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A symmetrically buckled arch whose boundaries are clamped at an angle has two stable equilibria: an inverted
and a natural state. When the distance between the clamps is increased (i.e., the confinement is decreased),
the system snaps from the inverted to the natural state. Depending on the rate at which the confinement is
decreased (“unloading”), the symmetry of the system during snap through may change: slow unloading results
in snap-through occurring asymmetrically, while fast unloading results in a symmetric snap-through. It has
recently been shown [Wang et al., Phys. Rev. Lett. 132, 267201 (2024)] that the transient asymmetry observed
at slow unloading rates is the result of the amplification of small asymmetric precursor oscillations (shape
perturbations) introduced dynamically to the system, even when the system itself is perfectly symmetric. In
reality, however, imperfections, such as small asymmetries in the boundary conditions, are present too. Using
numerical simulations and a simple toy model, we discuss the relative importance of imperfections in the
boundary conditions and initial asymmetric shape perturbations in determining the transient asymmetry that
is observed. We show that for small initial shape perturbations, the magnitude of the asymmetry grows in
proportion to the size of the imperfection, but that when initial shape perturbations are large, imperfections are
unimportant—the asymmetry of the system is dominated by the transient amplification of the initial asymmetric
shape perturbations. We also show that the dominant origin of asymmetry changes the way that asymmetry grows
dynamically. Our results may guide the engineering and design of snapping beams used to control insect-sized
jumping robots.

DOI: 10.1103/PhysRevE.111.045503

I. INTRODUCTION

Elastic snap-through occurs when an elastic structure ini-
tially has two stable equilibria but one of these equilibria is
lost (or becomes unstable), forcing the system to suddenly
jump to the other remaining stable state. Although the initial
part of the dynamics of snap-through may be slow [1,2],
the bulk of the dynamics is typically fast. This property is
exploited by nature to create fast motion. For example, Venus
flytraps use snap-through to catch their prey [3], while click
beetles use snap-through to right themselves after landing on
their back [4].
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In engineering too, snap-through instabilities can be har-
nessed to obtain fast motion. Simple examples include the
popular jumping toys [5–7] that exploit the fast inversion of a
spherical cap hitting the ground to propel the cap into the air.
A similar principle, with a beam undergoing a fast change of
configuration and hitting the ground, has been used to design
insect-sized robots capable of large and repeated jumps [8].
Much attention has thus been dedicated to understanding how
different snap-through mechanisms depend on the boundary
conditions [9–11], and how this can be used for the control
and optimization of jumps [12].

Controlling the behavior of engineering systems exploit-
ing snap-through requires us to understand the transient
(a)symmetry of the observed shapes. For example, consider
the dynamical behavior of an arch whose ends are clamped
at an angle α to the horizontal. When the two ends of the
system are sufficiently close, the arch has two stable equi-
libria: a natural state (resembling a V) and an inverted state
(resembling an W). If the system is in the inverted (W)
state and the two ends are released (unloaded) at a constant
rate, eventually the system snaps to the other equilibrium
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(V). Although a linear stability analysis predicts that the
transition occurs via asymmetric modes, it was recently shown
that the symmetry of the transient shape during snap-through
depends on the unloading rate: slow unloading rates ex-
hibit large asymmetry, while fast unloading rates maintain
symmetry [13].

In the case of precisely identical clamp angles (i.e., perfect
symmetry), Wang et al. [13] showed that the large observed
asymmetry during snap-through is a result of the amplification
of an initial asymmetric shape perturbation: small asymmetric
precursor oscillations, resulting from traveling and standing
waves that traverse the arch, are inevitably introduced by the
unloading prior to snap-through, and these are then amplified
during snap-through if the unloading is sufficiently slow [13].
We shall refer to such small asymmetric oscillations before
snap-through as “precursor oscillations.”

In most real systems, however, obtaining perfectly sym-
metric conditions is difficult, if not impossible; imperfections
will always exist, leading to the following questions: How
do imperfections affect the transient asymmetry of a snap-
ping beam? In particular, when do imperfections dominate
the dynamics and when is it instead precursor oscillations
that dominate? Answering this question is fundamental to
control snap-through in applications and might be required,
for example, to control the jump direction of jumping
robots [8].

In this article we use numerical simulations and a sim-
ple toy model [13] to answer the aforementioned questions
by studying how imperfections—in the form of a small
asymmetry in the clamping angles—affect the symmetry of
snap-through dynamics in a clamped arch. We begin by study-
ing how the system behaves with only imperfections (i.e., in
the absence of precursor oscillations). In this case we show
that the size of the transient asymmetry is proportional to
the initial size of the imperfection and is largest for slow
loading rates. We then investigate how a combination of an
imperfection and an initial shape perturbation (precursor os-
cillation) determines the behavior of the system. We show
that if the precursor oscillations introduced by the perturbation
are small, the system remains dominated by the imperfection.
When the precursor oscillations from the initial perturbation
are relatively large, however, the system behaves essentially
as in the perfectly symmetric case [13]. Finally, we discuss
how the experimental measurements presented in [13] are ex-
plained by a combination of imperfections and perturbations:
slow unloading rates tend to be dominated by imperfections,
while fast unloading rates are heavily influenced by precursor
oscillations.

