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Abstract

The assembly of paramagnetic colloidal particles in the presence of an external magnetic field

is studied with optical video microscopy. The first half of this thesis concerns chain formation,

which occurs at relatively low surface coverages, and the second half concerns network formation,

happening at relatively high surface coverages. First, we study the irreversible aggregation kinet-

ics of two-dimensional paramagnetic colloidal particles in the presence of an in-plane magnetic

field at low packing fractions. In particular, we study the packing fraction and field dependence

of the mean cluster size. We compare experimental results to the predicted scalings for diffusion

limited and deterministic aggregation respectively. It is shown that the aggregation kinetics

for our experimental system is consistent with a deterministic mechanism. Next, we establish

a direct relation between the distribution of coordination numbers of particles and the mean

cluster size using simple statistical considerations. Empirically, a shifted geometric distribution

of cluster sizes is observed, consistent with a discrete compound Poisson growth process. This

is corroborated by simulations in which the initial spatial distribution of particles is controlled.

The generality of our approach is demonstrated by applying it to a more complex clustering

processes in two dimensions. Then we investigate the structural properties of magnetorheolog-

ical networks. The size distributions, orientational ordering and spatial distribution of voids

is investigated and compared to random fiber theory. In the fiber phase, the segment length

distribution is characterised, as well as the distributions of fiber widths and orientations. These

network properties are interrelated such that the entire growth process of fibrous networks can

be summarised in terms of a single length scale. We follow this length scale in time for a range

of fields and concentrations, investigating the dynamics of the network coarsening. Finally, we

propose a link between random fiber theory and the coordination number statistics of particles

that make up the network. We show that the fraction of particles with a coordination number

less than 6 is key in quantitatively predicting the area of voids. Additionally, we show that

clusters of 2 and 4 coordinate particles correspond to segments of the network, 6 coordinate par-

ticles represent a population of filled voids, and that singly coordinated particles are a sensitive

diagnostic tool to probe the initial aggregation mechanism.
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Chapter 1

Introduction

People have known about naturally occurring magnets for millennia, although the science that

underpins them was not known until much more recently. References to lodestones, pieces of

magnetite which have a magnetic moment, date back to as early as 800 BC in Greek writing [1].

Lodestone literally means “way-stone” and they have been used to magnetise sailor’s compass

needles for over a thousand years aiding the exploration of continents and the expansion of

human understanding.

Until the work of Gilbert in the 1600s, superstition dominated with regard to lodestones

and magnetism [2]. Since then the understanding of magnetism has advanced greatly with the

work of many great and famous scientists. Our knowledge of the origins of naturally occurring

magnets has also advanced greatly. For a magnetic moment to be fixed into the iron ore as it

is formed, there needs to be an external magnetic field to align the domains of magnetite [3].

As a result of this response to the external field in which the rock is formed, records of the

history of earths magnetic field are stored in the lava flows around fault lines. As, over hundreds

of thousands of years, the earth’s magnetic field varies in strength and polarity, so too does

the magnetic moment of the rock that is being formed [3]. The strongest lodestones, however,

require a stronger magnetic field stronger than that the earths to form and it is believed that

these are formed by the intense magnetic field around lightning strikes [4].

Nature provides another source of magnetite through bacteria that anaerobically consume

non magnetic ferric oxide to produce crystals of magnetite with sizes in the range of 10 nm to

50 nm [5]. Another class of bacteria, magnetotactic bacteria, incorporating chains of magnetite
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2 INTRODUCTION

particles travel along field lines as a strategy for finding sediments suitable for their growth [6].

Superparamagnetic magnetite particles, as well as single domain magnetite, have been found

in many other animals including the nerve cells and beaks of birds, possibly for the purpose of

magnetoreception [7], although this remains an open question. We find then that physics and

biology developed tuneable self-assembly and found applications for it long before humans.

The central importance of magnetism to technological and scientific advancement is now a

long standing tradition [8]. Magnetism is so fundamentally entwined with technology that it is

almost impossible to conceive of a modern society that does not have it at its core. Even today

the development of new technologies based on this age old phenomena are being developed.

For example modern MRI scanners [9], Maglev trains [10], and fusion reactors [11] all rely very

directly on the property of magnetism.

1.1 Field induced assembly

The magnetisation of iron ore, discussed above, is a simple naturally occurring example of self-

assembly. Self-assembly is an umbrella term for how components build and arrange into more

complex structures, of which the most famous example is probably the DNA double helix [12].

There is an extensive field of research in trying to mimic or utilize the design principles employed

by nature to create complex materials [13]. One particular strategy towards a general self-

assembly is that of directed self-assembly in which components are guided by an external impetus

such as patterned substrates [14], temperature gradients [15] or external magnetic or electric

fields [16].

In particular, externally imposed magnetic fields and electric fields have long been known

to induce structural changes in suspensions of colloidal particles [17–20]. For magnetically

responsive systems in particular there have been several experimental realizations, including

magnetic holes in ferro-fluid carriers [20] and magnetic particles in aqueous solvents [21, 22].

This structure formation can produce large changes in the physical and optical properties of the

magnetorheological fluid [23, 24]. Practical applications include civil engineering solutions for

seismic shock absorbers and bridge stabilizers, advanced prosthetics, and in the auto-motives

industry [25–27].
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The formation of chains, clusters and networks is responsible for the observed changes in

physical parameters [24]. The precise mechanism of structure formation affects the magnitude

of the response and the dynamics, which in turn affect the response profile of a device based on

these materials [28]. In the presence of a static field, at low concentration, chains of particles

are observed and grow continuously in time [21,22]. Or, if the applied magnetic field is weaker,

chains may reach an equilibrium length [29]. In the presence of rotating magnetic fields, at low

concentrations, islands of particles are observed [30,31]. If the particles are at a fluid interface, in

the presence of time dependent magnetic fields, induced flows lead to many dynamic structures

such as snakes and asters [32].

At high concentrations, system spanning networks of particles are formed in both elec-

trorheological and magnetorheological systems [33, 34]. This network structure is a kinetically

arrested state, the thermodynamic state can only be accessed with pulsed fields that allow the

structure to rearrange into the minimum energy structure [35–39]. Other time dependent fields

lead to a range of other structures including foams and other cellular structures [32]. Fibrous

networks are of great general importance in their own right and have found myriad applications

in filtration, composite materials, catalysis and in biomedical applications [40–45]. Fibrous

networks made of magnetic particles, therefore, potentially share many of these applications.

1.2 Colloidal systems

Magnetorheological suspensions are, by their very nature, colloidal suspensions. Colloids are

often defined as suspensions of particles with at least on lengthscale in the range of 10 nm to

10 µm [46]. At this scale, colloidal particles are small enough that the perpetual bombardment

by solvent molecules causes them to exhibit Brownian motion. This thermal agitation causes

them to mimic atomic systems in many respects [47]. For example, colloidal spheres exhibit

phase behaviour analogous to atomic systems [48]. One of the key advantages of colloids is the

bridging of length scales. On the one hand colloids are small enough to be subjected to thermal

motion, while on the other hand they are large enough that they interact with visible light,

making them apt for studying with optical microscopy techniques.

Colloidal particles exist in many myriad shapes beyond simple spheres [49] including dumb-

ells [50], cubes [51], rods [52], lock and keys [53], polyhedra [54], and even Mickey Mouse
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shaped [55]. Often particles are made of more that one type of material leading to a two faced

nature, janus particles [56]. In a similar vain portions of the surfaces of particles are often modi-

fied to induce directional interactions between particles [57]. In addition to interactions inherent

to a particle’s geometry, the interaction may be tuned by controlling the salt concentration, mod-

ifying the electrostatics, or by the introduction polymer, inducing depletion interaction [58]. In

addition, induced interactions such as control by external fields [59] are a powerful means of

directing self-assembly.

Due to the range of different interactions and competing driving forces, controlling self-

assembly remains a formidable challenge [60–64]. Colloids, however, are an excellent experi-

mental model system used to address this. The development of useful materials and tunable

devices requires a deep understanding of the fundamental structural and dynamical processes

that lead to self-assembly. The coordination number of a constituent entity is a central quantity

in self-assembling systems as this characterises the local structure around that entity [65–71]. In-

deed, the geometry of molecules and hence their directional interactions result in highly specific

self-assembled structures [72].

1.3 Scope of the thesis

In this thesis, we aim to use a model colloidal system of paramagnetic particles to investigate

two dimensional structure formation, and in particular network formation, in the presence of

an in-plane external magnetic field. The field-induced assembly of paramagnetic particles is

studied with optical video microscopy. The first half of this thesis concerns chain formation,

which occurs at relatively low surface coverages. The second half concerns network formation,

which occurs at relatively high surface coverages. Chapters 3 and 5 concern structures created

by many particles, respectively these properties are cluster sizes and network properties such

as void area and segment length. Chapters 4 and 6 link the microscopic property of particle

coordination numbers to the larger scale structures presented in chapters 3 and 5.

First, we introduce colloids as model systems, outlining their characteristic properties and

interactions. The interactions of pairs of magnetic dipoles and the interaction of chains of

magnetic dipoles are introduced. Then we show how quantitative measurements are acquired

from our experimental system by coupling optical video microscopy with novel image and data



1.3 SCOPE OF THE THESIS 5

analysis techniques.

In chapter 3, we study the irreversible aggregation kinetics of two-dimensional paramag-

netic colloidal particles in the presence of an in-plane magnetic field at low packing fractions.

In particular, we study the packing fraction and field dependence of the mean cluster size and

compare experimental results to the predicted scalings for diffusion limited and deterministic

aggregation. It is shown that the aggregation kinetics for our experimental system is consistent

with a deterministic mechanism, which thus shows that the contribution of diffusion is negligible.

In chapter 4, we establish a direct relation between the distribution of coordination num-

bers of particles and the mean cluster size using simple statistical considerations. Empirically, a

shifted geometric distribution of cluster sizes is observed, consistent with a discrete compound

Poisson growth process. To corroborate the compound Poisson nature of this process, experi-

mental results are compared to simulations in which the initial spatial distribution of particles

is controlled. The generality of our approach is demonstrated using another clustering processes

in two dimensions as a model system.

In chapter 5, we investigate the structural properties of magnetorheological networks. The

size distributions, orientational ordering and spatial distribution of the void phase is investi-

gated and compared to random fiber theory. In the fiber phase, the segment length distribution

is characterised, as well as the distributions of fiber widths and orientations. These network

properties are interrelated such that the entire growth process of fibrous networks can be sum-

marised in terms of a single length scale. We follow this length scale in time for a range of fields

and concentrations, investigating the dynamics of the network coarsening and its dependence

on magnetic field strength and surface coverage.

Finally, we propose a link between random fiber theory and the coordination number

statistics of particles that make up a magnetorheological network. We show that the fraction of

particles in the network with a coordination number less than 6 is key in quantitatively predicting

the area of voids. Also, we show that clusters of 2 and 4 coordinate particles correspond to

segments in a random fiber interpretation of the network, while clusters of 6 coordinate particles

represent a population of filled voids. Additionally, we show that singly coordinated particles

are a sensitive diagnostic tool to probe the initial aggregation mechanism.
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Chapter 2

Background and experimental meth-

ods

ABSTRACT

In this chapter we introduce colloids as model systems, outlining the characteristic properties

and interactions. We detail the interactions of pairs of magnetic dipoles and the interaction of

chains of magnetic dipoles. Finally, we show how quantitative measurements are acquired from

our experimental system by coupling optical video microscopy with novel image and data analysis

techniques.

2.1 Colloidal regime - length scales and time scales

Colloids were defined in the introduction as particles with a length scale in the range of nanome-

ters to micrometers [46]. We will first consider some of the implications of this on the typical

timescales in colloidal systems. After that the typical interactions of colloids are introduced.

Colloidal particles are small enough that the constant bombardment of a particle by solvent

molecules leads to Brownian motion [73]. This causes particles to diffuse with a random walk.

The mean squared displacement of a particle in two dimensions, in the limit of infinite dilution,

7



8 BACKGROUND AND EXPERIMENTAL METHODS

is [74]

〈r2〉 =
4kBTt

ζ
= 4Dt, (2.1)

where r is the displacement, kB the Boltzmann constant, T the temperature, t the time, ζ the

drag coefficient, and D the diffusion coefficient.

The Brownian time, tB, is defined as the time it takes for a particle to diffuse over a

distance equal to its diameter and is given by [75]

tB =
a2

D
=

6πηa3

kBT
, (2.2)

where a is the particle radius and η is the solvent’s viscosity. For a colloidal particle with a

radius of 1 µm, suspended in water, tB is on the order of seconds.

In colloidal systems, thermal energy and gravitational potential energy are in constant

competition. This balance is quantified by the gravitation height, hg, which is the height that

one kBT worth of energy can raise a particle. It is given by [75]

hg =
3kBT

4πa3∆ρg
, (2.3)

where ∆ρ is the mass density difference between the solvent and the particle, and g the accel-

eration due to gravity. When hg � 2a the particles will be confined to a plane at the bottom

surface of the sample cell they are contained in.

2.2 Interactions of colloidal particles

2.2.1 DLVO

The interactions between charge stabilised colloidal particles is described by the DLVO (Der-

jaguin, Landau, Verwey and Overbeek) theory [76, 77]. The DLVO potential is the sum of the

van der Waals potential and the electrostatic repulsion,

UDLVO = UvdW + Ue. (2.4)
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For colloidal particles, van der Waals forces are always present independent of the material

they are made of. The van der Waals interaction between two spherical particles of the same

radius is given by [78]:

UvdW = −Aa
12r

, (2.5)

where A is the Hamaker constant.

Typically, colloidal particles in suspension have a charged surface, either from the dissoci-

ation of surface groups or the adsorption of ions in suspension. A cloud of counter ions exists

around a charged colloidal particle, the double layer, which leads to a repulsion of the form [79]:

Ue = Z2kBTλB

(
eκa

1 + κa

)2 e−rκ

r
. (2.6)

Here, Z is the charge number of the sphere, κ−1 the Debye length, and λB is the Bjerrum length,

the separation at which the interaction of unit charges is equal to kBT .

Because of the short lengthscale of the double layer compared to the particle diameters

used in this thesis the superparamagnetic particles are considered to be impenetrable and, in

the absence of an external magnetic field, are modeled as hard spheres [58]:

UHS =


∞ r < 2a,

0 r ≥ 2a.

(2.7)

2.2.2 Paramagnetic particles

We use paramagnetic particles as a model system to investigate field-induced assembly in dipolar

systems. In addition to the typical colloidal interactions, which are discussed briefly above,

paramagnetic particles acquire a dipole moment in the presence of an external magnetic field.

This is due to the alignment of superparamagnetic nano-domains, typically with radii r < 50nm,

embedded in a non-magnetic material that make up the bulk of the particle. It is these nano-

domains that render the particle as a whole paramagnetic. The interaction of the induced

dipoles of the particles drives their self-assembly in an external magnetic field. We will develop

the equations for how collections of particles interact under the action of a magnetic field from
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the equation of a point dipole.

Isolated dipolar particles

The equation for the magnetic field surrounding a dipole is given by [80]

~B(~r) =
µ0

4π

(
3~r(~m · ~r)

r5
− ~m

r3

)
, (2.8)

where ~m is the dipole moment, ~r is the vector from the dipole to the point of interest, ~B is the

magnetic vector field, and µ0 is the vacuum permeability. Particles acquire a dipole moment, in

line with the external magnetic field, according to the Langevin magnetisation equation [81]:

m(B)

m0
= coth(αB)− 1/αB. (2.9)

Here, m(B) is the magnetic moment, m0 is the saturation moment, and α is a fitting parameter.

We find by Taylor expansion that in the limit of small fields this function is linear and the

magnetic moment may be written as

~m( ~B) =
m0α~B

3
=
vpχv ~B

µ0
. (2.10)

Here, χv is the dimensionless volume susceptibility and is given by χv = (µ0m0α)/(3vp), and vp

is the volume of a particle. The fields used in this thesis are within the regime of linear magneti-

zation, as confirmed by SQUID (superconducting quantum interference device) magnetometry.

The interaction between two point dipoles

In our experiments the field experienced by a particle is dominated by the external field. The

dipoles of particles align with the external field even in the presence of other particles. Consistent

with this, we model the interactions of particles as the interactions of point dipoles aligned with

the imposed magnetic field vector and neglect mutual induction effects. In this limiting case,

the total interaction energy is the sum of all pairs of interactions considered in isolation, known

as pairwise additivity. The interaction potential, U , of a dipole moment with a field is given
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Figure 2.1: (a) A schematic of 2 particles, modeled as point dipoles, with the inter-particle
vector, imposed magnetic field, dipole moments and the angle θ indicated. (b) A plot of the
angle between particles, θ, against the interaction energy, Ui,j/(λkBT ), for 3 different separations
(equation 2.14). All curves pass through 0 at θ = cos−1(1/

√
3), the so called magic angle. (c) A

plot of the separation of particles, r/2a, against interaction energy, Ui,j/(λkBT ), for 3 different
angles (equation 2.14).

by [80]:

U = − ~B · ~m. (2.11)

From equations 2.8, 2.10 and 2.11, we can determine the interaction energy of two identical

point dipoles, i and j, as

Uij =
µ0

4π

m2

r3

(
1− 3 cos2 θ

)
=

1

4πµ0

v2
pχ

2
vB

2

r3

(
1− 3 cos2 θ

)
. (2.12)

Here, θ is the angle between the bond-vector connecting the particles i and j and the direction

of the applied magnetic field, as shown in figure 2.1a. The interaction parameter, λ, is a

dimensionless ratio of thermal energy, kBT , and the interaction potential of two particles in

contact and aligned with the external field. λ is given by [82]:

λ = −Ui,j(θ = 0, r = 2a)

kBT
=
πa3χ2

vB
2

9kBTµ0
. (2.13)

For λ � 1, the process of two particles coming together becomes essentially irreversible with

thermal energy insufficient to break them apart [83]. We recast the interaction energy, equation

2.12, in terms of λ:

Ui,j
kBT

=
λ

2(r/2a)3
(1− 3 cos2 θ). (2.14)
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Figure 2.2: (a) A snapshot of magnetic particles aggregating. (b) A contour map of the inter-
action potential and a stream plot of the forces acting on particles. The grey regions indicate
areas in which the centers of other particles are excluded due to hard sphere repulsions.

