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Experimental techniques for measuring the mechanical response of rubbers under
dynamic loading are developed utilising the virtual fields method (VFM), to inversely
identify constitutive behaviour from experimental observations. Rubbers and other ‘soft’
materials are difficult to characterize using traditional dynamic techniques such as the
split Hopkinson bar: the low sound speed makes it difficult to achieve static equilibrium
and the small supported forces give low signal-to-noise ratios in the experimental data.
In this research, the dynamic VFM with the aid of high-speed imaging is applied to
dynamic tensile experiments to resolve these difficulties. The VFM is a mathematical
technique that makes use of the principle of virtual work. Manipulation of this equation
enables us to remove the need for traditional force measurement, instead exploiting
acceleration full-field data as a virtual load cell. Thus, the aforementioned difficulties are
no longer of concern: the technique requires that the specimen is not in static equilibrium
and that inertial forces are significant compared to material forces. Two dynamic tests
and dynamic VFMs are developed and applied to tensile drop-weight and gas-gun driven
experiments. The first uses small amplitude dynamic deformation superposed on static
pre-stretching. Dynamic identifications at a number of pre-strains are collated to identify
the complete nonlinear behaviour. The second utilizes a large strain amplitude of dynamic
loading: one experiment characterizes the full response. Further applications of the
dynamic VFM are explored in order to improve the first method and to extend the
identification capability, and experiments performed at non-ambient temperatures allow

a preliminary exploration of time-temperature superposition.
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NOTATIONS

Symbols and abbreviations commonly used throughout the present thesis are introduced

here. Some symbols are redefined with respect to the content of each chapter.

Xo: vector of an undeformed configuration coordinate

Xo, Yo, Zo: components of xo of an undeformed configuration coordinate
Xpo: Vector of a pre-stretched configuration coordinate

Xpo, Ypo, Zpo: components of Xpo Of a pre-stretched configuration coordinate
Xp: vector of a current configuration coordinate after pre-stretching

Xp, Yp, Zp: cOMponents of X, of a current configuration coordinate after pre-stretching
x: vector of a deformed configuration coordinate

X, ¥, z: components of x of a deformed configuration coordinate

(In some chapters, Xo is used instead of X)

F: deformation tensor

I: second-order unit tensor

C, B: right and left Cauchy-Green tensor

t: time

At: time increment

p: current density

po: initial density

a: acceleration vector

b: body force vector

v: velocity vector

u: displacement vector

u™: virtual displacement vector
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u, : virtual displacement based on an initial coordinate
u, - virtual displacement based on a pre-stretched state
u, - virtual displacement based on a current pre-stretched state

A: principal stretch ratio

Apo: principal stretch ratio of a pre-stretched state

Jp: total principal stretch ratio when pre-stretching is considered

dp: incremental principal stretch ratio with respect to a pre-stretched state
e: nominal(engineering) strain tensor

epo: Nominal(engineering) strain tensor of a pre-stretched state

ep: total nominal(engineering) strain tensor when pre-stretching is considered
&: true strain tensor

gpo: true strain tensor of a pre-stretched state

&p: total true strain tensor when pre-stretching is considered

dep: incremental true strain tensor with respect to a pre-stretched state

g : virtual true strain tensor

&, virtual strain based on an initial coordinate

& true strain rate
J: volume ratio
Vo & v: initial and current volumes
So & s: initial and current surface areas
st and sy: surface area where force and displacement are prescribed
So: initial loaded surface
Spo: initial surface area after pre-stretching
Sp: current surface area after pre-stretching
W: width
12



L: length

Lo: initial length

Lpo: length after pre-stretching

Lp: current length after pre-stretching

h: thickness

o Cauchy (true) stress tensor

opo: Cauchy (true) stress tensor due to pre-stretching

dep: incremental Cauchy (true) stress tensor with respect to a pre-stretched state
N: nominal (engineering) stress tensor

dN: incremental nominal stress tensor

dNpo & dNp: push forward terms of dN to initial and current pre-stretched states
I(PK1): the first Piola-Kirchhoff stress tensor

S(PK2): the second Piola-Kirchhoff stress tensor

W: strain-energy density function

df: Infinitesimal force acting on the element surface

n: normal vector of a current element surface

N: normal vector of an initial element surface

p: hydrostatic pressure

E: Young’s modulus

NE: nominal modulus

Vv: Poisson’s ratio

G: shear modulus

K: bulk modulus

w: Ogden model parameter (for the one-term Ogden: G = u)

a: Ogden model parameter
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n: viscosity

7. relaxation time

exp(-): exponential function

g(t): normalized relaxation function
gi: normalized modulus

Z: acoustic impedance

o: phase lag

w: frequency

Temp: temperature

a, : shifting factor

E’: storage modulus

E > loss modulus

GR: grey(intensity) level of images
@: cost function

T: traction vector

lt: loaded boundary for a 2D case
Q: plane-stress stiffness matrix

H: displacement interpolation matrix

B: strain-displacement matrix

0’ : piecewise virtual displacement field

R: scalar zero-mean stationary (second order) Gaussian distribution
y: amplitude of a strain measurement uncertainty

V(+): variance operator

v, : element i location

P: transformation matrix
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div & Div: divergence operators based on current and initial configuration

D: elasticity tensor

DMA: dynamic mechanical analysis
SHPB: split Hopkinson pressure bar
SHTB: split Hopkinson tension bar
TTSP: time-temperature superposition principle
VFM: virtual fields method

DIC: digital image correlation

fps: frame per second

FEM: finite element model

FEMU: finite element model updating
PVW: principle of virtual work

PVF: piecewise virtual field

VFML: the linear VFM in Chapter 5
VFM2: the linear VFM in Chapter 7

NVFM2: the nonlinear VFM in Section 8.2
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Chapter1 INTRODUCTION

1.1  Motivation

In the context of dynamic testing, a material is often described as ‘soft’ if it has low
stiffness at room temperature. One particular class of soft materials is elastomers, which
consist of long, flexible molecular chains of high molecular weight, with a relatively low
cross-link density. In a stress-free state, an individual chain takes a random coiled
conformation; when tensile forces are applied, stretching of the coiled chains between
cross-links permits high extensibility, usually accompanied by low modulus. The material
response may also exhibit time-dependence, a characteristic which is known as
viscoelastic behaviour.

These characteristics of elastomers have been utilized in various engineering fields.
One of the common uses of elastomers is in tyre production. The usual requirements of
tyres for a vehicle are to carry load with well-controlled damping and long dimensional
stability. Elastomers are uniquely suited to this function: the high elasticity provides a
good flexibility, and the viscoelastic characteristic enables dissipation of unwanted
vibration (Rodgers and Waddell, 2005). The dissipation capability of elastomers can be
also utilized as an energy absorption substance in other loading scenarios. This function
is of particular interest for impact protection. One application is elastomeric coatings on
concrete masonry unit walls. The elastomer layer can reduce the amount of fragmentation
of a wall when it is subjected to an impulsive load (e.g. air blast from a bomb). This
reduces the possibility of serious injury of occupants (Porter et al., 2002). The effect of
the elastomer layer is shown in Figure 1.1 showing the comparison between the pure (left)
and coated (right) masonry walls after blast loadings.

In these applications, elastomers are often subject to dynamic loading. The strain rate

of the elastomer coating layer of masonry walls can reach the order of 100 s (Davidson
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et al., 2005). The mechanical behaviour of elastomers is very sensitive to deformation
rate even between so-called static rates (Sarva et al., 2007). Understanding this dynamic
behaviour of elastomers is important to not only achieve cost-effective use of the
materials but also ensure a targeted safety level. These two aspects can be achieved by
appropriate engineering design, but engineering design cannot be reliable unless material
behaviour in the service conditions is well understood. Thus, it is clear that the mechanical

characterization of elastomers over a wide range of strain rates is essential.

-l - o X -t

Figure 1.1 Non-coated (left) and rubber coated (right) masonry walls after blast loadings (Porter et al.,
2002)

1.2  Objectives

The overall objective of this thesis is to characterize the mechanical behaviour of
elastomers under dynamic loading. More precisely, the aim of this research is to develop
experimental techniques able to measure physical parameters which define the stress-
strain relationship of elastomers at high strain rates. Dynamic mechanical properties of
elastomers have been studied using many experimental methods, which are mainly
extensions of the split Hopkinson bar technique. Although efforts have been made to
modify this technique for soft materials, there are still limiting factors such as a long
duration at the start of the experiment in which the specimen is not in a state of static
equilibrium and high noise-to-signal ratio. The limitations of the current experimental

techniques will be further discussed in the next chapter.
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This thesis proposes an entirely different approach from the split Hopkinson bar. The
development of the proposed methods is based on the combination of two modern
experimental techniques: full-field measurement and inverse identification methods for
mechanical parameters. A full-field measurement method is a technique to capture
experimental data from a particular region over two or three dimensions. Modern high-
speed cameras are able to capture images at a very small time scale in a digitized form,
in which image patterns are segmented in a digital image unit, a ‘pixel’; one advantage
of digital photography over film is that distortions between images are more repeatable
and therefore can, if necessary, be characterised and corrected. An imaging processing
technique, so called digital image correlation (DIC) (Sutton et al., 2009), is able to analyse
digitized intensity patterns, and provides deformation measurement points at a large
number of independent points. The availability of this full-field deformation data allows
the application of one of the inverse parameter identification methods, the Virtual Fields
Method (VFM) (Pierron and Grédiac, 2012). The VFM provides the link between
experimental observations and unknown constitutive parameters. It is therefore the main
objective of this research to characterize dynamical stress-strain relationships of rubbers
with the application of the VFM on full-field deformation data produced by high-speed

experiments.
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Chapter2 BACKGROUND

Elastomer (or rubber) is defined in ASTM D 1566 (ASTM International, 2014) as “a
material that is capable of recovering from large deformations quickly and forcibly”.
Mechanical properties of elastomers, their constitutive relations and characterization
methods are numerous and vary considerably, reflecting the range of properties and
engineering applications. Dynamic mechanical properties of elastomers are of particular
interest in the present thesis as they are experimentally difficult to characterize due to the
low modulus; in this context often called ‘soft’. The experimental techniques developed
in this thesis are not restricted only to elastomers but also to other elastomer-like material,
including many biomaterials. This chapter provides a background to the mechanical
behaviour of elastomers and representative constitutive models. Existing experimental
techniques for elastomers are introduced with their limitations. The VFM is also
introduced with regard to the definition and current state of this technique. There will be
an explanation of how the current experimental limitations can be overcome by means of
the VFM. Then, this chapter ends with a summary providing an overall description of the

researches presented in the rest of the thesis.
2.1 Elastomers

2.1.1 Mechanical behaviour

Two of the most important mechanical properties of elastomers are high deformability
and low stiffness at room temperature. An example of this typical behaviour is shown in
Figure 2.1. The high deformability is mainly attributed to the large extensibility of long-
chain molecules which initially exist in a randomly coiled chain due to free rotation of
bonds. The randomly coiled state is stable as Brownian motion allows the freely jointed
chain to recoil into a state of maximum entropy, i.e. the state that allows the chain to

assume the largest number of conformations (Treloar, 1975), which then minimises the

19



=— uniaxial extension S
‘S 54— pure shear \\\\i\:\ N
.. . N N
S [+ biaxial extension \\\\i\\\ §>
9 44 S \%Q \\\ \\ !
2 A \\\ N\
3 34 NN
g o NN
‘£ 24 Initial region N N
S
l Strain hardening
N
05— ; ; ; ; ; ,

1 2 3 4 5 6 7 8
Stretch ratio

Figure 2.1 Stress-strain curve of a typical rubber (reproduced from Treloar (1944)).

Gibbs free energy at a given temperature. This entropic behaviour is the driving force for
the mechanical reversibility of elastomers.

Stress-strain relations of elastomers are generally nonlinear over all strain ranges.
Figure 2.1 shows typical stress-strain curves for elastomers under three different modes
of loading. The linear region is very short or ambiguous. The modulus (tangent slope)
generally decreases with increasing strain in the initial strain region; then, there is a
transition to an upward curvature as the chain reaches its maximum extensibility (Arruda
and Boyce, 1993). For some elastomers, e.g. natural rubber, the main contribution to this
hardening is strain-induced crystallization (Toki et al., 2002).

In many elastomers, the degree of nonlinearity is rate dependent. One example of this

rate dependency is shown in Figure 2.2. The curves at two strain rates are initially
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Figure 2.2 Rate dependency of an elastomer (reproduced from Bergstrom & Boyce (1998)).
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coincident and, at about -0.2 strain, the curve with the higher strain rate exhibits stiffer
behaviour with a steeper upward curve. It should be noted that although the strain rates
of these two curves are still within what is often described as the ‘quasi-static’ rate regime
(Field et al., 2004), their mechanical behaviour is clearly different. The rate sensitivity of
elastomers is even more significant when comparing between high and quasi-static strain
rates.

The rate dependency is related to stress relaxation behaviour in the material, which is
defined as a gradual decrease in stress with time at a fixed strain. This relaxation
behaviour of an elastomer is provided in Figure 2.3(a) showing a reduction in stress when
deformations are interrupted for about 100 s. A longer relaxation test is given in Figure
2.3(b) where the gradual decrement of stress at a fixed strain is shown against time. The
relaxation occurs over a large time range and becomes clear using a logarithmic time
scale. The relaxation process can be envisaged as time-dependent motion of a free
polymer chain which is topologically constrained by a molecular network. At a high
enough global deformation rate, the free chain is affinely strained with the network.
However, if the deformation is fixed or applied slowly, there is sufficient time for the
chain to move slowly to a more relaxed conformation (Bergstrom and Boyce, 1998).

The mechanical behaviour of elastomers is very temperature-dependent. However, the
temperature dependency is different from that of other materials (e.g., metals) due to the

@ 40 ()
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Figure 2.3 Relaxation tests of an elastomer (reproduced from Bergstrém & Boyce (1998)).
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inherent entropic behaviour (Holzapfel, 2000). This is illustrated in Figure 2.4(a), where
it is seen that the slope of the stress-temperature plot is reversed above 6 % stretch, the
thermoelastic inversion point (Anthony et al., 1943). The inversion point can be also
observed in Figure 2.4(b) where the stress-strain relations are replotted from the data at
20 and 70 °C in Figure 2.4(a). This behaviour can be understood in the way that a highly
extended chain more stiffly responds to Brownian motion agitated by increased
temperature than a loosely coiled chain. However, this observation does not mean that all
elastomers are purely entropic for all situations. In fact, the behaviour is governed by a
complex combination of both energetic and entropic interactions (Treloar, 1975). For
some elastomers (e.g. thermoplastic rubber) or environments (e.g. crystallization at low
temperatures), the contribution of the internal energy change can be more significant than
the entropic interactions (Petrovi¢ and Ferguson, 1991; Rey et al., 2013).

Elastomers exhibit several inelastic behaviours. The first usual inelastic characteristic
iIs mechanical hysteresis as shown in Figure 2.2 in which the stresses are lower for
unloading. The main contribution to the hysteresis is the van der Waals forces between
molecular chains; for this reason, the amount of the hysteresis is dependent on
deformation (Holt, 1931; Treloar, 1975) and temperature (Kar and Bhowmick, 1997).

Another usual inelastic behaviour is stress softening, the so called Mullin’s effect
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Figure 2.4 (a) Stress measurements at several deformations along temperature and (b) stress-strain
relations at 20 and 70 °C (reproduced from Anthony et al. (1943)).
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(Mullins, 1948). The softening can be observed for a freshly vulcanized elastomer when
subjected to successive load-unload cycles. It is known that many mechanisms are
involved in this softening such as chain slipping and interfacial breakage between
elastomer molecules and fillers (Diani et al., 2009); however, it is not fully understood.
2.1.2 Constitutive relations

A constitutive relation can be defined as a mathematical relation describing the stress
in a material as a function of applied conditions (such as strain, strain rate, temperature
and time) and one or more constants which are unique to the material itself. It is these
constants which we wish to characterise. It is possible to describe the stress-strain
relationship of elastomers by a suitable constitutive relation. The nonlinear elastic
behaviour of elastomers at large strains is described by hyperelastic models. This class of
models may be divided into two groups: physically motivated (statistical) and
phenomenological approaches (Treloar, 1975). The former aims to relate the deformation
mechanism to the underlying microscopic structure, whilst the latter is only able to
describe the observed behaviour without the consideration of the underlying mechanisms.
If the structure and its physical process are known, a proper statistical model is usually
able to fit the stress-strain relation with a smaller number of parameters (Boyce and
Arruda, 2000). However, it can be difficult to precisely know the material structure and
its evolution in various service environments. For this reason, phenomenological models
are still widely applied in industry and commercial FEM codes due to their ease of use.
It is a main concern of this thesis to experimentally observe the phenomenological
behaviour of elastomers under dynamic loading. Thus, the scope of this section is limited
to the phenomenological models. However, the techniques introduced in the present
thesis could also be applied to deriving constants, or performing validation experiments,

for physically based models if desired.
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Prior to introducing the models, it is necessary to give the definition of strains and
stresses in a continuum for large deformations. First, large deformations clearly
distinguish the undeformed (initial) and deformed (current) coordinate systems. These
two coordinates are described in Figure 2.5. The initial and current coordinates are
respectively denoted Xo and x. The relationship between them is given by the displacement
field U

X=X,+U (2.1)
The deformation gradient is a primary measurement of deformations in nonlinear
mechanics and defined as

F =1+GradU =dx/ dx, (22)

where | is the second-order unit tensor and ‘Grad’ denotes the gradient with respect to
the initial configuration. A frequently used strain tensor based on the initial and current
configurations can be defined using F according to
C=F'F (23)
B=FF’ (24)
and respectively called the right and left Cauchy-Green tensor. Another useful definition
of deformations is the principal stretch ratios, 4i (i =1, 2, 3), which are the eigenvalues

of F. This definition is very useful for describing experimental data. If the loading and

2o, Z

Figure 2.5 Initial and current configurations of a continuum body.
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principal directions are matched and, for example, A1 can be a stretch ratio that is in the
direction of a uniaxial loading, it is possible to define deformation terms as follows
e = /11 -1 (2.5)
g =Inl+e) (2.6)
These can be referred to as uniaxial engineering (nominal) and true (logarithmic) strains.
In addition, the volumetric deformation is defined by F as
J =det(F) @7)
where J is known as the Jacobian determinant or volume ratio between the initial dv and

current dVo volume elements, J=dv/dVo. In fact, J is one of the principal scalar

invariants of F. The other invariants are defined as

L (F)=A2+4; + 43 (2.8)

|, (F) =425 + 2505 + A5y (29)
The stress definitions are distinguished by the coordinate system. We define df as the
infinitesimal force acting on the current elemental surface ds with its normal vector n in
the current configuration. These two terms are denoted as dSo and N in the initial
configuration. With respect to these terms, three stress tensors are defined as follows:

the Cauchy stress, &

ﬁ = on (2.10)
ds
the first Piola-Kirchhoff stress, II
i =TIN (2.11)
ds,
the second Piola-Kirchhoff stress, S
% =SN (2.12)
ds,
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where dfo = F1df. These stresses can be defined by the three principal stretch ratios; their

component forms for incompressible hyperelastic models are written as (Holzapfel, 2000)

oW
o, =—p+4 o (i ) (2.13)
l_Ii =0; /ii (2.14)
S, =0,/ /1i2 (2.15)

where p is a hydrostatic pressure and W is a strain-energy function. It should be mentioned
that the engineering stress N (or often referred to as the nominal stress) is defined as
N = II" by the definition given by Ogden (1984).

A mathematical expression of this scalar function W(F) is the basis of deriving
phenomenological hyperelastic models. Representative classical forms of W are
summarized below. These are all incompressible models which can be directly used in
the stress terms introduced above.

The Mooney-Rivlin form (Mooney, 1940)

W =C,(1,-3)+C,(I,-3) (2.16)
This is the first phenomenological model for hyperelastic materials. C; and C. are
material parameters. When C; = 0, this model reduces to the Neo-Hookean form in which
C. is described by a statistical approach (Treloar, 1943). This model is suitable for

moderate deformations (lower than 200 %) (Marckmann and Verron, 2006).

The polynomial form (Rivlin, 1948)

W = iCij(ll—S)i(lz—S)j (217)

i+j=1
where N is the number of terms used. This form is an extension of Eq. (2.12). Several

authors (Blatz and Ko, 1962; Isihara et al., 1951) have made special modifications to this
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form with high order terms but the fitting capability is not significantly better than the
Mooney form (Ogden, 1972).

The Ogden form (Ogden, 1972)

W :iz_/zi(}‘lai 4+ A% +ﬂ:‘:i _3) (2.18)

i=1 M

where ui and i are material parameters for each of N terms. The development of this form
was initiated by the idea of simplifying the complicated polynomial form when higher
order terms are required. When the Ogden model is expanded to higher order terms, each
term is simply a repetition of the same equation with different parameters. The expression
in Eq. (2.18) is slightly different from Ogden’s initial equation, but instead is expressed
in the form adopted in a commercial FEM package, ABAQUS (ABAQUS, 2011) and is
a special case of the Valanis-Landel model (Bradley et al., 2001; Valanis, 1967). It has
been known that the Ogden form has a good fitting capability among classical
hyperelastic models, and the performance in FEM applications is also satisfactory (Kim
et al., 2012; Marckmann and Verron, 2006; Martins et al., 2006; Timmel et al., 2007,
Wang and Lu, 2003).

As introduced in Chapter 1, the time dependency of elastomers is a very important
design factor. This dependency has been described by many viscoelastic models. Most
of these models assume that the contribution of stresses may be divided into the long-
term (equilibrium) and instantaneous (non-equilibrium) parts. The postulation is that the
total stress consists of the long-term stress, which represents a sufficiently slow process
(t — o), and the time-dependent stresses of the instantaneous parts. The mathematical
expression of the instantaneous stress is key for viscoelastic models. Many mathematical
models have been developed to describe the relaxation process by using the concept of

internal variables (Simo, 1987). One of the simple models for the relaxation process is
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Ew E1 E> Em

Figure 2.6 Generalized Maxwell-element (reproduced from Kaliske & Rothert (1997)).

linear viscoelasticity. The relaxation process in this model is described by the
combination of mechanical analogies of springs and dashpots. One possible combination
is the generalized Maxwell-element schematically described in Figure 2.6.

This mechanical analogy is able to relate the relaxation process to the equilibrium
behaviour, attributed to the long-term modulus E«, and the non-equilibrium parts,
described by m Maxwell-elements. The time-dependent elements represent the relaxation
characteristic for each time scale, controlled by an internal variable: relaxation time
m = n7m / Em. 1T this model is applied to the one-dimensional linear elastic model, the stress

is given by (Ferry, 1961)
o) = j;G(t—z')aZ—(tf)df (2.19)

where G(t) is a function representing the relaxation process and defined by a Prony series

expansion

() =E, -, (1—exp(-t/7,)) (2.20)

j=1
where Eo denotes the instantaneous modulus. The normalized form of this function is

frequently used for a numerical formulation:
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G()/E, =g =1- g, (1-exp(-t/7,)) (2.21)

The term gj, referred to as normalized modulus, represents the proportion of the relaxation
amount assigned to each Maxwell element. This mathematical scheme is similarly used
for finite viscoelasticity which can be used for hyperelastic models. According to one
approach given by Holzapfel (1996), the total second Piola-Kirchhoff stress tensor S is
separated into the volumetric and deviatoric (isochoric) parts, assuming that the

volumetric one is rate-independent, as below

S=S,,+S,, (2.22)

vol

The deviatoric stress Siso is again divided into the long-term and viscoelastic parts:

=S, + ZSWS (2.23)

1S0

The viscoelastic part S!; is defined as

0
SL® =9, exp(~t-t)/< )ng"(t)dr (2.24)

where S’ is the instantaneous deviatoric stress. This definition is adopted in ABAQUS

1S0

for the calculation of finite viscoelasticity. In the present research, a hyper-viscoelastic
material was simulated by ABAQUS in which the combination of the Ogden form, Eqg.
(2.18), and the Prony series, Eq. (2.21), are applied through the finite viscoelasticity. In
ABAQUS, it is assumed that the relaxation process in the Ogden form is applied only on

the shear modulus term u as
1 (0) = 1 x g(t) (2.25)
2.1.3 Properties to be considered

Elastomers are mechanically complex; several inelastic effects are simultaneously

involved with hyperelastic behaviour. In fact, many phenomenological models have been
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developed for these inelastic effects. Individual characterization of all these properties is
excessive for the scope of the present research. The main aspect of interest to this present
study is limited to the stress-strain relationship at dynamic strain rates for large strains.
The stress-strain behaviour characterized by the methods presented is an apparent
property, which probably includes contributions from various inelastic effects, at a

specific strain rate.
2.2 High strain-rate tests

In the context of mechanical characterization, strain rates are generally divided into
three regimes (Field et al., 2004): quasi-static (10 to 1 st), medium (1 to 100 s) and
high rates (100 to 10* s™). Mechanical tests on elastomers at quasi-static rates can be
performed by commercial screw-driven or servo-hydraulic machines and many standards
are available with regard to loading modes, specimen sizes and data interpretation (Brown,
2006). For the dynamic tests (medium and high rates) on elastomers, there is no widely
accepted standard. 1ISO 18872 (2003) could be adopted for a dynamic test on polymers.
However, this standard is recommended for stiff polymers, in which clear yield behaviour
is exhibited, and the strain rates are restricted to be below 10 s™. One key distinction
between quasi-static and high rate loading is the presence of inertial stresses in the latter.
In the current research, inertial stress is considered to be the stress required to induce
rapid acceleration into the specimen, which in dynamic experiments is significant
compared to the material stress described by the constitutive models. Because of these
stresses, the deformation of a specimen is necessarily non-uniform for some period during
dynamic loading, the specimen is no longer in quasi-static equilibrium, and calculations
of constitutive parameters from experimental data become more challenging. The state in
which a specimen undergoes such non-uniform deformation is referred to as a non-

equilibrium state in this thesis, which is the standard, if imprecise, terminology adopted
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in the high strain rate research community. The inertial effect is more significant for

elastomers as the wave speed, (\/E/ p), is much lower than in stiffer engineering

materials, as shown in Figure 2.7. The lower wave speed means that if a specimen is
deformed at one end it takes a longer period of time for the deformation to reach the other
end. The softness of elastomers and the resultant inertial effects are the primary reason
for the difficulty of performing dynamic tests on these materials. Now, one of the most
widespread dynamic test methods is briefly explained together with the equilibrium

problem expected for elastomers.
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Figure 2.7 Modulus versus density of several classes of materials (dashed lines indicate a particular wave
speed) (Ashby, 1989).

2.2.1 Split Hopkinson bar test

The most widely used test method for mechanical characterizations of materials at
dynamic strain rates is the split Hopkinson bar. The technique was initially developed for
compression experiments, in which case it is referred to as the split Hopkinson pressure
bar (SHPB) by Kolsky (1949). As shown in Figure 2.8, the basic SHPB system comprises
three metallic rods: the striker, incident and transmission bars. It is assumed that these
bars are manufactured from the same material. The striker bar is launched at a certain

initial velocity and impacts on one end of the incident bar. As a result of the impact,
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Figure 2.8 SHPB test arrangement and wave propagation diagram: the black boxes indicate the strain
gauge locations.

a compression stress wave propagates into the bars, as shown in the wave propagation
diagram (Figure 2.8), in which the abscissa and ordinate represent time t and the bar
longitudinal position X, respectively. The strain gauge on the incident bar initially
measures the incident pulse &1. At the specimen, part of the incident wave is reflected back
to the incident bar, ¢r, and part is transmitted into the transmission bar, et. These strain
signals are converted to the stress waves o1, or and ot using the Young’s modulus E of
the bars. For an elastic specimen, the relationship between o) and or is given by the

equation (Johnson, 1983; Parry et al., 1994):

or =((AZ,-AZ,) I (AZ,+A,Z,))0, =Ro, (2.26)
where A is the cross-sectional area and Z (acoustic impedance) is defined as Z = pc
(density p and wave speed c); the subscripts ‘s’ and ‘b’ indicate the specimen and bar

respectively. The multiplication factor in front of ) in Eq. (2.26) is called the reflection

coefficient R, which is a function of the mechanical properties of the specimen and bars

becausec = /E / p. If As = Ay, the reflection coefficient is simply

R=(Z,-2,)/(Z.+Z,) (2.27)
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It is possible to calculate this coefficient respectively for the cases of SHPB tests
performed on high and low modulus materials by providing representative material
properties Zs and Zy. If the pressure bars of the SHPB are made of a steel alloy, for
example, of E, =200 GPa and p, = 7800 kg/m?, and the specimen is an aluminium alloy
of Es=70GPa and ps=2700 kg/m® (Bertholf and Karnes, 1975), the reflection
coefficient is approximately -0.5. This value means that if a compressive incident pulse
of 1 MPa is generated, one half of this pulse (in tension) is reflected back into the incident
bar. The pulse traveling along the transmission bar can be approximated by the following
equation, with the assumption of the equilibrium state in the specimen (Ramesh, 2008):

0,+0g =0, (2.28)
This equilibrium condition is an essential part of the traditional SHPB analysis. Using
this equation, it is found that one half of the incident pulse is transmitted. The history of
ot is directly used to obtain the stress in a specimen under the assumption of equilibrium.
The nominal stress in the specimen is

N=0.A, /A, (2.29)
In most practical cases, the specimen will not remain elastic, and the amount of the
incident pulse transmitted and reflected is dependent on the flow stress of the specimen
material. An example of stress pulses measured during the SHPB test on a relatively stiff
polymer is shown in Figure 2.9.

It is possible to understand one difficulty of using the above SHPB analysis on
elastomers by replacing the aluminium specimen with a softer material of Es =2 MPa
and ps = 1200 kg/m3. For this assumed material, the reflection coefficient is obtained as
0.998 and, consequently, ot becomes about 0.002 MPa from the compressive oi of 1 MPa.
As the impedance of a specimen is significantly lower than that of the bars, most of o is

reflected back and only a small portion enters the transmission bar. Such a low amplitude
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Figure 2.9 Incident, reflected and transmitted pulse in the SHPB for a polycarbonate specimen (Field et
al., 2004).

pulse in the bar can prevent reliable measurement of the signal due to a high noise-to-
signal ratio. Figure 2.10 shows an example of the low amplitude of o7 due to the large
impedance mismatch between a rubber specimen and metallic bars in the traditional
SHPB system.

Eq. (2.28) is derived by the assumption of the equilibrium condition that the normal
forces at the two specimen/bar interfaces are equal. It has been estimated that equilibrium
can be achieved after three reverberations of the stress waves in a specimen (Briscoe and
Nosker, 1984; Chen et al., 1999). This stress reverberation is achieved within a very short
loading period for high modulus materials; for example, equilibrium of an aluminium
alloy specimen (c=5000 m s™) can be obtained after about 2.4 us for a 4 mm thick
specimen. If one generates a strain rate of 10 s on this metal specimen, stress equilibrium
is achieved after 0.002 % strain. The same calculation can be applied for elastomers; for
the case of the assumed elastomer (used in the above paragraph, c~40m s%), the
equilibrium state could be achieved after 300 ms, at which time the specimen is already
deformed by 300 % strain at 10 s*. That is, for soft materials, stress equilibrium is only
achieved after a large amount of deformation has already occurred, if at all. The measured
signals during the non-equilibrium state should not be interpreted by the traditional SHPB

analysis as the equilibrium assumption is no longer valid. It is easy to observe the non-
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equilibrium state (non-uniform deformation) of elastomers in the SHPB test as shown in
Figure 2.11, in which the specimen is loaded from the right-hand side. The deformation
of this loading side is much larger than that of the left side; the non-uniform deformation
obviously generates a different force at the two ends of the specimen. An example of the

force measurement under the non-equilibrium state is presented in Figure 2.12.
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Figure 2.10 Incident, reflected and transmitted strain gauge signals of the traditional SHPB on an
elastomer (Chen et al., 1999).

Figure 2.11 Silicone rubber dynamically loaded by the SHPB in compression (Chen and Song, 2011).
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Figure 2.12 Stress measurements at both ends of an elastomer specimen in the traditional SHPB (Song
and Chen, 2004).
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2.2.2 Recent developments in Hopkinson bar tests for elastomers

Two limitations of the traditional SHPB experiment on elastomers are mentioned
above: (1) low signal-to-noise ratio and (2) long duration of the non-equilibrium state.
The achievement of equilibrium is especially difficult during the initial stages of loading;
this is compounded by the fact that inaccurate force measurements due to small force
signals during the initial loading can make confirmation of equilibrium difficult. These
problems become more severe as the strain rate increases. These two limitations have
been key factors of the modification of the SHPB or the new development of an impact
experiment for elastomers. In this section, several attempts to overcome these two
limitations are introduced.

The main reason of the first limitation is the large impedance mismatch between the
bars and specimen. Experimental developments have therefore focused on reducing the
impedance of the bars. Several authors have attempted to utilize polymer bars in the
SHPB: e.g. PMMA (Bacon, 1998; Harrigan et al., 2014) and PC (Rao et al., 1997);
impedances for these materials are compared to commonly used metals in Table 2.1.
Because the impedance mismatch is lower when polymer bars are used, a larger portion
of the loading pulse propagates into the transmission bar. Furthermore, because the
polymer bars have lower Young’s moduli, the strain signal resulting from this wave may

be significantly larger. However, the application of polymer bars requires careful analysis

Table 2.1 Comparison of the impedance properties of commonly used bar materials for Hopkinson bar
tests (Chen and Song, 2011; Rao et al., 1997).

Density, p Young’s modulus, E  Acoustic impedance

Material = /m?) (GPa) ¢ (kg/m?/s)
Steel 8000 200 4x107
Titanium 5070 115 2 4x107
Aluminium 2810 72 1.4x10°

PMMA 1160 2 1.5x10°
PC 1156 25 1.7x10°
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to consider dispersion and attenuation of the stress waves as a result of their viscoelastic
nature. In addition, this viscoelastic behaviour makes the strain signals measured using
the polymer bars sensitive to other experimental factors such as strain rate, temperature
and humidity. Another approach to improve the transmitted gauge signal is to design
hollow metallic bars (Chen et al., 1999). The signal amplification from this design can be
understood from Eq. (2.29) where the reduction of Ay leads to an increase of ot for the
same specimen stress. Another method to increase the signal amplitude is to utilize a
highly sensitive force sensor embedded in the bars instead of, or in addition to, surface
strain gauges. A circular piezoelectric transducer (manufactured from PZT) has been
adopted for this application (Chen et al., 2000) and showed a good sensitivity even for a
very soft polymer, HTPB (Kendall et al., 2014). In order to obtain high bandwidth
measurements, it is necessary to match the impedances between the bars and the PZT; for
this reason, titanium alloy bars have been used for this application. The PZT is usually
protected by thin aluminium or titanium discs on both sides as the transducer is very
brittle. However, it has been found that additional axial inertial forces generated by the
protection layers and PZT can significantly affect the actual force history (Casem et al.,
2005).

Use of the polymer bars can also be a remedy for the second limitation (long duration
of the non-equilibrium state). Analytical work has shown that the reduced impedance
mismatch from the application of the polymer bars can significantly decrease the duration
of the non-equilibrium period (Rao et al., 1997). However, the polymer bar cannot be a
sole solution, especially when very soft elastomers are tested or high strain rates are
required. It might be obvious that the thinner specimen reduces the non-equilibrium
duration because the distance that the stress wave travels becomes shorter. Although this

method is easily applicable, thickness reduction can bring several adverse effects such as
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interface friction, increased confinement due to lateral inertia and poor accuracy in the
strain measurement (Chen and Song, 2011; Warren and Forrestal, 2009). Moreover, when
the deformation of the thin specimen is very high, the strain state can significantly deviate
from the uniaxial loading that needs to be assumed for the SHPB analysis.

As well as reducing the specimen thickness, the non-equilibrium period can be
minimized by shaping the incident pulse. The incident pulse shown in Figure 2.9 sharply
reaches the maximum amplitude; in other words, the time (rise time) to reach the
maximum amplitude is short. Such shape of the pulse will induce rapid acceleration and
high strain-rate deformations concentrated on one side of the specimen so that the
specimen experiences a lot of strain before reaching stress equilibrium. One technique to
solve this non-equilibrium problem due to the sharp pulse is pulse shaping. A pulse
shaping technique has been used to smooth the incident pulse by means of a thin polymer
disk (Chen et al., 1999; Song and Chen, 2003) or layers of thin paper discs (Shergold et
al., 2006) located between the striker and incident bar. Figure 2.13 shows the application
of the pulse shaper in which the rise time is increased. This smooth incident pulse limits
the non-equilibrium period to the initial deformation stage and allows sufficient time to
achieve the stress equilibrium before the main deformation loading. This is due to two
effects: firstly the more gradual loading allows equilibrium to be achieved more rapidly,

and second the reduced strain rate in the early stages of deformation reduces the strain
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Figure 2.13 Smooth incident pulse signal by means of a polymer-disk pulse shaper (Chen et al., 1999).
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induced in the specimen during this period of loading. However, the gradually increasing
pulse gives the same shape to the strain rate profile. Thus, the strain rate for the initial
loading period can significantly differ from the constant strain rate exhibited during the
major loading stage.

The combination of the non-metallic bars, PZT sensor, thin specimen design and pulse
shaping techniques can significantly improve the two limitations of the SHPB for
elastomers (Jiang et al., 2015). However, it is still difficult to generalize these
combinations for various soft materials. Complex soft materials, e.g. cloth-reinforced or
cellular rubbers, need a certain dimensional style requirement for their specimen designs,
that is, the small cylindrical specimen design of the SHPB is not suitable to fully represent
their complex internal structures. For this case, a dynamic test in tension may be more
appropriate as the specimen size can be larger than in compression avoiding the buckling,
which is likely to occur for long and soft SHPB style specimens. However, the
aforementioned two limitations of the SHPB can be even more serious for the case of a
dynamic tension test on elastomers. The achievement of stress equilibrium is more
difficult due to the specimen design which inevitably requires a large length-to-thickness
ratio. The specimen should have at least a certain minimum length in order to experience
uniaxial stress and minimise other stress states, not only triaxial but also planar or biaxial,
in which elastomers exhibit different material behaviour.

A number of authors have conducted dynamic tensile tests on elastomers with some
modifications to the traditional split Hopkinson tension bar (SHTB). Cheng and Chen
(2003) used a short specimen and pulse shaping technique for an SHTB test on EPDM
rubber at strain rate of about 3000s™. A similar experiment was conducted on
polyurethane using a traditional SHTB system in combination with a pendulum striker

(Kanyanta and Ivankovic, 2010). Nie et al. (2008) developed a special clamping system
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in an SHTB in order to use a thin tubular shape specimen with a very short gauge length
of 1 mm. The authors found that this specimen design enabled them to reduce lateral and
longitudinal inertia effects. Similar to the SHPB case, a smaller or short specimen shape
Is an applicable and effective way to decrease the duration of the non-equilibrium state;
however, the reduction in the size for a tension-type specimen can cause several side
effects such as inhomogeneous strain states and significant end effects from the gripping
area. Apart from the conventional Hopkinson bar technique, Roland et al. (2007)
developed a special drop-weight test apparatus in which a tensile load was applied at both
ends of a polyurea specimen. Although in this study, stress equilibrium was confirmed by
the similarity of the forces measured at each end of the specimen, the actual stress state
in the middle of a specimen should be investigated. In order to overcome the equilibrium
problem, a recent study has directly used the non-uniform deformation state caused by
wave propagation in a specimen to obtain a dynamic strain stress curve using the
nonlinear one-dimensional wave equation and jump conditions (Niemczura & Ravi-
Chandar 2011a,b). However, in these studies, the material motion only along a central
line of the specimen is considered, due to the one dimensional assumption, neglecting the
lateral contraction. This assumption for elastomers can lead to overestimation of the stress
due to high incompressibility.
2.2.3 Dynamic mechanical analysis method

DMA is a widely used technique for characterizing the temperature and frequency
dependence of viscoelastic polymers, focussing on the response at small strain, which is
widely accessible through commercially available devices. A schematic representation
of DMA is shown in Figure 2.14(left) in which the red specimen, of thin rectangular
shape, is placed on the tensile fixture. At one end of the specimen, a sinusoidal force is

applied, and the resultant specimen deformation is simultaneously measured. If
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Figure 2.14 Schematic representation of a typical system of DMA and one cycle sinusoidal force and its
displacement profiles along time axis.

a perfectly elastic material is tested, the force and displacement profiles are completely
in phase. For the case of a viscoelastic material, a phase lag of the displacement
measurement occurs with respect to the force profile. The amount of the phase lag (angle)
is usually indicated by the symbol 6, which is thus a parameter characterizing the
viscoelastic behaviour. If the periodical force is applied at a frequency o (radians/sec) in

the linear viscoelastic regime, the stress-strain relationship can be written (Ferry, 1961)
o =¢,(E'sinwt + E"cos wt) (2.30)

where & is the strain amplitude. E” and E” are respectively the storage and loss moduli

defined as
E'=(0,/¢,)c080 (2.31)
E"=(0,/¢,)sind (2.32)
and their relationship is
E"/E'=tand (2.33)

It is desirable to characterize the viscoelastic behaviour of polymers over many
decades of time, which may in practice be inaccessible or prohibitively time-consuming.
In this case, the well-established time-temperature superposition principle (TTSP) may

be used to extend the range of frequencies by using data obtained at different temperatures.
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Figure 2.15 Isotherms of relaxation modulus and the construction of a relaxation master curve by means
of the time-temperature superposition principle.

This method is conducted by the following procedure. The left-hand side of Figure 2.15
is a collection of the relaxation moduli obtained isothermally at several temperatures.
These data are measured by a frequency sweep testing mode, which is provided by most
DMA devices. The frequency used for the DMA test can be approximately converted into
time as one-quarter of the period (1/4w). The frequency range available with a
commercial DMA device is generally not large enough to give a long-range time scale
for the relaxation curve. At this point, TTSP can be adopted in order to expand the time
scale. This principle is based on the assumption that the reduction of the modulus due to
an increase in chain movement as a result of high temperature resembles the relaxation
behaviour over a long time period (Tobolsky, 1956). Similarly, there is equivalence
between low temperature and high rate deformation. If the frequencies are spaced closely
enough, it is observed that each isotherm overlaps with those at higher and lower
temperatures. This resemblance between the isotherms makes it possible to shift curves
so that they overlap in order to construct the relaxation master curve. The shifting
procedure is shown in Figure 2.15. The amount of shifting is referred to as the shifting
factor ar, which is usually itself a function of temperature. A commonly used empirical
function is available for ar with respect to temperature (Williams et al., 1955) denoted as

the WLF model and, given as:
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C,(Temp—Temp,)

(2.34)
C,+(Temp—-Temp,)

loga, =—

where Tempo is a reference temperature. In the research reported in this thesis, DMA and
TTSP were utilized to support the high strain rate moduli derived from other experimental
techniques.

Dynamic characterization using DMA as explained above is only limited to small
strains, because the equations used for DMA are based on the assumption of linear
viscoelastic behaviour. In other words, DMA is not applicable for characterizing the
dynamic behaviour of elastomer at large deformations. The question might arise as to
whether the relaxation master curve obtained from a set of DMA experiments can be used
to describe the viscoelastic behaviour at large strain. It has been already found that the
rate dependency of elastomer at large strain measured by a transient experiment (e.g.
SHPB) is very different to that obtained by the application of TTSP to DMA data (Mott
et al., 2011; Zhao et al., 2008). This deviation can be caused by several factors such as
non-linear viscoelastic behaviour, phase changes at high or low temperatures, or time and
temperature dependent structural changes with applied deformation, e.g. stress induced
crystallisation. Nevertheless, the mechanical properties of elastomers measured by the
combination of DMA and TTSP will be used in this research to compare with the results

from transient experiments at small strain.
2.3 Virtual Fields Method (VFM)

The above section introduces modifications to the traditional SHPB or new test
methods developed to overcome the current experimental limitations of dynamic tests on
elastomers: (1) stress equilibrium and (2) high noise-to-signal ratio. Additionally, it is
explained that the DMA technique is limited to (3) small deformations. Recently, methods

to address these problems have been explored for data measurement in dynamic
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experiments on polymers. With regard to the equilibrium problem, there have been
several efforts to directly use the propagation of a stress wave through the specimen to
obtain material properties. By means of high speed cameras and the digital image
correlation (DIC) technique (Sutton et al., 2009), it is possible to track deformations in a
specimen subjected to dynamic loading with a high spatial and displacement resolution,
even (or especially) when the specimen is in a non-equilibrium state (Pierron et al., 2011;
Siviour, 2009). This full field measurement technique opens a new way of characterizing
dynamic mechanical behaviour by using inverse techniques (Stéphane Avril et al., 2008).
The Virtual Fields Method, VFM, (Pierron and Grédiac, 2012) is an inverse technique
which has the particular advantage that it allows inverse identification problems to be re-
expressed as forward problems. The VFM is proposed as a basis for new experimental
methods for overcoming the above limitations. In this section, a description of the VFM
is given; actual applications are also briefly explained for static and dynamic cases. Firstly,
however, a description of digital image correlation, which in this thesis is used to provide
the experimental data required by the VFM, is provided. Also, a description of another
popular inverse technique, finite element updating, is given for a comparison with the
VFEM.

