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Abstract

Let (M,w) be a compact symplectic 2n-manifold, and g a Riemannian
metric on M compatible with w. For instance, g could be Kahler, with
Kéhler form w. Consider compact Lagrangian submanifolds L of M. We
call L Hamiltonian stationary, or H-minimal, if it is a critical point of
the volume functional Vol, under Hamiltonian deformations, computing
Voly (L) using g|r. It is called Hamiltonian stable if in addition the second
variation of Vol, under Hamiltonian deformations is nonnegative.

Our main result is that if L is a compact, Hamiltonian stationary
Lagrangian in C" which is Hamiltonian rigid, then for any M,w,g as
above there exist compact Hamiltonian stationary Lagrangians L’ in M
contained in a small ball about some p € M and locally modelled on tL
for small ¢ > 0, identifying M near p with C™ near 0. If L is Hamiltonian
stable, we can take L’ to be Hamiltonian stable.

Applying this to known examples L in C" shows that there exist fami-
lies of Hamiltonian stable, Hamiltonian stationary Lagrangians diffeomor-
phic to T, and to (S* x S"7')/Z2, and with other topologies, in every
compact symplectic 2n-manifold (M, w) with compatible metric g.

1 Introduction

Let (M,w) be a symplectic manifold of real dimension 2n, and g a Riemannian
metric on M compatible with w, and J the associated almost complex structure,
so that w(v, w) = g(Jv,w) for vector fields v,w on M. For example, J could
be an integrable complex structure, g a Kéahler metric on (M, J), and w the
Kahler form. This paper concerns some special classes of compact Lagrangian
submanifolds L in (M, w):

e We call L Hamiltonian stationary (or H-minimal) if L has stationary
volume amongst Hamiltonian equivalent Lagrangians L. The Euler—
Lagrange equation for Hamiltonian stationary Lagrangians is d*ay = 0,
where H is the mean curvature vector on L, ay the 1-form on L defined
by ap(-) = w(H,-), and d* the Hodge dual of the exterior derivative d.

e If L is Hamiltonian stationary, we call L (Hamiltonian) stable if the second
variation of volume at L amongst Hamiltonian equivalent Lagrangians L’
is nonnegative.



Now let M be C" with its Euclidean Kéhler structure Jy, go,wo, and L be a
compact Lagrangian in C". Then

e If L is Hamiltonian stationary in C", we call L (Hamiltonian) rigid if all
infinitesimal Hamiltonian deformations of L as a Hamiltonian stationary
Lagrangian are induced by the action of the Lie algebra u(n) @ C™ of the
automorphism group U(n) x C" of (C", Jy, go).

More details are given in §21 Hamiltonian stationary Lagrangians were defined
and studied by Oh [9,[10], in the K&hler case. In [10, Th. IV] he proves that for
ai,...,an >0, the torus 7" . in C" given by

T e, = {(zl,...,zn) eC":|zjl=uay, j= 1,...,n} (1)

is a stable, rigid, Hamiltonian stationary Lagrangian in C". In Example
we show that the Lagrangian L,, diffeomorphic to (S x 8"~1)/Z, given by

Ly, = {(z1€",...,2,€") : 0 < s <, > 22 =1, (z1,...,2,) €ER"}, (2)
is a stable, rigid, Hamiltonian stationary Lagrangian in C", and Example
gives more examples due to Amarzaya and Ohnita [I].

Hamiltonian stationary Lagrangians are interesting as they can be viewed
as the ‘best’ representatives of a Hamiltonian isotopy class of Lagrangians, and
therefore studying Hamiltonian stationary Lagrangians may give us some un-
derstanding of the family of all Lagrangians (see §7l on this point). Also, for
compact, nonsingular, graded Lagrangians in a Calabi-Yau manifold, to be
Hamiltonian stationary is equivalent to being special Lagrangian. Thus, Hamil-
tonian stationary Lagrangians are a generalization of special Lagrangians.

The goal of this paper is to prove the following:

Theorem A. Suppose (M,w) is a compact symplectic 2n-manifold, g a Rieman-
nian metric on M compatible with w, and L is a compact, Hamiltonian rigid,
Hamiltonian stationary Lagrangian in C™. Then there exist compact, Hamilto-
nian stationary Lagrangians L' in M which are diffeomorphic to L, such that
L' is contained in a small ball about some point p € M, and identifying M near
p with C" near 0 in geodesic normal coordinates, L' is a small deformation
of tL for small t > 0. If L is also Hamiltonian stable, we can take L' to be
Hamiltonian stable.

Applying Theorem A with L =T7! or L, yields:

..... an

Corollary B. Suppose (M,w) is a compact symplectic 2n-manifold, and g a
Riemannian metric on M compatible with w. Then there exist stable, Hamil-
tonian stationary Lagrangians L' in M diffeomorphic to T™ and to (S* x
8" 1Y)/ Ly, which are locally modelled on tT7 ., in @) or on tL, in @) for
small t > 0 near some point p € M, identifying M near p with C" near 0.

We note that a special case of Corollary B has been proved independently
by Butscher and Corvino [2], using a similar method. They fix n = 2, suppose



(M, J, g) is Kéahler, take L = Tflm, and also assume a nondegeneracy condition
on the metric g near the point p which we do not need. One difference between
our approach and theirs is that they fix the point p € M where they glue in L
in advance and make assumptions about it, whereas we show we can glue in L
near p for some unknown point p € M. A different nondegeneracy condition for
Kéhler manifolds of any dimension and L =T7 , is obtained by the second
author recently [5]. Butscher and Corvino believe that their method can also
be generalized to higher dimensions.

Another approach to the construction of Hamiltonian stationary Lagrangians
in general Kéhler and symplectic manifolds is the variational approach intro-
duced by Schoen and Wolfson [I1]. The idea there is to minimize volume among
Lagrangian cycles representing a given homology (or homotopy) class to produce
a minimizer in a class of singular Lagrangian submanifolds. One then hopes to
study the regularity properties of these minimizing cycles. This minimization
can be done in general dimensions in the class of Lagrangian integral currents,
but the regularity theory is still missing in general. For the two dimensional
problem, one can minimize in the class of surfaces which are images of a fixed
surface (under W12 maps), and the paper [L1] develops the existence and reg-
ularity theory for this problem. It is shown that such minimizers are smooth
branched Hamiltonian stationary surfaces outside a finite number of singular
points at which the possible tangent cones can be described.

We begin in §2] with some background material from symplectic geometry,
the definition of Hamiltonian stationary, Hamiltonian stable, and Hamiltonian
rigid Lagrangians, and examples of stable and rigid Hamiltonian stationary La-
grangians in C". Given a compact symplectic manifold (M, w) with compatible
metric Riemannian g, §3] constructs a smooth family of Darboux coordinate sys-
tems Y, : Be — M for each p € M such that the metric T ,(g) on B. C C"
is close to Euclidean metric go on B, in C¥ for all k > 0, uniformly in p € M.

Section M] sets up the notation for the proof of Theorem A, recasting it as
solving one of a family of fourth-order nonlinear elliptic p.d.e.s P;U( f)=0o0n
L', for small ¢ > 0 and (p,v) in the U(n)-frame bundle U of M, where for
small ¢, f the equation P;U( f) = 0 approximates a fourth-order linear elliptic
equation Lf = 0. Section [l proves that we can solve this equation mod Ker £
for all (p,v) in U, and there is a unique solution fztw which is L2-orthogonal
to Ker £ and small in C*7. Section [6 shows that P! (ff,) = 0 if and only if
(p,v) is a stationary point of a smooth function K £ on the compact manifold
U, and deduces Theorem A. Finally, {7l speculates on the possibility of defining
invariants ‘counting’ Hamiltonian stationary Lagrangians in a fixed Hamiltonian
isotopy class in (M, w).
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Lagrangians in C".

2 Background material

2.1 Background from symplectic geometry

We start by recalling some elementary symplectic geometry, which can be found
in McDuff and Salamon [7]. Here are the basic definitions.

Definition 2.1. Let M be a smooth manifold of even dimension 2n. A closed
2-form w on M is called a symplectic form if the 2n-form w™ is nonzero at every
point of M. Then (M,w) is called a symplectic manifold. A submanifold L in
M is called Lagrangian if dim L =n = % dim M and w|;, = 0.

The simplest example of a symplectic manifold is C™.

Example 2.2. Let C" have complex coordinates (z1, ..., 2, ), where z; = z; +
iy; with ¢ = +/—1. Define the standard Euclidean metric gg, symplectic form
wo, and complex structure Jy on C™ by

wo =% Z?:l dzj Adzj = 2?21 dzj Ady;, and (3)
Jo = E?:l (zdzj ® 8_2] - idzj & %) = E?:l (dIJ ® 3;2] - dyj ® %),
%(% - ia%.)- Then (C",wp) is a
symplectic manifold, and go is a Kihler metric on (C*",.J) with Kéhler form
wg. For € > 0, write B, for the open ball of radius € about 0 in C".

noting that dz; = dz; + idy; and % =
J

Darbouz’ Theorem [7, Th. 3.15] says that every symplectic manifold is locally
isomorphic to (C", wy).

