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Chapter 1

Introduction

Portfolio optimisation theory is a well-established field of research, which originates from the fun-
damental results in Markowitz’s mean-variance theory and the theory of expected utility. Alongside the
thriving sophisticated mathematical problems arising in the field, it also provides a natural economical in-
terpretations of the bahaviour of a portfolio maximiser. One of the main features of investor’s behaviour
is a degree of her so-called risk aversion that measures to which extent investor is keen on accepting risks
in a favour of extra premium. The risk aversion naturally suits the portfolio theory as investor is said to
maximise her expected utility of terminal wealth where the utility function is assumed to be concave and
nondecreasing. More precisely, for an investor with smooth utility function U we calculate her risk aversion
as

2U" ()

r(z) = ) x> 0.

The criterion under discussion appears as follows:

maximise_over V. EU(Vr),

where Vr is the investor’s wealth process at time T'.

The main critique of the expected utility criterion lays in its time-inconsistency cf. Guasoni and
Robertson [28]. As the optimal strategy depends on the time horizon T' (unless r(x) = 0) it is not possible
to track the optimal strategy dynamically as time passes. Instead, one can look at distant time horizons
and analyse an asymptotically optimal strategy of a risk-averse investor. One of the tractable criteria being

used to understand and model the bahaviour of an investor on long horizons is an asymptotic growth rate



of expected utility of wealth criterion, which is defined as follows:

1
maximise_over V  limsup — log EU (V7).
T—o0 T

Inline with [12, 25] we consider maximisation of the asymptotic growth rate of the expected utility of
wealth. The idea to look at the long-run optimality has proven to be a powerful tool in solving various
portfolio optimisation problems explicitly. It was used by Grossman and Vila [24] in a problem with leverage
constraints and by Dumas and Luciano [15] in presence of transaction costs. It is close to the objectives
studied in the risk-sensitive control, see Section 3.6 of Chapter 3. We refer to Guasoni and Robertson
[28] for a more detailed discussion.

Another alternative criterion is to look at the optimal consumption-investment strategies and maximise
the lifetime expected utility of consumption. There is an extensive literature on the problem since the seminal
papers by Merton [44, 45]. The problem was considered for an incomplete market model by Lehoczky,

Karatzas and Shreve and Xu [35], Cox and Huang [9].

1.1 Constrained optimisation and Azéma-Yor processes

The constraints within the portfolio optimisation problems appear in various forms depending on the
setup of the problem. One of the well-analyzed classes of constraints is a convex portfolio constraint, when
the proportion of the wealth in risky stocks takes its values in a given closed, convex subset of R%. In paper
by Cvitanic and Karatzas [11] the duality result was obtained representing the optimal constrained portfolio
via maximiser in auxiliary unconstrained problem. For an incomplete market results were obtained in a
special case by Karatzas, Lehoczky, Shreve and Xu [35].

Another class of constraints are pathwise constraints. They are generally harder to deal with as the
duality in a sense of Follmer and Kramkov (see [23]) does not seem to work. One well-known in the literature
constraint is a drawdown constraint. It is typically imposed on the wealth process and requires it to be always
above a given function of its up-to-date maximum. In other words, for wealth process (V;);>0 and a given
function w(z) we assume

Vi > w(sup Vi), ¢>0.
0<s<t



The classical example of a drawdown function is a linear drawdown, i.e. w(x) = ax for some 0 < a < 1.

The drawdown constraint appears in portfolio optimisation theory starting from the seminal paper
by Grossman and Zhou [25] who found the maximum of the growth rate of the expected utility subject
to a linear drawdown constraint. Their result was based on the forward approach and the solution was
obtained by solving the corresponding dynamic programming equation. Later this result was generalised
and, moreover, simplified in [12] where the probabilistic arguments were used to connect the problem with an
auxiliary unconstrained one. The main contribution of our work is that in Chapter 3 the equivalence result is
obtained for a general semimartingale market, general utility function U and general drawdown function w.
Essentially, it is proved that the value function of the drawdown asymptotic constrained problem with utility
function U, drawdown function w is equal to the rate of growth of the expected utility without constraint but
for a modified utility function which is given explicitly in terms of U and w. The optimal wealth processes
are also linked explicitly.

The main tool for obtaining the stated result is in a use of the so-called Azéma-Yor processes, which
were introduced in [2]. The Azéma-Yor processes are extensively studied in the recent paper by Carraro, El
Karoui and Oblgj [5]. In this paper the connection is built between the class of non-negative semimartingales
and the class of semimartingales which satisfy the drawdown constraint.

Another pathwise constraint that naturally appears in financial mathematics is a so-called floor con-
straint which requires the wealth process of an investor to be greater or equal than a prespecified process.
The floor process is referenced in literature in some cases as an American capital guarantee (see, for exam-
ple, [18]). This constraint has practical meaning and is observed on the real market in the form of different
insurance products which guarantee investor’s wealth to dominate a certain floor process. The final horizon
problem of maximising utility of wealth under a floor constraint was studied in [18]. The core result of that
paper is in linking the optimal wealth process with the Max-Plus decomposition of a supermartingale (see
[38] for more details). For the special case of a floor process the solution is an Azéma-Yor process.

In Chapter 4 we extend the result from [18] but for the incomplete market model with price deflators
with a restriction on the class of deflators. In the general setting we also solve the growth rate of the expected

utility problem subject to a floor constraint in the same chapter. The result appears to be intriguing: the



constraint does not affect the optimal rate of growth. By the moment this result was obtained we became
aware of the paper by J. Sekine [53] with similar results for the diffusion driven market model and for a

power utility function.

1.2 Utility of consumption subject to drawdown constraint

The problem of maximising lifetime utility of consumption in the presence of constraints was considered
in seminal papers. In [11] the convex constraint was imposed on the wealth process. The problem was
extended by Hua and Pages in [30], El Karoui, Jeanblanc in [17] to account for a labour income. The case
of the proportional transaction costs was considered in [1, 13, 43].

The case of a linear drawdown constraint was considered by Roche [51]. The solution was obtained
heuristically. The more recent paper by Elie and Touzi [20] examined the case of a zero interest rates but
for a fairly general utility function. By means of viscosity theory and by solving the dynamic programming
equation the solution was obtained in a closed form.

Chapter 5 deals with the lifetime consumption subject to the drawdown constraint. The contribution
of the result with respect to [20] is that the drawdown function is not necessary linear. By means of Azéma-
Yor processes an equivalent problem is derived to the initial one. The latter is tackled in a similar way as

[20] except for several proofs of lemmas and propositions.

1.3 Comments

Chapters 3 to 5 are intended to be standalone papers with the only change that material covered in
Chapter 2 will be recalled in each paper. In addition, Chapter 3 was submitted to Finance and Stochastics

and is in the second stage of the review.



Chapter 2

Azéma—Yor processes

To be able to formulate our results we need to introduce the so—called Azéma—Yor processes and recall
their properties established in Carraro, El Karoui and Obiéj [5]. This will equip us with the tools necessary
to relate Problems 1, 2 and their solutions in an explicit manner. We specialise here to the context of the

present work and refer to [5] for the general statements.

Proposition 2.0.1 (Carraro, El Karoui and Obldj [5]). Let F' be a locally bounded function, F(x) =
F(xo) + f;o F'(u)du, and (X:) a maz-continuous (Fi)—-semimartingale. The associated Azéma—Yor process
M¥(X) is given via
— — — t p—
MF(X) = F(X,) - F'(X)(X, — X;) = F(Xo) +/ F/(X,)dX,, t >0, (2.1)
0

where X := Sup, <¢ Xu. Further

o if I/ >0 then MI'(X) = F(Xy), t >0,

o if F/ >0 then M¥ (MY (X)) = X with K = F~1 the inverse of F,

o if ' is concave then M}F (X) > F(X;), t > 0.

Proof. The equivalence of definitions in (2.1) can be established for smooth enough function F’ by Ito’s
formula, noticing that fot (X: — X;)dF'(X};). This can be generalised to all bounded F’ by the monotone
class theorem. Indeed, let S be a m-system generating F, then (2.1) holds for F'(z) = 1[4 4(); let F} (x)

be a sequence of functions increasing pointwise to a bounded function F’(z) and (2.1) holds for F), then by



the monotone convergence theorem (2.1) also holds for F’. Finally, by localisation argument (2.1) can be
extended to all locally bounded F”.

The first property from the Proposition follows by noticing that F(X;) — F'(X;)(X; — X;) achieves
its maximum on X; = X, for a fixed X;.

Second property can be obtained by a direct calculation.

And the last property is obtained by noticing that F(y) — F(x) > F'(y)(y — x) for y > x > 0 as F is

a concave function. O

The above combines Definition 2.1 and Proposition 2.2 in [5] while the last property is clear (see also
Proposition 4.12 point ¢) in [5]). For our purposes, the crucial property of Azéma—Yor processes is that they
automatically satisfy a drawdown property. In fact from (2.1), when X > 0 and F’ > 0, we see that M (X)

satisfies w-DD, i.e. M} (X) > w(MF(X),) for t > 0 with w(z) = 2 — K(z)/K'(z), K := F~'. Crucially, we

can start with w, solve the ODE for K and hence find the suitable F'.

Proposition 2.0.2 (Carraro, El Karoui and Obldj [5]). Let w : [a*,00] = R be a nondecreasing function

such that y — w(y) > 0 is locally bounded and locally bounded away from zero for y > a*. Define

K(x) = aexp (/ u_lw(u)du> G >at >0, (2.2)

which is continuous and strictly increasing and has a well defined inverse F := K~ : [a,00) — [a*,00).
For a nonnegative max-continuous semimartingale (X;), Xo = a the drawdown equation

dX,
X,

dY; = (Yo —w(Yy)) t>0, (2.3)

has a strong, pathwise unique, max-continuous solution which satisfies w—DD constraint and Yy = a*,
given by Yy = MF (X)), where F is an inverse of K.

Conversely, given (Y;) a maz-continuous semimartingale satisfying w—DD constraint with Yy = a*,
there exists a pathwise unique maz-continuous semimartingale (Xt), Xo = a, which solves (2.3).

Finally, K is convex and F is concave.

Proof. Properties of K follow by a straightforward differentiation. Observe that as x —w(x) > 0 is bounded

and bounded away from zero we obtain K(x) < oo for all > a* and K(0co) = oo so that the inverse F' is



well defined on [a,00) and F(00) = co. The process Y = M¥(X) is well defined and max-continuous since
X; > 0. We apply Theorem 3.4 in [5] with ¢ := co. We conclude that Y satisfies the required w—drawdown
property for all ¢ > 0 and (2.3). In particular min{Y;,Y;_} > 0.

Likewise, for the converse, Y satisfies the w-DD condition for all times and hence we apply Theorem
3.4 in [5] with ¢ = co.

Finally, the last statement is clear since when w is non-decreasing then, by direct differentiation, so

is K'. O

By (2.1), in the above it is sufficient to consider F(z) for x > a since X; > Xo = a. We are free
to define F' on [0,a) in any way without affecting Y;. For completeness we specify one such extension by

extending F for all positive x as follows

K=1(a) ifr>a
F(x):= (2.4)
F'a+)(z—a)+a if0<z<a

so that F(0) = w(F(a)) = w(a*) > 0 and F is increasing and concave on [0, 00) if w is nondecreasing. We

write K,,, F,, when we want to stress the dependence on the drawdown function w.

Example 2.0.1. Consider the linear drawdown constraint w(z) = ax, o € (0,1). Then K (v) = vo(v/vg)Y/ (=)
and F(z) = vo(z/vo)!™®. For X > 0 maz-continuous semimartingale, Proposition 2.0.2 gives us that
Y := M¥(X) satisfied w—DD constraint and an explicit calculation using (2.1) gives

—l—a

Y, = MF(X) = g (aXt (1 —a)Yt‘aXt), >0,

with an analogous expression for X in terms of Y. More precisely,

oo T e
X, =ME®Y)= 1()_7& (X —aXy) X, ¢

Remark 2.0.1. The main statement in Proposition 2.0.2 may be reformulated as saying that the map-
ping X — Y := MY (X) is a bijection between the class of nonnegative semimartingales and the class of

semimartingales which satisfy w—DD constraint, and the inverse is given by X — ME(Y).

Remark 2.0.2. We consider here, similarly to [25, 12], drawdown constraint imposed on the discounted

wealth Dy X, where Dy is a discount factor. In practice this may be adequate if the so-called hurdle rate is



present, see [26]. However in many situations one is interested in avoiding drawdowns for the actual wealth
process Yy. Suppose for simplicity that all the assets are continuous and consider a positive wealth process
X. Using our methodology we could consider Y = M¥ (X) which would indeed satisfy the w-DD constraint,
but would not be a wealth process of a self-financing portfolio.

More specifically, assume Dy = exp(— fot R,du) for some positive adapted process R. Then,

d (DM (V)) = DF'(Vy)dV; + M (V)dDy
= F'(V)d(DV;) + (F(Vy) — F'(V)V,) dD,
d
= R (F(V}) = F/(V)Vy) Dydt + F'(V1) > wid(DyS)).
i=1
This provides the dynamics of a wealth process of a consumption and investment strategy, where the rate of
instantaneous consumption is Ry (F(Vy) — F'(Vi)Vy).
The above calculation suggests that drawdown constraints imposed on the undiscounted wealth should
be considered in the context of mazimisation of utility of consumption. We note however that it is not clear

how to build bijection akin to Proposition 2.0.2 above and what the adequate sets of wealth processes should

be. We believe this is a challenging topic for further studies.

The methodology based on Azéma—Yor processes, as introduced above, is perfectly suited for our
analysis. We note however that it is also possible to study drawdowns, and in particular laws related to the
first time a drawdown occurs, by considering X; = (X; — Yt) + X, and applying methods of processes of

class X, see e.g. Cheridito, Nikeghbali and Platen [7].



Chapter 3

Portfolio optimisation under non-linear drawdown constraints in a

semimartingale financial model

This chapter has been submitted to Finance and Stochastics journal and is at the second stage of the

review.

3.1 Introduction

We study portfolio optimisation subject to drawdown constraints. A drawdown constraint speci-
fies that the investor’s wealth V; has to remain above a given function w of its maximum to date: V; >
w(sup,<; V). The motivating example is the case of a linear w, when the current wealth is always greater
than a fixed fraction of its past maximum. Such features are often embedded in investment opportunities
available in the financial markets. From the investor’s perspective, they offer a partial protection of the re-
alised gains, where the past maximum is viewed as a natural reference point. For a manager who is trading
clients’ money avoiding large drawdowns is crucial — typically many investors have a stop-loss provision
and a large drawdown would result in a sudden withdrawal of capital from the fund, see Chekhlov et al. [6].

This problem was originally introduced by Grossman and Zhou [25] who considered a power utility
investor in a Black-Scholes market who faces a linear drawdown constraint and maximises the long-term
(asymptotic) growth rate of the expected utility of her wealth. Grossman and Zhou [25] applied the forward
approach and solved the problem using the dynamic programming principle. Later Cvitani¢ and Karatzas
[12] generalised the setting in [25] to a complete n-dimensional market with deterministic coefficients. Using

martingale theory they were able to link the solution to the optimisation problem with the drawdown
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constraint to an unconstrained problem which they could solve using the dual approach as in Karatzas,
Lehoczky and Shreve [34]. The initial motivation for our work was to see if a similar link between the
constrained and unconstrained problems could be established in a much greater generality.

In this chapter, we effectively solve the long-run continuous time portfolio optimisation problem with
drawdown constraints. More precisely, the main contribution of the chapter is an equivalence result: the
w-drawdown constrained problem with utility U has the same value function as an unconstrained portfolio
optimisation problem but with utility U o F,,, where F,, is given explicitly in terms of w. Moreover, the opti-
mal wealth process for the drawdown constrained problem is obtained as an explicit pathwise transformation
of the optimal wealth process for unconstrained problem. These results hold in an abstract semimartingale
model and the investor is endowed with a generic utility function U and a drawdown constraint w. Specifi-
cally, we only assume that wealth processes are max-continuous (i.e. have a continuous running supremum),
that U either behaves like a logarithm or dominates a power function, and has a finite asymptotic elasticity
as in Kramkov and Schachermayer [40], and that w(x)/z € (0,1) is bounded away from 0 and 1.

In the general setting of this chapter there is usually little hope to solve explicitly portfolio optimisation
problems. Adding a drawdown constraint, which is a path-dependent constraint on the admissible investment
strategies, appears to significantly increase the complexity. Rather surprisingly, our results show that this is
not the case: the constrained problem is just as easy, or just as hard, as the analogue portfolio optimisation
problem with no constraints. Since we consider the long-run optimality, Guasoni and Robertson [28] show
that the latter can be solved in rather general diffusion setting, see Section 3.6.3.

This chapter relies in an essential way on the so-called Azéma-Yor processes. They effectively provide
us with a bijection between non-negative wealth processes and the wealth processes which satisfy a given
drawdown constraint. Azéma-Yor martingales have initially appeared in [2] where they were used to solve
the Skorokhod embedding problem. Carraro, El Karoui and Obldj [5] introduced a more general class of
Azéma-Yor processes and studied them from an SDE perspective. In particular they investigated their
properties in relation to drawdown constraints. These results provided crucial insights for our work. In fact,
methods of Cvitani¢ and Karatzas [12] can be expressed using Azéma-Yor processes simplifying greatly their

proofs, see Section 3.6.2 below.
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Without the methods presented in this chapter the drawdown constraints are in general very hard to
study and we are not aware of any works investigating them in the generality similar to the one considered
here. Nevertheless, they have received some attention in the financial literature, which one would expect given
their practical significance. Magdon-Ismail and Atiya [42] derived results linking the maximum drawdown to
the mean return. Chekhlov, Uryasev and Zabarankin [6] analysed discrete-time portfolio optimisation where
the investors maximises the expected return subject to risk constraints expressed in terms of drawdowns.
They reduce the problem to a linear programming problem which can then be solved numerically.