2.3.1 Digital image correlation (DIC)

Many authors have performed characterization of the mechanical behaviour of
materials (i.e. stress-strain relationship) using surface deformation data to obtain the
required strain information. Although, it is also possible to measure volumetric
deformation fields, e.g. by combining tomographic imaging with a volume correlation
technique (S. Avril et al., 2008; Forsberg and Siviour, 2009), surface measurement is still
popular in experimental mechanics, especially when materials are homogenous and small

or thin enough to assume uniform strain states. Dynamic characterization is still limited
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to surface data as the current volumetric measurement techniques are not able to achieve
the required combination of temporal and spatial resolution. In the current research, the
full-field measurement was conducted only on the specimen surface, and the discussion
of the deformation measurement techniques is limited to the case of in-plane deformation.

Measurement methods for material surface deformations are divided into two groups:
contacting and non-contacting methods. The electrical resistance strain gauge is one of
the common contact measurement methods for extracting strain data on a small area
where the gauge is attached on the specimen surface. The strain gauge is not applicable
for elastomers exhibiting very large deformations; instead, a clip-on extensometer is often
appropriate as it is able to track large relative displacements of two material locations.
However, this extensometer is not applicable for dynamic tests. The weight of the clip
head will cause significant inertial forces during dynamic loading and slipping of the clip-
on fixture can occur.

One category of non-contact methods can be defined as techniques able to measure
full-field deformations by observing an optical change on the surface of a specimen
(Rastogi, 2000). The optical measurements are divided into two groups: interferometric
and non-interferometric. One example of the first method is Moiré interferometry (Post
et al., 1994). This method uses two coherent laser beams, the superposition of these two
beams produces walls of constructive and destructive interference. This pattern, used as
virtual reference grating, interacts with a geometric grating made on the specimen surface
(Han et al., 2005). This interaction generates the Moiré pattern, which is recorded by a
camera and then analysed to produce displacement fields. Other interferometric
techniques include holography interferometry (R. Jones and C. Wykes, 1989) and speckle
interferometry (Leendertz, 1970). Non-interferometric methods measure the surface

deformations by comparing characteristic patterns before and after deformation. The
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pattern can be made by several methods, including deposition of a thin grid, coherent light
illumination on a rough surface (the laser speckle effect) and spray painting. The first of
these is used in the grid method (Goldrein et al., 1995), whilst the latter two can be used
in speckle photography (Sjodahl and Benckert, 1993) and digital image correlation (DIC)
(Sutton et al., 2009). As the surface of the sample deforms, the changes in the pattern are
recorded by a suitable imaging device. For example, digital imaging devices are widely
used to record the pattern images for the DIC application. The recorded images are then
typically compared to a reference image to generate displacement fields.

The DIC technique measures intensity (grey level) changes due to movement of a
random grey intensity pattern made on the surface of a specimen; the pattern may be
applied by, as mentioned, a spray paint or may result from natural features on the
specimen surface. An example of a so-called speckle pattern is shown in Figure 2.17.
The intensity changes are measured by comparison of various small regions (i.e. subsets)

of two digital images before and after deformation. The commonly used numerical

subset-1

subset-2 T N

X

Figure 2.16 Schematic representation of the pattern matching of DIC between subsets on the reference
(dashed line) and deformed (solid line) configurations.

Figure 2.17 Black random speckle pattern (Lecompte et al., 2006).
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algorithm for DIC was first suggested by Sutton et al. (1983). The principle of in-plane
DIC involves matching the two-dimensional intensity distributions. The digital images
are divided into evenly spaced subsets, and for each subset, a displacement is calculated.
The subset size should be big enough to have a distinguishable pattern; a commonly used
rule of thumb is that there should be three pixels per speckle and three speckles per subset
(Lecompte et al., 2006). The pattern matching is conducted between subsets of the
reference and deformed configurations as shown in Figure 2.16, where the two subsets
include distinctive patterns: one of the dots is smaller and darker. The matching procedure
is performed by evaluating the degree of similarity of the grey levels between these

subsets using an objective function (Pan et al., 2009), such as
Cssp = 2 |GR, (X) ~GR(x + u)|2 (2.35)

where GRo and GR represents grey levels of the reference and deformed configurations.
The square difference of grey levels, Cssp, is referred to as a sum of square deviation
(SSD). Minimization of Eqg. (2.35) is used to find locations of corresponding subsets
between the two configurations. Another common correlation function is cross
correlation, Ccc. This function is adopted in the DIC software (Davis 7.2, LaVision 2007)

used throughout the present research and can be written as
Cee = D_[GRy(X)GR(x+U)] (2.36)

In contrast to Cssp, maximization of Ccc is used as the correlation criterion for the pattern
match. This correlation mode can be computed in the Fourier domain (Chen et al., 1993)
in order to reduce computational time. The difference in the subset locations of the two
configurations is a displacement vector. The agglomeration of these over the whole
surface forms the full-field displacement data. The spatial derivative of this displacement

field leads to the attainment of strain data; various numerical methods can also be applied
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to condition or analyse the data such as FEM smoothing (Shi et al., 2004) and least-square
fitting (Wattrisse et al., 2001).

The most important practical factors which affect the accuracy of DIC are lighting,
speckle pattern, subset size and correlation calculation (Haddadi and Belhabib, 2008).
The variation of the light source such as light flickering and brightening or dimming can
cause large differences in grey level of the same subset between images. It is difficult to
control this error source as the variation depends on lighting devices and the type of
experiments. For the case of high speed imaging, the frequency and duration of lighting
is important. One way of evaluating the sensitivity of the light variation is to use pictures
of a static object. The application of DIC to static pictures should theoretically produce
zero displacement and strain fields. The variation of the measured fields can be used as a
parameter for the evaluation of the light source sensitivity, as well as errors owing to
detector noise. A larger subset size generally produces the smallest sensitivity to
measurement noise (Lecompte et al., 2006; Rajan et al., 2012). However, it also reduces
the number of independent displacement measurements, and hence the data spatial
resolution (number of data points), which must remain large enough to adequately
represent the mechanical behaviour of the specimen. The use of static image analysis is
also useful for the determination of the optimal subset size. One strategy used in the
present research will be given in a later chapter. The procedure of correlation calculation
is a critical factor, especially when the distortion of the pattern is very large. For this case,
it may be difficult to conduct pattern matching between the initial picture and the later
one. To cope with this difficulty, the incremental calculation scheme (Davis 7.2, LaVision
2007) was adopted in the present research. This method uses the correlation between two
successive images to calculate an incremental displacement. These incremental data are

summed to form the total deformation.

48



2.3.2 Applications of DIC

A common DIC application is strain measurement in mechanical tests: metals
(Bastawros, 2000), composites (Périé et al., 2009) and polymers (Chevalier et al., 2001).
An important advantage of DIC is a full-field data measurement. In the case of 2D DIC,
it is possible to obtain five full-field data quantities: ux, Uy and exx, &y, exy. This form of
analysis reveals experimental data that is difficult to be obtained by a pointwise strain
gauge technique, such as large deformations (Le Cam, 2012), damage evolution
(Niendorf et al., 2009) and spatial data for a large structure (Yoneyama et al., 2007).
Another example is the quantitative measurement of strain localizations during
mechanical testing in the case of a uniaxial tension test (Tung et al., 2010; Wattrisse et
al., 2001). The application of DIC for this case is to produce an actual strain measurement,
which can be approximated by averaging strain fields over a localized area. However, the
determination of the averaging area can be difficult especially beyond the yield point
where the spatial gradient of strain is very high (Jerabek et al., 2010). The stress-strain
curve obtained from this measurement method is an averaged property between the
localized and non-localized area. This averaged property significantly deviates from the
actual characteristic when the localized area undergoes phase transformations (Daly et al.,
2008; Delpueyo et al., 2012). Moreover, these transformations can lead to a
heterogeneous strain state which is significantly different from the global strain (Kang et
al., 2006). For this case, the strain-state assumption for the construction of a simple
constitutive equation (e.g. one-dimensional uniaxial equation), to be used for the fitting
of a stress-strain curve, is no longer valid. This heterogeneous strain state can globally
occur for anisotropic materials, e.g. fibre-reinforced composites (Godara and Raabe, 2007;
Pierron et al., 1998). Uniaxial tension tests for such materials and strain measurements

by averaging the data field leads to the attainment of material parameters which does not
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clearly represent the strain-state heterogeneity. The strain state is also an important factor
for a mechanical test of rubbers. For example, a bulge test is often adopted to produce a
biaxial strain state. A circular rubber sheet is clamped around the edges using two flanges;
one of the surfaces is pressurized by gas or liquid (Sasso et al., 2008). As the rubber
inflates, strain measurement can be conducted by DIC, especially around the central area,
where it is assumed that there is a pure biaxial strain state. An averaging scheme for strain
Is required to conduct a fitting procedure with the biaxial stress-strain equation. However,
it can be difficult to define the averaging area to exclude regions in which other strain
states exist. Although this can be achieved, force data measured during this experiment
are a result of heterogeneous strain states.

As explained above, the application of DIC as a simple replacement of a strain gauge
has limitations for some experimental circumstances where heterogeneous strain states
are expected. Often, the local strain is used as a strain measurement and assumed to
correspond to the stress obtained from a global force measurement. However, it is difficult
to define the direct relationship between those two measurements. Instead of using an
averaged scalar value, the whole full-field data, which represent heterogeneous states
over a whole specimen area, can be a solution for a better characterization of materials.
One set of techniques able to utilize the complete full-field data are inverse methods.
2.3.3 Finite element model updating (FEMU)

Inverse methods are experimental analysis methods by which materials are inversely
characterized through a specific relationship between the experimental data and their
physical behaviour (Stéphane Avril et al., 2008). A linear inverse problem can be defined

as (Aster et al., 2013)

d=_Ym (2.37)
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where d, m and Y are respectively a set of experimental observations, physical parameters
and a matrix defining the relation between d and m. The inverse problem is to seek
unknown physical parameters m (e.g. Young’s modulus) using observed data d (e.g. full-
field displacement data and point measurement of force) and a predefined physical
relation Y. The conceptually simple way to estimate m is direct inversion of Y; however,
in practice the matrix Y is usually not invertible (Kabanikhin, 2008). Instead, the
minimization of the cost function shown in Eq. (2.38) can be iteratively conducted until
the function reaches its minimum value with estimatedm’.
O=d-Ym’ (2.38)

This concept is the main idea of the finite element model updating (FEMU) technique
in which the error minimization is conducted by reducing the difference between
experimental data and a numerical simulation of the experiment (Kavanagh and Clough,
1971). The first step of this technique is the construction of a finite element model which
resembles the actual mechanical tests. The FEM simulation is conducted with the
boundary conditions (displacement or loading) from the real test; numerical data
extracted from the simulation result are compared with experimental observations, and,
based on these data, changes are made to the material parameters in the simulation. This
procedure continues until the numerical data match those from the experiment. The form
of experimental observations for FEMU can be either full-field measurements or several
point-wise discrete data.

FEMU is widely accepted for characterizing material parameters as its concept is very
intuitive; the form of experimental data is very flexible; and some commercial FEM
packages provide a convenient way of comparing numerical and experimental data (lenny
et al., 2012). Various materials have been characterized for the identification of material

parameters: wood (Le Magorou et al., 2002), metal (Kajberg and Lindkvist, 2004;
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Meuwissen et al., 1998) and polymer (Pagnacco et al., 2007). The combination of full-
field measurements and FEMU is of special interest to soft materials in which stress and
model parameters are very dependent on strain states (Gendy and Saleeb, 2000). FEMU
has been applied to several soft materials in order to identify material parameters which
reflects complex strain states obtained from full-field measurements (Genovese et al.,
2006; Meijer et al., 1999). The application of DIC and FEMU has been applied to the
tensile Hopkinson bar experiments on a mild steel specimen (Kajberg and Wikman, 2007).
A small tensile specimen was dynamically tested with high speed photography taking a
series of pictures of random speckle patterns. The full-field data (displacement and strain
fields) captured heterogeneous strain states on an imaging area of the specimen surface.
Material parameters for a viscoplastic model were optimized by reducing the difference
between experimental and simulation data of either displacements or strains.

Although FEMU has been utilized for various materials and experimental conditions,
several drawbacks remain. Firstly, the computational time can be expensive for some
circumstances, for example, where the simulation size is large or a large number of
material parameters need to be identified, significant effort has been put into optimising
the sampling of parameter space, but if the physical effect of different parameters is highly
coupled, this can still be challenging. Secondly, it can be difficult to accurately replicate
the actual experimental conditions in the numerical model. This difficulty can arise when
a material structure is complex or the measurements of boundary conditions are not
accurate enough. Third, FEMU requires an initial estimation of material parameters due
to its iterative calculation method. In order to avoid finding a local, rather than global,
minimum of the cost function, the initial estimations should be within a certain range of

actual material parameters, which can be difficult to assess a-priori.

52



2.3.4 Definition of the Virtual Field Method (VFM)

The VFM is an inverse method which requires full-field data of a measurement domain.
The VFM provides a framework by which a relationship between experimental data and
unknown parameters is mathematically constructed. The application of the VFM needs
the use of a particular constitutive model in its calculation procedure. When a linear
constitutive model, in which stresses and deformations are linearly defined by material
parameters, is used, a linear inverse problem can be made so that it is possible to calculate
the unknown parameters as

m =Y"d (2.39)

This means that the VFM does not require the iterative procedure using finite element
simulations; thus, the aforementioned disadvantages of FEMU are no longer present in
the VFM. The inverse problem of the VFM can be nonlinear when a nonlinear constitutive
model is used. The VFM calculation is iteratively conducted to find material parameters.
Although the iterative calculation style is required in this nonlinear VFM as in FEMU,
the calculation speed is much faster for the VFM as the construction and calculation of
successive finite element simulations is not required. The description of the VFM below
is based on a linear constitutive relation.

The principle of the VFM is to provide a mathematical relationship between
constitutive equations with unknown parameters and experimental data fields. This
mathematical relationship is based on the weak form of the equilibrium equation, which
is referred to as the principle of virtual work (PVW). This equation is derived from the
local equilibrium equation and boundary conditions:

dive +b = pa (2.40)

on =T overs, (2.41)
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u=U overs, (2.42)

where p, b and a are the density and body force and acceleration vectors. st and sy
respectively represent the surface areas where loads and displacements are prescribed.
The overline over displacement, u, and traction, T, vectors indicates that they are
prescribed quantities. The “div” is a divergence operator with respect the current
configuration. The next step is to introduce a virtual displacement u™ which satisfies C°
continuity (i.e. continuous fields) and kinematic admissibility, i.e. u” = 0 over s,. The
kinematic admissibility is not a compulsory requirement but a condition to remove the
virtual work contribution of the reaction force at su. If force measurement is available
over this boundary, the virtual field does not need to be kinematically admissible. The
multiplication of u” to Eq. (2.40) and its integration over the current volume v of the body

with the assumption of no body force produces
L dive -u'dv = jv pa-u dv (2.43)
Starting from this equation, the application of the divergence theorem and several

mathematical procedures lead to the principle of virtual work equation (Pierron and

Grédiac, 2012):

—L o edv+ J-Sf T-u'ds= L pa-u dv (2.44)

where

o actual stress tensor

T actual loading (= on)

u virtual displacement vector

g virtual strain tensor (=ou” /ox)

\% current volume of the body

S current loaded surface

“>and -’ the dot products for matrices and vectors

This principle states that the equilibrium of the body with any kinematically admissible

u” applied onto the body, the sum of all virtual works imposed on the body is null. The
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virtual displacement does not hold any physical relation with actual displacement; rather,
it is a mathematical test function satisfying the smoothness and admissibility
requirements. In Eq. (2.44), o is the Cauchy (true) stress tensor and conjugated with the
current configuration (i.e. deformed configuration); thus, the integration domain is based
on the current coordinate. The PVW can be written in the initial configuration when the
Cauchy stress tensor is replaced by the first and second Piola-Kirchhoff stress tensors, Eq.
(2.11) and (2.12). For example, when the first Piola-Kirchhoff stress, I, is used, the PVW

in the initial configuration is written as (Pierron and Grediac, 2012)

*

—~ VOH:g—)l:ZdVO +Iso,f (TIN) - u,dS, :IVO pa-u, dV, (2.45)
I the first Piola-Kirchhoff stress tensor
V, initial volume of the body
So t initial loaded surface
N initial normal vector of So ¢
u, virtual displacement vector based on the initial coordinate
&, virtual strain tensor (= ou, / ox,)

The main procedure of the VFM is a mathematical manipulation of the PVW, Eg.
(2.44), in which experimental data are applied to each term. The simple analytical
example of the linear VFM application for a static case is given below. In the following
example, provided that the deformation is small, the configuration is based on the initial

coordinate system. In addition, it is assumed that the left and right hand-side boundaries

are free to contract laterally, so that T, ~0,inorder to simplify the calculation procedure.

E =2 MPa
v=10.5MPa

y L =50 mm

X Thickness =1 mm

W =10 mm

ERRER
A

Figure 2.18 Isotropic linear elastic material in a planar rectangular shape subjected to uniaxial loading.
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In the VFM application for the static case of 2D plane stress loading as shown in Figure

2.18, the PVW, Eq. (2.44), is simplified as

j o &'ds :I T-u'dl (2.46)
s I
where s and |r denote the current surface and loaded boundary. Its component form is

XX XX

La Ep T O &y +0 6, Us= Lf T, +Tu, dl (2.47)

For an isotropic linear elastic material, the Cauchy stress term is defined by the

multiplication of the plane-stress stiffness matrix to a vector of the in-plane strains as

% Qxx Qxy 0 Exx
O'yy = Qxy Qxx 0 8yy (2.48)
Oy 0 0 GJlg,

where x is the in-plane shear modulus (= (Qxx — Qxy) / 2). It should be noted that &y is an

engineering shear strain. The insertion of Eq. (2.48) into (2.47) results in

* * 1 * d * * 1 * d
Q. L Exx T EEy T+ ngygxy s+0,, L ExEyy T E e — ngygxy N
(2.49)

:Lf Tu, +T,u; dl
Using the simple experiment situation as in Figure 2.18, it is possible to simulate the
application of the VFM in order to identify the unknown parameters Qxx and Qxy (or
equivalently Young’s modulus E and Poisson’s ratio v). It is assumed that a static uniaxial
test is performed in tension and in front of the specimen a digital imaging device is
recording material deformations during loading. The material given in Figure 2.18 is
subjected to a static tension. At the end of the tension test, the force is measured by a test
machine as 0.2 N and the DIC analysis applied on digital images produces an axial strain
fields &xx of 0.01 for the whole specimen surface. The complex strain states, which could
occur at the end of clamping and loading sides, are ignored in this simple study. The

transverse strain field e,y should be measured as -0.005 as the assumed material has a
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Poisson’s ratio of 0.5. The surface traction T, in the loading direction is 0.02 MPa

(= 0.2 N/ cross sectional area). For a simple calculation procedure, zero strain is assumed
for the shear strain &yxy. After collecting the experimental data, the next step is to set up
the virtual displacement u”. Two sets of u” are required in order to create two independent
PVW equations for the unknown parameters Qxx and Qyy. Satisfying the kinematic
admissibility u”(x =0) =0, the virtual displacement can in principle take an infinite

number of configurations. Two suitable examples of u” are given below

e =ou® [ox=1

*()
u® =x . .
{ . 0 = 8y§,l) = 6uy(l) /oy=0 (2.50)
Y e® =ou® Joy+ou™® [ox =0
Xy X Y y
*2) _
u*(2) _ 0 8xx - 0
x “2) — 2.51
“2) =&, = 1 (2.51)
u = y x|
y 2@ _0

Xy
Strictly, Eqg. (2.51) is not kinematically admissible. However, if the origin of the
coordinate of Figure 2.18 is located in the middle of the left-hand side edge, this virtual
field is able to cancel the traction at this fixed boundary due to the symmetry of the lateral
traction. These virtual fields and the assumed experimental data are substituted in

Eq.(2.49), and the following PVW equations are made. The first PVW with u™® is

Q. L e,e.0ds + Oy Lewg:f(l) ds = \ Tu® dl (2.52)
Qu x0.01xWL—Q, x0.005xWL =T, [ u;® dl = TWL (2.53)
0.01Q,, —0.005Q,, =T, (2.54)

Using a similar procedure, the second PVW with u*® is

-0.005Q,, +0.01Q,, =0 (255)

Gathering Eq. (2.54) and (2.55), the following system of linear equations is constructed:
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M { 0.01 —o.oos] Qz{QXX}’ N = {0.02 (MPa)}
-0.005 0.01 Qy 0
MQ=N (2.56)

The two material parameters are obtained by the inversion of the matrix M in Eqg. (2.56):
Qxx = 2.6667 MPa and Qxy = 1.3333 MPa. Consequently, the Poisson’s ratio and Young’s
modulus are respectively 0.5 (= Qx / Q) and 2 MPa (= Qu(1—V?)); these inversely
calculated values are equal to the assumed material parameters in Figure 2.18.
2.3.5 Applications of the static VFM

The example shown above is defined as the linear VFM. The linear VFM is a case in
which the constitutive relation is linearly dependent on the material parameters so that
the inversion of the matrix M in Eq. (2.56) is possible. Also, the VFM used in the
calculation example is applied to the static test condition where inertial forces are low
enough to be ignored. Thus, the method used above is referred to as the static linear VFM.

The static linear VFM is particularly advantageous for characterizing static material
parameters of fibre-reinforced composite materials. The in-plane properties of an
orthotropic composite are described by the four independent stiffness parameters: Qxx,
Qyy, Qxy, and G. The separated parameter identifications for such a material hold several
drawbacks: redesign of composite material specimens for different mechanical test modes
are expensive; it is difficult to generate homogeneous strain states, especially for a pure
shear test; and this requirement limits the freedom of specimen shape (Pierron and
Grédiac, 2012). The application of the VFM and full-field measurements can remedy
these limitations. First, the use of full-field measurements captures heterogeneous strain
states and the VFM embraces all strain states for parameter identifications. This
advantage was first numerically studied for the losipescu in-plane shear test (Grédiac et

al., 1994). Second, as shown in these studies, the VFM is able to identify the four
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independent parameters from a single test as the VFM directly uses a constitutive relation
including these parameters (Chalal et al., 2006).

As mentioned, an infinite number of virtual displacement fields can be designed if they
satisfy the admissibility and smoothness requirements. Also, the different sets of virtual
fields need to be independent. The question might arise as to what is the ideal virtual
displacement for the best parameter identification. An arbitrary choice of the virtual
displacement could affect the accuracy of the estimated parameters. With regard to this
issue, Grédiac et al. (2002a;2002b) suggested a guideline for designing a good virtual
displacement field reducing the noise sensitivity induced from the measurement errors.
The method is to evaluate the independency of the matrix M in Eq. (2.56). The complete
independency can be achieved by making M equal to the identity matrix | so that the
condition number of M is equal to 1. Consequently, the solution of the linear system is
less sensitive to small changes in the matrix N. The virtual fields able to make M =1 are
denoted as the special virtual fields. An automatic way of producing the special virtual
fields has been developed for the linear VFM (Avril et al., 2004). This technique is called
the optimised piecewise special virtual fields in this thesis. The meaning of “optimised”
represents that the virtual displacements are determined by optimizing nodal virtual
displacements by reducing the noise sensitivity of the strain measurements and satisfying
the kinematic admissibility and the specialty condition, mentioned above. The term
“piecewise” indicates that the virtual fields are expanded in a piecewise manner. This
meaning will be clear in Section 3.3. The nodal values are then collected to form the
virtual displacement fields. The optimized piecewise special virtual fields were used in
some of the present research; the description will be given more in a later chapter.

If the stress term in the PVW equation is given by a nonlinear constitutive relation, it

is referred to as the nonlinear VFM. A constitutive relation is nonlinear when stresses are
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not linearly dependent on deformations due to rate dependency, plasticity, damage and
strain-dependent stiffness. This nonlinearity makes it no longer possible to construct the
system of linear equations, Eq. (2.56). Instead of using this equation, in the nonlinear

VFM, the following cost function is set, e.g. for a static case (Pierron and Grédiac, 2012):
_ 2
(La : s*ds—_[l T-u*dlj =0 (2.57)

Based on this equation, the nonlinear VFM has been adopted for identifying material
parameters of the nonlinear models such as plasticity (Grédiac and Pierron, 2006; Kim et
al., 2013; Pannier et al., 2006) and viscoplasticity (Notta-Cuvier et al., 2013; Pannier et
al., 2006). In contrast to the linear VFM, there is no restriction about the number of
independent virtual fields. Even one virtual displacement field can be used by employing
the whole history of experimental data (e.g. strain field at each time, t;) and creating the
cost functions at each ti. The parameter identifications are achieved by minimizing the

sum of the residuals of all cost functions:

2
d):ZN:[Lo-:s*ds—J.l T-u*dq (2.58)
i=1 f

where N is the total number of time steps. The virtual field does not need to be constant
through all time steps; it is possible to adopt the optimized virtual method so that different
piecewise virtual fields are created with regards to different noise sensitivity of each time
step (Pierron et al., 2010).

The static VFM has been applied to a few experimental studies on elastomers. Promma
et al. (2009) has used the static VFM technique for a natural rubber with equibiaxial tests.
This study adopted the Mooney-Rivlin hyperelastic model in the PVW equation.
Although this model gives a nonlinear relationship between stress and strain, its material
parameters can be taken out from the integration term of the PVW, and the formation of

the linear system is possible. Thus, this study utilized the linear VFM with the two
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independent virtual fields for the two parameters. The full-field measurement was
conducted by the DIC procedure, which was able to measure the complex strain states
(equibiaxial tension, pure shear and uniaxial tension states). The identified parameters
show a slight dependency with respect to the applied strain. This could be because the
parameters identified by the linear VFM at a low strain level are not sufficient to represent
the mechanical behaviour at large strain. A similar method has been used on a styrene-
butadiene rubber (Palmieri et al., 2011) but with the nonlinear approach for the Ogden
model parameters. In contrast to the first study, it is mathematically difficult to take out
the two material parameters of the Ogden model from the integration. Thus, in this study,
the nonlinear approach, Eq. (2.58), was applied to the total history of the mechanical test
results with three different shapes of the specimens. The nonlinear method seems more
practical for the case of elastomers because the application of the linear VFM is difficult
for most hyperelastic models. Also, it is physically reasonable that the hyperelastic
parameters can be more accurately identified with a total loading history (Promma et al.,
2009).
2.3.6 Applications of the dynamic VFM

It should be recalled that the traditional SHPB test on elastomers has two significant
difficulties: poor quality force measurements and long period of the non-equilibrium state.
For these difficulties, the application of the dynamic VFM can be an ideal solution
because, simply, the traditional force measurements are no longer required. Instead, the
non-equilibrium state is used as a force measurement. This non-conventional

measurement method is made possible by the following PVW:
—Iva g dv= IV pa-u dv (2.59)

This PVW is made with the virtual fields specially designed to mathematically cancel the

traction force term (external virtual work term). The derivation of this equation is
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explained in detail in a later chapter. The development of this dynamic PVW indicates
two important advantages over the traditional dynamic test: (1) the measurement of the
acceleration fields during a dynamic test replaces the need of a force measurement
technique, the utilization of which is difficult, in particular, for soft materials and (2) the
use of the acceleration equivalently means that the stress equilibrium is no longer a
compulsory requirement as a clear acceleration field is generated by a non-uniform
deformation of a test specimen. Eqg. (2.59) has been adopted for a dynamic
characterization using both the linear and nonlinear VFM on metal (Kim et al., 2015;
Louédec et al., 2013; Pierron et al., 2011), fibre-reinforced composites (Moulart et al.,
2011; Pierron et al., 2014) and concrete (Pierron and Forquin, 2012).

This VFM scheme is very advantageous for a dynamic test on elastomers. The
aforementioned two advantages of the dynamic VFM can overcome the two
disadvantages arising from the conventional impact test techniques. The consideration of
the high noise-to-signal ratio for the measurement of low force values of rubbers, as
indicated by Figure 2.10, is no longer required because traditional force measurement is
not necessary. The generation of the acceleration fields requires a dynamic displacement
field non-uniformly distributed over the specimen surface. The non-equilibrium state is
no longer an experimental obstacle but full-field data that needs to be measured.
Furthermore, the low sound speed allows stress wave propagation in these materials to be
monitored at relatively low speeds, e.g. 50 000 frames per second, for which high quality
images can be obtained from digital high speed video cameras. These two aspects of the
dynamic VFM compared to the traditional dynamic tests are the main motivation of the
present research. The dynamic VFM, Eq. (2.59), is the main technique used throughout

this present research.
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24 Summary

It is recalled that elastomers exhibit a nonlinear stress-strain curve and high rate
dependency, and these properties are required to be measured for engineering applications.
Several high-rate experimental techniques are introduced with their limitations for a
dynamic test on elastomers. Two limitations are highlighted: high noise-to-signal ratio of
the force measurement and long period of the non-equilibrium state. As a solution for
these limitations, the VFM with DIC for full-field measurements is introduced. Especially,
the dynamic VFM applications presented in the previous works (Moulart et al., 2011,
Pierron et al., 2014) are the basis of many aspects utilized in the present research as the
two experimental limitations are simply removed by the means of the non-conventional
force measurement method, the use of acceleration fields. Moreover, the experimental
simplification as a result of this non-conventional measurement of the dynamic VFM
provides greater freedom in experimental designs for high-rate tests and so an opportunity
of extracting dynamic mechanical properties of elastomers, which is not accessible by the
traditional techniques. It is therefore proposed here to develop a high-rate experimental
system for characterizing the dynamic mechanical property of elastomers by means of the
dynamic VFM and high-speed full-field measurements. The proposed experimental
technique is presented in the following chapters.

2.5 Chapter introductions

2.5.1 Chapter 3: DESCRIPTION OF THE DYNAMIC VFM

The dynamic VFM briefly introduced in this chapter is explained in more detail. The
analytical example used for explaining the static VFM in Section 2.3.4 is similarly
designed for the case of a dynamic experiment in tension. The calculation procedure of

the PVW with respect to a discrete data field obtained from either numerical simulation
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or experimental data is described. The definition of the optimized piecewise virtual fields
IS presented.
2.5.2 Chapter 4: THE LINEAR VFM: FEM SIMULATION

The linear VFM explained in the previous chapter is applied to FEM simulation data.
The simulation was conducted with configurations given by an actual dynamic
experiment. The simulation data extracted as obtained from the test were analysed by the
linear VFM in order to show the identification capability. The pre-stretching method is
introduced as a solution for characterizing rubber up to a large deformation level.
2.5.3 Chapter 5: THE LINEAR VFM: EXPERIMENTAL APPLICATION

The same VFM procedure is applied to the experimental data produced by a drop-
weight experiment. The actual drop-weight experiment is described in terms of
experiment steps and high-speed imaging configurations; also some graphical
experimental data are shown. At the end of this chapter, an evaluation of the identification
results of the proposed VFM technique with regard to several data calculation factors is
presented.
2.5.4 Chapter 6: THE NONLINEAR VFM

The application of the nonlinear VFM is proposed as an alternative experimental
technique for a dynamic test on rubbers. A gas-gun test is proposed and explained with
pictures and experimental procedures. The description of the nonlinear VFM is given,
showing how the material parameters of a nonlinear model are directly obtained without
the use of the pre-stretching. The explanation starts with the verification of the nonlinear
VFM using FEM simulations and ends with the procedure of the actual experimental

application.
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2.5.5 Chapter 7: THE INCREMENTAL LINEAR VFM

This chapter explores a potential improvement to the linear VFM introduced in
Chapter 4. The improved linear VFM in this chapter attempts to remove the static force
measurement required in the P\VW. A different form of the equation of motion is adopted
to derive the new VFM. FEM simulation works are presented to show the difference
between the old and new linear VFM with respect to experimental error sources. In
addition, some of the VFM results are compared with SHPB experiments conducted at
similar strain rates.
2.5.6 Chapter 8: FURTHER APPLICATIONS OF THE VFM

This chapter consists of two parts. The first part introduces a possible way of
combining the linear and nonlinear VFM procedures presented in the previous chapters.
The combined VFMs are proposed as a technique to approximate a stress-strain curve
prior to the actual identification so that the determination of an appropriate nonlinear
model to implement in the linear VFM can be performed. The second part shows further
application of the nonlinear VFM, in which a viscoelastic constitutive model is included.
This new VFM is used to attempt to identify part of the relaxation behaviour of rubber.
For both of the cases, FEM simulations are presented for the verification of their VFM
procedures.
2.5.7 Chapter 9: CONCLUSIONS

This chapter provides summaries for all previous chapters in a condensed form. Then,
possible future works are listed focusing on improvements, further analysis and

applications.
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Chapter 3 DESCRIPTION OF THE DYNAMIC VFM

3.1 Introduction

This chapter provides a description of the dynamic VFM in the same manner as the static
VFM introduced in Section 2.3.4. An analytically solvable material model is assumed and
subjected to dynamic loading in tension, which is similar to the actual experiments conducted
in the research presented in the next two chapters. With this analytical experiment, the
application of the dynamic VFM is mathematically described. Also, it will be explained how
to generate the dynamic PVW and apply discrete full-field data in this equation. In Section
2.3.5, an automated method to determine an ideal virtual field was mentioned. At the end of
this chapter, there will be a description of the automated method, the optimized piecewise
virtual fields, for the application of the dynamic VFM. This description applies to the case of
the linear dynamic VFM. Further information on the VFM can be found in a recent textbook,
which gives a comprehensive review of the topic (Pierron and Grédiac, 2012).

The objectives of this chapter can be summarized as below:

o This chapter introduces the concept of the dynamic VFM so that readers can
understand how materials can be mechanically characterized without the
measurement of the traction force.

o An analytical (linear elastic) material model is assumed in order to show the
mathematical procedure of the dynamic VFM and the identification capability for
this assumed material.

o The identification of the VFM is sensitive to an imaging random error. This effect
can be alleviated by means of the optimized piecewise virtual field. The application
procedure of this method is described in this chapter. This procedure is applied to

the simulation and experimental works introduced in Chapter 4 and Chapter 5.

66



3.2 Description of the dynamic VFM

3.2.1 Analytical description

L
X1 o
_>
= A1
10mm | Ry —>
v[ X2 o
L =50 mm Thickness
X =1mm

Figure 3.1 Axial stress, velocity and acceleration profiles as a function of position in the specimen at time t after
loading and the resulting acceleration field. The acceleration is ax in the region A, and zero elsewhere.

The simple two-dimensional geometry used in this calculation is shown in Figure 3.1. A
linear elastic model is used to ensure a simple calculation. The material parameters are chosen
to be similar to the general behaviour of a typical homogeneous rubber: Young’s modulus

E =2 MPa, Poisson’s ratio v =0.5, density p = 1200 kg m* and longitudinal wave speed
40.8 ms?, c=./E/p. Under the chosen applied loading, the velocity ox of the free end rises

from 0 to vo =5 m stin 10 ps (t) and afterward is constant. As a result of the wave propagation,
the specimen may be considered as three regions with different velocity fields, as shown in
Figure 3.1. At any time after t;, the length of the area A is obtained by x> — x1 = ¢ x t; and the
lengths of Azand Az can be similarly calculated. In the region Az, assuming a linearly increasing
velocity, the longitudinal acceleration can be calculated as ax = c(vo / (X2 — X1)) = 5%10° m 52,
and the lateral acceleration is assumed to be close to zero, ay = 0. The longitudinal stress wave
field, ox, follows the velocity profile assuming the one-dimensional stress wave equation,
oxx = pCux. It should be noted that, throughout this thesis, the x and y coordinates usually
indicate the lengthwise loading and transversal directions, respectively.
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The first step is to write the principle of virtual work to apply the VFM, here recalled again:

—Iva g dv+ i T-u'ds= IV pa-u av (3.1)

In a low rate (‘quasi-static’) experiment, a would be negligible, and the traction T would be
used to calculate the material response; with dynamic loading, a is no longer negligible. In the
case of a dynamic test on rubber, a can be clearly observed but T is more difficult to measure
due to low wave speed and stiffness. The measurement difficulty of T can be removed by
mathematically designing the virtual displacement fields u” so that the traction term in Eq.

(2.44) is removed. The following virtual fields enable the elimination of the traction term

(Moulart et al., 2011):

D) —
. e, =2x—L
ux(l) =Xx(x-L) f(‘l)
=qe.’ =0
u,? =0 7
y e —0
Y (32)
*(2) _
*2) _ = 0
u,”=0 ~2)
“2) =&, =x(x—L)
u,” =x(x-L)y 2
gxy = (ZX_L)y

The two independent virtual displacement fields are made for the identification of the two
material parameters E and v (equivalently Qxx and Qxy). The use of either the first or second

virtual fields leads to the formation of the dynamic PVW equation:
—I o 8*dV=J. pa-u dv (3.3)

With Eq. (3.2) and the isotropic linear elastic relation, Eq. (2.48), the dynamic PVW equation,

Eg. (3.3) can be transformed into the following system of linear equations.
{Mn Mlz:HQXX}:{Nl} (3.4)
MZl MZZ QXV NZ

) I (3.5)
_ (3] @ )
Mll—'[v(s € T ELE, +§8 e jdv

XX XX Xy xy
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3.6
M =I (a e e g —lg 8*(1)j dv 49
12 v XXyy Yy XX 2 Xy Xy
* * 1 * (3'7)
— (2) (2 (2)
M,, = Jv(exxexx +te e, + > Py j dv
* *| 1 * (3l8)
— (2 (2 )
M., —J.V(axxeyy +E,8 5 Enly J dv
- *(1) (1) (3.9)
N, = va(axux +au, ) dv
N, = —I p(axu:(z) +ayu;(2)) dv (3.10)
v

In an actual experiment, the strain field data (exx and &y) would be calculated from the
displacement field obtained from full-field measurements. For the present analytical
calculation, they are obtained using the linear elastic constitutive relation, the given material
parameters (E and v), the stresses oxx (ayy = oxy = 0) and the assumption that &xy = 0. Eq. (3.4)
can be further simplified to the two-dimensional case by the assumption of constant stresses
through the specimen thickness, hence the volumetric integral can be converted to a surface
integral. In order to simplify the calculation procedure, the initial specimen configuration is
used in this integral although the integration domain in Eq. (3.3) is based on the current
configuration. The integration of the components of Eq. (3.4) is conducted as follows, with the

assumption of plane stress (h = thickness):

3

M, = hZIA (sxxs’;il) + syys;y)) d4, 3.11)

i=1
The strain fields have zero value in the area of A:. The components of M and N have the same
h term; this can be removed from Eq. (3.4). The strain in Az is constant (exxo), and the linearly

increasing strain in Az is described as exx = exxo(X — X1) / (X2 — X1), S0 Eq. (3.11) becomes
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XX XX XX XX

M, = AQ(e 8(1)+8 8(1) d4, +J- eW 4 8(1)) dA,

) (3.12)
Ero jz X= X1 (2x—L)dx+e, WI 2x—L dx
Evaluating the two integrals gives
2x,—3L+4
M _gxxow( Xl)( Xé + X2)+ xxOW (L X ) (3.13)

This integration procedure is similarly used for the other components of Eq. (3.4) as shown

below

Mlzzj (g D tg 8*(1) dA2+I eW te 8(1)) d4,
A A

xx©yy yy ©xx xxyy yy ©xx

IXZ X~ X1 2X L dX+é,, IXLZX—LdX (3.14)

X

:gyyOW( 2 _Xl)(2X1_3L+4X2)+e Wx, (L—X,)

6 e
— (2) (2) £ @ *(2)
MZl_J-AZ(gxxgxx +tey e, ) d4, +_[ +e.€ )dA3

szx (x—L)dx+e,, j

3.15
. W( 2—x1)(x1 +2x1x2—2Lx1+3x2—4Lx2) (3.15)

o 12
2
o, W (L—xz) ES_L_ZXZ)

MZZZJ‘AQ(S e? ye 8*(2) dA,_+j e 4g 8(2)) d4,

xxCyy yy < xx xxyy yy < xx

E,g IXZ X= (x=L)dXx+&,, .[

X

3.16
. W( 2—x1)(x1 +2x1x2—2Lx1+3x2—4Lx2) (3.16)

xx0 12
(L-x,)"(-L-2x,)

+e,. W

xx0

70



N, = —pJ.AQ (a,u® +a,u®) d4,
= —paxj:zx(x—L) dx

pa, (—2x] + 3L +2x; —3Lx; )
6

N, = —ijZ (au,® +a,u®) dA~0

(3.17)

(3.18)

With this integration procedure and the assumed full-field data, Eq. (3.4) is calculated at a time

of 50 pus and the following material parameters are obtained

E =2 MPa
v=0.5

These values agree exactly with the given material properties.

3.2.2 Integration procedure for an actual experiment

When applying the VFM analysis to experimental or FEM simulation results, the strain and

acceleration data are not continuous but are instead an array of discrete values at a large number

of locations on the specimen surface. Thus, the integral procedure for Eq. (3.4) must be

approximated by discrete sums (Pierron and Grédiac, 2012). For example, M11 would be

evaluated as follows

* * 1 *
— (€] (€N ®
M, = . (sxsx +ee, 7+ > €y Eyy dv

= > ) (2X() - L)viv)

i=1

=&, (y:)(2x(y;) - L)V

(3.19)

(3.20)

(3.21)

In Eq. (3.20), the specimen is split into n discrete regions of volume v(yi); ex(wi) and x(y) are

the strain and x coordinate at the centre of the i discrete region (). The strain and acceleration

values within each discrete region are assumed to be constant for this integral procedure. Thus,

the volume of this region, i.e. the total number of measurement points, is an important factor

for the identification quality of the VFM. Eq. (3.20) can be simplified further to Eq. (3.21)
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because v(wi) does not change under the assumption of incompressibility, and it is logical to
start with n regions of the same volume. The over bar in Eq. (3.21) indicates averaging over
the integral region. Every component of the matrices M and N has v outside the averaging term
so that this total volume term can be removed from Eq. (3.21).

Using the same procedure, the discrete sum for Ny is

N, = —pJ.AQ (au® +au®) dd, (3.22)
= _Pzax (Wi)(x(Wi)(x(Wi)_L))V('//i) (3.23)
=—pva, () (x(w;))(x(w;) - L)) (3:24)

This integration method was adopted throughout all simulation and experimental works in the
present research.

