The Novice Mathematician’s Encounter With Mathematical Abstraction:
. Tensions in Concept-Image Construction and Formalisation

Elena Nardi

A thesis submitted for the degree of Doctor of Philosophy at the
University of Oxford

Linacre College

Trinity Term 1996



T wp pereits,
Bieale any Eheistopfores



Abstract
Elena Nardi D.Phik.
Linacre College Trinity Term 1996

The Novice Mathematician®s Encounter With Mathematical Abstraction:
Tensions in Concept-Image Construction and Formalisation

Mathematics is defined as an abstract way of thinking, Abstraction ranks among the
least accessible mental activities. In an educational context the encounter with
mathematical abstraction is the crucial step of the transition from informal school
mathematics to the formalism of university mathernatics, This transition is
characterised by cognitive tensions. This study aimed at the identification and
exploration of the fensions in the novice mathematician's encounter with mathematical
abstraction.

For this purpose twenty first-year mathematics undergraduates were observed in their
weekly tutorials in four Oxford Colleges during Michaelmas and Hilary Term of Year
L. Tutorials were tape-recorded and fieldnotes kept during observation. The students
were also interviewed at the end of each term of observation. The recordings of the
observed tuterials and the interviews were zranscribed and submitted to an analytical
process of filtering out episodes that illwminate the novices' cognition. An analytical
framework consisting of cognitive and sociocultural theories on learning was applied on
sets of episodes within the mathematical areas of Foundational Analvsis, Calculus,
Linear Algebra and Group Theory. This fopical analysis was followed by a cross-
topical synthesis of themes that were found to characterise the novices' cognition.

The novices' encounter with mathematical absiraction was described as a personai
meaning-construction process and as an enculturation process: the new culture is
Advanced Mathernatics introduced by an expeit, the tutor. The novices' interaction with
the new concept definifions was obstructed by their unstable previous knowledge.
Concept image construction was described as a construction of meaningful metaphors
and an exploration of the 'raison-d’-éire’ of the new concepts and the new reasoning and
was characterised by the fension between the Informal/Intuitive/Verbal and the
Formal/Abstract/Symbolic - which was discussed in terms of semantics and reasoning.
The novices were in difficulty with the mechanics of formal mathematical reasoning as
well as with applying these mechanics in a contextualised manner. This
decontextualised behaviour was linked to the fragility of their knowledge with regard to
the nature of rigour in formal mathemaiics.
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Prologue 1

Prologue:
A Chronological Account of the Study and a Guide Through
Chapters 1-10

This study is embedded in the area of research on the Psychology of Mathematics
Education currently known as Advanced Mathematical Thinking and is an inquiry on
the novice mathematicians' cognition with regard to their encounter with
mathematical abstraction in their first year of university studies. It is a qualitative
piece of research and its scope covers a wide range of mathematical topics as well as
of learning phenomena related to the cognition of advanced mathematics. The
theoretical background of the study, regarding research on PME-AMT and
Methodology, is presented in Chapters 1 and 2.

Work on the Pilot Study — presented in Chapter 3 — was initiated in Michaelmas
1992, The Pilot was carried out in parallel with the Educational Research
Methodology Training for the Research Students of the Department of Edugcational
Studies and lasted until Trinity Term 1993, During this time tutorials to ten first-year
undergraduates in one CGxford College were observed, The analysis of the fielnotes
kept during observation revealed the potential richness of tutorials as a source of
evidence related to the cognition of advanced mathematics.

In the first two weeks of Michaelmas 1993, negotiations with the Mathematical
Institute and several Colleges — tutors and students — Jed to the formation of the
body of participants to the Main Study: four tutors and twenty first-year
nndergraduates. Observation and recording of the tutorials kasted two terms;
Michaelmas 1993 and Hilary 1994, During this time the students were also
interviewed twice. The procedures of Data Collection are presented in Chapter 4.

Analysis of the collected material started during Data Collection: generally it aimed
at the extraction of learning episodes related to the novices' conceptual and reasoning
difficulties in their encounter with mathematical abstraction in a range of
mathematical topics and at a cross-topical synthesis on these difficulties,
Transcribing of the recordings was completed duzing Trinity and Michaclmas 1954
and the analysis of the material was completed between Hllary 1993 and the
submission of the thesis. The procedures of Data Analysis are presented in Chapter
3.

The part of data analysis presented here — and introduced in the interlude between
Chapter 5 and Chapter 6 — is grounded on a selection of learning episodes that are
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paradigmatical cases of the themes that emerged during analysis. The presentation
— Chapters 6-0 — is topical: so Chapter 6 contains a selection of episodes from. the
area of Foundational Analysis, Chapter 7 from Calenlus, Chapter 8 from Linear
Algebra and Chapter 9 from Group Theory, The cross-topical synthesis of the
findings is presented in Chapter 10 and in the Epilogue I indicate briefly how the
themes that emerged in this study may lead to more focused rassarc.

I note that in the Appendices — that are provided in a separate volume — I present
Extracts from the data, as well as other auxiliary material, on which the analysis in
Chapters 0-9 is based.

Due to the limitations of space in the thesis, the material presented here is only a part
of the coliected material: so, for instance, the material relevant to Topology — the
fifth area of mathematics explored in this study in addition to the aforementioned four
— has been left out. However, as mentioned above and explained in detail in the
Methodology Chapters and the Interlude, the material presented here is representative
of the collected material.



Chapter 1
A Review of Relevant Literatore:
Philosophical and Psychological Assumptions.
Linking the Study with Current Research in
Advanced Mathematical Thinking



Literatare Review 4

Introduciion

Mathematics, both as a way of knowing (Bishop 1991} — the activity of doing
mathematics — and as a body of knowledge — the outcome of this activity —
grows in & physical, a sociocultural and a self-referential context. By the first I
mean the physica! world which mathematics takes into account and explains; by the
second I refer to the particular social and cultural habitat in which mathematical
activity is embedded; and by the third I refer to the mathematical comununity of ali
individuals engagred in-the creation and dissemination of mathematics. These three
dimensions reflect, interdependently and not exclusively, the complex environment
in which mathematics develops.

The learning of mathematics takes place also in this tripartite context. If a global
understanding of the process of learning mathematics is sought, one ought to add to
this socio-cultural context the individual nature of learning, The dialectic
consideration of both contextual (environmental) and mental tpsychnlagical} aspects
ig then likely to illuminate the process of mathematical learning.

Education is an instirutionalised form of learning, Hetice it serves as the milisu
within which learning takes place and in which learning can therefors be studied. In
the dialectics suggestad above, Education, as an institution, is an inextricable part of
the learning environment and therefors, in an inquiry regarding learning, contextual
considerations ars important.

One Implication from the above can be that no stdy of the learner's thinking
processes can be undertaken that is void of the impact of epistemological,
psychological and educational theoretical assumptions, In this chapter I thus present
a declaration of the principles underlying the study which is located within the area
of research on the Psychology of Mathematics Education recently known as
Advanced Mathematical Thinking (PME-AMT; also a Working Group of the
International Group fer the Psychology of Mathematics Education since 1985).

PME-AMT iz at 2 Kuhnian pre-paradigm stage {(Kuhn 1962) or, in R.B. Davis'

words (1989), is a not 'data-poor' but a ‘metaphor-poor' field. The meaning of this

. will be elaborated in Chapter 2 but briefly it means that PME-AMT is still in search
of unified theoretical frameworks, of explanatory systems within which its
rasearchers can work equivocally and unambiguously. Iquote from The Siructure af
Scientific Revolutions in order to illustrate what makes the declaration of principles
in thig Chapter necessary:
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When the individual scientist can take a paradigm for granted, he need no
longer, ..., attempt to build his field anew, starting from first principles and
Justifying the use of each concept infroduced... The creative scientist can
begin his research where it leaves off and thus concentrate exclusively upon
the subtlest and mare esoteric aspects of the...phenomena that concern his
2roup.

{Kuhn 1962, p.19}

Exzotly because a researcher in PME-AMT can cucrently 'take no paradigm for
granted', in what follows, an account is given of the Theoretical Background of the
study, i.¢. a declaration of its underlying philosophical (Part ) and psychological

(Part 1T} principles. Subsequently the study is embedded within current PME-AMT
developments (Part ITL).
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PART I The Principies of the Philosophy of Mathematics Education
Espoused in this Study

According to Paud Ernest (1991} 'philosophical schools of thought have a direct
bearing on educational issves’. More specifically, a researcher's influences on her
approach to mathematics education regearch include her perspective on
mathematical learning, namely on their beliafs on how mathematical knowledge
grows as a discipline as well as within the individuoal Jearner. Here I present the
views espoused in this study about the phylogenatic (mathematics as a discipline) as
well as the ontogenetic (mathematics as learned by an individual, cognizing subject)
growth of mathematical knowledge. Subsequently a resulting philosophy and
-psychology (Part I of mathematics education is presentied. I nota that the purpose
of this presentation is to highlight the philosophical views that relate to the
formation of the theoretical underpinnings of the stady: therefore it is concise and
does not have the structure — or the aspirations — of 4 philosophical debate.

Ia. The Phylogenesis of Mathematical Xnowledge: Fallibilism, Relativism and
the Role of Language and Culture

Johann Von Nevmann (1983) describes Hilbert's theory of mathematical activity as
involving 'an internally closed procedure which operates according to fixed rules
known to all mathematicians and which consists basically in constructing
successively certain combinations of primitive symbels which are congidered
"eorrect” or "proved” . This identification of mathematics with its formal, axiomatic
abstractions is known as the formalist school of thought and has been the target of
Imre Lakatos' fallibilist polemic in Proofs and Refutations (1976). “Lakatos accuses
formalisin of disconnecting the history of mathematics from the philosophy of
mathematics:

Formaliem denies the status of mathematics to most of what has been
commonly understood to be mathematics, and can say nothing about its
growih. None of the 'creative’ periods and hardly any of the ‘critical’ periods
of mathematical theories would be admisted into the formalist heaven, where
mathematical theories dwell like the seraphim, purged of all the impurities of
earthly uncertainty.

(Lakatos 1976, p.2)

He then quotes Dievdonné who insists on the ‘absolute necessity imposed on any
mathematician who cares for intellectual integrity to present his reasoning in
axjomatic form'. Formalism then is derived from logical positivism whose main
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contention, aceording to Rudolf Carnap (1983}, is that a statement is meaningful if it
can be proved/ disproved or shown unprovable.

This principle, however adequately it describes the finalised outcome of
mathematical activity, is not helpful in describing the process of mathematical
growth, Tf mathematics

does not grow through a monotonous increase of the number of indubitably
established theovems but through the incessant improvement of guesses by
speculation and criticism, by the logic of proofs and refutations,

{ibid., p.5)

then formalism is a historically inadequate account of mathematical activity; or in
Karl Popper's words {1959), not revealing enough of its logic of discovery. If
mathematics follows the evolutionary pattern of scientific paradigms then, in tune
with Thomas Kuhn (1962}, mathematical knowledge grows through revolutionary
trapsitions fuelled by refutatien and conflict, and the history of mathematics is
written, not as & static succession of breakthroughs and successes, but as a time-
relevant activity which is majorly determined by its informality, intuitions and
logical uncertainty. In brief, methematics is as strongly determined by the power of
its constructions as by the climactic events through which the constructions were
completed. Paraphrasing Goethe — quoted in (Kline 1982) — 'the history of
mathemafics is mathematies itself’.

This anti-positivism can be reinforced by the metamathematical relativism that
certain 20th century developments regarding the foundations of mathermatics have
sparked off: as Kurt Gddel's demonstration of the incompleteness of logical-
mathematical systems shows (1947), the agiomatic method, favoured by

- logicoformalist approaches to mathematics, is only relatively valid. Moreover the
development of mathematical areas, such as non-Euclidean geometries, pinpoints
that & slight modification of the axioms of the theory can lead to differsnt
mathematics. '

Another dimension to this relativism is added by the realisation that mathematical
activity, as well as time and era-relevant, is also culture-relevant, as suggested by the
anthropological revision of mathematical history in the works of &’ Ambresio (1983),
Ascher (1991), Cole (1971; Gay & Cole 1967), Gerdes (1986; 1988), Joseph (1992),
Kline (1962 1972), Lancy (1983), Pinxten (1983} and Wilder (1981) to mention but
a few. Moreover, like language and music, mathematics unfolds in a completely
original way whose objective rationalisation is not definitely possible. Wittgenstein
(1978) has shown this inexorably: the logic of mathematical discovery 1s a language
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game whose (ules are severely characterised by the fragility of the ambignity which
is at the same time the glory and the plague of language. As Michel Foucault (1573)
established, a historicised approach to mathematics reveals, not only the conscious
acts of conflict that propel progress, but also the unconscious level of discomfort and
difficulty that determined conflict. In other words, an account of mathematical
knowledge that incorporates its fragility is, alimost paradoxically, a more powerful
account. :

Tn surn mathematics hers has been described as a discipline whose collective
consciousness cannot be memory-void. The achievements of mathematical growth
cannot be treated as rootless entities, as detached abstractions from the thought
processes — often imperfect and vneconomnical — that brought them into existence.
Mathematical knowledge, as a genuine product of language and culture, is
constantly modified and challenged and contains time in a catalyst-like fashion. In
Part Ib, this dynamic perception of mathematical growth is extended in order to
describe the views on the ontogenesis of mathematical knowledge, the mathematical
growth of the individual, espoused in this study.

Ib. The QOntogenesis of Mathematical Knowledge: Epistemological Obstacles

Alan Bishop in his description of mathematical activity as essentially cultural (1991)
quotes George Kelly who claimed that ‘we grow cognitively by handling contrasts’.

. Whether thess contrasts are between the individual's view of the world and their

experience of the world — in which case contrast possibly leads to personal conflict
— or are embedded in the complexity of experiences — in which case contrasts are
only multiple faceis of experience — individual growth is not pessible without
reconciliation and accommeodation of the contrasts. In this Part cognitive growth of
the individual is described in terms of a parallel between how mathematics grows
and how mathematics is learned: or in terms of whether ontogenesis imitates
phylogenesis (Pinxten 1987) in that learning takes place as the constant overcoming
of Epistemological Obstacles.

This parallel was first suggested within the discourse on the epistemological growth
of mathematics. Poincaré (1946) and Pélya (1962), as indicated by Lakatos (1576),
propose the application of Haeckel's fundamental biogenetic law according to which
ontogeny recapitulates phylogeny to mental mathematical developrnent.
Freudenthal {1983} refined this proposition by suggesting that ontogenesis
recapitulates phylogenesis in a modified way, that is the individual experiences the
obstacles that bave been phylogenetically experienced but the experience of the
individual is modified by the added value of the developments bequeathed by the
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mathematical culture. So Frendenthal brings our attention to a non too-literal
inferpretation of the suggested paralie! and suggests instead a cautious approach, that
is conscious of the constraints and the crudities of absolutely adopling the parallel.
From the perspective of Part la, if the growth of mathematics is the outcome of the
constant refutation, falsification and modification of previous theories, if the
evolution of mathematical knowledge is a never-ending overcoming of hindrances,
then there must be considerable benefits to be earned, regarding the learning process
of the individual, from the awareness of these hindrances. Works of Luciana
Bazzini, Hans Niels Jahnke, Marta Menghini, Georges Glaeser, Francesco Speranza,
Hans- Georg Steiner, Horst Struve {all mentioned in (Nardi 1990)), Evelyn Barbin
(1989), Paclo Boero (1983} and others are attempts to embed an application of the
parallel into specific mathematical areas. -

What seems to me however most relevant to this study is the paralle] between
phylogenesis and ontogenesis as substantiated in the theory of Epistemnological
Obstacles, a notion introduced by Gaston Bachelard (1983/1938) and resurrested by
Guy Brousseau (1986) in his theory on the foundations and methods of mathematics
education. In the notion of Epistemological Obstacle Kuhn's notion of paradigm
shift (during which a paradigm commits a leap of growth and progress in a process
of challenge, conflict and reform) and Piaget's genetic epistemology (Part IIb) seem
to converge.

Broussean and Sierpinska (1994) quote Bachelard in describing Epistemological
Obstacles as a category useful for the 'psycheanalysis of scientific thought!, for
explaining the shift from ordinary to scientific thinking through the tendency of the
human mind to generalise or to construct tentatively universal laws often without
establishing the legitimacy of the generalisation; or to accommeodate experiences by
describing them. in terms of familiar but not necessarily adequate metaphors.
Learning then occurs as an incident of Bachelard's 'intellectual repentance’ and in
this sense it is not an accumulative process.

The novice mathematician's cognition as observed in this study is explored in terms
of the discourse on Bpistemological Obstacles {Part I and Chapter 2). As explained
there in more detail, the emphasis is put on the novice's cognitive growth through the
enculturating experience of overcomning & series of epistemological obstacles related
to their shift from concrete to abstract mathematical thinking.
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Ic. A Constructivist Approach to Mathematics Education

In parts [a and Ib the growth of mathematical knowledge was described,
phylogenetically and ontogenetically, in terms of a dynamic, fallibilist epistemology.
Either as a paradigm or as a learner’s cognitive activity, this growth involves the
constant challenge of refutation and conflict and the overcoming of episternological
obstacles. Metamathematical relativism, language, as the syntax of communication,
and culture, as the milieu of communication, were highlighted as important
influences on this growth.

In the previous parts mathematical learning was described in terms of the
ontogenesis of the individual learner, This assumption of learning as an
idiosyneratically individual process as well as the underlying relativism of the
description in parts la and Ib are the main philosophical links between the
epistemology of mathematics and the philosophical ideas on mathematics education
espoused in this study. The dorminant characteristic of these ideas Is that they can be
located within the area of a constructivist perspective on mathernatics learning.

Constructivism in mathematics education, as most solidly advocated by Ernst Von
Gylasersfeld (1983; 1987; 1991 and 1995) describes mathematical learning as an
inward and idiosyncratic personal construction process during which the learner
seeks to assign meaning to mathematical knowledgs, Knowledge in the
constructivist way of thinking is not taken as a static body that exists platonistically
outside the knower. Knowledge is rather a dynamic set of notions whose acceptance
results from constant negotiating within the cognising community. It does not reside
outside the knower and therefore knowing is a construction of experience. Given the
strictly personal character of learning, knowledge cannot be trangmitted since the
interpretation that each learnes constructs may differ substantially from the
interpretations of other learners.

As Paul Cobb et al (1992) note from an educational point of view, interaction and
negotiation are key notions because they suggest 2 promising teaching alternative to
traditional transmissive models. Communication then, in the sense of a consensual
construction of meaning, is based on the construction of intersubjective knowledge,
namely knowledge that has transcended from the personal to the taken-as-shared and
has now been instimtionalised. The status of institutionalised knowledge, once
acquired, does not remain unchallenged but operates temporagily in an almost
objective fashion.
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In this study the above interpretation of constructivist views on mathematical
learning encompasses the notion that social inferaction is paramount. That
knowledge cannot be distilled or conveyed is & matter more directly linked with the
ontological question whether objective reality exists. From an educational point of
view, it might be more important however to address the issue of knowledge growth
through communication. Recognising learning as a unique, for the individual,
neuropsyvchological and sociocultural mental process seems (o me t0 be more
educationally central. Icertainly recognise that it is strategically important to decide
whether something '1s' or 'is agreed to be' because 'is” implies natural acceptance and
'is agreed to be’ implies acceptance after negotiation and persuasion. Froma
psychological point of view however it is almost irrelevant whether a group in
Abstract Algebra is defined or a group exists, Anything can begin to exist onge
defined. I also note that from an educational point of view, the failure of
transmissive models of learning suggests that perhaps negotiated existence’ is more
likely to achieve acceptance in the learner's mind than 'realistic existence’. In this
vein the constructivist notion of the ownership of knowledge, that is the intensity of
the sense of understanding generated by construction {as epposed to transmission/
reception) of knowledge is crucial.

The constructivist views of mathematical learning are mostly founded on Piaget's
genetic epistemology and psychology of learning and Vygotsky's theories on the
influence of language and culture on leamning. I note that the Piagetian theories
constitute the cognitive dimension of the psychological influences of the study; the
influences from developments in cultural psychology originate in the Vygotskian
perspective 25 well as linguistics. In Part IIT present an account of the psychological
prineiples of the study, as they ster from an intention to embrace the cognitive {Part
IIb} and the sociocultural (Part Ilc) dimension of mathematical learning. In order to
sifuate this psychological discourse within advanced mathematical cognition, which,
is the focus of this study, I first describe the perspective espoused here with regard to
.the nature of Advanced Mathematical Thinking (Part 1Ia).

* PART II The Principles of the Psychology of Mathematics
Education Egspoused in this Study

In Part ] a description was given of how mathematics grows either as a discipline or
within the individual learner. Subsequently a philosophy of mathematics education
wag outlined. In this Part the focus is on outlining the psychology of mathematical
thinking espoused in this study. Given that the theme of this study is the novice
mathematician’s thought processes, mathexnatical thinking is explored at its
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advanced level and this exploration mainly encompasses the novice's encounter with
and induction into mathematical abstraction. Mathematical thinking at this
advanced, abstract level is referrad to a5 Advanced Mathematical Thinking (AMT),
a name borrowed from David Tall's synonymous book (1991c) as well as from the -
synonymous PME Working Group. The nature of AMT and its cognitive and
sociocultural dimensions are discussed in the following three sections of Part I

Ila. The Nature of Advanced Mathematical Thinking

Here the dascriptiori of the mental process of AMT is a condensed account based
mostly on the works of Poincaré (1946), Hadamard (1954) and some of the authors
of Tall's Advanced Mathematical Thinking. Given that differsnt authors have
different purposas and address different audiences (mathematicians, psychologisis,
educators), I have tried to homogenize the description favouring a psychologised
tone. I also note that my focus is on formalisation and abstraction which are the
features that distinguizh elementary from advanced mathematical thinking and are
the aspects of the novice mathematician's thinking mostly explored in this study.
This account is not developmental but it aims at capturing some pre: -eminent
features of advanced mathematical thinking.

Apparently different people think differently; even among mathematicians it is hard
to find two individuals who give identical accounts of their mathematical thinking,
Hadamard favoured the classical distigction between the logical-analytical and the
intuitive-geometric mind but even within this schematic polarisation the variations
are numerous. The human mind, as the developments in the neurosciences indicate,
seems to work in a complex way in which both hemispheres participate. In fact the
final outcome of this mental process is greater than the sumn of the analytic and the
geometric contributions. In this sense the dichotomy between intuition and rigour is
another rather misleading polarisation since it omits what David Tall calls logical
intvitions (1991a), that is intaitions at an already abstract level.

Fram the earlier works on the nature of mathematical thinking {Poincar€ and
Hadamard), AMT emerges a3 an idiogyncratically complex mental process of
analysis and synthesis in which theory construction and testing play a major part.
Contrary to the impression fostered by traditional curricila, proof is only a final
stage in the process of establishing mathematical truth. [ the following, I present.
the genesis of mathematical insight (Part Ila.i) and proof (Part Ila.ii) as the twe
substantial features of advanced mathematical thinking. I note that in this part I am
mostly concerned with desctibing the thought processes in AMT and not with the
sociocnltural powers that motivate and form it: these are discussed in Parts IIb and
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Ilc (for instance, in the light of these parts, proof, as opposed to insight, is seen as a
sociocultural necessity rather than an intrinsically human cognitive need), Before
describing the processes of insight and proof, I briefly refer to two terms (as used by
Dreyfus in {1991)) that inform substantially my description of AMT: Representation
and Abstraction.

Here Representation is taken in two senses:

» symbolic representations, that is notation, involving relations between
signs and meanings,
*  menta] representations which are persenal and idiosyneratic.

The former are external and used for commmunication, the latter refer to internal
schemata. Kaput (1987} claims that rmental representations are created in the mind
on the basis of concrete representation systems; hence the competing representations
of & concept that a learner might acquire. Success in mathematics relies heavily on
the existence and competent manipulation of different representations, Switching
between different representations and translations is a characterisfic of mathematical
fluency, Mudelling, that is the act of finding a mathematical representation for an
abject or process, is one comumon way of representing.

Prerequisite to representing are generalising (expanding domains of validity) and
synthesising (compressed merging into a single picture of previously isclated facts)
which are processes that often are hard to distinguish from abstraction. Abstraction
however requires the constractive act of shifting attention from the objects to the
structures of their properties, The notion of abstraction is central to the research
presented in this study and it will be extensively discussed in various chapters.

In sum representing and abstracting, that is the mental act of eonstructing,
manipulating, linking and transcending representations, emerge as dominant features
of AMT. This terminology strongly informs the following description of
mathematical insight and proof.

Hla.i The Genesis of Mathematical Insight

From the preliminary arithmetical or algorithmic phases up to the creative and
constructive ones, the creation of mathematics (by a mathematician or an individual
learner; in a sense a learner re-creates for herself the didactically transformed
mathernatical insights of other mathematicians) can be seen as the intermittent
genesis of mathematical insights. The insights that specifically, but not exclusively,
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determine AMT are, according to Brvynck {1991): creating a useful concept,
discovering an unnoticed relation and constructing a useful ordering. This creativity
is motivated by understanding {grasp, familiarity), intuition (fruitful selection,
imagination), ingight {reorientation towards what is important), generalisation and is
characterised by selectivity, that is the power to condense and objectify. Contrary to
the outcome of this process which is traditionally expected to be rigorous and
precise, this creative process can be erratic, circular and deeply revisionistic (the
fallible character of mathernatical cognition was cutlined in Part I in the account of
the epistemological underpinnings of the study).

Ila.ii The Genesis of Mathematical Proof

Az mentioned above, traditional formalist views of proof are the norm in
mathematical community, A more careful lock at the mechanisms of acceptance of
a proof however reveals that, similar to the outcomes of all human activities, a
mathematical proof is submitted to a context-dependent scrutiny.. In other words
acceptance of a proof is a sociocultiral process, some of the characteristics of which
are dealt with subsequently (Hanna 1991),

Axiomatic deduction, hailed by Hilbert (1918) as the most rigorous form of
mathematical proof, criginates in the 19th and 20th century development of the
discourse on foundational issues in mathematics. Since then however, and in spite
* of the ephemeral inclusion of deductive proof in most mathematical curricula,
further developments have uaveiled the sociocultural embeddedness that
characterises proof (see also Part I). Formal validity differs qualitatively in different
contexts. Above all, proving is convineing and the rhetorics of conviction are
subject to a large number of communicational conventions. Moreover on the
forefront of mathematical ereativity, new mathematical proofs are often presented in
elliptic, condensed forms that require a certain amount of suspense of disbelief from
the reader: or in other words the author transfers the responsibility of discovering the
exact anatomy of a theorem to the reader. In that sense forrnalism is more an
aspired-to ideal, 2 paradigmatic force than a fully-fledged common practice. Formal
proof in other words is the driving force and the aim of official mathematical
corpmunication but it is materialised on the basis of a number of conventions; these
conventions are characteristic of the formal mathematical culture and their adoption
is synonymous to a learnar's advanced mathematical enculturation.
In the subsequent chapters one of the strongest tensions in the novice
mathernatician's induction into the mechanisms of advanced mathematical thinking
is between the persistent inenitive practices of the novices and the affiliation to
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rigour that is equally persistently instilied in themn. This brief account of advanced
mathematical thinking is partly aimed at re-establishing informal or semiformal
mathematical insight, intuition, with the appreciation it deserves. In what follows
the focus is on the cognitive and sociocultaral theories regarding mathematical
cognition that have influenced this study.

ITh. Psychological Theories Relating to the Cognitive Nature of Advanced
Mathematical Thinking

As mentioned in Part I the psychological theory that is coherent-with the views on
the growth of mathematical knowledge espoused in this study is most domninantly
the developmental theory of Jean Plaget's genetic epistemology. In the following the
relevant aspects of this theory are outlined followed by brief aceounts of learning
theories that relate specifically to advanced mathematical cognition.

I note that the psychelogical theories presented in this part of the chapter will be
supported by concrete examples in Part I where the psychological developments in
particular areas (conceptual and reasoning) of advanced mathematical cognition are
explored.

IIb.f Jean Piaget's Genetic Episiemology

Like Kant in The Critigue of Pure Reason, Piaget (1970) presents the knower as the
constractor of their own knowledge of the world. The construction takes place
mediately through the various (bio-neurological, cognitive) capacities of the knower.
Knowledge is in this sense 'phenomenal’. - Piaget exﬁands the Kantian 'what we
directly experience is a sensory manifold' to an explanation of the genesis of
mechanisms through which experience is acquired. Centre! to the investigation of
these mechanisms are his concepts of Equilibration and Reflective Abstraction and
the focus of his thinking is the dynamics of episternology (1975; Piaget & Inhelder
1963).

Piaget encapsulates in his notion of Equilibration the impact on cognitive
development of maturation and experience of the physical and social world.
Consciousness tends constantly to what Gestalt psychology (ELlis 1938) calls a
harmonious Equilibrium, The Piagetian Equilibration is a series of cognitive
actions: disequilibration, assimilation and accommodation through which this
equilibrivgn is attained or regained. The integration of novelty can be achiewved with
greater or lesser degrees of internal reorganisation and reconstruction. Since the
experience of dis- and re-equilibrating resides in the knower, it is possible for the
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knower to make constructions that in the cognising process may prove inadequate.
Attemnpts at re-equilibration are particularly dependent on the adeguacy of the
already existing cognitive structures to adapt and on the degree of recognition of the
inadequacy by the learner, Conflict beiween extant mental strctures and new
information triggers off accormmodation. Therefore conflict generates a
reorganisation of the cognitive structures; conflict breeds creation. In this sense the
Piagetian notion of Equilibration resonates with the theory of Epistemological
Obstacles (Part Ib} in that they both emphasise the cracial role of the scheme
congtruction-conflict-reconstruction.

The most powerful form of equilibration is that of re-equilibration of the cognitive
structures to a disturbance by undergoing reconstruction; this process is Reflective
Abstraction. This has two facets: reffecting cognitive structures to a higher level and
reconstructing them to accommodate the needs in this higher lavel, Below I explain
Reflective Abstraction in mere detail following mostly Ed Dubinsky's account.

Ed Dubinsky has extended the Piagetian idea of Reflective Abstraction {1986 and
1991) to describe the epistemology of various concepts and to illuminate advanced
mathematical cognition. He presents Reflective Abstraction as the cornplex process
through which the knowledge drawn from actions on objects (such actions are for
example empirical or pseudo-empirical abstractions) is.interiorised into new objects.
What differentiates Reflective Abstraction from these earlier forms is that Reflective
Abstraction is a general co-ordinatien of actions, and does not focus on the actions
themselves, The property drawing involves a cognisance or consciousness of
actions and whatever is abstracted s projected onto a higher plane of thought where
other actions are present as well as more powerful modes of thought. So beyond
abstraction lies construction during which new combinations are constructed by a
conjunction of abstractions.

Construction in Reflective Abstraction can have various forms, mainly
interiprisation, co-ordination, encapsulation and generalisation. Interiorisation is
the 'translation of 4 succession of material actions into a system of interiorised
operations'; co-ordination is the composition of two or more processes to construct a
new one; encapsulation is the conversion of a dynamic process into a static object;
and generalisation is the extension of the domain of application of existing schemas.
Dubinsky also includes reversing an original process as another form of construction
in Reflective Abstraction. 1note that this concise reference to the Piagetian dynamic
episternology is embedded in theories relevant to advanced mathernatical thinking
(Part [Ib.ii) and to particular mathematical topies (Part IIE).
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11b.if Brief Accounts of Learning Theories Influential to This Study Relating
to Advanced Mathematical Cognition

In the following I present a brief account of a few influential learning theories
related to AMT that have been directing the analytical thinking of this study.

Concept Image and Congept Definition. Concept Image is a term coined by Tall and
Vinner (Tall & Vinper 1981; Vinner 1983} and describes the learner's mental
structure associated with a concept. Unlike formal concept definitions, concept
images need not be coherent since their various parts are not evoked af the same
time and at times contradict each other. Contradictions are revealed when a conflict
occurs and cognitive structures are forced to re-squilibrate in ways that
accommodate the contradictory parts.

Concept Definitions are traditionally seen as the main source of the learner's concept
acquisition {Vinner 1976) and learners are expected to use definitions once they
have been introduced to them. Their elegance, conciseness and descriptive power
are considered the most efficient tools for infroducing a concept even though these
charactesistics do not reflect accurately the learners thought processes. As
substantiated with examples in Part III, the name of a concept does not necessarily
evoke the concept definition in a learner; in most contexts people do not even
consult definitions. Bven when learners are expected to adopt more systematic
behaviours, they do not, What they do is employ a less technical but more commeon-
sense approach: what a concept name evokes is a conglomeration of non-verbal
associations with the concept: visual representations, impressions or experiences.
These associations are called concept images and are personal and circumstantial.
The concept definition is only, if at all, a scaffolding device for the formation of this
image. The centroversial element of this theory (concept image as a more powerful
mental structure than concept definition) lies in the surprising realisation that
learners uncritically transfer commonsensical, everyday behaviour to mathematical
thinking. The power of cognitive habits however seems to overshadow issues
related to meta-cognition of which the lsarner [s not necessarily consclously aware.

Consider the following figure from {Vinner 1991

" [concept image| d— 1cnﬁce.pt definition |
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Either or both the cells of concept image and concept definition may be empty, or, if
not, they might interact. Given the definition the learner, who already has a concept
image, might

+ accommedats the image to include the definition
« keep the same image and forget the definition -
*  keep both and evoke them independently

The interplay between the two cells can take any form.

Egggg; A t}’pe of Raﬂcctwrs Absu‘actmn that is frtquentl}' I'ECDgHISEd N accounts
of mathematical cognition is the formation of mathematical objects that contain
procedural elements and, in particular, originate in mathematical processes. In other
words mathematical processes are often encapsulated into a new mathematical entity
and in turn become the objects upon which cognitive actions are applied, This
reification, as it is called by Sfard, condenses and consolidates information
facilitating thus its retrieval from memory, Pacilitated evocation can accelerate
comprehension in a Gestalt manner, that is in a global and comprehensive way.,

Anpa Sfard, who has written extensively ((1989; 1991; 1994 and Sfard &
Linchevski 1994)) on the dual nature of mathamatical concepts (process and object),
sees reification as the birth of metaphor, For Sfard, who draws on a variety of
classical mathematical texts as well as contemporary semiotic studies, meaningful
abstraction is a result of the construction of appropriate metaphors, namely
'figurative projections from the tangible world onto the universe of ideas' {Sfard
1594}, According to a number of psychological studies, learning proceeds with the
transformation of constantly renewed experience into metaphors for a generalised,
condensed and simultaneous organisation of this experience: with regard to
mathematics these metaphors are reified processes. Sfard (above), Dubinsky (1991)
and others contend that, perhaps unlike mathematicians who are trained in the
activity of abstraction, operational familiarity with a concept precedes the structural
one. This idea is not to be taken in its absolute sense since thinking is an obscure
and chaotic activity during which the possibility of having first a fuzzy, elusive,
object-like grasp of a concept (and then elaborating on its procedural aspects) cannot
be ruled out. In this sense Metaphor Construction may be a superior descriptive tool
ta Reification which can often be taken as implying that operational stages precede
structural ones. A powerful version of Reification can be one that does not exclude
the dialectic interaction of the operational with the structural aspects of the concept.
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Tall (1991b) and Tall & Gray {1994} introduced the term Procept (from process and
concept) to describe the "amalgam of three components: a process that produces &
mathernatical object, and a symbol that represents either the process or the object..
The ambiguity that is inherent in a procept, contend Tall and Gray, depending on the
cognitive maturity of the learner, can become a facilitator of flexibility in switching

' between the operational and the structural aspects of the concept.

In the above the Piagetian Equilibration and, in particular, Reflective Abstraction
were embedded within the cognitive discourse on AMT in that the theories of
concept image-concept definition, of reification (and of metaphor construction) and
of procepts draw — more or less explicitly— on the Plagetian theoretical
framework, InPart ITc this perspective which has been exclusively from the
individual learner’s point of view, is modified in order to encompass the notion that:
there is no such thing as [earning in & clinical, controlled-experiment sense: learning
takes place in a socioculfural context of which language (and, in advanced
mathematics, notation too) is an inextricable part. In fact AMT is a mental activity
where the distinction between thought processes and language structures becomes
significantly blured. In the following AMT is described in terms influenced from
cultural psychology — mostly the Vygotskian perspective — and linguistics.

Ilc. Psychological Theories Relating to the Socioeultural and Linguistic Nature
of Advanced Mathematical Thinking '

In Parts ITa and ITb mathematical thinking was described as a mental process.
However unlike behaviourism and, to a lesser degree, Gestalt psychology, that seem-
to underestirate the sociocultural embeddedness of cognitive activities, this mental
process is not seen as taking place in an environmental vacuum. Vygotsky (1986
and 1978) acknowledges language, an element of intrinstc sociohistorical nature and
it Bruper's words (19604 and b} & major cultural amplifier, as a dominant element in
thought processes. Language functions as the essential facilitator of the transifion
frorn unmediated sensory reflection to mediated rational thinking and as such it is
the fundamental psychological element bearing the features of the cognitive
development of the learner, In this part I deal with the sociocultural and linguistic
dimension of cognition.

Ife.i.The Vygotskian Perspective on the Sociocultural Nature aof Cognition
Vygotsky develops a theory of mind in which thought and language develop

together: conceptual growth is grounded on linguistic experience and social
interaction. While his theory adopts what the symbolic interactionists like Mead
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{1934) have introduced as & focus on the nature of this social interaction, Vygotsky
contends further that social interaction forms learning and thinking fundamentaily.
Meaning is constructed in a continuous social process of negotiation,

So for Vygotsky the psychological process of cognition lies in the subjective
discourses as the acts of signification and meaning-making of the individual; he thus
does not separate the individual cognising subject from the processes of
communication that form its consciousness. In a sense Vygotsky here meets the
Lacanian subjective self (Lacan 1977), constantly formed by the discourses about it.
This emphasis on the formation of conscicusness throngh communication does not
necessarily entail a reduction of the idiosyneratic and personal to a homogeneous
social: communication is always of a sitnational character, Discourse is strongly
characterised by intersubjectivity and, as Lerman stresses (1996), we cannot ignore
the claim that is 'common to Piaget and Vygotsky that objects or tools become a part
of an individual's ife when they are acted upon; they cannot become the individual's
in a "transmitted” sensa’,

Beyond the Piagetian recognition of language as a ‘'manifestation of the symbolic
function, Vygotsky rejects a representational view of the mind and its functions.
Language is not a mirror of consciousness but a correlative of consciousness, and
consciousness tekes form and sigmificance when it is articulated. If, then, the
formation of the individual's consciousness is seen as a social and a cultural process,
a Davydovian mastering of cultural tools (Davydov & Radzikhovskii 1983}, then the
discourses on learning and teaching merge into one closely interrelated discourse

“because learning is then seen as an enculturation process, The mathematical
language creates a reality, mathematics: it then describes this reality, By the same
token then a study of the novice's learning is 2 study of the process of appropriation
of the individual's meaning making constructions to tha ones of the mathematical
culture.

In the above it is necessary to emphasise the attempt for a co-ordination of two
possibly conflicting perspectives: the individuality of the Piagetian cognising subject
and the sociocultural embeddedness of the Vygotskian subjective self. For this
study the resolution of the possible conflict les in clarifying that the Plagetian
epistemology is employed only as so far as it does not segregate the signified from
the signifier. From this point of view the Piagetian self departs from where the
Vygotskian self arrives in a relay-race manner: language in the form of the
intersubjective discourses of mathematical enculturation provides the internal
architecture of consciousness which then develops through an internalised discursive
processing. In this study the Vygotskian perspective is employed as a descriptor of
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the enculturating discourse that determines the learners' mathematical experience;
the Plagetian perspective is introduced as the theoretical basis of the advanced
mathematical learning theories employved in this study (Part Ilb) and are used as aids
in the interpretation of the learners' internalisation of some mathematical concepts.
The distinct and complementary use of the fwo perspectives is exemplified in the
analytical chapters (Chapters 6-10}.

Ilc.ii The Anthropological and Linguistic Perspective on the Enculturation
Into Advanced Muathematical Practices

In Part Ie.i the study of mathematical cognition was discussed partly as a process of
enculturafion of the novice learner to the discursive practices of the mathematical
cufture. I think it is necessary to emphasise at this point that the notion of
enculturation employed in this study departs from what is commenly thought in
cultural psychology and anthropology as transmission of cultural practices (Bishop
1981}, On a grand anthropological scale culture has been traditionally seen in an
objectified sense and this objectifying metaphor has possibly helped in an initial and
schematic understanding of human civilisation. Contemporary cultural theories
however move critically beyond this simplistic transmissive perspective: to explain
the notion of enculfuration employed in this study I present briefly Sierpinska’s
(1594} use of the cultural theories of E T Hall (1981/1959) and Michel Foucault
(1973) in order to describe the systemic conventions of the mathematical culture —
semarntic, linguistic and logical — as major determinants of the learner’s cognition.
This concise description is exemplified in more detail in Part I1Ta of this Chapter and
resonates with the theory of Epistemological Obstacles that to a large extent directs
the thought of this study: for Hall Epistemnoclogical Obstacles are a deeply cultural
phenomenon and, in particular for Foucault, they form an unconscious-to-become-
conscious part of the scientific discourse within which the individual cognising
subject operates.

For Sierpinska, 'in Foucault, Man, the abstract construct, the 'sujef épistémique’,
becormes finally a man, unique, individual, only forced to accept the binding rules
and categories of the épistémé he happens to find himself historically tied within
nnder pain of appearing as mad'. She then suggests a co-ordination of Foucault's
épistémé with Hall's cultural triad. 1 first outline Hall's theory and then draw the
parallel between the two.

Hall recognises 'three types of conscionsness, three types of emotional relations to
things': the 'formal, the 'informal’ and the “technical'. In the context of mathematical
culture the ‘technical' level is the level "of matheratical theories, of knowledge that
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is verbalised and justified in a way that is widely accepted by the community of
mathematicians. At the formal' level, our understanding is grouvnded in beliefs; at
the 'informal' level - in schemes of action and thought; at the 'technical’ level — in
rationally, justified explicit knowledge'.

Central to the purposes of this study are processes taking place within the informal
level of Hall's triad. This is, in Sierpinska's words, 'the level of tacit knowledge, of
unispeken ways of approaching and solving problems. This is also the level of
canons of rigour and implicit conventions about how, for example, to justify and
present a mathematical result', The novice mathematician's enculturation is sean i
this study as taking place at the informal level: through the accumulation of
mathematical experience shared with the expert and in the process of appropriation
by an internalising imitation of the expert’s cultural practices,

Foucault's épistémé is described by Sierpinska as a triad of 'related categories, rules
of sense and rules of rationality prevalent in a given epoch and culture' and is
proposed as parallel to Hall's formal, informal and technical levels of cultural
consciousness. In particular relevance to the focus of this study is her parallel
between Foucault's rules of sense and Hall's informal level as the not always fully-
articulated, possibly unconscious guides of our sense-making, our ordering of the
world, The significance of the péraﬂal for this study lies in that Foucanlt's
archaeology of knowledge in The Order of Things is in more direct resonance with
the philosophical tradition of Episternological Obstacles since they both provide a
diachronical perspective of enculturation, whereas Hall's theory is more of 2
synchronical character (a diachronical perspective in this sense is one that looks at
one culture in a dynamic, evolutionary sense; synchronical i3 one that attempts to
look spatially at various cultures and express their current states in a unified
discousse).

In this part I briefly discussed the notion of Bnculturation which was used as a major
descriptor of mathematical cognition in Part Ile.t. So in Part Ie [ have presented the
aspects of cultural psychology that have influenced this study as well as attempted to
co-ordinate them with the aspects of cognitive peychology that have influenced this
study and are described in Part IIb. In Part ITE, then, this co-ordinated perspective is
employed as the descriptive tool for the presentation of relevant literature on the
novice mathematician's difficulties in specific conceptual areas as well as with
aspects of mathernatical reasoning. Part ITI in this sense is designed to bridge the
psychological theoretical background of the study with its materialisation which is
presented in the subsequent chapters.
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PART 11 Developments in PME-AMT Relevant to this Study

In this study the mathematical learners that are the focus of the inquiry, the first year
mathematics undergraduates, are often called novices or novice mathematicians.

The term is used emphatically as opposed to the expert mathematicians that teach or -
tutor the students so that the juxtaposition is simply referring to the amount of
mathematical experience that the students and their teachers have acquired.
However, given that the novices' learning, apart from a psychological mentat
process, is seen also as an enculturation into formal mathematical practices, in the
study the differences between the two groups are also ofien discussed in terms of the
mathematical expertise that the novices aspire to and the experts demonstrate.

Sorne of the features of this mathematical expertise are linked to the emotion of the
mathematical experience. Rosamond (1994) reports that 'emotional elements
interact with cognitive processes and exert strong influences’ during problem
solving. Her study is mostly concentrating on the exploration of these emotional
alements over a wide spectrum of mathematicians — experienced or not — and not
pu the differences between novice and experts but it seems that the role of emotion,
even though strong in both groups, especially in the form of anxiety or lack of
confidence, is very important as far as the novices are concerned. Me Leod (1987)
reports however that experts manage their emotions better and do not allow them to
interfere with their cognitive processes. In a sense they are in more control of their
cognition, Moreover they seem to have strong aesthetic considerations — for
instance they prefer to avoid powerful mechanisms for elementary problems and in
general they try to match solution method with problem level or they favour elegant
and economic selutions versus tedious case analyses — and often this attitude
proves constraining (Rosamond 1994),

Cn the other hand Schoenfeld & Hermann (1982) found that novices rush to an
answer, use known procedures uncritically, believe there must be a formula for each
problem and go on ‘mathematical wild goose chases'. They classify problermns
according to their superficial, rather than their deep structural characteristics in
contrast to experts who seem. to categorise more by principles used in the solutions.
Also experts possess organised and integrated knowledge of a domain, including
how domain-specific principles, general concepts and reasoning processes are
related as well as the ability to recognise patterns of problem features. Selden.&... -
Selden and Mason (1994) report that novices think all problems can be completed in
at most five minutes — possibly influenced by their previous classroom experiences
— and this affects their ability to solve non-routine problems. Becker and Pence
(1994) aiso found students to be learning either as splitters (analyse information
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logically and break it down into smaller parts) and lumpers (look for patterns and
relationships}

Underlying the above juxtaposition between expert and novice practices is the
discourse on a wide variety of issues related to advanced mathematical cognition. In
this part of the chapter [ address soine of these issues with regard to the
developments that are relevant to this study. So the three sectjons of this part are
about the novice mathematician's difficulties regarding

« language, notation and visualisation,
= reasoning and proof, and
+ particular mathematical topics and concepts.

IIIa. Developments in PME-AMT Regarding Mathematical Language,
Notation and Visualisation

Language was described in Part IIc as a major determinant of conseiousness.
Moreover the mathematical culture is strongly characterised by its forms of
expression — mathematics is often described as the activity of constructing
metaphors that reveal the answers to extraordinary questions relating to abstraction
which in turn is a form of imagination (Bullock 1994). So since language is
traditionally seen as an expression of imagination, mathematics can be seen as the
language of abstraction. Moreover given that the learners' cognition in this study is
explored in the context of the mathematical discourse developed in tutorials, it is
also significant that Janguage is also seen a8 a major deterrainant of commurication:
whether it is ordinary language, or the formal syntax and notation of mathematics, or
visualisation, language is the architecture of thought as well as its carrier. In this
part T review some curtent research on the communicational aspects of AMT which
relates to the purposes of this study.

Laborde (1990) notes that oral mathematical discourse has not been extensively
researched even though there is evidence that suggests its imaportance as far as the
learner's cognition is concerned, She contends that the rarity of research in the field

reflects the practical and theoretical difficulties of research on oval
language: the transcription of spoken language needs time to be done very
accurately, and the analysis of such transcripts is generally complex because
the degree of implicitness of oral discourse is greater than in a written
communication and elements of the context constituting the enunciative
situation play a more important role. These constrainis prevent the analysis
of long pieces of dialogues.

(Laborde 1960, p.60)




Litetature Review 23

She then refers to David Pimm's (1987} notion of teaching gambif, that is the
discourse strategies employed by teachers in order to transfer some of the learning
control to the learners themselves and stresses that the most common of these
strategies, the very closed questioning, 'allows a very narrow scope for answers and
[denies] students practice in formulating long explanations’. In this study the effects
of closed questioning on the novice's cognition are frequently discussed and
juxtaposed to more open dialectics as well as some forms of student-student
interaction.

Also in this study what Laborde cells the enunciative situation has been a serious
consideration in the sense that the students' cognition is explored, not in spite of the
different contextual sitmations in which this cognition is expressed, but exactly as a
teansition from one form of expression to another. Clement et al (1881), (Ghosh and
Giri (1987) and Burton (1988) discuss the novices' difficulties In translating from
ordinary language into mathematics and in resonance with the theoretical position of
this study that learning difficulties are revealing as far as cognition is concerned, the
fact that students express differently on the blackboard, in their writing and in an
exam is used here as illumination of their cognition and not as a restraint.

Like Clements et al, interference from everyday logic and language (student-
professor problem) is also mentioned by other researchers such as Janvier (1987)
and Bjorkgvist (1993} who studied the students' personal conceptions of logical
necessity and possibility and found influence from everyday conceptions and a
partial dependence on key elements in the structure of the sentence; particularly
relevant here ace his findings on double modalities, the categorical form of
propositions that contain two negations. Students were found to be deeply confused
with these linguistic structures. By implication, when confronted with similar
structures, that in addition are embedded as syntactic and semantic content of
rpathematical expressions, students are expected to be equally or possibly more
confused, The influential role of content and form in mathematical cognition and
the need to introduce it explicitly to the novice has been discussed also in (Byers &
Erlwanger 1984; Abkemeier & Bell 1976 and Davis & McKnight 1984).

In the above the communicational aspects of advanced mathematical cognition have
been discussed in terms of the leamers' discursive practices and in particular their
linguistic practices. The reason that research on visyalisation is marginally
mentioned here is that — with the exception of Linear Algebra and the persistently
repeated rnetaphor of the plane — the students' and tutors’ literally visual references
are not frequent. So visual representations are not a large part of their repertory and
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when they appear they are often verbally described by the students as part of their
intuitive access to some new concepts. At various points this metaphorical discourse
is discussed as variably beneficial to the learners’ development. Also it seems that
the abstract nature of the mathematics discugsed in the observed tutorials did not
allow a sibstantial demonstration of the visual element of the learners' cognition. I
note here that obe important point made in the literature on visualisation (Bishop '
1989: Davis 1989; Janvier 1987 and Presmeg 1986) is that whils there is a strong
visual element in mathematical cogrition at all levels, when the students find
difficulty in connecting differant representations (for instance formal definitions and
visual representations), they often abandon visual representations — which tend to
be personal and idicsyneratic — for other more socially acceptable tentative ones.

Finally I discuss some work in the area of cognition as seen from the perspective of
understanding mathematical texts, The reason I close this section with these brief

~ references is that the mathematical discourse explored in the context of twtorials in
this study is largely based on the studenis' — and the mtors’ — understanding of
mathematical texts {problemn sheets, lecture' notes). Puringhetti and Paola (1991}
have discussed the understanding of mathemnatical texts in relation to the students'
difficulties with formal proof. Other researchers have explored particular aspects of
the students' rasponses to written mathematical text: so for instance Dee Lucas and
Larkin {1991) found that proofs written in a verbal, ordinary language produced
better performance than equation-based proofs on problems related to both equation
and nonequational proof content. They also explain that equations cause students to
shift attention away from non equational content and learners have more difficulty |
processing equations than verbal statements of the same content. Similarly
MacGregor {1990) noticed that writing sentences helps students write correct
equations and contrary to expectations the most successful students were those who
used common idiomatic forms of English that conld not be directly translated into
mathernatical notation, Finally Perrenet and Groen (1993} studied hint effectivensss
and found that hints are effective when in a written question they stimulate concrete
action and they are not when they are simply warnings against certain mistakes. In
this sense signalling to the learners, without justification, certain cutcomes of their
action before this action takes place, seems not to be very convincing. Similar
comments to the latter are made generally on the next section in relation to the
students’ response and difficulties with mathematical proof.
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[ITb. Developments in PME-AMT Regarding Mathematical Reasoning and
Formal Deductive Proof

David Reid who presided over the AMT sessions in PME19 (1995 stressed that the
transition from informal to formal reasoning is 'the basis of both the concept of
proct, developed out of informal deductive reasoning, and transformation of the
structure of mathemnatics itself into objects of mathematical investigation. Informal
reasoning, in the form of intuitions and insights, also plays an important role’ in
creative thinking.

Formal proofs have graduaily disappeared from the school curricula in the iast
decadss because it is a complex activity of the human mind and school needed to
unload some of its complexity in order to guarantee 4 more democratic access (o
knowledge (and qualifications).

In this part the novice's difficulties with advanced mathematical Teasoning are
presented: in particular the transition from the concrete te the abstract mode of
thinking and notions of formal mathematical proof {(deductive and inductive) are
dealt with as the dominant features of advanced mathematical reasoning. As Robert
and Schwarzenberger note (1991},

« the increase in the quantity of material taught in advanced mathematics
courses as well as

» the reversal in the path of presentation of this material (from the
'sxperimental’ to the "axiomatic - deductive’)

are the basic differences between elementary and advanced mathematics as
didactically processed knowledge (Brousseau (193%) and Chevallard (1985}
distinguish between mathematics as a discipline and taught mathematics and note
that the former undergoes a didactical transposition, in onder to be used as the laiter).
Robert and Schwarzenberger also claim that the capacity for distinguishing between
mathematical and metamathematical reflaction as well as the capacity for the latter
 are inherent characteristics of AMT. The former is mostly hampered by conceptual
difficulties with the subject (Part Ilc of this Chapter); the latter by the novice's
inflexibility in adopting a wide range of perspectives when approachinga . .. ..
mathematical problem. In this study the need for versatility and for personal control
over learning coupled with the Piagetian theories on the mathematical growth of the
lsarner offer the theoretical framework within which the novices' difficulties with
advanced mathematical reasoning are dealt with.
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Here I present a brief compilation of works related to the novices' difficulties with
formai mathernatical proof and with a more global approach to the difficulties of
advanced mathematical reazoning. Underlying the presentation is the assumpticn
that a great deal of the significance of mathematical reasoning lies in the semantics
and mechanics of proof and that, even though this is widely recognised, it comes
through mathematics courses implicitly rather than as an explicit aim.

The transition from the experimental and intoitive habits of school mathematical
reasoning to the formal requirements of advanced mathematical thinking is abrupt.
Novices are not prepared for what Bell (1976 and 1979) called ‘crossing the barrier
between empirical awareness of a generalisation and a deductive Insight'. Moreover
the students' understanding of proof seems to suffer from the cumulative sffect of
their conceptual ag well as their expression difficuldias. Robert C Moore (1994)
consolidates his findings on the students' sources of difficulty in deing formal proofs
in the figure given below.
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Moore empioys the Vinner-Tall-Dreyfus (Dreyfos 1990; Tall & Vinner 1981;
Vinner 1983 and Vinner & Dreyfus 1989)) model of concept image and concept
definifion, reinforced with what he calls concept usage (the way a concept is used in
order to generate examples or proofs) in order to describe the sources of difficulty he
identified (D1 - &7}, The arrows indicate the interrelations ameong the various
sources. In Part [Ia mathematical language and notation was deseribed as one of
these sources and in Part [flc the implications of impeded understanding in
particular mathematical topics are discussed. Here the focus is on

the leamers’ perceptions of the nature of proof as well as
the regquired logic and methodology of proof

a3 the major determinants of the novices' difficulty. I note that the largest number of
studies mentioned in this secticn refer to research relevant to secondary education
but since the participants of this study are first year mathematics undergraduates it is
reasonable to assume that the findings of these works reflect the students’
predispositions towards proof as they enter university. In the course of the
presentation in subsequent chapters the actual and potential departares of the novices
from these predispositions will be exemplified and discussed.

There is substantial evidence in research findings aceording to which students find
proof difficult, unnecessary and meaningless. Also they view empirical evidence as
proof and in fact prefer empirical arguments over deductive arguments.

Balacheff (1986 distinguishes between pragmatic and conceptual proofs: the
former "have recourse to actual action or showings' and the latter ' do not involve
action and rest on formulations of the properties in question and relations between
them'. Pragmatic proofs are either naive empiricisms (asserting the truth of a result
after verifying several cases'} or crucial experiments ('experiments whose outcomes
allow 4 choice to be made between two hypotheses'}. Other findings (for example
Martin & Hacel 1989; Porteous 1990; Williams 1980; Yerushalmy et al 1990} also
point at the students' view of empirical argument as suffigient proof,

Even when introduced to deductive proof stadents do not seem to appreciate its
'seneric' aspect, namely, according to Balacheff (1990a}, one that is relying on an

. object that is 'not there in its own right, but as a characteristic representative of its
class', Harel and Tall (19913, Tall (1989) and Mason and Pimm {1984) have
discussed the difficulties that learners have in abstracting from a generic example
these elements that constinue its genericity and this implies, as Willlams says, that
students then ‘do not understand the generalisation principle of deductive proofs'.



Literature Review 30

Martin and Harel {1989) also found that ‘use of the special features of a non-generic
figure does not appear to influence judgements of the proof and that proofs are seen
a3 figure-particular.

Another hierarchical model on the development of proof is Van Dormolen's (based
on Van Hiele's levels of geometric development): Van Dormolen (1877)
distinguishes among specific, common-properties and reason-about-reasoning
proofs. Bell, following his triad of functions for & proof (verification, illumination,
systematisation) also acknowledges that the learners’ proving practices seem to
develop through regularity and rationality 1o explanatory quality and logical
sophistication. Within the empirical/deductive dichotomy Bell also refines
empiricism; from failure to generate correct examples or to comply with given
conditions, to extrapolation and non-systematic/partially systematic/systemaric
checking out of full finite set of cases. His refinement of deductive behaviour
follows a similar pattern of progressively becoming able to make connections and
present connected arguments with explanatory qualities. Adopting Bell's and
Dormolen’s hierarchies, Galbraith {1981) also presented a levelled list of
components of proving behaviour: a large number of these components were
missing and Galbraith also notes that learners do not exhibit 'an objective and
detached view, but rather exhibit restricted and on cccasions psycho-emotional
approaches to the use of process skills',

As Fischbein {1982) notes, students are possibly not aware of the distinction
between empirical and deductive drguments. Bven when they are, says Schoenfeld
{1987} who calis learners at this stage pure empiricisss, they decline using deduction

. a8 a constructive tool for problem solving, Coe (1992) and Coe & Ruthven (1594)
also demonstrate that

students’ proof strategies are primarily and predominantly empirical, with g
very low incidence o_yzg strategies that could be described as
deductive...Students’ primary concern s to validate confectured rules and

_patterns [by]... testing them against a few examples’.

As Chazan (1993) schematically propeses, there seem fo exist two types of
problematic predispositions towards proof: students either see empirical evidence as
proof or deductive proof simply as evidence. Elaborating on the above distinction,
Chazan notes that students seem to recognise, especially when their attention is
drawn to it, that empirical arguments rely on examples which are special,
measuraments are not exact and there may be counterexamples. Instead of

becoming sceptical about empirical arguments they prefer to modify their empirical
strategies in order to accommeodate some of the limitations and, as it will be
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demonstrated in this study too, counterexamples do not disturb their notion of
mathematical truth which is not characterised by universality. Fischbein showed
that proving is 'completely outside mainstream behaviour' and ‘there is a difference
between accepting o proof and accepting the universality of the scatement proved by
it. There is'a peed for a complementary intaitive acceptance of the absolute
predictive capacity of 4 statement which has been formally proved'.

Moreover in the cases where students obiject to deductive proof as mere evidence
they also point out, ignoring the universality of a deductive proof, that it doesn't
provide safety from counterexamples: a deductive proof is based on one example, is
\written in the singular' and is also 'based on assurnptions'. Miyazaki (1991} too
notes how the students tend not to recognise deductive proof as establishing the
gsenerality of propositions or canjectures. Finally degrees of persuasion vary given
that depending on where the proof comes from and how it is presented, learners may
fesl obliged to accept a proof which they do not necessarily believe. This reflects
the reality in the mathematical community where acceptance of a proof is often a
result of & variety of sociocultural factors other than its sheer formalify. Sekiguchi
{1992) in bis thesis points at the social dimension of proof presentation as a
communication process and Hanna (1989 and b) entmerates a variety of
dimensions in the social process of accepting 2 proof.

Duval (1991) aitributes the learners’ difficulties with mathematical proof'to their
confusion of deductive thinking with ordinary argumentation. But despite the fact
that they both use sixnilar linguistic forms and propositional connectives, these are
two different modes of thinking. Implication by inference is inherent in deductive
thinking as opposed to summatively connected arguments. This mechanism of
inferential implication constitutes the basis of the logic of mathematical procf, of
Math Logic as O'Brien (1972 and 1973) called it in his study of Modus Ponens.
Students need to comprehend this mechanism in order to move beyond the persistent
Child's Logic and engage in formal proof. Remarkably O'Brien also noted that the
distinction between Child's and Math Logic is crude and does not accommodate a
large percentage of student proving behaviours. But he also employs this dichotormy
in order to identify the difficulty of the transition to formal proof, '

The difficulty of dealing with the logic behind formal proof lies also in the {act that
© learners are overwheimed by the content of the mathematical staternents in a proof
and are not able to move beyond content and into the realm of logical manipulation
of the statements. Anderson {1994) characteristically refers to persistent
inconsistencies in the students' proving behaviour when they fail to 'disentangle the
logical elements from the anakytic concepts'. A similar interference on the students'
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clarity and competence in logieal manipulation was observed by Bamard (1995) in
relation to the students' considerable inability to negate logical statements: the
perceived ‘meaning' of the statement, Barnard explains, interfered with the action of
negation and prevented the stedents from acting on a logical statement regardless of
its content. ‘

The above difficulties with mathematical reagoning imply that smdents may, in view
of these difficulties, avoid formalisation but they do not imply that there is no
cognitive need for conviction and explanation. De Villiers (1991) demonstrates how
both expert mathematicians and mathematics learners pursue the power of proving
and Collis (1974} points at the development of a preference for logical consistency
as &4 sign of cognitive maturity. The issue therefors s to establish the necessacy
connactions between this need and the learnars’ conscious or subconscious decision
inaking about the explanation means they prefer.

Significant to this study are findings that concem the students' attitudes towards
proof in contrast with visual or intuitive arguments, Tail {1992), for instance,
observed the students’ preference for a generie proof (a generalisable example) of
the irrationality of ¥2 over the classical proof by contradiction. Tall reports that the
students prefer the generic proof because it dernonstrates why the result is true, So
for the stndents 'mathematical insight maybe more important than mathematical
precision’. Also in Vinner's experiment with the Mean Valve Theorem where the
students were presented with a visual and an analytic proof, students found the
visual more convincing and the ones who preferred the analytic ene seemed to be
meors restrained by their faar that 'something was illegal' with the visual proof than
by their believing in it

This suspicion towards visualisation (see also Part IITa) also has histerical and
epistemelogical roots. A characteristic examnple is Hilbert's aversion towards
Buclidean geometry: his mistrust was based on claims that geometry depends on
subtle intmitions about space whersas a proof must be universal and reprasantation-
independent. In fact what seems to breed the need for proof is the fear that
something might elude intuition. Intuition cannot surely cover all possible concept
images and can be misleading whereas proof is about conviction. Findings from
experimental psychology also suggest that the learners prefer reasoning by operating
on semantic images or using analogies rather than with ways that conform to formal
logic {Greeno 1289), In the conflict between intuition and formal theory of logic-
and-probability the former dominates.
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[le. Developments in PME-AMT Regarding Particular Mathematical Topics
and Concepts

This part broadly resernbles the structure of the topical order in the presentation of
data analysis in Chapters 6-9. Therefore, first, I deal with developments in PME-
AMT with regard to learning difficulties related to real numbers, infinity, function,
caleulus and finally linear and abstract algebra. Proportionally Linear and Abstract
Algebra are favoured in this presentation for two reasons: two of the four analysis
chapters are about the mathematical cognition of Linear and Abstract Algebra;
moreover among the mathematical topics related to this study, algebraic topics are
the least researched. Therefore a review of recent developments in the area may be
more crucial than one on, say, limit or function which are the 'older” advanced
concepts in terms of the didactical interest they have raised. In fact the fesearch on

~ these concepts, especially on function, has been thoroughly reviewed in for instance
{Pubinsky & Harel 1992). Judging from the consistent reappearance of reference (0
functions and calculus in all the recent reviews of developments within PME-AMT
(Dreyfus 1990; Perrini-Muady & Graham [991; Kaput & Dubinsky 1994; Langford
1687: Selden & Selden 1993 and Tall 1992) I would say that these two topics are the
most talked-about and probably the only ones about which there seems to be a
consolidating consensus as to where the field stands.

I note that the sources for the following reviews vary in some essential research
characteristics: given the pre-peradigmatic state of the field, I draw equally on
purely observational studies (sometimes carried out by mathematicians themselves
who act out of a personal interest in how their undergraduates learn and what
difficulties they encounter) to more psychologically and pedagogically grounded
works. Most of the latter are based upon the leamning theories outlined in Part H and
so an opportunity is given to elaborate on these theories through their
implementation on specific mathematical concepts. Regardless of their
ohservational or explanatory potential the works reviewed hers are selected on the
basis of their broad compatibility with the theoretical underpinnings of the study as
presented in Parts T and II. So for instance statistical studies on the students'
performance in calculus, where the skills tested were derivatives of a content-centred
and quantitative approach to mathematical learning, were not included. In sum this
research review aims at establishing the links between the study and current
developments in the field that have been its influences as well as placing the study
within the PME-AMT contex. ’
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IIlc.i The Novice's Difficuliies With the Notion of Infinity

The concept of infinity has been a long-standing mathematical concetn since the
times when Aristotle made the distinction between actual (for instance the infinity of
N) and potential (for instance that for every number there is 4 larger one) infinity.
Cantor's theory of infinite sets, in which infinity is defined within his theory of-
cardinality of sets {two sets are of equal cardinality if there can be defined 2 one-to-
one correspondence between therm, thus a set A is infinite if there is a one-to-one
correspondence between A and N stands againgt the mystique surrounding = for
centuries: mathematicians either treated it as a real number trying to evade the
contradictions that this was leading to {for instance Euler} or, while recognising it,
attributed to it literary and metaphysical properties (Descartes' recognisable but not
comprehensible’ infinity), In sum poientiality of infinity seemed to be more
accepiable than actuality.

Understandably then infinity is a concept puzzling to the novice learner. Actually it
appears as if the notion of infinity remains puzzling even as mathematical
experience accumulates — see for tnstance Martin and Wheeler's findings (1987 on
preservice teachers' conceptions of infinity: inconsistent between the varions -
algebraic and geometrical settings and not generalisable. In Fischbein et al's (1979
termninology, potential infinity, which seems to dominate the concept image of
infinity, ig a primary intuition deeply embedded in cur common epistemological
heritage as opposed to Cantor's conception which is a secondary intuition, embedded
in the specialists’ experiences. The novice's learning seemns to require a shift from
the primary to the secondary perceptions of infinity and the evidence given below
suggests that the shift is problematic,

Piaget, in his studies of the young learners' development of number, found {Piaget
and Inhelder 1256) that 11 or 12 years of age children appeared to believe

in the possibility of indefinite bisection of a figure,
that the end result wonld be 2 point and
that the original figure could be reconstituted from its ‘constifuent’ points,

The first-twe-reflect a parallel development of actual and potential infinity but the . .. -
third shakes the evidence of that because it shows that children have not acquired the
nen-extensive notion of 2 peint. 8imilar results, but more heavily context-bounded,
were presented by Taback in 1969 where children did conceive of indefinite
reiteration. This doubt exprassed by Piaget's findings is also reflected in Langford
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(1587) and Fischbein et al who also acknowledge potential infinity as a priority in
the learner's development.

Tirosh ([991) also reports on the students' profound conilicts between their
conceptions of infinity, based on finite events and objects, and the notion of actual
infinity. These conceptions are deeply ingrained, resist change and are confext .
sensitive, Most students’ petential infinity conceptions come te conflict with the
tanght notions of actual infinity. The children's experiences are mostly about things
growing larger or smaller, not with the notion of transfinite cardinal numbers. She
then lists some of the students’ intuitive criteria for comparing infinite quantities:

= students do not use the Cantorian idea of 1-1 correspondence to compare
infinite quantities

+ becanse of their notion of infinity as inexhaustibility they think of ail
infinite sets as the same

» they transfer finite methods to handling problems of infinity

+ the above generate contradictions that most of the students are unaware
of '

» the generated conflict is between their intuitive conceptions and formal
instruetion.

Tall {1980) explains further the counterintujtive nature of Cantor's theory for the
learner — comparing sets is not a large part of their expertence — and stresses that
except for Cantor's ordinal and cardinal infinity {extending measuring via
comparison of sets) there is also the notion of infinity, originating in non-standard
analysis, according to which infinity is defined as a generalised notion of measuring
in an ordered field larger than the real numbers, He terms this measuring infinity
and proposes, along with Fischbein, Tirosh and Hess (1979}, that, as an
extrapolation of the learner’s arithmetical experience, measuring infinity can more
easgily lead to a perception of the potential infinity of the limiting process.

Tall (1981} also explored the students’ various intuitions of infinity and reported
that, within the context of limits for instance, students find it hard to reconcile ideas
such as -e0 and +os; or that both x2+4 and 2x3+3 tend to infinity but the latter tends
‘faster' since (x2+4) / (2x3+3) tends to zero as x grows. Sierpinska (1987) also in her
.. study of the students' conceptions of the limiting process found the students!
perceptions of limit closely linked to their perceptions of infinity. She classified the
students' according to their conceptions of infinity as
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» unconscious infinitists — using the word infinity but in fact referring to
very large or very small guantities,

+ conscious infinitists — using the word infinity in a metaphysical and
evasive manner. They act as if infinity does not really have a place in
mathematics and they tend to avoid references to infinity.

«  kinetic infinitists — infinity is connected to the idea of time as either
theoretically achievable but not necessarily tangible (potentialists) or
actually achievable (actual potentialists).

In the following I present a concise review of developments with regard to the
novices' perceptions of the concept of function and of concepts related to caloulus,

Ile. it The Novice's Difficulties With the Concept of Function

I note that most of the works referred to here are from research on function in an
analytical, calculus context; also that the notion of function as encountered in this
study goes beyond the calculus contexts to linear mappings and homofisomorphisms
in Topology and Linear/Abstract Algebra. However, as it will become cbvious in
coming chapters, the results prove valuable and possibly generalisable for all
domains.

Function, as commonly known through the Bourbaki definition (a correspondence
betiween two sets which assigns one element of the second set to each one of the
elements in the first set), plays a central and unifying role in mathematics, However,
as the evidence suggests in this section, most students do not generally associate
function with this formal definition and in response to problem situations, they
usually call up a variety of concept images. These images are numerous and [
briefly outline them in the following.

Functions (Nardi 1992 are seen as rules with regularities; this is the *fanction as
formula' idea. Functions are often identified with just one representation - efther the
symbeolic or the graphical. A change in the independent variable is seen as causing a
change in the dependent variable, with the congequence that constant functions are
often not considered functions. The vertical line test is 1used almost exclusively in
determining whether a given example is a function and even functions expressed via
polar co-ordinates are tested this way. Students are reluctant to employ graphs and
interpret graphical information poorly. Monk (1990) points out that the novices can
answer 'point-wise questions' fatrly well but have trouble with 'across-time
questions'. Many of these difficulties result from discrepancies between the
mathematical definition of the function, the concept definition a student remembers,



Literature Review 37

the concept image of the student and the part of the concept image evoked when
solving a problem.

Function is a concept that has been evolving in the last 4000 years, from a complex
network of conceptions as a graph, a formula, a relationship, an input-output
machine to the unified and rigorous Bourbaki set-theoretic definition. Didactical
interest in the concept was raised as a result of the learning difficulties with the
Bourbaki definition that were observed when it was used as an implementation of
the New Math approach to the mathematics curricufum. Malik (1980) identifies the
gap between Bourbaki definition and the rule-based relationship between dependent
and independent variables as a source of these difficulties and Sierpinska contended
that the latter, as opposed to the former, is fundamental for understanding functions
within the context of formulas and graphs.

Dreyfus and Vinner (1989), in their application of the concept image - concept
definition schema on the lsarning of function, suggest that concept images are not
simply formed by definitions but by experiences. This explains the diversity of
concept images associated to the concept of function: a correspondence between two
variables, a mle of correspondence, 2 manipulation or operation {(put one number,
take another), formula‘algebraic term/equation, praph. Additional diversity and
refinement of these images is suggested by the stndents’ images when given graphs
of functions (also in Barnes 1988; Markovits et al 1986 and Vinner 1983}): a graph is
continuous, otherwise it is considered that it ‘changes its character’, or the domain of
the function splits, or there is an exceptional point. So cuntiﬁuity seams to be
perceived as an inherent characteristic of a function and cases of discontinuity are
seen as anomalies of an exceptional, hence sscondary character. Markovits et al, for
instance, blame the emphasis put by school mathematics on the rule or relationship
that is part of the definition of the functions that stndents are mostly familiar with at
the expense of the equally important notions of dotmain and range.

The same authors also account for the students' biased domination of the function
concept image by straight lines as an effect of the extreme emphasis to linearity in
the schoal mathematics curriculum. The students' persistence of Hnearity is evident
in the experiment in which students were piesented with two points on a Cartesian
graph and asked them to define a function whose graph passes through these two
points. Most students drew the'line connecting the two points, and, when given |
scattered points, some of them still tried to fit linear functions. To Markovits et al's
contextual interpretation of the students' persistent linear images {curriculum
emphasis) [ also add the tendency of the human mind, suggested by the gestaltist
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psychiology, to prefer the obvious simplicity of harmonicus and symmetrical images
such as straight lines.

In Barnes' experiment students claimed that y=4 is not a function because x does not
depend on y. When shown the graph of y=4, a line parallal to the x-axis, most
changed their minds. Students from the same group then claimed that x2+y2=1 is 2
function becanse it's a circle; also that a function with a split domain is not really
one function but several. In general ‘strange’ or broken, that is non smooth and
continuous graphs, are not easily considered as functions. A large number of these
conceptions reflect, for instancs, that a function has a continuous graph, ideas that
were held among mathematicians for a long time until concepts were axiomatically
defined and terms started having a regulated meaning in the mathematical
commwnity. Some of these perceptions however transcend the regunlated meaning
and permeate through our concept image as tacit conventions. There is a number of
these conventions, or as Tall calls them {1992), these 'creases in our minds that we
attach to graphs and we tacitly expect learners to adapt to',

A major source of the learners' difficulties with functions is their lack of flexibility
in switching reprasentations or working on the relationships between them. Dreyfus
and Eisenberg (1983) demonstrated evidence of difficulties with several
transformations, such as stretches and shifts, as well as with change of variables (or
change of domain). In sum students tend to view algebraic data and graphical data
ag being independent.

In Ferrini-Mundy and Graham's study first semester calenlug students (1991} ‘were
not able to provide any type of general definition of function but readily gave
examples of functions by writing formulas. There is little evidence that the students
see functions as objects of study in mathematics; rather, when a funetion is given, in
equation form, usually one is expected to do something to it, such as substitute in a
value. This part of studying functions {plugging in values) seerns to be firmly
astablished and becomes their way of working with other caleulus concepts such as
limit'. Remarkably similar tendencies are evident in the behaviour of more advanced
learners such as prospective mathematics teachers, reports Bven (1993): in her study
the function is seen as always defined by a formuia, continuoug, and ‘reasonable’.

In the above the major difficulty encounterad by students seems to be to shift, -+ - -
between different representations of function and establish connections between its
stafic (object} and dynamic aspects of its namire, This duality (Sfard 1991) in the
nature of the concept, which is part of its epistemological power, seems to be
cognitively distracting and leading to conflicts or to disjoint perceptions, to a schism
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between the two. In the various contexts where the concept of function is explored
in this study this discussion on the duality of its nature will reappear as essentially
relevant. ‘

IIc.iii The Novice's Difficulties With Calculus

Calouius is the mathematical area that didactically has been the most efficiently
researched and talked about in the context of the discourse on the Caleulus Reform,
the revitalised interest in advanced mathematical skills fuelted by the realisation of
the importance of mathematics in the technology oriented, post-industrialist
societies. Here I present very briefly some findings that relate to the parts of
calculus mentioned in the analytical chapters of this study.

Ferrini-Mundy and Graham (1991} offer evidence that the students’ understanding of
central caloulus concepts is exceptionally 'primitive”: stedents demonstrate virtually
ne intuition about the concepts and processes of calculus; they diligently mimic
examples and their atterpts to adapt prior knowledge to a new situation usually
result {n very persistent and often inadequate conceptions whose change the students
firmly resist.

The concept of limit, a concept which is central in the study of calculus and appears
consistently in a variety of contexts, seems to be at the heart of the didactical
enquiries in calculus. First of all the concept of limit seems to be accompanied by a
certain amount of mystique: there are no computational recipes for finding limits.
Then its understanding impinges upon a very complex network of ideas and an
equally complex novel notation.

Jere Confrey as quoted in (Ferrini-Mundy & Graham 1991) argnes that the students’
introguction to caleulus is likely to happen as follows: with a discrete understanding
of continuous ideas (for instance, time as a series of instants, motion as a series of
positions), with an independent transition to the idea of continuity, and with an
algorithmic approach. Also due to the vernacular uses of the word limif, students
find it hard to distinguish between limit and bound. Moreover fends to, approaches,
gets close to are expressions underlain by the assumption that a limit cannot be
attained, Frequently concept images of function also interfere in finding limits: for
instance when 0 1 0 1/2 0 1/3 Q... is taken as two functions, not ¢ne.

The words associated with the concept of limit seem to conjure up ideas that feed a
rich and complex concept image. Davis and Vinner (1986) say about parts of the
concept image of limit that they ‘cannot be evoked instantaneously in complete and
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mature form'. As a result 'some parts of the idea will get adequate representations
before other parts will’ and this is their explanation of what they perceive as the
inevitability of some obstacles. They then suggest that part of leaming is about
making these obstacles visible and conscious: concept images of limit are dominated
by examples, for instance; convergent sequences are mostly seen as monotonic ones;
another strong concept image is the dynamic notion of limit as a value where the

_ terms of a sequence approach.

The latter has the implication of what Tall terins gerneric limit property; all the
properties of the terms of the sequence also hold for its limit. I note hers that
Letbniz, 45 well as Cauchy, believed that the limiting function of a family of
continuous functions must be continuous. As a rasult students believe 1im(.999....«<1
aven when they can prove that ¥9/10%=1: 1 is not of the form 9/107, so it cannot be
the Hmit of 29/10%, Cornu reports that students in this case also ¢claim that X.9/107
tends to 0.999..., but has the Limit of 1. 50 in 2 sense a linguistically informal
£Xpression seems to reinforce the ambiguity of the notion in a way that the students
can actually evade the confrontation with their contradictory ideas. Graphical
representations such as the representation of limit through an illostration of the
limiting procedure &s & staircase have also been reported as prone to evoking
ambiguous perceptions of the concept.

Similarly to linguistic metaphors, notational representations associated with limits
seetn to generate unanticipated ideas to the students: for instance g, dx, ox also
evoke ideas about numbers smailer than all positive reals but not equal to zero.
There is evidence (Toll & Schwarzenberger 1978; Orton 1983a and b; Cornu 1980
and 1982)) that these symbols interfere in building up concept images from the
definition.

Robert (1982} offers a taxonomy of the students' conceptions of the limit of a
sequence — except the formal definition: monotonic and dynamic monotonic (limit
associated with the monotonicity of the sequence), dynamic (limit associated with
approaching, closeness, tendency), static {terms around the [imit or close to the
limit), lirmit as bound. She also reports that students seem to have a diversity of
images that co-exist in their concept image: some of these images are stronger; they
dominate 2nd hence they are eveked more easily. Remarkably the concept

- definition is not the strongest of these imagés, even when the students seem to have
acquired it. Tall and Vinner (1981) found that the studentz who recollect a dynamic
informal definition are more Likely to recollect it correctly than the ones who attempt
to recollect the formal definition.
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Schwarzenberger and Tall (1978) suggest that a comrmeon informal interpretation of
the formal definition of lims,=! is 'we can make 5, as close to [ as we please by
making n sufficiently large' where 'close’ means near but not coincident. Graham
and Ferrini-Mundy also noted that students calculate limf more successfully when f
is continuous: they cannot give geometric understandings, they cannot use the
graphs, they see the limiting process as an evaluation process and they think the &-£
notation 15 redundant,

In her work on the epistemological obstacles related to limits, Sierpinska (1985)
embedded more generally the students’ difficulties in thelr attitudes towards
mathematics and infinity. Sierpinska and Viwegier (1989) studied two young pupils'
conceptions of infinity and found that 'concrete’ conceptions of mathematical objects
do not prevent one from being able to perform precise deductive reasonings based '
on assumptions not necessarily conforming to one's intnitions. The reasons she
eives for this behavigur are the superficiality of intuitions in the learner’s transition
from the Piagetian concrete to the formal operational stages of development, Later
when Intuitions become linked to emotions, they turn into convictions or beliefs and
possibly 'start to function as obstacles'.

Concrete procedures are reported as moge comprehensively understood alse in the
context of integration and differentiation. Oston (1983a} showed that routine aspects
of differentiation are often well-understood and that basic techniques of integration
are applied with some facility. However errors like calcvlating the derivative of the
quotient as the quotient of the derivatives still occur and they reflect gaps in
conceptual understanding and predeminance of some eften inadequate infuitions,
Orton clairns that the idea of proportionality is fundamental in understanding the
‘derivative and he attributes the students' limited understanding (of the tangent as the
limit of a set of secants; of the rate of change of a line versus rate of change of 2
curve; and of the rate of change at a point versus the rate of change over an interval)
to gaps in the students' conceptions of proportienality. As for the integral (Orton
1983b) students do not seem to understand the limiting process inherent in the
dissection of area or volume in the calculation of integrals. In sum students fend to
interpret differentiation and integration as processes of indefinite approximation.
This reflects the influence of dominant conceptions of potential infinity as opposed
to conceptions of actual infinity which would support conceptions of differentiation
and integration in which a value for the integral and the derivative can be attained.

Finally in Artigue's 3-year experiment with differential equations (1987), students
found it hard to reason with functions not given explicitly — as a formula —, to
work simultaneously with two representations (namely seek graphical solutions
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when given algebraically presented differential equations) and to validate graphical
solutions requiring what seemed to them as rather sophisticated tools from analysis.

IHc.iv The Novice's Difficuliies With Linear and Abstract Algebra

In Chapters 8 and § an opportunity is given to study the novice's cognition of a wide
variety of algebraic topics: most predominantly related to Vector Spaces and
Groups. Research interest in these topics is relatively new and a large number of the
studies reviewed here are obsarvational studies in which the teaching and learning of
these topics merge into a whols of theorising practice: one or a few algebraic
problems are given to undergraduates or a new teaching technique is implemented
(usuaily ralated to current educational technology). Observations are made about the
novices' learning and their difficulties. Finaily empirical explanations are attempted.
Despite their theoretical frailty these studies provide relevant and valuable
illumination on the cognition of Algebra. In the following I cite some of these
studies.