Theorem 2.3. Let (M,w) be a symplectic 2n-manifold and p € M. Then there
exist € > 0 and an embedding Y : B. — M with Y(0) = p such that T*(w) = wo,
where wg is the standard symplectic form on C" O B..

Let L be a real n-manifold. Then its tangent bundle T*L has a canonical
symplectic form &, defined as follows. Let (x1,...,2,) be local coordinates on
L. Extend them to local coordinates (z1,...,Zn,Y1,...,Ysn) o0 T*L such that
(21,...,yn) represents the 1-form yidxy + -+ + ypdz, in T(Zl,...,zn)L' Then
w=dx; Adyy + - - - + dxy, Ady,. Identify L with the zero section in 7*L. Then
L is a Lagrangian submanifold of (T*L,»). The Lagrangian Neighbourhood
Theorem [7, Th. 3.33] shows that any compact Lagrangian submanifold L in a
symplectic manifold looks locally like the zero section in T*L.

Theorem 2.4. Let (M,w) be a symplectic manifold and L C M a compact
Lagrangian submanifold. Then there exists an open tubular neighbourhood T of
the zero section L in T*L, and an embedding ® : T — M with ®|;, =id: L — L
and ®*(w) = &, where & is the canonical symplectic structure on T*L.



We shall call T, ® a Lagrangian neighbourhood of L. Such neighbourhoods
are useful for parametrizing nearby Lagrangian submanifolds of M. Suppose
that L is a Lagrangian submanifold of M which is C'-close to L. Then L
lies in ®(7T'), and is the image ®(T',) of the graph ', of a unique C'-small
I-form o on L. As L is Lagrangian and ®*(w) = & we see that &|p, = 0. But
&|r, = —7*(da), where 7 : T, — L is the natural projection. Hence da = 0,
and « is a closed 1-form. This establishes a 1-1 correspondence between C'-
small closed 1-forms on L and Lagrangian submanifolds L close to L in M.

Let (M, w) be a compact symplectic manifold and F' : M — R a smooth func-
tion. The Hamiltonian vector field vy of F is the unique vector field satisfying
vp - w = dF. The Lie derivative satisfies £,,w = vp - dw + d(vp - w) = 0,
so the trajectory of vg gives a l-parameter family of symplectomorphisms
Exp(svp) : M — M for s € R, called the Hamiltonian flow of F. If L is a
compact Lagrangian in M then Exp(svg)L is also a compact Lagrangian in M.

Two compact Lagrangians L, L' in (M, w) are called Hamiltonian equivalent
if there exist Lagrangians L = Lg,..., Ly = L’ and functions Fi,..., F, on M
with L; = Exp(vg;)Lj—1 for j = 1,...,k. In the situation of Theorem 2.4}
a Lagrangian L which is C* close to L is Hamiltonian equivalent to L if it
corresponds to the graph I'qy of an exact 1-form df on L.

2.2 The volume functional on Lagrangians

Now let (M,w) be a symplectic manifold and ¢ a Riemannian metric on M
compatible with w. For a compact Lagrangian L in M, write Vol,(L) for the
volume of L, computed using the induced Riemannian metric h = g|,. The
volume functional is Vo, : L — Volg(L), regarded as a functional on the infinite-
dimensional manifold of all compact Lagrangians in (M, w).

Definition 2.5. A compact Lagrangian submanifold L in M is called Hamilto-
nian stationary, or H-minimal, if it is a critical point of the volume functional
on its Hamiltonian equivalence class of Lagrangians. That is, L is Hamiltonian
stationary if

3L Vol (Exp(svp)L)|,_, =0 (4)

for all smooth F' : M — R. By Oh [10, Th. I}, who attributes the result to
Weinstein, ) is equivalent to the Euler-Lagrange equation

d*OAH = O, (5)

where H is the mean curvature vector of L, and oy = (H -w)|r, is the associated
1-form on L, and d* is the Hodge dual of the exterior derivative d on L, computed
using the metric A = g|r,. Oh assumed that M is a K&hler manifold in his paper.
However, the proof for (@) also works when M is a symplectic manifold with
a compatible metric. Explicitly, if (z1,...,x,) are local coordinates on L and
h = hgp dz,day, a = agdx,, we have

Oh®

oo 0
d*a = o —h =2 _L1paby —~ (Indet(heg)).
a A a oz, 2 « R (Indet(heq)) (6)




Here we use the convention that repeated indices stand for a summation when-
ever there is no confusion.

Definition 2.6. Following Oh [9] Def. 2.5], a compact Hamiltonian stationary
Lagrangian L in M is called Hamiltonian stable, or just stable, if the second
variation of Vol, is nonnegative for all Hamiltonian variations of L, that is, if

% Vol (Exp(svr)L)| _, >0 (7)

=0
for all smooth F' : M — R. A geometric expression for the left hand side
of (@) is computed by Oh [10, §3] when M is a Kéahler manifold. Define a
tensor S = Sjydzjderdz; on L by S(u,v,w) = (J(B(u,v)),w) for all vector
fields u,v,w on L, where B is the second fundamental form of L in M, so that
B(u,v) is a normal vector field to L in M and J(B(u,v)) is a vector field on
L. Then S is symmetric by [10, Lem. 3.1]. Let F : M — R be smooth and
f = F|r. Then Oh [10, Th. 3.4] proves:

d—Volg(Exp(st)L)L: :/ ((Agdf,df) — Ric(Jdf, Jdf) (8)

d82 0
—2(df @ df ® ag,S) + (df,ag)?) dV,

where Ay = dd* + d*d is the Hodge Laplacian, and Ric is the Ricci curvature
of gon M.

By a similar computation, one can derive the second variation formula of
volume for Hamiltonian deformation at a Lagrangian L (not necessarily Hamil-
tonian stationary) in a K&hler manifold. From this expression, one can write
down the linearized operator of —d*a . More precisely, given a smooth function
f on L, we extend it to a smooth function F on M and consider Ly = Exp(svp)L
whose mean curvature vector is denoted by Hs. Then we have

d
Lf= "1 (d*am,)

o = A’f+ d*agict (svy) — 2d"apum vy ©
- JH(JH(f)),

which is a fourth-order linear elliptic operator from C*°(L) to C°°(L). Here
Af = d*df is the Hodge Laplacian on functions, and the normal vector Ric™ (v)
for a normal vector v is characterized by Ric(v, w) = (Ric* (v), w) for any normal
vector w.

When M is just a symplectic manifold with a compatible metric, the second
variation formula of volume and the linearized operator £ do not have such nice
expressions. However, since we will work on small balls in Darboux coordinates,
the linearized operator £ at L will be very close to the corresponding linearized
operator at L in C". This is made more precise in Proposition[£Il The estimate
is good enough to pursue our argument and prove the theorems. The expression
@) for £ at a Lagrangian in a K&hler manifold is helpful in understanding the
general symplectic picture.

When L is a compact Hamiltonian stationary Lagrangian in a Kahler man-
ifold, we have

5 Voly (Exp(svr) L) | _ = (L ) 2. (10)



Thus L is Hamiltonian stable if and only if the eigenvalues of £ are all nonneg-
ative. The interpretation of the kernel Ker £ will be important below. From
([@0) we can see that if f € C*°(L) and v is the normal vector field to L in
M with a,, = df, then v is an infinitesimal Hamiltonian deformation of L as a
Hamiltonian stationary Lagrangian, if and only if £f = 0.

Now suppose that (M, J,g) is a Calabi-Yau n-fold. Then we can choose a
holomorphic (n,0)-form © on M with V2 = 0, normalized so that

w"/nl = (=1)"" D23 /2)"Q A Q.

If L is an oriented Lagrangian in M, then Q| = ?dV,,, where dV,, is the
volume form of L defined using the metric g|;, and the orientation, and €% :
L — U(1) ={z € C: |z| = 1} is the phase function of L. We call L special
Lagrangian if it has constant phase.

In the Calabi—Yau case, the picture above simplifies in two ways. Firstly,
as g is Ricci-flat, the Ricci curvature terms in (8) and (@) are zero. Secondly,
the 1-form a g associated to the mean curvature H of L is given by ay = —d#é.
(This does not imply that ay is exact, as § maps L — R/27Z rather than
L — R.) Thus, the condition (B that L be Hamiltonian stationary becomes
d*df = 0, that is, the phase function e : L — U(1) is harmonic as a map into
U(1) = R/27Z, though it is not harmonic as a map into C.