The description of the dynamic VFM presented above is used with the linear elastic
constitutive relation, by which it is possible to make the system of linear equations, Eq. (3.4).
In the present research, this dynamic VFM is referred to as the linear VFM. As briefly
mentioned in Section 2.3.4, the VFM can apply to nonlinear constitutive relations; the dynamic
VFM can also include nonlinear models. The dynamic VFM, in which the PVW equation is
built with the nonlinear model, is referred to as the nonlinear VFM and presented in Chapter

6.
3.3  Optimized piecewise virtual fields

As mentioned in Section 2.3.5, one guideline for designing the virtual fields is to make the
matrix M of Eq. (2.56) equal to the identity matrix I so that the solution of Eq. (2.56) is not
significantly affected by a small perturbation (noise) on M (Grédiac et al., 2002a). Virtual fields
following this guideline and easily satisfying the requirement of kinematic admissibility can
be automatically made by the optimized piecewise virtual fields method. This method is well
described in the VFM textbook (Pierron and Grédiac, 2012) for the case of the static VFM with
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the orthotropic constitutive relation. The piecewise virtual field was utilized for the research
presented in Chapter 4 and Chapter 5 where the isotropic linear elastic constitutive relation is
applied to the dynamic PVW. In this section, the application method of the optimized piecewise
virtual field is briefly explained. The overall description is similar to that described in the VFM
textbook except for slight modifications to include the isotropic relation and the dynamic PVW.
This dynamic VFM was similarly adopted in a previous VFM study: (Zhu, 2015). The first
section provides the definition of the piecewise virtual field; in the next section, the automatic
method of arranging the piecewise field is described.
3.3.1 Piecewise virtual fields

In FEM, the actual displacement (and strain) fields are expressed by some mathematical
functions (e.g. polynomials) by which the discrete displacement values at each node of a
numerical element (mesh) are interpolated. The displacement value at a particular local
coordinate (&, ¢) within this element is expanded by performing an interpolation. This
approximation method can be also used for the construction of the virtual displacement u”. The
example of defining the piecewise virtual fields with a quadrilateral element is given in Figure

3.2.
The interpolation of the virtual nodal displacement G:e) of an element e is mathematically

expressed as

s y
[4] +1 [3] [4]
| 3]
-1 + g_ g
[1]
Node [1] 1 [2] 2] X

v

Figure 3.2 (left) Local coordinate and (right) global coordinate systems of a four-node quadrilateral element.
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X[

*

y.[1]

e

0y, = (3.25)

*

Uy 4]

)

y.[4]

U (&:6) = Higy (6,6) T
U (§16) = Hy ) (£,6) 0 (3.26)
u;v(e) (é’:'g) = H2,(e) (§’G)C|26)

H
He = " (3.27)
H2,(e)
and for the virtual strain

3:e) (&.6)= B, <, G)ﬁZe)
8:x,(e) (51 g) = B]_‘(e) (é’ g) l]:e)

. . (3.28)
Eyy.(e) (&:6)= Bz,(e) (&:9) Ue)
8:y,(e) (5! g) = B3,(e) (61 g) l]:e)
Blv(e)
Be) =| Bz (3.29)
B3,(e)

where l]:e) is the vector of nodal displacements of the node of element e; H and B are
respectively the displacement interpolation and strain-displacement matrices. The definition of
these two matrices for a four-node quadrilateral element is given in the VFM textbook (Pierron
and Grédiac, 2012) for the 2D case. The results of Eq. (3.26) and (3.28) for each virtual element

are then assembled to form the following global system

Ui (X, y) = Hl(X! y)l’{* (3.30)
0%, Y) = Hy(x, )0
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& (x,¥) = By (x, y) T
£y, (%, ) = B, (x, )T (3.31)

& (x,3) = B;(x, )0
where 0" is a vector containing the virtual nodal displacements of all virtual nodes; H,, and

B,,; are the matrices consisting of Hl(yez) and Bl"ez)’3 from the global assemblage procedure,

which is introduced in the example of the MATLAB application in the VFM textbook (Pierron
and Grediac, 2012). Using Eq. (3.30) and (3.31), the integral of the dynamic PVW, for example,

Eg. (3.5), can be written for the 2D case as

* *| 1 *|
() (Y (Y
L (sxxsxx +e, e, +§8Xy8Xy ds
n

= |:%Z(8xx (W)B (i) +&,, (W) B, (w,) +e,, (wi) By (v, ))} 0

i=1

(3.32)

The example of the arrangement of the nodal G, which was used for the research in Chapter 4

and Chapter 5, is shown in Figure 3.3. A 2x3 virtual quadrilateral mesh is made on a 2D
uniaxial specimen. This virtual mesh includes three nodes on each end edges and the rest in the
middle. The first step is to define the local coordinate of each virtual element, one of which is
represented by the blue (dash) rectangle in Figure 3.3. A convenient method is introduced in
the VFM textbook (Pierron and Grédiac, 2012). Each virtual element is given tag numbers,
conveniently denoted as iii and jjj respectively representing the column and row of elements
as shown in the numbers in the parentheses (iii, jjj) in Figure 3.3. The actual data point is given
the same number of each element where they are included. The global coordinate and the tag
numbers of the data point are used to obtain the local coordinate by the following relation
(Pierron and Grédiac, 2012):

E=2x1 Ly —2iii+1 .
c=2yIW,-2jjj+1
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After giving the local coordinate, the relations of Eq. (3.26) and (3.28) can be used so that each
data point at the global coordinate x, y has its corresponding u”(x, y) and £"(x, y) expanded from
the virtual nodal displacement G". In the next section, the automated method of the

determination of 4" is explained; this explanation is still based on the virtual element

configuration shown in Figure 3.3

3 6
Gl (1.2) E[ ] (2,2) i[g] (3.2) (2l
A S —— SR -4
:
|

8] [11]

y [1] 1 7] [10]

X

Figure 3.3 Arrangement of the virtual nodal displacements on a specimen surface: the blue rectangle is the
virtual element with four nodes, and the red rectangle is the location of an actual data point.

3.3.2 Optimization method for determining the piecewise virtual field

The piecewise virtual field also has to meet the requirement of kinematic admissibility to
cancel the traction at the fixed boundary. Another condition is required for the dynamic VFM
in which the traction term at a loaded boundary of the PVW equation is also cancelled. These

two conditions are satisfied by enforcing the following relations:

Upy 2103 = O (3.34)

Unoy iz = 0 (3.35)

An additional guideline can be applied so that the virtual field is designed such that the matrix
M of Eq. (2.56) is equal to the identity matrix 1. However, there is still free degrees of freedom
for the virtual nodal displacements. An automated method for determining ", which has been

first presented in (Avril et al., 2004), can help to find a virtual field simultaneously satisfying

these conditions. The description of this method is given below.
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The principle of this automated method is to minimize the noise sensitivity from the strain
measurements. Currently, this method is developed for minimizing the effect from a white
Gaussian noise distributed over a full-field measurement area. In the current research, it is also
assumed that the strain measurements can be separated into the actual values and a white noise.
With this assumption, the dynamic PVW, Eq. (3.3), with the isotropic linear elastic model can

be rewritten as follows:

. < 1 .
Qxx J.s (gxx - yin)gxx + (8yy - ymy)gyy + E (gxy - ySny )gxy ds

y » 1 * 3.36
+Qxy L (SXX - yiRX)SW + (8)’)/ - me)gxx _E (8xy - yiny )gxy dS ( )

= —L plau, + ayu;) ds
where Ry, Ry and R,y are scalar zero-mean stationary (second order) Gaussian distribution, and
y represents the amplitude of the uncertainty of the strain measurements. It is assumed that each
noise component is uncorrelated for the analytical process of Eq. (3.36) (Pierron and Grédiac,

2012). This equation can be reorganized:

1 1
QXXJ- Eir FEpyEgy + = 5 EEry ds+QXyJ‘ Eyy T €y -5 =g 6, ds

. ~ 1 . -~ 1 3.37
—y|:QxxLin8xx +R e, +59’{Xysxy ds+ Qxy_LinSyy +R e, — szXygxy ds :| (3.37)
= —I plau, +ayu) ds
In this equation, the two virtual fields u™® and u™@ satisfying the specialty condition can be

applied for the direct identification of Qx and Q. For example, the use of u™® leads to the

following equation

1 1 .
() *(1) *1) *(1) *@) @
Q. Iexxexx +e,8, +28xy8Xy ds + Qxy_[ ExEyy T EpEx ngy » ds

=1 =0

1 O | .
—y[QXX ‘Rxexil) +R e, oy ZER e® ds+ Qxyj Re, WiR W _ZR £V ds

XX Xy 7 x
y 2yy

} (3.38)

- _ *) *@)
= Lp(axux +ayu,”) ds

and
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= {QXXJ‘ R e +R 8*(1) + ;iR e ds

Xy xy
(3.39)

*| 1 x| x| *|
+QXyLSRX8 iR e® R W ds} J-p(axux(l) +ayuy(1)) ds

y XX 2 XYXV

The parameters identified without consideration of the noise, but presented, are denoted as the

approximated parameters and defined as

QM = J. plau® +a U (l)) ds (3.40)

Eq. (3.39) is rewritten with Q:**as

» :y[QXXJ-SiR e+ R 8*(1) + ZER eM ds

Xy ©xy
(3.41)
+QXy J; 9%Xg (l) + 9%y‘(':;).’:)((l) % Xy *(1) d } Qapp
Similarly for Q,
[QXXJ R e P +R 8*(2) + ;ERXanfIZ) ds
(3.42)

XX Xy “x X
y 2yy y

+Q, [ R +R e - I e ds} o

Assuming that the noise amplitude y is much smaller than the norm of the strain components

(Avril et al., 2004), Eq. (3.41) and (3.42) can be

Xy =Xy

= { appj Re D+ R 8(1)+;YR e ds

QP [ R e® 4R -2, 5 d} o

y XX 2 Xy xy XX
(3.43)

x©xx X
2 y Xy

Q, = y[QappI R.e?®+R 8*(2) += ! R, P ds

appj e @ +R e - ESR *2) ds} QP

XX Xy “x X
y 2yy y

The noise sensitivity of Qx and Qyy is evaluated by their variance written as follows where E

is the expected value operator.
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(3.44)

n i=1

V@)= ()] () () )

+4(Q¥Q) Y. (0 () (w)
=t (3.45)

H((@e) + (@) )2 e w)

i=1
1 Q| 2 a 2 1 al aj : * 2
Aoy +ey)-Serer) ey
Following the calculation procedure of the variance and the integral method for a discretized
data introduced in the VFM textbook (Pierron and Grédiac, 2012), V(Qxx), for example, is

expanded as presented in Eq. (3.45), in which n is the total number of actual full-field data

pairs; & ™ represents the axial virtual strain value at the i data location, which is expanded

through the virtual nodal displacements. The variance of Qxy can be also similarly derived. One

can rewrite EQ. (3.45) in the form of

(3.46)

The variances are affected by the two coefficients y and . The first coefficient is due to an
experimental noise source, and the latter one depends on the formation of the virtual fields.

The minimization of the coefficient Jis used for the determination of the unknown nodal
piecewise virtual displacements:

(i)
U )
(i)
Uy

YO =3 @, + i=12 for two independent virtual field sets (3.47)

(i)
Uy 1i2)
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so that the influence on the variance from the virtual fields is minimum. The first step of this
minimization problem is to set up the following relation:

ALY V=Z0 (3.48)
This relation is to enforce the conditions of Eq. (3.34) and (3.35) to the components of Y@,

This enforcement can be achieved by setting Eq. (3.48) as

Ok

1 A (3.49)

oRr
c
3

L N TNO) .
Aga (12x24) u 2] | z{) (12x)

The components of the matrix Axa and vector Z{), are zero unless specified. The 12 diagonal

values of ‘1’ of the matrix Aka is associated with each component of the vector Y*®, The
kinematic condition, Eq. (3.34), is satisfied by giving ‘1’ values to the first to sixth diagonal
components of Aka so that the virtual nodal displacements located at the left-hand (fixed) side
of the specimen (Figure 3.3) is enforced to be zero, the value of which is included in the vector
Z{), . The additional condition for the dynamic VFM, Eq. (3.35) can be also similarly achieved
by giving ‘1” values to the 71" to 12" diagonal components of Aka.

The specialty condition can be applied by setting the following relation:

AéiéY*(i)=Zgé (3.50)
A _ DIy 0 _| 1| z0_|0 (3.51)
sc — Diiz) 1 &sc T ol = = 1 '
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D11 is a row vector of 1x24, each component of which is the location of the 24 degree of
freedoms of the 12 virtual nodes. This vector is constructed with the global assemblage of the
integration procedure of Eq. (3.32), which is the first integration term of the dynamic PVW
and associated with the parameter Qxx, without the term G". In a similar way, D12 is constructed
by the second integration term associated with Q. These two vectors represent the matrix
components M1 & Mi2 and M1 & Mz, of Eq. (3.5), respectively, when the first u™® and the

second u*® are applied. The specialty condition M = I can be enforced by the multiplication
of the matrix A by Y*® so that when u™® is applied, then DYY™® =1, DYY'™ =0 and, for
u"®@, DY@ =0, DAY =1,

The combination of Eq. (3.48) and (3.50) leads to the following form

AY D=70 (3.52)

0)
A= {A—f{;} zW = [Z—ﬁf;} (3.53)
ASC ZSC

This equation is used as the compulsory (or equality) condition for the optimization procedure.
The next step is to make the complete condition to minimize the coefficient . First, the
coefficient Jtakes the following form to explicitly take out the nodal virtual displacement term:

(n(i) )2 _ lu*a) HG® = ly*(i) HY'® (3.54)
2 2

H is a square matrix, components of which are obtained from rewriting Eq. (3.45) into the form
above. The minimization of Eq. (3.54) and the requirement of Eq. (3.52) are achieved using
the method of Lagrange multipliers written as follow

10 = %Y*(i) HY'® 4 AD ~(AY*(i) _Z(i)) (3.55)

where A” is a vector including the Lagrange multipliers. The minimization of Eq. (3.55) is

performed by the following linear system
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H AT][Y®] [0 .
A 0 ]lAY ] |20 |

where 0 in the matrix is a square zero matrix to fit the size of the row number of A and 0 in the
vector is a zero vector for the size of the row of the matrix. The initial guess is given to the
material parameters Qxxand Qxy, and the inversion of the matrix of Eq. (3.56) produces the first
guess of Y*®. Then, this is used for the next estimation of the parameters. This iterative

procedure continues until the following condition is satisfied:

QXX
o= {QW} (3.57)

7 =sum[(Q,, —Q)-(Quy —Q)/(Q-Q)], x < Tolerance
The operator ‘sum’ is to sum all elements of a vector. In the present research, the initial guess
for the two parameters is given as 1, and the tolerance is specified as 0.001.
This optimized piecewise virtual field is simply referred to as the piecewise virtual field; the
manually designed virtual field, Eq. (3.2), is referred to as the constant virtual field through the
present thesis. The piecewise virtual field was applied to the research mainly presented in

Chapter 4 and Chapter 5, in which the application of the linear VFM is explained.
3.4 Summary

The dynamic VFM is described with a simple analytical example that is similar to an actual
experiment. The principle of the dynamic VFM is to design the virtual displacement fields by
which the traction term, requiring force measurements, can be removed from the PVW equation,
but the remaining acceleration term replaces the need of force measurements. An automated
method of determining the ideal virtual fields is explained based on the guideline introduced
by (Pierron and Grédiac, 2012). This automated method is to seek the ideal virtual nodal
displacements that can satisfy the VFM admissibility, the specialty condition and the
cancellation of the acceleration term and, additionally, can minimize the sensitivity of the

identification to measurement noise added to the strain fields. The optimized virtual nodal
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displacements are then interpolated to produce the virtual displacement and strain fields at each

full-field data location.
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Chapter4 THE LINEAR VFM: FEM SIMULATION

4.1 Introduction

This chapter provides a comprehensive application of the linear VFM to data obtained
from an FEM. The purpose of this simulation work is to validate the capability of the
linear VFM for the identification of Young’s modulus on FEM data, which is based on
the boundary conditions similar to that of an actual experiment, and it is an integral part
of the design of the pre-stretching experiments presented later. The simulations were
conducted using the commercial FEM package, ABAQUS (2011). The simulation was
designed such that the specimen design and boundary conditions are similar to the
experimental conditions observed from the actual drop-weight test presented in the next
chapter. In an actual drop-weight test, the general shape of the elastomer specimen used
has a uniaxial tension style design (long, thin rectangular shape), and the full-field data
utilized in the VFM were measured using high-speed photography and DIC on the
specimen surface during dynamic loading. Similarly, in the present simulation work, the
numerical data obtained from the surface of a 2D (plane-stress) rectangular FEM model
were utilized for the VFM identification. Whilst a 2D plane stress model was mainly used,
a 3D model will be presented in order to validate the use of the surface data. This 3D
simulation also shows the effect of the specimen thickness and the reduction of the data
area owing to difficulties in obtaining DIC data near the specimen edges. Calculation of
material parameters was performed with the displacement data directly obtained from the
FEM and the linear VFM with constant virtual fields. After the 3D analysis, the 2D
simulations are recalled again to evaluate the sensitivity of the identifications to artificial
noise and, also, to see the effect of the use of the optimized piecewise virtual fields.

Further simulations were then performed to show the whole procedure of the drop-

weight test. The application of the linear VFM is to find Young’s modulus, which
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represents only the initial part of the nonlinear stress-strain curve of elastomers. Also, the
displacement amplitude (1-3 mm) applied in the drop-weight test is not sufficient to study
the whole nonlinearity. Obviously, the single drop-weight test and the application of the
linear VFM are not enough to extract the material parameters for nonlinear models of
elastomers. In order to extend the identification capability of the linear VFM to nonlinear
models, a so-called pre-stretching method has been developed. The specimen is statically
preloaded to a range of fixed strains and then dynamically loaded with small amplitude
stress waves; dynamic test data at different pre-strains are simultaneously used to extract
the material parameters and reconstruct a stress-strain curve over a large range of strain.
A similar approach has previously been employed in the literature, in which a pre-stretch
was applied up to the strain hardening region in which a shock wave is propagated in an
elastomer specimen (Niemczura and Ravi-Chandar, 2011b). Simulations of the present
pre-stretching method were performed on a hyperelastic model and show the
identification capability for the material parameters. Prior to explaining the simulation
works, the framework of the linear VFM is re-explained with respect to the pre-stretching
case, and its related notations are introduced. The first part of this simulation work is
based on a pure-hyperelastic model; the second part of the simulation is performed on a
visco-hyperelastic model. The analysis method presented in this chapter was later further
explored and modified; this modified method will be provided in Chapter 7.
The objectives of this chapter can be summarized as follows:
o FEM simulation data are analysed by the dynamic VFM to assess the
identification capability of the VFM under the experimental situation of a drop-

weight test introduced in Chapter 5.
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o FEM simulation data is polluted by a random error in order to produce an
experimental-like imaging error and evaluate its effect on the VFM
identification.

o The piecewise optimized virtual field is applied to FEM data polluted by a
random error. The sensitivity to different error amplitudes is explored.

o The current dynamic VFM is able to characterize Young’s modulus for a short
loading period due to the assumption of a linear elastic behaviour over a small
strain range. A so-called pre-stretching method is introduced by which a
nonlinear stress-strain relationship over a large deformation range is
characterized.

o The application procedure of the pre-stretching method is explained using
FEM data produced by simulations with hyperelastic and visco-hyperelastic

models.
4.2 Simulation: linear elastic material

4.2.1 Two-dimensional simulation

The overall simulation geometry was designed to resemble the specimen used in the
drop-weight experiments. The initial geometry is similar to Figure 3.1 but the initial
dimensions are now length (L) = 20 mm, width (W) = 7 mm, and thickness (h) = 1 mm.
These dimensions were used for all 2D simulations in this chapter; for the 3D case, the
same length and width were applied but the thickness was varied, and its specific value
will be given in the later section. The left end of the specimen is fixed and a velocity
boundary condition approximated from the actual dynamic displacement of the drop-
weight apparatus was applied to the one end. The velocity boundary condition used for

all simulations is presented in Figure 4.1.
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Figure 4.1 Velocity profile for the FEM simulations

On the loaded end, an additional fixed boundary condition was applied in the lateral
direction. For the mechanical properties, it is assumed that v=0.49 for the almost
incompressible elastomer and p = 1200 kg m=. The Young’s modulus E will be specified
prior to each simulation. ABAQUS/explicit simulations were performed with a CPS4R
(four-node plane stress) type and the maximum calculation time increment of 1 ps. The
element size was chosen as 0.2 mm, which is similar to the distance between actual
adjacent data points. The total simulation duration was 0.5 ms; the output data (X, &, a)
were extracted every 20 us to resemble the imaging speed, 50 000 fps, used in the actual
drop-weight experiment.

The data fields extracted from the FEM result were processed in the way described in
Figure 4.2. The coordinates X, y and the acceleration fields a were extracted from the
nodes of all elements; interpolation was conducted using the shape function matrix N of
the four-node element in order to obtain the data at the centre of an element. The strain
fields & at the element centre (integration points) were directly obtained from the FEM
output data. The constant virtual fields u"®® & " D@ pased on Eq. (3.2) were made
with the current coordinates. That is, the virtual fields are updated with the new
coordinates at each time step during dynamic loading. The reason for this updating is
because the PVVW is based on the current surface area s(t), which changes significantly

during the loading, this is explored further below. Then, the calculation of the PVW was
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performed by setting the system of linear equations using the two independent virtual
fields. The inversion of the matrix M (as introduced in Section 3.2.1) produces the
material parameters Qxx and Qxy and, consequently, E and v.

The simulation procedure explained above was performed with a linear elastic material
model with Young’s modulus of 2 MPa. An example of full-field data, from this

simulation, including the first virtual displacement u;® are given in Figure 4.3 where

the stress wave propagates from the right-hand end, and each piece of data is presented

X yw)b > u(x, J’)} B
Sx(l//,-)ﬁy('//f),axy(wf) 8*“”2)()(,};) Y T A
ax (i) ay (v) _Lma(i(r)):s*(:) ds = meaf).,;@ ds

%

Qxx(t) Ml] M12 ) Nl
[ element wi(t) 0, TIMy, My, | N,

y(t) !
N L) W(0) =0, (1) 0, (1)

X(t) E() =0, (0(1-v(1))

Figure 4.2 Process of the full-field data from the FEM simulations for the use of the linear VFM.
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Figure 4.3 (a) Axial displacement, (b) true strain, (c) virtual displacement and (d) acceleration fields of
the FEM simulation of the isotropic linear elastic material at 0.2 ms.
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at its initial element location. This virtual data are generated with the current coordinates
of the elements at 0.3 ms. For all time steps, the same virtual fields, Eq. (3.2), are applied

so the overall shapes are the same, for example, the concave shape of u’™ in Figure 4.3(c),

but the shape of concaveness is slightly different as it is updated with the corresponding
current coordinates. Figure 4.3(d) shows the propagation of the axial acceleration wave.
This acceleration field is clearly observed where the displacement field gradually rises
for all time steps. This observation indicates that the simulation specimen is not in a quasi-
static stress equilibrium state during dynamic loading. The application of a conventional
force measurement at the ends of this specimen would not lead to accurate material
characterization. The linear VFM procedure described in Figure 4.2 was applied to the
simulation data and the identification results are shown in Figure 4.4 in which the
identifications of Young’s modulus are given at each time step of the full-field data. The
reference values (E =2 MPa) are indicated by a dash line. This figure shows that the
identification results (blue curve) from the present procedure are very close to the
reference line. The green line represents the identification results of the linear VFM based
on the initial configuration. The green line shows large deviation from the reference line
compared to the blue one. This result explains that the identification of a low-modulus
material requires the consideration of the coordinate system although the displacement
amplitude may not appear high. For this reason, the linear VFM analysis is conducted on
the simulation and experimental data based on the current configurations.

The full-field data used for the above simulation were directly extracted from the FEM
results. The directly obtained data do not reflect the actual experimental procedure
because the extracted data are just some among the many FEM data which are calculated
at smaller time steps (Atrem < 1 us) than the time interval between the full-field data

obtained from the high-speed imaging (Atoic = 20 us). The attainment of the actual full-
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Figure 4.4 Identifications of E with the virtual fields based on the current and initial configuration.

field data is different. The displacement fields are first obtained from the DIC analysis
using the digital pictures at each Atpic and then used for the further calculation of the rest
of the full-field data: x, & and a. The simulation work should reflect this actual data
processing. Data processing for these data field was thus adopted as described in Figure
4.5.

The four-node displacement data U(y,,t) of each element ;i at all time steps t are

extracted. The nodal data is then interpolated by the displacement interpolation matrix N
(of the four-node quadrilateral element) to get the displacement data u(wi, t)centre at the
centre of each element. This central displacement data is added to the initial coordinate

(central), obtained from the initial nodal coordinate, and used to calculate the current

S B &(Wi"r) - g(w.i’[)cemre
element yi(t) 5
y(t)
S iy,
x® lnodal displacements
——t— |
xX(p,,t=0): Y
nodal initial coordinate N W, 1) = 0, s Yoo )
v v
/_}%
. — T x(w..,1
Nx(y,,t=0)—> x(y,,t = O)} """"" > {x((rl/f_,; = 0)ce||lre + u(u/i-’t)cenlre - X(W 50 centre

a (Wf ? I!‘)cenlre

Figure 4.5 Data processing for u, x, ¢ and a fields data at the centre of elements from the nodal
displacement data G obtained from the FEM results at each time step t.
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coordinates X(yi, t)centre. The central strain data &(yi, t)centre iS calculated by the strain-
displacement matrix B with G(y;,t). The acceleration field a is obtained by double
temporal differentiation of u(yi, t), which can be numerically approximated by a simple
finite difference equation as follows:

u(l/ji ! t + At)centre + u(l//i 1t — At)centre — 2u(l/li ! t) centre — a(l// t) (4.1)
Atz i?~/centre

and at t = 0 & t = trinal the acceleration fields are estimated as

a(t=0)=a(t =0+At)
a(t = tfinal) = a(t =t

(4.2)
AY)

-
All of the later simulation works were conducted with the above procedure for data
processing. The linear VFM analysis on the material: E =2 MPa, v=0.49 with the
present data processing is compared with the result based on the pure data field in the
figure shown in Figure 4.6. The VFM result with the processed data is also close to the
given modulus value except that there is a sudden jump in the Young’s modulus at the
end. This is due to the fact that the acceleration at the last time step is approximated by
Eq. (4.2).

The data processing explained above is used for further simulation work in which the
effect of the imaging speed or, equivalently, time interval At between the data fields is
studied. Four linear elastic properties (E = 2, 20, 100, 200 MPa; v = 0.49) were used with
the previous simulation configurations. The two imaging speeds were chosen (50 000
and 100 000 fps) so that there were two time intervals (At = 20 and 10 us) for extracting
the data field from each set of FEM simulation results. The VFM identification results
from this simulation procedure are presented in Figure 4.7. The identification results
from At = 20 ps are indicated by the filled square symbol, and the empty circular symbol

for At = 10 ps. The identification results for E = 2 and 20 MPa are very close to the given

values, and no obvious differences are shown between the two imaging speeds.
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Figure 4.6 Comparison of the linear VFM based on the pure and processed data field.

<

o

2

2 200

=

=}

o

= 100

w

(o))

% 28<

> ,

0.0 0.1 . 0.3 0.5
Time (ms)

—=—50fps —=—50fps —=—50fps —=— 50 fps (x103)
—0— 100 fps —o— 100 fps —o— 100 fps —<— 100 fps

—4a— 50 fps (pure data)

Figure 4.7 The linear VFM analysis on the several linear elastic materials (E =2, 20, 100, 200 MPa;
v = 0.49) with the processed data; one VFM analysis shows the result of the material (E = 200 MPa)
with the pure data.

Underestimation starts to be observed for the slower imaging speed for the simulation
with E =100 MPa. In the case of E =200 MPa, this underestimation becomes clear
compared to the result of At =10 us which is still close to the given modulus value. The
identification result with the pure data of At =20 us is also given, which is close to the
given value and demonstrates that the observed behaviour is not an effect of the FEM
calculation. The results presented in Figure 4.7 indicate that a higher imaging speed is
required for the stiffer materials. This is expected, as higher Young’s modulus produces
a faster wave propagation speed. Consequently, the time interval At for the temporal
differentiation should be sufficiently small to have an accurate estimation of the
acceleration fields. In the actual drop-weight test, the Young’s moduli of the test

specimens were measured as being up to 30 MPa. According to the result of Figure 4.7,
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the use of an imaging speed of 50 000 fps for the drop-weight test is reasonable for the
rubber specimens chosen in the present research.
4.2.2 Three-dimensional simulation

Before moving to the simulation of a hyperelastic material, it is necessary to validate
the assumption of a plane-stress state and the use of the surface data. For this validation,
the previous 2D simulation configuration was extended to a 3D case where the same
boundary conditions and specimen dimensions were applied except for the thickness.
The four elastic properties (E =1, 5, 10, 50 MPa; v = 0.49) were given, and for each
material four thickness values (h = 0.5, 2, 4, 8 mm) were applied to the 3D geometry.
The same element size was applied but with the 3D element type (C3D8R: 8-node
hexahedral element with reduced integration). The simulation results for the four elastic

materials are presented in Figure 4.8. For all cases, as the specimens become thicker, the
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Figure 4.8 Thickness effects on the linear VFM performed on the 3D simulations with the four linear
elastic materials.

93



identifications fluctuate around the given modulus values more than the 2D case. It was
found that this fluctuation was significant when the thickness was larger than 4 mm for
the present presented in Figure 4.8. For all cases, as the specimens become thicker, the
identifications fluctuate around the given modulus values more than the 2D case. It was
found that this fluctuation was significant when the thickness was larger than 4 mm for
the present specimen geometry. It is reasonable, then, to use the 2D VFM for the
specimens thinner than 4 mm in the drop-weight test. The specimens used in the actual
experiments were thinner than 2 mm. Another feature can be observed in Figure 4.8: a
sudden drop or rise of the identification; for example, in Figure 4.8(b) the sudden drop
appears at around 0.4 ms. This drop is almost at the instant when the stress wave starts to
be reflected back from the fixed boundary. At this instant, a temporally quasi-static
equilibrium state is achieved, and the acceleration term of the PVW is close to zero. This
means that no force information is involved in the PVW for the calculation of the material
parameters. The sudden drop is not observed in Figure 4.8(a) because the wave speed is
not high enough to reach the fixed end within the simulation period. For the other cases
(Figure 4.8 (c-d)), it can be seen that the moment at which the sudden change occurs
becomes earlier as their wave speeds are higher. Similar observations were found in the
actual drop-weight test results. Later in the thesis, a VFM technique will be described that
can make use of these reflections.

For the simulation work, the displacement data can be extracted from the whole area
of the surface, including the nodes located at the free and boundary edges. However, in
the experiment, the precise measurement of the data around the edges or its
neighbourhood is difficult as speckle patterns around these areas are not clear or are
affected by the boundary. In addition, the displacement data in the proximity of the

clamping area should be avoided because the material properties in that region, where a
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large clamping pressure is applied, could be different from the region free of clamping
stress. Thus, when the VFM was applied to the actual test, full-field data slightly trimmed
from the edges were utilized. Simulations to show the effect of this data range were
performed with the 3D configurations with only 1mm thickness. Three different changes
in the data range were applied to the initial geometry (L =20 mm, W=7 mm) as

described in Figure 4.9.

T " T4
—
tw L7 r
W, 20 °
1w

Figure 4.9 Three types of the data range reductions of the simulation geometry.

The left-hand side of Figure 4.9 describes the length reduction r.; four reduced lengths
were given: Ly = 18, 14, 10, 5 mm. In the second case, the data range was reduced in the
lateral directions, and four width reductions were provided: W, = 6.6, 6, 5, 3 mm. The
right-hand side of Figure 4.9 shows the application of the third case in that the data area
was reduced by shortening the length by half of the length reduction ra on both ends, and
the width also decreases by the amount of (7/20)ra in order to keep the initial aspect ratio.
Four area reduction factors were given: ra =1, 2, 4,5 mm. These three cases were
investigated respectively with the FEM simulations of the same four linear elastic
materials as used in the thickness study. It should be mentioned that when the length
reduction is applied, the reduced area is considered as an initial specimen geometry. That
is, the VF requirements, the kinematic admissibility and the cancellation of the traction
term, are satisfied at the new ends made after the reduction. This new requirement can be

achieved simply by moving the new fixed end to x = 0 for every time step so the VF,
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Figure 4.10 Effects of the length reduction on the linear VFM performed on the 3D simulations.
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Figure 4.12 Effects of the area reduction on the linear VFM performed on the 3D simulations.
Eq. (3.2), is still applicable. The results of the linear VFM analysis on these simulations
are presented below.

As observed in Figure 4.10 to Figure 4.12, it can be concluded that the data range
reductions will lead to the overestimation of the Young’s modulus over the first
identification period. In addition, it can be seen that the identifications are more sensitive
to the length reduction compared to the width. This higher sensitivity is simply due to the
fact that the axial acceleration field is generated from the non-uniform deformations in
the lengthwise direction and the identification of the Young’s modulus is significantly
dependent on the axial acceleration fields as described in the analytical description of the
linear VFM. The length reduction decreases the period that the non-uniform deformation
fields are captured within the data range. Considering these simulation results, the data
range reduction on the experimental data used in the linear VFM was limited such that

re, rw <1 mm. The meaning of these two variables is described in Figure 4.9.
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The simulation results shown above can be used as a guideline with regard to the
thickness and the data area reduction. The guideline mentioned above is applicable when
the given length and width are used. When different dimensions are used, the guideline
can be stricter or looser. For example, in the later chapter, a larger size (L =50 mm,
W =14 mm) of the specimen was used due to the modification of the drop-weight
apparatus. With these larger size specimens, the effect of the length reduction is much
smaller as shown in Figure 4.13. This figure shows the comparison between the data of
Figure 4.10(d) (empty symbols) and result from the same simulation with larger
dimensions (filled symbols). It can be seen that the identification result with the larger
dimensions is more stable for a longer period for all length reductions.

Throughout the simulation results shown in this section, it can be observed that instants
of unstable identification occur and appear more frequently when a higher modulus or
shorter specimen is simulated. One of the simulation results from the area reduction study
(Figure 4.12(d); E = 50 MPa) is shown again in Figure 4.14 with the averaged acceleration
profile used for this identification. It can be seen that the first unstable instant almost
corresponds to the moment when the averaged acceleration becomes close to zero, i.e.

quasi-static equilibrium state. That is, the principle of virtual work (Eq. (3.3)) does not

rrrrrrrrrrrrrr 50 MPa
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Figure 4.13 Comparison of the length reduction effects between the results of Figure 4.10(d) and the same

simulation with the larger dimension (L = 50 mm, W = 14 mm); for the results of Figure 4.10(d), only the
stable period is shown.
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Figure 4.14 Young’s modulus identification from Figure 4.12 for the case of E = 50 MPa and the
averaged acceleration profile used for this identification.

have any force information for the calculation of Young’s modulus. The same
phenomenon is observed in the experimental result as well.
4.2.3 Piecewise virtual fields

This section presents the application of the optimized piecewise virtual fields to the
2D simulation configuration described in Section 4.2.1. The optimized piecewise virtual
field is referred to as the piecewise virtual field or PVF in this section. The description of
the PVF given in Section 3.3 was applied to the same FEM simulation data used to
construct Figure 4.3 in which material properties of E = 2 MPa and v = 0.49, and the pure
full-field data were used. On the full-field data, PVVFs were automatically generated at
each time step by satisfying the kinematic admissibility, the specialty condition, the
cancellation of the traction term in the PVW and the minimization of the noise sensitivity

in the strain measurements. An example of the axial virtual field corresponding to that
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Figure 4.15 (a) Piecewise virtual displacement (2 x 3 virtual elements) and (b) acceleration fields of the
FEM simulation of the isotropic linear elastic material at 0.2 ms.
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shown in Figure 4.3 is shown in Figure 4.15. Figure 4.15(a) shows the field of u ®

automatically generated from the full-field data at t = 0.2 ms. It can be observed that the
virtual displacement values at both ends are close to zero. This zero-value virtual
displacement at the ends confirms that the present PVF satisfies the two conditions: the
kinematic admissibility and the cancellation of the traction term. The overall concave
shape of this virtual field is similar to the constant virtual field shown in Figure 4.3 (c);
but the peak area (blue area) of the PVF is biased to the right-hand side whereas the
location of the peak area of the constant VF always remains at the centre. It was found
that the peak area of the PVW approximately followed the acceleration wave front for all
time steps. The identification of the linear VFM with this PVW is presented in Figure
4.16 with the result from the constant VFM (Figure 4.4) for comparison. The identified
moduli are obtained by averaging the values of modulus obtained between 0.1 and 0.5
ms. The piecewise virtual field gives a mean that is closer to the given values, but the
standard deviation is larger for the piecewise than the constant virtual field. This higher
deviation could be an artefact of the iterative optimization procedure in determining the
PVF.

The next simulation study compares the sensitivity of the identifications of the constant
and piecewise virtual fields to noise in the strain measurements. It is assumed that the
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Figure 4.16 Predictions of E with the constant and piecewise virtual fields.
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main noise source of the strain measurement is a white Gaussian noise as introduced in
Section 3.3.2. In this simulation study, the data processing procedure described in Figure
4.5 was used but, prior to applying this procedure, the raw displacement outputs were
polluted by second order white noise. The addition of the white noise was conducted by
the method introduced in the VFM textbook where the MATLAB built-in function, randn,
is adopted. This procedure can be presented as below
u'(t) = u(t) + randn(nx, ny) xy (4.3)

whereu' & u and nx & ny represent the polluted & exact displacement fields and the
number of elements in the x and y directions, respectively. The term y represents the noise
level and in this present study, the 25 noise levels were given from the smallest (40x107®
mm) to the highest (2000x10° mm) with an interval of 80x10® mm. The smallest and
highest noise levels are denoted as levels 1 and 25, respectively. The use of the polluted
displacement fields will obviously produce noisy strain and acceleration fields. With the
polluted full-field data sets generated respectively from noise levels 1 and 25, the
identification results of the linear VFM with the piecewise and constant VF are shown in
Figure 4.17(a). This figure shows that the effect of using the PVF on the noise level 1

data is not clear. At the noise level 25, it is observed that the deviation from the given
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Figure 4.17 (a) Young’s modulus identifications from the constant and piecewise VF with the noisy
displacement fields (level 1 and 25); (b) Mean and standard deviations of the Young’s modulus
identifications with the constant & piecewise VF and another piecewise VF with the acceleration fields
obtained from the temporal fitting.
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Young’s modulus is reduced for the PVF when compared to the constant VVF. The benefit
of using the PVF becomes clear in Figure 4.17(b) in which the standard deviation (over
the loading time) of the Young’s modulus identification taken from the period 0.1-0.5 ms
is plotted as a function of noise amplitude for the two VFs. The standard deviation of the
identification is clearly lower for the PVF than the constant one when the noise level is
higher than 100010 mm.

The results in Figure 4.17(b) show another way in which the noise sensitivity can be
reduced, by using temporal fitting in the calculation of the acceleration fields from the
noisy displacements data. In this figure, the mean and standard deviation curves produced
from the fitting method are denoted as ‘fitting’ in their legend in Figure 4.17(b). It can be
seen that the deviation of the data obtained using the fitting method is significantly
decreased from those of the VFMs with the simple acceleration calculation method, and
this improvement is also observed in their mean curves. The PVF plus the temporal fitting
method produces the best identification result. Thus, the combination of these two
methods was applied to the actual drop-weight experiment data. The temporal fitting
procedure was conducted by the MATLAB fitting function, fit. The central displacement
values at each element were collected with respect to time and, then, fitted to a 9™"-degree
polynomial using this function. These polynomials were then differentiated twice with
respect to time to obtain acceleration values for each element. The degree of a polynomial
can affect the fitting quality. The degree should be high enough to describe the complexity
of the given curve. It is found that the use of a 9""-degree polynomial is sufficient to fit
the given acceleration data as shown in the figures below presenting the effect of the
temporal fitting on the acceleration data generated by the displacement field polluted by

noise level 25. Figure 4.18(a) and (b) show the effect of the temporal fitting on the
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acceleration values averaged over the whole data surface and of a particular element at
the centre, respectively.

It should be noted that the current simulation study is to observe the identification
sensitivity caused by a DIC random error. However, the sensitivity with respect to
reconstructive DIC errors such as intensity interpolation method, subset size & overlap

and correlation function is not reflected in this study.
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Figure 4.18 (a) Averaged accelerations over the whole data area and (b) acceleration at one particular
element located around the centre of the simulation geometry; the red and blue colours represents the
acceleration values before and after the temporal fitting.

4.3  Simulation: non-linear material
4.3.1 Pre-stretching method

The application of the linear VFM introduced above only provides data suitable for
the identification of Young’s modulus of elastomers at a very small strain range, where
the materials exhibit the stress-strain linearity. Application of only the linear VFM is not
sufficient to characterize the dynamic properties of elastomers over a large strain range
during which nonlinearity is observed. In order to overcome this limitation, a pre-
stretching method has been developed and used with the linear VFM. The pre-stretching
method was adopted to characterize Young’s modulus when a statically stretched
specimen was dynamically loaded by the drop-weight apparatus. The pre-stretching

method is briefly described by the schematic representation shown in Figure 4.19.
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Figure 4.19 Schematic representation of the pre-stretching method.

The linear VFM explained in the previous sections was used for the identification of
the Young’s modulus of a stress-free (no stretching) specimen as described in the first
part of Figure 4.19. The Young’s modulus identified from the non-pre-stretching case is
denoted as E:. The lower part of Figure 4.19 shows a schematic of the pre-stretching
method. A static stretch is applied to the initial specimen to a certain amount of end
displacement. The order of the stretching is indicated numerically, for example, 2", 3",
and 4™ pre-stretching; higher numbers mean a larger amount of pre-stretching. The ‘1%
is only used for the case of the non-pre-stretching. The small arrows in Figure 4.19
represent the velocity boundary condition applied. It should be noted that the arrows are
applied within the specimen for the pre-stretching case so that the effective specimen
length is the same as before applying the stretching. The reason for applying such a
boundary condition is to reflect the actual experimental condition of the drop-weight
apparatus in which the distance between the fixtures is almost the same for all tests. This
explanation will be clear when the actual experiments are described.

As indicated in Figure 4.19, the Virtual Fields Method for the pre-stretching case is
written as the pre-stretching linear VFM. This is to differentiate the linear VFM used for
the non- and pre-stretching cases; the linear VFM for the pre-stretching case has a slightly

different form of the PVW, which will be explained here. Prior to the explanation of this
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difference, it is necessary to define the notations related to the different coordinate
systems. The coordinate systems are divided into two cases: the non-stretched and pre-
stretched configurations as described in Figure 4.20 and Figure 4.21.

Figure 4.20 shows a schematic representation of a drop-weight test before and during
dynamic loading without pre-stretching. The upper part of this figure describes the initial
state where the specimen is not loaded. The notations of this initial state are indicated by
a ‘0’ subscript. The dynamic loading is applied on the right-hand side of the specimen in
the x direction (this is the vertical direction in the actual drop-weight experiment). In the
deformed (or current) state during the dynamic loading, a stress wave propagates and
generates deformation fields inside the specimen. The time variable t is used to indicate
the notations in the current state but is often omitted in the rest of the chapters. The true
strain in this state is a logarithmic strain. Figure 4.21 shows the configurations of the pre-
stretching experiment and its coordinate system. The specimen is statically stretched in
the x direction by an end displacement up. This displacement determines a pre-strain field

in the stretched specimen. Although the total specimen length is increased, this distance

o Non-pre-stretching case
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| LO
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X X Po
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Figure 4.20 Configurations and notations for the non-pre-stretching case.
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between the two fixtures does not change in the actual test; hence, the effective specimen
length (or the fixture distance) remains almost the same. The pre-stretched state shown in
the upper part of Figure 4.21 is regarded as a counterpart of the initial state of the non-
pre-stretching case. The strains with respect to the coordinate system of the pre-stretched
state are denoted as ‘incremental’ strain. From the incremental strain, the ‘total’ strain,
which is based on the initial state, can be acquired by summing the true incremental
strains. The definition of each strain is provided in Figure 4.20 and Figure 4.21. It should
be noted that the incremental axial stretch ratio dixp(t) is defined by Eq. (7.7) given in
Section 7.2. The notations of the pre-stretched and the subsequent dynamically deformed
states are denoted by the subscripts ‘p0’ and ‘p’, respectively.