In figure 2.1b we plot Ui,j/(λkBT ) as a function of θ for three different separations. Independent

of the separation the interaction energy passes through zero at θ = cos−1(1/
√

3), the magic angle,

which is where Ui,j changes sign. This is also shown in figure 2.1c where we plot Ui,j/(λkBT )

as a function of r/2a for 3 different angles: θ = 0 (attractive), θ = π/2 (repulsive), and

θ = cos−1(1/
√

3) (magic angle).

From equation 2.14, we can also derive an intrinsic length scale, R1, which can be inter-

preted as a magnetic analogue of the Bjerrum length, R1 = 2aλ1/3. This length scale, R1, is the

maximum distance at which the interaction potential is equal to thermal energy [29].

In general, the force acting on a particle is the gradient of the potential energy landscape at

that point. Thus from equation 2.12 it follows that the force acting on a particle in the presence

of one other particles is:

Fij = Frr̂+ Fθθ̂ = −∂Um
∂r

r̂− 1

r

∂Um
∂θ

θ̂ =
3µ0m

2

4πr4

((
1− 3 cos2 θ

)
r̂ − (2 cos θ sin θ) θ̂

)
. (2.15)

In figure 2.2 we use pairwise additivity and equations 2.14 and 2.15 to generate a plot that

illustrates the potential and forces acting on a small collection of particles.

The interaction of chains of dipolar particles

Around an infinite rigid chain of dipoles the magnetic field depends on the perpendicular sepa-

ration of the chains, d, and the longitudinal displacement, z, and has the form [84,85]

B(d, z) ≈ −(2π)2
( µ0m

4πd2a

)(a
d

)1/2
e−2πd/a cos(2πz/a). (2.16)
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The energy of interaction between two chains is then the integral over the dipole moment density

with this field [84,86]:

U(d) = ±(2π)2 2µ0m
2

4πd2a

(a
d

)1/2
e−2πd/a. (2.17)

This a rapid exponential decay indicating that there is typically minimal interaction between

chains, except at small separations, which are common at high concentrations. The interaction

is attractive or repulsive depending on whether the particles are in register or out of register, as

illustrated in figure 2.3a.

For finite chains the total interaction energy of the two chains is the double sum of all

interactions of particles in one chain with particles in another. First, we consider 2 chains far

apart such that to a good approximation all the distances and angles between particles are the

same. In this case the total interaction energy, Utot, is given by

Utot ≈
nj∑
j

ni∑
i

Ui,j(r, θ) = ninjUi,j(r, θ), (2.18)

where ni and nj are the number of particles in each chain.

The above approximation is true when the extent of the chains is short relative to their

separation, i.e. l� d. At higher concentrations of chains they are often too close for this to ap-

ply. Using the coordinate system introduced in figure 2.3b the interaction potential between two

particles, equation 2.12, can be rewritten in terms of the particle index using the substitutions

r = (d2 + (z + 2ai− 2aj)2)1/2 and (2.19)

cos θ = (z + 2ai− 2aj)/r. (2.20)

The total interaction energy between chains is then the double sum of the interactions of particles

in different chains. This double sum can be replaced by a double integral when the separation

of chains is greater than a particle radius, d > 2a [87]:

Utot(d, z) =

nj∑
j

ni∑
i

Ui,j(r, θ) ≈
∫ nj

j=0

∫ ni

i=0

Ui,j(r, θ) didj. (2.21)
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Figure 2.3: (a) A pair of chains in registry and pair of chains out of registry. (b) Two finite
chains indicating the indexing and coordinates used in equation 2.19 and 2.20. Equation 2.22
shows that the interaction is equivalent to a coloumbic interaction of charges on the ends of the
chain, these fictional charges are illustrated.

We find that the interaction of two parallel rigid rods is then

Utot(d, z)

kBT
=
λ

2

(
− 1√

(d/2a)2 + ((z − lj)/2a)2
− 1√

(d/2a)2 + ((z + li)/2a)2

+
1√

(d/2a)2 + (z/2a)2
+

1√
(d/2a)2 + ((z + li − lj)/2a)2

)
. (2.22)

The interactions of two chains, therefore, is equivalent to a coulombic interaction of fictional

charges placed at the ends of the chains, as indicated in figure 2.3b [33, 87]. We note that at

large separations of the chains a dipolar form is regained, as is required for consistency with

equation 2.18.

Only for shifts larger than half the chain length, z > l/2, does this represent an attractive

interaction. However, even at lower values of z, this interaction leads to a torque being exerted

on the chains [33]. Due to the proximity of chains, they will rotate and come into contact

at a point. Subsequently, a rapid “zippering” motion is observed as the chains come together

laterally [22,88].

Modifications of the magnetic field around an infinite chain, equation 2.16, can lead to

stronger interactions [84] which will change how chains and networks coarsen. When thermal

fluctuations of the chain are significant an algebraic decay is observed [85]. Additionally, at the

concentrations that we probe experimentally, there are defect driven interactions [84,89], as well

as the interactions of the ends of chains [33,90], that can drive aggregation and coarsening [88].
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2.3 Experimental Methods

2.3.1 Optical microscopy

Figure 2.4: A schematic of a simple microscope with solenoids placed symmetrically either side
of the sample. The sample of colloidal particles, positioned at the focal plane of the objective
lens, is illuminated from above and focused onto a CMOS camera camera below.

Throughout this thesis, we use optical video microscopy to study magnetically induced

assembly of colloidal particles. Figure 2.4 illustrates the basic principle of a optical video mi-

croscope. The sample is illuminated with collimated light which scatters off a colloidal particle.

The scattering pattern is then focused, through an objective, onto a digital camera, which takes

snapshots of the aggregation process. In this thesis we use a Olympus CK41 inverted micro-

scope equipped with a Ximea xiQ USB3 CMOS camera that acquires 2048×2048 8 bit grey-scale

images. Depending on the experiment, 4× - 40× objectives are used.

The external magnetic field was provided by two 470 turn solenoids, placed symmetrically

either side of the sample cell giving a stable, locally uniform, magnetic field (figure 2.4). The

magnetic field was varied in the range of 0 − 3.2 mT, as was characterised with a Gaussmeter

(Hirst Magnetic Instruments Ltd. GM07 Gaussmeter, PT002 Hall Probe). The power supply

is controlled by a LabJack U3-LV, which has sub millisecond response times, this allows precise

control of the imposed field.

The camera and magnetic field are controlled by software constructed in LabVIEW. To

capture the aggregation processes in their entirety the frame rate is adjusted during the experi-
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ment to give a non-uniform sampling of time. Controlling both the field and image acquisition

from one piece of software allows for complete synchronization. For example, the frame rate

can be adjusted from precisely the moment the field is applied and the field values, alongside

millisecond timestamps, saved into the image file names.

2.3.2 Colloidal model system

We use aqueous suspensions of paramagnetic polystyrene spheres (carboxylic acid functionalised

Dynabeads R© M-270, Invitrogen), with a diameter of 3.0 µm and a mass density of ρ = 1.6 g

cm−3. These are highly monodisperse cross-linked polystyrene spheres with carboxyl functional

groups at the surface. These functional groups give the surface of each particle a net negative

charge which stabilises them against aggregation due to the electric double layer, section 2.2.1.

Due to their relatively high mass density they form a mono-layer at the bottom of the

sample cell where they diffuse with a Brownian time of tB ∼ 50s, equation 2.2. The out-of-plane

fluctuations are negligible as can be inferred from the particle’s gravitational height, equation

2.3; for our system hg = 0.06 µm, which is only a fraction of the particle radius.

The particles are contained in a 200 µm thick quartz glass cell (Hellma Analytics) and,

after sedimentation, are allowed to equilibrate for several minutes before being exposed to a

magnetic field. Due to magnetic nano-particles, γFe2O3 and Fe3O4, embedded in the polymer

matrix, these particles are superparamagnetic. The magnitude of the induced magnetic moment

is proportional to the external field for sufficiently small fields. Using SQUID measurements,

we confirmed that our experiments are conducted within this region of reversible linear mag-

netisation, and find a dimensionless volume susceptibility of χ = 0.76, consistent with previous

studies [91]. This corresponds to an interaction parameter, equation 2.13, between 0 ≤ λ ≤ 1000

for the range of magnetic fields used in this thesis.

2.4 Image analysis

Throughout this thesis we will rely on the accurate detection of particles from digital images.

As well as the location of particles we are also interested in their local environment, in particular

which particles neighbour which other particles and the clusters they belong to. The process of
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particle detection is common in the field of soft matter and several open source programs exist

that aim to locate and track colloidal particles [92, 93]. Here we use Wolfram’s Mathematica

to write bespoke image analysis algorithms tailored to our specific needs. Writing our own

programs allows the combination of novel approaches to specific problems, such as our cluster

determination, with standard image analysis approaches.

We outline in general terms two different procedures used to identify particles. We also

show how we identify clusters of particles. This is a key step in the analysis of an aggregating

system and is achieved in two novel ways that simplify and accelerate the process compared to

traditional methods.

2.4.1 Particle detection by intensity thresholding

Figure 2.5: Particle detection based on intensity thresholding, see text for details.

Figure 2.5(1) shows the typical appearance of particles when observed with a bright field

microscope. Qualitatively, relative to the background intensity particles are seen as a bright

central spot surrounded by a dark ring. This description of the particle in terms of intensity is

sufficient to systematically identify them.

The image may be segmented into a binary image, an array of 1s (white) and 0s (black),

based on a threshold intensity value. Picking out the bright regions of an image reveals the

center of particles (figure 2.5(2) and (3)). Connected groups of white pixels can be identified

and characterised by morphological transforms [94].

To identify the particles that belong to the same cluster, we note that there is a dark ring

around all the particles that is picked up by thresholding (figure 2.5(4) and (5)). We consider
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that when coordinates are encapsulated by the same dark region they are members of the same

cluster (figure 2.5(6)). If a dark region is in contact with the edge of the image, we discard the

coordinates it encapsulates as we cannot know the true size of that cluster. This process for

establishing clusters has an advantage over using a simple distance criterion, used to determine

neighbouring particles, in that if a chain incorporates a single anomalous particle that is not

detected by thresholding we will not consider this as two separate clusters.

The entire image analysis process is summarised below, and the numbered items in the list

correspond to the panels in figure 2.5.

1. Acquire a digital microscopy image focused so that the particles have a bright spot in their

center and a dark ring around them.

2. Perform a two level threshold on the image. The threshold value used is found automati-

cally by the Otsu method [95].

3. Select the small components, leaving only the pixels that correspond to the bright spots

of the particles. Find the coordinates of the particles from these components.

4. Following from step 2, select only the large components and invert the image. The resulting

white regions correspond to the filled areas of the dark rings in the original image.

5. Label each component in step 4, removing components that are in contact with the edge

of the image.

6. Associate the coordinates of particles from step 3 with the labels from step 5. Gathering

a list of coordinates that have the same label gives a list of coordinates that belong to the

same cluster.

2.4.2 Particle detection by watershedding

Figure 2.6: Particle detection based on a watershed, see text for details.
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Under different illumination conditions, or with a different focusing of the microscope, the

bright spot at the center of particles may be less pronounced. In figure 2.6(1) we show an

image of the same particles as in figure 2.5(1), but with a different illumination. In this case an

intensity threshold does not reliably identify particles. The change in intensity, however, can be

found with various filters [96]. We apply a Laplacian of Gaussian filter to pick out the gradient

of intensity between background and particle (figure 2.6(2)). The background is almost constant

and has low values of intensity gradient and the same holds for the interior of particles. However

the boundary between the two has a larger value because of the change in intensity.

We now have regions of low intensity bound by high intensity. These are readily segmented

with watershedding methods [97]. A watershed considers the intensities as heights and floods the

image, from the local minima, separating components along the connecting lines of these basins

(figure 2.6(3)). The coordinates of the particles are the centers of mass of these components

(figure 2.6(4)). Watershedding can be particularly powerful for images with gradients in the

background intensity because the Laplacian filter only relies on local variation. It is also powerful

for identifying particles lacking pronounced bright centers but with well defined edges.

The entire process is summarised below and the numbered items in the list correspond to

the panels in figure 2.6.

1. Acquire a digital microscopy image in which particles have distinct edges but smooth

internal intensity profiles.

2. Convolve the image with a Laplacian of Gaussian kernel with a radius corresponding the

length scale of the intensity change corresponding to the edge of the particle. The Gaussian

kernel helps reduce the impact of noise that otherwise would mimic gradients in intensity

that the Laplacian kernel highlights.

3. Watershed the gradient image with a mimimum saliency condition, i.e basins whose bound-

ary is below a given value are joined.

4. Find the center of mass of particles using the components determined in 3. In figure 2.6(4)

the result of this analysis is shown.
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2.4.3 Cluster detection with minimum-bandwidth orderings

Above, we outlined a way of establishing clusters based on an optical property of the image, i.e.

based on a shared dark ring around particles. In this thesis we also need a way of determining

clusters that relies on the coordinates of particles only.

This can be done as follows. Consider the collection of particles shown in figure 2.7c. Each

particle is automatically assigned a label i. First, we establish which particles to consider as

connected in an adjacency matrix A = ai,j . If the matrix element ai,j = 1 then particle i

neighbours particle j and if ai,j = 0 they do not neighbour each other. Adjacency is determined

by a distance threshold, rcut, that we choose to be the first minimum of the pair-correlation

function g(r). Figure 2.7a shows the adjacency matrix for the collection of particles in figure

2.7c, values of 1 are black and values of 0 are white.

By definition, a particle from one cluster neighbours no particles in clusters other than its

own. Grouping particles belonging to the same cluster together, therefore, gives a block diagonal

matrix. This is illustrated in figure 2.7b, where we have revealed a block diagonal structure in

the adjacency matrix by permuting rows and columns. To this end, we have used a minimum

bandwidth transformation to tell us how to permute the rows and columns to achieve this. In

brief, the bandwidth, which is defined for a particle, is given by [98]

bwi = maxai,j 6=0|i− j|, (2.23)

and the profile of the adjacency matrix is defined as [98]

Pr(A) =
∑
i

bwi =
∑
i

maxai,j 6=0|i− j|. (2.24)

The bandwidth is the distance of the furthest non-zero element from the diagonal, and the profile

is the sum of these values. The bandwidth of an element can be reduced by exchanging rows in

the adjacency matrix. The minimum bandwidth ordering minimizes the profile and hence brings

all elements as close to the diagonal as possible. From the block diagonal form shown in figure

2.7b we can see that exchanging particles from different clusters would necessarily increase the

profile, confirming that it is a minimum of bandwidth ordering. Methods exist for determining

the list of permutation that transform a matrix to a minimum bandwidth ordering and we use
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Figure 2.7: (a) The adjacency matrix for the particles shown in c and d, with the particle labels
along the top and left hand side. Black squares correspond to values of 1 (neighbours), and
white squares to values of 0 (not neighbours). (b) The adjacency matrix for the same particles
where rows and columns have been exchanged to reveal clusters. Clusters are the circled blocks
in the now minimum bandwidth ordered matrix. (c) Micrograph of particles with the labels
shown. (d) Micrograph of the same particles as a with the different clusters coloured according
the blocks shown in b.

Sloan’s method [98]. In figure 2.7d we colour particles according to which block they are in

in the minimum bandwidth ordered matrix, corresponding to the coloured disks in figure 2.7b,

confirming that these blocks correspond to cluster of particles.

Also from the adjacency matrix, the coordination number of a particle i, ci, can be calcu-

lated as

ci + 1 =
∑
j

ai,j . (2.25)

The coordination number of particles is of particular interested to us in chapters 4 and 6 and

will be determined in this way.
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Chapter 3

Deterministic aggregation kinetics of

paramagnetic colloidal particles

ABSTRACT

In this chapter we study the irreversible aggregation kinetics of two-dimensional paramagnetic

colloidal particles in the presence of an in-plane magnetic field at low packing fractions. Optical

microscopy and image analysis techniques are used to follow the aggregation process and in

particular study the packing fraction and field dependence of the mean cluster size. We compare

experimental results to the predicted scalings for diffusion limited and deterministic aggregation

respectively. It is shown that the aggregation kinetics for our experimental system is consistent

with a deterministic mechanism, which thus shows that the contribution of diffusion is negligible.

3.1 Introduction

In the introduction, chapter 1, we introduced the idea of magnetically responsive systems and

noted that the response profile of a device based on these materials will depend on the dynamics

of structure formation. These devices rely on the formation of chains and clusters causing the

observed changes in physical parameters, such as the viscosity [24]. Investigations have therefore

focused on the dynamics of cluster formation at low particle packing fractions with work in two

and three dimensions [21,22], real space experiments [99–110], scattering experiments [111–118],

23
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and simulations [87,90,119–121].

Theoretical predictions based on a diffusion limited irreversible aggregation mechanism

[122,123], along with experimental [21,22,111,118] and simulation work [124,125], point to the

mean cluster size, 〈L〉: equation 3.2, growing as a power law in time, t, with an exponent z′:

〈L〉 ∼ tz
′
. Predictions of these exponents have been given in the range of 0.5 < z′ < 0.6 [21].

Many investigations are reported in terms of a mean weighted by the number of particles in a

cluster, 〈S〉: equation 3.3, that grows with a different exponent z: 〈S〉 ∼ tz, though it has been

established that z ≈ z′ [99, 100, 106]. In addition, it is proposed that time can be rescaled to

account for the dependence of the average cluster size on the external magnetic field, B, and

the packing fraction, φ [21, 22,99,111,119,126].

When magnetic interactions dominate Brownian forces, a deterministically controlled ag-

gregation process is proposed [21, 29, 106, 107]. In this regime, it has been predicted that the

growth of the mean cluster size follows a power law, like in the diffusion limited case, but with

a different packing fraction and magnetic field dependence [87,90,101,127]. However, a detailed

and quantitative experimental study of deterministic aggregation that simultaneously considers

both the packing fraction and field dependence is lacking. In this chapter, we use a paramagnetic

colloidal model to study the field induced aggregation using video microscopy. In particular, we

measure the growth of the mean cluster size and propose a method for explicitly extracting the

parameters that characterise the field and packing fraction dependence.