If € lifts continuously to 6 : L — R, that is, if L is graded, and also L is
compact, then the maximum principle implies that 6 is constant, so L is special
Lagrangian. Hence, any compact, graded, Hamiltonian stationary Lagrangian
in a Calabi-Yau n-fold is special Lagrangian. Also, €% lifts continuously to
0 : L — R if and only if —[ay] = [df] = 0 in H'(L;R).

2.3 Rigid Hamiltonian stationary Lagrangians in C"

We now discuss Lagrangians in C", with gg,wo, Jo as in Example This is
Calabi—Yau, so as in §2.2] a compact Hamiltonian stationary Lagrangian L in C™
is special Lagrangian if —[ag] = [df] = 0 in H'(L;R). But there are no compact
special Lagrangians L in C" for n > 0, as a (co)homological calculation shows
that Volg, (L) = 0. Hence any immersed, compact, Hamiltonian stationary
Lagrangian L in C" has [df] # 0 in H'(L;R), so that H'(L;R) # 0. This
constrains the possible topologies of Hamiltonian stationary Lagrangians in C".
We define some notation.

Definition 2.7. The Lie group U(n) x C™ acts on C™ preserving go,wo, Jo. For
x in the Lie algebra u(n) & C", write v, for the vector field on C™ induced by
the action of U(n) x C" on C", and let pu, : C" — R be a moment map for v,,
that is, dy, = v, - w. Each such moment map is a real quadratic polynomial
on C™ whose homogeneous quadratic part is of type (1, 1). Define W,, to be the
vector space of such moment maps, that is, elements @ of W, are of the form

Q21 s 20) = a+ 320 (bjzj +b;Z;) + 27 ) k2%



for a € R and bj, ¢, € C with ¢, = cg;. Then dim W,, = n? + 2n + 1, which
is dim(u(n) & C™) + 1, since as moment maps are unique up to the addition of
constants we have W,, /(1) = u(n) & C".

Lemma 2.8. Let L be a compact Hamiltonian stationary Lagrangian in C",

and L: C®(L) — C>(L) be as in [@). Then
{QlL: Q eW,} CKerL. (11)

If also L is connected then dim{Q|; : Q € W,} = n?® + 2n + 1 — dim G, where
G 1is the Lie subgroup of U(n) x C" preserving L.

Proof. As in §2.2, we have f € Ker £ if and only if df is the 1-form associated
to an infinitesimal Hamiltonian deformation of L as a Hamiltonian stationary
Lagrangian. If z lies in u(n) & C"™ with vector field v, and moment map p,, then
v, is the Hamiltonian vector field of u,, so flow by v, induces a Hamiltonian
deformation of L. Since the action of U(n) x C" takes Hamiltonian stationary
Lagrangians to Hamiltonian stationary Lagrangians, v,|; is an infinitesimal
Hamiltonian deformation of L as a Hamiltonian stationary Lagrangian. The
associated 1-form on L is dpg|r. So pe|r lies in Ker £. As every Q € W, is a
moment map f, for some z € u(n) ® C", equation (L)) follows.

For the second part, we have dim{Q|. : @ € W, } = dimW,, — dim{Q €
W, : Q| = 0}, where dimW,, = n? +2n + 1. Let g be the Lie algebra of
G, and let x € g and p, be a moment map for z. Then v,|f, is tangent to L,
as x preserves L, so d(ug|r) = vy - (w|z) = 0 as L is Lagrangian. Since L is
connected this implies that p.|r, is constant, and there is a unique choice of
moment map g, for x such that p.|r, = 0. This yields an isomorphism between
gand {Q € W, : Q| =0}, so dim{Q € W,, : Q| =0} = dimg = dim G, and
the lemma follows. o

The following definition is new, as far as the authors know.

Definition 2.9. Let L be a compact, Hamiltonian stationary Lagrangian in
C"™. We call L Hamiltonian rigid, or just rigid, if equality holds in (IIJ). That
is, L is Hamiltonian rigid if all infinitesimal Hamiltonian deformations of L as
a Hamiltonian stationary Lagrangian in C" come from the action of u(n) @& C".
By Lemma 8, L is Hamiltonian rigid if dim Ker £ = n? +2n + 1 — dim G.

Note that any Hamiltonian rigid L must be connected, since otherwise we
could apply different elements of u(n) @ C" to different connected components
of L to prove equality does not hold in ([]). It seems likely that in some sense,
most compact, connected, Hamiltonian stationary Lagrangians in C" are rigid,
since in generic situations one expects the kernels of elliptic operators to be as
small as possible, given any geometric constraints on index, etc.

We now give examples of stable, rigid, Hamiltonian stationary Lagrangians
in C". In the first, for completeness, we give a full proof of rigidity and stability.

Example 2.10. Define a submanifold L,, in C" by

Ln = {(z1€",.. . 2ne") : 0 < s <, Z?:l x? =1, (z1,...,2,) €R"},



which is diffeomorphic to (S* x 8"~ 1)/Zy by identifying (s, ) and (s + 7, —)
in S' x §"~!. Lee and Wang [6] prove that L, is a Hamiltonian stationary
Lagrangian and its mean curvature vector satisfies H = —nF, where F' is the
position vector. Moreover, the induced metric on L,, computed there is a prod-
uct metric. More precisely, assume that {vj}?;ll is a local orthonormal basis
for S*~! and vy = (x1,...,2,), then eg = % =ievy = JF and e; = vy,
j=1,...,n—1, will form a local orthonormal basis for L,,. We will prove that
L,, is Hamiltonian stable and rigid.
The linearized operator (@) for L,, in C" and f € C°°(L,,) has the form

Lf=Af—2d"apmvy — JHJH(f)).
Note that JH = —ney = —n% and
(B(ei,ej), H) = —n(B(e;, e5), F) = nd;;.
Hence
(B(JH,NV f), Jej) = =(B(e;, Vf), H) = —n{e;, V.f) = —ne;(f),
that is, B(JH,Vf) = —nJV f and ap(su,vs) = ndf. Therefore, we have

Lf:AQf—znAf—nQaQ—f (12)
0s?’
We can lift a function on L, to S' x S"~! and consider f as a Zj-invariant
function on S' x S» ! instead. Since the induced metric is a product metric, the
products of eigenfunctions on S' and eigenfunctions on S®~! respectively form
a complete basis for functions on S' x S*~1. That is, f = Zk,l agy cosks p; +
brisin ks ¢, where ag; and by, are constants, k is a nonnegative integer, and
¢y is an eigenfunction of the Laplacian on 8"~ ! with eigenvalue );. Since the
eigenfunctions of the Laplacian on S"~! are homogenous polynomials in R",
and f is Zo-invariant, the sum of k£ and the degree deg ¢; of ¢; must be even.
From (I2)), it follows that cos ks ¢; and sin ks ¢; are eigenfunctions for £ and
form a complete basis. To study Ker £, we only need to check these functions.
Rewrite (I2) as £f = (A —n)?f + n2(—§—; —1)f. Suppose cos ks ¢; or sinks ¢
is in Ker L. It follows that

(B> 4+ N —n)2 +n2(k*—1)=0,

which implies £ < 1. When k& = 1, we must have \; = n — 1 and thus deg ¢; is
1. These solutions and their combinations come from the restriction functions
on L, of elements in W,, with the form Z?:l bjz; + bjz; in Definition 2.7
When £ = 0, we must have \;(\; —2n) = 0 and thus \; = 0 or A\, = 2n.
Hence deg¢; = 0 or 2. These solutions and their combinations come from the
restriction functions of elements in W,, with the form a + E?,k:l CjkZjZK in
Definition 2.7 This completes the proof that L, is Hamiltonian rigid.



Now we show that L,, is Hamiltonian stable. From (I0), this is equivalent
to the eigenvalues for £ all being nonnegative. The eigenfunctions for £ are
cos ks and sinksp; with eigenvalue (k% + X\ — n)? + n?(k? — 1), which is
nonnegative for £k > 1. It is also nonnegative when k¥ = 0 and degy; = 0
or degy; > 1. The case £k = 0 and degy; = 1 does not occur as it is not
Zo-invariant. Therefore, L,, is Hamiltonian stable.

Example 2.11. Let ay,...,a, > 0. Define a torus 73, , in C" by
T3 o = {(zl,...,zn) eC": |zl =ay, j= 1,...,n}. (13)

and T" _ are not Hamiltonian isotopic to one another if (ai,...,an) #

(al,..., n) (this needs caution: if a},...,a, are a permutation of ay,...,a,,
then T7, o is Hamiltonian isotopic to T" o, » but after a diffeomorphism of

1s0es Lyeees

T™ not 1sotoplc to the identity), and conjectures that the T

are globally
. . . . . . . 17...)an
volume-minimizing under Hamiltonian deformations.