The form of the PVW equation for the linear VFM is recalled here again; the

component form of Eq. (3.3) is written as

—ja b + 06, +0,6, Os = Jp(axu:+ayu;)ds (4.4)

XX XX Xy < xy

and with the linear elastic constitutive relation:

1 1 .
—Qxx,[ £, +e, e += > exysxy ds— Qny‘ gxxgyy +é,, &, =3 —&,,8, Us 45)

—pJ. au, +au dS

As mentioned, in this PVW, the Cauchy stress ¢ is conjugated with the true strain ¢ and
hence u”, ¢" and s are also defined with respect to the current coordinates of each time
step. This equation is modified for the pre-stretching case by assuming that the extra stress
de due to a stress wave superposed on a statically deformed specimen is independent of

the pre-stress. Thus, the PVW for the pre-stretching case becomes

_L (O'po +d0'p):8; dSp =L pa.u; dSp (4.6)

_ Lot _ Lx . 4.7
Lp do, ¢, ds, = Lp pa-u, ds, +Lp Gy &, s,
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All variables and integrations are based on the current coordinate of the pre-stretched
specimen. The incremental Cauchy stress dep is obtained through the linear elastic

relation as used to derive Eq. (4.5) but associated with an incremental true strain dep. The

component form of Eq. (4.7) is

* * 1 *
—Q, J.sp (dexx'psxxlp +dey, 60+ > dey &0 | S,

) lds e, ds (4.8)

_Qxpr dgxx,pgyy,p +d5yy,p‘9xx,p _E xy,pExy.p 2Op

*

= pr (axuxvp + ayuy’p) ds, + Lp T poCrop d5,
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Figure 4.21 Configurations and notations for the pre-stretching case.
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Only the axial component oxxpo Of apo remains in the last term (the pre-stress term) with
the assumption that the transverse and shear stress terms are sufficiently small to be
ignored for a uniaxial type specimen. axxpo IS Obtained from its engineering value which
can be calculated by dividing forces (measured after stretching) by an initial cross-
sectional area. This procedure was identically used for both simulation and experimental
analysis. With the same method in the non-pre-stretching case, either the constant VVF or
PVF can be applied to the linear VFM to calculate the two material parameters at each

time step and for i pre-stretched state as

3(0)= 04 ()1 00 (0, E(1) =0, () (1-v,1)°) (4.9)
A series of Young’s moduli E;j are produced as averaged values of Ei(t) over the period
where the identification is stable and vi(t) is close to 0.5, for consideration of material
incompressibility. It is assumed that these averaged Young’s moduli are a tangent value
to the stress-strain relationship in the vicinity of the two points of their pre-strains exxpo
and global final strains exx.

gx,f = gx,pO + dsx,f

(4.10)
de,, =In(L,(t)/ Ly)

The subscript ‘f” denotes the value of the final step of the averaging period. The strain
amplitude dexx s at ts in the actual experiment is obtained by spatially averaging over a
deformed area. However, this calculation method can be a cumbersome procedure for the
repetitive simulation works that will be presented in this section. Thus, in the present
simulation procedure dexxf is approximated by Eq. (4.10). Considering the assumption of
the tangent value, an optimization procedure is performed to identify model parameters

of a given non-linear material model by minimizing the following cost function:

X

2
S| 1( oo, : oo, j
D =;{E(azx (A_L,...Aj,sx‘po)+a%(Al,...Aj,,c;X'f )]_EJ (4.11)
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The uniaxial stress oxx in this equation can be identified using any mechanical model
suitable for elastomers. In the present study, the one-term Ogden hyperelastic model (Eq.
(2.18)) is adopted, assuming that the shape of a dynamic stress-strain curve is similar to
that of the static curves of the elastomers used in the present research as it was found that
their quasi-static uniaxial curves in tension were well fitted by this hyperelastic model.
The quasi-static curves will be presented in the chapter describing the experimental work.
The material model for oxx With its material parameters A; is differentiated with respect to
the true strain exx at exxpo and exxs in order to calculate the two tangent moduli. The
optimization scheme, Eq. (4.11), is performed to find material parameters A; by
minimizing the difference between the mean value of the estimated two tangent moduli
and E; identified by the linear VFM.
4.3.2 Simulation with hyperelastic models

The VFM procedure described above was used for the identification of the one-term
Ogden material in the present simulation. The two-dimensional simulation configuration
used for the work presented in Section 4.2.3 was identically adopted with the PVF and
the full-field data, directly obtained from the FEM simulations, to show the best capability
of the pre-stretching method. The simulation studies of the present pre-stretching method
with the processed data and expected experimental errors will be presented in Chapter 7.
In order to define a hyperelastic material, the two coefficients for the one-term Ogden
model were arbitrarily chosen as = 0.667 MPa and a = 1.2 and the same density value
was used. The initial shear modulus of the Ogden model can be approximated by the u
term. With the incompressibility assumption, the initial Young’s modulus is obtained as
2 MPa. A value of Poisson’s ratio close to 0.5 was defined by choosing a large bulk

modulus K = 400 MPa; this gives the Poisson’s ratio, v= (3K —2u)/ (6K + 2¢) =0.499.

There were 9 hyperelastic simulations, including one simulation without stretching and
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eight different pre-stretching simulations with given static pre-displacements of the input
end (5 mm intervals up to 40 mm). The pre-stretching was applied in a static general step,
and then the deformed elements were remeshed using the MAP SOLUTION function in
another static general step. This deformed and remeshed geometry was used in an explicit
step for the dynamic simulation. In order to more accurately simulate the experiment, in
the dynamic simulation step, the velocity boundary condition was applied along a plane
20 mm away from the fixed end (and, to prevent spurious waves, also to every element
to the right of this point) as illustrated in Figure 4.19.

Figure 4.22(a) presents the modulus values obtained by applying the linear VFM to
each pre-stretching simulation using the proper PVWs of Eq. (4.4) and (4.6). These values
were averaged over the period where the curves are stable. Then, the nine averaged
moduli values were assumed to be a tangent to the stress-strain curve in the vicinity of
their pre-strain locations. These tangents are laid on the given Ogden curve in Figure
4.22(b) where it can be seen that each tangent slope is matched to the Ogden curve at their
pre-strain locations. It should be noted that at this point, no constitutive relationship has
been assumed in the data analysis, as the VFM calculations assume a linear elastic
response to the small-amplitude dynamic strains.

The two Ogden parameters can be inversely calculated using the optimization equation,
EQ. (4.11) and each identified E;. This optimization was conducted by a built-in nonlinear
equation solver (fsolve) with Levenberg-Marquardt algorithm in MATALB. The
optimization performed with the all nine values of E; produces x =0.6776 MPa and
a = 1.287 (the given coefficients: x = 0.667 MPa and a = 1.2); repeating with only the
first two Ei gives 4 = 0.6674 MPa and o = 0.9929. The significant difference between the
a predictions demonstrates that a good identification of a requires data over a large range

of strains.
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Figure 4.22 (a) Nine moduli predictions from the VFM applied to the one-term Ogden material; (b) nine
tangent lines laid on the Ogden true stress-strain curve at each pre-strain location.

The same simulation procedure was applied to a visco-hyperelastic model simulation.
In ABAQUS, it is possible to combine the linear viscoelastic behaviour and hyperelastic
models as introduced in Section 2.1.2. The one-term Prony series model (Eq. (2.20)) was
defined for the viscoelastic behaviour and embedded in the x term of the one-term Ogden
model. The rate-dependent x term is recalled here and written as

w) = (- g—e)) (412)
where the normalized shear term for the Prony series, g = (1o — ) / 1o, was assumed to
be 0.3; this ratio defines the instantaneous shear modulus o from the given long-term
value, 1. =0.667 MPa. The rate dependency was simulated by giving the four different
relaxation time z: 100, 1, 0.1 and 0.01 ms. The same simulation procedure was used but
an additional implicit quasi-static step between the static, and explicit step was used for
1 second in order to ensure that the stress-state was fully relaxed.

The application of the linear VFM on the present simulations produced the four sets
of the identified nine moduli. These values were then used in the same optimization
procedure; this calculation gives the four Ogden parameter sets given in Table 4.1. In this
table, the term uapparent gives the value of x« which would be obtained by fitting to each of
the four data sets individually. When considering the material parameters, this can also

be interpreted as a combination of a rate-dependent x with the Prony series, which is the
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Table 4.1 The four Ogden coefficient sets obtained by the optimization process using the four sets of the
nine moduli.

t(mMs)  papparent (MPR)  «

Instantaneous 0.953 1.2
100 0.92 1.08
1 0.89 1.10
0.1 0.76 1.15
0.01 0.69 1.19
Long-term 0.667 1.2
— Instantaneous
S v (6)05,
| —e—1=1 ms
g ——1=01 ms °
\E(: ——1=001 ms g
g2 . £051 \/f\—g
2 k%
E o
0 T T 0.4 T .
0.0 0.5 1.0 0.0 0.2 0.4
True strain Time (ms)

Figure 4.23 (a) Ogden curves plotted using the four sets of the optimized parameters between the given
relaxed and instantaneous Ogden curves; (b) Poisson’s ratio estimation curve of the visco-hyperelastic
simulation (z = 1 ms) without pre-stretching.

how the parameters are input into the FEM simulation. The true stress-strain curves
plotted by these four coefficient sets shown in Figure 4.23(a); it is observed that they are
placed between the instantaneous and relaxed Ogden curves, plotted using the
instantaneous Ogden coefficient uo = 0.953 MPa and the long-term value u.. = 0.667 MPa,
respectively.

It is observed that the reconstructed curve with the longer relaxation time becomes
closer to the instantaneous Ogden curve and vice versa. This variation gives confidence
that the present VFM procedure with the pre-stretching method is able to capture the
stiffer behaviour resulting from the longer relaxation time. In addition, Figure 4.23(b)
shows one of the Poisson’s ratio output curves during the dynamic loading period. As

incompressibility is assumed in the Ogden model by the large bulk modulus, it is
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reasonable that the value is close to 0.5. Similar results were obtained in the other

simulation cases.
4.4  Summary

This chapter shows the overall simulation works of the application of the linear VFM
on the drop-weight experiment. The first simulation was conducted using a linear elastic
material model. The identification capability of the linear VFM was investigated with
regard to the several experimental factors such as the thickness of a simulation specimen,
the range of the data surface and imaging speed. From these simulation studies, it can be
concluded that the use of a specimen thinner than 2 mm, the removal of the full-field data
by 1 mm away from specimen boundaries and the imaging speed of 50 000 fps are valid
for the linear VFM on the material exhibiting stiffness up to 50 MPa. The noise sensitivity
was also investigated by adding artificial random noise onto the displacement data. It was
found that the use of the piecewise virtual field and the temporal fitting on acceleration
fields was effective to reduce the variation of the Young’s modulus identifications. All of
these considerations found from these simulation works were adopted as experimental
requirements for a reliable identification of the Young’s modulus.

The same FEM simulation was conducted but with the one-term Ogden model in order
to simulate the stress-strain nonlinearity of elastomers. The linear VFM is not sufficient
to characterize the nonlinearity as it is exhibited for a long strain range. The identification
capability of the linear VFM was extended by the pre-stretching method where the linear
VFM is applied on the specimen that is statically stretched and, then, dynamically loaded.
It is assumed that the Young’s modulus identified after pre-stretching is a local tangent
slope in the vicinity of each corresponding pre-strain location. Several moduli obtained
at different pre-strain levels were collected and used for the particular optimization

scheme for the identification of the parameters of the one-term Ogden model. Also, the
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rate dependency of elastomers was simulated by combining the Ogden model and the
Prony series. There were four relaxation times given to differentiate the rate dependency
under the same velocity boundary condition. It was found the application of the linear
VFEM and the pre-stretching method was successfully able to capture the rate dependency,
in that the stiffer behaviour was measured for the longer relaxation time. The pre-
stretching method was identically applied to the drop-weight experiment, and this actual
application is presented in the next chapter.

A summary of the present simulation outcomes is listed below and was used for the
development of an actual experimental work introduced in the next chapter:

o The imaging speed of 50 000 fps (20 us data interval) is sufficient to
characterize Young’s modulus up to 50 MPa.

o Itis found that the combination of the piecewise optimized virtual field and the
temporal fitting of acceleration fields reduces the identification sensitivity from
a random error. This combination should be adopted for an actual experiment
procedure.

o According to the simulation study, the VFM identification is sensitive to the
specimen geometry. This study leads to two experimental requirements: a
specimen should not be thicker than 2 mm; the DIC data exclusion should be
limited to 1 mm.

o The principle of virtual work should be based on the current configuration for
the identification of Young’s modulus as the identification can be
underestimated when the initial configuration is applied to the current VFM
procedure.

o The identification of constitutive parameters of a hyperelastic model can be

enabled by means of the pre-stretching method.
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o The number of pre-stretching experiments performed is an important factor for
the identification. 9 pre-stretching experiments are sufficient if the true strain

range is from 0 to 1.
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Chapter5 THE LINEAR VFM: EXPERIMENTAL

APPLICATION

5.1 Introduction

The experiments presented in this research mainly focus on the dynamic properties of
elastomers in tension. As discussed in Section 2.2.2, the compressive properties of
elastomers under high rate deformation have been relatively widely investigated in
compression, usually using modified split-Hopkinson bar apparatus. However, only a
small number of studies have explored the development of dynamic experiments in
tension. The experimental limitations, which stem mainly from the low speed of sound in
the materials, will be even more severe in the case of tensile loading than compressive.
However, the same material properties make application of ‘non-equilibrium’ techniques
more attractive, as the slower wave speed makes strain waves easier to observe.
Furthermore, tensile specimens are more suited than compressive specimens to full-field
analysis as larger specimens may be used without the risk of buckling and the non-static
equilibrium state can be clearly captured during dynamic loading.

This chapter provides an overall description of the experimental application of the
linear VFM to data obtained using a drop-weight driven apparatus that provides dynamic
loading in tension. A pure silicone rubber was chosen as a model material for this study.
The description starts with a quasi-static test in tension; the stress-strain curves were then
fitted to the one-term Ogden model to obtain the model parameters for this slow rate case.
The dynamic test is explained, including the drop-weight experimental procedure and the
application of the linear VFM to the full-field data for the identification of the Ogden
material parameters. A further discussion is provided with respect to the effect of the

temporal fitting required to obtain acceleration fields, the number of virtual elements for
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the use of the PVF and the spatial smoothing. Also, the choice of parameters for the DIC
analysis is explained. At the end of this chapter, a comparison study is given, in which
the initial modulus values obtained by the linear VFM, and the well-established DMA
technique are compared.

The objectives of this chapter are summarised as follows:

o A pure silicone rubber is adopted for the experimental study in this chapter. In
order to show the high strain-rate dependency, uniaxial tests were performed
in tension with two different quasi-static strain rates.

o The dynamic experiment is performed by a drop-weight apparatus and high-
speed imaging. The description of this experiment system is given with the
actual pictures of the drop-weight apparatus.

o A good quality of the full-field data from DIC is essential for a precise
identification of the VFM. The DIC parameters such as subset and overlap
sizes are optimized in terms of the amplitude of random errors.

o The pre-stretching method introduced in the previous chapter is applied to the
experimental case. This application shows that the use of several Young’s
moduli identified at different pre-stretching locations leads to the attainment of
a nonlinear stress-strain relationship.

o The identification sensitivity of the dynamic VFM is assessed by several
experimental factors: calculation methods of acceleration data, configurations
of the piecewise virtual element and image smoothing.

o The Young’s modulus identified by the drop-weight experiment without pre-
stretching is compared with that obtained from dynamic mechanical analysis
at a similar strain rate. This comparison provides confidence in the

identification of the dynamic VFM.
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5.2  Static experiment

5.2.1 Material

A two-part silicone rubber (Sylgard 184 silicone elastomer, Dow Corning) was cured
at 100 °C for an hour in a rectangular mould. The resin to hardener ratio was 10:1. The
thickness was uniformly about 0.7-1 mm. From this sheet, two flat specimen shapes were
prepared respectively for static uniaxial (100x8 mm) and drop-weight (50x8 mm) tests.
Black paint was sprayed to make a fine random pattern over the specimen surface; an
example of this pattern is shown in Figure 5.4. The density of the silicone rubber was
measured to be 1040 kg m=, obtained by weighing and measuring a specimen cut from
the sheet that was used for manufacturing the dynamic and static specimens.
5.2.2 Static uniaxial test

Uniaxial static tests were conducted on the silicone rubber specimens at two different
true strain rates: 0.001 and 0.01 s™%. In order to prevent slipping from the test fixtures, a
pneumatic grip was used to clamp both ends of the specimens. The strain was measured
by a long-travel clip-on extensometer with a 25 mm gauge length in the middle of the
specimens. The engineering strain measured by the extensometer was converted to the
true value using the following equation

g, =In(1+¢,)=In(4,) (5.1)

where ex denotes the engineering strain in the loading direction. The forces during the
extension were measured by a 100 N load cell. The measured force data were divided by
the initial cross-sectional area of the specimens to obtain the engineering (nominal)
stresses, Nx. The true stress values were then calculated by the push forward operation
written as

o, =N_A (5.2)
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The engineering stress-strain data were fitted to the one-term Ogden model to find the
material parameters x and o; its form can be derived from Eq. (2.14) and (2.18) and

written as

N)C()gden _ 2_,“(1;1—1 - ﬂx—l—O.Sa) (5.3)
(44

The fitting of this equation to the experiment data was conducted by the MATLAB built-
in function, fmincon, with the conditions that x, o > 0 in order to satisfy material stability

(Ogden et al., 2004). The cost function used for this minimization is

©= i[Ni""’e” (1,0, 27% () )~ NE® (ti)]z (5.4)

i1
where n is the total number of data pairs and the superscript ‘Exp’ denotes that the
variables are experimental data. Applying this minimization to the two quasi-static
experiments, the Ogden parameters are obtained as x = 0.40 MPa, a = 4.53 for 0.001 s
and x = 0.42 MPa, o = 5.25 for 0.01 s*. Using these parameters and Eq. (5.2) & (5.3), the
fitted true stress-strain curves were reconstructed and are represented in Figure 5.1 with
their actual experimental curves, which show the usual nonlinear elastomeric behaviour:
a short linear region and strain hardening at large strain. The rate dependency can be

observed even between these quasi-static rates and is clearly exhibited after about a true

strain of 0.1.
—5—0.01s"
257 = Fit0.015s®
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Figure 5.1 Static uniaxial tests on silicone rubbers at 0.001 and 0.01 s* and their fitted curves and
parameters with the one-term Ogden model.
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In addition, a simple imaging procedure was introduced to measure the global
Poisson’s ratio of the static specimen. The specimen was stretched in uniaxial tension at
0.001 st true strain rate until the final true strain of 0.6. Photographs (Nikon DSLR D3100)
were manually taken 17 times before, during and after the test. Then, the dimensions of
the total length and central width of the specimen in each image were measured in the
following way. The pictures were imported into DIC software (Davis 7.2, LaVision 2007)
with the calibration information, which was obtained by taking a photo of a high precision
ruler located at the same place of the test specimens. The total length was calculated by
the lengthwise, X, coordinates of the pixels placed around the fixed and loaded boundary
edges. The width was also measured in the same way using the pixels placed around the
side edges. This procedure did not involve DIC analysis. With these measurements, the
calculation of the Poisson’s ratio was performed by the following relations

L/ Ly=Ay W IW,=2, (55)

17 (5.6)
vi==InZ,;/INZ;,v=> (w)/n

i=1
The global Poisson’s ratio v is an averaged value of 17 individual vi and was obtained as

0.490 + 0.009.
5.3 Dynamic experiment

5.3.1 Procedure

The drop-weight apparatus and high-speed imaging system are shown schematically
in Figure 5.2. This system can be separated into three parts: specimen housing, drop-
weight and loading bar, and imaging devices. Actual pictures of these parts are given in
Figure 5.2. The specimen housing holds the elastomer specimen between two clamps, one
of which, above the specimen, is in turn connected to a static force sensor. The specimen

sits above the drop-weight apparatus as shown in Figure 5.2(a). The upper clamp is tightly
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closed first. In the non-pre-stretching case, before applying the bottom clamp, the
specimen is slightly extended in order to prevent slight bending which occurs due to the
high clamping pressure pushing the specimen out of the clamps. Figure 5.2(b) shows the
high-speed camera (FASTCAM SA 5, Photron) equipped with a 105-mm Nikkor lens and
two continuous light lamps (Dedocool, DEDOTEC). A feature of high-speed video
cameras is that as the imaging speed increases, the resolution decreases as the field of
view is reduced. Figure 5.2(c) is a picture of the bottom part of the drop-weight apparatus.
It consists of the rubber stopper supporting the long steel loading bar, which is connected
to the bottom clamp, and the cylindrical drop weight which is able to slide along the
loading bar. Figure 5.2(d) shows the overall system, next to which there are a laptop, an

oscilloscope and an amplifier.

sensor

Specimen

Q Clamp
Lamp

™ Loading bar

High-speed
camera

i L5 Drop weight
(2 75 mm)

Rubber
ﬁ stopper

Figure 5.2 Schematic diagram of the drop-weight dynamic test and high-speed imaging system, showing
actual pictures of (a) specimen between clamps, (b) imaging devices, (c) drop weight and (d) overall
system (a stationary specimen picture taken by a high-speed camera is also given).
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The drop-weight experiment was conducted as follows. First, the silicone rubber
specimen was placed and clamped as mentioned above. The high-speed camera was set
to be ready for receiving a trigger signal; the lamps were then turned on. The drop weight
was manually lifted up to a pre-marked location and dropped in order to allow an impact
on the flange attached at the end of the loading bar. This impact generates a tensile wave
which travels along the bar past a strain gauge which is attached to the loading bar surface
of about 100 mm from the specimen. The strain gauge monitors this stress wave and
produces a signal which is amplified and recorded in the oscilloscope and, most
importantly, used to send a trigger signal to the high-speed camera. The camera records
for 3 s and is ‘centre’ triggered, so that half of the images are recorded before the wave
arrives. The full set of images is then temporally cropped to the short duration which the
loading is applied to the specimen.

As discussed in the simulation presented in Figure 4.7, it is obvious that a faster
imaging speed provides better identification of the Young’s modulus due to a higher
temporal resolution in the calculation of acceleration fields. However, in common with
all high-speed video cameras, the field of view of the camera used is reduced as the
imaging speed increases. Thus, the imaging speed can affect the imaging distance and,
consequently, imaging resolution. In order to determine optimal imaging speed, a
preliminary study was conducted in which 10 still images taken on a stationary sample
(of a similar size to the specimen used in the drop-weight test), with a random speckle
pattern, at 4 imaging speeds of 10 000, 50 000, 100 000 and 232 500 fps. Then, each
image set was analysed by the DIC software with a subset size of 12x12 pixels to obtain
spatial standard deviations of their longitudinal displacement fields. In Figure 5.3, the
mean standard deviation over the 10 images for each imaging speed is presented with the

number of pixels obtained (width x length). With the consideration of these standard
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Figure 5.3 Averaged noise levels (standard deviation: 1 pixel = 0.078 mm) of the axial displacement
fields from 10 still images at imaging speeds of 10 000, 50 000, 100 000 and 232 500 fps with each image
size (width x length pixel).

deviations, it is reasonable to choose 50 000 fps, as 10 000 fps is too slow to capture wave
propagation. This is the ‘imaging speed’ which was used in the simulation work. With
this imaging speed, the image resolution is about 120x380 pixels in the image analysis
region (8x35 mm). A still image of the actual specimen in situ is shown in Figure 5.2(a).

In the case of the pre-stretching experiment, the specimens were manually stretched
before applying dynamic loading. The upper end of the specimen was fixed first and the
bottom end was stretched downward. There were eight different pre-strains, as indicated
in Table 5.2 in Section 5.3.2. These were achieved by first clamping the fixed end of the
specimen, then stretching it, initially by 10 mm and then by 5 mm intervals up to 45 mm,
before clamping to the input rod to create a gauge length of about 37 mm each time. After
each pre-stretching, the axial force was recorded by an in-line force sensor installed above
the upper fixture (i.e. on the fixed end of the specimen) as shown in Figure 5.2(a). Then,
the procedure described above for introducing dynamic loading and taking high-speed
imaging was applied to each pre-stretched specimen. It should be noted that the time
between pre-stretching and application of the dynamic loading was less than 3 minutes.
The effect of the relaxation time will be explained in Chapter 7. The pre-strain in the

loading direction was approximated by comparing the distance of two pre-marked points
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on images of the initial and pre-stretched specimen. This procedure was applied to the
two test samples, referred to as SET1 and SET2, which were cut from the same silicone
rubber sheet that was used for the static tests. From the images taken during dynamic
loading, the commercial DIC software was used to obtain two-dimensional full-field data.

The procedure of obtaining the full-field data from the DIC software was conducted
in the following way. Figure 5.4 shows part of the actual specimen surface which has a
random speckle pattern made by a spray paint. Several images of these patterns taken
during dynamic loading are imported to the DIC software. The DIC software provides a
convenient platform to control several factors related to image correlation so that a
random pattern, i.e. distinct intensity distribution, within a particular subset window can
be correlated between the initial and displaced patterns. The correlation mode was chosen
as cross-correlation. The multi-pass iteration mode (Davis 7.2, LaVision 2007) was used
in which the window size is gradually decreased, and each window produces a
displacement vector used as the starting value for the calculation in the next, smaller,
window. The first and final window sizes were chosen as 64x64 (50 % overlap) and
12x12 (75 % overlap). In Figure 5.4, the final subset (red rectangle) size is shown on one
of the speckle patterns on the silicone rubber specimen of Test SET1.

The final subset size was chosen by considering two conditions: Poisson’s ratio and

noise level in strain fields. The selection procedure of the best subset size is described in
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Figure 5.4 Part of the random speckle pattern made on the rubber specimen and the subset window (red
rectangle) of 12x12 pixel.
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Figure 5.5 Subset size selection procedure: (first) the Poisson’s ratio identifications with 8x8, 12x12 and
16x16 subset (0 % overlap) sizes on the drop-weight test data (SET1: non-pre-stretching); (second) the
standard deviation of the axial strain fields of the 10 still images with 8x8 and 12x12 subset
(0 % overlap) sizes, and (third) the Poisson’s ratio identifications with 12x12 subset size and 0, 50 and
75 % overlap sizes.

Figure 5.5. First, three square subsets of 8, 12 and 16 pixels (0 % overlap) were chosen
for analysing the drop-weight test data of SET1: non-pre-stretching. With these subset
sizes, the strain (directly from the DIC software) and acceleration fields (by the temporal
fitting method explained in Section 4.2.3) were applied to the VFM procedure. The
averaged values of the derived Poisson’s ratio was obtained as explained in Section 5.3.2;
their values are 0.44, 0.44 and 0.40 respectively for 8, 12 and 16 pixel subsets. Assuming
that the Poisson’s ratio measured in the static test is considered as the reference value
(0.49), 8 and 12 subset sizes were selected as the next possible choices. The next criterion
for the best possible subset size is the noise level in the strain fields. Taking 10 still images,
long before the dynamic loading began in the specimen, the spatially averaged standard
deviation in their longitudinal (engineering) strain fields were obtained as presented in
the middle of Figure 5.5. It is clear that the noise level with 12 subset size is lower, thus
it is chosen as the best subset size.

Poisson’s ratio with this subset size is still much lower than the reference value
measured in the static test. It is possible to further improve the Poisson’s ratio by
expanding the area of the subset overlap without using smaller subset sizes in order to
produce a larger number of data points. A high resolution of data points is especially

required in the lateral displacement fields as the ratio of the pattern size to the width is
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much larger than to the length. Figure 5.6 shows the effect of this larger overlap size on
the averaged lateral strain values (over the whole surface) compared to the longitudinal
strain. As can be seen in the right-hand side of Figure 5.5, the use of 75 % subset overlap
leads to a value of Poisson’s ratio which is the closest to the reference value. With this
final DIC configuration of 12x12 subset size with 75 % overlap, the noise floors of the
displacement and strain fields are presented in Figure 5.7, and it can be found that the
noise amplitude in the longitudinal strain is higher than that of the 12 subset size with no
overlap. However, the simulation work already shows that this noise level does not
significantly affect the Young’s modulus identification. Through all of the DIC analysis

on the drop-weight experiment, 12x12 pixels with 75 % overlap was chosen for the final
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Figure 5.6 Averaged (over the whole surface) longitudinal and lateral strain curves of the drop-weight test
data (SET1: non-pre-stretching) with respect to the three overlap sizes.
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Figure 5.7 Mean and standard deviation of the (a) displacement and (b) strain fields of 10 still images
with 12x12 subset size and 75 % overlap.
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subset size. As a result of the choice of this subset size, the distance between each data
point was 0.23 mm.

As mentioned, the strain fields were directly obtained through the DIC software.
According to its manual (Davis 7.2, LaVision 2007), the strain fields are obtained from
the following equation, for example for the engineering axial strain with respect to the

initial coordinates xo and yo:

e, (Xo: Yo) = (U(Xy + A%y, Vo) —U(Xy — AXy, ¥) )/ 2A%, (5.7)

In summary, Table 5.1 lists several imaging and DIC factors adopted in this chapter.
The axial strain resolution is an averaged value of the standard deviation of the axial strain
shown in Figure 5.7(b); the axial acceleration resolution is also obtained from its standard

deviation data shown in Figure 5.13(a), which is provided in the later section.

Table 5.1 Imaging and DIC analysis factors

camera FASTCAM SA 5, Photron
DIC software Davis 7.2, LaVision 2007
field of view (data) 120x380 pixels
interframe time 20 ps
subset size (final) 12x12
subset overlap (final) 75 %
spatial smoothing not applied
temporal smoothing (acceleration) 9-degree polynomial
axial strain resolution 1x10°3
axial acceleration resolution 7x10° mm s

5.3.2 Results

The data set (u, e) obtained through the procedure explained above was imported into
MATLAB for the linear VFM analysis. The engineering strain data e were converted to
the true value & using the relation in Eq. (5.1). The displacement and strain fields in the
longitudinal direction x of one of the test specimens (non-pre-stretching) are presented in

Figure 5.8(a-b), in which the tensile loading was applied on the right-hand side of the
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figure. For the acceleration fields in Figure 5.8(d), the temporal fitting method was
applied as explained in the simulation work. Figure 5.8(e) shows the axial displacement
fields before the start of the experiment and at 0.3 ms, overlayered on actual pictures of
the specimen.

The linear VFM was applied to the experimental data in the same manner as described
in the simulation section: Eq. (4.5) and (4.8) were used respectively for the non-pre and
pre-stretching cases. One of the simulation data procedures required to obtain the central
displacement values in each element was not used as the data of the DIC are obtained at

the centre of each subset window. The PVF method was adopted and an example in the
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Figure 5.8 (a) Axial displacement, (b) true strain, (c) virtual displacement, (d) acceleration fields of the
non-pre-stretching test at 0.3 ms and (e) the same axial displacement field overlayered on the actual
picture (before and after loading) (SET1: non-pre-stretching).

1.00
|

(o2}

Width (mm)
w

Correlation value

4 8 12 16 20 24 28 32
Length (mm)

Figure 5.9 Correlation map of the non-pre-stretching test (SET1) at 0.3 ms.
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longitudinal direction,u;, corresponding to the actual data in Figure 5.8, is presented in

Figure 5.8(c). The corresponding correlation (coefficient) map is shown in Figure 5.9. A
correlation value close to 1 means a perfect correlation; when this value is higher than
0.9, it is generally accepted as an indication of a good correlation result (Ghosh et al.,
2012; Pan, 2011; Pyne et al., 2014; Zhang et al., 2002; Zhu, 2015). From Figure 5.8, it
can be observed that the data are similar to those from the simulation work, Figure 4.3,
and the virtual field satisfies the two conditions at the left and right ends for the kinematic
admissibility and the cancellation of the traction force term in the PVW. Also, it is seen
that the position of the peak virtual displacement area is located around the acceleration
wave front.

The Young’s modulus estimation for this non-pre-stretching case is plotted with the
longitudinal true strain, Poisson’s ratio and averaged strain rate in Figure 5.10. For the
averaged strain rate, the (true) strain rate maps were obtained in the same way used to
obtain the acceleration maps from the temporal fitting, and then, the areas which have
been subjected to the stress wave (i.e. excluding the undeformed area) for each time step
were chosen for averaging. By the same method, the averaged true strain values were
also obtained. During the stable estimation period, the strain rate and Poisson’s ratio are
about 130-140 st and 0.4-0.5. Figure 5.11(a) shows the first set of all pre-stretching VFM
results. As the pre-stretching amount is increased, the Young’s modulus estimations
gradually increase. It is also observed that the stable prediction period is continuously
reduced: for example, 0.2-0.4 ms for the non-pre-stretched and 0.16-0.24 ms for an
experiment in which the true pre-strain was 0.51. This reduction is due to the stiffer
behaviour at higher strain so that the wave speed is higher and, consequently, the stress
wave reached the fixed end of the specimen more quickly. A similar result is shown in

the simulation work in Section 4.2.2. The simulation work in Section 4.3.2 does not show
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Figure 5.10 Young’s modulus estimation with the Poisson’s ratio, averaged strain and strain rate (SET1:
non-pre-stretching).

this reduction because the stiffening due to straining is not significant in the simulation
material compared to the current silicone rubber.
At the period when Poisson’s ratio is between 0.40-0.50, between which the reference

value lies, Young’s moduli E, Poisson’s ratio v, true strain exx and strain rate &, are

averaged for all tests of SET1-2, and the mean values are given in Table 5.2. The
averaging periods are presented as a hatched area in Figure 5.11. The hatched area is
concentrated on the initial loading period. The reason for this concentration is to avoid
the unstable prediction period which occurs when the stress wave reaches the fixed end
and the averaged acceleration becomes close to zero, i.e. temporally quasi-static
equilibrium. This explanation can be described by the example shown in Figure 5.11(c)
in which the prediction of the last pre- stretching experiment of SET2 starts to be unstable
(fall toward zero) when the averaged acceleration is close to zero (quasi-static
equilibrium). The averaged moduli and their pre-true-strain values were applied to the
optimization procedure of Eq. (4.11) in order to find the Ogden parameters respectively
for the experiments: SET1-2. The optimized parameters are listed in

Table 5.3. These two parameters are used for reconstructing the true stress-strain curve
of the Ogden model, Eq. (5.3); these curves are provided in Figure 5.12(a), in which the

two dynamic curves show good repeatability. In the second optimization procedure, it is
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assumed that the a term is independent of strain rate, as demonstrated in a previous study
of rate dependence of a silicone rubber (Shergold et al., 2006). Using this assumption, the
objective function, Eq. (4.11), is modified to include three « terms: one each for the two
static (u>%", 12*%) and one for the set of dynamic tests («V™) and the same « term for

all cases. The new objective function is rewritten in the following form:

0o,
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The first equation is to find the optimized ™ with respect to the 16 modulus results
from the SET1-2 tests; the remaining terms represent the nonlinear equations for the two

quasi-static tests. The values ‘n1’ and ‘n2’ in these equations indicate the number of the
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Figure 5.11 Nine moduli prediction sets for (a) SET1 and (b) SET2 (the hatched area indicates the
averaging period); (c) Modulus prediction of expo = 0.52 from SET2 and the averaged acceleration profile.
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data points for each case. These cost functions with all of the test data were
simultaneously optimized by the MATLAB function, fsolve, to produce the Ogden
parameters given in Table 5.3. Corresponding to these coefficients, Figure 5.12(b) shows
the true stress-strain curves according to the one-term Ogden model. Comparison between
these curves in this figure clearly shows the rate dependency of the material. In Table 5.3
(the second optimization method), this rate dependency can also be observed in the
Increasing apparent term, equivalent to the initial shear modulus.

. —e— VFM 161 5™ (SET1+SET2+static)
—&— VFM (SET2) 170's

0.1s"
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Figure 5.12 (a) Dynamic Ogden curves reconstructed from the first optimization method compared to the
quasi-static tests; (b) fitting curves for the two quasi-static tests and one dynamic curve reconstructed
from the second optimization method in which all rates are considered together.

Table 5.2 Averaged Young’s modulus E, longitudinal true strain ¢ , strain rate ¢ and Poisson’s ratio V.

SET1 E(MPa) ¢ é(s’) v e, SET2 E(MPa) ¢, E(sT) vV g,

2.5 0.033 160 0.49 0.00 2.8 0.046 210 0.50 0.00
4.2 0.025 160 0.50 0.10 45 0.023 210 046 0.11
4.7 0.024 160 0.43 0.18 4.9 0.037 160 0.43 0.20
5.4 0.028 140 044 0.22 6.6 0.029 160 049 0.26
7.4 0.025 170 042 031 11.1 0.026 160 0.45 0.40
8.6 0.021 160 046 0.38 12.4 0.019 160 044 041
114 0.019 170 040 041 19.5 0.016 130 047 0.52

14.3 0.014 130 045 0.44
24.3 0.018 140 043 051

Averaged ¢ =150s™, v=0.45 Averaged ¢ =170s™, v=0.46

Total averaged ¢ =160 s~!, v=0.45
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Table 5.3 Ogden parameter sets obtained by the first and second optimization procedures.

Optimization method Test MUapparent (MPa) o

First Dynamic SET1: 150 s 0.84 4.60
Dynamic SET2: 170 s 0.92 4.26

Second Static: 0.001 s 0.39 4,78
Static: 0.01 s* 0.46 4,78
Dynamic SET1+2: 160 s 0.81 4.78

5.4 Discussion of the VFM data

5.4.1 Calculation of the acceleration fields

In the final data in Figure 5.12, the VFM analysis was based on the acceleration fields
formed by the temporal fitting method. It is useful to investigate the effect of this fitting
method compared to the simple finite difference method. Figure 5.13(a) shows the noise
floor in the axial acceleration fields from the 10 still images as used in Figure 5.7 (SET
1: non-pre-stretching). This noise floor is calculated from data obtained by the simple
finite difference method. The value of this noise level (0.744x10° mm s on average)
compared to the acceleration amplitude, for example, 15x10° mm s from Figure 5.8, is
about 5 %. This noise level partially contributes to a slight variation in the averaged
acceleration (over the whole specimen), which then feeds into the Young’s modulus

calculation. Figure 5.13(b) compares the Young’s modulus identifications based on the
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Figure 5.13 (a) Standard deviation of the acceleration fields of 10 still images; (b) averaged (over the
whole surface) acceleration profile from the two acceleration calculation method and their Young’s
modulus identifications.
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finite difference and temporal fitted acceleration fields; the standard deviation of Young’s
modulus (0.2-0.4 ms) is reduced from 0.15 MPa to 0.10 MPa when the temporal fitting is
used.
5.4.2 Piecewise virtual field, number of elements

The experimental data from the SET1 without pre-stretching were reanalysed using
different numbers of virtual elements for the PVF to evaluate the stability of the
identification. Figure 5.14 shows this analysis for Young’s modulus and Poisson’s ratio.
The identifications are rather stable, and there is a slight convergence toward 8x2. As
pointed in the VFM textbook (Pierron and Grédiac, 2012), continued increasing of the
number of the virtual elements does not ensure this convergence but will lead to numerical
instability. The same analysis was conducted in (Pierron et al., 2014) showing a similar

trend in the identification with respect to the mesh density.
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Figure 5.14 Identifications of (a) the Young’s modulus and (b) Poisson’s ratio of the SET1: non-pre-
stretching with several virtual element numbers.

5.4.3 Effect of spatial smoothing

In the experimental work, no spatial smoothing filter was applied to the displacement
fields as the simulation work shows that the VFM is able to provide good identification
using the displacement fields with a noise level similar to that of the actual experiment.
However, it is still worthwhile to study the effect of a spatial smoothing to the actual

displacement fields. The DIC software provides a function to apply a Gaussian smoothing
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filter to the displacement fields with three different filter sizes of 3x3, 5x5 and 9x9.
Figure 5.15 presents the smoothing effect on the identifications of Young’s modulus and
Poisson’s ratio. The effect of the smoothing is not significant for either Young’s modulus

or Poisson’s ratio; the identifications are stable with respect to the size of the smoothing

filter.
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Figure 5.15 Identifications of (a) the Young’s modulus and (b) Poisson’s ratio of the SET1: non-pre-
stretching with a Gaussian smoothing filter.

5.4.4 Overall discussion

The drop-weight test results demonstrate that the use of the linear VFM and high-speed
photography in particular, to obtain acceleration fields, can replace the requirement for
force measurement and static equilibrium in a dynamic tensile experiment. One advantage
of the present VFM is that it is possible to capture the dynamic material behaviour at
small strain amplitudes which could not be measured or properly analysed using more
traditional techniques such as the SHPB. For example, the behaviour of the rubber
specimens discussed in this paper can be observed reliably for strains as small as 0.05.
Unlike more traditional experiments, these advantages will be even more apparent in
faster experiments with smaller material forces (i.e. in which the ratio of inertial to
material forces is even higher). However, in order to obtain parameters for hyperelastic
materials, both small and large strain data are required. In the experiments presented here,

these data were obtained by pre-stretching the material statically before applying dynamic
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loading. By measuring local stiffness at a range of different strains, and applying a
suitable optimization routine, it was then possible to build the full dynamic stress-strain
curve for this material with a unique combination of both low strain fidelity and large

strain data which cannot be obtained by any other dynamic testing method.
5.5 Comparison with dynamic mechanical analysis

Frequency dependence of mechanical properties at a small strain amplitude is often
studied by the DMA technique. Here, a uniaxial multi-frequency DMA test was used to
obtain temperature effects on the same silicone rubber at three different frequencies (0.5,
5, 50 Hz) between -80 to 70 °C with a strain amplitude of 0.1 %. For this tensile mode
DMA, a thin film type specimen was manufactured (length =8, width=5.7,
thickness = 0.53 mm). The DMA test was conducted by Q800 DMA instrument (TA
Instruments).

Figure 5.16(a) and (b) show the multi-frequency storage modulus and tan ¢ versus
temperature. The steep drop in storage modulus at around -60 °C is thought to reflect the
melting of a crystalline phase within the silicone rubber. The three curves in Figure 5.16(a)
are recognized in the form of isotherms versus the logarithmic time, which is the time to
reach a maximum strain amplitude (i.e. a quarter of a loading cycle). Thus, the three

frequencies, 0.5, 5 and 50 Hz correspond to 0.5, 0.05 and 0.005 s. The isotherm data are
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Figure 5.16 (a) Storage moduli and (b) tan & versus temperature at 0.5, 5 and 50 Hz.
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Figure 5.17 (a) Isotherm of storage modulus and (b) master curve versus the logarithmic time.

given in Figure 5.17(a). Then, these data were manually shifted to obtain the master plot,
Figure 5.17(b), of the storage modulus using the reference curve at 20 °C. The difference
in the shape of the storage modulus trace when plotted versus temperature or versus time
is believed to be a result of the crystalline transition taking place between -60 and -30 °C.
As the timescales associated with formation and melting of the crystalline phase do not
have the same temperature dependence as each other or the bulk motion of the molecular
chain, time-temperature superposition (TTS) is not expected to work within that
temperature range. From this curve, the storage modulus at a particular strain rate can be
approximated. As an example, at the strain rate, 210 s, of the non-pre-stretching test of
SET2, the time to reach the strain amplitude of 0.1 % is 4.76 us and its logarithmic time
is 10g10(4.76x107) = -5.32. The storage modulus at this time is approximately 4.44 MPa.
Note that this rate corresponds to temperature higher than the upper bound of the
crystalline transition and therefore TTS is still applicable. By the same calculation, the
storage modulus at a strain rate of 0.001 s (the logarithmic time: 0) is 1.98 MPa. Between
these two rates, the ratio of the storage moduli is 2.24. This ratio can be also calculated
between the static and VFM tests. For the static case, the secant modulus is obtained at a
strain of 0.046 (the averaged strain of the non-pre-stretching test of SET2) as 1.51 MPa.

The increment ratio between the secant modulus and the VFM result (2.75 MPa) from the
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initial test of SET2 is 1.82. It can be seen that this ratio is close to the increment ratio

obtained from the DMA test.
5.6 Summary

The combination of the linear VFM and the pre-stretching method was applied on
dynamic test results obtained on pure silicone rubber at a strain rate of about 160 s™ using
a drop-weight test apparatus, high-speed imaging and the DIC technique. The two sets of
pre-stretching experimental data with the application of the VFM produced the
identification of 16 different moduli. The same optimization procedure as in the
simulation work was utilized for these moduli, but also additionally using an objective
function that includes all of the drop-weight and static test results. The optimization
shows an increase in the x term with the higher loading rate. The stress-strain curve
reconstructed by the dynamic Ogden parameters clearly shows the stiffer behaviour
compared to the static test curves. For comparison, the DMA technique was conducted
on the same specimen. It is found that the increment ratio in the storage moduli between
the strain rates similar to the current dynamics, and static tests is comparable to the ratio
between the results of the drop-weight and static tests. Overall, the comparison between
the different data sets illustrates the power of the VFM, combined with appropriate tensile
experiments and pre-stretching procedure, to obtain the hyperelastic behaviour of
elastomer specimens at strain rates that would be difficult to assess using more traditional

high rate testing techniques, such as Hopkinson bar or hydraulic driven devices.
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Chapter6 THE NONLINEAR VFM

6.1 Introduction

The linear VFM introduced in the previous sections is based on the PVW in which the
stress term is defined by the linear elastic constitutive model. In Section 2.3.5, it is noted
that the VFM can be applied to nonlinear material models by setting up an objective
function, e.g. Eqg. (2.58). In addition, several studies are introduced, in which the
mechanical properties of elastomers have been characterized using this VFM. The VFM
procedure used in the present chapter is based on these previous studies but required
modifications have been made to utilize the acceleration data in the P\VW as was done in
the linear VFM. The VFM procedure in the form of the dynamic PVW involving
nonlinear models will be referred to as ‘the nonlinear VFM’ from now on.

The experimental procedure (drop-weight) used with the linear VFM provided
discrete experimental data at each pre-stretched state. In each experiment, the dynamic
strain amplitude was small so that the linear elastic model can be presumed in the PVW.
Then, the collection of identified Young’s moduli was used in an optimization procedure
to obtain the parameters of the nonlinear model. The outcome of the utilization of the
nonlinear VFM is also to identify the nonlinear model parameters, but a different
experimental technique is applied. The PVW for the nonlinear VFM is designed so that
the one-term Ogden material model can be included. The direct inclusion of this model
allows the use of large and nonlinear deformations of the experimental data. In order to
generate this form of experimental data, a gas-gun type experiment was developed, by
which elastomer specimens were subjected to large dynamic deformations and, at the
same time, high-speed imaging was conducted to record the dynamic behaviour.