In the continuous time framework, apart from the early contributions in [25] and [12], drawdown
constraints have recently been considered in setups with consumption. Roche [51] investigated maximisation
of expected utility of consumption over infinite time horizon for a power utility and under a linear drawdown
constraint. Elie and Touzi [20] generalised this to a general class of utility functions in the setting of zero
interest rates obtaining explicit representation of the solution. Subsequently, Elie [19] analysed the problem
of maximising the expected utility of consumption and terminal wealth on a finite time horizon. He did
not have explicit formulae but rather represented the value function as the unique (discontinuous) viscosity
solution of the Hamilton-Jacobi-Bellman equation. All the above works considered only the Black-Scholes
market. It is not clear at present if, and to what extent, our methods extend to such problems.

Finally, we mention that Vecer [54] analysed options on drawdowns as a more effective way against
portfolio losses than put or lookback options. Further analysis of option sensitivities to drawdowns was
presented in Pospisil and Vecer [49].

The chapter is organised as follows. Firstly, in Section 3.2, we introduce the financial market, give
definitions and formulate the main portfolio optimisation problems of interest. In Section 2, we recall the
relevant results on Azéma-Yor processes. Section 3.3 presents the main result and its proof. It considers
the problem with uniform units: the wealth in both the utility function and the drawdown constraint is
discounted by the same numeraire. In Section 3.4, we provide our results for utility of “wealth in dollars” but
subject to drawdown condition on the discounted wealth, as in [12, 25]. This requires stronger asymptotic
assumptions on U and w as well as deterministic interest rates. Section 3.5 is devoted to the drawdown

constrained optimisation problem with an asymptotically logarithmic utility. Finally, in Section 3.6 different
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examples are presented. We first consider a general market model which admits price deflators as in Karatzas
and Kardaras [33] and give sufficient conditions for finiteness of the value function. Then in Section 3.6.2
we specialise to the complete market with deterministic coefficients and give explicit solutions, extending
results in [12]. Finally, Section 3.6.3 provides an explicit solution for an incomplete market model.

The Appendix contains some technical lemmas needed in the proofs but which are of independent
interest. In particular we show continuity of the value function — the long-term (asymptotic) growth rate of
the expected utility of wealth — in the utility function U and its invariance under perturbation of U on some

initial interval [0, z¢].

3.2 Financial market model

We consider a general financial market model with no frictions. The dynamics of d risky assets
are represented by a vector S = (S',...,59%) of semimartingales defined on a filtered probability space
(Q,F,(F;),P) satisfying the usual conditions. For simplicity we assume Fy is trivial. S is the riskless
asset (money market account) which is a non-decreasing adapted process with S§ = 1. The discount
factor is denoted D; = 1/5Y. The only restriction we impose is that all assets are max-continuous, i.e.
(sup, <, Si)t>0 is a continuous process, i = 0, 1,...,d.

In this market agents are allowed to invest by trading in the usual self-financing way. However, we

restrict their wealth processes to be max-continuous and positive.

Definition 3.2.1. An adapted semimartingale (Vi) is called a wealth process if it is strictly positive,
Vi >0 and Vi >0 for allt >0 a.s., (D¢V;) is max-continuous and there exists an (Fy)-predictable process
7 = (n},...,7d) such that D;V; = Vo + Zle fot 7t d(D,S!), where the integrals are assumed to be well-
defined.

The set of wealth processes with Vo = vy is denoted Ago(vg).

The choice of the bond S° for units is customary. We say that (N;) is a numeraire if it is a wealth
process with Ny = 1. One can see that if (V;) is a wealth process then there exists an (F;)-predictable

process m = (10, ..., 7) such that V;/N, = Vo + 0, fg 7t d(S%/N,). In analogue to the above, the set
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of strictly positive processes V' which admit such a representation and satisfy (V;/N;) is max-continuous, is
denoted Ay (vp). We note that when all assets S are continuous then Ay (vg) = Ago(vg). Likewise, if we
consider the case when S¢ have only negative jumps, which are inaccessible and unbounded, then Ago(vg)
corresponds to wealth processes with no short selling restriction and is equal to Ax(vg) for a continuous
numeraire N.

Note that so far we have not assumed “no-arbitrage” in either strong sense of existence of an equivalent
martingale measure Q, or in a weaker sense of existence of a benchmark asset N for which all V/N are
supermartingales, see Section 3.6. Neither have we made any strong assumptions on the integrability of (m)
which would make wealth processes Q-martingales. Instead we consider utility maximisation in a general
setting. We are interested in maximising the long-term asymptotic growth rate of the expected utility of

wealth. More precisely we consider the following

Problem 1. Given a numeraire (Ny) and a function U compute

CERU,N (1}0) = sup RU (V/N),
VeAn (vo)

(3.1)
1
where Ry (V/N) =limsup — logE [U (Vr/Nr)],
T—o0 T
along with the optimal wealth process which achieves the supremum.
In (3.1), and throughout the chapter, we extend log to R\ {0} via log(z) = —log(—=z). Note that

Ru, (X) > Ry, (X) if Uy > U, are two functions of the same sign. Naturally, the problem only makes sense
under some assumptions on U. We say that U is a utility function if U : (0,00) — R is non-decreasing
and concave. In Section 3.3 we consider the above problem for a utility function U which is either strictly
positive or strictly negative. Utility functions with behaviour similar to logarithm are treated in Section 3.5
where (3.1) is modified into (3.13).

The idea to look at the growth rate of the expected utility goes back to Dumas and Luciano [15],
Grossman and Vila [24] and Grossman and Zhou [25]. Similar criterion also appears in the risk-sensitive
control literature e.g. Fleming and Sheu [22], see also Section 3.6.3. It is designed to capture the long-horizon
optimality and is often a more tractable criterion than the fixed-horizon utility maximisation of terminal

wealth, cf. Guasoni and Robertson [28]. We note however that it may fail to provide strategies optimal on a
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finite time horizon, as discussed by Klass and Nowicki [39] in the context of drawdown constraints introduced
below. CER above stands for Certainty Equivalent Rate and is interpreted as the critical safe rate —
if the investor was offered such (or higher) rate of growth via other investment opportunities she would be
happy to abandon the market and move to the alternative investment opportunities. Note that V; = vy Vy
is an admissible wealth process so that CERy, x > 0.

Utility maximisation problem above can be solved in number of fairly general setups, see Section 3.6
below. The aim of this chapter is to show a direct link between the solution to this problem and the solution

to a seemingly more complex problem with a pathwise drawdown constraint.

Definition 3.2.2. We say that w is a drawdown function if it is non-decreasing and

Jag,a2:0< g Sw(x)/z<az<l, z>0. (3.2)

We say that (V;) satisfies the w—drawdown (w-DD) condition relative to a numeraire N if

min{V;_ /N;_, Vi /N;} > w(sup V,,/N,), t>0.

u<t

The set of (V) € An(vo) which satisfy w-DD relative to N is denoted A% (vo).

We often refer to the processes from the class A, (vo) simply as processes which satisfy w-DD con-
dition. The canonical example of a drawdown function is: w(x) = ax. To the best of our knowledge this
is the only example which has been considered in the literature, including [12, 19, 20, 25, 51]. We consider
a general possibly non-linear drawdown constraint. In particular, Definition 3.2.2 allows for a piece-wise
constant! function w which has the effect that drawdown constraint is updated discretely at times when

the wealth process reaches a new threshold.

Problem 2. Given a numeraire (Ny), a drawdown function w and a function U compute

CER{f y(vo) = sup Ry(V/N) (3.3)
VEAY (vo)

along with the optimal wealth process which achieves the supremum.

1 More precisely, we can take w to be piece-wise constant on [vo, 00) for any vg > 0 and for the drawdown problem we only
consider w(z) for z greater than the initial capital.
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This is a greatly generalised version of the problem introduced by Grossman and Zhou [25] and
analysed later by Cvitani¢ and Karatzas [12]. Firstly, we allow for an almost arbitrary utility function U and
not just the power utility. Secondly, we consider a general possibly non-linear drawdown constraint. Finally,
we work in a general semimartingale financial market model and not a complete Black-Scholes-like model.
Working in such a generality we can not hope for an explicit solution to Problem 2 as in [12, 25]. What
we obtain is an explicit formula for the value function and the optimal investment strategy in Problem 2 in
terms of the value function and the optimal investment strategy in Problem 1 but with a suitably modified
utility function.

Note that Problem 2 has unified units: both the drawdown and the utility are applied to wealth in
units of N. In [12, 25] the drawdown is relative to N = S° but the reward functional is taken of the wealth
in dollars: Ry (V). This introduces further inhomogeneity and is solved in Section 3.4 under additional
assumptions.

Finally we note that we consider only wealth processes which are strictly positive but, in view of
Lemma 3.7.1, this is not restrictive and we could allow wealth processes which become zero from some point
onwards. Likewise, we impose strict drawdown condition but this could be relaxed to allow the drawdown
constraint to become binding from some time onwards. Theorem 3.3.1 shows that such wealth processes

would never be optimal for problems of long-run utility maximisation considered in this chapter.

3.3 Main results

We are now ready to formulate our main results. The essence of the results is simple and explicit:
the w—drawdown problem with a utility function U has the same value as the unconstrained problem with
the utility function U o Fy,: CERy; v = CERyor, v, where w and F), are related by (2.2) and (2.4) with
a = a* = vy. Further, the optimal wealth process is given by NM ¥« (V*/N), where V* is the optimal wealth

for the unconstrained problem. We impose

Assumption 3.3.1. Assume that, for some € > 0, U satisfies either

U
(z) —— 00, and U is strictly positive on (0, 00),
xT€ X—»00
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or

U(z)x® ——0, and U is strictly negative on (0, 00).

X—> 00

This insures that our utility functions are of constant sign and they dominate a power utility. We
will further assume that they admit positive finite Asymptotic Elasticity in the sense of Kramkov and

Schachermayer [40]. Throughout the chapter a utility function simply means a non-decreasing concave

Uy -Uz)

function and U’, denotes the right derivative, U’ (x) := lim,, P

Theorem 3.3.1. Let w be a drawdown function, N a numeraire, vg > 0 and U a utility function satisfying

Assumption 3.3.1 and

AT
im sup
w00 |U(z)]

=7 € (0,00). (3.4)

Recall that K, is given by (2.2) and let F,, be its inverse extended to [0,00) as in (2.4) or in any other
way which preserves monotonicity and concavity. Assume that, for some § > 0, CERg n(vo) < oo where

G(z) = U o Fy(x) when U < 0 and G(z) = (U o Fyy(2))**° when U > 0. Then

CERQ&N(U()) = CERUOF N('UO) < 0

ws

and if V* € An(vo) achieves the maximum in the unconstrained problem then NMTw«(V*/N) € A% (vo)

achieves the mazximum in the w-drawdown constrained problem.

Remark 3.3.1. Using Proposition 2.0.2 from Chapter 2 we obtain that for any V € An(vg) the process

X := NMF+(V/N) € A% (vo). Indeed, we see that X satisfies Definition 3.2.1 with

7 = (P(Vi/N) = F/ (Vi/NJVi/ N0 ) wd¥ 4+ F (Ve[ Ny
with the obvious (vector) notation. Conversely, for X € A% (vo) the process V := NMX«(X/N) € An(v).

Remark 3.3.2. It will be clear from the proof, and in particular from Lemma 8.7.2 in the Appendix, that

when U < 0 we have in fact CER{; y < oo if and only if CERyor, N < 0.

Remark 3.3.3. We note first that for U > 0 Assumption 3.3.1 implies (3.4). Indeed, we have Um(f) —

/
o0, for some € > 0, which implies that there exists a sequence xp — oo such that (%)4_ lo=z), =
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(i%i’i) (% —6) > 0. Thus, limsup,_, ng;) > . On the other hand, by concavity, U(x) >
U(z) —U(0) > U’ (x) so that limsup,_, % <1.

The reverse is not true. This can be seen by constdering a U which alternates between linear and
log-like behaviours. Specifically, consider Uy with Up(0) = 0, Uj(0+) = 1, Uj(x) being continuous, with
Ub(x) = Ul(zar) for @ € [xog, varr1] and Ul(z) = (v — vops1 + Ud(wars1) 1) "L for @ € [Tops1, Topsa] where

r0=0,21 =1 and

Top := inf {x > xok—1 +1:Up(x) < xl/k} ., k>1,

) (3.5)

Uo()

Choice of x; quarantees that Uy does not dominate any positive power of x asymptotically, but has a strictly

m2k+1::inf{aﬁZI2k+1: 21—1/k}7 k>1.

positive asymptotic elasticity. More precisely, the asymptotic elasticity is equal to one as it is bounded from

Top41U (Tak41) -1

above by 1 since U is a positive utility function and limg_, o Ulzacss)

x

For U < 0 we need both assumptions, because, for instance, U(x) = —e™® satisfies Assumption 3.3.1

but not (3.4) and —ﬁm is a utility function which satisfies (3.4) but not Assumption 3.3.1.

Remark 3.3.4. Observe that CER in Problems 1 and 2 are invariant under a multiplication of U by a
positive constant. Further, for a positive utility function U, they are invariant under a constant shift of U
which preserves the sign. More precisely, write C = CERy n(vo) and let K > 0. For any é >0, V € Ay (vo),

taking T large enough we have
log E[U (Vr/Nr) + 1] < log(eT(“+%) 4 k) < log(2eT(C+9)).

This yields Ry+x(V/N) < C + 6 and letting § \, 0 we have CERy1. n(vo) = C. Finally, both problems
are invariant under changes of U in the neighbourhood of zero. This is clear under the drawdown constraint
since U is never evaluated on x € (0,w(vg)). By Theorem 3.3.1 it is also true for the unconstrained problem.

A direct argument for this is given in the proof of Lemma 8.7.1 in the Appendiz.

Proof of Theorem 8.5.1. Let V € An(vo) and X := NM¥(V/N) which is in A% (vg) by Proposition 2.0.2.

Now, by Proposition 2.0.1 we obtain directly

() ot (3)) oo () oo



18

which readily implies Ry (X/N) > Ryor(V/N). Taking supremum over all V € Ay (vg) we conclude
CERy n(vo) > CERyor,n(v0) -

It follows also that if we had equality and the right hand side was attained by a wealth process V* then the
left hand side is attained by NM¥ (V*/N), as required.

It remains to establish the reverse inequality. The idea of the proof is to consider a sequence on
unconstrained problems whose value functions all dominate CERyor v (vo) and converge to CERy y(vo)-
We will do this by relaxing the drawdown constraint w to w,, and considering utility functions U o F,,. Let

wa(z) == — (1+ i)ff({,((f;)) = w(z) — Tllf({((i)) =1+ %)w(m) - %m x> v, (3.6)

where the equalities follow from w(z) = ¢ — K(x)/K'(x). We take n large enough so that w,(x) satisfies
(3.2) but we note that w,, may fail to be globally non-decreasing on (0, co).

It follows by a direct computation that

v 1 1 _n_
K, (x) := Ky, (z) = voexp (/ u_w(u)du> = vOH—n (K(x))™", x>,
Vo n

and w(z) = z — K, (2)/K],(x), where K/ (vg) is understood as K/ (vo+). Consider (X;) € A% (vp) and let
Y;* := N;M["(X/N) which is an element of Ay (vg) by Proposition 2.0.2. Using (2.1) and the drawdown

property of X we obtain

o ()= () (B (()) (@)

where h,,(x) is defined for « > vy as

Il
=
—
G
VRS
—
|
SHES
R
Els

—
5B
S~—
N———
|
=
N—
VRS
|
—
+
=
\
3
N——

T 14n
where we used (3.6) and wy,(z) =z — K, (z)/ K], (z).

Let F,,(v) be the inverse of K, (v), for v > vy and extended to [0,00) via (2.4). Explicitly, we have

F,(v) = F (Ual/nvlrl), v > v and F,(v) = F(v) — 2(F(vg) — F(v)), v € [0,v). F, is continuous and

n

strictly increasing on [0, 00) and we take n large enough so that F3,(0) > 0.
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Observe that for z > vg:

Fale)  KnFu(e) Fale) Fo(x) =1 (3.7)
and hence
- / 2F)(x) ,
2 (Uo Fy(x)) | = Fu(x)U' (Fy(x)) Fola) = Fo(z)U"(F,(x)).

Using (3.4) we conclude that

pimsup ZU @ R @ULF @) U )
T—00 UoFy(r) ~ 250 Uo F,(x) yeo U(y) )

where we used the fact that F' is a strictly increasing continuous map of [vg, 00) onto itself so any sequence
Ym — 00 can be represented as y,, = Fy,(2,,) for z,, = K, (Ym) — 00 as m — 0.
Similarly, since wy,, satisfies (3.2) we see from the above that zF) (x)/F,(x) > ay, for all > vg and

some «,, € (0,1). This allows us to conclude that U o F,, has positive finite Asymptotic Elasticity:

x(Uo Fn(w))/
2y < 1i B L e
St e

<7.

Applying Lemma 3.7.3 to U o F,, and o = vo/(n + 1) we deduce that there exists v, € R, v, # 0
such that for all > vg/(n+ 1) and all A > 1 we have U o F,(Az) < AU o F,,(x). Set A = (1 +n) and
z =K, ((%)t) /A. Observe that (%)t > vp and that K, (vg) = vg so & > vg/(n + 1). Combining all the

above, we obtain

oo () o ()
() e ((3),)= (53) "0 (),

The factor of (1 4+ n)~7 disappears when we apply %1og and let ¢t — oo:

Ruor, (Y"/N) > Ry (X/N). (3.8)
Taking supremum over X € A% (vg) we conclude that
CERyor,, N (v0) = CERY v (vo)

and thus we indeed have a sequence on unconstrained problems with value functions all dominating CERy; y (vo)-

It remains to argue that they converge to CERyo n(vg) and for this we use Lemma 3.7.2 in the Appendix.
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For v > vg we have F(v) < F,(v) = F (”o UT) and for v € [0, vg) we have ¢, F(v) < F,,(v) < F(v)

where ¢, = 1 + %% and we take n > ng chosen such that ¢, > ¢ := ¢y, > 0. Fix € € (0,1) and note

that Uo_l/" < e /" < €. Together the above give us

coF(v) < F,(v) < F'Y"/e), v>e (3.9)
Thanks to (3.4), we can apply Lemma 3.7.3 to U with xo = coF'(€) to see that there exists a non-zero 4" € R
such that U(%C()F(U)) < cale(coF(v)), for all v > e. We thus obtain

U o F(v) < U(coF(v)) U o Fo(v) SUoF (ivm/”) L uze

Finally observe that F,(x) — F(x) for all x > 0 so that U o F,, — U o F pointwise. Together with

CERg, v < 00, Lemma 3.7.2 now yields
CERUan,N(UO) ::0:7 CERU0F7N(UO) < 00
which concludes the proof. O O

From Lemma 3.7.1 we immediately have

Corollary 3.3.1. Under the assumptions of Theorem 3.3.1 we have for any v > 0

CER?[?,N(U) = CER57N(1) = CERyor N(l) = CERyor N(’U) < 0

wH w

and if V* € An(1) achieves CERyor, v (1) then vV* achieves CERyor, v (v) and NMP«(vV*/N) € A% (v)

achieves CERyj y (v).