Example 2.12. Amarzaya and Ohnita study Lagrangians with parallel second
fundamental form in [I]. These examples must be Hamiltonian stationary since
their mean curvature vectors are parallel. They prove in the paper that the
following irreducible symmetric R-spaces are Hamiltonian stable and rigid:

() Qapr1(R) =2 (ST x §PF2)/Zy C CP* for p > 1
(ii) U(p) C c¥’ forp 2;
(iii) U(p)/O(p )C(C forp 3;

) U(2p)/Sp(p) c CPP~Y for p > 3; and

) T-(Fe/Fy) C C¥.

(iv
(v

We refer to [I] for the details of these examples. Example 2100 is the same as
Q2.p+1(R) in (i), but their proof of stability and rigidity is different to ours.

3 Darboux coordinates with estimates

3.1 Families of Darboux coordinate systems for all p € M

We will need the following notation.

Definition 3.1. Let (M,w) be a symplectic 2n-manifold, and g a Riemannian
metric on M compatible with w. Then at each point p € M the structures w|,,
glp on T, M are isomorphic to wg,go on C", where wp, go are as in [B). The
linear automorphism group of (C", wy, go) is the unitary group U(n).

Write U for the U(n) frame bundle of M, with projection 7 : U — M. That
is, points of U are pairs (p,v) with p € M and v : C" — T, M an isomorphism

10



of real vector spaces with v*(w|,) = wo, and v*(glp) = go, and 7 : (p,v) — p.
Then U(n) acts freely on the right on U by v : (p,v) — (p,v o~) for v € U(n)
and (p,v) € U. The orbits of U(n) in U are fibres of 7, and 7 : U — M is a
principal U(n)-bundle. Thus U is a real manifold of dimension n? + 2n, which
is compact if M is compact.

We now show that for compact M we can choose Darboux coordinate systems
as in Theorem 2.3 for all (p,v) € U, smoothly and U(n)-equivariantly in (p,v).

Proposition 3.2. Let (M,w) be a compact symplectic 2n-manifold, g a Rie-
mannian metric on M compatible with w, and U the U(n) frame bundle of M.
Then for small € > 0 we can choose a family of embeddings Y, ., : Be — M
depending smoothly on (p,v) € U, where Be is the ball of radius € about 0 in
C", such that for all (p,v) € U we have:

(i
(ii

(iii

pw(0) =pand dYp |0 =v: C" — T,M;
p)uow_TonyforallveU( );
oW )—w0252j21 dz; A dZz;; and

) T
)
) T
) Y5.(9) = g0+ O(|z]) = XJ7_; 1dz;[* + O(|]).

(iv

Proof. Let € > 0, and for each (p,v) € U define Y}, , : B« — M by T}, =
exp, ov|p_,, where v|p_, : B+ — T, M and exp,, : T,M — M is geodesic normal
coordinates at p using g. Then T;)U is a diffeomorphism near 0 € B, and p € M,
so as M,U are compact, if we take ¢’ > 0 small enough T}  is an embeddmg
for all (p,v) € U. It is immediate that Y}, ,, is smooth in p,v, and T}, ,(0) = p,
dYy, ,lo =v,and T}, ., =T} oy forally € U(n). Also (T}, )" (w )|0 = wp and
(Y5..)"(9)lo = go, so by Taylor s Theorem we have (Y}, ,)*(w) = wo + O(|2])
and (1}, ,,)*(9) = go + O(|z]). Thus the ¢ and T}, , satlsfy all the proposition
except (iii), which is replaced by (1}, ,)*(w) = wo —I— O(lz|).

We shall use Moser’s method for proving Darboux’ Theorem in [§] to modify
the Y7, , to T, with T;U( w) = wy, preserving the other properties (i),(ii),(iv).
Define closed 2-forms wy , on Be for (p,v) € U and s € [0,1] by w; , =
(1—8)wo+ S(T;)U)*( w). As wolo = (1}, )" (w)|o, we have w; ,lo = wo, s0 w; ,, is
symplectic near 0 in B.s. Since [0,1] x U is compact, by making ¢’ > 0 smaller
we can suppose w, ,, is symplectic on B, for all s € [0, 1] and (p,v) € U.

As wo, (Y}, ,)*(w) are closed, we can choose a family of 1-forms ¢, ., on B,
smooth in p,v, such that d¢, ., = wo — (1}, )*( ). Since wolo = (Y}, ,)*(w)lo,
we can choose the ¢, ., to satisfy |(p.o| = (|z| ). We also choose the family ¢, .,
to be U(n)-equivariant, in the sense that ¢y voy = 73, (p0) for all v € U(n),
noting that v : C" — C" restricts to vy|p, : B¢ — Be. To do this, we first
choose Cz'j  hot necessarily U(n)-equivariant, and then take ¢, ,, to be the average
of ({610 over + € Uln).

Now let vy ,, be the unique vector field on Be with vp Wy = Cp,v, Which

is well-defined as wy, ,, is symplectic, and varies smoothly in s, p,v. Then d(
wi o) = wo — (1),,)"(w). As [{u] = O(|z]?) we have |v5 | = O(|z]?). For

p,v
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0 < € < € we construct a family of embeddings ©p.y + Be = Ber with cpgm =id:
B - Bc C B by solving the o.d.e. %‘Pz,v =, , 9 ¥y, By compactness of
[0, 1] x U, this is possible provided € > 0 is small enough. Then (¢}, ,)*(w; ,,) =
wp for all s, so that (¢} ,)*((Y},,)*(w)) = wo. Also, as |v5 | = O(|z|*) we see
that ¢, ,(0) = 0 and dg;, o = id : C* — C" for all s € [0,1]. And the U(n)-
equivariance of the (., implies U(n)-equivariance of the v, ,, which in turn
implies that @5, =771 o@s o~y forallse0,1], (p,v) € U and v € U(n).
Define T, = Y, , 0@} ,. Then T, depends smoothly on p,v. Part (i)
holds as ¢}, ,,(0) = 0, dg; o =id, T}, ,(0) = p and dY), o = v. Part (ii) holds
by U(n)-equivariance of the Y, ., and ¢, ..., =7 "o, , oy forall (p,v) € U
and v € U(n). Part (iii) follows from (¢}, ,)*((T},,)*(w)) = wo, and (iv) from
2L o(0) = 0, dgl o = id, and (¥},,)*(9) ~ g0 + O]z 0

Remark 3.3. When (M, J,g) is a K&hler manifold with K&hler form w, by
applying the same argument to holomorphic normal coordinates, we can obtain
the better approximation Y} ,(w) = wo = 5 Y_;_; dz; A dz; and

T,.(9) = E?:l |dz;|* + %E”kl Re(Rj1(p)z'zFdz/dz") + O(|z]3).

3.2 Dilations, and uniform estimates of t=2(Y,, o t)*(g)

We continue to use the notation of §3.1] and Proposition Let R > 0 be
given. For 0 < t < R !¢, consider the dilation map ¢t : Br — B. mapping
t:(2z1,...,2n) = (tz1,...,tz,). Then Yp, ot is an embedding B — M, so
we can consider the pullbacks (T, 0t)*(w), (Yp 0t)*(g). Since t*(wo) = t2wp
and t*(go) = t2go, Proposition B.2(iii),(iv) give

(Tpoot)(w) = t?wo  and (Tpoot)(g) = t2g0 + O(?|2]), (14)

where the power t3 = t2 - t in O(t3|z]) combines the fact that t*(dz;dz;) =
t?dz;dz;, that is, tensors of type (0,2) scale by t* under ¢*, and regarding |z| as
a function on C" we have t*(|z|) = t|z|. Multiplying (I4]) by ¢t~ gives

t2(Tppot)(w) =wy and t *(Y,,0t)*(g9) =go+O(t|z]) on Bg. (15)

Define a Riemannian metric g}, , on B by g}, = t7*(T,. o t)*(g). This
depends smoothly on ¢ € (0, R™'¢] and (p,v) € U, and satisfies g, = go +
O(t|z|) by ([H). Since g is compatible with w, t=2(T,, o t)*(g) is compatible
with ¢72(Yp,, 0 t)*(w), and thus g, is compatible with the fixed symplectic
form wgy on Bp for all ¢, p,v. We prove uniform estimates on these metrics gfw.

Proposition 3.4. There exist positive constants Cy,C1,Cs, ... such that for
all t € (0,5R €] and (p,v) € U, the metric g}, , = t72(Tp 0 t)*(g) on Bg
satisfies the estimates

gt — gollco < Cot and  |9"g!, llco < Cut®  fork=1,2,..., (16)

where norms are taken w.r.t. go, and 0 is the Levi-Civita connection of gg.
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Proof. We will prove (IG) by first estimating the metrics Y} ,(g) for all (p,v) €
U. As B, is noncompact, we cannot do this on the whole of B, since T ,(g)
might have bad behaviour approaching the boundary of B, forcing norms to
be unbounded. Instead, write Ee/g for the closure of B, 3 in Be. Then Ee/g is
compact. For each fixed (p,v) € U, Proposition B.2(iv) implies that there exists
C > 0 with |T% ,(9) — 90| < Clz| on Beja, where | .| is taken using go. Since U
is compact, we can choose C' > 0 such that this holds for all (p,v) € U. Now let
t € (0, %Rfle]. Then t(Br) € B¢z C EE/Q. By the proof of the second equation
of @A), | Y5 .(9) — 90| < Clz| on B./o implies that |g’,,, — go| < Ct|2| < CRt on
Bg, as |z| < R on Bg. Setting Cy = CR proves the first equation of (6.