In this chapter, the description of the nonlinear VFM is given in a similar manner to

the explanation of the linear VFM. This chapter starts with the mathematical definition
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of the nonlinear VFM and its particular form of the PVE. The next part provides the
description of FEM simulations by which the capability of the present method is evaluated.
The actual test procedures developed based on the simulations are described. Then, this
chapter ends with a comparison between the results of the linear and nonlinear VFMs and
a discussion of these data.

The objectives of this chapter can be summarised as follows:

o The description of the nonlinear VFM is given to explain the difference with
the linear VFM.

o FEM simulation is conducted to provide the identification capability of the
nonlinear VFM with experimental configurations of a gas-gun type test.

o Further FEM simulation is performed in order to evaluate the effect of imaging
random errors, data range and material parameters on the nonlinear VFM.

o The configuration of a gas-gun experiment is described in terms of a test
material (EPDM), imaging & loading system and differences with the drop-
weight apparatus.

o A similar procedure for choosing imaging and DIC parameters, as used in the
linear VFM, is adopted. This procedure needs to be repeated for the present
case because the image resolution is much lower than that of the linear VFM.

o Anactual application procedure of the nonlinear VFM on the experimental data
is given, and its results are compared with the linear VFM to show different
material behaviours under different loading speeds produced respectively by
these two experiments.

o Further experimental study is conducted to see the effect of acceleration

calculation and spatial smoothing methods on full-field data.
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o Young’s moduli which can be approximated from the initial deformation range
of a nonlinear stress-strain curve reconstructed by the nonlinear VFM are

compared with those obtained from dynamic mechanical analysis.
6.2 The nonlinear VFM

The nonlinear VFM is introduced to analyse experiments in which elastomers are
subjected to large dynamic deformations. The assumption of the linear elastic model made
for the linear VFM is not applicable for such data, as it is expected that significant
nonlinearity of the stress-strain relation occurs during the large deformations. The
identification of the nonlinear behaviour requires a proper nonlinear model, but the use
of the nonlinear model in the P\VW makes it difficult or impossible to construct a system
of linear equations, Eq. (3.4). As introduced in Section 2.3.5, several previous studies
show that parameter identification from the VFM combined with nonlinear models can
be conducted by modifying the PVW to the form of an objective function and minimizing
this function.

Such a VFM method, especially as used in the previous research for the
characterization of elastomers, is the basis of the present nonlinear VFM (Promma et al.,
2009; Sasso et al., 2013). In the present case, the same dynamic PVW was used, Eqg. (3.3),
but modified to convert the current coordinate system to the initial one so that the Cauchy
stress term can be replaced by the first Piola-Kirchoff (PK1) stress, Eq. (2.11); the PVW

of the nonlinear VFM is written as

* *

ou, ou ou ou
—|. M, =22+, 2%+ 11, —% + 11, —*% dS,
So aXO ayO ayo aXO (6 1)

= J.So p(ax“:,o + ay”;,o) ds,

*

where

the first Piola-Kirchoff stress tensor
virtual displacement vector based on the initial coordinate

*

S =
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So initial surface area
X, initial coordinate (X,,Y,)

The formation of this dynamic PVW is valid when the special virtual fields, in which the
traction forces at both ends of a specimen cancel, are applied, e.g. Eq. (3.2). Unlike the
case of the linear VFM in which the two material parameters E and v are linearly obtained
with the two PVW equations (provided by the two sets of virtual fields), for the nonlinear
VFM, only the first set of virtual fields of Eq. (3.2) was implemented because many PVW
equations can be produced by using an entire loading history. In other words, a history of
E and v estimations was obtained at each time point by setting up two linear PVW
equations in the drop-weight test; in the current case, one set of the Ogden parameters, u
and a, is calculated by solving this nonlinear PVW equation set considering the whole
loading history.

The nonlinear PVW equation set can be solved by building up and minimizing a cost

function written as
: ou, —
D= kzﬂl[jso Tt,): x ds, + LO pa(t,)-u, ds, (6.2)

Here, n indicates the total number of the data field produced during a dynamic loading
period, i.e. the number of time steps. In order to minimize this cost function, the
MATLAB function fmincon was used with a lower boundary of 1x107 to find positive
values of the Ogden parameters.

The PK1 stress fields in the cost function are reproduced at each loading step through
a nonlinear constitutive relation defined as the one-term Ogden model. As the Ogden
model is a function of the principal stretch ratio 4i, it is convenient to express the PK1

stress in terms of the principal direction. The PK1 stress in the principal direction with

the assumption of plane stress, I13 = 0, is
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12u . 2u ...
M= B A
(6.3)
M, = 2 2
, o

It can be assumed that the principal directions for Iy, IT> and ITs respectively correspond
to the longitudinal, transverse and through-thickness directions when a uniaxial type
specimen is used. When this assumption and the first set of the virtual fields is used, Eq.

(6.2) can be further reduced to the following form

. 2
D =i jso Hl(tk)% ds, + jso pa,(t ), , dS, (6:4)
k=L 0

The stretch ratio A3 was approximated by the assumption of incompressibility so that
A3 =11 (Ah2).

When it is expected that the principal directions deviate from the loading directions,
Ax and Ay measured with respect to the experimental coordinate should be transformed to
the principal stretch ratio A1, A2. Using these stretch ratios, the principal stresses IT1, I12

are calculated and transformed back to the values based on the experimental coordinate

o[ 0
o o,

m=PITP’

by the following relation

Po Py . .
P= P p = transformation maxtrix

yX Yy

(6.5)

n,=p_pIL +P P II,

XX XX Xy~ Xy
M,, =P,P,II, +P,P, II,

I, =P,PII, +P, P I,
I, =P,P,I,+P,P,II,

yX= yX

Then, the objective function is written as
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2

u, .
8X(;O dsS, + J.So pa, (4 )u, o dS, (66)

O = n J.Sol_[xx(tk)a

k=1

6.3 Simulation

6.3.1 Two-dimensional simulation

Numerical simulations were performed and analysed to simulate the actual gas gun,
which will be introduced in Section 6.4, experiment and illustrate the nonlinear VFM
introduced above. A FEM simulation was conducted by ABAQUS/explicit for the 2D
specimen geometry shown in Figure 6.1. The dimensions here are similar to the actual
specimen design used for the gas-gun experiment. The CPS4R element type with a size
of 1 mm was used. The larger element size was used, compared to the case of the linear
VFM, in order to simulate the lower resolution of images taken during the gas-gun
experiment. A fixed boundary condition was applied to the left end and a transversely
fixed boundary condition to the right end of the specimen. For the dynamic loading
applied to the right end, the velocity boundary condition, which peaked at 14 ms?,
obtained from one of the actual gas-gun experiments was adopted. The total loading
period was 1.4 ms, and 140 output steps were given to simulate the imaging speed of 100
000 fps which was used in the actual test. This loading period was chosen because a

fracture initiation was observed at around this time on the actual specimen (EPDM

WWzllmm
y
L =40 mm

X

rubber).

2222/

Figure 6.1 Two-dimensional simulation geometry and dimensions.
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The one-term Ogden model was chosen; for its parameters ¢ (MPa) and «, values of 3
to 6 and 1 to 4 were respectively used with an interval of 1 so there were in total 16
simulations. This parameter range is chosen such that at least one stress wave reflection
from the fixed end occurs within the simulation time; in addition, the parameters obtained
from the nonlinear VFM on the gas-gun experiment are within this range. A high bulk
modulus of 40 GPa was used to simulate the assumption of incompressibility. The density
was set to 1370 kg m=3, which was measured from the EPDM specimen. The same
procedure for data processing as used in the linear VFM study was adopted to generate
the full-field data, but without the addition of the noise or temporal fitting on the
acceleration fields. The full-field data from each simulation were then applied to Eq. (6.4),
and the result of the parameter identification set are presented in Figure 6.2. It can be
found that the parameter sets (cross symbol) obtained from the VFM are well matched
with the given values (intersected points of dashed lines).

The quality of the parameter extraction from the current VFM depends on the amount
of loading history involved in Eqg. (6.4). The history of the parameter prediction produced
by the simulation work with 4 =5 MPa, a =1 can be seen in Figure 6.3(a). The
acceleration profile is an averaged value over the whole surface at each time; the sign
change of the acceleration approximately indicates the moment of the wave reflection.
Each Ogden parameter is obtained by solving Eq. (6.4) with the simulation data history
up to each time point; for example, the x and « at 0.8 ms are obtained using the strain and
acceleration field data from 0.0-0.8 ms. During the incident wave period (0.0-0.6 ms), it
can be seen that the identification of x and « is not satisfactory with about 3 and 70
percent differences respectively from the given values. However, after the first wave
reflection (after around 0.6 ms), the calculated parameters become close to the given

values in a stepwise manner. The jump in this parameter estimation is due to the fact that
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Figure 6.3 (a) Averaged acceleration profile and the history of 1 and a and (b) Poisson’s ratio
identifications obtained from the linear VFM.

the strain amplitude in the stress wave is approximately doubled after the wave reflection
from the rigid end. Figure 6.3(b) shows the Poisson’s ratio obtained from the linear VFM
using Eq. (3.2) and (3.3). The linear VFM was applied on the same data used to produce
the result in Figure 6.3(a) with the assumption that Poisson’s ratio at a particular moment
is not dependent on the deformation history but on that moment. It seems that the result
is well matched with the incompressibility given to the simulation material by setting a
very high value of the bulk modulus. This identification procedure was also identically
applied to the data from the actual gas-gun test and identified Poisson’s ratios were used
for the choice of the subset size in the DIC analysis.

With the same simulation configuration, simple visco-hyperelastic simulations were
conducted with the one-term Prony series. The normalized shear constant g was 0.3, so
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Figure 6.4 (a) Ogden curves reconstructed from the parameters given in Table 6.1 and the given
instantaneous long-term curves; (b) averaged acceleration profile and the history of x« and « predictions
from the visco-hyperelastic simulation with = 0.05 ms.

Table 6.1 Four Ogden parameter sets obtained from the nonlinear VFM analysis on the visco-hyperelastic
simulation.

Relaxation time (ms) u (MPa) «

020 424 120
0.15 410 1.06
010 391 0.9
005 367 091

that the instantaneous and long-term x respectively were given as 5 and 3.5 MPa for the
one-term Ogden model. In order to produce a different Ogden behaviour with the same
velocity boundary condition, four different relaxation time constants z were given at 0.20,
0.15, 0.10 and 0.05 ms. These constants were chosen so that the four Ogden stress-strain
curves are located between the instantaneous and long-term curves. The simulation data
produced by the four relaxation constants were analysed by the same nonlinear VFM
procedure. The four calculated parameter sets are listed in Table 6.1. These parameters
are used to reconstruct the Ogden uniaxial curves as shown in Figure 6.4(a) with the given
instantaneous and long-term curves. It can be seen that the longer relaxation time
produces the Ogden curve which is closer to the instantaneous one. This observation gives
confidence that the present nonlinear VFM procedure is able to capture the stiffer

behaviour due to the longer relaxation time given in the present model. Figure 6.4(b)
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presents the estimation history of 1 and a and the averaged acceleration profile from the
simulation with 7 = 0.05 ms. The value of x (3.67 MPa) and « (0.91) given in Table 6.1
are obtained from the values at the end of the period (at 1.4 ms) of their profiles. The
initial averaged acceleration amplitude of Figure 6.4(b) is similar to that shown in Figure
6.3(a) of the pure hyperelastic simulation work. After the incident wave period, it can be
observed that the acceleration profile in Figure 6.4(b) is attenuated by about 50 % due to
the viscoelastic term whereas no significant attenuation is observed in Figure 6.3(a). This
attenuation is the main factor causing the variation of the Ogden parameters with the
different relaxation time constants for the same velocity boundary condition.

The aforementioned simulation studies were conducted using numerical data without
artificial noise on the displacement field u or the temporal fitting on the acceleration field
a. In order to show the effect of these on data processing, Gaussian random noise was
added to u in the same way as used in the simulation work of the linear VFM; however,
higher noise levels were added as the noise levels of the actual experiments are much
higher than in the case of the linear VFM. The temporal fitting was also identically
applied by the 9-degree polynomial function through MATLAB. It should be mentioned
that the identified parameters in the simulations shown in Figure 6.3 or Figure 6.4 were

obtained by the nonlinear VFM which was applied to the data from 0.0-1.4 ms and, for
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Figure 6.5 Mean and standard deviation of (a) « and (b) o from the nonlinear VFM with the temporal
fitting on a and without it.
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example, for the case of Figure 6.3, the values of x« and « at 1.4 ms are taken as the
identified parameters. In an actual experiment, the parameters were obtained by averaging
the history values over the period when the identifications converge to certain stable
values, e.g. 0.8-1.4 ms in Figure 6.3. This averaging procedure is to consider the fact that
fracture nucleation was globally observed over the specimen when subjected to very large
deformation. The moment when this nucleation was clearly observed was considered as
the last time step for the application of the nonlinear VFM. However, it was difficult to
specify when this nucleation started to occur exactly. For this reason, instead of specifying
the precise nucleation moment (i.e. the last time step), the identified values during the
stable period were averaged for both x and a. The stable period for this averaging was
observed to be 0.8-1.4 ms. This same period was used to obtain the mean and standard
deviation of the identifications, which is presented in Figure 6.5 for the cases of the
nonlinear VFM with and without the temporal fitting. For both x and «, the mean values
are closer to the given parameters when the temporal fitting is applied and also the
standard deviations with respect to all artificial noise amplitudes are lower. The standard
deviations of the non-fitted case become clearly higher as the noise level increases. Based
on this simulation result, the temporal fitting was identically utilized for the actual gas-
gun experiments introduced in Section 6.4.

A similar simulation study was conducted to show the effect of the choice of the PVW
equations between Eq. (6.4) and (6.6). The previous simulation studies were all based on
the PVW of Eq. (6.4), in which it is assumed that the global (experimental) coordinate X,
y approximately corresponds to the principal directions by considering a uniaxial-type
specimen. The nonlinear VFM (with the temporal fitting) result shown in Figure 6.5 is
again presented in Figure 6.6 with the legend denoted as ‘Global direction’ in order to

indicate the use of Eq. (6.4). An additional result, which is obtained from Eq. (6.6), is
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Figure 6.6 Mean and standard deviation of (a) x and (b) & from the nonlinear VFMs with Eq. (6.4) and
(6.6), which are respectively indicated by the legend of ‘Global direction” and ‘Principal direction’.

presented in this figure with the legend of ‘Principal direction’. No significant difference
between the use of Eq. (6.4) and (6.6) is observed either for u or «; but, after the noise
level of about 1500x10° mm, the identification (both x or o) sensitivity of the principal
direction case is slightly higher. This higher sensitivity can be caused by the additional
procedure required to obtain the principal values and directions.

According to the result shown above, either Eq. (6.4) or (6.6) can be adopted for a long
and narrow shape specimen. However, the similarity between these two equations may
not be valid when a wider specimen is tested. In order to show the effects between Eqg.
(6.4) and (6.6) with respect to a wider geometry, the same 2D simulation was conducted
but the width increased to 40 mm. The same procedure of adding artificial noise and the
temporal fitting was identically applied to the simulation data. The identification results
obtained from the two equations of the nonlinear VFM are presented in Figure 6.7. The
identifications of x for both cases differ by about 0.4 %, but as shown in Figure 6.7(b) the
a identification from Eqg. (6.4), ‘Global direction’, is significantly underestimated
compared to the case of Eq. (6.6). This deviation is caused when the principal directions
are no longer close to the global direction at which dynamic loading is applied. Thus,
when it is expected that the specimen shape is not close to a uniaxial type or a constitutive

equation used in the VFM is based on the principal direction like the Ogden model, the
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transformation procedure shown in Eq. (6.5) should be considered. In this chapter, Eq.
(6.6) was used for the analysis of all gas-gun experiments.
6.3.2 Three-dimensional simulation

The 3D simulations were conducted with a similar configuration used in the study of
the linear VFM. The same geometry and boundary conditions used in the 2D gas-gun
simulation was applied but three different thicknesses (h = 0.5, 2, 4 and 8 mm) were used
to see the effect of thickness change. The full-field data were obtained only from the
surface and then applied to Eq. (6.4). The element size for the surface was 1 mm but in
the thickness direction it was set as 0.2 mm. Figure 6.8 shows the identification history
of x and a. As mentioned above, the identified parameter at a particular time is obtained
using Eqg. (6.4) and the whole full-field data up to that time point. The identification of x
seems stable for all thickness cases; but in the case of a, since the thickness of 4 mm, the
prediction history becomes unstable, especially in the early stage of the loading period.
However, the identifications at the later time period is still close to the given values for
all cases. The identified values at the end of the loading period are listed in Table 6.2.
Equivalent identification results for the case with 4 =10 MPa, a =1 and x =15 MPa,
a =1 are also given in this table. It can be seen that the identification of y is stable for all

thickness cases but it seems that « starts to deviate from the given value when the ; term
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Figure 6.7 Mean and standard deviation of (a) x and (b) a from the nonlinear VFMs with Eq. (6.4) and
(6.6) on the simulation with a wider specimen (L & W =40 mm).
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Figure 6.8 Identification histories of x and a with respect to the thickness change of 3D FEM simulations
with u =5 MPa and a = 1.

Table 6.2 Ogden parameter sets with respect to the thickness change for the three different simulations.

Thickness (mm) u=5MPa a=1{u=10MPa a=1{u=15MPa a=1
0.5 5.00 1.01 10.02 0.98 15.03 0.98

2 5.00 1.01 10.03 0.96 15.05 0.97

4 4.99 1.03 10.06 0.93 15.10 0.94

8 4.97 1.03 10.10 0.86 15.17 0.88

is high, and the thickness is large. The highest deviation of x and o in Table 6.2 is 1 and
12 % respectively.

The same 3D simulation was performed but for the current case the thickness was
fixed at 0.5 mm. The same boundary conditions and three Ogden materials were applied.
The surface area of the full-field data was controlled to see the effect of the area reduction
on the identification. A similar simulation study is introduced in Section 4.2.2 and Figure
4.12 for the case of the linear VFM. The area reduction was conducted as shown in the
right-hand side figure in Figure 4.9 in Chapter 4 but, in order to simplify the mesh
geometry, the length and width were reduced in 1 mm steps, which is the mesh size, up
to 4 mm. For example, when a 4 mm reduction is applied, the length and width of the
data area are 32 and 3 mm. Figure 6.9 shows the effect of the area reduction for the case
of u =15 MPa, o = 1; Table 6.3 shows the identification results obtained from the whole

data history for the three Ogden material cases. For all cases, the identification of 1 seems
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Figure 6.9 Identification histories of x and o with respect to the data area change of 3D FEM simulations
with =5 MPaand a = 1.

Table 6.3 Ogden parameter sets with respect to the data area change for the three different simulations.

Reduction (mm) x=5MPa a=1{u=10MPa a=1{u=15MPa a=1
1 4.96 1.06 9.93 1.08 14.9 1.06
2 4.92 1.14 9.90 1.14 14.8 1.09
3 4.90 1.23 9.81 1.19 14.7 1.15
4 4.87 1.30 9.80 1.25 14.7 1.17

rather stable; the deviation is less than 3 %. The deviation of the « identification becomes
significant (up to 30 %) when the reduction is higher than 2 mm for all material cases.
This sensitivity is applicable when the specimen dimensions are close to the present
simulation geometry (L =40 mm, W = 11 mm).

In summary, the present simulation study shows that the application of the nonlinear
VFM is able to identify the parameters of the chosen nonlinear model, including rate
dependency as much as the linear VFM. It is found that the temporal fitting leads to a
reduction of noise sensitivity so this procedure was applied to all gas-gun experiments.
The full-field data obtained from the experiments were analysed by the PVW of the
nonlinear VFM, Eq. (6.6). The parameters were obtained by averaging the identification
history over the stable period. In addition, according to the 3D simulation works,
appropriate specimen thickness and data area reduction were restricted to be less than 2

and 1 mm, respectively.
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A summary of the outcomes from the present simulation work was used as a strategy

for the development of a gas-gun type experiment introduced in the next section; this

strategy is listed as follows:

O

Use of the imaging speed of 100 000 fps is capable of characterizing material
behaviour for Ogden model parameters up to x =6 MPa and a = 4.

The principal coordinate system needs to be defined in order to consider the
Ogden model which is based on the principal directions. It is found that for a
uniaxial type specimen (L = 40 mm and W = 11 mm), the global coordinates
can be assumed to be coincident with the principal directions.

A sufficiently large deformation history is required for a proper identification
of the o term of the Ogden model.

According to the specimen geometry study using FEM data, a specimen
thickness should not be more than 2 mm, and full-field data reduction should

be limited to 1 mm.

6.4 Experiment

In this section, the gas-gun experiment is described with the application of the

nonlinear VFM procedure identically applied to the simulations introduced above. For

the present study, a sheet of commercial EPDM rubber (Amarin Rubber & Plastics Ltd)

was used. The first part provides the procedure for a quasi-static test performed on this

new specimen; the drop-weight and the pre-stretching method were applied and, the data

were analysed by the linear VFM as introduced in Chapter 5. Then, the gas-gun procedure

is described with respect to its experimental configuration. At the end of this section, the

stress-strain curves measured or obtained through all tests were presented together for

comparison.
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6.4.1 Quasi-static experiment

For comparison with the dynamic experiments, tensile quasi-static tests were
conducted. The uniaxial specimens were prepared with dimensions of gauge
length = 60 mm, width = 20 mm, and thickness = 2 mm. True strain rate control was
employed with three strain rates: 0.01, 0.001 and 0.0001 s™. At the time of this experiment,
a USB camera (Grasshopper3 USB 3.0 Digital Camera, Point Grey Research, Inc) was
available and used to capture displacement fields (at 5 fps) on the specimen surface
(215684 pixels) where a white spray was applied to make a fine speckle pattern. The
full-field measurements were then analysed by the same DIC software as used elsewhere
with a correlation subset size 16x16 (50 % overlap) each of which includes about three
dots of the spray pattern. This subset size was the smallest able to produce high data
resolution with a reasonable noise level (strain standard deviation = 0.1 %) in the axial

strain fields obtained from the five static images before loading. The axial displacement
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Figure 6.10 Axial displacement fields of the quasi-static test (at 0.01 s) obtained from the DIC analysis
and overlapped on the actual pictures; the red rectangle indicates the initial area where the data field is
averaged.
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fields obtained from this DIC analysis are presented on the actual experiment images in
Figure 6.10; the red rectangle indicates the area where the strain fields are averaged.

The engineering uniaxial stress was calculated by the load measured from the tensile
test machine; the engineering uniaxial strain fields obtained by the DIC analysis were
averaged, and the values were interpolated to be matched with the time of the force
measurement. The interpolation was conducted by the built-in MATLAB function,
interpl. The fitting procedure of the one-term Ogden model, introduced in Section 5.2.2,
was identically applied to the three quasi-static tests. The Ogden parameters from this
fitting are listed in Table 6.4, and their fitted and experiment curves are presented in
Figure 6.11. Similar to the case of the silicone rubber, Figure 6.11 shows the rate
dependency of the EPDM specimens can be observed even between such slow rates. Also,
it is found that the one-term Ogden model is capable of fitting the stress-strain curves.

It was possible to obtain Poisson’s ratio from these tensile tests as the full-field data

of the lateral strain corresponding to the axial strain are available. The averaged

Table 6.4 One-term Ogden model parameters obtained from the quasi-static uniaxial tests.

Strain rate (s!) p(MPa) «
0.0001 1.05 1.09
0.001 1.36 1.05
0.01 1.47 1.46

4. Experiment (0.0001 s™)
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Figure 6.11 Uniaxial true stress-strain curves from the experiment (filled symbol) and fitting (open
symbol).
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engineering axial and lateral strain values were applied to Eq. (5.6) in order to calculate
Poisson’s ratio. The results for all strain-rate cases are presented in Figure 6.12 with
respect to the axial true strain. Over the strain range of 0.1-0.5, the averaged Poisson’s
ratios for 0.01, 0.001 and 0.0001 st are respectively obtained as 0.49, 0.46 and 0.47; the

mean value is 0.47.
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—e— Experiment (0.001 ™)
—a— Experiment (0.01s™)
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Poisson's ratio
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Figure 6.12 Poisson’s ratio obtained from the DIC data of the three uniaxial tests.

6.4.2 Medium strain-rate test (Drop-weight test)

The same drop-weight test as described above was adopted for the procedure of the
linear VFM on EPDM specimens. The following dimensions were prepared: gauge
length = 37 mm, width = 11 mm and thickness = 2 mm. For these specimens, the
experimental set-up and procedure introduced in Chapter 5 were applied to obtain a series
of dynamic full-field measurement at a number of different pre-stretch values by means
of the same high-speed camera at 50 000 fps with an image size of 420x170 pixels. The
static force was measured just after pre-stretching and then applied to the PVW with the
strain and acceleration fields obtained from the same DIC analysis on the dynamic
displacement fields. The identical linear VFM was adopted including the piecewise
virtual field. A series of Young’s modulus estimation profiles from two drop-weight tests
is shown in Figure 6.13, in which the hatched area indicates the period where Young’s

modulus, Poisson’s ratio and strain rate fields are averaged; the values are listed in
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Figure 6.13 Young’s modulus identifications from the drop-weight test and the linear VFM on the two
EPDM specimens (the hatched area indicates the averaging period).

Table 6.5 Averaged Young’s modulus, longitudinal strain rate and Poisson’s ratio of the two drop-weight
tests.

SETL E(MPa) 4(6Y v & SET2 E(MPa) ¢ (5N v ¢

11.8 80 0.47 0.00 12.3 103  0.45 0.00
14.9 78 045 0.05 12.6 96 0.49 0.08
17.1 86 047 0.18 13.0 108 0.48 0.14
20.6 90 045 0.25 14.6 102 050 0.15
21.0 96 048 0.35 17.4 122 0.48 0.23
22.2 98 0.46 0.0 20.4 118 048 0.31
26.6 120 0.49 0.54 23.4 109 0.46 0.34

27.7 125 0.48 0.63
Averaged ¢, =100 s71,v=0.47
Optimized Ogden parameters: u =4.39 MPa, a = 1.71

Table 6.5. This hatched area is made so that, for each profile, the Young’s modulus
predictions are stable and the values of Poisson’s ratio are bounded between 0.4-0.5 for
reasonable compressibility. All averaged E values in Table 6.5 from the test of SET1 and
2 were applied to the optimization procedure of Eq. (4.11). The optimized parameters
were obtained as = 4.39 MPa and o = 1.71. The true stress-strain curve reconstructed
from these parameters is presented in the next section with the results of the gas-gun
experiment.
6.4.3 High strain-rate test (Gas-gun test)

The idea of the present gas-gun experiment is based on the high strain-rate experiment

for testing a yarn of polymeric fibres introduced in the literature (Russell et al., 2013).
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Here, eight uniaxial type EPDM specimens (length = 100 mm, width = 11 mm,
thickness = 2 mm) were prepared. In each experiment, one end of each of two specimens
was fixed on one side of a rectangular aluminium block: the specimens were superglued
into a clamp. The dimensions of the aluminium block were determined so that oscillations
of the specimen end due to flexure of the block were reduced. The other ends of the
specimens were similarly clamped to a rigid frame attached to the barrel of a gas gun. An
aluminium projectile was accelerated by the gas gun so that it impacted the block at
speeds between 50 and 80 m s, A schematic representation of the experimental
configuration is presented in Figure 6.14 (upper) and the picture given at the bottom of
this figure shows the actual system of the gas-gun experiment. The blue circle (dashed
line) indicates the place where the aluminium block sits on a PMMA rod. In front of this
block, there is a rigid frame and long gas-gun barrel. A projectile is accelerated by the
pressure provided by a small chamber shown in the right-hand-side of this picture. When

37 mm

11 mm i

fixture ...

Figure 6.14 (upper) Schematic representation of the gas-gun experiment and a speckle pattern on a part of
the specimen surface with a 12x12 correlation window (red rectangle); (bottom) a picture of the actual
gas-gun experiment system.
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the projectile approaches the rigid plate, a light sensor detects the movement and sends a
trigger signal to the high-speed camera (the grey box in the picture) to capture the
dynamic deformation of the EPDM specimens.

The dynamic displacement on the specimen surface, where a random speckle pattern
was applied by a white spray, was captured by the high-speed camera at 100 000 fps. If
two high-speed cameras are available, it is possible to obtain two dynamic displacement
fields from the two specimens; however, in this study, only one of the specimen surfaces
was captured by one camera. The image size over the specimen surface, for example
TESTS, is 203x69 pixels. The acquired images were then analysed by the DIC software
as explained in Chapter 5 but for the final subset size (12x12) a larger overlap size of

50 % was used. These subset and overlap sizes were chosen by a method similar to that
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Figure 6.15 Subset size selection procedure: (a) the Poisson’s ratio identifications with 8x8, 12x12 and
16x16 subset sizes on the gas-gun test (TEST 3); (b) the standard deviation of the axial strain fields of 10
still images with 8x8 and 12x12 subset sizes; (¢) the Poisson’s ratio identifications with 12x12 subset
size and 0, 50 and 75 % overlap sizes; and (d) the standard deviation of the axial strain fields of the 10
still images with 12x12 subset size and the three overlap sizes.
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used for the case of the linear VFM presented in Figure 5.5. As shown in the simulation
work (Figure 6.3(b)), the application of the linear VFM to the long deformation data is
able to calculate the Poisson’s ratio. The identification of Poisson’s ratio from one of the
gas-gun tests (TEST 3) is presented with respect to the three subset sizes without overlap
in Figure 6.15(a). From this result, the subset sizes of 8x8 and 12x12 are chosen for
further investigation as they produce Poisson’s ratio identifications close to
incompressibility. With regard to these two subset sizes (no overlap), Figure 6.15(b)
presents the standard deviation of the axial strain fields obtained by the 10 still images
before the block is impacted. The noise level is significantly higher for the subset size of
8x8 50 12x12 is chosen as the final choice. Starting from this subset size, the overlap size
increases to 50 and 75 %, and Figure 6.15(c) shows their Poisson’s ratio identification
results. It can be seen that, in contrast to the case presented in Figure 5.5, the increment
of the overlap size to 75 % does not lead to the higher incompressibility; instead,
Poisson’s ratio is even lower than that of 0 % overlap. The reason for this decrement is
thought to be the fact that the noise level of the strain field is significantly higher than
that of 50 and 0 % overlap cases, as can be observed in Figure 6.15(d). For this reason,
the subset size 12x12 and 50 % overlap was chosen for the DIC analysis on the present
gas-gun experiments. The noise levels in Figure 6.15(d) becomes slightly higher as the
picture number increases. This increment is due to the fact that when the projectile is shot,
the air is exhaled out from the gun barrel and pushes the aluminium block and also the
specimens.

The noise floors of the displacement and strain fields obtained from 10 static images
of the gas-gun test with the DIC configuration introduced above are presented in Figure
6.16. The static images used in this case were not taken from the above case; instead,

these were separately obtained from the situation when the specimen was located at the
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Figure 6.16 Mean and standard deviation of the (a) displacement and (b) strain fields of 10 still images
with 12x12 subset size and 50 % overlap.
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Figure 6.17 Pictures of the initial and deformed states at 1.14 ms of TEST 3 and the axial displacement
fields on the surfaces.
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same place but without shooting of a projectile. As can be seen in these figures, the noise
levels are much higher than the case of the linear VFM presented in Figure 5.7 in Chapter
5. This higher level is an inherent characteristic of the nonlinear VFM because of the
necessity of measuring large deformations. In order to capture large deformations, the
initial imaging area should be much larger than the specimen length so that the whole
deformation can be included at all loading levels. This explanation can be described by
Figure 6.17 where two pictures show the initial state and deformed states at 1.14 ms of
TEST 3. The averaged noise level (standard deviation) of the axial displacement for all
pictures is 0.005 mm. Although this noise level is much higher than that of the linear
VFM, according to the simulation studies shown in Figure 6.5, the application of the
nonlinear VFM at this noise level is still capable of identifying the material parameters.

Table 6.6 lists the DIC factors adopted in the present gas-gun experiment.
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Table 6.6 Imaging and DIC analysis factors

camera FASTCAM SA 5, Photron
DIC software Davis 7.2, LaVision 2007
field of view (data) 203%69 pixels
interframe time 10 ps
subset size (final) 12x12
subset overlap (final) 50 %
spatial smoothing not applied
temporal smoothing (acceleration) 9-degree polynomial
axial strain resolution 2.6x107
axial acceleration resolution 100%x10° mm s

Using this DIC configuration, the displacement and engineering strain fields were
obtained for each picture. For the acceleration fields, the temporal fitting procedure (9-
degree polynomial) was applied as explained in the previous chapter. The axial (loading
direction) displacement, true strain and acceleration fields at loading times of 0.34 and
1.14 ms from TEST 3 are shown in Figure 6.18 with the initial coordinate. The
corresponding correlation maps are shown in Figure 6.19. The axial strain values are
plotted along the lengthwise position by averaging them in the lateral direction. The strain
plots at several time points are presented in Figure 6.20. The strain curve at 0.24 ms
shows that the initial incident strain wave propagates from the right-hand side (loading

end). This incident wave starts to be reflected at around 0.54 ms. After this time, the
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Figure 6.18 Axial displacement (upper), true strain (middle) and acceleration fields (bottom) at 0.34 (left)
and 1.14 ms (right) of TEST 3.
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Figure 6.20 Axial true strain curves (averaged in the lateral direction) along the lengthwise position from
TEST 3.

reflected wave travels back toward the loading end. The propagation of the next reflected
wave is not clear and the strain along the length starts to be uniform. This wave
attenuation can be caused by a viscoelastic characteristic of the specimen. The strain
values around both ends of the specimen are lower than its overall behaviour (strain). This
stiffer behaviour at both ends could be an artefact from the large thickness change due to
the clamping fixture and a superglue layer used to improve the clamping of the specimen
in the fixture. The data from this region were excluded by removing the data about 1 mm
away from both ends.

The time that the strain wave just reaches the fixed end of the specimen is about

0.34 ms. From this time, it is possible to approximate the wave velocity ¢ as 108 m/s
(=37 mm/0.34 ms); using the one-dimensional wave theory, c=./E/p, the initial

Young’s modulus is approximately 16 MPa. Then, the initial shear modulus is obtained
as 5.3 MPa with the assumption of incompressibility, v = 0.5. The quantity x in the Ogden

model represents the initial shear modulus of the material so the x parameter to be
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obtained by the nonlinear VFM procedure should be close to this approximated initial
shear modulus.

As explained in Section 6.2, the PVW, Eq. (6.6), was applied to the strain and
acceleration field data up to the moment when cracks and voids are clearly observed. The
VFM result of TEST 3 is given in Figure 6.21 showing the estimation history of the
Ogden parameters and the profiles of the averaged acceleration and (true) strain rate.
Unlike the acceleration values obtained by simply averaging whole surface data, the
strain rate profile is acquired by averaging only the deformed region in the specimen
during the incident strain wave period and the whole specimen after the first wave
reflection. Similar to Figure 6.4(b) of the simulation work, the estimations of x« and «
converge to certain values once the second acceleration wave is included in the
optimization procedure of the nonlinear VFM. The period where the estimations are

stable is chosen to obtain the averaged Ogden parameters as indicated by the hatched box
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Figure 6.21 Averaged acceleration and strain rate profiles and the history of 1 and « prediction from the
gas-gun experiment on an EPDM specimen (TEST 3).

Table 6.7 Four Ogden parameter sets obtained from the nonlinear VFM and the averaged strain rates of
the gas-gun experiments.

Test Strainrate (s) p(MPa) «

1 600 6.52 212
2 470 570  2.05
3 410 526 195
4 380 487 185
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in Figure 6.21; the final strain rate is obtained by averaging its values over the period of
0.4-1.7 ms. The same procedure was repeated to obtain these parameters from all gas-gun
experiments. The parameters obtained from the four gas-gun experiments are summarized

in Table 6.7.
6.5 Discussion

6.5.1 Effect of the spatial smoothing

The experiment results shown above were obtained with the full-field data which was
not subjected to any spatial smoothing filter. In order to see the effect of the spatial
smoothing, the Gaussian smoothing function provided in the DIC software was applied
on the full-field data of TEST 3 with two filter sizes of 3x3 and 5x5. Figure 6.22 shows
the identification histories (« and «) of the three cases: one from Figure 6.21 and two
results of the smoothing cases. It can be seen that the identification of x is insensitive to

the given smoothing but, for the case of «, a slight variation over the stable period
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Figure 6.22 Identification histories of x and o prediction with respect to the Gaussian smoothing
(TEST 3).

Table 6.8 Ogden parameter sets obtained from the three spatial smoothing cases introduced in Figure
6.22.

Gaussian smoothing p(MPa) «
None  5.26 1.95
3x3 520 210
5x5 520 221
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(hatched area in Figure 6.22) is observed between the three cases. This variation could
reflect the fact that the identification of « depends on the full-field data in which the
deformation level is high, as this parameter describes the hardening behaviour. The
optimization of Eq. (6.4) contributed by the deformation history at a later loading stage
can be less than that at the initial period. The reason can be understood by Figure 6.21 in
which the acceleration level is significantly reduced after about 0.8 ms. This reduction is
partially due to the viscoelastic behaviour of the specimen (attenuation) but also the
acceleration level can be dispersed as the stress uniformity (uniform deformation) is
higher. The gradual achievement of the uniform deformation can be observed in Figure
6.20. The lower spatial gradient of the axial displacement field means the weaker level of
the acceleration amplitude and, in turn, higher noise-to-signal ratio. This is one of the
disadvantages of the current nonlinear VFM against the linear VFM where a non-uniform
deformation state can be clearly generated at each strain level by means of the pre-
stretching procedure. The identified parameters for each case, which can be obtained by
averaging over the stable period (hatched area in Figure 6.22) are listed in Table 6.8, in
which the differences of x and o of each case are respectively up to 1 and 10 %.
6.5.2 Calculation of the acceleration fields

Figure 6.23(a) shows the noise level of the axial acceleration fields calculated from the
displacement fields of the 10 still images used to present Figure 6.16. The calculation was
conducted by the simple finite difference, Eqg. (4.1). As expected, the noise level of the
present case is much higher than that of the linear VFM (Figure 5.13); the averaged value
is 100x10° mm/s?. This noise level is significant at a later loading stage, for example,
compared to the acceleration profile after 0.8 ms of TEST 3 as shown in Figure 6.21. This
observation can be a reason for the slight variation of the « identification of Figure 6.22.

In Figure 6.23(b), the identification histories of the two cases with and without the
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temporal fitting are compared. Their final identification results are given in Table 6.9. A
similar result is shown in that the x identifications (1 % difference) are almost insensitive
to the use of the temporal fitting but a slightly higher difference (4 %) is obtained for the

a identifications. This higher difference can be similarly explained by the same reason as

given above.
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Figure 6.23 (a) Standard deviation of the acceleration fields of 10 still images (same pictures used in
Figure 6.16); (b) the identification histories (« and o) of TEST 3 with and without the temporal fitting.

Table 6.9 Ogden parameter sets obtained from the two temporal smoothing cases introduced in Figure
6.23.

Temporal smoothing p (MPa) «

Applied 526 1.95
None 520 1.87

6.5.3 Comparison with the DMA

The DMA test was conducted on the same EPDM rubber. The specimen for the DMA
was cut from the same EPDM sheet and its gauge length, width and thickness are
respectively 12.4, 5.6 and 1.5 mm. The same DMA procedure was performed with Q800
DMA instrument (TA Instruments) but the frequency range is narrower as a preliminary
test showed that the storage modulus measurement at 0.1 Hz was too noisy and for 50 Hz
slipping between the specimen and the clamping was found. The same time-temperature
superposition was applied to the storage moduli data shown in Figure 6.24(b). The three

frequency 1, 5, 10 Hz corresponds to 0.25, 0.05 and 0.025 s. After this unit change, the
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isotherm data were produced as shown in Figure 6.25(a); then each plot was manually
shifted with respect to the reference isotherm curve at 20 °C. The final master curve is
given in Figure 6.25(b).

The same comparison procedure can be conducted between the DMA moduli and the
gas-gun & quasi-static tests. The strain amplitude of the present DMA test was 0.001.
The Young’s modulus of one of the quasi static test (0.0001 s) at this strain level is
approximated as a secant value of its stress-strain curve, 4.81 MPa. Young’s modulus of
the gas-gun TEST 4, which produced the lowest strain rate (380 s™*) among the gas-gun
tests, can be also similarly approximated from its reconstructed true stress-strain curve; it
is obtained as 14.6 MPa. The storage moduli at this dynamic strain rate can be calculated
in the following way: the time to reach the strain amplitude of 0.001 is 2.6 us

(= 0.001 / 380 s1); its logarithmic time is log10(2.6x10°) = -5.6; and the storage modulus
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Figure 6.25 (a) Isotherm of storage modulus and (b) master curve versus the logarithmic time.
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at this time is approximately 48.1 MPa. Similarly, at the quasi-static rate, the storage
modulus is 13.9 MPa. The increment ratios of the transient tests (quasi-static and gas-gun
tests) and the DMA are respectively 3.04 and 3.46. Using the same procedure, the
increment ratio for the case of the gas-gun TEST 1 (600 s*) are 4.06 and 4.11 from the
DMA. The increment ratios between the transient and DMA tests of both the two strain
rate cases are comparable. In addition, the drop-weight test result can be also compared
to the DMA data. The Young’s modulus of the SET1 drop-weight test (no pre-stretching)
is 11.8 MPa at 80 s*. The increment ratio from the quasi-static test is 2.45. The increment
ratio for the DMA case at this dynamic rate and the quasi-static one is 2.81
(= 39.1 MPa (at the logarithmic times of -4.9) / 13.9 MPa). The increment ratio for this
case is also comparable.
6.5.4 Overall discussion

The Ogden parameter sets obtained from the quasi-static, drop-weight and gas-gun
tests are applied to the uniaxial Ogden equation, Eq. (5.2), and Eq. (5.3), to reconstruct
the true stress-strain curves as shown in Figure 6.26. This figure shows the clear rate
dependency of the present EPDM rubber as the stress-strain curve behaves stiffer for the
higher strain rates. This stiffer behaviour can be explained by the fact that the x term
becomes larger for the higher rates. It seems that o also generally increases but is not
strongly dependent on the strain rate since the o values for the drop-weight test (101 s™,
o = 1.71) and one of the quasi-static tests (0.01 s%, a = 1.46) are not significantly different.
The four Ogden curves from the gas-gun tests in Figure 6.26 have a solid line with symbol
and a dashed line. The end of the symbolic line indicates the maximum averaged true
strain of the last loading step used in the VFM; from this end, the dashed line is extended
to extrapolate the gas-gun Ogden curves up to a true strain of 0.63 which is the maximum

true strain of the drop-weight test.
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Figure 6.26 Ogden uniaxial true stress-strain curves reconstructed by the parameters of the gas-gun, drop-
weight and quasi-static tests.