3.4 Utility of wealth in dollars

We turn now to the inhomogeneous problem as considered by Grossman and Zhou [25]. We seek to
maximise the utility of wealth U(Vr), but the drawdown constraint is imposed on the discounted wealth
process V;/SP. Note that in the case of a linear constraint, w(z) = aw, this is equivalent to saying that the
drawdown constraint is growing at a hurdle rate equal to the riskless rate, see Guasoni and Obt6j [26]. In

analogy to Problems 1, 2 we define

CERp(vo) = sup  Ry(V), CER{(w)= sup Ry(V). (3.10)
VeAgo(vo) VE.A;’O('UQ)
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As previously, by considering V = v(S° we see that in both cases CER > 0. In order to be able to relate these
problems we essentially need to go back to the homogenates case when Ry (V) is replaced by Ry (V/S?) and
for this we need to be able to factor the discounting in and out of the reward functional Ry;. This is possible
when U is a power utility, w is linear and S° is deterministic as in [12] and [25]. Here we need to assume

this holds asymptotically.

Assumption 3.4.1. Assume the following three conditions hold

zU/ (x)
(

(i) U is either strictly positive or strictly negative on (0,00) and the following limit exists — )

— Y€

(—00,1)\ {0} as x — oo,

(ii) the following limit exists @) e (0,1) as x — oo,

x

log S%

(iii) SO is deterministic and the following limit exists r* := lim7_, o L

The first assumption is a strengthened version of the finite asymptotic elasticity of Kramkov and
Schachermayer [40] which we assumed earlier in (3.4). It follows from Lemma 3.7.4 in the Appendix that it
implies Assumption 3.3.1 holds. The second condition above is in fact equivalent to saying that K in (2.2)
also has such (converging) finite asymptotic elasticity. This is immediate since zK'(x)/K (z) = z/(x —w(z)).
We denote the CRRA (power) utility with H®)(z) = %7 p < 1. We assume p # 0, which is the case of
logarithmic utility treated below in Section 3.5. Finally, we denote w,, (2) = ax the linear drawdown function.

We assumed above that the interest rates are deterministic and that asymptotically U is a power
utility and w is linear. Comparing with the setup in Section 3.3 these are strong assumptions and our main

contribution, relative to [12], is that we work in a general max-continuous semimartingale market.

Theorem 3.4.1. Let U be a utility function and w a drawdown function for which Assumption 3.4.1 holds.

Assume further that CER gv-ayats) (Vo) < 00 for some § > 0. Then

CER{(v0) = CERY, (v0) = CER g(v1-ay (vo) + [y|ar™ < oo

and if V* € Ago(vo) achieves the mazimum in the unconstrained problem then S°M*w(V*/S%) € A%, (vo)

achieves the mazximum in the w-drawdown constrained problem, where F,, is as in Theorem 8.5.1.
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Remark 3.4.1. Theorem 1.1 of Grossman and Zhou [25] and Theorem 5.1 of Cvitanié and Karatzas [12]
are consequences of the above statement. Namely, they specialise to w = wa, U = HO) with v € (0,1) and
a particular (deterministic, constant coefficients) market setup. Standard techniques allow then to compute
explicitly CER (v -a)) (Vo) and find the optimal wealth process V*, see Section 3.6.2. Therein we also discuss
how wvarious objects in [12] and in our work relate explaining how methods of [12] helped us develop intuition

behind this paper.

Remark 3.4.2. Similarly to Theorem 3.3.1, it follows from Lemma 3.7.2 that when ~v < 0 the equality

CERY; = CERy(v(1—a) + |7y|ar* holds without assuming that CER gva-aya+s)) is finite.

Proof. Recall that Ry, (X) < Ry, (X) for two functions U; < Us of the same sign. Consider X € AY, (vo)

and a small € > 0. As X; > w(vp) > 0, we can apply Lemma 3.7.4 in the Appendix to obtain

RU(X) < RH(W(HE))(X) = 'RH(«,(1+5))(X/SO) + |’}/|(1 + 6)7“*, (3.11)

the last equality following since S° is deterministic.
Recall K = K, defined in (2.2). Note that 2K'(x)/K(z) = 2/(x —w(x)) and hence that Assumption

3.4.1 implies

xK'(x) . x i 1 1
= lim ———— = lim = :
z=oo K(x)  soocox—w(x) sol—-—w)/z 1-—a«

F : [vg,00) = [vg,00) is the inverse of K, and we have lim,_, . 2F'(z)/F(z) = 1 — a. Lemma 3.7.4 then
implies that F(z) < co H((1=2)(1+49) for some ¢y > 1 and all > v/2. In consequence, for any Y € Ago(vg)

with Y/S% > vg/2

Ruea+aor(Y/5?) S Rpea-aaie (Y/SY)
(3.12)

= Rycu-aaran (Y) =71 —a)(1+ e)’r*,
which is finite for € small enough by assumption.
By a similar reasoning and using the assumption of the theorem we conclude that CER¢ g0 (vo) < 00

for G(z) = (HO(+) o F(2))+° with § = €1,5¢ and for ¢ small enough. Applying Theorem 3.3.1 and
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combining (3.11) with (3.12) we obtain

CERy(vo) < CERY(ya+en go(vo) + [7[(1 +&)r”

< CERya-awata2 (vo) + [y]ar™ +e[y[r™ (1 = (2 +¢)(1 — a)).
Taking ¢ — 0 and invoking Lemma 3.7.2 yields “<” inequalities in the desired equality. The reverse in-
equalities are obtained in an analogous manner but exploiting the lower bound in Lemma 3.7.4. Finally, the

above also shows we can replace w by w,.- O O

Remark 3.4.3. Similarly to Theorem 8.3.1 and Corollary 3.3.1, CER{j(vg) above does not depend on vy

and the optimal strategy for the unconstrained problem scales linearly in the initial wealth.

Corollary 3.4.1. In the setup of Theorem 3.4.1 we have
CERH(W(pa))(’Uo) = CERU0F(U0).

This Corollary follows from the proof of Theorem 3.4.1. Naturally, similar statements can be made
relating in general CER for power utility and for U which satisfies (i) in Assumption 3.4.1. This is not
surprising in the light of the results on the so-called turnpike theorems. In this stream of literature authors
study the convergence of the value function and the optimal strategy for the Merton problem of maximising
utility of terminal wealth as the horizon T' tends to infinity. In particular, Hubermann and Ross [32] argue

that, in the case of a complete discrete market, the convergence of optimal strategies is equivalent to the

_xU"(x)

o7y — 1 — 7, which is essentially (i) in Assumption

convergence of the relative risk aversion, i.e.

3.4.1. Huang and Zariphopoulou [31] study the problem for a continuous time complete market model with
deterministic coefficients, as in Section 3.6.2. They find sufficient conditions on U for the optimal strategy to
converge to the optimal strategy coming from the problem with a power utility. The analysis in a recent paper
of Guasoni and Robertson [28] includes also incomplete markets. In comparison, our results apply in a much
more general context but are also much weaker. Problem 1 looks at maximising the long-term asymptotic
growth rate of the expected utility and the above Corollary shows that the resulting value function is the
same when two utility functions have the same asymptotic behaviour. It does not say anything precise about

finite horizon utility maximisation and its convergence.
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3.5 Logarithmic Utility
So far we have only considered utility functions with constant sign and which dominated a power
utility, as in Assumption 3.3.1. In this section, we consider utility functions akin to U(z) = loga. The

results are very close in spirit to ones in the previous two sections, but in fact require less technicalities in

the proofs. First we need to introduce a modified version of maximisation criterion in (3.1).

Problem 3. Given a numeraire (Ny), a drawdown function w and function U compute

(TE_I/%U’N(U()) = sup ﬁU(V/N),

VeAn(vo)
CERy.n(vo) = sup  Ru(V/N), (3.13)
VeAY (vo)

where Ry (V/N) = lim sup %IE [U (Vr/Nr)],

T—o0

along with the optimal wealth processes which achieve the supremum.

Theorem 3.5.1. Let N be a numeraire, w a drawdown function and U a utility function satisfying

U
ligsip xU! (z) < oo and limrr_1>i£f 10;5353))

Let F,, be as in Theorem 3.3.1 then

6]\3_]?{1;]]71\](1)0) = (/jE\)_ﬁUOF N(UO)

w

and if V* achieves the mazimum in the unconstrained problem then NM%«(V*/N) achieves the mazimum

in the w-drawdown constrained problem.

Remark 3.5.1. The equality between value functions in particular states that they are either both finite or

both infinite.

Proof. The first part of the proof is identical to the first part of the proof of Theorem 3.3.1 and yields
aﬁﬁU,N(Uo) > é—ﬁﬁUOF,N(UO).

We also obtain that NM ¥« (V*/N) is optimal for constrained problem when V* is optimal for unconstrained.
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It follows from the assumptions that for any y > 0 there exists v such that
Ul () <y <oo, z>y.
Applying Lemma 3.7.3 to eV®) we deduce that
UMz) <U(x)+vlogh, A>1, x> y. (3.14)

Write F' = F,, and define w,,, K,,, F, as in the proof of Theorem 3.3.1 and recall the computation in (3.7).
It follows that 2U o an_(x) < v for & > vg. The same reasoning holds with F' in place of F,,. We deduce
that (3.14) holds with U o F in place of U and 7' instead of vy and likewise for U o F,, and 7,

Let X € A%(vg), Y™ = NM%~(X/N) and recall from the proof of Theorem 3.3.1 that

e 1 (XYY
Nt_l—l—n Nt

Using (3.14) for U o F,, and y = vo/(n + 1), A =n + 1, noting that K, (X/N) > vg, we obtain

U(X/N,) <UoF, (11

+n

Kn(X/Nt)> + v log(n 4 1)

n

Y,
<UoF, (]\?) +Tn IOg(n+ 1)'

t

Dividing by ¢, taking log and passing to the limit ¢ — oo yields:
Ruor, (Y"/N) > Ru(X/N) > Ry (X/N).
Taking supremum over X € A% (vg) we conclude that
CERuor, . (v0) > CERy y (vo).

It remains to establish the convergence in n on the LHS. An analogous argument to Lemma 3.7.1
shows that it suffices to consider V' € Ay (vg) such that V/N > vy/2 to compute (/JEP/{UOE“N(UO). The

bound in (3.9) gives

1
U(coF(v)) <Uo F,(v) <UoF (Ulﬂ/") , vV>E€
€
for arbitrary ¢ € (0,1) and some 0 < ¢y < 1. Taking € < v9/2 and using (3.14) for U and U o F with

y = min{e, co F'(€)} we obtain

UoF(v)+~logeg <Uo F,(v) <UoF(v)+~"log(v'/™/e), v>e (3.15)
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Finally, consider log F'(x)/x for large x and let z = F'(x). Then, using (3.2),

logF(z)  logz log 2 log 2
log log K(z) loguvg + fvzo uiuu(u) ~ logwg + ﬁ log z/vg

which can be made arbitrary close to 1 — as > 0 by considering z large enough. Using the assumption on U

we conclude that

lim inf Ue Hz) F(z) = lim inf Uo F(z)log F(2)

> 0.
z—oo  logx z—oo logF(z) logx

It follows that for some positive constants ¢, ¢y, cU o F(x) 4+ ¢; > log(z) for all > e. Combined with (3.15),
this shows that

CERyor N (v0) < CERpor, N (vo) < (1 + ¢ /n)CERyor N (v0).
Taking n — oo establishes the desired convergence. O O

We close this section with a result similar to Theorem 3.4.1. The definitions of @T%U, C/JETI/{;U should

be clear and the proof follows closely the arguments in Section 3.4 and we omit it for the sake of brevity.

Theorem 3.5.2. Let U be a utility function with x2U! (x) — v € (0,00) as * — oo and w a drawdown

function such that (ii) and (iii) in Assumption 3.4.1 hold. Then
C/Ef{;j(vo) =~(1- a)éﬁf{log(vo) + yar®

and SOM¥ (V*/S%) € A% (vo) achieves the mazimum in the drawdown constrained problem if V* € Ago(vo)

achieves the mazximum in the unconstrained problem.

3.6 Examples

We discuss now some examples. Our aim is twofold. First, we want to give an example of a rather
general setup in which sufficient conditions can be found which guarantee finiteness of CER for the uncon-
strained problem, as assumed in Theorem 3.3.1. Second, we want to discuss specific examples when the
unconstrained, and hence also the drawdown constrained, portfolio optimisation problem is solved explicitly.

In particular we relate our results and methods to the ones in [12].
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3.6.1 Market with price deflators

We start by assuming existence of a price deflator (or a state price density) process. In the setup of
Section 3.2 we further assume that all S! are continuous and that there exists a P-local martingale (Z;),
Z; > 0 for all t > 0, such that (Z;D;S}) are P-local martingales, i = 1,...,d. Note that we do not necessarily
assume that (Z;) is a true martingale and hence that an equivalent martingale measure exists. Our setup
is in fact analogous to the most general setup in which stochastic portfolio optimisation is considered, see

Fernholz and Karatzas [21]. Note that if (V;) € A(vg) = An(vp) then
d(ZtDt‘/t) = Dt(‘/;g — WtSt)dZt + Ftd(ZtDtSt),

so that (Z;D;V;) is a positive P-local martingale and hence a supermartingale. Karatzas and Kardaras
[33] show that the existence of (Z;) is equivalent to the NUPBR condition (No Unbounded Profit With
Bounded Risk). This condition is weaker than the usual NFLVR condition from Delbaen and Schachermayer
[14] and allows for some (very mild) arbitrage opportunities, see examples constructed in [33]. Recall that

H®)(z) = ]%zp.
Lemma 3.6.1. Let N be a numeraire. The following implications hold for any p <1, p # 0, and vg > 0

Rer(—p/i-p)) (DZ) <o == CERH(p) (Uo) < 00,

Rpcs/a-»m(DZN) <oo = CERgxm n(vo) < 0.
Proof. Let (V;) € A(vg) so that (Z:D;V;) is a P-local martingale, as above. For p < 0 we have
E[V7] = E(DrZ7) " (ZrDrVr)"]
> (E[(DTZT)_ﬁ])(l_p) (E[Zr DrVr])" > vg (E[(DTZT)_ﬁ])(l_p) ,
where we used reversed Holder’s inequality and the fact that a non-negative local martingale is a super-
martingale. The inequalities above are reversed when we divide both sides by % < 0 and the claim follows.

The case p € (0,1) is even more straightforward — it suffices to reverse the inequalities in the above. The

case with numeraire is entirely analogous. O O

The lemma above gives an example of sufficient conditions to apply Theorems 3.3.1 and 3.4.1 since

they both require that CERg n or CERg is finite. For the latter G is a power utility function and Lemma
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3.6.1 applies directly. For the former we would need to bound G by a power utility.

Naturally, in the current very general setup there might be little hope to compute CERy or find the
optimal wealth process. However, one might expect this to be the simplest portfolio optimisation problem
to solve. The strength of our results is to show that solving the seemingly much more complex problem with
drawdown constraint on wealth paths is in fact equally simple (or hard).

Karatzas and Kardaras [33, Theorem 4.12] also show that the existence of (Z;) is equivalent to the
existence of a benchmark numeraire N such that V/N is a supermartingale for any V € A(vy), see also
Christensen and Larsen [8]. This readily implies that Gﬁfilog (vo) = ﬁlog(N ). Indeed, considering V' € A(vp)

and applying Jensen’s inequality gives

1 1 ~ 1 Vr 1 ~
lim sup —=Elog Vpr < limsup —Elog Nt + limsup —=Elog — < limsup —=Elog N.
T—)oop T &Y= T—)oop T &AT T—)ocp T & NT o T—)oop T &

This observation essentially goes back to Bansal and Lehmann [3]. In a no-arbitrage complete market model
(Z) is the density % where Q is the equivalent martingale (risk-neutral) measure. Completeness means
that (D;Z;)~! is an admissible wealth process and thus the benchmark numeraire. In particular, in the

setting of Theorem 3.5.2, we then have

~—w 1
CERy (v9) = yr* — v(1 — &) lim sup TIElog Zr.

T—o0
It may be natural to start modelling by simply requiring that the benchmark numeraire N exists. This is
pursued in the so-called benchmark approach, see Platen and Heath [48]. It is clear that Lemma 3.6.1

remains true in this approach when we replace DZ by 1/ N.