This chapter is organised as follows: we will start with a theory section which briefly

introduces the theories of diffusion limited aggregation (section 3.2.2) and deterministically

controlled aggregation (section 3.2.3). The experimental system is then introduced with details

of the range of concentrations and fields that are probed (section 3.3). The data treatment is

detailed and used to extract scaling parameters for the packing fraction and field dependence.

The results of this processing are presented in section 3.4 for a range of packing fractions and

field strengths. We discuss the results in light of the two proposed theories with particular focus

on the packing fraction and field dependence.
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3.2 Theory

3.2.1 Interactions between magnetic particles

The interaction between paramagnetic colloidal particles in the presence of an external field

is dominated by their magnetic moments. This interaction is discussed in section 2.2.2 in the

previous chapter. From equation 2.14 we have that the interaction energy, cast in terms of the

interaction parameter λ, is

Uij
kBT

=
λ

2 (r/2a)3

(
1− 3 cos2 θ

)
, (3.1)

where λ (equation 2.13) is the energy released in bringing two particles into contact from an

infinite separation in units of kBT .

The result of applying a field is the evolution of a distribution of different cluster sizes, s,

where s is the number of particles in a cluster. The mean is defined as,

〈L〉 =

∑
s sns∑
s ns

, (3.2)

where ns is the number of cluster of size s present in a snapshot [106]. The number weighted

mean cluster size is given by

〈S〉 =

∑
s s

2ns∑
s sns

. (3.3)

3.2.2 Diffusion limited aggregation

Diffusion limited aggregation kinetics in dipolar systems has been described extensively, see

e.g. [111,125,126,128], and therefore we only briefly recap the essentials. From Smoluchowski’s

kinetic equation of aggregation one can, in certain limits, give expressions for the average cluster

size as a function of time for an irreversible diffusion limited aggregation mechanism [123]. In

essence, the equation is a rate equation involving a reaction kernel that describes the rate at

which clusters of size i and j join. Taking the collision cross section of clusters of different sizes

to be the same, and the diffusion coefficient of a cluster to have a power law dependence on its
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size, Ds ∼ sγ , the average cluster size grows as [21]

〈L〉 ∼ t1/(1−γ). (3.4)

Hence, if the friction of a chain is taken to be proportional to its length, then γ = −1, and

〈L〉 ∼ t1/2 [123]. The choice of γ gives a range of values for 0.5 < z′ < 0.6 [19, 21, 22]. For the

diffusion dominated case a time rescaling based on the time to diffuse to a capture radius, within

which particles are rapidly drawn together, i.e. the typical time for doublet formation, t∗DIFF, is

proposed [21,104,112]. This capture radius is often defined by the region around the particle in

which the interaction due to the magnetic dipoles equals the thermal energy, Uij/kBT = 1. In 2D

and for a given packing fraction, φ, this leads to the following expression for t∗DIFF [21,104,119]

t∗DIFF ∼
a2

Dλ2/3φ
. (3.5)

This implies that for diffusion limited aggregation, noting the definition of λ (equation 2.13),

this characteristic time is proportional to 1/B4/3 and 1/φ.

3.2.3 Deterministic aggregation

Next, we introduce the deterministically controlled aggregation largely following [127] with a

potential of the form of equation 3.1. For small clusters of size s that are relatively far apart,

and aligned with the magnetic field, the interaction energy between the clusters is approximated

by s2 multiplied by the inter particle potential Uij , equation 3.1, with θ = 0◦:

Us
kBT

= − s2λ

(r/2a)3 . (3.6)

The force, Fs = −∂Us/∂r, is then given by

Fs = −24a3s2λkBT

r4
. (3.7)

This attractive magnetic force is balanced by a drag force, Fdrag, which depends on the cluster

size s [120]. Here, we take the friction of a chain to be proportional to the number of particles

it contains, so that Fdrag = −s6πηav [123], where η is the viscosity of the solvent, and v the

velocity of the cluster.
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In the overdamped limit, the equation of motion becomes:

Fs + Fdrag = −24a3s2λkBT

r4
− 6sπηa

dr

dt
= 0. (3.8)

We integrate the equation of motion taking the final separation as zero and the initial separation,

R0, between clusters of size s in a system of packing fraction φ as R0 = a (s/φ)1/2. It then directly

follows that the time for two clusters of size s to come together, τs, is

τs =

(
πηa3s3/2

20λφ5/2kBT

)
. (3.9)

Assuming hierarchical growth, the total time for a cluster of size s to form, ts, is then given

by the sum ts = τs/2 + τs/4 + ... + τ1. The expression for ts corresponds to a geometric series,

ts = τs(ε + ε2 + . . . ), with ε = (1/2)3/2. In this model, the cluster size s is equal to the mean

cluster size 〈L〉, which is therefore found to grow as

〈L〉 ∼

(
20kBTλφ

5/2

πηa3
t

)2/3

, (3.10)

predicting z′ = 2/3 [127]. A typical time scale, t∗DET, can then be identified using that

〈L〉 ∼ (t/t∗DET)2/3, so that

t∗DET ∼
a2

Dλφ5/2
, (3.11)

which is proportional to 1/B2 and 1/φ5/2.

3.3 Methods

In this chapter we use the experimental system that we outlined in section 2.3.2. In summary,

we use an aqueous suspensions of paramagnetic polystyrene spheres with a diameter of 3.0 µm

and a mass density of ρ = 1.6 g cm−3. We investigate samples with packing fractions in the

range 0.01 < φ < 0.05, and subject to magnetic field strengths in the range B = 0 − 3.2 mT

(interaction parameters in the range 0 < λ < 1000). Due to their relatively high mass density

they form a mono-layer at the bottom of the sample cell.
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Figure 3.1: The mean cluster size 〈L〉, equation 3.2, against time for different observable rect-
angular regions of width W for a single experimental run with a packing fraction φ = 0.037 and
an external magnetic field B = 3.12 mT. The full field of view is 1150 × 1150 µm2. The inset
shows a microscopy images of a typical cluster with the results of our image analysis algorithm
plotted over it.

The chain formation is captured using video-microscopy and analyzed with the methods

outlined in section 2.4. In particular, we use intensity thresholding to identify particles (see inset

in figure 3.1). Once the clusters have been identified, the mean cluster size 〈L〉, equation 3.2,

is computed. As the typical cluster length becomes on the order of the image width, W , finite

size artefacts can start to impede on the analysis of the cluster sizes. To test these effects we

systematically increased W at the maximum magnetic field and highest packing fraction used,

B = 3.12 mT and φ = 0.037 respectively, and monitored the convergence of the mean cluster

size as W increases (figure 3.1). Note that this analysis is performed on a single experimental

run, so the error in 〈L〉 cannot be defined. This analysis shows that only at very late times the

mean cluster size may be affected by the finite field of view.

3.4 Results and discussion

Figure 3.2 presents a series of images capturing the process of aggregation into linear chains

upon application of an external magnetic field. Particles, starting from an initially random

configuration, come together to form one particle thick chains. Chains of two particles thick are

negligible at the low packing fractions used as they are not formed in significant quantities over

the timescale of observation. Inherent to the strong interactions the chains are rigid and thermal
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Figure 3.2: Microscopy images for different times showing the magnetic field induced chain
formation. Panel (a) shows the initial state of the system before the magnetic field is applied.
Panels (b-d) show the system at respectively 95 s, 1680 s and 3000 s after a constant uniaxial
magnetic field is applied in the x direction at t = 0 s. The packing fraction is φ = 0.031 and the
magnetic field is B = 1.88 mT. The inset shows the x-positions of a small collection of particles
over the first 40 seconds.

fluctuations are small. As shown in the inset in figure 3.2a, which shows the x-positions of a

small collection of particles over the first 40 seconds, the particles follow well-defined trajectories

which are reminiscent of deterministic rather than diffusive motion. We observed no break up

events; when clusters joined to form a larger cluster they did so irreversibly.

The mean cluster size 〈L〉, equation 3.2, as a function of time is presented in figure 3.3a

for different magnetic fields at a constant packing fraction. A clear monotonic growth of cluster

size with time can be seen with faster growth of clusters at higher magnetic fields. Figure 3.3b

shows the analogous graph for different packing fractions at a constant magnetic field. Again, a

monotonic growth is observed, now with faster growth at higher packing fractions. In both cases

the long time behaviour shows an apparent power law scaling of the mean cluster size with time,

consistent with earlier reports [99]. We note that at early times, just after the field is applied,

the cluster size depends on the packing fraction, which is due to a small number of particles

that are in contact in the random starting configuration. At intermediate and long times the

effects of this initial structuring are negligible.

In considering the magnetic field and packing fraction dependence of the cluster size it is

common practice to plot a proposed time rescaling and judge how effective a given theory is

at removing the dependence on the magnetic field and packing fraction by the quality of data

collapse [21,119,129,130]. Another approach is to fit to a particular scaling law with the packing

fraction dependence and field dependence as free fitting parameters [131, 132]. However, in the

approach we use here we do not require a specific functional form for the cluster growth. Instead
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Figure 3.3: The mean cluster size, 〈L〉, as a function of time, t, for experimental runs at (a)
a constant packing fraction φ ≈ 0.036 and an increasing magnetic field B and (b) a constant
magnetic field B = 0.63 mT and an increasing packing fraction φ.

we write that the mean cluster size, 〈L〉, grows as a monotonic scaling function f of unspecified

form of the variable t∗ = φαBβt, such that

〈L〉 = f
(
φαBβt

)
. (3.12)

Here, α and β are scaling constants that characterise the packing fraction and field dependence

of the growing mean cluster size. Comparison to equations 3.10 and 3.11 shows that the deter-

ministic model predicts values of α = 5/2 and β = 2, while the diffusive theory equation 3.5

predicts values of α = 1 and β = 4/3.

Equation 3.12 states that a particular mean cluster size is generated by the same φαBβt. As

the magnetic field B is strictly controlled in our experiments, we first consider chain formation

for varying φ and constant B. In particular, we measure the time at which a given cluster size

is reached for different packing fractions φ, as shown in figure 3.4. Because φαt is constant for

a given mean cluster size, the exponent α is directly obtained from the gradient of ln t vs. lnφ

as shown in the inset of figure 3.4. The determination of the exponent α is robust with respect

to the choice of the given cluster size as is also illustrated in figure 3.4, where the light grey

lines correspond to the same analysis for a smaller given cluster size. In general, we choose the

largest mean cluster size common to all data sets as the given cluster size.

Having established the value of α, an analogous procedure is performed to determine the
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Figure 3.4: The mean cluster size 〈L〉 against time for experimental runs at different packing
fractions φ but with the same magnetic field B. The horizontal lines cut the curves at the same
cluster size. The vertical lines, dropping from the intersects, show the time at which that cluster
size occurred. The inset shows the packing fraction against the time at which a particular cluster
size was achieved and the solid line is the linear fit to the data.

exponent β for the magnetic field dependence. The mean cluster size can be considered as

〈L〉 = f(Bβ(φαt)) and because the factor φαt is known, the effect of the magnetic field strength

on the growth kinetics can be determined. To this end, we determine the φαt at which a given

mean cluster size is reached for different field strengths B. The exponent β is then extracted

from a linear fit of ln(φαt) vs. lnB.

The values for the exponents α and β extracted from our experiments, alongside the values

as predicted from diffusive and deterministic aggregation, are summarised in table 3.1. We also

determined the exponents using the number weighted mean 〈S〉, equation 3.3, and very similar

values were obtained, which shows that both means scale in the same way with φ and B. The

value for α is consistent with deterministic aggregation, while the exponent β is in between

what is expected for diffusive and deterministic aggregation. We note however that a very small

fraction of particles (≤ 0.1%) is pinned to the glass surface, which will hinder the growth of

clusters, particularly at long times as they are incorporated into chains. As such, this may

Table 3.1: A summary of the experimentally obtained values for the exponents φα and Bβ

alongside the theoretical prediction for the diffusive and deterministic aggregation.

exponent experimental diffusive deterministic
α 2.44 1 5/2
β 1.61 4/3 2
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Figure 3.5: The mean cluster size, 〈L〉, as a function of the rescaled time, t∗ = φαBβt, where α
and β are the values obtained from the experiments (see table 3.1). In panel (a) the experimental
runs at a constant packing fraction, φ ≈ 0.036, and an increasing magnetic field B are presented,
while panel (b) shows the experimental runs a constant magnetic field, B = 0.63 mT, and an
increasing packing fraction φ. Note that the data presented here is the same as in Figure 3.3.

contribute to the deviation from theory in our experimentally measured β value. Nevertheless

the combination of the excellent agreement of the packing fraction dependence and the field

dependence being larger than the diffusive prediction makes us confident that deterministic

aggregation is the key mechanism behind the chain formation in our system.

The data presented in figure 3.3 can now be re-plotted as a function of the rescaled time

t∗ = φαBβt using the experimentally determined values for α and β (table 3.1). The rescaled

plots are presented in figure 3.5 and as expected an excellent data collapse is observed for the

magnetic field (a) and packing fraction (b) dependent data1. Finally, we show in figure 3.6

the master curve of 〈L〉 versus t∗ averaged over all experimental runs. The data is excellently

described by a power law fit of the form, 〈L〉 = a+bt∗
z′

. Here, a represents the zero time cluster

size, which we expect to be close to unity as at the low packing fractions used most particles will

not be close enough to be considered as neighbours. Consistent with this we find that a = 1.12.

The pre-factor is found to be b = 3.1 · 104 and the exponent z′ = 0.61. The value of z′ is in

very good agreement with the deterministic model, equation 3.10, but also lies in the range

of diffusive theory, equation 3.4, which prevents any distinction using the exponent. Despite

the fact that we cannot distinguish mechanisms from the exponent z′, we can do so from the

1Data collapsed by the time rescalings predicted by the diffusive and deterministic theories presented in section
3.2.2 and section 3.2.3 (equations 3.5 and 3.11) are shown in the appendix, figure A.1.
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Figure 3.6: The mean cluster size, 〈L〉, averaged over all 25 experimental runs, plotted as a
function of the re-scaled time, t∗. The error bars correspond to the standard deviation of all

the experimental runs. The solid line is a power law fit to the data of the form 〈L〉 = a+ bt∗
z′

,
is performed and plotted through these points in red. The fitting parameters are a = 1.12, b =
3.1 · 104 and z′ = 0.61.

exponents characterising the packing fraction and magnetic field dependence, which indicate a

deterministic mechanism. Importantly, our approach allows the complete characterisation of the

field and packing fraction dependence of chain formation without pre-assuming a mechanism.

Combining the exponents α and β and the fitting parameters a, b and z′, thus fully predicts the

time at which a given mean cluster size is reached.

3.5 Conclusions

The magnetic field induced aggregation of paramagnetic colloidal particles into linear chains has

been studied in two dimensions using video microscopy. We find that the mean cluster size grows

as a power law in time. The exponents that characterise the packing fraction and magnetic field

dependence of the mean cluster size are directly determined from the experimental data and lead

to an excellent data collapse upon plotting the mean cluster size as a function of the rescaled

time. Comparison to diffusion limited and deterministic models for chain formation shows that

the aggregation kinetics in our system is consistent with a deterministic mechanism and that

the contribution of diffusion is thus minimal.
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Chapter 4

Coordination number statistics of clus-

ter formation

ABSTRACT

In this chapter, we establish a direct relation between the distribution of coordination numbers

of particles and the mean cluster size using simple statistical considerations. The chain forming

system that was outlined in the previous chapter is used as a model system. Empirically, a shifted

geometric distribution of cluster sizes is observed, consistent with a discrete compound Poisson

growth process. To corroborate the compound Poisson nature of this process, experimental results

are compared to simulations in which the initial spatial distribution of particles is controlled. The

generality of our approach is demonstrated using another clustering processes in two dimensions

as a model system.

4.1 Introduction

Controlling self-assembly, the fascinating range of processes by which initial components build

into complex structures [60–63], remains a formidable challenge. The range of different interac-

tions and competing driving forces when many components are present in particular complicate

the problem [64]. To exploit self-assembled structures for the development of useful materi-

als and tunable devices, it is a prerequisite to have a deep understanding of the fundamental

35
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structural and dynamical processes underlying self-assembly.

The coordination number of a constituent entity is a central quantity in self-assembling

systems as this characterises the local structure around that entity [65–71]. Indeed, the geome-

try of molecules and hence their directional interactions result in highly specific self-assembled

structures [72]. Accordingly, controlling the structure in self-assembling mesoscopic systems such

as nanoparticles and colloids requires the ability to control the coordination number, resulting

in considerable effort in developing directional interactions in these systems [49,54–57,133–135].

The importance of the coordination number on the rigidity of a structure has long been recog-

nised in granular packings [136]. Somewhat surprisingly, the statistics characterising the co-

ordination number distribution, its evolution during self-assembly, and its relation to the final

structure has never been addressed in colloidal systems to our knowledge.

In this chapter, we use simple statistical considerations to provide a full prediction of the

distribution of coordination numbers for individual particles in a chain forming system. Our

theory is tested against experiments in which we follow the chain formation process in a system

of super-paramagnetic colloidal particles upon the application of an external magnetic field

[20, 21, 108, 137], an excellent model system to establish the relation between cluster formation

and coordination number statistics. The validity and generality of our approach is further

confirmed using atomistic computer simulations in which the starting configuration of a chain-

forming system is systematically varied from random to ordered. The results of this imply

that the chain growth proceeds via a compound Poisson process. Further, the probabilistic

approach we develop for the chain forming system is applied to a more complex assembly system

of two dimensional (2D) cluster formed in a rotating magnetic field [30, 31]. This provides a

general perspective on self-assembly based on local geometry as characterised by the coordination

number.