The identified parameters given in Table 6.7 are obtained from the dynamic full-field
data produced by each single gas-gun experiment. This experimental expediency is a clear
advantage of the gas-gun experiment with the nonlinear VFM in comparison to the drop-
weight experiment with the linear VFM in which multiple experiments are required to
introduce the pre-stretches. The identifications by the single experiment have another
advantage in that complicated effects caused by the pre-stretches such as softening can
be avoided. Also, it is clear that the gas-gun experiment is more suitable for high strain
rates (> 300 s™) as the maximum strain rate of the current drop-weight system is limited
by the mass and drop distance of the weight. However, the drop-weight test with the linear
VFM and pre-stretching method is still a useful technique to fill the gap between the high
strain-rate and quasi-static tests. It is experimentally complicated to introduce a single
loading pulse which induces the medium strain rate of order of 100 s whilst at the same
time producing a large strain with a constant strain rate, as the final strain is not
independent of the strain rate, and both are also affected by the material properties (in
particular the stress wave speed). More positively, the fact that the drop-weight test
produces a small strain amplitude allows use of higher resolution imaging and faster
imaging speed of high-speed cameras for which the imaging size needs to be reduced for

faster imaging. However, the pre-stretching can induce some inelastic effects, e.g.
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Mullin’s effect which requires each stretching step to have a larger amplitude than the

previous.
6.6 Summary

Drop-weight and gas-gun experiments were performed on EPDM rubber to
characterize the mechanical response to loading at medium and high strain rates in tension.
The dynamic deformation fields captured by a high-speed camera were applied to the
VFMs. The linear VFM introduced in the previous chapter was applied to a series of the
short dynamic deformations fields obtained in a drop-weight apparatus with several given
pre-stretches. From this procedure, a series of Young’s moduli was identified at each
given pre-strain and used to reconstruct an Ogden true stress-strain curve. In order to
produce data at higher strain rates, the nonlinear VFM, which is directly associated with
the one-term Ogden model was applied to the history of large dynamic deformation fields
produced by a gas-gun experiment. The gas-gun experiment design was first simulated
by finite element analysis; this simulation shows that the nonlinear VFM application on
the continuous deformations fields with multiple wave reflections can successfully
identify given Ogden parameters. The same nonlinear VFM procedure was used on the
actual gas-gun experiments, and four Ogden parameters sets were identified at different
high strain rates. The five dynamic true strain-stress curves were reconstructed by the
Ogden parameters obtained from the linear and nonlinear VFMs. These dynamic curves
show their clear rate dependency between the dynamic test and also from comparison to

the quasi-static uniaxial experiments.
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Chapter 7 THE INCREMENTAL LINEAR VFM

7.1 Introduction

In this chapter, the pre-stretching procedure used for the linear VFM (described
through Chapter 4 and Chapter 5) and drop-weight test is revisited, in particular the
specific requirements introduced by the pre-stretching technique and the different ways
of analysing the experiment are examined. The PVW used in the VFM was based on the
current (deformed) configuration of the specimen as it is loaded. The use of this PVW on
a pre-stretched state requires us to account for the pre-existing stress field owing to this
static deformation, as explained in Chapter 4. This static stress field was obtained by a
static force measurement in the loading direction after pre-stretching and before the
dynamic loading is applied. Here, an alternative VFM is introduced, which is based on
an incremental form of the PVW that does not require this stress field measurement.
Although these two methods have different mathematical forms of the PVW, their
identification results should be consistent. However, it is expected that these two methods
have different sources of experimental uncertainty as the processing of the experimental
data is different in the two PVWs. This chapter describes the comparison of these two
VFM procedures with regard to uncertainty in the experimental data. The linear VFM
presented in the previous chapter is denoted as VFM 1 and two different approaches to
the method introduced here, VFM 2 and 3. The first section provides a theoretical
explanation with regard to VFM 2-3. The notations used in this section are the same used
to describe Figure 4.20 and Figure 4.21 in Chapter 4 . Then, the difference between these
VFMs are further studied using FEM simulations with artificially added noise. In the next
section, VFM 2 is applied to the experimental data used in Chapter 5 and Chapter 6
(respectively, silicone and EPDM rubbers) so that the identification results from both

VFMs can be compared. Further data are presented in order to show the effect on VFM 2

173



of different periods of relaxation after pre-stretching for silicone and EPDM rubbers.

Additionally, a comparison study is provided, in which a compressive stress-strain curve

reconstructed by material parameters identified by VFM 2 on a silicone rubber is

compared with the curves measured by the SHPB at a similar medium strain-rate range

on the same material.

The objectives presented in this chapter are summarized as follows:

O

The incremental VFM is introduced with the description of its principle of
virtual work equation based on the incremental equation of motion. This
description will explain differences between the linear and incremental VFMs.
FEM simulation study, similarly conducted in the chapter of the linear VFM,
Is introduced for the application of the incremental VFM. In contrast to the
previous case, pre-forces produced by static stretching are not involved in the
present VFM.

The same FEM data are analysed by the linear VFM. The identification results
of the linear and incremental VFMs are compared to show that the latter
method is identically able to characterize a nonlinear stress-strain curve of a
hyperelastic material.

FEM simulation data, perturbed by artificial experimental errors applied on
pre-strain and pre-stress data, are analysed by the linear and incremental VFMs,
and its results are discussed in terms of the sensitivity to the artificial errors.
The incremental VFM is applied on the same experimental data introduced in
Chapter 5 and Chapter 6 so that the identification results can be compared with
those of the linear VFM.

In order to use the pre-stretching technique, rubber specimens are required to

be quasi-statically stretched before dynamic loading. The time between
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stretching and dynamic loading might influence the identification result of the
VEM. This effect is studied by introducing several different stretching amounts
and relaxation times.

o The same silicone rubber used in the previous chapters is tested by a SHPB
technique. The description of this test is briefly given with regard to its force
measurement system. Stress-strain curves reconstructed by this test are

compared with that of the incremental VFM at a similar strain-rate range.
7.2  Incremental VFM (VFM 2 & 3)

The presence of a pre-stress has a strong influence on wave propagation in an elastic
medium (Tang, 1967). This phenomenon is known as the acoustoelastic effect.
Particularly in the context of soft materials, Ogden (2007) and Shames et al. (2011) have
developed the mathematical framework to study stress wave propagation, generated by
small deformations, superposed on finite pre-deformations. The small superposed
deformation and its resulting stress is described by the incremental equation of motion
(Shams et al., 2011)

Div dN = pa (7.1)
where dN is an incremental nominal stress tensor, N = JF g, and Div is a divergence
operator with respect to the initial state. dNpo and dN, are defined as push forward terms

of dN to either the pre-stretched or current configuration (Shams et al., 2011)

dN,, = J7'F,,dN (7.2)
dN, =J"'F.dN (7.3)
from which it follows that
Div,, dN, = pa (7.4)
Div, dN_ = pa (7.5)
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The subscripts ‘p0’ and ‘p’ in these equations denote the pre-stretched state and the
current state after pre-stretching and during dynamic loading. The incremental nominal
stress tensor dN is determined by the elasticity tensor D which is a function of material

parameters and F (Ogden, 2007)

dN=DdF, D= W 7.6)
=

where W is a strain energy density that characterizes the properties of elastic materials.
dFp is the incremental deformation gradient tensor and defined as

dF, =F,(t)-F,, (.7)

In a similar way, the axial component dixp of dF, is obtained as presented in Figure 4.21.

Using this incremental stretch ratio, Eq. (7.6) can be written in the axial direction

dNXa)=€§g(od@p@) (7.8)

X

The double derivative term 6°W /47 in this equation is an instantaneous nominal

modulus, designated as NE, and the material parameter to be identified in this incremental
VFM scheme.

Previous studies have used the VFM based on the first Piolar-Kirchhoff stress IT = NT,
and The PVW, Eq. (6.1), used in the nonlinear VFM presented in Chapter 6 is recalled

here again

*

Uy, e Uy, . Uy, AUy, ds
s XX yy Xy yX 0
) X, Y, oY, X, (7.9)

= Sp(au* +au, )dS0

x7x,0 yy.0

The virtual displacement fields are defined in terms of the initial configuration,
U, = U (X,). The use of the first virtual field u™, Eq. (3.2), introduced in Chapter 3 and

the relation ITx = Ny simplifies Eq. (7.9) to
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N ou,

o o ds, —_[O pa’) ds, (7.10)

u:%’ is the first axial virtual displacement field with respect to the initial configuration as

indicated by the subscript ‘0’. Eq. (7.10) can be rewritten to be based on the pre-stretched
state (Xpo, Y po) and the current state after pre-stretching (xp, Y p) by using Eq. (7.4) and (7.5)

as shown below

ou'®

_Lpo dNX' 5): N dS .[s 00 paxux(;)o dS (7.11)
pO
ou®
—j dN, — ds —J. pau) ds, (7.12)
Sp N

P
Using the relation of Eq. (7.2), (7.3) and (7.8), the final form of the P\VW equations for

the incremental VFM is obtained as

aZW Ip pax (t)ux(rlJ)O dS

2 (t)=- 1) (7.13)
oA, O, o
_[ j'x podix p (t) X SpO

p0

W I pa, (t)u,, -0 ds,,
7 t)=- o (7.14)
j ixp(t)d/lxp(t) P ds,

p

By means of either Eq. (7.13) or (7.14), the instantaneous axial nominal modulus
NE, (t) = 0°W /047 is acquired as an identified material parameter. The VFM schemes
using Eq. (7.13) and (7.14) are denoted as VFM 2 and 3 in this chapter. The averaged
values of NE, can be calculated by the same method that was used for the attainment of
En in Chapter 4 and Chapter 5. Each NE, from one non-pre-stretching and several pre-

stretching cases is used for the optimization procedure in order to obtain the model

parameters by minimizing the cost function below:
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The strain energy density term W is defined by the given material model. W is described
by the same one-term Ogden model. In this study, it is assumed that the principal direction
and the experiment coordinate (i.e. x: loading direction) are coincident. W of the one-term

Ogden model is recalled below

2
W =a—’j(ag + A+ 22 =3) (7.16)

The form of the instantaneous axial nominal modulus expressed by this Ogden model

under an in-plane stress condition is

azvll = 2” (1 —jzxzz +a(-1+a) A (7.17)
o a 2

This expression is used in Eq. (7.15) for the optimization procedure to find the material
parameters x and a.

Compared to Eq. (4.8), the PVW used for VFM 1, the pre-stress term oxxpo iS not
involved in Eq. (7.13) and (7.14). However, these equations of VFM 2-3 include the pre-
strain term Jx,po. From this difference, it is expected that the identifications of VFM 2-3
have a different sensitivity to error sources in experimental measurements. In the next
section, this sensitivity is studied by a finite element simulations of a drop-weight

experiment.
7.3  Simulation work

The simulation works presented in Chapter 4 demonstrated that VFM 1 is able to
identify given material parameters of the one-term Ogden model. In the present study, the
same simulation analysis was extended to simulate the analysis procedure of VFM 1-3
and study their sensitivity of experimental errors. The simulation geometry is slightly
different as there was the modification of a drop-weight apparatus so that a longer
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specimen can be tested; hence, the dimensions for the present simulation are
length = 38 mm and width = 8 mm. The whole procedure is exactly the same as the 2D
pre-stretching simulation procedures presented in Chapter 4. The same data processing
procedure was applied to mimic the imaging speed of 50 000 fps (Figure 4.5) and to add
random noise (white Gaussian noise) to the displacement fields (Eq. (4.3)). For the
acceleration fields, the same temporal fitting procedure was used with a 9-degree
polynomial. Seven different amounts of pre-stretching were applied, corresponding
engineering strains of 0.1 to 0.7. For the material model, the one-term Ogden model was
used but with a higher bulk modulus of 40 GPa in order to retain incompressibility for a
stiffer behaviour which was exhibited by the material parameter adopted in the present
study. With the field data from one simulation, one Young’s modulus from VFM 1 and
two nominal moduli from VFM 2 and 3 are produced. Each VFM analysis includes three
sets of 8 different moduli from one non- and seven pre-stretching simulations. These
modulus sets are then used for the optimization procedure to obtain three sets of x and a.
Throughout the present simulation studies, the density p used in the VFMs is assumed to
be 1370 kg/m?® which is the actual value of the EPDM specimen.
7.3.1 Identification capability

In the data presented in this section, the pure displacement fields were polluted only
by noise level 1 (40x10° mm) so that the best identification capability of each VFM can
be evaluated. The first simulation was conducted with one-term Ogden parameters of
w =4 MPaand a = 2. These parameters are of the order of the actual identification results
of the EPDM rubber presented in Chapter 6. The identification results of Young’s and
nominal moduli are shown in Figure 7.1 for the case of VFM 1 and 2. Next to each figure,

the amount of true axial strains exxpo are given.
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Figure 7.1 (a) Young’s and (b) nominal moduli identifications at each true pre-strain location for VFM 1
and 2.

The hatched box in each figure indicates the area in which the averaged modulus
values are obtained. This area is chosen so that the modulus predictions are stable, and
the Poisson’s ratios are bounded between 0.4 and 0.5. The length of this averaging area
depends on material stiffness and, consequently, its wave speed as the unstable
identification occurs when a stress wave is reflected from the fixed end of the specimen,
for example, the sudden drop in the Young’s modulus identification at 0.44 ms of the pre-
stretching simulation with expo = 0.53. Although the length of the averaged period can
be changed with respect to the material parameters and pre-stretching amount, in this
study its length was fixed at 0.2 to 0.32 ms in all cases in order to automate the analysis.
Each ‘run’ of the identification procedure including the 8 simulations and three VFMs
was automatically conducted by linking MATLAB and ABAQUS. The global final axial
deformations: exxf in Eq. (4.11) for VFM 1 and A« in Eq. (7.15) for VFM 2-3 are taken at
the last step of the averaging period, t = 0.32 ms.

In Figure 7.1(b), it can be seen that the identified nominal modulus becomes lower as
the pre-stretching increases while the opposite trend is shown in the Young’s modulus
identification. This difference can be understood from Figure 7.2, in which the true and
nominal stress-strain curves are shown with two sets of 9 slopes laid on true and nominal

stress-strain curves at the pre-strain locations. These slopes were the averaged modulus
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Figure 7.2 (a) True and (b) nominal stress-strain curves of the one-term Ogden model (« = 4 MPa, o = 2)
and nine (true and nominal) slope lines at each pre-strain location.

Table 7.1 Identified Ogden parameters from VFM 1-3 on the FEM simulations.

VFM un(MPa) «
VFM 1 4.05 1.99
VFM2 401 2.04
VFEM 3 4.01 2.04
Givenu=4 MPa, a =2

values obtained from Figure 7.1. It can be seen that the slopes on the true curve of Figure
7.2(a) increases with increasing strain whilst the opposite trend is shown on the nominal
curve in Figure 7.2(b). These increasing and decreasing tendencies depend on the material
parameters; for some parameters the nominal curve can also show increasing slope with
increasing strain.

One set of the averaged Young’s moduli (VFM 1) and two sets of the averaged nominal
moduli (VFM 2-3) were then used for the optimization procedure of Eq. (4.11) and (7.15).
The identified Ogden parameters in each case are given in Table 7.1. All of the identified
material parameters from VFM 1-3 are close to the given values. This result leads to the
conclusion that the use of VFM 2-3, which does not require the measurement of the pre
forces, has the capability to obtain the Ogden material parameters as well as VFM 1.

The same simulation and VFM procedures were applied to other combinations of u

and a. The range of these parameters were 1 to 4 with an interval of 1 so there were in
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total 16 pre-stretching simulation & VFM analyses. This range includes the identified
parameter from the actual drop-weight experiments on silicone and EPDM rubbers. For
all simulations, noise level 1 was applied to the displacement data. Figure 7.3 shows that
the identification results of VFM 1-3 on these multiple simulations are well matched to
their given u and a parameters (intersection points of dashed lines). The slight deviations
can occur due to the fixed averaging period, since the stable identification periods may
change and the use of a constant bulk modulus which will give a slight variation in the

Poisson’s ratio.

e VFM1
A VFM2

A = VFM3

2 3
u (MPa)

Figure 7.3 Identified parameters from VFM 1-3 for the multiple simulations with the given parameters
(intersection points of dashed lines).

7.3.2 Noise on displacement fields

The effect of the white noise on the identification of Young’s modulus was studied
using the same FEM simulation method as applied to VFM 1 in Chapter 4. In the present
section, this study is extended to include noise effects on the identification of the material
parameter (u =4 MPa, a = 2) using the same simulation procedure as in the previous
section but with higher amplitudes of white Gaussian noise on the displacement fields.
For each noise level, 15 pre-stretching simulations were conducted and analysed by VFM
1-3. Then, the 15 sets of x and o obtained from each VFM were taken for the calculation
of the mean and standard deviation in the parameter identifications; the results of these

calculations are shown in Figure 7.4.
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Figure 7.4 Mean and standard deviation of the identified values of (a) « and (b) o from VFM 1-3 applied
to the FEM simulation with white Gaussian noise.

The mean values of the identified x and o of VFM 1-3 are bounded approximately
between, respectively, 0.5 and 3 % error (solid lines) from the given values (dashed line).
It can be seen that the standard deviation of x and o obtained from VFM 1 is higher for
all noise levels compared to that of VFM 2-3. Even at noise level 1 (40x10°® mm), VFM
1 produces about 40 times higher standard deviation in its identification than VFM 2-3.
This higher noise sensitivity of VFM 1 toward the displacement noise can be explained
by the number of the virtual fields used in each PVW equation. Two sets of virtual fields
were used in the PVW for VFM 1 but only the first set was applied to Eq. (7.13) and (7.14)
for VFM 2-3. In other words, for the VFM 1 procedure the first and second virtual fields
are multiplied by the data field in the x and y direction, i.e. exx, &y, &xy, @xy. This calculation
of VFM 1 brings white Gaussian noise in all directions into its identification. Thus, the
PVW of VFM 1 includes more noise source than VFM 2-3 which are affected only by the
noise in exx and ax.

7.3.3 Measurement error in pre-strains and pre-static forces

The pre-strains exxpo Or Stresses oxx,po are used throughout the analysis procedures of
VEM 1-3. The actual measurement of exxpo was conducted by comparing distances of pre-
marked points on the un- and pre-deformed specimen. exxpo is involved in three ways in

the optimization procedure of VFM 1-3 (Eq. (4.11) and (7.15)); in the calculation of oxxpo
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from its nominal value for VFM 1; and in the PVW of VFM 2-3. The nominal pre-stress
was obtained by dividing a static force, measured after pre-stretching, by the initial cross-
sectional area. Obviously, the measurement error in the pre-strains and static forces can
affect the identification quality of x and a. However, the identification sensitivities of
VFM 1-3 with respect to these error sources are different as VFM 1 is affected by both of
the measurement, but VFM 2-3 only by ex po.

This identification sensitivity is studied in this section by artificially introducing
measurement errors of the pre-strains and forces on the simulation work of Section 7.3.1
(u=4MPa, o =2). It is assumed that the pre-strains and forces may be inaccurately
measured with an error of up to + 10 %. First, + 10 % errors were added to all engineering
pre-strain measurements; then, these polluted values were used to calculate exx,po and Ax,po
which were in turn, used in the optimization procedures, respectively for VFM 1 and 2-
3. The polluted /xpo was also used in the PVW of VFM 2-3 and for the multiplication to
the nominal pre-stress in order to obtain oxxpo Used in VFM 1. In addition, prior to this
pre-stress calculation, the measurement of the pre-force was polluted by + 10 % error.

The introduction of these measurement errors produces two Ogden curves which form
the maximum and minimum error boundaries, shown as red and blue dashed curves in
Figure 7.5. Next to each boundary curve, their identified x and o parameters are provided
with the same colour. Between these boundaries, the reference Ogden curve made by
=4 MPa, a =2 is located. In each figure, Area means the area between the two error
boundaries and represents the approximate quantification of the identification sensitivity
of VFM 1-3. The area in the case of VFM 1 is larger than those of VFM 2-3. This larger
area indicates the higher sensitivity of VFM 1 with respect to the measurement error
sources; the same observation can be found from the larger deviation of « and o of VFM 1

compared to those of VFM 2-3. The higher sensitivity of VFM 1 is simply due to the fact
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Figure 7.5 Influence of the expo and oxpo Measurement errors on the x and « identification: (a) VFM 1
With exxpo & oxxpo error, (b-¢) VFM 2-3 with ex o error (Area indicates the area between the error
boundaries).

that both the pre-strain and force measurements are simultaneously involved but only the
former is required in VFM 2-3. The addition of the pre-force measurement error on
VFM 1 gives another observation that the downward deviation of the minimum error
boundaries of VFM 1 is larger than the case of VFM 2-3, which shows relatively small
downward deviation.
7.3.4 Discussion of the simulation work

The identification capabilities of VFM 1-3 are almost the same if no noise sources are
applied as shown in Figure 7.3. This result means that the pre-force measurement does
not need to be enforced when using either VFM 2-3 which are based on the incremental
VFM. With regard to the displacement field noise, Figure 7.4(a) and (b) shows that the
identifications of VFM 1 is more sensitive with respect to the spatial noise on the

displacement fields. This higher noise sensitivity could make VFM 1 difficult to apply to
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a dynamic test requiring very high imaging speed, in which the noise amplitude usually
becomes larger for a given high-speed camera. Measurement errors in the pre-strains and
forces have an influence on the identification quality of VFM 1-3 as shown in Figure 7.5.
The identification sensitivity is higher for VFM 1 because of the additional measurement
error in the pre-force. When VFM 1 is applied to an actual drop-weight test, the downward
deviation from the reference curve in Figure 7.5(a) is more likely to appear because stress
relaxation as pre-stretching on a rubber specimen can induce an underestimation in the
actual measurement of the pre-force. From the present simulation study, it can be
concluded that VFM 2-3 are capable of characterizing a stress-strain curve of rubbers
without the pre-force measurements; their identifications are more reliable with respect
to the measurement error sources than those from VFM 1. However, VFM 1 still has its
usefulness in that it can provide the identification of Poisson’s ratio which can be used as
one of the identification quality factor. For example, Poisson’s ratio of rubber measured
by a static test can be used for the reference value for evaluating the VFM identification
with the assumption of rate-independent and very large bulk modulus.
In summary, the present simulation work leads to the following two conclusions:
o Theincremental VFM is able to identify the stress-strain curve of a hyperelastic
model as well as the linear VFM.
o The linear incremental VFM is insensitive to the uncertainty in pre-stress
measurement.
7.4 Application of VFM 2-3 to actual experimental data
Drop-weight experiment data presented in Chapter 5 and Chapter 6 are used for the
application of VFM 2-3 in this section. The identification result from only VFM 2 is given
in the present study because VFM 2 and 3 produce almost identical identifications, as also

shown in the simulation study. Figure 7.6 presents the comparisons of the Young’s and
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nominal moduli, respectively obtained from VFM 1 and 2, of the silicone and EPDM
rubbers. The hatched area in each figure indicates the period for obtained the averaged
moduli as explained in the simulation work. These periods were already chosen in the
previous studies by considering the stable identifications and incompressibility so that the
identified Poisson’s ratio is bounded between 0.4-0.5. The same averaging periods from
Figure 7.6(a) and (c) were applied to the nominal modulus identification of Figure 7.6(b)
and (d).

The average of En and NE, were applied to the optimization procedures of VFM 1 and
2, Eq. (4.11) and (7.15), in order to obtain the optimized Ogden parameters. These
parameters were used for plotting the uniaxial stress-strain curves presents in Figure 7.7.
The two identified parameters respectively from VFM 1 and 2 for the silicone and EPDM
rubbers are given in the legend of each figure. The true and nominal curves are produced
with identical parameters but shown to highlight their different shapes and how these
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Figure 7.6 Identifications of the Young’s and nominal moduli of VFM 1 and 2 on: (a, b) silicone and (c,
d) EPDM rubbers (the legends in (a, c) figures are identically used for (b, d)).
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relate to the tangent moduli obtained. Similar to Figure 7.2(a-b), lines corresponding to
the averaged E, and NE, values are laid on top of the true (for VFM 1) and nominal
(VFM 2) curves. For example, in Figure 7.7(a), the Ogden curve (solid line) from VFM
1 is shown with the slope Ex at each true pre-strain. This description shows the reason for
the continuously increasing E, for a higher pre-strain, observed in Figure 7.6(a), which
determines the convex-upward shape of the true stress-strain curve in Figure 7.7(a). In

the same way, from Figure 7.7(b), it is observed how the values of NE, constructs the
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Figure 7.7 True and nominal stress-strain curves constructed by the one-term Ogden model and its
parameters obtained from VFM 1-2 on the silicone and EPDM rubbers.
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nominal curve (dashed line) shape obtained from VFM 2. The increasing trend of NE,
shown in Figure 7.6(b) corresponds to the concave-upward nominal curve in Figure
7.7(b). In contrast to the silicone rubber, the NE values of the EPDM are in a decreasing
trend with increasing pre-strain. This difference is also observed in the nominal curve
(Figure 7.7(d)) showing the concave-downward shape. From the comparison of Figure
7.6(b) and (d) or Figure 7.7(b) and (d), it can be concluded either VFM 1 or 2 is able to
catch the different characteristics of these two rubbers in this medium strain-rate
experiment.

It is observed that the Ogden curve from VFM 1 exhibits lower stresses than that of
VFM 2 in the high strain region (exx > 0.3) for both the silicone and EPDM rubbers. This
result agrees with those from the simulation study with measurement errors in the pre-
strains and forces. There is a need to use exxpo in both VFM 1 and 2 procedures; thus, its
measurement errors can affect the identified parameters of both VFM 1 and 2. Spatial
noise on images obtained during the loading might also influence the parameter
identifications of VFM 1 and 2; but it is expected that this noise effect is insignificant
because the spatial noise level on displacement fields is about 4x10* mm, which does
not have a significant effect on the identifications of x and « as shown in Figure 7.4(a)
and (b). The measurement error in the pre-forces is unique only to VFM 1. The simulation
study shows that the pre-force measurement error can expand the error boundary which
is already affected by the pre-strain measurement; and in the particular experiment where
the pre-force measurements are likely to be underestimated due to stress relaxation, the
identified curve tends to be softer than an actual one. This tendency is a probable reason

for the lower stress curves of VFM 1 observed in Figure 7.7.
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7.5 Discussion

7.5.1 Repeatability of the drop-weight test

One potential weakness of the pre-stretching method described above is that there is a
short delay between applying the static preload and the subsequent dynamic loading, this
was approximately 2 to 3 minutes. During this time the specimen relaxes. In this section
the potential effects of this relaxation are observed. Firstly, the effect of intermittent
relaxations on data obtained from quasi-static experiments is explored. Then, drop-weight
experiments are performed with different relaxation times between the application of the
static and dynamic loads.

The uniaxial (nominal) stress-strain and intermittent relaxation curves of the pure
silicone rubber are shown in Figure 7.8. These tests were conducted at & =5 % s, and
the controlling software for a quasi-static experiment machine, Bluehill 3, in which only
nominal strain rate control is available for an intermittent relaxation test. The strain values
were measured by means of a USB camera and the DIC software as introduced in Section
6.4.1 in Chapter 6. Each relaxation was performed for 30 minutes, reloading was applied
up to the next relaxation point. The reloading curve follows the continuous uniaxial curve

after about a nominal strain of 0.4, which is equivalent to a true strain of 0.34.
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Figure 7.8 Uniaxial stress-strain obtained monotonically and with intermittent relaxations at ¢ =5 % s’;
(b) stress-time response for the intermittent relaxation curve.
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Although this transition is within the range of the uniaxial true strain fields which
varies up to 0.1, during the averaging period, produced by the drop-weight test, this
transition is relevant only at quasi-static strain rates. For the consideration of the effect
on the drop-weight data, it is necessary to study the transition in a dynamic experiment
following pre-stretching and relaxation. In order to investigate the effect of the total
relaxation time on the stress transition period, the drop-weight test was conducted on the
same pure silicone rubber with three relaxation times (t12,3 = 3, 15 and 30 min) after pre-
stretching and clamping. The specimens used for this test and the previous study were not
manufactured in the same batch of material; their actual properties may be slightly
different although the manufacturing procedure was nominally the same. Twelve

specimens were prepared; for each set of four specimens, three axial pre-stretches were

intended

given: e, =0.2,0.3 and 0.5. These intended pre-strains were approximately applied

by manually stretching the specimens; their actual ex,po were measured by comparing the
distance between two pre-marked points on images of the un- and deformed specimen.
After clamping the specimens, the relaxation time was measured. When each desired
relaxation time was reached, the dynamic loading was applied, and the same imaging and
DIC procedures were used.

The VFM 2 procedure was adopted to obtain the estimation profile of the nominal

intended

xpo = 0.2. Similar results were

modulus NE as shown in Figure 7.9 for the case of e

obtained for the other amounts of pre-stretching, and the mean values of the nominal
modulus and true strain were obtained by averaging over the time period of 0.2-0.4 ms.
Their values are listed in Table 7.2. At the end of this table, the averaged values for four
specimens in each pre-strain case are also provided. It seems that there is no strong
relation between the relaxation time and the averaged nominal modulus for all pre-strain

cases although the instantaneous modulus, i.e. the slope of the stress-strain curve, during
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Figure 7.9 Nominal modulus estimation profiles obtained from VFM 2 on the silicone rubber at three
different relaxation times (12,3 = 3, 15 and 30 min).

the transition period depends on the amount of relaxation, as shown in the intermittent
tests on rubber from other studies (Bergstrom and Boyce, 1998; Lion, 1997; Shim and
Mohr, 2011). The present result indicates that the transition period is limited to an early
stage of the modulus estimation history. However, this observation is only valid for the
present medium strain-rate range produced by the drop-weight experiment. When much
higher strain rates are expected to be used, the same study should be conducted.

The same repetition tests with different relaxation times were conducted on the EPDM
rubber. It was found that this rubber had become slightly stiffer at the time of the
repetition test, compared to the original experiments performed a few months earlier,
probably due to ageing. However, for the purpose of these experiments, this property
change is not important. The multiple use of one specimen for the three relaxation times

at approximately the same pre-strain is not suitable for the EPDM rubber because the
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Table 7.2 Averaged nominal moduli and strain rates obtained from VFM 2 on the silicone rubber with the
relaxation times (t1,2,3) at given three pre-strains.

intended __
el = 0.2

intended __
&po =03

intended __
&po =05

Relaxation NE . Relaxation NE . Relaxation NE .
time X0 (Mpa)  Ex time X0 (Mpa)  Ex time X0 (Mpa) X

Specimen1 1 Specimen2_1 Specimen 3 1

t1 022 290 117 t 030 3.09 113 t1 049 3.88 109

t2 021 297 113 t2 030 3.04 100 t2 050 4.02 109

ts 022 3.07 117 t3 029 3.07 90 t3 051 396 92
Specimen 1 2 Specimen 2_2 Specimen 3_2

t1 022 264 113 t 033 336 94 ty 050 422 95

t2 021 29 111 t 030 3.39 100 t2 050 411 96

t3 0.24 293 120 t3 031 343 105 t3 051 4.04 95
Specimen 1 3 Specimen 2_3 Specimen 3_3

t1 026 3.09 121 t1 032 362 93 t1 0.48 4.04 100

t2 026 3.18 125 t2 032 318 104 t2 049 411 100

t3 025 274 116 t3 032 344 93 t3 048 4.03 96
Specimen 1_4 Specimen 2_4 Specimen 3_4

t1 0.22 328 104 t 033 322 101 t1 052 412 114

t2 020 329 126 t2 034 341 106 t2 054 412 103

ts 0.21 293 105 [} 0.34 327 106 ts 053 421 105

Averaged Averaged Averaged

t1 0.23 298 113 ty 032 332 100 t1 050 4.07 105

t2 022 310 118 t2 031 326 103 t2 051 4.09 102

t3 023 292 114 t3 032 334 99 t3 051 4.06 97

Table 7.3 Averaged nominal moduli and strain rates obtained from VFM 2 on the EPDM rubber with the
relaxation times (t1,2,3) at three given pre-strains.

el =0.2 el =0.3 el =0.4
Relaxation NE . Relaxation NE . Relaxation NE .

time X0 (Mpa) X time X0 (Mpa)  x time xp0  (Mpa) X
022 158 85 028 142 83 0.41 134 84

f 021 156 80 t 031 150 81 t 0.43 119 84
020 160 81 028 149 7171 0.42 120 75

0.23 154 82 027 149 72 0.42 122 81

022 149 80 029 156 78 0.39 115 91

t 022 168 80 t, 029 138 81 t, 0.40 138 78
021 152 79 028 135 71 0.41 131 71

0.23 164 82 028 150 76 0.43 127 76

021 146 83 028 155 79 0.41 122 84

ts 022 170 79 ts 030 146 79 ts 0.42 121 78
023 165 84 028 148 70 0.42 139 78

021 156 81 0.27 140 80 0.42 130 75

Averaged Averaged Averaged

t1 022 157 82 t1 029 147 717 t 0.42 124 81
t2 022 158 80 t2 029 145 77 t2 0.41 128 79
t3 022 159 82 t3 028 147 77 t3 0.42 128 79
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Mullin’s effect can be exhibited, causing a softening at lower or similar strain. Therefore,
new EPDM specimens were used for every experiments. The result of these repetition
test is given in Table 7.3, in which it can be seen that no strong relation is found between
the relaxation times and the identifications.
7.5.2 Comparison to data from compressive Hopkinson bar

The Ogden parameters (u = 0.85 MPa, a = 4.91) of the silicone rubber obtained from
VFM 2 were used to reconstruct its true stress-strain curve in compression to compare it
with data obtained from dynamic compression experiments. Although it is known that the
identification of hyperelastic model parameters is affected by strain states exhibited
during the test (Gendy and Saleeb, 2000), their overall behaviour should be comparable
over a similar range of strains. In order to provide other set of Ogden parameters at a
higher strain rate, the nonlinear VFM and the gas-gun experiments introduced in Chapter
6 were applied to the same silicone rubber and the Ogden parameters were obtained as
1 =0.99 MPa, o = 4.97 at a strain rate of 350 s™%. For the comparison with these tension
data, a dynamic compression test was performed using the split Hopkinson compression
bar (titanium alloy) equipped with piezoelectric stress gauges at the bar-specimen
interface, lead zirconium titanate (PZT). One of the benefit of using of a piezoelectric
sensor on the SHPB is high signal to noise ratio in force measurements on soft materials
(Chen et al., 2000), furthermore, direct measurements at both faces of the specimen allow
static equilibrium to be confirmed. The modified SHPB apparatus employed in this study
was previously used for dynamic test experiments on HTPB (hydroxyl terminated
polybutadiene) rubber and described in a previous paper (Kendall et al., 2014). The same
experimental procedure was performed except that in the present experiments, the strain
was calculated by measuring the displacements of the bar-specimen interface by means

of the high speed imaging and DIC; this procedure is briefly explained below. This
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comparison study was performed only on the silicone rubber because it is possible to

manufacture a cylindrical-shaped specimen (diameter = 8 mm, length =4 mm) for this

rubber.

It was difficult to measure such large strains in Figure 7.10(a) using the gauge signal

because of the wave reflection and overlapping during the dynamic deformations;

unfortunately a longer Hopkinson bar system, which would have eliminated this problem,
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Figure 7.10 (a) Dynamic stress-strain curves in compression of the pure silicone rubber from split
Hopkinson compression bar tests (SHPB1-4), two uniaxial compressible quasi-static tests and the one-
term Ogden plots obtained from: VFM2 shown in Figure 7.7 and the previous uniaxial tensile quasi-static
test in Chapter 5 and the gas-gun test with the application of the nonlinear VFM; (b) true strain rates
profiles versus true strains for each SHPB test.

Figure 7.11 High speed imaging on the modified SHPB: the printed speckle pattern is attached on the
surface of the bars near the PZT sensors, a silicone rubber specimen sits in the middle.
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Figure 7.12 Comparisons of the bar distance measurement obtained from the strain gauge signal and the

DIC.
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was not available. For this reason, the strain measurements were achieved by means of
high speed imaging (100 000 fps) in the vicinity of the bar interface. The bar interface is
shown in one of the high-speed images, Figure 7.11, showing digital speckle patterns
(Speckle Generator, Correlated Solutions, Inc.) printed on a paper and attached to the
incident and transmitted bar surfaces. The displacement fields over the patterns dictated
by the bar moment were obtained by the DIC method using the same analysis software.
It is assumed that the averaged value over the displacement fields is the same as the actual
bar interface movement. The subtraction of the two averaged displacements produced the
bar distances, and these data were used for the strain calculation. Figure 7.12 shows the
comparison of the bar distances measured by the gauge signal and the DIC method. The

impacting speed (measurement 1 and 2: ¢, =~ 1200 and 1700 s™*) were much faster than

the actual tests of Figure 7.11 in order to generate clear gauge signals. The time period in
Figure 7.12 is approximately the initial incident wave period. As can be seen in this figure,
the measurements of the bar distances from the gauge signal and the DIC method are well
matched.

In Figure 7.10(a), the thick green (empty square symbol) profile is a stress curve
reconstructed by the Ogden parameter obtained from the drop-weight test with VFM 2 on
the silicone rubber. This stress curve is plotted by the uniaxial one-term Ogden equation
up to a strain range of the final pre-strain amount. The final engineering pre-stretching
was expo = 0.67. This tension value is taken as the final compressive engineering strain
by making it negative and, thus, the final true compressive strain is approximated as -1.11.
In the same way, the Ogden parameter obtained by the nonlinear VFM is used to plot the
stress-strain curve, which is the thick red (empty circular symbol) profile Figure 7.10(a).
There are four stress-strain curves from the SHPB tests, their strain rate profiles versus

strains are given in Figure 7.10(b). The strain rates of the SHPB tests given in the legend
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are averaged values of these profiles up to the largest strain-rate peaks. The fluctuation in
the strain rates is due to the fact that the whole deformations of the SHPB tests were
produced by a multiple wave reflection in the incident bar. The wave overlap is no longer
a concern as the stress and strain data were measured respectively by the PZT sensor and
DIC analysis. The curve denoted as “Ogden plot: static tension” is obtained from the
Ogden parameters (u = 0.42 MPa, a = 5.25) from the quasi-static tension test at 0.01 s
shown in Figure 5.1 in Chapter 5; the two compressive quasi-static curves at the same
strain rate were obtained using the same commercial testing apparatus and the same
dimensions as the SHPB test. The strain measurement for this quasi-static test in
compression was conducted by a clip-on style extensometer which was attached in the
vicinity of the compression platens.

Figure 7.10(a) shows that the reconstructed curves of the drop-weight and gas-gun
tests are reasonably comparable to the one from the SHPB tests up to a true strain of about
0.3, after which the SHPB curves exhibit larger strain hardening. A similar trend is
observed between the static curves where the stress-strain curves from the compressive
test is stiffer. The stiffer behaviour in compression can be caused by the lateral friction
between the sample and the platens. With regard to this issue, Bechir et al. (2006) have
shown that Poisson’s ratio measured (on the specimen surface) during compressive tests
was much lower than the tension case in spite of using a low viscosity lubricant, and they
have presented a test result showing the same trend as in Figure 7.11(a); Day and Miller
(2000) presented FEM simulations showing that even small levels of lateral friction can
significantly influence the stress measurement, i.e. stiffer measurement from higher levels
of the friction. If it is assumed that the levels of the lateral friction in the SHPB and quasi-
static tests are similar, the deviation level between the SHPB and the dynamic VFM

should be similar to that of the quasi-static case. The stress curve obtained from the SHPB
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at 370 st is over a similar strain rate range to the gas-gun test (350 s). The deviation
between them should be close to that of the quasi-static curves, e.g. the deviation level
between ‘Static compression 2’ and the reconstructed quasi-static curve. It should be
mentioned that for the specimens used for the quasi-static compression and SHPB tests,
a thin layer of Vaseline was applied on the both surfaces.

The deviation level can be quantified by the coefficient of friction between the
specimen and the metal platen. The quantification of the deviation was studied by FEM
simulations which were conducted in the following way. Using ABAQUS, a rubber
specimen was modelled with similar dimensions of that used for the SHPB and quasi-
static compression tests (diameter = 8 mm, length =4 mm). The specimen was meshed
with an 8-node linear brick (reduced integration) and an element size of 0.5 mm. The one-
term Ogden model was applied with the parameters obtained from the quasi-static tension
test (u=0.42 MPa, a =5.25). Two platens were also modelled with the dimensions of
16 mm diameter and 3 mm thickness and meshed with the same element type but 2 mm
element size. The material of the platens was assumed to be a general steel alloy with the
linear elastic parameters of E = 200 GPa, v = 0.3. A static simulation was conducted, in
which one of the faces of the cylindrical geometry was compressed by the platen with the
final displacement of 18 mm, and the other face was supported by the fixed platen. The
nodal values of reaction forces obtained from the contacted surface of the movable platen
were extracted, and the sum of these values were divided by the initial surface area of the
specimen in order to calculate the engineering stress. The corresponding engineering
strains were simply obtained by dividing the displacement by the initial length of the
specimen; the true strains were assumed to be the logarithmic one. The contact between
the specimen and platens was defined by surface-to-surface contact and coefficients of

lateral friction, .
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When the coefficient of friction was set to zero and the Ogden parameters of the quasi-
static tension were applied, the true stress-strain curve (square symbol) obtained from the
current simulation is coincident with the analytically plotted curve (black dashed line)
with the same parameters as shown in Figure 7.13(a). The coefficient of friction was
iteratively increased until the stiffer curve as a result of the higher friction is well matched
with the curve of the quasi-static compression test. The objective function for this match

was given as

n

Z[O'XFEM (Siry)_o'xExp(gi)T =0 (7.18)

i=1
The minimization of this objective function was conducted using MATLAB and its built-
in function fmincon, with uncertainty values of 0 to 0.5 for the coefficient. The simulation
explained above was called by MATALB and the coefficient was provided to ABAQUS.
As a result of the present method, the coefficient of friction was optimized as 0.11 and
the stress-strain curve obtained from the simulation with this coefficient is shown in
Figure 7.13(a) as a triangle symbol scatter, which is close to the curve of the quasi-static
compression test. It is found that this coefficient is within the range of 0.09 to 0.2 that
was reported in a previous study where the coefficient of friction between a lubricated

rubber and steel sphere was studied (Greenwood and Tabor, 1958). The same simulation
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Figure 7.13 Re-plotted true stress-strain curves from Figure 7.10(a) respectively for (a) the quasi-static

and (b) the dynamic cases; in each figure, the scatter (triangle and square symbols) lines represent the true
stress-strain curves obtained from the FEM simulations with the effect of friction.
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study was conducted for the case of the dynamic experiments. The Ogden parameters
(« =0.99 MPa, a = 4.97) of the gas-gun experiment were given to the simulation, and the
coefficient was iteratively updated until the resultant stress-strain curve was matched with
that of the SHPB 4 test. The coefficient value was obtained as 0.12, and its corresponding
stress curve is shown in Figure 7.13(b). The coefficients between the quasi-static and
dynamic cases are comparable. That is, the deviation levels of both the quasi-static and
dynamic cases can be quantified by almost the same value of the coefficient. As shown
in Figure 7.13, it can be seen that the stress measurement of soft materials is sensitive
even to such small values of the coefficient of friction. This result may indicate that the
stiffer measurement of the compression tests could be induced by the lateral friction. This
study is not to show how to exactly correct the compressive test data but to describe the
possible reason of the stiffer measurements, which can be identically applied to both the

quasi-static and dynamic cases.
7.6 Summary

A modification was proposed to the linear VFM presented in Chapter 4 and Chapter 5.
This previous VFM procedure, here referred to as VFM 1, requires a static force
measurement after applying pre-stretching. In the current chapter, it is found that the
application of the incremental equation of motion for constructing the principle of virtual
work equation leads to the removal of the pre-force requirement. This new VFM
procedure is denoted as VFM 2 or 3 in this chapter. The same simulation study was
conducted to evaluate the identification capability of this new method. The simulation
work shows that the qualities of the parameter identifications of the old and new VFMs
were almost identical where pure simulation data were used. Further simulation works
were performed in order to see the effect of expected noise source on experimental data

such as displacement field and pre-force & strain measurements. This noise study reveals
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that the identification quality of VFM 1 was more sensitive to all noise sources. In
particular, when the underestimation of the pre-force measurement was added, the
identified parameters from VFM 1 produced a downward deviation of the stress-strain
curve relative to a reference produced by the given parameters, at large strain. This
observation is expected due to the fact that the pre-force measurement is likely to be
underestimated because of stress relaxation after pre-stretching.

Dynamic test data from the silicone and EPDM rubbers shown in the previous chapters
were applied to the new VFM (VFM 2) with the use of the one-term Ogden model. It is
observed that the true stress-strain curves from VFM 2 are slightly stiffer at large strain
than those from the old VFM. It is speculated that this identification difference between
the old and new VFMs is caused by the underestimation of the pre-force measurements
used for the old VFM as the similar tendency is shown in the simulation work. A
repetition test of the drop-weight experiment was conducted on the same rubbers to see
the effect of relaxation on the new VFM. The test results show the relaxation time does
not have a strong influence on the identification of the new VFM. The parameters of the
one-term Ogden model from the new VFM on a silicone rubber were used to reconstruct
the true stress-strain curve in compression. These data were compared with other stress-
strain curves measured by the split Hopkinson bar (equipped with PZT sensors) in
compression on the same material at similar strain-rate ranges. It is found that the stress-

strain curves from these two methods are comparable.
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Chapter8 FURTHER APPLICATIONS OF THE VFM

8.1 Introduction

In the present chapter, further applications of the VFMs introduced in the previous
chapters are described. This chapter is divided into two parts. The first part describes the
application of a new VFM by which the shape of a nonlinear stress-strain curve can be
approximated. This new method could be a supporting technique in situations when it is
difficult to identify a suitable constitutive model to be assumed in the optimization
procedure, e.g. Eq. (7.15), of the linear VFM. In most of the previous chapters, the one-
term Ogden model was adopted in the optimization procedure as the quasi-static stress-
strain curves of the silicone and EPDM rubbers were well described by this model. This
assumption is based on the observation in previous papers (Pouriayevali et al., 2012;

Shergold et al., 2006; Song and Chen, 2003) that these two rubbers exhibit similar shapes
for their stress-strain curves between quasi-static and medium strain rates (¢ <1000 s™).