3.6.2 Complete market model with deterministic coefficients

We consider now the classical complete financial market model with deterministic coefficients. Let
W, = (W}, ...,W2) be a standard d-dimensional Brownian motion and (F;) the augmentation of its natural
filtration. Here ' denotes vector transpose. Sy = exp(fot rydu) is deterministic and % fOT rydu — r* >0 as

T — oo. Each asset follows dynamics given by

d
= pidt + Y o/dW], Sj=s>0

Jj=1

dsi
St
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where pi and o}’ are bounded deterministic functions and o; is invertible. Recall Definition 3.2.1 of wealth
process and let 7l := 7iS!/V; be the proportion of wealth invested in the i'' asset so that d(D;V;) =

Z?:l A d(%‘zsn. The market price of risk is given as 6, := o~ *(p; — r4I), where I is a d-dimensional vector

with all entries equal to one. We assume 6; is also bounded and that
1 T
[16%]% := lim —/ |6.]|du  is well defined and finite.
T—oo T 0

The state price density

t 1 t
Zy := exp {/ 0., dw,, — 5/ |0u||2du}
0 0

is a P-martingale which defines the unique risk neutral measure Q, %| F, = Z. To solve CER ) one
first considers the problem of maximising the expected utility of wealth at a given horizon T'. The solution
is obtained using, by now standard, convex duality arguments, see Karatzas, Lehoczky and Shreve [34] or

Karatzas and Shreve [37, pp. 97-118]. The optimal wealth process V* is described explicitly via

- 1 _
7= ﬂegat ! (3.16)

and in particular it is independent of the time horizon T. We conclude that it is also optimal for the long-
term asymptotic growth rate optimisation. Taking limit of the value functions for the finite horizon problem

we obtain

CERpm (v0) = Ryw (V™) = |plr™ + 2(1|mp>|9*||2~

Note that the difference of a factor |p| when compared to [25, 12] is immediate since they consider =R g (V)
Ip] " H
instead of Ry (V).
Applying Theorem 3.4.1 for a utility function U and a drawdown function w, which satisfy Assumption

3.4.1, we obtain

w _ * * (1 B a) * |2
CER (1) = CER o (1) + blar” = o] (1 4 5o 07

which is achieved by the optimal wealth process X = SOM¥(V*/SY). Using (2.3) for (D;X;) we see that

d i .
—_— 1 _ d(DyS}

d(DtXt) = (DtXt — ’LU(DtXt)) E (1_7(1_&)920} 1) %
i=1 t
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In particular, we recover Theorem 5.1 in [12] by taking U = H) | v € (0,1) and w(z) = ax. It is insightful
to understand better how the objects in [12] relate to the tools of our work. In fact the Auxiliary problem
introduced and solved in [12] is nothing else but CERyor(v9) = CERg(v1-a)) (v0). Indeed, the process NI

defined in (4.1) therein is simply S°M*%(X/S°) and 7, = %920[1.

1-v(1—a

3.6.3 Incomplete market example

In a recent paper Guasoni and Robertson [28] solve the unconstrained portfolio optimisation problem
for an investor with a power utility in a rather general diffusion model. Our results allow to solve w—drawdown
constrained problem in their setting. The solution in [28] is involved and we do not cite the details here for
the sake of brevity. Instead we propose to study an application of Theorem 3.4.1 in an incomplete market
example adapted from the risk-sensitive control approach in Fleming and Sheu [22].

Consider a market with constant interest rate r and one risky asset S(t) evolving according to

dSS;S;) = (1 + poz(t))dt + odW} + pdW?,
dax(t) = bz(t)dt + dW},

where W1, W? are two independent Brownian motions and x(¢) has an interpretation of an economical factor.

In Theorem 3.1 in [22] the authors provide a link between Problem 1 with a power utility function
H®) and a viscosity solution of the dynamic programming equation. In Theorem 4.1 the optimal investment
policy is found. We refer the reader to [22] for further details of the method. In the last section of their
paper Fleming and Sheu consider Vasicek interest rate model with a single stock and give an explicit solution
to the utility maximisation problem. Our model above is slightly different but we are still able to use their
solution.

The difference with Fleming and Sheu [22] example is that the interest rate is given by r(t) = r in
our work and by r(t) = Az(t) — Z—; in theirs, which requires us to change some coefficients in final formulae

in [22]. More precisely, assume vy < 0 and p2 > 0?(K())? where K(?) is defined below. Then the value

function is equal to

(1 + on)?

P + I,

1 1
CERp ) (vo) = §K(7) + §|17|2 +1/27— j'y
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where
ne p2 + KWou
1—7 (DD + KMEM) (02 + p?)
and
2
EM — 14 1 9
+1—702—&—/)2’
K Ut TRamee 1
- — o —
L+ 15252 1+ﬁ6;7jp2
1/2
R B et
1_’70'2“!‘[)2 1+ﬁ 2C3r2p2 ,
o 2\ 1/2
DM = _ 147 o - i +(b+ﬁagipz)
L—yo2+p2 | 1-yo?+p? 14222

And the optimal investment policy 7;, which is fraction of wealth invested in risky asset at time ¢, is given
by

7 = DV (t) + Y,

for some constant a?).

In the setting of Theorem 3.4.1 we obtain that

y | 1-a +on)?
CERp(un) = LKO0=D 4 e 1 M) LA ODT

Y1 —a) o*+p?
where v < 0 and « € (0,1) are defined in Assumption 3.4.1. Note that we could also consider v € (0, 1)

under the additional parameter restriction which makes appropriate K) well defined.

3.7 Appendix

We state and prove here lemmas used in the proofs in the main body of the chapter. In fact the first
two lemmas are of independent interests. Lemma 3.7.1 shows that computing CERy; it is enough to consider
wealth processes which dominate a given fraction of the numeraire. Lemma 3.7.2 studies convergence of

CERy, — CERy as U, = U.

Lemma 3.7.1. Let U be a continuous non-decreasing function with a well defined locally bounded right



derivative U . Assume U is either positive or negative and satisfies

2U/ (x)

lim su + < oo.
oo |U()

Then for any vg > 0 and any numeraire N

(i) for any 0 < y < vy

sup  Ru(V/N)
VeAn (vo)

sup Ru(V/N),
VeAn(vo), V/IN>y
sup Ry(V) = sup Ry (V);
VeAgo(vo) VeAgo(vo), V>y
(iz)

CERpyn(1) = CERgy.n(v0),
CERy (1)

CERU (Uo).

vyeR

Proof. First, for V. € Ayn(vg) and some 0 < € < 1 consider the process V, = evoN; + (1 —e)V; > evgNy,
t > 0. As U satisfies (3.17) and J% > evg we are able to use Lemma 3.7.3 to deduce that for some non-zero

-0 (4

1 Vi Vi
<(1—¢) ) < -t
Nt>_(1 6) U(l—ENt>_U<Nt>’

where we used — % > % Taking expectation, applying % log and taking limit as ¢ — oo, we deduce that

1—¢

Ru(V/N) < Ru(V/N).
Thus, taking e = y/vy we obtain

(3.18)
sup Ry(V/N) < sup
VeAN (vo)

Ru(V/N)
VeAn (o), s.4.V/N>y
and the reverse inequality is trivial.

Similarly, for V' € Ago(vo) considering V; = ev9S? + (1 — €)V; > €voS? > evy and using analogous
arguments we obtain that

Ru(V) = Ru(V).
Taking ¢ = y/vo we conclude that the second equality in (z) also holds.

32

(3.17)



33

To show (i4), consider V € A (vg) such that V/N > y for some y > 0. Note that V! := iV € An(1).

If vo > 1, Lemma 3.7.3 and monotonicity of U yield, for some v € R\ {0},
U(Vi'/Ny) U(Ve/Ny) = UlwoV, [Ny) < vgU(ViH/Ne), £ 20.
If 0 < v9 < 1 we obtain similarly
U/ = 33U (Vi/N:) < UGN < UV N

It follows that

sup Ru(V/N) = sup Ru(VY/N)
Vedn (vo), V/N>y VieAn(1), V1/N>y/vo
The first equality in (i) now follows from () and the second one is analogous. O O

Lemma 3.7.2. Let N be a numeraire, U,,U, all nondecreasing functions of the same sign, continuous with
a well defined locally bounded right derivative, satisfying Assumption 3.53.1 and (3.17). Assume further that

for some c,c1 > 0 and some 0 < v <1

V6>03n;Vn>ns; cU(z) <Un(z) <Ulex'™), z>w.

If U,,U are negative we have, for any vy > 0,

CERUnyN(l) _— CERU)N(l),
nee (3.19)

If Uy, U are positive the above holds assuming that CERg n(1) < oo and CERg(1) < oo respectively, where
G(z) = U(x)'* for some 6 > 0. Consequently, we then have CERy n(1) < oo and CERy(1) < oo

respectively.

Proof. We prove both statements in (3.19) simultaneously. They follow respectively by taking £ = %,
Ve An(l) and £ =V € Ago(1) in what follows. Observe that, by Lemma 3.7.1 it is sufficient to consider

E>w.

Assume that for n and K large enough and any £ > v we have

) 1 . 1

Ry, (§) = limsup — log E[U,, ({7)] = limsup — log E[U,, ({7) 1¢p<k7],
) 1 . 1

Ry (§) = limsup T log E[U (&7)] = lim sup T logE[U (é7) 1¢p< k7).

T—o0 T—o0
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Take § > 0, large K, T, n so that the assumptions yield

aU(Er)lep<rr < Un(ér)lep<rr < U ) le,crr < U(cK T ér) e, <ir
< (KU (¢r)Lepernr,
where we used Lemma 3.7.3 to obtain the last inequality. Recall that we defined log x = — log(—=z) for z < 0.
Taking expectation, applying % log and taking the limit as T' — oo in the above we conclude, thanks to
(3.20), that

Ru(§) < Ru, (&) < Ru(§) + |v[dlog K.

This is true for n large enough and any £ and hence also when we take supremum over £&. We deduce (3.19)
taking § — 0.

It remains to argue (3.20). We will prove this for separately depending on the sign of U. Consider
first U,,, U > 0. Assumption 3.3.1 implies that there exists ¢ > 0 and € > 0 such that v < x < éU(z)'/¢. For

any ¢ > 0, using Lemma 3.7.3, we obtain

o < e o)

(é)yé’(ué’) U($)1+6I(1+M)’ T > V.

v

U($1+6’)1+5’

IN

IN

From the proof of Lemma 3.7.3 it is clear that U and ~ have the same sign and we conclude that for some
¢’ < § we have

U@ < U (') = 00G(z), >, (3.21)

for some ¢y > 0.

Using Chebyshev’s inequality we obtain

EU. (1)

E—ecleT '

= Un(KT)
In the last inequality we used again the fact that U,(z) > c;U(x) for > v and that U(z) > ¢ °z°. Take

n > ng with ¢’ as in (3.21). Combining the above and using twice Holder’s inequality with p = 1 4§/,
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1/p+1/q =1, we obtain

BIUn () Ler 7] < (U Er))F Bler > KT)Y < @Uner)? (o))’

, N F ()
1(141 ¢ O +1\146"\ P a
(EUn(gT)p)p( +3) B (EU( $r) )

<
T eelacl/IKeT/a T e</act/1KeT/a

Let Cg denote CERg, (1) or CER¢(1) depending on whether we consider £ = V/N or £ = V. Let 4/ be

the constant resulting from Lemma 3.7.3 applied with zq = v We can then continue the above chain of

inequalities
/ N (g ’ , A R(1+E
(Buteer =) Y (e 1y Bugg e )Y
<
&/acl/ UK <T/a - a—e/acl /KT /q
< . &xp((Ce +#)(1/p+1/pg)T)
< c3 ToeT/d

— czexp (((Cg-i-li) (; +plq> - ZlogK) T) 7

where to get the second inequality we used (3.21) and the fact that for any x > 0, for T' large enough,
we have EG({r) < exp((Ca(1) + k)T'). cs is a positive constant which is can be made explicit from the
above computation. For K large enough, the above is decreasing exponentially in 7. Combining the two
displays above we conclude that for any x > 0, n > ng, K large enough and all T' large enough we have

E[Un(é7)1e,> k7] < K and hence

E[Un(ér)] 2 ElUn(§r)1er<ir] 2 B[Un(§7)] — £ = E[Un(ér)] (1 - clUﬁ(y)) )

where we wrote kK = WE[U,L@T)} < Un’””(y)E[Un(fT)] and used the assumption U, > c¢;U. The first
equality in (3.20) now follows by taking expectations, applying % log and letting T — oo. Analogous, but
simplified, arguments to the above yield the second equality in (3.20).

It remains to argue (3.20) when U,,U < 0. We detail the arguments for U,, and the first equality in
(3.20). Obviously 0 > Uy, ({7) 1e, <kt > Uy, (§7) so (3.20) holds if ¢, := Ry, (§) = oo. Assume now that
(n < 0o and note also that ¢, > 0 since & > v. Using Assumption 3.3.1 on U we see that there exists € > 0

such that 0 > U(z) > —éz~=, > v. This yields E[U, (é7)1¢psxr]) > aU(KT) > —cieK—T2. Tt follows
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that

E[Un<£T)] S E[Un(gT)lngKT] S E[Un(fT)] + Clé[(_TE

CléKiTE
where ¢4 = ¢1¢, we took k > 0 arbitrary and T large enough. Taking K > exp(({, + k)/¢), applying % log

= E[Un(&r)] <1 ) < B[Un(€r)](1 — ege M KGnmmT),

and letting T' — oo we see that (3.20) holds.

O

The following Lemma is a slight extension of the first part of Lemma 6.3 in Kramkov and Schacher-

mayer [40].

Lemma 3.7.3. Let U : (0,00) — R be a continuous nondecreasing function, either strictly positive or strictly
negative, with a well defined and locally bounded right derivative and which satisfies (3.17). Then for any

xo > 0 there exists v € R\ {0} such that
U(x) <UMx) <XNU(x)  forallA>1, x> xg.

Proof. Let xg > 0. From (3.17), the fact that U is monotone and of constant sign, and U} is locally bounded,

there exists non-zero v € R such that
U ()
YU (x)

<1l z2>ux,
where v has the same sign as U.

Fix z > z¢ and define functions F(A) := U(Az) and G(\) := \U(z) for A > 1. Then, F(1) = G(1)
and F (1) = 2U/ (z) < vU(xz) = G'.(1). Hence, F(A) > G(X) for A € (1,1 +¢) for some ¢ > 0. Assume
that F' < G for some point in (0,1) then from continuity of F' and G there exists a point A* > 1 such that

F(\) = G(\) and F(\*) > G, (\*), but
/ *\ ! * ry * _ ’Y *\ ,)/ *\ ! *
FL(N) = 2Uf (V) < SLUKe) = LF(V) = L600) = GL (V)

which leads to contradiction. O

Lemma 3.7.4. Suppose U is a utility function which satisfies the first condition of Assumption 3.4.1. Then

for any ¢ > 0,e > 0, there exist c1,co > 0 such that

aHOU=) (1) <U(z) < e@HOMH (1), x> ¢



37

Proof. The assumptions on U mean that there exists zg > 0 such that

yU’ ()
Ul(y)

€ (y(1—¢e),7(1 4¢)) for y € [xg,00).

For x > xo we express U(z) as

“yUl(y) dy}

Ul n (3.22)

U(x) = Ulzo) exp { /

In the case of positive U the claim follows by taking

1= min{hmg(%,x € [c,yl]}

and ¢y = max{mg%%,z € [e, yﬂ} For a negative U we interchange max and min in definitions of

C1,C2. O



Chapter 4

Floor constraint

4.1 Introduction

We are studying a dynamic asset allocation problem of an investor whose preferences are characterised
via a utility function. She aims to insure a specified minimum value for the wealth of her portfolio given as
a floor process, which is also referred in literature as an American capital guarantee. This constraint on the
wealth of an investor is motivated by different insurance products available in a real-world financial market
commonly named as a floor. These products guarantee a pre-specified minimum wealth of the investor’s
portfolio.

This chapter deals with the problem of maximising the asymptotic rate of growth of the expected
utility of terminal wealth subject to a floor constraint. The main result states that for any reasonable floor
process there exists a wealth which maximises the Certainty Equivalent Rate (CER, see Chapter 3 for details)
for an unconstrained problem and dominates any given fraction of this floor process. The outcome of the
result is that the floor constraint does not affect the optimal value of the long-term optimisation problem,
which provides a certain critique of maximisation of an asymptotic growth rate of expected utility. We
construct the optimal wealth process as well as the strategy explicitly.

We want to notice that by the time the main result of this chapter was derived we found out about
the paper by Sekine [53], who deals with the same problem and obtains similar results for power utility
functions on diffusion driven markets.

In this chapter we also provide a connection between the optimisation subject to a floor constraint
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and the drawdown constraint for a long-term investor. We use the equivalence results from Chapter 3, where
the unconstrained problem was explicitly linked to drawdown constrained problem.

The long-term behavior of an investor whose preferences are characterised via a utility function are
extensively studied in seminal papers. In particular, the behavior of the optimal strategy as horizon tends to
infinity was studied in discrete market setting ([46], [41], [29]) and continuous market setting ([10], [31], [16],
[27]). These results are of the class of turnpike theorems and examine the necessary and sufficient conditions
for an optimal strategy for finite horizon to converge as the horizon tends to infinity.

Black and Jones [4] and Perold and Sharpe [47] examine the automated strategies including the
Constant Proportion Portfolio Insurance method which guarantees that discounted value of the wealth
dominates a pre-specified final floor. More generally, the principle of fund separation is studied. In a recent
paper by Guasoni and Robertson [27], it is shown that as the horizon becomes long an investor tends to
trade according to fund separation principle.

One of the first works on the optimal portfolio allocation problems subject to pathwise constraints
was written by Grossman and Zhou [25]. The authors considered a drawdown constraint imposed on the
discounted wealth process, which guarantees that the wealth will not fall below a prescribed percentage of
the up to date maximum. In the context of the complete Black-Scholes market with constant coefficients
they obtained an explicit representation of the optimal strategy for the long term investor who maximises her
certainty equivalent rate, or rate of growth of the expected utility of wealth. Their paper was simplified and
generalised in [12], where the problem was solved by first introducing an auxiliary unconstrained problem
which is easier to deal with and, then, connecting the problems explicitly. More generally, this connection was
examined in Chapter 3, where the equivalence result is established. This result explicitly links constrained
and unconstrained problems in a general semimartingale market.

In [18], the authors studied the floor constraint imposed on investor’s wealth in the context of finite
horizon utility of terminal wealth maximisation. A solution is obtained for the case of complete market and
the optimal wealth is given in terms of the max-plus decomposition of the floor process. In this chapter we
extensively use the approach established in [18] to deal with the finite horizon utility maximisation problem

with the specific floor for which it is possible to obtain the solution in an explicit manner by means of so-
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called Azéma—Yor processes which were originally introduced in [2]. The properties of Azéma—Yor processes
in relation to constrained processes were recently studied in [5].

A recent paper by Guasoni and Robertson [28] describes the concept of long-run optimality of the
wealth process. The wealth process of a long-term investor is called long-run optimal if the rate of growth
of value functions for finite horizon problems of an investor who aims to maximise her expected utility
of terminal wealth converges to the certainty equivalent rate. We extend this notion to the framework of
constrained optimisation. Namely, we provide conditions for the wealth which solves long-term optimisation
problem subject to a constraint to be long-run optimal.

