LOGO

IEEE TRANSACTIONS AND JOURNALS TEMPLATE 1

A successive convexification approach for robust
receding horizon control

Yana Lishkova and Mark Cannon

Abstract— A novel robust nonlinear model predictive
control strategy is proposed for systems with nonlinear
dynamics and convex state and control constraints. Us-
ing a sequential convex approximation approach and a
difference of convex functions representation, the scheme
constructs tubes that contain predicted model trajectories,
accounting for approximation errors and disturbances, and
guaranteeing constraint satisfaction. An optimal control
problem is solved as a sequence of convex programs. We
develop the scheme initially in the absence of external dis-
turbances and show that the proposed nominal approach is
non-conservative, with the solutions of successive convex
programs converging to a locally optimal solution for the
original optimal control problem. We extend the approach
to the case of additive disturbances using a novel strategy
for selecting linearization points. As a result we formulate a
robust receding horizon strategy with guarantees of recur-
sive feasibility and closed-loop stability.

Index Terms— nonlinear systems, receding horizon con-
trol, convex programming, robust control

[. INTRODUCTION

ODEL Predictive Control (MPC), also known as reced-
ing horizon control, is an optimization-based control
strategy applicable to systems with state and input constraints,
model uncertainty and external disturbances. The method
relies on solving an optimization problem at each discrete time
step. The feasibility of this problem and its solution within
a single time step are crucial for implementing the resulting
control law [1]. For nonlinear systems, the optimal control
problem is in general a nonlinear program (NLP), which is
not guaranteed to be solvable within a fixed time interval.
To address this problem various approaches have been
developed. For example, dynamic programming can determine
globally optimal control policies, however they require heavy
computation, which restricts their implementation in real-
time applications [1]. Another method, known as sequential
quadratic programming (SQP) [2], focuses on iterative approx-
imation approaches that approximate NLPs using sequences of
quadratic programming (QP) problems. Despite the existence
of efficient methods for solving QPs, these schemes can
lead to high computational demand and present difficulties
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when accounting for approximation errors and determining the
appropriate step-sizes for each iteration to ensure convergence.

An alternative approach replaces the system model with
a sequence of models obtained from linear approximations
around trajectories of the controlled system (e.g. [3H6]). The
seminal work [3] relaxes the nonlinear model dynamics into a
set of inequalities, which are subsequently linearized to obtain
a sequence of convex optimization problems. Under convexity
assumptions on the nonlinear dynamics and the state and
input constraints, the solutions of this sequence are shown to
converge to a local optimum of the original NLP provided a set
of parameters (which are introduced into the objective function
to enforce satisfaction of the original model dynamics) are
chosen appropriately. However, the required values of cost
parameters are not usually known, and the method converges
only asymptotically to a feasible solution of the NLP.

More recently, [4] proposed using Jacobian model lineariza-
tion to construct a sequence of convex optimization problems.
The authors use trust regions to account for linearization
errors and are thus able to demonstrate convergence to a
locally optimal solution of the NLP. The disadvantages of
the approach are that it relies on heuristics for determining
whether model approximations are sufficiently accurate, and
that the iterates are not guaranteed to be feasible for the NLP,
so the iteration cannot be terminated prior to convergence.

In [5], a tube (or sequence of sets) containing all possible
trajectories of the nonlinear system is constructed by lineariz-
ing the model around trajectories and bounding linearization
errors, and all trajectories within the tube are required to re-
spect the system state and control constraints. Using successive
linearization, the NLP is replaced by a sequence of second-
order cone programs (SOCPs) [3} 6], each of which generates
a feasible solution for the original NLP. The implementation
of the approach is complicated by the need to provide bounds
on the linearization errors, which can be a computationally dif-
ficult task that relies on heuristics. Conservative linearization
error bounds can cause slow convergence or infeasibility of
the sequence of optimization problems even if the NLP itself
is feasible. Furthermore, the available schemes can introduce
suboptimality and do not account for external disturbances.
The tube-based approach in [[7]] can ensure convergence to a
locally optimal solution of the NLP. However, it is computa-
tionally costly and does not account for external disturbances.

Despite the disadvantages of SQP and successive convex-
ification approaches based on linearizing nonlinear dynamic
models, the efficiency and practicality of convex NLP approx-
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imations are well-known in the context of receding horizon
control. Many real-time applications of MPC therefore employ
convex descriptions of the model dynamics and constraints
(in aerospace applications for example, [8H10] among many
others). Moreover, successive convexification incorporating
robust tube MPC methods provide new opportunities for
computationally efficient receding horizon control, particularly
when the model is affected by unknown disturbances.

Approaches that consider external disturbances and model
inaccuracies are reviewed in [11-13]]. The tube-based strate-
gies of [11H15] address both continuous and discrete sys-
tems with various cost functions and disturbance realisations.
However, these approaches use invariant sets to define tubes,
rely on heuristics to determine parameters or approximate the
NLP formulation conservatively. Alternatively, [16] proposes
a two-tier approach that simultaneously optimizes tubes and
trajectories online for feedback linearizable or minimum phase
systems. On the other hand, [[17] optimizes a linear feedback
law, alternating between a Riccati Recursion and a nominal
optimal control problem, with approximate robustness due to
unaccounted linearization errors in the nonlinear constraints.

The approach presented here exploits the convexity prop-
erties of systems with continuous dynamics and convex state,
control and disturbance constraints. We use tubes to bound the
effects of model approximations and disturbances, and exploit
tight bounds on linearization errors to obtain non-conservative
solutions for the disturbance-free case. Although the min-
max approach presented relies on enumerating polytopic tube
vertices, which can be computationally costly for high-order
systems, we discuss strategies to ensure linear growth in the
number of variables and constraints with the state dimension.

We assume that the system discrete model has a convex dif-
ference (DC) form, i.e. it can be represented as the difference
of a pair of convex functions. This is not necessarily restrictive,
as any continuous function can be approximated to any desired
precision as the difference of two convex functions [18].
Differences of convex functions have been used to develop
techniques such as DC programming [18]], the convex-concave
procedure [19, 20] and novel control invariant set computa-
tion methods for nonlinear systems [21l], which have proven
numerical advantages when applied to nonconvex problems
([22} 23]]). Using DC decomposition we derive a tube-based
receding horizon controller with robustness to disturbances and
guarantees of recursive feasibility and stability.

To this end, the first part of this paper considers the
nominal (disturbance-free) case in which the system model is
known exactly. The proposed approach solves a sequence of
convex programs optimizing control variables and tube cross-
sections simultaneously, similar to [24]. Our contributions are
a novel initialisation strategy and a proof that the resulting
optimization procedure is non-conservative in that its iterations
converge to an (at least locally) optimal point of the NLP.

In the disturbance-free case, feasibility is guaranteed if at
least one trajectory of the system satisfies the constraints of the
problem. However, when unknown disturbances are present,
model trajectories under all realisations of the disturbance
must be accounted for, and this presents non-trivial additional
difficulties for choosing linearisation points and guaranteeing

recursive feasibility. The second part of this paper addresses
these problems by considering additive disturbances explicitly.
As in the disturbance-free case, the proposed approach approx-
imates the NLP with a sequence of convex programs, and a
tube containing all possible trajectories is optimized online.
Based on the implementation of a novel linearization tech-
nique, we prove recursive feasibility and a form of quadratic
stability for the resulting closed-loop system.

The contributions of this paper are as follows:

o A novel tube-based receding horizon strategy with guar-
anteed stability and recursive feasibility for nonlinear
systems with additive disturbances.

o Analysis of convergence of the proposed nominal tube-
based approach to a local minimum of the NLP.

e A novel initialisation method for both the nominal case
and the case in which additive disturbances are present.