However, this assumption may not be valid for other rubbers, the stress-strain curve of
which has various shapes at different strain rates. Moreover, even if the loading rate is
the same, the shape can be also different at different temperatures (Lion, 1997). The actual
shape of the stress-strain curve is unknown until it is measured for a particular condition.
The VFM procedure proposed in the first part of this chapter is based on the two previous
techniques: the nonlinear VFM (Chapter 6) and the incremental VFM (Chapter 7). The
combination of these two methods provides an identification of the shape of the stress-
strain curve. The observation of the curve shape obtained from this technique can give an
opportunity to evaluate the suitability of a chosen nonlinear constitutive model used in
the optimization procedure. The first part starts with the quasi-static test in tension on a
new material (nitrile rubber), the stress-strain curve of which was clearly described by the

two-term, but not the one-term Ogden model. The two-term Ogden model and its
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parameters obtained from this quasi-static experiment were adopted in the same
simulation work as shown in Chapter 7. The new VFM was applied to this simulation
data, and the identification procedure of the curve shape is described. For comparison,
the two-term Mooney-Rivlin model was also adopted for this simulation procedure. The
same drop-weight experiment was conducted on the new rubber. The experimental data
were analysed by means of the new VFM technique with regard to the shape of the stress-
strain curve. In order to show the case that the curve shape can change at a fixed loading
rate at different temperatures, a new experimental device is introduced to vary the
specimen temperature between 9 to 60 °C.

The second part of this chapter presents the application of the nonlinear VFM to the
linear viscoelastic behaviour of rubbers. The idea of the dynamic VFMs presented in the
previous chapters is based on the utilization of the acceleration field, which is clearly
generated when specimens are subjected to a non-uniform deformation. This means that
the whole data field, including strain, displacement and acceleration, varies during the
non-uniform deformations. This data variation can also include strain rate fields, although
in the previous chapters the strain rate for a particular drop-weight test was obtained by
spatially averaging it for each time step. The existence of the variation of strain rate could
give more information than the previous cases where a rate-independent model was
applied. Moreover, in the previous drop-weight experiments, only the initial loading
period was adopted for the analysis of the linear VFM; in fact, multiple reloading was
available from a single drop-weight experiment, which overall explored a larger
deformation range. The multiple reloading data can allow consideration of the stress-
strain nonlinearity and, simultaneously, the rate-dependent behaviour, i.e. viscoelastic
characteristics. Using these two observations: (1) strain rate variation during a particular

loading step and (2) multiple reloading data, the linear viscoelastic model was utilized in
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the framework of the nonlinear VFM. Few previous studies have explored the application
of the VFM for the viscoelastic behaviour of soft materials. Sasso et al. (2013) utilized
the nonlinear VFM in order to identify several inelastic behaviours of a rubber but the
parameters of a viscoelastic model (Prony series) was separately calibrated out from the
VFEM technique. Connesson et al (2015) have shown that the dynamic VFM (linear VFM)
was able to identify the viscoelastic parameters based on a frequency scale for a soft
biological material. Here, the application of the nonlinear VFM to the viscoelastic
behaviour is to identify the parameters of the Prony series model, Eq. (2.20). The
viscoelastic behaviour which can be exhibited during the drop-weight experiment is
limited by the time scale of the total data and also the imaging speed. In order to extend
this limitation, a temperature controlling device was used for the drop-weight experiment
so that each relaxation curve constructed by the Prony parameters obtained from different
temperatures can be shifted using the principle of time-temperature superposition. The
second part starts with the description of the DMA data and relaxation curves of the nitrile
and silicone rubber. The Prony model was fitted to these two relaxation curves to obtain
their parameters. The obtained parameters were applied to the same simulation work as
in the first part but without pre-stretching. Simulation data were analysed by the nonlinear
VFM to identify the relaxation curve at a particular temperature. Each relaxation curve
was shifted to build a master curve, which was then compared to the given relaxation
behaviour. The same analysis procedure was applied to the actual drop-weight experiment
data of nitrile and silicone rubber. Their reconstructed relaxation curves were compared
to the one obtained from the DMA technique.

The objectives of the first part of this chapter can be summarized as follows:
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O

There is a brief description of the situation where a prior assumption of a
constitutive model in the VFM procedure leads to poor constitutive model
fitting.

In order to resolve this limitation of the VFM, the combined linear and
nonlinear VFM is introduced. The application procedure is explained with
regard to the purpose of this method, by which possible complex nonlinear
stress-strain curves are approximated by means of a simple one-term Ogden
model.

The combined method is applied to FEM simulation data to show its
identification capability. Also, the simulation includes a viscoelastic model in
order to explain why the present simulation is to approximate a stress-strain
curve, not to characterize it at a particular strain rate. The same procedure is

used to analyse experimental data produced by the drop-weight experiment.

The objectives of the second part are listed as below

o

In the second part, silicone and nitrile rubbers are used as test specimens. Their
relaxation behaviours are obtained by dynamic mechanical analysis. These
results are used for FEM simulation and the comparison with the identification
result of the nonlinear VFM introduced in the second part.

The nonlinear VFM is re-described in order to introduce the linear viscoelastic
model (Prony series) into the PVW equation.

FEM simulations are conducted as similarly shown in Chapter 5 but the loading
period is much longer so that a relaxation behaviour for a certain period can be
captured. The simulation data is applied to the nonlinear VFM; the identified

relaxation behaviour is compared with the DMA data given to the simulation.
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o The identified result obtained from a single dynamic loading, which can be
produced by the drop-weight apparatus, represents the relaxation behaviour
only over a short period of time. One possible way to extend the time scale of
the relaxation behaviour is introduced, in which time temperature
superposition is adopted. The application procedure of this method is described
with FEM simulation.

o Based on the description of the present nonlinear VFM in the simulation part,
actual experimental data produced from the drop-weight test are analysed; the
identification results are compared with the DMA relaxation data of the
silicone and nitrile rubbers.

8.2  Estimation of the shape of a stress-strain curve

8.2.1 Quasi-static test of a nitrile rubber

A commercial nitrile rubber sheet (Coru118, Coruba) of 1 mm thickness used. The
density of this rubber was measured as 1480 kg m=. The experimental procedure
presented in Section 6.4.1 was used; the specimens were cut in the same dimensions and
loaded in tension at 0.01 and 0.001 s%, and strains were measured by a USB camera and

DIC analysis. Nominal stress-strain curves are shown in Figure 8.1.

—— Quasi-static uniaxial: 0.01 s™*

6-- - - - Quasi-static uniaxial: 0.001 s™*
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»
g
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S
P4
0+ , ;
0 1 2

Nominal strain

Figure 8.1 Uniaxial true stress-strain curves from the quasi-static tension tests at 0.01 and 0.001 s™.
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Quasi-static uniaxial: 0.01s™
_—o— Ogden one-term fitting
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Figure 8.2 One-term Ogden model fitting on the stress-strain curve of 0.01 s* (left: nominal curve, right:
true curve).

The stress-strain curve at 0.01 s was fitted by the procedure presented in Section 5.2.2.
The first fitting was conducted with the uniaxial stress-strain equation from the one-term
Ogden model, Eq. (5.3), and the optimized parameters, x =0.78 MPa and « = 2.95. The
fitting results are shown in Figure 8.2. It seems that the one-term Ogden model fairly well
describes the overall concave upward behaviour. However, it can be observed that the
fitted and experimental curves are not well matched during the initial loading stage
(ex<1). It seems that the one-term Ogden model is not sufficient to describe a stress-
strain curve in which there is a significant change in the tangent slope; the tangent slope

of the nominal curve decreases until a nominal strain of 0.5 and starts to increase after

about 0.8 strain.

Quasi-static uniaxial: 0.01s™

6 Ogden two-term fitting 15+
<
o —
2 g
2 41 2 104
= 2
e <
K= >
o (5]
= 2 S 54
§ =
0 ; . 0- . .
0 1 2 0.0 0.5 1.0
Nominal strain True strain

Figure 8.3 Two-term Ogden model fitting on the stress-strain curve of 0.01 s (left: nominal curve, right:
true curve).
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The same fitting procedure was conducted but with the uniaxial stress equation from

the two-term Ogden model

NSgden — Zﬁ(i:ﬁ—l _ ﬂx_l_o'sal ) + ﬂ(ﬂ?—l _ 1;1_0'5{12 ) (8.1)
% %,

The optimized parameters are obtained as 1 = 0.10 MPa, a1 = 4.66, p1 = 1.51 MPa and
a2 = -3.62. The reconstructed stress-strain curve from these parameters is shown in Figure
8.3. It can be clearly observed that the two-term model is able to describe the increasing
and decreasing tangent slope respectively of the initial and later loading stage of the actual
experimental data. Comparison between Figure 8.2 and Figure 8.3 indicates that if the
actual material behaviour in the drop-weight test is as presented, the assumption of the
one-term Ogden model for the optimization procedure, Eq. (7.15), will produce
parameters that are not able to completely describe the actual behaviour. The good fitting
result of the two-term model to the quasi-static experimental data does not mean that the
assumption of this model in the optimization procedure is validated. The shape of the
stress-strain curve can change at different strain rates or temperatures. With regard to this
difficulty, in the next section, one possible way to approximate the curve shape is
introduced.
8.2.2 Combination of the linear and nonlinear VFM

The linear (dynamic) VFM introduced in Chapter 5 and Chapter 7 is a method to
identify Young’s (VFM 1) or nominal instantaneous modulus (VFM 2). In the PVW, the
linear elastic constitutive equation is adopted with the assumption that this model is
sufficient to describe the mechanical behaviour of rubbers at a particular time step, but
not for long deformation histories. The use of the linear elastic model is one advantage of
the linear VFM as there is no need of the assumption of a constitutive model in the PVW
regardless of the actual behaviour of rubbers. However, as mentioned above, the

assumption of a constitutive model is required in the optimization procedure. The
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nonlinear VFM introduced in Chapter 6 requires the assumption of the nonlinear model
in its PVW equation, which can be used to build the objective function for the
identification of the parameters of that model. One advantage of the nonlinear VFM is
that not only the entire nonlinearity exhibited during long deformation histories but also
the possible nonlinearity within a particular time step can be considered simultaneously.
Again, the assumption of a nonlinear constitutive model in the PVW without the
knowledge of the actual curve shape can be its disadvantage.

The new VFM to approximate the shape of a stress-strain curve is based on the idea of
the combination of the two advantages respectively from the linear and nonlinear VFMs.
Thus, the combination of these two VFMs will lead to the identification of the curve shape

without the consideration of the choice of a constitutive model and with the consideration
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Figure 8.4 (a) End displacement and (b) velocity profile of the drop-weight test on a nitrile rubber.
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Figure 8.5 (a) Global averaged strain rate and (b) strain profiles in the longitudinal direction (the dash line
indicates the deformation range applied in the new VFM).
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of the nonlinearity exhibited during a certain deformation range.

The meaning of this certain deformation range is explained here. In the previous
section, the linear VFM was applied to the deformation data during the initial loading
period. Then, the identified moduli at each time step was averaged to obtain the mean
value. In fact, after the first loading from the drop-weight apparatus, there are multiple
reloadings on a specimen due to the wave reverberation within the long loading bar, and
the high-speed camera is able to capture these multiple deformations. The longitudinal
displacement profile obtained from the end of a nitrile rubber tested for the present drop-
weight experiment (non-pre-stretching case at room temperature) is shown in Figure
8.4(a), and Figure 8.4(b) shows its velocity profile calculated by the simple finite

difference equation

0, (t) — u, (ti+l?2;:lx (ti—l) (8.2)

The detailed experimental procedure is given in a later section but the overall procedure
was identical to that conducted in the previous chapter. For the simulation work, which
will be described later in this section, the velocity boundary condition shown in Figure
8.4(b) was applied. From the experimental data, the averaged (longitudinal) strain rate
profile was also obtained by averaging the whole spatial strain rate field, which was
acquired in the way used in Chapter 5; the profile is presented in Figure 8.5. It should be
noted that the averaged strain rate in this figure and the one shown in the previous chapters
are different because the previous one was obtained by spatial averaging only over the
deformed area, which has been subjected to the stress wave. As can be seen in Figure
8.5(a), after the second strain-rate peak (at around 1.3 ms), the peaks start to reduce in
amplitude. In order to provide reasonably uniform strain rate peaks from each loading

period to the new VFM, the deformation range was chosen as indicated by the dashed
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line in Figure 8.5. The same procedure was applied to the deformation range used in the
new VFM for all experiments and simulations.

The assumption made in the VFM analysis described here is that a part of any stress-
strain curve, which is long enough to describe a part of the nonlinearity but limited by the
deformation range defined above, can be expressed by the one-term Ogden model. In
other words, it is assumed that the part of the stress-strain curve in Figure 8.1, for example
a nominal strain range of 0 to 0.05 (as indicated by the dash line in Figure 8.5(b)), can be
described well by the one-term Ogden model, even though this is not sufficient to describe
the whole stress-strain curve. Also, if a static pre-stretching is applied, e.g. 0.1 of a
nominal strain, it can be assumed that the nonlinearity during the short strain range of 0.1
to 0.15 is well expressed by the one-term Ogden model. Using this assumption, the PVW
of the present VFM for the approximation of the curve shape is taken from the same
equation used in the nonlinear VFM in Chapter 6 for a non-pre-stretching case. In the
present VFM procedure, it is assumed that the principal directions and experiment
coordinates are coincident; thus, Eq. (6.4) is adopted and here rewritten again with the

one-term Ogden model below

2

1) 2 2 au* )
b= Z J. _i Iu[l] l;x + /u[l] i;zfl x,0 dSO + .[ pax (tk )ux o dSO (83)
k=1 SO lx a[]_] a[l] a_x 0 S0 '

where npy indicates the final time step of the deformation range of a non-pre-stretching
case. The subscript [1] of the model parameters represents that these are the parameters
of a non-pre-stretching case. The calculation of this PVW can be identically conducted
as explained in Chapter 6. For pre-stretching cases, the incremental VFM (VFM 2)
introduced in Chapter 7 is adopted. The PVW of VFM 2 is recalled here again with the

expansion of dNypo
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*(1)
—Lp Az a 7 (t)d/lxp() Hopo ds,o = j pa, (w2, ds,, (84)

p

This equation can be converted to the form of the nonlinear VFM with the use of the

definition of 6°W /842, Eq. (7.17):

iy

*(1) 2
@ Z{J- j’X ,p0 8},2 (tk )d/lx p( ) X 0 dSpO +I pa (tk )ux(p)o dS } (85)

pO

lul 1 —+a
EMZ W)= 2“{[.][1+ ;j 2<zk)+am( L+ o) ”l(rk)J (86)

%iy
where [i] indicates each pre-stretching case. It should be noted that in Eq. (8.6) the stretch
ratio term, Jxp represents the total stretch ratio that is defined in Figure 4.21 in Chapter 4.
The meaning of the use of this stretch ratio term in Eq. (8.5) and (8.6) is that the part of
the stress-strain curve after pre-stretching up to the given deformation range is fitted by
the one-term Ogden curve defined under the same deformation range. For example, if the
first pre-stretched case is generated with a nominal pre-strain of 0.05 and a final nominal
strain of 0.10, the curve shape supposed to be exhibited during this deformation interval
(0.05 to 0.10) is identified by the one-term Ogden model defined within the same
deformation interval. Thus, the optimized parameter of a particular pre-stretched state
using Eq. (8.5) and (8.6) describes the curve shape only within the deformation interval.
This procedure will be clearer in the simulation section. In this section, the use of Eq.
(8.4)-(8.6) is referred to as the second nonlinear VFM or NVFM 2. The application of
NVFM 2 for the approximation of the curves shape is described in the next section using
the simulation data resembling the drop-weight experiment.
8.2.3 Application of NVFM 2: simulation

The same 2D simulation procedure presented in Chapter 6 was used but the velocity

boundary condition shown in Figure 8.4(b) was applied. The two-term Ogden model was
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adopted and the optimized parameters: x1 = 0.10 MPa, a1 =1.51, ;11 =4.66 MPa and
a2 = -3.62, which are obtained from the model fitting shown in Section 8.2.1, were used;
the density measured from the nitrile rubber was applied. The specimen dimensions
(length =50 mm and width = 14 mm) were slightly larger than in the previous cases
because the drop-weight apparatus used for the present chapter was modified to be
equipped with a temperature-controlling device. The same pre-stretching procedure was
conducted; the final nominal pre-strain was set as 1.8 with an interval of 0.05 so that there
were 37 simulations in total, including one non-pre-stretched case.

Eq. (8.4) and (8.5) were applied to the simulation data respectively of one non-pre-
stretched and 36 stretched cases. In total, 37 sets of the Ogden parameters were identified;
these values are shown in Figure 8.6 showing grey and black colour bars which
respectively indicate the x and o identifications at each pre-stretched state. As an example,
three sets of the Ogden parameters are chosen from Figure 8.6: upy =155 MPa &
ap1) = 0.10 at expo = 0, yp3 = 1.27 MPa & af3) = 2.21 at expo = 0.10 and upe = 1.27 MPa &
are] = 2.21 at expo = 0.25. Their nominal stress-strain curves are presented in Figure 8.7.
The red curve is the part of the one-term Ogden curve made by 13 and of1j, i.e. non-pre-

stretched case. The final strain is defined by the deformation range as explained above. It

4 (MPa)
a

N

w
L

[
L

Ogden parameters x and a
N

0_
00020406081012141618
Nominal pre strain

Figure 8.6 Identification of 1 and a of NVFM 2 of one non-pre-stretched and 36 pre-stretched
simulations.
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Given Ogden two-term curve

2- ex’po =0
= € po = 0.10 (part of Ogden curve after shifting)
% ----e =010 (full Ogden curve before shifting)
e €= 0.25 (part of Ogden curve after shifting)
73 :
g e o0 = 0:25 (full Ogden curve before shifting)
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04— : .

0.0 0.2 0.4
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Figure 8.7 Given Ogden two-term curve and the part of the Ogden one-term curves from the chosen
parameters identified by NVFM 2 at ex 50 = 0, 0.10 and 0.25 before and after the shifting procedure.

can be observed that the red curve is well matched with the initial part of the given two-
term Ogden curve (grey solid line). The blue dash line is made with x3; and og3). Clearly,
this curve is not matched with the given (two-term) curve but it can be seen that the part
of this blue dash line between nominal strain of 0.10 (its pre strain) and 0.16 (defined by
the deformation range) has a similar curve shape as the given curve under the same strain
range. The same trend can be observed on the curve (gold colour) made with e and ae}.
Thus, what NVFM 2 identifies from the drop-weight simulations is the part of the curve
shape of the given model within each deformation range between the pre and final strains.

In order to approximate the original curve shape from these partial one-term Ogden
curves, a vertical shifting procedure is applied. The first curve of the non-pre-stretched
case does not need to be shifted so it is initially fixed. Then, the next curve of ug3) and a3

is moved vertically by adding a stress shifting factor, N[ﬂmr, which is given by the

following minimization procedure. (1) The shifting factor is initially given as

N

x,factor

=0 (8.7)

(2) The nominal stresses of the fixed and shifting curves are generated by their identified

parameters and the one-term Ogden uniaxial equation, fogden, defined by Eq. (5.3)
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< _ ~[fixed]
Nx,[fixed] = ngdenl (lu[fixed] » Kffixed] » €x ) 8.9)

N

_ ~[moved]
x,[moved] T ngdenl(lu[moved]’a[moved]’ex )

In these equation, €' is a vector of the nominal strains from the pre-strain to the final

deformation range with an interval of 0.001; similarly, N, ;; is a vector of the nominal

stress generated by the model function and the strain range. (3) The given strain range

and generated stress vectors are collected to form the total vector data as shown below

[fixed] [fixed]
N x,[fixed] (ex,lsl ) ex,fl
[fixed] [fixed]
N rixeay (€ s ) €2
N — [fixed] a8 — [fixed] .
N X N x,[fixed] (ex,final ) ! eX ex,final (8 9)
[moved] [moved] [moved]
N x,[moved] (exyft ) + N x,factor ex,lsl
[moved] [moved] [moved]
N x,[moved] (ex,final ) + N x,factor ex,final

(4) These collected stress and strain vectors are then fitted to the Ogden one-term uniaxial
equation, Eq. (5.3), using the following objective function, in order to find the optimized

parameter, x* and o*.

min<D=Z(fogdenl(ﬂ*,a*,éx)—ﬂx)z (8.10)

#*’a*
(5) Next, the goodness of this fitting is evaluated by the root-mean-square error, RMSE,

defined as

1/2
RMSE = (mean [Z( fogdenl(u*, a*e,)— NX )1) (8.11)

The procedure of Eq. (8.8)-(8.11) is written as one function, which could be expressed as
RMSE = ngden_fit (:u[fixed] ! a[fixed] ! lu[moved] ! a[moved]’ Nx,factor) (8'12)

(6) The last step is to find the optimized shifting factor, N factor, giving the minimization

of RMSE; this procedure can be written as
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min RMSE = ngden_ﬁt (:u[fixed] ! a[fixed] ' lu[moved] ’ a[moved]’ Nx,factor) (8-13)

N xfactor

The minimization procedure of Eq. (8.13) was conducted by the MATLAB built-in

e with

x,[moved]

@ Initialization of the shifting factor
NV =0

x,factor

@ Shifting of N
N

x.[moved] ?

at 1Enin RMSE

x,factor
x factor

i = Given Ogden two-term curve |

' & 0.6+ - '

- :
PTTTTTTTTTTTTTTTTTT T T 2 |
@ Initial construction of the local P % 0.3 !
stress-strain curves V! = x factor !
: : k= final iteration 1

< o ~[fixed] o £ :

N et = J ogdenl(ﬂ(ﬁxedpa[ﬁxedpex ) ¥ ZO 0.0 . |

N _ ~[moved] : : 00 1 1 0.2 :
N.r,[moved} - ngdenl (Ju[nmved}9(x[mnved]’ex e : : Nommal strain :

;—:f 0.6 Given Ogden two-term curve E
=" e L
W = L
& N, ffixea) / i ! L _ i
A 0.3 g 11 @GO Fitting of N e, to the one-term
— —~ 1 R 1
g v/ x,[moved] i i Ogden mOdEI Wlth N&’,]facmr i
E A 1 1
o 1 1
Z 0.0 - i min RMSE = f, (N ) |
0.0 Nominal strain 0.2 ¥ N, facor 7 Ogden it factor l
1
1 1
__________________________________________: | Given Ogden two-term curve '
=06 |
! (=W 7 1
: £ :
LS :
1 . . 1 — y/
. ® Collection of the fixed and moved | &0.3 / xfactor |
| P = 2nd iteration 1
i local stress curve data g !
! I = x,factor 1
! ~ ~fixed] ! ' ZO Ist iteration '
: N _ Nx‘[li)md] é — e_x_‘ : i 0.0 i
' x N > Tx é[moved] | ' %O 0.2 '
i x[moved] x i ! Nominal strain !
1 1 : :
i E 0.6 Given Ogden two-term curve i __________________________________________
1 L0 -~ .~ 1
: : N | J
1 v - 1
1 v 1
1 ) 1
1 j: 1
| v 0.3 |
= e
| 'E |
1 o 1
| Z 0.0 |
i 0.0 Nominal strain 0.2 i
1 1

Figure 8.8 Description of the shifting procedure for a local stress curve with respect to the fixed one.
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function, fminunc. After N[Xi?factor is determined for the i™ pre-stretching, the shifted stress

and same strain vectors become the fixed data for the next shifting procedure. For

example, if N

x,factor

is obtained through the shifting procedure between the non-pre-

and second pre-stretching cases, N the vector of

X,moved !

stretching, NI

x,fixed ?

NP oo+ NP is used as NP . for the determination of N, in order to shift

X,move x,factor x,factor

NG

wmoved- 1 NIS shifting procedure is graphically described in Figure 8.8.

The Ogden parameter sets presented in Figure 8.6 were used in the shifting procedure
explained above. Four shifting cases were conducted with different pre-stretching steps.
For example, the first case is when all of the 47 pre-stretching simulation data are used
for the shifting procedure. In the second case, it is assumed that the pre-strain interval
increases to 0.10 so the shifting procedure is conducted between i and i+2™ pre-stretching
data. For the third and fourth cases, 0.15 and 0.25 pre-strain intervals were respectively
used. These different cases are to show the effect of the number of the pre-stretching in
the identification of the curve shape.

The shifting results of these four cases are presented in Figure 8.9. The interpolated
curves made by linearly connecting these shifted curves are shown together in Figure 8.10.
It can be observed that the shape features of the given two-term Ogden curve, including
the decreasing tangent slope at the nominal strain range of 0-0.5 and the increasing trend
after about 1.0 nominal strain, are well described by all of the shifted curves. However,
the degree of the exact equivalence between the given and shifted curves depends on the
number of the pre-stretching steps involved in the shifting procedure as Figure 8.10 shows
that the shifted curve becomes deviated upward as the step interval increased. The reason

of this deviation could be because large numbers of the local shifting curves are required
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Figure 8.9 Use of the shifting procedures on the local one-term Ogden curves (small colourful curves)
obtained by NVFM2 and the given two-term Ogden curves (grey solid line).
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Figure 8.10 Linearly interpolated curves of the local one-term Ogden curves shown in Figure 8.9.
to produce a good fitting on the nominal strain range of 0 to 1 where the significant change
in the tangent slopes is exhibited.
The same simulation study and the application of NVFM 2 and the shifting procedure
were conducted with a different hyperelastic model. In order to generate a model which

can show a stress-strain curve different from the given two-term Ogden model, the
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second-order polynomial (second-order Mooney-Rivlin) models, Eq. (2.17) were adopted;
the strain energy density is written as
W =C,(1,-3)+Cp(1,—3)+Cy (I, =3)*+C, (1, -3)(1,—3) + Cy, (1, —3)* (8.14)

This hyperelastic model is available in ABAQUS and for its five parameters, the values:
(C11 =0.59 (MPa), Co1 =-3.90e-2, Co = -2.84e-3, C11 = 7.62e-3 and Co2=-7.71e-4) given
in a previous paper (Sasso et al., 2008) where rubber specimens were statically tested
were borrowed. Their shifting results are presented in Figure 8.11. As can be observed in
these figures, the current method is able to approximate the stress-strain curve made by
the polynomial model for all four interval cases. Figure 8.12 shows the linearly
interpolated lines for all cases; it seems that the deviation sensitivity with respect to the
interval step is less than the case of the Ogden model simulation. This lower sensitivity

is due to the fact that the stress-strain curve made by the present polynomial model has
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Figure 8.11 Use of the shifting procedures on the local one-term Ogden curves (small colourful curves)
obtained by NVFM2 and the given second-order term polynomial model (grey solid line).
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Figure 8.12 Linearly interpolated curves of the local one-term Ogden curves shown in Figure 8.11.
only one trend of the tangent slope change, which continuously decreases.

It should be mentioned that the application of NVFM 2 and the shifting procedure is
to approximate the curve shape but not to characterize the stress-strain curve at a
particular strain rate. The reason is due to the strain rate variation. As shown in Figure
8.5(a), it is found that the global strain rate fluctuates and for some loading periods, e.g.
0.8-1 ms, the specimen experiences a slight unloading as indicated by a negative global
strain rate. The strain-rate state during the drop-weight loading is complex, and it is not
easy to define a constant strain rate. Thus, the present method should be used for the
approximation of the curve shape. The characterization of a precise stress-strain curve at
a particular strain rate should be conducted by the technique presented in Chapter 7, i.e.
VFM 2, but with the aid of the evaluation of the curve shape from the present method for
the determination of a constitutive model in the optimization procedure.

The simulation data used above was generated with a rate-independent hyperelastic
model. Therefore, the difference due to the strain-rate variation between the stress-strain
curves made by the present shifting procedure and VFM 2 should not appear. The same
simulation data given by the two-term Ogden model was applied to the procedure of VFM
2 as explained in Chapter 7. The data range used in VFM 2 is limited to the initial loading

period, 0-0.6 ms. The collection of the nominal modulus NE, when 0.25 (case 4) interval
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of a nominal pre-strain is applied, is presented in Figure 8.13. Through this figure, it is
also possible to observe the feature of the curve shape of the given two-term Ogden model.
When expo = 0.25 is applied, the resulting instantaneous nominal modulus (blue profile)
significantly decreases compared to the non-pre-stretching case (red profile); this
reduction indicates the trend of the decreasing tangent slope of the given stress-strain
curve under the same nominal strain range. The increasing trend is also observed when
comparing the two profiles obtained at expo = 1.50 and 1.75, showing that the nominal
modulus profile is higher as the pre-strain increases from 1.50 to 1.75. This increment is
an opposite trend when the pre-strain increases from 0 to 0.25 and represents the
increasing tangent slope after 1.00 of a nominal strain of the given stress-strain curve.
The same optimization procedure using Eq. (7.15) in order to obtain the model
parameters was conducted on the averaged nominal moduli. For the strain energy density
W in Eq. (7.15), the two-term Ogden model was chosen so there were four parameters,
1, a1, u2 and oo to be identified. The averaging period for the nominal moduli was fixed
(0.3-0.4 ms) as shown in Figure 8.13, although the length of the stable estimation period
of each pre-stretching case is different, in order to simplify the laborious averaging period

for many identification profiles. An unstable identification of the case of expo = 1.75 at
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Figure 8.13 Nominal moduli identifications at each pre-strain location using VFM 2 on the same
simulation data of the two-term Ogden model.
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Table 8.1 Identified two-term Ogden parameters from VFM 2.

Pre-strain interval p1 (MPa) a1 2 (MPa) a2

0.05 0.15 4.35 1.35 -3.47
0.10 0.15 4.36 1.35 -3.46
0.15 0.14 4.39 1.36 -3.54
0.25 0.15 4.35 1.36 -3.51

Given Parameters 0.10 4.66 1.51 -3.62

——— Given Ogden two-term curve
—0— VFM 2: Casel
T—0— VFM 2: Case2
—~— VFM 2: Case3
—v— VFM 2: Case4

D (o}

Nominal Stress (MPa)
N
®

o
1
.0

o

05 10 15 20 25
Nominal strain

Figure 8.14 Reconstructed two-term Ogden curves using the identified parameters in Table 8.1 and the
given curve.

around 0.4 ms is an indication of the stress wave arrival at the fixed end. The same four
cases of the different pre-strain interval steps were respectively analysed by VFM 2 and
the optimization procedure. Their identified model parameters are listed in Table 8.1 and
Figure 8.14 presents the all reconstructed two-term Ogden curves showing a good match
with the given model.

The comparison between the shifting results in Figure 8.10 and the application of
VFM 2 in Figure 8.14 does not show a significant difference because of, as mentioned,
the use of rate-independent hyperelastic model in the simulation. It is necessary to
conduct the same simulation but using rate-dependent models. In order to simulate the
viscoelastic behaviour with the given two-term Ogden model, the Prony series model,
Eq. (2.21), was adopted. The parameters of this Prony model were obtained through the
DMA experiment and time-temperature superposition using the same nitrile rubber, a

detailed explanation is provided in the second part of this chapter. The normalized
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Figure 8.15 Interpolated curves of the shifted local one-term Ogden curves from NVFM 2 of the four
interval step cases and the reconstructed two-term Ogden curve from VFM 2 with the visco-hyperelastic
simulation data.

shear term, gi, and relaxation time, =i, were listed in Table 8.3 (page. 234) in Section 8.3.2.
The two-term Ogden model used in the simulation work above was assumed to be a long-
term behaviour, i.e. fully relaxed behaviour. The same drop-weight simulation was
conducted and the data were analysed by the present method, NVFM 2 and the shifting
procedure, and VFM 2. Figure 8.15 shows the shifted curves of the local one-term Ogden
curves obtained from NVFM 2 and the reconstructed two-term Ogden curves obtained
from VEM 2. In the case of VFM 2, the reconstructed curves with the different interval
steps are almost coincident so only the result with an interval of 0.05 pre-strain is shown
here. The curve shapes of both NVFM 2 and VFM 2 are similar to each other but it can
be seen that the VFM 2 curve is stiffer than that of NVFM 2. The softer curves of NVFM
2 are a result of the complex loading state where dynamic loading and a short period of
unloading are involved in the analysis of NVFM 2. This simulation result shows that the
present NVFM 2 and the shifting procedure application on the drop-weight experiment
should be used for the approximation of the curve shape, rather than the actual
characterization at a particular strain rate. The approximated curve shape can give an
opportunity to evaluate the determination of a constitutive model for use in VFM 2.

In summary, the present simulation work leads to the following conclusions:
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o The combined linear and nonlinear VFM is able to approximate the curve shape
of the two-term Ogden model by means of the relatively simple one-term
Ogden model.

o The combined method is also capable of identifying the curve shape when a
different constitutive model (i.e. the polynomial model), which shows a totally
different curve shape from the Ogden style model.

o The combined method with the drop-weight experiment should be used for a
curve shape approximation rather than an actual parameter identification as
strain rate variation is inevitable with the current experiment system.

8.2.4 Application of NVFM 2: experiment

The same drop-weight experiment and imaging procedures presented in Chapter 5
were applied on the same nitrile rubber used for the quasi-static experiment shown in
Section 8.2.1. As shown in Figure 8.4, the loading duration involved in the analysis of
NVFM 2 is much longer than the previous cases of the linear VFMSs. In addition, in order
to generate a possible change in the curve shape due to different temperatures, a simple
temperature-controlling device was designed and installed on the drop-weight apparatus.
The picture of this temperature device is shown in Figure 8.16. This device consists of a
cooling fan (TDEX3132, Thermo Electric Devices), Peltier stage (MCPF-127-14-11,
Multicomp) and cuboid-shape copper block. A Peltier stage is a thermoelectric device by
which heat can be transferred from one side to the other when DC current flows into the
device. The stage was attached to a heat sink so that the heat could be dissipated. The
other side of the Peltier stage was bonded to the copper block by means of a thermal tape
(Thermal Adhesive Tape 8940, 3M). The other side of the copper block is also covered
with the tape but with its coating film in order to reduce friction between the specimen

and the block. The temperature measurement was conducted using a K-type thermocouple,
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(mm)

Specimen

Cooling fan

Copper block <€T——=

0 20

Figure 8.16 (left) Temperature-controlling device installed on the drop-weight apparatus and (right) the
in-situ high-speed image and the analysis area indicated by the red rectangle.

the data from which was collected by a USB thermocouple data collecting device (USB
TCO01, National Instruments). The detailed temperature measurement procedure is
explained in the second part of this chapter.

Three drop-weight experiments at temperatures of 10, 21 and 62 °C were performed.
As mentioned, the same imaging procedure was applied but the temporal fitting procedure
to smoothen the acceleration fields was modified to consider the longer duration of the
drop-weight loading. The modified method is described in Section 8.3.3. In addition, as
can be seen in Figure 8.16, the copper block does not cover the whole surface of the
specimen. In order to avoid a large temperature difference, only part of the specimen area
covered by the block was used for the VFM analysis, although the length reduction can
give a slight overestimation of the Young’s modulus as described in Figure 4.13 in
Section 4.2.2. The reduced analysis area is described in Figure 8.16 (right) showing the
in-situ image of the nitrile rubber specimen. It can be seen that the length of the specimen
is much longer than those used in the previous chapters. This longer dimension is due to

the modification of the drop-weight apparatus for the installation of the temperature
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device behind the specimen. The data reduction was applied only for the case of the hot
and cold temperatures.

The full-field data obtained from the drop-weight tests was analysed by NVFM 2 and
the shifting procedure as explained in the simulation work; the length of the data period
was identically given by the definition in Figure 8.5. Figure 8.17 (a) shows the results of
NVFM 2 and the shifting procedure of the three temperature cases, and Figure 8.17 (b-d)
presents the one- and two-term Ogden fits. The value of RMSE of each fit with respect
to the interpolated curves can be used as the evaluation of the fitting quality of the chosen
constitutive models. Each RMSE value is provided in the legends of Figure 8.17(b-d). It
is clear that for the cases of 21 and 62 °C, the fitting quality of the two-term Ogden model
IS better than that of the one-term one as its RMSE value is lower. However, the fitting

qualities for the case of 10 °C are not significantly different; these similar fitting
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Figure 8.17 (a) Linearly interpolated curves of the shifted local one-term Ogden curves of the drop-
weight experiments at 10, 21 and 62 °C; the one- and two-term Ogden fittings on the interpolated curves
of (b) 21, (c) 10, and (d) 62 °C.
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results can be explained by the observation that the shifted curve does not show a clear

strain hardening compared to the other cases.

As explained above, the application of NVFM 2 and the shifting procedure to the

drop-weight test data should be used for the approximation of the curve shape due to the

difficulty of defining a definitive value of the strain rate and the complex strain state of

dynamic loading followed by a short period of unloading. Thus, in this actual application

of NVFM 2 on the experimental data, the evaluations of the curve shapes shown above
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Figure 8.18 (left) Collections of the identification profiles of the nominal moduli and (right) reconstructed
one- and two-term Ogden curves using VFM 2 on the drop-weight experiment data of 21, 10 and 62 °C.
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using the RMSE values were used for the choice of a constitutive model in the
optimization procedure of VFM 2. According to the RMSE values in Figure 8.17, the
two-term Ogden model should be used for the case of 21 and 62 °C, and either the one-
or two-term model seems acceptable for 10 °C.

The identification procedure of VFM 2 was applied to the same experimental data but
the data range is limited to the first incident loading period. Their reconstructed Ogden
curves are presented in Figure 8.18(right) with the identified parameters obtained from
the optimization procedure using both of the one- and two-term models for comparison.
As expected, it can be observed that the reconstructed curves are stiffer than the shifted
ones except for the case of 62 °C. The small difference in this case is due to the fact that
the relaxation gradient at this high temperature range is much lower than the other cases
as can be observed in the storage moduli versus temperature profile shown in Figure
8.20(b). The RMSE values of the case of 21 and 62 °C from the one- and two- term model
fittings show a large difference in Figure 8.17; these differences can be also observed in

the dissimilarity of their one- and two-term reconstructed curves of VFM 2

Table 8.2 Averaged nominal modulus, longitudinal strain rate and nominal pre strains of the drop-weight
tests with the three different temperatures of 21, 10 and 62 °C.

Temperature 21 °C Temperature 10 °C Temperature 62 °C
NE (MPa) £,(5") expo NE(MPa) &, (S') expo NE(MPa) & (51 expo
30.0 71  0.00 61.4 38 0.00 11.8 80 0.00
26.4 70 0.10 43.1 41 0.09 9.25 86 0.09
22.2 66 0.14 36.1 43 0.17 7.33 93 0.20
15.8 87 0.28 34.6 44 0.24 6.43 93 0.32
14.3 83 0.44 36.7 40 0.28 5.69 100 0.47
13.1 80 0.49 30.3 45 0.38 6.15 103 0.59
12.2 87 0.62 25.2 47 0.45 6.96 101  0.67
10.2 88 0.70 23.6 45 0.50 7.78 91 0.88
12.2 81 0.71 16.8 44 0.62 9.78 90 0.99
12.7 79  0.85 21.6 53 0.73 10.5 85 1.19
17.6 78  1.23 26.8 50 0.78 115 83 1.26
19.2 67 141 25.8 51 0.92
Average ¢ =785 Average é =455 Average ¢ =915’
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as shown in Figure 8.18(right). The RMSE values of the 10 °C case are not significantly
different, and consequently its reconstructed curves of VFM 2 are almost similar.
However, for the case of 10 °C as well, the two-term Ogden model seems a more suitable
choice for the optimization procedure because the trend of the averaged nominal modulus
change (as listed in Table 8.2), i.e. tangent slope, initially decreases but, after 0.62
nominal pre-strain, starts to increase. As mentioned, this complex tangent slopes should
be fitted by a higher order-term model.

8.2.5 Explanation of the identification variation

As can be seen in Figure 8.18, the identification of the nominal modulus is varied; the
identification is not constant but gradually decreases. This variation is especially
significant for the case of 10 and 21 °C, and the identification of the 62 °C case is rather
stable. From this difference, the reason for this variation can be explained. The DMA data
of a nitrile rubber shown in Figure 8.20(b) shows the temperature dependence of the
modulus. It can be seen that the relaxation gradient with respect to temperature at 10 and
21 °C is much higher than that at 60 °C. The difference corresponds to that of the variation
shown in Figure 8.18. That is, when the material is close to a glass transition temperature,
the modulus gradient is high and the admissible relaxation amount is also large. In the
case of silicone rubber, this variation is not large as shown in Figure 7.9 from Chapter 7.
The reason is because the relaxation gradient is not as high as that for the nitrile rubber at
room temperature.

The same variation can be shown using FEM simulation. Two simulations were
conducted using the same condition that were employed for producing Figure 8.13 but
the material is assumed to be linear. The first material is linear elastic with E = 30 MPa
and v = 0.499; the second one is linear-viscoelastic with the same parameters (for the

long-term response) and the Prony series parameter of nitrile rubber shown in Table 8.3.
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Figure 8.19 shows the results of these two simulations. The viscoelastic case shows a
similar variation to that for the experimental result (Figure 8.18) whereas the variation in
the elastic case is much less and not representative of the experimental result. This

difference clearly explains the reason of the variation and its degree shown in Figure 8.18.
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Figure 8.19 Identification results of the nominal moduli from the simulation with pure and visco-linear
elastic material.

8.3  Application of the nonlinear VFM with a rate-dependent model

8.3.1 DMA tests on nitrile and silicone rubbers

The same nitrile rubber used in the first section of this chapter was characterized by
the DMA and time-temperature superposition procedures. The overall procedures are the
same as the one shown in the previous chapters but, in the present work, a different control
mode was adopted in the DMA testing device. Previously, the storage versus temperature
profiles at three different frequencies were obtained using temperature ramp & frequency
sweep, in which a specimen is continuously heated with a linear heating rate and
simultaneously loaded with a number of given frequencies. For the current data,
temperature step & frequency sweep was available. In this loading mode, isothermal
frequency sweeps were performed at different temperatures, in this case from -65 to 65 °C
in 2 °C increments; the isothermal duration was given as 1 min for each step; and the five
frequencies were used: 2, 5, 10, 15, 20, 30 and 35 Hz. The silicone rubber was retested

for the present work as a new batch was manufactured, and the properties could be slightly
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Figure 8.20 Nitrile rubber: (a) storage moduli and (b) tan & versus temperature at the five frequencies; (¢)
isotherm of storage modulus and (d) master curve versus the logarithmic time.
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Figure 8.21 Silicone rubber: (a) storage moduli and (b) tan & versus temperature at the five frequencies;
(c) isotherm of storage modulus and (d) master curve versus the logarithmic time.
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different. For the silicone rubber, the same DMA procedure was applied with the
temperature range -80 to 80 °C and only the first four frequencies were used, as the
behaviour at 35 Hz was very unstable. In order to obtain the relaxation curve, the same
time-temperature superposition procedure was manually conducted using the isotherm
curves at each temperature step. The DMA results from these two rubbers are presented
in Figure 8.20 and Figure 8.21. The relaxation curves Figure 8.20(d) and Figure 8.21(d)
as a result of the time-temperature superposition were used for the material property in
the simulation and experiment works in the next sections.
8.3.2 Nonlinear VFM for the identification of a relaxation curve: simulation

As mentioned in the first section, there are further useful data from the drop-weight
experiment for the identification of rate-dependent behaviour of rubbers: strain rate
variation at a particular time step and multiple reloading with a larger deformation range.
In the present work, the aim of the identification is to attempt to characterize the
relaxation curve in the vicinity of an initial deformation range. It is necessary to define
the time scale for this characterization prior to applying the nonlinear VFM. First, the
relaxation behaviour at a small time scale is limited by the imaging speed. The same
imaging speed, 50 000 fps, was used for the present work; thus, the time step At between

each picture is 2x10° s and in logarithmic scale -4.7 (=~ log(2x107%)). The relaxation
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Figure 8.22 (a) End displacement and (b) velocity profile of the drop-weight test on a nitrile rubber at
9 °C (the dash line indicates the final data range for the present simulation study).

232



behaviour associated with logarithmic time scales smaller than -4.7 is impossible to
characterize because its physical behaviour is not observed. With regard to the upper limit,
it is assumed that the relaxation behaviour that can be characterized by the dynamic VFM
is clearly exhibited within each reloading period because the non-uniform deformation
state (consequently, acceleration field) is re-generated when each reloading is initiated at
the ends of a specimen. The period of each reloading is approximately 1 ms, as indicated
by the red arrow in Figure 8.22. The logarithmic time of 1 ms is -3, which is used for the
upper limit of the time scale.