The chapter is organised as follows. First, we introduce a general market setup and solve the long-
term investor problem in Section 4.2 . In Section 4.3 the long-run property is studied in the constrained
framework. Finally, in Section 4.4 we solve the finite horizon utility maximisation problem subject to a floor

constraint of a special form.

4.2 Optimal portfolio of a long-term investor subject to floor constraint

4.2.1 Market and problem formulation

We consider a frictionless market defined on the filtered probability space (2, F, (F3),P) with the
dynamics of n risky assets given as a vector of strictly positive semimartingales S; = (S},..,S"). The
riskless asset is a predictable non-decreasing process (SY) with S§ = 1. We define D; := 1/S? to be a
discounting factor.

The investor is assumed to trade on this market in the usual self-financing way. More precisely, we
define the set of all admissible investment strategies according to the following definition of admissible wealth

process.

Definition 4.2.1. An adapted semimartingale (V;) is called a wealth process if it is non-negative and
there exists an (F;)-predictable process @ = (x},...,w) such that DV, = Vo + 30, fg 7l d(D,St), where
the integrals are assumed to be well-defined.

The set of wealth processes with Vo = vq is denoted A(vp).



41

We say that (N;) is a numeraire if it is a strictly positive wealth process with Ny = 1. One can see
that (V;) is a wealth process if and only if it is non-negative, and there exists an (F;)—predictable process
m = (n9,..., 78 such that V;/N, = Vo + X0, fo 7 d(SL/N,).

For a given adapted non-negative semimartingale process (G¢):>¢ we consider a subclass of all wealth

processes defined as follows
Ac(vg) :={(V) € A(vg) 1 Vi > Gy, ¢ >0}

4.2.2 Main result

In this section we introduce the infinite horizon problem of an investor who aims to maximise her long-
term growth rate of utility of terminal wealth subject to a floor constraint. Our main theorem provides the
connection between constrained and unconstrained problems. We are able to show that the floor constraint
does not affect the value function for a wide class of the floor processes considered. More precisely, for any
floor process which admits at least one wealth process dominating it, there exists an optimal solution to the
unconstrained problem which dominates any given fraction of this floor process.

We consider function U which satisfies the following

Assumption 4.2.1. Function U is non-decreasing and it is either strictly positive, or it is strictly negative.
It satisfies
U (z)

limsup ——- < o0 4.1
TSP TG @) (4.1)

We now state our main result.

Theorem 4.2.1. Consider a concave non-decreasing function U which satisfies Assumptions 4.2.1, let vg > 0

be an initial wealth. Consider a floor process (Gi)i>0 € A(vg) then for any 0 <e <1

sup Ry(V) = sup Ru(V),  where (4.2)
VeA(vg) VeAu_oa(vo)

1
Ry (V) =limsup —log E[U (Vr)].

T—o0
Moreover, right hand side in (4.2) is mazimised by V; := e&; 4 (1 — €)Gy, where (£)1>0 mazimises the

left hand side and ét >c¢>0 as. for somece RT.
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In the definition of Ry, and throughout the chapter, we extend log to R\ {0} via log(z) = — log(—x).

Remark 4.2.1. The condition that the optimal wealth process for an unconstrained problem is bounded away
from zero is not restrictive and, in fact, such wealth process always exists. Let (1;)i>0 € A(vg) be optimal
for unconstrained problem then for any § € (0,1) we consider & = 6vSY + (1 — 8)1y, > & which belongs to

A(vg) and, whence, using Lemma 8.7.3 from Chapter 3 we obtain for some v' > 0:

U(&) > (1—08)" U(+——uvoSY +i) > (1 -8 U®}).

5
1-46
Thus, R(§) > R(7), which concludes the optimality of €.

In a similar way, considering a wealth process P = JvgNy + (1 — 0)7y > & we obtain R(¢Y/N) >

R(7/N).

Corollary 4.2.1. Consider a concave non-decreasing function U which satisfies Assumptions 4.2.1; let
vo > 0 be an initial wealth and let N be a numéraire. Consider a floor process (Gi)i>0 € A(vg) then for any
e>0

sup Ry(V/N)= sup Ru(V/N), (4.3)
VeA(vo) VeAu_eye(vo)

Moreover, right hand side in (4.3) is mazimised by Vi := ey + (1 — )Gy, where (Y;)r>0 mazimises

the left hand side and z/;t >c¢> 0 a.s. for some c € RT.

Proof. The proofs of Corollary 4.2.1 and Theorem 4.2.1 consist of similar steps, therefore, we prove them
together in the sequel.

Consider a process V; := €& + (1 — €)Gy. It is a wealth process from the class A(vg). This in fact
turns out to be the exact same strategy as used by Sekine in [53].

From nonnegativity of é we deduce
‘/t Z (]. - E)Gt.

Therefore, (Vt)tzo € An—e)a(vo).

Similarly, one can check that (V;);>o € Aa—eya(vo).
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Now, we need to show the optimality of wealth processes V and V. We know that if 6} > 62 for all
t > 0 then R(A) > R(6?). This is due to the fact that U is non-decreasing. And as v, > eét we deduce that
R(V) > R(¢€) and R(V/N) > R(ei)/N).

Using Lemma 3.7.3 from Chapter 3 for function U which satisfies Assumption 4.2.1, we obtain that

for any z¢ > 0 there exists v € R such that
U(x) <UAz) < XNU(z) forany A> 1,2 > xo.

As & > ¢ and by > ¢N for some ¢ > 0, we deduce that U(e&;) > e7U (&) for 29 = ce by Lemma 3.7.3

from Chapter 3. Thus, R(¢€) = R(€). Similarly, R(s¢)/N) = R(¢/N). O
Remark 4.2.2. From the proof of Corollary 4.2.1 and Theorem 4.2.1 we obtain that

1 ~ ~
lim sup T (log EU(&r) — 10gEU(VT)) =0,

T— 00
1 . .
limsup — (1og EU (7 /Nr) — log EU (Vr /NT)> =0,

T—o0

Proof. Indeed, we have that

1 ) . 1 ) 1 .
limsup — (log EU(ér) — log EU(VT)) > limsup — log EU(¢r) — limsup — log EU(Vr) = 0

T—o0 T—o0 T—o0

On the other hand, V; > Eft, whence, using Lemma 3.7.3 from Chapter 3 we obtain

1 . .
limsup — (log EU (é7) — log EU(VT))

T—o0

< lim sup% <log EU (é7) — log €’YEU(§CT)) =0

T—o0

O

Remark 4.2.3. Combining main result of this chapter and Theorem 4.2.1 from Chapter 8 we are able to
connect in an explicit manner all three problems: the unconstrained problem, the problem with a drawdown
constraint and the problem with the floor constraint.

More precisely, assume that the stock process (Si)i>o is continuous.

Proposition 4.2.1. Let w be a drawdown function, N a numéraire, vg > 0 and U a nondecreasing concave

function with finite asymptotic elasticity satisfying Assumption 4.2.1 and Assumption 3.53.1 from Chapter 3.
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Consider K, with F,, = K1 defined in (2.1) with a = a* = vg and consider any extension of F, on R which
preserves monotonicity and concavity with Fy,(0) > 0. Assume that, for some 6 > 0, supy ¢ 4(vy) Ry (V/N) <
oo where Y(z) = U o Fy,(x) when U < 0 and 1(x) = (U o F,y(2))'T% when U > 0. Consider a floor process

(Gt)i>0 € A(vg). Then, for any e >0

sup Ruor,(V/N) = sup Ruor, (V/N) = sup Ry(V/N) < oo (4.4)
VeA(vg) VeAl=e)CG (yg) VeAy,, n(vo)

and if (Vi) € A(vo) is bounded away from zero and achieves the mazimum in the unconstrained problem then
eV 4 (1 — €)Gy achieves the mazimum in the problem with floor constraint, and N M ™ (V*/N) € A% (vo)

achieves the mazximum in the w-drawdown constrained problem.

4.3 Long-run properties

4.3.1 Definition of long-run optimality

In this section we aim to study the behaviour of the value function of the finite horizon problem when
the horizon becomes distant. In number of papers, the behavior of the optimal strategy as horizon tends
to infinity was studied. Namely, the turnpike theorems (see ([46], [41], [29] for discrete market setting and
[10], [31], [16], [27] for continuous market setting) for details) state that the optimal strategy for the finite
horizon problem converges as the horizon tends to infinity. In the classical case when the utility function
satisfies certain asymptotic properties and the market is Black-Scholes, it was shown that optimal strategies
converge to a CPPI-type strategy.

In [28], long-run optimality of the investment strategies is studied. An investment strategy is called
long-run optimal if the rate of growth of the value function for finite horizon problem converges to a certainty
equivalent rate. In this section, we establish a long-run optimality results in the constrained framework, i.e.
when there is either a floor constraint, or a drawdown constraint imposed on the wealth process.

First, we define classes of admissible wealth processes up to time horizon T'.

Definition 4.3.1. An adapted semimartingale (V)i>o is called a wealth process if it is strictly positive
and there exists an (F;)-predictable process m = (7t,...,7l) such that D;V; = Vg + Zle fot 7t d(D,S:) for

all t > 0, where the integrals are assumed to be well-defined.
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For a given numeraire N the set of wealth processes with Vi = v and with (Vi /Ny)i>0 being maz-continuous

(i.e. with continuous running maximum) is denoted Ay (vg).

For a given floor process (Gy)o<i<r we define a subclass of Ay (vg) as

Ag n(T)(vo) ={V € Ap(vg) st. V,>G,, 0<t<T}
For a given drawdown function and numéraire N we define
A% (T)(vo) :={V € A(vo) st. Vi/Ny>w(V/N,) 0<t<T}.

We simply write A% (vo) and Ag,n(vo) when T' = co.
Definition 4.3.2. Consider a nondecreasing function U and numéraire N. A wealth process V € B is called
B-long-run optimal if

1 1 N
lim sup ( log sup EU(Vr/Nt)— = log EU(VT/NT)) =0, (4.5)
T— o0 T VeBr T

where By = An(v0), Ag,n(T)(vo) or AN (T)(vo), and B = An(vo), Ag,n(vo) or AN (vo), respectively.

Remark 4.3.1. One similarly defines a long-run optimal wealth process in the case of inhomogeneous prob-

lems with an undiscounted wealth process.

For the necessity of this definition and intuition behind we refer to [28] where the authors define a

certainty equivalent loss | : [0,00) — R of a wealth process (V;);>0 by

EU (" TVy/Ny) =  sup RU(Yr/Nr).
YeAn (vo)

One can see that for a process V € Ay (vp) such that V/N > ¢ > 0: if ip(V) — 0 as T — oo then V
is An(vg)-long-run optimal.

Indeed, using definition of [ we obtain

sup EU(Vp/Np) = EU (" TV /N7).
VeAn(vo)

Since V/N > ¢ > 0 we are able to use Lemma 3.7.3 from Chapter 3 to derive for some v € R that

U(elTTVT/NT) S €'YZTTU(VT/NT). Thus,

1 1
limsup | =log sup EU(Vy/Nr)— =logEU(Vy/Nr) | <limsup~vyir =0
T—o0 Vedy (vo) T T—o0
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In other words, vanishing certainty equivalent loss is a sufficient condition for long-run optimality.

Long-run optimal wealth process allows to keep asymptotically optimal growth rate of expected utility
as well as it stays close to optimal for long finite horizons.

Our definition generalises this concept to a constrained setup. We are able to obtain necessary and
sufficient conditions under appropriate assumptions for constrained long-run optimality. The definition of
long-run optimality from [28] implies our definition. In fact it coincides when a utility function is power and

the certainty equivalent rate is achieved with a limit.

4.3.2 Floor constraint

In this subsection we aim to construct the long-run optimal portfolio for a problem with a floor
constraint from the long-run optimal portfolio for an unconstrained problem.

The main result for this section is the following:

Theorem 4.3.1. Let (Xt)tzo be An(vo)-long-run optimal for some numéraire N and utility function U
which satisfies Assumption 4.2.1. Then, for any 0 < & < 1 and any floor process (Gy)i>0 € An(vo(1 —€))

the process V, :=eX, + Gy is A n(vo)-long-run optimal.

Proof. By Remark 4.2.2 one obtains

1 1 N
0 <limsup | = log sup EU(Vr/Nr) — = 1log EU(Vr/Nr)
Tooo \ 1T 7 veds n(T)(vo) T

1 1 N
= limsup | = log sup EU(Vr/Nr) — =1log EU(X1/N1) | .
T—o0 VeAa.n(T)(vo) T

As Ag n(T)(vo) C An(vo) we deduce that

1 1 .
limsup [ = log sup EU(Vy/Nr) — = log EU (Vi /Nr)
Tooo \ I~ Veds n(T)(vo) T

1 1 .
<limsup | =log sup EU(Vy/N7)— =logEU(X1/Nt) |.
T—oo VeAn (vo) T

The right hand side is equal to zero as X is Ay (vp)-long-run optimal. Thus, we conclude that Vis Ac,n(vo)-

long-run optimal. O
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4.3.3 Drawdown constraint

This subsection discusses the long-term optimality of the solution to the drawdown constrained prob-
lem.

Our main result on the long-run optimality for a drawdown constrained case can be stated as follows.

Theorem 4.3.2. Recall the setup of Theorem 8.3.1 from Chapter 3 with a utility function U, a drawdown
function w and numeraire N we then have:

i) If (é:t)tzo € An(vg) is An(vp)-long-run optimal with utility function U o Fy,, numéraire N, and if
lim supy_, o 7 log SUPY e Ay (vo) BU © Fuy ((VT/NT)H(S) < o0 for some § > 0, then NyMF=(£/N) is A% (vo)-
long-run optimal with utility function U, numéraire N and drawdown function w.

it) Assume that NyM[ ™ (£/N) is A% (vo)-long-run optimal with utility function U, numéraire N and
drawdown function w, where (ét)tzo achieves the certainty equivalent rate in the problem with utility U o F,,

numéraire N and initial wealth vy (see Chapter 3) with

~ 1 ~
lim sup % logEU o Fy,(é7/Nr) = liqgri}ioréf T log EU o F,,(&7/Nr)

T—o0

then f is An(vo)-long-run optimal with utility function U o Fy, and numéraire N.

Proof. 1) Let us notice that

sup EU(Vr/Nr) < sup EUoF,(Y/N,) < sup EU o F,(Y/N ),
VEAR (T)(vo) Y EAN (vo) Y €AYE (T)(vo)

where we(z) = ex. And, therefore, using explicit expression for a wealth process from A% (T")(vy) we can

write for some c.

sup  EU(Vp/Np) <  sup EUon(CaMTITwE (X/N)i),
VEAR (T)(vo) XeAn (vo)

where F,_(u) = v5u'~¢. Now, as MtF“’E (X/N) € An(vg) for any X € An(vg) we obtain

sup  EU(Vp/Np) < sup  EU o Fy(ce(Yr/Np)Te). (4.6)
VEAR(T)(vo) Y €An (vo)

By Lemma 3.7.3 from Chapter 3 we get that for any zg > 0 there exists 7 € R such that for all x > x¢ and
all ¢ > 1:

UoFu(y) <UoFylcy) < U o Fyu(y).
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Now

sup EU o Fy(ce(Yr/Ny)T2) < sup  EU o Fy(co(1 + Yy /Np)T7) <

YeAn (vo) YeAn (vo)
1
Npr+Yp\™—=
& sup EUoF, (TJFT) (4.7)
Y € An (v0) 2Nt
X\ TF
<é sup EUoF, <T> , (4.8)
XeAn (vo) Nt

where the last inequality was obtained by noting that (1/2N; + 1/2Y})o<i<7 € An(vo) for all Y € An(v).

On the other hand, using the property of Azéma—Yor processes for the concave function Fy,, we get
EU(ME» (£/N)) > BU o Fo(ér/Nr). (4.9)
Using (4.6), (4.8) and (4.9) we obtain for any 0 < & < 1/2

1 ~

limsup — |log  sup  EU(Vy/Np) —log BU(ME*(£/N))

T—00 VeAY(T)(vo)

1 R

<limsup = |log sup EU o F,(X7/Nr)—1logEU o F,,(é7/N7)| +
T—o0 XeAn (vo)

1
+limsup — |log  sup EUo F,((Xr/Np)Te) —log sup EU o F,(Xy/Np)| .
Too 1 X €Ay (vo) XeAn (vo)

Now, we will show that there exists K > 0 such that for all U such that U(z) < U o F,(z'*9) for all

x > 1, where § > 0 is defined above, we have

1 - -
¢:=limsup — (log sup EU(Vr/Nr)—log sup EU(Vr/Nr)ly, ny<kxr| =0 (4.10)
T—o00 VeAn (vo) VEAN (vo) -

Indeed, let (V;1);>0 achieves the supremum in SUPY € Ay (v0) EU (Vi /N7) (if such process does not exist

then choose such (V,1));> that EU (V) differs from the supremum on less than 1/7), then

1 . )
0 < &< limsup — [log EU(V{ /Nr) — log EU(VTT/NT)IVTT/NTSKT} .

T—o0
Now, the argument follows the lines of the proof of Lemma 3.7.2 from Chapter 3, where we set
ér = VI /N7 and we set Cg = limsupy_, o %logsuvaAN(vo)]EU o F, ((VT/NT)1+6). And we get that

c=0.



49

Thus, using (4.10) for U = U o Fw(zi) and for U = U o F,,(x) we obtain

1 R
limsup — |log  sup  EU(Vy/Np) —log BU(Mf* (£/N))
T—00 VEAY (T)(vo)

1
<limsup - |log sup EUo Fw((XT/NT)ﬁ)]-XT/NT<KT —log sup EUo Fy(X7/Nr)lx,/Ny<kT
T—o0 XeAn (vo) - XeAn (vo) N

5
< —y|log K 4.11
< 7—2Illog (4.11)
where we used that there exists some v > 0 such that U o Fw(xi) < 27¥/0=8)7 o Fy(x) for x > 1 by
Lemma 3.7.3 from Chapter 3.