Il. SUCCESSIVE LINEARIZATION MPC

Consider a discrete time nonlinear system with state x; €
R™ and control input u; € R™ at the th time step, where

Ii+1 :f(l’hlh), ZZO,I, (1)

and f is differentiable for all (z;,u;) in the operating region
X x U. We pose the problem of optimally controlling the
system trajectories x : {zo,x1,...}, u : {ug,uy,...} to track
a given state and input reference trajectory x* : {z{, =], ...},
u” : {ug,uy, ...} where i, = f(xf,uf) for all i > 0 subject
to a quadratic objective

oo

2 rin2

>~ (llas = + s =i ) ®

i=0
and initial constraints xg = xj,;; and inequality constraints

:CiGXCIRnw, u; €U C IR™. ®))

Here X, U are compact polytopic sets, Ty iS a known
initial condition and ||z, := 27 Qz. We define the following
receding horizon optimal control problem (RHOCP):

nMPC:  (u],x}) = argmin Jyvpc(X;, u;) (6a)
u;,X;
subject to, for k =0,...,N — 1:
T € X (6b)
U €U (6¢)
Try1)i = f(Trpi Unls) (6d)
Tos = X (6e)
TN € v C X, (6f)
with
Jompe (X4, 1;) = ||9CN|1' - x?vHHZgN
N-1
. . (62)
+ Z (ks = 2hpillS + luwg — vhyilR)
k=0
where u; = {Uoli, . 7uN—1\i} and X; = {l‘oli, . ,.INli}.

Here xy;, uy|; denote the state and control input at time k +1
predicted at time 4. The matrices ), R, Qx and the terminal
set Xy are subject to the following assumptions:
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Assumption 1. (a) x; is known at each time 1.

(b) ] € Xy C X and u] €U, Vi > N.

(c) f(z,ki(x)) € XN, Vo € XN, Vi > N, where r;(x) =
K(z — L) + ul satisfies k;(x) € U, YV € Xy, ¥i > N.

(d) Q, R, QN are positive definite matrices, and (1) with u; =
K(z; — a) 4+ ul satisfies, Va; € XN, Vi > N,

i =27 118 = lzivs —2fiallly = llwe— 271G + llus —uf |7

In receding horizon control, at each discrete time step ¢
the nMPC RHOCP is solved to obtain an optimal control
sequence u; : {uai,u*{li, . ,u’]"v_lli} and the first element
of this sequence is used to define a receding control law
u; = “Su' At the next time step a new RHOCP is formulated
using the measurement (or estimate) of z;;; and the process
is repeated. To guarantee stability of the control strategy it is
essential that a feasible solution can be obtained within each
discrete time step. However, the nMPC RHOCP (6a)-(6g) is
a nonlinear program and thus in general no guarantees can be
given that either the optimal solution or a suboptimal feasible
point is determinable within one discrete time step. To address
these problems Section |} proposes a successive linearization
approach to reformulate the problem as a sequence of convex
programs. Compared to other such approaches, the proposed
method bounds linearization errors as functions of the pre-
dicted state tube that is optimized online. This removes the
need to compute linearization error bounds prior to solving
the RHOCP and ensures that a fixed point of the successive
approximation scheme corresponds to an optimal point of the
nMPC RHOCP. As shown in Section [[V] it also provides
guarantees of convergence to a fixed point, recursive feasibility
and stability of the resulting MPC law.

[1l. PROPOSED CONTROL LAW

To simplify presentation we first strengthen the assumptions
on the system model and later discuss how these assumptions
can be relaxed to allow the proposed approach to be applied
to systems with dynamics that are neither convex nor concave.

Assumption 2. The function f : X x U — R"= in is
differentiable and componentwise convex.

Given state and control sequences xY, u?, where x) =

0 0 0 0 — f,,0 40 0 ;
{xoﬁ’ T :Z}N‘i}, u; = {uo‘i, Wpis s uN_m}, which
we refer to as state and control seed trajectories, the model (TJ)
can be equivalently expressed as

Thy1s = $2+1\i + Apjiskli + Brjivii + e(@g)i, urs) (1)

Ukji = Ukl — Up); ®)
of 9

_ _oF
Apji = B @9, u,,)» Brli = Duny @9y ©)

_ 0
Skli = Tkli — Lkl

and ey,; is the Jacobian linearization error
0 .0
exli = J(@rpirungi) — f(@g);ug;) — Akjiskli — Brjivigi- (10)

Assumption 3. The initial seed trajectory (x°,u') is feasible
(but potentially suboptimal) for constraints (6e)-(61).

Anticipating the explicit treatment of disturbances in Sec-
tion [V] we assume a feedback control law:

Y

_.0 _.0
Uk = Upj; + Vkji = Up); + Ksgpi + cppi,

for a given feedback gain K, and consider the sequence c; :=
{cojis---,cn—1}i} as an optimization variable instead of u;.
Assumption [2] requires the components of f to be convex
so that the components of the linearization error ey; in (10),
denoted [ey; (Zx|i, urji)]j» ] = 1, ..., ng, are convex functions
of (s, urjs) € (X, U). Since [eg; (s, ur|;)]; is convex and
the linearization point (acgl i ug‘ ;) lies in (X, U) we have
min

(12)
(IMZ',UM,,)E(X,M)

ler)i(Tr)is ukli)]; = 0,

and moreover a constraint of the form
0 0
[ek‘i(sku + Ty Ksk” + cgpi + uk“)]j <r

is convex in sy;, cy|; and 7.

Let S; = {Soji,--.,Sn|i} denote a tube bounding the state
perturbations s; in (7)-(9), where each set Sy; is defined in
terms of optimization variables sy ;, Skj; € R"" as

Sk = 1{s: Skl S5 < 5k)i}- (13)
Then at time 7 a convex RHOCP can be formulated as
¢cMPC: (c},S}) = argmin Jovpc(cs, Si, x0,ul)  (14a)
ci, S
subject to, for k=0,...,N — 1:
Skis ® {ag} € X (14b)
[Skt11il; > [Akjs + BrjiK 55 + [Brjaljcrpi
+ [enyi(s + 2y, Ks + cri + 1))
[Skt1)ilj < [Akji + BriKljs + [Brjiljcnyi
forall s € Sy, 5 =1,...,n, (14d)
Soji = {0} (14e)
Snpi @ {zy);} C X (14f)
with
Jampe(ci, Siyx7,uf) = max 2R, + s — 2hvpllay
SN|iESN|
N-1
+ 37 max (el + e — 7ill?

=0 Sk €Sk|
ol + s+ engs = uii 3] (142)

where [2];, [A]; denote the jth element and jth row of vector
z and matrix A. The inequalities in (I4d) can be imposed
for all s € Sy); by replacing s with the 2"+ vertices of Sy|;,
which depend linearly on sy;, Sx);. The minimization of the
cost (14g) can be performed via an equivalent epigraph form
with a linear objective subject to convex constraints on c¢; and
{gk“, 5k)is K = 0,..., N} the vertices of Sy|;. The cMPC
RHOCP is convex and can be solved using, for example,
interior-point methods or large-scale solvers such as the al-
ternating direction method of multipliers (ADMM) [25] 26].

The feedback gain K can be chosen equal to the terminal
feedback gain K, which is stabilizing within Ay due to
Assumption EKd). The computation of K, Xy, and Qp is
in general non-trivial for nonlinear systems. A scheme to
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compute them while maximizing the volume of the terminal
set using semidefinite programming can be found in [} 27].

The cMPC strategy is summarized in Algorithm [T} At each
discrete time step ¢, the algorithm first solves the cMPC
RHOCP to obtain c; given a feasible seed (x¥,u?) (lines 3-
4), then computes the predicted state and control sequences
(x¥,uf) using the model dynamics (I) with ¢; = ¢} and
aj); = @; (lines 5-6), then updates the seed trajectory (x7, uy)
(line 7) and repeats this iteration until either |cf|| < tol,
where tol is a specified threshold, or the limit maxiters on
the number of iterations is reached.