Orit Hazzan (1994), accounting for the students' repeatadly obsarv_e,d belief that in a
Eroup

x*xl=e = x=e,

notes that students borrow properties’ from 9, This possibly reflects their need of a
familiar metaphor to associate with the axiomatic definition of operation *,
Linguistically calling a*b the 'product’ of elements « and b in a group reinforces the
illegitimate use of the K metaphor (by an analogous linguistic token she also points
at the similar sounding of the Hebrew words for 'keep' and 'pragerve’. Students then
reinterpret "an isomorphism preserves the group operation’ as keeping the properties
of usual operations}. Moreover representing elements a and b of a group with
different letters may evoke the idea that @ and b are two distinet objects. Finally
Hazzan claims that students tend to confuse a theorem and its converse. So, because
if x=¢ then x2=¢, students also may think that if x2=e then x=e.

In a sitnular empirical vein Carducei (1993), benefiting from the visualising powers
of Matheratica, attempted to question some of her students' persistent intuitions

.. regarding properties of determinants. In the process she observed that, even when
required to work in abstract environments, students demonstrate 4 partiality for some
matrix operations (matrix inverse and scalar multiplication). In another IT
experiment with ISETL, inspired by the students' frustration with lectures and the
low retaining of knowledge even shortly after the lectures, Leron and Dubinsky
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(1995) note that the construction of meaning 'is at the heart of students' difficulties in
abstract algebra’ and that the students' difficulty with 'fairly simple' relationships

* befweean certain mathematical ohjects (such as the Homomorphism Theorem or
Lagrange's Theorem) should not be attributed to the comnplexity of the theorems but
to the abstract nature of the mathematical obiects involved. They then give the
example of Lagrange's Theorem which is about 'easy’ things such as 'one number
dividing the other, two sets having the same cardinality or being disjeint, gfc.”"

The objects, on the other hand are ‘complicated' in the sense of the many
levels of abstraction and the great time and effort needed to ‘construct' them
in the mind of the student. For ug the simplicity of the proof lies in our
ability 1o have a clear image of the group as being partitioned into a disjoint
union of cosets. But in order for the students to have such an image, they
need to ‘corstruct’ in their mind not only ‘group’, ‘subgroup’ and 'coset’ but
aiso 'the set of all cosets of H in G,

S0, they conclude,

the students’ difficulty with understanding Lagrange's theorem may be
largely due to their confusion abaut the nature of cosets. We find that they
can understand the process of forming a coset, but often carnnot toke the next
step of seeing these cosets as objects to be measured, counted and compared.

Their didactical strategy then revolves around helping students to construct cosets
and leam to manipulate them as objects. Harel (1989) a fow years earlier also
proposed that the teaching of Linear Algebra is based on false assumptions with
regard to the students' ability to deal with abstract structures without extensive
preparation or (o appreciate the economy of thought characterising abstract
representations. He then cites examples from school mathematics where the
domains of algebraic applications are specific and embedded either in a numerical or
a visually accessible geometric context. Like Dubinsky and Leron above, he also
recognises the abstract nature of the mathematical objects involved in Linear
Algebra as well as the not-always-emphasised multiplicity of its domains of
application, as the sources of the students' difficulty. Even when introduced through
a few examples, Harel concludes, the Linear Algebra absiract concepts rarely
acquire & meaningful reason of existence in the students’ minds.

Similasly to Harel, Robert and Schwarzenberger point at the concept of vector space
and the concept of group as examples of new mental objects the construction of
which causes fundamental difficulties in the transition from elementary to advanced
mathematics. In tune with Tucker's historical aceount of Linear Algebra (1993),
they note that 'the problerms from which these concepts arose it an essential manner
are not accessible to students who are beginning to study {and expected (o
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understand) the concepts today': this historically decontextualised preseatation
deprives the novices of & potentially meaningful construction of these concepts.

Dorier et al (1994) glaborate on the above, recognising first that, because students do
'not really have to bring the concepis themsealves into play’, the results of final exams
may very well hide the poverty of the students’ concept image construction. They
then suggest the following explanations:

+ the specific epistemological nature of the concepts of Linear Algebra:

These concepts fvector space, linear operators, image, kernel, basis,
dependence, dimensions, rank, etc. ] took their formal shape only after
numerous uses of linear methods in specific contexts without much
unification. These concepts, in their present form, are the cause and results
of unification and generalisation, Their relevance appears only a posteriori,
as they first renewed in an economical manner the soﬁ*ing af old problems
and only afterwards allowed new approaches.

So the learners have difficulties learning these concepts because

they only have access to the final phase of the historical process: definition
of the concept and systematic use in the solving of problems. Yer the
problems they are asked to solve may often be solved with specific tools and
methods, more familiay which do not necessarily imply the use of the new
concepts. In this case the simplification and improvement induced, in the
solving of the problems, by a change in the point of view cannot be foreseen
by the students, They may only do this because they are asked 1o; this is an
effect of the teaching contract,

On a more theoretical basis, this implies that these problems, whick can be
solved in various settings, connot yet be chosen as 'good’ problems in the
perspective of the tool/object dialectic {...], as the concepts to be taught are
not indispensable for the solving. The only problems which would
necessitate an absolute ase of the formal concepts of linear algebra are all
too complicated for our students (they involve non-countable infinite
dimension vector space)...

In other words for the students the concepts of Linear Algebra are above all
objects before they can be used as tools; students are therefore deprived of
the long progression, which brought mathematicians to express these
concepls, step by step. :

..[Studenis have] elements of knowledge which initially are not well enough
distributed in different settings (geometrical, analytical, logical, formal
settings mainly), [some analyses of students' practices] reveal the lack of
ability to change settings and points of view.
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Dorier et al's views can be generalised to other mathematical contexts. An example
is Nicholson's paper on the historical development of the concept of quotient group
which appears implicitly in the works of many 19th century mathematicians,
including Galois and Jordan, but enly as a context-embedded tool, not formally
defined. Despite Dedekind's early understanding of the power and potential of the
formalisation of the concept since the 1850s, it is not until the end of the century that
Halder systematicafly and explicitly defines the quotient group. It is noteworthy that
Dedekind's Iectures were lukewarmly received (mermbers of the mathematically
strong audience admitted they understood tittle); that is it seems that from a
phylogenetic point of view the concept had not completed its cycle of fermentation.
As a result professional mathematicians of the time resisted its significance and its
acceptance through formalisation.

Harel and Kaput (1991) embed some of the difficulties cited above by Harel in their
theory of Object-Valued Operators {an Object-Valued Operator is, for instance, the
correspondence between parameters and functions in fix)=sin(ax)):

Students usually had difficulty dealing with such & correspondence, uniess
they were able to tag the outpuis of the correspondence with familiar
geometric figures, such as lines or planes {...]. These geometric figures,
which were manipulable objects for the studenis, apparently helped the
studenis to construct such a corvespondence as an object-valued operator,

Another common example involves the construction in abstract algebra of
the guotient object associated with a ‘normal’ sub-object, e.g. in the case of
groups. The coseis must be conceived as obfects if they are to parficipaie as
elements of a group, However the existence of a 'representative element’ for
a coset, where the operation defined on cosets can be given in terms of an
operation on their representatives, makes it possible to deal successfully with
many aspects of the quotient group on a symbol manipulation level without
treafing the subsets of a group as objects, or even as subsets. Students’
inadequate conceptions are revealed when one asks them to attempt to create
@ group using a non-normal subgroup's cosets - they often cannot
understand why the subsets 'fall apart' when they attempt to multiply them
together as 'sets’, or by using representatives.

(Harel & Kaput 1991, p&7)

Hillel and Sierpinska {1994 attribute the students' difficulties with learning Linear
Algebra partly to their 'inexperience with proofs and provf-based theories.
Moreover espousing Piaget's and Garcia's notion of intra-, inter- and trans- level of
¥nowing something, they note that students learning Linear Algebra 'need to operate
at the trans- level'. So generality and abstraction coupled with the students inter-
level elementary experiences yields problematic cognitive behaviour. The
researchers also include in their list of sources of difficulty, things that are not
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generic to Linear Algebra but relate to advanced mathematics in general, such as ‘not
understanding the need for proofs nor the varous proof techniques, not being able to
deal with the often implicit quantifiers, confusing necegsary and sufficient
conditions’. Below I present Selden and Selden's (1987) list of "arrors and
misconceptions' regarding theorem proving in Abstract Algsbra which reinforce
Hillel's and Sierpinska's observation about the relevance of more general difficulties
in advanced mathematical reasoning,

Selden and Selden's taxonomy probably fits better alongside some of the
observational studies previously cited in this section, since they are based on their
experience from a Moore-type Abstract Algebra course but I mention it here since it
helps in placing the learning difficulties with Abstract Algebra in the wider
advanced mathernatical context. The major 'misconceptions' observed In their
students include: '

‘M1, Beginning with the conclusion. _

M2, Names confer existence ('failure to distinguish between symbols for things
whose existence is established and symbols for things whose existence i3 not').
M3, Apparent differences are real (fatlure to see things with different names are
not necessarily different).

M4. Using the converse of a theorsm.

M35, Real number laws are universal {mentioned also before).

M6. Conservation of relationships.

M7. Element - Set interchanges (difficulty in understanding statemnents
involving sets results in substituting them with statements about the elements of
these sets).

Selden and Selden also mention: overextended symbols (the use of the same symbol
for two distinct things), weakening the theorem, notational inflexibility, misuse of
theorems, cirenlarity, locally unintelligible proofs, substituting with abandon, holes
in the implication that links two statements and using information out of context.
They then recoghise that thelr taxonomy addresses a diversity of cognitive issues
which they sum up as the learner's difficulty with: generalisation, use of theorems,
notation and symbols, nature of proofs and quantification.

Back to Hillel and Sierpinska, specifically to Linear Algebra these authors add to.
Dorier et al's interpretations, cited previously, the 'shuffling back and forth' between
differant levels of description: within the discourse of Linear Algebra three
languages coexist,
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the language of the general theory (vector spaces, subspaces, dimensions
ete) '

the language of 9" (a-tuples, matrices, rank ete.)

the geometric language of 92 and P (orthogonality etc.),

that 'are often interchangeable but are certainly not equivalent’. Most emphatically
Sierpinska and Hillel raise the problematic issue of representing a linear operator in
a basis and moving frorm one such representation to another'. They contend that
understanding this representation operation requires that the learner sees the
language of Linear Algebra as a 'network of languages and rules of tranglation
between them'. Following Foucault's distinction between language as part of the
world it describes and language as a representative system of signs, they suggest that

the problem of understanding the language of linear algebra as a
vepresentation rather than as being part of the world lies in the fact that the
world of linear algebra Is indeed the world of simultaneously used systems of
representation. How does one make sure that two exiernally different
representations indeed represent ong and the same ‘thing’?

In that sense when students encounter for the first time vectors in #°, 'strings of
numbers' becoms to them the ‘primary representation’, the 'thing’. This view ofa
vector as identical with one of its representations is profoundly shaken when the
student reaches the realisation that this 'string of numbers' represents different
vectors in different bases and that the same vector is represented by different 'strings
of numbeys’ in different bases:

Strings of numbers, so familiar, so paipable, suddenly feel like ‘ghosts of
departed quantifies’.

Recurrent mistakes, such as taking the first column of the matrix of a linear operator
as the image of the first basis vector under the operator (cotrect in the canonical
basis), must be attributed, contend these authors, to 2 more deeply ingrained
conceptual difficulty than simply to the Piagetien difficulty with internalising an
activity as an operation, To this purpose they offer the linguistic scheme briefly
outlined above, namely the need to distinguish vectors from their representations as
well as reach the 'trans-level' of seeing linear operators as 'objects of inquiry
themselves',

Leron, Hazzan and Zazkis (1994), in a study preceding the first major effort of
systematising learning difficulties with regard to Abstract Algebra (Dubinsky et a
1994), interviewed a small number of students on their conceptions of Group
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Isomorphism. As Harel and others above, they stress that students, accustomed to
the affectively secure routine algerithmic behaviour of school mathematics, find it
difficult to engage in an existential process of constructing an abstract object,
Moreover the existence of more than one possibility also clashes with their previous
school experience of mathematical problems having one and only one solution.
Decomposing the notion of an isomorphism, they note that it invoives two especially
complex notions: function and an existential quantifier. They identify three levels of
internalisation of the existential quantifier 3 that ssemn to influence their students'
concaptions of isemorphisms: the personalised action level, the process level and the
object level. The more objectified the conception of a quantifier is, the more
appropriated the students' existential activity tumns out to be. A similar tripartite
levelling of the students' conception of function seems to influence the studants’
attitudes towards isomorphisms. In addition the anthors note the importance of
talking about isomorphisms necessarily in terms of their domain and range {which
again clashes with the students’ previous axperienca's of talking about functions
mostly as procedures or formulas regardless of domain and range).

Finally they state that

the very concept of isomorphism is but a formal expression of many geneval
ideas about similarity and difference, most notably the ideq that two things
which are different, may be viewed as similar under an appropriate act of
abstraction,

Remarkably the notion of function emerges as dominant in advanced mathematical
¢ognitien and indeed in much more abstract contexts than it has been mﬁstly studied
(see Ilc.ii of this Chapter). In a similar vein in Zazkis' experiment {1992), students,
while finding the inverse of a given compound elemeant, repeatedly claimed that
(XoYy! is X-lo¥! instead of ¥-loX-l. Zazkis draws on misapplication of linearity
and specifically over-generalisation of distributivity as the dominant sources of the
error and cites classical algebraic and trigonometric examples of this behaviour.
(Given that her experiment was carried out in a computer environment, Zazkis also
notes that learners do not always ‘perceive the [computer] environment as
mathematical and therefore they use their 'naive' knowledge and extrapolation
techniques, rather than ‘formal mathematical knowledge”. She finally employs a
proceptual argument in order to indicate the flexibility in shifting from the process to
the object aspects of a concept as a sign of mathematical maturity: this flexibility is a
requirement for successful handling of tasks like finding the inverse of 4 compound
element.
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I close the section on Linear and Abstract Algebra with a reference to the above
mentioned first major attempt at a systematic presentation of observations regarding
learning difficulties with regard to the notions of group, subgtoup, coset, normality
and quotient group. As several researchers referred to in this section, Dubinsky etal
(1994) also present their observations in terms of the action - process - object
framework. In the following I summarise their findings.

Their didactical interest in Abstract Algebra, and in particular Group Theory, was
triggered off by the reported failure of the novices to achieve good understanding of
the concepts involved in introductory courses, In most cases the novice's formal
encounter with the notion of group is the first one in a long series of abstract
concepts. Accompanying the problematic novelty of the experience of abstraction is
the historical antecedent of the epistamological complexity of the concepts,
examples of which were given above in the reference to Nicholson's paper.

Developing the Concepts of Group and Subgroup. In sum the developmental view
of these concepts presented in their paper is the following:

Our observations are consistent with a progression in understanding that
moves through various intermediate (and incomplete} ways of undersianding
groups and subgroups... from seeing {them] as primarily sets of discrete
elements, to a stage where the operations as well as the group elements are
incorporated into the necessary definition {to]...a thorough understanding of
a group as an object to which actions can be applied.

In their study the participants seemed to develop the concepts of group and subgroup
in parallel, The 'psychogenesis' of these concepts appeared to be linear’ but also at
many points 'in concert with the others'. Often progress with regard to one concept
awaits developinents in the others, Alsc other mathematical concepts, most notably
Set and Function, are fundamental in these developments., More specificafly: at first
the most primitive conception of a group is 'based entirely on the student's
conception of a set’. Progressively properties of this set are included in this
conception; a binary operation maybe one of them and it is crucial when this
property is singled out. At this moment the notion of function, and in particular of
the two-variable function is needed in order to accommodate the notion of a binary
operation. Ideally this process is completed with the encapsulation of the set and the
binary operation into the notion of group and the reification of the pair so that the

- construction of the notion of an isomotphism is possible. It is noteworthy that the
procedural aspects of the binary operation seem to attract more of the learner's
attention than probably allowed in the above developmental path.
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Moreover the notion of function appears strongly in the concept formation of
subgroup as a restriction of a function 10 a subset of its domain. If the role of the
binary operation has not been clearly understood it is likely that the learner confuses
subgroup with subset.

Developing the Concepts of Coset and Normalify. In general the construction of
cosets in simple groups appears as a simple task, What seems to be extremely
difficult is the concepiualisation of quotient group and normality; also understanding
that the quotient grovp is isomorphic with another familiar group. Difficulty varies
in the context of different groups but the overall imprassion is one of deep
confusion. Normmality is also confused with commutativity and the students’
ignoring the condition of normality for the existence of the quotient group influences
heavily their aitempts to construct the eosets.

Probably the most problematic concept is the Quotient Group. In terins of the action
- process - obiect schema, a major issue in the psychogenesis of the concept of coset
and coset operation appears to be

the encapsulation of the process of forming cosets into objects which ave to
be the elements of the quotient group. Again the student's conception of
Junction appears to be needed, but confusion seems to have occurred when
he or she made an attempt to construct a binary operation on cosets before
being abie to manipulate these cosets as objects. An interesting point is that
in some cases, formation of a coset did not guaraniee that the student could
not deal with this as an object. This suggests that the student's conception of
sets may not have been adequate.

In this last section Linear and Abstract Algebra were presented as two exceptionally
difficult introductory topics for novices in which difficulties related to a wide range
of basic concepts seems to be condensed. Issues of rigour and intuition,
visualisation, notation and language were also raised. The findings of this study, as
demonstrated in Chapters 6-10, complemeat or at some instances extend the findings
reported in this Part of the Chapter. In Chapter 2 the theoretical background of the
study's methodology is presented, so that in the first two chapters the study is
embedded within the current thematic and methodological developments in the field.
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Summary

The theoretical origins of the study lie in the realisation that an educational reform
regarding mathematics teaching cannot take place in the absence of an awareness of
the learner's thought processes., Coupled with the intrinsically idiesyncratic
epistemological complexity of mathematics, the cognitive dimension of didactics
arises as particularly significant.

With regard to lesrning advanced mathematics this study originates in the
assumption, grounded on the relevant literature, that a novice mathematician faces a
series of cognitive difficulties in the encounter with mathematical abstraction.
Abstraction is meant both from a psychological perspective i.e. that the advanced
mathematics leamer has to build up knowledge in an axiomatic way and learn how
to reason deductively; and from an epistemological perspective, 1.e. that the nature
of the objects of advanced mathematical learning can extend beyond the physical or
the numerical.

In the above, leamning is not seen as isolated in a cognitive vacuum but embedded in
a sociocultural context. Therefore, in a constructivist strand of thinking, the learner’s
cognition, while being personal and individually interesting, is also ernphatically
seen as taking place in a leamning environment,

If, as R.B.Davis contends {1989), 'theory building is the frademark of science’ then
this study of the learner's difficulties cught to be carried out in such a way that it
leads to the enhancement of theory in the field of Didactics of Mathematics, This
study seeks to construct a psychological profile of the novices' difficulties in their
encounter with mathematical abstraction by probing into their expressions of
learning. It is assumed here that the phenomena of cognition, an inaccessible and
esoteric process, can only become visible and accessible through the learners’ oral
and written {in this study: oral} articulations of their mathematical thinking. In
effect of the above in Chapter 2 the study is presented as a phenomenclogical study
of advanced mathematical cognition.



Chapter 2
The Methodological Approach of the Study
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Introduction

'Collegiate mathematics education’ is, in Selden and Selden's words (1993), 'at a pre-
paradigm stage', that is exploratory and seeking the construction of theoretical
frames. Only recently has the field started being recognised as an autonomous field:
Batanero et al (1994) report the teaching of mathematics at the undergraduate level
a5 one of the ficlds atiached to which there is a developing number of projects, Its
publications appear scattered in general mathematics education journals and
conferences and, as noted by Kaput and Dubinsky in the introduction of (1994), the
field is in a transition: from identification of the phenomena of learning fo
interpretation and action, from the locality of studying particular mathematical
topics/concepts to the global confrontation of the problematique of advanced
mathematical cognition.

in other words the fizld seems currently to be shifting from the improvisational
amateurism of quick diagnosis-prescription to informed professionalism in its
confrontation of the phenomena of learning. Becker and Pence (1994} also point out
the transitional stage of the field and subsequently categorise undergraduate
students' learning as an increasingly autonomous area of research, This field of
research, within which this study is located, has been denoted in Chapter 1 as PME-
AMT.

Thomas Kuhn (1962), speaking of the "route to normal science’, offers an account
which, I think, summarises vividly the state of the art in PME-AMT. - To him
'normal science’ means ‘research firmly based upon one or more past scientific
achievements, achievements that some particular scientific community
acknowledges for a time as supplying the foundation for its further practice’. These
works 'define the legitimate problems and methods of a research field for succeeding
generations of practitioners’ and share two characteristics:

Their achievement was sufficiently unprecedented to attract an enduring
group of adherents awgy from competing modes of scientific activity.
Simultaneously, it was sufficiently open-ended to leave ali sorts of problems
for the redefined group of practitioners to resolve.

(Kuhn 1962, p.10)

He then calls the achieverments that share these characteristics 'paradigms’.
Paradigms relate closely to 'normal science’ which he defines as 'some accepted
examples of actual scientific practice’ which ‘include law, theory, application and
instramentation together' and 'provide models from which spring particalar coherent
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traditions of scientific research’. Researchers then 'whose research is based on
shared paradigms are comunitted to the same rules and standards for scientific
practice. That commitment and the apparent consensus it produces are prerequisites
for normal science, i.e., for the genesis and continuation of a particular research
tradition’. In his further clarification of the concepts of normal science and
paradigm, Kuhn notes that

there can be a sort of scientific research without paradigms, or without any
so uneguivocal and so binding... Acquisition of @ paradigm and of the more
esoteric fype of research it permits is a sign of maturity in the developments
aof any given scientific field,

{ibid., p.11)

The usual developmental pattem for mature science is competition among
paradigms followed by successive transitions via revolutions, This pluralism is
indicative of how 'science develops before it acquires its first universally received
paradigm'. These competing paradigms all possess 'components of real scientific
theories, of theories that had been drawn in part from experiment and observation
and that partially determined the choice and interpretation of additional problems
undertaken in research'. Kuhn (and this work was first published in 1962) also
notes:

...and it remaing an open gquestion what parts of social science have yet
acquired such paradigms at all. History suggests that the voad to a firm
research consensus is extraordinarily arduous.

(ibid., p.15)
He then highlights some of the reasons for the difficulties in this road:

In the absence of a paradigm or some candidate for paradigm, all of the
facts that could possibly pertain to the development of a given science are
likely to seem equally relevant. As a resuls, early fact-gathering is a far
more nearly ravdom activity than the one that subseguent scientific
development makes familiar. Furthermore, in the absence of a reason for
seeking some particular form of more recondite information, early fact-
gathering is usually restricted to the wealth of data that lie ready to hand.

(ibid., p.13)

Kuhn then is sceptical about the possibility that this 'sort of fact-collecting’ may
'produce a morass’. He is worried about whether 'facts coliected with so little
guidance from pre-established theories speak with sufficient clarity to permit the
emergence of a first paradigm'. He however recognises that this complex and
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chaotic practice is essential to the building of scientific foundations. As a resulf of
this practice it is

no wonder, then, that in the early stages of development of any science
diffzrent men confronting the same range of phenomena, but not usually the
same particular phenomend, describe and inferpret them in different ways.
What is surprising, and perhaps also unigue ir ifs degree to the fields we call
sclence, is that such initial divergences sﬁould ever largely disappear.

(ibid., p.17)

The conditions in which these divergences disappear, if they do, are provided by the
emergence of a theory 'better than its competitors’ which 'need not, and in fact never
does, explain all the facts with which it can be confronted’. Then both fact collection
and theory articulation become highly directed activities, "Truth' as Frances Bacon
acutely noted, 'emerges more readily from error than from confusion’,

The reason I have 50 extensively quoted Kuhn is that, again in his words, "it is hard
to find another criterion that so clearly proclaims a field a science’, Also I find his
account in complete resonance with the methodological and thematic ambience
within PME-AMT which I consider as a field that is in search of its ‘normal science’
ot, as worded earlier, 'at & pre-paradigm phase’. The methodology employed in this
study reflects Kuhn's description of the 'fact-collecting' practice of a pre-
paradigmatic field: the methodological tools of this study are chosen in & way that
aspires at the identification, exploration and interpretation of the phenomena of
undergraduate mathematics learning, The study is also underlain by an intention to
submit these tools to evaluative testing (in tune with Jacob {1987} who
acknowledges research 'on adapting qualitative traditions to the study of naturally
occurring cognitive behavieur in classrooms’ as one of the 'most exciting areas' of
future methodological research). So in this sense research within & pre-paradigmatic
field is required to work ont these two levels: the thematic and the methodological.

As a result, this study is a piece of qualitative research and, in particular, it is a
phenomenclogical study of advanced mathematical cognition. The theory that is
generated from this study is the outcome of a data-grounded theory emergence
process. In the following the theoretical underpinnings of this declaration are
clarified. So:

-+ in Part I an account is given of the phenomenological character of the
study, the cognitive nature of the phenomena to be explored and the
learning environment within which they are explored,
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* in Part [T a theoretical justification 1s giver of the methoedological data
collection technigues of observation and interviewing, and,

« in Part [T a thecretical justification is given of the methodological data
analysis technigues of data grounded theory.
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PART I The Phenomenological Character of the Study, the
Cognitive Nature of the Phenomena to Be Explored and the
Learning Environment of the Exploration

In Chapter 1, particularly Part III, focus was placed on these developments within
PME-AMT which are about the students' difficulties with advanced mathematical
concepts and reasoning. Here I specify in more detail the nature of the learning
phenomena that this study aims to investigate, the environment of the investigation
and in the subsequent parts I describe the methodological tools that were employed
in this investigation.

Ia. The Phenomenological Character of the Study

To achieve its purpose this study has adopted a sirongly phenomenological
spproach. Here the phemomena, that is the things apprehended by the senses, on
which typifications will be assigned are the novice's verbal expressions of their
thought processes during tutorials and interviews.

Phenomenology (Burrell & Morgan 1979}, that is the study of direct experience at
face value, as a theoretical standpoint believes in the importance of subjective
consciousness that is active and meaning bestowing. To comprehend the structures
of consaiousness Husserl encourages the act of transcendence, an Epoché during
which the observer is freed from all preconceptions about the observed phenomena
by questioning their taken for granted features. In this study, this transcendence 15
achieved by the constant clarification of the assumptions made and by adopting a
very open secies of data collection fechnigues such as unsystematic observation and
loosely structured interviewing. In this sense Chapter 1 aims at declaring and
clarifying the principles underlying the observation of cognitive phenomena and the
techniques described in Part 11 of this Chapter are chosen because they allow the
effortless emergence of the features.of these phenomena.

Schutz (Burrell & Morgan 1979) suggests that, once this franscendence has been
achieved, then meaning can be assigned to the observed phenomena retrospectively.
That is, once observation of the phenomena (apprebension by the senses) is
completed in the transcendental manner outlined above, then a meaning-bestowing
process can begin through which the observer makes sense of the phenomena. In
this study this means that theorising begins, once cognition has been observed in its
full naturality and complexity and once the principles of observation and
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interpretation have been declared. This position is reflected in the theory emerging
procedures that determine the data analysis.

An idea that is particularly significant in determining the methodological approaches
of this study comes from the linguistic, ethnomethodological tradition (Garfinkel
1968), What is under investigation here is the novice's thinking processes from the
perspective of the assumptions made, the tacit meaning attributed to external stimuli,
the conventions utilised and the practices the novice adopts as these are reflected
matnly in verbal and secondarily in written expressions. It is assumed here that the
learners' indexical expressions in their interaction with peers, their futor or the
interviewer convey much more than it is actually said. Indexical expressions here is
nsed as a term for the designations assigned to a stimulus so that this is located,
labelled and interpreted. As seen in Chapter I, these expressions are interesting and
worth exploring because, in an interactionist frame of thought (Mead 1934) the
learnets continuously act — and in an educational study it is important to stress that
they also interact — on the basis of their psychology as formed partly by these
attributed meanings. So access to the Jearners' thinking, and consequently a
consideration of the didactical implications of such a study, can only be possible if
the learners’ expression of their thinking is understood.

The typifications over the learner's expressions in this investigation will be data-
grounded generated theory in the sense Glaser and Strauss (1967) use the term (see
Part II1).

I pote that the use of the term "phenomena’ in this study is not to be confused with its
phenomenographic use. Unlike Piaget and the constructivists, phenomenographic
research, for instance as advocated by Maston (1988), is underiain by the sharp
distinction between the knower and the objects of knowing., Phenomenographic
cognitive phenomena then, in Marton's terms, are the observable relations between
knowledge and the knower. As a result cognition can be described in a limited and
finite number of ways: students’ conceptions can be presented as an ordered,
hierarchical structure (outcome space) and are not psychological, that is not coniext-
specific and generalisable. The episternological, psychological and sociocultural
characteristics of this study are in opposition to this description of mathematical
cognition, Below I outline briefly how cognition is perceived in this study through
the words of Jacques Lacan.

Brown, Hardy & Wilson (1993) in transferring some of Lacan's ideas to inquiries
about learning seem to resist the finitist ideas of phenomenography according to
which phenomena are describable in 2 finite number of categories. These categories
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are, for the phenomenographist, descriptions of the learner's images of 2
mathematical idea which act

.08 the totalisation of the chain of signifiers...as a condensation of the
syimbolisations, abstractions, connections, iflustrations, equivalences
Brought together within that key idea...From the image the journey through
the mathematical activity can be evoked... This is symptomatic of the
ideology that you can capiure the human activity of leqrning in a list of
Flatemernts

(Brown et al, 1993)

Expressing then their belief that however elaborate a description of the learning
phencmena is, the sum is always greater than its paits, they claim that what is
lacking is 'something that cannot be expressed in langage or symbols or
mathematical images', This is 'the elusive reality of mathematics'. They then quote
Zizek who interprets Lacan and his motif of symbolisation..,

...a8 & process which mortifies, drains, empties, craves the fullness of the real
of the living body. But the Real is ot the same time the product, the
remainder, left over, scraps of this process of symbolisation, the remnants,
the excess which escapes symbolisation and is as such produced by the
symbolisation itself.

(ibid.)

In Chapter 1 mathematical activity was acknowledged as both persenal and social,
Rephrasing appropriately for this study Brown et al's quoting of Gattegno's ‘only
awareness is educable' to 'only awareness is communtcable, [ agree with themn that
‘the move [from the personal] info the social is always rooted in an attempt to label
the personal. But then, the same authors wonder, 'how do T articulats my awareness,
my shifting from conscious to unconscious, inte something usable' in
commugication? :

Here is where symbolism and Ianguage come in as illustrated in the Lacanian strong
metaphor below. I note that Lacan (1977) believed in the interpretation of the
subconscious as a language:

The world [ see becomes captured in language and as I seek fo be even more
refined in my describing ... I enter the world of mathematics.

"Fach new word is a step away from the Mather'

Mathematics, the fantasy of maximising distance from the Mother, is the
story that suppresses the Mother, But Mother is not so eastly dismissed! I
experience the world through my senses, those I had before I learnt to speak.
In making sense I describe this world through retroactive naming. To talk
mathematics I need to use the language of the tribe if I am to communicate,
in g guest to be accepted by the Father. Mother, whilst still there is never
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quite the same as I capture more of her in the language of the Father. The
Mother becomes the dumping ground, the other not captured within the
structuring, the ignored left over after the stressing. Rumbling away under
the surface of a regulated and described vision, the unseen and the
unsayable, the subconscious biclogical murmurings.

Not so much then 'I think therefore I am’ but rather 'l speak therefore I
construct. The ‘unified Cartesian subject’ has become the main casuaity of
post-modernism being replaced by a subject analysable as a process,
inextricably linked to a context which is irself a process. This subject, held in
the successive stories told about him, can never be fully constituted since
closure is always in the future; any descriptor is part of a chain that is never
finished, the subject himself, acting as if he is the one in the mirvor, s
forever disappointed by the world resisting his actions in a siighily
unexpected way, Nevertheless the stories he tells give structure to that whickh
he describes and reflexively give structure and position fo he who speaks,
bringing self and world into union in a common inherited language that of
the Father.

(ibid.}

In this study the observed phenomena, the novices' verbal expressions of their
conseious thinking are seen from the point of view of a departure from the primitive
language of pre-university mathematics to the 'language of the tribe’, the formalism
of advanced mathematical thinking. ‘Within the observed learning context, this
departure is a constructive process which is far from smooth and unproblematic.
The separation from the Mother, in other words, and the entrance in the world of the
Father iz a process of initiation into the culture of the tribe through the
cornmunication of language, a process of enculturation. The signs of this process
are the students’ expressions of 'retroactive naming' of the world they are trying to
understand, give structure to and take position in.

Sexton (1988), who studied problem solving thought processes through the students'
expressions of their thinking, notes about the reliability of these expressions:

An often asked question is ' how can we be sure that what a student says is
really what s/he is thinking?'. In other words, are the processes which a
student uses to solve a problem altered by verbatisation? We cannot be sure
but the work of Ericsson and Simon (1984) suggests that talking aloud and
thinking aloud does not alter the problem solving processes. These
researchers contend that the student only reports the information that s/he
heeds as s/he works a problem, that vocalising does not change what is being
heeded. However, it is possible that some thoughts oceur so rapidly (even
automatically) that they are not heeded and hence not reported. Such
accounts [...] would result perhaps in incomplete reporis of thought
processes but pot in ingceyrate reports. {my underliningf

{Sexton 1988)
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This 'elusive reality' of mathematical cognition, this approximation of thought
processes achieved through linguistic expression, will be discussed further in Part Ib,
the section an the links of the study with Cognitive Psychology.

Ib. The Cognitive Nature of the Phenomena to Be Explored — Links with the
Psychology of Cognition

As far as research techniques are concerned, this study espouses some of the
approaches used in Cognitive Psychology. In 1981 Greer was somewhat concerned
with the absence of strong links between Cognitive Psychology and Mathematics
Education since he thought that work was done in parallel in the two fields where
interaction and exchange of ideas would be mutually helpful. This was 15 yeats ago
but his outline of the reasons why a Cognitive Psyhology approach might apply to
studies of mathematical thinking still holds.

(1)Mathematical processes, by nature, are amenable to representation by
information-processing models, since they break down into sequences of
operations, transformations, logical steps etc.. There is an insidious danger
here of assuming that the formal expressions of these sequences necessarily
miror cognitive processes. '

(2) The role of imagery in thinking is a current focus of interest for cognitive
psychologists...

{3) The general notion of different representations of a given problem, and
translations between ther, is a shared nterest...

Tn the same vein Vergnaud (1990) notes that 'cognitive and developmental
psychology are certainly essential in that they really question what 2 concept is;
what an operational behaviour is; how they develop; what part is played by action,
perception, and language in concept formation; and what part is played by secial
interaction.’

Greer goes on to siress that cognitive psychologists, unlike behaviourists, are
essentially interested in the mental processes that intervene between stirpuli and
responses. 'Theories’, he contends, 'about these mental processes have fo be
developed on the basis of indireet inferences from observed behaviour {which may
include what the subject says about their own thinking)'. One of the methods he
illustrates, evolved for this purpose, is the use of verbal protocols. In his discussion
he raises the issue of the validity of an account given by a cognising subject of their
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own thought processes. He continues: '...asking subjects to describe their own
thought processes... is likely to yield much more insight, though the findings must be
treated with circumspection becaunse of subjectivity in interpreting them, ...and
because of the lack of control and standardisation, There is also the unavoidable
problem that the act of verbalising cognitive processes itself affects those processes,
and there is the whole question of validity, i.e. whether subjects can report
accurately on their own thinking ... *. He then gives examples of sceptics, like
Bvans, and of keen users of the approach, like Dominowski whe studied concept
learning, '

Despite the traces of strong positivism, which is not compatible with the perspective
of thiz study. I have used Greer's words to highlight some of the methodological
constraints underlying an analysiz of the novice mathematician's expressions of their
thinking processes. While [ am at more ease than Greer in recognising the
situational character of these verbal expressions and the context-embeddedness of
the interpretation, [ am also aware of the risk that cognising subjects cannot
necessarily report accurately on their thought processes and also that, while
reporting them, these processes may be altered.

As illustrated in the next sections of this Chapter and in Chapters 3, 4 and 3, the
methodology of this study is designed with the intention to capture evidence of the
students' thought processes — while the sindents are engaged in cognitive activities
— in its least artificial form: naturalistic observation and setmi-stractured
interviewing are the tools of data collection and I note that the students are rarely
asked by the tutors directly in the tutorials to explain their thought processes. They
are mostly asked to explain their actions. In the interviews I always asked them to
talk in detail about a number of mathematical concepts or theorems. Therefore the
study is designed to avoid the artificiality and the risk of distortion that questions the
validity of the cognising subjects' accounts of their own thought processes.

The approach taken in this study is a combination of elements from the
phenomenological and cognitive psychology approaches outlined above: this is an
exploration of the novice mathematician's thought processes as reflected in the
novice's indexical expressions and in their accounts of their own thought processes.
It is because, as Balacheff points out in (1990a), borrowing the theoretical
framework' from psychological theories on thinking is not a way to cope sufficiently
with issues of knowing in a teaching/learning situation, that a multi-disciplinary
approach is required.
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In the above what seems to be implicitly assumed is the accessibility of cognitive
structures. This however should be done with modesty. As Balacheff poignantly
stresses

W st give up the notion that what we observe is in some sense
isomorphic to what the observed individual experiences. We must even give
up the notion that what an individual expresses is necessarify a reflection of
his or her bellefs — some beliefs may be so deeply embedded in an implicit
world view as to be inarticudable. The collection, interpretation, and
analysis of data must become interactive processes informed by both
researchers and individual informants. Such research will require us to
examine and re-examine what it means to nndersiand one another's
conceptions, to be scientific in our research and, finally, to engage ourseives
in the reflective process of examining our own research agenda and
paradigns.

(Balacheff 1990a)

On & more methodologically specific note he suggests that

..the nature of learners' conceptions can be iraced not onfy from what
iearners state explicitly buf also from the way they use them and from the
class of problems these conceptions aliow them to solve.

(ibid.)

Clearly observing learners while in the process of knowing in the ‘informed’ way
Balacheff fllustrates is a potentially illuminating approach as far as this knowing is
concemed. Similarly Dubinsky and Lewin, referring to the act of thought, note that,

...the act itself remains inaccessible and idiosyncratic, dependent on the
particular way in which a given subject notices and organises his/her
experience. It would seem one never has direct access to cognilive processes
— thought is an unconscious activity of mind — but, ai best, only to what an
individual can arficulate or demonstrate at the moment of insight itself.
Precisely what occurs af that moment seems as inaccessible as it is essential,

(Dubinsky & Lewin 1986)

In this study it has been aseumed that access to cognitive structures can be relatively
achisved by means of an extensive and close observation of the leamer in action. As
the last quotation points out, encouraging metacognition on the part of the observer
and of the learner enhances the chances of success. In this study opportunity to
encourage metacognition on the part of the learner was given during interviewing.

' However the maiti bulk of data for this study has its origing in a learning
environment on which interventions were neither possible nor intended, In the
following I present the Oxford tutorial as the selected natural learning environment
in which the cognitive phenomena elaborated upen in this study were explored.
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Tc. The Necessity to Study the Novice Mathematician's Thonght Processes in a
Natural Learning Environment. Tutorials as the Natural Learning
Environment of This Study

Theory building is, as Davis says (1989), the ‘trademark of science’. However, as
illustrated in the introduction to this chapter, PME-AMT is at a pre-paradigm phase.
Therefore unlike in mature disciplines, such as the natural sciences, where theory
generating tools are sharp and accurate enongh to yield theory and subsequently
engage in a process of verification, in disciplines at a pre-paradigim phase a
hypothesis testing approach is not feasible due to the absence of testable hypotheses.
Hence the theory generated from this study is data-grounded. Data has been
obtained by turning to potentially rich sources of evidence: in other words it is
suggested that in an inquiry that aims at the study of the novice mathematician's
problematic encounter with mathematical abstraction, a learning context within
which this encounter takes place must be identified and subsequently provide the
raw evidence of the searched-for phenomena. It is assumed that this approach that is
at the same time conscious of preconceptions and informed by previous
developments can be an efficient one. In Part Ia this approach was described in
more detail.

For the reasons outlined above one of the primary concerns of this study was to
identify contexts where the novice mathematician's learning takes place. Initial
congiderations included the prospects of studying roathematicians’ written accounts
of their own thinking, triggered by Jacques Hadamard's work (1834). Given that

+ mathematicians tend to focus on the cutcome of their thinking,

»  generally their accounts are superficial or even metaphysical and finally,

v these are accounts of learners at another leve] -— after all this is a study
of the idiosyncrasies in the thinking process of a learner at the brink of
concrete mathematical thinking who is about to face mathematical
abstraction —,

the search for a learning context continved elsewhere.

Next, the study of the novices' written work was considered. The inadequacies of
"this approach are also clear: written work is a formr of monclogue on the part of the
learnier and can only give an in-depth account of the learner's first unnegotiated (with
peers, with tutors) response to a mathernatical idea. To achieve access to the
learner's evolving train of thought, one must trigger its expression, its visible
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manifestation. Given the prerequisite for the naturality of this process, as explained
earlier in this Part, it was deemed that the first year of mathematical studies aft
university level, provides a conveniently organised context. In particular the
individual or pair tutorials, given to students on a weekly basis constitute a habitat in
which it is most likely that the students are offered a forum for expressing
themselves mathematically.

In Chapters 3, 4 and 5 a detailed account is given of why a tutorial is a rich source of
raw data that satisfies the purposes of this study, but here I outline briefly its basic
features that are essential in comprehending the process of selecting and using
observation and interviewing which will be elaborated upon in Part IL: a tutorial, as
semi-officially defined by the mathematics mitors participating in this study, 18
usnally a 30-60 minute session the main focus of which is resolving the learner's
gqueries as well as a series of other activities, such as presentation of new extra-
curricular material (new definitions, theorems and proofs that were gither omitted or
not quite emphasised in the lectures or the problem sheets) and mainly exposition on
the solutions for the gquestions in the problem sheets, Given that this material is the
same for all first year mathematics undergraduates, one can thus guarantee the
relatively uniform basis of the observation sessions. Depending on the degree of
permissiveness on the part of the tutor — as to replacing the traditional monologue
with a more conversational teaching style — and of openness on the pert of the
students — as to how exposed they allow themselves to be with regard to their
mathematical understanding — observing tutorials can be variably productive of
incidents on mathematical thinking. In this sense tutorials can be ideal for the
purposes of this inquiry.

In sum this is 2 piece of qualitafive research, As such, in order to justify its
theorisation process, the definition of scientific validity needs to be widened so that
vertical studies (ones that probe into the depths of the explored phenomena with
regard to a small number of participants) share the traditional prestige of horizontal
ones (mostly statistically valid studies that explore a large number of variables over
large samples of participants). Sierpinska et al (1993), Abbott-Chapman (1993} and
the authors of Research Issues in Undergraduate Mathematics Learning (Kaput &
Dubinsky 1994), in their texts on what is research in mathematics education and
what are its results, also make the point: in mathematics education the debate
between qualitative and quantitative research is an unnecessary and false dichotomy.
" Each methodeology is underlain by 'a aumber of theoretical assumptions and
governed by its own technical rules: as long as researchers make these rules and
assumptions competently overt and explicit, and as long as they accept that the
validity of their findings is also subject to/ yielded from these rules, the two
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traditions can develop in parallel. Ideally a merge of quantitative and qualitative
approaches is achieved in cases where the hypotheses tested in a quantitative piece
of research have been generated via a qualitative approach.

PART II Data Collection Méthodology. Unsystematic Observation
and Semi-Structured Interviewing

In the following I present a concise theoretical profile of minimally participant,
unsystemnatic observation and semi-structured interviewing, the methodological
technigues employed in this study.

Iia, The rationale of the Data Collection Methodology

The rationale behind the selection of minimally participant, unsystematic
observation and semi-structured interviewing as the main methodological techniques
of this study, lies in the conceptualisation of the study as a data-grounded theory
generating project. The theoretical origing of this concept lie in the work of Glaser
and Strauss (1967; Strauss 1990) whose ideas [ present below, and in Part ITI, as
they have been filtered through the data collection and analysis processes.

In brief {(see Part I for more details) Data Grounded Theory is a cumulative plan
for progressive building up from facts: from data to substantive theory and then to
more conceptual forms and formal theory. First however it is necessary to specify
the features and gualities of the data that constitute the body of substantial evidence
on which the theory generation process is grounded. To do so I outline below how
Data Collection for this study is reconciled with the principles of theoretical
sampling in the Glaser and Strauss theory.

Theoretical sampling — or naturalistic sampling as Ball calls it in (Hammersley
1993) — is the process of data collection for generating theory whereby the analyst
jointly collects, codes and analyses data, decides which data to collect and where to
find them in order to develop emerging theory. Initial decisions are not based on a
firmly preconceived theoretical framework, A partial framework of local concepts is
the basis and the analyst is open and sensitive to influences from a variety of
sources. This sensitivity is valuable since it secures data collection from the
exertion of power from one specific preconceived theoretical frame.

Data collection in this study did not take place within a firm theoretical frame. The
focus of the study is conceived as a general address of an issve that seems to be
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significant in the field — the novice mathematician's problematic encounter with
mathematical abstraction. The Iocal concepts that are enrolled into the study come
from the research literatare on difficulties that the novice has in particular
mathematical topics and in mathematical reagoning (see Chapter 1 Part IIT). The
psychological background of the study is also diverse and locally valid (see Chapter
1 Part ). In other words this remarkable lack of unified theory in the field, in a
way, forces an open-mindedness on the analyst who addresses the relevant issues.
This open-mindedness is liberating and excruciating at the same time. Why this is
so will become manifest in the course of the theory emerging process.

Previously in this chapter the nature of the sought-for evidence has been outlined
(the indexical expressions of the novice's difficulties in the encounter with
mathematical abstraction) as well as the context within which the | inquiry takes place
(tutorials). Seme characteristics of the Main Study (such as the number of
participants) were determined on the basis of the Pilot Study's gxperience., In the
Pilot, as explained in Chapter 3, it became evident thaf the relatively uniform
mathernatical content of the tutorials as well as their regularity (once a week)
provided a fairly uniform learning environment for observing a group of students in
cognitive action, To use Glaser and Strauss terminology, this uniformity makes
theoretical prediction possible,

The nature of the sought-for evidence and the context of inquiry coupled with the
openness imposed by the theorstical espousals of the study led to determining the
intended technical features of the observation and interviewing techniques. In
subsequent chapters the implementation of these intentions is discussed.

. Here it is necessary to stress that the observation techniques used in the two stages
of the study Piloz and Main: details follow in chapters 3-5) were substantially
different. In the latter the use of audio recording guaranteed an accurate account of
the events and thus gave Ine, as the observer, the latitude to make less descriptive
and potentially more insightful observations. These observations operated as pivots
for the primary stages of data analysis. The differences between the two phases of

. observation are elaborated in Chapters 3 and 4. Here [ outline the intended use of
observation in the Main Study.

The use of the term 'unsystematic observation' contains a potential misunderstanding
(Medley, Mitzel & Gage 1963): entering a very rich learning environment, such as a
mathematics tutorial, with the intentions to ‘observe unsystematically' does not
imply that the observer has not clarified, at least generally, the dimensions of the
observed events that are of particular interest to the inquiry (Cohen & Manion
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1989). The existence of a primary focus is crucial (Van Dalen 1966); the degree of
specificity may vary (Anderson 1995). Here the focus was the psychological aspects
of the novice's learning as expressed in the context of the tutorial and the degree of
specificity was low. The former made the inguiry relatively tight; the latter
theoretically allows the emergence of some cognitive phenomena with regard to the
novice's transition to abstract mathematical thinking that under a tighter focus might
have remained unnoticed. By the same token {Anderson 1995) the interviews,
cartied out during the Main Study, were chosen to be semi-structured and broadly
based on some critical observations on the tutorials, Details on their content follow
in Chapter 4. The scope of mathematical topics these interviews cover as well as the
openness of the questions regarding these mathermatical topics are again indications
of the low specificity of focus selected for the data collection of this study.

IIb. The Features of Unsystematic Mmunally-Participant QObservation that
Served the Purposes of this Study

A term which relates fittingly the aims of this study with its data collection is
Natoralistic Observation (Fraenkel & Wallen 1990). Previously in this chapter the
need to explore advanced mathematical cognition in a 'natural learning environment'
was explained. An assumption underlying the salection of Unsystematic Minimaily-
Participant Observation is that it provides an account of mathematical learning of an
unprecedented, strong internal validity (Anderson 1995). In Chapter 4, details are
given of how participation of the observer was kept to minimal levels; also an
evaluation of the technique as used in this smdy is provided.

As far as the external validity of an account based on Unsystematic Minimally-
Participant Observation is concerned ({Van Dalen 1966) and (Merriam 1388})), as
explained below, the aspirations of a qualitative study is to provide an accurate and
profound account of intensely context-embedded phenomena, The intricacy of the
tagk lies in giving an account whose detail and acuteness simultaneonsly highlight
the idiogyncrasy as well as the generality of the situation. This requires that the
observer is well aware of the generalities established in other pieces of research and
that, at the time of observation (as well as at the subsequent stages of analysis) the
observer is able to draw appropriate abstractions without stripping the situation of its
specificity. Observation provides matarial of immense diversity, density and
complexity which the observer and analyst is required to engage in disentangling,

As repeatedly stressed in this chapter this is where the strengths and the weaknesses -
of this methodology Lie (Mercer & Walford 1991). The details on the use of
Unsystematic Minimally-Participant Observation given in Chapter 4 explain how
some weaknesses were restrained.
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IIe. The Features of Semi-Structured Clinical Interviewing that Served the
FPurpoeses of this Study

As explained in the presentation of the Main Study in subsequent chapters, the
interviews with the participants play a supportive role in the analysis of the main
bulk of material that was produced via observation. Their loose structure was based
on 4 selection of some striking difficulties of the participants with certain
mathematical topics identified during tutorial observation (details are given in
Chapter 4). Further investigation of these difficulties via interviewing was decided
on the grounds of the following characteristics of chinical interviewing as identified
by Jean Piaget (Ginsburg 1981; Piaget & Inhelder 1963) : despite its artificial setting
a clinical interview is designed in a way that allows the identification, exploration
and evaluation of the interviewee's thought processes, The first two aims are
relevant to this study:

» to identify the participant's thought processes the interviewer sets an
open-ended task, asks questions in a contingent manner and reguesis a
constderable amount of reflection on the part of the interviewee

» to explore thought processes, the interviewet intends to facilitate rich
verbalisations on the part of the interviewee. Thinking is a complex
process which is not revealed by simple résponses; extensive verbal
expression is more informative. At the same time discourse analysis
demonstrates how verbalisations do not necessarily mirror identically
thought processes. In this sense triangulation, standardisation of findings
(Borg 1963), is necessary and can be achieved gither within clinical
interviewing or via other methods. For instance in this study the co-
ordinated nse of naturalistic observation as well as clinical interviewing
aims at fulfilling triangulating purposes.

Moreover a clinical interview aims at clarifying the ambiguity of verbal statements
as well as checking out alternative explanations of the interviewee's conceptions,
jmages and reasoning. Contingency and open-endedness are definitive
characteristics of the clinical approach. In Chapter 4 details are'gtven on how the
clinical interviews made in this study secured the fulfilment of the dbove
characteristics.
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IId. Theoretical Sampling in the Stady and a Deviation From the Glaser and
Stravuss Plan Regarding Theoretical Saturation

In this study there has been a substantial deviation from the Glaser and Stranss plan
for data collection; the only forms of data processing that took place during data
collection were making of critical/evaluarive notes during observation and
constrocting deseriptive summaries of the events in each tutorial on the same day.,
that is construction of Scripts. Therefore the decision when to stop sampling, which
would normally, in the Glaser and Strauss plan, be indicated by theoretical
saturation — that happens when no additional data develops any further the
propertiss of the category — was informed by the experience of the Pilot study and
external factors such as time constraints of the study and recommendations by more
sxperienced colleagues in the field. What was continvally corrected however was
the note and script making process. Details on that are given in Chapter 4 but briefly
1 would describe these corrections as geared towards giving a less judgmental and
gradually more focused account,

Tt rust also be made clear that the sense in which the term sampling s used here is
quite distinct from the statistical use of the term: the primary aim hete is not to
obtain accurate evidence on a wide distribution of people but to discover categories
and properties. Working on a small sample of Oxford undergraduates, that have
been chosen through procedures of mutual agreement and volunteering 1s a process
of theoretical sampling. The aim of the selection of participants here is not
statistical representativity but gaining access to individuals who are willing to share
their mathematical thinking in a way that will help the emergence of tich theoretical
categories regarding the novice's mathematical cognition. In this sense the sampling
of this study has been systematic (Hammersley 1920).

Finally, in Part ITT I outline briefly the principles underlying the data-analysis of the
study,

PART III Data Analysis Methodology. Data-Grounded Theory

In this last part of the chapter an account is given of the principles underlying the
methodological techniques espoused in the data analysis of the study. Details on

how these principles were put into practice are given in Chapter 5. Here the data

analysis methodology is presented as a data-grounded theory emerging process in
which a blend of techniques has been used from a diversity of methodological
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traditions: most notably an inductive approach to analysis of qualitative data and
discourse analysis. A number of texts on the methods of analysis in qualitative
research have been consulted, most notably (Adelman 1981; Bliss, Monk, & Ogborn
1983 Hitchcock & Hughes 1991; Lofland & Lofland [993; Merriam 1988 amd
Miles & Huberman 1984), and have influenced the formation of techniques
presented in Chapter 5.

According to Glaser and Strauss effective theory should enable gxplanation, advance
theory in the field, be usable in practical applications and provide a stance towards
future data and style of research. Glaser and Strauss use the term 'comparative
analysis' for a method of generating theory through drawing patterns or making
deductions that underlie a set of analytical units, Typical uses of comparison
include: fact replication with comparative evidence and spotting the indicators of the
conceptual category the event in question belongs to, drawing empirical
generalisations and specifying concepts.

The process of generating theory is closely linked with its form of presentation, A.
difference between data-grounded generated theories and logicodeductive theories 1%
that the former is generally more prone to a discussional form of presentation as
opposed to the propositional form, Tt must be noted though that the propositional
form allows easier and possibly riskier leaps to deductions. As shown in subsequent
chapters, the presentation of the study has been designed in a way that allows the
inductive approach of its theory generation to becomne visible (details in Chapter 5).

Pusther characteristics of the smdf,r that have determined its analytical strafegies
originate in Discourse Analysis and also the theory of Epistermological Obstacles.

Links to Discourse Analysis. This is a study which aims at gaining access to thought
processes through the participants’ verbalisations (earlier called verbal or indexical
expressions). This has led to the adoption of certain techniques often attached to the
methodological tradition of discourse analysis (Dijk 1985 and Coulthard 1985). As
demonstrated in Chapter 5 where particular qualitative technigues employed in the
study are presented in detail, the main directive of the processing of the raw material
has been towards the extraction of data relevant to the aims of the study. Successive
filtering has resulted in a compilation of episodes which are all relevant to the
novices' advanced mathematical cognition and are underiain by the iterated
reappearance of a certain purnber of cognitive phenomena. These phenomena, or in -
Vergnaud's words these conceptual fields (1990), are the categories that Glaser and
Strauss describe as expected to emerge from this inductive process.
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Links to the Theory of Epistemological Obstacles. Mathematical learning as
explicated in Chapter 1 is perceived in this study to evolve as a process of constant
confrontation of epistemological obstacles. As a result the Theory of
Epistemological Obstacles as conceived by Bachelard and revived and refined by
Brousseau 'directs the thought' of this piece of research. So, according to Sierpinska
(1594} to whom these words belong, in that sense Epistemological Obstacles emerge
as another dimension of the ‘categories’ mentioned above. She describes the
somewhat elugive nature of a category:

It is possible that the most characteristic feature of a category is that it is
hard to grasp with a definition, difficult to enclose within a rigid theory. A
category does not belong to the world of theories; if it functions the way it
does — by directing the thought — it is because it works somewhere between
. and above the vernacular and the research field. It is better described by the
use that was made of it in research, what questions did it lead to, what
explanations did it provide, what kind of discourse has developed around it.

(Sierpinska 1994, p.134)

The categories that have 'directed the thought and emerged from this study fulfil
Sierpinska's description: the study is

» driven by issues relating to advanced mathematical cognition,

+ directed by a frame of mind that describes learning as a process of
conflict and confrontation of diffienities, and,

+ leading to the formation of conceptual categories regarding advanced
mathematical cognition.

In Chapters 1 and 2 the conceptualisation of the study has been presented. In the
subsequent chapters the Pilot and the Main Study are presented as its realisation.



Chapter 3
The Pilot Study
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Intrudu'ctiun

In this chapter [ present an account of the Pilot Study. The presentation is in
chronological order even though it is inevitable that particular emphasis is put
retrospectively on certain aspects of the study that have mrned out to be significant
in the light of the Main Study. The observation period is deseribed as well as the
main phases of data processing. Findings are also briefly presented. The overall
presentation is geared to sustaining the peints made in the final section where the
formative influence of the Pilor on the Main Study is reviewed.

Summary: From October 1992 to June 1993 ten first-year mathematics students
wese observed during tutorials given to pairs of them on Analysis, Topology and
Linear Algebra. Fieldnotes were taken during observation. Coding and categoriging
the data followed, Subsequent focus was on the category constituted by the students'
difficulties regarding mathematical understanding. Its contents were further
processed and analysed. A triad of difficulties — topical, logical and symbolic —
was used as & descriptive tool and provided the order of presenfation in the analysis.
The study exerted strong influence on determining the methodological and thernatic
structure of the Main Study.



Pilot 75

PART I Data Collection And Data Processing

In the following an account is given of the data collection and the data processing
period of the Pilor Study.

Ia. Data Collection

During the academic year 1992/3 ten first year mathematics students, ail in the same
college in Oxford and tutored by the same tutor, were observed during the weekly
30-mimute tutorials that were given to pairs of them. Fieldnotes were taken during
obgervation of the tutorials, My presence in the sessions was first negotiated with
the tutor, in whose office the sessions were taking place, and then with the students.
Tn & short introductory discussion that I had with each pair, the non-evalvative nature
of my inquiry was emphasised as well as the right of the volunteers to withdraw
from the study at airy stage or to ask me to pause note-making or leave the office on
specific occasions. I orally guaranteed confidentiality and promised to keep the
identity of the volunteers concealed in all types of reference to instances from the
tutorials. Moreover some infoermation was given to the volunteers on my research
interests. Apart from a few volunteers who expressed a stronger interest in my work
and requested further details — after the conclusion of the observation period — the
tutor and the students were told generally that I work on how people understand
mathematics and the problems they have'. From informal conversations with the
volunteers it can be deduced that the impression remained unaltered until the end of
the observation period, After fieldwork was completed, the tutor and some students
asked me what would 'become of all these notes’. My reply was that I wonld
'scrutinise the notes in order to find out about the students' learning difficulties with
some concepts’. Then I would wry and ‘see whether there are any patterns in these
difficulties that repeat themselves in various mathemarical topics

The observation technique employed in these tutorials was, as stated in Chapter 2,
minimally-participant. This 'fly on the wall' approach, the preference for invisibility,
on the part of the observer was also explained to the volunteers. It is virmally
impossible to measure the degree of influence of the observer's presence. In the
piloi-study fator's words, however, the smdents' behaviour did not change. Later,
during the Main Study, other tutors comnmented on the students behaviour in words
such ds ‘more aware of their mistakes', keener to talk during the tutorial’ efc.
whereas students refer to the tutors' behaviour as ‘'more polite’, 'keeping on time’ etc..
No other evidence apart from these informal accounts exists of the observer's
influence of presence. In any case these accounts either indicate insignificant
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influence or influence towards a direction beneficial for the purposes of the study,
such as 'both sides more willing to talk about mathematics'. Finally it must be noted
that nobody dropped out of the study and there has been no incident of protest for
disturbance either by the tutor or the students.

The Pilot Study as a whole signifies a methodological and a thematic shift, or a
gradual selective process that is reflected in the form and content of the Main Study.
The two processes took place in parallel but not independently.

Quite early in the observation sessions my intention was to put the emphasis of
observation more on the cognitive than the affective aspects of mathematical
learning. Of cousse it is impossible to discuss issues on mathematical thinking
without considering, for instance, the awe or fear with which certain mathematical
topics are confronted by the learers; or ignoring the vast role played by motivation;
or separating instances of the learner's cognitive behaviour from the tutor's
sttmulation of these instances. In geperal the context in which learning is explored,
and here this context is the Oxford tutorial, ts part of the study too; it becomes in a
sense past of the research question. In resonance with this idea in Chapters 4 and 3,
special reference will be made to characteristic features of this context. At this point
[ must stress that the tutor is seen as part of the context too, in fact the tutor's role is
a major factor in conditioning the learning context, and so the issues arising from the
tutor's influence also merit considerable attention.

The focus however of this inquiry is on the learner's cognitive processes with regard
to mathematical thinking, In the term 'cognitive’ here two streams of thought
converge: the epistemological — concerning the mathematics discussed in the
tutorial — and the psychological — concerning the strictly personal ways in which
tutor and students construct mathematical knowledge.

While observation was still going on, preliminary analysis of the data staried. Data
consisted of fieldnotes produced during the tutorials. These fieldnotes were
accounts of the events taking place during observation, that is they were rather
concise, snapshot-like reproductions of the mathematical as well as the didactical
content of the tutorial, Five pairs of students were observed in the same afternoon
and the intention of the tutor was to keep the contents of the tutorials more or less
uniform. Whatever deviations from her plan took place can be attributed to the
students' interventions, that were either digressing completely from the topic the
tutor had in mind, of took the conversation to a different direction within the same
topic. In any case, the uniformity of content and tutor attitude encountered in the
Pilot Study was unique and never truly repeated in the tutorials observed in the Main



Filot 77

Study, where apart from the relatively pivotal role played by the Mathernatical
Institute's weekly problem sheets, tutorial content and tutor attitudes were divesse
and not following any immediately visible pattern — even though, in reirospect, it
would be possible to trace sach one of the participating tutor's preferences for some
particular tutoring style.

However the Pilot Study data, as well as the Main Study data from this college and
tutor, have an austere, consistently repeated internal structure, The reason for this is
that this tutor does not strictly follow the lectures' or the problem sheets' content,
For each tutortal the tutor has pre-determined what is to be discussed. Usually itis a
theorem, & problem or a concept that has struck her as mathematically important or
didactically ;ﬁroblematic. For example: the proof of Lagrange's theorem, or a
question on finding the Taylor series of a function, or the concept of spanning set.
This scheme was cccasionally altered in the Main Study but in ways that its essence
rernained the same. More elaboration on this will follow in Chapters 4 and 3.

This firm adherence to the tutorial's internal structure and content — sometimes
regardless of particular student needs arising during the segsions — can be attributed
to the fact that in a single aftermoon five sessions were to take place, four of them.
consecutively and uninterruptedly. This intense schedule would inevitably have
effects on the tutor's quality of teaching. To maintain the quality of her input and
her strength, so that, in her words, 'everybody gets the same’, she developed
throughout vears of tutoring this allegiance to uniformity.

The reason I make a special reference to this uniformity is that it has an almost
smmediate effect on the data. The fieldnotes made during one afternoon, whers the
observer witnesses the proof of the same theorem for five times in a row, are
progressively changing. To illusirate this change I would say that in a continuum,
one end of which is 'mathematical content' and the other is 'didactical content’, the
content of the fieldnotes taken in the five sessions in the same afternoon tends to
move from one end to the other. By the end of the fifth session I would be so
familiar with the mathematical content of the session that T could give my undivided
attention to observing and registering the students' responses and interaction with the
futor. As a result, in the fieldnotes, progressively from the first to the fifth session,
fower and fewer details of the mathematics are given while the didactical account —
directly gquoting the participants or indirectly describing and cominenting on the
occurrence — becomes richer. This would not be so but for the uniformity
described above,
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This variation in the content of the fieldnotes from the five sessions in the same
afternoon — gradually less mathematical and more didactical — implies that all data
cannot hold the same status when analysis begins. To extract comparable analytical
units the fieldnotes were rid of their mathematical élements, which is a relatively
easy task, and the purely didactical account was kept. [ stress that this necessity to
purify the ficldnotes arose mostly in the Pilot Study, since note-taking was the only
source of information for reconstruction of the events in the tutorials. Tape
recording replaced note-taking in the Main Study as far as the registration of the
‘mathematical content of the tutorials is concerned. This complete reliance upon the
fieldnotes for a mathematical as well as a didactical reconstruiction of the tutorial
events made note-taking diring the Pilot Study a more versatile task and the
execntion of this task is itself an interesting research methodological issue.

The subsequent task was to separate exaggerated empathy from the narrative. Inote
that the doses of uncritical empathy in the data were drastically reduced as
experience in observation was mounting up. Personal comments or hasty, on-the-
spot interpretations of the events progressively disappear. Words such as
'succassfully’, 'late', ‘upset', 'happy’, ‘fail, 'bad', ‘insensitive', 'smart’ etc. that are
frequently used in the earlier fieldnotes also disappear in the course of observation.

However, as I explain in the following, I did not make the very most of the uniform
structure of the Pilof's tutorials. The reason is that even though the tutorials from
this college, as it later became apparent in the Main Study, provide complete and
autonomous learning episodes, it is impossible to reconstruct these episodes merely
from ficldnotes. Gestures, responses to guestions, even short pieces of dialogue can
be registered and support a reconstructed account, But the missing pieces from the
puzzle of the whole picture/episode were counted as too many and too foportant to
make the reconstruction of long episodes reliable. This is one of the reasons that a
technique that would enhance the reliability of these reconstructions had to be
selected for the Main Study. In this case this technique was tape recording and the
raasons for this selection are given in Chapters 4 and 3.

The analytical units, therefore, for the Pilot Study are mostly short incidents that
were deemed significant for the students' learning process. It must be noted that in
the transformation of the material into analytical units, only 20 hours of material
were used. These were the fieldnotes from Trinity Term (April - Tune 1993). The

~ reason for working only on Trinity Term material is a practical and 2 psychological
one. Since the ideas of potential data processing approaches started emerging when
more than half of the Pilot Study's data collection was done, it wag seen as
reasonable to implement these ideas on more recent ficldnotes whose freshness in
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my mernory would pethaps make a reconstruction of the events more feasible.
Mogeover the fieldnotes from Trinity Term are significantly better considering the
cumulative experience of the very messy, unfocused and unconsciously judgmental
observations of the first months. So the fieldnotes eventually used as data for
processing in the Pilot Study already bear the lessons of experience from several
hours of observation. It is hoped that one of the major benefits from these hours of
observation was the cultivation of the skill to control concentration on gradually
more specific focl and go beyond a mere mental wandering amongst the several,
multi-layered occurrences of the tutorial. So, in a sense, choosing to work on the
fieldnotes made in the latest parts of the observation petiod implies that I have
chosen to work on the part of the material that T think is of better guality: more
didactically focused, mathematically eloquent and creatively empathetic.

Ih. Data Processing

The major parts of data processing took place immediately after data collection was
completed. During observation, nevertheless, and preferably on the same day or at
the Iatest the following day, the fieldnotes were typed, edited and printed. This
procedure constituted the first stage of reflection on the dafa since typing evoked the
still fresh memory of the futoriels and mads the typed reconstruction richer. The
material, on which the analysis given subsequently was done, consists of
approximately 30 pages of typed Trinity Term fieldnotes (see for example Appendix
A for Chapter 3). The mathematical content has been kept separately for reference.

Reading the typed fieldnotes and comparing with the fieldnotes and the registers of
the mathematical content followed. Soon it became evident that observations were
revolving around twao axes:

* the futor-theme designated the T-theme: teaching style, philosophy of
mathematics and of mathematics teaching efc., and

. the students-theme designated the S-theme: difficulties, intuition,
metamathematical worries, originality efc..

Having the advantage of overview (observation was completed by then) I could
reasonably claim that in the fieldnotes no particular emphasis could be spotted on
gither of the themes,

An immediate effect of this is that the collected material could be analysed either
from 2 T or an S-perspective. A more critical concern arising though is that of
whether this liberty with the focus of observation was taken at the expense of the
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tightness and comprehensiveness of the data: the intention of this inquiry is to study
the novice mathematician's thought processes and consideration of other issues, such
as the ones addressed under the umbrella of the T-theme, is only justifiable if it
contributes to the realisation of this intention. This is one of the major
methodological outcomes/lessons from the Pifot Study that helped in improving the
plan and execution of data collection in the Main Study. As mentioned above the
role of the tutor in the formation of the structure and content of the tutorial is
tremendous. A tutorial is the most intimate leaming encounter that the novice has in
Oxford. Init, there is a bilateral contribution to learning and apparently the tuter is
one of the two sources for this contribution, As explained later, the most prominent
difference between the note-taking processes of the Pilor Study and the Main Study -
is the tightening of the focus of observation in the Main Study along the lines of, to
use the Pilot's jargon, the S-theme.,

However the process of categorising followed without any special emphasis on
either of the themes, It was intended that categories emerged naturally from
thorough scrutiny of the data and that preconceptions would be kept minimal (see
Chapter 2 for the theoretical backing of the course of action of the data-processing
described here).

Each incident was allocated to a category and all categories were tabulated in a
Chart of Incidents (see Appendix B for Chapter.3}. I note here that despite the
naturalness that this categorising process claims to have maintained, a lsarning
incident is apparently a sum much greater than its parts, namely the affective, the
cognitive, the epistemological, and so on, The Jabel attached to each incident
represents not an attempt for its holistic understanding but addresses what the
researcher saw as its dominant feature.

1 alzo note that a closer look at the categories reveals overlappings: there are
incidents that can be allocated to more than one of these categories. As suggested in
the relevant literature reviewed in Chapter 2, in this case ruthless determination is
the cure for uncertainty. Still the issue of how fine the line is between constructing a
descriptive tool for ordering the data and an explanatory/interpretive one remains,
Looking back to the Pilot's categories I find it hard to distinguish between
description and explanation/interpretation. The intention at the time was to
construct a descriptive tool and the reason why no further categorising took place

" wwas that, in any atfempt to do so, explanation/ interpratation was gradually taking
over and in a rather crude and unsystematic way.
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Subsequently, given the intention of the study to explore the novice mathematician's
learning difficulties, the categories indexed 3 DIFF were subjected fo further
analysis. Moreover the categories T.EX and S.EX attracted my attention to the role
played by tacit or explicit conventions — institutional, linguistic and other — in the
students’ emotional response, performance and cognitive behaviour before and
during exams. This evolved into a focal point for the observation in the Main Study.

Elabaration of the $.DIFF categories allowed a series of refinements with regard to
the focus of the study to take place. In this preliminary stage of exploring the
instances of pathological learning, I began to see the use of the term pathological as
compatible with my strong conviction that constructing mathematical knowledge is
a distinctly personal mental process. My approach was now taking shape towards
the stlidy of instances of commonly-recognised-as-flawed mathemarical behaviour
of the learner, while acknowledging the intersubjeciive nature of mathematical
knowledge and with the intention to establish associations with other learning
theories such as the theory of Episternological Obstacles. Chronologically this
conceptualisation of the study was forming in parallel with the theoretical
background of the study presented in Chapter 1.

In a sense this inquiry, as is evident in terms like 'difficulties’, ‘pathological
understanding', 'obstacles', 'flawed' etc. is about exploring the common denominator
of trouble in the novices' mathematical cognition, including the rare instances in
which the novice has a conception which deviates from the commonly expected but
denies classification in the above mentioned ‘negative' terms. So alternative student
approaches or conceptions also became part of the focus of the study. This issue of
inclusion was one more way in which the Pilot contributed in the refined
problematique of the data collection and processing in the Main Study.

In Part II of this Chapter I present some examples of the data and data processing
that took place within the S.DIFF categories. The triad of difficulties that were
identified and further processed consisted of:

« topicat difficulties (S.DIFF.TOP), that is difficulties with the learning of
particular concepts (function, limit, integral, sup and inf, remainder of the
Taylor series and so on),

» logical difficulties (S.DIFF.LOG), that is difficulties related to
rmathernatical reasoning (modus ponens, mathermatical induction and so
on), and '
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» gymbolic difficulties (S.DIFE.SYMB), that is difficnlties related to the
interpretation and manipulation of mathematical notation ll, XX, §-
notation, change of variables and so on).

This triad is not free of meihodological constraints: by allocating an instance to one
of these categories one attaches a preliminary interpretation to it. As explained
above that is why categorising did not go further than that, The possibility of further
categorising was dismissed as prone 1o the error of artificial clustering,

Subsequently every instance in the three categories was analysed individually. The
analysis was linked with current research in Advanced Mathematical Thinking. In
general data processing revealed that the instances were characterised by a balance
batween '

» highlighting elements of the strictly personal way a learner constructs
mathematical knowledge and

» recognising some patterns in mathematical cognition, previously
identified by other regearchers.

Before procesding to the presentation of some findings I wish to remind the reader
of the context in which these incidents took place: the tutorials were given between
the 27th of April and the 8th of June 1993 to first year mathematics undergraduates.
The tan students are all members of the same college in Oxford and vary in
background, age and nationality (age: 18-1% and one 25, public/state schools, 7
British, 1 [talian, 1 Pakistani, 1 Greek). The choice of tutor relied on volunteering
— her participation had been negotiated in the first weeks of the Michaelmas Term
1992, The tutorials were held in the tutor's office in college from 14:00 to 17:00 on
Tuesday afternoons.

PART I A Sample of Findings

Before presenting a sample of the findings from the Pilet Stidy T would like to stress
that the presentation is concise and selective and it aims at giving

« g naturalistic fiavour of the kind of data obtained in the tutorials,
+ ademonstration of the range of topics and psychological processes
sncountered in the tutorial context, and finally,
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«  an account of how the Pilot's experience became a bridge between the
theoretical conceptualisation of the study and the realisation of the Main
Study.

The presentation follows the structure indicated by the S.DIFF triad and the
allocation of the instances to the various categories served the purpose of primarily
ordering the data. Inote that the presenied instances are diverse and of fragmentary
character: these features of the material are discussed in Part IIT.

In the following, 1 present a sample of observations from the Pilo? Study relating to
the students' difficulties with some mathematical concepts (Topical Difficulties)
discussed in the observed tutorials. Logical and Symbolic Difficulties follow as well
as a brief reference to some unclassifid but significant other instances.

Ila. Students' Topical Difficulties

The transition from familiar, concrete to abstract mathematical contexts genesates a
series of difficulties for the novice. Some of these difficulties were observed in
these tutorials. The following examples relate to the use of the concept of function
in the context of mappings between vector spaces in Vectorial Analysis and to the
introductory concepts of Topology, most notably the notion of compaciness.

Example 1: The notion of function in the unfamiliar context of mappings
between vector spaces. The mathematical question in the tutorial is about
finding the matrix of @ mapping between two veclor Spaces. During the
discussion the tutor asks: “what if the matrix we found was the zero matrix
07 What would that mean for the mapping between the two vector spaces?.
The student answers that the mapping would ‘map everything to zero'.

A little later the guestion is repeated for another pair of vector spaces and
another mapping, Only this time instead of O, the tutor asks about I, the
identiry mairix. The same student replies 'everything would go to one'.

Both the tutor's questions here are supposed to be simple. They merely seemi to
require the student to generalise from

+ the notion of the constant real function that maps every real number to
zero (fix)=0) and

« the notion of the identity function, the real function that leaves every real
number the same (f{x)=x),

to the notion of mapping a vector of one vector space to another via a matrix that in
the first case it is O and in the second it is I Whereas the first transfer seems to be
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carried out smoothly, the second is not. A vector that is mapped via the identity
matrix remains the same; the student's claim ‘everything would go to I'isa
perplexed interpretation possibly of the kind 'since O means everything mapped to 2
then I means everything would go to I". It seems that it cannot be taken for granted
that the transfer '

from thinking in terms of one variable correspondences between numbers
to thinking in terms of mappings between vector spaces

— vectors after all are multidimensional and non-numerical mathematical objects
—- comes natural to the novice learner.

Example 2. The notion of compactness, Topology seems to be one of the
areas in which the difficulties of the transition from the concrete to the
abstract are mostly apparent. Most evidently the students seem to make no
sense of the definition of compaciness. As a flavour of the basic difficulties
the stndents have with thefr introduction te Topology, 1 cite two instances
relating to the notion of set of sets.

Instance 1:

X is an open sei.

Tutor: What is an open cover of X?...first what is an open cover?
Student: ...is it the union of lots of open sets?

Tutor: .owell, it's a family of open sets.

Instance 2:
(X} is a cover for X. This means that X is a subset of UX;
Student: Why then X is not in UX;?

Since the issves raised by the students' questions are elaborated upen in the Main
Study bere I merely cite the instances noting their significance with régand to the
kind of evidence of the students' learning difficulties available during tutorial
observation. Knowing what a union of sets is and what a subset is does not tmply
that the notions of a cover {X;} and of UX; will also come naturally.

One of the consequences of the novices' difficulties with the transition from
conerete to formal mathematical contexts seems to be that they tend to adhere
persistently to the contexts with which they are familiar from earlier mathematical
experiences. The following examples relate to the use of the concept of function s &
mapping in Vectorial Analysis and to the definition of a vector space.

Example 3. The concept of Function in Vectorial Analysis. The same
student as in Example 1, but in another instance, suggests, when asked to
find the value of ¢ in fix) = ¢ = consiant: let's try a couple of values for x'.
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This is a standard practice used when looking for the values of g and & in fix) =axt+h,
where fis a Jinear function. A familiar practice is activated and employed
inappropriately. Incidentally this instance is evidence of the students’ persistent
image of linearity: linear functions and their properties seem to dominate a large part
of the novices' concept image of function, Similar observations were raised in these
tutorials in cases where the students demonstrated difficulty with replacing variable
x with x+1 in fix) and often replied that flx+1) = flx)+1 or flxet+1) = flx)+f(1) which
are properties held only by some linear fanctions.

Example 4. The definition of Vector Space. The students seem constantly to

assume that a vector space is always defined over . When the tutor brings
their attention to other possibilities and asks them what the scalars are,
responses are like the one below:

Student: ...constants.

Tutor: Constants?

Student; Numbers,

Tutor: How do you know?

Student: Are they real?

The students are usually reluctant to pay special attention to 'details’ like this
because the majority of vector spaces they have to deal with at this stage is defined
over K. So in this case this avoidance of the general case of a field in favour of the
specific and familiar 97 seems to be convenient.

The students occasionally express a preference for notation at ths expense of
conciseness and comprehensiveness. For example, and in relation to the use of the
concept of absolute value, as well as notation i, in a number of cases the students
appear as if they do know that la-bl<c translates into -c<a-b<c, but given an
insquality of the laiter form, they can rarely see it concisely represented by the
former.

This becomes more explicit in the cases where in the course of a proof they devise
the inequalities themselves. In these tutorials no student came up with a direct
algebraic expression involving Il Their explicit preference was for long inequality
algebraic expressions which, despite their length, appear visually as much closer to
their mental image of the inequality to be expressed.

'I' is a compressed expression whose interpretation and handling repeatedly seemned
to be problematic. It is therefore expected that in a s¢lective process amongst
various alternatives the learners will not favour a mathematical tool that, so far, has
caused them inconvenience and confusion. Its comprehensiveness and elegance are
of little relevance: when a mathematical tool is not embraced smoothly as a personal
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construct, the learner's response to it ig likely to be poor; however highly
recommended i3 {ts use for epistemological reasons.

In the following [ present a sample of observations from the Pilet Study relating to
the students’ difficulties with mathematical reasoning.

IIb. Students’ Logical Difficulties

As a sample of the stadents' logical diffienities I refer to their common practice of
stripping of the theorems of their conditions ; also to some idiosyncratic uses of
Mathematical Induction.

Theorems stripped of their conditions, One part of the novices' occasional tendency
towards logical inconsistency in these tutorials has been the students' tendency #o
use the implied premises of theorems without securing the validity of the
prerequisite conditions or neglecting some of them. The theorems in connection to
which the above tendency has been observed are:

+ aform of the Mean Value theorem (Differential Calculus),

+ the test for the convergence of alternating series (Sequences and Series),

s+ the ratio test for the convergence of positive series (Sequences and
Series) and

« theorems on the existence of an integral of a function (Integral Calculus).

I note here that these theorems have as the implied premise not ¢ worded siatement,
but a formula (e.g. in the Mean Value theoren: the formula for the value of the
derivative of f on a particular point), Therefore it is possible, even though ne further
relevant evidence is supplied by these data, that the novices treat these theorems as
follows: a formula is a condensed, succinet-hence-handy mathematical expression
which may have a strong appeal for most students. Formulas are seen as immediate
solutions to problems — and often they are. Thus at the sight of a promising
formuia, the students operate in a state of cognitive excitement and ignore the
conditions.

Moreover I note that occasionally the tutors treat the students' negligence with
considerable lightness: a likely reason for that might be that exam questions are
designed o fit the undergraduates' up-to-date knowledge — and vice versa, the
undergraduates are trained in a particular kind of knowledge designed to fit exam
questions. It is thus more likely than not that a mathematical problem, being part {ii)
of an exam question with, for instance, the Mean Value theorem as part (i), is this
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theorem's application. Therefore very itttle is at stake when the student neglects
checking the conditions, What in this case seems [0 e totally forgotfen is the power
of habit. A student who cultivates this attitude of negligence may escape without
any harm this particular or similar situations. Soon however she will find herself in
mathematically more open, exploratory situations in which checking out the
conditions of a theoremn is essential, It is therefore possible that light treatment of
fhis sort of learning behaviour might turn cut to be & carrier of potential
epistemological bugs for the near future.

1t also seems fo be the case that students fail to see the necessity of the conditions in
a theorem: they are merely concerned with (and thus remember) only the usefil part
of the theorem. Its conditions are seen as sheer paraphernalia. Integral calculus
appears to be particularly conducive to this, With its self-contained integral
forrmilas, students ate fempted in a cognitive sense to neglect the conditions under
which the formulas hold. The issue brought up here is of a more general
significance. Conditions in theorems play the role of progressive restrictions to the
generality of a statement, They are the outcome of an exclusion process during
which mathematicians verify for which family of mathematical objects this formula
tolds. One might wonder whether the students’ behaviour regarding the handling of
theorems partly reflects this developmental order, that is whether they behave in
such a way because they are somehow at an earlier stage of this exclusion process,
that is at the stage of deceptively believing in the generality of the formula,
Evidence from these tutorials that would illuminate this further is not available but,
as explained in Part I, it is useful to know that the students' verbalisations in the
futorials can raise such significant issues,

Idiosyncratic uses of Mathematical Induction, In these tutorials the students were
not at sase with the use and meaning of Mathematical Induction, Hereis a sample
of their unease:

Example 5. In proving that under cerlain conditions d*—! a student
suggests: "I tried induction’.