The righthandside of (4.11) tends to zero as € — 0 and, therefore, we get that

1 .
limsup — |log  sup  EU(Vy/Nr) —log EU(M£*(E/N))| =0
T—o0 VeAY (T)(vo)

ii) Indeed,

1 A
limsup = |log sup EUo F,(Yr/Nr)—1ogEU o F,,(é7/Nr)
T—o0 YeAn (vo)

1 .
<limsup — [log  sup  EU(Xy/Nr)—logEU(ME*(E/N))
T—00 X €AY (T)(vo)

+ limsup % 10g EU(M{* (¢/N)) = log EU © Fy,(ér/Nr)| = CERY(vo) — CERuor, (1) = 0,

T—o00
where in last equation we used the fact that limsup(A — B) < limsup A — lim inf B = limsup A — lim sup B

when lim sup B = liminf B.

4.3.4 Example: complete market model with deterministic coefficients

We consider now the classical complete financial market model with deterministic coefficients. W; =
(W}, ..., W) is a standard d-dimensional Brownian motion and (F;);>o is an augmentation of its natural
filtration. Here ' denotes vector transpose. SY = exp(f(;5 rydu) is deterministic and % fOT rydu = 7r* >0 as

T — oo. Each asset follows dynamics given by

dsi

d
5 = ppdt + Y " o?dW/, Sh=sh >0

Jj=1

where p! and ¢}’ are bounded deterministic functions and oy is invertible. Recall Definition 4.2.1 of wealth

process and let 7 = 7iS!/V; be the proportion of wealth invested in the i*" asset so that d(D.;V;) =
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Zl |V S ( 51 The market price of risk is given as 6; := o~ (u; — 7¢I), where I is a d-dimensional vector

with all entries equal to one. We assume 6; is also bounded and that
1 T
[|6%]* := lim —log/ |0.]|*du  is well defined and finite.
T—oo T 0

The state price density

t 1 t
7, = exp{—/ 9;dwu—§/ |9u||2du}
0 0

is a P-martingale which defines the unique risk neutral measure Q, ?1% |7 = Zt.

We point out that Apn(vp) is independent from N since all wealth processes are continuous. Therefore,
we simply write A(vg) and AY(T")(vo).

We consider the problem of maximising the expected utility of discounted wealth at a given horizon
T this corresponds to considering the numéraire N; = S?. The solution is obtained using, by now standard,
convex duality arguments, see Karatzas, Lehoczky and Shreve [34] or Karatzas and Shreve [37, pp. 97-118].

And the value function for a utility function U,(z) = zP/p equals

__p \1-p
Vv, T,p) = sup EU,(DrVr) = U,(vo) (JEZTH’>
VeA(vg)

= o) espl 77— / 16,][2du}.

Moreover, the optimal wealth process V* which is characterised via 7} = ﬁ&{a{ ! is independent of the
horizon T and, therefore, is long-run optimal for the unconstrained problem.

Considering the linear drawdown constraint, w(xz) = ax, one can check that the assumptions of the
first part in Theorem 4.3.2 hold, and, therefore, we can deduce long-run optimality of the wealth process
X, = S9M [ (V*/8°) for w-drawdown constrained problems, where V* solves the unconstrained problem.
Moreover, the following asymptotics of the finite horizon problem with drawdown constraint is obtained

using Theorem 4.3.2

‘p|(1 B Oé) * 112 >
log sup EU,(DrV T< || + o(1
VeAw (T)(vo) p(DrVr) 2(1 —p(1 —a)) 1o M

This asymptotic result can be sharpened as follows:
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Proposition 4.3.1.

lp|(1 — o)
log sup EU,(D7Vr) = ——————
VeAs(T)(w) 2(1-p(1-a))

T
/ 116,|%dt + O (1og T) .

0
Proof. With no loss of generality we put vg = 1. By property of the Azéma—Yor processes for a concave

function F,, we obtain

sup  EU,(DrVry) > sup EU, o F,(DrXr)=(1-a)V(1,T,p(1 —a))
VeAw(T)(1) XeA()

For £ > 0, consider function K.(z) = 275 which has a well-defined inverse F.(y) = y'=¢. Then

sup EUpo Fy o K. (DrXr) > sup EU, o F, o K. (DpX7), (4.12)
XeA(1) XeAwe(T)(1)

where w,(x) = ex and where we used that A*=(T")(1) C A(1).

The right hand side of (4.12) can be rewritten as

sup  EU,oF,o0K.(DrXr)= sup EU,o F, oK. (M (DY))
XeAwe (T)(1) YeA(1)

where we used the bijection between classes A%< (T')(1) and .A(1) obtained by means of Azéma-Yor processes.

Using the drawdown constraint property of MTFE (DY) we deduce

p(1—a)

sup EU,o0F, oK. (DrXr)>¢e 1-= sup EU,oF,(DYr)
X€eA(1) YeA(l)
> M= sup EUL(DrVr).
VeAw(T)(1)

Thus, we obtain inequality

1— p(l—« 1—
1-a)V LT pl-a)< swp EU(DpVp)< - S22y <1,T, M)
VeAw(T)(1) 1—¢ 1—¢

Taking logarithm we obtain

1 lp[(1 —a) /T 2
log = + ————7 [10:]]°dt <log  sup  EU,(DrVr)
p 2(1—p(l-—a)) )y ! VeAw(T)(1) P
pl=a)
—¢

1 lp|(1—«) /T 5., D
<log - + O.|1°dt —
Sl iy =g Jy 1% i

loge.

Now, taking ¢ = % we obtain the required asymptotics.
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4.4 Finite horizon utility maximisation subject to a floor constraint

In this section we turn to the problem of maximising an expected utility of terminal wealth problem
on a finite horizon subject to a floor constraint of the special form.
We start by assuming the continuity of the stock process S.

Now, for a given floor process (Gy)o<i<r, we define the subclass of A(vg) as
Ac(T)(vo) ={V € Ap(vo) s.t. Vi > Gy, 0<t<T}
For a stopping time T < 0o, we aim to find

sup  EU(Vrp)
VeAq(T)(vo)

along with the optimal wealth process which achieves the supremum.
We start by characterising the market. We assume existence of a price deflator (or a state price
density) process. For a general semimartingale market, we will use the setup of Karatzas and Kardaras [33];

in accordance with their definition of price deflators, we assume that
Zalvg) ={Z2>0|Zy=1,Zr >0, and ZV is a loc. mart. YV € A(vg)} # @ (4.13)

Assumption 4.4.1. For some 0 # p < 1 there exists a price deflator (Zy)i>0 € Za(vo) such that & =

z71/0-P)

i is an admissible wealth process, i.e. £ € A(1).

Remark 4.4.1. In Assumption 4.4.1 we implicitly assumed that IEZt_p/(l_p) < oo forallt > 0.

Now, we are able to formulate the main theorem.

Theorem 4.4.1. Let us consider function Up(z) = %xp for 0 # p <1 and let Assumption 4.4.1 hold for p.
Consider a wealth process (Ny)i>o such that T := inf{t > 0 : N;/§ = 0} < 00 a.s., where € is defined in
Assumption 4.4.1, and N/ is a maz-continuous process, i.e. with continuous running mazimum.

For a given non-decreasing non-negative concave function F with F(vg) = v, define the floor process

Gy, = EtF(%). Then for ¢(x) := F(z) — F'(z)x, we obtain

1 /(1= \ 1T
sup EU(Vr) = - (IEZTP/(1 p)> pEngb( sup Ny),
VeAq(T)(vo) p 0<s<T

and the optimal wealth process is Vi = vo& MF (N/€).
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Proof. We will use the methodology established in [18], where the authors solved a similar problem by first
changing measure and then using the so-called max-plus decomposition (see [18] for more details) of the
floor process to derive the solution in terms of the max-plus representation. We also use some results from
[38] on connection between max-plus decompositions and Azéma—Yor processes.

Consider a measure Q defined by its Radon-Nikodym derivative

dQ

dTP"E = Zt/ Dy,
Further, consider a measure Q¢ given by

dQs

@b’t = D&,

Changing the measure, we get

Dr ¢ 1 3 1 Vr\?
EFy? = RQZL P — gQ VP — EQ <>
T Zr T &rZr T & PZr \ér

_ (EZ}”/“’”)HEQ{ (?)p
T

'

Considering € as a numéraire, we deduce that ( £ is a Q%-local martingale for any V € A(vp).

)ogth

Our problem simplifies to the following problem: find

avs
II‘I/%XEQ (Vp)P, st

V¢ is Q¢-local martingale, V; > F(N?) for 0 < ¢ < T, where we denoted N§ := N, /&,.
We use the results achieved in [38]. Namely, it is shown that the maximum in the problem above is
achieved by the process voM[ (N¢) ( which does not depend on the utility function U ).
Finally, V; = &uoMF (N€) = &uoMF (N/€) and

N _ o\ 1P
EU(Vr) = 5 (EZTP/(1 p)) E¢ro(supo<s<r Ns)-

Incomplete market example
We consider a market consisting of one observable and one tradable stock. We assume that the interest

rate is zero for notational simplicity.
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The dynamics of S}, S? with S' tradable and S? observable is given by

dS}/S} = pdt + odW},

dS2/S82 = prdW} + padW?,

where W}, W2 are independent standard Brownian Motions and o, p1, p2 > 0.

One can note that
Za(vo) = {(ZN): dzM)z™ = ~Law} 4 xaw?, z) =1 with , A € R}
g

Let us consider Z; = Zt(o), one can check that Assumption 4.4.1 holds for Z; with the replicating
porfolio

_ M -1/0-p)
e = 0’2(1—p)Zt /St

Now, let us consider portfolio 7V = o where T is a deterministic time horizon. Then, the
t

1
(T—-t)

corresponding wealth process NV, is given by

No—e lox T to? N /t dw}
=exp | — - .
R\ TR T T o= T ), T
And, thus, T = inf{t : N;/& = 0} P-a.s.

Now, consider the function F'(z) = z7 for 0 <y < 1.

The floor constraint can then be rewritten as Gy = &~ 7N},

Using Theorem 4.4.1, we obtain that the optimal value is

1-— 1 p?
sup  EU(Vy) = — L exp{5 - L-TIE [&( sup NSV’} :
VeAa(T)(vo) p 21-p 0<s<T

One can consider for some 0 < e < 1
1 .
T+ fo<z<l1

F(z) = (4.14)
L4+ 15? ifz>1

1+e
The floor process then becomes more tractable:

1 €
—N,
1+e¢ t+1+5

£ 1
Gy = t1+s Nt1+a Iy,<¢, + ( ft) Iy, >¢, = N;.

1+¢

The optimal strategy becomes a linear combination of N and £. Namely,



1
¢+ 7Nt.

o = oM (N/€) = Tt +

And, the value function equals

e 1-p {u2(1 +p)

sup EU(Vp) = 30 7)

VeAs(T)(vo) I+e

.



Chapter 5

Utility of consumption

5.1 Introduction

We study dynamic portfolio allocation problem in the context of utility of consumption maximisation.
We are concerned with investment strategies whose wealth process is required to dominate a predefined non-
decreasing function of its up-to-date maximum. This portfolio constraint is called a drawdown constraint and
in literature typically the linear drawdown constraints are considered in the context of portfolio optimisation

problems. More precisely, for some function w(z) we require the wealth process (V;):>0 to satisfy

V}>w(sup VS), t>0.
0<s<t

The motivation for this constraint comes from the practice. Potential investors choosing a fund manager
look at several characteristics of her portfolio. The drawdown is one of these characteristics.

As a fully pathwise the drawdown constraint requires a treatment different from usual methods for
convex portfolio constraints. The drawdown constraint was originally used by Grossman and Zhou in [25] in
the context of long-term growth rate of expected utility of wealth maximisation. The problem was solved by
means of dynamic programming equation and closed-form expression was found for a solution in a market
driven by a geometric Brownian motion. Later, this problem was extended to the case of a market with
deterministic coefficients by [12]. The authors simplified and generalised the results of Grossman and Zhou.
The idea was to use an auxiliary unconstrained problem to tackle the drawdown constrained problem. In the
end the solution to constrained problem was expressed explicitly as a transformation of the solution to an

unconstrained problem with a different utility function. These ideas inspired further research and in Chapter
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3 the equivalence results are obtained for a general semimartingale market, a general utility function and a
general drawdown function. The result showed that the value function for the drawdown constrained problem
is equal to the value function of the unconstrained problem with a modified utility function. Moreover, the
optimal wealth process for the constrained problem can be expressed as an explicit transformation of the
optimal wealth process for an unconstrained problem.

In this chapter we analyse consumption-investment strategies of an investor who maximises expected
integrated utility of consumption subject to a drawdown constraint. This problem was studied by Elie and
Touzi in [20] and by Roche in [51]. In [51] the problem was solved in the case of market driven by geometric
Brownian motion and for power utility functions. In [20] the results were obtained for the same market but for
a general utility function by tackling the dynamic programming equation arising in the system. The solution
to this equation was found by means of a dual equation. Our work greatly relies on the results obtained by
Elie and Touzi in [20]. By means of Azéma-Yor processes we build the connection between the constrained
problem and auxiliary unconstrained problem. Latter is solved by means of dynamic programming equation
for a general drawdown function.

By analyzing the solution to the equivalent unconstrained problem we derive that it also solves the
utility of consumption problem with a capacity constraint. By capacity constraint here we mean that the
wealth process is required to stay below a certain constant. This can be motivated by considering a fund
manager who faces nonlinear taxation on P&L and, therefore, is keen on keeping her wealth below a certain
threshold.

The work is organised as follows. Section 5.2 characterises the general financial market for which the
equivalence result holds. In Section 5.3 the problem is introduced, Azéma-Yor processes are defined, and
the equivalence result is proved. Section 5.4 is devoted to the dynamic programming equation driving the
system as well as the verification theorem with a proof. The dual equation is solved in Section 5.5. Finally,

in Section 5.7 the problem with capacity constraint is solved.
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5.2 Financial market

We consider a general financial market (2, F, (F;)¢>0, P), where P is an observable probability measure.
We define an F;-measurable semimartingale (S;);>0 to represent the dynamics of the stock process.

We also assume interest rate to be equal to zero in the sequel.

An investor on the market trades according to a predictable portfolio m; = (6Y,6;), and consumes
each infinitesimal moment with rate Cy. The strategy is called self-financing in this case if d(6;S; + 09) =
—Cydt + 0;dS;. The self-financing trading strategy is fully characterised by pair process (Cy, 6;) and initial
wealth zg.

The corresponding wealth process (Xtc ’9) of a pair (C4, 8;) with initial wealth x satisfies the following

stochastic differential equation:

dXF? = —Cudt+6,dS;,

c,0
X

Zo-

We will simply write X; instead of XtC % when there is no confusion with the notation.

Now we will characterise the class of all admissible strategies.

Definition 5.2.1. A self-financing consumption-investment strategy (Cy, ;) with initial wealth o is called
admissible if its corresponding wealth process is mon-negative and max-continuous. We denote the class of

all admissible wealth processes by A(xg).
Let us introduce a drawdown constraint.

Definition 5.2.2. A nondecreasing function w : [0,00) = R such that y —w(y) and 1/(y —w(y)) are locally
bounded away from zero is called a drawdown function.

The process X; is said to satisfy w-drawdown constraint if min{ Xy, X;_} > w(X;) for allt > 0, where
X, = SUPg< <t Xs-

We denote by A™ the subclass of A° consisting of strategies with corresponding discounted wealth

process satisfying a drawdown constraint. Precisely,

A (20) = {(Cy, 0) € Alzo) : X0 > w(XT),t > 0}
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We simply write Xy instead of min{ Xy, X;_} since X is max-continuous.

5.3 Problem formulation and proposed solution

To formulate a problem we need to specify the utility function. We only restrict the utility function
to be concave and nondecreasing in wealth (i.e. U(¢,z) is concave and nondecreasing in x). We refer reader
to [37] for the details on utility functions.

The problem which we examine is the following.

Problem 4. For a utility function U, a drawdown function w and initial wealth xo find the supremum of
R(C,0) = E/m UL, C)dt
0

over a class of investment strategies (Ct,0) from A (xo).

Let us also introduce another problem
Problem 5. For a utility function U, nonincreasing function f and initial wealth xo find the supremum of

oo
RI(C,0) :]E/O U(t,Cof(XC9,))dt

over a class A(zo), where X9 is a corresponding wealth process of (C,6).

The main contribution of the following proposition is in providing an equivalence of two above prob-

lems.

We introduce the following functions: K(z) := xgexp{ f;o ufi:(u)

} which is increasing and has a well

defined inverse F := K~! (F is well-defined as K is nondecreasing); f = F', k = K'.

Proposition 5.3.1. For a given concave nondecreasing function U, drawdown function w and initial wealth
xq the following holds

sup R(C,0) = sup R{ (C,0),
(C,0)e A (x0) (C,0)eA(x0)

where function f is defined above.

Moreover, optimal consumption-investment strategies are connected by explicit relations via

(Cr00) = (Co/ k(X 0,/ K(X)),
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where (C’t,ét) optimises left hand side, and (C’t,ﬁt) right hand side, and X, is the corresponding wealth

process of strategy (C‘t, ét), and function k is defined above.

The proof of the proposition is a direct implication of the following lemma, which builds a one-to-one

correspondence between classes A" (xg) and A(zg) using so-called Azéma-Yor processes.

Lemma 5.3.1. Let the strategy (Ct,0:) of a class A" (xg) have the wealth process X, then the process
Y; = ME(X) represents the investment strategy (Cy/ f(Yz),0:/f(Y7)) of a class A(z).

And vice versa, if (Cy,0;) € A(wo), then (Ci/k(Xy),0:/k(X;)) is of a class A*(z0).
Proof. For (C,6;) € A*(xo) we have
dXt == —Ctdt + thSt, X() = Xp.

We define Y; = M (X). Y; > 0 as X satisfies w-drawdown constraint, also it is a max-continuous process.

As F = K~! we get X; = MF(Y). Then

01

C
dY, = ——dX; = ————d —dS;.
T T e

Therefore, (Y;)¢>0 is a wealth process with corresponding portfolio and consumption processes

(Cy/f(Y2),0:/f(Yy)). Similarly, one gets the reverse statement in the proposition. O

5.4 Viscosity solution approach to the auxiliary problem

In this section we apply the framework of viscosity solution technique established in [20] for the
optimisation problem which is different from the one considered in [20] and, therefore, our approach looks at
the initial problem at a slightly different angle. We also obtain the result for a more general setup. Precisely,
we obtain the solution for a general drawdown function, whereas in [20] the result is obtained for a linear
drawdown function.