Fix k=1,2,..., and consider |0¥Y} ,(g)(z)|. This is a continuous function
of (p,v) € U and z € Ee/g, so as U, Ee/g are compact there exists Cy > 0 with
|07 (9)(2)| < Cy for all (p,v) € U and z € B, /5. Nowlet t € (0, 3R €] and
z € Bg. Then an easy scaling argument shows that [0% (:72(T,.,0t)*(9)) (2)| =
t*|0"T% ,(9)(tz)|. As tz € B.js C B.js we have |0%Y ,(g)(tz)| < Ck, and the
second equation of (I8) follows. O

The proposition implies that by taking ¢ sufficiently small, we can make g]‘;yv
arbitrarily close to go on Bgr uniformly for all (p,v) € U, in the C* norm for
any k > 0, and hence also in the Hélder C*¥ norm for any k > 0 and v € (0, 1).

4 Setting up the problem

In §41-§6] we will prove Theorem A. This section will set up a lot of notation, and
formulate a family of fourth-order nonlinear elliptic partial differential operators
P!, : C®(L) — C>(L) depending on (p,v) € U and small ¢ > 0, such that C"-
small f € C*°(L) correspond to Lagrangians Lf;’-fj in M, and L;;)J; is Hamiltonian
stationary when P! (f) = 0.

Section B will show that for sufficiently small, fixed ¢ > 0 and all (p,v) € U
we can find a family of functions f, , € C*°(L) with P} (f;,) € KerL and

!, L Ker L, which are unique for | f} ,llca~ (the Holder C*7 norm) small,

and depend smoothly on (p,v) € U. Finally, §6l shows that the smooth map
H': U — Ker L defined by H" : (p,v) — P! (f},) can be interpreted in terms
of the exact 1-form dK* on U, where K' : U — R is defined by K'(p,v) =
t="Voly (L ), with Lf = L;=7ft,v. Thus, if (p,v) is a critical point of K* then
L' = L}, is Hamiltonian stationary, as we want.

Let L be a nonempty, compact, rigid, Hamiltonian stationary Lagrangian
in C". Then L is connected as in §231 Let G be the subgroup of U(n) x C"
preserving L. Then G is compact, as L is compact, so it is a Lie subgroup of
U(n) x C", which acts on L. As G is compact it must fix a point in C", the
centre of gravity of L. Translating L in C" if necessary, we suppose G fixes 0
in C", so that G C U(n).

By the Lagrangian Neighbourhood Theorem, Theorem [2.4] we can choose an
open tubular neighbourhood T of the zero section L in T*L, and an embedding
O : T — C" with ®|p =id : L — L and ®*(wp) = @, where @ is the canonical
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symplectic structure on T*L. Making T smaller if necessary, we suppose T is
of the form
T={(pa):pe L, aecTiL, |o| <} (17)

for some small § > 0, where |a| is computed using the metric go|r. The action
of G on L induces an action of G on T*L, and as go|r is G-invariant, T is
G-invariant. We suppose @ is chosen to be equivariant under the actions of G
on T and C"; this can be done following the proof of the dilation-equivariant
Lagrangian Neighbourhood Theorem in [3] Th. 4.3].

Fix R > 0 such that L € ®(T) € B C C". Now let f € C*°(L) with
|[dfllco < 8. Define the graph T'ay of df in T*L to be Tay = {(¢,dflq) : ¢ € L}.
Then I'q¢ is an embedded Lagrangian submanifold of 7L diffeomorphic to L.
As ||df]lco < § we have |df]|,| < ¢ for all ¢ € L, and T'qy C T. Hence ®(T'qy) is
a submanifold of ®(T") C Br C C" diffeomorphic to L. Since I'qy is Lagrangian
in (T,&) and ®*(wo) = &, we see that ®(T'qy) is Lagrangian in (Bg, wo).

Suppose (M,w) is a compact symplectic 2n-manifold, and g a Riemannian
metric on M compatible with w. Define U as in Definition B and € > 0,
Yy : Be = M for (p,v) € U as in Proposition B2l For 0 < ¢t < R™'e and
(p,v) € U, define metrics g}, , on Bg as in §3.2

Let 0 <t < 3R 'e. For each f € C*°(L) with [|[df||co < 8, define LLS =
Tp0to®(Tar). Then L;;)J; is an embedded submanifold of M diffeomorphic to
L, and as ®(I'qs) is Lagrangian in (Br,wo) and (Tp, o t)*(w) = t2wo by ([[4),
we see that Lfo’y-fj is Lagrangian in (M, w). Define a functional

El o {feC™(L):||dflco <6} =R by F.,(f)=t"Voly(LL]). (18)

%

We have
El (f)=t""Volg(LL1)=t""Vol(x, ,ot)-(¢) (®(Tay)) =Volg | (®(Tay)), (19)

since g/, = t7?(Tp 0 t)*(g) and dim L = n. Proposition 3.4 shows that g/, ,
approximates go when ¢ is small. Thus (I9) implies that

F! (f) =~ Voly, (®(Tay)) (20)

for small ¢ > 0, where the right hand side is independent of ¢, p, v.

Observe that for fixed ¢, p,v and varying f, the Lagrangians L;:-fj in (M,w)
are all Hamiltonian equivalent, and furthermore, for any fixed f the Lf;;fj/ for f'
close to f in C°°(L) realize all Hamiltonian equivalent Lagrangians close to L;’f;.
This parametrization of Lagrangians L';;_’J; by functions f is degenerate, since
LLf = LETHe for ¢ € R. We can make it a local isomorphism by restricting to
fe (L) with [ fdVy,,
if and only if f is a critical point of the functional F;_’U, and L‘;’_’J; is Hamiltonian
stable if in addition the second variation of F;f,v at f is nonnegative.

From (I9) we see that

F;,u(f):L(Fdf)d%é,vé(rdf) :/L(q)f)*(dvgf),vh(rdf))' (21)

= 0. Anyway, L%/ is Hamiltonian stationary in M
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Here in the first step g;v|<p(pdf) is the restriction of the metric g]‘;yv on Bpr to the
submanifold ®(T'ay), and dVe |, rap 18 the induced volume form on ®(T4y).

Now ®(T'qy) is the diffeomorphic image of L under the map ® : ¢ — ®(q,df]q).
In the second step of (2I)), we pull back the volume form by ®; and do the
integration on L.

At each ¢ € L, the integrand (®;)*(dV,

g;,vlq>(rdf))
tiple of the volume form dVg,|, of the metric go[z, on L at ¢, and this multiple
depends only on t, p, v, ¢, df|; and Vdf|,, where V is the Levi-Civita connection
of go|r. This is because the tangent space to ®(T'qy) at ®(q,df]|,) depends only
on ¢q,df|q, Vdf|q, and the volume form depends on this tangent space and on

gfw, which depends on ¢, p,v. Thus we may write

in ([ZI) is a positive mul-

L (f) = / G (4. df1y. Vdf]y) AV, (22)

¢
Here G, ,, maps

G, {(ga,B):qe L,aeT L, |o| <6, BeST;L} — R, (23)

where the condition |a| < 0 is because we restrict to f with ||df|co < d so that
I'qy C T, and we take 3 € SQTq*L - ®2T;L because the second derivative Vd f
is a symmetric tensor. Clearly, wa (¢, «, B) is a smooth, nonlinear function of its
arguments ¢, , 3, and also depends smoothly on ¢ € (0, 3R '¢] and (p,v) € U.