The overall simulation procedure was the same as in the previous drop-weight work.
In order to simulate the viscoelastic behaviour, the actual relaxation data shown in Figure
8.20(d) and Figure 8.21(d) was applied. The relaxation behaviour in ABAQUS can be
described by the Prony series model. Prior to applying this model, the master relaxation
curves (Figure 8.20(d) and Figure 8.21(d)) formed by the manual shifting were smoothed
by fitting it to the WLF model, Eq. (2.34), by which the shifting factor of each isotherm
is described with respect to its temperature with a given reference temperature and two
parameters of C; and C». The manual shifting factor versus temperature profile was made
and fitted to Eq. (2.34) with the reference temperature of 20 °C. Then, using the optimized

C: and Cy, the shifting factor versus temperature profile was reconstructed by Eq. (2.34).

o WLF fitting: C, = 13.3, C, = 140 °  WLF fitting: C, =3.75, C, = 130
(a) 25, Manual shifting: nitrile rubber (b) 61— Manual shifting: silicone rubber
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Figure 8.23 WLF model fitting on the manual shifting factor versus temperature profiles of the nitrile and
silicone rubbers.
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This procedure is described in Figure 8.23. The reconstructed shifting factors were used
to generate the smoothed master curves which were used to obtain the parameters of the
Prony series. The smoothed master curves are given in Figure 8.24 as a scatter line. A
similar procedure was used in a previous study of (Kaliske and Rothert, 1997).

The parameters of the Prony series were obtained by fitting these smoothed relaxation
curves. The Prony series model, Eqg. (2.21), is used as a normalized form; that is, it
describes the relaxation behaviour from a non-dimensional instantaneous modulus value
of 1. For example, the relaxation curve of the nitrile rubber was normalized by their
largest modulus. The normalized curve was then fitted by Eq. (2.21) with fixed 20
relaxation time terms given as 71 = 1x107°, 7, = 1x1078 ..., 720 = 1 in order to obtain the

corresponding normalized modulus term, gi. The fitting procedure was conducted in a
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Figure 8.24 Normalized relaxation curves of the DMA relaxation data (scatter lines) and the fitted profiles
using the Prony series (red solid line).

Table 8.3 Prony series parameters: given relaxation time terms z and optimized normalized-relaxation
terms g obtained from the DMA data of the nitrile and silicone rubbers.

Nitrile rubber
log(zi) -19 -18 -17 -16 -15 -14  -13 -12 -11 -10 -9

gi 0.028 0.004 0.014 0.014 0.024 0.020 0.046 0.047 0.149 0.027 0.201
log(zi) -8 -7 -6 -5 -4 -3 -2 -1 0

gi 0.156 0.198 0.056 0.010 0.003 0.001 0.001 0.0002 0.001
Silicone rubber
log(zi) -7 -6 -5 -4 -3 -2 -1

gi 0.216 0.280 0.163 0.103 0.066 0.038 0.029
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similar way to that used for the stress-strain curve fitting. The same fitting procedure was
applied to the silicone rubber data. The two sets of the Prony parameters are listed in
Table 8.3, and their reconstructed relaxation curves are presented in Figure 8.24 with their
normalized experimental data. These two viscoelastic properties were used in the two
separate simulation works applied to the same present VFM analysis for comparison.

In both of the simulation cases, the relaxation behaviour is now defined as explained
above. Their long-term behaviours, i.e. when the materials are fully relaxed (t = o), were
assumed to be described by the one-term Ogden model. It should be mentioned that only
the initial deformation range, which can be produced by the drop-weight experiment, was
explored without the pre-stretching procedure in the present study. Therefore, the use of
the one-term Ogden model could be sufficient to describe the behaviour of rubbers at
small strain, where the nonlinearity is less complex, for the fully relaxed state. For the s
term of the one-term model, the quasi-static uniaxial tests were conducted at a very low
strain rate of 0.001 %/s on both rubbers with the usual test procedure used in the previous
chapters. The total strain was limited to 0.001 true strain up to which the stress-strain
behaviour was observed to be reasonably linear. The experimental results are shown in
Figure 8.25, in which the linear fitting lines are also provided. The slopes of each linear

line of the silicone and nitrile rubbers are obtained as 1.1091 and 2.8307 MPa for their
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Figure 8.25 Quasi-static uniaxial tests at a strain rate of 0.001 %/s on the nitrile and silicone rubbers.

235



Young’s modulus. The u« terms are calculated by dividing them by 3 using the
assumption of incompressibility; the values are 0.37 and 0.94 MPa respectively for the
silicone and nitrile rubbers. In ABAQUS, only the modulus term of a hyperelastic model
Is associated with the viscoelastic model, as explained in Section 2.1.2, through Eq. (2.25);
the strain hardening term is assumed to be rate-independent. The « term in the present
model is assumed to be 4 for both cases.

In addition to the mechanical properties, thermal properties were given to the materials
in order to simulate the application of the time-temperature superposition on the present
drop-weight experiment. The thermal conductivity and specific heat of the present
silicone rubber were found as 0.18 W m™ K and 1100 J kg K™ (Erickson et al., 2003).
Although there were two simulation cases respectively for the viscoelastic behaviour of
the two rubbers, these thermal properties were also used for the nitrile rubber case as the
heat transfer is not important in the current simulation. The resemblance of the
mechanical property changes due to temperature and loading rate is the assumption made
for the principle of the time-temperature superposition. This relationship in ABAQUS is
described by the WLF model of Eq. (2.34) requiring the parameters of C1 and C», and the
parameters obtained in Figure 8.23 were used.

The same simulation works were conducted as in the first part of this chapter but
without the pre-stretching procedure. For the boundary condition, the end velocity, Figure
8.22(b), calculated from the displacement data of Figure 8.22(a) was applied. For the
application of the time-temperature superposition, 19 temperatures were applied over the
whole specimen as an initial condition. The temperature condition ranges from -12 to
60 °C with an interval of 4 °C. As mentioned in the first part, when the temperature-
controlling device was used, only part of the specimen area was covered by the device.

This experiment condition was also applied to the present simulation by reducing the data
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area 7 mm from the both ends, as described in the left-hand side of Figure 4.9, for all
temperature cases.

The same data processing was applied with use of 50 000 fps for the data field
extractions so the time step At between each data is 2x10° s. The field data were analysed
by the nonlinear VFM presented in Chapter 6. The one-term Ogden model is used for a
hyperelastic behaviour and the Prony series model for a viscoelastic property. The
combination of these two models was given by the formulation initially proposed by Simo
(1987); this method was similarly adopted in previous VFM work (Sasso et al., 2013). In
the present work, it is assumed that global experiment coordinate and principal directions
are coincident (1x = A1). First, the instantaneous- and long-term hyperelastic behaviours

are given as, in terms of true stress,

O-X,O — %(2’: _ /1)(—0.50{) (815)
a
_ Zluoo a _ 1-05a .
@m_a(@ A% (8.16)

where the subscripts ‘0’ and ‘oo’ respectively indicate the instantaneous and long-term
related terms. For the « term, there is no indication by any subscript as it is assumed that
the same « term is shared between these two behaviours. The total stress at a time step n

is expressed using the following formulation

Oy n =0y 1 EXP [—T—t] +g; exp (—é} (¢,0m1=0on) (8.17)

i i
i
Oyn =Oyon + DOy (8.18)
i

where ‘i’ is the number of the terms involved in the Prony series model. In total, five
terms were made and, for each term, the following relaxation time terms were assumed
using the definition of the upper and lower time scale range: 712345 = 1x10°, 5x107°

1x10* 5x10* and 1x1073 s. The total stress oxx is converted to the PK1 stress using the
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relation Iy = oxx / Ax, which is then used in the PVW, Eq. (6.1), of the nonlinear VFM
with the first set of the virtual fields. After applying the PVW, the parameters to be
obtained are gi, corresponding to each zi, o and uo; the uw term is determined by the
relation of uew = uo % (1 — Zgi). The identified uo and u« are not the instantaneous and
long-term shear modulus of the materials in an actual time scale but in the defined drop-
weight experiment time scale. For comparison, the linear elastic constitutive model was

also used. The same formulation was used with the following constitutive relation
O-X,O = Qxx,ngx + Qxy,ogxy (8-19)

0,,=0,.6,+ e (8.20)

X,00 XX,009 XX Xy,00 % xy

Qu.. =E. [ (1—v%), Qy. =VE, [ (1—v?)

(8.21)
Qxx,O = Eoo /(1—V2), Qxy,o = VEO /(1—\)2)

For this linear elastic model, Poisson’s ratio, v, is assumed to be 0.5.

The nonlinear VFM explained above was applied to the simulation data given by the
one-term Ogden model with the two relaxation behaviours. There were two different
nonlinear VFMs using the viscoelastic constitutive formulations with the one-term Ogden
and the linear elastic model. The identified parameters for these two cases are listed in
Table 8.4. Using these identified parameters, the local relaxation curves were
reconstructed. First, the normalized local relaxation curve was plotted using Eq. (2.21)
and multiplied by the instantaneous shear modulus term wo. The reconstructed relaxation
curves from the two simulation cases are presented in Figure 8.26(a and c) and indicated
by a red-rectangle symbol. The same reconstruction procedure was used on the
parameters identified from the nonlinear VFM with the linear elastic model. One
difference is that the value of uo to be multiplied to the normalized curve is obtained by

dividing the identified Eo by 3. Its results are presented by a blue-circular symbol curve.
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Figure 8.26 Identification of a local relaxation curve from the nonlinear VFM using the linear elastic and
one-term Ogden model on the simulation data with the nitrile and silicone rubber relaxation behaviour.

Table 8.4 Identified Ogden and Prony model parameters from the viscoelastic simulations at 20 °C.

Nitrile rubber Silicone rubber
Simulation at 20 °C | Simulation at 20 °C
uo (MPa) 133  wo(MPa) 210

a 3.42 a 3.55
g1 0.719 o 0.431
g2 0.027 g2 0.042
s 0.087 g3 0.112
g4 0.024 04 0.041
Os 0.022 Os 0.072

Figure 8.26(a and c) clearly shows the difference between the two nonlinear VFMs in that
the use of the one-term Ogden model gives a better matching on the part of the given
relaxation curves. The results in Figure 8.26(b and d) were obtained by the same nonlinear
VFM on the simulation conducted with the linear elastic model instead of the Ogden

model by converting the given ue t0 Ex and v = 0.499. In this simulation case, the two
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reconstructed curves are almost matched. The comparison between Figure 8.26(a and c)
and Figure 8.26(b and d) indicates that in the present nonlinear VFM application for the
viscoelastic behaviour of rubbers, the use of a nonlinear constitutive model can give a
better identification result.

The analysis results shown above were obtained from the simulation data at 20 °C.
The length of the relaxation curve is limited by the time scale defined in the previous
section. At this point, the time-temperature superposition principle (TTSP) was utilized
in order to extend the length of the identified relaxation curves. The first step of the TTSP
application is to collect the reconstructed local relaxation curves obtained at different
temperatures. When TTSP was applied to the isotherm data obtained from the DMA test,
the manual shifting was conducted. In this DMA case, the temperature step can be small
enough so that the part of each relaxation curve still has a similar shape to those obtained
from the next temperature step, and this resemblance is very useful to visually evaluate
the quality of the manual shifting. However, it was difficult to precisely control the
temperature by the simple device, Figure 8.16(left), as much as the DMA. The local
relaxation curve obtained from the present drop-weight experiment may not have a good
resemblance to the next curve or each curve could not be connected even after manual

shifting because of a large temperature step. In order to overcome this expected

—=— Reconstructed relaxation curve at 20 °C

200- (visco-hyperelastic simulation: nitrile rubber)
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Figure 8.27 Collection of the local reconstructed relaxation curves obtained from the nonlinear VFM
applied on the viscoelastic simulations with the temperature range of -12 to 60 °C with an interval of
4°C.
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experimental difficulty, the shifting procedure used in Section 8.2 was similarly applied
to the present case, and this procedure is explained below.
(1) The local relaxation curve at 20 °C (red-rectangle symbol in Figure 8.27) is fixed

at its initial location. This reference curve is mathematically expressed as
ﬁ[zoOC] = f Relaxation (ﬂo,[zooq 1 81..5[20°C] 1 t[fixed])
—4.7

- : (8.22)
log10(ty;,eq ) = { interval of 0.01

3
(2) The curve shifting is horizontally conducted; the shifting factor in this case is the
logarithmic time, 10910(tactor), denoted as fractor, and initialized to be zero. For example,
when the relaxation curve at 16 °C, which is the next step after 20 °C, is to be shifted, it

can be expressed as

Hpagecy = Jretaxation (Hoscyr & sascyr fixeay) 8.23)
log 10(f[16°(:]) = log 1O(f[fi><ed]) + Bractor p1eoc

(3) The data in Eq. (8.22) and (8.23) are collected in a vector form, written as

~ {ﬁuaoq}
MH=9 -
Hpooocy o
t lo 1Ofixe * Ptactor16°
log10(t) = g f[f 1d(]))A Bractor ey
Og (t[fixed])

(4) It is assumed that the good shifting of u[16°c] with respect to ujzo°c; is achieved when
Practor,16°c] 1S found by which the data of Eq. (8.24) is well fitted to the one-term

exponential model shown below

fi=aexp(blog10(7)) (8.25)
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The goodness of this fitting was evaluated by the value of RMSE. This fitting procedure
can be conducted by the built-in MATALB function, fit, and RMSE can be also obtained

from this function. This procedure to find a proper fSractor,[16°c] Can be expressed as

min  RMSE = f_ e it (4:10910(7), Bracior preecy) (8.26)

Bractor 1571

This minimization was conducted by using the fminunc function. Once the curve of uj16°c)
is properly shifted and this shifted data is used as a reference curve for the shifting of the
next relaxation curve using the same procedure. A similar shifting procedure was used in
the previous work of (Sihn and Tsai, 1999).

Using the procedure explained above, the local curves at each temperature were shifted
to extend the length of the relaxation curves. The results from the nitrile and silicone
rubber simulations are presented in Figure 8.28. The red-rectangle scatter line is the local
relaxation curve obtained at 20 °C. Starting from this reference curve, the shifting
procedure was separately processed for the cold (20 to -12 °C) and hot temperature (20 to
60 °C) ranges. The most right- and left-hand side curves are respectively obtained from
the simulation data at 60 and -12 °C. As can be observed in this figure, the shifted data
and the given nitrile and silicone relaxation curves are well matched. The present

nonlinear VFM on the drop-weight data is able to identify the part of the relaxation

Given relaxation curve Given relaxation curve
(@)300 (visco-hyperelastic simulation: nitrile rubber) (b)3- (visco-hyperelastic simulation: silicone rubber)
Reconstructed relxation curve at 20 °C = Reconstructed relxation curve at 20 °C
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0 0 -12°C
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=] =] R
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Figure 8.28 Shifted local relaxation curves obtained from the drop-weight simulations at the temperature
ranges from 60 to -12 °C and the given nitrile and silicone rubber relaxation curves.
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behaviour of rubber-like materials.
The simulation work presented above can be summarized as follows:

o The present nonlinear VFM is able to identify a local relaxation curve of the
two different simulation materials

o It is possible to extend the time range of a relaxation curve when time
temperature superposition is applied.

o The time scale of a local relaxation curve identified by the present nonlinear
VFEM depends on the imaging speed. When 50 000 fps is adopted, the lower
and upper logarithmic time (s) boundaries are -4.7 and -3.

o Itisfound that a good identification of the local relaxation behaviour of rubber
models requires the use of a hyperelastic model combined with the Prony series
in the nonlinear VFM.

8.3.3 Nonlinear VFM for the identification of a relaxation curve: experiment

The nitrile and silicone rubbers were tested by the same drop-weight experiment and
imaging procedure but, as shown in Figure 8.22, a longer period of the test data was
recorded. The last data step was defined as indicated by a dash line in this figure. The
temperature measurement was conducted by the same K-type thermocouple and USB
thermocouple data collector used in the work of the first part of this chapter. The
thermocouple was held at the end of a camera arm which was fixed around the top of the
drop-weight apparatus. Prior to applying the drop-weight loading, the temperature of the
specimen was measured by contacting the thermocouple to the centre of the specimen
surface facing the high-speed camera. Then, the lamp used for the high-speed imaging
was turned on and, at the same time, the temperature was monitored. One of the
temperature records taken from the silicone rubber is shown in Figure 8.29. There was a

slight temperature increase starting at around 60 s approximately at which the light was
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on. It is possible to drop the weight within 20 s after turning the light on. It is therefore
assumed that the definitive temperature measurement is an averaged value of the
temperature record for 20 s after it starts to clearly rise. The hatched area in Figure 8.29
indicates the approximate averaging period of the temperature data. After measuring the
temperature, the light was off, and the thermocouple was removed from the specimen
surface. Then, there was a 5-minute delay before conducting the actual drop-weight
experiment in order to make the temperature reach its initial level.

The identical nonlinear VFM was used on each set of test data at different temperatures.
The same data range reduction described in Figure 8.16(right) was also adopted. In order
to obtain the acceleration field data, the temporal fitting procedure introduced in Chapter

4 was applied to the displacement field data with a 9-degree polynomial. One difference

Temperature (C°)

18

0 20 40 60 80
Time (s)

Figure 8.29 Temperature measurement using the K-type thermocouple applied on the silicone rubber
during the application of the imaging lamp.

Finite difference
15 x10° —o— Temporal fitting

==

Acceleration (mm/s?)
o
k\\‘

—

0 1 2 3 4 5 6 7
Time (ms)

Figure 8.30 Two spatially averaged acceleration profiles from the finite difference and temporal fitting
calculation methods.
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of the temporal fitting used in this present work is that the fitting was separately conducted
on each reloading period. This procedure is visually described in Figure 8.30, showing
the two spatially averaged acceleration profiles. The red solid line is an acceleration
profile obtained by the simple finite different method of Eq. (4.1); the blue-circle line
indicates the acceleration profile from the temporal fitting procedure. In this figure, the
red- and blue-colour hatched rectangles represent the first and second period for the
temporal fitting. The acceleration data obtained from these two separate periods were
individually stored. It can be observed that half of the area of these two rectangles overlap
each other. This overlapped area was divided into a half again; then, the acceleration data

of the left-hand side of this overlapped area is given by the first period (red rectangle) and

Table 8.5 Identified viscoelastic parameters using the nonlinear VFM with the one-term Ogden and Prony
series model on the drop-weight experiments on the nitrile and silicone rubber.

Nitrile rubber
Temperature °C o (MPa) « 01 02 03 04 Os

10 97.8 6.23 0.628 0.001 0.370 0.009 0.000
14 103 0.83 0.711 0.001 0.236 0.058 0.000
17 84.3 1.48 0.818 0.013 0.065 0.109 0.002
21 55.2 0.47 0.795 0.018 0.054 0.103 0.019
24 47.3 0.09 0.824 0.020 0.001 0.164 0.013
28 311 1.04 0.799 0.002 0.001 0.208 0.009
32 9.70 0.13 0.346 0.095 0.020 0.585 0.012
39 5.19 0.22 0.086 0.010 0.006 0.970 0.005
49 4.30 0.72 0.008 0.002 0.002 0.865 0.211
54 3.65 0.21 0.000 0.000 0.000 0.319 0.842
65 3.47 1.72 0.032 0.001 0.001 0.050 0.992

Silicone rubber
Temperature °C o (MPa) « 01 02 03 04 05

9 3.71 229 0.385 0.147 0.053 0.037 0.455
14 2.72 3.44 0.273 0.112 0.046 0.230 0.234
20 3.04 0.09 0.354 0.089 0.109 0.135 0.123
22 2.38 332 0.230 0.111 0.181 0.063 0.096
30 2.82 6.03 0.276 0.175 0.200 0.044 0.052
41 2.77 2.79 0.447 0.105 0.034 0.007 0.365
49 1.70 2.75 0.189 0.065 0.119 0.028 0.359
60 1.70 2.02 0.242 0.093 0.036 0.067 0.283
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Figure 8.31 Shifted local relaxation curves obtained from the drop-weight experiments and the nitrile and
silicone rubber relaxation curve obtained from the DMA (the acceleration calculation methods are given
in the legend of each figure).

the second period (blue rectangle) data was used for the other side. Using this procedure,
it was possible to remove a spurious acceleration data which was calculated at the end of
each averaging period. This separate averaging procedure was repeated for all loading
period.

Table 8.5 provides the identified parameters of the nitrile and silicone rubbers and also
the temperatures measured from each test. Using these parameters and the shifting
procedure, the extended relaxation curves of the nitrile and silicone rubbers are given in
Figure 8.31. The raw relaxation data obtained from the DMA test are also presented in
this figure; the DMA test was conducted in a tension mode so the storage modulus shown
in Figure 8.20(d) and Figure 8.21(d) was divided by 3 to be converted to the shear
modulus. For both cases in Figure 8.31, it can be seen that the shifted relaxation curves

are well matched with the part of the DMA curves. Also, the present nonlinear VFM can
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identify the different relaxation curve shapes (behaviour) of the nitrile and silicone rubber.
The identified values of uo in Table 8.5 explain this identification result in that the higher
wo 1s identified for the lower temperature. The acceleration calculation methods are
indicated in the legend of each figure; it seems that the effect of the acceleration fitting is

not significant.
8.4 Summary

Section 8.2 (the first part) introduces the further application of the drop-weight
experiment which is applied to the nonlinear VFM combined with the incremental method
(VFM 2). In the previous chapters, the drop-weight data were analysed by the linear VFM
and the optimization procedure which includes a given constitutive model. The
determination of the given model was based on the observation of a quasi-static behaviour
of rubbers and the assumption that under medium strain rates the overall shape of stress-
strain curves does not significantly changes. However, this assumption could be valid
only to the materials tested in the previous chapters. The prior knowledge of a constitutive
model from one test at a specific strain rate could not be applicable on the situation with
a different strain rate or even temperature. In order to overcome the limitation, a new
VFM, in which the PVWs of VFM 2 and the nonlinear VFM are combined, is utilized to
approximate the curve shape. The same drop-weight experiment and pre-stretching
procedures were conducted on nitrile rubbers. The combined VFM was applied to each
pre-stretching data to identify the shape of a local stress-strain curve. The one-term Ogden
model was adopted in this VFM with the assumption that this model is sufficient to
describe the nonlinearity under the deformation range produced by the drop-weight
experiment. The local stress-strain curves were reconstructed by each identified
parameters. Each local curve was shifted with respect to the fixed stress-strain curve (non-

pre-stretched case) in order to complete the whole stress-strain curve.
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The stress-strain curve resulting from this procedure provides an opportunity to
evaluate the possible choice of a constitutive model to be used in the optimization
procedure of VFM 2. The shifted stress-strain curve made by the present drop-weight
experiment should not be considered as the behaviour at a particular strain rate because
of complex strain-rate states of the present drop-weight experiment, in which multiple
loading and short periods of unloading coexist. For this reason, the shifted curve was used
for the model evaluation, and the stress-strain behaviour for a definitive strain rate was
obtained by applying VFM 2 on the first initial loading period and with a proper choice
of a material model in the optimization procedure. However, it does not mean that the
present VFM has to be used for the model evaluation. If the drop-weight apparatus is
modified so that a similar deformation range can be produced but without oscillations,
the shifted curve can be considered as the behaviour characterized at a particular strain
rate.

Section 8.3 introduces the application of the nonlinear VFM for the identification of a
viscoelastic behaviour of rubbers. The identification aim was to characterize a local
relaxation behaviour of rubbers during the initial deformation range produced by the
drop-weight experiment. The time scale of the local relaxation was defined by the
imaging speed and the period of each multiple loading period. The one-term Ogden model
was adopted in the PVW of the nonlinear VFM and modified to include the viscoelastic
model described by the Prony series. The present nonlinear VFM was validated by the
simulation work with the relaxation behaviours obtained from the same nitrile and
silicone rubbers. In order to extend the period of the identified relaxation curve, the time-
temperature superposition principle was utilized. The same drop-weight experiments
were conducted but several different temperatures were applied on the specimens. The

local relaxation curves identified at each temperature were shifted with respect to the
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reference one measured at room temperature. The extended relaxation curve as a result
of the shifting are well matched with the part of the relaxation behaviour measured from
the DMA test for both of the nitrile and silicone rubber cases.

The lower limit of the time scale can be further extended if a higher imaging speed is
adopted. However, the extension of the lower limit needs a careful consideration because
increasing the imaging speed gives a higher amplitude of spatial noise as shown in Figure
5.3. For example, if 250 000 fps is adopted, the lower limit increases to -5.4 from -4.7 in
terms of the logarithmic scale but the noise amplitude on the axial displacement becomes
about 20 times higher. Instead, the application of lower temperatures could be effective.
At the moment, the present temperature device is only able to cool down to 9 °C. It is
expected that if a lower temperature can be applied, the identified relaxation curve can be
further extended. For the extension of the lower limit of the time scale, a higher

temperature range can be also applied.
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Chapter9 CONCLUSIONS

Contributions and findings of the proposed experimental techniques and analysis
methods are summarised at the end of the respective chapters. All of these summaries are
presented here again in Section 9.1 in a condensed form.

The dynamic VFMs proposed in this thesis show possible ways to overcome the
experimental difficulties of dynamic tests on soft materials. However, opportunities for
further research still remain in terms of new materials, modifications of experimental
apparatus and more advanced formulations of the dynamic VFM. A list of suggested

future studies is presented in Section 9.2.
9.1 Summaries

9.1.1 Chapter 3-5: Linear VFM (VFM 1)

The dynamic VFM is proposed as a solution to the experimental limitations of current
dynamic tests (e.g. Hopkinson bar test) on rubbers. Two representative difficulties are
described: (1) long period of non-equilibrium state and (2) large noise-to-signal ratio of
a force measurement; these experimental difficulties are severe when rubbers are tested
in tension. The use of the dynamic VFM can remove both of these difficulties because a
real force measurement is no longer required. Instead, the measurement of acceleration
field is used as a virtual force measurement. Chapter 3 explains the analysis method of
the dynamic VFM by assuming a mathematical tension-type geometry with a soft elastic
material. This geometry is subject to a dynamic tensile loading and the data (strain and
acceleration fields) at a particular time step are calculated. These data are applied to the
principle of virtual work equation (PVW) specially expressed for dynamic loading using
the two virtual fields introduced in previous research. It is found that the assumed material
properties, Young’s modulus and Poisson’s ratio, are inversely obtained by the present

dynamic VFM.
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In Chapter 4, the description of the dynamic VFM was applied to the FEM data, the
configuration of which was given by the actual drop-weight experiment. The first
simulation was conducted with a linear elastic material. The data field, calculated by the
displacement field, was applied to the same dynamic VFM as explained in the previous
chapter; the given material properties were precisely obtained. The importance of a proper
choice of the conjugate coordinate system was studied by comparing the identification
results between the initial and current coordinate; the former one shows a significant
underestimation from the given Young’s modulus. The same simulation was extended to
a 3D case. Several experimental factors were studied in order to see the effect of a
specimen thickness and data area reductions. The same 2D simulation was explored
further to show the effect of white Gaussian noise on the identification. The pure
displacement data were polluted by artificial Gaussian noise, and the resulting quality of
the identification was presented. The simulation work was extended to reflect rubber-like
behaviour. The one-term Ogden hyperelastic model was adopted for the same 2D
simulation. Here, the pre-stretching procedure was introduced, in which the material is
statically pre-stretched up to a certain strain and applied to dynamic loading. The dynamic
VFM is modified to consider the static stress due to the pre-stretching. Several pre-
stretches were applied to the hyperelastic simulation, and each data field was analysed by
the dynamic VFM in order to identify the Young’s modulus and Poisson’s ratio at each
static strain level. Young’s moduli were used in the optimization procedure in which the
assumption is made in that the identified Young’s moduli are tangent slopes of a true
stress-strain of a given constitutive model. The one-term model was chosen in this
optimization procedure with the assumption that the overall stress-strain behaviour is
known from a quasi-static test. The identified Ogden parameters were well matched with

the values given to the simulations.
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The next chapter presents the same VFM procedure applied to the actual drop-weight
experiment. For a test material, silicone rubber was chosen. Quasi-static tests were
conducted to observe the stress-strain curve at low strain rates. It was found that the one-
term Ogden model is sufficient to describe the quasi-static curves. The experimental
procedure of the drop-weight experiment is described, including the configurations of the
high-speed imaging. The imaging speed was chosen based on the noise amplitude of axial
displacement fields obtained from the static images. The DIC parameter, subset size, was
determined by the VFM analysis on one of the drop-weight tests. The chosen subset size
was the one able to produce a Poisson’s ratio close to the incompressibility and a low
noise amplitude of the axial strain fields. The identified Young’s moduli from each pre-
stretching experiment were identically used in the optimization procedure. Using the
identified parameters, the one-term stress-strain curves were reconstructed. The
comparison between the quasi-static and dynamic curves clearly shows the rate
dependency of silicone rubbers. For a further comparison study, the same material was
characterized by the DMA test; it is found that the increment ratio between the initial
Young’s moduli of the quasi-static and dynamic tests is comparable to that obtained from
the relaxation curve of the DMA.

9.1.2 Chapter 6: Nonlinear VFM

A different way of applying the dynamic VFM is proposed in Chapter 6. Instead of
using the drop-weight apparatus, a gas-gun experiment was utilized, by which one end of
a rubber specimen was dynamically loaded in tension by a movement of an aluminium
block impacted by a high-speed projectile. Longer and faster deformations were
generated, and these data were applied to the nonlinear VFM. In this VFM, nonlinear
constitutive models can be directly adopted, and its calculation of the PVW is conducted

by the optimization with respect to all deformation history in contrast to the linear VFM
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in which material parameters are linearly calculated at each time step. A similar FEM
simulation was conducted to show the procedure of the nonlinear VFM application. The
simulation configuration was given by the actual gas-gun experiment. The one-term
Ogden model was assumed to describe the simulation material; it is found that the use of
the nonlinear VFM with the same model is able to precisely identify the material
parameters of this nonlinear model. Further simulations were conducted in order to show
the effects of a specimen thickness, data area reduction and spatial noise on the parameter
identifications. EPDM rubbers were adopted to describe the actual application of the gas-
gun and nonlinear VFM. The same procedure of the DIC parameter choice was conducted
by considering the noise amplitude and Poisson’s ratio. Four EPDM specimens were
tested at different impact speeds. The analysis of the test data was processed by the same
nonlinear VFM and one-term Ogden model. The identified parameters were used to
reconstruct the four stress-strain curves. Different dynamic behaviours are clearly
observed even between these gas-gun tests and also compared to the quasi-static curve.
9.1.3 Chapter 7: Incremental VFM (VFM 2)

When the pre-stretching procedure is applied, the linear VFM, referred to as VFM 1,
in Chapter 5 requires the measurement of a static force which is used in the calculation
of PVW. Chapter 7 proposed another way of applying the linear VFM, in which the
incremental equation of motion was used to derive the new PVW. This new PVW is able
to identify instantaneous nominal moduli, which is the tangent slope of a nominal stress-
strain curve, without consideration of static forces due to pre-stretching. This new
analysis method is referred to as VFM 2. The same simulation works were conducted and
analysed by VFM 1 and 2; their identification results were almost identical when the pure
data field were applied. Further simulations were presented in that expected experimental

error sources were introduced: static force and strain measurements. It is found that the
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identification of the VFM 1 procedure is more sensitive than VFM 2 as it is involved with
the two sets of static data but for VFM 2 only static strain data are included. The same
VFM 1 and 2 procedures were applied on the same experimental data used in Chapter 5
and Chapter 6. It is observed that the stress-strain curve identified from VFM 1 seems
slightly softer than that of VFM 2. The underestimation of the static force measurement
due to stress relaxation could be one reason as the simulation work showed a similar result.
When the identified true stress-strain curves are converted to nominal values, the silicone
and EPDM rubbers show distinctive curve shapes: convex and concave-upward shapes.
It can be concluded that the present VFMs are able to identify the mechanical behaviour
of the two different rubbers. The effect of the relaxation times after pre-stretching was
investigated. Three different relaxation times (3, 15, 30 min) were given to the silicone
and EPDM rubbers after stretching. Then, their identification results obtained from VFM
2 are shown and indicate that the relaxation time is not significant. At the end of this
chapter, the SHPB test data of the same silicone rubber is presented to be compared with
the compressive curve made by the parameters obtained from the linear (VFM 2) and
nonlinear VFM results. The comparison shows that the results are reasonably comparable
but the SHPB results seem stiffer than those from the VFM. The possible reason for this
observation could be lateral friction in the compressive tests. The effect of friction is
shown using a simple finite element model updating technique.
9.1.4 Chapter 8: Further applications of the VFM

In the first part of this chapter, it is attempted to give a solution to the possible question
of whether the assumption of a constitutive model, based on the observation of a quasi-
static behaviour, used in the optimization procedure of the linear VFM is valid. It is
assumed that the overall curve shape of the silicone and EPDM rubbers are almost similar

between quasi-static and medium strain rates. This assumption was based on the
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observation in several previous research works. In the present work, a nitrile rubber was
adopted; its quasi-static curve was well described by the two-term Ogden model, not by
the one-term one. The same pre-stretching simulations were conducted with the two-term
model. The simulation data was analysed by the new VFM procedure. This new VFM is
based on VFM 2 and the nonlinear VFM. The non-pre-stretching data was analysed by
the nonlinear VFM using the one-term model with the assumption that this model is
sufficient to describe the nonlinearity of the deformation range produced by the drop-
weight experiment. The data with the pre-stretching was applied to the combined VFM
(VFM 2 and the nonlinear VFM) with the same assumption. The identified one-term
Ogden parameters were used to reconstruct the local nonlinear stress-strain curves. Each
curve was shifted with respect to the fixed initial curve (non-pre-stretching case). Using
this shifting procedure, the given two-term Ogden curve is well predicted without the use
of this model. It is pointed out that this new VFM procedure is not to identify the
behaviour at a particular strain rate due to complex strain rate states but should be used
for the determination of a constitutive model used in the optimization procedure of VFM
2. The present procedure was used on the drop-weight test on the nitrile rubber. The two-
term Ogden style curve shape was estimated using the shifting procedure. For comparison,
the same technique was applied to the data produced at cold (10 °C) and hot (62 °C)
temperatures. Their different nonlinearities are well approximated. The shifted curves
were evaluated for the choice of the material model. The shifted curves of the room and
hot temperatures are well described by the two-term model, and no significant difference
is found for the cold temperature. The VFM 2 analysis shows similar results in that the
stress-strain curves made by the optimization procedure using the one- and two-term
models are clearly different for the room and hot temperature cases, and for the cold

temperature the two curves are almost similar.
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The second part describes the application of the nonlinear VFM for the viscoelastic
behaviour of rubbers. The PVW of the present nonlinear VFM is used with the one-term
Ogden model which is combined with the viscoelastic model using the Prony series. The
aim of this VFM is to identify the local relaxation curve at around the initial deformation
range. The time scale for the local relaxation curve is defined by the imaging speed and
the period of an incident loading duration. The same drop-weight simulation was
conducted but without the pre-stretching procedure. The material model was given by the
one-term Ogden model and the relaxation behaviour of the nitrile and silicone rubbers
obtained by the DMA test. The local relaxation curve was reconstructed by the material
parameters and well matched with the part of the given relaxation behaviour. In order to
extend the length of the local relaxation curve, the time-temperature superposition
principle was applied to the several local relaxation curves identified at different
temperatures. The automated shifting procedure is introduced by which the local
relaxation curves are horizontally shifted with respect to the fixed curve obtained at the
reference temperature. The extended curves show a good match with the given relaxation
curves of both of the silicone and nitrile rubbers. The same VFM technique was used on
the drop-weight experiments of the two rubbers. The temperature-controlling device was
adopted to cool and heat the drop-weight specimens. The same drop-weight experiment
was performed, and their full-field data obtained at each temperature were identified by
the present nonlinear VFM in order to characterize the material parameters. These
parameters were identically used for the reconstruction of the local relaxation curves and
the shifting procedure. It is found that the part of the raw relaxation data obtained from
the DMA is well described by the extended relaxation curve obtained from the present

nonlinear VFM and shifting procedures.
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9.2 Future work

9.2.1 Strain calculation

When the actual experiment data is applied to the VFM, the strain field was directly
obtained from the DIC software, the calculation method of which is given by Eq. (5.7).
According to the simulation works, the current noise level generated from the experiments
does not have a significant influence on the parameter identifications. However,
especially in the case of the nonlinear VFM, the strain noise level can be further amplified
if the image resolution becomes low as a result of a longer imaging distance in order to
capture a larger deformation of rubbers. Some of the gas-gun experiments were not
fractured at their final strain; instead, the specimen moved outside of the field of view.
Some rubbers could exhibit deformations much larger than those presented in this thesis.
The use of the nonlinear VFM for this case can be significantly affected by the strain
noise level. With regard to this issue, new strain calculation methods can be used. For
example, it would be interesting to apply the two strain calculation methods introduced
by Auvril et al (2010), in which the displacement fields are shaped by FEM style meshes
or polynomial functions, and the shaped fields are used for the numerical differentiation.

The DIC procedure including the error assessment of strain and displacement and the
determination of subset size was conducted on a given speckle pattern. That is, the ideal
DIC parameters were chosen with respect to a given pattern, but the quality of pattern in
terms of image correlation has not been assessed. In particular, the size of a speckle was
not rigorously considered in the present research. For example, some of the speckles
shown in Figure 5.4 are too small (less than 3 pixels). It is known that a small speckle
size can increase the systematic error of DIC induced from intensity interpolation, which
is required to resample the intensity level of a subset at a non-integer pixel location

(Lecompte et al., 2007). Resampling of a small speckle induces a large aliasing effect so
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that the distinctive pattern can be blurred. An optimal pattern size should be chosen with
the consideration of an interpolation error; if it is difficult to control the size of pattern, a
different interpolation function from a bilinear function, which was adopted in the present
research, can be applied.
9.2.2 Experiment apparatus

One advantage of the drop-weight experiment is that the imaging resolution can be
relatively high because of the small deformation amplitude. However, the pre-stretching
procedure can be laborious and might induce some inelastic effects such as Mullin’s effect.
In addition, the achievement of high strain rates is difficult with the current drop-weight
system. In contrast, the gas-gun experiment is able to apply very high-speed deformation
for a long period. For this reason, the gas-gun data was used in the nonlinear VFM without
the pre-stretching method. However, as explained, the image resolution is lower than the
drop-weight experiment. Moreover, the gas-gun experiment requires the manufacture of
a projectile and aluminium block for every test so it is not suitable when multiple tests
are required. It is planned to develop a new experimental apparatus that can combine the
advantages of the drop-weight and gas-gun experiments. A split Hopkinson tension bar
style system will be designed to satisfy requirements that medium to high strain rates are
possible; the pre-stretching procedure is available; and constant strain rates are generated
until a target displacement. If the last requirement is achieved, the technique of the curve
shape approximation introduced in Section 8.2 can be used for the actual identification of
the stress-strain curve at a constant strain rate. The new experiment system will be also
equipped with a high-frequency force sensor. This force sensor will be used for the
nonlinear VFM, the PVW of which is modified to include the traction force term as well

as the inertial one. It is expected that if the traction force term is included, the
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identification could be still reliable even when the acceleration field is not clear due to
wave attenuation as explained in Chapter 6.
9.2.3 Other strain state

It is usual that the mechanical characterization of rubbers is performed in several
loading states such as uniaxial, pure shear and biaxial strain states. Two previous VFM
works on quasi-static experiments on rubbers were performed in order to produce
different loading states such as uniaxial, pure shear and biaxial states or simultaneous
mixture of these (Palmieri et al., 2011; Promma et al., 2009). The simultaneous use of
various strain states allows the VFM to obtain the parameters which can describe all of
these loading states The present drop-weight apparatus would be able to perform the pure
shear experiment using a very wide specimen. A preliminary simulation work showed
that when a wide specimen is dynamically loaded, the strain state is not purely shear but
is a mixture of shear and uniaxial states. Also, this work found that the use of the linear
elastic model in the PVW is not sufficient to describe this heterogeneous state. For this
case, the neo-Hookean model can be an alternative choice as this model has one material
parameter so the linear calculation is still possible. In addition, when such a wide
specimen is used, it is worthwhile to see the effect of the number of independent virtual
fields applied on the PVW of VFM 2 and the nonlinear VFM, in which only one virtual
field was used on the axial stress term.
9.2.4 Anisotropic behaviour

In the present thesis, it is assumed that the stress-strain relationship of rubbers is
isotropic and described by isotropic hyperelastic models. However, an initially isotropic
rubber can be anisotropic due to the loading history or the addition of a reinforcement
filler. It is expected that the present experiment technique is very suitable for the

characterization of the dynamic anisotropic behaviour of rubbers because a relatively
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larger size specimen can be tested in which anisotropic mechanical features are clearly
exhibited. A preliminary simulation was conducted using one of the anisotropic
hyperelastic models (Gasser et al., 2006) available in ABAQUS. The simulation data was
analysed by the linear VFM with the in-plane orthotropic linear elastic model. The
analysis result showed that the anisotropic behaviour at an initial strain range was well
characterized. It is interesting to apply the pre-stretching procedure to obtain an
anisotropic behaviour for a large deformation range. As mentioned in the above section,
the number of independent virtual fields could affect the identification quality for
anisotropic behaviour.
9.2.5 Rate-dependent model

Rubbers used in an actual engineering application would experience various loading
rates. Thus, in order to conduct a FEM simulation on some engineering component made
by rubbers, which is subjected to dynamic loadings, the material model should be capable
of describing a stress-strain relationship for various strain rates. The simple visco-
hyperelastic model adopted in Section 8.3 may not be able to accommodate high-rate
behaviour for a large deformation due to the assumption of the strain-independent
relaxation behaviour, i.e. linear viscoelasticity (Mott et al., 2011). Several rate-dependent
hyperelastic models have been developed for high-strain rate behaviour and finite
deformation (Hoo Fatt and Ouyang, 2007; Khajehsaeid et al., 2014; Petiteau et al., 2012;
Pouriayevali et al., 2012; Quintavalla and Johnson, 2004; Shim and Mohr, 2011; Yang et
al., 2000). The identification results at several strain rates obtained from the present VFM
technique can be fitted by these rate-dependent models. Instead of this indirect way, it is
interesting to directly adopt these models in the present dynamic VFM. As mentioned in
Section 8.3, strain rate variations exist during a dynamic loading period. These variations

could be directly used for the parameter identification of the high-rate dependent models.
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One of these models suggested a strain-dependent relaxation function (nonlinear viscous
response); the application of the nonlinear VFM in Section 8.3 at different pre strain levels
can provide useful experimental data for this nonlinear function.
9.2.6 Optimized piecewise virtual fields

The optimized piecewise virtual fields (PVF) were applied only on the linear VFM
(VFM 1) presented in Chapter 3-5. It is interesting to apply the PVF to the incremental
VFM (VFM 2) and the nonlinear VFM. The application of the PVF on VFM2 will be a
simple modification of the PVF procedure in Section 3.3.2 in order to make the
denominator of Eq. (7.13) to be one. For the current nonlinear VFM, the PVF that has
been developed for elasto-plastic material (Pierron et al., 2010) can be considered.
9.2.7 Unloading

From some of the gas-gun experiments, it was possible to capture a clear unloading
behaviour when only the moving end was clearly fractured. The unloading data also
showed a similar wave propagation starting from the unloaded end. A preliminary
nonlinear VFM application on this unloading data produced material parameters from
which the reconstructed curve seemed reasonable. A preliminary simulation work was
conducted using the model (Mullin’s effect) giving a distinctive unloading behaviour; it
was found that the application of the nonlinear VFM was able to identify the unloading
stress-strain curve. The unloading experiment data from the present gas-gun test was
obtained by chance; it is necessary to develop some experimental system that can trigger
and produce a stable unloading dynamic deformation.

From some of the gas-gun experiments, it was possible to capture a clear unloading
behaviour when only the moving end was clearly fractured. The unloading data also
showed a similar wave propagation starting from the unloaded end. A preliminary

nonlinear VFM application on this unloading data produced material parameters from
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which the reconstructed curve seemed reasonable. A preliminary simulation work was
conducted using the model (Mullin’s effect) giving a distinctive unloading behaviour; it
was found that the application of the nonlinear VFM was able to identify the unloading
stress-strain curve. The unloading experiment data from the present gas-gun test was
obtained by chance; it is necessary to develop some experimental system that can trigger

and produce a stable unloading dynamic deformation.
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