This chapter is organised as follows: we first introduce the theory of coordination number

statistics of chains (section 4.2.1) and disks (section 4.2.2). The experimental methods used to

probe these two cluster types are introduced and a brief overview of the image analysis used in

each is given (section 4.3). We then present results of chain formation, we characterise the cluster

size distribution and compare the observed coordination number distribution to the predicted

distributions (section 4.4.1). Next, we present the coordination number distributions for a disk

forming system and compare them to theory (section 4.4.2).
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4.2 Theory

The growth of clusters results in a distribution of cluster sizes characterised by a discrete prob-

ability distribution P (s). The final state of a system depends sensitively on the starting config-

uration; a distribution of cluster sizes evolves throughout the growth process. From this cluster

size distribution, coupled with knowledge of the structures of clusters, we may elaborate the

distribution of coordination numbers of particles as a function of time.

4.2.1 Chain formation

We will first consider chain formation. As a starting point for our theory we need a functional

form of P (s). We will show experimentally that the cluster size distribution, P (s), of the chain

forming system is accurately described by a shifted geometric distribution. As such we will

develop the theory specifically for this distribution. It is, however, important to note that the

concept is general and P (s) may be replaced with an alternative distribution appropriate to

another growth process.

The discrete probability distribution of a shifted geometric is given by

P (s) =
1

µ

(
1− 1

µ

)s−1

, (4.1)

such that P (s) gives the probability of choosing a chain of size s when randomly selecting a

cluster and
∑∞

s=1 P (s) = 1. Here, µ represents the mean of the distribution, µ =
∑∞

s=1 sP (s),

and is equivalent to 〈L〉 from the previous chapter (equations 3.2). It has been replaced here for

notational purposes.

The probability that a particle i has a coordination number c is conditional on s, the size

of the cluster that the particle belongs to. We denote this probability P (c|i; s). The probability

that a particle i, chosen at random, is in a chain of size s is denoted P (i; s). The product of

the two, P (c|i; s)P (i; s), is the probability of randomly selecting a particle that is in a cluster

of size s and has a coordination number c, P (c ∩ i; s) 1. It follows that the probability that a

particle, chosen at random, has a coordination c is given by the sum over all cluster sizes of this

1The symbol ∩ represents the intersection of two events. In this case it can be read as the probability that a
particle has coordination number c and that that same particle belongs to a cluster of size s.
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Figure 4.1: Illustrations of clusters of different sizes, s, colour coded by their co-ordination
number, c. For each cluster size the probability of finding a coordination number of 0, 1, and 2
is given, P (c|i; s). The final illustration is the general case of a cluster of length s.

probability [138]:

Pc =
∞∑
s=1

P (c ∩ i; s) =
∞∑
s=1

P (c|i; s)P (i; s). (4.2)

The probability of finding a particle in a cluster of a particular size, P (i; s), may be

elaborated from the probability distribution, P (s), as

P (i; s) =
s P (s)∑∞
s=1 s P (s)

=
s

µ2

(
1− 1

µ

)s−1

, (4.3)

which is a normalised probability distribution,
∑∞

s=1 P (i; s) = 1. Note that P (i; s) is related to

the particle weighted mean 〈S〉, introduced in the previous chapter, by
∑∞

s=1 sP (i; s) = 〈S〉.

Specifically in the case of linear chains, where only zero coordinate, one coordinate, and

two coordinate particles exist, P (c|i; s) may be described in terms of the cluster sizes, as shown

in figure 4.1, where we illustrate how P (c|i; s) depends on the cluster size. Single particles are

isolated and have a coordination number of 0. For larger chains the termini of the chains each

have one neighbour and the rest, the body of the chain, have two neighbours. This model neglects

the possibility of cruciform defects [139], laterally aggregated chains, and other deviations from

simple chains.

The probability that a particle has coordination number c, Pc, is now easily found. The
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fraction of zero coordinate particles is simply the probability of isolated particles:

P0 = P (i; s = 1) =
1

µ2
. (4.4)

The fractions of particles with coordination numbers 1 and 2 follow from equation 4.2 and figure

4.1:

P1 =
∞∑
s=2

2P (i; s)

s
=

2(µ− 1)

µ2
, (4.5)

P2 =

∞∑
s=2

(s− 2)P (i; s)

s
=

(µ− 1)2

µ2
, (4.6)

such that
∑2

c=0 Pc = 1, i.e. the probability that a particle has either a coordination of 0, 1,

or 2 is unity. From equations 4.4 - 4.6 we obtain the mean, c̄, and the variance, σ2
c , of the

coordination number distribution as

c̄ =
2 (µ− 1)

µ
, and (4.7)

σ2
c =

c̄

µ
. (4.8)

Note that limµ→1 c̄ = 0, limµ→1 σ
2
c = 0, limµ→∞ c̄ = 2 and limµ→∞ σ

2
c = 0. These limits repre-

sent the cases of isolated particles, limµ→ 1, and of the chain lengths tending to infinity where

all particles are in the body of a chain, limµ→∞. Importantly, equation 4.7 tells us that there

is a one-to-one relationship between the mean coordination number and the mean chain length

such that knowledge of either allows the full statistics of the coordination number distribution

to be calculated.

4.2.2 Disk formation

The theory may be extended to other cluster shapes such as disk–like aggregates. We propose

the following simple scheme that mimics compact close-packed 2D clusters: we consider that

clusters grow in hexagonal shells, filling each shell before proceeding to build the next. Figure
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4.2 illustrates this idea. The final row of figure 4.2 shows a cluster of size s and indicates how

successive shells of a cluster are filled in our simple model. The first particle is placed next to

a corner of the previous shell and proceeds to fill first along the edge of the previous shell and

wraps around each corner until the shell is complete.

Figure 4.2: Illustrations of clusters of different sizes, s, colour coded by their co-ordination
number, c. For each cluster size the probability of finding a coordination number of 0 - 6 is
given, P (c|i; s). The final illustration is the general case of a cluster of size s.

We generate these clusters algorithmically and numerically evaluate equation 4.2 with the

values of P (c|i; s) determined from the generated clusters. In equation 4.2 the sum runs over

all possible clusters s = 1 to ∞. This is not possible with algorithmically generated clusters;

we can only compute this over a finite range. We generate clusters up to s = 500, significantly

larger than any observed in our experiments. One would require a large mean cluster size before

significant numbers of clusters of this size, or greater than this size, are expected to be observed.
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4.3 Methods

4.3.1 Experimental methods

Chains: Here we use the experimental system outlined in the previous chapter, section 3.3.

In summary, we use monodisperse paramagnetic spheres with a diameter of 3.0 µm . Dilute

suspensions with packing fractions φ < 0.05 are confined by gravity to a monolayer at the bottom

of a quartz glass sample cell. Two solenoids, placed symmetrically either side of the sample are

used to generate a uniform external magnetic field ranging from B = 0 − 3.2 mT, throughout

the whole sample.

Disks: To achieve rotating magnetic fields we use two pairs of solenoids perpendicular to one

another. Passing a current through each pair as a π/2 shifted sine wave gives a magnetic field

vector of constant magnitude that rotates with a uniform frequency, ω. We will consider only

one frequency and field strength here, this was chosen such that a particular phenomenon was

observed - the growth of compact disk like clusters [30, 31]. We found that a frequency of

ω = 0.1 ms−1 and field strength of B = 0.25 mT generated clusters of this type that rotate at

a slower frequency than the imposed frequency.

The cluster formation processes are captured using video-microscopy and analyzed with

the methods outlined in section 2.4. In particular, for the chain formation we use intensity

thresholding to identify particles and cluster, with a distance criteria to determine the coordina-

tion numbers of particles. Figure 4.3 shows snapshots of the system with a region expanded to

show the results of this image analysis. For the disk formation, we use watershed thresholding to

identify particles and a distance criteria to determine clusters and coordination numbers, figure

4.8.

4.3.2 Simulation methods

Molecular dynamics simulations2 were done at the experimentally determined packing fraction

with particles, confined to a plane, interacting via induced dipoles and through a short-range

r−12 potential. The initial particle velocities are taken from a Maxwell-Boltzmann distribution.

2Simulations were performed by David Robinson, supervised by Professor Mark Wilson, Oxford University
Physical and Theoretical Chemistry department.
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Starting configurations are generated in two distinct ways. In the first, molecular dynamics sim-

ulations are performed in the fluid phase to generate 100 independent and random configurations

each containing 200 particles. In the second, 100 independent configurations of 225 particles

each are generated by displacing particles from an ideal square lattice with lattice spacing, a0,

by random two-dimensional vectors. The magnitudes of these vectors vary from zero, corre-

sponding to the ideal lattice, to ∼ 0.2a0. At higher displacements the configurations resemble

random configurations, whereas at low displacements a high degree of ordering is retained.

4.4 Results and discussion

4.4.1 Chain formation

Figure 4.3: Images of the chaining process with the coordination numbers overplotted. (a) Initial
configuration of a φ = 0.036 sample. (b) The same sample 276 seconds after the application of
a B = 0.63 mT magnetic field. (c) An expanded region of b showing the coordination numbers
of particles.

From an initially random arrangement of particles, chains are formed due to the directional

interaction of dipoles induced by an imposed magnetic field. This was investigated in the previ-

ous chapter and the physics is well documented in references therein. Figure 4.3 illustrates the

process of particles coming together to form chain like aggregates under the action of a uniaxial

magnetic field. A small region is enlarged showing the coordination numbers as determined by

the image analysis methods outlined in section 2.4.

From the image analysis of snapshots we obtain cluster sizes at all times. In figure 4.4 we

plot the cluster size distribution, P (s), for all times. We observe a decay of probability; single

particles are the most prevalent ‘clusters’ at all times and there is a monotonic decay of P (s)

as a function of s. This distribution is defined for the set {s : s ∈ N+} as the smallest possible



4.4 RESULTS AND DISCUSSION 43

clusters are single particles.

For a geometric distribution, equation 4.1, plotting P (s/µ) against s/µ rescales the dis-

tributions at different times to approximate the probability density function of the exponential

distribution – the continuous analogue of the geometric distribution. As shown in figure 4.4a,

we indeed find very good agreement between our experimental data, which is averaged over 25

different runs, and the exponential distribution at all times. Low values of P (s/µ) are only

sampled by larger cluster sizes. Due to the limited field of view, and the observation time we

only probe a range of mean cluster sizes. As such, the exponential distribution slightly over-

estimates the observed probability of low values of s/µ and, as a requirement of normalization,

under-estimates the probability for intermediate values of s/µ.

a b

Figure 4.4: (a) The experimental probability distribution function for the cluster size P (s/µ)
plotted as a function of s/µ. The solid line represents the exponential distribution, which is the
continuous analogue of the geometric distribution, equation 4.1. (b) The standard deviation,
σs, against µ

√
1− 1/µ, a function of the mean of the chain length. The solid line represents the

prediction of equation 4.1: σs = µ
√

1− 1/µ, a straight line of gradient 1 in this plot.

Another powerful fingerprint of a geometric distribution is the interrelation of the mean and

the standard deviation. From equation 4.1 it follows that σs = µ
√

1− 1/µ. Figure 4.4b shows

the variance of the chain lengths, σs, against the function of the mean chain length, µ
√

1− 1/µ.

This relation fits very well corroborating the applicability of the geometric distribution.

Next, we determine the fraction of particles with specific coordination numbers for our

experiments and compare these with the theoretical predictions, equations 4.4 - 4.6. Figure

4.5a shows the fraction of particles with c = 0, 1, 2 and c > 2 as a function of the mean chain

length µ. The agreement between the experiments and the predictions from equations 4.4 - 4.6
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Figure 4.5: (a) The fraction of particles with coordination number c, Pc, for c = 0, 1, 2 and c > 2
as a function of the mean chain length µ. Closed symbols correspond to experiments; solid lines
represent equations 4.4 - 4.6. (b) Variance of the coordination numbers, σ2

c , plotted against
the mean coordination number, c̄, for the experimental results. (c) σ2

c plotted against c̄ for the
simulation results. In (b) and (c) the solid line is the prediction from equations 4.7 and 4.8:
σ2
c = c̄− c̄2/2.

is excellent for all mean cluster sizes. Only for larger mean cluster sizes, corresponding to later

time, a small deviation becomes apparent. The deviation from theory at late times is due to

the presence of a small fraction of particles with c > 2, which are not described in our model

of simple linear chains. This assertion is confirmed by plotting the variance of the coordination

number σ2
c against the mean coordination number c̄ – but now neglecting the particles with

c > 2 – alongside the theoretical prediction following from equations 4.7 and 4.8: σ2
c = c̄− c̄2/2

(see figure 4.5b). Excellent agreement between experiment and theory is observed, especially

given the fact that there are no fitting parameters. If the c > 2 particles are not removed the

data points sit fractionally above the theoretical curve.

The computer simulation of the chain growth process, evaluated with a random starting

configuration, shows the same coordination number statistics as in the experiments. This is

confirmed by plotting σ2
c (c) as a function of c̄, see Figure 4.5c. Importantly, this shows that our

statistical model for cluster formation holds for both the colloidal (experimental) and atomistic

(simulation) systems, despite the fact that the overdamped dynamics exhibited by the experi-

mental system are very different from those of the simulation, where the presence of momentum

leads to a qualitatively different growth process.

It is informative to note that the geometric distribution is the simplest distribution that

arises from a classical compound Poisson process: Consider a sparse monolayer of particles with
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Figure 4.6: The fraction of particles with coordination number c = 1, P1, as a function of the
mean cluster size µ as obtained from the simulation for different degrees of ordering in the
starting configuration, as characterised by the maximum initial displacement from the lattice
sites in units of the ideal lattice spacing, a0. Also shown are data corresponding to a random
starting configuration and the solid line shows the predicted result from equation 4.5.

locations independent of all others particles. Segmenting the plane into sections of equal areas,

each section will contain a random number of particles according to a Poisson distribution [140].

Upon the application of a magnetic field at t = 0, particles instantaneously start to associate with

nearby particles to form short chains, with a distribution of lengths determined by the number

of particles in its local area - a Poisson distribution of particles. Subsequently, these short chains

combine with each other into longer chains. Importantly, chains are randomly distributed in

space at all times so the number of subsequent aggregation events is also determined by a

Poisson process. From this we would conclude that the chain length distribution for the overall

chain length arises from a classical compound Poisson process, a cascade of subsequent Poisson

events. The simplest example of this is the geometric distribution, making it a likely candidate

distribution [141].

This model is not an exact description of our system: it implies a stronger separation of

the growth process, namely a clear initial aggregation stage separated in time from subsequent

aggregation events, each independent of the last. For the experimental growth process, the

clustering is a continuous process. However, a compound Poisson interpretation highlights a

key concept: the length of a chain is derived from a random number of aggregation events of

clusters of random length, which is entwined with the initial spatial distribution of particles. As

such it should be possible to violate this and alter the growth process by ordering the particles

before a magnetic field is applied. This is difficult to achieve experimentally [142] but is simpler
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to achieve in the simulations outlined in sec 4.3.2.

The simulations allow us to reveal how the chains grow according to a compound Poisson

process, and hence how the resulting coordination number statistics is affected by the initial

configuration. The solid line in figure 4.6 shows the probability of coordination number 1 as

given by equation 4.5 along with simulation data associated with different degrees of ordering of

the initial particle positions. Clearly a deviation from the compound Poisson process is seen for

increasingly ordered starting configurations. Particles starting from a perfectly ordered lattice

have a tendency to ‘pair up’ and the doublets that result still have a large degree of ordering

and can thus pair up again. This explains both the observed excess of P1 around µ = 2, and

its subsequent deficit for µ > 2.5, relative to the compound Poisson prediction; the difference

being a consequence of a more uniform chain length distribution than that arising from our

compound Poisson process. We note that already a small amount of disorder in the initial

particle positions significantly interferes with the pairing process observed for perfect lattice

and hence randomises the configuration very rapidly, leading to a distribution of chain lengths.

As a result, the compound Poisson process is recovered very rapidly for increasing amounts of

disorder in the starting configuration and as the mean chain length increases.

Finally, we show how the coordination number statistics can be probed in the time domain,

which is the natural ‘reaction coordinate’ when studying cluster formation. By using the time

dependence of the mean cluster size given in section 3.4 as µ = a + bt∗
z′

, with a = 1.12 ,

b = 3.1 · 104, z′ = 0.61 and t∗ = φ2.44B1.61t [143], we can directly convert the dependence of

Pc on µ into a time dependence for any φ and B. We illustrate this in figure 4.7a, where we

show P0, P1 and P2 as a function of time for three different combinations of φ and B alongside

the theoretical prediction. The corresponding snapshots at t = 500 s are shown in figure 4.7b–

d. As expected the sample with the highest packing fraction (φ = 0.024) and at the highest

magnetic field (B = 1.88 mT) exhibits the fastest aggregation, while the sample at φ = 0.013

and B = 0.63 mT shows the slowest chain formation. The sample at φ = 0.013 and B = 1.88

mT is an intermediate case with the same concentration as the slowest case and the same field

as the fastest case. This shows that increasing either φ or B independently has the expected

effect.

Excellent agreement between experiments and theory is observed, figure 4.7, which implies

that our statistical description holds, regardless of whether the packing fraction or the magnetic
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Figure 4.7: (a) The time evolution of P0, P1 and P2 for three samples, each with a different
combination of packing fraction φ and magnetic field B, as indicated below the panel. (b–d)
Snapshots corresponding to these three experimental systems at t = 500 s, as indicated by the
dashed line in panel (a).

field is varied. This shows that the model of clusters as straight chains is good for the range

of packing fraction and fields investigated and that the cluster size distribution of particles is

geometric in this range. This further confirms that the coordination number distribution fully

characterises the chain length distribution at all times and vice versa.

The accurate description of the cluster size distribution as a shifted geometric greatly

simplifies the theoretical modeling of these systems. At higher concentrations the geometric

distribution is not predicted. Numerical analysis of Smoluchowski kinetic equations shows that

as lateral aggregation becomes more important deviations from a geometric distribution will be

observed, altering P (s) [87,90,144].

4.4.2 Disk formation

Next, we consider aggregation induced by a rotating magnetic field [30–32,86,100,109,110,145].