Algorithm 1: cMPC
Offline: Determine K, (Qn, X'n, and an initial seed
(x3,u)) satisfying (GB)-(6) with 7o = i
Online: At each discrete time step ¢ = 0,1,...:
1 Obtain z; and set the iteration counter n < 1;
2 while n < maziters and ||c}| > tol do
3 Compute Ay;, By for k=0,..., N — 1 using
© and (x7,u?);
4 Solve cMPC RHOCP to obtain (c, S});
5 for k=0,...,N—1do
6 Compute uy; = up); + ci; + K(wp);, — 27);)
and zy ., = f(@g,, up,) with 25, = 2;;

7 Update the seed trajectory: (x?,u?) «+ (xf,u});

8 n<+<n+1;

9 Implement u; “3|i;
* _ * T T
10 Set uyy ), = K(2}y; — @) + Uy, and

ugﬂ —{ul) e uy g ungd
Xip1 < {x] - @ f@hs ui) b

Remark 1. A time-varying feedback gain (such as the linear-
quadratic optimal controller for the linear time-varying model
computed on line 3 of Algorithm 1) may be used instead of a
fixed feedback gain K in (TI). This is likely to give better
numerical conditioning and disturbance rejection since the
fixed gain K is only required by Assumption [I| to be locally
stabilizing within the terminal set Xy.

Compared to other successive linearization approaches [4-
6], the cMPC strategy does not require prior knowledge or
online calculation of sets bounding linearization errors, and
it avoids conservative approximate linear constraints by using
tight bounds on the approximation error in (I4d). In particular,
the first inequality in (14d) is equivalent to 55, 1); ; > [f(ski+
s Ksppitegpitupy)];—[f (29, up),)]; and the second is a
tight bound due to . As shown in Section [IV] this ensures
that the tube computed by the cMPC iteration converges to a
single trajectory, and hence a fixed point of the cMPC iteration
is a local minimum for the nMPC RHOCP. In addition,
the maximum number of iterations can be chosen as any
value satisfying maziters > 1 without affecting the recursive
feasibility and stability guarantees discussed in Section

A procedure for obtaining an initial seed trajectory is sug-
gested in [24]. This assumes knowledge of an initial trajectory
satisfying constraints (6b)-(6d) and the initial condition (6€)),

but not necessarily the terminal constraint (6f). The method
updates this seed via a sequence of convex optimizations to
obtain a feasible trajectory for the cMPC RHOCP.

We propose an alternative method of computing offline an
initial seed trajectory (x9,u) for Algorithm [1] that does not
require knowledge of a feasible trajectory with initial condition
Zinit- We define an offline optimization of (co, Sg) subject to
the constraints (14b)-(14d), (14f), and S0 = {s}, where s
is an additional optimization variable, and we minimize the
distance of mgo + s from zjy;¢ by setting the objective to
[Zinis — 20,0 — |- Initially we set x§ = {y,..., 25y} and
ug = {uly,...,uby_,}. since by Assumption |1| this choice
ensures that constraints (I4b)-(T4d), and Sgjo = {s} are
feasible with s = 0. To obtain an initial seed for Algorithm [T}
we iteratively solve this optimization and update (x3, uj)) as in
lines 2-8 of Algorithm with 333‘0 = x in line 6 replaced by
xSlO = $8|0 + s*, until either the optimal objective is equal to
zero, or the optimal objective converges to a non-zero value,
in which case the constraints should (if possible) be relaxed,

for example by increasing N or enlarging Xy .

Remark 2. Assumption |2| can be relaxed to allow functions
f which are DC, i.e. they can be written as the difference of
convex functions: f(x,u) = g(x,u) — h(x,u) where g,h :
X xU — R" are differentiable and componentwise convex
and the sets X,U are convex. In this case the error function
has the following properties

o _ .9 _ _h
€kli = € — Ckli
g _ 0 0 g g
Ckli = 9(ris urli) — 9(@g)s, ) — Akh‘Sk\i — By vk
h __ 0 0 h h
Ckli = h(xkli’“kli) - h(‘rk|i’uk|i) - Ak|i5k\i - Bk|ivk|i

min e (xp)i, uri)]; =0
(mk\i»ukli)e(‘xﬂu)[ k‘l( klis TH )]]

h
max —le (g up)]: =0
(Th|irur):) €E(X,U) [ kll( k| k| )].7

where eili, eZI , are componentwise convex and

dg dg
g __ g __
Eli — &L‘k\ikrgwugu)’ Bk\i - aukﬁ (@R)50up),)

= —— (40 0
aukh’ ‘(Ik\i’ukﬁ)

kli — 6xk‘i|(:r2“,ug‘i)v kli —

Thus Algorithm [I] can be used with constraints in step
4 replaced, for all s € Sy, j=1,...,n4, by
[Sk+11a)s = [Axji + BrjiK]js + [Brjiljcry
+ [ei‘i(s + x%li, Ks+cpi + “2|i)]j
811115 < [Akji + BrjiKljs + [Brpiljcr)i
- [eZ\i(S + x2|i’ K+ cp); + ugu)]j-
Remark 3. If the ¢cMPC RHOCP (14) is implemented by
replacing s with the 2" vertices of Syj; (which depend
linearly on Sklir Skli; then the number of constraints in (14d)
will grow exponentially with the state dimension n,. However,
this exponential growth can be avoided by using homothetic

tubes (see e.g. [1|]) to bound the state perturbations sy\;. In
this formulation the tube description in (13) is replaced with

Sk\i = {22“} @ ozkh-co{zl, vy 2
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where co denotes the convex hull. Here zgli € R" and
ag); € R are optimization variables in the RHOCP and the
vertices {z',...,2"} are fixed by the designer. This reduces
the number of optimization variables at each time step from
2ny to Ny + 1 and reduces the number of constraints in
to 2mmny,,. Here n, can be as small as n,+1 ifSW is chosen to
be a simplex, allowing the number of constraints in the cMPC
RHOCP to depend quadratically on the state dimension n.
This is discussed in more detail in Remark [9 in Section [Vl

V. FEASIBILITY AND STABILITY GUARANTEES

In this section we demonstrate that Algorithm [I] is recur-
sively feasible and provides a feasible solution for the nMPC
RHOCP. We further show that the optimal cMPC RHOCP
objective value is an upper bound on the cost of the nMPC
RHOCP, and that the optimal cost is non-increasing at suc-
cessive iterations (lines 2-8 of Algorithm [I)) and at successive
time steps. Using these properties, we show that the iteration
converges (if the iteration limit maziters is sufficiently large)
to a solution satisfying the first-order optimality conditions of
the nMPC RHOCP, and that (for any value of maxiters) the
control law of Algorithm [1|is asymptotically stable.

Theorem 1 (Recursive feasibility). If Assumptions [I] and 2]
hold and the initial seed trajectory (x3,u$) satisfies (6b)-
(61), then the cMPC RHOCP is feasible at each iteration of

Algorithm[l] at all times i > 0.

Proof. Let ¢; = 0 and S; = {{0},...,{0}}, then the
constraints of the ¢cMPC RHOCP in line 4 of Alg. [T] reduce
to {a:k 1 CXx, uklZ € U and {J}N‘ } € Xn. These conditions
are satlsﬁed if (x;,u;) = (x¥,u?) satisfies (6b)-(61), which is
true by assumption for the 1n1t1a1 seed trajectory (xo, u)), and
is true for the seed trajectories (x?,u?) and ( z+1, ul,,) in
lines 7 and 10 of Alg.[T] due to constraints [141) and the
properties of X (Assumption b) and (c)). ]

We next consider how the optimal cMPC RHOCP cost
relates to the cost associated with the seed trajectory, and
hence prove that the iteration converges to a solution that
is at least locally optimal for the nMPC RHOCP. At the t¢th

time step and nth iteration of Algorithm [1] let ( X0 udm

K3
denote the seed trajectory in line 3, let (c;™", S}’ ") denote the

optimal solution of the cMPC RHOCP in llne 4 and define
J:I\ﬂ)qi n S* n O n O,n).