The student seems to confuse proving propositions involving an integer variable
with proving limits of arithmetical sequences,

Example 6. The students are not at ease with the {ded that mathematical
imduction can be used to prove a statement P(n) Vn as weil as for proving a

proposition P(n) Wn=k, for some fixed k. Similarly in the convergence of
series they are not comfortable with the idea that excluding a few terms in
the beginning of the series (up ta a fixed number k) is a valid practice and
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doas not influence the vaiue of the 'infinite surn', as they often call the series.
I one occasion the tutor's explanaiion "we don’t worry about the terms
before k because this is 2 finite part of the serfes and doesn’t change
anything’ was followed by a student's surprised: 'do we just forget about
them?'.

Now what disturbs these students 18 probably how it is possible for a considerable,
perfectly measurable decrease in quantity to leave things unchanged. In finite terms
thiz doesn't make sense. The incident adds evidence to the persisience of the finite
mode of thinking, a quite common phenomenon in novice mathematical thinking,

In the following I present a sammple of observations from the Pilot Study that relate to
the students' difficulties with mathematical notation,

IIc. Students' Symbolic Difficulties

Notation i3 apparently one of the most frequently raised issues in tutorials since
nOVICes seem prone to attribute & great deal of their occasionally dysfunctional
writing to its novelties. In particular, I refer here to two cases where notation seems
to impede understanding: ij-notation and X2 -notation.

Example 7. Consider V a vector space such that Ve {f/f: it} During
the tutorial the set 8, defined as S={f;/ f; R = such that f{x;)=6; where ij

=1,...nJ, has been identified as a potential basis for V { 55J is Kronecker's
Delta). To prove that § is linearly independent, one of the two students in the
tutorial suggests writing a linear combination af 1+bf2+... of f; and proving
that a=b=...=0. The tutor asks the student to use ‘better notation’ and the
student changes a, b,...to a;, Then the other student protests: 'Now I'm lost in
this',

The novices’ attitude of avoidance towards the notation of indices is intriguing: it
seems that this notation's epistemological virtue {(namely its succinctness and
flexibility to represent multidimensional situations) is its didactical vice (namely its
rejection by the novices as too complicated). Evidence of a similar attitude towards
2-hotation is available in the same data. It may be of relevance here to mention that
for instance 2.X.-notation, even Y-notation, was introduced as late as 1830 by Jarrett,
whereas sums of quantities of course were studied much earlier (Cajori 1993), It is
therefore a possibility that the Jearner — in parallel with the 19th century
mathematician before Jarrett's intervention — understands and works with sums but
not necessarily with the notation commeonly vsed. The instance cited above
exemplifies this possibility. In the Main Study the implications of the novices'
problematic use of mathematical notation is embedded more globally in the issues
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related to their enculturation into advanced mathematical thinking. Moreover their
difficulty in using the new notation competently is juxtaposed to the occasions
where they demonstrate facility in grasping intuitively a mathematical argument but
cannot express it formally,

{ close Part I with a sample of instances from the Pilof's data that do not necessarily
fall info one of the three S.DIFF categories but, as discussed in Part 111, seem to
iiluminate aspects of the novices' thinking processes and therefore demonstrate the
potential of tutorials as a source of evidence for the novices' learning.

IId. Miscellaneous but Significant Instances
The instances from the Pilot's data presented in this section are examples of

« how novice mathematical behaviour often deviates from common
mathematical practices (example from Integral Calenlus),

» how students often find it hard to accommodate iniuitive practices in their
newly acquired formal practices {example from Differential Calculus),
and,

- how the students make tacit assumptions about exam questions.

Deviations from commaon mathematical practices: calculating the areq under a
graph. Tntegrals/integration is usually presented to students as ejther ‘aree under a
graph' ot as ‘the reverse of differentiation’. In the tutorials, where the following
example comes from, the futor suggesis a link between these two perceptions and
explains the idea of approximating the area under the graph of a function { with
calculating the areas of ‘simpler’ fignres. The story continues as follows (I note that
the first student meptioned in the example is Greek and is probably under the
influence of a strongly Euclidean school-geometry past) :

Example 8. In one of the wutorials a student suggests using "triangles’ as the
simpler figures mentioned by the tutor. When the student's atfempt to
express the area of trigngles in 'simple’ terms fails, the futor points at
rectangles as convenient simpler figuves.

In the same fashion, in the tutorial given to another pair of students A and B
on the same day, student A suggests {'..." means : a short hesitant pause]:
Student A: .. trapezia, :

The tutor and Student B laugh, Then:

Student B ...strips maybe. -

Tutor: Yes, what about the top then?

Seudent A: ...well ignore it...and make it a rectangle.
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One interpretation is that the student's image of the situation was similar to the one
illustrated in the figures below:

ay 1T )
That is Student A approximates the area under the graph as the sum of the areas of
the trapezia such as the one defined by points (e, 00, (@per, O (2p1.fap, )} and
(ay, Rag)). To the others' laughing reaction, Student B changes to strips (see the .
figure above). The tutor then picks Student B's suggestion and turns the two
students’ attention to the 'tops'. Student A, possibly sesing the possibility of
acquiring rectangles by dispensing with the "tops', suggests "ignore it ther.. and make
it a rectangle’.

It ig not possible to see here whether in the sbove instance the route from trapezia to
strips and finally to rectangles reflects a tentative reconstruction of the memory of 2
definition, a definition associated with the calculation of strip-like rectangles; or
whether this is a reflection of the tutor's orchestrated effort to lead the students to the
realisation of the necessity of rectangles in the definition of an integral. It is also
possible that the word 'approximation’ evoked in the student's mind the Trapezium
Rule for the approximation to an integral as the limit of a sum of trapezia, exact only
for linear functions, used in the first years' course on Analytical and Numerical
Methods; hence the suggestion to use trapezia, It is due to the limitations of
exploring knowledge constructs through observation that the above explanations
must remain tentative. On occasions like this one what became evident during the
Pilot Study was not only some aspects of the novice mathematician's thonght

processes, but also the strong phenemenological character of the study as outlined in
Chapter 2.

The ambiguous prapriety of guessing limits. Towards the end of their first year
novices seem to be convinced of the necessity to formalise their way of
mathematical thinking, even though they have only vague ideas about what this
formalisation entails and how it is carried out, A tendency they seem to adopt and
which will be further elaborated in the Main Study is caution against intuition. Their
confidence in its validity is shaken especially as compared to their considerable
relying upon intition at school. What they expect from mathematical arguments is
a chain of implications the links of which are established with transparent ¢larity.

As aresult they are disappointed when this expectation is let down:
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Example 9. In a session on Limits and Continuity the tutor asks the students
for the limit of d® under certain conditions. One student says: '] kmow it 15 1

hut [ do not know how.... In another tutorial, the exchange between student
and tutor is as follows:

Student: Can we have different cases for ¢ <= or > 17

Tutor: No. But this helps you to see the answer really.

Student: Oh...it will be one actually!

This practice of guessing the limit, and then proving it, is very common in
mathematics but it seems to raise some suspicion of impropriety in some students.
In one occasion one of them asks: 'How about when you have somehow found a
limit for yourself and then you prove it? Is it OK?. This demand for transparency in
the procedures of arguing mathematically may well originate in the students' semi-
unconscious nostalgia for the clear-cut straightness of school-mathematics, Novices
in the beginning of an advanced mathematics course are in a constant process of
learning about what mathematical thinking is and thig is 2 fluid position full of
insecurities. In the cases presented above the metamathematical lesson to be learned
is that the process of inventing in mathematics is far from governed by clear-cut
rules but the standards reganding the product of invention are. So one is allowed to
feel or see a limit of a sequence in any which way they can. The rules of the game
are firm when this limit has to be proved. Invention can use an ample range of
resources, some of them inarticulable; this is not so for conviction. The students’
insecurity may lie in the difficulty to make this distinction and the opportunity to
jearn how to make this distinction should be part of their novel advanced
mathematical experience.

The students tacit assumptions about exam questions: depth, length, complexity and
linguistic conventions. During Trinity Term the students appeared increasingly
concerned with exams. Their concern was expressed in a vdriety of queries about
the nature of exam questions, some of which I cite here as indications of the
_existence of a body of assumptions permeating the students' perceptions of
examinations. The quotations are from the Pilot's tutorials on a variety of
mathematical topics:

Example 10, From a discussion of a Linear Algebra exam question a part of
which is about 'what is a basis of a vector space’. :
Student: Is it enough to say that this set of vectors spans and is linearly
independent?

Tutor: 1 think they need a bit more,

The tutor then explains what she means by ‘more’.

I another occasion a student is surprised when she realises that 'the answer
is only three lines' and in another tutorial a student wonders about an
answer to an exam question whether 'is it supposed to be long?...becavse the
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question is longer...considering how long they usually are.... Another
commaon perception among these students appeared to be that a shovt answer
is 'trickier’.

In these tutorials evidence was also given of the impact laonguage has on the
students' perception of an exam guestion. For example, often 'Give a basis
for vector space V..." was interpreted as 'Provide a basis for vector space ¥
but not necessarily prove it :

The above is evidence to a slight re-focusing of the students' attention towards the
end of the academic vear which seems to alter not simply the flavour of their
questions but also to a certain degree the nature of their mathematical inquiry. Their
questions are more overtly about communication, mathematical writing and
interpretation of the mathematical language used in the exams, I note that behind
the technical character of these questions lies perhaps a certain amount of
metamathematical concern further elaborated in the Main Study.

Finally, in the following I illustrate how the findings from the Pilot Study have,
mostly methodologically but also thematically, contributed to the formation of the
Main Study.

PART INI The Influence of the Pilot Study on the Main Study

In this part an account is given of how the Pilot Study operated as a learning
experience that contributed substantially to the formation of some features of the
Main Study. The points that are raised bere aim to illustrate

+  how the Pilot Study confirmed that tutorials are a rich source of evidence
for an investigation of mathematical cognition,

«  how the Pilot Study drew attention to potentially interesting foci of
analysis for the Main Study and,

» how in the Pilot study it became evident that the note-taking observation
technique did not guarantee as detailed as necessary an access to the
students' thought processes.

1 note here that some technical features of the Main Study (such as the amount of
data to be collected; or the adherence to collecting data from a diversity of
mathematical topics) that were determinéd partly on the basis of the Pilot
experience, will be accounted for in Chapter 4.
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ITla. Confirming that tuterials are a rich source of evidence on mathematical
cognition

As explained earlier in this chapter observing tutorials was chosen as a way to gain
access to the novices' expressions of mathematical cognition on the grounds that, in
the intimacy of a one-to-one or two-to-one session, the novices wolld express freely
and in detail the problematic aspects of their encounter with mathematical
abstraction and that the individuality of their learning process would be highlighted.
Even though the initial impression of what a tutorial contains was aiterad in the
course of the Pilot Study, the above expectation was encouraged. The data collected
during the Pilos Study illustrate that the potential of tutorials, as a source of material,

is high.

In the above, it is contended that my initial impression of what 2 tutorial contains
was altered during the Pilot Study, My preconception of a tutorial as a forum in
which novices articulate their ideas, and in particular the problematic aspects of their
mathematical thinking, was proved partly false because, as it turned out, the tutorials
1 have been observing are highty tutor-centred sessions. In brief the tutor's influence
in these tutorials seemed to rely upon the following:

» her decision to focus on new material, on problem sheets or on resolving
student gueries;

» her openness to student participation and student suggestions for the
structure and content of the session;

- her raising of confroversial issues that generated discussion or preference
for & tidy exposition, "

Stadent influence on the other hand depended

» on how passive or participant the student is;

« on what the attitide towards tutorials is {such as: tutorial as a course
obligation reluctantly attended. Or: tutorial as a helpful session that one
must make the most of);

« on the effort on the part of the stdent to adjust the tutorial to their own
needs.

Thus by the end of the Piler Study the expectations about the contents of a tutorial
had been reformed. In the meantime a thematic quandary had risen from the Pilot
data analysis: whether the focus of the inguiry for the Main Study will be topical/
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conceptual —- that is focusing on the mathematical topics and concepts dealt with in
the tutorials — or peychological/ procedural — that is focusing globally, regardless
of concepts and topics, on the learning processes of the students. Given that
guandary, the type of sought-for incidents in the tutorials took the form of:

» stmdent monologues in which the student articulates a discourse on
problematic aspects of their mathematical thinking (such as a specific
topical query, a difficulty with reasoning, a metamatheimatical concern)
either explicitly or implicitly via a presentation of their response to a
mathematical problam,

» tutor/student dialogues of a similar to the above content, and

» student/student dialogues of similar content.

I note here that the latter is rare because tutorials are strongly tutor-centred and the
tutor in most cases leaves meagre space for peer interaction. In the above list of
sought-for incidents I have not included instances of the tutor's monologues since
these can only indirectly be of use: sither in cases where the ttor propagates ways
of mathematical thinking that seem to have a formative influence on the stadents; er
when the ttor explicitly points at the students’ difficulties.

Thus while observation in the Main Study would still be open and relatively
ungystematic, the experience from the Pilet Study rendered the process considerably
more focused.

Ag far as the data analysis is concerned, the form that the findings (a2 sample of
which was given in Part IT) have taken indicates the potential of the data based
theory emerging process as a method that facilitates the identification of trends
regarding the novices' thinking processes. In its earlier stages the analysis of the
Pilot Study material turned out to be an important exercise in locating and
maintaining a focus for the analysis of the incidents. Some of the outcomes of this
exercise have been mentioned in Pasts I and . What signified however the analysis
of the incidents from the Pilot Study as an immense learning experience for the data
analygis in the Main Study, was the following rsalisation: since the nature of the data
allows an equipotent approach either from a teaching or from a learning perspective,
it is an imperative necessity to keep in mind that what is sought for in the analysis of
the material is the access to the novice's learning processes. A concern about the
teaching dimension can only be inctdental and is valid only as far as it illuminates
the learning process. Digressions from the above aim are beyond the scope of this
study, are costly time-wise and only weaken the disconrse on the novice's
mathematical thinking,
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INIb. The emergence of potentially interesting foci for the Main Study

In Part IT a sample of findings has been presented in order to exhibit the potential of
the material collected for the Pilot Study. This sampling is nof random: it is done
retrospectively, after a large part of the Main Study has been completed. This
implies that the selection of the material from the Pilot that is presented in Part 1T
and the way of presentation aim at highlighting the ways in which the Pifor provided
potential foci for the data analysis in the Ma#n Srudy. Strictly speaking the Filot
Study material shares very little with the Main Study mathematical material: the
material analysed in the Pilof Srudy is a slice of the Trinity Term 1993 data whereas
data collection for the Main Study took place in Michaelmas Term 1993 and Hilary
Term 1994, Nevertheless despite the differences regarding their mathematical
content, there is evidence in the Pilot Study foreshadowing the raising of some
issues in the Main Study.

Ile. The insufficiency of note-making; the need to obtain a detailed record of
the tatorials

There is 2 remarkable number of instances from the Pilot Study material that could
not be submitted to analysis. For & variety of reasons, the account of the gvents
given in the fieldnotes was not detailed enough to allow interpretation. Note-taking
is a selective recording of the events and in these tutorials the account of the events
was interspersed with references to the mathematical content of the tutorials and
with comments on the events from a didactical point of view. Moreover it was not
technically possible to keep up with the conversation and reproduce accurately on
paper more than a few consecutive lines of dialogue. This is the major reason why
the size of incidents examined in the Pilot is substantially smaller than the size of
incidents in the Main Study. The following two examples illustrate the impact that
the lack of detail and the selective character of note-taking had on the nature and
guality of the data,

Example 1. In the fieldnotes it is repeatedly stressed that the novices have

serious problems with handling &~ definitions. It seems that the
requirement fo work with this kind of formalism is a stumbling block for the
novices in their first encounters with Calculus. However in the Pilot Study it
has been impossible to record the details of this difficulty since this would
involve reproducing on paper the minute details of very fast and technical
pieces of conversation,

Example 2. In some cases a detailed account of the events in a tutorial is
given in the fieldnotes but not on the aspects of the conversation that furned
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out to be significant for the analysis. In this case the conversation was about
the students' responses to a problem involving solving three simudtaneous
equations in which the coefficients of the three unknowns x, y and z are
parameters a, b and 6. One student was explaining her solution. At the time
what struck me as significant and therefore worthy of note-taking was the
student's use of mathematical logic in her solving strategy. Later, when I
revisited the instance and looked closer at her solution, I realised that her
logic was rather trivial and unproblematic but her use of the notions of
variable, unknown and parometer was not. Unfortunately I had no record of
these details of the episode,

What these two examples illustrate is the high hit-and-miss risk of relying upon a
spontaneous seloction of what is noteworthy in an observed situation; also the
technical impossibility of giving a complete account. The latter was made even
more obvions in the cases where the mathematical content of the tutorials was on
topics in which my background is not particularly strong, that is applied
mathematics. In these cases even following the events closely was difficult and so
the account is not reliable enough to allow analysis and interpretation. -

The above led to the realisation that in the Main Study note-taking should be
replaced or supplemented by another data collection technique. Tape recording was
selected as the approach that most appropriately resolves the technical problems
mentioned above, A justification of this selection as well as the reasons that led to
supplementing fieldnotes and tapes with interviews is given in Chapter 4.



Chapter 4
The Main Study: Procedures of
' Data Collection
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Iniroduction

In this chapter I present an account of the Data Collection period. The presentation
is in chronological order and my intention is to highlight those aspects of the
learning context in which this study was carried out, that is the Oxford tutorial, and
of the methodology which wags employed, that have tumed out to be significant in
the light of the subsequent stages of the study, Hence I present the search for
volunteers, the tutorial observation and the interviews. The intention here is to
establish the links betwean the conceptualisation of the data collection methodology
of the study, elaborated in Chapter 2, and its realisation as it took place during
ohservation and interviewing,

Summary: From October 1993 to March 1994 twenty first-year mathematics
students were observed for 14 weeks during tutorials on Analysis, Topology and
Linear Algebra given to them individually or in pairs. The tutorials were tape-
recorded and notes were taken during observation. The students were interviewed
twice, in the middle and in the end of the observation period.
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PART 1 The Participants and the Learning Context of Tutorials

In this part T present my search for participants as it ok place in the first two weeks
of Michaelmas Term 1993. The way the volunteering tutors and students were
found is relevant to their profile. The findings of this study are derived from
observations made durdng tutorials given by a small number of selected tutors to a
small number of selected students in Oxford. This selection was based, not on the
principles of statistical representativity, but on willingness to participate; also on
timetable concerns such as clashes between tutorials.

Willingness to participate in an educational study possibly reflects some features in
the psychological profile of the volunteering tutors and students which I, as the
person in charge of the final selection of participants, hoped for and pursued.
Bvidently friendly and conversational tutors and open, expressive students who
would not hesitate about vocalising their mathematical difficuities were sought for.
The quest for these features was not explicit in the search campaign but the
procedures that led to the formation of the body of participants constituted a
reconciliation process between what was sought for and what was available.

At first a number of tutors from a variety of Oxford Colleges was approached. The
experience of the Pilot Study had produced an estimate of the number of students
that could fit reasonably in a week's schedule of observation (approximately twenty)
s, given that most colleges had between 4 and 10 first year mathematics
undergraduates that year, that implied that T should aim at an estimated number of
three to five colleges. Negotiations with college tutors led fo six positive responses,
and three negative ones (the tutor was too busy to dedicate time to helping the
researcher contacting and convincing the students; the tutor was concerned about the
interference of the researcher's presence with the undergraduates' learning during the
tutorials but was willing to allow one interview per student; the tutor thought
students were too shy on the first term of their studies but was willing to participate
in the study in Hilary Term). In the cases of negative responses the Pilof Study
tutor's reassuring recommendations — at my request the Pilot Study ttor had
informally discussed her experience with some of the potential participating tutors
— had not succeeded in battling out these tutors' concerns. Moreover one of the
positive responses had to be put aside because it turned out that the applied
mathematical content of this tutor's tuteriais did not coincide with the pure
mathematical content of the others.



Diata Collection 100

Subsequently the students (that were given tutorials by the tutors who had responded
positively) were contacted. The introductory meetings were arranged by the tutors
and were held in the college rooms where the tutorials were given. A short
presentation of the researcher — on her work in general and on the nature of the
requested participation in particular — was followed by questions from the students.
The meetings ended with the researcher offering reassurances on the unintrusive,
non-assessing character of her presence, on confidentiality and on the participants’
right to withdraw from the study at any moment, It is worth noting that explanations
about the nature of the investigation were not extensively given and particularly
geared towards preventing the possibility that the study was perceived by the
students as an assessment of their mathematical ability. It was clearly stated that this
is an investigation of the novice mathematician's undarstanding and in particular of
the problematic aspects of this understanding. Students then were given some time
to decide and were asked to communicate their decisions to the tutor who would in
turn inform the researcher. '

By the end of the week an overwhelming 24 positive responses and 4 negative (these
students were concerned about having the privacy of their individual tutorials
disturbed but voted for the prasence of the researcher at the group tutorial)
accelerated the completion of the search for participants which had lasted the first
two weeks of Michaalmas Term. Twenty one students were selected from four
colleges. Final selection was based mostly on timetable concerns; also on
maintaining a male-femala balance among tutors and students.

The search for participants lasted the first two weeks of Michaelmas Term: which is a
crueial time, given that the purpose of this investigation is to capture aspects of the
novel experience of advanced mathematics. Sparing these first few days of the
novices' experiences was inevitable since attempts to contact tutors and students
before the beginning of term had repeatedly failed. Moreover even if contact had
been possible, the likelihood of futors accepting collaboration before mesting their
students, or of students accepting the ressarcher’s presence in a teaching session they
had never experienced before is small.

The background of the students participating in this study is diverse but their A-level
experience is taken as a homogenising factor, Also despite the absence of any sign
of linguistic difficulty, it must be noted that one of the students was Kenyan, cne
was of Turkish origin and another of Swiss-French. In the presentation of the
findings, I shall refer to sormne special cases where significant differences in the
students' background have been identified,
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In retrospect it can be said that the overall majority of students who responded
positively were friendly and open even though in some cases I felt that their positive
response may have been the result of their reluctance to come to conflict with their
tutor's willingness to participate in the study. However, no explicit evidence of that
is available. As for the tutors, the willingness with which they responded positively
to the invitation, constitutes evidence of a genuine interest in alding a didactical
investigation of tutorials. The role played by personality factors will become more
evident throughout the study but also in the subsequent parts of this chapter.

Having finalised the body of participants, I then realised that, given my limited
knowledge of the course structure and protocol, I needed to explore the learning
context of the investigation, that is the tmtorials. My mathematical background
guaranteed a relatively immediate access fo the mathematical content of the sessions.
Gathering the relevant information regarding the course in general was the next step
before moving on to the actual observation, Before and during observation the
following documents constituted the body of information that helped me familiarise
with the course and in particular with the essentially private learning context that
tutorials are:

« The Lecture Lists for Michaelmas Term 1993 and Hilary Term 1994,

+ The Synopsis of Moderations (First Year) Lectures in Mathematics for
1993-94,

» The Reading List for Moderations in Mathematics,

» The weekly Problem Sheets on the 11 courses taken by the first year
students during these terms, '

+  The Guide to Studying Mathematics at Oxford University: How Do
Undergraduates Do Mathematics? by C.JK. Batty.

1 note here that the latter, with its chapters on University Study, University
Mathematics, The Formulation of Mathematical Statements and on Proofs, has the
enormous ambition of initlating the novice into the rigorous mathematical thinking
that is to succeed school mathematical thinking. Expectations regarding its
influence were high but informal conversations with tutors led to 2 more sceptical
approach: its thorough written style was deemed to be difficult by novices.
Therefore the documment had been practically marginalised. The few scattered
indirect references to the Guide made by the students during the six months of
observation will be mentioned when the novice's difficulties with the shift to a more
rigorous way of thinking mathematically is presented in the subsequent chapters.
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The documents mentioned above were circulated in the Mathematical Institute,
There is however a bulk of documents circulated at college level and these will be
looked at separately when necessary, These include documents whose content
ranges from:

+ Revision Suggestions,

» Warm-Up Exercises for the Institute's Problem Sheets, _

+  Suggested Solutions to some Questions from the Institute's Problem
Sheets, '

+ Callections (the January college-based exarnination that follows
Christmas revision, the structure of which is usually suggested by the
tutor on the eighth week of Michaelmas Terra),

to
'+ A Few Hints on How to Read a Mathematical Textbook and,
« Briefings on the Greek Alphabet.

There was 00 {ntention to include in the above a study of the students' written work,

Occasionally however I was allowed by the students to survey briefly their weekly
drafts.

PART H Tutorial Observation and Interviewing

In the following I present an account and an evaluation of the tutorial cbservation
and the interviews with the participants.

ITa. Qbservation of Tutorials
1 first present a factual and then an evalvative account of tutorial observation,
i Observation of Tutorials: « Factual Account

The body of participating tutors and students was formed in the first two weeks of
Michaelmas Term 1993, Observation started on the 3rd week and Iasted for the
remaining six weeks of the term. In Hilary Term observation lasted eight weeks, As
mentioned in Part I, missing the first two weeks of Michaelmas Term was inevitable.
Given that ..
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+  the mathematical content of the observed tutorials is mostly determined
by the content of the weekly problem sheets of the Mathematical Institute
and that,

« when observation started on the third week, the tutorial was on the
second weekly sheet,

it is falr to assume that the tutorials of Weeks 1 and 2 were, respectively, a general
introductory session and a tutorial on the first weekly problem sheets. For the sake
of continuity I informally discussed the contents of the first two tutorials with the
tutors. From a methodological point of view my presence in the sessions from the
very beginning might have created tensions, since the tutorial on Week 1 ig the
novice's first entering of this learning context. From the point of view of the
thematic focus of the study (the novice's encounter with mathematical abstraction),
however, the experience might have been valuable even though, according to most
tutoss, students do not participate extensively in the first sessions. In sum I think
that giving the students the opportunity to experience tutorials for a couple of
sessions and then asking them to decide whether they wish to participate in the study
was fair and possibly made my suggestion to attend the sessions more easily
accepied.

Tn Michaeimas Term observation of tutorials was 10 hours per week for individual
or pair sessions plus 3 hours of group sessions in two of the four colleges. The
allocation of time per college, hence per tutor, for Michaelmas Term is as follows:

8 students in 4x30 minute pair sessions

5 students in 2x60 minute pair sessions and 2x60 individual sessions
Sstudents  in 2%60 minute (one pair and one thiee-student) sessions
4 students in 4%30 minute individnal sessions

I note that in the second college of the above table the pairing of the five studsnts
alternated so that by the end of term all of them had an equal number of pair and
individual sessions. From the 22 students participating in Michaelmas Term, one
feft Oxford in Hilary Temm for personal reasons and another one had to be excluded

. from the observation because of timetable clashes and because the observation and
recarding of material in one of the four colleges was drastically reduced in Hilary
Term. Also one of the tutors, due to sabbatical leave, was replaced by two tntors of
the same college and also changed the pairing of stidents. This implied that one of
this college's Michaelmas student volunteers had to be replaced by another student
from the same college. Therefore the picture for Hilary Term is as follows for the
five tutors in the four colleges:
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8 students in 4x30 minute pair sessions

4 gtudents  in 2x60 minute pair sessions

4 students in 2x60 minute pair sessions (two tutors)
4 students in 4%30 minute individual sessions.

Group sessions were also observed in Hilary Term.

The mathematical content of the tutorials can be rather loosely defined as relevant to
the content of the lectures and problem sheets of the Mathematical Institute for
Michaelmas Term: on

Lincar Algebra
Continuity and Differentiability
Geometry

and for Hilary Term on

Groups, Rings and Fields
Sequences and Series
Topology

Occasionally other topies are addressed but the main bulk of discussions were on the
above. |

The tutorials were held in Oxford college rooms. In two of the four colleges the
observer shared the same table with the tmtor and the students. In the other two the
observer was seated in a corner of the room having avnditory and visual access in one
of the colleges and only auditory to the other.

The individual and pair sessions were tape-recorded and the observer made notes
during observation. The need to obtain a record of the sessions beyond fieidnotes
was an aftermath of the Pilor Study, the data of which were of a strongly
fragmentary and derivative character (see Chapter 3, Part b). Data originating in
fieldnotes are instant reconstructions of the events and thus lack the accuracy of non-
selective recording. Initially video-recording was considered as a viable option. At
the very early stages of the negotiations with the tutors it became clear that video
was too intimidating for most prospective participants and a too-visible interference
in the intimate environment of college rooms where the tutorials were held, 8o, with
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the risk of missing non-audible communications, 1 eventually decided to proceed
with suggesting avdio recording to the participants.

Tape recording was more easily welcomed. It also provides a non-selective account
of the events in the tutorials and allows the observer to keep a complernentary record
of the aspeets of the tutorial that an avdio tape cannot capture, such as writing on
paper or on the blackboard and gestures. Depending on the situation, the observer's
comments and observations might also fit in the fieldnotes. As mentioned above the
intention was that through the available documents, the tape recordings and the
fieldnotes, as comprehensive as possible an understanding of the learning
occurrences in a tutorial would be achieved.

IHa.ii Observation of Tuiorials: an Evaluative Aceount

By the end of data collection my general impression was that the expectations set up |
during the Pilot Study, regarding the didactical content of tutorials, had been
fulfilled. Tutorials are indeed a rich source of learning incidents and the primary
stages of Datz Analysis (see Chapter 3, Part I} indicated that the technical strategies
employed provided a reliable record of these learning instances. However I also felt
strongly that processing these data would be a more complex task than previously
because of the diversity of teaching style, mathematical content and guantity of the
data. Briefly [ would describe the above impression as a realisation of the increased
numbér of variables determining the nature of the data. As a sample of these new
variables I note the shift from. one tutor to four and the shift from the uniform
content and structure of the tutorials observed in the Pilof Study to the nearly chaotic
diversity of the mathematical content, tutoring styles and student personalities in the
Main Study.

Another notable difference concemns the content of the fieldnotes: in the Pilot Study
these fieldnotes were the data; in the Main Study they were a supplement consisting
mostly of things not captured in the recording and some primary indicators of where
analysis could possibly focus.

By the end of the second term an amount of approximately 120 hours of recordings
had been gathered, This is less than the sum of hours of observation mainly because
of the instant editing that took place in one of the colleges, The hours of observation
in this college decreased from 4 in Michaelmas Term to 2 in Hilary Term, because L
decided that the tutor's long monologues that contain exposition and technical advice
are not particularly useful to the purposes of this study. During the two hours of
observation in this college in Hilary Term, recording was paused on such oecasions.
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Other losses are due to the absence of students but these were miniscule, Also there
have been minor losses of material due to fauits of the recording equipment.
Audibility of the recordings varies but is generally good. From the beginning this
has been a factor that merited special attention given that the study is in my second
langnage.

The effect of the researcher's presence can be described here, on the basis of my
judgement and the participants’ comments, as minimally significant, In the
beginning however the degree of self-consciousness, mostly on the part of the tutoss,
is skightly higher and so was the number of instances in which the tuter would break
the tacit rule of the researcher's invisibility and address her during a session. A
slight increase in these instances has been observed towards the end of Hilary Term
where all participants and the researcher felt the reasons for a strict attachment to the
rules of minimally participant observation were no longer required. My invisibility
was imperative in the beginning of observation. This was the time that a relation of
trust and openness had to be established. Towards the end of the sixth monih the
relation had been evidently well established: I had been accommodated and my
presence in the tutorials raised no questions; it was deemed natural,

Some students admit that they had noticed that at some instances my note-taking
appeared keener but that they could not see a patitern in this behaviour. When they
were convinced of the non-threatening character of my presence, théy stopped
paying attention. Notably, after the first interview, most of them say that they had a
mota solid nnderstanding of the purposes of my investigation. According to tutors
and students, no visible change in their attitude or behaviour can be linked to my
pIEesence.

A few students refer to their tutors as "a little more polite and patient’ during
recordings and some ttors thought their students were 'more attentive'. Bven if
these changes occurred extensively — and they did not — they would promote a
better realisation of the purposes of data collection: a more polite and patient tutor
and a mote attentive student is likely to enhance the chances for a more
mathematically and didactically creative, and revealing, session.

On my patt, instant understanding of the occurrences on the tutorials during
observation depended upon the strength of my mathematical background in the
relevant topic and the clarity of expression on the part of the tutor and the students.
For example the instances where the tator was correcting the students' drafts during
the tutorials were usually unhelpful becanse I generally had no access to the drafts.
Alzo the tutor's and the students’ comments on the drafts, despite their relevance,
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most of the times, to the difficulties the students had with the guestions in the
problem sheets, could not always be helpful because of their fragmentary and
unclear referencing. For example in quite a few occasions the tutor and the students
point at various parts of the students' drafis and refer to what they point at as 'this',
'it, 'here' or 'there’. Since seafing arrangements did oot allow me to have any visual
access to the drafts, these references were haid to understand. [used to work on the
Institute's problem sheets beforehand and this proved a good strategy for enhancing
understanding in most cases,

As opposed to these fragmentary and unclear references to previous problems,
complete presentations of questions from the problem sheets, or new
questions/theorems, by the tutor or the student, were usually understandable and
transparent. They thus constitute the material that, as it tumed out in the analysis,
produced data of the highest quality.

1ib. Interviews With the Participating Students

In the following I present first a factual and then an evaluative account of the
interviews with the participating stadents.

1ib.i Inierviews With the Participating Students: A Factual Account

During observation a few generally problematic areas of the mathematical content
discussed in the tutorials were identified and thus became the focus of the loosely
structured interviews conducted on the eighth week of each term. Eleven students
were interviewed in Michaelmas and nineteen in Hilary Term. The scenarios of the
two interviews are as follows:

Michaelmas Interview

Area 1. The student is asked if she remembers the Bolzano-Wejerstrass
Theorem. What is a Bounded Set? What is an Accumulation Point? What is
her picture of an Accumulation Point? Can she talk about it7 If she is given
the set A={1/n: n is a positive integer} can she talk about the content and the
Accunlation Points of A7 Does A have any Isolated Points? What is an
Isolated Point? Are these two terms — Acc.P and Isol.P — opposite words?

Would she say the same about Open and Closed Set? What is an Open Set?
What is 2 Closed Set? Can she give examples?
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Area 2. What does the Squeeze (or Sandwich) Principle say? What is a
limit? Pictures? Examples?

Area 3. 'The student is given the words 'to span’, 'to be spanned by, 'the
spant’, 'the spanning' and asked to talk about them.

Hilary Interview

Area 1, What is a sequence? What is a series? What does it mean if ‘a
sequence converges'? What does it mean if 'a series converges'? How do we
check out convergence? What do the various tests say? Why is the Ratio Test
true? Any other tests?

Area 2. Whai is a Compact Set? Definitions? Pictures? Examples?

Area 3. What does the First Isomorphism Theorem for Groups say? What is
an isomorphism? What is 2 Kernel? What is the Quotient Group? What is a
Coset?

Interviews were 25-30 minutes long and were tape recorded. A compilation of the
students writing and drawing during the interviews has been kept. None of the
students who were invited to an interview declined and all except one kept the
appointment. In Michaelmas Term only a selection of students was interviewed.
Selection was based on the impression that these students made to the researcher as
to their willingness to vocalise their mathematical thinking. Audibility varies
depending on the surroundings of the interview but is generally very good.

ITb. i Interviews With the Participating Students: An Evaluctive Acconnt

The interviews from Michaelmas Term are relatively flawed because there is an
sagerness on my part to cover all the topics in the scenario. As a consequence the
interviewees are sometimes not given enough time to reflect on a question.
Morsover in some occasions valuable time is lost when T, carried away by the
persistent request of the interviewees for comection, indulged in exposition. These
occurrences are rare and offered a remarkable learning experience of things to be
avoided in Hilary Term interviews. These are more disciplined and better prepared.
Eventually, nevertheless, I felt that both sets of interviews have substantially
achieved their aims. Given the lack of tims for a thorough preparation (the
interviews had to be done in term time because of most students' absence during
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vacation) the identification of problematic topics to be touched upon in the
interviews was generally successful.

PART 11 Allowing for Feedback and Maintaining Contact with the
Participants. The beginning of Data Analysis

Data collection was completed in March 1994. No withdrawals from the study
occurred and at no instance was the observer asked to leave or pause recording. The
general ambience between volunteers and ohserver can be described as growingly
amicable, Amicability on the part of the participants is probably evidence that the
researcher's presence is not seen as threatening or disrupting. Therefore it is
reasonable to assume that the students' behaviour has been fairly natural during
observation.

When participants expressed their interest in my findings during observation I
generally referred to the course and to areas of the mathematical content with which
the students appeared to have difficulty. My reluctance to be more specific was due
to & methodological concern related to the presupposition that, In a minimally
participant observation, the participants should not be influenced towards behaviour
that interferes with the naturalistic character of the observation: in. other words, 1
clearly avoided any statements that might have deterred the participants from openly
discussing the problematic aspects of their mathematical learning. In this vein I was
consistently repeating during observation that my presence was not of an evaluative
nature and that 1 was interested more in their difficulties than in an impeccable
demonstration of mathematical competence. The degree of openness that the
students and tutors demonstrated during data collection as well as a remarkable pile
of comments according to which the experience of participating in the study is seen
as very positive — the comments on my presence in the tutorials and the interviews
vary from 'definitely not obtrusive’ to cathartic and relieving ‘confession’' — indicate
that the participants were convinced and that they welcomed such an investigation.

I was very willing to reveal the details of my work after data collection was
completed. This resulted in a number of informal discussions with the participants
and also in an invitation by one of the participating colleges to a seminar in which I
presented some data and analysis. 1 also accepted a similar invitation by the
Mathematical Institute at Oxford. All participants declared their willingness to
provide me with any feedback that would turn out to be necessary in the course of
data analysis.
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In sum the above outlined ambience had a positive influence on the quality of the
data in the sense that the students did not appear intimidated and at times were
willing to elaborate further on their thinking knowing that I found it interesting —
especially towards the end of the observation period.



Chapter 5
The Main Study: Procedures of
Data Analysis
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Introduction

In this chapter I present an account of the Data Analysis period. The presentation is
in chronological order and my intention is to highlight the evolving stages of data
processing as far as the focus of the research as well as the employed techniques are
‘concerned. For this purpose I present an account of

« the data processing during data collection and
+ the data processing after data collection

for both the material collected in the tutorial recordings and the interviews. Asin
Chapter 4 the intention is to establish the links between the conceprualisation of the
data analysis methodology of the study, elaborated upon in Chapter 2, and its
realisation as it took place during and after observation and interviewing.

Summary: Since March 1994 the recordings of the observed tutorials and the
interviews have been selectively transcribed and broken into thematic parts.
Episodes related to the novices' learning difficuities have been extracted. The
number of Episodes that appear in the final version of Data Analysis was gradually
reduced as the focus of the research became tighter. The theorising of the study is
grounded on the analysis of the Episodes in ach thematic part.
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PART I Daia Processing During Data Collection

In the following I give an account of the initial stages of ordering the collected
material as well as of the first attempt to explore its contents which led to the
construction of the Seripts and to the first steps towards the tightening of the
research focus. '

Ia. Initial ordering of the Data

Ag explained in Chapter 4, data collection, from tutorial observation and interviews,
took place during the first two terms of the participants' firsi year in Oxford. During
the 14 weeks of data collection — interviews were taken on the 6th and on the 14th
week of observation -— it was imperative that a neat record of the procedures was
kept. The vast amount of collected information (recordings, relevant documentation,
fieldnotes, personal experience of immersing into the field) as well as the short time
dusing which this information was collected made it necessary to order the datain a
way that would facilitate the re-evoking of the research experience in the subsequent
months and would allow quick access to the material.

At a practical level this implied that

« all recordings were immediately labelled {(date, time, college,
participants/ interviewees),

« all documents were also labelled with dates and in most cases with a brief
note on the document's relevance and reason to keep it in file and,

« il recordings were matched with problem sheets and fieldnotes;
interview recordings were matched with: the infterviewees' writings while
interviewed.

At a more reflective Jevel and in an attempt to capture and preserve the atrnosphere
of the data collection period, as well as register the off-the-record input to the study
that sprang from the informal contact with the participants, a Researcher's Log was
kept from the days of the search for volunteers up to and including the earlier stages
of data processing. Unfortunately my consistency in keeping the Log flagged as
data processing carried on, possibly because most of the notes and observations I
deeméd irnportant became part of the data analysis. Asa paradoxical result, while
reporting the procedures of Data Coliection and Data Analysis in Chapters 4 and 3,1
found it increasingly difficult to reconstruct an account for the latter despite its being
considerably more recent. This is the major reason why the account of the
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procedures of Data Analysis consists mainly of the final techniques used in the study
and not of the various attempts at other techniques that were abandoned in the
course of analysis,

The Log contains & large amount of information that turned out to be variably useful
in the course of the study. As far as tutorials are concerned the log was used as a
register of immediate off-the-record (namely off the recordings and off the
fieldnotes) observations made during informal conversation with the participants
from the time when volunteers to participate in the study were sought, until the
completion of the data collection. So for instance the final selection of participants,
futors and students, was largely based on the impressions registered in the Log {for
exarmple with regard to the ambience of my first meeting with the wtor or of the
introductory meetings with the students); similarly the selection of interviewees for
the first interviews — only half of the students were interviewed on the 6th week —
was largely based on it (for example [ chose to interview approximately half of the
students in each college and I based my choice on the expectation, formed during the
first five weeks of observation, that some of the students would be more open).

Moreover, since during interviewing I made no notes but observed and listened/
responded carefully to the interviewees, the Log served as a memoir of my off-the-
record impressions of the interviews with regard to:

« the interviewees' tone of voice and body language,

+  their amicability, openness, fatigue/willingness to participate and
elaborate,

«  the interview environment: for instance noise, privacy.

+ self evaluation: formative comments that allowed me to improve the
quality of subseguent interviews (for instance the need to allow more
time for the interviewees to respond; the need to be more flexible and not
insist on covering all the issues by all means and at the expense of the
quality of the coverage).

The part of the Log devoted to the observations made during the tutorials mostly
contains the students' evaluative comments of their day-to-day experience of the
lectures, the tutoring, the problem sheets, the textbooks, their peers. Time
constraints and difficulty of lectures and problem sheets doninate these comments.
Some are the students' queries about the study and the goals of my ohservation and
interviewing. As for the tutors, in their conunents registered in the Log, they
address general issues of the difficulty of some courses and their expectations of the
students. Occasionally they inquire about my findings or explain some of the
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approaches they took during teaching. In the presentation of the data, Chapters 6 to

10, references to the Log are made whenever it is deemed necessary or lluminating,
In conelusion it seems that good management of the collected material is crucial for

»  practical reasons, such as not wasting time on looking for items like tapes
or documents, and,

+  for reasons directly related to the quality of the research, such as the
degree to which the ordering of the material allows easier references and
making of connections.

Apart from keeping a reasonably neat and camprehenéive record of the collected
material, during Data Collection, the construction of Seripts took place.

Ib. The constraction of Seripis

A Seript is a summary of the tutorial evente that highlights the structure of the
mtorial, Tt constitutes a primary compartmentalisation of the tutorial to its
component incidents, It contains no transcribed parts but indicates where
transcribing might eventually prove necessary. It also contains my reflective
comments made in the freshness of the momient. Especially because of the value of
the latter there was a general attempt towards constructing the Scripts as close io the
actual time of the tutorial as possible. So it was intended that the Seriprs were
constructed within the same day, or at least within the first couple of days, of the
tirne when the recording had been made. The text of the Scripts was based upon

+ one non-stop listening to the tape
« fieldnotes
« general consulting of problem sheets and other decuments.

The aim of employing the freshness of the moment to provide a concise and accurate
account of the events in the tutorial was achieved with variable degrees of success
during the two terms of observation. Success was considerably higher during the
second term of observation since more convenient time allocation of the tutorial
recordings during the day allowed a day-by-day construction of the Scripts
Accumulation of research experience also contributed to a more efficient
exploitation of time. f

In conclusion the aim of maintaining a neat record and keeping up with the data
during Data Collection was generally achieved. What did not so evidently succeed



Data Analysis 116.

Was progressive focusing of the thematic aims of the research. In the following I
give an account of the primary attempts at tightening the focus of the study.

Ie. A step of Progressive Focusing: refining the focus of the study during data
collection

Due to the density of the data collection, there was scarcely any time to reflect on
the collected material. The only record of reflection during data collection are the
impressionistic, telegraphic comments in the Log, in the fieldnotes or partly in the
Scripts . So striking impressions of the students’ overall learning behaviour {for -
example 'their difficulty to express formally', or 'the intimidating role of new
mathematical notation”) or pﬁmary interpretations of their learning behaviour (for
example 'the conflict between the school-mathematics approach and the university-
mathematics approach’) were registered but only in a general and haphazardous
way.

However a first attempt for a global reflection on the contents of the collected
material became necessary immediately after the completion of the data collection
on the oecasion of the Transfer to DPhil Status, the administrative process during
which the Oxford University Department of Educational Studies assesses the
progress of Probatjonary Research Students. Due to the requirements of the
Transfer process, a first scanning through the fieldnotes and the Seripis led to a first,
primary collection of themes that drove the study. I quote from the Transfer Paper
in order to illustrate the status of the Research Focus at the time:

A few directions regarding the handling of the material, each of which
approaches the material from a different angle, are listed below, These
reflect themes that it is intended to address in the analysis and are by no
means exhaustive.

COMMENT: The process of data analysis is expected to be cyclic. That is,
as themes emerge in the course of the analytical process, the material has to
be revisited in the light of the new themes, Ceasing this seemingly never-
ending process depends on the degree to which the aims of the study will
have been achieved,

The First-Principles/Theorem -Deduced Proofs Debate, In their encounter
with mathematical problems novices are very little aware of what knowledge
is taken for granted, what is the continuity berween school knowledge and
university knowledge, in brief what iy the status of the knowledge they are
expecied to handle. In most occasions the above is crystailised in the
question of what a novice is allowed to assume in a deductive procedure, for
instance whether in this procedure all deductions must be based on First
Principles or on already known Propositions. This question is of a
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foundational nature and ihe absence or insufficiency of an answer given 10
novices poses severe hindrances in their route towards mathematical
abstraction..

The Different Levels of Mathematical Knowledge. The mathematics that a
novice encounters varies in content from arithmetical and algebraic
calculations applied to numbers or other elements such as matrices, vectors,
fanctions, sets, sets of sets etc,, fo caleulational rechnigues, proofs, methods
of proof, items on the content and use of mathematical objects, and alse a
variery of metamathematical information. This diversity in congent implies
the necessity for a diversity-aware approach to teaching. Tutoring lacking
in this awareness leads to the novice's problematic handling of mathematical
absiraction.

The portrait of a problematic question. An issue to be addressed is what
renders a question in a problem sheet problematic. Gathering the queries af
the students on the problem sheet guestions might illuminate that.

Patterns in the Tutor's Advice to the Novices, As mentioned before, the futor
usually propagates ways of mathematical thinking — that range from
practical advice to fostering a whole philosophical perspective. Studying the
influence of these pieces of advice on the formation of the novice's

mathematical behaviour might provide insight into aspects of the cognitive
processes studied here.

Mathematics as a Debate. A large part of the novice 's mathematical
behaviour is determined by the way mathematics has been presented to them.
(Giiven the flexibility of the tutorial — technically it is almast entirely up to
the tutor fo determine its content and structure — these styles of presentation
vary. Some general patierns are the following: tutoring as d proof-ond-
refutation process {optimisation of solutions/proafs is one example; oy as
a g‘acilimmr between two students who fail to communicate is another); the
abundant ise of the Socratic Method . Especially on the latter, it is worth
noting that the novice is a naive believer and that the traces of an
inquisitive/critical spirit are practically extinguished by this method which is
highty tuter-driven and allows no exploratory deviations, It is worih
investigating how the tutoring process of this kind hinders the novice's
encounter with mathemarical abstraction.

The (Un)Naturality of Concepts, Introducing new concepts to the novices is
a process that most Revices characterise as unnatural, that is lacking in
providing with sufficient Justification for the existence and the utiity of the
infroduced concepts. This unnaturality appears as a major obstacle to
abstraction. A cross-topic investigation might illuminate further details.

Other themes of a lesser range have also been primarily identified.
NOTE: The above approaches are tentative. The formation af the

subsequent levels of analysis whilst analysis is taking place is inherent in
qualitative research.
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I note that the themes cited in the Transfer paper addressed a wide variety of issues
(epistemological, contextual, psychological) related to the leaming difficulties of the
novice mathematician's encounter with mathematical abstraction. As a step towards
the progressive focusing of the study, the subsequent stages of the data analysis
more emphatically concentrated on the psychological issues but remained.
intensively — even though more implicitly — informed by epistemological and
contextual 185068,

PART II Data Processing After Data Collection

As explained in Part I data collection was completed in March 94 and my Transfer
to DPhi! status took place in April '94. By then Data Analysis was at the state of
having constructed Scripts for the tutorials. During May and June and from -
September to mid-December 'a4 interviews and tutorials were transcribed, the
former fully and the latter selectively. In the following I account for the analytical
procedures during and after transeribing.

ITa. The Interviews

During data collection the tnterview material appeared to me as less intelleetually
intimidating and hence more manageable than the tutorial material. The interviews

2 had a pre-determined topical (mathematical} structure — as the Interview
Seenarios in Chapter 4 illustrate,

b consisted of Q&A discussions during which the floor was given almost
exclusively to the stadents. That implied that, compared with the
tutorials in which student discourse was diluted in a jam. of tutor
exposition, irrelevant/general conversation and other interferences, no
purification process Was necessary.

¢ were potentially providing foci for the further stages of analysis, The
mathematical topics touched upon in the interviews were selected on the
basis of my preliminary reading of the fieldnotes in terms of
mathematical areas that the students had demonstrated exceptional
difficuity with. Therefore the interviews could confirm or question the
correctness of this first reading,

On the grounds of criteria a, b and ¢, I decided to commence analysis from. the
interviews despite my initial intention to use them as supportive material to the
tutorial material.
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Full transcribing of the interview recordings was based upon

+ repeated listening of the avdic-recording of the interview
«  the interviewees' writing during the interview which had been kept for
reference. '

Ag expected, criteria a and b contributed to an almost immediate ordering of the
interview data. The expectation however expressed in criterion ¢ was not fully
satisfied as I explain in the following.

In May '04 the interviews were fully transcribed. In the subsequent months seven
texts, related to

« Accumulation Points/Isokation Points,

» Openness/Closedness, Boundedness

» Limiis

+ Spanning Sets and Bases

« Convergence of Series and Sequences

» Compaciness

»  The First Isormorphism Theorem for Groups and Related
Concepts

were constructed and two papers (on Accumulation Points (Nardi 1995), on
Spanning Sets (Nardi, to appear)) have come out of further analysis. These texts are
compilations of the students' conceptions as expressed in their definitions, examples
and images of the concepis. In the interviews the students also discussed what they
find elusive about some of these concepts. The interview material is used as
supportive reinforcement of some findings from the tutorial material,

The interviews did indeed illustrate and elaborate upon the students' difficulties with
the mathematical areas I had touched upon; they even incidentally illuminated some
other areas. However the interview data were strongly topically-centred and this
was in a siight opposition to the evelving psychological directions of the study. This
is a study of some general cognitive phenomena that characterise the novice's
experience of advanced mathematics and the intervisws explored the students'
perceptions of a number of specific nathematical concepts. Taken out of the context
of cognition-in-action — as this action was observed in the tutorials — the students’
discourse on these mathematical concepts can be seen as a supplement of the rich
evidence of the tutorials. Therefore the interview material did not provide the foci
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of further analysis, as expected in critetion c, but potentially helpful evidence for the
findings from the tutorial material.

IIb. The Tutorials

In the following I present an account of the construction of Selective Transcripts, the
Episode Extracting and the subsequent stages of analysis that the extracted Episodes
were subinitted,

IIb.i The construction of Selective Trarngeripls

Selective transcribing of the tutorial recordings followed the transeribing of the
interviews. Transcribing was based upon

+ the Scripts

» asecond non-stop listening of the tape

» the ficldnotes

» related documents

+ doing the mathematics where it was deemed necessary after the second
tape listening.

tmmediately after the concerted study of the above, an extended and iterated
listening of the tape led to the construction of Selective Transcripts. These protocols
constitute the central bulk of data used in the subsequent stages of data analysis, In
the following 1 explain the process of construction: as well as the criteria on which it
was based.

Unlike the interviews, which were fully transcribed, the tutorial material which was
strongly characterised by the complexity of phenomena unfolding in a very natural
learning environment, had to be submitted to an ordering and filtering process. The
criteria of the selective transcribing process are crucial and I have tried to maintain
them consistently throughout the construction of the Selective Transcripts. So,1
exeluded from transcribing but for the sake of continuity summarised:

+  the tutors' exposition, in the form of long monologues, long technical
calcnlations especially ones I had no visual access to,

» material on applied mathematical topics that my mathematical
background did not allow me a good understanding of,

+ general cornments or informal chat.
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As a result, the final Selective Transcripts have the benefit of continuity and are
mere focused than the Seripts which were non emphatic telegraphic texts. To allow
quick reference to the audic recordings Selective Transcripts are numbered
according to the recording equipment’s counte.

So far the criteria that T have described as the basis for the selection of the material
to be transcribed are largely structural, that is they are criteria relating to the
preferred structure of the learning interactions that were transcribed in detail. From
these criteria it is evident that my intention was to filter out of the complex tatorial
material the instances of higher student participation; hence the parts of the tutorial
recordings that are fully transcribed are mostly the dialogues between tutor and
students and student monologues. In the following I explain how the selection of the
material to be fully transcribed related to my reflection on the focus of the study.

Before addressing further the issue of selecting material for transcription that relates
to the objectives of the study, I digress in order to refer briefly to the technical

. difficulties of transcribing. Having very little experience in transcribing, not
knowing with precision which of the material would eventually turn out to be useful,
and having pressing time constraints, I decided that a minimum of one (towards the
end of the transcribing period: two) tape every day should be dealt with — so that by
the end of 1994 the material would have been fully covered, This implied that
where there were substantial difficulties (inaudibility, restricted understanding of the
mathematical discussion) transeribing was left for later and these parts of the tutorial
were sumrmarised. Still in the cases where transcribing of some significant parts of
the recording was postponed for the future, [ concentrated on pointing ot the
necessity for further listening so that in subsequent readings of the Selective
Transcripts these parts wese revisited with extra care.

Considering both the material that was excluded from. transcription and the material
that was included, it is evident that the parts of the tutorials that mostly attracted my
attention were instances in which the students participated in a protagonistic way
(hence the preference for the students’ monologues or dialogues with peers or tutor}.
Progressively it was becoming clear that, as far as the structure of the sought-for
incidents was concemed, 1 was seeking learning events with a beginning, a middle
and an end, full stories on learning (I note however that at that stage any evidence of
the students' cognition, however fragmentary and incomplete, was also affracting my
attention). True fo the phenomenclogical agenda of the study, the aspiration here
was to extract information ahout the problematic aspects of the learners' cognition.
from their exprassions of this cognition. As far as this material is concemed I
searched for these expressions in the siudents’ interaction with their tutors and their
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peers during the tutorials. At this stage I realised that the objective recordings,
juxtaposed with the less objective (but still avoiding decisive selection) Scripts and
fieldnotes, wexe transforming into subjective, researcher-processed data. In other
words the construction of Selective Transcripts was the first genuine attempt to
impose my loose but substantial theoretical framework on the data, This personal
jmposition on the material increased through the various stages of Data Analysis and
it is the researcher’s task to gnarantee that this process preserves and highlights the
essence of the phenomena to be studied.

The subsequent stage of analysis was to determine which parts of the transcribed
material would become the object of detailed analysis. The analysis would be
informed by the thecretical tools developed in the field of Advanced Mathematical
Thinking (slaborated upon in Chapter 1) but before reaching the stage of being able
io use these tools, the material which would be submitied to this analysis had to be
further ordered and purified. T quote from the Transfer Paper my first declaration of
analytical intentions as tentatively made at that very early stage:

The current suggestion for this ordering has its origins in the nature of the
rutorials that have been observed: ax it turned out the majority of the
tutorials can be structurally described in terms of the weekly problem sheets,
that is most of the tutorials consist of the tutor's ond studenis’ elaboration on
the questions in the problem sheels. Introducing new material, referring to
lecture content and resolving queries, that constitute the main body of other
activities carrying on during tutorials, are mostly within the frame of
reference to question solving from the problem sheers. Thus an initial
ordering of rﬁe data could take this somewhat natural structure info
consideration. A question-by-question rearrangement of the data so that they
form 3 cross-tutor/eross-student presentation of answers could be a way to
carry this out. The diversity of approaches can consequently be reflected.

The following question might then, tentatively, be addressed; what are the
components of the students' problematic encounter with mathemnatical

ahstraction? Concept Formation and Reasoning are two areas that emerge
from a primary scanning through the [data I8

Following up the analysis during the Pilot Study, a section of the Chart of
Tncidents — the taxonomy of the Pilot Study incidents — which consisis of
the student's difficulties and other aspects of their mathematical behaviour
can be expanded and refined in order to incorporaie the Main Study
maiterial.

The triplet of topical -.logical ~ symbolic difficulties has been kept, This
categorisation is expected to facilitate ¢ concept-centred perspective on the
analysis of the incidents.
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The above intentions are heavily influenced by the then-recent experience of the
Pilot Study and are also largely mathematically-centred in the proposed restructuring
of the data. The concern for a global psychodidactical approach to the novice's
cognition is also evident. In the following section I explain how the heavily
mathematically-centred approach to the structuring of the data was reconciled with
the global cognitive approach of the study.

IIb.it The extraction of Episodes

Following the construction of the Selective Transcripts and the reflection upon the
nature of the sought-for learning incidents, came 2 critical scanning of the
transcribed material during which the tutorials were broken into their constituent
learning incidents. A crucial step of that time was the decision to concentrate on the
extraction of complete learning episodes. Already during transcribing this
praference had begun to show, Episode extracting was generally based on

+  the degree of participation of the stadents in the instance

. the potential of the instance to reveal aspecis of the students’ learning
Processes

- the completeness with which a specific piece of mathematics was dealt
with.

The outcome of this selection was a list of 110 Episodes, a large number of which
was double, triple, quadraple or fivefold incidents of the same piece of mathematics
dealt with different students, The tabulated form of the Iist was arranged in three-
columns:

College, Week - Course | Mathematical Contant Didactical Conient

So an enfry like

M3-LA LA2.7 assumed unproved
theorem, trouble with
matrix properties, 'is it
enough to show it for
3x3 matrices?, bib
dialactics

would mean that this Episode took place in College M on the third week of term,
relates to the Linear Algebra course and in particular guestion 7 from Problem. Sheet
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No 2. There was no need to specify the term because this was implied in the course
{Linear Algebra was only taught during the first term), The name of the participant
student was occasionally mentioned in the third column when it seemed necessary.
Also in the third column I cite a sample-reminder of the things that attracted my
attention and usually wers representative of the occurrence: so, for example, in the
third column of the above table, /b dialectics' means that one of the students was
asked to present her solution of LA2.7 on the blackboard and that a debate on her
solution followed: ‘trouble with matrix properties' indicates the types of conceptual
difficulties the student appeared to have in the tutorial; "assumed unproved theorem
and 'is it enough to show it for 3x3 matrices? indicates the student's reasoning
difficuities. The last quots, which is a reproduction of the student’s exact words is
an example of a raminder, a strong impression of something which seemed to
encapsulate the didactical substance of the Episode, [note that it is not true that the
substance of all the extracted Episodes can be condensed in a quotation but these
tentative condensations contributed significantly to a first global view of the
Episodic material, [ also stress that I made the concise commentary in the third
columen with cantion because I wanted to avoid premature interpretations of the
events in the Episodes.

Subsequently the tighter focusing of the criteria for the sovght-for Episodes lad to a
further drastic reduction to their number. To illustrate how the tightening of the
focus occurred T note that this first list of Episodes was compiled between January
and May '95. In the meantime the drafting of the first chapters of the Thesis as well
as processing of the interview material led to a reftection on the data that made
further filtering of the Episodes necessary and mote obvicus. The main criterion
that drove the formation of the first Bpisode List was a general pursuit of whole
learning inctdents initiated by a declared learning difficuity of the students, either
announced by them or identified by the tutor, This criterion was quite general and
as a result the extracted Episodes were of a large number and of mixed quality. So
the next step was to decide how many of these Episodes were in fact giving evidence
that allowed me to go beyond the identification of learning difficulties and access
potential sources of the students' troubled cogpition. For instance, in most of the
extracted Episodes the cognitive conflicts that initiated the discussions appeared to
be resolved by the end of the incident. Further exploration of the incidents could
lead to discovering whether cognitive conflicts had actually been resolved or not.

The new filtering process was carried out after another listening to the recordings;
also bearing in mind that the focus was now on Episodes that not only reveal
learning difficulties, but appear as potentially permitting some access to the sources
of the novice's cognitive conflict ag well as possibly providing answers with regand
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to whether and how the conflict has been resolved. The 70 Episodes that were
selected were tabulated in a similar three-column table to the one described earliet.
The excluded ones were summarised and incorporated in the rest of the material that
was beginning to take the form of avxiliary, supportive data. At the same time a few
mathematical areas appeared as dominating the mathematical content of the material
which until then was arranged chronologically and in accordance with the course
and the Problem Sheet numnber: the foundations of analysis, calculus, topology,
linear algebra and abstract algebra. The observations that determined the filtering
also began to become more stable. A tendency to reflect on the meidents, while
trying to filter further, into the gonceptual, reasoning and notational/linguistic
components of the students' difficultics, was forming (possibly reminiscent of the

S DIEF triad of the Pilof Study). Also1felt it was increasingly necessary that I am
very comfortable with the mathematics of the Fpisodes. A pile of notes on the
solutions of the problems began to aceumulate, My reading of the liferature was
becoming increasingly triggered by the things I could see in the Episodes. Reading
the Selective Transcripts and listening to the tapes was becoming increasingly
loaded with expectations. Predictions of what the outcome of the Episcode or the
next line in the mouth of a pasticular tutor or a student would be were becoming
gradually more successful; and L knew it was not simply because [ had listened to
the tapes again and again, It was because there was a clear emergence of patterned
behaviours which was fermented by my constant familiarisation with the data.

IIb.iii The construction of Analytical Texts

While Episode extracting was approaching completion, 1 began to see that the
analytical intuitions described in Past Ilb.ii were in need of discipline and order.

The 70 Episodes were physically extracted from the Selective Transcripts . They
formed the main body of data, denominated Episodic Materigl and were filed
chronclogically. The rest of the material, the Non-Episodic Matevial was aiso filed
chronologically, summarised/ tightened up further and kept for reference and as
supporting material for the Episode Analysis. In the meantime further processing of
the interview material had produced the two publications mentioned in Part Tia. [
quote from (Nardi 1993) to illustrate the form ihat the precessing of the 70 Bpisodes
took in the subsequent months:

Fach [Episode] is...reviewed individually and its analysis takes the form of a
text which consists of the following sections:

Section (S): a summary that highlights the focal mathematical and
didactical aspects of the piece,
Section (M) @ presentation of the mathematics in the piece,
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Section (PSY): a prychological presentation of the highlighted points
in the first section,

Section (INTER): an interpretation of the psychological subtext
identified in the previous section and :

Section (PED): a consideration of the pedagogical implications of the
above analysis.

Analysis is now at the stage of producing series of the texts described above
with regard to particular mathematical topics. It is intended that the
completion of this process will be followed by a period of overviewing and
reflecting on the findings for each topic. The outcome of this reflective
overview is expected to be the emergence of patterns in the observed
learners’ cognition, These panerns will constitute the themes along the lines
of which a psychological, cross-topical profile of the novice mathematician’s
difficulties in the encounter with mathematical abstraction will be drawn.

Therefore each Episode was treated as an analytical unit. A text for each Episode
was prepared consisting of the five sections cited above. The Non-Episodic Material
helped form an introduction to each text regarding the context of the Episods. The
ficldnotes and relevant mathematical documents helped form Section (M). The
Episodes were rearranged in termns of the five topical areas (the foundations of
analysis, calculus, topology, linear algebra and abstract algebra) that had emerged as
dominating the mathematical content of the Episodic Material, In the process the 70
episodes were further reduced to 50 on the simpié basis of excluding a few more
mathernatical areas (for instance Permutations in Abstract Algebra is the topic of
discussion for a considerable number of Episodes and have been kept separately as
material for future analysis and reference). From June to mid-July, September,
October, and mid-November to mid-December the filtering of Episodes, their
aliocation to one of the five thematic/topical units and the construction of the five-
section Analytical Texts was completed. In the meantime the Analytical Texts had
taken the following form.

Section (M) was appendixed or footnoted

Section (8) was a heavily sununarised factual account; only crucial dialogues
were kept in

Section (PSY) and Section (INTER) merged into a section called An
Interpretive Account of the Episode. :

* Section (PED) was almost made redundant since pedagogical, and
particularly teaching, issues are marginally addressed in the Interpretative
Account as part of the attempt to reconstract the context within the learning
incident occurred.
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Tn the construction of the Interpretive Accounts a variety of tools, developed within
the field of Advanced Mathematical Thinking, are used, The links between the
thecretical underpinnings of the analysis and the actoal analysis as presented in the
subsequent chapters will be made individually in the Interpretive Account of each
Episode. The interpretation of the incidents is also largely reinforced by the Non-
Episodic Material and the Interview Material.

In the above ] have attempted to illustrate the long and painstaking process of how
120 hours of recording transformed into 1500 pages of transcripts and distilled into
the 32 leaming incidents that constitute the main bedy of evidence for the theoretical
cases of the study. In brief the presentation of the Anaiyrical Texts follows mostly
the structure: fact - interpretation - conclusions. Conclusions for each Episode
inform the construction of a Conclusion Part for each of the four thematic/topical
units featured in Chapters 6 to % (the reduction of the number of Episodes used as
evidence to 32 and of the thematic areas from 5 to 4 was dictated by the space
limitations of the thesis). Chapter 10 constitutes the cross-topical theorising part of
the study and brings together the findings reported in Chapters Gto 9.



_ Interlude
An Introduction to Chapters 6-9
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Throughout the study the focus was balanced between the topical — that is, related
to specific mathermatical areas or concepts — and the cross-topical — that is,
running through several mathematical areas — aspects of the novices' cognition.
The arrangement of the analysis in five topical areas (Foundational Analysis,
Calculus, Topology, Linear Algebra, Group Theory} is the overt evidence of the
topical focus. Less overtly, this arrangement illustrates metaphorically the novices'
journey from formal arithmetic (Foundational Analysis) to the advanced arithmetic
of Caleulus (enriched with the manipulation of the infinitesimally small or large
quantities of the limiting process), then the transition from the numerical to the
generalised set-theoretical contexts of Topology and Linear Algebra and, finally, to
the total abstraction of Group Theory. This journey was also approximately
chronological: the material on the Foundatjonal Analysis comes from the first weeks
of observation, whereas the material from Group Theory cormes from the last,

The general intention of the study was to carry on with this balanced view between
the topical and the cross-topical aspects to the end. As a result, within each area,
emerged the, what I call, paradigmatically problematic concepts, that is the concepts
towards which most of the students' cognitive concern and difficulty seemed to
converge during observation. These were:

s supremum and infimum of a set
« limit

«  compactness

»  spanning Set

»  cosels

and were further explored in the interviews which were stuctured around
reinforcing the evidence provided about them in the tutorials,

However, due to the limitations of space in the thesis this balanced view between the
topical and the cross-topical aspecis of the novices' cognition had to be abandoned.
As a result, the selection of Episodes in Chapters 6-9, while keeping the topical
structure of the initial data analysis, is geared towards the presentation of the cross-
topical themes that emerged from — and directed — the various stages of analysis,
rathier than the specific learning difficulties within each topic. I note that some
topical aspects of the analysis feature in (Nardi, 1994) and (Nardi, in press}.
Moreover, again due to the limitations of space, the topical area of Topology was
left out of the presentation in the thesis: in the above described continuum (from
Foundational Analysis to Group Theory) Topology — along with Linear Algebra

— are the two middle areas in terms of the transition from the numerical to the
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abstract. Having to choose between Topology and Linear Algebra, the extent and
strength of the analysed material on the latter and the possible elimination of the
former from the first year undergraduate mathematics curriculum in subsequent
years, resulted in leaving Topology out. '

The Episodes presented in Chapters 6-9 should be read as paradigmatic cases of the
cross-topical themes of which a synthesis is presented in Chapter 10 — that is, unless
otherwise specified, the Episodes represent trends in the analysed material. Even the
description of idiosyncratic cases serves the purpose of accentuating these trends. It
jg due to the richness and complexity of the naturalistic data collected in this study
that the topical and the cross-topical elements are so intertwined that their distinction
at times collapses — for instance, within the discourse on the novices' image
constructing of new concepts. The topical analytical discourse has been toned down
and kept only to the levels in which it serves the development of the cross-topical
analytical discourse,

The themes, exemplified in Chapters 6-2 and elaborated upon in Chapter 10, can be
concisely described here as features of the novice's encounter with mathematical
abstraction. This encounter is seen in this study as an enculturation/cognitive
process. The new culture is Advanced Mathematics and it is introduced by an expert
mathematician, the tutor, The themes around which the analysis revoives relate to

» the novices' concept-image construction which is seen as
a problematic interaction with the concept definitions and
an atternpt for the construction of meaningful metaphors and raisons-
d'-8tre of the new concepts and the new reasoning,

s+ the tension between the informal-intwitive-and-verbal and formal-
abstract-and-symbolic modes of thinking reflecting
the tension between verbal and formal/symbolic language and
the tension between informal and formal modes of reasoning.
The difficulties in formalising bave been identified to be
difficulties with the mechanics of formal mathematical reasoning
as well as
difficulties of applying the mechanics of formal mathematical
reasoning in a weli-integrated and contextualised manner.

The above outlined enculturation/mental process into the reasoning mode of
Advanced Mathematical Thinking was moreover strongly determined by the
teaching environment within which it was observed, the tutorial. Finding that
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v & didactical style dominated by exposition seemed to influsnce this
enculturation — an interactively formative process -— to the degree that
it converted it into gcculturation — an anthoritative enforcement of
mathematical expertise — Process,

some of the analysis focused on elaborating the effect of this style on the novices'
cogmition,

Each Chapter contains 8 Episodes. In Part I of each Chapter a table is provided with
a summary of relevant information on the Episodes. In Part II, each Episode is
presented in one Section. Each Section consists of

« atitle which expresses the main point made in the section

» =z brief account of the context of the particular incident

«  afactual account of the Episode containing transcribed parts
» an interpretive account of the Episode

+ conclusion.

Tn Part 1L, I present a concise synthesis of the focal points that were highlighted in
the analysis of each Episode. The syntheses in Parts IIT of Chapters 6-9 constitute
the intermediate theorising stage between the presentation of the paradigmatical
cases, the Bpisodes, and the global theorising of Chapter 10. I note that the didactical
(relating to teaching) and methodological observations made in the Episodes are
synthesised directly in Chapter 10 and not in Parts I of Chapters 6-9.

Throughout the analysis the relevant mathematical material -— that is the
mathematical questions discussed in the Episodes — has been coded and
abbreviated as follows, For example:

CD2.1
means
Problem Sheet Number 2- Course: Continuity and Differentiability - Question I

B7
Means
Problem Sheet B - Course: General - Question 7

587.1
means
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Problem Sheet Number 7 Course: Series and Sequences- Question I

LA6.29
means
Problem Sheet Number 6- Course: Linear Algebra- Question 29

GRF3.8
IMeans
Problem Sheet 5- Course: Groups, Rings and Fields- Question 8

In the following table I list the questions from the Michaelmas and Hilary Term
problem sheets referred to in these Episodes:

Chapter 6 Chapier 7 Chapter 8 Chapter @
CD2.1-CD2.6 4,1 LAS23 OREs
CD3.3 CDs5.1 LAS 24 ORES6
CD7.1 LAGK.26 ORF5.8
Chr2 LAG.29 GRF7.3
25 LA7T.358 JRF8.3
5841 ' B3
8843
354.4
B7
B1O
557.1

Thess questions — and their answers — can be found in Appendices For Chapter 6,
7, 8 and 9. The answers to the mathematical problems provided in the Appendices
are the solutions — that I have reconstructed either from the fieldnotes or the
recordings — discussed in the tutorials.

Recommendation to the Reader: A familiarity with the mathematical content of
the incidents is crucial in the understanding of the Factnal as well as the
Interpretive Accoumt of the Episodes. A recommended reading technique is the
following:

« read the title, the context and the structure of the section ,

* read the Factual Account in parallel with the mathematical problems
and their answers provided in the Appendices,

« read the Interpretive Account while consulting the Factual Account,



Chapter 6
The Novices' Encounter With Mathematical Abstraction: Cases from
Foundational Analysis
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PART I A Guide to the Paradigmatical Cases (Episodes) Presented
in this Chapter

The following table contains contextual information with regard to the 8 Episodes
presented in this Chapter,

Episade Number Time of Incident Participants Mathematical
Term - Week Content
I Michaelmas 2 Jack and Andrew Archimedean Property
2 Michaelmaz 3 Cathy/George and Ben ce21
3 Michaelmas 3 Tack and Andrew cp22
4 Michﬁelmas 3 Kella Ch.3
5 Michaelmas 3 Jack/Andrew, Kelle CD24
6 Michaclmas 3 Alan, Connie | .CDE,S
¥ Michaelmas 3 Cornelia CD2.6
8 | Michaslmag 4 Jack and Andrew CcD3.3
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PART II Data and Analysis

In the following I present the factual and interpretive accounts and conclusions for
the § Episodes of the table in the previcus page. In Pari Il then 1 gynthesise the
findings of Part I related to Foundational Analysis and briefly discuss the wider
cognitive issues that are presented in the overall synthesis of the data analysis in
Chapter 10.
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Section (i) First Steps of Initiation Into Mathematical Formalism:
Meaning and Proof of the Archimedean Property

Context: See Extract 6.1

Structure: After saveral attempts the students and the fotor agree an 2
formulation of the ArchPr. With the help of Andrew, Jack completes
a proof of the property on the b/, The tutor critically raviews his
writing style and they discuss alternative formulations of the property.

The Epizoda: A PFaclual Account See Extract 6.1

An Interpretive Account: The Analysis

Fornudating the ArchPr. The ArchPr says that Vae M Ine Nx<n, Al-J1-A2
feature the students' atternpts to reconstruet a formulation of the ArchPr and T1-T2
are the tutor's refutations of these attempts. Al is a partial reconstruction of the
ArchPr that maintains its logical structurs (the two quantifiers and the inequality)
but not its meaning. J1 is an attempt to defend Al by adding more information on y.
AZ is a response to the tutor's objection to J1, that however close to x Jack chooses v,
he can choose y even closer: what Andrew says is that in this case he can get even
closer to x than the tutor with his new v, The rather meaningless circularity of the
students' arguments is dismissed by the tutor who halts the interactive process by
asking them to look up an acceptable-formulation of the ArchPr. I note here that
that same week other students have had difficulty with reconstructing the ArchPr.

" An illustrative attempt is student Connie's in Extract 6.6: 'The Archimedes’
Frinciple 1an't saying that there exists this number >1, bigger than any number?',

The mathematical meaninglessness of the students’ attemnpts does not however
deprive the interaction of its didactical interest as a dynamic interactive process of
conjectures and refutations. The dynamics of this process are intriguing because the
students are both concentrating on reconstructing the ArchPr as well as to defend
themselves and each other to the tutor. J1 initiates the mutually supportive cognitive
action of the students and A2 accentuates their complementarity. So in a sense their
exchange of words highlights both cognitive (attempt to reconstruct the ArcAPr} and
socioaffective (support each other and self in order to confront the tutor's objections)}
aspects of the stndents' thinking process.

Subsequently the tutor’s question about what would be the implication if the ArchPr
did not held is an attempt to highlight its meaning through its negation (Jas

Wne Nn=a), Possibly Andrew tries to negate the ArchPr in his mind and, carried
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away by n<a and ignoring the quantifiers determining r and a, claims that the
negation means that the real numbers are bounded above. In this and subsequent
chapters the novices' difficulty with negation and quantified statements will be
repeatedly mentioned.

Proving the ArchPr: an Interactive Procedure. Tack suggests reaching contradiction
by assuming the ArchPr is false. Then N will be bounded above and, since it is non-
empty, by the Completeness Axiom it will have a supremurm, He then seems unable
to continue. Andrew suggests then applying the definition of supremum for &=1,
Jack, preoccupied with what he has written on the b/b so far, ignores the suggestion
and repeats the definition, The tutor intervenes in order to recommend the use of
Andrew's suggestion. In the next fow seconds Jack overcomes the impasse he
appeared to have reached and completes the proof. Jack accomplishes at first to
construet accurately the supposition that the ArchPr is false. This supposition
implies that N has a sup. He also reconstructs the definition of supremum but he
cannot co-ardinate the two elements (falsity of ArchPr and definition of sup) so that
the contradiction emerges. The co-ordination finally takes place in the few seconds
of him pausing to think after the tutor Insists that he uses Andrew's suggestion, So,
in & sense, Andrew and the tutor have discreetly scaffolded Jack's final overcoming
of the impasse without heavy-handedly imposing it upon him. With theix
interventions they have created what appears to be suitable for Jack conditions that
helped him find his way out.

Proving the ArchPr: on Jack's writing, The complementarity and muinal support of
the two students is also illustrated in Andrew's defending Jack's writing with 'this Is
what the lecturer wrote', The problem though is that Jack has been reproducing on
his draft and then on the b/b what, according to the tutor, is the Jecturer's b/b
technique. The tutor encourages the students to modify this abbreviated, semi-
colloquial writing style to a more flexible, narrative and descriptively richer writing
style. In fact the tutor's critique reflects a contemperary trend in the didactics of
advanced mathematics according to which the learners are encouraged to express
thair ideas in words and not simply in quantified and categorical notation. The
reason 1 present the tutor’s critique in detail is that it reflects the use of formalism by
the novices which at this stage can be seen as awkward. It also illustrates how the
students are urged with lessons like this to a wiser interpretation and manipuiation of
mathematical formalism.

For instance Jack's use of quantifiers in JsupNe 3. is rather problematic: it seems
to be a literal translation of ‘the supremum of Nexists', As far as the use of ng is
concerned, the tutor's comments have a more controversial effect. This is a notation,
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he claims, that might induce the impression that there exists a function between &
and #. I think that it is equally likely to induce the impression simply that z depends
on & Jack seems to be disturbed by this ambignity as well as Andrew who reckons
whether this is 2 good reason to avoid this notation.

The whole Episode stands as a metaphor for the maturation process which the
novices must go through in their first encounters with mathematical formalism. In
the above, the tutor is not simply teaching a proof of the ArchPr: he is setting up an
tnitiation into the idiosyncratic precision and rigour of mathematics as

« hig critique of Jack's writing,

s hig speech on the essence of the ArchPr and how it affects the system
within which the Archimedean mathematics works, and,

+ his cautionary remark towards the end on the naturality of defining ¢to -
be /e {and not £ to be 1/¢)

llustrate. The novices are naturally overwhelmed by the dazzling caution for detail
that this new approach to mathematical thinking {and expressing) entails.

Conclusion: In the above, tha formulation and proof of the ArchPr stimulated
a student-tutor interaction process mostly characterised by the
tutor's enculturating interventions with regard to the students'
reasoning (handling quantified propositional statements: negation
and co-ordination to reach contradiction) and expression. Froma
didactical point of view, a dialectically successful instance was
examined where the tutor and a student discreetly scaffolded
another student's overcoming of an obstacle in a proof.
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Section (il) The Problem of Clarifying What Knowledge Can Be
Assumed in a Proof and the Role of Quantifiers in Establishing the
Generality of a Proof

Contexf: See Bxtract 6.2

Structore: In the following Ben presents his solution. The tator refutes his proof.
George then cutlines his proof. The tutor refutes his formal writing
and presents & proof. A discussion follows on the role of quantifiers
in estatlishing the generality of a proof.

The Episode: A Factual Account, See Bxtract 5.2,

An Interpretive Account: The Analysis

What is problematic with Ben's approach. As the tutor observes Ben has attempted
a direct application of part i in his proof for part ii. In this, be has ignored that the
pair of arbitrary numbers used in part i are rational, whereas in part i they are real.
He interprets if x is irrational' as "there exists x which is irrational’ (fig.2a), assumes
then that a/x and bix will then be irrational, with g and b being rational, and, via part
i, he deduces the existence of s, a rational number between them. 5o, by the
moment he is interrupted by the tutor, Ben

+ has ignored the requirement for choosing arbitrarily the two numbers to
start with (his a/x and b/x are not arbitrarily chosen real numbers) and,

+ he is using the statement that between two irrational numbers there is
always a rational number.

Therefore Ben is committing two serlous formalistic errors:

A he ignores the requirement for a universal quantification of his proof (for
any two real numbers).

B he is using a previously unproved statement either as a misinterpretation
of part 1 or in effect of lack of rigour (that is, in the absence of the
realisation that previously unproved statements cannot be assumed in a
mathermatical proof).

A Note on Cathy's Questions. Cathy remeains non-participant during the Episode,
possibly because she has not answered the question in her drafis and thus feels that
she has no contribution to make. However towards the end of the tutor's
presentation she sounds preoccupied with how his proof preserves the universality of
a and b. Like Ben (A) Cathy is not comfortable yet with universal quantification.
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Moreover if Ben (B) under-reacts to the requirements for rigour (by assuming more
than allowed), Cathy seems to over-react (by questioning the assumption of factual
knowledge, such as the existence of irrational numbers). In both cases, over- and
under- reaction constitute evidence of an unease with issues regarding the
knowledge one is allowed to assume.

What is problematic with George's approach. George's initial idea to base the proof
for real numbers a and &, in part ii, on a generalization of the available information
on rational and irrational numbers is a demonstration of more confident reasoning
than Ben. His is a problem of expressing mathematically a general idea (G1) to
which he was led by intuition. So,

In his mind he possibly wanted o prove: betwesn any hwo real numbers theve s
rational wmber (1)

In hig draft, as the tutor saye, he started doing there Lo a rational rumber between two real
&0 by supposing: rtembers {2}

In the tutorial he reads his draft: a3 if he hoed written (7). But he has written'(2).

(2) is a fact, which the tutor emphasises by pointing at 0 and 1 as two real numbers
between which there is an irrational number. George then realises (G2 and (G3) that
there is a substantial difference between his intentions and the reflection of those in
his writing, Again, the problematic aspect of the student's expression, here in
writing, has been one regarding universal quantification of mathematical statements.