We limit ourselves to a single concentration, frequency and field strength, as discussed in section

4.3.1. Figure 4.8 shows a sample of clusters that result from applying fields as outlined in

section 4.3.1. Qualitatively, clusters tend to be compact close packings of particles [30, 31]. In

a static field particles tend to aggregate in line with the imposed magnetic field, minimizing
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Figure 4.8: Images of the clustering process of particles in a rotating field with the coordination
numbers overplotted. (a) Initial configuration of a φ = 0.05 sample. (b) The same sample
60 seconds after the application of a B = 0.25 mT magnetic field rotating with a frequency
ω = 100 s−1. (c) 600 seconds after the initial application of the magnetic field.

their potential energy. Here, particles form islands that rotate with a frequency lower than the

imposed frequency [30].

By inspection, the clusters in figure 4.8 are consistent with those presented in the schematic

in figure 4.2, outlined in the theory section 4.2.2. For example, clusters of 7 particles tend to

form a hexagon with the addition of more particles starting a new shell, figure 4.8c. The simple

scheme for disk like structures, section 4.2, does not incorporate the possibility of clusters of the

same size having different shapes [146]. Small clusters, s < 4, adopt both chain structures and

compact structures. These account for a small fraction of all particles and the impact is not

expected to be large.

In figure 4.9a we show the mean cluster size as a function of time and observe that clusters

grow monotonically with time. We find that the growth follows the power law µ = 1.1+0.008t0.83,

consistent with previous observations [100]. The cluster size distribution at a time t = 1318 s

after the application of a magnetic field is shown in figure 4.9b. A shifted geometric distribution

of the same mean, µ = 4.91, is also plotted in red, showing excellent agreement over the range

of cluster sizes. In the inset of figure 4.9b, we further confirm that the cluster size distribution

is a shifted geometric distribution at all times by plotting σs against µ
√

1− 1/µ, equation 4.1.

The evolution of the fraction of particles with coordination numbers in the range c = 0− 6

is shown in figure 4.10a as a function of mean cluster size, and as a function of time. The

coordination numbers predicted from our statistical theory are also shown. In general there

is good agreement between theory and experiment. Zero coordination particles are described

well at all mean cluster sizes. At early times, we see a small excess of 1 coordination particles
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Figure 4.9: (a) The mean cluster size as a function of time, the red line represents the power
law fit µ = 1.1 + 0.008t0.83. (b) The cluster size distribution at time t = 1318s with the shifted
geometric distribution, µ = 4.91, shown. The inset shows the standard deviation, σs, against
µ
√

1− 1/µ, a function of the mean chain length. The solid line represents the prediction of
equation 4.1 : σs = µ

√
1− 1/µ

and a corresponding deficit of 2 and 3 coordination particles. This deviation is due to the

tendency for particles to still adopt chain like structures, as opposed to close packings. At late

times, we observe a slight over estimation of the number of 6 coordination particles; cluster

re-arrangements transiently break the close packing of clusters reducing the average number of

6 coordination particles.

To summarise the data presented in figure 4.10a, we plot the mean coordination number

against the standard deviation of the coordination numbers in figure 4.10. Excellent agreement

is seen between theory and experiment for all coordination number confirming that our model

captures the key structural properties of the clustering process.

4.5 Conclusions

We have developed a direct relation between the coordination number statistics and the mean

cluster size using simple statistical considerations. We confirm our model on a chain forming

experimental model system of paramagnetic colloidal particles in an external magnetic field.

Our approach has been confirmed by atomistic computer simulations by systematically varying

the starting configuration, affecting the nature of the chain formation process, indicating a

compound Poisson like process in the experiments. Our results imply that the coordination
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Figure 4.10: (a) Graphs of the fraction of particles with a particular coordination number as a
function of µ, black squares, and time t, grey triangles. Solid lines correspond to the theoretical
curves in time, blue, and in mean cluster size, red. See text for details. (b) σc against c̄, the
solid line represents the result of our statistical analysis. To extend the curve to higher mean
coordination numbers, 25000 possible clusters where considered.
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number distribution fully characterises the cluster size distribution and vice versa at all times.

Our probabilistic approach of analysing cluster formation through coordination number statistics

is applicable to more complex systems, such as the 2D disk that we have demonstrated, and

provides a general geometric perspective on self-assembly.
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Chapter 5

Coarsening dynamics and structural

properties of magnetorheological net-

works

ABSTRACT

In this chapter, we investigate the structural properties of magnetorheological networks. The size

distributions, orientational ordering and spatial distribution of the void phase is investigated and

compared to random fiber theory. In the fiber phase, the segment length distribution is charac-

terised, as well as the distributions of fiber widths and orientations. These network properties are

interrelated such that the entire growth process of fibrous networks can be summarised in terms

of a single length scale. We follow the evolution of this length scale in time for a range of fields

and concentrations, investigating the dynamics of the network coarsening and its dependence on

magnetic field strength and surface coverage.

5.1 Introduction

Fibrous networks are of great general importance and have found myriad applications in filtra-

tion, composite materials, catalysis as well as biomedical applications [40–45]. Paper is another

well known example in which fibers are deposited from a suspension generating random networks.

53



54
COARSENING DYNAMICS AND STRUCTURAL PROPERTIES OF

MAGNETORHEOLOGICAL NETWORKS

Figure 5.1: Microscopy image showing the percolating network of paramagnetic particles that
results from applying a magnetic field. The snapshot is 30 s after the application of a 1.88 mT
magnetic field to a sample of particles with a surface coverage of φ = 0.63.

System spanning networks of particles formed due to induced anisotropic interactions have

also been observed in both electrorheological and magnetorheological systems [33, 34]. In two

dimensions, at surface fractions greater than φ = 0.3 percolating networks of paramagnetic

particles are formed when a constant magnetic field is applied [22]. An image of such a network

is shown in figure 5.1, note that this is a kinetically arrested state. The thermodynamic state

can only be accessed with pulsed fields that allow the structure to rearrange into the minimum

energy structure [35–39].

A range of methods have been used to study these structures including, simulations, light

scattering, ultrasonic propagation, conductance, optical transmittance and optical microscopy,

mostly in three dimensions [88,116,147–154]. A detailed understanding of the mesoscopic struc-

ture in two dimensions remains an open question. The structural properties of random networks

can be described by the theory of stochastic fibrous networks [155–158]. In this chapter we will

investigate the extent to which these model random networks resemble networks of paramagnetic

particles and highlight the differences between them.

In this chapter we elaborate on the structural distributions of particle networks in two

dimensions and investigate the magnetic field dependence and the surface coverage dependence

of network formation. We will first introduce random fibrous networks, a model system to which

we compare our experimental system, section 5.2.1. We then outline the experimental methods

used, section 5.3.1, and new image analysis methods needed to quantify stochastic networks of

particles, section 5.3.2. In section 5.4.1 we report the distributions of network properties for a

range of surface coverages and magnetic fields. We then probe how these properties are related

to each other, section 5.4.3. We then report on the coarsening dynamics of two dimensional

magnetorheological networks in terms of the mean void area, section 5.4.4.
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5.2 Theory

The theory of stochastic random fibrous networks is introduced. Some of the key structural

properties are derived and the effects of introducing orientational order are described.

5.2.1 Stochastic fibrous networks

The archetypal random fiber networks are constructed with fibers (rigid rectangles of fixed

length, l, and width, ω) obeying three criteria [155]:

1. fibers are positioned independently of each other;

2. the fibers have a uniform probability of being deposited at any point;

3. and the fibers have an equal probability of making all possible angles relative to an arbitrary

fixed reference axis.

The properties of random fibrous networks networks are well documented and many structural

properties of networks obeying these rules may be derived mathematically. We will outline here

some key results following the work of W. W. Sampson [158].

Consider two fibers, of length l and width ω, being placed at random in a unit square with

the fibers forming an angle φ relative to each other. The probability of two fibers forming a

relative angle φ is uniform with the probability density function (pdf) P (φ) = 1/π, 0 ≤ φ < π.

Having placed one fiber, there is a chance that a subsequent fiber will overlap with the first

when being placed, P (cross). The probability of this is given by the ratio of the area of the

parallelogram illustrated in figure 5.2a and the total area of the square, defined with sides of

unit length. The parallelogram is centered on the first fiber and has sides of length l and an

interior angle of φ. It follows that the probability of two fibers crossing is given by:

P (cross) =

∫ π

0
P (cross|φ)P (φ)dφ =

∫ π

0

l2 sinφ

π
dφ =

2l2

π
, (5.1)

where P (cross|φ) is the probability of crossing given that a particular relative angle has been

formed. Note, this is dimensionless due to the division by the area of the square, defined with

sides of unit length.
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Figure 5.2: (a) Two fibers of length l and width ω with a relative angle φ. Around the horizontal
fiber is a parallelogram with sides of length l and an angle of φ, it represents the area from which
the center of the second fiber is excluded if the fibers are to not intersect. (b) A network of
several fibers intersecting with a selection of intervals of the same length g containing different
numbers of crossings, k.

If there are nfiber fibers per unit area, the number of possible crossings is approximately

1
2n

2
fiber. The expected number of crossings per unit area, ncross, is then the product of the number

of possible crossings and the probability that a crossing occurs such that

ncross =
n2

fiberl
2

π
=

c2

πω2
, (5.2)

where c is the coverage, the average number of fibers covering a given point, given by c = wlnfiber.

The crossings per fiber is given by ncross/fiber = 2ncross/nfiber = 2lc/πω. A fiber of length l

subdivided this many times will result in segments with a typical length, ḡ, given by

ḡ =
l

ncross/fiber
=
πω

2c
. (5.3)

Assuming crossings are independent random events; the number of crossings, k, within an

interval of length g is governed by a Poisson distribution with mean µ = g/ḡ:

P (k) =
e−µµk

k!
. (5.4)

The probability that no crossings occur in an interval g is P (k = 0) = e−µ. If we consider

intervals that have at one end an intersection we find that 1−P (k = 0) represents the cumulative
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probability distribution of segment lengths, figure 5.2b. The pdf of segment lengths, P (g), is

therefore given by:

P (g) =
1

ḡ
e
− g
ḡ , (5.5)

an exponential distribution with mean ḡ, variance ḡ2, and coefficient of variation 1. The coeffi-

cient of variation, cv, is the ratio of the standard deviation and the mean, cvg = σg/ḡ = 1. We

note that the exponential distribution is a special case of the gamma distribution,

P (x) =

(
β
α

)−α
xα−1e

−αx
β

Γ(α)
, (5.6)

which has a mean β, variance β2/α, and coefficient of variation 1/
√
α. Γ is the gamma function.

We use the gamma distribution to investigate correlations in the intersections of fibers. Relative

to α = 1, which we call the random limit, α > 1 probes flocculated intersections, α < 1 dispersed

intersections. In the flocculated limit the intersection points on a fiber exhibit some degree of

clumping, and in the dispersed limit they tend to spread themselves more evenly. In the limit

that α = 1 the gamma distribution reduces to the exponential in equation 5.5 that results from

fibers placed independently of each other. For generality, we will continue the theory using the

gamma distribution, equation 5.6, and note that when α = 1 and β = ḡ we recover the random

limit.

The intervals between crossings define the perimeters of voids; the distribution of void sizes

follows from the distribution of segment lengths (equation 5.6). The probability distribution for

the area of voids, P (a), described by rectangles with sides independently drawn from the segment

length distribution, such that a = gxgy, is given by:

P (a) =

∫ ∞
0

P (gx)P (gy)dgx =
2aα−1

(
α
β

)2α
K0

(
2
√
aα
β

)
Γ(α)2

. (5.7)

This has a mean ā = ḡ2, variance σ2
a = 3ḡ4, and coefficient of variation cva =

√
3 in the random

limit of α = 1. K0 is the zeroth order modified Bessel function of the second kind. Equation

5.7 is well approximated by a gamma distribution, equation 5.6, with the same coefficient of

variation. A comparison of the two distributions is given in figure 5.3. The gamma distribution

has been found to accurately model the void space in several physical systems, such as as the
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Figure 5.3: (a) The theoretical probability density functions for the segment length (g, grey),
the void area (a, red), and the void radius (r, black). The solid lines represents the theoret-
ical predictions in the random limit, the dashed lines are gamma distribution with equivalent
coefficients of variation. All the distribution presented have a mean of 1. (b) The mean vs
the standard deviation of the distributions presented in a, all are straight lines with a gradient
defined by the coefficient of variation.

voids of sandstone and in a range soils, reinforcing its use here as a candidate distribution for

the void size distributions or a percolating network [159,160].

Finally, we consider the probability distribution of the radii of circles with the same areas

as the voids that we have just derived, P (r), with r =
√
a/π. We find this with a suitable

change of variables

P (r) =
da

dr
P (a) =

4πα
(
αr
β

)2α
K0

(
2
√
πrα
β

)
rΓ(α)2

, (5.8)

such that the mean is r̄ = ḡ
√
π/4, the variance is σ2

r = ḡ2(1/π − π/16), and the coefficient of

variation is σr/r̄ = (16− π2)1/2/π = 0.79. As before, the coefficient of variation is independent

of the mean, indicative of a gamma distribution which is found to be an excellent approximation

of equation 5.8, figure 5.3a.

The probability densities of the segment length distribution, equation 5.5, void area dis-

tribution, equation 5.7, and the void radius distribution, equation 5.8, are plotted in figure 5.3

along with their approximating gamma distributions, equation 5.6. A table summarising the

expected distributions of key properties of a random fibrous network is given in table 5.1. In

addition to the unweighted mean, variance, and coefficient of variation, we also include the area
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Property Distribution Mean Variance Unweighted cv Area-weighted cv

Segment Length Exponential* ḡ ḡ2 1 n/a

Segment Width Constant ω 0 0 n/a

Void Area Gamma ḡ2 3ḡ4
√

3 ≈ 1.73 1.18

Void Radius Gamma ḡ
√
π

4 ḡ2
(

16−π2

16π

)
(16−π2)

π ≈ 0.788 0.53

Table 5.1: A summary of the distributions and key interrelations that result from random fiber
theory. * Note: the exponential is a special case of the gamma distribution.

weighted coefficients of variation, as it turns out that all of these values are experimentally

relevant.

In addition to the random network system outlined above, stochastic deviations to the

orientation of fibres may also be investigated. In equation 5.1, we used a uniform probability

distribution for the probability distribution of relative angles. To model a preferential orientation

of fibers, fibers are considered to have a peaked distribution of angles relative to a fixed reference

axis. The one parameter cosine distribution is a common candidate:

P (θ) =
1

π
− ε cos(2θ), (5.9)

where ε is a pre-factor that encapsulates the degree of orientation ordering: increasing ε decreases

the variance. The one parameter cosine distribution, defined in the range 0 < θ < π, can only

handle a range of 0 < ε < 1/π, limiting the degree of orientational ordering it can model. In

spite of this, it is still informative to consider the influence of ordering fibers in this way. It

is often used in the place of other distributions, such as the Von Mises (equation 5.12), which

would require numerical treatment but do not substantially alter the inferences we can make on

the influence of ordering fibers [158].

Using the one parameter cosine distribution, the expected number of crossings per unit

area becomes

ncross =
c2

πω2
− c2πε

6ω2
. (5.10)

The crossings per fiber follows, as before, as ncross/fiber = 2ncross/nfiber = cl(6−π2ε2)/3πω. This

has a corresponding influence on the mean distance between inter-fiber crossings such that the



60
COARSENING DYNAMICS AND STRUCTURAL PROPERTIES OF

MAGNETORHEOLOGICAL NETWORKS

mean segment length is given by

ḡ =
πω

2c(1− π2ε2

6 )
− 8ω

3π(1 + 2
−6+π2ε2

)
, (5.11)

indicating that increased orientational ordering leads to longer mean segment lengths, which

has a knock-on effect on the mean void area and radii, equation 5.7. The crossings of oriented

fibers, like the crossings of uniformly oriented fibers, are a point Poisson process in the plane.

It follows that the segment length distribution in a network of oriented fibers is exponentially

distributed. The void distribution follows from the segment length distribution, as before for

uniformly oriented fibers (equation 5.7), and a Gamma distribution with cv = 1.73 is expected.

Experimentally, the similarity of orientated and un-oriented fibers has been corroborated with

simulations of fibrous networks exhibiting the same distributions of inscribed circles in both

cases [161].

Experimentally we will find that voids and segments are more strongly orientated than can

be captured by the one parameter cosine distribution. We will compare both the void orientation

distribution and segment orientation distribution to the Von Mises distribution centered around

θ̄ = 0. The Von Mises probability density function, defined for −π < 2θ < π, with a mean

orientation θ̄ = 0, is defined by:

P (θ) =
eεvm cos(2θ)

πI0(ε)
. (5.12)

It has a mean of 0, and a one-to-one relationship between εvm and the variance, which captures

the degree of orientational ordering. Here I0 is the zeroth order modified Bessel function of the

first kind.

Throughout this theory section we have implicitly assumed that the length of fibers, l, is

much larger than both the width, ω, and the typical inter-crossing distance, ḡ. The limit of this

is a line process in which fibers are infinitely long and thin [158]. Figure 5.4 shows images of

simulated infinite line processes and illustrates the effects of systematically varying the number

of fibers, the degree of orientational ordering, and the thickness of fibers. In panels a-c, there

is no preferred orientation and we show the effects of varying the number of fibers. Panels d-f

show the effects of increased ordering, voids become elongated as the order increases left to right.

Panels g-i show the effect of increasing the width of fibers, small voids are filled in as larger
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Figure 5.4: Simulated stochastic fibrous networks. (a-c) a uniform angular probability is used
with fibers of a fixed width 0.0025 while the number of fibers is 50, 100 and 150 respectively.
(d-f) 100 fibers with a fixed width 0.0025 are generated with a Von Mises distributed angle
relative to the x axis such that the standard deviation is expected to be 0.63, 0.33 and 0.23
respectively. (g-i) 100 fibers drawn from the same angular distribution, with standard deviation
0.33, are generated with widths of 0.005, 0.01 and 0.02 respectively. The plotting area for each
is a unit square and widths are given in terms of fractions of this arbitrary unit.
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voids shrink - the distribution is not expected to be affected by this [162].