II. THEORY AND NUMERICAL SIMULATIONS

A. Model of a snapping arch

The elastic arch used experimentally is an elastic strip of
length L, thickness H , and density ρ. Because of the imper-
fection in clamping, we assume that it is clamped such that its
two ends make an angle with the horizontal of α + δα/2 and
α − δα/2 on the left and right, respectively. (The angle α is
the mean imposed angle, and δα is the difference in clamping
angles and hence the amount of asymmetry; the beam is thus

clamped symmetrically when δα = 0). We shall concentrate
on the case of small imperfections, where δα � α. In partic-
ular, when δα ∼ α, the system is fundamentally asymmetric
and symmetric shapes are never observed. The case of clamp-
ing angles 0 and α was studied previously [1,14] and has very
different bifurcation behavior from the symmetric case [13].

The arch is made of isotropic material with Young’s mod-
ulus E (so that its bending stiffness B = EH3/12) and is
compressed horizontally by a distance �L, the imposed “end-
shortening.” Its midpoint height is then h. The system is shown
in Fig. 1(a).

For sufficiently large end-shortening, the arch is bistable.
However, as the system end-shortening is decreased, the in-
verted state ceases to exist and the arch snaps to the natural
state. To characterize what makes a given �L large or small,
previous authors [13,14] have noted that the typical angle
induced by the compression, (�L/L)1/2, may be compared
to the imposed angle, α. These authors [13,14] have therefore
introduced the dimensionless parameter

μ = 1

α2

�L

L
. (1)

For convenience, the parameter μ is referred to in this paper
as the “end-shortening,” the rescaling by α2 being under-
stood. In Ref. [13] it was shown that at μ = 1/4 := μc, the
symmetrically clamped arch becomes unstable to asymmetric
perturbations, while at μ ≈ 0.247 := μ∗, the inverted equi-
librium is lost in a saddle-node bifurcation. (The case of
clamping angles 0 and α has only a saddle-node bifurcation
[1]).

In this paper, another important dimensionless parameter
emerges: the relative size of imperfection to the angle, which
we denote

δα̂ = δα

α
. (2)

Note that when (δα̂ �= 0) the midpoint angle is not zero at
equilibrium (θ �= 0); the imperfection in the clamps leads to
a small asymmetry in the shape.

To observe snap-through and study its symmetry, we begin
with a sufficiently large compression (μ > 0.3) and place our
arch in the inverted state. We then decrease the end-shortening
at a constant rate μ̇ < 0, with

μ̇ = �̇L t∗

α2L
, (3)

and dots representing differentiation with respect to time t ;
here t∗ = 0.108L2√ρbh/B is the typical timescale of oscilla-
tions in the natural state at μ = 1/4 [13].

As the end-shortening is decreased, the system eventually
snaps to the natural state. The symmetry of the transient shape
during snap-through depends on the rate and the size of initial
perturbations introduced in the system. In the experimental
setup discussed in [13], these precursor oscillations were in-
troduced as a byproduct of the experimental procedure: the
unloading was done with a linear motor connected to only one
of the clamps, meaning that, as the experiment is initiated and
the clamp is accelerated (very quickly) to its final velocity,
an asymmetric impulse is given to the beam generating small
asymmetric oscillations. We measure the symmetry of the
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(a) (bi) (ci)

(bii) (cii)

(biii) (ciii)
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FIG. 1. Observed transient asymmetries during the snap-through of an arch. (a) Sketch of the beam with asymmetric clamps in the inverted
(top) and natural state (bottom). The midpoint angle is θ (radians), the asymmetry during snap-through. (b) Numerical simulations of the shape
evolution of an arch with a small imperfection of the clamps angle, δα̂ = δα/α = 0.1, for different unloading rates, as described in text in the
plots of panels (c). For fast rates (top), the shape remains symmetric at all stages. In the middle image, slower unloading leads to significant
growth of the asymmetry during snap-through. In the bottom image, the initial condition introduces small asymmetric precursor oscillations
which are amplified during snap-through. (c) The evolution of the central angle, θ , and central height, h, as μ̇ changes, highlighting that slower
rates lead to larger midpoint angles and, thus, greater asymmetry. The shaded region in (c) highlights the post-snap-through region, which
occurs after the midpoint height reaches its minimum; the black crosses indicate the maximum inclination angle during snap-through, θmax,
which is defined formally in (4).

transient shape of the system via the angle the arch makes with
the horizontal at its midpoint, θ , where perfectly symmetric
shapes maintain θ = 0 throughout. We denote the amplitude
of the precursor oscillations by θosc.

B. Numerical model and solution

Our numerical simulations use the discrete elastic rods
algorithm [15–17], following the methods used to model
a snapping arch described in [13]. This numerical method
has small numerical damping—numerical experiments with
a fixed value of μ = 0.3 decay in amplitude by 17% over
16 oscillations, which corresponds to a Q factor of ≈270.
To control the role of the precursor oscillations, θosc, we use
a symmetrical loading protocol (moving both ends together,
each at half the total speed, at the same time); in this way no
precursor oscillations are excited directly by loading. Instead,
precursor oscillations are introduced by applying a transverse
body force F for a short time �t (i.e., the whole beam is
pushed to the left or right briefly). In this way, the amplitude of
the precursor oscillations can be controlled easily by varying
the size of F . This approach is different to the experiments (in
which only one end of the arch is attached to a motorized lin-
ear stage, and precursor oscillations are excited by this loading
asymmetry) but is more convenient for numerical simulations.