7ui

Lemma 1. For all i > 0 and for all n > 1, we have

Junrpo(X; Ot ?’nH) < Jopcs < JnMpC(x?’”,u?’”).
Proof. Letc; =0 and S; = {{0},...,{0}}, then
JCMPC(O7 {{0}7 cey {O}}u X?7n7 quO’n) - JHMPC( 0 n? u?”n)?

and since this is a feasible (possibly suboptimal) choice, the
optimal cMPC cost in line 4 of Algorithm |1 satisfies

o u” 0,n 0,
Jompe(ci, 87, x; " u™) < Jawpe(x; " up ™).
Furthermore, the updated seed in lines 5-7 satisfies

Jampc (X On+1, ?’HH) < Jempc(c}, S;,x 0" u?’")

= cMPC(

0.n+1
since the tube S necessarily contains x; s O

Theorem 2. For all i > 0, the iteration on lines 2-8 of

Algorithm I converges to a seed trajectory (x; 0, o u?’n) such
that ¢ = 0 and S;™ = {{0},...,{0}} is an optimal

solution of the cMPC RHOCP in the limit as n — oo.

*,m+1 *,M
Proof. From Lemma |l| we have JcMPCZ < JcMPC7Z- for

all n, so Jd\’,[pCz >0 1mphes Jerpe,i — JcK/iPCz — 0 and

hence J%7% MPC.i — Jampc (X ?’", "™)— 0 as n — oo. Therefore
(¢, 87™) = (0,{{0},..., {O}}) is an optimal solution of
the CMPC RHOCP in the limit as n — oc. O]

Remark 4. The optimal solution of the cMPC RHOCP for c;
is unique since R is positive definite. Therefore Theorem
implies ¢ — 0 as n — oo, justifying the termination
criterion in line 2 of Alg. |l} Moreover, even if the optimal
S¥ is non-unique, we can choose S;" = 0 if ¢, = 0 and
thus ensure that the iteration converges to a tube containing
a single trajectory.

Theorem 3. The iteration of Algorithm 1 converges to a local
minimum of the nMPC RHOCP (6a)-(6g).

A proof of Theorem |3 can be found in the Appendix.

Remark 5. The converse of Theorem 3| is also true: a local
minimum of the nMPC problem is a local minimum of the

cMPC RHOCP (14a)-(14g) due to Theorem

Theorem 4. Given Assumptions [I| and [2] the control law of
Algorithm 1 ensures that x — x" = 0 is an asymptotically
stable equilibrium of the system [1_-] with region of attraction
consisting of the initial conditions xq of for which there
exists a control sequence such that vy, € U and xy, € X for
k=0,....,N—1, and zn € Xn.

Proof. Assumption [I{d) and the update policy in line 10
of Algorithm (1| imply that the cost associated with the seed
trajectory at the first iteration at time ¢ + 1 satisfies

JnMPC(X?jrll’uvH) < Jampe (3™ u) ™)

= (|l = 2117 + llus — wf[IR),
where n; is the final iteration count at time ¢. Hence

it u(‘)’nH—l) S JnMPC (ngni ) uQ,ni)

Xit1 o Wipg i
= (= — ui||%)

2
zillg + llui —

due to Lemma [I] and, since @, R, Qn are positive definite,

Jampc (X; +”1‘7 ? ') is therefore a Lyapunov function demon-

strating stability of x — " = 0. Summing both sides of this

inequality over ¢ = 0,...,t we obtain

J; nMPC (

oo

D (llzi — 711G + i —

=0

uf||%) < Jawwe(xg ™, ug ™)

and it follows that (z;,u;) — (2f,ul) as i — oco. O

Theorem [3] and Remark [3 show that the ¢cMPC RHOCP
formulation allows Algorithm |I|to effectively approximate the
optimal control law by solving a sequence of convex programs.

'More precisely, 2% = & — " = 0 is an a@ymptotically stable equilibrium
of the system xf_H = f(f +al,u;) — f(@],uf

10 7
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V. RoBUST MPC WITH ADDITIVE DISTURBANCE

This section considers uncertain systems of the form

Tig1 = f(sc“uz) + w;, w; €W (15)

where w; is an unknown disturbance input and W C R™= is a
known compact set. We consider an optimal tracking control
problem similar to (6), with the model (I3) replacing (I). In
this setting we retain Assumption [2] (we discuss later how this
can be relaxed to allow nonconvex dynamics), and we replace
Assumption [1| with the following assumption.

Assumption 4. (a) x; is known at each time 1.

(b) Xn C R?"= is known such that, for all (x,TN) € Xy
and all x € X(zn,Zn) == {z : 2y <z < In} we have:
(i) 2] € X(zn,Zn) and uf € U Vi > N, (ii) X(zn,Zn) C
X and @E,ij\}) € Xy where, Vi > N,

[Zx]i = [f (@, ki(@))]; + [0];
lznli < [f (@ mi(@))]; + [wl;,
and (iii) k;(x) = K(x —z]) +u] €U, ¥i > N.

(c)Q,R,Qn > 0and (13) with u; = K (x;—x])+ul satisfies,
for all i > N, for some 8 > 0 and some (zy,Zn) € XN,

7=1,...,ng,

[ i1 —

—2illg, — iy
> ||z = aflG + lus — uill = 8, Vo € X(zy,Tn).
The uncertainty in the future disturbance sequence implies
that future state trajectories generated by (I3) for a given
control sequence or control law are uncertain. Therefore,
although a convex successive optimization approach can again
be used to define an MPC law, the optimal tube bounding
predicted model states cannot converge to a single trajectory
as in the nominal case considered in Section In addition,
the seed trajectory used to define a linear model approximation

in the disturbance-free case must be replaced by a tube.

A. Proposed robust control law

Recursive feasibility requires that at each iteration a feasible
seed tube can be constructed, guaranteeing that the state and
control constraints are satisfied under all possible realizations
of the disturbance input in (T3)). Given an initial state To; and
perturbation sequence c?, we propose the method summarized
in Algorithm [2] for constructing a linear model approximation

and a seed tube X! := {X0|1’ e ’X?vu}’ where

Xk|i ={z: ap; <o < Tyt (16)

The linearization points, denoted (7, ;. up), ., are computed
for each component, [f];, j =1,...,ny, of f, via

:UM” = argmin [f(z, Kz + Cg\i)]j (17)

weXle

and “k\z ; szlij +ck‘i. We show in Section [V-B] that this
choice ensures recursive feasibility. The seed tube is computed

using elementwise bounds, for j =1,...,n,,
[Trvaily = max [f(z, Ko+ Ayly + @l (A8
TEA L)
[pq1)ils = [f(zg\i,jvugﬁ,j)]j + [w]; 19)

where

[@]; = maxful;, [wl; = min [w];.

Note that the minimization in is a convex problem, and
the maximization in (I8) can be performed as a maximization
over the vertices of X}?\i’ each of which is a known linear
function of Lioji> Thli-

The linear model approximation computed using Algo-
rithm [2| can be used to formulate the following robust RHOCP.

RcMPC: (¢}, X}) := argmin Jrempc(ci, Xy, c))  (20a)
subject to, for k =0,...,N — 1:
Xpps C X (20b)
KXy @ {cki + )} CU, (20c)
[Zrr1iils = [f (@, Kz + cpps + )]y + [0
[§k+1|z']j < [f(xg\ijvugh' ])]  + [Agji+ BrjiK]j(x — ‘rgﬁ,j)
+ [Brjaljcx)s + [wl;
forall x € Xy, j=1,...,ng (20d)
Xoji = {zi} (20e)
(Znji TNji) € XN (20f)
with
Jrempc(ci, Xi, €)= max oy — 2 llot

TN €EXNIi
N—1

max
mkheXk

bt =il + B+ g+l —igall )
(202)
The constraints in (20d) can be imposed for all z € Xj; by
replacing x with the 2"= vertices of Xj;, which are linear
functions of the optimization variables zj;, Zx);. Hence the
RcMPC RHOCP can be expressed as a convex program similar

to the cMPC RHOCP for the nominal case.

k=0

Algorithm 2: Seed tube and linearization

Require: Initial state z; and seed ¢
1 Set Zoj; = Zg); = ¥; so that X(())Iz —{z;};