From above, L;;)J; is Hamiltonian stationary in M if and only if f is a critical
point of the functional ngv. Applying the Euler-Lagrange method to (22)), we

see that L%/ is Hamiltonian stationary in M if and only if P! (f) = 0, where
P {feC®):ldf|lco <6} — C®(L) (24)
is defined by

Py (H@) = 4" ((55G}.0) (@, dflg, VASly))

+d* (v*((%G;,v)(%dﬂqaVdflq)))' )

Here we consider wa(q,a,ﬁ) as a function of ¢ € L and a € T;L and

B € S°TrL, so that 2G" %G‘;U are the partial derivatives of G¥ , in the

a, 8 directions. Having defined these partial derivatives, we then set o = df],,
B = Vdf|, and regard (G )(q,df|q VA fle), (5GS.,)(a,dflg, VAfly) as
tensor fields on L depending on ¢ € L, and we apply d* and d* o V* to them
to get functions on L. The first term on the right hand side of (28] involves
three derivatives of f, and the second term four derivatives. Hence P}, is a
fourth-order nonlinear partial operator, which is in fact quasilinear and elliptic
at f for all t € (0,2R~'¢] and f € C°°(L) with [|df|/co < 6.
As for (8], define

Fo:{feC>®L):|ldfllco <d} =R by Fy(f)=Volg, (®(Tar)). (26)

15



The proof of ([22)-(23) shows that we may write

Fo(f) = /  Gola. 41y, Vdfly) AV, (27)

where Gy is a smooth nonlinear map
Go:{(¢,,B):q€ L,a €T;L,|a| <6, B€S*T;L} — R. (28)

As for [24)-23)), define
Py:{feC>®L):|df]lco <8} — C=(L) by
Py(f)(a) = 4" ((75Go)(a: dflg, Vdfly)) (29)
+d"(V*((F5Go) (4, dflq, VAflg)))-

Then (20) says that F} ,(f) = Fo(f) for small t. A similar proof shows that
G} (g, 0, B) = Golq, o, B) and P}, (f) = Po(f) for small ¢. In fact, the dif-
ference between P;U and Py depends only on the difference between g]‘;yv and
go, and on finitely many derivatives of this. Therefore, from Proposition [3.4] we

deduce:

Proposition 4.1. Let any k > 0, v € (0,1), and small C > 0 and ¢ > 0 be
given. Then if t > 0 is sufficiently small, for all f € C¥T4Y (L) with ||df]||co <
16 and |[Vdf|co < C, and all (p,v) € U we have

[P () = Po(f)orn < ¢ and  [|L0(F) = L()|lora < ClLfllorran, (30)

where Lfmv denotes the linearization of Pziv at 0. That s, by taking t small
we can Suppose P;)U and its linearization at O are arbitrarily close to Py and
its linearization at 0 as operators C*T47(L) — CF7(L) (on their respective
domains) uniformly in (p,v) € U.

We impose the conditions [|[df[co < 36 and [[Vdf|lco < C so that we
restrict to a compact subset of the domains of G‘;ﬁv, Go in (23), ([28), and then
we use Proposition B4 to bound the difference between G?, , and Go in C*27
on this compact subset.

Finally, we note that Py(f) = 0 is the Euler-Lagrange equation for station-
ary points of the functional Fy(f). Thus, Py(f) = 0 if and only if ®(Tqy) is
Hamiltonian stationary in C". But when f = 0, ®(Ty) = L which is Hamilto-
nian stationary in C", by assumption. Hence Py(0) = 0. Also, as in §2.2 the
linearization of Py at f =0 is £ in ([@).

5 Solving the family of p.d.e.s mod Ker £

Our ultimate goal is to show that there exists f; , € C*(L) with P} ,(f;,) =0
for all small ¢ > 0 and some (p,v) € U depending on ¢. As an intermediate
step we will show that we can solve the equation PI’;U( ;U) = 0 mod Ker L for
all small ¢ > 0 and all (p,v) € U, and the solution is unique provided f;v is
orthogonal to Ker £ and small in C*7.

16



Theorem 5.1. In the situation of §4 suppose 0 < t < %R_le is sufficiently
small and fived. Then for all (p,v) € U, there exists f;)u € C(L) satisfying

t (gt t
P, (fpo) €EKerL and f,, L KerL, (31)

where f 1 Ker £ means ft is L?-orthogonal to Ker L. Furthermore ft
the unique solution of BI) wzth £ llcan small, and f}, depends smoothly
on (p,v) € U.

Proof. Let X; denote the Banach space of functions f € C*7(L) which are
orthogonal to Ker £, and let X5 denote the Banach subspace of C%7(L) consist-
ing of functions which are orthogonal to Ker £. The starting point of the proof
is the observation that the operator £ is a bounded linear isomorphism from
X, to X5 with bounded inverse. This follows directly from the self-adjointness
and ellipticity of £. We let IT denote orthogonal projection from L?(L) to the
orthogonal complement of Ker £. We will show that for ¢ sufficiently small and
for all (p,v) € U there is a unique small solution f} , € X; of lTo P} (f} ) =0,
which depends smoothly on (¢, p,v).

The first step is to show that there are tg,r¢ > 0 sufficiently small so that
for all t € (0,t0) and for all (p,v) € U there is a unique solution f! , € By,(0) of
o Py, (f}.,) = 0. To accomplish this we consider the smooth map F = ITo Py,
from a neighbourhood of the origin in X; to X5. The derivative of F at 0 is
Mo E; »» and by Proposition ] this is close in the operator norm to £ for ¢
sufficiently small, and therefore is a linear isomorphism with bounded inverse
(note that ITo £ = £). The standard contraction mapping argument for proving
the Inverse Function Theorem implies that the map F' is a diffeomorphism from
a ball of radius ry centered at 0 in X; onto a domain containing the ball of
radius Arg about F(0), where A = (2||F’(0)~})~!, and the radius ro can be
estimated below in terms of the norm of F’(0)~! and the modulus of continuity
of F’. This result may be found in [4, §VI.1]. Thus by the first inequality of
B0) with f = 0 (note that Py(0) = 0), there is a ¢ sufficiently small so that
0 lies in the ball of radius Arg centered at F'(0) for ¢t € (0,%p). This gives us a
unique small solution f!  of Ilo B} (f;,) =0, as claimed.

The next step is to show that the solutions f;,v depend smoothly on the
parameters (¢, p,v). We will do this by using the Implicit Function Theorem (see
[4, §VI1.2]). Precisely, we consider the smooth map G from (0, t9) x U x By, (0) to
Xy given by G(t,p, v, f) = Tlo P} ,(f). We need to analyze the set G(t, p, v, f) =
0, and we observe that the derivative in the f variable is a linear isomorphism
with bounded inverse. Thus the Implicit Function Theorem implies that this
zero set is a smooth graph (¢,p,v) — f;v in a neighbourhood of any chosen
point (s, q,v1, f5,,) of the zero set.

Finally it follows from elliptic regularity theory that the solutions fp v
actually in C*°(L). This is because they are C*7 solutions of the quasﬂlnear
elliptic equation P! (f) = k, where k € Ker L is a smooth function, and we
may improve the regularity by using linear elliptic estimates in a standard way.
This completes the proof. O
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Note that nothing in §3}-§5 uses the assumption that L is Hamiltonian rigid,
only that it is Hamiltonian stationary. So Theorem [(.Ilholds for general Hamil-
tonian stationary L in C". We will use Hamiltonian rigidity in g6

6 Completing the proof of Theorem A

We work in the situation of §3-§5l Let ¢ > 0 be sufficiently small and fixed, and

1, € C®(L) for (p,v) € U be as in Theorem Bl Define L}, , = L;;)ftw for
(p,v) € U. Define a smooth function K*: U — R by K*(p,v) =t~" Voly (L}, ).
Define a smooth map H* : U — Ker L by H' : (p,v) — P} (f} ). We will show
that we can express H! in terms of the exact 1-form dK* on U.

Recall that G is the Lie subgroup of U(n) preserving L, and that U is a
principal U(n)-bundle over M, so that U(n) and hence G act on U. Also the
operator £ of (@) is equivariant under the action of G on L, since G preserves
all the geometric data used to define £, so the action of G on C°°(L) restricts
to an action of G on Ker L.

Lemma 6.1. For all (p,v) € U and v € G we have f} o, = f}., 07 as maps
L — R. The function Kt : U — R is G-invariant, and the function H' : U —
Ker L is G-equivariant, under the natural actions of G on U and Ker L.

Proof. Let (p,v) €U, v € G and f € C*°(L). Then

-1
Flf,u(f o 7_1) =1t""Vol, (LZ’,{;W ) =1t""Vol, (Tp,v oto (I)(Fd(fcw*l)))
=t " VOlg (Tpﬂ) oto~yo (I)(Fdf)) =t " VOlg (Tpﬂ) oyoto (I)(Fdf))
= 17 Vol (Vp a0y 00 B(Lag) = 17 Voly (Lihon) = Flor (), (32)

p,voy pvoy

using (I8) in the first and seventh steps, the definition of L5/ in the second and
sixth, G-equivariance of ® in the third, that v and the dilation ¢ commute in
the fourth, and Proposition B.2(ii) in the fifth. Since P}, is the Euler-Lagrange
variation of F? , we deduce that

v
Py o(for™) = (Byuey() o (33)
Applying @B3) to f = f} o, since B} o (f} 0,) € KerL which is G-

invariant, we see that P, (f} o, 0c77') € KerL. Also f} ., L KerL, so
f;,uo»y oy~ ! 1L Ker £, by G-invariance of Ker £ and the L2-inner product. Hence
both f;ﬁv and f;,uo»y oy~ 1 satisfy (1), so by uniqueness in Theorem 5.1l we have

o= ftvoy 0y !, which proves f! ., = f}, o7 as we want.