Panels (b) and (c) of Fig. 1 show the results of three
simulations for the snap-through of an imperfect arch with
δα̂ = 0.1 but different end-shortening rates, μ̇, and size of
the precursor oscillations, θosc. Two general features of snap-
through should be noted from the numerical results in Fig. 1(c)
in particular. Firstly, the height of the midpoint of the arch,

h [defined in Fig. 1(a)], decreases and then increases again;
we take the time, t0, of this first minimum in h(t ) to be the
end of snap-through, and so shade results for times t > t0 in
gray to highlight this. Secondly, the amplitude of oscillations
decays rapidly after snap-through. This decay is caused by
the evolving end-shortening μ(t ), which means that energy
is not conserved, rather than numerical dissipation, which
simulations with fixed μ show is small. Comparing the top and
middle rows of Figs. 1(b) and 1(c) shows the influence that
the loading rate has. With no precursor oscillations, the shape
asymmetry remains small for fast unloading rates [Fig. 1(ci)]
but becomes significant at slow rates [Fig. 1(cii)]. This change
in the degree of asymmetry is also clear in the snapshots of
the shape shown in Fig. 1(bi)–1(bii). Even at large rates, sig-
nificant asymmetry can be generated by precursor oscillations
[see Fig. 1(ciii)]. In this paper, we seek to understand how the
parameters μ̇, δα̂, and θosc combine to affect the asymmetry
of snap-through.

a. Summary of results with δα̂ = 0. In Ref. [13], a buck-
led arch with perfectly symmetric boundary conditions (i.e.,
δα̂ = 0) was considered. Some typical numerical results of
this case are shown in Fig. 2. It was observed that the size
of the asymmetry measured during snap-through (via θ ) is
proportional to the size of the precursor oscillations, θosc:
snap-through only amplifies a preexisting asymmetry caused
by precursor oscillations. This is clear when running differ-
ent numerical simulations at the same end-shortening rate μ̇

but introducing precursor oscillations of different amplitudes;
when rescaling θ by θosc, the curves collapse, as shown in
the second row of Figs. 2(a) and 2(b). Furthermore, Fig. 2(c)
shows that as the rate of the unloading is decreased, the
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(ai) (bi) (ci)

(aii) (bii) (cii)

FIG. 2. Results of numerical simulations of the snap-through of an arch with perfectly symmetric boundary conditions, δα̂ = 0, as studied
in Ref. [13]. Asymmetry is shown via the evolution of the midpoint angle, θ , with distance to the first bifurcation (μc = 1/4) for different
sized asymmetries in the initial condition, θosc, and for slow (a) and fast (b) loading rates. In (a)–(c), the top row (i) shows raw numerical
results while the bottom row (ii) shows that rescaling by θosc leads to a collapse of data and hence that the amplification, A = θ/θosc, is
the appropriate measure of asymmetry in this case. In (i) the largest midpoint angle during snap-through, θmax, is indicated by × for each
simulation. (a) For slow unloading, |μ̇| = 0.1, θ increases dramatically in the vicinity of the bifurcation point (μ − μc = 0). (b) For faster
unloading rate, |μ̇| = 0.5, θ does not noticeably grow. (c) The largest (in modulus) midpoint angle observed during snap-through, θmax, shows
that the observed asymmetry increases significantly as |μ̇| decreases. The particular loading rates and values of θmax from panels (a) and (b) are
indicated by ×, and are labeled accordingly. In (a) and (b), the shaded region highlights the times after snap-through.

amplification of the asymmetry during snap-through tran-
sition increases, with a change in behavior at a critical
rate μ̇c.

b. Questions in the imperfect case δα̂ �= 0. Given the
preceding summary of the arch with perfectly symmetric
boundary conditions, it is natural to ask what happens in the
asymmetric case, δα̂ �= 0. How does a small imperfection af-
fect the transient symmetry during snap-through? We will also
consider how the presence of precursor oscillations interacts
with an asymmetry.

To answer these questions, we perform numerical simu-
lations with a small value of δα̂. We shall first consider the
case in which only imperfections are present, i.e., no precursor
oscillations, θosc = 0, before considering cases in which both
δα̂, θosc > 0. Finally, in Sec. III we will use a toy model
for which theoretical solutions can be derived to explain the
observations made.

C. Imperfection-driven transient asymmetry

We begin by considering the case of asymmetry that is
driven purely by imperfection, i.e., we take θosc = 0. Fig-
ure 3(ai) shows how θ evolves as the end-shortening μ is
changed at a relatively slow rate |μ̇| = 0.25 for different val-
ues of the initial imperfection. The asymmetry peaks during
snap-through (i.e., while |μ − μc| is small) and the maxi-
mum value of θ increases with δα̂. To quantify the extent of

asymmetry, we define θmax as the largest (in modulus) angle
attained during snap-through. (We consider snap-through to
end when the midpoint height h first reaches a minimum with
h < 0, which occurs at time t0). More formally, we define

θmax = max
t<t0

|θ |. (4)

This definition ensures that oscillations occurring after
snap-through are not included in our measurement—a con-
sideration that is especially important in experiments [13].
(Measuring the modulus, |θ |, makes the measurement robust
to arbitrary reflections in the y axis).

Figure 3(b) shows how slower unloading rates lead to
larger maximum angles θmax with fixed δα̂; the post-snap-
through region is shaded in light gray.

Crucially, if we rescale θ by δα̂, all curves collapse
[Fig. 3(aii)], suggesting that the effect of imperfections is also
amplified during snap-through, similarly to precursor oscilla-
tions. We call the quantity

G = θmax/δα

the “growth of the asymmetry.” Figure 3(bii) shows that plot-
ting the maximum growth of asymmetry (i.e., rescaling θmax

by δα) also collapses the data, provided θmax remains small.
(There is a small deviation when θmax becomes large, which
we attribute to nonlinear effects).
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(ai) (bi)

(aii) (bii)

FIG. 3. Numerical simulations of the snap-through of an arch
with imperfection δα̂ but no precursor oscillations, i.e., θosc = 0.
(ai) The evolution of the midpoint angle for different values of
the imperfection δα̂ = δα/α but fixed μ̇ = 0.25 shows that larger
imperfections in boundary conditions lead to greater asymmetry
during snap-through. (aii) Rescaling θ by the imperfection size, δα,
all curves collapse onto one, suggesting that the midpoint growth
is proportional to the size of the imperfection. (The shaded region
highlights times after snap-through). (bi) The growth of the asym-
metry depends on the unloading rate μ̇, with smaller rates leading to
larger asymmetry. (bii) Rescaling θmax by the imperfection size, δα,
all curves collapse. A small divergence is observed at the smallest
unloading rates, which we attribute to nonlinearity.