2 for k=0,...,N—1do
3 for j=1,...,n, do
4 Solve problem for a:g‘i ; and

upysy = Ky, +§%|g];

_ J

5 Compute [fg?}]]j = “ow ’(Iiu,j’u(ﬁ‘i,j) and

[Bk\']’: E (20 0y

mk\j‘j’ukli,j

6 B Solve (T8)-(T9) for [$k+1|i]j’ [£k+1\i]j;
7| Set X e {tzg <@ < Tk

Remark 6. The feedback law Kxy; + cp; + ck‘l can be
interpreted as a controller of the form Kskh + Chli + Uk|z’
where Sp; = Tg)i — Tri Uklz = Ky + Cklz’ and Ty); is a
point in XHZ such as the Chebyshev centre of Xk|z’ for ex-
ample. However, this equivalent formulation would require the
additional unnecessary computation of Zy; for k =0,..., N.
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The robust cMPC strategy is presented in Algorithm
The initial seed ¢} can be computed offline similarly to the
initialization of Algorithm [I] Starting with zo = z; and
c) = {uy — Ka¥y,...,uby_; — Kaby |}, the tube XY
generated by Algorithm [2] satisfies X,S‘i C Xy for all k (by
Assumption ), and hence (20b)-(20d), are feasible with
(co,Xp) = (0,X§). To generate an initial seed for Algo-
rithm 3] we perform the iteration in lines 2-5 of Algorithm 3]
with line 4 replaced by the minimization of ||z, — Zo|| over
variables (o, Xo) and x subject to (206)-20d), Xg,, = {0}
and 201), with x¢p + =, ¢) < ¢ + cJ in line 5. This
converges either to a feasible c8 with £ = Zinit, Or to a
non-zero value of ||zinit — || (in which case the constraints
should be relaxed, e.g. by increasing N or enlarging Xy ).

Algorithm 3: ReMPC

Offline: Determine K, Qy, X, and initial seed c8
with which Algorithm [2| generates a tube X
such that (cg, Xo) = (0, X)) satisfies
@-@ with Lo = Tinit

Online: At each discrete time step ¢ = 0,1,...:

1 Obtain z; and set the iteration counter n < 1;

2 while n < magziters and ||c}| > tol do

3 | Compute (xg‘i)j,ugw), j=1,...,n, and Ay,
By; for k=0,... ,'N — 1 using Alg.

Solve ReMPC RHOCP to obtain (¢}, X7);

Update the seed: ¢ < cf +c¥, n < n +1;

A2 I

6 Implement u; < Kx; + 08‘ , and set

0 0 0 T T
Cipp — {cw, e N YN — Kxly_ i}

Remark 7. If W = {0}, then (2}, ;,up), ;) = (2, 1 up), 1)
forall j =2,... ng so at each time step k all linearization
points are identical. In this case the tube X generated by
Algorithm 5| contains a single trajectory, which is identical to
x; at each iteration of Algorithm [I| Thus Algorithm [I] is a
special case of Algorithm [3| when disturbances are absent.

Various methods are available for computing the terminal set
Xy, feedback gain K and matrix @)y satisfying Assumption 4]
The set X' can be chosen for example as the the maximum ro-
bust positively invariant (MRPI) set or as a sub-optimal (non-
maximal) terminal set which satisfies Assumption 4] Methods
for computing K, @)y, and the MRPI offline, including a
constraint-checking approach, can be found in [1} 28H30]

Remark 8. Analogously to the disturbance-free case in Re-
mark 2} Assumption 2] can be relaxed to consider DC functions
f(z,u) = g(z,u) — h(z,u), where g,h : X xU — R™ are
differentiable and componentwise convex on the convex sets
X,U. In this case Algorithms 2] and [3] can still be used, with
in step 4 of Algorithm 2| replaced, for ¢ = g, h by

le‘fj = arg ngin [¢(z, Kz + cgli)}j,

ZL’EXMI.

and with (18), (19) in step 6 replaced by

- 0k 0Ok -

[Trrjily = max [gle, Ka+cjy)l— [hlayy j ug )i + [0
TEAk)

0, 0, .
[zprapils = l9(ayif owgid s — min [h(z, Ke+cp;)]; + [wl;
TEA k)i

and with in the ReMPC RHOCP replaced by

_ 0,h 0,h
[Zr1pily 2 [9(x, Ko+ i + ey — (e owy )l

L 0,h _
A+ B K (=i ) = [Biyljerys + [@);
B

[
[Zgot1)i)s < [g(wiﬁ,j,uiﬁ,j)]j + [A7,+ Bl K] (x— wZﬁ,j)
[

+[BJjenis — [Pz, Ko+ ey + ¢yl + [l

Remark 9. The RcMPC RHOCP can be implemented by
replacing x in 20d) by each vertex of Xy ;. If Xy; is defined
by elementwise bounds, as in (16), the number of constraints
will grow exponentially with the state dimension n,. However,
this exponential growth can be avoided if X; is defined
instead as a homothetic tube. For example, any closed convex
polytopic tube cross-section can be expressed

Xk|'L = {l’ : Qx S qk\l} = CO{Z’qu\zﬁv = 17 e >n’u}7

where qy,; is a variable, while Q, Z1, ..., Z™ are fixed and co
denotes the convex hull. Writing Q f (v, u) = g(z,u)—h(z,u),
where §,h are differentiable and componentwise convex, we

define IZ‘?J as in Remark@and replace by

- 7/, 0,h 0,h
[ar+11ils 2 [9(, Ko+ i + )]y — (e owd )l

h h A h
- [AZM‘*‘BZuK]j(x— wiw) - [Bl}c]|i]jck|i+u1}n€%[Q]jw (2D

with © = Z"qy;, v = 1,...,n,. This is identical to (20d) if
Q=1[-1, Qji = [33;” _£Z|z‘]T’ but if Q = [_] - 1]T]T’
we have simplex cross-sections with only n,, = n,+1 vertices.

B. Robust feasibility and stability guarantees

This section shows that, given an initial perturbation se-
quence 08 such that Algorithm |2| with x¢9 = xjnit generates
a feasible tube, the ReMPC RHOCP remains feasible at each
iteration of Algorithm [3] at all times. We also show that the
optimal objective of the ReMPC RHOCP is non-increasing,
and therefore the iteration of Algorithm [3] converges and the
MPC law provides a robust quadratic stability guarantee for
any limit on the number of iterations satisfying maxiters > 1.

To make notation more precise, at the ¢th time step and
nth iteration of Algorithm |3| we denote the seed trajectory
as ¢ and the tube generated by Algorithm [ with ¢? =
c?’” as X?” Similarly, we denote the solution of the ReMPC
RHOCP in line 4 as (¢, X""), and the optimal objective
as Jihupe, = Jrevipo(e]", X", €)),

First note that the tubes X, and X" generated by
Algorithms [2] and [3] necessarily contain all trajectories of
(15) with initial condition zg); = x; under the control laws
ug; = Ky, + cg"? and uy; = Kay; + czl? respectively.
This follows from the convexity of f (Assumption [2)), and
from the definition of X" . in (T8)-(T9), and the constraints

wr k+1]i
on X, in (20d), which imply

fla, Ke+e) +we X1, VoeXy!  (22)
fle, Kz + i) +we X0, Vee Xph (23
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forallw e W, k=0,...,N —1 and i > 0, where c?’" =
{CO,n CO,n } and c*,n _ {C*,n C*,n }

o[i > EN—1fss A C = A5 Oy )i S
The recursive feasibility of Algorithm 3| is a consequence

of the following properties of the sets Xil’k", Xl*‘k"

Lemma 2. Forall i > 0 and n=1,...n; we have

FXGTCXT e XL C XD, @9

ifXIS[il-s-l < XI:J:L1|1 then Xl?il\i-}-l < lef2i|i (25)

UCXJ%£1|1‘+1 < X;r\ri then XJ%\liJrl c Xn (26)
where (Z4) holds for k = 0,...,N — 1, 23) holds for k =
0,...,N — 2, and n; is the final iteration at time 1.