We assume the stock process to follow Black-Scholes dynamics:
dS;/ Sy = o(dWy + Adt),

where o > 0 is an instant volatility and A € R is a constant risk premium.
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Our purpose is to show that starting from a transformed problem and solving a partial differential
equation one gets the solution to the original problem consistent with the results from [20].

We start with the dynamic programming equation driving the system.

We assume that U(t,z) = e P*U(x) for some positive 3.

We also assume that function w(x) is a continuously differentiable function which implies that f is
also continuously differentiable.

Moreover, we consider a utility function U(x) such that

U:R, - R (% increasing, strictly concave, and (5.1)

satisfying |U(0)| < oo, U’(0+) = oo and U’(o0) = 0.
Define the value function of Problem 5 in the following way

u(z,z) =  sup IE/ e PU (Cf (V7)) dt.
(C,0)eA(x,y) 0

where (z,2) € D :={(a,b) : 0 < a < b}.
Here and throughout the paper we will use the notation A(x, y) for consumption-investment strategies

with the wealth process starting at = and the supremum of the wealth process starting at y.

Remark 5.4.1. Let u(x, z) denote the value function of Problem 4, i.e.

u(x, z) == sup E/ e PtU (Cy) dt,
(C,0)eAY (z,y) 0

where we denote A”(x,y) = {(C,0) € A(z,y) : X% > X0, t>0}. Then
iz, z) = u(K(z) = k(z)(z — x), K(2)).
Proof. The proof is analogous to proof of Proposition 5.3.1. O

We denote by u, and u,, first and second order partial derivatives of u with respect to first argument.
Similarly, we denote by u, the partial derivative with respect to second argument.

The dynamic programming equation for u is related to the second-order operator

Lu:=—Pu+ sup [L9Pu+U(Cf(2))],
C>0,0eR
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where
02 2
L% = (Bo\ — C)uy + Taum,

and f(x) is defined in previous section.

We denote by V' the Fenchel-Legendre dual transform of U defined by

V(y) :=sup(U(z) —xy), y=0. (5.2)

x>0

We claim the following

Theorem 5.4.1. Let @ be a C°(D) N C%1(D) function.
(i) If @ satisfies —LG >0 on D and —u,(z,z) > 0 for z > 0, then 4 > u.
(i) Assume in addition that:

1. L& =0 on D and min{pi — V(f{z;)), —,}(2z,2) =0 for z > 0.

2. Lu=—pu+ U(C’f(z)) + 289 on D for some continuous functions C and 0 satisfying
C(0,2) =6(0,2) =0, z>0, (5.3)
and such that the stochastic differential equation
dX, = —C(Xy, Z)dt + 0( Xy, Z) (dWy + Mdt), t>0,Z; =z AX]

has for any initial condition (Xo, Zo) = (x,2) € D, a unique strong solution (X, Z).

3. For every sequence of bounded stopping times (T, )n>1 with 7, = 00 a.s., we have

liminf E e—ﬁma(XTH,ZAm)] =0

n— oo
Then, for (z,z) € D, we have @(z,z) = u(z,2), and (CF,07) = (C,0)(X;,Z,) is an optimal

consumption-investment strategy in A(x, z).

Lemma 5.4.1. For z > 0 we have u(0,z) = U(0)/53, and the corresponding optimal consumption-investment

strategies are given by (C*,60%) = 0.

Proof. We notice that for (C,0) € A(0, z), the corresponding wealth process X is bounded from below. Let

P? be the equivalent martingale measure which turns the process {W}? := W, + ¢, t > 0} into a PY-Brownian
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motion by the Girsanov theorem. Due to consumption being nonnegative one gets that { fot 00, dW?, t >0}
is a PY-supermartingale as a local martingale bounded from below.

Therefore, we obtain

E [ / t crdr] <E"[-X/] <0,
0

where the last inequality is due to nonnegativity of the process X. This implies, that the only sustainable
consumption process is zero.

Then, we deduce that

t
/ 00,dW? = X; >0,
0

which immediately implies the required result. O

Proof. (Proof of Theorem 5.4.1)

Firstly, by —L4 > 0 we obtain

Bi > sup [L9%+ U (Cf(2))] = V(i/f(2) > U(0),
C>0,0=0

since V is a decreasing function and V (c0) = U(0). By Lemma 5.4.1, we get @& > u on D\ D = {(0, 2) :
z > 0}. Then, in case ii), combining —£@ = 0 with (5.3) we deduce that @ = U(0)/8 on D\ D, and the
statement of the theorem is trivial on D \ D.

From now on we fix a pair (z,z) € D.

i) Let (C,0) be an arbitrary admissible consumption-investment strategy in A(z, z), call (X, Z) :=
(X=C0 72.C.0) the corresponding wealth process and its running maximum with initial conditions (Xo, Zg) =

(z, z), and define the nondecreasing sequence of stopping times
Tpi=nAinf{t >0: X, <n '}

Denoting by 7. its limit in the a.s. sense, from the same argument as in the proof of Lemma 5.4.1 it

follows that

1{7m<oc}/ Cydt = 0. (5.4)

oo

Observe now that, by Ito’s formula, we obtain

e Pmi(Xs,, Zy,) = iz, 2) + M, +/ e P (U.(Xy, Zy)dZy + (L9000 — Ba) (Xy, Zy)dt)
0
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where

tAT,
Mtn = / eiﬂtﬁta'&x(Xt, Zt)th, t 2 0, n > 0.
0

From —4,(z,2) > 0 and from the fact that Z increases only when X; = Z; we deduce that
_ /OT" e Pt (Xy, Z0)dZ: > 0.
Now, combining this with the fact that L4 — 3+ U(Cf(z)) = L4 < 0 we obtain
a(z,2) > e Pa(X, , Z. )+ /OT" e PU(Cyf (Zy))dt — M. (5.5)

Now, i, (X¢, Z;) is continuous on [0,7,] by definition of 7,. And as [’ #7dt < co a.s. we obtain that
M™ is a local martingale. Using (5.4) one derives that from (5.5) M™ is uniformly bounded from below.

Thus, it is a supermartingale and taking expectation in (5.5) we obtain

i(z,2) > E UOT B (CLf (2,))dt + Uéo)e—ﬁm} .

Using monotone convergence theorem, we deduce

a(r,2) >E [ | ervcazyn Ug”eﬁfwlrx@o}
0

_E { / e f(Zt))dt]
0
by (5.4). And as (C,0) € A(x, z) is arbitrary we conclude that 4(z, z) > u(z, 2).

i) We set (Cf,0F) := (C,0)(Xy, Z;), where we introduced C,0, X, Z in condition (ii-2). Since wealth

process X is strictly positive, the sequence of bounded stopping times
Foi=nAinf{t >0: X, <1/nor Z, >n} — co a.s

as n — o0.

Using conditions i) and ii) of the theorem we obtain together with dZ; = 0 when X; < Z;, by Ito

i, 2) = e Pa(Xs, Za) + / e PU(CEF(2y))dt — D,
0

where

M, = / e Pl [QA@T} (Xt, Zt)th, n > 0.
0
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From continuity of @, and 6 on D, it follows that (i, )(X, Z) is uniformly bounded on [0, 7,]. Thus,
IE]\an =0 and

iw,2) =E | i(Xs,, Z2,)| +E / L U(Cr F(Zy)dt
0

As (7)n>1 is a sequence of bounded stopping times and it converges to co a.s., we obtain using condition

iii) from the theorem

i(z,2) = E [ / T ey f(Zt)dt]

0

Combining with i) we obtain @ = u.

O
5.5 Dual dynamic programming equation
As we know from Theorem 5.4.1 u solves the partial differential equation
Lu(z,z) =0 for (z,2) € D, (5.6)
on the domain of D := {(z,2) : 0 < z < z} with boundary conditions
min{fu —V (u./f(2)), —u,}(z,2) =0 for z>0, (5.7)

where V(z) is a convex conjugate of U given by (5.2).

We first observe that condition (i) from Theorem 5.4.1 implies
1
Bu —V(ug/f(2)) — o Auy — 59202@” >0 forall®eR.

Hence, any function u satisfying condition (i) must be concave in x. Then, operator £&? achieves its

maximum on

C = —V'(us/f(2) = (U) (us/ f(2)),

b= N
0 Ugy
and, therefore,
)\2 2
Lu=—Bu+V(ug/f(2)) — 5~

2 Ugpy
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Now, we define a dynamic programming problem dual to this one.

Let us introduce the Fenchel-Legendre transforms of the value function u with fixed z, i.e.

v(y,2) :== sup (u(x,z) —zy)
<<z

In case of f(z) = 1 for z > 0 function u°(z) := u(w, z) is independent of variable z and its dual v° can
be obtained explicitly in terms of the density of the risk-neutral measure. This can be seen by the following
formal argument. Assuming that u” is smooth and satisfies Inada conditions ((u°)(0) = oo, (u°)(c0) = 0)
we obtain

(y) y=>0

and v°(y) = oo for y < 0. Substituting into the dynamic programming equation (5.6) we obtain that v°

solves on (0, 00) the linear parabolic partial differential equation
* 1
L0%(y) == 0"(y) —yvy(y) — ;vagy(y) = ZV(y), (5.8)

where we introduced the constant

_ 28

The probabilistic intuition for that allows us to rewrite

o 1
V(y) =E [/ e PV (ePYy)dt|,  where Y, := yexp{—AW; — 5)\2t}.
0

This result is known in financial mathematics and can be rigorously proved by probabilistic arguments;
see, e.g., Theorem 9.21 in Sect. 9, Chap. 3 of [37].

In this complete market setting, it is worth noticing that v° solves a linear PDE. This is the key
observation in order to find a candidate solution for the consumption-investment Problem 5.

We are going to derive the solution to the dual partial differential equation obtained by means of
Fenchel-Legandre transform within the next three steps.

Step 1. The PDE satisfied by the dual function v.

Define functions ¢(z) := uy(z, z) and ¥ (2) := u;(0, z) for z > 0.
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For any z > 0, we expect that ¢(z) < ¥(z) as we want to find a concave function u(-, z). Denoting by

h(-, z) the inverse of u, (-, z), from the definition of the dual function v it follows that

U(yv Z) = u(h(y, 2)7 Z) - h(yv Z)y7 if ’U@(h(y, Z)v Z) =yc [(ZS(Z)’ ¢(Z)] ) (59)
v(y,z) =u(z,2) —yz, ify<o(z), (5.10)

v(y,2) =u(0,2), ify>Y(z).

Notice that h(y,z) = —v,(y, 2z) by the classical property of the Fenchel-Legandre transformation.

When y € [¢(z),%(z)], we obtain by a change of variables in (5.6)

Loo(y,2) = %V(y/f(z» for ¢(z) <y < ¥(2). (5.11)

where £* is a linear operator defined in (5.8).

Using the definition of ¢ and v, from the Fenchel duality one obtains

vy(P(2),2) = —z for z >0, (5.12)

vy(¥(2),2) =0 for z >0, (5.13)

We also notice that:

- for ¢(z) < y < (=), we have
Bu — V(Ux) = B(U(ux) - u:cvy(ux)) - V(ux/f(z)) = ()‘2927]1111/2) O Uy

- and for y < ¢(z), we have from (5.10) that v,(y, 2) = uy(z, 2) + u,(2, 2) —y, and, thus, v,(¢(z),2) =
u.(z,z) by the continuity of v which we get by its convexity and the definition of function ¢.

Hence, the boundary condition (5.7) is transformed into
min{yvy,, —v.}(¢(2),2) =0 for z > 0. (5.14)

In the next step we examine functions v(y, z), ¢(2),1(z) which satisfy the ODE (5.11) subject to

boundary conditions (5.12)-(5.14). We further assume that
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Y(z) = oo for every z > 0,

which is due to the economic intuition of the problem: when the wealth process reaches zero, the
investor can neither consume nor invest for the entire future, see Lemma 5.4.1, and therefore the marginal
utility in this situation is expected to be infinite, since U’(0) = oo. Notice, that this does not mean that our
argument is not rigorous since in this section we are looking for a candidate solution only. We prove in the
verification theorem that candidate solution is a true solution.

Step 2: General solution of the ODE (5.11), subject to (5.12)-(5.13)

We treat the equation (5.11) as a ordinary differential equation on function v(y,z) where z is a
parameter.

The homogeneous equation, defined by ignoring the RHS of the equation (5.11) has a general solution
spanned on the basis of w(y,z) = y and w(y,z) = y~7. This solutions are linearly independent since their
Wronskian equals W = —(y+ 1)y~ 7.

By changing variable y = log ¢ and examining the linear system one obtains the solution using standard
method of solving linear nonhomogeneous equations

— _ - 2 > y-1 —(1+7)

o) =0y~ b+ gy [ Ve v s
where the integral is finite as V(oco) = U(0) < oo.
By boundary conditions we obtain that a(z) = 0 and
b(z) = Zp(z)' (—Z SR V(ﬁ/f(Z))é“_?dé“) :
Y A (1+7) Joez
Updating function v we obtain
147 oo
o) = 2 (42) ( S L V(E/f(Z))£2d§> ¥ (515)

2

e <y [ vesenetay [ viesene d&)

Step 3: Determining the marginal utility at the mazimum ¢(z) We now utilize the boundary condition

(5.14) to determine the function ¢:
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oI (6(2)2) = (1 9)2 = gozes [ Ve s ag
and
L O [ 2 [ e
(0,9 = Jota)+ T2 (e - s [ viers lds] (5.16)
WS [ i et
gy, V€ e (517

We rewrite it as

v:(6(2), 2) :iqﬁ(z)( Hlﬂ)zf/(z))

)
JE) )
# (£ - 9P sy 6,2

Assuming that ¢(z) > 0 and (¢(2)/f(2))" < 0 for all z > 0. We obtain

. 1 2f'(2)\ "
in{8(2)0, (6(2),2) ~0-(6(),2)} = ~0(c) <1+(1+7) )

f(z)
B ((b’( z)  #(2)f'(2)
¥ vf(2)

) Oy (0(2), 2).

Assumption 5.5.1. We make an assumption that f(z) is such that 1+ (14 ) Z}{;i’;) is either nonnegative

or nonpositive for all z > 0, which in terms of w is

1
w(x)_7>o >0 (or <0 z>0).
T 1+~

Case A: 1+ (1 +’y)2]]:((§) <0 for z > 0.

We obtain
(27 = 55 [ Ve tas=o (5.18)

And, therefore,
where

Case B: 1+(1+7)2Jf(i) >0 for z > 0.
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We get that v,(¢(z), z) = 0. Explicitly,

l > (1+7)/zz—i MI * ! —1 _
s+ - 5 (9F) [ viesta= (5.19)

where ¢(z)/f(z) is a decreasing function.
Example: This equation can be solved explicitly in terms of function k for the case of linear w(z) (or

f(z) being power function). Let w(z) = ax, then f(x) = 2~*. Then,

170((14”)/)75( 1—

(L)) - ———

where ?Eﬁgg; = t. We rewrite it as

l—or _4nd-a) )’ 11—« _ Q4= 4
)t T+ = g(t)t 1T-o0+m
a0 a0
and we are able to solve this equation as far as we know k.
5.5.1 Candidate solution to the consumption-investment problem

We now derive an explicit candidate solution for our consumption-investment problem.

We know that

u(x,z) =voh(x,z)+ zh(z,2), (5.20)

where h(., z) is the inverse of —v,(.,z) given by

0,9, 2) :(é(yz))m <Z+ 1+7 /¢>:>VI &/ f(2) 2d§>

2 > V’é“/f YyAE ””
+A2(1+7)f(Z)/¢(z) ( ) (5:21)

Thus, we rewrite

—oy(02) = = Dol )+ 5 [ VIE/HGE e

Yy

Plugging h(z, z) instead of y we obtain

voh(e) - 55 [ VI (5.22)

(z,2)

B h(z, z)
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Thus

9

o0

voh(z,z) = %xh(x, z) + %h(m, 2) /h( ) V(f/f(z))fﬁd{.

From this using (5.20) we deduce that

=z a:zm l T,z h 2))E~2
u(z,z) = zh(z, 2) 5 +5h( ; )/h(w) VI(&/f(2)€ " d¢. (5.23)

The candidate optimal consumption-investment strategy is obtained by means of the maximisers in dynamic
programming equation as

Clz,2) = =V'(h(x,2)/f(2), (x,z)eD. (5.24)
By noticing that uy, /ug, (2, 2) = h(x, 2)vy, (h(z, 2), z) and that vy, (y, z) = —%vy(y, Z)—G—M%ﬂz) fyoo —V'(&)f(2))E2dE
we obtain using that h is an inverse of —uv,

vyy(h(z,2),2) = _V/(f/f(z))f_2d5~

A+ 2 / =
h(x,z) h(x,z)AQf(z) h(z,z)
Finally, using that 6 = —%;‘—1 we obtain

Oz, 2) = g(l +y)z — %(z) /h( : V(&) f(2)¢de,  (x,2) € D. (5.25)

5.5.2 Power utility case

L—1,
q

Now, let us consider particular case of power function U(z) = 2P /p and V (y) = y~9/q where %—

Let w(x)/x > 1/(1+ 7). Assume with no loss of generality that f(1) = 1.

As power utility function inherits homogeneity property, we get u(x, z) = u(x/z,1)f(2)P. Therefore,
we expect C‘(az,z) to satisfy a similar property, namely, C’(z,z) = Zé(ﬂ?/?ﬁ, 1). By the same argument we

obtain that —V’(h(x,2)/f(2))/x is a function of a single variable x/z. It follows that we can write

xT

h(z,2) = f(2) (xifl (f))_lﬂ' : (5.26)

z
for some h.

Now, we notice that function ¢(z) rewrites by (5.18) as

2 —1+p
o) = (FEELEE) e
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Thus, using expression for ¢ and plugging (5.26) into (5.21) for z = 1 we obtain
c —aZ 2071
N A
MO\ -3

N (1+17) N(y—p—p7)
A=y M 2T T a

The value function for Problem 4 then is

and

W(r,z) =u(K(z) — k(2)(z —x), K(2)),

and the consumption

Gl =) = ﬁ (K(2) = k(2)(z — 2)) b (%) '

Thus, we get results which are consistent with [20]. Moreover, we derive slightly generalised results

as w(x) is not linear only.