D. Combining imperfections with precursor oscillations

Having seen that imperfections lead to growth of asym-
metry and knowing from previous work [13] that precursor
oscillations have a similar effect, we now explore how the
combination of both precursor oscillations and imperfections
can affect the system. When do imperfections dominate asym-
metry, and when do precursor oscillations drive the growth of
asymmetry?

In Fig. 4(a) we plot numerical results of the observed
θmax as a function of the rate |μ̇| with different precur-

(a) (b)

FIG. 4. Numerical simulations of the snap-through of an asym-
metric arch with boundary angle imperfections δα̂ = 0.001 and
asymmetric precursor oscillations. (a) Larger precursor oscillations
lead to larger maximum midpoint angles. (b) Rescaling by the size
of the oscillation, we see that with relatively large precursor oscilla-
tions, our results converge towards those of Wang et al. [13]. This
suggests that if the amplitude of the oscillation is sufficiently large,
it dominates the physics and the imperfection does not matter.

sor oscillation size θosc but fixed imperfection, δα̂ = 0.001.
Note that, depending on the phase of the oscillation as the
system undergoes snap-through, the amplification may vary.
In this discussion, we only consider the maximum possible
amplification by choosing the appropriate phase. For a dis-
cussion about phase, see Appendix B. As expected, larger
precursor oscillations lead to larger asymmetry being ob-
served. Following previous work [13], we again define the
amplification as

A = θmax/θosc.

If the largest angle recorded during snap-through, θmax, is
equal to the initial size of the precursor oscillation, θosc, then
there was no amplification of the asymmetry during snap-
through, and A = 1. In Fig. 4(b) we plot the amplification as
a function of loading rate for different values of the precursor
oscillation. We observe that when the precursor oscillations
are sufficiently large, θosc � 10−3(= δα̂) in this case, the am-
plification A seems to be a function of |μ̇| only. The results
collapse onto previous results for a completely symmetric
system (black squares show data from Ref. [13]). As might
be expected, therefore, for large imperfections and small
precursor oscillations, imperfections dominate the growth of
asymmetry. Conversely, when precursor oscillations are suf-
ficiently large, we see convergence to the imperfection-free
system, meaning precursor oscillations dominate the behavior.

We have now seen that the symmetry of the arch as it
snaps-through depends on three key parameters: the size of
the precursor oscillations, θosc, the size of the imperfection
introduced in the clamps, δα̂, and the unloading rate, |μ̇|.
To understand how these three parameters interact, we now
develop a simplified model.

III. SIMPLE MODEL

Solving analytically for the dynamic evolution of the arch
is difficult: the problem is, at best, a partial differential
equation in two variables (space and time) with a nonlinear
end-shortening constraint. To gain insight into the behavior of
the system we instead use a simple model that was success-
fully used to gain understanding of the perfectly symmetric
problem: a double-mass von Mises truss [13,18]. A schematic
of the double-mass von Mises truss is shown in Fig. 5. The
system is composed of two masses attached to two clamps and
to each other by linear springs of stiffness k. The side springs
have natural length l0, while the central spring has natural
length l0c. The reference length of the system is l = 2l0 + lc,
and we assume that the end distance can be changed by an
amount δl . To provide bending rigidity to the system, torsion
springs of stiffness B (and that favor a flat configuration)
are connected about each mass. Finally, two more torsion
springs are attached to the clamps, imposing a favored angle
with respect to the horizontal of α + 1

2δα and α − 1
2δα at

the left and right boundary, respectively. The latter springs
mimic the clamped boundaries of the full arch problem and
break both the left-right and up-down symmetries of the
system.

As we shall show, when the clamp angles are small
α, δα � 1 and given the right choice of parameters L0C =
lc/l0c and B, the double-mass von Mises truss reproduces the
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FIG. 5. Schematic diagram showing the double-mass von Mises
truss used to understand the relative importance of an imperfection
of size δα and precursor oscillations.

key behaviors of the full arch problem, but with the added
benefit and simplicity of having only two degrees of freedom:
the vertical positions of the two masses. To derive this behav-
ior, we use Lagrangian mechanics to derive the equations of
motion (from the elastic and kinetic energies) and study the
dynamic behavior of the resulting system.

A. Elastic potential energy

In the deformed state of the von Mises truss, we let lR and lL
be the lengths of the left and right springs, respectively, while
wL and wR are the horizontal distances of the left mass and
right mass from their respective clamps, �h is the difference
in height between the two masses, lC the length of the central
spring and wC its horizontal width. We also let θL and θR be
the angles the side springs make with the horizontal, while
θLC and θRC denote the angles between the side springs and
the central one. We also write �θ for the angle the central
spring makes with the horizontal. Using elementary geometry,

we then have that

lL = wL

cos θL
, (5)

lR = wR

cos θR
, (6)

wC = l − δl − wL − wR, (7)

�h =wL tan θL − wR tan θR, (8)

lC =
√

�h2 + w2
C, (9)

�θ = arctan(wC,�h), (10)

θLC = (π/2 − θL ) + (π/2 − �θ ), (11)