Proof. Condition (24) follows from the definition of the
linearization points in (I7), which implies

0+l Ontly, : 0.nt1
iy iy s = _min @ Ketaiml; @)
ki
. 0,n+1
> min [f(z:,Kerck‘i ) (23)
T€X?
> . 0,n 0mn 7. A™ 1. _ 0m
> min [f(xk“j,uk‘ij]]‘i‘[ kil (@ xk\ij)
reXy i ’ , ,
+ (B K+ et =t} @9

= min
xexg"?

*m
+ B Lk}
where @8) holds if X,'"™ C X", @9) is due to the
convexity of f, and (30) follows from ugl? =K x%ﬁ + cg"?
0,n+1 *,M 0,n
= ¢ + Chli Therefore, from

§ we have
0,n+ *, 10 P . 0,n+1 *,M
x > AN Similarly, if Xk|i - Xk|i , then

0,n 0,n n n 0,n
{Lr@ iy )i+ AR+ By K (=)

(30)

0,n+1 *,M 0,n
max z, Kx+c)). ; < max z, Kx+c,, +c,0. s
mEX&?*l[f( ’ k|i Ji mGXZl’:L[f( ’ kli k\z]ﬂ

and hence :‘er;r'ZI < z77,,; by ([8) and 20d), which demon-
strates (24). Conditions @ and (26) follow from the cf,
update in line 6 of Algorithm 3} which implies ¢j; | = ¢+
cg’”i‘“, k=0,...,N-2, and c_m :uyvﬂ—[éx}"\,ﬂ. Hence
@ can be shown analogously to @D and (26) holds because

X;rﬁ C Xy by (20f) and Xy satisfies Assumption O

Theorem 5 (Recursive feasibility). If Assumptions [2] and
hold, and if co, X exist satisfying Z0b)-@20f) with the initial
seed 08, then the ReMPC RHOCP is feasible at each iteration
of Algorithm 3} for all times i > 0.

Proof. If, at time ¢ and iteration n the RcMPC RHOCP
in line 4 of Algorithm [3| has solution (c;"",X;"), then

K2 K3

(¢, X;) = (0,X)™"") is a feasible solution at iteration
n+1 by Lemma [2] since Xg"i"H = {z;} = X;;;". Similarly,

*

Lemma [2| implies that, if (c;"",X;""™") is the solution of the
RcMPC RHOCP at the final iteration performed at time ¢,
then (ciy1,Xit1) = (O,X?fl) is a feasible solution at the
first iteration at time ¢ 4 1 since Xg ’;H ={z;1} C XS(Z”-
Furthermore, feasibility of (20b)- with the initial seed
c) ensures that the first ReMPC RHOCP is feasible. Hence

feasibility is ensured at all iterations and all time steps. [

Lemma 3. For all i > 0 and n > 1 the optimal cost satisfies
J*,nJrl < J*,n
RcMPC,i =~ YRcMPC,i*

Proof. Lemma 2] implies (c;, X;) = (0, X"t s a feasi-

ble solution of the ReMPC RHOCP ét iteration n+1. Therefore

the optimal solution at iteration n+1 satisfies J;{)C%F}Ci <

Jrempc (0, X0 0T But from Lemmawe also have
0,n+1 :
Xy T € Xji fork =0,..., N, and the cost (20g) therefore

O,n+1 _*n *, 10
ensures Jrempc (0, X", ¢") < JRpe O

Remark 10. Since JE?M PC.i > 0, Lemma |3| implies that,
in the ideal case of unlimited iterations, the optimal ReMPC
cost in line 4 of Algorithm |3| converges to a finite limit as
n — 0. As in the nominal case, it follows that CZ’” — 0 as
n — oo. In this case however, the seed tube X?’" generated
by Algorithm [2] will in general contain more than a single
trajectory at all iterations n > 1, and hence X?’" does not
converge to a single trajectory.

Theorem 6. If Assumptions [2] and ] and hold and the offline
computation of Algorithm [3] is feasible, then the closed-loop
system formed by (13) and Algorithm 3] satisfies the state and
input constraints (3) and the quadratic stability condition:
t—1
. 2
i 7 3 e =il + b
1=

—ufZ) <8 (3l

where 3 satisfies Assumption [#c).

Proof. By Lemma [2| and Theorem (Cit1,Xi41) =
(O,X?jrll) is a feasible solution for the ReMPC RHOCP at
the first iteration of Algorithm [3] at time ¢ + 1, so

1 0,1 0,1
JRempc it < Jrempc(0, X557, €0)

*, M *,M 0,n;
< Jrempc(c;, X e ™)

= lls = 271G = llui — |7 + B,

where the definition of c?jrll in line 6 and the inequality

in Assumption fc) have been used. But Lemma [3] implies
*,Mi4+1 *, 1
JReMPC,it1 < JRCMPC,i—H and hence

‘];{ZIL\;IJ;CJ—H < Jf{’c’iﬁpc,i—llxi—xﬂlé—Hui—ufllerﬁ- (32)

The bound (3T)) follows by summing both sides of (32) over
i =0,...,t—1 and noting that Jg\ip¢ ; is finite for all i since

X, U are compact and the ReMPC RHOCP is feasible. [

Remark 11. If Assumption [] reduces to Assumption [I] in the
absence of disturbances (i.e. if § — 0 as W — {0}), then
the origin (x — " = 0) of the closed-loop system of (13)
with Alg. B is input-to-state stable (1SS) [31], since (32) and
Assumption [ c) imply Jl’g’gf\jlpc) ; 1s an ISS Lyapunov function.

V1. NUMERICAL EXAMPLES

This section presents numerical results obtained by applying
the nominal cMPC (Algorithm [I) and robust ReMPC (Algo-
rithm [3) strategies to two example problems. In each case the
algorithms are implemented in Python, using cvxpy [32] and
MOSEK [33]] for convex optimisation problems, and the SciPy
SLSQP algorithm [34]] for comparisons with a general nonlin-
ear programming solver. Unless stated otherwise maxiters =3,
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q1 q2
mmmm
e

Fig. 1: FPU system with two unit masses with coordinates
q1, g2, and control forces w1, uo applied directly to each mass.
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Fig. 2: Closed-loop trajectories with cMPC (Algorithm |1)).
Left: Example 1. Right: Example 2

tol=10"°% and MPC simulations are terminated when ||z x ;|2
reaches 10~* (Example 1) or 10~¢ (Example 2).
Example 1 First we consider a system with model

@1(t) = w2(t) +wi(t)

io(t) = 0.2e771 W — o (8) 4+ up (t) — 0.2 + wy(t).

and cost weights @ = diag{1,1}, R = 1, and initial condition
21(0) = 5, x2(0) = 10. Forward Euler discretization is used
with time step At = 8 x 1073, and the prediction horizon is
N = 25. The reference trajectory is chosen as z} = 0,u; = 0
for all 7, and the system constraints are |z1(¢)] < 10, |z2(t)| <
10, |u1(t)] < 150 at all discrete times ¢t = iAt, i = 0,1,.. ..

Example 2 Applying a change of coordinates to the Fermi
Pasta Ulam (FPU) chain with cubic spring potentials (Figure
|I[), we obtain a convex model formulation:

&1(t) = w3(t) + wi(t)

Bo(t) = wa(t) + w2(t)
dy(t) = —% (1’2 (t) + xl(t)) + 321 (£)? 4 us (t) + ws(t)
Fa(t) = — §@mmw¢0+mwf+@@+mm.