Substituting f = f; ..., into B2) and using f} , = ff o, 07"

now gives

-n tfp
Kt(pvv) =t VO]*Q(LPW% ) = F;,v( ;,v) = Ft ( , ) = Kt(p7U07)7

P, voy \J p,voy

so K' is G-invariant. Equivariance of H* follows from f; .., = f,, o~ and
equation (B3]). O
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Let (p,v) € U, and consider the tangent space T(; ., U. Now U is a principal
U(n)-bundle over M, and the metric g induces a natural connection on this
principal bundle, so we have a splitting 7(, ., \U =V}, & H,, where V,, H, are
the vertical and horizontal subspaces. The projection 7 : U — M induces dr, :
T(p,n)U — TpM which has kernel V,, and induces an isomorphism H, — T}, M.
Also V,, is the tangent space to the fibre of 7 over p, which is a free orbit of
U(n). Thus the U(n)-action induces an isomorphism u(n) = V,. But v is an
isomorphism C" — T, M, so we have isomorphisms H, = T,M = C". Putting
these together gives a natural isomorphism T{,, .,\U = u(n)®C", where u(n)®C"
is the Lie algebra of the symmetry group U(n) x C" of C".

The 1-form dK* on U lies in T}, U = (u(n) ® C")* at (p,v) € U. As K*
is G-invariant, dK* contracts to zero with the vector fields of the Lie algebra g
of G. Hence under the identification T, U = (u(n) ® C")*, dK*|(p,. lies in
the annihilator g° of g in (u(n) & C")*. Thus, we can regard dK* as a smooth
function U — g°.

Now consider the function H® : U — Ker L defined by H' : (p,v)
P! (f},). From (23) we see that P! (f! ) is of the form d*» for some 1-form
non L. Hence [, P! (f},)dVy,, = (1,d*n)r> = (d1,n)2 = 0. Therefore H'
maps U to the subspace {f € Ker L : fL JdVy . = O} in Ker £. Since Ker £
contains the constants, this subspace has codimension 1 in Ker L.

We now for the first time use the assumption that L is Hamiltonian rigid.
By definition, equality holds in (I, so Lemma [2.8] implies that dimKer £ =
n? +2n + 1 — dim G. Therefore

dim{f € KerL: [, fdV,,, =0} =n’+2n—dimG "
= dim(u(n) @ C") — dimg = dim ¢°. (34)
We will construct an isomorphism o' : {f € Ker L : [, fdV,,, =0} — g°,
which explains ([34). Define a linear map &' : u(n) ® C" — {f € KerL :
J; fdVg,, = 0} by & : & — g o t|p, where t acts by dilations on C", and
pz : C" — R is the unique moment map for the vector field v, associated
with z € u(n) ® C" with [, (ue ot)dVy,, = 0. Since G C U(n), it commutes
with the dilation ¢, and as G is the subgroup of U(n) x C" fixing L, it is also
the subgroup of U(n) x C" fixing tL. Hence Ker¢! is the Lie algebra g of
G. As L is Hamiltonian rigid, ¢! is surjective. Using the L?-inner product to
identify {f € Ker L : [, fdV,,, = 0} with its dual, define ' : {f € KerL :
J; f AV, =0} = (u(n) & C")* to be the dual map of £&. Then ' maps to
g°, as Ker &8 = g, and is injective, as €' is surjective. Equation (B4]) thus implies
that 1 is an isomorphism.
Proposition 6.2. Regard dK' as a smooth function U — ¢°, and H' as a
smooth function U — {f e KerL: fL FdVy |, = O}, as above. Then for small
t and all (p,v) € U there is an isomorphism \I/;U : {f € KerL: fL J AV, =
O} — g° such that dK*|, ) = \Ilztw o H(p,v). Furthermore ‘IJ;U approximates
Yt {feKerL: [, fdV,,, =0} — g° above, and depends smoothly on p,v.
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Proof. For all (p,v) € U, define ¢}, , : L — M by th (@) = Tppoto®(q,df} lq)-
Then L » 1s a Lagrangian embeddlng with L (L) = L;)U. By construction,
with ¢ ﬁxed the family of Lagrangians wa( ) for (p,v) are all Hamiltonian
equivalent. Let (p,v) € U and x € T{;,,)U. Consider the derivative of the
family of maps ¢!, ,, : L — M for (p',v') € U in direction z at (p',v") = (p,v)
in U. This gives Ot € C((dh ,)*(TM)), that is, Oyt
vector bundle (¢}, ,,)* (TM) — L.

Since the family o, , : L — M for (p,v) € U are Hamiltonian equivalent
Lagranglan embeddings, 6 L o 1s a Hamiltonian variation of Lp (L). Hence
(Ot - w)liy (z) s an exact 1-form on L‘;U(L), and (¢ )" (9ptl, , - w) is an
exact 1 form on L. Since L 1s connected as in §2.3 there is a unlque function
h;)vt(x) € Ooog tw1th I b () AV, = 0 such that (i}, ,)*(0atf,, - w) =
d(hy,,,(z)). This hpﬁv(az) depends linearly on z € T{, ,,)U, so we have defined a
linear map Al ,, : T(p ,\U — C>(L).

By constructlon if v € G then ¢ . ( P
although the actual parametrizations L; voy: lp,v TAY differ. It follows under the
identification 7Y, .,)U = u(n) & C", if x lies in the Lie subalgebra g of u(n) ®C",
then hl (x) = 0, since O}, is an infinitesimal reparametrization of a fixed
Lagrangian ¢, (L) in M.

We have

.« 18 a section of the

L) = (L) as submanifolds of M,
i

(AR (p0y) -7 = 8, [t Vol, (X 00 B(Ta )]
= (Wl o (@), Bl (Fr.0)) g

by definition of K*, and using the fact that P} ,(f) is the Euler-Lagrange vari-
ation of f — t7" Volg(Yp 0t o ®(Lqye ), so that for h € C*°(L) we have

(35)

% [t_n Vol, (Tzw oto (I)(Fd(f“rsh)))] ‘5:0 = <h= Pziv(f»LQ'

Define a linear map Wt : {f € KerL: [, fdV,,, =0} — (u(n)®C")* by

\I/;U(f) :EI—)<h U(I)af>L2 (36)

for f € Ker £ with [, fdV,, =0 and z € u(n) ® C", using the identification
T(p.)U = u(n) @ C". From above, if = € g then hy, (x) = 0,50 WL (f)|g =0,
and ! (f) € g°. Thus W, is a linear map {f € KerL : [, fdV,,,
0} — g°. Equations (BEI)f(BEI) and H'(p,v) = P! (fy ) imply that dK*|(, ) =
W, o H'(p,v), as we want. Clearly ¥} , depends smoothly on p,v

Tt remains to show that W, is an isomorphism, with W =~ ¢'. We claim
that for small ¢ and all (p,v) 6 U we have

Mo (2) 2 1 0u[f,] + €' (@) (37)
in C*°(L), where 0;[f} ] is the derivative of the function (p,v) — ff, in

direction x € T{;, ., \U at (p, v) € U. To see this, note that h! () measures the
variation of the family of Hamiltonian equivalent Lagrangians (p,v) — Tp,, o
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to (I)(Fdf;,u) in direction z in T, ., )U. By the chain and product rules, we can
write this variation as the sum of two contributions: (a) that due to varying
., as a function of (p,v) in direction x, with T, ,, fixed; and (b) that due to
varying T, ., as a function of (p,v) in direction x, with f;yv fixed.
The contributions of type (a) are t2 - 9, [ff,]. This is because if we fix
Yy and vary fl in direction x in the Lagrangian Y, , ot o ®(Tqy: ), then

Lage , in (T, &) changes by a Hamiltonian variation from the function d, [ f;)u} ;

so ®(I'qy: ) in (Br,wo) changes by a Hamiltonian variation from 0, [f;ﬁv], as
®*(wo) = w; so to ®(L'ay: ) in (Bir,wo) changes by a Hamiltonian variation
from ¢2- 9, [ f}
by a Hamiltonian variation from ¢* - 9, ;U}, as Ty ,(w) = wo.

To understand the contributions of type (b), consider the smooth family of
embeddings Y, ., : Be = M for (p,v) € U. The derivative 0T, ,, in direction
x € T(p,)U at (p,v) in U is a section of the vector bundle T  (T'M) — B.. But
dY,. : TBe — T3 (T'M) is an isomorphism, so (dYp,.,) " (92Tp,.) is a vector
field on B.. Since T} ,(w) = wo for (p,v) € U, and Bc is simply-connected,
this is a Hamiltonian vector field on (B, wyp), so there exists a smooth function
NY, : Bc = R, unique up to addition of constants, such that (dYp,.,) (9. Tp0)-
wo = dNy,, in 1-forms on Be. Following the definitions through shows that the
contributions of type (b), from varying Y, , with f;)v fixed, are

|, since t*(wo) = t* - wo; so Ty o0to ®(Lqye ) in (M,w) changes

,U

Q'_>N;,v oto‘b(q,df;yuh) +oc, (38)

for ¢ € L, where ¢ € R is such that ([B8) integrates to zero over L.