θRC = (π/2 − θR) + (π/2 + �θ ). (12)

[Note that here arctan(x, y) is the two-argument arctan-
gent; that is, for x, y in the correct quadrant, arctan(x, y) =
arctan(y/x)]. We can use these relations to write the energy
stored in the linear springs as

Usprings = k

2
[(lL − l0)2 + (lR − l0)2 + (lC − l0C )2], (13)

while the bending energy stored in the torsion springs is

UB = B

2

{[
θL − α

(
1 + 1

2
δα̂

)]2

+
[
θR − α

(
1 − 1

2
δα̂

)]2}

+ B

2
[(θLC − π )2 + (θRC − π )2]. (14)

The total energy of the system, given by U = Usprings + UB,
can be written as a function of the variables wL, wR, θL, θR as
well as the control parameter δl:

U = 1
2 k[l0C −

√
(l − δl − wL − wR)2 + (wL tan θL − wR tan θR)2]2 + 1

2 k((l0 − wL sec θL )2 + (l0 − wR sec θR)2)

+ 1
2 B[arctan (l − δl − wL − wR,wL tan θL − wR tan θR) + θL]2

+ 1
2 B[arctan (l − δl − wL − wR,wL tan θL − wR tan θR) − θR]2 + 1

2 B
[(

θL − α(1 + 1
2δα̂)

)2 + (
θR − α(1 − 1

2δα̂)
)2]

.

To make progress, we begin by using a suitable change
of variable to emphasize any asymmetry. In particular, we
introduce the symmetric and asymmetric parts of the angle
and of the width, which we identify with the subscripts (·)S

and (·)A, respectively. In particular, we let

θL = θS + 1
2θA (15)

θR = θS − 1
2θA (16)

wL = l0 − 1
2 (δl − wS + wA) (17)

wR = l0 − 1
2 (δl − wS − wA). (18)

B. Energetic expansion for α � 1

When the arch profile is close to flat, i.e., for α � 1, all
other angles (i.e., θR, θL, and �θ ) must also be small. Clearly,
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θR, θL will be of the same size as α. Conversely, wR and
wL scale with α2. To see this, consider the unconstrained
system in which the length l is free, α is small, and the
system can relax. In this case, θi ∼ α for i = L, R. If we do
not constrain the end-to-end displacement, the springs will be
relaxed so that li = l0, and the width changes according to
wi ∼ l0 cos θi ∼ l0(1 − 1

2α2). We can thus rescale angles by
α and changes in horizontal lengths by α2. This motivates
introducing

θL = α
(
ψS − 1

2ψA
)
θR = α

(
ψS + 1

2ψA
)

wL = l0
[
1 − 1

2α2(μ − WS − WA)
]

wR = l0
[
1 − 1

2α2(μ − WS + WA)
]

l0C = l0L0C

B = 1
3βα2kl2

0 , (19)

where μ = δl/(α2l ), ψA = θA/α, ψS = θS/α, WS = wS/

(l0α2), WA = wA/(l0α2). We note, in particular, that the bi-
furcation parameter

μ = δl

α2l

has emerged again, just as in the continuous case.
For the stretching and bending energy to be of the same

magnitude, we need B ∼ βα2kl2
0 (the factor of one-third being

included to simplify later equations) [13]. We then expand the
energy to leading order [i.e., at O(α4)] and find that

192Ũ = 24WS
[
(L0C − 4)ψ2

A + 4L0C
(
μ + 2μL0C + ψ2

S

)]
L0C

+ 48W 2
A + 144W 2

S − 96WAψAψS + gU , (20)

where gU is a function of (ψS, ψA, μ; δα̂). Equation (20) is
easily minimized with respect to variations in WS and WA by
solving ∂U

∂WA
= 0 and ∂U

∂WS
= 0, leading to

WS = − (L0C − 4)ψ2
A + 4L0C

[
μ(1 + 2L0C ) + ψ2

S

]
12L0C

,

WA = ψAψS,

and allowing us to write the energy only as a function of ψA

and ψS:

Ũ = 1
2 a0δα̂ ψA − a1ψS + 1

2 (a2 − a3μ)ψ2
S + 1

4 a4ψ
4
S

+ 1
2

(
b1 − b2μ + b3ψ

2
S

)
ψ2

A + 1
4 b4ψ

4
A + U0, (21)

where

U0 = 1
6 [2β + (2 + L0C )2μ2], (22)

a0 = β

3
, a1 = 2

3
β, a2 = 4

3
β, (23)

a3 = 2(2 + L0C )/3, a4 = 2

3
, (24)

b1 = 2 + L0C (2 + L0C )

3L2
0c

β, (25)

b2 = (2 + L0C )2

6L0C
, b3 = 2 + L0C

6L0C
, (26)

b4 = (2 + L0C )2

24L2
0C

. (27)

Note that the signs of terms in (21) have been chosen so that
all of the above constants are positive.

If we let δα̂ = 0, we return to the case studied by Wang
et al. [13], who showed that the bifurcation structure of
the continuous problem is quantitatively recovered by choos-
ing β = 0.110 and L0C = 0.655 (i.e., with these values, the
double von Mises truss becomes unstable to asymmetric per-
turbations at μ = 1/4 = μc, and the inverted equilibrium is
lost in a saddle-node bifurcation at μ = 0.247 = μ∗). We
therefore choose these values hereafter.

Having constructed an elastic energy that reproduces the
desired static bifurcation structure, we now turn to the dynam-
ics, which requires a consideration of the kinetic energy of the
elements of the truss model.