Forward Euler discretization with At = 10~2 and a prediction
horizon N = 25 are used. The model and algorithm parame-
ters are = 50, #7 = 0, uf = 0 for all 4, Q = 10721, R =
10721, |21 (t)] < 10, lzo(t)] < 10, |as(t )| 10 |334( )| < 10,
lui(t)] <33, Jua(t)] <33, t=iAt,i=0 , and

i) - [ ) - [1)o- a7 )

A. Nominal cMPC

The performance of the nominal cMPC strategy (Algo-
rithm [T)) described in Section [II] was investigated by setting
wy (t) = wa(t) = 0, w3 (t) = wy(t) = 0 for all ¢ in Examples
1 and 2. The initial seed was obtained using the initialization
strategy of Section [l Figure [2] shows the predicted trajecto-
ries of Algorithm [I] for both example problems. As expected
from Lemma [T] and Theorem 2] the optimal predicted cost is

[\

Zoomed in

T T T T T g

2 4 6 8 10 12

J *,n
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Fig. 3: Convergence of cMPC at successive iterations and time
steps for Example 2. Upper plot: Optimal cost. Lower: ||c|].

seed for iter=2

10 A1
5 - [ tubeatiter=1
~ —— seed foriter=3
x 07 [ tube at iter=2
5 — Xy
-10 T T T T T
-50 -25 0.0 25 5.0
X1
Zoomed in Zoomed in
4 -2
2 3 I
< 0 o I S
x X 4]
-2 ————
_5-
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X1 X1

Fig. 4: Seed trajectories and tubes (a: Ik and xz|k oS ‘k) for
c¢cMPC and Example 1 at iterations n = 1,2, 3 at time ¢ = 0.

non-increasing at successive iterations and time steps, and c;
converges to 0. This is shown in Fig. 3] for Example 2, where
the points between integer time steps represent the iterations
performed at each time step. The convergence of the tube to
a single trajectory (Theorem [2] and Remark [) is illustrated in
Fig. [ for Example 1. The iteration converges rapidly (S is
already difficult to see at the second iteration) and the tube at
iteration n contains the seed trajectory updated for iteration
n+1 via line 6 of Algorithm [T} as expected from Theorem [I]

Timing tests were conducted by comparing the cvxpy
implementation of Algorithm [I] to a receding horizon strat-
egy that solves the nMPC RHOCP at each time step using
the scipy.optimize library and its SLSQP solver. The cMPC
RHOCP in line 4 of Algorithm [I] is implemented using the
parameters functionality of the cvxpy library and is thus
precompiled offline. The solver timings were tested both with
and without pre-compilation using the jit functionality of the
jax library [35]. For the cvxpy algorithm jit is used to speed
up lines 3 and 6, whereas for scipy.optimize it is used to
pre-compile the constraints, constraint Jacobians, cost function
and cost gradient. Results obtained using a i7-10700 CPU at
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& time total  total total 10 10 B
\A@“ ;;& ny me mnp for time time  time g Ju -
S Snr iter 1 at at at 0 © 5 5 —
i=0 i=0 i=1 i=2

CcvRpy T 0038 0229 0053 0055 132297 80588 “ o s o

cvxpy 3 0039 0331 0.168 0.154 121999 80152 =
~ cvxpy 5 0.040 0494 0258 0262 121932 80138
Bovxpyiit 1 180 310277 5040 0255 0.039 0057 132297 80588 -3 -5
E cvxpy+jit 3 0039 0292 0.124 0.122 121999 80152
& cvxpyHjit 5 0.041 0391 0.204 0.191 121932 80137 -10 ~10

NLP 27 3% B 13401 17.881 12.828 121782 77340 -5 5 5 6 N 7

NLP-jit 7 - 1.547 1.562 1507 121782 77340 X !

Ccvxpy 1 0970 1284 0.192 0.192 38677 19885 ; . : .
 cuxpy 3 e s sss 0902 205 063 0629 3927 19830 Flg.3 6: Optlma.d apd seedotlllbes. for ReMPC for Example 1:
Eovapy it 1 0992 1259 0.167 0152 38977 19885 X (blue, solid lines), X’" (pink dashed). Left: Tube cross-
E cvxpy+jit 3 0974 1.608 0447 0.459 389.27 198.80 . . . - C
Z NLP pp— 10 34365 378 3502 Tosso | sections for prediction times £ = 0,..., N — 1. Right: Tube

NLP-+it 2375 2099 2060 38927 19880  cross-sections for £ = 0,..., N and terminal set Xy (cyan).

TABLE I: Comparison of solution times and optimal costs.
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Fig. 5: Closed-loop state trajectories with RcMPC. Left:
Example 1. Right: Example 2

2.90GHz are shown in Tablem, where n,, n., n, are the num-
ber of variables, constraints and parameters respectively, Jg is
the optimal cost at 4 = 0 and J; is the cost evaluated using
closed-loop system responses. For Example 1 with standard
implementation at ¢ = 0 Algorithm [I]requires only 1.71% and
3.69%. of the nMPC solution time for maxiters = 1 and 5
respectively. Even when special just-in-time compilation with
jit is used to speed up both cMPC and nMPC, Algorithm [I]still
presents great improvement requiring 16.48% and 25.27% of
the nMPC solution time for maxiters = 1 and 5 respectively.
This percentage reduces to 2.50% and 13.06% at i = 1.
For Example 2 we have a larger state space and hence more
constraints in the cMPC RHOCP. Despite this we see that
for i = 0 Algorithm [I] requires 53.01% and 67.71% of the
NLP solution time with jit for both approaches and 4.06%
and 6.51% without jit, for maxiters = 1 and 3 respectively.
Again for 7 > 0 these percentages reduce significantly further.
Furthermore, as maxiters increases the optimal cMPC RHOCP
cost decreases and converges to the optimal nMPC RHOCP
cost, which is consistent with Theorem [3}

B. Robust cMPC (RcMPC)

The performance of ReMPC (Algorithm [3) presented in
Section [V] was investigated using Examples 1 and 2 with
non-zero disturbance bounds of |w;(t)| < 0.02, j = 1,2,
and |w;(t)| <1074, j =1,2,3,4, respectively, for all ¢. All
other RHOCP parameters remain the same for Examples 1
and 2 except in the former |z1(t)| < 20, j = 1,2, z(0) =
[6.2 10]T and in the latter the horizon is shortened to N =10,
Q= 10=%*I, R = 10~*I, and the constraints are relaxed to
lz;(t)] < 20, j = 1,2,3,4 and |u;(t)] < 250, j = 1,2

Fig. 7: Convergence of ReMPC optimal cost and control per-
turbation sequence ||c}||. Left: Example 1. Right: Example 2.

Vt. The initial seed in both examples was obtained using
the initialization strategy described in Section Figures [
and [6] show the closed-loop trajectories for ReMPC applied
to Example 1 with state x5 reaching a minimum value of
—19.98, thus robustly satisfying the constraints. Figure @
shows that, in agreement with Theorem [3] the seed tube X}’
computed at the first iteration at time ¢ = 1 is contained
within the optimal tube XS’?’ computed at the final iteration
for ¢« = 0. Figure [/| demonstrates that, for any time step ¢,
the optimal cost decreases at successive iterations and the
perturbation sequence c converges to a value close to zero, as
expected from Lemma 3] and Remark [T0] Although the control
perturbation converges to zero during the iteration at time step
i, there is no guarantee that it will be smaller at first iteration
at i + 1. Thus, ||c}| # 0 as i— oo in Figure [7}

VII. CONCLUSIONS

This paper proposes a robust nonlinear model predictive
control strategy for systems with convex state and control
constraints, and with dynamics that can be expressed as a
difference of convex functions. At each discrete time step,
a sequence of convex problems is obtained by linearizing
the system model around predicted trajectories. Robust tubes
are used to bound model trajectories, thus accounting for
linearization errors and external disturbances. In the absence
of external disturbances we show that the successive ap-
proximation approach is non-conservative, since the predicted
tubes and control sequences converge to a single trajectory
which is a local optimum for the original nonlinear optimal
control problem. We then reformulate the approach to consider
additive disturbances, and derive a robust receding horizon
strategy using a novel strategy for the selection of linearization
points that provides a guarantee of recursive feasibility. We
also establish a form of quadratic stability for the closed-loop
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system. As in the disturbance-free case, the robust approach
solves a sequence of convex programming problems at each
discrete time step without needing pre-computed error bounds
or heuristics. This iteration can be terminated early without
affecting stability or feasibility guarantees.
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APPENDIX

Proof of Theorem [3} Theorem [2] shows that the ¢cMPC
iteration converges to a fixed point. We now prove that this
point is a local optimum of the nMPC RHOCP. For readability
we set n, = 1, but the proof for n, > 1 is analogous. We
also assume that the nMPC RHOCP (6) satisfies a suitable
constraint qualification (e.g. linear independence constraint
qualification, [25] Def. 12.4), so that a local minimizer satisfies
the first order necessary conditions ([25] Thm. 12.1).