5.3 Methods

5.3.1 Experimental methods

In this chapter we use the same experimental system as we have done in the previous chapters,

outlined in section 2. In summary, we use monodisperse paramagnetic spheres with a diameter

of 3.0 µm (Dynabeads R©, Life Technologies). Concentrated suspensions with packing fractions

0.4 < φ < 0.8 are confined by gravity to a monolayer at the bottom of a quartz glass sample

cell. A uniform external magnetic field ranging from B = 0 − 3.2 mT is applied throughout

the whole sample. The subsequent network formation is captured using video-microscopy and

analysed with the methods outlined in section 5.3.2.

In this chapter we use a 4× magnification objective, which is lower than was used in the

previous chapters. Single particle detection is not possible at these magnifications as the typical

radius of a particle is ∼ 1 pixel, so only larger structures can be observed. We measure the

properties of voids, the area between connected regions of particles, and the fiber phase, the

contiguous region of particles.

5.3.2 Image analysis of networks

We extract quantitative measures of the structural properties of the networks from digital im-

ages using novel image analysis algorithms. Particles appear as dark regions when viewed with

brightfield microscopy with bright ellipsoid like structures, voids, spread throughout the parti-

cle’s fiber phase. Figure 5.1, shows an example image. We introduce here the image analysis

algorithms we use to extract the dimensions, positions and orientations of voids, and the lengths,

widths and angles of representative segments of the fiber phase.
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Figure 5.5: (1-4) show the stages of the void phase image analysis algorithm, see text for details.

Void phase image analysis

Figure 5.5 illustrates the image analysis process we use to identify voids, continuous areas free

from particles. Voids are segmented by an intensity threshold, reducing the image to a binary

image in which the voids are connected regions of white pixels, figure 5.5(2). The voids can

then be identified with standard morphological transforms, figure 5.5(3). These components are

fitted with an oriented best fitting ellipse, giving an angle and two orthogonal length scales. We

take the number of pixels in a component to be a measure of the area. In figure 5.5(4) we plot

the ellipses identified by this analysis, for clarity only voids sampled by more than 10 pixels are

shown.
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Figure 5.6: (1-7) show the stages of the fiber phase image analysis algorithm, see text for details.

Fiber phase image analysis

We quantify the fiber phase, the system spanning network of particles, as a set of representative

segments. We define these to be the set of points between branching points in a morphological

thinning of a binary image. First, we segment an image using an intensity threshold, figure

5.6(1). To this binary image we apply a morphological thinning transform, successive erosions

until convergence is achieved, resulting in a skeleton image, figure 5.6(2). The branching points of

the skeleton image are identified with inbuilt Mathematica routines, figure 5.6(3), and subtracted

from the morphological thinning. This results in isolated groups of pixels that can be identified

as representative segments using morphological transforms, figure 5.6(4).

So far in this analysis of the fiber phase we have obtained information about the length

of segments and about their orientation. We do not, however, have any information about the

width of segments. To obtain this, we partition the binary image into 1 pixel wide columns

perpendicular to the mean fiber orientation, figure 5.6(5). We can now assign a thickness

to all points in the original image. The thickness at a point is the number of pixels in the

corresponding component found in the columns in figure 5.6(5). We construct a matrix with the

same dimensions as the original image where each element is the thickness measured from the

slices, figure 5.6(6). This provides a look up table of thicknesses that can be coupled with the



5.3 METHODS 65

segments from figure 5.6(4).

In summary, to analyse the segments (numbers correspond to the panels in figure 5.6):

1. Following on from step 2 of the void phase analysis, figure 5.5(2), invert the binary image

(white become black, and black becomes white).

2. Reduce this binary image to a skeleton by successive erosions until convergence.

3. Identify the branching points of the skeleton using standard algorithms.

4. Remove the branching points from the skeleton and identify the resultant components.

5. Slice the image into columns 1 pixel wide and measure the width of each component in

each slice.

6. From 5, construct an array of values of the width of the fiber at that point. (In figure

5.6(6) the intensity is proportional to the width.)

7. Combine 4 and 6, segments are identified from the skeleton and width information is

retained by coupling with 6.

Breakdown at late times: In figure 5.6(7) we have illustrated the fiber phase analysis

on a sample of φ = 0.65, B = 1.25 mT, at a time t = 3.2 s after applying a magnetic field. At

these early times the segments measured define the perimeters of all voids. In figure 5.7, we

show the results for the same sample but at a later time t = 879 s. The segments measured

define the perimeters of small voids annealed into the fiber phase and, as a result, are often

broken into several smaller sections around larger voids. The segments represent the structure

of the network at all times but we only expect them to be consistent with the segments defined

in random fiber theory at early times.

Figure 5.7: The results of the void phase image analysis algorithm, as detailed in the text, at
879 s after the field is applied.
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5.4 Results and discussion

At the outset of this chapter, we outlined the theory of random fibrous networks as an idealised

model of the network structures that we observe in two dimensional suspensions of paramagnetic

particles. First we will establish the distributions of the characterising properties of the void

phase: area, a; semi-major radius, r1; semi-minor radius, r2; orientation, θv; and elongation,

r1/r2 as well as the characterising properties of the segment phase: length, g; width, ω; and

orientation, θs. These distributions are compared to the theoretical predictions. Having char-

acterised the distributions, we have established the minimal amount of information required to

report a given property, typically using a mean or standard deviation. We go on to establish the

interrelations of properties and compare these to the relevant theoretical predictions. Ultimately

these interrelations allow us to report a single property which expresses the state of a system in

its totality.

The coarsening dynamics are then investigated by considering the influence of time, field

and concentration on the evolution of the network structure. It turns out that we observe

two distinct growth pathways, one that occurs at higher concentrations and the other at lower

concentrations.

5.4.1 Distributions

From the theory of stochastic networks, section 5.2.1, we derived the area of voids and their

typical radius from the segment length distribution - we present the segment length distribution

first, followed by the distributions of void area and radii. We then present the fiber width

distribution, followed by the angular distributions of voids and segments. Note that for all of

the void properties we have used an area weighted mean. We use a weighted mean to account for

the presence of small annealed voids in the fiber phase that are numerous but do not contribute

to the perceived bulk structure. By giving favour to larger voids we capture the dominant

features of the network at all times. Additionally, note that all distribution are averaged over

all times for all takes φ > 0.6.
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Segment length distribution

In figure 5.8a we plot the mean segment length, ḡ, against the standard deviation, σ(g). We find

that the mean and standard deviation are proportional. Fitting with a straight line y = a∗x+b,

we find that the coefficient of variation is 1.29. The segment length distribution is expected to

be an exponential distribution, equation 5.5. The exponential has a coefficient of variation of

unity so a value of 1.29 represents a slight deviation of experiment from random fiber theory.

Figure 5.8: (a) The standard deviation of the segment lengths plotted against the mean showing
a straight line of gradient 1.29. (b) The pdf of rescaled segment lengths. In black is a gamma
distribution, equation 5.6 , with a mean of 1 and the coefficient of variation as measured from
experiment, cv = 1.29. The inset shows the cdf (cumulative distribution function).

We confirm that the segment length distribution is well described by a Gamma distribution

by re-scaling all the segment lengths with the mean and plotting it against a gamma distribution

with a mean of 1 and a coefficient of variation of 1.29, figure 5.8b.

In section 5.2.1 we noted the possibility of segment length distribution with non unity

coefficients of variation. Using the experimentally measured coefficient of variation we predict

the influence of this deviation from an exponential distribution on the subsequent void area

and radius distributions from equations 5.7 and 5.8. For the area distribution, we now expect

a coefficient of variation of 1.28 rather than the 1.18 that we previously observed, table 5.1.

Similarly, for the radius we expect the coefficient of variation to be 0.6 instead of 0.53, table 5.1.
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Figure 5.9: (a) The standard deviation of the void areas plotted against the mean showing a
straight line of gradient 1.43. (b) The pdf of rescaled void areas. In black is a gamma distribution
with a coefficient of variation cv = 1.43, as measured from a. The inset shows the cdf.

Void area distribution

In figure 5.9 we plot the mean void area, ā, against the standard deviation, σ(a), and find

a linear relationship with gradient 1.43. We show in figure 5.9 that this distribution, like the

segment length distribution, may be rescaled by the mean and is well approximated by a gamma

distribution. Taking into account the cv measured for the segment length distribution, the void

area distribution is well captured by random fiber theory. The difference between 1.28, the

expected coefficient of variation, and 1.43, the experimentally observed value, may be in part

due to the limited range of segment lengths probed. Due to the breakdown in image analysis of

the segment length distribution, section 5.3.2, only the early stages of the segment growth are

probed.

Void radii distributions

The theory as outlined predicts only a single length scale, equation 5.8, that characterises a

void. In the experimental system we find that voids are elliptical and so we can measure the

semi-major axis, r1, and the semi-minor axis, r2. Both length scales independently follow the

predicted distribution, the Gamma distribution, and have coefficients of variation equal to 0.85

and 0.81 respectively, figures 5.10 and 5.11. Like the area distribution, the coefficient of variation

is slightly larger than expected from random fiber theory as outlined in section 5.2.1, table 5.1.
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Figure 5.10: (a) The standard deviation of the void semi major axes is plotted against the mean
showing a straight line of gradient 0.85 (black). (b) The pdf of rescaled void semi major axes.
In black, the gamma distribution with mean 1 and coefficient of variation 0.85, extracted from
a. The inset shows the cdf.

Figure 5.11: (a) The standard deviation of the void semi minor axes is plotted against the mean
showing a straight line of gradient 0.81 (black). (b) The pdf of rescaled void semi minor axes.
In black, the gamma distribution with mean 1 and coefficient of variation 0.81, extracted from
a. The inset shows the cdf.

Segment width distribution

Theoretically, we provide no prediction of how the widths of fibers should be distributed; we as-

sume fiber widths to be constant in the construction of the random fiber model. Experimentally,

the case of fiber widths is complicated by the fact that a plot of the mean against the standard

deviation is not a straight line, shown in figure 5.12a. At the start of an experiment the parti-

cles are randomly arranged in the plane. When a magnetic field is applied they begin to align,

initially into chains. As this happens the apparent width, as measured with the image analysis
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Figure 5.12: (a) The standard deviation of the segment widths is plotted against the mean
showing a straight line of gradient 0.61 (black). A grey line indicates the progression of time.
(b) The pdf of rescaled segment widths. In black, a gamma distribution with coefficient of
variation 0.61 and mean 1 as measured from experiment. The inset shows the cdf.

outlined in section 5.3.2, decreases. As time progresses, particles begin to aggregate laterally

and the mean width begins to grow. After this initial attrition of the mean, a linear relationship

of mean width and the standard deviation is observed; a gamma distribution manifests when

fibers begin to coarsen laterally. The coefficient of variation of this gamma distribution is found

to be 0.61.

To complete the treatment of segment widths, the experimental probability distribution is

show in figure 5.12b, exhibiting excellent agreement with a gamma distribution with coefficient

of variation 0.61. The early time behaviour represents a small enough fraction of the total data

and do not impact the pdf shown in figure 5.12b.

Void and segment orientation distribution

Voids and segments have an orientation that we expect to be centered around the x-axis, the

axis along with we apply a field. We compare the distributions to the Von Mises distribution,

equation 5.12. In figure 5.13 we show, for a particular experimental run, the histogram of void

orientation fitted with a Von mises distribution. Excellent agreement is seen at all times. The

Von Mises captures the lack of a preferential orientation at early times and the strong preference

at late times.

To consider all the data for different times and takes we must attempt to collapse the
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Figure 5.13: The pdfs of void orientations, with a line showing a fitted Von Mises distribution,
for three points in time throughout an experiment with φ = 0.7 and B = 1.87 mT (a) t = 0.06
s, (b) t = 0.34 s, (c) and t = 30 s after the initial application of the magnetic field.

histograms onto the same distribution. To collapse a data set, {P (θexp)}, onto a Von Mises

distribution with θ̄ = 0 and εvm = 1 we estimate the epsilon that best fits a set of data, εest.

Then we modify our data with the function:

f(P (θexp)) =
(2π)

1
εest
−1

(P (θexp)I0(εest))
1/εest

I0(1)
, (5.13)

which reshapes the observed curve so that it fits a Von Mises distribution with mean 0 and

εvm = 1. This assumes that the data is indeed Von Mises distributed.

Figure 5.14: (a) The pdf of segment orientations with a line showing a Von Mises distribution
with mean 0 and ε = 1, (b) is the corresponding cdf.

For the segments, we have removed those that are less than 5 pixels long. Segments shorter

than this are limited in the number of orientations accessible due to the small number pixels.

If included, these short segments cause a sharp peak at θs = 0. We note that there are more

high angle segments than expected from a Von Mises distribution, see figure 5.14. This is likely
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Figure 5.15: (a) The pdf of void orientations with a line showing a Von Mises distribution with
mean 0 and ε = 1, (b) is the corresponding cdf.

caused by the breakdown of the fiber phase analysis. In the image analysis process, the skeleton

has to route around small annealed voids breaking it into small parts at high angles. It is an

artifact of the image analysis process as seen in figure 5.7 in section 5.3.2 and is particularly a

problem at late times.

The voids, on the other hand, are well described by the Von Mises distribution at all angles,

see figure 5.15. For both properties the relevant parameter to report is the standard deviation,

σ(θ), as this characterises the spread of the distribution.

Summary of distributions

In characterising the distributions of the length scales in the system we have found that, consis-

tent with theory, the ratio of the standard deviation and the mean is constant. We have made

repeated use of the gamma distribution to model these and seen that to a good approximation

it represents the observed distributions. Crucially, for all of these properties only their mean

determines the full distribution as the coefficients of variation are known. Similarly, treating the

orientation distribution of voids and segments as a Von Mises distribution, we can report the

angular distributions in terms of the standard deviation only. We have summarised the observed

distributions in table 5.2.
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Property Distribution Coefficient of variation

Segment Length, g Gamma 1.29

Segment Width, ω Gamma 0.61

Segment Orientation, θs Von Mises N/a

Void Area, a Gamma 1.43

Void Semi Major, r1 Gamma 0.85

Void Semi Major, r2 Gamma 0.81

Void Orientation, θv Von Mises N/a

Table 5.2: The observed distributions and, where relevant, coefficients of variation for all of the
properties discussed in the text.

5.4.2 Spatial distribution of voids

The polygons that result from a random line process are distributed randomly over the plane

with uniform probability and independently of each other [158]. This is a classic Poisson process

- if the plane is segmented into regions of equal area we expect the number of void centers in a

region to be described by a Poisson distribution. For a Poisson distributed variable, the mean

and variance should be equal, equation 5.4 [140].

Figure 5.16: The mean number of voids in an area vs the variance of the number of voids in
an area for different times throughout an experimental run with surface coverage φ = 0.65 and
field strength B = 1.25 mT.

To test if the voids are randomly distributed, we segment the plane into squares and

calculate the mean number of voids in a square and the variance of the number of voids. We

systematically vary the size of the squares used and observe how the mean and variance change.

This process is repeated at different times throughout an experimental run revealing how the
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distribution evolves in time. The results of this process are shown in figure 5.16. As time

progresses the gradient of the mean vs variance line increases indicating a deviation from Poisson

behaviour. At later times, when the network is established, stronger deviations from the Poisson

process are observed. The positions of voids, therefore, are not independent of each other.

5.4.3 Interrelations of network properties

We relate the key network properties to each other using a combination of random fiber theory

and empirically derived relationships. It turns out that by establishing a series of connections

between properties we can summarise the complete state of a network with any one property.

We will first establish the empirical relations.

Semi major Vs. semi minor: Empirically, the mean length of the semi major axis, r̄1, and

the semi minor, r̄2, are strongly correlated. To a good approximation they are linearly related,

r̄2 = 0.42 + 0.07r̄1, see figure 5.17a.

Ratio of axis Vs. elongation: Empirically, the mean elongation, the average of r2/r1 for

each void, is linked to the ratio of the mean of the radii taken independently, r̄2/r̄1, figure 5.17b.

This is fitted with a power law and we find that 〈r2/r1〉 = −0.12 + 0.93(r̄2/r̄1)0.53. An intuitive

result would be a one to one relationship. Over the range of values accessible the line of best

fit is 〈r2/r1〉 = 0.07 + 0.99r̄2/r̄1, i.e. an almost one to one relationship, however there is a clear

non-linearity in the data.

Elongation Vs. void orientation: Elongated voids experience a torque which tends to align

them with the magnetic field. More elongated voids are aligned more strongly by the field.

As a consequence, we expect there to be link between the mean elongation and the standard

deviation of void angles, plotted in figure 5.17c. Empirically, for more elongated structures,

smaller values of 〈r2/r1〉, the relationship appears to be linear. The full curve is fitted with

σ(θv) = 0.005 + 1.02〈r2/r1〉+ 37.4〈r2/r1〉6.4.

Void orientation Vs. Segment orientation: The angular distribution of voids and seg-

ments are clearly conceptually linked, with segments defining the borders of voids. Plotting the

standard deviations of these distributions against each other we find a linear interrelation of

σ(θs) = 0.33 + 0.32σ(θv), see figure 5.17d. However, this is only valid for standard deviations
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Figure 5.17: (a) Mean length of the semi major axes against the mean semi minor axes. (b) The
ratio r̄2/r̄1 against the mean elongation. (c) Mean elongation against the standard deviation
of void orientation. (d) Standard deviation of void orientation against standard deviation of
segment orientation. (e) Mean segment length against mean void area for the full range of data.
(f) Mean segment length against mean void area for values below the apparent divergence in e.
Lengths are in µm and areas in µm2.
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σ(θs) > 0.2 as our measure of segment angles breaks down at late times due to the presence of

small annealed voids in the fiber phase (section 5.3.2).