C. Kinetic energy

The kinetic energy of the system consists of the trans-
lational and rotational energy of each of the two, identical
masses. This energy is therefore easily written down by con-
sidering the motion (in polar coordinates) of the masses about
the two edge elements. We find that

T = 1
2 m

[
(lL θ̇L )2 + l̇2

L + (lRθ̇R)2 + l̇2
R

]
, (28)

where dots indicate derivatives with respect to time t . We
use the rescalings from Eq. (19) but must also choose an
appropriate rescaling of time. A natural choice, which allows
a semiquantitative comparison between the simple model and
the full arch problem, is to rescale time by the period of
oscillations in the system [13]. Therefore, we let

t = tosc

α

√
m

k
t̃, (29)

where t̃ is the dimensionless time, the scaling α−1√m/k arises
as a balance between bending and inertia terms, and

tosc ≈ 9.477 (30)

is a numerical prefactor as the dimensionless period of oscil-
lations when μ = 1/4 [13].

Expanding the kinetic energy in small α, we can write the
rescaled kinetic energy, T̃ = T/(kl2

0 α4), as

T̃ = 1

tosc

(
ψ̇2

S + 1

4
ψ̇2

A + H.O.T .

)
. (31)

Then, writing the Lagrangian L = T − U and minimizing
with respect to ψS and ψA, we find the equations describing
the dynamical evolution of the system. Here, we write these
equations under the assumption that the asymmetry is small
(i.e., ψA � 1), only keeping the leading-order term in ψA and
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dropping all the tildes hereafter for convenience:

ψ̈S/tosc
2 = 1

2 a1 − 1
2 (a2 − a3μ)ψS − 1

2 a4ψ
3
S , (32)

ψ̈A/tosc
2 = a0δα̂ − 2 f (ψS; μ)ψA, (33)

where

f (ψS; μ) = b1 − b2μ + b3ψ
2
S . (34)

In the absence of imperfection, δα̂ = 0, the evolution of
the asymmetry in (33) is entirely decided by the coefficient,
f (ψ ; μ) of ψA, which in turn is governed by (32). In partic-
ular, the sign of f controls whether ψA oscillates or grows
exponentially. As shown by Wang et al. [13], if the unloading
is sufficiently fast, f may remain positive throughout the
motion (because trajectories of the system lag behind the equi-
librium behavior somewhat [14]); in this case, therefore, ψA

oscillates, but does not grow significantly during the motion.
However, when the system is loaded slowly, ψS remains close
to its equilibrium value (no lag) and f becomes negative for
some portion of the motion. As a result, a small asymmetric
perturbation, denoted ψ0

A (equivalent to θosc in the full arch
case), is amplified (exponentially) while f < 0. Separating
these two behaviors, there is a critical trajectory (observed
when |μ̇|c ≈ 0.96) at which f never becomes negative but
vanishes at an instant of time. This critical trajectory marks
the sharp transition between weakly and highly amplified
perturbations [13]. In this “perfect” case, therefore, the sym-
metry, or otherwise, of the system is entirely governed by two
parameters: the end-stretching rate, |μ̇|, and the size of the
initial oscillation, ψ0

A.
Once we allow for imperfections, δα̂ �= 0, in (33), we see

that the transient growth of the asymmetric component ψA

is more complicated: the first term in the right-hand side
of Eq. (33) describes the importance of the imperfection,
while the second term describes the importance of the initial
asymmetric shape perturbation, which may be the result of
precursor oscillations. Clearly, the relative size of these two
terms will be important, and so we expect the relative size
of the imperfection, δα̂, and the initial size of the initial
asymmetric shape perturbation, ψ0

A, to play a role. As such,
we introduce

γ = ψ0
A/δα̂. (35)

Our discussion suggests that three parameters determine
the transient asymmetry of the system: the end-stretching rate,
|μ̇|, and the size of the precursor oscillation, ψ0

A, as in the
perfect case, but also the size of the imperfection, δα̂. To study
what happens in the transition from imperfection-dominated
to oscillation-dominated regimes, we need to study the nonlin-
ear dynamics carefully. This problem is simplified by focusing
on the behavior at the critical end-stretching rate, |μ̇|c, found
in the perfect case, δα̂ = 0.

If we express both μ = −|μ̇|ct and ψS (t ) explicitly as
functions of time, then f (ψS (t ), μ(t )) = f (t ) satisfies the
condition f (t∗) = f ′(t∗) = 0 at some time t∗. We can ex-
pand our dynamic equation near this critical time by letting
t = t∗ + �t . Keeping only the leading-order terms in �t2,

and rescaling Eq. (33) according to

�t = τ

(tosc
2κ )1/4

, ψA = δα̂ψ̃A(τ ), (36)

where κ = f ′′(t∗) = 0.819, we obtain the simple equation

d2ψ̃A

dτ 2
= c − τ 2ψ̃A, (37)

where c = a0tosc/
√

κ ≈ 0.385. When γ = 0, the initial con-
ditions at some initial time τ = −τi require c − τ 2ψ̃A = 0,
leading to ψ̃A(−τi ) = c/τ 2

i . Differentiating this equilibrium,
we find the other initial condition for the rate ψ̃ ′

A(−τi ) =
−2c/τ 3

i . To introduce oscillations, we simply alter the ini-
tial value of ψ̃A away from equilibrium, so that ψ̃A(−τi ) =
c/τ 2

i + γ .
To solve the Eq. (37), we exploit its linearity and decom-

pose the solution as

ψ̃A = φδα̂ + γφosc, (38)

where the first term captures the effects of the imperfection,
while the other that of precursor oscillations. The imperfec-
tions equation is

d2φδα̂

dτ 2
= c − τ 2φδα̂, (39)

with initial conditions φδα̂ (τi ) = c/τ 2
i and φ′

δα̂ (τi ) = −2c/τ 3
i .

