 1, 22-35.

Ladyzhenskaya, O. A. The mathematical theory of viscous in-
compressible flow. Second English edition, revised and enlarged.
Translated from the Russian by Richard A. Silverman and
John Chu. Mathematics and its Applications, Vol. 2 Gordon
and Breach, Science Publishers, New York-London-Paris 1969
xviii+224 pp.

43



[15]

22]

23]

[24]

[25]

[26]

Ladyzhenskaya, O. A., Solonnikov, V. A., Uralt’seva, N. N., Lin-
ear and quasi-linear equations of parabolic type, Moscow, 1967;
English translation, American Math. Soc., Providence 1968.

Lemarie-Rieusset, P. G., Recent developemnets in the Navier-
Stokes problem, Chapman&Hall/CRC reseacrh notes in mathe-
matics series, 431.

J. Leray, Sur le mouvement d’un liquide visqueux emplissant
lespace, Acta Math. 63 (1934), 193-248.

Oseen, C. W., Sur let formules de Green généralisées qui se
présentent dans I’hydrodynamique et sur quelques-unes de leus
application, Acta Math. 34 (1911), no. 1, 205-284.

Rusin, W., Sverdk, V. Minimal initial data for potential Navier—
Stokes singularities. J. Funct. Anal. 260 (2011), no. 3, 879891.

Seregin, G.A., Local regularity of suitable weak solutions to the
Navier-Stokes equations near the boundary, J. math. fluid mech.,
4(2002), no.1,1-29.

Seregin, G. A., On smoothness of L3 oo-solutions to the
Navier-Stokes equations up to boundary, Mathematische An-
nalen, 332(2005), pp. 219-238.

Seregin, G., A note on local boundary regularity for the Stokes
system, Zapiski Nauchn. Seminar., POMI, 370 (2009), pp. 151-
159.

Seregin, G., A note on necessary conditions for blow-up of en-
ergy solutions to the Navier-Stokes equations, Progress in Nonlin-
ear Differential Equations and Their Applications, 2011 Springer
Basel AG, Vol. 60, 631-645.

Seregin, G., Necessary conditions of potential blow up for
the Navier-Stokes equations, Zapiski Nauchn.Seminar. POMI,
385(2010), 187-199.

Seregin, G., A certain necessary condition of potential blow up
for Navier-Stokes equations, Comm. Math. Phys. 312 (2012), no.
3, 833-845.

Seregin, G., Lecture notes on regularity theory for the Navier-
Stokes equations. World Scientific Publishing Co. Pte. Ltd.,
Hackensack, NJ, 2015. x+258 pp. ISBN: 978-981-4623-40-7

44



[27]

[28]

Solonnikov, V. A., Estimates of solutions to the non-stationary
Navier-Stokes system, Zapiski Nauchn. Seminar. LOMI 28(1973),
153-231.

Solonnikov, V. A. Estimates for solutions of the nonstationary
Stokes problem in anisotropic Sobolev spaces and estimates for
the resolvent of the Stokes operator. (Russian) Uspekhi Mat.
Nauk 58 (2003), no. 2(350), 123-156; translation in Russian
Math. Surveys 58 (2003), no. 2, 331-365

45



Cover Letter
Click here to download Cover Letter: Covering Letter-2.pdf

Dear Editors,

Please,will you consider the paper “On global weak solutions to the Cauchy problem for the
Navier-Stokes equations with large $L_3$-initial data” by G. Seregin and V. Sverak for publication
in the journal Nonlinear Analysis.

Sincerely,

G. Seregin and V. Sverak.


http://ees.elsevier.com/na/download.aspx?id=289862&guid=bba1446c-f9f2-4149-8aff-a73339792b1c&scheme=1