Segment length Vs. void area and semi major: This breakdown in segment analysis, the

partitioning of segments in the image analysis process due to the presence of small annealed

voids, is also observed for the interrelations of the mean segment length, ḡ, with the semi

major axis, r̄1, and with the mean void area, ā. For example, both the mean void area and

the mean semi-major length diverge at a mean segment length ḡ ≈ 6, figure 5.17e and figure

5.18b. Considering only values below the apparent breakdown, 5.17f and 5.18a, we find that

ā = 4.8+2.9ḡ2.2 and r̄1 = −6.06+5.4ḡ. This is consistent with random fiber theory, from which

we would expect ā ∼ ḡ2 and r̄ ∼ ḡ, table 5.1.

Void area Vs. semi minor: Random fiber theory predicts the mean of void radii to be

proportional to the square root of the area. This is confirmed in figure 5.18c where we find

that the semi-minor axis is strongly correlated with the area with a best fitting power law of

r̄2 = 0.9 + 0.09ā0.53.

Void area Vs. semi major: The semi-major axis is expected to be related to the mean void

area in a similar way to how the semi minor axis is related to the mean void area. However,

since we already know the interrelation of r̄2 and ā and the interrelation between r̄2 and r̄1, we

can straightforwardly derive a new relation for ā as a function of r̄1. In figure 5.18d we find that

the derived relation is in very good agreement with the data.

Segment length Vs. semi minor: For some connections, such as the r̄2 against ḡ, derived

relations are a powerful tool. In the case of r̄2 vs ḡ, since the void width is typically small when

the breakdown of the segment analysis occurs, we have only a limited range of data to establish

a relation. Instead, using the relation of r̄1 and ḡ, and the connection between r̄1 and r̄2, we

may estimate r̄2 vs ḡ from well established links. Figure 5.18e compares the predicted relation1

and the experimental data. As the aggregation process proceeds agreement between prediction

and experiment improves.

Segment length Vs. segment orientation: Linking the mean segment lengths to the standard

deviation of segment orientations is not possible as our measure of both properties breaks down

1The derived relations often do not have simple functional forms as they result from nested functions, as such
they are not presented. All of the information needed to reconstruct them is in the equations given for the other
properties.
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Figure 5.18: (a) Mean segment length against mean semi major length for the full range of
data. (b) Mean segment length against mean semi major length for values below the apparent
divergence in (a). (c) Mean void area against the mean semi minor length. (d) Mean void
area against the mean semi major length. The solid line represents a function derived from the
other relationships, see text. (e) Mean segment length against mean semi minor length only
for values below an apparent divergence. The solid line represents a function derived from the
other relationships, see text. (f) Mean segment length against the standard deviation of segment
orientation. The solid line represents a function derived from the other relationships, see text.
Lengths are in µm and areas in µm2.
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independently. Using the more strongly defined links already presented we can derive a relation

that we would expect to hold if a breakdown did not occur, figure 5.18f. At small segment

lengths, early times, the agreement is good. At all times the derived curve appears to describe

the minimum observed experimental value and follows the trend we expect from theory i.e. that

more strongly oriented fibers give rise to longer mean segment lengths.

Figure 5.19: (a) Mean void widths, r̄2, against the mean fiber width, ω̄. (b) r̄2φ/(1 − φ), a
function of the mean void width and the concentration, against the mean segment width. Inset
(b) Schematic indicating the conceptual slice outlined in the text. Note: such that the means
represent those of a thin slice, as shown in the schematic, we must length weight means for these
properties, as opposed to area weighting.

Semi minor Vs. segment width: The final property that we presented a distribution for

in section 5.4.1 is the segment widths, ω̄. We relate this to the void semi minor axis, the other

dominant length scale in the same direction, see figure 5.19. We find that the link between

these two properties is strongly concentration dependent. The widths of voids and the widths

of segments make up the height of the image, as illustrated in the inset of figure 5.19. We can

define the surface coverage in terms of the mean void radius in a slice as 1− φ = nr̄2/h, where

h is the height of the image and n the number of voids. In a slice the number of voids must be

the same as the number of fibers. Since nothing other than voids and fibers make up a slice we

know that nω̄ + nr̄2 = h. Substituting 1 − φ = nr̄2/h into this constraint, eliminating h from

the equation, we find that ω̄ = r̄2φ/(1−φ). Figure 5.19b shows how effectively this captures the

concentrations dependence revealing the linear dependence of the two properties. We fit this

with a straight line and find that ω̄ = −7.3 + 3.0r̄2φ/(1− φ).

We have established a graph of properties using the interconnections defined above, figure

5.20. This allows graph us to predict the value of all properties knowing the value of just one.
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Figure 5.20: All of the interrelations of properties we use to characterise particle networks.
solid lines indicate confirmed relations. White circles are void properties, grey circles are fiber
properties. See figure 5.17 and figure 5.18 , as well as the text, for details of these relations.

For example, knowledge of the mean void area is sufficient to state the standard deviation of

the orientation of voids by calculating the mean void radii, then from this the elongation, and

finally linking the elongation to the void orientation. Crucially, it represents a way of reducing

the number of properties required to summarise the state of a network as a whole to a single

property.

5.4.4 Coarsening dynamics

The statistical geometry of networks, discussed in the previous sections, was presented for sam-

ples with surface coverages φ > 0.60. At these concentrations, at all times a network consistent

with random fiber theory is observed. Concentrations below this threshold form a system span-

ning network via a qualitatively different pathway. Transiently, the distributions of structural

properties in these lower concentration takes are not consistent with random fiber theory. As

they are not fibrous networks at all times these takes were omitted from the previous section.

Plotting the weighted mean void area against time in figure 5.21 and splitting the data

into takes above this threshold value, φ > 0.60, and takes below it, φ < 0.60, reveals the

difference between the network formation at high concentrations and at low concentrations.

When φ > 0.60, we observe power law behaviour at all times, i.e. ā vs t is a straight line in
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Figure 5.21: (a) Plots of the weighted void area against time for takes with surface coverages
0.6 < φ < 0.75, for the full range of fields 0.614 mT < B < 3.12 mT. (b) Plot of the mean
weighted void area against time for takes in the range 0.45 < φ < 0.6, for the full range of fields.
Note the difference in scale between (a) and (b). Areas are given in units of µm2 and time in
seconds.

log-log space. For φ < 0.60, on the other hand, ā is only power law at late times (t > 50 s).

At times shorter than this, there is a period of rapid growth of the mean cluster size. This

growth profile either shoulders before entering a power law regime or peaks and decreases before

entering a power law regime.

The mechanisms of growth are revealed by plotting snapshots of the image analysis at key

points throughout an experiment. In figure 5.22 we show snapshots for both a high concentration

(φ > 0.60) sample and a low concentration sample (φ < 0.60) alongside plots of the weighted

mean area against time for these samples. For the low concentration sample, φ = 0.54, particles

begin to align with the field but retain enough of the disorder of their starting configuration such

that they segment the plane, figure 5.22a.1. The growth of chains continues and the particle

phase, transiently, does not form a percolating network, figure 5.22b.1. Chains and small clusters

begin to combine and segment the plane, restoring percolation. Instead of ellipses, voids are

maze-like structures with many unconnected ends of chains, figure 5.22c.1. As the free ends

connect with each other, and with the sides of other chains, voids become convex and the

network begins to resemble a random fiber network, figure 5.22d.1.

We contrast this with the higher concentration sample, φ = 0.67, which forms a percolating

network of particles at all times. At early times, the void shapes are still strongly influenced by

their random starting configuration, figure 5.22a.2. From then on, ellipse like voids grow and

fibers thicken, figure 5.22b.2− d.2.
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Figure 5.22: (1) A plot of the mean void area against time for a sample with φ = 0.54 subjected
to magnetic field B = 0.614 mT. (2) Plot of the mean void area against time for φ = 0.67
subjected to a field B = 0.614 mT. (a.1 - d.1) Snapshots indicating the components identified by
image analysis for the frames indicated on (1). (a.2 - d.2) Snapshots indicating the components
identified by image analysis for the frames indicated on (2).
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Figure 5.23: (a) Plots of the weighted void area against time for a range of surface coverages,
0.37 < φ < 0.8, all at a field B = 1.87 mT. (b) Plots of the weighted void area against time for
a range of field strengths, 0.31 mT < B < 3.12 mT, for the same sample with a surface coverage
of φ = 0.63.

To probe the transition in mechanism, which we expect to be strongly concentration de-

pendent, we perform a series of experiments at the same field strength while systematically

varying the concentration in the range 0.37 < φ < 0.8. Having confirmed that at long times

(t > 100 s) the power law behaviour persists, figure 5.21, we focus on the early time dynamics

only (t < 100 s). When φ = 0.59 we observe power law growth at all times while for φ = 0.53

we observe a deviation from power law, a marker of the onset of the low concentration growth

mechanism, figure 5.23.

Also in figure 5.23, we probe the field dependence of the coarsening process. For a single

sample, surface coverage φ = 0.63, we perform multiple experiments, systematically applying

fields in the range 0.31 mT < B < 3.12 mT for 100 s and allowing the sample to relax for

at least 10 minutes before applying a new field. For the complete range of fields we find that

the mean void size grows as a power law in time and that stronger fields cause the network to

coarsen more rapidly. The mean cluster size at the start of all runs is the same indicating that

all sample have been fully randomised.

In chapter 3 we outlined a method for extracting the concentration dependence and the

magnetic field dependence of the physical timescale present in the growth of the mean chain

length. We assumed that the property of interest is given by a monotonically growing function

f(φαBβt). We measured the time at which a particular mean chain length is achieved for

different takes and, since the mean chain length is the same, we know that φαBβt must also be
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Figure 5.24: (a) Maximum void area, āmax, plotted as a function of φ, the surface coverage, with
a straight line fit in red. (b) Plot of the time exponents, c, against surface coverage with the
mean value indicated in red.

the same. As a result, a plot of log(B) vs log(t) is a straight line with gradient −β for takes at

the same surface coverage. Conversely, a plot of log(φ) vs log(t) is a straight line with gradient

−α for experiments performed with the same magnetic field strength. We use the same method

here to extract the field strength dependence of the coarsening of the mean void area.

The experiments at a fixed magnetic field allow us to investigate the concentration depen-

dence of the growth process. Not all takes grow monotonically so the method outlined above

cannot be applied. The low concentration pathway (φ < 0.6), in which particles do not form a

percolating network at all times, is likely to be a strongly concentration dependent phenomena.

To estimate the magnitude of this effect we plot the final area observed, āmax, as a function of

φ. We find that āmax ∼ φ−4.6 revealing this strong concentration dependence.

The magnetic field dependence, however, is well characterised with this method. In figure

5.25a we show a plot of log(B) vs log(t) performing the extraction at different mean areas.

Independent of the mean void area chosen, we see a straight line with the same gradient. From

this we estimate that the β exponent is β = 1.94. From a naive point view a value of 2 is to be

expected as the force acting between particles scales in this way, section 2.2, and as a consequence

so too would an inherent timescale. In figure 5.25, as a visual confirmation, we rescale time to

collapse the data from experiments at φ = 0.63 by plotting t∗ against ā, where t∗ = Bβt. An

excellent collapse is seen at all times indicating that this time scale applies throughout the
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Figure 5.25: (a) Plots of the field strength against the time at which a particular mean void
area occurred. Different colours correspond to slices at different void areas. Black - ācut = 88a2,
Red - ācut = 54.6a2, Green - ācut = 34.7a2, Blue - ācut = 23.2a2. (b) Mean void area, ā, as a
function of a rescaled time Bβt where β = 1.94, determined from the slopes of (a).

aggregation process. Fitting with a power law we find that ā = 7.05 + 16.4(B1.94t)0.56.

5.5 Conclusion

We have investigated the structure and dynamics of two dimensional magnetorheological net-

works. We show that from digital microscopy images quantitative measures of the void areas,

radii and orientations can be obtained, as well as measures of the segment lengths, widths and

orientations. We interpret these in the light of random fiber theory and find that the probability

distributions are in good agreement with theory. Using a combination of random fiber theory

and empirically derived relations, we show that all of the network measures are interrelated such

that stating any one property is sufficient to derive the others. In the light of this, we investigate

the coarsening dynamics of the network in terms of the mean void area and two qualitatively

different mechanisms of growth were observed. At long times, we find a power law growth with

a time exponent of ≈ 0.5. The physical reason for the empirical relations of network properties

is not investigated and a detailed model of the coarsening dynamics remains an open question.
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Chapter 6

Coordination number statistics of net-

work formation

ABSTRACT

In this chapter, we propose a link between random fiber theory and the coordination number

statistics of particles that make up a magnetorheological network. We show that the fraction of

particles in the network with a coordination number less than 6 is key in quantitatively predicting

the area of voids. Also, we show that clusters of 2 and 4 coordinate particles correspond to

segments in a random fiber interpretation of the network, while clusters of 6 coordinate particles

represent a population of filled voids. Additionally, we show that singly coordinated particles are

a sensitive diagnostic tool to probe the initial aggregation mechanism.

6.1 Introduction

To fulfill the goal of exerting some degree of control on the structures of self-assembled materials

it is key to understand the interplay of local structure, macroscopic structure and dynamics.

One of the key properties that characterises the local structure around an entity is its coordi-

nation number [66, 70, 133, 163]. In particular, coordination numbers are used to quantify the

local structure in colloidal gels [67, 164–167]. System spanning networks of particles formed

due to induced anisotropic interactions have been observed in both electrorheological and mag-
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netorheological systems [33, 34] and are another fascinating example of assembly. A detailed

investigation of the microscopic properties of these field induced networks in terms of the coor-

dination numbers is lacking. As we show in this chapter, the coordination number analysis of

two dimensional networks of paramagnetic provides a quantitative link between the microscopic

structure and the mesoscopic structure.

Figure 6.1: Images of the network formation in a sample of paramagnetic particles, surface
coverage of φ = 0.60, subject to a uni-axial magnetic field of strength B = 1.55 mT. The
coordination numbers of particles are shown, and are determined by the image analysis outlined
in section 6.3. (a) t = 0.1 s after application of the magnetic field. (b) t = 1 s. (c) t = 10 s.

We investigate the coordination number statistics of networks using the experimental col-

loidal model system of 3 µm paramagnetic particles introduced in the previous chapters. An

example time series is presented in figure 6.1 showing the coordination numbers of a small

number of particles during network formation. A clear evolution of coordination number can be

seen. We combine the image analysis of particles and networks, and the cluster analysis methods

introduced in the preceding chapters. It turns out that the fraction of particles that are not 6

coordinate is a key parameter in quantitatively linking the coordination numbers and the larger

scale network properties which were discussed in chapter 5. We also find that the coordination

numbers are a sensitive measure of different aggregation mechanisms.

First, we present a theoretical link between the coordination number statistics of particles

and random fiber theory, section 6.2. We re-introduce the experimental system and outline the

specific alteration we have made for this chapter, section 6.3. We then confirm that the analysis

of these experiments is consistent with the previous chapter and go on to discuss the importance

of coordination numbers in determining the structure and dynamics of network formation in the

results section, section 6.4.
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6.2 Theory

Random fiber theory accurately predicts the distributions of pore dimensions and fiber dimen-

sions in two dimensional networks of paramagnetic particles, as shown in chapter 5. The theory

presented in chapter 5 is constructed independent of the particles that make up the network.

Here we propose a quantitative link between the theory of random fibrous networks and our

experimental system in terms of the coordination numbers of the particles.

6.2.1 Random fiber theory and coordination number statistics

In figure 6.2a we illustrate a line process with voids randomly filled. Comparing this to figure

6.2e, in which we illustrate a network with all of the 6 coordinate particles faded, we see that

6 coordinate particles correspond to the filled voids of a line process. In this analogy all of the

particles that are not 6 coordinate particles correspond to the lines in a line process and clusters

of 6 coordinate particles are filled voids.

In our experiments we observe that, for a percolating network, only particles with coor-

dination numbers of c = 2, 3, 4, 5, and 6 have a significant population. In an idealised scenario

these can be split into several categories:

• 2 coordinate particles are primarily in 1 particle wide chains that separate voids, shown

in figure 6.2b.

• 4 coordinate particles are on the edge of fibers. They will either have 6 coordinate particles

on one side and a void on the other or, if the fiber is 2 particles wide, a void on both sides,

shown in figure 6.2c-d.

• 6 coordinate particles form clusters bordered by chains of 4 coordinate particles and by

nodes of 3 and 5 coordinate particles, shown in figure 6.2e.

• 3 and 5 coordinate particles define nodes - the intersection between chains.

To predict the mean area, we recast equation 5.2 for the number of crossings per unit area,
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Figure 6.2: (a) A line process defining polygons, which we call voids. A random selection of the
voids are greyed out, which we will refer to as filled voids. (b) A chain of 2 coordinate particles
with a void above and below. (c) 4 coordinate particles on the edge of a thick fiber. They have a
void on one side and 6 coordinate particles on the other. (d) A 2 particle wide chain. In this case
all particles are 4 coordinate. (e) An illustrative schematic of a network of particles. Particles
with six neighbours are greyed out to highlight the idea that all other particles represent a line
process in the plane.

ncross, in terms of τ , the total line length per unit area [162]:

ncross =
τ2

π
. (6.1)

In figure 6.2e we have shown how all non-six coordinate particles contribute to the total line
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length. Assuming that all particles contribute a length equal to their diameter, 2a, to the total

line length, then the total line length per unit area will be 2(1 − P (c = 6))an, where n is the

number of particles in a unit area. Noting that, in a unit area, φ = nπa2, we have:

τ =
2φ

πa
(1− P (c = 6)). (6.2)

In a line process, all intersections contribute 4 verticies to polygonal voids, as shown in

figure 6.2a. It is known that the mean number of sides of the polygons formed by a line process

is also 4 [158,162]. It follows that nvoid = ncross. The mean area, āline, is then the area (defined

to be a unit area) divided by the number of voids [162]:

āline =
1

nvoid
=

π

τ2
=

π3a2

4φ2(1− P (c = 6))2
. (6.3)

Equation 6.3 holds true for lines without thickness. The particles that define the line

process occupy an area of φ(1 − P (c = 6)). Taking this into account we find the mean area of

voids is:

āall =
1− φ(1− P (c = 6))

nvoid
=
π3a2(1− φ(1− P (c = 6)))

4φ2(1− P (c = 6))2
. (6.4)

6.3 Methods

We use the colloidal model system of monodisperse paramagnetic spheres with a diameter of

3.0 µm outlined in section 2.3.2. Concentrated suspensions with packing fractions 0.35 < φ <

0.6 are confined by gravity to a monolayer at the bottom of a quartz glass sample cell. A

uniform external magnetic field with field strengths ranging from B = 0 − 3.2 mT is applied

throughout the whole sample. The subsequent network formation is captured using video-

microscopy, outlined in section 2.4.