Now Proposition B.2(i) says that T, ,(0) = p and dY, |0 = v. It follows
that near 0 in B, the vector field (dY, )" (8;Y,.) on B approximates the
u(n) & C" vector field v, on C" corresponding to x under the identification
Tp)U = u(n) ® C*, and thus Ny, ~ p, near 0 in C", where p, : C* — R
is a moment map for v,, and is unique up to the addition of constants. Since
t o ®(q,df} |g) lies in Byg, for small ¢ we see that (B8) approximates q —
fg Ot O (I)(q,df£7v|q) + ¢. Also, the proof of Theorem [.1] shows that when
t is small [|f} [lca~ is small, so we can approximate f!, by zero, and (B8]
approximates p; ot oidy. The definition of & above now implies that (B8]
approximates £*(z), which proves (37).

Since f} ,, L Ker £ for all (p,v) € U, it follows that &, [f} ,] L Ker £. Thus,
substituting (B7) into (B and noting that f € Ker L shows that

Uy (f) (@) ~ (€' (@), f) L2

for small ¢, for all f € Ker £ with [, fdV,, =0 and 2 € u(n) & C". Since
" is the dual map to &', using the L? inner product to identify {f € Ker L :
Jp FdVy,, = 0} with its dual, it follows that W!  ~ ¢ for small ¢. But ¢
is an isomorphism, which is an open condition, so \I/;)U is also an isomorphism
for small t. By compactness of U, for small enough ¢ these hold uniformly for

all (p,v) € U. O
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We can now complete the proof of Theorem A. As \Ilgv is an isomorphism,
dK*| () = ¥}, 0 H'(p,v) implies that dK*|, .y = 0 if and only if P (f7 ) =
H'(p,v) = 0. But L}, is a Hamiltonian stationary Lagrangian in (M,w) if
and only if P (f},) = 0. Hence for small ¢, L}, , is a Hamiltonian stationary
Lagrangian if and only if (p, v) is a stationary point of K : U — R. But U is a
compact manifold without boundary and K* is a smooth function, so K* must
have at least one stationary point (p,v) in U. Then L' = L;,)U satisfies the first
part of Theorem A.

For the second part, suppose also that L is Hamiltonian stable. Take (p,v)
to be a local minimum of K* on U, which must exist as U is compact. Then L' =
L;U is Hamiltonian stationary, as above. We claim that L’ is also Hamiltonian

stable. To see this, for f € C°°(L) and small s € R write
Voly (Tp,0to®(Tase  ysar))=Voly(Yppoto®(Tase ))+5°Q; ,(f)+0(|s),

where the homogeneous quadratic form @}, , : C*°(L) — R is the second varia-
tion of Vol, at L’. We must show that Q(f) > 0 for all f € C*°(L).

Divide Hamiltonian variations of L’ into two kinds: (i) those coming from
functions f € (Ker £)1, that is, f € C*°(L) with f L Ker£; and (ii) those
coming from the family of Lagrangians L, ,, in (M, w), for (p’, ") in U close to
(p,v). The vector space of functions f € C°°(L) corresponding to Hamiltonian
variations of type (i) turns out to be W}, = {hl ,(z) : x € T(, , U} & (1), for
hl , as in the proof of Proposition 621 We have C*°(L) = (Ker £)* & W ..

For Hamiltonian variations of type (i), the second variation of the volume
functional Vol, at L;_’U approximates the second variation of the volume func-
tional Vol,, at tL in C" on functions f € (Ker £)*, or equivalently, the second
variation of ¢ - Volg, at L in C" on functions f € (Ker £)+. Using this we can
show that

p,v

oo () =, L)z + O f|7;) forall f e (KerL)™, (39)

for some v > n. As the second variation of Voly, at L is nonnegative, L is
a nonnegative fourth-order linear elliptic operator on a compact manifold L.
Using this we can show that there exists A > 0 such that (f,Lf)r2 > M| f]3.

2

for all f € (Ker£)%. Thus the term t"(f, Lf)r> in (Y) dominates the term
O(t7||f||%2) for small ¢, as v > n. Hence the second variation of Vol, on
2

variations of type (i) is positive definite, for small ¢.

For variations of type (ii), the second variation of Vol, is the second variation
of the function (p',v’) = Vol,(LL, ) = t" - K*(p',v') at (p,v). But (p,v) is a
local minimum of K at (p,v), so this second variation is nonnegative. Therefore
bo(f)=0forall feW, .

p,v
A general variation f may be written uniquely as f = f; + fo for f; €
(Ker £)* of type (i) and fo € W/, of type (ii). We claim that Q} ,(f) =
L o(f1) + @ (f2), that is, the bilinear terms in f1 ® fp in Q, ,(f1 + f2)
are zero. This holds because the definition of the family of Lagrangians L;/ﬂj,

. t t t . .
with P,/ (f, ) € Ker £ means that the volume of L, , is stationary under

v
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Hamiltonian variations coming from f; € (Ker £)* not just at the single point
(p,v), but for all (p’,v") € U. That is, if fi € (Ker £)* then

L [Voly (T 0to®(Tagr, yaar)]lig = O-

Differentiating this identity at (p’,v") = (p, v) in the direction in T{, ,,,U induced
by the Hamiltonian variation f, € W}  implies that the f1® fa term in Q}, ,(f1+

f2) is zero. Therefore Q}, (f) = Q) ,(f1) + @}, ,(f2) = 0, since Q% ,(f1) >0
and wa(fg) > 0. So L' is Hamiltonian stable. This completes the proof.

7 Conclusions

We finish with a question about the family of Hamiltonian stationary La-
grangians L’ in a fixed Hamiltonian isotopy class HZ in a compact symplectic
manifold (M,w). Although in §1-§6 we dealt with a family of Lagrangians L ,,
parametrized by (p,v) € U, as the whole construction is G-equivariant we can
think of this family of Lagrangians as parametrized by (p,v)G in U/G. The
G-invariant function K* : U — R descends to Kt : U/G — R. In 0l we proved
that L;)U is a Hamiltonian stationary Lagrangian if and only if (p,v)G is a
stationary point of K¢ on the compact manifold U/G.

Suppose the only Hamiltonian stationary Lagrangians L’ in this Hamiltonian
isotopy class HZ are of the form wa. Then we would have identified the family
of Hamiltonian stationary Lagrangians L’ in HZ, which is the critical locus of
a real function on an infinite-dimensional, noncompact manifold HZ, with the
critical locus of a real function on a finite-dimensional, compact manifold U/G.

This is suggestive. There are several important areas in geometry, deal-
ing either with counting invariants such as Donaldson, Gromov-Witten, or
Donaldson-Thomas invariants, or with Floer homology theories, for which the
original motivation comes from considering some infinite-dimensional, noncom-
pact moduli space M of connections or submanifolds, and then treating M as
if it were a finite-dimensional compact manifold.

If Y is a compact manifold and f : ¥ — R is a Morse function, then the
number of critical points of f, counted with signs, is x(Y"), and using the gradient
flow lines of f between critical points one can construct the (Morse) homology
H.(Y;R). The invariants and homology theories mentioned above work by
counting critical points or gradient flow lines of a functional F' : M — R on
an infinite-dimensional, noncompact manifold M; the answers turn out to be
independent of most of the geometric choices in the definition of F', even though
M is neither finite-dimensional nor compact. This motivates the following:

Question 7.1. Let (M,w) be a compact symplectic manifold, g a Riemannian
metric on M compatible with w, and HZ a Hamiltonian isotopy class of compact
Lagrangians L in (M,w). Write Vol, : HZ — R for the volume functional.

Can one define some invariant I(HI) € Z which ‘counts’ (with multiplic-
ity and sign) Hamiltonian stationary Lagrangians L in HZI, that is, stationary
points of Volg, and gives an answer independent of the choice of g?
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Can one define some kind of Floer homology theory HF,(HZ) by studying
the gradient flow of Volg between critical points, whose Euler characteristic is
I(HZ), and which is independent of g up to canonical isomorphism?

In the case of Theorem A, since the family of Hamiltonian stationary La-
grangians L’ we have constructed corresponds to the critical points of a func-
tion K' : U/G — R, we would expect the answers I[(HZ) = x(U/G) and
HF,(HTI) = H.(U/G;R). Since U/G is a fibre bundle over M with fibre U(n)/G
we have x(U/G) = x(U(n)/G)x(M). If Lis T, in (@3) withai,...,a, >0
distinct, then G is the maximal torus 7" in U(n), and x(U(n)/G) = n!, so we
expect I(HI) =n! x(M).
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