Conclusion: In the above, the students are not at ease with the assumptions
they are allowed to make when engaged in proving fundamental
statements (e.2. CD2.1): they have found it hard to distinguish,
formulate and prove a universally quantified statement (they do
not appear ready to choose arbitrary numbers, establishing thus .
the universality of their proof, and maintain this arbitratiness
through the proof with consistency). Ample similar evidence on
CD2.1 is available from other tutorials too. CD2.1 seems to be of
a particularly problematic nature mostly because it is not clarified
to the students what statements regarding the real numbers can be
assumed, As seen in Cathy's and Ben's over- and under- reaction
to the requirements for rigour, students seam to be vulnerable to
issues related to assumned knowledge: in other words they have
been sensitised to the increased requirements of rigour in the new
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course but then abandoned to clarify these requiretnents on their
own. This raises the didactical guestion as to how, in this state of
uncertainty about the rules, are the novices expected to play
successfully the mathematical game of foundational Analysis.
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Section (jii) Mathematical Induction and the Triangle Inequality:
Cultivating More Fruitful Uses of Intuition and Hindsight as
Featares of the Shift to More Expert Mathematical Practices

Context: Ses Bxtract 6.3

Structuve: In the following the tutor presenes 2 'back-to-besics' proof of the Base
Statement of the Mathematical Induction for tha triangls inequality as
opposed to the geometric proof given in the lectures. The students
then discuss the role of the < sign and the necessity to start this
inductive proof from #=2 instead of n=1.

The Episode: A Factual Aceount. See Extract 6.3

An Interpretive Account: The Analysis

A Cognitive Shift Towards Move Rigorous Mathematical Practices, This Episode,
mostly through the tutor's exposition on

« the need to reduce the interference of intuition with the construction of
mathematical arguments, and,

+ the foundational requirement for econemy of principles and conciseness
in mathematical reasoning, '

exemplifies the change of mathematical culture that the novices are required to gcr
through. The moral for the novices here iz captured in the tutor's words on intuition:
'it's the right way to understand it and remember it, but it's not the right way to prove
it'. The substantially different rols of intuition in the expert and the novice
mathematician's mind is illustrated in this Episode if one juxtaposes the left and right
columns of the following table:

{a} the tutor's use of the same picture —as a
too] for comprehension — in his response to
Andrew's question on the meaning of < in the
triangle inequality and '

Tack's and Andrew's referance to the lacturer’s
use of a geomatrical picture in his proof forthe | (b the tutot's pragmatic response to where the
triangle inequatity for two numbers proof by mathematical industion of the triangla
inequality should skart from (the triangie
inaquality iz 2 basic assertion for two, It then
has some information in it, For one it doesn’t’)

For Jack and Andrew the lecturer's picture is a convincing argument for the case n=2
whereas for the tutor it is a vivid lustration of how the triangle inequality works
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and only a starting point for the mathematisation of the argument (the tutor Iooks at
the proof for n=2 in view of the prospective proof for n=k).

A Mathematical Mind in Genesis. Like in Extract 6.1, Andrew's evolving
mathematical persona emerges as'that of

+ gz competent executioner of mathematical operations. The competence
demonstrated in Andrew's elaboration on the eight possibilities in the
proof of the triangle inequality for two numbers is remarkable: not only
does he point out to the tutor the possibility of reducing the number of
cases to be written down but also helps the tutor realise what this number
is.

» g practitioner, When the tutor criticises the students' use of squaring and
of a geometric picture for the proof of the triangle inequality, Andrew’s
first reaction is to wonder whether this 'is not the right thing to do'. The
strong practical action-centred semantics of words such as 'thing' and 'to
do' and in particular the use of the word 'right' is an indication that
Andrew is in search of rigorous recipes.

+ an observant formalist. These are the two observations that Andrew
makes in this Episode that initiate dynamic interaction among the tutor
and the two students:

Observation 1. In Al-A3 Andrew seems to think that the < symbol in the triangle
inequality for n=2 is used redundantly because what actually is intended is to say
that, depending on the sign of x and y, lx+yl is equal to one of £(x¥y), whereas =
gives the impression that the whole range of values less than lxl+yl is covered.

Observation 2. Tn A6 he wonders whether starting the proof by Mathematical
Induction from n=1 invalidates the proof which the tutor suggests they start from
n=2.

As far as O1 is concerned, as Jack and the tutor observe, < might be 'discarding
information' but ‘it is true' as well. It is also a representation that can be uniformly
transferred fo the context of complex numbers and vectors. Therefore by hindsight it
is a functional and economical symbol to use. Similar lack of mathematical
experience seems to have led Andrew to O2: the general form of Mathematical
Induction allows the proof of statements for all ne N'where n>k and k is a natural
number, Both students in this Episode seem fo think that Mathematical Induction
compulsorily covers all natural numbers: hence Jack siarted his proof from n=1.
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The idea seems to linger in Andrew's mind in AT: he still seems to believe that to -
use the statement for n=2, one has to prove the statement for n=1.

In any case Andrew's observations are acute and insightful and, even though they are
not flawless, they convey an impresston that Andrew is being efficiently
enculturated into the new status-guo of rigour and precision of university
mathernatics. In other Episodes, nevertheless, evidence is provided of how a similar
attitude, when taken to pedantic extents, occasionally has hampered his efficiency
and his mathernatical growth.

Conclusion: In the above, the novices are in need of, and engaged in, a
cognitive shift from unrigorous to rigorous forms of mathematical
thinking. In particular a discussion of the meaning of < in the
triangle inequality and the Base Clause of Mathematical
Induction gave rise to the students' metamathematical queries and
highlighted how mathematical experience empowers hindsight as
well reinforces 2 more fruitful use of intuition.
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Section (iv) The Problem of Clarifying What Knowledge Can Be
Assumed in the Context of an Application of the Completeness
Axiom

Context; Saa Bxtract 6.4

Strpctore: In the following the tutor oriticises Kelle's solution for CD2.3 and by
¢closed questioning she elicits from him a proof for CD2.31. The tutor
then proves part ii by exposition and comments upon Kelie's sofution:
his jdea was 'right’ but the proof was not formally correct, Also he
hee misunderstood what exactly he was allowed to assume. In his
final comment Kelle seems to have followed the tutar's exposition.

The Episode: A Factual Account, See Bxtract 6.4
An Interpretive Account: The Analysis

The Impact of the Tutor's Attitude Towards Kelle's Written or Cral Suggestions.

The tutor's approach hers has such a tremendous impact on the student’s approach o
the tutorial that the shift from his intended to the eventually demonstrated style is
visible. The tutor sets out with criticisms on his written proof for CD2.3 and elicits
from hirm, with closed questioning, the definition and properties of the inftmum of a
set. Kelle complies but soon returns to his proof which he seerns to wish to discuss.
The tutor ignores his suggestion and outlines hers. During her exposition he
interrupts her in order to highlight what he thinks went wrong with his proof, namely
that he didn't know he could assume Completeness. The tutor then continues her
exposition, this time with a tighter focus on his misunderstanding on assumed
knowledge. Again in the end of her exposition he takes the initiative to recapitulate
the syllogism for the proof in part ii (K5).

In the above, I think there is an underlying conflict of preferred dynamics. The
student implicitly expresses a need for a stronger dialectic tutoring style (that isa
tutorial in which the discussion of his own individual oral and written suggestions is
given priority). The tutor on the other hand only slightly adapts to the student's
implicitly expressed needs and her exposition indicates that she prefers a
straightforward presentation of correct answers instead of discussing problematic
CNEs.

Kelle's Misundersiood Approach. Kelle did not know that the Complereness of the
Real Numbers (and in particular the version he knew: every bounded above set has a
supremuin} can be assumed and consequently re-formulated for sets that are
bounded below. Hence he decided to re-write the statement-to-be-proved in a way
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that involves the supremum of a set which reminded him of Completeness. He then
set out to prove Completeness. So he did not exactly, as the tutor contends in the
beginning of the Episede, 'state what the question asked him to prove',

So Kelle, despite having 'the right idea’ of the proof,

+  first, ignores one of the mles of the foundational game in Analysis,
namely that he can assume the Completeness of the Real Numbers

+ secondly, tacitly assumes that the infimum of a set is contained in the set,
When asked about it, he doesn't give the impression that he tas been
preoccupied at all with whether a set, that has an infimum, contains it or
not. Unconsciously however be seems to have adopted the belief that a
set containg its inf. Similar evidence is available in the literature (see
Chapter 1, ITc.iii) in the context of limits of sequences.

As aresult Kells's proof has not taken off from its primary, intuitive grounds and has
remained incomplete.

Kelle in genera] (see Context) seems to be a very reluctant formalist: he prefers the
formulaic and concrete tasks of the Probability course and he is achieving a much
better performance there than the 'mind-blowingly' rigorous course on Continuity
and Differentiability. His handling of proof also suffers: as the tutor comments (see
Context): he has proved the triangle inequality for n=2 and assumed that by gimply
saying 'by Mathematical Induection it is true for n=%' his proof was complete,
Similarly to Extract 6.3, the proof that the lecturer nsed (via a geometric
representation of the triangle inequality for n=2) acted as a strongly convincing
argument for the novice who did noet feel the need to strengthen his belief. Asa -
result, Kelle added 'by Mathematical Induction it is true for n=k' as a formality only
because he knew he was expected to cover all natural numbers, In sum Kelle does
not behave as if he is convineced of the necessity for proof: once he is convinced, for
instance by an itlustrative picture, he seems to want to abstain from further action
related to proof,

Conclusion: In the above, an application of the Completeness Axiom revealed
conceptual difficulties related to the infimum and the supremum
of & set and illuminated a student's perplexity with the knowledge
one is allowed to assume (the novice wondered whether he should
prove the Completeness Axiom and whether he could turn the
Axiom around for infima). The student also appeared reluctant to
formalise. He also relied on concrete, intuitive arguments. From
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a didactical point of view the student alse seemed to incline
towards discussing his flawed strategies but the tutor in most
cases seemed to prefer an exemplary presentation of flawless
An8WELS,
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Section (¥) Preliminary Conceptions of Limit and Infinite
Largeness. The Two-Step Battle Between Intuition and
Formalisation: Conceptualising and Materialising the Necessity for
Formal Proof

Context: See Extract £,51 and ii

Steuctnre: In Kalle's Extract the tutor criticises the student's written approach to
CD2.4 and then they discuss the proof of parts 1 and ii. In Jack's and
Andrew's Bxtract the tutor is disappointed with their treatment of
CO2.4ii. The students subsequently attempt unsuccessfully to defend
Andrew's approach and the tutor presents two altsrnatives for the
proof. The laiter sparks off a metamathematica) discussion.

The Episede: A Fastual Account. See Bxract 8.5i (Kelle) and BExtract 6.511 (Jack
and Andrew}

Arn Interpretive Account: The Analysis

Kelle's Problematic Handling of the &-Definition of Limss.  (On Extract 6.51) Kelle
in the beginning of the Episode i3 rather uncomfortable with the tutor's rephrasing of
CD2.4i in terms of limits, sequences and convergence. Despite his implicit request
to stay within a familiar lexical territory, during the incident the tutor occasionally
returns to this terminology., However Kelle's major difficulty seems to be the
manipulation of the -definition of Lirmit.

K1 and X2 are hesitant and confused attemnpts to reproduce the proposition in
CD2.4i and Kelle sounds baffled with the quantifiers for » and & K1, K2 are
followed by the tutor's objection (T'1) and her pictortal exposition on what CD2.4i i
actually about, X3 is then received by the mtor as progress (T3) and she proceeds
with elaborating on the nature of £. K4 is evidence of how undecided Kelle is about
the nature of & € can be any number, & is a number we can choose, £ is a number we
must find, T4 then is an attempt to establish a connection between Kelle's intuitive
knowledge that & — 0 and € as & tool to formally express this knowledge. K5 and
K6 indicate that this connection has not been established. Kelle is convinced that &
— 0 and he does not hesitate to use this to-him-established fact (K6j in his vagne
attemnpt to answer the tutor’s formal question about proving it. ‘When the tutor
intervenes in order to interrupt the vicious circle of his thinking and completes the
proof, he listens and concludes in a dramatically expressive frustrated tons It's so
obvious that it goes to nought'. In part ii, prompted by the tuter about =1 implying
/1<, Kelle vaguely suggests 'inverting’ which the tuter interprets as applying
CD2.4i on CD2.4ii putting 8=1/7.
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As an observer I am. not convinced that Kelle has been persuaded of the necessity or
has learned how to present his intuitive ideas formally, namely via the e-definition of
limit. In Chapter 7 (Calculus), ample evidence is provided of the hardship such
learning entails. The purpose for presenting this Extract in this Chapter (on the
Foundations of Analysis) is to begin drawing a picture of how Analysis as a tool for
quantifying and manipulating relations appears as a very difficult langnage for the
learner from the very start. Moreover the difficulty of the language seems to be
worsened by the novices' reluctance to accept its necessity and ufility,

The Success of Interactive Dynamics and o Noble Failure. (On Extract 6.5ii)
Andrew's intention is to prove that § has no upper bound by assuming it has and then
reaching contradiction. Unfortunately this intention is not clearly stated by Andrew
and it takes several interventions by the futor to clarify if {up to and including
Andrew's writing on the b/b). Then Andrew's thinking collapses: 1) has been given
ag a real number >1. Andrew thinks that this allows him to take 77 as a natural
number n+1 and write 17 as (n+1)%. In the latter not only 1 loses ifs generality
{from an arbitrary real number it becomes a natural number) but it also acquires an
illegitimate double meaning:

« first, (remember; § was defined as the set of all powers of 7%} » uns
though N, And,

» second, # is defined by Andrew as a specific natural pumber used to
substitute n with n+1.

Andrew's confusion is recognised by the tutor and Jack who laughs, Andrew resigns
but, as his next question to the tutor indicates, in his mind the idea of contradiction
still lingers. The tutor also is still open about investigating the idea of approaching
the proof by contradiction and Jack also tries to defend it. Jack actually tries to pin
down the contradiction by constructing a number, 17, which he suggests then they
try and prove it's the largest number in §. So, in a sense, Jack tries to develop
Andrew's idea a step fusther, or in the tutor's earlier words 'to justify his belief by
showing some strategy’: Andrew has suggested assuming that $ has an upper bound
and Jack suggests a number which they can try and prove it's an upper bound. He
then hopes that on the way they shall reach contradiction. Jack's suggestion is
dubious in two ways:

+  first, even if 1 is proved not to be the largest number of S, it is not
implied that any other element of § is not its largest number, and,
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» second, as the tutor notes, if m is an upper bovnd of 8, it is not then
necessary that i is the largest aumber of S.

So in the first, Jack appears to be unaware of the necessity to prove that § has no

largest number in general — and not to choose one number, for instance 7, and

then prove it is not the largest number of S; and in the second he has unjustifiably
agsurned that, if m is an upper bound of §, then 7™ is the largest number in 5.

Andrew's subsequent suggestion that 17 is accessible but not attainable sounds like
a finitistic attempt to express the arbitrary largeness of n and is perhaps his first
digression from the idea of contradiction. He thus rephrases the sought-for result to
'trying to prove that 7 is the largest number in §'. Andrew’s 'you can actually...
there' is an expression of his intuitive idea of the arbitrary largeness of 7™ but this is
all too vague for the tutor to accept as plausible arguments.

In the above {apart from the students’ interesting conceptions of infinite largeness
and apart from Andrew's confused semantics in his attempt to construct a
contradiction for CD2.4i) what looms as intriguing is the dynamics of the didactic
interaction. Andrew's sttength of belief in his proof by contradiction gradually
diminishes but s not annihilated. Jack langhs with Andrew's flawed argument but
tries to take the idea of contradiction a step further. Despite the final failure, the
novices here exhibit a tendency to act on refuted arguments and modify them uniil
they become adequate. In contrast to other Episodes in this Chapter, where the
inadequacy of the novices' arguments has been pointed out to them, here, given a
forum to discuss these arguments, they reach this understanding in a mutually
critica} and argumentative procedure. Subsequently, when the tutor decides to
pursue no further the idea of contradiction and suggests two different proofs for
CD2.4i1, the students, possibly having the urgency of their dynamic action removed,
resimpe their traditional, passive position and only participate when asked closed
questions,

The students' interaction with the tutor becomes again more dynamic in the
presentation of the tutor's second proof for CD2.4ii with Jack's suggestion to
'expand’ (1+£)t. This suggestion comes to conflict with what the tutor had in mind
(to use the inequality (14 £ 1+n{ proved in the previous week} and he insists on
trying to elicit this from the students, With Andrew's distracting suggestion
("factorisation” the tutor, possibly in fear of losing completely the attention achieved
~ so far in the group, retreats and accepts Jack's suggestion, In the end he reminds
them of the inequality they could have used instead of the bincimial expansion. So
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in this case the dynarnic interaction between the tutor and the students has resulted
in a redirection of the proving procedure towards the smdents’ more basic choice
than the tutor's {that is, Jack's suggestion to use the Binomial Theorem — with
which he is alreedy quite familiar — as opposed to the more recently introduced
inequality suggested by the tutor).

A Comprehensive Dialogue on the Novices' Major Metamathematical Trouble. The
concluding part of Extract 6.51i is a dialogue that consclidates in the most illustrative
way the students' difficulty with distinguishing betweaen assumed knowledge and
knowledge to be proved, Because it captures what emerges as one of the themes
underlying my discourse on the problematic aspects of the novices' encounter with
mathematical abstraction at the beginning of their studies, it will not be further
discussed hers but it will be incorporated in a later, more theoretical discusston of
the issue.

Conclusion: In the above, a discussion of a novice's problematic handling of
the e-definition of limit revealed his reluctance and difficulty in
formalising what he thinks as an obviously true proposition,
Moreover, and in the context of discussing the students’
conceptions of infinite largeness, their ambivalence on what
knowledge can be assumed and how assuming knowledge is
compatible with the demands for axiomatic rigour made by the
lecturers and tutors in the beginning of the course were touched
upon. From a didactical point of view, dynamic interaction
amony the tutor and the students proved a fruitful way of refuting
the students' flawed approaches, On the other hand, exposition
seemed. rather inevitable for the presentation of correct proofs.

Apart from the common mathematical content, what links the two
Extracts is the contrast between the informal, intuitive and
confused approach of the student in Extract 6.5i and the more
willingly formal approaches of the students in Extract 6.5il. In
none of the Extracts do the students achieve fully a formal
presentation, but what differentiates the first student from the
other two is that the latter seem to have conceptualised the
necessity to be formal and struggle with the materialisation of this
conceptualisation, whereas the former is still engaged in the
vicious circle of assuming in his proofs what is to him intuitively
obvious and what he is actually being asked to prove. The
different states of mind of the students in these Extracts imply
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their different cognitive needs. This diversity implies the
necessity for a didactical flexibility with regard to the
acecommodation of cognitive needs.
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Section (vi) The Unsettling Character of the Logical Conjunctions in
the Definitions of SUT and SNT and the Complexity of the Notion of
Supremum: the Varying Persuasion of Mathematical Arguments
and the Importance of Semantic and Linguistic Clarity

Context: Ses Bxiract 6.51 and §i

Structure: In Extract 6.6i the tutor talks to Alan about what is wiong in his proof
and then presents parts of CD2.5, In Extract 6.6i, at Connie's request,
the tutor presents parts of CD2.5.

The Epistde: A Factual Account. See Bxiract .61 (Alan) and Extract 6,611 (Connie)
An Interpretive Account: The Analysis

Alan's Problematic Proof. In fig.6b I present a reconsiruction of Alan's proof and
note that T find the third line of his proof hard to understand (why does & SWT
imply that c<sup$?). Alan then chooses a particular x in SUT and, taking advantage
of the given options (that then x can be in ejther § or 77, he assumes that x is in .5,
Then he claims he reached contradiction by observing that, by the definition of supsS,
x must be less than sup$ and, by the definition of ¢, x must also be less than o
From the third line of his proof o is less than sup$, therefore Alan claims that he
found a number, ¢, which is less than supS and for xe§ x<c, which contradicts the
definition of sup$ as the lowest upper bound for §. I think that, contrary to the
tutor's contention that Alan is making a claim about a specific x and then
illegitimately twists his claim to a general x, Alan's claim is general about xe §. I
also think that the contradiction works if one assumes that  is not the mazimum of
supS and sup7, that is if one assumes that supSsupT and chooses ¢ to be sup?, that
is the smaller of the two. What is not clear is Alan's assumptions on which he tries
to build the contradiction; also the third line of his proof blurs the presentation of his
assumptions even more. In sum, I think that the futor, confused by Alan's
presentation, may have given a precipitate dismissal of Alan's idea, Itis also
possible that the fourth line of Alan’s proof evokes the impression to the reader or
the listener that the student switches illegitimately from a general element of SUT to
those elements of ST that are also elements of 5.

The possibility that Alan, the tutor and myself do not seem to agree on whether
Alan's approach is legitimate, highlights the intricate character of foundational
analysis and by implication of axiomatic mathematics. From a semantic point of
view, the lack of clarity in Alan's presentation (third line) as well as his inclination
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towards potentially misunderstood statements (fourth line) emphasise the imperative
naed that the novices acquire the skill to manipulate the very powerful linguistic and
notational means of expression that formal mathematics can offer. If Alan's idea for
the contradiction in CD2.51 is correct, then it has been sadly let down by his
presentation; if it is not, then the ambiguity in his presentation has prevented the
tutor — and possibly me — from pinpointing successfully its problematic aspects.

Connie's Problematic Conceptualisation and Manipulation of SUT. One of the
possible problems with Alan's proof above was the lack of clarity in selecting an
element in ST and maintaining the arbitrariness of this selection throughout the
proof. Connie in Extract 6.6ii sounds alse concerned (C1-C3) with selecting an
element in ST, She also sounds as if she is concerned with losing the arbitrasiness
of this selection if x belongs either to S or T. As 2 result she seams to suggest that x
must be chosen as an element of SWT which belongs to both S and 7. What Connie
is missing then is that exactly by choosing x as an element of botli § and T, she is
definitely losing the arbitrariness of her choice. '

In sum, in both occasions, the definition of SUT seems to engender an unease in the
students' expressions which relate to CD2.5i, The unease seems to originate in the
bi-lateral form of the definition (xe ST iff xe § or xe T and the students'
uncertainty about where x belongs (S, T, both § and 77) when chosen as xe ST,
This multiplicity of options in the definition is perhaps unsettling as especially
Connie's responses in C1-C3 illustrate. This unsettling emotion possibly resuits in
the students' unsure handling of the related logical conjunctions and interferes with
the formality of their proof,

The Non-Equivalent Psychological Power of Two Counterexamples. To prove that a
set has a supremum, one has to prove that the set is non-empty and that it is bounded
above. If any of these two conditions does not hold then the set has no supremurm.
In CID2.5ii to prove that sup{ST) is not necessarily equal to the min{supS, supI’},
one can either show that ST does not necessarily have a supreraum or that even if it
does, this does not have o be min{sup$, supT}. In the first case one can prove that
ST has no supremum by illustrating a case in which for instance ST i3 the empty
set: in the second case by pointing at two sets such as {1,2} and {1,3]. Both are
logieally equivalent and satisfactory counterexamples. They nevertheless seem to
differ in persuasiveness: in the tutor's words (end of Extract 6.6i) the latter is
'slightly more convineing'. Similarly, students in other tutorials, that I observed but
are not reported in this chapter, claimed that they did not siop locking for a
counterexample for CD2.5ii until they finally thought of a pair of sets, such as {1.2}
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and { 1,3}, even though they kept coming across more examples of the first cage,
namely pairs of sets with an empty intersection.

A possible interpretation for this reluctance towards counterexamples of the first
kind, that is pairs of sets of an empty intersection, is

« first, that the counterexamples of the second kind refute
sup(SM=min{sup§, supl’} as opposed to the more formalistic refutation
achieved by the counterexamples of the first kind. In other words, in
answering a question such as 'is it true that a=57', students and tutor here
have expressed a psychological preference for

showing a case where a#b (second kind)
instead of
showing a case where a does not exist (first kind).

+  Secondly, in the case of CD2.5ii the counterexamples of the first kind did
not question the upper-boundedness of the intersection but its non-
emptiness. When discussing however the existence of the supremum it
seems that, even though the two conditions, upper-boundedness and non-
enptiness, are logically equivalent, in the mathematician's ind the
former carries more weight than the latfer,

So, in the above, I have tried to illustrate the difference between the epistemological
and the psychological grounds of the tutor's and the students' preference.
Epistemologically the counterexamples of the first kind are equivalent to the
counterexamples of the second kind; psychologically however they do not seemm to
be equivalent. The significance of this distinction lies in the fact that the students,
even after finding countersxamples of the first Kind, continued to search fora
psychologically satisfactory answer, that is countersxamples of the second kind.
That is the priority of their own sense of conviction overshadowed the execntion of
the strictly mathematical task (to find a formally acceptable counterexample). In
other words, the personal and subjective took over the priority from the impersonal
and objective,

Conmie's 'that's it?": a Reduced Cancept Image of the Supremum of @ Set. In order to
prove that a number is the supremurn of a set one has to show that this number is an
upper bound of the set and also that it is its least upper bound. Ewvidence from
Extracts 6.4, 6.6 and 6.7 illustrates that the novices guite commeonly ignore the
second condition. In Extracts 6.6 some intrinsic characteristics of the concept of
supremum have been identified (semantic and conceptual} which, along with a
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general tendency of the novices to be careless about checking out all the prerequisite
conditions for an implication, seem to offer a possible interpretation for C4, Connie's
reduced conception of what is involved in proving that a number is the supremum of
a set,

Conclosion: In the above, discussions of a problern on supSMT and supSUT
gave rise to some idiosyneratic perceptions related to the
definition of ST and ST (the possibly unsettling effect of the
bi-lateral form of the definition of SUT) and the definition of
suprermum (ignoring the second condition of the definition}. At a
metamathematical ievel the varying degree of conviction that
different counterexamples seem to carry was related to the deeply
subjective character of mathematical cognition. Finally the
uncertainty generated by ona of the students' presentation
highlighted the necessity for the novices to acquire & clear and
minimally-ambiguous semantic and linguistic cormmand of their
writing or presenting style,
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Section (vif) The Overwhelming Linguistic and Concepiual
Complexity of the Notions of Sup and Inf.

Context; See Extract 6.7

Structure: In the foflowing, the tutor end Cornelia complete the proot for CID2.6i
that Cornelia could not finish. The discussion is characierised by very
closed gquestioning.

The Episude: A Pactual Account. See Extract 6.7

An Interpretive Account: The Analysis

The Tutor's Three No's to Cornelia. Cornelia has had difficulties and finally gave up
proving the second property for the infimum of kS, Puring the tutor's closed
questioning presentation of the proof, her three responses are successively met with
his disapproval, The tutor's three No's to Cornelia signify three misunderstandings,
on her part, that presumably have constituted part of the stumbling block that led to
her giving up on the proof in the first place.

+  First (C1), Cornelia ignores that & has been given as negative and, when
dividing b>ks by &, replies bik>s, instead of blk<s, This is a typical
algebraic mistake, that at university level is nsually attributed to
carelessness, which Comelia instantly corrects once her attention 1s
drawn by the tutor to the sign of k.

+ Secondly (C3), when asked what is s (that in the proof denotes sups) she
starts her response with 'the greatest'. She is inferrupted by an impatient
futor who reminds her that s s the least upper bound for §. As in Extract
6.4 most students appear in a linguistic unease (in parallel with their
difficuity with the new concept) with the terminology commonly used for
suprerum and infimum, that is least upper and greatest Jower bound.
Similarly to Kelle who at least three times in Extract 6.4 corrects hirnself
interchanging least with greatest and vice versa, Cornelia, if given the
chance, might as well have done so. Coming to terms with a new
concept and its complex terminology is a demanding task that novices
frequently find hard to carry out. Ialso note here that the alternation of
the terms "greatest’ and 'least’ in CD2.6 is even more cognitively
demanding because of the reversat due to the negative sign of k.
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«  The two incidents cited above psychologically build up to Cornelia’s
resignation, signified by C4 and to her snbsequent third and essential
flawed response to the tutor's closed questions. When asked about what
can be said about /&, a number shown o far to be smaller than the
supremum of the set, Cornelia deduces that it 'must be in the set’. In her
response there is evidence of a conception regarding the supremum of a
set according to which anything less than the supremum is necessarily
contained in the set. This is true for intervals like (a,b) where b is the
supremum and anything close to b but less than b belongs to the interval.
The tutor notes that the set in their proof can be a 'dotty’ one, breaking up
thus her continuos and dense concept image,

Also her response is an illustration of a major difficulty of mathematical reasoning
encountered by novices: confronted with an inequality such as bfl<s, the available
next-steps (observations that will lead to the next step of the proof) are numerous.
Whether the decision made by the student is a fruitful one relies on how well she has
realised the existence of the various options and on how she will associate the data
with the goal of the proof. In this case, Cornelia did not seem to have adequate
control of her options even though her response seems 10 indicate that she follows
the tutor's train of thonght. In this sense, the tutor's suggestion 'following your nose
through the definitions' is a recommendation the meaning of which is not as obvious
to the novice as to the expert mathematician, The tutor's metaphor however is
insightful in another sense: it captures the detective skills required in most
mathematical activities, namely that given the clues one is able to make a choice that
will turn out to be effective. Cornelia's response in Extract 6.7 exemplifies the
cognitive behaviour of a nevice who has not masterad these skills yet.

A Note on an Ostensibly Happy-Ending Story. Cornelia, after a succession of flawed
responses that have been dismissed and modified by the tutor, completes his last
sentence correctly, leaving thus a last impression of successiul fulfiiment of the

" tutor's task (which is to help Comelia understand the proof for CD261), ltisa
methodological constraint of this study that no further evidence is provided with
regard to whether Cornelia’s last uiterance, ak<d, is merely a correct calculation, an
automatic algebraic reaction to the tutor's a=b/k; or whether it Is a meaningful
contribution to his proof and one which shows that her flawed initial
conceptualisation of the proof has been reformed, As an observer, my impression is
that, through the end of the Episode, Cornelia remains overwhelmed by the
complexity of the definitions of supremmum and infimurm and uncertain of her own
understanding.



Poundational Analysis 159

Conclusion:

T the above, evidence was given of difficulties embedded in the
notion of suprenmm and infimum of a set, and in particular of the
notion of infirtum as the greatest Iower bound of a set. From
algebraic mistakes in the handling of inequalities to the confused
use of the new terminology, additionally perplexed by the
alternation of the terms 'greatest’, ‘least’, 'upper' and ‘lower’, these
concepts emerge as essentially problematic. A particular
conception revealed in the Episode was the student's belief that a
number smaller than the supremum of a set, must necessarily be
in the set. At the metamathematical level, the novice seemed to
be in hardship with confronting the multiplicity of options in the
course of a proof and with co-ordinating & variety of information
in order to pick an effective option.
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Section (viii) The Difficulty of Realising and Justifying the Steps in a
Proof and an Application of the Archimedean Property

Context: See Extract 6.8

Strosfure: In the following, Jack's proof is modified by the tutor. The tutor then
pragents a proof for CD3.3ii,

The Episode; A Pactusl Account, Ses Bxtract 6.8

AR Interpretive Account: The Aralysis

CD3.3 is a problem sheet question mostly relevant to Accumulation Points but 1ts
first two parts are still embedded in the context of Foundational Analysis.
Therefore, in a sense, CD3.3 illuminates the rites of passage from 2 study of the
foundations of Analysis to a more topological territory, such as the introduction of
the concept of Accumulation Point. For this reason it provides a demonstration of
how the leaming behaviours of the novices are standardly carried on from
fundamental Analysis to Topology. A significant part of this behaviour is the
students' lack of clarity and precision when presenting otherwise deftly grasped
ideas: Jack's presentation of his proof for CD3.3i offers some evidence for that.

The Inability to Justify a Correct but Complex Step in a Proof. Jack appears hesitant
in justifying x-1<n<x, which is however approved by the tutor. He eventually
achieves a justification of the inequality with the tutor's two prompts. I note here
that the second prompt is more leading than the first: it leads Jack to think of » as
one natural number among those greater than x-1. As a result of seeing » as one of
the numbers »x-1, Jack is perhaps forced to see what has made him choose » and to
realise that actually n is the least of these numbers, With Andrew's question about
why they need to consider n as the least of these numbers, Jack is further reinforced
to articulate the reasons for his choice ('vou can't take any natural number bigger
than that. You have to take the next one along’). So while in writing he did not feel
the pressure for justification, in the dialectic process with Andrew and the tutor {(as
in Extract 6.1) he is forced to abandon his tendency for tacit-ness.

As discussed in earlier analysis, these tutorials sesm to be considered by the tutor as
an enculturation process for the novices into mathematical literacy and articulate

" expression. So his objections to Jack's proof and his demands for clarification are
possibly more of a pedagogical character than strictly mathematical. In the same
vein Jack's redundant introduction of &, denoting the already given in the question by
fracx, is also criticised by the tutor.
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The futor alse seems to think of himself as 2 mediator between the complex
presentation of the mathematical confent in the problem sheets and the novices.
Again as previously observed in this chapter, one of the sources of the novices'
difficulties with Poundational Analysis seems to be the problematic role of
quantifiers. As aresult, and in view of the heavily phrased proposition in CD3.3ii,
the tutor suggests a rephrasing. I note however that despite the students' difficulty
with the heavily quantified expression, Jack sees through the stafement that ‘the
whole thing is about number bases for natural numbers' and has applied
Mathematical Induction correctly to prove it. So, in & sense, what the tutor assumed
would be a difficult question has been adequately handled by at [east one student,
Jack., This raises the didactical issue of the accuracy of the tutors' prophecies. Inote
however that his general observation that quantifiers are mathematical tools of
particular difficulty for the novices resonates with the findings of this study,

Incidentally I also note Jack's remark on the tutor's suggestion for a 'quicker way'
than Jack's Mathematical Induction in CD3.34. Jack asks: 'Do you go straight to the
general case?. What Jack seerns to be thinking is that the Base Clause of
Mathematical Induction and the Inductive Hypothesis are perfunctory and that there
may be ways that the crucial 'general case' of Mathematical Induction would stand
om its own even in the absence of the previous two steps. This and other conceptions
of Mathematical Induction in the context of Foundational Analysis will be discussad
globally in Part 111

Conclagion: In the above, and in the context of a problern sheet question
related to an application of the Archimedean Property, the
discussion gives rise to a student’s difficulty to articulate
adequately a justification of some steps in his proof. Gradually
he is led to the realisation of the choices he had made in a
dialectic process with his tutor and fellow student. Moreover
some evidence was provided of a student's conception of
Mathematical Induction aceording to which the first two steps of
the inductive proof may be seen as perfunctory.
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PART III A Synthesis of the Findings in the Area of Foundational
Analysis. Indications for the Cross-Topical Synthesis in Chapter 10

In this chapter the students' first experiences of mathematical formalism were
explored in a series of Episodes from the first weeks of observation. As noted in the
Interlude, the concept that emerged as paradigmatically problematic in these first
weeks was the notion of supremum/infimum [1,4,6,71% Below I list a number of the
novices' problematic perceptions mentioned in the Episodes:

*  aset contains its inf,

+ ignoring the second condition of the definition of suprenium
(Approximation Lemma),

» perplexity with the alternation of the terms 'greatest’, 'least’, 'upper' and
lower' in the definitions of sup and inf,

» anumber smaller than the supremum of a set, must necessarily be in the
zetf.

Given the epistemological relevance of sup and inf to the notion of limit, these
difficulties can be also seen as a prelude to their difficulties with Hmits and
continuity explored in Chapter 7, whether this limit is a finite number or infinity [5].
Also, since the notions of sup and inf refer to sets, mevitably the students’ set-
theoretical perceptions were implicit in their finding suprema and infima as well as
of  and r as operators between sets [6]1. In the same context, and becavse a large
part of the process of finding suprerma and infima involves the manipulation of
algebraic inequalities (and in general the arithmoetical handling of algebraic
quantities), the students’ concept image of sup and inf, as well as their action related
to these concepts, was also influenced by their algebraic skills as bequeathed by
school mathematics, Finally in terms of the students' handling of the new
mathematical formalism and logic, quantified logical propositions proved major
obstacles; also their handling of the newly formalised proving technique of
Mathematical Induction also revealed some of their attitudes towards mathematical
proof,

In particular the notions of sup and inf were discussed in problems related to finding
the sup and inf of various given sets [4, 6, 7], or to the Archimedean Property (1, 8] the
proof of which involves the Complefeness Axiom which in turn contains the notion
of supremum. Formulating and proving the Archimedean Property revealed the

0 The pumbers in the brackets refer to the Episodes in this Chapter.
! whare the pozsibly unscttling effect of the bi-lateral form of the definitions of ST and SUT were discussad.
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students’ difficulty in the enconnter with mathematical formalism both in terms of
the reasoning used as well as the new forms of expression [also in 6];

»  the former {reasoning) was revealed in their weakness to co-ordinate &
negated quantified logical proposition with the definition of sup in order
to provide a proof by contradiction of the Archimedean Property [, 5itl;
or in their difficulty [7] when confronted with the muitiplicity of options
in the course of a proof and with the need to co-ordinate a variety of
information in order to pick an effective option; also (3] in their difficulty
to articulate adequately a justification of some steps in a proof.

» the latter {(semantics) was revealed in attempts to mimie the b/b writing
technigue of the lectures by avoiding crdinary language and introducing
quantifiers and set-theoretical language [t].

The novices are not at ease with the assumptions they are allowed to make when
engaged in proving fundamental staternents [2]: that is to distinguish, formnlate and
prove & universally quantified statement, even though they demonstrate an adequate
initial, intuitive grasp of the proof. Specifically, the students do not appear ready to
choose arbitrary numbers, establishing thus the universality of their proof, and
maintain this arbitrariness through the proof with consistency. So, in a sense,
questions, such as CD2.1 in [2] in which it is not clarified to the students, for
instance, what stafements regarding the real numbers can be assumed, emerge as
problematic. As geen [2] in the students’ over- and under- reaction to the
requirements for rigour, students seem to be vulnerable to issues related to assumed
knowledge: in other words they have been sensitised to the increased requirements
of rigour in the new course but then abandoned to clanfy these requirements on their
OWIL.

This sensitisation reflects to a large extent that the novices are in need of, and
engaged in, a cognitive shift from unrigerous to rigorous forms of mathematical
thinking, Some evidence:

» their highly metamathematical discussions of
- the meaning of £ in the triangle inequality (as 2 sign that is used
in the triangle inequality not to denote inequality, but to denote a
variety of options for equality) [2] and
- the Base Clause of Mathematical Tnduetion [3] (the debate of
whether the Base Clause should be stated for n=1 or n=2}
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+ their ambivalence on what knowledge can be assumed and how assuming
knowledge 18 compatible with the demands for axicmatic rigour made by
the lecturers and tutors in the beginning of the courss [5).

The juxtaposition of the above with the epistemologically foundad resporses of the
tutor, highlight a strong characteristic of mathernatical expertise that for the time the
students are missing: how mathematical experience empowers hindsight, reinforces
& more fruitful vse of intuition and secures the embeddadness of mathematical
knowledge. Incidentally I mention here the slightly more alarming evidence(s] of a
perception of the Base Clause of Mathematical Induction and the n=k step as
perfunctory (only the k+1 step of the proof was deemed important by the student).

Interestingly this juxtaposition between expert and novice approaches is not as clear-
cut as possibly expected [s]: different — but mathematically equivalent —
counterexamples seemed to carry different degrees of conviction both for novices
and the expert. This was discussed in terms of the deeply subjective and vulnerable
character of mathematical cognition.

Sensitisation to the requirements for rigour does not always imply that the novices
are willing to attempt formalisation [1, 5i]. On the contrary [4, 51, In most cases
difficulty in formalising leads to reluctance, avoidance and preference for conerete,
intuitive arguments. Some evidence [4]: a student abstaining from. using the
Completeness Axiom from a proof becavse he knew the Axiom in terms of suprema
and he did not realise that a4 symmetrical statement holds in terms of infima; or [si}
formalisation is not thought of as necessary when a proposition is perceived as
obviously true. So, while some stdents [5] have conceptualised the necessity to be
formal and struggle with the materialisation of this concepmalisation, others are still
engaged in the vicious circle of assuming in their proofs what is to them intuitively
obvious or what they are actually being asked to prove.



Chapter 7
The Novices' Encounter With Mathematical Abstraction: Cag&s from
Calculus
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PART I A Guide to the Paradigmatical Cases (Episodes} Presented
in this Chapter

The following table contains contextual information with regard to the 8 Episodes
presented in this Chapter.

Episode Number Time of Incident Participants Mathematical
Term - Week Content
1 Michaelmas 5 Cathy and Gaqrge €1, Limit and
sontinuity
2 Michaslmas & Ealle CD5.1, limit and
contingity
3 Michaslmas & Jack and Andrew C7.1&2, limit,

continuity, derivative.
Double lisnits. The

algebra of limitg,
4 Hilary 2 Camnille and Prances | The Fourler Serles of
functicn
5 Hilary 4 - Camille and Eleanot BG, differentiation
G Hilary 6 Abidul and Frances E7, Intenmediate
Value Thearem
7 Hilary 7 Cary and Beth R10, Taylor expansion
of a function
g Hilary 8 Cathy and Cliff 837.1, convergence of

getles
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PART II: Data and Analysis

In the following I present the factual and interpretive accounts and conclusions for
the § Rpisodes of the table in the previous page. In Part I then I synthesise the
findings of Part II related to Calculus and briefly discuss the wider cognitive issues
that are presented in the overall synthesis of the data analysis in Chapter 10.
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Section (i) Constructing a Meaning of the Concept of Limit:
Concept Definition and the Formalism of Mathematical Notation,
Concept Image and Visnalisation

Conkext:

Structnre:

The Episode:

Sea Extract 7.1

Int

his Epizode

the students attampt a reconstruction of the format definition of
Hmie,
the tutor and the students explore the students' intuitive
conceptions of limit,
the tutor reconetructs the formal definition of himit,
the tutor and the students discuss the meaning of the formal
definition of limit,
the tutor and the students discuss the mechanism of the definition
through examples

fxi=x

CD4.1

Ch4.li

CDd 1y
and, finally, they discuss the procass of guessing limnits, the A-
fevel approach to graphing functions and the algebra of limits.

A Factial Account, See Extract 7.1

An Interpretive Account: The Analysis

The Students' Inadeguate 'Tntuitive Concepts' of Limit, 1note that the discussion
between the tutor and the students on their conceptions of limit takes place soon
after the students have been introduced to the concept and have worked on problem.
sheet CD4. Therefore this Episode captures in freshness the genesis of their

conceptions.

Cathy's hesitation in the beginning signifies quite eloquently the paralysing effect
that the request for formalism has on novices at this stage. (George's reaction is to
fully reproduce in (1) and (2) the definition given in the lectures giving however the
impression that he does so in a mechanistic, uneritical way: he completely ignores
the conditions under which |fix)-fl<e holds in (1}. Then, asa result of the futor's
objection, ke restores the conditions impeccably in (2). That the formalistic integrity
of G1 and G2 do not reflect the depth of his understanding, is {llustrated in G1
which, an one hand, contains the main implication of the definition (x4 =Rx)—>1)
and, on the other hand, shows & very problematic perception of the nature of . Asit
will be repeatedly illustrated in this Chapter translating the — of the above
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implication into the quantification of §and £ is probably the mest cognitively
problematic aspect of the definition of limit observed in these students.

Moreover C1-C3 are indications of Cathy's semantic misinterpretation of the
notation used by the lecturer. In order to denote the dependence of dor a and &, the
lecturer used 8(a,e) which Cathy mistook, first, for & being a function of a and £
(C1) and, then, for an interval (a,€) of which 0 is an element. In sum, so far Cathy
appears to be completely at sea with the concept. The subsequent shift of Cathy's
perception of the form and content of the definition of limit seems remarkable and 18
presented in the following along with further elaboration on the concept, The
conversation starts immediately after the tutor has explained the definition of limit
(first verbally, in colloguial terms such as 'approaches’ and ‘close’, then formally in
(3), introducing Sand &, and graphically). While listening to him, Cathy scunds
preoccupied with the definition of &(C4).

In C4 Cathy appears as if she is trying to understand the definition of Himit from its
negation without realising that her words constitute parts of the negation. C5isa
verbalisation of the definition that seems to reflect a growing image of the limiting
process as a machine (input: & output: §). George also accentuates this with 'find a
& in G2 as opposed to 'there would be a § in C5. C6 is more illuminating about
Cathy's intentions: she seems 1o be struggling with the implicafion

if the limit exists then Y0 38>0...

and wants to find ot if it is likely at all for the Iimit to exist and at the same tire to
be unable to find a 8. The tuter (T5) still thinks she is trying to construct the
negation but she seems surptised at this interpretation (C7). Her surprise in C7
might also be attributed to the common belief that definitions are undeniable (by
'denying' the tutor possibly refers to negating the categorical proposition contained
in the definitfon). Then in C8 it seems that, for the time, Cathy has resolved her
perplexity at the definition of limit. Her ‘close enough' verbalisation in C8 is an
articulate one and is enthusiastically received by the tutor. However Cathy's
enlightenment proves very short-lived,

Led by the tutor through applying the definition of limit on f{x)=x, Cathy appears
capable of finding a & on her own (I note that whereas £is given by the tator as
equal to 10472 she replies 'take &=¢ which shows that she has generalised the
process of finding & and doesn't need the specificity of 10-472). Moreover both
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students appear to be beginning to comprehend the mechanism of the definition as
seen in their observations on 8 and its dependence on & and the function,

Carhy's "Prejudice’ for Continuous Functions. C9 is an illustration of a very
common 'prejudics’ for continuous functions (see Chapter 1, ITe.ii). Cathy
dismisses the notion of taking a limit as redundant because, at this stage, in her
concept image of function, all functions are continuous; thersfore, when x—a, the
values of ftend to fla). The tutor's example and CD4.1i illustrate two types of
discontinuity that render the process of limiting necessary (lim,_,, f(x) exists but is

2fta); lim,, . Sl lim,,, fix) respectively).

Subsequently the students remain silent even though at first Cathy simplifies the
definition of CD4.1i and the tutor gives thert a graph of the function in CD4.11. 1
note here, even though the only evidence is the students' silence, that this shift from
participation to passivity might be attributed to their unfamiliarity with pisce-wise
functions and to the tutor's use of the theorern that lim,_, flx} exists if and only if
B, of00)= lim,_,, Ax)). Despite his tacit use of the theorem, the tutor then
changes again to using the definition for a 'proper proof’ to prove that the limit does
not exist one has to show that, vLe K, Lalim,_, fix), L.e, '

if Le 9 : 320 such that: ¥ &0, O<lx-aled = f{x)-Li>e

Cathy's 'in terms of epsilon’ shows puzzlement and her 'does L have tobe -1 and 17
sounds reminiscent of her persistent image of all functions being continuous. She
also sounds as if she has missed the argument that the definition must be negated

‘Y Le 97 and thus she is struggling with taking specific values of L. George {G3) in
general sounds more at ease with the argument: he can see that for L>1, L then
obviously cannot be the limit because there are no values of the function at all
around it and he also contributes with a better offer for &.

As the tutor comments immediately after G3, the cognitive puzziement recorded
above is not unanticipated given that the novices are hardly familiar with either the
complicated nature of muiti-guantified propositions or with the mechanisms of
negating such propositions.

C10 and C11 are peculiar statements in which the student appears to have
despatched her own statement 'as x gets close enough to 0, fix) gets close enough to
' from the definition of limit. With the tutor's reassurance she restores the
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connection but, even though she declares her intention to find a &, it is George who
suggests o=&.

In CD4. [v the tutor is unpleasantly surprised by the students' inability to picture
xsini/x even though George's observation that -1Ssinx<1 is a good start, Only when
given the full picture, Cathy strikes a good guess for the limit of xsinl1/x and a fair, if
not successful, attempt at choosing & (even though her & is not the optimal choice,
ihe mechanisms of her choice appear to have improved remarkably: she seems to be
solving xsinl/x in terms of x and then suggesting &=x).

The inedequate mastering of some mathematical skills at school appears again in the
tator's comments upon CD4.6. What seems to underlie the students’ resignation is

» for George, a weakness to proceed beyond intuitive 'right ideas' and
» for Cathy, 2 weakness in re-activating school mathematical knowledge,
e.g. construction of graphs.

Cathy's comment on the algebra of limits as ‘imprecise might be evidence that the
condemnation of schoo! mathematics as unrigorous (which imbues introductory
university courses: in these tutorials the students have been repeatedly asked to 'wipe
out' their previous knowledge because they have to re-establish ajl their mathematics
axiomatically) has been uncritically interpreted. What the lecturers and the tutors
possibly mean by 'imprecise’ is the use of the theorems from the algebra of limits
without having proved them or without stating their use clearly. The algebra of
limits per se is not 'imprecise’, Cathy's words and resignation inderline the conflict
between school and university mathematical knowledge. As long as the conflict
remains unresolved, the novices sometimes withdraw altogether from wsing their
school mathematical knowledge. At the same time this knowledge is taken for
granted by tutors or examiners when it is actually inext,

In the same vein the fact that, according to the tutor, the students have not been
using inequalities flexibly in their exploration of limits, is an illustration of the
inertia to which school mathematical knowledge seems sometimes to have been
condemned by the novices. Inote here that a great deal of Analysis relies on simple
rules such as replacing some quantities with more manageable smaller or greater
ones. Some of these inequalities are taught at school. It seems that an imperative
need for mathematics teaching at university level is to devise ways with which the
conflict outlined above will be more effectively resolved.
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A Note on the Tutor's Semantic Interventions in the Students’ Writing. The tutor's
two interventions in the students® writing ((1), (2), (3), (4) in Extract 7.1} highlight
the nead to foster in the novices a flair for a creative use of notational as well as
lexical language: he replaces the ambiguous &a, £ with O<lx-al<d in George's
definition of limit and he adds the words 'suppose’ and 'then’ in Cathy's proof for
CD4.1ii. Especially in the latter case his interventions accentuate the implication
contained in the definition of limit and can be seen as part of the tutor's
enconragement of his students to use language in order to punctuate and clarify
mathematical statements.

Conclusion: In the above, the newly introduced formal definition of the
concept of linit has sparked off a multi-layered discussion which
revealed the students' difficulties with the d—¢ mathematical
formalism and with assigning meaning to the formal definitio;
their prejudice for continnous functions and by implication their
view of limit as a redundant concept. Moreover their difficulty
with finding limits either via the definition or via the algebra of
liraits was largely attributed to their growing mistrust towards
schoo! mathematical knowledge. Using inequalities in order to
manipulate quantities, graphing functions, guessing limits and
using the algebra of limits are mathematical practices that the
students questioned as to their rigour and, hence, as to theix
acceptability. From a didactical point of view, the need arose to
re-cstablish the legitimacy of school mathematical practices as a
way to gain mathematical insight and to introduce formal
mathematical language as a way to refine and establish rigoronsly
these insights.
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Section (i) The Novel Notion of Continuity: Proof By Definition Or
With the Algebra of Limits. A Battle of Ambivalent Preferences
and the Cognitive Effect of 2 Hidden Agenda

Context: Sea Bxtract 7.2

Structure: In the following, the tutor leads Kelle through a proof for CD5.1i by,
first, erephing intx and, then, by definition. Subsequently, for the rest
of the guestion, she changes her strategy by suggesting using the
aleebra of Jimits. Kelle's unease with this change — as well 28
several difficulties with the novel notion of continnity — then coms 1o
the surface.

The Episode: A Pactual Account. Ses Extract 7.2
An Interpretive Account: The Analysis

Throughout the Bpisode the tutor seems fo recommend quite uniformly a strategy for
tackling problems with limifs:

make & drawing
find out about the limit
prove the limit formally.

Tn these tutorials this recommendation is very common. The students usually
recaive it with besitation: in a variety of ofher cases they are asked not to rely on
pictures because pictures are inaccurate. Also guessing a limit is a rather vague,
non-specific suggestion. As a result this type of recommendation seems to be
adding a mystifying veil to the already obscure notion of limit. In this Episode
however the use of pictures is not as problematic as the tutor's ambiguous and
unjustified alternation between different approaches to the third step of the above
procedure: proving the limit. Inote that ambiguous and unjustified here are not used
as oriticisms of the tutor's mathematical handling of CIDS5.1: her alternation between
different approaches springs from her long mathematical experience according to
which it is sornetimes convenient to determine the limit by using the definition, or
side limits, or the algebra of limits. But she does not justify this alternation of
approaches to Kelle from whose perspective this ambiguity maybe interpreted as the
tutor contradicting herself.

Kelle in the beginning of the Episode complies with the recommendation to look at
the drawing and notices the discontinuity at the integers. The tutor accepts the
observation and transforms it into a specific gquestion:
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look for Iim,_,,flx) when xg is ot is not an integer,

For the latter case, Kelle switches to §—& mode and tries in vain (K1) to reproduce
the formal definition of limit. With the tutor's prompting he realises that he first has
to define {x), thet fixg) and then look for the limit. Looking at fig.2a makes him
lose generality and reply on the basis of looking at the interval (0,1} instead of (7,
a-+1) twice, K2 then reflects Kelle's preoccupation with whether

Proving that fis discontinuous at the integers
18 equivalent to
Proving that f is continuous except at the integers,

which is not elaborated upon by the tutor whe proceeds with proving the other case
for the limit. Consistent with her declaration of strategy she insists on using the
definition {as opposed to Kelle's suggestion for side-limits, probably evoked by
fig.2a). Her reason is a preference for avoiding 'quoting big theorems' and again she
recommends looking at the drawing.

Kelle complies and contributes to the construction of the drawing for CD5.1id.
Maintaining her control, the tutor outlines the available strategies: formal definition
or the algebra of limits. Kelle, influenced by his tutor's expressed preference so far,
suggests using the definition but then she announces they will use contradiction and
the algebra of limits. Kelle complies again and tries to construet an argument by
contradiction but, as indicated earlier by K1, he is in trouble with articulating formal
propositions and he fails (he vaguely starts by not negating the proposition). The
futor corrects his faltering logic and states the argument for the contradiction. He
adopts the argument and, still influenced by his tutor's expressed preference for the
formal definition of limit, suggests its use, The tator reminds him of her newly
expressed preference for the algebra of limits and takes over.

K3-K5 is evidence that Kelle, not confidently and far from independently or
effictently, begins to be able to reproduce the tutor's strategy as exhibited in CD3,1i-
iv.

The Essential Role of 'Pictures’. The tutor repeatedly invites Kelle to use 'mictures’
and 'intuition' in order to understand the limiting process. Like other tutors she
encourages the novices to engage in a 'guessing’ intuitive activity before proceeding
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with formal reasoning. It is very likely that Kelle's inabilify fo start CD3.1 lies in his
not using this recomenendation which is the only technical {but ambiguous) advice
he has received with regard to the exploration of limits. Itis remarkable that, once
given the ‘picture’ of intx, Kelle immediately observes its points of continuity and
discontinuity. I note here that his two mistakes (that FAx)=0 and that x lies between 0
and 1) can be attributed to the fact that he was looking at the specific interval (0,1}
and not at the general (i, n+1) suggested by the tutor, This underlines I think the
novice's internal fixedness to specificity and it addresses the tension between the
tutor's pressure for statements of generality and the student's literal interpretation of
the information contained in the graph. It also raises the issue of the role that
powerful but constraining representations exert on thinking.

The Problematic Handling of Formalism: Definitions and Logic. In this Chapter the
students often try to reproduce the formal definitions of limits and continuity they
have been given in the lectures. K1 is a very typical example of a novice's attempt
to verbalise a formal statement which is disconnected from his concept image and 15
in striking contrast with Kelle's immediate grasp of the limits involved in CD3. 1
while observing the graph of intr. Soin Kl

«  he initially omits the universality of the definition of limit Ve,
»  he confuses the necessity of finding a & with finding an &,

but

»  he reproduces f{x)-i< recalling then that the inequality must hold Ve.

By recalling the Ve at the final stage, he misses the link between 8 and £, namely
that introducing & and £1is a way of quantifying the limiting process: as x approaches
xg, flx) approaches f{zp).

Sirnilar difficulty with a formal expression is exhibited later when Kelle iries to
formulate the argument for the contradiction in CD3.1ii. However the student
demonstrates a remarkable caution for detail when he wonders whether proving that
Ffis discontinuous at the integers is equivalent to proving that f is continuous except
at the integers: this is a quite fine linguistic distinction to be made by a novice who
has just seemed to be incapable of providing an adequate formal definition of
continuity. Assuming that making this linguistic distinction reflects a clarity of his
global vision of the proof's structure then this clarity is in contrast with his

struggling and rather failing attempts to use the & — definition of limit, and,
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his inability to negate a formal proposition in order to constrct a proof by
contradiction.,

This contrast, as evidence in this Chapter repeatedly suggests, is characteristic of
Kelle's novice behaviour. '

First Principles Versus Theovem Quoting: a Battle of Ambivalent Preferences. In
the Episods the tutor is seen as altering her preferred strategy for finding the limits
in CD3.1. What the tutor may tacitly aspires to convey is the need for flexibility to
adapt to a mathematical question's specific needs and to master the use of multiple
approaches. What I think Kelle has received though is very ambignous instructions
in which the rules of how to choose an approach (First Principles/Definitions or
Theorem Quoting) remain vnarticulated. Therefore it is likely that the process of
alternating among the various approaches remains mystified for Kelle, There is no
actual contradiction in preferring FP to TQ in cne case and TQ to FP in another; it is
an entitlement and a virtue of the mathematician to master the skill of optirnal
preference, But it is a didactical action that induces a rather uncreative uncertainty
and confusion. Kelle in other words is cognitively a victim of his tator's hidden
agenda.

Changing the strategy to using the algebra of limits and switching to the use of proof
by coniradiction seems to be a more powerful shift than Kelle can handle and the
discussion degenerates into exposition by the tutor for both CD5.1it and iv.
Tnteraction ig re-established for CDS. 1iit but despite Kelle's participation in K3-K5
due to the tutor's exercise of firm control and inclination to exposition it is very
difficult to evaluate the learning outcome and confirm that Kelle would have been
able to carry further his observation that intsinx is discontinious at the points where
sint = n and transform it into a proof,

Coneclusion: - In the above, the novice's thinking with regard to the newly
introduced concept of continuity and the formal definition of limit
seemed to be influenced by the following three elements:

+ the role of visualisation: the use of pictures in guessing limits;
pictures as specific representations potentially opposing
generality,

+ the role of formal notation and kogic as a vehicle for
mathematical arguments: the difficulty of evoking the formal
definition of limit; the difficulty of constructing a logical
statement of an argurnent for a proof by contradiction;



Calealus 177

preoccupation with the use of the term not-continuous as
equivalent to discontinuous.,

+ the juxtaposition of proof by theorem quoting and proof by
first principles: the effect of a not ovestly justified alternation
using the definition of limit and using the algebra of limits.

Didactically, the dialectics of very closed questioning and of
constant reclaiming of confrol on the part of the tutor have proved
unhelpful in supporting the student's conceptual development
with regard to the concept of limit. Also, methodologically, the
tutor's style has been interfering with the researcher's attempt to
understand the cognitive state of the student's thinking.
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Section (iii) LimZ, Tlim and the Right to Exchange Limits. The
Superiarity of Proof Via First Principles and the Convention of
Foundational Rigour

Context: Bes Bxtract 7.3

Structure: In the following, the tutor refutes the students’ choice of strategy in
CD7.1 on historicoepistemological grounds and addresses the
question of principles involved in assutning statements that have not
previously been proved in the course, The students have correctly
used a theorem which, however, will not be proved antil next term.
They discuss the limited validity of the theorem and whether they are
entitled to use it

The Epizode: - A Factual Account, See Bxtract 7.3

An Interpretive Account: The Analysis

The Student's Foundational Preoccupations and the Tutov's Preference for Proofs by
First Principles. Ttis intriguing that despite the imperfect inductive proois both
students presented in CD7.1, they seem to have been theorstically alerted to the
dangers of 'assuming any of the foundations', 'going sort of hackwards' (Andrew)
and about 'the idea of assurning limits' (Jack is not happy about that), The tutor
elaborates upon these precccupations by demonstrating a proof for CD7.] which is
clearly based on first principles. In fact the proof via the binomial theorem is an
almost arithmetical one and it employs mostly school mathematical knowledge.
Thus at a metacognitive level the tutor's preference of the proof-by-binomial-
theorem over the proof-by-induction signifies a tentative, much needed bridging of
the gap between elementary and advanced mathematical thinking. However I note
here that, in the titor's words, his preference for the proof via the binomial theorern
is grounded on historicoepistemological, and rather than didactical reasons.

The tutor's preference for proof by first principles in CD7.1 may look, as if it is
largely a matter of aesthetics. It is the discussion of CD7.2 which makes it more
obvious that he is seriously concerned with the implications of the students' practice
of assuming unproved knowledge. There is evidence in this Episode that within the
course lie conflicts with regard to the knowledge to be assumed and with regard to
the varying demands for rigour. The students 'instinctively' use a theorem on the
exchange of double limits which holds only under some conditions, without either
stating clearly the theorem, or proving it. Formally speaking this approach is
unacceptable in a foundational Continuity-Differentiability course in which Analysis
is built upon a few, selscted first principles. At the same fime, in the course on
Analytical-Numerical Methods and Differential Equations, the technique of



Calcalus 179

unjustifiedly exchanging limits in order to simplify calculations is very common and
one that the students are encouraged to employ. The borderline of the above
distinction is for the novices rather blurred and ambiguity often results in treating
questions, such as CD7.2, varigorously. The tutor's statement 'It's the job of this
course [Cont-Diff] to question' the conditions of the theorem and his promise that
the theorem will be ‘reinstated next term with all the full rigour that mathermatics is
capable of is a tentative clarification thai tries to resolve the ambiguity. The tutor
here tries to draw clear boundaries between the different domains of mathematical
activity in the course and specify the rules of the game of rigour within each one of
these domains. In other words he tries to articulate, more explicitly than most of the
other tutors participating in this study, the terms of the didactical contract by stafing
what is expected of the students in the various domains of their mathematical
activity,

The Role of Conventions: the Right to Use the Limited Validity of @ Theorem and the
Right to Make Unjustified Statements, The students' uncenditional exchange of
donble limits provides evidence for another metamathematical observation with
regard to their artitude towards counterexanaples: at first both students are convinced
that exchanging double limits is 'not necessarily’ acceptable. To formalise this
conviction the tutor suggests constructing a counterexample. Jack immediately
responds with a not very successful but reasonable attemnpt, Andrew sounds more
confosed with-the act of looking for a counterexamnple than the example itself.
Finally both students appear sceptical when presented with one:

+ Andrew, who in previous Episodes has been uncomfortable with the role
of a counterexample as disproving totally the truth of a proposition,
wonders whether the tutor's argument is 'useful's it ruins their proof; also,
in the particular case of CD7.2, the limits can be exchanged.

+  Jack's explanation on why he used an unproved theorem is even more
unconventional: 'you can not-justify yourself on paper as long as you can
justify yourself in a tutorial. What Jack does not realise is the basic
convention of an introductory course that, on the b/b, on paperorina
tatorial, arguments are expected to be self-contained and not rely on tacit
explanations. Jack's comment actually reflects the common practice in
published mathematical research according to which theorems, that
appear in journals for instance, contain statements, the proof of which is
merely hinted at, of briefly outlined, by the author. I note however that it
is questionable whether Jack is knowledgeable enough to adopt this
practice successiully.
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In both cases the students doubt the value of the tutor's effort, perhaps because they
see it as a bureancratic hindrance to the unfolding of their argument: whether the
theoremn has been proved in the course or not, it can actually be proved and that
makes their proof for CD7.2 valid, The tutor realises the undermining power of the
students' thoughts and presents them with a less questionable proof, disentangled
from matters of principle and from conventions.

Conclusion:

In the above, evidence was given of the tension between novice
and expert practices. In particular:

the expert appeared capable of distinguishing between
different approaches to a proof relevant to the notion of
derivative and of expressing a preference for a proof via first
principles (via using the binomial theorem), as opposed to a
proof by mathematical induction, on historicoepistemological
grounds. :

the novices appeared alerted to the dangers of not clarifying
the foundations of their proofs but in practice they tumed ont
to be confused and weak in doing so. Especially one student
expressed concern with ‘assumning Himits'.

the novices generalised the finite case of
lim{a+b+c)=limaHimb+ime into limX=Ylim which is
actually a double limit, thus disregarding unconsciously the
conditions for the exchange of limits.

the novices acted with suspicion and hesitation towards the
futor's request to consider the limited validity of the theorer
via a counterexample:

- one of the students objected to considering the
cases where the theorem does not hold since it
holds in the particular case of the Episode (CD7.2)

- the other student negotiated his right to use elliptic
argurnents (a conumnon professional practice).

the expert appeats capable of distinguishing between expected
practices in different domains: for instance, in applied
mathematics, retrospective use of unproved results is atlowed
as opposed to foundational courses where it is not.
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The conflict can be seen as an enculturation process during which
the novices learn about certain conditions of the didactical and
gpistemological contract in common mathematical activity: in the
interaction it is revealed that they have been unconsciously
assuming the validity of exchanging double limits, using thus a
theorem which is yet unproved in the course. ‘What the novices
seem to be learning here is that they need to exercise control over
their mathematical reasoning in order to avoid subconscious and
unjustified decisions and that this skill fo control is 2
characteristic of appropriate mathematical behaviour.
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Section (iv} Striving for Meaning and Significance: The New
Concept of Fourier Series

Comtext: Sea BExtract 7.4

Structure: in the following, the student elmost forces a rather relnctant tutor o
improvize on the subject of Pourier Series. As in other sessions with
Camilie, the student frequent]y interrupts in order to ask for
clarifications. The session stands ag a generic example of a novice's
strugele to construct meaning and significance for & new concept. A
determinant characteristic of this struggle is the intensely emotional
responses of the student. In this cage the struggle is possibly lec down
by what seem to be perceived by the student as ungatisfactory
responses by the tutor,

The Episode: A Factual Account. See Extraet 7.4

An Interpretive Account: The Analysis

Striving for Meaning and Significance. Camille's determination to explore the
meaning of Fourier Series of a function is clearly stated in the opening statement of
the Episode, CI. Subsequently the student seems to have chosen the strategy of
clarifying excruciatingly every relevant term/concept/definition, This results in her
frequent interruptions of the twtor who is fairly annoyed and sounds as if she is
always on the verge of loging her patience, Inote here that this is something not
fully conveyed by the dry citation of facts in the transcript. Alsc I note that the
tutor's irmtation can be attributed to the fact that Camille has asked her about a topic
that she is not entirely and readily familiar with. The reason 1 begin the analysis of
Camille's behaviour with these comments on the tutor’s behaviour is that the latter
directly influences the former., Moreover Camille’s reaciions are hard to dissect in
terms of the cognitive/affective dichotomy so at least in this Episode there 15 &
combined consideration of both emotional and cognitive issues.

For instance, Camille's three interventions, concerning

the definition of periedic function,

the use of the terms point-wise continucus and confinuous interchangeably and
the notation flxs),

can be seen at the same time as pedantic reactions AND signs of insecurity. Then
comes the discussion of ~ as a sign of ambiguous meaning, Tustifiably Camille, as
well as other novices in various occasions, confuse the several uses of ~ that vary
from course to course. Camille mentions approximation, equivalence/similarity and
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equality (C2-C4}. All are dismissed by the tutor who prefers ~ to mean 'this is the
Fourier series of this function’ because this allows writing the Fourler Series of a
function f down without worrying about whether it converges to for not,

Camille again expresses mistrust and turns o Frances — her silent peer who is
sitting at the same tutorial with Carnille — for support with C5, Frances listlessly
adrnits to no confusion. Camille's perplexity becomes more evident in her
subsequent 'but it doesn't really converge' which the tmtor does not explore. With
her wondering about what is a Fourier Series still pending, Carnille turns to the
exercise from the lectures (fig.4h). The tator explains the calculations that have
been omitted by the lecturer and Camille's frustration now mrns overtly against the
lecturer fowards whom she is mistrustful. She seems nevertheless to have grasped
the notion of possible odd and even extensions of a funciion. Her next query is
again a sign of mistrust and disbelief towards the lectuzer: if odd and even
extensions are two possibilities why did the lecturer mention that the possibilities are
three? A brief examination of the lecture notes leads to the conclusion that the
jecturer meant the ordinary Fourier Series as the third possibility. Satisfied fora
moment Camille turns to her initial epistemological question on the Fourier Series of
a function with C8.

The tutor's subsequent explanations in T5 are characterised by an evasive vagueness
culminating in the final statement ...we are sort of skipping things here a bit because
you are doing this clearly from the point of view of using it, so you really need to
know the mininum to actually do things, Because the actual theory of it gets quite
complicated’, The latter illustrates the conflict encountered earlier in fhe first term
of the novices' studies. ‘While in the course on Continuity and Differentiability there
is a clear intention to build Analysis carefully and precisely on sound axiomatics, the
Analytical and Numerical Methods course is an exercise in the mechanics of
differentiation and an application of mles for solving differential equations, The
futor's statement illustrates the double standards that occasionally apply in these
introductory courses. In other words, beneath the futor's words liss an attempt to
discredit Camille's inguisitive epistemological approach {highly desired in more
rigorous cotrses like Continuity and Differentiability) as inappropriate for this
particular course, This application of double standards becomes problematic since
the dichotomy is poorly perceived by the sindents who justifiably cannot distinguish
confidently among the variations of rigour expected from them at the various stages
of the course.

In surn, in this Episode 2 novice's struggle for learning has been seen in the light of
both contextual and emotional factors, In particular in this Episode the
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mathematical context of Analytical and Numerical Methods seems to determine a
variety of aspects of Camille's Jearning, starting from the interpretation of a symbol
{~) and up to the degree of detail and rigour required in the definition of new
concepts. Camille has not been told about the particular meaning of ~ in the
definition of a Fourier Sexies and she does not realise that all that is expected of her,
at this stage, is to learn about the new concept ‘from the peint of view of using it".
So she engages in an excruciating decomposition of the concept which turns out to
be emotionally frustrating since she doesn't share the same concesn, with her peer in
the tutorial or her tutor. Her increasingly persistent inquiry is & result of this
frustration and this is why T think that, in this Episode, the cognitive and affective
are intertwined and therefore harder to distinguish and dissect,

Conclusion: Tn the above, the influence of emotional and contexiual factors on
the learning of the new concept of Foutier Series were explored
within the topical area of Analytical and Numerical Methods and
with regard to the concept of the Fourier Series of a function.
Evidence was given of

+ anovice's struggle for attributing meaning and significance 10
the new concept. The student attempts various interpretations
of the symbol ~ in the definition of a Fourier Series
(approximation, equivalence, equality) and also probes in
detall several related concepts (periodic function, continuity,
side limits)

= the various degrees of expected rigour in the different topical
arsag of the course {applicability of Analytical and Numerical
Methods versus formalistic rigour of Continuity and
Differentiability). These variations in rigour do not seem to
be clearly perceived by the novices.

+ the student’s frustration with unsatisfactory explanations
{from both lectorer and tutor).

In the above, cognitive and affective aspects of learning have
been demonstrated as inextricably connected.

From a didactical point of view the contrast between the utors
(see for instance Extracts 7.3 and 7.4) is striking. Whereas the
rutor in Extract 7.3 is quite willingly leading the process of

enculturating the novices into the conventions of mathematical
formalism, the tutor in this Episods responds rather reluctantly.
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Prom the two tators' different degrees of wilful engagement in the
process it is reasonable to deduce that the first considers his
inferaction with the students at this reflective, meta-topical level a
legitimate part of the tutorial. On the contrary, the second tutor
seems to view Camille's questions as a deviation. Itisa
contention of this study that metamathematical reflection is a
necessary component of the novices' enculturation — they often
ask for it. Deterring them from metamathematical discussions in
a tutorial is equivalent to Izaving questions unanswered and
therefore not catering for their expressed cognitive needs.
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Section (v) The Contrast and the Gap Between the Mechanistic and
the Conceptual Approach to the Notion of Derivative

Context: Hes Batract 7.5

Structure: In the following, the tutor and the studenis discuss the solution to a
problem which the students have been working on. The tutor's
questions aim maindy at clacifying the justifications for the answers
given by the students, Inote that despite the numerous apportunities
for an exploration of the notion of derivative the tutor seemns to be
inclined towards a rather restricted presentation of the solution
without any substantial deviations, One of the students, Camille, on
the other hand, appears mera willing to discuss the reasoning and
conceptual background of the quastion but her wish remains largaly
unfulfitled,

The Episode: A Faetual Account. See Extract 7.5

An Interpretive Account: The Analysis

The Mechanistic As Opposed To The Conceptual Approach To The Notion Of
Derivative. Camille appears absent-minded in the beginning of the session: for
instance she interferes in order to modify Eleanor's suggestion for Béi (from n=2 to
n>2) and follows her correction up with a proof for nz1. Moreover in Béii, whereas
Eleanor has given the answer (#22) before they start the proof, Camille interrupts the
rutor in order to ask how they koew 'it was n22 straightaway'. The tutor's wry
answer (‘because Eleanor knows the answer and Tknow the answer!') overshadows
the possibility that Camille’s comment is not simply a sign of absent-mindedness but
a genuine expression of discomfort with discovering the answer intuitively and then
proving it formally. The tutor, in order to confirm that Camille is following the
discussion, asks for the reason they are looking at this Hmit. Camille's immediate
responses indicate that she is following the argument of the discussion,

That Camille has conceptual preoccupations becomes evident in Cl. The tutor's
response, T1, is rather unbalanced. in its emphasis: the tutor does give the
mathematically correct answer that the derivative might exist and not necessarily be
continuous, but she also unnecessarily emphasises that, in this case, the derivative is
continuous. Later she adds the necessary condition 'as long as we make sure that
this exponent is at least one’ but at that moment her statement sounded absolute. C2
then is a sign of the following misunderstanding:
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The Tutor's nterpretation of Tl Camitle's fmplicit Meaning in O

Is this particutar derivative always continuous | Is the dervative of & funetion abways
at zero? continuoue af zero?

The tutor's response with regard to the particular function causes Camille to rapeat
her question explicitly this time. Camille's responses subsequently demonstrate that
she knows definitions and calculational methods but it is the tutor who highlights the
next logical step in the proof for Béii of the question: it is now necessaty they prove
that for n=1 the derivative at zero does not exist. This idea appears to be elusive to
the students who, having found the right answers in B6ii and Béiii, did not complete .
the proof formally since they did not cover all the cases. The scene will be repeated

" g hit later in Béiil.

Another noteworthy occurrence in B6ii is Eleanor's claim that cos 1/x2 —veo a5 x—0
(the limit doss not exist), The tutor corrects Bleanor, and proceeds without any
comment, but it would have been interesting to explore the students’ fusing the
perceptions of tending-to-infinity and not-tending-to-a-limit. Interestingly this
conceptual puzzlement does not seem to affect the student's performance who, with
ease and precision, suggests the method for the next part of B6 (calculate the
derivative and then find its limdt af zere). Both students calculate the derivative
impeccably,

The next piece of evidence that, despite evident technical proficiency, their
conceptual understanding is not at all at the same level, comes from Carnille who
calculates the derivative of xPcos1/x2 efficiently. In the end she adds 'Vn22', Since
Béiii follows BEii, in which the existence of the derivative at zero has been proved
W2, Camille extends this claim to the existence of the derivative for any x. This is
not the case sincs the derivative exists Wre Nfor x=0. Camille's reaction is a sign
that there is a gap between a conceptual approach to the notion of derivative
(determining the value of the derivative point by point by calculating the lirnit of the
ratio) and the mechanics of the algebra of fimnits/derivatives (here for instance
(foy=fg+fg). Itis again frustrating that the tutor does not point out the connection
between the two approaches and leaves the two concept images of derivative
dissociated from each other. |

For not very visible reasons, Camille’s response to the tuior's next question (under
which condition for x, her calculation of the derivative is correct } is x>0, whereas
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the only value of x that must be excluded from the detivative of fn 18 zero. However,
that Clamille has understood the mechanics of the question, is clear from her
elogquent 'the question is to find for which » to have the limit of thig derivative to be
zero' and her answer and explanation to the question (#=4}. Then again, in &
comment that sounds distracting from the impression of clarity and eloquence that
Camille gives, she asks what would happen if x>1 — ignoring that the limits
involved in the process are all taken when x—0. Here it is possible that Camille's
concept image of the domain of 7, being R-{0} (x can be anything other than zero;
therefore it can be >1) overshadows her concept image of the limiting process which
requires x 1o be taken as close to zero as possible. Even though x can be greater than
one, the values of £, for x>1 are irrelevant to the question. Another instance of this
possible conflict between the point-wise/static and the procedural/ time-dependent
perception of the variable in a function that I encountered in these tutorials is the
following: when discussing the limit of a sequence 3, (lim, ... 5,), some students ask
what the liznit is if n—>0. In this case wondering about the values of 5, as rn—( is not
simply irrelevant, as in the case above, but is also evidence of an incomplete image
of the domain of the sequence s, (ne N).

Subsequently, as coramented in an earlier paragraph, the tutor reminds to the
students that, despite having found that the derivative is continuous at zero for n=4,
they still have to exclude the cases for n=2 and »=3.

Then Eleanor claims that the second part of f (ramely {2sin1/x2)/x) tends to
infinity. It is likely that Eleanor has been applying hexe the argument that was used
repeatedly in today's tutorjal. That is: Likewise,

yleos 1/52—0, bacause lcosl/x2l<1 and x?—0, as x—=0
(1/x)sin1/x2—see, because Isinl/x2l<] and xt—ee, as x—0

which is again a mechanistic and inaccurate transfer of argument, Camille appears
to have a more concrete image of the situation at this moment. She notes about
(1/x)sinl/x2: ‘But it's not quite vast', In her unconventional choice of words, [ think,
lies a conception of Hmf(x)=-c as fbecoming ‘vast', taking very large values.

Before closing T would like to highlight, on a socicaffective note, Camille's °
persistent attention-grabbing interventions. In this last case Eleanor, whose shyness
is reflected in her mumbling, has suggested that {1/x)sin1/x2—ee, The tutor hasn't
heard that and asks for a repetition, Camille, who has heard what Eleanor said,
comments upon Eleanor's claim. The tutor, annoved, bursts with TS. Camille then
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repeats what Eleanor sald {most students when confronted by the tutor in this
manner would be guiet and Jet Eleanor repeat). Camille's persistence has repeatedly
caused friction between her and the utor who seems to prefer more submissive
students.

Finally I only briefly point out the tutor's metaphor on well-behaved (continuous)
and badly-behaved (discontinuous or tending to infinity) functions, She says about
f2: 'the first part is 'well-behaved and you cannot quite cancel the bad behaviour of
the second part’. And she adds:” If they both behave badly they might somehow
cancel out the bad behaviour...but that's not gonna happen here'.

Conclusion: Io the above, there are occasions where teaching, despite given
the students’ expressed preoccupations, leaves the connections
between mathematical Jdeas unexplored. Here the case was the
concept of derivative and below I list the occasions when one of
the students expressed an epistemological concern which was not
always satisfied:

+  discomfost with discovering answers to questions (in fact
lirpits) intuitively and then proving them formally,

»  query about whethes the derivative of a function is 'always'
continuous at zero,

. comments on another student's claim that {1/x)sinl/aZ—ses,

+ in general attention-seeking interventions that most of the
Hme are deviations from the solution-executing format of the
‘tuiorial.

The undercurrent theme of the session is the contrast between the
proficient performance of the students who actually find the right
answers and appear as understanding the mechanics of
differentiation quite well but also

~+ do ot logically complete their proofs (for instance they find

out for which 1 B6i-iii are true but they do not exclude the
possibility that for the rest of the natural numbers they are not
true) and

+ they do not demonstrate a conceptual understanding of what a
derivative is and in particular how the algebra of derivatives i8
derived from and connects to the definition of derivative as
the limit of a rafic.
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Ag aresult a didactical need emerged for establishing a link
between the meaning and the mechanics of caleulus.
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Section (vi) The Novices' Difficulty with Grounding Intuitive
Arguments on Appropriaie Theorems. Decontextualised
Knowledge, Regression to Quasi-Formal Familiar Modes of
Reasoning and the Examples of the Intermediate Value Theorem
and the Inverse Function Theorem

Context: See Entract 7.6

Structure; In the follpwing, the tutor and the students discuse an application of
the Intermediaie Value Theorem and the Inverse Punction Theorem.
Roth students have drawn the graphs in BT and from them they have
intuitively drawn conclusions. Implicidly tiey have used theorems
which they cannot recall. Moreover, even when they reproduce the
statemnent of & well-known theorem, they cannot link it to the intuition
that led to answer the questions in B7.

The Episcde: A Factual Account, See Extract 7.6

Anr Interpretive Account: The Analysis

In parts a and b of question B7, the students have drawn the graphs and given
intuitive explanations of their (correct) answers. What they cannot do is support
their argumeats with formal explanations that go beyond the graphical
representations of the functions in question and ground their arguments on theorems
that they have been recently taught.

By convention, the questions in a weekly problem sheet usvally aim at providing
applications of the theoremns proved in the lectures. Thus the theorems are seen into
a context of applicability and are embedded into the growing domain of the novice's
mathematical knowledge. Abidul and Frances do not seem {0 be in tune with these
aims. Both employ A-level techniques (first and second derivative tests) to identify
the local max and min of the function and use intoitive notions of bound and limit in
order to construct the graphs of x5-51+10 and x-1e%. So they seem to deviate from
the enculturating contextualisation aimed at by the authors of the problem sheet
which eontains BY.

Characteristically when Abidul, under the pressure of the tutor who insists on Abidul
grounding her illustrative, infuitive argument (A1) on a well-known theorem, replies
hesitantly Rolle's', as if she feels obliged to hide behind some impressive name-
dropping. Similarly Frances drops in I¥T. Both students seern to drop the names at
random, because they have heard them recently and they expect them to appear
frequently. F1, A2 and A3 are fragmentary reconstractions of IVT. They are also
evidence of how disconnected the students’ actual mathematical thinking is from the
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\wificial' mathernatical knowledge that is supposed to form and support this
mathematical thinking.

The situation repeats itself identically in part b of question B7. Again via the
derivative tests, the min of the function has been identified and the graph has been
drawn. Frances' argument about the smaliness/bigness of x le*with relation to the
size of x, ts underlain by an intitive and informal notion of limit and her answers
are definitely embedded in the graph of x-le¥. Frances explicitly and exclusively
turns to the graph in order to answer the question in the second part of b which
requires a construction of a function by reversal.

That the second part of b is the most cognitively difficult task in question B7 is
evident in Abidul's giving up and Frances' complete reliance on the graph, Frances
carries out the reversal (Which in thorough terms is allowed by the Inverse Punction
Theorer under certain conditions satisfied in question B7) required by the question
by simply reflecting the decreasing part of the graph in the y axis and by locating the
range of values of x that correspond to [e, +oc). This is exactly what the IFT allows
but, as with the IVT, the students use the theorem unconsciously keeping thos its
agsumptions implicit. Both IVT and IFT — especially IVT — make guite obvious
staternents (if fis continuous on [a.b] then it takes all the values between fla) and
f(b): if fis continuonsly differentiable on an interval then its inverse is defined) that,
however, hold under certain conditions. Novices tend to over-generalise the domain
of validity of theorems only because the theorems apply to a large number of
functions they are familiar with. Almost certainly it did not occur to ‘Abidul and
Frances that they needed to address a theorem to ground their answers to B7.