Compared to the previous chapter, where we also looked at network formation, we use a

40× objective as opposed to a 4× objective. As a result, single particle detection is now possible

as the typical radius of a particle is ∼ 10 pixels. However, we can only probe a limited range

of network formation due to the limited field of view. To ensure reliable results at all times, we
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only probe the first 10 s of network formation.

To measure the coordination numbers of particles in an image, we use the single particle

detection outlined in section 2.4.1 and clustering algorithms outlined in section 2.4.3. First,

we binarise an image with an intensity threshold. In the resulting binary image both voids

and particles are present as white pixels. We then separate the components that correspond to

particles and the components that correspond to voids by introducing a size criterion, i.e. we

declare all components larger than the typical size of the particles’ bright spot as voids. For the

particle components we compute their coordinates, and for the voids we count the number of

pixels in each component and take this as a measure of their area.

From the particle coordinates we construct an adjacency matrix where neighours are de-

termined by a distance cutoff and from this adjacency matrix we can calculate the coordination

numbers of particles using equation 2.25, section 2.4.3. We can then use the clustering algorithm

outlined in section 2.4.3 to determine clusters of 6 coordinate particles.

We also use the clustering algorithm outlined in section 2.4.3 to determine chains of par-

ticles which are either 2 or 4 coordinate. To ensure that we identify chains of particles we use

the criteria that particles must be both within a radius determined by the minimum in the g(r)

and within a vertical displacement of 1.5a to be considered neighbours. This separates chains

that are laterally aggregated and aligned with the applied field (x direction).

6.4 Results and discussion

6.4.1 Void areas

In this chapter we will use the mean void area to characterise the state of a percolating network

of paramagnetic particles. In chapter 5, we found that the area weighted mean void area can

be used as one of the main statistical parameters that characterise these magnetorheological

networks, see section 5.4.3. In chapter 5 we used area weighted statistics due to the presence

of small annealed voids. At the relatively short timescales that we probe in this chapter, we do

not expect to need to area weight the void distributions as we observe few small annealed voids

over these timescales. To confirm that the use of unweighted statistics is applicable here we
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Figure 6.3: (a) The standard deviation of void areas plotted against the mean showing a straight
line of gradient 1.77. (b) The pdf of rescaled void areas. In black, a Gamma distribution with
a mean of 1 and a coefficient of variation cv = 1.73 (equation 5.6). The inset show the cdf.

compare the coefficient of variation, cv, of void areas to the prediction of random fiber theory

(see table 5.1 for reference). From figure 6.3a, where we plot the mean void area against the

standard deviation of the void areas, we find that the coefficient of variation is constant and has

a value of 1.7, consistent with the random fiber theory prediction of cv = 1.73. From random

fiber theory, as outlined in section 5.2.1, we expected the void areas to be Gamma distributed,

equation 5.6. To test this we renormalise the experimental void area distributions by the mean

void area, plotted in figure 6.3b, and find that the resultant distribution is well approximated

by a Gamma distribution with the random fiber theory coefficient of variation (cv = 1.73). For

this analysis we have considered only runs with a concentration greater than φ = 0.55. At these

concentrations a percolating network of particles is observed at all times, consistent with the

observations made in section 5.4.4 where we found that the crossover between systems that are

percolating at all times and those that are not was in the concentration range 0.53 < φ < 0.59.

In figure 6.4a we plot the void area against time for three samples with concentrations of

φ = 0.4, φ = 0.5, and φ = 0.6. In the growth of the mean void area we observe a transition

from power law like behaviour, φ = 0.6, to non-monotonic growth, φ = 0.4 and φ = 0.5, as

discussed in section 5.4.4. The root cause of this change in growth profile is the transition from

a percolating network being present at all times (monotonic pathway) to having an initial period

of cluster growth followed by coarsening of a percolating network (non-monotonic pathway).
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Figure 6.4: (a) Mean void area, ā, as a function of time, t for three samples at surface coverages
of φ = 0.4, 0.5, and 0.6 respectively, all subject to a magnetic field B = 1.55 mT. (b) The
fractions of singly coordinated particles as a function of time for the same sample represented
in (a).

6.4.2 Singly coordinated particles

Next, we consider the coordination number statistics of network formation. In particular we will

start by focusing on the fraction of 1 coordinate particles, P (c = 1). Singly coordinated particles

are of particular interest as they represent the ends of chains. As such they are a key structural

feature that distinguishes between the pathways corresponding to monotonic growth of the void

area and non-monotonic growth of the void area. We expect the fraction of chain ends to be

significant when the low concentration, non-monotonic pathway is present, and insignificant

when the high concentration, monotonic pathway is present. In figure 6.4b we plot the fraction

of 1 coordinate particles, P (c = 1), against time for samples with concentrations of φ = 0.4,

φ = 0.5, and φ = 0.6. For φ = 0.4, we see that at short times there is a significant proportion of

1 coordinate particles indicating that the low concentration, non-monotonic pathway is present.

At late times, t ≈ 10 s, the fraction of 1 coordinate particles diminishes to a negligible level

as a percolating system is regained and the mean void area starts to grow as a power law,

consistent with the higher concentration takes, see figure 6.4a. For φ = 0.5, the fraction of

one coordinate particles is small but significant, again showing the network formation at this

concentration occurs via a non-monotonic pathway. The chain ends aggregate and the fraction

of one coordinate particles decays becoming insignificant at a time earlier than for the φ = 0.4

sample. Consistent with this observation we see in figure 6.4a that the mean void area regains

its power law growth behaviour at a correspondingly earlier time. For φ = 0.6, we expect to
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Figure 6.5: (a) φ vs t2.5% for different field strengths. (b) B vs t2.5%, binned into groups of
different surface coverages.

observe a percolating network at all times. Accordingly, there is no significant fraction of singly

coordinate particles at any time, which confirms that the fraction of 1 coordinate particles is a

good microscopic fingerprint of the low-concentration coarsening mechanism. As such it can be

used to locate the transition between the two pathways.

To probe the crossover between the pathways corresponding to monotonic growth and non-

monotonic growth of the void area, we arbitrarily define the time τ2.5% to be the latest time at

which we observe P (c = 1) ≥ 0.025. In light of the observations about the fraction of singly

coordinated particles then for high area fractions, for which P (c = 1) is small at all times, τ2.5%

will be zero. For concentrations where we initially see a significant population of chain ends,

i.e. 1 coordinate particles, before crossing over into network behaviour, τ2.5% can be interpreted

as the crossover time between the two mechanisms. At lower concentrations where significant

chain like formations occur at all times, τ2.5% will be limited by the length of the experiment

(≈ 10s).

Figure 6.5 shows the crossover times for 70 experiments with concentrations in the range

0.35 < φ < 0.6 and fields in the range 0.3 < B < 3.1 mT. In the previous chapter we found

that this crossover occurred at a concentration between φ = 0.53, and φ = 0.59, section 5.4.4.

Considering τ2.5% as a function of φ, shown in figure 6.5a, we find that all takes at or below

φ = 0.525 - 0.55 are chain like for at least some of the experiment. Lower concentration

experiments are chain like for longer as the mean distance between chain ends is greater and

the onset of lateral aggregation and percolation is delayed. We have measured the area fraction
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at which the transition in pathway occurs in two ways, first from the growth of mean void area,

figure 5.23a, and then through τ2.5%, figure 6.5. We find that the transition concentrations

measured in both are in the same range, confirming the applicability of our arbitrarily defined

timescale to the microscopic characterisation of these pathways. The time scale is also strongly

field dependent, as shown in figure 6.5b, where we plot τ2.5% as a function of the magnetic field

strength, B. We find that stronger fields accelerate the clustering process due to the larger

forces acting between particles. Importantly, the field strength does not affect which pathway

occurs, only the timescales are influenced. While this simple analysis is sensitive to the exact

definition of the τ2.5%, it does provide an unambiguous definition of the transition in growth

pathway based on the microscopic property of coordination number.

6.4.3 Coordination number distributions

In figure 6.6 we show P (c) as a function of time for the full range of coordination numbers

for three samples at surface coverages of φ = 0.4, 0.5, and 0.6, subject to a magnetic field

B = 1.55 mT. In figure 6.6a and b, φ = 0.4 and φ = 0.5 respectively, we see a steady rise

of 4 coordinate particles with a corresponding decrease in the 2 coordinate particles due to

the lateral aggregation of 1 particle thick chains. For the φ = 0.5 sample, figure 6.6b, we find

that the fraction of 3 coordinate particles decreases but with a slower rate than the increase

of 4 coordinated particles. This is evidence of a defect driven mechanism in which the strong

interactions of defects generate anchoring points between fibers, leading to the zippering of

these chains, consistent with previous observations [22,88]. For the φ = 0.4 sample, figure 6.6a,

a decay of 3 coordinate particles is not present. From this we conclude that defects are being

created at the same rate as they are being annihilated as a result of the aggregation of chain ends

with the sides of fibers. For the higher concentration sample, φ = 0.6, figure 6.6c, the fraction

of 2 and 3 coordinate particles decrease but, in contrast to the lower concentration samples,

this is matched by a rise in 6 coordinate particles. This is because there are many fibers of at

least 2 particles wide so, as 1 particle wide chains laterally aggregate with these, the number

of 4 coordinate particles is conserved and 6 coordinate clusters are formed at the expense of 2

coordinate chains.
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Figure 6.6: Fractions of all coordination numbers as a function of time (a) for a φ = 0.4 sample,
(b) for a φ = 0.5 sample, and (c) for a φ = 0.6 sample. All samples are subject to a magnetic
field B = 1.55 mT. These are the same experiments for which the mean area against time was
given in figure 6.4a

6.4.4 Links to random fiber theory

In the theory section of this chapter, section 6.2, we described the particle network in terms

of a line process in which a random selection of the voids are filled, figure 6.2. In this scheme

6 coordinate particles are filled voids, chains of 2 and 4 coordinate particles are segments, and

all other coordination numbers act as nodes and junctions between segments. In figure 6.7a

we show an example image with particles coloured according to these coordination number

classifications. In figure 6.7b we show only the 6 coordinate particles where they are coloured

according to which cluster they belong to. In figure 6.7c we show only the 2 and 4 coordinate

particles where different chains are given different colours.
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Figure 6.7: A snapshot of a sample with φ = 0.63, B = 1.55 mT at a time t = 10 s after the
application of the magnetic field. (a) Particles are coloured according to the their coordination
number. (b) Only the 6 coordinate particles are coloured, the colour is different for particles
belonging to different clusters, clusters are identified as outline in section 6.3. (c) Only particles
with coordination numbers of 2 or 4 are shown. They are coloured according to which chain
they belong to, chains are identified as outline in section 6.3.

Having described clusters of 6 coordinate particles as resulting from randomly filling voids

in a line process, figure 6.2a, we expect the distribution of areas of c = 6 clusters to be drawn

from the same distribution as the void areas. We confirm this by plotting the mean c = 6

cluster area, ā6, against the standard deviation, σ(a6), as shown in figure 6.8a. We find that

the coefficient of variation is constant (cv = 1.73) and consistent with both the coefficient of

variation for the unfilled void areas (cv = 1.77, figure 6.3), and with that predicted by random

fiber theory (cv = 1.73, table 5.1). The data are averaged over all experiments confirming that
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Figure 6.8: (a) The mean area of clusters of c = 6 particles, ā6, against the standard deviation
of these areas, σ(a6). (b) The mean area of clusters of c = 6 particles, ā6, against time, t.

in the full range of concentrations and magnetic field strengths both filled and unfilled voids are

distributed in the same way. In figure 6.8b we plot the mean c = 6 cluster area, ā6, against time

for φ = 0.4, 0.5, and 0.6, and find power law growth at late times. At early times the minimum

mean area is the area of a single particle, note that the areas are reported in units of the particle

radius squared. Unlike the unfilled voids, figure 6.4a, we do not see evidence of a monotonic

pathway and a non-monotonic pathway since clusters of 6 coordinate particles only evolve with

the coarsening of a percolating network.

Next, we consider the structures of the 2 and 4 coordinate particles, which correspond to

the segments of a line process. We have described the chains of 2 and 4 coordinate particles as

the segments of a line process. In section 5.2.1 we showed that in an ideal random fiber process

we expect segment lengths to be distributed according to a Gamma function, equation 5.6, with

a coefficient of variation of unity, table 5.1. In section 5.4.1 we experimentally measured the

segment length distribution and found the coefficient of variation to be cv = 1.29, table 5.2. Here,

we plot the mean segment length, ḡ2,4, against the standard deviation, σ(g2,4), in figure 6.9a and

find that the coefficient of variation is cv = 1.2. This coefficient of variation is consistent with

our experimental observations in chapter 5, indicating that chains of 2 and 4 coordinate particles

are indeed a valid measure of the segment lengths of our network. In figure 6.9b we plot the

mean segment length against time and observe monotonic growth. The highest concentration,

φ = 0.6, appears to show only a single growth regime. Lower concentrations, φ = 0.4 and

φ = 0.5, exhibit a 2-step growth process. This is consistent with the preceding discussions of
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Figure 6.9: (a) The standard deviation of clusters of particles with c = 2 and 4, σ(g2,4), against
the mean of these lengths, ḡ2,4. (b) ḡ2,4 as a function of time, t.

the crossover between a low concentration pathway of aggregating free chain ends followed by

a network coarsening regime, and the high concentration pathway of network coarsening at all

times.

We have established that we have two distinct sets of areas, unfilled voids and clusters of

6 coordinate particles, that are defined by the same network of random lines, see figure 6.2 for

reference. We can gather these together in a single parameter, āall, which is the average area

when both filled and unfilled voids are considered together. In equation 6.4 we predict how the

area āall depends on P (c = 6), the fraction of 6 coordinate particles. In figure 6.10 we plot

the experimental area, āall, against the predicted area calculated using equation 6.4, ā(eq:6.4),

with the experimental values of P (c = 6). In figure 6.10 the data are averaged over all times

and for all sample with φ > 0.55. Clearly, we find a linear relationship, which confirms that

the proposed theory links the microscopic property of coordination numbers and the mesoscopic

structural properties of the network indicating that coordination numbers fulfill the structural

roles outlined in section 6.2.

There is a short initial period in which the theory breaks down, which corresponds to

the early times where a network has not been established yet. Choosing, by eye, to fit only

values above a mean area of 12 a2 with a linear equation, we find that ā(eq:6.4) = 0.62āall + 4.3.

The gradient is less than unity indicating that we are underestimating the area of voids, and

therefore overestimating the total line length in our system, τ in equation 6.3. A key assumption
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Figure 6.10: āall the average area when both cluster of 6 coordinate particles and voids are
considered together against the area predicted from equation 6.4.

that we made in the derivation of equation 6.4 was that all particles that were not 6 coordinate

particles contribute the same length to τ . This is not always the case however, in particular 4

coordinate particles exist in two groups as shown in figure 6.2c and d: (I) 4 coordinate particles

can either define the border of a filled void on one side and an unfilled void on the other sider

or (II) form 2 particle wide chains that separate unfilled voids on each side. In the case of 4

coordinate particles forming a 2 particle wide chains their contribution to the total line length

should be halved. By setting the gradient of the predicted area against the observed area to 1

we find that the contribution of P (c = 4) to the total line length is smaller. In particular we

find that τ = 2φ(P (c = 2) + P (c = 3) + 0.76P (c = 4) + P (c = 5))/πa instead of the expression

given in equation 6.2. Nevertheless, this demonstrates the link between coordination numbers

and structural features and the interplay of local structure and mesoscopic structure.

6.5 Conclusion

In this chapter we have presented a novel link between the coordination number statistics of

networks and the network structural features such as ā. Singly coordinated particles are shown

to be a powerful diagnostic tool for the pathway of network growth. A robust timescale, τ2.5%,

is proposed which provides a microscopic signature of the pathways, identified in chapter 5, in

which the mean void area transitions from growing as a power law to a non-monotonic growth
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profile. Identifying the structural roles of all coordination numbers, we propose a theoretical

link between random line processes and the coordination numbers of particles. This theory

is confirmed experimentally and thereby provides a quantitative link between the microscopic

property of coordination numbers and the mesoscopic property of void area.
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〈L〉 collapse by theory - Chapter 3

Figure A.1: The mean cluster size, 〈L〉, as a function of the rescaled time shown on the x axis.
(a) and (b) correspond to a deterministic rescaling while (c) and (d) corresponds to a diffusive
rescaling. In (a) and (c) the experimental runs are at a constant magnetic field, B = 0.63 mT. In
(b) and (d) the runs are at a constant packing fraction, φ ≈ 0.036. Note that the data presented
here is the same as in Figure 3.3, chapter 3.
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In chapter 3 we investigated the magnetic field induced formation of chains in low concen-

tration suspensions of gravity confined paramagnetic particles. We outlined a diffusive theory

of aggregation and a deterministic theory, section 3.2.2 and section 3.2.3 respectively. From

these we predicted a time rescaling that would be expected to cause data collapse in each case,

equation 3.5 and equation 3.11 respectively. Here a selection of growth curves are shown rescaled

by these theoretical predictions to corroborate the conclusions of chapter 3, in particular that a

deterministic mechanism is at play. This is conclusively shown in the concentration dependence

but only ambiguously shown in the magnetic field dependence, figure A.1. a and b correspond

to collapse by the deterministic mechanism, t∗DET ∼ B−2φ−5/2. c and d correspond to the dif-

fusive mechanism, t∗DIF ∼ B−4/3φ−1. Panels a and c represent experimental runs of constant

magnetic field strength, B = 0.63 mT, but different surface coverages. Panels b and d represent

experimental runs of constant surface coverage, φ ≈ 0.036, but different magnetic field strengths.
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