The growth of the asymmetry is simply a function of δα̂. This
equation can be readily solved numerically.

Conversely, the equation for φosc reads

d2φosc

dτ 2
= −τ 2φosc, (40)

with initial conditions φosc(−τi ) = 1 and φ̇osc(−τi ) = 0. This
equation has an analytical solution (given in the Appendix A)
and describes the component of the evolution that is intro-
duced by precursor oscillations.

The maximum absolute value of the two trajectories de-
scribed by (39) and (40) are close to each other (at τ = 1.41
for φδα̂ and at τ = 1.17 for φosc), meaning the maximum of ψ̃A

is somewhere between these two values, as shown in Fig. 6.
Thus, the growth of ψ̃Amax as a function of γ will be close to
linear.

In Fig. 6(a) we show the evolution of ψ̃A as a func-
tion of time for various initial values of γ . When γ = 0,
there are no precursor oscillations and we observe only φδα̂

(black line), while for larger values of γ , φosc (shown in
dashed light-red) introduces oscillations and increases the
maximum asymmetry (marked by the black x at the top
of each colored curve) during snap-through. In Fig. 6(b)
we show how the maximum asymmetry |ψA|max depends
on γ as predicted by the simplified dynamics of Eq. (37)
(solid black line) and the full solution to the dynamics from
Eqs. (32) and (33) (orange dots). The plot suggests that there
is no sharp transition between the imperfection-dominated
and perturbation-dominated regime as one may have hoped.
Instead, the size of the precursor oscillation influences the
maximum asymmetry observed in a way that is close to lin-
ear in γ , at least for γ � 1. Finally, note that the phase of
the oscillation matters. In Fig. 6(c) we show that changing
the starting point for the numerical solution of (37), τi, affects
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FIG. 6. Theoretical analysis of the asymmetric snap-through using the toy model. (a) The black line shows the solution of Eq. (39) for
φδα̂ while the light-red dashed line shows the solution to Eq. (40) for φosc. (The temporal maxima of φδα̂ and φosc are shown by the black and
light-red dots, respectively). The colored paths are obtained by solving Eq. (37), derived by approximating the behavior of the double-mass
von Mises truss at the critical loading rate |μ̇| = |μ̇|c. The relative size of asymmetry introduced in the initial condition, γ = ψ0

A/δα, allows
us to study the relative importance of imperfection vs precursor oscillations. (b) Plot of the maximum asymmetry |ψ̃A|max as a function of γ as
predicted by Eq. (37) compared to solution to the full problem, Eqs. (32) and (33), with δα̂ = 0.001. The relation is well approximated by a
line with positive gradient, with precursor oscillations increasing the asymmetry. (c) When γ > 0, changing the starting time of the evolution
(τi) changes the phase of the oscillation and strongly influences the dynamics and thus the value of ψ̃Amax. In (a) and (b) the phase is chosen so
that ψ̃Amax is largest.

the phase of the oscillation, the dynamics, and thus |ψA|max.
(In Figs. 6(a) and 6(b) we have chosen the phase to obtain the
largest possible value of |ψA|max).

Although our analysis has been carried out only at the
critical rate |μ̇| = |μ̇|c, a similar decomposition of ψA as in
Eq. (38) suggests that a near linear relationship between the
amplitude of the precursor oscillations and the maximum θ

is true also at different unloading rates. This behavior in-
deed emerges for the full dynamic simulations of the simple
model [as shown in Fig. 6(b)] and, as we shall show in
the conclusion, also in the full arch simulations. This means
there is no clear transition from the imperfection-dominated
to perturbation-dominated regime.

IV. CONCLUSIONS

In this study we analyzed the problem of the snap-through
of an elastic arch, allowing for a combination of boundary
asymmetries (imperfections) and asymmetries introduced by
the initial shape perturbations (precursor oscillations). We
then studied the question of when the resulting snap-through
is asymmetric and, further, whether this asymmetry is domi-
nated by imperfections or precursor oscillations. The answer
to this apparently innocuous question is complex: using a
toy model, we showed that it depends not only on the rate
at which the control parameter μ is changed (as shown in
previous work) but also on the relative size of any precursor
oscillations to the magnitude of imperfection, γ , defined in
(35). Taking the equivalent form for the full arch problem,
we let γ = θosc/δα̂, and therefore expect that the maximum
asymmetry, θmax = δα̂ G(γ ; |μ̇|).

To illustrate this complexity, we conclude by reconsidering
the experimental results of Wang et al. [13]. In Fig. 7(a) we
plot the maximum observed asymmetry, θmax, as a function
of loading rate. This shows broad dispersion but is gener-
ally consistent with numerical results if precursor oscillations
are ignored (i.e., γ = 0) and we take δα̂ = 0.2 (broadly
consistent with experiments where an angle of α = π/12 ≈
15◦ was used with a precision of ±2◦). Nevertheless, when

viewed as a two-dimensional slice at γ = 0, this completely
misses some experimental results, which therefore appear to
be anomalous. Taking γ = 0 ignores the more complicated
picture that we have uncovered here using both numerical
simulations and a toy model. Instead, plotting the three-
dimensional surface G(γ ; |μ̇|) with fixed δα̂ = 0.2 and using
the experimentally measured value of θosc to determine γ

gives a different picture [see Fig. 7(b)]: the experimental
points that are apparently anomalous actually correspond to
experimental runs in which the initial precursor oscillation
was larger than usual. (The size of the precursor oscillations,
θosc, is generally determined by the size of the acceleration
required to generate a particular value of |μ̇|; hence θosc

and γ are generally larger for larger |μ̇| in Fig. 7(b). How-
ever, there are also experimental runs at more moderate |μ̇|
for which the precursor oscillations are anomalously large.
For this reason it is important to measure θosc directly in
experiments).