The difference between. the tutor's and the student's approaches is of a delicate
ontological nature. For the tutor [FT guarantees the existence of £ in B7 but for
Frances (F2) this function already exists: it is there, on the graph, and in order to see
it, all she has to do is look at the graph in a slightly new way (x becomes y and =0
domain becomes range), Prances does not need anything stronger than her own
sight to be convinced and she assumes that everyone else shares her sense of
conviction.

Conclusion: In the above, the stadents have been employing quasi-formal
techniques (intuitive arguments based on graphical
representations of functions) in order to

« find the roots of an equation,
» identify the image of a function, and
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v construct the image of the inverse of a function.

Their arguments could have been grounded on the Intermediate
Value Theorem and the Inverse Function Theorem but this did
not occur to the students who, perpetuating A-level attitudes, used
the theorems tacitly, The tutor has played the role of an agent
trying to link the students' intuitions with the appropriate
theorems and to foster in their minds the necessity of doing so.
Whean they finally realise and put inte practice the need to go
beyond unconscious and unfounded uses of theorems, it will
probably be a sign of adaptation to customary and formally
acceptable mathematical practices. '
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Section (vii) The Gap Between the Novice's Advanced Algorithmic
Behaviour and Inadequate Conceptual Understanding. An Example
from an Application of the Taylor Series

Conkext: Sea Extract 7.7

Structure: Under the firm instraction of the tutor, the students executs the
calenlations involved in the manipulation of the inequalities in B10.
At one instance the students suggest a differentiating techmique {(for
finding the taximum of a variable quantity) with which they are
familiar from school but the tutor prefers a more basie, algebraic
alternative. The proof is completed with very closed guestioning.

The Episodes A Pasctual Ascount. See Hxtract 7.7

An Interpretive Account: The Analysis

Part a of B10 requires a reasonable amount of good algotithmic behaviour: it is
sbout the cautious substitution of x3 fox Ax) and 2 for . Part b however requires
going slightly beyond this mechanism of substitution and engage in the manipulation
of the Taylor expression for g, g' and g". This qualitative differentiation in the
question passes rather unnoticed by the tutor whose words might perpetuate the
students' impression that simple algorithmic behaviour is still sufficient for part b.
The tutor's surprise that the students have not completed a question for which 'there
is nothing much you can do' is a teivialisation with which the confused students
possibly would not agree. Beth then appears ready (o ‘translate’ the Taylor
expansion in pé.rt a for function g in part b without being concerned for the interval
or the point around which the expansion is taken. .

Hence, for Beth, the Taylor series, a tool for approximation, is reduced to a machina
of plugging in values, detached from possible uses or meaning. With the tutor's
instroction, she manages to define the interval and the point around which the
expansion is taken and to calculate the expansion for g, Subsequently Beth's
observations are correct insights which however she cannot prove.

Cary's suggestion to use a differentiation technigue in order to identify the maximum
of 2/h+R/2 is in classic contrast (in this chapter it has been repeatedly pointed out)
with, the tutor's preference for an algebraic technique, based on a few arithmetical
principles. I note then that her first aftempt to find such a technique fails and the
tutor returns to Cary's suggestion, Unlike other occasions the twior seems here {0
change her preference for a first-principles approach to a theorem-quoting one a bit
more easily, probably under the pressing immediacy of Cary's suggestion. In
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principle, she may prefer a moge basic proof but she does not deny the convenience
of a practical alternative, even ifitis a philosophically less acceptable one.

Finally, Beth again exhibits considerable facility with algebraic manipulations when
towards fhe end of the Episode contributes substantially to the proof that for all x in
[0,2] it is possible to choose B with =1 so that x+hk is in [0.2].

Conclusion: Tn the above, evidence was given of the contrast between the
students' relative facility with algorithmic behaviour {the action of
algebraic manipulations) and more procedural and conceptual
understanding of the Taylor Series as a tool for approximation,
Also part of the significance of the instance lies in the short
juxtaposition between the tutor's philosophical preference for
proofs based on first principles and one of the studenis’
suggestion for using a more sophisticated (but informaily familiar
from school) tool — identifying the maximum of a variable
quantity via differentiation.
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Section (viii) The Contrast Between Novice and Expert Approaches
to Mathematical Reasoning. The Example of a Convergent Series

- Context: See Extract 7.8

Structure: In the following, the students present, or talk about, their
evaluation of four infinite sums. Finitist attitudes come to
surface as well as the contrast between the expert tutor's
sophisticated and embedded approach to the evaluation
and the novices' arithmeticised and decontextualised
technique.

The Epizode: A Factual Account, See Extract 7.8

An Interpretive Account: The Analysis

The Novices' Finitist Atritudes Towards Infinite Sums. In this Episode, Cliff's and
Cathy's attitude towards infinite sums is, in brief, to treat them as finite sums, The
students subsequently apply a wide range of arithmetical operations on these
finitised infinite sums:

» Cliff 'splits up’ Sifr(r+k) as Z(1iky - YE(r+k)}.

»  Cathy breaks' the (-eo)-{-+e0) surn in two: (-22)-0 and O-(+0=). Then she
removes || and calculates the two infinite sums.

« Cathy on Tr/3" r2=rl-1+1=(r-1)(r+1)+1 and breaks the infinite sum
accordingly. Since X.1/37=1/2, she turns to calculating T D13
which she rewrites as the sum of its term at zero plus the sum from 1 to
so. Breaking the infinite sum once more leads her to obtaining 1/33r2{37
on the right hand side of the equation. Finally by calculating S ar/3rel
she reaches the resnlt 3/2.

The students' treatment of the infinite sums, which are limits, as finite quantities is
{ilnstrative of the students' attitude towards . and the ease with which they use the
notion of rearrangement, Didactically, the danger of the overextended use of the
'right to rearrange’ can be proved to the novices via exposure to the large number of
casas where it does not hold. As seen in cases like continuity and differentiability,
the novices' impression that infinite sums can be broken, rearranged ete, reflect their
finitist views of infinity. It also reflects culturally and epistemologically embedded
conceptions, or primary mathematical intuitions, about certain mathematical
properties, such as the differentiability of all continuous functions, that permeate
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through the history of mathematics, Teaching, which is oriented towards the
overcoming of these epistemological obstacles, can influence the novice's
mathematical growth away from these coneeptions. On the contrary, the novices'
constant and biased exposure to sums that can be broken and rearranged, such as the
ones in this Episode, is likely to result in the perpetuation of these conceptions.

The Contrast Berween the Expert's Embedded and Sophisticated Approach and the
Novice's Decontextualised Technique. Cathy's way of evaluating the sum in S87.1iv
is a refreshing, back-to-arithmetical basics approach. 1t is not terribly elegant (a few
of her 'moves' are repetitive and circular such as writing r2 ag 2-1+1, moving 1/3
inside and outside the I, several times, etc.) but it is pragmatic and straightforward.
Tt has the feel of handy arithmetic and does show skill and imaginative capacity. 1
note however that only ostensibly Cathy's solution is basic and arithmetical (the only
piece of previous knowledge she explicitly employs is that £1/3/=1/2). Thisisa
decepiive appearance since, behind Cathy's rearrangements, lies the theory that
makes them possible, What Cathy seems to be doing here is unconsciously reducing
infinity to the finite rules of a game she knows well, namely manipulating algebraic
quantities.

O the ofher hand the tutor's approach is a formal and elegant shorteut in resonance
with the material the students have been taught at lectures and the technigues they
will need. It is, in other words, & contextualised choice of technique which is.
generalisable to a large number of infinite sums. Tt has the benefit of hindsight and
of giobality. It shows an expert handling, an informed awareness of the facilities
available to the craftsman (Ex=1/1-x, letting fix) be 1/1-x, calculating and f' and
noting that /" can be written in texms of fand £} as opposed to Cathy's
decontextnalised, hence slightly primitive approach.

None of the above is meant to diminish Cathy's efficient approach which {the
dangers of naive rearrangement of the terms in a series aside) yields the correct
answer. It only aims at highlighting the inclination of the novice to resort to faniliar
{here: handling of algebraic expressions) modes of operating at the expense of
adopting new, potentially more contextualised and efficient ones.

Conclusion: In the above, the novices' inclination to treat infinite sums as
finite quantities was demonstrated and attributed to deeply
embedded episternological beliefs and to the novices' biased
exposure to infinite sums that can be harmlessly evaluated with
finite techniques. Moreover two approaches to the evaluation of
an infinite sum were juxtaposed:
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+» the novice's basic and arithmetical finitist one, and
»  the expert's contextualised, concise and sophisticated and,
possibly generalisable to a number of cases, one.

The novice's attitude was attributed to a habitual regression to
gamiliar modes of thinking {manipulation of algebraic quantities)
despite the novel experiences of alternative, newer technigques,
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PART III A Synthesis of the Findings in the Area of Calculus.
Indications for the Cross-Topical Synthesis in Chapter 10

In this chapter the students' first experiences of fundamental caleulus concepts wete
explored in a series of Episodes from both terms of observation. As noted in the
Tnterlude, the concept that emerged as paradigmatically problematic, within the area
of Calculus was the notion of Himit as encountered in a variety of contexts {limit of &
sequence, continuity, convergence).

In particular, in their introduction to the formal definition of limit [1, 2], the students
are in difficulty with the & -¢ mathematical formealism as well as with assigning
meaning to the formal definition. In particular, their difficulty seems to be with
comprehending the mechanism of the proposition that is contained in the formal
definition and with how this mechanism provides a tool for proving limits, The
students also demonstrate [1] & tendency to believe that all funetions are continuous
and this possibly implies a view of limit as & redundant concepi. Moreover
visualisation proves [2] to be controversial: the novices debate the use of pictures in
guessing lirits and see pictures as specific representations and this specificity seems
to impede the students' shift towards generality. At the same time they resist formal
notation and logic as vehicles for mathematical arguments: $o they cannot evoke the
fosmal defimition of Limit or construct a logical statement of an argument for a proof
by contradiction, Their linguistic preoccupations include wondering whether the
terin not-continuous 1s equivalent to discontinuous [2]; or whether the derivative of a
fanetion is aiways continuous [5]°,

The students’ use of ordinary language has been variably successiul in their attempts
to describe limiting processes in various coniexts: the definition of limit [1} or in
specific situations [s]. So even in cases where their use of language successfully
conveys their general grasp of an idea, this success is not fully integrated in the
process of presenting a consummate formal argument, Another illustration of this is
evident in the students' proficient algorithmic behaviour with regard to
differentiation whose mechanics they seem to understand but do not actually employ
fully 5] in order to complete a formal proof. Also they do not demonstrate a
conceptual understanding of what a derivative is and, in particular, how the algebra
of derivatives is derived from and connects to the definition of derivative as the limit

U where atwerys wes given different significations by the tutor {local} and the naviee (universal),
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of a ratio. More evidence of this behaviour was given in the context of Taylor Series
[7] and within the new context of convergence of a series!.

The students seem to have been sensitised to the requirements of university
mathematics for rigour: this engenders a hesitation towards school mathematical
practices which deters them from referring to and employing previous mathematical
knowledge. The novices possibly need to clarify the distinction between rigorous
and intaitive arguments, legitimate and illegitimate use of knowledge that is thought
of as previously established. On the other hand there are occasions [6] where the
novices are still at the stage of unconsciously using knowledge that is taken as 50
obvious as to be not in need of establishing formally (like the propositions of the
Intermediate Value Theorem and the Inverse Function Theorem). This tacit use of
theorems is evidence of a perpetnation of A-level attitudes in considerable distance
froro the expected mathematical formalisrn, Similar regression to familiar-from-
school modes of action was demonstrated in the novices' inclination [8] to treat
infinite sums as finite quantities, possibly influenced by deeply embedded
epistemological beliefs about = as well as a biased exposure to infinite sums that can
be harmlessly evaluated with finite techniques. Again the novices' finitism was
juxtaposed with the expert's contextualised, concise, sephisticated and, possibly,
generalisable approach. '

The students' most prominent difficulty in the context of limits seems to be finding
limits either via the definition or via the algebra of lirnits [1,2,3]. Using inequalities
in order to manipulate guantities, graphing functions, guessing limits and using the
algebra of limits are mathematical practices that the students question as to their
rigour and, hence, as to their acceptability. So due to their growing mistrust towards
the practices of school mathematics, they begin to avoid intuitive practices, such as
guessing limits. So, for instance, when [2] it is not overtly justified to them why the
use of the definition of limit can alternate with the use of the algebra of limits, they
geem severely confused with the femsion between what can be called Proof-By-First-
Principles and Proof-by-Theovem-Quoting. This tension has been generally
observed in these tutorials in various contexts. Similarly the novices are seriously
perplexed with [3, 4] distinguishing between the practices that they are supposed to
espouse in different mathematical domains: in applied mathematics, retrospective
use of unproved results is allowed, as opposed to foundational courses, where it is
not. This difficulty echoes the difficuity reported in Chapter 6 to distinguish
between what knowledge they are allowed to assume and what has to be established
by formal proof.

! Repotted in (Nardi 1596 where the student seamed mistrastful towards arguing mathematically in ardinary
language and was coneernad about the legitimacy of this practics.
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The tension between First Principles and Theorem Quoting was also exemplified in
the context of juxtaposing novice and expert practices: the expert [3, 7] not only
distingnishes between different approaches to a proof but also expresses a preference
for a proof (usually via first principles) on historicoepistemological grounds, The
students' occasional preference for more sophisticated tools, such as identifying the
maximurn of & variable quantity via differentiation, not via basic algebraic
inequalities [5], is possibly due to their — unrigorous — familiarity with these tools
from school,

The novices tend to generalise unrigorously or react to what they perceive 25 tedious
rigour: so they generalised [3] the finite case of im{a-+i+e)=lima-+limb+lime into
limS=F1im which is actually a double limit, thus disregarding unconsciously the
conditions for the exchange of limits; they also reacted with suspicion and hesitation
towards considering the limited validity of a theorem via a counterexample:
characteristically for novices, one of them thought it was not useful to refute 2
theorem by a counterexample when it holds in the particular case in which he used
it: another tried to negotiate his right to use elliptic arguments in wiiting, as long as
he can explain what he did orally [3].

The tensions and the conflicts reported above can be seen as part of an enculturation
process during which the novices learn about certain conditions of the didactical and
epistemological contract in formal mathematical activity. So when, for instance 3],
in the interaction it is revealed that they have been unconsciously assuming the
vatidity of exchanging double limits, using thus a theorem which is as yet unproved
in the course, the novices seem to be learning that they need io exercise coniro] over
their mathermatical reasoning in order to avoid subconscious and unjustified
decisions and that this skill to control is a characteristic of formal mathematical
behaviour,

The students’ perplexity with the status of rigour of the various approaches to finding
and proving limits {1, 2,3, 5] — even when they appear alerted to the dangers in not
clarifying the foundations of their proofs [3] — makes it necessary to consider itasa
task of the first year course

» o establish the legitimacy of school mathematical practices as a way {0
gain mathematical insight, and -

» {0 introduce formal mathematical language as a way to refine and
establish these insights rigorously.
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This is in contrast with cartain cuerent practices according to which the novices are
advised to leave behind their school-mathematical way of thinking and start anew by
trying to build mathematics on the solid foundations of mathematical formalism: this
is a suggestion by the tutors and lecturers which ought to be understood as a manner
of speaking and not as a literal translation into practice. The distinetion however is
not clearly made by the novices who at times perceive these suggestions as
contradictory and are thus led to inefficient practices such as avoiding the algebra of
limits or avoiding to intuitively find a limit by locking at a graph.

A substantial part of the novices' action seemed to concentrate on their effort to
assign meaning and significance to the new concepts [4]. This is usually a process
which takes place under the severe influence of both emotional and
cognitive/contextual factors [1 and 421, More detailed evidence of the meaning

bestowing practices in which the novices are constantly engaged follow in Chapters
8% and 9.

2 where a student attempts various interprotations of the symbel ~ in the definition of a Fourler Series
{approximation, equivalence, equality} and also probes in detail severs] related concepts (periodic fupction,
contituity, side limitsh,



Chapter 8
The Novices' Encounter With Mathematical Abstraction: Cases from
Linear Algebra
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PART I A Guide to the Paradigmatical Cases (Episodes) Presented

in this Chapter
The following table contains contextual information with regard to the 8 Bpisodes
presented in this Chapier,
Episode Number Time of Incident Participants ¥athematical
Term - Week Content
1 Michaslmas 5 four pairs of students | span of a st
in one college
2 Michaelmas 6 four pairs of students | subspacas of a vector
in one college space, the Subspacs
Teat
3 Michaelmas & Connia LAS.23&24, spanning
sets
4 Michasimas 7 Jack and Andrew LAG.26, bages of a
veCtor space
3 Michaelmas 7 Jack and Andrew L.46.29, bases of 2
vector 3pace,
dimension of a vector
space
4] Michashmas B four pairs of studentz | the matrix of 2 linear
in ane college mapping betwesn two
vector spaces and an
example from Pa ()
7 Michaslmas 8 Cathy and Georgs LAT.35, image, kernel
and the Rank ard
Mullity Theorem
] Hilary 2 two pairs fromone | B3, mappings,
college matrices and bages
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PART II Data and Analysis

In the following I present the factual and interpretive accounts and conclusions for
the 8 Episodes of the table in the previous page. In Part ILE then [ synthesise the

findings of Part Il related to Linear Algebra and briefly discuss the wider cognitive
issues that are presented in the overall synthesis of the data analysis in Chapter 10.
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Section (i) Constructing the Span of Various Sets as an Exampie of
the Generating Procedure of Spanning and the Debatable Value of
the Metaphor of the Plane

Conrtext: Sea Bxtract 8.1

Structnre: In the following, the unanimous unease of the students with their
introduction to the concept of spans and spanning dominates the
conversation. The students, with the exception of Camille, ones they
ave given the 'more practical' definition of Span, seem to forget about
the sbstract definition given in the lectures. The underlying tension
then seemns to ba hetween

the navelty of the concept of Span and

their familiarity with the plane,
Also even though only peripherally mentioned, the notions of linear
independence and basis also appear to cause a ganeral unease.

Note ko the Reader: This is & presentation of four tutorials of the same
mathernatical content, tutor and coltege. The discussion in the three
of the four tutorials, 1, 2 and 4, is presented in paralle! (in 3-column
tables linked by a commen main narrative), Tutorizl 3 is prasented
separately.

The Epizode: A Pactual Acsount. Ses Extract 8.1
An Interpretive Account: The Analysis

As the tutor herself stresses, even though at the moment of her statement she had not
realised that the definition of span given in the lectures was the abstract one (see
Context), the Linear Algebra course moves from matrix operations to the more
general context of vector spaces. As it becomes obvious in this Chapter the
transition is not smooth and unproblematic at all. These tutorials are a characteristic
example of the immense influence on the students' learning process of the degree of
abstraction within the concepts they are introduced to. In the following, I present
the evidence for what [ think is the underlying tension of these sessions; the tensicn
between the novelty of the concept of Span and the students' familiarity with the
geometrical metaphor of the plane.

Patricia's Use of the Term Spanning. As a flavour of the novices' typical treatment
of the novelty of spans and spanning sets, I cite Patricia's use of the term spanning in
P4, Similarly in another part of the tutorial, not included in the Episode, Patricia
(asked about the spanning set with regard to an example from the get of solutions in
a Differential Equations problem) replies 'ax plus...", that is she starts describing a
linear combination in the Span instead of suggesting a Spanning Set. In this Chapter
similar cases of confused terminology, evidently reflecting the novices' ambivalence
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about the meaning of the concepts, will be highlighted frequently. The novices'
struggle with new terminology is certainly not surprising but, in the case of spans
and spanning sets, this struggle has an additional complication: a set is the span of
its spanning set, This syntactical assoctation of the two terms reflects their
conceptual dependence: spans are created out of spanning sets. Spanning sets are
sets-that-span. So Patricia, in the above mentioned example from Differential
Equations, seems to respond to the tutor by pointing out an example of this creation
(a linear combination that is an element of the span) instead of the creator (the
spanning set). A potential significance in the above distinction is that the novice's
difficuity in distinguishing linguistically between the two terms may reflect the more
easential lack of understanding the conceptual mechanism that connects the two
concepts (spanning set as the cause; span as the effect).

A similar case of the above mentioned ambivalent use of terminology is evident in
B1 and B2, which illustrate Beth's fragility of expression in general. Her
interpretation of <vy»>= & when v,=0 may be linguistically interpreted in terms of
thinking that

since zero is nothing, it produces nothing (the empty set).

Beth's Inflexibility in Moving from One Dimension to Another, Looking at Beth's
development of ideas during the totorial {from B1 to B4 and then her contribution in
finding the span of {v1, vz, v3}) 1 note an inflexibility in understanding the
construction of spans as a way to describe gradually spaces of a higher dimension.
For instance in B3 she seems to understand that <vy> is the 'line' that carries v,.
When v is added in the picture she also knows that <vg> is the ‘line' that carries vy
but finds it surprising that <v;, vp> is something more-than-its-parts, namely
something more than just the two lines together. Possibly Abidul's ‘and' in A3
alludes to the same conception. Similarly, when constructing <vy, vg, ¥3>=, she fails
to see the possibility of vag <vy, v, therefore delaying to see the incoming third
dimension, something which all the other students in this tutorial noticed
immediately {see next paragraph).

1 see Beth's cognitive behaviour here as impeding her transition to generality and in
connection with the questionable use of the metaphor of the plane that dominates
these tutorials, I have some reservations as to whether Beth is constracting the
necessary links between the definition of Span given earlier in the tutorial and the
example of the line, the plane and the space.
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From the Line, to the Plane and the Space: the Convenience of Learning the Recipe
Well As briefly mentioned in the previous paragraph all students when asked to
construct <vq, vg, 5> appear ready to make the distinction between

va@ <y, Vo and
V€ <Py, Yo

Given that only Camille made this observation in the earlier cases — and she is the
only one who mentions & generalisation to k ditmensions in the end —, it seams
reasonable to assume that the students Jearned to make the distinction from
watching the tutor doing so. There is no evidence as to whether the necessity of the
distinction has bean understood or whether the students would make the same
distinetion if they were given k instead of 3 vectors to span. In any case the tutor's
progressive build-up of the span of one, two and then three vectors seems to have
yielded the desired outcome: visualise <vy, vo, va> as the three-dimensional space.
In a sense, this is likely to be learning by mimicking, by acquiring & habit for
reasoning in a not completely rationalised way; in other words this is likely tobe a
case of acculturation to the habit of generalization in advanced mathematical
thinking,

The Questionable Use of the Metaphor of the Line, the Plane and the Space. In the
following, I cite evidence of the students’ use of language in these tutorials that
{llustrates the strong geometric approach that dominates their thinking about <vy>,
<vy, vo> and <vq, vy, va>. Istress that I find rather alarming the possibility that this
geometric metaphor is taken as the literal message. Additionally in these tutorials,
with the exception of Camille, no reference is made to a transition to the
geometrically-not-so-easily-conceivable bigger-than-3 dimension. In the following I
have compiled some brief lexical references from the students’ expressions with the
purpose to convey their strictly geometrical — ag opposed to the intended algebraic
-— frame of mind:

Al {multitnde)

F1 (the distance & times vy, turning arcund zeroj
El (how far to this direction)

C1 (take componenis}

I note that the students’ pointing at, bending towards the drawings of the tutor as
well ag the use of their hands (for instance P3 and B3) also convey an impression of
their close adherence to the metaphor. I also note that the tutor intervenes only in
C1, possibly disturbed by the direct reference to school geometry. in order to
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explicitly distingnish between vectors on the plane and vectors as elements of a
vector space. Moreover in P1 Patricia appears to attempt a more abstract description
of <vy, vo> but the tutor pulls her back to a ‘pictorial’ description. Patricia probably
was in less need of the scaffolding metaphor of the plane and the pulling back can be
seen as trying to condition Patricia within the cognitive frame of the tutor's agenda.

A Verbal Proof of <vy, vo>=<v)> whert Vg€ <vy, Vo>, Ad s Abidul's tdea of why
<vy, var=<yy> when voe <vy, vo> and it llustrates the commonly encountered
phenomenon in these tutorials that the novices have an adequate argument in their
minds but have difficulty in expressing this argument in formal mathematical terms.
Cathy's explicit doubt whether this way of expressing herself is 'formal enough’
(Extract 8.7) is another example of the tensfon between ordinary and formal
expression and its consequences on learning,

The Case of Camille: When Affective Factors Determine Crucial Aspects of the
Learner's Cognitive Behaviour. Camille is one of the studenis that have left the
most striking impressions on me with regard to their Jearning style. In this Extract
as well as others (for instance Extract 8.2) Camille appears as the most confident and
determined among her peers in this college. She is the most vivid participant and
interferes incessantly demanding or giving explanations. She is not afraid of risking
interpretations that may prove unacceptable, she tends to think constructively and
comparatively and leaps to brave generalisations. She talks explicitly about her
difficulties and rarely allows the change of the subject if she does not feel satisfied
with her understanding of it. Occasionally her queries are about mathematical
terminology in English because she has been educated in French; also her
mathematical background is at times different to that of some of the other students.
Tn the following, I present the evidence of Camille's behaviour as ouflined in this

paragraph.

The Interference of English as o Second Language in Learning. In this discussion
Camille's thinking is interrupted four times in order to clarify the use of & number of
mathematical terms: scope (slip of the tongue for 'span’), directions (for ‘vectors’,
plan (with French pronunciation for the 'plane'), taking projections/ dropping
perpendiculars, These interferences, though rather superficial in their influence on
Camille's flow of thinking, itlustrate how semantic issues determine understanding.

I suggesi there is a parallel to these interferences from another language — French in
this case — with the interferences on the students’ learning from the semantics of
mathematics as, among everything else, a symbolic language. The issue reappears
in Chapter 9 and is dealt with there in greater detail.
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Conceptions of Subspace and Span: Signs of @ Constructive Mind. Camille is the
only one among the students in these tutorials to look critically at the definitions of
Span given in the beginning of the Episode. Her observations about 0= 8 and Sc<d>
as well as her reasoning for them are evidence of a mind in the process of
constructing a meaning for <S> from trying to understand its constituent parts, its
elements and its properties. Uniquely in these tutorials Camille is also addressing
the issue of the equivalence of the two definitions of Span and in particular that <S>
is the smallest subspace of V that contains S,

This comparative and constructive approach is again evident when Camille
intervenes in Clea's question about <5 being a subset of V (I note here that several
times during this tutorial Cleo appears to be in difficulty to keep up with Camille's
thinking: her participation seems to be suppressed by Camille's impulsive reactions.
Also Cleo, when personally addressed by the tutor, does not give any evidence that
she either follows completety the arguments exchanged in the discussion or 18
willing to participate extensively): Camilie extends the notion of subset of V' as a set
that, provided that it has the properties of a vector space, becomes a subspace. Apart
from the impressive amount of confidence that Carnille's reaction exudes — she
actually replaces the ttor in this instance by giving explanations to Cleo —- it ig also
a demonstration of her concept image of a subspace as a set endowed with some
essential Teatures which she explaing in an instrimental and illustrative way.

From a methodological point of view, Camille's confident exposure of her ideas
makes her cognitive processes more transparent, This is beneficial to the purposes
of the study because this transparency reduces the amount of the interpreter's
explanatory intervention; that is, it reduces the degree of necessary analytical
processing in the extraction of explanations. Unfortunately Camille is among a
minority of students participating in these tutorials who approached tutorials in this
way from the beginning, Fortunately, during the two terms of gbservation, more
students developed similar behavionr.

An Idiosyncratic Suggestion for Adding Two Vectors on the Plane. Asked sbout
how can a vector on the plane be expressed in terms of two vectors that span the
plans, Camille suggests (fig. le) taking the projections on the two axes and
'‘measuring the distance’ (C3-C5). Even when given some time to think, and given
Cleo's weakness or indifference in changing Camille's mind, she insists. It is likely
that Camille's suggestion originates in the common way of identifying the co-
ordinates of a point on the plane (or the space) with regard to a Cartesian, orthogonal
system. If this is true, then it alludes to the persistence of the geometric metaphors
in the students' minds as well as the dublous influence of cross-references to their
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different aspects (here the Parallelogram Rule as a way of adding two vectors on the
plane interferes with the Cartesian orthogonal addition of vectors). €6 is Camille's
explanation for C3-C5 and it is reasonable to regard it as a reinforcement of this
‘orthogonal’ explanation.

1 note that the change in Camille’s mind and the elicitation of the Parallelograni Rule
is achieved by the tutor with three reversals in the flow of her teaching:

+ adopting Camiile's idea of ‘dropping perpendiculars’ and

+ reversing the question of expressing a vector as a combination of the two
vectors that span the plane to"a question of how two vectors ane added.

+ by accepting Camille's 'minus bvy' and asking her to show the 'plus bvy
on the drawing.

With the first and the third the tutor helps Camille rid of ber misleading ideas and
with the second to replace one of them with the desirable one.

Remarkably the tutor exhibits a considerable amount of flexibility in her efforts to
modify Camille's ideas by adopting the student's perspective and then questioning it
from within. As a result, in the end, the responsibility for Camille's changing mind
is successfully transferred to Camille herself. As the evidence suggests, in this and
other chapters, most strikingly Chapter 9, this tutor usually employs highly leading
technigques of very closed questioning. Therefore the flexibility she exhibits here is
rather unconventional. In a sense Camille's unconventional ‘orthogonal’ conception

. of vector addition seems to have yielded an equally unconventional {out of
character) response by the tutor.

I note that like Patricia in P3, Camnille looks at the plane and decides about the sign
of the vector: it is minus because it is 'on the left’. Again the relative sense in which
representations, such as a drawing, are supposed to be taken is not entirely
understood by the novices.

Pinally I note that Camille in this and other tutorials is explicitly expressing her fear
of anything beyond three dimensions. As with her difficulty to imagine sets of
functions 'after 3 it gets confusing'. Paradoxically she is the only one among the
students in these tutorials who achieves a reasonable generalisation — notably
unprompted by the tutor — in €7, From a cognitive point of view this may not be
paradoxical at all: Camille is more capable of achieving generalisation because at
first she is the one who is conscious of the difficulties involved in generalising.
Ounce she has become suspicious or aware of the cogpitive leap involved in
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generalising, she can attempt taking the leap, Conscicusness in these terms then
emerges as an enhancing determinant of cognition.

Conclusion:

In the shove, evidence was given of the novices' semantic and
conceptual difficulties related to the novel notion of span and
spanning set and of the influence of geometrical metaphors on
advanced mathematical cognition. In particuiar, the novices
seemed to miss the grammatical link between the terms spanaing
set and span — which reflects their cause-and-effect conceptual
link. This linguistic deficiency possibly mirrors and partly
determines the novices' restricted understanding of these new
concepts.

In terms of the students' learning process with regard to the
necessity to generalise (the strategy of spanning from 1 to 3
dimensions), evidence was given that the students respond to the
tutor's stimull, for generalisation with various degrees of
readiness. Almost paradoxically, the only student who committed
an attempt to generalise with some facility, was the one who
complained about the difficulty of generalisation. Consciousness
of difficulty was then identified as an enbancement of the
possibility te overcome difficulty. The students also appeared to
be in difficulty to express formally an intuitively grasped idea
regarding spanning sets,

Moreover the novices' literal interpretation of the geometrical
metaphor of the plane was iHustrated in their use of strictly
geometrical Ianguage regarding vector addition, their body
language and their ortentation on the plane, Most vivid of these
{llustrations was one of the students’ use of a Cartesian orthogonal
system, in which two different aspects of the geometrical
metaphor of the plane interfered with each other and with the
novice's understanding of the construction of <vy, vg».

From 2 methodological peint of view a contrast was identified —
and discussed in terms of its influence on the study — between
learners who are willing to reveal and discuss their thought
processes and learners who are not as willing,
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From & didactical point of view an example was discussed of a
successful attermnpt to modify a student' s perspective from within,
that is by adapting their point of view and undermining it with
key prompting questions,
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Section (ii) The Contrast Between Algorithmic Ability and
Concepinal and Contextual Understanding: Applying the Subspace
Test and Looking for the Zero Element of 3% .

Confext: See Extvact 8.2

Strueture: Similarly to Bxtract 8.1, where the students learned the recipe’ of
finding the span of a set, the students here appear good at organising
their algorithmic thinking (see first two applications of the Subspace
Test in the Context). Unlike these two applications that involved
thinking in terms of Mp(3), the application presented in this Bxtract

involves thinking in terms of 7 with which they are less familiar.
This lack of familiatity results in the students’ ungase with handling
the guastion.

Nete to the Reader: Same ag Section (1)

The Epfizode: A Factnal Account. See Extract 8.2

An Interpretive Account: The Analysis

In the following, T comment upon the students' handling of the zero element of K%
as well as Camille's preoccupation with the contents of H%, I note that the first
frictions (though not mentioned in the Context) with regard to the zero element of a
vector space appear in the discussion of the first two applications of the Subspace
Test: for instance when Abidul uges the term 'nought' for the zero vector of M, (503,
the tutor corrects to 'zero’ (meaning: the zero matrix). Subsequently Abidul asks
whether she can write just ', not the full matrix with zeros everywhere. The tutor
says it's fine as long as it is clear what she means.

Another element that seems to be setting up the scene for Bxtract 8.2 is the fact that
the students in the beginning of the tutorials do not know the Subspace Test,
However during the tutorial they are given the opportunity to apply it several times
and by the time they reach the third application (that is this Extract) they appear to
be handling it quite well -— for instance, all of the students immediately suggest the
evatuation of af+bg when the tutor asks for the second condition of the Subspace
Test. Similarly to Extract 8.1, where the students in the course of the tutorial
leamed the 'recipe’ of finding <vy, vg, vy, the students here are quite good at
organising their thinking along solidly cutlined algorithmic procedures. The
problematic element is that, while the previous two applications of the Subspace
Test involved thinking in terms of the elements of M, (), here the vector space in
guestion, N is less familiar, In the following, 1 present the events from the



Linesr Algebra 215

perspective of this lack of farniliarity and highlight the outcoming learning
difficulties.

Looking for the Zero Element of an Unclearly Defined Vector Space. Some of the
students here appeared ready to start applying the Subspace Test on a set, U9,
whose contents were not well aware of. As a result of this rather mechanistic
choice, they soon impinge upon the identification of the zero element of K% Even
though some of the students can recall the formal definition of the zero element in a
vector space (@+0=0+a=a, Vae V) all of them either remain silent or, after persistent
prompting, suggest ‘stays the same' or 'x', namely the identity function. Even when
Eleanor says ‘nought' towards the end of the incident, one is temnpted to think that
she simply means the real number zero — and not the function z{x)=0.

The evidence of the students' difficulty to understand, and furthermore to act upon,
99 is even stronger and more elaborate in the tutorfal with Camille. [ note that,
once the hurdle of identifying the zero element of %% is overcome, the students are
still uncomfortable with the contents of 9% .— as their frequent confusion of f with
fx) illustrates. Considering separate values of fas elements of 91 i3 an indication
of their difficulty to view f as an object contained in a set of sirnilar objects, as an
element of the set It Again the tutorial with Camille provides strong evidence of
thig difficulty too.

Camille's Preoccupation with the contents of R%. C1-C8 illustrate Camille’s
struggle to construct a meaningful interpretation of 9%, C9-C11 her narrow concept
image of a vector and the expansion of this image that the understanding of g%
necessitates,

Ciiven that Camille is a learner who is not afraid of expressing risky ideas (see
Extract 8.1), C1 is her first attempt to imbue meaning to ®H# C2-C5 are indications
that despite the definitions given by the wtor, Camille — probably not having found
them helpful — insists on trying to relate 9 with It2. Knowing that the set of (x,
fx)) is & subset of 512, where £ 97—, her thinking gets entangled with f as [a sef of]
ordered pairs and f as an object-element of a set. In C6 she seems to have realised
that %% is a set of functions and she explicitly expresses her difficulty in shifting
from a set of elements -— for instance matrices — to a set of functions.

(7 then leaves an impression of a second-round effort. Now Camille possibly
interprets 9% as a "power’ of I, thus ‘containing’ 9 — in the same sense that 23
‘contains' 27 The chain of tentative interpretations of % continues with C8 which
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seens to be a compromising combination of her entanglement with 92 and her
newly-acquired idea that 9% contains functions. In any case C1-C8 is an
impressively explicit illustration of a noviee's striving for meaningful interpretations
of the concepts — and the notation attached — they are being introduced to.
Camille's attempts here highlight the failure of the transmissive model as 2
descriptor of learning., Camille’s stmggle cannot be described in terms of
transmission and reception of knowledge. What the tutor repeats again and again
about 9%, is variably perceived by Camille as her unendingly changing
interpretations of R¥ indicate. Camille seems to be very much alone in this process
even though the steps to the various directions she is taking are obviously fed by the
information she receives,

Finally, the narrow image that Camille has of a vector (also evident in C6} is
revealed in C9-C11 and, in particular, in her attempt to combine the information that

«  the zero vector is a function
« this function has a particular property related to denoting it 'zero vector

in order to deduce that the zero vector of 9% is the zero function, Camille still
seems to struggle with understanding how the clements of 9% can be functions. In

particular C11 highlights a schismn between the notion of vector and the notion of
function.

The evidencs in this study suggests (for instance Bxtracts 8.1 and 8.3) that the
students have acquired a persistent geometric image of a vector through teaching
that focuses on the examples from the line, the plane and the space, Understandably
the teachers are repeatedly suggesting to their students to sspouse a geometric
approach in order to demystify Linear Algebra and especially Vector Spaces which
are deemed as too inaccessible and abstract by the learners and to embed it in
already familiar contexts. This practice unfortunately proves short-sighted because,
within weeks of their instigating & geometric approach, the tutors are forced to
generalise their discourse on vector spaces to cases where the geometric metaphor
not only does not apply but also creates distracting interferences.

Conclusion: In the above, the students' narrow-minded algorithmic application
of the Subspace Test on a subset of %™ (whose contents they
were not aware of) was shown as an action-in-void via their
difficulties to identify the zero element of R%. These difficulties
were lustrations of 4 narrow concept image of vector and of a
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weakness 10 perceive function as an object-element of a set.
Moreover a student’s bold interpretations gave evidence of her
uniquely individual struggle for & meaningful construction, of 9%,
As in Section (1), the students’ difficulties with an abstract
perception of vectors was here partly attributed to teaching that
adheres to a large number of examples from the line, the plane
and the space. Finally a methodological point similar to Section
(1} was also made.
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Section (iii) Spanning Sets and the Struggle for 2 Meaningful
Metapher

Context: Ses Bxrract 8.3

Structare: In the following, the thread that connects the fragments of Connie's
sporadic querying about various questions in LAS is & concern for her
problematic encounter with the cancepts of spanning set and basis.
The tutor tries to resobve her queries by adapting an expasitory
approach and by deawing Connies attention to some formal properties
of spanning sets and bases.

The Episode: A Faptual Acctumt, See Extract 8.3
An Interpretive Account: The Analysis

In the following, I comment upon Connje's sfforts to construct a meaning for
spanning sets. The tutor presents definitions and insists on drawing examples from
the geometrically familiar case of the plane. He also insists on drawing Connie's
aftention to some formal properties of spanning sets and bases, such ag their non-
unigueness, Dwelling on examples from the plane and insisting on exposition
regarding formal properties at times distracts from investigating some of Connie's
perceptions as shown below in more detail.

Analytical Versus Geometrical Approach: how resisting alternative approaches
impedes understanding. As mentioned in the Context, from the beginning of the
session, and in consistence with his recommendations in the morning session, the
tutor constantly encourages Connie to think of spanning sets and bases in terms of
the two-dimensional Cartesian plane; also to adopt a geometrical perspective.
Connie however repeatedly resists (C1, C3), With the tutor’s second geometric
prompt (T3) she seeros to begin secing the span of (1,0) and (1,1} as the whole plane
{C4).

The tutor's subsequent theoretical exposition on the notion of basis does not seem to
impress Connie. A few minutes into his exposition Connie interrupts in order to
draw his attention back to her specific queries on LAS. Underlying hex difficulty
with the conditions under which <<S>»>=<8> ([ note also that what does not appear
in the transcript above is Connie's slip-of-the-tongue in which she misinterprets < as
" Yess than' instead of 'a subspace of'} is her discomfort with the noticn of spanning.
So, despite the fact that it was she who insisted on talking specifically about LAS.24,
it is ¢he who intersupts the tutor's exposition on the guestion in order to discuss the
notion of a spanning set (C5). Connie here appears to attempt to construct a parallel
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between spanning sets and mathematical knowledge she is already farniliar with,
such as the image of a function {'all about the values that thing can take”). The tutor
however does not pursue an inquiry into this construct. On the contrary he prefers
picking on Connie's phrasing (THE spanning set) and recommends caution: a
spanning set of a set is not unique. His comment, even though mathematically valid,
seems to be, didactically, a distraction from iliuminating further Connie's atternpt to
construct a meaning for a spanning set.

However, Connie insists on her image-making (C6). She is struggling for a
meaningful metaphior, for an embedding of the concept of spanning set in a familiar
and operational context. When the tutor defines <S> as the set of all linear
combinations, she wonders "Why are they useful? (C7). The tutor then presents her
with an explanation according to which spanning sets themselves are not interesting.
but bases are. Then again Connie interrupts the tutor's theoretical exposition in
order to draw him back to the specificities of ber query on how LA3.24 and LAS.25
connect. As sald earlier, Connie does not seem to be interested in the tutor's
theoretical exposition: instead of another lecture, she seems to need to concentrate
on the status of these new concepts. Her not very eloquent expression in C8 hints af
her beginning to perceive a basis as a spanning set of a minimum size ('the
smallest). The tutor again tries to shift her attention on non-uniqueness and again
she seems to ignore his remark (THE basis’ in C). Her basic concern is still about
the concept of a spanning sef and a basis (C10) and the tutor then once again
militates for a geometrical approach (plane, space). The inappropriateness of doing
so is demonstrated in her extension of

»  his parallel of i-k vectors from Geometry with & basis to
¢ her thinking of polar co-ordinates r-8 as a basts.

So Connie here seems to think that every co-ordinate system is a basis, To the latter
he reacts alarmed but he does not explain why this parallel does not work (T4},
isaving Connie probably in doubt about her idea that every co-ordinate sysiem is a
basis, but not clear about why this is not so. Finally C12 and C13 are rather fuzzy
verbaljsations of her final interpretations of what a basis is. The tutor accepts them
— T think they do not contain anything immediately wrong but are indeed very
arnbiguous in their generality,

1 niote here that, at one point, the tutor suggests banning the term spanning set
altogether and replace the relevant phrasing with ‘a subspace is spanned by a set §.
This alludes to a more generally observed tendency of the novices to disregard the
notion of a spanning sef as redundant. 1recall here that, in Greek for instance, there
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is no word for spanning set, only for span, Details will follow in the analysis of
more material in this chapter.

Conclusion :

In the above, evidence was given of a novice's struggle to
construct a meaning for the newly introduced concept of spanning
set, Within this struggle the novice tried to employ metaphors
she ig already familiar with, for instance from her stady of
funations. Some of her concept images also illustrated that she
exaggerated the tutor's persistent recommendation to use the
metaphor of the plane, She also seemed to construct mutually
contradicting images that however coexisted independently.
Finally the student persisted on her search for a raison-d'-étre m
the introduction of new concepts.

Didactically, a point similar to Sections (i) and (i1) on the use of
the metaphor of the plane was made. Moreover the futor's
tendency to resort to a theoretical exposition on formal definitions
was questioned in terms of whether it supports the student's
meaningful construction of the new concepts.
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Section (iv) Constructing Bases For Various Vector Spaces: the
Inadequate Targeting of Essential Intuitive Ideas and Induction Into
the Notational Language of Advanced Mathematical Thinking

Conbext: See Extract 8.4

Structure: In the following, the tutor leads the students to the
discovery/consiruction of bases for sets of matrices. The tutor is
flexible to adapt his plaa to the students' queries and is focusing
mainly on the students' writing and expression. In this sense, this
Episode can be seen as an exemplary case of the process of induction
into the codes apd langusge of advanced mathematical thinking.

The Episode: A Factual Account, Sea Batract 8.4
An Interpretive Account: The Analysis

Difficulties with Notation and Inadequate Targeting of Essential Intuitive Ideas.
Throughout the session Andrew seems to be in great difficuity with the notation
suggested by the tutor. Jack, on the contrary, seems to assimilate the new notation
almost instanfly. As a result, while Jack is already manufacturing bases by
manipulating the matrices E,, Andrew is still uncertain about the definition of X,
or having difficulty with why TW{(E;)=1.

Jack appears to be more understanding of — and more efficient in resolving —
Andrew's difficulty than the tutor: he describes what the elements of Ep; are like in
ordinary English, Andrew's immediate understanding brings the tutor to the
apologetic position of not only rewriting the definition of £, in a less convoluted
but equally rigorous way but also of drawing £, on the b/b.

So far in the Episode, my impression of Andrew's unease was emphasised by its
contrast with Jack's swift performance. Andrew's difficulty can be attributed to the
difficulties associated with the notation used in the tutorial, However in his
subsequent suggestion 'taking the sum of E,; Andrew appears to ignore the more
fundamental fact that the elements of a basis of a subspace must be elements of the
subspace. This is not true of the 'sum of E,,,' (whatever that means) or the £, none
of which are matrices with frace zero.

I think that here Andrew is strugeling, not against a complete impasse, but against
some very unclear, elusive infuitions. The 'sum of E,; is perhaps a hint at the
commonly used idea that every sxn matriz Ey; can be written as
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3 X, Ep g whete p.g=1,..1

Jack too captures almost successfully (with It's one less") the idea that since the »n
elements of the diagonal do not vary independently —— there is one condition
connecting them — their degree of independence decreases by one. Finaliy
Andrew's "Yes, but 1 was thinking of E;; from 1 to n-1' seems to be vaguely targeting
the idea of E;-E,,, but he doesn't accomplish that fully. The tutor eventually
delivers a suggestion for a basis of the set of matrices with trace zero, Andrew's
continuing discomfort is llustrated in his request for a detailed presentation of how
the set proposed by the tutor spans the set of matrices with trace zero and is linsarly
independent.

Conclusion: In the above, the novice's encounter with an extremely

. formalistic notation obstructs the unfolding of his problem-
solving. Moreover the novices seem to be targeting, but not fully
grasping, intuitive ideas that are essential for the completion of
the mathematical task (which finally they do not completely
achieve). So, while the expert and the novices agree in the
beginning of the tutorial about the method of approaching the
problem of finding the dimension of a vector space, they seem to
differ in terms of the implementation of the approach: as a result
their interaction evolves into an initiation process during which
the students, with variable ease, become familiar with a new
notational tool. Hence their learning becomes a specific struggle
for accommodating this new tool with the vivid intitive ideas
they have shout the solution of the preblem. An obstacle fo this
accommodation sesms to be the complicated appearance of the
new notation,
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Section (v) dim{X+=dimX+dim¥-dim{XY} and the Varying
Persuasion of Mathematical Argnments

Context: See Bxiact 8.5

Biructore: This is a proof and refutation session mostly driven by the tutor. The
tutor questions the students’ claims twice; one is received with
suspicion; the other enthusiastically, Finally tutor and students
eollectively prove a well-known formula and the sudents suggest an
extension of the formula,

The Episode: A Factual Aceount. See Extract 8.5
An Interpretive Account: The Analysis

Note: 1 note here the expression of a general complaint by the students with regard
to lecturing. Jack's 'we've never found a basis for anything' (or his stressing that he
remembers the theorem because of his reading and not the lectures) is a direct attack
against what is perceived by the students as excessive accurmulation of theoretical
knowledge in lecturing. The tutor's request to refurn to the specific discussion of the
theorem is a common response of tutors in similar situations: the valuable time of
tutorials is not to be spent on general criticisms of the course.

Receiving Coldly a Logical but Not Well-Embedded Mathematical Argument. In
Part & of Extract 8.5 the tutor elicits from the students the answer to the question
(dim(X¥)=n-2) with very closed questioning. However, despite the fact that the
answer is uttered by one of them, the argument is coldly received by the students.
The reason, that Jack gives, is that the tutor's argument is just based on a formula we
haven't proved'. In addition to that, I note that underlying the tutor's argument are
two tacit theorems:

it ¥, ¥< Vthen dim{X+Y)=dimV, and,
if U<V and dimU=dimV then /=V,

The above theorems constitute necessary knowledge for the construction of the
argument and in Part & the students do not give the impression that they possess this
knowledge. These epistemological deficiencies coupled with the method of Sccratie
persuasion by very closed questioning result in the students' scepticism.

What follows in Part b is in striking contrast with Part a: the tuter deconstructs their
belief that a basis of a vector space can be reduced to a basis for a subspace by
removing some vectors from it via an illustrative counterexample.
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The differential efficiency of the two arguments in Part a and Part b can be
tentatively explained as fotlows:

+ Firstly, the formula as well as the two tacit theorems in the argument of
Part a are not well-embedded in the students' active knowledge.
Therefore, while having very limited control of this knowledge, they are
led by closed questioning to an answer that, in a sense, they are forced to
accept.

+  Secondly, the counterexample in Part b is a concrete refutation of their
belief. Even though a perception of H*7may not be graphically
attainable, its elements can be conveniently thought of as 27-part strings
of real numbers, Lence they are manipulable and the argument about the
need for the elements of the basis for a subspace to be elements of the
subspace can be more easily conveyed.

In a simitar vein, the collective effort to prove the formula used in LA6.25ii tums
out to be quits successful even though there is a great deal of leading by the tutor
wha sets up the scene by refuting the students’ belef that a basis for Z can be
reduced to a basis for X or ¥(part b) and by replacing it with the new technique of
extending a basis for a subspace to a basis for the vector space. The students’
thinking initially revolves around a direct application of the technigue on X until
Jack alludes to the possibility of applying the technique on XnY. Jack's intuition on
XY is prompted by Andrew who notes that Jack's suggestion to start from a basis
for X does not provide good prospects for constructing a basis that contains a basis
for ¥.

Finally the procf is collectively completed and an imaginative suggestion is made by
Jack who wonders whether the formula can be extended to ‘'more than two
subspaces’. The exchange of arguments between Jack and Andrew is an exemplary
case of interactive mathernatical creativity even though the creations of this
interaction in particular are rather tentative. I note that the tutor does not deter the
students from experimenting on their idea. On the contrary he suggests the use of a
concrete context ( H2T) for the experimentation.

Note: there is a remarkable repetition of the misleading phrasing "THE basis' by the
students which is commented upon by the tutor. Similar evidence is available from
other tutorials and the interviews,
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Conclusion ;

In the above, evidence was given with regard to the efficiency of
various ways of mathematical persuasion, Socratic closed
questioning, in which unproved theorems were used tacitly,
appeaced to be less convincing than Refutation by
Counterexample in which the examples vividly and concretely
pointed out the argument. Moreover the efficiency of collective
proving efforts was exemplified with regard to the strength of the
students' conviction as well as their imaginative practising of
generalisation.
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Section (vi) Looking for the 'Usual’ Basis of P3(90): Decontextunalised
Knowledge and the Ambiguous Nature of 1

Context: See Bxiract 8.6

Structure: In the following, the strictly tutor-led discussion is
interspersed with the students' individual or collective
responses that reflect a wide variety of their difficulties
with the topic as well as evidence of some novice
reasoning attitudes.

The Episode: A Pactual Account. See Extract .6
An Interpretive Account: The Analysis
In the following 1 focus om:

« Patricia's and Beth's different responses to the almost identical teaching
stimuli, regarding the discovery of the basis {1, x, x2, x3} for P3(9M),

+ the unanimous interpretation of T{1) as 2 instead of 1, and

. the case of two students' imaginative suggestions for extensions of the
knowladge discussed in the tutorial,

The Tteration of an Elicitation Process and its Different Ouicomes. Both Patricia
and Beth have difficulties with reconstructing the 'usval' basis for P3(9).
Responding to the difficuity the tutor prompts them with a recommendation to think
again "what p(x) looks like'. In both tutorials, the request for 2 general expression of
plx) yields

px) = ax3+bxttexvd,

Patricia then ‘sees the point' and notices (P2) that p(»} is a linear combination of z3,
x2, x and d ('the constant’). With further prompting she sees d as d-times-one. Inote
here that the students' difficulty in 'seeing' 1 as x0 results in the phenomenon
alaborated in the next part of this section {on T(1)).

Beth however seems 1o be in more difficulty than Patricia; it takes her longer to find
the 'usual’ basis, Her case seerns to be more complicated anyway: at least Patricia, in
her first attempt (P1) to find a basis for P(I0), suggested polynomials. Beth staris
from 'matrices' as the tutor catls (1, 0, 0, 0) ete.. Tt is likely that Beth was misled by
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the tutor's persistent use of the term 'usual basis' (not specifying for which vector
space) and suggested the ‘usual basis' for F4. However she suggests

plx) = ad+bxt+extd.

as the general form of a polynomial in 94, Subsequently Bl is muttered and it is
likely that Beth was trying to utter ', where s=1, 2, 3. The tutor rather impatiently
interrupts her in order to remind her of what they are looking for: 'simple
polynomials that p(x) is made out of'. B2 and B3 illustrate Beth's interpretation of
the tutor's 'simplicity’: she suggests linear polynomials, or in other words
polynomials of degree one. Beth actually refers to the decomposition {factorisation)
of a polynomial of the third degree to the product of three linear ones. It: that sense
B2 and B3 reflect how decontextualised Beth's thinking is and how the tutor's
responses to her difficulty have failed to address the essential reasons behind this
difficulty: Beth does not seem to have realised so far the rationale behind looking for
a basis: or what is a basis and what kind of expression for the elements of a vector
space it provides.

The tutor subsequently explains that it is not factorisation they are looking for but
the construction of p(x) as a linear combination of four polynoimials. The tutor,
presumably thinking that Beth may have a problem with the notion of linear
combination, asks her what a linear combination is. B4 shows that Beth knows what
a linear combination is — actually we already know that she knows from her earlier
reply (p(%) = axd+bxt+ex+d), So Beth's difficulty in seeing the 'usual basis' behind
this linear combination cannot be attributed to the absence of prerequisite
knowledge: there is evidence that Beth knows what a linear combination is and she
also knows that she needs to break p(x) into 'simple’ polynomials. The fact that she
suggests factorisation may reflect the possibility that she has not solidly
consummated the idea that the operation between the polynomials in P4(K) is
addition. So her difficulty to see the basis can be attributed to her lack of the ability
to piece together these items of prerequisite knowledge in a meaningful way and in
resonance with the needs of the problem she is asked to solve.

Finally Beth does see the correspondence between

Hd1+bd2+ﬂd3+dd4
and
axi+bxirex+d
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and correctly gives the 'usual basis' {1, x, x2, x2} for P4(%). This however is not
necessarily a fact which guarantees that she finally succeeded in co-ordinating the
necessary pieces of knowledge. She vielded the answer intended by the tutor but it
is questionable (there is no further evidence in Estract 8.6} whether she resolved the
mystary of why her previous suggestion {factorisation) was not accepted.

The unanimons interpretation of T{1) as 2. Most of the students in this tutorial when
asked to caleulate T(1), where T(p(x))=p(x+1), reply '2'. As explained in B6, the
students appear to be seeing T as an action according to which 'we are adding one.
Actually in her elliptic expression (B6) Beth captures the essence of her and her
peers' difficulty: what is missing from her sentence is the object on which the action
of the verb is suggesting: add one to what? Underlying the students' response is
seeing 1 as the number ont which to apply the action suggested by 'adding one’ and
not as :

plx)= Dx3+£.!x2+{}x1+1xﬂ =1
which therefore would help them see T(1) as
T{p(x)) = plxt 1) = 00+ D300+ 12400+ D +1(x+1)0 = 1
Abidul's '1+x is probahly closer to the right answer: she seems to have thought:

I have to make x into x+1
Thave no x, I have [
I'li do this once, or leave i the same 50 x+1

If this is at all close to her thinking, then at least she has noticed the absence of x
which the other students have not, In any case the students appear weak in
interpreting functional information: they understand the action required by the rule
of T but lack the crucial understanding of the objects which this action is to be
applied on. The fragility of this understanding becomes evident in cases where the
nature of these objects is ambiguous, such as 1 (a number? a polynomial?). In this
case, it seemns that what seems to be a routine algorithmic procedure (the application
of T} is not routine at all: what this raises is the issus that notions like 'routine’ and
'simplicity' are far from being unquestionably clear; especially when used in relation
to the novices' learning and understanding.,

Finally, I briefly note Cleo's and Camille's imaginative extensions of the discnssion
in this tutorial: Cleo hypothesises about another basts (1, T+, (I+x)2, {1+x)®) and
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Camille reverses the question tackled in this tatorial (find the matex of 2 mapping T
given a basis) to: given a matrix, a diagonal one, find suitable bases for the vector
spaces between which T is defined. 1also note that when the tutor and Camille go
into the details of how Camille's suggestion can be realised, Cleo, unable to follow,
stays behind. This differentiation raises several issues related fo teaching; from a
learning point of view however what is significant here is that the students reach the
end of the futorial with a capacity for extensfons and generalisations,

Conclusion:

In the above, the tutor's use of closed questioning results in the
elicitation of responses from the students that refiect their
difficulties with new algebraic concepts. Also algorithmic
procedures, decmed by the tutor to be routine and simple, turn out
to be problematic for the novices. While, for instance, looking
for the 'usual' basis for P4( %) the students either fail to respond to
the task or make suggestions that are severely decontextualised
and not in resonance with the needs of the task, Moreover the
students unanimously appear weak in interpreting functional
information (interpretation of T(1) as 2}. The fragility of their
understanding seems to depend seriously on the ambiguity of
some mathematical objects (1, for instance, as a number or as the
constant function of value one). In contrast to this difficulty with
'simple’ tasks, the novices at times appear capable of remarkable
estensions and generalisations. This difficulty with ‘simplicity’
raises the issue of whether closed questioning allows an
exploration {and service) of the students’ actual cognitive needs or
is simply a rigid implementation of the tutor's predetermined
agenda.



Linear Algebra 230

Section (vii) Transforming "beautifully literary' Intuitions Into
Mathematical Formalism

Context: See Extract 8.7

Struciure: “Thiz iz a proof and refutation sassion in which the tuter twice pursues
the students’ suggestion which turn out to be successful. In this way,
the tutor’s act i3 to propel the transformation of the students’ intuitive
{deag into formal mathematicsal reagoning.

The Episede: A Factual Account. See Extract 8.7

An Interpretive Account: The Analysis

Transforming beautifully literary' Intuitions Into Mathemazical Formalism, The
interaction of Cathy and the tutor — George's intervention is mathematically ciucial
but the psychologically rich aspect of the interaction involves mainly Cathy — can
be deconstructed as a sequence of actions i which

»  the novice has the necessary global grasp and intuitive ideas but is unable
to organise them to an effective proof

+ the expert organises these ideas in a demystifying process during which
the novice learns sbout LA7.35 as well as about thinking in formalistic
terms.

This is the theme of this Section and the analysis here aims at illuminating the
details of the interaction from this poiot of view.

The focus of Exiract 8.7 is psychological/affective. Cathy demonstrates a lack of
confidence in the rigour of her thinking (not contented with her rigour in the
beginning / ‘solution then might be wrong' / refuses repeatedly to translate her
intuitions to proofs / 'is this formal enough? she says reluctantly later). These words
by Cathy make the Bxtract 8.7 look like an attempt by the tutor 1o boost her
confidence by flexing her cognitive muscles as well as encouraging her emotionally:
Cathy does formalise when encouraged and when clearly introduced to the tools of
mathematical formalism. The inseparability of cognition from the affective factors
under whose influence it takes place here is evident.

The tutor's intentions seem to be to co-ordinate optimally the students' suggestions
as well as act as an expert initiator into the codes of the mathernatical culture (in
particular as far as the mathematical reasoning used is concerned and as far as the
rules of propriety that govern mathematical expression: logic and notation).
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Expert Initiation Into the Codes of Mathematical Culture! Mathematical Expression
and Notation. A priority in the tutor’s agenda seems to be reforming Cathy's writfen
expression of her ideas and definitions. Characteristically Extract 8.7 starts with two
such attempts for reform: her writing for ImT and T2,

For the first, Cathy has used x fo denote an slement of V as well as Im7 on the
grounds that both vectors ‘come from V. This can be misinterpreted as x=Tx which
is not what she aimed to say, Moreover her expression '‘for vin ¥V can be
misinterpreted as the universally quantified expression Vve V, while she meant

Jype V. The tutor's critique leads ber to more acceptable writing introducing her thus
to & notational convention of formal mathematical writing,

Similarly, her writing of ImT2 seems to be a symbolic representation of her rather
ilustrative idea that T2 is 'applying T twice’, With the tutor's suggestion to think of
72 a5 & transformation of V, her thinking is clarified and her reconceptualisation of
T2 leads fo an acceptable expression. In this case the tutor intervenes in order, not
merely to modify a problematic representation of a good intuitive idea, but also to
channel Cathy's perception of 72 10 a direction which is more appropriate for the
context of LA7.35.

Once the issue of Cathy's problematic symbelic representations of definitions has
been settled, the focus of the interaction seems to shift to the transformation of ber
‘beautifully literary ideas’ into mathernatically formed argumentation. Cathy's Tm72
has less vectors than Im7 is a rather inaccurate and finitist verbalisation of
Im72=ImT — in fact in the realm of infinite sets cardinality and Care two issues
that cannot be treated adequately with colloguialisms such as less than'. For
intuitive reasons that possibly relate to the stmplicity of the definition of kernel —
the alements of a vector space mapped to zero — Cathy finds the proof for
kerT<kerT? ‘easier to do formally. As a result, C1 —- despite its containing the same
'less than' expression as previously — turns out as a verbalisation of the heart of the
argument, The student's gquestion in the end of C1 — ‘Is that formal enough? —
illustrates vividly the pressing sense of obligation towards mathematical formalism
that the novices begin to feel.

The second tirme that the interaction between the stodents and the tutor takes the
form of a transformation of intuitive verbalisations into formalism is with C2 and
C3. Cathy seems to have grasped the idea that if kerT containg an element other

than zero, then the construction of another element 13 possible which is contained in
ker7? and not kerT, thus contradicting b. It takes, however, the tutor's insight that
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Cathy's idea is mors than an unjustified guess — and thus it is worth pursuing —
and George's contribution to transform Cathy's 'it seems true but...' into a proof for
b=>a. The tutor at first organises C3: let ve Im7nkerT, 10 Cathy interprets that as
Tv=0 and then as the correct but rather circular 72v=0. The students’ impasse, with
regard to how ve ImT can be exploited, is resolved by the tutor's reeninder that

ve ImT is an 'existential’ statement; 3we V such that v=Tiw, Having this relational
statement available, Cathy moves on swiftly to her next snccessful verbalisation, C4.
The tutor, again in charge of conditioning the novices' expression within the
boundaries of mathematical propriety, translates C4. This accelerates their arrival at
the conclusion — which also is due to another tutor intervention with the theorem
that, if two subspaces intersect trivially, then the dimension of the sum is the sum of
the dimensions,

I note that, in the above, the students’ weakness in dealing dynamically with the
definitions of kerT and ImT, despite Cathy's eventually successful writing of their
definitions in the first part of the tutorial, reflects a possible gap between their
relational and their instrumental understanding of the concepts,

Finally, C5 is another verbalisation of a suggestion for a proof (a=>b). Its relevance
to the novices' preferred approaches to mathematical reagsoning makes it mora
appropriate to be mentioned in the following.

Expert Inttiation Into the Codes of Mathematical Culture: Mathematical Reasoning
and Proof Unlike other cases, whete extremely closed questioning seemed to stifle
the novice’s possibility of making connections, bere the interaction, even thotigh
characterised by the tutor's dynamic interventions, is more proge t0 discovery than
elicitation, The fruitful learning outcome of this approach is reflected in the
students' success to reproduce the argument used for kerTckerT2 in their proof for
ImT2cImT: also in George's secing the analogue between the proofs forb = ¢ and
c==b,

As far as the cyclic process of proving the equivalence of propositions &, b and ¢
{a=sb=>¢=>a) — in contrast to evidence from other tutorials where the students
found it difficult to come to terms with the logic of this cyclic process — Cathy's
(and George's to a lesser extent) difficulties lay alsewhere: in the formalisation of
their ideas for instance as explained above. George appeared unsure about where to
start in the chain of proofs and how to continue but had a plan even thongh he did
not manage to pursue it. The tutor himself attributes a great deal to an initial
intuitive approach: b and ¢ look the same 5o maybe they are of the same degree of
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difficuity. He then moves on o organising the information from the Rank and
Nuility Theorem in a way that appears relevant to the data of the guestion,

Tnitiation into acceptable and viable ways of mathematical reasoning culminates in
the part of the tutorial relating to the proof of a=b. In C5 ('go backwards”) and C6
Cathy demonstrates an approach to mathematical arguments widely preferred by
novices: contradiction by assuming the negative form of the argument to be proved.
The tutor, for the first time in Extract 8.7, intervenes more dramatically with
criticising Cathy's suggestion, not s incorrect but as unnecessarily negative and
proceeds with his own suggestion, Since the tutor is not explicit about the reasons
that make proof by contradiction less acceptable, it is questionable whether Cathy
comes to any rationalisation of why her suggestion is not followed.

Finally T1 is strongly graphic evidence that the tutor is determined to intervene
dynarmically in the students’ approach to argumentation: emotionally laden
expressions (the impact of the word 'surely’ in an appropriately firm tone of voice)
do not support or reinforce & mathematical argument which ought to be gronnded on
proof.

Conclusion: Tn the above, the novice appeared to have the necessary global
and intuitive grasp of a proof but, even though alerted to the
requirements of formal expression, she was unable to organise her
ideas effectively. The latter was propelled by the tutor ina
derystifying process ducing which the student seemed to learn
about the particular proof as well as about thinking in formalistic
terms. The interaction between tutor and students was both
cognitively and affectively intense. This highlighted the
inseparability of cognition from the affective factors. The
Episode stands as a metaphor of the novice's initiation into the
codes of expression of the mathematical culture by the expert.
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Section (viii} Leading Didactical Style as a Potential Propagator of
Passive Learning, Resisting the Contingency of Multiple Answers to
a Mathematical Question

Context: See Bxtract 8.8

Strusture: The group of students featured in this section are particularly non-
participant. Also the tutor uses ¢losed questioning extensivaly. One
of the implications is that the students’ responses, even when cofrect,
sonnd unnatural and uncanvincing. In the following, the students
appear rather inarticulate and the tutor leading.

The Episode: A Factual Account. See Extract 8.8
An Interpretive Accouns: The Analysis

Throughout the observation and recording peried I found it rather difficult to
distinguish between cause and effect in the cases where the tutor used very leadmg,
closed questioning and the students were passive and reluctant participants in these
minimal dialectics. My impression however is that generally it is the tutors who set
the tone and style of the sessions. Itisan exceptional case (some of these cases are
reported in this and other chapters) when a student, keen on dynamic dialectics,
forces the tutor to adapt.

Here the students are not keen participants. Their responses to the tutor's closed
questions sound more like a product of enforcement than conviction. Inthe
following, 1 present the effects of this approach within the context of question B3.

How Patricia was led to realise the redundancy in her thinking. Patticia's
inarticulate answers

+ 'you can deduce the one from the other one’ and
» 'can we just say that because £ is linearly independent...?’

led me to believe that, even though the tutor prompted her to admit the redundancy
of proving both conditions, she does not actually know why. In fact the second
answer cited above might suggest Patricia believes that linear combinations of
linearly independent vectors are linearly independent vectors.

The Success of a More Cognitively-Friendly Approach, In the second part of the
question the tutor's strategy slightly changes. She appears as if she is trying to
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clarify first the students’ knowledge of what & matrix of 4 map is-and-does and then
ask them to apply this refreshed knowledge to finding the matrix in question, This
proves more successful than her earlier strategy even though the students again
rather mechanically transfer the application of the idea from bases E and F to bases
E'and F. The confrast between their inarticulate utterances

« 'Teequals £ All the elements in it...
» 'that's the matrix of the transformation'.
» 'The coefficients of the sums...f; plus fa..

and the fact that eventually the students dictaie the necessary calculations for the
evaluation of Te; is spectacular. The students appear to become more easily better
executioners of algorithmic plans than interpreters of the role and significance of the
concepts they are introduced to.

Complications Resulting From Multiplicity of Answers. In B3 it is Te's=0 with
respect to the matrix given in the question. So while calculating Te'; and Te'y has
led to finding vectors f'y and 5 for basis F' of W, Te's has not. Zero cannot be in a
set of linearly independent vectors. The two students have tackled this complication
in different ways. Beth decided that since Te'y=0 and we cannot have zero, the basis
will contain only two elements (B1), Cary on the other hand, convinced that a basis
of W must necessarily have three elements, decided to keep zero in the basis (C1).

With the tutor's prompting, Cary notes that, if we include zero in the basis, then our
set of vectors ceases 1o be linearly independent {C2). The tuter wants the students to
nnderstand that they have to find f3 replacing zero with another vector, not
necessarily via the same method that led them to find fy and £, Beth however
seems at ease with the idea that since the process determined these two acceptable
vectors only, the dimension is 2 (B2). Finally through B3 to B& she is led to change
her mind into the multiplicity of possibilities for f cannot be zero.

In the above, the siudents appear to resist the idea of determining f'3 ina non-unigue
way. f3 can be any element of Was long as it is linearly independent of £y and f'o.
This potential pluralism of answers, while a common mathematical ccourrence
(examples: thers is often more than one solution in a differential equation; there is an
infinite number of solutions in an under-defined system of simultaneous equations)
seemns to be alien to their mathematical experiences and hence they resist it. The
expectation of singular answers {0 mathematical problems, patronisingly designed to
present mathematics ag a polished, clear-cut deterministic activity, is here revealed
to be a detrimental, die-hard habit. [ note that the rest of the students in this college,
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that were confronted with the possibility of various chotces for f3, responded in
similar ways.

Conclusion: In the above, a case was explored where the novices seem to
resist the potential pluralism of answers to a mathematical
problem, Moreover in the process a gap was observed between
the students' calculating skills and their ability to reason
articulately about their mathematical actions. In terms of
teaching style the highly leading and predetermined closed
questioning was illustrated as inadequate and unnatural, whereas
a more cognitively friendly exploratory style was proved
relatively more successful. It is likely that such a teaching
approach deepens the above mentioned gap between algorithmic
and conceptual understanding. Both passivity and reluctancs to
participate as well as resistance to the potential of mathematical
pluralism reflect a deeply unadventurous and conservative
learning style.



Lincar Algebra 237

PART HI A Synthesis of the Findings in the Area of Linear Algebra,
Indications for the Cross-Topical Synthesis in Chapter 10

In this chapter the stadents' first experiences of Linear Algebra concepts were
explored in a series of Episodes from the first and the beginning of the second term
of ohservation. As noted in the Interlude, the concept that emerged as
paradigmatically problematic in the area of Linear Algebra was the concept of span
Ispanning set which was explored from a linguistic and a geometric/visual
perspective: the novices [1] often seem to miss the grammatical link between the
terms spanning set and span — which reflects their cause-and-effect conceptual
link, This linguistic deficiency mirrors and parily determines the novices' restricted
nnderstanding of these new concepts®. Specifically, their understanding ssems to be
also influenced by their responses to the requirements of generalisation. Within the
same mathematical task [1]¢,

» . some students learned to reproduce the sirategy, suggested by the tutor,
of generating <vy, ve> from <v>, when v <vy>, and <vy, ¥g, v4> from
<v{, o, when vz€ <v), vo>. Some did not seem to accommodate the
acculturating process of learning and applying the rule as readily as
others.

» one of the students seemed to perceive <vy, ¥o> as <vy>+<vg>, This
implies that the student resists the idea of a construction larger than its
parts and it also resonates with findings in other contexts, for instance
fonctions, on the persistence of linearity in the novices' thought

PIOCESSEs.

So the students appear as if they respond to the tutor's stimuli for generalisation with
various degrees of readiness, On what seemed initially to be a paradox, among the
observed students, the only one who attempted to generalise with some facility, was
the one who complained about the difficulty of generalisation. Consciousness of
difficulty was then conjestured as enhancing the possibility of overcoming
difficulty.

Tutors and students also seem to perceive routine-ness and simplicity of task
differently: for instance [¢], when looking for the 'nsual’ basis for Py, the students
gither failed to respond or made severely decontextualised suggestions (for instance

¥ gimilar semantic and linguistic interpretations wers attached to the novicss' eonfuzion of & and {0].
| the discussion of <v|», <v], vz and €¥1, ¥2, ¥3=
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factorisation). Moreover the students unanimously appeared weak in. interpreting
functional information (e.g. in the interpretation of 7¢1) as 2). The fragility of their
understanding seems to depend seriously on the ambiguity of some mathematical
objects (1, for instance, as a number or as the constant function of value one). These
differences in perception make it necessary to reconsider what is raditionally
thought of as a simple task. Bspecially when at the same time that the students
appear incapable to perform a 'simple' task, they are capable of remarkable
extensions and generalisations.

In their attempts to understand the vectorial context, the novices seemed to adhere
strongly to the metaphor of the plane which they frequently interpreted rather
literally: they use strictly geometrical langnage regarding, for instance, vector
addition. This attitude was vividly illustrated in 2 students' suggestion [1] to add
vectors by 'dropping perpendiculars', that is by using a Cartesian orthogonal system,
instead of using the Parallelogram Rule: as a result, two different aspects of the
geometrical metaphor of the plane {Cartesian orthogonal system, Parallalogram
Rule) interfered with each other and with the novice's understanding of the
construction of <vy, vo>. Other illustrations of this attitude include the students’
body language as well as their orlentation on the plane [1] (minus for left, pius for
right). :

Novices tend to adapt metaphors in an excessively literal manner mainly because the
suggested metaphor — the plane in this case [1,2,3] — has been associated with
convenient and familiar algorithms. The likelihood of this explanation is reinforced
by the students’ tendency to apply their algorithmic competence even within contezts
they do not have a good grasp of: e.g.[2] applying the Subspace Test on a subset of
R whose contents they are not aware of. Soon this action-in-void brings their
conceptual difficulties to the surface: difficulties with the zero element of H¥ and
confusion of f with £{x) [z].

Some students however try to avoid this meaningless action, when trapped in a
context they are not aware of, and attempt to accommodate the new concept in what
they already know [2}: for instance, while struggling with seeing the zero function as
the zero element of %%, a student attempted a mesningful construction of %, In
the process it is revealed how her concept image of & vector on the plane (a directed
line segment) interfered with the notion of vector as an element of a vector space;
also her weakness in perceiving function as an object-glement of a set.

Similar struggles with constructing a meauning for the newly introduced concept of
spanning set {the difficulty with the generating aspects of the spanning process
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seems to characterise these struggles) mostly consisted of efforts to employ familiar
metaphors, for instance from the study of functions. In one instance [2] —
characteristic of the tendencies among the novices — the student exaggerated the
tutor's persistent recommendation to use the metaphor of the plane and appeared to
believe that every co-ordinate system is a spanning set, including polar co-ordinates.
In the process she also appeared to see basis as the smallest spanning set and, as ber
consistent use of the article 'the' for spanning sets indicates, she seemed to believe
that a spanning set and a basis are unique. This contradicts ber image of basis as the
smallest spanning set which implies the existence of more than one spanning sefs.
The two images seemed to co-exist independently, Finally the student wondered
about the utility of spanning sets. This reflects an inclination to search for a purpose
in the introduction of new concepts? whose usefulness is not readily visible to the
novices,

Apart from wondering about the utility of the new concepts the students also seem (o
acquire a variety of explicit or implicit images related to the concepts that co-exist,
or exist despite of, the concept definition. Examples:

+ the elements of a basis of a subspace do not necessarily belong to the
subspace [4],
+ abasis of a vector space can be reduced to & basis of a subspace [s].

Along with these sometimes inadequate or contradictory concept images, the
students’ inadequate knowledge [7] of necessary definitions (kerT, Im7} and the
linguistic and graphical inconsistencies associated with these concepts also bacomes
an obstacle to building up meaning for the new concepts as well as proving
arguments. Trying to work within %, while thinking of the concept of function
disconnected from relevant notions such as domain and range [2], is an example of
the role played by these obstacles.

In the above, the novices appear to respond in a variety of ways fo the introduction
of new concepts: by regressing to the adoption of familiar metaphors (substituting
thus the power of the abstraction in the new concepts with the convenience of a
familiar context3); by concentrating on a competent if narrow minded execution of
algorithmic tasks; by engaging in a struggle for a meaningful comstruction of the
new concept, For instance* while discussing the new concept of linear mapping

2 reported extensively also in Chapters 7 (limitjand Chapter 9 (coseals)
37 note that in other contexts, such as Jimits {Chapter 7), the novices were less prone o resort ho
greviuusiy established techniques.

Condensed evidence from 2 number of episodes not reperted in the Chapter,
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sorme students adhered to an application of the definition, even when they could not
give an example of the concept; cthers tried to critically embed the new concept in
their previous knowledge (for instance, by asking whether particular examples of
mappings they know about fit in the definition of linearity). In ﬁnderstanding the
aotion of linear mapping the novices' familiarity with the metaphor of the two-
dimensional plane seemed to play a positive role. This specificity of context
however seemed to have a more coniroversial effect in cases like finding the zero
element of a vector space, where the novices associate the zero vector with the
nuniber zero. So, in this case, specificity of context impedes the novice's
understanding of the zero vector as, for instance, a function (also in [3]) or a matrix.

The students also appear to be in difficulty to express formally an intuitively grasped
idea regarding spanning sets [1,4,7, 8], even in the cases where they appear alerted to
the necessity of a formal argument [7]. One of the students' linguistic unease 1] —
because English is her second language — was Hlustrated as a metaphor for the
difficulties engendered by mathematics as a symbolic and formal language too, The
extreme formalistic nature of some of the new notation, for instance the
unnecessarily convoluted use of Kromecker's Delta in [4] also seems to obstruct the
development of a student's problem-solving thinking, In this case, the difference
between the expert's facility with formalism and the noviee's unease is so obvious
that while the expert and the novices may agree [4] about the method of approaching
a problem, they differ in terms of the implementation of the approach: as a result,
their interaction evolves into an initiation process during which the students, with
variable ease, become familiar with the new notational tools of mathematical
formalism. Hence their learning becomes a specific struggle for accommodating to
this new tool — whose appearance maybe intimzdating — the vivid intuitive idcas
they have about the solution of the problem.

In the above, the students' learning is described in terms of their interaction with an
expert. In this interaction, the efficiency of the different ways of mathematical
persuasion varies [3}: Socratic closed questioning, in which unproved theorems were
used tacitly, appearad to be less convincing for the novices than Refutation by
Counterexample, in which the examples vividly and concretely pointed out the
argument. In the latter case the strength of the students' conviction as well as their
imaginative practising of generalisation were exemplified [5]. At the same time the
togic of implication and of proof by contradiction are reasoning techniques that the
novices appear to struggle to master [7],

The students’ interaction with their tutor was in most cases described as an
enculturation process in which the tutor organises the students' intuitive ideas in a
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demystifying manner and in which the novice seems to Iearn about particular proofs
ag well as about thinking in formalistic terms. In some cases [7] the interaction
between tutor and students is both cognitively and affectively quite intense and in a
manner which highlights the inseparability of cognition from the affective factors
under whose influence it takes place.



Chapter ¢
The Novices' Encounter With Mathematical Abstraction: Cases from
Group Theory
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PART I A Guide to the Paradigmatical Cases (Episodes) Presented

in this Chapter

The foltowing table contains contextual information with regard to the 8 Episodes
presented in this Chapter.

Episcde Number

Tirme of Incident
Term - Week

Participants

Mathematical
Content

Hilary 3

Connie

GRFES.1, order of a
group and order of an
glement, cyclic
groups, Lagrange's
Thearent

Hilary &

Camille

equivalence classes,
CUsELs

Hilary &

Jack and Andrew

GRFS5.6, order of a
group and order of an
element, cyclic
groups, Lagrange’s
Theoram

Hilary &

Connie

centraligers,
conjugates of an
elernent in & group

Hilary 6

Jack and Andeew

GRF5.8d, order of a
group and erder of an
element, subgroups,
Lagrangs's Theorem

Hilary 7

four paies of students
in one college

First fsomorphist
Theorem for Groups

Hilary 7

Connle

GRFT.3, normal
gubgraups, cosets,
Lagrange's Theoremt

Hilary 2

Cathy and CIHf

CiRFR.5, order of an
glement in a group
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PART Ii Data and Analysis

In the following I present the factual and interpretive accounts and conclusions for
the & Bpisodes of the table in the previous page. In Part IIl then I synthesise the
findings of Part 11 related to Analysis and briefly discuss the wider cognitive issues
that are presented in the overall synthesis of the data analysis in Chapter 10.
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Section (i) A Gradually Revealing Example of the Linguistic and
Conceptual Dimensions of Difficalty With Order of an Element,
Generating <g> and the Group Operation

Contest: See Bxtract 2.1

Structure: Af first the discussion — see Context — is briggered by Connie's
provlematic understanding of GRFS.1. However in the Bxtract it
aradually becomes evident that Connie is in confusion about the
notion of erder {of group G ov element g) and of the group operation.

The Episode: & Factual Account. See Extract 9.1

An Interpretive Account: The Analysis

This episode stands as a metaphor for a cognitive journey back to the roots of the
student's confusion with the new group theoretical concepts she has been introduced
to: ostensibly about GRF5.1, this is mostly about <g>, gl and the group operation.

A Problematic Use of the Term Order of an Element. As the tutor notes (his
observation is based on Connie's reaction to Alan's solution in the group tutorial that
morning) Connie lacks & clear understanding of the notion of order of an elernent.
He then chooses to re-introduce her to the notion, via the definition given in the
lectures, and explain that igl=l<g>l. In C1 ard C2 Connie seems to be slightly
surprised with the connection between |gt and <g>.In fact her confusion and surprise
can be attributed to the linguistic use of the term order of an element g which
actually is an abbreviation of the more accurate order of the group generated by an
element g. C4 illustrates how Connie is in trouble with understanding how an
element can have an order — which so far has been identified as a property of
groups: groups have order and the order of a group is a number equal to the number
of its elements. Connie's confusion can be accounted for as an effect of her not
realising the tacit abbreviating of the term. C3 is evidence of her seeing order as the
number of elements in a group and actually as a finite numbes: she uses the word
'eount’ in order to talk about the act of finding the order of a group. Inote that her
finitist conception of order is perfectly justifiable in the context of finite groups she
has been recently working in.

Finding however the order of a cyclic group by counting the number of its elements
obscures the fact that if <g> is of order p that means that it has p elements because
the powers of g start 'repeating themselves' afier p. In this sense order of an element
is a concept that contains both a static characteristic of <g> (the number of its
elements) AND information about the process of obtaining these ¢clements (how
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many times it is necessary to take the powers of g in order to cover <g>}. In
Connie's words, most strikingly C4, this duality is missing.