Theorem [2] implies that the ¢cMPC iteration converges to
{Co|m .. '7CN—1|1‘} = {O, s 70}’ So\i :‘{0}, SRR SN|1' = {0},
and we then have (x*,u?) = (x7, u’’) due to (§), (TI). To
prove that this point coincides with a local optimum for both
c¢cMPC and nMPC RHOCPs, we consider the equivalence to
first-order of the cMPC and nMPC RHOCPs at (x;,u;) =
(x27 ud?). From (GB)-(6g) and (4B)-(T4g) it is clear that
if only constraints (6b)-(6¢), (6€)-(61) and (14b)-(T4c), (T4e)-
(I4f) were present in the nMPC and ¢cMPC RHOCPs, then
their first order optimality conditions would be identical at
X; = X?, u; = 11? and {CO|ia ey CN—1|i} = {0, ce ,0}, SO\i =
{0}, ..., Snji = {0}. Therefore we prove that the same is
true when (6d) and (T4d) are included, by showing that the
following two simplified problems are equivalent to first-order:

nMPC simplified: ¢} := arg min Jpc(Xi, €;) (33)
subject to, for k = 0,..., N —1, 21); = ¢(Zp;, Cx|s), Where

A(wr)iscrps) = f(Trpis ugs) with ug; = Kag; + cg); and

Jipe (Xi, €i) = Jampe (X4, 1;), and

cMPC simplified: (c},S;) = arg min JGpc(ci, S, X5, c)
o (34)

subject to, for k =0,...,N — 1:

_ _ 0 0 0 0 0
Sk1)i = &(Skpi + Tppis Chli T Upps — kaﬁ) - ¢(mk\ivck|i)
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Shatli = D8k + Ty Crpi + upy; — Kagy) — (@, i)
Sprili < Pr)iSk)i + Brjickl|i
Sprili < Prisk)i + Brjickli
with u(l;li = ngli + Cgh" Jawpc () = Jempe (45 -5+, +), and
d(s+ 2% c+u’ — K20 = f(s +2° Ks + c +u°),
Op(xz,c) _ Of(x,Kx+c) _ Of(;v u) Bf(z u) O _
pra Er = + 5 = A+BK = @,
d¢(z,c) _ of (z,Kz+c) _ Bf(a: u) du _ B
dc dc ou  Oc '
The Lagrangian function for the simplified nMPC RHOCP:
c N
Lompc(Xis € Ai) = Jiwpe(Xi, €)= Dp_g MkfilTriri —

@(wg)is cp;)], implies the following Karush-Kuhn-Tucker
(KKT) first-order conditions [25] for (33)

AJ pe (Xi,€4 *,n Op(x c)

0= Mapf.;oh (x?n:c?n) + )\0|1 ox 0|L aco| ) (353.)
and for k=0,...,.N —1
_ OJgpe (%i,€4) *,M 8¢(9c c) *,m

0= =00 lexrer™ + A l@ym e = Ml
(35b)

O J e (Xi,u5) *,m O¢(x,c)
0= Mapzk‘ |(xf’n7 ;«,n) + Ak‘l Oc |(Ik‘ ’ *‘n) (350)
0= xk+1|i - d’(xlt\?v CZ;) (35d)

where (-)*™ denotes a local optimum point of . For
the simplified cMPC RHOCP we define the Lagrangian
Lempe(ci, i, X050, o, Bisyis i) = Jempc€i, Si x{,uf) —
S0 nfi[h)i— B (Ery) + 0 (@i, )] = SRso BrlilBraryi—
¢(§k\i)+¢($2|ivC%@)]*Ziv:_ol Vieli (Pre|iSkfi+ BhjiCh|i —Sk1)i) —
Z,ivz_ol k)i (Pr|iSk)i + BrjiCk|i — Sk41)s) With KKT conditions:

x,c * ‘805(3501',001-
0= %Isfmic z; +%|ca¢(gz )|ZS{5 = Yoji a(;‘g“*ol) (36a)
_ 9Jc *,¢ O¢p(x,c) *V&b(zo e
0= Farclare + Bofi “ou lzgc — i aar . (36b)
and for k=1,...,N -1
0Jy *, *,
0= G lare = (a0 + B50) + g =50 ae
*,ca¢(x iC \7;)
S (36¢)
9J¢ *,¢ 0
0= 8‘;,24:: are (S + 0500 + B o) B
*,cd¢($ H,c 1)
T (36d)
a.Jy *,¢0 *,c0
0= aJc:[l:C z; ¢ +ak|i ¢gzc ‘z +6k|1 ¢8c ‘ Z\f
w0y 0BT 55Ch i)
= Ol T 1) "B (36e)
0= ak|i(§k7+1\i - ¢(Zk\z) + ¢($k\z>uk\z)) (36f)
0= Brii(5 1) — Hlzy)y) + D@5 upps)) (36g)
0= Pyk‘l(@kllskll + Bk|zck|l §Zi1|z) (36h)
0 = prfi(Prisyi; + Briacrls — Sk1)0) (361)
aply 20, B 20, 7i >0, it >0 (36j)
where z7° = (¢, S, x%, ul) and
Ve O(8kji + 20y chpi + upy; — Kay) = Veo(, o)z,
vﬁk‘i(b(ﬁk“ + -’L‘2|Z7 Ckli + ug‘z - ng‘l) = Vz(b(.%',u”gk“

0 0
kli T Thji Cli + Ug)y —

K.Ik‘ = gkli
0\ _ =%
c+ ka Ck\l + uk‘l ka\i = 2kl

(5%

(s) |i + xg\ivckli + “2\1 -
(5%

(5

\
k"b + :Ekh, ck‘l + 'U/k,‘,L

where (-)*¢ denotes the solution of . For each k, at least
one of the constraints in cMPC simplified must be active, but
all four constraints cannot be active (unless Sy; = {0}, in
which case 55,; = Ski)> SO at least one multiplier is non-zero

and at least one is zero. Therefore %éfilifﬂzm or % g5c 18
2 0 Skl i

zero in - (36d) for each k; of these, the nonzero gradient
is equal to 2 "M"C |(x cr) due to the definition of JcMPC7 where

Ck|1 = ck‘ﬁrck‘z and x

sk‘ﬁr:vk‘z or Sk i k , depending

on which constraint in is active. From we have
_ %ani(w xr o) + Olca¢(x c)| _’_Bo‘caqb(x L)‘
= (o ) 2 (37
= G| ory + o 2D e 4 BPOERA e
06 (xh;,c0;)

*7 *7 *7 *)
= (OB — S — V)
(38)

By Theorem [2] the cMPC iteration converges to a fixed
point with ¢ = 0, Sf = {{0},...,{0}}, which we denote
(0,{0},x9,u?). As this is optimal for the cMPC RHOCP, the
simplified cMPC KKT conditions must be satisfied. Note that
(xf.cf) = (x0,¢0) if S7 = {{0,...,{0}} and ¢} = O;
hence comparing (33a) with (37), @) with (38), and (35¢)
with (B6¢) for (x;",c;") = (XO c?), 1t can be seen that
they are equivalent if )‘k\z = oz]” + B y.k‘i _.“kh‘ for
all k. Furthermore Theorem [I] ensures @ is satisfied by
(x",e™) = (x2,¢?). Hence the KKT conditions for cMPC
and nMPC RHOCPs are equivalent at the cMPC optimum. [

—(Vafs THxj3) 9a7;
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