This work shows that the combination of loading rate
and precursor oscillation amplitude can be combined either
to mitigate or enhance asymmetries caused by imperfections
in elastic snap-through. This may give a new strategy for
controlling the dynamic shapes adopted by snapping objects
[19]. In particular, since it has proven challenging to control
the magnitude of the precursor oscillations in experiments,
we suggest that choosing the size of the imperfection to
be large in comparison to the typical size of the precursor
oscillations may be the best way to control the asymme-
try of the resulting dynamics. This approach also allows
one to choose the left or right asymmetric mode during
snap-through repeatably, allowing for control of the jumping
direction.

Finally, note that the interplay between precursor oscilla-
tions and imperfections would be altered in the presence of
significant damping in the system. Indeed, the precursor oscil-
lations would decay as the system approaches snap-through,
reducing their relative importance. As a result, another im-
portant dimensionless number in the problem becomes the
ratio between the typical timescale of decay compared to that
of the experiment (how long it takes the system to reach
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(a)

(b)

FIG. 7. Comparison of previously published experimental results
[13] with full numerical results incorporating the effect of asymme-
try. (a) Experimental results (•) and numerical results with different
levels of asymmetry δα̂ (◦–see legend) but no precursor oscillations
(i.e., θosc = γ = 0) show that experiments are generally consistent
with the expected relative asymmetry δα̂ ≈ 0.2, but also that anoma-
lous results remain. (b) Combining with measured values of the
precursor oscillation in experiments, and assuming δα̂ = 0.2, we
calculate the relevant value of γ = θosc/δα̂ and see that numerical
results for the maximum angle produce a three-dimensional surface
for the predicted growth of asymmetry that is close to that observed
experimentally.

the snap-through instability). Since the latter depends on the
end-shortening rate, the behavior of the system would become
more complex. However, note that even in an overdamped
system, the key mechanism leading to amplification and/or

(ai) (aii)

(bi) (bii)

FIG. 8. Effect of phase on extent of amplification observed. Sim-
ulations of snap-through of an arch with (a) no imperfection, δα̂ = 0,
and (b) a fixed imperfection size δα̂ = 0.02 The simulations are
initiated at slightly different values of μ, leading to different phases
of the oscillation and thus different maximum asymmetries being
achieved during the transient dynamics. (i) Shows traces for the
particular case of |μ̇| = 0.15. The dashed gray curve in (bi) shows
the behavior in the absence of oscillations. Comparing this trace with
the yellow trace shows how the presence of oscillations may cancel
out the effect of the imperfection, greatly reducing the asymmetry
during snap-through. In panel (ii) of both (a) and (b), we show the
maximum amplification θmax/θosc for each value of μ̇ over several
simulations varying the phase of the oscillation (red circles). We then
select the largest amplification obtained to calculate the envelope
(black squares); in each case, the gray region highlights times after
snap-through.

growth is the same. If we replace the second derivatives on
the left-hand side of Eqs. (32) and (33) with first derivatives
(and appropriately changing the rescaling of tosc to include the
damping coefficient), we see that amplification and growth are
still driven by the function f vanishing or becoming negative
during snap-through.
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APPENDIX A: SOLUTIONS TO EQUATION (40)

The analytical solution to the problem

d2φosc

dτ 2
= −τ 2φosc (A1)
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with initial conditions φosc(−τi ) = 1 and φ̇osc(−τi ) = 0 is given by

φosc = AD− 1
2
[(1 + i)τ ] + BD− 1

2
[(−1 + i)τ ], (A2)

where i = √−1, Dν (x) is the parabolic cylinder function [20,21] and A and B are given by

A =
(1 + i)τiD− 1

2
[(1 − i)τi] − 2iD 1

2
[(1 − i)τi]

2D− 1
2
[(1 − i)τi]D 1

2
[(−1 − i)τi] + D− 1

2
[(−1 − i)τi]

(
(2 + 2i)τiD− 1

2
[(1 − i)τi] − 2iD 1

2
[(1 − i)τi]

) (A3)

B =
(1 + i)τiD− 1

2
[(−1 − i)τi] + 2D 1

2
[(−1 − i)τi]

2D− 1
2
[(1 − i)τi]D 1

2
[(−1 − i)τi] + D− 1

2
[(−1 − i)τi]

(
(2 + 2i)τiD− 1

2
[(1 − i)τi] − 2iD 1

2
[(1 − i)τi]

)
.

(A4)

APPENDIX B: THE IMPORTANCE OF PHASE

The asymmetry achieved by the arch during snap-through
in the presence of precursor oscillations depends significantly
on the phase of the oscillation as the system passes through
the snap-through point, see Fig. 8(a). Oscillations that are
leading to increase in asymmetry as the system undergoes
snap-through undergo large amplification, while those that
are in the decreasing phase at snap-through are only weakly
amplified. Figure 8(b) shows that even in the presence of

imperfections, the phase of the oscillations can counteract the
effect of imperfections, leading the growth of asymmetry dur-
ing snap-through to vanish. When evaluating the asymmetry
obtained at a given rate, we consider the largest possible tran-
sient asymmetry that can be achieved. To obtain this maximal
asymmetry, we run several simulations with precursor oscil-
lations of the same amplitude (same θosc) but different phases
and select the largest value to create the envelope shown by
the black squares in Fig. 8(b).
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