Generating <g> and the Notion of Group Operation. Subsequently in €5 to C9, it
turtis out that behind Connie's unease with the concept of order lies the even more
fundamental unease with the notion of generating a eyclic group from the powers of
an element ge G, Even further her troubled notion of generating can. be largely
attributed to her muddled perception of the operation in a group.

T C'5-C8 "times' and 'to the power of are used unclearly interchangeably; it is also
not clear at all in sach one of them whether Connie refers to the 'multiples’ ot
'‘powers' of g or g2, This can be due to the tutor's effort to convey the idea that, in a
subgroup of otder p, where p is a prime number, every element, other than e, is of
order p too. Therefore, whether we consider the powers of g or g2, eventually the
generated set will be H. In this sense the tutor and Connie are far from
understanding each other and communicating fruitfully: Connie is stitl struggling
with her exploration of the notion of generating a group from an element; she is still
vague about how this process takes place (operational stage). The mtor on the other
hand assumes the clarity of the process of generating a group from g and a group
from g2 and atterapts a demonstration of how these two groups coincide.

Tt seems fair to say that the discousse between the two interlocutors takes place past
sach othet, Perhaps most striking is the exchange of words in C5 to C8 with regard
to 'times' and 'to the fpower of] in C5 Connie explicitly nses times' and in T2 the
tutor responds with taking powers. In €6 and C7 she insists on ‘times' and the tutor
shifts from 'muitiplying' clements that are powers of g to manipulating the powers to
which these elements are taken, While deing so he seems to assume the clarity of
these operations. C9 is evidence of how Connie, far into the discussion, is still
struggling with clarifying the ebjects on which the operations are applied. Since the
conversation is completed with C10 — it seems that the tator has been expecting a
verbal signal of understanding from Connie so that he can move on to other topics
_ there is no evidence of whether Connie's perception of the group operation, the
generating process and ultimately cyclic groups and their crder has been clarified
and enriched.

Conclusion: In the above, a novice's problematic perception of igl, <g> and
the group operation were gradually revealed, Linguistic
(abbreviated use of the term) and conceptual (static and
operational duality) interpretations of the student's difficulty with
the notion of order of an element have been given, Further, the
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operation of generating <g> seemed {0 be problematicaily
perceived by the novice who uses metaphorical expressions like
'times' and ‘powers of very unclearty and at times
interchangeably, Didacticaily the dialectics between tutor and
student illustrate a communicational gap which leaves the
question, whether the student's perceptions have been enriched,
pending.
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Section (ii) A Novice's Inquiry on the Concept of Equivalence Class
and of Coset: Bestowing Meaning Through Ambivalent Uses of
Geometrical Metaphors

Conteyi: Ses Extract 9.2

Strocture: In the following, Camille enguires tha tueor about the ideas sha hag
found problematic in the Yectures: the proaf of one of the isomorphism
theorems and then the definitions of centraliser and confupate.
Underlying her questions seams &0 be her difficulty with the new
notions of equivalence ¢lass and, most severely, with the notion of
coset.

The Episode: A Factoal Aceonnt, Sae Extract 9.2

An Interpretive Account: The Analysis
I note that the boxed parts of the discussion are the three highlights of the analysis.

Literal Interpretation of a Drawing I Equivalence Clusses as Straight Lines. Fig.2a
is the tutor's visnal representation of f, a mapping of G on itself. In order to avoid 2
diagram in which & and Imf would be separated (a misleading idea since Imfc(h),
the tutor prefers to reprasent an element ¢ of the domain as a dot and its equivalence
clags (generally defined as the set of slements in the domain that are mapped on the
same value as @) 45 4 line segment. This metaphorical representation however seems
to escape Camille who interprets fig.2a literally and wonders {(C1) why equivalence
classes are straight lines. T1 and fig.2b are attempts to set the record straight and
emphasise the metaphorical nature of the representation. Soon, however, Camille
seems to repaat analogous interpretations with regard to the notion of coset (C10
onwards).

C1 and C2 reveal Camille's preoceupation with the notion of an equivalence class
which exgtends later, more intensely, to the relevant notion of 2 coget, C3-C3
however reflect her puzzlement with the main aspect of the isomoerphistn theorem
{there is an isomorphism between the elements of a group and their equivalence
classes). I note that, in this Chapter, the students are repeatedly unsettled by the idea
of

defining a mapping between two groups (or on a group itself),
then defining a new relation batween sets of elements of these groups and
then defining a type of morphism

between these sets or
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between elements of the group and sefs of elements

(for instance Extract 9.6). Here C3 15 asign of this confusion, Camille quotes the
lecturer's definition of g (g{e,)=Aa)) and then claims ‘we don't know what g is'. If
seemns that commonly used phrasing such as 'define a correspondence between the
elements of a group and their equivalence classes' is not perceived by the novice as a
clear establishment of a function; or in C3 Camille does not see the = sign as a sign
of definition but as a sign of equality. Her confusion then is the outcome of
knowing what lies on the right hand of the equality and not knowing what lies on its
left.

Moreaver Camille's confusion can be justified on another basis: the tutor's
expression 'a correspondence between the elements of a group and their equivalence
classes' is equivalent but not identical to the lecturer's g{e)=fla). What the lecturer
seemns to have said is the following:

] define e, as the set of elements x of the group for which fix)=fla)where fis
a homomorphism from G to G. I then define g as the correspondence that
assighs &, to this Common value fial.

This is more specific than the tutor's expression and there is not Tnuch to guaranies
that a novice necessarily ought to see that the iwo expressions in essence coincide.
The tutor's subsequent explanations clarify the definition of g, as well a5 its
properties, but it is noticeable that it is due to Camille's persistence that these
clarifications are finally being uttered.

Literal Interpretation of a Drawing IL: Cosets as Squares. A Multi-Faceted
Tentative Construction of a Meaningful Image of the Concept of Coset, The
discussion of the correspondence between the elements of a group and their
equivalence classes evokes in Camille a query on another correspondence: ‘the 1-1
correspondence between the conjugates of x and x. Remarkably Camille
demonstrates precise knowledge of the relevant definitions (centraliser, conjugate)
as well as a relation between the two concepts. Inote that, unlike Camiile, most of
the students in these ttorials at this stage were incapable of reproducing definitions
of even simpler group-theoretical constructs mentioned in the lectures.

However Camille it her demonstration of knowledge has not used the term coser &t
all. The term occurs for the first time in the twtor's words and captures Camille's
aitention. Subsequently and in the rest of the Episode it seems that the notion of
coset constitutes a large part of her preoccupation ; C6-C12 seem to be persistent,
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multiple attemnpts to imbue it with some meaning, €6 comes through as a
surprisingly philosophical and abstract question which raises a very fundamental
existential issue with regard to the notion of coset: what is surprising about C6 is
that it comes in the middie of the tutor's describing a quite sophisticated construction
(establishing a correspondence between the cosets of the centraliser and the
conjugates of an element x in a group) and shifts the conversation from the strictly
and specifically mathematical (represented by the tutor} to the metamathematical.
Camille has been attentively listening to the tutor's demonstration of the construction
and has given the very strong impression that, throughout, she has been processing
the dense information provided by the tutor. C6 however illustrates that this
processing must have besn motivated mostly by the desire to construct 2
representation of coset — visual, ‘material’ — than consume the fator's argument.
From then on, as said earliar, C6-C12 is a series of successive attempts at
interpreting the concept of coset.

(6 is a nearly platonistic enquiry on the nature of cosats as objects, as entities,
Camille's entities in €6 do not necessarily act or inferact. In C7 the questioning of
the nature of these objects takes the form of an exploration of their raison-d'-étre
(very similar to Connie's enquiry on conjugates in Extract 9.4), C8& is a dissection of
a coset which equates a coset with how it comes into existence. Inote that so far
T4-Té do not seem to have a direct impact on the genesis of Camille's ideas of what
a coseris. C9 is a geometrical interpretation of CB dexived from the notion (and
notation for) trangformations, and in particular translations, The tutor carafully
tunes in (T7) but Camille accelerates her tentative condensation of her conception of
coset in & geometrical image in a questionable way: C10 (in parallel with C1)
illustrate how the line between a metaphorical and a literal interpretation of a picture
is thin and severely disgnized under the heavy weight impact of visual imagery. The
tutor is surprised and alaymed (T8) by Camilla's intention to ‘apply [this ideal on
squares’. C11 is evidence that Camille is too preoccupied with her image
construction to be influenced by T8 and she furthers the interpretation of her fig.2¢
in & less controversial but highly ambivalent way. T9 is one more effort on the
tutor's side to tune in and transform the student’s images from within. Surprigingly
then Camille turns in a shift to a more abstract property of cosets in which however
the geometrical jargon ('size’ in C12) is maintained. The tutor (T10) has completely
adopted Carnille's metaphor and contributes another observation on cosats,

Pinally Camille ceases the effort to interpret further the notion of coset once she
acquires an image of cosets that is satisfying and clear to her. That Camille is
content with what she has acquired can be assumed on the basis of the evidence,
given during observation, that this student does not bring a conversation to an end
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untif she acquires a satisfactory {to ber) understanding. The issue that C6-C12 raise
is whether the guality of the acquirsd perception of a coset -— via a multiplicity of
metaphors and visual representations — justifies Camille's eventual sense of content.
Given that the tutor cautiously surrenders in adopting Camille's metaphor but does
nat cross-check whether the intended (by the tutor} and the acquited (by Camille)
image of a coset coincide, the questions raised by this issue ought to remain opes.

Conclnsion: In the above, a student, who exhibits a remarkable knowledge of
the definitions of the concepts involved in the discussion, is
engaging in & meaning bestowing process with regard to the
notions of equivalence class and of coset. The student asks the
tutor about the raison-d'-étre of the concepts and her efforts are
characterised by a tendency to use metaphors of some regular
geometrical shapes in order to construct 2 mental representation
of the concepts {equivalence classes as straight lines, cOSeLs as
squares). Evidence was given that these geometrical
representations are interpreted literally by the student, This raises
the issue of a potential cognitive danger built in the use of
geometrical metaphors.

Moreover the novice's difficulties were identified with regard to
conceptualising a mapping between elemenis of a group and sets
of elements of the group. This was seen in two examples of such
meppings {(involving the concepis of conjugate, centraliser and
equivalence class). The tutor has demonstrated a considerable
flexibility in thinking in the terms of the student's metaphors
(actually it is the tutor who sparks off the use of geometrical
representation in this tutorial) but in the end there deesn't seern to
exist any guarantee that the didactical use of metaphorical
discourse has resulted in the tutor's intended concept image of the
notion of coset.
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Section (iii) A Contrast Between Expert and Novice Approaches to
Proof: The Fine Details of a Lateralisation of Cases in GRF5.6

Context: See Extract 9.3

Structure: In the following, the student seems to have acquired an
adequate grasp of the mathematical argument in GRF3.6
but lags behind in terms of an appropriately formal and
complete presentation. It is debatable whether in the
interaction with the tutor, the finesse of the argnment
escapes Jack, or it is stmply a matter of emphasis and
clarity in the student's words.

The Episode: A Factual Account. Ses Extract 9.3

An Interpretive Account: The Analysis

The Details of the Argument for GRF3.6 that Sparked the Controversy. Ag
illustrated in fig.3, the argument for GRF3.6 (Prove that a group of order 35 contains
elements of order 5 and of order 7) presented in the tutorial s as follows:

G is either evelic or not eyclic.

If G is cyclic then 3xe G such that G=<x> and 1x31=7 and b |=S5.

If G is not cyclic then there does not exist xe ¢ such that G=<x>, therefore
there does not exist xe G such that lxl=35. Hence Vge G, Igl=lorSor7, Let
g(EG. Then |gl=1 or 5 or 7. If Igl=5 then, from GRF3.1, the number of
elements in & of order 5 is a multiple of 5-1=4. But, since lel=1 and 4 does
not divide 35-1=34, G contains a number of elements of order 3, a number
which is a multiple of 4, and the rest, since there is no element of order 33
and the only element of order 1 is e, must be of order 7. The same
conclusion would have been reached if g was assurnied in the beginning to be
of order 7.

Jack's argument (J1) grasps the essential part of proving that, in all cases, G contains
elements of order 5 and 7, but is not clear in his presentation of the cases he takes.
However, as the tutor notes (T1 and T2), selecting an slement of order 5 and proving
that the rest of the elements in (3 are of order 5 or 7, by not excludmg the possibility
that among them there maybe an element of order 33, is not legitimate. In Jack's
mind this exclusion seems to have taken place in the beginning, when he let x€ G
and lateralised the cases for |z, But this is different from what the tutor says:
choosing an element in terms of its order says nothing about the order of the rest of
the elements in G. Jack proves that, in case [xi=35, then G 1s cyelic; therefore it
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contains elements of order 5 (x7) and of order 7 (x9). When he chooses lxl=3, he
does not exclude the possibility of another ye G whose order is neither 5 nor 7 and

£+e,

In a sense, the presentation of the argument as in. fig.3 or above is less controversial
and clearer than Jack's. It seems that the exclusion process described above has
taken place in Jaclk's mind (J2 can be taken as 2 declaration of his taking mutually
exclusive cases and that once a case has been looked at, for instance |x1=35, it is not
necessary that it reappears in the proof} but is not emphasised enough in his
presentation.

Lateralising cases in terms of G being or not being cyclic, 15, as the tutor's argument
shows in T1 and T2, 2 more unambiguous approach. Jack's however lateralisation
seems more natural: the question asks for & proof that a group of order 35 contains
elements of order 5 and elements of order 7. So Jack sets out to point these elements
out. This forces him to take cases. In the course of his checking out all the
possibilities, if he were more precise, he would have to distinguish between G being
or not a cyclic group. So the distinction, if we follow Jack's train of thought, is born
out of the acgument in his proof as a necessity; it is deeply incidental,

In contrast, the tutor's argament, as succinctly put in T2, suggests that the proof
should start with making the distinction between the case where G is cyclic and G is
not cyclic. This fine, logical suggestion however is the benefit of hindsight:
knowing that subsequently the proof requires a lateralisation of cases, the tutor
suggests that this can be neatly done in the beginning. There doesn't seem to be any
psychological reason why someone would start this proof from distinguishing
between cyclic and non-cyclic groups.

The above juxtaposition illustrates the contrast between expert and novice
approaches; the former logically economical, succinet and benefiting from
hindsight; the latter naturalistic and exploratory. Jack in the end doesn't appear as if
be is clear about the difference between his approach and the tutor's, In fact the
tutor, who calls this difference a 'minor point' is not emphasising the Jogical
underpinnings of his and of Jack's approach: he seems to be more preoccupied with
the full coverage of the cases in a formal way (he insists that Jack is clear that, when
he deduces the existence of an element of order 7 from the existence of an element
of order 5, he has excluded the possibility of the existence of an elernent of order 35)
and less with the naturality in the genesis of the proving argument.
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Conclusion:

I the above, an argument whose finesse seems to be not fully
grasped or not clearly emphasised by the student, sparks off an
elaborate conversation of the details of lateralisation of cases in
GRFS.6. In the process a contrast becomes visible between the
genesis of arguments by an expert (logical, succinct and
benefiting from hindsight) and novice (naturalisticaily botn out of
the proof).
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Section (iv) A Novice's Struggle for a Meaningful Interpretation of
the Definitions of Centraliser and Conjugacy Class: Request For
Examples and For a Teleological Rationale Behind the Definitions

Context; See Exiract &.4

Structure: In the following, evidence is given of Connje's effort to imbue some
meaning and purpose o the new concepts of centraliser of 4 group
and conjugacy class of an element.

The Episode: A Factual Account. See Extract 2.4
An Interpretive Account: The Analysis

The Episode is triggered by C1, Connie's frustrated declaration of non-
understanding, 1note the emphasis she has put on teally’ as well as her phrasing:
‘what they are'; this is a purely existential statement which deviates considerably
from the standard approach, of the lectures for instance, which is to familiarise with
anew concept through its definition. The tutor responds with the definition of C(x)
and C2 is a comment on the definition. 1 note that in C2 as well as in C7 Connie's
use of the words 'swap back' and 'sends it back' possibly reflect an action-dominated
concept image of the group operation. In xy=yx, 'swapping back' is the result of the
commutativity of the particular x and y. And in C7 the Inverse x! is 'sending x back
o itself’. This latter verbalisation can perhaps be associated with the action
perceived aspect of the inverse function (if f sends x to fz), then f1 sends f{x) back
to x, so F1 is a way of coming 'back’ to x).

With regard to the definition of centraliser the symmetry of the expression xy=yx
seemns to engender the false impression that C(x) and C{y) are the same. I think
Connie here is confused with the guantifiers behind x and y: in the definition of C(x),
x is fixed and y runs through G, Some of the y, the ones that comimute with x, are
elements on C(x). The tutor (T1) illustrates that C(y) is the set of all the elements
that commute with v, whereas C(x) is the set of all the elements of the group that
commute with x. In a sense the verbal presentation of the definition of ((x) seems to
be Iess prone to the engendering of the false impression because it puts the emphasis
on the fixed nature of x and the variable natare of y.

Giving the definition of a centraliser however does not satisfy Connie who in C3
emphatically requests some exampies ‘so that T can understand’. It is a rare occasion
in these futorials that the novices turn up with such eloquent and clear cut
declarations of what helps them understand. In this case, Connie makes a statement
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about the value of examples in her constructing a meaning for a new concept. The
tutor's example of an Abelian group is slightly disappointing because it does not
enrich the concept image of a centraliser a3 a new entity; it possibly trivialises it.
‘With the second example however Connie, who also corrects the tutor's claim that
C{(12)} is (e} and suggests (12)e C((12)), participates in the construction of C{(12))
and requests no further explanations on the concept of centraliser. It may be
reasonable to assime that at least temporarily she is content with her newly acouired
image of the concept.

C4 and C5 reflect Connie's preoccupation with the role of g in
Cx={ gxg’!, ge Gl

[ note that in both C4 and C5 it is not clear whether Connie is talking about Cg or
Cy. The tutor seems to shift from one to the other adapting each tirne to Connie's
words but never pointing at his shift explicitly. His clearest statement is the process-
oriented T3 in which he defines Cy by suggesting a way to construct it: run through
all ge G and construct gxg™t, The set of gxg! is Cx. '

C6 is evidence of the impact that the guasi-algorithmic T3 had: Connie realises that
the congtruction of Cy is an x-centred action and also that running through ge G may
generate more than one conjugate for x. I note that Connie’s confusion with the
concept of conjugate seems to be underlain by the same confusion with regard to the
notion of fixed and vartable element as in the definition of centraliser. how do you
choose g', 'is it for every g'in C4 and C5 as well ag C6 possibly reflect an interplay
in her mind beiween the fixed and the variable, between the single- and the mufti-
valued. In C6 she secms to have accepted the idea of the muiti-valuedness of the
conjugates of x: 'x has several conjugates’.

Symmetrically to the definition of centraliser, the tutor proceeds with examples (one
trivial, one not) — this time without Connie asking for them. Unfortunately usmg
examples here is not as successful as with the notion of centraliser, because Connie
finds the calculations for C(12) too complicated, Still concentrating on trying to
understand what a conjugate is, she abandons the example and returns to a more
theoretical exploration of the concept (C7 and C8}. C7 reveals that underlying her
questioning about conjugates is her confusing them with inverses. To her the
raison-d-éire of an inverse is that it *sends x back to itself’ (see comments above).
However despite the presence of an inverse in the definition of conjugate she does
not see what a conjugate actually does, what it is for and in what sense it differs
from an inverse. In C8 she explicitly demands a justification for the introduction of
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conjugates. C8 encapsulates, like C3, another learning problem that the novices'
seem to be preoccupied with in various mathematical contexts: the absence of a
teleological rationale in the infroduction of most new concepts.

The tutor's reaction (he notes that she is leaping ahead') to her request for justifying
the parpose of introducing conjugates is typical of the dominant approach in
university mathematics according to which concepts are introduced arbitrarily and
gradually begin to make sense as organic parts of the mathematical discourse. Here,
for instance, conjugates will begin to make sense when normal subgroups are
introduced. For the tutor, Connie is 'leaping ahead' because defining a concept
logically precedes justifying it. Psychologically however things are probably
different: a large part of Connie's preoccupation with the pew concept seems 1o be
constructing a meaning of conjugate that encompasses a reason for its existence and
not necessarily a fully-blown expression of the definition, In this sense, Connie does
not 'leap ahead' at all: she is simply struggling to imbue the new concept with a
meaningful, action-oriented interpretation and, for her, this meaning-imbuing
process is an essential part of her understanding of the concept.

Conclusion: In the above, a novice has been explicitly requesting clarifications
on the newly introduced concepts of centraliser and conjugate of
an element in a group. In particular, she has been asking for
examples and for the raison-d"-2tre of the concepts. Her concept
images of centraliser and conjugate seem to be dominated by &
confused perception of the fixed and variable elements in the
definitions as well as with 2 difficulty to accept the multi-
valuedness of the defined elements (that there maybe more than
one element commuting with an element x and that x might have
mote than one conjugates). There is some evidence here that this
persistence of single-valuedness may have been reinforced by the
student's association of commmutativity and inversion with
colloguial expressions such as "back to itself’ and 'swapping back'.
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Section (v) A Controversial Step Into Mathematical Maturity. A
Novice Realises the Pitfalls of Pretentious Formalism Through a
Conflict Between Ordinary and Formal Language

Context: Sea Bytract 8.5

Structore: In the following, Andrew presents his formal proof which ia refuted in
parts by Jack and the tutor. Finally he abandons the effort to
formalise and explaing his avgument in ordinary language.

The Epizode: A Factual Account. See Extract 9.5

An Interpretive Account: The Analysis

Note on the delicate mathematical argument in GRF5.84, The converse of
Lagrange's Theorem is not true. It is not true that for every factor of A=z there is &
subgroup of that order. What Andrew has been trying to convey is the idea that if »
is not a prime, then, for at least one of its divisors, thers is an element of G of order
equal to this divisor.

The problem with Andrew's presentation is that he is trying to convey this idea in
what he thinks is a propetly formal way. So he assumes K7 is not prime and he
hopes to raach a contradiction to the initial hypothesis that G has exactly one proper
subgroup. In the following table T juxtapose Andrew's written and verbal
eXPressions:

Andrew’s Verbal Expression Andrew's Written Expression
Al |Gl=pg p,qe M[0,1}
xs (el

ld=1, pg, proper factor of pg

Al if Ixl=pg, then
Ld=pyg then grexs, graxts

A3 if lzl=r, mipg (e} grextt>

Andrew's effort to reproduce a formalistic presentation is evident in the right-hand
cells of the above table, He is introducing names for each one the numbers or
clements in Al-A3 and tries to define thern with precision (example: his definition
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of p, g and x in the first cell). He is also interrupting the flow of his thinking in
order to discuss notational issues or terminology (proper factor and notation for
order of an element in A1), He is frying to invest his approach with respectability by
stressing that the idea used in this preof was also used in GRES.1 ¢he refers to ihe
lateralisation of cases in Extract 8.3).

Tack and the tutor seent to be gradually frustrated by Andrew's chaotic monelogue
and his equally unclear effort to formalise on the b/b. As the tutor said in the
beginning, Andrew seemed to have a generally correct intuitive grasp of the
arguroent in his writing but his presentation was confusad. In Al another element
comes through: Andrew indesd is trying to reach contradiction by pointing at the
existence of more than one proper subgroup but he seems to ignore that there is
already one proper subgroup of G, (e}, and that he only needs to construct one
more. In Al Andrew sounds as if he is angiously trying to point at two proper
subgroups and because he has assumed , the order of G, to be the product of two
numbers p and g, he is struggling to mould these two proper subgroups 50 that they
are of order p and ¢, In a sense he is the victim of his own notation because p and g
are the notation he used to express the hypothesis that n is not a prime: if n had been
assurmed to be 36, for instance, then p and g could have been 6 and 6, or 3 and 12, 4
and 9,2 and 18. Any of these combinations give the product of 36, but isn't it
arbitrary to choose one of them and then try and find elements in the group of that
order?

So Andrew has introduced quite heavy-handed notation without necessarily having
control over it. Coupled with his muddled monelogue in Al, he causes confusion to
Tack whose two |nterventions ('can p equal g' and 'not happy with the logic behind
that") perhaps do not address the main drawback of Andrew's presentation but reflect
Jack's "gut reaction” of discomfort with it.

Things worsen in A2 where » acquires a second role, as 2 divisor of pg which is
now, in Andrew's words the order of G. Andrew insists on trying to construct a
proper subgroup of order p (again arbitrarily he chooses to pursue an element of
order p and not of ¢). Again he tries to support his approach by comparing it to the
already accepted approach used in ORES.6. Jack's and the tuior's patience secms to
be almost exhaustad. I alse note that in the tutor's response there is evidence that the
tutor still thinks that n in Andrew's words is the order of G; Andrew has not made it
explicit — it is very likely he hasn't even noticed- that he changed the role of a.

A3 is evidance of how Andrew's disillustonment begins to collapse. His intuitive
belief is fortunately still strong: 1 must be able to choose something! he exclaims.
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With ‘what am I doing?' he seems to realise that his formalising effort has failed and
has also damaged the clarity of his thinking. By turning his back to the b/b, he
disregards what he did so far and with 'so, if n is the order of G and # is not a prime
then for a factor of G there must be a proper subgroup of & of order equal to that
factor' regresses to ordinary language but in an illuminating way. Even though he
does not truly explain in depth where the contradiction lies, the strategy of the proof
is there, transparent and consumimate.

Andrew's abandoning the effort to express formally can be seenas a regression to
more "primitive” forms of expression: it shows that Andrew asa novice has not been
enculturated into the conventions of mathematical formalism. He seems to pursue
an enculturation, possibly more keenly than other students in these tutorials, but he
hasn't quite mastered it yet. His writing on the b/b is a clumsy imitation of textbook
writing and this clomsiness almost puts Andrew's idea into the risk of being
perceived as using the converse of Lagrange's Theorem. Also his monologues are at
times incoberent and possibly reflect the lack of clarity in his mind about the
formalistic approach he wishes to espouse.

I finally note that Andrew's shifts of approach, whether scen as a regaining of
confidence in ordinary logic and language, or seen as a regression to a familiar but
not quite formally acceptable way of mathematical expression, only take place
because of the tolerant learning environment created by the tator, Whether Andrew
took & step towards mathematical maturity in Extract 9.5, or he conservatively
ahandoned his effort to formalise and regressed to the convenience and familiarity of
ordinary language, the incident has been illuminating {possibly for him too} as to the
tensions that tantalise the novices' decision making with regard to their choice of
EXpression.

Conclusion: In a debate-friendly learning environment, & student attempts a
formalistic presentation of his argurnent for GRFJ.8d and fails
(possibly mostly because of his tendency to imitate textbook
writing indecipherably and of his inconsistencies in the
introduction of new notation). Unable to continue, he switches to
ordinary language which allows the argument to be expressed in
more clarity and precision.
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Section {vi) The First Isomorphism Theorem as a Container of
Compressed Conceptual Group-Theoretical Obstacles

Context: See Extract 9.6

Structure: The tutor Ieads the students through the proof of the First
fsomorphism Theorem via very closed questioning. The averall
impression of the sessions is that even when the students respond to
the guestions correctly they do not seem to have & global
understanding of what is happening and how these questions velats to
the proot.

Note to the reader: sines the following is a fragmentary presentation
from the four wiorials, the proof of the theorem is not fully presented
in any of them. Thus, in order to follow the Factual Account,
recommend reading the proof in fig.6 first,

The Episode: A Fectual Account. See Extract 8.6
An Interpretive Account: The Analysis

In the following, 1 comment on the sessions individually as well as examine them
comparatively.

Memory Retrieval as a Necessary but not Sufficient Condition for Meaningful
Understanding. Successful retrieval of the theorem varies in the fours sessions,
Except Beth, the other students either remain silent or contribute very weak
associations (Eleanor with normal subgroup, for instance). Patricia's association
with 'division' (possibly invoked by the use of /' in the statement of the theoremy} is
accompanied by her query on the meaning of ~. 1 note that similar evidence was
given by these students with regard 1o Lagrange's Theorem.

Patricta's interpretation (~ means =) does not make sense because GfK contains safs
of sets and Imé contains elements of the group. It nevertheless reflects the novices'
muddled perception of ~ stemming from the diverse meanings that this symbol has
in various mathematical contexts. Student Camilie in Episode 7.4 is querying the
tutor about the meaning and various uses of the ~ symbol. As elaborated upon
below, Patricia’s non-sensical interpretation of ~ as = conveys how problematic the
perception of the newly introduced notion of isomorphism is.

In sum, retrieval of the theorem is generally problematic, The tutor, most notably in
Tutorial 4, sounds alarmed and firmly reminds the students (similarly to the tutorials
on Lagrange's Theorem) of the importance of 'a theorem with a name attached to it
The tutor's firm and strict recommendation is a pragmatic and not an epistemelogical
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argument. In fact the novices have given contradictory evidence as to the power of
persuagion of the different arguments: so — whilst, for instance, Connie in Extract
9 4 does not sound satisfied at all with pragmatic explanations of the type 'you need
to learn this because it will be of use later' and asks for the raison-d™éfre of most
concepts she is introduced to — in most other occasions students seem to feel
motivated to explore and understand some new cencepts simply on the basis of its
highly probable appearance on an exarm paper. Ido not see these two motivational
forces as mutnally exclusive but it seems to be didactically more appropriate to
employ motivation of an epistemological rather than a pragmatic nature since the
former is more likely to induce a more critically reflective approaching of the
concepts than the former.

Incidentally 1 note how the students reproduce with relative ease information that
has been given to them in catchy phrases:

Kg =Kg, iff 180716k
the *obvious map’ from G/K to Gistomap Kgio g

Unfortunately immediate retrieval does not precede immediate, deep or in fact any
understanding of what the phrases mean. It remains at best an automatic and
effective act, at worst an act void of meaning that fosters a false impression of
achievement.

Sirnilarly the students apply the rule of coset product, for instance, and calculate
correctly but cannot make any decision about how to use it in order to support the
comnpletion of the proof. They comfortably provide answers to guestions that
constitute progressive steps of the proof as long as these steps have been
predesigned by the tutor. Only once the tutor attempts a more global comment
regarding the internal structure and resonance of the First Isomorphism Theorem
{Tutorial 3) when she says that the ‘point’ of the proof lies in the strength of the
homomorphic mechanism.

Another feeble but noteworthy sign of instrumental understanding of the
homomorphic property is given by Abidul when she helps Frances {who is 'stuck’
with ¢(g-1}) by pointing out that 'it [the -1] doesn't matter', therefore ¢(g-1) can be
written as ¢(g)-1. Abidul's phrasing (‘doesn't matter’) reflects a procedural, cause
-and-effect view of ¢,

Finally, the tutor's comment on the mechanism of the proof as "very standard’ of
proofs involving quotient groups is an attermpt 1o generalise the approach used in the
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proof and hint at its potential as a methodological tool. In fact the 'standardisation’
cornes from the fact that the mapping Kg—»g. which she has been calling the
'obvious map', is used quite often in group-theoretical proofs, when cosets need to be
mepped on the elements of the group. She rarely makes similar comments and even
in this case she does not elaborate further.

The Problematic < Direciion of (%) and the Properties of an Isomorphism. Except
Frances and Beth the rest of the students have problems in interpreting the &
direction of (*) as the definition of 1-1 correspondence. Eleanor confuses it with
onio but soon changes her mind and in Tutorial 3 & discussion 18 triggered that
reveals a more general cenfusion.

First the students are interpreting (*} as providing information about homomorphism
¢, when in fact (*) provides information about the well-definedness and the 1-1
property of . The students are deceived possibly because their interpretation is an
interpretation by appearances. Moreover through P2-P6 Patricia and Cleo clarify,
via the tutor's very leading questions (the muitiple choice question they are given in
TS verges on the grotesque), their definition of an isomorphism. Inote that, in this
case of very directed questioning, the students' difficuities with the properties of an
isomorphism {onto and 1-1 for instance) are not really explored because the teaching
is solely oriented towards the elicitation of the answers that will further the
progression of the proof,

Similarly in Tutorial 2 Beth appears to be severely concerned and confused as to the
information contained in {*) as well as the homomorphic property of y. Like

Patricia and Cleo, she does not carry out the switch from y fo ¢ flexibly and cannoct
understand how manipulating ¢ can lead to an understanding of the properties of y.

Finally in tutorial 4, Abidul's Al is another piece of evidence of the mechanical,
despatched from conceptual understanding, conceptualisation of isomorphism .
Significantly in Al the student starts dictating the necessary caleulations for proving
that is a homomorphism: instead of

v (Kg 1 Kgo)=v (Kg1) v (Kg)

she starts dictating

wiKg 1 80=W (Kg1)
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as if the homomorphic property has to be proved for g1 and g; and not for Kg; and
Kgy; in other words as if yis defined on G, not G/K.

Actually in the co-ordination and understanding of the link between yand ¢, as well
as the clarification about the definition of v lies largely the students' difficulty with
the First Isomorphism Theorem and by implication with a large part of the newly
introduced Group Theory. The degree of complexity in & problem which requires a
well-co-ordinated manipulation of mappings between different sets is extremely
high. ¢ iz defined between the elements of a group (or two groups). i is defined
between the cosets of the kernel of ¢ and the image of ¢. This link between y and ¢
and the implications and importance of shifting back and forth from yio ¢ need to
be explicitly made to the learner. The shift from one level of abstraction to another

. iz not self-evident. In the absence of 2 didactically itluminating decomposition of
the theorem to jts constituent elements, it is not surprising that the students are not
capable of making these shifts to more abstract levels,

An Incident with ker¢ Reveals Problematic Conceptions of Mapping. In Tutorial 3,
given the students’ difficulty with the meaning of gy gz"'€ K, the tutor initiates a
discussion of the definition of X = ker¢. The tutor initially objects to Cleo's nse of
the term 'zero’ for the identity element of &. Cleo quickly corrects (C2) —thisis a
comraon terminological mistake that the students habimaily make and equally
habitually correct when prompted by the tutor. Then in the explication of the
definition (T3) it becomes evident that C1 was phrased in a rather problematic way
not only because of the student's using the term 'zero”: in Cleo's sentences the subject
of the verb 'maps' in C1 and C3 is not clear at all. T4 is an interpretation that
equates '

Cleo's 'maps the elernents to the identity’
with
'something is equal to identity'.

C4 possibly means 'element g goes to the identity element’ and C5 that 'it goes via
¢ The tutor does not explore any further Cleo's grammatical state of mind with
regard to the definition of ker¢ and completes the writing on her own initiative.
Therefore it remains an open question whether Cleo's perception of ¢ as a mapping
has been at all illuminated by the exchange of short verses in C1-C5. As in Extract
9.2, the student’s words reflect an undecided perception of mapping as a machine. In
this perception however it is not clear what is mapped where. Cleo's antonyms {it)
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as the subject of the verb 'maps' (C1 and C3) as well as her substituting the verbs
{Cd and C5) with 'does’ are lexical substitutions that possibly reflect and determine
the ambiguity of her thinking.

Coneclusion:

In the above, evidence was given of a number of difficulfies in the
conceptualisation of properties associated to the notion of
mapping (homomorphic property, onto, 1-1, well-definedness of a
mapping); also of the varying degrees of abstraction. invelved in
the definition of a mapping between efements of a group or the
cosets of a subgroup and the elements of the group. The high
degree of abstraction and the conceptual difficulties have then
been linked to the students' cognitive enpuzzleinent in Group
Theory which culminates at the introduction and proof of the First
Isomorphism Theorem for Groups. A didactical decompaosition
of the constituent elements of the theorem was then pointed ot as
a potentially helpful too! for the understanding of its content and
preof.
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Section (vii) A Frustrating Vicious Circle of a Novice's Struggle to
Construct 2 Meaning of a Coset

Context: See Extrast 9.7

Structure: In the following the tutor and the student engage in repetitive and
circular dialectics during which the student {ties to construct &
meaning for the new concept of coset.

The Episode: A Factua) Aceount. See Extract 9.7
An Interpretive Account: The Analysis

First I note that the structure of this session is cirenlar and repetitive. I also note that
the tutor is patient and compassionate of Connie's repeated folding back to the same
questions. In fact he could probably be deemed partly responsible for the repetitive
circularity of the session: when there is evidence that Connie does not satisfactorily
understand his argument for GRF7.3ii, he merely repeats the argument — almost
invariably. It takes two of Connie's requests for clarity (C1 and her disappointed
sighing shortly after that) to realise that be has to 'go into it in detail’; namely to re-
address his arguments by referring back to basic definitions and concepts suck as the
coset. Throughout the session it is not clear that he realises the degree to which
Connie's difficolty with the argument in GRF7.3ii can be attributed to her unrequited
struggle for the construction of a meaning for coset. My main aim here is to give an
account of this struggle. '

Connie's Struggle for o Meaningful Conceptualisation of Cosets. This is a session
on Connie's very problematic confrontation of the new concept of cosets. The
avidence of her difficulty is ample but in a way it is also not very revealing: hints at
potential sources of Connie's difficulty are not really suggested in Extract 9.7 but I
think, maybe a bit paradoxically, this sitnation-of-non-disclosure renders this piece
of data quite powerful. In its elusiveness this is a piece of data which reflects a very
common cognitive situation: the cognising subject feeling unease and requesting
enlightenment from the tutor. Unable to articulate the problematic aspects of her
cognition of a new concept, the student's request comes through as vague and
imprecise. In turn the tutor, being himself unaware of the sources of the problem,
keeps providing feedback that seems to frustrate the student's attempt to make sense
of the new concept. The outcome is a cognitive situation trapped in a vicious circle
of mutual misunderstanding, The following presentation illustrates this vicious
circle,
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Before proceeding with the account of Connie's attempts at making sense of cosets,
briefly mention three incidents that ace, peripherally, part of the picture of her
difficulty:

» her confusion (C2) of the notation for the quotient group G/K with the
notation for the complement of a set, G-K. So due to the icopic
similarity of the two symbols Connie confuses a coset {(G-K) with the set
of cosets (G/K). This actually hints at how perplexed Connie is in the
beginning of this session,

» her misuse of the term 'index' to mean the order of a group (C13),

= her uncertainty whether gk is called a 'left’ or a right' coset (C24)

In the following, I present Connie's meaning-making attempts.

Cl is an imprecise interpretation of the requested proposition in GRF7.3il. Despite
the signs of vagueness and confusion in Connie's words the tutor presents his
argument for the proof of GRF7.3ii {from now on referred to as The Argument},
Connie is then evidently confused with G/K and &-K and the tutor repeats The
Argument. Qnly when Connie sighs with disappointment he suggests 'getting into
more detail' (a sign that the tutor is perhaps more sensitive to affective as opposed to
cognitive signs of perplexity).

His back-to-basics trip is short though (it includes a vivid metaphor of cosets as
parcels produced from multiplying the elements of a subgroup with elements of the
group) and, when he returns to The Argument, Connie (C4 and C5) folds back to
redefining the basic concepts involved in The Argument. I note here that, in these
two utterantces, Connie appears concemed about the idea of X being a subgroup
AND a coset, She listens to the futos’s explanation that X is both a subgroup and a
coset, but generally cosets are not subgroups becanse they do not contain the identity
element of the group. She then retums to The Argument and disappointingly
observes that 'the coset of K in G is XK' which Is a sign that the tutor's explanations
have not been entirely received and also that Connie thinks in terms of one coset
only (maybe similarly to her thinking about conjugates in Extract 9.4}

The tutor returns to the presentation of The Argument and talks briefly about a
slightly more general case than [G.K]=2, [G:K]=3. The latter, the case for [G:K]=3,
seerns to attract Connie's attention and & bit later she appears repeatedly asking about
this case.
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I note that the ttor's drawing (see fig.7) ssems to enhance Connie's concept image
of cosets (C7) even though her use of the term 'subgroups’ instead of 'cosets' may not
be an entirely coincidental slip of the tongue. The tutor corrects 'subgroups’ to
'‘cosets’ and also notes — with regard to 'half’ — that her phrasing applies to 'finite
situations’,

He then responds to Connie's quertes about the case for [G:K)=3 with an explanation
of how the cosets would look like in that case. He also juxtaposas the cases [{G:K]=3
and [G:K]=2 by returning to The Argument. Sithilarly to her question about X and
G-K, Connie asks whether the cosets g1 K and g,K in the [G:K]=3 case are also
subgroups (C11: I note her use of the vague word 'things'. She still hasn't sorted out
what they are. No progress seems to have been made,}

The tutor's snbsequent explanations include a second metaphor for cosets (the first
one was cosets-as-parcels); ‘translates of subgroup by a group element which is not
the identity element’. Given the tutor's picture that lies on the paper in front of her
and his latest metaphor, Connie continues her inquiry (€12). Connle is striving for a
rediscovery of the concept, in her own terms, in the order of her owi thinking, In
this quest some elements of ambition ¢an be traced: she has been playing around
with numbers 2 and 3 and then she is asking about the case where the 'index’
(meaning the order' of the group) is a prime (C14 and C15). So she seams to attempt
a generalisation.

CI18 is disappointing and ambiguous: she hasn't realised that for every subgroup
there are plenty of cosats. So to her, one subgroup means one coset. It is true that if
G is the subgroup then there is only one coset and it is & itself but Connie sounds
very muddled and it is not very likely that she can distinguish this case. The rather
frustrating circularity in her mind becomes evident when she asks again about the
case [GHE =3 (C20). C22 may be evidence that her itnpasse liss in her weakness to
understang why left cosets and right cosets aren't always the same. Maybe she i3
interpreting sameness ag uniting-to-give-the-same-whole, namely & (C23),

C24 and C25 illustrate that Connie 18 still struggling with understanding the
operation according to which 2 coset g& s constmcted (multiply an element g= G
with all the elements in & subgroup K of G; the products of these multiplications are
the elements of gK). C26 and C27 then ig 2 return to The Argument, C28isthena
brief, but possibly not very reliable, reassurance that Connle is satisfied with her
understanding of the Argument,
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Concluston:

In the above, a novice's struggle for the construction of 2
meaning for the new concept of coset has been accounted for as a
vieious circle of mutual misunderstanding with her tutor. The
tutor has employed a variety of devices in order to convey the
meaning of a coset (cosets as parcels; cosets as translates), The
sources of the novice's difficulties are not largely disclosed buf
the circilar dialectics seem also to spiral down to an exploration
of gradually more basic knowledge relating to the problem sheet
question: from. The Argument, the discussion, towards the end, is
about the construction of cosets. This spiral journey as well as
the persistence of ineffective ideas in the student's mind
graphically illustrate the abysmal complexity of the novice's
cognition and alse the didactical need for an emphasis on
constructive learning processes (that is processes that cautiously
build on sclid previous knowledge or allow revisiting and
reconstructing previous knowledge with facility).
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Section (viii) An Example of the Tension Between Novice and
Expert Approaches to Mathematical Reasoning: The Need to Learn
How to Achieve Mathematical Resonance by Creatively Co-
ordinating and Manipulating Relevant Knowledge

Context: See Bxbract 0.8

Structore: . Thig Extract follows Extract 7.8, Cathy presents her proof and the
tutor suggests an alternative. The twe proofs reflect some of the
differences between a novice and an expert appecach to mathematical
reagoning,

The Episade: A Fagtial Account, See Extract 9.8

An Interpretive Account: The Analysis

I think that it bears some significance that Cathy is a bit reluctant to present her
solution in the beginning of Extract 9.8; given that Extract 9.8 follows the Bxtract
7.8, it is possible that she beging to suspect that, though correct, her approach is not
exactly up to the standards of elegance and resonance with the material she has been
taught recently, This was the crucial point mads in Episode 7.8, Possibly under the
influence of the discussion there Cathy makes the rather aesthetic comment * you
may not like it' which can be seen as a sign of a developing taste for a certain mode
of reasoning.

Similarly to Episode 7.8 Cathy resorts to a solid arithmetical handling (to prove that
integers @ and b are equal, it is sufficient to prove that «<p and bsa). The tutor on
the other hand employs a theorem and invests the arithmetical relationship given in
the question (heflofx),0(¥))=1) with its group-theoretical meaning (<x>r<y>={e}).
Again, the juxtaposition highiights the differences between an expert and a novice
approach. There are some redundancies in Cathy's way as well as some unclarified
points — not necessarily visible in the abbreviated version in Extract 9.8, Most
important though maybe her starting to conceptualise the reed, beyond the metely
aesthetic, for an embedded, contextualised mode of reasoning and for an organically
connected argumentation, in a way which will turn the coherence and connectedness
of mathematical theories to her benefit. In other words via this juxtaposition of
approaches, she might begin to leam about the benefits of mathematical expertise.

Conclusion: In the above, a novice manages with minimum principles {mostly
arithmetical}, albeit not in an impeccable formal way, to reach the
conclusion and complete a proof. This approach is juxtaposed
with the tutor's proof which is well embedded in the mathematical
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context of the course (lecture content, problem sheet material,
textbook approaches) and thus shorter and more relevant,
Therefore as an example of the differences between novice and
expert approaches to mathermnatical reasoning, this Episode is
evidence to a novice characteristic: that, even when undeubtedly
imaginative and skilful, novices have not acquired yet the skill of
assoctation and co-ordination of relevant knowledge which equips
mathematical reasoning with the power of resonance.
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PART III A Synthesis of the Findings in the Area of Group Theory.
Indications for the Cross-Topical Synthesis in Chapter 10

In this chapter the students' first experiences of fundamental group-theoretical
concepts were explored in a series of Episodes from the second term of observation.
The novices here appeared as especially lacking in basic knowledge which resulted
in their lack of understanding of an argument for a proof or the proposition of a
theorem [7]. As paradigmatically problematic in this sense emerged the concept of
coset. So, for example within the context of Lagrange's Theorem? the students'
perceptions of certain set-theoretical properties (distinct and disjoint sets, m and )
seemed to interfere with their understanding of cosets.

While constructing cosets the students also appeared to be in difficulty with the
abstract nature of the operation between elements of 2 group [1]: interferences from
the properties of numerical operations were observed, In fear of reinforcing these
interfersnces, the tutors discourage the students from using metaphorical expressions
such as divided by. Somehow paradoxically, however, they encourage them te say
multiphy with the inverse which does not rule out, I think, the possibility of
numerical interferences, Similarly problematic turned out to be the lingnistic
metaphors such as times and powers of — also used sometimes unclearly
interchangeably by the students — with regard to cyclic groups [1].

Linguistic condensation of meaning also causes difficulties, for instance [1] in the
context of the concept of order of an element of a group, which is an abbreviation
for the order of the group generated by an element. Notationally the abbreviation is
gimitar: Igl is the commonly used notation instead of k¢g»]. Moreover another aspect
of the very problematic encounter with the notion of |zt seems to be the static and
operational duality of the concept: Igl is the number of elements in <g> and, at the
same time, the number of times the power of g has to be taken in order to cover all
the elements of <g>. After izl, the powers of g in <g> start repeating themselves.
So, in a sense, grder of an element is 2 notion containing both information about &
static characteristic of <g> (its cardinality) and information about a way to construct
<g> {take the power of g, Igl times). This type of duality is commonly seen as a
souree of cognitive strain for novices (functions, limits) and it is likely that srder of
an element i3 not an exception.

0 condensed evidence from & number of episodes not reportad in the Chapler,
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Ag in Chapters 6-8, the novices are primarily engaged in & ineaning bestowing
process [2.4] with regard to the newly introduced concepts: they inquire about the
ratson-d'-&tre of the concepts. Examples:

» Eguivalence class and coset [2]: the efforts were characterised by a use of
geometrical metaphors ainiing at the construction of a mental
representation of the new concepts (equivalence classes as straight lines,
cosets as squares). As in Chapter 8, these geometrical representations
were interpreted literally and again the use of geometrical metaphois
emerged a3 a dubtous means of image construction for some particularly
abstract concepts,

+ Centraliser and conjugate of an element in a grovp [4]. In a characteristic
instance, a student's concept images seemed to be dominated by a
confused perception of the fixed and variable elements in the definitions
as well as with a difficulty to accept the multi-valuedness of the defined
elements (that thers maybe more than one slament commuting with an
element x and that x might have more than one conjugate). Her
persistence of single-valuedness, explored in other contexts in Chapter 8,
may have been reinforced by the student's association of commutativity
and inversion with collogquial expressions such as 'back to itself’ and
'swapping back’,

The novices also appeared to be in difficulty in conceptualising a mapping between
elements of a group and sets of elements of the group [z, 6] {iwo characteristic
examples of such mappings involving the concepts of conjugate, centraliser and
equivalence class and in the confext of the First Isomorphism Theorem for Groups
were presented). As in previcus cccasions in these tutorials, where the notion of sets
of sets and of mappings between sets whose elements are gradually departing further
from the simple arithmetical correspondences the stadents are famitiar with from
school mathernatics, the increasing degree of abstraction as well as the students'
problematic perceptions of the notions of domain and range of these mappings
rendered their understanding an extremely complex. process.

Within the abstract context of Group Theory a conirast between the novice and the
expert approaches to abstract mathematical reasoning was observed: so the expert's
logical, succinet and benefiting from hindsight argumentation was conteasted with
the novice's more-naturalistically-born-out-of-the-proof argumentation [3]. In one
instance [3], 2 novice managed with minimum principles (mestly arithmetical), albeit
not i an impeccable formal way, to reach the conclusion and complete a proof. Her
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gpproach was juxtaposed with the tutor's proof which was well embedded in the
mathematical context of the course (lecture content, problem sheet material,
textbook approaches) and thus was shorter and more relevant. Typically most
novices have not acquirad vet the skill of association and co-ordination of relevant
knowledge which equips mathematical reasoning with the power of resonance. Also
the contrast between expert and novice approaches has an enculturating function: in
the process the novices are clarifying the modes of formal expression at which they
are expected o aim.

The students’ participation in this enculturating effort is not successful when it is
based on a superficial imitation of formalising practices. The instance [5] of a
noviee's attemmpt at a formalistic presentation of his argument — which fails possibly
because of his tendency to imitate textbook writing indecipherably and of his
inconsistencies in the introduction of new notation — is characterstic: unable to
continue, he switched to ordinary language, regressing thus to a form of expression
with which he felt his argument would be articulated in more clarity and precision.

Leamning emerged hare as inseparable from the social forces under the influence of
which it takes place — here tutoring: the instance (7] of a novice's viciously circular
struggle for the construction of a meaning for the new concept of coset was
presented as a characteristic example. This instance was described as a suecession
of mutual misunderstandings between the student and the tutor who repeated
identically the argurnent for the proof of the question on which the discussion was
based. The sources of the novice's difficulties were thus not largely disclosed but
the cireular dialectics finally — and after the student's persistence — seemed to
spiral down to an exploration of gradually more basic knowledge relating to the
question and in particular to the construction of cosets (for which the tutor employed
a variety of devices: cosets as parcels; cosets as translates}. This spiral journey
coupled with the persistence of ineffective ideas in the student's mind suggest the
cornplexity of the didactical interaction and also, possibly, the need for an emphasis
on constructive Jearning processes (that is processes that cautiousty build on solid
previous knowledge or allow revisiting and reconstructing previous knowledge with
facility). A section of Chapter 10 — the cross-topical synthesis of the observations
on the novice mathematician's cognition presented in Chapters 6-9 — is allocated to
the brief elaboration on this and other didactical observations.



Chapter 10
Patterns in the Novice Mathematician's Cognition in the Transition to
Advanced Mathematical Thinking: A Cross-Topical Synthesis
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Introduction

In Chapters 6-9, the themes, outlined in the Interlude and related to the novice
mathematician's cognition, were elaborated within the four mathematical areas of
Introductory Analysis, Caleulus, Linear Algebra and Group Theory. In Part {11 of
each one of these chapters the paradigmatically problematic concepts within each
area (supremum and infirum, limit, sponning set and coset ) provided the contextual
basis for a micro-discourse on the novice mathematician's cognition. In this final
chapter the focus is on a macro-discourse, a cross-topical synthesis of the
observations made in Chapters 6-2, In Part I the novice mathematician is described
as an individual learner strugpling to come to terms with the intellectual demands of
rmathematical formalism, whereas in Part IT the novice's encounter with:
mathematical abstraction is described as an enculturation process which takes place
through the mediation of an expert, the tutor, So in a sense the perspectives in Parts [
and II reflect the distinction of perspectives, made in Chapter 1, between learning as
a cognitive process and learning as a socioculinral process, By implication — if
Parts I and IT form a coberent discourse on the novice mathematician's cognition —
the approach taken in this study gives evidence that a description of learning cannot
take place in the absence of either of the two perspectives and that, in fact, the
dissection of the two perspectives is dubious and nnnatural,

In Parts I and IX the novices' cognition ig explored from a learning point of view. A
brief and general reference to issues from a teaching point of view is the focus of
Part IIT. Part [V contains a few methodological observations, made in the light of
the experience from this study. The chapter closes with a short statement (Part V)
about how the synthesis of the findings in this Chapter is embedded in the research
reviewed in Chapter 1 and about possible extensions of the study in the future.
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Part I The Novice Mathematician's Encounter With Mathematical
Abstraction As the Individual Learner's Sense-Making of a New
Way of Thinking

The novice mathematician's encounter with mathematical abstraction is presented
here in a network of themes — brisfly outlined in the Interlude — that emerged
from the data analysis exemplified in Chapters 6-9. The complexity of the observed
phenomena does not allow to present these themes in a linear manner because of the
rmultiple links and interpretational overlappings between them. Below [ give a brief
guide through the preseniation. The text in italic in this guide corresponds to the
titles of the themes as presented in more detail in the next pages.

Learning in this study is seen as taking place in the encounter of the novice
mathematician with a new way of thinking mathematically, mathematical
abstraction. The novice's entrance into this new world occurs as an encounter with
mathematical formalism in ferms of reasoning and in terms of the definition of new
concepts. A learning process consists of the novice's attempts to make sense of this
new world; or in other words to construct meaningful imagee, This process is
characterised by a range of tensions between the old and the new world and there i3
evidence in this study of a namber of these tensions, Concept-image construction
takes place in part due to the exposure to the concept definition and it assumes a
certain amount of prerequisite knowledge. In the absence or weakness of this
prereguisite knowledge concept-image construction is obstructed and this results in
the problematic interaction of the learner with the concept definition.

Cloncept-image construction i5 described here as an attempt to construct meaningful
metaphors and to explore the raison-d'-étre of the new concepts and the new
reasoning. This image construction through acquisition of — visual or other —
metaphors and through existential meaning bestowing processes occurs as a batile
between the old and the new ways of the two worlds. It is thus characterised by the
tension between the informal-intuitive-and-verbal and formal-abstract-and-symbolic
modes of thinking. This tension has been explored here as a fension between verbal
and formal/symbolic language and as a fension between informal and formal modes
of reasoning. The novices' difficulties in formalising have been identified to be
difficulties with the mechanics of formal mathematical reasoning as well as
difficuities of applying the mechanics of formal mathematical reasoning in a well-
integrated and contextualised manner. Specifically in this study the embeddedness
of the novice's reasoning has been linked with their ambiguous perception of what
knowledge can be assumed (the tension between Proof by First Principles and Progf
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by Theorem Quoting is seen as a grand example of this ambiguity), and with the
Jfragifity of their knowledge as a resulf of this ambiguity.

In the above description my perspective on the novice mathematician's cognition is
dominated bry a polarisation between the old (school mathematics: informal,
concrete and intuitive) and the new (university mathematics: formal, abstract and
deductive), the uninitiated and the initiated, the novice and the expert. Tn Part II this
Juxtaposition of the differences between novice and expert approaches is seen within
the context of describing the encounter with mathematical abstraction as an
eRculturation process.

In the following, the themes presanted above in italics are elaborated on the grounds
of the evidence given in Chapters 6-9.

Ia. Concept-Image Construction

The novices' concept-image construction is dizcussed here as an interaction with the
concept definition, as a metaphor acquisition and as a meaning bestowing process,

In.i Concept-Image Consiruction and the Interference of Not Solidly
Estabiished Previous Knowledge: the Problematic Inferaction With the
Concept Definition

Within the discourse on concept image / concept definition, as reviewed m Chapter
1, the novices' acquisition of new concepis takes place as a process of concepi-image
construction. As elaborated in this Part, the evidence in this study resonates with
this deseription. In their familiarisation with new concepts the students seem to
construct a variety of explicit or implicit images related to, co-existing, or existing
despite the concept definition. The evidence ranges over the wide spectrum of new
concepts in the several mathematical contexts observed in this study and especially
the paradigmatically probiematic concepts. Along with these sometimes inadequate
or contradictory concept images, the students' inadequate knowledge of necessary
and previously established definitions interferes with concept-image construction
{zee for details on the various concept images of the paradigmatically problematic
concepts and of the interferences of inadequate previous knowledge in the relevant
chapters).

As an example here I mention the notion of function: in Chapter 8, the students'
difficulty in reproducing definitions of linearity, orto and 1-1 function, ker7, ImT
and 7-1 and the absence of bhasic knowledge about characteristics of mappings
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{doman, image, examples on H7 functioned as obstacles in their efforts to handle
guestions related to the new notion of a linear mapping. The importance of some
mathematical notions as the bare essentials of mathematical thinking was mostly
emphasised in the cases where the students' thinking of the concept of function,
disconnected from relevant notions such as dorain and range, led to cui-de-rac
cognitive situations; especially in the contexts of Linear Algebra {mappings) and
Group Theory (isomorphisms). Similar evidence was given in the collected material
on homeomorphisms — not reported here — in the context of Topology. The notion
of function reappears in the following as a cross-topical paradigmarically
problematic concepi.

Taii Concept-Image Construction Through Acquisition of Visual or Other
Metaphors and Through Existential Meaning Bestowing Processes

Apart from, or in paralle]l with, interacting with the concept definition and building
on previously established knowledge, the novices construct images of the new
COnCepts

» by adopting metaphors that they seem to be familiar with and
» by exploring the justification for the coming-into-existence of the new
concepts.

Within the Jatter, the novices engage in concept-image construction by searching for
the raison-d'-&fre of the new concepts. The topical discourse on the
paradigmatically problematic concepts in Chapters 6-9 gives ample evidence of
these inguiries: in the novice's — similarly to the mathematician's as an komeo
historicus — economy of mind a new concept justifies its coming into existence if it
is of some utility. So, for instance the students' prejudice for continuous functions
may ensue their view of limit as a redundant concept — what is the point of iearning
about fine_safTx), when simply calculating f(a) gives the same result? The absence of
a utilitarian justification, and the evidence that the novices' meaning and purpose
bestowing actions usually take place under the severe and combined influence of
both emotional and cognitive factors, raises serions didactical questions which are
dealt with briefly in Part ITI.

The former {adoption of familiar metaphors) was extensively exemplified in Chapter
3, where the stadents reacted to the novelty of the abstractions in Vector Analysis by
embedding their action almost exclusively in the geometrical context of the line, the

plane and the three-dimensional space. Their literal interpretation of the geometrical
metaphor of the plane was illustrated in their use of strictly geometrical language
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{most graphic example: the merge of the student's images of the Cartesian
orthogonal system and the Parallelogram Rule in the construction of <v1, v2=>); also
in their body language and their orientation on the plane. This excessively literal
interpretation of the geometric metaphor — which, I think, is intended by the tutors
mote to be an illustration than a generic example — may be due to the fact that the
students have associated it with convenient and familiar algorithms. The evidence in
this study reinforces this explanation: the novices tend to regress to familiar modes
of expression and reasoning when confronted with new stinations - for instance, by
trying to critically embed the new concept in their previous knowledge (examples:
when introduced to the notion of linear mappings, by asking whether particular
examples of mappings they know about fit in the definition of linearity; when
introduced to the notion of a Fourier Series by attempting interpretations of ~ as an
approximation, an equivalence or an equality). On the other hand others try to
suppress their unfamiliarity with the novel and abstract context: so some apply
uncritically a new definition, even when they cannot give an example of the new
concept,

Algorithmic competence is one of these familiar modes of behaviour and the
students tend to apply it even within contexts of which they do not have a good
grasp: most striking in Chapters 6-9 was the example of the students attempts to use
the Subspace Test on a subsat of % whose contents they were not aware of: they
confused f with fx) and their action-in-void soon led them to a cué-de-sac within the
context of what was perceived by the tutor as a routine part of the Test (identifying
the zero element of $%). Again the cognitive embarrassment of 2 novel and ahstract
context resulted in an attemnpt to accommodate the new concept in what they already
knovw: so, for instance, their difficulty with sesing the zero function as the zero
element of KX reflected how a concept image of a vector on the plane (a directed
line segment) interfered with the notion of vector as an element of a vector gpace. In
the above the notion of function (this time in its process/object duality) emerged as
problematic. Image construction of a number of other concepts (spanning set and
basis, linear mappings and cosets are other striking examples) seemed to follow this
pattern of adoption/regression to familiar metaphors.

Concept-image construction seems also to be influenced not only by the tendency
for a regression to familiar contexts but also by a tendency for a perpetuation of
famniliar behaviours, mostly school-mathematical stereotypes such as the difficulty to
accept the multiplicity built into a definition (there is more than one basis/spanning
set for a set; there may be more than one element commuting with an element xin a
group; also x might have mors than one conjugate). This persistence of single-
valuedness — since it hag been interpreted as an implication of the tension between
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the student's school-preformal and newly-acquired-formal mathematical behaviovrs
— reappears later in this Part and it can be embedded in a wider discourse on the
novice's unease with the multiple nature of some mathematical concepts: see for
example in Chapter 9, the discussion of the no(ta)tion for the order of an element in
a group,

Finally I note that substituting the power of the sbstraction in the new concepts with
the convenience of a familiar context and concentrating on a competent if narrow-
minded execution of algorithmic tasks within this context, is more controversial than
jt actually sounds at first: indeed, specificity of context is a powerful initiator into
new concepts; but maybe a too powerful one. In this study, for instance, the
extensive adoption of the geometric metaphor in the context of Vector Analysis
(spanning) and in the context of Group Theory (equivalence classes and cosets)
seemed to impede the cognitive leap into the Abstract-Algebraic context. Also
within the Calculus context visualisation proved to be controversial: the novices
debate the use of pictures in guessing limits and see pictures as specific
representations. This specificity seems to impede the students' shift towards
_generality.

Ib. The Encounter With Mathematical Formalism

The novices' encounter with mathematical formalism is described here in terms of
language and reasoning,

ib.i The Encounter With Mathematical Formalism: Advanced Mathematical
Semantics and the Tension Between the Informal-Intuitive-and-Verbal and
Formal-Abstraci-and-Symboflic Language

The novices do not seem to adapt unproblematically to the novel requirements of
formal mathematical expression. Their problematic reactions, which I explain
subsequently, can be classified as

+ avoidance of formalisation and
» uncritical and precipitate adoption of formalisation,

1 note that these reactions do not consistently characterise the novices, that is, it is
likely that the same student, at one instance, may give evidence of avoidance and, in .
another, of adoption. Moreover these reactions are similar to their reactions to the
novel requirements of formal mathematical reasoning, reported in the following
section. This similarity can be seen as evidence of the inseparability of reasoning
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{thought) and expression {language), an idea which resonates with the deseription of
mathematical cognition given in Chapter 1.

The novices' difficultiss with adapting to the requirements of formal mathematical
expression were most graphically illustrated in their response to their introduction to
the formal definition of limit (see Chapter 7 for their difficulties with the -2
formalism as well as with assigning meaning to the definition, especially with
comprehending the mechanism of the proposition that is contained in the formal
definition and how this mechanism provides a too] for proving limits). The novices
find it hard to see formal notation and logic as a vehicle for mathematical arguments:
this results in their reluctance to become familiar with and employ formal definitions
or attempt to constract logical arguments for a proof, Consequently they avoid
formalisation and adhere to familiar modes of expression, such as ordinary language.

It is then significant — because it generates cognitive ¢onflict — that their attempts
to use ordinary language are not invariably successful {again Chapter 7 provides
ample evidence to this), Even in cases where their use of langnage successfully
conveys their general grasp of an idea, this success is not fully integrated in the
process of presenting 4 consummate formal argument. This usually implies that
their argnment remains formally unsatisfactory: sometimes they realise this is so and
sometimes they do not. When they do, they usually appear alerted to the nscessity
of a formal argument and at this moment it is likely that they also realise the power
of formalism {in these instances the role of the tutot/enculturator — see Part I - is
important). '

A number of novices who seemed to be sensitised to the requirements of rigour, but
alzo seemed to find it difficult to express formally with efficiency, demonstrated
another tendency — examples were given in the context of convergence of series, of
spanning sets and of Group Theory: in their writing or on the b/b they resort to brief
and not explicit enough explanations. Asked for elaboration they argne orally in
ordinary language and, even though the explanations are articulate, the students are
hesitant and mistrmstfnl about the legitimacy of this practice. In writing they prefer
to leave their proofs void of explanation if this explanation is in ordinary language;
orally they use it only after persistent prompting. Moreover they tried to negotiate

* the right to use an elliptic writing style — that is to use incomplste arguments in
writing —, as long as they can explain what they did orally.

In other cases the novices who seem to be sensitised to the reguirements of rigour
resort to a superficial, indecipherable and inconsistent imitation of texthook or
lecture formalism, In most of the cases looked at in Chapters 6-9, the novices then
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abandoned their proofs once they realised the impasse. In some other cases {for
instance Chapter 9) the novice, unable to continue, regressed o ordinary language
—— which he had been trying to avoid — in order to complete an explanation of his
proof,

Finally [ mention here briefly (refer to the relevant chapters for more detailed
analysig of each one of them) a number of characteristic cases where various aspects
of ordinary language {terminology and grammar) merged with their mathematical
counterparts; the merge — in most cases unconscious — generated confusion:

» the equivalence of the terms nof-continuous and discontinuous, the
locality or universality of the term always continuous,

+ the grammatical link between the terms spanning sef and span — which
reflects their cause-and-effect conceptual link,

» the use of the term (by the novices) empiy set to denote & and {0}

» the numerical interferences with the group operation, .g. commutativity,
potentially perpetuated in metaphorical exprassions such as divided by
{used by the novices) and multiply with the inverse (suggested by the
futors); firmes and powers gf within the context of cyclic groups.

+ the linguisiic and notational condensation of meaning in terms such as
order of an element of & group, which i3 an gbbreviation for the order of
the group generated by an element,

+  the persistence of single-valuedness reinforced by the association of
commutativity and inversion with colloquial expressions such as 'back to
itself’ and 'swapping back’ in the context of groups.

In the above, the linguistic difficulties of the induction into the culture of advanced
mathematical expression were looked at in juxtaposition to — and as a tension
between — the persistent and rich forms of ordinary language in which the novices
have learned to express. As a way of thinking, advanced mathematics is deeply
determined by its expression through its complex symbolic [anguage. As a result,
one should add to the difficulties resulting from this tension, the difficnlties resulting
purely from the extreme formalistic nature of some of the new notation the novices
are expected to adopt — and possibly from the way they are iniroduced to this
notation.
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Ib.ii The Encounter With Mathematicel Formalism: Advanced Mathematical
Reasoning and the Tension Beiween Its Informal-Intuitive-and-Verbal and
Formal-Abstract-and-Symbolic Modes

As said in the previous section, the novices' reactions to the necessity to reason -
formally are similar to their reactions to the necessity to express formally, Here 1
racapitulate briefly the ideas from the previous section and then embed them in the
particular context of the mechanics of formal mathernatical reasoning.

Difficulty in formalising leads to denial of formalisation and regression to more
concrete and familiar modes of reasoning. Sometimes thiz denial is unconscious —
the novices plainly and uncritically extend their school mathematical practices to
university mathematics — or conscious — the novices reject formal reasoning as
redundant once they are perzonally convinced. So, for example, they make tacit use
of theorems which they believe are obviously true, This is possibly a perpetuation
of A-level attitudes and a regression to familiar from school modes of action.

Even when they have conceptualised the necessity to formalise, they still struggle
with the materialisation of this conceptualisation: so, for instance, they assume in
their proofs what is to them intuitively obvious or what they are actually being asked

' to prove. Sometimes, at least in the beginning, their rather over-zealous allegiance
to rigour — ag they perceive it — yields hesitation towards their school
mathernatical practices which in turn deters them from, for instance, using some
basic arithmetical facts. So they seem to need to clarify the distinction between
rigorous and intuitive arguments, legitimate and lilegitimate use of knowledge that is
thought of as previously established. In other words, they need an explicit
articulation of the new didactical contract of advanced mathernatics.

In sum, even sensitisation to the need for rizour does not always imply that the
noviees are willing to attempt formalisation — these tendencies were most
graphically illustrated in Chapter & where the novices were observed in their first
sneounters with the requirements for rigour. In the following, I elaborate on the
novices' difficulties with the mechanics of formal mathematical reasoning and their
difficulty to embed the newly acquired mechanics in their mathematical action.

* Fnally this weakness to embed successfully is attributed to the above mentioned
fragility of their knowledge with regard to their ambivalence about the terms of the
advanced mathematical didactical contract,
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Ibii . Difficulties With the Mechanics of Formal Mathematical Reasoning

In this section I refer briefly to characteristic difficulties of the novices with the
mechanics of advanced mathematical reasoning. Details can be found in the
analysis of Chapters 6-9, This reference does not intend to be exclusive —even in
terms of the collected data — but, as it is based on the paradigmatical cases
exemplified in Chapters 6-9, it reflects some consistently repeated features of the
novices' behaviour,

In previous sections of this part, I have referred to the general fendency for single-
valuedness of the novice mind. This tendency seems to extend to the reasoning
domain too: so the novices, mostly in Chapter 6, which marks the beginning of their
attempts to formalise, were found in diffienity when confrented with the multiplicity
of options in the course of a proof and with the need to co-ordinate a variety of
information in order to pick an effective option. Even the rather exceptional case of
the novice, who commenied on <45 a sign that is used in the Triangle Inequality not
to denote inequality but to denote a varisty of options for equalify, can be implicitly
interpreted as an expression of mild nuisance with this multiplicity. In general
however the novices seem to be persistenily resisting the potential pluralism of
answers to a mathematical problem — for instance, the multiple possibilities for the
third element of a basis in a problem with under-defined conditions for the basis.

I the same vein, they seem to be generally not at ease with choosing arbitrary
mmbers, establishing thus the universality of their proof, and maintaining this
arbitrariness through the proof with consistency. The cognittve leap to
generalisation, impeded, as said earlier, sometimes by the novices' adherence o
specific examples (e.g. the geometric metaphor of the plane), was shown
problematic in a varisty of mathematical contexts. Significantly when a novice
becomes conscious of the intricacies of generalisation, she seems to have better
potential fo disentangle these infricacies.

As mostly exemplified in Chapter 7, in the context of the various uses of the 6-¢
definitions, the mechanics of implication (propesition a implies proposition b,
modus ponens), that is the manipulation of the logic and the quantifiers contained in
categorical propositions were shown to be deeply problematic. Negating and
inverting these propositions is a nearly impossible task for most novices. Their
difficulties with specific tools of formal mathematical proof, such as Mathematical
Tnduction, Proof By Contradiction, and Proof by Counterexample were atiributed to
a lack of awareness of basic Logic Rules. So, for instance, some novices wondered
whether the Base Clause of Mathematical Induction should be stated for n=1 or A=2;
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or perceived the Base Clause and the n=k step as perfunctory {only the k+1 step of
the proof was deemed important).

Similarly, different — but mathematically equivalent — counterexamples seemed o
carry different degrees of conviction. The novices were also reluctant to accept the
limited validity of a theorem via a countersxample becanse they did not think it was
useful to refute a theorem by a counterexample when it holds in a particular case of 4
problem. Moreover, in the same way that a counterexarmple disproves a proposition,
somie novices seemed to think that several examples prove it, thus not seeing the
need for a deductive proof,

Ib.ii.2. Deficient Embeddedness of the Novice's Reasoning Linked With
Their Ambiguous Percepiion of What Knowiedge Can Be Assumed. the
Tension Between Proof by First Principles and Proof by Theorem Quoting

In the previons section a brief description was given of the novices' difficulties with
the mechanics of formal mathematical reasoning. Emphasis was placed on the
purely fogical aspect of these difftculties, so, in a sense, mathematical reasoning was
viewed in a rather decontextualised manner, that is detached from the specificity of
the mathematical topics in which it was applied. Here the emphasis is on the
novices' observed deficiency to embed the newly-acquired tools of formal
mathematical reasoning. This deficiency was partly attributed in Chapters 6-9, and
mostly Chapter 6, to the students’ ambiguity with regard to what knowledge they are
ailowed to assvme,

In a numnber of occasions — mostly in the context of proving statements within
Foundational Analysis — the students' proofs turned out inefficient not enly becanse
of their limited proving skills (as elaborated in the previous section) but because the
students were not at ease with the assumptions they were allowed to make. Part of
the problem seemed to be caused by the absence of clarifications about, for instance,
what statements regarding the real numbers can be assumed. The students seem to
be extremely vulnerable to such an absence and as a result over- and under- react to
the requirements for rigour. In both cases, they seem to have been sensitised to the
increased requirements of rigour in the new course but then abandoned to clarify
these requirements on their own. Their vulnerability results in inefficiency or
avoidance of rigour.

A basic aspect of their perplexity is to what degree assuming knowledge is
compatible with the requirements for axiomatic rigour made by the lecturers and
tutors in the beginning of the cowrse, In this sense the tension between Proof-By-
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First-Principles and Proof-By-Theorem-Quoting is a graphic illustration of their
ambiguity, This tension was mostly observed in the context of limifs, in Chapter 7
where the students were undecided as to whether they should find limits via the
formal definition (First Principles) or via the algebra of limits {Theorem Quoting}:
using inequalities in order to manipulate quantities, graphing functions, guessing
limits and using the algebra of limits are mathematical practices questioned by the
novices as to their rigour and, hence, as to their acceptability. Due to their growing
mistrust towards the practices of school mathemnatics (see earlier section of this
Part), they avoid intuitive practices such as guessing limits and then proving them.
Moreover they are not at ease with the alternation of practices (the use of the
definition of limit alternating with the use of the algebra of limits). They also seetn
weak in distinguishing between the practices that they are supposed to espouse in
different mathematical domains: in applied mathematics, retrospective use of
unproved results is allowed, as opposed to foundational courses, where it is not.

A result of the students’ ambignity about the legitimacy of certain practices results in
the fragility of their knowledge and, hence, in the inefficiency of their action. A
characteristic of mathematical expertise is the ability to swiich representations or
modes of thinking with the aim to suit the context in question (expert and novice
practices are juxtaposed from this perspective in Part IT). The students’ fragile
knowledge about the nature of the objects they have to deal with and about the rules
of the formal mathematical game, does not allow them this flexibility and so their
action often turns out severely decontextualised (especially in Chapters § and 9} and
not in resonance with the recent lecture or textbook material.

Mathematical objects, such as 0 and 1, misleadingly perceived as mythic cerriers of
simplicity, reappear, disguised in their plain semiotic appearance, in a variety of
mathematical contexts and demand of the novice an acute perception of their
multiple entity. But the novice, oblivious and not warned about the possibility of
multiplicity, remains prisoner of his single-minded innocence. Zerocanbea
number, a function, a vector, a matrix, a polynomial... the list is long and the items
not necessarily distinct from each other. But this multiplicity, while taken for
granted, remains part of the hidden agenda of an utterly unnecessary mathematical
mysticism, Similarly, the rules of the game of mathematical formalism, while taken
for granted, remain tacit as if the essence of the game is to discover its rules and not
to play it. In Part IV, the novices' induction to the game of mathematical formalism
is described as an enculturation process the responsibility for which is shared
between the novice and the expert.
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Part II The Novice Mathematician's Encounter With Mathematical
Abstraction as an Enculturation Process

In Pari 1, the novice mathematicians' encounter with mathematical abstraction was
described in terms of the tensions and the difficulties of their induction to the
advanced mathematical culture; so the focus was on the novice mathernatician as an
individual learner-in-action within the context of tutorials. A complementary, and
not necessarily distinet, way of describing the novices’ encounter with mathematical
abstraction is to juxtapoge their practices with the practices of mathematical
expertise — as represented in the tutorials by the tutors. This juxtaposition can be
useful becanse it iz possible that we learn something about the novice's cognition by
contrasting it (contrast 2s accentuation) to what the novies is expected to aim at
{mathematical expertise); also because through thiz contrast it may be possible to
explore types of interaction between the novice and the expert that are congenial to
the novice's cognitive needs. ' '

Ag an example refer here to the instance from Chapter & where a novice's viciously
circular struggle for the construction of a meaning for cosets was described as a
succession of mutual misunderstandings between the student and the tator who
inststed on repeating identically the argument for the proof of the question on which
the discussion was based. Eventually the circular dialectics — largely due to the
student's insistence — spiralted down to an exploration of gradually more basic
knowledge relating to the question and in particular to cosefs. This spiral journey
illustrated graphically the need for an emphasis on constructive learning processes
— that i3 processes that cautiously build on solid previous knowledge or allow
revisiting and reconstructing previous knowledge with facility. So, in a sense, by
describing this interaction in terms of what eventually became an enculturation
process, some access was gained to the optimisation of this process.

In terms of the contrast between expert and novice approaches, the brief description
of their differences given in Chapter 1, Part III was confirmed: so, in Chapter 6, n
dealing with the basic inequalities of Foundational Analysis, the novices, unkike
thetr tutors, seemed to be lacking in the kind of mathematical experience that
empowers hindsight, reinforces a more fruitful use of intnition and secures the
embeddedness of mathematical knowledge; in Chapter 7 their finitism when dealing
with sequences and series was juxtaposed with the tutors’ contextualised, concise,
sophisticated dnd, possibly, generalisable approaches to testing convergence and
divergence. In the context of Continvity and Differantiability this contrast was
evident in the cases where the tutors justified their preferences for Proofs Based on
First Principles on historical and epistemological grounds. Actually the novices'
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approach could not be described as a preference because ro selecting seemed io be
involved in their question-solving. So in this sense the richness of their repertory is
what distinguished expeits from novices. Demonstrating then the potential of a rich
repertory became 2 necessary aim of the enculturation process.

Through the tensions and conflicts of this enculturation process the novices seem to
learn about certain conditions of the didactical and epistemological contract of
formal mathematical activity, Se, for example in Chapter 7, when it is revealed that
the students have been unconsciously assurning the validity of as yet unproved
theorems about [imits, the novices seem to be Jearning about an essential aspect of
formal mathematical behavionr: that they need to exercise control over their
mathematical reasoning in order to avoid subconscious and unjustified decisions.

Tension in the interaction between novice and expert is generated when {he
difference in their facility to formalise is exposed: while the expert and the novices
may agree about the method of approaching a problem, they ssem to differ in terms
of the implementation of the approach, As a result their interaction evolves into an
initiation process during which the students, with variable ease, become familiag
with the new notational tools of mathematical formalism- examples of this were
given in Chapter 8 in the context of Linear Algebra. Hence their learning becomes a
specific struggle for accommedating into this new tool — whose appearance maybe
intimidaiing — the vivid intuitive ideas they have about the solution of the problem,

Another necessary aspect of the encultugation process seems to be reconciliation
between intuitive mathematical practices as a way to gain mathematical insight and
formal mathematical language as a way to refine and establish these insights
rigorously. The novices seem to be deeply perplexed — see Part I — about the
status of rigour the various approaches carry: this was extensively exemplified in
Chapter 7, in the context of finding and proving limits. The current state of affairs
seams to be one of a misunderstanding: the novices are advised to leave behind their
school-mathematical way of thinking and start anew by trying to build mathematics
on the solid foundations of mathematical formalism. The novices interpret thie
suggestion in an exaggerated literal manner and tarn suspicious about intuitive
mathematical practices. As a result they are cognitively tom between what they
instinctively know as a powerful way into mathematical insight (intuition) and their
desire to be accepted in the culture of mathematical formalism. 3o, for exarnple,

- within this schizoid discourse, they perceive the Algebra of Limits as not-formal-
enough-hence-avoidable or they refrain from guessing a limit by looking at a graph.
The expert's enculturating role then is elevated from the strictly mathematically-
topical to the meta-topical, to demystifying not only particular proofs and solutions
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but also the rules of the game. T stress that crossing through the mathematical
contexts explored in this study is the strongly emotional/affective dimension of this
dernystification and its hard distinction from the purely cognitive one.

The experts then seem to carry the responsibility for convineing the novices about
the necessity and the efficiency of various ways of mathematical persuasion. As
explained in Part I1I, Socratic closed questioning, in which unproved theorems were
used tacitly, seems to be less convincing than other more openly interactive
approaches. Significantly Refutation by Counterexample seemed to bear strong
potential of persuasion. However its persuasiveness seems to vary, for both tutors
and students, depending on rather personai, and not epistemological, features of the
counterexamples used by the expest. In general the expert's invitation into the new
and abstract forms of advanced mathematical thinking seemed to be received by the
novices with various degrees of readiness. The examples presented in Chapters 6-9,
and especially within the more abstract contexts of Linear Algebra and Group
Theory, accentuated the very subjective character of the enculturation process.

The perspective in this Part has been to look at cognition as an enculturation process
and also to consider potential optimal features of this process, In a sense, this Part
can be seen as bridging the perspectives between Part I (cognition from a learning
point of view) and Part ITT (cognition from a teaching point of view). Below I
recapitulate briefly some didactical observations made in this smdy with regard to
the teaching of advanced mathematics in the context of tutorials.

Part III Didactical Implications: Observations Related to the
Teaching of Advanced Mathematics Derived From the Study of the
Novice Mathematician's Cognition

In the previous section, the interaction between the students and the tutor was
examined as an enculturation process of the novics into the expert's culture, Here I
present briefly some didactical observations linked to the teaching of advanced
mathematics. 1 note that these observations were originally made in the Analysis of
the Bpisodes but, for the sake of conciseness, were not mentioned in Parts ITI of
Chapters 6-9. So this section is a brief cross-topical synthesis of the didactical
observations made in the study. In the brackets [ refer to the Episodes whers these
observations originate. The atm here is to juxtapose Interactive Dialactics — the
materialisation of the novice's induction to the culturs of advanced mathematics as
an enculturation process - with Exposition — the materialisation of the novice's
induction to the culture of advanced mathematics as an acculturation process {as
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defined in the Interlude)— and suggest that, on the basis of the svidence in this
study, the former has generally more didactical potential than the latter.

As elaborated in Parts I and IT, a major difficulty of the novice's enculturation into
advanced mathematics is the lack of clarity with regard to the increased
requirenents of rigour in the new course that the novices have to confront — for
instance [5.2] with regard to the knowledge that they are allowed to assume. This
raises the didactical question as to how, in this state of uncertainty about the rnjes,
the novices are expected fo play successfully the game of advanced mathematical
formalism, In some cases [6.4] the tutors prefer to demonstrate these requirernents of
rigour by presenting exemplars of flawless and rigorous answers — even in cases
[6.4] where the student seems to prefer a more conversational style of first refuting
his proof and then presenting an acceptable one. In other cases [6.5], dynamic
interaction between the tutor and the students peoves a fruitful way of refuting the
students' flawed approaches but still exposition seens rather inevitable for the
presentation of correct proofs. In general this type of dialectics, exemplified in
cases [5.2, 6.8] where the tutor and a student discretely scaffolded another student's
overcoming of an obstacle in a proof, seem to be a successf]l means to the
enculturating end. In the above, a diversity of tutoring approaches is featured. The
diversity of the students’ observed cognitive needs implies & need for flexible
tutoring approaches that adapt to these needs [5.2].