5.6 The main result

In this section we verify that the candidate solution (5.23)-(5.25) satisfies the conditions from Theorem
5.4.1. We first recall the notion of an asymptotic elasticity introduced by Kramkov and Schachermayer [40].

For a smooth function U we define

) 2U'(x)
AE = lims .
()= I o)

Theorem 5.6.1. Let utility function U satisfies (5.1), moreover, let AE(U) < : assume that equation

2
(5.19) has a well-defined smooth decreasing solution ¢(z)/f(z). We also assume that f is nonincreasing
continuously differentiable function which satisfies Assumption 5.5.1.

Then, u coincides with the candidate defined in (5.23)-(5.25). Moreover, u is a C°(D) N C*(D)

function, and for any initial data (Xo, ZO) = (z,2) € D, the stochastic differential equation

A~

dXt = —é(Xt7 Zt)dt + é(Xt, Zt)J(th + )\dt), Zt =zV X:,

has a unique strong solution with values (Xy, Z;) € D a.s.; moreover, the pair process (C*,0*) := (C,0)(X, Z) €

A(x, 2) is a solution to the Problem 5.
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This theorem is proved by verifying that the candidate u satisfies all the conditions of the verification

Theorem 5.4.1.

5.6.1 Regularity of the candidate value function
First we prove regularity properties of the candidate solution wu.

Proposition 5.6.1. The candidate value function u is in C°(D) N C?1(D) and satisfies

Lu=0onD, min{fu—V(ug),—u.}(z,2) =0 for z> 0. (5.27)

The proof of this proposition relies on the following result on the regularity of function A defined as

an inverse of —uv,.

Lemma 5.6.1. The function h is in C1(D), and, for any (x,z) € D, we have

halz,2) _ _ T4 1 - "(s/f(2))/sds B

h(z,z) <(7+ Dz + Bf(z) /h(;c,z)V( /f(2))/sd > . (5.28)
ha(@2) _ (0 o0 20 [ e hal@2)

h(z, 2) _< T 2(2,2) + X2 f2(2) /L V(&) f(2))€ df) hw,2) (5.29)

Proof. By construction, the function h defined as the inverse of —v, satisfies
h—vy(y,2),2) =y for y > ¢(2), and —vy(h(y,2),2) =y for (z,2) € D. (5.30)

By definition, the function —uv, (-, 2) and its inverse h(-, z) are C' and decreasing for any z > 0. Direct

computation then leads to (5.28). We also observe that —v, is in C*({(y, 2),y > ¢(2)}) and that

—vy:(y, 2) = (—;U(%Z) - /\22/y

= Lo+ 54 [T v e tas 2o (5.31)

A2 f2(2)

oo

v<§/f<z>>52ds>

< |2

where we used that v,(z,2z) < 0 for z > 0. We also observe that v,(x, z) is a continuous function due to
(5.15).

Therefore, —v, and h are increasing in z and ¢(z) = h(z, z) is decreasing;

recall that ¢ > 0 with (¢/f)’(z) < 0 for z > 0. In order to prove that h € C'(D), we shall prove that

h is differentiable in each variable with continuous partial derivatives.
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1. In this step, we show that h € C°(D), which implies that h, € C°(D) by (5.28). For (x,z) € D,
we study separately two alternative cases:

- If x < z, for I’ small enough, (z,z + ') € D, and we deduce that

—vy(h(z, 2 +1),2) —z =vy(h(z,z2 +1'),2) —vy(h(z, 2+ 1),z + ') = 0as I" = 0.

Therefore, since h(x,z +1') > ¢(z) from the monotonicity of h, combining (5.30) and the continuity

of h(-,z), we obtain
h(z,z+1") — h(z,2) = —vy(h(—vy(x, 2+ '), 2),2) — h(z,z) = 0 as ' — 0.
Moreover, notice that (x + 1,z +1") € D for | < ', and we have
h(z+1,z+1") = h(z,2) = he(x, 2 + ) + h(z, 2 + 1) — h(z, 2)

for some x; € [z, z +]. Now, since h is monotonic in both variables, from (5.28) we deduce that h and h,
are bounded on any compact subset D containing (x, z). Therefore, combining last two equalities, we deduce
that h is continuous at (z, z).

- If x = z, we have, for any [ and I’ satisfying (2 + 1,z +1') € D, that
hz41lz+1) = he(z, 2+ 1)1 = 1) + (2 +1)

for some z; € [z 4+ 1,z +U'].

Therefore, similar arguments as above combined with the continuity of ¢ lead to the continuity of A
on D.

2. We know prove that h is differentiable with respect to z with continuous partial derivatives. Take

(x,2) € D and I’ such that (x,z +1') € D. Combining h(z, z) > ¢(z + ') with (5.30), we deduce

A,z + 1) = b, 2)} = 5 (= + 1) = h(=vy (b, 2), 2 + 1), 2 + 1))

— oz, 2 + l’)ll/{—vy(h(m, 2),2) + vy (h(w, 2), 2 + 1)}



(0]

for some xp € [z,z +1']. Since h, € C°(D) and —vy.(h(z, 2),) is continuous, we obtain
1
ﬁ{h(x,z + 1) = h(z,2)} = he(z, 2)vy:(h(z, 2),2) as B’ — 0.

Finally, combining (5.30) and (5.31), simple computations lead to (5.29), and h, inherits the continuity of h

on D. O
Proof of Proposition 5.6.1.

Proof. We only need to prove the regularity properties of the candidate value function w, since (5.27) is
satisfied by the construction of u in Sect. 5.5.

By Lemma 5.6.1, h € C*(D), and from (5.23) we deduce that u € C*(D). Direct computation leads
to u; = h on D, and therefore u € C*!(D). We now prove that u € C°(D).

By (5.22) we deduce that

o0

2
eh(r2) =qvohte2) + 3 [ Ve R e

From —wvy(00,2) = 0 using monotonicity of v, we deduce that h(z,z) — oo as « — 0. Now, notice

that V(y) — U(0) as y — oo and we obtain

2U(0)

xh(zx,z) = yvoh(x, z) + Nh(z.2)

+o(l), z—0
From (5.15) we deduce that v(y, z) — 0 as y — oo and we finally obtain
xh(z,z) = 0

By similar argument one can show that

l T,z - 2))E2 @
Shia2) /h LV

Therefore, using (5.23) we obtain that

u(z,z) = U0)/B asx— 0.
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5.6.2 The wealth process with optimal feedback policy

Given an initial condition (z, z) € D, we consider the stochastic differential equation
dX, = —C(Xy, Zy)dt + 0(Xy, Z)o (dW; + Adt), (5.32)
where we used the previous notation Zt =zV X;‘, t>0.

Proposition 5.6.2. The stochastic differential equation (5.32) has a unique strong solution (X, Z) for any
initial condition (z,z) € D. Moreover,
(i) (C,0) satisfies (5.3), and the pair process (C*,0%) := (C,0)(Xy, Zy) is in Az, 2).

(i) If zf'(2)/f(z) < =1/(1 + ) for all z > 0, the running maximum is flat, i.e., Zy = z for every

This result is based on the following lemmas whose proofs are reported later on.

Lemma 5.6.2. If zf'(2)/f(z) < —=1/(1+~) for all z > 0, then, for every fized z > 0, C(-,z) and 0(-, z) are

locally Lipschitz on (0,z) and 0(z, z) = O(v/z — x) near the ray {(z, 2),z > 0}.

Lemma 5.6.3.

limsup sup
z—o00 0<z<z z

Proof of Proposition 5.6.2

Proof. We first observe that in order to prove item (i) of the Proposition, it is sufficient to show that

(C*,6%) € A(x, z). Indeed, from the continuity of the functions C' and 6, it follows that
T T
/ C(Xy, Zy)dt +/ ‘G(Xt, Zt)’ dt < oo a.s. for every T > 0.
0 0

We now prove the remaining claims of the proposition by considering the two alternative situations.
Case 1: Let zf'(2)/f(2) > =1/(1 4+ ~) forall z >0 .
We have that C' and 0 are locally Lipschitz as continuously differentiable functions.

1. In this step, we show that the stochastic differential equation

dX, = 6(Xy, Z))o(dW, + Mdt),  Xo = zg (5.33)



7

has a unique strong solution. To see this, we use a localisation argument.
First, observe that if 0 is Lipschitz, we directly estimate, for ¢ > 0 and z,y € C°(R,), and for

G(ta (xu)ugt) = Ué(xtaft)
|G(t,2) = G(t,y)| < K (Ja(t) —y(t)| + [z V2™ (t) — 2 Vy (1)]) < 2K[z —y[;

where K > 0 is the Lipschitz constant of of, and where we denote |u|f = sup,<; [u(s)|. This proves that
G is functional Lipschitz in the sense of Protter [50]. The existence and uniqueness of a strong solution to
(5.33) follows from Theorem 7 in Sect. 9, Chap. 3 in [50].

Now we build a solution as follows. We define globally Lipschitz 8y to be equal to 6 on {(z,2) €
D,z < N}. Thus by previous observation there is a unique solution XV to (5.33) with 6 changed to 6.
By uniqueness of a solution XV and XV*! agree until 7y := inf{t : | XV*1| > N}. Hence, X; = X}V for
t<Tn.

Now, clearly, for t < 7y
t ~ —
X, =XxN =X, —|—/ 0( Xy, X¢)o(dWy + Adt),
0

so, provided we can prove that P(sup7n = c0) = 1, then X is a solution.

By Lemma 5.6.3 we deduce that there exists C > 0 such that
0(z,2)| < C(1+ 2)

By Lemma 11.5 in Sect. 11, Chap. 2 in [52] we deduce that for some constant C' which depends only
onT,for0<t<T

t
EX, < C{X2+E / 0202 (A\? + 1)ds}.
0
Using last two inequalities we obtain for 0 <t < T,

o tANTN o
pt = ]E(Xt/\TN)Z < ¥ |:1 —|—E/ Xsd8:| s (534)
0

where v depends on 7' only.

By Gronwall’s Lemma 11.11 (5.34) we obtain that
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pr < yert.

Thus,

Plry <T) < N 2pp < N 247 50 as N — oo

and so P(sup 7y = c0) = 1. Uniqueness is carried by argument in line of Corollary 11.10 in Sect. 11, Chap.
2 in [52], which shows that any solution must agree with X% on [0, 7n].

2. Since C is locally Lipschitz on D, and C'((), z) =0 for z > 0, a similar argument to the above step
1 shows that local existence and uniqueness hold for the stochastic differential equation (5.32). Recalling
that C' > 0, it follows that 0 < X < X , which shows that there is no explosion of the local solution. Hence
(X, Z) is the unique strong global solution to (5.32).

Case 2: Let zf'(2)/f(z) < —1/(14~). The first crucial observation in this case is that 6(z, z) = 0 by
(5.25) and the definition of ¢. Since Cis nonnegative, this shows that any possible solution of the stochastic
differential equation (5.32) exhibits a flat component Zy = z for every t > 0. We are then reduced to studying

stochastic differential equation
dX, = —C(Xy, 2)dt + 0(Xy, 2)o(dW; + Adt), (5.35)

where z > 0 is now a fixed parameter. In the present setting we only know that C’(, z) and é(, 2)
are locally Lipschitz. However, since C' (0,2) = é(O, z) = 0 for z > 0 it follows that any possible solution
of (5.35) must satisfy 0 < X < z. In view of these bounds, we only need to prove the local existence and
uniqueness for (5.35). But, according to Lemma 5.6.2, the coefficients of the stochastic differential equation

satisfy the conditions of Proposition 5.2.13 in [36], which concludes the proof.

Proof of Lemma 5.6.3

Proof.

iz = S0 )= g2 [ Vgt @) e
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Consider for some (z,z) € D

o))z~ S0 er| = s [ Ve
< somg@ o, Ve e = M 2ot (o), 9 < 2D
Therefore,
‘é(m,z)/z‘ < 2(1 )z + w
and we conclude the proof. O

Proof of Lemma 5.6.2

Proof. For any fixed z > 0, from Lemma 5.6.1 we deduce that 6(-, z) and C(-, z) are C* and therefore locally

Lipschitz on (0, z). Observe now that, combining (5.25) with the definition of h, we get

e e v (e
@2 = 5o i /M ¢ (h(x,z>) &

From ¢(z)vy,(6(2), 2z) = 0 and definition of h we obtain

2 h(LZ)—’ 2NETH 1 - § .

To conclude, we see that, near = z, we have h(x, z) ~ ¢(z) and therefore

h(z,z)
0(x,2)>  20+9)V'(¢(2)/f(2) T 1 2V(4(2)/[f(2)
Z—x o2 h(z,2) \ 1T o2 f(2)
( #(2) ) -1
O
5.6.3 Transversality condition

We finally turn to the proof of the transversality condition of Theorem 5.4.1.

Proposition 5.6.3. Given (,z) € D, let (X, Z) be the unique strong solution to the stochastic differential

equation (5.32). Then, for every sequence of bounded stopping times (T )n>1 with 7, — 00 a.s., we have

liminf E [e*ﬂT"u(XTn, Z, )} =0.

n—oo "
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The proof of this result is organised as follows. Lemma 5.6.4 shows that the transversality condition

holds under a convenient growth condition on the candidate value function.

Lemma 5.6.4. Let p: D — R be such that there exist K >0 and 0 < & < /(1 + ) satisfying

Ip(x,2)] < K(1+2%), (z,2)€D.

Given (z,2) € D, let (C,0) € A(x, z) be a consumption-investment strategy, and set (X, Z) := (X? 79,
Assume in addition that y := 0,/ X, is uniformly bounded on Ry x ).

Then, for every sequence of bounded stopping times (Tp)n>1 With T, — 00 a.s., we have

liminfE [e "™ p(X,,, Z,)] = 0.

n— oo

Proof. Denoting ¢ := C/X from the condition of the lemma and definition of X it follows that, for ¢ > 0,

t (om,)?
p(Xe, Z)| < K (14 Nyexp{— | §|c — dom + (1 =) 5 dr} |,
0
where N := &( fo oomdWy) is the exponential martingale defined by the dynamics

dNt = NtO'(Sﬂ'tth;

recall that 7 is uniformly bounded. Direct computation shows that

Ne:=B+0 (cs —Aoms + (1 =19) <U7TS)2>
/\2

colas (oo LY L
2 |7 N 1-9 1-5
A2 5
> —_ | =
25 (7 1_5> 2n >0,

since § < /(1 + ) by the condition of the lemma. Therefore,

>

E e ?™p(X;,,Z,,)] < KE [e P™ + e N, ]. (5.36)
Furthermore, for any € > 0, from the Hélder inequality it follows that

E [e—QWTnNTJ < He—2nm+% Jo laém‘2dt||L1+e—1

, (1)t
& ((1 + 5)06/ Wtth> ]
0 Tn

—2n7Tn+5 [g lodmy \2dt| |
L

xE

=|le 14e—1

< H67(2n+%0252llml\io)mHLHEA.
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Hence, for a sufficiently small € > 0, from (5.36) we deduce that

E e/ p(Xr, Z,)] < K (™™ 4 |7 )

and the required result follows from the dominated convergence theorem by sending n to infinity.

Proof of Proposition 5.6.3

Proof. Since U has finite asymptotic elasticity p := AE(U) < /(1 ++) then its Fenchel-Legandre transform
V satisfies

lim sup —V’(y)yﬁ <oo and limsup V(y)yﬁ < 00.
y—0 y—0

Let us recall now that

oo

o) = = Tul. ) + 55 [ Ve

Y

We rewrite this differential equation in the following form

vy, 2) =y, 2)y”,
.2 =~y [ Vi e e

We notice that |c} (y, 2)| < Ly f(z)p/0-P) fyoo &»/(=p)=24¢ for some large enough L.
Thus, |c} (y, 2)| < %Lf(z)p/(lfp)y*vfp/(lfp)*1.
Now, ¢(00,z) = 0 as v(o0,z) = 0, therefore, ¢(y, z) < mLﬂz)p/(l_p)y—”ﬂ’/(l_p). There-

fore, v(y, z) < m[,f(z)p/(l—p)y—p/(l—p)_

This implies, that its Fenchel-Legandre transform u satisfies

. __a_ 2 1+q p
z.2) = min (02) +0) <00 +0) (o) ST

And as f(z) is decreasing and z > x, when  — oo we obtain that u(z,z) < K(1 4 aP), where

p=AEU) < L.

Finally, we use Lemma 5.6.4 to obtain transversality condition, just noticing in addition that 0 (x,2)/z <

A1+7)/o.
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5.7 Optimisation problem with capacity constraint on wealth

In this section we analyze the optimisation problem of an investor maximising expected utility of
discounted consumption subject to a static constraint imposed on a wealth process at all times. Precisely,
we assume that the wealth of investor is not allowed to exceed a certain predefined level. One natural
interpretation of the constraint appears when considering an investor facing nonlinear taxation rule of the
P&L. In this case she might tend to keep her wealth below a certain threshold.

We consider the market from Section 5.4.

Firstly, we introduce the class of constrained investment strategies by the following

Ak (vo) := {(C,7) € Awo) : X <K, t>0}.
Consider the following problem.

Problem 6. For an utility function U a capacity level K, initial wealth vy find the supremum of

R(r,C) ::]E/ e PU(Cy)dt
0

over a class of investment strategies (s, Ct) from Ag(vo).

Proposition 5.7.1. Assume that vg < K then

sup R(m,C)
(m¢,Cr)€AK (vo)

sup Ri(r,C) = RI(=*, C"),
(m¢,C)EA(vo)

R(7*,C*) =

where f(z2) = (z/K)~1/0+7),

Proof. By Proposition 5.6.2 we obtain that the optimal wealth for the drawdown contrained problem has a
flat maximum when o > ﬁ By 5.3.1 we deduce that for f(z) = (z/K)~'/(1+7) the optimal wealth has
also a flat maximum (that is because a maximum of Azéma-Yor process with increasing F is a function of
maximum of an underlying semimartingale).

Now, as Ag(vg) C A(v) and R (m,C) = R(x,C) for any (m,Cy)es0 € Ax(vo) we obtain the

result. O
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