The students were algo found to be in difficulty with establishing a creative co-
ordination of intuitive and formal practices: very closed questioning and constant
reclaiming of control on the part of the tutor seemed to be not very productive as
opposed to providing sufficiently detailed explanations that aimed at sustaining the
specific students' meaning making process [7.2,7.4].

The evidence from these tutorials suggests that there are tators who view interaction
with the students at a reflective, meta-topical level as a legitimate part of the tutorial;
others view this interaction as a deviation from a carefully predetermined tutoring
plan. It is possible that these views entail that the former [7.3,7.6] engage in
exploring and supporting the students’ meaning making processes with more zest
than the latter [7.4,75]. | note here that there have been cases? in which the tutor
engages so substantially in the interactive process that, partly as a result of his own
uncertainty — about a particular proof of a statement, not the truth of the statement
— he yields almost equal didactical control to the students, who then emerge as
dynamic perpetrators of these newly balanced dialectics.

¥ Dge to limitations of space, it was not pessible to preset the very Jengthy evidence of these ¢ases: (hase shifts
of cettainty-hence-cantsol were abserved duriag hourly seegions.
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Yielding control o the leamner seems to be of considerable didactical potential: for
instance, when the tutor [8.1] manages to modify a student's perspective from within,
that is by adapting their point of view and challenging it with key prompting
questions; or by creating a more debate-friendly leacning environment [2.3, 8.5].
Closed guestioning on the other hand and highly directive instruction [8.6, 8,10, 5.1 ]
seems to be less efficient and a perpetrator of decontextualised algorithmic
bebaviour. Directive instruction is mostly based on the expert's prophecies, about,
for instance, the simplicity or difficulty of a task [8.6], and these prophecies can
prove misleading,

A major didactical point, regarding the potential cognitive danger built in the use of
geometrical metaphors as a visual aid for the introduction of new and abstract
concepts, was made mostly in the context of Linear Algebra (Vector Analysis):
some of the students' difficulties with an abstract perception of vectors (beyond the
geometric approach) was [3.2] partly attributed to teaching that focuses on 4 large
number of examples from the line, the plane and the space. However, flexibility on
the tutor's part in thinking in the terms of the student's personal metaphors {9.2)
seemed 10 boost a4 more confident demonstration of thinking on the part of the
student. So there seems to be value in the didactical use of metaphorical discourse
but only when it doss not impade the construction of the intended-by-the-tutor
abstract concept image.

In the same vein a less biased use of examples — for instance in the context of
convergence and divergence of series where the students' overexposure to examples
of convergence seemed to encourage finitist attitedes towards infinite sums — was
suggested as a way to curtail some of the novices' prejudices, for instance, with
regard to the number of convergent series, or continuous functions, or cyclic groups,

The students were found to be largely engaged in an exploration of the raisons-d'-
étre of newly introduced concepts. To support this exploration, the tuters often
decompose the various problematic concepts or theorems (for example: coset or the
First [somorphism Theorem for Groups [9.6]) into their basic elements. This, even
though sometimes based on the tator's preconceptions of what constitutes the
problematic elements of the concept or the theorem, seemmns io be guite efficient. The
students seem to appreciate a new concept when it is launched as a useful apparatus,
not as an ideal that exists only because of its definitton. One of the reasons that
spanning sets emerged as paradigmatically problematic in Chapter 8 was the
stucents’ tendency to disregard them and favour instead the concept of basis which is
of more obvious utility: a suggestion emerged then to introduce the notion of basis
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before the notion of a spanning set or even fo ban the use of the term spanning set
altogether from introductory courses. Research focused on the didacties of
particular mathematical areas can substantiate and enrich this type of suggestion.

Similar existential inquiries were carried out by the students with regard to some
newly introduced theorems: in justifying the importance of these theorems
{Lagrange and First Isomorphism Theorem for Groups [9.6]) the tutors often use
pragmatic — as opposed to epistemological — arguments. A pragmatic argument
was described as an atternpt of the tutor to convince the students of the significance
of a theorem by repeating that it definitely appears on exam papers because, for
instance, it has a 'name attached to it'; an epistemological argument was described as
giving an existential rationale to some newly introduced concepts such as justifying
fhe introduction of cosets as a substantial efement of studying normality in Group
Theory. The latter were suggested as cognitively more powerful, whereas the
former were acknowledged as strong motivators,

Part TV Methodological Implications: A Comment on Observation
As A Means to Gain Access to Advanced Mathematical Cognition

Minimally participant observation, as described in Chapters 2 and 4 and used in this
study, allows natural access to expressions of cognition made by learners in action.
How deep or illuminating this access was, relied to 2 great extent on the participants:
the tutors and the students. Below I have collected a few observations with regard to
the participants’ influence on the study:

» Highly leading discursive practices, such as closed questioning, seemed
to impede my attempt to observe the students’ thinking because, by
channelling the students' responses, the expressions of their thinking
come under the clinical control of the tutor and thus lose a great amount
of their authenticity. So the sense of the students’ difficulties I was
making seemed to be derivative of the sense being made by the tutor: by
that I mean that the tutor chose a particular direction of closed
questioning on the basis of her interpretation regarding the student's
difficulty. Some of the closed-questioning matexial however seems to
provide insights on the students’ cognition and parts of it have been
presented in Chapters 6-9.

» The influence of the students on the quality of the observation seemed to
be dependent on the degree of openness with which they participated in
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the tutorials. It tummed out that the higher the degree of openness and
participation of the student in a piece of data, the higher the probability
that this piece of data would be filtered through the final stages of
analysis: a selection of theses filtered pieces of data, the Episodes, was
presented in Chapters 6-9 and were deemed as data in which the students'
discourse is rich and at moments transparent as to their difficulties.
Certainly, and given the considerations of this study with regard to the
accessibility of cognition explained in Chapter 2, this transparency is
relative and bounded by the students own explanatory power.

There was a plethora of moments during observation that further elaboration on the
students' expressions would have enhanced my potential for subsequent
interpretation. Given the non-participant intentions of the study this intervention
was not possible — it was more possible in the interviews. In Part 'V I explain
briefly how the naturalistic observations made in this study can be extended to more
focused rasearch around the themes elaborated in the analysis.

Part V Embedding the Cfuss-Tﬁpical Synthesis in the Literature
Reviewed in Chapter 1. Possible Extensions of the Study.

Parts [-1V are a synthesis of the findings as these were presented elaborately in the
analysis in Chapters 6-9. The analysis as well as the topical and cross-topical
syntheses were strongly data-driven processes, simultaneously informed by the
theoretical framework of the study as outlined in Chapter 1.

As emphasised in the Introduction, the structure of this Chapter reflects the
juxtaposition of perspectives on learning presented in Chapter 1. The psychology of
the individual learner is clearly influenced by the Piagetian ideas on how the
transition to abstract forms of thinking takes place (mostly the notion of Reflective
Absiraction as specifically fransformed for the neads of Advanced Mathematics by
the PME-AMT theories outlined i Chapter 1, concept-image and metaphor
construction being the dominant ones). The Vygotskian impact can be sean in the
recognition of the strong interdependance between formal reasoning/thought and
formal langnage in the presentation of the findings. The Lacanian psychoanalytical
approach has influenced the part of the analytical discourse in this study with
relation to the role of the unconscious in learning and its control by the learner as 4
means for conceptualising and overcaming Episternological Obstacles. The novice's
induction to Mathematical Abstraction has been deseribed as a process of
conceptualisation and confrontation of Epistemological Obstacles a3 well as an
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enculturation process. The perspective on the novice's learning as an enculturation
process was generally drawn from Hall's (teansition from informal to technical level)
and Foucault's {from the rules of sense to the rules of rationality) archasologies of
knowledge. The perspective on this enculturation as a learning process buili upon a
didactical contract — the clarification of the conditions of this confract are described
here ags the ultimate task of the tutor-encullurator — is drawn from the eponymous
theory of Guy Brousseau. '

The broadness of the theoretical influences of the study — as recapitulated briefly in
the above and reviewed in Chapter 1 — as well as its wide scope — as evident in the
presentation of the findings, the analysis and the syntheses — allow a range of
possible extensions: :

» arefinement of findings within one of the mathematical areas presented
i, Chapters 6-9,

» arefined pursuit of one of the cross-topical themes,

« anembedding of the findings of this study into the methedological
discourse within PME-AMT on the search for a unified framework,

« g transformation of the findings of this study in a language understood by
mathematics teachers at university as a stepping stone for a piece of
research, analogous in seale and content to this study but focusing on the
interaction between the learner and the teacher rather than strictly on
lzarning,
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Epilogue

Ludwig Wittgenstein wrote about the fundamental mathematical act of inferring™

When we ask what inferring consists in, we hear it said e.g.; 'If I have
recognised the truth of the propositions..., then I am justified to further write
down...” — In what sense justified? Had I no right to write that down before?
—' Those propositions convince me of the truth of this proposition'. But of
course that is not what is in guestion ¢ither. —' The mind carries out the
special activity of logical inference according to these laws." That is certainly
interesting and important; but then, i true? Does the mind abways infer
according to these laws? And what does the special activity of inferring
consist in? — This is why it Is necessary to Iook and see how we carry okt
inferences in the practice of language; what kind of pmuedm-e in the
language-game inferring is fmy emphasis]

(Wittgenstein 1978 p.43)

This work s an exploration into these 'kinds of procedure' with regard to the novice
tnathematician, It started as generally as indicated by this quotation and ig the
process it was refined into the spectrum of themes synthesised in Chapter 10,
Burther refinement and substantiation of these themes is necessary.

I taks inferring in the above to mean more than simply deduce via the rules of logic.
I see it as both reasoning formally and meaning-making. In this study these two acts
were seen as the components of starting to act mathematically at an abstract level]
and they were showm problematic.

Mathematical abstraction "supplies us with a mew picture, a new form of expression’
and 'there is nothing so absurd as to try and describe this new schema, this new kind
of scaffolding, by means of the old expression’ (p.138). Not because "the finite
cannot grasp the infinite' (p.263) — what is the point of attempting to understand
then? — but because a new language is introduced in order to express new
meanings. In advanced mathematics a large number of these new meanings are
about the multiplicity of representations and the effectiveness of flexibly alternating
between these reprasentations, The novice does not always seem to attribute this
type of significance to the new language and tries to acquire the new meanings by
trying to describe it in terms of the old pictures and the old words. All the new

¥ Wiltgenstein, with his particular jterest i mathematies and ita pavehiology, has been a congtant sourge of
inspiration in this study. All the references in the Brilogue ars hiz wards fram (Wittgenstein, f978)
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language is about is translating 'vague ordinary prose' into clear — hence usable
— expressions. The novice is, to start with, an applied mathematician: nothing
makes sense unless it has a purpose. Concept forination then is the search for ‘the
limit of the empirical' (p.237) and, this, didactically, possibly implies the necessity
to treat learning as an empirical extension.

The above are, simultaneously, findings of this study and challenging questions, I
note that if 'we ask these questions at all, this points to the fact that the answers are
not ready to hand' (p.133) and because 'philosophical dissatisfaction disappears by
our seeing more' (p.118) I can only wish for more as the way abead.
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Introduction to the Appendices

This booklet contains the Appendices for Chapters 3, 6, 7, 8 and 9, Appendix for
Chapter 3 contains a sample of the Pilot Study data ( Appendix 34) and the Chart of
Incidents (Appendix 3B) from the Dxata Analysis of the Pilot Study.

Appendices for Chapters 6-9 are structured as follows:

+  Appendix A contains the mathematical questions mentioned in the Episodes.
The coding of the questions is given in the Interlude.

« Appendix B contains the answers to the questions in Appendix A, relevant
figures, theorems, proofs and in general it provides the mathematical
background of the Episodes. The items of Appendix B are numbered
according to the numbering of the Episodes. So, for instance, fig.5 in
Appendix 6B is the figure mentioned in the Episcde of Section (v) in Chapter
5.

»  Appendix C contains the Extracts as refecred to in the Sections of Chapters 6-
9, The Extracts are pieces of data and are descriptions of the Episodes (either
in dialogue form or summarised reconstructions of the dialogues). Their
numbering follows the numbering of the Episodes in Chapters 6-9: so, for
instance, Extract 7.3 is the Episode discussed in Section (iii) of Chapter 7.
The Extracts are printed in ifafic format except where the participants’
utterances are directly reproduced. I note that, in order to avoid
identification, the names of the participants have been altered.
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Appendix for Chapler 3: A

IUESDAY 8§ JUNE 1593
14:00-14:39. Lona-Jday

seguences and series exam guestions. They are dealing with
the convergence of Zxli/n!
Lt ... .1leg’z use the ratio ksst.

they write the expression x0F1/(n+1)!1/x0/n!
she: what should I write hersa?
J:thegitant)...the | { of that.

she: yes, so0 I ¢can be sure it's positive...
...50 the convergence is proved

The next part of the question implies the use of the term-
by-term-differentiation theorem

she: this is a theorem that comes up every year in the exam
in some form.

By the way this exam question gives them the oppoertunity to
decide the differentiability of &% only by stating
(*precisely’) known theorems.

[it is the kind of formulation of an exam guesticn that
gives me the ilmpression that the person who set it had a
particular sclution in mind and having that they tried to
pose the guestiecn without ‘betraying’ its sescret]

J: ...30 ei=X J stops and thinks from where to sum. ..

L says from 1..

she: ves, vou can try to differentiate the first term and
see what happens to itf.

Then with the help of L she writes down (e¥)'=% ...=2X and
they go on with the next part of the guestion where an fg
i5 given and they have to prove that its deriwvative 1is
zero.3llence. '

ghe: vou can do that can't you? Just differentiate!

[did they expect something trickier? why didn’t they answer
such & simple guestion?’

....she writes it down..

(she writes &lso a query for later...see below)

she: s¢ 1f its derivative is zerc then the function iz...
[typical way of her teaching: unfinished sentences, walting
for the students to complete them]

L: Loonsteant

she: and how do you find which constant is it?
L:...let’s try & couple of wvaliues for x..

she: and which value is cobvious to try?
L:...zerc

they try it and then she says: ‘it is a constant so vou
only need to evaluate at one point’

Now she writes down =%

she: what do you know about it?

[in an hysteron-proteron way she solves the GUerY
previously established -it was about positive and negative
%] '
she: ...not many pacple would be bothered about it
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CHART OF

THCTRENTS

TUTOR ITEXS

FTURENT TTEH3

il T

CODE

COWTENT.

T.FHIL.TEACH.

CONTENT

wcwwsmangun:hsmnmnmnmwnrw=mnmnwuﬁmwwnnnmwmnnwﬁnﬁmnnmﬁwnnm1
Auring curprial: Avscaron-proteren 3cruccure of machemotics lessons
pl. pi. p2%, cakes pespunsibilivy for scudent difficwlty, oll display

of wulnerabilicy, p2l.p38 lise of ceaca-exsrple-apply -

T.FORH . THS2R_FART-

Farcicular inscancgs thet illvacrace form of dnstrucilon: adjusts pace
of cepeching o indfvidual needs o1, asks them to réemember chings [rom
sas[ ‘ofins @d and pli, effeccive use of *reverse’ fuestionz peE-cwice.
recagaising cheorema Erick pll, 13, 17. 15, nfce cwisc of dredenc
suggestion pll and pil, opcimism pld and o231, connections-coherence
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Appendix 6A
CD21-CD26

1. i Show thatifz it irratianal and o 2nd b are ratiooal thew ax L ks
irrational, unless ¢ = 0.

L Preve thal between any Lwo real ownitbers there is an irrational nura-
ber.
o, [fxy, %3...., &y are real numbers show thal

|y +xp + bzl S nd Tt e+ ey

4, QGiven D < 8 < 1define @ ={0":ne N},

(D) Prove © has an infimum and that inf @ 2 0.

(i) “To show that it @ = 0 assunie inf @ > 0 and oltain a eontradiction.)
Assuning nf 2 > 0 deduce there oxiagn™ & N such that 8™ <« %1;15@.
Consider #77F1 to obtain a contradiction, Deduce Inf @ = 0.

4. L IF0 < & < 1 prove thai given any ¢ > O there exists n, € N such
tat 8% < e '

ii. I n > 1 prove that 4™ can be made arbiteaily large by appropriate
rheica of n g IV,
[The results of the previous yuestion may be assumed. .
5. il § and T have suprema prove sup{S U T) = max{sup 5, supT}.
{1 531z true thatif § and T havesuprenia ther sup{ SNT} = min{sup §, sup I'}7
Justily vour answer
§. Far 5,7 C R and & € R deiine

ki = {ka:ag 8},
5+T fatbhieeld, bely.

1f-5 ard T have suprema prove
i, that if k< 0 then £5 las 2o infinnem snd inf A5 = ksup&.
ii. 5T has & supremnm and sup(S+ 1) = sup § b sup T
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CP3.3

o ade A real mnnher giester than or egial 1o zera, shiow there exjsts
aonatural nember intx and o roal vumber fracs, 0 < Mracs < 1 suel (il
o= iala 4 racs. '

i 0T ds A malurad nuenker and v bshow that for o natural nemboer o

ihere exisls vatural munhers w0y e 0, D <o, v such thal

" _
P i o g™ ey

[Hint: if the proposition is Meise then there is o smallosl wainpen] aumber
wihich carnol e expressed i Lheseguivad form.}

il Ehow thet the sed of acowineiation poinis of ET I NG
s 0,

v i the namber hase e, Uin suether

Gl s oo G . fT . 8l i } ot
wirere [§ 2 e, e, Show Cas there s oomumber iy Uiz noes b Lise arbitracy

elnse fo ay real nember, (We ssially wark in base 10 a0 CHIputors i

base 2}
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Suppose false then n=a

= Nis bounded above

= (Compl. Ax) 3 supNe 9
nsavne N

&0 dnge N a-g<n;

et e=] then a-l<m
a<n)+l

fig.1a Jack's proof for the

AvchPr

Appendix 6B

N hag a supremurn
(Jas B (n=a, Yre M)
V&0 dne Na-g<n

In particular there exists me N
such that a-1<ny. But then a<m+1.

Equivalent to the ArchPr:
If x.ve 9 and x>0 then (Gue N) (nx=y)
(¥ ee 90} £»0 =2 (dne N} (lin<e)

fig.1b The tutor's proof for the
ArchPr

dx which is irTational
we can find a rational s
st afx < 5 < bix,

a,b rational

fig.2a Ben's proof for
CD2.1ii

Suppose that a, be 5 and a<b. |
Suppose also that all real numbers x such that a<x<b are rational.
We prove that a< 2a+b /3 < a+26 /3 <b.

By our assumption 2a+b /3, a+2b /3 & £

Ya+b 13 < Ja+b 13 + b-a /32 < a+2k 13 s irrational by part (i)
and lies between g and &

fig.2b The tutor's proof for CD2.1ii

Seeking to prove Lx+yl< Ix] + |yl

ey X S b T S L 4, A+l e 41

given 1 define §'= {N™ ne N}

n
) # giiga se that
el=x  x X dne N st nzm? Vne N
ne N, n+le Nand (pe e
=y ¥ j
fig.5 Andrew*s_pmof for
Inductive hypothesis: lxi+..+xf £ Leght.. i CD2.4ii

fig.3 The tutor's proof tor CD2.2
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ST must be non-empty and bounded above
in order to have a supremunl. It is non-cmpty
becaunse § and T are. Also

x5 XEsupS (xe ) (1<)
1 xe M) (x<
If xe ST then ar .30 ol By the Archimedean Froperty
xT yssupl dne Nsuchx-1<n<x
that is in any case x< max {supS, supT}. So g?fffl

max {supS, supT} is an upper bound for SW/T,

[he continues and proves it (5 the fowest upper bound]

|

fiz.6a The tutor's proof for CD2.5i

0= g« 1 where 2= x-n.
Thus x=n+] where £ = x-n.

fig.8a Jack's proof for CD3.3i

freconstruction from recording]

fet g= supSiT= supT

then « is an upper bound of ST theretore a>x for all x in SUT

if a¢ ST then a< sups
if xe ST then xe 8 or xe Tand if xe S then contradiction

fig.6b Alan's proof for CD2.55

freconstruction from recovding]

[Cornelia has proved that ksupS & a tower bownd]

let b»ks, where s=supS
then Bk < 5. Therefore Jas §; a=bik Then ka<h and kasks.

fig.7 The tutor's proof for CD2.5
freconstruction from recarding]

Let # be a natural number »1. Show that for any te N

there existe ne N and there exist aq, ..., ¢, € N such that
U< ag<r(foralls)andt=ag+ar+ ...+ ansh.

fig.8b The tutor's rephrasing of CD3.3ii
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Appendix 6C
Extract 6.1

Context: This is the beginning of the tutorial, In CD2.1 students Jack and Andrew,
says the tutor, have presented ‘quite sophisticated arguments in different ways' using
the Archimedean Property (ArchPr — see The Episode for two formulations aof the
Archimedean Property). In the following, the students and the futor discuss its
content, various formulations and proof.

The Episode:
Formulaiion and Meaning of the ArchPr

The futor asks what the ArchPr says.
Al: For any number in the reals there is always a number that is bigger than that.
T1: Well, if I take any number x, then x+1 is bigger,

J1: 1 think you can get as close to x as you like, There's a number... greater than that
but you can make it as close to x as... as you like.

T2, The tutor protests: if, for instance their meaning of 'close’ means &, then he

suggests taking x+&2. What they are giving him, he says, is 'so trivial that is not
worth giving it a name’.

A2: Pind epsilon you choose just greater than nought and a number that exists. Say
you've got a number x and you're choosing an & there's always a number which is
between x and x+&.. [can't remember.

The tutor asks them fo look in their notes. They say their ideas came from various
books. He asks them to be more critical when trying to remember things. Jack veads
from his notes 'the ArchPr for the natural numbers' which consists of two equivalent
statements. The second of these usually takes the name of ArchPr, says the tuior,
while writing it on the b/b (see fig. Ib for the first statement):

( Wac ) {Ine N} fa<n}

He then asks them what the statement would say if it were false. Andrew says 'that .
there is an upper bound for the reals’. The tutor says he does not agree and Andrew
changes to 'for the natural numbers'. The tutor then briefly talks about the non-
Archimedean number-systems in which this holds. On the real line, he stresses,
however large are the real numbers you are looking at, "wherever you look there is a
natural nuinber' gad 'that is the property of being archimedean'. He then asks for a
proaf of the ArchPr.
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Proving the ArchPr

Jack suggests using contradiction and the Completeness Axiom and since, as Jack
says, it is 'easier if it's on the board' ke presents his suggestion in writing

12 fwhile ke is writing what is in figla]:...Nis bounded above... by a... and also Nis

not empty. So, by the Completeness Axiom, em,... there exists 4 supremum,... of Nn
the real numbers... so there is a least upper bound for the natural nnmbers and...?

Jack sounds hesitant, The tutor asks him what he wants to do with the supremum and
Jack whispers 'this is strange' and stops. Then Andrew says: 'If you take something
from it, then there's got to be something which is between that and your supremuri.
So if vou say that alpha is the supremumm, there's got to be some » which is greater
than a-1'. Jack repeats the definition of the supremum and writes it on the b/b (if the
supremum equals o then n<et Vae N, Then given any £ >0, there exists n.2 Nsuch
that o-e<n,) and stops. The tutor then suggests Jack foliows Andrew's suggestion
and puts e=1. Jack does and then spends a few seconds looking silently at the b/b.
Then he says: "However this [#1+], see figla] is in the natural numbers so there is a
contradiction’,

The tutor says that he agrees but also that he wishes to comment upon Jack's writing
style which was “presumably copied from the board', Andrew points our that this is
what the lecturer wrote. The futor describes this writing style as bfb technique’
which aims at conciseness and at avoiding long sentences. He then comments upon!

s Jack's 3 supNe R.. The tutor suggests two ways of writing: either

‘N has a supremin’
Gr

‘T e K such that nse vre N and Ves0 3ne Nsuch that a—e<n’,

The supremum of N is something defined by the notation, he stresses, a function
defined on non empty subsets of K. Writing supN is either nonsense or a specific real
number, And it doesn't make any sense to write for Instance3 27 R, he concludes.
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v Jack's use of ng, Jack says he does not 'understand this notation'. The futor replies
that the lecturer was trying to ‘produce a bit of inflection’ and emphasises that 'you
specify epsilon first and then you are choosing #, therefore your choice will have to
depend upon epsilon. But that doesn't mean there is a function.' Andrew then asks
whether "we shouldn't use this notation with the subscript’, The tutor thinks they
could buf it 'would seem perverse to do 50, For specific values e=1 it is fine to write
ny. The tutor then writes the second statement on the b/b (fig.Ib). Jack suggests
taking e=1/¢ and with Andrew they rephrase the property in terms of ¢ The tutor
says he agrees but he also stresses that 'the natural thing is to define ¢ to be 1/ and
thus 'Go from the known to the unknown'. The second statement of the ArchPr'is just
a different angle of the ArchPr for the natural numbers' says Andrew, The tutor cails
the second statement a corollary from the ArchPr and points out that 'it should be
called the ArchPr on the reals because it is the embedding of the natural numbers in
the reals',
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Extract 6.2

Context: This is the second half of the tutorial to students Cathy, George and Ben.
In the first half they have been doing Linear Algebra which the tutor claims is worth
less tutoring time than the move problematic Analysis: Cathy has not delivered o
draft with her work to the tutor. When he asks her if she has done any work she
replies 'kind of. The tutor turns to CD2.1ii and points out that George and Ben have
given different solutions: George's solution is longer than Ben's. The tutor invites
Ben to present his solution on the b/b "in two lines'.

The Episode:

Ben writes his proof for CD2,1ii on the b/b (fig.2a). The tutor disagrees with the
student's clabm that ¢ and b are rational numbers, (eorge then intervenes in order to
outline his solution: you can always find a rational number between two other
rationals and then do this for reals. The tutor agrees that this idea can be the basis
for a proof and stresses that part of George's problem in his writing was that he
hadn't "written down the data we are starting from’.

{31: Yeah, because I was {rying to prove that there was a rational between any two
real numbers... when your real numbers are divided by an irrational... it was a fact
that there is a rational between two real numibers... you said it was a fact that there is a
rational between two real numbers, I wroie that 'suppose...” and you said it wasn't a
supposition, it's a fact... so could I just have written...?

T1: Oh, that's different. You see what yon've written is not what you meant,

G2: Oh,... I see yeah...

T2: You see what vou've written is precisely what you just said: there exist two real
numbers and a rational between them. Sure they do. [ can prove that by exhibifing
two of them, like zero and 1.

(G3: You still want to prove there that this is true for any @ and b.

T3: You want to look for them all, You want to guantify...

The.tutor then explains the problem with Ben's progf: in CD2.1ii they need to start
from two arbitrary veal numbers. In part | the numbers for which the statement is
proved are rational. So part i, at least at this stage, cannot be used. The tutor then
presents a proof by contradiction (fig.2b) of which in the end he appears rather
critical: it is, he says, o bad way to present it because it is not constructive, but it is
quicker’. 'But does that prove that there is an irrational between any real numbers?
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asks Cathy. The tutor stresses that a and b are arbitrary numbers. She then wonders
about part i of the question: 'it seems to assume that irrational numbers exist'. "They
do', the tutor savs, and V2 is one of them, as they have 'all accepted during his
presentation’. He then concludes that there are other irrational numbers too but it is
sufficient to point at the existence of one. Then it s legitimate to assume the
existence of rational numbers,
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Extract 6.3

Context: This Episode is from the same tutorial as FExtract 6.1 — where the fufor and
the students discussed CD2.1. Now they furn to CD2.2.

The Episode:

CD2.2 was proved by the lecturer for n=2, say Andrew and Jack: he squared both
sides and 'showed triangles'. The picture with triangles and the squaving, veplies the
tutor, is the 'genetic intuition' for understanding the statement. The principle here
however is to 'develop all the properties of the real numbers from a minimum number
of axioms', he continues. Andrew asks whether the squaring and the picture 'is ot
the right thing to do’ and the futor stresses 'it's the right way to understand it and
remember it, but it's not the right way to prove it'. Pictures and triangles have no
part' in a proof where the aim is io develop logically a property for n numbers from
what is known on two numbers, he concludes, He then suggests proving the triangle
inequality for n=2, namely that lx+y|Slxl+lyl, by taking cases for x and y (fig.5). By
the definition of ||, this leads to eight possibilities for x and y.

Andrew sounds hesitant about the 'need' fo write explicitly the eight cases. The tutor
starts writing out the table (fig.3) commenting that even though it is ' painful to write
down eight possilbilities' if is 'on the other hand a back-to-basics proof'. He then
clatms that the eight cases can be reduced to two. Andrew suggests 'taking the
absolute values off in the cases x and y are both positive or negative and putting the
appropriate sign. The tutor says he agrees. Andrew starts outlining the rest of the
cases. The futor then says he just realised that the least number of cases that could
be written down is four. Then by symmetry the eight possibilities would be covered,
he adds. Then Andrew has a comment on the triangle inequality.

Al: Would that inequality do? Because Ix+yl is either equal to li+lyl, or equal to Lxl-Iyl
or a couple more permutations, er, combinations...

T1: Well, the modulus of this is equal to the modulus of that, isn't it [he points ar the
various cases for 1x+y1J?

A2: Yes, it's more equal to than... In fact we seem to generalise to less than or equal
to when it is equal to something or in fact to something else. If can't be really in

between...

T2: You're discarding a Jot of information by merely writing that le+yl<lx] 4+ but...
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J1: It is true.

A3: But it's not continuous in the fact that you take a couple of values that range from
equal to depending on the value of x and y and keep going down as far as you like.

T3: Well, first of all it's true. Secondly I mean what about the geometric picture?

Ad: T don't know... [ can't... where is the crossover... Is this a geometric instance? It
can't take any value...

T4: Well, what about complex numbers? Is this also true?
AS: ] thought so...

T5: Indeed ii's true of vectors and there the fact is in these other veins you are not
throwing a lot out and this is only the special case of real numbers.

The tutor then returns to the proof looking at the various options for x and y, they
deduce that the triangle inequality is true for n=2. Now, says the tutor, they have io
generalize to n numbers, by induction. He criticises Jack for starting his inductive
proof from n=1 because the triangle ineguality is a basic assertion for two. It then
has some information in it. For one it doesn't’, He then writes down the inductive
hypothesis for n=k and proves the statement for n=k+1 by using the proved statement
for n=2 and the associative law for the real numbers. He concludes that he did this
in detail ' only as a matter of style of presentation, but style matters'. Andrew then
has a guestion.

Aé: In the questton there it said that the hypothesis or the statement they were talking
about is for n=2 because as Jack was saying we can show for ene it is true. Does this
invalidate the proof?

TG: Well, it doesn't say n=2...

AT: You can start by proving that this is true for 1 and...[the fufor nodsf But you
would still have to show that P is true becanse that helps in the second pait.

T7: Well, yes, [ am thinking of Pz as being both what you are calling P and the
triangle inequality or the basic fact that Lx+yis|xi+l.

Both students nod. The futor then suggests they look at CD2.4 (Extract 6.5).
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Extract 6.4

Context: In the discussion preceding this Episode the tutor suggests to student Kelle
that in the Probability course he needs to learn the definitions and the formulas better
and to 'work out' some of them instead of trying to reconstruct them sheerly by
memory. In contrast to the demand for 'mind-blowing' rigour in Continuity
Differentiability, in Probability, she continues, they use a lot of previously unjustified
theory. In this sense Probability is easier, she adds. She says that he is quite good at
concrete probabilistic guestions. She requests of him to prepare a list of 'specific
things' to ask because in a tutorial he should not expect ‘the whole theory' to be done
for hir. 'This is what the lectures are for' she adds. The tutor then comments on the
ambiguity underlying CD2.I as to what the sindents are ailowed 1o assume and in
CD2.2 she is cHiticising his incomplete approach to Mathematical Induction — he
has proved the triangle inequality for two real numbers and written 'and so on by
Mathematical Induction. Then they turn to CL2.3.

The Episode:

The tutor conments upon Kelle's written solution: 'you've been pretty much stating
what the question asks you to prove.. So, she asks, how does one prove that a set has
an infimum? ‘Tt has to be bounded below', replies Kelle. So @ is bounded below by
what? asks the tutor. By zerd', he replies. So inf@20, deduces the tutor. And how
do you define the infimum? she asks. *The lowest... It is the greatest lower bound),
replies Kelle. So since zevo is a lower bound, the greatest of the lower bounds, that is
the infimum, must be greater or equal to zevo, she concludes. Then Kelle explains
what he tried fo do.

K1: We prove that... proving something has an infimum, so I applied that by creating
a set,... we first prove that something has a supremum, so this would have a
supremum the set of lower bounds and we have to show that the supremum of this
would be equal to the infimum of that.

The tutor then outlines her approach: turning around' the Completeness Axiom
{’every bounded above set has a sup' ) leads fo ' every bounded below set has an inf.
Kelle then asks:

K2: 1 was wondering whether I should prove that something which is bounded above
has a sup.
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The tutor explains that Completeness means that every bounded set has an infimum
and a supremum; also that Completeness can be assumed. So he had the "tight idea,,
she concludes, but his formal writing was not adequate. She turns to his draft and
COMmMmEnts:

T1:... but how do you know, well you don't know, that alpha is of the form theta to
the k7 fin his drafts Kelle has called the inf® alpha}

K3: Because this set is defined as theta to the #. So, any member of the set would be
of the form theta to the # and if n is k..

T2: Yes, but is the inf necessarily of the form theta to the k7 And does the inf actnally
have to be in the set?

K4: No, unless it's & max... minimum.

The rutor then stresses that the infimumt or the supremum of a set is not necessarily
contained in the set (for instance the set {1/n, ne Nf has 0 as ifs inf and 0 is not an

element of the set). She then presents the Approximation Lemma and applies it on
CD2.3. Once she has defined n* Kelle seems to have grasped her idea for the proof:

K5: This is the greatest lower bound but this is less than... So this should be... I mean
not shouid be but this got to be the greatest lower bound since ... this is lower than it
and it's aizo in the set.

Thus contradiction is reached and they move on fo CD2.4.
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Extract 6.5

Context: This Episode consists of two extracts from the two tutoriols mentioned in
Extracts 6.1 and 6.4, Itis about CD2.4. Kelle's Extract refers to CD2.4i and ii and
Jack’ s and Andrew's o CD2.4il,

The Episode: Extract 6.5

According to the tutor, Kelle has not proved 'what they want'. What they wani, says
the tutor, is to prove CD2.41 for ‘as small epsilon as you can get’ via CD2.3 and the
Approximation Lemma, This is equivalent to proving that &% — O, she adds. She
then asks him whether sequences have been mentioned in the lectures. Kelle says
hesitontly ves and, when the turor asks him how he will prove that 0% — 0, he
responds refuctantly, referring to Sequences, that he doesn't 'think they are meant to
read anything more'. The titor then returns to the terminology of the guestion and
asks what I3 it they have to prove.

K1: We have to prove that there exists an g,... that there exists an epsilon...
T1:... not that there exists an epsilen, no...
K2:... there exists an » in...

T2. The tutor shows thern on paper that what they want to prove is that starting with

any 'kind of slice', any epsilon, all & will ‘eventually lie in between'-Eand +&. So,
how will he write that? she asks.

K3: Er,... you can find an element such that if s equals N this will be less than
epsilon, eh for m>N 68 will be less than...

T3: Yes! We are getting there, Now what Is this epsilon, is it some particular epsilon
ot... what?

K4: It can be any... You can choose..You can find an epsilon such that...

T4, The tutor explains that for every epsilon they are given they should find an ng
such that Yn>n, <. This is something he intuitively knows about but it is
imperative he proves for all &. She then asks Kelle why.

K5: Because it might be greater than that before that, beyond that n, fries to be
smaller for all the rest of the numbers.

T5: Why?
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K6: Because if it's converging they should have been higher...

The tutor says she is not pleased that Kelle is using the convergence of 0% in his
Jusiification because this is what they are trying to prove. She repeats the statement
and stresses that it is important to see that because Bre<g and the sequence i3
decreasing Br<g will be true Vn>ng I's so obvious that it goes to nought’ remurks
Kelle. She says that she agrees but they 'still have to prove it',

The tutor then furns to CD2.4ii: if n>1 then what about 1/m? Kelle veplies it will be
less than 1. The tutor asks him to use part i in order to show that W will then be

arbitrarily large. Kelle suggests 'inverting', she nods and writes down the
symrefrically inverted statement.

The Episode: Extract 6.5ii

The tutor comments on the students’ drafis: CD2.4i was fine in their drafts but
CD2.44 was  'disaster’. The students look surprised and the tutor invites Andrew io

the b/b to 'defend his writing'. He starts by defining ‘the group of all powers 1}, The
tutor stops him and asks what he means by a 'group'. Andrew then corrects 'group fo
'set of all powers 07 So S={1", ne N} and by contradiction Andrew wanis to prove
that 'we can find some m which is an upper bound of 1%, in which case we can show

that we can't have... it's got to be less than this specific valve..". The fufor says he is
confused.

Al: If we can find some » for which that's true, this is an upper bound of §, n*
cannot take any value, cannot be large enough... so I suppose that an upper bound for
5 exists and then we show it can't exist,

T1: OK, so we're going to do it with contradiction.

A2: OK, So... no... Suppose for some m in N... No. Suppose m is an upper bound of
5 and m is a natural number...

The tutor repeats what Andrew has said so far (assume that there exisis me Nan
upper bound for §, that is n#<m Yne N and reach a contradiction} and says that

Andrew needs to stress that the existence of m is an assumption and that he is frying
1o ‘demolish it’. Andrew says ke is sorry and writes the above on the b/b (see fig.5),

A%: Now if » iz an element of N, then s+1... has... (r+1)% is in 5... because n+l is a
natural number...
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The tutor interrupts and complains he does not undersiand. Andrew explains that 11
has been chosen as a natural number, He stops and then he realizes it has not. The
tutor points out it can be any number >1. Then Andrew responds:

Ad: But eta can take any value, can't we let it be...?

Jack laughs and the tutor stresses that 11 was given from the beginning and he cannot
change it. "Then 1 guess 1 sesign’ says Andrew and asks whether in any case the idea
of contradiction is 'along the right lines'. The tutor asks him fo justify his belief by
showing some strategy. 'We really want to find an element of 5 which i greater than
m. Thus m is not an upper bound of 8. That's the strategy'. Then Jack has an idea:
since we are given eta and we assume the existence of m we might reach
contradiction by trying to prove that 1/ is the greatest number in S. The tufor says
he disagrees: even if we assume that m is an upper bound for S, 77" is not necessarily
the largest number in S, he stresses. Andrew suggests praving that you can actually
get as close as you want to 77 but you can't actually get there'. The turor reminds
them that whenever they have an idea they should be ready to confront his criticisms
and suggests two ways for the proof. The first in based on the ArchPr and on using
CD2.4i and on defining 6 as I/n. In his presentation the tutor repeats his comment
from Extract 6.1 on defining unknown things by means of known things. So Bis
defined as 1/n, he stresses. He also corrects Andrew's use of < instead of < in the
definition of 6.

In his second suggestion, the tutor says that n=>1 implies that &=1-1>0 (Jack suys
that toe). The tutor then asks what can be done with 1°, The students are silent.
Then Jack suggests expanding it. The tutor says that he does not disagree but that he
had something else in mind: he reminds them they are trying 1o prove that 01 is
getting arbitrarily large. Andrew suggests factorization. The tutor then decides to
employ Jack's suggestion. Jack dictates the binomial expansion for (1+C) and the
futor says it is stricsly greater than 1+n&, since as Andrew remarks, all terms are
positive. But I+n{ gets apparently as large as n can be which completes the proof.
The tutor reminds them that the inequality (1+ ()> 1+n{ was proved last week and so
they can use it without employing "anything as sophisticated as the binomial theorem'.
This sparks off the following discussion:

AS: Well, if you do something like that would you have to say right in the beginning.
Fine, Il prove this by induction, then by this inequality that was question...

T2: Well, if you've done it before can't you refer back to it? We always go back to
theoremns and...
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AB: Yes, it depends... but in the exams you don't know that we've done it.

T3: 1 know you've done it! As long as you're clear, You see your job is to produce
proofs which you know really are proofs and which are clear to the person you are
trying to communicate with, That he can understand these proofs. That's what you
have to do,
J1: When we came here they said that we have to wipe out all knowledge of math, cut
Ef our mind... and now we start assuming things that we learned since we've been

EIE.

T4: That's the idea, yes. Two weeks ago you knew absolutely nothing. Last week
you proved by induction this inequality. So this week..,

A7: S50 we can have the data... all kinds of uses...

The tutor savs he agrees: if they have any doubts, in this case the proof via the
ArchPr is ¢ 'more direct’ one.
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Extract 6.6

Context: Extracts 6.6i and if come from the two individual sessions with students
Alan and Connie, students of the same tutor. The reason I present them Iogether is
that they both refer to CD2.5 and illustrate the two novices' different but
characteristic difficulties with the notions of sup and inf. In Alan’s session the fufor is
demonstrating what he calls @ ‘more attractive’ way to do CD2.3&4 and an
alternative-to-Alan's way to CD2.1H. The latter is also how Connie’s tutorial staris.
In this it turns out that Connie needs to be reminded of the Archimedean Property, as
well as be given a pictorial representation of the proof. After CD2.11i, in both
sessions the students inguive about CD2.5, which is where the Extracts presented
here start,

The Episode: Extract 6.6

The ttor says he does not approve of Alan's proaf (I have reconstructed Alan's proof
in fig.6b). He then explains that Alan is interpreting a statement for a particular x in
SUT (xe ST means x8 or x T, stresses the tutor) as a statement for all x€5. It is,
the tutor says, similar to saying that because fx)2g(x} for some x in the domain of f
and g, hence f2g.

The tutor and Alan then agree that CD2.5ii is not frue. Alan cannof recall the
counterexample he used. The tutor offers a counterexample (S={1,2}, T={1,3}) and
asks Alan to think where exactly he realised that CD2,5{ was not irue.

Al: It's true that supsS is an upper bound for the intesection but it's just saying that... it
breaks down when I prove that it is the least upper bound... because if there is an
element in between...

T1: It would look awfully like this again!
A2: Oh, it's the same... probably... so sups is 2...

T2: Hrom... so alpha could go one and a half from there.../Alan nods] It's the problem
about that you are considering two alternatives for all x as opposed to it holding for a
particular x... I'm not certain...

A3: I'm saying... that x here... [ think if's this... it's quite difficult to say...

The tuior says there is a ‘shakier’ counterexample which requires a bit of 'trickery’:
choosing S and T such that ST=0) then ST has no supremum. He however
suggested the one given above because he thought of it as 'slightly more convineing’,
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The Episode: Extract 6.6ii

Connie says she has problems with CD2.5i so, at her request, the tuior presents
CD2.5i (see fig.6a). To have a supremum the union must be non-empty and bounded
above. To prove the latter the tutor says he is forking out' the cases for xeSUT: if
xe S then x<supS. Stmilarty if x&T then x<supT. Tutor is then interrupted by Connie
who points at his writing (reconstructed from the recording in fig.6a} and says about
0

C1; Well, one of them... x is in the bit where they...
T1: No, no x is somewhere in the union.

C2: Well, then isn't it in both of them?

T2. The tutor gives the definition of SUT, as the set of all elements in S and T, and,
returning fo his proof, continues his sentence: that in either case, whether x€8 or
xe T, x< supS or supT. Connie then interupts again:

C3: So you don't need to consider both?

T3: No, I don't need to. If either of this works then it's enough for me. So in either
case x=max of the two sups.

C4: That's it?

No, he replies, this only shows that SUT is bounded above and, since it is non-empty,
shat it has a supremum. The tutor completes the presentation (see fig.Ga} while
Connie is nodding, For part ii she says that'On a second thought I think T had to find
a counterexample'. Then they go on with CD2.6. '
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Extract 6.7

Context: The fufor is demonstrating 'a more attractive way), as he says, of CD2.3 and
CD2.4 and discusses with siudent Cornelia the use of counterexamples in CD2.5,
Then they twm to CD2.6.

The Episode:

In CD2.6i Cornelia says she showed that infS exists but she could not prove that it is
equal to ksupS. She also showed that ksup§ is a lower bound for kS, Therefore what
she could not prove is that ksupS is the greatest lower bound of k8. The tutor
suggests 'following your nose through the definitions’ (fig.7): les b> ks, where
s=supS, and prove b is not a lower bound for kS, namely prove that there exists an x
in kS such that x<b, So what happens if we divide b>ks by k7

C1: You've got bfk is greater than 5 in....

T1: No, remember & is negative.

CZ; It's less than...

T2: Now follow your nose, what do you know about [b/&]?
C3: It's got to be the greafest...

T3: No, come on. Sups is the least upper bound for 5. So what can you say for bk if
that's the least upper bound of 57

C4: It's hard work...

T4: Yeah, if is. Here is the least upper bound and here is a number smaller than it.
What can you say about it?

('5: That must be in the sef.

'No, no, not necessarily!' exclaims the tutor and explains: since S can be a 'dotty kind
of set, all you can say is that b/k is not an upper bound of S. Therefore there exists
an a in § with a>b/k, Cornelia then points out that multiplying through with k gives
that ak<b and ak is the x we were looking for.

The tutor concludes that this is an example of what he means by 'following your nose
through the definition’, that is 'Apply the definition at each different stage'. In this

case, he adds, among all the things one could say about bk, the useful observation is
that bik is wot an upper bound of S. He then concludes: she could have picked up the
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vight thing to say if she had focussed on her goal to prove that b cannot be a lower
Bound for kS.
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Extract 6.8

Context: The tutor comments on the students’ (Jack and Andrew) proof for CD3.2: it
was fine but they have been reproducing on paper what is only acceptable as an
example of b/b writing technique. Jack asks whether the tutor's progfis a "general
method' for dealing with suprema and the tutor describes the Completeness Axiom as
@ 'machine, as a function, on sets in which you plug in sets and provided they are
bounded above and non-empty, they have a sup'. Once the existence of sup is
confirmed, he continues, they then have fo identify the exact number that has the
supremum properties. The tutor then stresses that CD3 is a problem sheet that needs
special attention and they furn to CD3.3,

In CD3.3i Andrew, says the tutor, took for granted a breaking down of the natural
numbers which had not so far been proved and parts of which are proved in CD3.3iL.
Andrew says he thought he could assume this breaking down because it seemed
natural to him. The tutor stesses that when they think of things like these they should
be more critical: what would be the point of asking them to prove CD3.3ii if they
could take it for granted in CD3.3i7 The tutor then asks Jack to present his proof for
CD3,31 on the b/b (fig.ba).

The Episode:

Jack presents his proof for CD3.3i on the b/b (fig8.a). The tutor interrupts him in
order to ask how

rlaonsy

comes from the Archimedean Property,

J1: It's not quite [coming from the ArchPr] because for any natural number there is
a... em,... for any number there is a natural number that follows and...

The tutor agrees that 'this is what the ArchPr says'. Jack is hesitant ('S0 there's also...
So if x is any real number then...'}. The tuter points out that there is nothing wrong
with what he wrote but e is 'taking two steps in one' and that 'when you are saying
by the ArchPr' you're slightly misleading your reader or your listener’. Jack looks
still hesitant and the tutor points out it's 'a little more' than the ArchPr. Andrew then
says that n<x means ‘that the natural numbers are not bounded by the real numbers',
The tutor nods in agreement with Andrew but is stil] leaning towards Jack. He then
slresses!

T1: So there is a patural number greater than x-1 and then what do you do? [Sileace]
There are natural nurmbers greater than x-1.
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J2: So I'm taking the least.

The tutor says he agrees. Andrew wants io know why they need the least nmber
greater than x-1. The tutor points out that the least number is still bigger thon x-1
and Jack says that 'you can't take any natural number bigger than that. You have to
take the next one along'. He completes his writing om the b/b (fig.8a). The tutor says
he thinks it is an excellent proaf but points out that Jack did not need to introduce the
name € since the question provides the name fracx. He then concludes: the point in
this question is not merely prove the existence of these numbers but also to
marnufactire them.

For CD3.3ii the tutor suggests rephrasing the long sentenice in the problem sheet that
has been causing problems with its complexly quantified formulation: quantifiers is,
he says, o great source of difficulty at this stage (see fig.8b for the rephrasing
suggested by the tutor). Jack then says this is a question about number bases and
asks whether 10 has been an historically arbitrary choice of a base, The futor then
talks about the history of base-10 numbers. He then says he approves of the use of
Mathematical Induction in their proof even though it was not “very efficlent’. There
is a quicker way, he suggests. 'Do you go straight to the general case?" asks Jack.
The tutor suggests: note that by CD3.3{ int{t/r)=t; is a natural number. By the
inductive hypothesis this can be written as in CD3.3il. Then t=rt;+rty is the analysis
of 1, reguested in the question. He then suggests talking about Accumulation Points
which is a crucial concept in CD3.341.
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Appendix TA

CI4.1

Which af 1he the following fusciinns lave 2 Himdi at i)

'f
b . ¥
i == -] it e s 0,
|7 il
T CatT L A TR E
voorsinlfe, s
Justily vour answors
CCBA)

) JJ?’L]IFIU 1'11ER:1I T Eaw e the grestees Buewer nosuch thatl n 4o,
ecerinine the points of coiingine of

I inta, gk T, A RN
1l mt{sinz], »o A e i e » e Y [0},

CD7.1

Define the derivative of a funciion,

Prove thai the derivative of the function f(z) =z, £ &€ R 5 given by
fflr)=1, = € R and the derivative of glz} = 12, z € RH{D} 3 gwen by
§'lz) = —1fz%, 7 € R\ (D).

Prove that the derivative af h{z) = 2", n € Z, z £ B\ {0} is given by
Wiz) = nzt, 2 g BY {0},

CD7.2

Statfe the clizin rule {or diferantiation of 2 functmn ﬂf a function.
Find the first and second derivatives of

() = gt wilen 7 < {) © when z < 0
PEr=9 241 whenz20 pla) = ‘”1 when z 2 0

when Lhey exisl.
] r‘
[You may assume Lhat o7 s givan Ty the series L — and i% 168 own deriva-

" —'["
-Liva]

T ] =



B6

For each integer » = 1, 2,3,..., the finclion [y G — His defined by
FA01 =0 and  folz)=ateos(lfzt) iz # 0
Determine {or which n
(i) [ i3 continuous at 0

(it} f, iz differentiabie at O
(1) fu has a derivative which is continnons at 0.

137
ia) Piad the number of real roots of the agiution & -~ 30+ 10 = 0,

() Find the image of Lhe Tuaction f (0 ee; — 1L definmt by

flol = ewied, p ozl
Find also an nterval [ such that [ lias a siseriy Jeprensing contiilgus fnverse (78 which waps
I f onie [

Bid

bm}pose chat the real-valued funciion § has a conlinuous {n — L)Lk derivative on the reil
interval lo,a + A1, and an nth derivative on {a,a = A) {where » 2 23 Taylor's Theerem stries
vhat there than exise real functions P amd f and & real nember &, 0 < ¢ < L, such that Plh)isa
polvnonial in b of degres n— land .
fla + &) = Pih)+ Rk o).
Write down formulas for £(h) and R{h,ﬁ'}.
{a) Fing # explicitty when flz) = 2% and n =2

{h) The real-valued function g is defined and has a second derivative on [0, 2). Also |glz)| £ 1 and

l¢"(2)] < 1 for all x in [0,2). By considering the Taylor expansion about =, or otherwise, prove
that {g(z})| < 22 fer all z in [0,2]

5587.1

(From en old Mods paper.) Evaluate the following infinite sums, giving reasons
for your answers:

. o
L k) where L is an integer, £ 2 1,

r=]
3 sora v Nt (ngz ), () 3.r7/8
r=1 e o r=]
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Appendin TI
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Tl nar's praaf,

fig . Ih e )=y

I,

M. T fiaks |

A7, x=1

L fe I We watm ro prove hat 2 is oo s i of T if x—d,

Trwe = 172, Whatever posiive value 8 hos, ke

Foo)= xfiad, x=40

fig.1d

gpe= [

Than Gig-Gledbut neveriheless v )-{1=e,

f1g.1e fixy=x2Axl

128, 10 1=

-1f26, i =),

Suppose that £>0, Take di=¢

If lxi<d then certainly lxsin1/xi<E.
Hence lim, _axsin1x=0.

fig 3 f{x) = xsinl/x

e, o AP LR e ammi e



/
_ /

fig2a (i) inw fig2a (i) xintx

is continuious at xq if im sy, fx)=fAxgh, that is,
V=0 380: Oclx-xgled = [x)-flxg)l<e

fig2D

(i) fx)= intx

xge Z. Then xps(m, n+1) for some ne N. Then flxg)=integ=n.
Then Yixe(r, n+1) fx)=inte=n and for &=¢ lim,_, . flx)=fxo).
that is limy—inte=n for xg& (1, ntl).

xge Z. Then xg=n for a ne N. Then flxg)=n.
For xg-1/k, fixg-1/E)=n-1. So [fleg- 1k} - flag)l =1

which is not <£, ¥&»0. For instance, if we had chosen e=1/2 for é=1/k the inequality
would not hold.

S0 intx is continuous everywhers except at the integers.

{ii) Prom (i) we know that intx is continuous everywhere except at the integers. We also
know that x is confinuous evervwhere. Therefore the product xintx is continuous
everywhere except at the integers. .

(ii1) Coniinuous except where sinx is an integer, that is O or 1.

(iv) Similarly to (ii), for the composition int(1/x): continuous everywhere except where
1/x is integer.

figle
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LUl w2 1ir
fr=1

{0, elsewhere

where re N im2fr = 2 limfe

fig.3

The Fourier Series of a Tunction f1s
1 2aq + poy 27 (@ycoskx + Bsinkx)

where

gy = U o /%" flx)coskxdx
and

bk = 1im Qﬂ“ﬂxjsinkxd.x

If f satisfies Dirichlet's Condition, then it converges

o
172 (fix+} + fix-)
which, in case fis continnous, is equal to f{x).

fig.d

(i) f,; is continuous at zero Vae Nbecause
xfcoslixl < 1274 — O as x = 0, that is Lo/ (=00,

(ii})f,, is differentiable at zero ¥n22, because
lim,— g, (63, (0) 7 x-0 = lim, g 2% looslix2 = 0 = £,(0).
For n=1 f 1(x) = cos 1{x2 oscillates.

(i) F,(x) = nat-loos1/x? - 2xt-3sinl/nd
For n23 lim,—of ,(x) = £ ,(0), therefore f, is continuous af Zero.
For n=2 f2{x) = 2x cos1/x2 - 2/x sinl/x?, which tends to infinity.

For n=3 f 3(x) = 2x% cos1/x? - 2 sinl/x2, which oscillates.

fig.5 B6
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ii=]

The Intermediate Value Theoren,

If & real function fis continuous on an jrserval [@, b] then it takes all the values berween

fray and f{b}.

The fnverse Funciion Thaorem

If £ is continuousiy differentiable and sirictty monetonic on an interval, then it possesses
an inverse function on this interval,

(a) Consider f () = x3- Sx+ 10, Then f(x) = 5c%-5 = 5 (x2+1) (x-1) (x+1}, therefore the
crilical points of fare -1 and +1. /() = 23 that 13 (1) = 20 and (- 1) = -20. So f has
a minimum at 1 and a maximunt at -1 so. by the fntermediate Value Theorem, it must
have oie root for some x<- 1.

{b) fix) = e¥fx, x>0. Then f(x) = efx {i-3/x) which has & root at x = L "(x) = e%fx (2/x2 -
2fx +1), therefore £'(1) = & > (. S6 Fhay 4 minimum at 1. Because fis continuous Imfis
an interval and given that fis not bounded above (limye. fix) = =2, Tnif = (e, ++0). Also,
because fis strictly decreasing in f = (0,1}, by the [nverse Funciion Thegren, we can
define f1 which maps Imfonto /.

lig.6 B7

Taylor's Theorem
If f: 91— has its (#+1)-th derivative on an interval [¢, a-+4] then
flarh) =fla) + ki@ + 172 B F(d) +... + 1n! AfinHa) + R (k, 6),
where R (h, 6) = 1in+1)1 el finvi@)
(2) For Rx) =3, {a, a+k} = (0, 1] and at+1=2,itis §=1/3

(b) Let x& [0,2]. Then take the Taylor expansion of g in (x, x+k] where & is such that [x,
x+k] < {0.2]. This gives 1g'(x)l € 2/A +h/2 which attains its maximum at 2 1/2 for h=1 or

-1. Then [x, x+h] € [0,2] if we choose =] for 0<x<] and A=-1 for 22x>1. So vxe [(,2]
we can choose x+h such that the Taylor expansion of g in [x, x+h] gives [g'(x)l £2 1/2.

1

fip.7 B0
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Appendix 7C
Extract 7.1

Context: I is the beginning of the tutorial. The tutor and students George and Cathy
work on CD4.1. The tutor reads aloud CD4.1 and asks for a definition of limit,

The Episode:

The tutor asks the students fo give a definition of limit. Cathy sounds hesitant and
asks the tutor whether he wants it 'properly defined. The turor says yes and Cathy
then turns to George, The tutor leaves for a few minutes and asks them to decide on
a 'beautiful definitton' of what a limit is. After a couple of minutes of whispering
George writes on the brb:

fim . fix)=L given &>0
|fix)-Ll < €
(1)

The futor stresses 'lii cannot always be <& and George then adds below (1)

there exists Ka,€)
whenever 0<|x-al<d.

{2)
The tutor then asks for 'the picture of this new caption'. George replies:

G1: When you...as your...x approaches @ where the limit is then...approaches that
point...then the difference between that f{x) and the limit is...you conld...it is smaller
than any epsilon..,well not any epsilon...epsilon you...

The tutor then turns to Cathy and asks for her intuitive concept’.

C1: Well, I think...] mean it doesa't really give me one. I'meanIdont understand
what delta is supposed to be. Is it a number or is it a function or what?

T1: Number, number.

C2: Number. In that interval?
T2: What interval?

C3: ¢ comma epsilon.

T3 Is that the notation the lecturer has used?
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The students nod. The tutor sounds quite surprised with Cathy's interpretation and
'coming back to what George said' he explains that al they need fo say is that
whenever x approaches a, f{x) approaches L. F(x), he explains, 'doesn't bounce off to
all sorts of different directions’. To 'pin down' the nofion of ‘approaches’, or 'close 10,
we use £. Depending on how accurate we want to be, how close we want to get, we
take a small & Then 'the smaller the epsilon is the harder is to get that close', Cathy
then asks "What does delta depend on?.

The tutor twns to the b/b and rewrifes the definition:
L =lim,_,, fix) if for any €20
there exists >0 such that whenever
< |x-al<d,
fx)Ll < &
(3)

stressing that he wishes to delete &a,&) which has 'given rise to concern’.
He also presents the definition in & drawing (fig.la). Then Cathy asks:

Cd: Well, what would happen if it didn't exist, this delta? [ mean the way it's said
kind of...] mean if there wasn't the limit you wouldn't be able to do that.

The tutor says that her question is about the case wheve L is not the limit and asks

them to turn to CD4.1, The question is about, he says, whether there exist a number
L such that lim _f=L. Namely, such that (3} on the b/b Is true. Cathy asks him to

repeat and he does. Discussion then is as follows:

C5: So say I am given an epsilon and we want fix)-L to be this epsilon and you...then
there would be a delta for which f{x}-L is always less than epsilon.

G2: It's that you have to find the delta to...
T4: Hold on, This iz the definition...

C6: S0 it could never be true that if L existed, then you couldn't find a delta for any
given epsilon...I mean...

T3: Well, vou are trying to deny a definition, aren't you?
C7: Deny a definition?

The tufor stresses that this is the definition of continuity: "If we cannot prove that this
condition holds then we have one of two possibilities: either the function doesn't have
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a limit at Z or we're just being nnable to prove it'. George then is concerned about
the dependence of § on € and the tutor explains that dependence here is taken in the
general sense (that is given an € beforehand, one should be able to find a &) and does
not suggest the existence of a function between & and . He suggests looking at an
example, Cathy then adds about the definition of a limit:

C8: Ts it alright saying that when x is close enough to a, then f{x) is close enough to
L7

The tutor enthusiastically agrees and asks them ro 'prove the conjecture that if flx)=x
then lim,_, ;f=1'. The students are silent and the tutor draws fig.1b. He then asks
them to identify a 8 for e=10-%72, Cathy hesitantly suggests 5=¢ The tutor
substitutes 8=g. It works. George then points out that ‘it normally works to choose
your delta in terms of that epsilon' and Cathy that 'then you also choose your delta s0
that...you...depending on the function'. The tutor adds that if he had chosen a more
complicated function, the choice of delta would be probably a more complex process.
Then Cathy asks:

C: Why should we take limits? I mean if we put 1 in there then we see what value
the function takes and...

The tutor turns to CD4.1i and explains that the question is not to define the limit of
the function at zero but to prove whether it exists or not; not to find out whether the
limit is equal to the value of the function at zero, For instance if for the function in
fig.lc the lim,._, f exists but it is not equal to {1}, The tutor points out that the

students have a ‘prejudice for' consinnous functions.

Cathy then turns to CD4.1i and asks whether the limit is one. The futor stresses that
what they care about here is to find the limit and not to find out whether the function
ts continuous. He asks the students to stmplify the definition of the function in
CD4.1i and Cathy presents if as the piecewise funciion

I if x>0
flx)=xxt =
-1, i x<0

The tutor draws fig.1d and says it is unfortunate that their first question is a haord
one. They are silent and he asks them to see intuitively that there is a different limit
from the left than from the right and so the limit does not exist. The students are still
sitent and the tutor eventually presenis a proof (fig. Id). He writes down the full
negation and asks them what € ke should take. After a long pause Cathy points at the
b/b, at the beginning of the tutor's proof and asks whether 'this is in terms of epsilon’.
The tutor insists that the picture suggests an & and, after another long pause, he
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proposes £=1/2 and compleres the presentation (fig. 1d). Cathy in the end asks: 'does
Lhave tobe -1 and 17, The ruror siresses it is ‘crucial that it doesn't have to be',
Cathy then asks if the proof works for L> 1,

(G3: No, because they would be too far away from anything they would know...

The tutor adds that it is even easier then o define d and stresses that the proaf has to
cover every Le B, George then points out that the proof also works for e=1 and the
tutor replies that in fact he had been a bit too cautious when he chose e=1/2. The
students look guite preoccipied. The tutor emphasises that this was o hard question

to start with because 'proving that something does not have a limit is always one
stage more complicated than proving it does have a limit',

Similarly to CD4.1i, they simplify the definition of ¥3/x| to

x, if x>0
fixp= 2Nzl =
-x, if k<2

and draw its graph (fig.1e). The tstor then asks Cathy to prove that lim,_, ;f=0.
Cathy responds:

C10: You should prove that f{x) gets to 0, as x gets to 0, And you want me to prove
the limit of that?

T6: What do you mean? That's what we've been doing!
Cll: Are we?

The tutor says that this is what they do and Cothy then suggests they 'want to choose

a delta'. She sounds puzzied about choosing 6. She looks at the definition of limit
and rewrites it in terms af CD4. 1i:

{Suppose} £>0. Let d=¢
[then] so if O<lxl<d
then |fix)-Ll = |x| <d=¢

{4)

The futor corrects some of ker writing [words in brackets above] and George
suggests 5=¢ noticing that 8 depends on the function. The tutor mentions various
cases of dependence between f and 8. In one of his examples he refers to osciliation,
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George then mentions CD4.1v. The tutor suggests they find out about the existence
of the limit in CD4.1v and again asks for a picture of the function. George says that
sinx is between -1 and +1 but in general the two siudents do not contribute to the
construction of the drawing. As a result the tutor stresses that 'it 1s something they
could have thought of from their A-levels'. He then completes the fig If and asks for
their guess about the limit. Cathy suggests zero and he agrees. Given €20 what 8
then could be? Cathy asks whether 8 should be less than € and suggests T/e The
tutor completes the proof (fig.1f) saying that it is much simpler to choose d=¢.

The tutorial concludes with the tutor's comments upon another question from the
same problem sheet which involved the evaluation of some limits, The tutor says that
George 'had the right ideas but didn't express them correetly’ Cathy says that she
didn’t have o lot of ideas and the tutor reminds her that she 'did when she was at
school’ and that she shouldn't forget about what she learned at schaol. She then asks
about the algebra of limits: 'but isn't it imprecise?’, The futor says he wanis to make
clear it is not. He then recommends that, in order to find limits, the studenis shouid
use inequalities that would help them simplify algebraic expressions,
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Extract 7.2

Context: In the beginning of the tutorial the turor stresses that student Kelle has

'started doing better' with 8- definitions. Still there are problems with his formal
writing, Also in his written solutions he has used the theorem

lim (f+g) = timf+ lim g

which they haven't proved yet. The tutor proves it by contradiction. Then they turn
to CD5. I which Kelle could not do.

The Episode:

CDS5. 1i: the tutor suggests 'drawing a picture’ of ingx (fig.2a). Intx is 'discontinuous at
integers’ says Kelle. She agrees and asks him to prove that

L, Ix)=f(xg) or the various values of xg

First for xoe Z. Then Kelle replies:

K1:We have to define an epsilon...define a delta such that x minus the limnit
point..,f{x) minus the limit point is less than any epsilon.

The tutor explains that for xge(n, n+1), according to the definition of continuity
(fig.2b) and the definition of intx, fixgi=n. What is then f{x)? she asks. "Nought', says
Kelle but changes to fix)=n when he looks af the drawing, where n is the nearest,
smaller integer than x. The tutor then asks him to exploit the fact that

Yrefn, n+l) fix)=n

and Kelle claims that ' has to be less than 1 and greater than zero'. Te the tutor's
objection he changes his mind to 'between n and a+1". The tutor completes the proof
(fig.2¢) for xp=n, nEZ.

K2: Can we then say that f is continuous except the integers?

'That's what we proved' replies the tutor. She then asks him te prove discontinuity at
xg=n (fig.2c) and Kelle suggests using 'side limits'. She nods with approval but
'prefers using the definition”: 'this way is slightly better because you're not quoting
big theorems'. She recommends starting proofs always 'first with intuition and
pictures and then with definitions and theorems' (fig. 2¢).
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The tutor stresses that CD3. 11 will help them prove ti-iv. In CD3.1ii Kelle looks at
the graph of intx and notices that intx=0 for xe[-1, +1]. She agrees, draws a picture
of CD5.1ii {fig.2a) and claims that f will then be discontinuous at the integers apart
from zero. She suggests two ways to prove this: the definition or previous resuits
from the algebra of limits. Kelle starts dictating the definition but she interrupts him:
she says 'she'd rather use the theorem on the product of limits and prove discontinuity
by contradiction’, Kelle responds 'If we assume it i8 continuous then...So then xintx
when x is n is continuous' and she stresses that they have to find ¢ coniradiction in
assuming that xintx is continuous. He suggests ‘calling the limit of xintx I\ She
interrupts him: she says she prefers doing it by reasoning, rather than epsilons’. She
then proves CD3.14i and v (fig.2c) and asks him to think about CD5.IHii, After a few
silent seconds Kelle responds as follows:

K3: Sinx is strictly less than 1 for all x...so since...therefore intsinx is continuous for
all x...

T: Well not for all x because intx is not continuous for all x....
K4: Except for x=#.

T: You mean x=n?

K.5: Well, when sinx is n. Soxy.

The tutor completes the proof (fig.2¢) and again recommends 'drawing pictures’ in
arder to find out about limits.
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Extract 7.3

Context: Jn the beginning of the tutorial the tutor and students Jack and Andrew
discussed Linear Algebra. Now they turn to CD7,

The Episode:

fn CD7.1 the tutor notes that they 'both produced imperfections which were perhaps
less matters of principle than of carelessness' and that the question reguires proofs
based on first principles such as the definition of derivative. Andrew then says that
'we can't assume any of the foundations...we are going sort of backwards’. For
finding the derivative of 1, for n>0, both students have used induction but the tutor
suggests the use of binomial theorem becouse it seems much more 'natural’ fo him.
Jack protests: he 'was not happy with the idea of assuming limits' in his inductive
proof. The tutor stresses that this discussion of principles is also relevant to CD7.2
which will be discussed later, He then finds the derivative of x*, n>0, via the
binomial theorem and the algebra of limits. He recalls from the history of
mathematics that the binomial theorem was proved to serve the purposes of this prodf]
and outlines a use of the product rule for finding the derivative of x%, n<0.

He then turns to CD7.2 and asks the students how they both knew that the lim,_fe*-

1), is 1. Jack replies that he used the fuct given in CD7.2 (e¥= X!, n=0,...) and
took limits 'on both sides'. Andrew says he did the same and also jusdifies inserting
the limit within I by quoting lim{a+b+c)=lima+imb+lime. The tutor interrupts him
and firmly reminds them that the X above is not a sum but a limit, Therefore limX is
actually a double limit. Andrew asks whether they 'can exchange limits', The tutor
writes down the limX and the Zlim and asks the siudents whether these are the same,
Andrew replies 'not necessarily'.

The tutor asks for a counterexample and Jack attempts constructing a function
(fixj=v/x: he starts but stops). The tutor reminds them that limils are operations like
linear transformations and they do not commute. He then fries 1o construct a
counterexample. Andrew sounds confused:'So are we looking for an example where
this is the case”. The hufor siresses that he Is going to show 'an example where it is
not. The futor completes the presentation of the counterexample (fig.3) but the
students are sceptical: Andrew asks about how ‘useful' the tutor's argument is: it
ruins their proof but in this case it might be true that lim2=2lim. Jack adds he
thinks if is and that 'you can not-justify yourself on paper as long as you can justify
yourself in a mtorial'. The tutor comments upon Jack's words: "Well, this undermines
the whole...' and presents a proof for CD7.2 in which they do not need to consider the
theorem on the exchange of limits: the theorem they've been 'using instinctively here,
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without justifying it will be mentioned and proved next term even though they have
Been using it as a fact in other courses (Analytical and Numerical Methods and
Differential Equations). 'Tt's the job of this course to question It, concludes the tutor,
‘Next term it will be reinstated with all the full rigour thai mathematics is capable of .
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Extract 7.4

Context: In the beginning of the tutoriai the tutor and students Camille and Frances
discuss Camille's queries from Series and Sequences, Vecior Analysis and Topology.
Finally Camitle has another query from the introduction in the lectures to the notion
of the Fourier Series of a function.

The Episode:

Cf: We've been doing Fourier Series and I don't really understand. I find difficult to
understand this lectorer, She never said what a Fourier series is meant to be, she just
started 'equation...

The tutor says that 'the idea is that you are going to write your function in terms of a
series involving trigonometric functions, sines and cosines’. She further explains that
the function needs to be periadic and despite the use of trigonemelric functions
intervals such as [-7 %] or [0, 27], with an appropriate change of variable, any
interval [a,b] of periodicity is acceptable. Camille then asks if the lecturer's
definition of periodicity (f{x)=f{x+a)} and her own (fiz)=fix+ka)) are the same. They
are, the tutor replies, as long as the k in Camille's definition is the smallest possible,
The tutor defines the Fourier series of a continuous function (fig.4) and Camille
interrupts in order to ask whether continuous means pointwise CONIRHOUS. The tutor
replies it does and continyes:

T1:..50 you've got a continuous £ on [0,27] and you can extend it pericdically if you
need to...s0 you've got fx) twiddles' {~], you mustn't put =, there are theorems that
state when it's =...em...

C2: That's just means very close...
T2: No, this is just saying ‘this is the Fourier series of this function'...
C3: Oh, so this is equivalent.

T3: No, 'this is the Fourier series of this function'...and then we define it. So we have
half of ay plus the sum from 1 to s gycoskx plushsinkx)...

C4: 1 didn't mean similar..] meant equals...

T4: No, it's not equal, Because sometimes you see you want to write down,..it's not
always the case that the Fourier series converges to the function, it's not always true
that the Pourier series converges. But you want to be able to write it down. 5o you
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just put & ~ so that you can work it out and not worry whether it converges to it or
not.

CS5: fturning to Frances who has been silent alf this time] Do you see this?

Frances nods and the tutor laughs. With Camille dictating she writes down dyand by
(fig.4). She then notes that this sum converges o 12[fx+0)+f{x-0}]. Camille then
says 'But it doesn't really converge' bu? the tutor reassures her that 'no, it converges
propetly' and moreover that if f is continuous then the Fourier Series converges to f
because then fix+0)=f{x-0)=fx). Camille is sceptical and then she asks whether

i x+0) is what she fmows as fix4 ), that is the limit of f from the right. The tutor says
that these are equivalent nofations.

Camille then turns to an exercise they were presented with in the lectures: Find the
Fourier Series of fwhere

1 Oex=x

fix}={
-1, -msx <0

She is asking why the lecturer omitted calculating 1/2 ayand ay The tutor explains
that the lecturer missed these out because they are equal fo zero ('if you integrate that
over (-, T} you are going to get the answer zero because the area there is minus the
area there taking account of signs, 1 mean of s-i-g-n-s"). Camille sounds fed up with
the lecturer and frustrated. 'ls she a friend of yours? she asks the tutor. Slightly
embarassed the tutor replies "we are colleagues I think is what one says!’, Stlence
foliows and then the tutor explains that, in case the function is odd, that is flxj=H-x),
a, =0. Camille then says 'So if you have a function from zero to &, you can extend it
in two ways' and the futor agrees that 'you can extend it either way, either with an
even extension or with an odd extension’. Camille then recalls that the lecturer
mentioned that 'you can extend it in three ways'. She shows her notes fo the tutor and
asks for the third way. The tutor looks at them, frowns and ponders for a few
seconds. She then exclaims: 'Oh, plus, the ordinary, the Fourier series on [Q, a}
without doing an extension’, Then Camille asks:

C6: So is the Fourler series an approximation of /7

T5: T wouldn't like to say that. I mean it was.. {pause]...mmm...in MOst cases you will
be Jooking at it's not an approximation, you'll have an equality there. And ajso in
what sense would yon say it was an approximation? [ Camille hums and haws} 1
mean if you're actually trying to find nice and easy functions which approximate &
given function you wouldn't do that...em,...you go for polynomials of Chebyshev
polynomials or something like that which if you are interested in calculating integrals
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they are giving you much better approximation because the errors are 80...it's...don't
think about this as being an approximation. Em,..I mean what you are interested in
are those functions...] mean you are interested in the Fourier series for a particular
class of functions...] mean there are functions for which the Fourier Series actually
converges to the function. Em,..now., there are various ways of approaching that
problem. One of the easiest is to say whether you've got a function that is plecewise
continuous and differentiable and that's not...] would need to think about it for a
moment. I mean in other words we are sort of skipping things here a bit because you
are doing this clearly from the point of view of using it, so you really need to know
the minimum to actually do things. Because the actual theory of it gets quite
complicated. And we do a bit...no you den't do this...maybe next year...

A short discussion follows on the course structure for Years 2 and 3 and the wtorial
closes.
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Extract 7.5

Context: This is the beginning of the tutorial for students Camille and Eleanor. They
are discussing Bo.

The Episode:

The tutor reads B6 (fig.5 illustrates the solution used in this twtorial) and asks
Eleanor for her response in part i. Eleanor found that n must be 22. The tutor asks
her why but Eleanor cannot reply. Then Camille claims that n is strictly =2 but then
she explains that

Phe N-{0} limfu(x)}=0 as x—=0
and becaiise fp{0)=0
fu is continuous Fn>0,

The limit is zero, concludes Camille, because cosine is bounded by -1 and 1 and

M0, as x—0 for ¥n2l. For partii Eleanor found that n must be 22 and the tutor
agrees and asks Eleanor to justify. Eleanor dictates

the fimit of (Fu(x)-fa( Q)% as x—0.

Then Camille asks how the tutor decided that it is 0122 stralghtaway' and the tufor
replies 'because Eleanor knows the answer and [ know the answer!’ She then asks
Camille what is the reason for looking at this limit. Camille replies that 'the limit of
that is the derivative at zero'. Ske then dictates the derivative ond notes that this limit
is zeve Wn22, Camille then asks:

¢:1: You just want it to be differentiable at zero, you don't want it to be continuous...?
S0 it doesn't matter if,..it doesn't need to tend to zero...

T1: Well, it will de. I mean it just will do because we know it does, [ mean we don't
need ift. But that's what happens.

C2: Always?

T2: Yes, becanse we've just proved it. 1 mean we are using the fact that we know the
limit of this from there. As long as we make sure that this exponent is at least one.

C3: And the derivative at zero is it always continuous at zero?

T3: No. That's another question that we've got to investigate for part iii. Er,...50
certainly f'5 at zero will exist if n22 and its limit af zero will be equal to...?

C4; Fero.
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T4: Yes, and we've also got to check...to show that if n=1 it doesn't exist. You've got
to cover all the cases. For #=1 what will it be equal to?

C5 and E1: cos1/x2.

TS: And we know what's gonna happen to that?

E2: Keeps going to infinity.

T6: Does not tend to a limit,

For part iii the tutor notes that they know that 1 must be at least 2 from part i, So,
she says, they are looking for what happens when n22, Silence, Eleanor suggests

locking at the derivative and then 'doing a limit like what we did before’, Camille
dictates

Fo (xh=natIcosl/x2+ 22" 3sinl 2, ¥n22

and the tutor observes that in fact this is true for ¥ne N. The futor asks about x and
Camille says it has to be >0. The tutor asks them to 'think more generally’ and
Eleanor says 20, They also know that f'n (0}=0 ¥h22, the tuior adds. So the
question 1s... 7she asks. Camille finishes the tutor's sentence; "...for which » to have
the limit of this derivative to be zeto', The tutor accepts that and then Camille says

that it is so VnaA4,

C6: Because this term fpoints at the first term of the derivative] will be at least x or

x2,...it will be a power of x and therefore the Kmit of that is zero because the limit of
the power is zero.

Camille adds that the second term of the derivative tends to zero for n24. She then
asks what would happen if x>1, The tutor replies that x—0 so this is not an issue
here. So they know that the derivative is continuous at zero for n24, They still have
to exclude the cases for n=2 and n=3. The tutor writes them down and asks.

T7: So what can we say about these?

C7: One tends to...this one is OK...because we just don't know where 1/x is
going...the second is more...

TS: Is it? fiurming to Eleanor who is mumbling something] What did you say,
Eleanor, it's going to what?

C8: {after a pause] Butit's not quite vast...

T9: I didn't guite hear what Eleanor said!
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C9: Oh, yeah...Going to infinity? {Eleanor nods]

T10: But it's not quite...it doesn't tend to...I know what you mean but...the absolute
value tends to infinity.

The tutor explains how the function oscillares and notes that the first part is 'well-
behaved and you cannot quite cancel the bad behaviour of the second part of fa(x). If

they both behave badly they might somehow cancel out the bad behaviour,..but that's
not gonna happen here'. So Aere for '5(x) the first part tends to zero, as x tends o
zero, and there is no limit for the second. And the other one, even though it exists, it's
not continuous at zevo, for n egual to 3. She closes by writing the two limits down.
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Extract 7.6

Context; This is the beginning of the tuterial for students Abidul and Frances. They
are discussing B7.

The Episode:

The tutor asks the students how they 'decided there was just one root' In part ¢ (fig.6).

Al 1 found the stationary points and there were two, so [ said after the minimum the
graph has to go up and after the maximum it has to go down and 5o it has to cut the
graph somewhers because it tends to infinity...

The tutor nods in approval and asks Abidul what theorem she used in order to
determine that because f goes to infinity as x tends to -os, fmust have a zero. The
student is hesitant and whispers ‘the Rolle’s', The tutor waits for a few seconds and
then repeais the guestion to Frances. Frances veplies it was the IVT and the tutor
asks what does the Intermediate Value Theorem say.

F1: fafter a pause] If f is continuous...then. And if fof...if & is greater than a, then
f{b) is going to be...

A2: F(a) is less than 1 over...Then c...

T1: [laughing] I think betwean you, you've got a correct version. S0 we've gotac
somewhere...where?

A3:Tna,b. Anditis flc)= lamda...

The tutor completes the outline of the proof by pointing out that the IVI guarantees
that f takes all the values between its maximum and -co and therefore it has to cut the
X axis af one point,

In part b (fig.6) both students found that f has a min at 1, to the left of which it is
strictly decreasing and to the right is strictly increasing. Therefore Imf=fi{0,e0))={e,
+e9). They both have drawn the graph but cannot answer why Imf=[e, +oo). Abidul
mmumbles that she used the second derivaiive and continuity and that the function is
monotone increasing. The tutor prompts them by saying that, from IVT they know
that Imf must be an interval because f is continuous. The other thing they need to
know, she continues, is that f is unbounded above. The tutor points at the graphs they
drew and notices that they have drawn f as an unbounded function, She asks them
why they 'sent off the graph like this. Frances whispers that she drew f like that
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‘because as ¥ gets very small... 1z, The tufor nods in agfeenwnt then stops Frances
and completes the argument; 1/x—ee and ¢ mudtiplies it with something big.

About the second part of b, Abidul says she didn't 'really know what to 4o’ and
Frances suggests 1=(0,1). The tutor nods in approval, After a pause she responds to
the tutor's reguest for an explanation with:

F2: Because you can tell from the graph! [#the tufor asks why again and ¢ pause
fotlows] If...you reflect it on y...

The tutor asks her what theorem she used in order to guaraniee the existence of the
inverse function. The students are silent and the tutor states the Inverse Function
Theorem and outlines its use for the particular function in question.
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Extract 7.7

Context: The tutorial began with Topology. Now the tutor and students Cary and
Beth turn to BI0,

The Episode:

Beth dictates the Taylor expansion (fig.7). For part a of the question the tutor
suggests they substitute x° for f{x} and 2 for n. Both students calculate and find

0=1/3,

In part b the tutor stresses that what the two inequalities say is that g cannot increase
too fast. She is ‘surprised' the students have been unable 10 complete the guestion
because 'thers is nothing much you can do here'. She suggests fixing an x and taking
the Taylor expansion around x. The students are silent and she asks: 'Now gi(x) is
going to be equal to...T Beth starts dictating 'g(x)=..." but the tutor interrupts to
rerind her that 'we've got to decide what we are going to do with @ and B g(x) is
in [0,2]7 * asks Beth and the tutor then points out that, in order 1o obtain an
expression for 3'(x), they have to take the expansion around x+h where x is in [0,2].
Beth dictates. She confuses f and g. The tutor corrects hier and she completes
correctly, The tutor points at the term they are interested in, g'(x), and she brings
this term on the left hand side of the equality. With Beth's observarion that the g and
g" terms in || are <1 they get to

ig'tx)|=2/h +h/2
where h is such that x+h €[0,2]
given that xs [0.2],

This, says Beth, is less than 2 1/2 and this is atained for |hl=1. The tutor ngrees and
asks for a proof. Beth remains silent, Cary suggests differentiating 2/h+h/2 in order
to prove that its maximum is 2 172, The tutor agrees but she also wants them to find
out about an algebraic way of doing this. She tries using the fact that a?+b?22ab but
fails, She then accepts Cary's way and returns to their original question: via
differentiation they prove that the maximum value of 2/h + W2 is 2 1/2 and attained
for \hl=1. Now the tutor wants them to find out if it is always possible, that is for all
xin [0,.2] to choose h with \W\=I so that x+h is in {0,2]. For x=1 itis OK, observes
Beth. What about the other x int [0.2]7 asks the tutor. For x<1? she asks. Beth
suggests taking h=1 and then she suggests that for x>1 we can take fi=-1. The tutor
agrees and concludes that

¥x € 0,2}, for either k=1 or h=-1,
gt s2 172,
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Extract 7.8

Context: This is the beginning of the tutorial for students Cathy and Cliff. They are
discussing 887,

The Episode:

The session begins with 857. Cliff had problems with §87.1iv and the tutor promises to
came back to if once they have worked on i and if. So he invites Cliff to present 557 1L,
CHfF 'splits up' Z1/v(r+&) as X 1/kr - Fx(r+k)) and subseguently calculates the infinite
susn, The tufor agrees but suggests the more 'formally acceptable’ way of doing the
saine not on the infinite sum, but the finite sums and then taking the limit. S57.1i was
similar.

The tutor then asks Cathy to outline what she did in S87.11ii: she broke the («=oj-(+es}
sum in two. (-e2)-0 and O-(+eo), Then she removed || and calcuiated the two infinite
sums. The tutor agrees and asks Cathy to present S87.1iv (left column of the following
table ), The tuior agrees and illustrates an alternative way (right column of the
following table ).

Cathy's Way The Tutors Way
1Z7°r230 = 1 32021+ 1/37 Note that if
= 1 2 (-1 {r+1)/3f See=1/2 fix) = 12 = 1/1-x, then
Fixy= (T2l = 1/(1-x) and
= ; 5+ 1{r-1¥37+172 £ = 1 21 2
= g (r+2)rf3r+1+1/2 Then by writing / in terms of f and £,
= 1/3 | E=r(r+2)/37 + 172 and for x=1/3,
= 173 | 22237 + 1/3 | Z20/37+ 172 it turns out that 3,733 = 3/2,

243 P32 1 22 4 12
= 1 Z23¢/3rH] i3+l 4172
= | Z7/30- 37 + 172
= (1/3-1/9+2/9-2/27+3/27..) +1/2
= (1/3-+1/9+1/27+1/81...) = 1/2
+142

50 T3 =342

The same technigue, continues the tutor, which allows us to differentiate an infinite
sum term by ferm applies to another guestion from the same sheel, on power series.
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Appendix 84

LAS.23

Let SV, T'cV. Show that
(i) «8» = <Su{0]>

(ii) if TS, then <7 £ <85>
(1il) <S> = 5>

(iv) if TS then <T> < <85>
(¥) <8 + <T> = <SUT>

Show also that <8 T> = <S»n<l> |,
is not true in general.

LAS.24

Show that rowspace (PA) S rowspace {4) for # an

rxm matrix and 4 an mxm matix.

Deduce that if B can be obtained from A by row
operations then rowspace (B) = rowspace (4).
Verify that the non-zero rows of an echelon form
matrix are linearly independent.

LAG.29

LA6.26

Compute the dimensions of the
following subspaces of My():

(i) the set of diagonal matrices

(ii) the set of symmetric matrices

(i) the set of antisymmefric matrices
(iv) the set of matrices with trace zero.
[the trace of (ajj) is defined as . ZP ay,
i.e. the sum of the diagonal elements.

(ayLet X = {(o, B, % &) atfry=0-6=0}, ¥ =

{(e B 7, &) Bry=d=0)}.

Find a basis for X+Ywhich contains a basts for X
and a basis for ¥,

(b) Let X and ¥ be subspaces of dimension #-1
of a vector space of dimension a22.

Prove that is XY then X ¥ has dimensiona-2.
What is the geometrical significance of this in
K37

Let T: V—V be a linear transformation of a finite dimensional vector space V into itself,
Show that TmT2 < ImT and that kerT € kerT2. Prove the equivalence of the following:

(8) V=kerT® ImT
(b) kerT = kerT?2
(c) ImT = Tm72

{Recall that V= ketT @ ImT if V = kerT+ ImT and ImTrkerT={0}]
[You may find it helpful to derive the equation

dimImT = dimIm7? + dim(ImTkerT)
by applying the Rank and Nuflity Theorem in the case where T acts on ImT7].

LA7.33
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B3

The yeal vector spaces Voand W hiave bases S=d eyt and b= e e Fa} vespectivoly
The linear wapping T 0V — W has marix

prn
g i
212

H - [ " . s . P b
with respect 1o £ and F. Let & = {el, ef i}, where £ m gy, £ = 21T sud ey = 2e;—2e1=8n,

Prove that £ 15 a bagis of ¥, and find the marix of T with raspedl to Shand FooPind a bashs §
of W such thar 7" has wmatrix :

1 69
T v 0
G 0 a0

with respony oo & and A
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Appendix BB

¥
¥3
fig.1a
¥y
fig.1b
\- .
Vg V2
V1
4]
fig.1c fig.1d
W
¥ L)
rwl
¥
'l-?'l /
fig.le fig.1f
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Let X = {x;}, where ij=1, ... &, he a matrix of Trace zero: TrX) = (0. Then
X = ja 2ty + 1 2V Wi Eii-Enn).

Matrices Ey; and Ei—Epn in the above are all of Trace zero, they span the set of X and
their number is '

{(n2-a}+(n-1) = nZ-1.
Therefore the dimension of the subspace of matrices of Trace zero is n2-1.

fig.4 LAG.261

Let iy, ... ¥p be a basis for XY, This can be extended 10

a basis for X a4y, .oy Up s -0 Fg
and to

a basis for Y uyy v g, Y1 0 Y.

The set {3, wor thgs X0 woes Xy Y15 oo v, spans X+¥, Tt is also linearly independent
because: . ‘

Suppose that
@iyt . gt Byxytet boxg*t QY 1t O = {.

Then:
aqity+ .t Gglipt Byxit.. + bt == C1¥1~- o

{eft Hand Side Vector belongs to X and Right Hand Side Vector belongs to Y.
Therefore the vector above belongs to Xn¥and there existdy, - dp such that

dyuy+ o+ dplty = Gy T . ¥ Gplint byxy+ o+ Bgig = - C1Y1 Er
The above relationships imply that all as, bs, ¢s and ds are equal to zerd.

Therefore (i, - dps X1 s Kig, ¥1o v ¥} is a basis for X+,

fig.5 LAG.291 (partly)
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ImT, ImT2, kerT and kerT? are subspaces of V. Therelore all | need w0 show is:

T2 o Id,
kerT o keeT2

Let xe ker7 . Then Tx = 0 and becanse TO =0, T(Tx) =12 =4, henee keri™ = kerT2,
Let xe Im72 Then SueV: T2y = v, that is T(Tw) = v, that is [ found an element in ¥, Tu,
which is mapped on v through T, therefore ve Im7 and so Tm72 ¢ ImT.

Toprovethala s b o e, Iprove b e cund i< b,

b= ¢ Froms the Rank and Nallity Thegrem T knaw hit

dirnt = dimlm? 4 dimbkar?
gim¥ = dimImT? 4 dimker72

Then, from keeT  kerT2, dimlmT = dimlmT2 and from T2 < i, [ deduce ImT2 =
Im?7. So b = c. Symmetrically T can prove ¢ = b,

b=3# Toprovethat V= imT @ ket , I need 1o prove that
Im7T mkerT = [0} and ImT +kecT =\
In fact all 1 need to prove is that T ~ kerT = 0] because:
if ImT ~kerT = (0) thea dim( ImT +kerT ) =dim ImT 4 dimke:T = dimV
therafore, since ImT +kerT <V, ImT +kerT =V,

Solet ve ImT mkerT, v, Then ve kerT therefore Tv=1{.
Also v ImT therefore SweV: Tw=v #0. Then 72w = Tv =9, therefore w & kerT%

But I know that we kerT because Tw = { and this contradicts my assumption {b), kerT =
kerT2,

Hence ImT mketT = {0].
1 = b I know that kerT ¢ kerTZ. So all | need to prove is that kerT2c kerT.

Letve kerTZ Then Tw=0and, if {call Tv = w, Tw =10, Then we kerT but from (a)
this implies that w = Q. Then w=Tv =0, therefore v € ke,

fig.7 LA7.38
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To prove that£ ' is a basis of VI need to prove that £' is linearly independent. Indeed

Ae'yt Age'g + Age'y =0,

when &' are substituted as combinations of e, and given the linear independence of ¢,
implies

Ay =Rp=43=0,

To find the matrix A = {aij}, where L, j = 1,2, 3, of T with respect to E and F, 1
construct the three equations

TEli =j=123 ﬂijfj N i= 1... 2, 3.
1 substitute Te'; as combinations of Te; and then substitute Te; as combinations of f;. As

a result ['get
010

a=(122)

132
Finally to find a basis 7= {f;}, j=1. 2, 3, of Wsuch that T has matrix
100

(o10)

GRURE

I calculate Te'; as combinations of Te; and substitute Te; as combinations of £, Then I
call

Te'y=f whichgives /1= +f3
Te's = fo which gives f =f1 + 2fa + 3f3

Because Te's = 0 and the zero vector cannot be an element of a basis, 1 can choose as fis
any vector W so that {f,Fs, 1} is lineatly independent, for instance fj.

fig.8 B3
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Appendix §C
Extract 8.1

Context: Four pairs of female students are taught in four consecutive tutorials about
the span of g set:

Tutorial 1: Abidut and Eleanor
2: Patricia and Frances
3: Camille and Cleo
4: Beth and Cary

The mathematical structure in the four sessions is as follows:

definition of the span of « set
constructing the span of

fvih

f Vi 3"2};.

f Vi Va v.?.fr :
where vi are vectors in a vector space V.

In the following I cite extracts from Tutorials 1, 2 and 4, which were almost identical in
structure as well as a summary of Tutorial 3 which was structurally different because
of one of the students' interventions.

Discusssion of the concept of Span starts with the students’ questions about its mearning
in all four sessions. In Tutorial 3 the tutor, who in the meantime was surprised by the
unanimous unease with the concept, finds out that the definition of Span of a set given
in the lectures was

the span of S={v j, Vo, VJCV is the smallest subspace of V which
contains §,

The definition used in these tutorials is

the span of S={v, V.., viJCV s the subspace of V that contains the
linear combinations of vy, V... Vi

and I emphasise that none of the eight studenis had heard of it before. The tutor
explains that in order to construct the span of S={v ..., v} we take all the multiple
scalars of v; and the vectors coming out of adding those. She also warns the students
that there is a 'change of gear' in the course which now becomes more abstract.
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The Episode:

Tutorials 1, 2 and 4
Constructing the span of {vyj. The tutor draws fig. 1a and asks the students to find the
span of S={vy). She distinguishes between the cases where v;=0 and vy#0. The

students all point out that if v;=0 then <8>={0}. In Tutorial 4 however Beth claims
that <S> is...

E1l: ...the empty sef.
T: What do you mean by "empty set'?
B2: Zero.

The tutor repeats clearly to Beth that if vj=0 then «S»>={0}. Then she explains that if
v;#0 then <S>=<vy>={av; ac K} and asks the students 10 demonstrate on paper
(figla) what is the role of 6. students Abidul, Frances and Beth respond as follows:

Al: You moltiply by the
multitude of v; and {in
case a<f you're going
that way fopposite
direction fo v;f.

F1: It will be the distance
a times v; for av; and fin
case a<0f you have to
turn round beyond zero.

B3: [shows with her
fingers the positive and
negative directions af
av;] and says that afl av;
will be 'on a line',

Constructing the span of {vI, val. For <vy, vo> the tutor adds a vector vz 10 Jig.la
(fig. 1b} and distinguishes between vo€ <v;> and va&<vy>. In the case where

Vol <vp> discussion in the three tutorials is as follows:
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AZ: So it's going to be
the plane defined by v,
and v,

El: See how far it goes
to this direction and how
far to this...fshows with
her fingers on the paper
something like o
transiation in order o
show "how far' she wans
fo gaf

The tutor draws the
paraliels but the giris do
not know haw to
continue. Eleanor
whispers something that
sounds like 'finding
biand bs', the coefficients
Gf‘l«‘j and Va Abidul
adds:

A3: It's by times the
multitude of vy... and b2
times the multitude of v,.

P1: The sums of the form
a1 v1+apvs will belong to
SV Yo

Tutor; Pictorially?

P2: You complete the
paralielogram...

The tutor explains that
<y, Vo= will be the
whole plane and asks
'Can I get to the whole
plane this way? By using
vy and vo?'. And'if 1 had
a vector w here how
would vou find what
scalar multiples of v, and
v, 1 should use to write it
in terms of vq and v, 7.
Silence.

P3: That wonld be a
minus avs... fasked to
show on paper Fronces
and Patricia bend
towards the drawing and
point with their fingers].

B4, Beth, while saying
that the spar of vy is one
line and the span of vo is
'ancther line', is very
surprised to hear thot
<Vy, Vo is the whole
plane; 'Is it the whole
thing? she asks.

The tutor draws a vector
w and asks for the
coefficients b and by in
the linear combination
w=b;v;+bzv2.

C1: We just have to take
compenents.

Tutor: fmakes a wry face
at hearing the word
‘components'] Although
I've drawn this on the
plane, 1 might have
matrices or whatever
else.

With the tutor's closed
guestioning Cary outlines
the Parallelogram Rule.

In Tutorials I and 2 the tutor introduces the Parallelogram Rule.

Asked about the case vo€ <y > students Abidul, Patricia and Beth respond as follows:
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Ad4: You're just gonna

get the same line again.

It's... the sum will be
times v; plus again... I
mean it's gonna be the

P4: v5 is the spanning of
¥y

The tutor correcis: the
line on which vy lies is

B4: It would be along
the line.

same line, the span of v, Then

Patricia asks:

P5: Would it just be
around v4? You

wouldn't have the
plane...

Since the students are hesitant about how to prove their claims the tutor then, using the
finear dependence of v; and vy, proves that <vy, va>=<y>.

Constructing the span of {v;, vy, vy Asked about <vy, v, v3> (fig.Ic} in Tusorials 1
and 2 the students distinguish between the cases where v3€ <vy, vo» and v3E<V), Vo
In the latter case T's going to give us the three dimensional space’ and in the former 'vs
wouldn't matter' point out students Abidul and Frances in tutorials 1 and 2 respectively.
In tutorial 4 Beth refers to the former exclusively and only when the tutor draws her
attention to the latter she notices that then there is anather dimension coming in.

Tutorial 3

Student Camille staris the conversation on Span by confusing the term Span with the
word 'scope'. Given the 'more practical definition’ of Span of a set used in these
tutorials, Camille notes that O <§> because <5 is 'the sum of these vectors, with any
coefficients and the coefficients can be zero'. Also thar ‘<S> is bigger than §'. So, she
concludes, <S> 'is all the combinations of directions you can get from those directions'.
The tutor agrees that 'this is a way of looking at it’ and notes that <8> is a subspace of
V. Then Camifle asks:

C1: How do you prove that this is the smallest subspace... I uaderstood how it containg
S but how do you prove it's the smallest?

The tutor explains how <S> can be constructed by 'building it up' from the elements of

5. then taking all their multiples and adding these up. Cleo then asks: 'then <S> isa
subset of V7', Camille explains.
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C2: Tt's something more than that, it's a subspace, What's the diff... a subspace is
something smaller that has the same properties like the properties on additior is that it...
The difference between a subset and a subspace is that a subset can be for instance the
empty set and a subspace has to bave enough elements to keep all that...

In response to Camille's guestions the tutor talks about <v> and draws it as a line
(fig.1a) on paper. She then asks about <vy, vo>. Camille responds: 'it's the whole...
plan {in French this means the ‘plane’]... what-yov-call-it provided that v is not on that
ling'. The tutor then points out that if we pick & point W on the plane we can write
w=av+bvy (fig.ld). How can we then find a and b? she asks. The diglogue is ag

follows:

C3: By taking the projection of the point to the axes...
T1: What do you mean by the projection?

C4:,.the perpendicular, by dropping...

T2: Drawing perpendiculars, is that right?

C5: Mm./meaning ves] Then measuring...

The tutor then tirns to Cleo: dpes she agree? Cleo asks the tutor fo repeat the question
as well as what they are frying to do. The tutor repeots the guestion and concludes by
reminding Cleo that Camille 'suggested dropping perpendiculars’, ‘Don't you say “take
projections” ?' asks Camille. The futor {due fo a phonecall} leaves them for a few
minutes to discuss among themselves and when she returns Camille says that they want
10 take the projections and measure the distance between O and the projected poinls,
Asked by the tutor whether she agrees Cleo nods and the tutor draws two veciors

{fig. 1b) and asks them how we add these up. They both know the Parailelogram Rule.
The tutor asks them if now they 'revise what they suggested', They are silent and the
tutor decides to apply the suggestion and 'drop perpendiculars’ (fig. le). At the sight of
fig.1e Camille changes her mind:

C6: I made a mistake. I thought w was a point in the space. 1didn't think...

Everybody is silent for a few seconds. Then the tutor asks how we add v; and vo.
Silence continues. 'Draw the parallel, replies Camille. She then suggests they remove
the parallels to the two lines until they meet W and when one parailel meets the first
line it is av; and the other it's bvy (fig. If). To the tutors request Camille points at
where av; and by are on the drawing. For the latter she says 'minus bv,' which she
explains with 'because it's on the left. When the tutor asks her to show '‘plus bvy'
Camille changes her mind and dismisses 'minus’,
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Subsequently the case for voe <v;> is discussed and then the tutor asks about <vy, vy,
vy=. Camille notes:

C7: So when you take k then you have k dimensions.
T3 Yes, once you make sure that the one you add up is not in the span of the others.

(8: After 3 1 can not imagine it. It's getting confusing.

This part of Tutorial 3 closes with the tutor explaining the convenience of working in n
dimensions. In the end Camille repeats the definition of <S> used in this tutorial (as
shown in the Context) in order to 'make sure she understood it correctly’.
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Extract 8.2

Context: Same college, tutor and students as Extract 8.1. The tutor explains that o
subset S of a vector space V is a subspace of V (S<V) if § is a vector space and that a
common way to prove that S<V is to use the Subspace Test (namely prove that 0€S
and that addition and scalar multiplication are closed in §). The students cannot
recall the SubspaceTest at first and the tutor suggests two examples: prove that the
nxn symmelric matrices and the matrices of Trace zero are subspaces of My(F).The
thivd example i to

prove that U={f: ®—, fi0)=f{1}} is a subspace of T%, the set of all real
functions from S io R

The students look as if they are not familiar with %,
The Episode:
Tutorials 1, 2 and 4

Note: In the following I have summarised Tutorials 1, 2 and 4 and highlighted some
instances in each one of them.

In Tutorial 2, even though i turns out that the students do not know what 9% is and
have not realised that UcH®, Abidu! mechanically suggests checking out the two
conditions of the Subspace Test. The tutor realises their unease with 9% and asks
what is the zevo element of B, She reminds them that the zero element is an element
of U and she asks them what is the property it has to sarisfy. Silence foliows.
Eleanor says about the zero element of 9% that "It will stay the same'. The tutor
disagrees and switches to talking about ¢ general vector space. To their silence the
tutor writes down a+0=0+a=aq and qsks them to think in terms of the zevo element z
in U7 and 99, Abidul says zfx)=x and Eleanor says 'nought'. The tutor agrees with
Eleanor that it is the function of value 0 everywhere and stresses that it is a function
they have been dealing with ‘for ages' in Analysis.

In Tutorial 4, Beth remembers that the zero element of NF is the zero function when
the tutor lists the @xioms that a vecior space has to safisfy (one of them is that there
must be an element, called zero element, such that a+0=0+a=a, vac %),
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In Tutorial 1 the students remain silent for longer and they cannot recall the property
that the zere element of % must satisfy. The tutor switches to asking the same
guestion in a general vector space and Patricia responds that in a general vector
space 'if you add zero to any vector you end up with the same vector. The tutor asks
them ta apply that in U but, since the students remain silent, she eventually defines
the zevo function (z: T—R ofx)=0) and stresses that Tt is the same function from
Analysis in a slightly more abstract context',

In proving closure, the second condition of the Subspace Test, the students suggest
evaluating af+bg, for f, geU and a, beNatOand 1 and proving that the two values
are equal. In some cases the tutor needs to prompt the students who seem to confuse
fwith fix). The sessions close with the tutor repeating the conditions of the Subspace
Test,

The Episode: Tutorial 3
Camille is asking about H:
C1: Is it the same as %27

The tutor defines 1%, 2% and N2 (starting from the definition of A® as the set of
functions from the set B to the set A). Camille asks whether these are ransposes.
These are the mappings from one set to the other, repiies the tutor, and are vector
spaces over addition of functions and over scalar multiplication, both pointwise, She
then asks the students what is the zero in T bur Camille is still frying fo understand

what % consists of.

C2: It's a mapping from % to 9... and each element of 97 has a correspondent... with
the mapping... the graph... it's 2 mapping from 1o Hsoit's...

T1: No, no, no. Bach mapping is a subset of k¥, It's not...

C3: And ¥/ is a subset..,

T2: Yes. No. No, you are not looking at the individwal f. Yes, it's true that fis a

subsat of 2. That's true but T'm not looking af the individual f. I'm lookiing at the
set of all f5.[The tutor returns to the guestion abous the Zero element of KA What's
your mapping from 3 to I with that property? It's not in there, I/ is not a subset of

92,

C4: Do you have an example of 2 function f that iso't in 9727

—8/14—




T3: Yeah, T mean any of them... if you like you could have... cos27x... this is a
function that... [ mean to say that something belongs to52... what you are saying is
that f belongs to 32, 1mean that f belongs to 2, But it doesn't because that... to say
that f belongs to 2 is to say that f is an ordered pair. It's a set of ordered pairs,

C5: (x, fx))... but isn't f an ordered pair?

T4: No, f does't belong to %2, fis a subset of 9% And it belongs to the set f"E. It
belongs to a set of functions.

C6: It's very hard to imagine that... a set is usually a set of elements or matrices..,.
T5: Ah,... yes, that makes it harder. But I mean you could do it with equaticns.

The tutor siresses that all the things they are talking about here are casual things in
Analysis and that their frouble is with the vector space Conlext.

C7: So 9% is a subset of RF.,

T4: The elements are...
C'8: How about 92— ... is it a subset of this?

The tutor repeais the definition of K% and draws the paralled with AB, the set of
functions between sets A and B, where A has k elements and B has m. She stresses
that T contains the functions they 've been dealing with usually in Analysis and that
it is the vector space context used in the example that makes things look more
complicated. She then repeats the guestion about the zere vecior in MF: it has to be
a function in N7 that satisfies some kind of property. Then Camille asks:

C'0: Is the zero vector a function?

T7: Zero vector is a function because all of them are functions here... all the
elements...

£ 10: They ars not vectors?

The tutor repeats the definition of the zero element of a vector space and explaing
shat in this case this element is a function that has the properties of the zero element.
The students listen and Camille says:

C11: So we are not looking for the zero vector anymore but for the zere function,
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The tutor accepts that z{x)=0 is the zero element of RN and advises the students to
think as if they are in Analysis. So 2z U, concludes the tutor. Camille quickly
explains that ze U because 2(0)=0=z(1). She also checks out the condition for
closure in U. The proof that U<SiH is thus completed.
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Extract 8.3

Context: Student Connie has difficulty with bases and spanning sefs\ Her confusion,
she says, "became bigger' in this morning's session — the group tutorial that this tutor
teaches to the eight students of this college on the morning of their individual tutorinl
day. I note that in that tutorial the tutor suggested they replace the expression 2oy

from the definition of

the span of @ set S={v}, Vo, VJCV as <S>= {Zap;/ ae F] where F is the field
over which the vector space V is defined

with the expression 'linear combinations of . Connie had used this notation and the
sator recommends caution because T implies the 'infinite sum', In the Linear Algebra
course they will only need the finite sum of vectors to express the elements of an
infinite set. The span of a finite set can be an inflnite set, For example, on the plone
the span of S={{0,1)}, which is a finite sel, is the x-axis. More genevally if S<V (5 is
a subspace of a vector space V) then <5>=8.

The Episode:

The tutor has just said that if S<V then <§>=S. A rather puzzled Connie asks
hesitantly if 'this is because of the axioms', Specifically because of closure under
addition and scalar multiplication, the futor adds. He stresses that in the Linear
Algebra course of this year they are restricted in the cases where SSV and § is finite.
He then asks for her intuitive idea on <{{ 1,0}, (L1}}>

Cl...lamda (1,0)...

T1i: What about geometrically?

C2: x-axis...

T2: What else?

C3: And the reals... does this become... constant if you take this as zero...?

T3: Yes, but what about geometrically if you do that? What vectors in the plane do
you take?

C4: You take any...

The tutor says ke agrees with C4: the span of these two vectors is the whole plane
and this is the smallest number of vectors that span the plane, These two vectors
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form a basis for the plone and there is a theorem according to which all bases have
the same number of vectors, This number we call the dimension of the space.

Connie then asks him to complete the proof that ke started in the morning tutorigl
that

for a set SCV where V is a vector space <<5>>=<¥>,

The tutor presents the proof (in brief: <S>5V and <T>=T when T<V). She then asks
him to explain why in LA3.24

rowspace (PA)Srowspace(d)
for P an rom matrix and A an mxn matrix.

The tutor starts by defining rowspace(A)=<{r;}> as the span of the set of columns ri
of matrix A. Connie interrupis to ask:

C5: Is the spanning set the set of all... all the,., same property about image... it's all
about the values that thing can take?

The tutor advises Connie not to think in terms of THE spanning sef since for a
subspace there are various spanning seis. He suggests using the expression 'a set
being spanned by &',

(6: So that means it spans something... so it's the values that if takes...

The tutor defines <S> as the set of all the finite linear combinations of the elements
of § and reminds her of the plane example. She then asks:

C7: Why are they [spanning sets] useful?

Spanning sets are rot particularly interesting, he replies; bases are, because they
provide with a finite expression of the elements in a vector space. Also a dimension
is a characteristic of the vector space and there are important theorems involving the
dimension of a vector space. Connie inferrupis the tutor in order lo return to LAS.24,

C8: Basis is Iike... from the question here... when we have a spanning set... you use
row operations to find a basis in there... and one of them disappears... s0 is the basis
the smallest set of... the smallest...

The tutor repeats that she should avoid expressions such as THE basis of a vector
space. He then points ai various bases of the plane.
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Connie then asks how LA5.24 can be used to prove LAS5.25, as requested in the sheet.
The tutor explaing that by reducing the matrix of the vectors that span U to echelon
form, which is what is suggested in LAS.24, we can find the minimum number of
vectors that span U. These veciors will form a basis of U and here the reduction to
echelon form leads us ro @ minimum number of 2. 'S0 15 this the basis?' wonders
Connie (C9) and the futor repeats that this is one basis for I

C10: So is this & 2D basis?... [ can't understand intuitively what it is.

The tutor reminds her that as they have always said in the Geometry lessons the
plane is two-dimensional and the space is three-dimensional, That need to express
vectors in space with three coordinates, or fwo on the plane, is ant intuitive idea of g
basis.

C11: And also x and y and r-thetas are also bases?

T4: r-thetas are another story, That's polar coordinates, Think about different bases
of this type.

C'12: So it's just a way of describing the axes,
T5: Right. If you like... it's a way of describing coordinates.

C13: So this is kind of a funny coordinate system.

The tutor agrees and repeats that theve is a variety of bases for a vecior space and
that the technigue he outlined above provided one of them.
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Extract 8.4

Context: In LAG.26 several vector spaces are given. The question is about finding
their dimensions. Student Andrew suggests finding a basis of the vector space and
counting the number of vectors in it: this number is the dimension of the vector space.
The tutor agrees with fim.

The Episode:

Student Jack found out carrectly all the dimensions, except one, but what the tutor
says he wishes to discuss here is their writing, Andrew's presentation was 'a bit
insecure’, says the tutor, and he used more complicated notation than was needed,
He then reminds the students of a set of matrices he mentioned earlier in the term
which serves as good notation for LAS.26:

Epg=(xy)

0, if i#p or j&q
where xy={ =

I, ifi=p and j=q
where A is Kronecker's delta

Jack then offers By, i=1,... 1, us a basis for the set of diagonal matrices. The tutor
says he agrees and asks for o basis for the set of symmetric matrices, Andrew
protests that he is 'not quite sure what happens’ and asks "What does the definition of
E,, mean?. Jack explains 'it's all zero except the pg-th enfry' and the tutor
apologetically rewrites xy; as

I ifi=p and j=q
x,:;:{
0, otherwise

He also draws By, on the bib as a matrix with all its entries equal to gero except the
pg-th entry which is 1. For the symmelric matrices Jack starts manifacturing a basis
by including Ej;. Andrew suggests ‘taking the sum of Ep, but the tutor does not look
pleased. Andrew explains that he wants to ‘exploit the zeros and ones in Epy' in order
fo 'write down all matrices' but Jack notes this will not happen by 'adding them'. The
tutor reminds them of the regnirements for @ basis (span and linear independence)
and Jack suggests Ey and Ey+Ej; for i<, for i and j from 1 to n, These are n+n(n-
132= nin+1)/2. For the antisymmetric matrices Jack suggests the same set of
matrices except the By, hence the dimension is n(n-1)/2, His suggestions are
accepted,
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The set of matrices with Trace zero seems to be the most problematic of all (see fig.4
for the solution presented in the tutorial): Jack suggests Ey such that if and he stops
in order fo think further, Andrew suggests toking these 'together with E; from 1 to a-
1. The tutor disagrees: what is Tr(Ey)? Andrew replies it is zero but with the tutor's
reminding of what the trace is he changes his mind to Tr(Ey}=1. A few silent seconds
follow. Then Jack whispers: 'It's one less because... ' but Andrew is stifl struggling
with THE)=1.

A:'Why is it one?
T: Because you fold me £,

A: Yes, but I was thinking of E;; from 1 to n-1.

Jack repeats the definition of Ey; and the tutor stresses that Ey; do not belong to the
vector space of mairices with frace zero. To their silence about how the diagonal
elements of the matrices with trace zevo will be expressed, the tutor suggesis E-E,,
where i=1,..., n-lare matrices with trace zero. These with the matrices Ey for i#f will
form a basis, Span and linear independence are obvious but to Andrew's request the
tutor presents them on the b/b, The tutor concludes by ourlining the method for
finding a basis: 'the principle is to exhibit a set of elements of the set that span the set
and are linearly independent'.
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Extract 8.5

Context: The Extract presented here follows Extract 8.4 where the notions af a basis
and the dimension of a vector space were exemplified in finding the dimension of the
vector spaces given in LAG.26. Moving on to LAG.29 the futor siresses that behind
the proof for this question lies an important theorem about finding bases for a vector
space V, two subspaces X and Y and the sum X+Y. To his question whether they can
recall the theorem he is talking about, students Jack and Andrew protest about the
absence of examples in both Continuity and Differentiability and Linear Algebra
courses ['we've never found a basis for anything'). The tutor insists ont his question
about recalling the theorem ond Jack dictates

dimfX+Y)=dimX+dimY-dim{X Y} where X and Y are subspaces of a vector
space V,

which he remembers, he says, from his reading, not the lectures. Silence follows the
tutor's request for the proof and he suggests applying the theorem on LAG. 29,

The Episode:

Part a: The tutor reads LAS.29it and asks what they know about X+¥. Jack replies
that it 'has a greater dimension' but is then silent, The tutor asks them to consider the
information they have: X and Y are of dimension n-1 in a space of dimension n. They
are still silent. The futor prompts them: 'Jack was right about "greater” dimension. It
is strictly so’, Silence. What does it mean bigger than 1-1'? Silence. They both
whisper it conld be ‘anything’ and the tutor reminds them that X+ Y cannot be of
dimension greater than n. Andrew then deduces that dim(X+ Y)=n and the futor says
that then X+Y=V. By replacing the known dimensions in the above formula,
dim(XrYi=n-2. The tutor says that 'neither of them looks terribly pleased’. They
'look as if they do not accept it', ke says, Jack repiies: No, L accept if. Ii's just based
on a formula we haven't proved'. In a while they will, promises the tutor.

Part b: First the tutor draws their attention to 'a mistake there that everybody makes’
including Andrew: given a vector space Z of dimension h and two subspaces X and ¥
of dimension n-1, Andrew considered a basis for Z, and then produced 'the' basis for
X by removing one vector and produced 'the' basis for Y by removing another, The
tutor proves {employing the counterexample of 27 and N26) that a basis for a vector
space does not necessarily contain a basis for a subspace; on the contrary it is true
that any linearly independent subset of elements of Z can be extended to a basis for Z.
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Also he stresses that phrasing such as 'the basis of a subspace’ is misleading because
g basis is not unigie.

Part c: The tutor then suggests trying to construct a basis for X+Y that contains a
basis for X and a basis for Y. Jack suggests We choose a basis for X and Y first' but
the tutor asks him to ‘forget about ¥ for now and start from the idea that we can
extend any linearly independent set to a basis for Z. Andrew wonders how starting
from a basis for X will allow them to find a basis for Z that contains both a basis for
X and a basis for Y. Jack whispers a suggestion: start from a basis for X and then
consider the intersection. The tutor agrees: they consider a basis for XrYand extend
to a basis for X and to a basis for Y fig.5). Then Jack claims that {itj,..., U Xjee
X Vv ¥, will be a basis for X+Y. The tutor agrees and they prove that this set is
linearly independent.

Once lineqr independence is proved Jack notes that this actually was a 'quite
straightforward’ proof for the formula. The tutor agrees and adds that this not only
verifies the formula but provides with a method to extend linearly independent sets to
bases for the vector space. Then Jack wonders: 'Can we extend it for more than two
subspaces?. Andrew is sceptical: he is concerned whether the situation cannot be
treated the same way. He suggests considering X to be the sum of two subspaces A
and B and check out the consequences, Jack replies that his question was of a more
general nature: what happens if we take three subspaces A, B and C instead of fwo.
Andrew asks him to ‘show me you can do it then'. The tufor thinks it is an interesting
guestion and asks them about the dimension of A+B+C, Andrew thinks it will be 'the
three dimensions minus the dimensions of the intersections’. The tutor responds that
Andrew's suggestion sounds reasonable but reminds them that A, B and C are
subspaces, not subsets and therefore they ‘behave more complexly'. So the 'analogue’
might not work so perfectly, He nevertheless invites them 1o experiment with, for
instance, N7 and requests they move on to other problems.
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Extract 8.6

Context: Same college, tufor and students as Extract 8.1(intheorder2, I, 3, 4). The
mathematical problem in all sessions is the following:

Given two vector spaces V and W and a linear mapping T: VoW, find matrix A for T.

The tutor suggests the following method:

Consider a basis {e;} for V and a basis {fj] for W.
Express Tle;) as combinations of fi.

The coefficients of these combinations form the columns of matrix A.

The Episode:

Considering a Basis for P3f R). As an application of the titor's method (see Conlext),
the students and the tutor find the matrix for

T: P3(R)—P3( ) where Tp(x)=p(x+1).

Al agree that, because V=W, it can be e;=f; and that dimPy Rj=4. In Tutorials 2 and
3 the students give the 'usual' basis, as the tufor calls it, [¢; i=1....4)= {1, x, x%, ¥9}
immediately. In tutorials I and 4 the students seem 1o have difficulties. In the

following, I present the discussion that the tutor's reguest to the students to give the
‘usual basis' in Turorials I and 4
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P1: Is if...1+x...0h no...

The tutor asks for 'simpler’ polynomials.
To her question "how p(x) looks like'
Frances replies 'ax cubed plus b x

square plus ¢ x... plus d'. Sop{x)isa
{inear combination of?

P2: x3. 2, x and the constant,
T: Well... ?

P3: Just one.,

Beth gives'1000,0100...". The futor
reminds her that they are talking about
polynomials, not matrices. To her
silence the futor asks 'how p(x) looks
like' and Beth replies 'a x cubed plus b x
square plus ¢ x... plus d' where a,b,c and
d are real numbers. So p(x) is a linear
combination of ?

B1l:Er,... tothe s from 1 ta 3...

The tutor insists that they are 'looking
for some simple looking polynoinials,
Nice simple things' and repeats her
guestion about what 'simple
polynomials' fs pix) made out of,

B2: MmmL... it's just made by linear
OUES...

T: What do you mean linear ones?
B3: It's a product of three...

The itutor realises that Beth s talking
about factorisation and she stresses that
nudtiplication of polynomials is not
linear. Asking Beth to take a step back'
she repeats that they are trying to write
p(x) as a linear combination of four
other polynomials dy,..., dg which form
¢ basis, She asks Beth what is a linear
combination of dy,...da ?

B4 ddl +bd2+ctﬂ5+dd4...

The tutor says she does not approve of
this notation for the coefficients but
moves on and asks Beth 1o compare
ddl +bﬂr2 +Cd3 +dd4
with
ax3+bxd+ox+d
Beth then dictates the 'usual basis' (7, x,

x?, x3] for P3(3),
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Exprass T(e;) as combinations af e, The tutor asks the students to calenlate T(1), The

discussion in the four tutorials is as follows:

P4: Two.

The tutor says that
she Enows what
Patricia has done,
They laugh and

The students'
initial silence is
foilowed by
Abidul's
suggestion ('1+x')
for which she can

C1: Two,

The futor
disagrees and asks
what 'problem they
have with it',

B5: Polynomial 2.

Asked what she
means she replies:

E6: Because we

the tutor brings however give no ‘Take your are adding oge.
thelr attention fo reason, The tutor | polynomial and

the definition of T. | repeats that we wherever x The tutor repeats
Patricia says itis | have to replace x| appears, replace it the definition of T
x+1 and the tutor | with x+1 and asks | with x+1" she and nofes that 1o
worders what what "problem SHEQESLS. add 1 you first
happens if there is | they have with it. have 10 have an X,
no x to map. To Cleo: Just one.

their silence she Al: x doesn't B7: Is it one?
notes that 'in fact | appear.

there is nothing to | ... One?

do’. Patricia
exclaims 'ahl' and
says that then T(1)
is 'just one'.

Subsequently the tutor prompts the students with closed guestions so that they give the
coefficients of T{1) and thus construct the first column of Al(1, 0,0, 0)). The students
immediately follow with the other three columns. In the following, the discussion is
from Tutorial 3,

While calculating Cleo asks what would happen if instead of x they had 1+x. The tutor
says that Cleo has made 'a good point' and asks the students whether 1, 1+x, (I4x)2,
(1+x)3would form a basis too. Camille nods and asks if matrix A would then be the
diagonal matrix. The tutor nods and says that generally different bases produce
different matrices. Camille asks in what cases the matrix is the diagonal matrix, The
tutor replies that there are ways of choosing the basis so that the matrix is the diagonal
one. Camille asks whether this is because we choose T(d;) as the basis. The tutor
recommends cautious application of the method dictated by the proof of the Rank and
Nullity Theorem: Camille recalls that you consider a basis for kerT and extend itto a
basis for the domain of T. Then the imuges of the elements of this basis will form a
basis for ImT. Cleo then asks "What's this Im?', the futor gives the definition of Image
and closes by explaining that all the matrices of a mapping produced from different
bases are of the same rank.
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Extract 8.7

Context: The tutor says that students Cathy and George generally did not have many
problems with LA7. Particularly in LA7.35 Cathy, he adds, offered a 'beautiful
solution, Cathy says she is not very contented with the amount of 'rigout' she used,
The tutor invites her to the b/b and asks her to present her proof fully.

The Episode:

Cathy writes on the b/b her definition of ImI, where T is a linear transformation ofa
vector space V on V{ V 'transforms itself says Cathy).The tutor sounds discontented
with her definition (Note: unfortunately I only have the modified and final version of
Cathy’s writing and not what she initially wrote on the b/b) because she has been
using the same letter for the elements of ImT and V. "They all come from V' says
Cathy, but the tutor explains that this might lead to confusing situations such as Tx=x
where x i3 meant differently. He also stresses that what she has been sgying is not
what she has been writing: ‘for v in V' usually means 'for all v in V'. He then defines
ImT while Cathy is writing the definition on the b/b:

ImT={weV: w=T{v) for some ve V}
She then says that her solution ' might be wrong now' and defines ImT2 on the b/b as
ImT2={Ttw} for we V: T{w)=Te(v) for some we V/

The tutor then asks for her notion of T2, 'Isn't T square applying T twice?' she says.
He suggests thinking of T2 as just one transformation of Von V. He then turns to her
definition of T2: 'If you read it in English what does it mean? ke asks. Silence. To
him her definition 'doesn't make much sense’. She changes her writing fo

ImTe={5eV: s=T% for some ve V}

with which he agrees. She then claims that TmT? has less vectors than ImT" but when
asked to prove her claim she says she is not sure; 'kerT is easier to do formally’ she
claims. The tutor asks her to prove kerT<kerT? first, if she likes. Cathy then defines
kerl as

kerT=fveV: Tiv)=0}
and says:

C1: If T sends some v to zaro, then T2 will send the same vector to zero, s0 it can
never be less but it could be more.., Is that formal enough?
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The tutor says it is ' beantifully literary' and explains that the reason that all they
need to do is prove that kerTckerT? is because both kerT and kerT? are subspaces of
V. He then proves that kerTckerT? and the students similarly prove that fmT2cimT
(by taking a vector in ImTZ and proving that it belongs to fmT).

Now they turn to the part of LA7.35 which is about the equivalence of propositions a,
b and ¢. Cathy in her writing had suggested proving that a=b=c=. The tutor
says her suggestion is sufficient and the stident nods in agreement. George says he
proved that a<>c but could not decide how fo go on and stopped at a=b. The tufor
recommends perseverence. He also points out that b and ¢ look more or less the
same whereas a looks different. That means, ke adds, that they are probubly af the
same degree of difficulty and he suggests proving b=, e=2b, b=a, a=b. He then
asks whether they lmow anything about the dimension of image and kernel, Cuthy
repiies: the Raonk and Nullity Theorem (RNT). The tutor writes

dimkerT+dimImT=dimV

and asks: 'What this can tell us about the dimension of T27'. Silence follows. The
rutor suggests that they ‘have to combine somehow' the information they have about
images and kernels. Cathy then rearranges the RNT in terms of dimImT and sees that
b implies that dimimT=dimimT?, George says that if a subspace is contained in
another then the dimension of one is < the dimension of the other. This is obvious,
replies the tutor, and reminds them of ImI2cImT and kerTckerTZ. Cathy then points

out that then ImT2=ImT. By the same argument, says George, c=b,
About b=a Cathy says:
C2: If the intersection was't zero, then ker7? would be bigger, wouldn't it?

Silence follows. George iries to start another suggestion but the futor stavs with
Cathy's idea, that is to start from InTrkerT#0, which he asks her fo pursie. Cathy
then says:

C3: If ImT intersection kerT was not zero... then kerT> would be bigger than kerT.

The tutor says he approves and asks for a proof. Cathy hesitantly says 'It seems true
but... ', The tutor asks for a proof again and Cathy suggests taking ve ImTrkerT,
ve0. Then Tv=0. She also says that then T2y=0 but the tutor points out that this is
not helpful and that it is true anyway because kerT, heri2. George then points out
that 'v is special. Itis inImT. The fuior asks what this means but the students
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remain silent. Then George suggests ‘apply translation Tto...". He is interrupted by
the futor who reminds him that velmT is an 'existential statement: there exists weV
such that v=Tw, Cathy then suggests

C4: Transform it again and then it is nought so they are not equal.

The tutor rephrases that to: 'then wekerT2 but we kerT', This coniradicts b and
therefore Cathy's instinct was right. She also says that they have to prove
VkerT+ImT but the tutor points out this Is trivial because if two subspaces intersect
trivially then the dimension of the sum is the sum of the dimensions. So b=a.

For a=>b Cathy suggests:

C'5: Go backwards, not backwards as such but if it equals the direct sum and then
equate this to the dimension of the brackets, so by the inequality, the intersection is
Zero.

The futor says that he thinks that 'the first half of your strategy works. Second half is

not clear’, 7¢'s not 'what he had in mind', ke adds, but he suggests pursuing Cathy's
idea.

C6: If the intersection is zero then surely kerT cannot be bigger than ker7%..,

T1: Every time you say 'surely’... you give an argument-by-sweet-n-reasonable
Cathy. I mean an argument by voice is an argument by intimidation but you make
me say; where is the proof? Surely [ agree with you but...

She then suggests: 'Can you say let w be a vector in kerZ?2 but not in kerT and show
that this is a contradiction?. He agrees but he also adds that he 'can see no negative
fact implied by her suggestion so there is no point pursuing contradiction’
Contradiction, he explains, 'only works well if you can vse well a negative fact, He
then presents the 'positive’ proof, that is one which is not by coniradiction, he had in
mind (fig.7).
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Extract 8.8

Context: Two pairs of female students are taught in two tutorials about finding the
matrix of @ mapping between twa vector spaces with respect 1o some particular
bases:

Tutorial 1: Patricia and Cleo
Tutorial 2: Beth and Cary.

In Tutorial 1 a previous discussion made evident some of the students' difficulties
with row operations. In the following, the tutor and the students discuss B3. Some of
the students did some work on it but none of them completed the question. B3
(solution provided in fig.8) is about

Proving that E' is a basis of V

Finding the matrix of T with respect to bases E' and F

Finding a basis F' such that a given matrix is the matrix of T with respect o bases
E'and F'.

The Episode:

Proving that B’ is a bavis of V. The students suggest proving that ' is a basis of V by
proving that E' spans V and is linearly independent. The tutor notes the redundancy

of their thinking: they only need to prove one of these conditions. The students agree
but, when asked why, none of them can answer the guestion. Only Patricia vaguely
replies 'you can deduce the one from the other' and, when asked to specify how, she
wonders whether it is because we already know that E' is linearly independent. The
tutor disagrees and points out that, since dimV=3 and E' has three elements,
according to a theorem they have done, all they need io show is either that E'spans V
or is linearly independent,

Finding the matrix of T with respect to bases ' and F. In Tutorial 2 the studenis
have successfully found the matrix so no discussion of this part of the problem takes

place.

In Tutorial 1 the students remain stlent when the tutor asks them about the meaning
of o matrix of a mapping T with respect to bases E and F, Then Cary says: That Te
equals £ All the elements in it... " but gives o further explanation, The tutor then
asks specifically what Te; Is going to be. The students are silent and at some point
Patricia points at another, irrelevant matrix on Problem Sheet B and whispers
something like 'that's the matrix of the transformation'. The futor repeats that her
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question generally concerned the matrix with respect to bases E and F and, in
particular, their idea of what the rule is that 'connects the map with the matrix’,
Patricia hesitantly points at the columns of the matrix and whispers; "The coefficients
of the sums... fy plus fo... - The tutor explains that 'the first column gives you the
coefficients of Te;' and, at her request, the students dictate the calculations correcily,

Findin gis F such b e oiver matriy iy the matrix of T with respect to bases
E' and F'. In Tutorial I this part of the problem is not discussed. The tutor has asked
them fo complete the question on their own,

In Tutorial 2, the tutor and the students discuss their findings on basis F';
BE1: They only have two elements.

T1: Oh, is that the proper conclusion to get to? What do you know about... ?
C1: I've got three, The third one is zero,

T2: Ah, can you put zero in a basis?

C2: {after a pausel.. You can't,

T3: Right. Because... think about the zero vector...

C3: Oh, do... these can be written...

T4: Yes, it's not linearly independent... your three vectors will be linearly dependent...
and what's the dimeasion going to be?

B2: Two.
T5: Ah, but what this... if you have a basis £}, f2, f3...

B3: fafter a pause}... Then you have to have three...

T6: Right,... OK, so Cary is right: you've got to find a third one. Em,... what... de you
know the first two? [Sifence] When you are constructing f how does your reasoning
go about what you should put in it?

B4: Te'y will be fy... and Té'; has got to be f5...

T7: Right. And we know that in any case that 7e'y is... 7

B5: Zero.

T8: Zero. So we need... so what condition do we need on 47

B6: {after a pause]... To equal zero,
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T9: No. We said that it mustn't equal zero.
B7: Ii's got to be linearly independent with f and f'a.
T10: Does it matter what it is?

B8: No.

The tutor stresses that 'you can make f3 whatever you please as long as you make it
linearly independent with these two' and Beth chooses f'5 = fi. The discussion closes
with @ check on linear independence and with the tutor's generalisation from 3x3
matrices 10 mn.
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Appendix A

GRFa1

If p is & prime, and A and K are subgroups of 4 group G, each of order p, show that
HeK = {e) (use Lagrange).
If ¥ is finite, deduce that the number of elements of order p7 in G is a multiple of (p-1}

GRFS.6

Use GRES.1 to show that a group of order 35 must contain an element of arder 5 and an
glement of order 7.

GRF3.8

A subgroup H of a group G is called a proper subgroup if HeG. If G is finite, prove, or
give a counterexample 1o, each of the following:

(2} G cyclic = every proper subgroup is cyclic,

{b) every proper subgroup is cyclic = G cyclic,

(¢} 1G] is prime = G has exactly une proper subgroup,

{d) G has exactly one proper subgroup = {Gi is prime.

GRF7.3

(i) Define the left cosets of a subgroup H of a group G to be the seis gH = (gh he H}.
Show that & is a pormal subgroup of G if and only if g = Hg foralige G.
(ii) Deduce that if & is a subgroup of G with [(:K] = 2 then KNG,

GRF8.5
Check that if xy = yxin & group, and hef (e{x), o)) =1, then o(xy) = o(x). o(¥).
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Appendix 98

IF 14| = 1K = p and p is & prime then H and K contain, each, p elements of which p-1 are
of order p. If H and K have a common element #¢, then this element is of order p and it
is contained in both H and K. Therefore it generates A and K. Because H and X are of
the same order and are generated be the same element, A = K. Hence H and X either
coincide or have only ¢ as a common element.

Mareover the above implies that [ and K together contain (p-1J+(p-1) = 2p - 2 = 2{p-1)
distinct elements of order p. Similarly, if G is finite, for every element ¢ of order g, p-
elements of order p are contained in G: the powers of g from 1 to p-1. Therefore the
number of elements in & of order p is necessarily a multiple of {(p-1).

fig.] GRES.]

Figy )

ol

[igla ﬁg.lb ﬁg‘ic

1f 1G1 = 35, then from Lagrange, its elements are of order 1, 5, 7-or 35. In particular an
element g=¢ is of order 5, 7 or 335,

If there is an element g of order 35, then it generates G, that is Gis cyclic and glis of
order 7 and g7 is of order 5.

If there is no such element of order 35, then an element g#¢ is necessarily of order 5 or
7. Not all such elements can be only of order 5 or only of order 7. Say, for instance, that
there is an element g in G which is of order 5. Then, from GRF3.1 {fig.1} we know that,
because 5 is a prime and G is finite, that the number of elernents of G which are of order
5, must be & muitiple of 5-1 = 4. But 34 is not a multiple of 4, thus G must contain
elements of order 7. Similarly, G cannot contain only elements of order 7 because 34 is
not a muliple of 7-1 =6,

fig.3 GRFS.6
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Firs( Lsomarphism Theorem for roups
et G and G'be groups and ¢:G— G a homamorphism. Then kerg=KVG. Then G/K ~
.
Prool
To define GAK [ nead 10 prove thul KVG hat bs g = Kg for all ge ;.

Lot ghie gk, where fje K Then gby=(gh g7 le @ Ky because @15 4 homoemarphisns and
Bk 1= e Therelore gk o Koo Similarty Ky ¢ g Hence g = Ry ;
Voo e (A = b | oneced e deline an soorphizm hesween GAK and ling
Lat

we (G0 = e

Wi e = Ryl
To prove tha g is an isomarphisig, [ oeed to prove that it iy o well-defined, 1-1, onio

hamamarghism betweer. GIR and hng .

Well-dalfined: Kg=Kgs = y(Kg ) =y(Kg) (1.e. 4(g)=d(ge)) because Kg=Kgq implies
that g & Kgg, thit 1§ there exists a ke K such that gyj=kgn, and ¢lgo) = $lkgy) = edigy) =
Hga)-

11_—11: WwiKg,} =W(Kgs) = Kg,=Kg, because y(Kg,) =y(Kgo) = $(g1)=¢(gy) which gives
that '

grg2lek.

onta: If ge Imé then geKge K. T assign yifg) to be g therefore is onto.

homomorphism: YK Kgq) = y(Kgg2) = ¥g182) = ‘?(31}95{32)_: ﬂfgi}w(ﬁgz}

fig.6 The proof of the First Isomorphism Theorem for Groups

i

I {G:K] = 2 then there are two cosets of & over K, We know that one of them is & and,
because the cosets cover G, the other necessarily is &-K. K and G-K are the two right
and the two left cosets, that is, if G:K = 2 then its right and left cosets coincide,

therefore, {ram the definition given in GRIFY .31, KVC,

fig.7 GRIF7.3ii
VIV S




Appendix 9C
Extract 9.1

Context: Student Connie has asked the tutor about the meaning of generator in
Group Theory. She has also asked the tutor to explain Alan's (another student from
the same college) solution for GRF5.1 presented in that morning's session to all the
students of this college. The tutor savs she lacks clarity in her conception of 'order
either of a group or of an element and defines the concept:

# is the order of an element g in a group G if it is the least positive integer for
which gh=e, where ¢ is the identity element of G.

He then explains that

»  ifGisafinite group, then n exists because all powers of g would have to start
repeating themselves at some point'.

* <g> <G, the inverse of an element glin <g> is g% and there are exactly n
elements (h <g>.

The Episode starts with Connie's question about <g>.
The Episode:

Connie is asking about <g>!

C1: Is this a cyclic group?

T1: Yes, a cyclic subgroup.

C2: Were we talking about them there fin GRE5.1[?

The tutor explains that they haven't mentioned it yet in relation to GRFJ.1 and that he
is stll trying to clarify the meaning of order of an element or of & group for her.
Arother thing 'she needs to know' is, he says, Lagrange's Theorem!

if HeG then |1HVGI

because the cosets of H in G are 'distinet chunks of G of equal size'. Also, he adds,
1g\Gl and if ordH=p where p is a prime number then the p-1 elements of H, except
e, have order p. He then turns to GRF5.1 (fig.1) and explains that first they showed
that if two subgroups of order p overlap only at the identity, they together contain
2(p-1) elements of order p.
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C3; Well, I thought that H had just p elements because when you've got these groups
when you take the order of the group you count the... identity?

The tutor repeats that each of the elements in H, except ¢, is of order p.

C4- 1 don't understand how an element can have an order.

The tutor repeats the definition of the order of an element and adds thaf 'the reason
it's called order is because it's the order of the least subgroup which contains the
element.

C5: Does this mean if vou take this little g times p-1 you would have the same
element?

T2: That's right. If you take g2,..., (¢%)P-! you would take all these elements in some
different order. Is that what you are saying?

C6: No, I was just saying if you take g2 times g#-1...

The tutor explains that g2gP-1=g and stresses that every other element in H will be of
order p. So, he concludes, if G has r subgroups like H, only coinciding at e, and H
contains p-1 elements of order p then G contains r{p-1) elements of order p. He
stresses that the notion of the order of an element is 'subtle but confusing’.

C7: So you don't do g times p-1 but g to the 2p-1...

T3+ T'd do this if I wanted to find the order of g2, I would square it and cube it and so
on,

C8: Ah! And you would time these together?
T4: Yes, like this is g2... this is g6...
(C9: Are these sepatate things?

T5: Yes, I am looking at g2, g2 all squared... and you don't hit the identity until you -
get p again.

C10: OK...
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Extract 9.2
Context: This is the beginning of the futorinl with student Camille.
The Episode:
Camille savs she has been confused with 'what the lecturer referred to as something like

a~b when fla)=fbY. The tutor replies that the lecturer might have been frying to prove
one of the Isomorphism Theorems for Groups:

if f:G =G, where G is a group, then there is a bijection between the equivalence
classes of the equivalence relation defined by 'a~b when f{a)=fb)" and Imf.

The tutor draws fig.2a to illustrate that if b and b’ are different then F1(b) and F1{b')
are different. Camille looks at fig.2a and asks:

C1: Why are they all straight lines? T1: Because I drew them this way, It
deesn't mean anything. It's only the way
Idrew it. And vou can draw little
'squigges' if you like {fig.25).

C2: And these are the equivalence
classes?

The tutor rods in agreement: the set of all elements eguivalent to b is the equivalence
class of b and mapping b to its equivalence class establishes a corvespondence between
the elements of the group and their equivalence classes. Camille seemy to be sceptical
and says:

C3: Yeah.,, but the lecturer does itina | T2: [pointing af her correspondence]
more complicated way... he defines an That's his definition of g, iz 1t?
equivalence class like this and then he
defines g of e, equals fiz). It's very
confusing becanse we don't know what
g 1s.

CA; When he proves it I don'tsee at all a | T3: [reassuringly] What he's done is
bijection. equivalent to what I have done except
that I've phrased it slightly differently.
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C5: You've shown us a bijection and he
didn't really show that... he just had it
onto by definition and he was looking at
the 1-1.

The tutor then says that it has to be proved that to define an equivalence class it doesn't
matter which representative you take, So, she continues, in e;=¢,' & a~a' &
flaj=fla') one direction is about proving that f is well defined and the other one is 1o
prove itis I-1. Camille looks convinced and moves on to her next question: can the
turor prove that 'there is a 1-1 correspondence between the conjugates of x and x7'. The
tutor asks Camille to define Cfx) and Camille defines the centraliser of x as

Cix) = {he G/ xh=hx/,
the conjugate of x as
'a-dxp for some g
and also points out that

if s Cfx) then gixg=nx.

So, says the tutor, the size of Cfx) tells you 'how many repetitions you get if you try to
write x as a conjugate’. So, she continues, if two elements g; and go give the same
conjugate they belong to the same coset of C(x). And vice versa. This happens only
when gof ;‘f belongs to Clx). Therefore there is a I-1 relation hatween cosets of the
centraliser and conjugates of x and these have the same number of elemenis. Camille
is guiet and looks sceptical, Then she asks:

C'é: What are cosets materially?

T4: What do you mean by that?

CT. Ifwehaveagroup Gand a
subgroup H why do we bother to find
the cosets?

T5: Because of results like this, They
turn up naturaily.

C8: Cosets are a group multiplied by an
element in the big group.

T6: [hesitantly] Yes...it's a set...

(C9: Cosets are just & moving,..

T7: That's right. That's one way... you
can look at it as translates of &
subgroup... sort of multiplying g with
everything in H and it shifls it...
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C10: {after a pause] So if we have a
square of size one and then the group G
is like this...(fig2c)

T&: You have to be slightly careful... It
is slighily... don't think about in... you're
not thinking of applying it on squares,
are you?

C'11: So then it would have four cosets?

T9: Mmun.., if the subgroup was a
quarter of the size of the whole thing,
ves... it would have four cosets... that's
right.

C12: And the cosets are always the
same size as the original.

T10: That's right. As we know they
partition the group.
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Extract 9.3

Context: This is the beginning of the part of the futorial on Groups, Rings and Fields
for students Jack and Andrew. The tutor asks Jack to present his proof for GRF5.6
on the b/b.

The Episode:

fack suggests:

Consider xe G, Then <x>=[e, x, ¥2,..,, X1} for some k535, Then |x|=1 or 5 or 7 or
35, If x=e then Ixl=1. Say then xze, Then 1x1=5 or 7 or 35, If 1x1=35 then <x>=G,
that is G is cyclic and 1x°| is of order 7 and 57| is of order 5. He then explains what
would happen if he had picked x such that |x|=5:

J1: So there's only two cases to look at: say I had picked an element of order 3.
Then... em,... it's OK if I use a problem from the sheet before? So, GRFS.1 shows that
the number of elemeats.., we can define a subgroup with four elements... what7... that
says that the number of elements of order 5 will be a multiple of four. Because
you've been defining discrete.., disjoint subgroups... er.... but here actually we've got
35... except the identity we've got 34 elements... but 4 actvally won't go into... dossn't
divide 34, So therefore there must be.., you can't just have subgroups of order 5...
vou must also have another subgroup... so if you had a subgroup of order 5 then you
would have to have a subgroup of order 7. And alternatively, because 6 doesn't go
into 34,...

T1: You seem fo have the right idea but you seem to have phrased it a bit...
differently. You said you choose an x#e in & of order 5. But that doesn't discard the
fact that there might be elements of order 35 in there, does it?

J2; Yeah, it could have been a cyclic group.

T2: So T mean you are right; there's 34 elements other than the identity and that, if it
isn't cyclic they have orders 5 or 7. But because you choose an element of order 5 it
doesn't mean that there are no elements of order 35. So what you have to say is
consider the case when G is eyclic - which you did - and then take the case where G
is not eycelic, not suppose that x had order 5 because x has order 5 doesn't mean that
34 must have five and seven.

I3: But T took a partition of different cases....

The tutor stresses that Jack's faking cases was fine but his ‘arguments weren't just
identical to the right arguments’ for this (fig.3). What one should sey, stresses the
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tutor, is: if G isn't cyclic then there are 34 elements all of order 5 or 7 because there
is nto element of order 35, The tutor concludes: 'it's a minor point but try to make
clear which argument you are following down'. Jack asks Andrew if he 'got this',
Andrew nods. The futor reassures them it was a minor point and moves on. They
had no problem in GRF3.7 so they go fo GRF5.8 {see Extract 9.5).
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Extract 9.4

Contexi: The tutorial with student Connie started with a discusion of GRF3.8a and
d.

The Episode:
C1: [ don't really understand what they are.
The tutor then defines the centraliser of an element x In a group us

the sef C{x) of elements that commuie with x:
Cix) = {ve G/ xy=yx}

C2: You can also swap back to y over there, can't you?

T1: But this is a different thing though: you can say that the centraliser of y, if ¥ is an
element of ( is the set of x in G such that xy=yx, but iz that what you mean? {Connie
nods] It's what I'm saying here I just changed the dummies so to speak.

C3: Can you give me an example so that I can understand?

The tutor then proves that
if G is ant Abelian group then, Vxe G, C(x)=G.

Also he proves that for (12}e83, (13), (23) and (123) & C((12)). Therefore
Cii12))=fe}. Connie interrupts him in order to ask about (12) ftself: does it belong
to Cf(12))? The tutor apologises: so, he concludes, C{{12}) contains e, (12) and its
fHverse.

Cd; We were introduced to.,, We've defined conjugate as x times g times x~L... I
mean how do you choose g7 g is an element in the group...?

T2. The tutor defines the ser Cy of conjugates of g. in an Abelian group an element g
is only conjugate to itself.

C5: So it's for every g belonging to G?

T3: For all g belonging to & vou run through them all and you get what you getas a
set here,

C6: x has several conjugates then?

The tutor nods and says that if G is Abelian then Cy={x]. Then he suggests they find
Cr12)in 83. Connie is confused, it is too complicated' she says about the
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calculations invelved, (Note: [ omit the detatled conversation on these calculations
since it would probably distract the reader from the main point of the Episode which
is Connie's effort to clarify the notion of conjugate of an element). While the tutor's
calculations for C(12) are still incomplete, Connie, who hay been sceptical and quiet

all this time interrupts the tutor in order to ask:

C7: What does the conjugate actually mean? Because the inverse is actually going to
send it back to itself... what are you using it for... [ mean... because I am always
getting confused with inverses and conjugates.

T4: Yeah, they are different things...
C8: What's you need it for? What'll do?

The tutor warns her she 'is leaping ahead' and says that they haven't finished the
example from 83 He then explains the connection between conjugacy classes and the
definition af normal subgroups. He mentions an example from S4 as well as other
uses of conjugates: for instance proving that if 1Gl=p2, where p is ¢ prime then G is
Abelian, involves conjugates.
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Extract 9.5

Context: Extract 9.5 follows Extract 9.3 with students Jack and Andrew. Similarly to
other tutorials, Jack and Andrew say that the lecturer has introduced the notion of
ideal set in order lo prove GRFS.8a. The tutor points out 'this is too heavy a notion
for what you have to prove here' and adds there is 'nothing particularly diffienlt here'
and vou do not need to reach conclusions by some amazing theorem'. He finally
stresses that 'you're almost skipping the mathematics by throwing in a notion like
that' (the notion of an ideal set}. The tutor then twrns fo GRF3.8d. He says that he
thought Jack's proof was clear and invites Andrew to 'convince' them of his unclear,
but otherwise right, argument for GRF5.8d,

The Episode:

Andrew comes to the b/t and talks about what he wants fo prove! if \Gl is not prime
then there is move than one proper subgroup. So, he adds, then we know (Note to the
Reader: from GRFS.8¢) that |G| is prime iff G has one proper subgroup, He then
furns to the b/b and starts writing. At the same time he explains:

Al: If |Gl is not prime, OK?, then we may write its order as pg for some... we don't
need them to be 1 because... it's a very similar idea to GRF5.7 in that... Let's choose x
in G, OK? We take out the identity. OK, now since (& is finite x has got some order,
like we did before, and what we can say is that x, the order of x equals 1, pg or...7
What's it called if it's neither pq or 17 { proper factor' replies the tutor] Proper factor!
The idea is that we kind of look first at the easy cases when x is a generator of this
group... and we can disregard this case and look at x as a factor of this. WhatT am
trying to show is there exists at least two proper subgroups and I'll explain... Right,
order cannot be one because x is not the identity. If the order of x was pg, er,... then,
er,... Is there a standard notation for the order of x? Is this OK? [|xl is fine says the
tutor. There are other ones but none of them is standard, eg gp<x>] Right. Soif the
order of x is pg then the set generated by xP and the set generated by x4 are both
proper subgroups of & because if you generate them you go through xF x%7, 39 and
then »7¢ and you go back to the beginning again, So these two subgroups..,

Jack interrupts in order to ask:'Can p equal q7' and the tufor siresses that this
wouldn't matter, However, he continues, Andrew must remember that he only has to
construct one proper subgroup of G. [e} is the other one. Jack insists that he is 'still
not happy with the logic behind that',

A2 OK, T'l go through that again, If x has order # and 1 divides pg then {e} and
{<xt>]... are proper subgroups of G because I mean », by definition this is a group.
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So I am showing that if [ is not a prime then its order is always a product of two
integers and we can show from this, by taking different cases as in GRF3.6 that then
it has at least two proper subgroups... in the case where ixl is not 1 because x is not
{e}, if Ixl iz pg then the set generated by X7 is a subgroup so that makes two...

The tutor sounds ready to interfere (he exclaims 'EBr,...I'} and Jack reacts with 'l do
not see the point of doing this'. The tutor says ke is 'not convinced by the last
argument' and notes that if x is of order i then <x®>=fe}, Andrew looks confused,
He is staring at the b/b.

A3: Oh, you mean...? [pawse] Oh, in that case... er,... I must be able to choose
something! If... if x is of order #,... but thai means, oh! We just want... what am I
doing? [still staring at the b/b] Oh, dear! fturns around and explains] What we are
showing is that if IG| is not prime, then there exist at least two subgroups, So if sets
exist which only contain one subgroup, they must be prime, 'We've shown before that
all groups of prime order have only one proper subgronp [pausef. So, if n is the
order of G and # is not a prime then for a factor of & there must be a proper subgroup
of 7 of order equal to that factor,

The tutor and Jack nod approvingly and the tutor closes the discussion of this
question with stressing that the converse propositions of Lagrange's Theorem are not
trie.
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Extract 9.6

Context: In Tutorial

1: Eleanor

2: Cary and Beth

3 Cleo and Patricia
4 Abidul and Frances

the tutor suggests they prove the First Isomorphism Theorem for Groups:
Let G, G' be groups and ¢:G—G' a homomorphism, If K=kerd then: G/K ~ Imi.
Proof (fig.0): since KVG, G/K can be defined. Then

yr G/ — Img
YKg)=0(g)

is an isomorphism, namely Wiy @ well-defined, 1-1 and onto homomorphism.,
In the following, [ present extracts from the proving process in the four tutorials,
The Episode:

In the four tutorials the conversation starts with the tufor's request towards the
students to state the theorem,

I note that by (*) I mean the expression
Kg;=Kgz & d(g1)=Hgz) (*}

Tutorial 1. Eleanor listens to the tutor silently and throughout the presentation of the
proof she only answers the following very closed guestions:

o The tutor repeatedly requests the student to recall the theorem. Finally Eleanor
hesitantly says that she has associated the theorem with a normal subgroup. The

tutor insists that it is a particular normal subgroup and Eleanor remembers ker .

She responds affirmatively to whether kerd < and kergVG. She also dictates the
calculation fo why gK=Kg.

. Unce the tutor has illustrated verbally that the number of cosets in G/K is the
same as the number of elements in Imd, she asks Eleanor to see the 'obvious map'
between G/K and Im¢. Eleanor whispers 'Kg' and the fitor infroduces W

s While proving that y is an isomorphism between G/K and Im¢, the iior asks

what the <= of (¥) proves. Eleanor replies 'onto' and, after the tutor explains to her
that 'onto' is obvious from the definition, she changes her mind to '1-1'.
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. Finally, while Eleanor dictates corrvectly the rule for the product of cosets

{Kgh=KgKh) she remains silent when the tutor asks her o use it in proving that y is
a homomorphism., Eventually under the futor's firm dirvection she does.

Tutorial 2. T note the following:

»  Beth states the theorem, The tutor correcis: § can be between any two groups G
and G' and not necessarily on G ifself.

»  Similarly to Eleanor, in Tutorial 1, Beth also suggests mapping an element of Im@
to its coset,

»  In proving (*) Beth recalls (from the group futorial in this college the day before)
that two cosets Kgand Kg» are equal iff 'g;g574is in the kemel'. Also both students

dictate the necessary calcufarions until ¢(g;)=¢{g2) Is reached,

v Beth knows that the reverse direction of (*) proves that wis 1-1.

s Once well-definedness, 1-1 and onto is proved the futor asks for the last thing to
prove and discussion is as follows:

B1l: That it i5 closed.

T1: What do you mean by "closed"? If we are talking about an isomoerphism of
groups and we've proved it's a bijection...?

B2 and C: It's an isomorphisin.

T2: Right. So itis a homomorphism because..? What do you want to check?
B3: ¢ of g1g2 18 ¢ of g4 times ¢ of g-.
T3: Ah, we are talking about .

B4: Oh, then i of these...
T4: Er,... i is...

B3: Oh, Kg; then and Kg».

Beth then dictates the calculations.

Tutorial 3. I note the following:

v Patricia says that she can only recall that the theorem is related to cosets and a

mapping which she says she thinks is an isomorphisim, The tutor correcis: itisa
homomorphism. She then asks for the conclusion of the theorem. Patricia replies:
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Pl: G... divided by... kernel... er,...f. Does this /~/ actually mean equals?
T1: Isomerphic. It means isomorphic

. Similarly to tutorials I nad 2, Cleo suggests, after listening to the tutor's
explanations, mapping Kg to g, The tutor asks her to reverse that ('it is the other way
around') to g o Kg.

. The tutor continues the presentation of the proof without any participation untii

she asks what is the meaning of g Igz‘j e K while proving (¥). The students are silent
She retwrns fo the 'basic notton’ of g kernel and asks what a kernel is:

C1: It maps the elements at zero.
T2: Not zero!

C2: Identity.

T3. fwrites down the definition 'properly’s kerg={geG /. She leaves it unfinished and
asks] Such that?

C3: Maps them to the identity.
T4: Which means something is equal to the identity.
C4: fafter a pause] g does.

T5: When you say something goes to the identity, is equal to the identity, what do
you mean by that?

C5: ¢ does,

»  The tutor then returns fo the proof of (*). Starting from g K=g.K she asks the

students to prove that §{g;}=0(gs:). The students are silent. The tutor points out that

two cosets Kg jand Kgo are equal when g1g2°% is in K. The students ave still silent.
She returns to the basic notion of a kernel (see conversation above). In the end of

that discussion Patricia points out that §(g;20-1 ) will be the identity, With gradual
prompting by the tutor the students arrive af ¢(g;)=g2). The tutor points out that
= of (¥) means y is well- defined. What about <7 she asks. The studenis are silent.
Then they both mumble something about §g1)= g>} saying something about ¢. The
tutor stresses that their answer miust be related to i, not §. The students look lost,

The tufor then repeals that they have to prove that Y is an isomorphism. The students
are stll silent and the tutor asks what an isomorphismt s,

P2: It is a homomeorphism..

Tér Yes? And...?
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P3: Ithas to be 1-1..

T7: And...?

P4: A bijection...

T3 Yes...

P5: Quto.

T9: Yes and in other words which bit have we proved here? You've got a choice: you
can say it's a hotomorphism, it's 1-1 and it's onto {laughter] Which bit have we
proved? [pawse] Is it the bit that says it is 4 homomorphism?

P6 and C6&: {after a pause [ No.

T10: Is it the bit that says it's [-17 fpause] What do you need to prove yis 1-17

C7: Prove... er,... ob, it's this direction that proves it's a well-defined operation... 50
it's the other one that proves it's 1-1.

v is obviously onto, says the tutor and suggests that they prove Yisa
homomorphism. Patricia hesitantly dictates the equality they have o prove: I nole
that only with the tutor's prompiing she recalls and uses the rule for the product of
cosets. The tutor concludes that the key point about v is that the homomorphic
property works (' The point here 15 that this thing works’).

Tutorinl 4, The students cannot recall the theorem and remain silent. The tutor then
tells them off: 'Number one thing is vou leamn the theorems. Have you learned what
the theorerm says? Specially when it's something that's got a name attached to it'. She
then states the theorem.

«  Similarly to previous tutorials Abidul suggests mapping g to Kg.

»  Similarly to previous tutorinls Abidul recalls that two cosets Kg; and Kgy are
egual "When glgg'l i in K" which is true iff '¢( g1g-71) is one'. Frances uses the
homomorphic property to manipulate §(g,8,-1 ) but 'gets stuck' with the -1, Abidul
helps her by pointing out that * It [¢] doesn't really matter, does it?' that is ¢{ga”
f)=¢f gg,:l‘l . Thus the well definedness is proved., Frances points out that the &
direction of (*} shows that wis I-1 and the tutor explains why W is obviously onto.

«  The discussion for proving that \is an isomorphism is as follows:

Al wof Kggsis wof Kgy....
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T1: Say that again.
AZ: yrof Kgy, Kgo..
T2: Right. And what did yon say at the beginning?

A3 wEg180...
T3: I mean vou have to show that wof the product is...

Frances finishes the tutor's senfence (applies the definition of multiptying products)
and the proof is completed, The tutor closes by calling this 'a very standard method
of proof involving quotients'. The problem that they have to be concerned is well-
definedness. She also asks them to learn and remember the theorem becquse it is
very imporiant.
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Extract 0.7

Context: This is the beginning of the Abstract Algebra part of the tutorial to student
Connie who asks for some clarifications on the proof for GRF7.3 presented by
student Nick in the group futorial the same morning (fig.7}.

The Episode:
First Attempt at Explaining the Argument in GRF7.3

Cl: I don't quite understand what he is... he i& showing that the left cosets equal the
right cosets.

The tutor says that this is not g very 'precise’ phrasing and explains that if {G.K=2
then there are two cosets, K and G-K which are both the right and the left cosets.
Connie then points af G-K and asks:

C2: Yeah... Is that what you call quotient?

T1: No. This is a complement. This iz 2 set-thecretic term only, I meaun it in a set-
theoretic sense. Yes, you are guite right te ask me that. The quotient of & over K is
written like that /G/K}, you are thinking of that as 4 fraction in 4 rather vague, general
sense... but this is like minus. But then minvs has some funny connotations as well so
let's use it like that which is the purely set-theoretic sense. Alright?

He then repeats that if we have two left cosets one of them will be K and the other
one, since the union of cosets must be the whole group must be the rest of the
elements in G. The same goes for the right cosets, he adds. Connie sighs with
disappointment and he suggests 'getting info more detail'.

Explaining the Construction of Cosets

T2: Remember that the idea of cosets is that you have this big group with its
clements...

C3: And you are multiplying...

T3:... and you've got a subgroup and you start having parcels which are the same as
the subgroup. Forget about multiplying because this is not... well, we are trying to
prove this is normal, we don't know yet...[repeats that in case {G:K}=2 each of the
two cosets has half of the elements of the group in it}

C4; K is a subgroup then?

T4: X is a subgroup.
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C5: And a coset?

T3: A coset isn't a subgroup. Only when you have a subgroup X over G, X is the only
coset that is a subgroup. All the other elements don't have the ideniity in them, It's
not possible for them to be subgroups, No chance if they don't have the identity in
them. It's a partition of the whole group into subsets.

Second Artempt at Explaining the Avgument in GRF7.3
C6: So you just said that you can only... that the coset of K in G is K,

T6: That's one of them. There is another which is all the other elements in the case
where there is only two. In general the picture is like... if we had three in this case...
but we are in a special case which is looking like that...fdraws a group and splits it in
two parts, puiting K and G-K in each part].

C7: So there is two subgroups... half of &.

T7: When the index is 2 which i8 saying that there are two cosets yeah. The index of
(7 is half the size of G, If you like to talk about a finite situation.

The Case of [G:K]=3 as opposed 1o [G:K]=2
C8&: If it was three then...?

The tutor explains that the 'argument wouldn't work at all'. There would be two more
cosets, he continues, so G-K would be the union of two cosets and this wouldn't be
saying anything. Of course K would siill be one of the coseis. The case where there
are two cosets is very convenient because then you know that K is one and the rest of
the group is the other. 'Now', he closes, ‘that argument works for both right and left
cosets you are talking about',

C9: But if vou had G divides K, no... index of G of X is 3... then.., you'd have X being
Ofle...

T&:; Then you would have g1 X there and goX there..,
C10: And those two would be another case then.

T9: No, this iz one coset and this is another,

Connie nods ‘alright' and the tutor adds that, since G 'is a digjoint union of cosets' if
the index was Hhree then the picture of G would be split in three cosets one of which is
K and the others are g,K and g,K. Connie poinis af these other two parts.
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C11: And these two things aren't subgroups...”?

The futor replies that cosets are disjoint and the identity element is contained only in
K 5o the other two cannot be subgroups. 'These are', ke says, ‘ranslates of
subgreup... as you might say by a group element which is not the identity element’.

Explaining Again the Construction of Cosets
Connle then asks about g; and ga:

C12: And is that any grounp..is that any element of the group G?

The tutor adds more cosets in his picture and explains that 'you can choose any
element of the group which is not in X and it will give yon a distinet coset. Then,
once you've done that, if you want to look for another coset, you have to take any
element which is not in this and not in this. And then it will give you a fresh coset”.

C13: And these are going to be in & because it's closed.
H.E nods and repeats the generation of cosets once more.
14 Soif & over... if the group's index is prime...

T10: Hold on! Say that a bit more carefully,

{C15: If the index of the group is prime...

T11: You mean if [{:K] is prime?

C16: No. Gis...

T12: Oh, you mean the order of (7 is prime. Well, then there are no interesting
subgroups,

C17: Ohit's only & then, isn't it?
T13: & and the identity subgroup.
{18: And then you have one coset?

"Well, vou've gof fo have a subgroup before you start talking about cosets' he replies.
He then explains that if we fake G as the subgroup then there is only one coset and
this is G, If on the other hand we take [e} fo be the subgroup then we split G In
cosets that contain every single element.

Third Attempt at Explaining the Argument in GRF7.3

Connie then returns fo e case where [GK]=2.
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Cl9: Right. And so this is saying here... that the left cosets are equal to the right
COsets.

"Well, we haven't quite pinned that down vet but that's the basis for it' ke replies and
repeats his argument: we know that there are two cosets, that one of them is X and
that cosets are disjoint and their union is G. Therefore the second coset must be G-K,
The argument works for right and left cosets alike.

Again the Case of [G:K]=3 as opposed to {G:K[=2
Connie is still concerned with the case [GIK]=3:
C20: What about this case?
T14: Well, that doesn't apply. Yeu can't make such an argument in this case.
C21: fafter a pause] Right. And why not?

T15: Because if you take X here, then the rest of the elements in the group they don't
form & coset. They form a union of 2 cosets.

C22: But if you take these three things individually... these three sets... then... do they
all go... these three are the cosets... the union of these two isn't...?

T16: No, cach individually is, yes,

C23: And then could you say that the right cosets of these three things are equal to
the left cosets?

T17: No. Because they might not lock at all similar.,

The tutor stresses that in this case the right and left cosets ‘might not look at all
similar' and illustrates in paper how multiplying with K from right and from left could
lead to tweo different sefs gK and Kg. 3o, unless K is a normal subgroup, it is not
possible to know whether the right and left cosels are the same. once you marked off
K the other elements can be in any of the other two.

Explaining the Construction of Cosetr Again

{24: S0 when you have g times this element and g times this element which means
that this can be a left coset... or I don't know which way it goes left or right...

T18: gK is a left coset.

C25: And then,.. does that mean you can put an element in here and times these
things?
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T19: What we are actually doing is picking any odd element in the gronp which is not
in K and multiply it with everything in X putting g in front.

Fourth Attempt at Explaining the Argument in GRF7.3
C26: Right. So that says that vou can have these...

T20; That's a coset. But we've proven that there's only two cosets frepeats the
picture for K and G-K and how it Is the same for left and right cosets. He also
ilustrates the picture for [G:K]=3 and how the left and right coset partitions of G
can be quite different .

C27: And if K is a normal subgroup?

T21: Then left and right are the same and so is the picture of them. Are you happy
with that?

C28: Yeah,..
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Extract 9.8

Context: The tutor and students Cathy and Cliff have been discussing Cathy's proofs in
Anaglysis and Algebra as well as some alternatives suggested by the tutor. CIff had
problems in GRFE.5 so the futor asks Cathy fo present her proof on the b/b.

The Episode:

Cathy, slightly reluctantly, goes to the b/b. Before starting she warns the tutor: 'Oh,
OK bnt yon may not like it!', Does it matter? replies the tutor. Cathy presents her
solution (abbreviated on the left part of the following table). The futor says he accepts
her argument and stresses how commutativity of x and v has made her proof possible.
He then makes an olternative suggestion (abbreviated on the right part of the following
table).

Cathy's Way The Tutor's Way

Let X=ofx), Y=ofy) and t=o(xy}. By He recalls that, in case of commutativity
commutativity she shows that (xy}X¥=e. | and heflo(x)olv))=1,

Then: XY=mi for an integer m. Hence: | ofxy)=ofxjo(y}/|<x>n<y>| implies
XYzt By commutativity and heflX,Y)=1 | ofxy)=o(xjo(y} because then

she shows that t=nXY for an integer n. <X Myr =(e,

Hence t2XY, Therefore: t=XY.
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